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Abstract

A unified theory of hypothesis testing based on the ranks of the data is proposed. A hypothesis testing
problem often gives rise to two separate permutation sets corresponding to the data and to the alternative
rospectively. By defining the distance between permutation sets as the average of all distances between
paits of permutations, one from each set, it is possible to obtain various test statistics. The limiting
distributions of test statistics derived by the unified approach herein are obtained under both the null
hypothesis and contiguous alternatives. ‘

The unified approach produces not only some well-known test statistics but also sote new yet plansible
test statistics. The corresponding results are extensions of the siwple linear rank statistics defined by
Hajek and Sidak (1967) to the gencralized linear rank statistics and of the two-sample case lo the the
multi-sample case. Furthermore, a combined method was developed for the case of composite allernatives,
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Chapter 1

Test Statistics

1.1 Introduction

The notion of distance functions between permutations has been exploited recently to produce new
test statistics for some well-known non-parametric testing problems. For example, Diaconis and Gra-
ham (1977) defined 2 new measure of rank correlation in terms of Spearman’s footrule and studied its
asymptolic properties. Alvo, Cabilio and Feigin (1982) obtained a new Lest of concordance based on the
Kendall’s tau measure. Alvo and Cabilio (1991) also introduced the notion of compatibility and used
it to define a notion of distance between incomplete permutations. This led to a new statistic for the
problem of concordance in the case of a balanced incomplete block design. Critchlow (1985) also defined
a notion of distance and used it to analyze partiaily ranked data. By introducing a measure of distance
between sels of permutations, Critchlow (1986) later proposed a new approach to hypothesis testing
based on ranks. The measure Critchlow employed was defined Lo be the minimun distance between pairs
of rankings, one from each permutation sets, that is

d{{r},E)= e ninvegd(p,u),

r
x}
here the related notation are referred to section 1.2. This measure resulted in i nnmher of new test
statistics for the common testing problems. However no distributional results based on Lhis measure were
obtained, and consequently, no comparisens among the statistics were possible,

In this thesis, a modification of Critchlow’s original approach is used to develop new test stabistics,
Specifically, our new approach is defined by (1.1) in which the measure of distance between pernutation
sets is taken to be the average of all distances between pairs of rankings, one from each permutalion set. By
this approach, it is possible to carry out the necessary steps Lo solve various hypothesis Lesting problems,
though some difficulties are met. This unified approach not only gives some well-known statistics snch as
the Wilcoxon statistic and the Mann-Whitney stalistic but also produces some new yet plausible statistics
in non-parametric analysis. The corresponding results can be viewed as extensions of the simple linear
rank statistics defined by Hajek and Sidak (1967) in the multi-sample case.

In Chapter 1, we derive the test statistics for different testing problemns corresponding to the distances
due to Spearman’s rho, Kendall’s tau, Spearman’s footrule and Hamming. In Chapters 2 and 3, we
obtain the limiting distributions of these statistics under the null and contignons alternative hypothesis,
In Chapter 4, we compute the asymptotic cficiencics. Finally, in Chapter 5, we disenss the multi-sample
location problem with unordered alternative and develop a method for cotnbining lests,



1.2 The Test Procedure

Let 2, = {pe = [i1, ... i) ¢ [it) -+ ., in] s & permutation of the integers 1, .nn}. For any p,v € Pp, define
d(y1,) as a distance function between i and v, wherte d is a function from P, x P, to R! and is usually
chosen in practice to measure a particular characteristic. Some examples of distance functions are as
follows:

1) Spearman’s Rho ds(p, v) = Yoo, [p(3) — v()]?
2) Kendall’s Tau di(1,2) = Symigjmn{l = sgnla(i) = pilsgnli(d) - v(3)])
3) Spearman’s Footrule dp(p, v} = 302 ln(d) — (i)

4) Hamming dy{p,v) = 3ie, [p(i) # v(i)], where I is the indicator function.
It is casy to check that all these distance measures are right invariant in the sense that d(p,v) =
d(jie, va) for any 1, v, 0 € P,. Hence, a relabelling of the items being ranked does not alter the value of
the distance measure,
Cansider the following problem of testing

Hyp apainst H,.

Let X1, .. N be a callection of random variables and let # = [#(X1),..., #(Xn)] be the corresponding
veetor of ranks. Assume that the underlying distributions of the X's are all continuous. Hence, 7 € Py.
For simplicity, write & = [=(1), ..., 7(n)].

Define {7} to be the subclass of permutations "equivalent” to in the sense that ranks occupied
by identically distributed random variables are exchangeable. Further, let £ be the subclass of per-
muiations most "in agreement” with the alternative H,. For example, assume that n = 4 and let
X, Xa come from distribution M{z) while X3, X4 come from distribution Fa{x) with the obser-
vation data (X, Xa, Xa, Xq)=(3.5, 4.6, 3.9, 5.6). Then (X 1), m(X2), 7{X3), 7(X4)] = [1,3,2,4].
Therefore {7} = {[1,3,2,4],(3,1,2,4],(1,3,4,2],(3,1,4,2]}. If the alternative hypothesis H is such that
Fa(z) < Fi(z), then £ = {{1,2,3,4},[2,1,3,4],{1,2,4,3], (2, 1,4,3]}. Thus {7} is derived from the sample
whereas £ depends entirely on . The detailed features of {z} and E will be made clearer when dealing
with parlicular testing problems in which Ho and H) are specified. To test Hy against Hy, define the
distance between {7} and E:

d({r},E)= ). 3 d(mv), (1.1)

pne{x}vekE
which is the average distance between {7} and E up to a constant. The test of Hq against H, consists
of rejecting Ho whenever d({7}, E) is small. In this Chapter, we will consider some hypothesis testing
situations and obtain the statistics corresponding to the distance functions 1)—4) defined above.
1.3 The Two-sample Case

Let () and Fo(z) be Lwo continuous distribution functions, and suppose that we wish to test

Ho : Fy(z) = Fa(z) against Hy : Fi(z) 2 Fyz) (1.2)
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with strict inequality for some z, i.e. population 1 is assumed to be stochastically larger. Let Xy, .., Xy,
be a random sample from Fy{x) and Xn 41,y Xny4ng be a random sample from Fa(x). By convention,
write

7= [x(1), oo, w(r1)|7(my + 1)y w(ny -+ n2)] (1.

$0 that the first n, items refer to the ranks from population 1 while the next na items refer to the ranks
from population 2. Right invariance of the distance measures justifies the convention. The equivalence
subclass {7} consists of all permutations which assign the saine set of ranks to population 1 and population
2 respectively as 7 does, while E consists of all permutations which assign ranks 1,..,1 to population
1 and ranks 1, + 1,..,1; + n2 to population 2. The cardinality of {7} = the cardinality of E = nylngh
Formally, we have

{=} = {l=(i1), v WA )2 (n1 + G1)s s 7 + Fna)lt [y enin,] € Py,

[jll "'!jﬂ;] E Png} (l."l)
E = {[ill"'liﬂllnl +jl!‘"1"| +jrl3] H [ilg "'1illl] S I)n“
[jl; ---njng] € Pﬂ:} (l-r))

Let n = ny -+ ny. We are now in a position to derive the test statistics corresponding to the distance
functions in section 1.2.

1) Spearman’s Rho

nytny
ds,({x}, By = 3 Yds,(me)= 3 D0 D i) - v
pe{r} vel peE{x}vel i=i
nykng ny+ng
=3 Y Y +rE-2 D Y D i)
pe{x)} veE i=l pe{xlrel i=l
nidng ny 40
=Y 3 Y o2xi-2 3 [ N mi)
pe{x}¥eE i=l i=i pe{x} vel
- ("‘!"2!)2"("3*' DR+ _ oSS mal(my = 1taGIS mellon — 1)1+
i=l j=1 i=1
m4na ny¥na ;l'l-ﬂ'a ’
Y mllne— DG D mkna - DY)
izny+1 j=n,+1 j=ny+l
ny nyfna
= (nxlnz‘.)?n(n;- 1)(2n + 1) -(n1!n-_:!)2[(nl + ])Zw(i)'*'(“’i'"l +1) Z TT(J)]
i=] J=mytl
= (n1lng))?n(n + é)(‘ln—finl -1) (nylngl)in nfu #(i). (1.6)
isni+l

This test statistic is equivalent to the Wilcoxon statistic which rejects [y whenever Lhe sum of the ranks
of the second population is large.

2) Kendall’s Tau
di,(47h B) = Y Shdiy(mw)= 3 D X {1 = synln(i) — p(ilsgn(u(i) - v(3)])

pe{r}vel pE{r]uEElSi(js_n

3



=Y Y =Y X sonlud) - p(i)sgnlv(i) - v(3)]

pe{r} vEE 18iCjgn ne{r} vEE12i<icn
_ (m!nz!)'zﬂ("" D _ Z { Z sgn[jt(i)—H(J')]}{ngn[”(i) - v(7)}

1€igien pelx) veE

- (ﬂ]!ﬂz!);n(ﬂ-— l) _.( z + Z ) .

i<} in the same population  i<j not in the same population

{32 sonlu(@) - pIHD sonl(d) - v()]}

neix) veE
_ (nyIna!)n(n—1) _
- 2
0+ > U sgnfp(d) = n(i)H D sanlv(@) - ()
i<j not in the same population pé|r) ve E

. ny mikng
 talnalPaln =D S™ ST somluti) - sIH S sonlo() = v}

i=1 j=m+l ;.l.e{a'] ve B

ny nptna | ™M ontns

- (ﬂ|!ﬂ21.)"2n(n— 1) -‘Z Z {n1!ﬂ2~ Z E Sgn[ﬂ'(il) ._.-,-r(jl)]}{—nﬂng!]‘

nins

i=1j=ni+l ‘izl fi=l
myinal)n(n—1 RUIRITLE ' .
= {1 )2 ( ) +(n1!n2!)'2 Z sgn[=(i) — 7(§}]. (L7
i=1j=nyti

lence the use of the Kendall’s Tau distance leads to the Mann-Whitney statistic which rejects Hy
whenever there are too many observations from Fy(x) which have small valued rankings. Here sgn{m(i) -
#(3)] = 1 if the ** observation from Fi(z) is greater than the #*% observation from Fa(x) and -1
otherwise. It is known that the Mann-Whitney and Wilcoxon statistics are equivalent. In fact, it is
straightforward to show that

nytna
Z sgn[a(i) — 7(j)] = m +n2+1-2x(j)
i=1
lience,
ni ny+na
S sgnla(d) = (] = mtnetl-2a(i)= Y sgnla(i) - ()]
i=1 i=ny+1
and
nydny ™, ny4ny
S Ssgnla() - ()] = mlmna+)=2 3 (i)
jmngd 1=l j=m+t

3} Spearman's Foolrule
p

de(rhB)= 3 Ydrlmv)= 30 D00 Ini) - wli)

HE{x} vEE pE{x)veE izl



ny+na

I IO NCRCEIDSID DN TR

i=l pe{r} vcE i=nykl pg{x} veE
ny My nit+ng fny+ny  nidng
—Ztn»'(nl-l)'l SN @) —dal+ Y lma~ 00 Y 3 Inh) -l
i=1 ji=1 fam=t i=ny+t =t Jasna 4l
m ny
= nyfna!(m = DI Y D {207(h) — dell=gi>da) — () = da]) +
j|=1j:=l

ny+na  ntkng

nafnyi(n — DI Z Z {2[7(41) = Jallix(ga)da) — (7)) = 3]}

Hi=ng4l ja=ny+l

ny m o —J': 5! nytg By 4ng alir ) = .'!I . .
= 2[n; !0z {Z Z[ (1) ] [x{i1)>ia] + E Z [m(41) J,.i [l(h)).,]}
Hi=1ja=1 Hizng+ljasnakl =
nyng AT nytny
= 2[“1!ﬁ2!]2{— Z: Z: [T(Jl J2 ] [=(51)>da) _ Z [W(Jl) J::!I[l(.‘n)).l'.-]} -+
Fr=ng+l ja=l Jammi 4t 2
nfn "Zl [m() _jE]I[*(il)H:] }
fiml ja=1 h
,, " (i) = il " (1) - dallfe n -+ uny = |
= 2[’11!“2!]-{_ Z {E 3] [{f1)>33] _ z ’i] [ th)>J.r_l} 1 ; 1.
Ji=mdl ja=l Jasny+1 2

(1.8)
The final term in the brackets equals to Z;'1l+;l= ey 1l - jg]l[“,nl]/u, Here [7(7,} = Jal fai )5 00
for 1 € j» € n; +nz and ny < fi € 0y + na2 measures the excess in the ranks by which an observation
from Fa(z) exceeds the positive integer number ja. IHence the use of the Spearman’s Footrule distance 3

leads to a new statistic which rejects My whenever the weighted sum of the excesses is large.
4) Hamming

First introduce some notation as follows:

A= {1 ..,m} and Ay = {n1 + 1,01 +n2}
B = {a(1) o)) and B = s 4 1) el +n2))
Al th C-: = AnnBz, and Cvo = (Cl UCz)c
Yi=the cardina.llt.y of C), Ya=the cardinality of Cs, and Yp=the cardinality of Cy.

Obviously Yo = n — (¥ + Y2). Note that under the permutation scheme prescribed by the distance
between equivalence sets, a ranking in population 1 will he counted as being in order (m) — 1)ln2! titnes
with r&spect to Hy and hence out of order nytnal — (ny = )ng! = (ng — 1)inal(ny — 1) Limes, Similarly
a ranking in population 2 will be counted as being out of order (nz ~ 1)tny}(ny — 1) times. The Lotal
number of out of order ranking is n)!na!. Therefore it is casy Lo see that

d(irh By = Y Ydinme)= T 3 S 1) # v

pe{r}uveE pE(x} vEE i=]

= > (5.5 Hu() # v

pef{x} i=1veE



= ST TGy # o) + 3 Y 1ntd) # w@]+ > 3 s # v}

ne{x} i€C, vEE i€CaveE i€CoveE
= Z {Z(ﬂ] - 1)!1’12!("1 - l)+ Z ﬂ.]!(ﬂg - l)l(ﬂ'_) - 1) + Z n1!ﬂg!}
jlelt] i€C, igCy i6Co
= Y {Yi(m = Dlngl(ng = 1)+ Yamil(ne = 1)Y(na — 1) + Yomylng!}
ne{r}
= nylma{(m — DYna = 1)i(nmyna = n2¥y = n1Ya}}
i Y2
= (a3 (n - = - =), .
(min2)*(n e (1.8}

The new Lest statistic obtained from using the Hamming distance rejects Ho whenever the sum -E—'l- + ‘;’%
is large, i.c. Lhe average number of indices in order as specified by H, for Fy(z) and for Fa(z) is large.

1.4 The Multi-sample Case

'The generalization of the location problem to r samples, r > 2, becomes

Hy: Fi(z) = -+ = Fr(z) against
Hy: Fo(z) <+ € (2} (1.10)

with strict inequality for some z; that is, the populations are stochastically ordered. Let Ng = 0 and
N =ny 4+ +ng for 1 £k < r, where ng is the k** sample size taken from F(x), and assume that
sample data Xp, -, 41,-+ ., X, come from the k** population. As in the two-sample case, write

a=[w{1),...,7(N)a(Ny + 1),y mw(No)] - [ m{Neoy + 1), 000 7N (1.11)
50 thal the ny items in the k** block refer to the ranks from the k** population, for 1 £ & < r. Define
() ¥ [n(ir), ..., %)), for p= (1,001 8a] € Pa
and set
(w)+p o [+ i1,...,u+ 1, for a positive integer u and a permutation p € Py
() + PaE ((w)+p:p € Po).
Then it ¢an be scen that

{=}
E

{{7(et1) - -~ wlpae)] : 2k € (Ni1) + Py, for 1Sk <1}
{lsy - pe) : o € (Nim)) + Pry for 1Sk <7} (1.12)

We are now in a position to obtain the test statistics for each of the distance functions in section 1.2,

1) Spearman’s Rho

Ne
ds,({7). B = 3 Yo ds,(uv)= Y. 3 D [w(i) - (i)

pelx)veE ue{x} vekE izl
Ne r Ny
SDIDIDIELIVED D DINTO B
pe{r}veE i=l k=l i=Nyor 4l pe{rx) veE



T EENA(N + DN ) e S ol YA BB nom!
- MW DN ) _p5n 55 3 Dhamdgy 3 Lhany
k=lisNyo+Hl j=Naaa+1 k J=Naoa 4l r
PN+ DAN = 1), e :
_ Moy () (6 X )“H(ng)-;- NZ“(M_1+N;.)rr(:). (1.13)
= SH1=iVe-

This test statistic which generalizes the Wilcoxon statistic rejects Ho whenever the sum of the weighted
ranks from the r populations is large.

2} Kendall’s Tau
de.(7rhE)= 3 Sdi, )= X D D {1 = sanfe(i) — p(i)lsgnle(i) = (i)}

pe{x} veE pe{r} veEL 1CICIEN,
r.._ i ! 2N|- Nr _1 » . N .
- Do CuPN e 21 5 45 syafutd) = s sl - )
1€i<isN pe{r] veE

= n‘L:l("k!)ZNr(Nr -1) —{ Z

+ ) )-
i<j in the same population  i<j not in the same populntion

{32 sonlu(i) - nGNH Y sonlv(d) — v(i)}

ne{=} veR

DB o, ),

i<j not in the same population

{30 sanfu(i) - DY sonlv(@) = v(i))

nelx} veE :
T 7 _ r=1r—1 N Ny
= Lol Mol 5757 5% 57 (5 sonlst) - MY sl o))
k=l t=ki=Ny +1j=Netl pelx} velE
r 9 r r=1r=-1 Ny, Negr
SIS WY § (A0 3O DD SID SR TR CORLE) (1.14)
k=1 k=l t=ki=Ny 1+t j=Nti

This generalized Mann-Whitney statistic rejects Ho whenever the sum of all terms syn(w{?) - #(5)] is
small where i and j come from the different populations. It is no longer the case that, (1.14) and (1.13)
are equivalent as in the two sample case. Instead it will be shown in section 2.4 of Chapler 2 that these
statistics are asymptotically equivalent in terms of variance.

3) Spearman's Footrule

N,
dr(7hB) = 3 Ydrimuy= 3 33 Inli) = v(i)l
pe(x}vekl pelx)velisl
r N

=3 % > >l - v

k=1 Ny +1 pe(x} velR

r N r Ny Ny
=2 2 D*—;‘—"ﬁ ST st -l

k=1 Ny_1 41 k j1=Na_|+1jn=Nh-|+|



Ny

a 2Aw{(51) = joll(x (515420 = [7(J1) — Jo]
= 1)
oy 3 S

n
k= lJ|—-Nl 1+l ja=Nua +1 k

r Ny

=2k1i1m > Z 3 Lrlgn) = Jollirgiugal (1.15)

n
k=1ji=Nyai+t J2= N1+l k

This new statistic rejects /o whenever the weighted sum of all terms [w(j1) — JoMix(i1y> 4] is small.
4) Hamming

Forl<k<r lat

Ar = {Neoa+ 1, Ni }
By = {m(Ni-1 + 1), -+, w(Ny)}
Cr = Ax N Bi, Co= (G- UGC)*
Y. =the cardinality of Cj, Yp=the cardinality of Co.

