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Abstract

Nonequiprobable signalling refers to techniques by which the possible transmitted
signals (points in a constellation) do not occur with equal probability by intention.
By selecting higher energy signals with lower probability. the power efficicncy of
signalling methods can be improved over equiprobable methods up to 1.53 dB. Two
- general methods to achieve such gains, referred to as shape gain. are the shaping
codes of Calderbank & Ozarow and Forney’s trellis shaping.

In this thesis, a review of the fundamentals of the shaping codes and trellis shaping
methods is provided. A review of methods for the computation of power spectra
for digitally coded signals relevant to nonequiprobable signalling is also presented.
This background is used to provide an analysis of the spectral properties of the two-
dimensional signalling associated with nonequiprobable signalling methods. Based
on both analytic methods and simulation of specific examples. this analysis begins
with 2 consideration of the spectral properties of memoryless modulation producing
noaequiprobable signalling. Then, spectral properties of two examples of signals from
shaping codes and sixteen examples of trellis shaping are numerically analyzed.

[t was found that the statistics of the signal points affect the power spectrum
of the coded output signal. Yet. if certain symmetry rules are obeved in design of
the transmission system, such that 2 90 ° ratational symmetric constellation (180 °
symmetr'c for QAM signalling) is combined with any linear error correcting code,
the power spectrum of the output signal sequence can be made invariant to the
changes in the statistics of the signal points. These symmetry rules relate to the
geometrical symmetry of the signal constellation and to the linearity of the codes used
in communrications system. Consequently, it has been verified that shaping gain can

be achieved by nonequiprobable signalling without an expansion in the transmission
bandwidth.
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Chapter 1
INTRODUCTION

1.1 Problem Statement

A digital communications system can be divided into three main components, the
transmitter, the channel, and the receiver, as shown in Fig. 1.1. The transmitter and
receiver are further divided into three subcomponents.

An information source produces messages, which are desired to be transmitted.
Usually, these messages are converted into sequences of binary digits. During this
conversion it is desired to represent the information messages by as few binary digits
as possible. The process of efficiently converting the information messages into binary
sequences is called source coding, and is implemented by the source encoder. The dis-
crete channel encoder, placed after the source encoder, introduces redundancy into
the information sequence to allow the system to better guard against noise distur-
bances and interference that can randomly corrupt the signal during transmission over
the channel. At the final component of the transmitter, the coded digital sequence is
translated into channel waveforms (signals) in a process known as modulation, and the
resultant signal sequence is transmitted over the channel. Although source encoders
and channel encoders are used to improve the performance of the communications
over a noisy channel, we should note that there exists systems which do not utilize
encoders, as the existing performance level of communications is already satisfactory.

At the receiving end of the communications system, the digital demodulator prd- .
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Figure 1.1: Hliustration of a digital communications system.

cesses the channel-corrupted signals, ~nd generates a digital sequence which consists
of estimated data symbols that were available to the channel encoder in the trans-
mitter. This estimated data sequence is decoded by the channel decoder. The source
decoder accepts the output sequence of the channel decoder, and via the knowledge
of the source encoding method used, attempts to provide to the information sink a
reconstructed version of the original information message. There exist other types of
receivers which utilize cxrcmts that combine the demodulator and channel decoder,
and receivers that employ complex demodulators to transfer extra information to the
channel decoder about the possible errors which have occured in the demodulator
(soft decision). However, for simplicity the system given in Fig. 1.1 is the general
communications system mode! considered throughout this thesis. }

Usually, the reconstructed messé.ge is identical to the original message, but some-
times due to the corruption of the transmitted signal sequence in the channel by



external interferences, the digital demodulator or channel decoder makes decision er-
rors which result in a difference between the original message and the reconstructed
message. By introducing redundancy into the transmitted signal sequence, the com-
munications system can be made more reliable against the external channel distur-
bances. Introducing redundancies inevitably produces an expansion in the transmis-
sion, bandwidth and/or an increase in the transmitted signal power needed to obtain
satisfactory performance. However, transmitted signal power may be very expen-
sive; therefore in channels where added bandwidth is readily available, systems which
tradé-off bandwidth for power are preferred. Such systems are called power imiied -
channel applications since the power limitation is the main constraint on the commu-
pications system. Use of cunventional block codes and convolutiornal codes are two
well-known methods applied to power limited channel applications to improve per-
formance through expansion of the transmitted signal’s bardwidth by a factor equal
to the reciprocal of the code rate.

Because of the ever-increasing demand for communications, in many applications
an unlimited allocation of the electromagnetic spectrum is not possible. In these
cases, the application is called bandlimited, and an uncontrolled bandwidth expansion
which would increase the communications system’s immunity to channel disturbances
is no longer acceptable. For bandlimited channels the system is designed to use
bandefficient multi-level/phase modulation schemes such as PAM, PSK, or QAM
(QASK). In this case, the performance gain can be obtained only by increasing the
size of the alphabet (size of the signal constellation) of signals to be transmitted
over that used in a corresponding uncoded system. This compensates for redundancy
introduced by the code; thereby causing an expansion of the signal constellation, and
consequently an increase in the transmitted signai power. Therefore, if coding is to
provide a benefit, the performance gain of the code must be greater than the peralty
paid for the constellation expansion.

Fig. 1.2 shows the channel capacity of 2 bandlimited additive white Gaussian noise
channel (BAWGN), i.e., the maximum possible information rate in bits/s/Hz, and the

3
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information rate achieved by some common uncoded multi-level/phase modulation
systems as a function of signal to noise ratio (SNR). According to this figure, an
uncoded 8-PSK modulation requires a SNR equal to 18 dB in order to transmit
3 bits/s/Hz, whereas a 16-QASK modulation requires only 8 dB SNR. Furthermore,
the channel capacity sets 8.5 dB as the minimum SNR limit to obtain an information
rate of 3 bits/s/Hz. Consequently, by doubling the number of channel signals from 8
to 16, almost 2ll the gain in terms of channel capacity is obtained, and this is achieved
by expanding the signal constellation and applying a well-designed code capable of
extracting all the information from the channel-corrupted signals.

The most important class of codes that can be used with an expanded signal
set in order to achieve some performance gain is the class of coset codes (they will
be discussed in-depth in Chapter 2). The codes in this class achieve power gain,
termed coding gain, by increasing the minimum separation (as seen by the decoder)
between possible transmitted signal sequences so that the channel decoder can more
readily discern the correct one from the channelcorrupted demodulated sequence.
Incressing the minimum separation between the signal sequences can be done in two
ways: either the individual signals are selected from a signal constellation, in which the
minimum distance between the members of the constellation is maximized for & given
transmitted signal power, or transmission of some signal séquences is prohibited so
that the distances between the remaining sequences is meximized. The former method
is implemented by lattice codes, and the latter by trellis codes. Since these codes are
intended for use in bandlimited channel applications, no bandwidth expansion due
to coding can be tolerated. Actually, according to the general assumptioﬁ that the
transmission bandwidth of digitally coded signal sequences which are generated b;lr
purely random input messages is proportional to the reciprocal of the symbol rate,
trellis codes and lattice codes are believed to be not affect the bandwidth, since they |
do not alter the symbol rate over the uncoded transmission. Still, the redundancy
introduced into the output symbol sequence by these codes could affect the power
spectrum by varying the correlation between the elements of the output sequence.



Some researchers, e.g. (1], investigated special applications and derived conditions so
that a bandwidth expansion would be prevented.

Recently, it has been noticed that the shape of the signal constellation, corre-
sponding to the coset codes in bandlimited channel applications , also has an impact
on the transmitted power. Coset codes that utilize spherically shaped signal constel-
lations can yield up to 1.53 dB more power gain over uncoded systems with cubic
shaped signal constellations. This additional gain is termed shape gain. The resson
why perfprmanc;‘e is compared to cubic shaped constellation is that cubic constel-
lations occur naturally in most uncoded schemes. Although shape gain does not
require any special coding algorithm, and consequently is not expected to cause any
bandwidth expansion, high gains can only be obtained witk multidimensional signal
constellations requiring extra effort in mapping the information-bearing symbol se-
quence into the channel signal sequence, possibly leading to an enormous increase in
the complexity. '

Shortly after the importance of shape gain was realized, Calderbank & QOzarow [2],
and Forney [3] independently proposed two methods which enable communications
systems to achieve high shape gain without directly using high-dimension constel-
lations, and consequently avoiding high complexity in the signal mapping. Both of
these algorithms are based on the nonuniform selection of the signal points within
the constellation instead of selecting each signal boint with equal probability as was
believed to be best by Ungerboeck [4]. Because of the nonuniform distribution of
points in the constellation, it is termed noneguiprobeble signalling. The nonuniform
selection of the points is accomplished by adding a new code, termed 2 shaping code,
to the system which forces it to select low energy points more often than high energy
points. Noreguiprobable signalling increases the complexity of the communications
system, but after achieving a certain amount of coding gain using coset codes, it has
been found wiser to invest in more complex shaping codes to achieve further power

Since the shaping codes are intended to be used with communications systems for



bandlimited channel applications, any bandwidth expansion due to nonequiprobable.
signalling is undesirable. In this research, the effect of nonequiprobable signalling
on the power spectral density function of the channel signal sequence generated by
coset codes and shaping codes is investigated, and the suitability of the shaping
codes for bandlimited channel applications is verified. To achieve this goal, we first
review the work done in calculating the power density function of digitally coded
signal sequences, and assess the state of the art of nonequiprobable signalling. Fi-
nally, we combine the knowledge accurnulated in both areas to calculate the power
spectrum function of the signal sequences generated by modulators equipped with
shaping codes, and determine the conditions which must be met in order to apply
shaping codes without causing any bandwidth expansion, so that they can be used
for bandlimited channel applications.

The following section is a literature survey of the calculation of power spectrum
functions, and the developments of coding methods for bandlimited channel appli-
cations. Afterwards, in Chapter 2 we introduce the coset codes, the most widely
used class of codes for bandlimited channel applications. Chapter 3 includes & gen-
eral overview of the methods used to achieve shape gain such as multidimeunsional
constellations and nonequiprobable signalling. Chapter 4 discusses the problem of
the computation of the power spectral density function of digitally coded signal se-
quences. Fmally, in Chapter 5, we simulate the communications systems equipped
with shaping codes, and calculate the corresponding power spectral density function.
At the end of this chaptér we also determine the effects of nonequiprobable signalling
on the power spectrum according to the results of the simulations, and reason our
results with theoretical calculations. The last chapter is 2 summary of the results
obtained during this research.



1.2 Literature Survey

Calculation of Power Spectrum Function of Digitally Coded Sequences

The first research papers on the calculation of power spectrums for various pulse se-
quences were published in the late 50’s [6]. In the early 60’s, W. R. Bennett and
S. O. Rice [7] found the autocorrelation and the spectral density functions of the
uncoded signal sequence generated by binary frequency-shift keying (BFSK) modula-
tion schemes. In this research, both continuous- and discrete-phase BFSK signalling
is examined. In 1971, B. S. Bosik {8] suggested that the spectral density function of
coded digital signals in general could be calculated by evaluating the autocorrelation
function R(k), which represents the correlation between possible transmitted signals
during time slots separated from each other by & symbol intervals. In this paper
it was assumed that the statistics of the input symbols do not vary with time, i.e.
they are stationary, and the system is ergodic. A limitation of this method is that it
requires in principle the caleulation of R(k) for infinitely many different values of k,
so that a calculation on & finite number of terms would introduce a certain amount
of error. H. Yasuda and H. Inose proposed in 1970 a direct calculation method for
power spéctra. of pulse sequences. They described a {zirly simple solution for ergodic
pulse sequences in [9] and for general sequences in [10]. 'f‘hereafter, P. Galko and
S. Pasupathy [6] developed a Markov chain model to describe the signal sequence
waveforms. According to them, one waveform is assigned to each state in the chain.
" Every symbol interval the chain makes a trausition to some state j, generating the
7 waveform at the channel. Separate formulas are given in [6] for irreducible and
reducible Markov models . Because of the simplicity of this method, it has been
utilized for most power spectrum calculations in this thesis.

Besides the general methods for spectral dersity function calculations, some re-
searchers have investigated special cases: Cariolaro and Tronca in [11] focused mainly
on the spectra of general block codes combined with PAM signalling, with codewords
of constant length N which are generated after channel encoding of binary infor-
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mation M-tuple word sequences. The authors represented the block encoder by a
conventional finite-state synchronous sequential machine. The formulas derived in
their paper are convenient to explain the spectral properties of block codes.

D. Divsalar and M. K. Simon [12] paid attention to the bandwidth expansion
due to linear convolutional coding. Although it was widely believed that a purely
random input gives & purely random output with & bandwidth expansion equal to
the reciprocal of the code rate, the authors concluded that the effective bandwidth
" of the waveform produced by the correlated convolutional codes was narrower than
that produced by uncorrelated (purely random) sequénm.

One of the most practical results was put forward by E. Biglieri [1], who inves-
tigated the spectral properties of Ungerboeck codes. By simply using the method
proposed in [11] he concluded that for all the encoder states, provided that the sym-
bols available from a state of the encoder, or forcing the encoder to that state have
zero mean, the spectrum of Ungerboeck coded signals is equal to that of uncoded

signals.

Developments in Coding for Baﬁdlim.ited Channel Applications

In the 50’s and 60’s mathematicians developed high density sphere packings based
on lattices in multidimensional space. The algorithms based on these dense packings
of signal points could achieve high power efficiency over an uncoded PAM system.
In [13], D. Forney demonstrated convenient methods to construct multidimensional
dense lattices using block codes. He also noted that with a 64-dimensional lattice, it
is possible to obtain 9.4 dB power gain over an uncoded PAM system. These methods
used to generate dense Jattices are termed lattice codes.

After Ungerboeck’s important publication in 1982 [16], introducing set partition-
ing methods, trellis codes gained a greater research momentum than lattice codes.
The first trellis codes selected the signal points from within 2 one or two-dimensional
counstellation, whereas the subséquent genera.tion of these codes, as investigated by
L. Wei in [17], utilized multidimensional constellations in order to obtain 2 better

9



tradeoff between complexity and coding gain.

Later, D. Forney and L. Wei were first to speak of shape gain for bandlimited
channel applications in [18], and proposed opportunistic secondary channels, which
then inspired some researchers to design nonequiprobable signalling schemes in order
to obtain shape gain. The idea of opportunistic secon&a.ry chanpels mainly consists
of assigning more than one signal point to some of the data words. If any of these
words happens to be generated, there is an opportunity to transmit additional side
information by choosirg one of the two or more signal points associated with the data
word. This causes an expansion in signal constellation and also increases the average
signal power. However it was shown in [18] that the data rate of the opportunistic
secondary channel may be higher than the increase in normalized bit :ate for an
ordinary system with increased average pbwer.

In 1984, D. Forney published a research paper [19] on Voronoi constellations,
which is another method of constructing multidimensional signal constellations. The
power gain obtained with these constellations is a combination of coding gain and
shape gain. ]

All the multidimensional coding techniques mentioned so far are found to achieve
high coding gain; but they are also able to obtain some shape gain. Therefore mul-
tidimensional signalling is an indirect method of achieving shape gain. Calderbank
& Ozarow [2] were the first to investigate nonequiprobable signalling techniques to
obtain shape gzin directly. They divided a low dimensional signal constellation into
several subconstellations with increasing average power, where each of these sub-
constellations consists of an equal number of signal points. Different values were
assigned to the probabilities of each subconstellation being selected; consequently
they constructed 2 norequiprobable signal constellation. The codes that they pro-
posed are able to achieve 0.91 dB shape gain. Thereafter, Livingston {20] found
that by dividing the signal constellation into nonequally-sized subconstellations, bet-
- ter shape gains could be achieved than those found in {2]. Finally, D. Forney de-
veloped a very powerful method, termed trellis shaping, to select the signal points

10



with nonequal probabilities within a constellation and easily obtained 1 dB of shape

gain.
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Chapter 2

CHANNEL CODING BY
MULTIAMPLITUDE
SIGNALLING:

COSET CODES

According to the channel capacity of the bandlimited additive white Gaussian chan-
nel (BAWGN), the performance of a transmission system employing optimally de-
tected pulse amplitude modulation (PAM) for a memoryless source is approximately
9 dB below the performance of the best possible transmission system (i.e., for typical
error rate goals {10~° to 10~'° or s0], 2 modulation method exists which would achieve
these same error rates or better while transmitting signals with an average power level
9 dB less than that required by a PAM system). Viewed from signal space, the perfor-
mance of any transmission system employing optimal detection depends primarily on
the minimum distance between signal constellation points, while the average power of
the transmitted signal is proportional to the average squared distance that the signal
points are away from the origin. Thus one way of modifying PAM to improve its
power efficiency would be to alter the sigral constellation to move points towards the
origin while muintaining the same minimal separation of signal points. Seeking such
constellations can easily be seen to correspond to seeking the most dense packing of

spheres of a given radius in signal space. Alternately, one can achieve an increase in
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the apparent distance between signal points (over time) by introducing some form
of redundancy into the symbol stream given to the transmitter. This essentially al-
ters the waveforms being used to represent different symbol sequences, increasing the
distance between signal possibilities while preserving the average power.

Consider the first of these possibilities through the modulation scheme shown in
Fig. 2.1 where we have a source synibol stream input to & ma.ppiﬁg circuit which
maps input source symbol sequences to signal points in a memoryless fashion. As an
illuétra.tion, three possible signal constellations in signal spaces of different dimensions
that we may consider are shown in Fig. 2.2. The constellation shown in Fig. 2.2.(a)
represents the densest packing of spheres possible in a one-dimensional space. The

=7
Input bit] Mappin
————*l neo erl'> _a.pp. g.
stream | circut

|

signal constellation

Figure 2.1: A general modulation system representation.

signal constellation in Fig. 2.2.(b) represents the two-dimensional constellation of
points constructed by taking the Cartesian product of signals from the first example.
It can readily be seen that constructing signal constellations in higher dimensions
by taking Cartesian products results in a signal constellation containing the same
number of signal points per unit volume for the same minimum separation distance
as the original set and the same average symbol energy normalized to two-dimensions
and thus does not increase the power efficiency of the higher dimensional constellation
over that of the original constellation. Constellations with similar structures will have
different average symbol energy, if they are constructed in signal spaces with different
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number of dimensions :¥. Average symbol energy is in this case proportional to N,
but the information carried by each symbol is directly proportional to N. Therefore
to make s fair comparison, the average symbol energy of each constellation concerned
in this thesis is normalized into two dimensions by simply multiplying the average
energy found in N dimensions by N/2. The two-dimensional counstellation shown
in Fig. 2.2.(c) represents the densest distribution of signal points possible in two-

dimensions. For a large number of signal points, this constellation is found to have

(a) dmin
@@,@}
1- D densest

constellation

2-D constellations

Figure 2.2: Examples for dense sphere packing in one and two-dimensional space.
dmin denotes the minimal separation between the signal points.

an average symbol energy which is 0.6 dB less than the constellation in Fig. 2.2.(b) for
the same minimum distance between points {13]. In general, it has been found that
as the dimension of the signal space increases, more dense constellations are possible
ultimately making up for the 9 dB penalty of simple PAM. For example, memoryless
modulation with the densest 64-dimensional sigﬁal constellation has 2 9.4 dB average

power advantage over simple PAM. Such high dimensional dense constellations are
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however very difficult to implement.

Consider now the alternative of employing redundancy in the symbol stream. In
the early 80's, Ungerboeck suggested a technique to achieve larger signal separations
without bandwidth or power penalties [16]. This technique was referred to as set
* partitioning and consisted of dividing or partitioning 2 large signal constellation into
subconstellations in which the minimum separation of points was larger than in the

original complete signal constellation.

A0=8-PSK

G';\» <2SIN(%/8)=0.
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Figure 2.3: Partitioning of &PSK channel signals into subsets with increasing mini-
mum subset distances.

Fig. 2.3 shows the partitioning of the 8PSK signal constellation. Minimum dis-

tances between the points in the same subset increase in the downward direction along
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the partition tree. Every signalling interval, the collection of a certain number of the
partitions at the final-end is used as the current signal constellation. The selection
of these partitioLs is done by = finite state encoder in such a way that the minimum
distance in the current constellation will be greater than in the unpartitioned original
constellation. In this manner, Ungerboeck was able to demonstrate with a simple
four-state code a 3 dB improvement in power efficiency over simple PAM, and that a
6 dB improvement could be attained with more complex encoders.

The easy implementation of “mapping by set partitioning” and its significant
power gains without bandwidth expansion inspired further developments of similar
encoders, most notably the family of coset codes. These correspond to signal encoders
much like those proposed by Ungerboeck in which the signal constellations and parti-
tions are finite portions of the geometric structures referred to as a lattice and cosets
of a lattice [14]. (These terms will be explained in the next section.) In these encoders
the output symbols are formed from the data source as follows:

1. The data source output stream is formed into data words of several symbols.

2. A conventional [block or convolutional] encoder operates on a certain number
of the symbols of each data word to generate a new stream of redundant codewords.

3. The codewords so produced select one of the partitions of the signal constella-
tion (i.e., one of the cosets).

4. The data symbols not used in the encoder for coset selection are used to select
the signal in the coset that will be sent.

We can thus see that a coset code can be basically described by two entities, a
lattice partition A/A’ and 2 conventional code C. We shall denote coset codes with
these components by C{A/A _C). If the encoder for coset selection is a block code, the
resulting coset code is termed a lattice code, while if 2 convolutional code is employed,
the result is termed a trellis code. Fig. 2.4 shows the structure of an encoder for a
binary coset code employing codewords of length n of which & bits are used to encode
for coset selection among 25+ cosets.
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Figure 2.4: General structure of encoder for coset code.

2.1 Lattice Codes

signal points is
selected

To discuss lattice codes in any detail, we must make use of terminology from the

branch of the mathematics known as abstract algebra. We therefore begin this dis-

cussion with the definitions of needed terms and concepts.

2.1.1 Lattices

Definition. A group (G, +) is 2 set G of objects together with a binary operation

+ defined on these objects, which satisfy the following properties :

(i) The binary operation -+ is associative:

ifa, b, ce Gthen (e +b) +c=ea+ (b+¢).

(ii) There exists an element e, termed the identity element in G such that
eta=a+e=caforalacG.

(i) For each ¢ in G, there exists an element @’ in G with the property that -

e’ +a =g+ a' = e, where e represents the identity element. Such an



element o’ is termed an inverse of a with respect to +. §

Although a group (G, +) is composed of two entities — the set G and the operation
+ on G — it is common to abuse notation and refer to the group as simply “G", where
the operation on G is supposedly understood. For simplicity we shall make use of
this notation as well when the binary operation involved is normally obvious (which
will usually be some form of “addition” here).
Definition. A group is Abelian if its binary operation + is commutative:
ifa, be Gthena+b=b+a. B

Defirition. If {(G,+) is a group, and N is a subset of the set &G such that (N, +)
is itself a group then we say that (N, +) is a subgroup of (G.+) (or simply “N is a
subgroup of G). 11

Definition. Let (N, +) be a subgroup of a group (G, +), and let a € G. The set
N, ={a+h|h € N} is termed a coset of N, in particular the coset of NV generated
by the element a. The set of cosets is denoted by (G, +}/(V, +) or simply G/N. We
also denote N, as well by “a + N7, |

The number of distinct cosets is termed the order of G/N and is denoted by [G/N|.
Any element that is the generator of a particular coset is a coset representative of that
partirular coset; furthermore the set of all coset representatives of each coset of N is
termed the coset representative set, denoted by [G/N]. Since no restriction is imposed
in selecting a representative within the elements of a coset, the coset representative
set 15 not unique.

As an example, consider the set of integers Z forming 2 group under ordinary
addition. Then, the set of even numbers Z, forms a subgroup of Z. Theset {--., -4+
0,-2+0,0+0,24+0,44+0,---} is a coset of Z. generated by the element 0. Another
set {--+,~4+1,-2+10+1,2+ 1,4+ 1,---} forms another coset of Z. generated
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by the element 1, which is the set of odd numbers, =,. Furthermore, we see that all
other cosets of Z. generated by any element in Z will be identical to one of the above

cosets, and so any element of Z will belong either to Z. or Z,.

Lemma 2.1 Let N be a subgroup of G. A coset of N generated by an element a
and that generated by another element b are either identical or have no elements in

common. (It should be noted that a given coset can have many generators.)

Proof: Let’s assume that ¢ is 2 common element in two different cosets N, and Np

of the subgroup NN, generated by ¢ and b, respectively such that:
Because of the group properties ,

c—a=h; €N, (2.2)
c—b=hy €N. (2.3)

From equations (2.2) and (2.3), we can write
e=b+ hy=hy. (2.4)
Now let z = a + [ be any element of N,, where [ € N. Then
z=b+hy—h+1 (2.5)

Since JV is 2 subgroup, k2 — A +{ € N, consequently z € N,. This shows that every
z € N, is also in Np. Ly a similar argument we can show that for every z, £ € Np,
it is also true that z € N,. This completes the proof that two cosets of /V are either
disjoint, or identical.

Lemma 2.2 The union of all different cosets of N spans the group G.

Proof: If there exisis an element @ such that

aeG and a & U‘Nk
k
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then @ + N defines 2 new coset of NV, such as :V,, and a becomes a member of the
union of the cosets of N.

Since cosets are then either distinetly different or identical, and since the union
of the cosets is G, the cosets of ¥V in G, G/N. form a particularly natural partition
of G with |G/N| elements. Note that in the previous example, the set of integers =
is partitioned into two distinct cosets =, and =,.

