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Abstract

The transition of modern transmission grids toward inverter-based generation is steadily

eroding the rotational inertia that has historically anchored small-signal stability. As

synchronous machines are displaced, frequency deviations evolve faster, damping margins

shrink, and the network becomes increasingly fragile under topology changes, contingen-

cies, and the operational stress imposed by extreme weather events. At the same time, the

streaming data now available from modern grid sensors is largely underused because predic-

tion, stability assessment, and control are still treated as separate pipelines rather than as

a single decision process. This thesis closes that gap by developing a unified, closed-loop

framework for online stability support in low-inertia, topology-varying power grids, ad-

dressing three coupled objectives: online stability assessment under uncertainty, adaptive

virtual inertia allocation under topology change, and integration of prediction with control

under formal stability guarantees. At the core of the framework is a spectral-sensitivity-

based virtual inertia allocator, derived from swing-equation dynamics and eigenvalue per-

turbation analysis, which identifies the buses whose inertia most strongly influences the

damping of critical electromechanical modes and concentrates allocation at those locations.

A spatio-temporal physics-informed graph neural network (ST-GNN) forecasts near-future

grid states and reproduces these allocation targets, with Kirchhoff’s laws and operational

limits enforced as physics-informed penalties during training. A reinforcement-learning

policy then issues coordinated control actions spanning generator re-dispatch, demand re-

sponse, and inertia updates, and a supervisory coordination layer blends these actions

with the spectral reference and projects them onto the feasible set prior to execution. A

Lyapunov-based analysis establishes that, provided inertia stays within design bounds and

the network remains connected between switching events, the closed-loop electromechanical

dynamics preserve uniform asymptotic stability. Validation on the IEEE 118-bus system
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under N–2 contingencies not seen during training demonstrates accurate state tracking,

topology-aware inertia redistribution, and sustained operational security across extended

simulations, while saliency-based diagnostics expose the structural drivers of each control

decision. The result is an interpretable, computationally efficient framework that brings

physics-based guarantees and learning-based adaptability into a single coherent control

loop for stability-aware operation of future smart grids.
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Chapter 1

Introduction

1.1 Motivation

The global energy landscape is undergoing a profound transformation driven by decar-

bonization mandates, technological advancement, and changing consumption patterns [1].

This evolution is characterized by the rapid displacement of conventional synchronous

generation by inverter-based resources (IBRs), primarily wind and solar photovoltaic sys-

tems. While this transition is essential for sustainability goals, it fundamentally alters the

dynamic behaviour of power systems [2].

Traditional power grids derived inherent stability from the rotational inertia of synchronous

machines. The kinetic energy stored in their rotating masses provided an immediate physi-

cal response to power imbalances, slowing the rate of change in frequency and buying crucial

time for control systems to activate [3]. The shift toward converter-dominated networks cre-

ates a low-inertia environment where this natural buffer is absent. Consequently, frequency

and voltage become more volatile, leading to an increased Rate of Change of Frequency

1



(RoCoF) following disturbances, reduced damping of electromechanical oscillations, and

narrower stability margins, rendering traditional assurance mechanisms inadequate [4–6].

This transformation is further complicated by the increasing frequency and severity of

extreme weather events, which introduce unprecedented stress on grid infrastructure [7].

The convergence of low-inertia conditions, heightened volatility from renewable generation,

and growing infrastructure vulnerability creates a critical need for advanced operational

frameworks that can maintain stability online under uncertain and rapidly evolving con-

ditions [8, 9]. These exogenous shocks affect both supply and demand, and their effects

can unfold rapidly. As shown in Figures 1.1 and 1.2, wildfire smoke and airborne dust

can reduce solar irradiance and depress photovoltaic output, while extreme cold events

can drive sharp increases in heating demand, and extreme heat events can drive sharp in-

creases in cooling demand, and stress system operating margins. Such conditions increase

the likelihood of large power imbalances and abrupt network reconfiguration, highlighting

the need for stability-oriented decision-making under non-stationary conditions.

The mechanisms in Figures 1.1 and 1.2 are introduced into the framework through specific

modelling choices in the chapters that follow. Wildfire smoke and dust reduce solar output,

and this effect is reflected in the random renewable generation profiles used to train and

test the model in Chapter 4. Extreme cold drives up heating demand, which enters the

system as time-varying load profiles for residential, commercial, and industrial buses, and

is also the period during which the demand-response controller operates most. Wind and

ice damage transmission lines, and these events enter as the line outages, including the

N–1 and N–2 cases, that change the network topology and the coupling matrix K(t) in

Chapter 2. In this way, the same drivers illustrated in the two figures shape the uncertainty

model, the contingency scenarios, and the online control needs developed throughout the

rest of the thesis.
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Figure 1.1: Wildfire smoke and airborne dust reduce solar irradiance across North America. Source: [10].

Figure 1.2: Extreme cold across Canada increases heating demand and stresses grid operation. Minimum
temperature surface observations, 20 January 2025. Source: [11].
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These conditions also carry an operational implication. Under non-stationary operation

and changing topology, handling prediction, stability assessment, and control as separate

steps leaves the system slow to respond and exposed to inconsistencies between the three.

In existing work, the three are typically developed in isolation. Predictors are trained on

a fixed network and say little about stability. Spectral and sensitivity methods provide

stability margins at a single operating point but do not specify how to update virtual

inertia as the system changes. Reinforcement-learning controllers can adapt online, but

often ignore the network laws and limits required for safe operation. Each approach is

useful, but on its own, none is enough.

The gap addressed in this thesis is therefore more specific than the common observation

that prediction, stability assessment, and control are studied separately. The deeper is-

sue is that very few existing frameworks bring together topology-aware stability prediction,

spectral-sensitivity guidance for virtual inertia, and safety-constrained online control within

a single closed-loop architecture that runs continuously as conditions and topology change.

Closing this gap calls for a single architecture in which the predictor supplies short-horizon

state information, the spectral-sensitivity module supplies a stability-oriented inertia refer-

ence, and the controller is kept inside the limits set by network laws and device capabilities.

Building this architecture and showing that it remains stable under bounded inertia up-

dates and admissible topology changes is the central technical objective of this thesis.

Modern power systems are increasingly instrumented with high-resolution sensors, such as

Phasor Measurement Units (PMUs), providing streaming data at sub-second rates [12].

This creates unprecedented visibility into system dynamics. However, there is a significant

disconnect between the availability of this data and our analytical capabilities. Tradi-

tional frameworks often assume quasi-steady-state conditions, employ linearized models

around fixed operating points, and treat prediction, analysis, and control as sequential,
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disconnected processes, thereby missing an opportunity to enhance grid resilience [13].

Artificial intelligence and machine learning offer powerful tools for extracting insights from

this complex, high-dimensional data and have demonstrated success in applications from

load forecasting to fault detection [14, 15]. Yet, the direct application of conventional

ML methods to stability-critical grid operations faces fundamental limitations that hin-

der their adoption. The “black-box” nature of many deep learning models creates trust

deficits, as operators require an understandable rationale for control actions in safety-

critical environments [16, 17]. Furthermore, models trained solely on historical data can

produce predictions that violate fundamental physical laws, such as Kirchhoff’s laws or

power-flow constraints, leading to physically inconsistent and potentially dangerous control

decisions [18, 19]. A final critical challenge is the difficulty ML models face in generaliz-

ing under the constantly changing conditions of a power grid, including topology changes,

unusual operating conditions, and novel contingencies not seen during training [20,21].

1.2 Thesis Objectives

The framework in this thesis is built around three challenges that follow directly from

the conditions described above. The first is online stability assessment under uncertainty,

capable of tracking operating points that evolve continuously with renewable variability,

stochastic load behaviour, and changing network topology. The second is adaptive virtual

inertia allocation, which involves deciding where to place limited inverter-based resources

so they best damp the critical electromechanical modes, given topology changes and per-

bus device limits. The third is the coupling of prediction and control within one closed-loop

process, so that the actions remain physically consistent, carry a formal stability guarantee,

and remain computationally efficient for sequential implementation. Together, these three
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points define the gap stated at the end of the previous section, namely that very few

frameworks integrate topology-aware stability prediction, spectral-sensitivity-based inertia

allocation, and safety-constrained learning-based control into a single continuously running

closed-loop architecture [22, 23].

The thesis pursues four objectives that together address this gap, with each one tied to

a target the framework can be checked against rather than only to a component that has

been built.

The first objective is to build a fast method that uses spectral sensitivity to decide where to

place virtual inertia. The target is an allocator that, for any valid network configuration,

identifies the critical electromechanical modes, shows how bus-level inertia changes affect

their damping, and produces a feasible inertia profile within budget and per-bus limits,

fast enough to run at minute-scale control intervals on a standard transmission benchmark.

The second objective is to build a physics-informed spatio-temporal Graph Neural Network

that predicts grid states as the topology and operating point change. The target is a

predictor that matches AC optimal power flow values for voltage magnitudes, angles, and

active and reactive power injections with low error under both N–1 and N–2 contingencies,

respects Kirchhoff-based constraints in its training loss, and admits interpretation, through

saliency analysis, of which buses and lines drive its predictions.

The third objective is to build a reinforcement-learning controller that selects coordinated

actions across generator redispatch, demand response, and virtual inertia adjustments. The

target is a controller that, over 24-hour rollouts with stochastic loading and contingency-

driven topology changes, uses demand response sparingly and only where needed, tracks

the spectral-sensitivity inertia reference near stressed corridors, and keeps voltages and

angles within operating limits without large-scale load shedding.
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The fourth objective is to build a coordinator that connects the controller to the spectral-

sensitivity reference and to the network feasibility set. The target is a blending-and-

projection coordinator, backed by a Lyapunov-based argument that the closed loop remains

stable under bounded inertia updates and piecewise-constant, connected topologies, and

supported by visualization tools that show the operator why each action was taken.

Together, these four objectives reduce the broad requirement of safe, topology-aware, online

stability support to a small set of concrete targets that can be checked. The chapters that

follow build the components needed to hit each target and then test them on the IEEE

118-bus benchmark, including under N–2 contingencies, which the model was not trained

on.

The scope of this work is transmission-level power systems, focused on small-signal stability

on time scales of seconds to minutes, where frequency stability and electromechanical oscil-

lations matter most. The control actions covered are generator active and reactive power

dispatch, demand response, and virtual inertia allocation, with disturbances coming from

line outages, load variations, and inertia fluctuations. The work does not cover protec-

tion system design, electricity markets, distribution-system dynamics, fast electromagnetic

transients, or long-term voltage stability.

This thesis makes several original contributions to the field of power system stability and

control, which can be categorized into theoretical and methodological advancements. On

the theoretical front, this work introduces a Spectral-Sensitivity Virtual Inertia Allocation

Framework that leverages eigenvalue sensitivity analysis as both an input feature for pre-

dictive models and a direct control mechanism, enabling targeted allocation that adapts

to topology changes. A second key contribution is a Stability-Guaranteed Coordination

Architecture, a hierarchical control framework that blends reinforcement learning actions

with physics-based reference signals and enforces operational constraints through projec-
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tion, accompanied by formal proofs of uniform asymptotic stability. Finally, to enable

topology-aware state forecasting within the closed-loop framework, we present a Physics-

Informed Spatio-Temporal GNN Formulation, a novel graph neural network architecture

that incorporates physical laws directly into the learning objective, ensuring physically

consistent predictions while maintaining the expressive power of deep learning.

Methodologically, this research presents an Integrated Prediction-Control Pipeline that

combines state prediction, stability assessment, and control action synthesis into a single

cohesive architecture, thereby overcoming the traditional separation among these functions.

We also develop novel Interpretability Tools for Grid AI based on edge saliency and gradient

analysis, providing insight into how graph neural networks make stability-related decisions

to enhance operator trust. A final methodological contribution is a Contingency-Aware

Training Methodology, a comprehensive approach for training machine learning models

across diverse contingency scenarios to enable robust performance under conditions not

encountered during training.

1.3 Background and Related Literature

The increasing penetration of inverter-based resources (IBRs) has changed the dynamic be-

haviour of modern transmission systems in a fundamental way. For much of the twentieth

century, bulk power-system stability was shaped primarily by the electromechanical dynam-

ics of synchronous machines, whose rotating masses provided an inherent inertial buffer

against sudden active-power imbalance. Classical stability theory, including the swing-

equation representation of rotor-angle dynamics, the equal-area criterion, modal analysis,

and small-signal linearization, was developed under this synchronous-machine paradigm

and remains the conceptual basis for much of power-system stability analysis [24–26]. How-
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ever, as synchronous generation is displaced by converter-interfaced renewable generation,

battery energy storage systems, and power-electronic grid-support devices, the physical

assumptions underlying these classical methods no longer hold without modification. In-

ertia, damping, and frequency response are no longer automatic consequences of machine

physics; they increasingly depend on converter control laws, control bandwidths, measure-

ment delays, device ratings, energy availability, and supervisory operating modes [27].

This shift has made low-inertia stability one of the central operational challenges in modern

power systems. When supply and demand fall out of balance, the system frequency re-

sponse unfolds across several time scales. The first stage is the inertial response, occurring

within the first few hundred milliseconds to seconds, during which synchronous machines

release or absorb kinetic energy and thereby slow the rate of change of frequency. Primary

control follows within seconds, usually through governor droop or fast frequency response,

arresting the frequency deviation but typically leaving a steady-state offset. Secondary

control then acts on the minute scale through automatic generation control or equivalent

coordination mechanisms to restore frequency to its nominal value [28–30]. In converter-

dominated systems, the first stage is the most severely affected because fewer synchronous

machines remain online to provide immediate inertial support. The resulting increase in

rate of change of frequency (RoCoF), deeper frequency nadirs, reduced damping, and nar-

rower stability margins make the system more sensitive to faults, line trips, generation loss,

load changes, and protection interactions [6, 31]. Consequently, stability assessment, vir-

tual inertia allocation, and corrective control have become tightly coupled problems rather

than separate planning or operating tasks.

The stability problem itself is multidimensional. Small-signal stability concerns the re-

sponse of the system to small perturbations around an operating point, while transient

stability concerns the ability of the system to remain synchronized and within acceptable
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operating bounds following large disturbances such as short circuits, generator outages, line

trips, or sudden load changes. Frequency stability, voltage stability, and converter-control

stability further complicate the analysis in low-inertia grids because fast converter dy-

namics interact with slower electromechanical modes and network constraints [32]. These

interactions are especially important in weak grids, where low short-circuit strength and

high converter penetration can amplify control interactions, reduce damping, and create

oscillatory behaviour not captured by traditional machine-dominated models [33]. As a

result, modern stability assessment must account not only for the operating point, but also

for topology, converter control modes, measurement availability, protection behaviour, and

the time scale over which corrective action must be taken.

A particularly important distinction in converter-dominated systems is the difference be-

tween grid-following and grid-forming control. Grid-following inverters synchronize to an

externally established voltage waveform, typically through a phase-locked loop, and inject

current according to active- and reactive-power references. This operating mode has been

widely deployed because it fits naturally into grids where synchronous machines provide the

main voltage and frequency reference. However, at high IBR penetration or under weak-

grid conditions, grid-following behaviour can become problematic because the inverter

depends on a strong and stable voltage reference that may no longer exist. Grid-forming

inverters, by contrast, actively establish or regulate voltage magnitude and frequency, and

can therefore contribute more directly to system strength, synchronization, and frequency

support [34]. This distinction matters for virtual inertia and corrective control because the

same physical resource may provide very different stability services depending on whether

it is operated as a grid-following unit, a grid-forming unit, a droop-controlled source, a

virtual synchronous machine, or a fast-frequency-response resource [35].

The converter-control layer also introduces stability mechanisms that have no direct ana-
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logue in classical synchronous-machine systems. Phase-locked loops, inner current con-

trollers, outer voltage or power controllers, current limiters, protection functions, and

supervisory mode switching can all affect the dynamic response of an IBR during dis-

turbances. In weak grids, PLL dynamics may interact with network impedance and other

converter controls, causing poor damping or loss of synchronization [36]. During faults,

converters are constrained by semiconductor current limits and cannot sustain the large

short-circuit currents typical of synchronous machines. Current-limiting strategies, fault

ride-through requirements, positive- and negative-sequence control, and post-fault recov-

ery behaviour therefore become central to stability analysis [37]. These issues are directly

relevant to learning-based control because a corrective action that is feasible in an abstract

power-flow model may still be infeasible at the converter level if it violates current limits,

energy limits, control bandwidths, or protection constraints. For this reason, any stability-

support framework for low-inertia grids must treat virtual inertia and fast corrective action

as constrained control services rather than unlimited ideal actuators.

Small-signal stability analysis remains one of the most established tools for studying local

dynamic behaviour around an operating point. The standard procedure is to linearize the

nonlinear differential-algebraic equations of the power system and examine the eigenval-

ues of the resulting state matrix. If all relevant eigenvalues lie in the stable region, small

perturbations decay; if poorly damped or unstable modes are present, the system becomes

vulnerable to oscillations or loss of stability. Eigenvalue analysis provides physically in-

terpretable information because each mode can be associated with oscillation frequency,

damping ratio, and participation factors that identify the states, generators, buses, or

controllers most involved in that mode [38]. However, full eigenvalue analysis can be-

come computationally demanding for large systems, especially when repeated across many

contingencies, operating points, topology changes, and controller settings.
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Sensitivity-based methods address part of this computational burden by estimating how

critical eigenvalues move when system parameters are perturbed. Using left and right

eigenvectors of the linearized system, first-order eigenvalue sensitivity provides a direct

way to quantify how inertia constants, damping coefficients, controller gains, line param-

eters, or load levels affect modal damping and stability margins [39, 40]. This approach

is particularly relevant for converter-dominated systems because many stability-support

properties are controllable rather than fixed. For example, Altawallbeh et al. use sensi-

tivity analysis to tune the gains of a virtual synchronous generator in a low-inertia grid,

identifying which control parameters most improve damping and stability [41]. Sensitiv-

ity analysis therefore provides a useful bridge between classical modal theory and modern

control design: it preserves physical interpretability while reducing the need for repeated

exhaustive simulation. Its limitation, however, is that first-order sensitivities are usually

local around a given operating point and topology. When the system experiences large

disturbances, discrete switching events, or substantial changes in loading and renewable

output, the validity of a locally linear sensitivity model may degrade unless the model is

updated or embedded within a more adaptive framework [42].

The need for topology awareness is especially important because real power grids do not

remain in a single operating mode. Transmission lines are switched, protection systems

isolate faults, generation commitment changes, and power-electronic resources may tran-

sition between control modes. These discrete events interrupt the continuous dynamics

of voltages, currents, angles, and frequencies, producing a hybrid dynamical system in

which stability must be preserved both within each mode and across mode transitions [43].

Hybrid-system theory, switched-system analysis, and common Lyapunov function meth-

ods provide formal tools for studying such behaviour [44]. However, applying these tools

directly to large-scale grids with learning-augmented controllers remains difficult. The con-
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troller may adapt its actions based on measured or predicted states, the network topology

may change after faults or switching actions, and the feasible set of corrective actions may

depend on operational constraints. This creates a central challenge for modern grid con-

trol: stability certificates and safety constraints must remain meaningful even when the

underlying network graph and operating point change.

In addition to these physics-based methods, data-driven stability assessment has become an

active area of research. Early approaches relied on statistical models, autoregressive meth-

ods, Kalman filtering, and feature-engineered classifiers to estimate system state, forecast

load, or detect abnormal operating conditions [45, 46]. Later methods introduced support

vector machines, decision trees, random forests, and other supervised learning techniques

for transient stability classification, contingency screening, and event detection [47, 48].

More recent deep-learning approaches use convolutional neural networks, recurrent neural

networks, temporal convolutional networks, autoencoders, transformers, and hybrid ar-

chitectures to learn nonlinear mappings from measurements, simulation data, or phasor

measurement unit streams to stability labels, voltage profiles, frequency metrics, or cor-

rective recommendations [14, 49, 50]. These methods can be much faster at inference time

than repeated time-domain simulation or nonlinear optimization, making them attractive

for online security assessment and decision support.

The rise of data-driven stability assessment is also connected to the increasing availabil-

ity of high-resolution measurements and large-scale simulation data. Phasor measurement

units, digital relays, inverter telemetry, supervisory control and data acquisition systems,

and advanced metering infrastructure provide richer visibility into grid behaviour than

was historically available [51]. At the same time, offline contingency studies, dynamic sim-

ulations, and synthetic operating scenarios can generate labelled datasets for supervised

learning. However, the quality of a learned stability model depends strongly on how these
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data are produced. A model trained only on routine operating conditions may not gener-

alize to rare but severe disturbances, while a model trained on simplified simulations may

inherit the assumptions and omissions of the simulator. This creates a close connection

between data-driven stability assessment, simulation fidelity, and validation methodology.

Despite their promise, conventional data-driven methods face important limitations when

used in stability-critical applications. The first limitation is physical consistency. A neu-

ral network may predict voltages, flows, angles, or control actions that fit training data

statistically but violate Kirchhoff’s laws, power balance, voltage limits, ramp limits, con-

verter current limits, or device capability constraints. Such violations may be tolerable for

offline analytics but are unacceptable inside a corrective-control loop [19, 49]. The second

limitation is generalization under distribution shift. Historical data and simulation data

may not adequately cover rare contingencies, unusual renewable profiles, changing load

patterns, topology reconfigurations, cyber-physical disturbances, extreme weather events,

or changes in protection and control settings [52]. The third limitation is interpretability.

Operators are unlikely to trust black-box recommendations in emergency control settings

unless the model can explain which buses, lines, modes, or constraints are driving a pre-

diction or action [17]. A fourth limitation, particularly relevant for corrective control, is

that prediction accuracy alone does not guarantee safe closed-loop behaviour. A model

may be accurate on average but still produce unacceptable errors near stability boundaries,

precisely where reliable decisions matter most [53].

Robustness and uncertainty therefore occupy a central place in learning-based power-

system operation. Renewable generation uncertainty, load uncertainty, topology uncer-

tainty, measurement noise, communication delays, forecasting errors, and imperfect knowl-

edge of inverter control parameters can all affect the reliability of a learned predictor or

controller [54]. Distribution shift is especially important in low-inertia systems because
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the most critical events are often rare, fast, and poorly represented in historical data. A

controller trained on one set of contingencies may face a different line outage, operating

condition, renewable dispatch pattern, or protection response in practice. This motivates

the use of uncertainty-aware training, robust optimization, domain randomization, ensem-

ble models, out-of-distribution detection, conservative safety filters, and stress-test valida-

tion [55]. For the present thesis, this issue is important because the proposed framework

is intended not merely to predict typical operating trajectories, but to support corrective

action under topology changes and contingency conditions.

These limitations have motivated the use of graph-based learning methods, because power

systems are naturally structured as networks. A power grid can be represented as a graph

whose nodes correspond to buses, generators, loads, or inverter resources, and whose edges

correspond to transmission lines, transformers, or electrical couplings. Node features may

include voltage magnitude, voltage angle, active and reactive demand, generation, iner-

tia, damping, frequency, device status, or converter mode, while edge features may in-

clude impedance, admittance, thermal rating, power flow, switching status, or protection

state [56]. Graph Neural Networks (GNNs) exploit this structure by defining learnable

message-passing operations over the network, allowing each node to update its represen-

tation by aggregating information from neighbouring nodes and connected edges. This

architecture naturally reflects the locality of many power-system interactions while pre-

serving permutation invariance with respect to bus ordering [57,58].

The development of GNNs for power systems has followed the broader evolution of graph

deep learning. Spectral graph methods initially defined convolutions using graph Fourier

transforms and Laplacian eigenvectors, linking graph learning to modal and spectral prop-

erties of the network. Spatial message-passing methods later became more widely used

because they scale more naturally to large graphs, handle sparse network structure ef-
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ficiently, and provide a more intuitive interpretation in terms of information exchange

between neighbouring nodes [58]. In power-system applications, this message-passing view

is especially attractive because physical interactions are mediated by network connectiv-

ity. Disturbances propagate through electrical couplings, voltage and angle changes are

constrained by the admittance matrix, and topology changes directly alter the pattern

of information flow. GNNs can therefore encode structural priors that are absent from

conventional fully connected, convolutional, or recurrent architectures.

GNNs have been applied to power flow approximation, state estimation, topology iden-

tification, fault detection, contingency screening, transient stability prediction, voltage

control, and dynamic security assessment. In power flow and state estimation, they can

learn mappings from injections and topology to voltage solutions with lower inference cost

than iterative solvers in repeated-query settings [59]. In fault detection and localization,

they combine measurement patterns with network structure to identify the location and

type of disturbance [60]. In stability assessment, they allow rapid screening of contingency

scenarios by predicting stability margins, damping measures, or post-disturbance system

states directly from graph-structured inputs [61]. Related methods also infer network

topology from limited measurements, which is valuable when observability is incomplete

or switching events are not fully reported [62]. Another related thread uses graph-based

learning to predict basin stability or structural robustness directly from network topology,

showing that non-trivial stability information can be extracted from the graph itself even

before detailed dynamic simulation is performed [63].

Spatio-temporal GNNs extend this idea by modelling both network structure and time

evolution. This is important because stability is not a static property of a single operating

snapshot; it depends on how voltages, angles, frequencies, flows, and controls evolve after

disturbances. Temporal dependencies may be captured using recurrent units, temporal
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convolutional networks, attention mechanisms, neural ordinary differential equations, or

transformer-based message passing [64–66]. Recurrent models are intuitive for sequential

data but may be difficult to train over long horizons. Temporal convolutional methods of-

fer parallelizable training and stable gradients, while attention-based models can represent

long-range dependencies in both space and time. These architectures are promising for

dynamic grid applications, but they also increase model complexity and can make phys-

ical interpretation more difficult. Earlier work by the present authors applied a physics-

informed spatio-temporal GNN to local contingency planning under N–k outages on the

IEEE 118-bus system, providing a conference precursor to the framework developed in this

thesis [67].

The usefulness of GNNs in power systems does not remove the need for physical con-

straints. On the contrary, as graph-based predictors move closer to operational decision-

making, physical consistency becomes more important. Physics-informed machine learning

addresses this issue by incorporating domain knowledge into learning through architectural

inductive biases, physics-based loss terms, constrained layers, differentiable solvers, projec-

tion operators, or hybrid model-based/data-driven formulations [68,69]. Physics-Informed

Neural Networks (PINNs) are one important example, using residuals of governing equa-

tions as part of the training objective so that the learned model balances data fit with

physical consistency [70]. In power systems, related ideas have been used to enforce power

balance, Kirchhoff’s laws, voltage constraints, dynamic equations, and energy-function con-

ditions in learned models for power flow, state estimation, and stability assessment [71].

