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LOGIC-FREE REALIZATIONS OF SEQUENTIAL MACHINES

ABSTRACT

Ultimately, the abstract sequential machine must be
implemented with hardware, and the designer must decide . what
circuit structure best suits his needs. He is limited in his choice,
however, for there exists a definite relationship between a specific
circuit structure and the type of machine behaviour it will realize; this
relationship must be known if the designer is to chose a realistic
structure for the circuit which must realize his machine. It is the
purpose of this paper to characterize those machines which can be
realized by circuit structures that are logic-free - that is, which

consists solely of memory elements.

In general, a circuit with no logic can be divided into the
parallel combination of up to three component circuits; a constant input
circuit with no feedback, a constant input circuit with f.eedback, and an
input dependent feedback-free circuit. These, in turn, define certain
types of machines. By studying the homomorphic images of submachines
of such circuits individually, and then collectively, we are able to
characterize the behaviour of all machines which can be logic-free

realized, and present assignment methods for the realization.
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1. FUNDAMENTALS

1.1 Introduction

A sequential machine is said to be logic-free realizable if
and only if there exists a sequential circuit which realizes the machine
yet uses only memory elements. Such a realization would be very
simple in terms of hardware and possibly minimal in terms of cost.

As part of the structure theory of sequential machines, then, this problem

should definitely be considered.

In general, a circuit with no logic can be divided into the parallel
combination of up to three component circuits; a constant input circuit with
no feedback, a constant input circuit with feedback, and an input dependent

circuvit with no feedback. These, in turn, define certain types of machines.

By studying the homomorphic images of submachines. of 'such circuits individually,

and then collectively, we are able to characterize the behaviour of all

machines which can be logic-free realized, and present assignment methods

for the realization.

This paper is divided into 4 sections} the first summarizes the
basic concepts used in later developments; the second section studies the
logic-free properties of those machinesdefined by the component circuits.
In the third section, parallel state realizations are developed,
followed by a study of homomorphic image machines of cyclic submachines.
Finally, in the last section, the remaining class of logic-free realizable

machines is characterized.

1.2. Notation and Basic Definitions

The abstract algebraic model of a sequential machine has led to
the application of many principles of modern algebra to the analysis and
synthesis of these machines. In this section we will review some of the
properties of algebraic structure-preserving maps as applied to sequential

machines. For further details see [1] and [2].

A
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Definition 1.1: A sequential machine is a quintuple M = (S,I1,0, 6,1\)

where S,I,0 are respectively the nonvoid finite sets of states, inputs and

outguts :

6: S X I—»S

is the next state function, and

AMSX1I—O

is the output function. [1]

Definition 1. 2: A state machine is a triplet M = (S, I, §) where S,I, are

respectively the nonvoid finite sets of states and inputs:

5:SXI—S

is the next state function. [1]

Definition 1. 3: A submachine M(J of some machine M = (S, 1, Ob6,\) is a )
quintuple (S,1,0, 65\ ) such that ‘

S, €85 I €1, and O_CO

(where A € B means that A is a subset of B), Gaand A are the next state
and output functions restricted to Sc' Ic and O0 },and Sc and Oo are closed

under 6§ and \ .,
c (o]

In general, the machines will be represented by flow tables
whose columns are inputs, whose rows are the present states and whose

entries are next states and outputsa. We deal only with completely specified

raachines.

'Definition 1. 4; LetI = {x1 P Hoyreees xu] denote the input alphabet and
O = [zl, IAERRY zr] denote the output alp};abet. The x, (i=1,...,u) are

.
called the letters of the alphabet. The input dictionary, denoted byl

is defined to be the set of all words formed from I, where a word or tape
means any finite sequences of letters. I* contains the word with no letters,
the null word A, 1. I‘ denotes the set of all words of length greater than or
equal to 1,
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The length of any word X denoted by ﬁ (x), is defined as the number
of letters in the word, and,Q(A) =0,

The next state function 6§ and output function \ are extended to

words of length other than one by requiring

1) for all s € S; § (s,A) = s,

2) for all s € S, X € 1’“, x €I, 3'(s,§.xj) = 5(’6(3,2),xj) .
j

3) foralls €S, x € ¥, X, € 1; X(e,;.xj)= Y (E(a,i),xj).

1.3. Homomorphisms and Congruence Relations

In general a mapping h from an algebraic system A onto another
system B is said to be a homomorphism of A onto B if h preserves the
algebraic structure of A, By applying this concept to sequential machines

we arrive at the following definitions:

Definition 1.5: A machine M' = (S',I', O',§',N ) is the homomorphic ‘
. . - ine M i 1
image of a submachine Mcy (SO,IO,OU, 60, kc) of machine if and only

if there exists three onto homomorphic mappings hS,hI,ho such that

hg: S;—~S', h

hs(ﬁc(s,x))

{l~—I', h.: 0O —0O', and
o o

I (o)
6'(hs( 8), hI(x)).

ho()\o(s,x)) N(hs(e), hI(X)), for all 8 € SU, x € Ic' (1.

Conversely,we say that M is a projection machine of M' denoted by

M = P(M!') under the same conditions. Note that if M and M! are state

machines, h

~ is simply not defined.

Definition 1. 6: A partition R(S) of a set S is a collection of disjoint subsets

of S called blocks such that their set union is S.

An equivalence relation R(S) defined on 5 determines a partition;

the two terms will be used synonymously.




The union of two sets will be denoted by AUB, their intersection
ANB, and the complement of a set A with respect to the universal set, by A,

The least upper bound, or sum [ 1]of two partitions RI(S) and

RZ(S) on S will be denoted by Rl(S) + RZ(S), and the greatest lower bound

or product by Ri(S) s RZ(S). Thus, if

'Rl(S) 1,6;2,3;4,5

n
-
w
w
<9
w
2
]

then

it
-
™
o
:‘*'
o
o

Ri(S) + RZ(S)
R (S) . R,(5)= 1;2:3;4;56 .

For Ri(S) and RZ(S) on S we 8ay that RZ(S) is larger than or equal
to Ri(S) and write Ri(S) S R,(S) if and only if every block of Ri(S) is
contained in a block of R (S). 1]

We say that a variable is assigned according to a partition if
this variable has constant value over all elements in the same block of the

partition. [1]

Definition 1.7: Let M = (5,1,0, § \)be any sequential machine, R(S) is said

to be a right congruence relation on S if and only if R(S) is an equivalence

relation on S which satisfies the substitution property (S. P.); for ‘all

8.8, € S, is(S)sZ-—> 6(91,xi) R(S) 6(sz,xi) for all x, €1 (1]

X
Lemma {.1: Every homomorphismh = (hS’hI’ ho) of M = (S,I1,0,8,\) onto
1= (8',1',0', 6", \') induces a congruence relation or Si P, partition R(S)

on S, and equivalence relations R(I) a.nd R(O) on I and O respectively.
Conversely, every congruence relation R(S) on S defines a homomorphism

1 .
h = (hgS—>S', hul—>1, hozo—-yo's,
Proof : Given hS’hI’ ho define wiR(W)ch-. hW(wi) = hW(wj) for W € { 5,1,0}
and W w'j €-{S,1,0}. Itis trivial to verify that R(I) and R(O) are equivalence

relations and R(S) is a congruence relation.
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Conversely, given R(S) define
S = {Bi/Bi € R(S)}, where B, are blocks of R(S)
! =
) (Bi,x) B.j for Bj such that G(Bi,x) < Bj
and thus hs( 8) = { Bk' €S'/s € Bk ]. b, and ho are trivial.

As an example, consider the machines of Figs. 1.1 and 1. 2.

W
»
»

1 "2 73

1|5 6 4 |2

216 5 4]0 0 1

314 4 2 |1 AlD C z,

41 3 3 6 |2 B|C A z,

512 1 3 ]2 C{B D z,

61l 1 2 3 |0 D|A B 2,

Fig. 1.1. Machine Mi.l Fig. 1.2 Machine M'i.i

hs: { — A hI: xl—-——>0 hO: 00— z,
2 —» A xz—->0 1 — 2,
33— B x.3—->1 2 ——> z,
4 ——C
5 —D
6 — D
R(S) = T,&3%56 , R = x,xux;, RO = 0,40 .

Note: If some X = xi.xZ e xn. then hl(i) = hI(xl)' hI(xz).. . .hI(xn).

1.4 Machine Realizations

Definition 1.8: A machine M = (5,1,0, §,\) realizes a machine M' =

(s',I',0',8',\') if and only if there exist three mappings (a, B ,y) where
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a:S!' ———»- disjoint subsets of S
B:I' ——» disjoint subsets of I

y:0' ~—> disjoint subsets of O
and these mappings satisfy the following relations:

6(s,x) € a(6'(s',x')) for all 8 €al(s'), x € B (x') (1)
and

A(s,x) € y(\'(s8'x')) for all s € a(s'), x € B (x") (2)

The above model differs somewhat from that given in (1]
but yields the same results provided we assume reduced machines. It
avoids certain difficulties and makes the notation more uniform. The
idea is that to represent a state of a reduced machine M' we must represent
it by at least one state of M and possibly by more than one, Also, two
distinct states of M' cannot be represented by the same state of M.

Similar considerations apply to input and output coding.

