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Abstract

In [24], Ivanoff and Merzbach introduced the notion of set-indexed strong
martingales, a generalization of the planar strong martingales introduced by
Cairoli and Walsh in [10]. A set-indexed strong martingale is a special case
of a set-indexed process by which we mean a collection X = {X,: A € A}
of random variables where A is some collection of subsets of a fixed set T.
In this thesis, T is always a compact metric space and A is a semilattice of
closed subsets of T'.

In this thesis, we obtain limit theorems for sequences of set-indexed
strong martingales and develop two general tools that are useful in ob-
taining such limit theorems. These limit theorems establish convergence
to set-indexed Gaussian processes in one of two modes, functional or semi-
functional. Whereas the former mode of convergence is classic, the latter is
entirely new and is particularly well-suited to set-indexed strong martingale
central limit theorems. The first tool developed is the establishment of suffi-
cient conditions for compactness in the function space D(.4) defined in [22]
under a Skorokhod Js-like metric. D(A) serves as a set-indexed generaliza-
tion of the classic function space D|0, 1]. The resulting compact sets lead to
tightness criteria for set-indexed processes with sample paths in D(A). These
results extend those found in Section 3 of [5]. For the second tool, quadratic
variation for set-indexed strong martingales is defined and conditions ensur-
ing its existence are given. The general role of quadratic variation in set-
indexed strong martingale central limit theorems is similar to that played by
quadratic variation processes in the classical theory. Namely, under certain
conditions, convergence of quadratic variations to a continuous deterministic
limit implies convergence of the underlying sequence of set-indexed strong
martingales to a suitably scaled set-indexed Gaussian process. As an appli-
cation, we derive a central limit theorem for set-indexed weighted empirical
processes.

il
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Chapter 1

Introduction

A substantial portion of the probabilistic literature concerns continuous
parameter stochastic processes, families of random variables indexed by the
points of R*. Of particular fame are the Brownian processes and the Poisson
processes. In most cases, the indexing parameter ¢ represents time.

A natural generalization of the continuous parameter process is the multi-
parameter process by which we mean a family X of random variables indexed
by the points s = (s1,---,s,) € (R*)" for some fixed n € N. These pro-
cesses, on which there is considerably less literature, model many natural
phenomena. For example, X can denote some physical measurement taken
at the spatial location s.

A motivation for set-indexed processes

A well studied class of continuous parameter processes are the empirical
processes. Given a sequence (Y,), of non-negative independent identically
distributed (i.i.d.) random variables with common distribution function F,
we define for each ¢ € N the i-th empirical process,

X9 = 2. [Zj-:llm-sa —i F(t)] , (t€RT) (1.1)

where 1p denotes the indicator of an event B. Given a sequence (Y,), of non-
negative i.i.d. random vectors with common k-dimensional distribution F,
one constructs multiparameter empirical processes in an analogous fashion.
However, in the multiparameter case it is often more convenient to replace

4



CHAPTER 1. INTRODUCTION 5

the summands in (1.1) by random variables of the form
viea) — iF(4), (A€ A)

where A is an appropriate collection of closed and bounded subsets of (R*)™,
usually a Vapnik-Cervonenkis class. In this sense, the multiparameter em-
pirical process can be viewed as a “set-indexed” process.

Now, take any set T and any collection A of subsets of 7. Generalizing
the above scenario, one defines a set-indezed process to be any collection
X = {X41: A € A} of random variables defined on a common probability
space. The most common situation is where 7 is a metric space and A
1s some collection of closed and bounded subsets of 7. As is true for its
classical counterparts, this class of processes can model a vast array of natural
phenomena. For example, take T to be the unit sphere in R3 with the metric

d(s,s") = length of shortest arc between s and s’, (s,s' € T)

and let A = {A C T : A closed and simply connected }. A set-indexed
process of considerable interest would be

X4 = average thickness of ozone layer over the region A, (4 € A).

Here, T represents the surface of the Earth modulo a scaling factor.

Two perspectives in the set-indexed theory
Set-indexed processes have been studied by various authors. The following
works are of particular interest here:

e Chapter 1 of [1] which discusses general Gaussian processes, a special
case of which are the set-indexed Gaussian processes,

e [5] and [36] in which limit theorems for set-indexed partial sum-processes
are derived,

e [16] in which a Doob-Meyer decomposition for set-indexed submartin-
gales is obtained and

¢ [26] which contains a martingale characterization for set-indexed Brow-
nian motion.
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This list can be divided into two slightly overlapping categories.

(1) In [1], [5] and [36], the size of A measured via the notion of metric
entropy plays a central role. Apart from this, few (in the case of [5]
and (36]) or no (in the case of [1]) extra conditions are required on A.

(2) Except for Theorem 1 in [26], nowhere in [16] and [26] are explicit size
limits placed on .A. However, [16] and [26] require A to satisfy certain
“geometric” conditions. Other papers which exhibit this perspective
include [23], [24] and [28].

Category (1) reflects what Adler referred to as the “modern attitude” in the
study of general Gaussian processes in which “the precise geometric structure
of the parameter space is of relatively little importance” (see p.1 of [1]). On
the other hand, the geometric conditions mentioned in category (2) allow for
the definition of set-indexed filtrations and set-indexed submartingales.

Besides closure under intersections, many of the papers listed in category
(2) require A to be a lattice and to satisfy the so called shape property. The
latter states that, given any sets A, 4;,---, 4, € A,

AQU?=1A1 = BISiSTL S.t.A(_:Ai.

Neither shape nor a lattice structure on A is required for the definition of
set-indezed strong submartingales, set-indexed processes which generalize the
2-parameter strong submartingales introduced in [10].

- Thesis objective

The goal of this thesis is to obtain limit theorems for sequences of set-indexed
strong martingales and to develop tools (tightness criteria in Chapter 2,
quadratic variation in Chapter 3) that are useful in obtaining such limit
theorems. In this thesis, A will always be a collection of closed subsets of
a compact metric space 7. The indexing classes used will be hybrids of the
two previously mentioned categories. In particular,

(a) Other than Theorems 4.4.4 and 4.5.8, nowhere in this thesis is A re-
quired to be small with respect to the notion of metric entropy.

(b) Except for a few specialized results, only the minimal geometric condi-
tions are placed on .A. Of particular mention, only those results which



CHAPTER 1. INTRODUCTION 7

depend on Appendix B require A to be a lattice and nowhere in this
thesis is A required to satisfy the shape assumption.

By working with such .4, most of the results in this thesis will hold for
the case in which A is the collection LL; of lower layers on T = [0,1}F
(see Example 2.8.1). Note that £L, does not satisfy the shape assumption.
Furthermore, £L; has an arbitrarily large ezponent of metric entropy for
arbitrarily large & (see Proposition 4.6.25).

Highlights and major results
The thesis is divided into three main chapters.

Chapter 2 studies the function space D(A) which serves as a set-indexed
generalization of D[0,1]. A typical element of D(.A) has the form z : 4 —
R and is inner-continuous with outer-limits on A, a set-indexed general-
ization of “right-continuocus with left-limits”. After equipping D(A) with
a Skorokhod J,-like metric denoted dp, a partial characterization of dp-
compactness in D(A) is developed. The resulting compacts lead to tightness
criteria for set-indexed processes with sample paths in D(A). The main
original achievements in Chapter 2 include:

e A sufficient condition under which a purely atomic set-function lies in
D(A) (Theorem 2.3.11). The function space D(A) has been studied
by various authors (see [5] and [22]), however, this sufficient condition
appears to be the first of its kind.

e Sufficient conditions for compactness in (D(A),dp) (Theorems 2.5.12,
2.6.5 and 2.6.7). Even for the case of T = [0, 1]* (k > 1), the compact-
ness criterion given in Theorem 2.5.12 is more general than that given
in Theorem 3.4 of [5].

Chapter 3 defines set-indexed filtrations and set-indexed strong submartin-
gales. Using admissible functions, decomposition theorems for set-indexed
strong submartingales are obtained. A suitable form of quadratic variation
for set-indexed square integrable strong martingales is defined and studied.
The main original achievements in Chapter 3 include:



CHAPTER 1. INTRODUCTION 8

e Existence and uniqueness of Doob-Meyer-type decompositions for set-
indexed strong submartingales (Theorems 3.4.11 and 3.4.14). Unlike
the proof of the corresponding decomposition for set-indexed weak sub-
martingales presented in [16], the argument in Theorem 3.4.11 does not
assume that the indexing class A satisfies the shape property or is a
distributive lattice.

e The definition of *-predictable quadratic variation (x-PQV) for square
integrable set-indexed strong martingales (Definition 3.5.6), a general-
ization of the predictable quadratic variation for square integrable con-
tinuous parameter martingales. This definition overcomes the inherent
dilemma associated with strong martingales, namely that the square
of an L, strong martingale is not necessarily a strong submartingale
(Observation 3.5.1).

e Sufficient conditions for the existence and uniqueness of *-PQV (The-
orem 3.5.2, Corollary 3.6.11) and conditions under which a *-PQV can
be approximated in L,-norm by discrete sums (Theorem 3.7.7).

The general role played by *PQV in obtaining limit theorems for se-
quences of set-indexed strong martingales is best illustrated by Proposi-
tions 4.4.2 and 4.5.6. In both results, convergence of *-PQV to a determistic
limit implies convergence of the corresponding sequence of set-indexed strong
martingales.

Chapter 4 contains several limit theorems for sequences of set-indexed
- strong martingales. The main original achievements in Chapter 4 include:

e The formulation of a new mode of convergence for sequences of set-
indexed processes termed semi-functional convergence (Definition 4.3.15).
This new mode of convergence is ideally suited to strong martingale
central limit theorems (CLTs).

o Semi-functional CLTs for sequences of continuous strong martingales
(Theorem 4.4.1, Proposition 4.4.2) and general strong martingales (The-
orem 4.5.5, Proposition 4.5.6).

e Functional CLTs for sequences of continuous strong martingales (The-
orem 4.4.4) and strong martingales in D(.4) (Theorem 4.5.8).
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e A semi-functional CLT for k-dimensional set-indexed weighted empir-
ical processes (Theorem 4.6.22). Of particular interest is the case in
which the indexing class is taken to be the lower layers, £L; (Corol-
lary 4.6.24). Note that £LL; is not a Vapnik-Cervonenkis class. In fact,
when indexed by LLix (k > 2), the above mentioned empirical pro-
cesses converge semi-functionally to a set-indexed Gaussian process for
which almost all sample paths are necessarily Hausdorff discontinuous

everywhere on LL; (Example 4.6.26).

For more detailed summaries of the above chapters, see the corresponding
introductory sections. The thesis also contains four appendices.

Appendix A contains assorted technical results which, although used in the
above mentioned chapters, are not themselves of primary interest.

Appendix B develops several technical results under a conditional indepen-
dence assumption. These technical results are used in Chapter 3 to establish,
among other things, adaptedness in certain decompositions (Theorem 3.4.14)
and a Rosenthal-like inequality for square integrable set-indexed strong mar-
tingales (Lemma 3.6.7).

Appendix C introduces an entirely new function space denoted D,(A).
Athough not used in this thesis, the space D,(.4) may be of independent
interest. Indeed, as demonstrated by Theorem C.2.13 and Example C.2.12,
D,(A) is a more accurate generalization of the classical multiparameter func-
tion space D([0,1]%) than is D(A).

Appendix D contains a complete list of the assumptions used occasionally
in the thesis. Included is a list of the conventions adopted in the thesis.

Additional notes

The end of a proof for any Theorem, Proposition or Lemma is marked by O.
The end of a proof for any Claim is marked by €. The end of a proof for

any Subclaim is marked by w.
This thesis is rich in new terminology and notation. See the end of the

thesis for complete lists of acronyms and symbols as well as an index.



Chapter 2

Function Spaces

2.1 Introduction

Recall the metric spaces, (D0, 1], p) where D[0, 1] consists of all func-
tions, f : [0,1] — R which are right-continuous with left-limits on [0, 1] and
p is one of the four Skorokhod metrics, Jy, Jo, M; or M,. In this chapter, a
set-indexed analogue of (D[0, 1], J2), denoted (D(A), dp), will be constructed
and analyzed. Attempts at defining such analogues have already been made
in [5], {22] and [25]. This chapter is strongly motivated by these earlier
attempts.

This chapter, which is completely non-probabilistic, is divided into seven
sections. In Section 2.2 we introduce the concept of an indezing collection
which serves as a natural generalization of the classical parameter space,
[0, 1]* (k¥ € N). Specifically, given a compact metric space (T, d), an indexing
collection A on (T, d) is any class of d-closed subsets of T' which is closed
under countable intersections and satisfies a certain separability condition
resembling that found in Assumption 1 of [26].

Two criteria governed our choice of the above mentioned separability con-
dition. On one hand, this condition had to be weak enough to allow for a
variety of diverse and useful examples of indexing collections. On the other
hand, this condition had to be sufficiently strong so as to ensure that each
resulting indexing collection, A on (7', d) possessed certain fundamental prop-
erties, the most important being the compactness of 4 w.r.t. the Hausdorff
metric generated by (T, d) (see Theorem 2.2.13).

In Section 2.3, given any indexing collection .4, we define the function

10
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space D(A) to be the class of all set-functions, £ : A — R which are
outer-continuous (a generalization of right-continuity) with inner-limits (a
generalization of left-limits) at every A € A. The space D(.A) has appeared
in [22] and [25] and also in [5] for the case of T = [0,1}*. When T = [0, 1]
and A = {[0,¢] : 0 < ¢ < 1}, there is a natural 1-1 correspondence between
D[0,1] and D(A). 1!

In this same section, we construct two important subspaces, PA and
Dy(A) of D(A). PA consists of all purely atomic set-functions, i.e., those
set-functions with a finite number of “jump points” in T. Although more
restrictive than that given in [5], our definition of PA implies PA C D(.A4)
(compare with Example 2.3.6). The subspace Dq(.4) consists of all uniform
limits of sequences of the form (j, + cp)n where each ¢, : A —+ R is con-
tinuous on A with respect to the Hausdorff metric and j, € PA Vn. In
Theorem 2.3.17, it is shown that Dy(A) C D(A), an inclusion which is not
valid under the definition of Dy(A) given in [5].

In Section 2.4 we define a metric, denoted dp, on the function space D(A).
This same metric has appeared in equivalent form in [22] and [25] and also
in [5] for the case of T' = [0, 1]*. When T'=[0,1] and A = {[0,#]: 0 < t < 1},
there is a natural homeomorphism between (D(A), dp) and (D[0,1], J2) (see
Remark 1 on p.4 of [22]). Although the Skorokhod J; metric is the one most
used when working with D[0, 1], there are inherent difficulties in defining a
Ji-type metric on D(A) (see Remark 4 on p.882 of [5]).

In Section 2.5, a sufficient condition for dp-compactness in Dy(A) is given.
Bass and Pyke have obtained a similar result for the case of T = [0, 1}* (see
Theorem 3.4 in [5]). However, even for this case, our result is more general.

In Section 2.6, a sufficient condition for dp-compactness in PA is given
(see Theorem 2.6.5). This sufficient condition resembles that found in Propo-
sition 3.2 of [5], deviating enough to ensure that the resulting compacta are
contained in D(A). Since the compacta in (PA,dp) generated by Theo-
rem 2.6.5 will have an explicit form, they can be used in conjunction with
Theorem 2.5.12 to generate ezplicit compacts in Do(A) (see Theorem 2.6.7).

In Section 2.7 we present the proof of the main compactness result of
Section 2.6. By isolating its rather lengthy proof in a separate section, we
preserve the flow of Section 2.6.

Section 2.8 closes the chapter with several examples of indexing collec-
tions. Also included are the counterexamples referred to in the various sec-

1This assumes the convention, y continuous at ¢ = 1 Vy € D[0,1].
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tions of this chapter.

Many interesting topological questions concerning spaces of the form
(D(A),dp) remain. Problems of particular interest include: sufficient condi-
tions on A and (7', d) under which D(A) is dp-separable and the possibility
of a complete characterization of dp-compactness in D(A) and Dy(A). Inde-
pendent of the answers to these questions, Chapter 2 will provide the tools
necessary for studying set-indexed processes in upcoming chapters.

2.2 Indexing Collections and
their Essential Properties

We begin by recalling the concept of Hausdorff distance. Specifically,
given a metric space (7}, d), let

Kr = {non-empty, d-closed and bounded subsets of T }.
The Hausdorff distance between any A, B € K7 is defined by
dg(A,B) = inf{e> 0: AC B and B C A%} (2.1)

where, given any C C T, C*={t€T:3ce C s.t. d(c,t) < €}. On p.279
of [32] it is stated that dy defines a metric on Kr-.
If we replace each set, C¢ in (2.1) by the set

C* = {teT:3ceCst.dlct) <€},

we once again obtain a metric on K7. 2 By the basic properties of infimum,
-it s clear that the metric on Kr obtained via the sets CF coincides with our
or:ginal metric defined in (2.1). In this thesis, we adopt the C¢-formulation
of the Hausdorff metric but will occasionally revert to the C%-formulation
when more convenient.

Several basic properties of the set operations (- )€ and (- )% will be used
frequently in the upcoming sections. For convenience, we list them here.

Proposition 2.2.1 Given C,D C T and ¢, €1, €, > 0

(i) C¢ is open and C¥ is closed,

*This formulation of the Hausdorff metric is presented in [22].



CHAPTER 2. FUNCTION SPACES 13

(i) CC CCCF,

(i) CC D = C¢C D¢ and C* C D,

(iv) e <& = C CC® and C% C C%,

(v) (Vd>0) CEC CH,

(vi) (C)=Cs,

(vii) C¢ = C¥, and

(viii) (Ca)s € Cove.
Proof (i) Consider the function

f:T —= R where f(t) =inf{d(c,t):ce C}.

As stated in Appendix 1 of [6], f is continuous on T. Moreover,

teC < 3FJcelst. dt)<e
= f(t)<e
< te€ f(~o0,¢)].

Thus, since f is continuous, C¢ = f~![(—o0,€)] is open in T. Similarly,
C® = f~!(~o0, €] is closed in T

(ii) Clearly, C¢ € C%. To show the first inclusion, take ¢ € C. By the
definition of closure, 3¢ € C s.t. d(c,t) < € hence, t € C.

(iii), (iv) and (v) are all obvious consequences of the definitions.

(vi) As C C C, it follows by property (iii) above > that C< € (C)<. To
show the opposite inclusion, take ¢ € (C)€ thus, 3¢’ € C s.t. d(c',t) < €. Let
v =¢—d(c,t) >0, then :

¢ €C = JceC st. d(d,c) <7,
which gives us

d(c,t) < d(e,c) +d(c,t) <v+d(c,t) =¢
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implying that ¢t € Ce.

(vii) As C¢ C C? where CF is closed, it follows that C¢ C C€ = C%. For
the opposite inclusion note that, by definition,

C® = UcecB(c,€) and C® = cB(c €

hence7 Cg = UcECB (C, 6) g_: UCECB(C7 6) = ﬁ

(viii) If ¢ € (C*)%2, then Is € C s.t. d(s,t) < €. Ass € C,FceC
s.t. d(c, s) < € hence,

d(c,t) < d(c,s) +d(s,t) < €1 + €,
which implies t € Cettez, O

In the upcoming chapters, our set-indexed processes will not be indexed
by the entire collection K but rather by a special subcollection of Kt ap-
propriately termed an indezing collection. Among other things, an indexing
collection will satisfy the following strong separablility condition.

Definition 2.2.2 Let (T, d) be a compact metric space and let A be a non-
empty subcollection of Kt which contains T and is closed under countable
intersections. A is said to be uniformly separable from above provided

(1) 3 a sequence, (An)n of subcollections of A s.t., given any n,m € N,
(i) An is finite and closed under intersections,
(i) T € An,
(i) n<m= A, C An,, and

(2) 3 a sequence, (gn)n of set-functions of the form, g, : A — A, s.t., given
any A,A' € A,

(i") (gn(A))n is decreasing in n w.r.t. C with N, gn(A) = A4,
(ii') A C [g.(A)]° Vn,
(ili") if A C A’ then, A C go(A)NA' Vn,
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(iv) f AUA € A, then go(AU A') = g.(A) U gn(A') Vn,
(v') given (Ae)k in A, ga(Nide) = Nk gn(Ak) V1
and 3 a sequence (€,), of non-negative constants s.t. €, 1 0 and
dr(4,gn(4)) < &, (VA EA) (2:2)
for any given n € N.

Remark 2.2.3 If A is uniformly separable from above, then by (2.2), A* =
U An is a countable dy-dense subset of A. That is, A is dg-separable.

The following class of objects will be the center of study in this section.

Definition 2.2.4 Given a compact metric space (T, d), an indezring collection
on T is eny non-empty subcollection, A of Kt for which

(i) Te A,

(ii) A is closed under countable intersections and

(iii) A s uniformly separable from above.

Remark 2.2.5 (a) The conditions on A given in Definition 2.2.4 represent
the core assumptions which we will require in all chapters. In future sections,
additional assumptions may be added to indexing collections in order to
obtain specific results.

(b) With two exceptions, all conditions in Definition 2.2.2 have appeared
earlier in at least one of [16], [22] or [26]. The first exception is that in most of
the earlier works, each g, had { all finite unions in A, } as a range instead of
Apn. The second is the addition of the uniform approzimation condition, (2.2).
Both of these changes are needed to ensure that every indexing collection A
is dg-clesed in Kr (Theorem 2.2.10).

(c) By definition, ¢ ¢ Kz and hence, ¢ ¢ A for any indexing collection
A on T. We purposely exclude ¢ because of its bad behaviour with respect
to the Hausdorff metric. In particular, (¢)* = ¢ Ve > 0 which implies
inf{e > 0: A C (9)} =00 VA3# . On the other hand, using the extention
of dy presented in the Note on p.5 of [13], we can always adjoin ¢ to (A,dg)
as an isolated point by setting dy(@,¢) =0 and dg(¢,A) =M +1 VA€ A
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where M is the diameter of (T, d) (recall that (7', d) is taken to be compact).
In this case, A should be replaced by A\ ¢ in Definition 2.2.4 (iii). 3

(d) In [16] and several other set-indexed papers, the so-called shape as-
sumption is included in the definition of 4. This assumption states that, for
any A, Ay, ---,Apnin A, if AC UL, 4, then 31 <7< n st. AC A;. We
avoid shape since it is rather restrictive. In particular, the indexing collection
LLy of lower layers on [0, 1]? do not satisfy shape (see Example 2.8.1).

(e) In general, Kr is itself not an indexing collection on T since there may
be disjoint non-empty elements in Kr, implying that K7 is not closed under
finite intersection.

As mentioned in the introduction to this chapter, an indexing collection is
intended to serve as a generalization of the classical parameter space, [0, 1]*
(k € N). Indeed, [0, 1]* is captured by the following indexing collection.

Example 2.2.6 Fix £ € N and let (T,d) = ([0, 1]%, || - |lo) Where

— . —_ k
”t”w - f‘gza‘s}i Itll! (Vt - (tlr 1tk) e [01 1] )'

Given t = (t1,---, ) € [0, 1]%, define

k

[0,t] = J] [0,

=1

and define
e = {[0,t] : t € [0, 1]%}.
If s,t € [0,1]%, then [0,t]N [0,s] = [0,s A t] € Z;. Hence, Z; is a sub-
collection of Kpg;» which contains I* and is closed under finite intersection.
Furthermore, by the nested-intervals theorem, Z; is closed under countable
intersection.
Given any n € N, let

DM = {te[0,1]%:¢ = 5 for some m; € {0,1,---,2"} V1 <i <k}

and define
™ = {[0,t] € Ix : t € D™}.

3Most of the earlier papers, [16] and [26] for example, include ¢ in A from the onset
and thus require the added condition, ANB # ¢ VA,B € A\ {6}
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Since (D,(cn))n is an increasing sequence (w.r.t. C) of finite sub-semilattices
of ([0, 1], A), (I,(c"))n is an increasing sequence of finite subcollections of Z;.
Moreover, given any n, it follows from the definition of D,(C") that Ifc“) contains
[0, 1]* and is closed under intersection. If we define gn LI — Ifc") by letting

g(4) = N{BeIM:ACB}, VAT,

then it is straightforward to show that (g,), satisfies the properties listed in
(2) of Definition 2.2.2. In particular, we can take €, = 1/2" Vn in (2.2).
Therefore, Z; is an indexing collection on [0, 1]*.

Via the natural bijection, t — [0,t] (t € [0,1]F), every [0, 1]*-indexed
process can be viewed as an Zi-indexed process and vice-versa.

Remark 2.2.7 See Section 2.8 for additional examples of indexing collec-
tions on [0, 1]* and see [16] for indexing collections on T where T' is either a
function space or a graph.

Throughout this thesis, unless otherwise stated, .4 will always
denote a generic indexing collection on a generic compact metric
space, (T, d).

In the remainder of this section, we derive four important consequences
of Definition 2.2.4. Specifically, given any indexing collection A,

e A is closed under arbitrary intersections,
e the domain of each g, can be “appropriately” extended,
e Ais a dy-compact subspace of K and

3 a smallest non-empty element in (A4, C).

These four intrinsic properties of indexing collections will be applied fre-
quently in the thesis. We begin at the top of the list.

Proposition 2.2.8 If A is an indezing collection on T, then A is closed
under arbitrary intersections.
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Proof Let (4;);es be any collection of sets in 4. By Definition 2.2.2 (2) (i),
njeJAj = njeJ ﬂn gn(Aj) = ﬂn njeJ gn(Aj)- (2~3)

But, given any n, {gn(4;) : € J} C A, and hence by Definition 2.2.2 (1)(i),
Njer gn(4;) € A C A. Therefore, since A is closed under countable inter-
sections, (2.3) implies Njcs A € A. a

Next, we extend the domain of definition for each g, : A = A, to the
set of all finite unions in 4. These extensions, which have already appeared
in [22], will not be used until Chapter 3 when we define the so-called “strong
past”. In particular, given any n and any finite union, B = UL 4; (4; € A),

we define
gn.(B) = U gn(A)- (2-4)
A€EA
B

nm

Since each g, is increasing on A w.r.t. C, gn(4') = Upcs, acar 9n(4) VA' €
A. Thus, our use of g, in (2.4) is unambiguous. Since each A, is finite, each
gn(B) is a finite union of sets in A,.

Our next result contains two important properties of the extended g,.

Proposition 2.2.9 Let A be an indezing-collection on T. If B = UL A;

and B' =X A'; with A;, A'; € A Vi,], then for any n
I=1“*2 J

(a) g2(BU B') = ga(B) U gn(B') and
(b) 9a(B) = ULy gn(42).
Proof Since B,B’' C BU B', it is clear from (2.4) that
9n(B), ga(B') S ga(BU B')

and hence, g,(B) U gn(B’) C go(BU B').

To establish the opposite inclusion in (a), take A € As.t. A C BU B'.
Then, A = (UL;AN A:) U (UL,A N A)) where A, ANA;,ANA} € A
V1,j. By an inductive extension of condition (2)(iv’) in Definition 2.2.2, this
implies

ga(4) = Uf:l (AN A;) U ;I=1 gn(AN A,J)
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where, by (2.4), gn(A N A;) C go(B) Vi and go(A N A7) C g.(B") V3.
Therefore, g,(A) C gn(B) U gn(B’) for our arbitrarily chosen A C BU B’ in
A and hence by (2.4),

gn(BUB') C gn(B)U ga(B")

which establishes (a). (b) follows by a trivial inductive extension of (a). O

In the upcoming sections of this chapter, we will often require a dgy-
continuous set-function, z : A — R to be dy-uniformly continuous. A
classic sufficient condition ensuring this property is the dy-compactness of
A which, as we will see, is a consequence of Definition 2.2.4. We begin with
the following result.

Theorem 2.2.10 If A is any indezing collection on T, then A is dg-closed
n /CT.

Proof Take (A,), in A s.t. A,—4, C for some C € K. The theorem will
follow if we can show C € A.

Using the sequence (d, ), from Lemma A.2.1, we construct a subsequence,
(Ak,)n as follows: given n € N, choose k, € N such that dg(A4,,C) < 6,.
(Clearly, we can choose (kn)n to be strictly increasing in n.) Therefore, since
dg(Ak,,C) < 8, Vn, Lemma A.2.1 implies

C C A% C [9a(A)I™ C 62(Ak), (V) (2.5)

where g2 denotes g, o g,. Moreover, given any n, condition (2.2) in Defini-
tion 2.2.2 implies

da(92(Ak,),C) < du(92(Ax.)s 9a(Ar,)) + dar(ga(4r.), Ax,) + der(Ak,, C)
< €p + €n +6p

where 2¢, + 4, =+ 0 as n — oo.

Since g2(Ax,) —4y C and, by (2.5), C C g2(Ax,) Vn, Lemma A.1.3
implies C =N, g2(Ax,)- Therefore, since g2(Ax,) € Ar, €A Vnand Ais
closed under countable intersections, we have shown C € A. a

Remark 2.2.11 As a consequence of Theorem 2.2.10, any indexing collec-
tion A on the Euclidean space [0,1]* (k € N) satisfies Assumption (Al)
in [5]. In particular, given any § > 0, we can define the finite subcollection
A(S) from [5] to be Ars-1] where [§] denotes the the least integer greater
than §.
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The following result, a consequence of the compactness of (T, d), can be
found on p.279 of [32].

Proposition 2.2.12 (Kz,dg) s compact.

Combining Theorem 2.2.10 and Proposition 2.2.12, we obtain the follow-
ing result, third on our list of consequences of Definition 2.2.4.

Theorem 2.2.13 If A is any indezing collection on T, then (A,dg) is a
compact metric space.

The fourth consequence listed on p.17 is in fact the most basic. Given an
indexing collection A on T', define the set

& =N 4 (26)

AcA

By Proposition 2.2.8, ¢' € A. Since ¢ ¢ A, ¢ # ¢. If we adjoin ¢ to A4
according to Remark 2.2.5 (c), then the above intersection must be taken
over all A € A s.t. A # ¢ to ensure that ¢’ # ¢. In either case, the set ¢’
plays the role of 0 in the classical theory in that ¢’ is the smallest non-empty

element in (A, Q).

We close this section with a result illustrating certain restrictions that
uniform separability from above places on the cardinality of indexing collec-
tions. An additional discussion on the size of indexing collections, measured
by means other than cardinality, is given in Subsection 4.2.4.

Proposition 2.2.14 If A is an indezing collection on T, then
(2) the cardinality of A cannot ezceed that of P(R) and
(b) if (T, d) is connected, then A is either infinite or A= {T}.

Proof It is well-known that the cardinality of any separable Hausdorff space
X cannot exceed that of P(R). Since (A, dy) is a metric space, it is Haus-
dorff. As mentioned in Remark 2.2.3, A is dy-separable.

To show (b), assume (T, d) is connected and A # {T}. Selecting a fixed
set, Ao #T in A, 3K € N s.t. gn(Ao) #T Vn > K. (Otherwise, condition
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(2)(1') of Definition 2.2.2 would imply A = T', resulting in a contradiction.)
Therefore, since T is connected,

[92(40)]° C gn(Ao), (V7 > K). (2.7)

(Recall that each g,(A) is d-closed and that ¢ ¢ Kr.)

Now, assume A has finite cardinality. Since (gn(4o))n is a decreasing
sequence in A with N, gn(Ag) = Ao, the finiteness of .4 implies g,(4o) = Ao
for all large n. Hence, by (2.7) and condition (2)(ii’) of Definition 2.2.2,

Jko > K s.t. geo(Ao) = Ao C [gke(A0)]° C gk, (Ao)

which gives a contradiction. Therefore, A must be an infinite set. a

2.3 The Function Space D(A)

In this section we define the function space D(A) and two important
subspaces thereof denoted PA and Dq(A). Among other things, D(A) is a
collection of real-valued set-functions, that is, functions of the form z : A —
R. As commented in [5], D(A) is large enough to contain the sample paths
of all set-indexed processes of interest. In fact, as we will see in upcoming
chapters, PA and D(.A) are sufficiently rich for most applications. We begin
with some terminology.

Definition 2.3.1 For any A, (A,)n in A, we write
(8) An \ A if AC A, Vn and A, 2% A and
(b) Ay A if Ay C A° V1 and A, 25 A.
Gwenz: A — R, we say
(c) z is outer-continuous at A if A, \; A implies z(A,) — z(A4) and
(d) z has inner-limits at A if A, /* A implies (z(An))n converges.

If z is outer-continuous (has inner-limits) at every A € A, then we simply
say that T is outer-continuous (respectively, has inner-limits).
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Remark 2.3.2 It is important to note that neither A, \, A nor 4, & A
require (Ap)» to be monotone w.r.t. C. An alternate form of continuity,
defined via monotone sequences, can be found in Definition 3.2.44.

Given any set-function, z: 4 — R define the supremum norm of z by
lizll.a = sup {z(A)| € [0, ]
AeA

and let
B(A) = {z: A= R s.t. ||z]j4 < o0}

Any element of B(A) is said to be a bounded set-function.

Definition 2.3.3 D(A) consists of all set-functions, z € B(A) that are
outer-continuous with inner-limits on A.

The space D(A) has already been defined in [5] for the case of T =
[0,1]* and in [26] for the case of a general compact metric space. D(A)
is intended to mimic the classical function space D[0, 1] consisting of all
real-valued functions on [0,1] which are right continuous with left limits
at each ¢t € [0,1]. In fact, when T = [0,1] and A= {[0,z]:0<z < 1},
D(A) and D[0,1] are naturally homeomorphic under appropriate metrics
(see Remark 2.4.2 (c)).

In words, the following result implies that D(A) is a || - ||4 -closed linear
subspace of B(A) containing all dg-continuous set-functions.

Proposition 2.3.4 (a) Given z,y € D(A) and e € R, z +y,a-z € D(A).
(b) If z : A — R is continuous on (A, dy), then z € D(A).
(c) Given (yn)n in D(A) and y € B(A), if |lyn — ylla = 0, then y € D(A).

Proof Both (a) and (b) are obvious consequences of Definition 2.3.1.
To show that the set-function, y in (c) is outer-continuous, take 4, \, A
in A. Then, for each k£, n and A € A,

ly(4n) — y(A)] < [y(An) — ye(An)l + luk(4n) — ye(A)] + |ye(4) — y(4)I.

Given any € > 0, ||[yn—y|[4 — 0 implies 3K € Ns.t. supge4 |yx(B)—y(B)| <
€/3. But yg is outer-continuous and hence, 3N € N s.t. |[yx(A4n) —yx(4)| <
€/3 VYn > N. Therefore, by the above inequality, |y(A.) — y(A4)| < 3(¢/3)
Vn > N. The argument for inner-limits is similar. O

Before we can define the subspaces PA and Dy(.A) of D(A), we must first
examine the following class of set-functions.
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Definition 2.3.5 A set-function £ : A — R is purely atomic if, for some
ne€N,3t,---,tn €T and a;,---,a, € R s.t.

z(4) = Y a;, (YA€ A).

J:tijeA

The t; are called the locations of atoms and the a; are called the
masses of atoms. The veriation of = is the number, v(z) = L1, |ay|.

When the term “atoms” is used alone, it will always refer to the
locations of atoms.

If one is not careful in selecting the locations of atoms, the resulting purely
atomic set-functions may not have inner-limits on .A. This is illustrated by
the following example.

Example 2.3.6 Let A = T,, the indexing collection defined in Example 2.2.6.
By the geometry of ([0, 1]?, ||-||co), it is clear that dg ([0, u], [0, V]) = [[u—V]|es
VYu,ve[0,1]%

Given 0 < zp < 2y < 1, let z: Z, — R be purely atomic with one atom
of mass 1 located at (zo,1). To show that z does not have inner-limits at
A =10, (z¢',1)], take a sequence (Tn)nz1 8.t. To < Zp, < 7 Vn and z, 1 7.

If we define
[0, (zn,1)] , if n is even

An = { [0,(za,1—-1/n)] ,ifnisodd,

then A, C A° Vn and dy(A4a, A) = max{|z, — 24|, 1/n} = 0. But (z,1) €
A, if and only if n is even and therefore,

1 ,ifniseven

#(An) = { 0 ,if nisodd

which is to say z does not have inner-limits at A. ¢

Repeating the above argument, if z : Z, — R is purely atomic with one
atom of mass 1 located at (1, y,) for some 0 < yo < 1, then z does not have
inner-limits on A. The same is true for = purely atomic with one atom of

mass 1 at (1,1).

In [5], Bass and Pyke mistakenly claimed that all purely atomic set-functions had
inner-limits on A.
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In view of the above example, we require a restriction on the location
of atoms (for any (7', d)) which will ensure that the corresponding purely
atomic functions lie in D(A). For this, we turn to the concept of proper sets
which was originally defined in [23].

Definition 2.3.7 (2) Given C C T and € > 0, define C~¢ :=pey, ccpeB.
(b) A € A is proper provided Seg > 0 s.t. (A=A V0 <e<e.

Remark 2.3.8 (a) Given € > 0 and C C D, if D C B¢, then C C Be.
Therefore, C C D implies C~¢ C D™,

(b) By Proposition 2.2.1, we can replace (-)¢ by (-)¢ in Definition 2.3.7 to
obtain an equivalent definition of a proper set.

(c) It is clear from Definition 2.3.7 (a) that (A€)~¢ C A for every A € A4
and € > 0. Therefore, since ¢’ is the smallest element in (A4, C), ¢’ C (¢'¢)~¢
Ve > 0 which implies ¢’ is a proper set in A.

The proof of the following Lemma is trivial.
Lemma 2.3.9 Let A € A be given. If, for any e >0, 3B € A s.t.
A°C Bf and A ¢Z B,
then A is not a proper set in A.
For each t € T', define the set A, C T by letting
A = () B. (2.8)

BeA
teB

By Proposition 2.2.8, A; € A Vt € T. (When T = [0,1)* and A = T4, it is
clear that 4, =[0,t] Vt € [0,1]*.) Now, define

w(A) = {t €T : A, is not proper in 4}. (2.9)

To better understand proper sets and the set w(A), we now determine all
t € [0, 1]? for which A; is not proper in Z.

Proposition 2.3.10 If (T,d) = ([0,1]%, || - llec) and A = TI,, then
{t € [0,1}*: A not proper} = {(z,1),(1,v):0<z,y < 1}. (2.10)

Therefore, w(Z,) = {(z,y) € [0,1]*:2=1 or y =1}
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Proof The following basic observation will be needed : given A = [0, (z,y)] €
I, and 6 > 0, A° = [0, (min{l,z + 6}, min{1,y + 6} )].

Take t = (z,1) € [0,1]>. As mentioned above, 4, = [0, (z,1)]. Given
any € > 0, if B = [0, (z,1 — €¢/2)] € Z,, then it is clear that Af = B¢ while
A Z B. Therefore, by Lemma 2.3.9, A, is not proper in Z,. The argument
for t = (1,y) € [0, 1]? is identical.

We establish the opposite inclusion in (2.10) by contrapositive. Take
t = (z,y) € [0,1]* with 0 < z,y < 1. Once again, 4, = [0, (z,v)]. If
we define ¢ = min{l —z,1 —y} > 0, then for any 0 < € < €, the above
observation yields the implication,

ACB* =— A.,CB

Therefore, Ac C (Af)™° C A V0 < € < g which, by Remark 2.3.8 (b), im-
plies A¢ is proper in Z». |

Given any k € N, the result in Proposition 2.3.10 generalizes to

w(Zi) = {te[0,1]:¢; =1 forsome 1 < i< k}
= {J{back faces of [0,1]*}. (2.11)

(Note that each of the k back faces of the k-dimensional cube is a set of the
form, {t € [0, 1)% : (t1,---,ti1, 1, ti1, -+ -, )} Where 1 < i < k)
In general, w(A) has the following nice property.

Theorem 2.3.11 Let z : A — R be a purely atomic set-function with atoms
located at t1,---,t, €T. Ift; ¢ w(A) V1 <i<n, then z € D(A).

Proof For any § C T, define Ps = {j : t; € S}. To establish outer-
continuity, fix A € A and take 4, \, A in A. Since A is d-closed in T,

360 >0 s.t.
d(A)tJ) Z €0, (V] ¢ PA)‘

By the definition of Ps, this implies Py = Pje. Since A, —q, A, 3K € N
s.t. Ap € A% V¥n > K and thus,
PAn - PAeo = PA, (VTE > K)

But A C A, Vn implies P4 C P4, Vn. Therefore, Py, = P4 Vn > K

which yields the limit, z(A,) — z(A), establishing outer-continuity of z at



CHAPTER 2. FUNCTION SPACES 26

A. (The above argument works for any purely atomic z, regardless of the

locations of its atoms.)
To establish that z has inner-limits on A4, first consider the case in which
z has a single atom of mass 1 at some t € T'\w(.A). Defining the set-interval,

[At,T) = {AGA:AtgAQT"},

it is clear from the definition of A, that z = 14, 1) as set-functions on 4.
(Note that T° = T.) Furthermore, since A4, is a proper set, [4,,T) is a proper
interval and thus, by Lemma 2.5 in {25], 1j4, ) has inner-limits on A. (See
Section C.2 for additional material on proper intervals.) Therefore, z has
inner-limits on 4.

Given any purely atomic z with atoms ¢;---,%, € w(A) and respective
masses a1, -+, 8, € R, € D(A) follows from Proposition 2.3.4(a) and the
identity, z = Y"1, a; z; where z; is a purely atomic set-function with a single
atomof mass lat¢; € T. O

Remark 2.3.12 (a) As shown in the first paragraph of the above proof, any
purely atomic set-function is outer-continuous on A.

(b) By Proposition 2.3.10 and Example 2.3.6, the converse of Theo-
rem 2.3.11 holds for the case of T = [0,1]? and A = Z,. Namely, if z is
purely atomic and z € D(Z,), then all atoms of = must lie outside of w(Z,).
(In fact, this is true for any Z;. (k € N).) It is presently unclear as to whether
the converse of Theorem 2.3.11 holds for a general indexing collection A on
a general compact metric space (T, d).

In many applications, one requires set-functions z : .4 — R which are
smooth in the sense that z(A) = 0 for every A € A with empty d-interior.
(See Remark 2 on p.6 of [22] for a situation in which this restriction is re-

quired.) If we define
a(A) = {teT:3JAc Ast. A°=¢ and t € 4}, (2.12)

then for purely atomic set-functions, the above restriction is equivalent to
requiring that all atoms be located outside the set a:(A). Given k£ € N and
A =T, it is clear that

a(Zy) = {te€[0,1]*:¢; =0 for some 1 <i<n}
= | J {front faces of [0, 1]*}. (2.13)
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(Note that each of the k front faces of the k-dimensional cube is a set of the
form, {t € [0,1]F: (¢;,- -+, ti—1, 0, tix1,-- -, tx)} where 1 <7 < k.)

Combining this with the preceding restriction on the location of atoms,
we define the edge of A, to be the set

E(A) = a(A)Uw(A).

The term “edge” is geometrically motivated by (2.11) and (2.13) for the case
of T = [0,1]%. Via E(A), we can define a class of well-behaved purely atomic
set-functions as follows.

Definition 2.3.13 PA consists of all purely atomic set-functions, z: A - R
whose atoms are located outside the set E(A). )

Remark 2.3.14 Theorem 2.3.11 implies PA C D(A).

The following result establishes an important smoothness property for
the set-functions in PA.

Lemma 2.3.15 Fach x € PA is dg-continuous at ¢’ and T'.

Proof Let z € PA be given. To establish dg-continuity of = at ¢', take
an arbitrary sequence, A, —+q4, ¢'. By minimality, ¢’ C A,, Vn. Therefore,
since z is outer-continuous at ¢', it follows that z(A4,) — z(¢'), implying
dg-continuity of z at ¢'.

To establish dg-continuity at T, first consider the case in which z has a
single atom of mass 1 at t € T\ E(A). Since w(A) C E(A), A, € Aisa
proper set which, by Definition 2.3.7(b), implies 3e > 0 s.t. (45)~¢ = A,.

Now, given B, —4, T, 3K € N s.t.

n>K = T C(B,)".
Thus, for each n > K, Remark 2.3.8(a) implies
Ar=(AF)CTC(By)™“C Ba.

But t € A, therefore, z(Bn) = 1 = z(T) Vn > K, ie., z(B,) — z(T).
Since the sequence, B, —4, T was arbitrarily chosen, this implies z is dg-
continuous at 7.
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For the general case, assume z has atoms t1,---,t € T \ E(A) with
respective masses, a;, - --,an, € R. Let z; € PA have a single atom of mass 1
at t; V1 < j < k. Then, given an arbitrary sequence, B, —4, T, the above
case implies

z(B,) = iaj’xJ'(Bn) = iaj'xi(T) = z(T),

5=1

establishing dg-continuity of z at T'. ]
Finally, we define the subspace Dy(A) of B(A). Let
C(A) = {z € B(A) : z is dg-continuous on A}.
The following definition is analogous to Definition 3.2 in [5].

Definition 2.3.16 Dg(A) consists of all z € B(A) for which 3C, € C(A)
and J, € PA,(n=1,2,--') s.t. ||z — (Cp + Jo)|la = 0 as n = oco.

In other words, Dy(A) consists of all set-functions z which can be uni-
formly approximated by set-functions that are continuous with a “pure-jump
part”. Trivially, C(A), PA C Dy(A). See Remark 3 on p.881 of [5] for an
example of a set-function, z : 4 — R which is in D(A4) but not in Dy(A) for
some indexing collection A on [0, 1J3.

Note that in Definition 2.3.16, the J,, are selected from PA and hence are
not allowed to possess atoms in E(A). 5 If we did not restrict our choice of
Jn, the resulting Do(A) may not have been contained in D(A) (see Exam-
ple 2.3.6). As it is,

Theorem 2.3.17 Dy(A) C D(A).

Proof As mentioned in Remark 2.3.14, P4 C D(A). Theorem 2.3.17 now
follows by applying the various parts of Proposition 2.3.4. 0

5In contrast, the definition of Do(A) given in Definition 3.2 of [5] places no restriction
on the locations of the atoms of J,.
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2.4 A J-type Metric on D(A)

In this section, we define a probabilistically meaningful metric on B(.A).
As the title suggests, this metric, when restricted to the subspace D(A), will
yield a topology which is analogous to the Skorokhod J; topology on D|0, 1]
(see Remark 2.4.2 (¢)). Our approach is the same as that found in Section 2
of [22] and in [5] for the case of T =[0,1]* (k € N).

Given an indexing collection, A4 on (T, d), define a metric p4 on A x R
by letting

pa((A1,71), (A2,72)) = du(A1, 42) + |r1 — 1]

for any (Ai.7m),(A2,m2) € A x R. Note that p, generates the product
topology on A4 x R. Now, let

Kixr = {non-empty, p4-closed and bounded subsets of A x R}

and let dg be the Hausdorff metric on K 4xg- By Theorem 2.2.13, (A4, dg)
is compact and hence complete. Furthermore, by Remark 2.2.3, (A, dg)
is separable. Therefore, (A x R, p4) is complete and separable which, as
mentioned on p.864 of [5], implies

Lemma 2.4.1 (K 4xr,dg) is complete and separable.
As done in [5], we define the map G : B(A) — Kxr by letting
G(z) = cd({(A,z(A)) : Ae A}), (Vz € B(A)),
the closure taken w.r.t. p4. Since dg is a metric,
dp(z,y) = de(G(2), G(y)), (z,y € B(A))
defines a pseudometric on B(.A). Thus, under the equivalence relation
z~yin B(A) < G(z) = G(y),

the set of equivalence classes of B(.A) (modulo ~) forms a metric space under
dp. For the sake of simplicity, we will denote the equivalence class of each
z € B(A) by z and denote the set of equivalence classes by B(A). An
important subspace of (B(A), dp) is D(A).
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Remark 2.4.2 (a) By definition, G : (B(A),dp) = (Kxr,dg) is an iso-
metric embedding.

(b) By the definition of p4-closure, if z € B(A), then (B,r) € G(z) if
and only if 3 (B,), in A such that B,—4, B and z(B,) = r as n — oo.

(c) As mentioned in Remark 1 on p.4 of [22], (D(Z;), dp) is homeomorphic
to (D[0, 1], J2) (see the footnote on p.11).

The next two results are motivated by Proposition 3.1 in [5].

Lemma 2.4.3 Given any R >0, Ep={E € Ksxr : EC AXx [-R,R]} is
compact in (K 4xgr,dg)-

Proof If we take
(X,0)=(AxR,ps) and Y =Ax[-R,R]
in Lemma A.1.1, then
(Er dgler) = (Kuax(-r.r1,do')

where dg is the Hausdorff metric generated by p4|ax(—rz on A x [—R, R].

Since [—R, R] is compact and, by Theorem 2.2.13, (A, dg) is compact, it
follows that (A x [—R, R], p4|ax[—r,r]) is compact. Therefore, by Proposi-
tion 2.2.12, (K4x([-r,gr]; do') is compact, which establishes the result. O

Lemma 2.4.4 If © is bounded in (B(A),dp), then sup,cellzlla < co.

Proof Let R; = sup, codp(z,y). Since O is dD'-bounded and G is an
isometric embedding,

SUP; yeo dc(G(z),G(y)) = Ry < oo. (2.14)
Next, select a fixed zp € ©. Since zo € B(A), 30 < R; < o0 s.t.
lzo(B)| < Rz, (VB E€EA). (2.15)

Now, take z € © and A € A. By (2.14), dg(G(z0), G(z)) < R;, which
implies that

3B € A st. pa((A, z(A)), (B,zo(B))) < Ru.
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Hence, |z(A) — zo(B)| < R; which, along with (2.15), implies that
lz(A)] < [z(A) — z0(B)| + [z0(B)] < Ri+ Rs.
Therefore, since both A € A and z € © were arbitrarily chosen,
suP;eollzlla = sup.co(supscalz(4)])) < R+ Ry < oo,
which establishes the Lemma. a

Recall that any compact subspace of a metric space is bounded. This
fact, when combined with the above lemma, implies the following result.

Corollary 2.4.5 If © is compact in (B(A),dp), then sup,cellzlla < co.

The following result will be useful in establishing that a subset of B(.A)
is dp-compact.

Lemma 2.4.6 Let © C B(A) be such that sup,cgl|z]la < oo. If G[O] is
closed in (Kaxr,dc), then © is compact in (B(A),dp).

Proof Let R =sup,cel|z]l4 < oo. If we are given z € ©, then [z(4)| < R
V A € A which implies that (4,z(A4)) € Ax[-R, R] VA € A. Furthermore,
A x [-R, R] is a p4-closed subset of A x R and hence,

G(z) = c({(A,z(A)): A€ A}) C Ax[-R,R].

Since G(z) € Kaxr, this implies G(z) € £r where £ is defined in
Lemma 2.4.3. Therefore, since z € © was arbitrarily chosen, G[O] C €.

Now, by Lemma 2.4.3, £g is compact in (K4xgr,dg). Thus, G[O] is a
closed, hence compact, subspace of £g. Therefore, applying Lemma A.1.6
twice,

G[©] compact in £ => G[O] compact in Ksxr
=> G[O] compact in G[B(A)].

But, by Remark 2.4.2(a), G : B(A) — G[B(A)] is 2 homeomorphism.
Therefore, © = G[G[O]] is compact in (B(A),dp). O

We now examine the relation between the topologies on B(.A) generated
by dp and the norm, || - ||4. The following result implies that the topology
generated by || - ||4 is stronger than that generated by dp.
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Proposition 2.4.7 Let z,y € B(A) and € > 0 be given. If ||z — y|ja < ¢,
then dp(z,y) <e.

Proof Let z,y € B(A) be such that ||z — y|]|4 < €. Given A € A4,
p4((A4,z(A)), (A y(4))) = 0+|z(4) —y(4)| < flz—ylla < €

whick implies that (A,z(4)) € [G(y)]>. Thus, as A € A was arbitrarily
chosen and [G(y)[f is closed in A x R,

G(z) = cl({(4,z(4)): Ae A}) C [G)~
Furthermore, given any é > 0, Proposition 2.2.1 (v) implies that
[GW)F € [G)*.

Reversing the roles of z and y in the above argument, we obtain that
G(y) C [G(z)]*** V& > 0. Therefore,

dp(z,y) = de(G(z),G(y)) < e+d, (V6>0)
which implies that dp(z,y) <e. a

Corollary 2.4.8 Given (z,)n tn B(A), if |lzn — zlla = 0 for some z €
B(A), then dp(z,,z) — 0.

The next result is a partial converse of Corollary 2.4.8. A simple proof for
the case of T = [0, 1]F is given in Theorem 3.5 of [5]. The argument therein
clearly carries over to any compact metric space (T, d).

Proposition 2.4.9 If (z,), in D(A) is such that dp(z,,z) — 0 for some
z € C(A), then ||z, — z||4 — 0.

Combining Corollary 2.4.8 and Proposition 2.4.9, we have
Corollary 2.4.10 (C(A),dp) is homeomorphic to (C(A), [l - [|.4)-

Since dp is not generated by a norm on B(.A), it need not follow that

d d
Tn 22 7 and yp 2y —> Ty +Yn —B T+

However, we have the following result whose proof, for the case of T = [0, 1]*,
is given in Lemma 3.3 of [5]. Once again, the proof in [5] clearly carries over
to any compact metric space.
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Proposition 2.4.11 Take (z,)n, (Yn)n,z and y in D(A) such that y is con-
tinuous on (A, dg)- If Tn =4, = and ||lyn —ylla — 0, then z, +y, —ra, T+7v.

Finally, we have

Proposition 2.4.12 Both D(A) and Dy(A) are closed, and hence complete,
subspaces of (B(A), | - [l.4)-

Proof In Proposition 2.3.4 it has been shown D(A) is || -|| 4-closed in B(A).

Take (zn)n in Do(A) such that ||z, — z||4 — O for some z € B(A). By
Definition 2.3.16, for each n € N, 3 sequences (Jx(z,))x in PA and (Cr(zn))
in C(A) such that

zn = (Je(zr) + Cr(zn))|la = 0 as k — .

By a diagonalization argument, we can select a sequence, (k,), in N, such
that k,—o0 fast enough that

Iz = (Jg. (zn) + Ck, (zn))|la = 0 as n = .

Therefore, z € Dy(A) which implies that Dy(.A) is closed in (B(A), | - ||l.4)-
(B(A), |l - ||.a) is complete. Therefore, since completeness is closed hered-
itary, both D(A) and Dg(A) are || - || 4 -complete. a

In contrast, even for the simplest of examples, namely A = Zi, neither
G[D(Z:)] nor G[Do(Z1)] is closed in (Kz,xr,dc) (see p.864 in [5]), a con-
sequence being that neither (D(Z;), dp) nor (Dy(Z:),dp) is complete. This
is unfortunate since many useful results in the theory of weak convergence
in metric spaces require the underlying metric space to be both complete
and separable. (Fortunately, the classical weak convergence results that are
needed in Section 4.3 hold for any metric space.)

This leads to an interesting question. Are there general conditions on A
and (T, d) which guarantee the separability of (D(A),dp) or, at least, the
separability of (Dg(A),dp)? The answer for D(.A) is not clear. For Dy(A),
it is simpler and perhaps necessary to first ask for conditions under which
PA is dp-separable.



CHAPTER 2. FUNCTION SPACES 34

2.5 dp-Compactness in the Space Dy(A)

In this section, we give a sufficient condition under which a subset of
Dqy(A) is compact with respect to the metric dp. For this purpose, we define
the following collection of subspaces of Dy(A).

Definition 2.5.1 Given a triple, (T, 3, A) = ((Tr)n, (En)n, (Bn)n), where
[, CPA and %, CC(A), (Vn)

and (An)n s a sequence of constants s.t. A, — 0 and A, > 0 Vn, define
E (T, X, A) to be the collection. of all z € B(A) such that, for each n € N,
there ezists Jn(z) € Iy and Cp(z) € I, satisfying

iz = (Jn(z) + Ca(2))lla < An. (2.16)

Remark 2.5.2 Clearly, E(I', X, A) C Dy(A) for any (T, X, A).

The main result of this section is that, when the d-boundaries of the sets
in A are well-behaved, E (T, , A) is compact in (D(A),dp) whenever each
[y is compact in (PA, dp) and each X, is compact in (C(A), ||-[l4). A similar
result has already been shown in Theorem 3.4 of [5] for the case of T = [0, 1]*.
However, even in this case our result is more general in that we allow I to be
any sequence of compacta in (PA, dp) whereas Theorem 3.4 in [5] only allows
each I', to be selected from a specific, pre-constructed class of compact sets
in (PA,dp).

We begin by defining a special class of indexing collections. (Recall that,
given any S C T and any t € T, d(¢,S) = inf{d(¢,s) : s € S}.)

