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Abstract

In this thesis, we address a multi-objective personnel scheduling problem where per-

sonnel’s workload is uncertain and propose a two-stage robust modelling approach

with demand uncertainty. In the first stage, we model a multi-objective person-

nel scheduling problem without incorporating demand coverage and, in the second

stage, we minimize over or under-staffing after the realization of the demand and

the assignments from the first stage. Two solution approaches are introduced for

this model. The first approach solves the proposed model through a cutting plane

strategy known as Benders dual cutting plane method, and the second approach

reformulates the problem based on the strong duality theory. As a case study, the

proposed model and the first solution approach are applied to an existing scheduling

problem in the pathology department at The Ottawa Hospital. It is shown that the

proposed model is successful at reducing the unmet demand while maintaining the

performance with respect to other metrics when compared against the deterministic

alternative.
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Chapter 1

Introduction

Many decision support tools are developed based on deterministic models. Although

in some cases they may have satisfactory performance, depending on different fac-

tors, the derived solution can be inaccurate and even infeasible. This inaccuracy

is usually due to a parameter’s deviations from its assumed value in the theoreti-

cal model. These deviations can threaten the accuracy of the model and make the

outcome undesirable [1]. In situations where uncertainty has a strong impact on

the outcome of the problem, incorporating the uncertainty in the model could be

very beneficial. Over the past few decades, different problems under uncertainty

have been studied and different approaches have been developed. Here we focus on

personnel scheduling problems under uncertainty.

Personnel scheduling is one of the most popular problems that has been studied

since the 1950s. Although many researchers have ignored the uncertainty, the need

to arrive at more reliable solutions cannot be ignored. Ever-increasing labor costs is

only one of the reasons why scheduling processes would benefit from a more realistic

method of modelling. This need is intensified when the staff are skilled and when

the quality of service is very important.

While researchers have defined different stages for personnel scheduling or what

is referred to as “rostering” [2][3], they mostly outline two steps: first, determine

the workload, and second, allocate staff to the required workload. Researchers

have confronted three sources of uncertainty throughout these steps: uncertainty in
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service times, uncertainty in arrivals, and uncertainty in capacity (manpower) [4].

In the next chapter, two of the most frequent approaches for handling uncertainty

are explained.
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Chapter 2

Literature Review

Several strategies to deal with different types of uncertainty have been developed

over the past few decades. In a conventional approach known as stochastic program-

ming, the distribution of an uncertain variable is realized based on historical data,

and the probabilistic values for the next planning horizon are forecasted. Then,

an optimization model solves the problem over a set of scenarios derived from the

probabilistic values. This results in a stochastic program which includes the pa-

rameter’s uncertainty. Stochastic programming is a popular approach that has been

applied to many problems. In spite of that, this approach is considered impractical

in many applications. One of its main challenges is that stochastic programming

can be intractable and computationally challenging as the number of scenarios in-

creases. Another challenge with the application of this method is to find the exact

distribution of the uncertain variable(s) when there is little information available

about it. Even with enough historical data, the variable’s behaviour may change

over time and tracking its values may not be practical.

2.1 Stochastic Programming

Despite its limitations, stochastic programming has been successfully applied for

many years to different problems. Here we briefly mention some of the applica-

tions involving personnel scheduling and assignment decisions. Morton et al. [5]
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use stochastic programming in order to model an employee scheduling problem in

a production environment and utilize a Bayesian forecasting model to describe ma-

chine availabilities and production rates. Parisio et al. [6] use a two-stage stochastic

programming approach to generate multi-task employee schedules for retail outlets

where the demand for sales is uncertain. In the first stage, an initial employee as-

signment is made and, in the second stage, the decision compensates for deficiencies

in the schedule after observing demand realizations by recalculating under-staffing

and over-staffing levels for each task. Punnakitikashem et al. [7] use a stochastic

integer programming model to minimize the excess workload of nurses and staffing

costs in an integrated nurse staffing and assignment problem. They apply three

solution approaches which are Benders decomposition, Lagrangian relaxation with

Benders decomposition, and a heuristic based on nested Benders decomposition.

2.2 Robust Optimization

In the early 1970s, another approach to handle uncertainty called Robust Optimiza-

tion was introduced [8]. The goal was to protect the model against the worst-case

scenario(s) arising from realizations of the variables. These realizations are assumed

to have known bounds and belong to a known set called the uncertainty set. There-

fore, a robust model is not stochastic but rather deterministic and set-based [9].

