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Abstract 

This thesis is a step forward in the generalization of the Realization Theorem in the 

paper [15] by Buono and LeBlanc. In that theorem, the two authors study the link 

between the number of critical eigenvalues and the number of delays in a scalar delay 

differential equation of the form: 

i 

y{t) = y^jaJy{t-rJ), fljSR. 
J= I 

In this thesis, we shall consider a system of p (p € N) scalar delay-differential equa­

tions. That system can be written as: 

i 

y{t) = YJM]y(t-T]), M3eMp(R). 

The goal is therefore to study the links between the number of critical eigenvalues, 

the number of delays and the number p of equations. We study these links in three 

particular cases. 

First of all, we are interested in the case 1 = 1. That is y(t) = My(t — r ) . Secondly, 

we consider the equation y(t) = Miy(t - T\) + M2y{t - r2) , M3 G M2(M). Finally, we 

study the case: 
/ 

y(t) = J2M3y(t-r:)) 

where the matrices M, G MP(M) are diagonal, for 1 < j < I. 

ii 



Resume 

Cette these represente un pas en avant vers la generalisation du theoreme de realisation 

de Buono et LeBlanc [15]. Dans ce papier, les deux auteurs etudient le lien en-

tre le nombre de valeurs propres critiques et le nombre de delais dans une equation 

differentielle a delais scalaire de type: 

i 

y(t) = ^2a3y(t-Tj), a3£R. 

Dans cette these, on considere un systeme de p (p G N) equations differentielles a 

delais scalaires qui s'exprime mathematiquement par 

i 

y(t) = J2 MMt ~ r3), M3 G MP(R). 

3=1 

Le but est done d'etudier les liens entre le nombre de valeurs propres critiques, le 

nombre de delais et le nombre p d'equations. Ces liens sont etudies dans trois cas 

particuliers. 

Premierement, on s'interesse au cas I = 1, c'est-a-dire a y(t) = My(t—r). Deuxiemement, 

on considere l'equation y(t) = M\y{t — T\) + M2y{t — r2), M3 G M2(IR), et finalement, 

on etudie le cas 
i 

3 = 1 

oil les matrices M3 sont diagonales, pour 1 < j < I. 

hi 
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Chapter 1 

Introduction 

It is not exaggerated to say that any scientist or engineer is familiar with first order 

explicit ordinary differential equations (ODE). A first order explicit ODE is of the 

type 

y(t) = f(t,y(t)), t>to, (1.0.1) 

where the function y(t) is called the state variable and t the independent variable. 

Under some regularity conditions, such an ODE is governed by the principle of causal­

ity; that is the future state of the system is independent of the past states and it is 

determined solely by the present [1, p. 1]. The modification of the right-hand side 

of (1.0.1) to include the dependence of the derivative y on past values of the state 

variable y, yields a retarded functional differential equation. 

Let X = C{[—r,0],MP) denote the Banach space of continuous functions mapping 

the interval [—r, 0] into Rp and let Q, C M x X. A retarded functional differential 

equation (RFDE) is of the form 

V(t) = f(t,yt), t>to, (1-0.2) 

where yt = y(t + 0) G X, 9 G [—r, 0] and / : fl —> W is a given function. 

Equation (1.0.2) includes both distributed delay differential equations and discrete 

1 
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delay differential equations. In the former, / depends on y computed on a contin­

uum, possibly unbounded (r —>• +00), set of past values. As for the latter, / depends 

on only a finite number of past values of the state variable y. One can note that a 

discrete delay differential equation is a special case of a distributed delay differential 

equation. 

Distributed delay differential equations are also called Volterra-type RFDE, after the 

Italian mathematician Vito Volterra (1860-1940). In his research on predator-prey 

models and viscoelasticity, Volterra formulated some rather general differential equa­

tions incorporating the past state of the system. Also, because of the close connections 

between the equations and specific physical systems, Volterra attempted to introduce 

a concept of energy function for these models. He then exploited the behaviour of 

the energy function to study the asymptotic behaviour of the system in the distant 

future [1, p. 1]. 

Indeed, distributed delay differential equations are not only mathematically interest­

ing, they are also very useful to build more realistic models in population dynamics. 

Here are two examples of phenomena that were first modeled using ODE's and then 

made more realistic using distributed delay differential equations: 

The first model helps describing species population struggling for a common 

resource; it is the logistic model. Rewritten with a delay, we obtain the Hutchinson-

Wright equation [2] & [3]: 

m = ry(t) [IzJ!&Zl>" 

In this case, we consider y as a population size. The constant K is the carrying 

capacity while r is the growth rate. 

The second model was used by Gurney et al. [4] in 1980 to describe the periodic 

oscillations in Nicholson's classic laboratory experiments with the Australian sheep 

blowfly [5]. It is a model with delayed recruitment and instantaneous death: 

y(t)=ay(t-T)e-Wt-^-5y(t). 
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In this model, y is also a population size. The constant a and 5 are the birth and 

death rate,respectively. The expression ay(t — r)e_/3j /^_T^ is a density-dependent per 

capita reproductive rate. 

The French mathematician Charles Emile Picard had already understood that 

need for more realistic models in his address at the Fourth ICM in 1908: 

Les equations differentielles de la mecanique classique sont telles qu'il en resulte 

que le mouvement est determine par la simple connaissance des positions et des 

vitesses, c'est-a-dire par I'etat a un instant donne et a Vmstant infiniment voism. 

Les etats anteneurs n'y mtervenant pas, Vheredite y est un vain mot. L'application 

de ces equations oil le passe ne se distingue pas de I'avenir, oil les mouvements sont 

de nature reversible, sont done mapphcables aux etres vivants. Nous pouvons river 

d'equations fonchonnelles plus comphquees que les equations classiques parce qu'elles 

renfermeront en outre des mtegrales prises entre un temps passe tres eloigne et le 

temps actuel, qui apporteront la part de Vheredite. 

(La mathematique dans ses rapports avec la physique, Actes du IVe congres interna­

tional des Mathematiques, 1908. [6, p. 1]). 

In fact, the effectiveness of modelization with RFDE is not limited to living beings. 

It is also used in economics (see the model by J.B.S. Haldane [7]), in biology (see 

the sunflower model [8, 9, 10]), in medical research (see the Mackay-Glass model [11, 

p. 72] and its numerical treatment [12]), and in many other fields (see [11]). 

In this thesis the focus is confined to specific types of discrete delay differential 

equations. For convenience, discrete delay differential equations will be referred to as 

DDEs. A general DDE can be written: 

y(t) = F(t,y(t-T1(t,y(t))),...,y(t-Tl(t,y(t))))} t > 0, (1.0.3) 
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where 

y : [-r; CO) ->• Kp, r > 0; 

F : [0; oo) x Rp x • • • x W ->• Mp; 

rt : [0; oo) x t p -> [-r; oo), 1 < i < I. 

For 1 <i <l, the functions r^ i , y(t)) are called the delays (or lags). By definition, if 

a delay T(t,y(t)) depends on y(t), it is said to be state dependent. If not, it is state 

independent. Moreover, a state independent delay r( i) is variable if it depends on t. 

If not, it is said to be constant. 

In this thesis, we are interested in particular autonomous DDE's with constant, 

state independent delays T%,where 0 < TX < r : 

y(t)=A(y(t-n)1... , y ( i - r / ) ) ) + ^ ( y ( i - r 1 ) , . . . ,y{t - n)), t > 0, (1.0.4) 

where i : R p x - x l p —y W is a linear map, 

and N : W x • • • x W —> W is a smooth nonlinear map with F(0) = 0 and 

DF(0) = 0. 

The linearization of equation (1.0.4) about the trivial equilibrium is given by: 

y(t) = A(y(t-T1),... ,y(t-n)), t > 0. (1.0.5) 

Under a standard basis for W x • • • x Rp, A G End(Rp x • • • x Rp, W) will always 

be of the form : 
i 

A = J2M3 where M3 e End(Mp). 
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Therefore, the DDE (1.0.5) becomes: 

i 

y(t) = J2M3y(t-T3), t>0, (1.0.6) 

where T3 G [0, r] for all 1 < j < I. 

i 

Associated with the DDE (1.0.6) or with the linear operator A = NJ M3 is its 
J=I 

characteristic matrix 
i 

A(a)=aIp-J2e~aT}M3, a G C. 
3 = 1 

The roots of the characteristic equation det A(a) = 0 are the eigenvalues of the 

DDE (1.0.6). If A is an eigenvalue of (1.0.6) and v G Cp is in ker A(a), then, as we 

shall show in Theorem 2.0.3, y(t) = extv is a solution of (1.0.6). 

Now, let us make the correspondence with the definition of linear autonomous 

DDE given in Hale and Verduyn Lunel [1, p. 193]: 

Let r > 0 and C = C([—r, 0],RP) be the Banach space of continuous functions from 

[—r, 0] to Rp. For t > 0 and y : [—r, oo) —> Rp, the function yt is given by 

yt{0) = y(t + 0), for 0 G [-r, 0]. For 0 < n < • • • < r, < r, and Mx G Mp(R), . . . , 

M/ G MP(R), let n : R -» MP(R) be the function of bounded variation defined by 

m = X;(-i)x(-r,+ 1 ,-r ,]WM, - Zxc-oc-^WMi 

where x^ is the indicator function of the interval A. 

Then the linear operator L : C —> Rp defined by 

Z^ = ^ d(V(0))<p(6) 

is equal to 

L p = / J ]<5_ r 3 (^)M J ^) = J ] M ^ ( - T , ) . 
• / - r J = l 3=1 
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Hence, for tp = yt: we get 
i 

Lyt = Y^M3y(t-T3). 
3 = 1 

Therefore, the DDE defined by Hale and Lunel by y(t) := Lyt corresponds to the 

DDE (1.0.6). In his thesis, B.F. Redmond [13] explains perfectly why, in the study 

of bifurcations from the trivial equilibrium of (1.0.4), understanding the structure of 

the eigenvalues of the linear part (1.0.6) is crucial. 

The main question addressed in this thesis is related to the number of purely 

imaginary eigenvalues of the DDE (1.0.6). The question falls within the category 

of "realization problems". Note that the two Portuguese mathematicians T. Faria 

and L.T. Magalhaes were the first to study these so-called realization problems [14]. 

The realization question addressed here is the following: Consider n non-zero pure 

imaginary numbers iui,... ,iojn with positive frequencies. Then what is the minimal 

number I of delays needed such that the DDE (1.0.6) has solutions y^(t) = e±lulktvk 

for 1 < k < n. The scalar case (p = 1) with n nonzero delays has been studied by 

Buono and LeBlanc [15]. Their theorem states the following: 

T h e o r e m 1.0.1 Suppose ui\ > 0, ui2 > 0, . . . ,ojn > 0 are linearly independent over 

the rationals. Then there exist T\ > 0, r2 > 0, . . . , rn > 0 and ax G R, a2 G R, . . . , 

an G R such that the linear delay differential equation 

x(t) = ax x(t - Ti) + a2 x(t - r2) -I h an x(t — T„) (1.0.7) 

has solutions x^(t) = e±luJkt, for 1 < k < n. 

Answering the "realization question" for a DDE of the type (1.0.6) for any p 

proved to be too difficult. Therefore, this thesis is mostly a collection of "particular 

cases": for specific systems of p equations and n frequencies (with particular con­

ditions), we are able to find a small number of delays such that the DDE (1.0.6) 
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has solutions y^m(i) = e±lUJhtVk- Hence the structure of the thesis is straightforward: 

Each chapter studies system (1.0.6) for a particular p and a particular I with particular 

conditions on the frequencies. 



Chapter 2 

Terminology and Basic Results 

In this chapter we introduce terminology and basic results. Their definitions and the 

results of this sections are used in each chapter of this thesis. 

Definition 2.0.1 Let r > 0, and let I, p be two integers > 1. 

Consider the linear delay differential equation 

i 

y(t) = 2 > ^ ( i - TJ) (2.0.1) 
3 = 1 

where M3 G M„(R) and r3 G [0, r ] , for 1 < j < I. 