Definition 2.5.3 An indezing collection, A on (T, d) is said to be consistent
with boundaries (c.w.b.) if, given any A,B € A\ {T} and any € > 0,

(a) 6A # ¢,
(b) di(A, B) < € implies dg(8A4,0B) < ¢, and
(c) givent € T\ A, d(t,0A) > e implies By(t,e) N A = ¢.

Remark 2.5.4 (a) and (b) give “geometric” conditions on the sets in A.
From (b), when two sets, 4, B € A, are close with respect to dg, so are their
boundaries. From (c), if ¢ lies outside of A, then the points in A closest to ¢
must lie in A. All three conditions are satisfied when T = [0, 1]F (k € N)
and A is either Z; or LL; (see Examples 2.2.6 and 2.8.1 respectively).



CHAPTER 2. FUNCTION SPACES 35

Not every indexing collection is c.w.b. In particular, Example 2.8.2 in
Section 2.8 contains an indexing collection on [0, 1] for which property (b) in
the above definition does not hold. Also note that (a) and (c) fail when d is
the discrete metric on T = {#1,---, %} (k > 2) and A = P(T) since, for this
T, 0A = ¢ VA C T where, by convention, d(t, ¢) = oo.

We now introduce some basic notation and terminology. Given a purels
atomic set-function, z : A — R, denote the set of all locations of atoms o z:
by T'[z]. Also, given any S C T, define

S[z] = T[z]n S,
i.e., S[z] is the set of all atoms of z lying in S.

Definition 2.5.5 Given a purely atomic set-function, z : A — R, a set
A € A is a continuity set of = provided (8A)[z] = ¢, i.e., no atoms of T lie
on the boundary of A.

Remark 2.5.6 Since 8T = ¢, T is a continuity set for every purely-atomic
set-function.

Before stating and proving the main theorem of this section, we present
several technical results, the first of which does not require A to be c.w.b.

Lemma 2.5.7 Given e purely atomic set-function, z : A — R and a set
A € A, if z is dg-continuous at A, then 3§ > 0 s.t.

Be A and dy(A,B) <6 = z(A) =z(B).
Proof Clearly, {z(A) : A € A} is a finite subset of R hence,
€0 = inf{|z(4) — z(B)| : A,B € A and z(4) # z(B)} > 0. (2.17)
As z is dg-continuous at A € A, 36 > 0 such that
Be A and dy(A,B) <d = |z(A) — z(B)| < €.

Moreover, by (2.17), |z(A) — z(B)| < € implies |z(A) — z(B)| = 0, which
establishes the lemma. a

Lemma 2.5.8 If A is c.w.b., then given any A€ A\ {T} andt €T\ A
Be A and dg(A,B) < d(t,0A) —> t¢ B.
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Proof Let € =d(t,0A4). Since 0A # ¢ is d-closed in T, t ¢ OA implies that
€>0. Take B € As.t. dg(A,B) <e. Ift € B, then

dg(A,B) <e => tEBCA® = 3JacAst. dEt) <e
Hence, By(t,€) N A # ¢ which contradicts (c) of Definition 2.5.3. a

Lemma 2.5.9 Assume that A is c.w.b. Given z € PA and a continuity set
AcAofz,36 >0 s.t. .

Be A and dg(A,B) <é§ = z(A) =z(B), (2.18)
i.e., T 18 dg-continuous at A.

Proof Given z € PA, Lemma 2.3.15 implies that z is dg-continuous at T.
Thus, by Lemma 2.5.7, 34; > 0 s.t.

C €A and dg(C,T) <8, => z(C)=z(T). (2.19)

Now, take a continuity set, A of z. If A =T, then, by (2.19),5 =4; > 0
satisfies (2.18). If A € A\ {T'}, then, since AN T(z) = ¢ and A # ¢ is

d-closed in T,
02 = 1/2 - miner(z) d(t,04) > 0. (2.20)

Let § = 6;Ad; > 0 and take B € A such that dg(A,B) <. If B =T, then
by (2.19), z(A) = z(B). This takes care of the “easy” cases.

Now, assume A4, B € A\{T'}. To show z(A) = z(B), it is clearly sufficient
to show A[z] = Biz]. First, for the inclusion B[z] C A[z], take t € T[z] such
that ¢ ¢ A. Since dg(A4, B) < ¢ <6, < d(t,0A), Lemma 2.5.8 implies ¢ ¢ B,
ie., t ¢ B[z]. '

'To establish the opposite inclusion, take t € T'[z] such that ¢t ¢ B. There
are two cases. First, if d(¢,0B) > d,, then, by Lemma 2.5.8 (with the roles
of A and B interchanged), dg(4, B) < § < d; < d(t,0B) implies t ¢ A, i.e.,
t ¢ Alz]. ) :

On the other hand, if d(¢,8B) < 2, then 3b € 3B s.t.d(t,b) < d,. Since

Ais cw.b.,
dg(A,B) <6 <6 = dg(0A,0B) <6,

and thus, B C (8A)%. This implies 3@ € AA s.t. d(b,@) < &, which, by
(2.20), implies

d(t,04) = infeepa d(t, @) < d(t,&) < d(t,b) +d(b,&) <2-6, < d(t, DA),
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resulting in a contradiction. Therefore, if dg(A, B) < §, it is impossible for
t € T'[z] to satisfy d(¢, 0B) < d;. This establishes the inclusion, A[z] C Blz],
completing the proof of the lemma. O

Remark 2.5.10 As illustrated by Example 2.8.3, Lemma 2.5.9 need not
follow if A is not c.w.b.

Our final technical result relates dp-convergence in B(A) (to a limit in
PA) to a weak form of pointwise convergence on .4 — assuming A is c.w.b.
A special case of this result will be used in the proof of Theorem 2.5.12.

Proposition 2.5.11 Assume that A is c.w.b. and let (z,), be any sequence
of set-functions on A. If z, =4, z for some z € PA, then

Ta(A) = z(A), (VY continuity sets, A€ Aof T).

Proof (The proof is by contrapositive.) Assume that that 3 a continuity
set, A of z, such that z,(A) /A z(A). Then, 3 o > 0 and a subsequence,
(Zk, )n such that

|Zka (A) — 2(4)] 2 @, (V7). (2.21)

Via Lemma 2.5.9 we can assume, without a loss of generality, that « is small
enough so that dy (A4, B) < a implies z(4) = z(B).
The following claim will establish that z, 4 z with respect to dp.

Claim: For any n € N, G(z¢,) € [G(z)]*.

Proof: (The proof is by contradiction.) Assume 3n € N such that G(zx,) C
[G(z)]*. Then, by Proposition 2.2.1(vi) and the definition of G(z),

[G(2)]* =[{(B,z(B)) : B € A}]*
and hence, 3 A € A such that p4((4, z¢,(4)), (B, z(B))) < a. Therefore,
dg(A,B) < a and |z, (A) — z(B)| < c. (2.22)

But, as mentioned above, o has been chosen small enough to insure that
du(A, B) < o implies z(A) = z(B). Therefore, by (2.21) and (2.22),

@ < |2k, (4) — 2(4)| = |z, (4) — 2(B)| < o,
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which gives us a contradiction and thus, establishes the claim. a

We now present the main result of this section. Even though our hypothe-
ses are more general, our proof remains close to that of Theorem 3.4 in [5].
We assume A is c.w.b. but, as mentioned in Remark 2.5.13, this assumption

can be lifted in special cases.

Theorem 2.5.12 Assume that A is c.w.b. Given a triple, (T, X, A) as in
Definition 2.5.1, if

(a) Ty is compact in (PA,dp) Vn and
(b) X, is compact in (C(A), |- j4) Vn,
then E (T, X, A) is compact in (D(A),dp).

Proof In the following proof, we will frequently replace subsequences by
their original sequence. This operation is solely intended to simplify notation
and is performed only when generality is not compromised.

Take a triple, (T, £, A) satisfying conditions (a) and (b) of Theorem 2.5.12
and let & = Z(T', 2, A) be as described in Definition 2.5.1. Given z € E,
Definition 2.5.1 implies 3 Ji(z) € I'; and 3 Cy(z) € Z; s.t.

lzll.a < Ni@)la+(ICL(2)a + Iz = (Ji(z) + Ci(z))]l4
< supjep, ll7lla +supees, llclla + As. (2.23)

Taking the supremum over all z € = in (2.23), we obtain
supzezlizlla < supjer, ll7lla + supces, llella + As. (2.24)

Since ¥; is compact in (C(A), || - l|4), supceg, llcll4a < oo and since T’y is com-
pact in (PA,dp), Corollary 2.4.5 implies sup,er, ||7]la < oo. Therefore, by
Lemma 2.4.6 and (2.24), we have the following

Reduction: It is sufficient to show G[E] is closed in (Kaxr,dg)-

With this reduction in mind, take (z,), in = such that G(z,) —4, Go for
some Gy € K xr- We need to find a function, y € E such that G(y) = Go

(see Steps 1, 2 and 3 below).
Given a fixed n € N, Definition 2.5.1 implies the existence of sequences,

(Jm(zn))m in PA and 3 (Crr(zn))m in C(A) s.t.
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Im(zn) €T and Cr(zn) € T, (Vm).

(Also, ||zn — (Jm(zn) + Cm(za))lla £ Am Vm, but this is not needed here.)
Now, fix m € N. Since (Jn(zg))a lies in the dp-compact subspace, I'm of
PA, there exists a subsequence, (Jn(zk,))n, such that

Im(zk,) Ao, Jjm as n— oo for some j,, € ['y,.

Furthermore, since (Cpn(zk,))n lies in the || - || 4-compact subspace, ¥, of
C(A), there exists a subsequence, (Cn(zr,, ))n such that

ICm(zr, ) — emlla— 0 as n — oo for some ¢, € Ty
Replacing ¢, by n, we can simply write
Im(zn) Lo, Jm and ||Crn(Zn) — cml|la — 0 as n — 0. (2.25)

Since the above m € N was arbitrarily chosen we have thus constructed
sequences, (jm)m and (¢, )m such that

Jm €lm and cn € L (VY m) (2.26)

where jm, and ¢, satisfy (2.25) for each m € N. We divide the remainder of
the proof into three key steps.

Step 1: 3y € B(A) s.t. [ly — (Gm + cm)lla = 0 as m — oo.

Since (B(A), || - ||4) is complete, Step 1 is equivalent to showing (jm + cm)m
is || - {|4-Cauchy.

Assume, to the contrary, that (jm + ¢m)m is not || - ||4<-Cauchy. Then,
Jey > 0 such that, for every M € N, 3m,k > M and 34 € As.t.

|(Gm(A4) +em(A4)) — (x(A) +cx(A))] = 5-&. (2.27)
Also, by (2.16) of Definition 2.5.1, 3 My € N s.t.
p2>2 My = ||lz— (Jp(z) + Co(z))lla <€, (Vz€E). (2.28)

Selecting k,m > My and A € A so as to satisfy (2.27) for M = M,, the
dg-continuity of ¢, and ¢ at A € A implies 34 > 0 s.t.

du(A,B) <6 = |em(A) — cm(B); |ce(A) — ce(B)| < €. (2.29)
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Furthermore, applying Corollary 2.7.3 to jm, jx and § > 0, 3 B € A possess-
ing the following three properties:

(P1) dw(A,B) <4,
(P2) B is a continuity set of j,, and jx and
(P3) Jjm(A) = jm(B) and jr(A) = ji(B)-

Applying (P1) to (2.29), (2.27) becomes

56 < |(Im(A) +cm(A)) — (Fe(4) + ce(4))]
< |Gm(A)+em(B)) — (Ge(A) +ee(B))| +
|em (A) —cm(B)| + [ck(B) —ce(A)|
< {Um(A)+em(B)) — (Je(A) +ce(B))] + 2-€0

and hence,
3€ < |[(Um(A)+em(B)) — (Je(A)+ce(B))]- (2.30)

Moreover, since J.(zn) =4, jr (r = m, k), Proposition 2.5.11 implies
Jr(22)(C) = j - (C), (r=m,k) (2.31)

where C € A is any continuity set of both j, and j,. Thus, by (P2),
:_:!Kl € N s.t.

n>K, = |J(z2)(B)—j-(B)| <e/d, (r=m,k). (2.32)
Also, since [|Cr(zn) — crljla = 0 as n — oo (r =m, k), 3K; € N s.t.
n>Ks = |Cr(zn)(B) —cr(B)| < &/d, (r=m,k). (2.33)

Now, take n = K;VK,. Combining (2.32), (2.33) and (P3), (2.30) be-
comes

< |(Gm(B) + em(B)) — (Jx(B) + ce(B))|

< |(Im(zn)(B) +Cm(zn)(B)) — (Jk(z2)(B) +Cr(zn) (B))| +

|m (B) — Jm(zn)(B)| + | Je(zn)(B) — jk(B)| +

lem(B) — Cm(za)(B)| + [Cr(zn)(B) — ck(B)|
[(Jm(22) (B) +Crm(zn)(B)) — (Ji(zn) (B) +Ck(za) (B))| + 4-€0/4.

3'60

IA
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But, since m, k > M, (2.28) implies
2-c0 < [(Jm(za)(B)+Crmlzn)(B)) — (Je(zn)(B)+Cr(za)(B))]
< [2n(B) = (Jm(za)(B) +Cm(za)(B))| +
[Zn(B) — (Je(zn) (B) +Ck(zn)(B))|
< € + €

which results in a contradiction. Therefore, it must be that (jin+ cm)m is
Cauchy in (B(A), || - [la)- This completes Step 1.

Step 2: The function y from Step 1 lies in =.

If we can show ||y — (jm + cm)ll4 < Am Vm, then Step 2 will follow by
(2.26). For this purpose, fix m € N and note that for any k£ € N,

ly = (m +cm)lla < llyv— Uk +ce)lla+ [Ge + k) = (m + cm)lla

Since lim ||y — (jx + ck){l4 = 0, the above inequality implies

lv = (m +em)lla < Hme |Gk + k) = (m + cm)]la- (2.34)
To show ||y — (jm + cm)lla < Am Vm, we need the following inequality.

Claim: Given any m,k € N, L
[(Gm+em) = Urter)lla £ limp [[(Jm(20)+Crn(2a)) — (Je(2n)+Ck(zn)) || 4-

Proof: Take ¢ > 0 and A € A. Since ¢; and ¢,; are dg-continuous at 4 € A,
d6 > 0s.t.

A'€ Aand dy(4,A) <8 = | (A) —c (A)| < €/2, (r=m,k).
(2.35)
By Corollary 2.7.3, 3 B € A satisfying properties (P1), (P2) and (P3) on
p-40. In particular, dg(A, B) < ¢ and j.(A4) = j(B) (r = m, k) which, by
(2.35), implies

|(Jk(A) +ce(4)) — (Gm(4)+cm(A))]
= [(e(B)+ck(A)) = (Gm(B)+cm(4))]
< [(Ge(B)+ck(B)) = (jm(B)+cm(B))| +
lck (A) —ce(B)| + lem(B) —em(4)|
[(7(B)+ck(B)) — (Jm(B)+cm(B))| +2-€/2.  (2.36)

IA
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Now, since J.(z,) —+4, jr (r =m, k), (P2) and Propostion 2.5.11 imply
J-(z2)(B) = j-(B) as n = o0, (r=m,k).
Furthermore, since {|Cr(z,) — ¢rll4 = 0 asn — oo (r = m, k), we have
Cr(zn)(B) = &(B) as n > o0, (r=m,k)

and therefore,

|(7k(B) +ck(B)) — (jm(B)+cm(B))]
= lim, |(Je(za)(B)+Ci(2n)(B)) = (Jm(20) (B)+Crm(2a) (B))]
< limg [[(Je(22) + Ci(2n)) = (Jm(Zn) + Cm(za)) |l 4-

Substituting the above inequality into (2.36), noting that € > 0 and 4 € A
were both arbitrarily chosen, we obtain the claim. Q

We now return to the verification of Step 2. Given k,n € N, (2.16) and
the triangle inequality imply

(Jk(zn) + Ci(zn)) = (Jm(zn) + Crlza))lla £ Ap+ A
Therefore, applying (2.34) and the above Claim (in that order), we obtain
lly = (m + cm)ll.a < T [Tma(Ax + Ap)| = (limehg) + A =0+ Ay
which establishes Step 2.

Step 3: G(y) = Go.

Step 3 will follow if we can show dg(G(y),Go) < € Ye > 0. For this purpose,
take e > 0. First, by Proposition 2.4.7 and (2.16),

de(G(z), G(Jm(z) + Crn(z))) < A (VZE€EandVm € N). (2.37)

Since A, = 0 with A, > 0 Vn, 3mg € N s.t. A, < ¢/4. Moreover, since
G(xn) —dg Gy, 3K; € N s.t.

de(G(zn),Go) < €/4, (Yn > K)) (2.38)
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and, since Jio(Tn) —+ap Jme and [[Crmy(Zn) — Cmglla — 0, Proposition 2.4.11
implies 3 K, € N s.t.

dG(G(jmo +cmo) 3 G(Jmo (zn)'i'cmo (xn)) ) < 6/41 (VTI, > K2)~ (239)
If we take ng = KV K, then (2.37), (2.38) and (2.39) imply

de(G(y),Go) < de(G(Y), G(imo + Cmo)) +
dG(G(jmo +Cm0) ' G(Jmo ($ﬂ0)+Cmo($ﬂo))) +
d6( G(JTme(Tng) +Crmo (Tny)) » G(Zn) ) + de(G(z4,), Go)
< Apg +€/4+Ap, +€/4. (2.40)

Since mo was selected so that An, < €/4, (2.40) implies d(G(y), Go) < ¢.
Therefore, since € > 0 was arbitrarily chosen, dg(G(y), Go) = 0 which
completes the proof of Step 3 and thus also of Theorem 2.5.12. a

The above proof used the c.w.b. property exactly twice: once in the para-
graph containing equation (2.31) and once again in the paragraph follow-
ing equation (2.36). In both cases, it was only the consequence, Proposi-
tion 2.5.11 of the c.w.b. property which was needed. We record this obser-
vation for future reference.

Remark 2.5.13 Given an indexing collection .4, not necessarily c.w.b., the
proof presented for Theorem 2.5.12 still holds provided each T, possesses
the following property: if £, —4, T in Ty, then 3 a subsequence, (kn)n s-t.

Zr, (A) — z(A4), (VY continuity sets, A € A of z). (2.41)

A class of compact sets in (PA,dp) possessing property (2.41) will be given
in Theorem 2.6.5.

2.6 A Class of dp-Compact Subsets of PA

In this section we give a sufficient condition, similar to that found in
Proposition 3.2 of [5], under which a subset of PA is dp-compact. The
resulting dp-compact subsets of PA are not merely of independent interest
for they will also be used in conjunction with Theorem 2.5.12 to generate
ezplicit (in the sense of Remark 2.6.8) dp-compact subsets of Dy(A).

First, we need to introduce some new terminology. Given a purely atomic
function z : A — R — not necessarily in PA — define
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at(z) = number of atoms of
and, given any S C T, define

at(z,S) = number of atoms of z that liein S
= the cardinality of S[z].

For the latter quantity, we will sometimes write at(S) when there is no danger
of ambiguity. We also define the non-negative number,

g2p(z) = min d(t;, t;)
7
where the £; denote the distinct atoms of £, When at(z) = 1, we adopt the
convention, gap(z) = diam(7T’).

Remark 2.6.1 Given z purely atomic and S;,S5; C T, it is clear that

at(S;) < at(Sz) whenever S) C S, and that at(S; U Sp) = at(S:) + at(S,)
whenever S; and S, are disjoint.

The above mentioned sufficient condition is embedded in the following
definition (see Theorem 2.6.5).

Definition 2.6.2 Given
e positive constants, n and R,
e N:(0,00) = N,
o h:(0,00) = (0,00) s.t. h(§) <6 V& >0 and
e a compact subspace, T' of (T,d) s.t. T'NE(A) =
define ' (T", h, N,n, R) to be the set of all = € PA for which
(i) gap(z) = 0,
(ii) v(z) < R (see Definition 2.8.5 for v),

(iii) for any § >0, 3A4,,-- S AnE) € A s.t.:
(a‘) v (B,T) € G(l’), J1 <1< N(&) s.t. pA((B)T)7 (A{,ZE(A{))) < 6:
(b) AYO\ A; contains no atoms of TV1<i< N(6)

and
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(iv) all atoms of z lie in T".

Remark 2.6.3 Given any § > 0, the sets Ay,---, An in (iii) may depend
onz € I'(I", h, N,n, R) but the numbers A(6) and N(6) do not.

As our next result illustrates, the collection of subspaces generated by
Definition 2.6.2 is rich enough to account for all well-behaved purely atomic
set-functions, namely those in PA.

Lemma 2.6.4 |J I'(T",h,N,n, R) = PA where the union is over all lists
(T",h, N,7n, R) as given in Definition 2.6.2.

Proof Take r € PA with atoms ¢;,---,t, € T\ E(A) and let
n=gap(z), R=v(z)+1 and T’ ={t1,---,t.}.

It is clear that z satisfies (i), (ii) and (iv) of Definition 2.6.2 for these pa-
rameters. We still need appropriate functions, h and N so that = will also
satisfy (iii) of Definition 2.6.2.

We construct N : (0,00) — N and A : (0, 00) — (0,00) as follows. Take
6 > 0. If r = [|z|4, then by Theorem 2.2.13, A x [—1,7] is a p4-compact
subspace of A x R. Thus, since G(z) is a p4-closed subspace of A x [—r, 7],
it is compact, implying 3 a finite subset, {(C;, ;) : 1 < i <k} of G(z) s.t.

G(z) © ULiBp((Ciir:),6/2). (2.42)
Furthermore, since G(z) = cl({(4, z(4)) : A € A}),
JAy, -, A € A st pa((Ciymi), (Ar, (A4:)) < 6/2 V1<i<k.
‘Therefore, given any (B,r) € G(z), (2.42) implies 31 <i < k s.t.

pa((B,7), (Ai,z(A)) < pal(B.7), (Ciri)) + pa((Cirri), (As, T(A))))
< 2(4/2),
i.e., each (B,r) € G(z) lies within p4-distance § of some (4;, z(4;)).
So far, we have shown that A;,---, Ay € A satisfy condition (iii)(a) of

Definition 2.6.2 for our ¢ and for this reason, we define N(§) = k. Now, for
each 1 <7 < N(4), define

Yi = min{d(Ai, tj) : tj ¢ A{} and Y = rninlS,-SN(,;) Yi-
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Since each A; is d-closed, it is clear that v > 0. It is also clear that each
A} \ A; contains no atoms of z. Thus, if we define 7 =yA§ > 0, then

0<7<¢ and A7\ A4; contains no atoms of z, (V1 <i< N(6)).

Therefore, the sets Aj,---, Ay(s) and the number 7 > 0 satisfy condition
(iii) (b) of Definition 2.6.2, suggesting the assignment h(d) = 7.

Repeating the above procedure for every § > 0, we obtain functions
N and h satisfying condition (iii) of Definition 2.6.2 for z, ensuring that
zel'(Th,N,n, R). m]

And now for the main result of this section. The proof, which is long and
requires additional technical results, has been placed in Section 2.7 so as not
to interrupt the flow of the present discussion.

Theorem 2.6.5 Each T'(T",h,N,n, R) C PA is compact in (D(A),dp).

Remark 2.6.6 Unfortunately, the conditions in Definition 2.6.2 do not fully
characterize the dp-compact subsets of PA. See Example 2.8.6 for a dp-
compact set, I' C PA for which inf .cr gap(z) = 0, implying that there is no
n > 0 satisfying condition (i) of Definition 2.6.2 for this I'.

Our next task is to use the compacta generated by Theorem 2.6.5 to
obtain explicit dp-compact subsets in Dy(.A). But first, we recall a classic
characterization of compactness in (C(A), || - [|.4)-

Given z € B(A), the modulus of continuity of z is the function w(z,-) :
(0, 00) — [0, c0) defined by

w(z,6) = sup{|z(A) —z(B)|: A,B € A and dg(4,B) < §}. (2.43)

Given a constant M > 0 and an increasing function W : (0, c0) — [0, o0) s.t.
W{(6) — 0 as § — 0, define & (W, M) to be the set of all z € C(A) s.t.

(a) |llz||la £ M and
(b) wz(8) <KW () Vé> 0.

It is easy to show that £ (W, M) is || - ||.4-closed in C(A). Moreover, by the
Arzela-Ascoli characterization of compactness

2 (W, M) is compact in (C(A), || - [|.4)- (2.44)

The following result is an analogue of Theorem 3.4 in [3].
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Theorem 2.6.7 For each n € N, take:
o a subspace I' (Ty, hn, Nn, T, Rn) (see Definition 2.6.2),

e a constant M, > 0 and
e a function W, : (0,00) — R increasing, with lims ;o W,(8) = 0.

Given a sequence (An)n of constants s.t. A, — 0 and A, > 0 Vn, define
E¢ to consist of all x € Dy(A) such that, for each n € N, 3 J,(z) € PA and
3Ch(z) € C(A) s.t.:

(i) Jn(I) el (Trlu hn, Nn1 Tn, Rﬂ.):

(i) (a) ICa(z)lla < Ma,
(b) w(Cr(z),d) < Wo(d) Vé>0 and

(iil) [z — (Jn(z) + Ca(@))lla < An.

Then, 4 is compact in (D(A),dp).
Proof Take (I', 3, A) = ((Tn)n, (Zn)n, (An)n) where
Fn = F (Tf,lr hn: Nn, 77n1 ‘Rn.) and Z:‘n. = E(Wn: Mﬂ-) ? (vn)'

By Theorem 2.6.5 and (2.44), the triple (T, 3, A) satisfies the conditions
of Theorem 2.5.12, although A is not assumed to be c.w.b. However, by
(2.49) in the upcoming proof of Theorem 2.6.5, each I (T%, hn, Nn, 7, Ra)
satisfies property (2.41) and therefore, by Remark 2.5.13, Theorem 2.5.12
implies E(T, £, A) is compact in (D(A),dp). The present theorem thus
follows from the identity, 2o = ZE (', Z, A). O

Remark 2.6.8 Theorem 2.6.7 enables us to construct dp-compact subsets
in Dy(A) from simple objects such as real-functions and sequences of positive
numbers. In this sense, Theorem 2.6.7 generates ezplicit compacts.

If the compacta generated via Theorem 2.6.7 are to be of any use, it is
essential that they contain a variety of “natural” set-functions. Clearly, each
z € C(A) lies in some E; and, by Lemma 2.6.4, each = € PA lies in some
Eo. In our next result, we show that any z : A — R with countably many
atoms in T \ E(A) also lies in some E, provided the corresponding masses
of z satisfy a certain condition.
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Lemma 2.6.9 Given sequences, (tn)n in T \ E(A) and (a.). in R, define
en = [{EEN:1/(n+1) <|ax| <1/n}], (Vn).

If {k : lax| > 1} is a finite set and Y13 < o0, then the set-function
z:A— R defined by

Z(A) = 3 an, (VA€ A

n:th€A

lies in some subspace, = as defined in Theorem 2.6.7.

Proof Given any n € N, define J,(z) : A — R to be purely atomic with
atoms, {tx : |ag| > 1/n} C T\ E(A) and masses, {ax : |ax] > 1/n} C R.
That is, if k£ € N satisfies [ax| > 1/n, then t; is an atom of J,(z) with mass
ar. Of course, by the above conditions, {k: |ax| > 1/n} is a finite set Vn.

Now, working with a fixed n, define P, = {j : 1/(1 +k) < |a;] < 1/k}
Vk > n. Note that |P:| = ax Vk. Since

{7:lajl £1/n} = Ukpn B
is a disjoint union, we have the inequality,
le = h@la < 5,000 10
Zan (ZjePk laj l)
< Zan o /k. (2.45)
Furthermore, by Lemma 2.6.4, we can find appropriate parameters so that

Jn(.'l:) el (Tr,u h"nr Nna T, -R‘n.) ) (V TZ)

Thus, if we take

Wa(8) =6, Ma=1and A, =3 ay/k, (¥n),

k>n
then by (2.45), choosing C,(z) =0 Vn implies
llz = (Jalz) + Crl(z))lla < An, (Vn)

where, by assumption, A, — 0 as n — co. Therefore, z € =4 where = is
the subspace of Dy(.A) corresponding to the above parameters. O
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Remark 2.6.10 In order for the condition 372, %* < oo to hold, it is nec-
essary that @, = 0 for infinitely many 7.

We close this section with a comparison between our results, in partic-
ular Theorems 2.6.5 and 2.6.7, and their counterparts in [5] for the case
of T =[0,1]F (k € N) and A any indexing collection on [0,1]F. By Re-
mark 2.2.11, any indexing collection on [0, 1]* satisfies assumption (A1) in [5],
making such a comparison is possible.

Given numbers 77, R > 0 and functions h and N as described in Def-
inition 2.6.2, Bass and Pyke define Fps(h,N,n, R) to be the collectior of
all purely atomic set-functions — not necessarily in PA — which satisfy
properties (i), (ii) and (iii) of Definition 2.6.2. Since this permits the ele-
ments of Fp4(h, N, 7, R) to have atoms with locations in w(.A), the inclusion,
Fpa(h,N,n,R) C D(A) does not necessarily hold (see Example 2.3.6).

By Proposition 3.2 in [5], each Fpa(h, N, 7, R) is compact in (B(A),dp).
By contrast, even when relativized to PA, Fpa(h, N,n, R) N PA is not nec-
essarily compact in (D(A), dp) as illustrated by Example 2.8.4. However,
since

Fpa(h,N,n, R)NPA = U, T ([1/n,1-1/n]"h,N,n, R),

each Fpy(h, N,n, R) is o-compact in (D(A),dp).-

Given a sequence of subspaces, (Fpa(hn, Nn, 7n, Bn))n as defined above,
Bass and Pyke (in Definition 3.6 of [5]) define F C B(A) to be the collec-
tion of all z € B(A) which satisfy the conditions of Theorem 2.6.7, only
now with Fpq(hn, Np, s, Ry) replacing the subspaces I (75, hn, Np, 70, Ra)-
Using an argument identical to that of Lemma 2.6.4, it can be shown that
each purely atomic set-function lies in some Fpas(h, N,7, R) and therefore,
by Example 2.3.6, 3F) = Fpa(h,N,n, R) s.t. Fo € D(A). Thus, if we take

Fpa(hay Nay iy R) = Fo, Wa(6) =6, M, =1 and A, =1/n, (Vn)

the subspace F generated by these parameters contains 5, and as a conse-
quence, F € D(A).

In further contrast, while Theorem 3.4 in [5] implies that each such F is
compact in (B(A),dp), Example 2.8.5 illustrates that the subspaces F are
not necessarily compact in (D(A),dp), even when relativized to D(A4).
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2.7 The Proof of Theorem 2.6.5

Before proceeding with the proof of Theorem 2.6.5, we need three tech-
nical results, the first of which illustrates the restriction that gap(z) places
on at(z). See Section 2.6 for the definitions of gap(z) and at(z).

Lemma 2.7.1 Givenn >0, 3M € N s.t.

z purely atomic with gap(z) > n = at(z) < M.

Proof Let n > 0 be giver and take z to be purely atomic with atoms
t1, -, tn € T s.t. gap(z) =2 n > 0. Since (T, d) is compact, 3 s1,---,sp €T
st. T = UY, Ba(si,n/2). If n > M, then, by the Pigeonhole Principle,
1<k < Mandl <34 < Jo < ns.t. t‘imtjo S Bd(:z:ko,n/2). But this
implies

n < gap(z) < d(timtjo) < d(tioasko)'*'d(sko’tjo) < 2'77/2
which gives a contradiction. Therefore, at(z) =n < M. O

Given z purely atomic and A € A, recall the terminology, T[z], A[z] and
continuity set of z introduced in Section 2.6.

Lemma 2.7.2 Let z : A — R be a purely atomic set-function. Given
A€ A, for each e >0, 3 B € A such that:

(i) AC B° C B C A° (thusdg(A,B) <¢),
(ii) z(A) = z(B) and
(iii) B is a continuity set of .

Proof Let z be purely atomic with atoms ¢;,---,¢, € T and let A € A and
€ > 0 be given. Define P = {j : t; ¢ A}. Without a loss of generality, we
can assume that P = {1,2,---,m} for some 1 <m < n. (If P = ¢, we can

take ¢g = € in (2.47) and proceed from there.)
Since A isclosed in T, foreach 1 < j < m, J¢; > 0 such that d(4,¢;) > ¢;.

If we let g = € A [min;<j<m €] > 0, then

d(At;) > @, (V1<j<m). (2.46)
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But Definition 2.2.2 implies g,(A) —q, A where A C [g2(A)]° Vn. Thus, 3
K € Ns.t.
A C [gr(A)]° Cgx(A) C A® C 4°. (2.47)
Selecting B = gg(A), we have established (i).
By Remark 2.6.1 and (2.46), at(A%®) = at(A). Hence, applying Re-
mark 2.6.1 to (2.47) yields

at(A) < at(B°) < at(B) < at(A%®) =at(A4).

But A C B implies A[z] C B[z]. Therefore, since at(4) = at(B), it must be
that A[z] = Bl[z] which establishes (ii).

By Remark 2.6.1, at(B) = at(B°) + at(dB). Therefore, since at(B) =
at(B°), (iii) follows from the definition of continuity set. a

The construction of the set B € A in the above proof relied solely on the
fact that the set of all atoms of z is a finite subset of T' (see the definition
of €). Hence, given purely atomic functions z,,---,Z, on A, the follow-
ing corollary results from applying the above argument to the finite subset,

1 T[z;] of T where T[z;] = { all atoms of z;}.

Corollary 2.7.3 Let z1,%s,---,Zn : A—R be purely atomic set-functions.
Given A € A, for each € >0, 3 B € A such that:

(i) AC B°C B C A€ (thusdg(A,B) <€),
(ii) zx(A) = zx(B) V1<k <n and
(iii) B is a continuity set of z V1 <k < n.

For our third and final technical result we need the following set-up. For
each n € N, let z, be purely atomic with atoms ¢;,,---,tpmn € T and
respective masses @y, -,amn € R where M € N is independent of n.
Also, assume that foreach 1 << M, 3¢; €T and 3a; € R s.t.

tin =t and a;n, = a; as n — oo.

If we define z to be purely atomic with atoms ¢, - - -, £aor and respective masses
ai,---,ap, then we have the following

Lemma 2.7.4 Let (z,)n and z be as defined above. If B € A is a continuity
set of z, then z,(B) = z(B) as n — .
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Proof Since T'= B°UJB U [B°]° and 8B contains no atoms of z,
t;€B° or t; € [B]°, (V1<i<nm).
Given 1 <7< M, ift; € B° (or t; € [B°)°), then
tin >t = JK;ENst. t;, € B° (or t;n, € [BY°) Vn > K.
If we select K = max;<;<um K;, then, for each n > K,
ti € (¢)B < t;n € (¢)B.

Thus, given n > K,

#2(B) =2(B)] = [T, cpin =%, n®
= lzi:t;es Gin — zi:tgGB ail
< Zillai,n —aq,
where Zgllaim —a; = 0asn— oo. O

And now for the proof of Theorem 2.6.5. Our argument is similar to that
found in Proposition 3.2 of [5].

Theorem Each I'(T',h, N,n, R) C PA is compact in (D(A),dp).
Proof To make nested brackets more readable, we will occasionally write
(a,b) in place of (a,b).
LetI' =T (T", h, N, 7, R) for some list, (I”, k, N, 7, R) (see Definition 2.6.2).
By condition (ii) in Definition 2.6.2
lzlla < v(z) < R, (VzeD).
Therefore, by Lemma 2.4.6, we have the following

Reduction: [t is sufficient to show G[T] is closed in (K sxr,dg)-

With this reduction in mind, take (z,), in I s.t. G(z,) =4 Go for some
Go € Kaxr. Since gap(z,) > n Vn, Lemma 2.7.1 implies 3 My € N s.t.
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at(z,) < My Vn. Hence, we can extract a subsequence, which we also denote
(Zn)n, s.t., for some 1 < M < My, at(z,) = M Vn.
For each n € N, denote the locations and respective masses of the atoms
of z, by
tl,m Tty tM,n and Q1ny """y QM n-

Given any 1 < ¢ < M, Definition 2.6.2 implies that (¢;,), lies in 7" and
lain] < v(za) < R, (Vn).

Therefore, since 7' and [—R, R] are both compact, we can extract a further
subsequence, (zk,)n, S-t., foreach 1 <7 < M, 3¢; € T" and Jq; € R s.t.

ti,kn — t; and Qik, —* Q; S L —> 00 (248)

For notational convenience, we replace k, by n Vn.

Now, consider the purely atomic function, = with atoms t;,---, t)r and
respective masses ap,---,ap. By (2.48) and Lemma 2.7.4,
z,(C) = z(C), (V continuity sets, C of ). (2.49)

Via the above reduction, the dp-compactness of T will follow if we can show
that z € T and G(z) = Go. We divide this into three steps.

Step 1: G(z) C G,.

Since Gy is p4-closed and G(z) = cl({(A4,z(A)) : A € A}), it is sufficient to
show that, for each A € A and § > 0,

3(B,r) € Gy s.t. pa((A, z(A)),(B,r)) < 6. (2.50)

et A € A and § > 0 be given. By Lemma 2.7.2, 3 a continuity set, B of
z stch that,
dy(A,B) < ¢ and z(A) = z(B). (2.51)

Thus, by (2.49), (B, za(B)) —,, (B,z(B)). Furthermore, since G(z,) —4,
Go, Lemma A.1.4 implies that (B,z(B)) € Go.
If we let 7 = z(B), then by (2.51),

pA((A,.'B(A)),(B,T)) = dH(A:B)+O <4
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Since A € A and § > 0 were arbitrarily chosen, this establishes (2.50), com-
pleting Step 1.

Step 2: Gy C G(z).

Let (B,r) € Gq be given. Since G(z) is pa-closed, it suffices to such that,
for any 6 > 0,

AC € A sit. pa((C,z(C)), (B,r)) < 36. (2.52)
For this purpose, take § > 0. By Lemma A.1.4, 3 (B,). in A s.t.
(Bn,Za(Bn)) 22 (B, z(B)) as n — oo. (2.53)

Hence, by (iii) in Definition 2.6.2, for each n € N, 34, € A s.t.:

(3)1 p4{(Ar; Ta(Ar)), (anzn(Bn))) <4 and
(b), AR®\ 4, contains no atoms of z,.

Since (A,dpy) is compact (see Theorem 2.2.13), 3 a subseqence of (4,)n
converging to some A € A w.r.t. dg. For notational convenience, this sub-
sequence s also denoted by (A,),. Furthermore, applying Lemma 2.7.2 to z
at A, 3C € A s.t.:

(a), ACC°CCC AR (hence dg(A,C) < h(d)/2),
(b), z(A) =z(C) and
(c), C is a continuity set of z.
The following claim will establish (2.52).
Claim I: The set C, as defined above, satisfies ps((C,z(C)), (B, 1)) < 36.

Proof: First, note that

dH(C, B) < dH(C, A) + dH(A, An) -+ dH(An, Bn) -+ dH(Bn, B) ; (Vn)
Therefore, by (a); and (a)s,
dg(C,B) < h(8)/2+du(4,An) + 8 +dg(Bn, B), (Vn).
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Since A, —4,, A4, Bn —4, B and h(6) < 4, this implies dg(C,B) < 26. If

we can show
|z(C) —r| < 6, (2.54)

then, by the definition of p4, Claim I will follow.
En route to establishing (2.54), we need the following result.

Subclaim I: 3K € N s.t. 2,(C) = z,(4,) Vn > K.
Proof: Since A C C°, Lemma A.1.2 implies 30 < 8 < h(6)/2s.t. A5 C C.
Moreover, since A, —q,; A, 3K € N s.t.
A, C AP and A C (4,)%, (Vn>K).
Thus, given any n > K, Proposition 2.2.1 and (a), imply
A C AP C C C ARONZ C (ABYRO2 C gB+R@)2 C ph®),
In particular, 4, C C C A"® Vn > K which, by (b),, implies z,(C) =
zn(An) Yn > K. This completes the proof of Subclaim 1. w
Now, to establish (2.54), let n > K be given. By Subclaim I and (a),,

|z(C) =] < [2(C) — Za(C)| + |22(C) — z(An)| +
[Zn(An) — Za(Br)| + |Za(Br) — 7l
< [Z(C) = zn(C)| + 0 + 6 + |za(Bn) — 7| (2.55)
Since C is a continuity set of z, (2.49) implies z,(C) — z(C). We also have

z(B,) — r as n — oo. Therefore, letting n — co in (2.55), we obtain (2.54).
This completes the proof of Claim I, thus completing Step 2. Q

Step 3: z €.

Here, we need to show that z satisfies conditions (i) — (iv) of Definition 2.6.2.
Condition (iii) is by far the most difficult.

(i): Take any 1 < 4,7 < n such that ¢ # j and let e > 0 be given. By (2.48),
dng € N s.t. d(ti, ting), d(t, tine) < €/2. Since t;p,,tjn, are distinct atoms
of z,, and gap(za,) 2> 7,

n < d(ti,noa tj,no) < d(ti,no; ti) + d(ti, tj) -+ d(tj, ti,no) < d(ti, tj) + €.
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Letting € — oo, this implies 7 < d(¢;,t;) V¢ # j and therefore, n <
minx; d(t;, t;) = gap(z)-

(ii): By (2.48), foreach 1 <i < M, a;, = a; as n — oco. Thus,

M M
v(z) = Y lail = lim ) |aial = lim v(z,).
=1 i=1

But z, € ' Vn implies v(z,) < R Vn. Therefore, v(z) < R.
(iv): By the argument prior to (2.48), we have T'(z) = {¢;,---tp} C T".

(iii): Take § > 0. Given any n, z, € I implies 3A1n, - AN € As.t.
Ain, -7y Ang)n satisfy (iii) of Definition 2.6.2 for z, and ¢. (2.56)

In this way, we construct sequences, (4;n)n (1 <7 < N(8)) in A. But by
Theorem 2.2.13, (A, dy) is compact and hence, 3 a common subsequence
(kn)n and sets Ay, - --, Ay € As.t.

Aig, 2 A; as n 00, (V1<i<NE)). (2.57)

For notational convenience, we replace k, by n in (2.57).
To complete Step 3, the seis Ay, ---, An(s) defined in (2.57) will be shown
to satisfy conditions (iii)(a) and (iii)(b) of Definition 2.6.2 for our T and 6.

(iii)(b): We need to show Af-’(‘s) \ A; contains no atoms of z V1 < ¢ < N(6).
Assume to the contrary that

31 <ip < N(6) and 31 < jo < M sit. £ € AXO\ 4, (2.58)

ie., tj, € A:-:(J) and t;, € A;,. Then, since A;, is d-closed in T, J¢; > 0 s.t.
d(tj,a) > € Va € A;, which implies

tjo ¢ Ate; -

Moreover, t;, € A:-‘o(‘s) implies d(A;y,t5,) < h(8). Therefore, if we let e =
1/2[]1(5)—6{(14.,0, tjo)] > 0, then d(4,,, tjo) < 1/2[h(5)+d(A10, tjo)] = h(d)—e
which implies

t;, € AR)me2,
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In total, if we define e = 1/2 -min{e;, €2} > 0, then, by Proposition 2.2.1 (iv)
t;, € AROIT2\ A2 (2.59)

(note that 2¢ < h(4)).
En route to obtaining a contradiction, we present a basic result.

Claim II: 3K; € N s.t. AL\ A5 € A9\ 4, Vo> Ki.
Proof: By (2.57), Aig.n —tay Ai, as n — 0o. Therefore, 3 K; € N s.t.
Aign © Ay and A;, C 47, (Yn 2 K)). (2.60)

By Proposition 2.2.1, this implies

AZ](J)—E (Azo n)fl(ts)'—é - Az,(iz’ (VTI. > Kl)- (2.61)
Claim II follows by combining (2.60) and (2.61). Q

Now, by Proposition 2.2.1, A; C A‘ - A25 Hence, by Proposition 2.2.1(i)
and (2.59), Ah(‘s)'ze\Ae is a d-open neighborhood of ¢;,. Since tj, . — tj, as
n — oo, this implies 3 K; € N s.t.

tiom € ARDT2N AT € AR\ 45 | (Vi > K). (2.62)
If we let K = K V K, then (2.62) and Claim II yield
tix € AR\ A5 C AN Ak

which implies Ah(‘s) \ Aip,x contains an atom of zg, namely t;, x. This
contradicts (2. 56) Smce this contradiction resulted from assuming (2.58),
Ay, -+, An(s) € A satisfy (iii)(b) of Definition 2.6.2 for our = and §.

(iii)(a): We need to show that for any (C,r) € G(z),
31 < io S n s.t. pA((C', T), (A,-O,.’L'(Aio))) < 6. (263)

The following claim establishes this condition for many (C,r) € G(z).
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Claim ITT: VA € A, 31 < ig < N(6) s.t. pa((4,z(A4)), (A5, z(45))) < 4.
Proof: Take A € A. Claim III will follow if we can show 31 < 75 < N(J) s.t.
pA((Aa a:(A)), (Aim x(Aio)» < d+ 371 (V7 > 0)' (2'64)

For this purpose, take v > 0. By Lemma 2.7.2, 3 a continuity set, B € A of
z such that dg(A4, B) < v and z(A) = z(B). Since B is a continuity set’of
z, (2.49) implies 3K, € N s.t. |z,(B) — z(B)| <y ¥Yn > K, and therefore,

pA((A,:ZI(A)), (B)xn(B))) = dH(Ai B) - II(B) —xn(B)l < 2’77 (Vn Z(I(sl))
2.65

In view of (2.56), for each n € N
31 <ip S N(O) s.t. pa((B,zn(B)), (Ainn: Ta(Ain))) < 6. (2.66)

Since 1 < i, < N(68) Vn, 31 < i3 < N(6) and a subsequence (k,), s.t.
ik, = %9 Vn. Therefore, by (2.57),

A{ k =A{kn'd—H}Az‘ as n — Q. (267
kn *n 0y o

Since (2.67) is the only place where ix, = 7o is used, we will not replace i,
by 1o in what is to follow so as to emphasize that (2.66) holds for each iy,.

Our goal is to show that the above ¢ satisfies (2.64) for our given 4 € A.
For this, we need the following result.

Subclaim II: If1 < j < M, then t; € A,y if and only if 3H € N such that
tj,lrn = Aikn,kn Vn Z H

Pr. of: First, assume that 3H € N s.t. tjx, € Ay k. Yn > H. Since
A kn —rdy Aip and tj, — t; asn — oo (by (2.67) and (2.48) respectively),
Le: uma A.1.4 implies that ¢; € Ay.

Conversely, assume t; € A;,. Since A;, k., —+ay Ai, 3H, € N sit.

tj € Aio g (Aikn.kn)h(s)/zl (Vn Z Hl)- (2'68)
Furthermore, since t;x, — t;, 3 H, € N s.t.

dltint) < h(8)/2, (V2 Hy). (2.69)
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If we let H = H, V H, and take n > H, then by (2.68), 3a € A ka St
d(tj,a) < h(8)/2. Thus, by (2.69),

d(tijka,a) < d(tjk.,t;) +d(t,a) < 2-[h(6)/2]

which implies ¢, € A?k(f?kn. But by (2.56), Azt(f?kn \ A;_ .k, contains no

atoms of z¢,. Therefore, since ¢, is an atom of z_, tjx, € Aiy, k- This
establishes Subclaim II. w

Applying Subclaim II to each 1 < j < M for which ¢; € A;,, we have
{7:t€ A} = {7tk € Ai ik}

for all large n. Furthermore, since a; ¢, =+ a; V1< j< M,

li,{n Ikﬂ (Aiknrkn) = lifim‘ Z ajvkn = Z (lirIlIl aj:kn) = z(AiO)’

Jrtj €A Jitj€Ay
Combining this limit with (2.67), 3K, € N s.t.
PAL(Ai, kns Tn(Air, 5a))s (Ai, 2(4i))) < v, (V2 Ka). (2.70)
Thus, if we take K = K; V K>, then by (2.65), (2.66) and (2.70),

pA((A1 .'E(A)), (Aim x(Afo)» < pA((Ar :L'(A)), (31 xK(B))) +
pA((B, 2k (B)), (Aige . T (A k) +
pA((AfK.K7 zK(AfK,K))w (Aio’ I(Aio)»
< 2y+4+6+7.

This establishes (2.64), completing the proof of Claim III. Q

Finally, take any (C,r) € G(z) — we need to establish (2.63). By Re-
mark 2.4.2(b), 3(Bg)n in A s.t.

pA{(C,7),(Bn,z(Br))) =+ 0 as n — 00 (2.71)
Applying Claim III to each B,, noting that N(§) < co, 31 < 75 < N(4) s.t.
pA{(Bn, z(Bn)), (Aiy, z(As))) < 6 for infinitely many n.
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Therefore, we can select a subsequence (k,), s.t.
PA((Bin, T(Br,)): (Ai: T(4y))) < 6, (Vn). (2.72)

Since pa( -, (Ai,z(4y))) : (A x R, pa) = [0,00) is continuous, (2.71) and
(2.72) imply

pA((Cvr)1(Aio7I(Aio))) = 117111'1 pA((Bkmz(Bkn)):(Aiov:r(Aio))) < é.

Hence, (2.63) holds for our arbitrary (C,r) € G(z),

In total, the sets A, - - -, An(s) satisfy condition (iii) of Definition 2.6.2 for
our § > 0 and z. Since § > 0 was arbitrary, this implies z € T, establishing
Step 3 and therefore completing the proof of Theorem 2.6.5. O

2.8 Examples for Chapter 2

This section contains some of the examples and counterexamples referred
to in earlier sections of Chapter 2. A brief description is given prior to each
example. See Section 2.2 for terminology.

e The so called “lower layers” in [0,1]* (k € N).

Example 2.8.1 Fix k¥ € N. The reader is assumed to be familiar with the
indexing collection Ty on [0, 1]* defined in Example 2.2.6.
A set L C[0,1]F is said to be a lower layer in [0, 1]* if for any t € [0, 1]F,

telL = [0,t]C L.

See Figure 2.1 for some examples of lower layers. As suggested by the left-
most illustration, any finite union in Z; is a lower layer. Furthermore, it is
clear from the right-most illustration that a lower layer need not be convex.

Let LL; denote the collection of all lower layers in [0, 1]¢. Clearly, £L; is
a non-empty subcollection of Ky ;¢ which contains [0, 1]* and is closed under
countable intersection. Moreover, if we define

£L™M = {all finite unions in ™y, (vn),

then each Ifc") is a finite subcollection of LL, satisfying the conditions in (1)
of Definition 2.2.2. What can also be shown is that g, : LLr — ['['1(:”): where

ga(L) = N{M e LM : LS M°}, (VL € LLy)
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1 1 1

0 0
Figure 2.1: Some lower layers in [0, 1]2.
satisfies all properties listed in (2) of Definition 2.2.2. Therefore, £LL; is an
indexing collection on [0, 1}*. Note that ¢’ = {0}.
Each LL£; is closed under finite unions and because of this, ££,; does
not satisfy the shape assumption described in Remark 2.2.5(d) whenever

k > 2. In particular, given L;, Lo € LLy s.t. Ly € L, and Ly € L,, the set
L =L1UL, € LL; satisfies the inclusion L C LyUL, while L € L; (i = 1, 2).

e An indezing collection on [0,1] which is not c.w.b. (see Definition 2.5.8).
Example 2.8.2 Take a collection of “good” sets,
Ay = {[0,7]:1/2 <t <1},
and a collection of “bad” sets,
A = {Sapea):0<a<b<1/4<c<d<1/2}

where S pc,a) = [0,a] U [b,¢] U [d,1/2]. Clearly, A = A,U A, is a subcollec-
tion of Kpp 1 which contains [0, 1] and is closed under countable intersections.
Note that ¢ = Nacs 4 = {0,1/4,1/2}.

Given any n € N, define A, = A_f,") U .A,(,") where

A = {[0,t] :t € D™}NA and AM = {Speq : @ bc,d € D™M}N A
Here, D™ = {2 : 0 < m < 2"}. Also, define g, : A — A, by

9n(4) = ({B€A:ACB}, (VAc A).
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It is straightforward (but tedious) to show that (A,), and (g.)n satisfy the
conditions of Definition 2.2.2. From this, it follows that A is an indexing

collection on [0, 1]
But A is not c.w.b. In particular, if we select $ < a < %, then

dH( [01 1/2] ; S(a,%,%,%) ) = dH( [Oa 1/2] ) [01 a] U [1/4’ 1/2] ) < 1/8
while
dr(8(00,1/2]) , B(S(es

implying that condition (b) of Definition 2.5.3 fails.

,—}))) = dH({1/2}1{011/411/2}) > 1/8:

L
4

o An ezample of a purely atomic set-function which is not continuous at all
of its continuity sets (a result of omitting c.w.b.).

Example 2.8.3 Let A be the indexing collection defined in Example 2.8.2
and let z : A — R be purely atomic with one atom of mass 1 at t = 1/8.
Since 1/8 ¢ 0A = {1/2}, A =[0,1/2] € A is a continuity set of z-
But the sequence (Ap)n>g in A where 4, = Si_11,11 1y Vn > 8is
- 8 n*8 ‘n*4’4
such that

An 25 A and 0=z(4,) 2 z(A) =1

Therefore, z is not dg-continuous at A. This does not contradict Lemma 2.5.9
since A is not c.w.b.

e A list (h, N, n, R) for which Fps(h, N,n, R)NPA is not compact in (D(Z:),dp)
(see the end of Section 2.6 for terminology).

Example 2.8.4 Take a sequence (r,), in R s.t.
1/2< 1 <Tpny1<1Vn and r, =1 as n— co.

Consider (z,), where z, : Z; — R is purely atomic with one atom of mass
1 at . Since r, ¢ {0,1} = E(Z,), each z, lies in PA.

Now, let z : Z; — R be purely atomic with one atom of mass 1 at £ = 1.
Since the locations and corresponding masses of atoms of z, converge to
those of z, Lemma 2.7.4 combined with Theorem 2.9 in [22] implies

d
Tpn —2> T as n — o0.
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Note that Z; satisfies the conditions presented in [22].

But t € E(Z,) implies £ ¢ PA. In fact, z ¢ D(Z;). Therefore, no
subsequence of (z,), converges in (D(A),dp), a consequence being that any
subspace of D(Z,) which contains (z,), cannot be compact in (D(Z,),dp).

Consider 'y = Fpa(h,N,n,R) withn=R =1 and

() = 8/2, (V&> 0).

(We will define N later.) If the sequence (z,), lies in [y, then by the above
italicized observation, I'y N PA is not compact in (D(Z,),dp).

By convention, if z is purely atomic with a single atom, then gap(z) =
diam(T'). This implies

gap(z,) = diam([0,1]) = 1, (Vn).

Furthermore, v(z,) =1 Vn.
Take 0 < 6 < 1. Given any n € N, define ¢, =r, —§/2 > 0 and select

a partition, {0 =t < - <t; =ty <Tp =ty < -+ <t =1} of [0, 1]
satisfying
timn—t: <0, (VIZi<k).
Clearly, we can choose this k£ large enough so as to work for every r,. For
example, we can take k = 2 + [1/6] where [1/6] is the integer part of 1/4.
Now, define N(d) = k and take A; = [0,%;] V1 <1i < N(§). Clearly,

A?(‘” \ 4; contains no atoms of z,, (V1 <i< N(J))

since the only “interesting” set difference is A?O(‘s) \ Aig = (tig,ti +6/2) =
(tio: ™) which does not contain r,, the only atom of z,. Moreover, given any
A =[0,t] € I, if we choose 1 < i < N(6) s.t. t; <t < t;31, then

pA((Ai,xn(A;)),(A,:I:n(A))) = dH(A{, A)+0 < 0.

Since both n and 0 < § < 1 were arbitrarily chosen, Definition 3.5 in [5]
implies z, € Fpa(h, N,n, R) N PA Vn. Therefore, by our earlier comment,
Fpa(h,N,n, R) N PA cannot be compact in (D(Z;),dp)-

e A subspace F C B(Z,) of the type generated by Definition 3.6 of [5] for
which F N D(Z,) is not compact in (D(Z;),dp).
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Example 2.8.5 Let 4 = Z;. As demonstrated in Example 2.8.4, 3 a list
(h,N,n,R) and a sequence (z,), in Fpa(h,N,n,R) N D(Z;) such that no
subsequence of (z,), converges in (D(Z;),dp).

