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Abstract

Filtering and identilication problems of partially observable stochastic dynanical
systews has been considered. A modification of the extended Kalman filter (FKE)
called & modified extended Kalman filter (MEKF) and a theoretical Justification
for this modificalion have been investigated.

A simple but powerlul numerical method for the approximation of the unnor-
malized conditionai (probability) deusity of filtered diffusion process which satislies
Zakai cquation aric.s from diffusion processes observed in correlated ( or uncorre-
lated) noises and solves Lhe nonlincar Rltering problem has been presented. Using”
Galerkin technigue the solution of Zakai cquation has heen approximated by menns
ol & sequence of noustandard basis functions given by a parameterized family of
Gaussian densitics. The spatial domain for the solution of Zakai cquation and the
completeness of the Gaussian densitics have been also investigated. The methods
are illustrated by some numerical examples.

‘Techniques of optimal control theory as well as linear filter theory have been
utilized in identilying the parameters of linear {partially obscrvable) stochastic
dilferential systems.  Using the method of simulated anncaling a computational
algorithm for identifying the unknown parameters from the available obscrvation
has been derived. The results arc illustrated by some examplces.
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Chapter 1
INTRODUCTION

1.1 Introduction

Physical systems are designed and built to perform certain functions. For example,
submarine, aircraft and spacecraft must navigate in their respective environment to
accomplish their objectives: whereas an electric power system network must meet
the load demand. In order to determine whether a system is performing properly,
and uitimately one can control the system performance, the engineer must know
the state of the system. In an electric power system, for example, the state may
be taken as a number of generators in operation or the voltages and phase angles
at the network nodes.

In most cases, physical systems are subjected to random disturbances, so that
the state of the system itself may be random. In order to determine the state of
the system, the engineer should build a measuring device and take measurements

(or obscrvations) on his system. These measurements are generally contaminated



with noise caused by the electronic and mechanical components of the measuring
device. The problem of determining the state of the system from these noisy mea-
surements is called the estimation problem. There are three types of estimation.
which can be stated as follows. When the time at which an estimate is desired falls
within the span of available measurements data. the problem is termed smoothing.
If the time of interest occurs after the last measurements, the problem is referred to
as prediction. If the time of interest coincides with the last available measurement
point. the problem is called filtering. which is the main subject of this thesis. The
problem of filtering random signals from noisy measurcments arises in many engi-
neering areas such as radar, communications. acrospace, and control. Thercfore.
the filtering problem is to estimate the conditional probability of the state given
the observed data. In fact the filtering problem is of central importance; since the
estimated states are required in monitoring. and for the control of the systems.
Furthermore, large class of system identification can also be regarded as filtering

problems [42].

1.2 A Brief Review

1.2.1 Filtering Problem

Over the last two decades, much attention has been focused on the study of filtering
problem of linear as well as nonlinear dynamical systems [15,19,27,31.46,48,51,56,67,

74.91]. In 1960, Kalman and Bucy [31] used least square method to derive a sys-



tem of linear stochastic and ordinary differential equations describing the evolution
of the estimated state and the corresponding covariance matrix. respectively. In
fact these filter equations were extensively used in practice for many engineering
problems( sce for example [48]). In 1960. Stratonovich [31] was also pioncering the
development of the probabilistic approach to nonlinear filtering problem. In 1967,
Kushner [356-38] obtained his equation, which is a nonlinear stochastic partial dif-
[erential equation describing the flow of normalized conditional density of diffusion
Markov processes, with the help of which the whole filtering problem is theoret-
ically resolved. A more theoretically convenient filter equation was obtained by
Zakai {91] in 1969. Zakai equation is a linear stochastic partial differential equa-
tion describing the flow of unnormalized conditional density of a diffusion Markov
process.

Alter this pionecring work of Kushner and Zakai, the nonlinear filtering problem
for diffusion processes was trcated by many authors. In references [14,52.58,59],
the problem of existence of solutions of Zakai and Kushner equations was consid-
cred. In. [50]. Kallianpur and Karandikar used Radon Nikodym derivative result
obtained by Balakrishnan [14] and finitely additive white noise approach to derive
a lincar partial differéntial equation for the unnormalized conditional density in
which the obscrvation process (in finitely additive set up) occurs as a parameters.

The extension of Kushner and Zakai results for the case where the state as well



as the observed process are discontinuous, was also treated in [28,63.71.86). The
filter equations of Kushner and Zakai have also been applied to stochastic control
problems of partially observable diffusion process by many authors such as Fleming
[33-35]. Kushner [54.58] where the existence of optimal control was proved given

the observed path.

1.2.2 Identification Problem

Over the last several years. considerable attention has been focused ou an identifi-
cation problem of stochastic systems governed by linear or nonlinear lto equations
[8.26,41.63.83]. In [83]. Identification problem for partially observed linear time-
invariant systems was considered. Using lincaf filter theory. maximum likelihood
approach. and the smoothness of solutions of an algebraic Riccati equation, suffi-
cient conditions were obtained for the consistency of the likelihood estimate.

In [63], Liptser and Shiryvayev considered the identification problem for a class
of completely observed systems governed by a stochastic differential equation of
the form

dX(t) = h(t. X(t))odt + dW(1). >0, (L.1)

where X is a recal-valued stochastic process and « is sume unknown paramcter.
Using the maximum likelihood approach, the authors [63] obtained an explicit
expression for the maximum likelihood estimate &. An extension of this result to a

multi-parameter problem a € R™ for stochastic systems in B® was considered by



Ahmed [8]. In [41]. Gland considered the identification problem for a more general

class of systems governed by stochastic differential equations of the form
dy(t) = h(a, X(2))dt +dW (L), t>0. (1.2)

where o is an unknown parameter and X(¢) is a diffusion process. Utilizing the
maximum likelihood approach along with forward ‘and backward Zakai equations,
a numerical scheme was developed for computing the parameter a given the output
history {y(s), s £t}

In [26], Dabbous and Ahmed considered the problem of identification of drift
and dispersion parameters for a general class of partially observed systems governed

by the following system of Ito equations

dX(t) = a(t.X(t).e)dt +b(t, X(t).a)dW (1), t €[0.7] X(0) = =z(0).

dy(t) = h(X(t),a)dt + oo(t,y(t))dWo(t), t € [0,T]. y(0)=0. (1.3)

Using the pathwise description of Zakai equation, they formulated the original iden-
tification problem as a deterministic control problem in which the unnormalized
conditional density (solution of Zakai equation) is treated as a state. the unknown
parameters as control and the likelihood ratio as an objective functional.

In [23]. Bagchi considered a situation with an unknown ohservation covariance
noise in which case the likelihood functional cannot be apparently defined, Bagchi

proposed a functional analogous to the likelihood functional by giving an a priori

[ 1]



guess of the observation covariance noise. However [rom the numerical point of
view. an a priori guess should be close to the true value,

Newton’s method is the usual procedure for computing the maximum likelihood
estimates(MLE) [43] which involves recursive calculation of the gradient vector
and Hessian matrix of the (MLE) at a fixed value of the paraﬁtctcr vector. The
drawback of this method is that the convergence to the desired optimum (ails
whenever the Hessian matrix has some negative eigenvalues or is nearly singular,

In [4.63.83]. identification of drift parameters for completely observed systems
were considered. [n [26], which considers partially observed identification problem.
the authors used the Zakai equation as the basic state equation which, of course. is
a partial differential equation. For n-dimensional problems, n > 2. the associated
computational problem becomes nontrivial. It appears that for partially obscrved

nonlinear problems there is no escape from PDE.

1.3 Formulation of Filtering Problem, Assump-
tions and Notations

We consider the standard filtering problem for a class of stochastic systems where

the state is governed by Ito differential equations of the form

dX(8) = FIX(2))dt + b(X(8))dW(L),

X(0) = =(0), (L4)



where X, f are vectors in B": bis (n x n) matrix and 1 is n-dimensional standard
Wiener process independent of the initial state £(0). The output {observed) process
{y(1). 1 = 0}. is assume to be the related to the state process {X(/). ¢ > 0}.

through the following stochastic differential equation

dy(1) = h(X())dt + op(t)dV (1).

y(0) = 0. (1.5)

where g, h are vectors in ™, oy is an (m x m) matrix and V is an m-dimensional
standard Wicner process independent of W and the initial state «(0).

Remark 1.1. Equation (1.5) is the mathematical way of expressing that some
measurement [39]

(8) = h(X(1)) + oo()C(E) (1.6)

is available at time ¢, where {((?),t > 0} is a Gaussian white-noise process inde-
pendent of {X(#).1 > 0}. The measurements are coming continuously, it is worth
to have a filter which can be revised step by step in order to take into account the
new measurcment. This can be done by solving the following Zakai or Kushner
equation. Let ¢ be any bounded measurable function on B® with values in R*. Let
F? denotes the o- algebra generated by the process y up to time ¢. The ultimate
goal in the filtering is to estimate g(X(1}) given the history of y up to time f,
that is F7. Assﬁming that all random processes and vectors described above are

defined on a complete probability space (2, Bo. P). we state the filtering problem



as follows,
Given any bounded measurable R*-valued function g on K" we tind (1), which

is F{'-measurable. such that

E{} g(X(1) = g(t) '/ 7V} (1.7
is minimum. Defining
gty = E{g(X(1))/F!}. (1.3)

one can rewrite (1.7) as

E{g(X()) =g F/F Y= EQ (X)) =g) P+ 251 — 51 - (g(X(1)) = §(1)
+ |§=-gnIP/FY. (1.9)

Using the definition (1.8) and the fact that the functions () and g(t) are F{-

measurable. it follows from equation (1.9) that

E{l g(X(2) = §(0) I*/F!} = E{ (X)) = (1) P/AY +1g =g [*. (1.10)

>

Clearly, it follows [rom equation (1.10) that the quantity, given by (1.7). attains

its minimum for
g(t) = g(t) = E{g(X 1))/ F}. (I.11)
This shows that the conditional expectation gives the best {optimal) estimate in

the mean square sense. Since

3 = [ o(=)Pr{X(1) € de/F?)

8



jf?v- g(.)P(tode/FY)

fm gl)p(t. x| F)dx. (1.12)

where Pt de/F) is a measure-valued F{'- mcasurable random process. the whole
filtering problem is resolved if the measure P(2,dr/F) (or the density p{t..r/F¥))
can be computed (i.e., () can be expressed as an output of a finite dimensional
system of stochastic differential equations driven by the observed process {y(s).0 <
s £ t}). In fact. Kushner [56] obtained a nonlincar stochastic partial differential

cquation for the conditional density p(t.x/F¥). This equation is given by
dp(t.o/Fy) = A p(t.x/F¥)dt + (h(x) = R(1)).T5 dy(t) = R(2)dt)p(t. x| FY),
pl0.c) = po(a). (1.13)

for all ¢ € [0.T], where h{t) = E{h(X(£)}/F?}. Tq = o0}, and A" is the formal

adjoint of the operator A given by

A9 = ([ 90+ tr(Boes) 0 € D(A), (1.14)
where @, is the second derivative of ¢ with respect to z. Theoretically. a more
- convenient equation was obtained by Zakai [91] which is a linear stochastic partial
(liffcrgntial equation describing. the flow of the unnormalized conditional density,

denoted by ¥(1.-). This equation is given by

d¥(t.r) = AW(t.x)dt +V(iz)h(z).F5 dy(t), ¢t >0.

9



W0.r) = pola) (L)

The conditional density p(f,2/F}) is related to the unnormalized conditional den-

sity U(1.+).x € R". through the relation

W(l.r)

plt.c/FP) = T W)

(1.16)

Therefore. solving equation {1.15) and using the relation (1.16). one obtains the
cond’tional density {p(f.-/F{). ¢ > 0}. and hence g(f) can be computed using
equation (1.12). It is clear from equation (1.13) and cquation (1.15) that the ba-
sic data describing the model given by equation (L.1) and equation (1.5} are: the
initial density po(-). the drift f(-). the diffusion matrix b6'(-). the sensor A(-). and
the matrix I'p = ¢og. Note that if h = 0. equation (1.13) reduces, as expected. to
the Fokker-Plank equation governing the unconditional density of {X(1).7 > 0}.
Equation (1.13) looks much simpler than equation (1.13) but still both of them
are infinite dimensional, and also the normalized and the unnormalized condi-
tional density depend on the a priori information of {X(1).¢ > 0} provided by the
infinitesimal generator A. and on the observation sample-path {y(1).1 > 0}. Fqua-
tion (1.13) yields. upon integration with respect to r. equations for the moments
of the conditional density, in particular, lor the optimal estimate g(1):

&(t) = (giepd + ((hg)(t) = R0 T3 dy(t) = hiepe),

§(0) = Eg(x(0)). (1.17)

10



Notice that the stochastic differential equation (1.17) is in general both infinite
family of moments equations (i.e., the first moment requiring the information about
the second, the second requiring the information about the third and so on). and
nonrecursive (because of the occurrence of the expectations EE @, h. and 7).

Clearly. this means that the filtering problem of systems (1.4-1.5) is completely
resolved provided that one can compute the normalized (or the unnormalized)
conditional density of the process {X(t).t > 0} given {y(#).1 > 0}. However. in
general, obtaining analytical solutions of Zakai or Kushner equations for nonlinear
systems. 1s not an casy task and so numerical approximations are required.
Throughout this thesis, we will assume that the stochastic differential equations
(1.4-1.5) has a unique strong solution . For this, we need the following assumptions
and notations.
Assumptions
(A1) The functions f(z) and b(r) are continuous on R" and there exists a constant
v > 0 such that

a=5bt>~1

where I denotes the identity matrix.
(A2) There exists a constant & > 0 such that

I_ylze

T| f(z) ~ fy) P+ 1 b(x) = b(y) |° < k

for any r,y € R™.

11
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(A3) The functions f;. —,f:- Q. ‘,—_r'.i anc ;;ﬁ;’: i.j = 1.2,....n are bounded and

satisfy Holder condition on R™.
(A4) The function k is continuous on B" and there exists a constant & > 0 such
that
| h(z) = h(y) P < klz—y ', 2.y € R".

and

E JE| h(X(s)) |'ds < o0, P — a.s (almost surely),
along any solution X(¢): t > 0, of equation (1.4).
(A5) The matrix function a4 is continuous, bounded and satisfies uniform Lipchitz
condition on B™ (see assumption (A2)).
Notations:
Let {5(t), t 2 0} be any random process and let o{5(s), s < t} denote the o-
field generated by the process n up to time t. Define Ff = o{y(s), s <}, Ff =
of{z(s). s St} F¥ = o{W(s), s <}, FY = a{V(s), s < 1}, (X (1)) = a{X(1)}
and F = F¥ vV F¥ V o(ze) C Bo. Let Fi, ¢ > 0, be an increasing family of sub
o-fields contained in F such that for each ¢ € [0, T, the processes X(Z) and y(!)
are F,-measurable. Let ! denote the space of continuous functions on [0,77] with
values in R**™, and let A denote the Borel - algebra on 2. We cali (Q, 4) the
canonical sample space. We denote B(R") the Borel o- field generated by the sub

set of R".



Remark 1.2: The stochastic differentials which are interpreted in terms of stochas-
tic integrals, do not transform according to the chain rule of classical calculus.
Roughly speaking. the difference is due to the fact that the stochastic differential
(dW (1)dW'(2)) is equal to fdl in the mean square sense. The overall explanation
of the stochastic differentials is in the following (Lemma 1.1,1.2).

Lemma 1.1 (Ito differential, [42] corollary 1.p.70)

Let the R"-valued process {X(£).¢ > 0} be the solution of the following differential
equation

dX (1) = f(X(£))dt + b{X(2))dW (1), (1.18)

with initial value X(0) = x(0). where W is n-dimensional standard Wiener process
independent of the initial state z(0) and the functions f and b satisfy our basic
assumptions. Let g be any twice continuously differentiable function on R™. Then

the Ito differential of ¢ is given by
dg(X(1)) = (Ag)(X(1))dt + (Vg )(X (1)) - dW (1), (1.19)

where g, denotes the partial derivative of g with respect to r and A denotes the
(backward) Kolmogorov operator and can be determined with the help of the fol-
lowing Lemma.

Lemma 1.2 (Infinitesimal Generator)

Consider the system (1.18) and let g be any twice continuously differentiable func-

tion on R". Then
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. l . .
J!TUE’ST{Q('\U+"w_g('\“))} = Ag. (1.20)

where

1
Ag=g, f(r) + 3!1‘(()1)’(1_.,). (1.21)
Here E. denotes the conditional expectation given X (1) = .
proof: Using Taylor's scries expansion, the function ¢{ X (¢ + At)). 1 > 0, can he
written as follows
g(X(t+ A8) =g(X(1) + (9--2X(1)
1 >
+ {9 AX() - AX() +o(f AX(4) ), (1.22)

where g: and g, denotes the first and second derivatives of g with respect to

and

AX() = X(t+ A - X()

n

FIX(ENAL+ BX (D)W (L + AL) = W(1)). (1.23)

Thus

Er(g-- AX(1)) = (9o~ J(x)AL+ gz - EL(W{L+ AL) - W(1))
= (g - f(z))Al (1.24)
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and

L EgnAX() - Ar(1)} = %E,b'g“b(lv(r.er)- W (1)) - (W(E 4+ Al) — u«'(z))

= étr(bb'g”);\t. {1.25)

' Utitizing cquations (1.22). (1.24). and (1.25) in (1.20) and the facts that o| Az |*) =

o Al) and 3%1 — 0. as At — 0, the result of the iemma follows.