Definition. A real laitice A is a countably infinite set of points in BV that forms an

Abelian group under ordinary vector addition in V. I

As an example, the set of all integers T is a one-dimensional real lattice; in fact
it is the prototype of all the other one dimensional real lattices since they can be
generated from Z simply by scaling. The set =V of all N-tuples whose elements
are integers (points in N dimensional space all with integer coordinates) is an N
dimensional real lattice for any N. Fig. 2.5 illustrates two lattices in one and two
dimensional space.

seol)—@—O—@—0- o0+

(a) (b)

Figure 2.5; The lattices (a) Z; (b) 22

Definition. A sublattice A’ of 2 lattice A is a subcollection of points in A that forms
a lattice. il
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If A’ is a sublattice of A, and a vector & is an element of A that is not contained
in A, then the set formed by adding & to the elements of A’ is a subset of A, denoted

by Aj, where
A‘;é{:c ]3:=:\'+ ¢, for some XEA’}.

By choosing different vectors &, we can generate different subsets. Since each AL is
the version of A’ shifted by &, the set A} is termed a translate of A'. Each of these
translates is the coset of the A/A’ partition generated by C.

Every element X of A can uniquely be written as a sum X = A +&,, where & is the
representative of the coset A}, in which X lies, and X is an element of the sublattice

A, This is called 2 coset decornposition of A and is written as
A=A+ [A/A], (2.6)

where [A/A] is the coset representative set of the A/A’ partition. In (2.6) “+™ denotes
an addition operation defined between two sets such that if 5; and S» represent two

sets,

St +'32={31+Sg |S1 651, 32652}.

In Fig. 2.6 a sample A/A’ partitioning is illustrated, where a two dimensional
integer lattice Z2 is partitioned into four cosets of the lattice 2z%. The latter lattice
consists of all points in R whose elements are even integers, and can be seen to be
simply the points in Z? scaled by a factor 2 (the scaling operator for 2 real lattice is
defined in the next section with other operators). The four coset representatives of
the cosets of 222 can be selected as:

&=(00 ,a=(@10, &=0,1) , g=(1)

Definition. A partition chain AJA’/A"/--- /A™ is a finite sequence of lattices such
that each is a sublattice of the previous one, i.e., ADA' DAY D--- 2 AM 1



Figure 2.6: An example for =2/222 partition. Each letter represents a coset of 272,

A partition chain induces a multiterm coset decomposition chain. If A/A'//A" is a

partition chain, then the lattice A can be written in the form
A=A+ [AJA") + AN (2.7)

The usefulness of the partition chain derives from the fact that any A/A” partitioning
can be separated into two partitionings A/A’ and A’/A” if there exists a lattice A’ such
that A’ is a sublattice of A and A” is a sublattice of A’. Some examples of partition

chains are given after the lattice operations are defined.

2.1.2 Lattice Operations

Definition. Scaling: A lattice A may be scaled by any real number 7 just by multi-
plying all the coordinates { N-tuples ) of points containzd in A by . The resultant
set is also a lattice, and is denoted by rA. [

As an example, if A contains all the points with integer coordinates in real Eu-



clidean N-space, &V, such that
N
A=7Z )

then its scaled by 2 version, denoted by 2z”, is a lattice which comprises points
within ®" with all even integer coordinates.

Definition. Transformation: If T is a transformation defined in BV, then TA is 2
lattice, which is generated by applying the vector transformation 7 to every element
Ain Al

One of the most useful transformations for our examples is the rotation operaior
R, defined in R? as

all 1 9
R=[14]. (2.8)

RA contains vectors from A, that are rotated by 45°, and scaled by v/2. For the case
A = 22, its rotated and scaled version RA is shown in Fig. 2.7 with black dots. The
set of white dots in the same figure is simply 2 translated version of R2? shifted by
& = (1,0). Therefore this set is a coset of Rz? and the partition of A by RA divides
A into two cosets. Interestingly, applying the R transformation once again to Rz2,
generates R222, which is nothing more than 222, Therefore we conclude that R? is
equal to 27, where 7 represents the identity transformation.

In the higher dimensional space of dimension 2NV, the rotation operator is defined
[14] by the matrix

0o 0 ---R

Definition. Cartesian Product: The M-fold Cartesian product of the A in BV with
itself—i.e., the set of all M N-tuples (A, A, -+, Anm), where each A; is in A—is an
M N-dimensional lattice denoted by AM.
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Figure 2.7: Z2/Rz? partitiuning.

2.1.3 Geometric Properties of Lattices

The geometric properties of a real lattice A arise from the geometry of the real N-
dimensional Euclidean vector space V. There are two important parameters of
lattices that indicate the suitability of a lattice, A, for communications purposes: the
minimum squared distance d%,,(A) and the fundamental volume V(A) of A. These
two parameters convey enough information to determine rhe theoretical coding gain
or lattice gain, 4;(A). In the following section, these parametersare defined along with
other parameters that will be useful later in the design of good shaping codes.

Definition. For a lattice A, the minimum squared distance d2,,(A) of the lattice is

the least squared distance between two distinct points in the lattice:

dpin(A) & min &-51% 1 (2.10)
c..c:C-A
Q?EC:

Associated with every lattice A in a real Euclidean N-space BV, we can define 2
region R(A) with the properties that the union of regions R(A) + Z for all £ € A is
the entire vector space 7V, and the regions R(A) -+ T for different T are disjoint. Such

a region R(A) is termed a fundemental region. Clearly, 2 fundamental region R(A)
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contains only one clement of A. Fundamental regions are not unique however. The
regions R(A) + Z for different £ in A form 2 partition for =N, Fig. 2.8 shows two
partitions of 22 for the lattice =%, one based on a rectangular fundamental region,

and one based on a hexagonal region.
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Figure 2.8: Two partitions of &* for = based on two different fundamental regions
R(Z?): (a) rectangular; (b) hexagonal. Both fundamental regions have & volume equal
to 1.

Lemma 2.3 Let A’ be 2 sublattice of A. The union of R(A) + &, for all & in [A/A]
is a fundamental region R(A’) of A'.

Proof From the definition of the fundamental region we can write

U{RA)+ X} = =N, (2.11)

XeA

Using the coset decomposition, we can state that also as

U R +xa=U | U (RA)+3}] = =" (2.12)

Xe[A/N )N AMEN | RN
Ze€lA/N
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Here, it is not hard to verify that the region described in the large parenthesis is a
fundamental region of A’ translated by the vector X € A". Since X +[A/A’] is another

coset representative set of A/A’ partition we can terminate our proof:

RN = | {RW+X= U {R@A)+&) (2.13)
Rwz, NN
EeelA/N]

The volume of a fundamental region R{A) of a lattice A is called the fundamental
- volume V(A) of the lattice A. The reciprocal of V(A) is termed the density of the
lattice A or the volume per lattice point. Clearly the density of a lattice or the
fundamental volume of the lattice does not depend on the choice of a fundamental
region. (See Fig. 2.8).

Recalling the definition of the fundamental volume V' (A}, and Lemma 2.3, we
claim ﬁhat if A’ is a sublattice of A, inducing 2 A/A’ partitioning, then

V(AY) = |A/N| V(A). (2.14)

Also knowing that the fundamental volume of the integer lattice =¥ is always equal
to 1, for A’ a sublattice of ZV,

V() = [2V/A. O (2.15)

From the communications engineering point of view, lattices are significant be-
cause almost all the signal constellations utilized with different modulation systems
are based on a finite portion of some kind of lattice. Systems using the same symbol
alphabet but different constellations based on different lattices result in different per-
formances with each constellation. For two different lattices, A; and A,, the ratio of
the transmitted power to achieve a given error rate using a constellation based on A,,
to the transmitted power required Lo achieve the same error rate using 2 constellation
based on A; (in the limit of .Iower and lower error rates) is defined as the theoretical
coding gain or the lattice gain of the lattice A; over A;. It can be shown that this is
given by

2UN 7
7t Ag) = f;"mz:t;; (5&3) : (2.16)
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assuming that both constellations are bounded by regions with the same general
shape, and they are large enough so that average powser can be calculated by the
continuous approximation method (Appendix A) accurately enough [22]. Usually the
lattice gain of a lattice A is compared with a base constellation, which bas traditionally
been ZV. Therefore the lattice gain of a lattice A is defined as

d:‘:min (A) (2‘ 1?)

= =Ny
"Yt(A) = "ﬂ(A o ) = (V(A))QIN'

Equation (2.17) is derived from (2.16) using the fact that
ve¥Yy=1 ,and &,.EY)=L (2.18)

Consider an example communications system where the signal points are selected
within a lattice 2RZ2, where R denotes the rotation operator defined earlier. Consid-
ering the Z?/2Rz2 partition, we can convert this partition into the Z°/Rz?/22%/2RZ?
partition chain, since every lattice on this chain is a sublattice of the previous one.
We also notice that every step partition is a A/RA partition (since we showed earlier
that R? = 27). Furthermore, at every step A is pé.rr.itioned in two cosets of A', there-
fore the order of Z2/2Rz2 , |73/2R=? = 2 x 2 x 2 = 8. Consequently, from (2.15)
the fundamental volume V(2RZ%) = 8. Since scaling a lattice A by a real number
r increases the minimum squared distance d2,,(A) by 7%, and rotation operator R

consists of a scaling factor 7 = +/2, the minimum squared distance of the lattice
IRz? -
d2,.(2RZ3) = (2 x V2)* = 8.

By using (2.17), the lattice gain is

-2y _ 2, =2\ _ —

n(2RZ®) = n(2R=*: 2%) W—g—l
in 22, In other words no lattice gain is obtained. This result is expected since 2RZ? is
only a scaled and rotated version of =2, and as proved in [14] lattice gain is invariant

to scaling and applying transformations.
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Another lattice referred 1o as the Schlafli lattice, Dy, is known o be a more
efficient lattice than the integer lattice =% in &%, D, is the set of vectors in =} with
an even number of odd valued coordinates. For example, a vector @ with all integer
coordinates in ®* such as @ = (2,3,5,6) is an element of both =* and D, (there
are two odd valued coordinates), but the vector b = & + {1,0,0,0) = (3,3,5,6) is
not contained in D;. Since D, is a sublattice of Z%, it induces a partitioning on the
integer lattice. The order of Z°/D; is 2 because all the points contained in =* have
either an even number of odd valued coordinates or an odd number of odd valued

coordinates. Furthermore the two simplest coset representatives can be selected as
o = (0,0,0,0),
¢ = (1,0,0,0).

The minimum distance of D, d2,,(Ds) = 2, since the coordinates of two different
points contained in D, must differ at least at two coordinates by 1 or by 2 at at least
one coordinate. The fundemental volume is also calculated equal to 2 from (2.13).
The lattice gain of D, is then,

w(Ds) = Gon(D) _ 2 _ s in (2.19)

(VDR ~ 2T
If we scale D, to have the same minimum distance as =*, (so that the performance
of constellations in the same), we see that the scaled D, is a denser lattice then
Z%. Thus selecting the signal points from D, represents an 1.51 dB power efficiency

improvement over the ordinary uncoded PAM system. One point that should be kept

in mind is that as the lattice gets denser, the number of nearest neighbours, i.e.,
the number of lattice points located a distance d2, (A) away from a lattice point,
increases. This fact may cause significant degradation from the theoretical power
gain calculations.

2.1.4 Binary Lattices and their Labelings of Partitions

Definition. [nteger lattices (i.e., sublattices of =V in 7V) that contain sublattices

in the format of 2=V in 2" for some integer n are termed binary lattices. The least

28



value for m for which 2™~V is a sublattice of the binary lattice is termed the 2-depth

of the binary lattice. |

Binary lattices are one of the most efficient and commonly used lattices in digital
communications applications because of their high compatibility to the bit-oriented
real world. The densest lattices known in 1,4, 8, 16 and 24 dimensicral space belong
to the class of binary lattices [14].

The lattice R=2 serves as a good example of 2 binary lattice. As we discussed
in the previous section, RZ? is a sublattice of Z2 and therefore an integer lattice,
and it can be partitioned in the cosets of 22° such that the z?/Rz?/22? partition

chain exists. The existence of this chain implies that RZ? contains a sublattice in
the format of 2=, where m = 1. Therefore RZ? is a binary lattice. Clearly, since
29=2 = 72 s not a sublattice of RZ? the 2-depth of RZ2 is 1.

As a consequence of the definition of the binary lattices, we assert that if A a

binary lattice, there exists a partition chain Z¥/A/2™ZV for some integer m. The

order of ZV/2™zV is found to be 2™V, Thus
|2V /2™ = 2V /A] x |A/2m2Y| = 27, (2.20)

Since the two factors in (2.20) are integers, they both have to be 2 power of 2. More
generally, if A and A’ are two binary lattices with 2-depths m and m/, respectively;

and A’ is a sublattice of A, then the following partitionings,

AJA, (2.21)
=V /aj2mzN, (2.22)
VN o™ N, (2.23)
exist. from which we conclude that
“NVIA AN (2.24)

iy
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also exists since 2™ =V is a sublattice of 2*Z" and of 2™ V. Since the order of the

partitions at every step of this chain is a power of 2, the order of A/A’.
|A/A] = 2K, {2.25)
for some integer K.

Lemma 2.4 Let A and A’ be binary lattices where A’ C A, and |A/A'| = 2. There
can be found a sequence of lattices Ag = A, Ay,---. Ag = A’ such that Ag/Ay/ -+ /Ax
is a lattice partition chain and ar very step k of this chain the lattice Ay is divided
into two cosets of Agy, 0 < & € K — 1. Then A has the coset decomposition

A=A+ {Y o}, (2.26)

where a; € {0,1} and {awg, ax € {0,1}} is a set of coset representatives for
[Ae/Aes] 0S k< K =1,

The proof of Lemma 2.4 is given in [14], [15], and is not important to this thesis
so is not repeated bere. '

According to Lemma 2.4 any defined partition of a binary lattice A into the cosets
of another binary lattice A’ can be broken up into K step two-way partitions Ag/Akyr,

0 < £ < K —1; and there is 2 labelling of the coset representatives of the cosets of A
such that

da)= T e (2.27)
0<k<K -1

where a; represents the k** coordinate of the vector @, and gx is an element of Ag
but not Ar4; such that axge { ax € {0,1} ) and g, are the two elements of the coset
representative set corresponding to Ag/Ak4 partitioning.

The described partition chain of binary lattices can be more easily understood by
a tree diagram as shown in Fig. 2.9. At every level &, the coset representatives are
actually the linear combinations of the gq, g1, - -, 9 nonzero coset representatives of
the Ag/A1, Ay /A2, -, Ag/Aisy partitionings.
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/\ +9 AO+ 9 Ao"' 94+ 9

Figure 2.9: Ungerboeck labeling hy partition tree.

This way of labeling of A/A’ binary lattice partition has a unique result: If A
and )Xo are two points in A, which reside in two different cosets of A’, and have labels
which agree in their first { bits, but not in ({ + 1)** bit, then the squared distance
between X, and A: is at least d2, (AL).

Suppose we are asked to partition =2 into the cosets of 2R=*. We can easily show
that both lattices are binary lattices, which enables as to use the labeling method dis-
cussed earlier. We can break the =2/2Rz? partition into Z2/Rz2, Rz?/22?, 222 /2R 22
partitions with nonzero coset representatives go = (1,0),41 = (1,1),92 = (-2,0),
respectively. The 8 coset representatives of Z°/2RZ? ¢(@) = ¢(ag, a1, a2) are the linear

combinations of go, g1, -+, g such that

¢(0,0,0) = 0go+0g; +0g2=( 0,0)
¢(0,0,1) = 0go +0g + 1g2 = (—2,0)
c(0,1,0) = 0go+1g1 +0g2=( 1,1)
c(0,1,1) = Ogo+ 1lg; + 1g = (~1,1)
¢(1,0.0) = lgo-+0g; +0g2=( 1,0)
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e(1,0,1) = lgo +0g; + 1ga = (~1.0)
e, 1,0) = lgg+1lqi+0g=( 2.1)
C(l, 1, 1) = lgg+1g +1lga=( 0, l)

2.1.5 Examples for Decomposition of Binary Lattices

In this section we will illustrate the relation between mod-2 binary lattices and binary
block codes and show how to construct these lattices using binary block codes.
Definition. A mod-2 lattice is a binary lattice whose 2-depth is 1. This implies that -

2z is a sublattice of all mod-2 binary lattices. 1

Lemr.:a 2.5 If A is a binary mod-2 lattice, then there exist a coset representative
set corresponding to the V¥ /A partition, where each coset representative & of the

coset of /. is binary, i.e. N tuple of zeros and ones.

Proof: Consider the lattice 2=" which is a sublattice of the binary mod-2 lattice
A. 2zV is the collection of all the N-tuples with all even valued coordinates. If X,
and X; are two vectors contained in the same coset of 22" then the coordinates of the
difference vector A 1 — X2 will also consists of all even valued coordinates; conversely,
if the difference vector X, — Ao of two vectors ) and X2 in =V forms an N-tuple
with all even valued numbers then X, and Xo are in the same coset of 2ZV. For
example X = (3,2,1,6) and do = (1,4,5,6) are in the same coset of 2ZV since
X=X = (2,-2, —4,0) consists of all even valued coordinates. Consequently a coset
of 2ZV consists of points whose corresponding coordinates are congruent to each
other modulo-2. The equivalence classes of modulo-2 arithmetic can be represented
by “zero” or “one”. If X is any element of a coset of Z¥ then simply by replacing
every coordinate of X by its equivalent “0” or *1” in modulo-2, we can find a new
point with all binary coordinates in the same coset of 2=V as X. B;r letting this birtary
vector represent the coset, and by repeating this procedure for all the cosets of 22V

we can construct an all binary vector set for [ZV/2ZV]. Also, every coset ot A will be:
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2 collection of some number of cosets of 2=V, since 22¥ is a sublattice of A. Therefore
the cosets of A will contain some number of binary coset representatives of the cosets
of 222. By selecting one of these binary elements as the representative of the coset of
A, we can construct [2V/A] from all binary vectors.

Definition. An (n,k) binary linear block code is the set of 2* binary code words
of length n, which form a k-dimensional subspace of the vector space of all binary
length n words over the field GF(2). Every codeword c(a) can be expressed as a

linear combination of k linearly independent codewords g;'s such that

k=1
cla) =Y aw (2.28)
=0

where @ = (@o,@1,-,0x-1) is the k tuple information word and a; € {0,1} for
o<i<k-1.1

Lemma 2.6 A N-dimensional real lattice A is a mod-2 binary lattice if and only if it
is the set of all integer N-tuples that are congruent modulo-2 to one of the codewords
¢(a) in a linear binary (n, k) block code C, where V = n. The minimum distance of
A &, (A) = min{4,dy(C)}, where dy(C) is the minimum Hamming distance of the
block code C.

Proof. Assuming that A is a binary mod-2 lattice,|A/222| = 2¥ for some integer
K while |Z¥/2zV| = 27, By Lemma 2.4, the A/2=" partition can be broken up into
a partition chain, where every lattice in this chain is 2 binary mod-2 lattice. Again

by Lemma 2.4 A has a coset decomposition

A =20 {3 ange} (2.29)

where a; € {0, 1}, and g is the nonzero coset representative of every step partition of
the partition chain as described in Lemma 2.4. Lemma 2.5 enables us to select all gi’s
from within the N-tuple binary vector set. Since every vector in 22V is congruent to

0, according to (2.29) A is congruent to {T axge} modulo-2, where it is a linear (N, X)
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block code. Conversely. if {& aigi} is such a code. then the set of all integer V-tuples
that are congruent modulo-2 to codewords of the block code is clearly a lattice, with
2Z" as a sublattice. The Hamming distance dy(C) of the code C reveals that every
codeword is different at least at dy(C) digits from other codewords. Therefore every
N-tuple in A differs at least at dy(C) digits by 1 or at one digit by 2 from any other
point in A. Consequently, the minimum squared distance d5, () = min{dy(C). 4}.
A mod-2 binary lattice A is the union of 2% cosets of 2=V out of 2% available such
cosets in Z¥. According to this fact and the discussions on partitioning and labelling
of binary lattices, a binary mod-2 lattice can be constructed from the cosets of 2=V
as shown ir Fig2.10. A K-tuple information word enters into a block code, whose 24
codewords are the labels of the coset representatives of the 2¥ cosets of 2=¥ which

are contained in the binary mod-2 lattice that we wish to construct.

. . Caset, selector
k uncoded bits |Binary block| 5 oded bits

N-1
encoder for : elh) = b
(@ 1@, v 10, ) o @b b O =X gk

K N
One of the 2 cosets of2 Z
is selected

Figure 2.10: Illustration of modulo-2 binary lattice as union of 2% cosets of 22V,

As we see, binary mod-2 lattices and binary block codes with a minimum Hamming
distance less than or equal to four are isomorphic. In fact, binary block codes with
greater Hamming distances are isomorphic to other lattices such as Reed-Muller code
to the Gosset lattice Eg [22]. Considering the lattice codes such as in Fig. 2.10, the
binary block encoder does not introduce redundancy between the signal points in the

output signal sequence; therefore this nonredundant transmission is only reluctantly
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termed a “code” by some mathematicians (22]. Nevertheless, for engineers a lattice
“code” is very useful for improving the power efficiency of transmission over uncoded

ordinary PAM transmission on Gaussian channels.

2.2 Trellis Codes

Trellis codes form a subclass of coset codes C (A/A',C), generated by the system
shown in Fig. 2.4, where C represents 2 binary convolutional code [31]. Usually, A
and A’ are selected from the class of binary lattices because of the suitability in the
bit oriented real world. Basically, 2 trellis code can be taken as the combination of a
binary convolutional code and a mapping function defined from the output words of
the convolutional encoder to the coset representatives of A'in A.

Convolutional codes are time-invariant codes, as are trellis codes. Trellis codes,
however are not necessarily linear, while convolutional codes are always linear. The
linearity of a trellis code depends on the linearit;’ of the mapping function utilized.
In the following sections of this thesis, only linear trellis codes will be considered.
According to Fig. 2.4, at every signalling interval, for every k-tuple information word,
the convolutional encoder generates a (k +7)-tuple binary codeword @. Each of these
ok+r codewords are mapped into one of the 25+ coset representatives c(Z) of the cosets
of A’ in A. Finally the uncoded n— k bits determine the signal point within the coset
represented by ¢(&) to be transmitted over the channel. A trellis code C(A/A/,C)
therefore consists of the sequences of elements of A that are congruent to some coset
representative sequence (c(@esr): c(@es2), - - ) modulo A', where ei1, 2" is a le-
gitimate code sequence of C, i.e., a binary word sequence that can be generated at the
output of a convolutional encoder.

A trellis diagram for a 2%-state, rate-k/(k + ) convolutional code is an extended
state transition diagram for the encoder that generates C. For each symbol interval
the diagram has 2" nodes representing each possible state of the encoder. The nodes of

the consecutive time intervals are connected to each other by branches if the encoder
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may change its staie from that corresponding to the first node to state corresponding
to the second node. Since there are 2* possible inputs and hence 2% possible preceding
or following states, there are 2* branches leaving and entering each node and each
branch can be labeled with the (k + 7)-tuple @ that represents the encoder output
associated with the state transition. By replacing the labels @ of the branches of the
trellis diagram of the convolutional code C with the corresponding coset representative
¢(@), the trellis diagram for the trellis code is obtained.

For example, a trellis code can be designed by using a convolutional encoder
such that the generator matrix of the code is given as G = [I + D* 1 + D + D3,
Together with this code, the Z*/2z2 partition characterizes the trellis code whase
block diagram is given in Fig. 2.11. As seca before, the T%/2Z° partition may be
composed into two way partitions such as Z2/RZ® and R=?/2=2, which allows one to

utilize a binary labelling method. Let go = {1,0) and ¢; = (1, 1) be the nonzero coset

input

bits

one of the 4
cosetsof 22 2
is selected

Figure 2.11: An encoder for (Z2/222, C) trellis cod-, where C is characterized by its
generator matrix G=[1+ D* | + D+ D?. -~
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representatives of =2/R=* and RZ%/2-° partitions, respectively. The resultant four

coset representatives c(d@) = c(ag,a;) can be written as

¢(a0, 1) = Gogo + 2191 | (2.30)

Finally, Fig. 2.12 illustrates the trellis diagram of the designed trellis code aiong with

the trellis diagram of the convolutional code used used in the trellis code.

00 00

“%/

J\

11

Figure 2.12: Trellis diagram of the convolutional code C and that of the trellis code
C(z?/2z2,C).

In a trellis code C(A/A’, C), A can simply be the integer lattice V. In this case the
reduction in power requirements for transmission compared to uncoded ordinary PAM
transmission is obtained by introducing redundancy between successive symbols in
the output symbol sequence. This gain is the coding gain v.(2V /A, C) of the trellis
code. If any lattice other then ZV is utilized as A, an additional gain is obtained
due to selecting the signal points within a denser structure. In the previous section,
we defined this additional gain as lattice gain 7;(A). Consequently, the total gain
obtained by the trellis code C{A/A’, C) is the product of these two separate gains:

il AN, C) = 7(ZV /A, Chu(A), (2.31)
where the coding gain of the trellis code is

d=N a0 o) = _Gimn{coded) {V(RBuncoed) 2/N
(=" /N, C) = d;-’"in(uncoded) ( V(RB.mded) ) :

(2.32)
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assuming that for both coded and uncoded transmission (the coded transmission is a
coset trellis code, and the uncoded transmission is the case where the convolutional
encoder in Fig. 2.4 is absent so that the information bits are directly mapped to the
coset representatives of the 2* cosets of A’), signal constellations (i.e., the domain of
the channel symbols) are bounded by the regions R g coded 30d R uncoded With the same
shape. Coding introduces redundancy into the transmission, and therefore causes a
decrease in the amount of actual information transmitted. The decrease in the infor-
mation transmitted can be compensatedfor by an expansion in signal constellation.
The ratio V(R g coded)/V (RB,uncoced) represents the constellation expansion ratio due
to coding, and is approximately equal to 27, where r is the number of redundant
bits introduced into the system by the convolutional encoder. The minimum squared
distance dZ;,(uncoded) is simply the separation of the signal points in the lattice
A, d%;,(uncoded) = d3,, (A); &3, (coded) represents the minimum squared Euclidean
distance between the output symbol sequences of the trellis code, and determined by
the minimum squared distance d2;,(A"), and by the method of selecting the cosets.
Before we give its formal definition we introduce two new concepts:

Definition. The norm of a coset is the minimum norm of the points contained in
that coset. I

Definition. The minimum distance between sequences is the summation of the dif-

ferences of the norms of the two corresponding elements in each sequence. i

The minimurn squared distance of the output sequences of a trellis code
diin(coded) £ min [d2,,(A), IM(D) = 2(D)IF] (233)

where ||\ (D) — A2(D)||? is the minimum squared distance between two distinct paths
AM(D) and A2(D), starting and ending in a common state. The elements of A (D)
and Az(D) are the cosets of A'.

