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“Battle not with monsters,
lest ye become a monster,
and if you gaze into the abyss,
the abyss gazes also into you.”

-Friedrich Nietzsche
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Abstract

Due to the rise of optimal control problems in modern life and their increasing com-
plexity, this thesis analyzes various properties of these problems and how they relate
to the difficulty of the problem itself to help increase understanding of the space.
Through the lenses of learning theory and topology, it discusses how concepts like
sample complexity, topological complexity, and path homotopy contribute to char-
acterizing problem difficulty. Through graphical and topologically equivalent repre-
sentations, methods are presented for bounding sample complexity for various goal-
oriented MDPs, with a strong focus on separated-path MDPs.

Using various model environments as specific examples of interest, three different
methods of solving these types of problems are presented along with discussions on
why the above properties affect those solutions. These environments serve as play-
grounds for analyses based on partial observability, topologically complex navigation,

and hierarchical frameworks.
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Chapter 1

Introduction

Optimal control problems, which seek to compute control policies that optimize a
given objective function subject to system dynamics and constraints, have become
extremely popular in recent years, and their solutions—especially through Reinforce-
ment Learning (RL), an area of Artificial Intelligence (Al) often used for learning
optimal control—are now widely applied. While early RL methods—particularly
tabular and linear approaches—were relatively simple and interpretable due to their
explicit state—action representations [6], the introduction of deep neural networks as
function approximators has led to increasingly complex RL algorithms. These deep
RL methods are often treated as black-box models, as the high-dimensional and non-
linear representations learned by neural networks make it difficult to interpret their
decision-making processes [7,8]. Initially, video games and robotics were the most
well-known applications of RLL methods, however, this category has since expanded
to include things with real-world tasks like self-driving cars, chat-bots, healthcare,
and more. This makes the need for studying RL and its foundations all the more
urgent, as the impact of these systems continues to grow. For instance, in self-driving

vehicles navigating through complex urban environments, understanding why an RL



agent struggles with decision-making under certain conditions can lead to safer and
more reliable algorithms.

With the rising impact and importance of the possible applications in this field,
the need to understand the problems and solutions becomes crucial. Specifically, the
research in this thesis investigates how certain structural properties of the Markov
Decision Process (MDP) class of problems contribute to the learning challenges faced
by RL algorithms and how mathematical simplifications can enhance interpretabil-
ity. The outcomes of this research not only illuminate factors influencing problem
complexity, but also propose methods that can be adapted to practical RL applica-
tions, potentially improving safety and decision-making reliability in areas such as
autonomous navigation and healthcare.

The objective of this work is to analyze what properties of a problem contribute
to differences in learning difficulty, and to investigate how a rigorous application
of relatively simple mathematical models—compared to the highly parameterized
function approximators commonly used in deep RL—can help make these effects
more explicit. The results are often presented using navigation-type problems, as
these are intuitive to describe and visualize while still exhibiting non-trivial solution
complexity. Although these examples are domain-specific, many of the underlying
observations extend to a broader class of sequential decision-making problems.

By identifying problem properties that influence learning complexity, this work
aims to improve understanding of why certain RL problems are more challenging
than others. Additionally, the use of more traditional mathematical formulations
can support clearer analysis and facilitate reproducibility, complementing empirical
approaches commonly used in modern RL research. This thesis presents these con-
cepts in a way that they can be adapted and applied to various other problems in

the field. The work here will primarily be focused on MDPs, which are a specific



type of optimal control problem defined in Chapter 2, and in some cases, an ex-
pansion is made to Partially Observed Markov Decision Processs (POMDPs), which
is a generalization of MDPs where the state is not fully observable. The solutions
to these problems are found analytically through an iterative optimization method
called Dynamic Programming (DP) or approximated with Al through various forms
of RL. The problems themselves are mostly analyzed through information availabil-
ity, topology, and sample complexity. While the goal of this work is to increase the
community understanding of the connection between optimal control problems and
their Al solutions, it emphasizes mathematical structure and interpretability whereas

scaling law research focuses on large-scale empirical regularities [9-12].

1.1 A Brief History of MDPs and RL

While the popularity of RL has skyrocketed in the last decade, the journey began over
a century ago in the early 1900s with the formalization of the stochastic processes
known as Markov chains [13]. A stochastic process is a collection of random vari-
ables indexed by time. In the case of a discrete-time process, this formalism models
sequences of random events. A discrete Markov chain is a special case where the prob-
ability of the next event depends only on the current event (the Markov property),

formally defined by
Pr(X1]Xo, X1,..., Xy) = Pr(Xoq| Xy),

i.e. the probability of an event at time ¢ + 1 depends only on the event at time ¢,
rather than the full history.

MDPs are a standard framework for modelling sequential decision-making prob-



lems. An MDP consists of a set of states, a set of actions that act on the states (via
state-to-state transition probabilities), and scalar rewards that quantify the benefit
or detriment of each transition. The goal in an MDP is to maximize some form of
cumulative reward. More precisely, one seeks a policy, i.e. a choice of action to take
at each state, such that the associated cumulative reward will be maximized. While
MDPs are closely related to Markov chains, the relationship is such that fixing a spe-
cific type of policy (a stationary Markovian policy) in an MDP yields a Markov chain
with an associated reward structure. One approach to finding such an optimal policy
is the iterative optimization method DP which is utilized to determine the value of a
state. The Bellman equation [14]—introduced in the 1950s—is an equation concern-
ing the value (or optimality) of a state, and solutions to the equation are found using
DP through the value iteration algorithm [15]. The solutions from this process are
then used to determine what the optimal decisions are through the policy iteration
algorithm [16].

While DP finds analytical solutions using the defined properties of an MDP, it
is a method that requires full knowledge of the transition probabilities and rewards.
By contrast, RL finds approximate solutions through sampling experiences which is
useful when the characteristic properties for DP are not known or available. In this
same time period, the exploration versus exploitation trade-off was introduced by
Robbins [17], which has become a fundamental concept in RL. Handling this balance
of exploring the system to gain new knowledge and exploiting the knowledge already
gained is its own field of research within RL [6, 18-21].

Meanwhile, neuroscience has progressed in understanding how neurons function in
the brain [22] and how animals learn from rewards and punishments [23,24]. The ideas
of learning through reward, combined with the value and policy iteration algorithms,

led to some of the first reinforcement learning algorithms in the late 1980s, such as



TD-learning [25] and Q-learning [26,27] which adapt/learn from experiences and use
that to plan decisions based on the rewards and punishments acquired through those
experiences. With the advancements of artificial neurons [28,29], and the ability for
them to learn through backpropagation [30], artificial neural networks made their way
into RL in the 1990s to approximate value functions in complex problems [31]. It was
not for another 20 years before RL was swept up in the big boom of deep learning
when an RL agent was able to outperform humans in dynamic, complex video games

by using deep neural networks to learn [7].

1.1.1 Specific Relevant Works

Building on the foundational work discussed above, more recent advancements have
addressed specific challenges in learning efficiency and exploration strategies, as dis-
cussed below. Much of the early work on studying the difficulty of MDPs is related
to sample complexity, describing the minimum number of experiences an agent needs
to learn effectively. Kearns and Singh [32] constructed a polynomial lower bound on
the time to achieve near-optimal RL performance based on the return convergence
rates (horizons) and a learning algorithm that, while theoretically optimal, is realis-
tically limited and impractical for modern problems. Brafman and Tennenholtz [33]
improve on the previous algorithm, making it more general, but still not very practi-
cal. Kakade [34] further expands this by providing upper bounds for the algorithms
mentioned before based on the size of the state-action spaces with Azar et. al. [35,36]
and Dann and Brunskill [37] tightening these bounds further. Jiang and Agarwal [38]
have since shown that these sample complexity bounds dependence on horizons is not
as significant as previously presented.

Outside of sample complexity, much of the remaining work in this area focuses

on performance limits of RL agents (i.e. regret bounds). This is in some sense a



dual formulation that describes how well an agent can perform given the amount of
experience they have. Similarly, for sample complexity; Jaksch, Ortner, and Auer
[39] present an upper bound on regret based on the size of the state-action spaces,
however they also include the diameter of these spaces as well, taking into account
the connectivity of the problem. More recent work such as Osband et. al. [21] and
Jin et. al. [40] have continued to present newer bounds, however they are algorithm
specific.

The sample complexity and regret bounds mentioned above are directly relevant
to the area of interest in this thesis, however they primarily focus on horizons and the
size of the state-action spaces, which are only part of what defines these problems. As
much of the RL community is focused on solving problems, it is less directly stated
where the difficulties lay outside of the ones mentioned above. It becomes more clear
when looking at what changes are made to existing algorithms in order to solve new
problems.

One common challenge researchers have encountered is “how should one explore a
problem when learning how to solve it?” Bellemare et. al. [41] introduced new way of
measuring exploration in higher-dimensional spaces, helping estimate the density of
states, which gives an idea of what states have been explored less than others. Osband
et. al. [20] instead uses a group of models learning asynchronously, or ensemble, to
measure the overall uncertainty as a way to determine which states need to be visited
more. Fortunado et. al. [42] injects adaptable noise into the models themselves to
increase stochasticity as a way of encouraging exploration to solve problems with
scarce feedback.

Another large challenge in solving these types of problems is connecting the dy-
namics with the feedback received (reward signal). Schulman et. al. [43] designed

an algorithm that was designed to tackle the challenge of learning from complex



system dynamics, handling the association of reward across non-linear connections.
Pathak et. al. [44] used intrinsic rewards to encourage curiosity-driven exploration as
a method of overcoming sparse/delayed reward signals where little to no feedback is
provided while learning. To handle complex reward systems, van Seijen et. al. [45]
introduced a hybrid reward architecture that breaks down the reward signals into
various components, allowing one to learn each component individually.

Since AlphaZero [46] demonstrated that an agent could master complex games
like chess and Go through self-play—Ilearning entirely from experience rather than
human provided examples—it is regarded as a fully autonomous learning model. This
approach differs fundamentally from earlier systems such as DeepBlue and AlphaGo,
which relied on human knowledge and examples from experts to guide learning. While
this may suggest that effective learning should avoid human-imposed biases, previous
work has shown that they can help progress the learning process in certain cases.
For example, Ng, Harada, and Russel [47] showed that reward shaping, or modifying
the feedback system to guide learning, can accelerate finding optimal solutions by
offering more consistent feedback, creating an easier path to finding the optimal
solution. Nachum et. al. [48] expanded on this by having learning the best way
to shape the reward function a problem itself, making it more automated and less
experience influenced. On a similar note, Sutton, Precup, and Singh [49] showed
that reducing the problem into a simpler, less-detailed version can make learning
the more detailed problem easier. Bengio et. al. [50] advanced this idea by showing
that starting with solving an easier version of the problem and then making it more
difficult can be a more effective learning approach. On the opposite end, Codevilla et.
al. [51] made advancements in autonomous driving by using human examples to learn
the relationship between sensory information and controls, creating a foundation to

begin at for learning the overall problem.



While the examples listed above make solving their respective problems more ef-
ficient, the main issue with (most of) them is that the approaches introduced involve
some level of human-biased decision. Tricks like those are often required because solv-
ing these problems analytically has become computationally intractable, meaning the
analytical solutions are often discarded. However, the method used to find analyt-
ical solutions (DP) has remained the foundation for these approximation methods.
Watkins and Dayan’s [26] and Powell’s [52] methods are both ways of finding approx-
imations that mimic the behaviour of finding an analytic solution and are the basis
of many of the modern algorithms used to solve the problems discussed in Chapter 2.

There has been plenty of work on solving MDPs and POMDPs, however the ma-
jority of this work uses purely black-box AI methods, with little to no incorporation
of more traditional mathematics. Within this work, there have been very few stud-
ies actually analyzing the problems themselves and what makes one problem more
complex to learn over others. Many scientists have an intuition as to what makes
some problems more difficult, however this knowledge is not generally utilized in the
optimal control field.

This lack of understanding mentioned above may not necessarily seem like an issue
as progress is still being made in the field without it. In an age where Al solutions
are becoming more and more commonplace in everyday lives though, it is important
to understand why they behave the way they do and what their decision making
limitations might be. With the area of self-driving cars, a mistake in decision making
could lead to serious consequences such as car accidents that cause damages and/or
injuries. In healthcare, a mistake in decision making could result in a misdiagnosis of
a patient and in chat-bots, a mistake could lead to the spread of misinformation (and
has [53]). On the other hand, designing systems so they will be easier for higher-level

agents to learn to control can improve the stability of these larger Al systems.



1.2 Thesis Overview

This chapter has described the scope of this thesis and provided the motivations
for this area of research, along with a high-level overview of the work done. The
subsequent chapters go into more detail about the necessary background, methods
used, results produced, and the possible directions these results could lead to.

Chapter 2 formally defines what MDPs are and the various types of them. The
definitions of each type of MDP are expanded to include the more general case of
POMDPs. The general methods of solving these problems, DP for analytic solutions
and RL for learned approximations, are also introduced and discussed.

Chapter 3 then analyzes the properties of MDPs, with a primary focus on goal-
oriented, or navigational-type problems, presented as a generalized Goal-Oriented
MDP (GOMDP). The tools of this analysis feature concepts from learning theory
(sample complexity) and topology (topological complexity, homotopies). With these
new analysis tools and knowledge, Chapter 4 exploring the simple heat engine envi-
ronments known as Carnot heat engines [1], explaining the reasoning for the results
obtained.

This discussion is briefly continued in Chapter 5, with a shift to focusing on prob-
lems that deal with navigating from point A to B. Investigating the level of difficulty
in these problems, this chapter also highlights how to leverage known information
about the system to approximately solve such problems with DP. Chapter 6 expands
some of this analysis to a chemical laboratory setting and presents some preliminary
RL results.

Everything presented in Chapters 3-6 is brought together and wrapped up in
Chapter 7, along with some of the potential directions this work could lead to but

were out of the scope of this thesis. Note, some work was required as validation for



other results or methods presented in the other chapters but is not necessarily directly
related to the overall theme. Chapter 8 contains that work, along with other related

work that was done but not used elsewhere in this thesis.
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Chapter 2

Markov Decision Processes

and How to Solve Them

MDPs are a set of optimal control problems that are often used as models for tasks
focused on decision making. They consist of a set of states a system can exist in,
actions that one can take to modify those states, some dynamics which govern the
outcomes of how actions modify the states, and a feedback structure that specifies
how beneficial each transition is. More importantly, the dynamics of these problems
depend only on the current state of the system, rather than the history of events, a
version of the Markov property. This simplicity makes MDPs an attractive framework
to focus on in the optimal control field.

At a high level, sequential decision-making problems are commonly modelled ei-
ther as MDPs, in which the system state is fully observable, or as POMDPs, in which
the state is observed indirectly through a (potentially stochastic) observation process.
While these are often treated as two separate modelling frameworks, POMDPs can
be understood as a generalization of MDPs: an MDP is recovered as the special case

in which the observation process is deterministic and reveals the state exactly, corre-

11



sponding to the identity mapping. Each of these frameworks contains finer subclasses
of problems, which will be discussed throughout this chapter.

The game of chess is a classic example of a problem that can be modelled as
an MDP. In a strict game theory setting, chess is a two-person combinatorial game
where both players are assumed to operate under optimal play. However, from the
perspective of a single player, it can be modelled as an MDP by treating the board
and the opponent together as the environment. Since the opponent’s strategy is
usually unknown and they may not play optimally, their decisions act as probabilistic
transitions from the player’s perspective. Furthermore, the entire board and all pieces
are on display at all times, meaning the player always observes the state of the
game directly. While the action space A formally contains all possible legal moves
in chess, in reality, the set of allowed actions is highly state-dependent (i.e., only a
minuscule fraction of all possible moves are legal from any given state). In practice,
RL implementations typically mask illegal actions so the agent can only select from
the valid subset at any given time. On the other hand, the game of poker is a
POMDP. While each player knows what cards they have in their hand, they do not
know the order of the cards left in the deck, nor do they know what cards are even
there. By observing the cards in play, which are the cards not in the deck, a player
can determine probabilities of what the deck looks like, but they cannot gain more
than this partial observation of the state.

When a MDP [54] is paired with a certain method of choosing actions, it results in
a Markov chain (that is labelled by a set of rewards). Similarly, when a POMDP [55] is
paired with a certain method of choosing actions, it results in a Hidden Markov Model
(HMM) (also labelled by a set of rewards), where an HMM is simply a Markov chain
whose state is only observable through a (possibly stochastic) mapping. Although the

dynamics in these two systems are fundamentally the same, the information available
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to the decision maker is what changes. This chapter will formally define MDPs and
POMDPs (following Puterman [54] and Krishnamurthy [55]), introduce the different
types of problems, and describe how they are generally solved (following Bellman [15]
and Krishnamurthy [55] for DP and Sutton [6] and Krishnamurthy [55] for RL).

2.1 Markov Decision Processes

For some set S in which random variables S;, ¢ € N take values (S may be finite or
infinite in general; the finite case is assumed here for exposition), we say the discrete

stochastic process Sy, S, Sa, ..., is a Markov chain if for all t € {0,1,2,...}, we have

p(5t+1 = St+1\5t = 54,511 = 8t-1,...,91 = 51) = p(St-H = St+1‘5t = St)a (2-1)

for all sg,s1,...,8¢ 841 € S. This condition is known as the Markov property [54]:
the next step of the chain only depends on the previous step. The trajectory of how
the chain arrived at the last step has no influence on what the next step is.

If the conditional probability p(s;i1|s;) does not depend on ¢, then the Markov

chain is time-invariant. That is, for all t € {0,1,2,...} we have

p(Ses1 = J|St = 1) = p(Se = j|S1 = 1), (2.2)

for all 2,7 € S. Unless otherwise stated, all Markov chains considered here are
assumed to be time-invariant (also known as stationary).

If some sequence {S;} is a Markov chain, S; is called the state at time ¢t. A
time-invariant Markov chain is characterized by its initial state and a probability
transition matrix P = [P;] for i,j € S where P,; = p(Siy1 = j|S: = 1). If p(Sy) is the

Probability Mass Function (PMF) of the random variable S; at time ¢, represented
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as a row vector over §, then the PMF at time ¢ + 1 evaluated at state s;4q is

P(St41 = St41) = ZP(St = 5t) Parspyn- (2.3)

st€S

Building upon the Markov chain, an MDP introduces actions and rewards. In

general, an MDP is characterized by the quadruple (S, A, P, r), defined by:

1. A state space, S, where s € S is a state. Both finite and continuous state spaces

are discussed here.

2. An action space, A, where a € A is an action. Primarily finite action spaces
are discussed here, although we briefly discuss the continuous action space case

in Chapter 5.

3. State-to-state transitions specified by conditional distributions P(s'|s,a), that
define the probability of transitioning from some state s € S to another state

s' € S for each action a € A.

4. A scalar reward, 7(s,a,s’), assigned to each transition from state s to s’ by

action a € A for all 5,8 € S.

As mentioned before, pairing an MDP with a certain method of choosing actions,
i.e. a Markovian (historyless) stationary policy, results in a Markov chain where each
transition (g, as, S¢41) is labelled by r(sg, ay, s¢41), where s, is the state at time ¢, a;
is the action chosen at time ¢, and s, is the state at ¢ 4+ 1 resulting from choosing
the action a; at s;. S, the state space, denotes the set of possible states for the
Markov chain, and A, the action space, denotes the set of possible actions. An agent
(or controller) is the decision-making entity that interacts with the environment; it

observes the state s; € S of the Markov chain at time ¢ and takes an action a; € A.
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Each action a determines a transition matrix P(a), which in turn determines the
probability that the Markov chain moves to a particular state s;;; at time ¢ + 1.
The trajectory of states and actions an agent takes in an MDP up to time ¢ is the
information set, Z, = {so, ag, ..., St_1, a1, 5}

At each time ¢, the agent uses the information set, to choose an action a; = m(Z;)
using some policy m;. A policy is a mapping from the information set to the action
space, and an optimal policy is one that returns an optimal (maximal) cumulative
reward when followed. The sequence of policies used from time 0 to T'— 1 is denoted
by ® = (7o, m1, ..., T7_1).

The type of policy described above is a general policy, where at each time ¢,
the action a; is chosen according to a probability distribution m(Z;). Given the
Markovian nature of MDPs, there are also randomized Markovian policies, where at
each time ¢, the action a; is chosen according to a probability distribution m(s;),
and deterministic Markovian policies, where at each time t, the action a; is chosen
deterministically according to m(s;). An important feature of the MDP problem
is that it suffices to only consider deterministic Markovian policies to achieve the
maximum [55]. The methods of searching over these policies for the optimal solution
are outlined in Sections 2.2 and 2.3.

The goal of the agent in an MDP is to find, or best approximate, an optimal
policy that maximizes cumulative reward (or equivalently minimizes cumulative cost)
when the policy is followed. The cumulative reward (often used interchangeably with
total return) is the sum of all scalar rewards received by the agent over the course of
an episode or trajectory, which may be weighted by a discount factor in some cases.
Because the environment transitions and rewards may be stochastic, the objective
is formally defined as maximizing the expected return, which is the probabilistically

weighted average of the cumulative rewards over all possible trajectories. The most
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common types of these problems are outlined in the following sections, starting with

the simplest.

2.1.1 Discrete State Finite Horizon MDP

As the name implies, for a discrete state MDP, the general state space S is a discrete
(finite) space, S = {1,2,...,S}. Let t = 0,1,...,T be discrete time for some finite
time horizon 7. Building directly on the general MDP quadruple (S, A, P,r), a

discrete state finite-horizon MDP specifically requires:
1. A finite state space S and finite action space A = {1,2,..., A}.
2. The state-to-state transitions are given by a set of S x .S transition probability
matrices, P(a,t), with elements

Py(a,t) =p(sp1 =8| 8¢ = s,a; = a), (2.4)

for each action a € A and time t € {0,1,...,7 — 1}, where 5,5 € S.

3. The scalar reward (s, a, s, t) depends on the current state s, action a, resulting

state ¢/, and time t € {0,1,...,7 — 1}.
4. A terminal reward, rr(s), is specified for each state s € S at the final time 7.

Note that each row Ps(a,t) of the transition probability matrix defines a PMF (rep-
resented as a row vector) over the resulting states S for a given state s, action a, and

time ¢. A finite horizon MDP model is described by the quintuple

(S, A, Piy(a,t),r(s,a,s',t),rr(s)), (2.5)
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where s, € S,a € A, and t € {0,1,...,T — 1}. For MDPs, the agent observes the
state s; exactly. The scenario in which this is not true is discussed in Section 2.4.

The next subsection introduces continuous state spaces.

2.1.2 Continuous State MDP

Consider the case where S is a measurable subset of R"™. Previously, the state-to-state
transition probability function P was a PMF and could be represented as a matrix
for each action, where for some s € S, a € A, and t € {0,1,...,T}, Ps(a,t) was
a vector of probabilities over the discrete set §. However, now P is a Probability
Density Function (PDF), where Ps(a,t) is a continuous distribution of probabilities
over the continuous set S.

With these changes, this MDP is still defined by the quintuple given above. In
both of these cases, there is a finite number of steps (or horizon), where the chain

ends after the agent acts T' times. The next subsection introduces an infinite horizon.

2.1.3 Discounted Infinite Horizon MDP

Now consider the case where the horizon is infinite, i.e. T = co. The transition prob-
abilities and rewards are assumed to not be explicit functions of time, and therefore
there is no terminal reward. The discounted infinite horizon MDP model is instead
defined as

(S, A, Pg(a),r(s,a,s),7), (2.6)

for s,s' € S and a € A, where v € [0,1) is a discount factor. The rewards acquired
by the agent at time t are v'r(s;, az, s¢11), where the convention 0° = 1 is adopted
so that the immediate reward is always included. When « = 0, this means that only

immediate rewards are important in the problem and as v — 1, the more important
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future rewards become.

Just as the definition of discrete state finite horizon MDPs was adapted for con-
tinuous state spaces, this definition of infinite horizon MDPs can also be adapted for
continuous state spaces in the same way, giving us the four main types of MDPs.

With the problem space defined, we now need a method of solving them, that
is, a way to find the optimal policies. As mentioned earlier, there are two main
approaches for solving MDPs: DP and RL; introduced in the following two sections.
DP is a method designed to find analytically optimal solutions by utilizing each
component in the tuple that defines an MDP. However, in many realistic scenarios
we do not have access to all of these fundamental components and therefore cannot
necessarily find analytical solutions. RL on the other hand is a method designed to
find approximately optimal solutions by means of sampling the MDPs transitions and

rewards through exploration.

2.2 Dynamic Programming

DP is an optimization method that focuses on breaking down a problem into subtasks.
The solutions are optimized on the subtasks, starting with the smallest problems
that have fewer/no prerequisites. This reduces the search space required to solve the
general tasks that depend on those smaller ones. For example, suppose that your
overall task is to build a car. This can be broken down into smaller tasks, such as
building individual parts. Once the individual parts are constructed, they can be
brought together to form the car instead of trying to assemble the entire car from
the beginning. Similarly, suppose that you are playing a game with a finite number
of turns and want to determine the best move to make. To determine how good each

possible move is on the first turn, you need to know how good each possible move
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on the second turn is, and so on, until the final turn of the game. Thus, one can
work backward through this path, starting at the optimal position to be in on the
final turn, to determine the best move to make on the first turn to get there. The
remainder of this approach then becomes: How do we find the optimal solution for

each task? A couple of these search methods are outlined in this section.

2.2.1 Enumerative Solutions

The simplest form of search method are enumerative solutions, often referred to as
solving with brute force. These are ones that list every possible set of rules, or
policies, for an agent to follow, calculate the effect of each one for the desired purpose,
and then select the one best suited for the problem. Obviously, this can become
computationally intensive as the set of rules increases in size. In a simple game
like tic-tac-toe, there are less than 1000 unique states the game can be in (when
accounting for symmetry). With less than nine possible actions to choose from after
the first turn, there are only several thousand sets of solutions to enumerate, which
is not many by computational standards, making the enumerative approach feasible.
This is not true for the game of chess, as indicated by Shannon [56], who showed that
there are ~ 10'?° possible outcomes, significantly too many to solve with enumeration.

