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Summary

In this thesis, I develop a novel time-domain approach for nonlinear scattering theory

(NLST), a previously frequency domain method for estimating the nonlinear generation

from a nanostructure. Due to a gap in literature, I then perform a full comparison of this

novel time domain approach to the existing one in the frequency domain. Using the ex-

ample scenario of third harmonic generation from various media in 1D and 3D, I compare

ś quantitatively ś the NLST estimated nonlinear spectra to two types of direct nonlinear

simulations: one using an experimental value for the nonlinear optical susceptibility, and,

for plasmonic systems, another using a hydrodynamics model for the nonlinear plasmonic

response. Through testing differing NLST approaches on these systems, I demonstrate the

effectiveness of the novel time-domain NLST and assess the use cases for this method as well

as the pre-existing ones. Lastly, I discuss the applicability of NLST in future works involving

the inverse design process, and high-order harmonic generation.

ii



Statement of Originality

I hereby certify that all work presented in this thesis is my own ś excluding this sentence,

of course, which likely has been given by a great deal many more than myself.

Preliminary scripts used for electrodynamic simulations in 1-dimension were developed

by myself, along with all the necessary pre- and post-processing scripts used to calculate and

visualize the results. I expanded these scripts to be made compatible with a pre-existing

in-house electrodynamic solver that is a shared collaboration between our research group and

one at the Leibniz Universität Hannover in Germany. Though this in-house solver, along

with the nonlinear models being used for validation were developed by other members of

these research groups, I have contributed to the software in a lead development role, while

also performing necessary őxes and adding any additional required features for this thesis.

The written content present in this thesis, from introductions to analysis, is original work

that was written and compiled entirely my me, aside from much appreciated edits provided

by my thesis supervisor, Dr. Lora Ramunno.

iii



Acknowledgments

Without the help of others, this thesis would truly have never made it to anyone’s desk. I

would like to őrst thank Dr. Lora Ramunno for being an excellent thesis supervisor, with

much patience for my ability to derail meetings with tangential chit-chat. She has provided

me with great feedback and greatly facilitated my growth as a computational physicist. I

would also like to thank our close collaborator, Dr. Antonio Cala Lesina for his help in

learning the őnite-difference time-domain method, understanding the in-house 3D-FDTD

software (which he authored a great deal of), as well as making changes to it. I commend

his ability to cope with my many outward thoughts and questions.

Here at the University of Ottawa, I have met a great deal of fellow researchers, both

in my group, and outside, who have helped me settle into Ottawa and grow as a scientist

in the midst of a global pandemic. Though there are too many to name directly, I cannot

go without naming the man with many stories to keep one entertained, Daniel Trotter. Of

course, I would like to thank my family and friends, that however often I fail to visit them,

continue to encourage and support my studies while reminding me to take time to relax and

have fun.

Most importantly, I would like to thank my partner Brandon, who despite knowing

nothing of what I do, goes out of his way to provide me with any assistance he possibly can.

iv



Contents

1 Introduction 1

1.1 Nonlinear Nanophotonics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Motivations and Nonlinear Scattering Theory . . . . . . . . . . . . . . . . . 4

2 Background Information 7

2.1 Material Response . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1.1 Perturbative Nonlinear Material Response . . . . . . . . . . . . . . . 8

2.1.2 Instantaneous Material Response from Polychromatic Sources . . . . 9

2.1.3 A Hydrodynamic Response for Gold . . . . . . . . . . . . . . . . . . 11

2.2 Lorentz Reciprocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2.1 Formulation in the Frequency Domain . . . . . . . . . . . . . . . . . 13

2.2.2 Formulation in the Time Domain . . . . . . . . . . . . . . . . . . . . 15

3 Nonlinear Scattering Theory 19

3.1 The Problem Setup for NLST . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.2 Extending NLST into the Time Domain . . . . . . . . . . . . . . . . . . . . 25

3.3 Numerical Recipes for NLST . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.3.1 Numerical Recipe for NLST in the Frequency Domain . . . . . . . . . 28

3.3.2 Numerical Recipe for NLST in the Time Domain . . . . . . . . . . . 29

3.4 Different Approaches for the Nonlinear Current . . . . . . . . . . . . . . . . 31

3.4.1 Frequency Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.4.2 Hybrid Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.4.3 Time Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4 Results and Discussion 34

4.1 1D FDTD for a Thin Film of Fused Silica . . . . . . . . . . . . . . . . . . . 35

4.2 1D FDTD for a Thin Film of Gold . . . . . . . . . . . . . . . . . . . . . . . 43

4.3 3D FDTD for a Thin Film of Gold . . . . . . . . . . . . . . . . . . . . . . . 47

4.4 3D FDTD for a Nanosphere of Gold . . . . . . . . . . . . . . . . . . . . . . . 54

5 Conclusions and Future Outlooks 62

5.1 Effectiveness of the Novel Time Domain Approach . . . . . . . . . . . . . . . 62

5.2 Limitations in Nonlinear Modeling . . . . . . . . . . . . . . . . . . . . . . . 63

5.3 A Review of Use Cases and Viability for NLST . . . . . . . . . . . . . . . . 64

5.4 Future Extensions to High Harmonic Generation . . . . . . . . . . . . . . . . 66

v



5.4.1 Preliminary HHG Investigations . . . . . . . . . . . . . . . . . . . . . 66

A Simulating Nonlinear Media Using FDTD Methods 68

A.1 Base Update Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

A.2 Simulating a Dispersionless Nonlinear Material . . . . . . . . . . . . . . . . . 69

A.3 Simulating a Dispersive Nonlinear Material . . . . . . . . . . . . . . . . . . . 70

B Far-Field Electric Field From a Sphere of Uniform Current 73

References 76

vi



List of Figures

3.1 The NLST Region . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.2 The Driving Field for NLST . . . . . . . . . . . . . . . . . . . . . . . . . 21

3.3 The Nonlinear Generation Propagates Toward the Detector Field . 21

3.4 A Fictitious Current Source at the Detector . . . . . . . . . . . . . . 23

3.5 Plane Wave Approximation of the Fictitious Current Source . . . . 23

4.1 NLST Reflected Spectra – 25nm Silica Film and 25fs Pulse . . . . . 37

4.2 NLST Transmitted Spectra – 25nm Silica Film and 25fs Pulse . . . 37

4.3 NLST Reflected Spectra – 355nm Silica Film and 25fs Pulse . . . . 39

4.4 NLST Transmitted Spectra – 355nm Silica Film and 25fs Pulse . . 39

4.5 NLST Reflected Spectra – 25nm Silica Film and 100fs Pulse . . . . 40

4.6 Noise-Corrected Frequency Method NLST Reflected Spectra – 25nm

Silica Film and 100fs Pulse . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.7 NLST Reflected Spectra – 25nm Silica Film and 100fs Pulse . . . . 42

4.8 NLST Transmitted Spectra – 25nm Silica Film and 100fs Pulse . . 42

4.9 NLST Reflected Spectra – 50nm Gold Film and 25fs Pulse . . . . . 45

4.10 NLST Transmitted Spectra – 50nm Gold Film and 25fs Pulse . . . 45

4.11 NLST Transmitted Spectra – 355nm Gold Film and 25fs Pulse . . . 46

4.12 NLST Reflected Spectra – 50nm Gold Film and 100fs Pulse . . . . 48

4.13 NLST Transmitted Spectra – 50nm Gold Film and 100fs Pulse . . . 48

4.14 NLST Reflected Spectra – 50nm Gold Film and 25fs Pulse . . . . . 50

4.15 NLST Reflected Spectra – 50nm Gold Film and 100fs Pulse . . . . 52

4.16 NLST Reflected Spectra – 355nm Gold Film and 100fs Pulse . . . . 53

4.17 NLST Transmitted Spectra – 25nm Radius Gold Nanosphere and

25fs Pulse . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.18 Tensor and Hydrodynamic Third Harmonic Field Profiles for 25fs

Pulse Incident Gold . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.19 High-Resolution Hydrodynamic Third Harmonic Field Profiles for

25fs Pulse Incident on a Gold Sphere with 25nm Radius . . . . . . . 57

4.20 NLST Transmitted Spectra From a 25nm Radius Gold Nanosphere

Illuminated by a 100fs Pulse . . . . . . . . . . . . . . . . . . . . . . . . 58

4.21 NLST Transmitted Spectra From a 50nm Radius Gold Nanosphere

Illuminated by a 25fs Pulse . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.22 Tensor and Hydrodynamic Third Harmonic Cross-Section for 25fs

Pulse Incident Gold Nanosphere of 50nm Radius . . . . . . . . . . . 60

vii



5.1 Reflected HHG from a Thin Film of ZnO . . . . . . . . . . . . . . . . 67

viii



List of Tables

4.1 1D FDTD Simulation and Material Parameters for THG in a Thin

Silica Film . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.2 1D FDTD Simulation and Material Parameters for THG in a Thin

Gold Film . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.3 3D FDTD Simulation and Material Parameters for THG in a Thin

Gold Film . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.4 3D FDTD Simulation and Material Parameters for THG in a Gold

Nanosphere . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

ix



Chapter 1

Introduction

1.1 Nonlinear Nanophotonics

The essence of nonlinear nanophotonics can be summarized into one clear and concise state-

ment: interesting phenomena occurs when high intensity light interacts with objects sub-

wavelength in size. The two key ingredients outlined in this statement are that of łhigh

intensity lightž, which provides the łnonlinearž, and łsub-wavelength structuresž, which pro-

vides the łnanophotonicsž. Though each of these are vast őelds of their own, their intersection

is truly a groundbreaking regime.

At its core, the idea of sub-wavelength objects affecting the light that passes by and

through it is not new in the őeld of physics. Artiőcially, these effects have been observed for

over a millennia. A famous example of this would be the Lycurgus cup ś a Roman chalice

that has been dated to be approximately 1600 years old ś which can change colour depending

on whether it is illuminated from the inside or outside, due to the Romans doping the glass

with round silver and gold nanoparticles as small as 50 nanometers[1]. If one chooses to

expand beyond the limitation of artiőcial origins, it does not require looking far to see these

effects in nature. For millions of years, the effect of nanostructuring has been demonstrated

in nature, in particular by insects, who are internationally known for exhibiting fascinating

optical effects such as butterŕies with łultra-blackž wings[2], scarab beetles with glossy white

bodies[3], or the interesting coloring and optical effects of a peacock’s feathers[4], all of which

are due to orderly and disorderly structuring present on the nanoscale.

The physical study of artiőcial nanostructures began in the year 1785[5]. In the őrst

publication by David Rittenhouse[6], the motivations were noted to be due to a letter received

from the author and poet Francis Hopkinson, where he noted observations of what he believed

to be a magnifying effect on the silk threads of his handkerchief when he held it up to a lamp

post in the distance. David Rittenhouse believed the observation to instead be something

much deeper, exploring it in detail. He published the őrst paper on the topic, which clearly
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outlines the creation of the őrst diffraction grating using nails and hairs[6], and documents

the observation of diffracted light from a candle, clearly noting the angles and prismatic-like

separation of colours. This publication clearly marks the beginning to a őeld that over time

has grown immensely.

In more recent times, advancements in nanofabrication technology has fueled a great

deal of research in artiőcial structuring, leading to excited growth in research on metamaterials[7]

and metasurfaces[8, 9]. Each are composed of their building blocks, the meta-atom[10], that

are arranged in 2-dimensional and 3-dimensional arrays to produce speciőc individual and

ensemble effects [11]. Metasurfaces and metamaterials are each artiőcial variations on their

naturally occurring counterparts that have been engineered to display speciőc functional

properties, one such example being a negative permittivity [12, 13].

In the linear regime, meta-surfaces exist in varying forms and are used in a plethora

of optical projects as they provide unprecedented control over phase, amplitude, and po-

larization, all while being effectively 2- dimensional[14, 15]. With the ability to tailor the

properties of media in varying dimensionalities, there have been several realized applica-

tions in compact optics including imaging using metalenses[16, 17], spectroscopy[18], beam

shaping[19], polarization splitting[20], and holography[21, 22, 15], to name a few. Given

their immense usability and ŕexibility, it was only a matter of time before their applications

in the őeld of nonlinear optics would be explored as well.

The őeld of nonlinear optics, as previously mentioned, relates directly to the involve-

ment of łhigh energy lightž. This dependence makes its emergence in the history of physical

studies to be much more recent in comparison to sub-wavelength physics in the late 1700s.

Nonlinear effects are inherently weaker than linear effects, making them highly dependent

on the intensity of the stimulating őeld to observe[23]. For this reason, they were not able

to be studied until a high enough intensity (and low enough noise ŕoor) could be achieved

ś a feat not attained until the invention of lasers in 1960[24]. The őrst nonlinear effects to

be studied were that of second harmonic generation, discovered and published in 1961 by

Franken et al. [25]. The publication even begins by directly attributing the ability to prove

such an effect to the then newly invented ruby lasers.

Being discovered soon after each other, many of these lower orders of nonlinear optical

phenomena have been studied nearly as long as lasers themselves. For example, we look to

harmonic generation, which is a form of sum-frequency generation. In this nonlinear optical

process, the response of nonlinear media to high intensity light at a fundamental frequency

causes the material to partially up-convert the photon energy given to it via the source to

a higher energy photons at harmonics (i.e. integer multiples of the pump frequency)[23].

This nonlinear optical process has established itself in both microscopy[26, 27, 28], and
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spectroscopy[29, 30]. Many of these current applications branch into biomedical sensing

and diagnosis, utilising the non-centrosymmetric structure of collagen to detect diseases like

cancer and őbrosis[31].

A few decades ago, high harmonic generation (HHG) was observed[32], where pho-

tons several factors higher in energy are produced via a non-perturbative nonlinear optical

process (i.e. łextremež nonlinear optics), unlike perturbative low-order harmonic generation

described above. Within a decade of its discovery, the order of the harmonics observed had

tripled from the 11th up to the 33rd[33], and a strong interest in HHG was rapidly growing as

a table-top source of short pulses covering broad spectral ranges, stretching into the extreme

ultra-violet (XUV)[34] and reaching down into attosecond time scales. Serving as a founda-

tion for the őeld of attosecond science[35, 36, 37] these pulses have countless applications,

such as probing and imaging molecules [38, 39] and ultra-high resolution imaging far below

the diffraction limit of visible light[40]. Many original investigations use HHG created from

intense irradiation of gases. More recently, however, HHG was observed from intense irradi-

ation of solids[41, 37], which offers many promises over their gaseous alternative, including

a promise of achieving higher conversion efficiencies, an issue that critically affects both the

gas and solid state HHG[42].

