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ABSTRACT

This thesis is concerned with the state assignment problem of
Sequential Machines.. Sequential Machines are introduced. A brief
discussion of partitions and their relation to the secondary state
assignment is presented. Several known techniques of state assign-
ments are discussed in comparison to Flip-Flop Memoxry Elements and
Delay Memory Elements. 'A new approach to the solution'of obtaining

an "optimum" realization using Flip-Flops as Memory Elements of a

Sequential Machine is presented.
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I INTRODUCTION

1.1 Sequential Machines and Sequential Circuits

The last decade has éxperienced an increased activity in the
development of the theory of Sequential Machines, referred to by
various authors as finite automata, finite state machines, or
switching circuits with memory. This surge of interest in sequen-
tial machine theory originated from the fact, that physical devices
such as electronic computers, digital systems, switching systems
etc., can be modelled by sequential machines, hence, providing a
mathematical model for theoretical studies. D. A. Huffman,

E. F. Moore and G. H. Meaiy appear to be the first authors of
published’papers concerning sequential machines. Each author
has some specialty in his formalizatiom of a sequential machine

model. As an example, in Moore's Model [13] the sequential machine

outputs are not dependent on the inputs at a particular time,
in contrast to the Mealy Model [14] where the outputs are input

dependent; this is also true for the model used by Huffman [15]

except that he restricts himself to the épplication of electro-

mechanical devices.

Before a formal definition of a sequential machine is given,
we shall. briefly state some general facts with appropriate con-

figurations.

A sequential machine is the mathematical model of its
corresponding sequential circuit. Let SM1 be any arbitrary sequen-—
tial machine, then its flow table and state diagram are given in

Figures 1.la and-b respectively.



]‘? _ Present Inputs
States 3 X, X, X, X,
S, ' S, S, Z2 22
S3 S3 | 53 Zo Zy
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:l; Next States | Outputs

FIGURE 1l.la: FLOW TABLE OF SEQUENTIAL MACHINE SML

FIGURE 1.1b: ' STATE DIAGRAM OF SEQUENTIAL MACHINE sSM1




An arbitrary code assignment of the states will convert the flow

table in figure l.la to the modified form as shown in figure l.lc. -

i E S
Present h §
e it et TR
2 Y, | ¥ =0 x,=1 x =0 x =1 |
sé : T
0 o L o o | 1 o 0 0
.0 1 i 1 1 {1 1 1 1
e s e R e e - :
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L1 o . o o . 1 1 0 1
USRI NN b f ‘ i
Y,, Y,, Z

FIGURE 1l.lc: FLOW TABLE OF SM1 WITH STATE ASSIGNMENT SPECTFIED

The next state equations resulting from this assignment are
seen to be:
Y, =y, + %,
¥, =y, T x5,
Z =7y, Ft Xy,
and when realizing these euqations we obtain the following seguengial

circuit:
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FIGURE 1.2: SEQUENTIAL CIRCUIT OF SM1

It should be obvious by now that the sequential circuit under

consideration utilizes clock pulses to control the timing of changes

of memory elements. These circuits are gemnerally known as synchro-

nous sequential circuits, and only these circuits are discussed in
this thesis.

Finally, we state the Boolean equations describing the sequen-—-
tial circuit in Fig 1.3. '

¥ =y (£+1) =f (x (&), x (£), ..., X (©), vy (£,
1 1 11 2 m 1
y, () cens v, (E))

j v F = OR gate
J Al— =  AND gate
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i = fi(xl(t), x,(8), ..., xm(t), y,(8), y,(8), -.., yn(t))

vl
|

= fn(xl(t), x, (t), ...’-xm(t), y,(8), y,(8), -ty yn(t))

Zj(t) = fj(xl(t), xz(t), cees xm(t), yl(t), yz(t), cens yn(t))
where 1 = 1, 2, ..., n
=1, 2, ..., T
t = time of occurrence
o CP
[ f.‘l ¥ ,.zl
x
2 » 3 Z,
T — . . Combinational =0
. Circuit .
x
_m - - Z
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FIGURE 1.3: GENERAL FORM OF A SYNCHRONOUS SEQUENTIAL CIRCUIT




1.2 The State Assignment Problem

The essence of an economical realization of a sequential ma-
chine centers around the code assignment of the secondary variables.
It is one of the most important steps, but also the most complicated
step in the design procedure. Theoretically, the code assignment
problem is solveable since any code assignment will lead to A
properly working sequential circuit, and furthermore, to obtain the
most economical design we merely examine all possible assignments on
a comparative basis and select the desired one to implement the cir-
cuit. This will always provide us with the most economical
sequential circuit. Unfortunately, this enumerative approach
reaches monstrous dimensions and even with the aid of high-speed
computers it remains impracticai for all but the smallest of se-
quential machines. As an example, consider a sequential machine
with four memory elements. All possible assignments of codes for
the four memory elements would require consideration of 2.0923 x
1013 different assignments, resulting in different functions which

are not all necessarily distinct.

For a given flow table containing k rows, i.e. k states, there
n .
are (i,)ways to select k distinct states and k! ways to present them,

consequently there are

2n. ™!
G B = A

(27-k)!; (E 1.1)
possible assignments. Two assignments are distinct if it is not
possible to obtain one assignment from the other by complementing
and permuting variables. The number of distinct assignment of n
variables to k states is

1 (27-1) !
ni2n 2™k) In! (E 1.2)

2n_
(k ) k! ¢



Consider a machine. with 16 states, then we require n = 1og216 = 4

binary memory elements and evaluating (E 1.2) one obtains = 5.448 x

1010 distinct assignments.

Before we conclude this section, let us make one more state-
ment concerning the number of significant Boolean functions. For n
binary variables there are 2" combinations, each one of which may be
a zero or a one for a function; hence, there are 220 fyunctions of n
va-iables. However, many of these functions are equivalent. For
only 9 variables the. total number of functions is given by a fantastic

figure of 1) 227 = 2512 » 3.6 x 1024,

From the preceding discussion it becomes evident, that a
completely exhaustive approach to the code assignment problem is

not only impractical, but in many cases impossible.

Many attempts have been made to solve the problem, but only

with partial success. However, from these emerged two general ways

of approach to the problem.

One method is distinguished by its inherent association with
a certain weighing scheme, where a collection (or set) of states is:
given a weight or a score, according to some predetermined fules,
and either the high scoring or the low scoring sets are being uti-
1ized to effect an assignment. Since this method examines a subset
of all possible assignments and selects on a comparative basis, it
is almost essential, in order to be practical, that the method be

programmable on an electronic computer.

(l)An estimated number of "protons and electrons in the universe'
is given by N = 3/2 x 136 x 2256; according to A.S. Eddington,
"pundamental Theory', Cambridge University Press 1946, pp 283.



The other method utilizes partition algebra, lattice theory
and group theory to effect a sccondary assignment. In this area,
one also finds that machine decomposition plays a predominant role,
since, whenever these methods yield a solution, the SM is decomposed
into serial, parallel or cross—coupled smaller operating segments.
This method works very well whenever the SM lends itself to de-
composition but, unfortunately, only a small subclass of all SM's
fall into that category and for the larger part of SM's these pro-

cedures are unproductive.

1.3 Algebra of Sets and Partitions

This portion of the present chapter is intended to provide the
necéssary mathematical background for this thesis.
Modern Algebra, in particular set theory, semi groups and lattice
theory have now been fully accepted as part of sequential machine

theory. A more extensive coverage can be found in [6,8].

Let S and R be non—-void sets. Then a function f of S into R is

defined as

f: SR
such that

£(s) = r

where seS and reR.

Should a set be empty then we denote this set by 6.

Definition 1.301:

A partition P on a set S is a collection of disjoint subsets of S

such that their set union is S.

Definition 1.302:

The sets of P are called blocks of P which are denoted by B and

distinguished by bars and semicolons [61.



Definition 1.303:

A binary partition (bp) [7]) over a set S, is a partition having

only two blocks. Partition P = {S;¢} is considered to be the

trivial binary partition.

Definition 1.304:

L . s .
The product of two partitions (g.1.b) Pl* P.2 = {Bl}*Bi:)lBlleP

: } 1 1
and BzJePz; i= |Pi1 and j = |P2|} , where |P| denotes the number

of blocks contained in Pk. The operator * is to be interpreted as

intersection and when no ambiguity arises we simple write Pl*P as PlP .

Example:
Let S = {a,b,c,d,e,f,gl}

P = {a,b,c; d,e,f; g} ® = {a,b,c,d; e,f,g}

then

il
m

(i) {a,b,c} U {d,e,f} U {g}
{a,b,c} 0 {d,e,£} 0 {g}

(ii) P is a binary partition
2

1l
L=

(iii) Bl, Bz, B3 of P1 are a,b,c; d,e,f and g respectively

(iv) PP B B : .B!B2; B!B2; B!'B2; BlB?; B!B2
12 120 21 31

1 2 11 3 2

I

"{a,b,c,;P;d;e,£;0;8}
= {a,b,c; e,f; d;. g}

Definition 1.305:

A binary partition on a set of states S and |S| = q being the number of states,

n,
N . . -1 .
is called a qualified binary partiton (gqbp) if and only if |Bl< 2 , where

. n —
a = [log ql, [B| = the number of states in block B or B, and [log2 ql = N is
2

the smallest integer >[N]

(1) The greatest lower bound (g.l.b) as applied to partitions.
Reference [6] and [12]

A
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Definition 1.306:

Let S be a set and | S| = q, where g is the number of elements or states is S.