Let’s calculate the minimum distance 2, , (coded) of the trellis code designed in the
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previous example. The norms of the four cosets of 222 in Z%, the coset representatives
and the assignment of the output words of the convolutional encoder to each coset

are presented in Table 2.1.

Table 2.1: Coset representatives names aad norms of the four cosets of 222 in =2,

ao, a; | coset rep. c(a) | sym. of cosets | N|coset] |-
0,0 (0.0) A 0
0,1 (1,1) B 2
1,0 (1,0) C 1
1,1 (2,1) D 1

Fig. 2.13 illustrates two typical paths with a distance between them equal to
4. (coded), and also shows the elements of the coset representatives by illustrating

the four cosets of 2=2. The minimum distance of the coded transmission
1A(D) = Xa(DYI? = N([2,1] - N[0,0] + N[1,1] — N[0,0] + N[2,1] - N[0,0] = 4.

Also the mirimum squared distance of lattice 22° is d2,,(27%) = 4. Therefore the

minimum distance of the trellis code is

d2,.(coded) = minf4, 4] = 4

In this example une of the paths shown in Fig. 2.13 just happened to be the all
zero path. As for convolutional codes, if the distribution of the distances from a
given code sequence to all other code sequences does not depend on the given code
sequence, then d2;, (coded) is the minimum squared distance from the ali-zero code
sequence to any other code sequence. Such codes are called distance invarient codes
[14].

Having defined the components of the total coding gain, from (2.31),(2.32) and
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Nf0,0]=0 _N[0,01=0_.\0.0]=0_
,~ o)

coset
rep.
set

Figure 2.13: Paths apart at d?,,{coded) and the coset representatives of the cosets of
272, where each letter denotes different coset.

(2.17), it is found that

2 2 . ‘/. - 2N
Yer (AN, C) = ".fz(.t\)“fc(:'\’/.*\'. C)= d:mn (\) dain(coded) ( (R, °°d°d)) (2.34)

V(AN &7 (uncoded) \ V(Rpcoded)
since
o o V(RB codcd) =
d-. ded) = d; . (A and —_— = 2.3
Pn(uncoded) =, (1) and oo sem) (2.35)
A/, C) = Fminlcoded) ()" (2.36)

V{A)¥N
In the previous example the signal points were originally selected within the integer
lattice; therefore V(A) = V() = 1, and the minimum distance due to coding is
d2;.(coded) = 4; the corresponding coding gain vields

2

'}'c';(:'.. /2.:. , C) = 12,2

(27)* =2=3dB.
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Chapter 3

THE NOTION OF SHAPING

Many cuding schemes have been introduced throughout the evolution of telecom-
munications which allow better information transmission over bandlimited channels.
Coset codes, i.e., lattice codes and trellis codes, attracted much interest as they could

provide high code rates coupled with good performance. As mentioned earlier, it was

Table 3.1: The coding gain of the best known lattice codes in 2V for various dimen-

sions .

N (dimension) | %(A) || V (dimension) | v (A) (dB)
1 0.00 16 4.52
2 0.62 17 4.60
3 1.00 18 4.75
4 1.531 19 4.91
3 1.81 20 5.11
6 2.21 21 5.30
7 2.58 22 5.53
8 3.01 23 3.7
9 3.01 24 6.02
10 3.16 32 6.02
11 3.38 36 6.19
12 3.63 40 6.62
13 3.78 48 7.78
14 3.96 64 8.09
15 4.21
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proven that lattice codes could bridge the gap between the performance of ordinary
uncoded PAM and the channel capacity, as shown in Table 3.1. This table lists the
lattice gain, as given by (2.17), of the most power efficient lattice codes discovered
so far in ®V for different dimensi~as [13]. A modest 3 dB gain requires a signal con-
stellation based on 2 lattice in 8 dimensional space. In order to obtain 6 dB gain.
the number of dimensions of the vector space. where the lattice is constructed in-
creases rapidly to 24. Beyond 3 dB of gain, obtained by using a 20 dimensional signal
constellation, a doubling of the number of dimensions is necessary for every 1.5 dB
increase in power gain. Unfortunately, as the number of dimensions increases, the
decoding task of the lattice becomes so complicated that it negates the attractiveness
of the lattice codes. Similarly, lattice based trellis codes can achieve up to 6.22 dB
total power gain [14] over oi-dinar_v uncoded PAM systems. However, it is shown in
{14] that taking complexity into account at a fixed error rate, after the initial 3-4 dB
of gain, the effective coding gain increases only 0.4 dB. if the complexity is doubled.
( By effective coding gain we mean the total coding gain decreased by an error coeffi-
cient factor which is proportional to the number of nearest neighbors in the lattice on
which the trellis code is based, since an increase in the number of nearest neighbors
Increases the possibility of error events). In other words, finding denser constellations
in 2V (as for lattice codes), or adding more redundancy between the following signal
points in the output symbol sequence (as for trellis codes), is of little help after a
certain gain is achieved.

Still, there is another factor that has an impact on the power gain of the trans-
mission system. This is the shape of the boundary region Rp that covers the finite
portion of the lattice used as the signal constellation. For example, Fig. 3.1 illustrates
two signal constellations which are bounded by circular and square shaped regions.
Each constellation is assumed to be large enough so that we can use the continuous
approximaticn method to calculate the normalized average power of these two signal
constellations (in fact all the calculations stated in th:s chapter will be based on large

consteilations unless otherwise stated. where the normalized average power is calcu-
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Figure 3.1: Illustration of a square shaped and a circular shaped constellation in &2
with equal sizes.

lated by the continuous approximation method). Clearly, both regions have the same
volume so that the number of signal points in both constellations is equal, resulting
in an equal amount of information carried by each symbol from both constellations.
According to the calculations performed in Appendix D, it has been found that the
. circular constellation requires 0.2 dB less power than the square shaped constellation.

The improvement in power efficiency of the boundary region with any shape, over
that of the cubic shaped boundary region in N dimensional space is termed the shape
gain 7s(Rg) of Rg. The best boundary regions in terms of shape gain are always
spherically shaped. As the number of dimensions N increases, the maximum shape
gain achievable with any boundary region Rg in BY increases, reaching 1.53 dB as
N becomes arbitrarily large (see Appendix B). Therefore, after achieving the first
3-4 dB gain by using coset codes it may become more attractive to use additional
computational complexity in shaping rather than in complex coding when seeking to
achieve the best possible performance.

Multidimensional and nonequiprobable signalling are the two principal methods

that are used to achieve a significant shape gain for a given constellation. In the
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remainder of this chapter. we will discuss both of these methods in detail.

3.1 Multidimensional Constellations

Transmission systems utilizing signal constellations based on multidimensional Lat-
tices can achieve higher power efficiency than ordinary uncoded PAM. This is partly
due to the fact that dense signal point packings can be found in multidimensional
space, and partly due to the increase in potential shape gain 7,{Rgz) of the bound-
ary region Rz as the number of dimensions increases (Appendix B). Table 3.2
summarizes the maximum potential shape gain obtainable in N-dimensional space.
Regardless of the number of dimensions, the maximum shape gain is achieved only
with spherically shaped signal constellations.

Table 3.2: Energy savings of N-dimensional spherical constellations compared to
cubic constellations,

N (dimension) | v,(Rz)
2 0.20
4 0.45
8 0.73
16 0.98
24 1.10
32 1.17
48 1.26
64 1.31

Since large coding and shape gain is achievable in high multidimensional vector
space, multidimensional constellations attracted significant attention among commu.
nications engineers. In an N-dimensional space, a signal point is represented by an
N-tuple vector £ = (z;,22,---,zx). This vector can be expressed equivalently by
N/n n-tuple vectors

Ly = (z),%2, -, Zn)
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r = (znd-hzn-i-'.h'“»x‘ln)

5

fi\’/ﬂ. = (I.‘V-n-t-lvx;\’—n-é-'zw =t 1IN) (3'1)

and T = (£, Ta, -+, Zn/n). assuming that N is a multiple of n. Considering a sig-
nal constellation € in ®~; by expressing each point in € by corresponding N/n
n-tuples, we construct N/n n-dimensional signal constellation. Every such constel-
lation is termed a constituent n-dimensional constellation induced by NV-dimensional
C. Geometrically, every n-dimensional constituent constellation is a projection of C
into that n-dimensional space. Depending on the constellation, C, N/n constituent
constellations can be different from each other. In reality, multidimensional signal
space can be realized by using two space orthogonal electric field polarizations to
communicate on the same carrier {requency. Therefore an N-dimensional signal con-
stellation € is usually divided into its V/2 constituent two dimensional consteliations,
and every symbol in C is regarded as N/2 consecutive symbols from each of the N/2
constituent constellation induced by €. For practical reasons ( in order to utilize the
same constellation for consecutive N/2 signalling interval), all of the N/2 constituent
constellations are usually assumed to be identical. Throughout this thesis, we will
thus denote all the constituent two dimensional constellations simply by Cs. For ex-
ample, in four dimensions a signal point is marked as (z,, 22, 23, 2¢). The coordinates
of the corresponding points in the 2D constituent constellation are then (z,,2,) and
(T3,%s). Another important modulation scheme corresponds to dividing C in BV,
into NV l-dimensional constituent constellations, denoted by ¢\, and induced by C.
Returning to 2-dimensional signalling, the N/2 2-dimensional symbols are trans-
mitted one after another over the channel in N/2 consecutive symbol intervals. Clearly,
each 2-dimensional symbol conveys 8 = 2b/N bits of information, where £ is termed
the normalized bit rate. An N-dimensional signal constellation C which is designed to
transmit b bits/symbol informazion must contain Qa = 2° signal points, and € must

be a subset of the Cartesian product of its constituent 2-dimensional constellation C»



with itself A'/2 times. Hence the number of points in € should be
Qe < (0a)" (3.2
Equivalently, for a given Qs = 2° = 262 (3.2) vields
93N2 < (Qéc)'v"'e = 2 < Q4. (3.3)

In general it is desired that the constituent 2-dimensional constellation be as small as
possible, vielding an equality in (3.2); but this is normally not the case and Qe
is strictly greater than 2°. This is termed the constellalion erpansion of the 2-
dimensional constituent constellations induced by C. and is characterized by the
constellation expension ratio (CER) defined as

Ay A Qf:‘: ‘QC:-".- Y
CERQ(C) = '.'.’_/:\’ = ?—. (3-1)
‘c

Clearly, the lower bound for CERa(C) is 1. Furthermore. the CER of €, induced
by C is defined as

Q.

OR/N'
e

[3

CERA(C)

(3.5)

To demonstrate the constellation expansion due to dividing the multidimensional
constellation into its constituent constellations in fewer dimensions, we select a two
dimensional constellation C from =2 + (4, 3). a translate of the integer lattice Z2.
Now, determine its 1-dimensional constituent constellation C,. Fig. 3.2 illustrates C
and C;.

There are 12 signal points in €, whereas ¢ ; contains 4 points. By using (3.3), the

constellation expansion ratio of C; is found as
CER](C) = Taas = 1.15. ('36)

The suitability of a signal constellation for information transmission mainly de-

pends on two factors. The first one is the minimum separation between the signal
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Figure 3.2: (2): A 12-point two-dimensional constellation C: (b): corresponding
constituent one-dimensional constellation C,.

points contained in the constellation, and denoted by d2,,(C). The second factor is
the average signal energy P.,(C), which is defined as the average energy of signal
points in € in N-dimensional signal space, normalized to two dimensions so that

Pu(€) 2 2 E {iizl?}. (3.7

For a given normalized bit rate 3, the efficiency of the constellation C is increases
as d2,.(C) increases and P,.(C) decreases. Therefore a general constellation figure of
merit (CFM) can be defined as:
d?n‘m(é)

~ A
CFU(C) & P

(3.8)

Note that if all points in a signal constellation C were scaled by some factor r
to produce a new constellation C,, then we would find d2,(C,) = #?d2 . (C) and
P.o(C)) = P, (C) so that CFM(C,) = CFM{C). Thus to evaluate CFM(C), we

could just as easily evaluate it for a scaled version of €. It is customary to always
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consider the scaled version of a constellation for which d2,,(C,) = 1. referred to as a
normalized version of C.

It is usual to state the value of CFM(C) in comparison to that of the cubic
constellation from the integer lattice =V, which we label Cg. Recall that d2,,(Cs) =
& (=) = 1. The CFM(Cp) of Gy in 2V for any NV has been shown in [18] to be

given by
CFM(Cs) = = (3.9)

where 3 is the normalized bit rate defined previously.

The ratio of normalized peak signal energy in the constituent 2-dimensional con-
stellation C, to the normalized average signal energy P,,(C) of C is defined as peak to
average energy ratio of C and is denoted by PARs(C). PAR can also be measured as
the ratio of the normalized peak signal energy in C to the normalized average signal
energy Pa,(€). In this case it would be denoted by PARN(C).

Both CER,(C) and PAR,(C) are very important characteristics of a signal con-
stellation, and we would like both of them to be as small as possible. This is partic-
ularly true when impairments other than additive Gaussian noise (such as linear or
nonlinear distortion, or phase jitter) are also present. Such impairments are important
in voiceband data transmission, [17)].

For example, any N-dimensional cubic constellation C, where NV is assumed to be
even, can be considered as an N/2 fold Cartesian product of two-dimensional square
constellation. Since the normalized average power of the Cartesian product of one set
of points with itself is the same as the normalized average power of the set itself, we
define the normalized average power of an N-dimensional cubic constellation to be
equal to that of a 2-dimensional square constellation, which for lurge constellations
is calculated to be Py, (C) = a2/6 (Appendix D), where @ denotes the length of one

side of the square. The peak signal energy in the constituent counstellation, which is
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also a square constellation. induced by C is found as a2, vielding
q ) ) 2

PARNC) = = =3, (3.10)

ﬁle:l"ﬁ:

A general method of constructing an NV-dimensional signal constellation € is to
take the signal points from some .V-dimensional lattice A (or from a transiate of A
which is A + € ) that lie within some region Rg, termed the boundary region, in
N-dimensional signal space. The region Rg should be large enough to enclose the
desired number of signal points; we require Qz = 2° points to transmit b bits per N
dimensional symbol.

For large constellations, the volume of the boundary region V(Rpg) is approxi-
mately equal to the product of the number of points enclosed by Rg. and the fun-
damental volume of the lattice .\ from which the signal points are selected. Conse-

quently, for larger and larger constellations,

_ V(Rg) A
Q= _V(.g\.) . (3.11)
Since d2,,,(C) = d2,,(A), we found that
= aun(C) _ dan(0)
CFM(C)= G o 3.12
Pu(C)  PulO) 312
Thus the ratio of the CFM(C) to the CFM(C*B\ is
~ o8
CFM(CB) Pm,(C') 6

Since Qg = 2° = 2°¥/2, when we transmit b bits per NV dimensional symbol we have
from (3.11)

2/N
o9 = (——‘(/((}E)) . (3.19)

Replacing 2° in (3.13) then vields

CFM(C) ( &2, () ) (V(Re)™™
CEM(Cy) ~ \(V(A)YY/ \ 6Pu(C) |
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The ratio above gives the power efficiency of the constellation C relative to the baseline
constellation Cp. The first factor of the product in (3.13) is the lattice gain defined

in Chapter 2:

w(a) = Sl (2 16)
(26
The second factor of (3.13) is the shape gain:
V(Rg))*" -
©iney = IS -

Thus the power efficiency of a constellation C is separated into two parts, the lattice

gain of the lattice on which C is based, and the shape gain of Rp which encloses C.

Components of the Constellation Expansion Ratio CER:(C')

Assuming that € is a signal constellation in Y and C, is the constituent 2-dimension-
al constellation induced by C, C» will be a finite portion of a two dimensional lattice
A2, where A» is a projected version of the lattice A, on which C is based, onto B2
Let Rg» denote the boundary region of the 2-dimensional constituent constellation

Ca, then the number of signal points in C» can be written as

__ V(Raa)
S0 T V(!\z) ) (3‘18)
and the number of signal points in Cis already known to be given by
_ V{(Rpg)
Qz = 7o) (3.19)
By using (3.4}, we find
[ V(Rs2) \ _ ((V(A) .
CER:(C) = (V(Rg)'-’/“') x ( V) ) (3.20)

Here again, we were able to separate the effect of shaping and coding on the con-
stellation expansion. where the constellation expansion ratio of A due to coding is
defined as

a V(AP

_ CER.2(\) ViAg)

(3.21)
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and the constellation expansion ratio of Rg due to shaping is

V(Rga)

CER.2(Rg) = VR

(3.22

Components of the Peak to Average Energy Ratio PAR(C)

The definition of PAR,(C) given before can be formulated as
2y _ Toax(Ra2) o
PARy(C) = = 3.23
2(C) Pl (3.23)
where v (Rp2) denotes the peak energy of the points in the constituent 20 con-
stellation C> bounded by Rg.a. Similarly, the peak to average energy ratio of the

constituent 2.0 constellation is

PARy(Gy) = Tmax{RB2). (3.24)
Paut(:'.‘.)
¥rom (3.17), the shape gain of Ry, is
(V(Rg2))*"™ 3 5
(Rga) = ~—m—tr | 32
¥s(Rg,2) 6P..(Co) (3.25)
Substituting (3.17), (3.24) and (3.25) into (3.23) yields
: V(Rz) 1(Ra)6
P,‘lR‘_) C = P’{Rﬂ C_ [
( ) ( )6‘-’ (RB"’) ( (RB)-/N
= ( 2) fs(RB)
= PARQ Cg )
(€2) V(Rg)*" 7(Ra,2)
= PARy(Cy)CER,a(Rp) 208 (3.26)

'fs(RBQ)
Equation (3.26) reveals that the peak to average power ratio in two dimensions is
product of the peak to average ratio of the constituent 20 constellation, the constel-
lation expansion ratio of the boundary region R and the improvement in shape gain
resulting from the use of higher dimensional constellations. Since the latter factor is
the factor we would like to increase, (3.26) suggests that we choose a boundary region
Rg with a small constellation expansion ratio and with a good peak to average power

ratio for its constituent 20 constellation.
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Comparison of Shape Gain with PAR and CER

The following table shows the shape gain, constellation expansion ratio and peak to
average power ratio of N dimensional constellations C with spherical boundary region

®n. The results here are based on the calculations given in Appendix B.

Table 3.3: Shape gains. constellation expansion ratios and peak to average energy
ratios of NV spheres.

N | 7(8x) (dB) | CER,2(8y) | PARNC)
2 0.2 1.000 2
4 0.46 1.414 3
8 0.73 2.213 5
12 0.88 2.994 T
16 0.98 3.764 9
24 1.10 5.289 13
32 1.17 6.800 17

Note that PAR,(C) increases rapidly; only when N = 4 is the PAR of the spheri-
cal constellation the same as the PAR of the cubic constellation. The second column
in Table 3.3 shows the maximum obtainable shaping gain in N dimensional space
by equiprobable signalling, i.e., when every signal point ic the signal constellation is
equally likely to be selected. A circular shaped constellation has 0.2 dB power effi-
ciency over a square shaped constellation in 2 dimensional space, and by increasing
the number of dimensions of the signal spéce to 16, we can obtain almost 1 dB of

shape gain.

3.1.1 Voronoi Constellations

A Voronoi constellation is a multidimensional constellation based on the lattice par-
tition A/A’. where A’ is 2 sublattice of A. Basically. this constellation is the set of
minimum norm coset representatives of [A/\'| cosets of A’. In [19] these constellations

are thoroughly investigated. and the methods used to construct them are described.
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This discussion will not be repeated here. Voronoi constellations have most of the
desirable attributes, and they can achieve significantly higher shape gains than any
other multidimensional constellations considered earlier, but at the cost of somewhat
larger constellation expansion and peak to average energy ratios. Another problem
with this method is that the complexity of addressing the signal points is governed by

the complexity of decoding the lattice. Decoding such 2 lattice can be quite complex.

3.2 Nonequiprobable Signalling

In the previous section it is shown that equiprobable multidimensional constellations
can achieve a shape gain of up to 1.53 dB as the number of dimensions becomes
arbitrarily large. In practice, 1o construct a spherical shaped constellation in mul-
tidimensional signal space is a very difficult task since the addressing of the output
symbols of the encoder to the individual signal points in the constellation becomes
arduous when the number of dimensions of the signal space increases. Fortunately,
nonequiprobable signalling, as discussed shortly, is 2 method to approximate the
shape of a multidimensional constellation in relatively lower dimensions to achieve
high shape gain without suffering the complexity of working in multidimensional sig-
nal spaces.

Previously, it was shown that an V-dimensional constellation could be realized
as a subset of the Cartesian product of its N/2 2-dimensional constituent constella-
tions, assuming that NV is even. Equally, we might reverse this idea and construct a
2M-Zmensional constellation from considering linking 2-dimensional constellations.
The question in considering such an approach is how to select or construct such 2-
dimensional constellations C» so that the resulting N-dimensional constellation €
would have the properties of a spherically shaped constellation.

So far, it has been assumed that the signal points in a multidimensional constel-
lation € are uniformly distributed, meaning that every point is equally likely to be

transmitted. However the probabilicy distribution of the points in C» will not be
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uniform unless € is exactly the Cartesian product of N/2 times of C, with itself. As-
suming that. G, induced by spherically shaped C is sufficiently large that the selection
a point in C» by the encoder is adequately approximated as the selection of a point
in Ry according to a continuous 2-dimensional density function p(Z), it has becn
shown [18] that as N becomes arbitrarily large, the density function p(Z) approaches
that of a truncated Gaussian distribution:

p() ~ — - exp{=|EI?/20%}  for & Ran, (3.27)
(2me?)

for some scaling factor k, slightly larger than 1, where o* corresponds to the variance
of each dimension of the constellation. Also the boundary region Rg2 has been found
to be spherically shaped. The entropy per two dimensions is calculated by using
continuous distribution function as :

H(C) =

ZeRg

() log, p(T) dT ~ log, 2mes®. (3.28)

Then the average signal enersy of C» is calculated to be

PulC) = [, o PENEP dE ~ 27 3.29)

B,

A cubic shaped equiprobable signal constellation Cg in N dimensional space would
have a square shaped constituent 2-dimensional constellation C‘a,g, where the distri-
bution probability on points is uniform; therefore comparing C» with a square shaped
equiprobable constellation with the same entropy as H (C‘g) is equivalent to compar-
ing C with the cubic shaped constellation in N-dimensional space in terms of power
éﬁiciency. The average signal energy of C':'B_z with an entropy equal to -H (ég) is found
as

28 we
6 6

L]
I8,

P.(Cg2) = (3.30)

The improvement in the power efficiency of the nonequiprobable constituent 2-di-

mensional constellation C» over equiprobable baseline constellation C‘B,g is termed
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the total shape gain of €, which is found to be

P.(Csa) _ 2me0®/6 e
Po(Co) 202 6

(o) = = 1.53 dB. (3.31)

The total shape gain partially depends on the nonuniform distribution of points in Cs
and partiaily depends on the boundary region Rg». The first component of the total
shape gain is termed as the biasing gain. The latter component was already defined
as the shape gain v,(Rp2). Consequently, the total shape gain can be expressed in
general as

%(C) = %(C) x %(Rg), | (3.32)

where € denotes a nonequiprobable signal constellation, Rg is the region that encloses
C. and %(C ) denotes the biasing gain of C due to nonuniform distribution of points.
The concept of biasing gain will be discussed more deeply in the following section.

As we see in (3.31) the same shape gain which is obtained by spherical constellation
In very large dimensional sigi.al space can also be obtained by two dimensional signal
constellations where the distribution of points approaches that of a truncated Gaus-
sian distribution. Note that the ultimate shape gain 1.53 dB can never be obtained
either by spherical constellations (construction of infinite dimensional signal constel-
lations is impossible.), or by nonequiprobable 2-dimensional constellations since the
actual discrete distribution function p, on points i € Ca can never be truly approx-
imated by the continuous distribution p(z) no matter how large the constellation
is.

Still, many algorithms have been suggested in the literature to construct nonequi-
probable constellations in order to obtain high shape gains in low dimensional signal
spaces, without being bothered by the hard addressing problem of the signal points
in high dimensional spaces. One of these methods was suggested by Calderbank &
Ozarow [2]. and is called the Calderbank & Ozarow (CO) method. Another was
suggested by D. Forney {3], and called as trellis shaping. In the rest of this chaper,

we will describe these methods,



3.2.1 The Calderbank & Ozarow Method

The Calderbank & Ozarow method of generating nonequiprobable signalling is based
on partitioning an N dimensional signal space into G subconstellations ¢, with
increasing average power as 7 increases for 0 < ¢ £ G — 1. Calderbank and Ozarow
[21] proposed subconstellations with an equal number of points without claiming that
this is necessarily optimum. Each subconstellation is selected with different frequency
fi, while the signal points in the same subconstellation are equally likely to be selected.
The case where all f; are equal corresponds to equiprobable signalling where all points
in the constellation are equally probable to be selected. Livingston [20] demonstrated
later that by using subconstellations with different sizes but with equal frequencies
such that fo = fi = --+ = fgo-1, also leads to nonequiprobable signalling, and yields
the same gain as the CO method with even fewer subregions.