Depending on the problem and the uncertain parameters, different structures for

modelling the uncertainty set have been proposed. In 1998, robust optimization was

further discussed by Ben-Tal et al. [10]. They proposed ellipsoidal uncertainty sets

that lead to more computationally tractable models. A few years later Bertsimas

et al. [11] proposed a robust optimization approach where the uncertain parame-

ters belong to polyhedral uncertainty sets, which has further advantages in terms

of tractability for large-scale problems. Since then, many researchers have followed

their work and applied robust optimization in different problem settings, including

personnel scheduling and assignment problems.

For example, Chen et al. [12] describe a two-stage algorithm to determine minimum

medical staff levels and staff schedule separately. In the first stage, they adopt a
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robust approach to determine the minimum number of staff under uncertain demand

for service. In the second stage, they define hard and soft constraints for a monthly

medical staff schedule and apply the Analytic Hierarchy Process (AHP) to determine

the penalty for each soft constraint. Zhen [13] considers a task assignment problem

under workload uncertainty and proposes both a stochastic programming model

and a robust optimization model for this problem. He concludes that the robust

optimization model can find a good solution, that is near to the optimal solution

for the stochastic programming model, by appropriately adjusting the degree of

conservatism (an adjustable parameter which allows decision-maker to change the

level of conservatism). Carello et al. [14] apply a robust approach to a nurse-to-

patient assignment problem involving continuity of care considerations. Their model

assumes demand for care is uncertain and its values belongs to a polyhedral set. It

is concluded that the robust model has a better performances in terms of overtime

costs and fairness in nurses’ workload in comparison to the deterministic version of

the model. Liao et al. [15] formulate a staffing problem in a call center setting to

minimize the total operating cost with uncertain and non-stationary arrival rates as

both a stochastic model and a robust optimization model. They conduct a numerical

study and use real data from a hospital in order to evaluate and analyze the results

from the two approaches. Tang et al. [16] describe a robust model to solve a

surgery capacity allocation problem with demand uncertainty, that seeks to minimize

the revenue loss from a shortage of allocated OR resources. They also compare

the robust approach with a scenario-based stochastic optimization approach and

show that the robust optimization approach outperforms stochastic optimization on

limiting the worst-case outcome of the surgery capacity allocation problem.

2.2.1 Adjustable Robust Optimization

Frequently, for many different problems, the decision-making process under uncer-

tainty can be decomposed into multiple steps [17]. While robust optimization yields

a static solution for problems, a multi-stage robust optimization approach or what is

referred to as Adjustable Robust Optimization (ARO) can provide better solutions

by allowing more flexibility. The adjustable robust optimization approach proposed
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by Ben-Tal et al. in 2004 [18] is a dynamic approach which divides variables into

two types: adjustable (wait-and-see) and non-adjustable (here-and-now). The val-

ues for here-and-now variables should be specified at the first stage, whereas the

model allows wait-and-see variables to adjust after the realization of at least some

of the uncertainty. Furthermore, an Adjustable Robust Counterpart (ARC) of a

problem is significantly less conservative than the usual robust counterpart. This

is because allowing the wait-and-see decisions to change according to the realized

data provides more flexibility to the decision making process. More precisely, “ARO

yields optimal objective values that are at least as good as those obtained using the

standard RO approach” [19].

Mattia et al. [20] describe a two-stage adjustable robust model for shift scheduling

at a call center. In the first stage, the staff assignment cost is minimized and, in

the second stage, they minimize the worst-case reallocation cost. The uncertainty

set in this problem has a special structure that comprises the dependency between

variations in consecutive time slots. They test the efficiency of their model and the

solution approach on real data, from a large distributed call center. Neyshabouri

et al. [21] propose a two-stage robust optimization model for surgery scheduling to

address the uncertainty in surgery durations and patients’ length-of-stay. In the first

stage, their model assigns patients to surgery blocks and in the second stage, the

model minimizes the worst-case scenario in terms of overtime and denied admission

costs.