Let Py, P2, ..., P be m binary partitions of S. If
g iy n-m
\3132 ... B |s 2

for all possible combination of Bi’ i=1, 2, ... m, where 1 <
m < n, then we say that the partitioms Pl’ Pz’ cees Pm are

mutually consistent.

These two definitions provide us with a means of selecting a
subset from the set of all partitions of S, which may be useful to
effect a valid assignment. A fundamental requirement for all valid
assignments has been formulated in [7] and is repeated here. "

Y

Theorem 1.31l:

An assignment of n 2[logs ql binary variables y;, ¥35 «-+> ¥, for
a set S is valid if, and only if, each vy defines a binary parti-
tion Pi over S such that the n bp's so defined are mutually con-

sistent.

Proof: [71
An example will demonstrate the previous statements:

Let S = {1,2,3,4,5,6,7,8} and

Let P, = {1,2,3,4; 5,6,7,8 1}
P, = {1,2,5,6;.3,4,7,8 }
P, = {1,3,5,7; 2,4,6,8 }
Py = {1,4; 2,3,5,6,7,8}
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P, = 1,3,5,6;.2,4,7,8

Obviously all Pi’ i=1, ..., 5, are binary partitions. Which

of these are qualified binary partitions? In accordance with
definition 1.306 we find that
ISI =q and n = logzq = 1og28 =3

and hence

lBls 2n—l = 2 = 4 will satisfy the qbp requirement.
15, ] = @0
|Ile = &,4)
| 3] = .0
|§4| = (2,6)
|Bg| = G,%)
where (IB R yﬁl) indicates the number of states in block B and B

respectively. Clearly the only non-qualified binary partition is

P

e The remaining partitions must now be checked for mutual consis—

tency, and in the quest of brevity we will restrict ourselves to a

few samples.

Consider m = 2 and in particular P, and Py

then [ 131135\s 2

lBlBs‘s 2

|B,Bg|s 2

l_1§5|$ 2
where B, = 1,2,3,4), 5& = (5,6,7,8)
and B, = (1,3,5,6), ES = (2,4,7,8)
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Evaluating lB1'Bst we obtain IBlBs[= I(lﬁ)\ = 2 and the contition
is satisfied. '

Continuing this process, we will find that P1 and Ps are mutually
consistent. This is also true for P1P2, P1P3, and P2P3. But
definition 1.306 is not satisfied for the product of P,P.and

PP, hence these qualified binary partions are not mutually consis-—
tent. '

Next consider m = 3. It can easily be shown that the only three
mutually consistent partitions are P;P,P;. These three partitions

will now provide a valid secondary assignment, as demonstrated
below:

(1,2,3,4)»0 (1,2,5,6)>0  (1,3,5,7)~0

(5,6,7,8)>1  (3,4,7,8)+1 (2,4,6,8)~1

therefore:
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1.4 Cubes and Subcubes

S » | . .
Let K© denote an n— dimensional cube and let a single

vertex be called a zero cube.

D11 . 111

A
xx1
001 101 . 11x
. L v
010 ‘ 110
000 ) 100

FIGURE 1.41: AN n=3 DIMENSIONAL CUBE

The first dimensional expansion of the zero cube will be a
_one cube or an edge. Hence a pair of adjacent zero cubes, i.e.
points connected by a line, will constitute a one cube.
Examples: (refer to figure 1.41).
(i) Any vertex designated 000, 001, 010 etc. is a zero

cube. There are a total of 8 zero cubes in a 3 dimensional cube.

(ii) The line joining the two adjacent zero cubes 111 and
110 is the one cube 1llx, where x = {0,1}. There are a total
of 12 one cubes.

(iii) The area enclosed by the four zero cubes 001, 101, 111
and 011 is a two cube and is designated xx1, where X = {0,1}.

There are a total of 6 two cubes.
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How do we rélate the preceding concepts to Boolean Algebra?
Consider a function £ and let Ko (f) denote the vertices of the
n-cube which are mapped into 1. Hence, K0 (f) represents a set
of zero cubes, and similarly, K1 (£f) is to be the set of all one
cubeé generated by K0 (f). Thus, if f is .a function of n variables,

K (£) is a union of sets of all cubes generated from f; or

n-1 .
K(f) = U K (f)
i=0 :

Examgle:

Let f(xl,xz) = x,X, + XX, + xX,3

then the set of zero cubes are
0
K (f) = {(0,0)’(031)9(130)};

The set of one cubes are

K1§f) = {(0,#),(¢,0)},.where_¢ ={xi,§£}
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8
8
81
8

172 ol 2 11 Qo1
! ;
i
{
& & & 4
- = = 10 00
aclxz .’lez
(a) (b)
T, EN
~—NC—
0 1 zxz
1 1 il
2
(c)

FIGURE 1.42: REPRESENTATIONS OF f(x. ,x )

(2) f(xl,xz) drawn on a two cube (b) f(xl,xz) drawn on a two

cube, where xiél and xi+0'(c) f(xl,xz) mapped.
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1l
Taking the highest ranking cubes, i.e., K (£)={(0,4),(4,0)}
we see that all lower cubes can be imbedded into the one cubes.

f(xl,x2)= x1+ X,

This procedure, when extended to include prime subcubes
and essential prime subcubes, is known as Quine's Algorithm; The
map representation in figure 1.42 (c) is usually used to minimize

litterals of a given f(xi).
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II SOME CODING PROCEDURES

2.1 Secondary State Assignment Technique by Armstrong 4,51

The two main features of this technique are the (p,r)
mappings, to be defined shortly, and an associated numerical
scoring of the (p,r) mappings. The flow table may be‘looked upon
as a mapping of present states into mnext states by the inputs. A
subset of these mappings is used for the secondary state assignment.
Armstrong's type I and type II adjacencies [4] are the simplest

types of (p,r) mappings.

. We begin by showing how certain mappings are employed to obtain

an efficient code assignment. °

Definitirm 2.01:

Let the subset of next states be {Q} , ' the subset of present states

be {P} and the subset of inputs be {.I}, then the next state function is
defined as ' '

§ SXI - 8§
and can be written symbolically as
{1}
{r} - {q}
Assigning the subset {P} to a p-cube of the n-cube such that all
s £ P are contained in the p-cube, and assigning all s € Q to a
q- cube of the n—cube such that all s € Q are contained in a g-cube,

where gq<n and Q ¢ P, then the Karnaugh map representation of this
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mapping will exhibit a secondary variable relationship. It has
been shown [4] that a mapping will make the simplest possible
contribution to at least one y~function by fulfilling two
necessary conditions:

(1) The states of {P} are to be assigned to completely fill
as few subcubes as possible on the n—cube, each subcube being as
large as possible.

(2) The states of {Q} must be assignable to a subcube of

dimension less than n.

Whenever the states seQ are assigned to the g-subcube, then
each of the (n~q) variables will have the same code bit, i.e.
sécondary assignment. This will provide a good partial secondary
assignment which is determined by only a single mapping. To achieve
a good overall assignment we must find a subset of all possible
'mappings sﬁéh that the'states can be aséigned.to fulfiil condifiong
1 and 2 for each mapping simultaneously. Furthermore, the subset
must include enough mappings to result in a complete and unique
secondary state assignment. This then constitutes a basic set and
to obtain a state assignment which results in a set of y-functions
having an economical form we select only particular mappings.

Mappings of this type are called optimal basic sets.

An example will demonstrate the preceding features. Consider

the flow table of SML given below:
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- Present Inputs
States N 0 i
A G D ‘
B G E
C H F
' D H E
| 'E A F
F B A
G : C B
H % A A

FIGURE 2.1l: MACHINE SMl

Since SM1 has 8 states, n = 3; hence a 3—-cube suffices for
the assignment. Now consider the first 4 states A,B,C,D and the
corresponding next states for input 0, i.e. G and_H. Symbolically
ciiscan ve wriceen | o

{1}
{2} ~1Q)
where {P} = {A, B, C, D}; {I} = {0} and {Q} = {G, H} resulting in
{0}
{A,B,C,D_,} +{G,H}
P contains 4 states requiring a 2-subcube or p = 2; similarly,
we see that q = 1.
I1f we assign the 2-subcube to Oxx, that is, the secondary

variables of the four states in {P} are assigned to 011, 001, 000
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and 010. The exact location of the states within the 2-subcube
is irrelevant for the mapping. Now let us assign the two states

G and H to a l- subcube in the region llx. The resulting mapping

can now be presented as

o

Oxx - 1llx

This implies that the mapping contributes only one term to the
y and y functions. Let the states within the two sets {r}
1 2

and {Q} be assigned as follows:

Y, yz ya
A >0 0 0
B ~»~0 0 1
c +0 1 0
D +0 1 1 -
G -1 1 0
H »1 1 1

The remaining two states have to be assigned to the. l-subcube in

the 10z region. Fence we let
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Entering the assignments into the flowtable of SMl we

have
[ Present i Inputs i
‘5 States Tty
i - T '
L 000 . 110 ' ol11
i _
001 % 110 @ 100
010 111 101
011 111 | 100
i
100 . 000 101
101 | oo1 | 000
110 . o010 o001
io111 . 000 ; 000
Lo S '
Y Y Y
1 2 3

FIGURE 2}2:' STATE ASSIGNMENTS OF sM1

0
Now let us consider the mapping Oxx - llx again in considera-—

tion to the contribution of this mapping to the Yl,Y2 functions.

