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Abstract

In this thesis, we present a sensor model comprised of a geometrically nonlinear beam
coupled with a nonlinear viscoelastic Pasternak foundation via a distributed system of
compliant elements. The governing equations of the system are obtained. By posing an inverse
problem, the model is used to simulate the estimation of coupled substrates' material
(constitutive) parameters. In the inverse problem, beam deformations are considered as
measured parameters, and therefore an eventual hardware implementation would require
measurements of these quantities. Different case studies are simulated to assess the robustness

and applicability of this sensor model.
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Nomenclature

horizontal coordinate of the undeformed beam
vertical coordinate of the undeformed beam
rotation of the undeformed beam

horizontal Cartesian displacement

vertical Cartesian displacement

rotation of the deformed cross section

rotation of the cross section with respect to the neutral axis
relative stretching in the reference configuration
normal force

shear force

bending moment

distributed normal force, Cartesian component
distributed shear force, Cartesian component
distributed bending moment

normal strain

shear strain

curvature

Young’s modulus
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G shear elastic modulus

A cross sectional area

I moment of inertia

h cross section thickness

Dy reaction force induced by the substrate

Mo initial profile of the substrate

n displacement of the substrate

ky linear elastic parameter of the substrate

ks nonlinear elastic parameter of the substrate

ks shear coefficient of the substrate

k. viscosity of the substrate

Dun force transmitted by the coupling layer

g current gap between the beam and the substrate
Jo initial gap between the beam and the substrate

Loy distributed couple induced by p,,
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CHAPTER 1
INTRODUCTION

1.1 Overview

Sensing technology can be broadly defined as to use sensors to detect quantifiable
properties from measurable objects and to convert these properties into data that humans or
machines can interpret. This thesis focuses on the modelling and simulation of a mechanical
sensing system aimed at estimating material properties or, more generally, constitutive
parameters of deformable solid materials. The sensing device is schematized as a deformable
solid, eventually a beam, coupled with a substrate/terrain for which the material properties
have to be estimated, see Fig.1.1. The context is that an autonomous robotic device deployed
in some unstructured environment with the mission of exploring, navigating and, eventually,

performing a set of tasks defining the mission.

Sensor’s body Couplying layer

:

Substrate

Fig. 1.1. Sensing system modelled in this thesis



A prototype of an autonomous mobile robot whose specific mechanical structures are
designed for locomotion is being developed at the University of Ottawa, see Fig. 1.2. We are
interested in expanding the functionalities of this mobile robot by using the existing
mechanical structure without requiring extra components. Specifically, we want this mobile
robot to also act as a sensor to detect the properties (material parameters) of the substrate. As
the sketch in Fig. 1.1, the sensing system can be abstracted as a soft deformable beam (body
of the mobile robot) interacting with the substrate through a coupling layer (legs of the mobile

robot).

St a
Fig. 1.2. An autonomous robot prototype at uOttawa in the same research group

This idea has been explored in [1], where the model of a mechanical sensing device has
been proposed and simulated for the case in which the unknown solid terrain is nearly flat with
respect to the characteristic length of the sensing device. In this case, the mechanical model of

the sensing device can be based on a linearized beam theory in which large curvatures induced
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by the coupling elements are neglected. However, in many applications of interest, as for
example in the biomedical field, when estimating material parameters of soft tissues, it is
crucial to be able to operate on large deflection and curvatures of the sensing device. This
work is therefore focused on generalizing the model in [1] by including nonlinear geometric
effects, which allows to improve the predictions of the sensor in soft substrate conditions.
The sensing system modeled in this thesis consists of a geometrically nonlinear beam
based on Reissner model [2], a deformable substrate (terrain) with the inclusion of nonlinear
and viscous coefficients modeled as a nonlinear Pasternak foundation, and a layer of coupling
elements between the beam and the substrate, as schematized in Fig.1.1. The modle of the
substrate will be discussed in Section 2.3. Material parameters of the terrain, which consist of
linear stiffness, strain hardening stiffness, shear stiffness and viscosity are estimated by posing
an inverse problem in which the inputs to the system are displacements and/or rotations along
the axis of the beam, which induce a response of the substrate through the forces and/or
moments exerted by the coupling layer. The response of the substrate, in terms of forces, is
constitutively related to the deformation of the substrate, and the unknown material parameters
are estimated through an iterative procedure that is based on the minimum least square

minimization of a quadratic form of the distance between measured and estimated kinematics.



1.2 Background and Motivation

The sketch of the model in [1] (previous work) and its workflow are illustrated in Fig.1.3.
The beam initially lays on the substrate through the coupling layer which is considered to be
equivalent to a distribution of springs. When forces are applied, the beam bends. The beam’s
displacements which also account for response of reaction forces induced by the foundation
are measured. Noting that reaction forces are ultimately related to the substrate’s parameters,

one can identify those parameters by solving the inverse problem (details in Section 2.5).

Measure deformation
(vertical and rotational)

Before deformation

Reaction force

Before
deformation

Substrate

(a)
Apply known force on the beaHduce deformation of the beam

Y

Solve 1nversz porblem Measure beam’s displacement
an
identifying parameters (axial, vertical and rotational)

(b)

Fig. 1.3. (a) Sketch of the model in [1]. (b) The workflow




It is worth stressing again that the sensor model in [1] is based on a linear Timoshenko
beam; therefore, the model is suitable for relatively stiff substrates and the beam model cannot

predict and describe large deformation induced by large external forces or soft terrain coupling.

1.3 Aim and Objective

In the biomedical field, soft tissues are common materials, which typically undergo large
deformations as part of their ordinary operation. In this case, using the simple linear beam
theory may lead to large errors when the deflections are supposed to be large compared to the
length of the beam (typically greater than 3%) [3]. In order to be able to extend the
applicability of the sensor model to soft tissue, it is necessary to include nonlinear geometric
effects in the kinematics of the mechanical sensor. This defines the main goal of the present

work, which extends the work in [1] to generalize the sensor model in the sense just specified.

1.4 Potential Applications

As mentioned in Section 1.2, this work focus on the sensing capability equips on the
mobile robot, which means the idealized model has the features of locomotion and sensing.
Therefore, our sensor could be used to do environmental monitoring jobs like detecting the
parameters of terrains. Moreover, with the locomotion of the mobile robot, our sensor is

suitable for complicated and dangerous environment where engineers cannot finalize the



fieldwork, since sensor operators can remotely control the robot or the autonomous robot could
be programmed to accomplish tasks automatically.

Despite of the monitoring environments, miniaturization of the robotic sensing system
allows for healthy diagnosis related applications. For example, detecting parameters of skins
and muscles by deploying the model on bodies. To go further, if the robot could be integrated
as small as a capsule, testers can diagnose tissues of organs like stomach by swallowing it.

The mechanical structure of the sensor system in this work has distinct advantages in
estimating soft material parameters, since traditional tests for soft tissues have some
drawbacks. For example, it is not easy to cut a specimen to a particular shape, and cutting
forces cause significant distortion. Besides, the process of cutting materials often significantly
alters specimens’ properties and causes trauma. Moreover, soft tissues are sensitive to the
environment. Properties may change when they are in transport, in preparation, in storage and
during the actual testing. Testing personnel may also be under radiation risk if touchless
techniques are used. Compared to traditional ways of testing, our work overcomes the

drawbacks above, and it 1s a safe and accurate model.

1.5 Contributions

The main contribution of this thesis is the formulation of a mechanical sensor model

based on a geometrically nonlinear beam theory for the purpose of estimating material



parameters of coupled deformable solids. This work generalized the one in [1], addressing the
technical difficulties associated with the inclusion of geometrically nonlinear effects. By
generalizing the model in this way, we are able to extend the functionality of the sensing device
by using the system on a substrate which may undergo large deformations. These features
make the sensor system in this thesis suitable for estimating constitutive parameters of soft

tissues in the biomedical field.

1.6 Research Methodology

This work includes four steps to build the theoretical model of the sensing system:

® Step 1: Formulating beam equations and substrate equations.

® Step 2: Modeling the interaction between the beam and the substrate.

® Step 3: Solving forward problems to generate simulated measurement data.

® Step 4: Solving the inverse problem to estimate the substrate’s parameters by using

the simulated measurement data in step 3.

The rest of thesis is organized as follows. In Chapter 2, the theoretical background of the
sensing system is reviewed. In Chapter 3, the mechanical model of the sensing system is
presented. In Chapter 4, we introduce the algorithm of the inverse problem, and by considering
different cases, numerical simulations of sensor operation are conducted. In Chapter 5,

conclusions are presented.



CHAPTER 2
THEORETICAL BACKGROUND AND
LITERATURE REVIEW

The sensor system in this thesis is abstracted as a geometrically nonlinear beam resting
on a foundation via coupling elements (Fig.1.1), and our goal is to estimate substrate’s
parameters from a given input. This chapter presents an overview of theoretical preliminaries

of key elements in the sensor system. Also, the literature about inverse problem is reviewed.

2.1 Beam theories

Tracing back the long history of beam theories, Galileo Galilei is often recognized as the
first who addressed the beam bending problem, but recent studies argues that Leonardo da
Vinci preceded Galileo’s work by more than 100 years [4]. Daniel Bernoulli and Leonhard
Euler formulated what is modernly recognized as the linear beam theory, by structuring it into
a rigorous mathematical framework that allows one to calculate deformations and stress
resultant distributions. The Euler-Bernoulli beam theory is considered to be the backbone of
beam theories and is still widely used in structural and mechanical engineering applications
today.

In the early 1920s, Stepan Prokopovych Timoshenko proposed a beam theory developed



from the Euler-Benoulli theory [5]. In his model, lateral shear deformation and cross section
moment of inertia are considered, which means the shear deformation caused by the transverse
shear force in the beam is constitutively related to the deflection of the beam, and the cross
section still remains plane but is no longer necessarily perpendicular to the longitudinal axis,
see Fig. 2.1 and Table 2.1. Through the Timoshenko beam theory, the behaviour of relatively
thick and short beams, sandwich composite beams, or beams subject to high-frequency

response can be modelled with higher accuracy than with Euler's beam [6]. For this reason,

this theory has been used in aerospace structural design.

YA Cross section vy A Cross section
| Middle plane - Middle plane
1 ]
1
i e |~
— — — — ] o L | _
\ - \ >
\ x i -
(a) Euler

Bemoulli Beam

(b) Timoshenko Beam

Fig. 2.1. Deformation of (a) Euler-Bernoulli Beam and (b) Timoshenko Beam

Table 2.1. Euler-Bernoulli beam theory and Timoshenko beam theory
Bending Lateral Shear Rotary
Beam models . . N
moment | displacement | deformation inertia
Euler-Bernoulli v v x x
Timoshenko v v v v

It is worth noting that both the Euler-Benoulli beam theory and the Timoshenko beam
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theory are limited to small deflections as they are linearized theories. To model nonlinear
deformable systems, geometrically exact beam theories were proposed in the mid nineteenth
century and developed in the twentieth century. In 1859, Kirchhoff derived a beam model that
allows large deformations and initial curvatures in three dimensions [7]. Almost one-hundred
years later, Love [8] extended Kirchhoff’s beam theory by accounting for axial extension. In
1972, Reissner [2] proposed a two-dimensional shear deformable beam based on Kirchhoff-
Love beam model and proposed his theory in [9] for the general three-dimensional case.
Although the simplification of rotation matrix (neglecting second order rotations) in [9] is
helpful to derive rotation strain measures, it decreased the geometric exactness of the theory.
Inspired by Antman [10], Simo [11] extended Reissner’s model by adopting a different
approach. In [11], a spin rotation vector and the rotation tensor are employed to derive the
beam’s displacement. This beam theory, well known as Simo-Reissner theory is widely
implemented nowadays to analyze structural behaviors like airplane wings, high-rise buildings
and large span bridges.

Science this work aims at developing sensing of soft tissues, geometric nonlinearities
should be included in the model (details in chapter 2.2). In future hardware implementations,
the mobile robot should be relatively small for the purpose of easy operation. Since the sensing
device body could be relatively thick as compared to its length, it is appropriate to use a beam
theory that accounts for shear deformability. Under the hypothesis that the interaction between

the sensor and the substrate mostly develops along a bending direction of the sensor’s body,

10



we adopt a two dimensional kinematics, see Fig. 2.2.

YJ\

Q Applied force Q

. Geometrically nonlinear beam
Reaction force 1 Y

7 I !

:.":; coupling layer
' P P’ - 'I_- I
Substrate /-‘

Fig. 2.2. Sensing model generalized in a 2D coordinate system

X

Therefore, the Reissner beam model in [2] is adopted since it allows to describe a system

with all the features just discussed.

2.2 Geometric Nonlinearity

In engineering fields, many structural analyses are based on the assumption of small
deformations, because the corresponding linear beam theory is a good tradeoff between
mathematical manageability and range of applicability and, for many civil engineering
applications, the hypothesis of small deformations is accurate. For example, when analyzing
concrete structures, it is typically not necessary to use nonlinear theory if the beams spans are

sufficiently large compared to their cross sections, but small enough to limit maximum

11



displacements with respect to the size of the cross section. However, in recent decades, with
the development of computing hardware and sophisticated computational tools, the adoption
of nonlinear beam theories has become more prominent. For example, in biomechanical
engineering, structural elements may operate in large deflections regime. Geometric
nonlinearities occur when strain-displacement relations need to include quadratic terms to
accurately predict large deformations [12].

Reissner beam theory will be presented in detail in the next chapter, in the context of the
model for the mechanical sensor. Here, we briefly consider the kinematics to illustrate the
effect of geometric nonlinearities, by drawing a comparison with the predictions of the
linearized version, the Timoshenko beam. The kinematics of Reissner’s beam is schematized

in Fig. 2.3.

