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Abstract

This thesis is a step forward in the generalization of the Realization Theorem in the
paper [15] by Buono and LeBlanc. In that theorem, the two authors study the link
between the number of critical eigenvalues and the number of delays in a scalar delay

differential equation of the form:

l
gt) => ayt—-7), a €R.
g=1

In this thesis, we shall consider a system of p (p € N) scalar delay-differential equa-

tions. That system can be written as:

l
y(t) = Zij(t -7), M, e My(R).

The goal is therefore to study the links between the number of critical eigenvalues,
the number of delays and the number p of equations. We study these links in three
particular cases.

First of all, we are interested in the case [ = 1. That is y(t) = My(t — 7). Secondly,
we consider the equation §(t) = Myy(t — m1) + May(t — 72), M, € My(R). Finally, we
study the case:

l
y(t) = Z Myy(t — ;)

1=1

where the matrices M, € M,(R) are diagonal, for 1 < j <.

ii



Résumé

Cette these représente un pas en avant vers la généralisation du théoréme de réalisation
de Buono et LeBlanc [15]. Dans ce papier, les deux auteurs étudient le lien en-
tre le nombre de valeurs propres critiques et le nombre de délais dans une équation

différentielle & délais scalaire de type:
1
y(t) = Za]y(t -7), a €R.
1=1

Dans cette these, on consideére un systéme de p (p € N) équations différentielles &

délais scalaires qui s’exprime mathématiquement par
1
§(t) =D My(t—1), M, € My(R).
7=1

Le but est donc d’étudier les liens entre le nombre de valeurs propres critiques, le
nombre de délais et le nombre p d’équations. Ces liens sont étudiés dans trois cas
particuliers.

Premiérement, on s’intéresse au cas | = 1, c’est-a-dire & y(t) = My(t—7). Deuxiémement,
on considere I'équation y(t) = Miy(t — ) + May(t — r2), M, € M(R), et finalement,

on étudie le cas

g(t) =D Myy(t —7,)

ou les matrices M, sont diagonales, pour 1 < j <.

il
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Chapter 1

Introduction

It is not exaggerated to say that any scientist or engineer is familiar with first order
explicit ordinary differential equations (ODE). A first order explicit ODE is of the
type

y(t) = f(t,y(t), t=to, (1.0.1)

where the function y(t) is called the state variable and ¢ the independent variable.
Under some regularity conditions, such an ODE is governed by the principle of causal-
ity; that is the future state of the system is independent of the past states and it is
determined solely by the present [1, p. 1. The modification of the right-hand side
of (1.0.1) to include the dependence of the derivative § on past values of the state
variable y, yields a retarded functional differential equation.

Let X = C ([~r,0],R") denote the Banach space of continuous functions mapping
the interval [—r,0] into R? and let & C R x X. A retarded functional differential
equation (RFDE) is of the form

y@t) = f(t,w), t=to, (1.0.2)

where y, = y(t+6) € X, 8 € [-r,0] and f: Q@ — R” is a given function.
Equation (1.0.2) includes both distributed delay differential equations and discrete



delay differential equations. In the former, f depends on y computed on a contin-
uum, possibly unbounded (r — +00), set of past values. As for the latter, f depends
on only a finite number of past values of the state variable y. One can note that a
discrete delay differential equation is a special case of a distributed delay differential
equation.
Distributed delay differential equations are also called Volterra-type RFDE, after the
Italian mathematician Vito Volterra (1860-1940). In his research on predator-prey
models and viscoelasticity, Volterra formulated some rather general differential equa-
tions incorporating the past state of the system. Also, because of the close connections
between the equations and specific physical systems, Volterra attempted to introduce
a concept of energy function for these models. He then exploited the behaviour of
the energy function to study the asymptotic behaviour of the system in the distant
future [1, p. 1].
Indeed, distributed delay differential equations are not only mathematically interest-
ing, they are also very useful to build more realistic models in population dynamics.
Here are two examples of phenomena that were first modeled using ODE’s and then
made more realistic using distributed delay differential equations:

The first model helps describing species population struggling for a common
resource; it is the logistic model. Rewritten with a delay, we obtain the Hutchinson—

Wright equation [2] & [3]:

i =ryto) |22
In this case, we consider y as a population size. The constant K is the carrying
capacity while r is the growth rate.
The second model was used by Gurney et al. [4] in 1980 to describe the periodic

oscillations in Nicholson’s classic laboratory experiments with the Australian sheep

blowfly [5]. It is a model with delayed recruitment and instantaneous death:

§(t) = ay(t — 7)e PO — Gy (1),



In this model, y is also a population size. The constant o and § are the birth and
death rate respectively. The expression ay(t — T)e"ﬁy(t_T) is a density-dependent per
capita reproductive rate.

The French mathematician Charles Emile Picard had already understood that
need for more realistic models in his address at the Fourth ICM in 1908:

Les équations différentielles de la mécanique classique sont telles qu’il en résulte
que le mouvement est déterminé par la sumple connaissance des positions et des
witesses, c’est-a-dire par U'état ¢ un wnstant donné et a [instant winfinvment voisin.
Les états antérieurs n’y intervenant pas, Uhérédité y est un vawn mot. L’application
de ces équations ou le passé ne se distingue pas de l'avenir, ot les mouvements sont
de nature réversible, sont donc inapplicables aux étres vwvants. Nous pouvons réver
d’équations fonctionnelles plus compliquées que les équations classiques parce qu’elles
renfermeront en outre des intégrales prises entre un temps passé trés élowgné et le
temps actuel, qur apporteront la part de ’hérédité.

(La mathématique dans ses rapports avec la physique, Actes du I'Ve congreés interna-
tional des Mathématiques, 1908. [6, p. 1]).

In fact, the effectiveness of modelization with RFDE is not limited to living beings.
It is also used in economics (see the model by J.B.S. Haldane [7]), in biology (see
the sunflower model [8, 9, 10]), in medical research (see the Mackay—Glass model [11,
p. 72] and its numerical treatment [12]), and in many other fields (see [11]).

In this thesis the focus is confined to specific types of discrete delay differential
equations. For convenience, discrete delay differential equations will be referred to as

DDEs. A general DDE can be written:

y(t) = F(tay(t_Tl(tay(t)))7"'ay(t_7—l(tay(t))))’ t> 0’ (103)



where

y:[-7;00) > R?, T>0;
F:[0;00) x RP x --- x RP — RP;

T, : [0;00) X R? — [—7; 00), 1<i<l

For 1 <4 <[, the functions 7,(¢, y(t)) are called the delays (or lags). By definition, if
a delay 7(t,y(t)) depends on y(t), it is said to be state dependent. If not, it is state
independent. Moreover, a state independent delay 7(t) is variable if it depends on t.

If not, it is said to be constant.

In this thesis, we are interested in particular autonomous DDE’s with constant,

state independent delays 7,,where 0 < 7, < 7:

yO) =A@yt —m), ...yt =) + Nyt —mn), ... ,ylt—7)), t>0, (1.04)

where A : RP x --- x R? — RP? is a linear map,
and N : R? x -.- x R? — RP? is a smooth nonlinear map with F(0) = 0 and
DF(0) = 0.

The linearization of equation (1.0.4) about the trivial equilibrium is given by:

yt)=Ayit—-mn),...,y¢—m)), t=>0. (1.0.5)

Under a standard basis for R” x --- x RP, A € End(R? x - - - x R’ RP) will always
be of the form :

A=>"M,  where M, € End(R").

J=1



Therefore, the DDE (1.0.5) becomes:

!
g(t) =Y Myt —m7),  t>0, (1.0.6)
7=1
where 7, € [0,7] for all 1 < j <.

l

Associated with the DDE (1.0.6) or with the linear operator A = Z M, is its
7=1
characteristic matrix

l
Ala) = al, — Ze‘mf M,, aeC.
71=1

The roots of the characteristic equation det A(a) = 0 are the eigenvalues of the
DDE (1.0.6). If X is an eigenvalue of (1.0.6) and v € CP is in ker A(a), then, as we
shall show in Theorem 2.0.3, y(t) = e*v is a solution of (1.0.6).

Now, let us make the correspondence with the definition of linear autonomous
DDE given in Hale and Verduyn Lunel [1, p. 193]:
Let 7 > 0 and C = C([—7,0],R?) be the Banach space of continuous functions from
[—7,0] to RP. For t > 0 and y : [-7,00) — RP?, the function vy, is given by
v(0) =y(t+0),for § € [-7,0]. ForO< 7 <--- <7 <7,and M; € M(R),...,
M; € M,(R), let n: R — M,(R) be the function of bounded variation defined by

-1

77(9) = Z("j)X(-TJJrL—T]](e)MJ - lX(—oo,—Tz](e)Ml

7=1
where x4 is the indicator function of the interval A.
Then the linear operator L : C — RP defined by
0
Lo = [ dae))e(®
is equal to

o ! l
Ly = /_ Z‘S—TJ (0) M, p(0) = ZMJ‘P(_TJ)-

J=1



Hence, for ¢ = y;, we get

!
Ly, = ZMJy(t - 7).
1=1

Therefore, the DDE defined by Hale and Lunel by y(t) := Ly; corresponds to the
DDE (1.0.6). In his thesis, B.F. Redmond [13] explains perfectly why, in the study
of bifurcations from the trivial equilibrium of (1.0.4), understanding the structure of

the eigenvalues of the linear part (1.0.6) is crucial.

The main question addressed in this thesis is related to the number of purely
imaginary eigenvalues of the DDE (1.0.6). The question falls within the category
of “realization problems”. Note that the two Portuguese mathematicians T. Faria
and L.T. Magalh&es were the first to study these so-called realization problems [14].
The realization question addressed here is the following: Consider n non-zero pure
imaginary numbers w1, . . . , iw, with positive frequencies. Then what is the minimal
number ! of delays needed such that the DDE (1.0.6) has solutions yi(t) = ety
for 1 < k < n. The scalar case (p = 1) with n nonzero delays has been studied by

Buono and LeBlanc [15]. Their theorem states the following:

Theorem 1.0.1 Suppose w; > 0, wy > 0, ... ,w, > 0 are linearly independent over
the rationals. Then there exist my >0, 7, >0, ... ,7, >0and a; e R, a3 € R, ...,

an € R such that the linear delay differential equation
tt)=arz(t—7n)+agzx(t—n)+--+apz(t —7,) (1.0.7)
has solutions z(t) = e**™»t, for 1 < k < n.

Answering the“realization question” for a DDE of the type (1.0.6) for any p
proved to be too difficult. Therefore, this thesis is mostly a collection of “particular
cases”: for specific systems of p equations and n frequencies (with particular con-

ditions), we are able to find a small number of delays such that the DDE (1.0.6)



has solutions y;, " (t) = e* vy,. Hence the structure of the thesis is straightforward:
Each chapter studies system (1.0.6) for a particular p and a particular [ with particular

conditions on the frequencies.



Chapter 2

Terminology and Basic Results

In this chapter we introduce terminology and basic results. Their definitions and the

results of this sections are used in each chapter of this thesis.