Y =y x + other terms
1 1

Y =y x + other terms
2 1

For the purpose of this example we ignore the other terms because

they are not due to the mapping under consideration. Also it should
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be clear now that the exact location of the states within the
2-subcube is of no consequence for this particular mapping.

. S+I

From the total number of possibly mappings, almost 2 >
where S is the number of internal states and I is the number of

input states, we must select a subset which will provide us with
a good assignment. The following three definitions will reduce

the number of mappings to be taken into account considerably.

Definition 2.02: A p,r mapping is a mapping having 2P

states in {P} and the input symbols form an r- dimensional sub-

cube of 1I.

Definition 2.03: A selectable p,r mapping is a mapping where

the states of {P} can be assigned to a p-subcube and the states
of {Q} can be assigned to a q-subcube of dimension <n and {P} and
{Q}can be simultaneously assigned to p- subcube and q- subcube on

the n— cube.

Definition 2.04: A set of mappings is mutually compatible

if the mappings comprising the set are simultaneously selectable.
One can see an analogy between mutually consistent and
mutually compatible mappings if the latter comprises only mappings
of a binary nature.
The following example will illustrate the meaning of the
three definitions. Consider SM2 in figure 2.3.below and a partial

selection of sets from SMZ.
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Present Inputs

States X3 X, X3 X,
A H A C A
B B F D D
Cc F A B B
D A F B H
E E A D H
F H F A D
G C G F A
H D B c A

FIGURE 2.3: MACHINE SM2

let {p,}={ABCD}, {I,}={x;x,}, {Q,}={ABFH}
{p,}=(CD}, {I,}={x;x,}, {Q,}=(AF)
{P,}={CDEF}, (I }={xx,}; {Q;}=(ABDH}

According to the definition 2.02 all three partitions P;, P, and

Py and the associated partitions 1,, I, and I are qualifying as

p,r mappings, since P, = 2P
= oP
P, =2
and P, = 7P
where, in each case, p = 2 or 1. Similarly, the input partitions

form an "n" dimensional subcube of I, with r=l.
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To determine the selectability of the p,r mappings, we check
for the relation ‘Q} < 2n—1 and that the states appearing in both
{P} and {Q} form a subset. {P,} = {ABCD} and {Q;} = {ABFH}

fulfill this requirement, since the common states A and B can be

assigned to a common subcube of {Pl} and {Q} in the following manner.

A->0O 1 0

For {Pl} :
B~>0 1 1
cC-»>0 0 X
D~>0 0 x
For {Ql} : A->~0 1 O

H-> 1 1 0

This relationship is best shown on a map (see figure 2.4). It .

is also fairly obvious that both sets {Pz} and {QZ} are

¥3 -
Y1Y2 ~ A 1]
'h"”g 0 c D
0 1 A B
1 1 F H
1 0 1] ¢

FIGURE 2.4: {P,} AND {Q,} MAPPED ON THE n-TUPPLE OF {0,1}
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selectable p,r mappings, since both sets can be selected without
interfering with the code assignment. This is not true for

{Pa} and {Qs}. Although, {P;} and {Q3} are p,r mappings, they
are not selectable because the common state D prevents the

assignment of {P3} to a p-cube and {Q3} to a q—cube on the n-cube

of SM2.

With {P3} and {Q3} eliminated we now determine whether or not
the remaining two mappings are simultaneously selectable, i.e.
mutually compatible. Once {Pl} and {Q}} have been selected and
assigned according to figure 2.4 we have only to confirm that {Pz}
can be mapped into {Qz} without interfering with the previous
assignment. They do not; consequently, the two mappings are
mutually compatible. Obviously, {Pl}’ {Ql} and {P3}, {Q3} are

not mutually compatible.

Afméérong'[ﬁj proposes a table look-up method for both the
selectable mappings and the mutually compatible mappings, but at
the same time he points out, rightly so, that the construction of

such tables would be a vast undertaking.

We now turn our attention to the scoring method utilized
to effect a selection of mappings which will result in a valid
assignment. Under consideration are two types of scoring functions.

The first one, called the individual scoring function, which states
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a relation between the map vertices assigned (or consumed) and the

number of codes assigned, is

s = Ny (E2.1)
Cc
Ny

where NA = number of assignments eliminated
Nv = number of map vertices eliminated

The number of map vertices whose values are assigned is

2p'+-r

N, = (@-aq . (E2.2)

The number of assignments eliminated is N,, but, due to lack
of a better method, it is approximated by

N, = Z. (n-d. (E2.3)
B 3 ¢ J)
where dj is the dimension of the smallest cube contaiﬁing state j.

This results in a formula which is similar to (E2.1); however,
it is only an approximation, and is given by

s = B ' , (E2.4)
[ad — . .

where 2™ is normalizing factor and the (0,0) mappings, i.e.

NB = 0, are being fejected.

The second scoring method called marginal scoring, is very
closely related to the individual scoring method and is given by

s = 2™ . % (E2.5)




- 27 -

where ANB = (ONB)M+1— (cNB)M

ANV = (de)

w1~ (Nyly
Here M is the number of mappings. It follows that (oNB)M is
the number of code bits used up by the M selected mappingé, and

(CMB)M*l is the number of code bits used up by the M selected

mappings plus the one mapping under consideration.

Whenever the flow table of a sequential machine is incomplete,
i.e. the flowtable exhibits don't care states, then Armstrong

proposes two basically different approaches.

In the first procedure one ignores the existence of the don't
care states. Proceed to determine an assignment as discussed
previously, where all the {P} subsets contain only specified states.

Once the specified states have been uniquely fixed on the n-cube,

the réﬁéiﬁing vertiées; répresentiﬁg-don't care-sgateé, are then
used to simplify the resulting next state functions.

The second procedure introduces the don't care states
immediately which will generate mappings with mixed subsets {P}.
However, for computing NB and ANB one considers only the code bits
of specified states, whereas in the calculatipn of NV and ANV, as
well as for testiné mappings for compatibility, don't care states
must be taken into account. Consider the fully specified sequential

machine SM3 as an example.
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1'freseﬁf. E AA.inﬁﬁgs T
States ;";'= o { x = 1
A%IA;BA
B";F D

¢ i F D

jD\H g
E\E H
F | 6 c
¢ i A B
B | oc ¢ |

FIGURE 2.5: FLOWTABLE OF SM3

Next we reorder the flowtable in order to facilitate the

selection of (p,r) mappings.

. Present | Inputs
states [, o | x-1
U 'z
A " A B
G A B l
B . F D ‘
C i F | D
D % J % E
E f, E 1, H
¥ LG ! c
B¢ e

FIGURE 2.6: FLOWTABLE OF SM3 IN A RE-ORDERED FORM
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From this table we select the (p,r) mappings.

(3,0) Mappings:

{A,B,C,D,E,F,G,H} 0 (a,F,H,E,c,C) @

{A,B,C,D,E,F,c,H} I} (8,0,E,m,c,C} (2)

(2,1) Mappings:

ta,c,8,63 051} (a.5,F,0) | (3)
{A,G,D,E} {0;}} {A,B,H,E} (4)
{A,G,F,H} ‘{O;?} {A,B,C,G} (5)
{B,C,D,E} {0;1} {F,D,H,E} : . (6)
{D,E,¥,H} {0;?} {4,E,G,C} (7

(2,0) Mappings:

(4,6,8,} {0} {A,F} . o ®
(A,6,0,E} 1 0 }oia,u,E) | | (9)
ta,6,r,mp 10 }qa,e,cy | (10)
(B,C,D,E} © 9 Y (F,m,E} ‘ (11)
,c,7,m3 L 27 (r6,00 12)
{D,E,F,H} { 3 } {H,E,G,C} (13)
,6,¢,33 11} qp,n} (14)
60,8} 13 mEm | (15)
ta,6,7,8y 11} m,c,0 | (16)
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{B,C,D,E } {i} {D,E,H} a7
{B,C,F,H } {i} {p,G,c} (18)
{D,E,F,H } {i} {E,H,C,G} (19)

Continuing with this procedure of finding (p,r) mappings,
we would obtain a total of 40 mappings. Obviously, these (p,r).
mappings represent only a subset of all possible mappings, and

from the listed (p,r) mappings we select a basic set
BASIC SET = {3,5,6,7,8,10,11,13,14,16,19}

Note that the mappings (15 and (2) are not selectable because
the condition

lQj< 2" -1
is not met. The other mappings are not mutually compatible;
hence they are not included in the basic set. To evaluate

NB and N we use.the following two formulae:

\'4
(1) oNg = Z (n - dj) |
h h P h h
= - -qJ . . 254 + T, ]
2) oy = (-1) [D:zg't:xl (n-q; ) 4
h_ _ h-1, h-1__ bh-1
where q; = 9; +qj 9 4
h_ _ h-l
h_ _ bl
Ty T Tij

h = 1,2,--0,k

(1) Armstrong provides an explanation of how the two formulae

were derived.
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Sample calculation for (3):

STATES | SETS = n - d
A s12 3 -1
B S12 3-1
c s1 | 3-2
G sl 3 -2
F S2 3 -2
D S2 3 -2
resulting in f(n - dj) = 8.
Therefore,
cNB = 8
Next calculation is NV:
1 2 1
ony = D[z B-2 .2 + ]=8
i=1
where'M° =1, h = 0.
Now
m
S = 2 'oNB
c oN
v
‘Letting m = 1 we have
. 2.8
SC = 8 = 2

Repeating these calculations for all mappings of the basic
. set, we obtain several scores associated with each mapping from

which we select the lowest scoring mappings.
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In the above paragraph we select (3) as our first choice
and sequentially check the other mappings with the first selection

and find that (5) is a likely selection for our second mapping..