Definition i.9: A machine M is said to realize the state behaviour of a ‘

machine M! if and only if M realizes M' with an assignment (a,B ,y) such

that o maps each state of M' onto a single state of M, and a is one-to-one. {13

Theorem 1i.1: A machine M realizes a machine M' if and only if there

exists a homomorphism from a submachine of M onto M',

.Prooff: We must show that there is a submachine of M which can be mapped

homomorphically onto M'.  Let

5,= Y {a(s') / &' € S' of M'} (3)
1'0 = U {B(x') / x' € I'of M'} (4)
0,=U {y(z") /| 2' € O of M'}. (5)

Then M _= (SG.IU.OO, 6. Xo)is a submachine of M by definition 1. 8.




To see that M(j can be mapped homomorphically to M',

define
hgls) = 8 if and onlyif & € a(s') (6)
h(x)' = x'if and only if x € B(x') (7)
holz) =  2'if and only if z € y(2"). (8)

Since,for all s € o(s'), x € B(x")

§,(8,x) € a(8'(s',x"),

and

)\o(s,x) € y(N(s',x") for all 8 € a(s'), x € B(x") ,
we obtain

hs(ﬁc(s,x)) = &Ys',x') = 6'(hs(a),h1(x))
and '

ho (A, (8,x)) = N(s', x') = k'(hS(S).hI(x)).

Conver gely, if M is 2 homomorphic image of Mc , then the homomorphism

h = (h‘ShI'hd defines a realization (a; B, Y)for M of M' if we let

a(s') = [s/hs(s) = g'} (9)
B (x) = {x/hI(X) = x'} (10)
v(z") = {z/hg(z) = z'} (11)

and if 8 is in a(s') then by definition of a
hs(s) = 8'. Therefore,
hg(6_(8,%) = §'(hg(s),hi(x) = 6'(s',x') (12)
and thus 6(}3,'}:)'6 (8'(8',x").

Algo, if we lump into one block all inputs x which map to the same

input x', then Bbecomes a one to one mapping from I' to these blocks.

Finally,

ho()\o(a,x)) = NM(s'x'), and thus




1.5 Machines in Parallel and in Series

In this section we study machines which can be decomposed
into component machines which operate in parallel or in series with one

another. Most of this material is based on [ 1 1

Definition 1, 10: The parallel connection of two machines M1 = (Si’ 11,01, 61.)\1)
M = . .
and 5 (SZ'IZ’OZ’ 62,)»2) is the machine

M = M1//M2 = (slx SZ,I1 X IZ.Q;X oz,s.x)
with
6((81.82). (xi,xz)) = (61("1"‘1)"62("2”_‘2))
and

x-((Blv 52)1 (xl'xz)) (kl(sl'xi)' )‘z(sz»xz)) .

Definition 1.11: Given the state machines M1 = (51.11,61) and M2 = (SZ’IZ’ 62)

with 12‘= S ) X1 @ set of output symbols O and an output function

x:six [} XIi—»O

2

then the serial connection of M1 and M2 with the output function \ is

the machine
i = = X
M M19>M2 (S1 SZ’ Ii' 0O, 6§, \)
where

6((81, e?_);x) = (51(51”‘)’ 62(92.(81.x)))

and

x:slx S2 X11—> o,

Definition 1.12: The machine M y /1 M2 is a parallel decompo sition of M

if and only if M1//M2 realizes M. Similarly, the machine Mi-e> M2 is
a serial decomposition of M if and only if Ml-e;- M2 realizes M,

If M1 //Mz or Mi-e\— M2 is a state behaviour realization of

M, then we refer to M1//M2 as a parallel decomposition of the state
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behaviour of M, and M{G* M2 as a serial decomposition of the state

behaviour of M.

We say that the state behaviour decomposition of M is nontrivial

if and only if M, and MZ have fewer states than M.

1

Theorem 1.2: A sequential machine M has a nontrivial parallel decompo-

gition of its state pehaviour if and only if there exist. two nontrivial 5P

partitions R1(S) and RZ(S) on its states such that Ri(S) . RZ(S) =0, (1]

Theorem 1.3: The sequential machine M has a nontrivial serial decompo-
sition of its state behaviour if and only if there exists a nontrivial S. P.

partition R(S) on the states Sof M [1 ].

Definition 1.13: The cross product of a set of states {a }with a set of
states {b }is denoted {a } X{b } and defined as the set of states [aibj}
such that a, € {a }Jand bj € {b}. For example: {1,2} X {A,B }=
{1A,1B,2A,2B}

Definition 1.14: The direct product of two partitions Ri(S) x RZ(S) is

defined as that partition formed from the set of all products of their blocks.

For example.: if Ri(q) = 1,2;3,4
RZ(S?.) = A,B:C,D
then Rl(si) x RZ (SZ? =

1A,1B, 2A,2B; 1C, 1D, 2C, 2D; 3A, 3B, 4A, 4B; 3C, 3D, 4C, 4D

Definition i.15: A congruence relation R(S) defined on the states of some
machine M = (S1 X Sz, I1 X IZ’ 01 X OZ’ 5 \) which is the parallel
combination of two machines M1 = (51’11'01’ Bi,hi) and M2 = (SZ,IZ,OZ, Gz,kz)
is said to be a free congruence if and only if there exist congruences

R(Si) and R(SZ) defined over 81 and S2 such that

R(S) = R(Si) x R(SZ) .
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A homomorphic mapping h = (hS’hI? ho) defined from some
machine M to M' where hs is. defined by a free congruence, implies that
there exist: mappings from the component machines of M to those of M!,
each mapping defined by one of the congruence relations R(Si)’ R(SZ);
thus, the mapping from M to M' preserves not only the algebraic structure

of M, but that of its component machines as well. Congider the following

three machines:

xl xz x3 x4 xs
31 dz az az a1 8.3
az ai a-i al 3.1 a3 xl xz x3 X4 xs
a, a4 a4 a2 a.3 a.1 bi b1 bz bZ b1 bz
341 %3 23 P 3 F PPz By Py B By
Fig. 1.3. Machine Mi.z Fig, 1.4. Machine Mi.3
*y *2 *3 x4 *s
aby |- aky - 3k, ab,  ab o agb,
ab, | 2b, a3k aby aby agb,
aby | 2Py 3P, b, aby a5
ab, | 2P 3Py 3Py APy 3gh,
agby | 2y 2P, 3P, 3y b,
agb, | ag, 3k 2P 3y 34b,
agjb, | agp, agb, ab, ab o ab,
ajb, | asb, agp,  ab b 3b,

Fig. 1.5, Machine Ml.‘4
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Now M1 4 is constructed as 'the parallel combination
of M1 z'and M1 3" We would therefore éxpect to find two partitions

with S. P, on the states of M1 4 each computed by the component
machines. These partitions are:

Rl(S) = aibi,atlbz;a,zbi,azbz;a.:,,bl,a3bz;a,4b1.;3.4:b2
Rz(S) = a.ibi.a?_l:)l,a,:‘}bi,a.4bt;a|.1bz,a.zbz.a:d}bz,a.‘lbz .

By defining congruence relations on each of the parallel
operating machines, we can generate a free congruence over 'Ml 4

For example,

R(Sl) = al.az,;aS;a4 and R(Sa) = bi;bz .

ThenR(Sl)X‘ R(SZ) = aibi,ab ,a.b, ,a_b abll;ab

122032710 3,723 a,biab

3°20%4°17%4°,

which is a free congruence over .M1 R

1.6. Machines and Circuits

The purpose of this section is to relate the abstract machines

to physical circuits.

Definition 1.16: A sequential circuit [ 3 ]is a structure consisting of k

inputs Vi vz, ceea Vi m outputs, ZyoZosee B 8 unit delays with outputs
Yyr¥preee 'Y g2 and m+s combinational circuits fi’fz' cos ’fs' B+ 8y -
such that

.,gm

Yi(t‘*'i) fi(Yl(t).Yz(t). co .Vs(t);vi(t),vz(t), cees vk(t):', tz1;

yi(l) YiAfa specified starting value, and

zj.(t) gj.(vi(t).vz(t). ces .vs(t);vi(t).vz(t). e .vn(t),t 21.

The inputs, outputs, delays and combinatorial circuits are,

in general, multivalued; if they are all binary, the circuit is binary.
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Definition 1,17: The machine defined by a circuit [ 1 ]is the machine

defined in the following way.; for input binary variable v, for | < i sk,
i

state binary variables Y.‘j for 1 < j s 8, transition functions f.j, and output

functions gj we have

) S = {y,yg. .yl = (3]
) I = {(v,vyeev)) = {¥)
i) O = {(z,,2,...,2 )} = (2]
iv) &F, 9= {£,.9 ]
v) X3, 9= {g;(F. N}
where ¥ = (¥,1¥,r++++Y,) the vector defined by the state variables, etc.

Thus, each circuit defines a unique machine. In this paper
only binary circuits are considered. A circuit C, then, is said to realize
a machine M' if and only if there exists a homomorphism from a sub-

machine M defined by C to the machine M'.

We shall say that a circuit C has some property P if the.

‘machine it defines has that property.

From this point on, only state machines will be considered,
In this paper, we will not restrict ourselves to machines with logic-free
outputs as well as logic-free state realizations, but will consider the

more general problem.
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2. LOGIC-FREE CIRCUITS AND THEIR MACHINES

2.1. The General Structure of Logic-Free Circuits

Definition 2.1: A logic-free circuit is a circuit with no combinational

circuits; thus, for such a circuit

0 ori,
y{td) = v (1),
v; (1)

From this definition it is apparent that any delay i in a
logic-free circuit can be fed by 1) a constant input of { or 0, 2) an input
variable Ve or 3) an output of a single delay. Delay i, in turn, can feed
1) nothing, or 2) a finit. number of other delays. These circuits are

illustrated in Fig. 2.1. Q‘

T

1 T
or i Vn i i-1 i i : :
0 |
1 2 3 L_{ |
2
Fed By

Feeds

Fig. 2.1. A Delay in a Logic-Free Circuit

The circuits of cases 1) and 2) form tree structures. There are three
‘possibilities for case 3): as we extend the tree in either direction and

exhaust all the delays,the tree must eventually be fed by

i) a constant input, in which case,type 1) is formed,
i) an input variable to yield a type 2) circuit, or
iii) the delays form a complete loop. Such a circuit
would be autonomous, or constant input. Its

form is shown in Fig. 2. 2.