(a) For a G C, we will denote by A(OJ) G MP(C) the characteristic matrix of (2.0.1) 

given by 
i 

A(a) = alp - J2e~aTj Mr 
3=1 

(b) The characteristic equation of (2.0.1) is given by de tA(a) = 0. Following 

[15], the roots of the characteristic equation are the eigenvalues of the equation 

(2.0.1). 

( 1 if i = 0, 
In Definition 2.0.2 below, 50 j denotes the Kronecker symbol, i.e. S0i = < 

[ 0 if i ^ 0. 

8 
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Definition 2.0.2 Let M = {M0, M i , . . . , Mz} be a set of/ + 1 matrices in Mp 

where M0 is the identity matrix. Let us associate with A4 the homogeneous polyno­

mial p G M[x0, • • • ,x{\ of degree p given by 

i i 

p(Xo,...,Xl) = E • • • E d e t ( c ^ ' . . . , c M ) ( - i y ^ *•)*„• • • x, 
=0 i „=0 

where cfJ is the rth column of the matrix M3 and '-/(ii,..., ip) = > J 1 — So,i}. 

Proposit ion 2.0.2 Let A(ct) be the characteristic matrix of (2.0.1) and p G R[x 0 , . . . , x{\ 

be the homogeneous polynomial associated with the matrices of (2.0.1). 

Then det A(a) = p(a, e~ari,..., e~aTl). 

Proof: In order to use Proposition A. 1.1 of Appendix A, let us introduce the 

following notation: First, let A0 G MP(C) denote the matrix alp and, for 1 < j < I, 

let A3 G MP(C) denote the matrices M3e-arK Now if c£j), for 0 < j < I and 1 < k < p, 

denote the A;th column of M3, let A)cjj. denote the kth column of A0 and let, for 

1 < J < I, ftjCk denote the kth column of A3. 

By Definiton 2.0.2 and Proposition A. 1.1 of Appendix A, we have: 

P(a,e-QV..,e—<) = p(A),...,A) 
I I 

21=0 lp=0 

= E • • • E d e t ( ( - l ) 1 " ^ f3nc^\ . . . , ( - l ) 1 " ^ A , ^ ) 
»i=0 ip=0 

I 

= d e t ^ A , 
3=0 

= det (a/p- JVQT'M7 j 

= detA(a) D 
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Theorem 2.0.3 For r > 0, consider the linear system of delay differential equations 

i 

y(t) = J2M3y(t-r3) (2.0.2) 
3=1 

where M3 G MP(R) and r3 G [0, r ] , for 1 < j < I. 

For a G C, the following two conditions are equivalent: 

(a) There exists v G Cp, v ^ 0, such that ya(t) = eatv is a solution of (2.0.2), 

(b) p(a, e~aTl,..., e _ a r ' ) = 0, where p is defined in Definition 2.0.2. 

Moreover, ya(t) = eatv is a solution of (2.0.2) if and only if v G ker A(a) . 

Proof: 

Let ya{t) = eatv with u e C , ^ 0 , and a G C. 

As the characteristic equation for the DDE 

i 

y(t) = J2M3y(t-r3) (2.0.3) 

is obtained by substituting ya(t) = eatv, w G Cp, into the equation, we get: 

i 

ae^v = y^ M3 

3 = 1 
i 

= E«= 3e-aT>eatv. 
3 = 1 

By rearranging the terms we obtain 

(aIp-Y^M3e-aAya{t)=Q. 
V 7 = 1 ' 

which is equivalent to 

A(a)v = 0, where A(a) = alp - V ] M3e~ 
3=1 
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Hence, ya(t) is a nonzero solution of (2.0.3) if and only if v G ker A(a) , v ^ 0. But 

kerA(oj) ^ {0} if and only if det A(a) = 0. By Proposition 2.0.2, the theorem is 

verified. • 

Proposit ion 2.0.4 For r > 0, consider the scalar delay differential equation 

i 

3 = 1 

where a3 G R* and r3 G [0, r ] , for 1 < j < I. 
i 

Let A(a) = a - J ^ e " " 7 " ' , a G C. 
3=1 

Then, yQ(i) = eat is a solution of (2.0.4) if and only if A(a) = 0. 

Proof: Let ya(t) = eat, with a G C. 

Substituting ya{t) in equation (2.0.4) and rearranging the terms yields: 

(a-J2a3e-aAya(t) = 0. 
V 3=i / 

i 

This equation is equivalent to A(a) = 0 where A(a) = a — 2_\a3e~aT3• D 
3=1 



Chapter 3 

Single-Delay Linear DDEs 

It is always convenient to start from the beginning. For this thesis, the beginning 

would be to study the simplest linear DDE: delay differential equations with one 

delay. Hence, we are interested in the single-delay linear system of DDEs: 

y(t) = My(t-r) (3.0.1) 

where M G MP(R) and r > 0. 

This chapter is divided into 2 sections. In Section 1, we consider n non-zero frequen­

cies. We are able to find the smallest natural number p > 1 for which there exists 

M G MP(R) such that the single-delay linear system of DDEs (3.0.1) has solutions 

y±(t) = e±lulktvk, for 1 < k < n. 

In Section 2, the perspective is different: we suppose that the matrix M G MP(R) 

is given. Then, we find the largest natural number n > 1 such that the single-delay 

linear system of DDEs (3.0.1) has solutions y^(i) = e±lUktvj^, for 1 < k < n. 

12 
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3.1 Realization Theorem for a System of Linear 

Single-Delay DDEs 

The results in this section allow us to determine, for n given non-zero frequencies, 

the smallest natural number p > 1 for which there exists M G MP(R) such that 

the single-delay linear system of DDEs (3.0.1) has solutions yk{t) = e±lU3ktv^, for 

1 < k < n. 

The proofs of these theorems require a result deduced from Theorem 2.0.3. This 

result is presented as Proposition 3.1.1. 

Proposit ion 3.1.1 For r > 0 and M G MP(R), consider the single-delay linear 

system of DDEs: 

y(t) = My(t-T). (3.1.1) 

For UJ G R, the following two conditions are equivalent: 

(a) There exist non-zero vectors v+,v~ G Cp such that y+{t) = elwtv+ and 

y~{t) = e~luJtv~ are solutions of (3.1.1), 

(b) z+ = iuelulT and z~ = —icoe~luJT are roots of the characteristic polynomial of 

M. 

Proof: For a G C, recall that the characteristic matrix A(a) of (3.1.1) is given by 

A(a) = alp - e-aTM = e~aT{aeaTIp - M). 

By Theorem 2.0.3, y(t) = elUJtv, with v G C2, is a non-trivial solution of (3.1.1) 

if and only if v G ker A(ioj), v ^ 0. 

Hence y+(t) = elU}tv+ and y~(t) = e~%U3tv~ are non-trivial solutions of (3.1.1) if and 

only if det A(ico) = det A(—iui) = 0 and v*- G ker A(zw). 

Let z+ = iueluJT and z~ = z+ = -iue~lbjr. As A(ico) = e~lUjT{z+Ip - M) and 
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A(—iuj) = eluJT(z Ip — M), the necessary and sufficient condition for condition (a) to 

be satisfied is that z+ and z~ are roots of the characteristic polynomial of M. • 

Remark 3.1.2 Keeping the same notation as in Proposition 3.1.1, recall that z+ = 

-iue~wr = z~. Then, as M G MP(R), 

det(z+Ip - M) = 0 if and only if det (z~Jp - M) = 0. 

Hence, condition (b) of (3.1.1) is equivalent to: 

z+ = iuelulT or z~ = —iuie~%UJT is a root of the characteristic polynomial of M. 

Theorem 3.1.3 Let uj\ > 0 , . . . ,uin > 0 be n distinct real numbers and let 
n 

A = | J - ^ Z*, where Z* = Z \ {0}. 
3=1 ^ 

Then, for any r G- A, there exist M G MP(R), with p = 2n, and v*,v~ G Cp such 

that, for 1 < j < n, yf(t) = e^vf and y3~(t) = e~iajjii>~ are 2n distinct solutions of 

the single-delay linear system of DDEs 

y(t) = My(t-r). (3.1.2) 

Proof: To simplify the notation, let z^ = iuj3e
luJ:>T, for 1 < j < n. Let us first 

check that if r 0 A, then { z ( 1 ) , . . . , z(r i )} f| R = 0. If not, there exist j 0 such that 

IT 

e
ZUJjoT = ± i ; i e . U30T + 2kTr = — + ITT, for some k, I G Z. 

IT 7T 
Hence LU3OT = — + run, for some m G Z. Thus r G - — ( 1 + 2Z) C A. Since 

2 2cjj0 

{ z ^ \ . . . , z^} P)R = 0, the polynomial p, defined as 

n 

p{x) = J\[x-zb)){x-z(])) 
3=1 
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= Yl [{Re(z^) - x)2 + lm(z^)2] , 
3 = 1 

is an element of R[x] of degree 2n = p. 

By Proposition A.2.1 in Appendix A, there exist M G MP(R) such that p is the charac­

teristic polynomial of M. Then, the proof of Theorem 3.1.3 follows from Proposition 

3.1.1. • 

Theorem 3.1.4 Let u>o > 0 , . . . ,un > 0 be n + 1 distinct real numbers such that 

UJ3 G
- WoQ; f° r 1 < j < n. 

Then, there exist M G MP(R), with p = 2n + 1, and v+, v~ G Cp such that 

yfit) = eW]tv^ and yj{t) = e~luJ:>tv~, 1 < j < n, are distinct solutions of the single-

delay linear system of DDEs 

y(t) = My(t-r) (3.1.3) 

with T E - ^ ( - 1 + 4Z). 
2(j0 

Proof: To simplify the notation, let z^ = iaJ3e
lLJ:>T, for 1 < j < n. Now, let 

r G 7 ^ - ( - l + 4Z). Thus, there exist k G Z such that r = ^ ( - 1 + 4k). With such 

a value for r we have: 

w 0 r = - - + 2A;7r thus z ( 0 ) = icu0e
lU}°T = icu0(-i) = cu0. 

Moreover, since ^ 0 Q, we have 

Thus, e J ^ r G" {±i} and therefore z^ = i ^ e l ^ T £ R. 

Let p G R[x] be the polynomial of degree p given by 

n 

p(x) = (x- z^) J ! [(Re(z^) - x)2 + Im(z^) 2 ] . 
3=1 
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By Proposition A.2.1 in Appendix A, there exist M G MP(R) whose p is the charac­

teristic polynomial of M. 

Thus, the proof of Theorem 3.1.4 follows from Proposition 3.1.1. D 

Remark 3.1.5 Keeping the same notations as in the proof of Theorem 3.1.4, we have 

that z^ = CL>O is a real eigenvalue of M. If VQ G R P is an eigenvector corresponding 

to the eigenvalue z^Q\ then yo(t) = eZUJotVo is the unique solution of (3.1.3) associated 

with the real number UJQ. 

Theorem 3.1.6 Let p be an integer > 1 and M G MP(R). For any r G R, the 

single-delay linear system of DDEs 

y{t) = My{t-r) (3.1.4) 

has at most n = [EYL] pairs of solutions yf{t) = e±luJ]tvJ
±, where v^ G Cp, vf ^ 0 and 

UJ3 > 0, for 1 < j < n. 

Proof: Let p G M.[x] denote the characteristic polynomial of M. By Proposition 

3.1.1, for a given ui > 0 and a given r > 0, y^(t) = e±lu'tv±, with v± G Cp, are 

non-trivial solutions of (3.1.4) if and only if z± = ±icje±ltJT are roots of p. 

If p is of degree p, and since 2n = 2[p-ii] is the largest integer < p, Theorem 3.1.6 

follows. D 

3.2 Propositions 

This section's perspective is different: we suppose that the matrix M G MP(R) is 

given. Then, we find the largest natural number n > 1 for which the single-delay 

linear system of DDEs (3.0.1) has solutions yk{t) = e±lU3ktvf, for 1 < k < n. In 

particular, we define necessary and sufficient conditions on the positive frequencies 
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u)\,..., ujn and on the delay r such that, for 1 < k < n, yk(t) = e±luJktvk
k, are solutions 

of the linear system of DDEs (3.0.1). 

There are three different propositions for three different types of matrices: the first two 

propositions have, respectively, 2 x 2 and 2n x 2n matrices with non-real eigenvalues 

and the last proposition has a 3 x 3 matrix with one real eigenvalue. 

