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ABSTRACT 

 

Printed lens antennas offer the possibility of realizing shaped beam patterns using no more 

complexity than is required for pencil beam patterns. Shaped beam patterns can be obtained by 

appropriately determining the complex transmission coefficient required for each cell (or 

element) of the printed lens, taking into account the varying feed field over the input surface of 

the lens. Certain ranges of transmission coefficient amplitude and phase are undesirable (eg. too 

low an amplitude implies a large reflection at the lens input surface). It would be preferable to 

constrain the range of values that the transmission coefficient can take as an integral part of the 

lens synthesis procedure, and thus the transmission coefficient itself needs to be the synthesis 

variable. In this thesis a synthesis technique for doing this is developed based on the method of 

generalized projections, modified to “operate” in the space of transmission coefficients. This 

makes it possible to immediately perceive what influence constraints on the actual transmission 

coefficients have on the possible radiation pattern performance. In addition, an approach that 

allows one to constrain the transmission coefficient to values that must be selected from an 

available database of transmission coefficients is incorporated into the synthesis technique.  
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CHAPTER 1 
Introduction 

 

1.1  SHAPED BEAM ANTENNAS 

The need for antennas with shaped beam, as opposed to pencil beam, patterns arises in many 

applications, including satellite communications, terrestrial wireless networks, and radar systems 

[1,2,3]. In this thesis we confine attention to isoflux beams, cosecant beams, and sectoral beams 

(also called flat-topped beams). These are qualitatively illustrated in Fig.1.1-1 along with that of 

the usual pencil beam. Each of these pattern shapes is considered in turn in later sections of the 

thesis, and further quantitative detail will be given then (including derivations of their ideal 

pattern shapes), along with further comments on the applications for which such shaped beams 

are desirable. Full control of the shape of an antenna's radiation pattern can only be achieved if 

the amplitude and the phase of the antenna's aperture distribution can be independently 

controlled. 

Earth-coverage or isoflux antennas (which are mounted on satellite payloads) are those that 

have a broad pattern that is shaped in a way that results in equal field strength at all points on the 

Earth within some defined field of view (FOV) of the satellite [4]. A variety of antenna types 

have been employed in efforts to obtain antennas with isoflux radiation patterns for both 

geostationary earth orbit (GEO) and low earth orbit (LEO) satellites. Horn antennas with rings at 

the aperture are described in [5-10]. As the satellite orbital height decreases it is increasingly 

difficult to obtain the desired wide beam width using such horn antennas; it is also difficult to 

excite an increasing number of outer rings. For example, the Globalstar satellites which had H = 

1400 km and hence an edge of coverage (EOC) angle of 52.4 used horns for telemetry, tracking 

and command (TT&C) antennas, but achieved only "near isoflux type pattern performance" from 

nadir to 40 off of nadir" [9]. Other authors who have used ringed horns also considered cases 

for which the EOC was between 40 and 45 [6,7,8]. EOC angles larger than this require 

alternative antenna configurations. One antenna geometry that can achieve EOC angles as large 

as 65 consists of a shaped reflector with a rear-radiating feed [11].  They have excellent 

performance out to wide EOC angles, but near boresight they depart from the ideal isoflux 

pattern. A third configuration that has been used in an attempt to satisfy wide EOC requirements  
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(a)                                                                     (b) 

    

(c)                (d) 

Fig.1.1-1 : Shaped beam radiation patterns compared to conventional pencil beam case. 

(a). Pencil beam pattern 

(b). Isoflux antenna pattern 

(c). Flat-topped antenna pattern, showing the upper (say SU) and lower (say 

SL) masks 

(d). Cosec-squared antenna pattern. 

 

is a slot-fed biconical type antenna, identified by the acronym SOPERA in [12,13,14]. 

Quadrifilar helix antennas have also been used to approximate isoflux antenna beam shapes [15]. 

Cosecant beam antennas have been required for air surveillance radars [16,17] when there is a 

desire for the return signal level to be independent of the distance of a constant-height target over 

a range of radar-to-target distances. They have similarly been suggested for wireless basestation 

antennas [18] when the signal level at the mobile user is to be almost independent of the 

basestation-to-mobile distance within the cell sector being covered by the basestation. In radar 

applications, cosecant beam antennas have usually been realised using reflector antennas. The 

reflector antennas either have a single feed and their surfaces shaped (that is, no longer entirely 
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parabolic) to obtain the cosecant beam [19,20], or are parabolic but have several feeds (eg. 

twelve horns in the case of the German ASR-910 air surveillance radar) that allow the beam to 

be shaped in the vertical plane [21]. In wireless networks, arrays [22] are more common. Note 

that the usual situation for radar applications is that cosecant beams are wanted in the vertical 

plane and the usual pencil beam pattern in azimuth. In wireless networks, the cosecant pattern is 

also needed in the vertical plane but sectoral beams (discussed in the next paragraph) are 

normally required in the horizontal plane. 

Flat-topped (or sectoral) beam patterns have been used in satellite communications systems 

and microcell wireless networks. This capability has been achieved using shaped and/or multi-

feed reflectors [23] and conventional dielectric lenses [24,25,26], or arrays [27] with intricate 

beamforming networks. 

 

1.2  PRINTED LENS / TRANSMITARRAY ANTENNAS 

Whereas the various realizations of shaped beam antennas may have good resulting radiation 

pattern performance, they are all somewhat complex. In publications [28-30] printed free-

standing phase shifting surfaces (PSSs) were devised, and their effectiveness in realizing 

transmitarray antennas with pencil beam radiation patterns, applications in which only phase 

correction over the aperture is required for very acceptable performance, was demonstrated. Such 

devices are in essence all-pass networks, because they are intended to maximize the transmission 

amplitude at all points over the aperture but implement phase control there. In order to allow for 

beam shaping, the PSS concept was extended [31] to include independent control of both the 

amplitude and phase, and referred to as a phase and amplitude shifting surface (PASS). It was 

applied to the realization of a transmitarray with a flat-topped beam. A significant advantage of 

this proposed method is that the beam shaping can be achieved easily with a simple technique 

that results in a relatively low-cost
1
, light, thin and flat surface suitable for mass production. It is 

in principle no more difficult to design for shaped beams than pencil beams, and the resulting 

structure need be no more complicated either. However, while [31] demonstrated the proof of 

concept, the measured radiation patterns of the fabricated PASS transmitarray antenna showed 

lower directivity levels, much higher sidelobe levels, and a larger in-beam ripple, than was 

expected. The reasons were identified in [31] but, before we can discuss these, and how this 

                                                
1 Compared to the other shaped beam antenna configurations mentioned in Section 1.1. 
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thesis aims to contribute to an improved aperture distribution synthesis process that might 

circumvent some of these issues, the technical basics of the PSS printed lens / transmitarray 

antenna need to first be described. 

The essence of the printed lens antenna is shown in Fig.1.1-2. The printed lens consists of  

layers of conducting shapes etched on multiple dielectric sheets. In other words, the resulting 

lens is made up of layers of conducting shapes separated by dielectric spacers, as illustrated in 

Fig.1.1-3. The conductor layers are divided into a lattice of cells, with a conducting shape in each 

cell. The cell size is kept to less than /2, and the thickness of the individual dielectric spacers is 

purposefully kept electrically small (on the order of/20) in order that it is possible to obtain 

good transmission phase control without significantly lowering the transmission amplitude. We 

may refer to the first and last layers of the lens as the input and the output surfaces, respectively. 

This assumes we will always consider the lens antenna as if it were being used as a transmitting 

antenna; reciprocity ensures that there is no loss of generality in doing so. A feed horn (or any 

other appropriate radiator) illuminates the input surface of the lens. There is thus an incident field 

distribution over the input surface that is not uniform in either amplitude or phase. The purpose 

of the lens structure is to correct this so that the field distribution over the output surface of the 

lens is what we need to provide a particular radiation pattern. The conducting shapes thus vary 

from cell to cell in order to provide a different transmission coefficient amplitude and phase at 

each cell to ensure the necessary transformation of the incident field at each cell. The feed plus 

the lens forms the printed lens / transmitarray antenna.  

 The output surface (that is, aperture) of a lens antenna is shown in Fig.1.1-4. This is for 

illustration purposes only. In practice the lens aperture would be divided into many more cells. 

The lens can clearly be thought of as a planar array of cells, each of size x yd d . The centre of 

the m-th cell is ( , )m mx y . Each cell acts as a radiating element in the array
2
. This is useful since it 

allows one to use array synthesis as a step in the lens antenna design process. If we desire that 

the lens antenna has a radiation pattern of some specified shape we can use array excitation 

synthesis to determine what the amplitude and phase must be at each cell, and then determine 

(using a pre-determined database) the dimensions of the conducting shapes in each cell needed to 

achieve this for a known feed incident field. 

                                                
2 More will be said about this in Section 2.3. 
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Fig.1.1-2 : Illustration of printed transmitarray antenna configuration. 

(Courtesy of D.A.McNamara) 
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Fig.1.1-3 : Side view of the horn-fed transmittarray antenna, for the case of a four-

conducting-layer printed surface (After [30]) 
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Fig.1.1-4 : Quantized output aperture of the transmitarray antenna. 
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We are now able to continue the discussion of the reasons, identified in [31], for the measured 

radiation pattern performance of the flat-topped beam lens in the latter reference not as being 

quite what was expected. When the database used in the design of the PASS transmitarray 

structure was set up the conducting element was considered to be resident in an infinite periodic 

array of identically-sized elements, and the amplitude and phase of the structure's plane wave 

transmission coefficient computed. This was repeated for different element dimensions and the 

database of transmission coefficients versus these dimensions is tabulated. The correct element 

size was then selected for each cell in the PASS structure to obtain the desired amplitude and 

phase at each point over the output aperture of the structure. In the final PASS lens the elements 

in adjacent cells are of course not identical; if this were not so it would defeat the whole purpose 

of their being used to control the aperture distribution. Thus the actual environment of each 

element is not precisely the same as that experienced by the element in the infinite periodic 

environment (of identical elements) used in establishing the above-mentioned database. In most 

cells, the database transmission coefficient values are sufficiently accurate since there are only 

small changes in the conductor shape on adjacent cells, ensured by selecting a sufficiently small 

cell size. The exception occurs in the vicinity of aperture phase transition boundaries, where 

there are large "discontinuities" in the shape of adjacent elements. The pattern degradation due to 

such discontinuities has been noted in [31] in the context of reflectarray antennas (which is 

concerned with reflection rather than transmission coefficients), and is suspected [31] to be the 

first reason for the pattern degradation observed in the case of the flat-topped PASS lens antenna 

as well. A second reason for the less-than-favourable radiation patterns of the flat-topped PASS 

antenna is the fact that, in setting up the database for [31], it was always assumed that the 

incident plane wave had normal incidence. Thus the differing incidence angles of the feed fields 

at different points on the input side of the actual printed lens were not taken into account. 

Although not specifically mentioned in [31] a third reason that, like the second, is inherent to the 

PASS structure, might be the fact that the structure requires the amplitude of the reflection 

coefficient to become large whenever the excitation amplitude (controlled using the transmission 

coefficient amplitude) at some cells on the output surface of the aperture is to be reduced. This 

implies backscattering from the particular cell(s) back to the feed, which is analogous to 
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spillover loss in reflector and reflectarray antennas, and so will lead to decreased gain
3
. This is 

less severe with PSS structures (which are used for pencil beams), in which maximum 

transmission amplitude is always desired and only the transmission phase is varied. Finally, a 

fourth reason might also be the fact that the database has a finite number of complex 

transmission coefficient (Tn) values to choose from. In [31] a synthesis process was used to find 

the continuous aperture distribution needed to give the flat-topped beam. This continuous 

distribution was then sampled to find the required Tn for each cell. These values are not all 

available in the database, and the “nearest” database value
4
 is used instead. 

 

1.3 THE CONSTRAINED ARRAY ELEMENT EXCITATION SYNTHESIS 

PROBLEM 

 

 The array antenna excitation synthesis problem consists of finding the complex excitations 

(that is, the excitation amplitudes and phases) of the elements of a given array to achieve a 

specific radiation pattern performance. A more detailed review of excitation synthesis methods is 

provided in Chapter 2. Suffice it to state here that whereas the problem of excitation synthesis 

has been a subject of study since the 1940s, classical methods based on the use of polynomials 

do not allow the imposition of restrictions on the values that the excitation amplitudes and phases 

of the elements may take, or the synthesis of excitation sets that provide radiation patterns of 

some desired arbitrary shape. These classical methods also adjust only the amplitudes of the 

excitations, the phases being assumed to be the same for all elements, and the excitation 

amplitudes
5
 may take on any value in the range zero to unity. In other words there are no 

constraints on the excitation amplitudes. The more serious limitation as regards the goals of this 

thesis is the fact that such classical methods are generally used for pencil beams and difference 

beams. Nevertheless, such methods now serve as benchmarks against which to measure 

computationally based techniques.  

 More general numerical approaches, on the other hand, allow one to set more complex pattern 

shape specifications and permit one to place constraints on the excitations. These numerical 

                                                
3 It can also degrade the input reflection coefficient of the feed. 
4 More will be said about this in Chapter 3. 
5 We will always work with the normalized excitation amplitudes, for which the largest value is always 1.0, and the 

smallest value may be anything in the range 0.0 to 1.0. 
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optimisation based methods
6
 (which exploit genetic algorithms, particle swarm optimisation, 

simulated annealing, gradient methods, or some other numerical optimisation algorithm) require 

users to select an objective function whose minimisation they believe will lead to the best 

solution of the problem they have in mind. Both pattern and excitation constraints have to be 

incorporated into a single objective function whose variables are the complex excitations of the 

array. The objective function must favour radiation patterns close to the desired ideal one, and 

penalize excitations that fall outside the allowed complex values. Good results can only be 

achieved with the proper experience. The process of selecting this objective function is thus 

unavoidably somewhat “subjective”, and different solutions are obtained if the objective 

functions are altered. The reason is of course that, while a simulated annealing algorithm (for 

instance) might provide a global optimum of the objective function used, the said objective 

function may not fully represent the array synthesis goals and constraints. Thus a global 

optimum of the synthesis problem may not be reached even though a global optimum of the 

specified objective function may be reached. This aspect of numerical optimisation based 

excitation synthesis methods can be removed for certain classes of array excitation synthesis that 

can be formulated as so-called convex programming problems
7
, which are more general than 

those that can be approached by classical methods, but not sufficiently general for the type of 

synthesis we wish to perform in this thesis.  

 An alternative numerical approach is that of the method of generalised projections
8
. This 

obviates the need to define such overall objective functions. The array synthesis problem is 

instead viewed as determining the intersection of two sets. The first is the set of all radiation 

patterns possible with the given array geometry when the excitations comply with the required 

excitation constraints. The second is the set of  all radiation patterns possible with the given array 

that comply with the required radiation pattern constraints. The method can be described as 

synthesis in “radiation pattern space”. The same projection method can also be used in the 

“excitation space”. The synthesis problem in the latter case is one of finding the intersection of 

the set of all excitations that satisfy the specified excitation constraints, and the set of all 

excitations that produce radiation patterns that satisfy the specified pattern constraints. Array 

synthesis procedures that use some form of the method of projections are particularly attractive 

                                                
6 Discussed in Section 2.5. 
7 Mentioned in Section 2.6. 
8 Reviewed in Section 2.7. 
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because of the quite natural way that a wide variety of desirable constraints (eg. excitation 

constraints) can be implemented with a reliability not possible using other approaches. We will 

use the method of projections in the work of this thesis.  

 

 

1.4  OVERVIEW OF THE THESIS  

The goal of this thesis is the development of synthesis methods that could be used in the 

design of printed lenses to achieve shaped patterns, but subject to various constraints on the 

transmission coefficients of the lens elements. The hope is that by using aperture control it might 

be possible to overcome the problem issues identified in Section 1.1 and yet achieve reasonably 

good shaped beam pattern performance. 

Chapter 2 provides a review of array pattern synthesis methods, with an emphasis on those 

methods relevant to the aims of this thesis. The method of projections is identified there as being 

that most applicable for present purposes. A tutorial-like elucidation of the method of projections 

in an applications-oriented format is provided. We give a systematic description of three classes 

of shaped beam, namely flat-topped beams, isoflux beams and cosecant beams, which are used in 

practice. Quantative means of specifying the shaped beams are given. We define what we mean 

by radiation pattern masks. 

In Chapter 3 we develop both serial and parallel projection methods (for the synthesis of 

shaped beams) that operate in lens element transmission coefficient space
9
. Thus the 

transmission coefficients of the printed lens elements (or cells) are directly the variables in the 

synthesis process. This makes it possible to immediately perceive what influence constraints on 

the actual transmission coefficients have on the possible radiation pattern performance. In 

addition, we develop an approach that allows us to constrain the transmission coefficient to 

values that must be selected from a set of available transmission coefficients. We believe this 

approach, as straightforward as it appears with hindsight, offers a multitude of possibilities for 

printed lens antennas / transmitarrays. Transmission coefficient constraints of any kind can easily 

be imposed. In the last part of Chapter 3 we describe a useful approach for conveniently 

determining the starting points for a shaped beam synthesis via the projection method. Good 

starting values are crucial for the success of any numerically-based synthesis method. 

                                                
9 This terminology is made clear in Section 2.7. 
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Chapter 4 presents a demonstration of what is physically possible as regards the performance 

of a cylindrical lens antenna for three different types of widely-used shaped beams (sector beam, 

cosecant beam, and isoflux beam), when either the transmission coefficient amplitudes, or 

transmission phases, or both, are restricted in some way. It appears that this is the first time that 

shaped beam synthesis subject to the variety of transmission coefficient constraints has been 

reported, and certainly so for the phase-only synthesis of such shaped beams or synthesis that 

restricts the transmission coefficients to be members of a specified database (as an integral part 

of the synthesis procedure). 
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CHAPTER 2 

Review of Array Antenna Excitation Synthesis Techniques 

 

2.1  INTRODUCTION  

Searches of the technical literature on array excitation synthesis reveal an enormous number 

of papers on the topic, starting in the 1940’s and continuing unabated up to the present time.  A 

few of the early papers on polynomial-based synthesis methods continue to be of importance as 

benchmarks against which to rate numerical synthesis techniques used to obtain pencil beams. 

However, numerical techniques are able to synthesize radiation patterns of a more general 

nature. Such methods also allow one to build in excitation constraints, something that the 

polynomial-based approaches are not able to do. Many numerical synthesis methods have been 

developed, and a review of all work on the subject would be a tome in itself. Fortunately certain 

of these techniques have proved to be superior, or have been subsumed into more general 

versions of some method. In order to make this review both manageable and relevant to the 

present thesis, we make the following assumptions: 

 

 We are interested in linear and planar arrays
10

 only, with potentially unequal inter-element 

spacings along the x- and y-axes over the aperture in the planar array cases. Thus conformal 

arrays are not considered at all in the review. 

 

 We are interested in arrays with rectangular lattices only. Thus arrays with circular grids are 

not included in the review. 

 

 We are interested in fully populated arrays. Thinned arrays are kept out of the purview of the 

present research work.   

 

 We are interested in techniques for the direct synthesis of arrays of discrete elements. Thus 

we will not make reference to methods that synthesize continuous aperture distributions and then 

sample these in some way in order to apply to the discrete case.  

 

                                                
10 We will in this thesis eventually concentrate on linear arrays only, as mentioned in Section 1.4. However, methods 

applicable to planar arrays with rectangular lattices are also applicable to linear arrays, and hence form part of this 

review, but only so far as their use in linear array work is concerned. 
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Section 2.2 will summarize the analysis used to find the radiation patterns of arrays with 

specified excitations, and specifically those expressions needed for the work in this thesis. This is 

needed before any synthesis can be done. Before proceeding to a review of array synthesis 

methods, we will in Section 2.3 elaborate on the connection between printed lens / transmitarray 

antennas and array synthesis. Classical synthesis methods are reviewed in Section 2.4. Then 

Section 2.5 reviews synthesis methods based directly on numerical optimization, but only those 

that have stood the test of time and have not been superseded. Such methods find widespread use 

in antenna engineering. Although convex programming is a numerical optimisation procedure, it 

is set apart from the rest in Section 2.6, for reasons that will be stated there. 