1.4 Outline of the Thesis

The thesis is organized as follows: Chapter 1 contains the motivation for filtering
and identification problems and a brief review of the previous studies in these ar-
cas.

In Chapter 2, we present a various time discrete numerical methods which are
appropriate for the simulaiton of stochastic differential equations sample paths on
digital computers.

In Chapter 3, we consider the solution of the filtering problem in the case of mild
nonlincarities and small noise intensities.

In Chapter 4. we present a finite dimensional approximation of Zakai equation
arising from diffusion processes observed in uncorrelated noises.

In Chapter 5. we present a finite dimensional approximation of Zakai equation
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arising from diffusion processes observed in correlated noises.
In Chapter 6. we consider the identification problem for a system of partially ob-

served linear stochastic differential equations.

1.5 Original Contributions in This Thesis

(1) We present a modification of the extended IKalman fiter which we call modified
extended Kalman flter (MEKF) and a theoretical justification for this modilica-
tion; Section 3.4.

(2) We present a simple but powerful numerical method for the approximation
of the unnormalized conditional (probability) density of ﬁlt.crcd diffuston process
which satisfies Zakai cquation arising from diffusion processes observed in corre-
lated ( or uncorrelated) noises; Chapter | and Chapter 5.

(3) We formulate the identification problem for a system of partially observed lirll-
ear stochastic differential equations as deterministic control problem. We present
a result whereby one can determine all the system parameters including the co-

variance matrices of the noise processes: Chapter 6.



Chapter 2

NUMERICAL METHODS FOR
STOCHASTIC DIFFERENTIAL
EQUATIONS AND ZAKAI
EQUATION

2.1 Introduction

In the following Chapters of this thesis we have proposed some iterative numerical
schemes to compute the optimal estimate. For preparation. we will discuss briefly
in this Chapter various numerical approaches that solve Ito stochastic differential
equations and the nonlinear filtering problem. In the literature there exists now
several different approaches that have been suggested for the numerical solution of
stochastic diflerential equations (SDEs). Maruyama [72] was the first who proposed
a scheme to approximat;e the solutions of (SDEs); it is a natural stocﬁastic ana-
logue of the Euler scheme for deterministic differential equations, and it converges

in the mean- square sense. Another important contribution belongs to Milstein
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[73] who improved the order of convergence by adding a second order term in the
approximation of the stochastic lto integral. Among more recent contributions one
should mention those of Wagner and Platen [66] and Platen [66] who have derived
a formula of the Taylor type expanding the solution of a stochastic differential
cquations about the points of a time partition. In a series of papers . Pardoux and
Talay [76] performed a systematic study of basic problems in stochastic numerical
integration. Kushner [60] proposed the discretization of both time and space vari-
ables, so the approximating processes arc then fnite Markov chains. These can
be handled on digital computers through their transition matrices. The most efi-
cient and widely applicable approach to solve SDEs seets to be the simulation of
sample paths of time discrete approximations on digital computers. This is based
on a finite discretization of the time interval under consideration and generates
approximate values of the sample paths step by step at the discretization times.
The simulated sample paths can then be analvzed by usual statistical methods to
determine how good the approximation is and in what sense it is close to the exact
solution.

In contrast to the deterministic differential equation case, where different. numer-
ical methods converge (if they are convergent) to the same solution, in the case
of stochastic differential equations different schemes can converge to different so-

lutions for the same noise sample and initial condition.
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lu the case of stochastic Tto differential equations one can work with deter-
ministic Fokker Plank equations for the probability density. While such partial
(deterministic) dilferential equations can be. in principle. integrated numerically
with standard procedures, in practice there occur great difficulties. So. direct
numerical methods for stochastic equations scem to be important and promising
tools in characterization of the behavior of complex systems governed by stochastic

differential equations.

2.2 Numerical Approaches to the Nonlinear Equa-
tions

The most commonly model used in the study of the state of the stochastic systems

15 the following stochastic differential equation (or Ito equation):

dX (1) FUX ()t + b(t. X ()W (1),

X(0) = x(0). (2.1)
where X. and [ are vectors in R™: b is (n x p) matrix and W is p-dimensional

standard Wiener process independent of the initial state 2(0). One can write the

integral form of equation (2.1) as
. t t .
X(H) = X(0) +f0 f(s. X(s))ds -i-.[) b(s. X(s))dW (s) (2.2)

for £ > 0. It consists of an initial value X (0} = (0). which may be random, a slowly
varying continuous component called the drift and rapidly varving continuous com-

19



ponent called diffusion. The second integral in equation (2.2) is an lto stochastic
integral with respect to the Wiener process 1 = {44 > 0}, Assume that
x{0) 15 independent of #W7(¢). and the drift f and ditfusion b satisfy all conditions
guaranteeing the existence and uniqueness of a solution. Since in practice the ob-
servation process is usually of discrete type. it is convenient to write the stochastic
differential equation (2.1) in a discrete forin. The most widely applicable numerical
approximations to the solutions of the (SDEs) are the time discrete approximation
or difference methods. in which the continuous time stochastic differential equa-
tion (2.2) is replaced by a discrete-time difference equation generating values Z(1).
Z(2)..o . Z(N) to approximate X (). X(#2)......X{/x) at given discretization times
0 <) <ty < .eo. < ix = T. Once the initial valne Z(0) has been specified,
usually Z(0) = z(0). the approximation values can be caleulated reenrsively, For
simplicity we will consider {0 = g < t; < ... < {x =T’} as a uniform partition of
the interval [0.7] with increment é = {—' Let AW (,) = W(tipy) = W(L) be the
increments of the Wiener process W = {W (1), > 0}. for i =0.1,.... N = 1. It is
known that these increments are i.i.d Gaussian random variables with means and
variances
E(AW() = 0. E(AW () = b,

respectively, for / = 0, 1.... N — . For numerical purposes. we can generate sinch

random variables from independent. uniformly distributed random variables on



[0.1]. in problems such as those that we shall consider in the next Chapters
involving direct simulations, filtering of Ito processes. it is important that the tra-
jectories (the sample paths) of the approximation be close to those of Ito process.
This suggests that a criterion involving some form of strong convergence should
be nsed. Mathematically it is advantageous to cousider the absolute error at the
final time instant T. We shall say that an approximation process Z converges in
the strong sense with order 4 > 0 if there exists a finite constant A" and a positive
constant &, such that
E(| X(T)-Z(N)|) S A&

for any time discretization with maximum step size § € (0.8,). This is a criterion
for the closeness of the sample paths of the [to process X and the approximation
Zat time T.

Here. we shall survey various time discrete numerical methods which are appro-
priate for the simulation of sample paths on digital computers. In the following
schemes. we will use / to denote ¢;. and ¢ = g(;, Z(i)) for each function defined on

R* x R" and / =0.1,...N =1 for the simplicity of presentation.
2.2.1 The Euler Scheme

The simplest numerical scheme for the Ito equation (2.2) is the stochastic analogue
of the Euler method. The Euler scheme converges with strong order v = 0.5 under

Lipschitz and bounded growth conditions on the coefficients f and b.
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(1) In the l-dimensional case. d = p = 1. the Euler scheme has the form

ZU+ 1) = Z(1) + [& + A1),

200) = .(0). i =01\ = 1, (2.3)

(i1} In the multi-dimensional case with scalar noise, n = 1,2, and p = 1, the &th

component of the Euler scheme ts given by
Zeli + 1) = Zi(1) + fid + b AW().
Ze(0) = a(0). i =0.1...N =L (2.1

for £ =1.2....n.
(1i1) For multi-dimensional case with n = p = L.2... the &th component of the

Euler scheme has the form

P
Zu(i + 1) = Zii) + frd + 3 b AW(6),

J=t
Zi(0) = r(0). i =0, 1. N = 1, (2.5)
for b =1.2....n. Here,
AW;(2) = W, + 1) = W;(7) (2.6)

is the increment of the jth component of the p-dimensional standard Wiener pro-
cess W, and AW, (i) and AW, (Z) are independent for 3y # jo. e =0, 1. N~ 1.
Note that the different components of the time discrete approximation Z are cou-
pled through the drift and diffusion coefficients, as in the corresponding stochastic

22



differential equation (2.1). In special cases the Euler scheme may actually achieve
a higher order of strong convergence. For example. when the noise is additive, that

is when the diffusion coeflicient has the form

b(t.x) = b(t) (2.7)
for all (£.2) € R* x R" and under smoothness assumptions on f and b it turns
out that the Euler scheme has an order of strong convergence ¥ = 1.0. Usually the
Euler scheme gives good numerical results when the drift and diffusion coefficients
are nearly constant. In general. it is not particularly satisfactory and the use of

higher order schemes is recommended.
2.2.2 The Milstein Scheme
The Milstein scheme [73] has the order of strong convergence ¥ = 1.0 under the

assumption that f € CY(R* x B") and b € CV}(R* x R*). To simplify the

notations in the following schemes, we shall use the following operators,

1 & &
9
+th + 3 l!z_l.]—zl leledz d-Tl (""b)
=S b (29)
i=1 d

for j =1.2,..p.
(i} In the 1-dimensional case with n = p = 1. the Milstein scheme has the form

ZG+1) = Z()+ f6+bAW() + lbﬁ{(sw() — &),
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Z(0) = 2(0). i=0.1..N~L (2.10)

Thus. with the addition of just one term to the Euler scheme to form the Milstein
scheme we increase the strong convergence order from 4 = 0.5 to 1 = 1.0
(i1) In the multi-dimensional case with p = 1. and n = 1.2, .. the A&th component

of the Milstien scheme is given by

Zi+ 1) = Zu(i) + fib + B AW(E) + l)(z b_,-%){(-_\l-i"(i))"' —~ 8}
= i=l J

Zi(0) = xx(0). i=0.1...N -1, (2.11)

for k=1.2....n.
(i) In the general multi-dimensional case with n.p = 1.2... the &th component of

the Milstein scheme has the form

P P ]
Zi(i+1) = Zi(@) + filb + D b AW + D L, [ o)

Jj=1 S =1

Zi(0) = x(0). i =0,1,... N =1, (2.12)
for k£ = 1.2,...n. where I{j1.j2) is the multiple stochastic integrals and given by
L. Gy o . .
I ja) = f, /t AW, (52)dW;, (51). (2.13)

We remark that for j; # ja the multiple stochastic integrals appearing_in the

scheme (2.12) can not be so easily expressed in terms of the increments AW, and

AW,, as in the case j; = j,. |
(1) = H{(AW;, (1))’ - 6}.
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In many practical problems the diffusion coefficients have special properties which
allow the Milstein scheme 1o be simplified in a way that avoids the use of double
stochastic integrals involving different components of the Wiener process. For
instance, with additive noise (2.7) the diffusion coefficients depend at most on
time £ and not on r variable and the Milstein scheme reduces to the Euler scheme,
which involves no double stochastic integrals.

Another important special casc is that of diagonal noise. where n = p and
cach component X; of the [to process X is disturbed only by the corresponding
component ¥y of the Wiener process W and the diagonal diffusion coefficient by,

depends only on xy. that is

bi(t.r)=0 and a;:(t.x)ED (2.14)

for cach (t.r) € RY x R" and j.k = 1,2...p with j # k. Thus for diagonal noise
the components of the Ito process are coupled only through the drift term. It is

casy to sec that the Milstein scheme for diagonal noise reduces to

1. Oby

Zali+1) = Zuli)+ b+ b AWD) + Shuay = (AWi(1)* - 6},
Z0) = x24(0). i=0,1,...N—1. (2.15)

for £ = 1,2....n. It should be noticed that the Euler and Milstein schemes de-
scribed above produce valucs of the approximation only at the discretization times.
If values are required at intermediate instants, then either piecewise constant val-
ues from the proceeding discretization point or some interpolation. especially a
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lincar interpolation. of the values of the two immediate enclosing discretization

points could be used,

2.2.3 Platen Scheme

Platen obtained his scheme [66] by including further multiple stochastic integrals.
These multiple stochastic integrals contain additional information about the sam-
ple path of the Wiener process.

(i) In the 1-dimensional case with n = p = 1. Platen scheme has the following lorm

Zi+ 1) = Z2(i) + fb+b_\lif(:)+lb2-’-{ AW -5}
n dfb_\u()+—(faf i, Ty
+ (f@ “”’ — W)
()b db
+ ;_;h(b-_é}f_, { (AW = SJAW(D).  (2.16)

for i = 0,1.....V — I, and initial value Z(0) = r(0). Here the additional random

variable AW'(i) is required to represent the double stochastic integral

. Lyt pa2
AW (i) = [ * ft AW (s ), (2.17)

It is clear that Aﬁ"(i) is normally distributed with mean E(AW(#)) = 0. variance

E((AW( 3) &* and covariance (AW ()AW (1)) = 36 foralli=1.2..N—1,
In the simulation. the pair of correlated normally distributed random variables
(AW (2). AW(z)) can be generated from two independent N(0, 1) distributed ran-
dom variables U1(¢) and Uz(¢) by means of the transformation
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AW(i) = 1(@OVE, - AW = VB () + ().
fort=0,1,.... N~ 1.
(i) In the multi-dimensienal case with n = 1.2... and p = 1, that is with scalar

noise, the kth component of the Platen scheme is given by

Zii+ 1) = Zud) + fib + b AW(S)
+ -I-L L {(AW (i) = 8} + LU LA (5)
+ Lo {AW(3)6 — AW }+lL°fk62

+ —L L bk{a(awm) - §JAW(3), (2.18)

fori=0,1,...N =1, Z(0) = x4(0). and k = 1, 2....7.
(ii1) In the case of additive noise (2.7) with multi- dimensional n.p = 1.2, .. the

kth component of the Platen scheme has the following form

Ze(i+1) = /L(:)+IA6+26L,AH,()+ L°f,.52

i=1

+ Z[Lifkslrif}(i)+ b"’{Au,(zs AW}, (2.19)

i=t
for i =0,1,... N — 1. Z;(0) = 24(0). and & = 1,2,...n. where
- gt f32 .
AW = f j dW;(s\)dsz for j=1...p. (2.20)
& 5

Platen scheme converges with a strong order v = 1.5 when the coefficients fand b

are sufficiently smooth and satisfy Lipschitz and bounded growth conditions, and

(1]
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includes (in addition to Al (7)) the Ali'(i). We have used this scheme to simulate

the sample paths of the stochastic systems given in Chapters 3 and. - of this thesis.

2.3 Numerical Approach to the Linear Equa-
tions

As a special case, let us consider the lollowing linear stochastic differential equation

dX(t) = AQ)X(H)dt + B()dW (1)

X)) = r(0). (2.21)

where A is a n X n matrix, B is n x p, and W is p-dimensional Wiener process
and £(0) independent of the process K, Clearly. the solution of equation (2.21) ix
given by
X(1) = 6(£.0)2(0) + fu " 6(1,0) B(0)dW (), (2.22)
where ¢(¢.0), 0 < 6 < {, denote the transition matrix corresponding to the equa-
tion (2.21). and satisfies the equations
£6(1,0) = A(6(L.0). $(L1) = 1.

Then, it is clear from equation (2.22) that
’ . r t'+| ,
X(Lig1) = 6bier 1) X (1) + ft étis1.0)B(O)dW(0). (2.23)

In the following we will use 7z to denote /;, 7 = 0,1,2,.. for the simplicity of pre-

sentation. For sufficiently small §, equation (2.23) can be approximately written
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X +1) = X(I) 4 6(i + LX)+ 6(i + 1.5)BG)AW () (2.21)

We have used this scheme to simulate the sample paths of the stochastic systems

given in Chapters 5 and. 6 of this thesis.

