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Abstract

L-. LY

This thesis investigates system performance prediction using timed Petri nets. Two
classes of Petri nets — D-timed and -timed Petri nets are examined. The formal-
ism of D-timed Petri net is extended to include non-singular nets. A new definition
— guarded due to inherstance placc — is introduced to assist in classxfymg Petri nets
as conflict free nets. Analyses of D-timed and M-timed Petri nets are automated.

A set of reduction rules which permit the systematic reduction of states in a
transition graph are presented. In particular, a more general algorithm for vertex
folding than those presently existing is developed. It is based on the law of con-
servation of transition time. To the best of our knowledge, this is the first general
vertex folding algorithm. We demonstrate the application of these reduction rules
to a version of the stop-and-wait protocol. All these reduction rules are incorpo-
rated into a graph’ reduction software package whlch can be used in automated
performance prediction.

With the help of two exa.mp]es, we demonstrated the application of timed Petri
nets to performance prediction. The first e.xa'mple deals with the analysis of a stop-
and-wait protocol. It is modeled as a D-timed Petri net. The model of the stop-and-
wait protocol developed in this thesis is quite general — losing messages, messages
being damaged and losing acknowledgements are modeled explicitly. The optimum
message length and performance of the stop-and-wait protocol are calculated. The
second example deals with the analysis of an office copying system. It is modecled as
an M-timed Petri net. Various performance measures such as average turnaround
time and average waiting time in queue are computed.

.
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Chapter 1

Introduction

1.1 Motivation

Predicting the performance measures such as turnaround time or throughput of
computer systems, communication protocols and office information systems, etc.,
has been actively pursued for many years now. Tools have usually been derived
from queueing theory results|REI 82]. New tools such as timed Petri nets(ZUB 80]
{ZUB 85a) [ZUB 85b] [ZUB 86a} [ZUB 86b| and finite state machines augmented
with time and relative probability for each state transitions|RUD 83} [RUD 84] are
also beginning to be used. '

In computer-communication systems, formal protocol specification is a fast grow-
ing area of research. The formal specification of protocols makes use of modeling
techniques such as finite-state machines, Petri nets, and high-level programming .
languages, although Petri nets are not presently very popular with standards or-
ganizations. This has necessiated the automated performance prediction directly
{rom the formal protocol definition[RUD 83]. Using timed Petri net as the formal
specification technique, the performance analysis of communication protocols has
.been investigated by Razouk|RAZ 84] and Zuberek[ZUB 85a) |ZUB 86a] [ZUB 86b]|.

~ The objective of the thesis hence is to assist in this goal of automating perfor-
mance prediction using timed Petri nets.

1.2 Contributions

This thesis deals with system performance analysis using timed Petri nets. The
contributions of this research are divided into two categorics — theoretical and
applied.



Theoretical

1. Development of an algorithm for vertex folding {Chapter 3). -

2. Development of the formalism for non-singular D-timed Petri nets
(Chapter 2).

3. Assisting in classifying Petri nets as conflict free nets. We introduce a new
definition — guarded due to inheritance place (Chapter 2).

Applied

1. Analyses of D-timed and M-timed Petri nets are automated. The set of reach-
able states of D-timed and M-timed Petri nets shown in Tables 4.2, 4.3 and
4.4 (Chapter 4) are generated by our computer programs.

2. All graph reduction rules (Chapter 3) are incorporated into a graph reduction
software package which is used in automated performatce prediction.

3. We calculate the optimum message length and performance of the stop-and-
wait protocol. The model of the stop-and-wait protocol developed in this
thesis is more general than one employed in an earlier study{ZUB 85al. Losing
messages, messages being damaged and losing acknowledgements are modeled
explicitly (Chapter 4).

4. We also illustrate (Chapter 4) the use of M-timed Petri nets in analysing
~ the office copying system extracted from office information systems discipline;
usually queueing theory is used to analyse such systems.

1.3 Structure of the thesis

The remainder of the thesis is structured as follows. In Chapter 2, we introduce
basic concepts and terminology of Petri nets and timed Petri nets. Two classes of
timed Petri nets — D-timed and M-timed are examined in detail. We in essence
establish a frame work suitable for automated system performance prediction.

In Chapter 3, we present graph reduction rules — vertex reduction, junction
removal, decision removal, multi-in multi-out vertex removal, merging parallel self-
loops, merging parallel edges, and self-loop removal. These rules help reduce the sizé
of probabilistic transition graphs obtained from analysis of timed Petri nets. These
rules can also be used to calculate the running time of computer programs|BE]
70] and to automatically reduce the global-state graphs obtained from reachability
analysis of communicating finite-state machines{RUD 83|



We also present the complete algorithm for vertex folding. To the best of our
knowledge, this is the first general vertex folding algorithm. All these rules are in-
corporated into a graph reduction software package which can be used in automated
performance predittion. We demonstrate the application of these reduction rules

to a version of the stop-and-wait protocol (Chapter 4).
Based on the formalisms developed in Chapters 2 and 3, we illustrate the appli-

cation of timed Petri nets to performance prediction in Chapter 4. We consider two
examples. The first example deals with the analysis of a stop-and-wait protocol.” It
is modeled as a D-timed Petri net. We calculate the optimum message length and
performance of the stop-and-wait protocel.

The second example is extracted from the office information systems discipline.
It deals with the analysis of an office copying system. It is modeled as an M-timed
Petri net. We calculate various performance measures such as average turnaround

time and average waiting time in queue etc.
A brief summary is given in Chapter 5 and is followed by References.



.C-haptler 2 S ' ‘
T.imed Petri Nets

Since its creation in 1962 by Carl Adam Petri, the Petri net is well known as an
abstract, formal model of systems with 'interacting, concurrent and asynchronous
components[PET 77| [AGE 79] [PET 81]: The spectrum of use of Petri nets in
system analysis is very diverse and wide — from analysis of legal systems to per-
formance evaluation of computer systems and communication protocols|PET 81]
[ZUB 85b] [ZUB 86a]. In this chapter, we review basic concepts of Petri nets and
establish a frame work suitable for system performance analysis.

In sections 2.1-2.3, we present basic Petri nets, modified Petri nets and related
concepts. We also introduce for the first time a new definition — gquarded due-to
inheritance place — which assists in classifying Petrl nets as conflict free nets. In
section 2.4, we present the concépts related to timed Petri nets. In subsection 2.4.1,
we introduce D-timed Petri nets. We extend the formalism of D-timed Petri nets |
to include non-singular nets whereas D-timed Petri nets presented by Zuberek|{ZUB
86a] are valid only for singular nets. In subsection 2.4.2, we’ present M-timed Petri
..ets. We summarize the results of this chapter in section 2.5.

The notation and terminology used in this chapter closely follows that of Pe-
terson[PET 81] and Zuberek[ZUB 85b] {ZUB 86a]. In this chapter, we occasionally
refer to Petri nets as simply nets.

To facilitate the presentation, we list below the notations used in this chapter.



TABLE OF NOTATIONS:

a(T;,¢)

a.,(t)

D
DT
D,
[ o

L |

/i
Free(T)
G(X)
G., G

h

1{0)
1(H(o()
H{p)(O(p))
Inh(t)
MT

N

I’

PN

[)C\)

Iy Prs Painn
Pty Pn
P P

R(PN)
I
S(X)
5(‘[(;1)

describes the number of different ways the choices
can be made within 7; [ZUB 85b]

non-negative integer variable

choice function ¢ : T — [0,1) s.t. Fieq( ¢ft) = 1 for
cach free-choice place p and ¢(¢) = 1 for all other
transitions

set of directed edges in G(DT) or G(MT) or G,
D-timed Petri net

set of directed edges in G,

enable or selection functions

firing time function, f: T — R*

sclection function

{T: : T; = O(p:) A pi is free-choice}

state graph of D or M-timed net X

transition graphs :

sojourn time function, A: V — R* st. h(y;) = &
and A, for D-timed and M-timed nets is given on
pages 24 and 26 respectively

input(output) function

set of all input{output) places of a transition ¢
set of all input{output) transitions of a place p
set of all inhibitor places of ¢

M-timed Petri net

set of non-negative integers

set of places in PN

Petri net

bags of places

clements of P or I{t)

clements of P or I(t)

set of probabilities associated with each

directed edge of G(X), G,

set of reachable markings of PN from g

set of non-negative real numbers

sel of reachable states of net X from s,

set of all selection functions of u '

initial state of D or M-timed net

states of ) or M-timed net

s, 1s directly ex-reachable from s,

w1



T Tl
#X
#(z, X)
L]

A (V)

8; is directly (tx,e;)-reachable from s;
set of all transitions in PN

set of all transitions enabled by u
elements of T or I(p)

elements of T or I{p)

set of vertices in G(X) or G,

set of vertices in G, '

marking functions

marking functions

initial mafking

marking u; is directly reachable from g,
5ame as py *L 234

u; is reachable from y;

firing rank function

denotes remaining-firing-time function for D-timed net
and for M-timed net it is firing rate function
denote remaining-firing-time functions for D-timed nct
number of clements in set or bag X
number of occurances of £ in X .
largest integer < X

false(truc)

and{or})

summation

intersection

product function

cmpty set

belongs to

there exists

for all

does not helong to

there does not exist

if and only if

follows from earlier step or steps

such that

6
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2.1 Pétri Nets | / ,

Definition 2.1 ' L
A Petri net PN is a five-tuple, PN = (P,T,1,0, up) 4

e P={p,p2,...,pn} isa finite set of places, n P 0.

o T = {t1,t2,...,tn} is a finite set of transitions, m > 0. The set of places and
the set of transitions are disjoint, PN T = 0.

e [ : T — P is the input function, a mapping from transitions to bags of
places. A bag is a generalization of a set that allows multiple occurances of
an element.

e O:T — P*® is the output function, a mapping from transitions to bags of

places. ;

® po: P —— N is the snitial marking for the net where N is the set of non-
negative integers,

A graph is often used to illustrate Petri nets where a ¢ircle represents a place and -
bar represents a transition. The dynamic aspects of Petri net models are denoted
by markings which are assignments of tokens to the places of Petri net. A black dot
inside the places of a Petri net represents a token. -

Fig. 2.1 shows a Petri net graph corresponding to the Petri net in F1g 2.2, An
arrow from(to) a place to(from) a transition defines the place to be an input(output)
to the transition. The set of all input(output) places of a transition, ¢t € T, defines
the J{2)(O(t)). Similarly, I{p)(O(p)) denotes the set of all input(output) transitions
of a place, p e P.

Definition 2.2
Marking of a Petri net is & function g : P — N.
The marking represents the state of the Petri net.
Example 2.1
Referring to Fig.2.1, we find that the marking of the Petri net, u is equal to

{1,0,0,0,0,1,0,0,0,0,0,0,0,0,0,1,0,1,0,1,0,0,0}
Definition 2.3
A transition is enabled <=> each of its input places contains at least as many
tokens as there exists arcs from that place to the transition.
The set of all enabled transitions for a given marking u of a Petri net is denoted

by T'(u}.
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P D1y P2y B3, Pas Py Pos P75 P8 Pos P10y P11 P12, P13
PravP1ss P1oy P17y Piss Proy P20 P21y P22y P23

{‘llathtihthEﬁ:tGathtH:tDsth?tlhtl'htlS }

1) = {p} O(t,) = {pz2,p7}
I(t3) == {p2, pro} O(t2) = {ps}
I(ts) == {ps} O(t3) = {p«, o}
[(ti) {p.npu} O(ti) = {plhpm}
It5) - {ps.pr} O(ts) = {ps, P14, P15}
I{is) == {ps,pa} O(ts) = {pes,pa7}
1(t7) = {p, piz} . O(t1) = {ps, me}
H{ta) - {P15, P16} Ofts) = 0
f( o) - {P17, P10} O(to) = {P1c, P1a}
I{tin) = {p1s.P1s} O(tio) = {P10, P10}
i) = {pzo} Ofty1) = {ps,pu}
H{t) ~ {ma, pis, P2} O(t12) = {p22}
I{tis) - {paz} Oft3) = {pP12, P23}

ay {1,0,0,0,0,1,0,0,0,0,0,0,0,0,0,1,0,1,0,1,0,0,0}

[Fig.2.2

Example 2.2
Referring to Fig.2.1, we find that transitions ¢; and ¢,, are enabled.