The result is given in tabular form below:

_— 4Ly, 00 \! o1’ 11 10

: 3 T ‘ R B
0 x : c B D

b o SOOI S

1 i@ A F
FIGURE 2.7: STATE ASSIGNMENT TABLE FOR SM3

For the third choice we have two possible ways of completing

the assignment:
(1) {HGAF} > Y3

(2) {EGAF} » Y3

However, to satisfy (5), 1.e.

{AcFH} - {ABCG}

we have to select (1), which completes the assignment procedure.

Y3
0 ‘\ E C B D
H 1 } H G A F
{ a

FIGURE 2.8: COMPLETED- ASSIGNMENT OF SM3
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Entering the assignment in the flowtable, we get

1

i

Present States

{k Inputs

. A 111 111 110
B 110 101 100
¢ 010 101 100
’M ------ p | 100 oo 000
,- & ! ‘000 000 | 001
3 F 101 011 010
| G MZ 011 111 110
TTq U Toor | o0 011

FIGURE 2.9:

e b

FLOWTABLE OF SM3 WITH ASSIGNMENT

ogic equations are:

Y2
¥3

X (v, +¥,¥,) +x (37,

2.2 The D-M Method

as developed by Dolotta and McCluskey [11,

The method of coding internal states of sequential machines

many of the existing methods.

is an improvement over

The procedure can be programmed on
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a computer, but due to its size, it becomes impractical for
sequential machines with more than 16 states, even for computers.
However, since the majority of sequential machines encountered in a
practical situation usually have less than 16 states, the method

presented does not exhibit a very serious restriction.
We now turn our attention to the development of the method.

Consider the flow table of SM given in table 2.10:

Present Inputs
States \ ‘
00 I‘ oL | 11 | 10
e , | |
L o3 1 1‘ 3 |2
t — ‘ E. —
: 2 A 2 | 3 i 3
H - — - 1 m e ‘
3 2 A 4
4 P2 14 4

FIGURE 2.10: FLOWTABLE OF SM4

The SM is fully specified and the inputs X; and x, have been
pre~determined. With four internal states, one will need two
secondary variables y, and y, in order to assign distinct codes
to each state. It has been shown [10] that there are exactly three

distinct ways of coding this table, corresponding to the following

three codes:
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(a) 1 - y2

Y~ Y&
0 0
0 1
1 0
1 1
(b) pA y2
0 0
0 1
1 1
1 0
(c) vyl y2
0 0
1 1
0 1
1 0

Hence, only three columns can be used to code a four state machine.

These are:

(1) o (2) 0 (3 0
0 1 1
1 0 1
1 1 0

and are called codable columns.
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Definition 2.05: A codable column for a k-row flow table is

any column of O's and 1's with the following properties:
(a) has length k
(b) the first element is a zero
(c) has at most Zn—l ones

(d) has at most Zn—l zeros

Clearly then, we have three possible different assignments

or evaluating

A (k) = " - 1)t , where k is the number of states
@20 - k)! n !
as shown in section 1,
2
_ (2 -1) : -3 - 3
AR Ty 2 BE

Next, consider the codable columns as a matrix_and associate
the rows of the matrix with the states of the sequential machine.

For SM4 we obtain the following relations:

: {
States | Matrix ;
IS g :
1 ; 000 !
2 011
B 3 101
4 110
e e -
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This matrix is called the Base Matrix. Similarly, by constructing

matrices of the next state columns with the appropriate rows of
the base matrix, a mapping is obtained from the present states,
the base matrix rows, to the next states which correspond to the

four columns of the flow table. Thus we can determine what each

States Base ;15:2 ;11:2 X X, XI;Z

; Matrix Matrix Matrix Matrix Matrix

1 ‘ 000 101 000 101 011
b2 L on 110 | 011 101 101 |
% 3 101 oL | 110 110 110
g . i 110 011 000 110 | 110 J(

FIGURE 2.11: BASE MATRIX MAPPINGS FOR SM4

of the codable columns maps into each of the columns of the state
table. This mapping provides us with a method for selecting the
best coding and to facilitate this selection we construct a scoring

array.

Code the column entry in octal numbers reading from bottom
to top. Convert to octal label, then add each column and form an
array from the sums of columns. A column containing a topmost one
is complemented and the score of the column is identified with

a minus sign.
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T ——— e
Octal Labels| — — — —
of S 1% *1% *1%
% Base Matrix | Matrix Matrix Matrix Matrix
i 3 -3 2 -0 7
’ 5 ‘ 7 6 3 ~4
6 i =4 4 -3 -3
{ i

FIGURE 2.12: SCORING ARRAY FOR SM4

It is obvious that if the row with base entry 3 is chosen for

coding, then the next state equation will contain a complemented

variable of its present state.

Now consider the O- entry in that row. Since it is identified
by a minus sign, we know immediétely that all entries are 1's, and
the corresponding term in the next state equation is independent of
the present state variables. Hence, by assigning differentAweights
to desirable entries and adding these, we obfain different scores of

which we select the highest score.

Assign the following octal scores to the different entries:
20 for an all-zero entry

10 for an all-one entry

30 for adjacency

4 for identity with base entry

4 for complement of base entry



Octal Labelsf paslbamy p— —_
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The scoring array for the illustrative example is shown in

Figure 2.13.

- 0 - . . . g e e g e e [ U

of | *1%p X)X, X X, X, X

Base Matrix 4 Matrix | Matrix | Matrix | Matrix || Score 1 | Score 2

; 3 1 -3 2 -0 7 4 14 34
: 5 7 6 3 -4 0 34

6 1 -4 4 -3 ¢ -3 1 20 ~

FIGURE 2.13: SCORING ARRAY OF SM4

For our first variable we chose the entry 6 of the base matrix
since it has the highest score. Before we make a selection for the
second variable we must re-~evaluate the scoring method, since an
already chosen base entry will influence the next selection.
Therefore, assign a score of 4 to the occurrence of an already
chosen entry (or its complement) as an entry in the scoring array.
Another important feature relates to the fact, that the more the
identical terms appear in all expressions, the more economical is
its implementation. Thus, we are loocking for identical entries
in the rows under consideration. We will assign gn octal score

of 20 for this feature of row similarities.



Lastly, the selected columns must be mutually consistent.

From figure 2.13 we see that both entries under score #2 are
equal, so either one will be selectable provided all other req-

uirements are fulfilled also.

On selection of base rows 6 and 3, the following coded

flowtable evolves.

States Inputs
Y., 00 01 11 10
i 00 11 00 11 10
10 o1 | 10 11 11
i 11 10 01 01 01
. 01 10 00 01 01 )

FIGURE 2.14: CODED FLOW TABLE OF SM&

The resulting two-level Boolean expressions are:

Y, = oxxy, + xyxy;, +oxy¥, + oxy,
= o o~ o~y . + x
Y, = xxy, + x,y;y, + xx, + xy, 172

which need 11 gates for their implementation.
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2.3 Assignment Algorithm by Schneider

In this section we consider the.state assigument algorithm
developed by M.I. Schneider[llj. There are three basic concepts
which are fundamental to the algorithm:

(1) column adjacent groups . . -

(2) row adjacent groups

and (3) output adjacent groups

A1l adjacenc& groups are listed, along with the frequency of
occurrénce of each type, and a score is derived. An ordered list

-0f adjacencies is formed, starting with the highest score,'and codes
assigned in order of decreasing rank. This prééédure continues
until a valid assignment has been obtained, without destroying any

of the higher ranked adjacency groups already satisfied. The results

arelquite gbod and the method is applicable to large machines as wéll.

Let us consider five definitions which arxe basic to the
algorithm:

Definition 2.20:

Groups of states containing all states that go to the same next state

for a particular input excitation will be called column groups.

Definition 2.21:

Groups of different states all of whose elements are members of a
single column group and which contain 23 states (1<j<n-1) will be known

as column adjacent groups.




Definition 2.22:

Pairs of states, that are next state entries for the same internal
state and that are specified by input codes identical in all but one

bit, will be defined as row adjacent groups.

Definition 2.23:

Groups of states containing all states, that, for a specified input
excitation, have a '"1" bit corresponding to a particular output line

will be called output groups.

Definition 2.24:

Groups of different states, all of whose elements are members of a
single output group and which contain 23states (Lsjsn-1) will be

known as output adjacent groups.