Assuming a constant initial state, in a purely deterministic scenario, a policy
can be simply defined by a sequence of actions to take, significantly reducing the
required ruleset because each action always leads to the exact same resulting state.
In a stochastic case, however, the outcome of the first action conditions the choice
for the second action; therefore, a ruleset must specify an action for every possible
outcome. Suppose that we have a two-step problem with two actions, a1, as, and
two possible resulting states at step 1, denoted by (1) and (2). In the deterministic

case, an action always leads to one specific state, so we only need to enumerate
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the sequence of actions: ajai, aias, asaq, asas. However, in the stochastic case,
the first action could lead to either state (1) or (2), so our policy must cover both
possibilities. The rulesets must account for the action taken and the resulting state
before the next action: aq(1)ay, ai(2)as, a1(1)as, ai(2)asz, az(1)ay, az(2)ay, az(1)as,
as(2)ay. This combinatorial explosion of rulesets makes enumeration impractical for

stochastic problems.

2.2.2 Functional Equation Solutions

The functional equation approach is an alternative method to finding an optimal
policy. The assumption in this method is that the systems involved in these problems
are Markovian, i.e. the past history is not important when determining an action.
Rather than enumerating every possible solution, we define a functional that describes
the immediate reward one can get at the current state and what future returns one
can get moving forward.

For example, consider the allocation of resources problem, where one needs to
allocate resources into two categories at each step. Let z; € [0, zo] denote the amount
of resources available at step t, where x( is the initial resource. Upon choosing
an allocation y; € [0, ], the resources available at the next step evolve according
to x4y = ayr + b(zy — yi), where a,b € [0,1) represent the consumption or decay
rates. Let r(zy,y:) = g(y:) + h(x; — y¢) be the immediate reward function, where
g,h :[0,29] — R are functions representing the profit of the allocations y; and z; — y;
respectively. Assuming x represents the available resource at any generic step, the

functional equation is

f(z) = sup [g(y) + h(z —y) + flay + b(z —y))]. (2.7)

0<y<z
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The action here is to choose a value y for the allocations y and x — ¥, so the goal is to
choose a value y such that the total return is maximized, and hence the supremum
over all possible y. f(ay + b(x — y)) is then how much return we can get from the
leftover resources after allocating y and x — y.

Let us denote the state of the system at step t by s;, an action by a;, the set of
actions by A, and the immediate return function by 7(s;, as, S¢+1). The functional

equation approach consists in solving for f : & — R the recursion defined as

f(st) = sup E[g(ss, ar, f(s641))] (2.8)

at€A

where f : §& — R represents a measure of the objective starting from state s;, and ¢
is some function that evaluates the state, action, and the value of the resulting state
sir1- An optimal policy is now defined as one that chooses the actions that attain
the supremum.

In general, it is less the value of f(s) that is of interest, but the argument a that
satisfies the supremum (or maximum) within the functional as that tells us what
behaviour is optimal. As we will see, this generic DP formulation directly sets up
the standard models used in RL. The most well known example of this approach is
Bellman equation, where g(s;, a;, f(S¢41)) = (8¢, @y, Se01) +7f(S141), as shown in the

next section.

2.2.3 Bellman’s Equation

Enumerative solutions are fairly impractical, therefore, they are rarely implemented.
For MDPs, the functional approach is implemented more often instead as they have
a natural functional for optimization. This application of DP is known as Bellman’s

equation and the method of using it to find an optimal policy is known as Bellman’s
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dynamic programming algorithm [14].
In terms of MDPs, for a state s € S and set of actions A, the value of s is given
by the recursive Bellman equation
Vi(s) =max Y Pigl(a,t)[r(s,a,s t)+ Vi(s)), (2.9)

acA
s'eS

for finite horizons and time ¢, where 7 is a reward function and Psy(a,t) is the

transition probability, and
V(s) =max Y P,y(a)[r(s,a,s)+~+V(s)], (2.10)

for infinite horizons, where r is a reward function and v is a discount factor. The
value of a state is equivalent to its optimality, which determines how advantageous
that state is to be for acquiring future rewards. This tells us how much reward we
can acquire from that state, how much expected reward we can acquire from the next
state, etc.

Using the value functions above, the optimal policy 7* is defined as

7/ (s) = argmax Z Py (a,t) [r(s,a,s,t) + Viga(s)], (2.11)

acA Jes

for finite horizons and

7*(s) = argmax Z Py (a)[r(s,a,s) +~V(s)], (2.12)

acA ses

for infinite horizons. The policy 7* obtained is optimal in the sense that an agent
following it maximizes the expected cumulative reward. Furthermore, if some other

policy 7 is optimal, it must also satisfy Equation 2.9 or 2.10. The value function can
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be conditioned by some deterministic policy 7 as

Vals,t) = Y Par(m(s),t) [r(s, m(s), s, 1) + Va(s', t + 1], (2.13)

s'eS

for finite horizons and

Vi(s) = Y Pag(m(s)) [r(s,m(s), 8) + 7V (s)] (2.14)

s'eS

for infinite horizons. If V, satisfies Equation 2.9 or 2.10, then 7 is optimal.
Bellman’s equation shows us what the value function and optimal policy should
look like. The next subsection outlines how to compute the value function that

satisfies the Bellman equation for the types of MDPs discussed in Section 2.1.

2.2.4 Solving MDPs with DP

For any MDP, the value function used to determine the optimal policy can be com-
puted using Bellman’s dynamic programming algorithm. This is done by defining an

initial value function and recursively optimizing it.

Discrete State Finite Horizon MDP

The optimal policy 7* for the discrete state MDP problem with a finite horizon T is

obtained by setting Vr(s) = ry(s) and recursively defining

Vi(s) = max P (a,t)[r(s,a,8,t) + Viga(s')]
ses (2.15)
7/ (s) = argmax Z Py (a,t)[r(s,a,s,t) + Viga(s')],

acA ses
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Figure 2.1: A simple visual example of Equation 2.15. This MDP has a horizon of 4
and consists of 9 states connected as a 3 x 3 grid with up to 4 deterministic actions
available at each state (one for each neighbour in the grid layout) except the bottom
right state which has no actions. r4(s) = 1 for the bottom right state and 0 otherwise.
r(s,a, s’ t) = 0 for all states, actions, resulting states, and ¢t < 4. The green squares
represent where V;(s) = 1. Note that for t = 0 and ¢ = 1, some actions may appear
sub-optimal, but because the agent has sufficient time remaining, taking a detour
before moving to a state with maximal value at ¢+ 1 still results in optimal behaviour
(i.e., a maximal expected return).

3
?

- |

fort =T—1,...,0. Vp(s), the value of the terminal state, is then the terminal reward
acquired if s is the terminal state. Vp_i(s) then is the reward that can be acquired
at state s plus the ezpected terminal reward based on the probability distribution of
the states where s can transition. The value function found in this algorithm is an
analytic solution to Equation 2.9. A simple visual example of this algorithm is shown

in Figure 2.1.

Continuous State MDP

Bellman’s dynamic programming algorithm for discrete state MDPs is shown in Equa-
tion 2.15 can be used for continuous state MDPs by adapting the expectation from a
sum over a PMF to an integration over a PDF. The optimal policy for the continuous

state MDP problem with a finite horizon 7" is obtained by setting Vr(s) = rr(s) and
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recursively defining

Vi(s) = maX/ Py(s,a,t)[r(s,a,s',t) + Viy1(s)] ds,

T (s) = argmax/ Py(s,a,t)[r(s,a,s',t) + Viya(s')] ds',
acA S

fort = N —1,...,0. Other than this small change, the principles of this algorithm
are the same as before, and the value function found is also an analytic solution to

Equation 2.9 for the continuous-state case.

Discounted Infinite Horizon MDP

For an infinite horizon discounted cost MDP with discount factor v € [0,1), we can

define the optimal value function and policy as

V(s) = max Q(s,a)

acA

(2.17)
7*(s) = argmax Q(s, a)
acA
where Q is the Q-function, defined as
Q(s,a) = Z P (a)[r(s,a,s) +~V(s)]. (2.18)

However, unlike the previous two cases, we cannot simply initialize V; and recursively
work our way backward to Vj as T is infinite in this case. Instead, an approximation
must be used which is iteratively updated until it converges to the analytic solution.

The value iteration algorithm is used to compute the true value function V. Set-
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ting Vo(s) = 0, then for n = 1,2, ..., we have

Vo(i) = max Q,(s,a), m(s) = argmax Qy(s,a),
acA acA
(2.19)

Q.(s,a) = Z P,y (a)[r(s,a,s) +~vVu_1(s")].

Unlike in the finite-horizon case, the optimized value function is only obtained af-
ter infinite optimization steps. However, we can determine an upper bound on the
approximation error at finite iterations [55].

Consider the value iteration algorithm with discount factor v and N iterations.
Then for some € > 0,

max|Vn(s) — Va_1(s)| <, (2.20)

seS

implies that

Y
V() ~ Vi) < 7

(2.21)

Just as before with the definition, this solution of infinite horizon MDPs can also
be adapted for continuous state spaces by replacing the sum over the state-to-state
PMF with an integration over the state-to-state PDF in Equation 2.19. Similarly,
the upper bound on approximation error can be adapted by replacing the maximum
over the discrete state space with a supremum over the continuous state space in
Equations 2.20 and 2.21.

As mentioned before, the solutions outlined in this section so far have made a cru-
cial assumption: All the parameters that define an MDP are known. This, however,
is not always the case, especially in many real-world problems. We don’t always nec-
essarily know the state-to-state transition probability or reward functions. In these

cases, the DP approaches described here cannot be used. The next section will discuss

methods for handling these scenarios.
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2.3 Reinforcement Learning

DP assumes that the MDP model is completely known to the agent or the person
performing the optimization, i.e. each parameter of the tuple is known. RL, however,
focuses on learning-based algorithms for estimating the optimal policy when these
parameters are not known. This section will focus on the two main types of RL—
value-based (i.e. Q-learning) and policy gradient-based—and how they are applied

to the types of MDPs discussed previously.

2.3.1 Q-Learning

While the value function V(s) represents the value of being in a given state, the
Q-function Q(s,a)—defined similarly to but not necessarily exactly as the one in
Equation 2.18—represents the value of taking a particular action in a given state.
Q-learning is the process of learning an approximation O to the Q-function through

experiences.

Discrete State Finite Horizon MDP

Let (S, A, Psy(a,t),r(s,a,s’,t),rp(s)) describe some discrete state MDP with states
s,s’ € §, action a € A, and time t € {0,1,--- ,7T} with finite horizon 7". Bellman’s

dynamic programming equation for a discrete state finite horizon MDP is

Vi(s) = max Qy(s,a), (2.22)

for s € §. For each state-action pair (s,a) € S x A, the Q-function is

Qu(s,a) =Y Pula,t)[r(s,a, s t) + Vi (s)]. (2.23)

s'eS
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Let Q? be the nth iteration Q-function estimate at time ¢ and

~ ~

f(Q?) = T(Snv Qpy Sn41, t) + Ianéli( Qt(sn-l—la CL) - Q?(Sna a'n)a (224)

be the Q-learning error function, which has an expected value of 0 for the true Q-

function. The Q-function estimate at iteration n can then be updated by

~

P (s, a0) = QN (50, ar) + af(QF), (2.25)

where « is the learning rate, which determines how much one wants an experience
to change their approximation. The learning rate can be fixed, or determined by
some schedule or equation, such as in the Robbins-Monro algorithm, which tunes the

learning rate at time t by
a
n= i 2.26
Visit(s, a, t) (2.26)
where o > 0 is the initial learning rate and Visit(s, a,t) is the number of times the

state-action pair (s, a) has been visited at time t after n iterations.

Continuous State Finite Horizon MDP

Unlike DP, Q-learning does not extend well to the continuous state case. While it
is not practical, or necessarily useful, the Q-function in the continuous case can be

defined as
Qi(s,a) = / Py(s,a,t)[r(s,a,s',t) + Vi1 (s)] ds'. (2.27)
S

The Q-learning error function would remain the same as Equation 2.25, meaning we
would require infinite update iterations to improve O once for each state-action pair.
Thus, Q-learning is not a viable approach for continuous state MDPs. There exist

methods based on Q-learning that can be used for continuous state spaces, such as
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Deep Q-Networks, which use a function that approximates the Q-function and is able
to interpret the Q-values between various experienced state-action pairs. A few such
approaches are discussed in Chapter 6, but are not entirely relevant to the majority

of other chapters.

Discounted Infinite Horizon MDP

Although Q-learning does not adapt well for continuous state spaces, it does work
well for infinite horizons. Let (S, A, Py (s,a),r(s,a,s’),7) describe some discrete state
infinite-horizon MDP with states s,s" € S, action a € A, and discount factor v €
[0,1). Bellman’s dynamic programming equation and Q-function for a discrete state
infinite horizon MDP are given in Equation 2.19. Let O" be the nth iteration Q-

function estimate and

~ ~

f(QTL) = T(‘Sn? Qs Sn+1) + Y I?GEE\( Q(Sn-i-la a’) - Qn(sna a’n)a (228)

be the Q-learning error function, which has an expected value of 0 for the true Q-
function. The Q-function estimate at iteration n can then be updated using Equa-
tion 2.25.

Ultimately, this approach estimates the value function by learning the Q-function
and then the policy is just determined based on the value function as in the DP
approach. The next subsection discusses how to directly approximate the policy

instead.

2.3.2 Policy Gradient Reinforcement Learning

The purpose of Q-learning is to estimate the value function and use that to determine

a policy. Policy gradient algorithms instead focus on estimating the policy directly.
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Let my be a policy m parameterized by 6. The goal of policy gradient algorithms is to
maximize the expected cumulative reward with respect to 6. In other words, the goal
is to find # such that Equation 2.13/2.14 satisfy Equation 2.9/2.10. In terms of the
policy gradient approach, the parameters for the optimal policies are computed by

* = argmax Vp, (s)

e (2.29)

© = {m(s,a) > 0,271’9(8,(1) =1Vs € [}.
acA

Computing V;, this way requires knowing the underlying dynamics of the MDP,
which we assume are not known when using RL. For this reason, policy gradient RL

focuses on estimating the gradient to follow when optimizing 6.

Solving MDPs with Policy Gradient RL

Estimating the policy can be done by using the stochastic gradient algorithm
Oni1 = 0n + aVyR,(m,), (2.30)

where « is some learning rate, R, (mp,) is the cumulative reward observed by the
agent when using policy g, , and @an(Wgn) denotes the estimated gradient of the
cumulative reward evaluated at my, .

Recall that for both discrete and continuous state finite horizon MDPs, the cu-

mulative reward for the ith sample trajectory is given by
Ri(gi) = T(Sivaiﬁsi—i-lvt) +TT(S?F)v (2'31)

where s! is the state experienced and a! is the action chosen at time ¢ in the ith

sample trajectory using the policy parameterized by 6; with 7, (s, a,t) = p(als, t, ;).
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For infinite horizon MDPs the cumulative reward is instead
oo
= ZV%(SLC&,S%H)’ (232)
t=0

where v € [0, 1) is the discount factor.
The gradient of the cumulative reward can be estimated using the REINFORCE

policy gradient estimator [57] as

i=1 t=0

1 n T—-1 T-1 '
VQRTL(9) n Z (Z VG lOg o 3757 ata > (Z r 8t> ata 8t+1> ) + 7nT(‘SlT) ) (233)
t=0

for the finite horizon case, and

1 n
VR, (0) ~ - Z (ny Vo log(ma(st, al,t ) (ny r st,at,stﬂ,t)) . (2.34)

=1 t=0

for the infinite horizon case. However, a truly infinite horizon is impractical for a
learning-based algorithm, so an artificial finite horizon is generally used for compu-
tational purposes.

The solutions outlined in this section so far have been for the main types of
MDPs. As mentioned above, MDPs are fully observable, which means that the state
can be observed directly without obstruction. However, this is not always the case,
especially in real-world problems. The next section introduces Partially Observable
MDPs where the agent does not observe the state of the system, and how DP and

RL solutions can be adapted for them.
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2.4 POMDPs

Whereas an MDP is a controlled Markov chain, a POMDP is a controlled HMM, where
an HMM consists of an Markov chain observed via some noisy (or limited) observation
process. The HMM filter is a function that computes the posterior distribution, p;, of
the state, which is known as the belief state, discussed in more detail in Section 2.4.5.
In a POMDP, the agent must use the belief state to choose an action, rather than

the state itself, because it does not directly observe it.

2.4.1 Discrete State Finite Horizon POMDP

Let t =0,1,...,T be discrete time for some finite time horizon 7" as in Section 2.1.1.

A discrete state finite-horizon POMDP model consists of:

1. A state space, S = {1,2,...,S}, where s; € S is the state of the Markov chain

at time t =0,1,...,T.

2. An action space, A = {1,2,..., A}, where a; € A is the action chosen at time

t=01,...,T — 1.

3. An observation space, O, (with finite or infinite size) where o, € O is the

observation recorded at time t =0,1,...,7T.

4. An S x S transition probability matrix, P(a,t), with elements

P,y(a,t) = p(siy1 = §'|s¢ = s,a; = a), (2.35)

for each action a € A and time t € {0,1,...,7 — 1}, where 5,5 € S.
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5. An observation PMF (or PDF for continuous observation spaces), B(a,t) with
elements

Bgo(a,t) = p(ogr1 = 0|Si11 = 8, a4 = a), (2.36)
for each action a € A and time t € {0,1,...,7 — 1}, where s € S, 0 € O.

6. A scalar reward, r,(s,a,t), acquired by the agent for each state s € S, action

a€ A, and time t € {0,1,...,7 — 1}.
7. A terminal reward, r7(s), for each state s € S.

A finite horizon POMDP model is then described by the septuple

(87 -Aa 07 Py (a, t), BSO(a> t)? Tt<8, a, t)v TT(S))v (237>

where s, € S, a € A, 0€ O, and t € {0,1,...,T — 1}. The belief state in this case

is a PMF over S.

2.4.2 Continuous State POMDP

As with Section 2.1.2, continuous state POMDPs are the case where S is a measurable
subset of R"™. The state-to-state transition probability function and belief state are
PDF's over the continuous state space in this case instead of PMFs over a discrete
state space. With these changes, the continuous state POMDP is still defined by the

septuple given above.
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2.4.3 Discounted Infinite Horizon POMDP

Once again, consider the case where the horizon is infinite, i.e. 7" = oco. The dis-

counted infinite horizon cost POMDP is instead described by the septuple

(8,A4,0, Pys(a), Bsola),r(s, a,8),7), (2.38)

for s,s € §, a € A, and o € O where v € [0,1) is a discount factor as defined
previously.

Just as the definition of discrete state finite horizon POMDPs were adapted
for continuous state spaces, this definition of infinite horizon POMDPs can also be
adapted for continuous state spaces in the same way, giving us the same four main
types of POMDPs as we had with MDPs. However, with POMDPs, there is a fifth
case to consider where actions control the observation probabilities rather than the
state-to-state transition probabilities. This additional type of POMDP is discussed

next.

2.4.4 Controlled Sensing POMDP

Statistical signal processing focuses on extracting signals from noisy measurements.
A controlled sensing problem is one where various types of sensors can be used to
measure a process. Typically, each sensor has a use cost associated with it. Rather
than choosing which actions to take, the problem is as follows: Which sensor should
the agent choose at each time step?

Controlled sensing POMDPs are POMDPs that include some actions that can
be used to reduce uncertainty. The goal is still to maximize cumulative reward,

however in order to do so, agents may need to take advantage of the ability to reduce
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uncertainty. Consider the scenario of an agent wandering through a maze. If the agent
knows their exact position at all times, with the goal of getting to the exit, then this
is an MDP. If the agent has to estimate their position based on some observations
of its surroundings and movement, with the goal of getting to the exit, then this is
a POMDP. Now imagine if in that last scenario the agent can pay a fee to look at
a map that tells them which section of the maze they are in. This action does not
necessarily change where the agent is in the maze, but it helps them to figure out
where they are.

Let A={1,2,..., A} be a set of sensors available to measure the state of a finite-
state Markov chain. In general, for controlled sensing, actions can affect both state
transition and observation probabilities, but we will only consider the case where
actions do not affect the state-to-state transitions here. For example, using a specific
radar to measure information related to an aircraft does not affect the dynamics of
that aircraft.

For controlled sensing problems, it becomes easier to think of the problem in terms
of cost, rather than reward, where cost is just negative reward, i.e. ¢(-) = —r(:). The

controlled sensing cost at time ¢ is then expressed as

C(St)aht) = C(St)at7t) + d(8t7ptaat)t) (239)

where (s, at, t) is the instantaneous cost and d(s;, py, as, t) is the performance loss of
using sensor a; at state s;. The instantaneous cost generally represents a monetary
cost of using the sensor, either in the direct form of payment or in the indirect form
of the wear and on the instrument. The sensor performance loss instead models
the error when the sensor is used. Typically, an accurate sensor would have a high

instantaneous cost but small performance loss.

35



With the new problem space defined, we now need a method to solve them, that is,
a way to find the optimal policies. The two main approaches introduced in Sections 2.2

and 2.3 for solving MDPs are adapted for POMDPs below.

2.4.5 Solving POMDPs

For an MDP, the optimal policy was Markovian and the optimal action chosen at
time t was a; = 7;(s;). However, for a POMDP, the optimal action is a; = 7} (Z;)
since s; is not known. Therefore, at each time ¢, the agent must use all available
information, denoted by Z; = {po, ao, o1, ..., a;_1,0:}, to choose an action a; = m(Z;)
following the policy m;. The sequence of policies used from time 0 to time 7" — 1 is
denoted by w = (mg, 71, ..., m_1). However, as Z; increases in dimension with respect
to t, a sufficient statistic that does not grow with ¢t would be useful to obtain, such

as a probabilistic estimate over the state space.

Belief State Formulation

The posterior distribution of a Markov chain given the information set, Z;, is defined

as

pi(s) = p(sk = s|T), (2.40)

for s € S. For discrete state POMDPs, with either finite or infinite horizons, the
S-dimensional probability vector p; = [pi(1), pe(2), ..., p:(S)]T is known as the be-

lief state (or information state). The belief state at time ¢ is calculated as p; =
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"(pr-1, 0, a11), Where

BO(CL, t)PT(a, t)p
o(p,0,a)
o(p,0,a) = 15 B,(a,t) P (a,t)p (2.41)

7(p,0,a) =

B,(a,t) = diag(Bio(a,t), By(a,t), ..., Bs,(a,t)),

with states 1,2,...,S denoting the enumerated states in S. The S — 1 dimensional
unit simplex

A(S) ={peR1Tp=1,0<p(s) < 1,5 € S}, (2.42)

is the belief space. For example, A(2) is the one-dimensional simplex, equivalent to
a line, A(3) is the two-dimensional simplex, equivalent to an equilateral triangle, and
A(4) is the three-dimensional simplex, equivalent to a tetrahedron.

For continuous state POMDPs, with either finite and infinite horizons, the belief
state at time t is instead a PDF over § and is calculated as p; = 7(pi_1, 01, a4—1),

where
B,(a,t) [ P(a,t)p(s)ds

o(p,o0,a)

7(p,0,a) =

Bo(a) = p(0r41 = 0[S441 = 5,0, = a) (2.43)

0@@@24&@%LRMMW&

where py, B,(at), and Py, (a;) are all PDFs over S for s;;. In this case, the set of

[ ptsias =1}, (2.44)

With a method of computing the belief state defined, we can now adapt the DP

distributions

A(S) := {p ' RY — Rso

is the belief space.

solutions discussed above for POMDPs.
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Solving POMDPs with DP

For a finite horizon POMDP, the value function

T-1

Ex ZTt (st, me(Zy), t) + rr(st)
t=0

Po] ’ (2.45)

is the expected cumulative reward acquired by using the policy 7 up to time 7', given
the initial distribution pg of the Markov chain, where the expectation is taken with
respect to the probability distribution induced by Zp. The goal of the agent is to

determine the optimal policy defined as

7* = argmax V(po). (2.46)

™

Since policies in a POMDP operate on the belief state in this formulation, the
problem becomes more similar to an MDP; therefore, the dynamic programming
equation for the optimal policy for them can be used. The optimal policy @* for
a finite horizon POMDP can be obtained by setting Vr(p) = rip and recursively

defining

Vi(p) = max [T(athrZVm 7(p,0,a))o (Ww)]

o€

(2.47)
7 = argmax |r(a,t)p + ZVtH 7(p,0,a))o(p,0,a)|,
acA 0O
fort=T-—1,...,0, where
r(a,t) = [r(1,a,t),r(2,a,t),...,7(S,a,t)]
(2.48)

rr = [TT<1),TT(2), . ,TT(S)],

for the enumerated states 1,2,...,5 in S with S = |S|.
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As with continuous state MDPs, the Bellman’s equation value function, V(p) is
computed by setting Vy(p), then for n =1,2,..., we have

Valp) = max @Qn(p,a), = = argmax@,(p,a),

a

Qn(p,a):/s/SPs/(s,at,t)r(s,at’sf,t)pt(s)ds’ds+/0Vn_1(7(p,0,a))a(p, 0,a()2dc;.9)

For a stationary policy 7 : A(S) — A and initial belief py € A(S), the discounted

infinite horizon expected reward is

V7r (pO) - E7r

Z’YtT(StaW(Pt),StH)] . (2.50)

As before, the optimal expected cumulative reward is achieved by a stationary
deterministic Markovian policy 7*. The value function V'(p) and optimal policy 7*(p)
satisfy Bellman’s equation and are given by

V(r) =min Q(p,a), 7 (p) = argmin Q(p,a),
acA acA

Q(p,a) =r(a)"p+7 Y _V(r(p,0,a)a(p,0,a),

0eO

(2.51)

where 7(p,0,a) and o(p,o0,a) are the HMM filter and normalization factor defined
previously.
As with MDPs, the value iteration algorithm is used to calculate the value function
of the Bellman equation, V' (p). Setting Vy(p) = 0, then for n = 1,2, ..., we have
Va(p) = min Qn(p,a),  m,(p) = argmin Q,(p),

acA
© (2.52)

Q,=r(a)Tp+~ Z Va1(m(p,0,a))o(p,0,a).
0€O
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From Theorem 7.6.3 in [55], for € > 0 and discount factor v € [0, 1), if

sup [Vo(p) = Va1(p)| <, (2.53)
PEA(S)
holds, then
€y
sup [Va(p) = Vo)l < T—— (2.54)
PEA(S) -7

This gives an upper bound on the approximation error when the value function is
practically computed with finite iterations.
In terms of the belief state for controlled sensing POMDPs, the sensing costs can

be expressed as

C(pt7 at) = Z(C(Sa at, t) + d(57 Pt; at))pt(s)

seS

Cr(p) =) _(er(s, ait) +dr(s, p)pi(s)

seS

(2.55)

The finite horizon value function becomes

T—1
Ve=FE Z C(ps, ae,t) + Cr(pr)
t=0

Po] , (2.56)

where the optimal policy can be found using Bellman’s dynamic programming algo-

rithm as before.