A
X &t u+ (& +u)ds

£i(s) +ui(s)

Eotust (§o+us)ds

£2(s) +us(s) |

\

Fig. 2.3. Kinematics of Reissner’s beam
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Assume an initially flat Reissner beam undergoing bending. Axial and shear strains

and 7y (details in next chapter) can be written as

e= (u'+1)cosf + u,'sinf — 1
2.1)

v =uy'cosf — (u,' +1)sind
where 0 is the rotation angle of the cross section, and u, , u, are the displacements of the

neutral axis. For small deformations, we have sinf ~0 and 1 — cosd ~ 0 . The linearized

version of Equation (2.1) reduces to

g:’UJII ’7:1112/_9 (22)
Equation (2.2) gives the strain-displacement relations of the Timoshenko beam. By assuming

w'=0.5 and u,’ =1, we plot nonlinear strains £, 7y and linear strains £ , ~ with respect

to rotation angle §.

—
w 0.8 4
- ]
2 0.7 1
'S | Reissner beam
j% 0.6 ——= Timoshenko beam
R
»
L 0.5 fmm e e
T
0 0.5 1
Rotation angle in radians (0)
1
T I |
\_?i 0.75 - Sao - Tnposhenko beam
SN Reissner beam
0 1 N
g ~~
5 0.5 SN
£ , N
wn \\
5 0.25 S~a
g N
n SN~
0 T >
0 0.5 1

Rotation angle in radians (0)

Fig. 2.4. Strains with respect to rotation 6
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For the given w,’ and u,’, strains predicted by the two theories substantially differ. The
axial strains £ in Reissner’s beam changes for different rotation angles, while Timoshenko
beam theory neglects 0 effects on € . With the increase of deformations, errors between
nonlinear beam theory and linear beam theory become no longer negligible. Therefore, for
large displacements or large deformation problems, it is necessary to take geometric

nonlinearity into consideration.

2.3 Substrate Models

Different substrate models have different properties and are used in various scenarios.
Among those proposed in the literature, the simplest is the Winkler model (Fig. 2.5.(a)). It is
the most widely used theoretical linear model of foundations, and it is the easiest for
mathematical treatment. The hypothesis of the Winkler model is that the substrate at a given
interface point responds as a linear spring. Therefore, within this model, the deformation of
the foundation's surface is proportional to the stress at the same point. One of the most
significant drawbacks is that displacements of adjacent springs are discontinuous due to the

assumption of independence of each spring.
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Concentrated load Concentrated load Membrane

P P
T T
LY |
T T A 7 L,
(a)
Concentrated load Elastic plate Concentrated load Shear layer
P P
(©) (d)

Fig. 2.5. Substrate model. (a) The Winkler model. (b) The Filonenko-Borodich model.
(¢) The Hetenyi model. (d) The Pasternak model.

Many substrate models have been proposed to overcome this limitation. Filonenko-
Borodich, Hetenyi, Pasternak, and others made great contributions to the development of new
models are named after them. Different from Winkler model, these new models all introduce
local interactions between contiguous elements of the substrate, and therefore consider a
continuos system. The continuity assumption translates into the introduction of additional
constitutive parameters for the foundation.

In the 1940s, Filonenko-Borodich proposed a model in which an elastic membrane was
added to the Winkler model (Fig. 2.5.(b)). At about the same time, Hetenyi presented a similar
model in which the elastic membrane in the Filonenko-Borodich model is replaced by an

elastic plate without any tension, which undergoes flexural deformation (Fig. 2.5.(c)). In 1954,

15



Pasternak also added an elastic plate to connect the individual springs. Unlike the Hetenyi
model, the plate in the Pasternak model undergoes transverse shear deformation (Fig. 2.5.(d)).
It was the first time that a shear behavior was taken into consideration in a substrate model
[13].

In biomedical field, materials are usually soft and has distinct hardening, softening and
hysteresis phenomena. The Pasternak model is suitable to describe soft materials because it
accounts for local shear interaction between contiguous parts of the substrate, and therefore it
allows one to model smooth deformed substrate profiles even under the action of localized
forces[14]. Additionally, with the inclusion of nonlinear and viscous coefficients, one can
model hardening, softening and viscous effects in the substrate. Therefore, nonlinear Pasternak
foundation is modeled as the substrate of our sensing system. And a cubic term is considered
in the nonlinear Pasternak model since it is sufficient to express nonlinear characteristics of
common experimentally observed substrates [15]. Algebraic Equations of the substrate will be
presented in Section 3.6.

The standard Pasternak model and the nonlinear viscoelastic Pasternak model adopted in

this thesis are schematized in Fig. 2.6.
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Fig. 2.6. (a) Standard Pasternak model. (b) Nonlinear viscoelastic Pasternak model

2.4 Coupling System

As described in chapter 1, our work is modeled in the framework of coupling system
which has been studied in the past several years. For linear foundations, the dynamic behavior
of beams is demonstrated in [16, 17], while the analysis of elastic beams on nonlinear
foundations is carried out in [18]. The natural frequencies of a Timoshenko beam resting on a
Pasternak-type foundation are calculated in [19]. The dynamic response for a Timoshenko
beam resting on a nonlinear viscoelastic foundation is presented in [20]. In [21], a nonlinear
dynamic analysis of a Timoshenko beam on a viscoelastic foundation and subjected to the
motion of a travelling mass is analyzed. Although these researches may refer to alternative
approaches of our work, they generalize the system as beams deploying on substrates directly.
In our model, the sensing system should equip on an existent mobile robot (prototype) and use
existent mechanical components to work. Therefore, a coupling layer which refers to the legs

of the mobile robot is essential in this thesis. In [1], a sensor system is abstracted as a beam

17



deploying on a foundation via coupling elements, and our work extends its functionality by
considering large deformation scenario in which evolved dynamics of the coupling layer is

presented Section 3.5.

2.5 Inverse problem

As stated in Chapter 1, the theoretical framework of this thesis involves inverse problems
which can be broadly defined as the process of using given observables to predict unknown
properties of the model, see [22] for a general discussion. This framework is widely applied
in science and engineering [23], for example: inverse problems for dynamical systems [24],
identification of the unknown boundary of an object in thermal system [25], and the estimation
of parameters in remote sensing field [26]. The work we present in this thesis belongs to a
class in which the parameters are predicted in the continuum mechanics framework. One of
the methods to solve inverse problems in elastoplastic solids is introduced in [27], and an
inverse problem for estimating the elastic parameters is presented in [28]. In [29], a finite
element method is used to estimate the material parameters from force and displacement
measurements. In [30], advanced methods to estimate the parameters of substrate material are
introduced in the civil engineering field. In this work, a deformable body coupled with a
viscoelastic substrate through distributed coupling elements is modeled. Material parameters

are predicted by analyzing the deformation of the body as well as the substrate’s surface and
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by minimizing the cost function encodes the distance between the measurements and the
model predictions.

Inverse problems are solved using different mathematical methods. Textbook [22]
introduces the general inverse problem theory and methods for model parameter estimation,
and in textbook [31], methods for solving inverse problems in dynamic systems are presented,
while the application of different methods to solve inverse problems can be found in [13, 14].
Solutions to specific inverse problems are also widely studied. Among all research, a discrete
inverse vibration problem with uncertain parameters is studied in [31]; a variational approach
for solving an inverse vibration problem is adopted in [34]; inverse problems with parameter
uncertainty in vibrating systems are studied in [35]; a unique solution to an inverse
electroencephalographic problem is proposed in [36], a fundamental solution method for an
inverse problem of plates is derived in [37], and inverse problems and solutions in wave
propagation are discussed in [38].

Considering the functionality of the prototype presented in Chapter 1, the autonomous
robot locomotion problem is a direct problem since it establishes a relation between actuating
inputs and the motion of the device, compatibly with a set of physical constraints posed by the
environment. The problem of sensing the environment and estimating the material parameters
of the substrate/terrain is, instead, posed as an inverse problem since, by assuming a material
response of the terrain (constitutive model), one has to reconstruct the input to the device

(force exerted on it by the terrain) that produces a measured output (deformation of the device).
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In this inverse problem setting, once the material response is assumed, the set of material
parameters in the constitutive model of the terrain are the unknowns and that have to be
estimated.

In our sensor system, axial displacements, vertical displacements and rotational
displacements of the beam are responses to a specific excitation of the system and the
magnitude of the displacements can reflect certain properties of the substrate. For example, by
applying certain forces to the beam, small deformations are expected if the substrate is hard;
whereas if the substrate is soft, larger deformation of the beam should be expected. The
parameters of the foundation are estimated using an iterative least square method, based on a
metric that measures the distance between measured quantities and modelled ones, in which
the substrate’s material parameters are unknowns encoded in the model. This class of
numerical optimization tools is used to solve inverse problems in linear and non-linear
vibrating systems in [39 - 41], and in [23, 24], it is applied to estimate the material parameters.
Additionally, building a realistic living tissue model, and estimating its properties, may lead
to the development of diagnostic techniques. Inverse problems in soft tissue and material
parameter identification are presented in book [44]. [45 - 48] show developments in treating
human diseases in the biomechanics field. The theoretical model in this thesis can be
implemented in engineering field for environmental monitoring and has the potentiality in

diagnosis of diseases by detecting living tissues’ parameters in biomechanics fields.
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CHAPTER 3
MECHANICAL MODEL OF THE SENSOR
SYSTEM

In this chapter, the mechanical model of the sensor system is presented. The model is
based on a geometrically nonlinear deformable Reissner beam resting on a nonlinear
viscoelastic foundation through a coupling layer. By modelling the beam’s deformation
induced by the material response of the substrate, we pose an inverse problem in which
measurements of deformations are inputs, and the material parameters of the substrates are
unknowns to be estimated. The governing equations of the system describe the deformation

of the Reissner beam and of the substrate interface.

3.1 Kinematics of Sensor’s Body Model

The work in [2] presents a shear deformable one-dimensional beam theory. The beam’s
reference configuration is parametrically defined in terms of a curvilinear abscissa
se€ [0,L] as
s€ [0,L] — (51(5),82(5)) € R? (3.1)
therefore describing a curve in R?. As illustrated in Fig. 3.1, a reference configuration is

described by the curve (&,(s), &, (s)), and the field 6, (s) representing the initial orientation
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of the cross section in a global frame.

Due to deformation, the points & =&,(s) and & =&,(s) map to & =& (s) + ui(s)
and & =¢&,(s) +uy(s), in which u; and u, are the global Cartesian components of the
displacement along X; and X, respectively. We assume that the cross section of the beam
remains plain but not necessarily normal to the beam’s axis. Therefore, X is the rotation of the
cross section with respect to the orthogonal configuration, and  is the global orientation of

the cross section.

A
Xg &t u+ (51 + UJ)’dS

& (s) +us(s)

Eotus+ (52 +uy)'ds

&s (s) +us(s)

»

X,

Fig. 3.1. Kinematics of the Reissner’s beam that models the sensor’s body
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We then give the following relations

B 52/+,u2/
t&n(0+X) - 51/+u11
51’+U1'
cos(@+x) = >——
. . 52’+'U42,
sin (0 + x) =171 A

A=/ +u) 2+ (& +u')? —1

where (+)’ means differentiation with respect to the curvilinear abscissa s, and A is the

relative stretching, or change in length of an element of length ds in the reference

configuration. In the reference configurations, relations (3.2) reduce to

cosfy=¢&,', sinf, =&’ (3.3)

3.2 Dynamics of Sensor’s Body Model

In order to obtain the equilibrium equation, we refer to Fig. 3.2 for a portion of deformed
beam with normal force NV , shear forces ) and a bending moment M in a frame rotated with

the cross section. Forces per unit length p; , p» and moment p are distributed along the

undeformed beam.
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A /
Xg Q+Qld5 N+Nd$

X,

Fig. 3.2. Dynamics of the beam that models the sensor’s body

To write the equilibria, we also consider the following first order approximations
cos (0 + 0'ds) ~ cosf — 0'sinfds (3.4)
sin (0 + 0'ds) ~=sin@ + 0'cos0ds (3.5)
The force equilibria along the global axis (X;,X,) gives

-NcosO+ (N + N'ds)cos (0 + 0'ds)

+Qsinf — (Q + Q'ds)sin(0 + 0'ds) + p,ds =0 ©.0)
~Nsinf + (N + N'ds)sin (0 + 6'ds) 3.7)
-Qcosf+ (Q+ Q'ds)cos(0 + 0'ds) + p,ds =0
By substituting (3.4) (3.5) into (3.6) (3.7) and neglecting higher order terms, we obtain
(Ncosf — Qsinf)' + p, =0 (3.8)
(Nsinf + Qcos6)' + p, =0 (3.9)
The moment equilibrium, on the other hand, provide
M'+ (14 A) (Qcosxy — Nsiny) +u=0 (3.10)

We can also obtain a relationship between angles x and 6 using trigonometric summation

formulas from (3.2)
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(&' +u")cosO + (&' + u,')sind

cos) = 11 A (3.11)

. (&'"+uy)cosd — (&' +u)sind
siny = 1T A (3.12)

Therefore, equation (3.10) can be rewritten in terms of u,, u, and 6.
M+ Q((&' + uy)cosO + (&' + uy")sind) o13)

-N((&'+ uy)cosf — (&' + u,")sinf) + =0
3.3 Strain-displacement Relations

In [2], strain-displacement relations are obtained from a variational argument by posing
that strains €, 7, and k are the duals of the stress resultant N, @), and M respectively.
Therefore, the geometric interpretation of the three strain measures are respectively normal

strain, shear strain, and curvature. The curvature of the neutral axis is given by the familiar

expression
k=0 —0, (3.14)
By inverting (3.2) we obtain
! ! !