Physics-informed methods can be broadly distinguished by whether they impose constraints

softly or hard. Soft-constraint methods add penalty terms to the loss function, encouraging

the model to satisfy physical relationships but not guaranteeing that every output will be

feasible. These methods are flexible and easy to combine with standard deep-learning ar-
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chitectures, but the resulting constraint satisfaction depends on penalty weights, data cov-

erage, optimization quality, and the relative scale of loss terms. Hard-constraint methods,

in contrast, enforce feasibility by construction or by projection. Examples include differen-

tiable optimization layers, power-flow-consistent output parameterizations, Lagrangian and

augmented-Lagrangian methods, constrained decoding, and projection onto feasible oper-

ating sets [72,73]. For safety-critical control, hard or post-processed feasibility enforcement

is often preferable because even a small number of constraint violations can be operationally

unacceptable. However, hard constraints can increase computational complexity, require

differentiable formulations of physical constraints, or introduce approximation errors when

the true feasible set is nonconvex [74].

Safety constraints in learning-based power-system control extend beyond algebraic feasi-

bility. A corrective action must respect voltage limits, thermal limits, generator ramp

rates, inverter current limits, state-of-charge constraints, reserve constraints, frequency

limits, protection settings, and sometimes market or contractual constraints. It must

also avoid destabilizing the dynamic system after it is applied. Lyapunov-based methods

provide one route to formal stability reasoning by showing that a candidate energy or

Lyapunov function decreases under the proposed control law. Control barrier functions,

invariant-set methods, robust model predictive control, and action-shielding methods pro-

vide related tools for maintaining trajectories within safe regions [75]. In the context of

learning-augmented controllers, these methods are often used not to replace learning, but

to supervise it: the learning model proposes an action, and a safety layer modifies or re-

jects the action if it violates feasibility or stability conditions. This distinction is important

because it allows a data-driven controller to retain adaptability while ensuring that the

final implemented action remains physically admissible.

Reinforcement learning (RL) provides a natural framework for corrective control because
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it directly addresses sequential decision-making under uncertainty. In the Markov Decision

Process formulation, the controller observes a state, applies an action, receives a reward,

and learns a policy that maximizes expected cumulative reward over time [76]. For power

systems, the state may include voltages, angles, frequencies, flows, generation levels, load

levels, inertia values, topology indicators, storage states, and converter operating modes.

The action may include generation redispatch, load shedding, demand response, reactive

power support, tap-changing, storage dispatch, inverter mode selection, or virtual inertia

adjustment. The reward can be designed to penalize voltage violations, frequency devi-

ations, line overloads, excessive control effort, unserved energy, instability, or economic

cost [77]. This flexibility makes RL attractive for emergency control, voltage regulation,

frequency support, energy management, and coordinated operation of distributed energy

resources.

Continuous-control algorithms such as Deep Deterministic Policy Gradient (DDPG) [78],

Proximal Policy Optimization (PPO) [79], and Soft Actor-Critic (SAC) [80] have been used

in power-system applications because many control variables are continuous rather than

discrete. RL has shown promise in voltage control through reactive power coordination,

frequency regulation through generation and demand-side action, emergency load shed-

ding, microgrid energy management, and corrective control under contingencies [78,81,82].

However, several obstacles limit direct deployment. RL can be sample inefficient, requiring

many interactions with a simulator before learning a reliable policy. The learned policy

may exploit simulator artefacts and fail under model mismatch. Reward design can be dif-

ficult because a poorly weighted objective may encourage actions that improve one metric

while degrading another. Exploration is also problematic in real power systems because

unsafe trial actions cannot be allowed. For these reasons, RL for power systems is usually

studied in simulation, digital twins, or offline training environments before any operational
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use is considered [83].

Safe reinforcement learning has emerged to address these concerns. Constrained pol-

icy optimization incorporates operational limits directly into the policy-learning problem.

Lyapunov-based safe RL uses stability functions to restrict policy updates or certify safe

regions. Shielding methods place a supervisory filter between the RL agent and the phys-

ical system, modifying actions that would violate safety constraints. Projection methods

map the raw policy output to the closest feasible action under physical and operational

constraints [84, 85]. These methods are essential for power systems because the controller

must be evaluated not only by average reward, but also by worst-case constraint satisfac-

tion, stability preservation, and behaviour under rare contingencies. In this thesis, RL is

therefore not treated as a standalone black-box controller. Instead, it is combined with

physics-informed prediction, spectral-sensitivity guidance, and feasibility projection so that

the learned policy remains anchored to the physical structure and stability requirements

of the grid.

The development and validation of learning-based controllers depend heavily on simulation

environments. Because unsafe exploration cannot be performed on real grids, data-driven

predictors and RL policies are usually trained and tested using offline dynamic simula-

tions, benchmark systems, contingency libraries, and digital-twin-style environments [86].

Standard test systems such as the IEEE 39-bus, IEEE 68-bus, and IEEE 118-bus networks

provide useful benchmarks because they allow reproducible comparison across methods,

but they also simplify many features of real transmission systems, including detailed pro-

tection logic, communication delays, renewable forecasting errors, inverter-level controls,

and operator intervention [87]. Digital twins and high-fidelity simulators can reduce this

gap by combining network models, dynamic component models, measurement streams,

and scenario generation [88]. However, even digital-twin validation must be interpreted
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carefully because model fidelity, parameter uncertainty, and scenario coverage strongly

influence the apparent performance of a learned controller. This reinforces the need for

stress testing, out-of-distribution evaluation, and physics-based safety supervision before

learning-based methods can be considered operationally credible.

Among the available control variables in low-inertia systems, virtual inertia is especially

important. Virtual inertia emulation allows converter-interfaced resources to mimic part

of the inertial behaviour traditionally provided by synchronous machines. Implementation

methods include derivative-based frequency control, virtual synchronous machine control,

synchronverter control, droop-based fast frequency response, matching control, and energy-

storage-supported inertial response [5,89]. These approaches differ in response speed, noise

sensitivity, energy requirement, current-limiting behaviour, damping characteristics, and

interaction with inner converter loops. Derivative-based methods can respond rapidly to

RoCoF but may amplify measurement noise. Virtual synchronous machines emulate swing-

equation dynamics more explicitly but require careful tuning of virtual inertia and damping.

Storage-supported fast frequency response can provide strong short-term support but is

limited by state of charge, converter rating, and energy availability [90].

The class of IBRs that can provide grid-support behaviour includes photovoltaic inverters,

wind power converters, battery energy storage systems, STATCOMs, and other power-

electronic devices. Unlike synchronous machines, these resources do not provide inertial

response as a byproduct of physical rotating mass. Their contribution depends on the

control architecture and on whether the device is operated in grid-following, grid-forming,

droop-support, fast-frequency-response, or virtual-synchronous-machine mode [91]. Grid-

following inverters generally synchronize to an existing voltage waveform through a phase-

locked loop and inject commanded current, while grid-forming inverters actively regulate

voltage and frequency and can contribute more directly to system strength and frequency
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support [92]. This distinction matters because virtual inertia is not merely a scalar param-

eter to be added to a bus. It is an engineered behaviour constrained by converter rating,

current limits, measurement delays, energy availability, and the interaction between inner

current loops, outer voltage or power loops, and supervisory control.

Once the device-level mechanism for virtual inertia is defined, the system-level problem

becomes one of allocation. Not every bus benefits equally from additional inertia. The

effect of inertia depends on modal participation, electrical distance, local generation and

load patterns, network topology, damping, converter control mode, and the location of

disturbances. Early allocation strategies often used heuristic rules, such as placing sup-

port near large disturbances, weak areas, renewable-rich regions, or buses with large fre-

quency deviations. Optimization-based methods later formulated inertia placement as an

objective-driven problem, minimizing RoCoF, maximizing damping ratios, improving fre-

quency nadir, reducing control effort, or satisfying security constraints subject to device

and budget limits [6]. Sensitivity-based methods provide a more interpretable alternative

by estimating how critical stability modes respond to incremental changes in inertia or

damping at candidate buses. Sarwar et al., for example, use sensitivity scores to allocate

grid-forming resources for voltage support under contingency conditions [93].

Spectral sensitivity analysis provides the mathematical foundation for this allocation prob-

lem. If a critical eigenvalue determines the dominant oscillatory mode or stability margin,

then the derivative of that eigenvalue with respect to a virtual inertia parameter indicates

how beneficial an incremental inertia change at a given location may be. By combining this

sensitivity with constraints on total inertia budget, per-bus limits, and device availability,

the allocation problem can be transformed into a structured decision problem that is phys-

ically interpretable and computationally efficient [9,40]. This is attractive because it links

local controllable parameters to global stability behaviour. However, conventional spec-
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tral allocation methods are often static: they assume a fixed topology, a fixed linearization

point, or a limited set of precomputed scenarios. Modern grids require allocation strategies

that remain effective when the topology changes, operating conditions vary, and corrective

control must be updated online. Recent work on topology-aware sensitivities begins to

address this limitation by accounting for changing network configurations in the sensitiv-

ity calculation [94]. The remaining challenge is to integrate such interpretable sensitivity

information into a closed-loop learning and control framework rather than treating it as a

separate offline planning tool.

Interpretability is therefore not an optional addition but a requirement for practical grid

AI. Operators need to know why a model predicts instability, why an inertia allocation

is recommended, why a control action is selected, and which parts of the grid are most

responsible for the decision. Interpretability also supports debugging, model validation,

regulatory review, operator training, and post-event analysis. For GNNs, interpretability

methods may identify important nodes, edges, features, time steps, or subgraphs. Attention

mechanisms can indicate which neighbours or measurements influence a node representa-

tion. Gradient-based saliency can estimate the sensitivity of outputs to input features.

Perturbation-based explanations can test how predictions change when buses, lines, or fea-

tures are removed. Prototype and surrogate methods can summarize learned behaviour

using simpler representative cases or approximate models [95]. These methods are par-

ticularly relevant in power systems because the graph structure has physical meaning: an

important edge may correspond to a stressed transmission corridor, an important node may

correspond to a weak bus, and an important feature may correspond to inertia, voltage,

demand, converter status, or line loading.

Nevertheless, interpretability methods must be used carefully. In fast control loops, how-

ever, the practical use of these explanations is constrained. Interpretability outputs are
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most valuable for offline audit, post-event analysis, operator training, and model valida-

tion rather than for online intervention, since the loop timescales do not allow a human

operator to inspect and act on an explanation before the next control step is executed. At-

tention weights do not always provide faithful explanations of model behaviour. Gradient

saliency can be noisy or sensitive to scaling. Perturbation explanations may create unreal-

istic operating points if they remove graph elements without preserving physical feasibility.

Surrogate models may oversimplify nonlinear behaviour near stability boundaries [96]. For

this reason, interpretability in grid AI should be connected to physical quantities wherever

possible. Explanations based on modal participation, eigenvalue sensitivity, power-flow

constraints, voltage violations, line overloads, current limits, or inertia scarcity are more

useful to operators than purely abstract neural-network attributions. A central motivation

of the present thesis is therefore to combine learned representations with physically mean-

ingful diagnostics, so that the framework can provide not only predictions and actions, but

also explanations that correspond to recognizable grid phenomena.

Taken together, the literature does not point to a lack of methods for stability assessment,

learning-based prediction, virtual inertia placement, or corrective control. Rather, the

main limitation is that these methods are usually developed around different assumptions,

time scales, and operational objectives. Several specific gaps follow from this fragmenta-

tion: (i) GNN-based models are effective for topology-aware prediction, but they are often

evaluated primarily as estimators of post-contingency states or stability labels rather than

as components of a closed-loop control architecture; (ii) spectral and eigenvalue-sensitivity

methods provide physically interpretable guidance for damping improvement and inertia

placement, but they are commonly formulated as offline or locally linear allocation tools;

(iii) RL-based controllers can learn coordinated corrective actions, yet their practical use is

limited when feasibility, stability preservation, and behaviour under rare topology changes
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are not explicitly enforced; (iv) many learning-based studies simplify converter and weak-

grid effects, including current limits, control-mode transitions, measurement delays, energy

availability, and fault ride-through constraints, even though these factors directly affect

the feasibility of virtual inertia and fast corrective control; and (v) interpretability is often

treated as a post-processing step rather than being tied to physical quantities that oper-

ators can use, such as modal participation, eigenvalue sensitivity, inertia scarcity, voltage

violations, current limits, and stressed transmission corridors [21–23,97].

As a result, the open problem is not prediction, sensitivity analysis, virtual inertia alloca-

tion, or control in isolation, but their integration into a physically constrained, topology-

aware, and interpretable decision-making framework for low-inertia systems. This limi-

tation becomes more pronounced in converter-dominated grids, where feasible corrective

action depends not only on network-level quantities such as voltage limits, line loading,

and modal damping, but also on converter-level constraints such as current limits, control

mode, measurement delay, energy availability, and fault ride-through behaviour. These

considerations motivate a framework in which prediction, sensitivity-guided inertia allo-

cation, corrective control, feasibility projection, and physically meaningful diagnostics are

designed as coupled components rather than independent modules [98].

This thesis addresses this problem by developing a unified framework for topology-aware

stability assessment, virtual inertia allocation, and corrective control in low-inertia power

systems. The framework combines a physics-informed spatio-temporal GNN for fast pre-

diction of system evolution, a spectral-sensitivity method for interpretable virtual inertia

guidance, an RL policy for coordinated corrective action, and a supervisory projection

mechanism that enforces feasibility under operational constraints. The contribution is

therefore not the use of GNNs, RL, or virtual inertia in isolation, but their integration into

a closed-loop architecture that explicitly recognizes the structure of the grid, the chang-
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ing nature of topology, the constrained behaviour of converter-interfaced resources, the

uncertainty of operating conditions, and the need for interpretable stability support. By

combining graph-based prediction, spectral-sensitivity allocation, reinforcement-learning

control, and Lyapunov/projection-based safety supervision, the thesis aims to provide a

practical pathway toward trustworthy AI-assisted operation of converter-dominated trans-

mission systems.

1.4 Thesis Outline

This thesis is organized into five chapters. Chapter 1 introduces the motivation, research

gap, objectives, and scope of the thesis.

Chapter 2 lays the foundation for the power-system model and the proposed spectral-

sensitivity virtual-inertia allocation method. It formalizes the swing-equation dynamics,

derives the associated small-signal state-space representation, and extends the model to

account for topology changes. The chapter then develops the eigenvalue sensitivity metric

used to guide constrained virtual inertia placement under total budget, per-bus limits, and

device-availability constraints.

Chapter 3 presents the integrated closed-loop framework. It details the physics-informed

spatio-temporal GNN architecture and training objective, the reinforcement-learning for-

mulation for coordinated corrective actions including generation adjustment, demand re-

sponse, and virtual inertia updates, and the supervisory coordination mechanism that

blends the policy output with the sensitivity-based reference. The chapter also develops

the feasibility projection layer and provides Lyapunov-based analysis to establish stability

preservation under bounded inertia updates and piecewise-constant connected topologies.
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Chapter 4 describes the experimental setup and evaluates the proposed framework on

the IEEE 118-bus system under diverse operating conditions and contingency scenarios.

The results assess prediction accuracy, topology-aware virtual inertia allocation, closed-

loop control behaviour, constraint satisfaction, interpretability through saliency-based and

sensitivity-based diagnostics, and computational performance. Additional stress-test sce-

narios are included to evaluate robustness beyond the journal case studies.

Finally, Chapter 5 summarizes the main findings and contributions, discusses limita-

tions, and outlines directions for future work, including extensions to larger systems,

richer inverter control models, uncertainty-aware operation, hardware-in-the-loop valida-

tion, and practical deployment considerations for AI-assisted stability support in converter-

dominated grids.
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Chapter 2

Power System Model and Analysis

2.1 System Modelling Framework

The physical and analytical foundations for understanding small-signal stability and design-

ing topology-aware virtual inertia allocation in transmission power systems are developed

by focusing on electromechanical behaviour. The central objective is to describe how the

generator rotor angles and frequencies evolve following small disturbances about a steady

operating equilibrium. Rotor angles encode the relative positions of generator shafts, while

frequencies measure how fast they rotate with respect to the nominal system frequency.

Together, these variables capture how well the system remains synchronized under modest

changes in generation and demand.

The corresponding low-frequency electromechanical dynamics evolve through interactions

among generators, inverter-based resources, and the transmission network. Their behaviour

is highly sensitive to three closely related aspects of the system. First, the distribution of

inertia across the network determines how effectively the grid resists and absorbs distur-
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bances. Inertia, whether provided by synchronous machines or emulated as virtual inertia

by inverter-based resources, acts as a physical buffer against rapid frequency deviations,

and its spatial allocation at different buses can substantially shape the overall dynamic

response. Second, the network topology, understood as the pattern of connections between

buses and transmission lines, governs how power flows and oscillatory signals propagate.

Changes in line status, like outages or switching operations, alter these pathways and

can shift the dominant electromechanical modes. Third, the operating conditions, repre-

sented by the underlying power-flow solution, specify the equilibrium point around which

the system is linearized. Different loading levels and generation dispatches can shift this

equilibrium, making the grid more or less sensitive to a given disturbance.

Because electromechanical dynamics depend on the distribution of inertia, network topol-

ogy, and operating conditions, they provide a natural basis for assessing stability in mod-

ern low-inertia power systems. As conventional synchronous generation is increasingly

replaced or supplemented by renewable sources and inverter-based resources, the amount

and placement of physical inertia change, and virtual inertia must be allocated at specific

buses chosen with the network layout in mind, rather than spread evenly across the grid,

to keep small-signal behaviour acceptable. The analysis of these low-frequency dynamics

therefore underpins the subsequent development of stability metrics, eigenvalue sensitivity

measures, and constrained virtual-inertia placement strategies.

The physical and analytical development begins with the classical swing equation. It

extends to a network-coupled, multi-machine dynamic model that captures the influence

of inertia, damping, and transmission-level power exchanges. This swing-based description

provides a physically interpretable model of how rotor angles and frequencies evolve in

time in response to disturbances. These nonlinear swing dynamics are then linearized

about a steady-state operating point, yielding a state-space representation that is suitable
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for small-signal stability analysis. Linearization approximates the full nonlinear model with

a local linearization that accurately describes the system’s response to sufficiently small

perturbations, thereby making analytical tools from linear systems theory applicable.

In this linearized setting, system stability is assessed by the spectral properties of the

state matrix; its eigenvalues and associated damping ratios identify the dominant and

least-damped electromechanical modes, which determine how oscillations grow, decay, or

persist following small disturbances. This eigenvalue-based (spectral) viewpoint, often

referred to as small-signal stability analysis, is standard in power-system dynamics because

it provides quantitative measures of how quickly oscillations die out and which parts of the

system participate most strongly in each mode.

Building on this linearized model, first-order sensitivities of the electromechanical eigenval-

ues with respect to inertia and network-coupling parameters are derived. These sensitivities

describe how small changes in physical parameters (such as a bus’s inertia or the strength

of a transmission corridor) shift the eigenvalues and, consequently, modal damping and fre-

quency. They provide a physics-based measure of structural criticality by revealing which

buses and transmission corridors most strongly influence the dominant oscillatory modes.

The resulting sensitivity information is then used to pose a constrained virtual inertia

allocation problem under limited resources, ensuring that additional inertia (virtual) is

placed where it is most effective. In this way, spectral analysis not only diagnoses stability

weaknesses but also guides the deployment of control resources. The optimized allocation

serves as a reference signal for the learning-based closed-loop control frameworks devel-

oped in subsequent chapters, linking the underlying physics to the higher-level control and

decision-making layers.

Within this small-signal representation, virtual inertia is modelled as a modification of

the effective inertia matrix M(t). Its physical realization, however, is achieved through
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Bus 1 Bus 2 Bus 3

(H,D)
Gen 1

(H)
IBR

(H,D)
Gen 2

A(M(t),D,Kf ,K (t))

Eigenvalues Inertia Allocation

Linearized Electromechanical System

ẋ(t) = A(t)x(t) + Bu(t)

x = [∆δ; ∆ω ]⊤

u(t) = ∆P(t)

Sensitivities

Figure 2.1: Electromechanical modelling framework for small-signal stability and virtual inertia allocation.
The physical transmission network and generator parameters determine the time-varying linearized state
matrix A(t) = A(M(t),D,Kf ,K(t)), where Kf = diag(Kfi) is the frequency-dependent load matrix
defined in (2.14). The resulting electromechanical state-space model (2.22) forms the basis for eigenvalue
analysis, modal sensitivity evaluation, and topology-aware inertia allocation.

converter-based power injection into the system via u(t), as explicitly developed in Chap-

ter 3.

2.1.1 Implementation of Virtual Inertia in the Framework

Virtual inertia in this framework is not added to the synchronous generators, which already

provide physical rotational inertia through their rotating masses. It is instead applied at

inverter-enabled buses, where converter-interfaced resources emulate an inertial response

that these buses would not otherwise provide. Generator buses therefore retain their fixed

physical inertia throughout topology changes, while inverter buses receive an updated
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virtual inertia allocation whenever the network configuration changes, such as during line

outages or switching operations.

The spectral-sensitivity allocator produces a per-bus virtual inertia constant Hi, which

enters the swing dynamics through the inertia coefficient Mi = 2Hi/ωs defined in (2.11).

The allocated virtual inertia therefore appears as a modification of the effective inertia

matrix M(t), subject to a total inertia budget and a per-bus cap Hmax, and is assigned

only to inverter-enabled buses.

Physically, this allocated inertia is realized through the converter-based active-power in-

jection represented by the control input u(t), applied only at inverter-enabled buses. The

abstract entry Mi in the inertia matrix therefore corresponds to a concrete converter-level

control action rather than to added physical mass.

Within the closed-loop framework, this mechanism serves two roles. First, the spectral-

sensitivity allocator uses the eigenvalue sensitivities of the linearized state matrix to de-

termine where virtual inertia most effectively damps the critical electromechanical modes,

producing a topology-aware reference allocation. Second, the reinforcement-learning coor-

dinator adjusts this reference over the operating horizon and combines it with the other

control actions, subject to the same budget and per-bus limits, so that the realized inertia

distribution tracks evolving topology and operating conditions while remaining physically

feasible. The device-level realization of this inertia emulation is described in Section 2.5.2.

In summary, we consider a network-coupled, multi-machine transmission system operat-

ing near a steady-state equilibrium, as defined by a power-flow solution. Around this

equilibrium, the electromechanical dynamics are described by rotor-angle and frequency

deviations. They are approximated by a linear state-space model obtained by lineariz-

ing the nonlinear power-transfer coupling. External disturbances and controllable actions
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enter this model through an input vector u, interpreted as an additive real-power injec-

tion or withdrawal that captures net active-power imbalances and fast corrective actions

(e.g., generator redispatch, demand-response signals, or injections from aggregated inertia

resources) applied at selected buses.

As illustrated in Fig. 2.1, variations in inertia distribution and network coupling modify the

state matrix and therefore reshape the electromechanical spectrum. The compact state-

space representation serves as the analytical bridge between physical system parameters

and the spectral quantities used for stability assessment and inertia allocation.

To make the state-space representation explicit, the state is defined as

x ≜

[

∆δ⊤ ∆ω⊤

]⊤

, (2.1)

where ∆δ = δ − δ∗ and ∆ω = ω − ω∗ are the deviations of rotor angle and frequency

from a steady operating point (δ∗, ω∗) determined by the power-flow solution. Angles and

frequencies are measured in a frame that rotates at the nominal system frequency (50/60

Hz), so at this operating point, the frequency deviation is zero (ω∗ = 0), and δ∗ is the

corresponding set of steady rotor angles in that frame.

The next section derives these electromechanical dynamics from the classical swing equa-

tion and their network-coupled form, providing the nonlinear basis for the linearized model

ẋ = Ax+Bu.
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2.2 Electromechanical Dynamics and Network Cou-

pling

The electromechanical model used throughout this chapter is derived from the basic ro-

tational dynamics of a synchronous generator. Physically, the generator rotor behaves as

a spinning mass that accelerates when the mechanical torque exceeds the electromagnetic

torque and decelerates when the reverse holds. Starting from this rotational equation

of motion, the classical swing equation is derived to describe how the rotor angle and

speed respond to imbalances between mechanical input and electrical output power. This

single-machine description is then generalized to account for network power coupling be-

tween buses, yielding a nonlinear, network-coupled multi-machine model in which inertia,

damping, and transmission-level interactions jointly shape the evolution of frequency and

rotor-angle dynamics.

The rotor dynamics of a synchronous generator follow from Newton’s second law for rota-

tional motion,

J
d2θm(t)

dt2
= Tm(t)− Te(t), (2.2)

where J is the rotor moment of inertia, θm(t) is the mechanical rotor angle, and Tm and Te

are the applied mechanical torque and opposing electromagnetic torque, respectively. The

kinetic energy stored in the rotating mass at mechanical angular speed ωm = dθm
dt

is

Ek =
1

2
Jω2

m. (2.3)

In power-system analysis, inertia is commonly expressed using the inertia constant H,
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defined as the stored kinetic energy at rated speed divided by the system MVA base.

H =
Ek,rated

Sbase

=
1
2
Jω2

s

Sbase

, (2.4)

where ωs is the synchronous electrical angular speed and Sbase is the system MVA base.

Rearranging (2.4) yields

J =
2HSbase

ω2
s

. (2.5)

With ωm = θ̇m, (2.2) can be written in speed form as

J
dωm

dt
= Tm − Te. (2.6)

Multiplying (2.6) by ωm gives the power-balance form

Jωm
dωm

dt
= Pm − Pe, (2.7)

where Pm = Tmωm and Pe = Teωm denote the mechanical input and electrical output

power, respectively. Under the standard small-deviation assumption ωm ≈ ωs and using

(2.5), (2.7) reduces to the classical per-unit swing equation in speed form,

2H

ωs

dω

dt
= Pm − Pe. (2.8)

Let δ denote the electrical rotor angle corresponding to the mechanical rotor angle θm,

related by δ = p
2
θm, where p is the number of poles. In synchronous reference-frame

coordinates, the kinematic relation δ̇ = ω holds, where ω is the frequency deviation. Gen-

eralizing to a multi-bus system, δi and ωi denote the rotor angle and frequency deviation

at bus i, with the corresponding kinematic relation δ̇i = ωi. In deviation form about an
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operating point (δ∗, ω∗), this becomes ∆δ̇i = ∆ωi, which is used in the small-signal analysis

of Section 2.3.