Solving POMDPs with RL

Q-learning can be used for POMDPs, but it is a suboptimal approach. Given the

belief state p, the POMDP policy is computed as

7(p) = argmax Z p(s)Q(s,a). (2.57)
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This method assumes that any uncertainty in the state disappears after each action,
which would require complete knowledge of the POMDP model, however, the as-
sumption here is that the POMDP model is not necessarily specified. Policy gradient
approaches are used more commonly instead.

Now consider the POMDP described by (S, A, O, Psy(a), Bso(a),r(s,a,s'), p). As
P,y (a) and Bg,(a) are not known to the agent, the belief state p; cannot be computed
at each time t as before. For policy gradient approximations in POMDPs, a reduced
information set, Z, = {ag, 01, ..., a;—1, 0:}, must be used in Equation 2.29 instead. The
main issue that using the belief state over the information set solved before was the
ever increasing size of the information set. Therefore, a sliding window approximation

of the information can be used as a replacement, defined as

Itk = {at—k7 Ot—k415 -+ 5 At—1, Ot}7 (258)

where 0 < k <t is an integer.

With POMDPs defined and methods of solving them introduced, it is important
to see how these types of problems can be used for real-world problems. Section 2.4.6
discusses a real-world application of POMDPs and using DP to solve them in the

field of airborne collision avoidance.

2.4.6 Next-Generation Airborne Collision Avoidance System

As an example of the real-world applicability of this topic, this section will use next-
generation airborne collision avoidance system [5] as an example. The goal of that
paper was to upgrade the Traffic Alert and Collision Avoidance System (TCAS) to
adapt to the upcoming major changes to the airspace. The difficulties in devising

such a system include
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e Accuracy and precision of physical sensors.
e Variation in pilot behaviour and aircraft dynamics.
e Balance of competing objectives (safety and operational).

The Airborne Collision Avoidance System (ACAS) X replaces this beacon-based
surveillance system with a GPS-based one.

TCAS operates with four main components: airborne surveillance, safety logic,
vertical alerts, and a pilot interface. When TCAS observes a potential threat, the pilot
is given an audible warning. In the event that an avoidance manoeuvre is required,
the system then issues a resolution advisory for the pilot to either ascend or descend,
along with a specific or range of speeds to do so at. The system will also adjust the
advisory as the situation progresses. The resolution advisories are strictly for vertical
manoeuvres and not horizontal. Once a threat has been avoided, the system will
declare it.

Using linear extrapolation, TCAS estimates the minimum distance that will occur
between the two aircrafts and the time until that distance is achieved. If both are
small, then the system will alert the pilot, choose the vertical direction that allows
the most separation, and begin modelling trajectories using a set of various change
in altitude speeds; assuming a 5 second pilot response delay and an acceleration rate
of 0.25g.

Instead of using an ad hoc rule-based system, ACAS X uses an optimized numeric
lookup table. The logic numerical look-up table takes a probabilistic dynamic model
and a multi-objective utility model as input, and is optimized using dynamic pro-
gramming. The probabilistic dynamic model is a statistical representation of where
the aircraft will be in the future, and the multi-objective utility model represents the

safety and operational objectives of the system. The system receives sensor measure-
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Figure 2.2: The optimal resolution advisory as a function of time and relative altitude
where (a) the ACAS X aircraft and intruder are both level and (b) the ACAS X
aircraft is climbing at a rate of 1500 ft/min and the intruding aircraft is level. Figure
from Kochenderfer et. al. [5].

ments every second, which, along with the probabilistic dynamic and probabilistic
sensor models, allows it to construct a distribution of the aircraft state. This state
corresponds to an entry in the look-up table, which determines whether an advisory
is necessary and, if so, the necessary rate to change the aircraft altitude.

This collision avoidance problem is formulated as a POMDP. The state is the
status of the potential threat (such as relative position and velocity). The observa-
tions are the distributions of these potential threats, estimated using the probabilistic
dynamic and probabilistic sensor models. The actions are the possible resolution ad-
visories available. There are large costs for near (or actual) midair collisions and
small costs for issuing resolution advisories with additional costs for issuing reversing
or magnifying the previous advisory. The goal of this POMDP is to minimize these
costs. An example of the resolution advisories is shown in Figure 2.2 (figure taken
from Kochenderfer et. al. [5]).

To construct a look-up table for ACAS X to use, the state space is discretized. In
a specific state, probabilistic models are used to construct a weighted average cost of
the outcome for taking each action. Starting with the costs of being in the states at

the time of expected collision, the expected costs achieved can be computed for the
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previous time step, repeating until reaching the initial time.

Compared to TCAS, ACAS X reduces collision risk by 47%, overall alert rate by
40%, and improves safety by 54%. The density of advisories given by ACAS X is
much lower than that of TCAS in their example of a New York City municipality. In
the same example scenario, not only does TCAS give more advisories than ACAS X,
but it also gives sequentially contradictory advisories. Although both systems safely
avoided a near-middle-air collision, ACAS X clearly did so more efficiently.

This example outlines how a real-world problem can be constructed as a POMDP
along with how important features such as safety measures and certainty can be
incorporated into the cost (or reward) function.

This chapter has laid the groundwork for POMDPs, how to solve them, and why
they are important. A key component of these is the connectivity of the state space.
Therefore, it is important to have tools that allow us to analyze these components.
The next chapter introduces generalized GOMDPs and utilizes sample and topolog-
ical complexity to analyze the difficulty of these decision problems, establishing a
framework to explain why some optimal control problems are more difficult to learn

than others.
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Chapter 3

A Measure of Navigational

Decision Problem Complexity

The focus of this chapter is to gain an understanding of what properties of a problem
in RL relate to its complexity, where the complexity of a problem is a measure of how
difficult it is to solve. More specifically, the type of problems this chapter will focus
on are generalized GOMDPs, defined in Section 3.2.

The task in an MDP is to find the policy that maximizes expected return under
the given transition dynamics and reward function. When these are fully known, DP
methods can be used. When they are partially or entirely unknown—as in many real-
world scenarios—RL methods approximate the optimal policy through experience and
interaction with the environment.

The concept of sample complexity, a cornerstone of learning theory in Supervised
Learning (SL), provides a robust framework for quantifying the difficulty of RL tasks.
In SL, sample complexity is defined as the minimum number of training samples
sufficient to guarantee, with high probability, that a model achieves a target level of

accuracy. Unlike computational complexity, which measures the algorithmic time or
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space resources needed for computation, sample complexity measures the number of
data points—expressed as sample size—required to extract sufficient information from
a dataset to construct a generalizable model. By analogy, the sample complexity of an
RL task can be defined as the minimum number of experiences (state-action-reward
transitions) required to estimate, with high probability, an approximately optimal
policy for the underlying MDP. This chapter utilizes both sample complexity and
topological complexity to characterize how specific environmental properties of an

MDP influence the efficiency with which an RL agent converges on an optimal policy.

3.1 Probably Approximately Correct Learning

The Probably Approximately Correct (PAC)-learning framework formalizes learnabil-
ity by relating accuracy, confidence, and sample size [58]. In its classical formulation,
PAC-learning is concerned with binary classification, where the label set is ) = {0, 1}
and the task is evaluated using the 0-1 loss function (where L(y,y') = 0 if y = ¢/ and
1 otherwise). For a set of examples X', a concept is a mapping ¢: X — ), and C is a
chosen set of concepts. The learner considers a fixed hypothesis set ‘H from which to
choose a hypothesis h : X — ).

Given a concept ¢ € C and a sample S = (x1,29,...,x,) drawn independent
and identically distributed from X" according to some unknown distribution D, along
with their true labels (¢(z1),...,c(z,)), the goal is to select a hypothesis h € H that
minimizes the generalization error

R(h) = P [h(z) # c(x)]. (3.1)

x~D

A learning algorithm A : (X x Y)" — H is any rule that maps a set of training

46



examples to a hypothesis. Note that a learning rule is not restricted to empirical
risk minimization; it can be any mapping, though empirical risk minimization (which
simply minimizes the error on the training sample S) is the most common approach.

In the classical realizable case (where the true concept ¢ belongs to ‘H), a consistent
learner can achieve zero error. In the agnostic case (where ¢ may not be in H), the
goal is to find a hypothesis whose error is close to inf,cy R(h).

A concept class C is said to be PAC-learnable if there exists a learning algorithm
A and a polynomial function poly(-,-) such that for any 0 < €,d < 1, and for any
distribution D, the algorithm requires a sample size n > poly(1/e,1/§) to ensure:

— i N <el >1-4. .
s R(h) hllrél;R(h>—€ >1-9 (3.2)

In modern applications, such as RL, we often move beyond the classical binary
definition to a more generalized framework. In this general setting, ) can be arbitrary,

and the generalization error is defined with respect to a general loss function L:
R(h) = E_[L(h(z),c(z))]. (3.3)

As D and c are generally inaccessible, the learner instead estimates this using the

empirical error

R(h) = % > L(h(w) ). (3.4)

In this broader context, let T" be a sample complexity function mapping a distribution
D, an accuracy parameter ¢ € (0,1), and a confidence parameter 6 € (0,1) to a
required sample size threshold in N. We define an (¢, d, T')-correct learning algorithm
(aligning with the notation used later by Azar et al. [35]) as an algorithm A that, given

a sample size n > T(D, ¢, J), selects a hypothesis with an excess risk of at most € with
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probability at least 1 —¢. If the sample complexity bound T'(D, €, d) can be uniformly
bounded by a function T'(¢, ) that is independent of the underlying distribution D,
then C is learnable by H. If T is only bounded for a specific distribution D, it is

learnable with respect to D.

3.2 Goal-Oriented MDP

Recall from Section 2.1 that the core of an MDP is defined by the tuple (S, A, P, 1),
which additional elements such as terminal rewards, horizon, or discount factors de-
pending on the type of MDP. GOMDPs [59] are a class of MDPs that—in addition
to the usual MDP tuple—are described by the condition that the cost function is
non-negative (i.e. the reward function is non-positive) and there are a subset of ab-
sorbing states (i.e. no outgoing transitions) called goal-states, where the cost of being
in a goal-state is zero [60]. As all actions keep the agent in a goal-state once reached
and there is no cost to stay in a goal-state, these goal-states are effectively equivalent
to terminal states. This is a more generalized version of MDPs that use the action-
penalty representation [61] which requires the reward of any action at each state to
be -1, rather than non-positive. In contrast, there are MDPs that use the goal-reward
representation [61] which requires the reward for entering a goal-state to be +1 and
otherwise zero. As a common generalization of GOMDPs and the goal-reward repre-
sentation, we define Generalized GOMDPs as a class of MDPs that—in addition to

the usual MDP tuple—satisfies the following conditions:
1. a non-empty set of goal-states G C S;
2. an infinite horizon;

3. 7(s,a,8') <Oforallse€S,a€ A and s € S\ G;
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4. r(s,a,g9) >0forall s€ S, a€ A and g € G.

Furthermore, we define a generalized GOMDP to be continuous if it also satisfies the

following additional conditions:

5. § and A are compact subsets of R";

6. r(s,a,s’) is a continuous function from & x A x S\ G to R.

While these MDPs can have either deterministic or stochastic actions, this chapter
will mainly focus on the deterministic case.

This representation allows for a more realistic real-world reward structure. Neither
the reward structure of GOMDPs nor the goal-reward representation differentiate
between goal-states, meaning the agent only needs to determine which goal-state
costs less to reach. By allowing for variation in the reward assigned to entering a
goal-state, generalized GOMDPs have the added difficulty of taking into account
both the varying costs to reach different goal-states, the varying rewards for entering

them, and balancing these between multiple goal-states.

3.2.1 Measuring Goal-Directed Success

Consider some state s and goal state g in a GOMDP. When evaluating the perfor-
mance of policies on s relative to the optimal behaviour, they can be separated into
one of two groups: those that do not generate trajectories from s to g and those that
do. For those in the former “unsuccessful” group, it is a matter of measuring how
far their trajectories are from reaching g. For those in the latter “successful” group
however, it is a matter of measuring how far their trajectories are from the optimal
one(s), which is not necessarily as simple as comparing their total returns.

The total return some policy acquires in a GOMDP measures how “successful”

that policy is in a sense, but it does not measure how far the policy is from optimal,
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Figure 3.1: Two sets of trajectories that have zero overlap such that no path in one
can be continuously deformed to a path in the due to the red obstacle (or topological
hole) in the middle. The optimal trajectory in each of the two groups have very
similar maximal returns in this example GOMDP. Note that the misalignment of the
starting positions is intentional: the blue region contains slightly shorter paths than
the orange region because of this shift. While measuring the value of these paths
would indicate they have similar optimality, topologically they are very different and
not homotopic.

i.e. the difference in its behaviour compared to that of the optimal policy. Figure 3.1
shows two different sets of trajectories such that the optimal one in each set would
achieve only slightly different returns in a GOMDP. While the returns would indicate
these policies perform very similarly, there is no “easy” way for an agent to transform
the sub-optimal one to the optimal one through small perturbations.

Situations like this are the result of the complexity of the space being navigated.
The more complex a landscape is, the more likely these separations exist in its tra-
jectory space. The next section discusses how the complexity of these navigational

spaces can be measured.
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3.3 Topological Complexity

Topological complexity is a measurement of the “navigational discontinuities” in mo-
tion planning [62]. For a connected topological space S, the motion planning problem
consists of finding a continuous path in S from s to s’ for each (s,s') € § x S. We
assume S is connected, for simplicity. Let PS be the set of continuous paths in S,
equipped with the compact-open topology, and denote f : S xS — PS a set of paths
between any two states in S, i.e. a solution to the motion planning problem. If f is
continuous, then it is called a continuous motion planning on §. A continuous motion
planning f exists if and only if S is contractible [62].

The topological complexity, denoted T'C'(S), is defined as the minimal number &
such that & x § can be covered by k open subsets, where there exists a continuous
motion planning in each open subset. If S is contractible, then TC'(S) = 1 [62]. For
example, the topological complexity of a disk is 1 because a disk is contractible. If
S is not contractible, then TC(S) > 1. For example, the topological complexities of
a circle and Klein bottle are 2 [62] and 4 [63] respectively. Topological complexity is
closely related to the Lyusternik-Schnirelmann category of a space, denoted cat(S),
which is the minimal number of open sets needed to cover S such that each set
is contractible within S. While cat(S) measures the topological complexity of the
space itself, TC(S) measures the complexity of motion planning within it. They are
fundamentally related by the bounds cat(S) < TC(S) < cat(S x S) [62]. While
computationally impractical, an algorithm for computing the topological complexity
of a space can be found in Appendix 8.1.

Let M be a continuous generalized GOMDP with state space & and goal states
G. We define the motion planning problem for generalized GOMDPs to consist of

finding a continuous path in S from s to g for each s € S and some g € G. We define
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a policy 7 to be successful in M if it is a solution to the generalized GOMDP motion
planning problem. By definition of generalized GOMDPs, an optimal policy 7* not
only maximizes total return but is also a solution to the generalized GOMDP motion

planning problem.

3.3.1 Path Homotopy

Let X and ) be two topological spaces. For two continuous functions f,h: X — ), a
homotopy between f and h is defined to be a continuous function H : X x [0,1] — Y
such that H(z,0) = f(z) and H(x,1) = h(x) for all z € X. f and h are said to be
homotopic if there exists a homotopy between them. A homotopy class of f is defined
to be the set of all functions homotopic to f.

Now consider the case where f and h are paths between xy and x, for xq, 21 € X,
ie. f,h:[0,1] — X are continuous functions where f(0) = h(0) = z¢ and f(1) =
h(1) = x1. A path homotopy between f and h is defined to be a continuous function
H :[0,1] x [0,1] — X such that H(i,0) = f(:) and H(i,1) = h(i) for i € [0,1], and
additionally H(0,t) = xg and H(1,t) = x; for all t € [0, 1] (i.e., the endpoints remain
fixed throughout the deformation). f and h are said to be homotopic paths if there
exists a path homotopy between them.

Let M be a continuous generalized GOMDP with state space & and set of goal-
states G. For some initial state sy € S and goal-state g € G, consider two successful
policies m; and 7. In the deterministic case, these two policies each produce a path
in S from sy to g. If they are homotopic paths, then there exists a path homotopy
that continuously deforms one path into the other. In the context of learning, the
deformation of one path into the other would be similar to making a series of small
perturbations to one policy to deform it into the other, where the size of perturbation

corresponds to how “close” the resulting policy is in the space of all policies. In con-
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trast, if these two paths are not homotopic, then no such series of local perturbations
exists—at some point in the sequence, a non-local (larger) perturbation is required
to “jump” between homotopy classes. Note that if S is contractible (i.e. has a topo-
logical complexity of 1), then all paths between any two given states are homotopic
paths.

This section is meant to give insight on how topological complexity and path
homotopy classes can be used to describe the navigational landscape of a GOMDP.
The next section concludes this chapter with an analysis of the sample complexity
on separated-path MDPs, which are are a special class of problem where paths are

segregated, much like the homotopy classes discussed here.

3.4 Sample Complexity of Separated-Path MDPs

Azar et. al. [35] provide the following lower bound on the sample complexity for single-
choice separated-path MDPs (defined below) with identical transition probabilities.
There exists some constants g, dg, and a set of MDPs M, such that for all e € (0, ¢),
d € (0,00/N), and every (e, d,T)-correct RL algorithm on the set M, the number of

transitions needs to be at least

N N
T'= I 300 =y 108 (@)1‘ (3:5)

The set of MDPs used for the proof of this bound will be denoted as single-choice
separated-path MDPs, which is defined as follows: The set of MDPs M that have
a state-action space of cardinality N = 3K L, where K and L are positive integers
such that for each M € M, the state space X consists of three smaller sets S, Y!

and Y?. S consists of K states, each of which has a set of deterministic actions
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A ={ai,as,...,ar}, whereas the states in Y' and )? are single-action states, i.e. no
choice involved. Taking the action a € A from any state s € S moves to the state
y1(s,a) € Y! with probability 1. The single action available at each state in V! is a
self-transition governed by the transition probability p,,. Specifically, the transition
probabilities from every y;(s,a) € V' is pys to itself and 1 — pys to the corresponding
state y2(s,a) € Y? where all states in J? are goal-states. In general, only 0 < py; < 1
is required in this formulation, however the PAC-learning bounds presented below
require 0.5 < py; < 1 to apply (due to the Chernoff bound conditions used in the
derivation). Each y;(s,a) € Y and ya(s,a) € Y?* is distinct for each s € S and a € A,
thus [V!| = |V?| = KL. The reward is +1 for arriving in any state in V! (including
from itself) and 0 elsewhere. For any s € S, the optimal Q-function for this set of
MDPs is

Q'(s,0) =7V (s,0)) = T, (3.6)

where v is the discount factor and V' (yi(s,a)) denotes the value of the intermediate
state reached after taking action a from s.

To show the wide applicability of this class of problem, they can be related back to
GOMDPs. S is the set of states where paths diverge into different homotopy classes
(which may or may not coincide with the set of initial states in a GOMDP), Y is the
set of goal-states, and Y! represents the path homotopy classes between S and )?.
The value for each state in Y!, inversely determined by the transition probability,
represents the optimality of that path homotopy class. For each state s € S, each
of the L actions represent choosing a path, or homotopy class of paths to follow,
analogous to options in RL, where an option is picking a set of actions rather than a
single action. The sample complexity of these problems then represents how difficult

learning the value of these path homotopy classes.
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Figure 3.2: Correspondence between a GOMDP and a separated-path MDP. (a) A
GOMDP with initial state s and goal-state g. Obstacles (shaded regions) create
topological holes in the state space, resulting in multiple non-homotopic path classes
(numbered 1-L = 9) between s and g. (b) The corresponding separated-path MDP.
The initial state s € S has L actions, each leading to a distinct state in Y' that
represents one of the homotopy classes from (a). All paths in ! eventually reach the
goal set V2.

Remark (Connection to Topological Complexity). The separated-path MDP struc-
ture provides a discrete approximation to the continuous topological setting described
in Section 3.3. Specifically, the number of actions L at each state s € S corre-
sponds to the number of distinct homotopy classes of paths from s to the goal set G.
In a continuous generalized GOMDP with topological complexity k, at least k fun-
damentally different regions of the path space that require separate learning would be
expected. The sample complexity bounds derived below thus scale with L, reflecting the
intuition that more topologically complex environments (with more homotopy classes)
require more samples to learn. An example of this comparison between GOMDPs and

separated-path MDPs is shown in Figure 3.2
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The class of MDPs used by Azar et. al. [35] in their current state is not yet
appropriate for this representation as each “path homotopy class” is equivalent—
identical transition probabilities pys for each y;(s,a) € V' means equivalent values.
While this class of MDPs is relatively simple and quite a specific use case, the next
few sections generalize these results. First, the results are generalized to the class of
single-choice separated-path MDPs where each y;(s,a) € V! has its own transition
probability p(s,a) that are not necessarily equal for all states. With the generalized
transition probabilities, the results are then adapted for the sample complexity of the
value function and the optimal policy, instead of just the Q-function. Lastly, these

results are generalized further for the class of single-choice separated-path POMDPs.

3.4.1 Generalizing the Sample Complexity Bound

Let M be a single-choice separated-path MDP with the transition probabilities for
each y(s,a) € V! given by ps,. Let Ty, be the number of times the state-action pair
(s,a) has been observed. From Lemma 8 in Azar et. al. [35], for s € S, a € A, and

some € > 0, we have

a?Tgq

1 -
Pr(|Q(s,a) = Qr..(s,a)| > €) > e maliraad, (3.7)

where a = 2(1 — yps,)%e/7?. Simplifying this gives

1 _10240-7psa)? Tsa
Pr(|Q*<S7 a) - QTsa<S7 a)‘ > 6) > 66 9psa(1—psa)v? (38)
2 ée_c(vo)(l_v)?)e%Tsa (39)

where the right side of the inequality (Equation 3.9) arises when py, = (47 — 1)/3y

for 0.4 = vy < v with ¢(y) = 1024/(993(4y — 1)), which is the one used when
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deriving Equation 3.5. Note, Azar et. al. [35] chooses ¢(vy) = 8100 which satisfies
this inequality. We will focus on the first inequality (Equation 3.8) as it pertains to
a generic transition probability which only requires ps, > 0.5 due to the Chernoff
bound conditions.

For (s,a) € S x A, we define

IMsa(l — psa)74 1
= 1 — 1
§aa(€,9) 1024(1 — ypsq)2€? 8 66 )’ (3.10)

such that if Ty, < &s4(€, ), then
Pr(|Q*(s,a) — Qr.,(s,a)| > ¢€) > 4. (3.11)
By using &u(€,0) in place of £(e,6) in Lemma 11 from Azar et. al. [35] where

En(e,0) = (svar)nelglegsa(e, J), (3.12)

we have the generalized lower bound on sample complexity of the Q-function for a

single-choice separated-path MDP M is given by

T = [Néy (6, %)}. (3.13)

Remark. The preceding derivation relies on Lemma 8 and Lemma 11 from Azar et.

al. [35]. For convenience, these lemmas are restated in Appendiz 8.2.

Known State Distribution

To acquire the lower bound above, Lemma 11 from Azar et. al. [35] assumes nothing

about the distribution over § and thus constructs the bound using the highest number
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of transition samples such that it holds regardless of how the samples are distributed.
To strengthen the lower bound, the distribution of states is incorporated.
Let P be the distribution over & such that P, be the probability that s is the

initial state. For s € S, define

(6,0) = &uale, ) (3.14)

acA

as the minimum number of times s needs to be visited to satisfy Equation 3.10 for all
a € A. Let n > 0 be a threshold parameter (with the same units as sample count).

For €,0,6" > 0, applying Hoeffding’s inequality gives

_ 2(tPs—(Es(e,6)—n)?
t

Pr(ns < &(e,0) —n) = Pr(ns —tPs < &(€,0) —n—1tP;) <e , (3.15)

where ng is the number of times s has been visited and ¢ is the total number of
samples. This bound is valid when tP; > £,(e,d) — n (otherwise the probability is
trivially 1). Thus, if

AP (&s(e,6) —n) + log(1/0")
ki (3.16)
L V(108(1/8") +4P(E(€, 8) —n))? = 16PX(E(e,0) =m)*

4P? ’

t < €P(6757 5/777) -

then Pr(ngs < &(e,0)—n) > 0’. Note that solving for the bound in Equation 3.16 leads
to multiple quadratic solutions, however as it is a lower bound, we use the smallest of
those solutions. In practice, one can choose 7 = 1 (a single sample threshold) without

loss of generality.
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To ensure this holds for all s, we have
Pr(ds € S s.t. ny < &(6,0) — 1) < Y Pr(ng < &(e,6) — 1), (3.17)

by the union bound. Using ¢’ = ¢/K for Equation 3.16 in combination with Equa-

tion 3.17, we have if

T > max [¢p(c, 6,6/ K, m)]. (3.18)
then
Pr(3s € § s.t. ng < &(€,0) —n) < Z% =0. (3.19)
seS

In other words, if T" does not satisfy the above bound, then with probability of at least
0, there exists at least one state such that Equation 3.16 is not satisfied. Therefore,
if the initial state distribution P is known, we have the lower bound on sample
complexity of the Q-function (with respect to P) for a single-choice separated-path
MDP is given by

T = (r?e%x [Ep(€e,0,0/K,n)]]. (3.20)

Next we adapt these results to the value function.