Definition 2.4
A transition is firable if it is enabled.
When an enabled transition ¢t & T fires:

» Vpo It} #(p, I{t)) tokens are removed from p

o Vpo Ot),  #(p,0(t)) tokens are deposited into p

This results in a new marking. Transition firings continue as long as there exists at
feast one enabled transition.
I'l\c'mlplv 2.3
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Interpretation of Petri net graph(Fig. 2.1) ﬂr

In Petri net models, places represent conditions and traygsitions represent events.
[ig. 2.1 can be interpreted as a model of a simple cross-walk\signalling system. Four
components of the system —- the pedestrian, the computer or the controlling device,
the erogs-walk light and the automobile -— are modeled.

Places py, p2, p3 and p, represent the different conditions that can hold for the
pedestrian. The conditions respectively are: approaching, ready-to-cross, crossing
and past the crossing. Similar conditions can also hold for the automobile and are
represented by pag, p21, P22 and paa respectively. The states of the cross-walk light
are represented by two places — pig(the light is green) and pio(the light is flashing).
Place p)g represents the indicator for the computer that the cross-walk light is green.
Place pg represents the condition that the computer is ready to receive input signals
- pedestrian pressed the button and sensors detected the automobile approaching.

Transitions t1,ts and t3 denote events signalling — the pedestrian arrived, the
pedestrian entering the cross-walk and the pedestrain’s departure. Similarly, t),,¢;2
and ¢,3 represent the events signalling — the automobile approaching, the automo-
bile is entering the cross-walk and the automobile’s departure.

Places and transitions.inside the large box represent states and responses of the
computer making the cross-walk system safe in the sense of hazards involved in
such real-time systems. Leveson and Stolzy|LEV 87| have analysed such properties
as safety and fault-tolerance of safety-critical real-time systems using Petri nets.
Delinition 2.5

A marking g, is direetly reachable {rom marking j; in a Petri net PN, 7% &,
< > ] a transition ¢t ¢ T () such that

i, (p) = i (p) - #H(p I(2)) + #(p,O(t)) . Vpe P

Example 2.4
IuL #i and gy denote the markings of Petri net graphs shown in Fig.2.1 and

["igg. 2.3 respectively. Then, we have, ‘
i+ {1,0,0,0,0,1,0,0,0,0,0,0,0,0,0,1,0,1,0,1,0,8,0}

+{0,1,0,0,0,1,1,0,0,0.0,0,0,0,0,1,0,1,0,1,0,0,0}

T(n) - {ti,tn}

We now show that g i Uy
(:iV(,‘H; ](f]) K {p]},()(’.[) z {])2,)’}7}_

Henee,

y 1 if p.
Pip d(0) { a ! P:

otherwise

11



o 1 fp=p;Vp=
#(p,O(ty)) = {0 otierw;;;e p' i

Case 1. p=p,

#i(p) =0
#i(p1) — #(p1 I(t1)) + #(p1, O(th)) =1-1-0=0
= pi(p1) = pilpd) — #(p1, I(t1)) + #(p1, O(t1))

Case 2. p=p,

#i(p2) = 1
#.‘(Pz)"#(ﬂz, ( ))+#( Z:O(tl)) =0-0+1=1
= pi(p2) = pilp) — #(p2, I{t 1))+ #(Pz, (t1))

e

Case 3. p=p,

ps(p7) = |
| #i(pr) — (pw, (¢1)) + #(p 7,0(!‘-1))-—0—-04-1:1
= #:(PT) = pi(p7) — #(pr, I(t1)) + #(pr, O(t1))

Case 4. Vp: p & {p1,p2,p7}

Since #(p,I(t1)) = 0 A #(p,O{t,)) = 0, then we have to only show that ©i(p) =
#i(p). Examining p; and g this is indeed true.

Combining cases — 1,2,3 and 4, we have,
#i(p) = pi(p) — #(p, I{t1)) + #(p,O(t1))  Vpe P

Hence, by Definition 2.5, we have, y; & .
Definition 2/6
A King u; is reachable from a marking g; in a Petri net PN, u; — p;, if

" e 3 a sequence of markings {uig, tiyy-- - i, } Such that p;, = i A g, = u; and
. ,u.~ﬂ4d—,u.-“_l Vn=12,...,k

Définition 2.7 ' '
The set of reachable markings R(PIN) of a Petri net PN is the set of all markings
which are reachable from the initial marking py. That is,

R(PN) = {u: p — po} o

. 12



2.2 Petri nets with Inhibitor arcs

Referrmg to Fig.2.1, we find that T(uo} = {t1,tn}. Flrmg transitions ¢, and tu,“""'

we obtain a Petri net graph.asg shown in Fig.2.4. Now, trdnsitions t, and s are
both enabled. However, firing either one of them disables the other,smce u1(ps) =1,
ps € I(ti} and ps € I(t5). If we know that the event t,(t;} has priority over the
event ¢5(¢4) then we could model such priority by including the special type of arcs
called inhibitor arcs[PET 81] in the Petri net-graph. Inhibitor arcs are represented
by arcs with a small eircle rather than an arrowhead at the transition. Inhibitor
< (ps, t5) is shown in Fig.2.5.

Definition 2.8

A place p € P is an inhibitor place of a transition ¢ € 7" if 3 an inhibitor arc
(p.2).

The set of all inhibitor places of a transition ¢ is denoted by Inh(t).
Example 2.5

Referring to Fig.2.5, we find that the place pg is an inhibitor place.

For Petri nets with inhibitor arcs, the Definition 2.3 for enabled transitions is
extended as follows.
Definition 2.9

A transition t € T is enabled <

e u(p) 2 #(p,I{t)) VpeI(t)
o u(p)=0 Vp € Inh(t)

Example 2.6 _
Referring to Fig.2.5, we find that the transition tg will be enabled if

* u(ps) > 0,u(ps) >0

* ulps) =0

Observe that whenever u(ps) > 0, u(ps) > 0 and u(p;) > 0, transition 4 is
selected to fire — thus modeling the priority of the event t over 5. That is, if both
the events — the pedestrian has pressed the cross-walk button and the sensors have
detected the approaching automobile — are completed and both the pedestrain and
the automobile are ready-to-cross, then the automobile is the first to go past the
crossing. The firing rule for Petri nets with inhibitor arcs is same as for Petri nets
without inhibitor arcs except that no tokens are removed from inhibitor places.

13
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2.3 Some More Definitions

Definition 2.10

A place p € P is shared if 3t;,t; € T :p € I(t:;) A p € I(t;).
Example 2.7 ] .

Referring to Fig.2.1, we find that the place pq is shared by transitions 4 and ¢s.
Also, pig is shared by ¢ and £,2.
Definition 2.11

A Petri net PN is conflict-free if Ap € P: pis shared.
Example 2.8

Petri net graph shown in Fig.2.6 is conflict-free.
° Definition 2.12
A shared place p € P is free-choice if

Vit t; € O(p)]  I{t;) = I(t;) A Inh(t:) = Inh(t;)

Example 2.9
Rieferring to Fig.2.7, we find that places ps, ps and pr are free-choice places.

I(ts) = I{ts) = {ps} A Inh{ts) = Inh(ts) =0
I(to) = I{tyo) = {pr} A Inh(te) = Inh(ti) =0
I(ts) = I{ts) = {ps} A Inh(ts) = Inh{ts} = 0

Observe that places ps and p4 are not free-choice places.

I{ts) = {ps} I{ta) = {p3,pa}
Inh{ts) = {ps} Inh{ty) =0

Definition 2.13
A shared place p is guarded if for each two (different) transitions ¢; and ¢; sharing

p there is another place p, such that

pe € I(6:)(1(t;)) A pe € Inh(t;)(Inh(L))

That is, no two transitions from O{p) can be enabled by the same marking.
Example 2.10

Referring to Fig.2.7, we find that the place p; is guarded since pi € I{tg) Apac
Inh(ts) A O(ps) = {ts, t4}.

Also referring to Fig.2.5, place pg is guarded since py ¢ I{t,) A ps € Inh{ty) 7
Olps) = {ta ts}.
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Definition 2.14
A shared place p is guarded due to tnheritance if .

Ve o)) IpeAp o pecI{t) Ap € O(O(p))A
. p, # Px # P A p, is guarded

Example 2.11
Referring to Fig.2.5, we find that the place pyg is guarded due to inheritance.

O(Pm) = {tﬁvtlz}
I(ts) == {p1s, P16}
I{tyz) == {Pm.Pm‘P;l}

I. For t = ty, choose px = pis

Pis # Pis
pis & I{ts)
p1s & O(ts) Aty € O(ps) A pe is guarded

2. For t - tyy, choose py == pi3

Ms # P
Pra € I{t1s)
ma & O(ty) Aty € O(ps) A pg is guarded

-Now, we can extend the definition of conflict-fre¢ Petri nets to include some
more shared places as follows:
Definition 2.15

A Petri net PN is conflict-free if

either Jlp & P : pis shared
or every shared place is either guarded
or guarded due to inheritance

Example 2.12
Petri net graph shown in Fig.2.5 is conflict-free since shared places ps and pig
are guarded and guarded due to inheritance respectively.

17
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Decfinition 2.16
An enable function of a marking p in a conflict-free Petri net, PN, without
inhibitor arcs is a function ¢ : T — N defined as follows:

Vie T
 Let poin = {pm € I(t) : p(pm) = mingesy[re(p}|}

L€t prazmin € Prin * # (Pmazmin, T(t)) = MaX,,. ep,... [#pm: TN
If Ju(pmuzml'n) - _#(pm:min: I(t)) <0
Then e{t) — 0
Else ¢(t) « | 4(Pmazmin)/ #(Pmazmin, 1(t))]
Endif
Endvte T

Definition 2.17
An enable function of a marking u in a conflict-free Petri riet, PN with inhibitor
arcs is a function ¢ : T — N defined as follows:

VteT
Case (Iﬂ'h’(t) # 0$ Epefnh(f)nu(p) > 0) of
(t,t): e(t) —0
(t,f) 1 Case (I{t) = 0) Of
t:oeft) —1
{: Find e(t) from Definition 2.16
End {Case (t,f)}
(f,*) : Find ¢(t) from Definition 2.16
End Case
End vie T

Note: * in (f,*) indicates "DO NOT CARE” condition. As a matter of fact, when
Inh(t) = 9, the question of computing Cperan(ey #(p) does not arise.

Let Free(T) = {T, : T, is a set of output transitions of Free-choice place pi}-
Then, referring to an.mple 2.9, we find that places p;, ps and p; in Fig.2.7 are
free-choice places. Let Ty, Ty and T3 represent the et of output transitions of
free-choice places pg, pg and p; respectively. Then, Free(T) is given as follows:

Free(T) {1, 12,714}
{O(ps), O(ps), O(p1)}
{{tﬁvtﬁ}l{Iﬁat'f}!{t{hclo}}
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For each T; € Free(T), either all transitions of T; are enabled simultaneously, or
none of them. Flrmg any one of the transitions in T; will disable all other transitions
in T;. Hence, in free-choice Petri nets unlike in conflict-free Petri nets there may be
several different enable functions for the same marking p. We define next all such
possibilities of transition firings and it is called the sct of selection functions.
Definition 2.18

A selection function of a marking 1'in a frec-choice Petri net'is a function
e: T — N such that

* 3 a sequence of transitions w = (¢;,ti;,...,t,) in which t; € T(p;-1)
for y = 1,2,...,k and for pu; = u, where

Vpe P I-’-',-(P) = Au'l','-:(p) - #‘(Ps I(t"j))
¢ T(Ju'!’k) =0
o eft) — #(t,w) *WteT

The set of all selection functions of a marking u is denoted by Sel(u).
Definition 2.19

A Petri net PN is singular iff all selection or enable functions of all reachable
markings indicate at most a single firing of a transition. That is,

Vlu € S(PN)| Ve € Sel(y)] V|t e T

PN s { singlflar if e(t) S 1
nonsingular otherwise
The formalism of D-timed Petri nets developed later(subsection 2.4.1) is ex-
tended to include non-singular nets whereas D-timed Petri nets presented by Zu-
berek{ZUB 86a| are valid only for singular nets.
Definition 2.20
A choice-function is a function ¢ : T; — (0,1] s.t. Seer e(t) o 1 for cach T, ¢
Free(T).
The probability associated with a selection function e ¢ Sel(n) is equal to

T aT.e) I c(t)t

T,CFree(T) teT,

where the coeflicient a{7},¢) describes the number of different wiys in which
choices can be made within 1. The procedure for determining a(7), ¢) is given by