At the intersection of sub-wavelength and nonlinear optics lies the őeld of nonlinear

nanophotonics, which studies the nonlinear optical processes that can occur alongside sub-

wavelength structures both directly, or through enhancements. Alongside these increased

efficiencies through enhancements, the subwavelength structures further give vectorial con-

trol over the phase and amplitude of the light[43]. Continuing the focus on harmonic gen-

eration, we see complexities in the conventional bulk approach that persist to the present

day despite years of advancements. For example, there is complexity in the phase-matching

requirement to nonlinear generation in bulk media often requiring the use of birefringent

or periodically poled crystals to obtain suitable quantities of nonlinear generation without

incurring damages[23].

With the current focus on compact optical elements for functionalities being inte-

grated into chip design, there is increasing attention being paid to the relationship be-

tween metamaterials, metasurfaces, and the nonlinear optics that play a critical role in

the implementations[44]. This moves the focus of recent works in nonlinear nanophoton-

ics on each of these nanostructures and how their precise features can be engineered to

address known problems and difficulties in conventional bulk nonlinear optics[45]. As the

nonlinear setup becomes more compact and subwavelength in size, there are some issues

which are present in the bulk approach that are directly combated, for example, notably

relaxed phase matching conditions[45]. However, with a smaller amount of nonlinear media
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present for the light to travel through, there can be a decreased yield[45]. Ultimately, this

leads to the use of nanostructured surfaces and metamaterials that exhibit enhanced non-

linearities, allowing them to yield greater amounts of harmonic generation more efficiently.

Strong nonlinear enhancements have been demonstrated in many works using various types

of structuring using both metallic/plasmonic[46, 47, 48, 49, 5, 50, 45], and all-dielectric

materials[5, 51, 45]. Recently, metasurfaces for enhancing high harmonic generation have

also been demonstrated[52, 14].

The number of possible designs for any metasurface, including nonlinear ones, is seem-

ingly inőnite as their principles allow for a ŕexible applicability which is highly sought after.

With this increased need for new and innovative designs from a large space of possibilities,

a key question is raised: how can we find the designs we need?

1.2 Motivations and Nonlinear Scattering Theory

To facilitate these new applications, reőne their use cases, and improve upon their efficiencies,

the design process is pivotal in nonlinear nanophotonics. Within this design process lies

the nonlinear simulation process, which plays a crucial role[53]. However, these nonlinear

simulations can be a costly endeavor for several reasons.

Direct nonlinear simulation is expensive in terms of the time cost of designing, im-

plementing, optimizing, and performing the simulation. To simulate the nonlinear media

accurately, a suitable model is required, which then must be transformed into a numerical

recipe that can successfully be integrated into some self-consistent solver. For researchers

on the cutting edge of development and design, the models being explored for approaches

being used are not always available in commercial solvers. As well, independent of whether

the software is closed-source[54, 55] or open-source [56], the ability to implement the model

oneself simply is not possible.

This leads often to the sole option of directly implementing a model of interest into an

in-house solver, which can be an extremely difficult task, especially with the more limited

resources a research team may have in comparison to an established software with a large

body maintaining and developing it. Differences between models may make them inherently

incompatible with any code which previously exists as well, for example, if the order of solving

differential equations is required to be different between two approaches. This leads to an

inability to easily implement a new model into any existing code available to a researcher,

triggering massive projects in refactoring and restructuring large bodies of code, which is

only worth the immense time and effort if there is plausible payoff. Not to mention, to

implement a model stably into a large piece of software takes a certain amount of numerical
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expertise that is not always in a researcher’s tool belt if it is not their specialized area.

Lastly, nonlinear simulations can require excessive amounts of computational resources

to perform, an amount that can vary greatly depending on the model required. Full nonlinear

simulations typically require more resources than linear ones, with more demand on memory

and simulation time coming from the added calculation steps and values to keep track of.

All of these are indicative of two key requirements that are not being met: the need for

simpler models to facilitate inverse design methods, as well as less costly approaches to, at

a minimum, give the researcher the ability to gain some level of accurate information about

what result to expect without the need of a full nonlinear simulation and all that it costs.

As the inverse design process is one that relies on a great deal of simulation work to

fully realize, it is imperative that the models being used are as simple and efficient as they

can be without sacriőcing their accuracy. However, since nonlinear models are inherently

more complex to simulate, estimative approaches can partially alleviate the number of times

the whole nonlinear simulation is performed by providing a rough solution prior to the

full optimization. One such estimative method that shows promise for this is Nonlinear

Scattering Theory, or NLST in short.

Nonlinear Scattering Theory is a frequency domain method for estimating the nonlinear

scattered signal from an arbitrary structure using solely linear simulations, which was devel-

oped by Roke et al. in 2004[57]. This method, based on the Lorentz Reciprocity Theorem,

is very ŕexible in terms of applications, and can directly address each of these drawbacks of

the full nonlinear simulation approach. A key caveat to NLST being that it fails to be fully

self-consistent, limiting its application to the undepleted pump approximation (for reasons

demonstrated in Section 3.1). The undepleted pump approximation is a decent approxi-

mation in the regime being explored, as it does well for nanophotonic devices with a small

interaction volume.

This approach has been used for a qualitative prediction of the relative nonlinear sus-

ceptibility of metamaterials by O’Brien et al. in 2015[58] with great success. In that paper,

they determine an optimal geometry for a particular nanostructure which maximizes the

second harmonic output using Miller’s Rule, NLST, and experiment, with NLST proving to

yield a result much more in line with experimental results. Despite the normalized, arbitrary

units used in this approach, the inclusion of necessary scaling and unit factors in the full

derivation imply that quantitative results are indeed also possible to obtain.

Despite being a powerful estimative method with quantitative capabilities, there was

no thorough breakdown or validation against a full nonlinear simulation to the best of our

knowledge in literature. As well, we noted a distinct lack of a time domain approach, despite

some models not being well represented in the frequency domain, especially complex models
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like those put forward for HHG[59, 60].

In this thesis, I develop a time domain approach for NLST, as well as perform a com-

parison of this novel time domain approach to two methodologies in the frequency domain,

using the example scenario of Third Harmonic Generation. I then compare the results of

nonlinear scattering theory with two types of direct nonlinear simulations, (i) one using an

experimental value for the nonlinear optical susceptibility to test the accuracy of the esti-

mative method, and, (ii) for plasmonic systems, a hydrodynamics model for the nonlinear

plasmonic response to benchmark the physical performance and examine the accuracy of the

results. The purpose for this being to assess the performance of NLST, while outlining and

expanding upon its use cases versus direct nonlinear simulations. Further, I assess the possi-

bility of the application of NSLT, particularly our new time domain version, to optimization

problems in inverse design. I also consider extensions to more complex nonlinear material

responses in the time domain, such as high-order harmonic generation, which is one of our

future goals.
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Chapter 2

Background Information

To fully understand both the physics and the numerical calculations being performed within

Nonlinear Scattering Theory (NLST) and its applications, I will introduce in this chapter

the background information regarding how the material response will be calculated for use

in NLST. In addition to this, I will introduce Lorentz Reciprocity Theorem in both the

frequency domain, where it is most frequently used, as well as the time domain, where the

theorem is lesser known.

Note that for this project, the following deőnitions of the Fourier transform and inverse

Fourier transform were used:

P⃗ (r⃗, ω) =

ˆ ∞

−∞

P⃗ (r⃗, t) eiωtdt (2.1)

P⃗ (r⃗, t) =
1

2π

ˆ ∞

−∞

P⃗ (r⃗, ω) e−iωtdω (2.2)

2.1 Material Response

We begin with Maxwell’s curl equations for the electric (E⃗) and magnetic (H⃗) őelds under

the assumption of a non-magnetic material, given by:

∇× H⃗ (r⃗, t) = ϵ0
dE⃗ (r⃗, t)

dt
+

dP⃗ (r⃗, t)

dt
(2.3)

= ϵ0
dE⃗ (r⃗, t)

dt
+ J⃗ (r⃗, t)

∇× E⃗ (r⃗, t) = µ0
dH⃗ (r⃗, t)

dt
(2.4)
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Where the optical response of the material is described by a polarization (P⃗ ) and/or

current density (J⃗), ϵ0 and µ0 are the vacuum electric permittivity and permeability, re-

spectively. This material response is what must be characterized for a simulation. Both the

linear and nonlinear response of a material to a given őeld can be encapsulated within this

current or polarization term, allowing the current to act (in the case of nonlinear generation)

as a nonlinear source current.

In the őeld of optics there are many ways to describe these responses of a material to

various light sources under differing regimes (such as wavelength range and intensity), and

understanding how to incorporate these different responses is pivotal to making use of NLST

in both the time and frequency domain. How this response is deőned and isolated ultimately

deőnes the problem in NLST, hence in this section we will discuss the material responses

used in this project and how they originate.

2.1.1 Perturbative Nonlinear Material Response

A perturbative nonlinear material response is used throughout the testing in this project, an

approach that views the nonlinear response as a minor perturbation to the linear. Under the

regimes where a perturbative response works well, such as low order harmonic generation,

the material response can be broken apart into pieces of varying nonlinear orders. That is,

to say, we can write the polarization as:

P⃗Tot (r⃗, t) = P⃗Lin (r⃗, t) + P⃗NL (r⃗, t) = PLin (r⃗, t) + P (2) (r⃗, t) + P (3) (r⃗, t) ... (2.5)

Generally speaking, when dealing with centro-symmetric materials, the even orders

tend to vanish within the material due to the symmetry, leaving the second order nonlinear-

ities to the surface boundary only [23]. When dealing with sufficiently small nanostructures,

this surface nonlinearity becomes more notably prominent. For testing the NLST approach

we focus only on the third order harmonic process, despite the second order processes still

being possible to model.

There are many models for the linear response, P⃗Lin (r⃗, t), that have been developed.

Some examples would include the Drude model introduced in 1900[61] to describe the op-

tical response of free electrons in metals, or the Lorentz model introduced in 1909[62] to

describe the optical response of bound electrons, such as in dielectrics, along with the vari-

ations thereof that followed[63]. Both of these models have been used to describe the linear

responses in speciőc regimes for metallic and dielectric media respectively, and have been

studied and characterized in detail. With regard to simulation work, these models have been
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őtted for many common materials and are often readily available in solvers or have well

documented resources for how to do so[64, 65, 66].

The nonlinear response is independent from the linear model in the perturbative ap-

proach, using an expansion which separates many nonlinearities into their corresponding

orders. Nonlinear Scattering Theory does not directly depend on whether the nonlinear re-

sponse can be written out into its various order components, however, it is dependent on the

ability of the total polarization to be written as the sum of the linear response and nonlinear

pieces, as will be demonstrated with explanation in Section 3. With this assumption, we

must deőne the nonlinear material response.

2.1.2 Instantaneous Material Response from Polychromatic Sources

Looking to the third order nonlinear polarization, as few assumptions will be made to make a

model for P⃗ (3) (r⃗, t) that can be readily implemented. Beginning with the general third-order

nonlinear polarization in a detailed form as a convolution in time and space, we have[67]:

P
(3)
i (r⃗, t) = ϵ0

ˆ

V

ˆ ∞

−∞

χ
(3)
ijkl (r⃗ − r⃗1, r⃗ − r⃗2, r⃗ − r⃗3, t− t1, t− t2, t− t3)

Ej (r⃗1, t1)Ek (r⃗2, t2)El (r⃗3, t3) dt1dt2dt3dr⃗1dr⃗2dr⃗3

(2.6)

This speciőc representation is rather complex, however the assumptions being made

can safely simplify its form into something more palatable. The őrst assumption would

be that there are no non-local effects. This removes the inŕuence of nearby őelds on this

nonlinear polarization, and makes it depend only on the őelds at its own point in space. This

effectively introduces three spatial delta functions into our←→χ (3). This assumption simpliőes

the nonlinear response by eliminating the spatial convolution

←→χ (3) =←→χ (3) (t− t1, t− t2, t− t3) δ(r⃗ − r⃗1)δ(r⃗ − r⃗2)δ(r⃗ − r⃗3), (2.7)

giving,

P⃗ (3) (r⃗, t) = ϵ0

ˆ ∞

−∞

←→χ (3) (r⃗, t− t1, t− t2, t− t3) E⃗ (r⃗, t1) E⃗ (r⃗, t2) E⃗ (r⃗, t3) dt1dt2dt3. (2.8)

The next assumption is that the response is instantaneous, performing a similar simpli-

őcation on the formula for the nonlinear response. By eliminating the time convolution, the
←→χ (3) becomes dependent only on the őelds that are currently at that point in time, unaware

of the őelds that were present prior. That is, we have:
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←→χ (3) (r⃗, t) =←→χ (3)δ(r⃗ − r⃗1)δ(r⃗ − r⃗2)δ(r⃗ − r⃗3)δ(t− t1)δ(t− t2)δ(t− t3), (2.9)

giving,

P⃗ (3) (r⃗, t) = ϵ0
←→χ (r⃗) E⃗ (r⃗, t) E⃗ (r⃗, t) E⃗ (r⃗, t) . (2.10)

Lastly, the assumption is made that there is no variation in time or space for the value

of ←→χ (3) (r⃗, t) within the medium. This would make our nonlinear susceptibility a constant

value for values of r⃗ which lie within the medium, and assumed to be 0 outside, ultimately

yielding a drastically simpliőed formula for the third order nonlinear response within the

nonlinear material:

P⃗ (3) (r⃗, t) = ϵ0
←→χ (3) (r⃗) E⃗ (r⃗, t) E⃗ (r⃗, t) E⃗ (r⃗, t) (2.11)

For comparisons between time and frequency domain NLST discussed in the next

chapter, we must transform this polarization into the frequency domain to be used in the

original frequency domain NLST method. To do this generally, making no assumptions on

the spectral proőle of the pump, we apply convolution theorem twice. This yields a nested

relationship like such:

F {f (t) g (t)h (t)} = F (ω) ∗ [G (ω) ∗H (ω)] (2.12)

Applying this rule to our formula for the time domain polarization in Equation 2.11, we

re-introduce convolutions to the formula for the nonlinear polarization when in the frequency

domain.

P⃗ (r⃗, ω) = ϵ0
←→χ (3) (r⃗)

ˆ ∞

−∞

ˆ ∞

−∞

E⃗ (r⃗, ω′) E⃗ (r⃗, ω′′) E⃗ (r⃗, ω − ω′ − ω′′) dω′dω′′ (2.13)

This response is applicable to both polychromatic as well as monochromatic őelds. For

a monochromatic source we see that the convolutions will collapse into a simple cube of the

electric őelds, which is a form commonly seen in nonlinear optics, given by:

P⃗ (r⃗, 3ω) = ϵ0
←→χ (3) (r⃗) E⃗ (r⃗, ω) E⃗ (r⃗, ω) E⃗ (r⃗, ω) (2.14)

Often times the←→χ (3) tensor will exhibit certain symmetries which show a relationship

between the varying elements within. This can drastically simplify the appearance of the

tensor, or reveal that the number of independent elements is much fewer than there are
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indices in the tensor. For example, an isotropic material has a ←→χ (3) tensor with diagonal

components that are all equal, with no-off diagonal components. This is used for the one-

dimensional test cases in this project.