3.4.2 Sample Complexity of the Value Function

Consider the class of single-choice separated-path MDPs described above. For s € S,

the value of s is

* * fy
= = —_ 21
VS e =i, 2

Let as be the optimal action at s, i.e. V*(s) = Q*(s,as). In order for our estimate
Vi(s) to be PAC (for some ¢ > 0), we require both Q(s,as) to be PAC (for the

same €) and Q:(s,a) to be PAC (for some € > ¢) for all a € A\ {as}. We require
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Q+(s, as) to have the accuracy desired for Vi(s), however, we only require Qy(s, a) for
all a € A\ {as} to be accurate enough to say Vi(s) # Q(s,a) for those actions.
Let Ty, be the number of times the state-action pair (s, a) has been observed. For

Qr.., (s,as), we have

Pr(|Q*(s, as) — Qr...(s,as)| > €) >4, (3.22)

if Too, < &sa,(€,0) with &, from Equations 3.7 & 3.10. The choice of « in Equa-
tions 3.7 ensures that if one was instead learning in some MDP M’ arbitrarily close
to M, the random event of acquiring a PAC estimate of the Q-function in M’ does
not overlap with the random event of acquiring a PAC estimate of the Q-function in
M. For each a € A\ {a,}, define as, = 2(1 — Vpsa)?€sa/y* and choose €5, > 0, such
that psa, — Psa = @sq. Note, as a is the optimal action at s, ps,, > psq, hence we will

always have e, > €. This gives us
Pr(|Q*(s,a) — Qr.,(s, a)| > €:a) >, (3.23)
if Tyy < &sal€sa,d). This combined with
Q7 (s,a) + €50 < Q7(8,a5) — €50 < Q"(8,a5) — €, (3.24)
for € < €, for all a € A\ {a;} we have
Pr([V*(s) = Vr,(s)| > €) > 4, (3.25)

if Ty < &(€,0) = &oa (€,0) + D e\ (s} Esal€sas 6), where T is the number of times the

state s has been observed. Note that & (e, ) < L& (€, 9).
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Using T, rather than Ty, means we now only need to consider the K states in S
with ¢ < &.(¢,0) rather than the N = KL state-action pairs with ¢ < £, (¢,0). Using
Lemma 11 from Azar et. al. [35] in this way, we have the lower bound on sample
complexity for the value function of a single-choice separated-path MDP is given by

T =[Kéy <e, %)1, (3.26)

where

€ (€, 0) = min & (e, 9). (3.27)

To extend this to the case where the distribution of initial states is known, we

plug &.(¢,0) into Equation 3.16, thus if

4P, (€:(€,0) — ) +log(1/4")

4pP?
+ V/ (log(1/8") + 4P,(€.(e,6) — )2 — 16P2(E(€,6) — n)? (3.28)

4P? ’

t < &p(e,0,0',m) =

then Pr(ns < &l(e,0) —n) > ¢'. Using Equation 3.17 with Equation 3.28, we have if

T > max[€p(e, 0,6/ K,m)]. (3.29)
then
Pr(3s € S s.t. ns <&.(6,0) —n) < Z% = 0. (3.30)
s€S

Therefore, if the initial state distribution P is known, we have the lower bound on
the sample complexity of the value function (with respect to P) for a single-choice

separated-path MDP is given by

T = [max [€h(c, 6,6/, n)] | (3.31)
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Next we can adapt this to learning the optimal policy function instead of the value

function.

3.4.3 Sample Complexity of the Optimal Policy

Consider the class of single-choice separated-path MDPs described above. For s € S,

the optimal action at s is given by the optimal policy

7*(s) = as = argmax Q*(s, a) = argmax

_— 3.32
acA acA 1- VPsa ( )

For estimating the value function, we needed both the estimate of the Q-function
at the optimal action to be PAC and the estimate of the Q-function at the optimal
action to be the maximum over the action space. For estimating the optimal policy,
we only require the latter. Therefore, we only require our estimate of the Q-function
to be accurate enough such that max,c4 Q(s,a) = Qq(s, as).

Let as be the next best action at state s, i.e. a; = argmax,c 4 (..} @*(5,0). By

relaxing Equations 3.24 & 3.25 and for any 0 < € < €4;,, we have
Pr(7*(s) = 77, (s)) > 6, (3.33)

if Ty < &.(€sa,,0), where Ty is the number of times the state s has been observed.
Note that & (€sa,,0) < E.(€,9).
Combined with Equation 3.26, we have the lower bound on sample complexity for

the optimal policy of a single-choice separated-path MDP is given by

T = [K¢l, (%)1 (3.34)
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where

2(0) = min & (esa, . 9)- (3.35)

Note that the specific choice of € is irrelevant as the policy is a classification model,
where the value and Q-functions are regression models.
To extend this to the case where the distribution of initial states is known, we

simply need to replace € with €g;, in Equation 3.28, giving us
T = [max [§p(€sa,, 6,6/ K1, (3.36)
sE

as the sample complexity for learning the optimal policy with respect to P.

Lastly, we adapt the previous results to the partially observable setting.

3.4.4 Sample Complexity of POMDPs

Consider the class of single-choice separated-path MDPs described above, with the
additional constraint that the exact current state s € S is not known. Let p = {ps|s €
S} be the belief state where p; = Pr(s’ = s|Z) for some information set Z when s’ is

the true state. We have

Q*(p.a) =) psQ*(s,0) (3.37)

seS

as the optimal Q-function for the belief state-action pair (p,a). In order for our
estimate Q¢(p,a) to be PAC (for some € > 0), we require both Q;(s,a) for all s to be
PAC (for some €’ > ¢), and for the belief state to be sufficiently sampled.

Let T}, be the number of times the belief state-action pair (p, a) has been observed.

For some € > 0, define ¢, = ¢/ Kps;. We have

|Q*(p? Cl) - QTpa(p7 (I)| < Zps|Q*(S>a) - QTpa(Sva)‘ <e (338)

seS
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if |Q*(s,a) — Q(s,a)| < e forall s eS.
To ensure the belief state-action pair (p,a) has been sampled sufficiently, for 7,

transitions we have

52t

Pr (|Tpap5 —ng| < Ke ) > 1 —2¢ 26280—ps) (3.39)

S

using Hoeffding’s inequality, where n, is the number of times the T}, transitions at

the belief state-action pair (p, a) corresponded to state s. If

2K? 3(1 — 2
T < Gue,8) = 2 mes Ol gy (2) (3.40)

for some 6 > 0, then

Pr <\Tpaps — | > — ) > 5 (3.41)

2ps
for all s.

With belief state p, taking action a results in reaching state y;(s,a) with prob-
ability ps, where rewards are generated from sampling Bernoulli distributions with
probabilities p,,. Although a mixture of Bernoulli distributions is not itself a Bernoulli
distribution in general, the expected transition probability is pp, = Y cg PsPsa- For
the purpose of deriving a lower bound, we consider an “effective” placeholder state s’
with corresponding transition state y;(s’, a) that has transition probability p,,. This
provides a lower bound because the actual variance of the mixture distribution is at
least as large as that of a single Bernoulli with the same mean. If Tiy o) < £vq(€, ),
then

Pr(|Q*(s',a) — Qu(s',a)| > €) >0, (3.42)

from Equation 3.8.
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Combining Equations 3.40 & 3.10, we have if

Tpa) < &pale, ) = max [§ya(€, ), Goale, 0)], (3.43)

then

Pr(|Q*(p,a) — Qi(p,a)| > €) > 6. (3.44)

For sufficiently small 0 < § << 1 and large 0 << vy < 1 with

1_ 4
mase (1 — py) oc 2L 2N

seS N2(1 —yp)*d’ (3.45)

we have £, (¢,0) = §va(e, ). This means that the complexity of the POMDP is less
than the complexity of the uncertainty in the belief state in this scenario. However,
in all other cases we have &, (¢,0) = (pa(e,0). This is because even though the
belief state is a distribution over many states, the transition dynamics of the problem
are equivalent to the averaged case, as discussed above. Thus, as the uncertainty
in the belief state increases—and therefore the sample complexity of sampling the
distribution of states—the complexity of the averaged dynamics does not increase
with it.

The framework developed in this chapter provides a way to characterize goal-
oriented decision problems through the structure of their feasible routes, the rela-
tionships between distinct homotopic path classes, and the organization of trajec-
tories that lead to a target. These notions of structural and topological variation
offer a foundation for interpreting why some tasks are more challenging for learning
agents than others. In the chapters that follow, a range of applied environments
are considered—thermodynamic controls, nautical navigation under uncertainty, and

chemical laboratory procedures—and in each case, many of the observed learning
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behaviours can be related back to differences in the underlying goal-oriented struc-
ture of the tasks. The concepts introduced here therefore act as a reference point
for understanding how task organization influences agent performance across diverse

domains and how differently these structures can appear.
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Chapter 4

Maximizing Thermal Efficiency

In this chapter, we examine the model heat engine system, expanding on the orig-
inal learning results with a deeper analysis informed by the complexity framework
developed in Chapter 3. Specifically, we examine how the trajectory structure and
observability of the system affect learning dynamics, relating our findings to the con-
cepts of path organization and sample complexity introduced previously. The original
learning results on this system used evolutionary learning to accurately approximate
the optimal policy in the POMDP setting [2], which were then expanded upon to also
include RL to approximate the optimal policy in the MDP setting [1]. Much of this
chapter is adapted from the original work that has been previously published [1], first
authored by C. Beeler. The material has been revised for coherence and consistency
within the overall structure of this thesis.

To approximate the optimal policy, a neural network takes as input the current
observation of the engine and chooses one of a set of basic thermodynamic processes to
transform the state of the system, which produces a new observation. This simple and
well-known system was chosen for pedagogical purposes. Using an easy-to-understand

system allows us to focus on how RL methods can be applied to the physics problems
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Figure 4.1: (a) Model heat engine and (b) the neural network that controls it.
Note that the diagram of the neural network has two additional input nodes for
the gradient-based RL method. (¢) A summary of the actions in P-V space available
to the network; see Table 4.1.

and what makes them more difficult to learn. We generate a set of trajectories of
fixed length using a set of networks whose parameters are initially randomly chosen
and optimized using two different methods. In the first method (gradient-free), we
retain and mutate only those networks whose trajectories show the greatest thermal
efficiency. Repeating this evolutionary process many times results in networks whose
trajectories reproduce the maximally efficient Carnot, Stirling, or Otto cycles, de-
pending upon which basic thermodynamic processes are allowed. This evolutionary
procedure can also learn previously unknown thermodynamic cycles if new processes
are allowed. In the second method (gradient-based), we update the network parame-
ters using gradient-based RL. In this study, we explore how the framing of the problem
affects the types of solutions acquired by these two methods. We also compare the

advantages and disadvantages of each in finding a solution to this problem.
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4.1 Partially Observable Model Heat Engine

In Figure 4.1(a) we show a model heat engine, a device able to transform thermal
energy into work [64,65]. The engine consists of a working substance, which we assume
to be a monatomic ideal gas, housed within a frictionless container of variable volume
V', whose minimum and maximum values are V,,;, and Vi,., respectively. The working
substance may be connected to a hot or cold reservoir held at temperature, T}, = 500
K and T, = 300 K, respectively. For the gradient-free method, the instantaneous
observation s; of the system at time ¢ is then specified by the volume-temperature
vector s; = (V,T'), with the pressure of the system fixed by the ideal-gas equation
PV = NkgT [66]. Further on, we will discuss the reasons this formulation of the
problem cannot be used for standard gradient-based RL methods.

The elementary actions available to the network correspond to the basic ther-
modynamic processes shown in Table 4.1, summarized graphically in Figure 4.1(c).
These processes include reversible compression and expansion (variable volume),
along isotherms (constant temperature) or adiabats (no heat transfer), and reversible
temperature changes along isochores (constant volume). Implicitly this means in-
finitely many heat baths spaced between T}, and 7 are available, a condition—which
we prove in Appendix 8.3—does not undermine Carnot’s Theorem of maximum effi-
ciency. All compression and expansion processes are performed using a fixed change
in volume. If an isothermal process at T}, (or 7T¢) is selected when the system is not
at the correct temperature, then isochoric heating (or cooling) is performed first to
reach the necessary temperature for the isothermal process to occur. Note that the
isochoric processes are not used in the Carnot cycle, but are required to make ap-
proximations of it when using fixed changes in volume because the system must reach

specific volumes in order to be adiabatically heated from T, to T}, and cooled from T},
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to T,.

Table 4.1: All possible actions that can be taken on our model heat engine and their
corresponding AW and A(Q) equations.

[sothermal Expansion

NkgT, log (7)

Action AW AQ
2
Adiabatic Compression | —3NkpT; ((%) - 1) 0
2
Adiabatic Expansion —%]\/kBTi ((Kf) . 1) 0
Isothermal Compression
T (T I}h) NkgT; log (ﬁ) NkgT; log (%)
Isothermal Expansion
At T, (T :pTh) NknT log () NkT log (1)
Isothermal Compression NkT, log ( v ) NEkgT log (%)
at Ty (T%Th) i —|—§N]€B (Th - Tl)
[sothermal Expansion Vi Nkg'Ty, log <ﬁ>
NkgTh lo (-f) i
at T, (T#1h) RN +3Nkp (Ty — Th)
Isothzin%al<go;n};§8810n NksT. log ( E ) NiksT. log ( % )
PR T VkaTilog (%) | NwTilog (%)
Isothermal Compression NiksT. log ( v ) NEgT. log (%)
at T, (T#T.) ¢ i +3Nkg (T, — T)

at T, (T#T.)

Isochoric Heating

SNkg (Th — T))

Isochoric Cooling

%NkB (Tc - ﬂ)

Upon undertaking any action s; — $;.1, we record the resulting changes of work,

AW,

ses.010 and heat input from the hot reservoir,

Ain

StSt+1

(4.1)

= AQ5t3t+1 H<AQ5t5t+1 5Tf7Th) ;

these are listed in Table 4.1. Here H(-) is the Heaviside function, equal to 1 for

positive values of AQs,s,,, and 0 otherwise, and 7T} is the temperature of the system
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following the move. d, 4 is the Kronecker delta (1 if &« =  and 0 otherwise). We

define the thermodynamic efficiency of a K-step trajectory as

K-1
— t=0 AWStSt+1 (4 2)
Nk = K—1 o . .
t=0 StSt4+1

The thermal efficiency, a trajectory-based quantity, is used as a means of ranking
trajectories, and the networks that generate them, during our evolutionary learning
procedure. The neural network selects processes deterministically based on obser-
vations, therefore once a trajectory produces a single cycle, that cycle will repeat
until the maximum number of trajectory steps have occurred. For this reason, the
maximum value n = maxg ng for all K points along a long trajectory is sufficient
to identify efficient thermodynamic cycles. We could terminate a trajectory after it
produces a single cycle, however we chose this way for consistency with the gradient-
based RL method used where we do require multiple cycles. The phase plots (volume
vs pressure) and thermal efficiency as a function of the number of cycles performed

for the Carnot, Stirling, and Otto cycles are shown in Figure 4.2.

4.1.1 Formalization as a Generalized GOMDP

The model heat engine can be understood within the generalized GOMDP framework
developed in Chapter 3. The state space S consists of the thermodynamic coordi-
nates (V,T) (or (V,T,W* Q*) in the MDP formulation), forming a compact subset
of R? (or R*). The goal-states G correspond to states where a complete thermo-
dynamic cycle has been executed—that is, states (Vp,Tp) that return the system to
its initial configuration after a sequence of actions. The reward structure satisfies
the generalized GOMDP conditions: intermediate actions incur non-positive rewards

(representing the thermodynamic cost of each process), while the completion of an
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Figure 4.2: The phase plots of a heat engine as it performs the (a) Carnot, (b)
Stirling, and (c) Otto cycles with each action being taken labelled with its graphical
representation and a different colour. The thermal efficiency of a heat engine as it
performs the (d) Carnot, (e) Stirling, and (f) Otto cycles several times with Nyax, 7s,
and 7o for reference.

efficient cycle yields positive reward through the accumulated work output.

The phase space topology of this problem is particularly instructive. Different
thermodynamic cycles—Carnot, Stirling, Otto, and others—represent distinct classes
of closed trajectories in the (P, V') or (V,T') phase space. From the perspective of path
homotopy (Section 3.3), these cycles can be viewed as representatives of different ho-
motopy classes of closed paths, where continuous deformations of one cycle type into
another are constrained by the available thermodynamic processes. For instance, the
Carnot cycle requires specific adiabatic transitions that are not part of the Stirling
cycle, meaning that small perturbations to a Stirling-following policy cannot contin-
uously deform it into a Carnot-following policy without fundamentally changing the
action selection at certain states.

This topological perspective helps explain the learning dynamics observed in sub-

sequent sections: an agent that has converged to a suboptimal cycle type (such as
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Stirling) faces a structural barrier to discovering the optimal cycle (Carnot), as the

transition requires a non-local change in policy space rather than gradual refinement.

4.2 Evolutionary Learning Dynamics

For the evolutionary learning dynamics, we start with a population of 100 networks,
with the internal parameters 6 of each initialized in the random fashion described
above, named generation 1. This population produces thermodynamic trajectories w
of K steps. Even the best-performing members of this population produce efficiencies
much lower than the Carnot efficiency, which is the most efficient trajectory possible
given the set of allowed thermodynamic processes [65]. For the chosen parameters,

we have the

Nmax = l——= O4a (43)

as the Carnot efficiency.

The next step of evolutionary learning dynamics is done by keeping the 25 first
generation networks whose trajectories have the largest 7, discarding the rest. We
create 75 new networks by drawing uniformly from the set of 25, each time “mutating”
all weights w and biases b: for each weight or bias we draw a random number ¢ from
a Gaussian distribution with zero mean and unit variance, and update the weight or
bias as w — w + €6 or b — b+ €6, where € = 0.05 is an evolutionary learning rate.

The new population of the 25 best generation-1 networks and their 75 mutant
offspring constitute generation 2. We simulate those 100 networks for K steps as
before. Continuing this alternation of evolutionary dynamics (retaining and mutating
the best networks of the current generation) and physical dynamics (using the new
generation of networks to generate a set of trajectories) gives rise to networks able to

propagate increasingly efficient trajectories. After about 100 generations, we obtain
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networks whose efficiencies are equal to that of the Carnot cycle (to within four
decimal places). A quantitative inspection of the trajectories corresponding to these

values of n show that they indeed form Carnot cycles.

4.3 Gradient-Based RL

As an alternative to the gradient-free evolutionary learning, we now consider a method
which includes gradient information. We note however, that while the observation
s, = (V,T) contains sufficient information to correctly determine the required ther-
modynamic process at any step t, as shown above, it is not sufficient for determining
thermal efficiency. For example, suppose the Carnot cycle requires K steps with
S0 = (Vimax, It). K steps later we arrive back at the same observation, sx = s,
achieving a thermal efficiency of ny.x. Now if we perform the reverse Carnot cycle,
we would begin and end at the same observations as before, however this time achiev-
ing a thermal efficiency of —n,.x, meaning that the relation of the current observation
representation to thermal efficiency is one-to-many. Unlike gradient-free algorithms,
traditional gradient-based RL algorithms operate using the rewards associated with
specific steps of a trajectory, instead of assigning a score to an entire trajectory. For
this reason, these algorithms cannot practically be used on the specific simulated heat
engine above because it is not an MDP. Alternatively, a learning algorithm could be
adapted for for the partially observable setting used above, however the focus here is

not on the algorithm, but the environment itself.

4.3.1 MDP Model Heat Engine

In this new formulation of the problem, which will be referred to as the MDP heat

engine problem, we provide the agent with non-negative work and heat budgets,
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defined as Wi = Wi + S0 AW,,.,,, and Qe = Q5 — o0t AQY,, ., respectively,
where W and Qf are the initial budget values. For a thermodynamic process to be
performed at time ¢, Wy, > —AW,,_,,, and Q;_; > Q¥ _ are required to ensure
W and )f are non-negative. These budgets represent the amount of work the agent
can put into the system, where any work produced during a trajectory is added to the
budget, and the amount of heat that can be transferred from the hot thermal reservoir
to the heat engine. We define the observation for this new heat engine as the state
s = (V, T, W[, Q5), however we still consider a cycle as a trajectory that returns the
same values of V and T'. With this new representation, the states at the beginning and
end of a given singular cycle are now unique, unlike the previous observations. This
means that a given observation contains all the required information about the state
of the simulated heat engine and therefore the previous trajectory is not required. Full
Markovity is not necessarily required to apply gradient-based reinforcement learning,
however it does ensure the mapping from state—action pairs to rewards can be learned
by the agent. As W and @Qf are fixed, the relation of state to thermal efficiency is
now many-to-one, solving the issue of mapping an state to a single thermal efficiency.

As the states for the start of each repeated cycle are unique, if a trajectory pro-
duces one cycle, it does not guarantee it will produce many cycles. This poses a
greater challenge as each subsequent cycle must now be learned individually. This
could be solved by re-initializing the system to the initial state after a cycle is per-
formed, however this would force a solution for single cycles where we would like to
find a more general solution for the system. Thermal efficiency could be assigned to
the final state-action pair of a trajectory to update a given policy using gradients in
order to produce the most thermally efficient cycle, similar to what was done in the

previous case, however this does not encourage trajectories containing more than a

single cycle as thermal efficiency does not change when a cycle is repeated exactly.
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To avoid explicitly penalizing a trajectory for stopping after a single cycle, we
instead use AW = Wy — W/ at the end of a trajectory. As AQ = Qf — Q% has
a fixed finite maximum, using Equation 4.2, maximizing AW maximizes thermal
efficiency while also encouraging trajectories with many cycles, satisfying our desired
requirements. To help clarify this, consider the following example. Suppose some
cycle on this heat engine produces 0.2 units of work and consumes 0.5 units of heat.
This would give a thermal efficiency of 0.4. Now if we performed this cycle 10 times
we would produce 2.0 units of work and consume 5.0 units of heat. However this
would still give a thermal efficiency of 0.4. If we use thermal efficiency as the reward,
these two cases are equivalent, however if we use AW as the reward, the second case

is preferred.

4.3.2 Proximal Policy Optimization

With our newly defined environment, we turn to PPO [43] as the gradient-based RL
algorithm to find a policy, 7y, that produces the desired trajectories. PPO is a com-
monly used gradient-based RL algorithm which has had good performance on many
problems [67-71]. The true policy, 7}, requires certain features from the system in
order to produce these desired trajectories. While the state may not explicitly contain
these features, we assume we can extract them using a neural network approximation

of m;. PPO aims to maximize the policy gradient objective function,
LY (0) = B log m (ar]si) Ao (4.4)

where the expectation is taken with respect to the actions a; and At = Ag (s¢|ay) is the
estimate of the advantage function defined as the difference between the Q-function

O, (st,a;) and the value function V;,(s;). The Q-function is the expected discounted
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future reward if the process a; is performed starting at s, and 7y is followed for the

remainder of the trajectory starting at s;,;, defined as

Qwe(St, at) =71+ VmélX QTrg (5t+17 a), (4-5)

where 0 <~ < 1 is the discount factor. The value function is the expected discounted
future reward if 7y is followed for the remainder of the trajectory starting at s;, defined

as

Vi (8¢) = max Qr, (54, a). (4.6)

Our estimate of future reward is rarely perfect, therefore it is discounted relative to
the time scale of the reward. For example, when deciding on where to eat, we only
care about the immediate reward we get, so we heavily discount our estimate of future
reward in this case, however when investing in stocks, we care about the long-term
reward, so our estimate of future reward should be minimally discounted. Q,, and
Vz, are not known analytically but it is assumed they require the same features as
mp and therefore we have our same neural network approximation of my output the
value at s, i.e. the output of the neural network is (mg(s;), Vz,(s:)). However, it is
more efficient to instead maximize the trust region policy optimization [72] objective

function,

67 0) =8 [ 2o .

=E {Te,éold CHED At} ,
where g, is the set of parameters of the previous policy. The trivial solution to

this is to make extreme modifications to 7y, therefore PPO clips the probability ratio
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T0,0,4 and takes the minimum,

LtCLIP (9) — E [min (re (at|5t) At, Tgl‘LIP (Clt|3t) fL)}

(4.8)
r%{fﬁ (a¢|se) = clip (1,0, (at]st), 1 —€,1+¢€),
where € is a hyperparameter and the clip function is defined as
clip(z, a,b) = min(max(z, a), b) = max(min(zx,b), a). (4.9)

While this objective function is designed to optimize the policy, it is not designed to

optimize the value function, therefore we use a mean squared error cost function,
LT (0) = (Va, (1) = Vi™5)°, (4.10)

where V" is the target value. Combing this cost function with our objective function

and adding in a so called “entropy” term S to encourage exploration, we have
LEPO(0) = E [LEYP (0) — o1 LT (0) + oS [ma] (51)] (4.11)

for our overall PPO objective function, where ¢; and ¢y are hyper-parameters and

S [mp] is defined by

S [mg] (s1) = Y mo (ars:) log (wo (au]sy)) (4.12)

a

PPO
Lt

Note that we have the negative of our cost term, so maximizing simultaneously

maximizes our objective function and minimizes our cost function. To update the

PPO
Lt

parameters of our neural network, the gradient of is estimated with respect to

0 using backpropagation and we make changes to # in the ascending direction of this

78



gradient.

4.3.3 Results and Discussion

Using the identical network architecture as with the gradient-free method, we ran-
domly initialize a policy and allow it to produce trajectories in the newly-defined
thermodynamic system. As the policy interacts with this system, we collect tuples
of the form (s, as, ¢, S¢41) which are the experiences used to update the policy with
PPO. We require all four of these because the reward r; specifically arises from how
the action a; maps the state s; to the next state s;11. r; and s, are also required to
update our approximation of the value function and calculate A,. To perform these
updates, we used the following hyper-parameters: discount factor of 0.99, ¢ = 0.2,
c1 = 0.5, ¢ = 0.01, a batch size of 128, a total number of training steps of 2 x 106,
and a learning rate of 2.5 x 10~ which determines the step size when updating the
parameters 6.