The swing equation can equivalently be expressed in angle form as

2H

ωs

δ̈ = Pm − Pe. (2.9)

To capture frequency-sensitive load effects and damper-winding contributions, the swing

equation for generator (or aggregated inertia resource) i is written as

Miδ̈i +Diδ̇i = Pmi
− Pei , (2.10)

where Di is an effective damping coefficient and

Mi =
2Hi

ωs

. (2.11)

Throughout, the speed (frequency) deviation in synchronous reference coordinates is de-

fined as ω = δ̇, so that at an equilibrium operating point ω∗
i = 0.

Figure 2.2 summarizes the nonlinear swing dynamics at a single bus in control-oriented

form. This structure, with inertia, damping, and network power feedback appearing ex-

plicitly, is the starting point for the linearization and state-space representation developed

in Section 2.3.

To represent inverter-based resources (IBRs) and demand behaviour, the electrical power

term is decomposed into generation and demand components at each bus. The net electrical

power injection is written as

Pei = P s
gi
+ P I

gi
− Pdi (2.12)
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Pmi

ui

Pei
(δ)

Pai 1

Mi

ω̇i ωi

Di

Diωi

Pei
(δ)

∫
dt

∫
dt

δi

equ.(2.18)

++

− −

equ.(2.10)

Figure 2.2: Control-oriented block diagram of the generator electromechanical dynamics. The summation
node implements the nonlinear swing dynamics in (2.10), written in speed form, with inertia defined
by (2.11) and nonlinear network electrical power given by (2.18). The network power feedback block
references the lossless active-power coupling in (2.18), corresponding to equation (2.18) in the thesis. The
inertia block and cascaded integrators generate (ωi, δi) in synchronous coordinates, forming the nonlinear
basis for the linearized state-space model (2.22).

where P s
gi

denotes synchronous-machine generation, P I
gi

represents power injections from

inverter-based resources, and Pdi is the real-power demand at bus i.

The demand Pdi is modelled as a nominal component perturbed by endogenous deviations

of frequency and voltage about the operating point, together with an exogenous component:

Pdi = P 0
di

[

1 + kfi
∆ωi

ωs

+ kvi
Vi − V ∗

i

V ∗
i

]

+ P e
di
(t), (2.13)

where P 0
di

is the baseline active-power demand at the operating point and carries units of

power, ∆ωi = ωi − ωs is the absolute frequency deviation, and ωs and V ∗
i are the nominal

synchronous frequency and the operating-point voltage magnitude at bus i, respectively.

The coefficients kfi and kvi are dimensionless frequency- and voltage-load sensitivities that

quantify the percentage change in active-power demand per unit of normalized frequency

or voltage deviation; this is the standard frequency- and voltage-dependent load repre-
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sentation in small-signal power-system analysis. Each term inside the bracket is therefore

dimensionless, the bracketed factor is a unitless multiplier of the baseline power P 0
di
, and

P e
di
(t) enters directly in power units, so (2.13) is dimensionally consistent.

For the small-signal electromechanical analysis adopted in this chapter, voltage magnitudes

are treated as quasi-steady at their operating-point values, so Vi ≈ V ∗
i , and the voltage-

dependent term in (2.13) drops out. This modelling choice is consistent with the focus on

rotor-angle and frequency dynamics introduced in Section 2.1 and is revisited in Section 2.3,

where voltage magnitudes enter the linearized model implicitly through the synchronizing

coefficients rather than as dynamic states. Defining the absolute frequency-load coefficient

Kfi ≜
P 0
di
kfi

ωs

, (2.14)

which carries units of power per unit of frequency; the demand deviation about the oper-

ating point reduces to

∆Pdi = Kfi ∆ωi + P e
di
(t), (2.15)

where each term now has consistent units of power, since Kfi explicitly carries the dimen-

sional factor required to convert frequency deviations into equivalent power deviations.

Substituting (2.12) and (2.15) into (2.10) and recalling that δ̇i = ∆ωi in synchronous

coordinates, the swing dynamics become

Miδ̈i + (Di +Kfi)δ̇i = Pmi
− P I

gi
− P n

ei
− P e

di
(t), (2.16)

where P n
ei

denotes the network-coupled electrical power exchange. The frequency-load

coefficient Kfi therefore augments the mechanical damping Di, while exogenous demand

variations enter as a forcing term on the right-hand side.
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The network-coupled component P n
ei
introduced in (2.16) is determined by power transfer

over the transmission lines connected to bus i. It can be expressed as

P n
ei
=

N∑

j=1

ViVj|Yij| cos(δi − δj − γij), (2.17)

where Vi and Vj are bus voltage magnitudes, and Yij = |Yij|∠γij denotes the complex line

admittance between buses i and j.

For transmission networks, line reactance typically dominates resistance (Rij ≪ Xij), so

the series admittance is approximately imaginary. Writing Yij = Gij + jBij, this implies

Gij ≈ 0 and γij ≈ 90◦. Substituting γij ≈ 90◦ into (2.17) gives

cos(δi − δj − γij) ≈ sin(δi − δj).

Under this lossless approximation, active-power coupling is therefore governed primarily

by angle differences across lines, and the susceptance matrix Bij captures the strength of

each synchronizing line.

Accordingly, (2.17) reduces to

P n
ei
=

N∑

j=1

ViVjBij sin(δi − δj), (2.18)

and substituting (2.18) into the swing dynamics yields a nonlinear, network-coupled multi-

machine model in which angle differences across transmission corridors provide the syn-

chronizing interactions that govern collective electromechanical behaviour.

This enables us to distinguish endogenous electromechanical dynamics, shaped by inertia,

damping, IBR control actions, and network coupling, from exogenous demand variations
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that enter the system as external forcing terms. Such a separation enables subsequent anal-

ysis to isolate the impact of inverter-based resources and demand uncertainty on frequency

stability and oscillatory behaviour.

The resulting equations describe a nonlinear, network-coupled multi-machine swing model

in which synchronizing interactions arise from angle differences across transmission cor-

ridors and are modulated by inertia and damping at each bus. While this formulation

captures the essential electromechanical physics governing the evolution of frequency and

angle deviations, direct stability analysis of the nonlinear model is not tractable for large-

scale systems. To enable systematic assessment of oscillatory behaviour and its dependence

on inertia distribution and network structure, the dynamics are linearized about an operat-

ing point in the following section, yielding a state-space representation suitable for modal

and sensitivity analysis.

2.3 State-Space Representation for Spectral Analysis

The nonlinear network-coupled swing dynamics derived in Section 2.2 are accurate but

inconvenient for stability analysis. The eigenvalue and sensitivity tools used throughout

this thesis to rank buses, design allocations, and certify stability are defined for linear

systems and apply only locally to the nonlinear model around a chosen operating point.

For this reason, the swing equations are linearized about an equilibrium (δ∗, ω∗), with

perturbations defined as ∆δ = δ − δ∗ and ∆ω = ω − ω∗. Defining the state vector

x = [∆δ⊤ ∆ω⊤]⊤, the linearized dynamics can be written in a first-order state-space form,

whose explicit structure is derived below and used for the spectral analysis of the next

section.

Studying the nonlinear network-coupled swing dynamics directly is impractical for large
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transmission systems, for three related reasons. First, every bus is coupled to every other

bus through nonlinear sine terms of the form ViVjBij sin(δi − δj), and these coupled equa-

tions have no closed-form solution except in a few special cases. Second, the system is

large: a grid with hundreds of buses has hundreds of rotor angles and frequencies evolving

together, which is too much to reason about by hand or to characterize analytically. Third,

the dynamics depend on the operating point, so any analysis is valid only for one specific

dispatch and topology and would have to be redone whenever conditions change. To han-

dle these difficulties, oscillatory behaviour and its dependence on inertia and topology are

studied using a linear approximation, which exposes the system’s modal properties and

can be updated as the operating point evolves.

Linearization about an equilibrium operating point yields a state-space model whose sys-

tem matrix admits spectral decomposition. The eigenvalues of this matrix characterize

the dominant electromechanical modes, including their oscillation frequencies and (for os-

cillatory modes) damping characteristics. At the same time, the associated eigenvectors

describe the spatial structure of these modes across buses and generators.

In power system dynamics, the stability of small perturbations is determined by the eigen-

structure of the linearized state matrix. Eigenvalues with negative real parts correspond

to decaying perturbations, while those with small magnitude real parts indicate weakly

damped behaviour. For complex-conjugate pairs, the imaginary component determines

the oscillation frequency, and the ratio of the real to the imaginary parts characterizes

modal damping.

Consequently, modes located near the imaginary axis impose the most restrictive stability

margins and are of primary interest in inertia-sensitive electromechanical analysis. Such

spectral information provides a quantitative basis for evaluating how variations in inertia

and topology influence the behaviour of small perturbations. Consequently, eigenvalue
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sensitivity analysis provides the analytical bridge between physical parameter variations

and topology-aware virtual inertia allocation strategies developed in subsequent sections.

Here, an operating point denotes a steady-state equilibrium of the network-coupled dynam-

ics for a given topology and dispatch. In synchronous reference coordinates, it corresponds

to ω∗ = 0 and a set of steady-state angle differences δ∗ that satisfy the real-power balance

implied by the underlying power flow solution. Linearization about (δ∗, ω∗) provides a

locally valid approximation of the nonlinear dynamics for small perturbations, enabling

stability assessment via the eigenstructure of the resulting state matrix.

The state vector is restricted to rotor-angle and frequency deviations, (2.1), reflecting a

deliberate focus on electromechanical timescale dynamics. At this timescale, the dominant

stability-limiting phenomena following small disturbances are governed by the interaction

among inertia, damping, and real-power transfer across the transmission network.

Voltage magnitudes and reactive-power dynamics primarily evolve on faster electromag-

netic or slower secondary-control time scales. They are therefore treated as quasi-steady

when forming the small-signal electromechanical model. In particular, steady-state volt-

age values V ∗ enter the analysis implicitly through the synchronizing coefficients Kij =

∂P n
ei
/∂δj

∣
∣
δ∗,V ∗

, but voltage deviations are not retained as dynamic states.

This modelling choice does not imply that voltage and reactive power are unimportant;

rather, it reflects the objective of isolating the electromechanical modes that dominate

low-frequency oscillatory behaviour and are most sensitive to the distribution of inertia

and the network structure. Extensions that explicitly incorporate voltage dynamics are

possible but fall outside the scope of the present small-signal stability framework.

Applying a first-order Taylor expansion to the network-coupled swing equations yields a

set of local linear balance relations. Each relation corresponds to a bus i that possesses
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electromechanical inertia (synchronous machines) or control-defined inertia (inverter-based

resources),

Mi∆ω̇i +Di∆ωi +
N∑

j=1

Kij∆δj = ui, (2.19)

where ui represents the incremental active-power disturbance and/or fast control action at

bus i. The synchronizing coupling coefficients are defined by

Kij =
∂P n

ei

∂δj

∣
∣
∣
∣
δ=δ∗

. (2.20)

Under the lossless coupling approximation in (2.18), the off-diagonal terms satisfy Kij =

−V ∗
i V

∗
j Bij cos

(
δ∗i − δ∗j

)
for i ̸= j, while Kii = −

∑

j ̸=i Kij. Consequently, K has a weighted

Laplacian structure evaluated at the operating point. Intuitively, K quantifies the extent

to which buses synchronize across the transmission network. Large entries correspond

to strongly coupled transmission lines, while weak or zero entries indicate weak or absent

synchronizing paths. Topology changes modify the set of active edges and therefore update

K by removing or altering the corresponding coupling terms; in this thesis, such changes

are modelled as piecewise-constant updates of K(t) across decision intervals.

Stacking all buses gives the vector form

M∆ω̇ + (D+Kf )∆ω +K∆δ = u, (2.21)

where M = diag(Mi) is the diagonal inertia matrix, D = diag(Di) is the damping matrix,

Kf = diag(Kfi) represents the frequency-dependent load contribution, K = [Kij] is the

coupling matrix, and u aggregates incremental disturbances and actuation across buses.

Using the kinematic relation ∆δ̇ = ∆ω and defining the state vector as x = [∆δ⊤ ∆ω⊤]⊤,
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the dynamics can be written in first-order state-space form as

ẋ =




0 I

−M−1K −M−1(D+Kf )





︸ ︷︷ ︸

A(M,D,Kf ,K)

x+




0

M−1





︸ ︷︷ ︸

B

u. (2.22)

This representation makes explicit how inertia (M), damping (D), frequency-dependent

load effects (Kf ), and topology/operating-point coupling (K) jointly determine the sys-

tem matrix A(M,D,Kf ,K) used for stability assessment and sensitivity computations in

subsequent sections.

Equivalently, (2.22) may be written compactly as

ẋ = A(M,D,Kf ,K)x+Bu.

ui ∆Pa,i
1

Mi

∆ω̇i ∆ωi

Di

Di ∆ωi

Ki ∆δ

∫
dt

∫
dt

∆δi∑

Ki ∆δ

(K∆δ)i =
∑N

j=1
Ki j ∆δj

−

−

Figure 2.3: Block-diagram realization of the linearized swing dynamics at bus i. The damping block
represents the combined effective damping Di+Kfi , where Kfi is the frequency-dependent load coefficient
defined in (2.14). For visual clarity, the block is labelled Di; the full expression including Kfi is used in
the state-space model (2.22).

Figure 2.3 summarizes the linearized swing dynamics at bus i in control-oriented form. The

summation node implements the deviation-form scalar balance in (2.19), with inertia Mi,

damping, and the linearized network-coupling term
∑

j Kij∆δj derived in (2.20) appearing

44



as distinct functional blocks. The cascaded integrators generate (∆ωi,∆δi), and stack-

ing the per-bus relations yields the first-order state-space model in (2.22). The damping

block is drawn as Di for visual simplicity; in the full small-signal model, the frequency-

load contribution Kfi defined in (2.14) adds to Di, so the effective damping seen by the

electromechanical mode at bus i is Di + Kfi . This control-oriented view complements

the algebraic state-space form and motivates the spectral analysis developed in the next

section.

The Laplacian structure of K reflects the fact that real-power transfer is driven primarily

by angle differences across transmission corridors. As a result, a uniform shift of all an-

gles does not change power transfers, implying invariance to the absolute reference frame

and producing a rigid reference mode. Since this mode does not affect relative-angle

dynamics, stability assessment focuses on the non-rigid electromechanical modes, using

grounded/reference-bus or center-of-inertia coordinates.

With the linearized plant model established, the next section introduces the modal stability

quantities used throughout the thesis. In particular, the eigenvalues ofA(M,D,Kf ,K) de-

termine oscillation frequencies and damping, and the least-damped modes form the critical

set used to evaluate how inertia and coupling perturbations affect stability margins.

2.4 Stability Metrics and Sensitivity-Based Critical-

ity

With the linearized state-space representation (2.22) established in Section 2.3, small-signal

behaviour is characterized through the eigenstructure of the system matrixA(M,D,Kf ,K).
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For the homogeneous electromechanical dynamics obtained by setting u = 0,

ẋ = A(M,D,Kf ,K)x, (2.23)

The eigenvalues λk of A(M,D,Kf ,K) determine whether perturbations around the op-

erating equilibrium decay or grow. Local asymptotic stability of the equilibrium requires

Re(λk) < 0 for all stability-relevant electromechanical modes.

Eigenvalues commonly appear as complex-conjugate pairs λk = σk ± jωk, where σk =

Re(λk) governs exponential decay or growth and ωk = Im(λk) sets oscillation frequency.

To compare damping across oscillatory modes, the modal damping ratio is defined as

ζk = −
Re(λk)

|λk|
. (2.24)

Larger ζk corresponds to stronger damping, whereas smaller ζk indicates weakly damped

oscillations that can persist and therefore constrain stability margins.

Under the lossless network approximation, the coupling matrix K exhibits a Laplacian-like

structure, implying invariance to uniform shifts of all rotor angles. This invariance induces

a rigid reference mode that does not affect the dynamics of relative angles. Stability

assessment is therefore conducted on the non-rigid electromechanical modes obtained after

accounting for this reference subspace (e.g., through grounded/reference-bus coordinates or

center-of-inertia coordinates). Let K denote the set of critical non-rigid electromechanical

modes. In practice, K is selected as the least-damped subset, since these modes dominate

post-disturbance behaviour and impose the most restrictive stability margins. Equivalently,

K may be formed by selecting modes with the largest real parts Re(λk) (closest to the

imaginary axis) or the smallest damping ratios ζk defined in (2.24).
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In quantifying how modal stability varies with changes in operating point and localized

structural perturbations, we next use first-order eigenvalue sensitivity theory. This is a

standard tool that describes how the eigenvalues of a matrix shift as its entries change

slightly. The main result is that the shift of a simple eigenvalue can be expressed in terms

of the right and left eigenvectors of the original matrix, so modal changes can be pre-

dicted without recomputing the full Eigen decomposition whenever a parameter changes.

A comprehensive treatment of power-system small-signal stability can be found in [99].

Let (λk,vk) denote a simple eigenpair of A(M,D,Kf ,K) with associated left eigenvector

wk, satisfying

A(M,D,Kf ,K)vk = λkvk, (2.25)

wH
k A(M,D,Kf ,K) = λkw

H
k , (2.26)

together with the normalization

wH
k vk = 1, (2.27)

where (·)H denotes the conjugate transpose.

For a small perturbation of the system matrix, A 7→ A+∆A, the corresponding first-order

eigenvalue variation is

∆λk ≈ wH
k (∆A)vk. (2.28)

Equivalently, if a scalar parameter θ affects the dynamics through A(θ), the first-order

eigenvalue sensitivity is
∂λk

∂θ
= wH

k

(
∂A

∂θ

)

vk. (2.29)

The bilinear form wH
k (·)vk makes explicit how localized changes in system parameters

project onto mode k through the associated left and right eigenvectors.

Two classes of variations are emphasized. First, inertia variations modify M and hence
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the inertia-weighted blocks of A(M,D,Kf ,K), enabling sensitivities of the form ∂λk/∂Mi

that quantify how inertia adjustments at bus i shift the damping and frequency of mode k.

Second, structural and topological variations modify the coupling matrix K (and hence A),

thereby altering the synchronizing strength between buses. This motivates sensitivity anal-

ysis with respect to coupling parameters associated with individual transmission lines, or

directly with respect to entries that contribute to K, thereby identifying transmission lines

whose weakening or removal most strongly affects the least-damped modes. Because the

least-damped modes determine the stability margins, sensitivities are evaluated primarily

on the critical set K. For an oscillatory mode λk = σk ± jωk, changes in Re(λk) indicate

stabilizing or destabilizing trends. The geometric picture is illustrated in Figure 2.4.

stable half-plane unstable

Critical set K

Re(λ)

Im(λ)

0

λkλ
′

k

beforeafter adding inertia

Figure 2.4: Geometric meaning of eigenvalue sensitivity: adding inertia at a strongly participating bus
shifts a critical eigenvalue λk leftward to λ′

k, improving the damping of the corresponding mode.
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Figure 2.4 shows what eigenvalue sensitivity means geometrically. An eigenvalue λk of

A(M,D,Kf ,K) is plotted as a point in the complex plane: its real part controls how

fast a post-disturbance oscillation dies out, and its imaginary part sets the oscillation

frequency. Eigenvalues near the imaginary axis (the critical set K, shown shaded) are

dangerous because their oscillations decay slowly and can leave the system ringing for

many seconds, whereas eigenvalues deeper in the left half-plane settle almost immediately.

Adding inertia at a strongly participating bus shifts the critical eigenvalue λk leftward to

λ′
k, which is exactly the improvement in damping the rest of this section quantifies through

the sensitivity ∂λk/∂Mi. The same picture applies to coupling perturbations ∂λk/∂Kij:

corridors that produce the largest leftward motion are the ones whose strengthening (or

whose loss, in the opposite direction) most strongly affects stability margins. The overall

pathway from modal sensitivities to bus-level criticality scores and to the resulting reference

inertia allocation is summarized visually in Figure 2.7 (Section 2.5.1).

Eigenvalue sensitivities, therefore, enable bus-level and transmission line-level rankings

based on their influence on the critical electromechanical modes. A bus-level criticality

score for inertia-based actuation is obtained by aggregating real-part sensitivities over the

critical set K:

gi =
∑

k∈K

Re

{
∂λk

∂Mi

}

. (2.30)

Negative values of gi indicate that increasing inertia at bus i tends to shift the critical

eigenvalues leftward (improving damping). In contrast, positive values indicate a tendency

toward reduced damping under increased inertia at that location.

The same eigenvalue sensitivity machinery applies to the transmission network itself. Each

line (i, j) contributes a coupling weight to K physically, the synchronizing strength of that

line, equal under the lossless approximation to V ∗
i V

∗
j Bij cos

(
δ∗i − δ∗j

)
. Differentiating λk
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with respect to this weight yields the sensitivity ∂λk/∂Kij, which measures how the critical

mode responds when the line’s contribution to the network changes.

The connection to contingency analysis is direct. A line outage is the extreme version of

weakening a coupling weight: the weight is set to zero, and the corresponding entries of K

are removed. To first order, the induced eigenvalue shift is ∆λk ≈ wH
k (∆A)vk, where ∆A

encodes the change to the coupling block of (2.22). Lines with the largest |∂λk/∂Kij| are

the ones whose outages would produce the largest rightward shift of the critical mode, as

illustrated in Figure 2.5. These are, therefore, the contingencies an operator-level screening

procedure should examine first.

stable half-plane unstable

Critical set K

λk λ
′

k

before outage after outage of
a critical line

Re(λ)

Im(λ)

0

Figure 2.5: Effect of losing a high-criticality line: the critical eigenvalue shifts rightward, reducing damping
and, in severe cases, crossing into the unstable half-plane.

The bus-level and line-level rankings together provide a complete first-order map of stability-
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critical structure under a given operating point: where intervention is most effective, and

where the system is most vulnerable. Because both rankings come from the same eigen-

decomposition, evaluating one is essentially free once the other has been computed, which

is the practical reason both can be maintained continuously as the operating point and

topology evolve.

These criticality measures, therefore, play two roles in the framework. First, they provide

an interpretable diagnostic that ranks the most stability-critical buses and lines for a given

operating point and topology, supplying the physics-based ordering on which any allocation

or contingency-screening procedure can be built. Second, the bus-level score gi acts as the

analytical bridge to control synthesis: it is the weighting that turns the abstract sensitivity

formula (2.29) into the concrete allocation problem developed in Section 2.5.1. The full

pathway from sensitivities to bus-level scores to the resulting reference inertia allocation

is summarized in Figure 2.7.

2.5 Virtual Inertia Allocation and Actuation

Virtual inertia is the central controllable quantity in the proposed framework. Rather

than being a static system parameter, it is treated as a decision variable that can be

adjusted at each control interval in response to changing topology and operating conditions.

At the device level, inverter-based resources at eligible buses emulate inertial behaviour

by injecting active power proportional to the measured rate of change of frequency, as

described in Section 2.5.2. At the system level, the allocation problem determines how the

available virtual inertia budget should be distributed across eligible buses to maximally

improve damping of the critical electromechanical modes. The reference allocation Href

produced here is then tracked by the closed-loop controller developed in Chapter 3, which
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issues inertia update commands through the input channel u(t) as the system evolves.

The sensitivity-based criticality measures developed in Section 2.4 provide a physics-

grounded indication of where localized inertia changes have the greatest impact on the

least-damped electromechanical modes. Building on this insight, limited virtual inertia

resources must be allocated judiciously to improve damping of the critical modes while

respecting practical feasibility constraints. To this end, a sensitivity-guided virtual inertia

allocation strategy is developed based on the linearized plant matrix A(M,D,Kf ,K) and

the critical mode set K. The objective is to distribute controllable, converter-provided iner-

tia across eligible buses within a total virtual-inertia budget and per-bus bounds, yielding a

physics-based reference allocation that serves as both a stability benchmark and a guiding

signal for the learning-based and closed-loop control frameworks developed in subsequent

chapters. The section then connects these abstract allocation variables to the actuation

capabilities available in the linearized model’s input channel.

2.5.1 Sensitivity-Guided Virtual Inertia Allocation

The modal sensitivities developed in Section 2.4 quantify how eigenvalues move in response

to localized parameter changes. In this subsection, we specialize these sensitivities to

variations in bus-level inertia and use them to construct a physics-based virtual inertia

allocation.

Let λk be a (simple) eigenvalue of A(M,D,K) with right and left eigenvectors vk and wk,

normalized such that w†
kvk = 1. From (2.29), the first-order sensitivity of λk with respect

to a scalar parameter θ is
∂λk

∂θ
= w

†
k

(
∂A

∂θ

)

vk. (2.31)
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For the sensitivity derivation that follows, the small frequency-load contribution Kf is

absorbed into the effective damping and suppressed in the notation; the resulting expression

captures the dominant dependence of the eigenvalues on inertia. The simplified swing state

matrix is then

A(M,D,K) =




0 I

−M−1K −M−1D



 , (2.32)

the dependence on inertia appears only through M−1 in the lower blocks. Since M =

diag(Mi) is diagonal, a change in Mi affects only the ith diagonal entry. To isolate this

effect, define the coordinate projector Ei = eie
⊤
i , which has a 1 in position (i, i) and zeros

elsewhere.

Using M−1 = diag(1/Mi), the derivative of M−1 with respect to Mi is

∂M−1

∂Mi

= −
1

M2
i

Ei,

so that the corresponding derivative of the state matrix is

∂A

∂Mi

=




0 0

1
M2

i

EiK
1

M2

i

EiD



 . (2.33)

To make the resulting expression more interpretable, partition the right eigenvector as vk =

[v⊤
k,δ v⊤

k,ω]
⊤, consistent with the state ordering x = [∆δ⊤ ∆ω⊤]⊤. The left eigenvector is

partitioned analogously as wk = [w⊤
k,δ w⊤

k,ω]
⊤. Substituting (2.33) into (2.31) and using

the block structure of ∂A/∂Mi yields the closed-form expression

∂λk

∂Mi

=
1

M2
i

(wk,ω)
∗
i

(

(Kvk,δ)i +Di(vk,ω)i

)

, (2.34)
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where (·)i denotes the ith entry and (·)∗ denotes complex conjugation. The real part

Re{ ∂λk

∂Mi
} indicates whether increasing inertia at bus i shifts mode k leftward (improved

damping) or rightward (reduced damping) in the complex plane.

To obtain a bus-level score that targets the least-damped modes, sensitivities are aggre-

gated over the critical set K:

gi =
∑

k∈K

Re

{
∂λk

∂Mi

}

. (2.35)

Negative values of gi indicate that increasing inertia at bus i tends to improve the damping

margin of the critical modes. In contrast, positive values indicate a tendency toward

reduced damping under increased inertia at that location.