Zuberek|ZUB 85b].
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2.4 Timed Petri nets

Petri nets as defined in sections 2.1-2.3 are not complete for the study of per-
formance evaluation since no assumptions are made about the duration of events.
There have been several different proposals for extending Petri nets to incorpo-
rate time. Ramchandani{RAM 74] introduced timed Petri nets by associating firing

————:————----rf——f-—r—-t-'rn:eﬂ—w'rbl':—t;rarts-i-t—ions—oFPctri—m:ts,—Sifzkis{‘S'I'F‘*Ff'iﬁnstea:dmsbC"fa'tEd_de}d.yb with

places. Merlin and Farber[MER 76} introduced time Petri nets using two values —

Min and Max times, to define a range of delays for each transition. Razouk[RAZ

84] associated firing times as well as enabling times with each transition of a Petri.

net. Molloy|]MOLL 821 introduced stochastic Petri nets in which transition firing

times are exponentially distributed random variables, and the corresponding firing

rites are associated with transitions of Petri nets. Marsan, Conte and Balbp[MAR

\' 84| further extended stochastic Petri nets to include two types of transitions —

timed and immediate. Timed transitions have exponentially distributed firing

times, whereas tinmediate transitions fire in zero time. Zuberek([ZUB 80},|ZUB

85b|, 12U 86a]) has done a significant amount of work on performance evaluation

of computer systems and communication protocols using timedf Petri nets based on

the extension of the proposal originated by Ramchandani|RAM 74]. Timed Petri

nets discussed in this thesis are based on the approach suggested by Zuberek({ZUDB
85h[,[ZUB &6a)). N _

The firing times of transitions can be described in several ways. If firing times
are non-negative real numbers then the Petri net is called D-timed([RAM 74],{Z2UB
80),iAUD 862],]ZUB 86b}). Il firing times are exponentially distributed random
variables, and the corresponding firing rates are assigned to transitions then the
Petri net is called M-timed |[ZUDB 85b] or stochastic[ MAR 841,

2.4.1 D-timed Petri nets

Definition 2.21
A D-timed Petri net, DT, s a tuple, (PN, f), where,

e PPN is a Petri net as defined in sections 2.1 2.3

e [ is a firing time function, [ T -+ I where ' denotes the set of non-
negative real numbers.



Example 2.14 : ‘ N
In Fig.2.7, if we let

f(t) =1 f(tz)'—‘-l5 flts) =0 f(ts) =0 f(ts):().
[t =0 f(t) =0 f(ts) =5 flts) =2 f(tw) 0

then the Petri net becomes a D-timed Petri net.

Definition 2.22 T T
A state s of an D-timed Petri net, DT, is a 3-tuple, (4, v,v), where,

e ;i is a marking function, g P — N.

e U is a firing rank function, v : T -+ N. It indicates the number of active
firings, i.e., the number of active firings that have been initiated but not yet
terminated, for each transition.

* v is a remaining-firing-time-function that assigns the remaining firing time
to each independent firing (if any) of a transition. If v{t) = k then ~(t) is a
vector of length & and ~(t){1} contains a non-negative real number representing
the remaining firing time of the corresponding active firing ¢. < is a partial
function and is undefined for those t € T": v(t) = 0.

Definition 2.23
An initial state s; of an D-timed Petri net, DT, is a 3-tuple (p,, v, 7,) where

v — ¢ € Sel{o)

pi(p) o po(p) - Ticopm{#(p I(1) +wu(t)}  Wpo P

Vie T
If U,‘(t) >0
Then For {« 1,up(t) do
'7-(”!” - f('[)
End Tor
Else ~(t) is undefined
Endif

End vt T

Note: A free-choice D-timed Petri net, DT, may have several different initial states.

b
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Definition 2.24

A state s; = (i, vy,7,) is directly ex-reachable from the state sy =

£y
Sy 48y,

47 o : -
l. hy - minger ﬂlil’l]:.:_jgvlu]{’7.(1:)[”}
2. VieT

a.,(t) — 0

(#.', V.'.’T.'),

If v{t) >0 Then
For [ — 1,4(t) do
If  ~(t)|{l = h, Then
a,(t) «- a;;(t) + 1
Endif
End For
Endif
End Vte T

3. Nu(P) ¢ n“'i(p) t .\_:l(_i"p){-f:.‘l (pao(’)) * aij(t)} vp S P

A

1. ex . Sel{yn,)
. .‘LJ(})) - )ui_r(P) l::(;u(;-!{#"(pa [(t)J * Ck(i)} Vp E‘P
. () oo {t) e, () Fe(t) Ve T

Veo T
If  a,(t) -0 Then
For (.« 1,1,(t) Do
YO < (e)il] = Ay
End for
Endif
If a,(t) ~0 Then
For !« L (t) ~ a,{t) Do
O - (O ag(t)] - A
Eud for
Endif
If  ex(t) >0 Then
For [« 1.eyit) Do ,
O (e) - ag(t) e f{e)
IEnd For
Endif
Load >y T

-~
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‘Thé*state s; which is directly ex-reachable from the state s; is thus obtained by

e terminating those firings for which the rémaining firing time is the smallest
one; this time is denoted by h; (steps 1 and 2)

« updating the marking of the net (step 3)

e initiating new firings (if any) which correspond to the selection function e,
from the set Sel(u;;) (steps 4,5,6 and 7)

Definition 2.25
A state s; is reachable from a state s;, s; «- s, if

o -1 a sequence of states {8y, 9i,,. .., 80,} ¢ Si, = 8i A s, =4,

€

* 5 — s Vn=12,...,k

Th-1

Definition 2.26

A set of reachable states S{DT) of an D-timed Petri net DT, is the set of all
states of DT which are reachable from the initial states of DT.
Definition 2.27 ‘

A state graph G of an D-timed Petri net DT is a labeled directed graph
G(DT) = (V,D,p,h), where

e V is a set of vertices equal to S(DT)

o D is a set of directed edges such that (s;,8;) € D <+ s, HEAY

e pis a labeling function that assigns the probability of transition from s; to s,

to each (s,,8;) € D, p: D — (0,1} such that il s, &g, then

[J(S",Sj) = H G(TJ,Ck) H C(C)”‘{:}

T,GFrce(T) teT,

where ¢ : T = [0,1] 5.t Yecop elt) -~ 1 for every freechoice place p and
c(t) -- 1.0 for all other transitions

e his a sojourn time function that assigns the time spent in the state s,
(e, ¢4, 1) to each state in the set V. That is, h oV - It such that

h() - h(s) =min  min {~(t) 41}

T V<< (1)
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Definition 2.28
A transition graph G, = (V,;D,p) is a dirccted graph where

« V i5 a set of vertices

e [} is aset of directed edges; each directed edge is a 3-tuple (v;, vy, ti;) where v;

is-the-sourcevertex, v; is the destination vertex and t;; is the transition time

s pis a set of probabilities associated with each directed edge in D

Definition 2,29 )
A transition graph G, - (Vi, D4, pa) is adjoint to a state graph G = (V, D, h, p)

" .
L

V, v
I)d . {([}I',Uj,h(vl')) : (UHUJ.) € D}
D,;(Ui,v_}vtij') = p(”f: UJ') _‘\f('[}“,vj,t{j) € D"-

~

N . e T
Definition 2.29 can be used to obtain transitio ‘graph from state graph.

2.4.2 M-timed Petri nets ~

Definition 2.30
An M-timed Petri net MT is a tuple (PN, ~) where

¢ PN is & Petri net as defined in sections 2,1-2.3
o v is a firing rate function ~: T — R*

Definition 2.31
A state s of an M-timed Petri net MT is a tuple (g, v) where

e s a marking function p: P - N
e v s a firing rank function v : T — N as defined before.

Definition 2.32
An imitral state s; of an M-timed Petri net MT is a tuple (u,, ;) where

o i fi C Sel{p)
o i () = plp) - Cicom{#Fp I(t)) »wi{t)) VYpe P

Note:r A free-choice M-timed Petri net MT may have several different initial states.



Definition 2.33
A state s; = (u;,v;) is directly (tx,e)-reachable from the state g; = (f1y 1) <=
. / .

1. U.'(tk). >0

2. Vpe P p;i(p) & wulp) + #(p,O(tsd)

3. g€ 'Sel(,u,-,-)
4. p;(p) = wis(p) — Ticom {#p I(t)) alt)} VYpe P

1 lftZEk

5. Ve T wy(t) vi(t) + a(t) - { 0 otherwise

The state s; which is directly (tx, e} reachable from the state s; is thus obtained
by

e terminating the t, firing (step 1)

e updating the marking of a net (step 2)

e initiating new firings (if any) which are determined by a selection function ¢
from the set Sel(u;;) (steps 3,4 and 5)

Definition 2.34 .
A state graph G of an M-timed Petri net MT is a labeled directed graph

G(MT) = (V, D,p, i) where
e V is a sct of vertices equal to S{IMT), the set reachable states of 2 net MT

o D is a set of directed edges such that {s;,s,) € D +=> g, (ts )

h

e pis a labeling function which assigns the probability of transition from s, to

s; to each edge (s;,s;) € D,p: D - [0,1] such that if s; (e 5, then

p(snsj) == ’Y(tk) * V:‘(tk) H U'(T,,Ct) H C(t)e'm/x’y(t) * u‘(t)

T,CFree(T) 0T, teT

s A is a sojourn time function that assigns the average time spent in the state
si = (s, 1) to each state in the set V. That is, £V + ¥ such that

h(v) = h(s) = 1/ 5 () = (1)

teT
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2.5 Summary

We illustrated the basic concepts of Petri nets with the help of examples. We also
. introduced a new definition — guarded due to tnherstance place. — which assists in

classifying Petri nets as conflict-free nets.

Wa.oxtended the formalismn of D-timed Petri nets to include non—sixfgular nets.

We finally established the framework suitable for performance evaluation — that
is, the definition of state graph. Once the state graph or the transition graph
is obtained from a given timed Petri net model, then we can derive performance
measures such as delay or throughput. This is illustrated with the help of two
examples in Chapter 4. The procedures for obtaining the state graphs of D-timed
and M-timed Petri nets are automated. State graphs shown in Tables 4.2, 4.3 and
4.4 (Chapter 4) are generated by our computer programs.

The transition graphs obtained from the analysis of timed Petri net modeis are
known to be large. In order to speed-up the performance evaluation, we introduce
in the next chapter some general reduction rules to reduce the size of the transition

graphs.
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Chapter3

+

Graph Reduction Rules

~ Probabilistic state or transition graphs obtained from timed Petri net analysis of
real-life protocols are known to be large. To facilitate and speed-up the performance
evaluation process, we present reduction rules to reduce the size of probabilistic
transition graphs. These rules can also be used for calculating the running time of
computer programs. ‘

In the past ([BEI 70] , [GRA 73], [ZUB 886a|), attempts have been made to de-
rive general reduction rules. Beizer[BEI 70| and Graham|{GRA 73] employed reduc-
tion rules to calculate the running time of computer programs. Zuberek[ZUB 86a|
employed similar reduction rules for protocol performance evaluation.

In section 3.1, we present various reduction rules, namely, vertex reduction, junc-
tion removal, decision removal, multi-in multi-out vertex removal, merging parallel
self-loops, merging parallel edges, and self-loop removal. In section 3.2, we intro-
duce a more general vertex folding rule than those presently existing. For example,
Zuberck’s|ZUB 86a] definition of vertex folding is valid only for equal transition
times. The vertex folding rule presented in section 3.2, on the other hand, holds
both for equal and unequal transition times. The derivation of the vertex folding
rule is based on the law of conservation of transition time. We present the com-
plete algorithm for vertex folding. To the best of our knowledge, this is the first
general vertex folding algorithm. In section 3.3, we surnmarize the results of this
chapter. All these rules are incorporated into a graph reduction software package
which can be used in automated performance prediction. Graph reduction-software
tools such as-one developed in this chapter are important and form an integral part
of automated protocol performance prediction tools|RUD 83).

To facilitate the presentation, we list below the notations used in this ¢chapter.