Unlike the gradient-free approach previously discussed, PPO is unable to achieve
an near-optimal result. However the agent was able to produce a trajectory that
not only follows the Stirling cycle as shown in Figure 4.3(a), and does so more than
once. When looking at the learning dynamics shown in Figure 4.3(b), we can see that
the policy that produces the most thermally efficient trajectory occurs at ~ 2.5 x 10°
training steps, and then thermal efficiency steadily decreases in all subsequent policies.
This is likely due to the Stirling cycle being a local maximum (in terms of AW'). When
a policy is at a local maximum for long enough, the value function is optimized on
the trajectories found at this local maximum to the point that it becomes useless
when evaluated on any trajectories found outside of the local maximum. Due to the
deterministic nature of these problems, only a single trajectory is seen at this local

maximum. Eventually, the entropy term used for stochastic exploration forces the
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Figure 4.3: We apply the PPO reinforcement learning process to our Markovian sim-
ulated heat engine; panel (a) shows the most thermally efficient trajectory produced
in this process overlaid with the ideal solution, the discretized Carnot cycle. (b) The
learning dynamics of thermal efficiency as a function of training steps for both the
PPO and evolutionary agents as they learn to maximize AW. (¢) AW as a function
of AQ for the trajectory produced by the best performing PPO and evolutionary
agents and (d) the ideal solution (discretized Carnot cycle), where AQ = 1 maps to
the amount of energy used during a single analytic Carnot cycle.

policy to stray from this locally optimal trajectory, causing the policy to produce a
trajectory unseen by the agent recently. As the value function is no longer accurate at
this state, the agent is unable to bring the policy back to this local maximum causing
performance to diminish. The Stirling cycle is a local maximum because it produces
more work than the Carnot cycle, i.e. achieves a higher reward per cycle, however
as seen when comparing Figures 4.3(c) and (d), the Stirling cycle consumes a greater
amount of heat than the Carnot cycle. This makes it more viable in the short term,
however, due to the upper bound constraint placed on AQ), the Carnot cycle is still
the ideal solution when tasked with maximizing AW.

With the maximum amount of heat allowed, the only way to increase AW beyond
what is produced by two Stirling cycles, a trajectory would need to instead produce
either three Carnot cycles and one Stirling cycle or five Carnot cycles. The differences

between these trajectories and the one the agent produces are not trivial. Making
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any slight modifications to the found trajectory decreases AW. It is only when
an entire Stirling cycle is replaced with multiple Carnot cycles in a trajectory that
there would be any improvement. Additionally, the reward signal used to update a
policy comes from the end of a trajectory, whereas due to the repetitive nature of
the partially observable problem, we were able to select the maximal score along the
entire trajectory. Now the policy is required to produce trajectories that not only
follow optimal paths but also end in optimal positions, increasing the difficulty of the

fully observable problem even further.

Remark (Topological Interpretation of the Stirling Trap). From the perspective of the
generalized GOMDP framework (Section 4.1.1), the Stirling cycle represents a local
optimum within its homotopy class of trajectories. The agent’s inability to escape this
local maximum can be understood as a fundamental topological barrier: transforming
a Stirling-following policy into a Carnot-following policy requires not a gradual refine-
ment, but a discrete “jump” between homotopy classes. This is because the two cycle
types traverse fundamentally different regions of the phase space—the Carnot cycle
requires adiabatic transitions that are absent from the Stirling cycle. The sample com-
plexity required to discover this transition is related to the probability of exploratory
actions generating trajectories in the Carnot homotopy class, which is low when the

policy has already converged to the Stirling class.

4.4 Evolutionary Learning on MDP Engine

If AW is used as the scoring metric, the evolutionary learning method from before
can also be applied to this variant of the simulated heat engine. Doing so yields tra-
jectories with lower thermal efficiencies and less work produced compared with the

gradient-based method as shown in Figures 4.3(b) and (c). Similar to the gradient-
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based method, the gradient-free method starts it’s trajectory by producing a Stirling
cycle, however it is unable to complete the second cycle. While the desired trajectory
is identical to that of the partially observable problem, this task is a more challeng-
ing one because the cycle must be learned over and over again as the heat budget
is consumed. This shows that the evolutionary learning method is not necessarily
superior to the gradient-based method in all ways, but rather each approach is suited
for different tasks.

The gradient-based method was able to outperform the evolutionary learning
method on the fully observable problem, however, it was the evolutionary learn-
ing method that was able to find the maximally efficient trajectory when applied to
the partially observable problem. The evolutionary learning method was able to be
applied to both tasks, however, because of the nature of gradient-based RL, we could
only apply it to the fully observable problem. The fact the gradient-based method
finds this local maximum while the gradient-free does not supports the idea that
gradient-based RL can propagate the reward assigned to specific state-action pairs in
order to produce at least a partially optimal solution. Evolutionary learning methods
cannot straightforwardly make use of these specific assignments and this is likely the
reason why it is outperformed by the gradient-based learning method on the fully ob-
servable problem. Although the evolutionary learning method seems to be the go-to
method, being able to define a problem the way we did for the partially observable
one is not always possible. It would be possible to make the fully observable problem
easier for the gradient-based learning method, but not without providing such a high
level of feedback that the problem becomes pointless to solve. For example, one could
reward the gradient-based learning agent as it performs each of the correct steps in
the most thermally efficient trajectory, however, this approach would only work in

the case an optimal solution was known beforehand. Novelty search techniques might
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allow this gradient-based learning method to find the optimal trajectory, however,
this would increase the computational cost of this method even further. Given that
gradient-based methods are already more computationally expensive than gradient-
free methods, and that the gradient-free method has already achieved the optimal
result, we have chosen not to explore these options.

As mentioned before, the most notable difference between the partially observable
and fully observable systems set-up is representation of the state and cycles. In the
partially observable case, observations were 2-dimensional, with cycles consisting of
those repetitions in those same dimensions. This forces an implicit bias for policies
that only these dimensions are needed for following trajectories. In the fully observ-
able case, the observations were the entire 4-dimensional state, whereas cycles only
consist of repetitions in two of the dimensions but not the other two, increasing the

number of observable trajectories.

4.5 Conclusions

Motivated by the correspondence between games and physical trajectories, we have
shown that neural network-based evolutionary learning can optimize the efficiency
of trajectories of classical thermodynamics. Given a set of physical processes and a
path-extensive measure of efficiency, networks evolve to learn the maximally-efficient
Carnot cycle, reproducing classic results of physics that were originally derived by
application of physical insight. Given new processes, the evolutionary framework
identifies solutions that when interrogated provide physical insight into the problem
at hand. We have also shown that with slight modifications, gradient-based RL can
optimize the efficiency of trajectories of classical thermodynamics, although not quite

as effectively.
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The experiments in this chapter illustrate how the organization of a decision prob-
lem’s underlying structure shapes learning behaviour, particularly when the agent’s
observations reveal only part of that structure. In the fully observable setting, the
agent can exploit the true arrangement of feasible trajectories and state transitions,
much like the explicit path relationships examined in Chapter 3. When the same
system is viewed through limited or noisy observations, however, the agent effectively
navigates an obscured structural landscape, in which the underlying routes to high-
performing behaviour are harder to distinguish. The differences between the MDP
and POMDP cases highlight how access to structural information—and the clarity
with which goal-directed trajectories can be inferred—affects the dynamics of learn-
ing. This relationship between observable organization and agent performance forms
a conceptual bridge to the next chapters, where uncertainty and partial information
play an even more prominent role. The concept of uncertainty in observations and

its relationship to learning difficulty is analyzed further in Chapter 5.
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Chapter 5

Nautical Navigation

This chapter focuses on a nautical navigation-themed generalized GOMDP [3], where
the navigational space consists of a varying number of holes—represented as islands,
composed of inaccessible states—creating maps of varying topological complexity.
The problem consists of two components, an underlying MDP and a partially observ-
able addition. The aim is to leverage the underlying MDP to increase performance on
the POMDP. Much of this chapter is adapted from the original work that has been
previously published [3], first authored by C. Beeler. The material has been revised

for coherence and consistency within the overall structure of this thesis.

5.1 Introduction

Uncertainty creates a major obstacle in solving control problems. The goal of these
problems is to construct a policy that is expected to produce optimal trajectories. In
some cases, uncertainty causes small deviations from the optimal trajectory, which
are nevertheless still acceptable solutions. For example, if a driver is uncertain of

exactly which road they are on, they might deviate from the optimal route to their
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destination; however, they can still arrive via a less optimal route. In other cases,
uncertainty can lead to highly undesired results. With the previous example, if a
driver is instead uncertain of where they are on the road, this can result in a collision,
which we refer to as a catastrophic failure. Even if these deviations are symmetric in
nature, catastrophic failure could be the most likely result.

These distinctions between benign and catastrophic uncertainty are central to the
sequential decision problems considered in this thesis. In the fully observable setting,
such problems take the form of MDPs [54], which have been widely analyzed in both
DP [14,73-75] and RL [6] (both traditional [49,76,77] and deep [7,78,79]). While the
majority of MDP results are simulated, there are real-world applications. The Air-
borne Collision Avoidance System X [5]—as discussed in Section 2.4.6—uses methods
of solving POMDPs with DP to aid actual operating aircraft to avoid collisions in
real-time, using a distribution of estimates for the state of the surrounding aircraft.
We will study problems like this through the formalism of POMDPs [55], which were
defined in Section 2.4, and will use to present a modified version of Bellman’s DP
equations, Equation 5.3. While POMDPs are also well studied in DP [80-84], it is
only more recently that they have been studied in RL [85-88].

In an MDP, the state of the system is known, however, in a POMDP it must be
estimated, leading to some amount of uncertainty. Much of the difficulty in solving
a POMDP stems from estimating the state of the system before choosing an action.
This is where the majority of research in this area focuses. Controlled sensing prob-
lems are a special type of POMDP where some of the actions reduce uncertainty for
a cost, rather than modifying the state of the system. Some work has been done in
this area [55,89-93|, however, it is still largely unexplored.

Separate from the question of the partial observation of the current state is knowl-

edge of the environment itself, i.e. the space of all possible states and how the available
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actions cause transitions between them. Depending on how much of the system’s in-
formation is available to the agent, different approaches are possible to optimize agent
behaviour. DP methods require full knowledge of the environment and thus amount
strictly to optimization, without “learning” per se. At the other end of the spectrum,
RL methods assume little or no access to information about the system; they involve
learning from experience to deduce which actions have the most desirable effects. In
this work, we consider POMDPs whose underlying MDP is fully known to the agent.
The MDP setting allows for analytic solutions via DP, and we propose a method
to adapt such solutions to the related POMDP where the agent must contend with
uncertainty regarding its current state. While purely RL methods could be used
instead, they would not take into account the agent’s knowledge of the MDP. Our
work thus fills a gap, providing POMDP solutions in a DP-grounded rather than
RL-grounded approach. In particular, the settings we consider include the areas of
controlled sensing and traditional POMDPs.

The systems that this problem structure applies to include, but are not limited
to: navigation [5], healthcare [94], and even chemical experiments [4]. In a chem-
ical experiment, there are many variables to consider and even slight variations in
them can change the outcome of a reaction. While a chemist can record every step
they have made throughout an experiment, there will always be variations in the out-
come. The only way to determine this variation is to take various measurements, each
with an associated cost. Hence the problem of optimally performing an experiment
while managing access to various measurements is located in the combined space of
traditional and controlled sensing POMDPs.

Nautical navigation has been the subject of several DP studies [95-97], however,
the primary focus has been on collision avoidance and route optimization (i.e. speed

and fuel consumption) rather than uncertainty and controlled sensing. Here we intro-
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duce a nautical navigation environment described in detail in Section 5.2. We assume
the agent has incomplete access to the information of the system, which leads to a
level of uncertainty. A set of information-revealing actions (or measurements) are
accessible that help reduce uncertainty at a cost. In a controlled sensing POMDP,
the state transition matrix is typically independent of the chosen action, but the
observation and reward functions may not be. Note that measurement actions that
can be taken without the state changing, cause the transition matrix to become the
identity for that action. This is equivalent to time not advancing during this step.

The methods outlined in Section 2.4.5 for solving POMDPs use DP and assume
the agent has complete access to each element of the POMDP septuple. When solving
a POMDP with RL, the main difference from the DP solutions is that it is assumed
the state transition dynamics, state-to-observation mapping, and reward functions are
not available to the agent and must be learned. However, if the agent has incomplete
access to this information, it is ignored in RL algorithms. In the next section, we
present a novel environment in which the agent has incomplete access to information
and controlled sensing actions.

The main contributions we present in this chapter are: a novel nautical navigation
environment that allows for the control of the level of information and can be general-
ized to many fields, a modified version of Bellman’s DP equations, Equation 5.3, and
policy construction for POMDPs with incomplete information, as well as POMDP
solutions that combine state altering actions with controlled sensing techniques that

outperform the baseline of non-adapted DP solution for the underlying MDP.
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Figure 5.1: (a) A graphical representation of the non-measurement action space the
agent can choose from at each step. (b) The relationship of throttle and speed through
the water where the black dashed lines represent the throttle discretization used in
Section 5.4. (c) A graphical representation of how the non-measurement actions
map to the submarine’s displacement. A represents the starting position of the
submarine. B represents the estimated final position of the submarine based on
the non-measurement action chosen by the agent (or velocity through the water)
represented by the single arrow line. C represents the true final position of the
submarine where the true path represented by the double arrow line is the combination
of B and the water current represented by the triple arrow line (or velocity overland).

5.2 Nautical Navigation Environment

To explore the concept of incomplete access to information in POMDPs, we introduce
a nautical navigation environment, that serves as an easy-to-understand and very
generalizable system for our discussion. In this environment, the agent must navigate
a submarine through a set of islands to a specified circular target region. To navigate,
the agent must specify a heading and throttle setting that provides a movement vector,
shown in Figure 5.1(a). Typically there is a non-linear relation between throttle and
speed. In this case, speed through the water is the square root of throttle, as shown
in Figure 5.1(b). An RL agent would have to learn this relationship, however, in our
case, it can be included in our agent’s information access setup. If the agent reaches
the target region, it receives a reward (also known as a negative cost) and if the

agent crashes into an island, it receives a large cost (negative reward). The trajectory
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terminates when either of these cases occurs.

This system also contains water currents that cause drifts from the expected tra-
jectory of the specified movement vector. Together, the movement vector and water
current give the velocity of the submarine over land, defining how the state of the
system changes. Unlike the set of island obstacles, the exact water current is assumed
to be unknown by the agent, (but it can be partially observed indirectly). If the agent
knows the movement vector chosen and their true position before and after an action,
the average water current over that action can be obtained from the displacement
between the expected and true final positions, as shown in Figure 5.1(c).

The unknown water current gives rise to a level of uncertainty in the movement
of the submarine, which in turn, gives rise to a level of uncertainty in the resulting
position. The agent has two measurement actions available to it, and can use them

to help overcome these uncertainties:

1. GPS: Returns the true position of the submarine, therefore reducing positional
uncertainty to zero. This allows for the calculation of the average water current
between the previous and present GPS measurements. Hence, this measurement

slightly reduces the water current uncertainty, although not completely.

2. Current Profiler: Returns the true water current for the true position of
the submarine, therefore reducing the water current uncertainty to zero. Note
that because the analytic water current is unknown, this measurement does
not reveal any information regarding the position of the submarine. Hence, the

positional uncertainty is unaffected.

Note that for these measurement actions, P(a) = I and ry(a) = const. where the
constant is some specific instantaneous measurement cost (negative reward) assigned

for employing that measurement and r,(a) = 0 for all non-measurement actions.
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These costs represent both the monetary costs of using and maintaining each device
and the time required to operate them.

Charts: The system the agent is navigating in is contained inside a rectangular
area with periodic boundary conditions and dimensions zy.x and ymax. We call the
pairing of this area with the set of islands a chart. Each island obstacle is represented
by a 2-dimensional Gaussian function where the parameters are independently sam-
pled uniformly to ensure convergence. We then define the land height function f(z,y)
as the summation over several islands. The notation for outputs of f(z,y) used here
are: 0 is the ocean floor, 1 is sea level, and 0.9 is the height at which the submarine
operates, i.e. the agent navigating to any point (z,y) such that f(x,y) > 0.9 results
in a crash. During a trajectory, the agent always has access to the charts.

Water Currents: While it is assumed the agent does not know the analytic
water current, it is generated deterministically for each given land function. The
water current vector W(z,y) at (x,y) is perpendicular to V f(x,y) with magnitude

bounded by wmax and linearly related to —||V f(z,y)||,-

Remark (GOMDP Conditions and Topological Complexity). The nautical naviga-
tion environment satisfies the conditions for a generalized GOMDP as defined in
Chapter 3: (1) the goal-states G consist of all positions within the target region; (2)
rewards are non-positive during navigation (fuel costs, measurement costs) except for
reaching the target; (3) the continuous state space S with island obstacles creates
non-trivial topology.

Furthermore, the relationship between island count and topological complexity can
be made precise. Each island creates a hole in the navigation space, and the number of
distinct homotopy classes of paths between a starting position and target grows with the
number of such holes. In the simplest case, N non-overlapping islands in a navigation

region can create up to O(N!) distinct homotopy classes of paths (depending on the
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relative positions of start, goal, and obstacles), though in practice the number of viable
path classes is typically closer to O(N) for well-separated obstacles. This scaling
explains the empirical results presented later: as island density increases, both the
topological complexity and the sample complexity of distinguishing among path classes

increase, leading to decreased success rates and increased crash rates.

5.3 Finding an Optimal Policy

With a navigation environment defined, we can now use it as an example of how to
develop a policy construction method. As the agent does not have complete knowledge
of the system, Bellman’s DP algorithms presented throughout Chapter 2 cannot be
used directly. In this system, if there are no water currents, or if the agent knows
the water currents exactly, the problem becomes an MDP, and Bellman’s equation
is applicable. As we assume the agent does not know the water current, we turn to
the former to be the base model for constructing a solution. In the next section, we

present how to form this base.

5.3.1 Value Function

During a single trajectory, f(x,y) and W (x,y) do not change, therefore for simplicity,
we refer to the submarine position (z,y) as the state of the system. The velocity of
the submarine need not be included as we assume the time scale of acceleration and
changing directions is insignificant relative to the time between actions. In the first
step in constructing our solution, we assume the system contains no water current,
i.e. W(x,y) = 0. With this assumption, for any given chart we can generate a value
function using Bellman’s equation, where ||[M ||, < 1. To encourage faster routes, we

introduce a fuel cost defined as r¢(a) = —0.01||M ||, for all non-measurement actions.
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We define the positional reward function as r,(z,y) = —100 for any (z,y) such that
f(z,y) > 0.9, rp(x,y) = 1 for any resulting submarine positions (x,y) inside the
specified target region such that f(x,y) < 0.9, and r,(x,y) = 0 otherwise. This gives
us the reward function r(z,y,a) = ry(z,y) + r¢(a) + rm(a), where a € A consists of a
non-measurement component a,; and a component measurement action. Note that
the trajectory terminates when r,(x,y) # 0.

With the water current and reward function formally defined, we can now define
the movement of the submarine at any given time. For a specified movement vector
M such that || M|, < 1, the movement of the submarine is given by d(z,y, W, M, t) =
(x,y) + t(M + W(d(x,y, M,t))). The non-measurement action corresponding to M
is then defined as ap(x,y, W) = d(z,y, W, M, t’), where

t' = sup{t € [0, 1]|rp(d(x,y, W, M,t)) > —100}. (5.1)

Note that ¢ = 1 only occurs if the agent does not crash into an island during the
action.

For any chart, with or without water currents, we have V5 = 0 and Vj(z,y) =
maxXqeA7(x,y,a). Examples of a chart without and with water currents are shown
in Figures 5.2(a) and 5.2(b) with V] for each case shown in Figures 5.2(c) and 5.2(d)

respectively. If the water current is known, Bellman’s equation for our system becomes
Vn(x,y) = Igg}l(?"(x,y,a) +7Vn71<aM<x7y7 W)): (52)

where W = 0 for Figure 5.2(e) and W = W (x, y) for Figure 5.2(f). In this system, 5.2
results in a converged value function V' after finite n. The converged value functions
for the examples above are shown in Figures 5.2(e) and 5.2(f) respectively, with three

regions of notable difference between the two circled. As we assume the agent does
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Figure 5.2: A graphical representation of the process of generating a value function
without and with water currents. (a) Shows a chart without water currents and
(b) shows the same chart with water currents. (c) Shows V; with a specified circular
target region for the charts with and without water currents. (d) Shows the optimized
value function for the chart without water currents and (e) shows the optimized value
function for the chart with water currents. Regions of notable difference between (d)
& (e) are highlighted with blue ellipsis, where each line style corresponds to a specific
region.

not know W (z,y), we continue with the value functions of the type in Figure 5.2(e)

for the next section.

5.3.2 Policy Construction

With the water current unknown, the goal is to construct a policy in a similar manner
to the value iteration algorithm for POMDPs in Equation 2.47. Doing so requires
using the expected states and uncertainty to determine the agent’s belief state. At the
initial step of each trajectory, the agent knows the true initial submarine position and
water current for that specific position, therefore uncertainty in both is zero. This is
the first case of four considered. As the water current changes when the submarine
moves away from this position, uncertainty in the water current grows during any
non-measurement action taken, leading to the growth of uncertainty in the position

shown in Figure 5.3(a). With the expected trajectory based on the known position,
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Figure 5.3: A graphical representation of how the positional and water current un-
certainties evolve throughout an action where the black dots represent the expected
positions and the blue shaded regions represent the uncertainty. The initial condi-
tions are (a) the position and water current are both known, (b) the position and
water current are both unknown, (c¢) the position is known and the water current is
unknown, and (d) the position is unknown and the water current is known.

starting water current, and action taken, this gives us a distribution of trajectories
that may occur. Therefore each possible non-measurement action can be assigned
an expected value and instantaneous reward based on these distributions. Then the
policy chooses: select the non-measurement action with the highest expected value
(i.e. lowest expected total cost) based on the distribution of trajectories.

During all subsequent steps of the trajectory, the agent has an expected position
and water current, however, it also has uncertainty in both these estimates. This is
the second case. As before, uncertainty in position increases due to uncertainty in
the water current growing over time. However, uncertainty in position also increases
due to the initial non-zero uncertainty in the water current. This combination leads
to the growth of uncertainty in the position shown in Figure 5.3(b), where the initial
positional uncertainty is now non-zero. As before, this gives us a distribution of
trajectories that may occur. Hence each possible non-measurement action can be
assigned an expected value and instantaneous reward. The uncertainty growth rate
is the rate the agent’s uncertainty of the water current increases over each action.

The agent’s uncertainty of position increases relative to the uncertainty of the water
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current, not just the uncertainty growth rate. The maximum water current magnitude
represents the true uncertainty that is present in the system, whereas the uncertainty
growth rate represents the uncertainty the agent assumes is present in the system.

As mentioned before, the agent has access to two types of measurements to reduce
this uncertainty; each with an associated instantaneous cost. If the lowest expected
instantaneous cost of any action is greater than the cost of any of the available mea-
surement actions, the policy chooses to take a measurement. If the expected position
of the submarine is inside the target region, the policy chooses to specifically take
a GPS measurement. Otherwise, the policy chooses to select the non-measurement
action with the lowest expected value based on the distribution of trajectories.

If the GPS measurement is taken, the positional uncertainty goes back to zero and
the water current uncertainty is slightly reduced; however, it is still non-zero. This is
the third case. During any non-measurement action now, the positional uncertainty
grows similar to the second case, with however, an initial positional uncertainty of
zero, shown in Figure 5.3(c).

If the current profiler measurement is taken, the water current uncertainty goes
back to zero and the positional uncertainty is unaffected, therefore still non-zero. This
is the fourth case. During any non-measurement action now, the positional uncer-
tainty grows similarly to the first case, with however, an initial positional uncertainty
of non-zero, shown in Figure 5.3(d).

In either the third or fourth cases, the expected values and instantaneous costs
must be re-determined for each non-measurement action. If the lowest expected cost
is greater than the cost of the other measurement, that measurement will also be
taken, bringing the agent back to the first case. Otherwise, the policy chooses to
select the non-measurement action with the lowest expected value based on the new

distribution of trajectories.
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In this problem we are assuming the agent does not have access to all components
of the POMDP tuple, therefore we must replace the hidden Markov model filter with
something that incorporates the uncertainty of our system. This gives us the modified

Q-function

Q('Z%?g)o-p?W)Uw? 160_20_2 ﬂ \# J}—l—l’ y+y a)

+ WV (ap (@ + 2,9+ 1y, W + (w,, wy)))>dwxdwydx'dy’,

(5.3)

where ﬁg is the 2D integration over the circular region of radius ¢ centered at the
origin, (#,¢) is the agents estimate of their position, W is the agents estimate of
the local water current, o, is the water current uncertainty, o, is the positional

uncertainty. We also define
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Our policy is then constructed by choosing the non-measurement action that maxi-
mizes the Q-function. If the expected cost of that action is greater than the cost of
the measurement actions, then a measurement action is taken instead (with the GPS

taking precedence over the current profiler).
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5.4 Computational Set-up

For computational purposes, we discretize the action space to 96 non-measurement
actions for the agent (6 throttle settings and 16 heading directions), state-space to
a resolution of 152 x 152 for the value function, and integrals in 5.3. Note that
only the input to the value function is discretized and the actual state-space remains
continuous. As the relationship between speed through the water and throttle is
included in the agent’s incomplete access to information, the discrete actions available
are chosen such that the non-measurement action choices are linear with respect to
speed through the water for simplicity, as shown in Figure 5.1(b), inclusive of 0 and
1.

For the chart generation, we have . = ymax = 10 for all charts and a varying
number of islands 0 < N < 20. We consider 1 < N < 5 charts of low island density,
8 < N < 12 charts of medium island density, and 16 < N < 20 charts of high island
density. 100 charts of low density density, 150 charts of medium density, and 250
charts of high density will be used with 10 different initial states each. The maximum
water current magnitude and the linear rates at which the uncertainty used in a policy
grows (uncertainty growth rate) will be parameters of experimentation, each varying
from 0 to 1. The estimates in water currents are bounded by HVAV(x,y)H2 < Wax-
The GPS measurement has a cost of 0.45 and the current profiler measurement has

a cost of 0.1 (i.e. a reward of -0.45 and -0.1 respectively).

5.5 Results

Based on preliminary tests, it is possible that a trajectory can be cyclic and these

(potentially) infinite trajectories are typically the only ones that lasted more than 25
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steps. For this reason, we limit all trajectories to 25 steps. We consider the following
three types of outcomes: a policy that reaches the target within 25 steps is considered
successful, a policy that crashes within 25 steps is a failure, and a policy that neither
is successful nor a failure.

For each chart, a value function is generated using the method described in Sec-
tion 5.3.1. For each initial state, a policy is constructed several times using the method
described in Section 5.3.2, where the uncertainty growth rate is varied. An uncer-
tainty growth rate of zero is equivalent to using Bellman’s equation and assuming
there does not exist any water current.

Figures 5.4(a)-(c) show the success rate as a function of uncertainty growth rate
and maximum water current for policies constructed for low, medium, and high island
densities, respectively. When the maximum water current is zero, the uncertainty
growth rate does not affect the agent’s behaviour due to the upper bound on the
water current estimates. Without any water current, the problem is equivalent to
the MDP problem initially used to generate the value functions. Hence, the agent
succeeds in 100% of the charts for all three island density sets, which is expected as
the agent has the true value functions for the problem, however, this is no longer true
once the maximum water current is non-zero.