If we select suitable parameters, (Mm)m, (Wn)m and (An,)m as described
in Definition 3.6 of [5] and take

FPA(hm)Nmy nmy-Rm) = pr(h, Na n, R) 1 (Vm),

the subspace F of B(Z,) generated by these parameters will contain the above
mentioned (Z,),. Since no subsequence of (z,). converges in (D(Z;),dp),
the subspace, F N D(Z;) cannot be dp-compact.

e A dp-compact subspace, 'y C PA which is not of the form T (T", h, N, 1, R)
for any list, (I", h, N,n, R) (see Definition 2.6.2).

Example 2.8.6 For any n > 3, let z,, : Z; — R be purely atomic with three

atoms,
tM=1/2—1/n, ) =1/2 and ™ =1/2+1/n

with corresponding masses,
d™ =1, o =-1 and ¥ =1.

Also, let z, : Z; — R to be purely atomic with one atom of mass 1 at
t = 1/2. Note that {z,:3 <n < oo} C PA.

For each 3 < n < oo, define f, : [0,1] = R by f,(t) = z,([0,%]) ¥t. On
p.5 of [35], it is shown that

fn — foo in (D[O, 1], Jg)

which, by Remark 2.4.2(c), implies z, — Zo in (D(Z1),dp). Therefore,
Lo = {zn : 3 < n < oo} is a compact subspace of (D(Z;),dp).
But, given any n > 0, if we select ng > 3 s.t. % <7, then

gap(zn,) < |6 — &5 = 1/no < 7.
Therefore, no > 0 satisfies the condition

gap(y) > n, (Vy €Tl),

implying that 'y cannot be generated via Definition 2.6.2.



Chapter 3

Decomposition Theorems

3.1 Introduction

An important and well studied problem in classical probability theory
concerns the decomposition of continuous parameter submartingales. In par-
ticular, given a continuous parameter submartingale X = (X;);>o defined
w.r.t. a filtration (F;).>0, one seeks decompositions of the form X = M +V
where M is a martingale and V is a non-negative increasing process. The
most celebrated such result is the Doob-Meyer decomposition theorem. In
this theorem, it is shown that any cadlag submartingale X of class D can be
uniquely decomposed into the above mentioned sum, X = M + V so that
V is non-negative, right-continuous, increasing and predictable. Recall that
a cadlag submartingale X is of class D if {X, : 7 a finite stopping time} is
uniformly integrable, a condition equivalent to the uniform integrability of

{Z:;l IE[X(t,»_l,ti] Ift,-_lll neEN,0<tg< - < tn}.

Here, given any 0 < s < t, X(s,t] := X; — X;. Analogous decompositions
for planar strong submartingales have been obtained in [15].

The simplest and perhaps most insightful proof of the Doob-Meyer de-
composition theorem involves discrete approximations. In particular, under
the above mentioned conditions, Rao in [37] has shown that the predictable
process V can be expressed as

nan

lim 3" E [X(tiin tin At | Fouorn] = Viy (¥220)  (3.1)

=1

65
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where t;, = 5= (0 < i < n2") and the limit is taken w.r.t. the weak L,
topology. If X has continuous sample paths, the mode of convergence in
(3.1) can be upgraded to L;-norm convergence.

When X = (X})¢>0 is a cadlag martingale in L,, i.e., X; € Ly YVt >0, it
is well known that X? is a submartingale of class D. Hence, the Doob-Meyer
decomposition theorem applied to X2 yields a non-negative, right-continuous,
increasing, predictable process (X) s.t. X? — (X) is a martingale. (X) is
commonly termed the predictable gquadratic variation of X.

In this chapter, we duplicate the above development in the set-indexed
setting. We begin in Section 3.2 by defining set-indezed processes, X =
(X4)aea and set-indezed filtrations, (F4)sca. Here, A denotes a generic
indexing collection. Adapted processes are then defined to be those for which
Xa is Fy-measurable VA € A. Of particular interest are the adapted set-
indezed strong submartingales (see Definition 3.2.38) and the not necessarily
adapted (L,-) right-continuous processes (see Definition 3.2.44).

In Section 3.3, we define and study three important concepts, the first
being class (D')* set-indexed processes which serve as analogues of class
D processes. Secondly, we define the admissible function associated to a
set-indexed strong submartingale. Finally, we define the %-predictable o-
algebra, P*. In Theorem 3.3.14, it is shown that the admissible function of
any L,-right-continuous class (D’)* strong submartingale possesses a unique
extension to a measure on P*.

In Section 3.4, after defining an appropriate set-indexed analogue of
predictability termed *-predictability, a Doob-Meyer decomposition for L;-
right-continuous class (D')* strong submartingales is established (see The-
orem 3.4.11). The key to this decomposition is the extention theorem for
admissible functions mentioned in the preceding paragraph. Our proof is
similar to that of Theorem 5.1 in [16] wherein a Doob-Meyer decompo-
sition was obtained for set-indexed weak submartingales. As done in [16]
and [37], we employ a discrete approximation approach. On the other hand,
the *-predictable process V = (V) 4e4 in Theorem 3.4.11 is not necessarily
adapted. ! However, as demonstrated by Theorem 3.4.14, under a certain
conditional independence assumption (see Assumption B.3.1), any L;-right-
continuous class (D')* strong martingale X = (X4)4e4 can be uniquely de-
composed into a sum X = M +V where M = (M4) sc4 is a strong martingale
and V' = (V) ac4 is a non-negative, adapted, *-predictable, right-continuous,

1Unlike its classical counterpart, *-predictable processes are not necessarily adapted.
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increasing process.

In contrast to the classical situation, the square of a set-indexed strong
martingale in L, is not necessarily a strong submartingale (see Observa-
tion 3.5.1). Just the same, Section 3.5 presents a suitable set-indexed ana-
logue of predictable quadratic variation termed *-predictable quadratic vari-
ation (*-PQV). In Theorem 3.5.2, conditions are given under which a set-
indexed strong martingale in L, possesses a *-PQV. However, it is important
to note that the *-PQV, say @, of a set-indexed strong martingale X in L,
does not necessarily “compensate” X2. That is, X2 — @ is not necessar-
ily a strong martingale. This will not be a problem for us and in fact this
discrepancy is the same as that found in [18].

Section 3.6 contains two square function inequalities for set-indexed strong
martingales in L,. They resemble and are in fact based on the classic square
function inequalities of Burkholder and Rosenthal. Several applications of
these inequalities are given. Of particular interest is Corollary 3.6.11 which
gives a simple moment condition under which a strong martingale possesses
a x-PQV. The topic of Section 3.7 is yet another application of the square
function inequalities of Section 3.6. Precisely, Theorem 3.7.7 gives sufficient
conditions under which a *-PQV can be approximated in Ly-norm by discrete
sums analogous to those found in (3.1).

3.2 Preliminaries

In this section, we present the technical machinery required for the def-
inition of set-indexed strong submartingales and related processes. Many
of the notions presented in this section have already appeared in either [23]
or [26]. We will presuppose a knowledge of Section 2.2. As in Chapter 2,
A denotes a generic indexing collection on a generic compact metric space
(T, d).

3.2.1 Extensions of indexing collections

The following extensions of the family .A will be encountered frequently in
the sequel.

Definition 3.2.1 Given a subcollection A’ of A, define
(a) A'(u) = {all finite unions in A'},
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(b) C'={A\B:4c€ A and B€ A'(u)} and
(c) C'(u) = { all finite unions in C'}.

Remark 3.2.2 (a) In particular, we can take A" = A4 in which case we
write C for C'. The sets in C are intended to mimic left-open, right-closed
intervals in R. In fact, when A = Z, (see Example 2.2.6), C coincides with
the collection of all left-open, right-closed subintervals of [0, 1].

(b) Since ¢ can be viewed as a finite union in A, i.e., the union of zero
elements of .4, we have the inclusions A C C and A(u) C C(u).

Because of disagreements within the literature, it is important that we
agree on the following terminology. A collection S of subsets of some fixed
set S is said to be a semi-algebra (on S) provided

(i) ¢.S €S,
(ii) S is closed under finite intersections and
(iii) if A C B in S, then B — A is a finite disjoint union of sets in S.
Given a semi-algebra S on S,
S(u) = {all finite unions in S}

is an algebra of sets on S and hence S(u) must coincide with the algebra
generated by S. Also note that if S is a semi-algebra, then every U € S(u)
can be expressed as a finite union of disjoint sets in S. These basic facts on
semi-algebras will be used frequently in this chapter.

The proof of the following result is trivial.

Lemma 3.2.3 Let A’ be a subcollection of A. If A' is closed under finite
intersection and contains T, then C' (see Definition 3.2.1(b)) is a semi-
algebra on T'.

Remark 3.2.4 In particular, the family C = {A\B: A€ Aand B € A(u)}
is a semi-algebra on T

Since it is possible to have U 4; = UfélA} for distinct subcollections
{A1, -+, Ar, } and {A4],---, Ak} of A, a set B € A(u) (or C € C) may have
several distinct representations, not all of which are useful. We present three
important types of representations below.
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Definition 3.2.5 Given B € A(u), a subcollection {A,, Ay, ---, Ax} of A is
an ectremal representation of B if B =% | A; and, given any 1 <i,7 <k,

1#] = A; €A
In such a case, UleAi ts also termed an ertremal representation.

In other words, an extremal representation is one which does not contain
any “redundant” sets. By a trivial induction, any B € A4(u) possesses an
extremal representation.

Definition 3.2.6 Take A, A;,---,A, €A, B € A(u) and let C = A\ B.

(a) A\UL,A4; is a minimal representation of C if UL, A; is an extremal
representation of B end A; C A foreach 1 <i<m.

(b) A\UL,A; is @ mazimal representation of C if UL A; is an eztremal
representation of B and, given any A’ € A,

ANC=¢ = A CUY A

Since A is closed under finite intersection, it is clear that each C € C
possesses a minimal representation. For the examples we have in mind, ev-
ery C € C also possesses a maximal representation. Just the same, we only
assume the existence of maximal representation when they are needed.

The remainder of this subsection deals with subcollections A’ of
A which are both finite and closed under intersection. Of course, A
itself is closed under intersection and hence forms a semilattice under A =N.
For this reason, any such A’ can be viewed as a finite sub-semilattice of (A, N)
which we shall abbreviate throughout by f.s.s.l. No generality is lost if
we consider only those f.s.s.l. which contain both T and ¢'.

Definition 3.2.7 Let A’ be a f.s.5.l. of A. Given A € A', the left-neighbor-
hood of A in A’ is the set C4 € C' defined by

CA = A \ UAIGAI,AQAI Al. (3.2)

We also define N' = {C4 : A € A'}\ {¢}, the collection of all non-empty
left-neighborhoods generated by A'.
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Remark 3.2.8 (a) Since A’ is closed under finite intersections, we can clearly
write Cqa = A\ Ugren arca A forany A € A’

(b) Since ¢’ C A VA € A, the union Uprear, ggar A’ is empty. Therefore,
Cy = ¢ in any fss]. 4.

(c) Recall the sequence (Ag)n of f.5.5.1. of A given in Definition 2.2.2 (1).
When A' = A, (n € N), we denote N’ by M,. (In the earlier set-indexed
literature, this collection of left-neighborhoods was denoted by Cy.)

Given a fs.sl. A’ of A, the left-neighborhcods are, by definition, the
smallest sets in ¢’ w.r.t. C. This is illustrated through the following example.

Example 3.2.9 Let A=Zo,onT = [0, l]2 a.nd take A' = Iz(n) (n € N) (see
Example 2.2.6). Then, given A = [0, %] x [0, 4] € Z{ (1 <i,j < 27,

_ (=l ) (it g
Ca=\m ’2n}x( on ’2n}’
Ifi=0and j > 0, then Ca = {0} x (53}, ] whereas Ca = (5, ] x {0}
when j =0and 7 > 0. Whent: =735 =0, A = {(0,0)} = ¢' and thus,

As demonstrated in the above example, the collection of all left-neigh-
borhoods in Z{™ (any fixed n) form a partition of [0,1]2. This useful fact is

true in general.

Lemma 3.2.10 If A’ is a f.s.s.l. of A, then, given A;, A, € A,
A #FA4A = CA1 N CA2 = ¢. (33)
Furthermore, given any A € A', Ucenr,cca C = A.

Proof If A; # A, in A', then w.lo.g., A» € A;. By (3.2), this implies
Cu,NCu, C A;NCy, = ¢ and (3.3) is established.

Now, take A € A’. Clearly, Ucear,ccaC S A. To show the opposite
inclusion, take any ¢ € A and define the set

A(t) = [[{Ae A :te A}

Since A’ is a fs.s.l., A(t) € A" and Ca) € A(t) C A If ¢t € Cag, then
by (3.2), 3B € A’ s.t. A(t) € B and ¢t € B. But this contradicts the defi-
nition of A(t). Therefore, ¢ € Caq) € Ucenr,cca C, completing the proof. O
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If A'is a fssl. of A, we refer to any listing {A4;, Aa,---, Ak} of the
elements of A’ as a numbering of A’. In the following definition, we present
a useful numbering of a f.s.s.l. Both the name and purpose of this type of
numbering is explained in Lemma 3.2.26.

Definition 3.2.11 Let A’ be a f.s.5.l. of A. A numbering {A;, As,---, A}
of A’ is said to be consistent with the strong past (c.w.s.p.) if A} = ¢' and,
given any2 <i<kand A'e A,

A'Cc4 = 31<j<i-1st A=A, (3.4)

In fact, any fs.s.l. A’ of A can be numbered in a manner c.w.s.p. by
applying the following algorithm. To avoid trivialities, we assume A # {T'}.

e First, let 4, =¢'.

o Next, select A, € A"\ {4} s.t. A’ ¢ A; VA" € A"\ {A1}. (Although
such an A, exists, it may not be unique.)

o If A"\ {A1, A2} = ¢, we are done. Otherwise, select A3 to be any
element in A"\ {4;, A2} s.t. A’ ¢ A3 VA € A"\ {41, A2}

o Continue the above selection process until A’ \ {A;, A2,---, A} = ¢
for some % € N. It is clear that A =T.

By a simple induction, one can show
A'g A, VA eA\{4, -, Ai1})

for any 2 < ¢ < k, i.e., the numbering {4;,---, A¢} of A’ is c.w.s.p.

The following application illustrates the usefulness of numberings that
are c.w.s.p. The simple representations for left-neighborhoods obtained via
this result will be of great importance in Section 3.6.

Lemma 3.2.12 If A" = {A;, As,---, Ak} 15 a f.s.5.l. of A numbered in a
manner c.w.s.p. then, given any 2 < i < k, Cq, = A; \U;Z] 4;.

Proof In view of (3.2) and Remark 3.2.8 (a), it is sufficient to show

(A eA ACA)C{A, - A} C{AeA:ATA}. (35)
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The left-most inclusion in (3.5) follows automatically from condition (3.4).
To establish the right-most inclusion, take 1 < [ < ¢~ 1. (We need to
show that A’ = A, satisfies A; € A;.) If A; C A, then since ¢ # [, it follows
that A; C A,. But by condition (3.4), this strict inclusion implies i <[ —1
which is clearly impossible. Therefore, it must be that A; € A4;, completing
the proof. a

We close this subsection with a basic construction and application.

Definition 3.2.13 Given a finite subcollection Aq of A, the f.s.5.l. generated
by Ao is the subcollection A’ = { all finite intersections in Aq } U {¢', T}

The promised application concerns special subcollections of C.

Definition 3.2.14 A collection Ny = {D;,---, Dy} of disjoint sets in C is
said to be a finite left-neighborhood subcollection (f.n.s.) of A if 3 a f.5.5.L
A of As.t. Ng CTN'.

In other words, the elements of an f.n.s. are left-neighborhoods, all of
which are generated by a common f.s.s.l. The following result will be used
frequently in the sequel. In essence, it states that f.n.s. are universal among
finite disjoint unions in C.

Lemma 3.2.15 Given any C € C(u), 3 a fin.s. Ny of A s.t. C = Upen, D-

Proof Assume C = UR,C; where C; = AU) \UK9 A cc vi<j<m.
If we define A’ to be the f.s.s.l. of A generated by the collection

Ao = {A9, 49 1 <1 <k(), 1< <m),

then C; € C' Y1 < j < m. The present lemma now follows by applying
Lemma A.3.3 to each C; € C'. i

The reader is referred to Section A.3 for additional results on f.s.s.l.
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3.2.2 Set-indexed filtrations and their extensions

Fix a complete probability space (Q2, F, P) for use throughout this subsection.
The following definition has already appeared in [16].

Definition 3.2.16 A family (F4).ica of sub-c-algebras of F is said to be an
A-indezed filtration on (2, F, P) provided

(i) for each A € A, F4 contains all P-null subsets of F,
(ii) if A,B € A ares.t. AC B, then F4 C Fg and
(iii) of (An)n decreasing in A, then N, Fa, = Fn, 4.-
We refer to any such tuple, (Q, F, P,(F4)a,A) as a stochastic base.

Remark 3.2.17 (a) In other words, an .A-indexed filtration (F4)ac4 is an
increasing family of P-complete sub-o-algebras of F which is right-continuous
w.r.t. decreasing intersections in .A.

(b) Note that Definition 3.2.16 is entirely classic. See p.83 in [30] for the
definition of filtrations indexed by the points of R¥.

In practice, one frequently encounters families of sub-c-algebras which
are complete and increasing but not necessarily right-continuous in the sense
of Definition 3.2.16 (iii). Through the following result, we can always extend
such a family in a minimal way so as to produce a filtration.

Proposition 3.2.18 If (H4)aeca is an increasing family of P-complete sub-
o-algebras of F, then the family (H}) aca where

'H’*A' = nngk(A) y (VA € .«4.) (3.6)
is a filtration on (Q, F, P).

Proof From (3.6), it is clear that (H¥)4ex is an increasing family of P-
complete sub-o-algebras of F. Moreover, given any A € A and any sequence
(Ap)n in Asit. A, L A,

nn H+ﬂ = nn nk Hgk(An) (by (3’6))

= nk nﬂ- Hgk(An)
= i Hg(a) (by Lemma A.2.5)

= HZ (by (3.6)) (3.7)

which establishes the right-continuity of (H}).aea. )
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Remark 3.2.19 From array (3.7), it is clear that H} =N, #} whenever
An \y Ain A. In this sense, the filtration (}).1c4 is also “outer-continuous”

(see Definition 2.3.1).

Take a filtration (F4)aeq on (2, F, P) and a set B = UL, A; € A(u) s.t.

A; € A Vi. As was done in [22] and [23], given any B € A(u), we associate
to B the sub-c-algebra

Fs =V Fa (3.8)

AcA
ACE

and the possibly larger sub-o-algebra,
FB = Ne Fgum - (3.9)
Since B € A(u), gx(B) is defined via (2.4).

Remark 3.2.20 Given any A € A, note that Fy 4y = F 4 Yk which
by Definition 2.2.2 (2)(i’) and the right-continuity of our filtration implies
Fa = NnFy(ay- For this reason, there is no danger of ambiguity in writing
Fpg for any B € A(u).

Let (Ft)ier+ be a classical filtration on (2, F, P) as defined in [30]. Since
(F:)ter+ is increasing and (R*, <) is linearly ordered, it is natural to define
“the past” or “history” at any point £ € R* to be the sub-c-algebra 7,. On
the other hand, given a filtration (F:).c(r+)2, the situation becomes more
complicated. Since (R*)? is not linearly ordered w.r.t. the co-ordinate-wise
partial order relation, there is no unique, natural way to define the past at a
given point z € (R*)2. For this reason, earlier authors defined two distinct
pasts at z, the weak past and the strong past which lead to the definitions of
weak and strong planar submartingales respectively. For example, see [10].

The same is true for the set-indexed situation. Taking their cue from the
existing multiparameter theory, Dozzi et. al. in [16] presented set-indexed
analogues of the weak and strong past. In this thesis we will only work with
the strong past. It is defined below.

Definition 3.2.21 Let (F4)aca be a filtration on (Q,F,P). Given C €
C(u), the strong past, G5 at C is given by

Gc= V 7Fs (3.10)

B € A(u)
BNC=¢

whenever C ¢ A(u) and G5 = Fy otherwise. (Note that G =\ pcaqy) Fa-)
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0,0
Figure 3.1: The strong past at C € C when A4 =Z,.

Example 3.2.22 Let A = Z; and take an Z;-indexed filtration (F,)eeo,1}-
(Here, we are identifying the point a € [0, 1] with the set [0,a] € Z;.) Given
any non-empty set C € C,30<a<b<1s.t.

C = [0,b]\[0,a] = (a,b]

in which case it is clear that G5 = F,.

More instructive is the case of A =Z, on T = [0, 1]%. Given an Z, indexed
filtration (F4) ez, and a set C € C, the strong past G at C is generated by
the events in all o-algebras Fg (B € A(u)) which satisfy BNC = ¢. In this
sense, the shaded region in Figure 3.1 represents the strong past at C.

Remark 3.2.23 (a) See Proposition 3.2.25 for conditions under which G5
takes on a simple form.

(b) As mentioned above, there is another type of past in the set-indexed
theory, namely the weak past. Given any C € C, it is defined to be the
sub-o-algebra G = Nacu, ancys Fa- It has been studied in [16] and [28].

We now record some important although obvious properties for the above
families of sub-o-algebras. In particular, note that (Fg) peaqw) and (Fz) sea(u)
are increasing on A(u) while (G¢)cec(y) is decreasing on C(u).

Lemma 3.2.24 Let (F4)aca be a filtration on (Q, F, P).
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(a) IfB,, By € A(u) are s.t. By C By, then Fg, C Fg, and Fp, C Fg,.
(b) FCFg VB A(u) and F;=F4, YA€ A

(¢) If Av, -+, An € A, then Vi, Fa, © F 4.

(d) If C1,Cq € C(u) are s.t. Cy C Cy, then G5, C G, .

(e) If B € A(u) is s.t. BNC = ¢, then Fg C G

(f) 75, Fsg and G¢ are P-complete VB € A(u) and C € C(u).

When maximal representations of sets in C exist, our next result simplifies
the expression in (3.10).

Proposition 3.2.25 If A\ B (A€ A, B € A(u)) is a mazimal representa-
tion of a set C € C (see Definition 3.2.6 (b)), then G5 = Fg = Fou(B)-

Proof By Lemma 3.2.24(e), Fg C G5. For the opposite inclusion, take
any B’ € A(u) s.t. BBNC = ¢. Since A\ B is a maximal representation
of C, B’ C B and thus by Lemma 3.2.24 (a), F5 C Fp. Since this B’ was
arbitrarily chosen, (3.10) implies G5 C Fg. O

We end this subsection with two results concerning the strong past. The
first result explains our use of the term “consistent with the strong past®
in Definition 3.2.11. Its proof follows automatically from Lemma 3.2.12 and

Lemma 3.2.24 (e).

Lemma 3.2.26 IfA' = {A;,---, Ax} is a f.5.5.1. of A numbered in a manner
c.w.s.p., then given any 2 <1 <k,

Fa; €Gc,,, V1<j<i-1)

where C4;, € N' denotes the left-neighborhood of A; in A'. (In other words,
the strong past at C4, contains all events in Fyu,,---,Fa,_, and Fa,_,-)

The second result is a consequence of the first.
Lemma 3.2.27 Given a f.s.s.l. A" of A, if A,A' € A are s.t. A# A’, then
FaCGo or FauCGS (3.11)

where C,C’' € N' denote the left-neighborhoods of A and A’ respectively.
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Proof Take A, A’ € A'. By the comment following Definition 3.2.11, A4’
admits a numbering {A;,---, Ax} which is cw.s.p. Let 1 <4, < k be s.t.
A= A;and A" = A;. If A # A’, then either i < j or j < 7. (3.11) now
follows by applying Lemma, 3.2.26 to either case. a

Remark 3.2.28 Given disjoint sets C = A\ B and C' = A’\ B in C with
A,A" € A and B,B' € A(u), if A satisfies the shape property, then (3.11)
remains valid (see Lemma 1.2 in [23]).

3.2.3 Set-indexed stochastic processes

Fix a stochastic base (Q, F, P, (F4),.A). In this subsection, we formally define
set-indexed stochastic processes. Afterwords, we will develop and discuss
several concepts related to set-indexed processes.

Definition 3.2.29 Any collection X = (X4)aeca of random variables on
(Q, F, P) is referred to as a set-indezed process. If in addition,

X4 is Fo-measurable, (VA € A),
the process X is said to be adapted (to (F4)aca)-

We will sometimes write X (A) instead of X4 when the set A € A is nota-
tionally complicated or X has additional subscripts.

Given any process X = (X4)aea on (Q,F,P), there is always a non-
trivial filtration (F,%)4c4 on (€, F, P) to which X is adapted. First, we
associate the sub-o-algebra

Ha=0{Xa:A€Aand A CA})VF,

to each A € A where F; denotes the sub-o-algebra of F generated by all
P-null subsets of Q2. Clearly, (H4)sc4 is an increasing family of P-complete
sub-c-algebras of F. Therefore, if we define

FAX = nngk(A)r (VAE'A‘)a

then by Lemma 3.2.18, (F7*) se4 is a filtration on (Q, F, P). Clearly, X is
adapted to (.7—',{" Jaea. Moreover, if (F4)4e4 is any filtration to which X is

adapted, then ’
F¥ C Fu, VA€ A).



CHAPTER 3. DECOMPOSITION THEOREMS 78

For this reason, we call (F,%) 4c4 the minimal filtration generated by X.
_ Any A-indexed process X can be viewed as a “random function” denoted
X:Q—R*Awhere R* = {z: A — R} and
[X(@)](4) = Xa(w), (VA€ A).
We refer to X (w) as the sample path of X at w. When X(w) € D(A) Vw € Q,
X is in fact measurable w.r.t. the Borel o-algebra on D(A) generated by
the metric dp defined on p.29 (see Proposition 4.3.6). Such measurablility
properties for set-indexed processes will not be required in this chapter.
The following definition is entirely classic.

Definition 3.2.30 Let X = (X4)aca and Y = (Y1) aca be processes.
(a) X and Y are indistinguishable if X(w) = ¥ (w) for P-a.e. w € .
(b) X is a modification of Y if for every Ac A, X4 =Y, a.s.

Remark 3.2.31 If X and Y are indistinguishable set-indexed processes,
then it is clear that X is a modification of Y. See Lemma 3.2.45 for conditions
on X and Y under which the converse is true.

Given a planar process X = {X(2) : z € (R*)?} and two points z = (s, t)
and 2’ = (¢',t') in (R*)? with s < s’ and ¢ < ¢, one defines the increment of
X by the formula

X(z,2] = X(s',t') — X(,t) = X(5,¢) + X(s,0).
By way of set-indexed analogue,

Definition 3.2.32 Let X = (X4)aca be a process. Given a set C € C, a
random variable X¢ is said to be the increment of X at C if

Xo= ¥ (~)" X(ANNer4) (3.12)
Ig{lv"'rk}

for any representation C = A\ UL | A; with A, A,,---Ar € A and k € N.

Since a set C € C possesses many different representations, the quantity
on the right-hand side of (3.12) may not be unique. That is, a general set-
indexed process does not necessarily have increments defined at each C € C.
However, (3.12) is none other than the inclusion-exclusion formula. For this
reason, the following result is trivial. Recall that C is a semi-algebra on T
and hence, C(u) is an algebra on T.
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Proposition 3.2.33 Let X = (X.4).1e4 be a process. If X possesses a unique
finitely additive eztension to a C(u)-indezed process, then X has an increment

defined at every C € C.

Comment 3.2.34 If X = (X 4)4ec4 possesses a unique finitely additive ex-
tension to a C(u)-indexed process, then since ¢ =T\ T, Xy = Xr— Xr =0.
Therefore, if we adjoin ¢ to A via Remark 2.2.5(c), Xy = 0 is a necessary
condition for the existence of such an extension.

Next, we explore conditions under which an A-indexed process possesses
a unique finitely additive extension to a C(u)-indexed processes. Our first
result, which has already appeared as Proposition 2.1 in [16], gives a condition
on the indexing collection itself.

Proposition 3.2.35 If A satisfies the shape property as defined in Remark
2.2.5 (d), then any A-indezed process X possesses a unique finitely additive
extension to a C(u)-indezed process. (See Comment 3.2.84.)

By Proposition 3.2.35, any process indexed by Z; (k € N) will possess
a finitely additive extension to C(u). Even if .4 does not possess the shape
property (e.g.: A = the lower layers, LL; on [0,1]F for any k > 2), an A-
indexed process may still possess a finitely additive exension to C(u). For
example,

Proposition 3.2.36 Let A be any indezing collection. If X = (X4)aeca
s a process with purely atomic sample paths (see Definition 2.3.5), then X
possesses a unique finitely additive eztension to C(u).

Proof It is sufficient to establish this result for the deterministic case. First,
assume z : 4 — [0,00) is purely atomic with one atom of mass 1 located
at some ¢ € T. Clearly, such an z can be uniquely defined at any S C T.
S*nce z generates a point-mass measure on o(A), z : C(u) — [0, co) is finitely
additive.

For the general case, if z is purely atomic with atoms ¢;,---,% € T hav-
ing respective masses a;,---,a; € R, define z; to be purely atomic with one
atom of mass a; at £; V1 <7 < k. Since z = Zf__.l a; - T;, the present case
follows from the previous case. O
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Given an adapted process X = (X 4) 4c.4 With increments defined at every
C € C, it is important to note that the resulting family (X¢)cec is not
necessarily “adapted” to the family (G&)cec, i-e., X¢ is not necessarily G -
measurable VC € C. However, if C = A\B € C (4 € A, B € A(u)), then by
(3.12), X¢ is Fa-measurable. This observation leads to the following result.

Lemma 3.2.37 Let X = (X 4)aca be an adapted process with increments
defined at every C € C. If A' is a f.s.5.l. of A and C,,Cs € N are distinct
(hence disjoint) left-neighborhoods, then Xc, is G¢, -measurable or Xc, is Gé&, -
measurable.

Proof If C; is the left-neighborhood of 4; € A’ (¢ = 1, 2), then by the above
observation, X¢; is F,q,-measurable (i = 1,2). But C; # C, implies 4; # A,.
Therefore, by Lemma 3.2.27, F4, C G& or Fa, C G5, completing the proof
of the present lemma. O

We close this subsection by mentioning a basic operation on set-indexed
processes. Given 1 < p < co and a process X = (X4)4eca, we define X? =
(X%) ac4 to be the process with

X% = (X4, (VA€ A. (3.13)
Clearly, if X is adapted to (F4).iecu4, then so is XP.

3.2.4 Set-indexed strong martingales

In this subsection, we define set-indexed strong (sub)martingales, a set-
indexed analogue of the planar strong (sub)martingales introduced in [10].
A partial discussion on sample path regularity will follow.

Fix a stochastic base (2, F, P,(F4),A). Forany 1 <p < oo, let L, =
L,(Q2, F, P) denote the classical Lebesgue space. Also, given any sub-o-
algebra G of F, let

E['lg] IL]_ d LL(Q,Q,P)
denote the conditional ezpectation operator. By way of terminology, we say
a process X = (Xg)aea isin L, (1 < p < co) provided

Xa ELP, (VAG.A).

When p =1, X is said to be integrable. The following definition has already
appeared in [26].
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Definition 3.2.38 An adapted, integrable process M = (M4) aca ts said
to be a (set-indezed) strong submartingale if M possesses a unique finitely
additive eztension to C(u) and

E[Mc|GE] > 0, (YCEQ). (3.14)

If equality holds in (3.14) for every C € C, then M is said to be a (set-indezed)
strong martingale.

Remark 3.2.39 (a) Recall the weak past Go (C € C) as defined in Re-
mark 3.2.23(b). If we replace (3.14) by the condition E[Mc|Gc] > 0
VC € C, then M is said to be a weak submartingale. Since Go C Gec
VC € C, the tower property implies that every strong submartingale is a

weak submartingale.
(b) The set-indexed Poisson process is an example of a set-indexed strong
submartingale (see [23]). For an example of a set-indexed strong martingale,

see Proposition 4.6.8.

The following example gives the connection between set-indexed strong
(sub)martingales and planar strong (sub)martingales. The definition of the
latter concept can be found in [10].

Example 3.2.40 Let X = (X.).ep,1z be a planar process adapted to a
filtration (fz)ze[o,lp- If X is a planar strong (sub)martingale and

Xty =0, (V(s,t) €[0,1)* s.t. s=0 or t =0),

ie., X vanishes on the axes, then as commented on p.522 of [16], X is an
I,-indexed strong (sub)martingale when we identify the points in [0, 1]2 with
sets in Z2. Under the same correspondence, it is clear that any Z,-indexed
strong (sub)martingale constitutes a planar strong (sub)martingale on [0, 1]2.

As our next result illustrates, we can always extend the (sub)martingale
property in (3.14) to the sets in C(u).

Lemma 3.2.41 If M = (M4) sca is a strong (sub)martingale, then
E[Mp|G5] (2) =0, (YD eC(u)). (3.15)
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Proof Let D € C(u) be given. Since C is a semi-algebra (see Remark 3.2.4),
3 disjoint sets Cy,---,Cr € C s.t. D = U5, C;. Therefore,

k
E[Mp|Gp] = > E[Mc.|Gp]

=1
But (G&)cec() is decreasing on C(u). Therefore, G5, € G5 V1 <i <k
which by (3.14) and the tower property implies
k
E[Mp|Gp] = Y E(E[Mc;|Gc]lGp) 2 0.
i=1

The argument for set-indexed strong martingales is identical. O

In addition to strong (sub)martingales, we will also encounter the follow-
ing types of set-indexed processes in this thesis.

Definition 3.2.42 Let X = (X4)acu be an integrable adapted process pos-
sessing a unique finitely additive ertension to C(u). Given 1 < p < oo,

(a) X is Ly-bounded if sup e E|Xc|P < oo and
(b) X is increasing if Xc >0 a.5s. VC €C.
Remark 3.2.43 Clearly, any increasing process is a strong submartingale.

We will sometimes require the sample paths of our set-indexed processes
to possess certain continuity properties. We list three such properties below.
Additional path properties will be discussed in Chapter 4.

Definition 3.2.44 Let X = (X 4)4ea be an integrable process.

(a) X is L,-right-continuous (1 < p < o) provided

AnlAin A = X4, = X4 in L, norm.

(b) X is right-continuous provided 3Qq € F s.t. P() =1 and

Al A iIn A = XAn(w)——>XA(w) Vw e Q.
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(c) X is left-continuous provided 3Qy € F s.¢. P(Qy) =1 and

(An)a increasingin A = X4, (w) = Xp(w) Yw €
where B = UpAn. (By Lemma A.2.2, any such B lies in A.)

The following result complements the discussion in Remark 3.2.31. Its
proof, which relies on the dy-separability of A (see Remark 2.2.3), has already
appeared on p.507 of [16].

Lemma 3.2.45 Let X = (X4)ae4 andY = (Ya)scu be two right-continuous
processes. If X is a modification of Y, then X and Y are indistinguishable.

As our next result illustrates, L,-right-continuity is not a restriction for
strong martingales in L,.

Lemma 3.2.46 If M = (M4)sc4 is a strong martingale in L, (1<p<o),
then M is L,-right-continuous.

Proof Given any A, B € A, if we can show
ACB = E[Mg|F4 = M,, (3.16)

the lemma will follow by Proposition 2.5 of [16] (see Remark 3.2.47). For
this purpose, take A, B € As.t. AC B. By Lemma 3.2.24 (e),

AN(B\A)=¢ = F4CGp,
Therefore, by (3.12) and the tower property,
E[Mp — Ma|Fa] = E(E[Mp\a|Ghall Fa) = 0
which establishes (3.16). a

Remark 3.2.47 In [16], any set-indexed process satisfying condition (3.16)
was referred to as a set-indezed martingale. Proposition 2.5 of [16] states
that any Lp,-martingale is L,-right-continuous (1 < p < o).

We close this section with a useful property for L-right-continuous pro-
cesses, a proof for which can be found on p.p. 507-508 of [16]. (Neither shape
nor the weak submartingale property was used in this proof.)
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Lemma 3.2.48 If X = (X4)aca is an L,-right-continuous DTOCESS POSSESS-
ing a unique finitely additive extension to C(u), then given any C € C, 3 an
tncreasing sequence (Cp)n in C s.t.

(a) Ca 1 C,
(b) Cn €C Vn and
(c) E|lXe\c.] = 0 as n — co.
In particular, if C = A\ UL, A:, we can take C, = A\ UL, 0.(4;) Vn.

Remark 3.2.49 Under the assumptions in Lemma 3.2.48, if C,, is replaced
by gn(A) \ U,9.(4;) V7, then (c) continues to hold. This involves only a
minor adjustment to proof of Proposition 2.6 (i) in [16].

3.3 Admissible Functions and Measures

In this section, we define the =-predictable o-algebra P* on 0 x T w.r.t.
a fixed stochastic base. Qur definition will be similar in spirit to that of the
predictable o-algebra P on © x T defined in [16] and [28]. As well, we will
introduce the concept of admissible function, a function pLx associated to an
integrable set-indexed process X.

The main goal of this section is to obtain sufficient conditions on a set-
indexed strong submartingale X under which the corresponding admissible
function px extends to a measure on P*. In Section 3.4, these measures will
be used to obtain a Doob-Meyer-type decomposition for set-indexed strong
submartingales. Our development is close to that of [16].

Now, fix a stochastic base (2, F, P, (F4), A).

Definition 3.3.1 The collection of -predictable rectangles, denoted Py is
defined by

P;={FxC:CeC, Feg:}
The x-predictable o-algebra on Q x T, denoted P* is then defined to be

P =o0(P;).

Any set in P* is referred to as a x-predictable set.
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Remark 3.3.2 (a) The x-predictable o-algebra is a set-indexed analogue of
the o-algebra P~ on Q x (R*)? defined in [15]. In [15], P* played a central
role in the decomposition of strong submartingales on (R*)2 and likewise,
P* will play an important role in the decomposition of set-indexed strong
submartingales.

(b) By replacing the strong past G2 in Definition 3.3.1 with the weak past
Gc for each C € C, we obtain a o-algebra P on Q x T termed the predictable
g-algebra. This o-algebra has been studied extensively in [28].

Lemma 3.3.3 P; is a semi-algebra on Q x T.

Proof Since T € C and ¢,2 € G7, both ¢ and Q x T are in Ps-
Take R; = F; x C; € P§ (i = 1,2). By basic set-theory,

R1 M Rz = (F1 N F2) X (C]_ N Cg). (3.17)
Since C is a semi-algebra on T', C;NC; € C. Moreover, by Lemma 3.2.24 (d),
CinC, € G = G¢, C Gene,» (E=1,2).

Therefore, F; N Fy € G, n¢, which, by (3.17), implies R, N R, € P;.
Next, assume R; C R;. Then F; C F, and C; C C, which implies

R2 - R1 = [(F2 - Fl) X Cl] U [Fz X (Cz - Cl)]; (318)

the above union being disjoint. Lemma 3.3.3 will follow if both summands
in (3.18) are themselves disjoint unions in Py .

First, since C; C C,, Lemma 3.2.24 (d) implies Ge, € G¢,- Therefore,
F; — F1 € G, which yields (F; — F}) x C; € Py. For the other summand
in (3.18), since C is a semi-algebra on T, 3 disjoint sets Dy, -- -, Dy € C s.t.
C, — C1 =U%, D;. But given any 1 <i < k,

Di g C2 = gz'z g gBi'

Therefore, F,xD; € Py V1 <7 <k. Since Dy, - - -, Dy are disjoint, it follows
that F5 x (Co—C) is the disjoint union of the sets F; x Dy, ---, Fo x Dy € Py
which completes the proof. O

Since Py is a semi-algebra, Py (u) is an algebra on Q x T where

Py (u) := {finite unions in Py}
= { finite disjoint unions in P;}.
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Furthermore, we can express each R € P, (u) as a disjoint union over a f.n.s.
(see Definition 3.2.14).

Lemma 3.3.4 Given R € Py(u), 3 a fin.s., Ng s.t. R = Upen, Gp x D
where Gp x D € Py VD € Ny.

Proof Assume R == U F; x C; is a disjoint union in Py and define C =
UL,C: € C(u). By Lemma 3.2.15, 3 a f.s.s.1. A’ of A and a subcollection Al

of M's.t. C = Upen, D- Moreover, it is clear from the proof of Lemma 3.2.15
that C; € C' V1 <17 < k. Therefore,

k
i=1l DeNp

k
= U U EFx (D N C’l)
DeNy i=1
U U F:xD (byLemmaA.3.3)
DeNy i:DCC;

_ U(U F,.)xD.

DeNy \i:DCC;

If we define Gp = U;.pcc, Fi VD € N, then by Lemma 3.2.24 (d), Gp € Gp
VD € Ny, completing the proof. ]

The following definition has already appeared in [16].

Definition 3.3.5 Given an integrable but not necessarily adapted process
X = (X 4) aca with increments defined at every C € C, the admissible function
associated to X is the function

px {FxC:FeF, CeC}—=+R

where, given any F € F and any C € C,
,ux(FXC) = E[lp Xc] (3.19)
(Occasionally, we will take Py as the domain of pux.)

The admissible function provides a useful characterization for set-indexed
strong (sub)martingales and increasing processes.
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Lemma 3.3.6 Given a process X = (X 4)aca,
(a) X is a strong martingale if and only if ux =0 on Py,
(b) X is a strong submartingale if and only if ux > 0 on Py and
(c¢) X is increasing if and only if ux > 0 on {FxC:FeF CecC}.

Proof We will show () and (b) simultaneously. Let C € C be given. By
the definition of conditional expectation,

E(Xc|Ge) (2)=0 <= E(1rXc)(2)=0 VFeg;
= px(FxC)(2)=0 VFeGs (3.20)

Applying (3.20) to every C € C, we obtain (a) (or (b)).
Next, take any C € C. It is clear that

Xc>20 < E(lec)ZO VFeF
e ux(FxC)>0 VYFeF. (3.21)

Part (c) now follows by applying (3.21) to every C € C. a

From this point forward, unless otherwise mentioned, we take
Py as the domain for all admissible functions.

‘The first step toward extending px to a measure on P* is to show that
px is finitely additive on Py.

Lemma 3.3.7 let X = (X4)aca be an integrable process with increments
defined at every C € C. If F, x Cy,---F, x C,, are disjoint sets in Py s.t.
=1 Fi x C; € Py, then

k
px(Un Fi x C;) = - px(Fi x C)). (3.22)

=1
Proof If Fi xC,, -, F, xC, € Py are as described above, then 3F xC €
Py s.t. Uin Fi X C; = F x C. Motivated by an argument of Gushchin (see

Theorem 9 in [18]), we argue by cases.

First, consider the case in which F}, = F5 = --- = F,. Clearly, this implies
F;=F V1<i<nandhence FxC=UL F;xC;=F x (U-,C;) where
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#,C; is a disjoint union in C. Therefore, since X is finitely additive on
C(u),
,ux(FXC) ZEIF}L(C)]
=1

which is precisely (3.22).

Next, consider the case in which C; and C; are either disjoint or equal
V1<1 7 <n If welet Ay,---,Ar denote ail distinct (hence disjoint) sets
among the C;, then since F' x C = UL, F; x C;, it is clear that

F= U F, (v1<j<h)
1:Ci=4;

where the above union is disjoint V1 < j < k. This implies
n k k
Z: ,ux(F,- X C,) = Z ( Z E[].F'. XAJ-] = Z E[lFXAj]-
i=1 J=1 \i:Ci=4; =1

Therefore, by applying the first case to the disjoint union FxC = UJ—1F xAj,
we obtain

n k
> ux(FixC) =Y E[lr Xa,) = px(F x C)
=1 Jj=1

which is precisely (3.22).

Finally, consider the case in which F x C = UL, F; x C; is any disjoint
union in Py". Applying Lemma 3.2.15 to the set U2, C; € C(u), Ja fss.l. A
of As.t.foreach1 <7< n,

AD{,---Diy EN' st. Ci=UAD;
Since (Gp)pec is decreasing on C, it is clear that
F;xDiePs, V1<k<k(@),1<i<n). (3.23)

But FxC =UL, Uk(‘) F; x D} where the sets D} € N’ are either disjoint
or equal, a basic property of left-neighborhoods. Therefore,

n [ k() .
px(FxC) = > (Z px(F: x D,;)) (by previous case)
=1 \ k=1

= Y ux(F;xC;) (by first case).

i=1
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This completes the proof of Lemma 3.3.7. O

Next, we extend pux to a finitely additive set function on the algebra
Py (u). Instead of showing this directly, we establish a slight generalization
which will be applicable in Sections 3.5 and A.4.

Lemma 3.3.8 Let S be a semi-algebra on a set S. If p : S — R is finitely
additive on S, then p can be uniquely extended to a finitely additive sei-
function on the algebra S(u).

Proof Given two disjoint unions Ui, 4; = UL B;j with 4;, By € § Vi, 5,
we need to show

S u(4) = 3 u(B). (324)

i=1 j=1
First, take 1 < 7 < n. Then,
A; = UL AN B;j
is a disjoint union. Since § is a semi-algebra, A;NB; € S V1 < j < m.

Therefore, by the finite additivity of zz on S,

W) = 3. u(A:N By).

=1

Summing over all 7, we obtain the identity,

D k(A =D > wAin By).
i=1 =1 j=1
But, by symmetry,
> u(By) =3 > uBiNA)
=1 j=1 =1
which establishes (3.24). a

Since Py is a semi-algebra on © x T, we have the following application.

Corollary 3.3.9 If X = (X4)aca is an integrable process with increments
defined at every C € C, then ux can be uniguely eztended to a finitely additive
set-function, also denoted px on Py (u).
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We now define an important class of set-indexed processes.

Definition 3.3.10 A process X = (X 4)aea with increments defined at every
C €C is said to be of class (D')" if the family

{ > |E(XplGp)| : No a fns. of A}
DeNMNg
1s uniformly integrable.

Our definition of class (D')* is intended to mimic that of class D' set-
indexed processes (see [16]). Similar classes have been defined for continuous

parameter and planar processes (see [30] and [8] respectively).
Now, let U be an algebra on a set U. Proofs for the following three
measure theoretic results can be found in most measure theory texts.

Lemma 3.3.11 If pu : U — [0,00) is a finitely additive set-function with
i (@) =0, then given Ry, Ry,---, R, €U,

(a) By C R, wmplies p(Ry) < i (R2) and
(b) #’(U?:l ') S Z?:lu'(Rl):
i.e., u is monotone and finitely sub-additive on U.

Lemma 3.3.12 Let p: U — [0,00) be a finitely additive set-function on U
with p(¢) = 0. If for any sequence (Rn)n in U

Rolé = p(Ra) =0,
then p is o-additive on U, i.e., ;1 is a measure on U.

Lemma 3.3.13 Ifp:U — [0,00) is a measure on U, then 1 can be uniquely
extended to a measure on o(U).

We now state and prove the main result of this section. Our proof is close
to that of Theorem 3.1 in [16].

Theorem 3.3.14 If X = (X4)aeca is an L,-right-continuous strong sub-
martingale of class (D')*, the admissible function ux eztends to a measure,
also denoted px on P*.



CHAPTER 3. DECOMPOSITION THEOREMS 91

Proof We will employ a proof by contradiction. First of all, by Corol-
lary 3.3.9, the set-function px : Py — [0,00) possesses a unique, finitely
additive extension, also denoted px to the algebra Py (u). Therefore, if we
assume px does not possess an extension to a measure on P *, then by Lem-
mas 3.3.12 and 3.3.13, J a sequence (R, ), in Py (u) s.t. Ry, | ¢ and (zx(Ry))n
does not converge to 0. Since ux is non-negative and monotone on Py (u)
(see Lemma 3.3.11 (a)), this implies 3a > 0 s.t.

px(Ra) = 3a, (Yn). (3.25)

Now, since Py is a semi-algebra on 2 x T, given any n € N, 3b, € N
and 3 disjoint sets, FI"x Cf*,--- F;» x Cf! € Py s.t.

R, = U, Fx CF.
By Lemma 3.2.48, given any n and any 1 <7< b,, 3E" € C s.t.

and E[X(CP\EM)] < —

< g (3.26)

EFCCP

13

Moreover, since Cf* \ E is a disjoint union of sets in the semi-algebra C and
X is finitely additive on C(u),

a
2n b,

px[Qx (CM\EP)] = E[lo- X(CP\EF)] < (3.27)

foreachnand 1 <7<,
The following series of sets was previously defined on p.513 of [16]:

H, = U, F"xE}"

H, = U?Ql F"x EF

Qﬂ. = n;cl:]_ ‘g'k

Dn = HZ=1 Hk

Sp = Ug;l Qx [CM\ ET).

Since (Gg)cec is decreasing on C, the inclusion in (3.26) implies
Fl'eGgr, V1<i<b,,neN)

and therefore, H,, D, € Py (u) Vn. It is also clear that S, € Py (u) Vn.
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We now isolate a useful set-inclusion.
Claim I: R, C D, U (Ug<1Sk) Vn.

Proof: Take (w,t) € R, and assume (w,t) € D,. (We must show that
(w,t) € UE=1Sk.) By definition, (w,t) € D, implies 31 < k' < n s.t.
(w,t) & Hir. That is,

(w,t) € F¥' x EF', (Y1<i< bo). (3.28)
Since (R,)» is decreasing, (w,t) € R, implies (w,t) € R+ and therefore,
I1<i' <y st (w,t) e FE x Ck (3.29) -
Combining (3.28) and (3.29), we obtain
(w,t) € F§ x [CE'\ EX']

where F¥'x [C5\EX'] C S¢ € UP_,Sk- As mentioned above, this completes
the proof of Claim I. Q

Since px is finitely subadditive on Py (u) (see Lemma 3.3.11 (b)), Claim
I implies

n b
px(Rn) < px(Da)+ 3 (Z px (Q x [C',k\E,k])) , (V)
k=1 \ i=1
Therefore, by (3.27),
px(Ra) £ px(Dn)+a, (VYn). (3.30)

In view of (3.30) and (3.25), a contradiction will follow if we can find N ¢ N
s.t. ux(Dn) < a ¥Yn > N. To obtain such an N, we need the following limit.

Claim IT: If we define Dp(w) = {t € T : (w,t) € D,} (w € ), then
P{weQ:Du(w) #6¢}) =0 asn— 0.

Proof: First, note that D, C H, V7 and, by (3. 26), H, C R,V n. Therefore,
since (Dn)n is decreasing and R, | ¢, we have D, | é.




CHAPTER 3. DECOMPOSITION THEOREMS 93

Next, if we define the set D,(w) = {t € T : (w,t) € D,} (we 2), then
Dn(w) § ¢ as n — oco.
Moreover, given any n, it is also clear that

571(‘-‘}) = krrj U

5
a closed set in (T, d). Therefore, by Lemma A.1.5, 3n(w) € Ns.t. D,(w) =
Vn > n(w) and hence

Dn(w) =¢, (¥n 2 n(w)). (3.31)

By Lemma 3.3.4, each D, € Py (u) can be expressed as a union of finitely
many non-empty disjoint sets in Py, say

D, = U, GFx B} (3.32)
so that {B*,---,B2 } is a f.n.s. of A. Clearly,
fw: Daw) £ ¢} = U Gf, () (3.33)

which, among other things, implies {w : Dp(w) # ¢} €F Vn.
If, for each n € N, we let 4, = {w : D,(w) # ¢}, then by (3.31),

limsup, A, = ¢. Therefore, by Fatou’s lemma,
0 < limsup, P({w: D,(w) # ¢}) < P(limsup,A,)
which completes the proof of Claim II. Q

Now, for each n,

ux(Da) = 3 ux(GExBF) (by (3.32))
=1

- ( [ X dP) (3.34)

dp)

BlXey | G3;] 0P

IN

/u. o (z |E[X5; | G
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But, by Claim II and (3.33), P(Uj2,G?) — 0 as n — co. Therefore, since
X is of class (D')*, the above array implies 3V € N s.t.

#X(Dn) < q (VTL 2 N) (335)

(Recall that {B*,---, B}l } is af.n.s. of A for each n € N.)
Substituting (3.35) into (3.30), we obtain

ux(Ra) < 2a, (Yn 2 N)

which contradicts (3.25). This contradiction resulted from assuming ux could
not be extended to a measure on P *. a

The next result follows immediately from the proof of Theorem 3.3.14.
In particular, see (3.34).

Corollary 3.3.15 If X is a L,-right-continuous strong submartingale with

{ > Xp:MNpafns. of A}

De Ny

uniformly integrable, then the admissible function ux ertends to a measure,
also denoted py on P*.

We close this section with some terminology. Given a strong submartin-
gale X, if the admissible function of X extends to a measure on P *, we refer
to this extension as an admissible measure of X. Clearly, all such measures
will be finite on P *. Moreover, since Py is a w-system on {2 x 7, Theorem
10.3 in (7] implies that the admissible measure of a strong submartingale, if
it exists, is unique.

3.4 A Doob-Meyer Decomposition for
Set-Indexed Strong Submartingales

In this section, after defining the class of *-predictable set-indexed pro-
cesses, we will give sufficient conditions on a set-indexed strong submartingale
X so as to guarantee a Doob-Meyer-type decomposition. In particular, if X
is L;-right-continuous and of class (D’)*, it will be shown in Thecrem 3.4.11
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that M can be decomposed into a sum X = M + V where E[Mc|Gs] =0
VC € C and V is a =-predictable process satisfying Vo > 0 VC € C. (Nei-
ther V nor M will be necessarily adapted.) Moreover, in Proposition 3.4.12,
such a decomposition will be shown to be unique up to indistinguishablity.
The section closes with sufficient conditions on .4 and (F4) 4e4 under which
both M and V are adapted (see Theorem 3.4.14). This will result in a true
Doob-Meyer decomposition in that X will be the sum of a strong martingale
and a *-predictable increasing process.

Our development will follow the “discrete approximation” approach used
earlier in connection with set-indexed weak submartingales (see Section 5
of (16]). This approach has two main advantages. First, via such an approach,
we can avoid some messy technical devices such as p-stochastic measures (see
p.515 of [16]). Secondly, the discrete approximants used to define V can be
exploited in various applications. For example, see Proposition 3.6.12.

Fix a stochastic base (§2, F, P, (¥a), A) for use throughout the section.

3.4.1 Technical preliminaries

Take any t € T. Recall that for each n € N, the collection A/, of non-empty
left-neighborhoods in A, forms a partition of T and hence, for each n € N,
3 a unique left-neighborhood, say CF € N, s.t. t € Ct. In fact, if we define
A7 € A, to be the set A7 = Naea,,:ca A4, then it is easy to show that CP is
the left-neighborhood of A}.

Clearly, C N C™ # ¢ Vn,m. Thus, if n < m, Proposition A.3.1(a)
implies Cf, € C;. Since (G¢)cec is a decreasing family of o-algebras, we
have established the following result.

Lemma 3.4.1 Given anyte T, (G&r)n is a increasing family of o-algebras.

The proof of the classic Doob-Meyer decomposition theorem found in [30]
and others relies on the existence of predictable projections for processes
indexed by the points of R*. At the present time, it is unclear as to whether
such a projection theorem holds in the set-indexed setting. Therefore, in the
absence of such a result, we will simply assume such projections exist. This
is the content of the following

Assumption 3.4.2 To each t € T, associate the o-algebra H; = V,, ga.?.
Then, given any set F' € F, 3 a collection Y(F) = {Y(F,t) : t € T} of
random variables (i.e., a T-indezed process) s.t.
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(i) the map (w,t) — Y(F, t)(w) is P*-measurable and
(ii) for eacht € T, Y(F,t) is a version of E[1r | H,).
Moreover, the process Y (F') is unique up to indistinguishability on T'.

An analogous assumption was required in Section 5 of [16] for the Doob-
Meyer decomposition of weak submartingales.

In this subsection, we will show that, given any F € F, the T-indexed
process Y (F) from Assumption 3.4.2 can be expressed as a pointwise limit
of explicit P *-measurable maps on Q x T. This approximation of Y(F) will
play a central role in our proof of Theorem 3.4.11.

First, let Sub(F) be the collection of all sub-o-algebras of F. By the -
axiom of choice, there exists a collection of random variables,

R = {R(F,G): F € F, G € Sub(F)}

s.t. for each F € F and G € Sub(F), R(F,G) is a version of E[1r|G]
satisfying R(F,G)(w) >0 Yw € Q. Given anyn € N, F € Fand ¢t € T,
define the random variable

Y™ (F,t) := R(F, Ger)- (3.36)
Our present goal is to show that, for any F € F,
e the map (w,t) — Y*(F,t)(w) is P *-measurable Vn and

e Jaset, Qg € F st. P(Qo) =1 and lim, Y*(F,t)(w) = Y(F, t)(w)
V(w,t) € Qo xT .

where {Y(F,t) : t € T} is the collection defined in Assumption 3.4.2.