2.3 Solution approaches

Several approaches have been developed to solve robust or adjustable robust opti-

mization problems. According to Zeng et al. [22], these solution approaches can be

classified into two main groups: approximations and exact reformulations.
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2.3.1 Approximations

In general, adjustable robust models are intractable and hard to solve. To deal with

this issue, Ben Tal et al. [18] propose a special form of ARC where the second-stage

decision variable (i.e., the wait-and-see variable) can be written as an affine func-

tion of the uncertain parameter(s). The adjustable robust counterparts containing

affine functions in their second-stage variables are called Affinely Adjustable Ro-

bust Counterpart (AARC). In [19], Yanikoglu et al. describe a small example of

an AARC model for an inventory problem where the production in a time period

depends affinely on the demand from the previous time periods.

2.3.2 Exact reformulations

An exact reformulation of a robust counterpart can be obtained using approaches

such as vertex enumeration algorithm introduced by Bienstock and Ozbay [23],

cutting plane algorithms, or reformulation of each constraint.

The vertex enumeration algorithm is applicable only when the uncertainty set is a

finite set [24]. This method, which is also called the implementer-adversary algo-

rithm, is a variant of the Benders decomposition. As an example, Tang et al. [16]

solve a robust surgery capacity allocation problem with the implementer-adversary

algorithm.

Also, applying the reformulation per constraint approach is applicable when the

second stage of the problem contains small number of extreme points in its convex

hull. An instance of an application of this approach can be found in [25].

Cutting Plane methods

When an approximation or a reformulation approach is not applicable due to the

structure of the problem, solving adjustable robust models with a cutting plane al-

gorithm is a popular strategy. Several cutting-plane methods have been proposed

over the past few years to deal with two-stage robust problems. For example, Gabrel

et al. [26] propose a mixed integer programming formulation to solve a problem that
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involves a quadratic second stage. Their cutting plane method is based on Kelley’s

cutting plane approach [27] and defines a tight bound for their model. As a numer-

ical experiment, they present a two-stage robust location-transportation problem.

Bertimas et al. [28] propose a two-level solution methodology based on a combina-

tion of Benders decomposition and the outer approximation technique to decompose

the overall two-stage problem into a master problem corresponding to the first-stage

decisions at the outer level and a bilinear sub-problem corresponding to the second-

stage actions at the inner level, which is solved by an outer approximation approach.

Jiang et al. [29] study a two-stage robust integer programming model which ad-

dresses the unit commitment (UC) problem under supply and demand uncertainty.

They solve this problem with both an exact solution approach and a heuristic ap-

proach that provides a tight lower bound.

Zeng et al. [13] propose a column-and-constraint generation method which dynam-

ically generates cuts that are defined by a set of created recourse decision variables

in the form of constraints in the recourse problem. This procedure is implemented

in a master-subproblem framework. They implement and test their method on a

location-transportation problem.

Due et al. [30] propose a two-stage adjustable robust model for a facility location

problem that minimizes the maximum transportation cost between an opened fa-

cility and a client under different scenarios. They provide three solution methods

for this problem: a linear integer reformulation, a benders dual algorithm, and a

column-and-constraint generation method. They conclude that the performance of

the Benders dual method is the best for most of the instances, whereas the column-

and-constraint generation algorithm is competitive and faster for the larger ones.

Terry et al. [31] propose three cutting plane methods to solve robust models with re-

course and right-hand-side uncertainty. The first method is a cutting-plane method

based on Kelley’s cutting plane algorithm [27], the second one is an Analytic Center

Cutting-Plane Method (ACCPM), and the third is a subgradient algorithm. They

show that the performance of Kelley’s cutting-plane algorithm is far better than

both the ACCP and the subgradient methods in solving a newsvendor problem with

simple recourse.
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2.4 Personnel scheduling problems and schedule

preferences

For many companies, reducing labor costs is a major incentive that motivates them

toward implementing a new staff schedule. Thus, in many staff scheduling problems,

the main objective is to minimize costs. However, this needs to be balanced with

meeting the employee needs and preferences and providing quality service.

A comprehensive literature review on personnel scheduling problems by Van den

Bergh et al. [4] outlines model constraints that cover staff preferences, schedule flex-

ibility, and performance. They categorize these constraints as coverage constraints,

time-related constraints, fairness constraints, and balance constraints.

The coverage constraints ensure that there are enough staff for every shift, task, or

time slot during the entire planning period [32]. These constraints can be incor-

porated into the schedule as soft or hard constraints depending on the problem’s

requirements. Hard constraints are the regulations or conditions that cannot be

changed whereas soft constraints may be violated but at a cost [12]. While in most

studies the coverage constraints are modelled as hard constraints [4], there are prob-

lems where under-staffing is allowed and the model penalizes deviations from the

forcasted demand for service. In what follows, we mention some of many studies

that focus on department or staff preferences and incorporate these conditions in

multi-objective programming approaches in personnel scheduling problems.