Many of these symmetries have been given names to assist in the classiőcation of

materials. For gold, the nonlinear medium being used in the test cases of this project,

the symmetry class is labeled łm3mž, where diagonal elements are all equal, and the few

off-diagonal components are related to these through division by 3.

2.1.3 A Hydrodynamic Response for Gold

Another way to model gold is to use a hydrodynamic model[68], which can be used to capture

both non-local and nonlinear effects. Within the scope of this project, this model is not

used for bench-marking NLST per se, but rather as a validation for the instantaneous third

order nonlinear optical response model described in Section 2.1.2 above to a more complex

model that can demonstrate the physical effects overlooked in the previous assumptions. It

was implemented in our in-house electrodynamic solver previous to this project by another

member of our group[69, 70].

This model is one that attempts to describe the behaviour of the free electrons in a

material when in the presence of an electric őeld, and consists of a Newtonian-like force

equation:

m
∂v

∂t
= −e(E⃗ + v⃗ × B⃗)−mv⃗ · ∇v⃗ −mγv⃗ −∇

δG[n]

δn
(2.15)

On the right-hand side of Equation 2.15 we see (from left to right) Lorentz, convection,

damping, and pressure functional forces. The pressure term in this model is given by:

δG

δn
=

ℏ
2

2m

(

3π2
)2/3

n2/3 (2.16)

Where n is the electron density, m is the effective mass of conduction electrons, and ℏ is the

reduced Planck constant. As a formula for the nonlinear polarization or current is required

for simulation, a substitution of J⃗ = −env⃗ is used to obtain:

∂J⃗

∂t
=

J⃗

ne
∇ · J⃗ +

1

ne
(J⃗ · ∇)J⃗ −

J⃗

en2
(J⃗ · ∇)n+

e2n

m

(

E⃗ −
J⃗

ne
× B⃗

)

− γJ⃗ +
eℏ2

3m2

(

3π2n
)2/3
∇n

(2.17)

Where J⃗ is the material response current, n is the electron density, m is the effective mass

of conduction electrons, e is the elementary charge constant, and ℏ is the reduced Planck
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constant. A more exhaustive explanation on the model, a numerical linear implementation,

and the most recent numerical nonlinear implementation can be found in references [68, 70,

69] respectively.

2.2 Lorentz Reciprocity

Nonlinear Scattering Theory (NLST) is based around the concept of Lorentz Reciprocity

in the Frequency Domain. This theorem is an identity in electromagnetism that outlines a

symmetry in how őelds will behave within the same linear system in the same volume of

space. Often, in engineering őelds, reciprocity theorem is used to demonstrate the ability

to swap detector and emitters in a system [71], meaning that an antenna can act as both a

detector through the electric őeld inducing a current, and as an emitter when the opposite

is true. The Lorentz reciprocity theorem is:

ˆ

J⃗1 (r⃗, ω) · E⃗2 (r⃗, ω) dV =

ˆ

J⃗2 (r⃗, ω) · E⃗1 (r⃗, ω) dV (2.18)

In the setup for the formula, the currents J⃗1 and J⃗2 are source currents that give rise to the

electric őelds E⃗1 and E⃗2 respectively. The Lorentz reciprocity theorem requires two sets of

sources and őelds for the relationship to be fully realized. Using information on the őelds

caused by one current source in a closed system, you can determine the output őelds of that

same system for any other current source, making it a very powerful theorem. This will be

further explained in Section 2.2.1.

This theorem acts as the foundation for Nonlinear Scattering Theory, where this re-

lationship is used to estimate the nonlinear generation and effectively propagate the őeld

to some detector point. It is derived directly from the following vector identity for the di-

vergence of a cross product. This is then combined with Maxwell’s curl equations in the

frequency domain:

∇⃗ × E⃗ (r⃗, ω) = iωµH⃗ (r⃗, ω) , (2.19)

∇⃗ × H⃗ (r⃗, ω) = J⃗src (r⃗, ω)− ϵiωE⃗ (r⃗, ω) , (2.20)

∇⃗ · (A⃗× B⃗) = (∇⃗ × A⃗) · B⃗ − A⃗ · (∇⃗ × B⃗), (2.21)

where J⃗src is a source current, which will later be replaced by J⃗1 and J⃗2. It is important to

note that this is a set of linear equations, where the material response is embedded in ϵ and
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µ. Given that NLST depends heavily on Lorentz Reciprocity theorem, I will introduce the

standard formulation of Lorentz Reciprocity in both the Frequency Domain, as well as in

the Time domain, the latter of which I will use to develop a time domain version of NLST

in the next chapter.

2.2.1 Formulation in the Frequency Domain

To arrive at Equation 2.18, őrst one looks to Maxwell’s curl equations shown in Equations

2.19 and 2.20. Here, we have a source current, J⃗src (r⃗, ω), which is generating the electromag-

netic őelds. Now consider the same physical system under two different sources, J⃗src = J⃗1, J⃗2,

completely contained within a volume V . These sources will generate electromagnetic őelds

E⃗1, H⃗1 and E⃗2, H⃗2 within V . If there are two source currents which are active in the region,

then there will be two sets of these equations for each of the őelds. These őelds will from

here onward be labeled as E⃗i, H⃗i, J⃗i where i = 1, 2. Each of these sets of őelds will satisfy a

Maxwell curl equation for the respective source current, that is,

∇⃗ × E⃗1 (r⃗, ω) = iωµH⃗1 (r⃗, ω) ,

∇⃗ × H⃗1 (r⃗, ω) = J⃗1 (r⃗, ω)− ϵiωE⃗1 (r⃗, ω) ,

and

∇⃗ × E⃗2 (r⃗, ω) = iωµH⃗2 (r⃗, ω) ,

∇⃗ × H⃗2 (r⃗, ω) = J⃗2 (r⃗, ω)− ϵiωE⃗2 (r⃗, ω) .

By taking the divergence of the cross product between these alternating E⃗ and H⃗

őelds (i.e. ∇⃗ · (E⃗1 × H⃗2), and ∇⃗ · (E⃗2 × H⃗1)), then we can apply the general identity given

in Equation 2.21 for the divergence of a cross product. By performing the alternating cross

products, and applying this identity, we obtain

∇⃗ · (E⃗1 × H⃗2) = (∇⃗ × E⃗1) · H⃗2 − E⃗1 · (∇⃗ × H⃗2), (2.22)

∇⃗ · (E⃗2 × H⃗1) = (∇⃗ × E⃗2) · H⃗1 − E⃗2 · (∇⃗ × H⃗1). (2.23)

Note that for future steps the explicit space and frequency dependence will be dropped in

the notation for ease of reading, however, these quantities are still functions of both position
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and frequency.

In Equations 2.22 and 2.23, the curl of an E⃗ and H⃗ őeld, are replaced with Maxwell’s

equations (Equations 2.19 and 2.20). From here, the difference between Equations 2.22 and

2.23 is taken to get

∇⃗·(E⃗1×H⃗2−E⃗2×H⃗1) = iω(H⃗1·µH⃗2−H⃗2·µH⃗1)−iω(E⃗1·ϵE⃗2−E⃗2·ϵE⃗1)−E⃗1·J⃗2+E⃗2·J⃗1. (2.24)

In the case where with the permeability (µ) and permittivity (ϵ) tensors are symmetric,

then it can be shown that iω(H⃗1 · µH⃗2 − H⃗2 · µH⃗1) and iω(E⃗1 · ϵE⃗2 − E⃗2 · ϵE⃗1) will vanish.

Equation 2.24 then becomes

∇⃗ · (E⃗1 × H⃗2 − E⃗2 × H⃗1) = E⃗2 · J⃗1 − E⃗1 · J⃗2. (2.25)

To show that the left side of this equation will vanish, the divergence theorem is applied.

Let the volume V be a solid region having a boundary surface S with positive orientation

and normal unit vector n⃗. If F⃗ is a vector őeld whose components have continuous őrst

order derivatives, then the divergence theorem is written as (as it appears in reference [72])

ˆ

V

∇⃗ · F⃗ dV =

˛

S

F⃗ · n⃗dS (2.26)

If we apply a closed volume integral to both sides of 2.25, then we can take advantage of the

divergence theorem to re-write the left side of the equality, giving

˛

S

(E⃗1 × H⃗2 − E⃗2 × H⃗1) · n⃗dS =

ˆ

V

E⃗2 · J⃗1 − E⃗1 · J⃗2dV. (2.27)

Both current sources J⃗1 and J⃗2 are located within the volume bounded by the surface S. If

we consider the complementary region of volume Vc = Vallspace − V , then it gives a region

bound by the same surface with only a differing sign on the normal vector, i.e. n⃗→ −n⃗. If

we consider 2.27 in this complimentary region of space, we get

˛

S

(E⃗1 × H⃗2 − E⃗2 × H⃗1) · (−n⃗)dS =

ˆ

Vc

[

E⃗2 · J⃗1 − E⃗1 · J⃗2

]

dV. (2.28)

Noting that there are no current sources in this complimentary volume, it is trivial to

see that the right side would vanish. Seeing as the left side differs only by a global minus

sign from the situation involving our original region V , one can conclude that
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˛

S

(E⃗1 × H⃗2 − E⃗2 × H⃗1) · n⃗dS = −

˛

S

(E⃗1 × H⃗2 − E⃗2 × H⃗1) · (−n⃗)dS = 0. (2.29)

There is another conceptual way to show the disappearance of the term on the left-

hand side of Equation 2.27. Assuming that the őelds can be encapsulated within a bounding

surface, they must decay as they propagate outward. This implies that there is some surface

large enough where the őelds have decayed to negligible levels. As the surface expands to

inőnity, the current sources on the right-hand side will remain őxed, whereas the őelds on

the left must approach zero. Thus, the term on the left-hand side of Equation 2.27 must

vanish.

Moving the remaining current terms to each side of the equality, we rearrange to

ultimately yield Lorentz Reciprocity Theorem:

ˆ

V

J⃗2 (r⃗, ω) · E⃗ (r⃗, ω) dV =

ˆ

V

J⃗1 (r⃗, ω) · E⃗2 (r⃗, ω) dV (2.30)

With only minor constraints, Equation 2.30 allows for the detection of the output őelds for

an enclosed system for nearly any current source. It is important that all őelds exist at the

frequency for which reciprocity is being evaluated, otherwise the relationship can give no

information.

There is one constraint applied in the derivation of Equation 2.16 that may not always

hold true in nanophotonic simulations, speciőcally the one used for the elimination of the

left-hand side of Equation 2.27. Under the situation of periodic boundary conditions in

the simulation domain, or a case where őelds do not decay as they propagate (e.g. one

dimensional cases), then no surface can be drawn that encompasses the entirety of the őelds.

However, in the one-dimensional situations evaluated in this project, it was always found to

be more than enough orders of magnitude smaller than the right-hand side of Equation 2.27

to be treated as negligible.

2.2.2 Formulation in the Time Domain

A similar equation for Lorentz Reciprocity can be formulated entirely in the time domain.

The derivation follows a similar pathway to that in the frequency domain examined previ-

ously, beginning with Maxwell’s curl equations in the time domain, but now making use of

the B⃗ and D⃗ őelds to account for a time response function of µ and ϵ , respectively,

∇⃗ × E⃗(t) = −
∂B⃗(t)

∂t
, (2.31)
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∇⃗ × H⃗(t) = J⃗(t) +
∂D⃗(t)

∂t
, (2.32)

where we assume there is a set of (linear) constitutive relations that relates D⃗ to E⃗ and H⃗

to B⃗.

Suppose two set of őelds, D⃗i, E⃗i, H⃗i, B⃗i where i = 1, 2, are solutions to Equations 2.31

and 2.32, for distinct source currents J⃗i. We begin by applying a time reversal to the őrst

set of őelds. This time reversal transforms all i = 1 őelds like D⃗1 (t) → D⃗1 (τ − t), for an

arbitrary time τ .

Continuing, the derivation will follow that in the frequency domain, where we apply

Equation 2.21, combined with Equations 2.31 and 2.32 to obtain

∇⃗ ·
[

E⃗1(τ − t)× H⃗2(t)− E⃗2(t)× H⃗1(τ − t)
]

= H⃗2(t) ·
∂B⃗1(τ − t)

∂t
+ H⃗1(τ − t) ·

∂B⃗2(t)

∂t

− E⃗1(τ − t) · J⃗2(t) + E⃗2(t) · J⃗1(τ − t)

− E⃗2(t) ·
∂D⃗1(τ − t)

∂t
− E⃗1(t) ·

∂D⃗2(t)

∂t
.

(2.33)

Next, an integration is performed over all time, which will lead to the vanishing of the terms

containing B⃗i and D⃗i. This only needs to be argued for one of the two, as analogous steps

are performed for each. To show this, I will use the electric and displacement őeld pairs, E⃗i

and D⃗i, which we assume are related through the constitutive relation

E⃗2(t) ·
∂D⃗1(τ − t)

∂t
+ E⃗1(τ − t) ·

∂D⃗2(t)

∂t
, (2.34)

D⃗(t) =

ˆ ∞

−∞

↔
ϵ (t′)E⃗(t− t′)dt′ (2.35)

To maintain causality, we have that E⃗(t) = 0 ∀ t < t0, and thus t′ < t−t0. Furthermore,

if we assume that the current densities J⃗i are zero before some speciőc time (taken to be,

say, t = 0) , then the response function
↔
ϵ (t) = 0 ∀ t < 0. Thus the integration in Equation

2.35 ultimately takes place over the őnite range

D(t) =

ˆ t−t0

0

↔
ϵ (t′)E⃗(t− t′)dt′. (2.36)

With these new őnite integration bounds, we substitute Equation 2.36 for the ∂D⃗i(t)
∂t
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terms in Equation 2.33, giving

ˆ ∞

−∞

E⃗2(t) ·
∂D⃗1(τ − t)

∂t
+ E⃗1(τ − t) ·

∂D⃗2(t)

∂t
dt =

ˆ ∞

−∞

E⃗2(t) ·
∂

∂t

[

ˆ t−t0

0

↔
ϵ (t′)E⃗1(τ − t− t′)dt′

]

+ E⃗1(τ − t) ·
∂

∂t

[

ˆ t−t0

0

↔
ϵ (t′)E⃗2(t− t′)dt′

]

dt.

(2.37)

For the next few steps we deőne the left-hand side of Equation 2.37 to be the variable

I for readability. That is,

I =

ˆ ∞

−∞

E⃗2(t) ·
∂D⃗1(τ − t)

∂t
+ E⃗1(τ − t) ·

∂D⃗2(t)

∂t
dt.