Recall that C}' € N}, is, by definition, the unique left-neighborhood con-
taining ¢. Therefore, given any D € N, t € D if and only D = Cp. By
(3.36), this implies

Y™ (F,t) =DZN R(F,Gp) - 1p(t)- (3.37)

Lemma 3.4.3 For anyn € N and F € F, the map (w,t) — Y*(F, t)(w) is
P *-measurable.
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Proof In light of (3.37), it is sufficient to show
(w,t) = R(F,Gp)(w) -1p(t), ((w,t) e xT)

is P *-measurable for any D € N,,. For this purpose, take D € A,. Since
R(F,Gp) >0 o0n Q,

(.0 REG)W) 100 2 a) = { & TG 2} x D ife> 0
Furthermore, since R(F, Gp) is a version of E[ir|G}], .
{w: R(F,Gp)(w) > a} € G}, (VaeR).
Therefore,
{(w,t) : R(F,Gp)(w) 1p(t) 2 a} € Py, (Va€R), (3.38)
ie., (w,t) = R(F,Gp)(w) - 1p(t) is P *-measurable. O

Lemma 3.4.4 Given FF € F, 3 c set QY € F of full P-measure s.t. for any
(w,t) € QT xT, lim, Y*(F,t)(w) = Y(F, t)(w).

Proof Let F € F be given. If we define the function Z* : QO x T — Rt by
Z™(w,t) = limsup, Y"*(F,t)(w), (V (w,t)€QxT),

then by Lemma 3.4.3, Z* is P *-measurable.
Given any t € T, Y™(F,t) is, by definition, a version of E[1F | Ges] Vn.
Furthermore, by Lemma 3.4.1, an 1T H.. Therefore, by the martlnga.le con-

vergence theorem, Z*(-,t) is a version of E(1r | #H.). Applying this argument
to each t € T, Z*(-,t) is a version of E(1p|#H,) Vt € T. Therefore, by the
uniqueness of Y'(F') (see Assumption 3.4.2), Y(F') and Z* are indistinguish-
able as T-indexed processes, i.e., 3 a set Q* € F of full P-measure s.t. for

every w € Q*,
Z*(w,t) =Y (F,t)(w), (VteT). (3.39)

Likewise, if we define the function Z. : Q@ x T'— R* by
Z(w,t) := liminf, Y*(F,t)(w), (V (w,t)€QxT),

then by repeating the above argument, 3 a set Q. € F with P(f,) = 1 s.t.
for every w € €,,

Z(w,t) =Y(F,t)(w), (VteT). (3.40)
To complete the proof of Lemma 3.4.4, take Qt=Q*NQ,. O
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Corollary 3.4.5 If ux is an admissible measure on P* (see p. 94) corre-
sponding to some strong submartingale X, then given any F € F,

lim, Y™*(F,t)(w) = Y(F,t)(w) for px-ae. (w,t) €Q xT.
Furthermore, Y (F,t)(w) > 0 for px-a.e. (w,t) € Q x T.

Proof Let QF € F be the set of full P-measure defined in Lemma 3.4.4.
Since G = Fy is a P-complete o-algebra, Q* x T € Py. Furthermore,

ﬂX(Q+X T) = E[IQ+XT] = E[].QXT] = ﬂx(Q XT)

Since px is a finite measure on P*, the result follows by Lemma 3.4.4. 0O _

3.4.2 The definition of *-predictable processes

In Theorem 3.3.14, sufficient conditions were given under which the admissi-
ble function of a set-indexed strong submartingale extended to an admissible
measure on P*. In order to define *-predictable set-indexed processes, we
will need an additional extension theorem, the proof of which can be found
in Proposition 4.1 of [16].

Proposition 3.4.6 If V = (V) 4c4 is s.L
(1) V is right-continuous but not necessarily adapted,
(ii) for each C € C, V has an increment defined at C and
(iii) Ve >0 VC €,

then the admissible function py of V has a unique extension to a measure
on the product space (UxT, Fxo(A)).

We now turn to the task of defining a class of set-indexed processes which
are in some.sense *-predictable. To begin with, note that the *-predictable o-
algebra P~ is a o-algebra on the set 2 x T’ whereas .4-indexed processes have
domain §2 x A. Therefore, we cannot simply define a *-predictable processes
to be a P*-measurable map as is done in the classical theory. Instead, we
define *-predictablility in an indirect fashion through Assumption 3.4.2 and

Proposition 3.4.6.
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Definition 3.4.7 Given a process V = (V) gea S.t.
(i) V is right-continuous but not necessarily adapted,
(ii) for each C € C, V has an increment defined at C and
(iiif) Ve >0 VC e,

V is said to be x-predictable if for any F € F and any C €C,

EllrVel = | Y (F)w) duy(w,?) (3.41)

where the integral on the right-hand side of (3.41) is taken w.r.t. the measure -
space (2 x T, P*, pv). (Note that Qx C € Py VC €C.)

Remark 3.4.8 Our definition of x-predictability is motivated by Definition
4.1 of [16] in which Dozzi et. al. defined the class of predictable set-indexed
processes (see Remark 3.3.2 (b)). In contrast, our definition does not require
*-predictable processes to be adapted.

3.4.3 The Doob-Meyer decomposition

Before presenting the said decomposition, we need to make two assumptions
on our indexing collection A. The first assumption has already appeared in
several set-indexed papers (see [16], [23] and [28]).

Assumption 3.4.9 Given any C = A\ U, 4; € C, 3 a mazimal represen-
tation A\ U=, B; of C (see Definition 3.2.6(b)).

On the other hand, our second assumption is new.
Assumption 3.4.10 If A\ UL, 4; = A'\ US4 €C, then 3N € N s.t.
9n(A) \ Uiz 9n (A1) = gn(4) \ UEL 9n(45)

for each n > N.
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In the absence of the shape property, Assumption 3.4.10 will ensure that
the process V' in Theorem 3.4.11 has increments defined at every C € C.
Both Assumption 3.4.9 and Assumption 3.4.10 are satisfied by Examples 2.2.6
and 2.8.1.

We now state and prove the main result of this section, a Doob-Meyer-
type decomposition for set-indexed strong submartingales. Our proof is sim-
ilar to that of Theorem 5.1 in [16]. For (3.42) and (3.43), it is important to
recall that the sequence (A,), from Definition 2.2.2 is increasing in n w.r;t.
C and that {gn(4): A€ A} C A, Ym.

Theorem 3.4.11 Under Assumptions 8.4.2, 8.4.9 and 3.4.10, given an L,-
right-continuous strong submartingale X = (X4)aea of class (D')*, 3 pro-
cesses M = (Ma)aca and V = (Vy) geq s-t.

(i) Xa=Ms+Vy VA€ A,

(ii) for each C € C, both M and V have increments defined at C,
(iii) E[Mc |Gzl =0 VC €C and

(iv) V is right-continuous and *-predictable with Vo > 0 YC € C.

(M andV are not necessarily adapted and do not necessarily possess finitely
additive eztensions to C(u).) Moreover, given any A € A,

Va = Mmoo iMnooo,nom Vintsy weakly in Ly (3.42)
where, given any k € N and B € A, Vék) s the random variable

V§) = 3= E[Xp|Gp)- (3.43)

D € N;
cB

»

Proof We start by establishing the limit in (3.42). We will then show that
the processes V and M = X — V satisfy properties (ii), (iii) and (iv). The
following technical results will be used several times in the proof.

Result I: Given random variables Z; € Loo, Z2 € Ly and a sub-o-algebra, G
of F, E[E(Z:|G) - Z5) = E[Zy - E(Z,]9)].
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Proof: Conditioning w.r.t. G, we can write

E[E(Z:19)-2,) = E{E[E(Z:119)-Z21G]}
= E[E(Z.|9)-E(Z2]19)]-

Result I follows by symmetry. Q

For the second technical result, note that by Theorem 3.3.14, the admis-
sible function px extends to a measure, also denoted pzx on P*.

Result II: Let D € C be given. If g € Ly, is s.t.
{(w,t) : g(w)1p(t) > a} € Py, (Va€R), (3.44)

then [oxp 9dux = E(9Xp). (Note that under condition (3.44), the map
(w,t) = g(w) 1p(t) is P*-measurable.)

Proof: First, assume g = 15 for some G € F. If (3.44) holds, then

GxD = {(w,t) : g(w)1p(t) > 1} € Py
and therefore,
/Q __ ledux = ux(Gx D) = E(1g Xp). (3.45)

The result for a general g € L, follows by the linearity of integration and
the monotone convergence theorem applied to (3.45). Q

To establish the limit in (3.42), ixm € N and A € A,,,. Since Qx4 € Py,
we can define the number

oa(F) = /ﬂ  Y(F)dux

for any F' € F where Y'(F') is the P *-measurable process in Assumption 3.4.2.

Given any F' € F, recall the sequence (Y*(F)), of P *-measurable maps
defined in (3.36). Since [Y*(F)| <1 Vn and Y*(F) = Y (F) ux-a.e. (see
Corollary 3.4.5), the dominated convergence theorem implies

oa(F) = lim /Q _, YM(F) dux. (3.46)

n—o0
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We now isolate an important identity.
Claim . Given F € F andn >m, [q,4 Y™ (F)dux = E[1r V,ﬁ")].

Proof: Since n > m, A € A,. Therefore, given any D € N,,, D C A if and
only if DN A # ¢. By (3.37), this implies

YM(F,t)14(t) = > R(F,Gp)1p(?) (3.47)
D ENn
DC A
which further implies

Y™(F)dpx = R(F,Gp) dux. 48)

Ja B = 3 [ ROFGp)dux (3.48)
DCA

But by (3.38), g = R(F, Gp) satisfies (3.44) ¥ D € N,,. Therefore, by Result

IT, (3.48) becomes

YMF)dpx = > E[EQ1r|G3)-Xp]
x4 DeNn
DCA
= > E[r-E(Xp|Gp)] (byResultI).
D ENA
DCA
Claim I now follows by (3.43). Q

Working with our fixed m € N and A € A, Claim I and (3.46) imply

ca(F) = lim E[1r V], (VF e 7).

n>m
Therefore, by the Hahn-Vitali-Saks Theorem, 3V, € L; s.t.
oa(F)=E[1pV,], (VF € F). (3.49)

That is, (V,g")) n>m converges to V4 in the weak L, topology.

Applying the above argument to each A € A, (with m still fixed), we
obtain a collection {V4 : A € Ap} of random variables with each V4 satisfy-
ing (3.49). By Corollary A.4.4, this collection can be extended to a collection
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{Vc : C € Cn} s.t. given any C € C,, and any representation A \ UL A4; of

C with A, A; € A,

Vew)= 2 ()"-V(ANNid)w), (Ywe) (3.50)
IC{1,~k}

where . §Y is an event of full P-measure which is independernt of both C and
m. {V¢ : C € Cp} satisfies the following property.

Claim II: Given any C € Cm, E[1p Vo] = Jore Y(F)dux VF € F.

Proof: All limits in the following proof are taken as n — co with n > m.
Let A\ UL 4; be a representation of C with A, A; € A,,. Since C €C,, °
Vn>m,

E[1rVe] = lim Y (-1)V.E [11-“ VO AN Ner i) ] (by (3-50))
Ic{1,- .k}

lim E<X1z- > E[Xp|Gp]? (byLemma A.4.1)

DEN,
pcc

= lim Z E[E(lplgb)XD] (by Result I).
Na

De
DCC

By (3.38), we can apply Result II to obtain
E[E(Fr|Gy) - Xp] = /ﬂ ,R(F.Gb)dux, (YDeN, st. DCO)
X
for any n > m. Substituting these identities into the above array,

ElrV;] = lim 3 / R(F,Gp) dux
DEN. QxD
Dpcc

= lim /Q _Y"(F)dux (by Lemma A3.1(c))

= /s:z o Y(F)dux (by dominated convergence)
X

which establishes Claim II. Q
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Given any C € Cy,, Claim II and Corollary 3.4.5 imply
E[1rVe] >0, (VFEF)

and therefore, Vo > 0 a.s. Applying this argument to every m € N and
every C € C,,, we have thus shown

Ve >0as., (YC€Cpn, meN). (3.51)
Define the collections
A =UnAn and C° = U, Cn. (3.52)
Since C* is countable, (3.51) implies 3Q o € F with P(Q¢) =1 s.t.
Ve(w) >0, (VC €C*, weQy). (3.53)

We can assume w.l.o.g. that Qo C Q' where Q' is the event of full P-measure
introduced in (3.50). (In this way, (3.50) holds for every C € C* and w € Q4.)
Now, take any A, A’ € A" s.t. A C A’. Since (An)m is increasing w.r.t. C,
dm € N s.t. A, A’ € A,. By (3.50) and (3.53), this implies

VAI —VA((.U) = VAI\A(CU) Z 0, (‘v’w € Qo)

Therefore, for each w € Qg, (V4(w)) aca- is increasing on A*. But given any
A € A, (9m(A))m is decreasing in A*. Therefore, we can define a random
variable V4 by letting

VA = limm (190--179,“(,4)) . (3.54)

Furthermore, by the monotone convergence theorem,

limm E (17 - V,a) = EArVa), (VF € F),

i.e., (Vgm(a)) m converges to V4 in the weak L, topology. This establishes the
limit in (3.42).

Now, by Lemma A.4.6, V can be extended to a collection (V¢)cec of
random variables s.t. for any C € C and any representation A \ U5, A4; of C,

Ve = 3 (DM V(ANN4), (3.55)
Ig{l,--v,k}
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i.e., V has increments defined at every C € C. This is precisely (ii). (The
process M = X — V inherits increments from X and V.) Furthermore,

Claim III: Given any C € C, Vo > 0 a.s.
Proof: Take a representation 4\ UL, A; of C and consider (C™),, where

C™ € Cr is defined by C™ = g,(4) \ UL, gm(A4;) Vm. Since each gm
preserves finite intersections, we can write

Ve = > (-DM-V(ANNi4i)
IC{1,k}
= lim 3 ()" V(gn(4) N Nier gm(4:))
Ig{l,---,k}
= lir%n T/-Cm.
But by (3.53), Vem > 0 a.s. Vm. Therefore, Vg > 0 a.s. Q

To complete the verification of (iv), it remains to be shown that V is
right-continuous and *-predictable. We begin with right-continuity.

Claim IV: Given any w € Qo, if A, L A in A, then Vy, (w) = Va(w).

Proof: Take a point w € Qq and a sequence A, | A in A. The proof will
require two subclaims. (We will suppress the point w with the understanding
that all random variables in Subclaims I and II are evaluated at w.)

Subclaim I: VA = infBeA-'Aan VB-

Proof: Since A C [gm(A)]° Vm (see Definition 2.2.2 (2)(ii’)), (3.54) implies
inf Vg < Va.

BEA"
ACB®

For the opposite inequality, take any B € A* s.t. A C B°. By Corollary A.2.4,
dmg € N s.t. gme(A) € B. Therefore, since V,, (4) 4 Va,

Va = lim V) < Vi, 4 < Ve

m>mg

Subclaim I follows by taking the infimum over all B € A" s.t. ACB°. w
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Subclaim II: If (Bp)m tn A" is s.t. A C (Bn)° Vm and B, | A, then
VA = limmI_/Bm.

Proof: Since A C (Bg)° Vm, Subclaim I implies V4 < lim,Vp,. To
obtain the opposite inequality, we argue as in Subclaim I, only now using
Lemmas A.2.2 and A.2.3 in place of Corollary A.2.4. w

Returning to the proof of Claim IV, note that (3.54) implies
imVi, = lim [Iirﬁanm(An)] .
Thus, by a diagonalization argument, 3 a subsequence (m,), s.t.
lim [li,gnvgm(ftn)] = ¥y, (an)- (3.56)

Clearly, A C [gm,.(A4:)]° Vn and gm, (A4,) | A. Therefore,
Va = UimV,, (4, (by Subclaim II)
= limYa, (by (3.56))
which completes the proof of Claim IV. Q

So far, by Claims IIT and IV, the process V is right-continuous with non-
negative increments defined at every C € C. In view of Definition 3.4.7, this
makes V' a candidate for a *-predictable process. Indeed, given any F € F
and C € C,

E[1r V] = lim E[1r Ven]

= lim Y(F)dux (by Claim II)
m JQxCm

/Q o Y(F)dux (by dominated convergence).
X

Although similar in appearance to (3.41), the above identity does not imply
that V is x-predictable. In particular, the last integral is taken w.r.t. the

measure Lx, not gy as required.
On the other hand, if we can show

px(FxC) = py(FxC), (VFxC € Pyg), (3.57)
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then it will follow that ux = py on P* and property (iv) will be established.
Moreover, if we define the process M = (M4)ac4 by

MA = XA - VA, (VA € A),
then properties (i) and (ii) are trivially satisfied and (3.57) will imply
pu(FxC) =0, (VFxC e Py),

a condition which is equivalent to property (iii) (see the proof of Lemma 3.3.6
(a)). In other words,

Reduction: If we can establish (3.57), the proof of Theorem 8.4.11 will be
complete. -

With this reduction in mind, take FxC € P;. By Assumption 3.4.9, 3
a representation A \ U%, B; of C s.t.

Be€ A(u) and BNC=¢ = BCULB; (3.58)
Once again, take (C™),, in C* to be s.t. C™ = g, (A) \ UL, gm(4;) V.

Claim V: Gt C Gom V.

Proof: Given any B € A(u),

BNC=¢ = BCUL,B: (by(3.58)
= BCUL gn(B;) VYm
= BCC"=¢ Vm.

Thus, Claim V follows by applying Definition 3.2.21 (b) to each m € N.
Working with the above F x C € Py, since X is L;-right-continuous,

Remark 3.2.49 implies
E[lr Xc] = lim E[1r Xcm]. (3.59)

Furthermore, given m, Corollary A.3.2 implies Xem = > DeN., DcC™ XD
Vn > m, allowing us to write
E[lp Xem] = hrn > E[lrXp], (Ym). (3.60)

n>m gégg‘
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Since (G¢)cec is a decreasing and F' € G, Claim V implies F € G5, VD C
C™s.t. D € Ny, (m,n € N, n > m). Therefore,

n =+ 00

n>2m D eNa

M n— o
a>m D
- D

= lim lim ) E[1rE(Xp|Gp)] (by conditioning)
N,

= lim lim E|1g- Z ("'1)[”‘Vg(,:le)n(n,-ygm(Ae))

M n—+oo

n>m Ig{l,"',k}
(by Lemma A .4.1)

= E[lp Vc] (by (3.42) and (3.55)).
This establishes (3.57), thus completing the proof of Theorem 3.4.11. a

Next, we show that the decomposition in Theorem 3.4.11 is unique up to
indistinguishability. The proof is essentially that of Theorem 4.1 on p.518
of [16], nonetheless, we repeat it here for the sake of completeness.

Proposition 3.4.12 Let X = (X4)ea be a strong submartingale. Under
Assumptions 8.4.2, 8.4.9 and 3.4.10, if 3 processes M = (M) scs and V =
(VA)AGA s.t.

(i) Xa=Ms+Vy VA A,

(ii) for each C €C, both M and V have increments defined at C,
(ili) E[Mc|Gs] =0 VC €C and

(iv) V is right-continuous and *-predictable with Ve > 0 VC €C,

then both V and M are unique up to indistinguishablity.

Proof Assume such a decomposition exists and take two additional pro-
cesses M' = (M'4)aea and V' = (V'4) se4 satisfying conditions (i) through
(iv). By (i), it is sufficient to show V and V’ are indistinguishable. Further-
more, since V and V"' are right-continuous, if we can show

Va=V'yae, (VA€ A, (3.61)
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then Lemma 3.2.45 will imply that V and V” are indistinguishable.
By the linearity of integration, it is clear that ux = ppr + v on Pg.
Furthermore, (iii) implies

,LLM(FX C) =E[1F A/[C] =0, (VF xC e PO')'

Therefore, ux = pv on Py and, by an identical argument, ux = v+ on
Py, implying uy = puyr on Py. But by Proposition 3.4.6, both py and py-
extend to finite measures on P*. Therefore, since py and py coincide on
the m-system Py, uv and uys coincide on the o-algebra P* = o(Py).

Now, take any C € C. Since V and V' are *-predictable,

ElrVel = [ Y(F 0@ du(w,1)
= [ Y(EH@ duv(w,t) = El1rVe]

forevery F' € F. Therefore, Vo = V'c a.s. Since A C C (see Remark 3.2.2 (b),
this establishes (3.61) and completes the proof. O

3.4.4 Additional comments and results

Following the development in Section 4 of [16], it would appear as though
a “direct” proof to Theorem 3.4.11, i.e., one which avoids discrete approx-
imations, is possible. Although such an approach may require additional
technical machinery such as p-stochastic measures (see the Remark on p.515
of [16]), it would have one advantage, a weakening of Assumption 3.4.2.
Specifically, in such an approach we could replace the family (#;)ier in As-
sumption 3.4.2 by any family (F,” ):er satisfying the condition

teC = GcCF,, (VCeO). (3.62)
This is analogous to Assumption (A3) in [16]. Indeed,
Proposition 3.4.13 Given any C €C, ift € C, then G C H,;.

Proof By Assumption 3.4.9, 3 a maximal representation A\ U™, B; of C.
For each n € N, define

cm = gn(A) \U?ngn(Bi) € Cn.
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If t € C, then by Lemma A.2.8, 3ny € N s.t. t € C™.

As done earlier, let C;*® denote the unique left-neighborhood in A%, con-
taining ¢. Since both C7® € Ny, and C™ € C,, contain f, Lemma A.3.3
implies C;'° € C™. Thus, since (G)cec is decreasing,

Geno C© g}:o C H..
Furthermore, by Claim V in the proof of Theorem 3.4.11,
G C Ggno-
Combining these inclusions yields G C H,. O

We close this section with a result which, more than Theorem 3.4.11, re-
sembles the classic Doob-Meyer decomposition theorem. This result depends
heavily on the development in Appendix B.

Theorem 3.4.14 Let X = (X4)aca be an L,-right-continuous strong sub-
martingale of class (D')*. Under Assumption Groups D.1 and D.8, 3 pro-
cesses M = (Ma)aca and V = (V) aea s.t.

(1) Xa=My+V, VAc A,

(ii) M is a strong martingale and

(iii) V' is right-continuous, increasing and *-predictable.
Moreover, V satisfies (3.42) and is unique up to indistinguishablility.

Proof Under Assumption Group D.3, Theorem 3.4.11 holds and both M
and V possess unique finitely additive extensions to C(u). Therefore, all that
remains to be shown is that both M and V are adapted to (F4)aca. By (i),
it is sufficient to show V is adapted.

For this purpose, take any A € A and let L;(F4) denote the linear
subspace of L, consisting of all X € L; s.t. X is Fs-measurable. Since
Ly(F4) is closed w.r.t. the Li-norm, Corollary 1.5 on p.126 of [12] implies
Ly(F4) is closed w.r.t. the weak L, topology. Therefore, if we can show

(Vi : A€ A, ne N} C Li(Fa), (3.63)

then (3.42) will imply V4 € L:1(F4) and the proof will be complete.
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With this reduction in mind, take any n € N and A € A,. By (3.43),

v{" = 3 ElXp|Gpl
D€ Nn
DCA

But given any D € Ny, 34" € A, s.t. D = A"\ Ugrea,, argar A”. Thus, if
D C A, Lemma A.3.6 implies A’ C A which by (3.12) implies Xp € L;(F4).
Therefore, by Proposition B.3.10,

E[Xp|Gpl € Li(Fa), (YD EN,st.DCA).

This implies V,g") € L1(F4), completing the proof of Theorem 3.4.14. O

3.5 The Existence of *-Predictable
Quadratic Variation for Set-Indexed
Strong Martingales

Let M = (M.)>0 be a cadlag martingale in L, w.r.t. some filtration
(Ft)e>0- As mentioned in Section 3.1, the process M? is a submartingale of
class D and as such possesses a unique predictable quadratic variation (M).
Since M? — (M) is a martingale,

E[M} — MZ| F} = E[(M), — (M)s| 7], (¥s<tin[0,00)). (3.64)

Recall that (M) is non-negative, right-continuous, increasing and predictable.
We wish to duplicate this development for set-indexed strong martingales.

3.5.1 The problem

Given a strong martingale M = (My)ae4 in Lo, the process M? defined by
M3 = (M4)? (A € A) is not necessarily a set-indexed strong submartingale.
This shortcoming for planar strong martingales was observed by Gushchin

in Section 6 of [18].
For example, if C = A\ A’ € C where A, A’ € A ares.t. A’ C A, then

(3.12) implies MZ = M3 — M3, so that
A A
E[MZ|Ge] = E[MZ|GE] - Mp.
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But the relation M3 < E[M3|G.] (A’ C A) is not a consequence of Defini-
tion 3.2.38 or any of the earlier assumptions. We highlight this shortcoming
for future reference.

Observation 3.5.1 The square of a set-indezed strong martingale in L,
need not be a set-indezed strong submartingale.

Furthermore, it is clear from (3.12) that M2 is not necessarily non-
negative so that we could conceivably have

E[MZ|GZ] # 0, (someC €C).

This is unacceptable in view of (3.64). In particular, a set-indexed quadratic
variation process should have non-negative increments over the sets in C, a
condition which is equivalent to increasing when A = {[0,z] : z € [0, 1]}.

3.5.2 The solution

However, note that (3.64) is equivalent to .
E[(M, — M,)*| 7] = E[(M), — (M),| 7], (Vs <t in [0,00)).

Therefore, following the lead of Gushchin in [18], we work with the collection

of squared increments,
{(Mc)?2:Cec} (3.65)

rather that the collection of increments of the square, {M2 : C € C}. Thus,
given a strong martingale M = (M4)4e4 in Lo, we are no longer interested
in obtaining a quadratic variation process in the sense of (3.64). Instead, we
have the following result whose proof is the goal of the present section.

Theorem 3.5.2 Under Assumptions 3.4.2, 8.4.9 and 3.4.10, if
{ > E[(Mp)?|Gp] : No a fas. of A} (3.66)
DeNy
15 uniformly integrable, 3 a process @ = (@4)aca st
(i) @ has increments defined at every C € C,
(ii) Qe 20 VC e,
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(i) E[(Mc)?|G¢l = ElQclGs] VC €C and
(iv) @ is right-continuous and *-predictable.

(Note that Q is not necessarily adapted nor does Q necessarily possess a
finitely additive eztension to C(u).) Moreover,

Qa = liMmae liMa oo, n>m Qgr;)( 4) weakly in L, (3.67)

where, given any k € N and B € A, g‘) s the random variable

5 = > E[(Mp)*|G3] (3.68)
D€ N
DCB
Comment 3.5.3 Unlike the classical situation, the .A-indexed process M2 —
@ is not necessarily a strong martingale. There are three possible shortcom-
ings. First, as mentioned above, @ is not necessarily adapted. Secondly,
without additional assumptions on A (see Proposition 3.2.35), Q does not
necessarily possess a finitely additive extension to C(u). Finally, even if Q
is adapted and possesses a finitely additive extension to C(u), property (iii)
does not necessarily imply E[(M? — Q)c|Gz] =0 VC € C since we do not
necessarily have E[M3 ~ (Mc)?|G5z] =0 VC eC.

The proof of Theorem 3.5.2 will be close to that of Theorem 3.4.11. In the
latter result, it was shown that any L,-right-continuous strong submartingale
X of class (D')* possessed a Doob-Meyer-type decomposition. The key to
this decomposition was the extension of the admissible function px to a
measure on the o-algebra P* (see Theorem 3.3.14).

Take a strong martingale M = (M4)aea in L for which (3.66) is uni-
formly integrable. Define the function g2 : Py — RY by letting

vz (FxC) = E[1p (Mc)?], (VFxC € Py). (3.69)

Note that pr)2 is not the admissible function of the process M2.
Our first task is to show that paryz extends to a measure on P*. However,
C = (Mc)? (C € C(u)) is not necessarily finitely additive on C(u). Because
of this shortcoming, we will frequently require the following technical result.

Lemma 3.5.4 Let A’ be a f.s.s.l. of A and let Dy, D, € N be distinct left-
neighborhoods in A'. If g € L is s.t. g is Gp_-measurable (i = 1,2), then
E[g9Xp, Xp,] =0 for any strong martingale X = (X 4)aea in L.
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Proof By Lemma 3.2.37, since D, and D, are disjoint sets in A/, we can
assume w.l.o.g. that Xp, is G,-measurable. Since g is also G p,-measurable,

conditioning w.r.t. G, implies
E[gXDl XDz] = E[gXD1 : E(XDz l ng) ]
where, by the strong martingale property, E(Xp, |Gp,) =0. O

Toward extending p(ar)2 to a measure on P *, we have the following ara-
logue of Lemma 3.3.7.

Result If Fy xCy,--- F, X C, are disjoint sets in Py s.t. UL, F; x C; € Py,
then

poan(Uimy Fi x G) = 3 e (Fr % CY). (3.70)
i=1

Proof Let F'x C € Py bes.t. UL, F; xC; = F x C. First, we consider the
case in which F=F, =---=F,.

As shown in the proof of Lemma 3.3.7, under this case, F xC = UL, F; X
C; = F x (Ui, C;) where C = UL, C; is a disjoint union. Therefore, by the

finite additivity of M on C(u),
n 2

s (FxC) = E [1F (=0 M) } . (3.71)
Unlike the proof of Lemma 3.3.7, we require the following
Claim: E[lp MC{ MC_,-] =0 Vi -‘,lé]
Proof: For the sake of notation, take 7 =1 and j = 2. Since C; UC5 € C(u),
Lemma 3.2.15 implies 3 a fs.s.l. 4’ of A and disjoint left-neighborhoods
Dy,---,D, e N s.t. C, =UZ,D; and C, = Ul—ms1Dj- Since F € G5 and

(GL)pec is decreasing, 1r is G p,-measurable V1 < k£ < n. By Lemma 3.5.4,
this implies

E{1p Mp,Mp,] =0, (V1<i<m and m+1<j<n).
Therefore, since M is finitely additive on C(u),

E[1rMc, Mc,) = 3, E[1p Mp, Mp,] = 0,
1<i<
k)

i<m
m+1<G <n
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completing the proof of the claim. Q

Returning to (3.71),
/.L(A,[)z(F X C) = Z E[lpﬂ/fci MC].]

1<i,j<n

= > E[1r(Mc.)?’] (by previous Claim)

=1

which is precisely (3.70) for the case of Fy = F = --- = F},.

The case in which F' x C = UL, F; x C; is any disjoint union in Ps
follows word for word from the argument for the last two cases in the proof
of Lemma 3.3.7; we simply replace ux by K2 throughout. a -

Applying Lemma 3.3.8 to g2 : Py — R*, we obtain an analogue of
Corollary 3.3.9.

Result pary2 has o unique eztension to a finitely additive set-function, also
denoted paryz on the algebra Py (u).

Finally, we have an analogue of Theorem 3.3.14.
Result pr) estends to a measure, also denoted Kz on Pr.

The proof of the above result follows by replacing ux by K(ary2 through-
out the proof of Theorem 3.3.14. The only non-trivial difference occurs at
(3.26). Here, we can no longer use Lemma 3.2.48. Instead, we need the

following

Lemma 3.5.5 Let X = (X4)aca be a strong martingale in L,. Given any
C € C, 3 an increasing sequence (Cp)n in C s.t.

(i) C. 1 C,
(i) Cn CC VYn and
(iii) E(Xeve,)? = 0 as n — oo.

In particular, if C = A\ UL, A;, we can take C, = A\ U, 9.(4:) V.
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Proof Since X is in L,, Lemma 3.2.46 implies X is L,-right-continuous.
Using this property, we can repeat the argument from the proof of Proposi-
tion 2.6 (i) in [16]. a

With par)2 extended to P*, we can now complete our main objective.

Proof of Theorem 3.5.2 Assuming our stochastic base satisfies Assump-
tions 3.4.2, 3.4.9 and 3.4.10, the proof, for the most part, follows by replacing
Xc and px in the proof of Theorem 3.4.11 by (M¢)? and ()2 respectively.
The only arguments in Section 3.4 which do not carry over are those which
rely on the finite additivity of C — X on C(u). (As mentioned earlier,
C + (Mc)? is not necessarily finitely additive on C(u).)

First, recall the T-indexed processes Y (F) and Y™(F) (F € F) defined
in Section 3.4. To establish the limit in (3.67), fix m € N and 4 € A,, and
define

Ga(F) = /ﬂ L Y(F)dugee, (YF € 7).

Once again, we have

Ga(F) = lim AY"(F)d/,L(M)z, (VF e F). (3.72)

N0 Qx

Applying a suitable analogue of Result II, we obtain the following ana-
logue of Claim I. (See the proof of Theorem 3.4.11 for the statements of
Result II and Claim I.)

Claim I: Givenn € Ns.t.n>m, E[1r Q)] = foua Y™(F)duuy: VF € F
Combining Claim I and (3.72),

Ga(F) = lim E[1rQY], (VF € 7).

n>m
Therefore, by the Hahn-Vitali-Saks Theorem, 3Q, € L, s.t.
5A(F) = E[lFaA]! (VF € f) (373)

ie., (Qg‘)) a>m converges to QJ, in the weak L; topology. Applying this
argument to each A € A,,, we obtain a collection {Q, : A € A} of random
variables, each satisfying (3.73). (We will keep m fixed for the time being.)
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Before proceeding with the present proof, we make a key observation.
Given any n € N, if we define the function f : N, — R by

f(D) = E[(Mp)?|G5], (YD € Ny)
and replace f by f in the proof of Lemma A .4.1, then

Claim IT: Every Lemma and Corollary in Section A.{ remains valid when
we replace V™, V and V by Q™, Q and Q respectively. (See (3.77) for the
definition of Q.)

In particular, applying the obvious analogue of Corollary A.4.4, the collection
{Q4 : A€ An} can be extended to {Qc : C € Crp} so that

QW) = > D" QANNe4)(w), (Ywe) (3.74)

IC{1,--k}

for any C € C,, and any representation A \ US,A4; of C with 4, 4; € A,,.
Here, 2’ is an event of full P-measure which is independent of C and m.
Next, recall the countable subcollections

A* = UnAm and C* = U, Cn

of A and C respectively. Applying the above argument to each m € N ,
we obtain a collection of random variables (Q;)cec- satisfying (3.74). Fur-
thermore, by repeating the argument from Claim II in the proof of Theo-
rem 3.4.11, we have the following result.

Claim ITT: Given any C € C*, E[1r Qg] = foxc Y(F) dusy VF € F.
Using Claim III in place of Claim II, we obtain
Qc(w) >0, (VC €C* and w € Q) (3.75)

where 2y € F is an event of full P-measure. As done in the proof of Theo-
rem 3.4.11, we insist that Qo C Q' so that (3.74) holds for every C € C* and
w € §2g. Given any A, A" € A" s.t. A C A', (3.75) implies

.QA < -Q—A' on Qo. (376)
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Therefore, we can define a process @ = (Q4)4e4 by letting

Qa = limn (1o, Q. 4), (VA€ A). (3.77)

Since the limit in (3.77) is mononote decreasing on £, (Q,..c4)) m converges
to Q4 in the weak L, topology V A € A. This establishes the limit in (3.67).

Applying the obvious analogue of Lemma A.4.6 (see Claim II), we can
extend @ to a collection (Q¢)cec of random variables s.t.

Qe = > (- Q(ANN;er4d)

1C{1,k}

for any C' € C and any representation A4 \ U5, A; of C. This is precisely

property (i) in the statement of Theorem 3.5.2.

We now establish properties (ii), (iii) and (iv) in that order. First, by
repeating the argument from Claim III in the proof of Theorem 3.4.11, we
obtain

Claim IV: Qc>0as. VCeC.

This is precisely property (ii).
To establish property (iii), it is sufficient to show

E[lp (Mc)z] = E[poc], (VCEC and F Egé) (378)

With this reduction in mind, select F x C € Py and let 4 \ UL, B; be
a maximal representation of C. Such a representation exists by Assump-
tion 3.4.9. Since M is a strong martingale in L,, Lemma 3.2.46 implies M is
L,-right-continuous. Therefore, if we define '

C™ = gm(A) \ U1 9m(4:), (Vm),
it is clear from (3.12) that Mcm — M in Lo-norm and thus

E[1r (Mc)?] = lim E[1r (Mcm)?). (3.79)
Since (GZ)cec is decreasing on C and F € G, Claim V in Theorem 3.4.11

implies
Fegp, VWDeN,st. DCC™) (3.80)
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where m,n € N is any pair satisfying n > m. Furthermore, for any m &
N, Corollary A.3.2 implies C™ = U pep,, pcem D ¥ > m. Therefore, by
Lemma 3.5.4 and (3.80),

E[1r (Mcn)’] = 3 E[1r (Mp)?], (Vn2>m). (3.81)

Combining (3.79) and (3.81), we obtain

E[lp (Mc)z] = lim hm Z E[IF(MD)Z]

m n -+ o0
n>m DEAN.
=" pcem

= lm lim Y E{1rE[(Mp)*|Gp]} (by (3.80))

= lim lim E[1p Q%] (by Lemma A.4.1 via Claim IT)

n>m

= E[1rQc] (by (3.67))

which establishes (3.78), completing the proof of (iii).

For property (iv), note that the right-continuity of V' as established in
Claim IV of Theorem 3.4.11 only required (V4(w))aea- to be increasing on
A" for every w € Q. Since this property is shared by (Q,) e 4- (see (3.76)),
@ is also right-continuous. Furthermore, repeating the argument from the
proof of Theorem 3.5.2 (see (3.57)), a sufficient condition for *-predictability
of @ is

u(M)z(FXC) = /J.Q(FXC), (VFXC € ’PO‘)-

But this is clearly equivalent to (3.78). Therefore, (iv) is established and the
proof of Theorem 3.5.2 is complete. O

3.5.3 General *-predictable quadratic variation

Theorem 3.5.2 motivates the following terminology.

Definition 3.5.6 Let M = (M) eca be a strong martingale in L,. Under
Assumption 5.4.2, a process Q = (Qa)aca s said to be a x-predictable quad-
ratic variation (*-PQV) of M if

(i) @ has increments defined at every C € C,
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(i) @Qc >0 VCeC,
(i) E[(Mc)?|Gs] = E[Qc|Gs] YC €C and
(iv) Q s right-continuous and *-predictable.

(Note that Q is not necessarily adapted nor does Q necessarily possess a
finitely additive eztension to C(u).)

Remark 3.5.7 (a) Since Assumption 3.4.2 was required in the definition of
+-predictability, it is also required in Definition 3.5.6.

(b) Under Assumptions 3.4.2, 3.4.9 and 3.4.10, any strong martingale in
L, for which (3.66) is uniformly integrable possesses a *-PQV. This is the
content of Theorem 3.5.2.

We close this section with two general results concerning *-predictable
quadratic variation. Whereas Theorem 3.5.2 gives sufficient conditions for
the existence of *-PQV, our first result implies uniqueness.

Proposition 3.5.8 Let M = (Ma)aca be a strong martingale in L,. If
Q = (Qa)aca @5 a *-PQV of M, then Q is unique up to indistinguishability.

Proof Assume both Q and Q' are *-PQV of M. In light of properties (ii)
and (iv), Proposition 3.4.6 implies both pg and pg- extend to measures on
P*. But by property (iii), g and pg coincide on Py, a m-system. Therefore,
Hq and pg coincide on P* = o(P;). Repeating the argument in Proposi-
tion 3.4.12, replacing V and V” by @ and Q' respectively, this coincidence of
measures implies Q4 = Q'y VA € A. Since Q is right-continuous, the proof
now follows by Lemma 3.2.45. O

Let Q be the *-PQV of some L, strong martingale M. If Q possesses a
finitely additive extension to C(u), then we trivially have Q¢ > 0 VC € C(u).
Furthermore,

Proposition 3.5.9 Let M = (Ma)aca be a strong martingale in L,. If
Q is a *-PQV of M possessing a finitely additive ertension to C(u), then
E[(Mc)?|G¢] = ElQc|Ge] VC € C(u).
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Proof Take any C € C(u). Clearly, it is sufficient to show
E[1r (Mc)?] = E[1rQc], (VF €Gy). (3.82)

With this reduction in mind, take any F € G/. By Lemma 3.2.15, 3 a f.s.s.l.
A’ of A and distinct left-neighborhoods Dy, ---,D, € N s.t. C = UE,D;.
Since (G¢)cec is decreasing on C, F € G5 V1 < i < n. Therefore,

E[ 1p (ﬂfc)z] = i E[ 1 (MDi)zl (by Lemma 354)

= Y E[1rQp,] (by property (iii))

=1

= E[1rQc]
which establishes (3.82). O

Remark 3.5.10 Note that the argument in Proposition 3.5.9 only required
the relation E[(Mc¢)?|Gg] = E[Qc|G5] VC eC.

A more general type of set-indexed quadratic variation termed %-quadratic
variation will be defined in Subsection 4.2.3. While these *-quadratic varia-
tions will not necessarily be *-predictable, they wiil always possess a unique
finitely additive extension to C(u).

3.6 Square Function Inequalities for
Set-Indexed Strong Martingales

In this section, we develop set-indexed analogues of Burkholder’s and
Rosenthal’s square function inequalities (see Section 2.4 of [19]). These in-
equalities will lead to refinements and useful consequences of Theorem 3.5.2,
some of which will be required in Section 3.7.

3.6.1 Classical inequalities
The following result appeared as Theorem A.8 on p.282 of [19].
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Lemma 3.6.1 Given non-negative random variables Zy,---,2. € L, and
sub-c-algebras Ho C H, C--- C H, of F,

E{[S i BEZIH1)]} < k-BE[(X_ 2)] (3.83)
for any p € [1, 00) where K, is a constant which depends only on p.

(3.83) was used in Hall and Heyde’s proof of Rosenthal’s inequality (see p.29
in [19]) and will play a similar role in the next subsection. ‘

Before presenting another classical result, we must first agree on some
terminology.

Definition 3.6.2 Given sub-o-algebras H,,---,H, of F and random vari-
ables Xy,---, X, € L (r € N), the collection {X;,H;:1 <17 <} is said to
be a finite martingale difference array (f.m.d.a.) if

() Hi S Hip1 V1I<i<r—1,
(i) X; is H;-measurable V1 < i< r and
(iil) BE(Xisa|H:) =0 V1<i<r—1.
The following inequality is due to Burkholder (see Theorem 2.10 in [19]).

Lemma 3.6.3 If {X;,H;:1 <1<} is a fm.d.a., then

(S x2)™] < mB[|T, x| (3.84)

for any p € (1, 00) where K] is a constant which depends only on p.

3.6.2 Set-indexed inequalities
We begin with a key observation..

Lemma 3.6.4 Let M = (Ma)aca be a strong martingale and let A' =
{Ay1,---A,} be a f.s.5.l. of A numbered in a manner c.w.s.p. If we are given
indices1 <k <---<k.<ninN st

Cr; = Aki\UAeA',AkigAA # ¢, (V1<i<r)
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(i.e., Cr, EN' Vi), then {X;,H::1 <1 <} is a fm.d.a. when we take

(kig1)— 1 . y

m Vie m yifl<i<r-1

Hi — n V] 1 g (A;5) f (3.85)
F ,ift=r

ande=M(Ck‘.) VlSiST.

Proof Since k; increases in 7, H; € Hia V1 <7 < r—1. By (3.12),
M(Ck;) is Fa, -measurable V1 < 7 < 7. Therefore, since k; < kiy1 —1
V1< i< r-1,itis clear that X; is H;-measurable V1 < 7 < r—1. (Trivially,

X, is H,-measurable.)
To establish (iii) of Definition 3.6.2, take any 1 <7< r — 1. Since A’ is
numbered in a manner c.w.s.p., Lemma 3.2.12 implies

Cippr = Agyr \ US4 (3.86)

If we let B = U™ 4;, then by Lemma 3.2.24 (e), Fg € G&. Further-
more, by Lemma. 3.2.24 (c) and (3.9), H; C Fp. Therefore,

g&,:j_‘_l } I'H,-] (by the tower property)

E(Xiu|H) = E [E [M(ckj+1)
= 0 (by the strong martingale property)

which completes the proof of the present lemma. O

Remark 3.6.5 Note that {Mc, ,Gg, : 1 < i < r} is not necessarily a
fm.d.a. since {Gg, :1 <7 <7} is not necessarily increasing in ¢ nor is M,
necessarily G, -measurable.

We now present two lemmas containing inequalities resembling those of
Burkholder and Rosenthal respectively.

Lemma 3.6.6 Let M = (Ma)aca be a strong martingale in L. If Ny is a
fn.s. of A (see Definition 8.2.14), then

p/2]
(Z (Mc)z) J < &1 E[|Mc|?) (3-87)

CeNo

where Cy = Ucen, C and k; is a positive constant depending only on p.
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Proof By the definition of fn.s., 3 a fssl. A" of Ast. Ng C N'. Let
{A1,---, A} be a numbering of A’ which is c.w.s.p. — note that 4; = ¢'.
Then, Jindices 1 < k; <--- <k, <nin N s.t.

' N0={Cku"'ack.-}

where Cy; denotes the left-neighborhood generated by Ag, in A" (1 <7< 7).
By definition, each C € N is non-empty. )

Now, let p € (1,00) be given. If we take {X;, H; : 1 < i < r} to be the
f.m.d.a. defined in Lemma 3.6.4, then

| (Z o) - eleznn

CeMNo
< K-EB[|X_ X%:|"] (by (3:89)
= KI'E“MCQIP]'

(The last equality follows by the additivity of M on C(u), noting that distinct
left-neighborhoods are disjoint.) To complete (3.87), we select k; = K;. O

Unlike Lemma 3.6.6, our set-indexed Rosenthal-like inequality relies heav-
ily on the development in Appendix B.

Lemma 3.6.7 Let M = (Mu)ca be a strong martingale in L,. Under
Assumption Group D.1, if Ny is a f.n.s. of A, then given any 2 < p < oo,

p/2

E [( > E[(Mc)?| 95]) } < ke-E[|Mgl?]  (3.88)
\ CeNp

where Cy = Ucen, C and k; is a positive constant depending only on p.

Proof Take p € [2,00). Let A" = {4;,---, A} and Ny = {Cy,,---,Ck.}
be as described in the proof of Lemma 3.6.6 and let H; C --- C #, be as
defined in (3.85). If in addition, we define

He = nm Vk’".:—llfgm(AJ') ? if kl —>- 2
0 Fy Jifk; =1,

then Hy C H,.



a—
[\]
4]}

CHAPTER 3. DECOMPOSITION THEOREMS

Since A’ is numbered in a manner c.w.s.p., (3.86) holdsforj =0, ---,r—1.
By Proposition B.3.9, this implies

E[(Mc,)?| 6¢,| = B[ (Mc,)?|Hia] , (V1<i<T).

(In the case where k; = 1, Cy, = Cy = ¢' and hence Ge,, = For = Ho.)
Therefore, since p/2 € [1,00),

E[( ZE[(Mc)Zlgé])pj = B[ (T B [(Me,)*| #i] )m]'

CeNg
K- E i (Z:=1 (MCki)2 )p/zJ
(by (3.83))

3 p/2
= K;-FE (Z(Mc)2) J

-

IA

CeNo
< (K2-k1)-E[[Mg)?] (by (3.87)).

By selecting x; = K - 1, we obtain (3.88). g

Remark 3.6.8 Since the summands on the left-hand side of either (3.87)
or (3.88) are non-negative and since Ugepr C = T for any f.s.sl. A" of A
(see Lemma 3.2.10), both (3.87) and (3.88) remain valid when we replace
E[|Mc,|?] by E[|Mr|?].

3.6.3 Applications

In this subsection, we present four applications of our set-indexed square
function inequalities. We begin with a simple sufficient condition under which
a set-indexed strong martingale is in L.

Proposition 3.6.9 Given D € (1,0) and an A-indezed strong martingale
M, MaeL, VA€ A if and only if Mr € L,.

Proof Take A € A\ {T} and define C = T\ A € C. Since C is a left
neighborhood in the f.s.s.1. A" = {¢', 4, T}, Remark 3.6.8 implies

B(IMol?) = B{[c)]”"} < s BlIMLI?].
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Therefore, since M¢c = M7 — M4, Mt € L, implies M4 € L,. Since T € A,
the opposite implication is trivial. o

In our second application, we give a moment condition on M under which
the family in (3.66) is uniformly integrable.

Proposition 3.6.10 Under Assumption Group D.1, if M is an A-indezed
strong martingale with E[|Mr| 2+5] < o0 for some § > 0, then

{ Z: E[(]V[D)2IQ'D] INO af.n-s. OfA}

DeNg

s uniformly integrable.

Proof Given any f.n.s. Ny of A, Remark 3.6.8 implies

< (52-E[|MT|2+‘])2—:‘ < co. (3.89)
1+6/2

| > E[(Mc)*| G

CeENy

where x5 is a constant depending only on . Therefore, the above family is
L ,5/2-bounded, a sufficient condition for uniform integrability (see Exercise
1.2.7 (1) in [30]). O

By Theorem 3.5.2, Proposition 3.6.10 and Proposition 3.5.8 yield

Corollary 3.6.11 Let M be an A-indezed strong martingale. Under As-
sumption Groups D.1 and D.2, if 36 > 0 s.t. E[|Mr|**’] < co, then M
possesses a unique x-PQV satisfying (3.68).

Another interesting consequence of Proposition 3.6.10 is given below.

Proposition 3.6.12 Let (M,), be a sequence of L, strong martingales de-
fined on a common stochastic base (0, F, P, (Fa), A) satisfying Assumption
Groups D.1 and D.2. If

sup E [[MA(T)]**’] < o0 (3.90)

for some § > 0, then {Qn(T) : n > 1} is uniformly integrable. Here, Qn
denotes the unique x-PQV of M, given by Theorem 3.5.2.
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Proof First note that by (3.90), Corollary 3.6.11 implies the existence of
the above mentioned *-PQV processes, @1, @2, - --- The uniform integrability
of {Qn(T) : n > 1} will follow from the weak L, approximations in (3.67)
and the following result.

Claim: The collection S consisting of all random variables of the form

> E[[M.C)FF| G5], (nkeN)
CeN;

1is uniformly integrable.

Proof: Combining (3.90) and the inequality in (3.89), noting that the con- _
stant kp therein depends only on 4, S is L1445/, -bounded and as such, is
uniformly integrable. i Q2

Property (iii) of Theorem 3.5.2 implies E[ MZ(T) | G7] = E[Qn(T)|G7]
Vn while property (ii) of Theorem 3.5.2 implies @,.(T) > 0 Vn. There-
fore, since (3.90) implies sup, E [M2(T)] < oo, {@Qa(T) : n > 1} is L; -
bounded. We complete the proof of Proposition 3.6.12 by employing the
e€-d-characterization of uniform integrability given in Proposition 1.2.4 of [30].

Let € > 0 be given. By the above Claim, 3p > 0 s.t.

FeFand P(F)<p => sup / FdP < ¢/2. (3.91)
fes JF

(Note that f € S implies f > 0.) Take any set F € F s.t. P(F) < p. Given
any n, (3.67) implies 3 f, € S s.t.

[@mar < [ fadP +¢/2

Therefore,

IN

sup / FodP + ¢/2
n JF

< sup [ fandP + €/2

fes JF

< € (by (3.91)).

Since € > 0 was arbitrary, {@,(T) : n > 1} is uniformly integrable. m

sup /F Qn(T)dP
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As mentioned above, given a strong martingale M = (M4) 44 in Lo, the
random variables

Q¥ = 3 E[(Mc)?|gg], (keN,Ac4)

CeN
CCA

have appeared in Theorem 3.5.2 as weak L; approximants for the *-PQV,
Q = (Qa4)aca of M. The following proposition will be used in Section 3.7 to

show that these Qﬁf) are in fact L,-norm approximants of ) under certain
conditions.

Proposition 3.6.13 Under Assumption Groups D.1 and D.2, if M is an
A-indezed strong martingale with E{M}] < oo, then given any k € N and
any A € Ag,
@) _ o2
[P -, < Ci-an + C2-om (3.92)

for every n,m > k where
o = FE [rcrleaﬁ}f. (MC)4] , (VreN) (3.93)

and Ci, C, are positive constants depending only on E[M%].

Proof Since E[M}] < oo, Proposition 3.6.9 implies M4 € Ly VA € A and
thus by (3.12), M¢c € Ly VC € C. Therefore, Qﬁf) €L, Vkand A € A,.

Take k,m,n € N s.t. m,n > k. Without loss of generality, we may
assume n < m so that, given any C € A, Corollary A.3.2 implies

E[(Mc)| 68 = 3 E[Mp, Mp:|9z]. (3.94)

D1,Dz €ENm
D,.DaCC

Furthermore, by Lemma 3.2.37, given any D; # D5 in N, we may assume
w.l.o.g. that Mp, is Gp, -measurable. Therefore, since G& C G5, VD € Ny
s.t. D C C, a simple conditioning argument applied to (3.94) yields

B[(Mo)*| 65| = T EI(Mp)*16¢] (3.95)

by the strong martingale property of M.
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Now, select a set A € A;. Applying (3.95) to each C € N, s.t. C C A4,
we obtain

QY -Qf = > Y El(Mb)*|G:] - X E[(Mp)?|Gp]. (3.96)
CENpn DENm DENm

If for each D € N, and C € N/,, we define
dy? = E[(Mp)*|G%] — E[(Mp)*| Gy, (3.97)

then by Lemma A.3.5, (3.96) becomes

C

Dol =X dg’.
CENn DENm
CCA DCC

Therefore, by a basic calculation,

@@-of) = ¥ T (@)

C € Nn Dy DzeNm
CCA D,,DCC
Dy # D2
C C.
+ Y X df-afP. (3.9

Employing this expansion, we will obtain the upper bound in (3.92) in three
steps. In the first step, we dispose of the last sum in (3.98).

Step 1: Given C1,Cy € N, s.t. C, # Cy and D, Dy € N, s.t. D; C C;
(=12, Bd5D a5 )~

Select such sets Cy, Co, D; and D,. By (3.97),

a5 - df® = E[(Mp,)?|G%,] - El(Mp,)*|G,)
— E[(Mp,)*|G%,] - E[(Mp,)?| G,]
~ E[(Mp,)?|Gb,] - E[(Mp,)*| G5,
+ E[(Mp,)?|Gp,] - E[(Mp,)?|Gp,].  (3.99)
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Assume C; is the left-neighborhood generated by 4; € A, (¢ = 1,2)
and likewise, assume D; is the left-neighborhood generated by B; € A,,
(t = 1,2). By Lemma 3.2.27, we can assume w.lo.g. that Fs, C Gg,.
Moreover, D; C C; implies B; C A,. (Otherwise D, = D, N C; = ¢,
a contradiction.) Therefore, since (Fa)sc4 is increasing and (G)cec is

decreasing,
fo g ?Al C..;-’ g&z g g‘Dz- (3.100)

Furthermore, since D; is the left-neighborhood of By, (3.12) implies (Mp,)?
is Fp, -measurable. Therefore, since g5, C F,,, Proposition B.3.10 implies

E[(Mp,)?|Gz,] is Fa, measurable. (3.101)

En route to establishing Step 1, we present the following general result.

Claim I: Given sub-o-algebras H, and Hy of F and random variables X, Y €
L, s.t. X is H;-measurable (i = 1,2), E[X-E(Y |H1)]| = E[X-E(Y | HJ) ].

Proof: Since X-E(Y |H:) = E(XY |H;) (i = 1,2), both expectations equal
E[X Y] by conditioning. Q

If we take
H1=0g,, Ha=0p,, X =E[(Mp,)*|G¢,] and Y =(Mp,)?,
then by (3.100) and (3.101), we can apply Claim I to obtain

E{E[(Mp,)?|G%,] - EL(Mp,)?|Gz,] }
= E{ E[(Mp,)?|9%,] - El(Mp,)? | Gp,]} -

By an identical argument,

E{ E[(Mp,)*|Gp,] - E[(Mp,)? |G¢,] }
= E{ E[(Mp,)*|G7,] - E[(Mp,)*|Gp,] } -

In view of (3.99), these two identities imply E[d ,()(f‘) -d ,‘,f*’] = 0, establishing
Step 1.



CHAPTER 3. DECOMPOSITION THEOREMS 131

Step 2: 3 a positive constant C, depending oniy on E[M}] s.t.
c) ,(C
> X E[dR)-df)] < Cr-oa.