T R e TR T T BN o S T S S S e e



-14-

Fig. 2.2. General Form of the Third Type of Circuit.

This circuit consists of a loop in which each delay feeds a finite number

of delays.

In summary, there are three types of component circuits

in the general logic-free circuit: they are

i) a constant input feedback-free circuit,
ii) an input dependent feedback-free circuit, and
iii) a constant input circuit with feedback. “

These are shown in Fig. 2. 3.

cl —‘qj—q)‘““[:}— Ci=00r1

ii) ; : :‘CFJ"E . Each Delay Feeds ¢
vk 2 H - - : | Number of Dela
[ l"@" y8
L{:’"’E ] !
N

iii) ! i

Fig. 2.3. The General Structure of Logic-Free Machines.
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2.2 Machines Deiined by the Component Circuits

_”61“'?":-‘“5\?;.*‘.-"- B T e T ycas st bt Lo L e SR T

Each of the component circuits of the general logic-free
circuit defines a particular type of machine. These machines,in turn,
are realizable on logic-free circuits. In the following section we will
define these machines and outline the techniques with which they can be

logic-free realized.

Definition 2.2: A machine will be called a constant input (CI) machine if

and only if it has one distinct column in its flow table.

That is, a machine is a CI machine if the next state function
is independent of any input variables; mathematically, this implies that,

if M =(S,1I, 6) and is CI, then for all 8. € S and for all xi,xj €1,

a(s,xi) = 6(s,xj).

In the general circuit the constant input component circuits

define CI machines,

Definition 2. 3: A machine will be called definite if andonly if there exists

gome integer k such that for all x € Ix with ,Q (%) 2 k, and for all s, 8' €S

6 (s,%) = 6(s',x). (4]

Lemma 2. 1: Every feedback-free circuit is definite.
Proof: This has been shown in [5].

Thus, all feedback-free circuits of the general logic-free

machine define definite machines.

It follows, then, that the general logic -free circuit deﬁnés
a machine on whose states it is possible to define a parallel decomposition
of the state behaviour into definite, and CI machines. (Theorem 1.2).
Now both of these machines have been siudied in the literature, and

techniques for their realization on logic-free circuits, developed. These
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methods will be presented here, with some additions and modifications.

Definite Machines

Definition 2.4: A machine M = (S,1,6) is strongly connect ed if and only

for all s, 8' € S there exists some X € I"{ such that g-(s,_;c) = s8',

Theorem 2.1: The state behaviour of every strongly connected definite

machine can be realized on a logic-free circuit.

Proof: This is a result of Theorem 1 in [3]. The assignmentis effected

" with the aid of the input successor tree also given in [3]. Itis a graphin

the form of a tree and designated G(M). LetS represent the states of
the finite machiné M. The nodes of the graph correspond to sets of states
of M. There is a transition from a set C to a set D under input x, if D is
the set of xi-successor states of C (if state Bj goes to Bk under input X then -
s, is the xi-succeasor of Bj ). The graph is constructed in levels, the

k
zero'th level having one node corresponding to the set, of all states. The

first level contains all the X, - guccessors of S and hence has u nodes. The
second level contains u2 nodes corresponding to the successors of the sets
of states in the first level, etc. IfMis a definite machine involving k
delays, the state of M reached after applying a sequence of length k + 1
must be independent of the starting state. Hence, if M is definite there

must be a level in which each node corresponds to a single state.
The graph is terminated according to the following criteria:

1) just before a set of nodes of any level is
regenerated, or
2) alevel is reached in which all nodes contain single
states. '
If G(M) is terminated according to rule 1, the machine is not definite;
if it terminates by rule two; however, it is definite [3 ]. The logic-free

assignment is then taken directly from the graph by as gigning to each
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state the reverse of the sequences required to map to it on the tree. The

inputs are assigned arbitrarily. An example is shown in Fig. 2. 4.

1'Val a b c
f 11 & s a —»00
211 4 s b — 01
3 | 2 3 6 c-—>1t
4l 2 3 6
5 | 2 4 s
6 | 2 4 s

M,

Fig. 2.4. Generation of the Input Successor Tree for Machine M.2 1

Y, Y, V3 Y4

iT o0 o0 0 0

2l 0o o o 1

2l o o t 1

3lo 1 0 1 |

4|0 1 0 O vy — Y Y3
4lo 1t 1 1

5011 &+ 0 O v, = Y21 Y4 -
511 1t 1

6l 1 t o0 1

Fig. 2.5. Assignment and Circuit for Machine Mz .

All definite machines are not strongly connected, so that
this method will not work in general. Given any definite machine, however,
it is always poseible to embed it as a submachine in a strongly connected

definite machine in the following way:

. -
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1) add as many input columns to the given machine
as there are states s which do not appear in the -
final level of the tree G(M); .

2) enter into each column one and only one such state
s; each state is added to one columng

3) give each column a different input.

It is clear that this larger machine will be both definite
and strongly connected, and by definition of a submachine, that the original
machine is a submachine of the larger one. Now,realize the larger machine
on a logic-free circuit; then, allow only those inputs to the circuit which
were coded from inputs to the original machine.

The circuit now realizes the original machine.

Note that adding only one state to an input column is not
economical, and often it is possible to add more ,yet keep the machine

definite. Such is the case with the example of Fig. 2. 6.
& Added Input
x

I ¥ X %3

Tt 2 T 11 2 3

2 |1 2 2 |t 2 3

3|1 2 3.1 2z 4

4|t 2 4 |t 2 4
M, 2 M. 2

Fig. 2.6. Embedding a Definite Machine into a Strongly Connected
Definite Machine.

The assignment is now straightforward. In the circuit, the code assigned

to X, is not allowed. We conclude with the following corollary.
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Corollary 1: Every definite machine can be realized on a logic-free circuit.

Constant Input Machines

Definition 2.5: An internal state of a machine will be called cyclic if it

appears in a cycle; otherwise, it will be called non-cyclic.

Theorem 2.2: Every CI machine can be realized on a logic~free circuit

with a single loop.

Proof: This has been proven in [6]. The cyclic states of the machine
are realized on what is called a universal circuit, which is actually a
single, simple circulating feedback shift register. The non-cyclic states

are then coded from transient logic-free registers.

This method is not very economical, particularly if it is
not necessary to realize the machine on a single-loop circuit. Certain
types of CI machines can be more economically realized, so we make the

following distinctions.

Definition 2. 6: A machine will be called constant input periodic (CIP) if

it is a CI machine with only cyclic states.

The flow graph of such a machine consists of a number of
disjoint cycles. Any logic-free circuit which consists only of delays in
loops defines a CIP machine, and conver sely, any CIP machine can be
realized on such a circuit. However, there is no algorithm available for

an assignment which guarantees the minimum number of delays.

Definition 2.7: A machine will be called constant input tree-type (CIT)

if it is a CI machine with one and only one cyclic state.

The constant input feedback free circuit of the general logic-

free machine defines a CIT machine.
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The logic-free realization of CIT machines is much simpler
than that of CIP machines or CI machines in gerieral. . In the following we will
develop an algorithm which will lead to an economical realization for
such machines. First, however, we will review some of the theory of

trees.

The state graph shown in Fig. 2.7 is a tree. A tree contains

three kinds of states: a primary state which has no incoming branches

or no predecessors; a root state which has itself as next state; and a

gecondary state which is neither a primary state nor a root state. Both

the primary and secondary states are non-cyclic states. The root state

is a cyclic state. -
L) (2) primary
(3) gsecondary

(4) root
v

Fig. 2.7. A Tree.

Definition 2.7: A tree is regular if all states but the primary states

have the same number of incoming branches. [71.

The root state can be reached from any other state of the
tree. The minimum number of transitions for a state to reach the root

is called the level of the state; thus, the level of the root state is zero.

Definition 2.8: The tree set of a tree is a set of integers(ho 'hl’ coe ,hL)

where h, is the number of states of the level i, and L is the highest level
i

in the tree. L is called the height of the tree. (71.

The tree set describes the regular tree up to isomorphism.

Every state except the terminal state in a regular tree has hi + 1 incoming
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branches. The number of primary states ti on level i is

ti = hi - (hi+1/(h1+1)' 0<i<L,
t{o = 0’
tL = hL'

Constant Input Feedback-Free Circuits and Their Tree-Graphs,

The circuit structure we will use to implement transient
machines is constructed of logic-free registers and called a register
circuit. One such circuit is illustrated in Fig. 2.8. The ciréuit ig divided
into levels, each level containing a number of delays: the first level
contains only those delays which do not feed other delays; the second
level contains those delays which feed first level delays, the third those
which feed second level delays etc. Each delay feeds at most one other

delay.

Definition 2.9: The delay set of a register circuit is a set of integers
<d,,d
1

PIRER ’dL > where di is the number of delays of level i and L is

the highest level of the circuit. L is called the length of the circuit.