Therefore, the curvature can also be expressed as

o — (51/ + ’Ull) (62” + UQH) _ (le + Uzl) (fl” + U1”)
1+ 4)* (3.16)
_(511§2/I_£2I£1”) _Xl

The set of strain-displacement relations is completed by [2]

25



e= 1+ A)cosxy —1 (3.17)
v= 1+ A)siny (3.18)
We can also rewrite the moment equilibrium equation (3.10) using (3.17) and (3.18) in the

form

M+ (14e)Q—AN+p=0 (3.19)

3.4 Constitutive Relations

According to Reissner [2], for the class of nonlinear beams considered here, constitutive
relations have to be determined by appropriate experiments. Following [49] and [14], it is
possible to adopt linear isotropic material responses of the form

M =FEIx, N=FEAe, Q@ =GAy (3.20)
where E and G are isotropic elastic parameters, and A and I are cross sectional area and
geometric moment of inertia. These relations respect the monotonicity condition in the sense
of Antman and Rosenfeld [50]. It should be noted that when A— —1, ¢ is close to -1 and the
desired value of N should be N — - oo. However, the linear elastic constitutive law (3.20)
cannot account for this property. Discussions can be found in [49] that the non-admissible
region A < -1 can be considered as the limitation of the linear elastic material response,

which also defines in the limitation of this thesis.
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3.5 Coupling Layer: Force Between Beam and Substrate

By referring to Fig. 3.3, the coupling layer interfaces the body of the sensor with the
substrate. The device modelled here is devised to be an autonomous robotic system with
sensing capabilities, and therefore the coupling layer has the function of both providing
locomotion and to provide coupling and actuation for sensing. Considering autonomous
operation, it is desirable for the coupling to be as low power consumption as possible, and at
the same time to have the level of complexity that allows one to generate the set of actions

necessary for the tasks, especially locomotion.

Sensor’s body Couplying layer

:

Substrate

Fig. 3.3. Sensing system modelled in this thesis
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€2

Deformed configuration

———- Reference configuration

Beam
(neutral axis)

Beam — —_——
(neutral axis)

Substrate
(top surface)

— — —

Substrate — —
(top surface)

Fig. 3.4. Geometric relations between the beam and the substrate.

For the purpose of sensing, the coupling layer is considered to be equivalent to a distribution
of springs, transmitting a force p along the local gap between the beam and the substrate. The
geometry is schematized in Fig. 3.4, in which g is the actual gap and 7, + 7 is the substrate
current profile. The coupling force provided by the layer is assumed to be directed along the

current gap, and to have magnitude proportional to the change of gap magnitude:

Pun=—k(l gl — llgol) ﬁ =- k(l — llll“;llll)y =-k\g (3.21)

where g, is the gap in the reference configuration and

1goll
A=1— 3.22
gl 6.22)

The current gap is given by
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g=€+u—%R(9)e2— (mo+m) (3.23)

cosf -—sinf

where h is the cross section thickness and R(0) = ( )
sinf cos@

) is the standard two

dimensional rotation matrix. The gap in the reference configuration is the one corresponding

to zero displacements, that isg, =& — %R(GO) e, — 10. By accounting for the thickness, the

coupling force p induces the distributed couple
h
Py = — §R(«9) € /\ Pury (3.24)

where /\ is the cross product. Because of the assumption of plane motion, couple ., is

always normal to the plane of the motion, and therefore it will be indicated with the magnitude

My 10 the moment equation.

3.6 Substrate Model

The nonlinear viscoelastic Pasternak model is schematized in Fig. 3.5.

Py Shear layer
A

ks

Top surface

Fig. 3.5. Nonlinear viscoelastic Pasternak model

29



The pressure—deformation relationship of the nonlinear viscoelastic Pasternak model can be
written as [20]

py= (ki +k(n-n)n—kn"+kn (3.25)
where p,, is the force induced by the substrate per unit length; 7 is the displacement of the
top if substrate, and k;, k, are linear and nonlinear elastic parameters, respectively.
Furthermore, k3 is the shear layer interaction stiffness, and k. is the foundation’s viscosity. If

we set k; and k. to zero, equation (3.24) reduces to the standard Pasternak model

Py =kim—ksn" (3.26)

3.7 Nondimensional Governing Equations

Following d’ Alambert approach, we introduce the effective loads in equation (3.8), (3.9)

and (3.19) to include the inertia:
D= Puy, — pAU —c, U (3.27)
,u=/,Lm,—pIé—cgé (3.28)
where p is the mass density assumed to be uniform, ¢,, and ¢, are linear damping coefficients,
modeling structural damping effects as equivalent viscous damping [51]. Structural damping
accounts for hysteresis in elastic material undergoing cyclic loading, and therefore it depends
in general on the frequency content of the loading [51], [52]. In common equivalent damping

models [52], the dependency on the dominant frequency of excitation w is expressed by the
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inverse relation ¢, = C, / (mw) (similarly for ¢y ), where the structural damping c, 1is
independent of w. Force balance at the interface between the substrate and the coupling layer
gives
Pn = Pun (3.29)

Noting equation (3.24) and expressing the vector quantities in the global Cartesian coordinate
frame, we obtain

(b + ko (- 1) — ks + kil = Py = Pumn = — kMG (3.30)

(k1 + ko (12 12)) 10 — ks + kely = Do = Pum = — k)G (3.31)
with Cartesian coordinates indicated by subscripts 1 and 2.
By substituting equation (3.8), (3.9) and (3.19) into equation (3.26) and (3.27), and by

combining equation (3.29) and equation (3.30), we obtain the governing equations

(Ncos® — Qsin)' — kXg, — p Aii, — cutiy =0 (3.32a)
(Nsinf + Qcos0)' — kMg, — pAtis — ¢,y =0 (3.32b)

M+ (1+€)Q — AN + fuy — pI0 —c,0 =0 (3.32¢)
(ky + ko (1 - 10) ) — ks + ki + kAgi =0 (3.32d)
(b + ko (02 - 12) )12 — ks + kepy + kg2 =0 (3.32¢)

We introduce the following nondimensional variables

G
pL?

s
L7

S = 1 = —u ¢ pu— —E o pu— —n F pu—
s= u=_, 3 7 1= t=t (3.33)
and the nondimensional groups
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o= -1 _ kL 2 _h
T T A BT oA "T 1
by = Cul o\ ol

“ 1Awy/pG " wAw/pG
k,L> _ kL* _ ksL kL

YegA T GA T GA T A6
to obtain the nondimensionalized governing equations
(cyecos — ysinh)' — as gy — o, Uy — U; =0

(ayesinf + ycosh) — azAgs — o, Uy — Uiy =0

(e7e%) (0_90)"""7((§1I+U1’)COSH+ (52’+u2’)sin9)
—ane((&' + uy)cos® — (&' + u,")sinf)

+%)\(R(9)ez/\g) -eg—aceé—%é:O
(a4 + o (771 : "71))771 —asgM” + o +o3Ag =0

(044 + as ("72 : "72))772 —ogn" + a.ny+ azsAg, =0

(3.34)

(3.35)

(3.36)

(3.37a)

(3.37b)

(3.37¢)

(3.37d)

(3.37¢)

where the hat on nondimensional variables has been dropped, thereby indicating

nondimensional variables with the same symbols previously used for the dimensional ones. In

1
(3.34), vy = CAL? measures the beam’s bending stiftness versus its shear stiffness; a3

measures the coupling layer’s linear stiffness versus the beam’s shear stiffness. In (3.36), a4

is the measure of substrate’s linear stiffness with respect to the beam’s shear stiffness; oy is

the measure of substrate’s nonlinear stiffness with respect to the beam’s shear stiffness and

o, 1s the measure of substrate’s shear stiffness with respect to the beam’s shear stiffness.
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3.8 Weak Form of The Governing Equations

With the aid of Galerkin projections, a reduced order model of the system (3.37) is

derived. The kinematic fields are approximated by separation of variables as

uy (s,t) = ui (s)a(t) (3.38a)
us (s,t) = ud (s)b(t) (3.38b)
0(s,t) =07 (s)e(t) (3.38¢)
m(s,t) =ni (8)d(1) (3.38d)
n2(s,t) =mz (s)e(?) (3.38¢)
where @ = (uy, uy, . w)? ., Us= (us us, ... ws)?” , 0=1(0,6,..0)"

m=, M, ...m)” and M= (Mo, M, ... M) " are spatial basis functions.
a=(a,a..a,)" ,b=({b,b,..b,)" ,c=(ci¢y...c,)" ,d=(d, d, ... d,)" and

e= (e e, ... ,) " are time-dependent amplitudes. Substituting (3.38) into (3.37) and pre-

multiplying by u,, u,, @ , 17, and 7, respectively, and by introducing the matrices,

1 1 1
M1 :/ 'El'rl:leS, M2 :/ 'Egﬂgds, M3 :/ eonS (339)
0 0 0
1 1 1
M4 :/ ﬁlﬁleS, M5 :/ ﬁl (d'ﬁlﬁleT)ﬁleS, M6 :/ ﬁllﬂlTldS (340)
0 0 0
1

1 1
M7=/ 727 ds, Ms=/ 2 (en2ns e”)ns ds, M9=/ n:'n: ' ds (3.41)
0 0 0

K1=/ u,' (ane(a,b,c)cosfd(c) —v(a,b,c)sinf(c))ds (3.42)
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1
K2=/ u,'(ye(a, b, ¢) sinf(c) +v(a,b,c) cosf(c))ds (3.43)
0
17 17 17
K3:/ 0’(01_00,)(18, .K4:/ 0(1+€)’yd5, K5:/ 06’7d8 (344)
0 0 0

1 1 7o
FH=a3/ w, g, ds, szag/ UsM\gods, Fy= %/ ON(R(0)ey/\ g) - esds
0 0 0

(3.45)
F,, = a3/1171)\g1ds, F,, = a3/1n2)\gzds (3.46)
and the boundary terms

F,,=u,(1) (Nlcose(l) —leine(l)) (3.47)

-1, (0) (Ngcos@(0) — Q,sinf(0))
F,=u,(1) (N;sinf(1) + Q,cos0(1)) (3.48)

—5(0) (Nysinf(0) + Qocosd(0))
F,=01)M,—6(0)M, (3.49)

Fyy=as(mn' 1) —7:.(0)n{"(0)) =0

(3.50)

Fy;=as(n.(0)nd"(1) —n,(0)ns'(0)) =0

we obtain the reduced order model in the form of the following coupled ordinary differential

equations for the amplitudes a (¢), b (%), ¢ (t), d(t) and e(t)

Mii+ o, Mya+ K, + F; =F,, (3.51a)

M.,b +a,,M,b+ K, + F, =F,, (3.51b)
asMse + o, Mse +o0Ks— K+ oy, Ky + Fy=Fy5 (3.51¢)
o M,d + oz Msd + agMgd + a,M,d + F,, = F,, (3.51d)
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a,M.e+asMge+asMye +a. M,e+ F,, = Fy5 (3.51e)

In (3.50), the boundary terms vanish since there is no force at the boundary of the substrate in
contact with the sensor.

Forces and moments in (3.47-3.49) are considered to be the inputs for the sensing system.

In future hardware implementation, these forcing elements can be generated by different kinds

of actuators. One of the potential solutions is sketched as Fig. 3.6. A rotary actuator is set to

generate torques and the horizontal linear actuator as well as the vertical linear actuator is used

to generate shear force and normal force. These actuators are also idealized for the purpose of

locomotion of the mobile robot.

End of the sensor body

17\ L% A

Sensor’s components

{._._'

Rotary actuator

Linear actuator
(horizontal)

Linear actuator
(vertical)

N

Leg of the sensor
Fig. 3.6. Schematics of the actuators set at the end of the sensor
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Displacements induced by the given forcing terms are measured at the observation points
along the sensor beam, and substrate’s material parameters are estimated. Details of the

sensor’s working method are presented in the next chapter.

3.9 Basis Functions for the Reduced Order Model

The reduced order model eliminates the spatial dependency by projecting the spatial part
of the independent variables, and by integrating with respect to it. Generally, there are two
different types of basis functions. One consists of functions defined on the whole domain (Fig.
3.7), the other consists of functions localized on sub-domains (Fig. 3.8). The latter is the

approach of Finite Element Methods (FEM).

f(@) A f(@)

wo(z € [zo,21])

®1 (13 € [iUOamLD

o2 (z € [20,71])

> T

Zo zy To T

Fig. 3.7. Approximation based on [x, x; ]
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A f(z) A f(z)
f(w) ~ Z(a’i+b1x<x€ [$1,$l+11))
g | 115" | | ..
To Zy To Ti Tjt1 Zy

Fig. 3.8. Approximation based on [x;, ;4]

Here, we adopt the Finite Element Method which is well established and reliable to solve
nonlinear problems, since the related basis functions do not depend on the actual system to be
solved, unlike modal basis functions. The advantage of using modal basis functions is that it
is usually required to include a smaller number for the same accuracy, given that they are
generated for the specific system; however, current computational tools typically allow to
adopt Finite Element schemes with relatively high number of degrees of freedom, eliminating
the steps of solving an eigenvalues problem that in this case requires some assumption on the
substrate. Before adopting the finite element method, we have attempted to project on modal
coordinates with generally poor results, likely due to the adoption of unsuitable shape
functions for the substrate.