Topaloglu et al. [33] present a goal programming approach for a tour scheduling

problem that models coverage as a soft constraint. In addition to coverage, the

model takes into account personnel working hour preferences, shift type preferences,

and employee’s weekend-off request as soft constraints. Chen et al. [12] consider

personnel preferences as soft constraints in a medical staff scheduling problem and

apply the Analytic Hierarchy Process (AHP) to determine the penalty for every

soft constraint. Topaloglu in [34] proposes a multi-objective programming model to

schedule emergency medicine residents which penalizes the deviations from each goal

in the objective function. The goals include the residents’ working days, weekends-
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off and the fairness in the distribution of positions. The weights in the objective

function are determined by the AHP method using pairwise comparisons. In [35],

Li et al. propose a hybrid approach consisting of goal programming and a meta-

heuristic search for multi-objective scheduling problems such as a nurse rostering

with many hard and soft constraints. The soft constraints include preferences for

shifts, number of working days, and avoiding certain types of shift successions.

Azaiez et al. [36] also propose a goal programming approach for nurse scheduling

where the objective function penalizes the weighted deviations from the problem’s

preferences.
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Chapter 3

Research Gap

Uncertainty is an inevitable factor in real-world problems. In a personnel schedul-

ing problem, uncertainty can emerge from different sources such as service times

(durations), arrivals(service requests), and capacity (manpower). In most cases, the

uncertainty in arrivals is coupled with the uncertainty in service times [4]. In this

research, we will refer to both as the uncertainty in demand.

In two-stage problems, the second stage allows the decision-maker to postpone some

decisions until after the uncertainty is realized. Since this helps to compensate for

any deficiencies caused by the uncertain data, the wait-and-see variable is also called

the recourse variable. In the same way, the second-stage objective function is also

called the recourse function.

In problems with demand uncertainty, usually the recourse function deals with the

unmet demand. Since robust problems with recourse consider the worst case, cov-

ering the unmet demand while maintaining the same level of objective value may

not be possible. Mostly in problems with recourse, the first-stage objective is to

minimize cost. Therefore, when the level of robustness of the problem changes, the

cost changes accordingly.

It frequently arises in the literature that authors study scheduling under demand

uncertainty where the first stage objective is to minimize the cost associated with

that schedule. Then, in the analysis section, they investigate the relationship be-

tween solution’s robustness and the cost associated with that robust decision. To
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our knowledge, there have been only a few studies where, in a multi-objective con-

text, the relationship between robustness and its effects not on schedule’s costs, but

to metrics representing schedule’s goals is investigated. In this research, we consider

a robust multi-objective staff scheduling problem with recourse and demonstrate

the relationship between robustness of demand coverage and the performance of the

schedule with respect to the other goals such as personnel preferences, utilizations,

staff’s workload, etc.

12



3.1 Research questions

To bridge the gap mentioned in the previous section, we need to answer the following

questions:

1. How can one find an adjustable robust solution for a multi-objective staff

scheduling problem under uncertain demand?

2. How different is the solution to the deterministic model from its robust coun-

terpart?

3. How does robustness in demand coverage in a multi-objective staff scheduling

problem affect other goals of that problem?

In order to answer the above questions, we formulate and solve a robust staff schedul-

ing model with recourse. Here is an outline of the structure of this thesis: Chapter

4 depicts a general multi-objective staff scheduling problem and describes the steps

required to formulate its adjustable robust counterpart. After that, it proposes so-

lution approaches to solve the adjustable robust model. Chapter 5 introduces a

case-study based on a personnel scheduling problem faced by the Pathology Depart-

ment at The Ottawa Hospital and describes the application of the proposed model

and solution approach to this problem. Chapter 6 presents results, analyses and

conclusions obtained from solving the robust staff scheduling model.
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Chapter 4

Methodology

Consider a multi-objective personnel scheduling problem with demand uncertainty.