Section 2.7 describes the principles behind another class of numerical synthesis techniques, 

namely the method of generalized projections. This will be the chosen synthesis method for the 

work of this thesis, for reasons that will become apparent in later sections. Quite a bit of 

background on it will therefore be given in order to lay the foundations for Chapter 3. Section 

2.7.2 describes the various versions of the method in general terms
11

. Although, at least for 

engineers such as the present author, descriptions of the method in many papers might at first 

seem unconnected to reality, the subject quickly begins to make sense once concrete forms of the 

various operators and sets have been defined for a particular application. Since the actual 

implementation must always be done in terms of matrices, we will write operators and functions 

in terms of matrices and column-vectors, respectively, right from the start of Section 2.7.3 

onwards.  

 

2.2  ARRAY PATTERN ANALYSIS EXPRESSIONS  

2.2.1  General Remarks 

All analysis will be at a single frequency at a time, and so we will work with phasor 

quantities. We are interested in the far-zone fields only, and can thus write the electric field of 

the antenna in the form 

( , , ) ( , )
jkre

r E
r

   E           (2.2-1) 

                                                
11 The method has been used for many types of problem in electrical engineering (eg. image restoration) and not 

only array synthesis.  
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where r is the distance from the coordinate origin located in the vicinity of the array antenna, ( , )   

is the usual spherical coordinate angle pair, and 0 02 /k        is the free-space 

wavenumber. In the previous expression   is the free space wavelength, 2 f   the radial 

frequency, and f the frequency in Hz. As in most antenna work the distance dependent term can be 

suppressed and we can work with the direction dependent term ( , )E    only. Nevertheless, ( , )E    

will still be referred to it as the ‘electric field’, as is customary in antenna work. It is convenient to 

define the following quantities: 

 

 A single index n will be used to number the elements of the array. The total number of elements 

in the array is eN , so that n = 1,2,….., eN . 

 

 The location of the n-th element in the array is ( , , )n n nx y z . 

 

 The relative complex excitation of the n-th element is 

 
nj

n na a e


             (2.2-2) 

 

 The far-zone radiation pattern of the n-th element in the array, with 1na  , when located at the 

origin of the coordinate system, is 

 
( ) ( ) ( )ˆ ˆ( , ) ( , ) ( , )         n n nE E E        (2.2-3) 

 

It then follows that by superposition the electric field of the entire array is [1] 

sin cos sin sin cos( )

1

( , ) ( , )
e

n n n

N
jk x jk y jk zn

n

n

E a E e e e
       



       (2.2-4) 

If, as in most arrays, the elements are identical, then it is almost exactly true
12

 that the radiation 

patterns of the individual elements are also identical (except for a phase factor dependent on its 

location in the array). We then can write ( ) ( , ) ( , )n eE E     for all n, and (2.2-4) becomes 

                                                
12 Elements near the edges of the array will in practice have radiation patterns that are slightly different from the rest 
even though they may be structurally identical. However, if the array is not too small, the effect of this difference 

between the in situ patterns of the elements is small. Then the radiation patterns of all elements can be assumed to be 

identical, except for the location-dependent phase factor in (2.2-4). This is not true in conformal arrays for which the 

elements do not all point in the same direction; but as stated earlier conformal arrays are outside the scope of this 

thesis.  
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sin cos sin sin cos

1

( , ) ( , ) ( , ) ( , )
e

n n n

N
jk x jk y jk ze e

n

n

E E a e e e E F
           



      (2.2-5) 

with 

 cossinsin

1

cossin
),( nn

e

n zjkyjk
N

n

xjk

n eeeaF 


          (2.2-6) 

referred to as the array factor. Identical element patterns will indeed be assumed in this thesis. 

 

2.2.2  Planar Arrays 

If the array is planar then nz  is the same for all n. We write this as n refz z , and then (2.2-4) 

becomes 

     
cos sin cos sin sin( ) ( )

1

( , ) ( , ) ( , ) ( , )
e

ref n n

N
jk z jk x jk ye e

n

n

E e E a e e E F
           



     (2.2-7) 

 

and the simplified form (2.2-7) has the array factor  

cos sin cos sin sin

1

( , )
e

ref n n

N
jk z jk x jk y

n

n

F e a e e
     



          (2.2-8) 

with n refz z  usually set equal to zero. 

 

2.2.3  Linear Arrays : General Case 

In the case of a linear array the expressions for the far-zone fields are the same as those for the 

general array, except that n refy y  and n refz z  for all elements, yielding  

sin sin cos sin cos( ) ( )

1

( , ) ( , ) ( , ) ( , )
e

ref ref n

N
jk y jk z jk xe e

n

n

E e e E a e E F
           



      (2.2-9) 

and 

sin sin cos sin cos

1

( , )
e

ref ref n

N
jk y jk z jk x

n

n

F e e a e
     



              (2.2-10) 

Without loss of generality (as far as linear array analysis is concerned) we can set 0ref refy z  , 

implying that the elements of the linear array are located on the x-axis. The array factor is then 
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rotationally symmetric about the x-axis
13

, as illustrated in Fig.2.2-1. We can therefore simply 

study its shape in any one plane parallel to the x-axis, which we will choose to be the xz-plane 

(for which 0  ). Thus we work with the array factor 

sin

1

( )
e

n

N
jk x

n

n

F a e




               (2.2-11) 

 

Z

X

Y

 

 

Fig.2.2-1 : Illustration of the rotational symmetry of the array factor ( , )F    of a linear 

array (Adapted from [2]). 

 

 

In the expressions up to this point we may number the array elements as we please. However, for 

later consistency we will be specific and number them as shown in Fig.2.2-2, and then the array 

factor expressions are 

2
sin

1

2 1
sin

1

2 Elements

( )

2 1 Elements

n

n

N
jk x

n

n

N
jk x

n

n

a e N

F

a e N
















 
 





      (2.2-12) 

 

If the elements are uniformly spaced (which will always be the case in this thesis), with inter-

element spacing d, then the x-axis location of the n-th element is 

                                                
13 Although in practice the final array pattern will not be so, due to the pattern multiplication effect of the element 

pattern. 
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1
1,2,....., 2 2 Elements

2

( 1) 1,2,....., 2 1 2 1 Elements

n

n N d n N N
x

n N d n N N

  
    

  
     

   (2.2-13) 

 

Z

X

1 2 2N



N N+1

 

           (a) 

 

Z

X

1 2 2N+1



N N+1 N+2

 
 

           (b) 

 

Fig.2.2-2 : Element numbering schemes for arrays with an even and odd number of 

elements. 

 

2.2.4  Linear Arrays : Symmetrical Case 

If the array of 2N elements is symmetrical (in terms of the excitations and locations of 

corresponding elements on the left and right hand sides of the array) then we need only explicitly 

consider the elements on one of the sides (which we take to be the right hand side). Then 

expression (2.2-12) becomes 

1

( ) 2 cos( sin )
N

n n

n

F a k x 


               (2.2-14) 
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with the element numbering now as shown in Fig.2.2-3(a). A similar thing can be done for an 

array of 2N+1 elements that has symmetry. In this case  

 

0

1

( ) 2 cos( sin )
N

n n

n

F a a k x 


 
  
 

            (2.2-15) 

 

with the element numbering now as shown in Fig.2.2-3(b). The element locations in the two 

symmetrical cases are 

 

1
1,2,....., 2 2 Elements

2

0,1,2,....., 2 1 2 1 Elements

n

n d n N N
x

nd n N N

  
   

  
   

   (2.2-16) 

 

Z

X

1



N

 

           (a) 
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Fig.2.2-3 : Element numbering schemes for symmetrical arrays. 
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2.2.5  Remarks on Co- and Cross-Polarized Fields 

The pattern (2.2-3) is often written in the alternative form  

 

ˆ ˆ( , ) ( , ) ( , )co co cr crE E e E e               (2.2-17) 

 

The unit vectors indicate the orientation of the co-polarised (CO) and cross-polarised (CR) fields. In 

the case of a general array we would have 

 

( , ) ( , ) ( , )eE E F               (2.2-18) 

where  

( , ) ( , ) ( , )e

co coE E F              (2.2-19) 

 

( , ) ( , ) ( , )e

cr crE E F              (2.2-20) 

 

and ( , )F    is given by expression (2.2-6). The element pattern is  

 

ˆ ˆ( , ) ( , ) ( , )e e e

co co cr crE E e E e             (2.2-21) 

 

In this thesis we will directly synthesise only the co-polarized fields, and so expression (2.2-19) 

will be the one of interest. 

 

2.3 PRINTED LENS / TRANSMITARRAY ANTENNA DESIGN AS AN ARRAY 

EXCITATION SYNTHESIS PROBLEM  
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2.3.1  Preliminary Remarks 

 

We intimated in Section 1.1 that the determination of the printed lens can be considered to be a 

space-fed array. A more complete discussion will be given here. 

 

 

2.3.2  Cylindrical Lens Antennas and Their Two-Dimensional (2D) Idealizations 

 

The intent of this thesis is to explore means of synthesizing excitation distributions that might 

provide shaped beams for printed-lens/transmitarray antennas by relying principally on the 

excitation phases
14

. In order to achieve this we need to develop a synthesis approach that is able 

to incorporate a flexibly wide range of excitation constraints. The idea is that such excitation 

constraints can be used to ensure that the resulting printed-lens/transmitarray structure (namely 

distribution of elements) is such that some of the difficulties outlined in Section 1.2 are lessened.  

The flexibility referred to is necessary because we do not actually want to do a phase-only 

synthesis, since the inherent amplitude taper of the incident field from the feed and any 

inevitable slight transmission amplitude variations that might be dictated by the particular 

elements used to realize the lens, must be taken into account. We would also like the change in 

the excitation from one element to another to be sufficiently small so that adjacent element 

geometries are similar.  

 Fig.2.3-1 shows a sketch of a cylindrical lens antenna that uses three-layer strip elements, for 

example. We assume that the lens is illuminated by some type of line feed
15

, with a y-directed 

electric field incident on the input surface of the lens. The properties of the elements are varied 

along the x-axis so that a shaped beam pattern is obtained in the xz-plane (H-plane). The pattern 

in the yz-plane (E-Plane) would be that of a conventional pencil beam and is largely dictated by 

the pattern of the feed in that plane. This allows us to model the cylindrical lens antenna 

excitation synthesis problem as a linear array synthesis one. 

 

 

                                                
14 The benefits of having “phase-only” distributions to realise have already been mentioned in Section 1.3. 
15 Analogous to what is used to feed cylindrical parabolic reflector, for example [3,4].  
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Fig.2.3-1 : Cross-section through cylindrical printed lens. 

                    (The half-width symbol L is used in Section 3.9) 

 

 

The feed field can be written as ( , )in

yE x z , and so at points on the lens input surface it would be  

( , )in

yE x h . The field on the output surface of the lens is then taken (similar to what was done in 

[5]) to be 

 

( ,0) ( , )out in

y n n y nE x b E x h               (2.3-1) 

 

 

Quantity nb  is the transmission coefficient of the n-th element. It is assumed to be equal to the 

transmission coefficient of a plane wave that is normally incident on a structure composed of an 

infinite number of elements along the x-axis that are all identical to the n-th element (which 

reduces it to a periodic structure). This is of course an approximation, since the n-th element in 
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the actual lens will not be surrounded by elements identical to itself. However, the success of 

such an approach in reflectarray and printed lens design is overwhelmingly in favour of its 

adoption. The value of 
nb  will be a function of frequency, the properties of the substrate 

material, and the widths of the conductors at each layer of the n-th cell. Tabulated values of nb  

are referred to as the design database for the printed lens antenna. The above-mentioned 

approximation is not the only one. In writing (2.3-1) we are implicitly assuming that ray-optic 

tracking of the field is valid; that the feed field travels along a ray from the focal point to the 

centre of the input surface of the n-th cell and then parallel to the z-axis through the said cell
16

 to 

the output surface. This is not rigorously correct but has been used successfully in printed lens 

design by others [5]. 

Each cell is viewed as an element in a linear array located along the x-axis. The excitation of the 

n-th element is taken to be 

( ,0) ( , )out in

n y n n y na E x b E x h                (2.3-2) 

 

The far-zone array factor in the xz-plane is then 

sin

1

( )
e

n

N
jk x

n

n

F a e




                  (2.3-3) 

The final far-zone pattern would include the element pattern for a single cell, which in this case 

could be approximated as 

 

sin sin
2

( )

sin
2

e

y

kd

E
kd







 
 
                  (2.3-4) 

 

However, the cell width (equivalent to the inter-element spacing from the array viewpoint) d is 

very small, and so the element pattern (2.3-4) is broad. 

 

The design procedure for the cylindrical printed lens is then as follows: 

 

 Specify the operating frequency of . This allows us to compute the free space wavelength at 

this frequency /o oc f   with speed of light c = 3 x 10
8 

m/s.  

 

 Specify the aperture width D = 2L of the cylindrical lens. 

                                                
16 As a normally incident plane wave would. 
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 Specify the F/D ratio to be used. This allows us to compute the focal length F of the lens. 

 

 Specify the number of elements (2N in the case of even elements, and 2N+1 for an odd 

number of elements). This enables us to compute the cell width as 

 

 

 

2 Elements
2 1

2 1 Elements
2

D
N

N
d

D
N

N


 

 
 


             (2.3-5) 

 

 

The number of elements is selected, and d computed, after which a synthesis subject to the 

imposed pattern and excitation constraints is attempted. If it is found that the pattern 

performance is not achieved, the number of elements is increased, a new value for d 

calculated, and a synthesis attempted once again. It is solely this synthesis process that is the 

subject of the present thesis. 

 

If there are 2N elements then the centre of the n-th cell is at  

 

1
1,2,....., 2

2
nx n N d n N

 
    
 

            (2.3-6) 

 

     If there are 2N+1 elements then it is at 

 

( 1) 1,2,.....,2 1nx n N d n N                 (2.3-7) 

 

 

 Once the synthesis procedure has provided the set of required excitations na , for 

1,2,....., en N , expression (2.3-2) is used to find the required transmission coefficient of the 

n-th element, namely 

 

( , )

n
n in

y n

a
b

E x h



                 (2.3-8) 

 

which we can write more compactly as 

 

( )

n
n in

y n

a
b

E x
                   (2.3-9) 

 

The design database is consulted to determine the conductor dimensions of the n-th element. 

This allows the layout of the lens to be completed. 



 

 

35 

 

 

2.4  CLASSICAL EXCITATION SYNTHESIS TECHNIQUES  & THEIR 

LIMITATIONS                         

 

2.4.1 Preliminaries 

Almost all classical excitation synthesis methods are only applicable to pencil beams. Those 

that can be used for the synthesis of shaped beams either do not allow any sidelobe control at all, 

or allow sidelobe control but are not able to constrain the excitations in any way. All these 

methods are outlined in the sub-section below. Although we will not make use of them they 

allow the reader to appreciate the choice of synthesis method that will be used for the work in 

this thesis. 

 

2.4.2 Directivity Maximisation Subject to a Uniform Excitation Phase Constraint 

 Consider a linear array with Q elements and a fixed spacing (d) between elements. We assume 

that the element excitations necessary for maximisation of the directivity in the broadside direction 

are desired, without any other pattern or excitation constraints. The directivity can be written as the 

ratio of two quadratic forms, both of whose operator matrices are Hermitian, with that in the 

denominator being in addition positive-definite. Such properties enable the desired excitations to 

be obtained directly as the solution of a set of linear simultaneous equations. Results of such 

computations have been considered by Ma [6], Cheng [7], Pritchard [8], Lo et.al. [9], and Hansen 

[10]. Hansen [10] has shown that for spacings above a half-wavelength, the maximum directivity is 

almost identically that obtained with the elements excited with uniform amplitude and phase, 

providing a pencil beam pattern. For smaller spacings the maximum directivity obtainable is 

greater than that of a uniform array; this phenomenon is called superdirectivity. However, in the 

latter situation there are large oscillatory variations in excitation amplitude and phase from one 

element to another [10]. This is always associated with an enormously large sensitivity to small 

changes in the excitations. Experimentally it is simply not easy to produce an array with a 

directivity much in excess of that produced by a uniformly excited array. 

 

2.4.3 Determination of the Array Excitations from the Array Factor Zeros 

In order to appreciate the classical analytical synthesis methods to be described in the remaining 

sub-sections of the present Section 2.4, it is essential to recognize that the element excitations can 

be determined from the array factor zeros (in general these can be complex), and vice versa. This is 
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best understood by actually describing exactly how to do it. We next do so for the case of 

symmetrical arrays
17

 of real excitations (that is, all the excitations have the same phase). The 

angular variable sinkd   is used, and hence the array factors in (2.2-14) and (2.2-15) can be 

written as 









 
 2

)12(cos2)(
1


 naF

N

n

n          (2.4-1) 

and  

)2/cos(2)(
1

0  naaF
N

n

n


          (2.4-2) 

respectively. 

We first consider arrays of 2N elements. Because we are interested in the relative excitations 

only, we can assume aN =1, and then the (N-1) unknowns to be determined are a1, a2, …… , aN-1, 

implicitly normalised with respect to aN. Expression (2.4-1) can therefore be written as  

   
1

1

( ) cos (2 1) 2 cos (2 1) / 2
N

n
n

F N a n  




        (2.4-3) 

If we evaluate this at each of the (assumed known) zeros m where F(m) = 0, we can re-arrange 

(2.4-3) as 

 

   
1

1

cos (2 1) / 2 cos (2 1) 2 1,2,..., 1
N

n m
n

a n N m N 




         (2.4-4) 

 

This is a set of (N-1) equations in the (N-1) unknowns a1, a2, …… , aN-1. We can write this 

system of equations as the matrix equation [G][A] = [B] with matrix elements 

 

 cos (2 1) / 2 , 1,2,....., 1
mn m

G n m n N         (2.4-5) 

 

 cos (2 1) 2 1,2,....., 1
m m

B N m N           (2.4-6) 

                                                
17 It can be done for non-symmetrical arrays also. We will not consider this case here because we will not be using 

analytical synthesis methods anyway. They are only being reviewed to place the synthesis methods we will be 

developing in context. 
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1,2,....., 1
m m

A a m N               (2.4-7) 

 

Once we have found a1, a2,……,aN-1, and recall that aN = 1, we can normalise these all with 

respect to the maximum value rather than aN. Similar considerations applied to the 2N+1 element 

array lead to a system of N equations in N unknowns with  

 

cos( / 2) , 1,2,.....,
mn m

G n m n N          (2.4-8) 

 

1/ 2 1,2,.....,
m

B m N               (2.4-9) 

 

1,2,.....,
m m

A a m N                  (2.4-10) 

 

where we have assumed the excitation of the centre element to be a0 = 1 and the above equation is 

solved for the N unknown excitations a1, a2, …… , aN, which are implicitly normalised to a0. 

 

2.4.4 Beamwidth Minimisation Under Sidelobe Constraints : Dolph-Chebyshev Pencil 

Beam Synthesis 

 

 It is not possible to develop closed-form analytical techniques to determine the array element 

excitations that provide maximum directivity subject to a constraint on the maximum sidelobe 

level. Instead, beamwidth minimisation
18

 subject to a constraint on the sidelobe ratio is the 

classical array synthesis problem solved by C.L.Dolph in his monumental 1946 paper [11]. The 

underlying argument behind Dolph's approach has been put concisely by Hansen [12] : "A 

symmetrically tapered (amplitude) distribution over the array ....... is associated with a pattern 

having lower sidelobes than those of the uniform (amplitude) array. Lowering the sidelobes 

broadens the beamwidth ...... Some improvement in both beamwidth and efficiency is obtained 

by raising the farther out sidelobes. Intuitively one might expect equal level sidelobes to be 

optimum for a given sidelobe level". In order to synthesize such a pattern for broadside arrays 

                                                
18 Minimisation of beamwidth does not always imply maximisation of directivity, as will be mentioned in Section 

2.4.4. 
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with interelement spacing greater than or equal to a half-wavelength, Dolph made use of the 

Chebyshev polynomials. 