Let 0=n,<n,<---<mn;<n;;;=1 be a partition of [0,1] into subintervals

I, = (n,, n,., )oflength An,=n, , —n,, and define the piecewise continuous functions in

Fig. 3.8, which are suitable to be chosen as basis functions for %, w,, @, 7, and 77, in

37



equation (3.38), since three criteria must be followed for finite elements basis functions: (1)
Basis functions must be square integrable; (2) The first derivatives of basis functions must be

integrable; (3) Function N; must equal to 1 at node point n; and equal to 0 at other node

points. [53]

N
A

1 N, N, N3 N, N, N, N,

0 : > S
n no ns Ny n,—1 Nn; MN;1

Fig. 3.9. Basis functions of the beam in global configuration

In algebraic form, these basis functions are defined as

S—Nn,;,—1
—, n; 1 S<Ss<ny
n;, —n;—
N,(s) = Niy1— S (3.52)
' < l—a n; <SS Myp
Nit1— Ny
0 otherwise

It is also worth noting that the basis functions also satisfy the following

1, fori=1
N,(n) = 3.53
() {0, for i+ j (3.53)

Examples of approximating beam shapes using FEM method are plotted in Fig. 3.10.
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N A Beam’s real shape
—— Linear approximations

4] no ns

Beam’s real shape

Linear approximations

n no ns ny ns
(b)

Fig. 3.10. FEM approximation. (a) 3 nodes. (b) 5 nodes

Approximation results are more accurate with more FEM nodes adopted even if the basis
functions are linear. Linear basis functions do not conflict with geometric nonlinearity in the
model. As stated in Section 2.2, nonlinear strain-displacement relations should be consider in
large deformation scenario for modelling deformable body analytically. The FEM adopted
here aims to analyze the deformed shapes as well but numerically. These are two approaches
to describe the evolution of the deformable body with the same purpose, and errors generated

by the numerical solution can be minimized with increasing FEM nodes adopted. Nonlinear
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functions like piecewise quadratic shape functions can also be adopted as FEM basis functions;
however, it would significantly increase computational workload when we solve the inverse
problem since each iterative step requires a FEM solution (details in Section 4.2). To balance
the accuracy of the FEM solutions and computational efficiency, linear basis functions are
adopted to describe deformation of the beam and substrate.

Nonlinear terms in equation (3.51) cannot be integrated analytically. Therefore, we adopt
numerical integration solutions. Gaussian quadrature, named after Carl Friedrich Gauss, is a
numerical integration method that approximate an integral with weighted sum. The form of

Gaussian quadrature to approximate a scalar integral is

/lf(x)dx% szf(xz) :wlf(xl) +w2f(-’52) + - +wnf<xn) (3.54)

Some quadrature rules over the standard interval [-1,1] are listed below

Table 3.1. Number of quadrature points, point coordinates and weights

Number of quadrature points, n | Point coordinates, x; Weights, w;
1 0 2
2 +0.57735 1
0 0.888889
> +0.774597 0.555556
+0.861136 0.347855
) +0.339981 0.652145
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Other intervals [a,b] can be mappedto [-1,1] as

’ _b—a [',(b—a, a+b b—a " b—a,, a+b
/af(x)dx— 5 /f( 5 t+ 5 )dt~ 5 ij( 5 t+ 5 )

-1 i=1

(3.55)
Here is an example of how Gaussian quadrature is used to numerically integrate the nonlinear
operators in governing equations (3.51). consider a one-dimensional domain discretized into
two elements with three FEM nodes and in each subdomain, and we place two quadrature

points on each element, see Fig. 3.11.

1 N, N, N,
0 0.5 1
n N2 ns

Fig. 3.11. Beam with 3 FEM nodes

For basis function N,, N, and N5, coordinates of the quadrature points and corresponding
weights are listed in Table 3.2. Function value with respect to different quadrature points are

evaluated in Table 3.3.
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Table 3.2. Coordinates of the quadrature points and corresponding weights for basis functions

Coordinates z; Weights w;,

0.105662 0.25

N,
0.394338 0.25
0.211325 0.5

N,
0.788675 0.5
0.605662 0.25

Ns
0.894338 0.25

Table 3.3. Basis function value with respect to different quadrature points

Function value
V@ M) N () N(a)
Coordinates z;

0.105662 0.788675 0.211325 0
0.394338 0.211325 0.788675 0
0.211325 0.57735 0.42265 0
0.788675 0 0.42265 0.57735
0.605662 0 0.788675 0.211325
0.894338 0 0.211325 0.788675

1
The nonlinear term K; = / u,'(oye(a,b,c)cosf(c) —v(a,b,c)sinf(c))ds in equation
0
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(3.42) can be expanded as

1
K1=/ u,'(e(a,b,c)cosd(c) —v(a,b,c)sinf(c))ds
0
1
=/ [0 ((w,' +1)cos® + u,'sinf — 1) cos — (u,'cos® — (u,’ + 1)sind)sind]ds
0
1 1
=/ 'u,l’[al((u1’+1)0050+u2’sin0)]ds—/ u,' o cosBds
0 0

1
—/ ' [ (uy'cosd — (u,' + 1)sind)sind]ds
0

(3.56)

The simple nonlinear term
1
/ u,' o, coslds (3.57)
0

in equation (3.56) is used to demonstrate the calculations. Considering three FEM nodes, (3.57)

can be expanded as

’
Uy,

1 1
/ u, a;cos0ds = al/ wy,' [cos[6ic, + Oyco + O5c5]ds (3.58)
0 0

!
3

Uy
where u; and 0; are j-th FEM basis functions in equation (3.38), and the time dependent

variablec,, ¢, and c¢; are unknow to this term. Therefore, (3.57) can be numerical integrated

through the Gaussian quadrature rule
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'
U’ll

1 1
/ U, ogcosfds = oy / w,' [cos[0ic; + Oy¢; + Oscs)ds
0 0

!
3

oy (w(0.11)w;,"(0.11)cos [0, (0.11)¢; + 6, (0. 11) ¢y] +w(0.39) ' (0.39)cos [0, (0.39) ¢, + 6,(0.39)c,] )
= | oy (w(0.21)u;,'(0.21)cos [0, (0.21) ¢, +0,(0.21)c,] +w(0.78)uy,'(0.78)cos [0, (0.78)c, + 05(0.78) )
0y (w(0.61)uy,'(0.61)cos [0 (0.61)c, + 05(0.61)cs] +w(0.89)uy,'(0.89)cos[6,(0.89)c, + 05(0.89)cs))

Uy

(0.25X (—2) Xcos(0.79¢; +0.21¢cy) +0.25X (—2) Xecos(0.21¢;+0.79¢,))
= a1 (0.5 X2 cos(0.58¢; +0.42¢,) +0.5X (—2) Xcos(0.42¢,+0.58¢c3))
a1(0.25 X2 X cos(0.79¢, +0.21c3) +0.25 X2 X cos(0.21¢, 4+ 0.79¢3))

(3.59)

Similarly, other terms in equation (3.56) can be evaluated, and other matrices in the governing
equation (3.51) can be obtained through the same method.

To increase the accuracy of Gaussian quadrature results, integrations in equations (3.39)

— (3.46) are performed by using Gauss quadrature rule by placing 10 quadrature points in each

element. Computational software Mathematica is used to model the FEM basis functions and

to calculate Gaussian quadrature. Mathematica codes are given in Appendix A.
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CHAPTER 4

SIMULATION OF THE SENSOR MODEL

In this chapter, we present the simulation results of both the direct problem and the inverse
problem. In Section 4.1, by solving the governing equation (3.51), solutions of the direct
problem are given and discussed. Results for the direct problem are used to generate simulated
measurement data. In Section 4.2, we introduce the workflow for the inverse problem, the

iterative process of the optimization cost function, the optimization method and the numerical

results for the simulated sensor.

4.1 Data Generation: Solutions of The Direct Problem

In this section, we address the direct problem by solving the governing equation (3.51)
with a given set of parameters and forcing terms. Nondimensional physical and geometrical

properties of the system used in simulations are listed in Table 5.1. The variables are defined

in (4.34) - (4.36) and their physical meaning is discussed there.

Table 4.1. Properties of the system

Variable (071 (87 (07 (6% Qe h L Q4 | O5 O Q.
Dimensionless
100 | 1/1000 5 10 10 | 0.1 1 2 1051051 10
value
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We consider a shear deformable beam of length £ =1, cross section’s thickness » = 0.1

and bending stiffness ten times smaller than shear stiffness (o, o, = % ). The coupling layer’s
linear stiffness is five times greater than beam’s shear stiffness (@3 = 5), which means the
coupling layer is relatively compressible with respect to the beam’s stiffness. A parametric
study on (3 will be presented in the next section. &4 representing the substrate’s linear
stiffness is twice the beam’s shear stiffness and is four times greater than the nonlinear stiffness
of the substrate &;. By assuming 04 — 2 and a5 =0.5, we describe a substrate that has a
non-negligible hardening effect.

For the given parameters, we simulate the model with different force inputs. For the first
case, we assume the input forces in (3.47 — 3.49) are Q1 =~ Qo - Q , while all the other

forcing terms are zero. Therefore, the boundary terms (3.46 - 3.48) reduce to

F,,=-Q(u,(1)sinf(1) 4+ u,(0)sin(0)) 4.1)
Fy, =Q(uy(1)cosf(1) + u,(0)cosd(0)) 4.2)
F,;=0 4.3)

The governing equation (3.51) is solved by considering boundary terms (4.1 - 4.3) and
by using Finite Element Method (FEM). Sensor beam partitioned into finite elements denoted

by 2, (:¢=1,2,...,n —1) is schematized in Fig. 4.1.
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Nodes: 1 2 3 n—3 n—1 n

Fig. 4.1. Finite element partition of the sensor beam

As mentioned in Section 3.9, 10 quadrature points are considered within each element.

Different numbers of finite element nodes » are used to simulate the deformation induced by

this force input.

Q Q

0, Displacement sensors
{)2 0L

Substrate

Fig. 4.2. Sensor system with sets of observation points with input Q

Results in Figs 4.3, 4.4 and 4.5 show the time histories of displacements U1, U2 and
rotation @ at different points (s =0,s = L/2 = 0.5,s = L = 1) along the beam's span with
input Q@ = 0.5 up to nondimensional time ¢ = 100 . These three points are chosen due to the
symmetry of the load and of the geometry, which makes the three points representative to

sample the vertical and horizontal displacements and the cross section rotation field. The three
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points coincide with FEM nodes where the numerical solutions are obtained; therefore with
limited observation points and with limited FEM nodes, deformation of the beam can be
analyzed with relatively high accuracy by adopting these three points.

For input @ in Fig. 4.2, the displacements «,(0.5,¢),0(0.5,¢) are 0. These curves will
be used as simulated sensory data, that in the hardware implementation of the sensor would
be generated by appropriate sensing devices, for example strain sensors, placed at specific
points along the beam's span. These points are referred to as observation points in this thesis
(see Fig. 4.2), to signify that are the points where sensors would have to be placed to generate
displacement data. The number of observation points is not related to the number of nodes
used to simulate the data with finite elements, and in general it is desirable to have a low
number of observation points, since this would correspond to a robust sensor operation without
requiring many measurements. The details of the inverse problem will be presented in the next

section.
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Uy (Oat)

0044 [—=
j R —
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(a)
U2 (Oat)
0.6 -
0.4 —— 3 nodes 7 nodes
. —— 11 nodes 15 nodes
0.2 -
04
T T T T T t
0 50 100
(b)
6(0,t)
0 - — 3 nodes 7 nodes
] — 11 nodes 15 nodes
-0.1 4 L
-0.2 -
-0.3 4
| T T T t
0 50 100
(c)

Fig. 4.3. Time histories of (a). u1(0,t), (b). u,(0,t) and (c). 8(0,t), forQ = 0.5
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U2(0.5,t)

0.4 -
| —— 3 nodes —— 7 nodes
0.2 4 —— 11 nodes —— 15 nodes
0 -
1 ! ) ! |
0 50 100
Fig. 4.4. Time histories of u,(0.5,t), for Q = 0.5
U1 (1 ’t)
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0 50 100
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0.2 4
0 -
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6(1,t)

0.3 S
02 _ —— 3 nodes 7 nodes
’ —— 11 nodes 15 nodes
0.1 - F
0 -
T T T —t
0 50 100
(c)

Fig. 4.5. Time histories of (a). u1 (1, t), (b). u,(1,t) and (c). 6(1,t), for Q = 0.5

Table 4.2 lists deformation results with different number of nodes at the three observation

points, when input ¢ = 0.5 and at the nondimensional time ¢ = 100 . Beam deformed shapes

are plotted in Fig. 4.6.