Let P be the set of personnel, T the set of tasks, and D the set of days in a planning

horizon. The decision variable xptd represents the amount of demand from task t

assigned to person p on day d. Assume the model should satisfy |I| number of

schedule goals, each represented by function Fi and target Ti, and the problem’s

objective function minimizes any deviation from ith ∈ I goal:

min
x,h

∑
i∈I

mi

(
µ1
ih

+
i + µ2

ih
−
i

)
s.t. Fi(x) + h+i − h−i = Ti ∀i ∈ I

x ∈ S h+, h− ∈ R+

(4.1)

where S is the region created by the problem’s constraints, mi is the weight corre-

sponding to the ith goal, and µ1
i and µ2

i are binary coefficients for hi for including

or excluding the variables. Assume one of the problem’s constraints is the demand

coverage constraint represented in (4.2), where its target is demand btd for task t on

day d: ∑
p∈P

xptd + h+td − h
−
td = btd ∀t, d (4.2)

In this research, we model and solve an adjustable robust counterpart of the above

problem when demand is uncertain. The solution of the proposed ARO model will

not only be protected against changes in the uncertain demand, but it will also

improve the solution after the realization of the demand using a recourse function.
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In previous sections, some advantages of robust optimization over stochastic pro-

gramming were mentioned. Once again, the reasons to choose robust optimization

over stochastic programming for modeling the above problem can be summarized

as follows:

• Robust optimization can result in more computationally tractable models in

comparison with stochastic approaches. This is because robust models opti-

mize over an uncertainty set rather than over the distribution of the uncer-

tainty. This deficiency in stochastic models is magnified in large-scale problems

due to the so-called “curse of dimensionality”.

• The scheduling process can happen months in advance when there is little in-

formation available about the demand. Robust optimization allows modelling

when there is little available information about the uncertain parameter.

• Uncertainty in a robust model can be introduced in the form of a polyhedron

(polyhedral uncertainty) or an ellipsoid (ellipsoidal uncertainty). This corre-

sponds to having infinite sets of scenarios [17] and thus providing stronger

confidence in the robustness of the solution.

The reasons for modeling the problem as an adjustable robust model are as follows:

• ARO allows decision making in more than one stage. If an important de-

cision depends on uncertain data, the recourse function or the second-stage

objective function can help compensate for the unpredictable variations of the

uncertainty.

• ARO is less conservative than the classic RO approach. This is also due to

having a recourse function since a final decision is made after adjusting the

recourse variable.

• A one-stage reformulation cannot be applied to the mentioned problem, since

the uncertainty is placed in the RHS of an equality constraint, which causes

the robust single stage problem to be infeasible [20].
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• And finally, a static solution often does not correspond to what is done in

practice since all the staffing levels that were computed before the realization

of the demand may be adjusted when the real demand becomes available [37].
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4.1 Definition of the first and second stages

This section outlines the steps required to develop a multi-objective robust staff

scheduling model with recourse. First, we define the here-and-now and wait-and-see

variables and then we state the formulation for each stage.

4.1.1 Adjustable and non-adjustable variables

One possible way to formulate the adjustable robust counterpart of model (4.1) is

to initially assign tasks to staff in the first stage, without considering the demand

and the coverage constraints. Then, as a recourse function, we can minimize the

amount of over-staffing and under-staffing after the realization of the uncertainty.

In that case, the first-stage variable is the assignment variable from model (4.1),

denoted by xptd. It is assumed that the demand is the same every day, so the index

d is deleted from variable x in formulations (It is possible to remove this assumption

with only minimal changes to formulation). We define the second-stage variables Ut

and Ot ∈ R+ as the amount of under-staffing and over-staffing after the realization

of the demand for task t.

4.1.2 The first stage

Assume there is a number of goals for this scheduling problem and one of them is to

meet the demand. For the sake of simplicity, we lump the penalties corresponding

to the rest of the goals of the objective function into term J(h) and represent the

constraints related to them by set S. Thus, the two-stage robust model would be:

min
x,h

J(h) +Q(x, b)

s.t. x ∈ S
(4.3)

where Q(x, b) is the recourse function or the second-stage objective function and

represents the minimum value for over-staffing or under-staffing over all tasks after

the realization of the demand.
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4.1.3 The second stage

Assume in a day, we realize that the demand for task t is bt. Our assignments from

the first-stage model for that specific day are xpt, and the difference between demand

and the total amount of demand assigned to staff for each task is [bt −
∑

p∈P xpt].