For an uncertainty growth rate of zero, the agent performs quite well at extremely
low maximum water currents and lower island densities. However, even for low (non-
zero) maximum water currents, the agent’s performance begins to decline for charts
with higher island densities, succeeding in less than 90% of charts. As the maximum
water current increases the agent’s performance steadily decreases to the point it
succeeds in 0% of all charts. This drop to a 0% success rate is most notable in the
charts with higher island densities.

Excluding a few outliers for the more extreme maximum water currents, even the

99



Low Island Density Medium Island Density High Island Density

1.0
k=
2
50.8 wn
S =
: 2
= @ 1.0
£ 0.4 =
2 o
£ = L8
§ 0.2
0.6
0
1.0 -~ R
= (d) gk ©) 0.4
0]
£0.8
O Q 0.2
206 7
= Moo
z 7
§ 0.4 =
£ @
%502
=
0

0 02 04 06 08 100 02 04 06 08 1.00 02 04 06 038
Uncertainty Growth Rate Uncertainty Growth Rate Uncertainty Growth Rate

Figure 5.4: Policy statistics constructed over 500 unique charts for various uncertainty
growth rates and maximum water currents. (a)-(c) The agent’s success rate, where
success means the agent navigated the submarine into the target area for low, medium,
and high island densities, respectively. (d)-(f) The agent’s crash rate for low, medium,
and high island densities respectively. Note that the agent’s success and crash rates
do not include the cases where the agent’s trajectory lasts more than 20 steps. In all
cases, a maximum water current of 0 is equivalent to no water current existing and
an uncertainty growth rate of zero is equivalent to using standard DP for MDPs.

smallest tested non-zero uncertainty growth rate outperforms the zero case in charts
of all island densities. For maximum water currents less than 0.45, 0.4, and 0.35,
there exists at least one tested uncertainty growth rate that gives the agent a success
rate of 100% for all charts of low, medium, and high island densities, respectively. At
those maximum water currents, when using a non-zero uncertainty growth rate the
agent is able to get an increase in success rate of up to 58%, 67%, and 63% for all
charts of low, medium, and high island densities.

While the specific non-zero value for the uncertainty growth rate does not make
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much difference in the agent’s success rates at lower maximum water currents, it
matters significantly for larger maxima. For the larger maximum water currents, the
agent’s success rate increases on average as the uncertainty growth rate increases
(approximately 0.7). The agent’s success rate begins to decline on average once the
uncertainty growth rate is increased beyond this point. At these high uncertainty
growth rates, any target remotely close to an island appears too risky to reach, i.e.
the expected cost due to crashing is greater than the expected reward of succeeding.

The trends discussed here all tend to break for the largest maximum water currents
as the agent’s success rate stays close to 0%. For maximum water currents near 1.0,
the displacement caused by the water current can be as large as the distance the
agent can possibly cover in a single action. This can make it impossible for the agent
to overcome the water current and reach the target in most cases, regardless of the
uncertainty growth rate or method used.

Figures 5.4(d)-(f) instead show the crash rate as a function of uncertainty growth
rate and maximum water current for policies constructed for low, medium, and high
island densities, respectively. In the cases the agent’s success rate is near 100% the
crash rate must be near 0%, however lower success rates do not imply higher crash
rates. For an uncertainty growth rate of zero, the agent’s crash rate increases at a
similar rate to the decrease in success rate as the maximum water current is increased,
reaching 80% in some cases.

When the maximum water current is increased, we see a similar trend for the lower
non-zero uncertainty rates as before, where the crash rate increases simultaneously as
the success rate decreases. The increase in crash rate is much less significant compared
to the zero case though, even as the success rate goes to 0%. Therefore, even when
the agent does not succeed, it is much better at managing to avoid islands. For

the largest of the maximum water currents, even the smallest non-zero uncertainty
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growth rate decreases the crash rate by over 25%.

Regardless of the success rate, we see the crash rate drop to (or near) 0% for
larger uncertainty growth rates. The larger uncertainty growth rates use the extremes
of water current estimates, therefore the agent uses most actions avoiding islands,
rather than reaching the target. The crash rate slightly increases again for the charts
with higher island densities at larger uncertainty growth rates and maximum water
currents. In these cases, the uncertainty of each action is so large that the agent
estimates they will all end in crashing. The “safest” action in these cases is then to
do nothing, in which case the water current causes the agent to drift into an island,
resulting in a crash.

In every case, the agent uses slightly less than one measurement per action on
average. If the agent were to use both the GPS and current profiler measurements for
every action, it would result in an average measurement cost of 0.55 per action. Our
agent’s measurement costs fall into three regimes based on the uncertainty growth
rate: approximately 0.2, 0.3, and 0.45 for uncertainty growth rates less than 0.25,
between 0.25 and 0.45, and greater than 0.45, respectively. For small uncertainty
growth rates, we have a large reduction, and for large uncertainty growth rates we
have a minor, but non-zero, reduction in measurement costs. This tells us to choose
the smallest uncertainty growth rate that results in the largest success rate for any
given maximum water current, thus minimizing measurement costs without sacrificing
navigational safety. An example of a successful policy trajectory in a high island

density chart with a non-zero water current magnitude is shown in Figure 5.5.
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Figure 5.5: An example trajectory of a successful policy on a high island density
chart. The white circle represents the agent’s starting position. The black lines
represent the agent’s true trajectory, where each white outlined circle indicates the
points when the agent was required to select an action. The magenta lines represent
the agent’s estimated trajectory, where the transparent magenta shading represents
the magnitude of uncertainty and each magenta outlined circle represents when the
agent was required to select an action. When a white-outlined circle is connected to
a magenta one, this represents when the agent takes an action and does not use the
GPS measurement. When a magenta-outlined circle is connected to a white one, or
when no magenta-outlined circle is present for that step, this represents when the
agent takes an action and then uses the GPS measurement. The transparent green
circle represents the target region.
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5.6 Conclusions & Future Work

Motivated by the real-world applicability of POMDPs and systems with uncertainty,
we have shown that incomplete access to information can be leveraged with DP
methods to construct navigational policies that both maintain safety and reduce total
measurement cost. The navigation environment we introduced serves as a relevant
introduction to the problems of interest in the combined area of traditional and
controlled sensing POMDPs. The methods provided allow the construction of value
functions through DP that contain the basic information of the system of interest. We
show that without any additional constraints (uncertainty growth rate of zero), the
policies produced using these value functions perform very poorly. However, when
uncertainty methods are included, the success rate on average is doubled and the
crash rate is brought to (or nearly to) zero.

While the method shown here has been quite successful, it is not perfect. The
success of using a fixed uncertainty growth rate makes the assumption that the max-
imum water current is known. We would like to include an adaptive uncertainty
growth rate in future versions of this algorithm. This adaptive method could be a
neural network-based learned mapping from charts to optimal uncertainty growth
rate for that trajectory or a constantly updating value based on calculated average
water currents between GPS measurements. For further comparison of our method’s
performance, we would like to develop a deep RL-based policy as well, however the
complexity of a deep RL solution on this type of problem can be quite large [98].

This nautical navigation problem further demonstrates how an agent’s behaviour
is shaped by the structure of the paths available to it and the degree to which that
structure is revealed through its observations. Here, feasible trajectories are influ-

enced not only by the spatial arrangement of obstacles, but also by the directional
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dynamics imposed by water currents, the coupling of control inputs to vessel motion,
and the nonholonomic constraints inherent in nautical navigation. These features
create a richly organized landscape of potential routes to the goal—one that becomes
significantly more difficult to reason about when observations provide only partial
or noisy glimpses of the underlying state. In this setting, the agent must infer the
structure of the goal-directed paths indirectly, reconstructing both feasible headings
and longer-term strategy from incomplete information. The resulting differences in
performance and policy quality highlight how uncertainty reshapes the agent’s inter-
nal representation of the task’s path structure, paralleling the distinctions observed
between fully observable and partially observable cases in earlier chapters. This inter-
play between structural organization and limited information provides a transition to
the environment of interest in the next chapter, where complex procedural branching

introduces yet another form of structural challenge for learning agents.

105



Chapter 6

Learning Chemistry

In material design, the goal is to determine a pathway of chemical and physical ma-
nipulation that can be performed on some starting materials or substances in order
to transform them into a desired target material. The aim of this research is to
demonstrate the potential of RL for generalized GOMDPs in automated labs. Our
experiments show that when given an objective (such as a target material) and a set
of initial materials, RL can learn general pathways to achieve that objective. We pos-
tulate that well-trained RL chemist-agents could help reduce experimentation time
and cost in these and related fields by learning to complete tasks that are repetitive,
labour intensive and/or require a high degree of precision. With increased simulation
complexity, well trained RL chemist-agents could potentially discover new materi-
als and/or reaction pathways in this system as well. To support this, we share the
ChemGymRL environment that allows scientists and researchers to simulate chem-
ical laboratories for the development of RL agents. Much of this chapter is adapted
from the original work that has been previously published [4], first authored by C.
Beeler. The material has been revised for coherence and consistency within the overall

structure of this thesis.
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Figure 6.1: (a) The ChemGymRL simulation. Individual agents operate at each
bench, working towards their own goals. The benches pictured are extraction (ExT),
distillation (DiT), and reaction (RxN). The user determines which materials the bench
agents have access to and what vessels they start with. Vessels can move between
benches; the output of one bench becomes an input of another, just as in a real
chemistry lab. Successfully making a material requires the skilled operation of each
individual bench as well as using them as a collective. (b) Materials within a lab-
oratory environment are stored and transported between benches within a vessel.
Benches can act on these vessels by combining them, adding materials to them, al-
lowing for a reaction to occur, observing them (thereby producing a measurement),
etc.

ChemGymRL is a collection of interconnected environments (chemistry benches)
that enable the training of RL agents for discovery and optimization of chemical
synthesis. These environments are each a virtual variant of a chemistry “bench”, an
experiment or process that would otherwise be performed in real-world chemistry labs.
As shown in Figure 6.1, the ChemGymRL environment includes reaction, distillation,
and extraction benches on which RL agents learn to perform actions and satisfy
objectives. Each bench could be a standalone environment (as the majority of RL
environments are), this would counter the purpose of their inter-connectivity. While
their inter-connectivity is not important for training a specific agent on a single bench,
sharing an overarching framework for the benches ensures a compatibility between
them, allowing the results of one experiment to be easily used as input to another
bench’s task. This makes inter-connectivity important if one wishes to perform a

multi-task experiment, requiring several benches to be used in differing orders.
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From an outside perspective, an individual bench being operated by a separate
entity makes it equivalent to a process that performs a series of operations that trans-
form the system from one state to another, generating a trajectory. Navigating these
trajectories in chemical space, only to be rewarded upon confirmation of producing
a desired chemical, makes each bench analogous to a generalized GOMDP (although
likely a partially observable one in most cases). Unfeasible energy barriers in this
space create navigational “holes”, much like the islands in Chapter 5, that make
the space more complex. Each of these benches are independent from the others,
therefore the trajectories within a bench are separated as well, meaning each bench
is its own homotopy class of trajectories from the view of the laboratory. While the
benches are more similar to the goal-directed problems in Chapters 4 & 5, the lab-
oratory is more about selecting homotopy classes to enter rather than specific path
optimization, much like the separated-path MDPs in Chapter 3.

The need for a simulated chemistry environment for designing, developing, and
evaluating artificial intelligence algorithms is motivated by the recent growth in re-
search on topics, such as automated chemistry and self-driving laboratories [99-103],
laboratory robots [104-111] and digital chemistry for materials and drug discov-
ery [112-120]. Given RL’s appropriateness for sequential decision making, and its
ability to learn via online interactions with a physical or simulated environment with-
out a supervised training signal, we see it as having a great potential within digital
chemistry and self-driving laboratories.

Within this context, recent work has demonstrated some successful applications
of RL [121,122] or methods inspired by parts of RL [123] to automated chemistry.

Nonetheless, it remains an understudied area of research. Our work aims to par-
tially address this problem by sharing an easy to use, extensible, open source, sim-

ulated chemical laboratory. This serves to simplify the design and development of
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application specific RL agents.

Although RL agents could be trained online in physical laboratories, this approach
has many limitations, particularly in early stages of the research before mature policies
exist. Training agents in a robotic laboratory in real-time would be costly (in both
time and supplies) and restrictive (due to potential safety hazards). Our simulated
ChemGymRL environment remedies this by allowing the early exploration phase to
occur digitally, speeding up the process and reducing the waste of chemical materials.
It provides a mechanism to design, develop, evaluate and refine RL for chemistry
applications and research, which cannot safely be achieved in a physical setting. We
would also like to specifically highlight ChemGymRL as a unique testbed for RL
research. Since ChemGymRL is open source and highly customizable, it provides a
training environment to accelerate both chemical and RL research in several directions
in addition to providing a useful training environment with real-world applications.

The software is developed according to the Gymnasium' standard, which facilitates
easy experimentation and exploration with novel and off-the-shelf RL algorithms.
When users download it, they gain access to a standard Gymnasium compatible
environment that simulates chemical reactions using rate law differential equations,
the mixing/settling of soluble and non-soluble solutions for solute extractions, the
distillation of solutions, and a digital format for storing the state of the vessels used.
In addition to this article, further detailed information about this software package,
documentation and tutorials, including code and videos can be found at https:
//www.chemgymrl .com/.

In our experimental results, we illustrate how to setup and use each bench with

two distinct classes of reactions, along with how they can be extended to new re-

!The Gymnasium API https://github.com/Farama-Foundation/Gymnasium is the continuing
development name of the original OpenAl Gym library for RL environments.
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action types. We evaluate the capabilities of a wide cross-section of off-the-shelf RL
algorithms for goal-based policy learning in ChemGymRL, and compare these against
hand-designed heuristic baseline agents. In our analysis, we find that only one off-
the-shelf RL algorithm, PPO, is able to consistently outperform these heuristics on
each bench. This suggests that the heuristics are a challenging baseline to compare
to but that they are also far from optimal. Thus there is space for an optimization
approach such as RL to achieve optimal behaviour on each bench. Near the end of
the paper, we discuss some of the challenges, limitations and potential improvements
in RL algorithms required to learn better, more sample efficient policies for discovery
and optimization of material design pathways.

The remainder of this chapter is organized as follows. The next section describes
the ChemGymRL environment, including the three primary benches: Reaction, Ex-
traction and Distillation. Section 6.2 provides an overview of RL and Section 6.3
contains a case study of the Wurtz Reaction and its use in each bench. Our exper-
imental setup involves training off-the-shelf RL algorithms on each of the benches.
The RL algorithms and hyper-parameters are discussed in Section 6.4 and the specific
laboratory settings and objectives used in our experiments are described in Section
6.5. The results of the RL experiments are presented in Section 6.6 and the limitations
of the simulations are discussed in Section 6.7 followed by our general conclusions and

some ideas for future directions.
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6.1 ChemGymRL

6.1.1 The Laboratory

ChemGymRL is designed in a modular fashion so that new simulated benches can
be added or modified with minimal difficulty or changes to the source code. The
environment can be thought of as a virtual chemistry laboratory consisting of dif-
ferent stations or benches where a variety of tasks can be completed, represented in
Figure 6.1(a). The main 2 components of the laboratory are vessels and benches.

Benches recreate a simplified version of a task in a material design pipeline and
vessels contain materials and track the hidden internal state of their contents, as
shown in Figure 6.1(b). A bench must be able to receive a set of initial experimental
supplies, possibly including vessels, and return the results of the intended experi-
ment, also including modified vessels. A vessel is used to transfer the chemical state
contained in one bench to another, allowing for continuation of experiments.

We provide some core elements of a basic chemistry lab which enable the simula-
tion of essential materials experiments. Critically, each bench and the gym as a whole
is extensible. Therefore there is no limit on the complexity and precision simulations
can be implemented. In the following sections we describe each of these benches in
turn and demonstrate an example workflow.

These benches each have three crucial components required for operating them.
The observation space is the possible set of observations which the agent (or human
user) can use to learn the status of the bench and take appropriate actions. These
observations are usually only a partial representation of the internal state of the
system. The action space for a bench, is a set of actions the user can take on that

bench. These actions are methods of modifying the state of the system or observation.
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Lastly, the reward function is a measure of success based on the states the system
has been in and the actions that have been taken. Generally in RL, the goal is to
maximize its expected outputs, known as rewards, over time. These rewards are
usually discounted over time. An episode refers to a single play of a bench from
starting materials until the agent stops. The total, cumulative expected reward over

an entire episode is called the return.

Remark (Chemistry Benches as Generalized GOMDPs). Each chemistry bench can

be understood as a generalized GOMDP in the sense of Chapter 3:

e Reaction Bench (RzN): The goal-states G consist of vessel compositions where
the target material yield exceeds a threshold. Rewards are zero (non-positive)
during the reaction, with positive reward only upon achieving the target compo-

sition.

e Extraction Bench (EzT): The goal-states correspond to achieving a target so-
lute purity. Intermediate actions (mizing, pouring, waiting) incur zero reward,

with positive reward for purity improvement at episode end.

e Distillation Bench (DiT): The goal-states correspond to achieving target ma-
terial purity. Energy expenditure during heating/cooling represents non-positive

intermediate rewards.

Moreover, the state spaces of these benches contain topological structure: energy barri-
ers between chemical states create “holes” analogous to obstacles in spatial navigation,
where certain state transitions are infeasible or require specific reaction pathways. The
homotopy classes of synthesis routes correspond to distinct reaction sequences that

cannot be continuously deformed into one another.
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6.1.2 Reaction Bench (RxN)

The sole purpose of the reaction bench (RxN) is to allow the agent to transform
available reactants into various products via a chemical reaction. The agent has the
ability to control temperature and pressure of the vessel as well as the amounts of
reactants added. The mechanics of this bench are quite simple in comparison to real-
life, which enables low computational cost for RL training. Reactions are modelled
by solving a system of differential equations which define the rates of changes in
concentration (see Appendix 8.5).

The goal of the agent operating on this bench is to modify the reaction parameters,
in order to increase, or decrease, the yield of certain desired, or undesired, materials.
The key to the agent’s success in this bench is learning how best to allow certain
reactions to occur such that the yield of the desired material is maximized and the
yield of the undesired material is minimized. Therefore the reward in this bench is
zero at all steps except the final step, at which point it is the difference in the number
of mols of the desired material and undesired material(s) produced.

Observation Space: In this bench, the agent is able to observe a UV-Vis ab-
sorption spectra of the materials present in the vessel as shown in Figure 6.2(a), the
normalized temperature, volume, pressure, and available materials for the system.

Action Space: The agent can increase or decrease the temperature and volume
of the vessel, as well as add any fraction of the remaining reactants available to it.
In this bench, the actions returned by an agent are a continuous valued vector of
size n + 2, where n is the number of reactants. These actions are also shown in
Figure 6.2(b).

A main feature of ChemGymRL is its modularity. If one wanted to make the

results of RxN more accurate and generalizable, they could replace the current system
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Figure 6.2: A visualization of the reaction bench (RxN) observation and action space.
(a) An example of a UV-Vis spectra that would been seen in an observation and (b)
The icons representing each action in RxN.

of differential equations with a molecular dynamics simulation without needing to
change how the agent interacts with the bench or how the bench interacts with the
rest of ChemGymRL. In its current state, this bench takes approximately 0.73ms to

initialize and 0.87ms to perform an action.

6.1.3 Extraction Bench (ExT)

Chemical reactions commonly result in a mixture of desired and undesired products.
Extraction is a method to separate them. The extraction bench (ExT) aims to iso-
late and extract certain dissolved materials from an input vessel containing multiple
materials through the use of various insoluble solvents. This is done by means of
transferring materials between a number of vessels and utilizing specifically selected
solvents to separate materials from each other.

A simple extraction experiment example is extracting salt from an oil solvent using

water. Suppose we have a vessel containing sodium chloride dissolved in hexane.
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Figure 6.3: Typical observations seen in extraction bench (ExT) for a vessel containing
air, hexane, and water. (a) The vessel in a fully mixed state. Each material is
uniformly distributed throughout the vessel with little to no distinct layers formed.
(b) The vessel in a partially mixed state. The air has formed a single layer at the
top of the vessel and some distinct water and hexane layers have formed, however
they are still mixed with each other. (c) The vessel in a fully settled state. Three
distinct layers have formed in order of increasing density: water, hexane, and then
air. (d) The icons representing each action and their multiplier values available in
ExT. The extraction vessel (EV) is the primary vessel used, B1/B2 are the auxiliary
vessels used in the experiment, and S1/52 are the solvents available.

0

Water is added to a vessel and the vessel is shaken to mix the two solvents. When
the contents of the vessel settle, the water and hexane will have separated into two
different layers. Sodium chloride is an ionic compound, therefore there is a distinct
separation of charges when dissolved. Due to hexane being a non-polar solvent and
water being a polar solvent, a large portion of the dissolved sodium chloride is pulled
from the hexane into the water. Since water has a higher density than hexane, it
is found at the bottom of the vessel and can be easily drained away, bringing the
dissolved sodium chloride with it.

Observation Space: For a visual representation of the solvent layers in the
vessel for the agent, as seen in Figure 6.3(a)-(c), each pixel is sampled from an evolving
distribution of solvent in the vessel. The exact details of this process are outlined in
Section 8.5.2. This representation makes this bench a POMDP as the true state of

the solutes distribution through the solvents is not shown.
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Action Space: In this environment, the agent has 8 actions it can take to
manipulate the vessels and their contents. In contrast to RxN, the actions conceptually
consist of two discrete components, as follows: (1) a value that determines which of
the processes are performed; these are mutually exclusive action types (e.g. “mix”,
“pour”, etc.), and (2) a second value that determines the magnitude of that process
occurs (e.g. “how much”, “how long”).

The mutually exclusive actions are: (1) mix the vessel or let it settle (i.e. wait),
(2) add an amount of solvent to the vessel, (3) drain contents of the vessel into an
auxiliary vessel bottom first, (4) pour contents of the vessel into a second auxiliary
vessel, (5) pour contents of the first auxiliary vessel into the second, (6) pour contents
of first auxiliary vessel into the second, (7) pour contents back into the original vessel,
(8) end the experiment.

The multiplier for each action corresponds to either the duration (mix, wait), the
amount to pour, or the amount to drain, with 5 discrete non-zero values each. These
actions are depicted in Figure 6.3(d).

Note that, for practical implementation purposes, the two-part action described
above is flattened into a single discrete value to reduce redundancy in the action
space.

The goal of the agent in this bench is to use these processes in order to maximize
the purity of a desired solute relative to other solutes in the vessel. This means the
agent must isolate the desired solute in one vessel, while separating any other solutes
into the other vessels. Note that the solute’s relative purity is not affected by the
presence of solvents, only the presence of other solutes. Therefore the reward in this
bench is zero at all steps except the final step, at which point it is the difference in
the relative purity of the desired solute at the first and final steps.

As with RxN, the realism of ExT could be improved by replacing the separation
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equations with a physics-based simulation without needing to change how the agent
interacts with the bench or how the bench interacts with the rest of ChemGymRL.
In its current state, this bench takes approximately 0.87ms to initialize and 0.47ms

to perform an action.

6.1.4 Distillation Bench (DiT)

Similar to the ExT, the distillation bench (DiT) aims to isolate certain materials
from a provided vessel containing multiple materials (albeit with a different process).
This is done by means of transferring materials between a number of vessels and
heating/cooling the vessel to separate materials from each other.

A simple distillation example is extracting a solute dissolved in a single solvent.
Suppose we have a vessel containing sodium chloride dissolved in water. If we heat
the vessel to 100°C, the water will begin to boil. With any added heat, more water
will evaporate and be collected in an auxiliary vessel, leaving the dissolved sodium
chloride behind to precipitate out as solid sodium chloride in the original vessel.

Observation Space: For a visual representation for the agent, we use the same
approach described for ExT. For the precipitation of any solutes, we define a precipi-
tation reaction and use the same approach described for RxN.

Action Space: The agent has the ability to heat the vessel or let it cool down
and pour the contents of any of the vessels (original and auxiliaries) into one another.
When the agent heats/cools the vessel, the temperature of the vessel and its materials

are altered by

Q

AT = — 1
< (6.1

where () is the amount of heat added and C' is the total heat capacity of the contents

of the vessel. However, if the temperature of the vessel is at the boiling point of one

117



0% 20% 40% 60% 80% 100%

e (@@@OEE)
Pour DV into Bl
Pour B1 into B2

Figure 6.4: The icons representing each action and their multiplier values available in
DiT. The distillation vessel (DV) is the primary vessel and B1/B2 are the auxiliary
vessels in the experiment.

of its materials, the temperature no longer increases. Instead, any heat added is used

to vaporize that material according to

Anl =

e (6.2)

where n; is the number of mols of the material in the liquid phase and H, is the
enthalpy of vaporization for that material.

Similar to the ExT bench, these processes are mutually exclusive and each have a
magnitude (temperature change, amount to pour). Thus, the same kind of (action,
multiplier) definition is used for DiT bench. The actions can be one of the following
four choices: (1) heat/cool by some amount, (2) pour from the distillation vessel into
an auxiliary vessel, (3) pour from an one auxiliary vessel into another, or (4) end
the experiment. Actions (1-3) each can have one of 10 multiplier values specifying
magnitude. These actions are depicted in Figure 6.4. Just as in ExT, the actions are
returned by the agent are flattened into a single discrete value to reduce redundancy

in the action space.
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Reaction R; Ro Ri-Ro
1 1-chlorohexane 1-chlorohexane dodecane
2 1-chlorohexane 2-chlorohexane 5-methylundecane
3 1-chlorohexane 3-chlorohexane 4-ethyldecane
4 2-chlorohexane 2-chlorohexane 5,6-dimethyldecane
5 2-chlorohexane 3-chlorohexane 4-ethyl-5-methylnonane
6 3-chlorohexane 3-chlorohexane 4,5-diethyloctane
Table 6.1: All possible Wurtz reactions involving chlorohexanes. Symmetrically

equivalent entries have been removed from the table as R;-Ry = Ry-Ry and 6, 5,
4-chlorohexane is equivalent to 1, 2, 3-chlorohexane, respectively.