The partitioning of the signal constellation C is done as follows: A region R is

selected within ®V; thereafter by scaling Ry the following nested sequence is obtained:

Fo = o
R = oy
Reoi = ago R, (3.33)

where Rg_; is equal to the boundary region Rg of C. The sequence of R;’s allows us

to divide C into subconstellations C°% !, .-, C%~! according to the rule

C'°=C'HR0 and

o CN{R, ~R._;) for 1<i<CG-1. (3.34)

Since each boundary region is a scaled version of the center boundary region Ry,

the volume contained in thesc regions are also scaled such that
V(R) = kRo. (335)
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Figure 3.3: Decomposition of a two-dimensional constellation C inte its subconstel-
lations C°,C1,.-.,CC-1.

Making a continuous approximation we see that

Qr, = kiQr,, (3.36)
Pu(Re) = KV Ry, (3:37)

where Qp; denotes the number of signal points enclosed by the region R,, P, (R,) is
the normalized average signal energy of the points contained in R;, and P, denotes the
average energy of the points within the subconstellation €? such that £, = Py (Ro).
The normalized average signal energy P, of C* is the calculated as
Pou(£)0r, = Pou(Ric1t)Qa, .
Qr, - Qa,_,
k2N PokiQpy — k2N Poki_ Qe

ki — kOr,
2/ N1 2/ N1
KRN _ i)

Ry = ke

If all the subconstellations contain an equal number of signal points. then &y =14 1

B

Po. (3.38)

4]}
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for 0 €: < G - 1. and (3.38) becomes
P, = [(1 b 1)L z-(2.";\')+1] Po. (3.39)

The normalized average signal energy of the overall constellation o depends on the

frequency of each subconstellation C*

) G~1
pnv(c) = Zpsf:

1=0
Cc=1 (k:-!/lv-l-l L-/N-ri)
= p0§ e — (3.40)

The bar in the formulas above denotes nonequiprobable signalling, and throughout
this thesis whenever we use a bar it will be understood that the symbol under the bar
corresponds to nonequiprobable signalling. The probability of an individual signal

point in C* being selected can be found as

P( zis selected, 2 C*) = Qi | (3.41)

c

The entropy of the resultant nonequiprobable constellation can be calculated as fol-

lows:
. C=1%: f.
H(C) = —T?( loggoi)
=0 ;=1 o il P4
-1
= - Z f, lqu f
1=O _ "'C'
-]
= - z filogy fi + thIOgQQC\
=0 1=0
C=1
= H(fo._f|. fc_ + Zf IOgQ k. k,_ Qco] (342)
1=0

C-1

H{fo. fr,- . fom1) +logs Qae + Z filoga(k, = kimy). (3.43)
=0

A nonequiprobable constcliation with entropy H(C') is compared with an equiprobable

constellation with the same entropy (and so 2¥() points) in order to investigate the
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consequences of nonequiprobable sigralling (both constellations are based on the same
lattice A). Such an equiprobable constellution would occupy a region Ry in the signal
space with a volume
2H(C) — A
V(Rg) = V(Ro) Jgrar = VIR, (3.44)
The constellation expansion ratio due to using nonequiprobable signal constellations is
defined as the magnification factor of the signal constellation due to nonequiprobable
signalling, and in the case of the CO method
CERE) 2 Y(Res) | V(Rko-,
1% (RB) V(RQ)QH(C)-]Q;;:QCQ
ke-1

= : 345
o[H o1 de- )+ T oy filogation=k, 1)] (343)

A §22]
Here. C denotes the signal constellation in N-dimensional signal space. where non-
equiprobable signal points reside. For almost all the discussion of nonequiprobable
signalling will concentrate on a two-dimensional signal space. If all the constituent
2-dimensional constellations of € are identical. the magnification factor CERA(C) for

the size of the constituent two-dimensional constellation is given by
- e 2\ 2N
CER:(C) = (CER(O)) ™. (3.46)

To calculate the power efficiency of nonequiprobable signalling, we need to find the

normalized average signal erergy of the corresponding equiprobable constellation:

. 2N wr . .
Pul(C) =Py (‘i//((i:))) = Py2%{HCI-lon: 0] (3.47)

Consequently, the gain obtained by nonequiprobable signalling in NV dimensional sig-

nal space. termed the biasing gain. is given as

Pc‘u C-' B 2§[’!(é)-l0329¢01 |
AfN(fo’fI’”"-fc-l) = = (") = 2 YT N (348)
Pav(C) (kf" ."'kfi'; :)
AT P fi

ok (ot Sori= T 7, flomate~ki-1)] .
- . {3.49;

24N - SN2
C=1 (kl -k--l

1=0 [ ft




Equation (3.49) can be simplified for equally sized subconstellations such that &, =
i+lfor0<i<GCG-1

2 [H(-rov!h Je- X)l -
-f’N(.fO;flq"-'fC- ) v.c_l [( 2/N+1 -—2"/’\""11f (3.30)

wr=0

The peak to average energy ratio for 2 nonequiprobable constellation can be calculated

first by determining the peak signal energy:
12 ax(Roo1) = (keo1) Vi (Ro), (3.51)

and then using (3.40) to give us that

PARWC) = koo Tiw(Ro)
oot (kfmﬂ—kf_‘:'?“) B,
Yoo ~—mmm—
Ky )
= e PARy(C®)
zlp;-él - k‘ k‘__ - f‘

= (fo. fu ., fo) PARN(C?) (CER(C)Y)
= v (fo, fi,-++ fom1) PARN(CP)CER:(C).
(3.52)

Components of the Total Shape Gain

The biasing gain vn(fo, fi,- -, fe-1), calculated in (3.49) is only one of the compo-
nents of the total shape gain of the NV dimensional nonequiprobable constellation, as
noted previously. The biasing gain is directly obtained by approximating the proba-
bility distribution on points in the constellation to a truncated Gaussian distribution.
The other component of the total shape gain is the shape gain of the boundary region
Rp that encloses the nonequiprobable constellation, and called as shape gain of the
region Rg as we defined at the beginning of Chapter 3. (The reader is cautioned not

to confuse the notions of shape gain and the total shape gain). The total shape gain
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is the product of the shape gain and the blasing gain, and for the CO method. is

given by

v = vwlfo. fr. o fem1) X w(Ra) (3.53)

Earlier we concluded that the total shape gain is absolutely limited to 1.33 dB in
any signal space. Therefore the biasing gain should be limited to 1.53 dB. the maxi-
murn shape gain obtainable in that N dimensional space. hence it vields 1.33 dB in
two dimensions (see Table 3.3). and decreases as the number of dimensions increases,
Consequently, nonequiprobable signalling is only significant in a low dimensional sig-
nal space.

On the other hand as the number of subconstellations increases, the obtained
biasing gain approaches the above set limit. Fig. 3.5 illustrates the increase in poten-
tial biasing gain with respect to an increase in the number of subconstellations in two
dimensional space. As G — <. the potential biasing gain approaches ¢/2 = 1.33 dB.

Therefore, we conclude that ultimate shape gain can be obtained in low dimen-
sional spaces by partitioning an existing signal constellation into an infinite number
of subconstellations, applying a spherical boundary region to the partitioned constel-
lation, and implementing a2 method to activate the subconstellations with low average
signal energy more frequently than those with higher average signal energy. In the
first sight this method may seem to be very complicated, but even with 4 subcon-
stellations and a trivial square shaped boundary region, it is possible to obtain more
than 1 dB total shape gain. In the next section we will see how to apply the CO

method to real systems employing what we refer to as a shaping code.

Construction of Shaping Codes

Because of the separability of shaping and coding, shape gain is usually achieved by
a separate code, which is employed in selecting the signal points with different prob-
abilities so that the overall probability distribution on points looks like a truncated

Gaussian distribution. There is no restriction on selecting shaping codes. [f a block
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code is used, then the result is nothing other than an equiprobable signalling method
in multidimensional signal space. Nonetheless the CO method is more attractive
than any other multidimensional signalling such as employing Voronoi constellations,
where the addressing of points requires complicated algorithms. I[n [23], different
codes have been investigated as shaping codes, but in this thesis we will employ only
block codes for shaping purposes. No matter which code is selected, there is a basic
procedure to be followed.

_First, a ';napping function from the output symbols of the shaping code to the
subcostellations must be properly defined, and the frequencies f, of these subconstel-
lations must be arranged in such a way that within the overall signal constellation,
subconstellations with higher average signal energy are selected with a lower proba-
bility than those with lower average signal energy.

If a r(C) rate code is used as a shaping code, then the biasing gain ¥, (C), con-
stellation expansion ratioc CER(C) and peak to average power PAR»(C) become

0RO T Aot~k 1)]
(€)= ) (3.54)

N1 3N
C—1 ("' —kS )
2='=0 Kyt f%

CERC) = ke -
RO = o+ TIT! filogali—inon)] (3.53)
PARN(C) = PARN(C). (3.36)

In the above equations, “C™ denotes the shaping code, where C denotes the nonequi-
probable signal constellation.

A simple code suitable for shaping is provided by the greedy elgorithm |23], which
produces a set of binary vectors in order of increzsing Hamming weight

Gvk = {c is binary v-tuple | w(c) < &}, (3.57)

where w(c) dgpotes the Hamming weight of the » tuple ¢. G, includes all binary
codewords ¢ of length v, with k or fewer nunzero digits. For example the codewords

in G; are given in Table 3.4. The mapping from the digits of the codewords of the
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Table 3.4: Codewords contained 1n G 5.

G2 code
0000110000101
0001{1001|0110
Q01011010(0011
01001100

shaping code to the subconstellations can be done as follows: Suppose the constel-
lation C is divided into 2% equally sized subconstellations. Then an L level binary
shaping code C = [C},Cs,-+-,C] is utilized, where the codes at all levels are se-
lected from the family of greedy algorithms. To each subconstellation an L tuple
label c(ey, ¢a,---,cL) is assigned. This is done as follows: Every subcenstellation is
put into order of increasing average signal energy. To every label a decimal priority

number p is then assigned where

a2t (3.58)

M=

=

-
[}

with ¢; being the i* digit of the L-tuple label, corresponding to the i level code C..
The labels with smaller p come first in the order of the labels then those with larger
p. After all the labels are ordered a one to one match is done with the order of the
subconstellations. If p; is the frequency of having a zero within the codewords of the
component codeword ¢; for 1 <7< L, then

f 0,0,-,00) = MP2P3:PL-1PL
foo 01 = Pipapa- - pL-i(l — pL)
feoo,-10 = p1pep3--- (1 = pL-1)pL.
: (3.59)

In this equation set, fz = fio.cpcr) denotes the frequency of the subconstellation
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labeled by €= (¢y,¢2, :-,eL). U py >pe > -+ >pp > 1/2, we find that

fo0,..000 > fop..000 > foo,..010 > > fui..)- (3.60)

which shows that subconstellations with 2 lower average signal energy will be more
frequently selected than those with higher average signal energy as required for CO
method.

Table 3.5 lists the biasing gain, CER and PAR obtained as 2 result of utilizing a
two level shaping code [C), Ca}, where C) = Gm i1 and Co = G ko

Table 3.5: Parameters of two-level shaping codes [C),Ca] where C = Gm i and
C‘.’ = gm.k‘.“

m | & | ka2 | (C) | CER2(C) | PAR2(C)
(dB)
61| 3| 043 1.55 .71
gl1]3] 030 1.72 1.93
st2|4]| 049 1.45 1.51
1024 0355 1.47 1.67
12|25 060 1.50 1.73
15| 2|5 065 1.65 1.91
16| 3|6 066 1.46 1.70
18{3|7| o070 1.51 1.77
0(3]|7| 07 1.54 1.82

Exampie: Consider a one level code C; = G2 as a shaping code. We divide the
signal constellation into two subconstellations for nonequiprobable signalling. For
simplicity, each constellation is assigned an equal number of signal points. The sub-
constellation with lower average signal energy will be called “light”, labeled C°, and
the other one “heavy”, labeled C!. The codewords selected from Gs,2 follow one af-
ter another in series to generate a binary sequence. Every element of this sequence
determines which one of the subconstellations the transmitted signal point is from in

every signalling interval. A“0” activates the light subconstellation C°, whereas a“1”
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activates the heavy one C'. A block diagram of the transmitier is miven in Fig 3.1,
where the subconstellation selector includes a lookup table for the code Gss. Each
light point g in C° has a corresponding heavy point r in C'. The conventional
encoder selects one of the light points within C°. and the signal point selector decides

whether to transmit the light point sclected. or its corresponding heavy point.

; a siemn: i . . signal
info Conventional | & signal point 5 o Signal point _L
bits ’ e u 5

- encoder within ¢ selector point

é!

info ’ Subconstellation
- #
bits . selector

Figure 3.4: Block diagram of a modiulation system for nonequiprobable signulling as
suggested by Calderbank & Ozarow.

Now, consider the properties of the Gs2 code. This code contains all the binary
codewords of length 8 with a Hamming weight less or equal to 2. Since there are
(g) = 1 codewords with Hamming weight 0, (?) = 8 codewords of unit weight and
(g) = 28 codewords of weight 2, the total number of codewords in Gg» is 37. Since
the codewords are selected equiprobably, the codewords would each convey log, 37 =
5.209 bits of information, or ‘log, 37)/8 = 0.631 bits of information for transmitted

bit. Thus the code rate r(C) of the shaping code Gs is

7(Gs.2) = 0.631 bits/symbol interval.

Every time a “1” appears at the output of the subconstellation selector, one of the
heavy signals will be transmitted, and for every “0”, a light signal will be transmitted.
Since each codeword within Gg, is selected with equal probability, the frequency of

having a “0” or “1” at the output of the subconstellation selector is equal to how
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often a “07 or “1” is used within the codewords of Gga, respectively. Therefore

OO
IBE0ES)

f) = 1 —fu = ).216.

(3.61)

For the above values of fo and fi. the entropy H(fo, fi) is calculated to be

1
H(fo, fi) ==)_ filogy f, = 0.753 bits/symbol interval.

=0
By {3.54), the biasing gain obtainable with the G5 code is

50.651

2 (gs.z) = m = 0.40 dB. (362)

On the other hand, (3.50) gives the potential biasing gain for two signal point sets

with frequencies fp and f, is

n0.753

v2(fo, 1) = m =0.71 dB.

The difference between the potential and the actual biasing gain is due to the low
code rate 7(Gg2). More complex codes can achieve a code rate closer to H(fo, f1).
which increases the biasing gain. Fig 3.5 shows the theoretical biasing gain vs “z”,
a parameter used to find the optimum frequency combinations of subconstellations,
and the actual biasing gain obtained by Gs». The relation between fy and “z” is

given as

l—1=z

fo

(3.63)

11—

Summarizing the results of the previous example, if a greedy algorithm G, is

used for shaping purposes. and the original signal constellation is partitioned into
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(dB)

'lfG'-l)

w{fo, fis .-

Figure 3.5: The biasing gain ~(fo. f;.- - . fe-1) as a function of z. where
fi={1-2)r*/(1 -~ °): (from [2]).
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two subconstellations, then the code rate and the frequencies of each subconstellation
will be

1 Y
R(G.x) = ~log, (Z( ; )) (3.64)

=0
z;;o(;)(v—j)
fo = (3.65)
,‘ v
(=55 )
h =1-f (3.66)

Coset Codes Combined with the Calderbank & Ozarow Method

As described in Chapter 2, moduiation schemes based on coset codes employ a par-
titioning of the signal constellation into subsets. While part of the information code
bits select one legitimate subset, the rest of the information bits select a signal point
within the previously activated subset.

Calderbank & Ozarow showed {2] that it is possible to integrate coding and shaping
within a common multi-level framework. At the top of the partition tree, the least
significant bits are employed for coding, while the most significant bits are used for
shaping at the bottom.

Consider an L-level partition of a constellation C. € is partitioned into ¢, level 1
subconstellations, denoted by C!, meaning that these subconstellations are obtained
by the first level code. If this corresponds to a lattice partitioning, then all C*'s will
be based on the cosets of the same lattice. As the partitioning continues each &' is
partitioned into ¢, level 2 subconstellations, €2, and so on. Fig. 3.6 illustrates a typical
partition tree. Every branch from a subset at level 7 to ¢, corresponding to subsets
at level i + 1, is labeled as 0, 1,---, ., — 1. The subsets of the last level partition,
CL’s can be labeled by paths (@;,02,---,a.), such that each e;, 0 < a; <t;—1. The

separation between the points in the same subset is termed the intra subset distances
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¢, for0<i< L. where

&, = min {d(a.b)}. {3.67)
wbCCY
axd

in which d(a, ) denotes the Euclidean distance between the two points @ and b, If
the Hamming distance of C,, the code used for partitioning C*~ into €. is equal to
d;, then the minimum Euclidean distance of the L-level code C = [C\,Ca.---.Cy) is
given by

d(C) = min{d:éc. d'_iél. T, dLéL-I . 51,}. (3.63)

This partitioning is easier to explain through an example: The following problem is

First level partition ("

0 \Lq-l 0 t,-1

Second level partition C*

e /h

Lth  level partitior

Figure 3.6: Multilevel partitioning of C'.
illustrated in {2], and repeated here to give to the reader 2 better understanding of
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this concept. Fig. 3.7 shows a three level partition of a two dimensional constellation.
The first two levels correspond to the lattice partition chain such as Z2/222/472, If
z and y denote the coordinates of the individual signal points in the constellation C,
then the mapping function from the output bits (,,as, @s. aq,as) of the three level

code to the individual signal points is given as

2¢y +4az—1 (mod §)

%s +4a;—1 (mod 8) (3.69)

2z

1]

2y

The last symbol ag distinguishes light signal points {as = 0) from the heavy ones
(as = 1 ). The intra subset distances are & = 1, §; = 4. 62. = 16, and &3 = o0.

In this example, the Gg o code is used as Cs for shaping purposes.” The code C,
is a rate 1/2 binary convolutional code with free distance d,;, and it is assumed that
d; < 8. The component code Cs is a single parity check code. The minimum distance
of this three level code is calculated by (3.68) as

P

d(C) = min{d,.4da. 16d3, 00} = d,
(3.70)

since the Hamming distance of a parity check code is 2 and the greedy code has a
Hamming distance of 1.

C, and C, are used to cbtain the coding gain where Cs is used to obtain the
shape gain. The multi-level method completely decouples the shaping bits and their
mapping complexity from the remaining system. It is also important that the shaping
code does not affect the minimum distance, coding gain or path multiplicity of the

conventional code [2].

3.2.2 Trellis Shaping

Afcer Calderbank & Ozarow asserted that shaping in high dimensional signal spaces is
equivalent to nonequiprobable signalling in low dimensions, a new area of interest was

created for researchers, namely developing efficient methods of mapping a sequence of
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Figure 3.7: A three-level partition of 2 32-point two-dimensional constellation: (2):
7%/22%; (b): 22%/4Z% (c): 47%/4Rz® (the coordinates of the signal points are 1/2-
integers between —4 and 4).
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random input bits to the channel signals. so that signals with higher energies would
be less likely to be selected than those with lower energies.

In the previous section, che CO method was described, which is based on parti-
tioning 2 low dimensional constellation into G subconstellations of increasing average
signal energy. Although they have suggested that no restrictions would be applied to
the type of code used for shaping, they mainly investigated block codes as shaping
codes. In [3], Forney introduced a new method termed trellis shaping. In this method,
a signal constellation. ¢ . is divided into subregions. and a convolutional code or a
trellis code is used to select subregions within the constellation. As it is known., the
output sequence of a convolutional or trellis code contains dependencies, among its
elements, extending throughout the sequence. Hence, this sequence-oriented method
can only be described in an infinite dimensional sequence space. Trellis shaping can
easily achieve 1 dB of shape gain with two dimensional constellations by using 4-state
encoders, as will be explained shortly. Another advantage of this method is its com-
patibility with coded modulation systems. The constellation expansion ratio and peak
T0 average energy ratio can be limited to a reasonable factor by using peak constraint
method. With trellis precoding, a method combined with coding, trellis shaping and
channel equalization, the channel capacity of non-ideal Gaussian channels can be ap-

proached in principle [3]. Because of all these properties, it is worthwhile examining

trellis shaping closely.

Principles of Trellis Shaping

The concept of trellis shaping is based on the coding system shown in Fig 3.8 which
encodes a data source consisting 6f a stream of binary b-tuples. This system divides
the input data word on the jth interval into three subwords £, of k. bits, §, of .
bits, and w; of ny = b— (k. + r,) bits. The sequences of pa.rf.ial data words {Z,} and
{8;} are separately encoded to produce codeword streams {#;} and {t,}, respectively.
where codewords #; has n, bits, and £, has n, bits. The codewords in the jth signal

interval are combined with the uncoded source bits in w0; to form an overall codeword
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(§;,,,¢,), which is then used to select a point a, from the signal constellation C

corresponding to the signal to be sent in the jth interval according to the mapping

m(F, By, t;) = a5-

3 Code | %
k. bits C. T bits
b, @, @, signal | o; =m(y;, 5,5 )
—J int -
b bits |n, bits mabits | PO
mapping
T Shaping -
3; od ty
T bits °q € 7 bits

Figure 3.8: A basic modulation system with trellis shaping.

This mapping will divide the signal constellation into 2™ subregions R(t) consist-
ing of the signal points m(¥,w, t) for some n-tuple 7, n,-tuple & and for some fixed
ny-tuple £, or equally well into 2"<+™ subsets A(y, w), each consisting of signal points
m(F, %, t) for some fixed 7, 1 and some ¢£.

Now suppose we construct a receiver for this system. Such a receiver in the
absence of noise environment would see at its input a sequence of signal points
{a;} =m({g;}, {&;}, {£;}) and produce at its output that data word sequence {5;} =
({Z;}, {,},{5,}). We recognize that due to the redundancy present in the {f;} se-
quence it might be possible to alter the transmitted signal sequence {a;} by varying
the sequence {f} of partial codewords, and still have the receiver correctly produce
the transmitted data word sequence {b;}. If we choose such an altered sequence {Z;}
from amongst the codewords on the basis of finding the ore which produces a signal
point sequence with lowest average signal energy then we may be able to lower the

average power of the transmitted signal, i.e., achieve a shaping gain. The fact that
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the redundancy in the coded sequence {#;} is unaltered may allow the value of &3,

in the output sequence to be unaffected by such an adjustment in the transmitted

signals.
z, Encoder ' Y,
i -
k. bits G. T bits
gJ 7.3_7 IEJ signa.l a; = m(?;Jv u-"h; )
- ; -
b bits |n, bits * ( n, bits | Point
min. power mapping
_...fi._...— Coset Tep. -_-[:2_- sequence _:_,-
r, bits | generator |n, bits selector [P bits

Figure 3.9: Illustration of coded modulation system with trellis shaping.

The algorithm sketched above turns out to be achievable with convolutional codes
and leads to the system shown in Fig. 3.9 where Z; represents the optimal choice for
replacing of f;, G, is the generator matrix of the code C., G, is the generator matrix
of the code C;, and the shaping coder is termed the “coset representative generator”
as it will be explained shortly.

The code C, used for coding purposes adds r. = n. — k. redundant bits to each

codeword resulting in 2 constellation expansion ratio,
CER(C.) =2, (3.71)

due to C, only. If no trellis shaping were implemented, the signal constellation would
contain 2netmutms = 9b+Te gignal points , on the contrary, with shaping, there are

2netutns points which yields a constellatior. expansion ratio,

CERN(C) = 27" = 2%, (3.72)
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Labelling and Partitioning of Signal Set with Trellis Shaping

Whatever method is implemented, 2ll communications systems require * a mapping
fanction from the input bit sequence to the signal point sequence which is completely
invertible at the receiver, and does not cause any catastrophic error propagation”.

In the previous figure, the modulation system with trellis shaping generates a
signal sequence {a} = m({7F}, {¥}, {Z}) from the input bit sequence ({£}, {7}, {5}).
In the channel, due to external effects the signal sequence {a} is corrupted and some
noisy sequence {a’} is reccived at the receiver. The receiver tries to recover an es-
timate ({Z}, {®}, {3}) of the original input sequence from the transmitter. For this
procedure, a suitable partitioning of the signal set and a mapping function from the
input bits ({z}, {y}, {s}) to the signal points must be defined.

First, the signal constellation C is partitioned into 2™ subsets of C. denoted by
Ay (¥). Throughout this section, the capiﬁal letters Y, W, Z will denote the set of
possible binary words that can be assigned to 7,1, Z, respectively. Consequently,
Y x W x Z denotes the label alphabet. If the points in C are selected within a lattice
A, and the A/A’ lattice partition is applied, then every subset Ay (¥} is actually a coset
of A’ such that Ay(§) = A’ + & (), where & (¥) is the coset representative selected
by the n.-tuple § € Y. If this partitioning is implemented by 2 convolutional code C,
then the resultant output sequence m({7}, {=}, {*}) is 2 legitimate code sequence of
the trellis code C(A/A’, C) (“=” represents any possibly valid codeword.)