Let Hi denote the effective inertia constant at bus i, decomposed as

Hi = Hreal
i +Hvir

i , (2.36)

where Hreal
i is the physical inertia contribution (fixed for synchronous machines) and Hvir

i

is the controllable virtual inertia provided by inverter-enabled resources. In the per-unit

swing model, inertia enters through

Mi =
2Hi

ωs

, (2.37)

so allocating virtual inertia corresponds to modifying Mi through Hvir
i .

Virtual inertia allocation is performed over a set of inverter-eligible buses Ginv, while syn-

chronous generator buses Ggen retain their physical inertia values. The allocation is com-
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puted under a total virtual-inertia budget and per-bus bounds:

∑

i∈Ginv

Hvir
i ≤ Htotal, (2.38)

0 ≤ Hvir
i ≤ Hmax, ∀i ∈ Ginv, (2.39)

Hvir
i = 0, ∀i ∈ Ggen. (2.40)

Synchronous generator, Ggen

fixed H
real
i

, H
vir
i

= 0

Inverter-eligible G inv

H
vir
i

allocated, 0 ≤ H
vir
i

≤ Hmax

Load / transit bus

no inertia contribution

1

2

3

4

5

6

7 8 9

10 11

12

Figure 2.6: Bus classification used by the allocation problem. Synchronous-generator buses (Ggen, teal
squares) carry fixed physical inertia and receive no virtual inertia; inverter-eligible buses (Ginv, purple
circles) receive an allocated Hvir

i subject to per-bus and budget bounds; load and transit buses (gray
triangles) contribute no inertia.

Figure 2.6 illustrates the partition. The three constraints in (2.38)–(2.40) act on different

bus classes: the budget constraint bounds the total virtual inertia summed over Ginv, the

box constraint enforces device-level limits at each inverter-eligible bus, and the equality

constraint fixes the virtual inertia at synchronous-generator buses to zero so that physical

and virtual contributions are not double-counted.

The criticality scores gi already tell us, to first order, how each unit of inertia at bus i

shifts the critical eigenvalues. Recall from (2.35) that a more negative gi corresponds to

a stronger stabilizing effect, so a natural choice is to make the allocation problem itself
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first-order in Hvir
i , weighting each bus by its score:

min
Hvir

∑

i∈Ginv

gi H
vir
i (2.41)

subject to the feasibility constraints (2.38)–(2.40). Buses with the most negative gi reduce

the objective the most per unit of inertia, so (2.41) sends the virtual inertia where it is

expected to produce the largest leftward shift of the critical modes.

The linearized state-space model (2.22) is itself a first-order Taylor expansion of the swing

dynamics, so a higher-order objective would impose a precision that the underlying plant

cannot deliver. The allocation determines where inertia is placed rather than predicting the

exact magnitude of each eigenvalue shift, and first-order sensitivities already provide the

direction and ordering that the LP relies on. The per-bus cap Hmax and the budget Htotal

confine each Hvir
i to a small neighbourhood of the operating point, the regime in which

the linear approximation is valid. And Href is a reference rather than a final command;

residual second-order error in the predicted shift is absorbed by the closed-loop controller

of Chapter 3 as the system evolves. Higher-order terms would refine the magnitude of the

predicted shift but not its direction or ordering, at a substantially greater computational

cost on a grid whose operating point and topology change frequently.

In practice, (2.41) may be solved directly as a linear program or implemented via a

greedy/projection procedure that allocates budget to the most negative gi buses while

enforcing (2.38) and (2.39). The resulting virtual inertia map Hvir defines a physics-based

reference allocation Href through (2.36) for the current operating point and topology.

In the greedy step (line 6 of Algorithm 2.1), the buses in Ginv are sorted by gi from most

negative to least negative, since more negative scores indicate a stronger stabilizing effect.

The most stabilizing bus is filled first up to the per-bus limit Hmax; the remainder of the
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Algorithm 2.1 Sensitivity-guided virtual inertia reference allocation

1: Input: operating point and topology (hence K), parameters (M,D), bounds (Hmax),
budget Htotal

2: Form A(M,D,K) using the simplified form in (2.32)
3: Compute eigenpairs (λk,vk,wk) of A and select critical set K
4: Compute gi =

∑

k∈K Re{∂λk/∂Mi} using (2.34) and (2.35)
5: Initialize Hvir

i ← 0 for all i ∈ Ginv; set H
vir
i ← 0 for i ∈ Ggen

6: Allocate budget to buses with most negative gi (greedy), saturating at Hmax, until∑

i∈Ginv
Hvir

i = Htotal

7: Form Href,i ← Hreal
i +Hvir

i for all buses
8: Output: Href satisfying the virtual-inertia constraints

budget then flows to the next bus, and so on, until the total budget Htotal is exhausted.

This produces a feasible allocation in a single pass and is an exact solution of the linear

surrogate (2.41) when the feasibility set is the budget–box polytope used in this thesis.

Figure 2.7 summarizes the sensitivity-guided virtual inertia allocation developed in this

subsection. The eigenanalysis of the linearized state matrix A(M,D,Kf ,K) produces

modal sensitivities with respect to bus-level inertia, which are aggregated into the scores

gi. These scores then drive the linear allocation problem (2.41), whose solution Hvir
i sat-

isfies the budget constraint (2.38), the per-bus cap Hmax in (2.39), and the requirement

that synchronous-generator buses receive no virtual inertia (2.40). The total budget con-

straint limits the overall amount of virtual inertia that can be deployed across the network,

while the per-bus bounds ensure that each inverter-enabled bus operates within its device

capability limits.

Combining the allocated virtual inertia with the existing physical inertia yields the refer-

ence inertia profile Href defined in (2.36). This reference allocation provides a physics-based

target inertia distribution for the current operating point and network topology.

The next subsection describes how the allocated Hvir
i is physically delivered by an inverter
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(t) = H real
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Figure 2.7: Sensitivity-guided virtual inertia allocation and update framework.

at the device level, while the closed-loop framework that dynamically tracks Href over time

is developed in Chapter 3.

2.5.2 IBR Realization with Controllable Virtual Inertia

The allocation (2.41) produces a target virtual inertia Hvir
i for each inverter-eligible bus.

This subsection describes how the inverter at bus i actually delivers that target, so that the

abstract decision variable Hvir
i corresponds to a concrete behaviour of a physical device.

The inverter starts by measuring the local terminal frequency ωi through its phase-locked

loop (PLL). From this measurement, two signals are formed: the frequency deviation
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∆ωi = ωi − ωs and its time derivative ∆ω̇i, the rate of change of frequency (RoCoF).

These are the two inputs that drive virtual inertia emulation. How quickly the inverter

can respond to a disturbance is determined by the PLL bandwidth.

The inverter then injects an extra active power P vir
i (t) designed to mimic what a syn-

chronous machine would do. The simplest and most common form, used in virtual syn-

chronous machine (VSM) control and inertia-emulating grid-forming droop, takes the form

P vir
i (t) = −Mvir

i ∆ω̇i(t)− Dvir
i ∆ωi(t), (2.42)

whereMvir
i sets the virtual inertia andDvir

i sets the virtual damping. The first term opposes

the rate of change of frequency, as a spinning rotor would; the second term opposes the

frequency deviation itself, providing damping.

The link between the allocated Hvir
i from (2.36) and the controller gain Mvir

i in (2.42)

comes from the per-unit conversion in (2.37). Setting

Mvir
i =

2Hvir
i

ωs

(2.43)

makes the inverter’s power injection act on the swing dynamics like an extra rotating mass

with inertia constant Hvir
i . So the allocation problem (2.41) translates directly into inverter

gain commands: Hvir
i at the system level, Mvir

i at the device level.

To see why this is the same as adding physical inertia, add P vir
i (t) to the active-power

balance at bus i in (2.16) and substitute (2.42). Using ∆δ̇i = ∆ωi, the result in deviation

form is
(
Mi +Mvir

i

)
∆δ̈i +

(
Di +Kfi +Dvir

i

)
∆δ̇i + · · · = ui. (2.44)

The inverter’s contribution appears as an additional term in the inertia and damping at
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bus i. From the small-signal point of view used in this chapter, this looks the same as an

actual increase in the physical Mi and Di. That is the reason Hvir
i can be treated as part of

the inertia matrix in the allocation problem, even though no physical mass is being added.

Frequency measurements

(∆ωi , ∆ω̇i )

Inverter controller

Active-power support
P

vir

i
(t)

Virtual inertia
H

vir

i

Effective inertia
Mi = 2Hi/ωs

Figure 2.8: Inverter-based realization of controllable virtual inertia. Local frequency and rate-of-change-
of-frequency measurements feed into the inverter controller, which generates the synthetic power injec-
tion (2.42) using the gain Mvir

i from (2.43).

Two practical limits determine how well the control law (2.42) can be realized. First, the

inverter’s current rating caps how large P vir
i (t) can be during big disturbances; once the

converter hits its current limit, the actual injection falls short of the commanded value,

and the effective virtual inertia drops below Hvir
i . Second, the PLL and measurement chain

introduce a small delay between a change in frequency and the inverter’s response, which

limits how quickly the inverter can usefully react to a disturbance. Both limits are captured

by the per-bus bound Hvir
i ≤ Hmax in (2.39), which represents the largest sustained virtual

inertia each device can deliver within its operating range.
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2.5.3 Actuation Capabilities and Operating Context

The previous subsection produced a physics-based reference inertia allocation Href for a

given operating point and topology. Real power systems, however, are continually reshaped

by control and operational actions that the linearized model must also account for. These

include generator re-dispatch, inverter-based resource (IBR) modulation, demand response,

and corrective measures triggered by contingencies. This subsection situates these actions

within the linearized framework (2.22) so that the allocation, actuation, and operational

drivers can be discussed in the same language.

The actions enter the linearized dynamics through one of two channels. They either mod-

ify the plant parameters (M,D,K) inside A(M,D,Kf ,K), which reshapes the modal

structure, or they enter through the input channel u(t) as a corrective power injection.

Inverter-based resources are the only class capable of doing both. A frequency-following

injection acts through u(t), while a virtual-synchronous-machine controller modifies the

effective (M,D) as derived in Section 2.5.2. The remainder of the subsection follows this

structure. The operational drivers (renewable variability, dispatch, topology) are discussed

first, followed by the actuation channels (governors, IBR control stack, demand response,

fast frequency response), and finally the uncertainty under which all of this operates, which

motivates the closed-loop framework developed in Chapter 3.

Figure 2.9 maps each operational mechanism to the channel through which it enters (2.22).

The left column collects mechanisms that act on the plant matrix A(M,D,Kf ,K) by

changing one of its constituent matrices. The right column collects mechanisms that act on

the input channel Bu(t) as a corrective power injection. The remainder of this subsection

walks through the entries column by column, then closes with how uncertainty in either

column propagates over time.
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Through the plant matrix

A(M, D, Kf , K)

VSM / grid-forming inertia emulation

modifies (M,D) in the swing equation

Generator re-dispatch

shifts the operating point, updates K

Topology events (line outages, switching)

piecewise-constant updates to K(t)

Through the input channel

Bu(t)

Control inputs

Inverter fast-frequency response

injects power through u(t)

Demand response

reduces net load through u(t)

Uncertainties / disturbances

Renewable forecast errors / ramps

appear as imbalances in u(t)

ẋ = A(M, D, Kf , K) x + Bu(t)

All operational mechanisms reach the linearized model through one of these two channels.

Figure 2.9: Operational mechanisms and the two channels through which they enter the linearized
model (2.22). Control inputs (virtual inertia updates, generator re-dispatch, demand response, and fast-
frequency response) enter through one of two channels. Disturbances (line outages and switching events)
produce piecewise-constant updates to K(t) through the plant matrix channel. Uncertainties (renewable
variability and forecast errors) enter as exogenous imbalances through Bu(t). The left column groups
mechanisms modifying A(M,D,Kf ,K); the right column groups mechanisms acting through Bu(t).

As shown in the top of the left column of Figure 2.9, virtual synchronous machine (VSM)

and grid-forming inertia emulation modify the effective inertia and damping parameters

(M,D). Inverters configured for these control modes were derived in Section 2.5.2, where

the closed-loop equivalence (2.44) shows that the inverter contribution adds directly to Mi

and Di at the bus where it is deployed. Buses equipped with such inverters constitute the

eligible set Ginv of the allocation problem (2.41), and the per-bus bound Hmax in (2.39)
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reflects the device-level current rating that limits how much sustained virtual inertia each

unit can deliver.

The middle entry of the left column captures generator re-dispatch. Operating on minute-

level time scales, re-dispatch adjusts mechanical input power Pmi
in (2.10) and shifts

the equilibrium (δ∗, V ∗) at which the synchronizing coefficients K defined in (2.20) are

evaluated. The effect on the linearized model is structural rather than instantaneous: by

the time re-dispatch has taken effect, the system has settled to a new operating point, and

the linearization is re-evaluated with an updated K that reflects the changed power-flow

pattern.

The bottom entry of the left column accounts for discrete topology events such as line

outages and switching. These events change the set of active edges in the network and

therefore the entries of K directly, producing piecewise-constant updates to K(t) between

decision intervals. Unlike re-dispatch, these updates are not gradual: each contingency

produces a step change in the grid’s synchronizing structure that the modal spectrum of

A inherits. The tolerance limits of this treatment, specifically the contingency severity

beyond which the connectivity assumption and the first-order sensitivity estimates cease

to hold, are discussed in Section 3.2.

Crossing to the right column of Figure 2.9, the top entry is converter-based fast-frequency

response. Operating on the swing time scale, it injects active power directly into u(t) in

response to measured frequency deviations, providing immediate corrective acceleration

without modifying the plant matrix. This is the most agile actuation channel in the model

and the natural counterpart to slower mechanisms in the left column.

The middle entry in the right column is demand response. Modulating controllable loads

reduces the net electrical demand seen by the system, and in the swing equation (2.10),
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this appears as a corrective contribution to ui(t). Functionally, demand response and fast-

frequency response inject the same kind of signal at a bus; what differs is the resource that

delivers it. Both fold into the same channel and combine with the inertia-related actions

on the left column.

The bottom entry in the right column captures renewable variability and forecast errors.

Short-term ramps in wind and solar output appear as imbalances on the right-hand side

of the swing equation, entering through u(t) as exogenous disturbances rather than as

control inputs. They are not actions an operator chooses; they are perturbations that the

framework must absorb. The same channel that carries fast frequency response and demand

response also carries the disturbances that those actions are designed to counteract.

The two columns of Figure 2.9 together account for every operational mechanism considered

in the rest of the thesis, and the same two columns account for the persistent uncertainty

under which the system operates. Renewable intermittency and short-term forecast errors

enter through the right column as exogenous power imbalances. Scheduled re-dispatch,

commitment changes, and environmental events such as wildfire smoke or extreme cold

(Figures 1.1 and 1.2) enter through the left column as shifts in the operating point and

discrete updates to K(t). Both classes of uncertainty force the linearization itself to be

re-evaluated as the system evolves, which is the operational reason a closed-loop framework

is needed in the first place.

The next chapter builds on this linearized model and the reference allocation Href devel-

oped here. Where this chapter treats virtual inertia as a structural parameter inside A,

Chapter 3 treats it as a control action delivered through u(t). It does so by designing a

spatio-temporal physics-informed graph neural network (ST-GNN) and a reinforcement-

learning controller that act on the same two channels of Figure 2.9 under topology change

and uncertainty.
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Chapter 3

Spatio-Temporal Physics-Informed

GNN with Reinforcement Learning

Control

The electromechanical analysis developed in Chapter 2 shows that small-signal stability

in low-inertia transmission systems is governed by quantities that are both spatially dis-

tributed and time varying. In the linearized model of (2.22), the state matrixA(M,D,Kf , K)

depends explicitly on the inertia distribution, damping, frequency-dependent load effects,

and the coupling matrix associated with the prevailing operating point and network topol-

ogy. As a result, the modal properties used to assess stability, including eigenvalues,

damping ratios, and modal sensitivities, are not fixed network characteristics, but vary

with loading conditions, dispatch, renewable injections, and topology changes. Conse-

quently, any framework intended to support stability online must account for both tem-

poral evolution of the electrical state and repeated changes in the graph structure of the
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network.

Furthermore, the stability support cannot be treated as a purely local control prob-

lem. The sensitivity expressions derived in Chapter 2 indicate that the effect of bus-level

inertia changes depends on the global modal structure of the system, as captured by the

eigenstructure of A(M,D,Kf , K). In particular, the bus-level criticality measures and

the constrained allocation problem in (2.41) establish that the stabilizing value of virtual

inertia depends on where it is placed within the network and how that placement inter-

acts with the current topology. This implies that inertia support should remain explicitly

guided by a topology-aware spectral criterion rather than being determined only from local

measurements or unconstrained learned correlations.

At the same time, the open-loop formulation of Chapter 2 is not sufficient for opera-

tional use under evolving conditions. The analysis there provides modal assessment and

a reference virtual inertia profile for a given operating point and topology, but practical

transmission-system operation requires these quantities to be updated sequentially as the

system evolves. Load and renewable variability alter the system state over time, while out-

ages, switching actions, and reconfiguration events modify the active set of transmission

corridors and hence the coupling matrix K. Under these conditions, the stability-relevant

quantities derived from the linearized model must be embedded within a closed-loop frame-

work that can repeatedly observe the current state, anticipate its near-term evolution, and

coordinate corrective actions over successive decision intervals. Figure 3.1 provides an in-

tuitive interpretation of the transition from the open-loop analysis of Chapter 2 to the

closed-loop framework developed here. The left panel represents the nominal operating

condition in which the network remains well behaved around the current equilibrium. The

middle panel illustrates how a contingency and the associated topology change can re-

distribute electromechanical stress and alter the locations at which stability support is

66



most valuable. The right panel indicates that the corrective response is not uniform across

the network, but must instead be directed to selected buses and updated as the state

evolves. For this reason, the stability-support problem requires a framework that com-

bines topology-aware reference generation, prediction of near-term system evolution, and

sequential coordination of control actions.

These requirements motivate the structure adopted in this chapter. Since the network

state evolves over both space and time, the power system is represented as a spatio-temporal

graph whose nodes and edges carry the electrical quantities required for prediction and con-

trol. Since the relevant stability information remains encoded in the modal structure of

the linearized electromechanical model, the eigenvalue-sensitivity analysis of Chapter 2 is

retained as a spectral module that computes a topology-aware reference virtual inertia

allocation. Since the operational problem is sequential and involves multiple coupled con-

trol actions, including redispatch, demand-side intervention, and inertia adjustment, the

control layer is formulated as a reinforcement learning policy acting over repeated decision

intervals rather than as a one-step allocation mechanism.

Accordingly, the proposed framework combines three complementary components, each

Normal state After Contingency Controlled Response

Line outage t + 1

Line outage

Stressed buses

Support buses

Predicted near future

Affected buses

Normal buses

Renormlized buses

Figure 3.1: Conceptual illustration of the motivation for the proposed closed-loop framework. Under nor-
mal conditions, the network operates with balanced electromechanical behaviour. Following a contingency,
a topology change redistributes power transfers and concentrates modal stress on a subset of buses and
corridors.
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introduced by the structure of the problem rather than by algorithmic preference alone. A

spectral-sensitivity module evaluates the current operating condition and topology through

the linearized model and produces the reference inertia profile Href . A spatio-temporal

physics-informed graph neural network processes recent graph-structured system trajec-

tories and predicts the short-term evolution of key electrical variables. A reinforcement

learning policy then determines coordinated control actions using the present state and

the predicted near-term system evolution. A supervisory coordination layer reconciles the

policy output with the spectral reference and enforces operational feasibility before the

executed action is applied to the grid.

Therefore, the linearized electromechanical model in (2.22) remains the physical basis

of the formulation, and the sensitivity-guided allocation in (2.41) remains the source of

the reference inertia signal. The additional development introduced here is the closed-

loop machinery required to use these quantities repeatedly under time-varying operating

conditions and network topologies. The chapter therefore extends the open-loop spectral

analysis of Chapter 2 into a prediction-and-control architecture for adaptive, topology-

aware stability support. Next, Section 3.1 presents the closed-loop system architecture and

its operational workflow. Section 3.2 introduces the spatio-temporal graph representation

used to model the evolving power network. The subsequent sections then present the

control formulation, the spectral-sensitivity-based reference allocation, the spatio-temporal

physics-informed graph neural network, and the supervisory coordination mechanism used

to combine physics-based guidance with closed-loop decision-making.
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(Eigen-Sensitivity)
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(RL Policy)
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(Feasibility)
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Predictor
(ST-GNN)

Href

Figure 3.2: Conceptual closed-loop interaction between prediction, control, and the power grid environ-
ment.

3.1 Closed-Loop System Architecture

To integrate the identified requirements of physics-based analysis, spatio-temporal system

evolution, and continuous reinforcement-learning-based control, we develop a closed-loop

framework that operates as an integrated prediction-and-decision system. At each control

interval, the framework observes the current grid state, predicts its near-term evolution,

and determines coordinated control actions based on both the measured and predicted

operating conditions. Rather than treating prediction, optimization, and control as sep-

arate processes, the proposed architecture embeds them within a unified feedback loop

for topology-aware stability support under evolving operating conditions. This process is

illustrated conceptually in Fig. 3.2, where components interact with the grid environment

in a closed loop. The operational sequence begins with the grid environment providing the

current system state. This state is then processed by the prediction module to estimate

the network’s near-term evolution. Based on both the observed and predicted states, the

control module determines a candidate action, which the coordinator then verifies to en-

sure feasibility and operational constraints are met before execution. The resulting system
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response forms the updated state for the next decision interval, thereby completing the

closed-loop cycle.

The grid environment block in Fig. 3.2 is instantiated as the IEEE 118-bus transmission net-

work. It simulates system operation under AC power-flow conditions with line-switching

contingencies. System evolution follows the electromechanical dynamics introduced in

Chapter 2, described by the linearized state-space formulation (2.22), where the matri-

ces M , D, and K characterize the inertia distribution, damping properties, and network

coupling structure, respectively. At each time step, the environment provides observable

bus-level state variables including voltage magnitudes Vi(t), voltage angles θi(t), active

power injections Pi(t), and virtual inertia allocations Hi(t), which together constitute the

state information available to the control policy. These state variables are derived from

the underlying AC power-flow simulation and associated load–generation models within

the environment.

As shown in the spectral guidance block of Figure 3.2, the spectral-sensitivity module

receives the current network Laplacian L(t) and inertia matrix M(t) and evaluates the

eigenvalue sensitivities of the linearized system matrix A(M, t) using the first-order sensi-

tivity formulation in (2.29). These sensitivities are then aggregated into bus-level criticality

scores gi, as defined in (2.30), which quantify how much a marginal change in inertia at

bus i affects the damping of the critical electromechanical modes, that is, the dominant

low-frequency oscillations in the system. Using these scores, the module solves the budget-

constrained virtual inertia allocation problem in (2.41) to obtain a reference inertia profile

Href , thereby identifying the buses where additional inertia provides the strongest stabiliz-

ing influence on the least-damped modes.

In the predictor in Fig. 3.2, the spatio-temporal graph neural network (ST-GNN) processes

a short history of system states (st−k, . . . , st) together with the current network topology. It
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interprets each time step as a graph (with buses as nodes and transmission lines as edges),

so the input becomes a sequence of graph-structured observations. By learning spatial

dependencies across buses and temporal correlations in system evolution, the ST-GNN

produces one-step-ahead predictions of key grid variables, including bus voltage magnitudes

V̂i(t+1), voltage angles θ̂i(t+1), demand D̂i(t+1), generation Ĝi(t+1), and virtual inertia

Ĥi(t + 1). These predictions provide situational awareness of the system’s near-future

operating conditions under evolving load patterns, control actions, and topology changes.

In the control layer of Fig. 3.2, the reinforcement learning (RL) policy receives the current

system state st along with the ST-GNN predictions and outputs a real-valued (continuous)

action vector at, meaning that each entry of at is a numerical control signal (generator

dispatch, demand response or load shed, or seconds of virtual inertia) rather than a discrete

on or off choice; these signals specify the next-step generator dispatch, demand-response

levels, load-shedding amounts, and virtual inertia allocations across the network.

The coordinator in Fig. 3.2 is a supervisory coordination layer that combines the RL

proposal with the spectral reference inertia profile Href using a blending-and-projection

mechanism that enforces operational constraints, including inertia bounds, generation lim-

its, and power-balance feasibility. The resulting feasible control action is then applied to

the grid environment, which evolves to a new system state and returns a reward signal re-

flecting both economic costs and stability objectives. This closed-loop interaction repeats

at each decision interval, enabling adaptive placement of virtual inertia and coordinated

grid control under varying operating conditions and network topologies.

To complement the conceptual closed-loop interaction shown in Fig. 3.2, Algorithm 3.1

summarizes the operational workflow executed at each decision interval. The algorithm

provides a stepwise representation of the interaction among prediction, physics-guided al-

location, control, and system evolution within the closed-loop framework. Algorithm 3.1
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Algorithm 3.1 Closed-Loop Decision Cycle of the Framework

Input: Time-varying grid G(t), feasible sets U and H

1: Initialize: node features xt, edge features et, inertia state Ht

2: for each control interval t do

3: Observe current state st = {xt, et}

4: Compute embeddings; predict V̂
(t+1)
i , δ̂

(t+1)
i , and Ĥ

(t+1)
i

5: Compute physics-guided reference inertia allocation Href(t)

6: Determine control action at

7: Extract inertia adjustment ∆Ht from at

8: Enforce feasibility constraints to obtain executed inertia Ht+1 ∈ H

9: Apply the coordinated control action, including Ht+1, to the grid environment

10: Observe next state st+1 and reward rt

11: Record transition data (st, at, rt, st+1) for analysis and evaluation

12: end for

makes explicit the temporal ordering of the decision variables and the closed-loop interac-

tion between the predictive, physics-guided, control, and grid-environment layers at each

interval t. In particular, the grid environment acts as the physical system within the feed-

back loop. Following execution of the coordinated control action, the system evolves to

the next operating condition and returns the updated state st+1 together with the reward

signal rt, which are then fed back into the subsequent decision interval. In contrast to the

conceptual loop shown in Fig. 3.2, the algorithm introduces the time-indexed variables st,

at, rt, st+1, and G(t), thereby clarifying how the framework transitions from one operat-

ing point to the next under evolving topology and control actions. This formal stepwise

representation provides the basis for the graph-based Markov decision process formulation

introduced in the following section.