Proposit ion 3.2.1 Let M G M2(R) be a matrix with two non-real eigenvalues z and 

z. Then there exist ui > 0, r > 0 and two non-zero vectors v+, v~ in C2 such that 

y±{t) = e±10JTv± are solutions of y(t) = My(t — r ) . 

Proof: Let us write the eigenvalue z as |z |e4^+ e) with — 4f < 0 < § and 

0 ^ — | . By Proposition 3.1.1, it is sufficient to show that there exist u> > 0 and r > 0 
0 + 2kir 

such that z = iuielUT G- R. Set uj = \z\ and choose k G N such that r = > 0. 

Hence we have 

z = \z\e
l^+6) = ojie^e+2k7T) = iojel"T, D 

Proposit ion 3.2.2 Let M G M2n(K) be a matrix with non-real eigenvalues 

{z3, z3 ; 1 < j < n}. For 1 < j < n, we can write z3 = |zj|e^2+ej) with 

- ^ < 03 < f, 03 ^ - | . If there are fc^ G N, for 1 < j < n, such that 

, \zA 01 + 2k17r 
0, + 2k.iT > 0 and H | = -± -*—, 3 3 \zY\ 01 + 2k1TT 

then there exist uj\ > 0 , . . . ,un > 0, r > 0 and non-zero vectors v1~, v~ G C2" such 

that yf(t) = e±xu3ltv^ are solutions of y(t) = My(i — r ) . 

Proof: By Proposition 3.1.1, it is sufficient to show that there exist 

uj\ > 0 , . . . u>n > 0 and r > 0 such that z3 = iui3e
lw^T g R. 

One can set c^ = | z31 and r = •—• . 
\zi\ 

Now, it remains to show that, for 1 < j < n, z3 = iui3e
luJ:>T. 

http://2k.iT
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Note that 

. ,6'i + 2fc17r d1 + 2kjir//i n, . . 
"J* = \ Z 3 \ I • = fl

J • » , J ^1 + 2*i7T) =03 + 2k3TT. 
\Z\\ V\ + lK\1T 

Hence we obtain: 

Z] = \zJ\e
t^+^) = iu3e*> = icu3e

l^+2k^) = icu3e
luJ>T. 

Proposit ion 3.2.3 Let M G M3(R) be a matrix with two non-real eigenvalues zi, z\. 

Let z0 G R denote the third eigenvalue. For z0, we can write z0 = |z0 |e J^+6 ,°' with 

0O = ± f ; and for zu we can write z1 = |zi|e l (i+01) with -&• < 0i < f, 0X ^ - f . 

If there are k0, k\ G N such that 0O + 2k0ir > 0, 9\ + 2&i7r > 0, and 

|zi| 0i + 2A;i7r 

\ZQ\ 0o + 2fcO7r' 

then there exist LJ0 > 0, ĉ i > 0, r > 0 and u0 G R, t> /", uf G C3 such that 

y±(t) = e ^ 1 * ^ and y0(t) = e±lWotv0 are solutions of y{t) = My(t - r ) . 

Proof: By Proposition 3.1.1, it is sufficient to show that there exist cu0 > 

0, wi > 0 and r > 0 such that z0 = iLO0e
luJ°T and z : = iwie^17" G" R. 

One can set u>i = \zi\, UJ0 = \z0\ and r = eo+2Vr. 

Now, it remains to show that ZQ = zojoe^07" and that z\ = iuielullT. Let us compute 

z0: 

z0 = \z0\e^+e^ = ioj0e
ie° = ioj0e

l^0+2kov) = ico0e
lul0T. 

Now, note that, for j = 0,1, 

. . 0O + 2k0TT 0i + 2/CiTT 
u;r = Z7 ;—; = 

\zo I 0o + 2fcO7r 

Hence we obtain: 

(0O + 2k0n). 

Zl = \Zl\e
li2+ei] = ime ' 9 ' = iu1e

l{ei+2kin) = iuie
luJlT. • 



Chapter 4 

Realization Theorem for a DDE 

with Two Delays in R2 

In this chapter, we intend to prove a realization theorem for a system of two linear 

DDE's. Thus, for two frequencies U3i,ui2, we would like to find I delays and I matrices 

in M2(R) such that the DDE 

i 

3 = 1 

has solutions yk{t) = e±lUktVk, for k = 1,2. 

The proofs of the realization theorem uses a long technical theorem and a proposition. 

We present both the technical theorem and the proposition in the first section of this 

chapter. Section 2 contains the realization and openness theorems for such a system. 

4.1 Existence Theorem of Specific 2 x 2 Matrices 

and a Lemma of Linear Algebra 

This section contains a technical theorem and a proposition. They are necessary 

for the main proof of this chapter. The theorem proves the existence of two 2 x 2 

19 
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matrices with very specific conditions and the proposition shows a short result in 

linear algebra. 

D\ - 4FA2 > 0, B2 - 4A2 > 0 or E2 - 4F > 0. 

Theorem 4.1.1 Let A2, B2, D2, E, F be real numbers such that either 

)2 - 4F,42 > 0, B2 

Then there exist two matrices in M2(R), Mi = | " ) and M2 = 

such that : 

,42 = det M2, £ 2 = - T r M 2 

E = -TrM1, F = detMi 

( a, bj 

ct d3 

Proof: The proof will be divided in the following three cases: D2, — 4FA2 > 0, 

D2 — 4FA2 = 0 and D2 — 4FA2 < 0. In the first two, we will construct explicitly 

matrices Mi and M2 which satisfy the five equalities of the theorem. In the third 

case, we prove the existence of Mx and M2. 

Case 1: D2 - 4FA2 > 0. 

This case is divided in four subcases: 

(a) F = A2 = 0, 

(b) F = 0 and A2 ^ 0, 

(c) F ^ 0 and A2 = 0, 

(d) F / 0 and A2 ^ 0. 

Note that since D\ — 4FA2 > 0, subcases (a), (b) and (c) imply that D2 ^ 0. 
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Subcase (a): Let Mi and M2 denote the two matrices: 

0 i i / 0 0 
Mi = , M2 = 

0 -E I \ =j& -B2 

where b\ ^ 0. 

It is easy to verify that: 

det M2 = 0 = A2, -Tr M2 = B2, 

-Tr Mi = E, det Mi = 0 = F, 

-D2 

and det K±2 + det K21 = — c26i = —61 = D2. 
h 

Subcase (b): Let Mi and M2 denote the two matrices 

/ o ^b2 \ 
Mi = M , M2 = 

0 ^b2 \ / 0 b2 

0 -E j \ =£ -B2 

where b2 7̂  0. 

Then we have: 

detM 2 = A2, - T r M 2 = 5 2 

-Tr Mi = E, det Mi = 0 = F 

A2D2 
and det Ki2 + det K2 1 = — c2&i = -—— b2 = D2. 

b2 A2 

Subcase (c): Let Mi and M2 denote the two matrices: 

, 0 61 \ / 0 2f~ 
M 1 = ,M2 = 

-f -E ) \ 0 -B2 

where b\ ^ 0. 

det M2 = 0 = A2, -Tr M2 = B2, 
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-Tr Mi = F , det Mi = F, 

F D2bx 
and det K12 + det K2l = -cxb2 = —- = D2. 

Oi b 

Subcase (d): Let Mi and M2 denote the two matrices: 

0 a \ I 0 a2 

a 

where 
D2 + y/D* - 4A2F 

a = 
2F 

Since A2 and F are non-zero, D\ — 4A2F ^ D\ and therefore a ^ 0. By direct 

computations, one verifies that : 

det M2 = -^a2 = A2, -Tr M2 = B2, 

F 
-Tr Mi = F , det Mx = —ot = F, 

a 

det K12 + det K2,i = —c\b2 — c2b\ 
F 2 A2 

= —a H - a 
a „ a1 

Fa2 + A2 
a 

F [D2 + 2F>2V'£>2-4/l2F + (F>2 - 4A2F)) + 4A2F
2
 ± 

= 2D2a— 
la 

= Do. 

Case 2: F»2 - 4FA2 = 0. 

In this case, there are two subcases: (a) D2 = 0 or (b) D2 ^ 0. 
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Subcase (a): If D2 = 0, then - 4 F . 4 2 = 0. That is either F = 0 or A2 = 0. 

If F = 0, then consider the two matrices Mx and M2: 

0 b2 
M2 = 

it -B2 

where b2 ^ 0. 

It is easy to verify that: 

A2 
det M2 = -^b2 = A2, -Tr M2 = B2, 

o2 

-Tr Mi = F , det Mi = 0 = F, 

and detKX 2 -f detK2X = a\d2 — cxb2 + a2dx — c2bx = 0 = D2. 

Likewise, if A2 = 0, then consider the two matrices Mi and M2: 

/ 0 0 
M2 = 

V° -B2 

where bx 7̂  0. Indeed we have: 

det M2 = 0 = A2, -Tr M2 = B2, 

F 
-Tr Mj = E, det Mi = — bx = F, 

bx 

and det KXy2 + det F^2;i = axd2 — cxb2 + a2dx — c2bx = 0 = F>2. 

Subcase (b): Since D2-4FA2 = 0 and D2 7̂  0, we have that both F 7̂  0 and A2 ^ 0. 

0 
M2 = " 

62 

Consider the two matrices: 

where b2 7^0. 

Mx = 

Now we 

( • 

can 

0 

D2 

262 
-E 

verify that: 

det M2 = 
A2 

) 

A2, -Tr M2 = B2, 
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- T r M i = F , de tMi = - ^ ^ = F, 
2f>2 D2 

de t Kx,2 + det K2jX — ~cxb2 - c2bx 

D2 A 2 2 F 
= Oo H bo 

2b2
 2 ^ b2 D2

2 

D2 2A2F 

2 D2 

D, l D f 
2 2D2 

= D2. 

Case 3: F>2 - 4F,42 < 0. 

In this case, we will not exhibit Mi and M2 but simply show that there exist, for 

i = 1, 2, a choice of at, bz, c%, d% G R, satisfying the conditions: 

A2 = de tM 2 , B2 = -Tr M2, (4.1.1) 

E = -Tr Mi, F = det Mx, (4.1.2) 

and D2 = axd2 — cxb2 + a2dx — c2bx. (4.1.3) 

Adding the conditions bx,b2 G K*, (4.1.2) and (4.1.3) becomes: 

- F + axdx -A2 + a2d2 
Cl = — ? ; ' °2 = 1 

o\ b2 

and 

F>2 = det Kxa + det K2>1 

= axd2 — cxb2 + a2di - c2bx 

, b2 bx b2 bx 
= axd2-axdXT-+ a2dx - a2d2—+ F—+ A 2 ~ . 

ox b2 bx b2 

Setting r = I2, rearranging the terms and simplifying yields 

( - F + axdx)r
2 + (D2 - axd2 - a2dx)r + {-A2 + a2d2) = 0. (4.1.4) 
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Then using (4.1.1), we obtain 

(F + ax{E + ax))r
2-{D2 + ax(B2 + a2) + a2{E + ax))r + (A2 + a2(B + a2)) = 0. (4.1.5) 

Therefore, to prove the existence of MX,M2 G M2(R) satisfying (4.1.1) to (4.1.3), it is 

sufficient to show that for a good choice of a i , a 2 , the quadratic equation (4.1.5) has 

a non-zero real solution r. This follows if the discriminant of (4.1.5) is greater than 

zero i.e., 

(D2 + ax(B2 + a2) + a2(E + ax))
2 -4(F + ax(E + ax)) (A2 + a2(B2 + a2)) > 0. 

(4.1.6) 

Or equivalently, if for a good choice of ax,a2, 

(B2 - 4A2)a\ + (F 2 - 4F)a\ + 2(2F»2 - EA2)axa2 + 2{B2D2 - 2EA2)ax 

(4.1.7) 
+2(FF»2 - FB2)a2 + (D2 - 4FA2) > 0 

As by assumption either B\ — 4A2 > 0 or E2 — 4F > 0, such a choice of ax,a2 exits. 

D 

As said above, the proposition below is a result of linear algebra that we will be 

use in section 4.2. Note that this lemma has no link with the preceding theorem. 