The constellation C, or equivalently the finite portion of the lattice A, is divided
into 2™ Subregiohs labeled Rz(Z). There are many ways of choosing such subregions,
but the performance of the trellis shaping is not sensitive to this choice (3]. The only
condition for defining Rz(3) is that every subregion Rz(Z) must contain 2™ points
from every subset Ay (%) of C. A new subset Ayz(7, Z) of Cmust now be defined as
the intersection of the subset Ay (%) and the subregion Rz(Z) such that

Avz(7.2) = Ay(9) N Rz(2). (3.73)
The mapping function m(¥, @, £) selects one of the subsets Ay(¥) using the n.-tuple

73



¥ € Y and one subregion Rz(2) using the ng-tuple I € Z. The intersection of these
two, Ayz(7, 3), contains 2™ points, and one of these is selected using the ny-tuple
we W.

The partition of € in the above described way is powerful but not practical to
implement as the signal set gets larger. One systematic way of partitioning C is the
lattice partitioning.

Trellis Shaping via Lattice Partitions

The signal constellation C and the mapping of codewords to signal points cannot be
arbitrarily selected if we are to obtain shaping gain without degradation of perfor-
mance in noise. One way to ensure such a degradation does not occur is to base the
signal constellation on a binary lattice A. and a sublattice Ax where |A /A | = 2™,
The signal constellation € is chosen to consist of points from A selected so that there
are 2™*™ points from each coset of Ao. The mapping of codewords to the signal
points may then be made by having the codeword #; select the coset from which we
use the codewords (wj;, Z;) to determine which element in the coset is sent. Regardless
of how (;, Z;) map to the coset elements, the coding gain provided by the code C.
is preserved. Note that this discussion would hold equally well if all points in the
constellation were translated by a fixed vector &

In order to simplify an implementation, the mapping of (w7, 2;) to codewords
needs to be further structured {especially when considering large signal sets). This is
accomplished by employing a partition chain A /Ac/As/Ay where |Ac/Ay| = Y] =
2%, |Ag/As] = W] =2™ and [A,/Ay| = 12| = 2™ so that |[A/Ay| = 2™+ the
constellation C is chosen to consist of one element from each of the cosets of Ay in A..
Thus there exists 2 boundary region Rg(C) which is actually a fundamental region
R{A+) of Ay. Furthermore all the cosets of A, are possibly translated by some fixed
vector €, so that the constellation is in fact drawn from A, + C

The fundamental region R(A¢) is divided into JA,/Ay¢| = 2™ fundamental regions
R(A,) of A, by assigning each of the 2™ elements of each cosets of A, within R(A,) to
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a diffcrent fundamental region R{A,), consequently each R(A,) will contain |W| = 2™
points from each of the |Y| = 2™ cosets of Ao. Let every such fundamental region
R(A,) of A, labeled by Rz{z) correspond to one of the n,-tuple z € Z. Then any coset
of A, in A. in the lattice chain A./Ae/A, can be expressed as the lattice A, translated
by some coset representative of a coset from A./A~ and a coset representative from
Ae/A,. If {ey (@), € Y}, and {cw (D), ¥ € W} denote the coset representatives of
Ag and A,, respectively, then the cosets of A./A«/A, partition chain can be expressed

as
syw(F, W) = A + ey (§) + ew (D) = Aseyw (7, D), (3.74)

where cyw (¥, W) represents the coset representatives of the A./A, partition. Since a
fundamental region R(A,), consequently every Rz(Z), contains only one peint from
each coset of A,, the intersection of some coset syw (¥, @) of A, and some subregion

Rz{z) uniquely identifies every point within the region Rg(C) such that
m(g, @, Z) = syw(F, &) N Rz(2). (3.73)

Consider the signal constellation C in Fig. 3.10, which is based on the Z2 + (% + 1)
translate of the 2-dimensional integer lattice, so that A, = Z2. C contains 32 points,
and is partitioned in subsets via Z2/272/2R=2/4R=2 partition chain. As expected, the
boundary region of 4R=? ( the outer rotated square) is also a fundamental region of C.
The numbers in the fgure represent the points that are elements of the constellation
and the value of these numbers represent to which coset of |Z2/2Rz?| = 8 cosets of
2R=? the point belongs. The signal constellation is divided into |2RZ2/4RzZ3?| = 4
subregions Rz(z), where each is an element of a fundamental region R(2RZ?) of the
lattice 2RZ? since it contains only one element from each of the § cosets of 2RZ2.
Every point is labeled by a = m(y, 7, 2). The 2-tuple § and l-tuple W selects one
of the 8 cosets of 2Rz2, while the 2-tuple 2 selects the subregion Rz(Z) containing
only one point from the preselected coset of 2RZ2. Fig. 3.11 illustrates =2/2z%/2Rz=*

partition chain which corresponds to A /Ag/A,.
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Figure 3.10: 32-point signal constellation divided into four subregions.
According to Fig. 3.11. the coset representatives of the cosets of 22° are given as
er(v1,32) = n1(1,0) + (0. 1),
and the coset representatives of 2R=? in 222 are
ew (W) = w;(0.2).

Consequently,

CYW(‘E) 15) = yl(lao) + y2(0! l) + w1(01 2)

10
= lyl Yo wl! 0 1],
0 2
and according to (3.73),
10 L1l
mFEND=|y w w0 1nRAD +(3,3)
0 2 -
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Figure 3.11: The =°/22%/2RZ? partition chain.



The Mathematics of Trellis Shaping

The trellis shaping method cmploys a convolutional code C, for shaping. In order
to discuss this aspect of the scheme we shall first briefly review some of the relevant
basic concepts and notations we shall require.

Let C, denote a rate &,/n, binary linear convolution code. An encoder for C,
has a sequence of binary k,-tuples {Z,} as input, and produces a sequence of binary

ne-tuples {7} as output. If we let X,(D) denote the D-transform of {Z,}
X(D) & L ({Z D', (3.76)
1

where ({Z,}); represents the ith elements of the sequence {Z,}, and Y,(D) denote the

D-transform of {#,}. then we express the relationship between {Z,} and {7,} as
Yy(D) = Xo(D)G,(D), (3.77)

where G,(D) is a k, x n, matrix termed the generator matrix of the code. The
elements of G;(D) are in general the ratio of two polynomials in D which both have
all coefficients as either 0 or 1 (i.e., are binary polvnomials).

If the elements of G,{D) are simply binary polynomials, we say the code is feedback
free. Similar to the notion of a parity check matrix for a block code, for each linear
code there exists a matrix HT (D) with binary rational polynomial elements which

has the property that for any Y,(D) from the code.
Y,(DYHT(D) = . (3.78)

If ¥ (D) is the D-transform of some sequence which is not an output of the code C,,
then

Y(D)HT(D)#£0. (3.79)

The matrix H,(D) is referred to as a syndrome former matrix of C,. The matrix

HY(D) can be considered as the generator matrix of another linear convolutional
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code with rate r,/n, referred to as the dual code CT of C,. It can be shown {3} that
the dual code C7 has the same number of states as an encoder for C, with the fewest

possible states. The matrix HT(D) is known to have a left inverse (H;')T(D), where
(H;{(D)THT(D) = (H,(D)H;H(D)T =1 (3.80)

Since the zade C, is linear, the set of possible code sequences forms a group with
respect to the operation of binary sequence addition denoted by ©. The set of all
code sequences characterizes the code Cj,, therefore, such set is also denoted by Cs.
Suppose {t} is some sequence of n,-tuples which is not a possible output for the code.
Consider the set of 'sequences formed by adding this sequence to the elements of C,

C,e'{f} = {{#} o {f}{&} € C} (3.81)

If we consider any sequence {k} from C, & {i}, i.e., {k} = {#} & {} for some
{#:} € C,, 2aad its D-transform K (D), we may form the syndrome of {k} as

$(D) = K(D)H} (D) = T(D)HI (D), (3.82)

since Y,(D)HT(D) = 0. The quantity S(D) is the D-transform of a sequence {5}
referred to as the syndrome sequence of {k}. From (3.80) and (3.82) it is possible to
find a sequence {t} corresponding to a given syndrome sequence S(D} through

T(D) = S(D)(H(D)™" = S(D)(H; (D). (3.83)
Lemma 3.7 If a sequence {t} is not an element of the set of convolutional code

sequences C,, then C, & {t} is a coset of C, in the space of all sequences of binary
n.-tuples. The sequence {k} is an element of C, & {f} if and only if

R(DYHT(D) = $(D) = T(DYHI (D).
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Proof: It is clear from the ecarlier discussion that C, & {£} is a coset of C,. and
that if {k} € C, @' {{} then K(DYHT(D) = 5(D). All that remains to show is that
if K(D)HT (D} = 5(D), then {k} € C, &’ {f}. We can decompose the sequence {k}
into sequences such that {k} = {¢} © {£}. consequently,

K(D)H](D) = T(DYHT(D)+ Q(DYHT(D) = 5(D).
= S(D)+ Q(D)HI(D) = S(D). (3.84)

Equation (3.84) is true only if {¢} € C, so that {k} € C, &' {}.
Because of Lemma 3.7, we see that the relation

K(D) = S(D)H;'(D)".

represents a means of assigning a coset representative to each of the cosets of C,,
hence, (H;!(D))¥ corresponds to a convolutional code we may term a coset repre-
sentative generator.

Now consider a receiver which decodes the received signal by first determining
an estimate of which signal point {a} = m({7}, {&}.{Z}) was sent. which is then
used to determine an estimate ({3}, {w}.{Z}) of the transmitted sequence of code
words ({¥}. (@}, {Z}). The elements of these codewords are then used to estimate
the transmitted data words ({Z}. {w}, {5}) as follows:

X(D) = ¥(D)G-}(D). " (3.83)
W(D) = W(D). (3.86)
5(0) = Z(D)HT(D). (3.87)

If {3:;} = {#}, then

X(D) = ¥(D)GZM(D) = X(D), (3.88)

resulting in {Z} = {Z}. Clearly, if {&} = {i} then there would be no error in
decoding the {17} codeword sequence. We observe from (3.87), that if {2} = {5}
then {5} = {5}, provided that

Z(D) = S(D)(H; (D))" + Y.(D), (3.89)
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where Y,(D) corresponds to the D-transform of any sequence {¥} with {#:} € Cs.
Thus, the set of codeword sequences for {} that would not cause a decoding failure
are precisely a coset of the code C,, for which the sequence that corresponds to
S(D)(H;!(D))T is a coset generator. The selection of a sequence to minimize the
transmitted power via trellis shaping is thus a question of choosing the best sequence
from the coset of C, selected by the encoder (H;*(D))7. As a result of this, the trellis

shaping system takes on the form shown in Fig. 3.12.

Encoder {3} | {5} R -
f@} | signal - . -
o o e e -1
Coset rep o, [reeine ‘ {2}
- er - 3 z -
generator il 3::3;25 {—}r- = HI(D) —» {5}
(B7HYT(D)

Figure 3.12: A complete communications system with trellis shaping.

It is important to note that if Go!(D) and HT(D) are feedback free, then the
effects of errors in selecting estimates ({7}, {@}, {Z}) are limited in duration in the
output, and this would prevent the possibility of catastrophic errors. The remaining
issue to be discussed is how to determine the appropria:te elements of the coset.

Recall that the objective is to minimize the transmitted average power. This is
equivalent to finding the sequence in the coset with minimal energy as we proceed.
Since the energy of any sequence of signal points is just the sum of energies of the
component points, the sequence to send can be found by applying the principles of
dynamic programming, i.e.. by using the Viterbi algorithm with appropriate path

metrics. This task is accomplished by the circuit termed shaping decoder.
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The Shaping Decoder

The shaping decoder is used to select the most appropriate sequence within the se-
quence coset, selected by the input sequence, according to any criterion. set by the
designer. In this thesis. as mentioned previously, the criterion is to minimize the
average signal energy of the transmitted symbo! sequence. Based on the introduction

given in the previous section, the set of the sequences

JHFh {@h {&}) = {{a} = m({g}, (@} {3}), {F}eC, & {i}} (3.90)

can be regarded 2s an equivalence class of possible transmitted sequences, each cor-
responding to the same input sequence ({Z}, {5}, {§}).

Actually, 7({#}, {&}, {}) is a set of sequences whose elements ¢ = m(F, 7, )
are modified versions of the clements of the legitimate code sequences of C,, where
a = (§,7, 7, S f) corresponds to .. Therefore the trellis diagram of C, can also be
used to represent the sequences of the cquivalence class 7({7}, {7}, {t}). by modifving
the signals assigned to the branches by

e, = m(y;, W, Psy © f;)

By utilizing a Viterbi decoder, the minimum energy path through the trellis diagram

“can be found by assigning the norms, |le,||*, of the branch signals as the cost of the
corresponding branches. Since this trellis diagram will be the same as that of the
code C,, the complexity of the system will be equal to the complexity of the decoder
of C,.To clarify this process consider the trellis diagram of the shaping decoder shown
in Fig. 3.15.

Fig. 3.13 demonstrates a modulation system equipped with trellis shaping. A two-
state, rate 1/2 convolutional code with generator matrix G.(D) = [1 + D?, D] is used
for error control coding purposes. The elements of the bit sequences {Q’} and {w}
select one of the cosets of Z2/2=2 and 222/2R =2 partitions, respectively. The 32 point
signal constellation shown in Fig 3.10 is used to select the signal points which form

the output symbol sequence of the modulation system. The shaping code has the
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Figure 3.13: An example modulation system with trellis shaping.

same generator matrix G, = G, for which 2 svndrome former matrix is found to be
H (D) = [D, 1+D?), which reveals the following as corresponding coset representative
generator circuits:

HH = [D,1,
(H;)T = [1/D,0],
H;HT = 0,1/ + D?).

The first circuit represents a feedback free coset representative generator, while the
latter two are not and must be checked to ensure they do not cause any catastrophic
error propagation. These two circuits generate a sequence of 2-tuples where one
bit of each element- of these sequences is always zero. In Fig. 3.13, the third coset
representative is applied, which will be used in the remainder of this example.

In Fig 3.10, the signal constellation is divided into four subregions Rz(z), each

containing one point from each of the 8 cosets of 2Rz, and y1, y2 and w; select one
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of these cosets at every symbol interval. At the same time, the coset representative
generator selects one of the subregions: The intersection point of the sclected coset and
the selected subregion correspond to a candidate signal point. The sequence formed
by these candidate signals enters the decoder for C,, where an equivalent sequence

to the candidate sequence is selected with minimized average signal energy. Fig 3.14

Figure 3.14: Trellis diagram of the convolutional code C,.

shows the trellis diagram of C, and Fig 3.13 illustrates the modified trellis diagram for
the decoder for C,. The difference between both of these diagrams lies in the branch
labels. In the first diagram, the branches are n,-tuple binary words corresponding to
ys. In the second one, they are the norms of the signals corresponding to a(y, w, tSy,).

A simulation of these systems revealed that the required average signal cnergy
was 2.197. Without employing trellis shaping, the system would req.ire a 16-point
constellation with an average signal energy equal to 2.3; therefore, the total shape
gain obtained is

2.5
2.197

71:(Cs) = = 0.56 dB.

Fig. 3.16 shows the probability distribution of points in a one-dimensional con-

stituent constellation induced by the two-dimensional constellation shown in Fig.
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Figure 3.15: Modified trellis diagram of the shaping code for C; decoder.

Figure 3.16: Probability distribution p(z) on points in the constituent one dimensional
constellation induced by 2-dimensional nonequiprobable signalling by the encoder
given in the previous example.



3.10. Clearly this distribution resembles a truncated Gaussian distribution. The sim-
ulation results revealed that the nonequiprobable signal constellation, due to trellis
shaping, has an entropy H(C) = 4.13, although each symbol actually conveys only
4 bits of information. This 0.15 bits per two dimensions of unutilized constellation

expansion equates to a loss of
(205)*" = 2015 = 0.45 dB

in average signal energy. This accounts for part of the difference between the actual
shape gain of 0.56 dB and the ultimate shape gain of 1.53 dB. The reason for the re-
maining difference is the small size of the signal constellation. If we examine Fig. 3.186,
we see that we only have four different probability levels; thus our nonequiprobable
constellation corresponds to that suggested by Calderbank & Ozarow, with equally-
sized four subconstellations. From Fig 3.5, such a constellation can theoretically
achieve 1.06 dB total shape gain, which is approximately equal to the summation
(in dB) of the gain we obtained by trellis shaping and the loss of gain caused by the
unutilized constellation expansion. |

The choice of the shaping code has some effects on shaping gain as well. The same
simulation was repeated with a different C, characterized by

G, = 1+D%*1+D+D3,
HT 1+ D+ D%1+ D7,
(H;’)T [l + D+ D?* DY.

This produced a shaping gain of 0.64 dB and an entropy of the signal constellation of
4.14 bits/symbol. The excess amount of entropy corresponds to 0.42 dB in average
signal energy. Again, the sumn of 0.42 dB and 0.64 dB gives 1.06 dB, in accordance
with our expecta.tions.‘

The simulation was repeated with larger signal constellations, and by utilizing a
256-point constellation, 0.95 dB of shape gain was obtained.
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Earlier we stated that PAR is an important criteria in the performance of the
transmission systems. The peak to average energy ratio for the system in Fig. 3.13
with G, = [1 + D?, 1+ D + D?, is calculated as

AR () - 50/

ARw(C) = 1= = 581.

This ratio is above the acceptable limits (square shaped base constellation has a
PAR velue of 3). In order to decrease PAR, we can use the peak constraint method,
which suggests introducing additional constraints on the signal selection in order to
decrease PAR with 2 small penalty in shape gain. Prohibiting the selection of some
high energy signals decreases PAR, whereas it affects the shape gain very little since
such signals are very rarely selected by the system. Consequently, if we avoid using the
four highest energy points for the system in Fig. 3.13 with G, = [1+D? 1+ D+ D3,

we see that

. o -
— 34 4
PARg(C,) =3 1/57 = 3.94,

and if we avoid using the eight highest energy signals,

25
216,_—062dB

_6/4
165

7(Cs) =

PARy(C
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Chapter 4

SPECTRAL ANALYSIS OF
CODED DIGITAL SIGNALS

In the preceding chapters techniques which attempt to improve the performance of
communication systems in the presence of noise were discussed. Performance in noise
is, however, not the only factor of importance. As discussed in Chapter 1, the spectral
occupancy of signals being transmitted in a communications system in comparison to
the information rate is also a concern. In this chapter methods for determining the
spectral occupancy of signals associated with the signalling techniques we have being
discussing, based on the power spectral density function of the signals, will be dis-
cussed. The power spectral density function provides the distribution in frequency of
the signals time-average mean power. These techniques will be employed in Chapter 5

to determine the spectral occupancy of signals associated with coset coding.

4.1 Power Spectral Density Function of Markov
Chain Driven Signals

A Markov chain model is a model which describes the characteristics of 2 random
process that obeys Markovian probabilistic laws. Markovian statistics require that
given the values of 2 random process in the present and in the past, the statistical

description of the possible future behavior of this process depends only on the most
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recent value of the process available. This can be interpreted as the statement that all
the influence of the processes past values on its future values is contained in the most
recent available state of the process [30]. Such 2 model is able to describe most of
the output signal sequences of a telecommunications system generated by & random
input bit sequence, and can be used as a framework to compute the power spectral

density function.

4.1.1 Properties of Markov Chain

First, some terms associated with the discussion of a Markov chain modelmust be
defined.
Definition. The period u; of a state ¢ of a Markov chain is defined to be:

m2gcd{n|PP >0 n21}, (4.1)

where g.c.d. refers to the greatest common divisor of the set and P,-(:) refers to the
n-step transition probability from state i to itself, i.e., starting from state ¢, the prob-
ability of returning to the same state 7 after n transitions. If the period of a state ¢

is equal to 1, then the state is termed eperiodic; otherwise it is said to be periodic. i

Definition. A Markov chain is said to be drreducible, if for all states ¢ and j, there
is some 7 such that Pf;‘) > 0, i.e., every state can be reached from every other state. |

If a chain is irreducible, all the states in the chain have the same period 4, and
the number of trapsitions in any path from one given state to another given state is
unique modulo p. if we let [;; denote the number of transitions modulo u, in any
path from state 7 to the state j, then we find that

l,‘d = 0.

byt he = b, (modulo u). (4.2)
The set of states can be partitioned into u subsets By, B, - - -, B, such that within
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any subset {;; = 0, where ¢ and ; belong to the same subset. Also, any path from
state ¢, € B;, to any state j. j € B,. requires [, , = y — z transitions.

Example 1: The chain illustrated in Fig. 4.1 is irreducible, because every state can
be reached from every other state. It is also aperiodic since diverging from any state,

after three or four transitions. it is possible to return to the initial state. vielding

pi = g.cd. {3,4.---} = 1. for every i

Figure 4.1: A four state Markov chain.

Example 2: Fig. 4.2 shows an irreducible chain with u = 2. The letters p and ¢
assigned to the individual branches denote the transition probability in the direction
indicated by the branch arrow. Since {;3 = 0 mod 2 and l». = 0 mod 2, the states
1,3 are in the same subset B) and the states 2,4 are in B;. The state transition

matrix, i.e., the matrix whose 1, j-th element is P,(‘;) is given by

o o
O o o
o0 oY

H o o

The m-step transition matrix P™, ie., the matrix whose 7, j-th element is Pf:"
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Figure 4.2: Example 2, state diagram.

is calculated by teking the m* power of P. For this example P{™ is calculated as {6]

[ [1+(@=-g™ 0
2 0 l-(p—g)™

m 1__(p_q)m 0

P™M=< -

0 l-(p-g™

1 l-(p-g)™ 0

T l+(p=-g™ 0
L L 0 l+@—-q™

0
l-(p—-g"
l+(p-q™

0
1+@-q™

0

0
l-p-q™

l—(p—~q)™ ]
0
0
1+ (@—-q)™ |
0 -
l+(p-g™
1-(p—g)™
0

H

for m even,

for m odd.

(4.3)

Definition. For every K-state irreducible Markov chain (K is a finite integer) there

exists a unique row vector ¥ = [my, %2, -+,7k] said to be a stationary distribution

matriz which satisfies:
(i) =P ==,
() foralli,0< =, <1, and

) o m=1.1
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In general, it can also be shown (30} that the m-step transition probabilities P}

of a irreducible Markov chain can be written in the form

(m) (m}) {m)
Pl =m+ A7 +67, R

where m; + (-:,'-‘) is & periodic function of m whose value is pr, if there is a m-step

transition path between the states i and 7, i.e,, Li; = m, (modulo g), but otherwise
is zero. The term eg" is one which is bounded by a geometrically decaying term (as
a function of m}, and can be nonzero only when the sum of the first two terms is
‘nonzero.

In other words, the m-step transition probability P,S“’ converges Lo uw, as m be-
comes arbitrarily large; ef:-"’ denotes the diffcrence between R‘:" and this asvmptotic
value at a given m provided that [, = m, (modulo ).

4.1.2 Spectral Power Density Function of Digital Coded
Signals

Let’s consider a Markov chain of K states, where K is a finite number. The elements
P,; of the state transition matrix P = ||P,,|| denote the probability of a transition
from state i to state j. To every state i, one of the channel signals 5.(¢) is assigned.
At every symbol interval T, the Markov chain makes a transition from current state
i to some state j, generating the j** channel signal at the output of the transmitter.

The superposition of the transmitted channel signals is a sample sequence s(¢) in
the ensemble of the random process, such that

s(t) = f su. (t = nT), (4.5)
n=0

where M, is the random variable describing the state of the chain after the n*
transition. The spectral power density function of such a generated signal has been
shown to be given by [6}:

2

K i .
U = | LIS T S S -
=1 =1 k€A,
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(¢

K
2R Y

u,u=i

K
Z T CXP {Jgfflm.uT} Su(f)
u=1 :

muell) exp {727 fIT} Su(£)So(f)

-~
I

+

or, similarly

<b(f)=%{[—p!!+2m’+ﬂf% 3 6( —Tl“)}
where
K >
I = 3 m|SAF.
k=1
2
o= 313 = S(f)
i=1 k€8,

H o= RY S med exp 127 FIT} S (F)SI),

up=l =1
2

IV =

K
z wu €Xp {Jzﬁflm.uT} Su(f)‘
u=l
In these equations
(1) K denotes the number of the states.

{ ii) T is the symbol interval, i.e., the duration of the channel occupation

by the signal s;(t) if the next state of the chain is state 1.

( ii1) Se(f) is the Fourier transform of the signal s.(t). that is 2 time limited
signal, i.e. si(t) =0 whent € [0,7).

(iv) u denotes the period of the chain and = is the i** element of the sta-

tionary distribution matrix .
( v) m is some arbitrary selected state on which the result does not depend.
( vi} B, denotes a subclass of the states.
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Let us show how equation (4.6) can be used for power density function caleulations
of some well-known modulation systems. .

Example 3: Binary Antipodal NRZ-PAM signalling: In this case there are two
channel signals: s,(t) and s»(t), which can be selected by the encoder every symbol
interval T, with the property that s.(¢} = —s,(¢). This system can be characterized

by a two state Markov chain as shown in Fig. 4.3.

Figure 4.3: Markov chain model of Polar NRZ-PAM signalling.