The goal of the agent in this bench is to use these processes to maximize the
absolute purity of a desired material in the vessel. This means the agent must isolate
the desired material in one vessel, while separating any other materials into other
vessels. Note that unlike ExT, the material’s absolute purity is affected by the presence
of all materials. Therefore the reward in this bench is zero at all steps except the final
step, at which point it is the difference in the absolute purity of the desired material
at the first and final steps. In its current state, this bench takes approximately 0.87ms

to initialize and 0.86ms to perform an action.

6.1.5 Characterization Bench

In general, it is impossible to determine the exact contents of a vessel just by looking
at it. Techniques exist to help characterize the contents of a vessel, however each
comes with a cost. The primary cost is the monetary cost to acquire/maintain/run
the instrument used. In some cases, the sample of the vessel contents being measured
is destroyed during the measurement, thus incurring a different type of cost. While
these costs are not implemented in this version of ChemGymRL, they are important
to consider when expanding the system.

The characterization bench is the primary method to obtain insight as to what
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the vessel contains. The purpose of the characterization bench is not to manipulate
the input vessel, but to subject it to analysis techniques that observe the state of the
vessel, possibly including the materials inside it and their relative quantities. This
does not mean that the contents of the input vessel cannot be modified by the char-
acterization bench. This allows an agent or user to observe vessels, determine their
contents, and allocate the vessel to the necessary bench for further experimentation.

The characterization bench is the only bench that is not “operated”. A vessel is
provided to the bench along with a characterization method and the results of said
method on that vessel are returned. Currently, the characterization bench consists
of a UV-Vis spectrometer that returns the UV-Vis absorption spectrum of the pro-
vided vessel. Each material in ChemGymRL has a set of UV-Vis absorption peaks
defined and the UV-Vis spectrum for a vessel is the combination of the peaks for all
materials present, weighted proportionally by their concentrations. In future versions
of ChemGymRL we will expand the characterization bench to include other forms of

partial observation.

6.2 Reinforcement Learning

Recall from Section 6.2 that RL [6] is one possible solution to an MDP. Also recall
from Section 2.1.3 that infinite horizon MDPs are represented as a tuple (S, 4, R, T, )
where s € § C R"™ denotes the state space, a € A C R™ denotes the action space,
r € R C R denotes the reward function and 7' = P(syy1]¢, a;) denotes the transition
dynamics (or model) that provides the probability of state s;;1 at the next time
step given that the agent is in state s, and performs action a;. The objective for an
RL agent is to learn a policy 7(a|s) that maximizes the discounted sum of expected

rewards provided by the equation J(s) = E.[>".° 7'r|so = s], where v € [0,1) is
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the discount factor.

In the field of model-free RL on which we focus here, a major distinction between
solution algorithms is between value optimization approaches and direct policy opti-
mization approaches. A popular example of value optimization is Q-learning [7,26],
where a state-action value function Q(s,a) : S x A — R, is learned iteratively using
the Bellman optimality operator B*Q(s,a) = 7(s,a) + YEyr(sse)[maxy Q(s', a’)].
Here s and s’ denote the current and next state respectively, a and a' denote the
current and next action, respectively. After this process converges, an exact or ap-
proximate scheme of maximization is used to extract the greedy policy from the Q-
function. These methods are often restricted to environments with discrete actions,
although many generalizations exist to other formulations [124-126].

Direct policy optimization [127] approaches are ones which iteratively improve the
target policy directly. They may do this as the only optimization approach, or they
may do it in combination with value-function optimization. Actor-critic [128-130]
methods are a currently popular approach for doing just that. In actor-critic methods,
the algorithm alternates between estimating a value function Q™ (the “critic”) of a
current policy via a partial policy evaluation routine using the Bellman operator
on an initially random, stochastic policy m. The current policy 7 (the “actor”) is
then improved by biasing it towards selecting actions that maximize the estimate
maintained by the current Q-values and the value function for this improved policy is
then re-estimated again. This family of methods can easily apply to both discrete and
continuous action space environments, thus may be used on any bench in chemistry

gym environment.
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6.3 Case Study

As a simple example, we outline how a particular chemical production process uses

each of the benches.

6.3.1 Wurtz Reaction

Wurtz reactions are commonly used for the formation of certain hydrocarbons. These

reactions are of the form:

diethyl ether
EEE—

2R-Cl + 2Na R-R + 2NaCl. (6.3)

Here we consider the case of hexane (CiH,,) for R, where one hydrogen atoms is
replaced with chlorine, giving us 1-, 2-, and 3-chlorohexane as reactants with sodium.
Note that we may have 2R-Cl and R-R be replaced with R;-Cl, Ro-Cl, and R;-Rs in
this reaction format. Table 6.1 shows the possible outcomes of this reaction. Note
that it is impossible to produce just 5-methylundecane, 4-ethyldecane, or 4-ethyl-5-

methylnonane. If the desired reaction is

diethyl ether
EE—

Rl-Cl + RQ—CI + 2Na Rl—RQ + 2NaCl, (64)

then we will unavoidably also have

diethyl ether
EE—

2R;-Cl + 2Na Ri-R; + 2NaCl

6.5
diethyl ether ( )
%

2R,-Cl + 2Na Ro-Ry + 2NaCl,

occurring simultaneously.

Wurtz can be an interesting and challenging reaction because the yield varies
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greatly between each product, making it difficult to train an agent which can optimally

make each of them.

6.3.2 Workflow

Suppose that we have the previously listed chlorohexanes, sodium, diethyl ether, and
water available to us with the goal to produce dodecane. Using RxN we can add diethyl
ether, 1-chlorohexane, and sodium to a vessel. With time, this will produce a vessel
containing dodecane and sodium chloride dissolved in diethyl ether. The UV-Vis
spectrometer in the RxN can be used to measure the progression of the reaction.

The vessel can then be brought to the ExT to separate dodecane from sodium
chloride. Dodecane is non-polar, so if we add water to the vessel and mix, most of the
sodium chloride will be extracted into the water while most of the dodecane will be
left in the diethyl ether. We can then drain the water out of the vessel while keeping
the diethyl ether. While it’s impossible to get all of the sodium chloride out with this
method, we can repeat this process to increase the purity of dodecane.

The vessel can then be brought to the DiT to separate the dodecane from the
diethyl ether. Diethyl ether has a much lower boiling point than dodecane so it will
boil first. Heating the vessel enough will cause all of the diethyl ether to vaporize,
leaving the dodecane in the vessel with trace amounts of sodium chloride.

Alternatively, because dodecane has a much lower boiling point than sodium chlo-
ride, we can skip the ExT and bring the vessel to DiT right after RxN. As before, heating
the vessel enough will cause all of the diethyl ether to vaporize, condensing into an
auxiliary vessel. We can then put the collect diethyl ether elsewhere such that the
auxiliary vessel collected the vaporized materials is now empty. If the vessel is heated
up even further now, the dodecane will be vaporized and collected into the empty aux-

iliary vessel, leaving the sodium chloride behind. Our auxiliary vessel now contains
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pure dodecane, concluding the experiment.

While this example workflow uses the benches in a specific order, more complicated
experiments may use them in a completely different order or even use each bench
multiple times. Given specific goals, below we will outline how RL can be used to

emulate this behaviour for various cases.

6.4 RL Details

In our discrete benches, PPO [43], Advantageous Actor-Critic (A2C) [130] and Deep
Q-Network (DQN) [7] were used. In our continuous benches, Soft Actor-Critic (SAC)
[131] and Twin Delayed Deep Deterministic Policy Gradient (TD3) [132] were used
instead of DQN.

Unless otherwise specified, all RL agents were trained for 100K time steps across
10 environments in parallel (for a total of 1M time steps). Training was done by
repeatedly gathering 256 time steps of experience (in each environment), then updat-
ing our policy and/or Q-function with this new experience. Since PPO and A2C are
on-policy, their policies were only updated with the 2560 steps of new experiences. In
contrast, a replay buffer of size 1M was maintained and sampled when training with
DQN, SAC, and TD3. For the first 30K steps of DQN training, a linear exploration
schedule beginning at 1.0 and ending at 0.01 was used. Exploration remained at 0.01
afterwards. All of these RL algorithms were performed using the Stable Baselines 3

implementations [133].
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6.5 Laboratory Setup

6.5.1 Reaction Bench Methodology

For the reaction bench (RxN), we consider two chemical processes. In both processes,
each episode begins with a vessel containing 4 mols of diethyl ether, and operates for
20 steps. We chose 20 steps because it’s long enough that the agent can explore the
space to find the optimal behaviour but short enough that the reward acquired at
the end of the episode can be propagated back through the trajectory. In the first
process, the agent has access to 1.0 mol each of 1, 2, 3-chlorohexane, and sodium,
where the system dynamics are defined by the Wurtz reaction outlined above. Each
episode, a target material is specified to the agent via length 7 one-hot vector where
the first 6 indices represent the 6 Wurtz reaction products in Table 6.1 and the last
represents NaCl. After the 20 steps have elapsed, the agent receives a reward equal
to the molar amount of the target material produced.

In the second experiment, we introduce a new set of reaction dynamics given by

A+B+C—=FE
A+D — F
B+D—G (6.6)
C+D—H

F+G+H—1

where the agent has access to 1.0 mol of A, B, C' and 3.0 mol of D. We introduce
this second reaction explore different mechanics required in the optimal solution.

This reaction includes undesired and intermediate products, adding difficulty to the
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problem. Each episode, a target material is specified to the agent via length 5 one-
hot vector with indices representing F, F, G, H, and I. If the target is E, the
agent receives a reward equal to the molar amount of £ produced after the 20 steps
have elapsed. Otherwise, the agent receives a reward equal to the difference in molar
amounts between the target material and E after the 20 steps have elapsed. Here,
is an undesired material. The reaction A+ B 4+ C' — E occurs quickly relative to the

others, adding difficulty to the reaction when F is not the target.

6.5.2 Extraction Bench Methodology

For the extraction bench (ExT), we consider a layer-separation process where the agent
operates for up to 50 steps. We chose a larger number of steps in this experiment
because the optimal solution is more complicated than the previous bench. Similar to
the Wurtz reaction, the target material is specified via length 7 one-hot vector. Each
episode begins with a vessel containing 4 mols of diethyl ether, 1 mol of dissolved
sodium chloride, and 1 mol of one of the 6 Wurtz reaction products in Table 6.1. The
Wurtz reaction product contained in the vessel is the same as the target material,
unless the target material is sodium chloride, in which case dodecane is added since
sodium chloride is already present. After the episode has ended, the agent receives
a reward equal to the change in solute purity of the target material weighted by the
molar amount of that target material, where the change in solute purity is relative
to the start of the experiment. If the target material is present in multiple vessels, a
weighted average of the solute purity across each vessel is used.

As an example, consider when the target material is dodecane. In this experiment,
the 1 mol of dissolved sodium chloride becomes 1 mol each of Nat and Cl™, so
the initial solute purity of dodecane is 1/3. Suppose we end the experiment with

0.7 mols of dodecane with 0.2 mols each of Na® and Cl~ in one vessel, and the
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remaining molar amounts in a second vessel. Dodecane has a solute purity of 7/11
and 3/19 in each vessel respectively. The final solute purity of dodecane would be

0.7 x 7/11 + 0.3 x 3/19 ~ 0.493. Thus the agent would receive a reward of 0.159.

6.5.3 Distillation Bench Methodology

For the distillation bench (DiT), we consider a similar experimental set-up to the
ExT one. Each episode begins with a vessel containing 4 mols of diethyl ether, 1
mol of the dissolved target material, and possibly 1 mol of another material. If the
target material is sodium chloride, the additional material is dodecane, otherwise
the additional material is sodium chloride. After the episode has ended, the agent
receives a reward calculated similarly to the ExT, except using absolute purity rather

than solute purity.

6.6 RL Results

6.6.1 Reaction Bench

Since reaction bench (RxN) has a continuous action space, we trained SAC and TD3
in addition to A2C and PPO. For the first experiment, we are looking at the Wurtz
reaction dynamics. Given that we know the system dynamics in this case, we have also
devised a heuristic agent for the experiment, which we expect to be optimal. Since
the Wurtz reaction is a single step process, the optimal behaviour is quite simple. For
target Ri-Ro, exclusively add R; and Ry at step 1, and increase the temperature to
speed up the reaction in order to produce as much of the target before the experiment
ends. Thus the heuristic was designed to follow this behaviour. This heuristic agent

achieves an average return of approximately 0.62. Using the performance of this
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Figure 6.5: Radar graphs detailing the average return of each policy with respect
to each target material in Wurtz RxN. Panel (a) uses the best policy produced from
10 runs, whereas panel (b) averages across the 10 runs (still using the best policy
of each run). Returns of each RL algorithm are relative to the heuristic policy and
clipped into the range [0, 00). Note that we show the unnormalized return values for
the heuristic policy so the different scales between targets can be seen. For the RL
agents, a return of 0 means the agent produces no target material, a return of 1 means
the agent produced as much target material as the heuristic. Here, the PPO agents
consistently outperform the A2C, SAC, and TD3 agents for all 7 target materials.
Target materials with high returns across each algorithm (such as sodium chloride)
appear to be easier tasks to learn, where target materials with less consistent returns
across each algorithm (such as 5,6-dimethyldecane) appear to be more difficult tasks
to learn.

heuristic as a reference, the best and mean relative performances of the agents trained
with each algorithm is shown in Figure 6.5. Each algorithm can consistently give rise
to agents that produce sodium chloride when requested. Since this is a by-product
of all reactions in our set-up, it is the easiest product to create. While the other
products are not hard to produce either, they require specific reactants, and in order
to maximize the yield, they require the absence of other reactants. The PPO agents
are able to match the heuristic agent for all targets, while some SAC and TD3 agents
are able to come close on a few targets. A2C only comes close to the heuristic on
producing sodium chloride.

The average return as a function of training steps for each algorithm is shown in

Figure 6.6. On average, the agents trained with each algorithm are able to achieve a
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Figure 6.6: Wurtz RxN, average return with ¢/5 shaded, 10 runs for each algorithm
with 10 environments in parallel per run, 1M (100K sequential steps x 10 environ-
ments) total steps per run, averages are over 3200 returns. The performance of each
algorithm converges before 300K total steps, with only PPO converging on an optimal
policy. Despite training for an additional 700K total steps, A2C, SAC, and TD3 were
not able to escape the local maxima they converged to.

return of at least 0.4. This is expected as even an agent taking random actions can
achieve an average return of approximately 0.44. The agents trained with A2C, SAC,
and TD3 do not perform much better than a random agent in most cases, however
the ones trained with PPO significantly outperform it. While on average, A2C, SAC,
and TD3 have similar performance, we saw in Figure 6.5 that the best performing
SAC and TD3 agents outperformed the best A2C agents.

The second RxN experiment uses reaction dynamics more complicated than the
Wurtz reaction. In the Wurtz reaction, the agent need only add the required reactants
for the desired product all together. In this new reaction, this is still true for some
desired products, however not all of them. Similarly to the previous experiment, we

also devised a heuristic agent for this experiment, which achieves an average return
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Figure 6.7: Radar Graph detailing the average return of each policy with respect to
each target material in Fictitious RxN. Panel a) uses the best policy produced from
10 runs, whereas panel b) averages across the 10 runs (still using the best policy
of each run). Returns of each RL algorithm are relative to the heuristic policy and
clipped into the range [0,00). Note that we show the unnormalized return values
for the heuristic policy so the different scales between targets can be seen. Again,
the PPO agents consistently outperform the A2C, SAC, and TD3 agents for all 5
target materials, however it is not as significant of a gap as in Wurtz RxN. Target
materials with high returns across each algorithm (such as F, G, and H) appear to be
easier tasks to learn, where target materials with less consistent return across each
algorithm (such as E and I) appear to be more difficult tasks to learn.

of approximately 0.83. For target materials E, F', G, and H, the required reaction is
a single step process like before. Therefore the optimal behaviour is to exclusively
add the required reactants at step 1, and increase the temperature to speed up the
reaction in order to produce as much of the target before the experiment ends. For
target material I, the required reaction is a two step process, allowing for variation in
how to material is produced. While all four reactants are required to produce I, adding
them all at once would also produce E, wasting needed materials. Hence the optimal
behaviour is not necessarily producing all intermediate products simultaneously. As
any two of the three intermediates can be safely produced simultaneously, the heuristic
policy is designed to add only the reactants required for two intermediates products
(we arbitrarily choose F and G). Given the limited number possibilities it is easily
determined by brute force that step 6 is the optimal step for the heuristic policy to

add the reactants required to create the third intermediate products.
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Figure 6.8: Fictitious RxN, average return with o /5 shaded, 10 runs for each algorithm
with 10 environments in parallel per run, 1M (100K sequential steps x 10 environ-
ments) total steps per run, averages are over 3200 returns. PPO quickly converges to
an optimal policy, like in Wurtz RxN. Unlike in Wurtz RxN, the other algorithms take
much longer to converge. While they still converge to sub-optimal performances, the
gap between optimal performance is less severe.

Using the performance of the heuristic agent as reference again, the best and
mean relative performances of the agents trained with each algorithm are shown
in Figure 6.7. Once again, PPO consistently produces agents that can match the
performance of the heuristic agent. The best performing policies produced by A2C,
SAC, and TD3 are able to nearly match the heuristic agent for all desired products
excluding I. This is not unexpected as producing I requires producing intermediate
products at different times during the reaction. On average, the policies produced
by SAC and TD3 however, are unable to match the heuristic agent when asked to
produce E. This is also not unexpected, given that producing E is penalized for all
other desired products.

Unlike PPO, the other algorithms used appear to be less reliable at producing
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Figure 6.9: Fictitious RxN, average value of each action at every step for the best
performing policies for each algorithm. The five curves in each box represents the
sequence of actions for the five different target materials. Comparing the same curve
across a single column outlines how a single policy acts for a single target material.
Comparing different curves within a single box outlines how a single policy acts
differently between different target materials. Comparing the same curve across a
single row outlines how different policies act for the same target material. For actions
corresponding to adding material, the curves represent how quickly those materials
are added. The well performing policies are the ones that add only the required
reactants (such as A2C and SAC), while the best performing policies are the ones
that add them according to the right schedule (such as PPO).

these best performing agents. This could be due to PPO learning these policies much
faster than the other algorithms, as seen in Figure 6.8. Since PPO converges to
optimal behaviour so quickly, there’s very little room for variation in the policy. The
other algorithms however are slowly converging to non-optimal behaviours, leaving
much more room for variation in the policies (and returns) that they converge to.
For the best performing agents produced by each algorithm, the average action
values for each target are shown in Figure 6.9. Looking at the heuristic policy, a
constant action can be used for each target product, excluding I. When the target is

I, the desired action must change after several steps have passed, meaning the agent
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cannot just rely on what the specified target is. Note that if all of a material has
been added by step ¢, then it does not matter what value is specified for adding that
material at step ¢ + 1.

The best performing agent for each algorithm were all able to produce E when
requested and Figure 6.9 shows that they each have learned to add A, B, C, and not
D. It can also be seen that all four algorithms learned to add two of A, B, or C in
addition to D, then add the third one several steps later when I is the target product,
mimicking the behaviour of the heuristic policy. Note that even though the heuristic
waits to add C, waiting to add A or B instead would be equally optimal. While each
algorithm does this, PPO and A2C do so better than the others. PPO is also the
only one that succeeds in both of these cases, showing that an RL agent can learn

the required behaviour in this system.

6.6.2 Extraction Bench

With the results seen in the RxN tests, we now move onto the extraction bench (ExT)
experiment. Regardless of the target material in our Wurtz extraction experiment,
the optimal behaviour is quite similar so we will not focus on the different cases as
before. Since the ExT uses discrete actions, we replace SAC and TD3 with DQN.
We also use what we call PPO-XL which is PPO trained with more environments in
parallel. PPO-XL was not implemented for the RxN tests as regular PPO was able to
achieve optimal results as it is, thus not justifying the increased computational cost
associated with PPO-XL.

Unlike the reaction bench, we do not have an analytic solution for this bench,
therefore we have devised a heuristic policy for this experiment based on what an
undergraduate chemist would learn. These lessons involve adding a solvent of opposite

polarity to the existing solution (i.e. adding a non-polar solvent to a vessel containing
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Figure 6.10: Wurtz ExT, average return with o shaded, 30 runs for each algorithm
with 1M total steps per run (2M for PPO-XL). For each run, returns are averaged
over 1000 steps (only using terminated episodes). The mean and standard deviation
are then calculated across the 30 runs (o is calculated from 30 points). The PPO and
PPO-XL agents consistently acquire positive returns, even approaching the theoretical
maximum in some cases. The A2C agents learn policies which perform equivalently
to ending the experiment immediately and are unable to escape those local maxima.
The DQN agents acquire negative return, which is a worse performance than not
running the experiment.

a polar solvent solution or vice-versa), mixing everything, letting it settle until distinct
layers are formed, and separating the two solvents into separate vessels. The vessel
containing the solvent with a similar polarity to the target material is kept while the
other vessel is discarded. Thus, our heuristic policy is designed mimic this behaviour.
However, as the dynamics are more complex we do not necessarily expect it to be
optimal.

As seen in Figure 6.10, the agents trained with A2C do not achieve a return
above zero, while the agents trained with DQN ended up achieving a negative return.
Not only do both PPO and PPO-XL produce agents that achieve significantly more

reward than the other algorithms, they are able to outperform the heuristic policy
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Figure 6.11: Wurtz ExT, the sequence of actions with the highest return when do-
decane is the target material seen during the rollout of the best performing policy
learned by each algorithm. Each picture represents an action and average value de-
scribed by Figure 6.3(d). The number beneath the image represents how many times
that action was repeated. While it is more difficult to interpret these policies than
with RxN, similarities can be seen between the PPO, PPO-XL, and heuristic policies,
explaining their high performances. The A2C policy uses a similar action set, however
in a different order, outlining the precision required by the agent. The DQN policy

use many actions that either undo previous actions or do nothing in that specific
state.

as well. On average, the best performing agent trained with PPO-XL manages to
achieve a return of approximately 0.1 higher than the heuristic (see Figure 6.10),
resulting in roughly a 10% higher solute purity. While there is a large variance in
the final performance of the agents trained with PPO and PPO-XL, they consistently
outperform the agents trained with the other algorithms.

As shown in Figure 6.11, the action sequences of the policies learned from A2C,
DQN, and PPO are quite different. The action sequences of the policies learned
by PPO and PPO-XL are much more similar, as expected. The first half of these
sequences are comparable to the heuristic, however the agents in both cases have
learned a second component to the trajectory to achieve that extra return. Interest-
ingly, both PPO and PPO-XL agents have learned to end the experiment when they
achieve the desired results, whereas the A2C and DQN agents do not. PPO once

again shows that an RL agent can learn the required behaviour in this system.
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6.6.3 Distillation Bench

Lastly, we now move onto the final experiment, distillation bench (DiT). Similar to
ExT, the desired target material in the Wurtz distillation experiment does not have
much effect on the optimal behaviour so we will not focus on the different target cases.
Instead we will focus on the different cases of when salt is and is not present with
another material in the initial distillation vessel. Note that a single agent operates
on both of these cases, not two agents trained independently on each case.

As before, we have devised a heuristic policy and as with the RxN experiments, we
expect it to be optimal once again. In distillation, the optimal behaviour is to heat
the vessel until everything with a boiling point lower than the target material has
boiled off, discarding the boiled off contents, then continuing to heat the vessel until
just the target material has boiled off, condensing in a separate vessel. Our heuristic
policy is designed to mimic this behaviour.

In Figure 6.12 we can see that on average, the algorithms (excluding A2C) con-
verge faster than in the other experiments, however, there is much less variation in
return compared to before. For the case when no salt is present in the distillation
vessel, the best-performing agents trained with each algorithm learn a very similar
policy to the heuristic one, as seen in Figure 6.13. They heat the vessel until the sol-
vent has boiled away, then end the experiment. For the case when salt and additional
material are present, the best-performing agents trained with PPO and PPO-XL
modify their actions similar to the heuristic policy, achieving the optimal return in
both cases. The best-performing agent trained with A2C modifies their actions in a
similar fashion, however, it does so in a way that also achieves a much lower return.
The best-performing agent trained with DQN makes much more significant changes

to their policy, however, it still achieves a return closer to optimal than A2C. This
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Figure 6.12: Wurtz DiT, average return with o shaded, 30 runs for each algorithm
with 1M total steps per run (2M for PPO-XL). For each run, returns are averaged over
1000 steps (only using terminated episodes). The mean and standard deviation are
then calculated across the 30 runs (o is calculated from 30 points). The DQN, PPO,
and PPO-XL agents consistently acquire positive returns whereas the A2C agents
only get positive returns on average. While DQN and PPO acquire similar returns on
average, the variance with PPO is much higher, meaning the best performing PPO
policy outperforms the best DQN policy. The PPO-XL policies outperform the other
algorithms both on average and in the best case scenarios.

shows that the expected behaviour in our final bench can also be learned by an RL
agent.

In this chapter, we choose to use DQN as a representative of the Q-learning family
of algorithms since it is a very standard benchmark in RL, and the central themes that
were initially introduced in DQN by Mnih et al. [7] led to an explosion of different RL
techniques that emerged subsequently. DQN is known to overestimate the values for
multiple states and Double DQN (DDQN) [134] was introduced to decouple action
selection and action evaluation. However, DDQN may not be necessarily better than

DQN in all settings. It has been shown that DDQN suffers from an underestimation
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Figure 6.13: Wurtz DiT, the sequences of actions with the highest return produced
by the best performing policy learned with each algorithm for two cases: when salt
is and is not initially present in the distillation vessel with another material. Each
picture represents an action and average value described by Figure 6.4. The number
beneath the image represents how many times that action was repeated. The PPO,
PPO-XL, and heuristic policies are nearly identical in both cases, with only minor
differences. When no salt is present, the A2C and DQN policies are similar to the
others, however when salt is present they continue to behave as if it is not.

bias that is equally bad for performance [135]. Duelling DQN [136] was suggested
as another improvement over DQN, where the Q-values are split into two parts, the
value function and the advantage function. Though Duelling DQN shows better per-
formances as compared to DQN, it is known to take vastly more training time and
require larger networks as compared to DQN [137]. Similarly, several enhancements
to experience replay techniques, like the prioritized experience replay [138] and the
hindsight experience replay [139], have been proposed, that improve performances
but take a longer training time as compared to DQN. In future work, we would like
to try some recent variants of DQN and elaborately study the performance improve-

ments obtained as a function of computational cost when these methods are used in

ChemGymRL.
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6.7 Limitations

ChemGymRL has limitations; any reaction or material that one wishes to model
must be predefined with all properties specified by the user. Additionally, the solvent
dynamics are modeled using simple approximations and while they suffice for these
introductory tests, they would not for real-world chemistry.