P r o p o s i t i o n 4.1.2 Let V be a real vector space. For n > 3, let S = {vx,..., vn} be 

a linearly dependent set of n non-zero vectors such that .Sn,n-i = S \ {vn, vn_x} forms 

a basis of W = span(S'). 

Then there exist Ai G R , . . . , A„_i G R, not all zero, such that 

n - l 

22^3V3 + ^n = 0 and A2_j — 4A„_2 > 0. 
3=1 

Proof: As Sntn-X is a basis of W, there exist ax G R , . . . , an-2 G R, not all zero, 

such that 

n-2 

3 = 1 
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Likewise, there exist f3x G R , . . . , /3n-2 G R, not all zero, such that 

n-2 

^Zt^3V3 + tvn-l = 0 . 
3=1 

Thus, for a i G R,..., a„_2 G R, not all zero, and j3x G R , . . . , /3„_2 G R, not all 

zero,we have 
n-2 
^2(a3 + tfi3)v3 + tvn_x + vn = 0. 

Now, for given Oi„_2 and /3„_2, we can choose t0 large enough such that 

t2 — 4(o:„_2 + toPn-2) > 0. Then, setting X3 = a3 + t0(33, for 1 < j < n — 2, and 

A„_i = i2 finishes the proof. • 

4.2 Realization Theorem for a System of Two DDE's 

with Two Delays 

This section contains the Realization Theorem 4.2.3 and the Openness Theorem 4.2.6. 

The realization theorem (the most important one) states that for two rationally in­

dependent frequencies, there exist a linear system of DDEs 

y(t) = Mxy{t - T3) + M2y(t - r2) (4.2.1) 

such that the DDE has solutions y£{t) = e±luJktv, for k = 1,2. The proof of the 

realization theorem uses the result of Theorem 4.2.1 below that establishes an equiv­

alence between a solution to the system (4.2.1) and a point on a conic in C2. The 

openness theorem shows that the realization of two imaginary numbers (not neces­

sarily rationally independent) as eigenvalues of (4.2.1) is valid in a neighbourhood of 

any set of two rationally independent imaginary numbers. 

Let us recall that, if M% = (al
nm) G M2(R), for 1 < i < I, then we denote by c^ 

(respectively c2 ) its first (respectively second) column. 
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Theorem 4.2.1 For r > 0, consider the linear system of DDEs 

i 

y{t) = Y,M3y{t-T3) (4.2.2) 

3 = 1 

where M3 G M2(R) and r3 G [0, r ] , for l<j<l. 

For uo G R, let X(co) = (iuetuJTl, e^T2~Tl),..., el^T'-T^) G CJ. The following two 

conditions are equivalent: 

(a) There exist v G C2, v ̂  0, such that yu)(t) = elujtv is a solution of (4.2.2), 

(b) A is on the conic C of equation 

i i i i 

<f)(xi, ... ,xi) = x2
l + 22/A3x

2 + 22lB3xxx3 + ^ Clt]xlx1 + ̂ D 3 x 3 + F^ i + F 

with 

J = 2 J=2 i j = 2 .7=2 

Aj = detM3, B3 = - T r M^, 

F = - T r M j , F = detMi, 

and D3 = det KXj + det ifj,i, 

CJJ = det Klj3 + det K3^ 

where Klt3 = \cx ,c2 \ . 

Moreover, if yw(t) = elujtv is a solution of (4.2.2), then v G ker A(iuo), where A 

denotes the characteristic matrix of (4.2.2). 

Proof: Recall (see the proof of Theorem 2.0.3) that for condition (a) to hold, 

it is necessary and sufficient that det A(ioo) = 0, where A denotes the characteristic 

matrix of (4.2.1). As 

det A(iu) = det j iuoI2 - ^ Mje'™' J = e~2lulTl det j iuoeWTlI2 - J2 M3e~lU}^-Tl) j 
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condition (a) is equivalent to 

det ( icoeluJTlI2 - J2M3e-lU}{T>-Tl) j = 0. (4.2.3) 

Setting z = icoetuJT1 and y3 = elU)(-Tl T^, we obtain: 

det [zh-^M3V3 I = °- (4-2-4) 

Therefore, condition (a) is equivalent to 

/ 
{z - aJi> - £ affy, J ^ - ag - £ agy, j - la$ + £ agy, j ( ^ + £ agy, j = 0. 

Expanding and reorganizing the terms yields: 

i 

z2 + J^(det M,)yJ + J^(-Tr M > % + J2 (det #»J + d e t K3t%)y%y3 
j = 2 j = 2 i , j=2 

I 

+ ]P(det Kij + det K3fX)y3 + (-Tr Mi)z + det Mx = 0 
3=2 

where Kh3 = f cx ,c2 ) . 

Using the notations defined in the statement of the theorem, one obtains 

det( zI2-^2 M3V3 ) =</>(z,V2,---,Vi), 
V 7 = i / 

3-

Hence, condition (a) is equivalent to <$>{z, y2,..., y{) = 0. Let 

A = (iue-luJTl,el^T2-Tl\...,eiUJ^-T^). By statement (4.2.6), A is on the conic C 

of equation 4>(xx,... ,xi). Moreover, by Theorem 2.0.3, if y^ = ewtv, v G C2, is a 

solution of (4.2.2), then v G ker A(ioo). O 
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Remark 4.2.2 The proof of Theorem 4.2.2 can be also deduced from Theorem 2.0.3 

as follows: For p = 2, let p denote the homogeneous polynomial of degree 2 defined in 

Definition 2.0.2. Then, by Theorem 2.0.3, condition (a) of Theorem 4.2.2 is equivalent 

to p(ioo, eluJT1,..., elU)Tl) = 0. As p is a homogeneous polynomial and eluJT1 7̂  0, we 

have 

p{iu, eluJT1,..., eluJTl) = 0 if and only if p(iuje-luJTl, 1, e ^ ( T 2 - T l ) , . . . , el^Tl~Tl)) = 0. 

(4.2.5) 

By Theorem B.0.2 in Appendix B, the statement (4.2.5) can be equivalently written 

as: 

p(iuo, elujr\..., elUTl) = 0 if and only if c ^ w e " ^ 1 , e ja,(T2~Tl),..., e ^ " ^ ) = 0. 

(4.2.6) 

Let A = (iooe-tulT\eluJ(T2-Tl\ ..., e^1'^). By statement (4.2.6), A is on the conic C 

of equation (f){xx,... ,Xi). • 

We can now state and prove the central theorem of the chapter: 

Theorem 4.2.3 Let oox,co2 be two positive real numbers such that {uox,oo2} are lin­

early independent over the rationals. 

Then, there exist rx > 0, r2 > 0, Mx G M2(R), M2 G M2(R) such that the linear 

system of DDEs 

y(t) = Mi y(t - n ) + M2 y(t - r2) (4.2.7) 

has non-trivial solutions y^(i) = e±luJktv^ with v^ G C2,w^ 7̂  0, for k = 1, 2. 

Proof: By Theorems 4.1.1 and 4.2.1, it is sufficient to prove that there exist 

TX,T2> 0 such that the following statement holds: 

There exists a conic C of equation 

<f>(xx, x2) = x\ + A2x\ + B2xxx2 + Exx + D2x2 + F 
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where A2,B2,E,D2,F are real numbers and B\ — 4A2 > 0, that contains the two pairs 

of complex conjugate points (ioO),eluJkT1, eluJk^T1~T2^) and (—iu0ke~XU3kTl, e~tu,k^T1~T2^), for 

k = 1,2. 

To simplify notation, let z(fc) = iuoke
%UJkTl and y{k) = e

lU}k{-ri-T2\ for k = 1,2. It is 

therefore sufficient to show the following claim: 

Claim 4.2.4 Let us consider the matrix M G M2)6(C) defined by 

( (z^)2 (y^)2 zMy? *W yW l \ 

(z^)2 (yf)2 zWy? z^ yf) 1 
V 

(4.2.8) 

/ 

Now, let P 
M 

M 

/ f t \ 

and R = Then there exist TX > and r2 > 0 

\R6J 
such that, the homogeneous linear system PR = 0 has a nontrivial real solution with 

Rx = 1 and Rl - 4R2 > 0. 

Recall that N 

dimension 4, and that the map 

G C4; z G C2 > is a vector subspace of C4 of real 

eiv 
Re z 

Im z 

is an isomorphism. Therefore {R G R6; PR = 0} = {R G R6; PR = 0} where 

P G M4;6(R) is the matrix given by 

P = 
R e M 

I m M 
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That is 

P = 

Re{z^)2 R e ( y ^ ) 2 R e z ^ y ^ R e z ^ R e y ^ 1 ^ 

Re(^(2))2 R e ( y f ) 2 R e z ^ y f Rez(2) ReyJ2) 1 

Im(zW)2 I m ( y ^ ) 2 Im zWy? Imz^ I m y ^ 0 

^ Im(z(2))2 I m ( y f ) 2 Imz^y? Imz^ lmy{2) o) 

Setting xx = TX and x2 = TX — T2, we have 

(4.2.9) 

P = 

I — oo2 cos(2uoxxx) cos(2ooxx2) 

-wf cos(2a;2£i) cos(2w2x2) 

-uo2 sin(2uoxxx) sin(2t<Jia;2) 

i — uo2 sin (2co2 xx) sin(2w2^2) 

Therefore, Claim 4.2.4 follows from: 

Claim 4.2.5 

P 

-uox sin(o;iXi + coxx2) 

-u>2 sin(a;2xi + co2x2) 

-oox cos(a;ia;i + CJI#2) 

-oo2 COS(LU2XX + u2x2) 

—ux sin(wiXi) cos(a;iX2) 1 

— a ^ s i n ^ ^ i ) cos(a;2x2) 1 

—uxcos{uxxx) sin(wia;2) 0 

—w2cos(w2^i) sin(u;2£2) 0 
(4.2.10) 

' R ^ 

has a non-trivial solution with Rx = 1 and i?2 — 4R2 > 0. 

For 1 < j < 6, let c3 denote the j '-th column of P and let 5 = {cx,..., c%\. Note 

that, for 1 < j < 6, each c3 is in R4 hence span(5) C R4. Thus, if there exist xx > 0 

and x2 < xx such that Sx = {c2, C4, C5, c^} is linearly independent, then Sx is a basis 

for span(S') = R4. Then, by Proposition 4.1.2, there would exist i ? i 6 R , . . . , i ? 6 G l , 

not all zero, such that cx + R2c2 + R3C3 + .R4C4 + R5C5 + ReCe = 0 and R\ — 4i?2 > 0. 

Therefore, to prove Claim 4.2.5, it is sufficient to show that there exist xx > 0 and 
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x2 < xx such that the set 5i = {c2, 04, c5, c6} is linearly independent. 

Let us define uo G R2 by to = (UOX,UJ2)
T; then let 

Fw : R2 —y R 

be a map given by 

FUJ(xx,x2) = detX (4.2.11) 

where X = (c2 c4 c5 c6) G M4(R). 

To prove Claim 4.2.5, we therefore must show that there exist xx > 0 and x2 < xx 

such that Fw(xi,x2) ^ 0. 

Let A = (cx c2 c3 c4 c5 c6) G M4)6(R) denote the matrix 

I — a>2cos(2<^}) cos(2<^2) — k>i sin(<£>{ + tp2) —ooxsin((p\) cos(c^f) 1 

—CJ|COS(2(/?2) cos(2</?2) —u;2 sin (</?2 + </??,) — oo2sm(<pl) cos(y?|) 1 

—u^ sin(2</?j) sin(2</?2) — wi cos(<^} + <̂ 2) — oox cos(ip\) sin(</?2) 0 

—uo\ sin(2</?2) sin(2^2) — w2 cos(<^2 + < |̂) — UO2CO<&{LP\) shi^2 .) 0 

For &j = (<p],<p2)T, j = 1,2, let Fw be a map from R2 x R2 to R defined by 

(4.2.12) 

Fu($u $2) = d e t X ( $ i , $2) = det(c2 c4 c5 c6). (4.2.13) 

Note that F u ( $ i , $ 2 ) = Fw ( $1 + 27r | 1 j , $ 2 + 2TT [ * | ) . Thus, we shall 

consider Fu as a function from T x T to R, where T = R/27rZ. 