Let 5)(t) be the channel signal corresponding to svmbol “0" in the output symbol
sequence of the encoder, and s(t) to symbel “17. The letter p denotes the probability
- of transmitting the symbol “1”. and ¢ = 1 — p the probability that 2 “0" will be
transmitted. Unless p or g is zero, the Markov chain representing this system is an
irreducible aperiodic chain, i.e.. u = 1. The probability transition matrix is given by:

P= I Pray.
P q
The m-step transition matrix is:
m
pm P 9| _|P 9
P g P g
with 7 = [p, g], and

=0 forallij,m.
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The power spectrum of the individual channel signals are found as

ISR = IF{siF,
()P = IF{sO} = IF{=si )} = | = SiOHF =1Si1(HF,

and the cross multiplication of the Fourier transforms of the channel signals is

Si(£)S:(F) = Si(NSAf) = =ISiHI

inserting these equations into (4.8) through (4.11} yields

I = @+l =1Su)P
I = pSi(f) + ¢S = (p - 9*ISINPE,
I 0,

v = (p=-qPISif)

Finally,

o) = 3 {1507 - - RIS - ISP 3 8(7-7)}.
Since 1 — (p—‘q)2 =(1-p+4g)(l+p—gqg) =2p2¢=4pgq. then
o) =1 {[we+ 3607 3 6(r-2)| 1m0}

n=—00

Coded NRZ-PAM signalling: Fig. 4.4 illustrates the block diagram of the encoder
used in this example. All the symbols are selected within the {—1,1} alphabet. The

probability of ¢, = —1 is denoted by g, whereas the prebability of a, = 1 is p. There
are four channel signals denoted by s,(2), s2(2), sa(t) and s4(t). The following table

illustrates the relationship between the input symbols, the output symbols and the

channel signals.

If yn.1 and yn 2 are connected to the circuit for an equal time interval , i.e., for

T/2 seconds each time, and if the time limited signals s(t) and —s(t),more readily
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={1.-1]
: g’

Figure 4.4: NRZ-PAM encoder.

Table 4.1: Mapping of information symbols to the channel symbols.

Gn-1 | @n | ¥n1 | ¥n2 | Signal
1 1 L =1} s1(2)
11 -1] =1 L] so(t)
-1 1 1 1 Sa(t)
=11 =1 =1} =1] s48)

s(t) = 0 for t € [0.T/2), represent the channel signals corresponding to the symbols

74

—17 and “1", respectively, then the possible output signals can be written as:

sit) = s(t)—s(t-T/2),
S{t) = —s(t) +s(t=-T/2),
s3(t) = s(t)+s(t-T/2),
sa(t) = —s(t) - s(t—T/2);

" and the corresponding Fourier transforms are:

Si(f) (1= E)S(f).
S2f) = (-1 + E)S(f),
S:(f) = (L+ E)S(S)
Si(f)y = (-1-E)S(f),

where £ = exp{~;27fT/2}. Fig. 4.5 shows the state diagram of the system given

above. The corresponding matrices for this Markov chain are given below:
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Figure 4.5: Markov chain model of Polar coded NRZ-PAM sigpalling.
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"p g 00 ¥ oo q
p=|00P¢ pm=|P PP T for n>2
p g 00 PP n g B
(00 p g P° pg pg ¢
B
o - 0 0 p° pg G- >2
] M A e® = [0 for 122
L0 0 P pg
yielding

r=[p P pg &), (4.12)

and, p = 1. Consequently,

I = {1-E)1-E)+pgl(=1+E)(=1+E) + (1 + E)1 + £)]
+ ¢(=1- E)(~1-EN}IS(NHP
(P2~ (B+Epg2~(E+E)+2+ (E+ EY)] + ¢ 2+ (E + EM} ISP
{FPR-(E+EN+4pg+¢ 2+ (E+EN} ISP
= [2+(g-p)E+ ENISUP
[P - E)+pa(-1+ E+1+E) + (-1 - B} SN[

= {e-9-E@-9?}s0)

= (p-9*l-E@-qlll - E(- ISP

= (P-g? 1+ (-9 -@-a(E~+E)|ISPP

= (-9 [26° + ¢ - (o - Q)(E + EN{S(A)
11 = R{[2pq(p - 9)* + 2pg(q — p) E"] exp 127 fTIS(f)?}

= {2pg(p ~ g)*cos 17T + 2pq(q — pYR{E"} cos 2n /T

~2pq(g — p)S{E"} sin 27 [T} |S(S)?

]

I

Since ${E°} = —sinwfT and R{£*} = cos=fT,
) = £{2+@-PAE+E) - -0 PF+P) - p-9(E+E)]
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+ 4pg(p - @) [(p — @) cos 27T = cosmfTIHS ()}’
+ 2 % 5(1-F) 267+ ) - - 2c087IT] (0 - aFISUP

n=--00

= % {Pa(#* + ¢°) + palg — p) coswfT + 4pa(p — g)* cos 2 fT} IS()[*

+ 2P+~ - Qo ISWPE T 5(7- )

is the final power spectrum function of the coded NRZ-PAM modulator.
Equation (4.6) provides a very useful tootl for calculating the power spectral density
function of a digitally coded signal sequence. A well-written computer program can

compute a significant portion of the whole spectrum in a few seconds.

4.2 Numerical Estimation of the Power Spectrum

In some cases the Markov chain model needed to describe a transmitted signal can
be very complicated if the modulation memory spans several symbol periods, or the
output symbol alphabet is very large. The Markov chain describing the signal consists
of many states, so that drawing the state diagram and determining the transition
probabilities is not feasible. In these cases a numerical estimate of the power spectrum
is sought. One of the most important methods for numerically estimating the power
spectrum is known as periodogram analysis. This method is based on the discrete
Fourier transform of finite-length segments of samples of the signal being analysed.

4.2.1 The Periodogram

Let us consider a continuous-time signal s(t), which is in fact the superposition of
randomly selected channel signals generated by random data at the output of the
communications systems. This random signal first passes through an anti-aliasing
low pass filter, producing a new stationary random signal z(t) with bandlimited
powér spectrum. According to the sampling theorem, every bandlimited signal can be

uniquely represented by its samples taken al a rate greater than twice its bandwidth.
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This z(¢t) is sampled with a sampling rate 1/7,, where =/T, corresponds to the cutoff
frequency (in radians) of the anti-aliasing lowpass filier, and the sampled version of
z(t) is denoted by z[n]. Then, z[n] is a discrete-time random signal whose power
spectrum P,(2) is proportional to the power spectrum P, {w) of the continuous
signal s(t), over the bandwidth of the anti-aliasing filter as given in [33]

P(Q)= =P, (E) , for 9] < 7. (4.13)

T, 1,

As a consequence of (4.13), a reasonable estimate of P.-(Q) will provide a reasonable
estimate of Pg(w). In order to allow the power spectrum of a discrete signal Lo
be computed, the signal must be of finite duration. The random sequence z[r] is
truncated into finite length segments (L samples), using a window function w(n] of
length L. The Fourier transform of the truncated segment v[n] = zfn|wn] is

Vet = If winzfn]e™ ", for Q| < =, (4.14)

n=:0

and an estimate of the power spectrum of v{n] is given [33] as
- ! Q)2 -

where U is a scaling factor arising from the nature of the window function win|.
When the window w[n] is a rectangular window, then the estimate in (4.13) is called
the periodogram of the sequence. For other types of window it is called the modified
periodogram [33]. In this thesis only rectangular windows are employed. In this case
the scaling fastor U in (4.15) is 1 and vanishes.

The N-point DFT, V(e), of the sequence v[r] will gencrate a length N sequence
of numbers, where each number corresponds to the Fourier transform value at a
particular DFT frequency, namely a multiple of 2x/N. Hence, a periodogram can
estimate the nower spectrum /(Q) only at these discrete frequencies. This fact can

be represent:d as

I(Q) = %lV[k}lz, where Qe = =k. (4.16)

z|Y
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for the rectangular window win]. In periodogram analysis the length of the window
and the number of DFT points N play a very important role. As L increases the
biasing factor in the estimate of the periodogram vanishes, i.e., the periodogram is
asymptotically unbiased [33]. This statement suggests that L should be choosen as
large as possible. On the other hand, in 1968 Jenkins and Watts ([33],pp.734) showed

that as the window length L increases
var[l(Q)] = PZ.(Q). (4.17)

Since the variance in the estimate of the power spectrum does vanish as the window
length increases, the periodogram is not a consistent estimator. In other words, by
increasing L and N, the consistency of the periodogram estimator does not. improve.
As N increases, the difference 27/ between two adjacent DFT frequencies decreases,
yielding a finer resolution but not a greater accuracy. In order to reduce var{/(Q)] to
acceptable levels, a number of periodograms of different segments of the signal may

be averaged.

Periodogram Averaging

A data sequence z{n] which is the sampled version of the filtered channel signal z(2),
of length Q such that 0 € n < Q — 1, is divided into segments of length L, where
overlapping of these segments is allowed:

z.[n] = z[rR + nw(n|, (4.18)

with 0 < n< L -1. If R < L, the segments overlap, and if R = L, the segments are

contiguous. The number of available segments K is the largest integer that satisfies
RIK-1)+(L-1)<(Q-1). (4.19)

The periodogram of the ** segment is given as
1(9) = T IV, (4.20)
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where

L=
Vo(@®) = 3 winlz.[n]e™ ", (4.21)

n=0

Periodogram averaging consists of averaging the K periodogram estimates 1,.(Q)’s,
which is formulated as

} ] K=l

Q) =4 go I.(Q). (4.22)
The discussion in [33] reveals that the average periodogram is still a biased estimate
of the power spectrum where the bias vanishes as the length of the window size
L increases. Interestingly, the variance of the average periodogram, provided that
overlapping of the data segments does not exceed 50% of the segment length, is

ar{[(Q)] = % varll,(@)] = £ PL(Q). (4.23)
Consequently, 2s K increases, the variance of the“ average periodogram approaches
zero, as desired, since the power spectrum of the signal z(t) is bounded. However,
to increase K one either has to increase the length of the available data sequence, or
(assuming R = L and Q is fixed) decrease L, which reduces the resolution. Letting the
segments overlap greatly can also be considered, but experiments show that selecting
R less then L/2 does not cause a further decrease in the variance since the individual

periodograms become less and less independent as the overlap increases [33].

4.2.2 Computation of the Power Spectrum of Digital Coded
Signals by Periodogram Averaging

In this thesis, the interest is in the power spectrum of different modulation systems
which are employed with some kind of shaping feature. For many of these systems
it is possible to represent the system by its state diagram; but if trellis shaping is
applied it usually is not feasible to find a practical Markov chain model. As a result,
numerical estimation of the powcr specirum must be done using the periodogram
approach.
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First, assume that the spectrum of the output sequence resides almost totally in
the range 10/T Hz, where T is the symbol interval of the modulator. We also assume
that the time-limited ~ sinw.t and cosw,t signal pair is used as the orthogonal basis
signals to represent a 2-dimensional signal constellation, where w. denotes the carrier
frequency.

The continuous channel waveform corresponding to the output symbol sequence
of 2 QAM modulator is formulated as

= 2
sity=3_ T (Azp cOswel — Ay esinw ) pt = kT), (4.24)
k=0
where p(t) is a time-limited pulse function, and ¢ is a constant corresponding to the
signal energy of the base signals. According to [34], pp. 149, s(t) can be modified as

s(t) = z(L) coswel — y(t) sinwet, (4.25)
where
2e &
z(t) =[5 2 Az ip(t = kT),
T =
2e
y(t) = /7 2 Ayeplt - kT (4.26)
k=0
furthermore
s(t) = R [ss(t)e™] , (4.27)

where s(t) denotes the base-band representation of s(t), and

2€ oc
se(t) = z(t) + () = | 5= DAz + 7A,4)p(t — &T). (4.28)
T = . .
Due to the earlier assumption that s,(t) is bandlimited,
Si(f) =0, /1> =% = BW. (4.29)

where 5,(f) denotes the Fourier transform of sy(t) and BW is the short-form for band-

width. According to the sampling theorem the minimum sampling rate is 2BW =
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10/T; consequently, this sampling rate reveals 10 samples in cach syibol interval.

For the case when p(t) is a square pulse,

z)_{ , 0Lt<T:

0. otherwise,

the 10 samples of z[n] have the same value:

&)
zn] = 1/;;(:4:,,: T 24y4) for 10k < n < (k + 1)10,
or equivalently
z[10r + ] = z[107] for 0<i<10 and r>0.

Lemma 4.8 If a discrete sequence zfn} satisfies the following equation,
z[rp + i) = z|rp] for 0<i<p and r >0,

then the N-point DFT X[n] of the sequence z[nj is given by:

Rl = (S ablewt-r ) G

'i-o

assuming that N is a2 multiple of p such that ¥ = h x p where

G = T expl{—s o)
=0
% = the modulo k reduction of n

Iyls] = z[sp].

(4.30)

(4.31)

(4.33)

Note that the first multiplier in (4.33) is just an A-point DFT of the sequence z,]s].

Proof: The N-point DFT X|[n] of the sequence z[n] is defined as

5-([77,] = X(e ) = Nz-l keI

k=0
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where w, = 3n. Since N = hp, we can modify (4.34) as.

h=1p=—1
X = 33 wlsp+ lexp{=3Q(sp + 1)}
=0 =0
h-1 p—-1
= 3 z{splexp{-1nsP} go exp{—7nt}
3=0 b
k=1 om 1
= Y z|splexp{- J-h—ns} Zo exp{—7ai} (4.35)
s=0 =
by denoting z[sp] = Zpls],
h=1 1
Kl = 5 ayls] expl =125} T exp ~ 3, (436)
=0 =0

where ¥, = 27n/h; but also
! on = 27(n+ R)/h=2wn[h = Q.. (4.37)

and by replacing n by its modulo h reduced equivalent i, (4.35) can be rewritten as

K] = 3 zplslexp{-s5-su} 2 exp{—157ni} (4.38)
=0 i=0 -

as' required.
According to Lemma 4.8, by calculating the h-point DFT of the {Azx + 7Ay k)
sequence, the 10h-point DFT of z{n] in (4.32) can also be calculated. For rectangular

windowing the periodogram of z{n] is

27

AEe

)= Tl (439)

and the average periodogram is

- (2rn 1 K=l 27n :
JEORTINAC | (4.40)

for0<n< N.
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After some experiments. the following values were found to be the most suitable

for the calculations in this research:

h = 1024

N = 10h =10240

L = N=10240
= 100

Finally, all the numerical power spectrum calculations in the next chapter. are done

according to the flowchart given in Fig. 4.6.
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Figure 4.6: Flowchart of periodogram averaging algorithm.
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Chapter 5

SPECTRAL ANALYSIS OF
NONEQUIPROBABLE
SIGNALLING

In previous chapters it was shown that the power efficiency of a communications
system operating on 2 BAWGN channel could be improved by up to 1.53 dB over
that of an ordinary PAM system by applying nonequiprobable signalling methods.
In this chapter, the spectral characteristics of the output signal sequences generated
by nonequiprobable signalling is investigated. The goa! is to determine whether the ‘
shape gain achieved as a consequence of the nonuniform distribution of the signal
points within a constellation causes any expansion in the transmission bandwidth.
The previously described methods introduce additional statistical dependencies
between the elements of the output signal while achieving a truncated-Gaussian like
distribution of signal points in 2 constellation. Shape gain is in fact independent of all
these dependencies. If it were possible to impose such a distribution on signal points
without introducing any correlation between the elements of the signal sequence, the
shape gain could be perfectly achieved.  Although such ideal systems do not exist in
reality, the spectral analysis of their signals is much simpler than those generated by
real systems, and they still provide a great deal of information that is valid for sys-

tems employing the CO mcthod or trellis shaping. Therefore it is assumed that there
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exist memorvless systems that can impose a truncated Gaussian distribution on the
signal points without introducing any statistical dependencies between the signals of
different symbol intervals, and investigate the effect on the power spectrum caused
only by the nonuniform distribution of points. Thereafter, we generate nonequiprob-
able signals by applying the CO method or trellis shaping, and analyse the resultant
power spectrum in order to determine the effects on the spectrum due to nonuniform

distributions in real systems.

5.1 Spectral Analysis of Memoryless Signalling
with Nonequiprobable Constellations

In this section nonequiprobable signal constellations produced by the shaping methods
suggested by Calderbank & Ozarow [2] and Livingston {20] are considered. The power
spectrum of the signals generated by this manner are found by constructing a Markov
chain model of the signals and then using (4.6).

The situations considered are those associated with two dimensional signal con-
stellations. Thus an introduction of this format is given followed by a description of

the examples which will be considered.

5.1.1 Signalling with Two Dimensional Signal
Constellations

Any two-dimensional signal constellation may be expressed as a set of linear combi-
nations of two orthogonal signals pi(t) and p(t). For a signal point s.(t) on [o,T),

there are two constants A, and A, for which

2e
sm(t) = \/; [Amerr (t) + Amspe(t)], forc € [0, 7). (5.1)

These signals are identified by the ordered pair {Ame, Ams). In QAM, the transmitted
signals have chis form in which casc

P[(t) = p(t) coswct,
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pa{t) = —p(t)sinwet, (5.2

where p(t) is some lowpass waveform which is zero outside of the symbol interval. In

its simplest form, p(t) is a rectangular pulse

1, 0<t< T, -
ple) = { 0. otherwise. (8.3)

In this case, (5.1) becomes

Sm(t) = \/% (AmecOs wt — Ay sinwet) p(2). (5.4)
The Fourier transform Sp(f) of the signal sm(t) is calculated as:
Sm(f) = \/? {(Amccos [7(f = fo)T] + Amysin[z(f — fo)T) sinc|(f - fc)T]‘
+ (Amecos[7(f + f)T] = Amssin(r(f + fo)T]) sinc|(f + f)T]}
- JE {(Amesin{m(f = f)T] = Amy cos [7(f = fo)T)) sincl(f ~ fo)T]
+ (Amesin[7(f + fo)T} + Amycos[z(f + fo)T]) sinc[(f + fOT]}.  (5.5)

Fig. 5.1 approximates the magritude of the Fourier transform obtained by (5.5). As

1S, (f )
4 5

Figure 3.1: Approximate power spectrum of a modulated signal.

seen in the figure, this function is symmetric with respect to the origin of the frequency
axis. Equation (5.5) can be divided into two functions of f, centred around f. and
— fe, such that

Sm(f) = S~ (f) + S (f)a (56)
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where

Smrlf) = | A Amecos (S = FIT] + Amasinr(f = £)TD)
3 (Amesin [7( = £)T] = Amo cos [7(f = 3T])
x sinc[(f = fe)T) (5.7)
and
Smelf) = 2 A Ame o8 [5(/ + FIT] = Amysin (s + T

= 7 (Amesin[w(f + fo)T| + Amscos[7(f + f)T))}
x sinc[(f + fe)T) (5.8)

Note that Spm-(f) = S,-(—f) since sm(t) is a real signal, yielding

Sm{f) = Sm=(f) + S- (= ). (5.9)

Note that for sufficiently large values of the carrier frequency, feT' > 1, Sm=( )
and Sp-(f) do not overlap; therefore S~ (f) dominates the calculations where f > 0,
and Sp-(f) where f < 0. Inserting (5.9) for 1 £ m < {a (§a represents the
number of signal points) into (4.6) would yield a power spectral function consisting
of three main components: summation of the products in the form of Sp-(f)Sn-(f):
summation of products of Sp-(~f)S;-{—f), and summation of Sm~(f)S;~(—f) for
1.< m.n < Qs Clearly, the last component always yields zero since Sm-(f) and
Sn+{—f) do not overlap. The first component constitutes the power spectrum for
f > 0. and the second component for f < 0. Actually these two components are
equal since the resultant power spectrum must be an even function of f. Therefore,
the power spectrum need only be calculated for positive values of f, which depends’
only on S;-(f). This allows Sy~ (f) to be inserted into (4.6) as the Fourier transform
of the channel signal associated with the mth state for ‘computation of the spectral

power density function (later in this chapter).
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Nonequiprobable Signal Constellations

As examples, consider three nonequiprobable 2-dimensional signal constellations that
are divided into two subconstellations C° and €'. The two constellations C° and
C! are selected with frequencies fy and fj, respectively. These constellations will be
used later in comparisons of nonequiprobable constellations with equiprobable ones.

Before describing each constellation, two new concepts are introduced which have

significant importance in later discussions:

(i) 90° rotational symmetric constellation:

(

)

If for a given signal point ey within the 2-dimensional constellation C,
with a probability 7,, of being sclected, the 80° rotated version of ag.
labeled as a,, is also a signal point within C with probability =, of
being selected. and

— -
-

(5.10)

ag

then the signal constellation € is called 2 90° rotational symmetric con-

stellation.

180° rotational symmetric constellation:
If for a given signal point ag within the 2-dimensional constellation C,
with a probability =, of being selected, the 180° rotated version of aq,

labeled as a), is also a signal pe'nt in C with
Tag = Ta,s (5.11)

then C has 180° rotational symmetry.

64-Point 2D Nonequiprobable Constetlation with Two Subregions:

Fig 5.2 illustrates a constellation C whose points are drawn from a translate of the

integer lattice Z%, namely 2% + (3, £). The 16 points with least energy form the inner
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subconstellation C?, and the remaining 48 points form the outer subconstellation C'.
Since every 90 °© rotated version of each subconstellation is identical to itself, C' has

90 ° rotational symmetry. There are three times more points in the outer constellation

¢ & & @

Figure 5.2: 64-point norequiprobable signal constellation.

than the inner one; this ratio is indicated in [20] as optimum if each subconstellation

is selected with equal probability such that

. 1 -
fo=fi=3. (5.12)
The normalized average signal energy of each constellation is calculated to be
Po=2=25 5.13)
0 =75 =29 (3.
.P| = %[ = 12.8. (514)
The normalized average signal energy of the overall constellation is (3.40):
= 1. 177
PulC) = Pofo + Pifr = 525 + 3% = 7.667. (5.15)
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The entropy of the partitioned constellation was given in (3.43). and consequently.
—_— 11 1 1
= 1+4+0.792 = 5.792 bits/symbol. (3.16)
This entropy corresponds to a 27() = 35 point equiprobuble constellation. Such a
constellation C:‘eq has average power Pm,(écq) = 8.753. Consequently the total shape

gain obtained by using a 64-point nonequiprobable constellation is

“.’:(é) =

8.753
7.667
The constellation expansion ratio due to nonequiprobable signalling can be calculated
via (3.45) to be

=1.14 = 0.58 dB. (5.17)

CER(C) = mig = 116, (5.18)

or equivalently by taking the ratio of the number of points in the nonequiproba-
ble constellation to that in the corresponding equiprobable constellation such that

CER,(C) = & = 1.16. The peak to average energy ratio,
= 21
=—==274 3.
PARAC) = = & =274 (5.19)

32-Point 2D Nonequiprobable Constellation with Two Subregions:

Fig. 5.3 shows the subconstellations C° and C'. The inner constellation C° contains
8 points while the outer one C! has 24 points. As in the previous case each subcon-
stellation is equally likely to be selected, so fo = fi = :1_7 The remaining parameters

of € are as follows:

3 37 = = 23
Fo= 3 P = 5 Po(C) = i
The equivalent equiprobable constellation C,, contains 2°72 = 28 points, and has an

H(C) = 4.792. (5.20)

average signal energy of Poy(Coy) = § = 4.5; yielding

92 i
"= T35 = 0.70 dB, (5.21)
CER:(C) = % = 1.14, ‘ (5.22)
PARy(C) = % =222, (5.23)
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Figure 5.3: 32-points signal constellation.

16-Point 2D Nonequiprobable Constellation with two Subregions:

C is illustrated in Fig. 5.4. As in the previous cases, each subconstellation C° and
C! is selected with equal probability so that fy = fi = -% The calculation of the
parameters is similar to that for the previous constellations, and this parameters are

given in Table 5.1.

Equiprobable Signal Constellations

For comparison of nonequiprobable constellations with equiprobable constellations,
a variety of equiprobable constellations were constructed based on the zZ% + (3,31)
translate of the integer lattice =2. Fig. 3.5 illustrates each of these constellations, and

their parameters are summarized in Table 3.1.

5.1.2 Computation of Spectral Density Function

A memoryless transmission system combined with one of the previously described
equiprobable or nonequiprobable constellations can be represented by a memoryless
Markov chain model. and their power spectrums can be calculated usiag (4.6).

For the case of an equiprobable constellation, the Markov chain has Qs states
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Figure 5.4: 16-point nonequiprobable signal constellation.

Table 5.1: Parameters of constructed equiprobable and nonequiprobable constella-
tions.

Constellation Entropy | Average | PARa(C)
Power
bits/symbol | P.,(C)°

4-point EQ. 2.000 600.0 1.00
16-point EQ. 4,000 | 1500.0 1.80
32-pointEQ. 5.000 | 2460.0 1.70
55-point EQ. 5.781 | 3634.3 2.11
64-pointEQ. 6.000 | 4200.0 2.33
16-point NEQ. 3.793 | 137L.1 2.08
32-point NEQ. 4793 | 1919.7 2.92
64-point NEQ. 5.793 | 3176.5 2.74

P = 7" {(Afnc) + {’1&3)}' and ¢ = 1/4.
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Figure 5.3: Various equiprobable signal constellations.
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{(one for each of the Qasignal points) and has branches from every state to every
other state which correspond to the transition probabilities £, = 1/Qa. This is an
aperiodic (i = 1) irreducible- Markov chain with a constant stationary distribution

whose elements are
for 1 <1< Qa. (5.24)

Since the chain is memoryless, in (4.10), €{), = 0 for all », v, and { > 1. Consequently
(4.10) yields zero. The channel waveform assigned to the ith signal point within the
constellation C is

5i(t) = aspi(t) + Bipa(t), where i=12,...,Qs. (5.25)
Consequently, the Fourier transform of the ith charnel waveform is

Si{f) = Fi{slt)) = F{ap(t) + 3ipait)}

= &P (f) + BPa(S), (5.26)
where
P(f) = F{m(t)}, and Py(f) = F{p=(1)}. (5.27)
Thus,
ISP = (@Pi(f) + BPA)) (P (f) + BP5(F)
= o |P(f)I* + B2 |P(f)]

+aiBi (PU(F) B3 (F) + PLf)Pal f)) - (5.28)
Furthermore, (4.9) can be expressed as

2 br ]

-

{la

Zma‘ﬂ(_f) i w3 P f)

i=1

I

e
zfzst(f)
i=l]

Qa Q
= (Z me P (f) + 7-':;'3:}:2(f)) (z mon Py (f) + Waﬁzpz.(f))

=1 =1

Q¢
= Z (ﬁt’a:P! (f) + ﬁ,ﬁ,Pg(f)) (WJQJPI‘(f) + w]ﬁjp'.'.’.(f)) 1 (529)

ij=1
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or equivalently,

Qe 2 .
nm = (Z ﬁ‘i“jai%') 1P + (Z Wiﬁjﬁiﬁg) |P2()F

iJj=1 iJ=1
Q
+ (f mmﬁ:) (BB + PrHPAS) - (5.30)
t,7==1

Equation (4.8) can also be simplified using (5.28) yielding

. |
[ = Som ISR _(ze—, )m NE + (Z'rzﬁ)le(f)lz

=1 i=]
Qa .
(Z m-aiﬁ,-) (AN + PI(HPA) (5.31)

For p=1. Il = IV [see (4.9] and {4.11}), so that the final power spectrum function

can be expressible as

1 Qc Q¢ N
o(f) = —{ (Zmaf) - (21771277_7’@7;&,-:‘)] 1P (A
i=l1 i, 4=
Qa Y
+ (Zmﬁz) - (Z fn-wjﬁiﬂj)] [Pa(f)
=1 ij=1
Qs
+ Z‘nﬂgaz) - (Z ﬂiﬂjmﬂj)] PNEN + 7 (f)Pe(f))}
ij=1
+ () {Z (mesPi(f) + mBPASY) (30 Pi(F) + 7565 B (f))}
1,j=1
_Z 6 (f - —) (5.32)

If it is desired to decouple the effect of » change in the statistics of the signal points
on the shape of the spectral power density function. a sufficient condition would be
to separate ¢(f) into two factors. one containing only the statistical information of

the signal points. namely the 7,’s. and the other containing the frequency component

f
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If the signal points are selected within a 90° rotational symmetric constellation.