Definition 2.0.1 Let 7 > 0, and let [, p be two integers > 1.

Consider the linear delay differential equation
l
() = > Myt — ) (2.0.1)
j=1

where M; € Mp(R) and 7; € [0,7], for 1 < j <.

(a) For a € C, we will denote by A(a) € M,(C) the characteristic matriz of (2.0.1)

given by

!
Ala) = al, — Ze‘aTJM]-.
j=1

(b) The characteristic equation of (2.0.1) is given by det A(a) = 0. Following
[15], the roots of the characteristic equation are the eigenvalues of the equation
(2.0.1).

1 ifi=0,
0 ifi#0.

In Definition 2.0.2 below, dy; denotes the Kronecker symbol, i.e. §; =



Definition 2.0.2 Let M = {Mo, My,..., M} be a set of { + 1 matrices in M,(R)
where Mj is the identity matrix. Let us associate with M the homogeneous polyno-

mial p € Rz, -, z;] of degree p given by

I I
o(zo, ..., 1) = Z . Zdet(cg”), ) (=) g, g,

11=0 1p=0

P
where ¢ is the 7** column of the matrix M, and v(21,...,%p) = z 1 — 6o,
7=1

Proposition 2.0.2 Let A(«) be the characteristic matrix of (2.0.1) and p € Rz, .. ., z/]
be the homogeneous polynomial associated with the matrices of (2.0.1).

Then det A(a) = p(a,e™™, ..., e™7T).

Proof: In order to use Proposition A.1.1 of Appendix A, let us introduce the
following notation: First, let Ag € M,(C) denote the matrix o, and, for 1 < 3 </,
let A, € M,(C) denote the matrices M,e~*%. Now if c,(c]), for0<j<landl <k <p,
denote the k™ column of M,, let Bocg)) denote the k' column of Ay and let, for
1<y<U, ﬁ]c,(j) denote the k™ column of A,.

By Definiton 2.0.2 and Proposition A.1.1 of Appendix A, we have:

p(a7 6—017'1’ s 7e_aTl) = p(ﬁO) v 7Bl)

l 1
= Z e Z det(cg,”l)’ . 761()1’1’))(__1)7(21’ ’Zp)/Bll e /B'Lp

11=0 'Lp=0
1 l
— Z ... Z det((—l)l_‘so'zlﬂzlcg“), cey (—1)1—50,111/811)01(}1)))
1= 1p=0

!
= det Z A,
7=0
!
= det (oz[p — Ze“”JMJ>

J=1

= det A(a) O
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Theorem 2.0.3 For 7 > 0, consider the linear system of delay differential equations

(1) =) Myy(t - 1,) (2.0.2)

where M, € M,(R) and 7, € [0,7], for 1 < j < L.

For a € C, the following two conditions are equivalent:
(a) There exists v € CP, v # 0, such that y,(t) = e*v is a solution of (2.0.2),
(b) pla,e ™ ... e ") =0, where p is defined in Definition 2.0.2.

Moreover, y,(t) = e*v is a solution of (2.0.2) if and only if v € ker A(a).

Proof:
Let yo(t) = e*v with v € CP, v # 0, and a € C.
As the characteristic equation for the DDE

l
g(t) =Y My(t - ) (2.0.3)
J=1
is obtained by substituting y,(t) = e*v, v € CP, into the equation, we get:
!
ae®ty = Z M, ety
1=1

!
= E M,e™" ey,
J=1

By rearranging the terms we obtain

(o1, 32 Yt o

J=1

which is equivalent to

!
A(a)v =0, where A(a)=al,— Z M,e ",
7=1
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Hence, y,(t) is a nonzero solution of (2.0.3) if and only if v € ker A(«), v # 0. But
ker A(a) # {0} if and only if det A(e) = 0. By Proposition 2.0.2, the theorem is
verified. 4

Proposition 2.0.4 For 7 > 0, consider the scalar delay differential equation
1
y(t) = Zaﬂ/(t - 7) (2.0.4)
=1
where a, € R* and 7, € [0,7], for 1 < j <L
l
Let A(a) = a — Za]e'aTJ, aeC.

71=1
Then, y,(t) = e* is a solution of (2.0.4) if and only if A(a) = 0.

Proof:  Let y,(t) = e, with a € C.

Substituting y,(t) in equation (2.0.4) and rearranging the terms yields:
!
(a - Z aJe—aT])ya(t) = 0.
1=1

!
This equation is equivalent to A(a) = 0 where A(a) = a — Za]e_"”f : O
1=1



Chapter 3

Single-Delay Linear DDEs

It is always convenient to start from the beginning. For this thesis, the beginning
would be to study the simplest linear DDE: delay differential equations with one

delay. Hence, we are interested in the single-delay linear system of DDEs:
y(t) = My(t — 1) (3.0.1)

where M € M,(R) and 7 > 0.

This chapter is divided into 2 sections. In Section 1, we consider n non-zero frequen-
cies. We are able to find the smallest natural number p > 1 for which there exists
M € M,(R) such that the single-delay linear system of DDEs (3.0.1) has solutions

yf:(t) = etwrty, for 1 < k < n.
In Section 2, the perspective is different: we suppose that the matrix M € M,(R)

is given. Then, we find the largest natural number n > 1 such that the single-delay

linear system of DDEs (3.0.1) has solutions y(t) = e for 1 < k < n.

12



3.1. Realization Theorem for a System of Linear Single-Delay DDEs 13

3.1 Realization Theorem for a System of Linear

Single-Delay DDEs

The results in this section allow us to determine, for n given non-zero frequencies,
the smallest natural number p > 1 for which there exists M € M,(R) such that
the single-delay linear system of DDEs (3.0.1) has solutions yif(t) = e®v¥, for
1<k<n.

The proofs of these theorems require a result deduced from Theorem 2.0.3. This

result is presented as Proposition 3.1.1.

Proposition 3.1.1 For 7 > 0 and M € M,(R), consider the single-delay linear
system of DDEs:
y(t) = My(t — 7). (3.1.1)

For w € R, the following two conditions are equivalent:

(a) There exist non-zero vectors v+, v~ € CP such that y*(¢) = e“'v* and

y~(t) = e ™“*v~ are solutions of (3.1.1),

(b) 2zt = jwe™™ and 2z~ = —iwe ™7 are roots of the characteristic polynomial of

M.
Proof:  For a € C, recall that the characteristic matrix A(a) of (3.1.1) is given by
Ala)=al,—e M =e " (ae® I, — M).

By Theorem 2.0.3, y(t) = e**v, with v € C?, is a non-trivial solution of (3.1.1)
if and only if v € ker A(iw), v # 0.
Hence y*(t) = e*'v* and y~ () = e™™*v~ are non-trivial solutions of (3.1.1) if and
only if det A(iw) = det A(—iw) = 0 and v* € ker A(iw).

T = —dwe™7. As A(iw) = e (2], — M) and

Let 27 = we™” and 2= = 2
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A(—iw) = €T (z~ I, — M), the necessary and sufficient condition for condition (a) to

be satisfied is that 2™ and 2™ are roots of the characteristic polynomial of M. (]

Remark 3.1.2 Keeping the same notation as in Proposition 3.1.1, recall that z+ =

—iwe ™" = z7. Then, as M € M,(R),
det(271, — M) = 0 if and only if det(z~I, — M) = 0.

Hence, condition (b) of (3.1.1) is equivalent to:

+

27 =iwe™ or z7 = —twe ™™

T is a root of the characteristic polynomial of M.

Theorem 3.1.3 Let w; > 0,...,w, > 0 be n distinct real numbers and let

A:]L;JIQLWJZ*, where Z* = Z \ {0}.

Then, for any 7 € A, there exist M € M,(R), with p = 2n, and v;",v]_ € C? such
that, for 1 < j < n, ¥ (t) = e“*) and y; (t) = e **v;" are 2n distinct solutions of

the single-delay linear system of DDEs
y(t) = My(t — 7). (3.1.2)

Proof: To simplify the notation, let 20 = iw, e, for 1 < j < n. Let us first
check that if 7 & A, then {z(), ... ,2M} R = 0. If not, there exist jo such that

e’ = 414, ie. w,, T+ 2kw = g + Im, for some k,l € Z.

T T
Hence w,,7 = 5 + mm, for some m € Z. Thus 7 €
Wio

{zM, ..., 2™} R = @, the polynomial p, defined as

(1+2Z) C A. Since

n

@) = [[@-2)a-z9)

=1
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[(Re(2)) — 2)? + Im(2"))?]

n
=1

7
is an element of R[z] of degree 2n = p.
By Proposition A.2.1in Appendix A, there exist M € M,(R) such that p is the charac-

teristic polynomial of M. Then, the proof of Theorem 3.1.3 follows from Proposition

3.1.1. (]

Theorem 3.1.4 Let wy > 0,...,w, > 0 be n + 1 distinct real numbers such that
w, & woQ, for 1 < j < n.
Then, there exist M € My(R), with p = 2n + 1, and v}, v;” € C? such that
y, (t) = e*»*v) and y; (t) = ety , 1 < j < n, are distinct solutions of the single-
delay linear system of DDEs

y(t) = My(t — ) (3.1.3)

with 7 € 2”70(—1 +47).
Proof: To simplify the notation, let 29 = w,e’” for 1 < j < n. Now, let
re Qi(—l +4Z). Thus, there exist k € Z such that 7 = 52 (~1 + 4k). With such

Wo
a value for 7 we have:

WoT = _g +2kn thus 200 = juwee™ = iwo(—1) = wo.

. W
Moreover, since o ¢ Q, we have

Wy

Wy, T = —
I (Uo2

(—1 +4k) & gz.

Thus, 27 ¢ {+i} and therefore 20) = jw,e™™ ¢ R.
Let p € R[z] be the polynomial of degree p given by

n

p(z) = (z — 2 ] [(Re(z") — 2)* + Im(21)?] .

=1
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By Proposition A.2.1 in Appendix A, there exist M € M,(R) whose p is the charac-
teristic polynomial of M.

Thus, the proof of Theorem 3.1.4 follows from Proposition 3.1.1. O

Remark 3.1.5 Keeping the same notations as in the proof of Theorem 3.1.4, we have
that 20 = wy is a real eigenvalue of M. If vy € R” is an eigenvector corresponding
to the eigenvalue z(®, then yo(t) = e*°ty, is the unique solution of (3.1.3) associated

with the real number wy.

Theorem 3.1.6 Let p be an integer > 1 and M € M,(R). For any 7 € R, the
single-delay linear system of DDEs

y(t) = My(t — 1) (3.1.4)

has at most n = [2}1] pairs of solutions ¥ (t) = e**’'v*, where v} € CP, v} # 0 and

wy;>0,for1 <7< n.

Proof: Let p € R[z] denote the characteristic polynomial of M. By Proposition
3.1.1, for a given w > 0 and a given 7 > 0, y*(t) = e™*, with v* € CP, are
non-trivial solutions of (3.1.4) if and only if 2% = +iwe®™7 are roots of p.