A register circuit is determined up to isomorphism by its

delax set.
o — ¥y Y2 73
R gy N e e I o
<41,32,z3,14> 0 Iﬂ

Fig. 2.8, A Register Circuit and its Delay Set
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Tree Graphs of Register Circuits

There is a definite relationship between the delay set of a
register circuit and the tree set of its state graph; it is shown in the

following Lemma:

PAEERE: dL) of some transient circuit;

assume that each delay carries a p-valued signal. The tree set of its

Lemma 2.2: Given the delay set(dl, d

state graph is given by the formula;

k=(di-1)

Proof : In any tree set, ho = po = { by definition. Now, the number of

states that reach the root state (or the all zero state) in one transition is

P L 1, Similarly, the number of states which clear to the root in two
transitionsis equal to the number of states which have at least one non-zero ‘
entry in the second level delays but no entry in any higher level delays,

less the all zero tuple. This is given by (p 2. 1) pdl. By induction the

general formula becomes

b= (e -1 V| (5. (1)

k=4, -1
i
We can further characterize the state graphs of these
machines by claiming;
Lemma 2.3: The state graph of any register circuitis a regular tree.
Proof: The proof follows from [ 7 ], Theorems 1 and 2.

The method we use to synthesize tree type machines is to
determine, by inspection, the smallest regular tree of which the tree of

* )
our machine is a part (or a subtree) and then apply our formula (1) to

* T'is a subtree of T provided the machine which defines T' is a sub-
machine of the machine which-defines T. '
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derive the delay set of the smaliest circuit which will realize the regular

tree. The procedure follows:

1) determine the largest number of incoming branches
to any singlé"sta.te of the tree; call this number a.

2) add to each gsecondary state and the root state the
necessary number of predecessors 80 that each
secondary state and the root state have the same
number of incoming branches, a.

3) specify the tree set of this regular tree.

(1,'h .hz.... yh. )

1 L

From the equation of Lemma 1.4 we can derive design

formulas for any transient machine, ae

h0 = 1
di dl
h1 = p -1 andthusp =h1+1
thus, d1 = [logp(h1 + 1) ] where [x] implies the smallest
positive integer 2x
Similarly d1
d, = [logp(hz +p )]- d

In general, our formula is

1 dk %
a, = tlogp(hi+l T p51- 2 4

K
k=i-1 k=i-1

For example, consgider the machine of Fig. 2,9, without the starred states



Fig. 2.9. A Tree Type Machine Mz 3°

The tree set of the smallest regular tree of which this is

a subtree is

(1,,3,14,,454))

The delay set of the smalle st machine of which the regular tree is a sub-

tree is:
d1 = Elogz(S)] =2
dz = [1032(4 +44)] -2 =1
d3 = [logz(4+4)]~- 2 =1
d4 = logz(4+4) -2 =1

The circuit is shown in Fig. 2.10.

o—{ 71 H 7z H s s Im
| o

Fig. 2.10. The Register Circuit of Mz 3’

This brings us to the main theorem of the section.

-
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Theorem 2. 3: The state behaviour of any CIT machine can be realized

without logic on a register circuit.

2.3 ImagiMachines and Submachines of Definite and CI Machines

Up to this point, given a definite or CI machine we can realize
it on a logic-free circuit; if the CI machine is the special case of a CIP,
then the realization is somewhat simpler. However, recalling that a CIT
machine is realized by another if and only if it is an image machine of a
submachine, the most obvious next step is to characterize all those
machines which can be realized by definite and CI machines. Such is the

purpose of this section.

Theorem 2.4: The submachines of definite or CI machines are re spectively

definite or CI machines.

Proof: It is easily verified that each submachine enjoys the necessary

properties to characterize it:ag defihite or CI. ‘

Theorem 2.5: The homomorphic image machines of definite or CI

machines are respectively definite or CI machines.

Proof:

1) Definite Machines: Assume there exists a mapping
h = (hs,hI) from some definite machine M = (D,1,8)
to some machine M' = (S,I', 6'); then, gince M is .
definite there exists some integer k such that for all
e Mwih U@ 2k,
3(d, %) = 5(d',x) for all d,d' € D. This means
8(d,x )
6 (h{d)p; (%))

h (6 (ar, x)) for all d,d' € D which implies that
'5' (héd');h (%))for all 4,d' € D;
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but h is an onto mapping, and thus,
3'(s,h1(x)) = TS"(s!,hI(x)) for all s,8' € S,

which, by definition, means that M' is a definite machine.

2) CI Machines: Assume there exists a mapping
h = (hs’hI) from some CI machine M = (A,I, §) to some machine
M' = (A',I', §'); then, since M is CI; for all 2 € A, for all xi,ij I

) (a.xi) = §(a, xj) which means that
hS.(6 (a,xi)) =‘hs( 6(a, xj)) and thus,
6'(}.1s[a)}1.1(xi)) = 6'(}23‘)#11()%) under the same conditions}

but h is onto, so that

6'(a.}h1(xi)) 6'(a:',h1(xj) for all a' € A', hI(xi),hI(xj)GI'.

By definition this implies that M' is a CI machine.

Corollary i: A machine M can be realized by a definite machine if and

only if it is itself a definite machine, and by a CI machine if and only if

it is a. CI machine.

There are a few more important properties of image

machines which will be required later. These are:

. - - P ErT————— p— - TR B s mre oz ISR T ooty s Lot AR L.
T o e ] SRR I L S T B TR T T s ¥ B LR T e STATHAITREE T .

Lemma 2.4: Every submachine and image machine of a CIP machine is

a CIP machine.

CETeey

Proof: Since a CIP machine consists of disjoint cycles each of which are

strongly connected, it is clear that any submachine must also be a CIP

machine.

Assume M = (S,1,6) is CIP, and it maps to M' = (s',1',6') under
h=(hg,h ). Then, for all s € S there must exist some X € I* such that

6{s,x) = s, which implies that
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hs( 6.(s,x)) = hs(s), and thus & '(hS(s)' .hI(x)) = hs(s);
but h is onto, so that for all s' € S' there must exist some X' € I' such

that 6 '(z;',?z') =

But this means that all states of S' are ~

cyclic, and that M' must be CIP,

Lemma 2.5: Every image machine M' = (S',1',6',) of a strongly

connected machine M = (S,1,8) is a strongly connected machine.

Proof: Leth = (h ) be the mapping from M to M': then, since M

is strongly connected, for all 8,8, € S there exists some X € I such

that

1

3 (st,;c-) 8, which means that

hs.( (sl.x)

hs( sz) and then

(hgls ) by, (x) =hgls)).,

But h is onto, so that, for all s'l, 8'2 € S', there exists some h:é;) € I*
such that 6 '(s' h (x)} ‘ By definition, M' must be strongly
connected.

2.4 Image Machines and Submachines of the General Circuit

Image machines and submachines of definite and CI machines
have been characterized. What of machines which consist of the parallel
combination of such machines - the type of machine defined by the
general logic-free circuit? We will now show that the submachines of
such circuits also consist of the parallel combination of definite and
CI machines, but that the image machines need not. The result is one

of the central theorems of the paper..

Theorem 2.6: Given any machine M = (5,1,5) = M //M . wh1ch consxsts

of the parallel combination of two machines, M y a.nd MZ then a.ny sub-
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machine M0 of M consists of the parallel combination of submachines

of M1 and MZ.

Proof: That M = M1//Mz, implies that there exists two congruence
relations on S, call them Ri(S) and RZ(S)’ computed by M1 and M2
respectively, such that Ri(S) . R?.(S) = 0. Let Ma = (So , I0 , 50) be any
submachine of M. Define Rl(so) and R'Z(Sc) as Rl(S) and RZ(S) with
those states which are not contained in So’ removed. Clearly, removing
these states does not upset the property that no two states in the same
block of one partition belong to the same block of the other, and so
Ri(sc:) . RZ(SO) = 0, Further, since I0 is a subset of I, the two parti-
tions defined over the submachine must have S.P.. From Theorem
{.2 this implies that M.(J has a parallel decomposition on its state
behaviour. Now the two partitions defined over the submachine either
have the same number of blocks as the original partitions or not. If

go, then the component parallel machines are the same as the original

component machines. If not, then obviously they are submachines of

the originals.

Since svery submachine of a definite machine is a definite
machine, and similarly every submachine of a CI machine is a CI

machine, we can conclude with the following theorem.

Theorem 2.7: A machine can be realized without logic if and only if

it is a homomorphic image of some machine which consists of the parallel

combination of a definite machine with a Cl machine,.

Note: There exists some machine M = Mi//MZ where M1 is definite

and MZ is CI, which has an image machine for which there does not

exists a parallel decomposition of its state behaviour into a definite

machine and a CI machine. This we will show with the following example:
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0 i
A G A
B E C
_160 i
C E C 1 5 1
D G A 2 4 2
E H B 3 5 i
F F D 4 6 2
G F D 5 5 3
H H B 6 6 2
MZ, 4 MZ. 5
Fig. 2.11. Flow Tables for Machines MZ 4 and Mz 5°
The machine MZ 4 has the two partitions
Ri = A,D,F,G; B,C,E,H, the input independent partition .
R. = A,C; B,D; F,H; E,G, the partition computed by the

d
definite machine.