Fix C € Npst. C C A and let D;,D, € N, be s.t. D;,D, C C and
D, # D,. Since Gg C Gp, (i =1,2), we obtain
E{ E((Mp,)?|Gz]- E[(Mp,)?|Gp,] }
= E{ E[(Mp,)?|G¢]- E[(Mp,)*| G5 ] }

when we condition w.r.t. G¢ and then apply the tower property.
Now, consider the identity in (3.99) with C; = C; = C. Since all four ~
products in (3.99) are non-negative, the previous identity implies

E[dp) -df)| < BE{B[(Mp,)Gb,]- E[(Mp,)’ 6,1} -

Therefore,
2

> E[dR-di)] < E|| T E[(Mp)?] Gy
DDI{ Y zgzechm DDegAg"

< Ko E{ [M(UDENm, pce D)] 4} (by (3.88))
= Kky-E [(MC)4] (by Lemma A.3.3)

where &3 is the universal constant in Lemma 3.6.7. Thus, Step 2 will follow
when we take r = n in Claim II below.

Claim IT: 3 a positive constant C5 depending only on E[M4] s.t.

> E[(Mc)!] < Cs-0r, (VreN).
CEN:

Proof: Take r € N. In what is to follow, all sums and supremums will range
over the sets C € N;. Since (M¢)%2 € L, VC € N,

E{3 (Mc)*} = E{[sup(Mc)?- [ (Mc)?] }
< VBl 0o B { [ 0er ]} 10w
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(The last line is due to Hélder’s inequality.) But by (3.87), 3 a universal
constant k; > 0 s.t.

2
E{ (3 (Me)?] } < k- VEDME. (3.103)
Therefore, substituting (3.103) into (3.102), we obtain Claim II. Q

Finally,

Step 3: 3 a positive constant C; depending only on E[M%] s.t
£ =[] = 6o
CENa DEeWN,
CCA DCC
Given any C € N, st. CC Aand any D e N st. D C C,
2 2
B[(@)] = E{(B(00)* 162 - BL(M0)1951)’]

E(E[(Mp)*|Gs]”) + E (B[ (Mp)?|95]°)
< 2-E[(MD)] (by Jensen's inequality).

IN

(The second to last line follows from the deterministic inequality (a — b)? <
a® + b* where a,b > 0.) Therefore, since F [(MD)4] >0VDeN,,

> E[(dgc))zl < 2.3 E[(Mp)] (3.104)
%eg/\f DDeNC DeNm

which, by Claim II, completes Step 3

Applying Steps 1, 2 and 3 to (3.98), we obtain (3.92), completing the
proof of Proposition 3.6.13. m|
3.7 L,-norm Approximations of x-PQV

In this section, we give conditions on (2, F, P, (F4), A) and M under
which the mode of convergence in (3.67) can be upgraded to convergence in
Lo-norm. To start, we require the following
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Assumption 3.7.1 3 a constant K € N s.t., given any n € N and any
A e An, 3 {Al, i ',.4k} g An S>t.

(i) UL, Ax is an eztremal representation of U{A' € A, : A' C A} in the
=1
sense of Definition 3.2.5,

(ii) ¥ < K and
(iii) for any A’ € A,, A' C A implies 31 < j <k s.t. A’ C Aj.

Remark 3.7.2 By Remark 3.2.8 (2), the set A\ U5 4; € C, described
in Assumption 3.7.1 is a minimal representation of the left-neighborhood

generated by A in A,.

Examples 2.2.6 and 2.8.1 satisfy Assumption 3.7.1. For instance, when
A =1Z, (n € N), we can take K = n. Moreover, if A satisfies the shape
property (see Remark 2.2.5(d)), condition (iii) follows from condition (i).
We begin with a few technical results.

Lemma 3.7.3 Let M be an A-indezed strong martingale for which
E [supAeA Mj] < o0. (3.105)
Under Assumption 3.7.1, if

max |Mc| - 0 as n — oo, (3.106)
CeN,

then a, — 0 where (a,)n is the sequence defined in (3.93).

Proof For the sake of notation, let T, = maxcen;, (Mc)* Vn.
Claim: 3 @ universal constant § > 0 s.t. T, < [ - (supeq M4) Vn.

Proof: Fixn € N. Given C € N,, 3A € A, s.t. C is the left-neighborhood
generated by A in A,. If A\ U5 A; is the minimal representation of C
described in Assumption 3.7.1 (see Remark 3.7.2), then by (3.12),

Mcl < >0 IM(ANNerdd)l
IC{Lk}

< 2K .(supgeMp)
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Since the right-hand side of this inequality is independent of n and C € A/,
the Claim follows by taking 8 = 24%, Q

The above Claim implies (7). is uniformly integrable. Therefore, if
(3.106) holds, then by dominated convergence, o, = FE(T,) — 0. a

Combining L.emma 3.7.3 and Proposition 3.6.13, we obtain

Corollary 3.7.4 If M is an A-indezed strong martingale satisfying (3.105)
and (3.106), then under Assumptions 8.7.1 and Assumption Groups D.1 and

D.2, .
{Q(:_) ‘n > m} ts Cauchy in L,

for any fized m € N and A € A.

In the upcoming lemma, we will show that condition (3.106) holds for
strong martingales whose sample paths are smooth in the following sense.

Definition 3.7.5 A process X = (X 4)aeca defined on (Q, F, P) is said to be
d-continuous if 3 an event Qg of full P-measure s.t.

A2 Ain A = Xa(w) = Xalw), Vwe Q).

Lemma 3.7.6 Let M be an A-indexed strong martingale satisfying (3.105).
Under Assumption 3.7.1, if M is dgr-continuous, then (3.106) holds.

Proof Before proceeding, we recall some terminology from the theory of
functions. In particular, given a set-function z : A — R, the modulus of
continuity of z, denoted w(z, -) : (0, 00) — (0, 0] is defined by

w(z,€) = sup{|z(A) —z(B)|: dx(4,B) <¢, A,Be A}, (Ve>0).
Since (A, dg) is compact (see Theorem 2.2.13),
z€C(A) < 161_13(1) w(z,e) = 0. (3.107)

_ Givenany w € (, recall that the sample path of M at w is the set-function
M(w) : A — R defined by letting

Mw)(A) = Ma(w), (VA€ A).
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If (€n)n is the sequence of constants introduced in (2.2), then
Claim: maxcen, |[Mc(w)| < 2K -w (M(w) , 2en) VneN andw € Q.

Proof: Fixn € N. Given C € N, 3A € A, s.t. C is the left-neighborhood
generated by A. Let A\ %, A; be the minimal representation of C described
in Assumption 3.7.1 (see Remark 3.7.2). If we define

= {IC{l,---k}:|I|iseven} and O = {I C{1,---k}:|I]isodd},

then by the binomial theorem, 3 a bijection f : £ — O. Clearly, |£] < 2%
where K is the constant defined in Assumption 3.7.1. Hence, by (3.12),

IMc()l < 3| M(ANNerd)(w) — MIANNjesnAs) @) |

Ie€
< 28w (M(w),2€6) (by Lemma A.2.7) (3.108)

for each w € Q. Taking the maximum over all C € N, in the left-hand side
of (3.108), the Claim is established. Q

Assuming M is dy-continuous, 3 an event g of full P-measure s.t. M (w)
is dg-continuous on A Yw € Q4. Therefore, since €, — 0, (3.107) and the
above claim imply

lim max [Mc(w)] < 25 lim w(M(w), 26,) = 0, (Yw € Qo),

n—=co CeNn
i.e., maxcen, |Mc(w)| — 0 as. a
And now for the main result of this section,
Theorem 3.7.7 Let M be an A-indezed strong martingale for which
E [supAeAMj] < oo.
Under Assumption 3.7.1 and Assumption Groups D.1 and D.2, if either
(a) M is dg-continuous or

(b) M is right-continuous and maxcen, |Mc| 240 asn — oo,
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then M possesses a unique x-PQV (see Definition 8.5.6) denoted Q s.t.
Ra = limmpe Hmn—)oo. n>m Q_f]:)(A) in Ly, (VA € A) (3109)
where Q%) (k € N, B € Ay) is the random variable defined in (3.68).

Proof By Lemma 3.7.6 and Definition 3.7.5, it is clear that (a) implies (b).
Therefore, we need only establish Theorem 3.7.7 under condition (b).

By Corollary 3.6.12, M possesses a unique *-PQV denoted @ = (Q4)4eca
s.t., given any A € A,

—ng(A) =5 Qa weakly in L, (3.110)
where
QW 4 = Qe Wweaklyin L;, (Ym € N). (3.111)

(See the proof of Theorem 3.5.2 for details.) To establish L, convergence in
(3.110) and (3.111), we need the following result.

Claim I: Let (X,), be a Cauchy sequence in Ly. If X, — X weakly in L, to
some X € L, then X € Ly, and X, — X in L.

Proof: The proof follows from three well known facts: L, is complete, con-
vergence in L, implies convergence in the weak L, topology and weak L
limits are unique up to a.s.-equivalence. Q

Now, take A € A. Given m € N, Corollary 3.7.4 implies (Qg’;’( A))n>m 1S
Cauchy in L,. Therefore, by Claim I and (3.111),
QS:‘)(A) — Z?gm(A) in L. (3.112)

In light of Claim I and (3.110), the limit in (3.109) will follow if we can show
(Qg.n(a))m is Cauchy in L,. For this purpose, we need two technical results.

Claim II: Given k,m,n € N s.t. k,m < n,
[@%h = QD < 7 [Masctr — Momcar], (3.113)

where vy 1s a positive constant depending only on E [M%].
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Proof: If we assume k < m, then by Definition 2.2.2, gi(4), gn(4) € A
and gm(A) C gi(A). Therefore,

Qpitar ~ ey = ZVE [(MC)zlga] - X E [(MC)zng?]
ol cTomtn
= > E[(Mc)?|G;] (by Lemma A.3.4).
CEN

€ C 9u(A)\ gm(4)
Applying (3.88) to the above array, 3 a positive constant x, depending only
on E [M}] s.t.

1054 - APl < m2- 1M (U{C €Ca:C S gu(4) \ gm(AD)IIE

< Ka- ”MQI:(A)\gm(A) ”z (by Lemma A.3.4).

IA

Since M is finitely additive on C(u), My, (a)\gm(4) = My (a) — My,.a) YV m s0O
that Claim II follows by selecting v = \/k3. Q

Claim III: M, 4 =5 M, in Ly.

Proof: Since gn(A) 1 A and M is right-continuous, M, 4y — Ma as.
Therefore, since

(Myucty — Ma)" < 2*- (supaeaMf) € Ly,

Claim IIT follows by the dominated convergence theorem. 9

To complete the proof of Theorem 3.7.7 (in particular (3.109)), take any
€ > 0. Forany k,m,n € N,

[@octr = Qomcarll, < [@uucr — it + |6ty ~ e, +
“ng(A) Qgmca) |l (3.114)
By Claims IT and III, 3 M € N s.t. for any k£, m > M,
”ngm) Qo ||2 < ¢/3, (YneNst.n2>km). (3.115)

But given k,m > M, (3.112) implies 3ng > k, m s.t.

[@acctr = Qortm ], » [@omcar = Qo] < €/3- (3.116)
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Substituting (3.115) (with n = ng) and (3.116) into (3.114), we obtain
1Qg.(a) — Qgm(ayll2 < € for our arbitrary k,m > M. Therefore, (Qgm(ay)m is
Cauchy in L, which, by Claim I and (3.110), implies

Qom(ay — Q4 in Lo,

establishing (3.109).



Chapter 4

Convergence Theorems

4.1 Introduction

In this chapter, we obtain limit theorems for sequences of set-indexed
strong martingales. In all limit theorems, the limiting process will be an
appropriately scaled set-indexed Gaussian process. The convergence will
primarily be semi-functional, an entirely new mode of convergence ideally
suited to strong martingale CLTs. As well, this chapter contains two func-
tional CLTs and an application to set-indexed weighted empirical processes.
Throughout this chapter, unless otherwise mentioned, A denotes a generic
indexing collection on a generic compact metric space (T, d).

After reviewing the relevant aspects of the classical theory, Section 4.2
presents three key concepts. The first is that of flows, maps of the form
f :[0,1] — A(u) which are capable of transforming set-indexed problems
into classical problems. Next is the concept of *-quadratic variation for L
strong martingales. A #*-quadratic variation differs from a *-PQV only in
that the former is not necessarily *-predictable. For this very reason, *-
quadratic variations are generally easier to work with in applications. Finally,
Section 4.2 formally defines set-indexed Gaussian processes and presents a
sufficient condition on A under which an .4-indexed Gaussian process pos-
sesses a Hausdorff continuous version. A special class of set-indexed Gaussian
processes termed Gaussian white noise are also defined.

In Section 4.3, we define two modes of convergence for sequences of set-
indexed processes. The first, termed functional convergence is entirely classic
being defined via the notion of weak convergence of probability measures.

139
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The other mode of convergence termed semi-functional convergence depends
heavily on the flows introduced in Subsection 4.3.2. Unlike functional conver-
gence, semi-functional convergence does not require the .A-indexed processes
we work with to possess versions in D(.4). This omission is crucial when A is
large w.r.t. the notion of metric entropy. Under a mild condition which is met
in each of the subsequent limit theorems, semi-functional convergence implies
convergence in finite dimensional distribution (see Proposition 4.3.17).

Section 4.4 contains our first limit theorem. Specifically, given a sequence
(Xn)n of A-indexed strong martingales, each possessing a weak form of sam-
ple path continuity, Theorem 4.4.1 gives sufficient conditions under which
(Xn)n converges semi-functionally to an appropriately scaled Gaussian white
noise. These sufficient conditions include the existence of *-quadratic varia- _
tion A, for each X, such that (A,). converges pointwise in probability to a
continuous deterministic limit. When each X, possesses *-PQV, these con-
ditions can be weakened (see Proposition 4.4.2). A related functional CLT
for continuous strong martingales is given in Theorem 4.4.4.

Section 4.5 contains the second and most general limit theorem (see The-
orem 4.5.5). This limit theorem is similar in form to the one mentioned
in the previous paragraph. Theorem 4.5.5 does not require the X, to have
any type of sample path continuity, however, the discontinuities of the X,
must become negligible as n — oo in the sense of the J-L; -AS condition
for asymptotic rarefaction of jumps (see Definition 4.5.1). This condition,
which depends heavily on flows, is satisfied by many natural set-indexed
processes (see Examples 4.5.2, 4.5.3 and 4.5.4 and Proposition 4.6.21). A
related functional CLT for set-indexed strong martingales in D(A) is given
in Theorem 4.5.8.

In Section 4.6, we apply Theorem 4.5.5 to obtain a semi-functional CLT
for the d-dimensional weighted empirical processes (Uy,)n defined in (4.56).
In particular, when the random weights have finite fourth moments and each
U, is indexed by a suitable indexing collection 4 on T = [0,1]¢ (d > 1), (Un)n
converges semi-functionally to an appropriately scaled .A-indexed Gaussian
white noise (see Theorem 4.6.22). For the case of A = LLg (d > 2), it is
shown that a.e. sample path of the limiting Gaussian white noise is necessarily
Hausdorff discontinuous everywhere on £L£; (see Example 4.6.26).

In this chapter, with one exception, all A-indexed processes and set-
functions we work with are assumed to possess unique finitely ad-
ditive extensions to C(u). This one exception is the general set-indexed
Gaussian process (see Comment 4.2.29).
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4.2 Fundamental Concepts

In this section, we present the concepts that are essential in the formula-
tion and proof of central limit theorems for sequences of set-indexed strong
martingales. In what is to follow, the adjective classical will refer either to
filtrations or processes which are indexed by the points of [0, c0) or some
compact subinterval thereof.

4.2.1 Classical martingales and D|0, a

The upcoming limit theorems for set-indexed strong martingales will require
results from the theory of classical processes. This subsection contains the
required portion of that theory. The reader is assumed to be familiar with
the following concepts:

e weak convergence in D[0,a] (a > 0) w.r.t. the Skorokhod metric, *

e classical Brownian motion,

classical filtrations and classical martingales and

the Doob-Meyer decomposition for classical submaringales.

For good references, see [6] for the first topic, [38] for the second topic and
Chapter 3 of [30] for the third and fourth. As is usual practice, given a
property P concerning sample paths, we say that a process (classical or set-
indexed) possesses P provided a.e. sample path of that process possesses
P. For example, a continuous process is one for which a.e. sample path is

continuous.
Let (S,7) be any metric space (not necessarily complete or separable)
and let S denote the Borel o-algebra on S generated by 7. The following

definition appears on p.7 of [6].

Definition 4.2.1 Let p, py, po - - - be be probability measures on S. (un)n is
said to converge weakly to pu, denoted p, = p, provided

[faum — [ fan (4.1)

for every bounded, T-continuous function, f : S — R.

'In this chapter, Skorokhod metric refers exclusively to the Skorokhod J; metric
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Fix a number, a > 0 and let D[0, a] consist of real-functions on [C, a]
which are right-continuous with left-limits on [0, ¢]. So as to invite an ap-
plication of the theory of weak convergence in metric spaces, endow D0, ]
with the Skorokhod metric. As mentioned in [6], D[0, a] is both complete
and separable under this metric. We let D[0, a] denote the Borel o-algebra
on D[0, a] generated by the Skorokhod metric.

A classical process Y = {Y; : t € [0, a|} defined on a complete probability
space (2, F, P) is said to be in D[0,qa] (or in C[0,q]) if a.e. sample path of
Y lies in D[0,a] (respectively, in C[0, a]). As mentioned on p.128 of [6], the
F-measurability of each ¥; is enough to ensure the D[0, a]-measurability of
Y : Q — D[0,q] viewed as a random function. This fact is recorded below
for future reference.

Lemma 4.2.2 IfY is a process in D[0,a], then Y is D[0, a]-measurable.

The analogous statement is true for processes in C[0, a].

In view of Lemma 4.2.2, any processes Y in D|0, a] induces a probability
measure on (D[0,a],D[0,a]). A sequence (¥,). of processes in D[0,a] is
said to converge in distribution to a process Y in D0, a] if the sequence of
probability measures induced by the Y, converges weakly in the sense of
Definition 4.2.1 to the probability measure induced by Y. In such a case, we
will write

Y, £ Y in D[0,d].
Although each Y, (viewed as a random function) must be D[0, a]-valued, it
is not necessary that each be defined on a common probability space.

Define the jump functional, J, : D[0, a] — [0, 00) by letting

Jo(y) = Sup |Ay(t)], (Yy € D[0,aq]) (4.2)

where Ay(t) = y(t)—y(t—) V¢ € (0, a] and Ay(0) = 0. Givenany y € D0, a],
Ja(y) represents the largest vertical jump in the graph of y. In particular,
note that
Ja(y) = 0, (Vy € C[0,a]). (43)
As mentioned on p.179 of [34], J, is D[0, a]-measurable. Also, as men-
tioned in Proposition 2.4 on p.303 of [29], given any y € D[0, a],

Ay(e) =0 = J, iscontinuous at y (4.4)

where continuity is w.r.t. the Skorokhod metric on D[0,a]. The following
result appears as Proposition 3.26 on p.315 of [29].
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Proposition 4.2.3 Assume (Y;)n is a tight sequence of processes in D[0, a]
w.r.t. the Skorokhod topology (i.e., the induced measures are tight on D|0,q])

and that
Jo(Yr) — 0 in probability as n — oo. (4.5)

If Yoo =2 Y in D[0, a] for some subsequence (n')n, then Y is in C[0,qa].
By (4.3), Proposition 4.2.3 yields the following result.

Corollary 4.2.4 Assume (Y,). is a sequence of processes in C[0, a] which
is tight in D[0,a] w.r.t. the Skorokhod topology. If Yo =, Y in D|0,a] for
some subsequence (n'),, then Y is in C|0, a].

At this point, we define a famous family of classical processes.

Definition 4.2.5 Let T be a subinterval of R either of the form [0, a] (a > 0)
or [0,00). A4 process B = {B; : t € T} is said to be a standard Brownian
motion if

(1) Bo =0 a.s.,
(ii) forany s <t in T, B, — B, ~ N(0,t — s),

(iii) for anyn end any t; < --- < t, in T, By, — By, -+, B, — B, _,
are mutually independent and

(iv) the sample paths of B are continuous on [0,00).

Given any standard Brownian motion B and any continuous increasing func-
tion A : T — [0,00) with A(0) = 0, the process By = {B(\(t)) : t € T} is
said to be a stretched-out Brownian motion.

Comment 4.2.6 For most authors, [34] for example, a classical process Y
is a stretched-out Brownian motion if and only if ¥; = B(A(¢)) Vt € T where
B is a standard Brownian motion and A : T — [0, o0) is a continuous strictly
increasing function with A(0) = 0. The omission of “strictly increasing” in
our definition will be important in the sequel (see Proposition 4.2.36).

We now turn our attention to classical martingales. In this thesis, any
classical stochastic base (2, F, P, (H;), T) is assumed to be such that
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o (2, F, P) is complete,
e T is either of the form [0,a] (a > 0) or [0,c0) and
e (H:)teT is increasing, right-continuous and complete.

Let D[0, 00) denote the set of all functions y : [0,00) — R. which are rig! t-
continuous with left-limits on [0,00). For our purposes, it is not necessary
to topologize D[0,c0). The following is a well-known consequence of the

Doob-Meyer decomposition theorem.

Theorem 4.2.7 If Y = {Y; : t € [0,00)} is an Lo martingale in D[0, o)
w.r.t. some stochastic base (Q,F, P, (H,),[0,00)), then 3 a unique (up to
indistinguishability) process, (Y) = {(Y)(t) : t € [0,00)} on (Q, F, P) s.t.

(P1) (Y) is predictable,
(P2) (Y) is a non-negative increasing process in D[0,00) and
(P3) Y2—(Y) is a martingale w.r.t. (He)sepo,c0) With Y2(0)—(Y')(0) = 0.

Furthermore, if Y is continuous, then so is (Y). In any case, the process (Y)
is called the predictable quadratic variation of Y.

Given a process Y = {¥; : ¢t € [0,00)} and any number a > 0, let Y|,
denote the process Y truncated at a. That is,

Y0a(t) = Y(2), (Vt€(0,a]). (4.6)

By Lemma 4.2.2, the composition J,(Y],) is a random variable for every
a > 0. The following CLT appears as Theorem 13 on p.179 of [34]. We have
made some minor changes in its statement to suit our upcoming applications.

Theorem 4.2.8 For each n, let Y, = {Y,(t) : t € [0,00)} be an L, martin-
gale in D[0,00). If A : [0,00) — [0,00) is a continuous increasing function
with A(0) = 0 s.t.

(i) Y.(0) — 0 in probability,
(ii) for each t > 0, (Ya)(t) — A(t) in probability and

(iii) for each a > 0, E[J.(%2|z)?] = 0 as n — oo,
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then 3 a standard Brownian motion, B={B, : t € [0,00)} s.t. ¥, |, B, la
in D[0, a] for every a > 0 where B,(t) = B(A(t)) Vt.

Comment 4.2.9 Although stated for the homogeneous case, neither Lemma
11 nor its consequence, Theorem 13 in Chapter VIII of [34] require each mar-
tingale Y, to be defined w.r.t. a common stochastic base. Also, nowhere in
the proof of Theorem 13 in [34] is A required to be strictly increasing on

[0, c0).

We close this subsection with a result concerning sample path properties.
In general, a right-continuous function y : [0,a] — R need not have left-
limits on [0, a] and thus, a classical process with right-continuous paths is
not necessarily in D[0, a]. However, as stated in Theorem 2.9 on p.61 of [38],

Proposition 4.2.10 If Y = {Y; : t € [0,¢]} is a martingale, then Y has a
modification Y' in D[0,a], it.e., Y=Y, a.e. Vt.

Since any two right-continuous modifications of a classical process are
indistinguishable (and hence equal as processes), Proposition 4.2.10 yields

Corollary 4.2.11 IfY = {Y; : t € [0,a]} is a right-continuous martingale,
then Y is in D[0, a].

Remark 4.2.12 By Theorem 2.8 on p.61 of [38], the conclusion in Corol-
lary 4.2.11 also holds for right-continuous classical submartingales.

4.2.2 Flows

Let A be an indexing collection on a compact metric space (T,d). The
following definition has appeared in [26].

Definition 4.2.13 Given a < b in R, a function f : [a,b] = A(u) is said to
be a flow provided

(i) a <t < s<bimplies f(t) C f(s)
(i) f(s) =Nyss f(V) =Upes f(¥) Ya<s < b and
(111) f(a) = nv>a f(’U), f(b) = Uu<b f(u')
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where the closures in (ii) and (iii) are taken in (T, d).

Condition (i) states that f is increasing on [a, b] w.r.t. C whereas conditions
(ii) and (iii) determine a form of continuity for f.

Our interest in flows lies in their potential to transform set-indexed prob-
lems into classical problems. However, set-indexed filtrations and processes
are parameterized by .A whereas the range of an arbitrary flow is contained
in A(u). One could naively overcome this problem by working only with
flows whose range lies in A but this would be too restrictive. Between these
two extremes is the following class of flows.

Definition 4.2.14 A flow, f : [0,1] — A(u) is said to be simple provided
0=ty <ty <--- <ty =1 (some k € N) and corresponding flows i

fiiltimn,ti] = A, 1<i<Kk)
s.t. f(0) =¢' (as defined in (2.6)), f(1) =T and for each fired 1 < i <k,
@) = UL fit) v fi(t), (Ve € [tin, ti])- (4.7)
The collection of all simple flows is denoted by S(.A).

Remark 4.2.15 (a) In other words, a flow is simple if there is a partition
of [0,1] s.t. f is A-valued, modulo a fixed set in .4(u), on each piece of the
said partition. Note that all simple flows begin at ¢' and end at 7.

(b) (4.7) forces the inclusion, fi(t;i-1) C UjZbfi(t;) V1<i<k.

(c) Since any flow can be linearly rescaled without losing properties (i),
(ii) and (iii) of Definition 4.2.13, we can always take t; = £ VO < ¢ < k in
Definition 4.2.14.

The richness of S(.A) is illustrated by the following result which appears
as Lemma 3 in [26].

Proposition 4.2.16 Let A" = {Ag,---, Ax} be a f.s.s.l. of A numbered in
a manner c.w.s.p. 2 (Recall that Ay = ¢' and Ay =T.) Then, 3 f € S(A)
with t; = £ Vi such that

(2) f(£) =UjmgA; VO<i<kand

2See Subsection 3.2.1 for information on f.s.s.l. of A and their numberings
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(b) Ci=FfE\F(F) VI<i<k
where C; denotes the left-neighborhood generated by A; in A'.

In other words, every f.s.s.l. of A is accounted for by some simple flow.

Comment 4.2.17 As previously mentioned, Proposition 4.2.16 appears as
Lemma 3 in [26]. We comment briefly on the assumptions on (7,d) and A4
in [26]. First of all, Ivanoff and Merzbach assumed the underlying metric
space (7', d) to be complete and separable. Neither of these properties were
used in the proof of Lemma 3. (Just the same, our (T, d) is compact, hence
complete.) In addition, the indexing collection A in [26] was assumed to

satisfy
(i) (An)n an increasing sequence in A implies U, 4, € A and
(i) B(T) € o(A)

where B(T') denotes the Borel o-algebra on T generated by d. Whereas (i)
is a consequence of Lemma A.2.2, condition (ii) was not used in the proof
of Lemma 4.2.16. Other than these points, our (T,d) and A satisfy all
conditions found in [26].

We now explore the effect that simple flows have on certain set-functions.
Recall by Lemma A.2.2 that (A,), increasing in A implies U,An € A. Of
course, by the definition of indexing collection, (A,) decreasing in A implies

Nndn € A.
Lemma 4.2.18 (a) Ifz: A— R is s.t.
(An)n decreasingin A => z(An) = 2(Na4n), (4.8)

then z o f :[0,1] = R is right-continuous on [0,1] V f € S(A).
(b) Ifr: A— R is s.t.

(An)n increasingin A = z(An) = z(Un4n), (4.9)

then z o f : [0,1] — R is left-continuous on [0,1] V f € S(A).
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Proof Select f € S(A). By Remark 4.2.15(c), 3k € N and flows, f; :
[, £] = A (1 <1 < k) satisfying (4.7).

We begin by showing part (a). To establish the right-continuity of z o f
on [0, 1], take any s € [0,1) and let 1 <i < k bes.t. s € [, I) Given any

sequence (S»)n in [s, ) s.t. s, 4 s, the finite additivity of z on C(u) yields

z(f(sa)) = z(f(s)) = =z(f(sa) \ F(s))
= z(fi(sa) \ fi(s)) (by (4.7))
= z(fi(sa)) — z(fi(s))

for any n. Since f; is an A-valued flow, (f;(5n))a decreases in A to N, fi(sn) =
fi(s). Therefore, (4.8) implies

lim z(f(sa)) —2(f(s)) = lim z(fi(sn)) — z(fi(s)) = 0O

which is sufficient for right-continuity of z o f at s. The argument for part
(b) is identical. 0

Remark 4.2.19 By a similar argument, z : A — R outer-continuous im-
plies z o f : [0,1] — R right-continuous V f € S(A). However, under our
present definition of D(A), z € D(A) need not imply z o f € D[0, 1] for an
arbitrary simple flow f. In particular, given t € (0,1] and (s,). in [0, 1] s.t.
sp <t Vnand s, —+ t, it need not follow that f(s,) C [f(¢)]° Vn as required
in the definition of inner-limits.

Fix a stochastic base, (Q, F, P, (F4),.A). To any flow, f : [0,1] — A(u),
we can associate a family (#:):epo,1) of sub-o-algebras by defining

He = Fryy, (YEEO,1]). (4.10)
where Fj(y) is defined via (3.9). Since f is increasing, Lemma 3.2.24 (e) implies
Hs C Gransesyr (Vs <) (4.11)

Although the family in (4.10) is complete and increasing, it may not be
right-continuous. On the other hand,

Lemma 4.2.20 Given f € S(A), the family (He)iep,) defined in (4.10) is a
classical filtration (see the third bullet on p.144). Moreover,
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(a) X adapted to (Fa)sea implies X o f is adapted to (H)eepp,y and
(b) X a strong (sub)martingale implies X o f a (sub)martingale.

Here, X o f denotes the classical process { Xy : t € [0,1]}.

Proof As mentioned above, (#:):epo,1) is an increasing family of complete
sub-o-algebras of . To show right-continuity, take ¢ € [0,1) and let 1 <7 <
k bes.t. t € [, £). Then,

NHs = (1 Fro = N ) Faiesn (4.12)

t<s t<s<i/k t<s<i/k T

where g, : A(u) — A, (u) is the extension of g, defined in (2.4).
Fix n. By (4.7) and Proposition 2.2.9 (b),

g (f(s)) = [UiZign(FiG/RN] U gu(fi(s)), (Vs € (t,i/F).  (413)
However, since
o fi(s) 4 fi(t) as s | t and
® gn is decreasing, preserves countable intersections and has a finite range,
s € (t,4/k) s.t. gn(fi(s)) = ga(f:(t)) Vs € (¢, s0) which, by (4.13), implies
9a(f(s)) = gn(f(2)), (Vs € (2 50))- (4.14)
Since n was arbitrary, (4.12) and (4.14) yield

NHe = N Fousen = QF mifey = Frey = He

t<s n t<s<ifk

For part (a), note that F f&y © Fry Vtso that the finite additivity of X
on C(u) implies Xy is F, f(y-measurable V¢. For part (b), take any s < ¢ in
[0,1]). By (4.11) and the tower property,

He) = E[E(Xiense) |Gronse) | #e]

which is (greater than) equal to zero if X is a strong (sub)martingale. O

E (Xf(t) = X1(s)

Concerning the behaviour of path properties under flows, we have



CHAPTER 4. CONVERGENCE THEOREMS 150

Lemma 4.2.21 Let X be an A indezed process and f € S(A).

(a) X (left-) right-continuous in the sense of Definition 3.2.44 implies
X o f is (left-) right-continuous on [0, 1].

(b) X a right-continuous strong submartingale implies Xof is in D[o,1].

(c) If X is right-continuous with X > 0 VC € C, then X o f is an
increasing process in D[0, 1].

Proof (a) follows from Lemma 4.2.18 and Definition 3.2.44. For part (b),
Lemma 4.2.20 (b) implies X o f a submartingale whereas part (a) implies
X o f is right-continuous on [0, 1]. Therefore, by Remark 4.2.12, X o f is in
D[o,1]. )

Let € be the event of full P-measure described in Definition 3.2.44 (b)
and, for each s <t in [0, 1], define the set

Q: = {we :Xf(s)(w) < Xf(t)(w)}'

Since Xc 20 VC € C, Q' = QN (N, 8;,) is an event of full P-measure
provided the intersection is taken over all pairs s < ¢t in [0,1] N Q. By part
(a) and the density of Q, t — Xo f(w,?) is right-continuous and increasing
on [0,1] Yw € &, establishing part (c). O

The above lemmas will be exploited in Sections 4.4 and 4.5 where conver-
gence results for sequences of set-indexed strong martingales will be obtained
by studying associated sequences of classical martingales.

4.2.3 *-quadratic variation

Fix a stochastic base (2, F, P, (¥4),A) to be used throughout this subsec-
tion. We begin with a definition.

Definition 4.2.22 Given a strong martingale, X = (X4)aea in L2, a pro-
cess X = (Xa)aea ts said to be a *-quadratic variation of X provided

(i) X is right-continuous in the sense of Definition 3.2.44(b),
(ii) X¢ >0 a.s. VC €C and
(i) E[(Xc)?gz] = BlXcl 6] vC eC.
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(Since A C C, (ii) implies X is non-negative.)

Remark 4.2.23 For any *-quadratic variation, condition (ii) extends to all
C € C(u) by finite additivity whereas condition (iii) extends to all C € C(u)
by the argument in Proposition 3.5.9 (see Remark 3.5.10).

Similar processes have already appeared in Chapter 3. Specifically, when
(Q,F, P, (Fa), A) satisfied Assumption 3.4.2, a process Q was said to be
the x-predictable quadratic variation (*-PQV) of a strong L, martingale X
if @ satisfied conditions (i}, (ii) and (iii) of Definition 4.2.22 and Q was *-
predictable in the sense of Definition 3.4.7. 3 Corollary 3.6.11 gave sufficient
conditions on (§2, F, P,(F4),A) and X under which such Q existed. We
record these facts below.

Proposition 4.2.24 Let X be a strong martingale in L,. Under Assumption
Group D.8, if Q is a x-PQV of X, then it is a x-quadratic variation of X.
Therefore, under Assumption Groups D.1 and D.8, if E[|X7]|*"*] < o for
some § > 0, then X possesses x-quadratic variation.

If X is an L, strong martingale w.r.t. a filtration (F4)4e4, note that a
*-quadratic variation X of X need not be adapted to (F4) 4c4. Furthermore,
even if X were adapted to (Fyu)aeq, X2 —X need not be a strong martingale
since (X¢)? is not necessarily equal to X2 and, as a result, we may have

E[(X?-X)c|Ge] # 0, (some C € C)

Here, (X¢)? is the square of the increment of X at C while X2 denotes the
increment of X? at C.

x-quadratic variation will play a key role in the strong martingale CLTs
presented in Sections 4.4 and 4.5. In particular, given a sequence (X,), of
well-behaved L, strong martingales with corresponding *-quadratic varia-
tions (X,)n, pointwise convergence in probability of (X,)n to a continuous
deterministic process A will imply convergence of (X,), (in some sense) to a
Gaussian process. By not demanding adaptedness or x-predictability for -
quadratic variation, the range of applicability for the said CLTs is increased.
This is demonstrated in Section 4.6 where x-quadratic variations are explic-
itly calculated (see Proposition 4.6.14) and later applied to obtain a CLT for
set-indexed weighted empirical processes (see Theorem 4.6.22).

3However, unlike *x-quadratic variation, a *-PQV does not necessarily possess a finitely
additive extension to C{u). See Definition 3.5.6.
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4.2.4 Set-indexed Gaussian processes

In this subsection, we define and study the class of set-indexed Gaussian pro-
cesses. Sufficient conditions ensuring dg-continuous versions for set-indexed
Gaussian processes will be given. These processes, continuous or otherwise,
will serve as the limits in the upcoming strong martingale CLTs. The reader
is referred to Chapter 1 of [1] for additional material on the subject.

Due to the generality inherent in the set-indexed setting, there is no clear
definition of a “standard” set-indexed Gaussian process. For this reason, all
of our set-indexed Gaussian processes will be “stretched-out”. The following
class of set-functions plays the role of the continuous increasing functions in

Definition 4.2.5.

Definition 4.2.25 A : 4 — [0,00) 45 said to be a variance function on A if
A(¢') =0, A(C) > 0 VC € C and A is left- and right-continuous on A in
the sense of Definition 8.2.44.

Variance functions behave nicely under simple flows. This is a conse-
quence of Lemma 4.2.18 and the monotonicity of flows.

Lemma 4.2.26 If A is a variance function on A and f € S(A), then Aof :
[0,1] = [0, 00) is continuous and increasing on [0,1] with Ao f(0) = 0.

The following result is a special case of Corollary 2.2 in [16].

Proposition 4.2.27 Any vartance function A on A can be uniquely eztended
to a finite measure, also denoted A, on o(A).

We now define set-indexed Gaussian processes.

Definition 4.2.28 Given a variance function A on A, a process G = {Gy, :
A € A} is said to be an A-indezed Gaussian process based on A if for any

sets A,B,B,,---,B, € A,
(i) cov(G4,Gg) =A(ANB) and

(iii) (Gg,,---,Gag,) is distributed multivariate normal.
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Comment 4.2.29 If X is an 4-indexed process and X' is a version of X,
then, even if X possesses a unique finitely additive extension to C(u), there
is no guarantee that X' will possesses such an extension. For this reason,
contrary to the convention on set-indexed processes adopted in this chapter,
general set-indexed Gaussian processes are not assumed to possess
unique finitely additive extensions to C(u). By not restricting ourselves
in this way, we can be assured that any version of an .4-indexed Gaussian
process is itself an A-indexed Gaussian process.

By its very definition, the sample paths of a standard Brownian motion
are continuous. To guarantee the existence of dy-continuous versions of
A-indexed Gaussian processes, one must place additional conditions on A.
In this section, we present one such condition which we term the canonical
entropy condition (see (4.17)). We will discuss a related condition, the metric
entropy condition in Subsection 4.6.4.

To any variance function A on .4, we can associate a pseudo-metric dj on
A by letting

da(A,B) = [A(AAB)]Y?, (VA,Bec A) (4.15)
where A denotes the symmetric difference of sets. ¢ The next few results
appear in some form in Chapter 1 of [1]. Our “proofs” will merely indicate
the location of the required elements in [1]. Given any .4-indexed process X
on (2, F, P) and any metric v on A, the statement “X is y-continuous” is
to be read, “P-a.e. sample path of X is y-continuous on A”.

Lemma 4.2.30 Given an A-indezed process X, define the covariance func-
tion, covy : A X A —= R by covx(A,B) = E(Xs4 Xg) (A,B € A). Ifcovx
is dg-continuous on the diagonal, {(A, A) : A € A} then covy is dyg X dg-
continuous on all of A x A.

Proof This is precisely Exercise 1.1 on p.37 of [1]. a

Lemma 4.2.31 Let G be a Gaussian process based on A. If A is dg-conti-
nuous as a set-function on A, then G is dg-continuous if and only if G is
da -continuous.

4This is well-defined since A is extends to C(x) and AAB € C(u) for any A4,B € A.
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Proof By Definition 4.2.28 (ii), covg(A, A) = A(A) VA € A. Therefore,
by assuming A is dg-continuous, Lemma 4.2.30 implies covg is dg x dy-
continuous on A x A.

According to the second paragraph on p.3 of [1], the continuity of covg
and the compactness of (A,dy) (see Theorem 2.2.13) imply

G is dg-continuous <==> G is dg-continuous

where do(A, B) = E[(G4—G3g)*Y? for all A, B € A; note that G is a process
in L,. But, as calculated on p.7 of [1],

do(A,B) = [A(AAB)Y? = ds(4,B), (YA BeA). (4.16)
Therefore, G is dg-continuous if and only if G is ds-continuous. 0

Recall that a pseudo-metric space (E, ) is totally bounded if for every
€ > 0, 3 a finite subset {e;,---e,} of E s.t. any e € E is within 7-distance
€ of some e;. Any such {ey, --e,} is called a (finite) e-net of (E,7). For
example, any compact metric space is totally bounded.

Theorem 4.2.32 Let A be a dg-continuous variance function on A for
which (A, dy) is totally bounded and let G be a Gaussian process based on A.
For each € > 0, define the number

Ny, (e) = min{# A(e) : Ae) an e-net for (A,dp)}

where # denotes cardinality. If
lim / I Ny, (&)]2 de < oo, (4.17)

then 3 a dg-continuous version, G' of G.

Proof Clearly, without assuming (A,d,) is totally bounded, the function
Ng, would not be defined for all sufficiently small € € (0,1]. Under condition
(4.17), Theorem 1.1 on p.4 of [1] and the identity in (4.16) imply the exis-
tence of a dj-continuous version, G’ of G. (Note that In Ny, (e) =0 Ve >
diama (A4).) Since A is assumed to be dg-continuous on A, Lemma 4.2.31
implies G’ is dg-continuous as well. O
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Remark 4.2.33 In particular, condition (4.17) is satisfied whenever A is a
Vapnik-Cervonenkis ciass. See [1] for the definition and basic properties of
these special subcollections of P(T).

We now define a special class of set-indexed Gaussian processes.

Definition 4.2.34 Given a variance function A on A, an A-indezed Gaus-
sian process W is said to be a Gaussian white noise based on A provided

(i) W has a unique finitely additive extension to a C(u)-indezed process,
(if) We ~ N(0,A(C)) VC € C(u),

(iii) cov(Wa,Wg) = A(ANB) VA,B € A and

(iv) C,D € C(u) disjoint implies W and Wp are independent.

Remark 4.2.35 Given any variance function A on A, the existence of a
Gaussian white noise W based on A is guaranteed by Proposition 4.2.27 and
the Kolmogorov extension theorem. See p.6 of [1] for details.

Since a Gaussian white noise possesses a unique finitely additive extension
to C(u), it can be composed with any flow. When the flow is simple, such a
composition is rather well-behaved.

Proposition 4.2.36 Let W be an A-indezed Gaussian white noise based on
a variance function A on A and let f € S(A). If we define Wy =W o f and
A= Ao f, then

(a) W(0) =0,
(b) for any s <t in [0,1], Wy(t) — W;(s) ~ N(0, A(t) — A(s)),

(c) for any n and any t; < --- < t, in [0,1], the random wvariables,
Wi(ta) — We(t1), - -, We(tn) — Wy (tn—1) ere mutually independent and

(d) Wy has a modification in C[0, 1].

In cther words, Wo f has a modification which is a standard Brownian motion
stretched out by the continuous increasing function Ao f : [0,1] — [0, 00).
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Proof Select f € S(A). In view of Definition 4.2.34, W satisfies properties
(2), (b) and (c). (Note that Ao f(0) = A(¢") =0.)

By Lemma 4.2.26, A is continuous and increasing on [0,1]. Therefore,
A maps [0, 1] onto [0,a] where @ = A(f(1)) > 0. If a = 0, we are done.
Otherwise, define u : [0, a] — [0, 1] by letting

p(u) = min{s € [0,1] : A(s) = u}.
(The continuity of A allows us to write “min” in place of “inf”.) By its very
definition,
Ap(w))) = u, (Vue [0,a]). (4.18)
Now, define the process Wy, = {Wy(u(u)) : u € [0, a]}. We have the

Claim I: Wy, has a continuous modification Y = {Y; : t € [0,q]}.

Proof: By (b) and (4.18),
Wiop(t) = Wiop(s) ~ N(0,t—s), (Vs <t in [0,q]).

Therefore, the existence of the said modification follows by Kolmogorov’s
continuity criterion as presented in Theorem 1.8 on p.18 of [38]. Q

Since A is continuous on [0,1], ¥y = {Y(A(?)) : ¢t € [0, 1]} is continuous.
What is more, '

Claim II: Y, is a continuous modification of Wy.

Proof: Take t € [0,1]. By (2), YA(0) =0 = W{(0) a.e. If t € (0,1], there are
two cases. First, if A(s) < A(t) Vs € [0,¢t), then

p(A@®) = min{s: A(s) =A(t)} = ¢

which, by Claim I, implies Y3 (¢) & Wy, (A(t)) = Wi(t)-
On the other hand, if ¢ € (0, 1] is s.t. A(s) = A(t) for some s < t, define

to = min{s € [0,1] : A\(s) = A(?)}.
Then, t5 < t, A(to) = A(t) and by the definition of u, p£(A(¢)) = to. Therefore,
Claim I implies Y3(t) & W, (A(2)) = Wy(to). But by part (b),
A(to) = A(t) - Wf(t) - Wf(tg) ~ N(O, O)
which is to say W;(t) ¥ Wy (%o). This completes the proof of Claim II and
of Proposition 4.2.36 (d). 0O
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4.3 Modes of Convergence for Set-Indexed
Processes

4.3.1 Functional convergence

In this subsection, we define and give sufficient conditions for convergence in
distribution (also termed functional convergence) for sequences of set-indexed
processes. Our development is close to that found in Section 4 of [5]. Indeed,
the arguments therein apply to any compact metric space (T,d) and any
collection £ of closed subsets of T which is closed and separable w.r.t. the

Hausdorff metric. 5

Recall the metric space (D(A), dp) defined in Section 2.4 and let D denote
the Borel o-algebra on D(A) generated by dp. Applying Definition 4.2.1 to
(D(A),dp), we say that probability measures (u,), on D converge weakly to
a probability measure 1 on D whenever

[fdum — [fd

for every bounded dp-continuous function f : D(A) — R. In such a case,
we write p, = u.
Definition 4.3.1 Let M be a collection of probability measures on D.

(a) M is tight if for any e > 0, 3 a dp-compact subset K, of D(A) s.t.
p(K) > 1—e Vpe M.

(b) M is relatively compact if for any sequence (ug)n in M, 3 a subse-
quence (ln')n and a probability measure p on D s.t. pn => p.

As mentioned at the end of Section 2.4, there are at present no known
conditions on (7,d) and A which imply completeness and separability of
(D(A),dp). Since many results in the theory of weak convergence in met-
ric spaces assume these two properties, care is needed in its application to
(D(A),dp). Fortunately, the direct half of Prohorov’s theorem requires nei-
ther completeness nor separability. See Theorem 6.1 in [6].

Theorem 4.3.2 Let M be a collection of probability measures on D. If M
1s tight, then M is relatively compact.

5By Theorem 2.2.10 and Remark 2.2.3, any indexing collection has these two properties.
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Similarly, the following result, which combines Theorem 4.3.2 and Theo-
rem 2.3 in [6], applies to any metric space, Polish or otherwise.

Theorem 4.3.3 Let p, p1, pa, - - - be probability measures on D s.t. (up)n is
tight. If every weakly converging subsequence of (un)n has p as a weak limit,
then un, = p.

Next, we examine the role of the finite dimensional projections. Given
any n € N and any 4,,---, A, € A, define 74, ... 4, : D(A) = R" by

TA), - An (.’1,‘) = (x(Al)) o ')Z(An)) 1 (V:L’ € D(-A)) (4'19)

Proposition 4.3.4 Let A” be any dg-dense subset of A and define D* =
o({mra: A€ A}), i.e,, D* is the smallest o-algebra on D(A) to which each
1-dimensional projection w4 (A € A") is measurable. Then, D = D".

Proof Recall the metric space (K axr,d¢) defined on p.29 and the isometry
G : (D(A),dp) — (Kaxr,dg)- If B denotes the Borel o-algebra on K 4xr
generated by dg, then by Proposition 4.1 in [5],

G'B] := {G"Y[R]:Re B} = D".

Therefore, it is sufficient to show D = G™1[B].

Since G is continuous, G is D-measurable and hence G~1[B] C D. For the
opposite inclusion, it is sufficient that G™[B] contain all dp-open subsets U
of D(A). Take such a U. Since G is an isometry, G[U] is open in the subspace
G[D(A)]. Therefore, 3 a dg-open subset V of K 4xr s-t- G[U] = VNG[D(A)]-
Since G is injective, this implies U = G~}[V] where V € B, hence completing
the proof. O

Proposition 4.3.5 Given a dg-dense subset A* of A, define the class
Dy = {maallim R i n 21, A; € A, R; € B(R)}

where B(R)) denotes the Borel o-algebra on R. Given any two probability
measures py and ps on D, if

m(D) = p2(D), (VD € Dy), (4.20)

then puy = po on D. That is, Dy is a probability determining subclass of D.



CHAPTER 4. CONVERGENCE THEOREMS 159

Proof Given any such A%, Dy is clearly a w-class on D(A). Therefore, by
Proposition 4.3.4 and Theorem 3.3 in [7], (4.20) implies p; = pp on D. O

Let X be an A-indexed process defined on a complete probability space
(2, F,P). Given any w € , let X(w) denote the sample path of X at w.

That is, X
X(w)(4) = Xa(w), (VA€ A).

We say that X is in D(A) whenever X(w) € D(A) for P-ae. w, ie., a.e.
sample path of X lies in D(A).

Proposition 4.3.6 Any process X = (Xg)aca in D(A) is D-measurable
when viewed as a random function X : Q — D(A).

Proof Since X4 is measurable VA € A,
X1 [n3'[B] = (a0 X)YB] = [Xa€B] € F

for any A € A and any Borel set B € B(R). Therefore, by Proposition 4.3.4,
XDl C F o

By Proposition 4.3.6, any .4-indexed process X in D(.A) generates a prob-
ability measure L(X) on D termed the law of X. It is defined by

L(X)(D) :== P(XeD), (VDeD). (4.21)

This leads to the following terminology.
Definition 4.3.7 Let X, X;, X5, - be processes in D(A).

(a) (Xn)n s said to converge in finite dimensional distribution to X if
(Xn(41), -+ Xa(Am)) = (X(A1), -+, X(Anm)) in distribution (as ran-
dom vectors) for any m € N and A,,---, A, € A.

(b) (Xn)n s said to converge in distribution (or functionally) to X, de-
noted Xn, —= X, provided L(X,) = L(X).

Remark 4.3.8 The above definitions extend to any metric topology 7 on
D(A) although measurability of A-indexed processes w.r.t. the Borel o-
algebra generated by 7 may no longer be trivial. As it is, unless otherwise
mentioned, functional convergence of processes in D(.A) is understood to be
w.r.t. the topology generated by dp.
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Our next result follows classic lines.

Theorem 4.3.9 Let X, X, Xo, - -- be processes in D(A). If
(i) X, — X in finite dimensional distribution and
(i) (L(Xr))n is tight,

then X, = X.

Proof Take any subsequence (n'),. If (L(Xn))n converges weakly to a
probability measure ' on D, then condition (i) and Proposition 4.3.5 imply
p' = L(X) on D. Therefore, by (ii) and Theorem 4.3.3, L(X,,) = L(X). O

Combining Theorem 4.3.9 with Theorem 2.6.5, we obtain a generic func-
tional limit theorem for processes in D(.A).

Theorem 4.3.10 Given processes X, X;,X,,--- in D(A), if X, — X in
finite dimensional distribution and, for every € > 0, 3 constants 1. and R,
functions N, and he and a d-compact subset T, of T — all as described in
Definition 2.6.2 — such that

P [Xn e P(TE) he: N€7 T]() RE)] Z 1 - 67 (vn>7 (4'22)
then Xn —>c X.

Remark 4.3.11 (a) For the case of T = [0, 1]F (k > 1), specific examples
of set-indexed processes satisfying (4.22) can be found in Theorem 4.4 of [5].
Note that any indexing collection on [0, 1]* satisfies Assumption (A1) therein
(see Remark 2.2.11).

(b) If we replace each I'(T, k¢, N, 7, Re) in (4.22) by a subset of the form
Z¢ (the latter defined on p.47), then by Theorem 2.6.7 and Theorem 4.3.9,
Theorem 4.3.10 remains valid.

We close this subsection with a classic sufficient condition for functional
convergence for processes with sample paths in C(A). For example, see
Theorem 8.2 in [6].

Theorem 4.3.12 Let X, X,, X5, -- be A-indezed processes in C(A). If

(i) Xn— X in finite dimensional distribution,
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(ii) V>0 3a >0 s.t. P[|Xn]la>a] <n Vn and
(iii) Vn>0ande>0 36 > 0 s.t. Plw(X,,8)>¢ <n Vn

where w(X,,d) = sup{|Xn(A) — Xn(B)| : dg(A,B) < 6, A, B € A}, then
Xn —r X.

Proof Since C(A) C D(A), each X, is in D(A). For the sake of notation,
write u, for L(X,) Vn. By Theorem 4.3.9 and assumption (i), it is sufficient
to show (u,), is a tight family of measures on D.

Select 7 > 0. By (ii), 3a > 0 s.t.

pn({z € C(A) :lzlla < a}) 2 1-7/2, (Vn) (4.23)
whereas (iii) implies that for every £ € N, 3¢ > 0 s.t.
pn({z € C(A) 1 w(z,6) < 1/k}) 2 1—n/2*, (Vn). (4:24)
If we define = C C(A) by
T = {z:|zlla < a} N Ne{z : w(z, &) < 1/},

then ¥ is uniformly bounded and uniformly equicontinuous. Therefore, by
the Arzela-Ascoli characterization of compactness in C(A4) (see p.279 in [32])
and Corollary 2.4.10, the || - || 4-closure, ¥ of & is dp-compact in D(A).
Furthermore, by (4.23) and (4.24),

pa(E) = 1—7, (Yn).

Since > 0 was arbitrarily chosen, this implies (u,), is a tight family of
probability measures on D. O

4.3.2 Semi-functional convergence

The main goal of this chapter is to obtain CLTs — convergence of some type
to Gaussian processes — for sequences of set-indexed strong martingales.
Ideally, this convergence is functional convergence in D(A) as defined in the
preceding subsection. However, there are inherent difficulties and limitations

associated to functional CLTs.
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For example, Pyke in [36] obtained a functional CLT for set-indexed
partial-sum processes by first smoothing the said processes and then es-
tablishing weak convergence w.r.t. the uniform topology on C(A). Among
other things, this required the limiting Gaussian process to be continuous.
Switching to weak convergence w.r.t. dp on D(A) would remove the need
for sample path continuity of the limiting process. However, one would still
require the existence of A-indexed Gaussian processes with sample paths in
D(A). When our indexing collection is as large as £L£,, the lower layers on
[0, 1]2, such versions may not exist.

For this reason, we define a new mode of convergence, termed semi-
functional convergence, defined on a wide class of set-indexed process which
includes all strong martingales and all Gaussian white noise (see Proposi- _
tion 4.3.14). As will be illustrated in Example 4.6.26, it is possible for a
sequence of partial sum-processes to converge semi-functionally to a discon-
tinuous Gaussian process.

Definition 4.3.13 The set D[S(A)] consists of all A-indezed processes X
s.t. X o f has a modification in D[0,1] V f € S(A).

D[S(A)] contains many useful processes, some of which are listed below.

Proposition 4.3.14 Let X be an A-indezed process. If
(i) X has purely atomic sample paths,
(ii) X left- and right-continuous in the sense of Definition 8.2.44,
(iii) X a right-continuous strong submartingale,
(iv) X a strong martingale or
(v) X e Gaussian white noise,

then X € D[S(A)]-

Proof Fix a simple flow f : [0,1] — A(u) for use in all parts of Propo-
sition 4.3.14. Parts (ii) and (v) are due to Lemma 4.2.21 (a) and Proposi-
tion 4.2.36 (d) respectively.

For (i), note that if z : 4 — R is any purely-atomic set-function, then
zo f:[0,1] = R is pure-jump and as such, lies in D[0,1].
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Parts (iii) and (iv) follow by applying Lemma 4.2.20 (b) and Remark 4.2.12
(for (iii)) or Proposition 4.2.10 (for (iv)). a

Given any f € S(A), since cadlag modifications are unique up to indis-
tinguishability, we can define a map My on D[S(A4)] by letting

M¢(X) = the unique cadlag modification of X o f. (4.25)
And now for our new mode of convergence,

Definition 4.3.15 Given processes X, X1, Xs, -+ in D[S(A)], (Xa)n is said
to converge semi-functionally to X if

M;(X,) = Mg(X) in D[0,1], (Vf € S(A)). (4.26)

Remark 4.3.16 Since the convergence in (4.26) is distributional, it is not
necessary that the A-indexed processes X, X;, Xs, - be defined on a com-
mon probability space.

Under a basic continuity assumption, semi-functional convergence implies
convergence in finite dimensional distribution.

Proposition 4.3.17 Take X, X;,Xs,--- € D[S(A)]. If X, — X semi-
functionally and My(X) is in C[0,1] V f € S(A), then

(Xa(Co), -+, Xn(Cr)) == (X(Co),---,X(Cx)) as n— o0 (4.27)

for any finite subcollection {Cy, - - -, C} of C(u). Since A C C(u), this implies
Xn — X in finite dimensional distribution.