- for every signal point @, in C such that

do = o + 5. (5.33)

the following points will be also contained in C:

Gi=a+36, Ga=ax+33, Ga=az+353% (5.34)
yielding
K Qa Qe
Yo mmali= Y mmBb = mmoea, =0. (5.35)
1j=1 1g=1 1=l
also,

Qe Qp R
> meS, =0. (Z w,af) = (z w,,’f) X (5.36)

=1 =1 =1

From (3.32), $(f) can thus be simplified to

=1

e
o(f) = 7 { (Z w,-a?) [(PNE + 12 )] } . (5.37)

Equation (5.37) reveals that, if a 90° rotational symmetric constellation is utilized,
the statistics of the signal points are separable from the frequency components in the
power density function, and a change in the probabilities of selecting the signal points
from the constellation does not shape the spectrum of the output signal sequence.

If a 180° rotational symmetric constellation is utilized, then

do = ag + Jf . (5.38)

and

£

=y |33, - (3.39)
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are elements of C, the set of points in C satisfies (5.33), and therefore the power
spectrum function becomes

e

Q
o(f) = %{(f:m?) PN + (}: mﬁf) 10l

i=1 =1

+ (QZCI f,-aiﬁ,.) AN + Pf(f)Pe(f)]} - (5.40)
In (5.40), the frequency component and the statistics of the signal points car only bé
separated if
IPUAI = PP | (5.41)
and
PUAB() + PL(NPAS) =0 (5-42)

As a special case, if the signal pair given in (5.2) are used as orthogonal base sig-
nals, then (5.41), and (5.42) are satisfied, and the power spectrum function simplifies
0

Q¢

of) = 7 {Zr-,- (a2 +87) mmf} . (549

i=1
Clearly the statistics of the signal points are separated from the frequency component
f. Hence it is concluded that 180° rotational symmetry is sufficient to ensure that a
change in the probabilities of selecting signals within C does not shape the spectrum.
if the constellation is combined with QAM.

In order to verify these results numerically, these signalling systems were sim-
ulated to compare the -spectrum of memoryless transmission systems with various
equiprobable and nonequiprobable constellations. In making any such comparison,
both constellations should transmit information at the same rate, otherwise the com-
parison would not be fair. Since each constellation has a different entropy expressed in

information symbols/transmitted symbols, their information rate can be equilized by
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adjusting the symbol interval T. In the simulations. the symbol interval was adjusted
to provide a true information rate of 2400 bits/second. The minimal separation be-
tween the signal points in each constellation was also equalized since this has a stroug
impact on the reliability of the transmitted information. The constellations are also
scaled so that d2,(C) is normalized to 1 for each C by selecting ¢ = 0.25. Finally.

symbols in every constellation are assumed to be transmitted by QAM.

Table 3.2: Results of the first simulation.

Constellation Entropy | Average | PAR(C) | Symbol 9% | BW.xT
Power Interval | P.BW. x10°
_ bits/sym. | Pu,(C)® T (ms) | - (Hz)

4-point EQ. 2.000 600.0 1.00 0.833 | 1018.23 848.5
16-point EQ. 4.000 1500.0 1.80 1.667 | 509.12 848.6
32-point EQ. 3.000 2400.0 LT 2083 | 407.29 548.6
30-point EQ. 5.781 3634.3 211 2409} 352.66 §49.5
64-point EQ. 6.000 4200.0 2.33 2500 | 339.4! 848.5
16-point NEQ. 3.793 1371.1 2.08 1.580 | 336.63 348.0
32-point NEQ. 4.793 1919.7 2,22 1.997 | 423.50 845.7
64-point NEQ. 3.793 3176.5 2.7 24141 351.50 848.3

“Pav =% {{A2) + (42} and e = 1/4.

From (4.6), the power spectrum function of the signals is calculated, and then
integrated numerically in order to determine the 90% fractional power bandwidth of
the transmitted signal, i.e., the width of the frequency band where 90% of the total
signal power is allocated. The results are summarized in Table 5.2 along with the
characteristic parameters of the corresponding constellations. According to this result
all constellations generate the same time-bandwidth product. This can be interpreted
as the symbol interval being the only variable affecting the signal bandwidth BW.
This nonequiprobable signalling docs not result in any bandwidth expansion. These
results are in accord with our previous derivations. because all the signal constellations

listed in Table 3.2 have 90° rotational symmetry. We also see that in Table 5.2
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90% Fractional power bandwidth

there is no major increasc in peak to average cnergy ratio duc to nonequiprobable
signalling. Conscquently, it scems that shape gain can truly be obtained with little
cost by transmission systems combined -with nonequiprobable signal constellations in
low dimensional signal space. Fig. 5.6 illustrates that theoretically. there is always
a better nonequiprobable constellation than an equiprobable constellation either for

limited average power casc or limited available bandwidth case.

1100
'] O Equiprobable signalling

1000 - * Nonequiprob. signalling

/

&
o

8005
7005
w0
500:

400 -

300 v -
Average signal power

Figure 5.6: Comparison of nonequiprobable ~onstellations with equiprobable constel-
lations.

A second example was considered to test the previous derivations. The 64-point
nonequiprobable signal constellation with the two subconstellations shown in Fig. 5.2
is utilized for nonequiprobable signalling. For a different set of frequencies fp and
f1, the 90% fractional power bandwidth was found to be the same for all relative
frequencies. Therefore has been no effect is observed on the bandwidth due to a

change in the statistics of the points in the constellation.
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A third example was also considered. Three different two-dimensional 16 point
signal constellations, C,,C, and C,, are divided into two subconstellations as shown
in Fig. 3.7, and combined with QAM. For different sets of frequencies of occurrence
of the subconstellations, i.e., fo and fi, the average signal energy and 90% fractional
power bandwidth is calculated. Each constellation is designed to transmit 2400 bits
per second. The results are summarized in Table 5.3-3.5 and plotted on a bandwidth
vs. average signal energy graph as illustrated in Fig. 5.8. When we compare the time-
bandwidth product of each constellation, we notice that it remaines constant for G,
and C, but not for C,, which means the statistics of the subconstellations have affected
the bandwidth for the constellation C,. In this example only C, did not preserve its

(a) ®»

Figure 5.7: Three different 16-point nonequiprobable constellation: (2) C,; (b) Cy:

(¢) Ce. Shaded region represents the subconstellation C°, and the remaining dots are
within C1,

180° rotational symmetry. According to our earlier derivations, this non-symmetry
may influence the statistics of the points of the power spectrum. Furthermore if we
compare the bandwidth efficiency of €, with that of Cp in Fig. 5.8, we see that the

effect of statistics of points on the bandwidth is never in a favorable direction.
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90% Fractional power bandwidth
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Figure 53.8: Average transmit power ( for d2,,(A) = 1 ) vs. 90% fractional power
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bandwidth curves corresponding to the previous experiment.

Table 5.3: Simulation results with C,.

Symbol [ fo [ fi | Average| %90 Power | BW. xT |
Interval Power | BW. (Hz)| x10°

T (ms) Pay ®

0.833 1.0 0.0 1800.0 914.65 762.2
1.266 0.8 |02 1395.2 631.54 800.0
1.580 0.5 03 1371.1 330.24 837.9
1.667 0.25]0.75 | 1500.0 308.80 848.6
1.662 02 |08 1543.9 210.47 848.6
1.494 0.0 | L0 1896.38 361.89 839.3
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Table 5.4: Simulation results wicth C,.

Symbol | fo | f Average | %90 Power | BW. x7T |
Interval Power | BW. (Hz)| x10°
T {ms) P.¢
0.833 1.0 0.0 600.0 1018.23 845.1
1.266 0.8 (0.2 816.2 669.30 348.0
1.5380 05 {05 1160.2 336.63 848.0
1.667 0.25}{ 0.73 1500.0 508.80 848.0
1.662 0.2 108 15384.0 510.07 347.9
1494 0.0 {10 2120.0 267.7 348.0
Table 5.3: Simulation results with C..
Symbol | fo fi Average | %90 Power | BW. xT
Interval Power | BW. (Hz)| x10°
T (ms) -Pa'u a
0.833 1.0 1 0.0 600.0 1018.23 845.1
1.266 08 0.2 921.5 669.80 848.0
1.5380 035 (05 1371.1 536.63 848.0
1.667 025075 1800.0 208.80 848.0
1.662 0.2 108 1904.9 510.07 847.9
1.494 0.0 11.0 2566.3 367.70 848.0

Pav =5 (AL +(A%) L and s = 1/
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5.2 Spectral Analysis of Nonequiprobable
Signalling

In Chapter 3, two methods were proposed to attain shape gain by nonequiprobable

signalling:
(i) The Calderback & Ozarow method using mainly block coding,
( i) and crellis shaping using convolutional codes due to Forney.

The exact computation of the spectrum of signals generated using these methods
is extremely difficult, so to determine their spectral density the simulation and nu-
merically estimation methods discussed in Chapter 4 are used. Three example codes
are considered. In the first two the CO method is employed based on various greedy -
algorithms. In the last example trellis shaping is used.

The systems utilized in the first two examples can be taken as block encoders
since they consist of combirations of two block ‘encoders: the first one is used for
conventional coding purposes, and the second one for shaping purposes. The power
spectrum of a block encoder combined with two-dimensional signal constellations can
be calculated by further simplifying (4.6).

Power Spectrum of Block Codes with Two-dimensional Constellations

An (M, N) memoryless block code is defined as the ensemble of length IV codewords
utilizing symbols selected from a L-ary alphabet, and an assignment of the datawords
to the codewords. The Galois field GF(2") ([31], pp. 24), for some =, is the most
widely used L-ary alpiabet (L = 27) in digital data transmission, because information
is usually coded in binary form for practical reasons. Every length M information
word, with symbols from GF(2™). is uniquely assigned to one of the codewords by

the encoder, so that
L.\' = (zn).\' Z (.Zm)M . | (5_44)
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After the block encoder selects a codeword to be transmitted according to the
current input word available to the encoder, the selected codeword enters a mapping
circuit, where each of the N digits is mapped to one of the signal points within a
constellation €. An L point constellation is necessary to assign every element of
the L-ary alphabet to one of the signal points. If T seconds is required to transmit
one digit, then NT = Ty is the time required to transmit onc codeword. Equation
(5.25) gives the representation of a signal point (a;,3.) in terms of channel signals.
The channel waveform corresponding to the uth codeword of the block code can be
represented as

N=1
sut) = Z i (t = iT) + Buapal(t — T). (5.45)

i=0
where p{t) = pa(t) = 0 for t € [0, T). Clearly, s,(t}) = 0 for ¢ € [0. Ty).

By assigning each channel waveform to one state. we can construct 2 Markov
chain model for the block code that consists of (2’")” codewords and consequently
the chain contains Qs = (2™)" states. Since there is no memory involved from onc

codeword to the next

0] 0

Gy = forall 7,7, and {>1, (5.46)

and the period of the chain p is equal to 1, hence, (4.10) is always zero. The Fourier

transform of s,(t) is given by

Nl N=1
Sulf) = Pif) X cwse™ T + Po(f) 3 Buge T, (5.47)
=0 7=0
The energy density function of each waveform is then
2 2~ or Ty 2= [T
IS (A = |~ z itk Y g ety T
1y’
n vl .. .
FIRE Y Mg, ja,,c R T
SN
'V-l ") ? . g
+ B (f)P;,.(f) Z J=I ﬁu,J'ﬂ!u.;@-J'ﬁf“

1y’
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V=1 , o )
+ PIAPAS) Y T oy By T (5.48)
"

If =, denotes the stationary distribution of state i then (4.8) yields
oM 2 G 2T
2 27 =-122fT:
[=F mlSOF = TallBl Y e Mayae
u=l u=l £, j=0

N=
+ IBE S I8, f, eI

1,j=0
N=1 ‘
+ AP Y DB, 0,0
1,7=0
N=t .
+ PHAPAA Y e Ma, 8, ,e7 T (5.49)
i,j=0 _
Equation (4.9) vields
Q 2
I =13 Su.f)
u=1
QC N=1 e p . ﬂc. N=1 ] - 2
= PN 7Y cwe M+ P Y 70 3 Buge™™ T
u=l i=0 v=1 J=0
N=-1 o~ , Qc QC’
= |Pl(f)|2 Z GJ-..J.T: (Z Wuau,‘) (Z Tuly i E-Jz'-"ﬂ‘.'
1,i7=0 u=l v=1
" N1 n . nc nc
+ PO z o2 ITi (Z Mo J-) (Z ﬂvﬁm') e~ 32=ITs
23'=0 u=l u=1

N=1 y Qc Qc o
b ROAN S o (S na) (St o
u=l

1,7'=0 v=1i

N=] | . Qe / Qe o
+ PINP(f) 3 &M (Z wuﬁw) kz wvau.,:) e~ =T (5.30)

3i'=0 u=! u=1

The summations in (5.50) can also be written in matrix multiplication form

Qg -
M={35u0 = IANE (VRaawV™)
u=}
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+ 1PN (VRase VTT)
+ PP () (VRas V)

+ PIAPAS) (VRsaecVT) (5.51)
with
V= Il’ er"-TfT. “es ‘éhﬂ(‘v-l)ls (5.52)
and
¢ Qe
R::t%cc = (Z 7‘-uau.:) (Z "'"uau_g) .
=1 p=1
2 R
R:S%oc = (Z mulu :) (Zl 771:#3!.";)
u=l u=
Qa Qa
Ri. = (z a) (z u)
u=] y=1
Q¢ Qe
R.“S%ac = (Z! TuBu a} (Z 7_1.-31:.1) :
u= ve=l

(3.33)
In these equations R denotes the ciement of the matrix R at the intersection of the

tth row and the jth column. From equation (3.53) we conclude that

and consequently,

(1]
(1)
el ) ]
S

; T Te
VRasVT™ = VRE, V™ = (V'R VT) = (vagmvT-) (5.53
Since VRgoa V7™ is a 1 x 1 matrix. its transpose is equal to itself, vielding

VRuseo V" = (VR V") (3.

[+1}
(4]}
(%3]
—

Inserting {5.56) into {5.31). reveals that

1= (P (VRoaw V') ¢+ 1PN (VRas V)
+ 2R{PNF) (VRuseV") }. (5.5
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Similarly from (5.49)

2

1= mlSulf)F = 1P (VRaaoVT)
+ 1P (VRaao V)
+ 2R{P(NP(f) (VRsaoVT)}, (5.38)

where
R

Ry = Y mutuau,
u=l
R:S%O = Z Wuﬁu,z‘ﬁu,g
R;%O = Tﬁuau.;.euq- (5.59)

Consequently, (4.7} vields

1
I
8

o) = o IRF Y (R ~ Ron) V7 ¢ = (VReaV™) ¥ 6 (f - 5.";)

1ot v iR - o, L ry S sk
¢ PP |V (Raso ~ Ras) VT 4 2= (VRgV )k;;ma(f TN)}

) i
+ QTéR{P, (NP5 [V (Rsa0 = Reas) VT*
N

1 = k
— T _— . 3.
o (VR 00V )Ez_xé (f TN) } (5.60)
Let 59 =[5, 65", . b} denote the codeword selected at time I, 6, represent-

ing the ith digit of the selected codeword. is a complex number and can be written
! ! ! - . e . .
as bf) =al" + 18" (o, 5 € 7). The matrixes used in (5.60) can be also written in
terms of afn and 3 as follows:
NIROL
Ribo = E {05 )Oﬂ; }

s = £{a°8"}
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R = E{a®al™) < £ o) £ {at)
R,gsoc = E {6(1)3(l+m)} E {31(1)} E {3}!)}
Rugw = {ail)ﬁ;l+eo)} = £ {Q‘LI)} E {3;!)}

for 0 € ! < oo, since there is no memory involved between codewords. From (5.60),
it is concluded that a sufficient condition for the discrete part of the power spectrum
to vanish is |

R:,’i = Sﬁac = nSao = (5‘61)
for 1 €1i,7 < N. This can only be realized if
E{o"} = £{8"} =0 (5.62)

for 1 £ i < N. In other words if the cxpected value of each complex digit of the
output words of the encoder is equal to zero then the spectrum of such system will not
contain any discrete components. In this case the power spectrum density function

of the output signal sequence of a (M, V) block encoder can be further simplified:

=1

o) = IR [ 0w +23 T aocos..ufiT]

+ f E‘Pz(f)le [ngu +2 Z r‘:ggo cos ..quT]

1=l

+ = {Pl ()} [ ago T Z TG0 cos -"flT] (5.63)

where ¥ denotes the kth trace of the matrix R,.
(2.63) gives the power spectrum of any modulation system whose output symbol
sequence consists of length .V codewords, and the expected value of each digit in one

block length output signal sequence is equal to zero.
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5.2.1 Simulations for the CO Method
Example 1

The system shown in Fig. 3.4 is combined with a 128-point signal constellation C
which is divided into two subconstellations, C° and C!. A Gg greedy code is used
for subconstellation selection. The § bit codewords of Ggo are fed serially onto the
subconstellation selector, where the “0” valued digits are mapped into “—17, repre-‘
senting C?, and the “1” valued digits represent C'. The “=1" , 1" sequence is called
subcoenstellation selector sequence. An element of this sequence is fed into the signal
point selector every symbol interval T. At the same time length 6 information-word
enters the signal point selector to select one candidate signal point within C°. If the
current input from the subconstellation sclector is a “~1. then this .candida.te signal
point becomes the selected signal point, and is transmitted over the channel. If the
current input from the subconstellation selector is 2 “17, then the equivalent signal
point in C! to the candidate signal point becomes the selected signal point. The
equivalence relation will be described shortly.

128-point signal constellation: Fig. 5.9 illustrates C with its subconstellations €°
and C*. Each subconstellation contains 64 signal points. Any point 7% in C° is labeled
with a 6 digit word such that

To € C-'O
To = (a0,01,82,03,a4,05) @ € {-1,1}. (5.64)

If ro> and 7o, represent the coordinates of a point 7, then the coordinates of each

point in C° can be calculated from its label as follows:

1
Toz = 5(4a0 | 2a) | ay)

Toy = (403 + 2a4 + 0.5). (565)

|-

If 7 in C' represents the equivalent point to 7, then the coordinates T,z and 7y, of
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Figure 5.9: The division of a 64-point noncquiprobable constellation into two sub-
constellations and the matching of the subconstellations.
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Ty are given by:

. Fzg =Tyo — 8
if 2<r,0<4 then o
Tyd =Tz20
Tzl =Tzo

i <70 %2 then
lf 0<myo s Tyt =Tyo + 4

—ty i N

. Tl =Tz0
if —-2<r,o<0 then = '
v Ty =Ty — 4
Toy =Tyo+ 3 -
f —4<r0< =2 then =170 (5.66)
= ‘ Ty1 =T
w = x0

The arrows in Fig. 5.9 represents the equivalence relation between 7y’s and 7’s. For
example, if 75 = (1,;1,1, ~1,-1,1) then the coordinates of 7 are r-g = 1.5 and
Tyo = —2.5. According to the equivalence relation, the coordinates of 7 are rz; = 5.5
and ry; = 1.5. Both of these points are marked boldly in Fig; 3.9.

One important variable in calculating the shape gain is the average signal energy
of each subconstellation. For small constellations such as in this example, continuous

approximation method is not required. The point by point calculations revealed that

A=+ G Q] x2=3,
] 3 e 3 ] ? 2] 2
P=g[GR+ 3R G @] v3laR =T D

The system specifications: The G52 code was already investigated in Chapter 3.
It was found that the frequencies fy and f, of the elements “0” and “1" within the
codewords of Gg» are

fo. = 0784, .

Hi = 02186,
and the related code rate is r(Gs2) = 0.651. Consequently the nonequiprobable signal
constellation is able to transmit 6+0.651 = 6.651 bits per symbol, and a corresponding

equiprobable signal constellation would have 25651 =~ 100 signal points. A square

shaped 100-point equiprobable signal constellation has an average signal energy of
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16.5. The average signal energy of the nonequiprobable signal constellation is found
as 14.82; thus the rotal shape gain is calculated as .47 dB. The peak to average

power ratio is

Example 2

This time we designed a modulation system with a G; 2 code for shaping purposes
and (7,3) Reed-Solomon code for conventional coding purposes. A 16 point one
dimensional signal constellation is divided into two subconstellations C° and C' as
shown in Fig. 5.10. The average signal energy of these subconstellations were found
to be By = 21/4 and P, = 149/4.

................

4523210121343 56

Figure 5.10: A 16-point nonequiprobable l-d:mensmnal constellation (above), and
13-point equiprobable constellation.

System specifications: From (3.64) and (3.66) the frequencies f; and f, and the

code rate are calculated as follows:

-

log, i (37) = 0.694

y=0

m(G:2) = -
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fo =

i = 1-f=0241
The average signal energy of the system is found as Puy(C) = 12.97. An equiprobable
constellation would require 2*+%5% = 13 signal points in order to have same informa-
tion rate per symbol as the nonequiprobable constellation has. A 13-point equiprob-
able one dimensional constellation has an average signal energy Fu(C) = 14.00;
therefore the total shape gain obtained by this system is found to be 0.33 dB.
The equivalence relation between points 7 in C? and the points 7, in Cis defined

N roz + 8, if —4<r0,:l<0 -
r"x_{rg',—s, if O<rmr<4 (5.68)

The peak to average power ratio is

PARNC) = B 4ay

12.97
and the constellation expansion ratio is
CER,(C) = i—s =123

Simulation Results

The correlation matrices used in equation (5.63) are first calculated for each system.
It has been found that all e 2ments of Rooee, R4800: Rasec: Raso, are equal to zero.

Furthermore, Rooo 2nd Rasp contained nonzero elements only on their diagonals
(T9,,) such that

a0 =0 for i#0

IPo=0 for i#0

so that frequency components and the statistics components of the signal points are

separable in (5.63). Thereforc nonequiprobable signalling does not shape the power
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spectrum of the output symbol sequence. In the next section we will give a theoretical

reason for this fact.

Discussion

As explained in Chapter 3, the CO method consists of any kind of encoder used ftor
shaping purposes, and a conventional encoder, which can either be a block encoder to
generate lattice codes or a convolutional encoder to generate trellis codes. The output
sequence of é. trellis code can be assumed to be an infinite length block code. This as-
sumption allows the use of formula given in (5.63) to investigate the power spectrum
of the output signal of the transmitter, which implements the Calderbank & Ozarow
method. The sufficient condition for the necessary bandwidth of a nonequiprobable
signalling scheme to be the same as that for equiprobable signalling is that the com-
ponents depending on the statistics of the signal points and the frequency components
in the power spectrum functions for both cases should be separable.