Now the mapping from MZ. 4 to MZ. 5 18

hs: A —»1i E—4 hI is trivial.
B—=2 F—>5
C—2 G—>»5
D—3 H—26

However, by generating all the partitions with S, P. over
M2 5 it can be verified that the desired parallel decompo sition does not

exist.
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SUMMARY_

From the description of the general circuit structure of
logic-free machines, it was shown that the machine which such a
circuit defines can be decomposed on its state behaviour into the
parallel combination of a definite and a C.l. machine. Further, any
submachine of such a circuit is similarly decomposable. Since
each of these component machines are logic-free realizable by
previously developed methods, it follows, then, that a machine is
logic-free realizable if and only if it is a homomorphic image of some
machine which consists of the parallel combination of a definite and

a C.I, machine,.

In the following sections, such image machines will be
studied.
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3. CYCLIC MACHINES

i L e I T T L e A

By Theorem 2.7, a machine M' can be realized on a logic-
free circuit C if and only if it is a homomorphic image of some machine
M= M1 //MZ' with M1 a definite machine and Mz a CI machine.
However, unlike M, machine M' need not be decompgsalle on its state
behaviour into two such component machines. The obvious conclusion,
then, is that there are two types of logic-free realizable machines:

1) those with the parallel decomposition defined on their state behaviour,

and 2) those without it. We will consider both types in this section.

Because non-cyclic states in a machine create complications
and are difficult to handle, we will confine this section to machines

which have only cyclic states. We call them cyclic machines. It is

clear that if a machine M = Mi//MZ is cyclic, then both M1 and MZ

are cyclic. Now, any definite cyclic machine is strongly connected, and
any cyclic CI machine is a CIP machine by definition. Therefore, in
this section we will be concerned with characterizing those machines
which are images of machines composed of a definite strongly connected

machine and a CIP machine in parallel.

3.1: Decomposable Cyclic Machines

Hartmanis and Stearns [1 Jhave shown that those partitions
computed by the set of all CI machines which can be used as 'front'
machines in a series decomposition on the state behaviour of some
machine M, form a lattice. Therefore, there exists a unique smallest

titi R (S ted by the largest h CI machine.
partition ci( ) computed by the largest suc machin

Similarly, they have shown that there exists a unique
smallest partition Rff(S) computed by the largest feedback-free front

machine,

It follows, therefore, that to determine if the state behaviour

of M is realizable as a parallel combination of a CI machine and a
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definite machine, it suffices to test whether Rci(S) . Rﬁ(S) = 0,

Hartmanis and Stearns [1 ] give methods for generating
both of these partitions. Rci(s) is determined for some cyclic machine
M with n states as follows: first, make a block of all the states of the
machine that are contained in the same row of the flow table, and then

construct a partition Ri(S) by combining those blocks with common

elements (chain connecting). Now, find the smallest partition with S. P.

which contains Ri(S). This will be Rci(S):- Rﬁ.(S) is constructed as
follows: generate the input successor tree G{(M)of M, only this time
chain connect the nodes on each level before going to the next level.

The partition generated by the nodes of the nth level is Rff(S).

Example:
| x, x,
1 6 1
2 5 3
3 5 3
4 6 1
5 7 2
6 6 4
7 7 2
M3_ { Generation of Rﬁ(S)
Ri(S) = 1,4,6; 3,5:2,7
R (S) = 1,4,6;2,3,5,7
ci
= 1,3;2,4:5,6,7
Rff(s)

Fig. 3.1. Generation of the Partitions for Machine M

3.t
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In this example, Rﬁ.(S) . Rci(s) # 0. Consider M of

3.2
Fig. 3.2.

Xl XZ
1 7 i
2 5 3
3 5 3
4 1 i
5 8 2 Rci(s) = 1,4,5,7;2,3,5,8
6 6 4 Rg(S) = 1,3;2,4;5,7;6,8
7 6 4
8 8 2

Fig. 3.2. Flow Table and Partitions of Machir.e M3 2

Since Rci(s) . Rff(S) = 0, the machine M3 2 can be realized without logic,
each component machine independently of the other, using the methods of

section 2.

3.2 Characterization o: Cyclic Image Machines

All we know of the second class of machines is that they
are images of some M = M1//M‘2 where M1 is definite strongly
connected and M2 is CIP. Now, consider an arbitrary machine
M=(s,1,68) = M1//M2 and an arbitrary image of it M'' = (U, I, §")
induced by some homomorphism h = (hs,hI). Since M'' is completely
characterized by M and h, and M itself is well defined, a study of M'
can be made indirectly by characterizing h. Now hI is straight forward,
so that hs alone needs inspection. It, in turn, is defined by some
congruence relation R(S) on the states S of M. Thus, the problem of

characterizing M'' is reduced to that of characterizing all congruences

on the states of M, and thus the mappings hS that they define.
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This characterization will be effected in the following way:
all mappings h = (hS,hI) from M to M!'' will be decomposed into two

mappings h_, = (h ‘hI) from M to some M', and hK = (hT’hI')’ from M'

F SF’

to M'', th will be defined by a free congruence relation F(S) on S,

and hT by a congruence K(T) on the states T of M'!, Since F(S) is a free

R N R POt e R e iy s
R - 4_‘."." ¢ P

congruence ,M' will consists of the parallel combination of a definite strongly
connected machine and a CIP machine, so that Rci(T)‘ Rﬁ(T) =0, Itis
then logic-free realizable using methods developed previously. However,

the mapping h_, may destroy this decomposition property. But, hK will

K
have redeeming qualities which will prove that the tree G(M) can generate
its inver se, and so reclaim the logic-free realizable machine M' as a
projection of M!'',

The Congruence Relation F(S) and its Mapping_l_l_Fs

Definition 3. 1: Let some machine M = (§5,1, 6) = M1//M2 where Mi =

(SI'I’ 61) and M_ = (SZ,'I; 62); let R(S) be some congruence relation on S;

2
define a relation R(Si) on Mi for i = 1,2 as follows:

B o MDA AT o T T G RRE R e e s 2

e o .
for all Bﬂ' s, € &i, seR(ai)sk@_., (S/Z’ u)R(S.)(sk,u) for all u € Sj

k

where j=2ifi=1, and j = 1 if i = 2,

Lemma 3.1: R(Si) is an equivalence relation on Si'

R v gt e

Proof: This is easily verified.

Theorem 3.1: If every state of Mj has a predecessor, then R(Si) is a

congruence relation on Si'

Proof: For all sj, By € Si' ajR(Si)sk_—;. (sj,u)R(S)(sk,u) for allu € S.

But R(S) is a congruence relation, and thus,
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(6((sj,u),x))R(S)(&((sk,u),x)) for all u € Sj, x €1, or

(6i(sj,X).Gj(u.X))R(S)(Bi(sk.x)aj(u,x)) u € Sj’ x €1

Since every state of Mj appears as a next state,

U 6j(u.x) = Sj

for all u € Sj

all x € I

Thus, (61( sj,x),u) R(S) (Gi( sk,x), u) for all u € Sj' x € I which, by definition
of R(Si)’ implies

(6.(s,,x)) R(S)) (6(s, ,x)) for all x €I.
ii i ik
Hence, R(Si) ig a congruence relation,
Corollary {: For any sequential machine M = (§,1, §) = MII/MZ' where

M1 = (D’Il’ 61) is definite strongly connected, and M.2 =(A,I_,6.)is CIP,

2’72
R(D) and R(A) as given in Definition 3.1 are congruence relations.
Proof: It is simple to verify that the conditions of Theorem 3.1 hold for

strongly connected definite and CIP machines.

Defintion 3. 2: Under the conditions of Corollary 1, define a relation F(S)

on the states S of M as follows:

F(s) = R(D) x R(A): in other words,
(di,a.) F(S) (dz,a) -—-—— d1 R(D) dz. and
(d,a.l) F(S) (d,az) - —o  a, R(A) a,
and no other states are related by F(S).
Lemma 3,2: F(S) is a congruence relation, and F(S) g R(S).

Proof: By straightforward application of the definitions it can be verified

that F(S) is a congruence relation. To prove that F(S)g R(S), suppose that
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. (a,.a,) F(S)d,, a) —> &, R(D) d,—»(d;,2) R(S) (dy,2)

for all a € A, and in particular, (dl' a,i) R(S) (dz,'ai).

Similarly,
(d,a,) F(s)d,a,) —> (d,3)) R(S) (d,8,).

Hence, F(S) € R(S).

From Lemma 3.2 and by Definitions 1. 15 and 3.2, F(S) is a free congruence,.

Now, let us assume that there is some arbitrary mapping
= (h h ) from M = M //M ’ where M1 is definite strongly connected,

and M2 is a CIP machine, to M! = (U,1',6'). Call the congruence

relation that defines hS’ R(S). From the above development, it is poseible
to define another mapping, this time from M to some M' = (T,I',§') by

(hFS hI) where hFS

is the same as in h. This would imply two properties:

is defined by the free congruence F(S), and hI

i) M!'is larger than M't!, as F(S)< R(S).-

ii) M'= M' //M' where M'1 is an image machine of M1 ‘
and M'2 is an image machine of MZ" But, by Theorem
2.5, and Jemmas 2.4 and 2. 5,M} must be definite
strongly connected as M1 is, and M'z must be a CIP
machine because M is. Thus, R (T) Res . (T) =0,

and the machine is decompnsable on its state behaviour.

The machine M!' is still not the general case. Since F(S) c R(S)
and although M' has the same input alphabet I' a8 M!'!, the two machines
are not necessarily the same. In order to make M' the same as M'', it
is necessary that F(S) = R(S). This can be done by merging those
blocks of F(S) with states related by R(S). In terms of the machines,
this means that those states of M! which have inverses under hF related
by R(S) must be merged. This is done by the relation K(T), defined as

. follows.
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Definition 3.3: . Let M' = (T,I', §') be the image machine of M induced

by h = (hSF,hI). Define a relation K(T) on T as follows:

t K(T) t' «—— there exist s,8' € S such that
hF(s) = t, hF(s') =t', and 8 R(S) s', for t,t' € T

—

Lemma 3.3: K(T) is a congruéﬁéé relation on M',

Proof: This is easily verified.