The column adjacent group is the same as Armstrong's type II
adjacency if j = 1, and the row adjacent group is the same as Armstrong's

type I adjacency. The output group definition was formulated by

Schneider.

Applying the procedure:
(1) Find:
(1) all column groups
(2) all column adjacent groups
(3) all output groups
(4) all output adjacent groups

(5) all row adjacent pairs
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(ii) Compute:
(6) an adjacency total

(7) a score
(ididi) Order:

(8) the adjacent groups by descending score values.
(iv) Assign:

(9) codes to states
) . Complement: -

(10) code bits of the derived assignment

In connection with steps 6 and 7 one has two formulae to

compute:

(a) At ay Ca 4 a, Ra + a, 0a

(b) Sc = bj At-

where Ca = number of occurrences as column adjacencies

. Ra = number of occurrences as row adjacencies
Oa = number of output adjacencies
At = adjacency total
S = Score
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This necessitates the evaluation of four constants, namely:

a15 a,, ag and bj where l<j<2n. Schneider determined experimentally

these terms to be

=2 =
a; = > 1.5

_ 3n+2m - 2 n _
2% Sn+bdm-1 * 27070
a; = 1

by considering the average numbers of minterms that can be merged
when certain conditions, i.e. column adjacencies, row adjacencies,
and output adjacencies, are satisfied. Next consider the constant bj'
The only useful relation given is, that

b. + 1>b,_

3 M

implying that the adjacent groups with the greater number of next
state entries have the greater co—efficient. This is reasonable,
since the selection of thémadjacent group with the greater number of
states, result in more minterm being merged into a single for some

Y. or Z, function.
1 J

2.4 Assignment Approach by Hartmanis and Stearns

The state assignment approach of Hartmanis and StearnS‘[ﬁ]iS
based on selecting codes for the internal states of a machine in
such a manner that each variable depends upon the smallest subset
of the variables. The concept of partitions with substitution property

and partition pairs are developed.
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Definition 2.25:

A partition T on the set or states of a sequential machine SM has
the' substitution property (SP) if for any two states si and S, in
the same block of T and any input I, the sates (Si, I) and (Sj,I)
are again contained in a common block of T, i.e.

)

{si,z} —>{sk}

O
0

)
‘{Sj,qu-{Sl}
where Sk’ Sze(B)T

Definition 2.26:

1 :
A partition pair (r,T ) on the states of a sequential machine SM is
an ordered pair of partitions on the set of states such that, if Si
and Sj belong to the same block of T, then for each input I, (Si,I)

and (Sj,I) are in the same block of T' .
S : {Si,I} -> {Sk}
S : {Sj,I} -> {Sz}

‘where Sk’ Sz s(B)Tl

If T=T1, then the definition becomes that of a partition with the
substitution property. TFor both cases, methods for generating these
partitions and the algebra for manipulating them are developed.
Unfortunately, there is only a small subset of sequential machines
where these methods yield a solution. When it does, the results are
quite good and exhibit the characteristic decomposition into segments‘.

. 1
as shown in figures 2.41 and 2.42. TFor partition pair (t,T ) the



segment dependency manifests itself in cross—coupling of inputs and

outputs as shown in figure 2.43.

=

e
.._T
-

\f

OHOOt

, sz-tl SM > OUTPUT

A

FIGURE 2.41: SERIAL DECOMPOSITION.OF SM INTO
SMi AND SM

2
— s [T
: i
i !

{1} v——————*i _ 5-\:3———-% OUTPUT
L it

FIGURE 2.42: PARALLEL DECOMPOSITION OF SM
INTO SM; AND SM.l1

. I
I} = ‘, > M]_ i L
—— 1 ig: .
} - : ——>0UTPUT
L = P
i : b H
S My ¢

FIGURE 2.43: TYPICAL DECOMPOSITION OF

sM INTO SMl AND SM2 WITH

PARTITION PAIRS (T,TS
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ITI REALTZATION WITH RS FLIP-FLOP MEMORY ELEMENTS

3.1 Introduction

The most important memory element in sequential switching systems
is the flip-flop. In the preceding chapter we discussed the'secondary
state assignment problem utilizing delay type memory elements. The
delay memory elements have many advantages, and usually, simplify
the assignment problem considerably. However, the majority of
digital machines utilize flip-flops, and in general, they have one to
three inputs and two outputs. The number of inputs depends on the

particular type of flip-flop as shown in Figure 3.1

— Q —
0 P> Q +1{S 0 p> - 1|8 0 |- Q
~|T
192 SR 12  s|r 1|2
(a) (b) “(e)

FIGURE 3.1: THREE TYPES OF FLIP-FLOPS

(a) Trigger Flip-Flop
(b) RS Flip-Flop

(c) RST Flip-Flop
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We shall be only concerned with the RS and T flip~flops in the
succeeding discussion, and hence, terminate any further analysis

of the RST flip-flop. For the RS and T flip-flop, however, we will
develope a new secondary assignment technique, which will result in
some simplified circuit realization. This simplification usually
manifests.itself in reduced cost, fewer circuit interconnectipﬁs

and better reliability. However, the.technique presented here has
also some of the "universal" short-comings; it applies only to small
set of circuits, and it gives no indication of how optimum the
produced codings are. On the other hand, the technique is systematic

and can be readily programmed on a computer.

3.2 The RS Flip-Flop

First let us consider the oéeration of the RS.flip—flop. The
RS flip-flop, shown in figure 3.1 (b), has two inputs R = {0,1}
(reset) and S = {0,1} (set) and two oﬁtputs Q = {1,0} and Q = {0,1}.
If we are discussing more than one RS-FF (FF for flip-flop) we shall
index them with subscripts'and refer to the ith FF as FFi with
n,

n
inputs Ri and S, and outputs Qi’ where i is an integer and Qi equals
l .

either Q. or Ei. The flow table of an RS-FF is shown in figure 3.2.



Present Inputs

State RS
Q 00 01 11- 10
0 0 1* N.A. | .O
1 0/1 1 N.A. | 0%

FIGURE 3.2: RS-FF FLOW TABLE

(N.A. - NOT ALLOWED)

- From the RS~-FF flow table we conéludé that the RS~FF is a 2 state

sequential machine with

1) {q} = {0,1}} - étate set.

2) {X} = {0,1} x'{O;l} ~ Input set
3) {0} = {0,1} — Qutput set

Let us now consider the two inputs R and 'S separately and obtain
‘the corresponding flowtable of each input. Since the input R =1
and S = 1 is not allowed we can immediately dispensé with the 11
column. For R =0 and S = 1 the RS-FF is under control of the S
input and conversely, if R = 1 and S = 0 the RS-FF is under contfol
of the R input; hence, we can disregard the respective column for
which the input is 0. This provides us with a flowtable for input

R or S only.
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Present | Inputs
States R
Q 0 1
0 0 0
1 1 0

FIGURE 3.3: R INPUT ONLY — FF FLOWTABLE

Present{ Inputs
States
S
Q 0 1
0 0 1
1 1 1

FIGURE 3.4: S INPUT ONLY ~FF FLOWTABLE

For the R input only we can write the following excitation
equations:

RESET OR + OR

= R
But surely, if the FF is already in the (reset) "O" state, then an
input on the R lead has no effect on the FF whatsoever; hence, this
condition can be treated as a "don't care' condition, and the only
necessary excitation of thé R input is the state change of Qi+6£.
Incorporating the don't care conditions in the flowtable of figure 3.3,

one obtains the following flowtable.
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Present Inputs
. States R
Q 0 1
0 @ @
4 1 0

FIGURE 3.5: MODIFIED R ONLY ~FF FLOWTABLE

The @ indicates the don't care conditions, appearing in the next
» app g

state column whenever
8: {qi,x} +{qi}

for any input x. In particular

n,
§: {O,R} > {0}

where R = R or R. This shows that the only necessary input to

Reset the RS-FF is required when the FF is in a set state and any
other time fﬂé excitétibn of theHRéset inp;t doés not alter tﬁé:ététe
of the FF, and is therefore optional. Similarly, we can show that
for the setting of a FF we require only

= SQ + SQ

9]

FF

or SFF = S

by discarding the don't care condition.



This discussion leads one to believe that realization of Sequential
Machines with f£lip-flops is a special case, requiring specific

techniques in order to obtain "best" realization.
already demonstrated that this is certainly true for the realization

techniques with Partition Algebra as developed by Hartmanis and

6]

Stearns - And indeed, one can show that although the Dolotta—

[1]

McCluskey

method produces an acceptable secondary assignement
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Harlow and Coates

[2]

for delay memory elements, this may not be necessarily true for flip-

flop memory elements.

3.3 The Scoring Approach

Consider the Base Matrix mappings for SM4 as shown in Figure 2.11

and repeated here in figure 3.6.

States Base o - —_
Matrix XX, X ¥, XX, X X,
1 000 101 000 101 011
2 01l 110 011 101 101
3 101 011 110 110 110
4 110 011 000 110 110
FIGURE 3.6:

BASE MATRIX AND INPUT MATRIX MAPPINGS FOR SM4
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The evaluation of these mappings resulted in the coded flow

table below.