Proof First, assume Cp, - - -, Ck are the left-neighborhoods generated by a
fs.s.l. A'= {Ay, -, Ar} of A which is numbered in a manner c.w.s.p. Then,

by Proposition 4.2.16, 3 f € S(A) s.t.
Ci=fE/R)\F(G—-1)/k), (V1<i1<k) (4.28)
and C, = ¢' = f(0).

By assumption, M;(X,) = M;(X) in D[0, 1] where M(X) is a contin-
uous modification of X o f. Among other things, this implies

c -
(X?(O):X?(uk): Tt X?(o)) — (Xr0)> Xra/my Xrw)- (4.29)
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(Here, X3 = X,(A), not exponentiation.) Define h : R¥+! — RF*! by
h’(xﬂr et yxk) = (IO)xl — Zg, -, Tk — xk—l) 3 (v (:EO: et ,-Tk) € Rk+1)

Since h is continuous on R¥*!, (4.28), (4.29) and the continuous mapping
theorem imply

(Xa(Co), Xa(C)s--+, Xa(Cr)) = (X(Co), X(C1), -+, X(Ck))-

So far, we have established (4.27) for the case in which {Cy,---,Ci} is
the collection of left-neighborhoods generated by an arbitrary fs.s.l. of A.
The proof for a general finite subcollection {Cy, - - -, Cx} of C(u) now follows
from Proposition A.6.2. ]

4.4 A Semi-Functional CLT for Continuous
Strong Martingales

This section contains our first semi-functional limit theorem and some of
its consequences. Specifically, conditions on a sequence of left- and right-
continuous strong martingales ® are given so as to ensure semi-functional
convergence to a Gaussian white noise based on an appropriate variance
function. Semi-functional convergence under weaker sample path conditions
will be established in Theorem 4.5.5.

In what is to follow, we will frequently write X (A) for X4 so as to simplify
notation. Recall that A contains the sets ¢’ and T which serve as the left
and right “endpoints” of (A4, C) respectively.

Theorem 4.4.1 Let X;, X5, --- be a sequence of A-indezed, left- and right-
continuous Ly strong martingales s.t. X,(¢') — 0 in probability and

sup E [|Xa(T)|***] < o0 (4.30)

for some 6 > 0. If 3 a sequence of A-indezed processes (Ap)n s.t.
(C1) {An(T):n > 1} is uniformly integrable,

(C2) A, is a *-quadratic variation of X, Vn and

8This is less restrictive than requiring the processes to be dg-continuous.
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(C3) for every A € A, Ap(A) = A(A) in probability

for some variance function A on A, then 3 an A-indezed Gaussian white
noise W based on A s.t. X, =+ W semi-functionally.

Proof So as to simplify notation, we assume each X, is defined on a
common stochastic base, (2, F, P, (F4),.A). The argument which follows
is directly applicable to the “non-homogeneous” case.

By Remark 4.2.35, 3 an A-indexed Gaussian white noise W based on
A. To show that (X,). converges semi-functionally to W, select a simple
flow f € S(A) — we need to show My(X,)—.M;(W) in D[0,1]. Note by
Proposition 4.3.14 that W, X;, X5, - - - are all elements of D[S(.A)] as required
in the definition of semi-functional convergence. In fact, by left- and right-
continuity, Lemma 4.2.21 (a) implies

My(Xa) = Xao f, (¥n). (4.31)
For the sake of notation, write
Yo = My(Xn), (Vn).
Also, define classical processes (A,), on [0, 1] by letting
An = Ao f, (Vn)

and define the function, A : [0,1] — [0,00) by letting A = Ao f. Since
f(0) = ¢' by the definition of a simple flow, Lemmas 4.2.20 and 4.2.21 imply:

(al) Y,(0) =+ 0 asn — oo, -

(a2) for each n, Y, is a continuous classical L, martingale w.r.t. the filtra-
tion {#, : t € [0,1]} defined by H. = Fsu) Ve [0,1],

(a3) for each n, A, is a non-negative, increasing, integrable (but not nec-
essarily adapted) process in D[0, 1] and

(a4) X is increasing and continuous on [0, 1] with A\(0) = 0.

Furthermore, since A and each A, possess finitely additive extensions to the
algebra C(u), condition (C3) extends to all sets B € A(u). Therefore,

An(t) = A(), (Vte(o,1)). (4.32)
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To simplify our application of Theorem 4.2.8, we trivially extend the
filtration (#¢)eepo, and each process ¥, (n € N) to [0,00) by defining

Hy=H; and Yi()) =Ya(l), (Vt>1) (4.33)

and letting H; = H,, YL (t) = Ya(t) Vi € [0,1]. Combining (a2), (4.33) and
Theorem 4.2.7, we obtain

(a5) for each n, Y, is a continuous L, martingale w.r.t. {#H: : t € [0,00)}
with continuous predictable quadratic variation (¥7).

Just like Yy, (¥7) is trivial beyond £ = 1. To be precise,

Claim 1: For each n, (Y3)(t) = (Ya)(1) a.s. VE > 1.

Proof: Fixn and £ > 1. By (4.33) and (P3) in Theorem 4.2.7,
E[(Ya)(t) — (m)Q) [ HY = E[Ya(6)? - V(D) [H] = .

Since H; = H1 and (¥y) is adapted to (Hi)iep,c0), (Ya)(t) — (Ya)(1) is Hi-
measurable. Therefore, (¥;)(t) — (¥7)(1) =0 a.e. Q

Now, assume we have shown
(Y (®) 5 A@®), (Vie(o,1)). (4.34)

If X" denotes the trivial extension of A to [0, o), then by Claim 1, (Y;)(¢) —=p
A'(t) Vt. Furthermore, property (al) implies ¥;(0) —p 0 while (a5) and (4.3)
imply E[J,(Yx|z)?] =0 Vn and Va > 0. Therefore, by Theorem 4.2.8, 3 a
standard Brownian motion B s.t.

My(Xa) = Y| == By in D[0,1] (4.35)

where B,(t) = B(A(t)) Vit € [0,1] (see (4.6) for the definition of |;.) But
by Proposition 4.2.36, M(W) is also a Brownian motion stretched-out by A.
Since weak convergence of processes in D[0, 1] is equivalent to tightness plus
convergence of the finite dimensional distributions, we can thus replace Bj
by Mf(W) in (4.35). Therefore, since our goal is semi-functional convergence
of (Xp)n to W,
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Reduction: The proof of Theorem 4.4.1 will be complete if we can show (4.34).

(4.34) will be obtained in three steps. First, it will be shown that ((¥;)|;)n
is tight in D[0, 1] w.r.t. the Skorokhod topology. It will then be argued that
any weakly convergent subsequence of ((¥;)|1), must have A, viewed as a de-
terministic process, as its weak limit. At this point, we will have (¥;})[; =, A
in D[0, 1] which, by Lemma A.5.8, will yield (4.34). We begin with a techni-
cal result.

Claim 2: Given anyn € N and any s <t in [0,1],
() E[YZ(t) —Mn(t) | Hs] = E[YZ(S) — An(s) | Hs] and
(b) E[(Ya)() — Aa(t) | Hs] = E[(Yn)(s) — Au(s) [ ]

Proof: Fixn€ Nand s<tin[0,1]. If welet U =Y, and V = A, then

E((U2-U2) - (Vi—=Vi)|H] = EBlU-U)?— (Vi = Vo) |H] +
+ 2U; - E[U: — U | Hs)
= E[{U:—U)? - (Vi = V)| H

where the last equality is due to (a2). Furthermore, since A, is a x-quadratic
variation of X,

E[(Ut ‘—Us)2 - (m - I/::) IHS]
= E[X.(f@\f(5))* = Aa(fONS(5)) [Hs]
=0

when we apply the tower property to the sub-o-algebras H, C Gronss (see
(4.11)). This completes part (a). Part (b) follows from part (a) and (P3) in
Theorem 4.2.7. Q

Claim 3: {(Y;)|; : n > 1} s tight in D[0,1] w.r.t. the Skorokhod topology.
(See (4.6) for the definition of |;.)

Proof: By Theorem 1 in {2], this will follow if
(1) {(Yz2)(t) : n > 1} is tight for every fixed ¢ € [0, 1] and
(it) {(Ya)l1 : n > 1} satisfies condition (A) of Aldous (see (4.36) below).
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To establish (i), fix t € [0,1]. Given any K > 0, since each (¥) is a
non-negative increasing process, Markov’s inequality implies

P > K) < K- E[(¥R)(1)]
K™'- E[Y{(1)?] (by Theorem 4.2.7)
= K™ '.E[X.(T)*] (since f(1) =T).

But by (4.30), sup, E[X.(T)?] < oo. Therefore, given any € > 0, we can
choose K > 0 large enough so that P(|(¥Yz)(¢t)| > K) < € Vn. In other
words, {(Y7)(¢) : n > 1} is a tight collection of random variables.

To establish condition (A) of Aldous, select

s for each n, a stopping time 7, : @ — [0,1] w.r.t. the natural filtration -
generated by (¥3)|; and

e 2 sequence of constants, (d,), s.t. 0 <, <1 Vn with é, — 0.
We need to show
(Vi) (0n) = (¥2)(Ta) = 0 as n— o0 (4.36)

where o, =1 A (7, +6,) Vn. (Note that (¥}]) = (¥;{)|; on 2 x [0,1].)
For this purpose, select € > 0. Given any n, (Y;) is increasing and 7, < o,
on 2. Therefore, Markov’s inequality implies

P([(¥)(on) = (¥} ()| > €) < e - E[(Ya)(on) — (¥a)(m)], (Vn).

Since each (Y7) is adapted to (#t)ejo,00); Tn and o, are stopping times w.r.t.
(Ht)eep,00) V7. If we define M = {M(2) : £ € [0, 00]} by letting

_ @0 - L ifee(o,1]
M(t) - { (lfn{)(l) - ’\n(l) ’ ift € El,oo] )

then Claim 2 (b) and the “generalized stopping theorem” in Lemma A.5.1
imply

E[(¥2)(on) — (¥a) () | Hr] = E[Aa(0a) = An(m) [ Hr], (V).
Therefore, (4.36) will follow if we can show

E[M\i(on) = An(m)] = 0 as n— oo. (4.37)
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Given any n, the triangle inequality implies

[An(on) = An(Tn)]

< [Aa(on) = Alon)| + [An(mn) — A(m)]| + [A(on) — A(T)]

< 2. sup l’\n(t) _’\(t)l + [’\(Un) - ’\(Tn)l'

0<t<1
In view of (4.32), Lemma A.5.8 implies SUP g<i<y [An(f) — A(t)] —p 0. Also,
since P(lon — 7| > €) =0 Vn s.t. &, <e, the continuity of A on [0, 1] implies
[A(on) — A(Tn)] =p 0. In total,

[An{on) — An(m)] 2,0 as n— oo.
Furthermore, since each )\, is non-negative and increasing,
[An(0n) = An(m)] < 2- An(l) = 2-A(T), (Ym)

which, by assumption (C1), implies {\,(0%) — An(7) : 7 > 1} is uniformly
integrable. By dominated convergence this yields (4.37), establishing condi-
tion (A) of Aldous for {(¥;)|; : n > 1}. Therefore, {(¥/)|; : n > 1} is tight
w.r.t. the Skorokhod topology on DJ0, 1]. Q

Next, assume (Y] )| —, Z in D[0,1] for some subsequence (r,), and
some random element Z : (', 7', P') — D[0, 1] where (', F', P') is taken
to be complete. Since each (Y) is continuous, Claim 3 and Corollary 4.2.4
imply Z is in C[0,1!. As mentioned prior to Claim 2, we need to show that
Z and A are equal when viewed as classical processes.

Toward this goal, let M = Z — X and define a family (G?)eepo,y of sub-o-
algebras of F' by letting

G =o({M(u):0<u<t}), (Vteo,1)]).

(G?)tepo,y) is increasing but not necessarily complete or right-continuous. To
remedy this shortcoming, define

gt = g?V]:(,h (Vte[or]‘])

where F§ denotes the sub-o-algebra of F' generated by all P’-null subsets of
V' and define
Gf =()Gs. (Vte[o,1)

s>t
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with G = G1. (G{ )tepo,1) Is commonly referred to as the minimal filtration
generated by M. M is clearly adapted to (G ):efo,1j- Furthermore,

Claim 4: M is a martingale w.r.t. its minimal filtration.

Proof: In what is to follow, we will replace r, by 7 so as to 51mphfy notation.
We begin by showing

E[M|G,|=M,, (Vs<tin[0,1]) (4.38)

which, by the definition of conditional expectation, is equivalent to showing
E[M|G})= M, Vs <tin[0,1].
Since A(u) € [0,00) and M (u) = Z(u) — A(u) Vu €[0,1],

g: = o({Z(w):0<u<t}), (VEelo,1)).

Furthermore, since the set I, of P’-continuity points of Z(u) is dense in R
Yu, it is clear that for any s € [0, 1],

= {NZ1[Z(s:) <zi]:meN,0<s;<sViand z; € [, Vi}
is a m-class generating G;. Therefore, given any s < t in [0, 1], if we can show

/ (M, — M,)dP' = 0, (VAEE,), (4.39)

then by Theorem 34.1 in [7] we will obtain E[M;|G;] = E[M;|G2] = M.

To this end, fix s < ¢ in [0,1] and select a set A = N7,[Z(s;) < z;] in
E;. We will establish (4.39) via an argument which is similar to that found
in the proof of Theorem 3.1 in [21]. For each n, define the set

An = ML, (V) (s:) < 2]

and the process
= (1) — An

To save space, given any process or function U, we will write U(s,t] for
U(t) — U(s), the increment of U over (s,t]. To obtain (4.39), we need the
following distributional limits.

Subclaim: Asn — oo,
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(a) (Yi)(s,t]-1a, —=¢ Z(s,t]-14 and
(b) An(s,t]-1a, =z A(s, 8] - 1a.

Proof: Since we assume (Y;)|; = Z where Z is continuous,

¥y (), - -+, (Vi) (wr)) == (Z(wi), -+, Z(ur)) (4.40)

for all choices of r € N and uy,---,u, € [0,1]. Therefore, by a simple
application of the continuous mapping theorem,

((K{)(S,t], (Y,{)(Sl),"', (K{)(sm)) _i) (Z(51 t]’ Z(S]_),"',Z(Sm)), (441)

To show part (a), select a P'-continuity point, z of Z(s,f] - 14,. We .
consider two cases. First, assume z < 0. Since each (Y};) is increasing, Z is
also increasing (see Lemma A.5.7). Therefore,

P((Ya)(s,t]- 14, <z) = P'(Z(5,t]-14<z) = 0, (Vn).
On the other hand, if we assume z > 0, then

P'(Z(s,t]-14 > z) = P'([Z(s,t] >z]N A) and
P((Y2)(s,t] - 14, > 2) = P ([(Y2)(s,%] > 2] N Aq) , (Vn).

Therefore, by (4.41) and Lemma A.6.3,

P((Yi)(s,t] - 14, > z)

P((¥)(5.8] > ] O 4,)

= P{{Ya)(s,t] >z, (Ya)(s1) < 21, -+, (¥a)(5m) < Zm)
5 P(Z(s,t] >z, Z(s1) < T1, -+ Z(5m) < Tm)
P'([Z(s,t] > z] N A)

P'(Z(s,t] - 14 > ).

In total, we have shown
P((Yz)(sat] ) lAn. < .’L') - P’(Z(S,t] -1a SI) as n—oo

for our arbitrary continuity point, z of Z(s,t] - 14.
For part (b), note that (4.40) implies 14, —, 14 while (4.32) implies
An(s,t] —p A(s,t] where A(s,t] € R. w
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We now return to the proof of Claim 4, in particular, the verification
of (4.39) for our chosen set A € £;. By Proposition A.5.5, (4.30) implies
{{¥:)(1) : n > 1} is uniformly integrable. Furthermore, since each (¥7) is

increasing,
[(Ya)(s,t]- 1a.] < 2-(¥)(1), (Yn)

and hence,
{(¥2)(s,%] - 14, : n > 1} uniformly integrable.
Likewise, since each A, is increasing, assumption (C1) implies
{An(s,%] - 14, : n > 1} uniformly integrable.

Therefore, by the above Subclaim and dominated convergence (the form
given in Theorem 25.12 of [7]),

/A M(s, 8] dP' = /A Z(s,t] dP' — /A A(s, & dP
= lim /A (¥D)(s, 1] dP — lim /A n(s,4 dP
= lm [ Ma(s,] dP.
m /A M (s, 1]

But (Y;) is adapted to (#t)tepo,0) and hence, A, € H; Vn. By Claim 2 (b),
this implies [, M;(s,t]dP =0 Vn, establishing (4.39) and thus (4.38) also.

To complete the proof of Claim 4, take any s < t and choose N € N large
enough so that s < s+% <t VYn > N. Then, for every n > N,

E(M,| G}l = E[EMGst1/n)|GYF] (tower propery)
= E[M,41/:]G7] (by (4.38))
25 M,

The last line is due to dominated convergence since lim, M.,/ = M; as.
and |Mep1/m| < Z(1) + A(1) Vn > N. (Recall that M = Z — A with Z and
A both increasing and continuous on [0, 1].) Q

Claim 5: Z 1s indistinguishable from the deterministic process A.

Proof: Being the weak limit of increasing processes in D[0,1], Z is itself
an increasing process (see Lemma A.5.7). Since A is also increasing and
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M = Z — ), Claim 4 and the continuity of Z and A imply M is a continuous
martingale of finite variation. Therefore, by Proposition 1.2 on p.114 of [38],
M is a constant process, i.e., M is indistinguishable from a constant, say
a € R.

To find the value of &, note that (P3) in Theorem 4.2.7 implies (Y//)(0) =
Y%(0) = ¥;2(0) a.s. Vn so that (al) yields

(¥)(0) = 0.
Furthermore, since (¥7.)|; = Z in D[0, 1] and Z is continuous,
(Ya)(0) = Z(0).

Combining these two limits, we obtain Z(0) = 0 a.s. Since A(0) = 0, this
implies M(0) = Z(0) — A(0) = 0 a.s. Therefore, a = 0 which is to say that
Z and A are indistinguishable. Q

Combining Claims 3 and 5, ((Yz)]1) is a tight sequence of processes in
D[0,1], every weakly convergent subsequence of which converges weakly to
A. Therefore, by Theorem 2.3 in [6], (Y4)|1 = X in D[0,1]. By applying
Lemma A.5.8 to this distributional limit, we obtain (4.34) and thus, in view
of the Reduction on p.167, the proof of Theorem 4.4.1 is complete. a

4.4.1 Some consequences, including a functional CLT

In this complementary subsection, we list several quick consequences of the
above semi-functional CLT. Included in this Iist is a related functional CLT
for dg-continuous strong martingales indexed by a small class \A.

To begin with, note that Theorem 4.4.1 required no additional assump-
tions on the stochastic bases. In particular, the processes Aj, As,--- were
not required to be *-predictable in the sense of Definition 3.4.7, eliminating
the need for Assumption 3.4.2 among others. On the other hand, by impos-
ing certain conditions on the said stochastic bases, Theorem 4.4.1 admits a
simplification.

Proposition 4.4.2 For each n, let X, be an A-indezed lefi- and right-
continuous Ly strong martingale defined on a stochastic base satisfying As-
sumption Groups D.1 and D.3. If
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(i) sup, E [IXH(T)|2+5] < oo for some & > 0,
(if) Xn(¢") — 0 in probability
and 3 a veriance function A on A s.t.
Qn(A) — A(A) in probability, (VA € A)

where Q, denotes the unique *-PQV of X, (see Theorem 8.5.2), then 3 an A-
indezed Gaussian white noise W based on A s.t. X, = W semi-functionally.

Proof For the sake of notation, assume each X, is defined w.r.t. a common
stochastic base, (2, F,P,(F4),A) satisfying Assumption Groups D.1 and
D.3.

By Corollary 3.6.11, condition (i) guarantees the existence of *-predictable
quadratic variation (*-PQV) @, for each strong martingale X,,. As stated in
Proposition 4.2.24, any *-PQV is a *-quadratic variation.

Furthermore, by Proposition 3.6.12 and (i), the sequence (Q,), satisfies
condition (C1) in Theorem 4.4.1. Proposition 4.4.2 now follows from Theo-
rem 4.4.1. a

If W is any Gaussian white noise, then by Proposition 4.2.36, M, (W) is
in C[0,1] V f € S(A). Thus, by Proposition 4.3.17, Theorem 4.4.1 implies

Corollary 4.4.3 If X3, Xs,--- and A, Ay, Ay, --- are as described in The-
orem 4.4.1, then 3 an A-indezed Gaussian white noise W with variance

function A s.t.
(Xa(Co), -+ -+ Xn(Cr)) =5 (W(Cy),---,W(Ck)) as n— o0 (4.42)

for any finite subcollection {Cy, - --,Ck} of C(u). In particular, X, - W in
finite dimensional distribution.

We close with a functional CLT for dg-continuous strong martingales. To
simplify notation, we assume all processes are defined on a common proba-
bility space (€2, F, P) — the result clearly carries over to the heterogeneous

case.

Theorem 4.4.4 Assume A satisfies condition (4.17). Let X1,X,,--- be a
sequence of A-indezed, dy-continuous strong martingales in Ly s.t.
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(@) Xa(¢) = 0,

(ii) sup, E [IXn(T)Iz'*'E] < oc for some § > 0,

(iii) V7 >0 3a >0 s.t. P[||Xu]la>a] <71 Vn and
(iv) Vn,e >0 36 >0 s.t. Plw(X,,80)>¢ <nVn

where w(Xy,d) = sup{|Xn(A) — Xo(B)| : dg(A,B)<6,A,Be A}. IfJ a
sequence of A-indezed processes (Ap)n s-t.

(i) {An(T) : n > 1} is uniformly integrable,
(ii’) An is a *-quadratic variation of X, Vn and

(iii’) for every A € A, An(A) =5 A(A)

for some dg-continuous variance function A on A, then 3 a dg-continuous
Gaussian process G based on A such that X, =, G in the sense of Defini-
tion 4.8.7(b).

Proof Since (X,), satisfies all the conditions of Theorem 4.4.1, Corol-
lary 4.4.3 implies the existence of an A-indexed Gaussian white noise W
based on A s.t. X, — W in finite dimensional distribution. In particular,
note that dy-continuity implies left- and right-continuity for each X,.

Since A satisfies condition (4.17) and A is dg-continuous on A, Theo-
rem 4.2.32 implies the existence of a dg-continuous version G of W which, as
mentioned in Comment 4.2.29, is also a Gaussian process based on A. Since
G is a version of W, we have

X, = G in finite dimensional distribution.

Therefore, by conditions (iii) and (iv), the present theorem follows from
Theorem 4.3.12. a

4.5 Semi-Functional CLTs for General Strong
Martingales

In Theorem 4.4.1, conditions were given under which a sequence of A-
indexed strong martingales with smooth sample paths (in the sense of left-
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and right-continuity) converged semi-functionally to an .4-indexed Gaussian
white noise. This assumption on the sample paths is too restrictive for most
applications. Indeed, most CLTs for sequences (Y;), of classical martingales
allow for discontinuities of the first kind, i.e., sample paths in D[0, o0), so
long as the jumps in ¥, become asymptotically neglegible as n becomes large.
Unfortunately, due to the complexity of the set-indexed framework, there is
at present no explicit and useful asymptotic rarefaction of jumps condition for
set-indexed processes. In its place, we define the following class of sequences

of set-indexed processes.

Definition 4.5.1 A sequence (X,)n of Ly processes in D[S(.A)] is said to be
J-Lo-asymptotically smooth, abbreviated J-L, -AS, if for every f € S(A),

E[J(M;(X,))%] =0 as n = o0 (4.43)

where J : D[0,1] — [0, c0) denotes the jump functional defined in (4.2) and
My is defined in (4.25).

Several generic examples of J-L,-AS sequences are presented below. A
specific example can be found in Proposition 4.6.21.

Example 4.5.2 Assume (X,), is a sequence of .4-indexed left- and right-
continuous process in L;. Given any f € S(A), Lemma 4.2.21 (a) implies
M (X,) = Xnof is in C[0,1] and hence, X, € D[S(A)] Vn. Furthermore,
(4.3) implies E[J(Xnof)2] =0 Vn so that (X,), is trivially J-L,-AS.

Example 4.5.3 Let (X,), be a sequence of A-indexed purely atomic pro-
cesses. By Proposition 4.3.14 (i), X, € D[S(A)] Vn. In fact, as mentioned
in the proof thereof, Ms(X,) =X, o f Vn and f € S(A).

For the sake of notation, assume each X, is defined on a common proba-
bility space (2, F, P). Given n and w, denote the atoms of the sample path
A X, (A ,w) by

ti(w,n), -, tg(w,n) €T
and the respective masses by
a1{w,n),---,ax(w,n) € R.

The dependence of & on n and w is suppressed from the notation. A condition
under which (X,), is J-L2-AS is the existence of random variables, (W,,),

on (Q,F,P)s.t. E(W?) — 0 and
SUP g<t<1 lZ{ai(w, n) : ti(w,n) € Af(¥) }l < Wh ae., (Vn) (4.44)
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for any fixed f € S(A) where Af(t) = f(t) \ Usee f(s) YVt € (0,1] and
Af(0) = ¢. Indeed, Lemma A.8.1 implies

SuPo<i<1 [AXnof(t)| = SUPg<e<k | Xa(A f(2))| on Q, (Vn)
with the right-hand side equaling the left-hand side of (4.44).

Example 4.5.4 Assume (X,), is a sequence of A-indexed processes in L,
s.t. Xn = Un +V, VYn where each U, is left- and right-continuous and each
Vr is purely atomic. One can view such X, as being smooth, in the sense of
left- and right-continuity, with a purely atomic part. Since both (U,), and
(Va)n are sequences in D[S(A)], so is (X,).

If the atoms and masses of the sample paths of V;, satisfy (4.44), then by
the arguments in Examples 4.5.2 and 4.5.3, (X, ), is J-L2-AS. In particular,
given any f € S(A), A X,of = AV,of Vn and hence,

E[J(Ms(X,))Y] = E[J(Vaof)?2] — 0 as n — oo.

For our second semi-functional CLT, we no longer require the strong mar-
tingales X, X3, - - - to have sample paths which are left- and right-continuous.
In fact, we only request that the discontinuities of the X,, become negligible
as n — oo according to the J-Ls -AS condition.

Theorem 4.5.5 Let (X,), be a J-L, -AS sequence of A-indezed strong mar-
tingales for which X,(¢') — 0 in probability and

sup E [|Xa(T)[***] < o0 (4.45)

for some § > 0. If 3 a sequence of A-indezed processes (Ap)n s.t.
(C1) {An(T):n > 1} is uniformly integrable,
(C2) A is a *-quadratic variation of X, ¥Yn and
(C3) for every A € A, A,(A) = A(A) in probability

for some variance function A on A, then 3 an A-indezed Gaussian white
noise W based on A s.t. X, —» W semi-functionally.
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Proof Unless otherwise labeled, all Claims, Reductions or properties
referred to in this proof are to be found in the proof of Theo-
rem 4.4.1. As mentioned in the proof of Theorem 4.4.1, it is sufficient to
consider the case in which each X, is defined on a common stochastic base
(Q,F,P,(Fa), A).

Select f € S(A) and define (H:)tepo,13, (Yn), (An)n and X as done in the
proof of Theorem 4.4.1. Note that properties (al) through (a4) on p.165
continue to hold with the sole exception that ¥, need not have continuous
sample paths. 7 Despite this discrepency, large portions of the proof of
Theorem 4.4.1 will apply to the present case.

To begin with, if we extend (#¢)ecpo,;j to (Ht)eepo,0) and each Y, to
{Ya(t) : t € [0,00)} according to (4.33), then by Theorem 4.2.7, each ¥}
possesses predictable quadratic variation (Y;). Repeating the argument in
Claim 3, we have

Claim A: {(Yi)|1:n > 1} is tight in D[0,1] w.r.t. the Skorokhod topology.
Since the Y, are not necessarily continuous, neither are the (¥;). However,

Claim B: If (Y. )1 —¢c Z in D|0,1] for some subsequence (rn)n, then Z is
a continuous and incCreasing process.

Proof: For the sake of notation, take r, = n Vn. Since each (¥;) is in-
creasing, Lemma A.5.7 implies Z is increasing. To establish sample path
continuity of Z, it is sufficient by Proposition 4.2.3 and Claim A to show

J(YDH]) <0 as n— oo. (4.46)
To this end, define for any n and € > 0 the random variable
S, = inf{s > 0: A(YR), > €} (4.47)
with the convention inf ¢ = co. By Claim 1 and the right-continuity of (¥;),
Sp = inf{0 < s <1:A(Yq), > €} (4.48)

Also note that

Sn(w) €1 = J{(¥a)(w) = 0~°><1511<>1A(Yé)(s,w) > e

THowever, since X, € D[S(A)] Vn, each Y, has sample paths in D[0, 1]
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Therefore, (4.46) will follow if we can show P(S, < 1) — 0 as n — oo for
every € > 0. This will be accomplished via an argument resembling that
found on p.268 of [21].

Fix € > 0. Given any n, since (Y};) is non-negative and increasing, the
sample path ¢ — (¥;)(¢,w) will have at most a finite number of jumps of size
greater than € on [0, 1] for a.e. w. Therefore, we can replace inf by min in
(4.48) and so doing, obtain (A(Y;))s, > € on [S, < 1]. This implies

P(S,<1) £ €' E[Lsac1y- (A¥)s.] - (4.49)

By Proposition A.5.4, S, is a predictable stopping time w.r.t. (Ht)eco,c0)-
Therefore by Claim 2 (b), we can apply Lemma A.5.3 to the process

— (Yr{) (t) - ’\n(t) 3 ifte [O’ 1]
M) = { ) D) L ifte (L ool

to obtain
E[(A(Ya))s. [ Hs.-] = E[(AA)s, | Hs.-]- (4.50)

(Note that AM = A((Y7) — Ap) = A(Y)]) — A),.) Furthermore, since S, is
H’, —-measurable (a consequence of predictablility), conditioning w.r.t. #s, -
yields

P(Sn<1) < €'-E[ys, <1y B[(A(Y)s. | H5,-]]  (by (4.49))
= €' E[1s, <1y  B[(A)s, | H5.-]]  (by (4.50))
= ¢! E :1[sn51] - (AXg) sn] (by conditioning)
< €l-E| sup A)\n(t)}
| 0<t<1
= e !'-E[J(\)] (since )\, is increasing). (4.51)

Since condition (C3) implies (4.32), Lemma A.5.8 implies A, —¢ A in
D[0,1]. Thus, since J is continuous at A € C[0, 1] (see (4.4)), the continuous
mapping theorem implies J(\;) -, J(A) = 0. Furthermore, since each A,
is increasing on {0, 1],

J(’\n) < 2"\n(1)a (Vn)

In view of condition (C1), this implies {J()\,) : n = 1} is uniformly in-
tegrable. Therefore, by dominated convergence E{J(A\;)] = 0 as n — o0
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which, by (4.51), implies P(S, < 1) — 0. This establishes (4.46), complet-
ing the proof of Claim B. Q

With Claim B established, we can repeat the entire argument following
Claim 3 to obtain
¥ (&) S A, (VEe[o,1)). (4.52)
In fact, by Claim 1, (¥7)(t) —=p A(t) VI > 0. Since (X,), is J-L,-AS and
AY () =0 Vi> 1,

0 < E[J. (Y)Y < B[J(Mf(Xo))?] = 0 as n— o0, (Ya>0).

Therefore by (al), Theorem 4.2.8 implies the existence of a standard Brow- .
nian motion B s.t.

Y, = B, in D[0,1] (4.53)
where By = {B(A(¢)) : t € [0,1]}.

Finally, by Remark 4.2.35, 3 a Gaussian white noise W based on A. 8
Since M;(W) is in C[0,1] and is a version of B) (see Proposition 4.2.36),
(4.53) implies M;(X,) = Mg(W) in D[0, 1], completing the proof of Theo-
rem 4.5.5. . a

4.5.1 Some consequences, including a functional CLT

This subsection, which is similar in nature to Subsection 4.4.1, contains sev-
eral consequences of Theorem 4.5.5 including a generic functional CLT for set-
indexed strong martingales. We begin with an analogue of Proposition 4.4.2.

Proposition 4.5.6 For each n, let X, be an A-indezed strong martingale
defined on a stochastic base satisfying Assumption Groups D.1 and D.3. If
(Xn)n is such that

(i) sup, E [IX,,(T)IHJ] < oo for some § >0,
(ii) Xn(¢') — O in probability,
(iii) (Xn)n is J-Lp-AS

8Note that W is independent of the simple flow f.
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and 3 a variance function A on A s.t.
Qn(A) — A(A) in probability, (VA€ A)

where @ denotes the unique x-PQV of X, (see Theorem 8.5.2), then 3 an A-
indezed Gaussian white noise W based on A s.t. X, = W semi-functionally.

Proof Identical to that of Proposition 4.4.2 with Theorem 4.5.5 playing the
role of Theorem 4.4.1. O

As was the case for Corollary 4.4.3, the following limit theorem is an
automatic consequence of Theorem 4.5.5 and Proposition 4.3.17.

Corollary 4.5.7 If X1, X5,--- and A, A1, Ay, --- are as described in The- -
orem 4.5.5, then 3 an A-indezed Gaussian white noise W with variance
function A s.t.

(Xa(Co), -+, Xa(Cr)) = (W(Co),---,W(Ci) as n > o0 (4.54)

for any finite subcollection {Cy,---,Ck} of C{u). In particular, X, - W in
finite dimensional distribution.

We close this section with a functional CLT for J-L,-AS sequences of
strong martingales in D(A). As was the case for Theorem 4.4.4, this will
involve an application of Theorem 4.3.2. However, since there is at present
no modulus of continuity for D(.A), we must rely directly on the rich class of
dp-compact subsets of D(.A) obtained in Chapter 2 for tightness. To simplify
notation, we assume all processes are defined on a common probability space
(2, F, P) — the result clearly carries over to the heterogeneous case.

Theorem 4.5.8 Assume A satisfies condition (4.17). Let (X,)n be a J-Lo -
AS sequence of strong martingales in D(A) s.t.

() Xa(¢) 0,
(ii) sup, E [an(T)|2+5] < oo for some § >0

and, for any € > 0, 3 constants 1. and R., functions N, and h. and a d-
compact subset T, of T — all as described in Definition 2.6.2 — such that

P[X, €T(Te,he,Neyne, Re)] = 1—€, (Vn). (4.55)

If 3 a sequence of A-indezed processes (Ap)n S.t.
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(i") {Ax(T) : n > 1} is uniformly integrable,

(ii’) A, is a *-quadratic variation of X, Vn and
(iil’) for every A € A, An(4) 2 A(A)

for some dg-continuous variance function A on A, then 3 a dg-continuous
Gaussian process G based on A such that X, —, G in the sense of Defini-
tion 4.3.7(b).

Proof Identical to that of Theorem 4.4.4, only now we use Theorem 4.3.10
in place of Theorem 4.3.12. Note that the continuous limiting Gaussian
process G, whose existence is guaranteed by Theorem 4.2.32, is in D(A) by
Proposition 2.3.4 (b). ]

Remark 4.5.9 If we replace each I'(T, he, Ve, 7, Re) in (4.55) by a subset of
the form = (the latter defined in Theorem 2.6.7), then by Remark 4.3.11 (b),
Theorem 4.5.8 remains valid.

4.6 An Application to Set-Indexed Weighted
Empirical Processes

Take d € N and let F : R¢ — [0, 1] be a continuous distribution function
with F([0,1]?) = 1. Take two sequences,

(I) i.i.d. random vectors, (Yy,), distributed F and

(IT) i.i.d. random variables (Z,), which are independent of (Y,), with
P(Z, =0)=0, E(Z;) =0 and var(Z;) = 1.

Assume the probability space (R, F, P) carrying these sequences is complete.

Let A be an indexing collection on T' = [0, 1]¢. Since the elements of .4
are closed subsets of [0, 1]¢, we have A C B, where By denotes the Borel o-
algebra on [0, 1]%. Given any n € N, the n-th (A-indezed) weighted empirical
process based on F, U, = {Up(A) : A € A} is defined by

Un(A) = 725" 1yvien) Z:, (VA E A). (4.56)

=1
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For the case of 4 = Z; and Z; ~ N(0,1), Burke has shown weak conver-
gence of (U,)n, viewed as multiparameter processes, to a Brownian sheet
with variance function F (see Theorem 1.1 in [9]). The statistical advan-
tages of weighted empirical processes over the classical empirical process are
discussed in [9].

The main goal of this section is a semi-functional CLT for (U,)n- Specifi-
cally, in Theorem 4.6.22 we will show that the 4-indexed weighted empirical
processes based on F converge semi-functionally to an A-indexed Gaussian
white noise based on F provided the random weights have finite fourth mo-
ments, i.e., E(Z}) < co, and A satisfies some additional conditions beyond
those given in Definition 2.2.4. °

Before proceeding, it is important to note that the compact support con-
dition, F([0,1])¢) = 1 in no way impairs the generality of our results. In par-
ticular, if F : R — [0, 1] is any continuous distribution, define the marginal
transform M : R% — [0,1])¢ by

M(zy,---,z4) = (FO(zy), -, FD(zq)), (V(z1,---,74) ER?Y (4.57)

where F) : R — [0, 1] denotes the i-th marginal of F. Then, (M(Y4)), is a
i.i.d. sequence whose common distribution function G is s.t. G([0,1]¢) = 1.
(Although the marginals of M (Y, ) are distributed Uniform ([0, 1]), M(Y,) is
not necessarily distributed Uniform ([0, 1]%) since the components of M(Y,)
are not necessarily independent. This point has been made in [9].)

4.6.1 Technical preliminaries
Define a strict ordering, < of [0,1]¢ by

x<y & z;: <y V1<:1<d
and a partial ordering, < of [0,1]¢ by

x<y <= z; <y V1<i<d

where x and y denote arbitrary elements of [0, 1]¢. Given x <y, define

d

[x) Y] = H[.’r{, yi]

=1

9Under these additional conditions, any such F will be a variance function on A.
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T -

Figure 4.1: The sets Ly and S, for d = 2.
and, given x < y in [0, 1]¢, define
d
(X, Y] = H(zf) yi]

i=1

where (a,b] = [0,0] if a = 0 and (a, b] otherwise. Also, for any 0 < x < 1,
define the sets

d
Sx = Hi=1($i: 1]1
Sx- = Il [z:1] and
Ly = [0,1]%\ 5.

For the case of d = 2, see Figure 4.1.
We will often need the following

Assumption 4.6.1 Every set C € C possesses a mazimal representation
(see Definition 8.2.6). Furthermore,

(i) Id C_: 'AJ
IM (W), fTa(w) C A

) and
Z,; , otherwise

(ii) for everyn, A, = {
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(iii) for everyn, gn(A) = N{B€A,: ACB°} VA€ A.
See Erample 2.2.6 for the definition of Ty, TV and I\ (u).

Remark 4.6.2 (a) Similar assumptions have appeared in [27]. Clearly, both
Z; and the lower layers, £LL; (see Example 2.8.1) satisfy Assumption 4.6.1.
Recall that the lower layers require L£5? =T (u) Va.

(b) In view of (i), it is clear that ¢' = N4 aze A = {0}; a set of zero
Lebesgue measure. Also note that condition (i) implies o(A4) = B,.

By default, any indexing collection .4 on [0, 1]¢ satisfying Assumption 4.6.1
has the indexing collection Z, as a subset. Furthermore,

Lemma 4.6.3 Let A be an indezring collection on [0,1]¢ (some d € N). If
A satisfies Assumption 4.6.1, then A(u) C LL4.

Proof Take A € A and a point x € A. Since T4(u) C LLy, Assump-
tion 4.6.1 (ii) implies g,(A) € LLy; Vn. Since A C g,(4) Vn, this implies
[0,x] C gn(A) Vn. But by the defining properties of (g,)x,

[O:X] c nngn(A) = A

Therefore, since x € A was arbitrarily chosen, A is a lower layer. The inclu-
sion A(u) C LL; now follows from the fact that £L; is closed under finite

unions. O

In the sequel, it will be essential that F, when restricted to A C By,
constitutes a variance function on .A. Toward this property, we have a basic
result concerning lower layers.

Lemma 4.6.4 If (A,). is an increasing sequence in LLy (some d € N)
and B = U, An, then B\ U, A, € 8B U faces of [0,1]%. * Here, both the
boundary and closure are w.r.t. the subspace topology on [0,1]%.

Proof We begin with two geometric facts concerning lower layers in [0, 1]¢.
Given Ae LLs;and 0 <x < 1,

(GF-1) x € A and x ¢ A implies AN Ly C A and

10faces = back faces U front faces; see p.25 and p.26.
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(GF-2) x ¢ A implies A C L.

For (GF-1), it is helpful to note that A = A\ A°. (GF-2) reflects the
meaximal nature of the lower layer L.

Take x € B\ U, 4n. If x ¢ faces of [0,1]%, then 0 < x < 1. Applying
(GF-2) to each A,, we obtain (U, An) N Lx = U, An. If in addition x ¢ 0B,
then (GF-1) implies Ly N B C B. Therefore, since B and L, are both closed,

B = (U,An)NLy € BNL, C B
which gives a contradiction, implying x € B {J faces of [0, 1]¢. a

Proposition 4.6.5 Assume A satisfies Assumption £.6.1. IfF : R¢ = [0,1] -
s the continuous distribution introduced on p.182, then

(An)n increasing in A(u) => UmF(4,) = F (U 4,)- (4.58)
In particular, F| 4 is a variance function on A in the sense of Definition 4.2.25.

Proof Take an increasing sequence (A,), in A(u) and let B = J,A,. Since
F is a probability measure on By, lim, F(4,) = F(U,A4,). Furthermore,
Lemma 4.6.3 implies (Ap)n is in £L,; while Lemma A.2.2 implies B € LL,.
Therefore, since F is absolutely continuous w.r.t. Lebesgue measure A and
A(B\ Ur 4,) < A(8B) (see Lemma 4.6.4),

A(@B) = 0 (4.59)

will imply lim, F(A4,) = F(B). (Note that A(faces of [0, 1}¢) = 0.)
To establish (4.59), define an inner approzimator, g, : LL; — Ign) (u)
for each m € N by letting

gn(4) = U{A eT{ () : A C A%}, (VA€ LLy).
Working with our set B € LL,
9m(B) € B° and B C [gm(B)], (Ym)
and thus, since 8B = B \ B°,
OB S gm(B)\ gn(B), (Vm). (4.60)
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However, by the uniform separability condition presented on p.82 of [27],
A(gm(B)\ gn(B)) =0 as m — co.

In view of (4.60), this establishes (4.59) which implies (4.58) for our arbitrary

increasing sequence (4,), in A.
That F|4 is a variance function on A follows from (4.58), Remark 4.6.2 (b)
and the fact that F is a finite measure on By. O

By Proposition 2.2.9 (b), each g, admits an extension to .A(u) satisfying
9n(Uim14s) = Uii9a(41), (4 € A).

The proofs of the following properties, although elementary, are rather te- -
dious and are thus omitted.

Lemma 4.6.6 Under Assumption 4.6.1, given B, B' € A(u) and m € N,
(a) AN € N s.t. go(B) C [gm(B)]° Vn > N and
(b) if B C [gm(B"))°, then K €N s.t. g(B) C [gm(B)]° Vk > K.

We now construct a filtration (F4) 44 to which each U, is adapted. Given
any n € N, define

Mn(A) = l[YnGA] “Zn s (VA € A) (461)
Note that U, =n~2.- 3T | M;. To any B € A(u), associate the o-algebra
Hg = o(Mp(A):neN, ACB, A€ A) VF, (4.62)

where F, denotes the o-algebra generated by all P-null subsets of 2. Clearly,
(HB)BeA(w) is an increasing family of complete sub-o-algebras of F. There-
fore, by Proposition 3.2.18, the family (F4)4c4 given by

Fqo = nanu(A) ) (VA € A)’ (463)

is a filtration on (2, F, P).
By Proposition 3.2.25,if C = A\B € C (A € A, B € A(u)) is a maximal
representation, then the strong past at C can be expressed as
G = M Fgu(m (4.64)

where F’ p) is as defined in (3.8). The following result further simplifies this
expression.
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Lemma 4.6.7 Take a set C € C. Under Assumption 4.6.1, given any maz-
imal representation A\ B of C (A€ A, B € A(u)),

Ge = NmHen(B)- (4.65)
Proof Since Hp C F,, (5 VB € A(u) and n € N, (4.64) implies
NnHe8y € Go-

We will complete the lemma by showing Gz C #H,,.(8) Vm.
For this purpose, fix m € N. By Lemma 4.6.6 (a), 3n € N s.t.

9n(B) C [gn(B)]°, (Yn = N). (4.66)

For a given n > N and A € As.t. A C [gn(B)]°, (4.66) implies A C g, (B).-
By Lemma 4.6.6 (b), this implies 3K € N s.t.

9x(A) € gm(B). (4.67)
Therefore,

FeFy = FeHya (by(463))
= Fe&Hym (by (467)).

Since 4 € A s.t. A C gn(B) was arbitrarily chosen, (3.8) implies 7 5, C
Hgm(p)- Furthermore, since n > N was arbitrarily chosen, (4.64) implies
G = Nnxn Fauis) S Ham(s), completing the proof of the lemma. a

Theorem 4.5.5 states sufficient conditions under which well-behaved se-
quence of strong martingales satisfy a semi-functional CLT. If we hope to
make use of this result, it is essential that each U, be a strong martingale
w.r.t. some filtration. Indeed,

Proposition 4.6.8 If A satisfies Assumption 4.6.1, then each A-indezed
weighted empirical process U, (n € N) is a strong martingale in Ly w.r.t. the
filtration (F4) aca defined in (4.63).

Proof Since U, =n~%2.3T%  M; Vn, it is sufficient to show that each M;
is a strong martingale in Ly w.r.t. (F4)aca- With this in mind, fix 1 € IN.
Clearly, M; is in L, and is adapted to (F4) aca-
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According to Definition 3.2.38, we need to show E[M;(C)|Gz] =0 VC €
C. First, take C = (x,y] where x,y € [0,1]¢ and 0 < x < y. By Proposition
A.7.1,
E[M:(C)|Ge] = Ellviec Zil Ge]
= lrvies - E(Z;) F(C) he(x)

= 0 (since E(Z;) =0). (4.68)
Next, take any C € C s.t. C = U§=1C7i, a disjoint union, where each

C; € C is of the form (x;,y;] with 0 < x; < y;. By the finite additivity
of M; over C(u), M;(C) = %, Mi(C;). Furthermore, Lemma 3.2.24(d)

implies G- C g'cj Vi<ji<k €v=b}ich yields
E[M;:(C) |Ge] = E[E(M:(C;)|6¢;)16z] = 0 (4.69) -

when we apply the tower property and (4.68).
Finally, take any C € C and any maximal representation A \ US_,B; of
C. For each m € N, define

Dm = gm(4)\ U?:lgm(Bi)- (4.70)
As shown in Claim V in the proof of Theorem 3.4.11,
Gc € Gp,., (Vm). (4.71)

Since gm(A), gm(B;) € I&m) ¥m and ¢, each D,, can be expressed as a finite
disjoint union of sets of the form (x,y] with O < x < y. Therefore, since
lim m, M(Dm) = limpy, 1v,ep,n) - Zi = Liviec) - Zi = Mi(C) (see Lemma A.2.8)
and |M;(Dn)| < |Z:] € Ly Vm, dominated convergence implies

BIMi(C)|Gy] = lim E[M:(Dn)|G2] ae.
= lim E[E[M;(Dn)|G5,]11G¢] (by (4.71))
= 0 (by (4.69))
which completes the proof. a

In the course of the above proof, we have established the following result.

Corollary 4.6.9 If A satisfies Assumption 4.6.1, then for each n, the pro-
cess M, defined in (4.61) is a strong martingale in Ly, w.r.t. the filtration
(Fa)aea defined in (4.63).

Unless otherwise mentioned, for the remainder of this chapter, A is
assumed to satisfy Assumption 4.6.1.
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4.6.2 A x-quadratic variation for U,
For each k € N, define the A-indexed process M by
M(A) = /A lpy, hrdF, (VA€ A) (4.72)
where hp : [0,1]¢ — [0,00) is as defined in (A.40) and [0,Y;] denotes the
“random rectangle”,
[0, Yil(w) = [0, Ye(w)] € [0,1]*, (weQ).

The unique finitely additive extension of My to C(u) is the obvious one,
namely, C € C(u) replaces A € A on the right hand side of (4.72). In
addition, given any n € N, define the process U, by i

Ta(4) = nt- 30 Hi(A), (VA€ A). (.73)

The goal of this subsection is to show that U, is a *-quadradic variation of
U,. Adaptedness and *-predictablility of U, w.r.t. (F4) e is not of concern

to us (see Remark 4.6.15). _
M; has already appeared in [27] under the label X;. In Theorem 2.2 of

this particular paper, it was shown that
E[(Xk(C)16Z] = Ellviec|GE], (VC €C). (4.74)

The extra * on G signifies that the definition of strong past in [27] differs
slightly from ours. Nonetheless, conditioning yields

Lemma 4.6.10 For any k, E[M,(C)] =F(C) VC € C.

Remark 4.6.11 Since A C C and Mn(A) >0 VA € A, Lemma 4.6.10
implies My is a process in L.

To show U, is a *-quadratic variation of U,, we need several technical
results, the first of which originates from the proof of Theorem 2.2 in [27].

Lemma 4.6.12 Ifu,v,t €[0,1]¢ are s.t. 0 < u < v < t, then
E [1v,es0 Me(C)] = F(C), (V) (4.75)

where S, is as defined on page 184 and C = (v,t] € C.
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Proof In the proof of Theorem 2.2 in [27], it is shown that [Y; € S,] € Glal-
However, the family (G& )cecq) In [27] is s.t.

CCDinC(u) = G Cga. (4.76)
Therefore, [Yi € Su] € G¢ which implies

E[lviesg Mi(C)] = Ellyies. viecy]) (by (4.74))
= Elly,ec)] (since C C (u,t] € S,)
= F(C).

This is precisely (4.75). O

In view of Definition 4.2.22 (i), U, must be right-continuous on .A. The
following result goes one step further.

Lemma 4.6.13 Given k, a.e. sample path of My is outer-continuous on A.

Proof By (4.74), E[M.([0,1]%)] < co. Therefore, 3 an event &' € F of full
P-measure s.t.

/[0 e Lo e iE dF <o, (Yo' € Q). (4.77)

We will show that for every w’ € ', the sample path of M at ' is outer-

continuous on A.
Fix ' € Q' and let x = Yi(w') € [0,1]¢. Take A € A and a sequence
(An)n in A for which A C A, Vn and A, —q, A. If we define (fa)n bY

fa(w) = Iasnpsghr(u), (Yuelo,1]9),
then |fo| < 1o hr V1 where, by (4.77), 19, hr € L1 ([0, 1}4, dF).
Claim: 14, — 14 on [0,1])¢ as n — co.

Proof: Fix u € [0,1]%. If u € A, then u € 4, Vn. On the other hand, as-
sume u ¢ A. If 3 a subsequence (k,)n 5.t. u € Ay, Vn, then since Ay, —q, A,
Lemma A.1.4 implies u € A; a contradiction. Therefore, u ¢ A, for all large
n which establishes the Claim. Q
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By the above Claim, lim;, f, = lanjoxj hr on [0, 1]¢. Therefore, by domi-
nated convergence,

]\;[k(An)(w') = fondF = /;l[o,x]hFdF = Mk(A)(w'),

(0.1]¢

i.e., the sample path of M at «' is outer-continuous at A. O

And now for the main result.

Proposition 4.6.14 For every n, U, is a *-quadratic variation of U, w.r.t.
the filtration (F4)aca defined in (4.63).

Proof We begin with something simpler.

Claim 1: For each k, My is a *-quadratic variation w.r.t. (Fa)aca of the
process M, defined in (4.61).

Proof: Clearly, M is non-negative with Itsz(C) > 0 VC € C. Furthermore,
by Lemma 4.6.13 and Lemma A.2.2(a), a.e. sample path of M is right-
continuous on A. Therefore, by Definition 4.2.22, all that remains to be
shown is _

E[M(C)?|Ge] = E[Mi(C)|Ge], (VCeQ). (4.78)
We begin with the simplest C.

Take C = (x,y] where x,y € [0,1]¢ are s.t. 0 < x < y. Following the
development found in the proof of Proposition A.7.1, define the sequence
(%Xn)n in [0, 1] to be s.t. g, ([0, x]) = [0, x,] V7. (As mentioned on p.233, we
can assume w.l.o.g. that 0 < x, <y Vn.) Also, define the subsets

Cn = (Xn,y], (Yn).

As stated in (A.50), C, T C and Sy, T Sx as n — co.
First, assume F(Sy) = 0. Since C = (x,y] € Sx, this implies My =
lrv,ec) - Zx =0 a.e. Furthermore,

ue (x,y] = Su- C S«
= hp(u) =0 (by (4.40))

so that ]\ka(C’) = fix.y] Lio,x:) he dF = 0. This trivially implies (4.78).
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On the other hand, if we assume F(Sx) > 0, then w.lo.g. F(Sx,) > 0
Vn. Take n € N. Since C, CC,, C Sx, YVm <n,

wé[YreSx,] = Sx.N[0,Yr(w)]=¢
—— Cm N [0, Yk(w)] = QS
= 1171'k(Cm,w) =0

for every m < n. Therefore, since (Y € Sy,] is an atomic eventin 'Hgi)n (see
Lemma A.7.5), Corollary A.7.7 implies

E[Mc(Cr) |HE) | = 1rviesi B [1viese) Mi(Cm)] - [F(Sx)l ™
= Iv,eSe.] F(Cm) - [F(Sx.)]™' (by Lemma 4.6.12)

for every m < n. The sub-o-algebra 'Hgi)n of F is defined in (A.46). Further-

more, since ]\;Ik(Cm) is o(Yk, Zi)-measurable Vm, the argument for (A.52)
(with M (Cp) replacing V;,) implies

(M (Cr)) V Hfri)n is independent of V, ’H(ern , (Ym,n).
Thus, by (A.47), Lemma A.7.8 and the previous array, we can write
E [M(Crm) |Hix, | = Liviesenl - F(Cm) - [F(Sx )], (Ym <)
Repeating the limiting procedures which follow (A.53), we thus obtain
E[M(C)|6z] = Lpviesa - F(C) - hp(x). (4.79)
On the other hand, since E(Z?) = 1, Proposition A.7.1 implies
E [M(C)| 6] = E[iviec1 22| G2] = 1pviesy F(C) - hr(x) (4.80)

and therefore, E[M(C)? Gs] = E[Mi(C)|G%] for our C = (x,y].

Next, assume C € C is a disjoint union, Ui, C; where C; = (x;,y:] with
0 <x; <y: V1 <i¢<r. ByLemma3.224(d), Gz C G, VI<i< T,
Thus, given any 1 <: <,

E[M(C:)*|Ge) = E(E[Mi(Ci)?*|G]16z) (by tower property)
= E(E[M(C;) |G&.]1GE) (by previous case)
= E[M(C:)|Gs] (by tower property). (4.81)
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Furthermore,

Subclaim: Given any 1 <14, <7 s.t. 1 # j, either
.F[OIY‘.] g gEJ or 'r[orYj] g gai’

Proof: Since the indexing collection Z, satisfies the shape property (see Re-
mark 2.2.5(d)) and C;, C; are generated by the sets in Ty, the Subclaim
follows by Remark 3.2.28. w

Thus, given any 1 < 1,7 < r s.t. ¢ # j, since M(C;) is Fio,y;-measurable
and M¢(Cj) is Fio,y,-measurable (see (3.12)), we can assume w.l.o.g. that
E[M(C;) Mi(Cy) |1Gt] = E(Mi(Ci) - E[M(C5) | G¢,]1GE) (by Subclaim)
= 0 (by Corollary 4.6.9). (4.82)
Combining (4.81) and (4.82), the finite additivity of Mk and M yields (4.78)
for this particular C € C.
Finally, consider the case in which C is an arbitrary element of C. By
Assumption 4.6.1, C possesses a maximal representation A \ W, B;. Let
(Dm)m be the sequence in C defined in (4.70) and, for each m, define the

random variable _
Vin = Mk(Dm)2 — Mi(Dp)-

By Lemma A.2.8,
lim Mi(Dm) = M(C) on Q and lim My (D) = Mi(C) a.e.