0.7 5

—— 3 nodes —— 7 nodes
—— 11 nodes —— 15 nodes

04 T T T ! | S
0 0.5 1

Fig. 4.6. Beam deformed shapes at ¢ = 100, for Q = 0.5
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Table 4.2 (a). Deformation results with different number of nodes, s = 0

Number of

3 5 7 9 11 13 15
nodes

u1 (0, 100) 0.008 0.029 0.036 0.039 0.04 0.04 0.04

u2 (0, 100) 0.612 0.647 0.656 0.659 0.662 0.663 0.664

0(0,100) -0.142 | -0.274 | -0.311 -0.325 | -0.333 | -0.337 | -0.339

Table 4.2 (b). Deformation results with different number of nodes, s = L/2

Number of

3 5 7 9 11 13 15
nodes

u>(0.5,100) | 0.485 0.469 0.466 0.465 0.465 0.465 0.465

Table 4.2 (c¢). Deformation results with different number of nodes, s = L

Number of

3 5 7 9 11 13 15
nodes

u; (1,100) -0.008 | -0.029 | -0.036 | -0.039 -0.04 -0.04 -0.04

u; (1, 100) 0.612 0.647 0.656 0.659 0.662 0.663 0.664

6(1,100) 0.142 0.274 0.311 0.325 0.333 0.337 0.339

To investigate the relation between the results’ accuracy and the number of nodes, we

consider the percentage error e

D, (u;,us,0)

e R
Dj(U1,U2>9)

% 100% (4.4)

where D is the displacements at a given observation point and the subscript represents the
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number of nodes adopted, which means 7,5 =3,5,7,9,11,13,15. For example, at the
observation point s =0 and by considering u, (0, 100), the percentage error from using 3

nodes with respect to 15 nodes is given by

e(u) = ‘1 — 119)1 35((121)) X 100% = ‘1 — 0()'90%18 X 100% = 80% (4.5)
Table 4.3 (a). Percentage error with respect to j = 15, s = 0
Number of 3 5 7 9 1 13 15
€(u) 80.00% | 27.50% | 10.00% | 2.50% 0 0 0
e(us) 7.83% | 2.56% | 1.20% | 0.75% | 0.30% | 0.15% 0
€(0) 58.11% | 19.17% | 8.26% | 4.13% | 1.77% | 0.59% 0
Table 4.3 (b). Percentage error with respect to j = 15, s = L/2
Number of 3 5 7 9 1 13 15
€(uy) 430% | 0.86% | 0.22% 0 0 0 0
Table 4.3 (c). Percentage error with respect to j = 15, s = L
Nli)n(}]g:riof 3 5 7 9 11 13 15
€(uy) 80.00% | 27.50% | 10.00% | 2.50% 0 0 0
€ (uy) 7.83% | 2.56% | 1.20% | 0.75% | 0.30% | 0.15% 0
€(0) 58.11% | 19.17% | 8.26% | 4.13% | 1.77% | 0.59% 0
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As shown by the parametric study summarized in Table 4.3, for the three variables of

interest (u, , u, and ), we obtain converged results for j =11 . Since there is no evident gain
in using more nodes, we adopt 11 nodes for this set of simulations.

Time histories of u, , u,, € at three different observation points (s =0,s=0.5,s=1) by
adopting 11 nodes with different input () are plotted in Figs. 4.7 - 4.9, and corresponding

deformed shapes of the beam and the substrate at t =100 are shown in Fig. 4.10.

Uy (Oat)

0.5 -

— Q=05 —Q=0.8
— Q=1 —Q=1.35
0.25 -

=

T T |
0 50 100

(a)

U2 (Oat)

0.8 -
0.6 -

0.4 4 — Q=0.5—Q=0.8
0.2 - — Q=1 —Q=1.35

0

50 100
(b)
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0(0,1)
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-0.5 -
0754 |
-1 4
-1.25 4 K
| | 1 T | t
0 50 100
(c)

Fig. 4.7. Time histories of (a). u1(0,t), (b). u,(0,t) and (c). (0, t), for different inputs Q
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0.2 4 —Q=0.5 —@Q=0.8
1 —Q=1 —Q=1.35
0 4
I ! | ! I t
0 50 100
Fig. 4.8. Time histories of u, (0.5, t), for different inputs Q
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0 50 100
(a)

55



Uz (lat)

1

0.8 -

0.6 -

0.4 1 — Q=05 —Q=0.8

0.2 — Q=1 —Q=1.35

()_

T T T T T t

0 50 100
(b)

6(1,t)
1254

1 ( Q=05 —Q=0.8
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0754 [

0.5
0.25 -

0_

mn T T T T 3
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Fig. 4.9. Time histories of (a). u1(1,t), (b). u,(1,t) and (c). (1, 1), for different inputs Q

——Q=0.5 — @=0.8
—Q=1 —@=1.35

— — Undeformed configuration

Fig. 4.10. Beam and substrate deformed shapes at ¢t = 100, for different inputs Q
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Larger deformations of the beam and the substrate results from the increasing force. When the

input force Q > 1, the beam’s extremities start to roll up. As shown in Fig. 4.10, when the
input force reaches Q =1.35, the two ends of the beam intersect at s =0.5. Therefore,
@ =1.35 isconsidered as the maximum input for the beam undertaking pure shear force for
the set of parameters adopted in Table 4.1.

A second data set is generated by considering a different input, namely bending moment

at the boundary, see Fig. 4.11. This means that only F,; exists in equation (3.49), while all
other boundary terms in equation (3.47) and (3.48) are zero. By adopting My =M, =M,

equation (3.49) reduces to

Fs=M(6(1) —6(0)) (4.6)

M r 0, Displacement sensors 011‘3 M

Substrate

Fig. 4.11. Sensor system with sets of observation points with input M

By employing 11 nodes and nondimensional time ¢ =100, simulation results from different

inputs M are presented in Figs. 4.12 - 4.15.
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Fig. 4.12. Time histories of (a). u1(0,t), (b). u,(0,t) and (c). (0, t), for different inputs M
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Fig. 4.13. Time histories of u, (0.5, t), for different inputs M
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3 4

2 4

1 ——M=0.5 —M=0.6
| ——M=0.66

0 4

T t
50 100
(c)

Fig. 4.14. Time histories of (a). u1(1,t), (b). u,(1,t) and (c). 0(1,t), for different inputs M

—M=0.5 — M=0.6
——M =0.66 — — Undeformed configuration
0d ——— e SN N
5
-0.5 4
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Fig. 4.15. Beam and substrate deformed shapes at t = 100, for different input M

When M =0.66, the beam’s two ends intersect at s=0.5 . Therefore, when the beam
undertakes pure bending moment, nondimensional input M should not be greater than 0.66

for the set of parameters adopted here.
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4.2 The Inverse Problem

In this section, we present an algorithm to estimate the material parameters of the substrate,

and in Section 4.2.4, we use the data sets from Section 4.1 to simulate the sensor system.

4.2.1 Sensor Workflow

General methods for solving inverse problems are presented in [54]. Among different
methods, the iterative least square has the advantage of being computationally easy [54]. The
general structure of the inverse problem considered in this thesis is schematized in Fig. 4.16,
where the least squares residual’s cost function is built from measurements, and material

parameters are selected as minimizers of the cost function

Induce deformation Moasure
of the beam | 5] ol t
(Apply forces) 1splacements
Minimize
cost function

Fig. 4.16. General flowchart of the inverse problem

As illustrated in Fig. 4.2, A series of observation points o,, 0,, - - -, o0, are distributed along

the beam’s body. Displacements are measured at these observation points.
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Displacement sensors

Substrate

Fig. 4.2. Schematic for the sensor system with sets of observation points with input Q

Considering the time history of deformation fields, the measured displacements at time ¢; and
abscissa s are denoted by 4, (s,t;), U, (s,t,) and 0(s,t,).

The least square residual’s cost function is defined as

= %Z (0 (s,t) + s (5,8,) +0(s,t)) 4.7)
where
U (s,t5) = (@ (s,t) —uf (s,2,)) " (8 (s,8,) —uf (s,t))) (4.8a)
Uy (s,t5) = (U3 (s,5) —ud (5,8,)) " (5 (s,t,) —ug(s,t;)) (4.8b)
0(s,t,) = (0(s,t) —09(s,t,)) " (8(s,t,) —07(s,t)) (4.8¢)

and u{, u4 and @7 are obtained from the solution of (3.51) when a set of estimated

parameters g = (ay, s, 3,04) are given.
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4.2.2 Iterative Process for Root Search

Simulated displacement measurements are obtained from finite element solutions (11

nodes) of the direct problem presented in Section 4.1, sampled every 5 nondimensional time

units and plotted again in Figs. 4.17 — 4.19. Simulated measurements at observation points are

denoted with a superscript “o”’.

uy (0,1)
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0 50 100
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Fig. 4.17. Simulated measurements at s = 0, (a). u$ (0, t), (b). u5(0,t) and (c). 90(0, t)
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Fig. 4.18. Simulated measurements of u5(0.5,t) ats = 0.5
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Fig. 4.19. Simulated measurements at s = 1, (a). u{(1,t), (b). u5(1,t) and (c). 90(1, t)
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By using the sampled simulated measurements, equation (4.7) can be rewritten as

i, (0,8) = (u(0,0),uf(0,5) - - - uf (0,100))” (4.92)

ay (1,8) = (uf (1,0),uf (1,5) - - - uf (1,100)) " (4.9b)

i, (0,8) = (u$(0,0),u$(0,5) - - - ug(0,100))” (4.9¢)

@5 (0.5,t) = (u$(0.5,0),u3(0.5,5) - - - ug(0.5,100)) ” (4.9d)
iy (1,8) = (us(1,0),us(1,5) - - -us(1,100))” (4.9¢)
0(0,t) = (6°(0,0),6°(0,5) - - -°(0,100)) ” (4.9f)
0(1,t) = (0°(1,0),6°(1,5) - --6°(1,100))” (4.9g)

For a given set of trial parameters g = (&, s, s, ), solutions uf, ug and 87 from

governing equation (3.51) can also be represented as

uf (0,8) = (uf (0,0),uf (0,5) - - - uf (0,100))” (4.10a)
uf (1,8) = (uf (1,0),u¢(1,5) - - - uf (1,100))” (4.10b)
g (0,8) = (uf(0,0),u(0,5) - - - ug (0,100))” (4.10¢)
ug(0.5,t) = (uf(0.5,0),us(0.5,5) - - -uf(0.5,100)) " (4.10d)
wf(1,8) = (u§ (1,0),uf(1,5) - - -uf (1,100))" (4.10¢)
6°(0,t) = (67(0,0),6°(0,5) - --6°(0,100))” (4.10f)
6°(1,t) = (67(1,0),6°(1,5) - - -6¢(1,100)) " (4.10g)

Therefore, equation (4.8) can be rewritten as

ﬁ1(3atj) = (77/1 (O,tj) —uf (O>tj))T(ﬂl (O’tj) _Ulg(0>tj>)

(4.12a)
+ (ﬂl (17tj) _ulg(l?tj))T(ﬂl (17tj> _ulg(latJ))
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62(3,@) = (ﬁ;((),tj) _u2g(0>tj>)T<62s(07tj) —ug"(O,tj))
+ (ﬁ§(0.5,tj) —ugg(O.E),tj))T(ﬁQS(O.E),tj) —u29(0.5,tj)) (4.12b)
+ (1723(17tj> —uj (17tj))T(a2s(1atj) —uj (Ltj))

0(s,t;) = (6(0,¢) —6°(0,t))" (6(0,t,) —6°(0,1,))
(4.12¢)
+(0@,t) —0°,t))"(6,t) —07°(1,t,))
Substituting (4.12) into (4.7), we represent the cost function with the set of trial parameters g.
Then we repeat the loop until convergence to a minimum of the cost function (4.8). Converged
parameters g that result in the minimum cost function value are considered as the estimated
parameters of the substrate. Since the cost function is quadratic in the displacements, there is
a global minimum £=0 at (s,t;) =uf(s,t;), u:(s,t;) =uf(s,t;) and
5(3, t;) =07(s,t;), corresponding to the estimated parameters ay = ay, s = 5, Qg = Qg

and o, = a,.

4.2.3 The Optimization Method

Optimization is the process of finding an extremum of the objective objective function.
Generally, optimization problems are local or global. In local optimization problems, the
objective function admits multiple extrema, and therefore a solution is optimal in a range that
may depend on the search starting point and on other relevant parameters. In a global
optimization problem, the objective function admits only one extremum, and therefore the

solution of the optimization problem is unique and global. In a local optimization problem, it
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is sometimes necessary to perform global searches to find the global optimum; this requires
special techniques to classify solution points and continue the search after a local solution is

found.

> =

Local
minimum Local

Global minimum
minimum

> X

Fig. 4.20. Local minimum and global minimum

Search algorithms typically require an initial guess or a range for the unknowns. In a
practical implementation scenario, this would have to be retrieved from some prior, coarse
knowledge of the class of substrate materials. Ideally, we need a solver that is robust with
respect to the starting points. If a local optimization is adopted, the solver can be easily trapped
at local minimum unless good starting points are provided [55], which eventually leads to
inaccurate estimations. Loops in Section 4.2.2 are completed by adopting the global
optimization algorithm solver NMinimize [56] in Mathematica to find the global minimum of
the cost function with the given constrains. Numerical simulation results are presented in the

next section.
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4.2.4 Numerical Simulation of the Sensor Operation
Here, we simulate the operation of the sensor system. The search boundaries of & for the

search algorithm are given as in Table. 4.4.

Table 4.4. Constrains of the estimated parameters

Parameters Qy (%3 Qg Q.

Constrains | 1<, <5 | 0. 1< <1 | 0.1<s<1 |DH<a.<15

These bounds are not invariable, and they should be adjusted with respect to different substrate
databases and the search algorithm. Table 4.5 presents the converged estimated parameters by

adopting 3-node beam model and 5-node beam model in the material parameter estimation

algorithm.
Table 4.5. Estimated parameters by adopting different number of nodes
Qy as Qe a, Computing time (seconds)
3-node beam | 1.9996 | 0.5009 0.5107 | 10.0030 357
5-node beam | 1.9982 | 0.5051 0.4973 | 10.0161 125500

Estimated nondimensional material parameters from the simulated sensor show good

agreement with the ones used to simulate the measurements, reported in Table 4.1. However,

adopting 5-node beam model is considerably more computationally expensive while there is
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no obvious improvement in accuracy. Since the procedure to estimate the substrate material
parameter is an iterative root searching with a nonlinear cost function quadratic in the
measurements, each iteration requires a numerical solution (in this case a FEM solution) of
the model, which iterates on the substrate parameters. Therefore the procedure is
computationally expensive, which motivated the adoption of three nodes. The low accuracy
FEM model is expected to be offset by the iterative nature of the root search.