,;\

J;.Z\'_-L'
\ i
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'TABLE OF NOTATIONS:

G(G', G";Gm) ’ (reduced;modified} probabilistic transition graph
VIV, V" VL) The set of vertices in G(G',G"; G,)
D(D', D"; Dy,) ‘The set of directed edges in G(G',G"; G,)
el B pem) The set of probabilites associated with each
element of D(D',D"; D).
IH{X}O(X)) The set of input(output) vertices of vertex X
H#1(X) The number of elements in [{X)
Uy, )y Uk, Upy U,y Ut The elements of V or V' or V¥ or V,,
U Ukygye--sUkan The elements of V or V' or V" or V,,
E(vv,) The set of directed edges from v; to v,
L{v,) The set of self-loops of v;
t, The transition time associated with the kth
. directed edge from v, to v;
P The probability associated with the kth
directed edge from v; to v; ‘
ple). p'(e), p"(e), pim(e} probabilities associated with the directed edge e
LCTT Law of Conservation of _'Eransition Time
T, T2, T3, T3-A,T3-B Transformations
B . empty set
A(V) : AND(OR)
[(t) false{true)
b)) summation
- belongs to
1 there exists
v for all
X does not belong to
7l there does not exist
< if and only if
> : follows from earlier step or steps
5L such that
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3.1 Redﬁction Rules

ax

2
In this section, we present.seven reduction rules: vertex reduction, junction removal,
decision removal, multi-in multi-out vertex removal, merging parallel self-loops,
merging parallel edges, and self-loop removal. These rules are also given in [BEI 70],
[GRA_73|, and [ZUB 86a]. However, we present them in a slightly different manner.

In Chapter 2, we defined probabilistic state graphs,probabilistic—transition
graphs and shéwed howato obtain the latter from the former. Since this chap-
ter exclusively deals with the derivation of reduction rules to reduce the size of the
probabilistic transition graph, to make it self-contained we define again here the
probabilistic transition graph.

Definition 3.1
A probabilistic transition graph, G = (V,D,p), is a directed graph where

e V is a set of vertices,

e D is a set of directed edges; each directed edge is a 3-tuple (v, v,,¢;,} where
v; is the source vertex, v; is the destination vertex and t;; is the transition
time, and ‘

e p is a set of probabilitics associated with cach directed edge in D).

Interpretation of tf; and pf;

If there exists more than one directed edge from v; to »; then we denote these
directed edges by (v‘-,vj,t,’-‘j) where £=1,2,... ,number of directed edges from v; to
v;. When there is only one directed edge from v; to v;, we omit k and denote this
directed edge by (vi,vj,ti;). A similar interpretation holds for py;.

Definition 3.2

A reduced probabilistic transition graph G' = (V' D',p") or G" . (V" D" ") s
a probabilistic transition graph obtained by applying any one of the reduction rules
presented in this chapter. )
Definition 3.3

A modified probabilistic transition graph Gm = (Via, D pm) is 2 probabilistic
transition graph obtained by either adding a vertex or by relocating the incoming,
directed edges of a vertex to some other vertex. '

Definition 3.4

Vertex v, is a junction vertez if #1(v,) = 1~ #O{v,) 1
Definition 3.5

Vertex vj is a deciston vertez if #1(v,) ~ 1A #O{vy) - 1

AN
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Definition 3.6
Vertex vj is a multi-in multi-out vertex if #1{v;) > 1A #0(v;) > 1
Definition 3.7 : :
Let v; and v; be two vertices. Then, we denote the set of all directed edges from

v; to v; by E(v;,v;). That is,

E{vi,v;) = {(vg,vm,tfm) eD:l=iAm=j}

If #E(u,-,vﬂ > 1 then we say that v; has parallel edges to v;.
Definition 3.8

Vertex v; has a self-loop if v; € I(v;). We denote the set of all self-loops of v;
by L(v;). That is, '

L(v,) = {(v;,um,t,"m) eED:l=5jrm=j}

In this chapter, we occasionally refer to probabilistic transition graphs as simply
graphs. Also, if a set is singleton, we omit braces.

Rule 1: Vertex reduction

Fig. 3.1

If ](UJ') = u; A O(UJ‘) = U
Then V'e—V — v
DD - (U,,U}',f,‘j) — (U,‘,Uk,f“) -+ (U.‘,Uk,il'j + fj,\-)

Pr(t‘(- Py r[n'\)

{ plegu,,ty) il am ke

PV U, L) otherwise
Vv, Ve, tim) L L
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Rule 2:" Junction removal -

"V

i+I:<

If #IHv;) =nAO(yj) =veAn>1
Then V' =V v .
.D'I — D - (UJ'-,Uk,tJ'k) - (UJ,UJ"U;J,') -+ (UI:UkrtU -+ tjk) VU[ G I(UJ)

cplvn vy ty) iy el{vy)Aam=k
P(V, Vm, tim)  otherwise
V(U“Um,f;m) € D,

p‘(ufvvm1"'f'rn) *_' {

Note: When n = 1, this rule becomes Rule 1 : Vertex reduction.

Rule 3: Decision removal
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If Huy) = oy A fO(vy)  nAan>1

Ther Ve V o-yy
oD (v vy, by) (0 Ve Gim) F (Ve Uiy By + ) YV, € O(vy)
(00 Uy L) 0 P(vis vy tg) * p(Uy Uy b)) Bl = 1A vs € O(v;)
PR Voo, B (v, Uiy L) .otherwise

\’l(vhvm'nr‘lm) € D'
\\ )
Note: When no - |, this rule becomnes Rule 1 @ Vertex reduction.

L

Rule 4: Multi-in Multi-out Vertex removal

If #l{v)) mAEO(r,)) s nAam >~ 1AnS1
Then 17 1 o v
DU D (v ty) 0 (1, Vs Eym) 4 (U0 Vs bty b g
Vi Iey) A Yue & Oy} AVYy € I {v)) [V, € O(v;))

J plog oy ) « P(vy v ) i v I{v,) Avm C Ofr,)
P Coy i) otherwise

B ( Uiy U, tlm) € [)’

f

s {ll.'» LA firr;)
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Note: Whenm=1,n=
When m> 1, n =

Whenm=1,n>

I Rule 4 becomes Rule 1.
1 Rule 4 becomes Rule 2
I Rule 4 becomes Rule 3.

Rule 5: Merging parallel self-loops
1 1 n
P t k, k k
i v Py pr
ji i L .
O i Z j] O
v k=1 k=1 V.
|
Rule 5 !
\V4 —_—» \/
j ’ i
\Y n v
k > F k
n il
t . k=1
i i Fig. 3.5
tf #L(v,) =nAn>2

Then V-V

! L* !I):J!;J
D' e D - L{vg) o+ (v, v5, KA }
Sak - j'J
|
o k if!L - m-

Pr(vh vm’tim) . {

P(Ulavma c.Im)
V(U[, Ve, tlm) €

Rule 6: Merging parallel edges

otherwise

D

;

1

P

g

1

t

C,W‘_—_Dj—bO
P“.t

Rule 6

Fig. 3.6

pk

Z

k=1

\:p
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If #I(vi,v;) =nAnz 2
Then V09e V
cn o optah

D e D - Elu,vy) 4 (U“t;,, Z‘F*f;.‘-‘—“;”)
k1

k= pl‘

i)'(”h Pon s t(rn)

DY pr ifl=1Am=7j
P, ¥m, tim)  Otherwise

\\j(l’:, Vin, tlrn) C Df

Rule 7: Seli-loop removal

P (1-P)

PREEY

é__<

If ,}," L{v,) Aoy coy o op Ang ol Ofp,)
Then V' VWV ’ 7
[)J v [) 1‘(1’1) ‘".(.Ulﬁl‘JltlJ.) + (vnvj1t|'j 4 Pii *nf/(l "‘Pii))

/ - 1 ‘" A -7
;J!(l‘lw Uens f:,,;) { P'J" (1 p”) lf [ i m J

p(ti, U, tim)  otherwise

NVt Uy by ) & 194

Note: Modified probabilities and transition times must be calculated for all other
remaintng edges with ¢, as o source vertex.
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3.2 Derivation of Vertex folding rule

In this section, we present the derivation of vertex folding rule. It is based on the

law of conservation of transition tim¢{l.CTT).
\

Law of Conservation of Transition Time(LCTT)

Fig. 3.8
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L. v #vy

2. #O(v;) > 1A #0(v;) > 1

3. O(w) = O(vy) .

4. Pixsk = Pj vk Yk =0,1,...,#0(v) - 1
- 5. . Vuv. € Ov) are equal

6. t;- Vv_ € O(v;)] are equal

7. v & O(U,‘) A vy 3 O(UJ)

Table 0.1: Conditions of LCTT

Let vy,v; € V (Fig.3.8) and satisfy the conditions in Table 3.1. Condition 7 will
be relaxed later(Transformation T3). Let ¢;,_ # t;—. The case, t,_ = t;_ is trivial
and is treated in Procedure EQUAL(section 3.2). It is interesting to note that
Zuberek’s{ZUDB 86a| definition of vertex folding is valid only for the case, t;. = ti..
The analysis presented here includes the case, t;_ # t;_. We present the complete
algorithm for vertex folding in the latter part of this section(Rule 8 : Vertex folding).
To the best of our knowledge, this is the first general vertex folding algorithm.

Objective: To delete vertex v; (that is, to fold v; onto v;)

S

Case i. Let I{v;) # 0

The steps needed to be taken before deleting vertex v, are:
1. Delete directed edges (vy,v;,14;) Yy € I{vy)
2. For every deleted directed edge in step 1, add a new directed edge (v, vy, t,;)
3. Calculate py; and t.; for every new directed edge as described below

Hence, the modified probabilistic transition graph G, (Fig.3.8) can be obtained from
graph G(Fig.3.8) if

Vm o ¥
Dy o= D = vy, 05, t45) + (ve, viy ) Vu, € I(vy)

[ ' . .
: SRy plos, vy} o vy € I(v;) Am =1
P, l’z‘h"‘) { plv, vy tim)  otherwise

“"(Uh Uy tlm) L l)m
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and t,, is given by the following equation:

[(fa=ty G —t | VopcI{y) ' (3.1)

Case ii. Let I{v;) =0

Let I{v;) # 8. The case, I(v;}) = 9 is trivial and is considered in the later part
_of this section(Algorithm for vertex folding}.

The only step needed to be taken before deleting vertex v, is to adjust ¢, and
t;- Vv, € I{v;),v- € O(v;) as described below.

Hence, the modified probabilistic transition graph G,, can be obtained from

graph G if
t

V., —V
D, « D{modified t,,, t;_ Vv, € I{v;),v_ € O(v;) as given below)

xpm(vhvm,thn) A P(Ulavm;ttm) V(U{,Um,t[m) S Dm

-—

| tic,..=t- | Vv € O(w) (3.2)

[ t.;.,'m_ = by T lie - | VU+ = I(U,') (33)

Equations (3.1) and (3.2)-(3.3) are called the Lews of Conservation of Transition
Time(LCTT). :

We have now established the basis for deleting vertex v, from G, a process called
the vertex folding. The only restriction is that t,; and ¢, , calculated using equa-
tions (3.1) and (3.3) respectively must be non-negative. lence, the transformations
for deleting vertex v;(that is, folding v; onto v;) for cases(i) and (ii) respectively are
as follows:

Transformation T1:
V- V -y
Do D vy, v ) - (ve, vty b (v, tyy) Voo ¢ Ofvy), v, o I{y)

and p' it are same as pm, and ¢, respectively given in case(i).
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Transformation T2:
Ve V- g |
D e D (vj,vo, b)) Yv_ & Ofv;)
and p'\L,; . ,ti_.._ are same as P, L., and t;i_  _ respectively given in case(ii).

Example 3.1

vV - {T-'h Uz, U3, Ug, Ua}

1) - (Ul: Uz, 10)1 (vla Uz, ]0)1 (L‘;,U(,,S), (U31v8: 10)
(vs,v2,6), {vs, vz, 6}, (vs, v2, 1), (Us,Uaal/)

® {05,01,101.0009,0.1,090.1 }
The probabilistic transition graph shown in Fig.3.9 is taken from [ZUB 86b|(after

applying Rule 1 : Vertex reduction) to demonstrate LCTT, Transformation T1 and
Transformation T2,
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Caseoi. Let v = vg,v; = UgyUp = Uz, Ugy1 = Uy

o N Referring to Fig.3.9, we obtain:
O(wg) = O(vs) = '{U‘h vs} '
Pe2 = Paz = 0.9
pss = pss = 0.1
)tz =tes = 6 =t,._

tgz = tgs = 1 = tj-
vg & O(UG),Ua & O(Us)
I{vg) = {vs} # 0

Hence, all the conditions in Table 3.1 are satisfied. Now, we can obtain the modilied
probabilistic transition graph as shown in Fig.3.10 using LCTT. That is,
* .