Thus, by definition of K(T), b, maps T to U. If we lethy

be the identity map, , then hK maps M' to M!'!,

In summary, we have shown that any mapping h = (hs,hI) from
some machine M = M1//M2 where M1 is definite strongly connected, and
M2 is a CIP,to some machine M'' = (U,I', §'') can be decomposed into
two mappings hF = (hFS,hI) and hK = (hT,hI,)from Mto M' = (T,I',5"),
and M' to M'' respectively. Since the relation which defines hFS is a
free congruence, M'is also decomposable on its state behaviour into definite

strongly connecied and CIP machines. It is therefore logic-free

realizable by methods developed in earlier sections.

The problem still remains to characterize M''. Now, however,

we can do this by characterizing hK or K(T). This is done in the following

theorem,

Theorem 3.2: Let hK = (hT,hI,)be defined from M!' = M'1 //M'2 where, as
proven, M'1 = (D',I'l, Bi) is definite strongly connected, and M; = (A',I'Z, 6'2)
is CIP, hT is defined by K(T). Then, K(T) cannot merge two different

states of M' with identical definite components.

. 1 1 1 ! 1 [} ! 1 1
Proof: Assume (di’al) K(T) (d ,az) where a) # aj . Now, d‘,ai,a.2

1 and MZ' call them di,ai,a.2

respectively. By definition of K(T), then,

are images of at least three states of M
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(di’al) R(S) (di,az) which means that
- (8(d,,a,), ) R(S) (5((d,,a,),%) for allx € ™ (1)

Let ,Q (x) = p, where p is a multiple of all cycles of the CIP component
machine, and is greater than or equal to the integer k of the definite

machine, Then, (1) implies

(8,(d,,%), B,(a;,x)) RIS) (§,(d,, %), B (a,,%)) (2)
but, gi(a,;) = a foralla€ A and all x with Q(;) =p-
Thus, (2) becomes

(Ei(dl,;),al) R(S) (8,(d,,X),a,) for all x with Q(E) =p

!
-~
»
»
(

but

5,(d,x) =D,
— X _ s
all x € I with 9(x)=p :
and thus (d,ai) R(B) (d,az) for all d € D, which implies that a, R{D) @y L

and that (d,al) F(S) (d.az).
. ' 1y = 1 !
But, if (di’al) F(S) (di'az) -—+(d1,a1) (dltaz’
which contradicts our original assumption, and proves the theorem,

K(T) and the Inpuf Successor Tree

Theorem 3, 2 proved that only those states of M' which have
different definite components can be related by K(T). Assume the input
successor tree were applied to some such M'., Its final level yields a set
of nodes such that each ié"'occupied by a set of states with common
definite components, and é;ch definite component is represented by at
least one such node. Now, assume that two states of M' were merged -~

say Btate(a'l.d'l)and(a' ,d'z)- to form :state q of a new machine M'',
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Applying the input successor tree to M'', it is clear that the state q will
appear in two nodes of the final level - those which contained states with
d'1 components, and those which contained states with d'Z components,
This condition is easily recognized, and it is a simple matter to split all
such states that appear in more than one node. Thus, the inverse
mapping can be determined, and the machine M' generated. This will
be a projection of M'' which, as shown, is logic-free realizable. The
two partitions Rﬁ,(S) and Rci(S) are then generated, and each component

machine realized. An example is given in Fig. 3. 3.

Example:

o W #wwwl
S - NI T B T | )
NOW N = N ]

Fig. 3.3, Flow Table and Input Successor Tree for Machine M

3.3

States 5 and 2 appear in two nodes, and so must be split to, say,
Sa’ 5,b and Za, Zb. The resultant projection P(M3. 3) is given in Fig. 3.4.
(Ncote that where a complete node appears twice, it is not necessary to

split all states in it).

Lo 1

i 5b i
Za 4 Zb
2 4 2

b - b

= . . .3, 5

3 5b 1 Ri L 5b'4’ 2b'()' za,' a
4 6 Za Rci= 1,3,5a, 5b;2a, Zb,4,6
5 5 3 _ . . .

a a Rff = l,Zb,Za, 3,4,5b,5a,6
5b 5a 3

o
a

Fig. 3.4, Flow Table for P(M2-3) and Partitions.
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The logic-free realization for this machine is given

in Fig. 3.5.
Y, Y, Y, vi 0 1
0 1 1 1 001 011
t 1 0 2 101 111
1t 1 2 | 101 111
0 1 0 3 001  Ott x Y2 Y3 [—
1 0 i 4 100 g :
110 Yl
0o 0 0 5| 000 010
0 0 5, | 000 o010 ,
t o0 o0 6 100 110

Fig. 3.5. Realization of Machine M3 2

This leads us to our final theorem of this section.

Theorem 3.3; The necessary and sufficient condition for the logic-free

realization of the state behaviour of any cyclic machine is that the product '
of the smallest input-independent partition with the definite partition,
on the projection machine which is generated by the input successor tree,

is the trivial partition.
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4., LOGIC-FREE MACHINES IN GENERAL

One class of machines with non-cyclic states, the CIT
machine, has been studied in detail. The logic-free realization of cyclic
machines was also solved. In this section, we will combine the

techniques developed for the above cases to solve the general problem.

It will be shown that any machine which is logic-free
realizable must have a projection which can be decomposed on its state
behaviour into the parallel combination of a CIT machine with a cyclic
logic-free realizable machine. Each of these are then realizable

individually on logic-free circuits,

As in the case of cyclic machines, then, we will define two X
classes of logic-free realizable machines: 1) those with the parallel

decomposition on their state behaviour into CIT and cyclic machines,

and 2) those without it.

4.1: Decomposable Logic-Free Machines

The set of partitions generated by the CIT machine form a
sublattice of the set generated by the CI machines{easily confirmed).
The smallest such partition Rcit(S) can be selected from this set.
However, it can also be generated from Rci(s) in the following way:
generate Ri(S) (If non-cyclic states are present, Ri as previously
defined will not be a partition, for the primary states do not appear in
the next state columns. In this event, let each primary state be a
different block of the partition.). Generate Rci(S), and then merge all
blocks which contain cyclic states into one. The resultant partition

18 ReiylS)-

Generating the partition computed by the cyclic submachine
is not as simple, however. Assume we are given a sequential machine

M=(S,I,6), LetS=S_ U S whereS is the set of cyclic states
c nc c
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and Snc the set of non-cyclic states. Assume Mc = (Sc'I’ 6c) is a
submachine (in the case of logic-free realizable machines, it will he
shown that it always is) where 6c is 6 restricted to Sc. Define a

homomorphic mapping h = (hS’hI) from M to Mc as follows:
hS,(rB)”= 8 —— 6(s,x)=6(sc.x) (1)

for all x € I‘ with ,Q(;) z 0y . where X = A for all
b

cyclic states,ie they map to themselves, and n; is the smallest integer

for which equation (1) holds. Now, hs defines a congruence Rcy(s) on

S as follows:

8, Rcy(s) BZ Q.‘..,..hs(al) = hs(az).

Since no two cyclic states are related, and each block of Rcy(S)
contains one and only one such state, it is clear that this partition is

computed by the cyclic submachine.

Thus, if Rcit(s) . Rcy(s) = 0, then the parallel decomposition
holds. An example of these partitions is given in Fig. 4.1 for machine
M4. 1’

10 i

1 i 8

2 1 8 R_.(S) = 1,8;2;3;4,5:637

o R_(S) = T,4,5, 853557

4 4 5 —
= 1,7:2,8;3,4;5,6

5 4 5 Rcy(S) 1,7 3 )

6 4 5

7 i 8

8 1 8

M4. |

Fig. 4.1. Partition for Machine M4 X

* Note if n, does not exist for M, then h and Rcy are not defined. (see 4.2)
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The product of the two partitions Rcit(S) . Rcy(s) = 0,
The Rcy(s) partition is unique for each homomorphic mapping from the
machine to ite submachine; but, for a given machine, the mapping itself

may not be unique.

4.2, Non-Decomposable Logic-Free Machines

A machine is logic-free realizable if and only if it is an
image of a machine which consists of the parallel combination of a
definite machine with a CI machine. Certain properties of these machines
and their images will now be defined, and then state splitting techniques
based on these properties will be described. These techniques will
generate a projection of any logic-free realizable machine for which there
will exists a parallel decomposition on its state behaviour into a cyclic

logic-free realizable machine and a CIT machine.

Properties of Logic-Free Realizable Machines

Definition 4. 1: The connected submachine of some state s which belongs

to some machine M = (S, I, 6) is defined as Ms = (SB,I, 63) where SSE S
is the set of all states which can be reached from s, and 6B is 8 restricted

to S .
8

Theorem 4.1: Every machine M = (S,'I, §) which consists of the parallel

combination of a definite machine with a CI machine has the following

properties:

P(1)- for every state s € S there exists some cyclic state s' and

some integer n such that
S — - » -
5(s,x) = 6(s',x), forallx €L with £(x) za.