To create a more realistic scenario, the algorithm is run with noisy sensory data, with the
same set of inputs. Specifically, white noise sampled from Gaussian distributions is added to

the simulated measurements. The measurements with noise are given by

Ul :’ﬁf(s,t) +I/(O>U2)
Uy =13 (s,t) +v(0,0?) (4.12)
©=20°(s,t) +v(0,02)

where v is normally distributed with mean 0 and standard deviation o . Here, we set the noise
standard deviation o to be a percentage of the max value of the variable.
Table 4.6 and Fig.4.21 show the estimated material parameters with different noise. Table 4.7

and Fig. 4.22 show the percentage error with respect to the noiseless measurements.
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Table 4.6. Estimated material parameters with different noise percentage

Variables
Noise oy Qs Qg a,
percentage
0 1.9996 0.5009 0.5107 | 10.0030
1% 2.0674 0.3329 0.5478 9.5882
2% 2.1385 0.3332 0.6243 9.0385
5% 2.2004 0.3137 0.7567 8.1194
8% 2.3583 0.3114 0.9424 6.9393
10 4
7.5 4 —=— Qy
—e— Q5
54 —o— Qi
— QL
2.5- . I
0 - ————8— 3 o

I I | | |
0% 1% 2% 5% 8%
Noise percentage

Fig. 4.21. Estimated material parameters with different noise percentage
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Table 4.7. Percentage error with respectto o = 0

Variables
Noise oy Qs Qg a,
percentage
0 0 0 0 0
1% 3.39% 33.54% 7.26% 4.15%
2% 6.95% 33.48% | 22.24% 9.64%
5% 10.04% | 37.37% | 48.17% | 18.83%
8% 17.94% | 37.83% | 84.53% | 30.63%

Percentage error

75%

50%

25% -

0% -

0%

1%

2%

5%

8%

Noise percentage

Fig. 4.22. Percentage error with respectto o = 0

Time series of simulated 5% noisy measurements are shown in Figs. 4.23 — 4.25.
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Fig. 4.23. Simulated noisy measurements (a). u1 (0, t), (b). u,(0,t) and (c). 8(0,t), 0 = 5%
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Fig. 4.25. Simulated noisy measurements (a). u1 (1, t), (b). u,(1,t) and (c). 8(1,t), 0 = 5%
Estimated material parameters in Table 4.7 show a close agreement for o < 2% . When o is
greater than 5%, noise elimination techniques should be included to prevent large inaccuracies.

An increase or decrease in az means increasing or decreasing the coupling layer’s
stiffness with respect to the stiffness of the beam, which may lead to different magnitudes of
the sensor body’s deflections, consequently changing the magnitude of the substrate’s
deformation. However, such change does not affect the parameters’ prediction significantly
(See Table 4.8). It is noted that for very stiff substrate and for very large as, the beam may not
significantly deform for a suitable range of external loads. In this case, the sensor system may

not operate as expected.
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Table 4.8. Estimated parameters with input forces Q = 0.5 and different stiffness

Variables
0y Qs O Q.
(8 %]
5 1.9996 0.5009 0.5107 10.0030
10 2.0002 0.4958 0.4944 9.9862
15 2.0002 0.4995 0.5000 9.9988
20 2.0003 0.4994 0.5001 9.9986
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CHAPTER 5
CONCLUSIONS

In this thesis we formulated and simulated the model of a mechanical sensor comprised
of a deformable body coupled with a deformable solid substrate through an elastic layer that
transmits actions between the sensor's body and the substrate. The deformable body is
modelled through the geometrically nonlinear Reissner's beam theory with linear material
response. The goal of the sensor is to estimate the material parameters of the substrate, which
is modelled as a nonlinear viscoelastic Pasternak foundation, where the nonlinearity is a strain
hardening effect.

In order to simulate the operation of the sensor, measurement data is generated by finite
element solutions of the beam's deformations induced by different loading. From simulated
measurement data with added Gaussian noise, an estimation algorithm that minimizes the
distance between measurements and model predictions is used to estimate material parameters.

Simulated sensor outputs appear to be robust for relatively high noise levels, with accurate
predictions using unfiltered measurement data. When the relative noise level increases the
simulated sensor predictions deteriorate, suggesting that filtering may be necessary for input
data with high noise.

Limitations of the current work mainly pertain to the search algorithm which require an

initial guess in the range of material parameters to be estimated, and therefore some prior
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knowledge of the material. Refinements should include the relaxation of this requirement, with
the adoption of more robust search algorithmic solutions. Additionally, initially curved
substrates should be included in the model as they reflect relevant scenarios for hardware
implementation.

Future work is mainly directed towards the hardware implementation, which requires
careful considerations to map modeling assumptions into implementable solutions. This will
likely require iterations and modifications of the model as well. In addition, the sensing
capabilities of the device are intended to be implemented on a mobile robotic device, with all
the additional design complications associated with the fact that the coupling layer has also to

have properties suitable for locomotion on unstructured terrains.
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Appendix A
Mathematica Codes of Noise Generation and

Direct Solution

Generate noise and Direct
solution

This code is used for generating measuring noise. Noisy data
should be saved and exported to the inverse problem

Strains and coupling forces

Kinematics

i 1= {cosx, sinx} = {Cos[x], Sin[x]} /.
First [Solve [{ (Cos[e+x] // TrigExpand) == (£1'[s] +ul' [s])
(sin[e+x] // TrigExpand) == (£2' [s] +u2’ [s]) / (1+4)}
{Cos [x], Sin[x] }] Iy Simpli'Fy]

/(1+A),

Define the strains

nep- es = ((L+a)Cos[x] -1) /.
First[Solve[{(Cos[e +x] // TrigExpand) = (£1'[s] +ul'[s])/ (1+4),
(sinfe+x] // TrigExpand) = (£2'[s] +u2'[s]) /(1+a)},
{Cos[x1, Sin[x1}]] /. @ » &[s] // Simplify

inf-r= ¥S = (1+A) Sin[x] /.
First[Solve[{(Cos[e +x] // TrigExpand) = (£1'[s] +ul'[s]) / (1+4),
(sinfe+x] // TrigExpand) = (£2'[s] +u2'[s]) /(1+a)},
{Cos[x1, Sin[x1}]] /. @ » &[s] // Simplify
miy= K =6' [8] -60"[5]
Linear constitutive relations (non-dimensional)

mi-p= NN = al es;
Q=7vs;
MM = a2 ks

miop= el = {1, @};
ez = {0, 1};
R = RotationMatrix[#1 ] &;

Distributed forces (non-dimensional)
mior= 80 = {€1, £2} - h/2 R[6@] .e2 - {n0l, nO2}; (*xInitial gap;

it is related to the initial terrain profile ngx)
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o= 8= ({61, £2} + {ul, u2} - h/z R[©].e2) - ({n@l, n@2} + {@, n2})
(* Current gap; h is the nondimensional thickness x);
g = ({1, £2} + {ul, u2} - h /2R[6] .€2) - ({nOL, nO2} + {nl, n2})
(* Current gap; h is the nondimensional thickness »)

Distributed loads along global directions (&3 is the non-dimensional stiffness)
noi- p=-o3 (1-Sqrt[ge.ge] /sqrt(g.g]) g // Simplify

= M= Cross[Join[-h/zR[e] .e2, {@}], Join[p, {®}1][[31] //
Simplify (xNondimensional distributed torque;
remebr that h is the nondimensional parameter h/L*)

Reference configuration

mpp= €[5_1 = {s, @};
DE[s_1 =D[£[s], s13;
ed[s_ ] =90;
ne(s_1=1{s, -1};

FE basis functions

FE mesh

imfoy= L= 1}

mf-r= (*Number of nodesw)
Nn = 3;

if-3= Ne = Nn - 13 (*Number of elementssx)
Nm = 2; (xNumber of nodes for each element for Lagrange
Polynomials (H' solutions). Set it to 2 so that the number of
nodes in the global domain match the ones for the H? solutions)

= n=Table[i, {i, @, L, L/ (Nn-1)}] /7 N; (sGlobal nodess)

Lagrange polynomials (H* weak solutions)

Grid generation

mr= ne = Table[x, {x, @, L, L/Ne}] //N;
nr1- nm = Table[s, {s, -1, 1, 2/ (Nm-1)}]

= X[5_, 1.1 t= (ne[[111 +ne[[1+111) /2+ ((ne[[i+1]1] -ne[[i]]1)/2)s
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1= §[x_] =Table[s /. First[Solve [x[s, i] =X, s]], {1, Ne}] // Expand // Chop;

= Module[{loc}, n = Flatten[Table[x[nm[[1]], j]1, {J, Ne}, {i, Nm}]];
loc = {n[[111};
Do[If[n[[i]] » loc[[-11], AppendTo[loc, n[[i]111], {i, Length[n]1}1;
n = loc];

m-r= hn = Partition[n, NmJ;

Lagrange shape functions in the master element

i 1= NL[5_] = Table [Module[{loc}, loc = nm[[i]];
Product[s - Delete[nm, 1] [[J]], {J, Length[nm] - 1}] /Pr‘oduct[
nm[[1]] - Delete[nm, i][[j]], {J, Length[nm] -1}1], {i, Length[nm]}];

ij-y= DNL[s_] =D[NL[s], s];
inf-r= Plot[NL[s] // Evaluate, {s, -1, 1}]

inf-r= Plot[DNL[s] // Evaluate, {s, -1, 1}]

Basis functions

Functions and functions derivatives definitions for uy, u,, 6, and n

Lagrange shape functions in the global domain

inf-r= YA [x_] = Module [{:JJL, YR, ¥C, locl, loc2},
WL = Table[NL[s [x] [[1]1]1[[-11], {i, Ne}] // Expand // Chop;
R = Table[NL[s [x] [[11]1([[1]11, {i, Ne}] // Expand // Chop;
WC = Table[NL[s [x] [[11]1([[311, {i, Ne}, {J, 2, Nm-1}] // Expand // Chop;
locl = Table [Evaluate /@Which[ne[[1-1]] s x<sne[[i]], #L[[1-1]],
ne[[i]] sx<sne[[1+1]], ¥R[[1i]], True, @], {i, 2, Ne}];
loc2 = Table [Evaluate /@Which[ne[[i]] < x=zne[[i+1]], ¥C[[i, j11, True, @],
{i, 2, Ne-1}, {j, Nm-2}];
Do[locl = Flatten[Insert[locl, loc2[[1]], iNm-1i-Nm+3]],
{i, 1, Length[loc2]}];
Join[Evaluate //@ {Which[ne[[1]] s x s ne[[2]], ¥R[[1]], True, €]},
Table[Evaluate /@Which[ne[[1]] s x < ne[[2]], Flatten[4C] [[1i]], True, €],
{i, Nm-2}], locl,
Table[Evaluate /@Which[ne[[-2]] s x<ne[[-1]], Flatten[4C][[1]], True, @],
{i, Length[Flatten[§C]] - (Nm-3), Length[Flatten[yC]]}],
Evaluate //@ {Which[ne[[-2]] s x s ne[[-1]], #L[[-1]1, True, @1}]];

inf-1= Plot [yfd [x] // Evaluate, {x, @, L}, PlotStyle - Thickness[©.085]]
inp-r= DPA[X_] = D[FA[X], X1;

wi-- Plot [DgA[x] [[-1]] // Evaluate, {x, @, L}, PlotStyle —» Thickness[©.805]]
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Subdomains and gaussian quadrature points

Supports of the FE basis functions

miop= Qs = N[Join[{{n[[1]], n[[2]1}},
Table[{n[[1-11],n[[1+1]1}, {1, 2, Nn-1}], {{n[[-2]1,n[[-111}}1]

Gaussian Quadrature points

imi-p= (* Numerical integration is performed by using Gausian quadrature rules)
<< NumericalDifferentialEquationAnalysis” ;

mi-r= (*Number of Gaussian quadrature pointss)
sp = 1@;

mr-r= (*Gaussian quadrature points and weightss)
gq = Table[GaussianQuadratureWeights [sp, Qs [[i, 1]1], @s[[i, 2111, {i, Nn}];

Evaluation at quadrature points. @Q[[i,k,j]] gives the j-th basis
function evaluated at the k-th quadrature point of the i-th FE

mip= 3Q = Table [¥A[gq[[1i, k, 1111, {i, Nn}, {k, sp}1;

mi-r= DQ = Table [Dyf [gq[[1, k, 1]1]], {1, Nn}, {k, sp}];

Non-dimensional constitutive parameters

m-r= (% Beam's material properties in terms of nondimensional parameters =)
al = 100 (:Ratio E/Gx);
a3 = 5(xNondimensional stiffness of the coupling layer k L"Z/(G A)*);
a2 = 1/1000; (x Ratio I/(A L?) «);
h=0.1(«Ratio h/L);
ac = 1@ (xStructural dampingx);

mi-3= (%Pasternak foundation parameters ('Fr'om published wor'k)*)
@4 = 2; (xlinear spring k1 L"2/(G A)x)
a5 = @.5; (xnonlinear springs)
ab = @.5(xshearx) ;
au = 19;
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Non-dimensional boundary forces and
torques

mf-r= N8 = 8;
Qe = -0.5;
N1 = Ne;
Ql = -Qe;
Me = @;
M1l = M@;