Next, the integration over t is focused upon, gathering all terms dependent, giving us

I =

ˆ t−t0

0

↔
ϵ (t′)

[

ˆ ∞

−∞

E⃗2(t) ·
∂

∂t
E⃗1(τ − t− t′)dt+

ˆ ∞

−∞

E⃗1(τ − t) ·
∂

∂t
E⃗2(t− t′)dt

]

dt′. (2.38)

Since our values of t′ are in actuality őnite, we can shift the integrand functions by t′ without

affecting their value. Meaning for the integral below, we can substitute t′′ = t+ t′, giving us

ˆ ∞

−∞

E⃗2(t) ·
∂

∂t
E⃗1(τ − t− t′)dt′ =

ˆ ∞

−∞

E⃗2(t
′′ − t′) ·

∂

∂t′
E⃗1(τ − t′′)dt′′. (2.39)

Given that t′′ is simply a dummy variable for integration, we can drop the double prime and

return it back to just t for the next step. By substituting this back into Equation 2.38, we

are left with

I =

ˆ t−t0

0

↔
ϵ (t′)

[
ˆ ∞

−∞

E⃗2(t− t′) ·
∂

∂t
E⃗1(τ − t)dt+

ˆ ∞

−∞

E⃗1(τ − t) ·
∂

∂t
E⃗2(t− t′)dt

]

dt′,

(2.40)

where the right-hand side of the is clearly the result of the product rule of derivatives,

allowing for our next step. We rearrange to obtain
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ˆ ∞

−∞

E⃗2(t
′) ·

∂D⃗1(τ − t)

∂t
+ E⃗1(τ − t′) ·

∂D⃗2(t)

∂t
dt′

=

ˆ t−t0

0

↔
ϵ (λ)

[

ˆ ∞

−∞

∂

∂t
[E⃗2(t

′ − λ) · E⃗1(τ − t′)]dt′
]

dλ

=

ˆ t−t0

0

↔
ϵ (λ)

[

E⃗2(t
′ − λ) · E⃗1(τ − t′)

]∣

∣

∣

∞

t′=−∞
dλ.

(2.41)

Since E⃗i(−∞) = E⃗i(∞) = 0 by our constraints, it is clear that this term vanishes. Identical

arguments can be made for the B⃗i terms. Thus, Equation 2.33 becomes

ˆ ∞

−∞

∇⃗ ·
[

E⃗1(τ − t)× H⃗2(t)− E⃗2(t)× H⃗1(τ − t)
]

dt = (2.42)
ˆ ∞

−∞

[

E⃗2(t) · J⃗1(τ − t)− E⃗1(τ − t) · J⃗2(t)
]

dt. (2.43)

Similar to the Frequency domain formulation, performing a volume integration, and

applying the divergence theorem to the left-hand side will show that the curl terms will

vanish. This leaves us in the time domain with:

ˆ ∞

−∞

ˆ

V

J⃗2 (r⃗, t) · E⃗1 (r⃗, τ − t) dV dt =

ˆ ∞

−∞

ˆ

V

J⃗1 (r⃗, τ − t) · E⃗2 (r⃗, t) dV dt (2.44)

Analogous to the frequency domain, Equation 2.30 allows for the detection of the output

őelds for an enclosed system for nearly any current source, with only minor constraints. Non-

monochromatic sources were a key assumption in the derivation, where the őelds only exist

within some őnite time window. However, there is no constraint on how large that time

window be, meaning that it is still applicable to very narrow-band őelds which can yield

results similar to the monochromatic case.

As for the frequency domain formulation, there remains here the constraint that the

surface integral term does not vanish in the case of periodic boundary conditions or non-

decaying őelds. Ultimately, as Lorentz reciprocity is deőned as being a theorem applicable

to closed systems, both approaches still require that a closed surface can be drawn that

encloses the entirety of the őelds.
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Chapter 3

Nonlinear Scattering Theory

To understand how Lorentz Reciprocity theorem is used to estimate nonlinear generation

via NSLT, őrst each term within the theorem must be clearly deőned. Below, we have our

frequency and time domain Lorentz Reciprocity theorems:

ˆ

V

J⃗2 (r⃗, ω) · E⃗1 (r⃗, ω) dV =

ˆ

V

J⃗1 (r⃗, ω) · E⃗2 (r⃗, ω) dV (3.1)

ˆ ∞

−∞

ˆ

V

J⃗2 (r⃗, t) · E⃗1 (r⃗, τ − t) dV dt =

ˆ ∞

−∞

ˆ

V

J⃗1 (r⃗, τ − t) · E⃗2 (r⃗, t) dV dt (3.2)

As per the formulation, the currents in these formulas, J⃗1 and J⃗2, are source currents,

leading to the generation of the electric őelds E⃗1 and E⃗2 respectively. If we establish our

source currents in a particular way to suit our end goal, we can then use this relationship

to determine an unknown őeld. With this, we can now begin painting a picture of the

theoretical setup for an NLST calculation.

To outline the setup for Nonlinear Scattering Theory, I will use an example case of third

harmonic generation from an arbitrarily shaped non-magnetic nanostructure that exhibits

an instantaneous local third order nonlinear response described by Equation 2.11 in Section

2.1.2. For the sake of ease of understanding the method, all formulas will appear in the

frequency domain where they appear simpler.

In this chapter, I begin by introducing the system setup in Section 3.1, followed by

my derivation for NLST in the time domain through Maxwell’s equations in Section 3.2.

The essence of NLST is to determine a nonlinear generated signal via the use of two linear

simulations: one with a source that generates the nonlinear polarization within a nonlinear

medium, and a second with a őctitious source at a location in the far őeld at which we

would like to determine the nonlinear signal. We will now go through how to set up these
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J1,i (r⃗, ω = 3ω0) = −iωϵ0χ
(3)
ijkl

ˆ ∞

−∞

ˆ ∞

−∞

Ej (r⃗, ω
′)Ek (r⃗, ω

′′)El (r⃗, ω − ω′ − ω′′) dω′dω′′ (3.6)

≈ −iωϵ0χ
(3)
ijkl

ˆ ∞

−∞

ˆ ∞

−∞

ELin,j (r⃗, ω
′)ELin,k (r⃗, ω

′′)ELin,l (r⃗, ω − ω′ − ω′′) dω′dω′′,

(3.7)

Where E⃗ and E⃗Lin represent the total and linear electric őelds, respectively. Given the

typically many orders of magnitudes difference between the strength of linear and nonlinear

responses, this is often a safe assumption to make. This undepleted pump approximation

allows us to perform a linear forward simulation, and calculate the source current for the

nonlinear generation.

The linear őeld, E⃗Lin, for sake of clarity, is the electric őeld proőle near the fundamental

frequency induced within the nonlinear structure, as excited by an external source centered

at the fundamental frequency, drawn in Figure 3.2 as a plane wave; all nonlinear processes

that affect the fundamental frequency are ignored. E⃗Lin is found from a linear simulation,

using the linear ϵ, and is then inserted into equation 3.7 to őnd the induced nonlinear current

J⃗1. The őeld we seek is the one that would be generated by J⃗1 ś this is E⃗1, and we seek it

in the far őeld. As J⃗1 has been deőned as the source current for nonlinear generation, our

őeld electric őeld E⃗1 is consequently deőned as the nonlinear signal over the volume V . We

now use the Lorentz Reciprocity theorem to őnd E⃗1 in the far őeld (at the detector point),

by cleverly choosing J⃗2, and performing a second linear simulation.

The Backward Simulation

Now I introduce the second simulation, which I refer to as the łbackwardž simulation, and

is a linear simulation centered at the nonlinear frequency. This simulation uses a source

current from a őctitious current density source located in the same domain as the forward

simulation, but emanating from the detector point r⃗D, as illustrated in Figure 3.4. There are

two goals to this step: to estimate the generated őeld at the detector point, and to account

for the physical effects the generated third harmonic will experience including scattering

from and losses within the nanostructure. We thus use a broadband source centered at the

third harmonic, which we take to be a delta function in space.

Looking at the left-hand side of the Lorentz Reciprocity relations in both the frequency

and time domain (Equations 3.1 and 3.2, respectively), we see that the electric őeld we seek

at the detector point sits within a volume integral. By selecting a őctitious J⃗2 that exists

only at the detector point (e.g. an oscillating electric dipole), the nonlinear signal őeld E⃗1
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ture, it is conőned entirely to the volume of the nonlinear structure. The backward simulation

instead monitors the linear őelds inside the nonlinear structure centered at the nonlinear fre-

quency (third harmonic) that is caused by our őctitious source. We choose the őctitious

source to be broadband and centered at the third harmonic. This way, the physical effects

which the nonlinear generation will experience (e.g. losses, scattering, propagation) becomes

encapsulated within E⃗2. Once E⃗2 and J⃗1 within the nanostructure are known, we then apply

the Lorentz reciprocity theorem in Equation 3.1 to obtain E⃗1 at the detector point. The

details of this are discussed later in Section 3.3.
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3.2 Extending NLST into the Time Domain

Nonlinear scattering theory as it was previously developed in the literature [57, 58], and

outlined in Section 3.1, was a frequency domain method. In this section, I will derive

a comparable theory for the time domain, making clear along the way all the required

assumptions. To demonstrate that the set of linear equations required for NLST can be

given in the time domain, we examine the forward simulation. As the driving signal passes

through the enclosed system as shown in Figure 3.2, the displacement őeld within the volume,

under the assumption of a separable linear and nonlinear response, can be written as

D⃗ (r⃗, t) = ϵ0E⃗ (r⃗, t) + P⃗Lin (r⃗, t) + P⃗NL (r⃗, t) , (3.8)

where E⃗ is the total electric őeld, and P⃗Lin, P⃗NL are the linear and nonlinear polarization

densities, respectively. In this scenario, it does not matter that nonlinear orders themselves

are separable, only that the linear and nonlinear ones are.

There are two electric őelds present in the physical system: (1) the driving signal that

is passing through the system, E⃗0, and (2) the nonlinear őelds which are generated by the

nonlinear response, E⃗NL. Thus, the displacement őeld can be written as

D⃗ (r⃗, t) = ϵ0E⃗0 (r⃗, t) + ϵ0E⃗NL (r⃗, t) + P⃗Lin (r⃗, t) + P⃗NL (r⃗, t) . (3.9)

As P⃗Lin is a polarization density that is (by deőnition) only dependent on the total

electric őeld, E⃗Tot = E⃗0 + E⃗NL, it can also be expanded into two parts: the linear response

to the original pump őeld, P⃗Lin,0, and the linear response to the nonlinear generated őelds,

P⃗Lin,NL. This allows us to rewrite Equation 3.9 as

D⃗ (r⃗, t) = ϵ0E⃗0 (r⃗, t) + P⃗Lin,0 (r⃗, t) + ϵ0E⃗NL (r⃗, t) + P⃗Lin,NL (r⃗, t) + P⃗NL (r⃗, t) . (3.10)

From left to right, the őrst two terms on the right-hand side of Equation 3.10 are

dependent only on E⃗0, the linear őelds from the pump simulation as described in Section

3.1. The third and fourth terms are dependent on only E⃗NL, the nonlinear generated őeld

that we are interested in determining. Only the őnal term, P⃗NL, is dependent on both

E⃗0 and E⃗NL in an inseparable way, as it is a nonlinear equation. Thus, we again operate

under the undepleted pump approximation, and assume that the nonlinear current, P⃗NL, is

not dependent on the total őelds, and instead is a function of just the linear pump őeld E⃗0.

Since P⃗NL is the source for E⃗NL, and does not affect the pump őelds under the approximation

being used, we rewrite the displacement őeld in two parts: the displacement őeld resulting
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from the response to the pump,

D⃗0 (r⃗, t) = ϵ0E⃗0 (r⃗, t) + P⃗Lin,0 (r⃗, t) , (3.11)

and the displacement őeld resulting from the linear response of the nonlinear generated őelds

D⃗Lin,NL (r⃗, t) = ϵ0E⃗NL (r⃗, t) + P⃗Lin,NL (r⃗, t) , (3.12)

giving us a simpliőed for Equation 3.10,

D⃗ (r⃗, t) = D⃗0 (r⃗, t) + D⃗Lin,NL (r⃗, t) + P⃗NL (r⃗, t) . (3.13)

Just as there are two electric őelds, E⃗0 and E⃗NL, there are also two magnetic őelds,

given by

H⃗ (r⃗, t) = H⃗0 (r⃗, t) + H⃗NL (r⃗, t) . (3.14)

We substitute Equations 3.13 and 3.14 into Maxwell’s curl equation for the magnetic őelds

in the time domain as given in Equation 2.32 to obtain

∇⃗ × H⃗0 (r⃗, t) + ∇⃗ × H⃗NL (r⃗, t) =
∂D⃗0 (r⃗, t)

∂t
+

∂D⃗Lin,NL (r⃗, t)

∂t
+

∂P⃗NL (r⃗, t)

∂t
(3.15)

=
∂D⃗0 (r⃗, t)

∂t
+

∂D⃗Lin,NL (r⃗, t)

∂t
+ J⃗NL (r⃗, t) (3.16)

When examining our newly expanded full curl equation, we note the fact that the őelds

subscripted ł0ž are independent of those that are not, and thus can be separated into their

own curl equation,

∇⃗ × H⃗0 (t) =
∂D⃗0 (t)

∂t
, (3.17)

where there is no source current present as the source in this case (the pump) comes from

outside the volume of interest. This leaves the remaining terms in another curl equation,

∇⃗ × H⃗NL (t) = J⃗NL (t) +
∂D⃗Lin,NL (t)

∂t
, (3.18)

which is an entirely linear equation for the nonlinear őelds, where the source current is

nonlinearly dependent on D⃗0 and H⃗0, which are known independently from Equation 3.18.

Lorentz reciprocity theorem uses one set of őelds for a given source to reveal a second
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set of őelds for a second current source. Its usability is dictated by whether or not the linear

equation presented in Equation 3.18 is true for the system, which at a glance makes it seem

the Lorentz reciprocity is completely incompatible with nonlinear nanophotonics. What this

derivation shows is that the linear equation can be constructed in the time domain using

the undepleted pump approximation, demonstrating that NLST is applicable in the time

domain as well.

Using the linear forward simulation as described in Section 3.1 and visualized in Figure

3.2, we monitor the linear őelds in the nonlinear nanostructure, E⃗0 (r⃗, t), and calculate a

corresponding nonlinear source current, J⃗NL, in time using an instantaneous perturbative

nonlinear response model like the one given in Equation 2.11. The backward simulation

is then performed to provide us the necessary second set of őelds that Lorentz reciprocity

theorem requires, allowing for NLST to be performed, the accuracy of which is ultimately

limited by the approximations made in this section (undepleted pump) and in Section 2.2.2

(i.e. őnite őelds in time which decay to zero by the boundary of the volume of interest, and

a convolutional linear response).