IL is casy Lo sce that Yo = N, — (Y1 +---+Y;). Asin the two-sample case, we can obtain

Ne
Y S dudpry= Y 30D k) # v(i)]

nel{xj vel pe{r}veBi=1

N,
ST k) # v}

pe{x} i=l veE

T T T 1) # w0

pef{r} k=0i€C) ve€E

Z {ZZ ny!...onl( m.-—l) anl...nr!}

pe{x} k=1i€C i€Ca
= M ("L 1) ! 1
=y, {ZY + Yony!...n,!1}
pe{r} k=1
=Y {- Zn o Nom!.onel)
HE[*} k=1
Y]
H(n,, Y Ne — Zn—i : (1.16)
k=] k=1

"This test statistic is a new statistic which rejects Hg whenever the average = -J- +- + is large.

1.5 The Two-way Layout Case: the ordered alternative

et ;\, .j=1..band i = 1...r be rb mutually independent random variables such that X,j has a
continuous distribution l'uncl.lon Fs(x). In this section we consider the problem of testing

Hy: Fy(z) = --- = F.(z) against
Hy:F(z) < - < Fi(z) with stricl inequalily for at least one z. (1.17)



The null hypothesis is that for fixed 7, each X;", J = 1...b, has the same distri_bution Fi{x). This is
referred to as a two-way layout problem with no interaction. The subscript i on X} may be thought ol as

designating the treatment whereas the superscript j refers to the block. In that case Hy is the hypothesis
that there are no differences among the » treatments.

Let 7 be a permutation ranking of rb items. For each fixed j = 1...b, denote by R = [R{, v Hia
permutation of the integers 1,...,r which preserves the relative order of ,\'{ .. X} prescribed by 7. Under
Hy, the random variables XJ ... X{ constitute a sample from a continuous distribution function, say F(a),
and consequently R/ is uniformly distributed over Py, (Randles and Wolfe (1979),Theorem 2.3.6). In view
of the independence between blocks, any statistic which is a function of the data only through the within-

blocks ranks R!,---, R?, will be distribution-free over the class of continuous distributions, {Randles and
Wolfe (1979), Corollary 2.3.6).
For convenience, write 1 € {7},v € E as

= [Pl(l)l tee |.ul(r)| e -lﬂb(l); v v"b(r)]
v=[in(1),. .., (1), . (1)) {1.18)

Hence the two equivalent subclasses are

{z} = { € Py : [15j(1),-. ., #j(r)] has the same relative order as R forj=1,...,b}{(1.19)
E={vePy:[v(l),...,v(r)) satisfies v;(1) <... < yj(r) for j=1,...,b}. (1.20)

Before determining the test statistic, we introduce the concept of compatibility due to Alvo and Cabilio
(1991).

Compatibility A complete ranking u € P, is said lo be compatible with an incomplete ranking
p* if the relative ranking of every pair of objects ranked in p* coincides with their relative ranking inp.

Ordering the complete rankings in P, in some way, say P, = {p; : i = |...n!}, we may associale
with every incomplele ranking #* an n! x 1 compatibility vector, denoted by Cp-, whose #*h component
is 1 or 0 according to whether y; is compatible with u* or nol.

The concept of compatibility can be extended to apply to a subclass of rankings ¢ in the way of
associating with every subclass of rankings G an n! x 1 compatibility vector, denoted by Ce, whose ith
component is 1 or 0 according to whether y; is included in G or not.

Thus by the above definition, C(,y,CE are (rb)! x 1 vectors compatible with {7}, I respectively, with
n = rb. Formally, for 1 <i < r 1< j <b, the (r(j — 1) +i)** component of C'j,} is

. . 1 if Hrj- i € {ﬂ'
Ciny(r(f = 1) +1d) = { 0 othef'{vi:sz: )

The expression for Cg is similar. Let @ = (d(p,, pte))(rtyrx ety be an (rb)!x (rb)! matrix, where g1y, 0 € Py
for 1 < 5, < nl. It follows immediately that

d({z}, E)= D, 3 _d(p,v)=CQCx. (1.21)
pe{r)veE

The following theorems due to Feigin and Alvo (1986) characterize the matrices Q corresponding to the
distances due to Spearman’s Rho, Kendall’s Tau and to Spearman’s Footrule. N

Theorem 1.1 (Feigin and Alvo, 1986) For p € Py, lel
ts(p) = (p(1) = (rb+1)/2,...,p(rb) = (vl + 1)/2)
and define the (rb) % (rb)} matriz Ts = (Ls(pt1), ..., Ls(p(rey))- Then



QS — rb{rb+:2!!rb_l).] _ T,'STS
Theorem 1.2 (Feigin and Alvo, 1986) For p € Pry, let

(L ())(5) = sgnlp(d) — p(D}s=1...rb(rb — 1)/2
where s = (i~ 1)(rb—1/2)+ (F—- i), 1 i< j<rb

Let the [rh(rb — 1)/2] x (rb)! matriz Tk = (tx (1) - o bic(peesy)). Then
Qi = M=l — Ty T
Theorem 1.3 (Feigin and Alvo, 1986) For p € Pry, let
(W) = Db+ §) = I[n(i) < 5] = & 1 i i < b
Let the (rb)? x (rb)! matriz Te = (4p(i ), - - - Lr(ppesy)). Then
Qp = b=l j _ 70Ty,
Set, for 1 €5 £,

{7;) = {1 € Py : [15(1) ... pj(+)] keeps the same relative order as R

and no order for other blocks} (1.22)
Ej = {v € P : [v3(1) ... v;(r)] satisfies vi(1) <... < yj(r)
and no order for other blocks}. (1.23)

We may now Lo determine the test statistics for the distance functions in section 1.2.
1) Spearman’s Rho

Lemma 1.1 For the Spearman’s Rho distance,

1
1) TsCiry = ET‘!)T(TSC{:‘] + ...+ Ts5Clxyy)
2) (T5Cix,})(T5Cz,)) =0, for 1 Sp,s <bp#s.
Proof: Let (TsCyx} )i,j) be the component representing the ith treatment in the j** block. From now on,

similar notation will be used for other distance case. Noting the notation (1.18),for 1 <j < b,1<i<r,
we have

(TsCm) i) = (i[(m)j(i) = (rb+ 1)/2Cxy (5)
= "EZM[N(Q - (rb+1)/2]
5 -2 ().(2)
rb—(r- R} b . r r
SN () () () (7)

10



S () () (5 ) (-2 0 ()

(A () (2)22()-(2)

=-—(-1%[R{ ("“) (1.21)
(r + DI(r1)e-1

The fourth equality above stems from the fact that p; (i) = ¢, where ¢ is any of the L b (e = 1Y)

, v t—1 rb—1t \ - . .
with multiplicity ( Rf _1 ) ( . R‘,’ ) . The remaining components in the populations other than the

7' block can be filled in (b —rl)r ( 2: ) ways.
Similarly, for a fixed 2,1 <t € b, we have

. (rb)
(TsCr) i) = Z[(u,),-(f) = (b 4 1)/2Cxy (5)

= Z .UJ(’)— z rb+1

pE{x:} nelm}
. 6+ Dj(b—- 1]t / br
S o e 1)
ne{m}
zi°éf'“”t(,§,;'_‘l)("” ) (- - s (0 i
I';lt("b )(rb-l )—@W'—u(",’) i
(O - e (0 s
0 ifL#j
.-_{ IR - ) ife= )
0 ift 3

By (1.24) and (1.25) we have

(TsCixy - 1)a_. e (TsCix + -+ TsCim) i)

_ (1'b+1)' i (r+ 1) (rh+1)! R (r- H)

T (r+ l)!(r!)("")[m T2 I- (r+ ()0~ ‘)[ i - ]

= 0. {(1.26)
This completes the proof of 1). Part 2) follows directly from (1.25).

Lemma 1.2 Lel 7 and 7° he any lwe permulatlions in Py, w £ v, Then

1) (T5Cir,) V(TsClag)) =0, for 1 <p s<bandp s
2) (TsCx) Y (TsCla-y)

l ’ 1 s ¢} ] ’ terpr r
= -(;'—!m[(FSC{,l])'(I,gC{,;} + oo 4+ (TsClay)) (fsC{,;})].

11



Proof: The proof follows directly from Lemma 1.1.

The next theorem shows that the Spearman’s Rho distance induces Page’s statistic, Page (1963).

Theorem 1.4

ds({r}, E) =

rb(rb+ 1)(2rb + D[ [(rb+ DI? i - iRl (1.27)

6(r1)*® TR+ S 5

Proof: It follows from (1.21), Theorem 1.1 and Lemma 1.2 that

ds({m), B)= 3 D ds(uv) = CpQsCyx)

ne({x}veE
b -
- Cb[rb(r + g(rb l)J  T5TSICm
_ rb{rb+ 1)(rb -

1
T )CEJC{,} — C5TsTsCx)

rb(rb+ D(rb = 1) ( vb 2 \p - (TsCix))(T5CE,y) + -+ + (T5Cix) ) (T5Crs)
12 r ) (r)2e-1)

_ rb(rb 4+ 1)(rb — D[(rb))? (TsC{,,))’(TsCE,) + 4 (TsC{“})'(TsCEb)
12(rt)2t - HEGEY .

‘I'he theorem follows immediately from {1.25).

2) Kendall’s Tau

rb

Lemma 1.3 For the Kendall’s Tau distance, there ezists a ( o

) x 1 veetor Cq,\ such that

1) (Cire})'(Cixo}) = @ constant depending only on v and b,
2) (TK C{‘I] + - + TKC{TQ})'C{’O] = 0,
3) (Tk Cir,)) (T Cix,}) =0, for 1< p, s<bp#s,

1
and ) TcCiry = e (TkCien + o+ Tk Crd) + Gl

Prool: Noting that, for j = 1...b, TkCis;) is 2 b x 1 vector, we write its component as
{75} 2

(T Clx;) Nivjuiiada) Where cither 1<fi=ja<hl<iy<ia€rorl<ji<fashlLi,iasrA
similar notation is used for Tx Cyr). Furthermore define the set {};, ;, to be the subelass of all permuta-

tionsin Par such that p € {7}, j i [1;,{1), -+ -, ()] has the same relative order as Rit = [R{',---,R,’;‘],
for t =1,2. Then

iflSJl=J'JSb:l 5‘.1 <i2$r1
rh i S .
(T Ciz;) inirings) = { ( r )[(b— Drltogn(R, - R} i3 =41 =
0 it # 1 = Ja

{ E,%)—!sgn[}i‘f,—ng] ifi=hn=7
0

A ; 1.28
ifi#51 =4 (1.28)

12



if1 Sjl <jﬂ Sbvl Siili'l Srr
rb b— 2t val R sos
9 J 16— Dr)i(r - Dia[R],,] ilj=h

rb

(T Cur))eiviviaia ) (b - 2 = Dlal L) i) =

{ 0 otherwise
rh}{r— i ep .
L_'(_'»(:)_!"' [R':’n_'] ifj=h
'nb(n:.‘)—l1 "‘[ 'gl irj = j'.!
0 otherwise

and
r
(TeCixy Nivjvinia) = Ir

i, RE) WG <2

?M@—@]WFﬁ
3

r
{%WW'M if ji = o
ﬁﬁﬁww, if ji < 2

where, for j; < j2,

a[R{ R = opelr}inin sgnpj, (ia) — 5, (i)
[ R = 30 2y el R, R
ﬂ[ ’fvl—E;, el R/l R” »
al'] = Loy Lip= o) RE]=0 by symmetry.

(1.29)

(1.30)

(1.31)

Note that, if pj,(i2) < pj, (i1}, then pj,(d1) can take values ranging from Rfl' + Rf: lor+ h‘.f:. llence

a[Ri}, RY?]

(2:)_2 Z | |

BE{® )iy dar Mip(ia)<ny (i)
r+Rf:

(7)-_ = (e ) (D)

:_nf: +nfg

I

Jgz

=0

By the combinatorial formula in Feller (1950), page 65,

ol Bz} = Yl RE) = Y aliv )

fi=1 =1
9 r-—ﬂf: r R.;i’ ']
r L+ + I —l)(2r—t—i|—R-"
= -2 . a ' iy
( r ) :.—.—Zo “g( !;-—] r—=1

13

r=it, . ; , .
(2;~)_ Z’(HR’,.;_-}-Rf;-l )(w-c-n{;-n{_‘; )
r Rl -1 r [



r—R}

- (7)) 5 ()

1=0
_ @tryl-on 2r ia
T r+d +2(r—l )Rf"
Similarly
oRN] = Y alRE, Q:]"Eﬂlﬂf' i)

fa=1 iz=1

@mi2el=r-1 .
o ()=

By (1.28), (1.29) and (1.30)
TkC ~ 17 .)a_ =7 (T Cim} + - -+ TR Cin) Ntinidrsiaia)

' ['Ini=]+ [n.' + T .
- { r!)h:bﬂ(qr)l{ [R':“Ri:] z u } IfJ: < Jjn
0

il j1 = J2.

Set
(Crrat)tivriinin) = (TkCimy — #(Txc{m + oot TR Cir) Ninriiada):
Then from (1.34) and (1.35),
(Cixa}) (Cixa})
) l<1§:<bl<uzln<r{ () Erbz)(? )'{ [Ri:'Rf:] -
= a conslant depending only on r and b.

af+, RI? it
[’R':g]-:a[Rll‘ ]}}2

"This completes the proof of 1). For 2), we have, from (1.28), (1.29), (1.31), {1.34) and (1.35),

(Tk Cpmyy + -+ TkCxy}) Clro)
B2 — 1N ; ;
- [1(("33)'312((?1)*-)2 2 e, RS

l<j|<j:<b l<i|,igSr
o R ]+“[

}{ (R}, ]+ el RE]}
- [(rb)1]? (T‘— 1) E __az[ ]}

IR

= 0.

For 3), assuming that p < s, it follows from (1.28) and (1.29)

(T C(x,)) (TkCix,})

14

(1.32)

(1.33)

(1.34)

(1.35)



J D DF S~ g ol B

(2 1<iqLiar
_ 0= O
= ey bl
=0.

Part 4) is therefore obvious. This proves Lemma 1.3.

Lemma 1.4 For any permulalion 7 € Py, there exist lwo ( 1:26 ) X 1 veclors Cyp and Ciasy such
that

b}
1) (C{,n}) Cirasy = -(—I-t)q%%[](-%—);]: Z Z n[!i;" l\”'-']u[il,i;:],

1€51<j28b 1€iyiasr
2) (TkCymy} +++ + TkCim)) Ciaz) = (TeCiapy + - Tk Cixs}) Clxy) =0,
3} (Tk Cy#,)) (TkCixz}) =0, Jor 1<p, s < band p#s,
and 4) (TKC{,})'(TKC{,-})

1 1 Al '
= Dl CrrY (T Cegy) +-- o (T Gy (T g ) + (Cloal) Cirg)-

Proof: Similar to the prool of Lemma 1.3.

We are now in the position to compute the test statistic corresponding to the Kend: Wl's ‘T distance,
1t will be seen that this does not induce the Jonckhecre statistic, Jonckheere (1954).

Theorem 1.5 ,
rb(rb — D)[(rb)1)*

T b = - [(,-b)l]l a J1 i aliy. ia] —
di({7}, E) ()2t (r)2=D () ]? ISJIZQ;:sMsi%s,- (R, RIaldy, i)
2 b . .
[E::’))l]b Z Z sqn[R}, - R ] (1.36)

F=l ity Cizsr

Proof:
de({n} B)= 3. 3 di(p,v) = CEQxCix

pe{x}vel
b rb 1
= o[ ( Yy " Tk1Cm)

= ﬂ’——)cyc{,] — T Tk Cyn)

———rb(ﬂ;- 1)[( r:’ ) ( 2: )]2 —- (TxCg) (T Cix})
_ rb{rb = DD

()% - (Tx CeY (T Cix})
rb(rb = D{(rb)!])? o
= _EW))E'_)“]— - (C{'n]) CBn -

= ,)-,(b e Tk Cien )'( (T Cg,) + - + (TkCix) ) (Tk Crl)l-

15



The theorem follows from (1.28), (1.29), {1.32) and (1.33).

3) Spearinan’s Footrule

Lemma 1.5 For the Spearman’s Footrule dis!rmcc,

1) TeCay = 7= (TrCiayy + - + TeClxy))

(: ‘)“
9 (TrCra Y (TeCie,)) =0, Jor 18 p, s<bp#s.

Proof: By definition, for 1 € j1,ja £0,1 4,22 S

(TrCix) Jtir dusinia)
(rb)! ;
= S ) € o = Dok ia] - ST E By )
a=1
= T Ulii) € G - r 4 i) - 22 HE R
pne{r}
_ s . . (ja—=Dr+ia ( 7b Iy
_MEZ{’}’D‘M('!)5(.7:!-'1)1‘—%-12]— rh ( r )( r )

rh=(r=RJ)

SE () () (3 s
(jz—:l),r+i: ( r;b ) ( 2:)

rb—(r—.’i‘:: )

TR () (s

!:R‘::

[(J‘E - l)r + 1"1( ( 1):) . (1.37)

The last equality above comes from the fact that g, (i1} can take each value { among R{: . rb-(r—R{::)

. c s t—1 rb—1 . .. .y .
wilit multiplicity R_1 . R while the remaining components in the populations other
It - - R

1
than the j** block can be chosen in ( (b= 1)r ) ( 2: ) ways.

-
Similarly,

(TeCle;) Nirjuiinga)

E:i}(f';'m:) ( 2,3' ) (0 = VAN < Gz = D + ]
la=lrkiagy Y, ]‘( r;b ) —

! :i'(rbr_l )(r"'1"’")”[‘5(.‘52-1)r+i2]
L sy (U) it

16



) .
Z::n’rl Vb= DU & (G2 = D+ &)
"

= " . . 8
“[(jz—l)?'*‘iz]hb,:!l)* it j = (1.3 )
0 it # jie
Therefore by (1.37) and (1.38)
1.
(TeCxy — (-1 (TrCixyy +--- TrCimNiviriiads)

=_(Jlf'_’l.');";i3 ( 7':’ )( 2: ) _ (jz_,1-;),,.+i2{—(;-)!l""[(b_ I)r]!( ':' )}

_ @a=lrdia (W) Ga—Drti (1)
- b T b TR

=0
Hence 1) is proved and part 2) is obvious from (1.38).

Lemma 1.6 For any permulalion 7* € Py, we have
1) (TrCis,) ) (TrCiazs)} =0, forl<ps<bandp#s.
l T Lf &) 53] 1
2) (TrCix)) (TrCixe)) = W[(TFC[:'.})’(CIFC{,:;]) 4o 4 (TrCpa)) (T0C ) ).

Prool: It follows immediately from Lemma 1.5.
Theorem 1.6

(rb)? - Grb — 1)[(rb)}]?
6(r1)®
rr(b=1)4i r(b=1)+R]

FEUE R (1) (02) () (5 e

i=t =i =R’
]

o(ry 4+ QO

dp({7}, E) EEC

I

(1.39)

whete C(F) is a constant depending on &,r.
Proof:
Z Z dr(p,v) = CpQrCix)

ne{=} veE
_ CE[(r-b+ ])érb -1)

b —
2D =) e Gy - CLTETRCpny

Jp = TpTr)Cix)

6
- b= g b (2P — vy i)
(b 1)(rb = DI
- G(rf)2t

1 1] # 1 L4 &) r Li g} L
(,—-!)-"m[(TF‘C{n})'(FFCH:)'*""'*‘(IF‘C{n})'UF'CE»)]-
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‘T'he theorem follows from (1.38).