 Consider the problem of best approximation (in the minimax sense) of the function f(x) = 0 

over
19

 the interval -1  x  1 by a polynomial PM(x) of specified order M. In other words, given the 

above f(x), determine whatever details are needed to completely define PM(x) so that we are able to 

evaluate it for any x in the above interval. Since PM(x) is a polynomial this same information will in 

fact allow us to evaluate it for any -  x  . A purely mathematical theorem [13,14] proves that 

the required polynomials are the so-called Chebyshev polynomials TM(x), defined by 

       

 
 
 











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






1coshcosh

11coscos

1coshcosh)1(

)(
1

1

1

xxM

xxM

xxM

xT

M

M      (2.4-11) 

A sketch of the polynomial T8(x) is shown in Fig.2.4-1. It is possible to write TM(x) in conventional 

polynomial form, but the coefficients tend to be large and of alternating sign. Direct use of (2.4-11) 

is satisfactory for numerical computation for the range of x values needed for array synthesis 

problems. 
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Fig.2.4-1 : Graph of Chebyshev polynomial T8(x). The two horizontal dashed lines (- - - - -) 

pass through ±1 on the vertical axis. The two vertical dot-dashed lines (∙ − ∙ − ∙ − ∙) are located at 

x = ± 1.  

                                                
19 The variable x here is just a convenient variable. It should not be taken to be the same as the axis along which the 

array elements are assumed to be located. 
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Fig.2.4-2 : Enlargement of a portion of the graph of polynomial T8(x) from Fig.2.4-1, and 

quantities related to Chebyshev array synthesis. 

 

 At this point all we have are some mathematical facts. The creative idea of relating array factors 

to Chebyshev polynomials, using this transformation to synthesise array excitations, and providing a 

proof of the optimality of the resulting arrays, was provided by Dolph [11]. Observe from (2.4-11) 

and Fig.2.4-1 that in the range 11  x  the function TM(x) ripples in amplitude between the 

limits 1. We next refer to Fig.2.4-2, which shows an enlarged portion of the T8(x) of Fig.2.4-1. Of 

all polynomials PM(x) of degree M which pass through the given point (xo,ASLR) and which remain 

within the bounds 1 in the interval x 1, the Chebyshev polynomial TM(x) minimises the length 

of the interval (xo - xLR), where xLR is the largest zero of PM(x). Outside of this range of x-values 

TM(x) increases hyperbolically, with TM(x)> 1. Dolph [11] recognised these properties as being 

what is required to synthesise a linear array that, for a given number of elements and specified 

sidelobe level, has the minimum beamwidth between first nulls. To achieve such a synthesis he used 

the transformation  2cosoxx   to establish a correspondence between TM(x) and an associated 

array factor, with the constraint SLRM AxT )( 0  setting the required sidelobe ratio. Observe that as  

varies over the visible angular range from -/2 to /2 the variable x varies from x =  = xocos(kd/2) 

at  = - /2, to x = xo when  = 0, and finally to x =  at  = /2. If d = /2 then  = 0, while for d 

> /2 we have  < 0. Thus for d  /2, as the observation angle varies over the visible range, the 



 

 

40 

 

 

range of the variable x includes all the polynomial zeros in the interval  (0, xo) for either even or 

odd arrays. 

 The polynomial T2N-1(x) is used to synthesise arrays of size 2N, and T2N(x) for arrays of size 

2N+1. The zeroes of the appropriate polynomial are easily determined, from which the array factor 

zeros m are calculated using the inverse of the transformation  2cosoxx  . Once the latter are 

known it is a matter of algebra to obtain the excitations. Dolph was able to prove [11] that the 

array so synthesised is optimum in the sense that for the specified sidelobe ratio and element 

number, the beamwidth (between first nulls) is the narrowest possible. Alternatively, for a 

specified first-null beamwidth, the sidelobe level is the lowest obtainable from the given array 

geometry. This means that it is impossible to find another set of excitation coefficients yielding 

better performance, in both beamwidth and sidelobe ratio, for the given element number and 

uniform spacing d. It represents a closed form solution to the optimisation problem of beamwidth 

minimisation subject to sidelobe constraints. 

 Many expressions have been derived for the Cheyshev array excitations, the relative importance 

of which have changed over the years as computational capabilities have improved. The most 

straightforward approach is that which directly exploits the fact that F(m) = 0 for each of the array 

factor zeros m, and which therefore (taking each of the m in turn) represents a set of simultaneous 

linear equations with the excitations as the unknowns. This was described in Section 2.4.3, and 

enables us to apply one of the many computationally efficient simultaneous linear equation 

solver algorithms that are now so readily available as coded routines. Once the process has been 

coded it is as good as, and possibly better than, “closed-form” expressions as far as numerical 

computation is concerned. 

 The original formulation by Dolph [11] for synthesising linear Chebyshev arrays is applicable 

to the case of an even (2N) or odd (2N+1) number of array elements when the inter-element 

spacing d   /2, where  is the wavelength. The restriction on d, initially noted by Riblet [15], is 

needed to ensure that the transformation responsible for the polynomial  array factor 

correspondence provides a radiation pattern that is optimal in the sense of yielding the minimum 

first-null-beamwidth for the given number of elements and specified sidelobe ratio (SLR). As 

cautioned in [1,6,10,16,17,18] this transformation does not guarantee optimality if d <  /2. 

Subsequent formulations [15,19,20] showed how the transformation must be altered to reclaim 
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optimality when d < /2, but only for arrays of 2N+1 elements. A means of synthesizing such 

optimal arrays when there are 2N elements and d <  /2 was more recently given in [21]. 

 

2.4.5  Villeneuve n -Distributions : Pencil Beam Synthesis 

Optimum beamwidth arrays do not necessarily provide optimum directivity, especially if the 

array is large [17]. To see this, one can consider a Dolph-Chebyshev array with a fixed sidelobe 

ratio. Let the array size increase (increase the element number with the spacing held fixed), at 

each stage keeping the sidelobe ratio constant and normalising the radiation pattern. This is 

permissible because the directivity to be found at each stage is only dependent on the angular 

distribution of the radiation and not on any absolute levels. It is then observed that the 

denominator of the directivity expression is dominated by the power in the sidelobes after a 

certain array size is reached, and remains roughly constant thereafter. Thus it is found that the 

Dolph-Chebyshev distribution has a directivity limit [22] because of its constant sidelobe level 

property, and for a given array size and maximum sidelobe level, may not be optimum from a 

directivity point of view. 

 The above “directivity compression” is usually accompanied by an undesirable upswing in the 

amplitude of the excitations near the array edges ("edge brightening"). For a given number of 

elements there will be a certain sidelobe ratio for which the distribution of excitations is "just" 

monotonic. If the number of elements is increased but this same sidelobe ratio is desired, the 

required distribution will be non-monotonic. Increasing the sidelobe ratio (lower sidelobes) will 

allow a monotonic distribution once more. Peaks in the distribution at the array ends are not only 

disadvantageous in that they are difficult to implement and make an array which is realised more 

susceptible to edge effects, but they are also indicative of an increase in the tolerance sensitivity 

[23]. To remove these practical drawbacks a taper must be incorporated into the far-out 

sidelobes. This is achieved by the Villeneuve distribution [24]. 

 The Villeneuve distribution utilises the principle of synthesising excitation distributions by 

correct positioning of the array factor zeros. The application of the approach consists of the 

following steps once the number of array elements, inter-element spacing and maximum sidelobe 

level have been specified : 
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Step#1 – Determine the array factor zeros for a Dolph-Chebyshev distribution on an array of the 

same number of elements with the same sidelobe level, as described in Section 2.4.4. (Such an 

array will have a uniform sidelobe envelope). 

 

Step#2 – Determine the array factor zeros of a uniformly excited array of the same number of 

elements. (Such an array will have a tapered sidelobe envelope). 

 

Step#3 – Alter the zeros of the Dolph-Chebyshev array so that all except the first n -1 zeros now 

coincide with those of the uniformly excited array. In addition multiply each of the first n -1 

Chebyshev zeros by a dilation factor . The quantity n  is referred to as the transition index. The 

dilation factor is given by [24] 

 

       
1

0

n

1
(2N 1)cos cos (2n-1)

4Nu







  

     

       (2.4-12) 

where 

         
2

0

1
cosh ln 1

2N
u  

       
               (2.4-13) 

and 
/ 2010 SLR               (2.4-14) 

 

for an array of 2N+1 elements. Similar expressions are provided in [24] for an array of 2N 

elements. The sidelobe ratio (in dB) is denoted by SLR. 

 

Step#4 – Use these final zeros of the perturbed Chebyshev array to determine the final element 

excitations
20

. 

 

 The result will be an array factor whose near-in sidelobes are close to the maximum sidelobe 

level specified, with the further out ones decreasing in level at a rate close to that of the uniformly 

excited array. This behaviour has been shown to provide arrays with the desired maximum 

sidelobe level but higher aperture efficiency than one would get if some arbitrary tapered excitation 

distribution were to be used. 

 The Villeneuve distribution was generalized in [25]. Although the quantities  and n  are 

retained, an additional parameter v , called the taper parameter is introduced. This allows the taper 

rate of the sidelobe envelope to be controlled. In other words, like the Villeneuve distribution, the 

Dolph-Chebyshev distribution serves as a "parent" space factor. The correct perturbation of the 

zeros of this parent space factor serves to incorporate the sidelobe behaviour desired, while at the 

                                                
20 In his original paper Villeneuve [24]  derived closed-form series expressions for the excitations, but they are 

found just as easily using the technique described in Section 2.4.3. 
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same time keeping the excitation efficiency and beamwidths as close to their optimum values as is 

possible under the required sidelobe ratio and envelope taper conditions. The level of the first 

sidelobe is set by the parent Dolph-Chebyshev distribution, the envelope taper rate controlled by 

the taper parameter , and the point at which the required taper proper begins determined by the 

transition index n . The proper choice of the values of n and  for a particular application will 

depend on the relative importance of the peak sidelobe level compared to that of the farther-out 

sidelobes, and their effect on the excitation efficiency. 

 

2.4.6  Analytical Shaped Beam Synthesis Methods 

The array factors have the form of a Fourier series, but with the number of terms of the same 

order as the number of elements in the array. An early Fourier series synthesis method does the 

following : The idealized shaped pattern
21

 over the shaped region is expanded in a Fourier series. 

The element excitations are equated to the coefficients of this Fourier series expansion. Due to 

the limited number of terms in the Fourier series of the shaped pattern the resulting pattern 

exhibits large ripples around the idealized shaped pattern, and high sidelobes outside the shaped 

region.  

  An improvement on the above technique is the Woodward-Lawson [26,27] method. This 

technique relies on the fact that any pattern realizable using an Ne element array can be 

expressed as the weighted summation of a set of Ne orthogonal beams, each having a 

“sin(Nex)/sin(x)” shape. The maximum value of each of these beams coincides with the zero in 

all other beams. The synthesis technique samples the idealized shaped pattern at increments of 

Ne/2. The synthesized array is thus the superposition of array factors from Ne uniform 

amplitude, linear progressive phase excitations with the phase increment of each excitation such 

that the array factor peak is placed at a sampling point on the idealized shaped beam. Although 

the resultant array factor is equal to the idealized shaped pattern at the sample points, it also 

exhibits large ripples in the shaped beam region and high uncontrollable sidelobes in the sidelobe 

region. 

 A criticism of the Woodward-Lawson method is that it only uses data from Ne idealized 

pattern sampling points, whereas there are 2Ne-2 degrees of freedom (namely Ne-1 relative 

                                                
21 Please see Section 2.9 for a discussion of the idealized forms of the flat-topped, isoflux and cosecant shaped 

patterns.  
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amplitudes and Ne-1 relative phases. Milne described a method [28] that effectively takes 2Ne-1 

sample points, spaced at intervals 2/(2Ne-1). In essence it starts with some pencil beam pattern, 

copies of which are “scanned” to have their maxima at points in the shaped region and sidelobe 

region. This allows some limited control of the shaped beam region ripple and sidelobe levels.   

 

2.4.7 Numerical Variation of the Complex Polynomial Roots 

The best approach not based on numerical optimization of some objective function, or the 

method of projections, is that by Orchard et al. [29]. This is an iterative method in which the 

zeroes of the array factor are made complex, and their real and imaginary parts are 

simultaneously adjusted in an iterative fashion so that the amplitude of each ripple in the shaped 

beam region and the height of each sidelobe outside of this region are individually controlled. A 

recipe for such adjustments is provided in [29], but its use of far from routine.   

 

2.4.8 Limitation of Classical Synthesis Methods 

The reader will have noticed that the methods in Sections 2.4.2 through 2.4.5 can be used for 

pencil beam synthesis only. Although that in Sections 2.4.6 and 2.4.7 can be used for shaped 

beam synthesis, they cannot entertain any excitation constraints. Indeed, this is not possible with 

any classical analytical synthesis methods.  This means that, for example, phase-only excitation 

synthesis is not possible either. In classical excitation synthesis methods we have to let the 

excitation amplitudes and phases “do what they please”. These methods are thus not suited to the 

goals of this thesis. 
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2.5 SYNTHESIS METHODS DIRECTLY BASED ON CONVENTIONAL 

NUMERICAL OPTIMISATION ALGORITHMS 

 

2.5.1 Introduction  

Excitation synthesis techniques that rely explicitly on the use of numerical optimization 

algorithms all require that the synthesis requirements (both pattern and excitation constraints) be 

encapsulated in a single objective function 

 

 1 2, ,.........,
eobj NF a a a             (2.5-1) 

 

that is, as indicated, a function of the array excitations. There are numerous numerical 

optimization algorithms that can be used to efficiently locate the minimum of a given objective 

function objF . In array synthesis work these are only useful if we are able to so define objF  that, 

when its minimum is attained, we have an array antenna whose performance is indeed what we 

seek. In other words, what we are able to achieve depends on how well we have translated our 

desired antenna specifications into a mathematical expression which, when optimized, provides a 

performance that meets our requirements. These requirements will be both pattern constraints 

and excitation constraints. 

The objective functions are non-linear, and usually have many local minima that can trap the 

algorithm. Evolutionary algorithms (eg. genetic algorithm) have been successfully used to avoid 

the problem of getting stuck in local minima. These global optimization approaches are very 

heavy on computation, but this is less of an issue these days. One disadvantage (compared to the 

projection synthesis methods to be described in Section 2.7, and which will be the chosen 

method for this thesis) is that the pattern and excitation constraints are intertwined in some 

objective function. It would be preferable if the excitation constraints could be made more 

explicit, making it possible to more easily recognize trade-offs and to judge the plausibility of 

some excitation constraint. Nevertheless such synthesis techniques, especially using the genetic 

algorithm (in its many forms) as the numerical optimization algorithm of choice, could be used 

for the problem of interest in this thesis. However, we have selected the projection method 

described in Section 2.7, for reasons that will become clear in that section. 
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2.5.2 Least Squares Based Methods 

 

In order to describe the least squares approach we will use the radiation pattern analysis 

model in expression (2.2-19) namely
22

  

 

1

( ) ( )
eN

CO n n

n

E a F 


            (2.5-2) 

where 

sin
( , ) njkx

nF e
               (2.5-3) 

 

We will next define certain matrices that will be used in the writing of the projection synthesis 

formulations in concrete terms in Section 2.7; they are provided here already because they turn 

out to be equally useful for an explanation of the least-squares methods with which we are 

immediately concerned in the present section. Expression (2.5-2) can be written as 
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 
 

      (2.5-4) 

 

This is a continuous function over the independent variables 0     and 0    2. If we 

are to actually implement any numerically based method, at some point in the procedure we of 

course need to obtain a finite-dimensional and discrete representation of the pattern vector in 

order to perform numerical computations. A finite-dimensional discrete pattern vector [ ]COE  can 

                                                
22 We discuss it for the linear array case (which is of interest in this thesis), although everything can be done for the 

planar array case too. In the linear array case we can write the array factor in terms of angle   only, as shown. We 

will also ignore the broad element pattern. Hence the form of expression (2.5-2). 



 

 

47 

 

 

be obtained by selecting pattern points 
1 2{ , ,......, ,...... }m M     at which ( )COE  is sampled. We 

can therefore write 
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  (2.5-5) 

 

which also defines the matrix [ ]EAT . It is understood that the definition of [ ]EAT  implicitly 

includes normalisation of the resultant pattern vector [ ]COE . 

If [ ]COE  is known, then the required excitations [ ]A  can be found by minimizing the 

objective function 

 

 
2

1 2, ,........., [ ][ ] [ ]
eobj N EA COF a a a T A E         (2.5-6) 

 

This has a well-known solution, namely the so-called least-squares (also called the maximum 

likelihood solution)  

        
1

[ ] [ ] [ ] [ ] [ ]H H
EA EA EA COA T T T E


          (2.5-7) 

 

This was known in the mathematical literature long before the array synthesis problem had ever 

been important where it is recognised as the least-squares solution to an over-determined set of 

linear equations. An alternative solution also available in the mathematical literature is 

        
1

[ ] [ ] [ ][ ] [ ] [ ][ ]H H
EA EA EA COA T W T T W E


         (2.5-8) 
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where [ ]W  is a diagonal weighting vector, and superscript “H” indicates the conjugate transpose 

operation. If [ ]W is selected to be the identity matrix the process reduces to conventional least 

squares (also referred to as the maximum likelihood method). Relative weights must be assigned to 

the weighting vector [ ]W . In array synthesis the main lobe region and each sidelobe region can be 

assigned a regional weight according to their relative importance in a particular application. In other 

words, the relative weights can be decreased at sampling angles that are less important as far as 

precise satisfaction of the pattern constraints is concerned. 

If we had [ ]COE , by which we mean its complex values, which would mean that both the 

pattern amplitude and phase of the desired pattern is known at each sample angle m , then we 

could simply use (2.5-7) or (2.5-8) to find [ ]A . The problem is that when we synthesize shaped 

beam patterns – as will be detailed in Section 2.9 – we do not know the precise shape of the 

complex pattern [ ]COE . We know only the masks within which the magnitudes of the pattern 

samples ( )CO mE   must lie; the phases of the complex field values ( )CO mE   are not specified. 

One might be tempted to declare that the pattern phase be constant with respect to  . But there is 

a weakness in this argument. The masks
23

 include not only the shaped beam region but also the 

sidelobe regions. Why would the pattern phase over this entire set of pattern angles necessarily 

be the same? Even within the shaped beam region the pattern phase need not be constant as a 

function of  . So we do not wish to impose an artificial phase on the radiation pattern (in so 

doing perhaps missing some improved synthesis solution), and instead want it to develop in a 

natural way according to what the physics demands. In shaped beam methods that use a least-

squares approach this is achieved by an iteration process. An initial guess (or “warm start” if we 

prefer the more technical terminology) is made, and then an iterative process such as that 

detailed in [30,31,32] is used to arrive at the required excitation vector [ ]A . However, the 

imposition of excitation constraints is not possible using the least-squares method just described. 

A least-squares method that allows phase-only synthesis (with all excitation amplitudes kept the 

same) has been described [33], but it can handle only small perturbations to the phase and so is 

not applicable to all beam shapes. 

                                                
23 To be discussed in some detail in Section 2.9. 
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2.5.3 Use of Gradient-Based or Evolutionary Numerical Optimisation Algorithms 

Once an objective function objF  has been defined any numerical optimization algorithm can 

be used for synthesis purposes. Gradient-based algorithms (eg. [54]) used to be utilized, but 

evolutionary algorithms are now preferred. There is an enormous literature on the subject, both 

in textbooks and journal papers, and the reader is referred to references [35] through [46], where 

array synthesis applications are described using mainly the genetic algorithm, but also the 

particle-swarm and simulated-annealing algorithms. The user has to be aware of the fact that 

objective functions that not only include pattern constraints but also excitation constraints are not 

as widely used in the references mentioned. Those that do include excitation constraints require 

quite a bit of “tuning” before they are satisfactorily represent the synthesis goals
24

. After all, we 

wish to converge to an optimum of the synthesis problem. If objF  is not chosen properly we might 

achieve its optimum value but this might not provide us with a solution that represents the synthesis 

goals. As with all numerical optimization algorithms a warm start is needed for the excitation 

amplitudes and phases. 

 

2.6 SYNTHESIS METHODS BASED ON CONVEX PROGRAMMING ALGORITHMS  

 

Even though excitation synthesis methods based on convex programming can be classified 

under the same set of methods as that in Section 2.5 – after all it is based on the minimization of 

an objective function - it is often considered separately. The reason is that if it is possible to 

derive an objective function that is in fact a quadratic form then the numerical optimization 

algorithm known as convex programming can be used. The latter algorithm has the advantage 

that it will always converge to a global optimum of the objective function. This method was used 

several years ago to perform an excitation synthesis that maximizes directivity subject to 

sidelobe constraints [49,50]. However, it has recently been refined in the sense that objective 

functions applicable to a wider range of array synthesis problems have been derived [52 - 58]. 