For $1 = I 2 ) G T and l>2 = I | G T, we have 
7T 
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/ 

£,($!, $2)= det 

& i \ 

V 

= cox ^ 0. (4.2.14) 

0 -uox 2 

- 1 0 0 1 

1 0 ^ 0 

0 -uo2 1 0 J 

As Fw is continuous, there exist an open neighbourhood N of ($i , $2) such that, for 

a l l ($i , l» 2 )G7V, F u ( $ ) ^ 0 . 

As {0X x 02; 0i open set of T} forms a basis for the topology of T x T (see [16], The­

orem 15.1), there exists an open neighbourhood Aj of $j in T, i=l ,2 , such that 

N\ x N2 C N. Since {uox,oo2} is linearly independent over Q, the integral curve 

xx | J mod 2TT\XX G R ^ and the integral curve < 
uo2 

are both dense on the 2-torus T x T. 

oox 
x2 l J mod 2TT I x2 G 

w2 

Hence there exist Xi > 0 such that 

00XX2 

such that | I mod 2TT G N2. 
002X2 

ooxxx 

mod 27r G Ai and x2 < 0 < xx 

uoxx2 Therefore, Fu(x1,x2) = Fu 

uo2xx I \ uo2x2 

Setting TX = xx and r2 = TX — x2 completes the proof. 

7^0. 

D 

To close this section and this chapter, we prove the openness theorem. 

Theorem 4.2.6 Let uox,uo2 be two positive numbers such that {uox,oo2} are linearly 

independent over the rationals. Then there exist TX > 0, r2 > 0 and an open neigh­

bourhood j\f of Co = (uox,uo2)
T G R+ with the following property: 

For every uo = (uoa,oob)
T G N, there exist Mi G M2(R), M2 G M2(R), and o ^ e C 2 , 

k = a,b, such that the linear system of DDEs 

y(t) = Mi y(t - n ) + M2 y(t - r2) (4.2.15) 
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has solutions xf(t) = e±iWktvk
h with v^ G C2, v^ ^ 0 for k = a, b. 

Proof: Keeping the notation of the proof of Theorem 4.2.3, it is enough to show 

that there exist rx > 0, r2 > 0 and an open neighbourhood J\f of Co G M+ such that 

F ( T I , T2; UO) T̂  0 for all wGJV. By Theorem 4.2.3, there exist TX > 0, r2 > 0 such that 

F(TX,T2;CO) T̂  0. Now, consider the map 

/ : R2 —y R 

defined by 

f(Co) = F(TX,T2;Co), (4.2.16) 

By construction, f(Co) 7̂  0. Since / is continuous, there exist J\f, an open neighbour­

hood of Co G R+ such that for all uo G j\f, f{uo) 7̂  0. By the construction of / , it is 

equivalent to F(TX,T2; UO) 7̂  0 for all uo G N. • 



Chapter 5 

Realization theorem 

This last chapter contains the most serious attempt to obtain a realization theorem as 

general as possible for a system of linear DDE's with fixed delays. Thus, we consider 

a system of linear DDE's written as : 

i 

y(t) = J2M3y(t-r3) (5.0.1) 
3 = 1 

where M3 G MP(R). 

One restriction remains: the matrices M3 will be invertible and diagonal. We write: 

M3 = Diag (aXj,..., aP3) where a^ 7̂  0 for 1 < k < p. 

This chapter also contains an openness theorem for the system (5.0.1). 

The proof of the realization theorem requires a result presented in Proposition 5.0.1. 

5.1 Propositions 

To any I positive distinct numbers TX, ... ,TI, we associate the subset Q G R + given 

35 
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where C denotes the complement. Note that for uo G fi, sin(u;(Ti — r2)) 7̂  0, as well 

as sin(a;(ri — r2+r)) 7̂  0 and sin(o;(T2 — r 2 + r ) ) 7̂  0, for 1 < r < / — 2 . We can now 

write the following proposition: 

Proposit ion 5.1.1 Let TX > 0,..., 77 > 0 be I distinct delays, I > 3. 

Then, for uo G f2 D R+, there exist ax G R*, . . . , a\ G R* such that 

vt (*) = e±lU}t is a solution of the scalar differential equation 

m = Y,a^t-T^- (5-L2) 
3=1 

Proof: Let uo G Q, D R+. By Proposition 2.0.4, y+(t) = etujt and yj(t) = e~lult are 

solutions of (5.1.2) if and only if 

1 

-iuo -J2a3 e~luJT> = 0 

3=1 
1 

iuo-J2a3 elU3T> = 0 
3=1 

In matrix notation we obtain: 

P(r;uo) \ I ,,. \ 
4 = 

F ( - r ; o ; ) ^ 

ZLJ 

(5.1.3) 

where A = ( a i , . . . , a ; ) r G R and P(r,uo) is the 1 x I matrix whose entry at column 

j is e~WTi. 

As the real part of P(t;uo) is Re(P(t;uo)) = (COSUOTX, ... ,cosuori) and the imaginary 

part of P(t; uo) is Im(P(£; uo)) = (— s i n w r i , . . . , — sinuori), the system (5.1.3) is equiv­

alent to 

COS U0TX . . . COS UOTi \ I 0 \ 
' U = (5.1.4) 

— sin UOTX . . . — sin UOT\ J \ UO I 

Let c4 denote the ith column of the coefficient matrix. We can rewrite (5.1.4) as : 

(c, ... cl)A=rY (5.1.5) 
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Since uo G fi, we know that, for 1 < r < I — 2, any subset of two vectors of the 

set {cx, c2, c2 + r} is linearly independent. Thus, by Lemma CO.3, the system (5.1.4) 

has a solution A = (ax,..., ai)T G R where all ax 7̂  0, for 1 < i < I. • 

{ TT(1 + 2k) 1 
; k G Z >. 

Then, for u; > 0 such that uo £ QT, there exist a G R* such that the scalar differential 

equation 

y(t) = ay(t - r ) (5.1.6) 

has solutions y^(t) = e±tuJt. 

Proof: By Proposition 2.0.4, y+{t) = elU}t and y~(t) = e~lut are solutions of (5.1.6) 

if and only if, for a 7̂  0, 

-iuo-aelujr = 0, 

iuo-ae'lU}T = 0. 

That is, if and only if acosuor = 0 and a sin uor = uo. If uo G flT, then 

u;r = | ( 1 + 2k), for some A; G Z. Hence COSWT = 0 and as inwr = a( — l)k. Hence, 

when a = (—l)kuo, the functions y^(t) = e±lwt are solutions of (5.1.6). • 

5.2 Realization Theorem for a System of p DDE's 

with £ Delays 

Given / Q-linearly independent frequencies uox > 0,...,uoi > 0, recall that by the 

Realization Theorem, 2.1 (see [15]), there exist I delays rx > 0 , . . . ,77 > 0 and real 

coefficients aXj, 1 < j < I, such that e±luJkt are solutions of the delay differential 

equation 

y{t) = Yjal3y{t-T3), for 1 < k < I. (5.2.1) 
3=1 
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We shall call TX, ..., 77 (respectively axx,..., axi) the delays (respectively, the coeffi­

cients) associated with uox,... ,uoi. 

Theorem 5.2.1 Let uox > 0, uo2 > 0, . . . , w; > 0 be Q-linearly independent frequen­

cies and 7i, r 2 , . . . , 77 be their associated delays. For any p > 1 and any uoi+x,..., w;+p_i 

belonging to the subset O (defined in (5.1.1)), there exist I diagonal matrices 

Mj G Mp(R), . . . , Mi G MP(R) such that the linear system of DDEs 

1 

y(t) = YJM3y(t-T3) (5.2.2) 
3=1 

has solutions y^(t) = e±lU)ktv£ with v^ G Cp, v^ ^ 0, for 1 < k < I +p - 1. 

Proof: Recall that the characteristic matrix of the linear DDE in (5.2.1) is given 

by 
1 

A(a) = aI-^2 a3e'aT]> aeC. (5.2.3) 
3=1 

By Theorem 2.0.3, we have that y£(t) (respectively, yk(t)) is a solution of (5.2.3) if 

and only if 0 7̂  v£ G ker A(iuok) (respectively, 0 7̂  v^ G ker A(—icjfc)), for 1 < k < I. 

But ker A(±iuo) 7̂  {0} if and only if det A(±iuo) = 0. Denoting the diagonal matrices 

M3 by Diag(aij,. . . , aP3), we have: 

detA(a) = f[(a-J2anje
aTA, a G C. (5.2.4) 

n=l^ j = l ' 

Hence, the Z pairs of equations det A(±iuok) = 0, for 1 < k < I, are given by: 

(iuok - J2 aij e~WkT3 ) • • • (*w* - X ] aP3 e~tUJkT] ) = ° (5-2-5) 
V J=1 / V J = i / 

T - z o ; f c - X a i J
e i a ; ' c T j ) - - - ( - ^ f c - I ] « M e ^ T ^ = 0 (5.2.6) 
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where an3 is the nth element on the diagonal matrix M3, i.e., an3 = [M3]nn, for 

1 < n < p and 1 < j < I. for 1 < n < p and 1 < j < I. 

We can rewrite (5.2.5) and (5.2.6) as: 

f[(iuok-J2an3e-™kA = 0 (5.2.7) 
n = l ^ 3=1 ' 

f[(-iuok-^2an3e™kA = 0 (5.2.8) 
n=l ^ j = l ' 

where anj = [M3]nn, for 1 < n < p and 1 < j < I. 

A sufficient condition to satisfy the equations (5.2.7) and (5.2.8) (and hence for the 

theorem to hold) is that the algebraic system of 21 equations below has solutions in 

the (p + 1)1 unknowns (TX, . . . ,77,an, . . . ,axi, . . . ,apX, . . . ,api). The system is the 

following: 
1 

J2 al3 e~luJkT3 = iuok, l<k<l 

(5.2.9) 

Y ai3 el"kT] = -Wk, l<k<l 
3=1 

The proof of Theorem 2.1 in the Buono and LeBlanc paper [15] (given in Ap­

pendix D) allows to claim that there exist TX > 0 , . . . , 77 > 0 such that system (5.2.9) 

has a nontrivial solution Ax = ( o n , . . . ,axi)
T where on G R*,.. . ,dxi G R*. Thus 

T"I > 0, T2 > 0 , . . . , 77 > 0 are associated with uox > 0, uo2 > 0 , . . . , uo\ > 0. 

Now, for 1 < r < p — 1, consider uo\+r such that uoi+r G ft. By Proposition 5.1.1, 

there exist ar+i,i G R*, . . . , dr+Xti G R* such that the scalar DDE 

1 

3=1 
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has the two conjugates solutions yf+r(t) = elWl+rt and yf+r{t) = e~~luJl+rt. 

Equivalently, Proposition 5.1.1 states that the systems 

i 

y ^ ar+it3 e~lU}l+rT:> = iuoi+r, 1 < r < p - 1 

(5.2.10) 

Y^ Or=ij elul+TTj = -iwi+r, l<r<p-l 
3=1 

have solutions Ar+X — ( a r + i ; i , . . . , ar+xj)
T where ar+i,i G R*, . . . , dr+xj G R*. 

Thus equations (5.2.7) and (5.2.8) hold. 

Now, we can consider the system of linear DDEs 

i 

y(t) = J2M3y(t-r3) (5.2.11) 
3 = 1 

where M3 = Diag(5i j , . . . ,ap3), for 1 < j < I. Let {bk)x<k<p be the canonical basis 

of Rp. To finish the proof, we need to show that y^{t) = e±lU)ktbx, for 1 < k < I, 

and yf+r{t) = e±lUl+rtbr+x, for 1 < r < p — 1, are solutions of (5.2.11). We have, for 

1 < k<l, 

i i 

Y,M3yUt-r3) = Y,e±lUlk{t~Tj)^ 
3=1 3=1 

J2*1' e±io; f c(t-r3) 

3=1 
I 

= ^2dX3e^luJkT>e±lU}kt 

3 = 1 

= ±iuoke 

= vtit). 
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Moreover, for k = / + r with l < r < p — l , w e have: 

/ j 

Y,M3y^(t-r3) = J>±l^-^MA+i 
j = i j = i 

i 

3=1 

I 

= J2ar+h3e^kT>e±lWkt 

3 = 1 

= ±iuoke
±wt 

= vt(t). • 

We will now use Proposition 5.1.1, Theorem 5.2.1 and the Realization Theorem 

[15] to show that that the previous realization result holds for open sets near solutions 

found in Theorem 5.2.1. 