2.4 A Brief Survey of Numerical Approxima-
tion of Zakai Equation

Computing an approximate solution of the Zakai equation is one possible way of
solving a practical nonlinear filtering problem. at least when the dimension of the
diffusion process is small. Since, in general. it is impossible to obtain analytical
solution of the Zakai equation for nonlinear systems. it is reasonable to seek a
numerical schemes that are implementable in straight forward manner and provide
accurate solutions. In the following we will describe some of the various algorithms
that approximate the solution of Zakai equation which arises from the standard

nonlincar filtering problem given by equation {1.4) and equation (1.5).
2.4.1 Time Discretization of Zakai Equation

In this kind of discretization two steps arc considered: sampling of the observation,
and discretization of Zakai equation.
a-Sampling of the observation sample-path

This is the process by which the information contained in the whole sample-path



{4(£).0 £ s < 1} is replaced by some simpler information contained in a lnite
collection of random variables. The sampling time step. denoted by &, is a param-
eter associated to the sampling of the observation. There are different sampling
strategics depending on the finite collection of random variables considered. 1f one
only uses the increments of the observation process on time intervals of length o.

one gets the following simple sampling

Ayl =g+ )=o) = [ =), (2.25)

which is the mean value of the actual measurements (equation (1.6)) on the time

interval {; € s £ #;41. Il one considers in addition quantities like [39)]

1 e
Ay = 3 [ (s = tdys) (2.26)
“w, . l tig1 -
Ay=(t) = g[ (tigr — s)dy(s) (2.27)

which are two other different ways of computing some mean value of the actual
measurements (equation (1.6)) on the time interval f; < s < ;. Note that
Ay(?) = Ay (i) + Ay?(i). The simple scheme (2.25) has been used in all simulation
introduced in this thesis.’

b-Discretization of Zakai equation

For notational convenience, from now on , we shall use W(1) to denote W(¢, ) and
h to denote h(z), x € R*. Following Milstein scheme given in the previous section,

a time- discretized approximation of Zakai cquation (1.13) (when the obscrvation
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process {equation (1.5)) takes values in R') is given by [32.39.38.10.41.7-1.78] as

follows
Wi+ 1) =W)+ AP+ )6+ o—%h‘l’(i)Ay(i) + _)—(lr.zh"'\ll(i)[(Ay(i))z ~ 8] (2.28)
0 20

or cven hetter

(1= 8A(i +1) = \I'(i)(‘rp[o%h:_\y(i) - )i;—a] (2.29)
0 =-~0

Then, since W(0..¢) > 0. ¥(4;.r) 2 0. for all / and r. In the scheme defined by
cquation (2.23) (or equation (2.29)) the transition from W(¢;) to W(#;4,) reflects the
following situation: A new measurement Ay(i) is available, which is interpreted as
a noisy nonlincar observation of X(z + 1). and combined with the current estimate
V() of X(/) to produce an estimate ¥(i + 1) of X(i + 1).

The next step of course is to discretize the space. in order to get an algorithm

that can be used on a computer.
2.4.2 Space Discretization of Zakai Equation

The first step here is to restrict the whole state space to a fixed bounded subregion
(unless the state space was already bounded itself). In the one-dimensional case,
this is just an interval. whose characteristics (location and width) are just consid-
cred as parameters. In higher dimension, one will have to describe more explicitly
the shape of this subregion (more details given in Chapter 4). The boundary con-
ditions can be of either Dirichlet type (stopped) c;\r Numann type {reflected), where
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both refer to the behavior of the diffusion process with respect to the boundary.
Then one has to design a grid . whose mesh size denoted by 3. In [16.56.76],
an implicit full discretization scheme that provides time and space discretization

of the Zakai equation has been applied. The approximation takes the fort
(I — ANV = DV (2.30)

for cach time ¢ = {8, where V' represent the vector of mesh points at time 8, the
matrix A is the approximate of A", and I is a data dependent diagonal matrix.

In [78]. Picard has developed the following discretization of the Zakai equation

aa_l:,(f) AT for (= 1)d <l <id (2.31)

V(i) = l]l(ié-—)c.rp(i.,h:_\y(i)—O'L,;h"") (2.32)
a5 2a5

for ¥(0) = po. { = 1.2...N. where ¥(id—) is the solution of equation (2.31)
immediately before ¢ = 1§. This type of approximations (2.31-2.32) still involves a
sequence of partial differential equations (Fokker Plank equations). In practice, it
is not easy to solve this kind of partial differential cquations.

One can notice that these approximations are not easy to implement on a computer
especially when the dimension of the diffusion process is greater than |, In this
thesis, we propose a simple but powerful technigue for the approximation of the
unnormalized conditional (probability) density of filtered diffusion process which

satisfies Zakai equation.
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Chapter 3

MODIFIED EXTENDED
KALMAN FILTERING

3.1 Introduction

In this chapter. within the frame work of the model given in equations (1.4) and
(1.5). we seek for algorithms calculating the minimum variance estimate of the state
vector as a function of time and the accumulated measurements data. It is known
from Chapter 1 that the minimum variance cstimate is always the conditional
mean of the state vector. regardless of its probability density function. Following
the results obtained by Kushner in [56]. one can see that the equation for the
conditional moments. in particular. the conditional mean of the state vector and
its error covariance matrix depend upon the entire conditional probability measure.
To obtain practical estimation algorithms , methods of computing the conditional
moments which do not depend upon knowing the conditional probability measure

are needed. A method often used to achieve this goal is the Extended Kalman Filter
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(EKF). In this Chapter we present a modilication of the Extended Kalman Filter
(EKRF) which we call Modified Extended Kalman Filter (MERF). ln Section 3.3,
we present Kalman and Extended Ralman Filter. Tn Section 3.4, we formulate the
Modified Extended Kalman Filter (MEKF). In Scction 3.5 . numerical examples

are presented using both (EKF) and (MEKF).
3.2 The Filtering Problem

In this chapter we consider the filtering problem for a class of systems of mild
nonlinearitics and small noise intensitics governed by Ito differential equatious of

the form

dX(1) = f(t. X(1))dt + ()W ().  X(0) = #(0). >0 (3.1)

dy(t) = h{t. X (1))dt + s200(0)dV(1).  y(0) =0. (20, (3.2)

where the state X' € R" and the obscrvation y € R™ and the processes, W, V are
two mutually independent Brownian motions with dinensions p and ¢ respectively,
and ¢ (dynamic noise intensity). and s, (measurement noisc intensity). bisn x p
matrix. and g is m X ¢ matrix, b : [0.90) x B — R™ and [:[0.oc) x B* — "
and .r(0) is a Fp-measurable vector with finite second moment and independent of
the Wiener processes W and V.

Filtering problems for more general svstems were considered in the literature
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by Kushner [54-58]. Bucy[19]. Liptser and Shiryayev [68]. Zakai [91]. Ahmed [8].
Ahmed and Dabbous [19] and others. Their work was concentrated mainly on
finding an cquation for the conditional density (normalized or unnormalized) of
the process {.X(¢), £ 2 0} given the observed path {y(s).s < ¢}.

Assume that all the random processes and vectors described above are defined
on a complete filtered probability space (. F.F, TC F. P). where F; 1C F means
that F, is an increasing family of sub-o-fields contained in F for cach ¢ € [0.T].
For the stochastic system given by equation (3.1) and equation {3.2) one can use
Kushner equation to derive [56] the equations for the conditional moments. in

particular, X(1) and P(t) = [P;(t)]. This is given by

—

dX(t) = J(t)dt + 5(Xh(t) - X(O)h(1)) (000e’) ' [dy(t) - B()dt]  (3.3)

A
*) wl -

and

dPy(t) = {(£:f; - Fif;) + (fim; - [ + (3o,
= (zih(t) = Fh(D) (3o0cy) ™ (h(D)z; — H(DE;) }et

+ (xiz;h(t) — EER() — Fizh(t) — Fjaih(l) + 2EER(D))

(2000%) " (dy(t) - E(t)dt) (3.4)

The solution of the optimal nonlinear filtering using the equations (3.3) and (3.4)
can not be obtained without an excessive amount of computation to find f (), P(t).
h(f). In fact (3.3} and (3.4) constitute an infinite family of moment equations. the
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first moment requiring the information about the second. the second requiring the
information about the third and so on. In other words. this is also an iulinite
dimensional problem. This led to the idea of the extended Kalman filter (ERKF).
in which all nonlincar terms are replaced by the first two terms of the Taylor series

approximations.

3.3 Kalman and Extended Kalman Filtering
3.3.1 Kalman Filtering (KF)

If F(£.X(2)) = A()}X(2) and h(¢, X(8)) = H()X(!) then we have the standard
linear filtering problem. Given that x(0) is Gaussian or constant, then X (1) and
y(¢) are Gaussian processes. and all the conditional distributions are normal dis-

tributions. In particular, we have the Kalman-Bucy filter

dX() = .4(¢)X*‘(z)dz+_l,_,P(z)H'(z)(aoa;,)"[dy(z)-n(.'.).i"u)dz].
2
X0 = Ez(0). (3.5)

where P(1) satisfies the matrix Riccati equation

‘;—f = A(L)P(1) + P(E)A'() + 2b(1)b(¢) — %P(t)ﬂ'(t)(aoa{,)"H(t)!’(l); (3.6)
A ;2

with initial condition P(0) = E{(z(0) — ££(0})(x(0) — Ex(0))'}. This is a closed
form system, and P(t) is independent of the observation F/. This is one of the

reasons for the great success of the Kalman-Bucy filter.
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3.3.2 Extended Kalman Filtering (EKF)

To obtain a mathematically simple but reasonably good filter. we have to find a
good approximation for the f{1). the conditional covariance P{t). and h ) [sec

equations (3.3-3.1)]. By expanding f and & in a Taylor scries about . (!) we have

X)) = f. X(0) + AL X()(X () = X(2) + O(2). (3.7)
h(1. X (1) = h(£, X)) + H(t. X)X (1) = X(1) + O2). (3.8)

where A(l.x) = f,(t..r:) and H(l.x) = h(l.2).

Now taking the conditional expectations(conditioned upon F7) vields:

Fe X)) = . X (1) + 0(2).

h(t. X(1) = h(t. X(1) +O(2). (3.9)

Using these approximations and substituting in the equations (3.3) and (3.4) one

obtains the so called extended Kalman filter equations

dX() = fu X ))dt-}-—P(!)H’t X(1)(eoh) ™ [dy(t) — h(t. X(2))dt),  (3.10)

s
)
2

%:..l(t.f(t))P(t) + POA(LX(1)) + iob

- éP(t)H'(f.,f(t)_)(agcr{,)'lﬂ(t,.'\-"(t))P(t). (3.11)

This avoids solving the infinite system of equations (3.3) and (3.4). However, these
equations (3.10-3.11) are approximate expressions for propagating the conditional
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mean of the state and its associated covariance matrix. Since the solutions of
these equations do not usually coincide with the entities which they symbolically
represent, the conditional expectations of the second terms in the identities (3.7)
and (3.8) do not vanish. Thus the derivation of the equations (3.10-3.11) based on
this argument is rather optimistic and possibly crude. However if both f and 4
are very nearly linear. the solutions of these equations may be expected to be close

to the true values and the above approximation may be acceptable. In order to

overcome this limitation we propose a modification of the extended Kalman Filter.
3.4 Modified Extended Kalman Filtering(MEKF)

Here we lincarize f and h around quantitics which are known rather than quantitics
which are to be estimated and further we retain the first order terms which are
neglected in the EKF. Let X(¢) be the solution of the following deterministic

differential equation.

20 - s X, F10) = Ex), (3.12)

and let X(t) be the true solution of the following (SDE)

dX(t) = (£, X(IN)dE + 2, ()dW(t).  X(0) = (D). (3.13)

Note: X(t) is not to he confused with the expected value E(X(1)).
Define X (t) so that X(t) = X{{) + X(¢), where X(1) denotes the fluctuation
around the deterministic flow X{f). The (MEKF} equations are derived by ex-
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panding f and k in a Taylor scries about X (1) which is the exact solution of the
nonlincar problem (3.12) and is precisely known while .?(t). as used in EKF. is
not. The Taylor expansion about X(¢) is expected to provide a better order of
approximation. This is justified by the following theorem.

THEOREM 1. Consider the system (3.1) and (3.2) and suppose both f and A
arc uniformly Lipschitz with Lipschitz constant C, and & € L,([0.T]. R"*?) and

x(0) has finite second momment. Then

—

. E{supiepn] X(1) = X'} = O(s3)
- supygo, Bl (L. X (1)) — f(‘--—f(i))ll"’ — O(e3)

. superemER(t. X (1)) = h(t. X)) = O(<2)

(&

b

Further i (0) has finite fourth order moment and f has uniformly bounded sec-
ond partials in z then

supeoE{IS (2 X (1)) = S(£.R(B) = Lt TONX (1) - KO} = Ofel)

proof: We give an outline of the proof. Define

o(t) = E{supseporll Xs - X'}

Subtracting equation (3.12) from equation (3.13), using the Lipschitz property of
f. and the Martingale inequality 8, p. 325] one can verify that

8(1) S 2TC? 5 ofs)ds + 33 [T [|6(s)[Pds.

Using Gronwall inequality. it foliows from this that _I;here is a constant A’ depend-

ing only on C, T and the norm of b so that
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o(T) < K&}
This proves the first estimate. The second and the third estimates follow {rom
the first and Lipschitz properties. For the proof of the last assertion we use the
Lagrange formula
JX(0) = [X0) = (FUEXE). X (1) = X(1) = [ ada fy d0 < [L(X(1) +
o X (8) = X(ONX(#) = X(). (X(1) - X(8) > .
Taking the norm. it follows from the uniform boundedness of the second partials
of f that there exists a positive constant b such that
17(8 X (1)) = F(&. X (1) = 0. X)X (1) = T(NI* < bl X(2) = X))
It is well known that under the given assumptions, X (/) has fourth order mo-
ment whenever .X(0) has the same [8, Corollary 7.1.5 .p359). Using this fact and
the above inequality the last assertion can be proved by usc of lto’s formmula [3,
Theorem 7.2.6,p337] .This outlines the proof.

Based on the above justification, and letting A(4..c) and H(!.z) denote the

hessian matrices f,. and h, respectively. we can write

J(X() = (LX) + A X)X (1) + of X (1)) (3.14)
h(1. X (1)) = h(L. T(8)) + H(E ()X () + o( X (1)) (3.15)

Substituting these equations in the model equations (3.1-3.2) we obtain the dy-
namics of fluctuation (X (£)) and measurement as given by:
dX (1) = A(t, X)X (t)dt + = b(1)dW (1),  X(0) = #(0). (3.16)

10



dy(1) = {h(t. X)) + HL.XENX ()} + caoo(DdV (1), y(0) = 0.  (3.17)

Thus. the filtering problem is decomposed into two sub problems. The first problem
is related to the deterministic flow governed by the initial value problem (3.12) and
the sccond problem is related to the dynamics of (stochastic) fluctuation given by
cquation (3.16) along with the observation equation given by (3.17).

Clearly for given {X(#).t > 0}. the equations (3.16) and (3.17) are lincar. and
{.‘:’(t).!. > 0} and {y(t).1 > 0} are Gaussian processes. Defining the minimum vari-
ance unbiased estimator of .‘;’(t)‘ as .‘{’.(I.) = E{.’i’(t)/f,‘"} and the error covariance
matrix as P(t) = E{(X(t) — }(t))(.i’(t) - ."-L-:(t))’/.ﬂ“} and using Kalman-Bucy

theory for linear systems. the optimal estimator equation for the model is given

by:

dX(1) = ALTO)IX (N + = POH (LX) o0ot)™ - [dy(2)

i I
we|

— LX)+ HLXO)X (O} (3.18)

and the covariance equation is given by :

%)'=.—1(5.T(r.))P(t) + AL X(1)P(L) + sibb’

- P(L)H'(1, X(1))(3o00h) ™ H(t, X (1)) P(2), (3.19)

with initial conditions .’\':(0) = 0 and P(0) = 0. The error covariance matrix P(t)
of the process X(t} is the same as that of X(t). In the (EKF) the estimate X"(l)
is obtained by solving equations (3.10-3.11), where as in { MEKF) it is given by
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X() = T{t) + X(1) as obtained by solving equations (3.12), (3.18) and (3.19)
simultanuously. The quality of performance of the two estimators (FEREF) and

(MEKF) is illustrated by three examples in the following Section.
3.5 Examples and Illustrations

For illustration of results discussed in the preceding sections, we present here three
examples. I[n order to show the behavior of the (ERF) and (MEKIEF) we carried
out the simulation with sampling interval A = 0.01sce. For comparison of petfor-
mance of MEKF and ERF. we plot the integral squared error(Figs.3.3.3.7.3.9) as
a function of the dynamics noise £, — Jr{z,) for fixed measurement noise o3 and
similarly for fixed dynamics noise say £, we plot £y — Jp(sa) (Figs.3.4,3.8.3.10).