Reduced order model operators

Projected states and strains

mi-r= (% Basis functions for the approximations«)
uzn[s_] = ypA[s];
en[s_] = yA[s];
uln[s_] = yA[s];
nin[s_] = yA[s];
n2n(s_1 = yA[s];
Duln[s ] =D¢A[s];
Don[s_] =DyA[s];
Du2n[s_] =D¢A[s];
Dnln[s_] = DyA[s];
Dn2n[s_] = DyA[s];

mper= (#Coefficientsx)

aul[t_] = Table[ToExpression["aul" <>ToString[i] <>"[t]"], {i, Nn}];
Daul[t_ ] = Table[ToExpression["Daul" <> ToString[i] <>"[t]"], {i, Nn}];
au2[t_] = Table[ToExpression["au2" <> ToString[i] <>"[t]"], {i, Nn}]};
Dau2[t_] = Table [ToExpression["Dau2" <> ToString[i] <>"[t]"], {i, Nn}];
ag[t_] = Table[ToExpression["as" <> ToString[i] <>"[t]"], {i, Nn}];
Dag[t_] = Table [ToExpression["Dae" <> ToString[i] <> "[t]"], {i, Nn}];
anl[t_] = Table [ToExpression["anl" <> ToString[i] <> "[t]"], {i, Nn}];
an2[t_] = Table [ToExpression["an2" <> ToString[i] <> "[t]"], {i, Nn}];

mier= q[t_] =Join[aul[t], au2[t], ae[t], anl[t], an2[t]];
Dq[t_] = Join[Daul [t], Dau2[t], Dae[t]];

meep= invq[t_] = Join[aul([t], au2[t], ae[t], anl[t], an2([t]];
invDq[t_] = Join[Daul[t], Dau2[t], Dae[t]];
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mi-r= (%Projected statess)
ulp[s_, t ] =uln[s].aul[t];
u2p[s_, t ] =u2n[s].au2[t];
op[s_, t_ ] =6n[s].ao[t];
nlpls_, t_]1 =nln[s].anl[t];
n2pls_, t_] =n2n[s].an2[t];
Dulp[s_, t_] =Duln[s].aul[t];
Du2p[s_, t_ ] =Du2n[s].au2[t];
Dep[s_, t_ ] =Dén[s].ad[t];
Dnlp[s_,t_ ] =Dnln[s].anl[t];
Dn2p[s_, t ] =Dn2n[s].an2[t];

Replacement rules

mi-r= rules = {ul[s] » ulp[s, t], ul -> ulp[s, t], ul'[s] » Dulp([s, t],
u2[(s] - u2p[s, t], u2 -> u2p[s, t], u2'[s] - Du2p[s, t],
e[s] »oep[s, t],2+>0p[s, t], 080> 00[s], ' [s] »Dep[s, t],
nl - nip[s, t1, n2 »n2p[s, t1, £1[s] » £[s]1[[111, €1 -> £[s] [[1]1],
£1'[s] »D[&[s][[11], 51, £2[s] » £[s1[[2]1], €2 » £[s1[[21],
€2'[s]1 »D[£[s]1[[21], 51, @l »n@[s]1[[11]1, n@2—»n@[s][[2]1};

Projected strains

mi-1= ep[s_, t_ ] =es /. rules // Chop;
¥P[s_,t ] =v%s /.rules // Chop;
kp[s_, t ] =xs /. rules // Chop;

Projected loads

mi-l= ppls_,t 1 =p/.rules;
upls_, t ] =u /. rules;

Projected internal forces and moments

mr= Pp[s_, t_] = RotationMatrix[ep[s, t]].{alep[s, t], ¥p[s, t1} // Chop;
Mp[s_, t_] = Cross [Join[Expand[ (1 +4) {cosx, sinx}], {@}],
Join[{alep[s, t]1, ¥p[s, t1}, {@}1] [[3]1] /. rules;

Operators evaluated at quadrature points

Mass matrices

mior= Mul = Table[Sum([gq[ [i, k, 2]1] ~uln[gq[[i, k, 1711 [[i]] ~uln[gq[[i, k, 11110311,

{k, sp}1, {i, Nn}, {j, Nn}1;

Mu2 = Table[Sum[gq[[i, k, 2]] ~u2n[gq[[i, k, 1111 [[1]] ~u2n[gq[[i, k, 1]1]1[[]1],
{k; sp}1, {i, Nn}, {j, Nn}];

Me = a2 Table [Sum[gq[[i, k, 2]] «en[gq[[i, k, 1111 [[i]] ~en[gq[[i, k, 1111[[31]1,
{k, sp}1, {i, Nn}, {3, Nn}1;

Mnl = Table [Sum[gq[[i, k, 2]] «nln[gq[[1i, k, 1]11[[1]]
nlnfgq[[i, k, 1111013115 {k, sp}1s {i, Nn}, {J, Nn}];

Mn2 = Table [Sum[gq[[i, k, 2]] «n2n[gq[[1i, k, 1111 [[1]]
nanlgq[[i, k, 111101311, {k, sp}1, {i, Nn}, {j, Nn}];

Stiffness operators
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wi-r- Kul = Table[Sum[gq[[i, k, 2]] < Pp[eq[[i, k, 1]1], €] [[1]]
Dulnfgq[[i, k, 1111[([1]1]1, {k, sp}]1, {i, Nn}];

mp= Ku2 = Table[Sum[gq[[i, k, 2]] «Pp[gq[[i, k, 111, t1[[2]]
Du2nfgq[[i, k, 1111[[1]1], {k, sp}1, {i, Nn}];

= K& =
Table [Sum[gq[[i, k, 2]] {ala2xp[gq[[i, k, 111, t] ~Den[gq[[i, k, 1111[[1]] -
Mplgal[i, k, 111, t] ~en[gq[[i, k, 1111[[i11), {k, sp}], {i, Nn}];

i = Knl =
Table [Sum|[gq[[i, k, 211 (ednln(gq[[i, k, 1111 [[i]1] ~nln[gq[[i, k, 1111[[31] +
a6 Dnln(gq[[i, k, 1111 [[i]1] ~Dnln(gq[[i, k, 1111 [[311),
{i, sp}], {i, Nn}, {j, Nn}];
KniNL = Table [Sum[gq[[i, k, 211 o5 ({nlp[gql[i, k, 111, t1,
nlplgql[i, k, 111, t1}.{nlplgql[i, k, 111, t1, nlp[gq([i, k, 111, t]})
nin[gq[[i, k, 1111 [[11]1 »nin[gq[[i, k, 1111 [[311,
{i, sp}], {i, Nn}, {j, Nn}];
Kn2 = Table[Sum[gq[[i, k, 2]] (a4 n2n[gq[[i, k, 1111[[i]]
n2nigq[[i, k, 1111 [[31] +a6Dn2n(gq[[i, k, 1111 [[i]]
Dn2n[gal[i, k, 1111[[311), {k, sp}], {i, Nn}, {3, Nn}];
Kn2NL = Table [Sum[gq[[i, k, 211 a5 ({n2p[gql[i, k, 111, t1,
n2plegalli, k, 111, t1}-{n2pleql[i, k, 111, t1, n2p[eq[[i, k, 111, t1})
n2nigq[[i, k, 1111 [[1]1] ~n2n[gq[[i, k, 1111 (311,
{k, sp}], {i, Nn}, {3, Nn}];

Distributed force operators

wp= Fu = Table[Sum[gq[[i, k, 2]1] (-pplgal[i, k, 111, t] * {uln[gq[[i, k, 1111 [[i]],
u2nfgq[ i, k, 11110[111}), {k, sp}], {i, Nn}] // Transpose;

i1~ Fo = Table[sum[gq[[i, k, 2]] (-#p[8ql[i, k, 111, t] =en(gq[[i, k, 1111 [i]11),
{k, sp}], {i, Nn}] // Chop;
(xFo=Table [@,Nn];x)
i1 Fnl = Table [Sum[gq[ [i, k, 2]]
(PprgAlli, ks 111, t1[[11] ~nin[gq[[i, k, 111111311}, {ks sP}]s {1, Nn}];
i 1= Fn2 = Table [Sum[gq[ [i, k, 2]]
(ppleql[i, k, 111, t1[[2]1] «n2nlgq[[i, k, 1111 [[111}, {k, sp}], {i, Nn}];
Boundary operators
i p= Fub = - ({N1, Q1} % {uln[1], u2n[1]} - {N@, Q@} » {uln[@], u2n[@]}) // Chop
(* Global boundary forces =);
Fub = - (RotationMatrix[ep [1, t]].{N1, Q1} % {uln[l], u2n[1]} -
RotationMatrix[op[@, t]1].{N@, Q©} % {uln[@], u2n[@] }) //
Chop (% Rotated boundary forces =);

i1~ Fob = - (M1len[1] -M@en[e]) // Chop;

Direct solution (generate data for inverse
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problem)

mpor= (%
eqD=Join[Mul.aul'' [t]+ac Mul.aul' [t]+Kul+Fu[[1]]+Fub[[1]],
Mu2.au2'' [t]+ac Mu2.au2' [t] +Ku2+Fu[[2]]+Fub[[2]],
Mo.ag'' [t]+ac Mo.ae' [t] +Ke+Fo+Feb,
au Mnl.anl' [t]+Knl.anl[t]+Fnl,au Mn2.an2' [t]+Kn2.an2[t]+Fn2]
*)
miop= eqD =
Join[aul' [t] -Daul[t], Mul.Daul' [t] + acMul.Daul[t] + Kul + Fu[[1]] + Fub[[1]],
au2 ' [t] -Dau2[t], Mu2.Dau2’ [t] + acMu2.Dau2[t] + Ku2 + Fu[[2]] + Fub[[2]],
ag'[t] -Dae[t], Me.Dag ' [t] + acMe.Daa[t] + Ko + Fo + Feb,
auMnl.anl’ [t] + (Knl+KnlNL).anl[t] +Fnl,
auMn2.an2’ [t] + (Kn2 + Kn2NL) .an2[t] + Fnz];

m-1= ieD = Join[q[@], Dq[@]];

Infe = tf = 100;
qD[t_ ] =q[t] /. First[NDSolve[Thread[Join[eqD, icD] == @], Join[q[t], Dq[t]],
{t, @, tf}, Method -> {"EquationSimplification" -» "Residual"}]];

= ListPlot [Transpose[{n, Take [gqD[tf], {Nn+1, 2Nn}]}], Joined - True,
PlotRange —» All, AxeslLabel - {"s", "u;(s," <>ToString[tf] <>"}"}]

mi-7= ListPlot [Transpose[{n, Take [qD[tf], {3Nn+1, 4Nn}]}], Joined -» True,
PlotRange » All, AxesLabel -» {"s", "1 (s," <> ToString[tf] <>"}"}]

i1 Plot[Take [qD[t], {Nn+1, 2Nn}].u2n[L /2],
{t, @, tf}, PlotRange — All, AxesLabel » {"t", "u,(L/2,t) "}]

;= Plot[Take[qD[t], {2Nn+ 1, 3Nn}].on[@.751L],
{t, @, tf}, PlotRange —» All, AxeslLabel » {"t", "o (3L/4,t)"}]

;= ListPlot [Transpose[{n, Take [qD[tf], {2Nn+1, 3Nn}] /Degree}] ,
Joined —+ True, PlotRange -+ All]

;= Plot[Take [qD[t], {4Nn+1, 5Nn}].n2n[L /2],
{t, @, tf}, PlotRange —» All, AxeslLabel » {"t", "n,(L/2,t) “}]

;= Plot[Take [qD[t], {3Nn+1, 4Nn}] .nln[L/Z] s
{t, @, tf}, PlotRange — All, AxeslLabel » {"t", "n,(L/2,t) "}]

mi-1= Plot[Take [qD[t], {1, Nn}].u2n[@], {t, @, tf},
PlotRange » All, Axeslabel » {"t", "u, (L/2,t)"}]
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Infe =

Infe =

Infe =

(*Solutions from direct problemsx)
sol = NDSolveValue [Thread[Join[eqD, icD] == @], {q[t]}, {t, @, tf},

Method -> {"EquationSimplification" -> "Residual"}]; (*Results from eqDs)
(xul @ @, L/2, Lx)
zul@ = Table [Take [First[sol], {1, Nn}].u2n[@], {t, @, tf, 1}]; (+ul @ @%)
(xzull2=Table[Take[First[sol],{1,Nn}] .uzn[L/z] > {t,0,tf,1}]; (»ul @ L/2%) %)
zull = Table [Take [First[sol], {1, Nn}].u2n[L], {t, @, tf, 1}];(»ul @ L)

(*u2 @ @, L/2, Lx)

Zu2® = Table [Take [First[sol], {Nn+1, 2Nn}].u2n[@], {t, @, tf, 1}]; (*u2 @ @«)
zu2l2 = Table[Take [First[sol], {Nn+1, 2Nn}].u2n[L/2], {t, @, tf, 1}];

(*u2 @ L/2x)

zu2l = Table [Take [First[sol], {Nn+1, 2Nn}].u2n[L], {t, @, tf, 1}];{%u2 @ L%}

(6 @ @, L/2, Lx)

z00 = Table [Take[First[sol], {2Nn+1, 3Nn}].en[©], {t, @, tf, 1}]; (& @ ©x)
(xzoL2=Table [Take [First[sol], {2Nn+1,3Nn}].en[L],{t,0,tf,1}]; (%0 @ L/z*)*)
zoL = Table [Take[First[sol], {2Nn+1, 3Nn}].en[L], {t, @, tf, 1}]; (& @ L&)

(xMeasurement, no noisex)

zulenn = Take[zul®, {1, 181, 5}]; (xNo noise (ul@@)sx)
zullnn = Take[zull, {1, 181, 5}]; (xNo noise (ul@L}x)

zu2@nn = Take[zu2@, {1, 181, 5}1; (xNo noise (u2@@)x)
zu2l2nn = Take[zu2L2, {1, 101, 5}]; (*No noise (UZ@L/Z)*)
zu2lnn = Take[zu2l, {1, 181, 5}]; (*No noise (u2el)«)

z0@nn = Take[z60, {1, 181, 5}]; (xNo noise (6@@)«)
zoélnn = Take[zoL, {1, 101, 5}]; (*No noise (&@L) %)