P(2)- The connected submachine of every cyclic state is strongly
connected. (This property guarantees that the set of cyclic

states constitute a submachine).
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Proof: Let M1 = (D,I, 61) be the definite machine, and
**sz‘ (A, I 82) be the CI machine; ie. S = DX A,

P(1)- It is easily verified that P(!) holds for any definite or CI
machine. Thus, for any (ai,dj)E S where a.i €A and dj €D,
there exists some cyclic states @ dk and some integers

nl, nz such that

Gz(ai,x) 6(ar,x) for all x with L(x) 2 n1

and 61(dj,x) 8,(d ., x)for all x with £(x) 2 n,

and so §,(a,x), 51<dj,x)) =(62(ar.x), 61(dk,x))for all x with {(x) = max (n,n,)
= E((ai,dj),I) = 3((ar.dk),§)for all x with L(x) =2 max (n,,n,)
but (ar.dk) is cyclic, so that P(1) holds.

P(2)- It is clear that the connected submachine of every cyclic state \
of a definite machine or a CI machine is strongly connected. Let
p be the lowest common rnultiple of all cycles of MZ’ and assume
M1 is k-definite (that is, any two states map to the same state
under an input sequence of length greater than or equal to k).
Let q be an integer such that ap = q 2 kior’li%rgf ai‘ﬁ;e %:tg'(ai, )
will map to all states of the form (ai, Dc) under all input
sequences of length 2q, where DC stands for all states of the
connected submachine of dk. However, ai will reach all states
AC of its connected submachine, so that all states in Ac X Dc’

can be reached, which is clearly the connected submachine of

(ai. dk). Thus,P(2) holds.

Examples of machines with and without these properties are

shown in Fig. 4, 2.
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(b)

Fig. 4.2. (a) Flow Graph of a Machine without P(1) and P(2).
(b) Flow Graph of a Machine with P(1) and P(2).
In the machine of Fig. 4.2 (a), state 4 is cyclic,but its
connected submachine is not strongly connected. Thus, P(2) does not

exist. State 3 is non-cyclic, and a careful check will show that it is not

related to any of the cyclic states by P(1).

In the machine of Fig. 4.2 (b), however, all cyclic states
have connected submachines which are strongly connected, and the non-

cyclic state, 3, is related to state 1 with & {(x) = 2.

Theorem 4.2: The two properties P(1) and P(2) of Theorem 4,1 are

preserved under homomorphisms.

Proof: Assume there exists a homomorphic mapping h = (hs,hI) from

gsome machine M = (8, I, § which enjoys P(1) and P(2) to some machine

'=(T,I',8").

P(1)- If, for every state sl € S there exists some cyclic state 32

and some integer n such that
_ - — - - % -
6(si,x) = 6(sz,x)for all x €I with,Q(x)Zn,
then hy(E(s, X)) = hyiB(s,, %)) for allx € * with 1(%) 2 n.
= =\ _ - . ‘ e
Thus, & (hS(sl)'hI(x)) = 6 (hs(sz),hl(x)) under the same conditions.

Since h is onto, this holdsfor allt € T, and therefore, M'
enjoys P(1).
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P(2)- We will show that this property holds for all such image machines
M' by proving:

1) that there cxists a homomorphic mapping hc = (hs 'hl)
c
from the cyclic submachine Mc = (Sc,l, 6c) to
M:: = (TC, 1, 6::), the cyclic submachine of M’, where Sc

and Tc are the sets of cyclic states.
2) that P(2) is preserved under homomorphic mappings.

Proof: 1) Let R(S) be any congruence on 5. Define a congrueace
R(S )on S as
c c

] ]
8, R(Sc) scq_._.) 8, R(S) sc for all sc € Sc

It is easily shown that R(Sc) is a congruence relation.
We claim that if R(Sc) defines hSc’ and hI: I-»1', then
hc maps from the cyclic submachine of M to the cyclic
submachine of M'. This we will show by proving that a
state of M' is a cyclic state if and only if it is an image

of a cyclic state of M under h = (hs,hI), and thus under hc'

a) If some state s is cy}clic, then by definition there
exists some input sequence X € I’.'I* such that
g(s,;)‘ =8, This means that hs(g(s,;)) = hs'(s) and
then that 6'(hs;( s'),hI(X)) = hs'(s) = gome t € T. Thus, by

definition, t must be a cyclic state.

b) Alternately, if t is some cyclic state ETC. then there
must exist some input sequence X' € I', I'* such that
3t %) = t, which implies that h; Bt x") = h;l(t)
where h-sl(t) stands for the set of all states of M that

map to t.
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Now, pick any state of h;(t), say 8,. Then, g(sl’;)
{(where x € h-l(;')) must map to some other state of
the same set. Similarly, that state under the same
input sequence must map to ancther of the set. Since
the set is finite, one atate must eventually repeat
iteelf, and therefore ie cyclic. Call this state 8- By

definition, 8, maps to £t under h Thus, t must be

5
the image of at least one cyclic state of M.
It is clear, then, that the cyclic states of M map to the set

of cyclic states of M' with an onto homomorphic mapping hc = (hsc,hl).

2) Now, assurne that some state tc € T is cyclic, and further-
- - X
more, that 6§(t ,x') = t' for some x' € I'.I' . Then, tis
c
the image of some cyclic state, say 8 Now, for some

x € hl'i(i'),

.b_(ec.;c.) = 8'

That is, t' is an image of 8'. However, because of P(2),

there must exist some ;i € 1. I" guch that

3(3',;) = 8 ,

C
This implies that
b 5(s',x)) = hls )
and that
E'(hs(s').hl(ii)) = hy(s ).
Therefore,
3'(t',hl(§i)) =t

But this means that the connected submachine of tc is

strongly connected, and P(2) exists for M'.
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Corollary 1: If a machine M' is logic-free realizable, it must enjoy
properties P(1) and P(2).

These properties provide a preliminary test for logic-free
realizability. If either P(1) or I"[2) fail to hold for some machine M,

then that machine cannot be realized on a logic-free circuit.

Corollary 2: If a machine M is logic-free realizable, there exists a
homomorphic mapping from the cyclic submachine of some sequential
machine which consists of the parallel combination of a CI machine with

a definite machine, to the cyclic submachine of M',

Corollary 3: The cyclic submachine Mc = (SC,I, bc) of some machine M
is logic-free realizable if and only if the two partitions Rci(sc) and
Rﬁ(SC) defined over the states of the projection of Mc generated by the
input successor tree, multiply to 0. Further, this property is necessary

if M itself is to be logic-free realizable.

Proof: The cyclic submachine of any machine which consists of the
parallel combination of a definite machine with a CI machine itself consists
of the parallel caombination of a definite strongly connected machine

and a CIP machine. (This is a special case of Theorem 2.6). The
conditions, then, of this corollary parallel those of the cyclic machine

in section 3.2. That this condition is necessary follows directly from

the theorem.

This corollary suggests that the cyclic submachine of any
logic-free realizable machine should be realized independently of the

rest of the machine.

Before outlining the general algorithm leading to the logic-
free realization of a sequential machine, we present the following
graph called the pair graph, which will be essential in the eventual

assignment.
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The Pair Graph -

Given some machine which enjoys P(1) and P(2); select
the set of primary states, and pair each up with one of the cyclic states
it relates to by P(1}. Order the pair so that the primary state appears.
first. These will be called 'prir;xary pairs'. Now, for each primary
pair construct a successor tree in the following way; 1) The first level
of the tree consists of one primary pair; the second level contains all
successor pairs of the first each ordered so that the successor of the
primary state appears first. Transitione between pairs are indicated.
The third level contains those successors of the second, ordered according
to their predecessors, etc. 2) Each tree is terminated at a level in
which each node contains a pair of identical cyclic states. The pair

graph consists of the set of all such trees.

Now P(1) ensures that each tree of any logic-free realizable ‘
machine will terminate after a finite number of steps, and P(2) guarantees

that the second state of each pair is cyclic.

State Splitting on the Pair Graph

The first state of each pair that is not in the last level of
gome tree becomee a non-cyclic state if it is not one already. Thus,
each first state is split as many times as it appears in all but the final

levels.

One example of a pair graph is given in Fig. 4.3 for M4 2
The projection generated by the pair graph is shown in Fig. 4, 4.

The pair graph is a very powerful method for state
splitting, and it guarantees that both partitions Rci t(S) and Rcy(s)

hold for the projection it generates,
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_blo 1
1t [ 5 1
2 |4 2
315 1
4 16 2
5 |5 3
6 |6 2
7 |6 2
8 |7 2
9 |7 8
100 [ 6 2
My, 2

Fig. 4.3. Pair Graph and Flow Table for Machine M

4,2°

0 1
1 5 1
2 14 2
2,14 2
2,14 2
3 5 i
4 6 2
5 5 3
6 |6 2
61 6 2
‘11 6l 21
7,16 2
8 7z 2z
9 71 8
10 6 2

Fig. 4.4. Flow Graph of the Projection of M4 Generated by the Pair Graph.

IZ
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The Partitions

Cit

R . (P(M))

Place all cyclic states into one block and no other states in
that block., Place all first states of each pair in the same block if and
only if they are in the same level of the same tree, It is clear that the

resultant partition is computed by the largest CIT component machine

of the projection. The partition for P(M, ) is 1,2,3,4,5,6;21,61,22,72;71,8;9_;{6

R (P(M))
<y _

Place in each block one and only one cyclic state, and
with it those non-cyclic states which pair up with it on the pair graph.