Example 1: The approximation theory developed in the previous sections will be

applied to the momentum dynamics of a 3 — arxis geosynehronous salellite given

by
dp .
[:.‘;E'!'([:—[y)(q_“'b)r = rr
dq ,
[ygt"*'([r_[:)pr - rtu
l.
=+ (I, = Lplg—wo) = T. (3.20)

where T, 7). T is the input torque, and p, ¢. r are the components of the angular

momentum vector of the satellite in the x, y. z axes, respectively. A stochastic



version of this equation can be written as

dX\(t) = -;—{T,—(L—l_,,)(.\’g(t)—.uo).\'g(t)}tlt+slu"l-l',(l)
AXal1) = Ty~ (L = L)XU(OXal0 ) + £1dW(t)
¥

1 . .
dXy(t) = -I-{T: = ({, = L)X0()(Xa(t) = wo) }dt + 51dWs(2)  (3.21)
with the measurement dynamics given by

dyp(t) = hX(8)dl + s2dVi (1)

dyg(f) = ’?3.¥3(l)df+$2dla(f) (3.22)

where X = p. Xa = ¢, X3 = r are the states (attitude rates) and ;. y» are the
observations. For illustration we have chosen the following values of the model
parameters: {, = 645. I, = 100. I. = 669slug ft*, wo = 7.29 x 10~ %rad/sec, hy =
ha = 1.0. Both (EKF) algorithm and (MEKF) algorithm (eqs.3.13.3.19.3.20) have
been applied to this example. For performance evaluation, the integral-squared
crror,
Jr =+ T Ix() - R

is computed and plotted as functions of the noise intensity parameters s; and
£2. The actual state {X(¢).t > 0} is obtained by simulation and the estimated
states X (1), corresponding to (EKF) and (MEKF), are computed. The results, as
shown in (Figs.3.1,3.2,3.3.3.4). clearly indicate that (MEKF) performs better than
(EKF).
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Example 2: A stochastic version of the dynamics of a simple pendulum with

observation y is given by

d.\.l(f) = .\‘2(”(1{. .\.1(0) = 0(1:

dXs(t) = —%s;n(}:.u))m+e.<m'(:). Xa(0) = 0 (3.23)

dy(t) = Xa(t)dt + 2dV'(£).  5(0) = 0; (3.24)
where { is the rod length, () is the angular displacement. g is the acceleration
due to gravity. X, =0, Xo = 6 and W, V are independent Wiener processes,

Again we apply the (EKF) and (MEKF) algorithms for the same performance
measure as in the previous example. These arc computed as shown in (Figs.
3.5.3.6,3.7.3.8). Again the performance of the (MEKF) is better than that of the
{EKF). If the (Figs.3.5.3.6) and are carefully scrutinized. one would find that the
estimated state (dotted curves) follow the actual state (solid curves) more closely
in the case of (MEKF) (Fig.3.6) than (EKF) (Fig.3.5).

Example 3: We consider the self-excited oscillator given by the following equation:

du du ® du du
— —_—) - _— ] = —_— = 0. 3.25

where u is scalar function of time, a. ? and uy are constants. A stochastic version
of this system is given by
dXi(t) = Xp(l)dt

dXa(t) = {=Xi(8) + oXa(l) = BXo(1)*}dt + 2, dW(L). (3.26)
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along with the observation process
dy(t) = ha Xa(t)dt + c2dV(2). (3.27)

where X) = u, Xo = ‘-;—'} Apply the (EKTF) and (MEKF) algorithm for the same
performance measures as in the previous two examples. Again the (MEKF) is

better than that of the (EKF) as shown in (Figs. 3.9, 3.10).
3.6 Summary and Conclusion

We have suggested a modification of the extended Kalman filter (EKF) called a
modified extended Kalman filter(MEKF). We have also presented a theoretical
justification for this modification. The modified filter has performance better than
the original extended Kalman filter as illustrated by several examples. However
at lower levels of noise power both the filters perform equally. As the noise power
increases, the (MEKF) continues to perform better than (EKF) as verified by all

the three examples.
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Chapter 4

NONLINEAR FILTERING
(ZAKAI EQUATION
UNCORRELATED CASE)

4.1 Introduction

Over the last decade. considerable attention has been focused on nonlinear filtering
problems for which the correct solution is given only by the solution of an associated
stochastic partial differential equation called Zakai equation [91]. The solution of
Zakai cquation holds the key to the solution of partially observed stochastic control
problems [18]. since it provides the natural state for the equivalent fully observed
problem. which the feedback controller utilizes. Similarly. Zakai equation plays a
central role in the parameter identification of nonlinear stochastic systems {26]. To
solve nonlinear filtering problems avoiding stochastic partial differential equations,
in recent years, significant attention has been given to the so called extended

Kalman filtering (EKF) which is a linearized approximation of the original problem.



It is well known that the EKF does not always perform well and in fact perforis
poorly il the nonlinearities are strong.  Further. in any specilic application. the
accuracy of results obtained using FRF is not verifiable and consequently not
reliable.  For verification of the reliability ol such approximations (BRI it s
necessary to compare these results against the exact solution of Zakai equation
or a genuine approximation of it. In particular, this means that the solution of
Zakai equation is to be our ideal reference and that we must be able to rely on an
cfficient and accurate algorithm to solve it.

Thus the problem of constructing solutions of Zakai cquation is & major issue
for practical applications. Since. in gencral. it is impossible to obtain analytical
solution of the Zakai equation for nonlinear systems. it is reasonable to seek a
numerical scheme that is implementable in straight forward manner and provides
accurate solutions. Lic algebraic calculations give some new insights into certain
nonlincar estimation problems and guidance in the scarch for finite dimensional
estimators. Only in very special cases [45] does this approach lead to finite dimen-
sional filters. The Hermite serics has been proposed and investigated in [S9]: the
disadvantage of this method is that when it is truncated the resulting serics approx-
imation can take negative values and hence is not itsell a valid density function.
To avoid or at least reduce the nonpositivity of this approximation, it is some-

times necessary to retain a very large number of terms in the series, demanding



excessive CPU time. Thus it is reasonable to seck other approximations avoiding
nonpositivity and excessive computation time. The Gaussian series approximation
proposed in this Chapter avoids nonpositivity and has the added advantage of
providing i sequence of (- functions that belongs to the domain of the adjoint
of the infinitesimal generator A of the Markov process being filtered. This is very
important since numerical computation involves operation of the basis [unctions
by the adjoint operator A Since Galerkin approximation is successfully used in
solving deterministic partial differential equations. it seems natural to extend these
methods to stochastic equations.

In this Chapter. we present a technique for constructing optimal nonlincar
filters using a digital computer. The conditienal density of the signal given the
observations. is approximated by a finite positive (convex) combination of a se-
quence of lincarly independent parametrized family of Gaussian densities on R".
The method leads to very accurate realization of optimal nonlincar filters. The rest
of the Chapter is organized as follows: In Section 4.2, a brief account of the filtering
equations is given. In Section 1. we present. Galerkin approximation for solutions
of Zakai equation by solving a sequence of finite dimensional stochastic differential
cquations. We also discuss the crucial advantages of using Gaussian series. In
Section .1, we present the spatial discretization and the computational method.

In Section 1.5, examples (for which exact analyvtical solutions are available) and



the corresponding simulation results are presented.
4.2 The Filtering Problem

In this Chapter. we consider the class of systems governed by {to differential equa-

tions of the form

AX(1) = F(X{U))dL+N)AW (). X(0) = (D). >0

dy(t) = MX{UNd +ao(H)dV (). y()=0. >0, (1.1)

where the state X(#) € R" is the unobserved process Lo be estimated. (1) € ™
is the observation process. the processes {H. 1V} are { R, £} valued independent
standard Wiener processes. f: B" — R* and h: % — R"*" and h: B" — R™
and ag is m % ¢ matrix and x(0) is an Fo— measurable vector independent of the
Wiener processes W and V. Let ¢ be any bounded measurable function on R*
with values in R. The problem is to estimate g( X (1)) given the history of ¥ up to
time L.

The fltering problem for the above system was considered in the literature by
Rushner {54-33]. Bucy [19]. Liptser and Shiryayvev (68]. Zakai [91]. Alimed [8] aud
others. Their work concentrated mainly on finding an equation for the conditional
density (normalized or unnormalized) of the process {X (1), ¢ > 0} given the ob-
served path {y(s), s <1}, with the help of which the filtering problem is resolved.

It is known that the conditional expectation gives the best (optimal) estimate in
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the mean square sense,

In fact the conditional density can be computed by two methods, which are ba-
sically the same. The first method is to solve Kushner equation [57). which is a
nonlincar stochastic partial differential equation. The second method is to solve
Zukai equation [91], which is lincar stochastic partial differential equation describ-
ing the flow of the unnormalized density. which is the subject of this Chapter.
Lei the state and the observed processes be governed by the stochastic differen-
tial equations (4.1). Let (Q.F.F, TC F, P) denote the basic filtered probability
space with respect to which all random variables and processes referred to in this
Chapter are defined. Let F} denote the o-ficld generated by y(s) for s < £. and
completed with respect. to the basic probability measure P. In filtering the ultimate
goal is to calculate §(1). It is a standard fact that §({) is the best (unbiased mini-
mum variance) mean square JF;'-measurable estimate for g(X(¢)). For the solution
of Zakai equation (1.13). it is convenient to rewrite this equation in the abstract
sctting so that we can exploit existing theory of differential equations on Hilbert
spaces. Let H denote the Hilbert space La(R") and H '(R") denote the standard

Sobolev space. Define the operator B by

D(B)

{¢ € La(R"): hip € Ly(RY). i =1,2....m}

Be = h-p for p€ D(B).

Then we can rewrite the Zakai equation as an abstract stochastic evolution equa-
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tion.

du = Audt+ B(u)-V5'dy

w(0) = wy=m < H. (1.2}

on the Hilbert space H.

For existence and uniquencss of solutions of equation (-1.2) and their regularity
properties we need the following Lemma.
Lemma 1. Suppose the coefficients of the operator A as defined by the expression
1.14) satisfy the following assumptions:
(al} fi € Gy(R™). i =1.2....n.
(a2) (bb’),.j € C¢(R") and there exist o > 0 such that ((64)(.¢) > af ¢ |*. for all
CeER.re R
Then.
{cl): A", the adjoint of A. is a bounded lincar operator from /' to H~} (i.c.,
A" € L(H',H™")), and
(c2): there exist & > 0 (same as in (a2)) and A > 0 such that
afl w i+ < Atwu Sy < Mw 13-
Proof: Under the assumptions (al) and {a2), one can verify that both A and
A" € L{H', H™') and satisfy Garding’s inequality as given in (c2) [37}.
Theorem 2. Suppose the assumptions of the previous Lemma hold and there

exists a constant > 0 such that | Bu Ii,m":ff’") < pluly
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Then the Zakai equation (-1.2) has a unique solution
€ Lo (ILHYO La(]. HY). and further v € C(1,. H). P = a.s.
Proof: Follows from well known results given by [6.30.73).

The solution of Zakai equation can be constructed by Galerkin method using
any suitable set of basis functions from the Hilbert space H = Lo(R"). It is
possible 1o choose 2 complete set of basis functions, like the Hermite functions in
n-dimension. and construct the approximate solution by solving a sequence of finite
dimensional stochastic differential equations obtained by the Galerkin pre jection.
There arc two shortcomings in the choice of the Hermite functions in the numerical
computations:

(1) These functions take both positive and negative values, whereas the probability
density function has only positive values.

(ii) In order to preserve positivity one has to retain a very large number of terms
in the series demanding excessive CPU time.

In this Chapter we propose a set of basis functions which are positive for all r € B*

and C"*-smooth.

ot
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4.3 Galerkin Method Using Gaussian Series Ap-
proximation

4.3.1 The Spatial Domain for Solution of Zakai Equation

Theoretically Zakai cquation is defined on the whole of B" and apparently it is
required to solve it on this unbounded domain. Computationally this is not feasi-
ble. Since the initial density py is approximately supported on a bounded subset
of R", the corresponding solution of Zakai equation is also expected to be approx-
imately supported on possibly another bounded set. Therclore we can restrict the
computations on bounded sets. [t is known [32] that the behavior of unnormalized
conditional density is as good as that of the initial density. In other words, if po(-)
ts smooth so also is W(£.-). and W(!. ) decays to zero as || « || — oo. provided pig has
this property. Therefore. we can select a sttfﬁciéntl}' large domain ¥ C R" where a
significant part of the probability mass is concentrated. This can be approximately
estimated from the approximate ¢-support of py itself. For example. let @ > ) and
Ls C R" denote the cube centered at the origin ( or centered at the position of
the mean of py) having edges of size 2a. For any given « > 0}, we choose «a large

enough so that

Mo(E.) = _[ pol2)de > 1 —c. (4.3)

If required we can double or triple the size of £, for the solition of Zakai equation

and establish a grid for spatial discretization on this larger domain and impose a
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Dirichlet boundary condition. In other words. we can always establish a grid in

the region of the state space that supports significant part of the probability mass.
4.3.2 Completeness of a Special Class of Basis Functions

Now we shall introduce the basis functions we have proposed in this Chapter and
discuss their propertics. Let M} denote the class of (n x n) positive symmetric
matrices. Define the family of functions, {w;(z).z € R*,i = 1.2....}, as follows

wi(x) = wlx.m;, B;) = ——l—e"}("'""}'sl-l(’"m'). r € R", {(4.4)

(27?)"dctB;
parametrized by m;. B; where m; € R*. B; € M}, m; # m;, for i # j.

The first question that must be settled before one can use this sequence as
basis [unctions is weather or not this can approximate any La(R") function in
the mean square sense. This is a question of completeness of the set {w;} in the
class La. A system of [unctions . say I' C L. is said to be closed in the class L.
if (f.9)L, = 0 for all ¥ € T implies that f = 0. In L, spaces completeness and
closure are cquivalent [ see Tricomi 85, p.90 ] . We prove completeness of the set
{w:}.

Let A and M denotes countable dense subset of R* and M7 respectively.
Consider the class of functions {w;(:)} = {w(m;. B}, mi € K.m; # m;. i #
J. Bi € M}.

Theorem 3. The system of functions {w;} is linearly independent and complete

in the class L,.



Proof: Since m; # m; for i # j. a lincar combination like Y igigm ity can
never cqual a function which is identically zero in R® unless all the coeflicients
{ai} vanish. This is independent of our choice of B;. B; € M. Thus the sot is
linearly independent. Recall that any system of lincarly independent vectors can
be orthogonalized by Gram-Schimidt orthogonalization procedure and then also
normalized if required. Hence without any loss of generality we may assume that
the sequence w; is orthonormal. As noted above, for Lj spaces completeness and
closure are equivalent . Thus for the proof of completeness, it suffices to show that
the original set {w;} (not necessarily orthonormal) is closed in the class L. We

prove this by contradiction. Suppose there exists a @ € La(R") such that
a; = (g.wy), =0 foralli=1.2,.. (1.5)

but 7 # 0 in the Lz sense. Then there exist a set £(# 0) C R" of positive Lebesgue
measure such that ¢(x) # 0 for r € E. Without loss of generality suppose p(z) > 0
on E. Since K is dense in R" we can choose an m; € EN K. Then for any ¢ > 0,

we can choose v; = 7(¢), sufficiently small and positive, and B; = ;/ so that
/ w(m;. B,.x)dr =f wi(z)de > 1 —c. (4.6)
E E

I

It is clear from this that we can choose ¢ > 0 sufficiently small such that

(.10;) = jR" wi(z)p(z)dr > 0. (4.7)
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This contradicts (-1.5) and hence the sequence {w;} is closed in the class L.(R")
and therefore complete. This completes the prool.
In view of the above result we can use {w;} as a basis. Since w; € C*(R")} N

La(R"), it is clear that {w;} C D(A™).
4.3.3 Galerkin Approximation

For the purpose of numerical calculations it is more convenient to formulate Zakai
equation (1.15) in terms of Stratonovich sense rather than Ito sense. Its transfor-
mation to the Stratonovich form is done by adding the Wong-Zakai correction to

the drift term [37]. Thus, equation (1.15) takes the following Stratonovich form

dU(t.x) = {A"¥(t,z) — é‘l’(t,x)h(x} -T5th(z)}dt

+ (¢, z)h(zx).Tg dy(t) (4.8)

where the term(—3Wh.[5'h) is the Wong-Zakai correction. It is well known [81]
that the Stratonovich differentials obey the usual laws of calculus.

One can convert the family of nonorthogonal functions {w;(z}).z € R",i =
1.2,..N} into a family of orthogonal functions {vi{z).z € R*,1=1,2,..N} using
the Gram-Schmidt procedure as follows: First #, = w,, and then each v; should
be orthogonal to the preceding vy, va. ...v;_;:

i-1

I (vjewi)[,zmn)vj- (4.9)
i=1 (v.i!vj)l,?mn)
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It is clear from the previous expression that in order to get {ri(r).r € R*.i =
L.2..... N} we have to do a huge a mount of computations which demand excessive
CPU time. Thercfore. it is reasonable and very casy for the purpose of numerical
computations, to implement the approximate solution of Zakai cquation (4.8) using
the non orthogonal Gaussian series as basis functions.

Hence using the Galerkin method based on the nonortnogonal Gaussian se-
quence one can approximate the solution of equation (4.8) in the form

Ut 1) = Zm O (110)
i=1

where {)¥} are the Fourier coefficients to be chosen as follows. By projecting
equation (4.8) into the space spanned by {w;, 1 £ i < N}, and substituting
expression (4.10) in it wel obtain

N
> dpN(t) (wiw;) = {Zz,f"(r J(Aw;, w;) — -ZM(:) hw; - I k. w;)}dt

i=1 i=1 2 =)

+ Z bV (ENTG by, ;) - dy(t), 1 < j < N, (4.11)

This is a family of finite dimensional (V) stochastic differential equations for TV =

[ Y. .....tN) given by

m N
ZaJ,dthN ) = {Zb Ny - l)zz N (L)} dt
=1 = k=1i=t

1

N
+ 2D Ny dy(1)),

=1 i=1

N
et (0) = poj. j= 1,20 (4.12)

i=1

=



where

= f wiwyde = (wjowy) (4.13)
Rn

bi = -/R wi AT widr = (we;. ATay) (1.14)
cj‘-"; = f wihpeidr = (w;, hae;) (1.15)
/ hw;wi(I'g k), dr : (4.16)
d_,',' = Zdt’ (11‘;‘)

. k=1
Poj = pote;dz. (1.18)

RII

In the matrix notation the system (1.8) is equivalent to

AndTY = (By - -'DN)T‘([! + zc* TY(Cg'dy), (4.19)
L_
AvTN(0) = pf. (4.20)
where Ay = [a;i]. By = [bi]. Dy = [dji]. C§ = [c}]. and p} = [por. Poz. vveve. pon]'s

and (.), is the k-th element of the vector (-).