1) Hamming
Theorem 1.7
(i), 5y = SN SEE 2D
b ¢ (b=1)r+min(R1)
LTS () (D (). e
Proof:

dl!({“}v E)= Z Z dll(l‘:”)

He{x) veE

rb
= 3 3 STl # v

ne|r} vekE =1

- Y TS T S S = v

ne{x}eel t=1 pe{x} veE t=1

(7)) 2 5 11ue) = wie)

ne{x} veE t=1

. r . boor
= rbl ,:' ) ( 2r )]“ - ZE Z Z I[p;(3) = v;(d)) sec notation (1.18)

J=lis) pe{r} vEE

(
() (222 E (42 () () (%),

Yo He=v((G - Vr+i)

]

= ri|



b minfrb—(r—RY)rb—(r-il

e Jx  (a) () (20D 0E)

t=maz(R} i)

S S ) () () ()

t=maz{R i)

We conclude based on the above results that the test statistics corresponding to Spearman’s Rho,
Spearman’s Footrule and Hamming arc all sums of independent random variables. Hence their asymp-
totic normalities follow from the central limit theorem for the sum of independent random variables.
Furthermore, the statistics are functions only of the relative ranks within cach block.

As for the Kendall’s Tau statistic, although it is not the sum of independent random variables, it will
be shown in section 2.3 of Chapter 2 that it is asymplotically equivalent to a nondegencrated U-statistic
as b — oo, Therefore its asymptotic normality is ensured from the property of U-statislics.

In view of these properties, it is sufficient to compute the means and variances as are done in section
2.3 of Chapter 2.

1.6 The Dispersion Case: the multi-sample case

Consider the following testing problem of

Ho:Fy(&)=-- = F.(z) = Flz - cap(~ d)] against
Hy: Fi(z)= Flz exp(—di), | €k Srand 0 <dy <o < dp < 1.
(1a1)

This is referred to the problem of testing dispersion in the multi-sample. In addition to the notation
introduced in section 1.4 of Chapter 1, assume further that ng = 2my and M = g4+ and Mg = 0,
for 1 € k < r. The two equivalent subclasses of Py, are as follows:

{=}

I R SR
m(Mpey + VI y(Meo1 + "n )IT(NF - My + 1m.- 1+1) (N = Meo + ‘Iﬂ,- )l
...|1r(N,.-—M|+:mI+1) -, w( Ny, _M'+1ﬂ:)]

[, 5, i p1r e 15,1 € Py, Jor 1<k <) (1.42)
E = {[i}, il | | Meca + 870 Mecg 0L
M’"1+'l""1M"“+=“'IN""M"'*+‘m,_.+|."-.N — My +’:1:1
e |Np = My il gy Ne = M40 ]
[ilf:"'aiﬁuui:';:,.+1.'".if.,.]EP.-;,‘, for 1<k <) (1.43)
In (1.42) and (1.43) the items labelled Mi—; +1,---, M} and N — M; L1, — Myy sefor to the

k** population. With this notation, it can be seen Lhal. in addition to the usu'xl propnruos of {r} and £
sets, there is an invariance with respect to the medians.

We are now in a position to obtain the test statistics for cach of the distance functions in section 1.2,
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1) Spearman’s Rho

Ne
dsd({w}lg)= Z std(”iv)= Z ZZU"(’)_V(!)]Q

pe{x}jveE ue{=x} veE izl
Ne r hfa Nr"n'rh-l
S IO M EEESY D DR TS DI DN 0) PBLC]
peix}veli=l k=1 f=Myr_y+1  i=Ny—~Mi+l pe{x} vGE

C PN (Ne A DEN, 1) s, Ne Bl
= nk_.l( ) F‘(3" r _22( E + Z )
k=l i=My 41 i=N.=M,+1

M)y Ne=Myan My Ne=Mr-

(3 4 3 Emmye oy Uy )leny

j=Mua 4l jEN.—Mutl j=Mu—+l f=Ne=Madd Tk
_ ey (PN (N + RN, + 1) ﬂ(nk,_)z N (N, +1)?

3 k=1 2
- [‘1'!.=,(n»!)2Nr(éVr+l)(Nr- 1)‘ (1.44)

which degenerates to a constant. Consequently, the use of the Spearman’s Rho distance in this case does
nol fead to a test statistic.

2} Kendall's Tau
di = )= S Sdrmey= 30 D Do {1 —sgnlu(d) - w(isgnlv(@) - v(3)]}

ne{n} vel pe{r)} vEE 1SI<i<N,
T {neh)? .- . . . .
= ead ;.‘)2N.-(N L Z { E 39“[#(1)—#(3)]}{2 sgn[v(i) - v(7)]}
1€i<jENL pe{~) veE
_ _H_:r.-_m("k!)":er(Nr -1 - ) + ) y.
i<j in the same population i<j not in the same pepulation
{3 sonlp(d) — s sonlv(d) - v}
pe(x} veER
= nk::l("k!);Nr(Nr - l) - (0 + Z ) .
i<j not in the same population
{ > senlpti) - pGNHY sanlv(i) = v()])
ne{r} veE
_ My (e Ne(Ne = 1)
- 2
r My Ne-M Ny
SHU S (X + % WD sonlut) - w@IH Y sonled) —v(i} +
E=l i=My_y+1 jeMy+l  i=N.—Me_1+1  pe{r} veE
NemMioy N,
> Y sonluG) - pGNHY sanluli) — v}
f=N,—Mydl j2Ne=Mya+1 pe{x} veE

20



- n::r(nk!)er(Nr - 1) _
- 2
r M)y, Ne=M,

X T Y sl - N X sanl(i) - v -

k=lisMy_+1li=My+l pe{rx} ve{r)

r My N,

PN S X sonln() - @M Y senlvld) - v()) -
k=li=Myay+1i=Ne—=My+]l pe{n] neir}

Ne=Muoy N,

> Yo Y sonlu() - s sgnlAd) - v(i)]}
i=Np=Mytlj=Ne=Miyo1+1 pefx} veE
T ()2 - v My  Ne—M,
- LN = _5n 5% 5 (3 sonlut) = N X (-1} -

k=li=Mpo +1j=Mutl pé(x) ve(x)

r My Ne
>3 S Y sonlui) - w0} -
k=li=Muo+li=Ne~My-+1 pe{x]
Ne=My-1 N.
> S Y senlu() - (IO}
i=Ne=My+lj=Ne—My_1+1 pe{x}
= H:=1(“k!)2Nr(Nr —1) +

2
r My r=1 Min Ne—M,

)IEDIEDY (DI {Zsyn[u(l)—n(z)l}{Hm‘]

Ezlis=Mioy bl t=k j=Metl  j=Ne=Mu+l  pe{r}
M r=1 M Ne=M,;

nk1“k)N(Nr“1)+Z z Z(Z z ).

E=lisMy_+1 t=k j=M+l  j=N.—My o+l

My Nr"Mk— Mt+1 Np M,

(Y + Yo%+ 3 ) - o T m
¢ k=1

L=Mpartbl  =Ne=Mit+l ji=Midl  Ji=Ne—Meoa+l

Ha |(nk1) Ne(Nr - 1)+H(" |)2/2i§:
k=l =k
My, Nr-Mln =1 Mg t Ne—M,
(1.45)

(Y + X X+ 2 synln) - ().

i=Maatl  i=Ne=Mutl j=Mekl  jsNe-Midl

This new statistic rejects Ho whenever the sum of all terms sgnfx(i) — 7(j)] is small.

3) Spearman’s Footrule

N,
dr,{{7}, E} = Z Z dr,(p V) = Z E Z (3} = v(i)|
pe{x)} veE pe{x} veL i=l
Ne=Meoy

=Xr:( % Y )2 2 k) - vd)

k=1 i=My—1+1  i=N,=Mitl pé{x} vel

2]



r_‘ M,y Ne=Muo I-[: (nk‘)z
= 1lezir KT
= Z PORD Lol
1kl =N =Ml k
My N =M My Ne=My_:

(Y o+ S o X o+ 2 en-il

j|=M|_1+| J'|=N.»—.l‘h.+l jg:t'tfl—|+l J-2=Nr—ﬂ’fk+1

r n2 r My Ne=Myoa My Ne=Myoa [ﬂ'(Jl) _ j2]I[:r(j|)>jq}
e B or 3 Y 4 el
k=1 kol 5i=Micr 4l f1=Ne—Madbl ja=Ma—i+l  ja=Ne=Mi+l k

(1.46)

“This new statistic rejects Hg whenever the weighted sum of all terms [7(j1) — j2)l{x(j, )> 2] is small.
4) Hamming
For 1<k <r let

Ay = {Moy + 1,000, My, Ny — My + 1, Ny = My }
B;c = {W(Mk—l + 1):"'!“(Mk)n7r(Nr - M+ 1),"‘,1!'(Nr -— Mk—l)}
G, = A NB}, G = (C1U---UC)
Y/=the cardinality of C}, Yg=the cardinality of Cj.

1L is casy to see that ¥J = N, — (¥{ + -+ +¥{). As in the two-sample case, we obtain

N,
d,({x}, B)= 3 S dumv)= D 2D Tul) # v(i)

pne{x} v€E pe{x}veEi=l

Ne
= 3 {202 I # v}

pe{x) i=1veEE

= > 00 2 k) # v}

ne{x} k-OiEC‘ veEE

- YYD R "r("*-luzm )

pe{x} k=lieC| i€C)
=), {ZY'“‘ "' (““ )+an11...n,!}
ng{r} k=1
Z{ z 'n‘ +N,-n; ﬂ,—!}
JIE{*} k=1
. Y}
= H(nk!)'(Nf -y ). (1.47)
k=1 k=1 Nk

. s (1]
This new statistic rejects Hg whenever the sum !"-'- Foet :—;’: is large.
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Chapter 2

Asymptotic Distributions Under the
Null Hypotheses

In Chapter 1, we have obtained various test statistics for different testing probletns by using the general
approach (1.1). In this chapter we find the limiting distributions of these test statistics under the null
hypotheses. The limiting distribution of any statistic Xy, is said to be asymplotically normal with mean
ftn and variance o2 whenever

iﬂ;’;"—"- 4 N{0,1), as n — oo.

In this case, we write X ~ N(pn,02), as n — co. In the following discussions we compute mostly the
asymptotic means and variances although in some cases the computations may be exact. The following
two theorems will be useful. First let ¢(u),0 < u < 1 be a real function satislying

l -—
/0 [p(u)- ¥)*du > 0, (2.1)

with notation = fol ¢(u)du. In this case p(u) is called a square integrable funtion.
Theorem 2.1 (Hoeffding’s central limil theorem (1951)) Let {cu(i,5)} be n® real numbers and sel
dn(i, 7) = eali, 3)= én ()= €a (- 5)+ n (-,7). The distribution of
Sn = Liw Cnli, 7))
is asymptotically normal with

mean = (1/n) Z?.j___l en(i, J)
and variance = [1/(n - 1)) 2?.;‘:1 di (i, )i

. mazie¢ijentdi(i,j) ;
lim - =), 2.2
n—eo };)::-:,-:l d3 (i, J) (%2

This theorem will be used to prove the asymptotic normality of general rank statistics. For the specinl
case of a linear rank statistic we have the following results due to Hajek and Sidak.
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Theorem 2.2 (V 1.6 theorem a, Hajek-Sidak (1967)) Let en(i,n(i)) = en(i)an(m(?)). Define
en= T enli)/n, an= Yix, anli)/n. The distribution of

Sp = 0, cnli)an(w(i))

is asymplotically normal with

mean = n Cply

and variance = 3 i [en(i)— ca)? fnl [(u)— ©)2dy;

if
lim i lenli)=cal’_ (2.3)
"= maz) <ignlen(i)— en]?
1
and fim | {an(1+[un]) - o(u)}Pdu=0. (2.4)
. n—oo Jfp

where @(u) satisfies (2.1). In this case, an(i) is called a score and (u) is called a square integrable
function corresponding to an(i). The ezpression [un] in (2.4) means the grestest inleger less than or
cqual 1o un.

2.1 The Two-sample Case

Recall the null hypothesis Hq in (1.2).

1) Spearman’s Rho

Let
nytna +
()
Sy = ————, (2.5)
/Y n+nz+1
Then, by (1.6),
ni+na o
w ()
d B8 = —_———, 2.6
s;({r} E) = 5 '_EI:“ ny+nat1 (26)

here ” = " means equivalent in the sense that the terms in both sides differ only by some constants
depending on sample size. Therefore instead of dealing with ds,({r}, £}, we discuss 5 directly. Hence
the critical region for the Spearman’s Rho statistic consists of rejecting Ho whenever S > ¢, where ¢ is
a constant determined by the significance level & and the limiting null distribution of S,.

Let

u if0<u<l
p(u) = { 0 otherwise. (2.7)

Let the score function a(i) = m Then we can write S5z = E‘___'.::'_f_, a(r(i)) where p(u) is the square
integrable function corresponding to the score.
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By Theorem 2.2,

S’_’ f'{s) A.(“-S:!U:-‘;"a)i as !Ilin(ﬂ], "2) -

nytng

with gy = =22 P
Jl5"_m+n-_» & oy +nat T2
1
ning —=.0 L3R
5, = = — ¥ffdu = ——————.
78 ny + na ,[0 lp(u)— ¥1du 1(ny + ns)

2) Kendall’s Tau

It follows from section 1.3 of Chapter 1 that
dK:({“T}l E) = ds:({“-}lE) =5

Hence the asymptotic distribution of Kendall’s Tau statistic under Hy is given by (2.8).

3) Spearman’s Footrule

Let
nitng
Fr= Y a(a(i)
f=ny41
where

i{i=1 . .
a(t)—{m ifl<ig<n

By i3 : + m2npknadil] | _ i mlntd g n < i<+ na.

(ﬂ:+n:| na(n,+na) ny+na  na(nidna)

Then, by (1.8),

n g+llg

dr,({rLEY= Fo= Y a(a(i)

f=ny 4l

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

Hence the critical region for the Spearman’s Footrule statistic is { F2 > ¢}, where ¢ is a constant dependent,
on the significance level @ and the limiting null distribution of /5. The square integrable function

corresponding to the score (2.11) is found to be

[ if0<uga
plu) = A——-(u—-l)2 fi<u<l
provided that 5" — A as min{n;, na} — co.

By Theorem

P2 % N(up,,0%,), as min(ny,ny) — 0

n4nyg

o Z afi) = nyna(n; + 2ny)

with HF, =

n+n2 o 3(n1 +ny)?
o2 = Tn AN(=22% +2) + 1)
= ny + na 45 )
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4) Hammimg

Let
ny+na
Hy= Y aixi)
i=l
where
;:; ifi,j€{1...m)
aG; =4 s ifi,je{m+1...n +mn2}
0  otherwise.
Then, by (1.9),
nytng
d":({ﬂ'}1 E) EH= Z Bix(i)-
i=l

(2.15)

(2.16)

(2.17)

lience the critical region for the Hamming statistic is { Ha > ¢}, where c is a constant dependent on the’
significance level o and the limiting null distribution of Ha. Since H» is not a linear statistic, Theorem

2.2 can not be employed.
In order to apply Hoeffding’s central limit theorem for statistic Ha, note that

=~ _ 1 mtna 1
8= S¥ns Lei=t %5 T A
ﬂj= "1+ﬂ: :‘:‘1"“2 i = nitnz (218)
+
ﬂ = (l’l|,+ﬂg]'2 Z:‘.Jl"’?n 'J = l'lt-:-nn
Then
du(i,j) = ai— a;. — a-._,-, +a.
1
= a.-_,- - m * na» (219)
Therefore
maz|da(i, )| = maz{ e o e maz{22, 2L} (2.20)
ny +ng' ny(ny +n2) na(ny +ng)”  m+ e ny g
nykng nitng 1 1 1
= + = . (2.21
ny +ﬂ2 -}_—: dathd) = ny +n2 1.12_1{ v ﬂx + na (ﬂ1+ﬂ2)2} ny + na (221)
lience by (2.20) and (2.21) when min(n,,nz) — oo,
MAT| i j<n 4nsdali, J') 1 az{ ﬂz R
- 1 }) (2.22
, A Ihiva6) ™ T )
By Theorem 2.1,
Ha o N(pu._.,a?,,), as min(n), n2) — 00
with Rify = 1
PO S
B i +na=17
(2.23)
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2.2 The Multi-sample Case

Recall the notation in section 1.4 of Chapter 1 and assume further that
1

— — ;. as min{n; -+ 0.} — oo, (2.24)
N,

Write Th =ty + -4t for L £k <randTh =0. Then we have
Ny

B= min{nlli-l-?x,}—om N’ (2.25)
1) Spearman’s Rho
Let
N, ) ﬂ_(1.)
Se = ;co) ol (226)
where
(i) = Nkmy + Ni if Npwy <i< N, for 1<k < (2.27)
Then, by (1.13),
N, ,
ds, (7). F) = 5, = 3e0) s (2.28)

Hence the critical region for the Spearman statistic has the form {S. > c}, where ¢ is a constant
determined by the significance level @ and the limiting null distribution of S;. The score funclion in Lhis

case is a(f) = w7 and it is easy Lo sec that the square integrable function corresponding to the above
score is given by

e if0<u<gl
plv) = { 0 otherwise (2.29)

Write c= 5~ T ofi). Let the notation ” A(n) & B(n)” mean that A(r) is approxmiately equal to B(n)

as n — co, where A(n), B(n) are some real numbers depending on n. Then when min{ny -+ n,} ~ 00,

- 1 X
cC = -ivr- Zc(z)
i=1
L, '
= z F(Nk—l + Nk) = N, (2";0)
r
k=1
mazicicn,[c(i)= ¢]F = mezigrer(Ne—1+ Ni— )
Net +N .
= N,?ma::lsts,.(_%__" _ 1)‘!
r
i meamlﬁkSP(Tk-l 4+ T — 1) ' (2.31)

Ne r
Y leti)- ¢ Y ne(Niy + Ni— c)?

i=t k=1
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.
 N2Y (D1 + T = 1)°
k=1

= N2 4NiTioy. (2.32)
k=1

Hence when min{n, .- n,} — 00

i [eti)— c]?

- (2.33)
maz gign, e(i)- <]
E;—l 4. T Te-
= = .,N,- — QQ. 2.34
maz<ker(Te-1 + Tk — 1)? o ] (2:34)
By Theorem 2.2,
s, Mo N(ps,,03,), as min(n; - n.) — 0
ith =¢ i () _ y./2
with Us, =¢ 2. M=
Ny _ 1 _
8, = Dlei)- FF° [ folw)= P
i=l
N3
==Y 4T Tear
n ; T
(2.35)
2) Kendall’s Tau
It will be shown in section 2.4 that when min(ny - -+ n,) — 0,
Vars {dh'.({‘ﬂ’}, E) - Ey{dx. ({7}, B)} ds.({7}, E) — E",{ds,({:r},E)}}
‘ (Vary, {dx, ({7}, E)}}'/? Varm{ds. ({7}, E)}]1/2
- 0. (2.36)

Therefore the Kendall’s Tau statistic and the Spearman’s Rho statistic are asymptotically equivalent
in terms of variance. Thus in the multi-sample case, the asymptotic distribution of the Kendall’s Tau
statistic under Hy is given by (2.35).