                                                
24 This is not always apparent from the literature. 
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Nevertheless, it is still not possible to use convex programming directly if we wish to apply 

excitation constraints
25

. Thus the method is not germane to the problem of interest in this thesis. 

 

 

2.7 EXCITATION SYNTHESIS USING THE METHOD OF GENERALIZED 

PROJECTIONS 

  

 

2.7.1  Introduction 

In contrast to the excitation synthesis methods described in the previous three sections, the 

array synthesis problem can also be viewed as determining the intersection of two sets. The first 

is the set of all radiation patterns possible with the given array geometry (in other words patterns 

computed using the appropriate forward operator
26

 for the particular geometry in question) when 

the excitations comply with the required excitation constraints. The second is the set of all 

radiation patterns possible with the given array that comply with the required radiation pattern 

constraints. The method can be described as synthesis in “radiation pattern space”. This approach 

was used in [59], with major advances to the detail and breadth of applications being made in 

[60,61,62] and its use being extended to conformal arrays in [63,64,65]. These all used the so-

called generalized sequential projection method. 

In [66] the same sequential projection method was used, but in the “excitation space”, the 

advantage being that certain relaxation methods can be applied to speed up convergence. The 

synthesis problem in the latter case is one of finding the intersection of the set of all excitations 

that satisfy the specified excitation constraints, and the set of all excitations that produce 

radiation patterns that satisfy the specified pattern constraints.  

The generalised  parallel projection method [67,68,69] was more recently introduced, albeit 

not in the context of array synthesis, based on ideas originally published by Pierra [70]. This 

parallel version of the method was applied in [71] to a “switched-element” pencil beam array 

synthesis problem in excitation space, but has not been applied to shaped beam synthesis. 

 

 

                                                
25 An exception is its use for phase-only synthesis [51], but it can handle only small perturbations to the phase, and 

so is not necessarily applicable to shaped beam synthesis. 
26 The forward operator will be defined in Section 2.7.4. 
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2.7.2  Mathematical Review of the Fundamentals of the Generalised Projection Method
27

 

 The essential idea is that an unknown f (eg. a set of array excitations) is known to lie in Q given 

sets Cq (q=1,2,…,Q), where each set
28

 represents a constraint on f. The solution is then given by the 

intersection point of  the Q constraint sets; the solution is the particular f that lies in all Q sets. 

Associated with each set is a projection operator Pq (q=1,2,…,Q), which is in general non-linear. By 

definition, for all sets (not only convex ones), we call g = Pq f  the projection of f onto Cq if : 

 qCg                         (2.7-1) 

 fhMinfg
q

ChAll



                  (2.7-2) 

where g  denotes the norm of g.  As a consequence of this definition a projection operator 

possesses the so-called idempotent property that Pq Pq f = g. The algorithm for determining the f 

that lies in the intersection of the above sets Cq is [60,67] 

      ...1 1 2f fk Q k L L L                (2.7-3) 

where fo is the initial point chosen for f, about which we will have something to say in Section 2.7 

and Section 3.6, and operator 

      ( )I r P Iq q q  L                  (2.7-4) 

with q=1,2,…,Q and rq a real number known as a relaxation parameter. The “I” is of course the 

identity operator appropriate to a particular application (eg. an identity matrix if projection operator 

Pq is expressed in matrix  form). Index k denotes the number of the iterations
29

. 

 

A.  Convex Projections 

 A projection Pq as defined above is a unique point if Cq is a convex set [60]. Furthermore, if all Q 

of the sets Cq are convex, then the iterative algorithm (2.7-3) is guaranteed [60] to converge to a 

point in Qo CCCC  ...21  provided Co is not empty and 0  rq  2.0. If these conditions apply 

the method is sometimes referred to as the method of convex projections or more explicitly as the 

method of alternating projections onto convex sets [72]. 

                                                
27 Sometimes also called the method of vector space projections. 
28 Examples of such sets for the excitation synthesis problem will shortly be given. 
29 Not the number of iterations. 



 

 

52 

 

 

B.  Sequential (or Serial, or Successive) Generalised Projection Method 

 Although projection Pq as defined above is a unique point if Cq is a convex set, when this is not 

the case there may be a number of points, rather than a single point, that satisfy the definition of the 

projection. In actual applications we can usually find a procedure for uniquely selecting one of these 

points. More seriously though, if one or more of the sets Cq is not convex then convergence of the 

algorithm (2.7-3) is not guaranteed. In such circumstances the algorithm
30

 is used with Q=2, namely  

          1 1 2f fk k L L               (2.7-5) 

since this case has a useful set distance reduction property even when C1 and/or C2 are not convex. 

In order to state this property we note that in the absence of guaranteed convergence we need a 

measure to assess the performance of the algorithm at each iteration so that we can formulate a 

“stopping criterion”. A measure that has been widely used is given by [60,67] 

         1 2{ }SDE g g g g g   L L           (2.7-6) 

It is usually called the summed distance error (SDE) since it is simply the sum of the distances from 

g to the two sets C1 and C2. It has the property [2] that SDE{g}0, with SDE{g}=0 only if 

gC1C2. The recursion algorithm (5) can then be shown to possess the property  

         1 2{ } { } { }k k kSDE f SDE f SDE f  L         (2.7-7) 

for appropriately selected values of relaxation parameters r1 and r2. The property (2.7-7) does not 

extend to those cases where Q>2. However, in array synthesis problems at any rate, this is not 

restrictive. When the algorithm (2.7-5) is applied and its progress measured as indicated it is usually 

referred to as the method of (sequential) generalised projections. The adjective sequential is used 

because the projections are applied successively (that is, serially). The nemesis of the method is the 

occurrence of so-called stagnation points, which may be traps or tunnels. Traps (which occur only 

when non-convex sets are involved) occur at those points g at which 1 2g gL L (the so-called 

fixed points of the operator 1 2L L ) and are not valid solutions. Tunnels are those situations in 

which the solution is approached so slowly that for all practical purposes the algorithm has ceased 

functioning. A more complete and well-illustrated discussion of these aspects can be found in [67]. 

 In any application of the method (and these are what distinguish one application from 

another) it is necessary to define the sets Cq, define norms in these sets, derive the associated 

                                                
30 Which iteratively projects between the latter sets to find the intersection. 
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projection operators Pq, and select the starting point fo. Repeating slightly what we stated in 

Section 2.7.1, the array synthesis problem (in “radiation space”) can be viewed as determining 

the intersection of two sets, the one being the set of all radiation patterns possible with the given 

array geometry (including constraints other than those on the radiation patterns), and the other 

being that consisting of all radiation patterns that comply with the required radiation pattern 

constraints. If the method is applied in “excitation space”, the synthesis problem is one of finding 

the intersection of the set of all excitations that satisfy the specified excitation constraints and the 

set of all excitations that produce radiation patterns which satisfy the specified pattern 

constraints. 

 

C.  Parallel Generalised Projection Method 

 An alternative to the serial version is the generalized parallel projection algorithm [67,68], 

which can be written succinctly as  

1
1 1

(1 )
Q Q

k k k q q k k k k k q q k
q q

f f r P f f r f r P f 


 

 
      

 
       (2.7-8) 
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SDE g P g g


 
  
 
           (2.7-10) 

1{ } { }k kSDE f SDE f            (2.7-11) 

where the q are real weighting factors and now Q can be larger than two. Although it is possible 

[67] to estimate the best relaxation parameter at each iteration (hence the subscript notation in 

the symbol rk) it has been found that it is in practice sufficient to execute the synthesis process 

for several different relaxation parameter values that are the same at each iteration and then 

simply select the one which leads to the most rapid solution for the particular problem at hand. 

The above parallel version of the algorithm has similar convergence properties to the serial 

version when the sets intersect. However, it has some advantages over the serial version. Firstly, 

it possesses the SDE reduction property even when more than just two sets (one or more of 

which may be non-convex) are involved. Secondly, the weights q can be used to give greater 

(or lesser) weight to a particular set of constraints. Finally, for inconsistent constraint problems 
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(that is, where the constraints sets Cq do not all intersect) the parallel algorithm converges to a 

weighted least-square solution [73] that is preferable to the cycling (“trapped”) behaviour of the 

serial algorithm. In the sections to follow we discuss the sets and operators for the formulations 

of the method for use in array synthesis
31

. 

 

2.7.3  The Excitation Vector & Excitation Space 

The excitation vector [ ]A  is the column vector [a1,a2,…..,aN]
T
, where the superscript denotes the 

transpose operation (without complex conjugation), and nj

n na a e


  is the complex excitation of 

the n-th radiator in the array. Quantity n  is the excitation phase, with 0 360n o o  in general. 

Quantity na is the excitation amplitude, with 0 1na  . In other words, we will always write the 

excitations in normalized form. We will define the excitation space SA (see Fig.2.7-1) as the set of 

all possible excitation vectors [ ]A  of the given N-element array geometry, and note that we can 

consider SA to be a discrete N-dimensional Euclidean space. 

 

2.7.4  The Forward Operator, Radiation Pattern Vector & Radiation Pattern Space 

The radiation pattern of the array antenna can be found via a forward operator TEA  as 

 

 ( , ) [ ]E A  TEA            (2.7-12) 

where the pattern vector 

ˆ ˆ( , ) ( , ) ( , )co co cr crE E e E e                (2.7-13) 

 

is considered to be a member of the pattern space that is the set of all possible pattern vectors 

( , )E   obtainable from the given array geometry. Details of the operator TEA  will depend on the 

geometry of the array environment of interest
32

. Repeating the comments made in Section 2.5.2, but 

in the terminology of the projection method, the above pattern space is a continuum space (over the 

independent variables 0     and 0    2), and is in general infinite-dimensional. If we are to 

actually implement the projection method we need to work with a finite-dimensional discrete 

                                                
31 The parallel projection method has not yet been used for shaped beam synthesis. 
32 For instance, in the case of planar arrays it might be an FFT, while in other cases such as conformal arrays it 

might consist of a detailed analysis of the effects of the host surface using more detailed electromagnetic modelling. 
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representation of the pattern vector. So we sample the pattern at specific angles 

1 2{ , ,......, ,...... }m M     and define a forward operator TEA which maps SA directly onto a finite-

dimensional discrete pattern space SF. , namely 

 

TEA{[A]} = [ED] = [ECO(1),ECO(2),..,ECO(M),ECR(1),ECR(2),.. , ECR(M) ]
T
   (2.7-14) 

 

We will thus write the forward operator as a matrix [ ]EAT , so that [ ] [ ][ ]D EAE T A . Note that 

[ ]EAT  will not be square because there are more pattern sampling points than array elements. 

[ ]DE  lies in the pattern space SF. If both co- and cross-polarised patterns are being considered, 

then [ ]DE  is a 2M-dimensional column vector as shown; if only co-polarised patterns enter into the 

synthesis procedure then it is M-dimensional. In the former case forward operator [ ]EAT  : SA  SF 

will be an N x 2M matrix, and in the latter case an N x M matrix. The forward operator [ ]EAT  is 

needed in the definition of certain projection operators in later sections. 

In this thesis we will directly synthesise only the co-polarised pattern, so that we will denote 

[ ]DE  by [ ]COE , as already done in Section 2.5.2. The forward operator [ ]EAT  is then that already 

defined by (2.5-5) 

 

2.7.5  The Backward (or Reverse, or Inverse) Operator 

In addition to the forward operator which maps an element from the excitation space SA to an 

element in the discrete radiation space SF we will, in the definition of certain projection operators to 

be described below, require a backward (or reverse) operator TAE : SF  SA which maps an 

element of the discrete radiation space to an element in the excitation space SA. In the discrete finite-

dimensional spaces (that is, the matrix world) with which we are working this formally means that 

we require 
1[ ] [ ]AE EAT T  . Since [ ]EAT  is not a square matrix some form of generalised inverse 

must be used. 

One possibility is to use weighted least squares to determine the generalised inverse (and 

hence the backward operator), namely 

        
1

[ ] [ ] [ ][ ] [ ] [ ]H H
AE EA EA EAT T W T T W


          (2.7-15) 
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where [ ]W is a diagonal weighting vector, and superscript “H” indicates the conjugate transpose 

operation. If [ ]W is selected to be the identity matrix the process reduces to conventional least 

squares (also referred to as the maximum likelihood method). In executing the backward operator 

the relative weights must be assigned to the weighting vector [ ]W . The main lobe region and each 

sidelobe region can be assigned a regional weight according to their relative importance in a 

particular application. In other words, the relative weights can be decreased at sampling angles 

that are less important as far as precise satisfaction of the pattern constraints is concerned. This 

will be demonstrated in Chapters 3 and 4. 

 Another possibility is to use the Moore-Penrose generalised inverse. This has the advantage 

that highly efficient routines for its execution are readily available [74,75]. 

 We have not yet defined the projection operators needed for the application of the synthesis 

method under discussion. We are still in the process of defining various operators that will be 

used in the eventual definition of such projection operators in Section 2.7.6 and Section 2.7.7, 

and more completely in Chapter 3. 

 

2.7.6  Operator Used to Implement Pattern Constraints 

It is assumed that the pattern vector [ ]COE  has been normalized. Then the operator
33

 that 

enforces pattern constraints will be defined as 

 

          1 2

T

E CO CO CO CO CO MP E E E E E                (2.7-16) 

where 

                                                
33 Note that this is also a projection operator. However, it is not one of the projection operators used directly in the 

projection algorithm. But it will be used, along with the forward and  reverse operators defined earlier, to construct 

projection operators that are used directly in the algorithm.  
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      (2.7-17) 

and the functions ( )US  and ( )LS   specify the upper and lower bounds of the pattern (that is, the 

mask). The operation described above is a quite straightforward one : (a). If at any point m the 

computed pattern level is outside the pattern mask then the pattern magnitude at that point is 

changed while the phase at that point is retained. If it lies above (below) the mask it is simply 

made equal to the upper (lower) mask value at that sampling angle. (b). If at any point (m) the 

computed pattern level is inside the pattern mask then the pattern at that point is left unchanged.  It 

is understood that, as an integral part of the application of PE, the resultant pattern vector is 

always normalised with respect to its member that has the largest magnitude. 

One needs only this pattern constraint operator, as different pattern shapes are defined by simply 

changing functions ( )US  and ( )LS  . Examples of these radiation pattern masks were shown in 

Fig.1.1-1. 

 

2.7.7  Operator Used to Implement Excitation Constraints 

The development of such operators
34

 is taken up in detail in Chapter 3, and forms part of the 

contribution of this thesis. However, in order to be able to describe the projection synthesis 

method we need to at least quote one example of such an operator, taken from the existing 

literature, that enforces simple
35

 amplitude range constraints ( min 1nA a  ) on the excitation 

vector [ ]A . We write it as
36

 

    1 1 2, ,...., ,...,
T

A n NP A a a a a             (2.7-18) 

                                                
34 Unlike the pattern constraint operator in Section 2.7.7, for which only one form is needed, different excitation 

constraint operators are needed for different types of excitation constraint. 
35 We refer to it as "simple" since the excitation constraint classes to be developed in the present chapter will be 

increasingly complex. 
36 It is assumed that [A] is magnitude-normalized before applying the constraint projector given immediately below. 
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where 

n min n

n n
min n min

n

a a 1

a a
a

a

if A

A if A

  


  




         (2.7-19) 

The subscript “A” in 
1AP  denotes

37
 that it is an operator that constrains the vector [A], as 

opposed to the subscript “E” of 
EP  in (2.7-16) that constrains the vector [ ]COE . Expression (2.7-

18) is just one of several operators that will be devised in Chapter 3 to apply various excitation 

constraints. Note that the class of excitation constraint (2.7-18) does not place any constraint on 

the excitation phases. All excitation amplitudes are constrained in a homogeneous manner over 

the array aperture; the dynamic range allowed for an element at the centre of the array is the 

same for one at the edge, and so on. 

                                                
37 The “1” in the subscript identifies that it is only one of several excitation constraint projection operators that will 

be used in this thesis, which will be uniquely identified as 2AP , 3AP , and so on. Only one pattern constraint projector 

EP  is needed though; but the masks that it enforces will change for different patterns shapes. 
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Fig. 2.7-1 :  Excitation and pattern spaces in terms of which the method of generalized 

projections is defined (Courtesy of D.A.McNamara) 

 



 

 

60 

 

 

2.7.8  Serial Projection Method in Pattern Space 

 

Recursion Algorithm :   

   1 21CO COk k
E E


 L L            (2.7-20) 

            
1 1

PL                (2.7-21) 

            
2 2

PL                (2.7-22) 

Projection Operators : 

    1 [ ] [ ][ ]CO EA A AE COP E T P T E          (2.7-23) 

   2 [ ] [ ]CO E COP E P E             (2.7-24) 

where AP  may be any one
38

 of the excitation constraint operators AmP (m=1,2,3,…) to be defined 

in Chapter 3. 

 

Error Measure : A measure of the error at the k-th iteration is 

 2 2

1

1
( , ) 10log ( , ) 10log ( , )

M

k w m m CO m m CO m m
m

a E E
M

     


       (2.7-25) 

This measures the difference between the radiation pattern at the end of the k-th iteration and the 

radiation pattern that we obtain after applying the pattern constraints to it. In the computation of 

this error measure we may use many more pattern points (i.e. a larger value of M) than is used in 

forming the forward and reverse operator matrices in Sections 2.7.4 and 2.7.5. Quantity 

( , )
w m m

a    is an optional weight that can be used to favour the contribution of certain pattern 

angles in the calculation of the SDE. Strictly speaking, the SDE of the form (2.7-7) should 

contain (in this excitation space synthesis case) terms which measure the error according to the 

difference between the excitation vector [A]k and its projected forms at each iteration. However, 

we have found the expression (2.7-25) to be an equivalent and more sensitive measure of what 

we actually want to achieve, and it is the one that has been used. This will be substantially 

demonstrated in Chapters 3 and 4. 

 

 

                                                
38 And only one, in this serial algorithm. 
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2.7.9  Serial Projection Method in Excitation Space 

 

Recursion Algorithm :   

   1 21k k
A A


 L L             (2.7-26) 

            
1 1

PL                (2.7-27) 

            
2 2 2

( )I r P I  L            (2.7-28) 

 

Projection Operators : 

     1 AP A P A            (2.7-29) 

    2 [ ] [ ][ ]AE E EAP A T P T A         (2.7-30) 

where AP  may be any one
39

 of the excitation constraint operators AmP (m=1,2,3,…) to be defined 

in Chapter 3. 

 

2.7.10 Parallel Projection Method in Excitation Space 

 

Recursion Algorithm :   

               







 kkkkkkk AAPAPAPrAA 3322111       (2.7-31) 

with 1321   . 

 

Projection Operators : 

    1 [ ] [ ][ ]AE E EAP A T P T A         (2.7-32) 

     2 1AP A P A           (2.7-33) 

     3 2AP A P A           (2.7-34) 

It is possible to use more than three constraint projectors (that is, one pattern constraint and more 

than two excitation constraints. 

                                                
39 And only one, in this serial algorithm. 
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As mentioned in Section 2.7.2 the parallel approach can deal with more than two sets even if 

these are non-convex. We have written it in the form (2.7-31) to emphasise this. Note that we 

have assumed that two different types of excitation constraints, denoted by operators 
1AP  and 

2AP , are being used. 

 

2.7.11 Parallel Projection Method in Pattern Space 

 We are not aware of the application of the parallel projection method in pattern space. 

Although we will below write down what the algorithm would be in this case (for two constraint 

operators, although more could be used), in this thesis we implement the projection method in 

excitation space and thus will not pursue it further. 

 

Recursion Algorithm :   

            1 1 2 21CO CO k CO CO COk k k k k
E E r P E P E E 


           (2.7-35) 

with
1 2

1   . 