(The latter limit is due to dominated covergence in L([0, 1]¢, dF).) Also,
|Me(D)?| < Z2 and |Mi(Dm)| < Me([0,1]%), (Ym)
where Z; € L, and M([0,1]¢) € L,. Thus, by dominated convergence,
E[M(C)® - Mi(C)|G2] = lim E(Vn|Gg) ae.
= lim B[E(ValG5,)|G2] (by (470)).
But, given any m, gn(A4), gm(B:) € If,m) V1 < ¢ < j. Therefore, each D,

can be written as a disjoint union of sets of the form (x,y] where 0 < x < y.
By the previous case, this implies

E(Vm|Gp,) = 0, (Vm)
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and hence by the above limit, E[M;(C)2—Mi(C) | G5] = 0, completing (4.78)
and the proof of the Claim 1. Q

To complete the proof of Proposition 4.6.14, fix n € N and select 1 <
1,7 < nst. i # j. Enroute to showing E[U,(C)|G;] = E[U.(C)|GZ]
Y C € C, we need to show

E[Mi(C)- M;(C)|G5] = 0, (VCe€C). (4.83)

This will be accomplished via the three cases mentioned above.
First, take C' = (x,y] with 0 < x < y, Proposition A.7.9 (with r = 2 and
W = Z; Z;) implies

E[Mi(C)- M;(C)|Gz] = E[ivieci 1vsec1 Z: 25| G5) = 0, (Vi#3)

since F(Z; Z;) = E(Z;) E(Z;) =0 by independence.
Next, take C = j_; C; € C, a disjoint union where C; = (xi,y:] with
O<x<y; V1I<LT.

Claim 2: Given any 1 <[, <l <r, E[M;(Cy,) - M;(Cy,) | G&] = 0.
Proof: For the sake of notation, take {; = 1 and l; = 2. Since M;(C}) is

Flo,y,)-measurable and M;(C3) is Fjg y,)-measurable, Claim 2 follows from the
previous Subclaim and the argument in (4.82). Q

‘Therefore, since 7 # j and both M; and M; are finitely additive on C(u), the
previous case and Claim 2 imply (4.83) for this particular C € C.

Finally, take any C € C. If we approximate C by the sets (D, ), defined
in (4.70) and then repeat the argument found in the last paragraph of the
proof of Claim 1, we obtain (4.83). Therefore,

BlULC?1Gs] = n~'- Y BIM(C)*|G] (by (4.83))

k=1

= .S E[Mi(C)?|G%] (by Claim 1)
k=1

= E[U.(C)|Gzl

VY C € C. Since U, is non-negative, increasing and right-continuous (being a
sum of such processes), it is indeed a *-quadratic variation of U,. O
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Remark 4.6.15 It is presently unclear if U, is *-predictable in the sense of
Definition 3.4.7. As it is, we do not require any form of predictability for the
U, to establish a semi-functional CLT for (U,),-

4.6.3 Asymptotic rarefaction of jumps

In this subsection, (U,), will be shown to satisfy the J-L,-AS condition for
asymptotic rarefaction of jumps. To begin with, since each U, is a strong
martingale (see Theorem 4.6.8), Proposition 4.3.14 (iv) implies

U. € D[S(A)], (Vn).
In fact, since each U, has purely atomic sample paths,
Mf(Un) =Upo f, (VfGS(A))

(see the proof of Proposition 4.3.14 (i)). Thus, to show (Uy). is J-L2-AS, we
require

E[J(Unof)}] — 0, (VfeSA) (4.84)
where J : D[0,1] — [0,00) is the jump functional defined in (4.2). As it
turns out, (4.84) is a consequence of Assumption 4.6.1 and the continuity of
F. Before we can prove this fact, we need several technical results, the first
of which appears as Problem 21.3 in [7].

Lemma 4.6.16 If (W,), is identically distributed with E|W)| < oo, then
FE [ma.xls,-Sn II"V,” = o(n).

Lemma 4.6.17 If (W,)), is i.1.d. with continuous distribution G, then
n
sup Y lw=g < 1 ae., (Vn). (4.85)
t =1

Proof Since G is continuous, P(W; = W;) = 0 Vi # j. Therefore,
Uiz (Wi = Wj] is a P-null event containing all w € Q for which the in-

equality in (4.85) fails. 0O

The first step toward establishing J-L,-AS for (U,), is given below.
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Lemma 4.6.18 Tuke f € S(A) and define the sets Af(t) (t € [0,1]) where
Af(t) = F(O)\Us<e f(s), (VE€(0,1))
and Af(0) = ¢. If

sup > Ivease)] < 1 ae, (VYn), (4.86)

0<e<t =
then E[J(Unof)} = 0 as n — oo.
Proof Given any n, since Up(B) =n"Y2- T2 | 11yv,ep Z; VB € By,
J(Unof) = Ssup IA Unof(t)l
0<t<1
= sup [Un(Af(t))] (by Lemma A.8.1)
0<t<1

< n7Y2. max |Z] (by (4.86))

1<i<n

Therefore, since (Z2), is identically distributed with E(Z2) = var(Z;) = 1,
Lemma 4.6.16 implies

E[J(Unof)] £ n7'-E[maxigcnZ?] = 0 asn—oo

which completes the proof. o

Take f € S(A). If 3 i.i.d. random variables (W, ), with continuous un-
derlying distribution s.t.

n n
Wy Lw=y = su rv, a.e., (Vn), 4.87
05:21 ; [Wi=t] 05t1_<)1 ; [Y:€Af(t)] (Vn) (4.87)

then by Lemmas 4.6.17 and 4.6.18, E[J(U, o f)?] — 0. The existence of such
W, is the content of Lemma 4.6.20.
Given f € S(A), define the flow induced distribution, Fy : R — [0, 1] by

0 ,ift <0
Fr(t) = ¢ F(f(@?) ,if0<t<1 (4.88)
1 Jift>1 .

By Definition 4.2.13, Fy is indeed a distribution function. Furthermore,
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Lemma 4.6.19 For any f € S(A), Fy is a continuous distribution function.

Proof Take a simple flow, f : [0,1] — A(u). By the definition of Fy, it is
sufficient to show left-continuity on (0, 1].

With this in mind, take t € (0, 1] and a sequence (¢,)n in [0, %) s.t. ¢, T 2.
By the definition of flow, (f(ts)). is increasing in A(u) and U, f(t.) = f(£).
Therefore, by (4.58),

imFy(t) = EmF(f() = FF(®) = Fy(1)
which implies left-continuity of Fy at ¢. a
Lemma 4.6.20 Given f € S(A), if we define random variables,
W, = inf{t €[0,1]: Y, € f(©)}, (Vn),
then (Wy)y is 1.1.d. with distribution F ;. Furthermore, (Wy,), satisfies (4.87).

Proof Given any n, since F([0,1]¢) = 1, we can assume w.lo.g. that
Yo(w) €[0,1]¢ = f(1) for every w € Q and hence, Wy (w) € [0,1] Yw € Q.

Claim 1: For any n, W, = min{t € [0,1] : Y, € f(£)} on Q.

Proof: Fixwy € Q and let tp = inf{t € [0,1] : Yo(wp) € f(B)}. Iftg =1,
we are done. On the other hand, assume 0 < ¢ty < 1. Since f is increasing
w.r.t. € on [0, 1], this clearly implies Y, (wp) € f(s) Vig < s < 1. But by
Definition 4.2.13 (ii), f(to) = Ns>e, f(5). Therefore, Y, (wo) € f(to) which
completes the proof of Claim 1. Q

Given any n, Claim 1 and the monotonicity of f yield
W<t = [Ya€f@)], (Vteo,1)). (4.89)

Since f(t) € By Vt and each Y, is a random vector, (4.89) implies each W,
is a random variable with distribution Fy. Furthermore, given n; < --- < ng
and any ty,-- -, t € [0, 1], (4.89) and the independence of Yy,,- -, ¥Yn, imply

P (ﬂf=1 [Wn; < ti]) = f_[ P[Wn; < ti]'

=1
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In total, (W), is i.i.d. with distribution Fy.
Finally, we must show (4.87). Recall the sets Af(¢) (¢ € [0, 1]) defined in
Lemma 4.6.18. Given any n, Claim 1 yields the identity

W=t = [Yn€Af(8)], (Vte(0,1]). (4.90)

(Specifically, Wy(w) = t if and only if Yh(w) € f(¢) and Y,(w) ¢ f(s)
Vs <t.) Therefore,

n n
sup Y 1= = sup > lrvieasy) on 2, (Vn) (4.91)

0<t<1 ;3 0<t<1 i=1
Furthermore, Remark 4.6.2 (b) and the continuity of F yield P(W, = 0) =
P[Y, € ¢']| =0 Vn. When combined with (4.91), this implies (4.87), com-
pleting the proof of Lemma 4.6.20. O

And now for the main result of this subsection,
Proposition 4.6.21 (U,), is J-L, -AS.
Proof Take f € S(A). By Lemma 4.6.20,

n n
su 1ry. = su liw.—y ae., (Vn
S 2 lviear) = SUp 3wy (V)
where (W), is i.i.d. with common distribution F;. Since Fy is continuous
(see Lemma 4.6.19), Lemma 4.6.17 implies

Zl[Wx:tI <1 ae., (Vn)

=1 .
which, by Lemma 4.6.18, implies E[J(U, o f)?] — 0. Since f € S(A) was
arbitrarily chosen, this establishes J-L,-AS for (U,),. ]

4.6.4 The proof of semi-functional convergence

In this subsection, we combine the elements found in the earlier subsections to
obtain a semi-functional CLT for the weighted empirical processes (Uy),. In
particular, when .A satisfies Assumption 4.6.1 and the random weights (Z,),
have finite fourth moments, we will show that U, — W semi-functionally to
some Gaussian white noise W. Our tool in this task is the strong martingale
semi-functional CLT in Theorem 4.5.5.



CHAPTER 4. CONVERGENCE THEOREMS 200

Theorem 4.6.22 Let A be an indezing collection on [0,1]¢ satisfying As-
sumption 4.6.1 and let (Uy,)n be the sequence of A-indezed weighted empirical
processes defined in (4.56). If E(Z}) < oo, then 3 an A-indered Gaussian
white noise W based on F s.t. U, — W semi-functionally.

Proof Given any n, note that (X2, Z;)* contains n terms of the form Z?
and 3n(n — 1) terms of the form Z?Z?2. Therefore, since (Z,), is ii.d. with
E(Z,) =0and E(Z%) =1,

n2. [Z:=1Zi]4
= 172 [nB(Z}) + 3n(n - 1) [B(Z2)]']
< E(Z))+3.

E [Ua ([0, 1%)]

Since E(Z}) < oo, this establishes (4.45) for § = 2.
Since F is continuous, Remark 4.6.2 (b) implies U,(¢') =0 Vn and hence

Un(¢l) —}i‘) 0 as n — co.

Moreover, by Propositions 4.6.8 and 4.6.21, (Uy,), is 2 J-Lo-AS sequence of
strong martingales. Therefore, in view of Theorem 4.5.5, all that remains to

be shown is _
{U.([0,1)%) : n > 1} uniformly integrable (4.92)

and, for the variance function F|4 (see Proposition 4.6.5),
U.(4) 25 F(4), (VA€ A) (4.93)

where U, is the *-quadratic variation of U, defined in (4.73) (see Proposi-
tion 4.6.14). Both parts will follow from L, convergence in (4.93). In fact,

Reduction: If for every A € A, E[U.(A)] — F(4) and E[(U.(4))?}] —
(F(A))? as n — oo, then Uy(A) — F(A) in L,, implying (4.92) and (4.93)
and hence completing the proof of Theorem 4.6.22.

To this end, fix A € A. Recall that I, = n~! ¥}, My Vn, where M is
defined in (4.72). Thus, by Lemma 4.6.10 and the inclusion A C C,

E[f(4)] = n"' S E [M(4)] = F(4), (vn),

=1
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trivially implying E[U,(4)] — F(4)-
For convergence of second moments, define
o = E[Mc(A)?], (VkeN).
On p.86 of [27], it is shown that 30 < & < oo s.t. E[M([0,1]9)?] < & V&.
But clearly, > p_ o < S%, E[M([0,1]9)?] < no Vn. Thus,

n?-> a — 0 as n— co. (4.94)
k=1

Furthermore, (Y,)» independent implies (M (A))« is independent. There-
fore,

Bl@.(A)Y] = n° }_:E [0607) + 73 B W) i)
= n72. i ar + n72[n(n — 1)(F(4))?*] (by Lemma 4.6.10)
k=1

- (F(A))? (by (4.94)).

In view of the above Reduction, the proof of Theorem 4.6.22 is complete. O

By Remark 4.6.2 (a), Theorem 4.6.22 yields

Corollary 4.6.23 If E(Z}) < co and each U, is Ty-indezed, then 3 a Gaus-
sian white noise W based on F s.t. U, — W semi-functionally.

In fact, Corollary 4.6.23 follows from Theorem 1.1 of [9] On the other
hand, the following consequence of Theorem 4.6.22 is entirely new.

Corollary 4.6.24 If E(Z{) < oo and each U, is LLg-indezed, then 3 a
Gaussian white noise W based on F s.t. U, — W semi-functionally.

Whereas Burke in [9] has shown functional convergence of (Up)n, when
indexed by Z4, to a suitable Gaussian process, it is doubtful that the mode of
convergence in Corollary 4.6.24 can be upgraded to functional. The reason
is that in the existing literature, functional CLTs for set-indexed processes
generally require restrictions to the size of the indexing class, restrictions
which exclude the use of the lower layers, LL4 for any d > 2. For example,
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Pyke in [36] obtained a uniform CLT for set-indexed partial-sum processes
indexed by a class £ of closed subsets of [0, 1]¢ which satisfied a certain metric
entropy condition which, among other things, ensured the existence of an &-
indexed Gaussian limiting process with dg-continuous sample paths. This
size condition, which differs from that found in Theorem 4.2.32, is discussed

below.
Let £ be any non-empty collection of closed subsets of [u,1]¢ which is

totally bounded w.r.t. the Hausdorff metric dy. As done in Suhsection 4.2.4,
define Ny, : (0,00) — N by letting

Ny, (€) = min{#E(e) : £(¢) an e-net for (£,dx)}
where # denotes cardinality. Define the ezponent of metric entropy of £ by
em.e.(£) = inf{r > 0:1nNy, () = O(e™™)}. (4.95)
(Given functions f,g : (0,00) — R, we write f(¢) = O(g(e)) if 3K > 0
s-t. [f(e)/g(e)] £ K for all sufficiently small ) In a certain sense, the

exponent of metric entropy measures the size of £ ; the larger the exponent,
the larger the indexing collection. For the above mentioned limit theorem,

Pyke required
em.e.(£) < 1. (4.96)

While eem.e.(Z;) < 1 Vd, the same cannot be said for ££,.
Proposition 4.6.25 For each d > 2, em.e.(LLy) =d — 1.
Proof Fix d > 2 and define 9 : (0,00) — [0, 00) by letting
Y(e) = sup{n:3A;,---An € LLy st.dg(4;, A;) > € Vi # 5}
By Theorem 6.0.1 on p.39 of [17],
¥(2e) < v(e) < Y(e), (Ve>0).

Furthermore, by Theorem 7.2.1 on p.57 of [17],

Inw(e) < e @1,

(Given functions f, g : (0,00) = R, we write f(e) x< g(e) if f(€) = O(g(e))
and g(e) = O(f(e)).) Therefore, v(e) = O(c~@-V) and v(e) # O(e~*) for
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any 0 < @ < d —1 which is to say e.m.e.(LLy) =d — 1. a

Proposition 4.6.25 rules out the use of Pyke’s argument in [36] as a means
of establishing functional convergence of (U,), to an LLy-indexed Gaussian
process — if such a limit theorem is even possible. On the other hand,

Example 4.6.26 If we take
¢ F = Uniform([0, 1]?),
e Z, ~ N(0,1) and
o A=LL,,

then by Corollary 4.6.24, 3 an LL,-indexed Gaussian white noise W based on
F s.t. Uy, — W semi-functionally. However, by Proposition 1.3 on p.9 of [1]
(also see the second paragraph in Section VI.6 of [1]), if W is any Gaussian
white noise based on Lebesgue measure, then for a.e. w

A Wa(w) (A€ LLy) is dyg-discontinuous at every 4 € LLs.

That is, a.e. sample path of W is dy-discontinuous everywhere on £L,!



Appendix A

Miscellaneous Technical Resulfs

A.1 Some Basic Results for Metric Spaces

Throughout this section, (T, d) denotes a compact metric space and
(Kr,dg) denotes the corresponding metric space of all non-empty
d-closed and bounded subsets of T equipped with the Hausdorff
metric. The first result follows automatically from the definition of the

subspace metric.

Lemma A.1.1 Take any setY € Kr. If Y ={E € Kr: EC Y} and
Ky = { non-empty d|y-closed and bounded subsets of Y}, then

(V.drly) = (Ky,da)
where dg is the Hausdorff metric generated by d|y on Y.
Lemma A.1.2 Given A,B € Kz, if AC B°, then 3 > 0 s.t. AP C B.

Proof If no such f exists, then, in particular, A%ﬂ[B°]° # ¢ Vn. Choosing
a sequence, (t,)n in T s.t. t, € A% N[B°]¢ ¥ n, we have that for every n € N,

da, € As.t.
d(an,ta) < 1/n. (A.1)

Furthermore, since (T, d) is sequentially compact and A, [B°]° are both d-
closed in T, there is a subsequence (kg), s.t.

ar, 2> aforsomea € A and t, —+ t for some ¢ € [B°]°.

204
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Applying (A.1),
d(a,t) < d(a,ax,) + 1/kn +d(t,,t), (Vn).
Letting n — oo, yields d(a,t) = 0, i.e., a = ¢t. But then,
a € ACB° and a =t € [B°[,
a contradiction. Therefore, there must be a f# > 0s.t. A? C B. a

The next three results deal with sequences in Kr. In the first, note that
K is closed under arbitrary intersections.

Lemma A.1.3 Given A and (An)n in K7, if A C A, Vn and A, —a, A,
then dg(Np An, 4) =0, ie, N, A, = A.

Prcoof We will show that dg(N,,An,A) < § V4§ > 0. For this purpose, take
6 > 0. Since A C A, Vn, the inclusion

A C (NaAn)’ (A.2)

follows by the definition of (-)¢. Furthermore, since A, —ay A, 3no € N sit.
der(Ang, A) < 6 and thus,

MNndn C An, C A°. (A.3)
s}

Combining (A.2) and (A.3), dg(NnAn, A) < 4. Since § > 0 was arbitrary,
the proof is complete. O

Lemma A.1.4 Let A and (Ap), in Kr be s.t. A, —q, A. Then, given any
teT, tfae.:

(i) te A and
(ii) 3(an)n in T s.t. an € A, V1 and a, - t.

Proof If we define ¢, = dy(A,, A) Vn, then A C (A4,)" Vn. Hence, if
t € A, then for every n € N, Ja, € A4, s.t. d(t,a,) < €,. Since €, — 0, (ii)
follows.
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Conversely, assume (ii) holds. Since 4 is d-closed in T, it is sufficient to

show that for any € > 0,

da € A s.t. d(a,t) < e.
For this purpose, take € > 0. Since a, =4 t, 3n; € N s.t.

d(an,t) <€/2, (Vn >ny).

Since A, —4, A, In, € N s.t.

A, C AT? (Vn > n,).
Therefore, if we take ng =n; V no,

Gno € Any CAY? == Ja € A st d(a,an,) < €/2

which implies d(a,t) < d(a, an,) + d(an,,t) < 2 (¢/2).
Since € > 0 was arbitrarily chosen, this establishes t € 4 = A. m]

Lemma A.1.5 Let (An)n be a sequence in Kr which is decreasing w.r.t. C.
IfN,An=¢,then INEN s.t. Ap,=¢ Yn> N.

Proof (T,d), being compact, possesses the finite intersection property.
Thus, N,An = ¢ implies 3n; < --- <ng € N s.t. ﬂf=1An‘. = @.

Since (An)n is decreasing, A, = ﬂ§=1An;- Therefore, the lemma follows
by selecting N = n;. a

Applying the sequential characterization of compactness in metric spaces,

Lemma A.1.6 Given subspaces, Z andY of T s.t. Z C Y, Z is compact
(w.r.t. the subspace topology) in'Y if and only if Z is compact in T.

A.2 Some Additional Properties for Indexing
Collections

In Section 2.2, four frequently used properties of indexing collections
were developed. In this section, we will develop additional properties for
indexing collections, most of which concern sequences of the form (gn(A4))n
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(A € A) (see Definition 2.2.2). Since these additional properties are only
used occasionally in the thesis, they are better suited to an appendix than
to Section 2.2.

Throughout this section, A denotes an indexing collection on a com-
pact metric space (T,d). Recall that the elements of A are non-empty
d-closed subsets of I". Our first result is an integral part of the proof of
Theorem 2.2.10.

Lemma A.2.1 For every n € N, 3§, > 0 s.t. A% C g,(4) VA € Anr.
Moreover, 6, 1L 0 as n — co.

Proof Fixn € N and take A € A,. By Lemma A.1.2,
A C [g.(A)° = 381 >0 s.t. 4% C g, (4).

Define é;, = inf{d4 : A € A,}. Since A, is a finite subcollection of A,
0 > 0. Moreover, by Proposition 2.2.1 (iv),

Al C A% C g (4), (VA€ A,).
Now, define (6,), recursively as follows:
61 =min{511 1}: é.11.-'}-]. =min{5n1 6;1, %} (Tl = 1, 2, .. ').

Clearly, 6, | 0 and 6, < 8, Vn. Thus, given any n, Proposition 2.2.1 (iv)
implies

A C AT C ga(4), (VAE A

which establishes the lemma. ‘ 0

The following result appeared in a preprint of [24]. As commented therein,
part (b) is not valid when (7', d) is not compact.

Lemma A.2.2 Given (An)n in A,
(2) if (An)n is decreasing w.r.t. C, then An —~Z (), An and

(b) if (An)n is increasing w.r.t. C, then A, 2u, cl(Ur4n)

where the closure in (b) is taken w.r.t. d. Thus, since A is dy-closed in
Kr (see Theorem 2.2.10), (b) implies cl(UnAn) € A for every increasing
sequence, (Ap)n in A.
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Given a sequence (z,), in R s.t. z, — z for some z € R, recall that
z < y implies z, < y for all large n. Even though (A4, C) is not necessarily
totally ordered, there is an analogous result for convergence in (A4, dg).

Lemma A.2.3 Let A and (Ap)n in A be s.t. A, =4, A. If B € A is s.t.
ACB° then3INeN st. A, CB Vn>N.

Proof By Lemma A.1.2, 38 > 0 s.t. 4% C B. Furthermore, since A, —q,
A, 3N € N s.t. dg(A,, A) < f VYn > N. This implies 4, C A ¥Yn > N,
completing the proof. O

Since, for any A € A, gn(A) —4, A, we have the following consequence
of Lemma A.2.3.

Corollary A.2.4 IfA,B € Aares.t. AC B°, thendN € N s.t. g,(A) C B
Vn>N.

Note that the approximators, gm : A — Ay, (m € N) need not be dy-
continuous. For example, the sequence (4,), in Z; (see Example 2.2.6) with
An=[0, 3 + (-1)" L] Vnisst. Ay =4, [0,31] whereas

_ [ [0,1] ,ifniseven
91(An) = { [0,1] ,ifnisodd.

On the other hand, each gn, is outer-continuous in the following sense.

Lemma A.2.5 Let m € N be given. If A, \, A in A, then IN € N s.t.
gm(Arn) = gm(4) Yn > N. )

Proof Take A, “\, A in A and assume to the contrary that there exists a
subsequence (k,), s.t.

gm(Ak,) # gm(4), (V7). (A-4)

Since {gm(Ak,) : n € N} C A, and A, is finite, there exists a further
subsequence, (7, ), s.t. gm(Ar, ) = Ay Vn for some Ay € Ap,.

Since A, \y A, Lemma A.1.3 implies MNrAr,, = A. Thus, since g, pre-
serves countable intersections,

Ag = N, gm(Arkn) = gm(nnArk,,) = gm(A)'
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But this contradicts (A.4). Therefore, no subsequence (k,), can satisfy con-
dition (A.4), i.e., gm(Ar) = gm(4) for all large n. O

As a consequence of Lemma A.2.5,

Corollary A.2.6 Given A € A and m € N, g,(g.(4)) = gm(A) for all
large n.

The following technical result was needed in Section 3.7.

Lemma A.2.7 Taken € N and A € A,. If {A,---, A} is any subcollec-
tion of A, satisfying conditions (i), (ii) and (iii) of Assumption 3.7.1, then

i (Nier A NjesAs) < 26 (VLT C{L,---,k})
where €, is the number defined in (2.2) and, by convention, N;cs Ai = A.

Proof The bulk of the proof is contained in the following two results.
ClaimI: ACgn(4;) V1<i<k.

Proof: If 31 <4y <ks.t. AZ ga.(Ay), then g.(A4;,) N A C A. Furthermore,
by condition (2) (iii’) of Definition 2.2.2,

Ay CA = A4, C gn(A{O) N A. (A5)

Now, let A’ = g,(A;) N A € A,. Since A’ C A, condition (iii) of As-
sumption 3.7.1 implies 31 < jo < k s.t. A” € Aj,. By (A.5), this implies
A; C Ajy, resulting in a contradiction to condition (i) of Assumption 3.7.1.
Therefore, no such 7; exists. Q

Claim II: dg (A,NierAi) < € VI C{1,---,k}.

Proof: Take I C {1,---,k}. Since g, preserves finite intersections,

A C gn(Nigs4:) (by ClaimI)
C (Nier 4™ (by (2.2)).

Therefore, Claim II follows by the inclusion N;c; A; C A.



APPENDIX A. MISCELLANEQOUS TECHNICAL RESULTS 210

To establish the present lemma, take any pair I,J C {1,---,k}, apply
the triangle inequality for dg and then apply Claim II twice. a

We close this section with a consequence of Definition 2.2.2 (2)(i’).

Lemma A.2.8 Given sets A, A;,---,Ar € A, t € A\ UL, A; if and only if
INeN st teg,(A)\ UL gn(4i) VR>N.

Proof Ifte€ A\UL, A;, then t € g,(4) Vn. Assume 3 a subsequence (n'),
s.t-t € UL, gnr(4;) Vn. Then, 31 <4y < k and a further subsequence (n"),
s.t. t € gn(Asy) V. But Ay = Ny 9n(Aip) = Ny gnv(As) implies t € Ay, a
contradiction. Therefore, no such subsequence (n'), exists.

Conversely, suppose 3N € N s.t. t € go(A)\UL, g.(B;) Vn > N. Then, -
t € Mn gn(A) =Nz 9n(4) = A and t ¢ ULy Ai C UL gn(4d) =

A.3 On Finite Sub-Semilattices of Indexing
Collections

In this section, we present technical results on f.s.s.l. which are used
frequently throughout Chapters 3 and 4. See Section 3.2 for the necessary
terminology.

Let A be an indexing collection on a compact metric space (7, d) and let
(An)r be the corresponding sequence of f.s.s.1. of A given via Definition 2.2.4.
Recall that (A,), is increasing in n w.r.t. C. Given any f.s.s.l. A of A, recall
the associated collections,

o A'(u) = {all finite unions in A'},
e C'={A\B:Ac A, Be A(u)} and
o N'={Cu: A" € A}\{¢} where Car = A"\ Usen, wga 4-

We write A,(u), Cr, and N, respectively when A' = 4, (n € N).

As mentioned in Section 3.2, we will only consider those f.s.s.l. of A
which contain both ¢’ and T. Under this condition, N is a partition of T
(see Lemma 3.2.10). Now, for our first result,

Proposition A.3.1 Let A" and A" be f.s.s.l. of A satisfying A' C A". If
N and N denote the collections of non-empty left-neighborhoods generated
by A" and A" respectively, then



APPENDIX A. MISCELLANEQUS TECHNICAL RESULTS 211

(a) given any D € N”, 3 a unique C € N s.t. D CC,
(b) {D €N":D C C})cen is a partition of N and
(c) given any C € N, Upenn, pcc D = C.
Proof To show (a), take D = Cgr € N" (B” € A") and define
M A (A.6)

AcA

B'CA
Since A’ is a f.s.s.l,, B’ € A'. (Note that B” C B’.) Given any A € A4, if
B' & A, then, by (A.6), B” € A. This implies

UACUA

A AegcA
B"CA

Furthermore, since A’ C A", we also have the inclusion

UA4ac UA

Ae A AgA"”
B"gA B'"¢ZA
Now, define C = Cg € N'. Since B” C B’, combining the above inclusions
yields
D=B\|JAcC B\ A=

AeA” Ac A
B"gZ A B'gA

establishing (a). The uniqueness of C follows from the disjointness of distinct
left-neighborhoods (see Lemma 3.2.10).

Part (b) is a direct consequence of part (a). To show (c), take C € N and
assume Upenn, pcc D € C. Since N is a partition of T, this assumption
implies -

3D"eN"st. D"Z C and D"NC #¢. (A.7)
But by part (a), 3C’ € N’ s.t. D" C C'. Since N’ is a partition of T,

this implies C N C' = ¢, contradicting (A.7). Therefore, it must be that

UDeN",Dc_:cD = C. O

All remaining results in this section are stated for the special case of
A" = A, (n € N) since this is the most frequently encounter situation in
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the thesis. By examining their proofs, it is clear that each of these
results remains valid when A, is replaced by a general fs.s.l. A’
of A. The first such result follows automatically from Proposition A.3.1 (c)
when applied to the two fs.sl. A, C A, (n <m).

Corollary A.3.2 Letz:C(u) = R be a finitely-additive set-function on the
algebra C(u). If n <m and C € Ny, then

z(C) = ¥ z(D).

DENm
DCccC

Next, take n € Nand C = A\ UL, 4; # ¢ in C,. If we define A’ to
be the fs.s.l. generated by {4, A;,---, Ak}, then it is clear that C is the
left-neighborhood of A in A’ and hence C € N'. But A’ C A,. Therefore,
by Proposition A.3.1(c), we have established the following result.

Lemma A.3.3 Given C €C, (n € N), C =Upen,, pcc D-
The next result deals with a special case from Lemma A.3.3.
Lemma A.3.4 Gwenne N and A", A" € A, s.t. A’ C A",
A'\A = | J{DeN.:DC A"and DZ A'}.
Proof If A' = A", the result is trivial. If A’ C A”, then by Lemma A.3.3,
A"\NA" = {DeN.:DCA"\A} (A.8)

Now, take D € N,,. If D C A"\ A’, then D C A" and D € A'. Thus,
(A.8) implies

A"\A € U{DeNn:DC Aand D Z A'}.

For the opposite inclusion, take D € N, s.t. D C A" and D € A’. By the
definition of left-neighborhoods, it must be that DN A’ = ¢, i.e., D C (4")°.
This implies D C A"\ A’ which completes the proof. O

Lemma A.3.5 Gwenn<m inN and A€ A,,

Uo=U UD

DENm CENn DENm
DCA CCA DCc
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Proof Recall that N, € Np,.. It is sufficient to show

Uoc U UD

DENm CENn DENm
CA CCA DCC

since the opposite inclusion is trivial. For this purpose, take D € N, s.t.
D C A. Since A, € An,, Proposition A.3.1 (2) implies 3C € N, s.t. D C C.
The above inclusion will follow if we can show C C A.

Since C € Nn, JA € An st.C = A’ \ UA"EAMA’ZA”A'”‘ IfC g A, then
A" € A which implies CNA = ¢. Since D C C N A, this implies D = ¢
which contradicts the definition of A',,. Therefore, it must be that C C A. O

The proof of the next result follows immediately from the definition of -
left-neighborhoods.

Lemma A.3.6 Let n € N be given. If C € N, is the left-neighborhood of
A € A,, then given any B € A,,

CCB «<= ACB.

Our final result is an identity which will be needed in Chapter 3 to obtain
the Doob-Meyer decomposition theorem for set-indexed strong submartin-
gales.

Lemma A.3.7 Let f : N, = R be any function and define f : A, — R by
fA) = > f(D), (VAeA). (A.9)

DeN,
DCA

Then, given C = A\ US| A; with A, A;,---, Ax € Ap,

> D fANNer 4) = Y F(D) (A.10)
Ic{1,-k} 2 egAg.

(Recall the adopted convention, Ny A;i =T).

Proof To each D € N,,, we associate the sets

p(D) := {IC{1l,---k}: D C AN A: and |I|iseven}
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and

n(D) == {IC{l,---k}:DC ANNs A: and [I|isodd }.
By (A.9),

> UM fANNerd) = X ZN (-D"-F(D).

{1,k IC{L-k
I_{ ’ } —{ } DCANNgerA;

Therefore, (A.10) will clearly follow if we can show

D)~ @)l = { 5 "EDES (a1

for every D € N,,.
For this purpose, take D € AN and assume D C C. Since D # ¢ and
CNA;=¢ V1<1<Lk,itis clear that

DCANNigrdi <= I[=9¢

which is to say that p(D) = {¢} and n(D) = ¢, i.e, [p(C)| — |n(C)| = 1.
Next, assume D & C. There are two cases. For the first case, assume
D € A; Y1 <i<k. This clearly implies

D Z ANNier 4

for all non-empty subsets, I of {1,---,k}. Furthermore, D € A. (If D C A4,
then D C C, a contradiction.) In total, p(D) = n(D) = ¢, ie., [p(D)| =
[n(D)| = 0.

For the remaining case, assume 31 < iq < k s.t. D C A;,. Given any
IC{1,---,k}, define J C {1,---,k} as follows:

7= I\ {7} ,ifjpel
Tl Tu{i} ,ifiogI.

By basic set theory, given any I C {1,---, k},
D C ANNwrAi = D C ANNjes 4

From this implication, we can define a map n: p(D) = n(D) s.t. n(I) = J
VI € p(D). Clearly, n is injective and therefore |[p(D)| < [n(D)|- By an
identical argument, [n(D)| < [p(D)|. This establishes (A.11), completing
the proof of Lemma A.3.7. O
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A.4 Extending V in Theorem 3.4.11

Let X = (X4)aca be an L;-right-continuous strong submartingale of
class (D')* and let V' = (V4)aea be the associated process defined in (3.42)
of Theorem 3.4.11. Even though X, being a strong submartingale, possesses
a unique finitely additive extension to C(u), it must be shown that the derived
process V' possesses increments (in the sense of Definition 3.2.32) at every
C € C. Recall that A does not necessarily possess the shape property so
that Proposition 3.2.35 cannot be applied. The present section, which com-
plements Section 3.4, is devoted to showing that this V' does indeed possess
increments at every C € C. A condition under which V possesses a unique
finitely additive extention to C(u) is given in Comment A .4.7. ]

First, take n € N and recall the finite collection {V{™ : A € A,} defined
in (3.43). In particular, note that

Vi = 3 E[Xp|Gp], (VA€ Ay
D eENa
DCA

We begin with the following technical result. Recall that A, is closed under
finite intersection.

Lemma A.4.1 Given any C € C, and any representation A\ U5, A; of C
with A, A; € A,

Y. )M VO(ANNA) = Y EXp |G (A.12)
IC{1,k} e
Proof Let w € Q be given. If we define the set-function f : N, = R by
f(D) = E[Xp|Gpl(w), (YD eN,)
and f : 4, = R by f(4) = V,g") (w) VA € A,, then (A.12) follows from
(A.10) in Lemma A.3.7. =

The following result is the first step toward extending V to C.

Lemma A.4.2 Let C € C, be given. If A\US; A; and A’ \U;?'=1 A'; are any
two representations of C with A, A', A;, A'; € A,, then

> DI VEUANNeA) = 3 DV VP NN es4)).
Ic{1,-k} JC{1,--k'}
(A.13)
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- - - - - 4 -
Moreover, given disjoint unions U-_,C; = U;?:lC"J- in Cp(u),

SV = 3 v (A.14)

=1 v

where, given any C € C,, Vén) denotes the random variable uniquely deter-
mined by (A.13). (Recall by Lemma 3.2.8 that C,, is a semi-algebra.)

Proof Since the right-hand side of (A.12) is independent of the represen-
tation of C, (A.13) follows. Therefore, given any C = A\ U5, 4; € C,
(A, A; € A,), we can define the random variable,

v = ST (=D VAN N A)- (A.15)
IC(L,~ k)

By Lemma 3.3.8, (A.14) will follow if we can show C — Vi(w) (C €

Cy) is finitely additive on the semi-algebra C,. For this purpose, take C =

k. Ci€C, with C; € C, V1 < i< k. Since any set in C,, is a disjoint union
of sets in A/, (see Lemma A.3.3),

> EXp|Gp] = i > E[Xp|Gp]

DEN t=1 DEWN,
Dcc D CC;

Therefore, by (A.12) and (A.15),

k
Vé-n) — ZVCE'?),

=1

establishing the finite additivity of C — V{(w) (C € C.). o

Next, take any m € N and let {V4 : A € Ap,,} be the collection of random
variables defined in Section 3.4. Recall that

Vi = imnye0,n>m V,g") weaklyin L;, (VA€ An). (A.16)
For each C € C,,, select a representation A(C) \Uf(f) A(C,7) of C in A,,.

Using these fixed representations, {V4 : A € .Am}—can be extended to a
collection {V¢ : C € Cp} of random variables by defining
Ve = ¥ (-DV-VAC)NNAC)]  (ALD)
IC{1,~k(C)}

for each C € C,,. This leads to the following result.
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Lemma A.4.3 Given any C € Cp, and any representation A\ U5, 4; of C
with A, A; € An,

Ve = > (D). V(AN Nierds)- (A.18)
[g{lv"'-k}

Moreover, given finite disjoint unions Uk, C; = U5, C’; in Cm(u),

S Ve = Zf':[Vcr,-. (A.19)

Proof Let C and A\ UL, A; be as defined in Lemma A.4.3. Then, given
any F € F, (A.16) implies

E[1rV¢] = limE(lp > (—1)'”-V(“)[A(C')ﬁﬂiezA(C,i)])
Ic{1,-k(C)}

= lim F (lp > (—1)'II'V(")(AﬂﬂferAf)) (by (4.13))
IC{1,--k}

_ E(lp > (-1>'11-V(Ann,gA,-))

IC{1,k}

where the above limits are taken as n — oo with n > m. Since F' € F was
arbitrarily chosen, (A.18) follows.

Once again, take any F' € F. Applying the linearity of F, it is clear the
relation in (A.16) can be extended to each V¢ (C € Cr). Therefore,

Elir- YhVa| = limE 135 V&)
lim E [17- 5% V®|  (by (4.14)
j=1 3

where the above limits are taken as n — oo with n > m. Since F' € F was
arbitrary, this establishes (A.19). !

Since A,, is a finite subcollection of A, each C € C,, has at most a
countable number of distinct representations in A,,. Therefore, Lemma A.4.3
can be stengthened as follows.
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Corollary A.4.4 3Q' € F with P(SY) =1 s.t. foranym €N, any C €Cp,,
and any representation A\ UL, A; of C with A, A; € Am,

Vew) = > (D"-V(ANNigrd)w), Ywe).
IC{Lk)

Moreover, given any m € N and any two disjoint unions U, C; = U_',F':IC}
with C;,C; € Cn V1,7,

Y Valw) = S5 VW), (Yued).

Remark A.4.5 Recall the collections A* = U,, Am and C* = U,,Crn- By .
Corollary A.4.4, given any C € C*, V¢ can be defined independently of a
fixed representation, say C = A\ U5, A; with A4, A; € A". This improves the
original definition of V¢ given in (A.17).

Finally, we extend the process V' = (Va)seca defined in (3.54) of Sec-
tion 3.4 to a C-indexed process satisfing (3.12). Recall that

Va = limm (1o, Vonn) » (VAEA) (A.20)

where Qg C ' is the event of full P-measure defined above (3.53). It is here
that we require our indexing collection A to satisfy Assumgtion 3.4.10. For
the sake of reference, we restate it: zf A\ UleAi = A"\ §=1A’J— in C, then
IN €N s.t. gm(A) \ U gm(4i) = gm(4) \ UL, gm(4'5) VM 2 N.

Lemma A.4.6 Given any C € C and any two representations A \ UL, A;
and A"\ U*_,A’; of C, the process V = (V) aca defined in (A.20) satsifies

=1

> DM VANNd)w) = 3 DY V(A N NjesAY) (W)
IC{1,~k} JC{1,k'} (A.21)

for allw € Q. (Recall that the event Qy does not depend on C.) Therefore,
the process V' has increments defined at every C € C.

Proof Let N be the number described in Assumption 3.4.10 and take any
m > N. Applying Corollary A.4.4 to the set

gm(A) \Ukz1gm(4:) = gm(4) \UZ19m(47) € Cam,
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we have that

> DMV gm(A) 0 Niergm(49)] (w)

IC{1,k}
equals .
> DYV gn(A)n Njergm(45)] (w)
JC{1,~k'}
for each w € Qo. (Recall that Qo C §’.) The proof now follows by (A.20),
noting that each g,, preserves finite intersections. O

Comment A.4.7 Unlike the earlier results in this section, Lemma A.4.6
offers no finitely additive extension of V' to C(u). Examining the above proofs, -
such an extension would clearly require that each g,, preserve disjoint unions
in C for all large m. Specifically, given disjoint unions Uf=1 C; =UL,D; with
C;, D; € C and representations

ANUR AL of C; (1<i<k) and B\UG B of D; (1<i<r),

=1 j=1
we would require
1 [9m(A) \ U 9m(45)] = Uiy [9m(BY) \ U5E) gm(BY)]

for all sufficiently large m € IN. This property is satisfied by Z; for any £ € N
(see Example 2.2.6). As it is, finitely additive extensions of the process V to
the algebra C(u) are not required anywhere in Chapter 3.

A.5 Concerning Classical Processes

This section contains assorted technical results concerning continuous
parameter processes, the majority of which could not be located in any earlier
publication. These results are used extensively in Section 4.4. The reader is
referred to [30] for terminology.

Let T = [0,00) and let (Q, F, P, (#:), T) be a classical stochastic base.
We begin by studying processes on T which, although not necessarily adapted,
behave in some sense like closed martingales. These processes will possess
a sufficiently nice form so as to allow for an extension of the classical mar-
tingale stopping theorems. The first result extends Doob’s stopping theorem
(see Theorem 3.3.9 in [30]) to such processes.
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Lemma A.5.1 Let M = {M, : t € [0,00] } be a collection of random vari-
ables in Ly satisfying

(i) E(M,— M,|H;) =0 Vs<tin[0,00] and
(i) My =N, — X Vt €[0,00]
where N and ) are non-negative, right-continuous, integrable processes with
¢ N a closed submartingale w.r.t. (H:)ier and
e A increasing (but not necessarily adapted).

If T and o are any two stopping times with T < o, then M., M, € Ly and -
E[M, — M, |H.]=0.

Proof We consider two cases. First, if 37 € N and 0 = S<s1 <<

S = o0 S.t.
TQUo[Q] C {so;51,--,5:}

then it is clear that M+, Mgy € L; and

Mg —Mr = 3 lgcsco) (My, — M,,_,) on Q.
Since T < 0, Hr C Hy and thus, given any F € Hr, FN [7 < s5; < o] €
s, V1< i< 7. Therefore, by assumption (i) and the above identity,

/F(MO’—MT) dP = Z;lE[l[T<s;SU]nF 'E(A’[Si _Msi—llﬂsi-l)] = 0.

Since F' € Hr was arbitrary, this implies E{My — My |H+] =0.
For the second case, assume that 7 < o are any two stopping times. For
each n € N, define

n-2" .
Tp = Zj=1 (j/2%) - 1B; + oc0-1p,

v\rhereBJ-=[1'2—‘,‘l <Tr< 57;] Vi< j<n2and B, =[r >n]. Itis
straightforward to show that each 7, is a stopping time w.r.t. (H;):eT and
Tn 4 7 on Q. Repeating this procedure, we can also construct such a sequence
(on)n for 0. Note that 7, < g, Vn.
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Now, take F' € Hr. Since 7 < 1, Vn, F € Hr, Vn. Therefore, since 7,
and o, assume only finitely many values in [0, o0], we can apply the earlier

case to obtain
/F My, dP = /F My, dP, (V). (A.22)

Lemma A.5.1 will follow from (A.22) if we can show that M+, — M; in L,
and Mgn o .ZV[O' in Ll-

First, since a.e. sample path of ) is right-continuous and increasing, 1, |.7
implies A+, | Ar a.s. Therefore, since A+ > 0 a.s., the monotone convergence
theorem implies

EI/\T", —/\TI = E()\frﬂ —/\7') — 0.

Secondly, since N is a closed submartingale, Doob’s stopping theorem
implies that (N7, )n is a reverse submartingale w.r.t. (Hr,)n. Since

E(Nr,) = E[E(No|Hr,)] 2 E(No), (Vn),
Corollary 2.10.2 in [30] implies
AN €L, st. Nr, — N' as.and in L;. (A.23)

But a.e. path of N is right-continuous. Therefore, 7, | 7 implies N, — Nr
a.s. which, by (A.23), implies Nr, — Nt in L,.

By assumption (ii), we have thus shown that My, — My in L;. The
argument for Mg, — My in L, is identical. As mentioned below (A.22),
this completes the proof of Lemma A.5.1. O

Remark A.5.2 (a) Take a > 0. If we replace T by TAa and o by c Aa we
obtain, as a simple corollary, Lemma A.5.1 for the case of T = [0, a].

(b) If M is L,-right continuous, i.e., t, | ¢ implies M;, — M, in Ly, or
if 7 and o both have finite ranges, we can eliminate assumption (ii) and the
bulleted assumptions which follow in Lemma A.5.1.

Let o be a predictable stopping time and let (0,), be any announcing
sequence for o. Recall that o, T o on Q and o, < 0 on [0 < o] Vn which,
by Exercise 3.4.6. (2) in [30], implies

Hoe = Vo Ho, (A.24)
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If X = (Xi)ter is any cadlag process, we can thus define a random variable
X,— by letting
Xoo = limX,,. (A.25)

(Since a.e. sample path of X has left-limits, X, _ is clearly independent of the
announcing sequence.) This leads to a useful application of Lemma A.5.1.

Lemma A.5.3 If M is as described in the statement of Lemma A.5.1, then
for any predictable stopping time o, M,_ € L; and E[(AM),|H,_] = 0.
Here, AM, = M, — M,_ Vit >0 and AMy; =0.

Proof Since A is right-continuous and increasing, it is cadlag. Since N
is a right-continuous submartingale, it too is cadlag (see Remark 4.2.12). -

Therefore, M itself is cadlag.
Let (0n)n be an announcing sequence for . Since M is cadlag,

(AM), = M, —lim, M, = M, — M,_

on 2. Therefore, it is sufficient to show F[M, — M,_|H,-] = 0.
Since o, < ¢ Vn, Lemma A.5.1 implies M,, M, € L; Vn and

EM, - M, |Hs) = 0, (Vn). (A.26)
Claim: M, , — M,_ in L.

Proof: Since A is increasing and cadlag, A,, T A,— a.s. where \,_ > 0 a.s.
Therefore, by the monotone convergence theorem, A,, = Ar— in L,.

Next, since NV is a submartingale, Doob’s stopping theorem implies (N, )n
is a submartingale w.r.t. (Hs,)n. Moreover,

0 < N, £ E[N:|Hc,], (V)

implies (Ng, )n is uniformly integrable which, by Theorem 2.6.4 in [30}], im-
plies
IN'e L, st. N;, = N' as. and in L,. (A.27)

But since N is cadlag, N,, — N,_ a.s. Therefore, (A.27) implies N,, — N,_
in L; which by assumption (ii) of Lemma A.5.1 completes the proof of the

Claim. Q
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Take any F' € U, Ho,- Since (o), is increasing, 3ng € N s.t. F € #H,,
Vn > ng. Therefore,

/F M,dP = lim /F M, dP (by (A.26))
= /F M,_dP (A.28)

But by (A.24), U, H,, is a w-class generating H,_. Therefore, the relation
in (A.28) extends to all F € #H,_ which implies E[M, — M, |#H,.] = 0,
completing the proof. O

Lemma A.5.4 If X = (Xi)iet is a predictable cadlag process and € > 0,

then
S = inf{s >0: AX, > €}, (A.29)

where inf ¢ = oo, defines a predictable stopping time.

Proof By Proposition 2.6 on p.17 of [29], AX is predictable. Therefore, by
Proposition 2.13 on p.18 of {29}, it is sufficient to show

{w,SW)):weQ} N (Qx[0,0) C [AX > €. (A.30)
With this in mind, take (w, t) € 2% {0, 00) s.t. S(w) = ¢. Since S(w) < o0
and X is cadlag, {s > 0: AX; > €} has a smallest element. By (A.29), this
smallest element is S(w). In other words,
AX(w,t) = AXge)(w) > ¢
ie., (w,t) € [AX > €] which establishes (A.30). ]

The following result could not be located in exact form in the literature.
See Theorem 4.2.7 for the defining properties of (Y).

Proposition A.5.5 For each n, let Y, = {Y,(t) : t € [0,00)} be an L,
martingale w.r.t. a filiration H = (H¢)eejo,00)- If 36 > 0 s.t.

sup E [IYn(l)lz""’] < oo, (A.31)

then {(Y.)(1) : n > 1} is uniformly integrable.
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Proof Identical to that of Proposition 3.6.12. Indeed, as mentioned on p.87
of [20], given any n, 3 a sequence of finite partitions {A® : k > 1} of [0, 1],
say A® = (0=t < ... < t&) =1} s.t.

5 B[ (%) ~ va)] 1] — ()

=1

weakly in L, as £ — oo. (The dependence of A% on n has been sup-
pressed from the notation.) Applying Rosenthal’s inequality (see Section
2.4 of [19]), the L;;s/2-norm of any such approximant (ranging over all &
and n) is bounded by C - sup,[|Y,(1)[**%] where C = C(8) € (0,00) is a
constant depending only on § > 0. As in Proposition 3.6.12, this implies -
{{Y2)(1) : n > 1} is uniformly integrable. a

Remark A.5.6 Proposition A.5.5 continues to holds even when each Yaisa
martingale w.r.t. some filtration H™ possibly depending on n. In particular,
the above mentioned collection of approximants continues to be Ly, s/2-norm
bounded since C(§) depends only on § > 0.

The next two results concern the weak convergence of processes in D[0, a
(i-e., with sample paths in D[0,a]) w.r.t. the Skorokhod J; topology. See
Subsection 4.2.1 and [6] for additional material on this topic.

Lemma A.5.7 If A, A1, As,- - - are processes in D[0, a] s.t.
(i) for eachn, A, is increasing and
(i) An = A in D[0,a] w.r.t. the Skorokhod topology,
then A is also increasing.

Proof For the sake of notation, assume A and each A, are defined on
a common probability space (2, 7, P) and denote A, by A® Vn. Since
An —c Ain D[0,a], 3 a countable dense subset D of [0, a] s.t.

(A%,---, A% ) %5 (Aq,---Ag,) in distribution (A.32)

for any dy,---,dn € D (m € N).
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Take d; < dy in D and let I'~ denote the set of all negative continuity
points of A4, — Ag,. By the continuous mapping theorem, (A.32) implies

P(Ag, — A, >0) — P(A4, —Ag, >0a), Vael"). (A.33)
Since each A, is increasing, (A.33) implies
P(Ag, — A4, >a) =1, Vael")

and therefore, since I'” is dense in {0, —c0), P(44, — A4, > 0) = 1. Applying
this argument to every pair d; < d; in D, the right-continuity of 4 on [0, a]
implies A is increasing on [0,a]. (This is similar to the argument used in
Lemma 4.2.21(c).) o

Lemma A.5.8 Given processes A, A1, As,--- in D[0,q] s.t. each A, is in-
creasing and A is continuous, deterministic and increasing, t.f.a.e.:

(a) An(t) — A(2) in probability Vt € [0, q],
(D) Supepo,q [4n(t) — A(t)i — O in probability and
(c) A, £y Ain D[0, a] w.r.t. the Skorokhod topology.

Proof For the sake of notation, assume A and each A, are defined on a
common probability space (2, 7, P). By Lemma 1 in [31], (2) implies (b).
Since A is continuous, (c) implies

Aa(t) S A(t), (Vtel[o,a])

and therefore, since A(t) is constant V¢, (a) follows. Finally, if we let p denote
the uniform metric on D[0, a], then (b) can be read:

P[p(An, A) > €] — 0, (Ve>0),

a condition which yields A, —. A in D0, a] w.r.t. the uniform topology on
D[0, a] (see the top of p.25 in [6]). Since the uniform topology on DI[0, a] is
stronger than the Skorokhod topology on D0, a], this implies (c). m
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A.6 Convergence of Random Vectors

In this small section, we establish a few technical results concerning
convergence in distribution of random vectors. Our main goal is Proposi-
tion A.6.2, a result which reduces our work in establishing convergence in
finite dimensional distribution for sequences of set-indexed processes.

In our first result, any upper case X, regardless of subscripts and super-
scripts, will denote a random variable on a fixed probability space (2, F, P).
To simplify the notation in part (b), we have employed the following device:
given m € N and z € R, m © z represents m copies of z separated by
commas. For example, 3 © x represents z, z, z.

Lemma A.6.1 Given 1 < 4 <42 < +-- < ip < ki N, my,---,mi €
NU {0} and any permutation © on {1,---,k}, if

(Xnts- > Xng) = (X1,---,Xz) asn— oo, (A.34)

then the following distributional limits hold as n — oo:

@) (B35 Xagi 1 Bhin Xag) = (ST X5, S X)),

(b) (m1® Xpy,- - M © Xng) —= (M@ Xy,-+-,me ® Xi) and

(©) (Xnrws s Xuaw) == (Xaqs--os Xeew)-
Proof Consider the function f : R* —+ R™*! where

flay--a) = (S8 2, 25, 5),
the function g : R* — R" (r = T5_, m;) where
9(z1, - zk) = (M1 O Ty, -+, My O z¢)
and the function h : R* —+ R* where
Ry, 2k) = (Teqys s Tai) -

f,g and h are continuous on R*. Therefore, (2), (b) and (c) follow from
(A.34) and the continuous mapping theorem. a

The next result will require several applications of Lemma A.6.1.
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Proposition A.6.2 Given A-indezed processes X, X1, Xs,---, if
(Xn(C1),- -+, Xn(Cr)) = (X(Ch),-+,X(Ck)) asmn— o0 (A.35)

V fn.s. {C1,---,Ci} of A, then (A.35) holds V{Cy,---,Cs} C C(u). (See
Definition 3.2.14 for the definition of f-n.s.)

Proof Take any finite subcollection {Cy, - -, C¢} of C(u). Applying Lemma
3.2.15 to the set C =UL,C; €C(u), Fafns. Ny ={Dy,---,D,} of As.t.

=1
Ci =U_'7:1=1D‘71) CZ =U;2=1Dj21 e, G = ;kleJ!c (A'36)

where, given any 1 < 7 < k, Df,---,D}. € Ny are disjoint. (This is not
precisely the statement of Lemma 3.2.15 but the proof thereof clearly implies
(A.36).)

By (A.35),

(Xa(D1), -+, Xa(D;)) 5 (X(D1),---,X(Dy)) asn — .

For each fixed 1 < g < r, define m, € NU{0} to be the number of occurrences
of D, among the D}. Then, by Lemma A.6.1 (b),

(my © Xn(Dy) -+ -, me @ Xn(Dy)) — (m1© X(Dy) ---,mr © X(D;)).
(A.37)

Considering the way in which m;, - - -, m, were defined, we can rearrange the
components on the left-hand side of (A.37) in accordance with (A.36) so as

to read
(Xa(D}), -+, Xa(DL), Xa(DP), -+, Xa(DE)).

Therefore, if we apply Lemma A.6.1(c) to (A.37) and then apply Lemma
A.6.1(2) (the latter using the additivity of X, X, on C(u)), we can obtain

(Xa(Ch), -+, Xn(Ck)) 55 (X(C1),---, X(Cr)) asn — oo
which completes the proof. O

We close this section with a technical result which is used in the proof of
Theorem 4.4.1. Given a random vector X = (X, ---, X,), recall that a set
R € B(R™) is a continuity set of X if P(X € 0R) =0.
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Lemma A.6.3 Given m € N, random variables U, Uy,---, Uy, on (Q, F, P)
and continuity points z; of U; (1 <i < m), define the event

A=NL, {Uz < :I:,-]. (A.38)

If z € R is a continuity point of U - 1,4, then C = (z,00) x [T, (—o00, z;] is
a continuity set of the random vector U = (U, Uy, ---, Up).