If p is of degree p, and since 2n = 2[1’3211] is the largest integer < p, Theorem 3.1.6
follows. O

3.2 Propositions

This section’s perspective is different: we suppose that the matrix M € M,(R) is
given. Then, we find the largest natural number n > 1 for which the single-delay
linear system of DDEs (3.0.1) has solutions yf(t) = e for 1 < k < n. In

particular, we define necessary and sufficient conditions on the positive frequencies
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w1, ...,wy and on the delay 7 such that, for 1 < k < n, y,f(t) = etwityE | are solutions
of the linear system of DDEs (3.0.1).

There are three different propositions for three different types of matrices: the first two
propositions have, respectively, 2 x 2 and 2n x 2n matrices with non-real eigenvalues

and the last proposition has a 3 X 3 matrix with one real eigenvalue.

Proposition 3.2.1 Let M € M»(R) be a matrix with two non-real eigenvalues z and
Z. Then there exist w > 0, 7 > 0 and two non-zero vectors v*, v~ in C? such that

yH(t) = ef“u* are solutions of §(t) = My(t — 7).

Proof: Let us write the eigenvalue z as |z|e"37® with —3F < 6 < I and

¢ # —%. By Proposition 3.1.1, it is sufficient to show that there exist w > 0 and 7 > 0

such that z = iwe™™ ¢ R. Set w = |z| and choose k € N such that 7 = 0+ 2kn > 0.
w

Hence we have

s . .
2 = |2|eGH0) = wie@+Hm) — et 0

Proposition 3.2.2 Let M € My,(R) be a matrix with non-real eigenvalues
{2,,%,;1 <7 <n}. For 1 <j <n, we can write z, = |z,|e*5%%) with
—37” <, <3, 0,# 5. If there are k;, € N, for 1 < j <n, such that

\_zj_l 8+ 2k

8, + 2k,m > 0 and =
J + m an |Zl' 91 + 2]{3171"

then there exist wy; > 0,...,w, > 0, 7 > 0 and non-zero vectors v;r, (S C?" such

that yr(t) = eiu”ﬂtv]jE are solutions of y(t) = My(t — 7).

Proof: By Proposition 3.1.1, it is sufficient to show that there exist
wy >0,...w, >0 and 7 > 0 such that z, =iw,e™” €R.
6, + 2k, 7
One can set w, = |z,| and 7 = —L’|—1
21

Now, it remains to show that, for 1 < j < n, z, = w,e™’".
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Note that

91 + 2]{5171' . 0] + 2](?]71'

T =12 = 0, + 2ki7) =0, + 2k, .
o7 =12l |1 91+2k17r(1 1) = 0, + 2k,
Hence we obtain:
z, = ]z]|ez(%+og) — iw]e"’f _ ,l:w]el(9]+2kj’n') = i, 0

Proposition 3.2.3 Let M € M3(R) be a matrix with two non-real eigenvalues 21, z;.
Let zg € R denote the third eigenvalue. For zy, we can write z5 = }z0|ez(%+0°) with
6o = +Z; and for 2z;, we can write z; = |z;]e*(3+%) with —3T < 6, <5, 0 #—
If there are kg, ky € N such that 8y + 2kqm > 0, 0, + 2ki7m > O, and

@ 01+ 2k

|z0| 0o+ 2kom’
then there exist wy > 0,w; > 0, 7 > 0 and vy € R, v, v] € C* such that

yE(t) = eFituf and yo(t) = ety are solutions of §(t) = My(t — 7).

Proof: By Proposition 3.1.1, it is sufficient to show that there exist wy >
0, w; > 0 and 7 > 0 such that zy = iwee™°” and 2z; = iwe™'” & R.

One can set wy = |21], wo = |20| and 7 = QOT%CE.

Now, it remains to show that zp = iwee™®” and that z; = iw;e™'". Let us compute

20-
|Z Iez( +60) _ = Wy 6100 = jwp 61(00+2k07r) _ 'Lwoeon.
Now, note that, for j = 0,1,
90 + 2]”6071' 91 + 2k17l'
wT = |z = O + 2ko7).
| ]| |Z()| 00+2k0’ﬂ'( 0 0 )
Hence we obtain:
2 = |21]e G = et = et O+ — 4 e O



Chapter 4

Realization Theorem for a DDE
with Two Delays in R?

In this chapter, we intend to prove a realization theorem for a system of two linear

DDE’s. Thus, for two frequencies wy, ws, we would like to find [ delays and ! matrices

in M, (R) such that the DDE
!
y(t) =Y Myy(t — )
j=1

has solutions yf(t) = et™rtyy, for k = 1,2.
The proofs of the realization theorem uses a long technical theorem and a proposition.
We present both the technical theorem and the proposition in the first section of this

chapter. Section 2 contains the realization and openness theorems for such a system.

4.1 Existence Theorem of Specific 2 x 2 Matrices
and a Lemma of Linear Algebra

This section contains a technical theorem and a proposition. They are necessary

for the main proof of this chapter. The theorem proves the existence of two 2 x 2

19
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matrices with very specific conditions and the proposition shows a short result in

linear algebra.

Theorem 4.1.1 Let Ay, By, Dy, E, F be real numbers such that either
D2 —4FAy, >0, B2 — 44, >0 or E? —4F > 0.
. . . a; b as by
Then there exist two matrices in My(R), M; = and M, =
c1 dy cy dy
such that :

Ag = det Mz, B2 =-Tr M2
E=-Tr M, F=detM

a; b;
and Dy =det Ki3+det Ky;, where K;; = !
C; d]'

Proof: The proof will be divided in the following three cases: DZ — 4F A, > 0,
D? — 4F A, = 0 and D2 — 4FA; < 0. In the first two, we will construct explicitly
matrices M, and M, which satisfy the five equalities of the theorem. In the third

case, we prove the existence of M; and M,.

Case 1: D2 —4F A, > 0.

This case is divided in four subcases:
(a) F=A,=0,
(b) F =0 and A; #0,
(c) F#0and Ay =0,
(d) F'# 0 and Ay # 0.

Note that since D — 4F A, > 0, subcases (a), (b) and (c) imply that Dy # 0.
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Subcase (a): Let M; and M, denote the two matrices:

0 b 0 0
M] = 3 M2 =
0 -FE 2 B,
where b; # 0.
It is easy to verify that:
detMg :0:A2, -Tr M2=B2,

“Tr My =E, detM,=0=F,

-D
and  det Kyo +det Koy = —coby = ———

1

b1 = D2.

Subcase (b): Let M; and M, denote the two matrices:

0 LD2p 0 b
Ml = Az 2 3 2 = ?
0 —-E =2 _B,
where by # 0.
Then we have:
det M2 = AQ, -Tr M2 = B2

Tt My=FE, detM,=0=F

A
and  det Ky +det Koq = —coby = —2&112 =D,.
s s b2 A2

Subcase (c): Let M; and M, denote the two matrices:

0 b 0 Lzh
Mlz ' )MZ: F
= -E 0 —B,

where b; # 0.

detM2 :OZAQ, -Tr M2 =B2,

21
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-Tr My =FE, detM; =F,

F Dyb
1

Subcase (d): Let My and M, denote the two matrices:

0 a 0 a?
M] = M2 =
—g —-F —% —B,

where

a__D2+\/D§—4Aﬂ7
- oF '

Since A; and F' are non-zero, D3 — 4A,F # D2 and therefore a # 0. By direct

computations, one verifies that :

A
det My = —a* = A,  -Tr My =B,
(07

F
-Tr My =F, det My = —a=F,
o

det K172 + det K2,1 = —-Clbg - Cgbl

0%
<N%+w2%—MﬁH%—Mﬁ»M&W1
4F? a

1
= 2D2a%
= DQ.

Case 2: D2 —4F A, =0.
In this case, there are two subcases: (a) Dy =0 or (b) Dy # 0.
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Subcase (a): If Dy =0, then —4F Ay = 0. That is either F =0 or As = 0.
If FF =0, then consider the two matrices M; and Ms:

0 0 0 by
M, = M, = 4
0 —-F =2 —B:
where by # 0.
It is easy to verify that:
Ag
det M2 = b—b2 = AQ, -Tr Mg = Bz,
2

TrMy=E, detMy=0=F,

and det K172 -+ det K2’1 = a1d2 — C1b2 + CLle - Cgbl =0= D2.

Likewise, if Ay = 0, then consider the two matrices M; and M,:

0 bh 0 0
M1 = M2 =
=+ —FE 0 —-B;

where b; # 0. Indeed we have:

detM2=0=A2, -Tr ]\4'2=BQ7
F

-Tr MIZE, detMlzb—ble,
1

and det K1,2 + det K271 = a1d2 - Clbz + a2d1 - Cle =0= Dg.

Subcase (b): Since D2 —4F A; = 0 and D, # 0, we have that both F' # 0 and A, # 0.

Consider the two matrices:

0 2 0 b
D B

where by # 0. Now we can verify that:

A
det M2 = 32 = Az, -Tr M2 = BQ,
2



4.1. Existence Theorem of Specific 2 x 2 Matrices and a Lemma of Linear Algebra 24

Dy 2Fby
-Tr My =FE, detM;=-——= =
I 1 ’ € 1 2b2 Dg 3
det K172 + det Kg’l - —Cle - Cgbl
Dy Ay 2F
= 242,
2by by Do
D, | 2AF
2 D,
_ D 1D
2 2D,

Case 3: D3 —4F A, < 0.
In this case, we will not exhibit M; and M, but simply show that there exist, for

t = 1,2, a choice of a,, b,,¢,,d, € R, satisfying the conditions:

A2 = det M2, B2 =-Tr Mg, (411)
E =-Tr M, F = det M, (4.1.2)
and Dy = aids — c1by + azdy — cob;. (4.1.3)

Adding the conditions by, by € R*, (4.1.2) and (4.1.3) becomes:

—-F+ a1d1 _ —A2 + a2d2

1= ) C2 =
by ba

and

D2 = detKl,g—i-detKg’l

= a1dy — c1by + axd; — by
b b b b
= aydy — aydy = + agdy — agdy+ + F2 + Ay
b1 b2 bl b2

Setting r = Z—f, rearranging the terms and simplifying yields

(—F + aldl)r2 + (D2 — aidy — CLQd])T’ + ("A2 + a2d2) =0. (414)
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Then using (4.1.1), we obtain
(F+a1(E+a1))r2—(D2+a1(B2+a2)+a2(E+a1))r+(Ag—i-ag(B-i-az)) =0. (415)

Therefore, to prove the existence of M, M, € M,(R) satisfying (4.1.1) to (4.1.3), it is
sufficient to show that for a good choice of aj, as, the quadratic equation (4.1.5) has
a non-zero real solution r. This follows if the discriminant of (4.1.5) is greater than

Zero i.e.,

(D3 + a1(Bsy + as) + ax(F + al))2 —4(F 4+ ai1(E+ a1)) (A2 + az(Bs2 + a3)) > 0.
(4.1.6)

Or equivalently, if for a good choice of aq, a»,

(B% — 4A2)a% + (E2 — 4F)a% -+ 2(2D2 - EAQ)(I1(I2 + 2(B2D2 — 2EA2)0,1

(4.1.7)

As by assumption either B2 — 44, > 0 or E2 — 4F > 0, such a choice of a,, ay exits.
O

As said above, the proposition below is a result of linear algebra that we will be

use in section 4.2. Note that this lemma has no link with the preceding theorem.