3) Spearman’s Footrule

Let
N, .
Fo=) cings) (2.37)
=1 ;
where
N,
Cij = Zﬂ,‘,(j - S)I[J > S] (238)
=1
L ifi,s€ {Nem1 41, -+, Ne}
and i, = { ('l“ otherwise, (2.39)
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Then, by (1.15),

Ne

dp‘,({‘-'l‘}, E) =F. = ZC,-,,(,‘).
i=1

(2.10)

Hence the critical region for the Spearman's Footrule statistic is {F, < ¢}, where ¢ is o constant deter-

mined by the significance level o and the limiting null distribution of F.

For Np_y < i< Np,1<p<,

N,
i =9 ai,(i— s)[F > s
a=l

Ny

1. . .
= > —( =Ml > 5]
s=Np_idt P
0 if 1 Sj S Np—l

(=Npo)(j=Nper =1)

"nh i[ Np—l < j S N,l
j— et fetl if Ny <3SN,

Then we have, for Np_) < i< Np,1<p<r,

el 1 ads

C. = ‘IT,- Z Cij

i=l
__1_["3 -1 + (Ny - N;:)(Nr - Np—l)
Ne 6 2

1
o

]

and, for Ny < j SN, 1 €987

der 1 Ne
- de
cj = N: ;_1: Cij

_ 1. Noy+Ngat (G No-i)d = Nyt = 1)
= N T 2 ]
def 1 ZN"
- e
c" = — c--
N'? ij=1 7

l = n2=1 (N,=N,)N,.-N,_
= TV_Z'ZHP[ PG +( p)2 f 1)1
F op=l

_Lz':np(n§+3NpN )
NZ 6

_Ai

=

p=1

4

Let

d(i,j) dér Cij— C-, - c-.:,- + c.
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From (2.41), (2.42), (2.43) and {2.44), it is casy to sce that
d*(i,5) = O(N3).
Also it will be shown in section 3.6 of Chapter 3 that
N vy
o i; 60 = 5 Z( 5Ty = STPTE., +5TETE, +5TeTy_, +

91*‘71 L+ ITETE | = 21T TR ,+‘ST" N
= MN?+0o(N?}),

where M is a computable constant # 0. Here O(Ny 7),0(N3?) mean that when min{n, -
O(N2)/N? — constant, o{N2)/N2 — 0, respectively. Hence when min{n,---n,} — co

ma:tl.(. J<N dq(i,j) -
N tJ t d,(' J)

By Theorem 2.1,

F N(p,:-,,a'fc- ), as min(ng +--n,) — 00
. N"
with  pp, = — Z cij = Ny c.. e

1‘3_1

*(1,3),

' “’—
where o}, is approximated by (2.47).
4) Hamming

Let

N,
Hy = Za;n(i)
i=1
where

1 [P .
a={ or 4,7 € {Neci + 1,0 Ni 1 Sk <r
0 otherwise.

Then, by (1.16},

Ny

d"r({ﬂ'},E) =H,= Zﬂ,—,(;).

i=l

(2.46)

(2.47)

nr} — O,

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

Hence the critical region for the Hamming statistic is {#; > c}, where ¢ is 2 constant, determined by the

significance level o and the limiting null distribution of H,.
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Let

Then

and

Also

Hence when min(n,

By Theorem 2.1,

o L8R L
I DAY (2.69)
N
= def 1 - 1 '
@ E;“"" =5 (2.54)
N
- dea 1 1 " =
“@ = 5 Z aij = R (2.55)
ij=1
d(i,7) def a;j—a;. — a; + a.= ajj — -AIT, (2.56)
r
mazi<ijen, A1, 7)) € mamicijen, el
1 s
= nlﬂmisks,-(n—k)'
Y] —ma;rl.:g.c.-l,,. (2.57)
NE =51y
1 & P o 1
o ) = 5 D (e - )
T =1 =1 T
N
1 N 1 1
= — ai; — 20—+ —
Nr i'jz=l( €] } Nr N;)
- o2, L
T N, NN,
_ *‘;rl. (2.58)
oon.) — 00, {2.57) and (2.58) ensure that
maz)¢ijen d (i §) _
o L 42, 4)
(2.59)
H, % N{pn,,0% ), as min{ni---n.} — 00
N
. LR -
wilh kil = 7 E ajj = |
"=t
1 & r—1
1= ¥ () = ——
a'"'_ Nr_'l '.J.Z_l (!!J) Nr_l
(2.60)
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2.3 The Two-way Layout Case: the ordered alternative

As shown in section 1.5 of Chapter 1, the test statisties ds({7}, E), dr({z}, E) and dy({x}, E} are
all sums of independent random variables. Consequently their asymptotic normalities follow from the
central limit theoremn for independent random variables. The asymptotic normality of di({r}, E) is
established in the proof of Theorem 2.4 by showing the fact that it is equivalent to a U-statistic for which
the asymptotic normality is given in Serfling (1980), page 192. Therefore, we only need to obtain the
corresponcling asymptotic means and variances.

Theorem 2.3 For b — oo,
I n
dS({ﬂ-}'E) ~ N(#S,UE).

rb(rb + 1)(rb — 1)[(rb)!]?
12(r1)2t
br2(r — D)[(rb+ )*
HA(r + 1)2(r )%

wilh s =

[

a
(2.61)
Prool: Nating the expression (1.22), we have, for 1< j <,
Emy(Cirs}) = (L Diapas
Hence the calenlation for pg follows from (1.27) and the fact that

Eito(TsClz;)) = 5Ts - (Lo Dippyxy = 0

" 1} -
For o, let A = (—r[f-;—';b}(';l%]m Then, from (1.27),

b r
o = Vary {ds({=}, £)} = A? ZVarnn{Z iR‘::}

=1 i=1

b r
= ATy Eng{ Y iR —v(r + 17/4))°
j=1 i=1

b r r r
= A3 Bnd Y iRisR + SRR - r(r+1)2/2 Y iRE 407 (r +1)1/16)
i=1

i=t iga=1 i=1

b r r . ror .9 roor .

n 1psq 18 " 5 o
ALY D r(:’_ ) +ZZ—;~-(r+1)-/2 Zz:+r'(r+ 1)4/16}

j=1 igs=1pFg=l i=1 s=1 i=1 s=1
a2 rr+ 1) (r-1)
=4 b__—_lfM
br(r — D)[(rb 4+ 1)1

144(r + 1)2(rhy®

(2.62)

This completes the proof of the theorem.
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Theorem 2.4 When b — oo,
di({x}, E) = N(uw, o),

rb{rb — DY[(+b)']?
2(rh)
“ _ Br(r 4+ 17(13* = 2r + D(rH)*

7K = T = D)) D2 ir — DI+ DYE

with  pg =

(2.63)
Proof: To establish the asymptotic normality, let Ri= (R, R for 1 < j < bandsel S0, 1) =
EKW:(, [R,’ Rialiy, i2] for ji < ja. It follows from the definition (131} that J is symumetrie, Since

, R® are independent, the l'ollowmg statistic
= Ligjiciaes [ 77)
is a U-Statistic. Serfling (1980}, page 183. shows Lhat when b — oo,
(r = 1)(r + 1)*[(20)Y
9[(r = Di(r+ DI

Varg, (Ui} =

On the other hand,

b
V(Y X sl )

J=11€i<iggr

b
=5 Vary,{ Y. sgnlR], - R ]}
i=1

lsf|<l.;l<!‘
= bM, where M is a conslant,

Therefore the asymptotic distribution of dyc({x}, £) in (1.36) is dominated by Uy when b is getting large.
Hence the value of px immediately follows from the saine arguments as in Theorem 2.3, and the value
of ¢ as b — oo, is given by

rh)i]?
Var”o{dx({ir},E)} - == '(,-1)'1([%1’;;](2:)!?‘/(”"“{”"}

[ 8= 1)+ 1))
YD Ol D + DI
B3 (r — 1)(r + D*[(r0)]*
(Y- D(r ~ DI(» + 1)

i

This completes the proof.

Theorem 2.5 When b — o0,
i :
dr({r}, E} ~ N(ur,0%),

(rb -+ 1)(rb — 1)[(rb)})?

with pF = TR
2 b{[(b— l)r]!}d ., 1 - ],12
Op = (r!).;(b_]) r—1. ij1
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where
Fii=fi—fi - fot I

P (b )4 s—1 rh—s t-1 rb—1
"R () () () (2 e

a=t t=j

{2.64)
Proofl: T'his follows directly by applying Theorem 2.1 to (1.39).
Theorein 2.6 When b — oo,
dir({7}, B) 2 N(un, ofr),
rb[(r0)})? _ b{lr(o = DI}

()2t T r(rl)206-1)
ii""""*z"‘""””( -1 ) ( b -1 ) ( i1 ) ('rb_t )
j=li=l  t=max(j,i) i-1 r—a i-1 r—1

N { O )L S W e g
O = (,_!)4(5_1) ) 1. l‘Hl'J"

ij=

wilh =

where

i = hij— f:j - bi. + h.

(r=1)b+min(j,f)
t—1 rh—1 t—1 rh—1
a1 (52 (32

t=maz(j,i)

(2.65)
Proof: This follows directly by applying Theorem 2.1 to (1.40).

We can sec from Theorem 2.3 to 2.6 that, for the two-way layout of the multi-sample case, the
involved means and variances for the various test statistics are computable, even though some appear a

little complicated. With the help of modern computers, it should be easier to complete the calculations
involved,

2.4 The Asymptotic Equivalence of dg, ({r}, F) and ds ({r}, E)
Under the Null Hypothesis in the Multi-sample Case

Theorem 2.7 Under the null hypothesis, the Spearman’s Rho and Kendall’s Tau statistics in the multi-
sample case arc asymplotically equivalent, i.e. whennin(ny, -+, n,) = 0

die, ({7}, E) = Eng{dr, ({7}, £)} _ ds.({7}, B) ~ En,{ds. ({7}, E)}}
[Varu, {di. ({7}, E)}]'/? Varn,{ds,.({z}, E)}]1/2
-, (2.66)

V(H‘"n {
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Proof: Let 5, = ?P;‘ c(:')Ni_(-% be given by (2.26) and define

r Ny Ne

K, = Z Z Z synlx(i) — =(j)]. {2.67)

k=1i=Nai—+1 j=Net!

Then, by {1.13) and (1.14),

dg, ({7}, E) = Enp{di. ({7}, B)}  ds. ({7}, E) = Eu,{ds. (1, )}
Varuo{dic.({x}, EYN'/® Varn, {ds, ({=}, B)}1/2

_ R’,. - E-Hn]l'r Sr - E"“S,. i,

= Varn K, )72 T Varm, S/ (2.68)

Now it is cnough to prove that K, = —5,. By (2.35),

N <
Vary,(S.) = o, = 1—5 LT T (2.69)

k=1

By symmetry, Ey, (/) = 0. Therefore

Varpg,(K:) B(K3)

Ny

r Ny Ny Ny
Eni. Y T X X senln(d) - a(ilsenfati) - 7G0]+

k=1i=Nyo 141 j=Nedl =N+ fisNedl
N N"I

Ny
)OEED DD VDS Z sgnla(d) = w(i)sgnlatiy) = 2GO))

12k <k ZriaNy 41 j=Ny kL iz Ny okl 1= Neg +1

& Ay(first lerm) + Aq(second term). (2.70)

Also we have, for mutually different £, j, /1,
En,{sgnlr(i) — n(i)}sgn(a(i) - 7(71)]}
_ sgn[j - ilsgn(s — 1]
Z Z Z Np(N, = 1}(N; - 2)

f=ligi=1a4j

T & sgn|j — ilsgn[s — i]
-Z Z ZN.-(N,.—-I (N. - 2)

izl igj=1 o #y
= i /_NT_: Z sgnlj — i]sgnls ~ i] - synj — 4*
i=1igj=11=1 Ne(Nr = 1)(Nr - 2)

Ne (N, +1=28)2 =~ N(N, = 1)
T NN, - DN -2)
_ AN (N + DNy + 2)/6 = AN (Ny + 1)(Ne + 1)/2+ Ne(By + )N + l)—N,(N, - 1)
N.(N, = )N, —2)

)

(2.71)
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and, for mmtually different 1, j, 4, 71,

B, {sgn[(i) — w(i)]sgnfa(ir) - 7(51}]}
= Eno{ Ene{sgn[w(i) = 2(N}sgnln(ir) — 7(7)]}=(51), 7 (i)}
=0 by symmelry. (2.72)

Thercfore

Ar(fivst term)
r Na Ne N,
sEY Stz Y )X S senlali) - aiNlsenln(in) - 7))
k=1 i=th=Nga+1 Ny €ECii €N j=MNa! Ji=Netl
r Ny Ny N,
= E"n{z z Z Z Sgﬂ[ﬂ'(i) - w(j)]sgn[-;r(i) - =I.(jl )]} +
k=1lisNy+lj=Nu+t 1N+l
r Ne N,
2By, Y Yo > sgula(i) - a(i)sgnln(in) — 7))}
E=1 Nyoy <i<iy SNy j=Ny+151=Na+1
r Ny N, :
= Eun{z Z Z syn[a(i) — #(7))sgn[= (i) — ()] +
k=liz=Ny 1+l j= N4l
r Ny
Z Z 2 Z sgn[r(d) = 7(§))sgn[7 (i) — =(51)]} +
E=lisNuoi41l NCi<HiEN,
r Ny
Who{d, D > sgnlx(i) — x()sgnlx(ir) ~ 7))}

k=l Npea iCi SNk j=Netl

r Ny Ne r Ny 1 r Ny 1
=y Y Yoy o oy gy, X 33
k=1f=Nyoy 1 j=Ne+1 ke=1i=Nyaa+l MNy<j<i1EN, k=l Nga ) i< SNy jaNG+1

u 2.2 Ny = NN, =N +1 T 2 — 1
= {3 Ve = N+ :gnk( ‘)(2 s )}+ -,;-m'(n—;—)-(N,—N;.)
k=t k=1 k=1

N a r .o
2 & (1 - T)? 2(1 = T)
o~ N3Z ol SIS, 2.
“ N’a{LZ 2 "'LZ I
=1 =1

N
1 r

N'?:'i E (1 = Ti)(1 = Tie-1)
k=1

Ne
= N33 S uTiTior. (2.73)
k=1

[

Au(second term)
Ny Ne N"l Ne

= Ep,{2 Z Z z Z z sgn[m(i) — 7(j)lsgnlw (1) - =(i1)]}

1€k<hkySri=Nai+1 J=Ne iy =M b 1=Nag #1
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Ny Ny— Ny, Ne
=Enf2 3. o, (2 + X o+ )
1€k SrizNy 41 J=Nebl J=Ng bl j=Ne 1
N,
Z Z sgu[x(i) = a()]sgn[x (i) = =(G)]}
512N a1 fi=Ny +1
Nu Nk;—l Nl.,
=Eg 2 Y X X X L sgn{(i) — a()sgnfm(i) = 2l +
lSk<k|Srl"‘N1. 1+IJ'=NL-I-1in-Nh.-x-i-lJl-M1+l
Ny, Ny,
Bty 3, 2 > > Z sanla(i) — w(sgnlr(in) - 7(GOI}
1<k<k,<ri_Nu_|+lJ-.N|.,_l+ln-Nn.‘ vhlii= Nn,+l
Ny,
Bro{2 Y Z }: > Z synln(i) — n()sgnla(in) = 7 ()]}
1<k<k 1 Sr imNem +1 j= N L 0=Ny kL =Ny +
Nj.‘ N
=0+En{2 Y, Z > )y syn[w(i)~wu)]syn[w(n)—.-r(jl)n +
](k(k],(rl—Nl. v == N“l ;+1jl=N|]+l
Na. N,. Nl.
Ep,{2 Z Z Z Z sgu[r(d) = 7(§))sym(=(i)) — 7(3)]}
1€k grisNyo+l j=iis=NgHLh=Ng bl
Ni Ny, Ny |
=2 3 x> ) (g
1Sk<kx<rl=N|,...|,+1J=II=N1¢|-I.+‘JI"N&‘+|
My
+2 3 Z Z > 3

1€k<k, Eriz=Ny 1kl j=ii=Nug +1 H—Nk|-1+1

=2 Z ety -1 (N — Nh)(—'q) +2 Z weng, -1 (Ny — Nkl):]_;

1€k<k, €r ’ 1<k<k; <r
= 0. {2.74)
Therefore
N:l r
Vary,(Ke) = B (K2) = Ai(first lerm} + Agy(second lerm) = -‘—" Z LT Ty (2.75)

Furthermore we have, for { # j,

Bzf.,{syn[7r(i) - 7(i)m(5)}

_Z': Z s_;n[J-:]:

l"l,;#s"l

synfj - i
= ZZ Nr(Nr - I)
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o (Wt DNl 2 1) (M DGR Dy v, (v, - 1))

= (5= 2)(Ne 1)

=~ (N, + 1) (2.76)
)
and for s #i,8 # J,
E{sgn[n(i) ~ 7(j)]=(s)} = 0. (2.77)
Then, by (2.76) and (2.77),
Eno{(Ke = Etg K:)(Sy — En1oS:)} = Eno{K: - Sr}

r N N, r N (i
=EndS S Y senla()) -G, D (Nk+Nk*t)Nr(_,_)1}

k=li=Nioy+1j=Ne+1 k=1i=Ng+1

r Ny r—=1 N+ .r Ny ‘Fl'(t)
=Emdd. Y D DL senlr@-a(GNHY. 30 (NetMedgiT)

k=lisNekoy+liyskj=Ni +1 k=li=Nrxoy+1

r N r—=1 N

SEnlY Y X 3 senlel) G+ M) Fy)

Ne+1
k=li=Nyoy+l =k j= Ny, +1 ’

N, r=1 N4

Ay S X O somle() - w O + M) o)

N.+1
k=li=Nyatligskj=Ni +1
r N r=1 My 1
= {z Z Z . Z (6)(N;.- + Ni-1)}
k=li=Ny_ Hl =k j= Ny +1
r Ny r—-1 Nl'|+|- 1
+ 3 ¥ > (=5)(Niy + Niys)}
k=1 i=Ny +1li=kj=N; +1
l r
= E{E’lk(Nr = Ni)(Nx + Ni—1))
1o 2 2
—E{Elnk(fv, — N}
1 r
- —— ! - NY(N, — N¢...
G{EIM(M N )N k-1)}
N3 < "
z-—ﬁ'{gu(l—ﬂ)(l— k-1)}
3 r
= - TE S WL, (2.78)
k=1

Thus
End K, — Ey, K, Sy — Ep,Sr }2
Mo Y ary K )2 " (Vary,5e)/?
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=242 E‘""{(K’ - Ey, Ke }(Sr — EHqu')}
2 Varn K)VE(V ar 5.0

NS T e e Lo ey e .
%2—2{—6"2!!:1“&7'&—!}/{(5Zf-k’kfk-t)”-(ﬁf\r.:‘kalkik—l)'l'}
k=1 k=1 - k=1

=2-2=0. (2.79)

This completes the proof of the asymptotic cquivalence of dy ({7}, £) and dg ({7}, E).

2.5 The Dispersion Case: the multi-sample case
Consider the test hypothesis (1.41).

1} Spearman’s Rho

It follows from (1.44) that the use of the Spearman’s Rho distance yields a constant.

2) Kendall's Tau

Noting that (1.45) is essentially the same as (1.14), the asympl.ot..ic normality of the Kendall’s Thu
statistic di, ({7}, E) is given by (2.35) since ds,({r}, B} and di ({7}, E) are asymplolically cquivalent

under Hy.