This is a finite-dimensional approximation of Zakai equation (4.8).

Using the approximation, the conditional mean X (¢ = E[X()/F]] and its
associated error covariance matrix P(t) = E{(X(t) - 5\:(1})(\’( ) - X(¢t /.7-""}
can be readily calculated, and this is a crucial advantage of using Gaussian Series.
These are given as lollows:

> :;_1 ‘r'N(t)ml
Xy = &=t L
S NTEIT)
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=X, M OB+ (X0 = m (Kt = m)) )
T e (1) '

F4]

PiH=

(122

These two expressions are used in Section 1.5,

4.4 Spatial Discretization and Computational
Algorithm

In this section we will develop an algorithm based on the proposed Galerkin Schetne
using Gausstan series as presented in the previous section. Let my be the position
of the mean of py. X, denote a cube of finite size § = 2a centered at the origin or
centered at myg such that the inequality given in (-1.3) is satisfied and suppose it is
partitioned into cells of size 3 so that & (the number of intervals on cach axis of the
grid) is an integer and S = £83. The numberof cells then equals &™. The parameters
of the Gaussian series can be selected such that position vector iy is defined as
my = Bl+c. where lis an n-vector with integer clements, cach in the range | to &,
vielding N = A" total grid points which equals the number of stochastic ordinary
differential equations. The entries of the vector ¢ are chosen so that the grid covers

the desired region, i.c.. ¢; = —e —

w2

for i/ = I....n. Each position vector my in R®
is a point on the grid and it is a center of the cell D;. The volume of cach cell
is o = 3". motivating the only restriction on 3, that 8 # 0. Observe that U, /)
covers the entire region of interest ( by definition of the grid) and ;N D, = § for

{ # s. Widening the support includes little additional probability mass, but forces



the grid to cover a larger region with the same number of points. The densities
then appear more sharply peaked. and as predicted the errors increase. On the
other hand, reducing the support discards a significant probability mass. even as
it improves the grid coverage in the central region. This means that the number
of points should be large enough to provide sufficient accuracy. but as small as
possible Lo minimize the computation time.

The covariance matrices B; are selected to be equal to 1,7 where 4 is a positive
scalar. Note that as tends to zero, the Gaussian terms each approach a unit
impulse function located at the position vector m;.

The matrix Ay is independent of the observed process y. therefore the inverse
of Ax has to be computed only once. The sequence {w;} is lincarly independent
and for small but positive values of 4 the Gaussian terms are effectively equal to
zero everywhere except in a small neighborhood of my. This guarantees that the
matrix Ay is strictly diagonally dominant [20].

The performance of the Gaussian series filter is judged by the behavior of the

measurement residual. The innovation process defined by [3]
t -~
r(t) = jo 051 (0)[dy(0) — h(0)do] (4.23)

is a standard Brownian motion if and only if h(f) is the best mean-square F; -

measurable estimate for £(X()). Heuristically. there is no information left in r(¢),



if 71(!) is an optimal estimate. One can define the measurement residual as
t4 At -
Ar(t) = r(t + A = #(t) = f o (O)]dy () — h(0)db)]. (121
¢

The measurement residual Ar{f) has a Gaussian distribution with mean 0, and
variance Alf. For the purpose of numerical computations. one can approximate

the measurement residual for small At as
Ar(t) = o3 (O{Ay(L) = k1) A1}, (4.25)

where Ay(l) = y(t + A1) — y(2). U the observed behavior of the measurement
residual is inconsistent with its theoretical propertics. then it must be concluded
that the number of Gaussian terms used is inadequate causing the divergence
and it is necessary to increasc the number of terms in the Gaussian series in
order to reduce approximation errors. This requires refinement of the grid size
and reinitialization of the entire procedure. In all examples presented here. a
sufficiently large number of terms were included to overcome the divergence. In the

next section we will introduce the computational steps of the proposed technigue.

4.4.1 Basic Computational Steps

The major steps in this algorithm may be summarized as follows:

Step 1: Generate the random processes W and V.

Step 2: Given z(0), solve the stochastic differential equation (4.1) using Runge-
Kutta method to obtain the values of the observations process at discrete times
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{glt). t= 12 L}

Step 3. Solve the system egnation (1.20) to obtain T (0).

Step 4: Solve the ordinary stochastic differential equations (1.19) using Runge-
Kutta method to obtain {TY(4;). i = L.2.... L}.

Step 5: Check the measurement residual given by (1.23). If it is not an uncor-
related increments of Gaussian process. increase N (i.c.. add more terms to the
series) and go to Step 3. otherwise stop.

Based on the above aigorithm, we now present numerical examples to illustrate

the effectivencess of the proposed filter,
4.5 Examples and Simulation Results

Example 1:(one-dimensional problem) The approximation theory developed in
the pervious sections will be applied to the scalar model which was considered by

Benes [22], and given by

dX(1y = f(X(1))di + bdW (i),

dy(l) = X(t)dt + aodV(1). {-1.26)

where f(r) = tanh(r). and b and oy are constants. Since f(r) is the gradient of
the scalar valued function
F(r) = log [cosh(r)]

it satisfies the following Benes condition.
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(CEY + AF+ & He P = L0% 4 1.

The exact solution of Zakai cquation for this case was given by Benes in the form

{r — m(t))

0 ) (1.27)

Yl r) = cl(!)c;rp(j: tanh(7)dr -

where W(/.r) is unnormalized density Tunction. and ) {f) is a term independent
of & which disappears if W(1, ) is normalized. By substituting W in the Zakai

equation one can conclude that the functions m(2) and P(1) satisly the equations

l)'.‘

dP(1) = (b — —)d!. (-1.28)
4
‘ 2
dm(l) = —-[—,),dy + !—n—-,‘-{-dl. (-1.29)
o s
Therelore the conditional mean of X (1) is given by the following expression
o C.l.‘p(f,j tanh(7)dr — {i,—:-l"T'((-f)lli)([;r
E(X()FH = (-1.30)

N L r=mit)) . )
1= c.cp(fu tanh(T)dr — !-—,F,(—“)-L)d.r
After zome clementary calculations, the following compact expression is obtained

for the conditional mean:
E(X(O)F?Y = m(t) + F(Dtauh(m(1)). (1.31)

For illustrations. we have chosen the following valnes of the model parameters:
P(0) = 0.001, :n(0) = 0.0. b = 1.0 and gy = 0.1. The exact solution as shown

in Fig.4.1 was obtained by equations (4.313.(4.29). and (4.28). The corresponding
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result obtained from the computational technique proposed here as given by equa-
tion (-1.21} is also shown in Fig.f.1. Examining these figures it is clear that the
approximation is very close to the exact solution givent by Benes.

Example 2:(two component-vector problem) In the following examples we con-
sider a 2-dimensional system with two different observations processes. Let X, and

Xz be a two dimensional diffusion defined by

dXi(1) = 22X (Htanh(XF(t) = X3(1))dt + bdW (1)

dXa(1) = =2Xa(t)anh(X3(t) — X2(1))dt + bdWa(t). (1.32)

and the observation dynamics given by onc of the following

(01)

dp(t) = X, ()dt + opdVi (1)

dya(t) = Xp(1)dt + oodVa(2) (1.33)
(02)

dyr (1) = X, (L)dt + oodVi (1) (4.34)

Since the drilt vector f(wy..ry) = [2rybanh(ax} — £2), =2rstanh(x? = «3)] is the
gradient of scalar valued function
F(xy.x2) = log.[cosh{z} — 22)].

it satisfies the following Benes condition [22].
a2 l 2 ‘ -
IVFIE + AF 4 Sl = £'Qut + . (135)
1]
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where the constamt matrix Qa is positive definite, and d; is constant. Again an
exact solution of the corresponding Zakai equation can be obtained and it is given

by

B(1.a) = co(Derp{ F(r) - é(.r — m()YE e = m{)] (-1.36)

where e3(!) is a term independent of .+ which disappears il ¥(/.r) is normalized.
This lormula determines an unnormalized conditional density in terms of ¥ and

m that solve the equations

d< ., | I
— =b[-=I" 137
pT [ o (-1.37)
| l - .
dm(l) = —<TSmdt + =Xdy (-1.338)
5 o

where £ is a diagonal matrix and [’ is also a diagonal matrix of nonnegative
eigenvalues of Q2 of equation (1.33). For illustrations we have chosen the following
values of the model parameters: b = 1.0, go = 0.1, £(0) = 0.17. 1,{0) = 0.5,
and m»(0) = —0.5. The exact solution as shown in (Figs.1.2.4.3) was obtained by
equations (4.37).(4.38). and (4.36). The corresponding result oltained from the
computational technique proposed here as given by equation (1.21) is also shown
in (Figs.1.2,4.3). Examining these figures it is clear that the approximation result
is very close to the exact solution given by Bencs.

Example 3:(three component-vector problem) To develop further confidence in
our computational technique we present the following example. Consider a 3-

dimensional system with three different chservations processes. Let X, X and X
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be a three dimensional diffusion defined by

dXy (1) = g( X (1), Xalt) Xa(2))B0( X1 (2). Na(t). X))ol + bW (2)
([.\’-_:(t} = g(.Yl (f). .\)2(! ). .Ya(t))'ﬁ'_i(.Yl(f). .Y'_'(t). .\J(f ))df + f](l“"-_)(f.)

dX3(t) = g(Xu(£). Xa(t). Xa(1)Ba( X1 (2). Xa(t), Xa(t))dt + bdWa(t).  (4.39)

and the observation dynamics given by one of the following

(01)
dyalt) = Xq(t)dt + aodVa(1)
dys(t) = Xi()dl + godVi(1) (1.40)
(02)
dn(t) = Xy(1)dt + oodVi(2)
(03)
dyi (1) = Xi(t)dt + aodVi(1) (4.42)
where
glri.ra.rs) = tanh.('z:r'f - :cg — 3+ 1122 + 1173 + T2Z3),
Biri xz.w3) = dxy + 22 + 73, |
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,‘-32(.1‘1.‘1'-_‘..1';;] = Jy - 2.!‘-_' + Iy

,‘33(.“. .’1‘3..!'3) = ry+as— 2ra.

Since the drift vector f(ay,.r2..03) = [g51. 932 934] is the gradient of scalar valued
function.
F(.l’.‘]. Lo, .1‘3) = IOg,,[COSh(:Z;P.'{) - .I':'; - .l'.:'; -+ Ll + Iy + J'-g.l';;)]

it satisfies the following Benes condition [22],
el I bl
INFII°+ AF + ;,"2'|[H.r||" = 2'Qur + ¢hr + da. (4.13)
[}

where the constant matrix Qg is positive definite. and ¢y, d3 are constants. Again
an exact solution of the corresponding Zakai equation can be obtained and it is
given by

V(i x) = es{t)exp{F(x) — é(:r —m(£)) S & = m(1))}. (4.4}

where ¢;3(t) is a term independent of x which disappears if W(L,r) is normalized.
This formula determines an unnormalized conditional density in terms of ¥ and

m that solve the equations

dy !

— =¥ - =¥ 1.5
dt o (1.45)
l ok l ul 1 ol *

dm(t) = =—=TEmdl — —Eqadl + —Xdy (1.46)
a& 7 o

where £ is a diagonal matrix and T is also a diagonal matrix of nonnegative

eigenvalues of (05 of equation (4.43). For illustrations we have chosen the following

-...l
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vitlues of the model parameters: b = 1.0, 0y = 0.015. X(0) = 0.1/, 1y (0) = 0.2.
m2(0) = 0.1, and my(0) = —0.1. The exact solution as shown in (Figs.1.1.4.5.1.6)
wax obtained by equations (4.15).(4.:16). and (1-M4). The corresponding result
obtained from the computational technique proposed here as given by equation
(4.21) is also shown in (Figs.l.4.4.5.1.6). Examining these fgures it is clear that

the approximation result is very close to the exact solution given by Bencs.
4.6 Summary and Conclusion

The Galerkin method using Gaussian series approximation has been introduced
and proposed as the means whereby the solution of Zakai equation can be im-
plemented in a straightforward manner. As long as the measurement residual is
consistent with its theoretical properties as stated in the previous section. one can
be satisfied that the proposed method performs well. If an inconsistency occurs.
it may be necessary to decrease the valuc of the parameter +; associated with the
covariance matrix B = 3 /. and add more terms to the series. On VM /SP Conver-
sational Monitor System (("MS) Computers. the computation time needed to find
the inverse of the matrix Ay in example | is 2 min CPU time. and in example 2 is
I3 min CPU time. The computation time per estimate in example 1 is 0.7 second
CPU time, and in example 2 is 4.3 second CPU time. The proposed technique
offers the computational advantage that the matrix Ay can be computed off-line

and stored in the computer. In developing the computer code. no special attention
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was given to minimize the CPU time,
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Figure 4.1: (Example 1) Estirmated state using the exact solution given by Benes
and the approximate solution obtained by the proposed scheme.
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Chapter 5

NONLINEAR FILTERING
(ZAKAI EQUATION
CORRELATED CASE)

5.1 Introduction

In many filtering problems of practical interest. the diffusion processes observed
in correlated noiscs (the observation noise and the system noise are correlated).
In this Chapter, the solution of Zakai equation arising from diffusion processes
observed in correlated noises is to be our ideal reference and that we must be
able to rely on an efficient and accurate algorithm to solve it. One can write
the diffusion processes observed in correlated noises by the following stochastic

differential equations

dX(1) = fIX()di+b(X())dW (). X(0) = £(0),

dy(t) = h(X(1))dt + ao()dV (1) + p(1)dW(2). 3(0)

I
o
—
(1]
h
—
—r



where the state X(f) € R" is the unobserved process to be estimated. y(¢) € B™ is
the observation process. the processes 117 and 1 are independent standard Wiener
processes with values in B and A7, respectively, [+ 8% — B and b: B* — R
and i : B" — R™ and 4y is m X ¢ matrix and p is m X p matrix and 2(0) is an Fy
measurable vector independent of the Wicner processes 1 and V', with probability
density po(-). The only new term is the deterministic matrix p in the observation
process. creating a correlation between the system noise and the observation noise.
Throughout this Chapter. it is assumed that the coefficients. f. b. and k. are
globally Lipschitz continuous functions, so that the stochastic differential system
(5.1) has a unique strong solution. One can verfiy that the Zakai equation arises

from the previous model is given by [32.338.74.75.30]
d¥(i.x) = A™W(t.z)dt+ W(i.r)hiz)- T3 dy(t)

~ W x)Cltox) - Tgtdy(t) = plt)b' (2)VU(1 x) - g ldy(1),

V(0. )

pol.c). (5.2)

where the vector C = [div ¢). div ca.....div c,]'. ¢, = bpl,, where p; is the jth row
of p. Since by using Galerkin technique the solution of Zakai equation {arises from
diffusion processes observed in uncorrelated noises) is successfiully approximated
by means of a sequence of nonstandard basis functions given by a prarameterized
family of Gaussian densities. it seems natural to extend this technique to Zakai
equation arises from diffusion processes observed in correlated noises. ‘.
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5.2 Galerkin Approximation

Constructing the solution of Zakai equation using the orthonormal Gaussian series
as i basts demands excessive CPU time. Therefore. it is reasonable and very easy
for the purpose of nu.mcrical calculations to implement the approximate solution
of Zakai equation (equation {35.2)) using the nonorthogonal Gaussian series as a
basis functions. Hence, using the Galerkin method based on the nonorthogonal

Gaussian sequence. one can approximate the solution of equation (5.2) in the form

N
V(L) = 3 el (il ), (5.3)

=1
where {¢V} are the fourier coefficients to be chosen as follows. {w;} are the
nonorthogonal sequence as given by equation (4.1). For approximate solu.ions.
equation (5.3) is usually a finite summation. Substituting equation (5.3) into

equation {5.2). we get

N N N
Z de (e = Z SN AT wdt + z e (k- T3t dy()
i=t =1 =1
N . N ,
— SN (€ Tty () = S e (1)ph' Vw; - Tgldy(t). (5.4)
=1 i=1
N ,
Y e = po. (5.5)
=1

For the purpose of numerical calculations it is more convenient to formulate equa-
tion (5.1) in terms of Stratonovich sense rather than Ito sense. Its transformation

to the Stratonovich form is done by adding the Wong-Zakai correction to the drift
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term [§7]. Thus. equation (5.1) takes the following Stratonovich form

N
Zdlj';\.(!)u,‘; = ZL ()" wdt +Y\l. (Daeh - T3 dy ()
=1 r"! :..l
N
- Z t." Yy C - U3 Ny () ~ Z N (Dwpbla, - Uy dyt!)
=1
- -Zd’ (h=C = pba)} - USHh = C = pba)dt, (5.6)
= i=1
where o; = ~:-‘-Jfll- -:-;_!‘- ;;1;-’-:]' Ji= 1,_“—(.‘1- — m;) By (e = my). where again {m;} and

{B;} are the paramecters of the Gaussian series. One can choose {m;} and {5;}
by using the same approach given in Section 1.1 of Chapter 1. Now deline a set of
weighting or test functions {¢;} in the range of A~ (lor Galerkin case r; = ;) and

take the inner product of equation {5.6) with w,. we obtain

N N
ST deF (O (wiowy) = Za_:a;."(z)((.-rm,-.u~,-)fu.
=1 =1

- %((h —C=pbo;)- T3 h = C = pbla,ywiw,)dl

+ ((h—(-'-—-pb'a,')w,-,w_,-)-rljlrly(!.)). 1< j <N (5.7)

This is a family of finite dimensional (N) stochastic differential equations for T =

hY Y . A/ .
[2¥ .. ..., ¢¥] given by

|l & &
Za,,dz.f‘(t =(Z! 0 - 53 lz:dj,,;,,‘u))dz
m N

+ Gl (T dy())s

k=1 i=1

S a(0) = poj. j=1.2...N, (5.8)

=3



where

a; = /R" e = (w;.ow;). (3.9)
bii = / wiA e = (1), A (5.10)
R'I
gj"‘- = -/’;’ (h = C = pba;)ww;de. (3.11)
= jn (h = C = po)wic (T3 (h — C = pblay)de. (5.12)
dj; = de'-. (5.13)
k=1

poj = -/R pow;dz. (5.14)

In the matrix notation system (5.3} is equivalent to

- l r m 3 »

AxdT = (By - D) TVt + 37 GRTY (T dy),, - (5.15)

- k=1
AxTY(0) = pi. (5.16)
where .A;\-' = [(IJ-,']. BN = [bj,‘]. 'D_.\: = [d_,';]. g" = [gj,] and p(';". = [pm.pog, .....,po,x']'.

and (-), is the &kth element of the vector (-).