Proposition 4.1.2 Let V be a real vector space. For n > 3, let S = {vy,...,v,} be
a linearly dependent set of n non-zero vectors such that Sy, ,—1 = S\ {vn, v,_1} forms
a basis of W = span(S).

Then there exist A\; € R, ..., A\,_1 € R, not all zero, such that

n—1
Z)\Jv, +v,=0 and A2_;—4X,_5>0.
1=1
Proof: As Spn_1 is a basis of W, there exist oy € R, ..., a2 € R, not all zero,

such that

n—2
E o,v; + v, = 0.
J=1
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Likewise, there exist 81 € R, ..., Bn—2 € R, not all zero, such that

n—2

z tBJ’U] + tUn_l =0.

1=1
Thus, for a; € R,...,a,-2 € R, not all zero, and 3; € R,...,8,-2 € R, not all

zero,we have
n—2

Z(aj +t8,)v, + tvp_1 + v, = 0.
1=1

Now, for given ay,,_s and B,_2, we can choose t, large enough such that
t2 — 4(an—2 + toBn_2) > 0. Then, setting \, = o, + .3, for 1 < j < n — 2, and
An_1 = t2 finishes the proof. O

4.2 Realization Theorem for a System of Two DDE’s
with Two Delays

This section contains the Realization Theorem 4.2.3 and the Openness Theorem 4.2.6.
The realization theorem (the most important one) states that for two rationally in-

dependent frequencies, there exist a linear system of DDEs
y(t) = May(t — 7)) + May(t — 1) (4.2.1)

such that the DDE has solutions yi(t) = e**'y, for k = 1,2. The proof of the
realization theorem uses the result of Theorem 4.2.1 below that establishes an equiv-
alence between a solution to the system (4.2.1) and a point on a conic in C2. The
openness theorem shows that the realization of two imaginary numbers (not neces-
sarily rationally independent) as eigenvalues of (4.2.1) is valid in a neighbourhood of
any set of two rationally independent imaginary numbers.

Let us recall that, if M, = (a;,m) € M;(R), for 1 <7 <, then we denote by cgl)

(respectively cg) ) its first (respectively second) column.
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Theorem 4.2.1 For 7 > 0, consider the linear system of DDEs
l
y(t) = ZM]y(t - 7) (4.2.2)
1=1

where M, € My(R) and 7, € [0,7], for 1 < j < L.
For w € R, let Aw) = (iwe™n, ew(2=m)  ew(n-mn))y ¢ C!. The following two

conditions are equivalent:
(a) There exist v € C?, v # 0, such that y,(t) = v is a solution of (4.2.2),

(b) A is on the conic C of equation

l ! ! !
¢ (z1, ... ,7) =23 +Z AJ:cf + Z Byxiz, + Z Coyxm; + Z Dy, +FEx + F
71=2 1=2 1,7=2 7=2
1<]

with
A, =det M,, B, =-Tr M,,

E = -Tr M, F = det M,
and D, =det Ky, +det K, 1,
C,, =det K, , +det K,
where K, , = (cgl),céj)) .

Moreover, if y,(t) = €“'v is a solution of (4.2.2), then v € ker A(iw), where A

denotes the characteristic matrix of (4.2.2).

Proof: Recall (see the proof of Theorem 2.0.3) that for condition (a) to hold,
it is necessary and sufficient that det A(iw) = 0, where A denotes the characteristic

matrix of (4.2.1). As

1 l
det A(zw) = det <iw[2 _ Z M]e—w‘r]) — 2w det (iwezwn I — Z Mje—zw(rj—n)> ’
1=1

7=1
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condition (a) is equivalent to

det( e, —ZM@“"”(TJ‘“)) 0 (42.3)

1=1

Setting z = wwe™™ and y, = e*(m=7)  we obtain:

l
det (212 -y ijj> =0. (4.2.4)

J=1

Therefore, condition (a) is equivalent to

l
1 1 1
(z—al zam)( - zag;y]) (agmza%y]) <a52)+za§]2)yg)~
1=2

Expanding and reorganizing the terms yields:

! l l
24 Z(det M,)y? + Z(—Tr M,)zy, + Z (det K, , + det K, ,)y,y,

=2 1=2 1,7=2
1<7

!
+Z(det Ky, +det K1)y, + (=Tr My)z+det M; =0

=2
where K, , = (cﬁ’), cgj)) .

Using the notations defined in the statement of the theorem, one obtains

!
det(z[2 - zij]> = ¢(2,Y2,-- -, Y1),

=1

Hence, condition (a) is equivalent to ¢(z,vs,...,y) = 0. Let

A = (wewn ew(=-m)  ew(n-n)) By statement (4.2.6), A is on the conic C
of equation ¢(z1,...,7;). Moreover, by Theorem 2.0.3, if y, = e*tv, v € C?, is a
solution of (4.2.2), then v € ker A(iw). O
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Remark 4.2.2 The proof of Theorem 4.2.2 can be also deduced from Theorem 2.0.3
as follows: For p = 2, let p denote the homogeneous polynomial of degree 2 defined in

Definition 2.0.2. Then, by Theorem 2.0.3, condition (a) of Theorem 4.2.2 is equivalent

to p(iw, e ... e®") = 0. As p is a homogeneous polynomial and e“™ # 0, we
have
pliw, ™™, ... ™) = 0 if and only if p(iwe ™™ 1, e ew(n-m)y = q

(4.2.5)
By Theorem B.0.2 in Appendix B, the statement (4.2.5) can be equivalently written

as:

pliw,e™™ ... e“™) = 0 if and only if ¢(iwe ™™, (™) gwn—n)y = q
(4.2.6)
Let A = (iwe ™ ew(2=m)  ew(n-m)) By statement (4.2.6), A is on the conic C

of equation ¢(zy,...,x;). d

We can now state and prove the central theorem of the chapter:

Theorem 4.2.3 Let w;,wy be two positive real numbers such that {w;,ws} are lin-
early independent over the rationals.
Then, there exist 7 > 0, 7, > 0, M; € My(R), My € My(R) such that the linear
system of DDEs

g(t) = Myy(t — 7)) + Mayy(t — 1) (4.2.7)

has non-trivial solutions yif(t) = e* ™t with v € C* v #£0, for k=1, 2.

Proof: By Theorems 4.1.1 and 4.2.1, it is sufficient to prove that there exist
71, T2 > 0 such that the following statement holds:

There exists a conic C' of equation

¢ (1, 22) = JE% + Azl’g + Bazyxo + B2y + Dozg + F
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where Ay, Bs, E, Do, F' are real numbers and B2 —4A, > 0, that contains the two pairs
of complex conjugate pownts (wpe™*™, e@k(1=72) ) gnd (—jwpe™ kT e~Wk(n=T2) ) for
k=1,2.

To simplify notation, let 2(*) = jwre**™ and yék) = ewc(n—"2) for k = 1,2. It is

therefore sufficient to show the following claim:

Claim 4.2.4 Let us consider the matrix M € M, (C) defined by

(202 ()2 20yl 2@ g0 1

(4.2.8)
(2 ()2 2Py 2 P 1
Ry
~ M 6 .
Now,let P=| _ | and R = : € R”. Then there exist 4 > and 7, > 0
M
Rg

such that, the homogeneous linear system PR = 0 has a nontrivial real solution with

Ry =1and R2 — 4R, > 0.

z
Recall that N = € C% 2 € C?} is a vector subspace of C* of real

z
dimension 4, and that the map

2 Re 2z 4
€ N+—> eR

z Im z

is an isomorphism. Therefore {R € R, PR = 0} = {R € R% PR = 0} where
P € My4(R) is the matrix given by

Re M
Im M
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That is
( Re(zM)2 Re(yi”)2 Rez®Wyl’ Rez® Reyd) 1 \
Re(2®)2 Re(1i?)2 Rez®yl? Rez® Reyd? 1

P = (4.2.9)
Im(z")? Im(y")?2 Imz®0yY Imz® ImylY o

\Im(z(Q))2 Im(y{?)? Imz@y Im2@ Imyl® O/

Setting 7 = 71 and x9 = 7, — 73, we have

/ —w? cos(2wyzy) cos(2wizz) —wpsin(wiTy + wiTe) —wisin(wizy) cos(wyze) 1 \
—w3 cos(2waxy) €os(2waTz) —wysin(waTy + woZe) —wasin(wazy) cos(wazz) 1

—w?sin(2wiT;) sin(2wiTz) —wicos(wiTy + wiTa) —wycos(wixr) sin(wizs) O

\—w%sin(ngml) sin(2wyZs) —wq cos(waky + was) —wpcos(wazy) sin(was) 0)
(4.2.10)

Therefore, Claim 4.2.4 follows from:

Claim 4.2.5

has a non-trivial solution with B; =1 and R% — 4R, > 0.

For 1 < j <6, let ¢; denote the j-th column of P and let S = {¢;,...,¢cs}. Note
that, for 1 < j < 6, each ¢; is in R? hence span(S) C R*. Thus, if there exist z; > 0
and zs < z; such that Sy = {ca, ¢4, ¢35, cg} is linearly independent, then S; is a basis
for span(S) = R*. Then, by Proposition 4.1.2, there would exist R, € R,..., R € R,
not all zero, such that ¢; + Rycy + Racz + Rycs + Rscs + Rece = 0 and RZ — 4Ry > 0.

Therefore, to prove Claim 4.2.5, it is sufficient to show that there exist z; > 0 and
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x9 < x7 such that the set S; = {¢9, ¢4, ¢s5, c6} is linearly independent.

Let us define w € R? by w = (wy,w,)”; then let
F,:R?—5R
be a map given by
F(z1,29) =det X (4.2.11)

where X = (cacqc506) € My(R).
To prove Claim 4.2.5, we therefore must show that there exist z; > 0 and xzy < ;

such that F,(x1,z2) # 0.

[ —w2cos(20)) cos(20?) —wrsin(@! + @) —wisin(el) cos(e?) 1 )
—wBcos(2p}) cos(2¢B) —wpsin(gd + ¢B) —wasin(pl) cos(¢l) 1

—wisin(2p]) sin(2p]) —wicos(pr+¢l) —wicos(ey) sin(el) 0

\ —w;sin(2pp) sin(2p) —wacos(pf +3) —wacos(py) sin(gf) O

(4.2.12)
For ®; = (¢5,¢3)T, j=1,2, let F,, be a map from R? x R? to R defined by
F‘w(q)la (1)2) = det X((I)l, (I)Q) = det( ~2 C~4 ~5 ~6)- (4213)
- - ky L
Note that F,,(®1,®;) = F, | &1 + 27 , P2+ 27 . Thus, we shall

ks 2

consider F, as a function from T x T to R, where T = R/277Z.