3} Spearman’s Foolrule

Let
N,
Fa= Zciz(i) (2.80)
i=1
where
NI‘
cij = 3 ais(j = s)[j > 5] (2.81)
=1
and Gie = % ifi'SE{Mk-—l'i'1:"'3Mk|Nr_Mk+l|"'1Nr_A”k—l} (282)
¥Z 10 otherwise, '
Then, by (1.46),
N,
dp, ({7}, E) = Fa = Zci:r(i)- {2.83)
i=l

Hence the critical region for the Spearman’s Footrule statistic is {F4 < €}, where ¢ is a constant deter-
mined by the significance level & and the limiting null distribution of fy.

For Mp-1 i€ Mpor Ny = M, <i< Ne = Mp,1Spsm,
Nl‘
cij =22a.-,(j-s)![j> 5]
=l
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M, “Mpo

(> + Z )—(J—-")I[J>-"]

=My +1 i=N.-M,

Il

0 ifl<i< M,y
(J-Mr—alfrJn‘;Mn-:-l) if My < Jj< Mp

={ j- Meitipy it Mp <j S Ne =M, (2.84)
i M,.-.-;M,H + (J_N,.;.ni,_,_)z{fgn—rNr-Mt,-n—l) il N, — Mp <j< N, —M,_

Iien we have, for Mpoy < < Mp or Np — My, < < Ny - Mpar,1€p<r,

et lN.-

- 13

. = N’"ZCU
T =1

- 4 Nr?Nr""Nl_N_ NN—
.-[ pl? + : 4’ : l)+ PqP l]' (285)

Selting A} = {My_1 + -+, Mg}, A:-; ={N, = Mg+ 1,---, Ny = My}, for 1 < g <r, wehave

or 1 Ny

- de

2R L
=1

B NLr[qu—l - q-I+M°- o+ G- J“l!-l)f.f Mg_1— 41] lfJ e Al (2 86)
NL'[J.(NI‘ _n,!q) (Nr Mq) +(Nr J".;) +(J-N|-+l‘fq“] -N, +M., 1)] lfJ EA2

der 1 %
[d
— __5. Ctlj‘
N: ij=1
1 r np[ng + 3N|-(2Nr - Np - Np_l) + 3NPNP—]_]
2 Z i2

o
|

2

NF &
N:
3 (2.87)
Let
.y del -~ - —
d{i, ) = cij— . —cj +c.. (2.88)
Irom (2.84), (2.85), (2.86) and (2.87), it is easy to see that
d*(i,§) = O(N?). (2.89)

Also it will be shown in section 3.6 of Chapter 3 that

N ”z;td(z ) = 7202( 5T Ty — STETE, + 5TRTE | + 5TeTd_, — 57TT¢ +

6972 Temy + ITETE, — 21T T2, — 10}
= MN?+o(N2) with M is a constant # 0. (2.90)
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Hence when min{n, ---n,} — o0

naa:r:ls,-,,w_:w,.dz('l',i) -
1 N, L)
7o =1 € J)

By Theorem 2.1,

H .
PR N(ppd,a'_i.‘.), as min(ny - on.) — o0

. 1 & - N
with MRy = E Z Cij = Ny e.= —3—
ij=1
1 &
2 - dﬂ Py
TR, N, =1 ,'.J-Z=l (’:3);

where o, is approximated by (2.90).
4) Hamining

Let

N,
Hy= z Qix(i)
=1
where

a._j:{ a il je (Ml M, N = Mt 1o Ne = My} Sk S

0  otherwise.

Then, by (1.47),

N,
dy, ({7}, E) = Ha = Zaiw(i)-

Since (1.47) is similar to (1.16}, the asymptotic null distribution of I/, is given by (2.60).
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Chapter 3

Asymptotic Distributions Under the
Alternatives

In Chapler 1 we have derived several testing statistics for the hypotheses (1.2), (1.10) and (1.41). Our
choice of which is best. will be based on the criterion of power. Thus we need to find limiting distributions
under the alternatives.

Assume that F(z) is a continuous distribution function and f(z) is the density function of F(x). Let
F=1(x) be the inverse of F(z); more precisely, F~!(u) = inf{z : F(z) > u}. Put

= [T L))
1= [ ST (3.1
_ P
wlu, f) = (1)) G<u<l, | (3.2)
in the following discussions, we always assume that
I(f) < co. (3.3)

Further assume that each sample distribution Fi(z),1 < k < r is a continuous function. We consider the
following hypothesis to be tested:

Hy:F(z)=---= F(z) = F(z- :i) against

Hy:Fi(z)=Flz—Ag),1<k<Lr (3.4)
Ay <o <A, (3.5)
where di=A; if Nec1 <i< N, 1<k<r (3.6)
oo M
and  d= - ig;d; (3.7)
with conditions
NYPAL - 6,1 <k <rasmin{n .1} — o0, (3.8)
Note that, as min{n, ---n,} — oo, (3.3) and (3.7) hold if and only if

maz,cign, (di— d)? — 0 (3.9)

N, _
I(f) Z(d.-— d)? —b*, a constant. (3.10)

i=1
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3.1 Contiguity

Consider a sequence {py, ¢y} of simple hypotheses p, and simple alternatives g, defined on measure spaces
(Qy, Zv, ), ¥ > 0, respectively.

Definition If for any sequence of events {A,}, Ay € =y,
P,(Ap) = 0 implies Qu(Ay) — 0, (3.11)
we say that the densities g, are contiguous Lo the densitics p,, where dP, = pydu,, dQy = quduy, v > .
Assume that Hy: the underlying distribution is P, while /,: the underlying distribution is Qy.
If Hy is composite, we say that ¢, is contiguous to H, if for cach v the convexmll I}., of I, contains
a density p, such that (3.11) holds.

If both H, and K, are composite, we say that K, is contignous to Hy if (3.11) holds for some py, € ﬁt.
and gy EI?,,.

Contiguity implies that any sequence of random variables converging to zero in Py-probability con-
verges to zero in Qy-probability, v — co.

In this Chapter, we derive the limiting distributions of test statistics in the wmlti-sample case under
the alternatives of contiguity as in Hajek and Sidak (1967).
3.2 Some Theorems
Theorem 3.1 (VI.2.{ Theorem, HHajek-Sidak (1967)} Let
n
S =Y (ei= E)an(a(i)) (3.12)

i=1

where the scores aq(i) satisfy (2.4) and Tr (ci~ €)*/mazigicn(ci— €)? — oo, Then, under (3.9) and
(8.10), Sp is under Hy asymplotically normal (n,6%) with

n 1
p= Z(c;— ¢ ){di— d)j w(n)p(u, f)du (3.8
i=1 0
n 1 -
and o= Z(c,-— E):’f [p(x)— #)%du. (3.14)
i=1 0

Theorem 3.2 (V.1.4 Theorem a, Hajek-Sidak (1967)) Let (Ui} be ii.d. uniform random variables on
[0,1]. Suppose that ¢(u),0 < u < 1, is a square inlegrable function wilh

fnl v (u)du < oo (3.15)
and put  af(i) = E{e(U)lr(1) = i},1 <i<n, (3.16)

Then j
lim E{af(w(1)) - p(Un)}* = 0. (3.17)
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The following theorem shows the asymptotic equivalence of a linear rank statistic to a sum of inde-

pendent, random variables in the multi-sample case.

Theorem 3.3 Let {Ui}" be i.i.d. uniform random variables on [0, 1] and set

N, _
Ty = Y (di— d)pl(Ui, f)

i=1
7= 3 Do, )
i=1 N +1

Then, under (.10},

H .
\ ~ Ta,as min{n,---n.} — co.

Proof: Let UC) = (UM ... UN)) be the order statistics and ul) = (ulV...

Then we have

En {(Ty = TP IUO) = o0}

Ny _ ; .
= Enn {3 (- Dlpttin /)~ o ZE PO = )

— Bl > i D, 1) — (28,

(3.18)

(3.19)

(3.20)

u(™)) be a value of U0,

Py N+ 1’
e 3 - (i)
=;a:;..{§(ds— a2 (uCD, ) = ol I+
2 (e D= DA, ) = G, N, 1)~ pl 7, 1)
1<s<5<~.
ul®) k 2
—Z(d d) Z[‘P( f r(N'+l,f)] }+
_ _ Ne N ) £y — oof =2~ ul®) Y = o[ ——
9 Z (di— d)(dJ— d)z Z [(P(!l 1f) (P(Nr'l}]\.rlf])‘;l'[‘lg(l lf) ‘P(N.--l-l’f)]
1<iCiSN, k=1sgk=1 r(Nr = 1)
8 e, ) — el M
TN Ne
b* i e [tp(u(k),f)—xp(ﬁ-,j)][p(u(’),f)—ga(-lv—r’-_{.—l,f)]
IU)L =1 s¢k=1 Ne (N, = 1)
,( n A By, )~ ol ey, DFIVO = ) -
B 11, 1) = #{ oy DU )~ g, IV = )

Hence

En {(T1 ~ T2))
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By Theorem 3.2,

Therefore

and

= End En [(Th = T2V = ul )

~ 1075 Enellett. 1) = el ) -
B ol 1) - ol Mg, ) = (o, 1)) (3.22)
1(f) Mt N+ SRRV A R

(1) 2

Effn[ﬂP(Uhf)_‘P(msf)] —0

Bralletth, 1) ~ sy Dllo(Ue, 1) = ol ey,

< Bufen, 1) - ol D + Buliotun, 1) = ol D)

—0. (3.23)

E"n(71l - 'I"-!):! — 01

which implies this theorem.

Theorem 3.4 (LeCam)(VI. 1.4 Lemma, Hajek-Sidak (1967)) Let Su be any stalistic and

=~ f(z—di) .
log Ly = [Og__""'. (-1.2‘1)
g Sz~ d)

Assume that the pair (Sp,logLy,) is under Ho asymptolically jointly normal Ny ( ( i ) ) ( Tu o ) )

with pp = —103. Then S, is under Hy asymplotically normal (4 + 613,03,

L Ty 02

Limiting distributions of test statistics S, under the alternative are important from the point. of view
of the power properties of the respective tests. Unfortunately, their derivations are considerably tnore
difficult than the proofs of limiting distributions under the hypothesis. Nonetheless, in the conliguily
case, the difficulties are essentially diminished by the above theorem.

Theorem 3.5 (VI.2.1 Theorem, lajek-Sidak (1967)) Let Ty be given by (8.18) and logl,, be given by
{3.24). Then under (3.9} and (3.10)

(logL, —Th + %b'“’) Ho 0, as min{n;---n,} — co. (3.25)

Moreover, LogL, is asymptotically normal (— 167, 6%).

Theorem 3.6 Consider a generalized lincar rank stalislic

Ny
T=Y aig- (3.26)
. i=1

Let d(i, /) % aij— 4. — a; + a.. Under (3.9) and (3.8), if in addition

% N0, 1) (3.27)
and mazy<ijen, d(i, 7)) = O(NT) p <0, . (3.28)
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then we have

10 N(oya, 1) (3.29)
with o1 = Ep T - Tu}, and T is given by (3.19). (3.30)
Proof: Conditions (3.3), (3.8) imply that (3.10) holds. It follows {rom Theorem 3.3 that
1= S e Dt ) 27 = St e (L) (3.31)
1m:‘:l e ‘2_.‘=1 IRNAY TN .
From 'T'hcorem 1.5
logLy, 22T, - % (3.32)
I'hen
b2 o b2
(T logLn,) = (1)1} — 3 L1 - 3) (3.39)

From (3.27), T %2 N(0,1). Also it is casy to see that T) Yo N(0,b?), which implies that T o N(0,8?).

Therefore if
iy Ho | Cy,012
(1, 1) N,( ( 1ia ),( O1n, o ) ) (3.34)

then, by Theorem 3.4 and (3.34),

T N(py + 012,0}) = N(os2, 1) (3.35)

Note that if (3.34) is true, then gy = pp = 0,00 = L, 62 = b2, and 012 = Ep {T - T2}
It remains to prove (3.34), which is equivalent to showmg that, for any ¢;,¢2 € Ry,

al + e Yo normal distribution {3.36)
Assume
Vary,{eyT +eaTe} = ¢ > 0, as min{ny - -n,} — o, (3.37)

for otherwise the prool is trivial. Let

af; = erazj + caldi— d)ee( Nr3‘+ 7 ) (3.38)
Then
T +calh = ia},(i). (3.39)
i=1
Put
&Gd) ¥ ay—a —aj+al
= d(i,i) + eldi~ Al . + 7 /)= el (DN (3.40)
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Since p(u, f) is an integrable function, there exists a constant M > 0 such that |w(n, [} < M as. Also

noting that, by {3.6)—(3.8),

r

1
mazy<icr] Ay — ' Z"k-’lkl
T k=1

|di~ d |

1A

24

l r
—_——nar eper |ty — E &
N'}”nm:h_ug]lk k=llu k|
O(N13.

A

we have, by (3.28),

Icld(il J)I + lc'-!(dl'_ &)[w(}f_ﬁnf)_ 'P('r f\}l
lerhnazy i jem, WG, 3 + leaM ||di= d |
O(NT) + O(NIM2) 2 o(1),

ie. mna:ls,-‘jSNr(d‘(i,j))"' = ofl).

On the other hand, from (3.40) and ‘I'heoremn a, Hajek-Sidak (1967), page 57.

|d* (i, )

IA

2 IA

N,
Varg{eiT+ T} = Varg {3 ain)
i=1

ij=1

Hence, as min{n,,---n,} — o0,

Ne
= S = >0,

rig=1
and
maz<i jen, (4" (i, 5))
o Tiga(d(5))

By Theorem 2.1,

i . . .
T + 2Ty '~ normal distvibution.

This finishes the proof.
REMARK: If the conditions (3.27) and {3.28) are replaced by

o I “

T N(f"f':a'i')

7nﬂﬂ:l<l'.j<N,([(i|j) P O(Np
a r

and

hp <O
Then

rv”I
T~ N(pr +0’12,0’-¥-).
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(3.45)

(15.46)
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3.3 The Two-sample Case

In the two-sample case, we assume

Ho: Fi(z) = Folz) = Fz— :l) against
Hy: Fi(z) = F(z), Fy(z) = F(z - A) {3.49)

- 0 if1 S i S n
where  di = { A ifn; <i<ng+n (3.50)
R nad
d = di = . 3.51
an d n +nz E % 1 + ne ( )
Further, let
e A o 2,02
maz<icn+na{di— d)* = ( Ymez{ny,n3} —0 (3.52)
== ) + na :
ny$ng n
- Acnyng
e 732 = 2 M2 e ;
and  I(f) Z; (di— d)* = I{f) S b2, a constant. (3.53)
1) Spearman’s Rho
Let a(i) = m and
_Joif1gigsm
G111 ifn <i<n+n
Then S in (2.5) becomes
$2 = Titi™ ciala(d))-

IL is casy to sec that Sa salisfics the conditions in Theorem 3.1. Using the square integrable function
given in {2.7), we have ‘
ffl L] 2 H
Sa '~ N{p5,,05,), as min(ny,nz) — o0
n2 nin2

1
with }1'5: = '—2- + A;ll-i-_ﬂ:/.u ur,o(u, f)du

2 _ ning
752 = 12(111 + ﬂg)'
(3.54)

2) Kendall's Tau

In view of the asymptotic equivalence, the Kendall’s Tau statistic has the same distribution under the
alternative as the Spearman’s Rho statistic in the two-sample case.

3) Spearman’s Footrule

Lete; =0, if 1<i<nandl, if ny i< ny+na. Then Fain (2.10) becomes
Fy =TI cala(i),



with scores a(i) given by (2.11) and its corresponding square integrable function (1) by (2.18). Applying
Theorem 3.1 for Fa, we lhave

R N{pp, o'i-:), as min{imy, ny) — o0
nna{m + 2na) nyny !
3(m + na)? ny 4+ n A plule(u, fdu
R AXH=202 4 20+ 1)
Fa ™ 4 na 45 '

with W, =

(3.55)

T
where e

=}, as min{ny,na} — oo.

4) Hamming

Consider H given in (2.15). In view of (2.20)—(2.23), we have that (3.47) and (3.18) hold with
p = —1/2. Hence it follows that

Hy N{pth,, 0%,), as min(iny, n2) — o0

. - bI—lIE A L3 ! l - I\ *y A
with gy =14 g ({1),{( 2 [t P (2 [ ety
T S |
9= e -1

(3.56)

0 .
where - — A, as min{ny, na} — oo.

3.4 The Multi-sample Case

1) Spearman’s Rho

Consider S, in (2.26) with ¢(i) given by (2.27) and the scores a(i) = Tv'h'ﬁ IL is casy 1o see thal
Theorem 3.1 can be used; hence we have

S, % N(us,,0%,), as min(ny - n;) — 00

. DV N &
with s, =5 + 2((:,-— ¢)(di— d).[n up(u, f)du

2 _ N
= — VIV
T glm ket

(3.67)
2) Kendall’s Tau

In view of the asymptotic equivalence, the Kendall's Tau statistic has the same asyraptotic digkribun-
" tion under the alternative as the Spearman’s Rho statistic in the multi-sample case.
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3) Spearman'’s Footrule

For F, in (2.37), in view of (2.46)—(2.49), we have that (3.47) and (3.48) hold with p = —1f2. 1t
follows that

J AR N(p¥,,0F,), as min(ny -+ np) — 00
2

r

wilh ME, = ry + vr,

1 e
G'Evrz N:—:—l' Zd (I,J),

iJj=1
(3.58)
where o7, is given by (247). It will bw shown in section 3.6 that
vp, = Ep{F - Tu}
an ¥ T (u—="T._1)? -
w2y - St [ R 1) ol +
. T, .
k=1 j=1 k1
! T + Th— ~
/7 (w2, ) @(ldu, (3.59)
ke
where a,a(_f)= j;]l w(u, f)du.
4) Hamming
Tor H, in (2.50), it follows that, with p= —1/2 in REMARK of Theorem 3.6,
o N{py,,0%,), as min(ny -+ n.) — 00
wilh wy, = 1+vu,
=N
(3.60)
It will bw shown in section 3.6 that
vit, = En{Hy Ta}
1/2 : T v “
~ MY 6 [ ot )= o7 (361)
k=1 k-1

3.5 The Dispersion Case: the multi-sample case

Consider the test hypothesis (1.41) and assume that (3.3)—(3.10) hold with I(f) in (3.1) replaced by

= [ - L8, (3.2
and p(u, f} in (3.2) replaced by
er(u, f)=—-1- F-l(u)%{:—:&%,o <u<l (3.63)
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Then, it is obvious that, under the above assumptions and with the same arguments ot proofs, all the
theorems in section 3.2 of Chapter 3 still hold in the dispersion case.

1) Spearman’s Rho
In the dispersion case, (1.44) shows that the Spearman’s RRho distance yicelds a constant,

2} Kendall’s Tau

Comparing (1.45) and (1.14) and applying Theorem 3.1, the asymptotic distribution of the Kendall’s
Tau statistic under M, is given by (3.57) with @(u, f) replaced by ¢, (u, f) since dg, ({x}, &) and
dic ({7}, E) are asymptotically equivalent under H;.