Using Equation 3.18 as one of the two starting equations in the derivation found in

Section 2.2.2, all steps will follow through similarly, yielding once again Lorentz reciprocity

in the time domain that can be used under the constraint of a convolutional linear response

in time to estimate the nonlinear signal from an arbitrarily shaped, non-magnetic structure,

with a known formula for the dependence of the nonlinear current on the őelds determined

by the linear pump simulation in Equation 3.17.

It is worth noting here that there no assumptions being made regarding the form of

the nonlinear current, J⃗1. Provided that the linear response is separable from the nonlinear,

and the linear responses can be written as a convolution (assumed in the time domain

derivation of Lorentz Reciprocity in Section 2.2.2), then the nonlinear response can be much

more complicated, and even a non-convolutional model such as those being theorized for

high-order harmonic generation[59], can be used.
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3.3 Numerical Recipes for NLST

3.3.1 Numerical Recipe for NLST in the Frequency Domain

In this section, we will transform the formula for frequency domain Lorentz Reciprocity into

a numerical recipe for use in computational nanophotonics. Beginning with our formula for

Lorentz Reciprocity in the frequency domain (Equation 3.1), we start by noting that the use

of a delta function in space was discussed for the secondary source in order to isolate the

scattered őeld at some detector point. We will use a separation of variable dependence for

this secondary current, and represent it as

J⃗2 (r⃗, ω) = J⃗20 (ω) δ (r⃗ − r⃗D) , (3.19)

where J⃗20(ω) is the separated frequency proőle of J⃗2 (r⃗, ω).

In computation, a delta function in space is not possible as the volume V is discretized.

For this reason, this numerical recipe must instead approach the isolation at the detector

position differently. We adjust our deőnition of J⃗2 to instead be a sphere of uniform current

density, and choose the radius of the sphere, r0, such that the volume of the sphere equals

the volume of a computational grid cell, with dimensions along the x, y, and z Cartesian

axes given by ∆x, ∆y, and ∆z. Then the radius of the equivalent volume sphere source is

given by

r0 =
3

√

3

4π
∆x∆y∆z. (3.20)

We then place the current far from the structure, as we would like our detection point

to be in the far őeld. It is unrealistic to make the simulation volume large enough to include

this detector point. Rather, we assume it is so far away that the wave emanating from it

will be approximately a plane wave by the time it reaches the nanostructure. However, what

is the amplitude of the plane wave? It is important to have a known amplitude to obtain

quantitative estimates. In Appendix B, we derive analytically the far őeld emanating from

a spherical current source with radius r0, and őnd it to be

E⃗ (r⃗, ω) = −
iωµ0r

3
0

2r

(

1−
i

kr

)

eikrJ (ω) ĵ (3.21)

Next we consider the őeld E⃗1 at the detector point. As the current source J⃗2 was over

a sphere, we must also consider that our detection of E⃗1 also occurs over the same sphere.

To do this, we obtain the far őeld value of E⃗1 at the sphere, and assume it is uniform over

the sphere’s extent. Thus, the volume integral over J⃗2 and E⃗1 becomes

28



ˆ

V

J⃗2 (r⃗, ω) · E⃗1 (r⃗, ω) dV ≈ J⃗20 (ω) · E⃗1 (r⃗D, ω)∆x∆y∆z.

We now look to the volume integration over the nonlinear nanostructure. For this, a

standard Riemann-style integration gives

ˆ

V

J⃗1 (r⃗, ω) · E⃗2 (r⃗, ω) dV ≈
∑

p

J⃗1 (r⃗p, ω) · E⃗2 (r⃗p, ω)∆x∆y∆z,

where r⃗p refers to the discretized locations within the nanostructure, enumerated by the

index p. We are left with

J⃗20 (r⃗D, ω) · E⃗1 (r⃗D, ω) =
∑

p

J⃗1 (r⃗p, ω) · E⃗2 (r⃗p, ω) . (3.22)

If we assume a linearly polarized J⃗2 in the plane transverse to the propagation direction,

then the resulting scattered őeld we solve for will be the component with this polarization.

With an isotropic χ(3), this will be the only resulting nonlinear scattered őeld. However,

in a non-isotropic case, multiple simulations with orthogonal backward source currents are

required to determine the total magnitude of the scattered nonlinear electric őeld, E⃗1. Gen-

erally speaking, the dot product can be rewritten as the sum of the products of the ith

component of the őelds J⃗1 and E⃗2 ,

J20,j (r⃗D, ω) E⃗1,j (r⃗D, ω) =
∑

pi

J⃗1,i (r⃗p, ω) · E⃗2,i (r⃗p, ω)

⇒ E⃗1,j (r⃗D, ω) =
1

J20,j (r⃗D, ω)

∑

pi

J⃗1,i (r⃗p, ω) · E⃗2,i (r⃗D, ω) (3.23)

In this project, solely the z-component is considered as it contains the majority of the

nonlinear generation due to our chosen setup.

3.3.2 Numerical Recipe for NLST in the Time Domain

Previously in literature[57, 58], Nonlinear Scattering Theory was developed as a frequency

domain method. In Section 3.2, I showed that a similar method can be derived in the time

domain, which is a novel method for performing NLST.

In this section, we will transform the formula for time domain Lorentz Reciprocity

(Equation 3.2) into a numerical recipe for time-domain NLST.

Similarly to the frequency domain case, we consider J⃗2 to exist over a small sphere of
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volume V = ∆x∆y∆z, and apply Riemann style integration to the volume integrals. These

steps will not be shown as they are very similar to the previous section, with the exception

of explicit dependence on time instead of frequency. We then obtain

ˆ ∞

−∞

J⃗20 (t) · E⃗1 (r⃗D, τ − t) dt =
∑

p

ˆ ∞

−∞

J⃗1 (r⃗p, τ − t) · E⃗2 (r⃗p, t) dt. (3.24)

Next we look to the inőnite bounds in the time integration. Before discretizing, we

must deőne őnite bounds. We start by noting that the currents and resulting őelds are

nonexistent prior to some time ts, and for the simulation to be physical, must have decayed

to nothing by the end of the simulation at time te. This solidiőes that the integrands will

vanish for any values of t beyond these bounds. We further simplify by denoting that the

start time ts = 0, deőning t ∈ [0, te].

Furthermore, the presence of τ − t enforces that τ − t ∈ [0, te]. Since t will remain

positive within its entire range, we need only consider when t > τ causing the difference to

become negative and the integrand to again vanish. Thus, the true bounds of the integral

are 0 and τ . The right-hand side of Equation 3.24 becomes

∑

p

ˆ ∞

−∞

J⃗1 (r⃗p, τ − t) · E⃗2 (r⃗p, t) dt =
∑

p

ˆ τ

0

J⃗1 (r⃗p, τ − t) · E⃗2 (r⃗p, t) dt.

When replacing the time integration with something discrete, such as a Riemann style inte-

gral, it is important to deőne the number of times being summed over as it is different for

each value of τ . If we deőne that there are N time steps between t = 0 and te, then the time

step would be

∆t =
te
N
.

This would mean, for the range of time values from t = 0 to τ , there number of values to be

summed over are

τ − 0

∆t
= N

τ

te
.

Thus, with n as a placeholder index for time, the bounds for the discrete sum are n ∈
[

0, N τ
te

]

, with a constraint being that values of τ must be chosen on an equivalent gridding

to the discrete time tn to ensure that the upper bound of the sum remains an integer.

Replacing our integral with this summation gives
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∑

p

ˆ τ

0

J⃗1 (r⃗p, τ − t) · E⃗2 (r⃗p, t) dt =

N τ

te
∑

n=0

∑

p

J⃗1 (r⃗p, τ − tn) · E⃗2 (r⃗p, tn)∆t.

For the left-hand side of Equation 3.24, there are several options available, utilizing

both time and frequency domain methods. For the purposes of this project, the convolution

on the left is avoided by moving to the frequency domain at this step, as we are primarily

comparing the calculation speed, resulting spectra, and noise ŕoor being achieved. Thus, the

őnal step in this project continues to use the frequency domain secondary current, J⃗20 (ω),

with the same uniform sphere formalism leading to Equation 3.21, solving for the nonlinear

scattered spectra. Finally, we obtain

E⃗1 (r⃗D, ω) =
1

J⃗20 (ω)
F







N τ

te
∑

n=0

∑

p

J⃗1 (r⃗p, τ − tn) · E⃗2 (r⃗p, tn)∆t







,

where F denotes a discrete Fourier transform. It is worth noting that it may be possible

to avoid frequency domain altogether in this step if a sufficiently short (broadband) őcti-

tious current source is used. Under these circumstances, the convolution could instead be

approximated to give some scaled value of the őeld at time τ , similar to a delta function.

3.4 Different Approaches for the Nonlinear Current

There are three approaches that were developed, implemented, and tested in this project for

Nonlinear Scattering Theory, which will be outlined in this section. Two of these approaches

will make use of Lorentz Reciprocity in the frequency domain, whilst the remaining one will

be the fully time domain approach. Ultimately, the goal is to őnd situations where certain

approaches may break or become unstable, leading the user to favour another, as will be

investigated in Chapter 4.

3.4.1 Frequency Method

This approach, dubbed the łfrequency methodž in this project, utilizes only our formulas

that are in the frequency domain. Thus, the calculations only make use of frequency domain

őelds, and applies the double convolution formula shown in Equation 2.13 to calculate the

nonlinear polarization.

After calculating this quantity as efficiently as possible for a given structure, it is

transformed into the nonlinear current via multiplication by −iω for use in NLST. The
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other quantities J⃗2 and E⃗2 are directly used in the frequency domain for this calculation.

J⃗1 = −iωP⃗1

This method began as the sole comparison to the previously existing NLST, however,

due to noise issues discovered and outlined in Section 4.1, there was a need for a more

stable method to compare the novel time domain approach to the existing approach which

utilises Lorentz Reciprocity in the frequency domain. For this reason, the Hybrid Method

was introduced in the duration of the project.

3.4.2 Hybrid Method

This approach, dubbed the łHybrid methodž in this project, utilizes the formula for Lorentz

Reciprocity in the frequency domain, however, monitors the linear driving őeld in the time

domain. Upon discovering that the frequency method could occasionally give misleading

results (covered in Section 4.1), this method was introduced as a replacement for the full

frequency method. Since it still uses the Lorentz Reciprocity integration in the frequency

domain, it becomes the method to compare time-domain NLST to the previously existing

frequency domain version. It allows for a simpler calculation to determine the nonlinear

polarization for our non-monochromatic source, avoiding the problematic double convolution

in the frequency method. We consider for the polarization Equation 2.11 which considers an

instantaneous local perturbative nonlinear third order response.

The linear őeld is monitored via time domain monitors in the simulation, which are

then used in the formula to obtain the polarization as a function of time. From that point,

the time domain polarization is moved into the frequency domain by means of a discrete

Fourier transform (or DFT). Once in the frequency domain, the nonlinear polarization is

transformed into the nonlinear current via multiplication by −iω. As with the frequency

method, the other quantities J⃗2 and E⃗2 are directly used in the frequency domain for this

calculation.

3.4.3 Time Method

This approach, dubbed the łtime methodž in this project, utilizes the formula for Lorentz

Reciprocity in the time domain and the novel time domain approach to NLST. In this

approach, the nonlinear polarization is calculated in the time domain using the same formula

as is applied in the Hybrid method, given by Equation 2.11. From here, rather than using

the frequency domain to perform the derivative, it is done so using őnite differences, so the

current is in the time domain for use in the time domain recipe, via
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Ji (r⃗, t) ≈
Pi (r⃗, t+ δt)− Pi (r⃗, t− δt)

2δt
.
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Chapter 4

Results and Discussion

In this section, I will apply the newly formulated time-domain NLST to a variety of test

cases. The geometries will remain simple (thin őlms and nanospheres) while varying in size

and material. A non-dispersive example will be silica glass, whereas for a dispersive example

gold will be used. Ultimately, I will demonstrate the strong quantitative performance of

NLST.

Simulation Methods

There are two approaches to generating the simulated dataset. The őrst approach uses a

custom one-dimensional Finite-Difference Time-Domain (FDTD) solver written in Python

by me, speciőcally for this project. This solver was created for the purpose of testing the

performance of NLST using the existing frequency domain method, as well as the newly

formulated time domain method. Since it was created specially for this project, it has the in-

stantaneous χ(3) nonlinear model as described in Section 2.1.2 implemented self-consistently

in the solver. The second approach uses 3D FDTD simulations, where a thin gold őlm and

a gold nanosphere are considered. For the thin őlm case, we utilise periodic boundary con-

ditions to attempt to replicate and expand upon the 1D FDTD setup. For the nanosphere

case, absorbing boundary conditions are used everywhere. The 3D FDTD solver that was

used is our research group’s comprehensive in-house electrodynamic solver. It is a general

FDTD solver, and includes nonlinear optical responses written by others. I did, however,

write pre- and post-processing scripts to use the 3D simulation results for NLST. Since both

the 1D and 3D codes contain nonlinear optical responses self consistently, they can be used

for validation of NLST by determining if or when the undepleted pump approximation may

begin to fail.

The details on the one-dimensional solver being used for this portion of the project

are provided in Appendix A, which includes a review of the update equations formulated for

fully nonlinear simulations used for validating the results, as well as fully linear simulations

34



used to calculate the nonlinear generation via NLST.

The NLST spectra were determined in both reŕection and transmission throughout

the test cases. As explained in Section 3.1 and through Figure 3.4, the backward simulation

source is placed at the detector point, and thus, if we move this backward simulation source,

we also move the detection point. Figures 3.1-3.4 illustrate the case where we are measuring

the spectra in transmission. Whereas, in order to determine the reŕected spectra, the back-

ward simulation source, and thus detector, is placed on the same side as the incident pump

source.

To obtain the nonlinear scattered spectra from the direct nonlinear simulations, a

separate, solely linear simulation was performed in the same simulation domain. The őelds

from the linear simulation were then subtracted from that of the nonlinear simulation at the

detector point, isolating the effect of the nonlinear processes. In all őgures in this chapter,

the ŕat-lining present in the validation spectra is due to the noise ŕoor of the simulated

results.

Defining Success for NLST

Since we would ultimately like to apply NLST in obtaining initial optimizations for inverse

design problems, the level of agreement which is sought after has room for some error. Since

early optimization steps often have very large variations in the overall function being mini-

mized/maximized for each step, a good level of agreement in magnitude would be considered

less than 10%, with approximately 5% or less being exceptional. The phase agreement of

NLST results had yet to be explored before this project, despite the theory indicating it

should be possible. Phase is not of notable importance for the example case of third har-

monic generation, thus reasonable agreement would be deőned within a broader range of

within π/2 or approximately 1.57 radians, with values closer to zero being preferable.