This is a finite-dimensional approximation of Zakai equation (5.2). The per-

formance of the proposed technique is judged by the behavior of the measurement

residual. The innovation process in this case is defined by

r(l) = ]0 [dy(8) - h(0)do)

o
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is a Brownian motion if and only if A(#) is the best mean square FYomeasurable

estimate for £(X(1)). One can define the measurement residual as
t+A¢ -
Ar{(1) = r{E+ A1) = (1) = f [dy(0) ~ h(8)d0). (5.18)
t

The measurement residual Ar(t) has a Gaussian distribution with mean 0. and
variance {go(t)og(!) + p(8)p'(2))AL. For the purpose of numerical computations,

one can approximate the measurement residual for small A¢ as
Ar(t) = Ay(t) - h(1)AL (5.19)

where Ay(t) = y(t + At) — y(#). In the light of the algorithm which given in the
previous Chapter, one can write easily the computational steps of the proposed
technique which solves the Zakai equation arises from the diffusion processes ob-

served in correlated noises.
5.2.1 Basic Computational Steps

The major steps in this algorithm may be summarized as follows:

Step 1: Gencrate the random processes W angl V.

Step 2: Given z(0). solve the stochastic differential equation (5.1) using Runge-
Kutta method to obtain the values of the observations process at discrete times
{9(t;). i=12....L}.

Step 3: Solve the system equation (3.16) to obtain T¥(0).

Step 4: Solve the ordinary stochastic differential equations (5.13) using Runge-
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Kutta method to obtain {TV(4;). i = 1.2....L}.

Step 5: Check the measurement residual given by (5.19). IF it is not an uncor-
related increments of Gaussian process. increase N (L.e.. add more terins to the
series) and go to Step 3. otherwise stop.

Bascd on the above algorithm, we present next some numerical examples for which
the exact analytical solutions are available to illustrate the effectiveness of the pro-

posed technique.
5.3 Examples and Simulation Results

Cousider the following correlated filtering problem
dX (1) = A@t) X (t)dt + b(1)dW (1), X(0) = 2(0). (5.20)

where A4 is # x n matrix. b is 2 n x p matrix. and W is an p-dimensional Wiener
process. Suppose that an observed m-dimensional process y is described by the

following [to cquation
dy(ty = H(1)X(t)dt + oo(£)dV (1) + p(£)dW (). 3(0) = 0. (5.21)

where fl is an m x n matrix, og is 2 m x ¢ matrix, p is m x p matrix. and V is a
m-dimensional Wiener process. If the random variable 2:(0) is normally distributed
or constant. then X(t) and y(t) are Gaussian processes. Therefore. all conditional
distributions are normal distributions. In other words, the exact analytical solution
is available. The exact analytical optimal estimator for the system (5.20-5.21) can
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be computed by using one of the following methods.

The Equivalent Method. By This method [70] the filtering problem given by

equations (5.20-5.21) is converted into an cquivalent problem with no correlation
between the process and measurement noises. 'To do this. add zero term to the

right hand side of equation (5.20). in the form
dX(1} = AQ)X()dL + b()dWW (1)

+  D(t)dy(t) = H(O)X(E)dt — ao(t)dV (1) = p(t)dW(1)].  (5.22)

where the observed process y considered here as an additional deterministic input.
we want to choose the matrix D such that the noise for the new system equation

is independent of the measurement noise, i.e..

E[((6 = Dp)W (1) — DaoV (1)) (aoV (1) + pW (1))] = 0. (5.2

ot
i
iy
—

Multiplying through. we see that the valuc for ) that solves this equation is
D=b'R". (5.24)

where R = [pp’ + 59op). Then, equation (5.22) and equation (3.21) represent the
standard linear filtering problem. In particular, using Kalman-Bucy theory for
linear systems. we get

—

dX(t) = .4(:.)55(5)dz+h',,.(:,)(dy(r.)-H(:.).i’“(t)m.).

X(0) = Exz(0). (5.:

N1
[
-t
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where K, is the modified Kalman gain given by
Ko = (PH +bp" )R, (5.26)

The associated error covariance equation is given by

dp , . . iy o
- = AP+ PA + 00 — K, RK,. (5.27)
({24

with initial condition P(0) = E((x(0)} — Ex(0))(«(0) = Ex{0)).

Linear Quadratic Regulator (LQR) Method. Reference [Ahmed. Li 10] takes

us through the necessary steps to find the exact analyvtical optimal estimator for
the system (5.20-5.21). One demands that the estimator be linear and driven by

the observed process g in the form

-,

dX(1) = o (O)X(1)dl + a(t)dy(t)

= o ()X (1)l + G2(t) HX(1)dt + 6a(1)aodV + oa(1)pdW (5.28)
where o; and ¢, are to be chosen so as to obtain an unbiased (EX(1) = E X(¢))
and minimum variance filter. Then comparing the above equation with the state
cquation (5.20} one has

dX( = X(1) = (A= H)X(t) = X(1))dt
+ (A= 0oH — 61)X(1)dt + (b= 62p)dW = 0a00dV.(5.29)
Henee for the unbiased estimate 0 must equal A — ¢,/ leading to the estimator
cquation:
df(t.) = (A- ogﬂ.)i’"(z)fu + Sady(t)
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= (A= )Nl + 0s HX (Dl + 0saodV + 0apdIV. (5.30)

Subtracting this from the state equation one obtains
d(X(1) = X(N) = (A = 0 )X (1) = X(D) + (b= 02p)dWl ~ osmadV. (531

and the problem reduces to find o that minimize E(X(#) = X({).C) lor every
¢ € R". This is equivalent to the optimal control on the space of matrix- functions
{02}

P
((T = P(A—aH) + (A=GuH)P +bb

= bp'Sh = Gapl’ + 9a(pp’ + ouay) 6.

T
J(os) = .[u Ir(PS)dt = min. (5.32)

For any positive definite symmetric matrix . Again. by [theorem 8, 0], the

following must hold in order for 63 to be optimal:

(i)
‘_’g = (A=GYHY LY + 1A~ ofH) = 5.
Ty = 0: (5.33)
(ii)
‘—’g = PU(A=GYH)+ (A= 3H) PO+ bl
= bp(84)° — e3pl + ollpp’ + ouoh)(h)”
P0) = P(0); (5.34)
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and (jii)
r ’
/ (r{{o: — oMUY + (bp') = (pp’ + cooy)(ea) JL Yt > 0 (5.35)

for all 6 € & C L ([0.T]. L(R™ . B™)). By lifting the constraints we can obtain the
correlated Rahnan-Buey (ilter equations. Indeed. suppose & = L ([0. 7). L(R™. B")).
then it followrs from the expression (5.33) that the term within the middle bracket
must vanish giving

HP' + (bp')' = (pp + 0005)(65) . (5.36)

If (pp" + ooy is invertible. then 69 becomes
&) = (PPH' + bp'Y(pp' + oacl) ™. (5.37)

This is the same result we had carlier for the correlated.
Example 1:(one-dimensional problem) The approximation theory developed in

the previous sections will be applicd to the following scalar model

dX(t) = FX{)dt + bdW(1). X(0) = £(0).

dy(t) = X(1)dt + oodV' (1) + pdW (1), (5.38)

where F. b gy, and p are constants and the random variable £(0) is normally
distributed with mean mg and variance Py. For illustrations we have chosen the
following values of the model parameters: g = —0.2. Py = 0.1.F=1.0.6=1.0.

7o = 0.1. and p = 0.01. The exact solution as shown in Fig.5.1 was obtained by

91



equations (3.25) and (3.26) and (5.27). The corresponding result of the computa.
tional technique proposed here was obtained by equation (5.15). (5.3) and (1.20)
is also shown in Fig.h. 1. Examining these ligures it is clear that the approximation
is very close 1o the exact solution, providing contidence in our procedure.

Example 2:(two component-vector problem) To develop furiher contidence in our
compntational technique we present the following example, Let X and N be a

two dimensional diffusion defined by

d X\ (1)

\'_l(f)(" + b(”‘“.] U)

it

d.\‘-_l(f )

(X (1) + Xa(t))dt + bdWail). (5.39)
and the observation dynamics given by
fh](!) = .(2(!)(“ -+ Uul!‘/’(f) + ﬂ|([l'i'-'| (!) + /)2(“!"-_-(’). (-l.‘u)

where the processes 1. 1V, and Voare independent standard Brownian motions.
b. @y, pr. and py are constants. and the random (0) is normally distributed with
mean myg and vartance £, and independent of the processes W, Wy, and V.

For illustrations we chosen the following values of the model parameters: b =
1.0. 6o = 0.1, py = 0.1 pa = 0.1, 1y = [02 0.2, and 1 = diag[0.01). The
exact solution as shown in Fig.3.2 was obtained by equations (5.23). (5.26) and
(5.27). The corresponding result of the compntational technique proposed here was

obtained by equations {5.15). {3.3) and (.1.20) is also shown in Fig.5.2. Fxamining
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theses figures it is clear that the approximation result is very close to the exact

solution.
5.4 Summary and Conclusion :

The Galerkin method using Gaussian series approximation has been introduced
and proposed as means whereby solution of Zakai equation which arises from the
corrclated filtering model can be implemented in a straightforward manner. Fi-
nally, we have concluded from the results of Chapter 4 and Chapter 5. that the
Galerkin method using a parametrized family of Gaussian densities as a basis func-
tions represents a computable and accurate approximation for the unnormalized
conditional (probability) density of a diffusion processes (correlated and uncorre-

lated) observed in continuous time.
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———————— Lstimaled stale (Theoretical)

—————— Estimated state (N umerical)

0 160 200 300 400 500 600 700 800 900 1000
" time steps

| i ing the exact solution given by equa-
3 5.1: (Example 1) Estimated state using the '
fi‘]ognusr((:5.25-5(.27) and the approximate solution obtained by the proposed scheme
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0.6

Estimaled states (Theoretical)

Estimaled stales {Numerical)

1

50 100 150 200 250 300 350
time steps

Figurc 5.2: (Example 2) Estimated state using the exact solution given by equa-
tions (5.25-5.27) and the approximate solution obtained by the proposed scheme.
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Chapter 6

IDENTIFICATION OF LINEAR
STOCHASTIC SYSTEMS
BASED ON PARTIAL
INFORMATION

6.1 Introduction

An important and essential aspect of modelling any physical systems is the iden-
tification of the parameters in the model equation. These model equations are
usually inferred on the basis of fundamental physical laws and some idealizing as-
sumptions but contains certain parameters which are completely unknown because
of the lack of precise understanding of the system. or partly known because of poor
measurement data. The analyst must determine these parameters on the basis of

the available field data.

In this Chapter we consider the identification problem for a system of partially
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observed linear stochastic differential equations. Utilizing the results of Chapters
[ and 2. we formulate this identification problem as a deterministic control prob-
lem. We prove the equivalence of the two problems. In Section 6.2, we present the
identification problem and the necessary assumptions which have been used in the
sequel. In Section 6.3. we formulate the identification problem as a deterministic
control pfoblem. In Section 6.4, we present the measurement of the autocovari-
ance function of the process e. In Section 6.5, we developed iterative procedure
for computing the estimated parameters along with some numetical examples to

illustrate the results of this Chapter.
6.2 Identification Problem (IP)

To introduce the identification problem we shall need some basic notations. For
each pair of integers n.m € N, let M(n x m) denote the space of n x n matrices
with entries all real and let M*(m x m), a subset of M(m x m). denote the class
of all positive definite matrices. Define

Mo(m x q) = {50 € M{m x q) : 607y € M*(m x m)}.
and

E=M(n xn)x M(n xp) x M(m xn) x Mg(m x q).
"We shall denote our identification problem as (IP) which is described as follows:

We are given a class of linear stochastic systems governed by

dX(t) = AX(t)dt+bdW(t)., X(0)= X(0)
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dy(t) = HX()dl + oodWo(t). y(0) =0, (6.1)

where X is an R"-valued signal process. and y is an B™-valued observation pro-
cess. The processes {W, Wy} are {R?. R} valued independent standard Wiener
processes. In general, each = = {A,b H.g¢} € E. determines a distinct linear
stochastic system of the form (6.1).

The (IP} is to estimate the unknown parameters = = { A, b, H. 00}, based on the
observation {y(t),0 <t < T}, and the knowledge of the mean X(0) and covariance
P(0) = E{(X(0) = X(0))(X(0) = X(0))'}. Let =° € T denote the true system
parameters. Our objective is to develop a method including an algorithm for
identification of the true parameter. We formulate this problem as a deterministic
control problem, and use a simulated annealing algorithm to estimate the unknown

parameters.

6.3 Formulation of the Identification Problem
as a Deterministic Control Problem

In this section, we shall show that the (IP) is equivalent to an optimal control
problem. This is given in the following theorem.

Theorem 1: Consider the (IP) as stated above. This problem is equivalent to the
following optimal control problem:

| estimate # = {4, b, H,0,} € T that minimizes the objective functional

J(7.T) = J§ tr{(Ka(t) + K=(t) = Po(O)R(8) + Ko(t) = P()) }at,
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subject to the dynamic constraints

de(t.7) = (A= KH'R™VH)e(t.7)dt + K, H'R™"[dy(t) — HX(t.7)dt). e(0.7) =0,

K1) = AR+ KA + 06 — K, H'R HK,. K50} = K(0) = P(0),
X(t.x) = AN(t.7). X(0.7) = EX(0).