We can write the recourse function as:

Q(x, b) = min
U,O

∑
t∈T

(
w1 Ut + w2 Ot

)
s.t. Ut −Ot = bt −

∑
p∈P

xpt ∀t ∈ T

U , O ∈ R+

(4.4)

where w1 and w2 are the weights penalizing over-staffing and under-staffing, re-

spectively. The recourse function Q(x, b) minimizes the amount of over-staffing and

under-staffing after observing the demand for different tasks. Recall that after the

first stage both the assignments and the demand are realized. Therefore, in the

above second-stage model, xpt and bt are parameters.

Before proceeding any further, we need to define the uncertainty set. As stated

earlier, robust models introduce non-stochastic uncertainties confined to a set known

as the uncertainty set. The structure of this set for the problem at hand is described

in the following section.

4.1.4 Uncertainty set structure

Uncertainty sets can be defined in different structures. We follow Bertsimas and

Sim’s work in [38] and assume that the demand vector on each day belongs to a

polyhedral uncertainty set B where:

B = {b : bt = bt + b̂tet , ∀t ∈ T | e ∈ E} (4.5)

and we define set E as:

E = {e :
∑
t∈T

et ≤ Γ , 0 ≤ et ≤ 1 , ∀t ∈ T} (4.6)
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where bt is the demand’s nominal value and b̂t is the maximum deviation of bt ∈

[bt , bt + b̂t] ∀t ∈ T .

Γ is called the budget of uncertainty and determines the level of conservatism in a

robust model. This parameter can take values between 0 and |T |. If Γ = 0, then

all the et values will be zero. This will result in forcing all bt to have their nominal

values which means there will be no protection against uncertainty. By contrast if

Γ = |T |, all of the et values and as a result, all of the bt values are free within their

corresponding bounds, which yields a very conservative solution [39].

Since the purpose of this research is to create a schedule with a more robust solution

that can yield more coverage against higher demand realizations in the day of the

practice, the proposed uncertainty set (which is a one-sided uncertainty set) protects

model’s solution against the realizations of the demand that need higher levels of

staffing. If in a multi-objective model, the other parts of the objective function con-

trol not to over-utilize resources, covering higher realizations of the demand would

be desirable for a robust model. After that, balancing between resource utilization

and demand coverage can be achieved by adjusting the budget of uncertainty (Γ).
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4.2 The robust personnel scheduling model with

recourse

Recall that the recourse function is:

Q(x, b) = min
U,O

∑
t∈T

(
w1 Ut + w2 Ot

)
s.t. Ut −Ot = bt −

∑
p∈P

xpt ∀t ∈ T

U , O ∈ R+

(P )

In the above model, the realized demand b ∈ B takes a value in the uncertainty

set described in the previous section. As a robust model, the solution must re-

main feasible for almost any value of the uncertain demand in set B. Since robust

optimization is based on an adversarial approach which considers the worst-case

scenario, the solution of this model must remain feasible for any realization of the

demand, including when it takes its maximum values which makes the coverage the

most difficult. In light of this, we need to maximize the demand in Q(x, b) over set

B:

min
U,O

∑
t∈T

(
w1 Ut + w2 Ot

)
s.t. Ut −Ot = max

b
bt −

∑
p∈P

xpt ∀t ∈ T

U, O ∈ R+

(4.7)

In model (4.7), the source of uncertainty bt is in the right-hand-side of the constraint.

This type of uncertainty is referred to as column-wise uncertainty and was first

introduced by Soyster [8]. Unlike the row-wise uncertainty discussed by Ben-Tal [10]

and Bertsimas [38] that assumes that each row of the constraint matrix belongs to

a known uncertainty set consisting of an ellipsoid or a polyhedron, Soyster assumes

that each column of a constraint matrix is either exactly known or supposed to

belong to a given uncertainty set [40]. As some considered Soyster’s modelling

approach too conservative, they tried to change the column-wise uncertainty to a

row-wise uncertainty by writing the dual of the problem, which in our case, can bring

the uncertainty from the right-hand-side of the constraint to the objective function
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[40]. As a result, we can define the uncertainty set as an ellipsoid or a polyhedron

and introduce the budget of uncertainty, which leads to a less conservative solution.