Corollary 5.2.2 Let p > 1 and let Cox,... ,Coi be I Q-linearly independent positive 

frequencies. For Co = (uox,... uoi)T G R + , there exists an open neighbourhood j\f of Co 

in R + and a smooth mapping 

H : V —> Rl 

UO l > T(uo) = (Tx(uo),...,Tn(uo)) 

with the following property: 

F o r a l l uo = (uox,... ,uoi)T G N* a n d al l uo' = (uoi+x,... ,uoi+p_x)
T w i t h uoi+r G 0,(T(UO)), 

for 1 < r < p — 1, there exist / matrices M3 G MP(R) such that, for 1 < j < I, 

(respectively, for 1 < r < p — 1) yf{t) = e±luJ:)tbx (respectively yf(t) = e±luJl+rtbr+x) 

are solutions of the system of linear DDEs 

y(t) = J2Mky(t-rk). 
fc=i 
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Proof: By the Realization Theorem D.1.1, there exists a neighbourhood j\f of 

Co = (uox,... ,Coi)T in R+ with the following property: 

For all uo = (uox,..., uoi)T G JV, there exist r = (TX, ..., T{)T G R' and 

Ax = (axx,..., axi)
T G R' such that, for 1 <j <l, y± (t) = e±lU}^ are solutions of the 

scalar DDE 

3=1 

Let fl(r) = {x G R+; sin(x(rj — T3)) 7̂  0, for some 1 < i < j < I}. Then, applying 

Proposition 5.1.1 p — 1 times to uo, r and fl(r) ends the proof. • 



Chapter 6 

Conclusion 

6.1 Summary 

The starting point of this thesis was the Realization theorem of Buono and LeBlanc 

[15]: 

T h e o r e m 6.1.1 Suppose uox > 0, uo2 > 0, . . . ,uon > 0 are linearly independent over 

the rationals. Then there exist TX > 0, r2 > 0, ... , r„ > 0 and ax G R*, 

a2 G R*, . . . , an G R* such that the linear delay differential equation 

x(t) = axx(t — Ti) + a2x(t — T2) + • • • + anx(t - Tn) (6.1.1) 

has solutions x^t) = e±lU}kt, for all k = 1 , . . . , n. 

That theorem is, to the best knowledge of the authors, the first general result 

linking the number of purely imaginary eigenvalues of scalar linear DDE's with the 

number of delays. 

In this thesis, we tried to study as thoroughly as possible the link between the number 

of critical eigenvalues and the number of discrete delays for a system of p scalar linear 

43 
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DDEs. Recall that a system of p linear DDEs with I delays is written: 

i 

y(t) = ] T M3y(t - r3), M3 G MP(R). 
3=1 

We started (in Chapter 3) by considering systems of p linear DDE's with a unique 

discrete delay. Such systems are written 

y(t) = My(t - r ) , M G MP(R). (6.1.2) 

We showed that there exist r > 0 and M G MP(R) (where [§] = /) such that yf{t) = 

e±iu3tv± ( w i t h Q ^ v± e Cp) a r e s o i u t i o n s 0f (6.1.2). 

But we were able to show an important nuance. Indeed, if p is even (i.e. p = 21) 

equation 6.1.2 has solutions for all r > 0 but countably many. On the other hand, if 

p is odd (i.e. p = 21 + 1) there are only countably many possible r. 

Secondly, we showed that, for r > 0 and M G Mp(R), equation (6.1.2) has at 

most I = [*±i] pairs of solutions yf{t) = e±l^lvf (with 0 ^ vf G Cp). 

In the following chapter (Chapter 4) we proved that for two Q-linearly indepen­

dent positive frequencies, there exist TX > 0, r2 > 0 and Mi G M 2(R),M 2 G M2(R) 

such that the system of linear DDEs 

y(t) = Mi y(t - Ti) + M2 y(t - r2) (6.1.3) 

has solutions y^(t) = e±lU}ktvk
k with v^ G C2, for k = 1,2. 

We thus have a realization theorem in the case of a 2 x 2 system. We also proved 

an openness theorem stating that the realization of two imaginary numbers iuox and 

iuo2 (not necessarily Q-linearly independent) as eigenvalues of the DDEs (6.1.3) is 

possible in a neighbourhood of any set of two Q-linearly independent purely imaginary 

numbers {iuox,iCo2}. 
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In the last chapter (Chapter 5), we attempted to obtain a realization theorem 

and an openness theorem for a system of linear DDE's written as 

i 

y(t) = J2M3y(t-r3) 
3 = 1 

where M3 G Mp(R) are diagonal matrices. We considered uox > 0,..., uoi > 0, 

Q-linearly independent frequencies and TX ,..., T\ their associated delays. We showed 

that, for any p > 1 and any uoi+x,... ,uoi+p_x in the subset Q, (see equation (5.1.1)), 

there exist I diagonal matrices Mx G MP(R), . . . , M; G MP(R) such that the system 

of linear delay differential equations 

y(t) = X > , y ( * - ^ ) (6-14) 
3 = 1 

has solutions yf(t) = e±iUJktv^ with v£ G Cp, v£ ^ 0, for 1 < k < I + p - 1. 

6.2 Discussion 

The aim of this section is to foresee possible future research that could be undertaken 

to extend the results of this thesis. Let I he an integer > 2, p he an integer > 1 and 

let Si}P be the set of positive natural numbers f(l,p) such that the following statement 

holds: 

Suppose uox > 0,uo2 > 0,...,uoi are Q-hnearly independent frequencies. Then 

there exist TX > 0, r2 > 0 , . . . , r/(;)P) > 0 and Mx G MP(R), M2 G M P ( R ) , . . . , Mf^p) G 

Mp(R) such that the system of linear DDEs 

f(i,p) 

y(t)= J2M3V(t-r3) (6.2.1) 
3 = 1 

has I solutions of the type yk(t) = el<JJktv^ (respectively, yk(t) = e~luJktv^) with 

v£ G Cp, v£ T̂  0 (respectively, v^ G Cp, v^ j^ 0), for 1 < k < I. 
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In our opinion, the long-term goal is to determine the smallest positive number 

fm(l,p) of Si}P, i.e. to find fm(l,p) such that fm{l,p) = minS^p. 

Note that, in Chapter 3, the approach was different since we considered a system 

of DDEs with a single delay. Thus we fixed the number of delays (to 1) instead of 

the number of frequencies. We showed that for p > 1, [|] is the largest number of 

purely imaginary numbers for which there exists r > 0 and M G Mp(R) such that 

y(t) = My(t — r ) has a spectrum containing those imaginary numbers. 

For any I > 1 and p > 1, it seems very difficult to find a "candidate" fc{l,p) 

and even more difficult to prove that this "candidate" is indeed the smallest positive 

number of SitP, i.e., to prove that fc{l,p) = fm(l,p)- For example, consider the case 

p = 1,1 > 2; it is the Buono and LeBlanc Realization Theorem. It states that for 

/ purely imaginary numbers which are linearly independent over the rationals, there 

exists a scalar DDE depending on I fixed delays whose spectrum contains at least 

those / purely imaginary numbers. It would be interesting to be able to show that 

I is indeed the smallest number of delays whose spectrum contains those I purely 

imaginary numbers. Thus we have fc(l, 1) = I, but we would like to show that 

fm(l,l)=l 

Likewise, in Chapter 4, we found a function / G 52)2 such that / (2 , 2) = 2. It would 

also be interesting to verify whether / m (2 , 2) = 2 or / m (2 , 2) = 1. 

In Chapter 5, some questions need to be addressed before trying to find fm{l,p). 

Recall that for p > 1, there exist I real diagonal matrices and / fixed delays associated 

with uox,uo2,... ,uoi such that the system of linear DDEs 

i 

y(t) = J2M3y(t-T3) (6.2.2) 
3 = 1 

has I + p — 1 pairs of solutions of the type yk(t) = e±lWktv^, lor 1 < k < I + p — 1. 

But the choice of the frequencies uoi+x,..., uoi+p-X depend on TX, ..., 77. 
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First, it would be interesting to work on the proof of the same theorem with non-

diagonal matrices M i , . . . , M;. In order to achieve a similar result, one would have to 

find a way to solve det A(±iuok) = 0 with A(±iuok) not diagonal. 

As well, it would be interesting to be able to show that, for any 

uoi+x > 0 , . . . ,uoi+p-X > 0, there is enough freedom to choose the delays T\,...,TI such 

that uok G ft, for I + 1 < k < I +p — 1. It would allow for the following more powerful 

statement: 

Let uox > 0, uo2 > 0, . . . ,uoi > 0, be Q-hnearly independent frequencies and let 

p <l. 

Then there exist TX > 0, ... ,r/_p + i > 0, and Mx G MP(R), . . . , M _ p + i G MP(R) 

where M3 = Diag (al3,... ,aP3), for 1<J<1—p+1, such that the system of linear 

DDEs 

i-p+i 

y(t)= J2M3y(t-r3) (6.2.3) 
3=1 

has solutions yk(t) = eluJktv£ (respectively, yk(t) = e~luJktv^) with v£ G C, v£ ^ 0 

(respectively, v^ G Cp, v^ 7̂  0), for 1 < k < I. 

As the reader can notice, there are many ways in which the results presented in 

this thesis could be extended. Moreover, some new tools will be required as the ones 

used in this thesis seem to work for specific values of / and p. We hope that this thesis 

will give ideas to researchers to continue what has been modestly started. 



Appendix A 

Properties and Definitions of 

Matrix Theory 

In this Appendix, we recall standard definitions and properties of matrix theory. Let 

K be a field and M.n(K) he the if-algebra of (n x n) matrices. 

A.l Useful Property of the Determinant 

For A = (aij)i<i,j<n G Mn(A'), we denote by cr = (aXr,... ,anr)
T the r t h column of 

the matrix A and by det A = de t ( c i , . . . , cn) the determinant of A. We then have: 

Proposit ion A.1.1 Let A0 G Mn(K), • • • ,Ak G Mn(K) he k + 1 (n x n)-matrices 

over K. For 0 < i < k, let us write Ax = (c[ , • • • , cn ) where of is the r t h column of 

the matrix At. Then 

d e t ^ A = E---Ede t(c? l ) '-"-'c«n))-
1=0 ? l = 0 l n = 0 

Proof: Using the multilinearity of the determinant we have: 

k / k k \ 

d e t $ > = det ^ 4 J 1 ) , . . . , J ] C W 
2=0 \«1=0 ln=0 J 

48 
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= Ed<* K".£ C 2 , . . . , E W 
1 = 0 

fc fc 
12=0 ln=0 

EE^KU^E^.-.-.E^0 
l l = 0 t 2 = 0 \ l 3 = 0 l n = 0 / 

E-E^^.-'^) D 
11=0 l n = 0 

A.2 Companion Matr ix 

Proposit ion A.2.1 Let p G K[x] he a monic polynomial of degree n. 

Then there exist M G M„(.K") such that p is the characteristic polynomial of M. 

Proof: Recall that for any monic polynomial p G K[x] of degree n, p(x) = 

ao + axx + • • • + an-Xxn~1 + xn , there exists a n n x n companion matrix C(p) defined 

as 

f 0 0 ... 0 - a 0 ^ 

C(p) 

1 0 . . . 0 -ax 

0 1 . . . 0 - a 2 

Y 0 0 . . . 1 -an_i y 

It is easy to see that the characteristic polynomial, as well as the minimal polynomial, 

of C(p) are equal to p. D 



Appendix B 

Equat ion of a Conic Associated 

with a Finite Set of 2 x 2 Real 

Matr ices 

Let M = {Mo, M i , . . . , M{\, he a set of I + 1 matrices in M2(M) where M0 is the 

identity matrix. Let us recall the definition of the homogeneous polynomial 

p G R[x0, • • • ,xi] associated with M., given in Definition 2.0.2: 

i i 

P(xo,..., *,) = E • • • E d e t ( ^ ° . • • • > cvv)) ( - i ) 7 ( n ' - ' ^ u • • ^ip 

i i = 0 iB=0 

where cf is the r t h column of the matrix M3 and j(ix,..., ip) = / J ( l — ^o.ij), w ^ n 

3 = 1 

(5ojt denoting the Kronecker delta. 