Pr(t)

AP. + P. A" + b, P(0.7) = P(0). (6

where R = 600y’ and K1) = E(e(t. 7)e(t, 7).
Proof: Let = € ¥ constitute the system given by (6.1). Then by Kalman-Bucy
filter theory. the estimator is given by ? (t.7) = E(X(t, =)/ F!) which satisfies the

following stochastic differential equation (SDE):

dX(t.7) = AX(t.=)dt+ K. ()H'R'dv(t, =) X(0,7)=X(0),

wit.7) = y(t) - jD'HX"(s,z.-)ds, (6.3)

where K. is the state estimation error covariance and it satisfies the following

matrix Riccati differential equation
K-(1)= AK, + R A"+ bV = K. H'R'HK ., K.(0) = K{(0) = P(0). (6.4)

Here, F? is the smallest o-algebra generated by {y(t),¢ € {0,T]}, and v(!,7)is a

Wiener process. The latter is a so-called innovations process, with

E{v(t, =)/ (s,7)} = R min(t,s). ' (6.5)
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The mean of X = {X(t.7). t > 0} given by X{t.x) = E(X(t.7)). satisfies the

following deterministic differential equation
X(t.x) = AX(t.7). X(0,7) = EX(0). (6.6)

Defining e(t, =) = X(£,7) — X (£, 7). we have from equations (6.3) and (6.6) that e

satisfies the following (SDE):

de(t,7) = (A — K. H'R H)e(t,w)dt + K. H'R™\[dy ~ HX(¢,7)dt], (0, 7) = 0.
(6.7)

In terms of the innovations process, one can write system (6.7) as:
de(t,=) = Ae(t,7)dt + K. H' R 'dv(t. 7). e(0,7) = 0. (6.8)

Further, the process e = {e(f, ), t = 0} and the error covariance matrix K, are

related through the equation
(K=(t)n.n) = (P=(t)n,n) — E(e(t. 7).}’ for alln € R", (6.9)

where P; is the covariance of the process X = {X(t.#), { 2 0} and it satisfies the

following differential equation:
P.(t) = AP.(t) + P.(t)A' + bY', P-(0) = P(0). (6.10)
This is justified as follows: by definition, for each n € R*, we have

(K:()n,n) = E(X(t7)~X(t,7),n)
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= E(X(t.7)=X(L7)+ X(t7) = X(t. 7))
= E(X(t.7)= X(t7)n) + E(X(t.7) = X(t. 7))
+ 2E((X(t7) = X(Lm)op)(X(t7) = X(t7)n)).  (6.11)

Since ((X(t.7) — X(¢,7) is F¥-measurable. we have

E{(.‘((f,ﬁ')—?(t, “7)3 7])(:f(ts 'f")—f(t-??)-fl)} = _E(TU' 7‘-) = -‘\;‘(t'r)"’)g‘ te [0" T]‘

(6.12)
Using this in the third term of the preceding equation we obtain that
(K=(typ.m) = (Pe(t)n.9) — E(e(t,x).n)
= (P=(t)g.n) = (K=(O)n.m). (6.13)

for each ¢ € {0, T). This validates equation (6.9). For the identification of the sys-
tem parameters, equations (6.3) and (6.13) are most crucial. Suppose the process
{¥°(t), t € [0,T]}, as observed from laboratory(field) measurements, corresponds
to the true system parameter. say =°. If one uses the same observed process to
excite the model system (6.8) with the arbitrary choice of the parameter =, it is
clear that one can not expect equality (6.13) to hold. On the other hand, (6.13)
must hold if the trial parameter = coincides with the true parameter 7°. Hence

it is Jogical to adjust the parameter » to have this equality satisfied. This can be

achieved by choosing for the cost function the functional given by

J(=.T)= j: tr{(K3(t) + K=(t) — P()NRAL) + Ko (t) = Po(t)) Y2,  (6.14)
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where A, and P are solutions of equations (6.1) and (6.10). and K? is the co-
variance of the process ey(t. #) = e(t. 7. y°) given by the solution of equation {6.7)
driven by the observed process y°. This functional is to be minimized on ¥ subject
to dynamic ecquations (6.2) as proposed in the theorem. This proves that the (IP)

is equivalent to the optimal control problem as stated. This completes the prool.

REMARK 1.(Uniqueness) Let £g be a subset of &, Define g = inf{J(7.T). 7 €
Eo}. Given that the actual physical system is governed by a linear Ito equation. in
general we may expect that mg = 0. In any case. let M = {7 € Sp: J(7,T) = mp}
denotes the set of points in £y at which the infimum is attained. It is easy to verify
that this set is closed. If the set M is singleton, the system is uniquely defined. In
general, for (IP’s) which are basically inverse problems, we may not expect unique-

ness since the same natural behavior may be realized by many different parameters.

REMARK 2. (Weighted cost functional) The cost functional .J(7.T). given by
cquation (6.14), can be generalized by introducing a positive semidefinite weighting
matrix (valued function) ['(#) in the cost integrand giving

JwTy= [T ir{L.T)LY. L. =R+ K, - P..

By choosing I suitably one can assign weights as required for any specific problem.
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6.4 Measurement of Autocovariance Function
of the Zero Mean Estimator Process

In the real world. we can never measure the actual covariance A Y = E{co{l. 7Yt =)
because we can never have all sample functions of the process {e}. One obtains
only a sample path {4°(t).f € [0, T]} corresponding to the trite system parameters,
7°. Thus. our only recourse is to determine time average based on observation of
one sample path of finite length. The time interval is taken large enough so that the
ensemble average equals the time average. This is possible if the process is ergodic,
In the following discussion we will establish sufficient conditions for ergodicity of
the process {c} which will be then presented in Proposition .

We extend the Brownian motions W and b, over the entire real line by stan-
dard techniques that is we introduce two independent Brownian motions W and

ITIT}, which are also independent of W and 1y and define

o[ W), 120 i
W(t)_.{ W(—!), L<0 (6.19)
o Wt 120 .
Wolt) _{ Wo(—1). 1 <O. (6-16)
Therefore. for t; > 0. system (6.1) and equation (6.3) can be rewritten as
dX(t) = AX(H)dl +bdW (L), X(—=1p) = X(0)
dy(t) = HX()dl + oodWp(t). y{—1Ly) =0, (6.17)
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and

de(t.x) = Ae(t.m)dt + K. H'R™'dv(t. 7). e(—lp.7) = 0. (6.18)
Supposc the following conditions hold:
Condition I: For cvery = = {A.b. H.o0} € Sp. A is a stable matrix, i.e.. all
cigenvalues of A have negative real parts.
Condition II: For every # = {4,d, H, o9} € Zo. the pair (A, H) is completely
observable, that is, the rank [H', A'H'....... (.4’)"_1H']=n.
Condition [ implies that the initial condition of the state has no effect on the
asymptotic behavior of the system. Conditions [ and II imply that lim,— ., K.(1)
exists and is unique. We denote this limit by K2, which satisfies the algebraic

Riccali equation
AR 4 ROA' + b5 — KH'R-VHK® = 0. (6.19)
Furthermore, the matrix A — K2H'R™ H is stable [63, Theorem 4.11. pp.367].

Using the steady state version of Kalman-Bucy filter (6.3). that is. using A9 in-

stead of A'(f) in equation (6.3), one can write K«(#) as

K.ty = EX(t,=)X'(t.7)) - X(t.7) X (L)
= W(t) - GV()G = X(t.7)X (L. 7). (6.20)
where the matrices GG. V; and V' are given as follows:

The matrix G is a » x 2n with elements ¢;; = 1, gijyn = ~1l, for 1 <i <n.and 0
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everywhere else. The matrix Vi(4) = E(X (1. 7)X'(4. 7)) and it satisties the matrix

differential equation

V(¢ . . . .
i(_:'f('_) = 1\1(!) + "j(f).‘l’ + b, \1(—!0) =1\ I(O)' (h.'_)!)
L E(X(L.7)X'(t7)) EX(.-X'( L
> matrix v () = v = = i satisfies the
The matrix V'{{) E(X(t.7)X'(1.7) E(X(t.5)N(1 7 wid it satistics the
matrix differential equation
; .
%}i)- = A V() + V(AL + C.CL. V(=ty) = V(0). (6.22)
where
A = A4 0 C. = b 0
"TIRH'RTYH O A=RUH'RT'YH | "7 T L0 KUH'R oy |

Under the conditions / and [/, the matrices {A. A.} are both stable for every
= € Ep. and therefore equations (6.21) and (6.22) have steady stale solutions 1
and VP, respectively. They are given by the solution of the [ollowing algebraic
Lyapunov equations

AV + VA + 06 =0 (6.23)
and

AVO+ VPAL + C.CL = 0. (6.24)

respectively. We shall show that the process «(t, 7). given by cquation (6.8). is
ergodic. This is presented in the following Proposition.

Proposition 1: Suppose that Conditions | and I are satisfied, and the processes
W and Wy are the extended Brownian motions as in (6.15) and (6.16). Then for
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cach = € Xy, the process {c{!.7). t € R} is stationary and ergodic.

Proof: It is clear from equation (6.8) that the random process ¢(-.7) is a zero
mean Gaussian process. [t is stationary if we can show that the corresponding
autocovartance matrix R{s.t) is dependent only on the time difference. For this

purpose deline

il

R(s.t) E(c(s,m)c(t. 7))

EX(s.7)X (. 7)) = X(s.7)X (¢, 7)

]|

L(s.1) =G Iys,t) G' = X(s,7)X (L. 7). (6.25)

Il

where the matrices [, and I, are given by

3 t .
fy(s.t) = E f ‘ f ! e =N bdW (9)dW ' ()b A1)
=tg v =1ip

+ c,-i(s-{-lo)vl(_to)e.-l'(!-i'lo) (626)
and

!2(5-_’-} = E-[-: -/-: e‘A‘("‘o)C_dﬁ(O)dBI(?)C: eA:,(!—’-)

+ e,‘l,[.-n-!—to)br(_to)ev“f-,(t‘l“o) (6.27)

for 3 = [W, Wy)". Setting s — t = 7, after some elementary calculations, we have

oo d e, >0 28
]I("-‘-"{) = { Vl(s)e—d'.—, T < 0 (6.26)
o[V, 20 .
I’l(b.t) - { ‘,(S)e-A;?, T S D (6-29)
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Then. from cquations (6.3).(6.25).(6.28) and (6.29). we have

V) = G et V(HG! —c‘f X7 X (7). >0
Rsn={ 0N X 20 63
(s-1) { Vis) eV = G V(s) e7A=7 X (1 —.).\ (t.%). < (6.30)
Since A and A. are stable matrices. letting ¢ — 400, we obtain
et VP =G et VO G, r>0 .
flr) = { R ARPT (6:31)

The latter proves that the process {e(t.=),! € R} is stationary. It is well known
that the zero mean stationary Gaussian process is crgodic if the corresponding

autocovariance matrix R(7) satisfies [69. theorem 7.6.1.pp.484]

f ~IR(T)|dr < oo (6.32)
[t is clear from {6.31) that R(7) = R'(—7) and hence
f "R =2 [ IRl (6.33)
—r0 4]
For any 7 > 0, we have
LR < He V2N + NG e THIVE- (6.34)

Since, for every = € . A and A are stable matrices, it holds truc that
"czh'” S e.\;.—T ”c.A,_-r“ S c.\-,r_
where A\; < 0. Ag < 0 are the real parts of the largest eigenvalues of the matrices

A and A, respectively. Hence, it follows that

fo “ IR ||dr < . | (6.35)
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and therefore (6.32) holds. proving the ergodicity of the process {¢}.

Therefore. under conditions I and /] and by taking the observation time T
large cnough. one can approximate the ensemble average of ¢(f, 7)e’(t. ®) by its
time average. This is what has been done in estimating the unknown parameters
in our simulation experiments as given in Section 6.6.

If the stability and observability conditions are not satisfied. one must use

Monte-Carlo techniques to produce an ensemble average.
6.5 Numerical Algorithm

In this Chapter we applied the method of simulated annealing to determine the
optimal parameters that minimize the cost function. The method of simulated
annealing is an iterative improvement technique that is suitable for large scale
minimization problems. The method avoids being trapped in local minima by
using stochastic approach for making moves, based on Metropolis optimization
algorithm to minimize the cost function [71]. It works by analogy to the physical
anncaling of molten material. In the physical situation, the material is cooled
slowly, allowing it to coalescc into the lowest possible energy state giving the
strongest physical structure. If a liquid metal is cooled quickly, it may end up in
a polycrystalline state having a higher energy.

The main idea behind this algorithm is while being at a high temperature, 7, called

the annealing temperature, where most moves are accepted, then slowly reduce the
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temperature, while reducing the cost function until only good moves are accepted.
The pseudo-code of the algorithm is presented as follows:

Step 1: Generate an initial scheduling order randomly and set the temperature
at high level.

Step 2: Randomly pick one of the elements of # = {1, a0 vnnnnnn cn} € o A
picked parameter moves as

c=c+al, "~ (6.36)

where o is the maximal allowed displacement, which for the sake of this argument
is arbitrary. U, is random number uniformly distributed in the interval [—1. +1].
and U, is independent of U/, for 7 # j.

Step 3: Calculate the change in the cost function, A.J, which is caused by the
move of ¢; into ¢; + al/, .

Step 4: If AJ < 0 (i.c., the move would bring the system to a state of lower
energy) we allow the move.

Step 5: If AJ > 0 we allow the move with probability exp(—=AJ/7,): i.c., we
take a random number {7 uniformly distributed between 0 and 1, and if U <
exp(—AJ[7,), we allow the move. If U > exp{(—A.J/7,). we return it to its old
value,

Step 6: Go to step 2 until the cost function stabilizes.
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Step 7: If 7, = 0, then stop: otherwise reduce the temperature. and repeat steps

2-6.

6.6 Examples and Illustrations

[n this Section we will present a two-dimensional example illustrating our results.
We assume that the observation data {y°().t € [0, T} for the real system is gen-
erated by the true parameters

7° = {A°.6°. H. 0§}

where

o "'2.0 20 o 1_0 0_1 . L
A = [ 0.5 —20 j|‘, b = [ 0.1 1.0 ] . H°= [00 1.0], oh = []__U]_

The basic procedure used to obtain the best estimate of the unknown parameters
using.the algorithm as proposed in section 6.4 is as follows: Let =, be the initial
choice for the true parameter z°. Using the algorithm with this choice of 7. and
starting the annealing temperature at 7, we arrive at 7, by decreasing 7, step by
step (slowly) to zero. The distance between the computed parameter =, (using
the algorithm) and the true parameter z° is denoted by d(#°,=,,). The simula-
tion was carried out with sampling interval § = 0.01sec., and the observation time
T € [0.120}scc., and the weighting matrix ['(¢) = 100].

Example: In general. the {(system) dynamic noise and measurement noise are
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modelled as Wiener processes but the noise power and hence the svstem and mea-
surement noise covariance matrices may be unknown. In the Ito equation. the
martingale terms may then be modelled as ddl} and agdWy where W and Wy are
standard Wiener processes and b and oy are constant but unknown matrices. We
assume also that the matrices A and H are unknown. The problem is to determine
A. b, H, and oy based on the observation data {y°(¢).t € [0.T]}. The end rvesults
are given in table 6.1 which are quite close to the true values. Fig.6.1 shows the
estimation error as a function. 7, = d(=%, =.,), of the starting annealing tempera-
ture 7,. For fixed observation time T, threc curves are plotted for three different
initial choices =, for the true parameter =% it is clear from this graph that the
larger the discrepancy is between the true value and the initial choice the larger is
the starting annealing temperature required to reach the true valucs.

Figure 6.2 shows the estimation error as a function of the observation time 7.
T — d(=° =7), where =7 is the estimated value of #° hased on the observation
{#°(1).0 <t < T} till time T. As expected, it isa nonincreasing function of T and
tends to a limit (saturation) as T becomes larger and 7 comes closer to #°. The
best starting annealing temperature required to obtain the estimate #, in this
example, was found to be 25. In other words, the choice of a starting annealing -
temperature beyond 25 doesn’t improve the estimate; it only consumes more CPU

time.
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REMARK 3. Since it well known that the probability law of any Ito process is

Table 6.1:

Starting | Estimated | Actual
value value value
an -1.0 -1.994406 -2.0
Q12 1.0 1.995625 2.0
Qg 2.0 0.504037 0.5
aao -3.0 -2.064103 -2.0
1 0.1 1.010031 1.01
$12 0.5 0.2000456 0.2
S92 0.1 1.010027 1.01
hyy -0.7 -0.000276 0.0
hiz 2.0 1.009440 1.0
70° 0.1 0.992090 1.0

determine by b’ rather than b itself. it is not possible to uniquely identify b or oy.
Therefore the results shown in the table are those for 6%’ and 0¢0g. In the table,

s;; are the entries of the matrix 5 = bb'.
6.7 Summary and Conclusion

We have presented a formulation of the identification problem for partially observed
linear stochastic systems as a determintstic control problem. For this purpose, an
appropriate and also natural objective functional has been introduced for the frst
timein the literature. Using this method we successfully identified all the unknown

system parameter 7 simultaneously, as shown in section 6.6.
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Figure 6.1: The distance between the computed parameter 7., and the true pa-

rameter 7°, d(x°,7..), as a [unction of the starting annealing temperature 7, for
three different initial choices .. '
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Figure 6.2: The distance between the computed parameter 77 and the true pa-
rameter 7, d(z°, ), as a function of obscrvation time T

14



Chapter 7

CONCLUSIONS AND
SUGGESTIONS FOR
FURTHER RESEARCH

7.1 Conclusions

In this thesis filtering and identification problems of stochastic systems have been
introduced. In Chapters 4 and 5, we have developed a simple but powerful numer-
ical method for the approximation of the unnormalized conditional (probability)
density of filtered diffusion process which satisfies Zakai equation (arises from diffu-
sion processes observed in correlated or uncorrelated noises)and solve the nonlinear
filtering. Using Galerkin technique the solution of Zakai equation is approximated
by means of a sequence of nonstandard basis functions given by the parameterized
family of Gaussian densities. The Gaussian series approximation avoids nonposi-
tivity and has the added advantage of providing a C*- functions that belongs to

the domain of the adjoint of the infinitesitnal generator A of the markov process



being filtered. This technique produced a solution for the Zakai equation in straight
forward manner and was readily impletentable on a digital computer. The pro-
posed technique has been successfully applied to the one dimensional problems and
also to the two and three component- vector problems as shown in Chapter 4 and
5.

In Chapter 6. we consider an identification problem for a system of partially ob-
served linear stochastic differential equations. We present a result whereby one
can determine all the system parameters including the covariance matrices of the
noise processes. Finally, We formulate the original identification problem as a de-
terministic control problem and by using the method of simulated annealing. we
developed a computational algorithm for identifying the unknown parameters from

the available observation.

7.2 Suggestions for Further Research

as a continuation of this thesis. further research could be conducted along several
directions.

The numerical comparison between Kushner and Zakai equations which arise from
diffusion processes observed in correlated (or uncorrelated) noises is an interesting
problem to investigate.