 

Projection Operators : 

   1 [ ] [ ] [ ][ ]CO EA A AE COP E T P T E          (2.7-36) 

    2 [ ]CO E COP E P E              (2.7-37) 

 

2.7.12 Usefulness of the Projection Method for Synthesis with Excitation Constraints 

     The method of projection is ideally suited to synthesis that requires excitation constraints in 

addition to pattern constraints. Thus it is suited to situations where phase-only synthesis is 

required. One advantage is that the process of incorporating constraints through the use of 

projection operators allows one to explicitly see what is being done in this regard. It is also 

possible to immediately see what price one has to pay (as far as the pattern performance is 

concerned) for wanting to impose excitation constraints. It is the synthesis method that will be 

used in this thesis. 
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2.8 SELECTION OF STARTING POINTS FOR NUMERICAL SYNTHESIS 

METHODS 

 

A reasonable estimation of the starting values of the excitations (especially the excitataion 

phases) is crucial when using the projection method for the excitation synthesis of shaped 

beams
40

. These values do not need to be precise (otherwise the synthesis would already have 

been done!). But they must be such as to prevent the projection method from finding itself in a 

trap
41

. 

 One method that is widely used in all numerical optimization based synthesis methods takes 

the average of the upper and lower pattern constraint masks
42

 at each pattern sampling point and 

then finds the initial excitations by applying the backward operator. In other words, at each 

pattern sampling angle (m) we can determine a pattern value given by the average value of the 

upper and lower mask
43

 at that point as 

    mLmUmCO SSE  
2

1
)(            (2.8-1) 

and then form a pattern vector [ ]COE  using these sampled values. It would represent a pattern with 

the same phase at all pattern sampling angles. When this is operated on by the backward operator 

we will obtain a set of excitations 

 

[ ] [ ][ ]AE COA T E                (2.8-2) 

 

that can be used as starting values. This could be used for projection pattern synthesis methods too. 

The disadvantage of this approach is that we force a particular phase distribution on the radiation 

pattern from the onset of the iterations, and this can hinder convergence of the synthesis process. 

One “trick” that sometimes overcomes this is to assign a random phase function or some other 

phase function based on additional information about the problem. Another possibility is to use the 

Woodward shaped beam synthesis method mentioned in Section 2.7.6 to find the starting 

                                                
40 This is actually true for all numerical optimisation based synthesis techniques mentioned in Sections 2.5 and 2.6 

as well. This fact is often not clearly stated in the literature, but one realises it all too soon when attempting to 
implement such techniques. 
41 Equivalent to a numerical optimization algorithm finding itself stalled at a local optimum. 
42 Shaped beam pattern masks will be discussed in detail in Section 2.9. 
43 The upper and lower pattern masks  US   and  LS   are real quantities. 
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excitations
44

. But this also suffers from the fact that the starting excitations are determined in a 

manner that imposes a uniform array pattern phase. Some authors have used variants of 

Woodward’s method, but these significantly complicate the problem. In Section 3.7 we will show 

how an early continuous aperture distribution synthesis formulation, that is far too crude to be useful 

in current engineering practice in its own right, can be manipulated to provide excellent starting 

values for the projection synthesis method that, as stated in Section 2.7.12, is the technique of 

choice in this thesis. 

 

2.9  SHAPED BEAM PATTERN MASKS 

 

2.9.1  Introductory Remarks 

Brief discussions of shaped beam pattern requirements are scattered throughout the literature, 

and when these are described this is done in a somewhat ad hoc fashion. We therefore thought it 

worthwhile to come up with a structured way of talking about such patterns, in particular for the 

three “canonical” shaped beams considered in this thesis - the flat-topped pattern, isoflux pattern 

and cosecant pattern
45

. We will systematize the process as one of first deciding on the idealised 

pattern shape (which is non-realisable) and then proceeding to developing from this a pattern 

mask (which will allow synthesis of a realizable array). Directly implementable forms of such 

pattern masks do not appear to be written down in the literature reviewed, and so we provide this 

in the present section. In order to connect this shaped beam material to what most of us are used 

to, we briefly first state this process for the case of a pencil beam pattern. 

 

2.9.2 Pencil Beam Pattern Mask 

In many applications (eg. point-to-point line of sight communications) we wish an antenna to 

radiate in a single direction and in no other. Such an idealized pencil beam antenna (for which 

the direction of desired radiation is assumed to be  = 0) would have the radiation pattern 

shown in Fig.2.9-1. It is obviously not possible to obtain an antenna of finite size provide such a 

                                                
44 We are of course not suggesting the use of Woodward’s method for the overall synthesis problem, since it is not 
able to enforce sidelobe or excitation constraints. 
45 The techniques we develop to synthesize these cases are applicable to other radiation pattern shapes as well. We 

have selected the above-mentioned three because we need to validate the methods on specific actual examples, and 

these three are ones that are used in practice. 
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pattern. Finite sized pencil beam antennas will have radiation patterns such as that depicted by 

the solid line in Fig.2.9-2, with the finite width main lobe and sidelobes that we are used to. In 

order to use synthesis techniques to arrive at array excitations that can provide realistic pencil 

beam patterns we have to define an upper mask ( )US  , such that any radiation pattern point 

falling below this upper mask will satisfy the required specifications
46

. In the case of a pencil 

beam pattern this upper mask is the dashed line in Fig.2.9-2. 

 

 

tG ( )



maxG

 

 

Fig. 2.9-1 : Idealized pencil beam gain pattern. 

 

 

                                                
46 In the case of the shaped beam patterns a lower mask ( )LS   will be required as well, but this is not necessary for 

the case of a pencil beam. 
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Fig. 2.9-2 : Pattern specification mask for use in the synthesis of pencil beam patterns. 

2.9.3  Flat-Topped Beam (Sector Beam) Pattern Masks 

The idealized flat-topped beam pattern is illustrated in Fig.2.9-3. We can write this idealized 

pattern in normalized field form as 

 

Ideal max

0 90

S ( ) ( ) / 1

0 90

w

w w

w

G G

 

    

 

    


    
  


o

o

       (2.9-1) 
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Fig. 2.9-3 : Idealized flat-topped (sector) beam gain pattern. 

 

We know that this idealized pattern is unrealizable. It is necessary to specify pattern masks in 

order to be able to synthesize a realizable array that will provide a pattern that approximates the 

flat-top over the main beam region and yet recognizes the presence of sidelobes. Such masks are 

shown in Fig.2.9-4, expressed in deciBels. They can be written as
47

 

 

dB

slr 2

dB

U 2 2

dB

slr 2

90

S ( ) 0

90

w

w w

w

S

S

 

   

 

     


   
   

o

o

         (2.9-2) 

and 

1

dB dB

L rip 1 1

1

90

S ( )

90

w

w w

w

dB

S

dB

 

   

 

     


    
   

o

o

         (2.9-3) 

where a “-  dB” over some angular region indicates that there is in fact no lower bound over that 

specific angular region. Quantity dB

ripS  specifies the allowable pattern ripple amplitude over the main 

beam region, whereas dB

slrS  sets the maximum allowable sidelobe level relative to the main beam 

                                                
47 Since the masks are normalized field quantities (as used in this thesis), one can convert to non-dB values using the 

usual relation (Value in dB)/ 2010 . 
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maximum. More complicated sidelobe level envelopes that might be permitted in some applications 

are easily incorporated by adjusting the definition for ( )US   for 
2w  . 
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Fig. 2.9-4 : Idealized flat-topped (sector) beam pattern. 

2.9.4  Earth-Coverage (Isoflux) Beam Pattern Masks 

Earth-coverage or isoflux antennas (which form part of the satellite payload) are those that 

have a broad pattern which is shaped to give equal field strength at all points on the Earth within 

some defined field of view (FOV) of the satellite [77]. We refer to Fig.2.9-5, which shows a 

sketch of a satellite relative to the Earth, albeit not to scale of course. Each point on the Earth 

will have a different distance to the satellite and so we will denote this distance by ( )R   to 

indicate that it is in fact dependent on the angle  , also shown in Fig.2.9-5.  
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0
Earth Satellite

( )R 



max 0( )R R 

(0)H R

e

 Earth Radius

6378kmR 



Denotes an Arbitary Point on the Earth's Surface within the Satellite's FOV

Line Tangent to the Earth's Surface at

Fig. 2.9-5 : Sketch Illustrating Satellite-Earth Geometry for Derivation of the Shaped 

Pattern Characteristics Required for an Isoflux Antenna (Courtesy of D.A.McNamara) 

 

The power density at a point on the Earth depends on the path length R  between that point 

and the satellite, and on the atmospheric attenuation A  along that path. The path length )(R can 

be determined using the cosine rule to be 

                                2 2( ) 2 ( )cose e e eR R R H R R H                (2.9-4) 

which reduces to  

                                 2 21 4[( / ) / ]sin ( / 2)]e eR H R H R H                              (2.9-

5) 

where 

                                                    90                                                            (2.9-6) 

and 

                                              1cos [(1 / )sin ]eH R                                             (2.9-7) 

 

Angle   is the elevation angle of the satellite at the specific point on the Earth within the FOV. 

It usually has a minimum value min , with atmospheric attenuation precluding use of the 
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communication link between points on the Earth and the satellite for which
min  . This defines 

the maximum value of  , namely  

1

FOV minsin [ cos /( )]e eR R H           (2.9-8) 

for a point on the Earth at the edge of coverage (EOC), and the Earth-satellite distance is then at 

its maximum value of max FOV( )R R  . Note that FOV 0  , with 1

0 sin [ /( )]e eR R H   . If the 

point on the Earth is directly "below" the satellite (the sub-satellite point or nadir direction), so 

that 0  o, then the Earth-satellite distance is at its minimum value of (0 )H R o  that is the 

orbital height of the satellite. In the case of geostationary (GEO) satellites 35786kmH   and 

hence FOV  is less than 10
◦
. In the case of low-Earth-orbit (LEO) satellites the EOC angle FOV  

can be more than o60 . 

If ( )U   is the radiation intensity function (that is, the radiation pattern) of the antenna, then 

the power density at distance ( )R   from the antenna is 2( ) ( ) ( )S R U   . In order to have the 

same power density at all points on the Earth we must have 
0

( ) ( )S S


 


 o for all values of 

FOV  . If atmospheric attenuation is neglected
48

, this implies that 

2 2

( ) (0 )

( ) (0 )

U U

R R






o

o
              (2.9-9) 

which becomes 

2

2

(0 )
( ) ( )

U
U R

H
 

o

            (2.9-10) 

The directivity function of this antenna is then 

FOV FOV FOV

2

2

2

0 0 0 0

4 ( ) 4 ( ) 2 ( )
( )

( )sin 2 ( )sin ( )sin

U U R
D

U d d U d R d

  

    


          

  

   

    (2.9-11) 

 

Once the orbital height H and the minimum elevation angle min  have been specified, expression 

(2.9-13) can be evaluated using numerical integration to give the ideal isoflux directivity pattern. 

                                                
48 Inclusion of atmospheric attenuation would be application specific (eg. it would depend on the operating 

frequency), and could be incorporated in what follows. In Chapter 3 we wish to establish how isoflux-type patterns 

could be synthesized under excitation constraints. Use of the zero atmospheric attenuation shape derived here will be 

able to tell how well such methods work with isoflux-type patterns generally. 
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Although we are considering linear arrays, we earlier explained the applicability of linear array 

synthesis to practical cylindrical lens antennas, and so use of the physical three-dimensional 

directivity definition is relevant. 

As an implementational detail, we note that the expression (2.9-11) has been evaluated using 

the Matlab numerical integration routine QUADL
49

. Examples of its application are shown in 

Fig.2.9-6 for two different orbital heights. 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                
49 The Matlab manual reports that routine QUADL approximates the integral of the integrand function to within an 

error of 10-6 using high-order recursive Labatto adaptive quadrature.    
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Fig.2.9-6: (a). Idealised directivity patterns for satellite orbital height 8000km and (b). 

800km. The coverage regions are those for which min 15  o
, giving FOV 25.4  o

 and 

FOV 59.1  o
 in cases (a) and (b), respectively. 
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 The next step is to obtain the normalized field pattern over the field of view as 

 

Ideal

0 90

S ( ) ( ) / ( )

0 90

FOV

FOV FOV FOV

FOV

D D

 
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      (2.9-12) 

and of course 

 dB

Ideal 10 IdealS ( ) 20log S ( )             (2.9-13) 

In order to perform an excitation synthesis we must use this idealized (but unrealizable) pattern 

to define a set of upper and lower masks. A normalized field pattern mask is shown in Fig.2.9-7, 

expressed in deciBels.  
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Fig. 2.9-7 : Pattern mask for isoflux pattern. Although the allowable ripple amplitude 
dB

ripS  appears to be changing over the angular region FOV FOV     (note that 1FOV w  ), 

quantitative inspection would show that this is not actually so. 
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These masks can be written as 
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and 
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       (2.9-15) 

 

where, as before, a “-  dB” over some angular region indicates that there is in fact no lower bound 

over that specific angular region. Quantity dB

ripS  specifies the allowable pattern ripple amplitude over 

the main beam region, whereas dB

slrS  sets the maximum allowable sidelobe level relative to the main 

beam maximum. 

Execution of the synthesis procedure might fail to provide this required pattern shape. It is 

important to realise that this might not be the fault of the synthesis process. Since the idealized 

pattern is derived from directivity considerations the “user” of the synthesis procedures might 

have chosen an array size that is too small or too large. It may be necessary to re-run the 

synthesis procedure for arrays of different size and examine the trends. As in most cases of 

antenna engineering one cannot simply “crank the handle”. Although synthesis procedures are 

most useful tools, insight on the part of the designer remains essential. 

 

2.9.5  Cosecant-Squared Beam Pattern Masks 

Cosecant-squared beams have been required for air surveillance radars, ground-mapping 

radars, and wireless networks. We consider the air surveillance application first, and refer to 

Fig.2.6-8 that depicts an airport radar antenna and an approaching aircraft. The radar cross-
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section of the aircraft is denoted by  , the aircraft is assumed to be approaching at a constant 

height h, and the distance between the antenna and the aircraft is R . 



u



Radar

Antenna

( )R 

( )R 

d

h

z

( )uR 

 

 

Fig.2.9-8 : Surveillance radar antenna and approaching aircraft. 

 

The well-known radar equation [78] gives the received power rP  at the radar antenna output 

terminals as 

 

22 2

3 2 2 3 2

( ) ( )( )

(4 ) ( ) ( ) (4 ) ( )

t t t tr
r

P G P GG
P

R R R

     

    

    
     

    
 (2.9-16) 

 

In the above equation ( )tG  is the gain pattern of the radar antenna as a function of , the 

elevation angle being ( / 2 )  . Quantity tP  is the total power delivered to the antenna by the 

radar transmitter. As it is usually the case, the same antenna is assumed to be used for receiving 

purposes, so that the gain of the receiving antenna is identical to that of the transmitting antenna, 

namely ( ) ( )r tG G  . System designers of such radars often want [78,pp.59-60; 80,pp.170-171] 

the return signal from the aircraft to be almost constant as it approaches, at least until the aircraft 

is very close, say over the range of angles l u    . For this to be so requires that ( )tG   be 

shaped in a way that  
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2 2
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Since 2 2( ) ( ) / sin( / ) ( )cosec( / )R h d h d           this condition can be written as 
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      (2.9-18) 

 

If we denote the maximum gain of the antenna by max ( )t uG G  , and use the fact that 

2 2
2 21/ cosec ( / ) sin ( / )u u      , we can rewrite expression (2.9-18) as 

 

2 2 2 2

max 2 2 2( ) sin ( / )cosec ( / ) cosec ( / )t uG G A               (2.9-19) 

 

where max 2sin( / )uA G    . A sketch of this pattern is shown in Fig.2.9-9. This is an 

idealized cosecant pattern; it follows the required shape over the angular range l u     and is 

zero elsewhere. 

tG ( )

u



maxG

2

max 2

2

2

cosec ( / )

cosec ( / )
u

G
 

 





 

Fig. 2.9-9 : Idealized cosecant pattern for ground-based surveillance radar antenna. 

 



 

 

77 

 

 

The wireless network cell in Fig.2.6-10 is considered next. The Friis transmission equation 

[78] gives the received power at the receive antenna terminals as 
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t t r
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The user receive antennas are low directivity antennas, and in this analysis we assume they are 

isotropic. This implies that ( ) 1rG   , and hence that (2.9-20) becomes 
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If wireless network designers wish the received signal to be the same at all receive positions in a 

cell [81] over the range of angles l u     then we need ( )tG   be shaped such that   
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          (2.9-22) 

 

which at once means that  
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      (2.9-23) 

 

since ( ) ( )cosecR h d   . This pattern is sketched in Fig.2.9-10. 
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Fig. 2.9-10 : Depiction of a base station antenna, and users at various distances from it, in a 

wireless network cell. Quantity ( )R l is the range for a user at the cell perimeter, in which 

direction the base station antenna gain must be at its maximum. 
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Fig. 2.9-11 : Idealized cosecant pattern for base-station antenna of wireless network cell. 
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In the above discussions we have implicitly assumed (for the surveillance radar case at least) 

that the radar cross section of an aircraft is isotropic, and that the ground is flat. In many 

applications more detailed analysis of the actual scenario may cause systems engineers to specify 

idealized antenna patterns that are slight perturbations of the above cosecant ones. For instance, 

in the case of ground mapping radar [79,pp.526] with the antenna on an aircraft the preferred 

shaped pattern is of the form 

2

max 2

cosec cot
( )

cosec cot
t uG G

 
   

 
  l

l l

      (2.9-24) 

Nevertheless the idealized cosecant pattern serves to represent the broad class of patterns of this 

type. If the synthesis procedure is successful on some pure cosecant pattern it will be so for slight 

perturbations of this shape as well. 

 Using (2.9-23) the idealized normalized field pattern over the angular range l u     is 

therefore 
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      (2.9-25) 

 

In order to perform an excitation synthesis we must use this idealized (but unrealizable) pattern 

to define a set of upper and lower masks. The normalized field pattern mask in this case is shown 

in Fig.2.9-7, expressed in deciBels. Mathematically it can be expressed as 
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and 
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with  dB

Ideal 10 IdealS ( ) 20log S ( )  . 
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Fig. 2.9-12 : Masks for cosecant pattern. Although the allowable ripple amplitude 
dB

ripS  

appears to be changing over the angular region l u    , quantitative inspection would 

show that this is not so. 
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2.10  CONCLUSIONS 

We began this chapter by recognizing the enormous amount of work that has been published 

on excitation synthesis in general, but were able to restrict that part of it which we would be 

reviewing. This was made possible by selecting only those portions that are applicable to what 

we wish to achieve in this thesis, or were the forerunners upon which such methods are based. It 

allowed us to classify existing synthesis techniques into four broad classes, namely classical 

techniques, those based directly on general numerical optimisation algorithms, those that can be 

formulated as convex programming problems, and ones based on the method of projections. 

Having argued why generalised projection methods would be used in the present work, we 

delved into such methods in some detail, in order to lay the groundwork for Chapter 3 and 

Chapter 4, where these methods are extended and applied to the specific problems at hand. 

Although not the major contribution of this thesis, this tutorial-like elucidation of the method 

of projections in a manner that takes it beyond the mathematical framework in which it is usually 

couched, into an applications-oriented format, does not appear to be available elsewhere. We 

have also presented, in one place, a systematic derivation and explanation of three specific types 

of shaped beam, namely sector-beams, isoflux beams and cosecant-squared beams, which are 

used in practice. This, along with the careful formulation of a way to specify pattern constraints 

for projection methods that will lead to such beam shapes that has been given, we have not found 

in other publications. 
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CHAPTER 3 

Modified Method of Projections for Transmission 

Coefficient  Synthesis of Cylindrical Printed Lens Antennas 
 

 

 

3.1  GOALS 

 

A number of reasons were identified in Section 1.1 as to why printed lenses for shaped beams 

have been found to not perform as well as expected. It is believed that if the range of amplitude 

and phase values of the printed lens element transmission coefficients could be made to satisfy 

certain constraints then, for reasons of practical implementation, it might be possible to improve 

such performance. These constraints include the use of a pre-dominantly phase-based synthesis 

to have less back-scatter from the input surface of the lens. Another possibility is to not require 

that just any transmission coefficients be dictated by the synthesis process, but only ones that are 

members of some database. In this chapter we develop a synthesis method that makes such 

constraints possible. It is based on the method of generalized projections. 