4.1 1D FDTD for a Thin Film of Fused Silica

The őrst test cases covered are for a non-dispersive dielectric with the parameters for silica

glass, using the 1D FDTD code written by me for the required linear forward and backward

simulations for NLST, as well as the corresponding self-consistent nonlinear simulations

for validation. A thin slab of fused silica was simulated with a őxed value for the linear

and nonlinear susceptibilities using parameters outlined below in Table 4.1. The őrst order

linear susceptibility for silica glass at 1064nm (the pump center wavelength) was taken from

reference [73], and the corresponding third order nonlinear susceptibility was taken from

reference [23].
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Parameter Value(s)

Silica χ(1) 1.1609
Silica χ(3) 2.5× 10−22m2

V 2

Domain Cell Size (∆x,∆y,∆z) 1nm
Simulation Time Step (∆t) ∆y

c0

Pump Wavelength 1064nm
Pump Duration (FWHM) 25fs, 100fs

Film Thickness 25nm, 355nm

Table 4.1: 1D FDTD Simulation and Material Parameters for THG in a Thin
Silica Film

Two sets of nonlinear scattered spectra were measured, one with the detector point rD
located on the opposite side as the source (we call this measuring the far őeld in transmission),

and one with rD located at the same side as the source (measuring in reŕection).

Using both the time and frequency NLST methods outlined in Section 3.4, the resulting

NLST spectra, as well as the validation spectra calculated by direct nonlinear simulations

(also 1-dimensional), are shown in Figures 4.1 and 4.2.

In Figures 4.1 and 4.2 we plot the transmitted and reŕected spectra, respectively, of

this initial test case of a 25nm silica őlm illuminated by a 25fs pulse centered at 1064nm. On

the left and right side of each őgure, the dashed lines are the result of the NLST time and

frequency methods, respectively. Alongside each of these are solid lines showing the resulting

spectra for a direct nonlinear simulation for validation. The top row of each őgure shows the

real and imaginary parts of the spectra around the third harmonic, as calculated via NLST

and a direct nonlinear simulation. The bottom row of each őgure shows the absolute value

of the NLST and validation spectra with log10 scaling, where the ŕat line in the validation

spectra is the noise ŕoor of the simulated validation spectra.

On the left-hand sides of Figures 4.1 and 4.2, we see that the agreement between the

novel time-domain NLST results and the direct nonlinear simulation results is exceptional

with relative deviation in magnitudes of 0.78% and 0.81% in reŕection and transmission,

respectively. This validates the ability of the NSLT approach to obtain quantitative results.

On the right-hand sides of Figures 4.1 and 4.2, the same system is shown, but the frequency

method NLST is used instead. Again, the NSLT results agree remarkably well with the

direct nonlinear simulations with relative deviation in amplitudes being 0.61% and 1.36% in

reŕection and transmission respectively. Overall, strong quantitative results well below the

earlier deőned 5% ideal are demonstrated to be achievable.

The phase results in both methods demonstrate that the phase of the nonlinear signal

determined through NLST agrees very well with that of validation spectra. For the time
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method, the difference in phase between the NLST and validation are below the frequency

resolution of 0.06 radians, in both reŕection and transmission. For the frequency domain

approach, the variation is 0.39 radians in both transmission and reŕection.

Not only do the results align well in value and phase between the NLST calculation and

the validation simulation, but we also see expected results in regard to the overall spectral

proőle with equivalent magnitude in reŕection and transmission. Since silica is a material

without signiőcant losses in the wavelength regime being considered, the third harmonic light

is being generated at the same intensity across the whole őlm and propagating uniformly

outward. Furthermore, the őlm is thin compared to the wavelength so both forward and

backward third harmonic signals are phase matched. Thus, we would expect the reŕected

and transmitted spectra to be equal in magnitude, and this is indeed what we see when

comparing Figures 4.1 and 4.2. This is seen in the NLST calculated results as well as the

validation simulation.

This strength in agreement for both methods remains true as the őlm length increases.

To illustrate this, the driving pulse was őxed at 25fs and the length of the őlm was increased

to 355nm, where results for both the time and frequency method are shown in Figure 4.3

(reŕection spectra) and Figure 4.4 (transmission spectra). The layout of the plots is identical

the the example prior, with the results for time method NLST displayed on the left, and

frequency method NLST on the right.

Similarly to the 25nm őlm, the NLST estimated spectra from a 355nm thin őlm illu-

minated by a 25fs driving source agrees very well with that of the self-consistent validation

simulation. In reŕection and transmission, the magnitudes vary by 0.94% and 0.85% respec-

tively for the time method, whereas for the frequency approach we see slightly higher values

at 2.51% and 1.77% respectively. In Figures 4.3 and 4.4, we see that for both the reŕected

and transmitted spectra, the results continue to be in phase for both the time and frequency

method NLST. For the time method, we see a phase difference below the resolution of 0.06

radians in both reŕection and transmission, whereas the frequency domain displays a slightly

larger phase difference at 0.09 radians in both reŕection and transmission.

For the 355nm thin őlm, very minor distortions on the low-frequency side of the third

harmonic can be seen near the peak for both methods around the third harmonic frequency,

due to thin őlm interference effects starting to be introduced, given that the őlm is the same

length as third harmonic peak wavelength. These minor distortions are present in the NLST

spectra for each method, demonstrating how NLST is capable of capturing these physical

effects. Overall, the results remain almost equally strong while both the frequency and time

domain method continue to be indistinguishable from each other.

While they both perform very strongly and well within our goal ranges for varying őlm
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expected, these linear simulations were signiőcantly faster to perform than a single nonlin-

ear simulation, lending strength to the applicability of NLST as a faster alternative to direct

nonlinear simulations when viable.

For the silica glass test simulations, the nonlinear simulations took between 28 and 168

times longer to run than the two linear simulations required for NLST (with an average of

about 99 times longer).

However, not included in these times above was the post-processing NLST calculation

time, which can be signiőcant. For the frequency method in particular, with the double

convolution over the entire spectral range shown in Figures 4.1-4.8, the spectra took 2.4

times longer to determine than it would have through direct nonlinear simulation. The time

and hybrid approaches, however, were more comparable, requiring approximately the same

amount of time as the direct nonlinear simulation.

The NLST calculations were performed in Python, however, and not fully optimised

leaving notable room for improvements in the speed of their computation. This suggests

that in all cases, faster speeds should be achievable, and nonlinear results can be estimated

faster through NLST and they could be obtained through direct nonlinear simulation.

4.2 1D FDTD for a Thin Film of Gold

To test, compare, and contrast the various NLST methods on a material with both losses

and dispersion, a thin őlm with the parameters of gold was used. The gold őlm was simu-

lated using a Drude-Lorentz model for the linear optical response, using the numerical steps

outlined in Appendix A.3. The linear model parameters were obtained by őtting refractive

index data for gold to a Drude-Lorentz model. The instantaneous χ(3) tensor nonlinear re-

sponse was taken from reference [23]. Though the value of χ(3) being used was measured for a

wavelength of 1064nm, the Drude-Lorentz model being implemented for validation requires

wavelengths greater than this (above 550nm) to maintain an accurate linear response for

gold at the third harmonic wavelength. For this reason, the pump wavelength was increased

slightly to 1800nm, without any loss of applicability since the nonlinear response is still

being simulated identically to how it is calculated in NLST. The simulation parameters are

outlined in Table 4.2.
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Parameter Value(s)

Gold χ(3) 7.599× 10−19m2

V 2

Domain Cell Size (∆x,∆y,∆z) 1nm
Simulation Time Step (∆t) ∆y

2c0

Pump Wavelength 1800nm
Pump Duration (FWHM) 25fs, 100fs

Film Thickness 50nm, 600nm

Table 4.2: 1D FDTD Simulation and Material Parameters for THG in a Thin
Gold Film

In Figures 4.9 and 4.10 we plot the reŕected and transmitted spectra, respectively, of a

50nm gold őlm illuminated by a 25fs pulse centered at 1800nm. On the left- and right-hand

side of each őgure, the dashed lines continue to be the results of time and hybrid method

NLST, respectively. Alongside each of these are solid lines showing the resulting spectra for

a direct nonlinear simulation for validation. The top row of each őgure shows the real and

imaginary parts of the spectra around the third harmonic, as calculated via NLST and a

direct nonlinear simulation.

The absolute spectra for both time and hybrid method NLST continue to agree very

strongly in Figures 4.9 and 4.10. Quantitatively speaking, the time method has a relative

deviation of 6% and 9% in reŕection and transmission, respectively, both below the 10% goal

threshold. The hybrid method exhibits a very similar deviation of 6% and 10% in reŕection

and transmission, respectively. Around the fundamental, there are very minor differences

present, likely due to the nonlinear effect on the linear response in the direct nonlinear simu-

lations. Further, the peak frequencies near the fundamental and third harmonic frequencies

are slightly blueshifted, however, this effect is not very strong. The slightly differing peak

frequencies between the spectra likely arises from a sensitivity of the model to the carrier

envelope phase at such short pulse durations, as it is not present for longer pulses which

were tested in the cases that follow.

The phase agreement around the third harmonic in reŕection and transmission are

shown in the top rows of Figures 4.9 and 4.10, and are are also very strong. Both methods

are below the distinguishable limit of 0.06 radians with regard to phase difference in both

reŕection and transmission. This demonstrates that the signal can still be propagated quan-

titatively to the detector point for a lossy and dispersive material via time or hybrid method

NLST.

When examining the linear scales on the top portion of Figures 4.9 and 4.10, it is also

important to note that the reŕected spectra is greater than the transmitted by a factor of

approximately 2. This makes sense, as the majority of the nonlinear generation takes place
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propagated, this means that the nonlinear signal and linear signal are added together, and

it can happen that the nonlinear signal is so small compared to the linear it is beyond the

precision limit of the simulation. Ultimately, this causes the validation spectra to be wrong.

What Figure 4.11 demonstrates, however, is that NLST (either the time or hybrid method)

is capable of providing results in a situation in which direct nonlinear simulation can fail,

like for very high-loss materials, or high noise ŕoor simulations.

As the őnal example in this section, we return to the 50nm gold őlm and use a more

narrow-band source with 100fs duration to examine the harmonic generation in reŕection and

transmission. Figures 4.12 and 4.13 show the reŕected and transmitted spectra, respectively,

of a 50nm gold őlm illuminated by a 100fs pulse centered at 1800nm, using time and hybrid

method NLST. The layout of the plots is similar to other examples above, with the results for

time method NLST displayed on the left, and the results for hybrid method NLST displayed

on the right.

The absolute spectra shown at the bottom of Figures 4.9 and 4.10, have strong quanti-

tative agreement with the self-consistent validation spectra shown by the solid line. Though

not visible in the log scale, the linear scale of the upper half of the őgure shows that NLST

continues to account for losses in the gold as the transmitted spectra is less than the reŕected

by a factor of approximately two. In this test case, the relative deviation in magnitude is

approximately 6% for each case, with identical non-resolvable phase differences as in the

previous test case. Overall, the performance difference between the time and hybrid method

NLST is not notable.

4.3 3D FDTD for a Thin Film of Gold

In the 1-dimensional FDTD tests, a specialized simulation script was created and used, where

the nonlinear model in the validation simulation was identical to that chosen for calculat-

ing NLST. This allowed for a direct comparison between a perfectly equivalent nonlinear

simulation. However, the instantaneous constant χ(3) response captures only the third or-

der response, and is not the only available way to model the nonlinear response of gold.

In this section, we move to using an in-house 3-dimensional FDTD solver, that allows for

comparison to multiple different validation simulations.

In the following test cases, two direct nonlinear simulations will be used: (i) one that

implements the same instantaneous constant χ(3) as is used for the NLST calculation, and (ii)

another based on the hydrodynamic model described in Section 2.1.3. The instantaneous

χ(3) model is used to validate the NLST results, whereas the hydrodynamic simulations

are a relative benchmark on the performance of the tensorial implementation. Being a peer
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reviewed and published model that is more robust, the hydrodynamic simulations can be used

as an indicator of whether the nonlinear generation predicted by the instantaneous tensor

model has a reasonable magnitude, or is not fully capturing enough physical mechanisms of

the system. For the validation simulation using the third-order instantaneous response χ(3), a

preliminary implementation of a fully self-consistent tensor model was used that is currently

in development by collaborators[74]. With the model still in development, a constant phase

difference of π was needed to be added to the validation spectra in order to obtain agreement

with the NLST method. This phase correction is őxed and unchanging for each test case.

As we had achieved perfect agreement when exactly the same model was used in Sections

4.1 and 4.2, we attribute this phase factor to the details of the model implemented by our

collaborator. The hydrodynamic model, unlike the third-order instantaneous χ(3) response

captures more than just the third order nonlinear processes, allowing it to display a more

complete spectral proőle that, as we will see, also includes second harmonic generation.

As the differing effects in reŕection and transmission have been thoroughly demon-

strated in Sections 4.1 and 4.2, this section will instead analyze only the reŕected spectra.

With absorption being strong in this wavelength regime, this allows us to obtain the strongest

signals, well above the noise ŕoors of the simulation.

The gold őlm in the 3D-FDTD was simulated using a Drude with 2 Critical Points

model [63] for the linear response, which, unlike the previously used Drude-Lorentz model in

Section 4.2, can successfully capture the dispersive behavior of gold in the wavelength regime

that the value of χ(3) was originally measured at 1064nm. Due to this, we will now return

to a 1064nm driving signal. As well, a tensor form of the third order nonlinear susceptibility

with symmetry class m3m will be used in place of the previously used constant and singular

value, both in the direct nonlinear simulation, as well as in the implementation of the NLST

formulas. The full őnite-difference time-domain simulation parameters used to generate the

results in this section are tabulated in Table 4.3.

Parameter Value(s)

Gold Model Drude + 2 Critical Points
χ(3) - Class m3m χ

(3)
xxxx = 7.599× 10−19m2

V 2

Domain Cell Size (∆x,∆y,∆z) 1nm
Simulation Time Step (∆t) ∆y

2c0

Pump Wavelength 1064nm
Pump Duration (FWHM) 25fs, 100fs

Film Thickness 50nm, 355nm

Table 4.3: 3D FDTD Simulation and Material Parameters for THG in a Thin
Gold Film
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rial χ(3) nonlinear validation spectra, as the instantaneous tensor χ(3) model employed for

both includes only third order nonlinear processes. Ultimately, this may act as a source of

discrepancy between the two validation simulations, as the generation of light at the second

harmonic will result in some depletion of the driving signal for the hydrodynamic model.