. . 0
For &; = € T and ®, = € T, we have

FSERRSIE]
SIE
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0 —wh 12——2_ 1
A -1 0 1
Fw(q)ly q)g) = det = w 7é 0. (4214)
V2
1 0 ¥ o0
0 —Wy 1 0

As ﬁ'w is continuous, there exist an open neighbourhood N of (<i>1, <i>2) such that, for
all (&1, ®,) € N, F,(d) #0.
As {61 x 0,; 6; open set of T} forms a basis for the topology of T x T (see [16], The-
orem 15.1), there exists an open neighbourhood N; of <i>,- in T, i=1,2, such that
Nj x Ny C N. Since {w1,ws} is linearly independent over Q, the integral curve

w1 w1

z1 mod 27 | z; € R } and the integral curve ¢ x4 mod 27 |z € R
Wo Wz

are both dense on the 2-torus T x T.

w1z
Hence there exist z; > 0 such that i mod 27 € Ny and 23 < 0 < 1
Waly
W12
such that mod 27 € N,.
Wo 9
~ w1y W1y
Therefore, F,(x1,x2) = F, , #0.
Wo 1 Wo 9
Setting 7y = z1 and 75, = 71 — 2 completes the proof. O

To close this section and this chapter, we prove the openness theorem.

Theorem 4.2.6 Let w;,ws be two positive numbers such that {w;,w,} are linearly
independent over the rationals. Then there exist 73 > 0, 75 > 0 and an open neigh-
bourhood N of & = (w;,ws)T € R with the following property:

For every w = (wq, wy)T € N, there exist M; € My(R), Ma € My(R), and vi € C?,
k = a, b, such that the linear system of DDEs

y(t) = Myy(t — n) + Moy(t — 1) (4.2.15)
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has solutions 77 (t) = e* ™ with v € C?, vf # 0 for k = a,b.

Proof: Keeping the notation of the proof of Theorem 4.2.3, it is enough to show
that there exist 7y > 0,7, > 0 and an open neighbourhood N of & € Ri such that
F(7,m;w) # 0 for all w € M. By Theorem 4.2.3, there exist 7; > 0, 72 > 0 such that

F(7,19;@) # 0. Now, consider the map
f:R* SR
defined by
f((:)) = F(Tla 7—2;(:))7 (4216)

By construction, f(@) # 0. Since f is continuous, there exist A/, an open neighbour-
hood of @ € Ri such that for all w € N, f(©) # 0. By the construction of f, it is
equivalent to F(71,7;w) # 0 for all w € V. O



Chapter 5

Realization theorem

This last chapter contains the most serious attempt to obtain a realization theorem as
general as possible for a system of linear DDE’s with fixed delays. Thus, we consider

a system of linear DDE’s written as :
l
g(t) =Y Myy(t —7,) (5.0.1)
71=1

where M, € M,(R).

One restriction remains: the matrices M, will be invertible and diagonal. We write:
M, = Diag(ay,, ... ,ap) where ag, # 0 for 1 <k < p.

This chapter also contains an openness theorem for the system (5.0.1).

The proof of the realization theorem requires a result presented in Proposition 5.0.1.

5.1 Propositions

To any ! positive distinct numbers 7, ..., 7;, we associate the subset 2 € R, given

b
y Q= @{Tjk_ﬁn;kez}c>ﬂ(h{%k_”72;kez}c). (5.1.1)

J=

35
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where C denotes the complement. Note that for w € €, sin(w(m — 7)) # 0, as well
as sin(w(1; — Taqr)) # 0 and sin(w(rs — 724,)) # 0, for 1 <7 <1 —2. We can now

write the following proposition:

Proposition 5.1.1 Let /4 > 0,..., 73 > 0 be [ distinct delays, { > 3.
Then, for w € QN R, there exist a; € R*,...,a; € R* such that

yE(t) = et is a solution of the scalar differential equation

l
y(t) = Z a;y(t — 7). (5.1.2)

Proof: Let w € QNR,. By Proposition 2.0.4, y}(t) = €“* and y_(t) = e~** are
solutions of (5.1.2) if and only if

l
—-iw—g a,e ™ = 0
1=1

!
iw—E a,e“” = 0
1=l

In matrix notation we obtain:

P(r;w) iw
A= (5.1.3)
P(—7;w) —iw
where A = (aq,...,a;)T € R' and P(7,w) is the 1 x [ matrix whose entry at column

7 is e,

As the real part of P(t;w) is Re(P(t;w)) = (coswmy,...,coswT;) and the imaginary

part of P(t;w) is Im(P(t;w)) = (—sinwTy, ..., —sinwT), the system (5.1.3) is equiv-
alent to
COSWTy ... COSWT] 0
A= . (5.1.4)
—sinwn, ... —sinwn w

Let ¢, denote the i** column of the coefficient matrix. We can rewrite (5.1.4) as :

(e o a)A= "1 (5.1.5)

W
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Since w € 2, we know that, for 1 < r <[ — 2, any subset of two vectors of the
set {c1, ¢2, Co4r} is linearly independent. Thus, by Lemma C.0.3, the system (5.1.4)

has a solution A = (ay,...,a;)T € R! where all a, #0,for1 <i<I. O

M; ke Z}.
2T
Then, for w > 0 such that w € 1,, there exist a € R* such that the scalar differential

Proposition 5.1.2 Let 7 > 0 be a positive delay and let §2, =

equation
y(t) = ay(t — 7) (5.1.6)

has solutions y=(t) = e,

Proof: By Proposition 2.0.4, yt (t) = €' and y, (t) = e™*" are solutions of (5.1.6)
if and only if, for a # 0,

—tw —ae™” = 0,

—WWwT

iw— ae = 0.
That is, if and only if a coswr = 0 and asinwr = w. If w € 2, then
wr = (1 + 2k), for some k € Z. Hence coswr = 0 and asinwr = a(—1)*. Hence,

when a = (—1)Fw, the functions yX(t) = e*** are solutions of (5.1.6). O

5.2 Realization Theorem for a System of p DDE’s
with ¢ Delays

Given [ Q-linearly independent frequencies w; > 0,...,w; > 0, recall that by the
Realization Theorem 2.1 (see [15]), there exist [ delays 7y > 0,...,7; > 0 and real
coefficients a1,, 1 < j < I, such that etk are solutions of the delay differential

equation

l
gty => ayylt—m), forl<k<L (5.2.1)
1=1
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We shall call 7p,...,7 (respectively ai1,...,ay1;) the delays (respectively, the coeffi-

cients) associated with wy, ... ,w;.
Theorem 5.2.1 Let w; > 0, ws >0, ... ,w; > 0 be Q-linearly independent frequen-
cies and 711, 72, . . ., 7y be their associated delays. For any p > 1 and any wi11, . . ., Wi4p—1

belonging to the subset 2 (defined in (5.1.1)), there exist | diagonal matrices
M, e M,(R), ..., M; € Mp(R) such that the linear system of DDEs

!
9(0) = 3 Myy(t - 7,) (5.2.2)

has solutions yif(t) = e™*vf with v € CP, vf #0,for 1<k <l+p— 1.
Proof:  Recall that the characteristic matrix of the linear DDE in (5.2.1) is given
by

!
Ala) =al — Z a,e” ", aeC. (5.2.3)
1=1

By Theorem 2.0.3, we have that y (¢) (respectively, y, (¢)) is a solution of (5.2.3) if
and only if 0 # v;" € ker A(iwy) (respectively, 0 # vy € ker A(—iwy)), for 1 < k <[
But ker A(+iw) # {0} if and only if det A(iw) = 0. Denoting the diagonal matrices

M, by Diag(ay,,...,ap), we have:

P I
det A(a) = H (a - ) am e‘”]), aeC. (5.2.4)
=1

n=1 7

Hence, the [ pairs of equations det A(fwwy) = 0, for 1 < k <[, are given by:

l
(iwk - ay e"‘*”‘”) . (iwk - ay e—wm) = 0 (5.2.5)
1=1

1=

l
(—iwk -3 ay, e“””f) (—iwk - ay e““”]) =0 (5.2.6)
1=1 1=1

~—
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where a,, is the n™® element on the diagonal matrix M,, ie., ay, = [M,]nn, for
1<n<pandl1<j<lforl1<n<pand1<;j<I.
We can rewrite (5.2.5) and (5.2.6) as:

l
(iwk—z (n, e—wkﬁ> = 0 (5.2.7)
p
H(—iwk— Uy e“"”’) =0 (5.2.8)
=1

where an; = [M,]nn, for 1 <n<pand 1 <j <L

A sufficient condition to satisfy the equations (5.2.7) and (5.2.8) (and hence for the
theorem to hold) is that the algebraic system of 2! equations below has solutions in
the (p + 1)l unknowns (71, ... , 7, @11, --. , @10 --- ,Qp1, --. ,ap). The system is the

following:

Z ay, e R = quwy, 1<k<li

i
7=

—

! (5.2.9)

J
ap, e* = —u, 1<k<]
J )
=1

LY

The proof of Theorem 2.1 in the Buono and LeBlanc paper [15] (given in Ap-
pendix D) allows to claim that there exist 77 > 0,...,7 > 0 such that system (5.2.9)
has a nontrivial solution A; = (G1y,...,ay)7 where a;; € R*,...,a;; € R*. Thus

1> 0,72 >0,...,7 >0 are associated with w; > 0,wy > 0,...,w; > 0.

Now, for 1 < r < p— 1, consider w;, such that w;,, € Q. By Proposition 5.1.1,
there exist @,111 € R, ..., 8,41, € R* such that the scalar DDE

!
y(t) = za’r—{—lgy(t - T])
71=1
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has the two conjugates solutions y;',, (¢) = e+ and y (t) = e+t

Equivalently, Proposition 5.1.1 states that the systems

!

§ —WitrT; g
Qri1,4€ bl = WWitr, 1 ST‘Sp—l

J=1

! (5.2.10)
§ : Uroyy €9 = —dwy,, 1<r<p-1
J=1

have solutions A, 41 = (Gr41.1,---,8r414)7 where @111 € RY, ... 8,41 € R

Thus equations (5.2.7) and (5.2.8) hold.

Now, we can consider the system of linear DDEs
l o~
(1) =Y My(t—7) (5.2.11)
1=1

where ]\;[] = Diag(ay,,...,ay), for 1 < j < 1. Let (by)i<k<p be the canonical basis
of R?. To finish the proof, we need to show that y(t) = e*™kh;, for 1 < k < I,
and y;°, (t) = ety for 1 < r < p— 1, are solutions of (5.2.11). We have, for
1<k<,

1 !
Z ij,f(t —7) = Z eiw’c(t_T])Mjbl
7=1 1=1

l

— § alljeﬂ:’l/wk(t—‘r])

=1
1
— § :dljeq:zwkrj ezi:zwkt

=1

= iwge™™"

= Ui(t).
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Moreover, for k =1+ r with 1 <r < p— 1, we have:

l !
Z Myyi(t~1) = Z e TIM b, 1

J=1 J=1

l

~ Fawy (E—T,

= E Ar41,4€ k=)
7=1

1
~ W Ty Tkt
— § ar+1,J6$ kT1 o k

=1

=ttt

= gr(t). O

We will now use Proposition 5.1.1, Theorem 5.2.1 and the Realization Theorem
[15] to show that that the previous realization result holds for open sets near solutions

found in Theorem 5.2.1.