Notice that Q(x, b) is feasible and bounded. By strong duality, we can rewrite Q(x, b)

and write the dual of (P ) as:

Q(x, b) = max
y

∑
t∈T

(bt −
∑
p∈P

xpt) yt

s.t. − w2 ≤ yt ≤ w1 ∀t ∈ T
(D)

where yt is the dual variable. We can now maximize the demand over set B and

write Q(x) = maxb∈B Q(x, b) as:

Q(x) = max
b∈B, y

∑
t∈T

(bt −
∑
p∈P

xpt) yt

s.t. − w2 ≤ yt ≤ w1 ∀t ∈ T
(4.8)

By placing maxb∈B Q(x, b) in the two-stage problem, the robust version of problem

(4.3) is as follows:

min
x,h

J(h) +
∑
d

max
b∈B

Q(x, b)

s.t. x ∈ S
(4.9)

By introducing an auxiliary variable λ, we can write the recourse functions maxb∈B Q(x, b)

as a constraints and rewrite the two-stage problem as:

min
x,h

J(h) + λ

s.t. λ ≥ Q(x, b) ∀b ∈ B

x ∈ S λ ∈ R+

(4.10)

or alternatively:

min
x,h

J(h) + λ

s.t. λ ≥ max
y

∑
t∈T

(bt −
∑
p∈P

xpt)yt ∀b ∈ B

− w2 ≤ yt ≤ w1 ∀t ∈ T

x ∈ S λ ∈ R+

(4.11)
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where λ represents the (weighted) worst-case over-staffing or under-staffing after the

first-stage decisions. The above model is intractable in its current form due to the

infinite number of constraints (∀b ∈ B). There are several strategies to reformulate

and solve the above problem that were introduced in Chapter 2. In what follows, we

refer to two approaches, one cutting plane and one reformulation method to solve

problem (4.11).
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4.3 First approach: Benders dual cutting plane

In this section, we explain an iterative row generation strategy known as Benders-

dual cutting plane algorithm for solving robust models. This algorithm starts with

a relaxed version of the problem with a finite number of constraints and iteratively,

adds more cuts (i.e. constraints) until optimality is reached. This method is based

on a master-subproblem framework and is a variant of the general Benders decom-

position. In our case, the master problem is a relaxation of the two-stage robust

model (4.11) starting with a finite number of its constraints, and the sub-problem

is the inner-problem in model (4.11). Therefore, we can write the master problem

(MP) as follows:

(MP ) : min
x, λ

J(h) + λ

s.t. λ ≥
∑
t∈T

(ḃti −
∑
p∈P

xpt)ẏti ∀i ≤ j

x ∈ S λ ∈ R+

(4.12)

where x, h, and λ are the master problem’s variables. The above problem represents

the MP at iteration (j + 1), which includes j cuts generated in previous iterations.

The values of ḃtdj and ẏtdj are the solutions from the sub-problem (SP) in the jth

iteration which corresponds to:

(SP ) : Q(x) = max
b∈B, y

∑
t∈T

(bt −
∑
p∈P

ẋpt(j))yt

s.t. − w2 ≤ yt ≤ w1 ∀t ∈ T
(4.13)

where b and y are the decision variables in the sub-problem and ẋpt(j) is the solution

obtained from the master problem in the jth iteration. At each iteration, the sub-

problem introduces a new realization of the demand to the master problem so that

the problem incorporates that specific demand realization.

The sub-problem is a bilinear optimization model which is in general NP-hard [41].

There are several strategies to reformulate the above model. We consider the ap-

proach proposed by Thiele et al. [25] specific to problems with the same structure

as the second-stage (simple recourse). This strategy is illustrated in Section 4.3.1.
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While solving the MP and the SP iteratively, the value of the objective function

in the master problem provides a lower bound for the objective function of the

two-stage problem, and by replacing λ with the second-stage objective function, it

provides an upper bound for the objective function of the two-stage problem. The

process of generating cuts and solving the two problems continues until the gap

between the lower bound and the upper bound is less than a predefined constant.

To summarize, we provide a step-by-step algorithm based on the algorithm men-

tioned by Zeng et al. in [22] where LB and UB denote the lower and upper bound

of the two-stage problem’s objective value, j is the iteration number, and ε denotes

the stopping criteria value (tolerance gap):

Algorithm 1: Benders-Dual Cutting Plane Algorithm

Initialization: Set LB = 0, UB =∞, and j = 0

Step 1: Solve the master problem (4.12) and obtain the optimal solution

(ẋj+1, λ̇j+1, ḣj+1)

Step 2: Update the lower bound LB = J(ḣj+1) + λ̇j+1

Step 3: Solve the sub-problem SP and obtain the optimal solution

(ḃj+1, ẏj+1).