There are varying levels of strong agreement between the novel time domain NLST,

hybrid method NLST, and the direct nonlinear simulation results, however, only at the

third harmonic. At the third harmonic frequency, the peaks of the NLST and tensor spectra

are slightly blue-shifted compared to the hydrodynamic validation, however, this effect is

not very strong. Similar to the 1-dimensional thin őlm case, the slightly differing peak

frequencies between the spectra likely arises from a sensitivity of the model to the carrier

envelope phase at such short pulse duration, as it is not present for the more narrow-band

pulses that were tested in the cases that follow. The difference in magnitude between the

validation tensor model and NLST is at the third harmonic is 18% and 8% for the time and

hybrid methods, respectively. Though the time-domain approach did not land within the

goal range of magnitudes, its agreement for an estimative approach is still notable as it is

within the same order of magnitude.

The difference between the spectra for the NLST and the two direct nonlinear simu-

lations at the pump frequency is approximately one and two orders of magnitude for the

tensorial and hydrodynamic simulations, respectively. This deviation can be attributed to

differences in the linear response that arise due to the presence of the nonlinearity. Within

the software, the nonlinear versions of materials are treated as an entirely different material

response with a minor level of interconnectedness of the linear and nonlinear őelds, mean-

ing that an identical linear response is not quite possible to obtain. The spectra near the

fundamental are the result of the difference between linear and nonlinear simulations, as

the actual signal at the fundamental is many orders of magnitude larger, meaning that a

change in reŕectance at the pump frequency in the nonlinear material model is only 0.00005.

Though this is very small, it has a large effect on the residual nonlinear spectrum at the

fundamental due to the great magnitude of pump őelds to obtain the nonlinear result.

Last, we compare the resulting phases in the top and middle rows of Figure 4.14 to

reveal whether or not nonlinear scattering theory continues to propagate the signal to the

detector point correctly. For the novel time method NLST on the left-hand side of Figure

4.14, the phase difference between the NLST calculated and tensor validation spectra is 1.01

radians, within our π/2 goal. The frequency domain approach has phase agreement below

the resolution of 0.06 radians. Some of this difference in phase performance between the two

methods can likely be attributed to the extra numerical steps that occur in this approach.

We now keep the same system with a 50nm thin őlm, and extend the duration of the
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time domain method improve to within the 10% goal range in this test case, but the phase

for each method phase comparison agrees below the resolvable limit of the data.

In Figure 4.16, we see no notable change in the reŕected spectra for frequency domain

NLST and the validation constant χ(3) tensor simulation when compared to the 50nm thin

őlm illuminated by an equivalent pump in the previous test case (Figure 4.15), despite the

improvements in the time-domain NLST case. Overall, the difference in the validation results

is very minimal between this test case and that of the 50nm őlm in Figure 4.15. This makes

sense, as the nonlinear generation will occur close to the surface of the őlm, due to the

intensity of the driving signal quickly decreasing as it propagates through the őlm. Thus,

the łextraž material beyond the surface will not contribute any notable harmonic generation

in reŕection, resulting in Figures 4.15 and 4.16 displaying very similar data.

4.4 3D FDTD for a Nanosphere of Gold

With many thin őlm cases investigated with strong results, we now examine a more complex

system with a 3-dimensional gold nanosphere. In this case, we must take into account the

decaying magnitude of scattered őelds, adding a dependence on the distance between the

detector point and the nanostructure. To scale the NLST spectra to the far őeld detector

point, we apply Equation 3.21, developed for a sphere of uniform current and outlined in

Appendix B. For these tests we will focus on a gold nanosphere of varying radii and determine

whether the results continue to be successful.

A Gold Nanosphere

Using the same 3-dimensional electrodynamic solver along with the same tensor and hydro-

dynamic nonlinear validation models as in the previous thin őlm examples, we remove the

periodic boundary conditions and instead use a nanosphere. The linear response of the gold

continues to be a Drude with 2 Critical Points model [63], and the nonlinear instantaneous

tensor χ(3) is used from reference [23], with symmetry class m3m. The simulation parame-

ters used for these tests are tabulated in Table 4.4. As the same preliminary nonlinear χ(3)

tensor model was used in this section as in Section 4.3, the same constant phase correction

of π is also present in these test cases.
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the spectra around the third harmonic, as calculated via NLST (dashed lines) and a direct

instantaneous χ(3) nonlinear validation simulation (solid lines). The bottom row shows the

absolute nonlinear spectra for NLST with a dashed line on a log scale, with solid lines showing

the resulting spectra for two direct nonlinear simulation for validations: the hydrodynamic

model (black), and instantaneous response χ(3) (green).

The agreement between the NLST and tensor approaches is again very good, but there

is notably less agreement between the instantaneous response χ(3) and the hydrodynamic

simulation. The lack of improvement in the hydrodynamic agreement is not surprising, as

the geometry of the system is unchanged from the previous case with a 25fs pump duration.

Comparing the NLST spectra to the tensor validation simulation, the peaks are well resolved,

and align very well, with no apparent red-shifting or blue-shifting.

The real and imaginary components of the resulting spectra in the top row of Figure

4.20 compare the tensor validation simulation to the NLST estimated spectra. On the right-

hand side of this őgure, for the hybrid method, we see that the previously near-perfect phase

agreement that was continually being achieved has diminished by a factor of just under π/4.

On the left side, the time method phase is off by nearly precisely π/2, more than that for

the hybrid method. This lesser agreement for the time method is consistent with that seen

in the previous test cases in Section 4.3.

As the implementation of this self-consistent nonlinear simulation is still under devel-

opment, it is possible that there is a different baseline phase error in the tensor method of

approximately π/4, rather than the π being used. Currently, a őxed phase factor of π has

been inserted, as outlined at the beginning of this chapter, as it was found to be required

in many of the initial tests for this model. It is possible that with the source of this phase

difference being unknown, that the state of the implementation requires a different correction

under these circumstances. Overall, the consistency in phase difference between the time

and hybrid methods points toward the prior attribution to the increased numerical steps in

the time method being the cause of the difference between the two methods.

For the őnal test case, the radius of the gold sphere is increased to 50nm with the

incident pulse duration decreased back to the shorter 25fs pulse, still centered at 1064nm,

the results for which are pictured in Figure 4.21. The phase relationships remain the same

for this test case as the previous 25nm radius nanosphere, and thus are omitted.

Figure 4.21 shows the absolute transmitted spectra of a 50nm radius gold nanosphere

illuminated by a 25fs pulse centered at 1064nm. On the left and right side of each őgure,

are the results of time and hybrid method NLST. Calculated results are plotted as a dashed

line, with the solid lines showing the resulting spectra for two direct nonlinear simulation for

validations: the hydrodynamic model (black), and and instantaneous response χ(3) (green).
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niőcant enough to cause notable dissimilarities in their resulting spectra. Regarding their

similarities, they each exhibit very little third harmonic generation on the xz-plane running

through the center region of the nanosphere (middle top to bottom in the plot). Given that

the point of measurement is on the y-axis, it is possible that the relevance of the staircased

łcurvaturež from the spatially discretized geometry is decreasing in this example.

In the 25nm radius test case of Figures 4.17 and 4.20, the nonlinear generation was

notably emanating from the entire surface of the sphere (as can be seen in the bottom row of

Figure 4.18). However, in the case of the 50nm radius sphere, the contribution from the top

and bottom surfaces is greatly reduced. If one were to zoom vertically into the middle region

of Figure 4.22 and examine only a handful of cells above and below the center y-axis, the

őeld proőle loses much of its variation in the xz-plane, and begins to appear as if it is only

dependent on the y-position, a similar to trait to the thin őlm test cases. Thus, the effects

of the curved surface are becoming less important, and the agreement begins to converge

to levels seen in the thin őlm cases in Section 4.3, with agreements in the third harmonic

being within less than an order of magnitude. Overall, the time and hybrid methods both

give very strong results as they have with the previous examples, with only minor deviations

between the two.
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Chapter 5

Conclusions and Future Outlooks

Nonlinear scattering theory (NLST) has successfully demonstrated in this project a wide

range of usability when used in the time domain, frequency domain, and a combination of

the two. There existed several key goals in this project, including the development and

testing of NLST in the time domain, as well performing a full comparison and contrast

of the different approaches for NLST to assess the viability and use cases of each. The

resulting knowledge gained through the development and testing within this thesis is to be

applied in collaboration with partners at the Leibniz Universität Hannover in Germany for

an upcoming manuscript on comparing quantitative methods in computational nonlinear

nanophotonics. Given the successful performance of the time domain NSLT, I will also

discuss future extensions of this project, in which investigations and preliminary work are

already underway.

5.1 Effectiveness of the Novel Time Domain Approach

The performance of the fully time domain method was tested in a wide variety of cases in

1D and 3D using a dispersionless dielectric and a lossy metal. It proved to be quite strong

as it exhibited relative deviations from direct nonlinear simulations (used as a validation)

of as low as 0.1% in some cases, which is notable for a solely estimative method. Most

of the tested cases fell within the goal bounds of 10% deviation in magnitude and π/2

deviation in the resulting phase. There were no scenarios found where the time method was

unable to perform comparably to the frequency domain NLST approaches, when given the

computational resources it required.

With more numerical steps involved, however, there were often more minor deviations

from the validation simulation present in the time method than in the hybrid. As well, it

was discovered in the work leading to this thesis that the time method exhibited greater

sensitivity to the sampling of the simulation, for example, the time steps between frames

62



saved, or too-early truncation of the simulation. In the varying tests performed, there was

no scenario where the effectiveness of the time method was clearly greater than that of the

existing NLST in the frequency domain.

Ultimately, this approach still has great potential, as it could be possible to obtain

a time domain scattered signal directly through its formulas. If a short enough impulse

current is chosen, the convolution of the scattered signal with the őctitious source current

could be set up in a way to obtain a scaled or averaged signal over some sub-cycle time

period, yielding a result similar to a delta function. This would lead to a time domain

nonlinear scattered őeld on the left side of Equation 2.44, meaning that the time domain

signal could be estimated directly rather than through its spectra.

Though it was not achieved in the duration of this project, this capability could very

well distinguish itself over the others with this aspect fully realized. It further opens doors for

more time domain optimizations that could be performed on the scattered signal directly,

for shaping both the incident and generated light for various features such as conversion

efficiency or carrier envelope phase at the detection point.

5.2 Limitations in Nonlinear Modeling

Nonlinear scattering theory clearly demonstrated that it can only perform (at its best) as well

as the nonlinear model being used to generate the results. Its performance when compared

to the tensor χ(3) simulation validation data remained very strong in all tests, however, when

the hydrodynamic model was exhibiting different physical effects, like in the 25nm radius

nanosphere case, it was clearly unable to show the same physics. This is a demonstration

of this limiting factor of NLST. Outside of the undepleted pump approximation, any other

additional assumptions inherent in the nonlinear model becomes automatically present in

the NLST calculation. Thus, if the physics is missing from the nonlinear model being used,

it remains missing in the estimated spectra.

It is important when selecting a nonlinear model for the NLST calculation that physical

factors that are relevant to the system are properly present. Nonlinear scattering theory

is not inherently incompatible with nonlinear models that include more complex physical

processes, such as non-locality or a delayed response, it is limited only by the ability for the

nonlinear parts of the response to be separable from the linear.

Ultimately, this demonstrates the need for enough nonlinear models to be available

that can properly describe materials in the wavelength regimes being studied. In the case

where there is no existing nonlinear model that well describes the response of a material,

then NLST cannot be used effectively. This theory is solely for the purpose of estimating
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what the detected nonlinear signal would be for a known nonlinear material response, and

cannot be extended beyond this.

5.3 A Review of Use Cases and Viability for NLST

Each of the three approaches introduced and tested in this project have varying strengths,

which make them more preferable in certain setups. There are several parameters to consider

when deciding which method should be used, including source duration, source wavelength,

structure size, and spatial resolution. Each of these factors affect the computational resource

requirements of both the simulation, which requires monitoring, as well as the post-processing

NLST calculation itself.

In the tests performed in this project, there was ready access to signiőcant resources

to perform the linear simulations and obtain the time and frequency domain datasets which

were required. This is not always the case as many groups in academia and industry make

use of commercial software running on machines with more limited resources, outlining that

even when the test could be performed within this project, it may not be feasible for most.

Before discussing individual strengths and drawbacks of each method, there is one

feature that each approach demonstrated consistently very well in most cases, which is

the ability to achieve a result that is properly or reasonably in phase with the expected

validation signal from a direct simulation that uses the same nonlinear model. Though

there were some situations where phase differences were present, particularly for the 3-

dimensional nanosphere, further improvements to the simulation method could eliminate

them. Often, the phase variations presented themselves as minor, and possibly numerical in

origin, meaning they could be better adjusted for with more particular setups. Thus, this

far-őeld propagation feature is a strength for NLST as a whole.

Frequency Method

The frequency method has the advantage of a decreased dataset required to perform the nec-

essary post-processing NLST calculation. When working with narrow-band sources, there

are a limited number of relevant frequencies that require monitoring, even when the chosen

material model requires a full double convolution over all frequencies. This is because the

frequencies outside the bandwidth could be considered to contribute nothing to the polar-

ization calculation saving a great deal of time and monitor data that needs to be tracked

and saved.

When moving to more broadband simulations, which in this example case required

the more detailed double convolution calculation, there still exists a situation in which an
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argument can be made for this approach. There are certain sampling criteria required to

capture a given frequency, and thus there can still be signiőcantly less frequencies to monitor

than time frames saved in the simulation in order to capture the spectra of the linear őelds

properly. As well, for very large structures or ones with őne spatial resolution resulting in

a signiőcant number of cells to monitor, the frequency method could still be the only viable

approach due to computational resource limitations. Ultimately, this approach can have

the greatest noise ŕoor and post-processing NLST calculation run time requirements, but is

notably the most memory efficient.

Hybrid Method

It was clear in this project ś done with time domain simulations and a polarization model best

represented in the time domain ś that the hybrid method was the most reliable. Compared

to the frequency method, the memory requirements of this approach are much greater as the

őelds need to be sampled sufficiently across the whole structure throughout the simulation.

However, in the situation where the model is better represented in the time domain, the

post-processing NLST calculation run time is signiőcantly less than the frequency or time

methods. For this method it is ideal to use broadband sources and smaller, coarser structures

resolved with less cells to reduce the size of the dataset and simulation time required for the

calculation.

Even though this method performs best in broadband simulations, with sufficient re-

sources or a small enough structure, it remains fast and reliable for narrowband simulations

as well. When the resources are available, this approach could be very strong for inverse

design since the calculations can be performed quicker even in a less-optimal program such

as Python, as demonstrated in the benchmarking done at the end of Section 4.1, allowing

for more rapid rough results for initial optimization steps prior to őne tuning.

Time Method

The novel time domain approach performed very strongly, however did not give consistently

better results when compared to both of the other methods in any of these speciőc test cases.