Next, the spatio-temporal graph representation of the power network used in the proposed

framework is introduced; it provides the basis for the subsequent state, action, and reward

formulations.
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3.2 Spatio-Temporal Graph Representation

To enable the learning and control framework to process both the physical structure of

the power network and its temporal evolution, the transmission grid is represented as a

spatio-temporal graph. In this representation, each bus is treated as a node, and each

transmission line is treated as an edge connecting two nodes. This graph-based view

allows the framework to capture how electrical quantities evolve across both space, through

network connectivity, and time, through changing operating conditions, contingencies, and

switching events. The resulting representation provides the mathematical foundation for

the ST-GNN predictor and the subsequent control formulation.

Formally, the power grid at time t is represented as

G(t) = (V , E(t)) ,

where V denotes the set of buses in the transmission network and E(t) denotes the set of

transmission lines that are in service at time t.

To mathematically describe how buses are interconnected, the network topology is repre-

sented using an adjacency matrix A(t) ∈ R
|V|×|V|. This matrix records which buses are

directly connected by transmission lines at time t. Specifically, Aij(t) = 1 if a transmission

line between buses i and j is in service, and Aij(t) = 0 otherwise.

From this connectivity structure, the corresponding degree matrix D(t) is constructed,

where each diagonal entry Dii(t) =
∑

j Aij(t) gives the number of lines connected to bus i.

Using these two matrices, the combinatorial graph Laplacian is defined as

L(t) = D(t)− A(t). (3.1)
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This Laplacian provides a compact mathematical description of how each bus interacts

with its neighbouring buses through the network structure.

For power-system analysis, the interaction between buses also depends on the electrical

characteristics of the transmission lines, rather than only on whether a connection exists.

To capture this, a susceptance-weighted Laplacian LB(t) is introduced, whose off-diagonal

entries are given by (LB)ij(t) = −Bij for i ̸= j, while the diagonal entries satisfy (LB)ii(t) =
∑

k ̸=i Bik. This weighted Laplacian captures both the physical network connectivity and

the electrical strength of coupling between buses.

Due to changes in the transmission network during operation, events such as line outages,

switching actions, and contingency responses are represented as updates to the graph con-

nectivity over time. In this work, these changes are modelled as piecewise-constant updates

to the adjacency matrix A(t) at discrete-event times, so that the network topology is up-

dated only when a switching, outage, or contingency event occurs. Each topology update

changes the susceptance-weighted Laplacian LB(t) and, consequently, the electrical cou-

pling matrix K(t) introduced in Chapter 2. Changes in the physical network configuration

therefore directly alter the electromechanical interactions among buses.

The framework is designed to handle N−1 and N−2 contingencies, which represent the

loss of one or two transmission elements. Beyond this range, such as simultaneous loss

of three or more elements (N−x, x > 2), the graph Laplacian update may disconnect

portions of the network, violating the connectivity assumption underlying the Lyapunov

stability guarantee of Theorem 3.1. In such cases, the spectral allocator’s first-order sen-

sitivity estimates also become unreliable, as the linearization point shifts abruptly. The

N−2 boundary therefore reflects a practical operating envelope rather than a fundamen-

tal algorithmic limit, and extension to more severe contingencies would require explicit

multi-island control logic.
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As a result, the linearized swing dynamics can be written in terms of the time-varying

state matrix

A(M,D,K(t)) =




0 I

−M−1K(t) −M−1D



 , (3.2)

where M denotes the diagonal inertia matrix and D denotes the damping matrix. The

eigenstructure of A(M,D,K(t)) determines the oscillatory stability behaviour of the net-

work, including the damping of critical electromechanical modes.

To represent the evolving operating condition of the grid at each decision interval, every

bus n ∈ V is associated with a node-level feature vector

xn
t = {P n

d,t:t+T , Q
n
d,t:t+T , P

n
g,t, Q

n
g,t, V

n
t , δ

n
t , H

n
t }, (3.3)

which collects the key electrical quantities associated with each bus, including the fore-

casted active and reactive power demands P n
d,t:t+T and Qn

d,t:t+T over the prediction horizon

T , the active and reactive generation injections P n
g,t and Qn

g,t, the bus voltage magnitude

V n
t , the voltage phase angle δnt , and the effective inertia constant Hn

t applied at bus n. In

this work, the prediction horizon is set to T = 6 time steps, corresponding to 30 minutes

at a 5-minute control resolution.

The graph-structured system state at time t is therefore defined by the pair

st = {G(t), xt}, (3.4)

where G(t) captures the time-varying network topology and xt = {x
n
t }n∈V collects the bus-

level operating variables. This graph-based state representation serves as the input to the

ST-GNN predictor and as the system state for the subsequent control formulation.
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In addition to this operational graph representation, graph-structural descriptors are intro-

duced later for post-hoc interpretability analysis of the trained ST-GNN. These descriptors

are used to examine how the model’s predicted virtual inertia allocation depends on net-

work structure and are not part of the online state definition.

3.3 Spatio-Temporal Physics-Informed Graph Neural

Network

The spatio-temporal physics-informed graph neural network (ST-GNN) serves as the pre-

dictive core of the proposed framework and operates on the graph-structured state rep-

resentation introduced in Section 3.2. It processes a temporal sequence of historical grid

states together with the evolving network topology to generate one-step-ahead predictions

of key state variables required for control and stability assessment. Specifically, the ST-

GNN consumes a history window of T recent system states {st−T+1, . . . , st} and produces

one-step-ahead predictions of bus voltage magnitudes, voltage angles, virtual inertia alloca-

tions, and auxiliary physical quantities required by the physics-informed training objective

and the subsequent control and coordination stages.

Two boundary conditions arise in practice. At system startup or after a cold restart, the

history window {st−T+1, . . . , st} is not fully populated. In this case, the missing entries are

padded with the steady-state nominal operating point, providing a neutral initialization

that avoids arbitrary extrapolation. When a previously lost transmission line reappears,

the adjacency matrix A(t) is updated at the next decision interval to reflect the restored

connection. Entries in the history window that predate the restoration retain the pre-

reappearance topology, introducing a brief transient in the spatial embeddings until the
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window slides past the switching event. This transient is bounded in duration by the

window length T and is acknowledged as a limitation of the fixed-window architecture.

To realize this mapping from historical graph states to predicted system variables, the ST-

GNN is decomposed into three components: a spatial graph encoder, a temporal encoder,

and a set of task-specific prediction heads. The spatial graph encoder extracts topology-

aware node embeddings at each time step, the temporal encoder processes the resulting

embedding sequence over the history window, and the prediction heads map the aggregated

latent representation to the required outputs.

3.3.1 Architecture Overview and Design Rationale

Figure 3.3 summarizes the construction of the network and the flow of information through

it. The ST-GNN architecture consists of three sequentially composed components.The

spatial graph encoder applies a stack of graph convolutional network (GCN) layers to ex-

tract topology-aware node embeddings at each time step, propagating information across

neighbouring buses according to the normalized adjacency operator. The temporal en-

coder, implemented as a Temporal Convolutional Network (TCN), processes the ordered

sequence of spatial embeddings over the history window to capture the dynamic evolution

of grid states. Finally, a set of task-specific prediction heads maps the aggregated latent

representation to the required output quantities: bus voltage magnitudes, voltage angles,

virtual inertia allocations, and auxiliary physical quantities used in the physics-informed

training objective.

The GCN backbone was selected over alternative aggregation schemes, including Graph

Attention Networks (GAT) and Graph Isomorphism Networks (GIN), based on empirical

evaluation on the IEEE 118-bus system. On a fixed and known topology, symmetric degree-
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normalized aggregation is sufficient to capture the spatial coupling structure, and learned

attention weights or injective aggregation provide no measurable benefit while increasing

model complexity. The TCN is preferred over recurrent architectures for the temporal

component due to its parallelizable training, stable gradient behaviour over long history

windows, and competitive accuracy on sequential grid-state data.

Node
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Message
Passing

neighbours exchange info

Aggregation

normalised sum,

update embedding

Activation

nonlinearity for

complex behaviour

Stacked GNN
Layers

L layers= L hops

Prediction

heads:V̂ , δ̂, Ĥ
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supervised + physics

W
(1)

(learnable)

W
(2)

(learnable)

W
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(learnable)

Back-propagation

Gradients update weights to minimize prediction error

Figure 3.3: Construction of the graph neural network used in the ST-GNN predictor. Node features are
propagated through message passing, degree-normalized aggregation, and nonlinear activation, with L

stacked layers giving each bus an L-hop receptive field over the network. The prediction heads output
V , δ, and H, and the composite supervised and physics-informed loss in (3.13) drives back-propagation,
which updates the learnable weight matrices W (ℓ) at each layer.

For each time step t, let Xt ∈ R
|V|×F denote the node-feature matrix and let At ∈ R

|V|×|V|

denote the adjacency matrix of the corresponding graph. Define the self-loop-augmented

adjacency matrix Ãt = At + I and its associated degree matrix D̃t = diag
(∑

j(Ãt)ij
)
. The

normalized graph propagation operator is then given by

St = D̃
−1/2
t ÃtD̃

−1/2
t .

The spatial graph encoder is implemented as a stack of graph-convolution layers. Setting

H
(0)
t = Xt, the layer-wise propagation is written as

H
(ℓ+1)
t = σ

(

StH
(ℓ)
t W

(ℓ)
S

)

, ℓ = 0, . . . , LS − 1, (3.5)
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where W
(ℓ)
S denotes the trainable weight matrix of the ℓth spatial layer and σ(·) denotes

the activation function. The final spatial embedding at time t is therefore

Zt = H
(LS)
t = ΦS(Xt, At). (3.6)

The normalization St = D̃
−1/2
t ÃtD̃

−1/2
t implements symmetric degree scaling of the adja-

cency operator. Consequently, the contribution transmitted across an edge is weighted by

the inverse square root of the degrees of its incident nodes, which balances message prop-

agation across sparsely and densely connected buses, preserves symmetry for undirected

graphs, and improves numerical stability. The exponent −1
2
thus arises directly from the

inverse square-root degree normalization used to construct the symmetric graph filter.

The spatial encoder is applied before the temporal encoder by design. Power network

topology imposes a fixed coupling structure on bus interactions: the graph Laplacian

encodes how disturbances at one bus propagate to neighbouring buses through transmis-

sion lines. Resolving these spatial dependencies first produces node embeddings that are

topology-consistent at each time step. The temporal encoder then tracks how these spa-

tially coherent embeddings evolve over the history window. Reversing this order would

mix temporal dynamics before the spatial structure is resolved, producing embeddings

that conflate network-propagation effects with time-varying load and generation changes,

making the learned representations harder to interpret and less generalizable to unseen

topologies.

While the spatial encoder captures the network structure at each time step, the grid also

exhibits strong temporal dependencies. To model these dynamics, the ordered sequence

of spatial embeddings over the history window is denoted by Zt = (Zt−T+1, . . . , Zt) and

is processed by a temporal encoder based on a Temporal Convolutional Network (TCN).
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Figure 3.4: Temporal convolutional structure used to illustrate the temporal encoder ΦT ; (a) dilated causal
hierarchy, (b) generic residual block, and (c) residual block example for k = 3 and d = 1.

Let ΦT (·) denote the temporal encoder. The corresponding temporally encoded sequence

is then written as

Ut = ΦT (Zt) = (ut−T+1, . . . , ut) , (3.7)

where each uτ denotes the temporal representation associated with time index τ . In the

present framework, ΦT is implemented as a causal temporal-convolution stack whose ef-

fective receptive field increases with depth, so that the encoded representation at time

t depends only on the historical embeddings in the window (Zt−T+1, . . . , Zt) and not on

future information.

Figure 3.4 clarifies the structure of the temporal encoder used in the proposed ST-GNN.

Figure 3.4a shows how causal convolutions with increasing dilation enlarge the effective

receptive field over the history window. Figure 3.4b shows the internal composition of a

generic residual block, including the dilated causal convolutions, normalization, nonlinear-

ities, dropout, and skip path. Figure 3.4c provides a concrete example for kernel size k = 3

and dilation d = 1, illustrating how the convolutional filter and identity mapping combine
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locally. Together, these panels show how the temporal encoder captures both short-range

and longer-range temporal dependencies before attention-based aggregation.

The encoded temporal features are then aggregated using an attention mechanism. For

each τ ∈ {t− T + 1, . . . , t}, define

ατ =
exp

(
q⊤uτ

)

∑t
k=t−T+1 exp(q

⊤uk)
, (3.8)

where q is a learnable query vector. The final temporally aggregated latent representation

is then given by

ht+1 =
t∑

τ=t−T+1

ατ uτ . (3.9)

This attention mechanism assigns greater weight to time steps that are most informative

for prediction, such as those immediately following a disturbance or topology change.

The aggregated latent representation ht+1 is then passed to a collection of task-specific

prediction heads. These heads produce the next-step voltage magnitude V̂
(t+1)
i , voltage

angle δ̂
(t+1)
i , auxiliary value estimate V̂ π(st), virtual inertia allocation Ĥ

(t+1)
i , predicted

demand P̂
(t+1)
d,i , predicted net active-power injection P̂ inj

i (t + 1), and predicted line flow

f̂ij(t+ 1). The quantities P̂ inj
i (t+ 1) and f̂ij(t+ 1) are auxiliary physics heads introduced

to support the physics-informed training objective; they are not required as primary con-

trol outputs, but they enable direct enforcement of nodal and corridor-level consistency.

Collectively, these outputs provide the predictive quantities required by the subsequent

control, coordination, and physical regularization stages.

Figure 3.5 summarizes the overall ST-GNN architecture. Historical graph states over

a time window are first provided as input, including the node-feature matrices and the

time-varying network topology. These inputs are processed by the spatial graph encoder
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ΦS, implemented as a stack of graph-convolution layers, to produce topology-aware node

embeddings at each time step. The resulting embedding sequence is then processed by

the temporal encoder ΦT , implemented as a Temporal Convolutional Network, and subse-

quently aggregated by an attention mechanism to produce a latent representation for the

next prediction step. This latent representation is finally passed to several task-specific

heads that output next-step voltage magnitudes and angles, the auxiliary value estimate,

the bus-wise virtual inertia allocation, and the auxiliary physical quantities used by the

training objective. A physics-informed loss at the output layer encourages these predictions

to satisfy basic network laws and operational constraints.

The ST-GNN is trained using a composite objective that combines supervised predic-

tion terms with physics-informed regularization. This design is motivated by the role of

the predictor within the closed-loop framework. The network must reproduce the state-

transition patterns observed in the training trajectories so that its outputs remain useful

for short-horizon prediction and control. At the same time, prediction accuracy alone is not

sufficient in power-system applications, because a purely data-driven model may fit histor-

ical trajectories while violating fundamental physical laws or operating constraints. The

training objective is therefore constructed to enforce both predictive fidelity and physical

consistency.

Accordingly, the overall loss is decomposed as

L = Lsup + Lphys, (3.10)

where Lsup denotes the supervised prediction loss and Lphys denotes the physics-informed

regularization term.
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The supervised component is defined as

Lsup = E

[

|V (t+1)
i − V̂

(t+1)
i |2 + λ|δ(t+1)

i − δ̂
(t+1)
i |2

+ µ|V π(st)− V̂ π(st)|
2 + ν|H(t+1)

ref,i − Ĥ
(t+1)
i |2

+ β|P (t+1)
d,i − P̂

(t+1)
d,i |

2
]

,

(3.11)

Historical Graph States

Attention aggregation

Primary heads

Spatial Graph Encoder, ΦS

Zt = ΦS(Xt ,At)

V̂i , δ̂i , Ĥi , V̂
π, P̂d ,i

Node features Xt , Adjacency A(t)

Physics-Informed Loss

over time window

Temporal Graph Encoder, ΦT

Ut = ΦT (Zt)

ht+1 =
∑

τ
ατuτ

Auxiliary heads

P̂
inj
i , f̂i j

Nodal power balance (KCL)

Lkv

Lv

Lf

Flow–angle consistency

Voltage limits

Flow aggregation

Lk

Figure 3.5: Architecture of the proposed spatio-temporal physics-informed graph neural network (ST-
GNN). The forward path consists of a spatial graph encoder ΦS , a temporal encoder ΦT , attention-based
temporal aggregation, and task-specific prediction heads. The auxiliary physics heads support the physics-
informed loss, while saliency analysis is performed post hoc on the trained model. The rationale for
performing spatial encoding prior to temporal encoding is discussed in Section 3.3.
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where H
(t+1)
ref,i denotes the reference inertia allocation provided by the spectral-sensitivity

module introduced later in Section 3.4. The terms in (3.11) penalize errors in next-step volt-

age magnitude, voltage angle, auxiliary value estimation, reference virtual inertia tracking,

and demand prediction, respectively. The coefficients λ, µ, ν, and β balance the relative

influence of these learning targets. The physics-informed component is written as

Lphys = αkLk + αvLv + αfLf + αkvLkv, (3.12)

where αk, αv, αf , and αkv are nonnegative weighting coefficients. These terms penalize

deviations from power-balance relations and operating limits, thereby encouraging the

predictor to remain compatible with the electromechanical structure of the network even

when the operating condition differs from those observed during training.

Combining (3.11) and (3.12), the overall training objective becomes

L = E

[

|V (t+1)
i − V̂

(t+1)
i |2 + λ|δ(t+1)

i − δ̂
(t+1)
i |2

+ µ|V π(st)− V̂ π(st)|
2 + ν|H(t+1)

ref,i − Ĥ
(t+1)
i |2

+ β|P (t+1)
d,i − P̂

(t+1)
d,i |

2
]

+ αkLk + αvLv + αfLf + αkvLkv.

(3.13)

First, to enforce nodal active-power consistency, a penalty term based on Kirchhoff-type

active-power balance is introduced as

Lk =
∑

i∈V

∣
∣
∣
∣
∣
∣

P̂ inj
i (t+ 1)−

∑

j∈N (i)

Bij

(
δ̂
(t+1)
i − δ̂

(t+1)
j

)

∣
∣
∣
∣
∣
∣

2

, (3.14)

where N (i) denotes the set of buses adjacent to bus i and Bij denotes the line susceptance.
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This term penalizes mismatches between the predicted net nodal injection and the network

power transfer implied by the predicted voltage-angle differences. It therefore discourages

state predictions that violate nodal power balance.

Next, to enforce consistency between predicted line flow and angle difference across each

transmission corridor, a DC power-flow consistency term is introduced as

Lkv =
∑

(i,j)∈E

∣
∣
∣f̂ij(t+ 1)−Bij

(
δ̂
(t+1)
i − δ̂

(t+1)
j

)
∣
∣
∣

2

. (3.15)

This term penalizes discrepancies between the predicted line-flow quantities and the flows

implied by the predicted bus-angle differences, thereby enforcing consistency between nodal

states and corridor-level behaviour.

In addition, the voltage-limit penalty

Lv =
∑

i∈V

[

max(0, Vmin − V̂
(t+1)
i )2 +max(0, V̂

(t+1)
i − Vmax)

2
]

(3.16)

penalizes predicted voltages that fall below the lower operating bound Vmin or exceed

the upper operating bound Vmax. This term encodes feasibility with respect to standard

voltage-security limits and discourages the predictor from producing physically implausible

voltage levels.

Finally, to preserve consistency between bus-level injection and corridor-level flow descrip-

tions, a flow-aggregation penalty is introduced as

Lf =
∑

i∈V

∣
∣
∣
∣
∣
∣

P̂ inj
i (t+ 1)−

∑

j∈N (i)

f̂ij(t+ 1)

∣
∣
∣
∣
∣
∣

2

. (3.17)

This term links the auxiliary nodal and edge-level physics heads and improves internal
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consistency of the learned electrical representation.

Taken together, the supervised terms in (3.11) and the physics-informed penalties in (3.12)

ensure that the ST-GNN is trained not only to fit observed trajectories, but also to respect

the structural and operational constraints of the underlying power system. This is par-

ticularly important in the present framework, since the predicted states are subsequently

used by the control layer; physically inconsistent predictions would otherwise propagate

directly into the closed-loop decision process.

3.3.2 Post-Hoc Saliency Analysis of the Trained ST-GNN

In addition to predictive accuracy, it is also important to examine how the trained ST-

GNN uses network structure to generate its virtual inertia predictions. While the spectral-

sensitivity allocator provides a physics-grounded interpretation of inertia placement, the

learned model provides an implicit, data-driven mapping from graph structure and operat-

ing conditions to predicted inertia. To analyze this structural dependence, a gradient-based

saliency framework is employed as a post-hoc interpretability tool.

Because the ST-GNN predicts bus-wise virtual inertia through its inertia head, the saliency

analysis focuses on identifying the structural properties of the transmission network that

most strongly influence these predictions. In particular, the objective is to determine which

transmission corridors exhibit the greatest sensitivity of the learned inertia allocation to

perturbations in graph-structural descriptors.

To expose this structural sensitivity, each bus i ∈ V is associated with a vector of graph-

theoretic descriptors

zi = [di, ci, bi]
⊤,
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where di = deg(i)/maxj∈V deg(j) denotes the normalized degree, ci denotes the closeness

centrality, and bi denotes the betweenness centrality, all computed on the undirected bus-

line graph. These descriptors summarize the local and mesoscopic structural role of each

bus within the network.

Let the trained multitask ST-GNN produce the vector of bus-wise virtual inertia predictions

Ĥ(G) = [Ĥi]i∈V .

To quantify how this predicted inertia allocation depends on the structural descriptors,

define the scalar functional

ℓH(G) =
∑

i∈V

Ĥi, (3.18)

which aggregates the predicted inertia over the network.

The node-level saliency vector at bus i is then defined as the gradient of this functional

with respect to the descriptor vector of that bus,

gi = ∇zi
ℓH(G) ∈ R

3. (3.19)

The magnitude of this gradient reflects how strongly variations in the structural role of

bus i influence the model’s predicted inertia distribution.

To identify structurally critical transmission corridors, an edge-level saliency score is as-

signed to each transmission line (i, j) ∈ E as

sij = ∥gi − gj∥2. (3.20)

Large values of sij indicate interfaces at which small perturbations in the graph-structural
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(a) (b) (c)

Figure 3.6: Illustrative 5-bus example of the spectral-sensitivity-based virtual inertia allocation proce-
dure: (a) raw bus-level sensitivity scores obtained from aggregated eigenvalue sensitivities, (b) Laplacian-
smoothed topology-aware scores, and (c) the resulting constrained reference inertia allocation Href .

descriptors at the two endpoints produce markedly different effects on the aggregated

inertia prediction. In this way, edges with high saliency identify transmission corridors

where the learned model is most structurally sensitive in its virtual inertia allocation.

These edge-level saliency scores are visualized as saliency maps over the network graph,

enabling the identification of structurally influential corridors in the IEEE 118-bus system.

The corresponding results are presented in Chapter 4.

3.4 Spectral-Sensitivity for Virtual Inertia Allocation

The virtual inertia allocation module provides the physics-guided reference signal used by

the closed-loop framework. Its role is not to replace the sequential controller, but to gen-

erate, at each operating condition, a stability-oriented inertia profile derived directly from

the electromechanical model of Chapter 2. In that chapter, the small-signal dynamics were

written in the form ẋ = A(M,D,K(t))x+Bu, where the inertia matrixM , damping matrix

D, and topology-dependent coupling matrixK(t) jointly determine the modal properties of

the system. Since the critical electromechanical modes are governed by the eigenstructure

of A(M,D,K(t)), any reference allocation of virtual inertia should be derived from how
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localized inertia changes shift those modes rather than from a purely heuristic spatial rule.

This motivates the use of the eigenvalue sensitivity analysis derived in Chapter 2. The

objective here is to quantify how a marginal change in inertia at bus i affects the damping

of the critical oscillatory modes and to convert that information into a topology-aware

allocation signal. The overall procedure is illustrated conceptually in Fig. 3.6 using a

simple 5-bus example.

In the electromechanical model, virtual inertia enters through the effective inertia pa-

rameter at a bus. Equivalently, through the mapping between inertia constant and swing-

equation coefficient established previously, adjustments in Hi modify the corresponding

entry of the matrix M . Physically, this virtual inertia is realized by inverter-based active-

power control acting on a fast response time scale relative to the dominant electrome-

chanical oscillations. The role of the allocator is therefore to specify where fast synthetic

inertial support should be concentrated so that the least-damped modes are improved most

effectively under the current topology and operating point.

The sensitivity of an electromechanical eigenvalue λk with respect to the inertia parameter

Mi is obtained from first-order perturbation theory applied to the linearized state matrix

A(M,D,K(t)) defined in (3.2). Using the closed-form result derived from the Chapter 2

analysis, the modal sensitivity is written as

∂λk

∂Mi

=
1

M2
i

(vL,ωk,i )
∗
[

(KvR,θ
k )i +Di(v

R,ω
k,i )

]

(vLk )
†vRk

. (3.21)

This expression quantifies the first-order movement of mode k under a localized inertia

perturbation at bus i. In particular, its real part indicates whether an increase in inertia

shifts the corresponding mode leftward in the complex plane, thereby improving modal

damping, or rightward, thereby degrading it.
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To identify the buses at which inertia placement most effectively improves system stability,

the real parts of these sensitivities are aggregated over the set of critical oscillatory modes

K, yielding the bus-level sensitivity score

gi =
∑

k∈K

Re

{
∂λk

∂Mi

}

. (3.22)

Negative values of gi indicate that increasing inertia at bus i shifts the critical eigenvalues

further into the left half of the complex plane and therefore improves the damping of

the dominant electromechanical modes. In this sense, gi provides a direct physics-based

measure of the stabilizing value of inertia at each bus. A simple illustration of these raw

bus-level scores is shown in Fig. 3.6a.

Because the critical modes are shaped not only by individual buses but also by the network

corridors that couple them, a purely pointwise use of gi may produce spatially abrupt

allocations. To incorporate topological coherence, the raw sensitivity field is regularized

using the graph Laplacian:

g̃ = g − ρsLgg, (3.23)

where Lg is the bus-connectivity Laplacian and ρs is a smoothing coefficient. This operation

discourages sharp variations across electrically connected buses and therefore produces a

topology-aware allocation signal that better reflects corridor-level electromechanical struc-

ture. The effect of this smoothing step is illustrated in Fig. 3.6b.

Using the regularized sensitivity scores, the reference virtual inertia allocation is obtained
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by solving the constrained optimization problem

min
H

∑

i∈Ginv

g̃iHi

subject to
∑

i∈Ginv

Hi ≤ Htotal,

ϵM ≤ Hi ≤ Hmax, i ∈ Ginv,

Hi = Hreal
i , i ∈ Ggen.