3) Spearman’s Foottule

For Fy in {2.80), in view of (2.89)—(2.92), it follows from REMARK of Theorem 3.6 that, with
p=-1/2,

Fy m N(p}‘,d:ﬁ;), as min(ny .- 9, ) — 0o

with RE, = —-;L + vp,

1 &
=N 1 > &, 3),

ij=1
(3.64)
where o}, is given by (2.90) and vr, = By, {Fa - Th} with
e Do 0
- S (di— . 5,65
Ts igl:(d d)(pl(N,.-kl D (4.65)
It will be shown in section 3.6 that
vr, = Ey,{Fq-Ta}
. r r Tof2 ., _
m NN (8- ) 6 j (u = Tem1/2)[i21 (u, )~ o1(f)]du +
k=1 i=t Tu=rf2
1=Tf2 T T-.. -
/ te(u— —E'%)[W(“;f)" w1{f))du +
Til2
l—‘J",._.,IQ T- T._ . -
./ T/ [te(u - J‘j—Tﬁ) +(u =1+ Thms /2) o1 (u, )= 1 (f))ebu 4
1=Ta /2
1 -
f ol = D))= (D), (3.66)
i-Thoyf2

where w;ff): fol up(u, f)du.
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4) Hamming
Comparing (1.47), (1.16) and from (2.60), we have

1y " 1\’(;1},‘,0}’“), as min{m -+ 1) — 00
with [I;“ =14+vny,
2 r—1
M TN
(3.67)

It will be shown it section 3.6 that
v, = Du.,{”d Ty}
1=Thenf2
- Z‘SL( j . 4 ] Ylpr(, )= 1 (£l (3.68)
Ty 12 - h 2

1

]

As far as all the test statisteis are concerned in this paper, we can see the fact by comparing the
results in Chapter 2 that all the variances of these test statistics under the alternative remain the same
as that under null hypothesis.

3.6 Computations of 0% ,vr,, Vi, 0%, vr, and vy,
1. The computation of ¢, .

From (3.58), o, = 55 ¥; 521 47(4,), where d(i,j) is given by (2.45). Hence

N
det 1 - - =
N Z d*(i, §) lﬁr Z(cij— ¢i. — Cj +¢.)”
=1 ij=1

1
-—Z(cu+c, +c_, + c. —2‘-'1.1 ci. —2c,,c3 +2¢ij €. +
Lj=1

26.‘6,‘ -2 c':c- -2 ch‘,c“)

2 N o 2
= _NL E cf; — Z ci. Z ci +Nec. . (3.69)
j=1

fj=1 i=]

Recalling (2.24) and {2.25), we have, from (2.41),

Z i i (i"?f)

ij=1 k=li=Na #1 j=1

N Ny, _ -
=Z Z { Z — Ny 1)(23me1 1 Z[J_Nk-1+Nk+1]}

E=1i=Ny_ 41 j=sNy- 14!} J= N+l

Z Z { Z 4?1 D Z 2 4 Wi+ M) ’+N") = (Ni-1 + Ni)i)

SNy 41 j=Nuo 4+l j=Ny+1
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bonf  NY=N} (Ni- DNy = N (NI = ND(Neay + N
~ ru-{ﬁn—k+[ ’.;!‘-F(‘L"*'N‘H‘ Ny _ (Y, ‘&)(‘;ll“‘}‘ J.)H
k=1 m 9 : 4 =
i, o8 =T (M T =T (=TT + T
~ N tk{%’i‘[ . Ik +( k-1 i)( W) ;.)(.JA 1 1)1}
k=1 = * -

—N“{Z——”’PJ.FL LR BIETEL 4 STRTEL R TR = IV b o

lu
(3.70)
From (2.42), we have
Ny . r N o
-2 1 ng -1 N, = NN — N "
G = Z {"f\;"[ ks +( k)(z r k l)l},_
i=1 k=liz=Ny_ -1 r
r 5
_ 1 ni—L1 (N — NN = Nesa)oy
b=
. ' 1-T (1 -T,
NN,?Zik{—" ( L)(‘ k- l)]
G 2
k=1
» 1 . r 2] e rpnlep
= N;’ﬁg{’f’ffﬂ VTR, = TR =TT, = 61 +
6T To_ ) + 9T Ty — 9T, + 1. (3.71)

From (2.43), we have

r

N, 2 2 . .
chj'=z Z {""‘[Nk - Ni—y + Nim +(J—Nk-l)(J_Nk—l“ l)“z
=1

lJ-Nk vkl N 2 2
1 — — N
o Z T L o DRE

Fok=1j=Neo+l

r

Ny 4 .
1 L] 1 N— "‘N--— 4
=_N72_z Z {Nf-l‘.?"*‘ ’:11+(J 41. 1) _
T k=l j=Ne—1 41
3 o ” N:.!_ ."'Nk_ 2
Nf.,-J+Nk_|-J(J—N:.--1)'- : '(32 1)}
- N N .= Nio1)®
Z{N“ bty Tt (- 1)+(L_”iu)__
"kl 3 0
2— NZ_ Ni = N ) Ne = Neot . NEL(Ne = Ny )?
N, Ni 2L1+Nk_1[(k 4::1) +Nk_1(k 3::1)]_ k=1 (Ne 311)}
-3, T (T = Tey)?
~ N3 k k-1 \ik 7 ikm1)
~ N3 Z{Tk_ o+ (T = Te) + 2=
T.—I‘_ Te=Ticy)? .0 (Te=Tec1)*y, T2 (T =Tey)?
7o T - % '+T;.-..1[( & 4L 1) +1k-1( k 31: 1) - ::21( k 3:: 1) )



l :15 Blsrali]
=N. —'(')"( [k_';'lk—l)
k=1

l
a_ 3.72
..Nr 20" (3.72)

From (2.44), we have

-3 | -
c. = N;ﬁi-. (3.73)
Therefore
a%‘r = __1 Z d* (th?)
ij=1
a2 Ne -
R Z C'J Zc, Zc.,- +N, c..
N :J— i=1 i=1
3
m N S TIT — ST 4 STETE, + ST +
k=1
0TS Ty + ITETE | — 21T TE_ ) +3T8_)). (3.74)

2. 'The computation of wp, .
From (2.37), (2.41), (3.19) and the expression in (3.59), we have

vp, = By Fr - T}

N, N,
= Enu{zf-‘in(a)Z(dj dJSD(N +)1'”}

—zcu.,{c.,(,)(d Dol )+ ; B (emdy= Dl 1)
igi=1
N, N, _ &
- Z«..,(d Do Z N—Wf—;k;%c.-,(d,-—d)so(m—l.f)
N, _ i
"2 ,Z:C"(d et - ZNr(N SR Pl
Ny N
N,-—IZ e (di= Al +1‘n
i=l j=
Ny JNr _ 1 N j
lg’z:cu(d d) o(~f),  where 59('=f)='N—r§'P(WJ)

2i% e )

l"'l i=
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Ny Ne

-1—_12 Y A el Dlelg iy - e

=Ny tl i=l

]

k:
1 & S (= N = N = 1) -
= { R Ap— l” - - ) -+
s PREP VRSP I ™ (A= Dl = -
N . -
Y (- rlett hya, - [»o(l-\,—:’;r—l,n—v(-.nn
j=Nubt r
R - (= Nem))F = Ne = 1)
= —— S (Ax— d)f : [ ( )= e N
N_lg o :'=MZ_.+| 2 N'H o
Ny
> nku-"”‘*“.’;““)tso (7 - 2
J"’Nk'l'l
~N"”°Z(5J.‘Z‘ &) f =T P e, - e
j,;tk(u_ Fk+TL 1)[«,0(:: - gp(f)]du}, where &p(f):]u (e, fdu. (3.75)

3. The computation of vy, .

From (2.50), (2.51), (3.19) and the expression in (3.61), we have as for vy,
vy, = Ep,(Hr - Ta} '
ak e, = al)
= Enn{g Qix(i) ;(fh— d)tp(*j\r ﬁ,f)}_

r Ni

_1 Z {an d)[go(N 1 JY- tp( R}, similar to vy,

=li=Ny_+1 j=!

Ny

sl Y e Dl - e
r k=1 J=Ne~1+1
1 r _ Ny,
= W1 (Ar— d){ _Eﬁl[ (1 _HJ) o 1)
~N—lf°z(ak-2zm) j fo(u, /)= (e
k=1
'I
= NS, [ tetu )= elDlen. (1.75)
k=1 =1 . .



4. 'The computation of 63, .
From (2.92), af, = 'ﬁ:l:T Yiio d?(i, 7), where d(i, ) is given by (2.88). Hence
& d ol
N i - bt -7
).. = Z(’-: ¢ = €5+ €.)°
ij= ij=1

N, "
1 2 o . _ _
= — E + ci. +e; +e. —2cij ¢;. —2¢i5 €5 +2¢;5 ¢ +

2r,c, -2 ¢.C.. —2«:__,'(:_.)
2 Ne o _a
Z T Z €. Z cj +Nre. . (3.77)
-J- "—l j=l
Reealling (2.24) and (2.25) and the definition of M's in 1.6, we have, lrom (2.84),
v My Ne=Myoy

N, N.
”Zc:-*,-=2( YooY (A

k=1 i=Myo 4l =N Mgl j=1

N'Z W 197} + 13TP Ty + STETE + 3T+ 15T — 15T T, + 7).

(3.78)
From (2.85), we have
N. r My Ne=Myo 2
Z 6. = Z + Z ) ¢
i=1 k=1 =My +1  i=Ne=AMy+l
r
~ N,':‘%J (TMoy + TRTR, - TETE, =TTy, — 679Thmy +
k=1
6T TS, + 973 Ty — 9TV TE.; + 15} (3.79)
From (2.86), we have
N, . My Ne=My-y 1
Sa=Y S+ Y 4
j=l k=1 j=My-1+1l F=Ne=Mi4l
r
1 T 5 5
~ NS so{BTE = 3TE,) + (3(N: - Me_1)® = 3(N, = M)}
k=t
1
— NI
=N; 50" (3.80)
From (2.87), we have
N
c. = §N" (3.81)
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Thercfore

N,

2 ! T
ai'd = \ 1. Z d-(ll.})

”z
2
I
;"

2

v “ " -

Ny " a
z o Ny C

J=1 i=1

2
J

(=8Temy = BTIEL + BTFI 31V =TT+

44
..:I< ,l_
”F’]

69?1‘,{.’!;._1 +OTITE = 20T - ). (3.82)

5. The computation of vp,.
From (2.80), (2.84), (3.65) and the expression in (3.66), as for w2, we have

= F"u{F‘d T3]

-_.-)j{z'c,,(d- Dipr g )= w1 G, whore eiCN)= 5 Lm( e

i=1 j=1

r M No=Muoy M ( M )
k-1

E( > + oo 3 T(Ax—cilsol( ke e

=1 i=Mgoabl  imNe—Mut] JEMa_y bl

Ne=My -
G- M‘—*M-!‘—‘-)(Ak—d)w - el
=M1
et My + M (G = Ne+ My )? -
. k-1 = i¥r k-1
;2 - L T I(AL—d)tep.(N -G
N,

S - el D- w0

j=N-r—Mio1 %1

r M . -
= N_I_TZ(AP" o Y (i—ﬂf’k-l)r"[m(ﬁpﬂ— (- )+
T k=1 J=Myoy+l r

Ne—My . _

Y mli- R (L e (L)
J=Mu#l r
Ne=Mya "

O R B R R A P e e BT O
j=N = M)

N,

> mli- Mle kg - el

ji=N=-r—My-1+1

r r T2 v -
~ N2 (6 — Z‘jﬁj){/ (v = Tir [2) (21 (ut, )= o1 ([ )l -+
k=1 j=1 Th-1 /2

el |
b |



1-Tf2 o oy _
L o Bt o Y, 1) o (+

VP 2 T _
[ e BTty b (o 1+ T /21 (0 )= kDM

1 -
[ (2 = Dlga( )= pr()]du)

1=Ta-if2

- 1
where pl(f)=f up(u, f)du. (3.83)
0

. 'T'he computation of vy, .
From (2.93), (2.94), (3.68) and the expression in (3.65), as for vy;,, we have
v, = By, {Hr - T3}

NV r . Tul? 1=Teou/2 -~
=2 E k( 'f'u-1l'-’+-/l—'1"nf? Meer(n, )= er(f)du. (3.84)
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Chapter 4

Asymptotic Powers and Efficiencies

In Chapters 2 and 3, we derived the limiting distributions under both the null and the alternative hypothe-
ses for the distances defined in section 1.2 of Chapter 1. These results make it possible for us Lo compare
the available statistics based on the behavior of the limiting distributions under the alternative hypothesis.

Asymptotlc Power Let T, be any statistic with Buy oo Py, (T > 2} = G(2:), where Gix) is
some distribution function. Given the significance level o, we find &, ~.uch lel.

Tn - E!h{’jlu}
dn = Braitul oy a1
Va1 )2 > F) (1)

We define the asymptotic power of T}, denoted by AP(T,) to be

a= lim P
Fleea OO .’fn(

F 0 [Tl .
AP(.FN) = lll“ ])" ((Wl—,"'{!ij%)-r%—- > kﬁ). (4..!)

Asymptotic Power Efficiency Let = be a set of test statistics, T, € 2 is said Lo be nsymp-
totlcally most powerful for Ho against H in the class Z il AP(1)) 2 mazp, ez AP(T,). Assume that
T! € Z is the asymptotically most powerful test statistic for My against 1, and that it is asymptotically
N 0,03) under Hg and asymptotically N (pg,au) under ffy. Consider another test. stadistic T, € E 1y
against f; which is asymptotically N(0,c?) under Hg and asymplotically N{p,o*) under /1. Let ()
be the normal distribution N'(0,1). Then the asymptotic powers of T}, and 7T}, are respactively equal to

1 — ®(ky ~ poog ) and { = d(ks — po™"). (1.3

In this case, we define the asymptotic power efficiency of T, denoted by APE(T,) to he the ratio
(noo/poo)?, ie. APE(T,) = (poo/pree)?.

Theorem 4.1 (VIl.1.3 Theorem, lajek-Sidak (1967)) Let

Ne

Sn, =3 can, (7)) (4.1)

i=l
Consider lesting problem (3.4)—(3.7). Then, for (3.9) and (3.10), the foﬁmniug relation halds:
AP(Sn.) = 1 = (ke = b), ‘ (1.5)

- . Sn, — Ly, {Sn. |
where = ""."{"Il!”n’l"}_'w P”' ( (V“r"u {SNr })l,2

> ka). (4.0)
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The mazimum power is asymplotically reached by the test based on the statistic

N,

Sn, =3 dian, (2(i)),

i=1

(1.7)

where the d;'s are given by (8.6). If I{f) in (8.1) is replaced by L(f) in (3. 62), w(u,f) in (8.2) by
wi(n, ) in (9.62) and (3.4)—(3.6) are veplaced by (1.41), the theorem still holds.

In the next sections, we compute the asymptotic power cfficiencies for the various test statislics.

4.1 The Two-sample Case

1) Speatinan’s Rho

By (2.8)
N : S2 — Epa{Se}
@ = mx‘n{nlll,rv!n];]—ooe PHO((V&ruu{S:g})‘I'-’ > ka)
. Sp - B2
—_ 3,
= i en e o7 > Fe)
= 1~dlk,).
Frotn (3.53), (3.54) and (3.10)
- . = E"n{S"}
AP(Sz) = min{rll:rr?g]-m PH:( Vm f.,{Sz} > ko)
Sy -2
> ka)

= lim P [

min{ny,ng}=—20

Hyfin ]1/2
13{n+na)

= 1—-¢ b[I(f ]”2/ up(e, f)du)

14 foltows from Theorem 4.1 that if ful up(u, fidu > 0,

APE(S,)

_ 120f3 uplu, Nl

Kf)

2) Kendall's Tau

(4.8)

(4.9)

(4.10)

In view of the asymplotic equivalence shown in section 2.4 of Chapter 2, APE(K2) = AFPE(Sz).

3) Spearman’s Footrule

By (2.14), {3.55) and (3.10), we have
 lim " Fa ~ Bpy{Fa)
mingning}—oce

AP(Fs) (

45

(Varp{ R)H*

> ka)

I = ®(kq — b
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where (u) is given by (2.13). By Theorem 4.1, if ful ue(u, fdu > 0,

15

1
‘1’\2(_‘_)‘\'.’ + 2\ 4 i)I(f) [‘/‘; ‘r"’(")g("v f)d"lv' (‘I' l2)

J‘IPE(FQ) =
4) Hamming

By (2.23) and (3.57), we have

Ha— Ep,{Ha}
(Var"n{llg})'/”

1 —) " A
= 1-@(:.-,,,-51~‘”(f)[(ﬁ)"'-’£ ep(u.f).m-("—\\)lﬁfu wln, Ndu)). (1.13)

AP(H) = lim Pu,(

min{n na}—eco

> ka)

By Theorem 4.1, if (725)"/? f; p(u, fdu — (15212 fo‘\ w(u, fdu] > 0, we have

[('l_i'j)”z f.\l w(u, f)du — ('I—TA)”"! _I;,A ‘P(H,f)ti‘lfl:!

APE(H,) = ) . (4.14)

4.2 Examples

Assume that A = 1/2,

1. Normal case. Let f(z)= mcmp(zjf.—:),—oo <z < oo By (3.1) and (3.2)

(fy=o"? (4.15)
1 12 1 '
./1/2‘P(u'f)dn = —L w(u, fldu = ng 2 0.3989 (1.16)
j o, )t = b — L~ 0.3405 (.17)
P Ll T T N E g '
12 1 1
ju wplu, )du = ~ 5o o+ s = —0.0585 (4.18)
.[1 ulp(u, fdu = ! + : (arr'lq—l- + E) == .26t (1.19)
Rt o e T TER U .

"o

1
= 1 1 i T 1

2 [ — —_ - — !
.[o u“(u, fidu = TORYE 2(7;)3/'-'({"‘6!521['—' + 2) + Sm)lE = 0.0141.  {4.20)

‘Therefore, frota (4.10), (4.12) and (4.14),

APE(S:) = % % 0.9554 (4.21)
APE(Fg) = 30 x 0.02936 = 0.8808 (4.22)
APE(Hy) = ﬁ 2 0.6369. (4.23)

2. Double-exponential case. Let f(z) = %ezp(—h’f”,—oo <z < oo By (3.1) and (3.2)

=1 _ (4.24)
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1 1/2
[ otwsu== [ tw =172
1 ]

/2

1 1/2
j wp(u, fldu = 3/8,] up(u, f)du=—1/8
172 0

1/2

f | u'-'so(u,f)du=7/24.f wlu, f)du = ~1/24.
12 0

‘Therefore, from (4.10), (4.12) and (4.14),

APE(S2) = 3/4 2 0.7500
APE(F,) = 5/6 = 0.8333
APE(Hz) = 1.