Corollary 5.2.2 Let p > 1 and let @,...,&; be | Q-linearly independent positive
frequencies. For & = (&y,...&)7T € Rﬂ_, there exists an open neighbourhood N of &

in Rl+ and a smooth mapping
H:V — R

w — 7(w)=(nw),...,mw))

with the following property:

For all w = (wy,...,w)T € N and all o' = (wigy, . - ., wip_1)? With wiy, € Q(7(w)),
for 1 < r < p— 1, there exist [ matrices M, € Mp(R) such that, for 1 < 3 <[,
(respectively, for 1 < r < p—1) y;t(t) = etwith, (respectively yf(t) = eTwuitrtph 1)

are solutions of the system of linear DDEs

l
g(t) =D My(t — 7).
k=1
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Proof: By the Realization Theorem D.1.1, there exists a neighbourhood N of
o= (&,...,0)7 in Rﬂr with the following property:

For all w = (wi,...,w;)" € N, there exist 7 = (1y,...,7)T € R" and

Ay = (ayy,...,a)T € Rt such that, for 1 < j <, yff](t) = etWt are solutions of the

scalar DDE l

Zaljy (t — 7']

Let Q(7) = {z € Ry; sin(z(r; — 75)) 7é 0, for some 1 <7 < j <1}. Then, applying
Proposition 5.1.1 p — 1 times to w, 7 and (1) ends the proof. 0



Chapter 6

Conclusion

6.1 Summary

The starting point of this thesis was the Realization theorem of Buono and LeBlanc

[15]:

Theorem 6.1.1 Suppose w; > 0, wy > 0, ... ,w, > 0 are linearly independent over
the rationals. Then there exist ; >0, 2 >0, ... ,7, > 0 and a; € R*,
ay € R*, ... ,a, € R* such that the linear delay differential equation

zt)=arz(t —n)+az(t—7m)+ - +a,z(t — 1) (6.1.1)
has solutions zf(t) = e*™* forallk=1,...,n.

That theorem is, to the best knowledge of the authors, the first general result
linking the number of purely imaginary eigenvalues of scalar linear DDE’s with the
number of delays.

In this thesis, we tried to study as thoroughly as possible the link between the number

of critical eigenvalues and the number of discrete delays for a system of p scalar linear

43
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DDEs. Recall that a system of p linear DDEs with [ delays is written:
l
y(t) = Z Myt —m), M, € My(R).
7=1

We started (in Chapter 3) by considering systems of p linear DDE’s with a unique

discrete delay. Such systems are written
§(t) = My(t—7), M e M,(R). (6.1.2)

We showed that there exist 7 > 0 and M € M,(R) (where [§] = [) such that y]i(t) =
ei“"f’fvjt (with 0 # UJi € CP) are solutions of (6.1.2).
But we were able to show an important nuance. Indeed, if p is even (i.e. p = 2I)
equation 6.1.2 has solutions for all 7 > 0 but countably many. On the other hand, if
pis odd (i.e. p =20+ 1) there are only countably many possible 7.

Secondly, we showed that, for 7 > 0 and M € M,(R), equation (6.1.2) has at

most [ = [E52] pairs of solutions y;°(t) = eFwrty® (with 0 # v]jE e CP).

In the following chapter (Chapter 4) we proved that for two Q-linearly indepen-
dent positive frequencies, there exist 71 > 0, 72 > 0 and M; € M(R), M, € M,(R)
such that the system of linear DDEs

y(t) = Myy(t —m) + Myy(t — 7) (6.1.3)

has solutions yi (t) = e****v with v € C?, for k = 1,2.

We thus have a realization theorem in the case of a 2 x 2 system. We also proved
an openness theorem stating that the realization of two imaginary numbers iw; and
iwo (not necessarily Q-linearly independent) as eigenvalues of the DDEs (6.1.3) is
possible in a neighbourhood of any set of two Q-linearly independent purely imaginary

numbers {90y, 1@, }.
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In the last chapter (Chapter 5), we attempted to obtain a realization theorem

and an openness theorem for a system of linear DDE’s written as

!
t) =Y My(t—m)

where M, € M,(R) are diagonal matrices. We considered w; > 0,...,w; > 0,

Q-linearly independent frequencies and 7y, ..., 7; their associated delays. We showed
that, for any p > 1 and any wiy1,...,wi4p-1 in the subset Q (see equation (5.1.1)),
there exist [ diagonal matrices M; € M,(R), ... , M; € M,(R) such that the system

of linear delay differential equations
!
g(t) =) Myy(t — 7)) (6.14)
7=1

has solutions yi (t) = e™*+tvE with v € CP, v #0,for 1 <k <l+p—1.

6.2 Discussion

The aim of this section is to foresee possible future research that could be undertaken
to extend the results of this thesis. Let [ be an integer > 2, p be an integer > 1 and
let S;, be the set of positive natural numbers f(I, p) such that the following statement
holds:

Suppose wy > 0,ws > 0,...,w; are Q-linearly independent frequencies. Then
there emst 1 > 0,79 > 0,...,Tpqp > 0 and M; € Mp(R), My € Mp(R), ..., My €
M, (R) such that the system of linear DDEs

fi,p)

Z Gyt =) (6.2.1)

has | solutions of the type yi(t) = e™*u (respectwely, yi (t) = e “rtv; ) with
ype Yy k k k
vi € CP, vf # 0 (respectwely, v; € CP, vy #0), for 1 <k <.
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In our opinion, the long-term goal is to determine the smallest positive number

Jm(l,p) of Sip, ie. to find fi, (I, p) such that f,(I,p) = minS;,.

Note that, in Chapter 3, the approach was different since we considered a system
of DDEs with a single delay. Thus we fixed the number of delays (to 1) instead of
the number of frequencies. We showed that for p > 1, [g] is the largest number of
purely imaginary numbers for which there exists 7 > 0 and M € M,(R) such that

y(t) = My(t — 7) has a spectrum containing those imaginary numbers.

For any | > 1 and p > 1, it seems very difficult to find a “candidate” f.(l,p)
and even more difficult to prove that this “candidate” is indeed the smallest positive
number of Sj,, i.e., to prove that f.(l,p) = fin({,p). For example, consider the case
p = 1,1 > 2; it is the Buono and LeBlanc Realization Theorem. It states that for
l purely imaginary numbers which are linearly independent over the rationals, there
exists a scalar DDE depending on [ fixed delays whose spectrum contains at least
those [ purely imaginary numbers. It would be interesting to be able to show that
[ is indeed the smallest number of delays whose spectrum contains those [ purely
imaginary numbers. Thus we have f.(I,1) = [, but we would like to show that
() =1
Likewise, in Chapter 4, we found a function f € Sy, such that f(2,2) = 2. It would
also be interesting to verify whether f,,(2,2) =2 or f,(2,2) = 1.

In Chapter 5, some questions need to be addressed before trying to find f,,(I, p).
Recall that for p > 1, there exist [ real diagonal matrices and [ fixed delays associated

with wq,ws, ..., w; such that the system of linear DDEs

l
g(6) = Y Myy(t —7,) (6.2.2)

has [ + p — 1 pairs of solutions of the type yF(t) = e*™ktvif for 1 <k <Il+p—1.

But the choice of the frequencies wy;1,...,wi4p-1 depend on 7,...,7.
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First, it would be interesting to work on the proof of the same theorem with non-
diagonal matrices My, ..., M;. In order to achieve a similar result, one would have to

find a way to solve det A(Zwwy) = 0 with A(=%iwg) not diagonal.

As well, it would be interesting to be able to show that, for any

wiy1 > 0,...,wi4p—1 > 0, there is enough freedom to choose the delays 7, ..., 7 such
that wy, € Q, for [+1 < k <[+ p—1. It would allow for the following more powerful
statement:

Let wy > 0, wy > 0, ... ,w; > 0, be Q-linearly independent frequencies and let
p<l.
Then there extst 1 > 0, ... ,7i_py1 > 0, and M; € My(R), ... ,M;_,1 € M,(R)
where M, = Diag(ay,,...,ay), for 1 <3 <1—p+1, such that the system of linear

DDEFEs
—p+1

y(t) = Z M,y(t — 7)) (6.2.3)

has solutions y; (1) = e*vf (respectwely, yi (t) = e~ ™“* v ) with v € CP, v # 0

(respectwely, v, € CP, v, #0), for 1 <k <.

As the reader can notice, there are many ways in which the results presented in
this thesis could be extended. Moreover, some new tools will be required as the ones
used in this thesis seem to work for specific values of [ and p. We hope that this thesis

will give ideas to researchers to continue what has been modestly started.



Appendix A

Properties and Definitions of

Matrix Theory

In this Appendix, we recall standard definitions and properties of matrix theory. Let

K be a field and M,,(K) be the K-algebra of (n x n) matrices.

A.1 Useful Property of the Determinant

For A = (a,;)1<1,<n € M,(K), we denote by ¢, = (ay,,...,ay)7 the r*t column of

the matrix A and by det A = det(cy,...,c,) the determinant of A. We then have:

Proposition A.1.1 Let Ag € M,(K), -+, Ax € M ,(K) be k + 1 (n x n)-matrices
over K. For 0 < i < k, let us write A, = (cgz), e ,cﬁf)) where ¢ is the r* column of
the matrix A,. Then

k k k
det ZA1 = Z e Z det(c™), .., ctm)).
1=0

11=0 1n=0

Proof: Using the multilinearity of the determinant we have:
k k k
det ZAl = det <Z g Z cﬁf“)
1=0 21=0 tn=0

48
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k k k
= Z det <c§”), Z ) Z cg"))

21=0 12=0 1n=0
k k k k
SO TR SIS oY)
11 =012=0 13=0 1,=0

ok k
= Z-~-Zdet(c§“),...,cg")) O

11:0 ’Ln=0

A.2 Companion Matrix

Proposition A.2.1 Let p € K[z]| be a monic polynomial of degree n.
Then there exist M € M,,(K) such that p is the characteristic polynomial of M.

Proof: Recall that for any monic polynomial p € K][z] of degree n, p(z) =

ap+ a1z + -+ ap_12"* + 2", there exists an n x n companion matriz C(p) defined

as
(0 0 ... 0 —ao
10 ...0 -a
C(p)= 01 ...0 —Q2
\0 0 ... 1 —au

It is easy to see that the characteristic polynomial, as well as the minimal polynomial,

of C(p) are equal to p. O



Appendix B

Equation of a Conic Associated
with a Finite Set of 2 x 2 Real

Matrices

Let M = {My, My,..., M}, be a set of | + 1 matrices in Ma(R) where My is the
identity matrix. Let us recall the definition of the homogeneous polynomial
p € Rlzo, - - -,z associated with M, given in Definition 2.0.2:

l

!
p(xg, ..., o) = Z . Z det (cg“), . ,cz(f")) (=1)Yte)y, -

11 =0 ’Lp=0

P

where ¢ is the 7" column of the matrix M, and v(iy,...,4p) = Z(l — do,,), with
1=1

0o, denoting the Kronecker delta.