Generate noise

Infej=

Infe =

Infe =

zt = Table[t, {t, @, tf, 5}];

o = 0.08;
v := RandomVariate [NormalDistribution[®@, Sqrt[c]]]

(» @ O%)

zuleN = Table[{zt[[i]], (zul@nn+v x zulenn[[21]11) [[i11}, {i, 1, 21}];
Show[ListPlot [zul@N, PlotStyle » Black],
ListPlot [Table [{zt[[i]], (zulenn) [[i]]}, {i, 1, 21}], PlotStyle - Red],
PlotRange - All]
zullN = Table[{zt[[i]], (zullnn+v % zullnn[[21]1) [[i]1}, {i, 1, 21}];
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Infe J=
(» @ L/2x)
zu2eN = Table[{zt[[i]], (zu2@nn+v » zu2@nn[[21]]) [[i]11}, {i, 1, 21}];
zu2L2N = Table[{zt[[i]], (zu2L2nn+v »zu2l2nn[[21]]) [[i]1}, {i, 1, 21}];
zu2LN = Table[{zt[[i]], (zu2Lnn+v % zu2lnn[[21]]) [[i]11}, {i, 1, 21}];

(*» @ L)
zooN = Table[{zt[[i]], (zé@nn+v x ze@nn[[21]1]) [[i]]}, {i, 1, 21}];
zoLN = Table[{zt[[i]], (zoLnn+vxzoLnn[[21]1]) [[i]]}, {i, 1, 21}];

(xExport data filess)

mi-y= SetDirectory[NotebookDirectory[]];
Export["zul@N.dat", zuleN];
Export["zulLN.dat", zullLN];
Export ["zu2@N.dat", zu2@N];
Export["zu2L2N.dat", zu2L2N];
Export["zuZLN.dat", zu2LN];
Export["zTheta@N.dat", zeeN];
Export ["zThetalN.dat", zeLN] ;

SetOptions [SelectedNotebook[],
PrintingStyleEnvironment » "Printout”, ShowSyntaxStyles —» True]
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Appendix B

Mathematica Codes of Inverse Problem

Inverse Problem

The folded parts are the same as the parts in Direct
problem. Noisy data should be imported for repeatability

Strains and coupling forces
Reference configuration

FE basis functions

FE mesh

miep= L =13

wfoy= (*Number of nodess)
Nn = 3;

mf-r= Ne = Nn - 1; (xNumber of elementssx)
Nm = 2; (xNumber of nodes for each element for Lagrange
Polynomials (H' solutions). Set it to 2 so that the number of
nodes in the global domain match the ones for the H? solutionw)

mop- n=Table[i, {i, @, L, L/ (Nn-1)}] // N; («Global nodess)

Lagrange polynomials (H* weak solutions)
Basis functions
Subdomains and gaussian quadrature points

Non-dimensional constitutive
parameters
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mi-;= (% Beam's material properties in terms of nondimensional parameters )
al = 100 (#Ratio E/Gx);
a3 = 5 (xNondimensional stiffness of the coupling layer k L"Z/(G A)*);
a2z = 1/1000; (» Ratio I/(A L?) &);
h=0.1(«Ratio h/Lx);
ac = 1@ (xStructural dampingx) ;

mi-}= (xPasternak foundation parameters ('Fr'om published wor‘k)*)
ad = 2; (xlinear spring ki1 L*2/(G A) )
a5 = 8.5; (¥nonlinear springs)
a6 = 8.5 (xshears) ;
au = 10;

Non-dimensional boundary forces and
torques

wmi-1= N@ = @3
Qe = -9.5;
N1 = N@;

Q1 = -Qe;
Me = @;
M1 = M@;

Reduced order model operators

Projected states and strains

Operators evaluated at quadrature points
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Inverse problem

mi-p= invKnl = Table[
Sum(gq[[i, k, 211 (x1nln[gq[[i, k, 1111 [[i1]1 »nin[gq[[i, k, 1111 [[I1] +
x3Dnln[gq[[i, k, 1111[[1]1] «Dnln[gq[[i, k, 1111[[311),
{k,s SP}]J {i, Nn}, {3, NI‘I}];
invKnINL = Table [Sum[gq[[i, k, 2]] x2
({nilplgalli, k, 111, t1, n2plgql[i, k, 111, t1}-
{nlpleql[i, k, 111, t1, n2p[eq[[i, k, 111, t1})
ninfgq[[i, k, 1111 [[11] «nin[ga[[i, k, 11110311,
{k, sp}], {i, Nn}, {3, Nn}];
invKn2 = Table[sum[gq[[i, k, 2]]
(x1n2n[gq[[i, k, 11111 [11]1 ~n2n[gq[[i, k, 1111[[31] +
x3Dn2n[gq[[i, k, 1111[[i]1] «Dn2n[eq[[i, k, 1111[[311),
{k, sp}], {i, Nn}, {3, Nn}];
invKn2NL = Table [Sum[gq[[i, k, 2]] x2
({n2p[gqlli, k, 111, t]1, n2p[gq[[i, k, 111, t]}-
{n2pleql[i, k, 111, t1, n2p[eq[[i, k, 111, t1})
n2n[gq[[i, k, 1111 [[1]1] »n2n[gq[[i, k, 1111 [[311, {k, sp}],
{i, Nn}, {3, Nn}];(*Ter'ms with unknown parameterss)

mi- 1= invegD = Join[aul' [t] -Daul[t], Mul.Daul" [t] +
acMul.Daul[t] + Kul + Fu[[1]] +Fub[[1]], au2'[t] -Dau2[t],
Mu2.Dau2 ' [t] + ac Mu2.Dau2[t] + Ku2 + Fu[[2]] +Fub[[2]],
ag'[t] -Dag[t], Me.Dag"' [t] + acMe.Dag[t] + K& + F& + Fob,
xAMnl.anl' [t] + (ianr;l + iannlNL) .anl[t] +Fnl,
x4Mn2.an2' [t] + (invKn2 + invKn2NL) .an2[t] + Fn2];
(*Equation with unknown parameterssx)

mi- 1= invieD = Join[invq[®], invDq[@]];

mr-p= invsol = ParametricNDSolve [Thread[Join[inveqD, invicD] == @],
invq[t][All, ey, {t, @, tf}, {x1, x2, x3, x4},
Method -> {"EquationSimplification" -» "Residual"},
SolveDelayed —» True] [All, 2]; (xParametric Functions)

nfe f=
eqD = Join[aul’ [t] - Daul[t], Mul.Daul’ [t] +
acMul.Daul[t] + Kul + Fu[[1]] +Fub[[1]], au2'[t] -Dau2[t],
Mu2.Dau2 ' [t] + ac Mu2.Dau2[t] + Ku2 + Fu[[2]] +Fub[[2]],
ag'[t] -Dag[t], Me.Dae"' [t] +acMe.Dag[t] + K& + F& + Feb,
auMnl.anl' [t] + (Knl + KnlNL) .anl[t] +Fnl,
auMn2.an2' [t] + (an + KnZNL) an2[t] + Fnz];

w-p= ieD = Join[q[@], Dq[@]];
mpp= TF = 1003

mip= 8ol = NDSolveValue [Thread[Join[eqD, icD] = @], {q[t]}, {t, @, tf}, Method ->
{"EquationSimplification" -> "Residual"}]; (#Results from eqDs)
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inf+ )=

(#Solutions from direct problemsx)

(vul @ 8, L/2, Lx)

wmr = zul® = Table [Take[First[sol], {1, Nn}].u2n[@], {t, @, tf, 1}]; (+ul @ @«)
(¥zull2=Table [Take[First[sol],{1,Nn}] .uzn[L/z] »{t,0,tf,1}];
(+ul @ L/2%) %)
zull = Table [Take [First[sol], {1, Nn}].u2n[L], {t, @, tf, 1}]; (sul @ Lx)
inep= (%U2 @ @, L/2, L)
= zu2@® = Table [Take[First[sol], {Nn+1, 2Nn}].u2n[®], {t, @, tf, 1}];
(*u2 @ 9%)
i r= Zu2L2 = Table[Take [First [sol], {Nn+1, 2Nn}].u2n[L/2], {t, @, tf, 1}];
(vu2 @ L/2+)
if-r= zu2l = Table [Take[First[sol], {Nn+1, 2Nn}].u2n[L], {t, @, tf, 1}];
(#u2 @ L»)
infeJ=
(x¢ @ ©, L/2, Lx)
wi = 26@ = Table [Take [First[sol], {2Nn+1, 3Nn}].en[@], {t, @, tf, 1}];
(*© @ O%)
inf-1= (%z6L2=Table[Take[First[sol],{2Nn+1,3Nn}].&n[L],{t,@,tf,1}];
(6 @ L/2x) %)
= 20L = Table [Take [First [sol], {2Nn+1, 3Nn}].en[L], {t, @, tf, 1}];
(*@ @ L#)
infeJ=
(*Measurement, no noisex)
i y= zul@nn = Take[zul®@, {1, 181, 5}]; (xNo noise (ul@d)«)
zullnn = Take[zull, {1, 1@1, 5}]; (xNo noise (uleL)s)
zu2@nn = Take[zu20, {1, 101, 5}]; (xNo noise [u2@@)«)
zu2l2nn = Take[zu2L2, {1, 181, 5}]; (xNo noise (u2@L/2)*)
zu2lnn = Take[zu2L, {1, 1@1, 5}]; (xNo noise [u2eL}x)
z6@nn = Take[2z6@, {1, 101, 5}]; (sNo noise (6@@)x)
zolnn = Take[zéel, {1, 181, 5}]; («No noise (&@L) %)
Adding noise
wi = 2zt = Table[t, {t, @&, tFf, 5}];
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infop= (%#0=0.1%)

SetDirectory["C:\Users\Woo\Desktop\FEM\MMA\Noise\©.82"]
(xDirectory should be changed with respect to the value of ox)

inf-}= {*Import Datas)

infol= (% @ O%)
zuleN = Transpose [Import[“zul@N.dat"]1][[2]]:
zullN = Transpose [Import[“zullLN.dat"]][[2]];

(+ @ L/2%)

zu2@eN = Transpose [Import[“zu2@N.dat"]][[2]];
zu2lL2N = Transpose [Import ["zu2L2N.dat"]][[2]];
ZU2LN = Transpose [Import["zu2LN.dat"]][[2]]3;

(* @ L)
zo@N = Transpose [Import ["zTheta@N.dat"]]1[[2]];
Z8LN = Transpose [Import ["zThetalN.dat"1][[2]];

infsJ=
(xResults from the inverse problem EqD =)
z10 = Table[ (#([x1, x2, x3, x4] [t] & /@ invsol[l ;; Nn]}.uln[@],
{t, @, tf, 5}]; (xulaex)
zIL = Table[ (#[x1, x2, x3, x4] [t] & /@invsol[l ;; Nn]}.uln[L],
{t, @, tf, 5}]; (+ulelx)

720 = Table[ (#[x1, x2, x3, x4] [t] & /@invsol[Nn+1 ;; 2Nn]).u2n[e],
{t, @, tf, 5}]; (xu2e0x)

z2L2 = Table[ (#[x1, x2, x3, x4] [t] & /@invsol[Nn+1 ;; 2Nn]}.u2n[@.5L],
{t, @, tf, 5}]; (xu2el/2x)

z2L = Table[ (#[x1, x2, x3, x4] [t] & /@ invsol[Nn+1 ;; 2Nn]).u2n[L],
{t, @, tf, 5}]; (vu2elx)

z30 = Table[ (#[x1, x2, x3, x4] [t] & /@invsol[2Nn +1 ;; 3Nn]}.en[@],
{t, @, tf, 5}]; (»0@8x)

z3L = Table[ (#[x1, x2, x3, x4] [t] & /@invsol[2Nn +1 ;3 3Nn]}.en[L],
{t, @, tf, 5}]; (x0@Lx)

Monitor process and get final results

inf-}= (*%Cost Function of clean measurementsx)
CF =
0.5 (#.#&@ (zulenn - zle) + #.12 8@ (zuann - zlL) + 2.2 8@ (zuzenn - 220) +
1.1 8@ (zu2L2nn - 22L2) + 7.1 8@ (zu2Lnn - zZL) +
#1788 (zeenn - z30) + H#18@ (zeLnn - z3L) ) 3
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inf-}= (#Cost Function of noisy measurementss)
CFN = @.5
(#.#8&@ (ZuleN - 210) + #.# &@ (ZUlLN - z1L) + #.# &@ (zu2eN - 220} + #.# &@

(zu2L2N - zsz) + 7.7 8@ (zuzLN - zzL) +
#. 12 &@ (zeaN - 230) + #.1R@ (zeLN - zsL) ) f

inf-1= (*Inverse nolsy casex)

t={};
Monitor [NMinimize[{CFN, 1 <x1<5,@.1sx2<1,0.1sx3<1,5 s x4 515},

{x1, x2, x3, x4}, Method » {"NelderMead", "ReflectRatio" » @.1},
EvaluationMonitor > (AppendTo[t, {x1, x2, x3, x4, CF}1}],
t// Column] // AbsoluteTiming

infe )=
(xInverse without adding noisex)

t=1{};

Monitor [NMinimize [{CF, 1<x1<5,@.1<x2<1,@.1<x3<1,5=sx4x15},
{x1, x2, x3, x4}, Method » {"NelderMead", "ReflectRatio" » 0.8},
EvaluationMonitor :» (AppendTo[t, {x1, x2, x3, x4, CF}])],

t // Column] // AbsoluteTiming

1= SetOptions [SelectedNotebook[],
PrintingStyleEnvironment - "Printout", ShowSyntaxStyles » True]
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