3. Logistic case. Let f(z) = e™*(1 +¢7%)? —co < x < c0. By (3.1) and (3.2)
=13 '
1 172
[ etwhdu== [ ptu.au=1/4
1/2 0

1 1/2
j uwp(u, f)du = 5/24,/ up(u, [)de = —=1/24
12 0

12
Therefore, from (4.10}, (4.12) and (4.14),
APE(S)) =1
APE(Fa) =125/128 ~ 0.9765
APE(H3) = 3/4 = 0.7500.

4.3 The Multi-sample Case

1} Spearman’s Rho

Trom (2.27), (2.30), (3.6), (3.7) and (3.8), we have, as min{n; .- n,} — o0,

r ‘.

zﬂk(Nk + Neo1— €)(Ax— -&)
k=1

n

N: _ _
> fe— )di— d)
i=1

2

k=1 k=1

r
= N tebi(Ti + Timr — 1)
k=1

r r
Ztk(ak - Zikék)z-
k=1 k=1

2

N. _
> (di— ¢
i=l

62

1 1/2
] u?p(u, f)du = 17/96, f u o (u, f)du = —1/96.
1 0

r r
NS (T + Ty — 1) - D tbi)

(4.25)
(4.26)
(4.27)
(4.28)

(1.29)
(4.30)

(4.31)
(4.32)

(4.33)

(4.34)

(4.35)
(4.36)

 (4.37)

(4.38)

(4.39)



By (2.35), (3.57) and (4 38), we have
: Sp —~ Ly {br
AP(S.) = lim Py, -—"——,, >k
( ) min{nyon, )= H ((V(H”“{S })” )

Yoo (e + T = 1) fo wp(u, Fdu
{I/IZZL II;TJ_'I; JE

=1— ®(ka — ). (4.0)

Hence if Y _ y Lebr(Tie—r + T — l)fo wp(n, fdu > 0 and we have by (3.10), (1.39) and Theorem 4.1,

123 ko tebe(Thmr + Tp — 1){1;, up(n, fdu}? (@41)
I() Thmr T 1 Tie Loy L (B — Ly 164)° '

APE(S,) =

2) Kendall's Tau

In view of section 2.4 of Chapter 2, the Kendall's Tau statistic is asymptotically cquivalent. to the
Spearman’s Rho statistic in the multi-sample case. Hence APE(K,) = APE(S,).

3) Spearman’s Footrule
From (2.49), (3.58), (3.74) and (3.75), we have, from Theorem 4.1,

vao1
APE(F) = ;E- o
F

IBO{Z(M—Zt,a ) j (T, ) o+

_ Jp, telu = B o, £)= o(N)du))?
() ZI-=1 Li(bx - Z';:l ‘51'*'-')2 E;=1(—5'['ETR'-1 - 57':::'1"3-1 + 57137‘::.-!-1 + 57“1-‘-1“"-
OT3Ty + OTATE., = TR Te_y +3T))

(4.42)
4) Hamming
From (2.60), (3.60) and (3.76), we have, from Theorem 4.1,
1
APE(H,) = vj,- 7
(ks 8 i, bk )= o bu}? (03

(7' - I)I(I) E;:I tk(‘sk - Z;:I 6ktk)2.

4.4 The Dispersion Case: the multi-sample case

1) Spearman’s Rho

In the dispersion case, the use of the Spearman’s Rho distance yields a constant.
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2) Kendall’s Tau

Comparing (1.14), (1.45) and noting that (1.13) and (1.14) are equivalent, AP(K3),APE(Ky) are
given by (4.40), (4.41), respectively in which {(f) and @(u, f) are replaced by the corresponding expres-
sions 1) (f) and ¢\ {u, f).

3) Spearman’s Footrule

From (2.92), (3.64), (3.82) and (3.83), we have, from Theorem 4.1,

i
APE(Fy) = :_% . EJ_'!
d

t‘ r T /2 ] -
0{37 06~ ot | = T 2= oD+
j_l ) f=

k=1

1-T 2 v T -
[0 - e )= e+
Tl

1=hesf2 Ti + T . -
S = ZEEE 4 G L D /20 = (et
=Tu/2
- fll--'f‘n_ll2 t(2u - 1)[er(x, f)— w1(f)]du}}?
=T S b6k = oy Oula)? ey (=5T Ty = STPTE + STETE) + 5T T+
~BTTY + 69Ty + 9TETE, - 2UTRTY_, — 10).

(4.44)

4) llamming

Comparing (1.47) and (1.16), the asymptotic distribution of H4 under Hy is given by (2.60). Then
from (3.67) and (3.84), we have, from Theorem 4.1,

9 1
Vit " 33
AT GUR s R e £ e (Dl
B '(1‘— 1)[1(f) Z;:l tk(ak - 2;:! 6;,-!;.-)2

APE(H )

(4.45)
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Chapter 5

The Multi-sample Problem in the
Unordered Case

In the previous chapters, we discussed the focation problem with ordered alternatives. In this Chapter,
we deal with the multi-sample location problem with unordered alternatives. Analogous results can be
obtained in the dispersion case.

Consider the following testing problem

Hy: Fi(z) =+ = Fe(2) against
H{‘:F,,‘,(m)g---gﬁm(z), (5-[)

where, for a fixed h, 1 < h < 7!, [€hr, - +,en1] € Pr. (5.1) is the exuct testing hypothesis problem we
considered in the previous chapters. This chapter will discuss a more complicated testing hypothesisi
problem. we consider the following composite testing hypothesis

Hy: Fy(z) =+~ = F.(z) against
Yt (5.2)
h=1

Suppose that T} is a testing statistic for the problem in (5.1) with critical region {'T < e}. Lo test the
hypothesis in (5.2), we define the test statistic in the following way:

I Linearization : lel & = (ovy ---ap) € R and pu

r!
(&)= ) enTi
h=1
II. Normualization :
_ TL(&) — By, {']},(r})}
Vary, {TL(a)})H?

T ()
I, Minimizalion :
Tag = mingepnTn(@).
Hence the critical region for testing the hypothesis in (5.2) is {7y < c}. First we require the following

lemima.
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Lemma 5.1 Let X = (Xy -+ Xy) be n-dimensional random variables and £ = Cov(X) with Rank(L) =
q. If g < n, then there czists an n x | vector & = {ay---wn) € R such thal &@X =0uwp.l.

Proof: Since ¥ is symmetric, there exists an n X n full rank matrix P such that
% = P diag{;, -+, 24,0,--+,0} - P’

with \; #£0, fori = 1,-++,q. Let ¥ = P71 X. Then
Couv(Y) = diag{Ay,++, A, 0,--+,0}.

Hence Var(Y,) = 0 which implies that Y, = 0 w.p.1.. Let P=1 = ()(1 .- -,\-n)'. Then Y, = A‘,,’X, ie. X, X
0 w.p.1.. Thus finishes the proof.
5.1 ‘Test Statistic
Recall the notation in section 1.4 of Chapter 1 where

Ay={Ma+ L, N}, 1Sk S (5.3)
Set

{ent, - enr} = {1, ,vh1Sh <L (5.4)

1. Spearman's Rho

Let

sh-Z[ > —]{ Z w(#)). (5.5)

=11i€Aq,, i=Ny-+1

Under the hypothesis (5.1), similar to (1.13), we find that

ds, ({7}, B) = S».-Z[ > —1[ Z (i) (5.6)

k=1 i€Aq,, i=Nyaq+1

Henee the critical region is {Sy < c}. Following the above approach, we have the linearized statistic

r!
Su(@) = D_anSh
h=1

i[iah Z -—][ E (1))

k=1 h=1  i€A,,, ¥ i=Ny_1i
= ZM‘S’ (5:7)
where a* = (ai,+++, o) is some r x 1 vector in R" and
s Ny .
= 3 Al (5.8)
i=Ny_y+1
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Since Yhoy 7 = Toiey i) = HAfeEh),
r
Su@ = S aial®
k=1

r=1
Z oy :r}ts), (5.9)
k=1

where o** = (a}*,---, af%,) is some (r—1) x 1 vector in R™~!. Put

M

g = (WS.S) - Eﬂoﬂ()S)i vt :wss—)l = Eﬂuﬂ{‘i)l )" (5'10)

Then the normalization process yields
. Sp(&) — By, {S(a)}
S, = = =
&) = TWarg, (S (@07
(a- - )l,r':s .
[(a‘;o)fESa:.]llz’ ' (‘,.ll)

where Zs = Covy, {75} > 0.

Lemma (5.1) shows that g > 0. Therefore the minimization step leads to

SM = miﬂaenr!SN(&)

(n’-")'fs

[(a‘;-)f}:sa“-.]in
. = —7s'S5!'7s. (5.12)

The critical region under (5.2) is therefore {7s'S5'7s > ¢}, where the (r — 1) x (r — 1) matrix Eg =
Covy, {75} is given by

ne(Ny = ng)(Np + 1)/12 ik =¥ .
Cousy (i, 7L2) "‘{ —l;fkl’:k'(N: A 1)/12 / ik k. (5.13)

= m‘ma:. ehr—1

2. Kendall’'s Tau

Let
: Ny N,
Kh= 24X 3 smti-HH Y, X senlr(d) - =(3)} (5.14)
1<k<pgr i€A,,, j€A,,, i=Nio1 kL j= Ny 1

Under the hypothesis (5.1), similar to (1.14), we can find that

Ny N,y ‘
dg (L EY= K= D {2 3 sam-NH Do Y synln(d) - =)} (5.15)

1£k<PSr ‘.Enlhk J'EA-M l.=1Vl—il'+'lJ:=l~|—l“|'1

Hence the critical region is { K} < ¢}. Following the three steps, we have

r! N N,
K@ = Y e Y S smG-NH Y Y sgn(n() - ()]}
15‘.’(?5" h=1 I‘EA.'“_fEA.'.’ i:Nh-l+1j=Np—l+l
= z a;p‘.'rf:), (5.16)
1<k<psr
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where o = (@ja, - 0], 0fL, ) is some fr=1} 1 vector in RT™=1)/2 and
Ny Ny
K . .
T = 2 Y sgnl(i) - 7(3)l. (5.17)
=N+ j=Npartl
IJUL
TR = (W%i’\') - Ey, "f{!\')r Tt 7'{{-“) - E”n"(lf)l vt !WS'!—{g r E"oﬂ{fg r ‘. (5.18}
T'hen
. Kp(a) — By {Ki(&))}
Ky(a e
M&) [Vary, {KL(a)}]}/?
_ ()7
T @ e T (519
where By = Covy {7k} > 0.
By Lemuna (5.1), £g > 0. Therefore
Ky = mfﬂdenr: I\N(C_r)
= ming -—-———(&-)‘ﬁ{
= o*eRrir=1)/2 [(C;')‘EKQ-‘]IIQ
= -7k'Tx Tk (5.20)

Hence the critical region under (5.2) is {#k'ER'7k > c}, where the -"-('2;11 P 5('"._:'—11 matrix Xy =

Couy, {7k} is given by

nenp(ng -+ np + 1)/3
nenphp /3

K) (K
Covno(rr,(_.p), wi,,)) = ¢ —ngpngip f3
NN n,,/3
0
3. Spearman’s Footrule
Let
r Ny

A=y S

k=1i=NeHE JEAg,,

Under the hypothesis (5.1), similar to (1.15), we can find that

r N
dpr,‘({ﬂ‘], E)= Fh_= Z Z Z I"(i) —Jl-

Y IaG) =l.

itk=k,p=p
fk=4,p# 70

ifk<p=k<yp (5.21)
fk#&k p=p
otherwise.
(5.22)
(5.23)

k=liz=Ne_y+1j€4d.,,

Hence the critical region is {F, < c}. Following the above three steps, we have

r

2

k=1i=Ny_1+1 h=tl

Fu@) =
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r N

FooN,
_ }: {Z z agplm (@) = Jl}

E=linNeoy+1 p=lj=Npo bl

= ‘Zakr-r“,, (5.24)

k=1p=l

- N . a3
where o = (@, +, @}y, -+, 00y, o+, 00 ) s some #¥ x 1 vector in R™ and

n_ B
Ae= 3 3 -l (5.25)

i=Nya HLj=Np- L

Since, forany p, 1 S p<r, Tiey ‘r 2‘_1 Z T Ny 1 |{ = j] =n constant depending on smnple sizes,
F, = Z Z crl_,.'rlp
k=1 p=1
r=1 r )
= > Y apal), (5.26)
k=1p=1

where o** = (a}], -, alr, -+, 070y 1,00y o) i some r(r — 1) x 1 veclor in =N pu

= (180 B, ) = B, = Bl 8] = B Y. 520

o] 11 )\ r=1lr
Then
Fr(a) — Bu,{FL(&)}
Vary, {Fu{a)}]/?
(m--)l,;r"P
(@ E pa 7

Fn(&)
(5.28)

where p = Covy, {7r} = 0.
By Lemma (5.1), £ > 0. Therefore
FM = miﬂaenr:FN(&)
(a‘s.)nfp
CRPTREE
= —7p' Il 7r. (5.29)

= mino,'i.E"r(r—l)

Hence the critical region under (5.2) is {*F' S5 7F > c}, where the [r(r = 1)] x [r(r = 1)] matrix Ep =
Covy,{7r} is given by

Courry(nh ), 745

nu(Ne—nu Ny ¢ li=] . r lim .
= %:%EJ“N,-I'{“ Zjl_N _|+1 2’ l[lb_JI Z:vr.l lng.][lq—Jll—zN 'I_J-Ll] Irk = k’
sy Tt Doills = il = I Blls - | - SO K k<
(5.30)

69



4. Hamming

For 1 <k,p<r, let

rrg,') = the cardinality of {#(Ne-r + 1), 7(Mi)} nAP‘ (5.31)
Set
ro_q
Hy = Thens, - 5.32
L ; - (5.32)

Under the hypothesis (5.1), similar to (1.16), we can find that

r (H)
-1
du\ ({7}, B) = Hy = ) —oe (5.33)
k=t

lence the critical region is {Hy, < ¢}. Following the above three steps, we have

! )

) = YA e l“ﬁu}

k=1 h !

Z Z et T, (5.34)

k=1 p=1

where @ = (@], &py* 1@y, +1 @5, ) I8 some 72 x 1 vector in R™. Since k=1 TEPJ—HP, forl<
p<rand Zp V7 (")—m, forl<k<r,

k=rp=1
r=1r=1
PIPILL (5.35)

k=rp=1

" - L1] M H —1)?
where % = (@]], "+, &%=y 2000y 14+, 000 o) issome (r = 1) x 1 vector in R(" 1Y, Put

(H) () (i)

- i
TTH = (( )“‘EHo"'u v Y e = BHoT ey
H H H
A1) | B w) e n) - Byn) LY (5.36)

Then
oo Hu(®) - B {HL(8))
Hn(@) = [Varp, {H(&)}]'/?
(az')"ﬁ;
(e ) Zpa]/?’

(5.37)

where £y = Covy {73} 2 0.
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By Lemma (5.1), £ > 0. Therefore

[‘1‘\; = NU.",_"E R" 1{‘\' ((."I')

(a--) ‘r"
""”(\"ER("’” [(n..),\ﬂ"ﬂuclllr

- ""ﬂ'” _J“ 17”. (5.33)

Hence the critical region under (5.2) is {275’ L" T > c}, where the (r ~ )? x (r = 1) matrix ¥ =
Covy, {71} is given by

AN = (N =ny)
A (&(R':l(;) B fke=kp=p
—nyn —ng)n .
)y = =Fimo - k=kp#) (5.39)
-runhmt!Nr—ut! Tkt b opey v
NN, =1) k£, p=p
n..n,,:ﬁ,.u ]

NI(No~1) iTk£& pEp.

Covuu("rlp ¥

5.2 Asymptotic Distributions Under the Null Hypothesis

For the asymptotic distibutions of Sar, Kar, Far and Hpe under the null hypothesis, we need to find the
corresponding asymptotic null distributions of g, 7, 7p and ;.

1. Spearman’s Rho

To prove the asymplotic normality of s given by (5.10), consider, for any ¢5 = (e1, -+, er1) € w1,
the linear combination

del .
Ls = &'

]
o
Eod
Y
—_
-
p —

(5.40)
Let

e TNk <ig N1 Sk<r-1
“'“{0 if Nooy <i< N, (5.41)

Then

N,
Ls = Y am(i). (5.42)
i=1 ‘

When min{n;---n,} — oo,

z2l-



i=1
r-1
— Zlkck (543)
i=
”mzlsi_C_N..(ai_ E)"’ = maxlsks,.(ck-—- E)'." with Cp = 0
r—1
— mazlgks,.(ck - Etkck)"' {(5.44)
i=1
N, _ r
Z(n.-—- 0)2 = an(ck— 0)2
i=1 k=1
r r—1
and = N, Ztk(ck - Ztkck)"'. (5.45)
k=1 i=1
llence when min(ny +--1,) — 09,
Ne o =32 " otler — 5T ten)?
Zi:l(ul (l) - = Zk_—__l tL(CL Ek;:-_}fkc;-) qu — o0, (5-46)
mazicign, (@i~ a)? mazigrgr(cr — Loy teok)?
It follows from Theorem 2.2 that, as min(ny -+ 1) — 00,
Ls 2 N(0,65'Ss63), (5.47)
i.c.
. Hg
75 ~ Np_1y(0, Es). (5.48)
iminediately, under fy,
lim  7s'S5lds 2 X2, (5.49)

min(ny-n)-o0

2. Kendall's Tan

For n in (5.18), consider, for any ¢k = (12, ) €1ry s Cra1 r) € Rr(r=1}2  the linear combination

Ly ¥ k'
= Z ckpfrgf). (5.50)
1<k<psr

Set A begivenin (5.3)for 1 <k <r. Fori< j, let

oo ilicAandjedpk<p

W10 ifi,je Ar forsomek, 1<k<r
and  h(7(i), 7(§)) = sgn[=(i) — =(4)).

Then '

Lk= Y cihlati)a(i)).

1<i<jEN,
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For j > i, put cj; = ¢j; and h{m(#), #(j)) = h(7(j), =(i)). Thus
D ciMai) ().
1Si#fEN,

It can be seen that h(x(i), n(j)) and A(U;, U;) have the same distribution under Hg, where Uy, -+, Uy,
are independent uniform distributions on [0, 1]. Therefore

el —

Lx =

1 . Ny
Lx=g 2, chn(@)a())
1Si2jSN,
» 1 -
and LK = 5 Z c,-jh(U.‘, Uj)
1<i#j <N,

have the same distribution under Hy. On the other hand, direct computations give the following
Covy, (h(U1, U2), h{Uh1, Us)} = 1/3,
Vary, {h(Uh, )} =1,

T @@= Y mley) = O(ND),

1Si<jEN, 1<k<psr
Ne Ny re=1 r
» 32 I
and 3 (3 e =4 ml 3 mpokp)® = O(NY).
i=1 j=1 k=1 p=k41

It follows from Lemma 2.1 in Shapiro and Hubert (1979) that as b — oo,

Li 2 N(O,ck'Sxck), (5.51)
i.e. '
Tk o Neegr—1)72)(0,Ek). (5.52)
Immediately, under Hy,
lim 7SRtk 2 Xy (5.53)

min(ny-ny)—oo

3. Spearman’s Footrule

For #p in (5.27), consider, for any cp = (c11,°**,€1r1 "4 Cra1 1, " " Crmy ¢} € =Y e linear
combination .

defl o)
Lp € &p'ar

r=-1 r
= YD ey
k=] p=i

r=1 r Ny

Ny
= SN Y. Y ) -il- Enln(i) - s)

k=1 p=1 =Ny 41 3=Npo 4]
-1 N,

Ny r
S5 (S Y It -s)

k=1i=Ny-1+1 p=l a=Nyo 141

m

Nr
= Zﬂu(.‘). ‘ (5.54)
i=1
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where

{ e S plimsl TN <iS M, 1Sk S -]
0

4= if Ne_y <1< N,
Since
N, N, Ny
S Yli-sl = 30 =Dt UE Itk (N —s)])
a=N, 41 j=1 s=Npoy+1
Al No(N, + 1)
= > (F-N+l)s+——)
S:N'..|+|.
1 N, +1 N (Np +1
~ §( = Nj_y) = (N7 - 1)"*‘—'—('2—)
, 1
~ Ny 3Ty = Tp) = 2(T§_Tﬁ—l)+1§}
= Nr:-’ﬁp:

where 8, = §(7 - Tp.