V. = V:{Ulavhvihuﬁivli} ' -

Dm = D- (U3,UB, 10) + (v31vG:t3,G)
(vy, vz, 10}, (v1, vs, 10), (vz, v6, 5), (vs, Vs, tac)
(UG|UZ$6)1 (UGiUS:G): (UB: vz, 1)3 (Ua,Us, 1)

pm = {0.9,0.1,1.0,1.0,0.9,0.1,0.9,0.1}
and {36 is calculated as follows:
tso=lagttj. —ti. =10+ 165 " ~

Now applying Transformation T1, we obtain the reduced probabilistic transition

graph as shown in Fig.3.11.
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Case 1i. Let vy = vg,v; = vy, U = Up,Up4y = Uy

Referring to IFig.3.9, we obtain:
O(vg) = O(n) = {v2,vs}
Ps2 = p1,2 = 0.9
pes = p13 = 0.1
tgs = lgg = 6 = ¢;
tya=t13 =10 =t
vs & O(ve),v1 & Ofv:)
I{v1) = 0, I{vg) = {v:}

Hence, all the conditions in Table 3'11 are satisfied. Now, we can obtain the modified
probabilistic transition graph as shown in Fig.3.12 using LCTT. That is,

Vm =V = {vl,vg,vs,vo,vs}

D —_ (UI:U23 10)1(Ulavl’nlo)a(E?auﬁ1t2,ﬂn.')1(03,vﬂu10)
m (UG: L tG,Zn'm)r (Uﬁr vs, tG,ﬂu,w)a (UB! vz, 1)1 (U31 Vs, 1)

pm = { 0.9,0.1,1.0,1.0,0.9,0.1,0.9,0.1 }

ytea, ., are calculated as follows:

tsa,,, == tj- = 10
tes, = t;. = 10
tag, ., Tlag,, t Lo .o 5 i6 . 101

Now applying Transformation T2, we obtatn the reduced probabilistic transition
graph as shown in Fig.3.13.
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v t=10 P =01
6 63 63

Fig. 3.12
&
Vv t =10 P =01
g 63 63
P =09
G2
t =1 P =028
82 82
Fig. 3.13
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Definition 3.9
Let CVF = {v;,va,...,v,
set for vertez folding if

cv; €V An > 1}, Then, CVF is said to be a candidate
1. #0(w)>1 Vv € CVF

3. O(v;) must beidentical Vv; € CVF

3. Vk=0,1,...,#0(») -1 [Vo; € CVF p;,,; must be equall

The set of all CVF in a probabilistic transition graph is said to be a Verter folding
set and is denoted by VFS. That is,

VFS = {CVF;: CVF; is a CVF}

Example 3.2

P =1
9

Fig. 3.14

Referring to ¥ig.3.14, we obtain:
Ova) == Ofvy) = O(vy) = {vq vs5}
P24 -7 Pag = Pea 0.1 7 Pen -~ Pan - Pas (0.9

Therefore, CVE,  {va, vy, v}
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O(v7) = O(vg) = {vg, v5}
Prs=pss =01 A pyg=pgg =09

Therefore, CVF; = {v,v4} and VFS = {CVF,,CVF,} = {{vg,vg,v.‘},{vy,vg}}.

Note: We did not include transition times in Fig.3.14 since they are not needed
for computing CVF,

Definition 3.10

Vertex folding rule is said to be enabled if VES # 0.
Definition 3.11 |

Let v;,v; € CVF. Then, we say that edges {v;,v_,t;_) and (v;,v_,¢;.) for every
v_ € O(v;) are said to have equal transition time if

ti- Yo € O(v;) areequal A t;_ Vv_ € Ofv;) areequal A . t;_ =¢;.
and unequal transition time if
Ju_ € O(vi) : tin # t4e

Example 3.3 [Equal transition time]

Fig. 3.15

Referring to Fig .15, we obtain:

Ofvy) - Ofvg) -~ {vs,ve}
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P13 = P2as — 0.1

Pi4 = P24 = 0.9
Therefore, CVF = {vy, vz}
tig =123 =2

brq =b24=72

Example 3.4 [Unequal transition time

e
t =
12
- \l\
|
Referring to Fig.3.16, we obtain: \\
O(Ul) = O[Ug) Fa {Ul,t'z} ‘
My = opay s Ol \‘



M- p22 -2 0.9

Therefore, CVE  {uy, v, ~ :
(o102} | -
- _ , N
(1'1 15 f’ f;r'] R A f]"_’ =l ]U B '!'2,2 =9 \\
Y, i
Jl
Delinition 3.12 : “.\

Vertex folding rule is said to be firable if it is crm\bled.

The algorithm which specifies the firing rules for vertex folding is described next.
i
ftnle 8 @ Vertex folding
Let vertices v and vy in a graph G be members of the same CVE € VIS, Then,
¢! 1 g result of vertex folding (r, onto v;) can be obtained as follows:

If (vo,v 4 ) A{v,,v ,t.) Ve & O(v,) have equal transition time
Then Protedure KQUATL
IBlse Procedure UNKEQUAL

Endif .

IProcedure EQUAL
Ve vy
Case (I{v,) - 9) Of
ke DD (v vt ) Ve, ¢ O(v;}
{: Case {v, ¢ I(v,)) Of
) t: e D -(r ) -(thJJ,,t,J]
o w O(LJ) o, 5 ()
LD Doy i) -(v,, Jlag) (v, vt )
Ve ()(UJ) ANDT ¢ v, ) AV & Tug) Ay Aoy
End {inner Case}
End {outer Case}
I'ied Procedure FQUAL

SO

Note: In procedure EQUAL, we did not mention about p' since we assume that
whenever a directed edge is deleted so alse is its associated probability and also
whenever a directed edge is relocated so also is its associated probability.
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Procedure UNEQUAL
Case (I(v;) = 0,1 (v,) = 8) Of
(t,t): G'— G
(t,f): Case (v,  I{v,)) Of
t: T2 :
£ T3.T2
End {Case (t,f)}
(RINIRIE
Case (v; € I{v;), v & I{v,)) Of
(t.0); T3
- (t,0),{f,t),(f.F): T3, Tl
End {Case (f,t),(f.[}}
End{main Case}
End Procedure UNEQUAL

Transformation T3
If v, €V ivp # 0, AUHJc £y Avy g € 0(w)
Then T3-A
Else T3-B,T3-A - (’
Endif
End Transformation T3

Before we describe transformations T3-A and T3-13, we state and prove a theorem

on which T3-A and T3-B are based.

Theorem 3.1 (From Self-loop to Junction)

C oo ¢ Soh
)+ t}@ —0O
i VE It "Vj

Graph G Graph G
Fig. 3.17




Let v; and v) be two vertices in G (Fig.3.17). Then, the graph G, is constructed

by the following set of transformations:

1

Vm A |4 -+ Uy
(UJ| Ul'vtj:) + (vipvk;tl'k)"*' (Uhvi:lki) -+ (Ujavkatjt)

L, {) (r)“v” 1“.)
plm, v ty)
) ”‘,U[,t ‘
Prn(f'hl'm,{.,m) - Il( 1 7 )

Hl=iAm:=k
fl=j53Am=k
ifl=kAm=1

p(¥, U, tim)  otherwise

\vf(L'[|U,n,rtm) ! Jr)m

and, ty, fx and ty are given as follows:

case(i) ¢ and ¢, are known
tkl * (tn ’ tlk] ar (tju t)k] ,
case(il) £, and ¢, are not known

choose t,; from [0, ¢,

If t, “-t, then
t;k o Ly b t,ﬂ “ L
clse  choose ty, from 0,85,
Pk < tyx Bl by
l')[ulif

Ty (f" t‘k) or (tJI N tjk)
Proof: (By deconstruction})
We will show that the reduced graph(let it be G") obtained by removing the
junction at v in Gp, (hence we call it deconstruction) is in fact graph G. Let the
praph G be characterized by (V*, D", p"). .

Applying Rule 2 0 Junction removal to G,,, we obtain,

g Vo e Vo e V |
Y D (veve b)) - (Teovn b)) (v vk te) (v v bie  be)
! (['Jvt'n{;k } rll.‘i)

1) (['lut'n{n] (!"Jivlﬂtjl) -+ (Ulivl‘stik) i (Ukl Un!h)

i (r'J\”k-{)k) (”HT'k-;r!k) ) (7'k|v€1tkn) - (”J\tht)k)

‘ !h) i (TJJ‘l‘“ka t fkl)

) ([IU["M!M
) ' (z'n“lgtﬂc i th) ! {T"Javnt]kh'

Dot (o, )

since by, f, Ly

Iz

and i n’J. [y

14



P"(Ug, Umstlm)
Pra(Vis Uk, Lik) * Pmlve, Vi b)) fl=dAm=1"
Pm(vhvhtjk) * pm(vk: U-’vtkl') fl=jAm=y

P (Ui, U, hm) ‘ otherwise
Y(vg, Uy i) € D"
pm(v.-,v‘-,t.-.-) Hi=:tAm=1 4

pm(vj,u.-,t,-.») fl=jAm=1
Pm (V1 Um, tim) otherwise
V(Uhumltfm)‘e D

- pm(vhvm:tlm) v(vhvmstim) S D

Since Ly —'_‘a-f.l',' — iy = fj,' - tjk
== Lo = by by Uy
Also tjk =t + fj" =t

Now, we will prove the results stated in Case(i#).

Case(a): Choose t;, from [O,t.-;l

Suppose, we choose ¢y @ty & [O,t.,-]. There are two options:
3
(L) ti<O N
(B) bie > L
Option(L) is clearly not possible since ¢;; must be non-negative.

p_ption(R)_: Let tie = & -{—I{_\t and At > 0 be arbitrary,

Since, ty, = {,; —ti
=> by = - t.-.-‘ - At
R TAY/
< 0

This 15 contradiction,

Case(b): Choose t;; from [0,t,]

«©

Proof is similar to case{a). o

Suppose, we choose ¢, : ¢, # 10,¢,;]. There are two options:
(L) th < 0

(R) e =ty



Option(L) is clearly not possible since t;; must be non-negative.

Option(R}): Let t k = ¢ + At and At > 0 be arbitrary.

Since, ty; = bty — i
Ce by o= by e by — At
= At
< 0 -

This is contradiction.

Q.I5.D.

Next, we describe transformations T3-A and T3-B which utilize the results of
Theorem 3.1. Specifically, T3-A utilizes the results stated in Case(i) of Theorem 3.1
wheréas T3-B utilizes the results stated in Case(ii) of Theorem 3.1. Also, observe
that the results in Theorem 3.1 are valid for both cases: py = pj and py # pji
since py; and p,, are arbitrary and no assumptions are made about their equality or
otherwise. However, in transformations T3-A and T3-B, when there is more than
one self-loop at.v; and/or v;, we always select such a pair of edges for which p; = py;
and/or p;, = p;;.

Transformation T3-A )

Objective: Removal of all self-loops at vy and v}, and constucting junctions instead.