Theorem B.0.2 Let {M0, M i , . . . , M;} be a set of / + 1 matrices in M2(M) where M0 

is the identity matrix and let 4>(xx,..., x{) be the equation of the conic C defined in 

Theorem 4.2.1. Then we have 

p(x0,l,x2,... ,xi) = (f)(x0,X2,...,Xl). 
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Proof: The equation of p associated to the set M of 2 x 2 matrices is given by 

* i 

P(x0, ...,*,) = E E d e t (cf1)-4'2)) ( - I ) 2 - ^ 5 ^ : 
i1=0i2=0 

where cJ
r is the rth column of the matrix M3. 

Expressed in a more convenient form, p is 

i i 

p(x0,...,Xl) = E d e t (ct\ct]) < + E [det ( 4 f l U t a ) ) + d e t ( 4 t 2 ) , 4 l } ) ] ( - l ) 2 - ^ - ^ > X%^Xi 

t l = 0 t i , l 2 = 0 
l l < « 2 

Now, let rn>l2 = det (c{n), c£2)) + det (cf2), c{
2
nA. We obtain: 

j i i i 

p(x0, ...,xi) = ^2detMl2x
2
2 - E ro,82xoa: t2 - E ^ ^ i ^ + E ^1,12^1^2-

t 2 = 0 12=1 12=2 l±,l2=2 

U<»2 

Reorganizing the terms yields: 

1 1 

p(x0, • • •, xi) = xl + E d e t ^ 2 ^ 2 + E ro,»2a;oa;l2 
«2 = 1 »2=0 

/ j 

J2=2 »1,«2=2 
l l<»2 

Now, let xx = 1 and note that since M0 = (q ',c2 ) = I2, r0,i2 = det ( q , 4 ' ) + 

det (c[ l2),40)) = Tr Ml2. Hence we have: 

1 1 1 

P(X0, 1, X2 . . . , Xl) = Xl + E d e t ^12^2 _ E Tl" -^12X0^12 + E ^^-^XlXl2 
12=2 12 = 1 «2=2 

+ E rn,12^1 xt2 - T1" ^ i x o + det Mi. 
11,12=2 

n<«2 

Let us use the notation: 

A2 = det Ml2, Bt2 = -Tr M2 , 
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E = -TrMx, F = detMx, 

and Dj = I i)l2 C8l]l2 = r,1)12 

where ^ 1 , l 2 = ( c f l ) , c 2
l 2 ) ) . 

Thus, we get: 

2 2 2 2 

p(x0, l,x2...,xi) = X Q + E A 2 X 2
2 + E -B«2so^2+ E C u ^ n ^ + E A2^i^2+-E'a;o+F. 

11=2 «2 = 1 «1,«2=2 12=2 
Il<l2 

Hence the intended result: p(xo, 1, x 2 , . . . , x{) = c/)(xo,x2,..., x{). D 



Appendix C 

Useful Lemma of Linear Algebra 

L e m m a C O . 3 Let V he a vector space of dimension n over the field K of charac­

teristic zero. Let u G V. 

Let vx, v2,..., vm be m > n non-zero vectors such that, for 1 < i < m — n, any subset 

of n vectors of the set {vx,..., vn, vn+l} is linearly independent. 

m 

Then there exist non-zero numbers -fX,..., 7 m such that N ^ j3v3 = u. 
3 = 1 

Proof: Since {vx,... vn} is a basis of V, there exist ax G K,..., an G K such that 

n 
U = ^2a3V3- (C.0.1) 

3=1 

As well, we can write vn+l, for 1 < i < m — n, as a linear combination of the vectors 

vx,...,vn. Thus, 

vn+l = k^v, + ••• + k$vn (C.0.2) 

with fc{° ^ 0 , . . . , k{n] ± 0, for all 1 < i < m - n. 

Indeed, suppose there exists 1 < I < n such that k\ = 0. Then 

k?Vx + ••• + k^Vi^ + ki%Vi+x + ••• + kUVn, 
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which is a contradiction since {vx,...,vi-X,vi+x,... ,vn,vn+l} is linearly independent. 

Hence, for 1 < i < m — n, equation (CO.2) yields: 

0 = t^k[l)vx + ••• + t^k^vn - t^vn+l. (C.0.3) 

Thus, by (C.0.1) and (C.0.3), we have 

n / m—n \ m—n 
u = Eh + E t^U - E *° W (ao-4) 

3=i ^ i=i / 3=i 

m—n 

Now, choose tP e R*,t{^ G R*,.. .,t<T~n) G R* such that a3 + E i ( % W ^ °, f o r 

2 = 1 

1 < i < m — n. Then, to finish the proof, let J3 = a3 + \ J t k3 •> for 1 < i < n, and 

l3 = t{J n\ for n + 1 < j < m. D 
i = i 



Appendix D 

Realization and Openness 

Theorems for a Scalar DDE 

The two theorems in this Appendix are the Realization Theorem and the Openness 

Theorem, in the paper by Buono and LeBlanc [15]. The proofs for both theorems are 

similar to the proof in [15], but contain more details. 

D.l Realization Theorem 

The first theorem is the Realization Theorem. We keep the same notation used in 

[15]. In particular, the torus T is identified with R/27rZ. 

Before the theorem, we start with the definition of transversality. This definition can 

be found in Wiggins' book [19]. In geometry, transversality is a notion that deals 

with the intersection of surfaces or manifolds. Let M and N he differentiable (at 

least C1) manifolds in Rn and let TaM and TaN he the tangent spaces of M and N, 

respectively, at the point a. 

55 
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Definition D.1.1 Let p he a point in Rn. Then, M and N are said to be transversal at 

p i f : 

(a) pg MDN, 

(b) p G M n N and TPM + TpN = Rn. 

The manifolds M and N are transversal if they are transversal at every point p ERn. 

We can now state the theorem: 

Theorem D.1.1 (Realization Theorem) Suppose uox > 0, uo2 > 0, . . . ,uon > 0 

are linearly independent over the rationals. Then there exists TX > 0, r2 > 0, . . . , rn > 

0 and ax G R*, a2 G R*, . . . , a „ 6 l * such that the linear delay differential equation 

x(t) = axx(t — TX) + a2x(t — T2) -\ \- anx(t — rn) (D.1.1) 

has solutions x^(t) = e±Wkt, for all k = 1 , . . . , n. 

Proof: As shown in the proof of Proposition 2.0.4, for 1 < k < n, respec­

tively xk (t) are solutions of (D.1.1) if and only if A(±iuok) = 0 where A(a) = 
i 

a-J2^e~iaTk. 
3 = 1 

The 2n pairs of equations A{iuo3) and A(—iuo3) are given by: 

n 

E«fce"^T* = iuj, j = l,...,n 
k=n (D.1.2) 

J]«fce")T' = -iwj, j = l,...,n 
fc=i 

Therefore, a necessary and sufficient condition for Theorem D.1.1 to hold is for system 

(D.1.2) to have solutions in the 2n unknowns (TX, T2, . . . , rn , ax,a2,..., an). It is useful 

to use the matrix notation for system (D.1.2). We obtain: 
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KP(-r;uo) j 
A = 

( IUO \ 

\ -iu I 
(D.1.3) 

where uo = (uox,..., uon)
T, r = (rx,...,Tn), Am = (aXm,..., alm)T and P{T;UO) is the 

n x n matrix whose (j, k) entry is 

[p(.T-,uj)]3k = e -lUJjTk 

Note that P{T;UO) = P(-T;UO). 

Now, recall that N = < 

v 
dimension n, and that the map 

G C n ; z G C " > is a vector subspace of Cn of real 

EN 
Re(z) 

lm(z) 
(D.1.4) 

is an isomorphism. Thus system (D.1.3) has the same solutions as the system: 

0 

\lm (P(T;UO)) J 

( Re(P(r-uo)) ^ 
(D.1.5) 

uo 

Instead of attempting to solve (D.1.5) directly, the idea is to adopt an approach 

based on the fallowing fact. For each j , consider the exponents uo3rk in P{r;uo) taken 

modulo 2-7T, k = 1 , . . . , n. Since the uo3 are independent over the rationals, for rk > 0, 

the vector rkuo mod 2ir generates a dense orbit, denoted by Ok on an n-torus T", 

where T = Rj2irrL. If (r,A) is a solution of (D.1.5), then r produces a point on 

V := (T n ) n , via the dense orbits. 

Thus, the idea is to embed the problem of finding solutions of (D.1.5) into a prob­

lem of finding solutions of a mapping Fw defined on V and which is an extension of 

(D.1.5). If an explicit solution of Fw = 0 can be obtained, we can then use the Implicit 
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Function Theorem to find a submanifold of solutions of F^ = 0. Finally, using the 

density of the orbits Ok on the submanifold yields an infinite number of solutions to 

Fu = 0 and therefore to (D.1.5). 

Let us define V := (T n ) n with coordinates on V as follows: 

V:={$ = (&,..., $n)\& = (<p[,...,(pl)TeTn,j = l,...,n} 

and consider the following mapping associated to (D.1.3): 

L : 7 x R " 4 M2" 

defined by 

-FW(<M) = 
( P(l>) \ { uo ̂  

(D.1.6) A-i 

where A and uo are as previously defined, and P ( $ ) is the n x n matrix whose (j, k)-

entry is 

P(3>) 
3k 

P ( $ \ . . . , $ " ) = e~1^. 
3k 

Therefore, by the isomorphism (D.1.4), we obtain: 

PL : V x Rn ->• R2n 

defined by 
/ 

F W (M) = 
Re 

Im 

( P ( $ ) ) 

P ( - $ ) ) 

/ 

A-
0 

uo 

(D.1.7) 

Now, for future use, we single out the last torus in V. Writing V = Vn-X x Tn , we 

obtain: 

Fu : F„_i x T" x R n —> R2n 

(D.1.8) 

( $ , * , A ) —» F ( $ , * , ^ ) 
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where 

V* = { $ = ( $ \ . • •, $ n _ 1 ) | $ J as defined above} and V* = $ n . 

For notational simplicity, we re-label </?" by ^ , for 1 < j < n. 

We now need to find an explicit solution ($ , \E') G V^_i x T n for the equation 

Fu(<&, \I/, A; oo) = 0 in order to apply the Implicit Function Theorem at ($ , ^ ) . 

Consider the particular set of vectors in Rn: 

If £ = {ex,... ,en} denotes the canonical basis of Rra, we define the vectors vx G 

R n , . . . , ^ G R " by 

n j - 2 

vi = E ek a n d for j = 2,..., n, ^ = vx - E 2 e«-^- (D.1.9) 
fc=l £=0 

By construction, the set {vx,... ,vn} is linearly independent and every coordinates of 

each vector v3, for 1 < j < n, are non-zero. This set of vectors allows to define, for 

1 < j < n, the matrices U3 whose kth diagonal element is the kth component of the 

vector v3. In particular, Ux is the nxn identity matrix. Let us also define the matrix 

L which is the nxn matrix whose j t h column is composed of the coefficients of the 

vector v3 in the basis £. That is 

/ 

L = 

1 1 

1 1 - 1 

1 - 1 - 1 

i \ 

- 1 

- 1 

- 1 / 

(D.1.10) 

Note that L is invertible in Mn(Q). Indeed, by construction, L G Mn(Z) and det L ^ 0 

(the set {vx,... ,vn} is linearly independent). As L~l = ( d e t L ) - 1 adj L, where adj L 

denotes the adjugate matrix of L (see, for example, [17]), L~l G Mn(Q). 

Consider the following point in Vn-X x Tn: 

7T 
( $ , * ) = --L. 
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Then, we have that P ( $ , Vf) — iL. We define A = L xuo. Note that each coordinate 

a3, for 1 < j < n, of the column vector A is non-zero. Indeed, suppose there exist 

a3o = 0. Then we have 

E ^ ° f c W f c = ° where l3ok = [L ^ f c . 
k=l 

But by hypothesis, uox,... ,uon are linearly independent over the rationals. Hence there 

exist k0 such that l3oko G- Q, which is a contradiction with the fact that L _ 1 G M„ 

Hence we have 

( R e ( P ( $ , § ) ) \ / 0 

I m ( p ( $ , § ) ) y 

A 
( o\ 

\ 

A 

\LJ uo 

(D. l . l l ) 

Therefore, there exist a unique A G R™ such that Fu (*,»,*) = ^ j . it IS 

A = L - 1 ^ . 