Section 3.2 discusses a feed field model needed for the developments in this chapter. In 

Section 3.3 we derive a forward operator that allows the projection method to operate in the lens 

element transmission coefficient space; in other words the transmission coefficients are directly 

the variables in the synthesis process. Section 3.4 gives an appropriate reverse operator. 

Projection operators that allow a variety of transmission coefficient constraints to be applied are 

provided in Sections 3.5 through 3.8. Some are adaptations of ones quoted in the existing 

literature, albeit expressed directly in terms of the transmission coefficient. Those in Sections 3.7 

and 3.8 have not been used by others; they are new. Both a serial and a parallel projection 

synthesis algorithm are stated in Section 3.9. These will be implemented in Chapter 4. A parallel 

projection algorithm has not yet been used for shaped beam synthesis by anyone; we will 

demonstrate some of its advantages over the serial form in Section 4.3. We mentioned in Section 

2.7 that a reasonable estimation of starting values for the element phases is essential when using 

the projection method for the synthesis of shaped beams in order to avoid so-called traps. It was 

also noted that there is no general scheme that will provide such starting points. In Section 3.10 
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we describe the details of a general method for doing this; this is also not available elsewhere. 

Section 3.11 provides concluding remarks, and some references are given in Section 3.12. 

 

 

3.2  MODEL FOR THE NORMALIZED FEED FIELD ( )in

y nE x  

The background for the discussion of this section has been given in Section 2.3. If we have a 

specific feed in mind it is always possible to determine ( )in

y nE x  through measurement or some 

detailed electromagnetic model. Here we will adopt an approximate model that is nevertheless 

realistic, and widely used in studying reflector antennas and reflectarray antennas. It has the 

advantage that it quite accurately describes realistic feed patterns in the feed main lobe region 

(which illuminates the printed lens). It is of course not accurate over angular regions far from the 

feed main lobe. We refer to the situation shown in Fig.3.2-1. 

F

n

edge

edge

n

DFeed

Printed Lens

Z

X

nx

 
 

Fig.3.2-1 : Relationship between the feed model and printed lens geometries. 
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Simple geometry allows us to write 

 2 2

n nx F    (3.2-1) 

 

 

 1tan ( / )n nx F   (3.2-2) 

 

 1 1/ 2 1
tan tan

2( / )
edge

D

F F D
     

    
   

 (3.2-3) 

 

and 
2 2( / 2)edge D F           (3.2-4) 

 

 

Using a raised-cosine feed pattern model [1], we have 

 

 ( ) cos ( )
njk

q

y n n

n

e
E x








  (3.2-5) 

 

This implies that  

 
max 1

yE
F

  (3.2-6) 

 

and so the normalised feed field on the input surface of the printed lens is 

 

 

 
max

( )
( ) cos ( )

njk
y nin q

y n n

ny

E x e
E x F

E








   (3.2-7) 

 

If we wish to have a feed illumination taper
50

 of 0 dBC  say, this means we need to select m such 

that  

 

0 20log ( / 2) 20log cos ( )in q

y edge

edge

F
C E D 



  
    

  

      (3.2-8) 

 

                                                
50 This means that, since the normalised feed field on axis is 0dB , that at the edge of the lens is 0 dBC . 
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which gives  

 
0( / 20) log ( / )

log cos( )

edge

edge

C F
q





 
         (3.2-9) 

 

For example, if we have a printed lens with aperture dimension D = 152.4 mm with an 

/ 0.5F D  . This means that F = 76.2mm. Thus we have 45edge  o  and 107.76mmedge  . If 

we want 
0 10dBC  , then we must have q = 2.4. 

If we wish to examine the synthesis process (that follows) without the feed effects we can 

simply set m = 0 and make F large relative to D. The determination of ( )in

y nE x  could be more 

sophisticated than the raised cosine feed model used here. It could be extracted from the output 

of a detailed computational electromagnetics model of the feed, or it could be found from a near-

field measurement of the feed fields back-projected to the plane with which the printed less input 

surface eventually coincides. 

 

 

3.3 FORWARD OPERATOR WITH LENS ELEMENT TRANSMISSION 

COEFFICIENTS AS SYNTHESIS VARIABLES 

 

Recall that the radiation pattern analysis model in expression (2.2-19) is  

 

1

( ) ( )
eN

CO n n

n

E a F 


            (3.3-1) 

where 

sin
( , ) njkx

nF e
               (3.3-2) 

 

Using expression (2.3-9) from Section 2.3 that relates the effective complex excitation of the n-th 

lens element (at the output surface of the lens) to the complex transmission coefficient nb of the 

element and the feed field ( )in

y nE x  incident on the n-th element (at the input surface of the lens), 

to the allows us to rewrite (3.3-1) in the form 
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1

( ) ( ) ( )
eN

in

CO n y n n

n

E b E x F 


          (3.3-3) 

 

A finite-dimensional discrete pattern vector [ ]COE  can again be obtained by selecting pattern 

points 
1 2{ , ,......, ,...... }m M     at which ( )COE   in (3.3-3) is sampled, giving  

 

 

 

 

 

 
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         (3.3-4) 

where in this case 
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    (3.3-5) 

 

and 

1

2

[ ]

eN

b

b

B

b

 
 
 
 
 
 

 
 

            (3.3-6) 
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is vector of lens element transmission coefficients. 

By defining the new forward operator in (3.3-5) we are now able to use the vector of element 

transmission coefficients [ ]B  directly in the projection synthesis technique as the synthesis 

variable. Any constraint projection operators used in the application of the method are now 

directly constraints on the transmission coefficients, which is what we really want. One “sees” 

the transmission coefficient amplitudes and phases explicitly. The synthesis process is brought a 

step closer to the practical design issues. It is possible to examine the effect of the feed pattern 

beamwidth (in the present model, by changing the value of the index m), and hence the effect of 

the amplitude and phase taper across the input surface of the lens. One can also observe the 

influence of the F/D ratio on the range of transmission coefficient values required. 

It is understood that the definition of [ ]EBT  implicitly includes normalisation of the resultant 

pattern vector [ ]COE .  

 

 

3.4 REVERSE OPERATOR WITH LENS ELEMENT TRANSMISSION 

COEFFICIENTS AS SYNTHESIS VARIABLES 

 
The reverse operator will be some generalized inverse of the forward operator, and so we can 

use the result in Section 2.7.5 to write 

 

        
1

[ ] [ ] [ ][ ] [ ] [ ]H H
BE EB EB EBT T W T T W


         (3.4-1)  

 

which is the same as that used in [2], except here it will map from the pattern space directly to 

the transmission coefficient space. 
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3.5 PROJECTION OPERATORS FOR TRANSMISSION COEFFICIENT 

AMPLITUDE DYNAMIC RANGE RESTRICTIONS 

 

3.5.1  Excitation Amplitude Dynamic Range Restriction 

This was extracted from [2], and has already been defined in Section 2.7.8 where, in order to 

explain the various projection synthesis algorithm types, we needed to define at least one 

excitation constraint operator in order to show in concrete terms what is meant by such an 

operator. However, here we write it in terms of the element transmission coefficient vector. In 

order to be able to easily distinguish between the various transmission coefficient constraint 

operators we will introduce, we will call the present constraint operator 1BP ; subsequent operators 

will be labeled BmP  for m = 2,3,…,7. 

Dynamic range is defined as the ratio of the maximum transmission coefficient magnitude to 

the minimum transmission coefficient magnitude, namely max min/B B . We will always normalize 

the transmission coefficient magnitudes before applying the dynamic ratio constraint, and so we 

will can use max 1B  . Then a projection operator that enforces an amplitude dynamic range 

constraint ( min nb 1B   ) on the transmission coefficient vector [ ]B  is 

 

  1 1 2, ,...., ,...,
e

T

B n NP B b b b b                    (3.5-1) 

where
51

 

n min n

n n
min n min

n

b b 1

b b
b

if B

B if B
b

  


  




              (3.5-2) 

 

This class of transmission coefficient constraint does not place any constraint on the 

transmission coefficient phases. The operation described (3.5-1) can be described in words as 

follows :  

- The transmission coefficient ( nb ) of each of the 1,2,....., en N  elements is examined in 

turn. 

                                                
51 We have shown the bounds as being the same for all elements. They could of course be set such they are 

dependent on the element index. In other words the bounds could be different for each element. Similar comments 

can be made for the remaining transmission coefficient constraints that will be discussed. 
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- If the magnitude of 
nb  is larger than the maximum value it is set equal to the maximum 

value, but its phase is left unaltered. 

- If the magnitude of nb  lies within the bounds 
maxB  and minB  then na  is left unaltered in both 

amplitude and phase. 

- If the magnitude of nb  is smaller than the minimum value it is set equal to the minimum 

value, but its phase is left unaltered. 

- It is understood that, as an integral part of the application of 1BP the resultant excitations 

are always normalized with respect to that which has the largest magnitude. 

 

3.5.2  Excitation Restricted to be Symmetric in Amplitude and Phase 

 

  2 1 2, ,...., ,...,
e

T

B n NP B b b b b                    (3.5-3) 

where 

 - 1

1
 b

2 en n N nb b 
                  (3.5-4) 

 

The operation described (3.5-3) can be described in words as follows :  

- The complex transmission coefficient of each of the 1,2,....., en N  elements is obtained by 

taking the average of each nb  and the transmission coefficient of the corresponding element 

(namely 
eN -n+1b ) in the other half of the array. 

- This gives a projected set of excitations that is symmetrical in both amplitude and phase. 

 

Expression (3.5-3) is applicable whether the number of array elements eN  is even or odd. We 

devised this transmission coefficient constraint projection operator because we initially thought it 

would be needed to ensure symmetry when symmetrical shaped beam patterns are synthesized. 

In the numerical experiments conducted (to be reported in Chapter 4) we observed that this is not 

needed if the starting values of the transmission coefficients to be discussed in Section 3.10 are 

themselves symmetrical. So use of this projection operator was actually not needed; we have 

nevertheless documented it here for the sake of completeness. 
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3.5.3  Transmission coefficient Restricted to be Purely Real 

 

  3 1 2, ,...., ,...,
e

T

B n NP B b b b b                    (3.5-5) 

where 

 Re( )n n nb b sign b                     (3.5-6) 

 

where n( )bRe  means “real part of”, and the sign function performs precisely what it’s names 

says, namely take the sign of its argument. 

 

The operation described (3.5-5) can be described in words as follows :  

- The magnitude of each complex transmission coefficient is retained. 

- The transmission coefficient phase is set to 0 if the phase of nb  is such that 

( 90 ,90 )nb   o o . 

- The transmission coefficient phase is set to -180 if the phase of nb  is such that 

(90 ,270 )nb  o o . 

- This gives a projected set of transmission coefficients that is real. 

 

We devised this transmission coefficient constraint projection operator because in the literature 

review we noticed that real distributions are often required for pencil beam patterns; such a 

projection operator would be useful if using the synthesis methods described here for pencil 

beam work. However, we did not utilize this projection operator in the work of this thesis as 

(with the benefit of hindsight) it is inappropriate for shaped beam synthesis. 
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3.6 PROJECTION OPERATORS FOR TRANSMISSION COEFFICIENT 

AMPLITUDE & PHASE RESTRICTIONS 

 

 If, as illustrated in Fig.3.6-1, we wish to bound the range of both the amplitude and phase of the 

transmission coefficients within intervals [Bmin,1] and [min,max], respectively, then
52

  

 

    4 1 2, ,...., ,...,
e

T

B n NP B b b b b                  (3.6-1) 

 

where the nb are found by applying first the rule  

 

    

max

min

n n max n max

n n min n max

n n min n min

b cos( )

b b

b cos( )

j

j

b e if b

if b

b e if b





 

 

 

    


    
    

           (3.6-2) 

 

followed by the rule 

 

     
n min n

n n
min n min

n

b b 1

b b
b

if B

B if B
b

   


     

               (3.6-3) 

 

Observe that one determines the set of nb  first, and then the set of nb . In other words the phase 

constraint is applied first and then the amplitude constraint, The order is important. Swapping them 

around would not result in a projection onto the correct set of constrained transmission coefficients 

[3]. The operation described (3.6-1) can be described in words as follows: 

- The transmission coefficient ( nb ) of each of the 1,2,....., en N  elements is examined in 

turn. 

- The phase of each nb  is restrained to the range max min[ , ]  . 

- The amplitude dynamic range restriction is then applied to the resultant transmission 

coefficient (namely nb ) as in Section 3.5.1. 

                                                
52 As always, the element excitation magnitudes must be normalized prior to implementation of the constraint rule 

that follows. Note that this constraint operator was described in [3]; here we express it in terms of the element 

transmission coefficient vector [B]. 
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- It is understood that, as an integral part of the application of 
4BP the resultant transmission 

coefficients are always normalised with respect that which has the largest magnitude. 

 

 

Im{ }nb

Re{ }nb

minnb B

1nb 

max

min

 

Fig.3.6-1 : Illustration of the Amplitude and Phase Constraint Restriction Operator 

 

 

3.7 PROJECTION OPERATORS FOR PHASE-ONLY SYNTHESIS 

 

3.7.1  True Phase-Only Synthesis 

We have deduced, from the operator describe din Section 3.6, a “phase-only synthesis” 

constraint operator, namely  
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   5 1 2, ,...., ,...,
e

T

B n NP B b b b b                   (3.7-1) 

where 

n

n

b
bn

b
                   (3.7-2) 

 

We observe the following: 

- The projected (that is, constrained) transmission coefficient amplitudes are all unity. They 

are not allowed to vary. 

- The projected transmission coefficient phases are retained with each projection, and the 

range of transmission coefficient phase values is not restricted in any way. 

- All transmission coefficients are constrained in a homogeneous manner over the array 

aperture. 

 

The phase-only synthesis of shaped beam patterns has not been described in the literature. In 

spite of the title of [5] it is not a phase-only synthesis that is described there. In [5] the element 

amplitudes are not uniform; the “phase-only” phrase in the title indicates that the beam shape is 

slightly reconfigured using only the element phase values. 

 

3.7.2  True Phase-Only Synthesis with Limited Phase Range 

 If we not only want to have a uniform transmission coefficient amplitude distribution but also 

want to bound the phase of the transmission coefficients within intervals [min,max], then the 

constraint projection operator is 

 

   6 1 2, ,...., ,...,
e

T

B n NP B b b b b                   (3.7-3) 

 

where the nb are given by  

    

max

min

n n max n max

n n min n max

n n min n min

b cos( )

b b

b cos( )

j

j

b e if b

if b

b e if b




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 

 

    


    
    

           (3.7-4) 
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     n

n

b
b

b
n


 


               (3.7-5) 

Observe that one determines the set of nb  first, and then the set of nb , otherwise it will not be a 

projection operator. 

 

 

3.8  PROJECTION OPERATOR FOR TRANSMISSION COEFFICIENT 

CONSTRAINTS SUBJECT TO MEMBERSHIP OF A RESTRICTED DATABASE  

 

When we wish to synthesize a printed lens with a shaped beam we usually set up a database 

of complex transmission coefficients. Then we separately perform a synthesis to find the 

required transmission coefficients of each of the cells of the lens. Thereafter we fit the required 

transmission coefficients to the database values in some ”best” way. Here we are proposing an 

alternative approach, namely that we use our knowledge of the database values as an integral part 

of the synthesis procedure, rather than completing the synthesis and only then seeing how well 

we can do (using the database values) as far as achieving these ideal transmission coefficients are 

concerned. It might be called an “opportunistically based” synthesis method, and is an approach 

that has not yet been used by others “in the loop” of a synthesis method. 

We consider the database to be a set of complex transmission coefficients q , 1,2,.....,q Q  

where usually eQ N , and assume that only these are available to the lens antenna designer. This 

set then defines the transmission coefficient space. Suppose that, at the end of some iteration (not 

necessarily the final iteration) of the projection synthesis method formulated directly in terms of 

the lens element transmission coefficients, we arrive at a set of “recommended” transmission 

coefficients 1 2{ , ,....., ,....., }
en Nb b b b . Precisely these transmission coefficient values are not all 

available. Only the Q database values are available. We can then map the set 

1 2{ , ,....., ,....., }
en Nb b b b  onto the set of database values. But this must be done using a projection 

operator; we listed in Section 2.7.2 what properties a projection operator must satisfy. Thus we 

define a projection operator 

 

   7 1 2, ,...., ,...,
e

T

B n NP B b b b b                (3.8-1) 
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where the 
nb are found by applying the following set of rules : 

 Consider each nb  in turn. 

 Search the database to determine the particular q  that minimizes n qb  . In other words,  

 

            { n

1,2,.....,

b min bn q

q Q




               (3.8-2) 

In other words, the operation (3.8-1) considers each nb  in turn, and sets it equal to the database 

value q  from which its Euclidean distance is the smallest. It is therefore obvious that this is a 

projection; if we apply such an operation to the result of the projection we get the same result  

(which is a required property of a projection operator). The simultaneous implementation of 

amplitude dynamic range and/or phase range constraints is easily done. We simply delete from 

the database all those values that may not be used. A transmission coefficient constraint projector 

such as this has not been published elsewhere. 

 

 

3.9 PROJECTION ALGORITHMS WITH PATTERN AND TRANSMISSION 

COEFFICIENT CONSTRAINTS 

 

3.9.1  Preliminary Remarks 

 

 Projection algorithms acting in the transmission coefficient space were selected rather than in 

the pattern space. The resulting transmission coefficients then always satisfy the constraints 

specified for them, whereas we can observe by how much the resulting patterns exceed the 

pattern masks. This was one of the aims of the thesis, namely to observe what price must be paid 

as far as pattern performance is concerned when we have restrictions on the lens element 

transmission coefficients that are desirable to use in practice, 

 

 

3.9.2  Serial Projection Algorithm 

 

The effort made in presenting the projection method in tutorial form in Section 2.7.9 next allows 

us to easily write down the serial algorithm (in transmission coefficient space) that will be used 

in Chapter 4, namely:  
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Recursion Algorithm 

    1 21k k
B P P B


             (3.9-1) 

 

Projection Operators 

     1 BmP B P B             (3.9-2) 

    2 [ ] [ ][ ]BE E EBP B T P T B          (3.9-3) 

 

where BmP  may be any one of the transmission coefficient constraint operators defined in the 

preceding  sections for m = 1,2,3,…,7. Operator EP  was defined in Section 2.7.6. 

 

3.9.3  Parallel Projection Algorithm 

 

Similarly, from Section 2.7.10 we can specify the parallel algorithm (in transmission coefficient 

space) that will be used in this thesis, namely:  

 

Recursion Algorithm 

 

          1 1 2 21
(1 )k kk k k k

B r B r P B P B 


          (3.9-4) 

               

              1 2 1                (3.9-5) 

 

with the value of 1  specified, and then 2  calculated as 2 11   . Quantity kr  is the 

relaxation parameter mentioned in Section 2.7.2. 

 

Projection Operators 

    1 [ ] [ ][ ]BE E EBP B T P T B          (3.9-6) 
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     2 1 2, ,...., ,...,
e

T

Bm n NP B P B b b b b               (3.9-7) 

 

 

3.10 STARTING VALUE ESTIMATION OF THE EXCITATION PHASES FOR 

PROJECTION SYNTHESIS OF SHAPED BEAM PATTERNS 

 

3.10.1  General Considerations 

We explained in Section 2.7 that a reasonable estimation of starting values of the excitation 

phases is essential when using the projection method for the excitation synthesis of shaped 

beams. It was also noted that there is no general scheme that will provide such starting points. 

However, we have in this work found that, for linear arrays, an approximate analytical technique 

published more than 30 years ago [6,7] can serve this purpose quite satisfactorily. The technique 

itself was published as a synthesis method in its own right, but would no longer be considered 

appropriate for excitation synthesis purposes, since it is not able to impose even sidelobe 

constraints (let alone excitation constraints). Its use as a possible means of obtaining starting 

points for numerically based synthesis methods has been suggested by others, but no details have 

been given on how to do this for specific shaped beams. We will demonstrate how it can be used 

to rapidly provide starting excitation phase values for superior modern synthesis techniques such 

as the method of projections. It is a good example of how earlier analytical methods can be 

fruitfully used in novel ways to make modern numerically-based approaches more usable. 