N ¢ Z“"
i=1

= - Lp=i1 Chp Zer:N,._1+l Y li—sl Ny <ig N 18k <r—1
0 iflvr_]<iSNr

{ NfZ;:: ciplflp U Ny KIS N, 1<ESr—1

1) = H(TE = T2.)) + %, we have

|

{8

u

0 if Neoy <i < N,
1o
aJ = 'I\TZB,‘J'
Fi=1
r=1r Ny
= N ZZCLPTI" E |j_'3‘
" k=1p=1 3=Np_1+1
r-1 r N'
2 Zchpt;. Z |7 = sl
k=1p=1 1=Np_y+1

By
]

1 &
r—=1 r 'Np N,
= HL Y 3 Doli-sl
N; k=1p=1 s=Np_1+1j=1
r=1 r

N: ZchPikﬂp

k=1p=1

a2
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Then

del - - -
dij = ajj—ai. —a;j +a.

N, j - . R
P { N!? Zr=l(ckl' - Zz:l tkckP)(Zs;N,_l"}-l uN_;l —ﬁl') if ‘Nk—l <t S 'levl S k S r—1

0 il Neoy <7 € N,
{5.61)
Since
N, oMot flemt ) _ 5 IF0 << Ny
S li-s = (=M )=Npm 1) | (NemfNesjt) ey | < j < A,
s=Np_ 141 npj — ugﬂj,+2NL.-|+ll iFTN, <jEN,
x O(ND), (5.62)
it is easy to sec that
mazigiacn,df & O(N]) (5.63)
N,
LI 5
FJZ::I d% =~ NPM, M # 0. , (5.64)
Hence
1 N, 2
S D
tim —“—?;l-'—” = c0. (5.65)
min{nyn,)—oo nm:t.‘lsi'jsNrd;'j
From Theorem 2.1, as min(n; «+-n,) — 00,
Lr ' N(0, i’ Srer), (5.66)
i.e.
£p % Negr_1y(0, Br). (5.67)
Therefore, under Ho,
lim 7SR R Xy (5.68)

min(ny-ne)—oo
4. Hamming
For @y in (5.36), consider, for any cjr = (€11, 1€t rots " *1Crot 1 "1 Ge—1 1) € R the
linear combination

r=ir-1

lef - - i
Ly = C;:'WI!?Zchpwﬁ,,). {5.69)
k=1p=1

Let

{ I irje{N'—li"'1Nl'}
g5 =

0 otherwise. (5.70)
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Then

‘Iherefore

where

Thus, we have

i

Ly

Ny

1}
SR Dpr

def
" =

1
Tolicipnp Ny i€ N 1<k<r—1

L4

i=Ny_ 1 +1
r—=1r=1 i
Z ZC*P“{F)
k=1p=1
r—-1r-1 Ny

Z E Ckp Z Opx(i)

k=1p=1 =Ny 41
r—1

- Ny r—1
DD DD P PLT

k=ti=Ny_1+1p=1

Ny
2 ehy
i=1

TNy < i< N l<k<r—1
if Npy <i< N,

ifk=r

TNy i< N, l<hk<r—1
if Npey <7< Ny,

F

1 -
W 2

1
-

Ny r=1

NLZ PIEDILILY

T k=1i=Nx—1+1p=1

- -

r=1r-1
1

o Z Z T Crplpj

Fk=1p=1

r=1r=1

DD tkcipa;,

k=1p=1

A

i5=1
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r=1r-1
1

= Nz 2D chpmntiy

T k=tp=1
r=lr-1
&Y ciplrty. (5.76)
k=1p=1
Therelore it is casy to sec that
Tnﬂ$[<iJ<N d?j = Ofl1) (5.77)
— Z dk = N.M,M #0. (5.78)

Fij=l

Hence

A - dz
im By "’ 1 N"M - 00, (5.79)
min(nyng)—oo maa:1<.,,<N, 'J O(l) .

By Theorem 2.1, as min(n; -+ -n,.) — 00,

Ly % N(0,¢i'Encin), (5.80)
i.e.
. H o
Tt ~ Ner-1y2(0,Z0r). (5.81)
Therefore, under Hy,
m 7S X1y (5.82)

min(n;ny)—oo

5.3 Asymptotic Distributions Under the Alternative

For the asymptotic distributions of Sps, Kar, Far and Hps under the alternative hypothesis, we need Lo
find the corresponding asymptotic non null distributions of ©'s, #g, 7 and 7.

1. Spearman’s Rho

To prove the asymptotic normality of s given by (5.10) under H), consider Ly in (5.40). In view of
(5.47), it can be shown that Lg satisfies the conditions in Theorem 3.6. Hence, a3 min(ng -1, ) — 00,

Ls = &s'fs & N(s'fis, 65'Es65), (5.83)
where . .
fis = En{7sTa} = (En {713}, -+, Bno i T2} (5.84)

Since €5 is an arbitary vector in R™!,
- H -
s ~ Nep-1)(ds, Ls). (h.85)
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Immediately, under Ify,

lim 7s'E5 s & X3sro1s (5.86)

min(nyme )+
where 05 = jis'E3 " 4is.
2. Kendalf’s Tan

"To prove the asymptotic normality of ) given by (5.18) under H,, consider Ly in (5.50). For Ly
given in section 5.2, define its projection denoted by L to be Ly = 3 Di<izicn, S B B(Us, Us)1U:}-
Noting Theorem 3.3, Theorem 3.6 can apply for L} . Therefore it follows from Lemma 2.1 in Shapiro
and Hubert (1979), and the same arguments in section 5.2 that the asymptotic normality of Lz under
I, can be established through L3, Hence we obtain that as min(n; - 1y) — 00,

Ly = cic'rk * N(ck ik, ck'Skck), (5.87)
where
i = EnodwicTe) = (B (a0 T), o, B {atOTa), -+ B ) [T} (5.88)

Since ¢} is an arbitary vector in Rrr=1)/2,

. H -
TR ~ N(r(r—l)l!)(l‘l\': Zk). (5.89)
Immediately, under
, -~ -1~ H
lim 'JTK'EKITFK ~ xsx,r(r—l)f'." (590)

min(ng-n,)=o0
where Oy = ;;};'E,}' M.
3. Spearman’s Footrule

To prove the asymplotic normality of #F given by (5.27) under Hy, consider Lp in (5.54). In view of
(5.66), it can be shown using Theorem 3.6 that as min(ny - -+ n,) — 00,

Lr = é¥'tr = N(cF'lir, ¢ Srer). (5.91)
where
’Ff" = Eﬂu{fF'T'-’} = (E"n{"'rgf)q:l}i t E”o {'ﬂ'gf)Tg}, | EH::{"TE‘}:)I 1T2}1 B | E”o{ﬂ.l('f} rT'-’}),' (5’92)

Since cp is an arbitary vector in R7C =1},

. H -
Tp ~ N(,.(,._l)](pp, Zr). (5.93)
Immediately, under i,
lim Te'Ep!ap el Xbp r(r=1y1 (5.94)

min(nyng)—oo

-



- =1~

where 0p = pp' S5 1ip.
4. Hamming

To prove the asymptotic normality of #7; given by (5.36) under {1, consider Ly in (5.69). In view of
(5.80), it can be shown nsing Theorem 3.6 that as min(ny -~ -n,) — oo,

PR | .
Ly = ci'wu ~ N{cw' v, ch'Such), {5.495)

where

Hy = Ep{xuTy) = (Eﬂo{‘ﬂ'g”Tz},'",EH“{TI'V',’.)_IT'_Q},‘-',

En, {xt") \To}, -+, Eno{t) . _y1a}Y. (5.96)
Since cj is an arbitary vector in RV,
| -
71~ M-y, Za)- (5.07)
Immediately, under H;,
H - vl = i, b
min(n}!-r-?l.-)—c‘o i Sy wu Xop,(r-1) (5.98)

where 0xr = 'S5 i

5.4 Asymptotic Powers and Efficiencies

For the multi-sample location problem, the test hypothesis (5.2) becomes

Ho: () =--- = F(z) = F(z- f_l) against
H F(z)=Flz=Ay), for 1 k<,
(5.99)

where d is given by (3.6) and (3.7) in which there is no order for Ay's. This is referred to Lhe two-sided
hypothesis in the multi-sample. Assume that conditions (3.9) and (3.10) hold. Given Lhe significance
level o, tet xZ ,, be the critical value such that P(x% 2 x2.,) = o. Then the asymptotic powers of the
Spearman’s Rho, Kendall’s Tau, Spearman’s Footrule and Hamming statistics are given by

AP(Su) = P(x:-1(05) 2 X5 r-1) (5.100)
AP(Kp) = P(X3ro1y2(0K) 2 X5 pr-1372) (5.101)
AP(Fu) = P(xxr-1)(0F) 2 X vir—1)) (5.102)
AP(Hp) = P(X{oo1y2(0n) 2 X5 goo1y2)- (5.103)

However, in terms of asymptotic power efficiency, although the test statistics we are considering are of
the asymptotic x*-type, it is difficult to obtain the corresponding AP F’s because of the different degrees
of freedom involved. However it follows from Theorem VI.4.6, Hajek and Sidak (1967} that when 0 — 0,

PRI > xon) — @
n+42

., | .
~ 0 27D 2ezp(— g DI O ) (5.104)
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‘Ihus the asymptotic powers of the Spearman’s Rho, Kendall’s Tau, Spearman’s Footrule and Hamming
statistics can be approximated.,

On the other hand, it is resulted from the Theorem VI1.1.4, Hajek and Sidak (1967) that the maximum
asyinplotic power concerning the test hypothesis (5.2) can be reached by the test based on yi_, (b?).
lence, for any x2-type statistic x2(0), we can denote its asymptotic power efficiency by employing the
approximation (5.104) Lo be

P(x%(a) 2 xg,n) -
P, (0) 2 X5 1) - @

xgr.r—l - xg,n ) F(:-;Ll) (Xﬁ.n)"‘m i
2 P(2E2) (x5, )02 8%

APE(X2(0)

a 2(r—1—n)/28$p(

(5.105)

In our situations, it can be shown that the asymptotic power efficiencies can be approximated as follows:

0
APE(Sy) =~ b—"" (5.106)
. 2o =X
APS(Ky) = 2(—r’+3r--)ldczp( ar-l ;0.1"(' l)/-)
(%Y ooy 05 (5.107)
p(ﬂ.ﬁnﬁ) (X:';,r-l)(r_l)“ b®
APE(Fy) = 2("=+2"_1)’2exp(xa'r_l _QXG-?‘("-‘))
D) eV T 0p (5.108)
N(E=E2) (XG0 DR 8 '
2 )
LAYL] Xar-t — Xg r
APE(Hp) = 2("'"+3""-)f-c1:p(xa'r : 7 mlr 17
n —133/2
O K-y (5.109)
D=2y (x5, )02 8 '
5.5 Computations of 85,0x,0r,0H
1. Computation of Og
For ©s in (H.13), it is casy Lo sce that
- 12 .
le = m(d!ﬂg{l/ﬂl,"',llﬂr}'l-J/ﬂ,-). (5.110)
Immediately from (3.10) and (5.84), we have
1
Os = 4is'S3 s = 12b%( / we(u, Fdu)*f1(f). (5.111)
0
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2. Computation of 0

Let
K ]

;:gp) = ptp(d — 5,.)'/(; wplu, Nde, L <bk<psr
telplte +4p)/3 k=4 p=yp

. gty /3 k=R p#E

and V,E.?'lap. = =l f3 k<t =p<yp

telrety f3 itk# L, p=yp
0 otherwise

Then, by some calculations,

(5.112)

(5.113)

{H.114)
(h.115)

(5.116)
(5.117)

(5.118)
(5.119)

K 'rl)
En o' Ta} = Bl Z Z wulu(a)—u(mZm Del 57 ( Al
_Nh-'l""lJ—N;—l"'l
-] Na‘hp(h)
and Covﬂu('r,.p ,'Tk.p)) S N?U{.:,\‘Lp..
Put
S K
Bg = (#(1’2\)1 vf‘(lf-\)' -!15 )ir)'
ﬂﬂd E;\' = ("kp.k'p')ﬂ%l ® :‘(‘:%tu .
Then
Pr = N,‘.’IE;:;(
and Tx = N3T}.
Therefore

O = p'SF bk

3. Computation of 85

Forl<k<r—-1,1<p<r,let

Tp—t T
wy) = lk(ﬁk—zluﬁ.){/

;l.;\- .

= (ng)(Zk)

= tyu)ip(u, f)du +

T T2+r|
/ Ch —(T,,+T._1)u+—P—-P——]t,a(u f)du+/ (tpre~
Ty

t(1— te)(7p — A7)
Le(1 = e Yyppr — ﬁpﬁp')
=Ll (rp —

=tplp (Tpp’ - ﬂpﬁp')

(F)
and Vip ktp?

ifk=k p=p
ifk=*k,p<y
k&, p=yp
itk kK, pa<y,
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(5.120)

[ rpvd

-L“TL‘— yplu, St}

(5.121)

(5.192)



where

v
By = ] ' (u® - u+ 1/2)du
e
To-1 ¢ (T3, + Tp- o
Y = / ’ [Mé_?_l) — tyu]*du +
4]
t, R T2 Tz_ " 1 —-1)42
/ [u® = (Tp + Tpmr)u+ —E-ig-L—l]”(lu + j [tpu — Mﬂﬁ]'du
Tpet Ts
Tr=1 4o (T, + T, tpr(Tyr + Ty
— = _&__P_L.
W = [ S ) udu+
™ o T' + T - | + T [
/ ’ [u® = (T} + Tp1)u + =5+ Ly[-2 (Zy + 1) — tpu]du+
T
Tyt = [ ] ¥
/ ’ 1[t,,m - t”(Tp-;Tp_l)][t" (T;’ ;Tp 1) _ tpruldu -+
T, .
Ty to(Tp + Tp- T+ T3
j » [t — _PL:L.'_).][ (Tt + Tprm)u + —"-%‘]du-{-
p’-l
1. ' fe
] [tpu — M]Up (Z; ;’T 1)]du.
Then, by some caleulations,
") Ny Np ‘.H'(I)
Endny'T} = Em{ 3 2 sl —J|Z(f1 - Dl 57D}
I=Noy+1i=Npm 41
~ N,:"""" (F)
and Cov"l,(rr,.p ,”r,.. BARE N“uip)k. "
Put.
= F F K F
p’F = (#(2) lp'(lr)l :#S-_% r1’ ;P‘S-_.)l r')’
and I} = (Ukp.kip:)r(r—l)xr(r-l)'
Then
ir ® NHps
and Tp = NZZTj.
Therefore
0r = 'SR & (Y(SE)
4. Computation of 0
Let
i a Tr
;15__:, = tp(by ~ Zt“s")j wlu, ldu,1 < k,p<r—1
k=1 Tyt

82

(5.123)

(5.124)

(5.125)

(5.126)
(5.127)

(5.128)
(5.129)

(5.130)
(5.131)

(5.132)

(5.133)



Glp(l =t )(1 =t} ifk=4kp=p
(H) _ =ltptp (1 — L) ifk=k.p#£p a
Gﬂd Ukp‘k!pl — —tklk’tp(l - tp) ir k __'é k',p = pl (5.1\‘ !‘)
tktk'lptp" if k ?’: k‘,p :f: p'.

Then, by some calculations,

Ny
Elfn{ng-g)TE] = E"o{ L ﬂ_l‘ﬂ(t)z ‘P(N ) f)}

=Ny +1

~ NIEID (5.135)

and Coupy(re),7lil) & Nevfid,.. (5.136)

Put
gy o= Gl ) Y (5.137)
and Ty = (”kp,k'p')(r-l)’x(r'-l)"‘ (h.1:18)

Then
fy & NN " (5.139)
and Ep = N.E). (5.140)

Therefore

O = W' St~ (Y (S3) 7y (5.141)

5.6 Examples

In this section, we compare the test statistics in the two-sample location case with unordered alternntive.
If » = 2, (3.10) ensures that

82 = I()ta(6) — 62)°. (5.142)
By (5.112), (5.113), (5.116), (5.117) and (5.120), it is easy Lo see that.
1
Og =~ 1252[/ up(u, fdu]*/1(f). (5.143)
0

Then (5.106), (5.107), {5.111) and (5.143) show that

APE(Spm) = APE(K ) = 1267 j; l wp(u, Hdu?/1{[). (5.144)

Therefore the asymptotic power cfficiencies of the Spearman’s Rho and Kendall’s Tau statistics are the
same in the two-sample location. As a matter of the fact, the two statistics are equivalent by (5.12) and
(5.20). Note that APE(Spy) and APE(Kp) do not depend on the significance level,

For 0, it follows from (5. 121) (5.122), (5.128), (5.129) and (5.132) thai,

i . n=p  nz—hp ) - )
b I(f) ( na=Mbs - 1, (5.145)
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(5.146)

where

f:"(u"’ ~hu+ %)lp(u,f)du+ f,;l(tltx - T—._‘-:)tp(u,f)du

SR B uyp(u, f)dud fp [u? = (1+ Ty)u + Mo (u, f)du

-
=1
i

Let o = 0.05. We have from (5.108) and (5.146) that
" xg.us.l = Xg.os,z) F(%) .\’5.05.2 0r

2 r'(2) (Xa.u.'s.l)“"2 8

k]

2(—2’+2x2—1)/-ex

APE(Fy) =~
~ 91 (:;.341—5.991)0.8862 5.991 0p
= P 2 1 (3.841)2 b2

o -1
e 65 fall =+ [ 71\—131 '}’l'.'—ﬁi_,ﬁ'.z) 7. .
0.6538 x (f)w( gt T @ (5.147)
Similarly, we have
T,
Uy "l N)dul (5.148)

APE(HpM) = Ui I(f)

Note that APE(Ip) does not depend on the significance level in the two-sample case. Assume that
5.124) and (5.125) imply that v; = y2 = 3/80,61 = f2 = 1/6,112 = 1/48.

ty =ty = 0.5. Then (5.123), {
Hence
=P mn2—Fpf:\ _ ( 00087 -—0.0069
( mo—fifs 1a-p )=\ _0.0060 00097 ) {5.149)
Based on the corresponding values in 4.2 and from (5.144), (5.147) and (5.148), it is easy Lo see that
if [(2) = G cap(35), 00 < @ < 0o, then b = (0.0857, —0.0857)’ and
APE(Sw) % APE(Kn) = % ~ 0.9554 (5.150)
APE(Fy) = 0.6538 x 1 x 0.8849 = 0.5626 (5.151)
2
APE(Hu) % = % 0.6369. (5.152)
It f(z) = fexp(—|z]), ~00 < & < 00, then & = (0.0833, —0.0833)" and
APE(Sm) ~ APE(Ky) % ~ 07500 (5.153)
APE(Fpy) 2 0.6538 x 1 x 0.8360 ~ 0.5313 \ (5.154)
APE(Hu) = % =1. (5.155)
I f(z)=e*(1 +¢ %)%, —00 < x < o0, then & = (0.0521, ~0.0521) and
APE(Sy) ~ APE(Ky) ~ % =1 (5.156)
APE(Fy) = 0.6538 x 3 x 0.3270 & 0.6237 (5.157)
(5.158)

APE(Hy) = 31 ~ 0.7500.
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