We now need to verify that J = D^^F^^, \I/, A), is invertible. The computa­

tion yields: 

dnUn 0 
J = D,%A)FU{®,*,A) = 

0 L 

and therefore 

J~x = 
hUn 0 

0 L-1 

Since det J = dnlAnL ^ 0, by the Implicit Function Theorem, there exist a neigh­

bourhood N of $ in Vn-i and a unique smooth mapping 

GW:N 

$ 

T n x K " 

GU$) 
(D.1.12) 
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such that 

G($) = ( § , 1 ) and F w ( $ , G w ( $ ) ) = 0 , V $ 6 i V . (D.1.13) 

Now, let G* and GA he, respectively, the projection of Gu onto T n and the projection 

of Gw onto Rn . Hence: 

G* = proJ! oG^-.N —>Tn and GA = proj2 o Gw : N —»• R". 

Recall that 0^ is the dense orbit generated by rkuo mod 27r on the n-torus T™. Let 

0 $ C Vn-i be the direct product of the dense orbits Ok, for 1 < k < n — 1, and 

Oy he the dense orbit in V*. By the construction of the function G*, if $ G 0 $ 

and $ = G$($) G 0 * , then yl = G A ( $ ) yields a solution to the original system of 

equations (D.1.5). 

That is, we are looking for (TXUO, ..., Tn_xuo) = $ G Ki-i H A^such that G (̂<&) G V* 

We now need to show that G* is regular at $. 

Implicit differentiation of (D.1.13) yields that 

I> (*,A)F ( J($,*,A) 

for all $ 6 J V . 

Therefore, for $ = $ , we have 

f F>G*($) N 

V DGAm j 
= D*FUJ($,y,A), (D.1.14) 

\ 

P>G($) = -J~lK (D.1.15) 
DG^{<S>) 

DGA($) J 

where J~l is the inverse of the 2n x 2n matrix J and the 2n x (n — l)n matrix if is 

defined as K = D*FU($, § , A). 

Note that 

^ Z V (Re(P)A) P»$2 (Re(P)A) • • • D*„-i (Re(P)^l) N 

v P>$i ( im(P)A) P»$2 ( im(P)A) • • • P>$n-i ( im(P)A) . j 

D9FU(®,*,A) = 
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Computations yields the following for K: 

I axUx d2U2 ••• fln-iW„_i 
K = D*FU{®,*,A) = 

\ 0 0 0 

Hence after computing the product —J~lK we obtain: 

-fUnUi -funu2 ••• -?f=UnUn-X 

DG(Q) = | | (D.1.16) 
0 0 • •• 0 

where 0 denotes the nxn zero matrix. Consequently, 

Since ZYi is the identity matrix and lAn G GL„(R), the rank of DG($) is maximum. 

It follows that the mapping 

G* : N —vV* 

is regular at $ . 

Since 0 $ is dense in Vn-\, for 1 < k < n—1, there exist, for any e > 0, (TII£, . . . , Tn_i)£) 

such that 

(ri j £a;, . . . , Tn_i>£a;) mod 27r = $* is in a e-neighbourhood of $. 

Let us define a small (n — l)-dimensional manifold in Vn-X based at $* by 

51** = { ( r i ^ , • • •, Tn-ia;) mod 27r I T3 G (rJ)£ - h, rJ>£ + /i)} 

with e, h small enough so that 5$, C N. 

Now it is left to show that G$ (£$,), image of 5$. by G* has a nontrivial transversal 

intersection with 0 ^ . To do this, we consider the following set of n — 1 vectors in 

(R") n _ 1 : 

Wx = (uo,0,... , 0 , 0 f 
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W2 = (0,uo,... , 0 , 0 ) r 

Wn.2 = ( 0 , 0 , . . . ,uo,0)T 

Wn.x = (0,0, . . . ,0,uo)T 

where 0 represents the zero vector in Rn, and uo = (uox,..., uon)
T. The set {Wx, . . . , W^-i} 

is linearly independent. For $* G Vn_x, consider the set 

P $ = i $ + ^ a r l K ( m o d V $ ) | 0 < \ar\ « 1, 1 <r <n-l > (D.1.18) 

where we choose ar, for 1 < r < n — 1, such that Pg C N. The set Pg is a small 

n — 1 dimensional manifold in Vn-X. We are interested in showing that the image of 

Pg by G<s, in Vg> is transverse to Oy (see Definition D.1.1). 

To show the transversality of G*(Pg) to 0 ^ , we need the tangent space to G*(Pg) 

at G*($) and the image of the tangent space to R at zero under DH^(0) to be 

transversal, where H is defined as 

H*:R —> V* 

t i—> Gy($) + tuo. 

This is equivalent to show that the following equality holds: 

DH$(0)ToR + THi{o)G*(P$) = TH$(0)Rn. (D.1.19) 

First, note that TH~(Q) G*(Pg) = TG ($)(P$) is well defined. Since G^ is regular at 

<&, G*(Pg) is a n— 1 dimensional submanifold in V* and r G ^ ( P j ) is a n — 1 dimen­

sional hyperplane in V#. Locally around G^(<&), we have that G^(Pg) is generated by 

{G*(Wi), . . . ,G*(W„_i)}. Hence T ^ ( $ ) ( P £ ) is generated by {DG*.WU ... ,DG*.Wn_x}. 

Secondly, note that DH^(0)T0R = span{t<;}. Thus for (D.1.19) to be satisfied, it is 
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sufficient to show that the n vectors of R", DGq,.Wx, . . . , DGq,.Wn-X,uo, are linearly 

independent. To show this, we consider the function 

T : N—>R 

defined by 

T($) = det (DGy(<5>)-Wx F>G*($) • W2 ••• DG*($) • Wn_i w) . (D.1 .20) 

Clearly, T is continuous, and T evaluated at $ yields: 

T ( $ ) = d e t ( -f-UnUxuo -fnUnU2uo ••• -^UnUn-Xuo UnUnuo ) 

detWndetf dxUxuo a2U2uo ••• dn_xUn-Xuo Unuo J 
( - I )"" 1 

(uox uo2 ••• uon) (dx a2 • • • an-X) 

a""1 

^ 0. 

It follows that there is a neighbourhood N' C N of $ in which T ^ 0. Thus, by 

choosing e, /i small enough such that 5$, C N', the image of S$. by G^ is transverse 

to Oq,. Note that since the orbit of Oq, C Vq, is dense, there are infinitely many 

intersections with G*(S$.) near the point ^ = G^($) . Therefore, there exist fi > 

0, f2 > 0 , . . . , rn > 0 such that $ = (TXUO, T2UO, . . . , fn_ia;) mod Vn^x and 

G^($) = rnuo. Thus, the linear system (D.1.3) has solutions. • 
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D.2 Openness Theorem 

The second theorem is the Openness Theorem in the paper by Buono and LeBlanc 

[15]. Again, we keep the same notations used in [15]. This theorem shows that 

the previous realization result holds for open sets near solutions found in Theorem 

(D.1.1). The theorem states the following: 

T h e o r e m D.2.1 Openness Theorem. Suppose uox > 0, uo2 > 0, ... ,uon > 0 are 

linearly independent over the rationals. There exists a neighbourhood j\f of Co = 

(uox,... ,uon) in R™ and a smooth mapping 

H : V — • R™ x Rn 

uo i—>• H(UO) = {T(UO),A(UO)) = ((TX(uo),...,Tn(uo)),(ax(uo),...,an(uo))) 

such that 
n 

J2ak(uo)e-^Tk^ = iuo3, j = l,...,n 
k=n (D.2.1) 

E « f c H ^ T f c M = -iu3, j = l,-..,n 
k=l 

for all uo EJV. 

Proof: We consider the system Fu = 0 given by (D.1.8). We have already shown 

in the previous proof that for the n frequencies defined in Theorem 5.2.1, there exist 

infinitely many solutions to Fu = 0. We use the solution ( $ , $ , GA(&)', ^ ) that was 

constructed in the previous proof. Recall that if the point f $, ^ , G^($); Co) is a 

zero of Fu then, equivalently, the 2n equations of system (D.1.2) are satisfied. 

Using the mapping Fu, we can build the function Q defined as 

Q : R" x R n x Rn —> R " x R n 

(D.2.2) 

(U0,T,A) I > Q(U0,T,A) = Fu{{TXU0,...,Tn_XU0),TnU0,A), 
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The goal is now to apply the Implicit Function Theorem at the point (CO,T,A) 

where Q(UO,T,A) = 0 and the 2n x 2n matrix 

D{TA)Q(CO, T, A) = ( DTQ(T, A, CO) DAQ{T, A, Co) ) . (D.2.3) 

is invertible. 

Classic computation of derivatives yields that the 2n x n matrix DTQ is equal to 

/ uo 0 0 ••• 0 \ 

DTQ(T, UO, A) = £>(($!,...>$n-i),*)Pa,((Ti6J, . . . , Tn_xuo),Tnuo, A) 

0 uo 0 ••• 0 

\ 0 0 0 ••• uo ) 

(D.2.4) 

where 0 is an n-dimensional zero column vector; and the 2nxn matrix DAQ is equal 

to 

DAQ(UO,T,A) = DAFUJ{{TXuo,...,Tq_xuo),Tnuo,A). (D.2.5) 

Now we need to show that D(TiA)Q{Co,f,A) ^ 0. To do so, consider the following 

mappings associated to (D.2.3), (D.2.5) and (D.2.4): 

TlT : K_ i x V* x Rn x R" —> M2n)„(C) 

defined by 

•Rx{$,y,A,uo) = D{9t9)Fu($,*,A) 

f uo 0 0 ••• 0 

0 uo 0 ••• 0 

\ 0 0 0 ••• uo J 

TlA : K _ i x ^ x f x 1 ^ TEC™ 112n,n 
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defined by 

nA($,*,A,u) = DAFu($,*,A); 

and 

K : 14-i x V * x 8 " x R " —• M2n,„ 

defined by 

n($,*,A,u}) = (nT($,y,A,uo) KA($,V,A,LJ)). 

Using the same particular set {vx,... ,vn} constructed in the previous proof, we can 

compute TZ{^,^,A,uo) where ($,<!>, A,uo) = ( - f (u i , . . . ,vn), L~luo). 

Recall that L is the nxn matrix whose j t h column is the vector v3 and that hi3 is 

the nxn matrix whose kth diagonal element is the kth component of the vector v3. 

After computations we obtain: 

I Z iL ^ 
K[--{vx,...,vq),A,uoj = 

\ Z -iL ) 

where 

Z = ( axUxuo a2U2Co ••• anllnCo J-

Recall that each a3 is non-zero thus the nxn matrix Z is invertible, since its deter­

minant is 
n 

det Z = I T a3uo3 det L ^ O . 

3=1 

Quick matrix computations yields: 

\z~x \Z~ 

'-L-1 \L-X ) 

- g ("!»••• ,vn),A,Coj = 

\ ~ 2 

Hence 1Z is clearly invertible. 

By continuity of the determinant, there is a neighbourhood E of the point 

($ , $ , A, Co) G Vn-i x V* xRn xRn in which TL is invertible. As stated in Theorem 5.2.1, 
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because of the density of 0 $ and 0 ^ , there are infinitely many solutions to Fu = 0 

near (<&, \l/, A,Co). Hence there exist a point (Co,f,A) G E such that Q(CO,T,A) = 0 

and Q is invertible at that point. Therefore, by the Implicit Function Theorem, there 

exist a neighbourhood j\f C R" of Co and a unique smooth mapping 

H : j\f —> R" x R" 

uo i—• H(uo) = (T(OO),A(UO)) = ((TX(uo),...,Tn(uo)),(ax(uo),...,an(uo))) 

such that 

H(CO) = Q{CO,T,A) and Q(T(CJ) , A{UO);UO) = 0, MuoeM. U 
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