(3.24)

Here, Ginv denotes the set of inverter-interfaced buses eligible for virtual inertia support,

Ggen denotes the set of synchronous-generator buses, Htotal is the total virtual inertia bud-

get, and Hmax is the per-bus upper bound. The lower bound ϵM ensures a strictly positive

admissible inertia level. Because the objective weights each candidate bus by its topology-

regularized stabilizing sensitivity, the solution prioritizes allocating inertia to those loca-

tions that provide the strongest first-order improvement in modal damping. The resulting

reference allocation for the illustrative example is shown in Fig. 3.6c.

It is important to distinguish the role of this allocator from that of the RL controller.

The optimization in (3.24) produces a reference profileHref by solving a fast, quasi-static al-

location problem at the current operating condition. It is therefore a model-based guidance

mechanism defined on the electromechanical time scale of the linearized system. By con-

trast, the RL controller operates sequentially over time, coordinating inertia adjustments

together with redispatch and load-control actions under uncertainty. The allocator thus

provides the stability-oriented baseline, while the controller determines how that baseline

should be tracked, blended, or adjusted sequentially.

The reference inertia allocation Href obtained from solving (3.24) is incorporated into

the closed-loop framework in two ways. First, it is embedded in the graph-based state
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representation so that the predictive and control modules remain informed by the cur-

rent physics-guided target allocation. Second, it serves as a reference signal within the

coordination mechanism shown later in Fig. 3.7, where the reinforcement-learning policy’s

proposed inertia adjustments are blended with the spectral reference before projection onto

the feasible set. In this way, the spectral allocator anchors the closed-loop policy to the

small-signal stability structure derived from the electromechanical model.

Therefore the reference profile Href can act as a topology-aware, physics-guided baseline

for control decisions aimed at maintaining system stability under evolving operating con-

ditions.

3.5 Markov Decision Process Formulation

The closed-loop control problem is formulated as a discrete-time Markov Decision Process

(MDP) in which the controller observes the current graph-structured grid state and selects

coordinated control actions over successive decision intervals. This formulation is not

introduced independently of the electromechanical model derived in Chapter 2; rather,

it provides a sequential decision-making layer around the topology-dependent dynamics

described by the linearized state-space model ẋ = A(M,D,K)x + Bu. In the present

framework, the MDP state transition represents the sampled evolution of these dynamics

under changing operating conditions, topology updates, and exogenous disturbances.

It is important to clarify the role of the physics model within the DRL framework. The

system model derived in Chapter 2 is not used by the PPO policy at inference time;

the policy maps directly from observed state st to action at without querying the swing

equations. Instead, the physics model enters the learning loop in three ways: it defines the

simulation environment in which the agent trains, it shapes the reward signal through the
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stability penalty rstabt which uses eigenvalue-based damping metrics, and it provides the

spectral reference Href that regularizes the inertia component of the policy output through

the blending-and-projection coordinator. The spectral guidance in Fig. 3.8 therefore enters

the DRL loop as a shaped reference signal, not as a policy input or a differentiable model.

This makes the framework model-informed rather than model-based in the strict sense.

Formally, the control problem is defined by the tuple (S,A, P, R, γ), where S denotes the

state space, A the action space, P the state-transition kernel, R the reward function, and

γ ∈ (0, 1) the discount factor.

The system state at decision interval t is given by

st = {G(t), xt}, (3.25)

where G(t) captures the time-varying network topology and xt collects the bus-level oper-

ating variables defined in Section 3.2. Through this definition, the MDP state retains both

the electrical operating condition and the topology-dependent structure that influences the

electromechanical spectrum through K(t).

The control action is defined at the bus level, reflecting the distributed nature of grid

support. For each bus n ∈ V , the action vector is

ant = {P n
g,t+1, Q

n
g,t+1, P

sh,n
t+1 , Qsh,n

t+1 , H
n
t+1}, (3.26)

where P n
g,t+1 and Qn

g,t+1 denote active and reactive redispatch at the next operating step,

P sh,n
t+1 and Qsh,n

t+1 denote controllable load-shedding actions, and Hn
t+1 denotes the com-

manded effective virtual inertia level. Generator buses in Ggen retain their physical inertia,

whereas only inverter-interfaced buses in Ginv are eligible for virtual inertia adjustment. In

93



this sense, Hn
t+1 should be interpreted not as an instantaneous change in physical inertia,

but as a control setpoint to be realized by inverter-based fast frequency support over the

subsequent control interval.

Demand response enters the framework as a projection only constraint rather than as a

primary control objective. The load-shedding components P sh and Qsh in (3.26) allow the

RL policy to modulate controllable loads within feasibility bounds, consistent with the

demand-response channel described in Chapter 2. This treatment keeps demand response

within the unified actuation framework without elevating it to a separate control layer,

preserving the consistency of the overall architecture.

The system evolves according to the stochastic transition

st+1 ∼ P ( · | st, at), (3.27)

which captures the sampled AC power-flow and electromechanical response of the grid

together with stochastic disturbances arising from load variability, renewable fluctuations,

and contingency events. The dependence of this transition on at reflects the fact that

redispatch, load control, and virtual inertia support all influence the subsequent operating

point and, through it, the effective damping and stability margins of the system.

The reward function is constructed to encode the two operational objectives that must be

balanced in closed-loop operation: economic efficiency and dynamic security. It is written

as

rt = recont + rstabt , (3.28)
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where the economic component penalizes costly redispatch and disruptive curtailment,

recont = −

[

αgCg(Pg,t+1) + αs

∑

n∈V

P sh,n
t+1

]

, (3.29)

and the stability component penalizes violations of voltage-security and modal-damping

requirements,

rstabt = −

[

αv

∑

n∈V

max
(
0, |V n

t+1 − V ∗
n | − ϵv

)
+ αζ

∑

k∈K

max
(
0, ζmin − ζk

)

]

. (3.30)

This reward construction is consistent with the Chapter 2 analysis: voltage deviation is

treated as an operational security indicator, while the damping-ratio penalty directly re-

flects the small-signal electromechanical objective of maintaining adequate modal damping

in the critical mode set K.

The reinforcement-learning agent seeks a policy that maximizes the expected discounted

cumulative reward,

π∗ = argmax
π

Eπ

[
∞∑

τ=0

γτrτ

]

. (3.31)

The associated value function is defined as

V π(st) = Eπ

[
∞∑

τ=t

γτ−trτ

∣
∣
∣
∣
∣
st

]

, (3.32)

and satisfies the Bellman recursion

V π(st) = Eπ[rt + γV π(st+1) | st] . (3.33)

This representation makes explicit that the value of the current state depends not only on
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the immediate effect of the present action, but also on its discounted long-term influence

on future stability and operating cost. In the proposed framework, this value function is

approximated by the learned critic.

3.6 Actor-Critic Policy Parameterization

Having defined the grid-control problem as an MDP, the next component of the framework

is the reinforcement-learning control policy that performs sequential decision-making under

evolving grid conditions. While the spectral allocator provides a topology-aware inertia

reference and the ST-GNN provides predictive state information, neither component alone

determines the coordinated control actions required for sequential operation. The policy

is therefore represented as

π(at | st),

which maps the current graph-structured system state to a continuous control action.

The policy receives the current state st, together with the learned spatio-temporal repre-

sentations generated by the ST-GNN and the spectral reference inertia profile Href(t), and

produces a distribution over the continuous action vector defined in (3.26). To support

continuous adjustment of redispatch, demand response, and virtual inertia, the controller

is implemented using an actor–critic architecture. The actor proposes the control action,

while the critic estimates the corresponding long-term value.

Both the actor and critic are implemented as multilayer perceptrons. For continuous con-

trol, the actor outputs the mean and standard deviation of a Gaussian action distribution,

allowing exploration during training. During evaluation, the mean action is applied directly

to ensure deterministic operation. The critic approximates the value function in (3.32),
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thereby supplying the state-value estimates required for policy improvement.

The policy is optimized using the clipped Proximal Policy Optimization (PPO) objective

with clipping parameter ϵclip = 0.2. The clipping mechanism restricts large policy updates

between successive training iterations and thereby improves training stability. The raw

policy output at specifies proposed redispatch, load-control, and virtual-inertia commands.

However, these proposed actions are not executed directly; instead, they are passed to the

supervisory coordination mechanism, where they are reconciled with the spectral reference

inertia profile and projected onto the feasible action set.

3.6.1 Spectral–RL Coordination and Stability Analysis

The role of the coordinator is to couple the adaptive flexibility of reinforcement learning

with the topology-aware stability guidance provided by the spectral allocator. The RL

policy is responsible for sequential correction and adaptation under uncertainty, but it

is not permitted to override the physics-guided stability logic arbitrarily. Instead, the

inertia-related component of the RL action is interpreted as a residual adjustment around

the reference allocation Href(t) derived from the Chapter 2 sensitivity analysis.

As illustrated in Fig. 3.7, the executed inertia command is computed through a blending-

and-projection mechanism. The coordinator first blends the RL proposal with the physics-

guided spectral reference and then projects the result onto the feasible inertia set. This

guarantees that the executed inertia command remains both physically admissible and

stability-oriented.

Formally, the executed inertia command is

Ht+1 = ΠH

[

(1− η)Href(t) + η
(
Ht +∆Ht

)]

, (3.34)
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u
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Figure 3.7: Blending-and-projection coordination mechanism used to reconcile the RL inertia proposal
with the spectral reference inertia profile before execution.

where η ∈ [0, 1] is the blending coefficient and ΠH[·] denotes projection onto the feasible

inertia set defined by (3.24). The parameter η governs the relative authority of the two

signals: small values keep the executed command close to the spectral reference, whereas

larger values allow stronger policy-driven adaptation.

The projection operator is defined by

ΠH[z] = arg min
H∈H
∥H − z∥22, (3.35)

which returns the closest feasible inertia allocation to a candidate vector z in the Euclidean

norm. Since the feasible set is determined by lower and upper bounds together with a total

inertia budget, this projection can be computed efficiently while ensuring realizability

of the final command. In physical terms, the coordinator ensures that the commanded

virtual inertia remains compatible with the device-level and system-level limits under which

inverter-based fast response can be delivered over the control interval.

The stability implications of this coordination mechanism can be analyzed using the Lya-

punov energy function

V (θ, θ̇, t) =
1

2
θ̇⊤M(t)θ̇ +

1

2
θ⊤L(t)θ, (3.36)
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where L(t) is the weighted network Laplacian capturing the synchronizing coupling among

buses. Between switching events, the derivative of V satisfies

V̇ = −θ̇⊤Dθ̇ ≤ 0,

So the energy is non-increasing whenever the damping matrix is positive definite.

Because both inertia allocations and network topology evolve in a piecewise-constant man-

ner, the closed-loop system is naturally interpreted as a switched dynamical system. The

purpose of the coordinator is therefore not only to enforce feasibility, but also to preserve

the boundedness assumptions under which the Chapter 2 stability analysis remains valid.

Under these conditions, the same Lyapunov function can be used across all admissible

topologies and inertia updates, yielding the following result.

Theorem 3.1 (Uniform Asymptotic Stability). Consider the grounded swing dynamics

ẋ(t) = A(M(t), t)x(t)

with u(t) ≡ 0, where the grounded Laplacian L(t) is positive definite, D = diag(Di) ≻ 0 is

fixed, and each inertia satisfies

0 < mlo ≤Mi(t) ≤ mhi <∞

for all t. Suppose L(t) and M(t) vary in a piecewise-constant manner. Then the origin

is a uniformly asymptotically stable equilibrium for any admissible evolution of L(t) and

M(t). In particular, stability is preserved under any sequence of blended-and-projected

updates (3.34) satisfying the feasibility constraints of (3.24).
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Proof (summary). Define the energy function

V (θ, θ̇, t) =
1

2
θ̇⊤M(t)θ̇ +

1

2
θ⊤L(t)θ.

Uniform bounds on M(t) together with positive definiteness of the grounded Laplacian

imply that V is uniformly positive definite and radially unbounded with respect to the

grounded state. Between switching instants,

V̇ = −θ̇⊤Dθ̇ ≤ 0.

At switching instants, the value of V may change, but the same quadratic bounds continue

to hold because M(t) and L(t) remain in a uniformly bounded admissible family. The only

invariant set for which V̇ = 0 is

{θ̇ = 0, L(t)θ = 0} = {(0, 0)},

since the grounded Laplacian is positive definite for every admissible topology. Uni-

form asymptotic stability then follows from the LaSalle–Yoshizawa invariance argument

for piecewise-constant switched systems.

Corollary 3.1 (Stability under Blended Allocations). Under the assumptions of Theo-

rem 3.1, let Ht+1 be generated by (3.34) for any η ∈ [0, 1] and projected onto the feasible

set H. Then the corresponding inertia matrix satisfies the uniform bounds required by The-

orem 3.1. Consequently, the grounded swing dynamics remain uniformly asymptotically

stable under any admissible sequence of blended-and-projected inertia updates.

It is important to note that the stability guarantee of Theorem 3.1 is conditional. It

holds provided the network graph remains connected between switching events, the inertia
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Algorithm 3.2 Closed-Loop Coordination of RL Actions with Spectral Inertia Guidance

1: Input: Time-varying grid G(t), feasible sets U ,H
2: Initialize: node features xt, inertia state Ht

3: for each control interval t do
4: Observe state st = {G(t), xt}
5: Compute embeddings and predict V̂ (t+1), δ̂(t+1), and Ĥ(t+1)
6: Compute spectral reference Href(t) via (3.21)–(3.24)
7: Compute control action at = π(st) using (3.26)
8: Extract inertia adjustment ∆Ht from at
9: Compute Ht+1 = ΠH[(1− η)Href(t) + η(Ht +∆Ht)]
10: Apply control (Pg, Qg, P

sh, Qsh,Ht+1) to the grid
11: Observe st+1 and reward rt
12: Store (st, at, rt, st+1)
13: end for

values stay within the bounds [mlo,mhi] enforced by the feasibility projection, and the

disturbance input satisfies u(t) ≡ 0 in the grounded swing model. Under severe multi-

element contingencies that disconnect the network, or under large exogenous disturbances

that push the system far from the linearization point, these conditions may not hold and

the guarantee does not extend. The stability claim should therefore be understood as a

conditional formal guarantee within the stated operating envelope, not an unconditional

property of the closed-loop system.

In practice, the spectral-sensitivity allocation Href(t) is computed both during training

and during closed-loop operation. During training, it provides supervision for the inertia

prediction head of the ST-GNN through the loss term in (3.13), while during deployment

it acts as a stabilizing reference that regularizes the RL policy’s inertia adjustments.

The complete interaction among the spectral allocator, the ST-GNN predictor, and the

RL controller at each decision interval is summarized in Algorithm 3.2.

Algorithm 3.2 highlights how the spectral allocator, the ST-GNN predictor, and the RL
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policy interact within the closed-loop supervisory framework. The spectral module pro-

vides a stability-oriented reference, the ST-GNN supplies short-horizon state information,

and the RL controller proposes coordinated control actions. The coordinator then en-

forces feasibility and preserves alignment with the physics-guided stability objective before

execution in the grid.

Figure 3.8: Integrated closed-loop framework combining spectral-sensitivity-based virtual inertia alloca-
tion, spatio-temporal graph neural network prediction, reinforcement-learning-based control, and supervi-
sory coordination for stability-aware grid operation.

Figure 3.8 summarizes the complete closed-loop interaction among the ST-GNN predictor,

the spectral-sensitivity allocator, the reinforcement-learning controller, the upper-level co-

ordinator, and the grid environment. At each control interval, the environment provides

the current graph-structured state st, which contains the network topology and bus-level

operating variables. Based on this state, the ST-GNN produces short-horizon predictive
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features by processing the graph through its spatial embedding layers and temporal core,

while the spectral-sensitivity module computes the physics-guided reference inertia profile

Href from the current electromechanical condition. These two information streams are

then supplied to the RL policy, which proposes the control action at. Before execution,

the upper-level coordinator reconciles the policy output with the spectral reference and

projects the resulting command onto the feasible set, yielding the executed inertia and

control actions applied to the environment. The environment then evolves to the next

state st+1, and the resulting operational performance generates the reward signal rt, which

closes the learning loop. In this way, the figure highlights that the proposed framework is

not a sequence of independent modules, but a supervisory architecture in which physics-

based guidance, graph-based prediction, and learning-based control interact continuously

to support adaptive and stability-aware grid operation.
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Chapter 4

Numerical Evaluation and Case

Study

The integrated framework developed in Chapter 3 combines a physics-informed spatio-

temporal graph neural network for state prediction, a spectral-sensitivity module for topology-

aware virtual inertia allocation, and a reinforcement learning controller for coordinated

closed-loop grid operation. While Chapter 3 establishes the theoretical foundations and

algorithmic design of these components, their practical value depends on whether the

learned representations remain accurate under realistic operating variability, whether the

inertia allocation reproduces the physics-guided reference under contingency conditions,

and whether the closed-loop controller maintains system feasibility and stability over ex-

tended operating horizons. These questions motivate the empirical evaluation presented

in this chapter.

The assessment is conducted on the IEEE 118-bus transmission benchmark, a large meshed

standard test system in which the buses are interconnected through multiple parallel trans-
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mission paths rather than a single radial chain. As a result, disturbances at one part of

the network propagate through several routes, and system stability depends on the set

of transmission lines in service at any given time. Experiments are designed to reflect

the conditions under which the framework is intended to operate, including time-varying

load demand, stochastic renewable generation, and N–2 transmission-line contingencies

that modify the network Laplacian and, in doing so, alter the damping of the critical

electromechanical modes identified in Chapter 2.

The evaluation proceeds in three stages. First, the dataset generation procedure, simulation

environment, and training configuration are described. Second, the predictive accuracy of

the ST-GNN is validated against the AC optimal power flow reference, which enforces the

underlying network physics and therefore provides a physically consistent target for the

learned model. This stage includes a comparative study of GNN backbones, a runtime

characterization, and an explicit verification of the predictor under both single-line (N–1)

and double-line (N–2) outages. Third, the closed-loop performance is assessed under a

representative N–2 disturbance on the bus-68 corridor over a 24-hour horizon, examining

in turn the structural interpretability of the trained model, the spatio-temporal evolution

of the system state, the virtual inertia allocation produced by the controller, the demand-

response behaviour, and the aggregate reinforcement-learning control metrics.

4.1 Environment and Experimental Setup

Experiments are conducted on the IEEE 118-bus benchmark network, comprising 118

buses, 54 synchronous generators, and 186 transmission lines. The network mixes single-

path branches that feed peripheral loads, corridors with several parallel paths between

regions, and heavily loaded lines that operate close to their limits, which makes it well-
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suited for evaluating the topology-aware representations and spectral-sensitivity-driven

inertia allocation developed in Chapter 3. The network also exhibits inter-area oscillations,

in which clusters of generators in different regions of the grid swing collectively against each

other after a disturbance. The damping of these oscillations depends on both the inertia

at each bus and the set of transmission lines currently in service, as established in the

linearized swing model of Chapter 2.

To generate a dataset that reflects the variability of realistic grid operation, 1,000 day-long

scenario trajectories are produced by Monte Carlo sampling over the demand profiles, the

renewable generation profiles, and the line-outage events that define each scenario. Each

trajectory spans a 24-hour horizon at a five-minute resolution, yielding 288 time steps per

trajectory and 288,000 system snapshots in total. The demand at each load bus is built

in two steps. The first step takes the base IEEE 118-bus active and reactive demand

at that bus and multiplies it by a daily load pattern that depends on the type of load

served by the bus, with separate residential, commercial, and industrial patterns assigned

to the corresponding buses. The second step adds a small random variation at each five-

minute step, so that two trajectories that share the same daily pattern still differ in their

minute-to-minute fluctuations.

Renewable generation variability is introduced through time-varying generation profiles

that follow a daily solar or wind shape and that are themselves randomized across trajec-

tories, so that the renewable contribution rises and falls through the day in a way that is

recognizable but not identical from one trajectory to the next. The power factor at the

generation buses is kept within practical operating limits throughout the 24-hour horizon,

thereby keeping each unit’s reactive output within the range against which real generators

are dispatched in practice.

To model structural uncertainty, transmission-line contingencies are introduced into each
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trajectory by randomly removing a subset of lines, with higher selection probabilities as-

signed to lines that carry greater active power in the standard IEEE 118-bus reference

solution. Any sampled contingency that would disconnect the network is discarded and

resampled to ensure that the post-fault topology remains connected. A single fault onset

time is placed uniformly over the 24-hour window, so that the network operates on one

fixed topology before the fault and on a different fixed topology afterwards. Each topology

directly modifies the susceptance-weighted graph Laplacian governing the swing dynamics

in (2.22). Consequently, the modal properties of the state matrix A(M,D,K(t)) used for

stability assessment are reshaped at the contingency time.

For each realized operating condition and topology, an AC optimal power flow problem

is solved to obtain a feasible steady-state operating point. The resulting voltage magni-

tudes, voltage angles, and power injections serve as ground-truth supervision targets for

the spatio-temporal predictor described in Section 3.3. In parallel, the spectral-sensitivity

module introduced in Section 3.4 is applied to each realized topology to compute a reference

virtual inertia allocation by evaluating the eigenvalue sensitivities in (3.21) and solving the

budget-constrained allocation problem in (3.24). The resulting inertia values are incor-

porated into the node feature vector defined in (3.3), enabling the learning framework to

capture stability-relevant structural information alongside electrical operating-point quan-

tities.

The resulting dataset comprises node-level features defined as in (3.3), including the fore-

casted active and reactive power demands over the prediction horizon, the active and

reactive generation injections, the bus voltage magnitude and phase angle, and the effec-

tive inertia constant applied at each bus, together with edge-level features that record the

loading of each transmission line in service at each time step. The complete dataset is

partitioned into training, validation, and test sets at the trajectory level. As a result, no
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time steps from the same operating scenario appear in more than one partition, and the

model is never validated or tested on snapshots that share their underlying trajectory with

any training sample. The complete dataset, the data-generation scripts, and the trained

models are publicly available [100].

The ST-GNN is pre-trained in a supervised, one-step-ahead setting on the generated

dataset, with the ground-truth state at each time step used as input to the next pre-

diction, so that errors do not accumulate across the prediction window. Given a temporal

window of recent system states, the model learns to predict the next-step voltage magni-

tudes, voltage angles, and virtual inertia allocations under evolving operating conditions,

with training guided by the composite physics-informed loss in (3.13). The relative weights

of the supervised and physics-informed terms in this loss are tuned on the validation set

to balance state-prediction fidelity, physics-constraint satisfaction, and inertia-tracking ac-

curacy. The training scripts and the resulting model checkpoints are provided in the

accompanying repository [100].

The blending parameter that combines the RL-proposed inertia update with the spectral-

sensitivity reference is set to η = 0.5, giving equal weight to the two signals as specified

in (3.34).

Following pre-training, the reinforcement learning policy is trained through interaction

with the simulated grid environment. At each decision interval, the ST-GNN provides the

predicted next-step system state and the aggregated latent representation, which the pol-

icy network uses to generate coordinated control actions, including generator redispatch,

demand response, and virtual inertia adjustments. The proposed action is then passed

through the blending-and-projection coordination mechanism of Section 3.6.1. This mech-

anism reconciles the RL-proposed inertia adjustment with the spectral-sensitivity reference

and projects the result onto the feasible action set defined by the generator limits, the
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demand-response bounds, and the inertia budget. The resulting feasible action is then

applied to the environment. The environment advances to the next interval and returns

a reward signal computed from the decomposed objective in (3.28), which penalizes load

shedding, generation cost, and voltage-limit violations. The sections that follow assess the

predictive accuracy of the trained ST-GNN and the policy’s closed-loop control perfor-

mance under realistic temporal variability and topology changes.

4.2 Model Evaluation and Validation

This section characterizes the predictive and computational performance of the framework

components prior to the closed-loop study in Section 4.4. The metrics used to assess pre-

diction fidelity, inertia allocation quality, and closed-loop control effectiveness are defined

first. The choice of GNN backbone is then validated through an architectural comparison

among the GCN, GAT, and GIN, and the per-step runtime of the proposed pipeline is re-

ported to confirm that it fits inside the five-minute control interval. The section closes with

an explicit verification of the predictor against the OPF reference under both single-line

(N–1) and double-line (N–2) contingencies.

4.2.1 Evaluation Metrics

The predictive accuracy of the ST-GNN is assessed using the mean absolute error (MAE)

and root-mean-square error (RMSE), computed for voltage magnitudes and angles across

all buses and time steps. These metrics quantify the fidelity of the one-step-ahead predic-

tions relative to the OPF-derived ground truth, providing a direct measure of how reliably

the learned model tracks system evolution under both normal and post-contingency oper-
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ating conditions.

The quality of virtual inertia allocation is evaluated by measuring the agreement between

the GNN-predicted inertia Ĥi and the spectral-sensitivity-based reference Href
i computed

by the allocator in (3.24). High agreement indicates that the learned allocation preserves

the spatial structure dictated by the electromechanical sensitivity analysis of Chapter 2,

confirming that the inertia prediction head captures topology-dependent stability priorities

rather than learning a spatially uniform or topology-agnostic mapping.

Closed-loop control performance is assessed using system-level indicators that reflect both

economic and security objectives, including cumulative reward, total load shedding as a

fraction of system demand, aggregate generation cost, and the number of bus-voltage-limit

violations over the operating horizon. These indicators correspond directly to the terms

of the decomposed reward signal in (3.28) and together measure how effectively the RL

policy balances feasibility, economy, and stability under contingency conditions.

4.2.2 Predictive Model Validation

To identify the most effective graph neural network backbone for the spatio-temporal pre-

diction task, three architectures are compared: the Graph Convolutional Network (GCN),

the Graph Attention Network (GAT), and the Graph Isomorphism Network (GIN). All

three are trained with the same supervision targets, data splits, normalization settings,

and loss weighting, so that the comparison isolates the effect of the architectural choice

rather than any variation in the training procedure. For each backbone, two metrics are

used. The first is the physics-informed loss in (3.13), evaluated on the validation set, which

serves as a single summary of the training objective. The second is the coefficient of de-

termination, R2, defined as the fraction of variance in the target variables explained by
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Table 4.1: Performance comparison of GNN architectures for OPF state prediction under faulted condi-
tions.

GNN Method L R2

GCN 0.438 0.985
GAT 0.775 0.968
GIN 0.895 0.961

the model. This is computed on the state variables (V, δ, Pd, Qd) after the training-time

normalization has been reversed, so that the reported scores reflect prediction quality in

physical units.