The time domain Lorentz reciprocity convolution is faster than the tested double-convolution

frequency domain material response calculation for broadband simulations. However, for

narrowband simulations the reduced number of frequencies of interest allow the frequency

domain method to overtake the time method in this aspect. Similar to the hybrid method,

this approach performed consistently very well across all of the test cases, not experiencing

the same numerical artifacts in the spectra at the second harmonic frequency as the frequency
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method, as well as performing slightly better than the hybrid method in some of the 3-

dimensional simulations.

With the development of a setup that is capable of completing the calculation in the

time domain to obtain a scattered signal, this approach will establish itself as one with

a much clearer use-case for time domain operations. For simulations where the goal is to

obtain a scattered spectra instead, the other methods are likely more applicable and resource

effective.

5.4 Future Extensions to High Harmonic Generation

Looking to harmonic generation in higher orders, the applicable nonlinear models are no

longer perturbative, and become much more complex as they begin to capture subcycle

dynamics of the media[59, 60]. Currently, with the strong interest in solid-state high har-

monic generation (HHG) there is a broad search for structures and designs that combat the

longstanding problems in efficiency, for example, see reference [42]. For this, inverse design

is the most powerful method currently available to achieve the structures that exhibit the

functional properties being sought after.

For simulating processes like HHG, the nonlinear models are much more complex to

implement in a direct nonlinear FDTD simulation and often require an immense number of

resources as the őelds need to be tracked over one or more pulse cycles to capture the full

dynamics picture. To alleviate the time requirement in implementing and simulating these

complex models in optimization processes, NLST is a possible solution for estimative results.

Some precursor work on this has been done already during this project, by investigating a

macroscopic polarization model presented in 2017 by Zhokhov and Zheltikov [59].

5.4.1 Preliminary HHG Investigations

The macroscopic polarization put forward by Zhokhov and Zheltikov in 2017 has performed

reasonably well in a presently implemented 1-dimensional simulation script created in the

duration of this project. Using the parameters in the original publication for ZnO, my

calculations showed harmonic generation up to the 33rd order (most clearly) in the scattered

spectra from a thin őlm of 10nm when illuminated by a 15fs pulse centered at 3.2µm as shown

in Figure 5.1.

This model shows promise as calculations performed show a strong resonance at a

Bloch ratio (ωB/ωl) of approximately 3.5, which is also described in the original experimental

publication demonstrating solid state high harmonics from ZnO in 2011[41]. Since the linear

response is also separable from the total polarization in this model, it is seemingly compatible
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Appendix A: Simulating Nonlinear Media Using FDTD

Methods

In this section, I will outline the approach used for simulating nonlinear dielectrics and

metals using Finite-Difference Time-Domain (FDTD) methods in 1D, as has been applied

in the őrst part of this project.

A.1 Base Update Equations

Simulations using FDTD come directly from applying őnite difference formulas to two of

Maxwell’s equations: the curl of the electric and magnetic őelds,

∇⃗ × H⃗ =
∂D⃗

∂t
+ Jsrc, (A.1)

and

∇⃗ × E⃗ = µ0
∂H⃗

∂t
. (A.2)

This walkthrough will assume a one dimensional, linearly polarized source polarized in the +x̂

direction, and propagating in the +ẑ direction. It will also assume non-magnetic materials,

and no free currents. Given the chosen polarization and direction of propagation for the

electric őelds chosen, the curl equations will be replaced with partial derivatives with respect

to the Cartesian coordinate z, giving

−
∂Hy

∂z
=

∂Dx

∂t
+ Jsrc, (A.3)

and

∂Ex

∂z
= −µ0

∂Hy

∂t
. (A.4)

We now apply őnite differences to both the time and frequency partial derivatives,

noting that the source will only be inserted in the source position and is thus omitted from

the update for other positions. In this step, we apply the Yee Cell formalism, where the

electric and magnetic őelds are on an alternating grid in space and time, exactly one half

step away from each other in each. This formalism assists in increasing the stability of the

simulation by maintaining centralized derivatives and thus second order accuracy. The step

in time and space will be denoted with δt and δz respectively. Equations A.3 and A.4 then

become
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−
Hy

(

z + δz, t− δt
2

)

−Hy

(

z, t− δt
2

)

δz
=

Dx

(

z + δz
2
, t
)

−Dx

(

z + δz
2
, t− δt

)

δt
, (A.5)

Ex

(

z + δz
2
, t
)

− Ex

(

z − δz
2
, t
)

δz
= µ0

Hy

(

z, t+ δt
2

)

−Hy

(

z, t− δt
2

)

δt
. (A.6)

Rearranging, the FDTD update equations, including the injection of the source, are

Dx

(

z +
δz

2
, t

)

= Dx

(

z +
δz

2
, t− δt

)

−
δt

δz

[

Hy

(

z + δz, t−
δt

2

)

−Hy

(

z, t−
δt

2

)]

,

(A.7)

,

Dx (zsrc, t)+ = Jsrc (t) , (A.8)

Hy

(

z, t+
δt

2

)

= Hy

(

z, t−
δt

2

)

+
δt

µ0δz

[

Ex

(

z +
δz

2
, t

)

− Ex

(

z −
δz

2
, t

)]

. (A.9)

To solve for the electric őeld Ex in between the update for the magnetic and displace-

ment őeld, we make use of the deőnition of the displacement őeld,

D⃗ = ϵE⃗ = ϵ0E⃗ + P⃗ . (A.10)

Depending on the material, the methodology in calculating the electric őeld will vary. For the

purposes of this project, two models were applied alongside a nonlinear instantaneous χ(3).

The őrst implemented approach was that for a dielectric with a constant linear susceptibility

χ(1), which was then followed by a linear susceptibility which was based off the Drude-Lorentz

model.

A.2 Simulating a Dispersionless Nonlinear Material

For a dispersionless dielectric, the linear and nonlinear electric őelds can be calculated ex-

actly from the displacement őeld at each time step and position. As they are all at the

same position and time (that is, within Yee-cell approach with leap-frogged space and time

discretization), the time and space notation will be omitted to keep formulas more clear.

In our one dimensional FDTD simulation, the full nonlinear displacement őeld of a
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dispersionless dielectric is

Dx = ϵ0Ex + ϵ0χ
(1)Ex + ϵ0χ

(3)E3
x. (A.11)

In the case of a fully linear simulation, the value of χ(3) can simply be set to equal 0, which

will yield an easy direct calculation for the electric őeld that can be directly calculated prior

to the update of the magnetic őeld:

Ex =
1

ϵ0 (1 + χ(1))
Dx (A.12)

For the same media with an added nonlinearity, we have a non-zero χ(3). Including this

in the formula, we can move all terms to one side to be left with a depressed cubic equation.

ϵ0χ
(3)E3

x + ϵ0
(

1 + χ(1)
)

Ex −Dx = 0 (A.13)

Cubic equations, particularly depressed cubics, are equations that have exact solutions for

the roots which can often be determined using pre-optimized already-available methods in

the scripting language being used. In this project, a pre-existing solver written in C was

used, through Python’s NumPy module[75].

Though a cubic equation could have multiple roots, under stable simulation conditions

there is only one real root, and thus only one physical root for our time domain simulation.

For simulation, the real root is the only root taken and used as the electric őeld in the update

for the magnetic őeld.

A.3 Simulating a Dispersive Nonlinear Material

Dispersive materials require more work to simulate, both in preparation and computational

resource. This is (1) due to their complex frequency domain relationships that must be

translated into time domain update equations for the simulation, and (2) the need to track

extra őelds and perform extra calculations with their own stability requirements to take into

account.

As all őelds are at the same position in the simulation, the dependence on z will be

excluded to keep formulas simple. Dispersive models, however, depend on values of őelds at

varying points in time, and thus time dependence will be explicit as necessary.

For this project, a Drude-Lorentz model was used to represent the linear dispersion of

gold in the wavelength range between 600nm and 1800nm. As the Drude-Lorentz model is

simply a sum of each of their individual contributions, the full nonlinear displacement őeld

is
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Dx = ϵ0Ex + PD + PL + ϵ0χ
(3)E3

x. (A.14)

Making use of fact that these are waves that can be tracked individually we apply the

Auxiliary Differential Equation (ADE) method to separately track and update the Drude and

Lorentz polarization densities, PD and PL respectively. This method allows us to translate

their frequency domain formulas for the linear susceptibility into time domain relationships

to determine their polarization at a given time step.

For the Drude and Lorentz models, their respective linear susceptibilities can be written

in the frequency domain as

χ
(1)
D =

−ω2
p,D

ω2 − 2γDiω
, (A.15)

χ
(1)
L =

ω2
p,L

ω2
0,L − ω2 + 2γLiω

. (A.16)

The ADE method will be demonstrated here in full for the Drude susceptibility only, as

near identical steps are performed to create the time domain update for the Lorentz model.

We begin by writing the Drude polarization in the frequency domain, then transforming the

equation into the time domain to achieve a differential equation,

PD = ϵ0
−ω2

p,D

ω2 − 2γDiω
Ex, (A.17)

(

(−iω)2 + 2γD(−iω)
)

PD = −ϵ0ω
2
p,DEx, (A.18)

∂2PD

∂t2
+ 2γD

∂PD

∂t
= −ϵ0ω

2
p,DEx. (A.19)

We apply central differences to the last equation above, ensuring each őnite difference

is centered around time t, allowing us to use the electric őeld of the previous time step in a

more numerically stable way. This gives

PD (t+ δt) =

(

2

1− γDδt

)

PD (t)−

(

1 + γDδt

1− γDδt

)

PD (t− δt) +

(

ϵ0ω
2
p,Dδt

2

1− γDδt

)

Ex (t) . (A.20)

Going through the above steps for the Lorentz polarization term, we obtain
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PL (t+ δt) =

(

2− ω2
0,Lδt

2

1− γLδt

)

PL (t)−

(

1 + γLδt

1− γLδt

)

PL (t− δt) +

(

ϵ0ω
2
p,Lδt

2

1− γLδt

)

Ex (t) . (A.21)

We thus track the Drude polarization őelds and Lorentz polarization őeld (and as many

other őelds as necessary should the model be expanded) and include them in the displacement

őeld prior to calculating the electric őeld at the new time step. With these two polarizations

known, we again manipulate all the terms to achieve an equation which can be used to solve

for the total electric őeld which includes the nonlinearity:

ϵ0χ
(3)E3

x + ϵ0Ex + (PL + PD −Dx) = 0 (A.22)

This equation is again a depressed cubic equation with one real root under stable conditions,

and thus an exact value for the electric őeld is determined by solving this equation prior to

the magnetic őeld update.
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Appendix B: Far-Field Electric Field From a Sphere of

Uniform Current

Consider a sphere of radius r0, with uniform current density J⃗ pointing in the direction û

which lies in the xy plane. We are interested in determining the electric őeld at a point

r⃗ = rẑ, where r⃗ >> r0. To do this, we őrst deőne our current density using a Heaviside

function, which limits it in space to the volume of the sphere, that is,

J⃗ (r⃗, ω) = J0 (ω)H (r0 − |r⃗|) û. (B.1)

To solve for the far őeld electric őeld that arises from this deőne current density, we use the

Helmholtz equation,

∇2E⃗ (r⃗, ω) + k2E⃗ (r⃗, ω) = −iωµoJ⃗ , (B.2)

and apply the well-known Green’s function solution, given by (from reference [71])

G (r⃗, ρ⃗) =
eik|r⃗−ρ⃗|

4π |r⃗ − ρ⃗|
, (B.3)

where the variable of integration is labeled ρ, to avoid possible confusion in prime notation.

Where the sign of the exponential is positive as we are solving for a őeld propagating

outward from the point r⃗ = ρ⃗. From here onward, we will choose to omit the vector notation

of the őelds themselves as they will all remain polarized in the û direction. The integral to

then give us our electric őeld is

E (r⃗, ω) = −iωµ0

ˆ

V

J (r⃗, ω)G (r⃗, ρ⃗) dV (B.4)

= −iωµ0J0 (ω)

ˆ 2π

0

ˆ π

0

ˆ r0

0

eik|r⃗−ρ⃗|

4π |r⃗ − ρ⃗|
ρ2sinθdρdθdϕ (B.5)

First, we note the symmetry of our situation, paired with our interest in a sole point

along the z-axis where θ is measured from. This tells us that each coordinate pairing of ρ

and θ provides the same őeld contribution, independent of ϕ. Thus, this integration is fully

separable, giving us:

E (r⃗, ω) = −
iωµ0

2
J0 (ω)

ˆ π

0

ˆ r0

0

eik|r⃗−ρ⃗|

|r⃗ − ρ⃗|
ρ2sinθdρdθ (B.6)
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Next, we expand our quantities |r⃗ − ρ⃗| and 1
|r⃗−ρ⃗|

. Applying the binomial approximation

while noting that ρ
r
<< 1. Since we are making this approximation, we ignore contributions

of the order
(

ρ
r

)2
, giving us

|r⃗ − ρ⃗| =
[

r2 + ρ2 − 2rρcosθ
]

1

2 (B.7)

= r

[

1 +
ρ2

r2
− 2

ρ

r
cosθ

]
1

2

(B.8)

≈ r
(

1−
ρ

r
cosθ

)

. (B.9)

It can be shown using very similar steps that the value 1
|r⃗−ρ⃗|

can be approximated as

1

|r⃗ − ρ⃗|
≈

1

r

(

1 +
ρ

r
cosθ

)

. (B.10)

From here, we obtain

E (r⃗, ω) = −
iωµ0

2
J0 (ω)

ˆ π

0

ˆ r0

0

eikr−ikρ cos θ

r

(

1 +
ρ

r
cos θ

)

ρ2sinθdρdθ (B.11)

= −
iωµ0

2

eikr

r
J0 (ω)

ˆ π

0

ˆ r0

0

e−ikρ cos θ
(

1 +
ρ

r
cos θ

)

ρ2sinθdρdθ (B.12)

→ E (r⃗, ω) =
2

k4r

[(

ik2r20 + kr − 3i
)

sin (kr0) +
(

3ikr0 − k2r0r
)

cos (kro)
]

(B.13)

At this step, we note that given the wavelengths of interest in the project, paired with

the small cell sizes leading to a small r0, the product kr0 << 1, and thus we make use of the

small angle approximations on both sin (kr0) and cos (kr0), deőned as

sin (kr0) ≈ kr0, (B.14)

cos (kr0) ≈ 1−
k2r20
2

. (B.15)

Using these approximations, őnally obtain

E⃗ (r⃗, ω) = −
iωµ0r

3
0

2r

(

1−
i

kr

)

eikrJ (ω) û. (B.16)

After deciding on the spectral proőle of the source, we can use this formula to determine
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how the őeld will appear at this distance r away as it enters the simulation domain as an

effective plane wave.
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