Graph G
l{v' ) Q O




0 Vo ivgg # wiAvgg # v Avgg € O(w)
[tixsr are equal Ay, ¢ are equall

"Then V,, —V + v,
Do — D = (v, vi, ti) = (vs,05,15) + (vi, vk, tix)
vk, vis b)) + (v, ve, L)

plvj,vity) ifl=7Am=k
plugvist) Hl=iAm=k
1 fl=kAm=1
p{vi,Um,tim) otherwise

pm.(vh U, tlm) -

V(U;, Um, tlm) € Dm
and i, t;; and ¢y, are given as follows:

tig +— ti- for any v_ # v; Av. # vy Al € Oy}

tyx +— ;- forany v_ # v, Av. # v; Avo € Oyy)

Pri = (L — tie) V (i — Ljx)
Apply T3-A until all self-loops:at v; and v; are removed since one application of
T3-A removes just one self-loop at v; or vy. ty; must be non-negative.
Transformation T3-B: é:@

Objective: Select a self-loop ecither at v; or v; and construct a junction at v /
vy A v # v; by removing the selected self-loop.

n-1 loops
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The graph G,, from G can be obtained as follows:
Voo — V -+ ug
Dy o= D — (v, v, t)) — (Uhvut,l-.-) + (v, vk, tik) + (Ui, Viy i) + (U5, Vi, Ei)

p(v_,-,v;,t;‘)) fl=7gAm=k
o p(vi, vi, £ fl=1Am=x¢
Pm(UhUm,tIm) 1 lfl =kA m = :-

p(vi, Um, tim) Otherwise
v(t{hvmvtfrn) € Dm
and tiy, t;x and ty,; are given as follows:

If tl, > t; then choose t; from [0,t}]
tjk — L -k t}i - tlu'll'

else  choose tj; from (0,1t}

I
tik +— t:‘k -+ tll’ — t_:|
Endif

e o (bl — tu) V (:J‘.,.' -tk ' @
We illustrate transformations T3-A and T3-B with the help of the following example,

=

Example 3.5

Fig. 3.20




Referring to Fig.3.20, we obtain:
O(v1) = Ofv2) = O(vs) = {v3,vs}
P12 = P22 = Ps,: =0.9
P13y = Prs = P‘a,a = 0.1
Therefore, CVF = {v;, vz, vs}
Therefore, VFS = {{vi,vz,v3}}

Case i. Let v; = v; A v; = v2(Fig.3.20)

Applying Transformation T3-A (i.e., remove self-loop at vy), we obtain:

thy =t a=10 /
w bzq = b3 = 11

14.2 - £2'2 - t?,‘l = 11-"11 == 0

Note: Directed edges (vy, vy, 21 4),(ve,v2,t42) and (vz,v4,t24) are shown by bold
arcs to demonstrate the construction of junction from seif-loop. j

c
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Case ii. Let v; = vz A v; = v,(Fig.3.20)

(a) Select self-loop at vs

Now applying transformation T3-B(i.e., remove self-loop at v3), we obtain :

Fig. 3.22

Calculation of t34, t24 and £ 3 is as follows:

fg‘s =11 ' t3'3 =11

Choose  ty4 f{rom [O, tm] = [0, 1 1]

Let f,gﬁ 1 .
5

e t3.4 = !2|4 -t c;;lg —- t2'3 = 5 -4~ 11 - 11 =235

IIC”CC, t4'_1 n t:;:q - t3'4 =11 —-5 =06

Also, check that 45 ta3— 24 =11 -5:=6



(b) Select self-loop at vy

Now applying transformation T3-B(i.e., remove self-loop at v,), we obtain :

Fig. 3.23

Calculation of tsy4, t;4 and ty; is as follows: -
tsr =11, ty, =11
Choose t3, f{rom [0,t5.] = [0, 11]
_ Let tz,=2
=y = lagtlyp - tap =24 11 11 = 2
Hence, t,, = t;:é ~lyg=11-2=9

Also, check that ¢4, £ taz - fsq - 11 { 9



3.3 Summary

o

We presented a set of reduction rules, namely, vertex reduction, junction removal,
decision removal, multi-in multi-out vertex removal, merging parallel self-loops,
merging parallel edges, self-loop removal, and vertex folding. These rules help
reduce the size of probabilistic transition graphs obtained from the analysig of timed
Petri net models.

We developed a more general algorithm for vertex folding than those presently
cxisting. It is based on the law of conservation of transition time. To the best of
our knowledge, this is the first general vertex folding alf;orithm.‘

All these reduction rules are incorporated into a graph reduction software pack-
age which can be used in automated performance prediction. Graph reduction
software tools such as these are important and form an integral part of automated
protocol performance prediction|RUD 83].

These reduction rules may be applied in a variety of orders as required to elimi-
nate certain transitions or vertices and preserve those deemed to be important. We
demonstrate the application of these rules to a version of stop-and-wait protocol in

the next chapter.



Chapter 4

Application of timed Petri nets to

performance analysis

Analyses of timed Petri nets were presented in Chiapter 2. Graph reduction rules to
reduce the size of the state transition graphs were introduced in Chapter 3. Based
on the formalisms developed in Chapters 2 and 3, we illustrate in this chapter the
application of timed Petri nets to performance analysis.

For the purpose of illustration, we consider two examples. The first example,
deals with the analysis of a stop-and-wait protocol, modeled as a D-timed Petri net. A
The second example deals with the analysis of an office copying system, modeled
as an M-timed Petri net. 3 '

Example 1 : Stop-and-wait protocol

Protocols in which the sender sends one frame and then waits for an acknowl-
edgement before proceeding are called stop-and-wait protocols|TAN 81{. The com-
munication channel in this example is assumed to be noisy — frames may be either
damaged or lost completely. Data traffic'is simplex — going only from the sender
to the receiver; frames however travel in both directions, reverse traffic consisting
of acknowledgement frames. Ilence, the communication channel is assurned Lo be
capable of bidirectional information transfer. A half-duplex physical channel would
suffice for this example since we have assumed strict alteration of flow - first the
sender sends a (DATA) frame, the receiver responds with a dummy (ACKnowledge-
ment) frame; the sender then sends another frame, the receiver responds again and
S0 oM.

Due to noise in communication channel, if DATA or ACK is lost or damaged, the
sender will timeout and send the frame again. The timeout interval, to - ¢4 £, + Ly,
where, )

e ¢t stands for time required for DATA to reach the receiver

o8
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‘ g
. . o
e ‘i, stands for processing time required for receiver to process the DATA

e t, stands for time required for"ACK to reach the sender o

_ The D-timed Petri net shown in Fig.4.1 is a model of the above described stop-
and-wait protocol.

- t6
f(te)
f(t7)
t7 % 1-q2
4 lL
1 |
a, | | (L)
. q ‘ t
Fgdd] 30 ML) e
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The interpretation of Petri net graph(Fig. 4.1) is as follows:

p. : Sender t : Send M3G '
. @ Timer - ¢y : Start .tir;\er

pa ¢ Message(MSG) ready ta : Transmit{XMIT) MSG

ps : Receiver _ ty : MSG lost ' .

ps : ACK ready Ls : MSG recet\(t_d and Send Ad\
o« ps : ACK arrived Ll : MSG error

p; : End-of-timeout ty : XMIT ACK‘

g,  Probability of losing M5G ta : ACK lost

g» : Probability of MSG being to : Retransmit MSG .

damaged tis : Kill timeout t(\‘;.ken

g3 : Probability of losing ACK f(t) : Firing time of transition ¢

Sender (place p;) sends messages to Receiver (place p4), and for each received’
message, p4 c¢onfirms by sending an acknowledgement to p;. Hence, the communi-
cation between p, and p4 takes place through the loop (p1,t1,ps, ts, ps,ts, ps, ty, p1).
Communication channel being noisy, there are non-zero. probabilities — ¢;,¢42 and
gs respectively of — losing messages, messages being damaged and losing acknowl-
edgements respectively. .

" Free-choice place p; and transition ty model the lost messages. The probability -
that the transition ¢, would be selected for firing is q, and (1 —g¢,) is the probability
of sclecting the transition ¢t for firing.

Free-choice place py and transition ¢z model the damaged messages. The prob-
ability that tNe transition g would be seclected for firing is g, and (L ~ ¢y} is LH
probability of sclecting the transition ¢s for firing. :

Free-choice place ps and transition ty model the lost acknowledgements. '[‘h‘c
probability that the transition ¢ would be selected for firing is ¢z and (1 - ¢a) i|5
the probability of selecting the transition t; for firing.

A limeout mechanism is used by the sender to recover cither lost messages/
acknowledgements or damaged messages. It is designed the following way.

When firing of transition ¢t;(Send MSG) is completed, a token(MSG) is deposited
in place pz and another tokcn(timcout) i3 also deposited in place p; at the same
time. A token in p, immediately starts hrmg, transition t,(Start timer). The firing
time of t; is large enough to permit the transfer of message and an acknowledge-
ment. [f neither message is lost nor damaged, and acknowledgement is not lost,

e., transitions ts,0; and ¢7 are selected for ring'; then a token in place p, and also
another token in place ps are deposited at mee tirne prior to depositinga token
in place pr.

Token in place pg disables transition ty since {pg,ts) 15 an inhibitor arc. flence,
the message will not be retransmitted after successful traksfer. It is characterized
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by the cyele - (pl,t,,p:,,t_,,,phts,;;s,t{,pl). Now that there is a token in place p,,
~the exchange of new message between py; and py could be started; token in place pg
will however continue to stay put till the end of timeout period. After the end of
tineout period, that is, after the completion of firing £2, a token will be deposited
in place p; - thus starting the firing of transition t;p and removing the timeout
token from the system.

If either message is lost or damaged, or acknowledgement is lost, then the token
will never be deposited in place ps. After the end of timeout period, a token will be
deposited in place py -— thus starting the firing of transition t5. After the completion
of firing transition ty, a token will be deposited in place p; -— indicating the message
tist be retransmitted. ‘

There is also a non-zero probability that an acknowledgement might arrive at
the sender’s end - - but damaged. This is not taken into account in this example

but can be easily modeled with an additional free-choice place.

[n real-life situations this possibility might have to be considered. We have
irnored it here only to keep the illustration of performance analysis as brief and
simple as possible.

If the message is damaged then the receiver does not respond with ACK frame,
but instead, discards the message(token). This is modeled by transition ¢g. In
case the message is not damaged, the receiver responds with ACK frame even if
the message is duplicate. This is modcled by transition ts. It is assumed that
the receiver’s IMP(Inter Message Processor) does not deliver to its host both the
duplicate and damaged messages® In this example, we are concerned whether the
receiver responds with ACK frame or not. '

The dynamic behaviour of this model(Fig. 4.1) is analysed using the formalism
described in Chapter 2. Two cases - (f(t2), f(ta), g1, 9», q3) = (20,10,0.1,0.05,0.1)
and (30,20,0.2,0.1,0.1), corresponding to transfer of messages of two different
lengths are considered. The transition graphs characterizing the dynamic behaviour
of the model for two cases are shown in Iigs. 4.2 and 4.3. The set of reachable
states is given in Tables 4.2 and 4.3. Table 4.1 gives the firing times and {ree-choice
probabilities and initial marking which are common to both cases. .

In MWps. 4.2 and 4.3, cach directed edge is labeled with a tuple (p, h;) where
pis the probability and A, is the transition time as given in Tables 4.2 and 4.3.
The path representing error-free or successful transfer of messages is shown by bold
directed edges. . '

In Chapter 3, we presented the reduction rules to reduce the transition graphs.
We now apply the reduction rules to both Figs, 4.2 an'd 4.3. Complete reduction

pracess s shoswn next.
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Firing times:

flt)) =1 flt) =0 flts} =2 f(ts) =0 ' P
Flt) =5 flts) =0 f{ty) =0 f(tyo) -0

Free-choice probabilities;

(ts) = 1.0 clty) = 1.0 c(t;) = 0.9
e(tg) = 0.1 cte) = 1.0 ¢(ty) = 1.0

Initial marking:

“pp = (1,0,0,0,0,0,0)

Table 4.1: Firing times,{ree-choice pidbabilitics and initial marking which are com-
mon to both cases —- 1 and 2
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'q1 =c(t)=01,q,=c(t) =005, q,=c(t)
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S it v h Mo e s p
i i i i 1] k |
1/0000000{1000000000[ 10110000 0101000000/ 2] 0.10

v 0110000000| 3| 0.90

210000000/0101000000{0|0000000 [000000V0000[ 4 1.00

3/0000000[{0110000000(10]0001000 (0000010000 5/ 0.05
L 0000100000 6 0.95"

4 [0000000[0100000000[20/ 0000001 0000000010 7| 1.00
5(0000000[0100010000( 0| 0000000 |[0000000000] 8] 1.00
6/0000000/0100100000[2{0000100 0000000100 8| 0.10

0000001000| 10| 0.90

710000000[0000000010| 01000000 ({1000000000| 1] 1.00
8|0000000}0100000000(10{0000001 (0000000010 7} 1.00
910000000{0100000100| 0/0000000 0000000000} 11| 1.00
10(0000000[{0100001000(5|/1000010 [1000000000] 12 1.00
11/0000000(0100000000{8/0000001 [0000000010| 7] 1.00

. 12|0000010[ 1100000000 |1|0110010 0101000000| 13| 0.10
' 0110000000 14! 0.90

1310000010{0201000000{0{0000010 [0000000000| 15{ 1.00
14/0000010{0210000000{2|0000011 [0000000001| 16} 1.00
15/0000010{0200000000!2/0000011 [0000000001| 17| 1.00
16/0000000{0110000001|0|/0000000 [000D0000000| 18 1.00
17/0000000[0100009001]|0/0000000 [0000000000| 19 1.00
18/0000000{ 0110000000 8/0001000°|0000010000| 5] 0.05