Proof Since
9C = ({z} x IIZ,(—00,z:]) U UL, ([z,00) x {z:} x [ji(—00, z;]),
i.e., the union of the m + 1 faces of cl(C), we have
[UedCl = U=z, A] UUZ U5, Us =2, Uy <z;(¥5 #£17)]. (A.39)

We will show that each summand in (A.39) is P-null.

If £ # 0, then
P(U=z]NnA) = PU=z,14=1)
= P(U'1A=$)
= 0

since z is a continuity point of U - 14. On the other hand, if z = 0, then
P(U=0lNA) < PU=0) < PU-1,4=0) = 0.
Either way, P([U = z] N A) = 0. Moreover, given any 1 <i < m,
PlU2z,U;=2;,U;j<z; Vj#1i)] < PUi=z;) = 0
since z; is a continuity point of U;. Therefore, in view of (A.39), P(U €
0C) =0, i.e,, C is a continuity set of U. O

A.7 A Technical Result for Section 4.6

Let F : R¢ — [0, 1] (some d € N) be a continuous distribution function
with F([0,1]9) = 1 and let (Y,), and (Z,). be as described in (I) and
(II) respectively on p.182. Throughout this subsection, (Q,F, P) will
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denote the complete probability space on which (Y,), and (Zn)rn are
defined.

Recall the relations < and < on [0, 1]¢ and the subsets Ly, Sy and S,_
of [0, 1]? associated to any x € (0, 1), all of which are defined at the start of
Subsection 4.6.1. Define the function hg : [0, 1]¢ — [0,0) by letting

[F(Sx-)]"! I F(S.)>0
h = .
F(x) { 0 , otherwise. (A.40)
Given random variables X, ---, X, let o(X,---, X,) denote the smallest

sub-o-algebra of F for which X, - - -, X, are measurable. The following tech-
nical result is used several times in Section 4.6.

Proposition A.7.1 Under Assumption 4.6.1, givenk € N and x,y € [0,1]¢
s.t. 0 <x <y, if W € L, is 0(Z;)-measurable, then

E[iv,eqW| 65| = 1iviesq E(W)-F(C) - he(x) (A.41)

where C = (x,y] € C and G denotes the strong past at C generated by the
filtration (F4)aca defined in (4.63).

To establish the above lemma, we will employ the so-called “smooth-
ing property” of conditional expectation in relation to atomic events in o-
algebras. These atomic events correspond to the “atoms” found in Lemma
6.5.8 of [3]. Recall that the term atom already has an assigned meaning in
this thesis (see Section 2.3).

Definition A.7.2 Given a sub-o-algebra H of F, an event H € H is an
atomic event in H w.r.t. P if

FeHand FCH = P(F)=0or P(H-F)=0. (A.42)

Note that all P-null events in # are atomic according to our definition. In
contrast, [3] requires P(H) > 0.

Given any two sets, H,F C Q, we have the relations H N F C H and
H\ F=H — (HNF). Therefore,

Lemma A.7.3 Given a sub-c-algebra H of F, H is an atomic event in 4
if and only if

P(HNF)=0or P(H\F)=0, (VFe%#).
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The next result will reduce our work in showing an event is atomic.

Lemma A.7.4 Given a sub-o-algebra H of F and an event H € H, if 3E C
H s.t. o(E) =H and

P(HNE)=0or PH\E)=0, (VE€§),
then H is an atomic event in H.
Proof Define
G ={FeH:PHNF)=0or P(H\F)=0}.

Clearly, ¢,Q2 € G and G is closed under complementation.
Take (Fp)n in G and let F =J, F,. f P(HN F,) =0 Vn, then

PHNF) < > P(HNF,) = 0.

On the other hand, if 3ny € N s.t. P(H \ F,,,) =0, then
P(H\F) < P(H\F,) = 0.

Therefore, G is a o-algebra containing £. By assumption, this implies H = G.
In light of Lemma A.7.3 and the definition of G, H is indeed an atomic event
in H. a

Given any r.v. X, it is clear that
E={[X>z]:z2>20}U{[X <z]:z2<0} = o(&)=0(X). (A43)
With future applications of Lemma A.7.4 in mind, define

EF) = {[Ye€AN[Z>z]:2>0, ACB and Ac A} U
{[l¥Yr€edlN[Z, <z]:2<0,ACBand A€ A} U
{P-null subsets of Q} (A.44)

for any k£ € N and any B € A(u). Also, define sub-o-algebras

HE = o(M(A): ACBand Ac A) vV Fq (A.45)
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for any k € N and B € A(u) where M} is the A-indexed process
Mi(A) = 1yveai 2, (VA€EA)
and Fj is the o-algebra generated by all P-null subsets of 2. Since

[1‘/[/;(.4.) > .'L‘] = [Yk € A] N [Zk > $] s (\7’:1: > 0) and
[Mi(A) <z] = [Ye€Ad]N[Zx <z], (Yz<0)

for every A € A4, (A.44) and (A.45) imply
HE) = (X)), (VB e Au), keN) (A.46)
when we apply the principle in (A.43). Note that
Hp = Vi HE, (VB e A(w)) (A.47)

where H g is the sub-g-algebra of F defined in (4.62).

The following consequence of Lemma A.7.4 will be needed in the proof of
Proposition A.7.1. See Subsection 4.6.1 for the definition of the subsets L.
and Sg of [0, 1]d

Lemma A.7.5 Under Assumption {.6.1, given any t € (0,1)¢, [Y € S| is
an atomic event in ’H(L’? Vk.

Proof Fixt € (0,1)?and k € N. Our first task is to show [Y; € S] € ’Hg?.
In this direction, note that for any A € A,

[Yee Al = ([Ye€d]n[Z,>0]) U ([Yr€AN[Z=0]) U
Uren ([Yx € 4]0 [Zk < —1/7])

which, by (A.46), implies
[YeeAlen®), (vAe Ast. ACL,). (A.48)

(Since P(Z; = 0) = 0 by assumption, [Yx € A] N [Zx = 0] is P-null.)
Moreover, as remarked on p.83 of [27],

Se = ({[0,s]°:s€ ([0,1]NQ)* and s € L.}
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which implies
[Ye€ S = ({[Yc€[0,s]]:5€([0,1]]nQ)? and s € L.}.

Therefore, since [0,s] C Ly Vs € L, (A.48) yields [Y € Si] € 'H(L’?.
Since Ly N S; = ¢, it is clear from the definition of ng) that

P([Yr€S]NE)=0, (VEc&W). (A.49)
Therefore, by (A.46) and Lemma A.7.4, [Y; € 5] is atomic in ’r’{g? . O

The following result which appears as Theorem 6.5.9 (2) in [3] is com- .
monly referred to as the smoothing property of the conditional expectation
operator.

Proposition A.7.6 Given a sub-c-algebra # of F, an atomic event H in
H and any random variable Y € L, if P(H) > 0, then

E(Y|H) = EQgY)-[P(H)]™ ae. onH.

In the above Proposition, if ¥ = 0 a.e. on HC, then E(Y|H) - 1xc =
E(Y -1gc|H) =0 a.e. Therefore,

Corollary A.7.7 In Proposition A.7.6, if Y is s.t. Y =0 a.e. on HE, then
E(Y|H) = 1g-E(1gY)-[P(H)]™.

The following property of conditional expectation can be found in most
probability texts. For example, see 9.7 (k) on p.88 of [40].

Lemma A.7.8 Given sub-c-algebras F; and Fo of F and an r.v. V € L,
if o(V) V Fy is independent of F,, then E(V|F,V F3) = E(V| Fy).

We can now present the following:

Proof (of Proposition A.7.1)
Let C = (x,y] be as described in the statement of Proposition A.7.1. Define

the sequence (x5), in [0,1]? to be s.t. g ([0,x]) = [0,%,] V7 and let

Cn = (Xn,y], (Vn).
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Clearly, 0 < x, Vn. Furthermore, since x < y, we must have x, < vy for
all large n. Therefore, it can be assumed w.l.o.g. that 0 < x, <y Vn. Itis

also clear that
CnTC and S, T Sx as n — 0. (A.50)

Select a fixed & € N. There are two cases. First, if P(Y; € Sx) = 0,
then 1fy,es, = 0 a.e. Furthermore, since (x,y] C Sx, Iy ec) - W =0 aee.
In total, both sides of (A.41) are equal to zero a.e.

On the other hand, if P(Y; € S¢) > 0, then by (A.50), we can assume
w.l.o.g. that P(Y; € S,) > 0 Vn. For each m € N, define the random

variable,
Vi = l[yke Crm] w.

Given any m < n, Cn C Cp C S, implies V, = 0 a.e. on [Y; & 5] )
Therefore, since [Y € S,] is an atomic event in ’Hgi)n (see Lemma A.7.5),
Corollary A.7.7 yields

E(Va] %gi)n) =11viese,] - E(Va) - [P(Yk € an)]—1= (Vm < n). (A'51)

(Note that Cp, C S, implies Vi, - Ly, es..] = Vin-)

Furthermore, since o(V,n) C 0(Yk, Zx) Vm and HY C (Y}, Z;) VieN
and B € A(u), the independence assumptions concerning (Y,), and (Z,),
(see (I) and (II) on p.182) imply

c(Vm) V ’Hgi)n is independent of V,#’ngﬂ , (Vm,n). (A.52)
Therefore, by (A.47) and Lemma A.7.8,
E(Via| Her,) = E(Val HE)), (¢Ym,n)
which, by (A.51), yields
E(Vim|Hi.,) = Liviese)  E(Va) - [P(Yk € 55,)] 7, (Ym < n).

Since W is assumed to be o(Z;) measurable — and hence independent of Y,
— this further implies

E(Vim|Hr,,) = Livie e, BEW) - F(Cm) - [F(Si,)] 7' (Ym < n). (A53)
Now, fix m € N. Clearly, g.(Lx) = Ly, V7 and hence by Lemma 4.6.7,
Ge = NaHe,,-



APPENDIX A. MISCELLANEOUS TECHNICAL RESULTS 234

(Note that [0,y] \ Lx is a maximal representation of C = (x, y] as required.)
Therefore, by the reverse martingale convergence theorem (as presented on
p.136 of [40]),

E(VnlGZ) = lim E(Val#Hc,,) as.
= lim lv,es,, - E(W) - F(Cn) - [F(Usx,)]™ (by (A.53))
= Lyviesd E(W)-F(Cm) - [F(S)]™" (by (A.50)).

Finally, since [V, < [W]| € L; Vm and, by (A.50), imm, Vi = 1jyv,ec) W,
dominated convergence and the above array imply

E[lyeqW| 65| = lim E(VialG2) as.
= liyesg- B(W)-F(C)-[F(SII™ (by (A.50))

where, by the continuity of F, F(Sx) = F(Sx-). This gives us (A.41) for the
case of P(Y; € Sx) > 0, completing the proof of Proposition A.7.1. 0

We end this section with an application of Corollary A.7.7 which is needed
in Subsection 4.6.4 to calculate a *-quadratic variation for the weighted em-
pirical process. (In fact, we only require this result for the case of n = 2 and
E(W) = 0.) Its proof is close to that of Proposition A.7.1, give or take a
few minor modifications.

Proposition A.7.9 Under Assumption 4.6.1, given 7 € N, distinct indices
ki,- - kr € Nandx,y €[0,1]5.t. 0<x <y, if W € L1 is(Zy,, -, Z.)-
measurable, then

E[[I._ iveeaW| 8] = [, Livi,es0-EW)-FC) - [hp(x)]" (A.54)

where C = (x,y] € C and G denotes the strong past at C generated by the
filtration (Fa)aca defined in (4.63).

Proof To simplify notation, choose k; = 7 foreach ¢ = 1,---,7. Let C =
(x,¥] € C be as described above. The present proof will employ the elements
found in the first paragraph of the proof of Proposition A.7.1. For the reasons
mentioned in the second paragraph of the same proof, we need only consider
the case in which P(NI.,[Y: € Sy]) > 0. As before, this condition enables
us to assume, w.l.o.g., that P(N_,[Y: € Sx.]) > 0 Vn.
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The following result extends Lemma A.7.5.
Claim: NL,[Y: € Sx.] is an atomic event in VI_;H (‘)" Vn.

Proof: Fixn € N and deﬁne H Ni=:[Y: € Sx,]- By Lemma A.7.5, [Y; €
Sx.] is an atomic event in #HY) L, V1 < i< 7 which implies H € VI, H (’)u.
Moreover, given any 1 <17 5 T and any E; € 5(‘)n, (A.49) implies

P(HnE,) < P([Y,-ean}nEi) = 0,

P(H NE)=0VE € UL, S(’) . Therefore, since J(U,_lg(i)n) =
Vt_1 _, Lemma A.7.4 implies H is an atomic event in v,’_l’r'{%ln . Q-

For each m € N, define the random variable
Vm = H 1[YiECm] W
=1

Given any m < n, C,, C C, C Sy, implies V,, = 0 a.e. outside the set
—.[Y; € S,]- Therefore, since

o(Vm) V Vi, ?{f,fln is independent of V. ?{(L‘Qn , (Ym,n)
(a consequence of (I) and (II) on p.182), the argument for (A.53) — with the
role of Lemma A.7.5 played by the above Claim — implies

E(VlHe,) = 1] lvse o) “EOV) -F(C)" - [F(S)]™s (Y < ).

i=1

(Note that P(NL.,[Y: € S«.]) = [F(Sx.)]” by independence.) By (A.50),

imp [Tio; Iviess,] = [lim1 Iiviesy and limn Vi = [T Tivieq W on ,
allowing us to repeat the limiting procedures wh1ch followed (A.53) and thus
completing the proof of Proposition A.7.9. a

A.8 Additional Results on Flows

This section contains two miscellaneous results concerning the flows de-
fined in Subsection 4.2.2. Lemma A.8.1 is used in Subsection 4.6.3 to show
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asymptotic rarefaction of jumps for sequences of set-indexed weighted em-
pirical processes (see Lemma 4.6.18). Lemma A.8.2, although never used in
the thesis, has not appeared in the earlier literature, warranting its inclusion

here.
We begin with some terminology. Let A be an indexing collection on a

compact metric space (7,d) and let f : [a, 8] — A(u) be any flow. Define
f=) = U fls), (Vte (e8] (A.55)

a<ls<t

and adopt the convention, f(a—) = f(a). Given any ¢ € [a, b], the jump of f
at t is defined to be the subset

AF@E) = f()\ fF(t-). (A56)

Let z : A — R be a purely atomic set-function (see Definition 2.3.5).
Note that the domain of z can be extended to all subsets of 7. Also note
that the function zo f : [a,b] — R is pure-jump and hence lies in DJ0, a].

Lemma A.8.1 If f and z are as described above, then
Azof(t) = z(Af(2), (Vi€ (a,b])
where Azo f(t) denotes the jump of the function zof : [a,b] = R. at t.
Proof Taket € [a,b]. If t = a, then
Azof(t) = 0 = 2(9) = 2(Af(a)).
On the other hand, if ¢t € (a, b], we have the following:
Claim: lim,< 2(f(5)) = 2(f(t-)).

Proof: Let &, -, € T denote the atoms of z that lie in f(¢—). By
the definition of flow, f is increasing w.r.t. C on [a,b]. Therefore, for each

1<i<n, 3s; € (a,t) s.t.

&€ f(s), (Vsi<s<i).

Define sy = maxi<i<n 5i < t. Clearly,

{&:1<i<n} C f(s), (Vso<s<i).
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Furthermore, since f(s) C f(t—) Vs <'t,
{atomsof zin f(s)} € {&:1<i<n}, (Vso<s<t).

Combining these two inclusions, we obtain z(f(s)) = z(f(t-)) Vso <s <t
which completes the proof of the Claim. Q

Finally, we have

Azof(t) = =z(f(2) — limsc z(f(s))
= z(f(t)) —z(f(t-)) (by above Claim)
= z(f()\ f(t-))
= z(Af(2))
which completes the proof of Lemma A.8.1. O

By definition, every flow is increasing w.r.t. €. As illustrated by the
following result, the flows given via Lemma 4.2.16 are, in fact, strictly in-
creasing.

Lemma A.8.2 Given any f.s.s.l. A’ of A, the simple flow f : [0,1] — A(z)
satisfying conditions (a) and (b) of Lemma 4.2.16 can be chosen so that
0 < s <t <k implies f(s) C f(2).

Proof Take a fssl. A" = {Ag,---, Ak} of A and let f be the associated
simple flow discussed in Lemma 4.2.16. By (4.7), f has the form

f@) = VS £@/R)] U f0), (Vie (B E].1<i<h)

where each fJ [, i] - A is a flow. Therefore, it is clearly sufficient
that f; : (2, £] — A be stricly increasing V j. The proof of this fact draws
heavily from the development of Lemma 2 in [26].

Given 1 < j < k, a linear transformation allows us to write f; : [0,1] —
A. Following the proof of Lemma 2 in [26] — from which Lemma 4.2.16
originates — we can select f; so that f;(1) = A; and f;(0) = A'. We
comment no further on A’ other than to say that A’ € A’ and A’ C A4;.
Define R to be the subset of [0, 1] consisting of all ¢/r (i, € N) for which
(i+1)/r€[0,1] and 35,T € A s.t.

fiG/r) =5, fi((i+1)/r)=T and SCT. (A.57)
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From the proof of Lemma 2 in [26], R is dense in [0, 1]. (In particular, 7 C R
where 7 is the dense subset of [0, 1] defined on p.907 of [26].)

Now, take s < t in [0, 1] and select €¢; > 0 small enough so that s < ¢ — .
Since R isdense in [0, 1], 3i/r € R s.t. s < i/T < t—¢;. Moreover, 7/r can be
chosen so that 1/7 < €p. (If this were not so, RN (s,t+¢) would be a finite
set, contradicting the density of R.) This impliess <i/r < (i +1)/r <t
which by (A.57) implies f;(s) C f;(¢), hence completing the proof. =]



Appendix B

On Conditional Independence

B.1 Introduction

In this appendix, after defining and studying conditional independence
for sub-o-algebras of a fixed o-algebra, we will present a class of stochastic
bases for which the following is true: given any set C € C, any representation,
A\ UL, Ai of C and any Fa-measurable random variable X € L,

=1

o E(X|G5) is Fa-measurable and
* E(X|Gc) = E(X|Ne Vi1 Fgecan)-

As the title suggests, conditional independence will play a central role in the
proof of both results.

B.2 On General Conditional Independence

Let (Q, F, P) be a probability space. Given a sub-o-algebra G of F, define
the linear subspace L;(G) := {X € L; : X is G-measurable }. Our definition
of conditional independence is taken from p.36-1I of [14].

Definition B.2.1 Let F;, F; and F; be sub-o-algebras of F. We say that
F1 and F, are conditionally independent given F3 if

E(Xy-Xp|F3) = E(X1| Fs) - BE(Xa| F3) (B.1)

for every X; € Li(F.) and Xy € Li(F2). In such a case, we will write
(F1 L Fo| F3) (referred to as a “bracket”).

239
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Remark B.2.2 As commented on p.36-II of [14], it is sufficient to test (B.1)
for the case in which X; = 15, (2=1,2) where F; € F; (1 =1, 2).

We will make frequent use of the following characterization of conditional
independence. Its proof can be found on p.36-II of [14].

Lemma B.2.3 If 7, F; and F3 are sub-c-algebras of F, then t.f.a.e.:
(a) (F1 L Fa|F3),
(b) E(X|F3) =EX|F1Vv Fs3) VX € Li(F).

Next, we present some important properties for brackets. The first Lemma
is an obvious consequence of Definition B.2.1, the second is a special case of
Lemma 2.2 in [11].

Lemma B.2.4 Let 1, 7>, 3, G1 and G, be sub-o-algebras of F for which
G: CF; (i=1,2). If (F, L Fo| F3), then

(a) (Fg 1 }-1 |f3> and

(b) (G1 L G2| F3).

Lemma B.2.5 Let F;, Fo, F3 and G be sub-o-algebras of F for which
GCF,VFo. If (.7'-1 1L 7 |.7:3), then

(a) ((F1VF3) L(Fov F3)|F3) and
(b) (F1 L F2[(F3VG)).
We close this section with a simple application of Lemmas B.2.4 and B.2.5.

Lemma B.2.6 Let F, 52, G and H be sub-c-algebras of F. If

(i) (F1 L Fa|H) and

(ii) G C Fo,
then ((F1VG) LF|(HVG)).
Proof Since G C F, V F,, we have the following chain of implications:

(FiLF|H) = (FilF| (HVG)) (by Lemma B.2.5 (b))

= ((FiVHVG) L(F2VHVEG) | (HVG))
(by Lemma B.2.5 (a))

= ((F1vG) LF2|(HVG)) (byLemma B.2.4(b)).
This is precisely Lemma B.2.6. O
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B.3 Applications

In this section, after presenting a few technical lemmas, we will establish
the two itemized results listed in the introduction to this appendix. Both

results require some additional assumptions.
Fix a stochastic base (Q2, F, P, (F4), .A). Our first additional assumption
concerns the filtration (F4)aca-

Assumption B.3.1 Given any A;,As € A and any X € Ly,
E[E(X[fo)lfAz] = E(Xl]:fhn«‘lz)' (B‘Q)

Assumption B.3.1 has already appeared in [16]. As commented therein, -
(B.2) reduces to the classic F4 property when A = Z,.

Lemma B.3.2 Let A;,---,An € A be given. Under Assumption B.8.1,
(a) Ny Fa, = Fon 4, and
(b) ('7::41 L -FAz I}.A;nAz)-

Proof Part (a) is a trivial inductive extension of Lemma 2.3 (i) in [16].
For part (b), take events F; € F4, (i = 1,2) with corresponding indicator
functions f; (1 =1,2). Then,

E(fif2| Fana:) = E[E(fi f2lFa,) | Fas] (by (B2))
= E[fi- E(f2| Fa) | Faul- (B.3)

Since f; is Fu,-measurable, (B.2) implies E(f1|Fa,) = E(f1| Fa,na,)- Sim-
ilarly, E(f2 | F4,) = E(f2| Fa,na,)- Applying these identities to (B.3),

E(flf2lFA1ﬂA2) = E[fl'E(f2lj:Aan2)[fAz]
= E(f2| Fana,) - E(fi| Fa,)
= E(fz l fA}_ﬂAz) - E(fl |-7:A10Az)

which, by Remark B.2.2, establishes (b). a

Recall that any indexing collection is a sub-semilattice under A = N. In
addition, we will need the following assumption on .A.
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Assumption B.3.3 3 a binary operation, V on A s.t. A is a distributive
lattice under V and A =nN.

This assumption was common in earlier set-indexed papers such as [16]
and [28]. The indexing collections Z; and LL; on [0, 1]* satisfy Assump-
tion B.3.3 (see Examples 2.2.6 and 2.8.1 respectively).

We now present the key technical result of this section. Its proof requires
several judicious applications of Lemma B.2.6.

Lemma B.3.4 Under Assumptions B.83.1 and B.3.83, if A, A;,---, A, € A
are s.t. A;NA; CA Vi#j, then

E(X|ViaFa) = BE(X |V Fanas)
for every X € L,(Fa).
Proof Since V is distributiveover Nand A, NA; CT A NAV2<i<n,
AIN[AV (VEL A)] = (AANA)V(VE,AINA;) = AINA (B.4)
which, by Lemma B.3.2 (b), implies
(Fa, L Faveen a9 | Fana,)-
Therefore, if we define G = VL, F4,, then by Lemma B.2.6,
(Vi1 Fai) L Favevn a0 | Fana, V (Vieg Fa;))
which by Lemma B.2.4 (b) implies
((Viey Fa) L Fa| Fana, V (Vi Fal))- (B.-5)
Next, take any 2 < j < n — 1. By an argument similar to (B.4),
AiN[AV (VL 4)] = A;NA
which by Lemma B.3.2 (b) implies
(Fa; L Favevn_ . a4y | Fana;)-

i=j+1

If we let G = (VIZ[ Fana:) V (Vii;+1F 4;), then by Lemma B.2.6,
((VIZiFana) V (VEjFa) L Fal (Ve Fana) V (VEjFa))  (B6)
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when we replace fAV(V?=j+1 4;) by F4 via Lemma B.2.4 (b).
Finally, since (Fa, L Fa|Fana,), Lemma B.2.6 implies
(((VEELFanas) V Fa,) L Fa| Ve Fana) (B.7)

when we add G = V2! Fana. throughout the previous bracket.

=1

Now, take any X € L;(F4). By Lemma B.2.3, (B.5) implies
BX IVEAFa) = ELX|Fana, V (Vi Fa,)] (B.5)
while for each 2 < 7 <n — 1, (B.6) implies
E[X| (VR Fana)V (Vi Fa)] = E[X | (Ve Fana)V (Vi1 Fa) ] (B9)
and (B.7) implies
E[X|(ViZ Fana,) V Fa,] = E(X |V, Fana,)- (B.10)
Linking the n indentities from (B.8), (B.9) and (B.10), we obtain
E(X|VieiFa) = B(X |V Fana)
which completes the proof. O
Like the first, our third additional assumption concerns the filtration.

Assumption B.3.5 Given sets A, Ay, -+, A, € A, if A C UL, A;, then
fA g V?:]_ ‘7::4;"

Remark B.3.6 By (3.9), Assumption B.3.5 implies Fin a; € Vi Fa;- In
conjunction with Lemma 3.2.24 (c), this implies F, On_a; = Vier Fa;

If A satisfies the shape property (see Remark 2.2.5(d)), then any A-
indexed filtration automatically satisfies Assumption B.3.5. Moreover, given
any indexing collection A and any process X = (X4) ac4 possessing a finitely
additive extension to C(u), the family (#4)4c4 where

Ha =0({Xg:BeAst.BCA}), (VA€ A)

can be easily shown to satisfy Assumption B.3.5.
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Lemma B.3.7 Under Assumption B.3.5, if A\ URZ, B; is a mazimal repre-

sentation of a set C € C, then G5 = N ViZ; Fou(:)-
Proof Letting B =UZ, B;,

Gc = NnFgspm (by Proposition 3.2.25)

= n V& Fous) (by Remark B.3.6)
which completes the proof. .

Our final additional assumption concerns the indexing collection. Exam-
ples for which it is satisfied include Z; and L£L,.

Assumption B.3.8 Given any n € N and any set C = A\ UL ,4; € C, 3
a mazimal representation A\ UZ,B; of C s.t. BiNB; C A Vi #j.

And now for the main result of Appendix B,

Proposition B.3.9 Take any n € N and any C = A\ UL, A; € C. Under
Assumptions B.3.1, B.8.3, B.3.5 and B.3.8, if X € L,(F,), then

E(X[Ge) = E(X Nk Vi Fou(an)-

Proof Let A\ UZ,B; be the maximal representation of C described in
Assumption B.3.8. Since each g, is monotone increasing and preserves finite

intersections,
9e(B:) Nge(B;) € ge(A), (Vk, i#7).

Hence by Theorem B.3.4,
E[X | V?:].ng(Bi)] = E[X l V?:l}-gk(AnBi)]a (VE).

Since (gk(B))x is decreasing in A V B € A, the reverse martingale conver-
gence theorem and Lemma B.3.7 thus imply

E[X | Nk Vier Fotansy] = E[X [Nk Vie Foumn] = E[X|GE].  (B.11)
Therefore, if we can show

Nk V:T;l f;?k(AnBi) C Nk V?:l 'ﬂk(Ai) c gé: (B'12)
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Proposition B.3.9 will follow from (B.11) and the tower property.

We quickly dispose of the right-most inclusion in (B.12) by noting that
Ne Vimy Foe(a) € Fur,a; and CN (UL A;] = ¢ (see Lemma 3.2.24, parts (c)
and (e) respectively). For the left-most inclusion in (B.12), note that

A\UjmANB; = A\ULIANA; = U ANB; = UL AN 4;
= ANB; C UL 4 Vj

which, by Proposition 2.2.9 (b) and the monotonicity of g, implies
9:(AN B;) C Uini9x(4:), (Vk, 1<j<m).
Therefore, by Assumption B.3.5,
Fo(ans) € VimmFg(an, (Vk, 1<j<m)

which is to say
V?;l‘ng(AnBi) - V?:lf:‘]k(Ai) , (VE).

This completes (B.12) and the proof of Proposition B.3.9. O

Given any sets A, By, - - -, By € A, the monotonicity of g implies
VieiFouangy) S Foay, (VEEN)
whereas the right-continuity of (F4)4c4 implies
Na Viey Foutans;y S Fa.
Therefore, (B.11) yields the following consequence.

Corollary B.3.10 Under Assumptions B.8.1, B.8.3, B.8.5 and B.3.8, given
anyC=A\BeC (A€ A, Be A(v)),

X GL]_(.?A) = E(Xlgé) € Ll(j’-A) (B.13)



Appendix C
An Alternative to D(A)

C.1 Introduction

‘The function space D(A) defined in Section 2.3 has already been suc-
cessful in representing sample paths of set-indexed processes. For example,
see [5] and [26]. Unfortunately, it is not without shortcomings. In particular,
when A is the “natural” indexing collection, Z; on [0,1]* (k > 2), D(Z) is
too large to properly represent the classical multiparameter function space
Dy introduced by Neuhaus in [33] (see Definition C.2.3 and Example C.2.12).

In this appendix, we present an alternative to D(.A), denoted D,(A),
which is defined for any indexing collection .4 on any compact metric space
(T, d). This new function space will be small enough so that Dy(Zx) = D Yk
(up to identification) while being large enough to ensure PA, Dy(A) C D,(A)
for any A on any (T, d). Although not used directly in this thesis, the function
space Dp(A) may be of independent interest.

Throughout this appendix, unless otherwise stated, .4 denotes
a generic indexing collection on a generic compact metric space
(T, d).

C.2 The Function Space D,(.A)

The classical multiparameter function spaces, Dy (k = 1,2, - -) defined
by Neuhaus in [33] serve as multidimensional analogues of D[0, 1]. Whereas
D[0,1] is the collection of all functions, f : [0,1] — R which are right-
continuous with left-limits at each ¢ € [0,1], Dy consists of all functions

246



APPENDIX C. AN ALTERNATIVE TO D(A) 247

f :[0,1]* = R which, for any t € [0, 1]%, have “limits in all quadrants” at ¢
with “continuity from above” at t (see Definition C.2.3).

As will be illustrated in Example C.2.12, D(Z;) and D; do not coincide
when k& > 2. The goal of this section is to construct a set-indexed analogue
of Dy, denoted D,(A) which coincides with Dy when A = Z; (k € N).
For this purpose, we must characterize “limits in all quadrants” strictly in
terms of the sets in Z so as to free ourselves from the co-ordinate no*ation
in [33] which only applies to T = [0, 1}*. At the heart of this characterization
lies in the concepts of proper intervals and finite interval partitions. Their
definitions, which originally appeared in [25], are given below.

Definition C.2.1 (a) Given sets, A, A’ € A, the set-interval [A,A’) in A
is the subcollection,

[A,4) = {Be A: AC BC (4)).

If A C (A')° and A is proper (see Definition 2.3.7), [A, A') is said to be a
proper interval in A.

(b) A finite interval partition, A of A is any finite collection of disjoint
proper intervals in A s.t.

A= {[4 4):[4,4) eA)

(c) A set-function z : A — R is simple provided 3 a finite interval
partition, A of A s.t. T is constant on each [4, A') € A.

Recall the indexing collection Z; on [0,1]* (k € N) defined in Exam-
ple 2.2.6. Given any t € [0, 1], to save space, we will often write A, for
the set [0,t]. As mentioned in Section 2.3, this does not conflict with the
definition of A¢ given in (2.8). The following properties of proper intervals
in Z; will be needed later in this section.

Proposition C.2.2 Letu= (u;,---,ux), v=(v1,---,vx) € [0, 1]* be given.

(i) [Au, Av) = {Aw € T : w € TTE [ui, v:) } where [a,b) = [a,b) ifb<1
and [a,b) = [a,b] if b=1.

(ii) [Au, Av) is proper if and only if u; <v; V1<i < n.

(iii) If one of [C,C") or [D, D’) is proper in Iy, then [C,C")N[D, D) is
either proper or empty.



APPENDIX C. AN ALTERNATIVE TO D(A) 248

Proof (i) follows from Definition C.2.1(a), (ii) follows from (2.11) and (iii)
follows from (i) and (ii). o

We now present the framework (as found in [33]) required for the defini-
tion of the classical function space, Dy (k € N). Let

p={p€0,1ff:p=1orp=0V1<i<k}
Given t = (ty,-- -, %) € [0,1]*, the finite collection of quadrants at t, denoted
Q(t) = {Q(at) : p € p}
is defined by Q(p,t) = [15., 1 (01, t:) (p € p) where

¢ ,ifpi=t{=l

I(pi,t:)) = { [0,8) ,if p;=0
[t{, 1] ,if pi=1 and %; < 1.

Note that U,¢, Q(p, t) = [0, 1]*.

Given any t = (¢1,---,t) € [0,1]%, the sets in Q(t) determine a finite
interval partition, A¢ of Z; when we identify points in [0, 1]* with sets in Z;.
To be precise, take any p = (py,---, o) € p and define

PAt = (p1At1, -+, pkAtx) and pVt = (p1Viy, -+ -, peVix),
By Proposition C.2.2(ii), the set [Q(p,t)) C A defined by

(O(p, 1)) = { &pAt’AM) :i)ftlf;r;—:"iz;for somel <i<k
is either a proper interval in Z; or else it is empty. Furthermore,
ueQ(pt) < A,€[Q(pnt)) (C.1)
and hence, U,¢, Q(p,t) = [0, 1J* implies Usep [Q(p,t)) = Zx. In total,
Ac = {[Q(p,t)) : p € p} (C-2)

is a finite interval partition of Z;.
Now, take f : [0,1]F = R, t € [0, 1]% and p € p. If f satisfies the property,

(t)n in Q(p,t) and [[tn —tllee =+ 0 == (f(ta))n converges, (C.3)
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we say that f has p-quadrant limits at t. In such a case, it is clear that the
limit of each such (f(t,)). is common. As in [33], we denote this common
limit by f(t + O,).

Given any t € [0, 1]*, since [0, 1]* is the disjoint union of the sets in O(t),
there is a unique o € p such that t € Q(o,t). As in [33], we refer to this
Q(o,t) as the continuity quadrant of t.

The following definition has already appeared in [33].

Definition C.2.3 Given k € N, Dy consists of all functions f : [0,1]f = R
s.t., for any t € [0,1)%, f(t +O,) ezists Vp € p and f(t + O,) = f(t).

Remark C.2.4 (a) The definition of Dy given in [33] uses “open” quadrants.
As mentioned in [33], this definition is equivalent to that given in C.2.3. We
use the sets Q(p, t) because of their close relation to proper intervals in Zj.

(b) Given t € [0, 1]*, if f has p-quadrant limits at t V p € p, then, taking
t, =t Vn, f(t +0,) = lim,f(t,) = f(t). In other words, if for every
t € [0,1)%, f has p-quadrant limits at t Vp € p, then f € D;.

(c) In general, we have the inclusion [4:,T) C [Q(o, t)). Furthermore, by
(2.11), t € w(Z*) implies [Q(o, t)) = [A¢, T)-

(d) When k£ = 1, Dy coincides with the space of all cadlag functions,
f:[0,1] = R which are continuous at t = 1.

Returning to the set-indexed setting, the following class of sequences will
be central in the definition of D,(A).

Definition C.2.5 A sequence (An)n in A is proper if, given any proper
interval ([D,D') in A, 3K € N s.t. either A, € [D,D') Vn > K or
A, ¢ [D,D') Vn>K.

Remark C.2.6 By Lemma 2.5 in [25], any sequence (A4,). in A for which
A, N\ Aor A, /' A (some A € A) is proper in A.

The key property possessed by proper sequences is given below.

Proposition C.2.7 Given a finite interval partition, A of A and a proper
sequence, (An)n in A, 3[D,D") € A s.t. A, € [D,D'") for all sufficiently

large n.
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Proof Ifnosuch[D,D’) € A existed, then, since (A,), is a proper sequence
and [A] < oo, IK € Nsit. 4, ¢ U{[A,4") : [4,4") € A} Vn > K which
contradicts Defirition C.2.1 (b). o

Let do, denote the metric on [0, 1]* (k € IN) generated by the norm || - |[co-
Given S C [0,1]* and t € [0,1]F, define doo(S,t) = inf{dw(s,t) : s € S}.
The following result generates a useful class of proper sequences in Zy.

Lemma C.2.8 If (tn)» in [0, 1]* is s.t.
(i) tn 2=t for somet € [0, 1] and
(ii) tn € Q(p,t) Vn for some p € p,

then (A, )n is a proper sequence in Iy.

Proof Let [A,, Av) be a proper interval in Z; with u = (u,---,ux) and
v = (v, --,v). We will show Ay, € (¢)[Au, Av) V large n by considering
three cases, the first of which is trivial in light of (C.1) and assumption (ii).

Case I: [Q(p,t)) N[Ay, Ay) = ¢.

The two remaining cases involve the number ¢; defined by

€ = doo (Hle[uiy 'Ui), t) .

Case II: [Q(p,t)) N[Ay, Ay) # ¢ and & > 0.
Since t, —4t, 3K € Ns.t. doo(tn,t) < € Vn > K which, by the definition
of €, implies t, & IT5,[u;,v) Vn > K Therefore, by Proposition C.2.2(i),
At ¢ [Au, Av) VR > K.
Case IIL: [Q(p, t)) N [Au, Av) # ¢ and ¢ = 0.

As will be shown in Proposition C.3.1, this case implies the existence of a
dwo-open neighborhood, U of t s.t.

Qlp,t)NU C f[[uia'vi)- (C.4)

=1
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Since assumptions (i) and (ii) imply ¢, € Q(p, t)NU for all large n, Proposi-
tion C.2.2 (i) and (C.4) imply A, € [Au, Av) for all large n. This completes
Case III and the proof of Lemma C.2.8. O

Definition C.2.9 Givenz: A— R and A€ A,
(a) z has proper-limits at A if for any proper sequence (An)n in A,
An 22 A implies (z(An))n converges and
(b) z is properly-continuous at A if for any proper sequence (A,)n in
A, An 25 A implies £(Ag) — T(A).

Recalling the concept of outer-continuity as given in Definition 2.3.1 (b),

Definition C.2.10 D,(A) consists of all z € B(A) s.t. = has proper-limits
and outer-continuity at each A € A whereas C,(A) consists of all z € B(A)
s.t. T 1s properly-continuous at each A in A.

Remark C.2.11 Clearly, C,(A) C Dy(A) for any A.

There is a natural correspondence between set-functions on I, and real-
valued functions on [0,1}* (k¢ € N). In particular, given any f: [0,1)* — R,
the associated set-function, zs : Ty — R is defined by

zi(Ae) = f(t), (Vte[0,1]%). (C.5)

Similarly, given any z : T, — R, the associated multiparameter function,
fz : [0, 1]F = R is defined by

f2(t) = z(4e), (Vte[0,1]%). (C.6)

Recall that t — A (t € [0,1]F) is a bijection.

As mentioned earlier, D(Z;) is too large to coincide with Dy when k& > 2.
This is illustrated by the following example which appears as Example 4.1
in [25].

Example C.2.12 Consider the closed subregion, S of [0,1]? defined by

S={te[0,1:¢; +t, > 1}N[0,1]%
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Geometrically, S is the “upper-half” triangle in [0, 1]2. Define the set-function,
z : Z, — R by letting

_J1,ifteS k
x(At)—{O HiSS . (veelIp.

It is straightforward to show that z has inner-limits and outer-continuity at
every A € I,, i.e., z € D(Z,). However, the associated multivariate functicn
fz defined in (C.6) is not in D,. In particular, f; does not have (0,1)- or
(1, 0)-quadrant limits at any t = (¢;,%;) € [0, 1]* for which ¢; +¢, =1.

In general, given any k£ € N, if

S={telo,lJf:t; +---+tx > 1} N[0, 1),
a similar example implies Dy C D(Zy) in the sense of (C.5) and (C.86).
On the other hand,

Theorem C.2.13 For any k € N, D,(Zx) = Di up to the identification
T+ fz (x € Dy(Zy)).

Proof In this proof, we will use the following basic geometric property of
the metric do: given (tn)n and t in [0, 1]%,

Ap, 25 4, < t, = t. (C.7)

This fact has already been mentioned in the proof of Proposition 2.3.10.

To establish Dy C D,(Z), take f € Dy and let =y be the associated
set-function defined in (C.5). Given an arbitrary t € [0, 1]*, we need to show
zy is outer-continuous with proper-limits at Ae.

For proper-limits, take any proper sequence (A, )n in Zg s.t. A¢, —rq, At-
By Proposition C.2.7, since A in (C.2) is a finite interval partition of Zy, 3
[D,D’) € Ay and K € N s.t.

A, €[D,D'), (¥n2=K).

But, by the definition of A¢, 3p € p s.t. [D,D') = [Q(p, t)). Therefore, by
(C.1), (tntk)n lies in Q(p,t) while (C.7) implies t, —4,, t. Since f has p-
quadrant limits at t (see (C.3)), this implies (zf(A¢,))n converges, confirming
that z; has proper-limits at As.



APPENDIX C. AN ALTERNATIVE TO D(A) 253

To show that z is outer-continuous at A¢, take any sequence (A¢,)n in A
s.t. At, ¢ A¢. By the inclusion in Remark C.2.4(c) and (C.1), (t,), lies in
Q(o, t). Furthermore, (C.7) implies t, —4 t. Therefore, since f € Dk,

Tf(Ar,) = f(tn) —> f(t) = z¢(Ae) as n — oo,

i.e., T is outer-continuous at A; which establishes zy € D,(Zx).

For the opposite inclusion, take z € D,(Zx) and let f. be as defined
in (C.6). To show f; € D, take an arbitrary point, t € [0,1]F. By Re-
mark C.2.4 (b), it is sufficient to show f; has p-quadrant limits at t Vp € p.

For this purpose, take p € p and a sequence (t;), in [0, 1] s.t. t, =4t
and t, € Q(p,t) Vn. Then, by (C.7), A, —>4; At whereas by Lemma C.2.8,
(A¢,)n is a proper sequence in Z;. Therefore, since z has proper-limits at ‘A,
(fz(tn))n converges, i.e., f: has p-quadrant limits at t. This establishes that
fz € Dg, completing the proof of Theorem C.2.13. O

It is clear from Definition C.2.10 that C(A) C C,(A) for any A. When
A =TI, the opposite inclusion is also valid.

Theorem C.2.14 For any k € N, Cp,(Zy) = C(Zk).

Proof As mentioned above, we need only show C,(Z;) C C(Zx). With this
in mind, take any z € C,(Z). If z € C(Zx), then 3 A, and (A, ) in Zx s-t.
Atn —rdy Ag and

[z(Ae,) —z(Ae)| = 0, (Yn) (C.8)

for some n > 0.
Since |p| < o0, Ip € p and a subsequence (tg,)n s.t.

tkn € Q(p: t) 3 (VTI,)

Thus, by (C.7) and Lemma C.2.8, (A¢,_). is a proper sequence in Z;. Since =
is properly-continuous at A, this implies z(A4,) — z(A;) which contradicts
(C.8). Therefore, it must be that z € C(Zy). g

By Theorem C.2.13, D,(A) is small enough to ensure that D; coincides
with D,(Zy) for every k. Next, we show that D,(.A) (any A) is sufficiently
large in the sense that it contains the subspaces PA and Dy(A) of B(A). But
first, we present a result whose statement and proof are identical to that of
Proposition 2.3.4.
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Proposition C.2.15 (a) D,(A) is a linear subspace of B(A).
(b) C(A) € Dy(A).
(c) Dp(A) is || - ||.a-closed in B(A).

Theorem C.2.16 Dy(A) C D,(A) C D(A).

Proof To establish the left-most inclusion, first take z € Dy(.A) to be purely
atomic with one atom of mass 1 at ¢ € T\ £(A). Here, F(A) denotes the edge
of A as defined on p.27. Clearly, £ = 1j4,7) on A where A; = Nge4 tes 4A-

By the definition of edge, ¢t ¢ E(.A) implies [4,, T) is a proper interval in
A. Thus, given any proper sequence (A,), in A, 3K € N s.t.

An € (¢)[AT), (Vn2K),

implying £(A,) = 1{4,1)(An) = 1 (respectively, 0) Vn > K. This establishes
proper-limits for z. By Proposition 2.3.11, z is also outer-continuous and
thus, £ € D,(A). The left-most inclusion now follows by applying the various
parts of Proposition C.2.15 as was done in the proof of Theorem 2.3.17.
The right-most inclusion follows automatically from Definition C.2.10 and

Remark C.2.6. 0

Remark C.2.17 Since we essentially work with the subspace Dy(.A) in this
thesis, Theorem C.2.16 illustrates that there is no advantage in replacing
D(A) by D,(A) in the earlier chapters. Just the same, the space D,(.A) may
be of independent interest.

Combining Example C.2.12 and Theorem C.2.13, D,(Z;) C D(Zx) when-
ever k > 2. Recalling the set ¢’ = Nyeq 4 in A, the following definition
contains a sufficient condition on A under which D,(A) = D(A).

Definition C.2.18 A is said to be one-dimensional if A = [¢', A) U[A,T)
VAeA

Remark C.2.19 (a) Clearly, Z is one-dimensional if and only if £ = 1.

(b) If A is one-dimensional, A = {[¢', A), [A,T)} is a finite interval parti-
tion of A whenever A is a proper set in .A. By Remark 2.3.8 (c), ¢’ is always
a proper set.

Theorem C.2.20 If A is one-dimensional, then D,(A) = D(A).



APPENDIX C. AN ALTERNATIVE TO D(A) 255

Proof By Theorem C.2.16, we only need to show that D(A4) C D,(A).
With this in mind, take z € D(A). Since z is outer-continuous, all that
remains to be shown is that z has proper-limits on A.

To this end, take a proper sequence, (A;), in A s.t. A, =4, A for some
A € A. As mentioned in Remark C.2.19 (b), [¢', A) is a proper interval in .4
and hence, 3K € N s.t. 4, € (¢)[¢',4) Vn > K. We need to show that
(z(An))n converges. There are two cases.

First, if A, € [¢', A) Vn > K, then A,k /* A. Since z has inner-limits,
(z(An))n converges.

On the other hand, if 4, ¢ [¢',A) Vn > K, then, since A4 is one-
dimensional, A, € [4,T) ¥Yn > K, implying An+x \¢ A. Since z is outer-
continuous, this implies z(A,) = z(4). -

In total, £ has proper-limits on .A which completes the proof of Theo-
rem C.2.20. O

C.3 A Technical Result for Lemma C.2.8

The following technical result was required in the proof of Lemma C.2.8.

Proposition C.3.1 Let t,u,v € [0,1}* be s.t. [Au, Av) is a proper interval
in Th. I doo(ITEy 5,0, ©) = 0 and [Q(p, ©)) N [Au, Ay) # 6 for some p € p,

then 3 a doo-open neighborhood, U of t s.t. Q(p, t) NU C I, [uy, v;).

Take t = (tla "'1tk)7u = (uh" '1uk)7v = (le"'vk) € [01 l]k and
p = (p1,p2,- -, px) € p such that [A,, Av) is proper in Z;. To establish
Proposition C.3.1, we need three technical results.

Lemma C.3.2 If doo (15 [us, v:),t) =0, thenu; < t; <v; V1<i<k.

Proof If doo(IT5.,[us, v:),t) =0, then t € ¢l ([T, [us, v:)), the closure taken

t=1

W.I.t. doo. But ¢ (IT5; [us, v:)) = 15, [us, vi], establishing the Lemma. O

Lemma C.3.3 Assume [Ay, Av) is a proper interval in Iy. If [Ay, Ay) C
[Q(p,t)) and deo(I15, [us, v:),t) = 0, then for every 1 < i <k, either t; = u;
(ifpi=1)ort;i=v; (if pi=0).
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Proof Since [Ay, Ay) is a proper interval in Zy, it is non-empty, implying
[Q(p, t)) # ¢. Thus, by definition, [Q(p, t)) = [Apnt, Apvs)- Since [Ay, Ay) C
[@(p, t)) Proposition C.2.2 (i) implies

piNti<u;and v; < p; Ve, (V1<i<k). (C.9)
Now, take 1 <7 < k. By Lemma C.3.2, doo ([T5, [us, %), t) = 0 implies
U <t S v (C.10)

If p; = 1, then p; At; = t; and hence, by (C.9) and (C.10), we have
u; < ¢ = p; At; < u;. On the other hand, if p; = 0, then p; Vt; = ¢;
which similarly implies v; < p; A t; = ¢; < v;. O

The third technical result follows by the definition of Q(p, t).

Lemma C.3.4 If w = (wy,---,wi) € Q(p,t), then for every 1 < i < k,
either t; < w; (if pi =1) or w; < t; (if p; = 0). Furthermore, t; < 1 implies
w; < ¢;.

Now, to prove Proposition C.3.1, assume [Au, Av) is a proper interval
S.t. doo(TTE [wi, v:), t) = 0 and [Q(p, t)) N [Au, Ay) # ¢. Without a loss of
generality, we can assume [A,, A,) € [Q(p, t)). (Otherwise, replace [Ay, Av)
by [Q(p,t)) N [Au, A,) which is a proper interval by Proposition C.2. 2(iii).)

Select € > 0 s.t. €¢ < min;cick (v; — u;). Since [Ay, Ay) is a proper
interval in Z, Proposition C.2.2 (ii) implies such an ¢ > 0 exists. To show
that the do,-open ball, U = By_ (t, €y) satisfies

Q(p, t)NU C H [us, vi),
take w = (wy, -, wx) € By (t,€) N Q(p,t). We need to show
w; € [ug,v;), (V1<i<k). (C.11)
For this purpose, take 1 <7 < k. If p; = 0, then by Lemma C.3.3, t; = v;.
Thus, by Lemma C.3.4, w; < ¢; = v;. Moreover, if v; < 1, then ¢; < 1 and

hence, by Lemma C.3.4, w; < t; = v;. This takes care of the “)” in (C.11).
Since do(W, t) < €, it follows from the definition of ¢, that

fwi — & < vi—w,. (C.12)
Substituting v; for ¢; in (C.12), we obtain u; < w;. In total, we have shown

that w; € [u;, v;). (The case where p; = 1 is similar to that of p; = 0.)
This completes the proof of Proposition C.3.1. O



Appendix D

Assumptions and Conventions

At a fundamental level, this thesis can be viewed as a study of set-
indexed stochastic bases. The two main constituents of a stochastic base are
the indexing collection, generically denoted A, and the filtration, generically
denoted (F4)aca (see Definitions 2.2.4 and 3.2.16 respectively). In certain
applications, additional assumptions on A and/or (Fa)aec4 were required.
Since these assumptions are scattered throughout the thesis, they are listed
here for the sake of easy reference.

This appendix closes with a list of the conventions adopted in certain

segments of the thesis.

Assumptions on Indexing Collections

Assumption 3.4.9 Given any C = A\ UL, A: € C, 3 a merimal represen-
tation A\ UL, B; of C.

Assumption 3.4.10 If A\ UL, 4: = A"\ UL, 4% in C, then IN € N s.t.
9n(A) \ UL 9n(4:) = ga(A") \ USo1 9n(47)
for eachn > N.

Assumption 3.7.1 3 a constant K € N s.t., given any n € N and any
A eAn, 3 {Al,"”Ak} gAn S-t.

257
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(i) UL, A is an estremal representation of U{4" € A, : A’ C A} in the
sense of Definition 8.2.5,

(ii) k< K and
(iii) for any A’ € A,, A’ C A implies 31 <j<k st A C Aj.

Assumption 4.6.1 Every set C € C possesses a maximal representatiou
(see Definition 3.2.6). Furthermore,

(1) Za C A4,

I (w) | i Tyw) C A

and
i , otherwise

w4~

(ili) gn(4) = N{Be€eA,:ACB°} VA€ Aandn eN.

Assumption B.3.3 3 ¢ binary operation V on A s.t. A is a distributive
lattice under V and A =nN.

UL,4; € C, 3 a mazimal

Assumption B.3.8 Given any set C \
N AVi#j.

A
representation A\ UZ,B; of C s.t. B; c

B;

Assumptions on Set-Indexed Filtrations

Assumption B.3.1 Given any A;, A € A and any X € L,
E[E(X | Fa,) | Fas]l = E(X | Fayna,)-

Assumptions B.3.5 Given sets A, A,---,A, € A, if A C UL, A;, then
Fa S Viey Fa,-

Other Assumptions

Assumption 3.4.2 To each t € T, associate the o-algebra H, = V/,, gE;p-
Then, given any set F' € F, 3 a collection Y(F) = {Y(F,t) : t € T} of
random variables (i.e., a T-indered process) s.t.
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(i) the map (w,t) — Y (F,t)(w) is P*-measurable and
(ii) for each t € T, Y (F,t) is a version of E(1r | H.).

Moreover, the process Y (F) is unique up to indistinguishability on T.

Assumption Groups

Some results rely on several distinct assumptions which are related in some
way. We list a few such groups below.

Assumption Group D.1 Comprised of Assumptions B.3.1, B.3.8, B.8.5 )
and B.5.8.

Assumption Group D.2 Comprised of Assumptions 8.4.2, 3.4.9 and 3.4.10.

The assumptions in Assumption Group D.2 ensure the existence of *-PQV
for well-behaved .4-indexed strong martingales (see Theorem 3.5.2).

Assumption Group D.3 Comprised of Assumption Group D.2 and the fol-
lowing assumption on the indezing collection A:

e any process X = (X a)aea which has increments defined at every C € C
possesses a unique finitely additive eztension to C(u).

The bulleted assumption in Assumption Group D.3 ensures that any
*-PQV of a strong martingale (in particular, the one generated by Theo-
rem 3.5.2) possesses a unique finitely additive extention to C(u).

Conventions

e For any set T and any indexed family {A; : 7 € I} of subsets of T,
Uieg Ai = @ and N;eyp Ai = T'. The former is considered a finite union.

o inf ¢ = oo, the infimum taken in (R, <).

e We assume the axiom of choice.
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e In Chapter 4 and Sections A.6 and A.8 of Appendix A, all 4-indexed
processes and set-functions we work with are assumed to possess finitely
additive extensions to C(u). (To the contrary, we do not assume every
A-indexed process possesses such an extension since this requires a
rather strong hypothesis on A such as the shape property.) The only
exception to this convention is in the definition of general set-indexed
Gaussian processes (see Comment 4.2.29).

e From Chapter 3 onward, all finite sub-semilattices (f.s.s.1.) A’ of A are
assumed to contain ¢’ and T'. See (2.6) for the definition of ¢'.
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CLT central limit theorem
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C.W.S.p. consistent with strong past, 71

f.m.d.a. finite martingale difference array, 122
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w.p. 1 with probability 1

w.r.t. with respect to
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supremum norm on B(A4), 22

the variation of a purely atomic z, 23
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Skorokhod Jo-type metric on D(A), 29
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canonical metric on A induced by A, 153
covariance function of the process X, 153
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in D[0, a], 142

induced by a flow, 149

modifications, 145
conditional independence, 239
continuity quadrant, 249
conventions, 259
convergence in distribution

in D[0, a], 142

in D(A), 159

empirical processes, 4
multiparameter, 4
set-indexed, 5

weighted, 182
entropy
canonical, 153
metric, 6, 202
exponent of, 202
explicit compacts, 47
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generated, 72
numberings of, 71
filtrations
classical, 141, 144
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minimal, 170
set-indexed, 73
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existence of, 146
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functional convergence, 159
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set-indexed, 152
continuous versions, 154
white noise, 155
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indexing collections, 15
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as semilattices, 69
c.w.b., 34
containing ¢, 15
edge of, 27
examples, 16, 17, 60, 61
four essential properties, 17
geometry of, 6
one-dimensional, 254
size, 20, see also entropy
the element ¢', 20

jump functional, 142

left-neighborhoods, 69
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depiction of, 61
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modulus of continuity, 46
multiparameter processes, 4

ozone layer, 5

predictable quadratic variation, 144
proper sequences, 249
proper sets, 24
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semi-algebra, 68
semi-functional convergence, 163
set-functions, 21
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purely atomic, 23
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modifications, 78
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sample path of, 78
set-intervals, 26, 247
proper, 26, 247
shape assumption, 16
Skorokhod metrics, 10
Ji, 141, 224
J2, 30, 64
stochastic bases
classical, 143
set-indexed, 73
strong martingales
planar, 81
set-indexed, 81
example of, 81, 188
strong past, 74
at C € A(u), 74
at ¢, 74
depiction of, 75
strong submartingales
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set-indexed, 81
example of, 81, 82

uniform separability, 14

Vapnik-Cervonenkis class, 5, 155
variance function, 152

weak convergence, 141
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