Present Inputs
States
Xy X3
Yy, Y, 0 0 0 1 1 1 1 0
0 0 1 1 0 0 1 1 0 1
0 1 1 0 0 1 1 1 1 1
1 1 0 1 1 o 1 0 1 0
1 o 0 1 0 o 1 0 1 0
Yle

FIGURE 3.7: CODED FLOW TABLE OF SM4

The expressions for RS-FF realization are as follows:

81 = x1%0y;1 + X1Xo+ X1¥2

R) = x1X,y1+ X1¥1¥2

S2 = x1Xpyo+ Xpy1y2t+ X1¥1

Ry = x1x5y1y2+ Xoy1+ X152



This gives a total.of 14 gates and 27 literals. This may be
compared with the previously derived count of 11 gates and

23 literals for realization with delay elements.

Next consider tﬁe Base Matfix Mapping for SM4 in the context
of the preceding discussion by developing two separate Base
Matrix Mappings: one for the setting function, and one for the
resetting function, i.e. the S-Base Matrix Mapping and R-Base

Matrix Mapping respectively.

-Definition 3.1:

A sequential machine flow table generated from the Base Matrix

entries under input set {X} is called an S-Base Matrix if don't

care conditions
n,
6': {Qs S]"*{(j]>

have been identified.

Definition 3.2:

A sequential machine flow table generated from the Base Matrix

entries under input set {X} is called an R—-Base Matrix if the don't

care conditions
e rb —
§: {Q, R}>{Q}
have been identified.
It should be clear, that for the S-Base Matrix the don't care
condition is shown as a I and for the R-Base Matrix as a @.

Obviously the two Matrices can be combined.



- 55 —~

Definition 3.3:

An I-Base Matrix is the superposition of the S~Base Matrix and

the R-Base Matrix.

Base I - Base Matrix
Matrix xX1X2 X1X2 X1X2 X1X2
000 1¢1 P00 191 911
o11 1Jo0 113 8 4 107 101
101 o117 110 110 110
110 pI1 009 119 119

FIGURE 3.8:

THE COMBINED MACHINE MATRIX OF SM4

Separating the information into two distinct tables, one for the
setting function, and the other for the resetting function yields

the following tables.

Base Inputs
Matrix ;1—;2 x 1X2 XX, X 1;2
000 101 000 101 011
011 110 011 101 1071
101 011 110 110 X110
110 071 000 110 110
FIGURE 3.9: THE S—BASE MATRIX TABLE FOR SM4
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Here we have indicated the condition

5:'{FFk (a;), xj}+{FFk (¢}

where the particular FFk remaining in its state is indicated by
a stroke (1) which is interpreted as a don't care condition.
Similarly; we formulate the R-Base Matrix by considering only

the information required to derive the resetting function for the

particular FF'S, i.e. we consider only the 0'S of the table.

Base Inputs

Matrix X1X5 X1%, X1Xo x1§é
000 1961 909 191 g11
011 110 11 - 101 101
.101 011 110 110 110
110 011 00¢ 110 110

FIGURE 3.10: THE R-BASE MATRIX TABLE FOR MS4

Again we indicate the condition of

8t {FFk (a7, xj}+{FFk CY,
by placing a stroke through the variable associated with that
particular FFk which does not change state in the transition.
This leaves us now at the point of formulating a procedure for
evaluating the two tables, particularly, to identify features for

which the final realization is facilitated. There are certain



features which are more desirable than others and should be given
precedence. To make the selection process easier,-we will assign
a numerical score to each feature and weigh it in accordance with
the desirability. The desirable properties and the associated

scoring are as follows:

Condition Score
An all O or @ or I columns entry 20
An all 1 columm entry | 10
An all 1 row entry | 10*
For adjacency columns 10 .
For identity with base column 4
For complement of base column 4

* provided the # of input subsets are greater than 2

In each case we consider the don't care entries as part of the
column and use it to achieve the best possible score. If we are
not interested in hand calculations, there is no need to develop

a particular labelling scheme but simply compare the I-Base Matrix
entries (IMij) with the Base Matrix entries (BMij)' In each pass
we use the don't care entries of a particular (IMij) to give the
best results in relation to its (BMij) entries. After the first
selection the process is repeated and at this time the don't cares
may be changed in order to achieve a higher score in consideration

to the already selected BM column.
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3.4 Hand Assignment Technique

For hand assignmenté we can generate a Scoring Array by
assigning binary weights to the relative position of the 1 entries
in the Base Matrix and adding to a column total. ¥For every column
we have aﬁ least two sums, one will be the actuai calculated and
the other will be the difference between the calculated and the»
total obtainable. The significance of .the latter is, that this

relates to the negated variable.
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GENERATE BASE MATRIX

\
GENERATE INPUT MATRIX

A
IDENTIFY DON'T CARE ENTRIES

A

WEIGHT EACH 1 ENTRY AND ADD
COLUMN

\

| NO| DON'T CARE ENTRIES PRESENT
IN COLUMN

\ YES

GENERATE. COMBINATIONS OF
ENTRIES AND OBTAIN A SET
OF COLUMN SUMS

\

GENERATE SCORING ARRAY AND
FIRST SCORE COLUMN

\
SELECT HIGHEST SCORING

COLUMN N
YES
\i
NO MUTUAL NO B
CONSISTENT ¢ FIRST.SELECTION
YES
3
\ .
DELETE COLUMN, COMPLETE ASSIGNMENT NO > SCORE REMAINING
SELECT NEXT COLUMNS AGAINST g
HIGHEST SCORE SELECTED COLUMNS

! ‘ FIGURE 3.11: THE HAND ASSIGNMENT ALGORITHM
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Example:
Weight Base Matrix

1 : 000

2 011

4 101
Actual calculated 426
Difference 351
Total 777

Whenever the matrix contains don't care entries, combinations are
generated using the don't cares. The set of sums so generated can
then be used for comparison with the Base Matrix sums and the most

advantageous combination can be selected.

Example:
Base Matrix S—Base Matrix
000 011
011 011
io1i 000
426 011
351 033




The second set of figures in the S-Base Matrix section, i.e. 3,

is generated by the don't care entry in position 2 from the top

which has a weight of 2.

Having thus evaluated each particular column we can now rearrange

this information into a scoring array.

{BM) Base Matrix (SM) s-Base Mafrix Score
4,3 0 20
2,5 1,3 0
6,1 1,3 4

Obviously, the hand assignment relates very closely to the computer
algorithm, but like so many others, the procedure becomes long

and cumbersome when the Sequential Machine has more than.8 states.

3.5 Scoring Applied

The computer scoring array is an (SCM) Scoring Matrix of
dimension I x C (I = Input subcubes and C = # of Columns of Base
Matrix). Each element of SCM, is the accumulated score for that
particular operation which, when added coluﬁnwise, results in the

total score for that particular Base Column.
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For SM4, the 8CM has the dimension of 4 x 3 and would accumulate

the following scores from the S—-Base Matrix Table:

SCM1 1 = 4 - for complement of base columns
?
SCM, ; = 20 - for all {0,1} entries
E .
SCM3 1 = 10 - for all {1,2} entries
3>
SCM4 1 = 0 - no established relationship
’ .

Adding the scores obtained from the R-Base Matrix Table:

SCMl 1 = 4 - for identity with base
, .
SCM2 1 = .0 — no established relationship
b
ScM = 20 - for all {0} entries
3,1
SCM4 1 = 20 - for all {0,1} entries
E

giving the following first run score of

SCMl,l = 8
SCMZ,l = .20
SCM3’l = 30
SCM4 1 = 20
2
and ZSCML< 1 = 78, k = 1,--,4
>

Completing the SCM, for SM4 as described above gives

ic
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30 4
20 10 30

30 10 20

20 4 0

isaw, _=[78 54 s4)

Adding the score for an all 1 row entry of 10 to SMC results .

1,2
in the final array of

LSMC. =[78 64 54]
i,c

>

Since ZSCMi,]_has the highest score, the first column of the
Base Matrix is our first choice. With the selection of fhe first
variable Yl, we review the scoring by considering the Yl with |
respect to the remaining choices. Any -additional score is added
to the respective columns in.SCMi ; which has now dimension

b

(I x C-1). Continuing with the second scoring run we obtain,

[~ )
34 4
SMC. _ {10 34
i,c-1
18 28
4 8
10 -

[

zsom, . = [76  74]
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Obviously, our next selection is the second column of the
Base Matrix. Now we are ready to write the logic equations and

observe the results of the scoring procedures.