Table 4.1 shows that the GCN achieves the lowest validation loss and the highest R2 score

of the three architectures. The loss column reports the value of L in (3.13) averaged over

the validation set, where lower values indicate a closer match to the training objective.

The R2 column reports how closely the predicted state variables track the OPF reference

after the training-time normalization has been reversed, where values closer to one indicate

a closer match in physical units. The GCN reaches L = 0.438 and R2 = 0.985, against

L = 0.775 and R2 = 0.968 for the GAT and L = 0.895 and R2 = 0.961 for the GIN, so the

gap between the GCN and the next-best architecture is visible on both columns.

The GCN updates each bus by combining the values at its neighbouring buses according

to the network’s connectivity. This operation has the same form as the graph Laplacian,

which governs how disturbances propagate through the swing dynamics in (2.22), so the

GCN matches the problem’s physics from the start. The GAT and the GIN are designed

for cases where the right way to combine neighbour information is not known in advance, so

they learn it during training. In a power system where connectivity is fixed by the network

topology, this learning step is unnecessary, and the GCN performs better. The GCN is

therefore used in all subsequent experiments. The next subsection reports the per-step

runtime of the pipeline, covering the spectral-sensitivity module, ST-GNN inference, RL
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policy, and coordinator, and confirms that it fits inside the five-minute control interval.

4.2.3 Computational Efficiency

A practical requirement of any online grid control framework is that its per-step inference

time remains well within the five-minute decision interval at which the controller operates.

To assess whether this requirement is satisfied, the wall-clock runtime of the proposed

online pipeline is measured and compared against two optimization-based references: a

single-step AC optimal power flow oracle solved independently at each time step, and a

consecutive OPF roll-out in which the solution at time t is used to warm-start the solve at

t+ 1 over the full operating horizon.

Table 4.2 shows that the proposed pipeline runs in 24.5 ms at the median and 54 ms at

the 95th percentile. The single-step OPF and the sequential OPF take 250 ms and 350 ms

at the median, so the pipeline is approximately ten times faster on the same hardware.

Within the pipeline, the spectral-sensitivity block at 20 ms accounts for 82% of the median

runtime, while the ST-GNN inference, RL policy inference, and coordinator contribute

Table 4.2: Median and 95th-percentile per-step runtimes for the reference methods and the proposed
pipeline.

Computation Median (ms) p95 (ms)

Reference baselines (not part of the proposed pipeline)
OPF oracle (per step) 250 600
Consecutive OPF roll-out 350 820

Proposed pipeline components
Spectral sensitivity (Href) 20 45
ST-GNN inference 3 6
RL policy inference 1 2
Coordinator 0.5 1
Proposed pipeline (total) 24.5 54
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3, 1, and 0.5 ms, respectively. The full per-step runtime sits well below the five-minute

control interval at both the median and the 95th percentile.

4.2.4 Predictor Robustness Under N–1 and N–2 Contingencies

The predictor is evaluated against the OPF reference under two transmission-line contin-

gencies of increasing severity. The contingencies are drawn from a combined criticality

ranking in which each line is scored on its base-case active-power flow, which captures how

much load the line carries under nominal operation, and its edge-betweenness centrality,

which captures how often the line lies on shortest paths connecting distant parts of the

network. The two scores are weighted equally and summed to yield a single criticality

value, and the contingencies tested below correspond to the highest-ranked single line and

the highest-ranked pair of lines at this criticality value.

The single-line (N–1) case removes the highest-ranked line, (68, 76), which carries the

maximum centrality score on the IEEE 118-bus system and the largest combined criticality

score overall. The double-line (N–2) case removes the top two lines from the same ranking,

(68, 76) and (48, 68), both of which are incident on bus 68 and which together constitute a

localized corridor outage in the same region of the network. The two contingencies therefore

challenge the predictor on the most stressed corridor of the IEEE 118-bus system, and the

close structural relationship between them prepares the ground for the closed-loop case

study of Section 4.4, in which the same bus-68 corridor is exercised under the related N–2

disturbance defined by lines (46, 68) and (68, 76) over a full 24-hour horizon. For each

severity level, the GNN-predicted voltage magnitude, voltage angle, and virtual inertia

allocation are compared with the OPF-derived ground truth across all 118 buses.

Figure 4.1 shows the state-prediction comparison. The voltage magnitude profiles in
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Figure 4.1: State-prediction verification of the GNN on the IEEE 118-bus system: (a) voltage magnitude
under the N–1 outage on line (68, 76); (b) voltage angle under the same N–1 outage; (c) voltage magnitude
under the N–2 outage on lines (68, 76) and (48, 68), both incident on bus 68; (d) voltage angle under the
same N–2 outage. In each panel, the no-outage baseline is shown in orange, the OPF-derived post-fault
solution in black, and the GNN prediction as a magenta dashed line, with insets resolving the corridor
most affected by each disturbance. The N–1 case removes the highest-ranked line based on the combined
flow and centrality criticality score; the N–2 case removes the top two lines using the same ranking.

Fig. 4.1a and Fig. 4.1c show that the three traces overlap across the full set of buses,

with the no-outage baseline, the OPF post-fault reference, and the GNN prediction re-

maining within a band that is too narrow to be resolved at the figure scale. The inset

zooms in on a representative cluster around bus indices 45–50, where the three traces co-
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incide in both shape and amplitude. The voltage angle profiles in Fig. 4.1b and Fig. 4.1d

reveal a more visible response to the disturbance.

In both contingencies, the OPF post-fault trace sits systematically below the no-outage

baseline across the high-angle buses in the upper half of the network, and the offset is larger

under N–2 than under N–1. This downward shift is consistent with the redistribution of

active-power transfer that follows a topology change. The removed lines no longer carry

their share of the flow, so the surviving routes must absorb the rerouted power. To do so,

they operate at smaller phase differences relative to the slack bus, and the effect compounds

as more lines are removed. The GNN dashed trace tracks the OPF post-fault solution at

every bus rather than the no-outage baseline, recovering both the global shift and the local

angle features visible in the inset around buses 60–70. The mean absolute angle error

remains below 0.13◦ under both contingencies, with the maximum absolute error staying

under 0.60◦, so the predictor’s accuracy on the angle field is essentially the same in both

cases. This sub-degree accuracy is comparable to the phase-angle uncertainty reported for

synchrophasor measurements in practical deployments [12], and is small relative to the an-

gle excursions that drive protection and stability margins, so the predictor’s angle accuracy

is operationally acceptable for stability assessment and control purposes. Table 4.3 shows

that the GNN-predicted allocation reproduces the sensitivity-based reference produced by

the allocator in (3.21)–(3.24) on both contingencies. The reference allocation places inertia

on a compact set of stability-critical buses selected by the eigenvalue sensitivities, several

of which saturate at the per-bus budget cap Hmax = 2.5; buses 70, 95, 81, 82, 83, and 85

reach this cap under both contingencies, followed by a short tail of lower allocations at

buses such as 94, 2, 16, and 4. The predicted values match the reference to within a

few thousandths of a per-unit inertia constant across the saturated set and the tail, giv-

ing a virtual-inertia mean absolute error of approximately 0.004 over all 118 buses under

115



both contingencies. The agreement is essentially identical in the two cases, reflecting their

close structural relationship: both share line (68, 76), both concentrate stress on bus 68,

and both leave the network’s dominant electromechanical modes largely unchanged. As

a result, the eigenvalue sensitivities in (3.21) return the same critical buses as the largest

contributors to modal damping under either contingency.

Together, the state-prediction comparison in Fig. 4.1 and the inertia comparison in Ta-

ble 4.3 establish that the predictor reproduces both the post-fault electrical state and

the sparse spatial inertia pattern targeted by the allocator. The errors observed on the

bus-68 corridor are at the same level as those measured on a separate hold-out set drawn

from outages not used in training, indicating that predictive fidelity is preserved when the

predictor is evaluated on the most stressed corridor of the network rather than on the

average sample. Section 4.3 next examines whether this predictive accuracy reflects the

same structural dependencies exploited by the spectral allocator.

Section 4.4 then extends the analysis to the full closed-loop framework on the same bus-

68 corridor, under a different N–2 disturbance defined by lines (46, 68) and (68, 76) over

Table 4.3: Top-10 buses by reference virtual inertia, under the N–1 outage on line (68, 76) and the N–2
outage on lines (68, 76) and (48, 68). Values are in per-unit inertia constants (H), capped at Hmax = 2.5
by the allocation budget.

Bus N–1 N–2

Href Ĥ Href Ĥ
70 2.500 2.486 2.500 2.486
95 2.500 2.511 2.500 2.510
81 2.500 2.508 2.500 2.508
82 2.500 2.510 2.500 2.511
83 2.500 2.510 2.500 2.512
85 2.500 2.503 2.500 2.502
94 2.100 2.098 1.950 1.948
2 1.950 1.950 1.850 1.849
16 1.850 1.836 2.050 2.037
4 1.650 1.649 1.300 1.297
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a 24-hour horizon. The bus-68 corridor was selected as the evaluation scenario because

it carries the highest combined flow-and-centrality criticality score on the IEEE 118-bus

system and therefore represents the most stressed operating condition for the framework.

Generalization to other corridors and to N–x (x > 2) contingencies remains an open

direction for future work.

4.3 Structural Awareness and Interpretability

Building on the predictive validation of Section 4.2, this section examines how the trained

ST-GNN uses network structure to generate its virtual inertia predictions. The spectral-

sensitivity allocator introduced in Chapter 2 provides a physics-grounded reference for

inertia placement, derived from the eigenstructure of the linearized state matrix in (2.22).

The trained ST-GNN, by contrast, learns the same association directly from data, without

being given the spectral calculation, and the question is whether the learned model relies on

the same structural features that the spectral allocator exploits. To answer this question,

the gradient-based saliency framework defined in (3.20) is applied to the trained model. For

each edge in the network, the saliency score measures how strongly a small change in the

graph-theoretic descriptors at its two endpoint buses would alter the model’s predicted bus-

wise inertia. The descriptors used are the degree, closeness, and betweenness centrality of

each endpoint bus. Edges with large saliency, therefore, mark corridors whose structural

role most influences the learned allocation, and the spatial distribution of these values

reveals which regions of the network the model treats as electromechanically critical.

Figures 4.2–4.4 show the saliency distribution for the N–2 contingency on lines (46, 68)

and (68, 76) used as the reference scenario throughout this chapter. In the pre-fault state

shown in Fig. 4.2, the saliency field is concentrated on a small number of corridors and
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Figure 4.2: Pre-fault edge saliency for the inertia head. Higher values indicate edges whose structural role
most strongly influences the predicted virtual inertia H.

remains close to zero across most of the densely meshed interior. The brightest edges sit

on corridors that connect subgraphs of high betweenness and high degree to the rest of the

network, with the largest cluster located around bus 12 in the upper region of the system.

The reason for this pattern follows from the construction of the saliency score in (3.20),

which measures the difference in structural descriptors at the two endpoints of each line.

Edges that join a high-degree hub to a lower-degree neighbour, or that lie on the only

short path between two otherwise distant clusters, have endpoints whose descriptors differ

markedly, so their saliency is correspondingly large. Edges in well-meshed regions, where

the descriptor values at neighbouring buses are similar, carry near-zero saliency.

Following the simultaneous removal of lines (46, 68) and (68, 76), illustrated in Fig. 4.3, the

saliency distribution undergoes a structural reorganization rather than a uniform reduction.
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Figure 4.3: Post-fault topology of the IEEE 118-bus system. The two transmission lines (46, 68) and
(68, 76) removed by the N–2 contingency are highlighted in red, both incident on bus 68.

The post-fault map in Fig. 4.4 shows two visible effects. First, the southern corridor

connecting buses 89 through 101 exhibits markedly higher saliency than before the outage.

This corridor lies on the alternative transfer paths that must absorb the flow previously

routed through bus 68, and as those paths become more central in the post-fault graph,

their endpoint descriptors begin to differ more sharply, raising the saliency of every edge

along the corridor. Second, the cluster around bus 12 in the upper region softens because

the loss of two lines incident to bus 68 does not alter the structural role of the northern

corridor itself. Regions of the network that continue to provide multiple substitute routes

after the outage show stable, low saliency, consistent with a diffusion of structural influence

across many parallel paths.

The pre-fault and post-fault saliency maps therefore confirm that the learned model uses
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Figure 4.4: Post-fault edge saliency computed on the updated topology. The southern corridor near buses
89–101 intensifies while the upper cluster around bus 12 softens, indicating a redistribution of the model’s
structural sensitivity toward the alternative routing paths that absorb the rerouted flow.

network structure rather than only bus-level signals to generate its inertia predictions. The

redistribution of saliency mirrors the redistribution of post-fault routing capacity that mo-

tivates the spectral-sensitivity allocator of Section 3.4, providing data-driven evidence that

the predictor and the physics-based allocator agree on which regions of the network be-

come electromechanically pivotal under topology change. This analysis is diagnostic rather

than prescriptive. It does not directly modify the inertia allocation, but it identifies the

corridors whose structural sensitivity shapes the closed-loop control behaviour examined

in the following sections.
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4.4 System Behaviour Under an N–2 Contingency

Having established the structural interpretability of the trained ST-GNN in Section 4.3,

this section evaluates the predictor’s ability to reproduce system states under an explicit

topology disturbance. A representative N–2 contingency is considered in which trans-

mission lines (46, 68) and (68, 76) are removed simultaneously. The contingency forces

the network to redistribute its power flows along the surviving corridors and updates the

susceptance-weighted Laplacian that governs the swing dynamics in (2.22). The simul-

taneous loss of two lines incident on bus 68 concentrates electromechanical stress on the

surrounding corridors. Because the modal properties of the state matrix A(M,D,K(t)) de-

pend on the post-fault topology itself, the post-disturbance dynamics must be re-evaluated

on the updated network rather than inferred from the pre-fault operating point. Building

on the static prediction validation of Section 4.2.4, the following subsections examine the

spatio-temporal evolution of the system state over the full 24-hour horizon and the spatial

sensitivity of the network to the topology change.

4.4.1 Spatio-Temporal State Evolution

The static profile analysis of Section 4.2.4 establishes that the ST-GNN reproduces bus-

level voltage and angle distributions under the faulted topology at a single time instant.

To assess whether this fidelity extends to the full temporal evolution of the system, the

spatio-temporal behaviour of the predicted state variables is examined over a complete

24-hour operating horizon under the same N–2 contingency. The outage is introduced at

t = 600 min, after which the system evolves on the post-fault topology for the remainder

of the trajectory. Throughout this analysis, predicted refers to the GNN output and

actual refers to the OPF-based reference obtained on the corresponding topology and load
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realization.

Figure 4.5 shows the predicted active power evolution at ten representative PQ buses

selected by peak demand. The trajectories follow a pronounced diurnal pattern, with low

values during the early morning hours, a coordinated rise toward midday peak demand, and

a gradual decline through the evening. After the contingency at t = 600 min, a localized

rise in active power is observed at buses 100 and 101, indicating that these buses absorb

part of the active-power redistribution induced by the loss of the (46, 68) and (68, 76)

corridor. Conversely, buses 51 and 80 exhibit reduced post-fault loading, consistent with

the rerouting of flows away from the affected region. The model therefore captures both

the underlying daily load cycle and the spatial reorganization triggered by the topology

change without explicit information about which buses are downstream of the failure.

To quantify prediction fidelity directly, Fig. 4.6 shows the difference between the GNN-

predicted and OPF-derived active-power trajectories at the same buses. The map is dom-

inated by near-zero values across most of the horizon, indicating that the predictor tracks

the OPF reference closely under both pre-fault and post-fault conditions. The largest

residuals are localized in time and space, appearing around rapid load transitions, such

as the late-morning ramp toward peak demand at bus 101, and immediately following the

disturbance, where short-lived errors of order 20 MW are observed at buses 100 and 101,

where the post-fault active-power redistribution is largest. These residuals correspond to

the most challenging conditions for a one-step predictor, in which the input state has not

yet incorporated the post-fault topology change. Outside these intervals, the error remains

small and does not accumulate over the horizon. This behaviour reflects the action of

the physics-informed penalty terms in (3.13), which constrain the predicted trajectories to

remain close to physically feasible operating points.

The corresponding voltage angle evolution at the ten PV buses with the largest peak volt-
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Figure 4.5: Predicted spatio-temporal evolution of active power at the ten highest-demand PQ buses
(MW) over a 24-hour horizon with 5-minute resolution. The vertical dashed line marks the N–2 outage at
t = 600 min on lines (46, 68) and (68, 76).

ages is shown in Fig. 4.7. Two angle groups are visible. The upper group, comprising buses

such as 65, 3, 5, and 61, sits at relatively low angle values throughout the horizon, while

the lower group, containing buses 76, 79, and 48, sits at substantially higher angle values.

After the outage at t = 600 min, the lower group intensifies further, with bus 79 rising into

the same band as bus 76, both of which sit near the upper end of the colour scale during

the post-fault hours. This sustained increase in angle at buses adjacent to the removed

corridor is consistent with the redistribution of active-power transfer toward alternative

paths, which forces the surviving routes to operate at larger angle differences in order to

carry the rerouted flow. The upper group experiences a complementary slight cooling,

indicating that the post-fault angle field is reshaped along the network rather than uni-
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Figure 4.6: Difference map between GNN-predicted and OPF-derived active-power trajectories at ten PQ
buses over a 24-hour horizon with 5-minute resolution under the N–2 contingency. The vertical dashed
line marks the disturbance time. Negative values (blue) indicate buses for which the GNN underpredicts
the OPF reference.

formly shifted. This spatial pattern follows from the susceptance-weighted Laplacian K(t)

in (2.22), which couples bus angles through active-power transfer and therefore propagates

the local effect of a topology change along the surviving transmission corridors.

The voltage magnitude evolution at the same PV buses is shown in Fig. 4.8. Magnitudes

remain bounded across the horizon, varying within a narrow band consistent with generator

voltage regulation. Buses near the lower end of the y-axis ordering, such as 48 and 11, sit

close to the upper end of the displayed range, while buses near the top, such as 65, 3, and 5,

sit close to the lower end of the displayed range. After the contingency, the distribution of

voltage magnitudes changes only modestly, with short-lived excursions at a small subset of

buses including bus 79 between roughly 300 and 800 min, but no progressive drift develops
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Figure 4.7: Predicted spatio-temporal evolution of voltage angle δ at ten PV buses over a 24-hour horizon
with 5-minute resolution. The vertical dashed line marks the N–2 outage at t = 600 min.

over the post-fault horizon. The bounded response reflects the corrective re-dispatch and

local reactive support applied by the controller, which restores voltage magnitudes toward

their set points after the topology change. The GNN reproduces this behaviour by propa-

gating neighbourhood information through its graph convolutional layers and aggregating

temporal context via the attention-weighted encoder defined in (3.9), thereby enabling it

to track coordinated voltage recovery without explicit knowledge of the applied control

actions.

Across the four spatio-temporal views, the ST-GNN reproduces the system’s daily op-

erational pattern, captures the spatial reorganization of active power and voltage angles

induced by the contingency, and maintains stable tracking of the OPF reference over the

full 24-hour horizon. The bounded prediction errors and the absence of progressive drift
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Figure 4.8: Predicted spatio-temporal evolution of voltage magnitude V (p.u.) at ten PV buses over a
24-hour horizon with 5-minute resolution. The vertical dashed line marks the N–2 outage at t = 600 min.

establish a reliable predictive foundation for the spatial sensitivity analysis and closed-loop

control studies presented in the following sections.

4.4.2 Spatial Sensitivity to Topology Disturbances

To identify the buses most affected by the contingency, the aggregated deviations of the

four bus-state and injection variables (∆V,∆θ,∆P,∆Q) are examined. For each variable,

the bars in Figs. 4.9–4.12 show the sum of absolute pre- and post-contingency differences

accumulated across the recorded fault realization, so that the ordering reflects how strongly

each bus responds to the disturbance.

The bus-state response is shown in Figs. 4.9 and 4.10. The voltage magnitude ranking in
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Figure 4.9: Top ten buses ranked by aggregated absolute change in voltage magnitude, |∆V | (%). Larger
totals indicate greater sensitivity to changes in topology.

Fig. 4.9 is dominated by bus 68, whose |∆V | is markedly larger than that of any other

bus in the ranking. The next largest entry is bus 79, with the remaining buses arranged

in a gradual descent toward values an order of magnitude below the peak. The dominance

of bus 68 reflects its position as the common endpoint of both removed lines (46, 68) and

(68, 76). The simultaneous loss of two incident branches concentrates a voltage deviation

at this bus that cannot be fully absorbed by the reactive support available at neighbouring

buses. Away from bus 68, the magnitude deviations remain comparatively small, which is

consistent with the action of generator voltage regulation that limits the propagation of

voltage deviations beyond the immediate neighbourhood of the removed lines.

The voltage angle ranking in Fig. 4.10 shows a different shape. Bus 79 stands well above

the rest of the ranking, while a tight cluster of buses comprising 46, 77, 68, and 45 takes
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Figure 4.10: Top ten buses ranked by aggregated absolute change in voltage angle, |∆θ| (◦).

intermediate values within a narrow range just above 1◦. The values then taper down

through buses 48 and 74 to the lowest entries at buses 69, 81, and 41. The gradual rise

across most of the ranking reflects the longer-range influence of θ through the active-power

balance equations and the coupling between buses imposed by the susceptance-weighted

Laplacian K(t) in (2.22). An angle change introduced at the faulted corridor is therefore

propagated across a wider set of buses than a magnitude change. The prominence of bus 79

at the top of the ranking stems from its position in the corridor that absorbs a large share

of the post-fault active-power transfer. As shown in Fig. 4.7, this bus also exhibits the most

pronounced post-fault increase in voltage angle in the spatio-temporal heatmap, which is

consistent with its position at the head of the angle-impact ranking.

The injection response is shown in Figs. 4.11 and 4.12. The active power ranking in Fig. 4.11

places buses 46 and 68 at the top with very similar values. Bus 69 follows in third position,
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Figure 4.11: Top ten buses ranked by aggregated absolute change in active power demand, |∆P | (MW).

with buses 75 and 74 in close support. Buses 46 and 68 are the two endpoints of the

removed line (46, 68), and their joint appearance at the top is a direct consequence of the

redistribution of active power along the lines adjacent to the outage. Bus 69 also appears

among the top entries because its incident lines carry a larger share of the rerouted flow

once the (46, 68) and (68, 76) branches are removed. The progressive decline through the

rest of the ranking reflects the diminishing share of the rerouted flow carried by buses

further from the affected corridor.

The reactive power ranking in Fig. 4.12 places bus 68 at the top, but the supporting cast

differs from the active-power panel. Buses 75, 69, and 76 appear in the upper ranks, while

bus 73, which is not prominent in the |∆P | ordering, also appears in the |∆Q| ranking.

These buses provide reactive support to the region around the removed lines, so they appear

in the |∆Q| ranking even when they do not carry a significant share of the redistributed
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Figure 4.12: Top ten buses ranked by aggregated absolute change in reactive power demand, |∆Q| (MVAr).

active flow. The overall magnitude of the reactive response is smaller than that of the

active response, reflecting the smaller role of Q in redistributing power at the post-fault

operating point.

Across the four panels, buses 46, 68, and 76, all of which are directly incident on the

removed lines, appear in the upper ranks of multiple rankings. The voltage-magnitude

ranking is dominated by bus 68, while the voltage-angle ranking places bus 79 at the

head as the bus that carries the largest share of the rerouted active power transfer. The

active-power ranking is concentrated at the line endpoints, whereas the reactive-power

ranking includes buses with local reactive support. The effect of the topology disturbance

is therefore concentrated on a small set of buses located on or directly adjacent to the

removed lines, consistent with the eigenvalue sensitivity analysis in (3.21), which identifies

these same locations as those with the strongest influence on the critical modes. As shown
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in the next section, these are also the buses where virtual inertia is preferentially allocated.

4.5 Stability Support and Control

The preceding section established that the ST-GNN reproduces the faulted operating point

with high fidelity and that the response to the contingency is concentrated at a small set

of buses located on or directly adjacent to the removed lines. The remaining question is

whether the closed-loop framework acts on this information in a manner that is consistent

with the small-signal stability objective derived in Chapter 2 and with the coordination

mechanism introduced in Chapter 3. Three aspects of the closed-loop response are ex-

amined in turn. The virtual inertia allocation is evaluated against the spectral-sensitivity

reference to verify that the learned allocation reproduces the physics-guided spatial struc-

ture under contingency conditions. The demand-response behaviour is examined to deter-

mine whether curtailment decisions remain targeted in both time and space. The aggregate

closed-loop indicators are then analyzed to assess how effectively the RL policy coordinates

these actions over the full operating horizon.

4.5.1 Virtual Inertia Allocation

The static verification shown in Section 4.2.4 established that the GNN-predicted allocation

reproduces the spatial structure of the spectral-sensitivity reference under both single-line

and double-line outages on the bus-68 corridor. The remaining question for the closed-loop

case study is how that allocation evolves through the 24-hour horizon when the predictor

is exercised inside the full control loop under the focal N–2 disturbance on lines (46, 68)

and (68, 76). The inertia signal applied to the grid at each step combines the spectral-
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Figure 4.13: Temporal evolution of the virtual inertia allocation M across all non-generator buses over
the 24-hour horizon. The vertical dashed line marks the contingency at t = 600 min on lines (46, 68) and
(68, 76).

sensitivity reference of (3.24) with the RL-proposed update through the blending rule

of (3.34). The resulting allocation is therefore expected to remain close to the topology-

aware reference between switching events and adjust at the contingency time to track the

post-fault redistribution of modal participation.

The temporal behaviour of the allocation is shown in Figs. 4.13–4.16. Figure 4.13 shows the

full heatmap across all non-generator buses. The map is piecewise constant in time. Each

row holds an essentially fixed value before the fault and a different fixed value afterwards,

with the transition occurring sharply at t = 600 min. Bus 117 sits at the upper end of the

scale throughout the horizon. Buses 12 and 92 are visible at elevated pre-fault values and

brighten further after the fault, joined post-fault by a smaller set of additional bright rows,
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Figure 4.14: Temporal evolution of the virtual inertia allocation M at the ten most sensitive buses, on a
narrower colour range that resolves the post-fault change. The vertical dashed line marks the contingency
time.

including buses 100, 105, and 87. Most of the network sits at the lower end of the colour

scale at all times. This piecewise-constant structure with a step at the contingency time is

the expected behaviour of Href as a topology-aware reference signal, whose spatial structure

updates only when network connectivity changes, rather than in response to instantaneous

operating-point fluctuations driven by the daily load profile.