Let 59 = [7,59,... 5] denotes the codeword selected at time I, where 6",
representing the ith digit of the selected codeword, is a complex number and can be
written as b’ = a&” + Jﬁf‘). A sufficient condition that the statistical components
and the frequency components in the (5.63) are separable is as follows:

foralll>0

E{a}=E{g") =0  fr 1<igW, (
E {ag)ﬁ_gl)} =10 for 1<14,7<N; (3.
E{olaf} = {8080} =0  for 1<ij<N i#j (

£{(o)} = 2{(")’}

Next the meaning of these conditions are investigated. According to the CO

orooonoon
=] = O
- O W
N’ p—g o

I~

or I1<i<N (5.

o
-3

2)

method the conventional encoder selects one signal point 7 = 1oz + Jro within C°.
Afterwards, if the subconstellation selector activates say C*, then the equivalent point

of 7 in C*, which is denoted as 7, =r,. + jr,,, is selected and transmitted over the
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channel. The equivalence relation between 7 and 7, can be formulated as

Ts = g:(T) , (5.73)
" or equivalently
Tz = gnsl(T0)
Tsy = 93.(T0) (5.74)
Similarly, we can write
b9 = cd? + 38" = g,(63) = gms(6(3) + 295,5(6(2) (5.75)

where bm af?, + Jﬁf‘g, and it represents the ( from the conventional encoder) selected
signal point within C°, while bﬁ') is the transmitted signal point at time { at digit z.
Rewriting the crosscorrelation equation

E{alaf’} = z z E{on(t{Dgns(62)} Plki = ek = f) forisj, (5.76)

e=0 f=0

where G denotes the number of subconstellations in C. &, denotes the selected sub-
constellation at the ith output digit at time [, and P(k] = ¢,k} = f) the probability
of having selected eth subconstellation at digit ¢ and fth subconstellation at digit j.
To make (5.76) satisfy the condition stated in (5.71),

E {gn(6{0)ams(650)} = O, (8.77)

is sufficient for 0 < e, f < G - 1. Let 7 and go be two points in € then (3.77) is
rewritten as
Y gnelt P = 7o, b3 = go) = 0 5.78
gﬂ.c(ro)gﬂ.f(qo) (:,0 To, 050 qo) ’ (D.! )
7pelo
q0€CP

equivalently

Y 9nelR) ( 3 onslaa) P8 = R | 65 =qo)) Pl =gq)=0  (579)

qoEC? Foele
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Again, the sufficient condition for the equality in (3.79) is

Y ms(@)Pb =T |y =gq)=0  for 0SF<G-1 and 1 <47 < (5.30)
fece

Equation (3.80) requires knowledge of the conditional probabilities of the elements of
the outpurt signal sequence generated by a conventional encoder. Let's assume that
an (M, N) biock encoder is utilized as conventional encoder. The relation between

the input words and the codewords is then given as
UG =V. (5.81)

where U and V represents the length M input. and length N output words, respec-
tively. G denotes the generator matrix of the block code. More specifically, U, V,
and G can be written as

U = [ul,ug,---,u‘w]

VvV = [v:,vg.-—-,v_\-]
Qi Gz o iy |

G - (B e 55
vt Ju2 0 HuN

Consequently, for a given input word U. the ith and jth digits of the corresponding
codeword are

M '
v, = ZQ:.:HI
=

M
vy = 9 g (5.83)
=1

fori,7 =1,2,--.,N. Although the symbols of the input words and the output words
can be selected from two different alphabets. it is assumed that all w;’s, end »,'s are

elements of GF (L), where L is a power of 2. Furthermore. define two new variable

sets U; and ¥,

M
o= h— Z Gua = Gpalip + Grate
il

iZpr
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M
W= U Y QU= Gogls + Gyl (5.84)
t=
Epr

where p, and 7 can take any valuc between 1, and N. They should be selected in such

a way that the equations

Uy = Gpilp * Grilr (585)

& = Gog¥p T Gra¥r (5.86)

form a system of linear equations with a unique solution. The only case when this
is not true is when two columns of G are linearly dependent. Otherwise, r and p
satisfying the above conditions do exist. To calculate the number of codewords whose

ith and jth digits are

with a,b € L-ary alphabet. assume that ¥; is also fixed, such that
h==z

with z € L-ary alphabet, then from (5.84)

Mo

Y au=v-t=a-z (5.87)
l;l:pl,r

Since the number of degrees of freedom of U is M — 3 in this equation, there are

LM-3 possible combinations of u,’s, which satisfy (5.87). Any of these combinations

of u,’s, will generate a 9, such that

M
v, = b-Zngg=b—a+x=y (558)
1.
{=p,r -
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with y being an element of GF(L}. If (53.83) and (53.86) form a set of linear equations
with a unique solution. then for given &, = z and &, = y. unique values for u, and
u, can be found; therefore concluded that if v, = a. v, = b, und ¢, = z. then there
exist LY=3 different codewords satisfving equutions (3.84). (5.35), and (5.86). For L
possible values of £, (5.87) will vield LY -? different combinations of u,'s. As a result
there are LM~2 codewords with v, = a. and v, = b. The total number of codewords
is already known to be LY. because everv digit of 2 length M input word can take
one of the L different values within GF(L). Since every codeword is equally likeiy
to be selected by a random input word sequence. the probability of transmitting a
codeword V with v; =a. and v, = b is

LM -2 1 _
P(vi =a, UJ = b) = L-w = ’I':.'-; (D'Sg)
Equation (5.89) holds for all a,b € L-ary alphabet. Consequently.
1 |
P(U; = a) = Z P(v‘ = qa,. 'UJ - b) = L—_' = -— (5.90)
bECF(L) L L
Assume that everv element ay. @y, ... a; -, of the L-ary alphabet is mapped into one
of the signal points ¢. ¢. .. .. ¢ oy, with
G = b33
The expected value of the mth output digit bffl’n of the encoder at time { is
() 0 1
E{blle} = Zc,Pbmo= )=zzc, (5.91)
=0 1=0
Also, the crosscorrelation of two output digits is
GING) S (0 @
E {brobmo} = > :esP(bhia = & bng = ) = : Zﬂqc,
)= 1,3=

(%LZ ) ( ZCJ) (5.92)

1=l =0
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Interestingly. by inserting (5.91) into (3.92) we find

E{60obh} = £ {620} £ {bho} = E* {bhmo} = E* {trb} . (5.93)
As a result, if the ith and the jth columns of the generator matrix G of a linear block
code consist of two linearly independent, nonzero vectors, then the ith and the jth
output digits of the encoder output are mutually independent. and therefore are not
correlated.

Returning to (5.80) the condition on the probability function can be disregarded,
and so can be rewritten
S grlg)P(big = 7o) =0, (5.94)
rece -
for0< f<G-1landl <i< N. From (5.90) since P(bg% = 7p) is constant for all
o € C°, (5.94) is finally simplified to

¥ gns(a0) =0 (5.95)
q0EC?
for 0< f< G- 1.

If the conventional encoder is a convolutional encoder. than it is slightly more
complicated to simplify (5.80). Given the state of the encoder entering at time interval
{, all the branches diverging from that state are equally likely to be selected. Therefore
(5.80) can be simplified to

> oms(a) =0 for 0 < f<G-1, and all encoder states h,  (5.96)

qoESH

where s, denotes the set of signals associated with the branches diverging from state
h.

Equations (5.95) and (5.96) can be combined to construct 2 common sufficient
condition for E {aﬁ”af’} = (@ for i # j: For every possible selection of the subcon-
stellation and for every possible state of the conventional encoder, the summation of
the real coordinates of all possible signul points that can be selected by the current

input bits of the conventional encoder must be equal to zero.
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My 1
considering the imaginary coordinates of the above mentioned signals, and it can also

A similar sufficient condition can be stated for £ { 3‘”.3"‘”} = 0 for ¢t & 7, only

easily be shown that these conditions are also sufficient for (5.69). and for (5.70) when

t # 7. Now we want to find the condition for

E{af“ﬁf“} =0 for 1<i< N (3.97)
By modifving (5.76)
E{af8"} = S {92(600)g0.(60) } Pk = €. (5.95)
=0
Furthermare
E {g2:(600)92(0{8)} = T gmei)gne(ao) PG = ) = 0. (5.99)
FoSs

Since every point in C? is equiprobable
> gre(T0)ga.(9) = 0. (5.100}
a8y

By following the same procedure the condition stated in (53.72) is modified to

Y (R = Y (ga(F0)). (5.101)

Fo€sn Fa€3p
The sufficient condition that (5.100) and (3.101) hold is that every subconstellation
should have 90 ° rotational symmetry. If this condition is combined with the previous
condition the final conclusion is:

A trensmission system which utilizes a linear conventional code combined with
the CO method to achieve some shape gain will not suffer from any bandwidth ex- .
pansion or from any undesirable behavior regarding its spectral properties because
of nonequiprobable signalling if for any given selection of the subconstellutions and
for any given state of the conuventional encoder the set of signal points thal can be
selected by the current inpul bils of the conventional encoder, forms « signal constel-

lation which has 90° rotational symmelry.
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5.2.2 Simulations of Trellis Shaping

Trellis shaping , a very powerful method to select signal points withir. 2 constellation
according to an approximated Gaussian distribution, was first sugizested by Forney in
3] in order to minimize average signal power, and was discussed in Chapter 3. Forney
also noted that with a simple 4-state code it is possible to achieve a2 1 dB shape gain
in expense of a small increase in complexity. In this thesis we question whether trellis
shaping also causes an increase in bandwidth or equivalently whether trellis shaping
has any effect on the power spectrum of the output signal sequence.

The most practical way of investigation is simulation of the output signal se-
quence generated by different modulators equipped with trellis shaping. 16 different
simulations have been accomplished by utilizing the combinations of two different
ccuvolutional codes for shaping purposes, four different signal constellations and two
different initial regions, i.e., the region which contains only the signal points selected .
by (y;.w;, t;) bit sequence as shown in Fig. 3.9. All these systems are combined with
QAM. In the following section each of these alternatives will be explained and the

simulation results summarized in a table in order to reach some conclusions.

Components of Modulation System with Trellis Shaping

The block diagram of the system which is used for simulation of the output signal
sequence is given in Fig. 3.9. Now. let’s see the components of the system.

G, encoder for code C.: G. is a rate 1/2 ordinary convolutional encoder, that
.5 placed to attain conventional coding gain. The generator martrix is given in D-

notations as
G.=[1 + D*. D] (5.102)

(H71)7T Coset representative generator: Throughout the simulation chain we used
two different convolutional codes for shaping purposes which are labeled as C,,; and

Csa. Those two codes are characterized by their generator matrixes as
Ga = [L+P1+D+ DY
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Ga = [+ DD (5.103)
The minimal feedbackfree syndrome-former generators (H,)” for both codes are

(Ho)" = +D+ D1 DY
(Ho)" = D1 DAY ' (5.104)

Possible left inverses (H;!')? for these syndrome former matrices that may be used

as a coset representative generator matrix in our simulations include

HN = [t + D+ DD
1
-1\T
(Hsl )b - [0? 1 + Dg]
(HZ) = [D.1]
(He) = [0-1+1D21=(H;');£‘ (5.103)

If the modulation system did not include decoder for C,, i.c.. no trellis shaping would
be employed, then the n. coded bits. n, uncoded bits and n, bits of the output of
the coset representative generator circuit (H;')? would determine the signal point
to be transmitted. Therefore decoder for C, can also be interpreted as a circuit
which replaces the by-the-rest-of-the-system-selected-candidate sequence by one of
its equivalent. in order to decrease average transmitted power. The set of possible
such candidate signals is called as initial region. In the cases that (H")T and (H))T
are used as coset representative generator, the initial region R, is the whole signal
constellation, but it (H3")] or (HZ')7 is applied then the first bit of the output word
of the coset representative generator will be always zero; consequently, the initial
region R; will be only the half of the total signal constellation.

Signal Constellations: Four different signal constellations with different subregions
are utilized. Fig 5.11 shows the shaping subregions of the constellations. Here are
the brief descriptions of these constellations:

Sig32a: This 32-point constellation consists of points within two dimensional half

integer lattice translate Z* + (4. 1) and is the same constellation as in Fig. 3.10. This
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constellation has 90 © rotational symmetry property.

Sig32b: This is 0.2 dB more power efficient version of Sig32a, but it has only 180 °

rotational symme:ty.

Sig256a: It is a 256-point two-dimensional square shaped constellation, with 180 °

try.

256b: This constellation is similar to Sig256a, but the subregions do not have

rotational symme

anyv
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Simulation Results

After designing each system. a very long (= 400000 symbols long) vutput symbol se-
quence was simulated. Thercafter, using the numerical methods explained in Chapter
4, the power spectrum of each outpurt sequence. and 90 % fractional power bandwidth
was calculated. These results were compared with the results obtained from systems
which do not employ trellis shaping. The consequences of this simulation are sum-

marized in Table 3.6.

Table 5.6: Simulation results. The corresponding 16-point equiprobabie signalling
has the following parameters: (C__L‘) = 4.0, Fo(C) = 2.5, BW = 0.51 rad. and 123
point equiprobable signalling:H(C} = 7.0, P (C) = 20.5, BW = 0.5! rad.

constellation '
Sig32a Sig32b | Sig256a | Sig256b
(H7HT
4.18 4.15 7.15 7.23
(HDT 2.21 2.15 17.25 18.15
0.51 0.51 0.51 0.30
4.16 1.27 7.28 7.23
H 223 234 | 18.90 | 18.13
0.51 0.51 0.50 0.51
4.17 4.15 7.15 7.23
(HZ)T 2.21 2.15 17.29 18.15
0.51 0.51 0.51 0.51
4.17 4.28 7.28 7.23
HT 2.23 235 | 1887 | 18.13
0.51 0.51 0.51 0.51
How to read H(C)
the table P (C)
BW in (rad)
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Discussion

Every system simulated, regardless of the constellation, initial region £ and the
code used for shaping purposes, achieves some power efficiency by trellis shaping
over equiprobable signalling. This gain can reach up to 0.66 dB if the signal points
are selected within a 32-point signal constellation, or 0.75 dB if a 256-point signal
constellation is used.(The latter gain represents the power efficiency of 256-point
nonequiprobable signalling via trellis shaping over equiprobable signalling with 128-
point cross shaped constellation. If it is compared with signalling by 2 square shaped
128-point equiprobable constellation, then the gain obtained by trellis shaping be-
comes 0.92 dB.)

As the size of the constellation increases the shape gain also increases. This is
due to 2 better approximation of the probability distribution of points to & Gaussian
distribution. |

There has been no change observed in the shape gain due te the selection of the
initial region R,, but the selection of the shaping code has some small effect on the
efficiency of the system.

As 2 final remark, all the simulated systems had the same 90% fractional power
bandwidth, with the result that trellis shaping most probably does not effect the
bandwidth of the system. In other words, it is possible to obtain shaping gain via
trellis shaping without any expense in terms of required transmission bandwidth for
reliable communications.

Intuitively, it can be concluded that the conditicns derived for the CO method
are also valid for systems emploving trellis shaping, since all systems obey these
conditions. Note that although the sig236b constellation does not have any kind of
symmetry, for every symbol interval the set of signal points that can be selected with
current input words, regardless of the state of the overall transmission system has
180° rotational symmetry which is enough to assure that no bandwidtl-l expansion
will occur if the constellation is combined with QAM.

In the following two figures we draw the power spectrum found using the peri-
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odogram averaging method. The graphs correspond vnly to the first part of the (4.33)
since the second factor G, corresponds to the power spectrum of the windowing func-
tion, Clearly. these graphs reveal that the spectrum of output signal sequence in both
cases, equiprobable or nonequiprobable signalling. is simply fat or white, therefore
the elements of the output signal sequence. which are uncorrelated with each other
in the case of equiprobable. remain uncorrelated after trellis shaping is applied. This
fact explains why trellis shaping does not affect the power spectrum function.

The last two figures show the complete power spectral density function for equi-
probable and nonequiprobable signalling. The only noticable difference we notice is
that there is less than 1 dB shift between both cases which corresponds to the shape

gain obtained by trellis shaping.

= 130
-
e FMW\WMM
120
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S 11.0
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] L 1
-n -n/2 0 /2 X

Q (rad)

Figure 5.12: Power spectrum of nonequiprobable signalling wich trellis shaping with-
out considering the effect of the window.
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Chapter 6

CONCLUSIONS AND
RECOMMENDATIONS

6.1 Conclusions

In this thesis the power spectrum of channel signals generated by nonequiprobable
signallinghas been investigated.

The first half of this work examined the effect of nonequiprobable distribution of
points in = signal constellation on the power spectrum. Transmission systems com-
bined with various equiprobable and nonequiprobable constellations were designed.
Using the Markov chain model. the power spectrum of the output signal sequence of
each system was calculated and used to determine the fractional 90% power band-
width. The results of these simulations and theoretical calculations revealed the
following.

The probability distribution function of points in a constellation has a direct
effect on the power spectrum of the output signal sequence. This effect is usually
an expansion cf the transmission bandwidth. However if certain design rules are
- obeyed. this bandwidth expansion does not occur. The sufficient conditions that

were established are:

() If any orthogonal signal pair is used to represent a two dimensional constellation,

any 90 ° riwation of the signal constellation should not effect the system.
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() If QAM is used to generate the vutput signal sequence. the system should be

invariant to a 180 ° rotation of the constellation.

The second half of the research was to investigate the effects on the power spec-
trum of the correlation between the elements of the output sional sequence, due to
implementation of shaping codes.

The calculation of the power density function by use of a Markov chain model
was modified to calculate the power spectrum of the sequence generated by a block
encoder that is combined with a two-dimensional constellation,

Various systems employing the Calderbank & Ozarow method and trellis shaping
were simulated. In these sirnulations, only linear codes were considered for both
conventional coding and shaping purposes.

Simulation results and theoretical calculations reveal that svstems emploving the
CO method are guaranteed to generate the same power spectrum function as those
which do not employ CO method. if 2 coset code is used for conventional coding

purposes. In addition,

(¢) for any given selection of the subconstellation and for any given state of the
conventional encoder, the set of signal points that can be selected within any
two dimensional constellation by the current input bits of the conventional

encoder, must form a signal constellation that has 90 ° rotational svmmetry, or

(i) for a QAM, the set of signal points those are possible to be selected by the current

input bits must form a 180 ° rotational symrmetric signal conszellation.

The simulation results of the systems with trellis shaping revealed the following:

As the size of the signal constellation increases the shape gain obtained by the
system also increases. This is due to imposing a better approximation of 2 truncated
Gaussian function on the distribution of points in the consteliation.

The selection of the initial region does not effect the shape gain but the code

applied as a shaping code has a small e¢ffect on the magnitude of the gain.
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It is believed that if the conditions stated for systems designed using the CO
method are satisfied for systems with trellis shaping, the power spectrum of the
output signal sequence will be indifferent to the changes in the distribution of the
signal points.

Consequently, it is concluded that geometrical symmetry of a signal constellation
is an important factor in the band efficiency of a memoryless transmission system.
Since blockcoding combined with two-dimensional signalling is equivalent to memo-
ryless multidimensional signalling and trellis coding with two-dimensional signalling
is equivalent to memoryless infinite dimensional signalling, the code itself should also
have a contribution to the symmetry of the overall equivalent constellation, and hence
it should have an impact on the band efficiency of the system. From the results of
this thesis it is to conjectured that linearity of 2 code is sufficient to obtain zn over-
all symmetric equivalent constellation if the two-dimensional constellation combined

with this code has some geometrical symmetry.

6.2 Suggestions for Further Research

The conditions stated in this thesis can be applied to any system which uses nonequi-
probable signalling. Further research may reveal more fexible conditions for specific
applications.

The conditions given for systems using trellis shaping are based on simulation
results and on the senses developed in deriving such conditions for previously de-
scribed svstems. Therefore a possible area of research is to deri.e these conditions
theoretically.

Nonlinear codes can also yvield shape gain with trellis shaping. The effect on the

power spectrum of such systems bears further investigation.



Appendix A

Continuous Approximation

The average signal power P{C) of a large constellation C of equiprobable points can
be calculated by approximating the discrete distribution of points in the constellation
by a continuous distribution that is uniform within the boundary region Ry of C.

and zero elsewhere. such that

P(C) ~ P(Rg) 2 Ir 2 dV- (A1)

2
.’VI/-(RB) r/l;n
In this equation. ||r[|> denotes the energy of the point r within Ry, and V(Rg) =

Jry dV is the volume of the region enclosed by Rg. Equation (A.l) can also be

written in the form
P(C) = 2G(Ru)V(Ry)*™. (A.2)

where

Jrp IT1? 4V

CUte) = ¥ oy

(A.3)

denotes the normalized or dimensionless sccond moment. G(Ry) results from taking
the average squared distance from a point in Rg to the centroid, and normalizing
o ovtain a dimensionless quantity [22]. The second moment G{Rp) is invariant to

scaling operation, since
L li2 dtaV = ] 2 dVv 2N
[, ferlPdtav) = ([ IriPavie

138



L'-(QRB) 1+2/N - V(RB)I-'-'.U.\'Q.\'( 127N

= V(RB)I-I'-g/:VQ.\'-.-‘.‘. (A-l)

yielding,

e I dV] o**
NV (Rg) =/ g2+~

G(QRB) = = G(Rs). (.-5&.5)

G(Rg) is also invariant to orthogonal transformations of Rg, and to the cartesian

product operation [18].
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Appendix B

Limits on Shape Gain

The volume of an N-dimensional {.V is assumed to be even) spherical region ®y with
a radius R is given in [18] to be

- N/2 a4 N
N/

and the average signal power of the constellation bounded by this region is found by

Vigy) = (B.1)

the continuous approximation method (see Appendix A) to be
RQ

(N/2 4 1)

According to the definition: of shape gain given by {3.17). the shape sain of an N-

Pou(Bxy) = (B.2)

dimensional spherical region is

(V(Zu)¥Y _ 75+ 1)

vy — B.3
BN = ey~ (B:3)
For large N, (N/2)! can be approximated b, the Stirling formula

(S~ VRR() Y. (B.4)

where ~ denotes asymptotically equal and means that the expression in (B.4) ap-
proaches equality as V becomes arbitrarily large [32]. Using (B.4) in (B.3), yiclds for
large NV

w .,., + l) 27:’0(%' 4 l} we
fs(gN) ~ G(Jv_)ll\(zc ~ 6.‘\" - E




Equation (B.3) illustrutes that the shape gein obtained by a spherical bound-
ary region of an N-dimensional constellation C approaches 1.33dB as N becomes
arbitrarily large. The constellation expansion ratio of the 2-dimensional constituent
cdnstellation C. induced by C. and the peak to average power ratio in two dimensions

are given in [18] for the spherically shaped constellations as

TR? Nt

CER:.E(@A‘) = W = (?)3/5‘ (BG)
= R? N
PARLC) = m = (3 +1)
= () v CER,(@w) (87)

From (B.7). the peak to average power ratio in two dimensions grows without bound as
N becomes arbitrarily large. This is mainly because of the increase in € ER,2(8n) as
N gets larger. High PAR,(C). and CER,»(8~) arc undesirable in communications
systems. The optimum trade-off between shape gain and PAR:(C), or CER,2(®n) is
calculated by bounding the peak energy of the constituent 2-dimensional constellation
C, within a circle. As a result. the optimum trade-off is reached in finite dimensions
when the distribution probability of points in C» approaches a Gaussian distribution
[18].
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Appendix C

Calculation of the Average Signal
Power of QAM

Quadrature Arplitude Modulation systems are widely used for digital communica-
tions purposes. The general structure of the signal constetlation utilized with QAM
is given in section 3.1.1. Every signal point in the constellation is characterized by
its two coordinates, and the two orthogonal base signals pi(2) and pa(t) of the con-
stellation. Generallv. a sine and cosine signal are used as base signals:

() = cosw.t t€{0.T)
pit) = 0 clsewhere

_ | —sinut t€[0,T)
pit) = { 0 elsewhere

The channel waveform assigned to the mth signal paint with signal space coordi-
nates (Ame, Am,) is then formulated as
2%
T
where p(t) is the time-limited square pulse with unit amplitude in the interval t €

smit) = {AmeCOSwet — Ay sinw tip(t) (C.1)
[0, 7). In equation (C.1) £ denotes a constant representing the energy of base signals;
and it directly determines the minimum separation between the signal points in the

constellation according to the equation

din = 20/ (C.2)



The minimum separation, or minimum distance between the signal points dmn, 18
a very important variable determining the performance of a transmission system.
Conventionally, ¢ is adjusted so that the minimum separation is equal to 1 for all
constellations, before any comparisons are made. Finally. the carrier frequency of the
modulator is labeled f..

The channel signal scquencc is a superposition of the individual waveforms trans-

mitted every signalling interval T.
[= =]

sy = 3 s -qT)

x fo
= 3> \/%[AS‘L coswe(t — iT) — AW sinw,(t - iT)jp(t - iT) (C.3)
The average power of s(t) is then,
Fow = (Is(t)l2>

= lim
Ne=x ”;'\: TJaxr

CE S (Acosu(e = iT) - AL, sinw(t — )P - T e
(C.4)

where the notation {z) is used to indicate the ensamble average. After certain sim-

plifications,
12 V=
Pow = lim 5z INT T, Z _/ (A% coswet — AW, sinwet]?) dt
= lim 2e Z / (4(1) ')COS .t dt _rf (A‘,,‘f,z)sinzwtdt
N—co Q.NTG ¢ c

T
- '[o (AGL A8y sin® 2t dt)

- lim —% \Tl T((4<=’ ) +{AE). {C.5)

N—os 2NT? &= 2

Since the expected values of A!).%.and AY),? are time invariant. the average signal

power of a QAM system is found to be

Pa == ((A%) + (AZ)). (C.6)

e
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Appendix D

Shape Gain of a 2D Circular
Boundary Region

The average power of a square shaped constellation with a uniform distribution of
points can be calculated using the continuous approximation method (see Appendix
A):

P(Rpy) = Hrl? dV

2
RB sq) -[ Rp g

“
as

= j f (2 +v) dody = =2 (D.1)

In the equation above, a,, denotes the length of one side of the square boundary
region Rp . Similarly, the average power P(Rp ) of 2 circular shaped constellation
is calculated as

...ua

__.-_._ = 3
P(Ryar) = Rm.,)L./ rrdrdf = o (D.2)

In order to make a fair comparison. the volume of cach constellation should be equal-
ized so that the entropies of each constellation are equal. The volume (in 2D vector
space the volume of a constcllation actually corresponds to the area of itself) of 2
circle with a radius 2, is equal to the volume of a square with a side length a,, if

|

Aqr = ﬁasq- (D'3)
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Inserting cquation (1.3) into (1D.2) vields

a2
P (RB.GF) = .)—-:'» (D-4)
and the resultant shape gain of the circular boundary region in 2 dimensions is
P(Rpue) _ 2 =
- = = = = — = 0.2dB. D3
f’.RB.ﬂ' P (RB‘ar) -n.é- 3 ( O)
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