Some reflection will show that such a partition will have S. P., and since

each block contains one and only one state, that it is, in fact, computed

,22,8,9;4,71,72;.6,61,10;1;3;5.

b » . . -
y the cyclic submachine, Rcy(P( M4. 2)) 2, 21

There is one more requirement if the machine is to be
logic-free realizable using previously devised methods. The product
of the two partitions must equal the trivial (zero) partition. The state
splitting procedure afforded us by the pair graph does not guarantee this.
However, we will show that the state splitting method used to realize
the cyclic submachine can guarantee that no two states in the sarne level
of the tree, and thus in the same block of the CIT partition, will pair with
the same cyclic state, and thus belong to the same block of the cyclic
partition. Clearly, this guarantees that the two partitions will multiply
to zero. This property is best illustrated by developing the general
a.asignrhent procedure, and illustrating the process with an example. The

example used will be M4 2
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Development of the Assignment Procedure

Given a machine M; to determine if it is logic-free

realizable;

1)

2)

generate the input successor tree over all the states of M,
The set of states in the nodes of its final level belong to

the cyclic submachine, Mc-= (Sc,I. 6c). (This is guaranteed
by P(1)). Now, proceed to realize the cyclic submachine
by applying the inpnt successor tree to its states. Normally,
this tree is terminated just before a set of nodes in any
level appears twice, However, it is valid to extend the

tree beyond this level, thus generating a larger projection
circuit. Assume then, that the tree’is .stopped at some
level g. The tree has the following property: each node of
ite final level is aesigned a different code - precisely the
reverse of the input sequence required to map to it.
Clearly, thie implies that no two states with a common
predeceasor under some input sequences ':':1,522 €l I”

with equal lengths less than or equal to g, will be assigned

the same code. In the projection, then, they cannot be the

same state. This property will prove very important

later in the construction.
Continuing with the assignment; each primary state is
paired up with one of the cyclic states it corresponde to

under P(i). The pair graph is then generated.

The pair graph for M is given in Fig. 4.3, and the .

4.2

input successor trees in Fig. 4.5. The projection of the cyclic sub-

machine generated by the input successor tree is given in Fig. 4, 6.
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Fig. 4.5, Input Successor Trees for Machine M

4.1°

0 1

1 Sb 1
Za. 4 Zb
Zb 4 Zb

3 Sb 1

4 6 2
a

5 5 3

a a

5b 5a 3

6 6 2
a

Fig. 4.6. The Projection of the Submachine Generated by the Input
Successor Tree,



Fig. 4.7. Pair Graph for the Total Projection of M

4.1

This done, we pose the following question: under what
conditions will two non-cyclic states of the same level in the same tree
pair up with the same cyclic state of the complete projection? There

are two possible types of machines:

1) those for which the longest tree of the pair graph has
length, LL.s g + 1, In this case', no two non-cyclic states
of the same level of the same tree could pair up with the
same cyclic state, for this would imply that those two
cyclic states, which havé a common cyclic predecessor (ihat
state which pairs up with the primary state of the tree) but
were mapped to under different input sequences of equal
length less than g, were equal. This is a clear violation
of the property of the assignment from the tree. The
problem would not occur for this case, therefore. M4. 2
enjoys this condition.

2) Those for which L > g + 1. In this case it is possible

that some non-cyclic states pair up with the same cyclic state
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and 4. 10,
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on the same level of the same tree. In this event, however,
it is only necessary to extend the input successor tree applied
to the cyclic submachine until g ='L - 1, and 80 eliminate

the condition.

the rest of the procedure is obvious. Generate the

partitions Rci ¢ and Rcy over the projection, Construct the
tables for the machine which computes Rc , and determine
the smallest input independent partition a.pd that partition
computed by the largest feedback-free front machine. Test
if they multiply to zerco, and if they do, realize without

logic each machine that computes them.

The final solution for M4 3 is given in Figs. 4.8, 4.9

0 1

1 5b 1
Za. 4 Zb
Zb 4 Zb

3 Sb i

4 6 2
a

5 5 3

a a

Sb Sa 3

6 6 2
a
21 4 Zb
22 4 Zb
61 6 Za
71 61 .?.1
72 6 Za
8 72 22

9 71 8

10 6 2
a

Fig. 4.8. Flow Table for P(M) of Machine M4 2

=
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The partitions for P(M) are:

Rcit(P(M)) = t'za' zb’ 3'4’53.' 65 61:21072,22; 71.8; 9; 10

R (P(M))'=1;2,2,9;
cy(()) a1922834772'ab’

66

Relabelling the blocks of R (P(M)) as A;B;C;D;E;F;G;H: respectively,

we construct the flow table for the cyclic machine,in Flg. 4.9.

:nomrqunw:»l
BT N R R P
WU b w00 b

Fig. 4.9. Flow Table for the Cyclic Component Machine of M

4. 2.

No state splitting is necessary; the partitions are::

Rci(s) A,D,F,G; B,C;E,H

A,C:B,D;E,G:F,H

Rff(S)
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Definite

Strongly CIP CIT

Connected
1 11 0 0000 .
Za 10 1 0000
Zb 11 1 0000
3 10 0 0000
4 01 1 0000
Sa 00 0 0000
Sb 01 0 0000
6 00 1 0000
21 10 1 0010
22 11 1 0010
6l 00 1 0010
71 01 1 0100
7z 01 1 0010
8 11 1 0100
9 10 1 1000

10 00 1 0001
*x —" Y2
L
- Y4 Vg Yo |
Fig. 4.10. Assignment and Circuit for P(M4 2‘)

The algorithm is presented in the Flow Table of
Fig, 4.11,
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The Algorithm.

No
< Do P(1) and P(2) hold ? >—ﬁ

Yes

Generate G(M) for M and
igolate the cyclic submachine

M.

c
Generate G(M )for M ..
Generate R ., and R, for
M ci ff

Yes

Generate the pair graph for M.

Increase g by 1 >

+ - Assign the cyclic states split
by G(Mc) to the pair graph.

(. (2) (3)



{2)

Generate the partitions Rcy

and R ., over the complete
cit

rojection.

l Yes

Make the logic-free assign-

men
mac

3

for each composed
ines.

259

Mo

(3)

The machine is not logic-

free realizable.

A
Stop.

Fig. 4.11. Flow Table of the Algorithm.
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4.3 Autonomous and Definite Machines

The preceding algorithm applies to machines in general,
and therefore CI and definite machines in particular. Each of these

machines has special characteristics brought out by this assignment

approach.

_(_3 1 Machines’

Some reflection will show that for every CI machine
M= (A,1,0), Rcy(A) . Rcit(A) = 0 ie, that it can be decomposed on
its state behaviour into a CIP machine in parallel with a CIT machine.
The algorithm greatly simplifies the assignment of such machines

which have non-cyclic states, therefore.

Definite Machines

From the definition of definite machines it is clear
that any primary non-cyclic state can be related to any cyclic state
by P(1). There is a large number of possible pair graphs for such

machines, therefore.

In spite of this, the general algorithm is better defined
and presents a simpler and often more economical logic-free
realization for definite machines than the method described in section

2.

Examples are given in the following figures.
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Example 1 T3 21
2 1 2
3 1 2
4 2 3
5 3 2
6 3 4
Fig. 4.12. Flow Table for Machine M4. 3° ‘

0 g 1 Input Successor Tree

Fig. 4.13. Input Successor Tree and Pair Graph of

Machine M4' 3¢

It is evident that the tree will have to be extended one

more level. This extension is shown in Fig. 4.14.




Fig. 4. 13. Extension of the Input Successor Tree of Fig. 4. 8,

The Flow Table for the Final Projection is given in

Fig. 4.15,

0 i

i | 2
a a a
1b 1a ‘Za
za 1b 2b
Zb 1b Zb
11 1a Za.

1

12 a 2a
2

13 1a a
14 1b 2b
21 12 23
22 1b 2b
23 1b Zb
2, | % %
25 la Za
3 1 2
i a a
3Z 1a Za
4 1b Zb
5 i 2
a a

6 1 2
a a

Fig. 4.15. Flow Table of P(M) of Machine M 4.3
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The partitions are given by:

R . = . 556
M) = 112,25 1, 4,24,25,11.12,22,23,3 ,4;2,3,; 56

R =
CY‘(P(M)) 1, { 63 3,2 2 » 2 24 b’ Z' Zb,23,14

Since the machine is definite, there is no need to generate any

other partitions.

1| 2
Example 2 2 3
3 1

41 5

51 4

6 7

7 i

8] 2

9 5

10 9

i1 9

12 10

13110

Fig. 4.16. Flow Table of Machine M4. 4

Gl Q13140
Qo Qo/s) a>
9/4 /3 <.
575 Ci/ Ca/2)
W \__
R (A F 123456733;1’3;7;?";'1’3
R W = b T8 2.6 3,7 4,9,12,13 5,10,41

Fig. 4.17. Pair Graph of M4 4 and Partitions.
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5, CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER RESEARCH

That class of state machines which can be realized
by logic-free circuits has been fully characterized. Methods of
testing for such machines have been developed and assignment

‘produces leading to logic-free realizations on parallel circuits,

presented.
There are, however, more problems beyond the scope of
this paper which could be considered. These are: \
1) A characterization of machines with logic-free
output functions as well as logic-free state
realizations.
2) The logic-free realization of machines as a serial

connection of a CI machine with a definite machine.

*
Wayne Davis has suggested that a necessary and
gufficient condition for the logic-free realization
of any machine is that the smallest = .

all the feedback. . .

front machine with be CI. The sufficiency is
easily shown, but its necessity does not follow

immediately from the theory developed in this

paper.

* personal communic ation
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