Another interesting area is the extension of the results obtained in Chapter 4 and
Chapter 5 1o the case where the diffusion processes are reflected by the boundary
(Numann boundary condition).

Real time implementation of the techniques proposed in Chapters 4 and 5 for ana-

log measurements. would be very useful.
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The extension of the results obtained for the identification problems of lincar par-
tially observed systems. under time varving parameters 7(4), is also of importance,

Finally, a computer software for parameter identification of nonlinecar partially

observable stochastic systems, would be very useful.



Bibliography

[1] Ahmed, N.U., Radaidch, $.M., Modificd Extended Kalman Filtering, IEEE

Transactions on Automatic control,pp.1322-1326, 199..

[2] Ahmed, N.U., Radaidch. S.M.. Identification of Linear Stochastic Systems
Based on Partial Information. Journal of Applied Mathematics and Stochastic
Analysis 8, No.3, p.349- 260.. 1995.

[3] Ahmed. N.U., Optimal Control of a class of Strongly Nonlinear parabolic

systems, J.Math. analysis Appl.. vol. 61. p.188-207. 1977.

[1] Ahmed. N.U.. Optimal Control of Stochastic Systems. Probabilistic Analysis
and Related Topics. p.2-68, Academic Press. New York, 1979.

(5] Ahmed, N.U., Stochastic Control on Hilbert Space for Linear Evolution equa-
tion with Random Operator Valued Coefficients. SAIM J. Contr. Optim., vol.
19, No. 3, p.101-430. 1981.

[6] Ahmed, N.U. and Teo, K.L., Optimal Control of Distributed Parameter Sys-
tems, Elsevier North Holland. New York. Oxford, 1981.

[r] Ahmed, N.U. and Dabbous, T.E. Nonlinear Filtering of Systems Governed
by lto Differential Equations with Jump Parameters, J. Math. analysis Appl..
vol. 115, No.l. p.76-92, 1936.



(3]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Ahmed. N.U.. Elements of Finite Dimensional Systems and Control Theory,
Longman Scientific and Technical. U.K.:Co-publisher: John Wiley, New York.
19338.

Ahmed. N.U., Dabbous. T.E. and Weng. H.W.. Gradient Method for Comput-
ing Optimal Controls for Stochastic Differential Equations, Stochastic Anal-

ysis and Applications. 3(2). 121-150. 1987,

Ahmed.N.U., Li. P.. Quadratic Regulator Theory and Lincar Filtering Under
System Constraints. IMA Journal of Mathematical Control and lnformation,
3(8). pp.93-107.1991.

Ahmed,N.U., Georganas. N.D., Commentson Invariance in Lincar Estimators,

Journal of Math. Analysis and Applications. Vol..Li, No.l. 1973.

Arnold. L.. stochastic differential equations: Theory and applications. John

Wiley and Sons, New vork. 1974.

Anderson. B.D.O, Moore. J.B.. Optimal Filtering, Prentice- Hall. Inc.. Engle-
wood Cliffs. N.J.. 1979.

Balakrishnan, A.V.,Radon Nikodym Derivatives of a Class of Weak Distri-
butions on Hilbert Spaces. J. Appl. Math. Optim.. vol.3. no.2/3 p.209-225,
1977.

Baras. J.S.. Blankenship, G.L. and Mitter. S.K., Nonlincar Filtering of Diffu-

sion Processes. Proc. IFAC Congr.. Koyoto. Japan Ang. 1951,

Baras, J.S.. Vigna, A.L., Real Time Sequential Detection for Diffusion Signals.
Proceeding of the 26th Conference on Decision and Control. Los Angeles. CA..
1987.

Banks. J.. Carson. J.S.. Discrete-Event System Simulation. Prentice-Iall.

Inc.. Englewood Cliffs, N.J., 1984.

119



[13] Bensoussan, A., Stochastic Control of Partially Observable systems. Cam-

bridge University Press. 1992.

[19] Bucy, R.S.. Nonlinear Filtering Theory. IEEE Aut. Contr.. 10. p.198-212,
1965.

[20] Burden, R.L., Faires, J. D., Reynolds, A.C., Numerical Analysis. Prindle.
Weber and Schmidt, Boston, 1981.

[21] Bensoussan, A., Maximum Principle and Dynamical Programing Approaches
to the Optimal Control of Partially Observed Diffusion, stochastics 9, pp.169-
222, 1983

(22] Benes, V.E.. Exact Finite Dimensional Filter for Certain Diffusion with Non-

lincar Drifts, Stochastics. vol. 6, p.65-92, 1981.

(23] Bagchi. A.. Continuous Time Systems Identifications with Unknown Noise

Covariance, Automatica, Vol.11, pp.533-536, 1975.

[24] Clark, J.M.C., The Design of Robust Approximation to the Stochastic Differ-
ential Equation of Nonlinear Filtering, Communication Systems and Random

Process Theory, pp.721-735, 1981.

[25] Dabbous, T.E. and Ahmed, N.U., Nonlinear Filtering of Diffusion Processes
with Discontinuous Observations, Stoch. Analys. Appl., vol.2, No.l, p.87-
106.1984.

[26] Dabbous,T.E. and Ahmed, N.U.,Parameter Identification for Partially Ob-
served Diffusion, J. OF Optim. Theory and Appl., vol. 75. No.1. 1992.

[27] Davis. M.H. and Marcus, S.I.. An Introduction to Nonlinear Filtering,
Stochastic Systems: The Mathematics of Filtering and Identification and Ap-
plications(NATO Advanced Study Institute Series), Dordrecht, Reidel, p.53-
75, 1981 |

120



[28] Davis. M.H., New Approach to Filtering for Nonlinear systems. IEE Proc.
Vol.128, No. 5, pp.166-172, 1981

[29] Di Masi. G.B. and Runggaldier. W.J.. An Approximation to Optimal Nonlin-
cas Filtering with Discontinuous Observations Stochastic Systems: The Math-
ematics of Filtering and Identification and Applications(NATO Advanced
Study Institute Series), Dordrecht, Reidel. p.533-590, 1980.

[30] Da Prato, G., Zabezyk, J., Stochastic Equations in Infinite Dimensions, Cam-
bridge University Press, Cambridge, New York. 1992,

(31] Elliot, R.J..Stochastic Calculus and Applications, Springer- Verlag, Heidel-
burg Berlin, New York, 1982.

[32] Elliot, R.J.. Glowinski, R., Approximations to solutions of Zakai Filtering
equation, Stochastic Analysis and Applications. 7(2), PP.145-168,1989.

[33] Fleming, W.H., Measure Valued Processes in Control of Partially Observable

Stochastic Systems, Appl. Math. Optim., 6, p.271-283, 1980.

(34] Fleming. W.H. and Mitter, S.K., Optimal Control and Pathwisc Nonlinear
Filtering of Nondegenerate Diffusions, presented at the 20th IEEE conf. De-
cision Contr., San Diego, CA. 1981.

[353] Fleming, W.]. and Pardoux, E., Optimal Control for Partially Observed Dif-
fusions, SIAM J. Optim.. vol. 20, No.2, p.261-285, 1982.

[36] Fleming,W.H., Zhang, Q.. Nonlinear Filtering with Small Observation Noise:
Piecewise Monotone Observations, stochastic analysis, Academic press, Inc.,
pp-153-168. 1991.

[37] Friedman, A., Partial Differential Equations of Paraholic Type, Prentice-Hall,
Englewood Clifs. New York, 1964.

12]



[38] Florchinger, P.. Gland. L.F.. Time Discretization of the Zakai Equation for
Diffusion Processes Observed in Correlated Noise. Stochastics and stochastics

Reports, Vol .35, pp.233-256.1991.

[39] Gland L.F., Time Discretization of Nonlinear Filtering Equations. Proceed-
ings 28th CDC . Tampa, Florida, pp.2601-2606.1939.

[40] Gland,F.L., Systematic Numerical Experiments in Nonlincar Filtering With
Automatic Fortran Code Generation. Proceedings of 25th CDC. Greece,
pp-633-642, 1986.

[41] Gland. L.F.. Nonlincar Filtering Equation and Problem of Parameter Esti-
tnation, Stochastic Systems: The Mathematics of Filtering and Identification
and Applications(NATO Advanced Study Institute Series). Dordrecht, Reidel,
p.613-620. 1980.

[42] Gihman, LI. and Skorokhod, A.V., The Theory of Stochastic Processes III,
Springer-Verlag, Heidelberg Berlin, New York. 1979.

[13] Gupta. N.K.. Mehra, R.K.. Computational Aspects of Maximum Likelihood
Estimation and Reduction in Sensitivity Function Calculations, IEEE Trans.
on Auto. Contr. Vol.19, No.6. 1974.

[1] Gardiner. C.W.. Hand Book of Stochastic Methods. Springer- Verlag, New
York, 1983.

[15] Hazewinkel, M., On Lie Algebras and Finite Dimensional Filtering. Stochas-

tics. vol. 7. p. 29-62, 1932,

[+6] Jazwinski. A.H.. Nonlinear Filtering with Discrete Observations, AIAA 3rd
Aerospace Sciences Meeting. New York, paper No. 66-39.1966.

[17] Jazwinski. A.H.. Adaptive Filtering, Automatica, vol.3, p.475-435. 1969.



(18] Jazwinski.A.H.. Stochastic processes and Filtering Theory, Academic Press,
New York. London.1970.

[49] Kallianpur. G.. Stochastic Filtering Theory. Springer-Verlag., Heidelberg
Berlin. New York. 1950.

[50] Kallianpur. G. and Karandikar. R.L.. A finitely Additive White Noise Ap-
proach to Noulinear Filtering, Appl. Math. Optim.. 10, p.159-135.1983.

[51] Kalman, R.E. and Bucy. R.S.. New Results in Linear Filtering and Prediction

Theory. Trans. ASME., ser, D: J. Basic Eung., 83. p.95-108.1961

[52] Kunita. H., Asymptotic Behavior of the Nonlinecar Filtering Errors of Markov

Processes, J. Multivariate Analys., 1. p.363-393, 1971.

{33] Kunita, H.. The Stability and Approximation Problems in Nonlinear Filtering

Theory, stochastic analysis. Academic press, Inc.. pp.311-329, 1991,

[34] Kushner, H.J., On the Dynamical Equations of Conditional Probability Den-
sity Functions with Application to Optimal Stochastic Control Theory, J.
Math. Analys. Appl.. 8, p.332-344, 1964.

[55] Kushner, H.J., On the Differential Equations Satisfied by Conditional Proba-
bility Densities of Markov Processes, SIAM J. Contr.. 2, p.106-119. 1964,

(56] Kushner, H.J.. Dynamical Equations for Optimal Nonlincar Filtering, J. Diff.
Equations. 3, p.179-190, 1967.

[37] Kushner, H.J., Nonlinear Filtering: The Exact Dynamical Equations Satisfied

by the Conditional Modes, IEEE Trans. Aut. Contr.. 12, p.262-267. 1967.

[38] Kushner, H.J. Stochastic Stability and Control. Academic Press, New York,
London, 1967

123



[39] Kushner. H.J.. A Robust Discrete State Approximation to the Optimal Non-

lincar Filtering for a Diffusion, Stochastics. vol.3, p.75-33. 1979,

[60] Kushner, H.J.. Probability Methods for Approximations in Stochastic Control

and for Elliptic Equations, Academic Press. 1977.

[61] Kushner. H.J., Nonlinear Filtering for Singularly Perturbed Systems. stochas-

162)

[63]

[64]

[65]

[66]

[67]

[63]

tic analysis, Academic press, Inc., pp.347-369. 1991.

Korezlioglu,H., Mazziotto, G., Approximations of Nonlinear Filter by Peri-
odic Sampling and Quantization, Aralysis and Optimization os Systems(Nice

1954),pp.553-567, Springer-Verlag, 1984,

Kwakernaak. H.. Sivan, R., Linear Optimal Control Systems. John Wiley and

Sons. Inc.,1972.

Katzur, R., Bobrovsky, B.Z., Schuss, Z., Asymptotic Analysis of the Optimal
Filtering Problem for One Dimensional Diffusions Measured in a Low Noise
Channel. Part I, SIAM J. Appl. Math. Vol.44, No.3. pp.594-604, 1984.

Katzur, R., Bobrovsky. B.Z., Schuss. Z.. Asymptotic Analysis of the Optimal
Filtering Problem for One Dimensional Diffusions Measured in a Low Noise
Channel. Part II. SIAM J. Appl. Math. Vol.44, No.6, pp.1176-1191, 1984.

Rloeden. P.E. and Platen. E., Numerical Solution of Stochastic Differential

Equations, Springer-Verlag, Heidelberg Berlin, New York. 1992.

Liang.D.F.. Exact and Approximation State Estimation Techniques for Non-
lincar Dynamical Systems. A advances in Contr. and Dynamic Systems, Aca-
demic Press. New York, London,vol.19. p.1-71, 1983

Liptser. R.S. and Shiryayvev, A.N.. Studies of Random Processes | and II
Springer-Verlag. Heidelberg Berlin. New York, 1978.

124



[69] Larson. H.J.. Shubert. B.O. Probabilistic models in Engincering Sciences.

Vol.L.I1. John Wiley and Sons. lnc.. 1979.

{70] Lewis. F.L.. Optimal Estimation with an Introduction to Stochastic Control

Theory. John Wiley and Sons. Inc.. 1936.

[71] Metropolis. H.J.. Rosenbluth, A.W.. Rosenbluth, M.N., Teller. A.H.. Teller,
E.. Equation of state Calculations by fast Computing Machines, The Journal

of Chemical Physics. Vol.21. No.6, 1953.

[72] Maruyama, G.. Continuous Markov Processes and Stochastic Equatious,

Rend. Cir. Mat. Palermo, Vol.4, pp.18-90.1955.

(73] Milstein, G.N.. Approximate Integration of Stochastic Differential Equations,
Theory Prob. Appl.. 19. 1974,

[74) Pardoux. E., Nonlinear Filtering Prediction and Smoothing. Stochastic
Systems: The Mathematics of Filtering and ldentification and Applica-
tions(NATO Advanced Study Institute Serics), Dordrecht. Reidel, p.529-577.
1930.

[75] Pardoux. E., Stochastic Partial Differential Equations and Filtering of Diffu-

sion Processes, Stochastics 3, No.2. pp.127-167, 1979.

[76] Pardoux. E.. Talay. D.. Discretization and Simulation of Stochastic Differen-

tial Equations, Acta Applicandae Mathematicae 3, pp.23- 17.1985.

[77] Pardoux.E., Roubaud,M.C., Finite Dimensional Approximate Filters in the
Case of High Signal-to-Noise Ratio, stochastic analysis. Academic press, Inc.,
pp.433-447. 1991.

[78] Picard. J.. An Estimate of the Error in Time Discretization of Nonlinear
Filtering Problems. Theory and Applications of Nonlincar Control Systems,
North-Holland, pp.401-112, 1936.

125



[79] Radaideh. .M. Ahmed. N.U. A Powerful Numerical Technique Solving Zakai

Equation for Nonlincar Filtering, Submitted.

[80] Rozovskii.B.L.. A Simple Proof of Uniqueness for Kushner and Zakai Equa-

tions, stochastic analysis, Academic press. Inc.. pp.1H9-1538. 1991,

[31] Stratonovich. R.L.. Conditional Markov Processes, Theory of Prob. Appl.. 3.

p.156- 178, 1960.

[82] Schuss. Z.. Theory and Applications of Stochastic Differential Equations. John
Wiley, New York, 1980.

[83] Tungait. J.K.. Continuous- Time System Identification on Compact Parame-

ter scts. [EEE trans. on information Theory. vol. IT-31. p. 652-659. 1985.

(84] Teo. K.L., Liv. Y. and Goh. C.J., Nonlinearly Constrained Discrete Time

Optimal Control Problems, Appl. Math. Comp.. vol. 38. p.227-248, 1990.

[85] Tricomi. F.G.. Integral Equations. Interscicnce Publishers Inc.. New York.

1957.

[86] Vaca. M.V. and Snyder. D.L.. Estimation and Decision for Obscrvations De-
rived from Martingales: Part I, IEEE Trans. on Inform. Theory. vol. IT-22.
No.6. p.691-707. 1976.

[87] Wong. E. and Zakai. M.. On the Convergence of Ordinary Integral to Stochas-
tic Integral. Ann. Mat, 36. 1965.

[88] Wong.W.5.. Nonlinear Filtering Approximations by Ovevannikov-Treves Op-

crators. T'he 20th [EEFE conf. on decision and Control. 1931, p.311-315.

[89] Willman. W.W.. Edgeworth Expansions in State Perturbation Estimation.
IEEE Trans. on Auto. Contr.. Vol.26. No.2. pp.493-498, 1981.

126



[90} Zeitouni. O.. Bobrovsky, B.Z.. Ou the Reference Probability Approach to the

Equations of Non-Linecar Filtering, Stochastics, Vol.19 pp. 133119, 1986,

[91] Zakai. M.. Ou the Optimal Filtering of Diffusion Processes, Z. Wahrseh.. Verw.

Geb. 11 230-243. 1969,