Present Inputs
States
Xq1Xo
Y152
0 0 0o 1 11 1 0
0o o0 1 ¢ ¢ o0 1 P ¢ 1
0o 1 1 1 ¢ 1 i 0 1 o0
1 0 o 1 1 1 1 1 1 1
1 1 0o 1 0 0 1 1 1 1
Y;Y,
FIGURE 3:10a: | FLOW TABLE OF SM4
FFig = V%% + %%y + ¥19,%
FFyg = ¥3¥, + Y%i1%,
Fiir = ¥1%%y + ¥195,%%
FFop = ¥1¥2,1 + ¥1¥3%1%

Underlined products are identical and hence the gates can be

shared. This leaves us with a gate count of 11 and 20 literals.
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GENERATE BASE MATRIX

\

GENERATE INPUT MATRIX

\

IDENTIFY "DON'T CARES"
(BM, . = IM, .)
1,3

1,53

[
GENERATE S—-BASE MATRIX

\

rm 0 v o

EVALUATE COLUMNS AND SCORE

ACCORDINGLY
BM = IM.

i,x

BM = IM,

i’x >
M = 0,X
1,1
1
IM, = 1IM

i,x
IM,

1’
™

X

»
i

li

>3

i,x

i,x

1,X

i,x +1

Y

FIRST LOOP

NO

YES

\

DELETE NO

SELECT HIGHEST SCORED
COLUMN

\

COLUMN

IS SELECTED

COLUMN MU-

TUALLY CONSISTENT

ADD NEW SCORE TO
EXISTING SCORE

\ YES

SELECT, COMPLETED: I.E.
VALID ASSIGNMENT

FIGURE 3.12:

LET SM, =
i,x

b

‘% NO
BM

i,x

STOP

The Assignment Algorithm for RS-FF

YES
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X, X,¥, —= A
) -
xm, == A f——] V
3
S
FF, I q
Y, A
Vv
X7, A
—
xlxzy1 —— /\
~ V
X X —_—1 A — g -] FF 2
172717, C 2
R& . 6
. 2
iV

FIGURE 3.13: Circuit of SM4




Next we will apply the Hand Algorithm to SM4.

(1) Generate Base Matrix

000

011

101

110

(2) Generate Input Matrix

00 o1 11 10
101 000 101 011
110 011 101 101
011 110 110 110
011 000 . 110 110

(3) Identify don't care entries

Base Input Matrix
Matrix

00 o1 11 10
000 101 1010 191 g11
011 110 PrLL 101 101
101 0171 710 110 110
110 011 009 110 Yig

44
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(4) Weight each 1 entry and add column
For set:
12 10 6 3 4 9 0 4 3 4 2 5
3 5 9
For reset:
12 0 2 8 8 0 2 0o 2
(5) Yes
(6) For set:
BM } 00 01 11 10
1210 6 : 73 4 9 0O 4 O 3 4 1 2 5 1
3 5 9 6 13 6 7 12 3 -6 13 3
i 12 15 10
i 14 14
For reset:
BM 00 01 11 10
1."2'106 12. 0 2 8 8 4 0 2 4 0 2 4
3 5 9 10 9 12 312 12
9 5

11 13
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(7) Generate Scoring Array

Inputs Scores

Base 00 01 11 10 I I1
12,3 3 0 3,7,15 .4»;,6,10,14 34
12 8,10,9,11 | © 0 44
£ 78

10,5 '4;6,12,14 4,6 4,12 5,13 34 8

0 8,9 2,3 - 2 | 30 4

I T 64 £ 76

6,9 9,13 0 1,3 | 1,3 34 8

2 4,12,5,13 | 4,12 4,12 20 12

T 54 574

(8) Select highest sccring column.

This is column I with a"78 score. -

(9) Score remaining columns against selected column. This is

score II under step #7.

(10) Select highest scoring column. This is column II with a

76 score.

(11) Mutually consistent: yes




(12) Assignment complete

Present
States : . Inputs
T1Y2 *1%2

0 0 1 1 1 1 0
0 0 1 0 0 o 1 0 0 1
0 1 11 o1 1 0 1 0
1 0 0O 1 11 11 1 1
i1 0 1 0O O 1 1 1 1

FIGURE 3.14: FLOW TABLE OF SM4

Obviously, this is.identical to the computer generated Flow Table

of SM4. However, there are some very interesting features to be
observed in the Scoring Array. Any entry in an input column can

be combined with an adjacent input column entry, provided that the
entry under consideration is smaller'than the adjacent entry and be
binary inclusive. Consider the first row in the Scoring Array under

input x.= 1 and Xy= 0. None of the entries {2,6,10,14} score, but

1
there is still a simplification possible, because in column x = 1 and
X, = 1, the scoring entry {3} can be utilized to combine with the

entry {2} in the adjacent column, and thereby reducing the literal count.
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Furthermore, any entry in the same column but on different rows

are equal terms. This means that the terms can be shared. Again
consider column x; =1 and x, = 0 and the entry {2} in row 1 and
entry {2} in row 3. The first term appears in the setting function
for FFl and the seéond term appears in the resetting function of FF2.

Hence the gates can be shared. Similarly, for input column X = 0

and X, = 1 and the entry {8} in row 2 and entry {8} in row 4.

Although there is no scoring for common terms it is certainly
possible to predict prior to deriving the logic operations how many

terms can be shared.
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v REALTZATION WITH TRIGGER FLIP-FLOP MEMORY ELEMENTS

4.1 Introduction

We will now show that the previously developed scoring method

for RS—FF requires only minor modification in order to be apﬁlicable

to T-~-FF realization.

4.2 The Trigger Flip-Flop or Toggle

A T-FF is a two state sequential machine as specified in the
T-FF flow table in Figure 4.1. The input terminal is dénoted by
T and the output terminals by Q and Q. As previously discﬁssed in
connection with the RS-FF, trigger flip-flops will be also indexed

Y]
.th .
with integers as T—FFi, Ti, Qi for the i h input or output respectively.

Present Inputs

States 0] 1
0 0 1
1 1 0

4.1 THE TRIGGER FLIP~-FLOP FLOW TABLE

As can be seen from the flow table, the T-FF will always change

state whenever the input terminal is energized, i.e.

s : {Q,X} ~ {qQ}
and s : {Q,x} -~ {Q}
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This differs from the RS-FF where a set input would have no effect
on the FF if the FF was already in the set state. These conditions
were‘identified as don't cares in the SB matrix. 1In this context

the T-FF has no don't care conditions available for possible simpli--
fication of the excitation function. Every map entry has to be
covered,. similar to the delay element technique. However, what
appears as a don't care entry in the SB matrix for tbe‘RS—FF,.
becomes a no—change~condition for the T-FF. This means that for

every
§ : {FF_ (qp), X} - {FF_ (q)}
Where éi = 8, i.e. the 1 or 0 state, the TB matrix will coantain a

zero entry.

Definition 4.1:

A Trigger Base Matrix (TB matrix) is the resulting matrix from the
logic "Not Equal" operation performed on the Base Matrix and the Input
Matrix, i.e.

: <~ BM.. # IM..
TBij B I:LJ 7 4]

Once this prbcedure has been performed the basic scoring method
applies and although the TB matrix will never contain don't care
entries the Assignment Algorithm for RS—FF can be effectively utilized

by implementing the following modification.
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GENERATE BASE MATRIX

GENERATE INPUT MATRIX

REALIZATION WITH T-FF

NO

ety REALTIZATION WITH RS-FF

\L

tms

GENERATE TB MATRIX
(TBij-(--BMij # IMij)

IDENTIFY "DON'T CARES"

BM, . = IM, .
¢ 1,7 1:3)

il GENERATE SB MATRIX |

EVALUATE COLUMNS AND SCORE
ACCORDINGLY ETC.
FIGURE 3.12

AS IN |

FIGURE 4.2: The Assignment Algorithm For RS-FF

and T-FF
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Example 4.1: Let the BM and IM matrices have the following wvalues

"000 | 110
BM =011/ IM=|110

110 101

101 011]

then the operation

TB,, —<— BM, . . o, wh ;
i3 BM, # ™, or BMJ_J@ 1M, 5, where @ is the

the exclusive OR operétion,
results in

(110

011

110
L —
Consider SM5 below, which has only trivial SP partitions

nzmely {I} and {O}.

Present Inputs
States 0 1
B g 3
2 2 4
3 5 ; 1
5 3 >

FIGURE 4.3: FLOW TABLE OF SM5
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Prior to calculating the Mm pairs for SM5, let us.review a definition

originally formulated in [6].

Definition 4.1:

Let © be a partition on the set of states of SM. Define a partition

M(T’) so that M(T’) = Zti, where the sum is over 2ll T such that

(Ti,T) is a partition pair. Define the partition m(t) = L where

the product is over all Tt such that (r,ri) is a partition pair. A

-

partition pair (T?Ti) is an Mm pair if Tt =M (T’) and T = m(t).

Caléulating the Mm pairs of SM5 we obtain:

(T, Ti) = {1,2, 3, 4, 5} {3,4, 1, 2, 5}
(T, Ti) = {1,3, 2,4, 5} {2,5, 1,3, &}
(T3, T;) = {1,2,4, 3,51} {2,5,3,4, 11}
(Ty, Ti) = {1,5, 3_11' 21} {2,3,5, 1, &4}
(Ts, T;) = {2,3,4, 1, 5} {2,5, 1,4, 3}
(te, T¢) = {2.5, T, 3,3} (2,5, 1,3, &}
(T7, T;) = {2,5, 1,3, 4y {2,3, 4,5, 1}

(T, )y = {3,4,1, 2, 5 {1,4, 2, 3, 5}

8 8
(T, To) = (3.5, I, 7, %} {1,3,5, .2}

(Ty, T19 = (4,5, 1,2, 3} {3,4,5, 1, 2}
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1

(T11,T11) = {1,2,4,5, 3} {1, 2,3,4,5}
)
(TIZ’le) = [1’2,3,4’ -5_} . {1,3,4, 2,9'

1
(T13,T13) = {1’23 3’495} [1’394953 E}

1 . —_— — —_—
(TIH,TI#) = {133953 23 4} {132,3,5’ Z}
1 .  ———— O —— . ———
(T1s5,T1s) = {1,5, 2,3, &} {i,4, 2,3,5}
1 - — —_—
(TIGsTIS) = {2359 3,4, 1} {1’4959 2,3 }

Definition 4.4:

The state partitions T and T on SM are in relation {t} t {t~7}
i
(i) T~ has two blocks
(1i) {1t « 17} relation {7~}
(iii) For every two 'states sl, 32 such that -r[sl] ='r[52] and

r’[sl] £ T [82] and for every input x, then T~ [6 (81’ x)] #

[6 (sz,x)_] when § (81’ x) and & (Sz’ x) are specified.