Figure 4.14 restricts attention to the ten most sensitive buses and uses a narrower colour

range, which brings the post-fault change into sharper relief. Buses 12 and 92 both move

from intermediate pre-fault values toward the upper end of the colour scale after the fault,

exhibiting the largest sustained changes in the figure. Bus 87 rises from a low pre-fault value

to a mid-range post-fault value, and buses 105 and 13 each strengthen by a clearly visible
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Figure 4.15: Top ten buses ranked by aggregated absolute change in virtual inertia, |∆M |. Larger values
indicate buses whose allocation is most strongly modified by the contingency.

margin. Bus 15 moves in the opposite direction, dropping from a moderate pre-fault level

to a dimmer post-fault level. Buses 46, 100, 101, and 107 exhibit smaller adjustments, with

bus 107 showing little visible change on either side of the fault. The mixture of increases

and decreases follows from the budget constraint in (3.24), which requires that any inertia

added at one bus be compensated by a reduction elsewhere, so that the redistribution

reflects a reallocation of a fixed resource rather than an uncompensated increase.

The magnitude of these changes is summarised in Fig. 4.15, which ranks the same ten buses

by the absolute change in virtual inertia from the pre-fault baseline. Buses 12 and 92 stand

at the head of the ranking with comparable values, well above the next group. A second

tier comprising buses 87 and 105 takes intermediate values that are roughly half the peak.

Buses 13, 15, and 46 occupy a third tier, and the remaining buses descend further toward
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Figure 4.16: Before-and-after comparison of virtual inertia at the ten most sensitive buses for the contin-
gency. The blue bars report the pre-fault allocation, and the orange bars report the post-fault allocation.

smaller individual changes. The fact that two buses dominate the ranking by a wide margin

indicates that the post-fault reallocation is highly localized. The compensating reductions

required by the budget constraint are spread across the rest of the network in small per-bus

amounts, with bus 15 providing the most visible single contribution to that compensation

in the top-ten subset.

Figure 4.16 resolves the magnitude of each change directly by showing the pre- and post-

fault allocations as paired bars. Bus 12 exhibits the largest absolute increase, with its

allocation roughly doubling across the disturbance. Bus 92 undergoes an even larger rel-

ative increase, moving from a low pre-fault value to a level comparable to that of bus 12

after the fault. Buses 87, 105, and 13 all receive additional inertia after the fault, while

buses 100 and 101 rise by more modest amounts. Bus 15 is the only bus in the top-ten
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subset whose allocation is clearly drawn down, consistent with its role in providing part

of the compensating reduction required by the budget constraint. The pattern confirms

the observation from the heatmap. The redistribution is not a uniform increase but a

structured reallocation, in which buses whose modal participation grows after the topol-

ogy change are reinforced at the expense of buses whose role in the post-fault modes is

reduced. The pattern aligns with the blending-and-projection rule of (3.34), in which the

spectral reference and the RL-proposed adjustment are combined before projection onto

the feasible set. As a result, the executed allocation tracks the updated physics-guided

target while remaining within the prescribed bounds.

The four views of the allocation therefore give the same picture. The framework reproduces

the spatial structure of the spectral-sensitivity reference under contingency conditions,

responds to topology changes by reallocating inertia toward the buses whose post-fault

participation in critical modes is largest, and does so under a fixed total budget that

induces compensating reductions elsewhere in the network. This alignment provides a

reliable basis for integrating virtual inertia into the coordinated control actions evaluated

in the remaining subsections.

4.5.2 Demand Response Behaviour

Attention now turns to the demand-response actions selected by the controller. The ques-

tion addressed here is whether curtailment decisions track the evolution of system stress

over time and across space, or follow a less discriminating pattern. Demand response enters

the reward function through the economic term in (3.29) and is expected to operate as a

corrective action that the RL policy invokes selectively rather than continuously.

Figure 4.17 shows the DR activation across PQ buses over the full 24-hour horizon, ex-
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Figure 4.17: P

redicted demand-response activation at PQ buses over a 24-hour horizon under the N–2
contingency, expressed as a percentage of baseline demand. Each row corresponds to a
distinct PQ bus; the colour encodes the curtailment level as a percentage of that bus’s
baseline demand, ranging from white (no curtailment) to dark (maximum activation).

The vertical dashed line marks the fault at t = 600 min.

pressed as a percentage of baseline demand. The map is predominantly white, with nonzero

activation confined to two distinct windows and to a small subset of buses within each

window. The first window is located before the fault and covers the morning demand

ramp. Within this window, activations appear at buses 50 and 56 in the early morning, at

buses 36 and 43 during the late-morning rise, and at buses 80, 87, 101, and 105 as demand

approaches its midday peak. The second window follows the fault and is concentrated in

two separate bands. A short-lived band on bus 100 between approximately t = 600 and

t = 840 min reflects the immediate post-fault redistribution, and a longer evening band
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Figure 4.18: Demand-response profiles for the five representative PQ buses listed on the vertical axis
(buses 40, 51, 80, 36, and 87). The background shows the demand field across the selected buses, and the
overlaid traces compare the baseline predicted demand (dotted) with the served demand after DR (solid).
Each coloured trace corresponds to the bus at the matching position on the vertical axis. The horizontal
dashed line marks the curtailment threshold.

between roughly t = 1080 and t = 1440 min activates buses such as 10, 13, 52, 56, and 117

as the second daily demand rise interacts with the post-fault topology. Peak activation

values reach approximately 8–10% of baseline demand at the most stressed buses, while

the majority of PQ buses exhibit zero curtailment throughout the horizon. The sparsity

of the map reflects the construction of the reward in (3.29), in which the shedding penalty

discourages curtailment whenever operating limits can be maintained through generator

redispatch alone.

Figure 4.18 traces the baseline and served demand for five representative PQ buses selected

from the activation map. The predicted and served trajectories coincide across most of

138



0

12
0

24
0

36
0

48
0

60
0

72
0

84
0

96
0

10
80

12
00

13
20

14
40

Time (min)

1

19

37

51

74

93

113

PQ
 B

us
 

60

80

100

120

140

160

180
P (MW)

121

122

123

124

125

126

127

To
ta

l D
em

an
d 

(M
W

)

Predicted
Actual with DR

Figure 4.19: System-level demand response under the N–2 contingency. The system-average baseline
demand (dotted) is compared with the served demand after DR (solid). The vertical dashed line marks
the fault at t = 600 min.

the horizon, with separation confined to short intervals during which the baseline demand

exceeds the curtailment threshold marked by the horizontal dashed line. Within those

intervals, the served trajectory is held flat at the threshold while the predicted trajectory

continues to rise, so that the controller curtails only the portion of demand that would

otherwise exceed the operating limit. Once the baseline demand falls back below the

threshold, the two trajectories rejoin without any residual curtailment. The same pattern

is repeated across all buses shown, reproducing, at the per-bus level, the concentration of

activation already visible at the system level and confirming that curtailment is triggered

by the system’s evolving state rather than by a preset schedule.

The aggregate view of the DR response is shown in Fig. 4.19, which compares the system-
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average baseline demand with the served demand after DR across all PQ buses. The two

curves follow a common multi-peak profile across the horizon. They rise from approxi-

mately 124 MW at t = 0 to a morning maximum of roughly 127 MW near t = 480 min,

then descend through a midday valley of approximately 123 MW near t = 960 min. A

second evening peak of roughly 126 MW occurs near t = 1320 min, after which the curves

fall back toward 124 MW at the end of the horizon. The dotted and solid curves are

essentially coincident throughout the 24-hour window, with small but visible separations

during the morning and evening peak intervals, where the activation map shows the most

concentrated curtailment. The aggregate curtailment, therefore, remains a small fraction

of system demand even under the faulted topology, indicating that DR is applied conser-

vatively and serves as a feasibility-preserving action rather than a primary dispatch lever.

The fault at t = 600 min coincides with the descent from the morning peak rather than

with a moment of stress, which explains why the activation map in Fig. 4.17 does not

exhibit a sharp post-fault spike and why the post-fault activation is instead distributed

across the late-morning and evening periods that follow.

Figure 4.20 examines the per-bus allocation of curtailment more closely by plotting nor-

malized demand trajectories for the ten highest-demand PQ buses over a window centred

on the system-level peak at approximately 08:10. Each trajectory shows the baseline de-

mand and the served demand after DR, with the shaded region between them representing

the curtailment applied by the RL agent. The figure shows that curtailment is not uni-

formly distributed among the high-demand buses. Buses 102, 37, 114, and 52 exhibit a

pronounced shaded region that extends from before the peak to well after it, indicating

that the policy begins to curtail these buses as demand approaches its maximum and

continues to do so until demand has receded. In contrast, buses 88, 81, 64, 43, and 82

show essentially no separation between the baseline and served trajectories throughout the
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Figure 4.20: Top ten PQ bus demand trajectories around peak demand under the N–2 fault.

window, even at peak demand. The selective pattern confirms that DR is directed toward

the most-stressed buses rather than spread uniformly across the high-demand subset, and

that the policy’s curtailment decisions are guided by the underlying spatial structure of

demand stress rather than by a uniform load-reduction rule.

The four figures collectively indicate targeted, physically consistent demand-response be-

haviour under topology disturbances. The control actions are localized in both time and

space, align with the intervals of elevated system stress identified in the activation map,

and avoid unnecessary intervention during normal operating periods. This behaviour sup-

ports the reliability of the learned representation as an input to the coordinated control

framework, whose aggregate performance is evaluated next.
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Figure 4.21: System-level load shedding over a 24-hour horizon under the N–2 contingency, expressed as
a percentage of total system demand.

4.5.3 Closed-Loop Control Performance

The overall performance of the closed-loop controller is the final aspect considered in this

section. Four system-level indicators are shown in sequence, corresponding to the compo-

nents of the reward function in (3.28), and together they characterize how the integrated

framework coordinates generator redispatch, demand response, and virtual inertia adjust-

ments across the day. The controller operates at a five-minute decision interval, and at

each step it receives the state representation assembled by the ST-GNN, comprising the

predicted voltages, angles, and injections together with the topology-aware edge features,

before projecting the proposed action onto the feasible operating region defined by the gen-

erator limits, DR bounds, and inertia budget as specified in the coordination mechanism

of Section 3.6.
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Figure 4.21 shows the system-level load-shed fraction, demand-weighted across PQ buses,

over the 24-hour horizon. The trajectory tracks the daily load profile shown in Section 4.5.2,

with the largest shedding event coinciding with the morning demand peak near t = 480 min,

when aggregate load narrows the operating margin most severely, and voltage limits are

progressively approached. During this period, DR is triggered more frequently to maintain

feasibility. After the morning peak, the shed fraction declines as margins reopen and served

demand is restored toward baseline levels. The fault at t = 600 min arrives during this

descending phase, so the immediate post-fault interval does not coincide with a moment

of peak operating stress. Post-fault shedding persists at a lower level throughout the

afternoon and reactivates in the evening as the second daily demand rise interacts with the

post-fault topology. Mechanistically, the shedding action P sh,n
t+1 in (3.26) is applied when the

predicted next-step evolution under (3.27) indicates that, absent curtailment, operating-

limit violations would likely occur, and small curtailments are then applied at the most

effective PQ buses to relieve stress and keep voltages and flows within the prescribed

bounds.

Figure 4.22 shows the aggregated generation cost, which varies between roughly $590 and

$640 across the day. The trajectory follows the load profile through the quadratic form

of the unit cost curves Cg(·), with elevated values during the morning and evening peak

windows where the dispatch leans more heavily on the higher-cost units and lower values

during the early-morning and midday valleys where the system operates farther from unit

limits. The fault at t = 600 min sits on the descending arm of the morning peak rather

than at a separate inflection in the trajectory, and the cost remains within the same daily

band afterwards rather than rising to a new operating regime. Generation cost and reward

do not vary together at every instant. When demand response increases, less energy is

served, and the evaluated cost from Cg(·) can decrease even though the reward declines

143



0 120 240 360 480 600 720 840 960 1080 1200 1320 1440
Time (min)

590

600

610

620

630

640
G

en
 C

os
t

Generation Cost ($)

Figure 4.22: Aggregated generation cost over the 24-hour horizon under the N–2 contingency.

due to the shedding penalty. This trade-off is an immediate consequence of the multi-term

reward construction in (3.28), which balances economic efficiency against resilience through

the relative weights αg and αs in (3.29).

Figure 4.23 shows the number of bus-voltage violations recorded at each decision step, fluc-

tuating between approximately 37 and 47 across the full horizon. The violation count tends

to rise during high-load periods and around topology changes. This behaviour matches the

state-transition structure in (3.27), since once the operating point sits close to the voltage-

security limits, even small changes in injections or connectivity are amplified into visible

deviations. When violations rise, the policy increases DR and redispatches to relax the

local reactive demand and restore voltage margins, so that a decline in the violation count

typically follows with a short lag. Although the violation term is not explicit in the reward

decomposition in (3.28), it is treated as an auxiliary penalty aligned with the stability
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Figure 4.23: Number of bus-voltage violations over the 24-hour horizon under the N–2 contingency.

component in (3.30), and its temporal behaviour tracks the corrective action taken by the

controller rather than sustained deterioration.

Figure 4.24 summarizes the total reward trajectory. The reward is driven primarily by the

shedding signal, since the shedding term carries the larger weight in (3.29) to prioritize

service continuity, with cost variations playing a secondary role under the chosen weights.

The trajectory begins near −925 at t = 0 and rises to a local maximum of roughly −855

around t = 240 min as the system operates within a margin during the early-morning

hours. It then drops to its lowest value of approximately −1070 near t = 535 min, when

the morning demand peak coincides with the largest shedding event of the horizon. The

reward then recovers through the fault, reaching a post-fault local maximum near −870

around t = 840 min as the system stabilizes on the new topology. For the remainder of the

day, the reward oscillates between approximately −880 and −1000, with a brief evening
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Figure 4.24: Total reward trajectory over the 24-hour horizon under the N–2 contingency.

dip toward −1010 near t = 1320 min that aligns with the second demand peak in Fig. 4.19.

The fact that the global reward minimum occurs before the fault, rather than at or after

the contingency time, indicates that the coordinated action of DR, redispatch, and virtual

inertia absorbs the topology change with a moderate and bounded penalty rather than a

renewed performance collapse. The temporal behaviour aligns with the Bellman structure

in (3.33), in which action sequences that minimize shedding yield higher expected returns,

and the reward tracks the weighted combination of the shedding, cost, and violation signals

examined above.

The four indicators together describe a coherent closed-loop response under the RL formu-

lation, in which rewards track the weighted combination of shedding and cost, violations

modulate the need for corrective action, and the temporal patterns remain compatible with

the state-transition structure and the optimization objective.
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Taken together, the results presented in this chapter show that the proposed physics-

informed framework achieves both predictive accuracy and stable closed-loop control under

the N–2 contingency on the IEEE 118-bus system. The ST-GNN predictor reproduces

voltage and angle profiles with small errors under the faulted topology; the virtual-inertia

allocator delivers a topology-aware reference signal that remains temporally stable except

at fault times; and the reinforcement-learning controller achieves feasible operation through

a combination of targeted demand response and inertia reallocation. The greatest demand

on the controller arises from the morning load peak rather than from the topology change

itself, which indicates that the N–2 fault is absorbed with a smaller excursion in shedding,

cost, and reward than the daily demand cycle imposes under normal operation. All source

code, datasets, and trained models required to reproduce the results presented in this

chapter are openly available [100].
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Chapter 5

Conclusion and Future Work

This thesis addressed a central challenge in modern transmission systems: maintaining

stability as inverter-based generation displaces the rotational inertia on which the grid has

historically relied. The difficulty was not the absence of tools, but their fragmentation.

Eigenvalue analysis, optimization-based allocation, model predictive control, and machine-

learning predictors had each matured independently, yet none alone could provide online

stability support that was simultaneously topology-aware, formally safe under stated condi-

tions, and operationally interpretable. The contribution of this work is a single closed-loop

framework in which physics-based modelling and learning-based decision making operate

as parts of the same system rather than as competing alternatives.

The framework was built layer by layer. Chapter 2 began at the physical layer, formulat-

ing the swing-equation dynamics of the network and the linearized model used throughout

the thesis. From this model, a sensitivity calculation quantified how much each bus’s iner-

tia affected the damping of the most fragile electromechanical modes, which in turn yielded

a small optimization problem whose solution was a reference inertia profile Href adapted
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to the current operating point and topology. The result was a transparent, physics-based

answer to where virtual inertia should be placed at any given moment.

A reference profile alone does not run a grid. Chapter 3 therefore embedded the alloca-

tion within a closed-loop architecture in which a graph neural network predicted where the

system was heading next and a reinforcement-learning policy decided what to do about it.

A supervisory layer reconciled the policy’s proposed action with the physics-based refer-

ence and adjusted it as needed to ensure compliance with generator limits, demand bounds,

and the feasible inertia range before anything was sent to the grid. A Lyapunov analysis

built around this architecture established that, as long as inertia stayed within its design

bounds and the network remained connected between switching events, the closed-loop

response remained stable. The framework, therefore, retained the formal safety guarantees

of classical control while gaining the adaptability of learning-based methods.

Chapter 4 tested the framework on the IEEE 118-bus system under N–2 contingencies

not seen during training. The predictor accurately tracked the post-disturbance state of

the system, the allocator concentrated virtual inertia at the buses where it was most effec-

tive for damping, and the controller kept the system within safe operating limits across the

tested scenarios. A saliency analysis of the trained predictor highlighted the same trans-

mission lines identified by the physics-based sensitivity analysis, providing two independent

explanations for each control decision. In addition to reproducing system trajectories with

low error, the closed-loop policy produced sparse demand-response interventions over lim-

ited time windows, and the realized virtual inertia allocations remained concentrated near

stressed corridors while maintaining low per-step computational cost relative to OPF-based

baselines.

What this work delivered, then, is not a single algorithm but a way of organizing

stability support in low-inertia, topology-varying grids. Physics carried the load where

149



transparency and safety guarantees were needed, learning carried it where adaptability

and prediction were needed, and a coordination layer allowed the two to operate as parts

of the same loop.

5.1 Contributions

This thesis closed a specific gap in the support for stability in low-inertia, topology-varying

transmission systems by building a single, mathematically coherent pipeline rather than

stitching together separate components. The pipeline began from the swing-equation dy-

namics of the network. From those dynamics emerged a closed-form sensitivity expression

quantifying how each bus’s inertia influenced the damping of the most fragile electrome-

chanical modes. Those sensitivities were aggregated into bus-level criticality scores and

formulated as a small, budget- and bound-constrained optimization problem whose solu-

tion was a reference inertia profile Href adapted to the current operating point and network

topology. This sensitivity-guided allocation was the thesis’s first contribution and the foun-

dation on which everything else rested. It showed where virtual inertia mattered most in

a way the operator could inspect.

A reference allocation alone does not stabilize a grid; a control policy has to act on

it safely. The second contribution was the coordination architecture developed in Chap-

ter 3, in which a supervisory layer blended the reinforcement-learning action with Href

and adjusted the result to ensure compliance with generator limits, demand bounds, and

the feasible inertia range before execution. The Lyapunov analysis built around this ar-

chitecture showed that, as long as inertia stayed within design bounds and the network

remained connected between switching events, the closed-loop electromechanical response

preserved uniform asymptotic stability. The framework was therefore not only physics-
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aware but also provably stable in the small-signal sense, which is the property an operator

most needs from any learning-augmented controller. For the control loop to be useful

sequentially, the predictions feeding it had to remain physically consistent under condi-

tions the model never explicitly saw. That requirement led to the third contribution, the

spatio-temporal physics-informed graph neural network. By treating each time step as a

graph-structured observation and embedding Kirchhoff’s laws and operational limits as soft

penalties during training, the predictor produced forecasts of voltages, angles, generation,

demand, and virtual inertia that respected the underlying power-flow physics. The result

was a predictor whose outputs were physically consistent and directly usable within the

closed-loop control pipeline.

These three pieces, the allocator, the coordinator, and the predictor, were unified by

the closed-loop pipeline of Section 3.1, summarized in Algorithm 3.1. This unification was

itself the fourth contribution. Conventional pipelines treat prediction, stability assessment,

and control as separate sequential processes. The architecture here tied them into a single

decision cycle, in which the spectral module supplied the reference, the predictor supplied

the near-term outlook, the policy supplied the action, and the coordinator enforced feasi-

bility before anything reached the grid. The benefit was more than convenience: it was a

closed-loop system whose physics, learning, and safety guarantees co-existed by construc-

tion rather than by negotiation.

A unified pipeline of this kind is only operationally meaningful if its decisions can be

understood, and to that end, the fifth contribution was a set of interpretability tools based

on edge-level saliency analysis of the trained predictor. The saliency maps surfaced the

transmission lines that most strongly influenced each prediction, and they aligned with

the eigenvalue-sensitivity rankings derived analytically in Chapter 2. Two independent

diagnostics, one learning-based and one physics-based, identified the same critical struc-
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ture. That convergence justified operator trust in the framework’s outputs and made the

predictor a transparent component rather than a black box.

The final contribution was the contingency-aware training methodology supporting all

of the above. By generating training data across a representative set of single- and double-

line contingencies on the IEEE 118-bus system, the predictor and policy were exposed to

topology variations during learning rather than only at deployment. Chapter 4 showed

that the resulting models retained accuracy and feasibility under N–2 contingencies not

seen during training, addressing a known generalization gap in graph-based learning for

power systems and showing that the framework held up under the kind of stress operational

reliability planning is concerned with.

Together, these contributions form a single closed-loop framework for stability-aware

operation of low-inertia transmission systems, in which physics-based modelling and learning-

based decision making are not alternatives but layers of the same architecture.

5.2 Limitations and Future Work

5.2.1 Feasibility, Assumptions, and Validity of the Proposed Ap-

proach

The proposed framework rests on several assumptions that determine the conditions under

which its results are valid. First, the spectral-sensitivity analysis and Lyapunov stability

guarantee are derived from the small-signal linearization of the swing dynamics around a

known operating point. This approximation holds for small perturbations but does not

extend to large transient excursions, electromagnetic transients, or post-fault dynamics
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that drive the system far from the linearization point. Second, the Lyapunov stability

guarantee is conditional: it holds provided the network graph remains connected between

switching events and the inertia values remain within the design bounds enforced by the

coordinator. Under severe multi-element contingencies that disconnect the network, or

under large exogenous disturbances, these conditions may not hold and the guarantee does

not extend. Third, the centralized training procedure assumes that bus-level electrical

states, spectral sensitivities, and OPF solutions are available to a single operator. In

practice, multi-utility grids and systems with significant prosumer participation may not

satisfy this observability assumption. Fourth, the framework assumes that all inverter-

interfaced buses in Ginv are fully controllable by the operator; in systems where some buses

belong to different companies or operate under distributed ownership, this assumption

may require a federated or hierarchical extension. Fifth, the validation is conducted on

the IEEE 118-bus benchmark, which is a standard meshed transmission test system but

does not represent a real utility network; generalization to larger systems, real PMU data

streams, and networks with different inertia profiles remains to be demonstrated. Within

these conditions, the framework produces physically consistent predictions, topology-aware

inertia allocations, and formally stable closed-loop behaviour as demonstrated in Chapter 4.

5.2.2 Limitations

The framework rests on the small-signal linearization of the swing dynamics around an

operating point. Within that range, the eigenvalue-sensitivity machinery, the allocation

problem, and the Lyapunov result all hold cleanly, but the model does not capture large

transient excursions, electromagnetic transients, or protection-system behaviour, and a dif-

ferent modelling layer would be needed to extend the framework to those regimes. The
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present implementation also adopts one-step prediction and a greedy control update, so

model mismatch may accumulate near regime shifts such as fault onsets, potentially caus-

ing the closed-loop trajectory to drift from the training distribution. In addition, the

current environment does not explicitly model large disturbances that split the network

into multiple synchronous islands, nor does it capture the practical sparsity, certification

constraints, and actuation uncertainty associated with real grid-forming resources that may

be asked to supply virtual inertia. The action space is likewise restricted to re-dispatch,

demand response, and virtual inertia adjustments, leaving out other stabilizing devices

such as power system stabilizers and FACTS.

The validation in Chapter 4 was carried out on the IEEE 118-bus system under a sam-

ple of single- and double-line contingencies, which is enough to demonstrate the closed-loop

behaviour but does not exhaust the space of credible disturbances or generalize automat-

ically to larger or multi-area networks. Scaling the framework to larger systems, such as

the IEEE 300-bus network or real utility-scale networks, would test the graph aggregation

depth of the ST-GNN, the computational cost of the spectral-sensitivity module, and the

feasibility of the OPF-based training data generation. Larger graphs may require deeper

GNN architectures or hierarchical graph partitioning to maintain expressiveness, and the

eigenvalue computation cost grows with system size. Assessing scalability on at least one

larger benchmark is identified as a priority direction for future work. The training pipeline

also assumed access to clean simulated data and did not address the noise, missing samples,

or measurement delays that arise with real PMU streams. Finally, the contingency-aware

training procedure incurs a nontrivial offline computational cost, which is acceptable for

periodic retraining but would need to be re-examined for systems with frequent topology

evolution.

Several extensions follow naturally from the limitations above. The most direct ap-
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proach is to relax the linearization assumption by integrating nonlinear models of syn-

chronous machines and inverter-based resources, thereby enabling evaluation of the frame-

work under transient excursions where the small-signal approximation no longer holds. A

second direction is to strengthen the closed-loop predictor and controller by moving beyond

one-step greedy updates toward multi-step rollout or value targets, receding-horizon model-

predictive control, and training procedures such as scheduled sampling or data aggregation

that expose the predictor to its own closed-loop state distribution. A third direction is

to explicitly incorporate uncertainty into the predictor and the policy, replacing point

forecasts of demand and renewable generation with distributional ones and allowing the

controller to anticipate variability rather than react to it. Extending the transition and

control logic to detect islanding, support per-island objectives, and restrict virtual inertia

actuation to certified eligible devices under uncertainty would further improve operational

realism.

Broadening the action space to include additional stabilizing mechanisms, such as power

system stabilizers and FACTS, would move the framework toward a more unified multi-

policy controller. Validation on real PMU data, on larger test systems, and across multi-

area networks is the natural next step toward operational readiness, and hardware-in-

the-loop testing would help close the remaining gap between simulation and deployment.

Together, these directions would extend the framework from a closed-loop demonstration

on a benchmark grid into a tool capable of supporting stability decisions in the systems it

is ultimately meant to serve.
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