Theorem B.0.2 Let {My, M, ..., M;} be aset of [+ 1 matrices in My(R) where M,
is the identity matrix and let ¢(zq,...,z;) be the equation of the conic C defined in
Theorem 4.2.1. Then we have

p(xo, 1,22, ..., 21) = P(T0, X2, - . ., T7)-

30
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Proof:  The equation of p associated to the set M of 2 x 2 matrices is given by

l

l
plao, . m) = 33 det (), f) (—1)> Cutbala, 0,

21=019=0

where ¢! is the r** column of the matrix M,.

Expressed in a more convenient form, p is

plxg,...,x Zdet ( (“) (“)) x“—l— Z [det ( () (lz)) + det ( (2) gl))] (—1)2"(511*'512):5“.1'1

21=0 11,22=0
11<12

Now, let T, ,, = det ( (), (12)) + det ( (12) é”)). We obtain:

! ! ! l
2
p(xo, ..., x1) = E det M,,z;, — E To.T0Ts, — E [1,2120, + E | T Y

12=0 12=1 12=2 21,02=2
11<12

Reorganizing the terms yields:

! l
p(xg, ..., 7)) = T8+ Z det M,,z2 + Z Lo 1,T0%0,

12=1 12=0
l I
+ E Fl,lzmlxlz + E F’Ll,llelxlz
192=2 11,02=2
11 <12

Now, let £; = 1 and note that since M, = (cgo),c2 )) = I, I'g,, = det (c§°),c§’2))
det ( (12) go)) = Tr M,,. Hence we have:

1 !
p(zo,L,za...,2;) = a:% + Z det Mlzscf2 - Z Tr M,,xox,, + Z | AT 2%

12=2 12=1 19=2

!
+ Z Iy, 0T, — Tr Myzo + det M;.

11,12=2
11 <12

Let us use the notation:

A = det Mzza Bzz = —Tr Mlza
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F=-Tr Ml, deetMl?
and DJ = Fl,zz C’Ll,lz - Fllﬂz
Where K’L1,l2 = (an),cgm)) .

Thus, we get:

! ! I !
2 2
p(zo, L, za. .., ;) = x5+ E Az, + E B, xox,,+ E Coa®ry Tyt E D, z12,,+FExo+F.
11=2 12=1 11,02=2 12=2
11<12

Hence the intended result: p(xo,1,za,..., %) = ¢(xo, T2, ..., 21). O



Appendix C

Useful Lemma of Linear Algebra

Lemma C.0.3 Let V be a vector space of dimension n over the field K of charac-

teristic zero. Let u € V.

Let v1,v9,...,v, be m > n non-zero vectors such that, for 1 < ¢ < m —n, any subset
of n vectors of the set {v1,...,Vn, Unt,} is linearly independent.

m
Then there exist non-zero numbers 71, . .., v, such that Z YUy = U

1=1

Proof: Since {v1,...v,} is a basis of V, there exist a; € K, ..., a, € K such that

u= Za]v]. (C.0.1)
1=1

As well, we can write v,,, for 1 <7 < m — n, as a linear combination of the vectors
VU1,...,Un. Thus,

Una = kv + -+ kD, (C.0.2)

with k" £0,... k% #£0,forall 1 <i < m —n.
Indeed, suppose there exists 1 <! < n such that kl(z) = 0. Then

Unter = ky)’Ul +---+ kl(z_)lvl——l —+ kl(—li—)lvl-i-l 4+ -4 k‘r(;)vn’
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which is a contradiction since {v1,. .., V-1, V41, - -, Un, Uny, } 18 linearly independent.

Hence, for 1 <i < m — n, equation (C.0.2) yields:
0=tOEWy + o 4 1Ok, — 0y, . (C.0.3)

Thus, by (C.0.1) and (C.0.3), we have

n m—n m—n
u= Z(aJ + Z t(z)kj(l)>v] - Z tDy, . (C.0.4)
1=1 1=1 1=1
Now, choose = R*,tgz) e R, ... ,tgm_n) € R* such that a, + Z t(’)kj(z) # 0, for
m—n =
1 <2 < m —n. Then, to finish the proof, let v, = a, + Z t(’)kj(l), for 1 <i<n, and
1=1

7J=t£]_"),forn+1§j§m. O



Appendix D

Realization and Openness

Theorems for a Scalar DDE

The two theorems in this Appendix are the Realization Theorem and the Openness
Theorem in the paper by Buono and LeBlanc [15]. The proofs for both theorems are

similar to the proof in [15], but contain more details.

D.1 Realization Theorem

The first theorem is the Realization Theorem. We keep the same notation used in
[15]. In particular, the torus T is identified with R/27Z.

Before the theorem, we start with the definition of transversality. This definition can
be found in Wiggins’ book [19]. In geometry, transversality is a notion that deals
with the intersection of surfaces or manifolds. Let M and N be differentiable (at
least C') manifolds in R” and let T,M and T,N be the tangent spaces of M and N,

respectively, at the point a.
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Definition D.1.1 Let p be a point in R". Then, M and N are said to be transversal at
pif:

(a) pg MNN,
(b) pe MNN and T,M + T,N =R".
The manifolds M and N are transversal if they are transversal at every point p € R".

We can now state the theorem:

Theorem D.1.1 (Realization Theorem) Suppose w; > 0, ws > 0, ... ,w, > 0
are linearly independent over the rationals. Then there exists 7y >0, 72 >0, ... , 7, >
0 and a; € R*, a; € R*, ... ,a, € R* such that the linear delay differential equation

z(t)=arz(t—7n)+acx(t —m)+ -+ apnx(t — 70) (D.1.1)
has solutions zf(t) = e*™* forall k=1,...,n.

Proof: As shown in the proof of Proposition 2.0.4, for 1 < k < n, respec-
tively zF(t) are solutions of (D.1.1) if and only if A(iwy) = 0 where A(a) =

!
o — E age” "k,
Jj=1

The 2n pairs of equations A(iw;) and A(—iw;) are given by:

n
zake_i“’ﬂk = 1wj, ji=1...,n
s (D.1.2)

n
E ag e = —w;, j=1,...,n
k=1

Therefore, a necessary and sufficient condition for Theorem D.1.1 to hold is for system
(D.1.2) to have solutions in the 2n unknowns (71, 72, ..., T, a1, G, . . ., ay). It is useful

to use the matrix notation for system (D.1.2). We obtain:
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P(r;w) iw
A= (D.1.3)
P(—1;w) —iw
where w = (w1,...,w,)T, 7 = (71, .., Tn), Am = (@1, - -, am)T and P(7;w) is the

n X n matrix whose (j, k) entry is

[P(T;w)]e = €727,

Note that P(T;w) = P(—T;w).

z
Now, recall that N = € C*™; 2 € C" } is a vector subspace of C" of real

z
dimension n, and that the map

EN+—— Re(2)
z Im(2)

eR" (D.1.4)

is an isomorphism. Thus system (D.1.3) has the same solutions as the system:

Re (P(1;w)) 0
A= . (D.L5)
Im (P(7;w)) w

Instead of attempting to solve (D.1.5) directly, the idea is to adopt an approach
based on the fallowing fact. For each j, consider the exponents w,7; in P(7;w) taken
modulo 27, k =1,...,n. Since the w, are independent over the rationals, for 7, > 0,
the vector Tpw mod 27 generates a dense orbit, denoted by O on an n-torus T",
where T = R/27Z. If (1, A) is a solution of (D.1.5), then 7 produces a point on
V := (T™)", via the dense orbits.

Thus, the idea is to embed the problem of finding solutions of (D.1.5) into a prob-
lem of finding solutions of a mapping F,, defined on V and which is an extension of

(D.1.5). If an explicit solution of F,, = 0 can be obtained, we can then use the Implicit
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Function Theorem to find a submanifold of solutions of F, = 0. Finally, using the
density of the orbits Oy on the submanifold yields an infinite number of solutions to

F,, = 0 and therefore to (D.1.5).

Let us define V := (T™)" with coordinates on V as follows:
Vi={d=(d!...., 0" ¥ =(¢,....,e2) T €T, j=1,...,n}

and consider the following mapping associated to (D.1.3):

defined by

Fu(®, A) = A—i , (D.1.6)

where A and w are as previously defined, and ﬁ(‘i)) is the n x n matrix whose (j, k)-
entry is

[f)(é)])k - [P(cpl, .. ,@n)])k _—

Therefore, by the isomorphism (D.1.4), we obtain:
F,:V xR - R™

defined by
3 Re (Is(i))) 0
F (®,A) = o A— . (D.1.7)
Im (P(—CI))) w
Now, for future use, we single out the last torus in V. Writing V = V,,_; x T", we

obtain:
E,: Vo1 xT"xR* — R
(D.1.8)
(®,9,A) —— F(®,9,4)
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where

Vo ={®=(®',..., ") |®’ as defined above} and Vg = ®".

For notational simplicity, we re-label ¢} by ¢, for 1 < 5 <n.

We now need to find an explicit solution (C/IS, \T/) € V,-1 x T" for the equation
F,(®,¥, A;w) =0 in order to apply the Implicit Function Theorem at (C/IS, \fl)
Consider the particular set of vectors in R™:

If £ = {ey,...,e,} denotes the canonical basis of R", we define the vectors v; €

R”,...,v, € R" by

n 71—2
v = Z ex. andforj=2,...,n, v,=v— Z 2€e,_s. (D.1.9)
k=1 =0
By construction, the set {v1,...,v,} is linearly independent and every coordinates of

each vector v,, for 1 < j < n, are non-zero. This set of vectors allows to define, for
1 < j < n, the matrices U, whose k" diagonal element is the k** component of the
vector v,. In particular, U is the n x n identity matrix. Let us also define the matrix
L which is the n x n matrix whose j** column is composed of the coefficients of the

vector v, in the basis £. That is

1 1 1 1
AR ~1

L= : (D.1.10)
1 1 -1 -1
1 -1 -1 - -1

Note that L is invertible in M,,(Q). Indeed, by construction, L € M,(Z) and det L # 0
(the set {v;,...,v,} is linearly independent). As L™ = (det L)"!adj L, where adj L
denotes the adjugate matrix of L (see, for example, [17]), L' € M,,(Q).

Consider the following point in V,,_; x T™

~ =~ T
O, ¥)=——L.
( ? ) 2
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Then, we have that P(®, ¥) = iL. We define A = L}w. Note that each coordinate
a,, for 1 < j < n, of the column vector A is non-zero. Indeed, suppose there exist

a,, = 0. Then we have
n
Z Lokwr =0 where [, = (L7
k=1

But by hypothesis, wy, . .. ,w, are linearly independent over the rationals. Hence there

exist k such that I, x, & Q, which is a contradiction with the fact that L= € M,,(Q).