Next let us look at Harlow's [2] t-relation partitions which are

{1,2,3,4, 5}

rt

{1,2, 3,4,5}

{1,2,3, 5,5y t {1,2, 3,4,5}

=

{2’3’5’ ,4’} t {1’3’5’ 2’4}
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Since the t-relation partitions are specifically derived for T-FF
it is obviocusly the assignment sought after. However, there is no
systematic way of obtaining these partitions and one may spend
considerable time and effort to find these partitionéf Deriving
the Mm pairs, on the other hand, is a straightforward procedﬁre
but once obtained, it is not obvious which of the Mm pairs will
give a good T-FF assignment. This is also true for SP partitions,

provided the SM has other partitions except the trivial ones.

4.3 Scoring Applied to SM5

Let us now apply the proposed method to SM5 and obtain a

secondary assignment.

The Base Matrix is:

et
=
o8]
o
o .

o # © + O
o
=)
o]
=
o)

The Il Matrix is:



The I

2 Matrix is: ~

= ©O © O o

©c +

The TlB Matrix is:

The TZB Matrix is:

© o o o

(=

c =~ O O o

o

=

K= =

© o o o +»

(]

© ©o ¢+

(=]

o B+

© O k= K
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=
© © O

H O K
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USING THE SCORING ARRAY

g Inputs Scores
Row # [ Base 0 1 I II III
1 L 16 28 0 20 24% -
2 8 8 2 8 8 8
3 24 20 2 8 8 8
4 4 20 5 8 8 8
5 20 8 5 4 4 4
6 12 28 7 4 12 16
7 28 0 7 24% - -
8 ) 2 1 2 8 8 8
9 18 i 29 2 4 4 4
10 P10 f 9§ oo 20 20 20
11 26 21 0 24 24 24%
12 6 21 7 s 8 8
13 Q 14 29 5 4 4 4
14 § 30 1 5 4 4 4
15 é 22 9 7 | 0 4 4
s

FIGURE 4.4: SCORING ARRAY OF SM5

In score column I we have to choose between row 7 and 11 as both
have a score of 24. The decision goes to row 7 because the weight of
the base column is 28 which appears in the input O column twice.

Should we select row 11, however, there are no other entries with
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weight 26 and the next score would not change. This would bring

us right back to row 7 on the second selection. As it happens,

with the selection of row 7 the score column II evolves and once
again one nust make a decision between row 1 and 11 as both have
identical weights of 24; Note that the base weight entry for row 1
is 16 which, just like row 11, will not contribute to the ;ext score

for identity with the base column.

?

This leads to the selection of the three high scoring rows of 7, 1,
and 11. Reconstructing the flow table for SMS with the selected

columns, one obtains the following coding.

Present

States Inputs.
Y1Y2Y3 x =0 x =1
00O 001 100
001 000 100
100 011 100
101 010 000
111 011 00O

Ty, Tp, T3

FIGURE 4.5: SECONDARY STATE ASSIGNMENT FOR SM5

From Figure 4.5 we obtain the excitation functions for the T- flip-—
flops as



Let us compare this with the Harlow's derivation of the T- flip-flop

functions
1 _ -
T, =xvy
1 _ _
T, =xy2 + X Yyi¥2
1 —— — —
Tz = X y2y3 + X Yy2¥3

Although there is no reduction in the number of gates, the number of
literals was reduced from 13 to 10. It is interesting to note that
Harlow's assignment scores significantly high in the scoring array.
Had we selected row 10 instead of row 11, row 10 was the mnext
: ' 11
highest score after row 11, we would have obtained Harlow's T3, T2

1
and T3 functions.

-

4.4 Some Comparison With Delay Memory Elements

Most of the published papers in secondary state assignments
primarily concern themselves with unit delay elements. As mentioned
previously, this simplifies the problem considerably, but it does not

lead to a '"good" assignment when other memory elements are utilized.

Let us demonstrate the difference.
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Consider the flow table of SM4. This machine structure does not
possess any useful SP or PP partitions. From the application of

Dolotta and McCluskey technique we obtained the next state equations.

Yy = xi1x0y; + X2y1y2 + xXi1xX2 + x1y2 + x1y2

Yo = =x1xoy1] + Xoy1y2 + X)1Xoy2 + X1y

This. leads to a total of 11 gates and 23 literals.

However, these equations are only wvalid for unit delay element
realization. For RS~FF realization one would obtain four equatiomns,

two for setting and two for re-setting the RS-FF's.

FFlS = X3Xoy1] + X1Xp + X1¥2¥1

FFiR = X1Xpy] + XoX1V1¥2

FFpg = X 1%272 + y1v2

FFop = K1XpV1Y2 + X1¥71¥2 -

These would need a total of 14 gates and 26 literals for realization.

(]

It is obvicus from Figure 4.6 that no timing problems exist when the

circuit is realized using the above functions.



xRy —=1 A

i
X1X2 o /\ ~

KA V
X1Y2Y1 —t A 4 - T Q
- L a ‘ T
X1X2Y1 ——pa} /\ . =

X1142371}"2‘-—>- A _.__l

FIGURE 4.6: REALIZATION OF FUNCTIONS FF, . AND FF, .

= =r A%

There is one more alternative. We could use the equations derived
for unit delay element realization, if we recognize that the

relationship of

FFjs = Ffip
is true for all cases, provided that there are mo don't care
conditions and all 1 conditions are covered. This approach
introduces one additional problem, however, because the negation

of the FF._ function must be gated before it can be applied to the
i

S

reset input of the RS—FFiR. Otherwise timing and operational

problems would cause the circuit to malfunction. This arrangement
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increases the gate. count by 2 gates per function, and éonsequently
the total count for SM4 increases to 15 gates and 25 literals.

A portion of this circuit is shown in figure 4.7.

X)1Xoy)] ——>=1 A

Xoy1y2 —4 A FF

X1Xo ——ee Sl /\

——z—-l‘—a—/\—a-

x1y2 —> A T

CLOCK PULSE

.FIGURE 4.7: MODIFIED REALIZATION OF FUNCTION Y

Next let us demonstrate the difference between trigger flip-flops
realizations and unit delay realizations. From the previous
evaluation of SM4 we obtained the unit delay element assignment

as follows:

N
¥

=
o
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This assignment resulted in the functions Y1 and Yz-

But when we derive the excitation function for the trigger flip-

flops we get
Ty = X1%y1 + x1y1y2 + x1yiya + X2y1Y2. + X)1XpY¥2
Ty = X1X2 + X171y2 + X1X2¥2
which need a total of 10 gates and 23 literals. We may compare |
this to the results of the proposed method, which yields the functions
'fl = X1X2 + Xyiy2 + Evivz + X1Xay1
T, = y1y2 + xixey1 + xiyiye + X1X2Y1

requiring a total of 9 gates and 19 literals for implementation.

Again the results are better.
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V CONCLUSION AND PROBLEMS

A major objective of this study was to find an algorithm for
obtaining good secondar? state assignments using Flip-Flop memory
elements for sequential machines. Two algorithms were presented
which demonstrated the procedures to be followed for realization
utilizing RS flip-—-flops and T flip-flops. Although the algorithms
are intended to be programmed on a computer, a hand techniqué was -
also presented for small sequential machines. An AFL program was
written and executed on an IBM 360/67, providing the necessary
information to confirm the procedure. The solution obtained from
the worked problems resulted in good circuit realizations. There
was no single set of rules which could be found to obtain the

optimum solution for all problems.

The state-assignment algorithms preseﬁted are restricted to
completely specified sequential machines. Furthermore, even the compute;
techniques becomes too.cumbersome for large sequential machines with
more than 16 states. This is probably the biggest. shortcoming of
this technique and should be given further consideration.

In order to apply the pfoposed technique to asynchronous sequential
machines, one requires that each traunsition is accomplished either by
a change of only one secondary variable or by a change of multiple
secondary variables without a critical race. Neither one of these two
conditions are readily identifiable without considerable changes to

the proposed technique.
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Earlier work on secondary state assignment techniques was

primarily done for economical reasons. Since each gate consisted
of several discrete components, which had to be individually
fabricated and interconnected, a reduction in the number of

gates represented a direct saving in éost of the circuit.

In today's era of medium Scale Integration (MSI) and Large Scale
Integration (LSI) the justification for obtaiaing "optimum"
secondary state assignments has shiftedvfrom the cost reduction
aséect to one of greater réliability, minimum heat dissipation

and smaller chip area for a particular circuit.
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