Whenever a new beam shape is required there is some minor analytical work needed on the part 

of the engineer. Although this might be considered a disadvantage, the benefit is that one can 

perform such derivations for a class of beam shapes once, and then very rapidly generate starting 

phase values for any size array by simply solving a resulting differential equation numerically. 

We show that this can be easily done using Matlab-based routines irrespective of the array size.  

The reader is referred to [6,7] for the background to the method. We will here summarise the 

procedure, and how we have applied it in this work
53

 : 

 

 A continuous linear source of length 2L is assumed to be lying on the x-axis, with L x L   . 

 

                                                
53 The notation used will be that of this thesis rather than that in references [6,7].  
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 The amplitude distribution along the linear source is denoted by ( )A x , and is assumed to be 

known. We have found, through the copious numerical experimentation of which the results in 

Chapter 4 are a sample, that taking ( ) 1A x   gives suitable starting values for the projection 

synthesis method to proceed for the three shaped beams considered. 

 

 The goal is to find the phase distribution ( )x  along the linear source in order to obtain a 

radiation pattern described in normalised field form by ( )normF   over the angular range 

/ 2 / 2     . 

 

 Instead of using x  and   directly, the formulation uses normalised coordinates. These are 

defined as  

 

/ 1 1x L                (3.10-1) 

and 

 

sin 1 1u u               (3.10-2) 

 

 The first step is to evaluate  

 

2 2

1

1

2 2

1

( ) ( )

( )

( ) ( )

x

L

L

L

A x dx A d

g

A x dx A d



 



 

 

 

 
 

 

        (3.10-3) 

 

where /x L   has been used as a normalised dummy variable. 

 

 The second step is to use the ideal required pattern to evaluate 

 

2

1

1
2

1

( )

( )

( )

u

norm

norm

F d

h u

F d

 

 










            (3.10-4) 

 

 

 The third step is to equate ( )h u  and ( )g  , namely 

 

( ) ( )h u g                (3.10-5) 

 

and use this to obtain an expression for variable ( )u  , in other words an expression for the 

normalised pattern angle u  in terms of the normalised position   on the linear source. 
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 The fourth step is to use the expression for ( )u   in the differential equation 

 

( ) 2
( ) 1 1

d
Lu

d

 
 

 


             (3.10-6)

  

 

whose solution gives the required phase distribution ( )  of the continuous source. Phase is 

always a relative quantity, and so without loss of generality we can use 

 

0
( ) 0





               (3.10-7) 

as the “initial condition” . In this thesis the above ordinary differential equation is solved using a 

variable step Runge-Kutta method as implemented in the MATLAB routine ODE45 except for 

the one instance for which the solution can be found in closed form. 

 

 The starting values of the excitation phases for the linear array of discrete elements is then 

obtained by a simple sampling of the continuous starting phase distribution. It is well-known that 

such direct sampling of continuous distributions does not provide a linear array with exactly the 

same pattern as that of the continuous source. Indeed, even if the goal were actually the synthesis 

of a continuous linear source the approach described here would not be considered sufficient, as 

inspection of the results in [6,7] would show. But since we simply wish to have a set of “warm” 

starting values that will be changed by the actual synthesis procedure none of the above two 

issues need to concern us here. The values of the sampling points nx , in other words the array 

element locations, are given in Section 2.3. The phase values ( )nx  at these points are found 

from the solution of the ordinary differential equation (3.10-6) by evaluating ( )n  with 

 

 

 

1 d
n-N- 2N Elements

2 L

d
n-N-1 2N+1 Elements

L

n

 
   



           (3.10-8) 

 

and 

n n
x L                 (3.10-9) 

 

In what follows we will simply write this as ( )nx . 

 Finally, the starting transmission coefficient values can be found as / ( )in

n n y nb a E x . 

However, we have found that it is even sufficient to use the starting na  values directly for the 

starting values of nb . 
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3.10.2 Flat-Topped Patterns : Estimation of the Starting Values of the Excitation 

Phases 

 

A. Idealized Pattern 

 

Flat-topped pattern constraints were shown in Section 2.6.3. The flat-topped pattern is defined 

over the range o ou u u   , where 1coso wu  , 1w  is defined in Fig.2.9-4 in Section 2.9.3. The 

normalized field pattern amplitude is equal to unity over the interval o ou u u    and is zero 

elsewhere. So we can write the normalized ideal flat-topped beam pattern as 

 

0

0 0

0

0 1

( ) 1

0 1

norm

u u

F u u u u

u u

   


   
  

         (3.10-10) 

 

B. General Case 

 

Using (3.10-1) the expression (3.10-4) becomes 

 

0

0

0

2

0

2 0

( )

( )
2

( )

a

b

a

u u

norm

u u

u u

norm

u u

F d d
u u

h u
u

F d d

  

  






  

 

 

       (3.10-11) 

and so we can write 

 

0

0

( )
2

u u
g

u



              (3.10-12) 

 

and hence 

 0( ) 2 ( ) 1u u g              (3.10-13) 

 

Expression (3.10-6) then allows us to write the differential equation as 

 

  0

( ) 2
2 ( ) 1 1 1

d
Lu g

d

 
 

 


           (3.10-14) 

 

Using the normalized dummy variable is /x L  , we have ( ) ( )in

yA E  , with
in

yE defined in 

Section 2.3. Thus  
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2

1

1
2

1

( )

( )

( )

in

y

in

y

E d

g

E d



 



 










           (3.10-15) 

 

 

In general this will need to be evaluated numerically during numerical solution of the differential 

equation for the starting phase distribution ( ) , since closed-form expressions for in

yE  might 

not be available. 

 

C. Differential Equation for Uniform Amplitude Distribution 

 

If we assume a uniform amplitude over the source, then (3.10-15) gives 

 

1
( )

2
g





             (3.10-16) 

 

and (3.10-14) reduces to 

                 
( ) 2

1 1o

d
Lu

d

 
 

 


                     (3.10-17)  

 

whose solution can be found in closed form to be 

  

 
22

( ) 1 1
2

oLu
 

 


 
      

 
 (3.10-18) 

 

The starting values of the excitation phase are then ( )nx . 

 

D. Numerical Example 

 

We next show the starting values for an example of an array of Ne = 32 elements with a half-

wavelength inter-element spacing. As stated in Section 3.10.1, we assume the starting amplitude 

values are all unity. The starting phase values calculated from (3.10-18) as shown in Fig.3.10-1. 

Throughout the thesis we will represent phases in the range [-180,180], although [0,360] 

could equally well be used. Note that what appears like a sudden jump in the phase values is not 

actually so. The resulting radiation pattern obtained if we use the starting values as the actual 

transmission coefficients are as shown in Fig.3.10-2. It clearly does not satisfy the radiation 

pattern masks, but then it is not expected to do so. Using the said starting values of the 
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transmission coefficients the projection method is responsible for finding the transmission 

coefficients that will satisfy the required pattern constraints and transmission coefficient 

constraints. 
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Fig.3.10-1 : Starting Phase of the Excitations for a Flat-Topped Beam Pattern 
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Fig.3.10-2 : Radiation Pattern Using the Excitation Starting Phase Values in Fig.3.10-1 

 

 

 

3.10.3  Isoflux Patterns : Estimation of the Starting Values of the Excitation Phases 

 

A. Idealized Pattern 

 

The pattern constraints for this case were explained in Section 2.6.4. The isoflux pattern is 

defined over the range o ou u u   , where 1coso wu  , with 1w  is defined in Fig.2.9-7 in 

Section 2.9.4.  The normalized field pattern amplitude is equal to unity at u = ± uo, and is equal 

to A at u = 0. The precise idealized pattern cannot be written in closed form but must be 

determined using the recipe provided in Section 2.6.4. We have found that, certainly for the 

purposes of determining starting excitation phases, the secant function is a sufficiently good 

approximation to such isoflux patterns derived in this way. So we can write the normalized ideal 

isoflux beam pattern as 

 

0

0 0

0

0 1

( ) sec( )

0 1

norm

u u

F u A u u u u

u u



   


   
  

      (3.10-19) 
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where
54

 

 1 1

0 0

1 1
sec (1/ ) cos ( )A A

u u
        (3.10-20) 

 

B. General Case 

 

Using (3.10-19) the expression (3.10-4) becomes 

 

0

0

0

2 2

0

2 02

( ) sec ( )
tan( ) tan( )

2 tan( )
( ) sec ( )

a

b

a

u u

norm

u u

u u

norm

u u

F d d
u u

u
F d d

   
 


   






 

 

 

  (3.10-21) 

 

and so we can write 

 

0

0

tan( ) tan( )
( )

2 tan( )

u u
g

u

 





         (3.10-22) 

 

and hence 

 1

0

1
( ) tan 2 ( ) 1 tanu g u  



           (3.10-23) 

 

Use of expression (3.10-6) then results in the differential equation 

 

  1

0

( ) 2 1
tan 2 ( ) 1 tan 1 1

d
L g u

d

 
  

  


         (3.10-24) 

 

C. Differential Equation for Uniform Amplitude Distribution 

 

If we assume a uniform amplitude over the source, then ( )g   is given by (3.10-22) and (3.10-6) 

becomes 

 

  1( ) 2 1
tan tan( ) 1 1o

d
L u

d

 
  

  


      (3.10-25) 

 

                                                
54 M.R.Spiegel, Mathematical Handbook (McGraw-Hill, 1968) gives 1 1sec cos (1/ )   . 
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The differential equation (3.10-25) is solved numerically using ODE45 for specific values of x, 

namely
nx x , to give the starting values ( )nx  of the excitation phases.   

 

D. Numerical Example 

 

The starting values for the same size antenna as that in Part D of Section 3.10.2 is used here as 

well, and the same comments are appropriate. 
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Fig.3.10-3 : Starting Phase of the Excitations for an Isoflux Beam Pattern 
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Fig.3.10-4 : Radiation Pattern Using the Excitation Starting Phase Values in Fig.3.10-3 

 

 

 

3.10.4  Cosecant Patterns : Estimation of the Starting Values of the Excitation Phases 

 

A. Idealized Pattern 

 

These pattern constraints were discussed at some length in Section 2.6.5. Recall that the ideal 

beam shape was shown to be ( ) cosec / sinnormF A A     over the angular range l u     

and zero elsewhere. This is shown in Fig.2.9-12. Under the transformation sinu   this 

becomes ( ) /normF u A u  over the range 1ou u u   with 0 sin lu   and 1 sin uu  . The 

normalized field pattern amplitude is unity at 0u u  and hence 0A u , although we will continue 

to write it as A . The normalized ideal cosecant beam pattern is thus 

0

0 1

1

0 1

( ) /

0 1

norm

u u

F u A u u u u

u u

  


  
  

        (3.10-26) 
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B. General Case 

 

Using (3.10-26) in expression (3.10-4) yields 
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0
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       (3.10-27) 

 

and so we can write 

 

0

0 1

1 1

( )
1 1

u u
g

u u









           (3.10-28) 

 

and hence 

 

1

1
1 1

1 1 1
( )

o o

u

g
u u u





   
 

  
 

       (3.10-29) 

 

Use of expression (3.10-6) then provides the differential equation 

 

 

1

( ) 2 1
1 1

1 1 1
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u u u
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 



    

 
  
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 (3.10-30) 

 

 

C. Differential Equation for Uniform Amplitude Distribution 

 

If we assume a uniform amplitude over the source, then ( )g   is given by (3.10-28), and hence 

(3.10-30) becomes 
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 (3.10-31) 
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The differential equation (3.10-31) is solved numerically using ODE45 at locations 
nx x  to 

give the starting values ( )nx  of the excitation phases.   

 

D. Numerical Example 

 

The starting values for the same size antenna as that in Part D of Section 3.10.2 is used here as 

well, and the same comments are appropriate. 
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Fig.3.10-5 : Starting Phase of the Excitations for a Cosecant Beam Pattern 
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Fig.3.10-6 : Radiation Pattern Using the Excitation Starting Phase Values in Fig.3.10-5 

 

 

 

3.11 CONCLUDING REMARKS 

 

The key new contributions offered in this chapter are as follows : 

 

(a). We have developed both serial and parallel projection methods (for the synthesis of shaped 

beams) that operate in transmission coefficient space. Thus the transmission coefficients of 

the lens elements are directly the variables in the synthesis process. This was achieved by 

appropriately defining an altered forward and reverse operator. 

 

(b). We have defined a new projection operator that constrains the transmission coefficient to 

values that must be selected from a set of available transmission coefficients. This allows 

what we have referred to as an “opportunistic synthesis”. We believe this approach, as 

straightforward as it appears with hindsight, offers a multitude of possibilities for printed 
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lens antennas / transmitarrays. Transmission coefficient constraints of any kind can be 

effectively imposed by simply removing from the database
55

. 

 

(c). A very useful approach has been written in structured form for determining the starting 

points for a shaped beam synthesis via the projection method. Although the possibility of 

using the approach to find starting excitation phase values has been hinted at in at least one 

previous publication, details have never actually been given elsewhere. Those provided 

here should prove helpful to anyone wishing to use projection synthesis methods
56

. 
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55 They of course do not actually have to be removed. Coding statements can simply prevent the constraint 

projection operator from “seeing” them in the transmission coefficient space. In this way the constraints can be 

altered without changing the database in anyway. An example is given in Section 4.2.4. 
56 This will be further enhanced using the “trap navigation approach” proposed in Section 4.2.4. It is described there 

because it was devised while the numerical experiments that are the subject of Chapter 4 were being performed. 
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CHAPTER 4 
 

Application of the Constrained Transmission Coefficient 

Synthesis Methods to Shaped Beam Problems 
 

4.1  PRELIMINARY REMARKS 

 The purpose of this chapter is to implement the formulations developed in Chapter 3. This 

involved the creation of the appropriate software, which was composed in a MATLAB [1] 

environment. This will be done for the three shaped beam types of interest, in Sections 4.2, 4.3 

and 4.4 respectively. It will be conducted systematically, starting with no transmission 

coefficient constraints and building up to situations with such constraints. As the transmission 

coefficient constraints are tightened the given array will be less able to completely satisfy all the 

required pattern constraints. By beginning with no transmission coefficient constraints we can 

determine precisely how well the given printed lens can come to the desired beam shape. We 

will be able to gauge how much such constraints are responsible for our not exactly achieving the 

shaped patterns we want, and by how much we have to relax these pattern specifications. The 

penultimate Section 4.5 offers concluding remarks on the chapter, and references are listed in 

Section 4.6. 

Although a wide range of cases have been executed, unless otherwise stated the examples 

whose results are shown apply to the following cylindrical printed lens antennas: 

 D = 152.4 mm, F/D = 0.5, Ne = 32 

 D = 191.1 mm, F/D = 0.5, Ne = 40 

 D = 1112.7 mm, F/D = 0.5, Ne = 24 

at an operating frequency of 30 GHz. We need not specify all the pattern mask parameters in 

each case (unless some special emphasis is needed) since the masks are included whenever a 

pattern is plotted.  

In order to apply excitation constraints using the projection synthesis method the pattern 

projection operator described in Section 2.7 is applied, irrespective of the particular pattern 

mask. The pattern masks for the three canonical shaped beam types of interest in this thesis were 

discussed in Section 2.6. The SDE used to track the convergence of the projection synthesis 
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algorithm is that defined in expression (2.7-25). Unless otherwise stated, the serial form of the 

projection synthesis method should be assumed. 

 

 

4.2 FLAT-TOPPED PATTERN SYNTHESIS 

 

4.2.1  Synthesis without Constraints on the Transmission Coefficients 

If we use 1nb   and 0n  o  for all elements n = 1 2,3,…..,Ne as the starting values the 

projection method does not achieve a successful synthesis. However, if we use starting values 

obtained as described in Section 3.10.2, we obtain the radiation pattern result shown in Fig.4.2-1 

below. This can be taken as a reference pattern; we should not expect as perfect a satisfaction of 

the pattern mask once transmission coefficient constraints are applied. The SDE in Fig.4.2-2 

shows that the synthesis converges very rapidly, in fact in less than 20 iterations
57

. The required 

transmission coefficient amplitudes are depicted in Fig.4.2-3 and Fig.4.2-4, respectively. The 

pattern mask
58

 in this example had an SLR = 20 dB, Srip = 1dB, w1 = 13 and w2 = 17 (so that 

w = 4). We have found the synthesis results relatively insensitive to the specific value of the 

feed “raised cosine” power between 0 and 3 in the flat-topped beam case, and so have used q = 

0.1 throughout. 

 

 

 

 

 

 

 

 

 

 

 

                                                
57 The SDE should always be monitored. Some problems require many more iterations than others. 
58 Defined in Fig.2.9-4. 
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Fig.4.2-1 : Synthesized Flat-Topped Beam Pattern (No Transmission Coefficient 

Constraints) with Ne = 32. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.2-2 : SDE for Synthesized Flat-Topped Beam Pattern (No Transmission Coefficient 

Constraints) with Ne = 32. 
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Fig.4.2-3 : Transmission Coefficients Amplitudes of the Synthesized Flat-Topped Beam 

Pattern  (No Transmission Coefficient Constraints) with Ne = 32. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.2-4 : Transmission Coefficients Phase of the Synthesized Flat-Topped Beam Pattern 

(No Transmission Coefficient Constraints) with Ne = 32. 
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In light of the apparent ease with which the 32-element lens is able to satisfy the pattern 

constraints, the designer might wish to know whether a smaller lens might not be able to perform 

just as well. If we consider a smaller cylindrical printed lens with aperture dimension D = 112.7 

mm and / 0.5F D  , composed of Ne = 24 elements
59

 we obtain the radiation pattern in Fig.4.2-

5. One might be tempted to decide on this lens instead of the larger one. However, we will see 

that when transmission coefficient constraints are applied in what follows the performance of 

this smaller lens will suffer more since it has fewer degrees of freedom. What if we increase the 

lens size to D = 191.1 mm and / 0.5F D  , with Ne = 40 elements? The radiation pattern in 

Fig.4.2-6 is now possible. A lens of this size, with an increased number of degrees of freedom, is 

clearly able to provide a smaller Srip in the shaped beam region and still give maximum sidelobes 

of 20dB. Some of these “spare” degrees of freedom might be used in accommodating 

transmission coefficient constraints. 
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Fig.4.2-5 : Synthesized Flat-Topped Beam Pattern (No Transmission Coefficient 

Constraints) with Ne = 24. 

                                                
59 If the number of elements changes a new set of starting values for the transmission coefficients must of course be 

calculated. This is routine for any type of shaped beam if we use the method described in Section 3.10. 
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Fig.4.2-6 : Synthesized Flat-Topped Beam Pattern (No Transmission Coefficient 

Constraints) with Ne = 40. 

 

 

4.2.2  Synthesis with Constraints on the Transmission Coefficient Amplitude 

 

 We next impose a constraint on the amplitude of the transmission coefficients ( nb ), namely 

1 0ndB b dB   . The resulting pattern in Fig.4.2-7 is clearly not able to fit inside the mask; this 

is the price to pay for the severe dynamic range restriction on nb . This inability to satisfy the 

pattern mask constraints is evident from the SDE plot in Fig.4.2-8; additional iterations do not 

improve the situation. The transmission coefficient amplitudes and phases are shown in Fig.4.2-9 

and Fig.4.2-10. 

 The designer might then wonder how the pattern might be improved in spite of the dynamic 

range restriction on nb . One possibility is clearly to relax it to say 3 0ndB b dB   . The 

improved pattern is shown in Fig.4.2-11. Note from Fig.4.2-12 that the wider range of nb  values 

has been exploited by the synthesis method. 