As previously mentioned, the ChemGymRL framework was designed in a modular
fashion for the ease of improvement. The differential equations used to model the
reactions could be replaced with a molecular dynamics simulation. This would allow
RxN to operate with on a more generalizable rule-set. Without having to manually
define the possible reactions, the RxN could be used to discover new, more efficient
reaction pathways by an RL agent. Currently, the reward metric used in RxN is the
molar amount of desired material produced by the agent. If this metric was changed
to reflect a certain desired property for the produced material, then the RxN could be
used for drug discovery. Making similar improvements to ExT and DiT, the RL agent

could then learn to purify these new discoveries.

6.8 Future Work

In the future, the lab manager environment will be formatted in a way that allows
an RL agent to operate in it. Using pre-trained agents for the individual benches,
the lab manager agent would decide which vessel to give to which bench while also
specifying the desired goal to each bench, in order to achieve the lab manager’s own
goal. The lab manager agent would make proper use of the agentless characteriza-
tion bench introduced here as well, which will have characterization methods with

associated costs. In addition to this, the implementation of new benches will be ex-
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plored, allowing more complicated experiments to be conducted and new insights into
the benefits and challenges of the integration of RL into automated chemistry and

self-driving labs.

6.9 Conclusions

We have introduced and outlined the ChemGymRL interactive framework for RL in
chemistry. We have included three benches that RL agents can operate and learn
in. We also include a characterization bench for making observations and presented
directions for improvement. To show these benches are operational, we have success-
fully, and reproducibly, trained at least one RL agent on each of them. Included in
this framework is a vessel state format compatible with each bench, therefore allowing
the outputs of one bench to be the input to another.

In the Wurtz RxN experiment, A2C, SAC, and TD3 were not able to show better
performances than an agent taking random actions, where PPO was able to achieve
optimal returns on all targets. In the second RxN experiment, A2C, SAC, and TD3
were able to show performances that achieves optimal returns for one of the two
difficult tasks, whereas PPO was able to achieve optimal returns on both.

In the Wurtz ExT experiment, A2C and DQN were not able to produce agents that
perform better than doing nothing, whereas PPO was able to achieve higher returns
than the devised heuristics. In the Wurtz DiT experiment each algorithm was able to
produce an agent that performs better than doing nothing and much better than an
agent taking random actions.

This chemistry laboratory environment illustrates yet another way in which the
structure of a decision problem shapes the behaviour of learning agents—here through

the branching and compositional nature of the available trajectories. Each bench
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presents its own set of feasible actions and local paths, but the transition from one
bench to the next multiplies these possibilities, creating a combinatorial expansion in
the number of distinct goal-directed routes that an agent might follow. As a result,
the structure of the overall task is not merely a spatial or dynamical arrangement,
but a layered sequence of interdependent subroutines whose branching patterns de-
fine the landscape of feasible solutions. When observations are incomplete or delayed,
the agent must infer both its current position within this procedural structure and
the consequences of each branch for the downstream path. The observed variation
in learning performance across tasks therefore reflects how easily the agent can piece
together this multi-stage trajectory structure from limited experience. In contrast
to the continuous, dynamically constrained paths of the navigation and control set-
tings in earlier chapters, the laboratory domain highlights how procedural branching
and combinatorial growth introduce a different—but structurally analogous—form of

complexity in goal-directed decision making.
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Chapter 7

Conclusions

With the rise in popularity of optimal control problems and widespread applicabil-
ity of their solutions, this thesis focuses on understanding them through the lens
of RL. Evolving beyond video games and simple robotics, applications of RL have
extended to critical real-world domains including self-driving cars, healthcare, and
conversational systems. These applications highlight the increasing importance of
understanding not only how RL algorithms perform, but also why they succeed or
fail in particular settings.

Our investigation has focused on how structural properties of MDPs and POMDPs
shape the learning challenges encountered by RL algorithms, and how mathematical
simplifications can shed light on their behaviour. By analyzing what makes certain
problems more difficult to learn than others, and by employing simpler mathematical
frameworks to improve interpretability, this research contributes to clarifying the
complexity underlying modern solutions. Although navigation-style problems were
used as the primary vehicle for presenting results, the insights developed can be
generalized across domains.

This work has analyzed and discussed MDPs and their various properties through
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the lenses of learning theory, topology, and observability, with a special focus on
generalized GOMDPs for their widely applicable use-cases and explainable nature.
Three separate specific sets of generalized GOMDPs were then considered, solved
with either DP or RL, and the insights from before applied to understand what
makes those examples difficult to learn. Each of these problems has its own set of
challenges and approaches to solving them, giving a more expansive view into the
learning process.

When it comes to SL, PAC-learning is a standard way to measure complexity,
however these do not naturally extend to other types of learning, such as RL. The
sizes of the state and action space have been the primary focus when creating PAC
bounds for RL, with some extensions to state connectivity related properties such
as diameter and mixing time. In addition to these, this thesis discusses how less
straight-forward properties have connections to complexity, utilizing concepts from
sample and topological complexity to quantify the difficulty of RL tasks. The analysis
shows how the distribution of possible trajectories and the structure of the state space
directly affect the probability of error and learning efficiency.

Using topological complexity and path homotopy classes as justifications, the
sample complexity of separated-path MDPs is analyzed to provide a discrete ab-
straction of continuous generalized GOMDPs. This abstraction illustrates how the
sample complexity scales with the number of relevant path homotopy classes, mirror-
ing the discrete partition of the navigational trajectory space inherently produced by
its topological complexity.

The Carnot heat engine environments served as the first framework to use these
tools for understanding. Comparing the solutions for the fully and partially observ-
able environments, the discussion covers how partial observability affects the learning

process for both reinforcement and evolutionary methods. With a navigation space
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containing no topological obstructions, the various solutions had a natural steady
progression through the trajectory space. The difference in these environments lies
solely in the observability with no functional differences.

This is not true for the nautical navigation environments though, where the navi-
gational space contains navigational discontinuities—obstructions that prevent paths
from being continuously deformed into one another, also known as topological holes—
and the partially observable environment contains unseen perturbations from the fully
observable one. This set-up allows for a semi-SL style approach in the method. The
approach leverages the information contained in the fully observable environment to
approximate a solution in the partially observable one, supporting the idea that infor-
mation considered useless in the PAC-learning framework may indeed have an impact
on sample complexity. The results also show that as the number of navigational dis-
continuities in the navigational space increases (i.e., higher island density), there is a
decrease in success rate and increase in crash rate.

Both of these environments differ from the chemistry environment as they are
single task systems. The ChemGymRL framework shows that by breaking down
an environment into separated tasks, a set-up similar to the separated-path MDPs is
achieved. By splitting up tasks based on homotopy classes (benches), separated learn-
ing is enabled, which removes the potential dependency and correlation compared to
if the environments are sampled together.

Across the diverse systems studied in this thesis, the behaviour of learning agents
has consistently reflected the structure of the goal-directed trajectories available to
them. Whether navigating environments with distinct homotopy classes of paths,
interacting with physical processes whose dynamics constrain the feasible routes to
high-performing behaviour, or operating within laboratory settings where each de-

cision branches into a growing tree of procedural possibilities, agent performance
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has been shaped by how clearly the underlying trajectory structure can be inferred
from experience. In fully observable settings, the relationships among these paths
are explicit, allowing agents to exploit the organization of the task directly. Under
uncertainty or partial observability, the same structural relationships remain, but the
agent must reconstruct them from incomplete or noisy information, often leading to
degraded or qualitatively different behaviour. Taken together, the results demon-
strate that differences in learning outcomes across domains arise not from the surface
details of each environment, but from how their path structures—continuous, un-
certain, or combinatorially branching—interact with the information available to the
learner. This perspective provides a unifying way to understand the challenges and
successes of reinforcement learning across a wide range of decision-making settings.

An important avenue for future theoretical work involves formalizing the mapping
from a continuous GOMDP to a discrete separated-path MDP. Specifically, rigorous
criteria must be established to produce a finite, functionally representative subset of
path homotopy classes (e.g. of simple paths) before applying separated-path sample
bounds.

As the field of Al constantly evolves, growing rapidly, the complexity of the so-
lutions produced grows with it, which in turn allows for more complex problems to
be solved. Al tools are used more and more everyday in the general population, and
as with all useful tools, they are becoming integral. For this reason, it’s crucial that
our understanding of these problems and their solutions grows at an equivalent rate.
Knowing how difficult a problem is, in a comparative sense, helps us estimate our
ability to solve it. Assuming some fixed number of samples n, this work does not
necessarily tell us the absolute quality of our current solution; however, it indicates
that compared to an easier problem, a harder problem’s solution would have a larger

failure probability 6 for the same error margin e—meaning a lower probability of
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achieving high accuracy. Now is the time to open the black box of modern AI and

bring its complex inner workings into the light for us all to learn from.
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Chapter 8

Appendix

8.1 Algorithm for Computing Topological
Complexity

Here we present an original algorithm developed for this work that computes an
approximation for the topological complexity of a navigational space. It is worth
noting that while this algorithm was designed specifically for estimating the topo-
logical complexity in GOMDPs, there exist established algorithms for estimating the
related Lyusternik-Schnirelmann category, and adapting those approaches for topo-
logical complexity could be an avenue for future improvement. First we approximate
a topological space as a graph using Algorithm 8.1. For each pair of vertices (s, 1),
we compute all the shortest paths between them using the Breadth-First Search al-
gorithm in Algorithm 8.2 and check if each set of shortest paths are “homotopic” to
each other (within the limit of discretization) using Algorithm 8.3. This checks if
there are any discontinuities between paths. For each pair of neighbour s’ to s and
t' to t, we check that the shortest paths from s’ to ¢ and s to ¢’ are “close” to the

paths between s and ¢ using Algorithm 8.4. This checks if there are any disconti-
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nuities between neighbours. If these checks succeed, then our topological space as
a topological complexity of 1. If not, we generate all connected bi-partitions of the
graph and repeat these checks for the individual partitions. If this succeeds for some
partition, then the topological complexity is 2. If not, we repeat again, increasing
the number of partitions each time using Algorithm 8.5. The topological complexity
is the smallest number of partitions required to pass these checks. This last check is
approximately finding the open cover such that each set in the cover has a topological

complexity of 1.

Algorithm 8.1 Homology-Preserving Grid Approximation via Cubical Complex

Require: Topological space X C R? (given as membership oracle y or sample set),
grid step h > 0

Ensure: Grid-like cell complex K = (V| E, F'); 1-skeleton G = (V, E') preserves holes
(first homology)

LV+0,E—0Q F«0

Define axis-aligned grid G = {C; ;} with cell size h x h > Foreground uses

4-adjacency; background uses 8-adjacency

for all cells C; ; € G do
if C;;NX #0 (or Iz € C;; with x(x) = 1) then

add vertex v; ; to V

end if

end for

for all occupied cells C; ; do
for all 4-neighbors C,, € {Ci11,C; +1} do

10: ifv,; €V and wv,, € V then

11: add edge (v; j,v,,) to E

12: end if

13: end for

14: end for

15: for all index blocks (i, j) do

16: if Vijs Vit1,55 Vij+1, Vitl,541 € V then

17: add square face f; ; to F' with boundary

18: Ofi; = {(vij, vir15), Vit Virr 1), (Vis1jr1, Vijr1), (Viger, vig)} C
E

19: end if

20: end for

21: return K = (V, E| F') and its 1-skeleton G = (V, E)

N
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Algorithm 8.2 Breadth-First Search for All Shortest Paths

Require: Graph G = (V| F), source vertex s € V, target vertex t € V
Ensure: Set of all shortest paths I1(s, t)

1: for all v € V do d(v) + oo, parents(v) < ()

2: d(S) 0

3: Initialize queue @ < [s]

4: while Q # 0 do

5: u < Dequeue(Q)

6: for all neighbours v of v in G do

7 if d(v) = oo then

8: d(v) < d(u) +1

9: parents(v) <— {u}

10: Enqueue v into )

11: else if d(v) = d(u) + 1 then

12: parents(v) <— parents(v) U {u}
13: end if

14: end for
15: end while
16: if d(t) = oo then

17: return “No path exists”

18: else

19: function BACKTRACK(u)

20: if w = s then

21: return { [s] }

22: else

23: 0

24: for all p € parents(u) do

25: for all 7 € BACKTRACK(p) do
26: Add (7 ||u) to II > 7 || u is path 7 extended with u
27: end for

28: end for

29: return II

30: end if

31 end function

32: return BACKTRACK(t)

33: end if
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Algorithm 8.3 Detection of Discontinuities (Homotopy Classes) Among Shortest
Paths

Require: Graph G = (V, F), set of shortest paths Il(s,t) between s and ¢
Ensure: Partition of TI(s,t) into homotopy classes {II;, Iy, ... }
1: function AREHOMOTOPIC(y, 72)
2 if endpoints of m; and 7y differ then
3 return false
4: end if
5: Initialize queue Q < {m}, visited <+ 0
6 while Q # () do
7 p < Dequeue(Q)
8
9

if p = my then

: return true
10: end if
11: for all local modifications p’ of p do
12: if p' ¢ visited then
13: Enqueue(Q, p')
14: end if
15: end for
16: visited < visited U{p}
17: end while
18: return false

19: end function
20: Initialize all paths unassigned

21: C 0

22: for all = € Il(s,t) do

23: if 7 unassigned then

24: C + {7T}

25: for all 7' € TI(s,t) with 7" unassigned do
26: if AREHomoTOPIC(7, ') then
27: C+ CuU{r'}

28: end if

29: end for

30: C+ Ccu{C}

31: end if

32: end for

33: if |C| > 1 then

34: Report “Discontinuities detected”
35: else

36: Report “No discontinuities”

37: end if

38: return C
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Algorithm 8.4 Neighbour Similarity Check for All Shortest Paths

Require: Graph G = (V, E), source s, target ¢, base shortest-path set II(s,t) (all

homotopic)

Ensure: true iff all shortest paths from s to ¢ (for s ~ s) and from s to ¢’ (for

o e e e T e T e T e T o S

I I N R O I

W o W W W W
AN S T

O
yali

)

t' ~ t) are similar to II(s,t)
Compute d,(-) by BFS from s
Compute d'(-) by BFS on G reversed from ¢
D + d4(t)
function DROPHEAD(7)
return 7 without its first vertex
end function
function DROPTAIL(7)
return 7 without its last vertex
end function
function PREPEND (u, )
return path with v added at the front of 7

. end function
: function APPEND(7, u)

return path with v added at the end of 7

: end function
: function ALLSHORTEST(a, b)

return the set of all shortest a—b paths (Algorithm 8.2)

: end function
. function SIMILARFROMSPRIME(s')

> d'(v) = dist(v, t)

A+ d'(s') —d'(s) > negative = closer, positive = further

¥ <~ ALLSHORTEST(s', t)
for all 0 € ¥ do

if A =1 then > s' further from ¢ than s

C < {DroOPHEAD(0)}

else if A = —1 then > s’ closer to ¢ than s

C < {PREPEND(s,0)}
else
C < {DrOPHEAD(c0), PREPEND(s,0)}
end if
if CN1Ii(s,t) =0 then
return false
end if
end for
return true

. end function

>A=0
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36:
37:
38:
39:
40:
41:
42:
43:
44:
45:
46:
47:
48:
49:
50:
51:
52:
53:
54:
55:
56:
o7:
58:
59:
60:
61:
62:
63:

function SIMILARTOTPRIME(t)

A < ds(t) — dy(t) > negative = closer, positive = further

Y < ALLSHORTEST(s,t)
for all 0 € ¥ do
if A =1 then
C < {DropPTAIL(0)}
else if A = —1 then
C < {APPEND(0,t)}
else
C < {DroprTAIL(c), APPEND(0,t)}
end if
if CNI(s,t) =0 then
return false
end if
end for
return true
end function
forall s e V:(s,s') € E do
if SIMILARFROMSPRIME(s') = false then
return false
end if
end for
forallt e V: (t,t') € E do
if SIMILARTOTPRIME(#') = false then
return false
end if
end for
return true

> ¢/ further from s than ¢

> t' closer to s than ¢

>A=0
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Algorithm 8.5 Partition-Based Homotopy and Similarity Check
Require: Graph G = (V, F)
Ensure: Minimum number of partitions k., such that all shortest-path checks suc-

ceed
1 k1 > start with the whole graph
2: while true do
3: Generate all partitions of V' into k connected components: P, = {Py, ..., Py}
4: success <— true
5: for all components P; € P, do
6: Let G; be the subgraph induced by P;
7 for all vertex pairs (s,t) € V(G;) do
8: Compute all shortest paths II(s,t) in G; (Algorithm 8.2)
9: if no paths exists or paths in I1(s, t) are not homotopic (Algorithm 8.3)
or neighbor similarity check fails (Algorithm 8.4) then
10: success <— false
11: break out of vertex-pair loop
12: end if
13: end for
14: if success = false then break out of component loop
15: end if
16: end for
17: if success = true then
18: return k,;, < k
19: end if
20: k< k+1
21: if k> |V| then > cannot partition further
22: return k., < oo
23: end if

24: end while
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8.2 Key Lemmas from Azar et al.

The sample complexity bounds derived in Chapter 3 rely on the following lemmas

from Azar et al. [35]. We restate them here for convenience with updated notation.

Lemma (Lemma 8 from Azar et al. [35]). Let pys be the (constant) transition prob-
ability for all states in Y' and let Ty, be the number of times state-action pair (s, a)
has been observed. Define o = 2(1 — vypyr)2e/v?. Then for every RL algorithm, there

exists an MDP M € M and constants ¢} > 0 and ¢4 > 0 such that

“(s.q) — 1o _ﬂ)
PHIQ (5:0) = Q. (s.0)| > ) > ep (-T2,

With the specific choice ¢} = 1 and ¢y = 6, this gives Equation 3.7 in Chapter 3 (with

Psa generalizing pyy ).

Lemma (Lemma 11 from Azar et al. [35]). Assume that for every RL algorithm and

every state-action pair (s,a) € S x A, we have

Pr(|Q*(s,a) = Qr..(s,a)| > €| Tea = tsa) > ',

whenever tg, < &(€,d") for some function . Then for any (e,0,T)-correct algorithm,

if T < N-&(e,6/(12N)), the algorithm cannot be (€, 8, T')-correct on all MDPs in M.
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Figure 8.1: T-S diagram for the (a) Carnot, (b) discretized Carnot, and (c) Stirling
cycles. The red (dark gray) area (labelled Qo) represents the heat removed from the
system, the white area (labelled AW) represents the work produced by the system,
and the red (dark gray) and white areas together represent the heat added to the
system.

8.3 Proof of Carnot’s theorem on infinite heat

baths

Using T-S diagrams, shown in Figure 8.1, the thermal efficiency of a cycle is deter-
mined by n = AW/(AW + Qou) where AW is the work produced by the system
and Qoy is the heat removed from the system. Using Figure 8.1(a), the thermal
efficiency of the Carnot cycle is given by Equations 4.3, which is independent of the

minimum and maximum entropies reach by the Carnot cycle, denoted by S¢. and

min

SC _ respectively. For cycles that operate between SC. and SC. . since T, is the

max min max’

minimum temperature the system can reach, 7 is maximized by maximizing AW and
minimizing oy, which results in the Carnot cycle. Now consider cycles that operate

outside of the entropy range SC, to SC, , such as the ones shown in Figures 8.1(b)

min max’

and (c). It is impossible for the system to simultaneously be at T}, and an entropy

less than S¢

min»

therefore the ratio of work produced and heat removed by the system
between points II and III will be less than that of the Carnot cycle. Similarly, it is

impossible for the system to simultaneously be at T, and entropy greater than S

max’
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therefore the ratio of work produced and heat removed by the system between points
IV and I will be less than the Carnot cycle. Putting all these together, any cycle
operating within SC. and S¢__is at most efficient as the Carnot cycle, and any cycle

min max

operating outside of S, and S

min max

is less efficient, therefore Carnot’s theorem holds

for infinitely many heat baths.

8.4 Nautical Navigation

8.4.1 Value Function and Policy Construction

In Chapter 5, Algorithm 8.6 is used to generate the value function for a chart with-
out water current and Algorithm 8.7 is used to generate a policy with uncertainty

incorporated.

Algorithm 8.6 The algorithm used to generate the value function for a chart without
water current.

Require: A contains only movement actions.

Ensure: V(z,y) = V(T + kZmax, Y + Ymax) ¥V k, [ € Z and V (z,y).

Vo(z,y) < 0V (z,y)

Vi(e,y) « mine(z,y,a) V (z,y)

n<+1
while ||V,, — V4[|, > 0 do
n<n+1
Va() ¢ mine(-, a) + Vi (an (-, W)
end while
Vi(z,y) < Valz,y)

8.4.2 Chart Generation Method

The system the agent is navigating in is contained inside a rectangular area with

periodic boundary conditions and dimensions ., and ym.c. Each of these island
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Algorithm 8.7 Algorithm used to generate a policy with uncertainty incorporated.

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:

Initialize position estimate (z,9) < (z,y).
Initialize water current estimate W « W (z, ).
Initial uncertainty in position and water current as zero.
while —1 < V(z,y) < 100 do

Predict minimal value V,;, over all movement actions using state estimate
and uncertainties.

if Vi, is greater than the cost to measure both position and water current
then

(#,9) < (2,9).
Positional uncertainty < 0.
W« W(z,y).
Water current uncertainty <— 0.
else if Vi, is greater than the cost to measure position or V (z,y) = —1 then
(#,9) < (2,9).
Positional uncertainty < 0.
Update W using positions.
Water current uncertainty decreases.
else if V;, is greater than the cost to measure water current then
W« W(zx,y).
Water current uncertainty < 0.
end if
Predict value for each movement action using estimates and uncertainties.
Choose movement action with minimal value.
Increase water current uncertainty by one unit.
Increase positional uncertainty relative to water current uncertainty.
Update (Z, ) using movement action and W.
Update (z,y) using movement action and W (z,y).
end while
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obstacles is represented by a 2-dimensional Gaussian function, defined as

gla,y) = Ae*(a(w*xo)2+2b(r*wo)(yfyo)Jrc(yfyo)z)’ (8.1)
where 2o € [0, Zmax); Yo € [0,Ymax), 4 € [1,2], a,c € [1,00) are independently
sampled uniformly from their respective ranges and b € (—+/ac, v/ac) is also sampled

uniformly, (however it is dependent on a and ¢). We then define the land function as

N 00

Z Z Z gl x +jxmaxay + kymax) (82)

i=1 j=—00 k=—00

where N is the number of islands and the parameters for each g; are sampled as de-
scribed above and independently from each other island. While true periodic bound-
ary conditions require the infinite sums, the bounds —1 < j,k < 1 are sufficient for

our purposes.

8.4.3 Water Current Generation Method

For each island g;(z,y), the water current W (z,y) vector at position (x,y) has direc-

tion given by

0
w(z,y) = X Z Z Z ( 1)mev) x

1=1 j=—o00 k=—o00

ng(x + jxmaxa ) + kymax)) 3

where each m; only returns the discrete values 0 and 1 and is chosen to maximize

|w(z,y)|l,. The water current W (z,y) function is then defined as

Wmax — ”w(xvy)HQw( , )

W _
) = e, ),

(8.4)
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if f(z,y) < 0.9 and 0 < |w(z,y)|y, < Wmax, W(x,y) = 0 if f(z,y) > 0.9 or
lw(z, y)ll; > Wmax, and

W(x,y) = mw(ﬂ%y) (8.5)

if f(x,y) < 0.9 and w(z,y) = 0, where wya, > 0. In other words, the water current

vector at (x,y) is perpendicular to V f(x,y) with magnitude bounded and related to
—[IVf(z, )l

8.5 ChemGymRL

8.5.1 Reactions

As an example, consider the reaction X +Y — Z. Its system of differential equations

is defined as

[X]

5 = —k[X][Y]

aY]

5 = kXY (8.6)
olZ] _

5 = XY,

where [X] denotes the concentration of material X and k is the rate constant, defined
by the Arrhenius equation
k= A #t (8.7)

where A is the pre-exponential factor, F, is the activation energy, R is the ideal
gas constant, and T is the temperature. The possible reactions that can occur in
this bench are determined by selecting a family of reactions from a directory of sup-
ported, available reactions. New reactions can be easily added to this bench by
following the provided template. This reaction template includes parameters for the

pre-exponential factors, and the activation energies, the stoichiometric coefficients of
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each material for each reaction.
Chemical reactions of this form can be considered as special cases of the initial

value problem:

dy -
2 = f(t. i 8.8
where —g{ = 0. Note, i are your concentrations and f (t,7y) are your rates. The RK45

(Runge-Kutta-Fehlberg) method [140] was used to solve these ODE equations and

obtain new chemical concentrations as time passes.

8.5.2 Extractions

In the layer separation equations we present here, we consider the solvents settling
as moving forward in time and mixing the contents of a vessel as moving backwards

through time. This ExT uses Gaussian distributions to represent the solvent layers.

For solvents Ly, Lo, ..., L,, the center of solvent L;, or mean of the Gaussian, is given
by
HL; = (t - tmix) Z (DLj - DLi)a (89)
j=1#i

where t,; < ¢ is the time value assigned to a fully mixed solution and Dy, is the

density of L;. The spread of solvent L;, or the variance of the Gaussian, is given by

e, (8.10)

While these solvents separate, the solutes are being dispersed based on their relative

polarities and amounts of the solvents. In the ExT, the relative solute amount at time
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t in solvent L is defined by

7

S (t) + LHmie (Sp 0 — SE(H)) t <t

tlftmix

Spie =19 Si(t) + Spy — Si(t) t>t

\SL’t, t = t/

with t/ =t — At and

* [L] ) 30(tmix—t)
S7t)=11|S e \mix T
0= (s,
1— |Ps—Pr|
2iec [Ps— Pl (1- eSO(tmiX—t))
1 _ Zlec[l”PS_Pl\
(CecDClies IPs—PL)

Y

(8.11)

(8.12)

where [X] is the total concentration of X in the vessel, £ is the set of all solvents in

the vessel, and Py is the polarity of X.
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