Hence we have

Re (15'(&), \T/)) 0 0 0
L A-— = A- . (D.1.11)
Im (P(<I>, qx)) w L w
. _— - L - 0
Therefore, there exist a unique A € R" such that F, (CD,\I/,A) = . It is

A=L .

We now need to verify that J = Dy, A)Fw(fﬁ, \/I;, ), is invertible. The computa-
tion yields:
anU, 0

-~

J = D ayF (9,7, A) =
0 L

and therefore

0 L
Since det J = a,U,L 5 0, by the Implicit Function Theorem, there exist a neigh-
bourhood N of ® in V,_; and a unique smooth mapping
Gy, N —> Trx R

(D.1.12)
d — Gu(P)
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such that
G(®) = (¥,A) and F (P,G,(®) =0, V€ N. (D.1.13)

Now, let Gy and G 4 be, respectively, the projection of G, onto T™ and the projection
of G, onto R™. Hence:

Gy =proj; oG, : N —T" and G4 =projyoG,: N — R"

Recall that Oy is the dense orbit generated by 7xw mod 27 on the n-torus T". Let
Os C V,_1 be the direct product of the dense orbits O, for 1 < k < n — 1, and
Og be the dense orbit in V. By the construction of the function Gy, if ® € Og
and ¥ = Gg(®) € Oy, then A = G4(P) yields a solution to the original system of
equations (D.1.5).

That is, we are looking for (Tyw, ..., Th_1w) = ® € V,,_; N Nsuch that G¢(®) € Vg
We now need to show that Gy is regular at d.

Implicit differentiation of (D.1.13) yields that

DGy (?)
Dy 4)F,(®, ¥, A) = Do F,(®,7, A), (D.1.14)
DG 4(D)
for all ® € N.
Therefore, for & = (i>, we have
~ DGy(®)
DG(®) = =-JlK (D.1.15)
DG A(®)

where J~! is the inverse of the 2n x 2n matrix J and the 2n x (n — 1)n matrix K is
defined as K = Do F,,(®, T, A).

Note that

Das (Re(ﬁ)A) Dy (Re(P)A) . Dgnot (Re(P)A)

DoF,(®, U, A) =
Dan (Im(P)A) Dy (Im(P)A) ... Dgn (Im(P)A).



D.1. Realization Theorem 62

Computations yields the following for K:

alh ally -+ ap_1Up—

-,

K = DgF,(®,¥, A) =
o 0 - 0

Hence after computing the product —J~!K we obtain:

a a an—1
—Eiunul _ﬁunbb T zq unun—l

DG(P) = (D.1.16)
0 0 e 0

where 0 denotes the n X n zero matrix. Consequently,

DG\I,(@):( SBUY Uy B ULy e~ U Uy ) (D.1.17)

an

-~

Since U, is the identity matrix and U,, € GL,(R), the rank of DG(®) is maximum.

It follows that the mapping

Gq, :N — V\p
is regular at 3.
Since Op is dense in V,,_1, for 1 < k < n—1, there exist, for any € > 0, (T1¢,..., Tn-1,)
such that
(T1ew, ..., Th1ew) mod 27 = ®7 is in a e-neighbourhood of d.

Let us define a small (n — 1)-dimensional manifold in V;_; based at ®* by
Sg: = {(nw,...,Tp—1w) mod 27 |7, € (1) — h, T, + h)}

with ¢, h small enough so that S(’Iﬁ: C N.
Now it is left to show that G@(Sg,:), image of Sh: by G¢ has a nontrivial transversal

intersection with Oy. To do this, we consider the following set of n — 1 vectors in

@)
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W, = (0,w,...,00)7

Woe = (0,0,...,w,0)7
W = (0,0,...,0,w)"

where 0 represents the zero vector in R”, and w = (wy, ..., wn)’. Theset {Wy, ... ,W,_1}

is linearly independent. For ®F € V,_1, consider the set
N n—1
Py = {cp +Y oW, (modVa) [0 < o, <<1,1<r<n-— 1} (D.1.18)
r=1

where we choose o, for 1 < r < n — 1, such that P; C N. The set P; is a small
n — 1 dimensional manifold in V,,_;. We are interested in showing that the image of
P35 by Gy in Vi is transverse to Oy (see Definition D.1.1).

To show the transversality of Gg(P5) to Oy, we need the tangent space to Gg(Pj)
at Gy(®) and the image of the tangent space to R at zero under DHg(0) to be

transversal, where H is defined as
Hy R — Vg

t —> Gq,(@)—i-tw.

This is equivalent to show that the following equality holds:

DH@(O) ToR + THi(O) G\I/(P&)) = TH;I;(O) R™. (D.l.lg)

First, note that Ty ) Ge(P5) = TG\I,@)(PEI;) is well defined. Since Gy is regular at
®, Gy(P3) is an—1 dimensional submanifold in Vg and Ty, 5,(P5) is a n—1 dimen-
sional hyperplane in V. Locally around G@((/I;), we have that Gg(Pj) is generated by
{Geg(W1), ... ,Gg(W,_1)}. Hence TG\I,@)(P@) is generated by {DGg. W1, ... ,DGg.W,_1}.
Secondly, note that DHg(0) ToR = span{w}. Thus for (D.1.19) to be satisfied, it is
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sufficient to show that the n vectors of R", DG¢.Wy, ... , DGy.W,_1,w, are linearly

independent. To show this, we consider the function
T:N—R
defined by
T(®) =det (DGy(®)- W1 DGg(®) - Wy -+ DGy(P) W,y w). (D.1.20)

Clearly, T is continuous, and 7T evaluated at d yields:

T@) = det( -8Uthe ~2UUw -~ U Uy Unlhso )
= OO et det (g ; ;
= &2_1 eti, et( GlUhw alhw - Gy Upqw Ugw )
— (w1w2 "'wn2(a11a2 an—l) det L
ag_
£ 0,

It follows that there is a neighbourhood N’ C N of ® in which T # 0. Thus, by
choosing €, h small enough such that Sff,z C N’, the image of ng by Gy is transverse
to Og. Note that since the orbit of Oy C Vg is dense, there are infinitely many
intersections with Gq,(SfIﬁ:) near the point ¥ = G@(&J) Therefore, there exist 7, >
0,7 >0,...,#, > 0 such that ® = (fiw, Taw, . . ., Ty—iw) mod V,,_; and

G\I,(CI)) = 7pw. Thus, the linear system (D.1.3) has solutions. O
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D.2 Openness Theorem

The second theorem is the Openness Theorem in the paper by Buono and LeBlanc
[15]. Again, we keep the same notations used in [15]. This theorem shows that
the previous realization result holds for open sets near solutions found in Theorem

(D.1.1). The theorem states the following:

Theorem D.2.1 Openness Theorem. Suppose wy > 0, wy > 0, ... ,w, > 0 are
linearly independent over the rationals. There exists a neighbourhood N of & =

(w1,...,wy) in R™ and a smooth mapping
H:' V — R*"xR"

w — HWw) = (1), Aw)) = (n(w), ..., m(W)), (m(w), -, an(w)))

such that

ap(w) e ™@im@) = o j=1,...,n

x>
sl

(D.2.1)

i, Ty (w)

ag(w)e = —wj;, j=1...,n

k=1
for all w € N.

Proof: =~ We consider the system F,, = 0 given by (D.1.8). We have already shown
in the previous proof that for the n frequencies defined in Theorem 5.2.1, there exist
infinitely many solutions to F,, = 0. We use the solution (<I>, \il, G A(fi); &1) that was
constructed in the previous proof. Recall that if the point (<I>, ¥, GA(Ci); d)) is a
zero of F,, then, equivalently, the 2n equations of system (D.1.2) are satisfied.
Using the mapping F,,, we can build the function @) defined as
Q R*"xR"xR" — R"xR"
(D.2.2)
(w, 7, A) —r Qw, T, A) = F((nw, ..., Thow), Thw, A),
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The goal is now to apply the Implicit Function Theorem at the point (&, 7, A)

where Q(w, 7, A) = 0 and the 2n x 2n matrix
D @@, %, 4) = (D,Q(,A4,0) DaQ(+,4,3)). (D.2.3)

is invertible.

Classic computation of derivatives yields that the 2n x n matrix D,Q is equal to

(w00 - 0)

0 w0 - --- 0
DTQ(T,CU,A) = D((<I>1

.....

on1),0) Fu((T1w, . .., Ta1w), Taw, A) -

\0 00 - w)
(D.2.4)

where 0 is an n-dimensional zero column vector; and the 2n X n matrix D 4@ is equal

to
DaQ(w, 7, A) = DAF, (1w, ..., Tq-1w), Taw, A). (D.2.5)

Now we need to show that D, A)Q(LD,?,A) # 0. To do so, consider the following
mappings associated to (D.2.3), (D.2.5) and (D.2.4):

Rr: Vaoy X Vg x R* x R® — My, »,(C)
defined by

(w00 - 0)

0 w0 --- 0
Rl(q), \I’,A,UJ) = D(<1>,\1;)Fw((p, \II,A) .

\0 00 - w)

Ra: Va1 x Vg x R" x R" — MQn,n
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defined by
Ra(®,V, A, w) = DsF,(P,7, A);
and
R: Va1 x Vg xR" xR" — My,
defined by
R(®, ¥V, A, w)=(R(P, ¥, A w) RA(D,¥ A w)).
Using the same particular set {vy,...,v,} constructed in the previous proof, we can

compute R(@,\Tl,g,w) where (@,\Tl,g,w) = (—%(vl, yv,), L7w).
Recall that L is the n x n matrix whose j** column is the vector v, and that U, is
the n x n matrix whose k™ diagonal element is the k™" component of the vector v,.

After computations we obtain:

_ R Z il
R(—g(vl,...,vq),A,@) =
Z —iL
where
zZ = ( a1 U@ as sl - -- anblnd) ) .

Recall that each a, is non-zero thus the n X n matrix Z is invertible, since its deter-
minant is

det Z = [ ] a,w, det L #0.

=1

Quick matrix computations yields:

=

N
L
I—

-1
R<_g(vl""7vn),g,&))_1: 2 2Z

N fe=

Hence R is clearly invertible.
By continuity of the determinant, there is a neighbourhood F of the point
(6, T, A, @) € Vp_1x Vg xR"xR" in which R is invertible. As stated in Theorem 5.2.1,
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because of the density of Os and Oy, there are infinitely many solutions to F,, = 0
near (5,@,2,(1}). Hence there exist a point (d},%,/i) € E such that Q((Z),f’,/i) =0
and @ is invertible at that point. Therefore, by the Implicit Function Theorem, there

exist a neighbourhood N' C R" of & and a unique smooth mapping
H: N — R"xR"

w — Hw)=(1(w), Alw)) = ((n(w),...,m(w)),(a1(w),...,an(w)))

such that
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