 Another design variable that could be tried is the lens size (or equivalently number of 

elements). Results for Ne = 40 and Ne = 24 elements are shown in Fig.4.2-13 and Fig.4.2-14, 
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respectively. We notice that the Ne = 40 lens more closely fits the pattern mask than the Ne = 32 

case in Fig.4.2-7; it has used its additional degrees of freedom to do so. The Ne = 24 lens, on the 

other hand, exceeds the mask quite markedly, in spite of its good performance in Fig.4.2-5 when 

there were no transmission coefficient constraints. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.2-7 : Synthesized Flat-Topped Beam Pattern (Transmission Coefficient Amplitude 

Constrained to be Larger Than -1dB) with Ne = 32. 
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Fig.4.2-8 : Synthesized Flat-Topped Beam Pattern (Transmission Coefficient Amplitude 

Constrained to be Larger Than -1dB) with Ne = 32. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.2-9 : Synthesized Flat-Topped Beam Pattern (Transmission Coefficient Amplitude 

Constrained to be Larger Than -1dB) with Ne = 32. 
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Fig.4.2-10 : Synthesized Flat-Topped Beam Pattern (Transmission Coefficient Amplitude 

Constrained to be Larger Than -1dB) with Ne = 32. 
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Fig.4.2-11 : Synthesized Flat-Topped Beam Pattern (Transmission Coefficient Amplitude 

Constrained to be Larger Than -3dB) with Ne = 32. 
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Fig.4.2-12 : Synthesized Flat-Topped Beam Pattern (Transmission Coefficient Amplitude 

Constrained to be Larger Than -3dB) with Ne = 32. 
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Fig.4.2-13 : Synthesized Flat-Topped Beam Pattern (Transmission Coefficient Amplitude 

Constrained to be Larger Than -1dB) with Ne = 40. 
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Fig.4.2-14 : Synthesized Flat-Topped Beam Pattern (Transmission Coefficient Amplitude 

Constrained to be Larger Than -1dB) with Ne = 24. 

 

 

 

4.2.3 Synthesis with the Transmission Coefficient Amplitude Equal to Unity 

(Phase-Only Synthesis) 

 

This is the so-called true phase-only case, for which the transmission coefficient is unity for 

all lens elements (cells), but its phase is allowed to vary from element to element. Although 

phase-only synthesis has already been done by several authors, the majority of their work 

assumes that excitation amplitude synthesis can be performed (once), and excitation phase-only 

control subsequently used to reconfigure the antenna from one shaped beam to another. Some 

authors (albeit relatively few) have done a true phase-only synthesis with the same excitation 

amplitude assigned to all array elements, but only for the sidelobe control of pencil beam 

patterns. There has been no examination of what shaped beams can be achieved with true phase-

only synthesis. 
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It is apparent that the pattern in Fig.4.2-15, resulting from the “phase-only” constraint on the 

transmission coefficients, is not as satisfactory as its counterpart in Fig.4.2-1 (where no 

constraints were imposed on the transmission coefficients). This is also perceived from the SDE 

behavior in Fig.4.2-16. The Fig.4.2-17 confirms the fact that this is a “phase-only” result (all the 

transmission coefficient amplitudes are unity), and Fig.4.2-18 shows what the phases of the 

transmission coefficients need to be. If we for some reason do not wish to alter the lens size, we 

might investigate whether relaxing some pattern specification might bring the pattern closer to 

compliance. For instance, if we allow Srip to increase to 2dB, and the sidelobe level (SLR) to rise 

to 12 dB, we obtain the result in Fig.4.2-19 with its SDE in Fig.4.2-20 showing that the pattern 

mask is satisfied more closely. The designer would need to decide whether this is preferred or 

whether to adopt some other tactic. Thus far we have used the same flat-topped pattern width in 

all the examples shown. If we widen this region so that w1 = 18 and w2 = 22 (with SLR = 20 

dB, Srip = 1dB, and w = 4 as before) the phase-only synthesis yields the pattern shown in 

Fig.4.2-21. This is far worse than the result in Fig.4.2-15, even though the only change has been 

that of widening the shaped beam region. This is a cased where the size of the lens would need to 

be changed to increase the number of degrees of freedom. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.2-15 : Synthesized Flat-Topped Beam Pattern (Phase-Only Constraint) with Ne = 32. 
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Fig.4.2-16 : SDE for Flat-Topped Beam Synthesis (Phase-Only Constraint) with Ne = 32. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.2-17 : Synthesized Flat-Topped Beam Transmission Coefficient Amplitudes (Phase-

Only Constraint) with Ne = 32. 
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Fig.4.2-18 : Synthesized Flat-Topped Beam Pattern Transmission Coefficient Phase (Phase-

Only Constraint) with Ne = 32. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.2-19 : Synthesized Flat-Topped Beam Pattern (Phase-Only Constraint) with Ne = 32 

and Srip increased from 1 dB to 2dB. 
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Fig.4.2-20 : SDE for Synthesis of Flat-Topped Beam Pattern (Phase-Only Constraint) with 

Ne = 32 and Srip increased from 1 dB to 2dB. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.2-21 : Synthesized Flat-Topped Beam Pattern (Transmission Coefficient Amplitude 

Constrained to be Larger Than -1dB) with Ne = 32. 
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4.2.4  Synthesis Using Database-Constrained Transmission Coefficients 
 

 We next show the results obtained when using the “opportunistic” transmission coefficient 

synthesis approach devised in Section 3.8. A complete set of database
60

 values [2] is shown by 

the asterisks () in Fig.4.2-22. If the complete set of database values is used in the synthesis 

process the radiation pattern is as shown in Fig.4.2-23. The starting transmission coefficient 

values for the opportunistic synthesis procedure were those found in Section 3.7 for the 

unconstrained synthesis
61

. We observe in Fig.4.2-23 that the sidelobe constraints are not met 

when the transmission coefficient space is only the set of database values; but we are now aware 

of the effect of constraining the transmission coefficients in this manner. In this case the weights 

were increased to a large value in the shaped beam region in setting up the weight vector [ ]W  

used in determining the reverse operator. This forced the satisfaction of the pattern constraints 

over the shaped beam region at the expense of the sidelobe region. These weights could be used 

differently depending on the importance of the shaped beam details compared to those of the 

sidelobe region in some application. The actual transmission coefficients selected by the 

synthesis procedure are indicated by the circles in Fig.4.2-22. The transmission coefficient 

amplitudes and phases of specific elements are shown in Fig.4.2-24 and 4.2-25, respectively. 

Next we suppose that only those database values for which the transmission coefficient 

amplitude is greater than -2dB are retained in the database. This is equivalent to restricting the 

amplitude dynamic range of the database values, so that the allowed transmission coefficient 

space is that denoted by the asterisks () in Fig.4.2-26. The resulting pattern is that in Fig.4.2-27; 

the price to pay for so severely constraining the transmission coefficient amplitude is clear. The 

actual transmission coefficients used are indicated by the circles in Fig.4.2-26. The transmission 

                                                
60 We are simply using this as representative of a typical database. The one being used was not established for the 

purposes of realizing a cylindrical lens. Nevertheless it is sufficient to demonstrate the technique. 
61 We have found that it is advantageous to progress from a weaker to stronger excitation constraint, using the 

synthesized transmission coefficients from one step as the starting values for the next step (with the stricter 

constraint). This does not appear to have been done by others. It might be referred to as a “trap navigation 

approach”.  In other words, it is advantageous to gradually increase the transmission coefficient and pattern 

constraints to the desired levels in successive executions of the complete projection method (each execution 

consisting of the required number of iterations). One would begin with the starting values derived via the method in 
Chapter 3, and execute the projection method without transmission coefficient constraints. The resulting 

transmission coefficients are then used as the starting values for the next execution of the projection method (which 

uses less stringent versions of the final transmission coefficient constraints), and so on, until the final execution of 

the projection method that imposes the full values of the transmission coefficient constraints. 
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coefficient amplitudes and phases of specific elements are those in Fig.4.2-28 and 4.2-29, 

respectively. It is noted that the database values have some “gaps” in the transmission coefficient 

phase range [0,50] for transmission coefficient amplitudes higher than -2dB. Using the 

synthesis method being discussed one could add some artificial database values in this region 

and establish what improvements in the radiation pattern would result if such values were 

available. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.2-22 : Database of Lens Element Transmission Coefficients 
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Fig.4.2-23 : Synthesized Flat-Topped Beam for Transmission Coefficients Constrained to 

be Members of the Database in Fig.4.2-22 (with Ne = 32). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.2-24 : Synthesized Flat-Topped Beam Transmission Coefficient Phases for the 

Pattern in Fig.4.2-23 (with Ne = 32). 
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Fig.4.2-25 : Synthesized Flat-Topped Beam Transmission Coefficient Amplitudes for the 

Pattern in Fig.4.2-23 (with Ne = 32) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.2-26 : Database of Lens Element Transmission Coefficients, Restricted to 

Transmission Coefficient Greater Than -2dB 
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Fig.4.2-27 : Synthesized Flat-Topped Beam Pattern for Transmission Coefficients 

Constrained to be Members of the Database in Fig.4.2-26 (with Ne = 32) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.2-28 : Synthesized Flat-Topped Beam Transmission Coefficient Phases for the 

Pattern in Fig.4.2-27 (with Ne = 32) 
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Fig.4.2-29 : Synthesized Flat-Topped Beam Transmission Coefficient Amplitudes for the 

Pattern in Fig.4.2-27 (with Ne = 32) 

 

 

 

 

4.3 ISOFLUX PATTERN SYNTHESIS 

 

The isoflux pattern is, like the flat-top case of Section 4.2, symmetrical. We will therefore 

show fewer examples than was done for the flat-top case. We selected an isoflux pattern
62

 for the 

case R = 6378 km, H = 8000 km, and FOV = 25.5. In addition we use SLR = 15 dB, Srip = 1dB, 

w = 5. The resultant pattern when there are no constraints on the transmission coefficients is 

that in Fig.4.3-1. The “phase-only” result is given in Fig.4.3-2; it is surprisingly close to 

satisfying the pattern mask in spite of the fact that all the nb  are the same value. Finally, 

Fig.4.3-3 shows what one achieves if the dynamic range constraint 2 0ndB b dB    is applied. 

The isoflux pattern is ‘forgiving’ as far as the amplitude constraints on the transmission 

coefficients are concerned.  

 

 

 

 

 

 

 

                                                
62 Described in Section 2.9.4, with all parameters being used for the mask specification being shown in Fig.2.9-7. 
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Fig.4.3-1 : Synthesized Isoflux Beam Pattern (No Transmission Coefficient Constraints) 

with Ne = 32. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.3-2 : Synthesized Isoflux Beam Pattern (Phase-Only Constraint) with Ne = 32. 
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Fig.4.3-3 : Synthesized Isoflux Beam Pattern (Dynamic Range Constraints 

2 0ndB b dB   ) with Ne = 32. 

 

 

 

 

4.4 COSECANT PATTERN SYNTHESIS 

 

The flat-topped and isoflux beams discussed in the previous two sections are symmetrical 

about the boresight direction. The cosecant pattern
63

 is asymmetrical. The pattern mask 

parameters are 15  o

l , 58u  o , 6u     o

l , SLR = 20 dB and Srip = 2dB. Without 

constraints on the nb , the synthesized pattern is as shown in Fig.4.4-1. The nb  amplitudes and 

phases are shown in Fig.4.4-2 and Fig.4.4-3, and are asymmetrical, as expected. 

Since the constraint that restricts the phase of the nb  but leaves the amplitudes nb  free was 

not discussed for the previous shaped beams, for completeness we show the result in Fig.4.4-4, 

obtained when we restrict the range of the transmission coefficient phases to 130 130nb  o o
. 

This constraint has relatively little effect on the final pattern’s ability to satisfy the mask even 

                                                
63 Described in Section 2.9.5, with all the pattern mask parameters being shown in Fig.2.9-12. 
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though there were (in Fig.4.4-3) several elements whose transmission coefficient phases were 

outside the restricted range used to achieve Fig.4.4-4. 

In light of the ease with which the mask is satisfied by the pattern in Fig.4.4-1, we tightened 

the specification to 4u     o

l
, SLR = 20 dB and Srip = 1dB. The cost of doing this is that 

the SLR is now violated, but only slightly, as shown in Fig.4.4-6. If this were allowable, it might 

be possible to use a smaller lens; whether such trade-offs are acceptable would depend on the 

particular situation. 

 Up to this point in the chapter all results are for application of the serial form of the projection 

algorithm described in Section 3.9.2. We next also apply the parallel form that has been 

described in Section 3.9.3 to cosecant beam synthesis. A value q = 3 (the raised cosine power in 

the feed model, as discussed in Section 3.2) was selected. The serial algorithm now gives the 

result in Fig.4.4-7 for a phase-only synthesis. The pattern violates the mask both in the shaped 

beam region and the sidelobe region. The parallel algorithm gives the much more favourable 

result shown in Fig.4.4-8, when 1 0.8   and 2 0.2  . There is only a slight violation of the 

mask in the sidelobe region, and the mask is satisfied in the shaped beam region. An examination 

of the transmission coefficient phases reveals why this is so. Whereas “phase-only” (and any 

other transmission coefficient constraints) are strictly imposed by the serial algorithm, in the 

parallel implementation this would only be so if 2  were very much larger than 1 . Here the use 

of 1 0.8   and 2 0.2  means that more effort is made by the algorithm in meeting the pattern 

constraint than the transmission coefficient constraints. This is useful. For instance, Fig.4.4-9 

shows us that if we are prepared to allow the nb  to occupy the range 2 0ndB b dB   then a 

relatively good pattern can still be obtained
64

. Such a situation might indeed be a favourable 

compromise for printed lens antennas. 

 

 

 

 

 

 

 

                                                
64 It is not possible to use the serial form in this way. 
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Fig.4.4-1 : Synthesized Cosecant Beam Pattern (No Transmission Coefficient Constraints) 

with Ne = 32. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.4-2 : Transmission Coefficient Amplitude for the Pattern in Fig.4.4-1 
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Fig.4.4-3 : Transmission Coefficient Phase for the Pattern in Fig.4.4-1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.4-4 : Synthesized Cosecant Beam Beam Pattern (Transmission Coefficient Phase 

Range Constraint 130 130nb  o o
) with Ne = 32. 
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Fig.4.4-5 : Transmission Coefficient Phase for the Pattern in Fig.4.4-4 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.4-6 : Synthesized Cosecant Beam Pattern with Pattern Mask Parameters Tightened 

to 4u     o

l  and Srip = 1dB (No Transmission Coefficient Constraints) with Ne = 32 
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Fig.4.4-7 : Cosecant Beam Pattern from a Phase-Only Synthesis Using the Serial Form of 

the Projection Algorithm with Ne = 32 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4.4-8 : Cosecant Beam Pattern from a Phase-Only Synthesis Using the Parallel Form of 

the Projection Algorithm with 1 0.8   and 2 0.2  , and Ne = 32 
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Fig.4.4-9 : Synthesized Transmission Coefficient Amplitude for the Pattern in Fig.4.4-8 

 

 

 

4.5 CONCLUDING REMARKS 

 

The best way to demonstrate the effectiveness of a synthesis method is to illustrate its success 

(or otherwise) for a varied number of examples. This has been accomplished in this chapter, for 

flat-topped, isoflux and cosecant shaped beam patterns. 

In addition, it is clear that, by using the projection synthesis method in the lens element 

transmission coefficient space the transmission coefficient constraints are made explicit, and it is 

possible to judge the plausibility of such constraints. Unlike other numerically based excitation 

synthesis methods, the constraints are not hidden deep within some objective function. During 

the numerical experimentation used to exercise the method, and from which the specimen 

examples shown in this chapter were extracted, we devised what we have called the “trap 

navigation approach” was proposed as a means of allowing the projection method to navigate 

through traps as it iterates. 

It was shown that shaped beams can indeed be synthesized using a phase-only synthesis, or 

when phase-only synthesis with limited amplitudes range is allowed. By using the projection 

synthesis method we can obtain the required lens transmission coefficients, subject to such 
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amplitude and phase constraints, that will provide a pattern that is only slightly degraded 

compared to the idealized case that is physically possible without such constraints. 

There are no commercial software packages for performing synthesis subject to excitation 

constraints, and none for shaped beam synthesis even without excitation constraints. Thus all the 

codes used in the generation of the results presented in this chapter have been developed “from 

scratch” as part of the work of this thesis. 
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CHAPTER 5 
 

General Conclusions 
 

 

The principal contributions of this thesis are: 

 

 The development of a means of formulating generalized projection based synthesis 

methods that directly use the printed lens transmission coefficients as the synthesis 

variables. This makes it possible to immediately perceive what influence constraints on 

the actual transmission coefficients have on the possible radiation pattern performance. 

 A demonstration of what is physically possible as regards the performance of a 

cylindrical lens antenna for three different types of widely-used shaped beams (sector 

beam, cosecant beam, and isoflux beam), when either the transmission coefficient 

amplitudes, or transmission phases, or both, are restricted in some way. It appears that 

this is the first time that shaped beam synthesis subject to the variety of transmission 

coefficient constraints has been reported, and certainly so for the phase-only synthesis of 

such shaped beams. 

 In order to achieve the above-mentioned syntheses the projection method was 

implemented in both a serial and parallel form. In the present context (where we only use 

one pattern constraint operator and one transmission coefficient constraint operator in any 

synthesis process) these provide almost the same results. This is the first time a parallel 

version has been used in the projection synthesis of shaped beam antennas (albeit only 

using two projection operators, one for the pattern and the other for the transmission 

coefficient constraints). We believe it offers the advantage of performing a synthesis that 

provides an indication of what constraints can be tolerated without sacrificing too much 

as far as the pattern requirements are concerned, through judicious use of the 

multiplicative weights on the two operators. We saw in Section 2.7 that the parallel 

version can in fact incorporate several different projection operators; this might be used 

to good effect such as synthesizing a lens that simultaneously provides different beam 

types, one for each of two (or more) offset feeds, to name just one possibility. 
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 We have defined a new projection operator that constraints the transmission coefficient to 

values that must be selected from a set of available transmission coefficients. This allows 

what we have referred to as an “opportunistic synthesis”. Transmission coefficient 

constraints of any kind can be effectively imposed by simply removing from the database 

transmission coefficient values that are not allowed. 

 The development of an effective method to find sets of starting values of the transmission 

coefficients that will allow the projection synthesis algorithm to progress as it begins 

iterating. The method can be applied to any shaped beam pattern for which an ideal 

pattern shape is properly defined. Good starting values are crucial for the success of 

projection synthesis methods. 

 We have also proposed and used what we have called the “trap navigation approach” to 

prevent the projection synthesis algorithm from stagnating at a trap. 

 

There remain some issues whose investigation in the future would prove useful:  

 Recently
65

 a type of reflectarray antenna element has been devised where elements are 

selected not only for their correct reflection coefficient phases but also their geometrical 

similarity. If it were possible to use a similar approach to set up a database of printed lens 

elements (transmitarray elements), where more than one geometrical shape is available to 

give the same complex transmission coefficient value, then a projection synthesis method 

could be formulated to simultaneously synthesize the required shaped beam pattern and 

select elements so that each is surrounded by elements similar to it. We suspect that 

parallel form of the projection algorithm would be applicable. 

 

 Another obvious suggestion for future work is to extend the synthesis procedure to apply 

to lens antennas which are not cylindrical (with a shaped beam in one pattern plane) but 

fully three-dimensional. This would require the forward operator to be derived for planar 

arrays of cells; this would be a relatively straightforward now that the form is know for 

                                                
65 J.Ethier, et al., “Reflectarray Design Using Similarity-Shaped Fragmented Sub-Wavelength Elements”, 

Electronics Letters, Vol.48, No.15, pp.900-902, July 2012. 
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the cylindrical lens case from the present work. New starting value estimation details 

would be needed, but the method devised here can be so generalized. 

 

 We have used the weight vector (in the reverse operator) in a simple fashion, namely by 

setting it equal to a higher value in the shaped beam region than the sidelobe region if 

necessary. It might be preferable to use it in an adaptive way, as follows : At the end of 

each iteration of the projection method search for only those sample angles where the 

pattern violates the shaped beam mask. During the next iteration set the weights 

corresponding to only these angles to values larger than unity. 

 

 More general feed models could be incorporated that allow an offset feed to be used. The 

feed could then possibly be used to “help” the lens in providing a phase tilt when 

asymmetrical patterns such as the cosecant case, are desired, and perhaps achieve a 

pattern performance (when transmission coefficient amplitude and phase constraints are 

imposed) that are closer to that when no such constraints are imposed. 

 

 In order to avoid large discontinuities in the printed lens conductor patterns we would 

want to constrain the smoothness of the amplitude and phase distributions. Projection 

operators should be sought to enforce such smoothness conditions within the projection 

synthesis framework. We suspect that this might be possible using a parallel version of 

the algorithm. 

 

 A projection operator that could be used to minimise the tolerance sensitivity of a 

resulting synthesized excitation set would be useful to arrive at printed lens antennas for 

which a varying feed field incidence angle from element to element matters less as far as 

the element transmission coefficient value is concerned. 

 