0000100000, & 0.95

19{0000000[0100000000[18/0000001 (0000000010 7] 1.00

Table 4.2 State transitions for f(t2) =20, f(ta) =10
= 0.1
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t34

pi vi uij ek Si p
1(0000000[1000000000 0110000 {0101000000| 2] 0.20
o 0110000000| 3| 0.80
2/0000000[{0101000000 0000000 |00Q0000000Q[ 4| 1.00
3/0000000{0110000000 0001000 |0000010000| 5| 0.10
0000100000] 6} 0.0
4(0000000{0100000000 d000001 0000000010 7| 1.00
5/0000000[0100010000 0000000 |0000000000| 8| 1.00
6|0000000[0100100000|2/0000100 |0000000100| 9| 0.10
0000001000 10| 0.90
0000000{0000000010 1000000 (1000000000 1| 1.00
0000000{0100000000 0000001 |0000006Q10[ 7| 1.00
0Q00000|0100000100 0000000 [000000000,0{ 11 1.00
0000000/0100001000 1000010 [100000000J0| 12 1.00
0000000|/0100000000 0000001 [0000000070| 7} 1.00
0000010|/1100000000 0110010 (0101000000} 13| 0.20
o~ 0110000000[ 14| 0.80
0000010/0201000000 0000010 (0000000000} 15{ 1.00
0000010{0210000000 0000011 000000000 1| 16 1.00
0000010{0200000000 0000011 {0000000001| 17| 1.00
0000000{0110000001 0000000 [0000000000| 18} 1.00
0000000|{0100000001 0000000 [0000000000{ 19 1.00
0000000[/0110000000 0001000 [0000010000] 5/.0.10
: 0000100000 6} 0.90

0000000{0100000000 0000001 [0000000010] 7| 1.00 .

o S
Table 4.3 State transitions for f(t2) = 30, f(ta) =
a, cﬁj OQLCE cﬁ%) O.'I,q3 cﬁa
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Case 1. Reduction of Fig.\g.Z '

Apply vertex reduction rule to vertices — 2, 4 ,8,9,10,11,13,14,15, 16,

17 and 19 in Fig. 4.2.

{0.1,21)

Fig. 4.4

Referring to Fig. 4.4, we find that (v; means vertex t}

O(vig) = O(vs) = {vs,ve}
P3s = pss = 0.05 A pag = prss = 0.95

The vertex folding rule therefore is enabled and we apply it to vertices - - 3 and
18. Let v; = vy Av; = vg. Then, ;5 = 10 # t;5 == 8, I{v;) = {viz} / 0,
I(v)) = {n)} # 0, v; € I(v;) and v; ¢ Jd(v)}. From Procedure UNEQUAL in
Chapter 3 we find that, Transformation Tl can be applied. That is, delete vertex
18 and directed edges (vs,vs,8), (vys,vs,8) and {viz,v1a,3). Add a new directed
edge (vi2,vs, f123) with ty,5 calculated using equation (3.1). That is,
tiza = tiz218 +ligs — fas
= 3+8-10=1

Hence, the cesult is Fig. 4.5,
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C{0.1,21)

{0.8,1)

(0.95,10)

Fig. 4.5

(0.9,7) :
()

Apply verten reduction rule to vertex 5 in Fig. 4.5.
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Apply vertex folding rule to vertices — 1 and 12 in I'ig. 4.6.

'(0.1.21‘)/ 0.9.1)
(0.05,20)

*

{0.9.7)

(0.95,10)

Fig. 4.8
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Apply decision removal rule to vertex 6 in Fig. 4.8.

Fig. 4.9

Apply decision removal rule to vertex 3 in Fig. 4.9,

(0.1,21)
S
79
w
S
2

(0.045,21)

Fig. 4.10

(0.7695,18)
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Merge all unsuccessfu! parallel self-loops in Fig. 4.10.

r

(0.2305,21)

(0.7695,18)

o Fig. 4.11

Case 2. Reduction of Fig. 4.3
In a similar manner as in Case 1, apply’igg reduction rules to Fig. 4.3, we obtain
(intermediate steps are not shown here) :

{0.352,31)

{0.648,28)

Fig. 4.12

Let Ay denote the time required to traverse the unsuccessful path and h; denote
the time required to traverse the error-free path. We find from Fig.4.11, A; = 21
and h, = 18 for Case 1. For Case 2, from Fig.4.12 we find, h; =~ 31 and h; = 28.

Definition 4.1
Efficiency of the protocol , £, is equal to the time spent on correct transfers to

the total time elapsed.
For stop-and-wait protocol{Fig.4.1), € is given as follows:

(1~ q)(1 = g2)(1 - g3} hs

£ o e i
[(h + (1 - Ql)‘h + (1 - (21)(1 - Qz)QS}hx -+ l(l - Ql)(] o flz)(l Qa)]hz
A p ) 0769518 — 51 .
For Case 1, € = 020359:11“:.71095“& = Jumaiz = 0.741032
— - cem _ 0 4828 BTN Y
For Case 2, € = ggmgiiooumnas = awos — 00241
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Calculation of optimal message length

"Now, we attempt to calculate the optimal message length for which the perfor-
mance or throughput is maximum.

The message is composed of — data block and service block. Data block is the
actual message that the sender would like to send it to the receiver. Service block is
the overhead involved in making the complete communicating system operational.
Service block consists of various control bits such as — synchronization, identifica-
tion ete., and is of fixed length. It seems — to obtain the better throughput, data
block (hence message) must be jong. Longer messages, however, are more prone to
errors,

To simplify the analysis, we have assumed as in {ZUB 85a], ¢ and g2 — proba- -
bilities of — losing message and message being damaged respectivel@r, to be a linear
functions of message length z. It is alsd assumed that the mP.ssa.T transfer time is

a linear function of z. Hence,
\

g1 % qu + qo12
g2 = g1+ Qo2Z
y = a,+ apz
hy = ag+ aqpz

The performance of the protocol , n ', is defined as the ratio of time spent on
correct data transfers to the total tifie elapsed.

For stop-and-wait protocol(Fig.4.1), n is given as follows:

Eag2

n = “};—

(1_'" ‘11)(1 - Q'z)(l - q3)h2002 N

o (1 g)ar + (b g0 (L = g2)galhs + [(1 — q1)(1 = g2) (1~ ga)|Ra ez

.4

(1...'_".‘71)(1 — ¢2){1 - g3)ap2

v F (1~ gq)ga + (1 - q)(1 = g2)as)n + (1 — @) (1 = g2} (1 — g3) ko
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Simplify the denominator:

(g0 + (1 = @)gz + (1 = @1 }(1 — g2)gs]hy + (1 — @){1 — @2)(1 — gs)ha
= (¢ + (1 - q)glh + (1 — g} (1 = q2)[gshy + (L — gs)hal
= [‘11 + (1 - QI)QZIhl + (1~ q)(1 - ‘?2)[‘13’% — gshz -+ hz'

= g+ (1 - q)gzlh + (1 — @) (1 - g2)[gs(a1 — a2) + ks
since hy — ha = a; — aq

= (g + (L= q)@lh + (1 = gi)(1 = g2)hz + (1L— ¢1){(1 = g2)gs{ar - az)
= i (1— a)lgahs + (1 - qa)hal o (1~ @) (1 - a2)as(ar — a2)

— @b+ (1= @)laslhe — ha) - Bl + (1= (1 - ax)as(es - a2)

= b (1= a)ha + (L= @)ga(as = a2) -+ (1= 0)(1 — gz)as(er ~ 2)
= qu{hr — k) + ;;, + (1 - q)g2(ar — az) + {1 - q)(1 - f;:)f;s(al - az)
= q(ar — ar) + hy + (@) — a2)(1 — @1)g2 + (1~ g2)aa].

= ajqy — a1 + ke + (@ — a2)(1 — q)[g2 + (1 - q92) 93]

= ai(q1 + gmz) — az{gqn + 9012} + az + apz (a; - az){l - qr)qz + (1 - 72} 43

= ayqu + (1 - qu)ez + (a0 + (a1 — az)qoz + (a1 - aa)(l — @)
Rewriting n, we obtain:

apz{l — q1)(1 — g2)(1 — ¢3) o | (4.1)
aqn + (l - q“)az -+ [ao -+ (al - az)?m]z + RF,

7? ==

where, RF = (a‘l —ag)(1 - q1)lgz + (1 ~ g2)ga].

Now suppose, ¢z == g3 = 0 then we have,

g s e soz(l-q)
ajqu + (1 — qu)az + lay ¢ (ay - az)quilz

This is the expression for performance of simple protocol obtained by Zuberek
[2UDB 85a]. .
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Assume ao = 1. Since, acknowledgements in Example 1 contain no data blocks
only service blocks; the acknowledgement transfer time, that is, firing time of transi-
tion t7, is constant. Assume that the error checking and sending acknowledgement,
that is, firing time of transition t; takes constant time. Hence, we have,

S(tr) =5 A f(t) =2

Assuming the length of the service block in any message is equal to the length
of the service block in an acknowledgement, we obtain the message transfer time,

that is, firing time of transition t3 to be

Flts) == f(ty) +2=5+z
In Example 1{Fig. 4.1) the time required for traversing the successful transfer
cycle — (phthpSatS:ptstﬁrphthpl) is given by

hy == f(4) + [(ts) + F(ts) + f(t7)
I1+8-+2z+245
= 134z

We have assumed, h, = a; -+ agz. Therefore,
az tapz = 13+ z == ay = 13
For error-recovery mechanism to work properly, we must have (Fig. 4.1},

Flta) > Flts) + [lts) + f(t7)

= 54z 245
= 12 4 2

= f(ta) = 124z 4+ A where A >0

In Example 1, the amount of time the sender waits before sendiﬁg a duplicate
message is given by : _ ’
b () ()
L 124 A4 2 : '
13 Az

We have assumed, h; = a; + agz. Therefore,
[¢3] 3 aQps 13|‘ A-{-zr.:> ) = IS}‘A )
Now for Case 1, we have f(t;) = 20 A z == 5. Therefore,

Atz 12 A RS -20=5 A3

73
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Therefore, a; = 13+ A =13+ 3 = 16. ‘
Assume gp; = 0.01 and ggy = 0.005. From Case 1, we have z = 5, ¢; = 0.1, ¢z == 0.05

Since, q = gqntqmz -

== 0.1 = gqun+0.05

= g1 = 0.05 ' ..
Also, ¢ = g2+ o2t

==>  0.05 = gy +0.025

o g1 = 0,025

Now substituting ao = 1, a; = 16, a; = 13, ¢o; = 0.01, g - 0.005, q;, = 0.05,
g217 = 0.025, ¢, = 0.05 + 0012 qe = 0.025 + 0.005z and q3 = 0.1 in the expression
for n i.e., equation (4.1), we get

0.92(0.95 — 0.01z)(0.975 — 0.005z)
N = 3 gttt
. 12y

»

(4.2)

-

where,
D, = 13.15 + 1.03z + 3(0.95 — 0.012)[0.025 + 0.0052 + 0.1(0.975 - 0.005z)]

I'ig. 4.13 shows n as a function of z. To maximize n, find z > 0:dn/dz = 0. That
is, find the positive root of the following equation.

boz* -+ b,2% 4+ byz® £ byz + b, =0 (4.3)
where ' >

bo = L215E -8

by = 9.352E -5

b, = —1.163E ~ 2 ,

by = -3.523F -1 .

by = L125E + 1

Solving equation (4.3), we obtain z = 20.43. The maximum value of perforiuance
is 0.345 for z = 20M3.

Comparmg the results {Fig. 4.13) obtained here to those of Zuberek[ZUB 854,
we find quite naturally the performance of the stop-and-wait protocol is deterio-
rated. Zuberck|ZUB 85a} considers the Petri net model of stop-and-wait protocol
in which the effect of losing messages and acknowledgemients are lumped together.
Losing mesasages, messages being damaged and losing a?knowlcdgnments are mod-
cled explicitly in the present analysis. /

We observe that the optimum value of ].')(_l'fOl'HldIH(O\' is fallen from 0. 480{4[”1

t

85a] to 0.345. The effect on optimum message-length, hewever, is not substantial.
.
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Example 2 : Office copying system

A simple office copying system is analysed in this example. It is assumed t.ha.t,
the office ccgymu system consists of one or more copiers and staplers. It is also
assumed that there are two classes of jobs. Class-1 jobs due to managers whereas
class-2 jobs due to secretaries. - . '

Sccretaries spend a certain ampunt of time prepa.rmg a paper for reproduction
(job preparation step). They then go to the copying machine — make copies, collate
and staple them, and leave. This process repeats.

Similarly, the managers spend a.certain amount of time prepa.rmg the docu-
ments. They then go to the copying machine -~ make coples and leave. 'l‘hls
process also repeats. -

A closed-network m\c}lel of the office copyzg system descrlbed above with two

classes of users and non- reemptive priority” s¢heduling is shown in Fig. 4.14. .
el - . . -

. class-1
managers

i~ stapler

"0

class-2
" secretaries

Fig.4.14 Closed-network model of office copying system

—-——

16 ,
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We assume that each manager generates exactly one class-1 job at a time and

cach

secretary generates exactly one class-2. jobs at a time. Hence, the number

of class-1 and class-2 jobs in the model is cqual to the number ?f managers and
sueretaried respectively in the office system. From Fig. 4.14, we observe that there
are m ¢lass-1 Jobs—and n class-2 jobs. @, and @, are waiting queues of class-1 and
class-2 jobs rebpectwely for the copier. Qj is the waiting queue of class-2 jobs for
the stapler. To simplify the solution, the following a.ssurr,;pt.lons are made: p

1:

'y

v

All jobs within the same class are statistically identical. &
The jobs of the same class are served by FCFS (First-Come-First-Served)

discipfine.

r

Class-1 jobs have h‘{gher priority than class-2 jobs.

4. Service times of COplCl’ and stapler, and job preparation times are exponen-

tially distributed. . .7

The M-timed Petri net(Fig. 4.15) models the office copying system descrlbed

above,

The interpretation of Petri net ;:,nph is on the next page.

1 12 Fig.4.15
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p1 : ready [or class-1 t, : prepare class-1 job
job preparation
_ p2 : waiting queue Q, tz : process class-1 job
» ps : copier ty : process class-2 job
ps : waiting quéue Q, t« : post process {staple) class-2 job
ps : waiting queue Q3 ts : prepare class-2 job
pe : stapler
pr : . ready for class-2

job p‘repa.ration

bys : firing rate of ¢; or class-1 job preparation rate
b2 : firing rate of {; or service rate of class-1 jobs

b¢s : firing rate of t5 or service rate of class-2 jobs
bgy : firing.rate of ¢, or post processing service rate of class-2 jobs
by4 : firing rate of ¢; or class-2 job preparation rate '

The initial number of tokens in'places p; and p; represents the number of class-1
jobs or the number of managers. The initial number of tokens in places py, ps and
pr represents the number of class-2 jobs or the number' of secretaries. The initial
number of tokens in place ps and ps represents the number of copiers and staplers
respectively. '

Using the formalism described in Chapter 2, for initial marking po = (0, i, 1,1,0,1,0)

and firing rate v = (b2, ba1, bss, bs7, b74) = (0.025,0.2,0.1,0,5,0.05), the set of reach-
able states, S(MT) forsMtifited Petri net (Fig. 4.15) are given in Table 4.4,

Performance measures such as .average throughput rate, average turnaround
time and average waiting time in qucue can be derived from stationary probabilities
of the Petri net states. As in |ZUB 85b], the stationary or equilibrium probabilities
y(s) of the states s € S(MT) are obtained from the state-transition probabilities
p(si,s;) and the average sojourn times h(s) by solving a system of simultancous
linear equations.

Z): p(sj,s;.-)y(sj)/h(sj) = y(s:)/h(s) 1= 1,2,...,k -1
{a;,0,)€D .

> ylsd ¢

*1gi<k

where h(s) is the ajerage time spent in the state s = (u, ) and is given by
B(s) = 1/ 5 A(0) # w(2)
tGT
and & is the number of states in the set S(MT). :
The stationary probabilities y(s) and the average sojourn times h(s) for M-timed
Petfiiet (Fig, 4.15) are given in Table 4.5. '

L 3
\
|
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Table 4.4 State transitions

S h(s) y(s)

t{ 5.000 [0.019
2 | 8.000 |0.245
3 | 10.000 | 0.061
41 1905 |0.051
51 1.429 |0.011
6 113.333. | 0.538
7 | 4.000 [0.075

)

Table' 4.5 Stationarﬁr p%Babilities
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0001010 010002 1011010]10100f2 (1.000
0000010]10100[1 010001000000/ 3 0.200

' . 13{0010110({00010{ 4 |0.800
0100010]00100{3 0110110 01010(\5 41.000
1001000010010/ 1(0110000/01000 5 10.048

‘ 410010011{00001]| 6 [0.952
0000000 f0t1010f2 1010000’10000;4 0.286
. 4 (000001100001 7 10.714
001001010001y 1 (0110010 01000{ 7 [0.333
510011010]00100 2 10.667

OOOOO/LO 01001[2(1010010|10000 6 [0.800
' 510001010(|00000 110.200
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Performance measures L :

The copier is idle if u(ps) = 1. Examining Table 4.4, we find that in states s,
and sg, £(ps) = 1. The equilibrium probability that the copier is idle is equal to
v(s4) + y(ss). From Table 4.5, we find that y(s,) + y(s¢} = 0.051 + 0.538 = 0.589.
Hence, the utilization of the copier is equal to 1~ (y(s4) +y(s¢)) = 1-0.589 = 0.411.

Observe also that the copier is not idle when either f{¢;) > 0 or f(ts) > 0 i.c.,
when processing either class-1 job or class-2 job. Examining Table 4.4, we find that
in states s;, 85 and s7, f({¢2) > 0. Hence, the utilization of the copier by class-1
jobs (managers) is equal to y(s;) + y(ss) + y(ss) = 0.019 + 0.011 + 0.075 = 0.105.
Similarly, in states s; and ss, f({s) > 0. Hence, the utilization of the copier by
class-2 jobs (secretaries) is equal to y(s;) + y(ss). = 0.245 + 0.061 = 0.306. The
total utilization of the copier is equal to the sum of the utilization of the copier by
class-1 jobs and class-2 jobs, i.e., equal to 0.105+0.306=0.411 as obtained above.

Next, we calculate the average turnaround time and the average waiting time
in queue for both classes of jobs.

Class-1 jobs:

average service time of copier = 1/0.2 = 5 min
average job preparation time = 1/0.025 = 40 min

average throughput rate

| utilization of copier by class-1 jobs ‘ j’\

average s.lfé‘fvice time of copier
3

0.105 o :
= = 0.021 jobs per min

average turnaround time = 1/0.021 = 47.62 min
average waiting time
= average turnaround time - average.job preparation time

— average service time

=47.62 -- 40 — 5 = 2.62 min
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Class-2 jobs:

average service time of copielr = 1/0.1 = iO min
average service time of stapler = 1/6.5 = 2 min

average job preparation time = 1/0.05 = 20 min
a.vera.ge throughput rate

utilization of copier by class-2 jobs

average service time of copier

0.306
=0 = 0.0306 jobs per min

average turnaround time = 1/0.0306 = 32.68 min
average waiting time
. T — . - .
= average turnaround time - aVerage job preparation time

— average service time of copier — average service time of stapler

32.68 ~ 20 — 10 — 2 = 0.68 min

Finally, the office copying system (copier and stapler) is idle if u(ps) = 1 and
#(pe) = 1. Examining Table 4.4, we find that in state g, £(ps) = 1 and p(ps) = 1.
The equilibrium probability that the office copying system is idle is equal to y(sg) =
0.538. Hence, the utilization of the office copying system is equal to 1 — y(sg)
1 - 0.538 = 0.462. | \

We observe from above computations that the utilization of the copier is only
41.1 per cent. This suggests that the copier is undet utilized. We could permit
managers and secretaries from the neighbouring department to use the copier in
order to increase its utilization; However this will increase the average waiting time
for both the classes of jobs. Hence, there is a trade off between the average waiting
time and the utilization of the copier. These computations help making the decision
of installing the optimum number of copiers in the office.

i
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Chapter 5

Summary

This thesis deals with systermn performance analysis using timed Petri nets. Two
classes of timed Petrj nets — D-timed and M-timed Petri nets are examined. The
following is a brief summary of the thesis.

* We extended the formalism of D-timed Petrinets to include non-singular nets.
We also introduced a new definition — guarded due to inheritance place — to
assist in classifying Petri nets az conflict free nets.

» Analyses of D-timed and M-timed Petri nets are automated. The state graphs
of D-timed and M-timed petri nets shown in Tables 4.2, 4.3 and 4.4 (Chapter
4) are generated by our computer prografns.

o State graphs(transition graphs) obtained from the analysis of timed Petri net
~models are known to be large. Large graphs however are difficult to analyse
?i:né difficult to understand. The more states present in the graph being anal-
ysed, the more expensive computationally it is to calculate the performance
measures such as turnaround time or throughput of the modeled system. In
this thesis we present a set of reduction rules, namely, vertex reduction, junc-
tion removal, decision removal, multi-in multi-out vertex removal, merging
parallel self-loops, merging parallel edges, and self-loop removal. These re-
duction rules permit systematic reduction of states in a graph to ‘any size
desired. From these reduced graphs numerical values of performance param-
eters such as throughput and delay can be easily computed.

+ We also developed a more general algorithmn for vertex folding than those |

presently existing. It is based on the law of conservation of transition time.

To the best of our knowledge, this is the first general vertex folding algorithm.
T .
e We demonstrated the application of these reduction rules to a version of stop-
and-wait protocol.
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¢ All these rules are incorporated into a graph reduction software package which
can be used in automated performance prediction. Graph reduction software
tools such as these are important and form an mtcgra.l part of automated
protocol performance prediction tools(RUD 83).

e We finally illustrated the application of timed Petri nets to performance pre-
diction with the help of two exarnples.

1. The first éxample deals with the analysis of a stop-and-wait protocol. It
is modeled as a D-timed Petri net. The model of stop-and-wait protocol
developed in this thesis & more general than one employed in an earlier
study(ZUB 85a]. Losingl messages, messages being damaged and losing

. acknowledgements: odeled explicitly. We calculate the optimum
message length and performance of the stop-and-wait ;;rotocol.

2. The second example deals with the analysis'of an office copying system.
It is modeled as an M-timed Petri net. We calculate various performance
measures such as average turnaround time and average waltmg time in
queue. v

Three computer programs dealing with D-timed Petri net analysis, M-timed
Petri net analysis and graph reduction rules are written in PASCAL programming
language. All these programs are presently available on IBM:*PC AT: if needed
these programs could be easily ported to other machines.

The data structure used in all three computer programs is a linked list. Hence,
the size of the timed Petri net and also the size of the transition graph that these
computer programs can handle is constrained only by Turbo Pascal compiler but
not by any data structure used inside these computer programs.

The computer programs dealing with D-timed Petri net analysis, M-timed Petri
net analysis and graph reduction rules comprise respectively of 2100, 1900 and 1450
lines of PASCAL code.

The computer programs dealing with D-timed and M-timed Petri net analyses
generate the following results:

1. Classification of net

The computer programs examine the timed Petri net and determine whether
it is conflict free or not. These programis output all those places which are
shared , free-choice and guarded.

[ 2]

Construction of the state graph
The computer programs construct the state graph based on the timed Petri
net formalism developed in Chapter 2 and output the state graph in the form
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of a table consisting of the present state, the next state, the transition time,
the probability and the enable functions.
S

3. Computation of stationary probabilities
The computer programs solve the system of simgdltaneous linear equations

(page 78) to obtain the stationary probabilites of the states in the state graph.

The computer program dealing with the graph reduction rules has two phases:
enabling phase and firing phase. ‘

In the enabling phase, the computer program examines the given graph and
displays all the graph reduction rules which are enabled. Then it waits for the user
to choose any one of the enabled rules for firing.

In the firing phase, the computer program fires the user selected rule and makes
the appropriate changes to the original graph as required by the rule.

Hence, the computer program is in a loop — (enabling phase, firing phase,
enabling phase) until no more graph reduction rules are enabled or the user stops
by keying in the character ‘s’ which stands for stopping the computation.

With a friendly user interface, these programs would be useful in predicting the
performance measures such as turnaround time or throughput of computer systems,
communication protocols and office information systems.

We recommend two possible areas of further study.

1. Development of the formalism for timed Petri nets with general distribution
firing times

2. To reflect the power of our tool, we suggest the following two practical prob-
lems be attempted

(a) Performance analysis of IBM token ring network

(b) Bus contention problem in Ethernet °
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