SP : max
b∈B, y

∑
t∈T

(bt −
∑
p∈P

ẋpt(j+1))yt

s.t. − w2 ≤ yt ≤ w1 ∀t ∈ T

Step 4: Update UB = min
{
UB , J(ḣj+1) +Q(ẋj+1)

}
Step 5: If UB−LB

LB
≤ ε, return ẋj+1 and terminate. Otherwise, update j = j + 1

and go to step 1 with the addition of the following constraint to the MP.

λ ≥
∑
t∈T

(
ḃt(j+1) −

∑
p∈P

xpt
)
ẏt(j+1)

Here we have the complete recourse property that the sub-problem is always feasible

for any given value of x and b. This is because the sub-problem is simply calculating
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the over or under-staffing for a given set of x and a realized set of b, and it does not

specify any bounds for the variables.

4.3.1 Reformulating the sub-problem

In this section, we follow the method developed by Thiele et al. in [25] for computing

the sub-problem Q(x). Recall that the structure of the sub-problem is:

SP : Q(x) = max
b∈B, y

∑
t∈T

(bt −
∑
p∈P

x̂pt(j−1))yt

s.t. − w2 ≤ yt ≤ w1 ∀t ∈ T
(4.14)

The constraint in the above model implies that each yt should take either its lower

bound value −w2, or its upper bound value w1. In light of this, we can rewrite Q(x)

as:

Q(x) = max
b∈B

∑
t∈T

[
max

{
w1(bt −

∑
p∈P

xpt) , w2(
∑
p∈P

xpt − bt)
}]

(4.15)

Recall that the structure of set B is:

B = {b : bt = bt + b̂tet , ∀t ∈ T | e ∈ E}

E = {e :
∑
t∈T

et ≤ Γ , 0 ≤ et ≤ 1 , ∀t ∈ T}
(4.16)

which is a convex set. Given an integer budget of uncertainty Γ, maximizing over

the set B would result in having Γ number of (bt = bt + b̂t) and |T | − Γ number of

(bt = bt). We can define a new parameter ∆t as:

∆t = max
{
w1(bt + b̂t −

∑
p∈P

xpt) , w2(
∑
p∈P

xpt − bt)
}

−max
{
w1(bt −

∑
p∈P

xpt) , w2(
∑
p∈P

xpt − bt)
}

(4.17)

The first maximum term in ∆t represents the unmet demand for task t given the

assignments from the first stage if bt reaches its upper bound in the second stage.

In the same way, the second maximum term represents the unmet demand for task

t given the assignments from the first stage if bt stays at its nominal value in the

second stage.
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Since all of the terms in the above equation are realized after the first-stage, we can

use ∆t and reformulate Q(x) as:

Q(x) = max
b∈B

∑
t∈T

max
{
w1(bt −

∑
p∈P

xpt) , w2(
∑
p∈P

xpt − bt)
}

=
∑
t∈T

max
{
w1(bt −

∑
p∈P

xpt) , w2(
∑
p∈P

xpt − bt)
}

+ max
e∈E

∑
t∈T

∆tet

(4.18)

We can rewrite equation (4.18) as:

Q(x) =
∑
t∈T ′

max
{
w1(bt + b̂t −

∑
p∈P

xpt) , w2(
∑
p∈P

xpt − bt)
}

+
∑
t/∈T ′

max
{
w1(bt −

∑
p∈P

xpt) , w2(
∑
p∈P

xpt − bt)
}

(4.19)

where T ′ is the set of indices for the first Γ tasks, if we sort the tasks based on their

∆t values in a descending order.

Equation (4.19) indicates that model Q(x) takes the demand for tasks with larger ∆t

to their extreme values and leaves the rest of the demand at their nominal values. In

equation (4.18), the variable et determines whether a task’s demand should deviate

from its nominal value.

Recall that variable x is determined in the first-stage. Thus, we can specify the

values for the worst-case demand bt in model (4.19) as follows:

bt =


bt + b̂t if t ∈ T ′ and w1(bt + b̂t −

∑
p xpt) ≥ w2(

∑
p xpt − bt)

bt if t ∈ T ′ and w1(bt + b̂t −
∑

p xpt) < w2(
∑

p xpt − bt)

bt if t /∈ T ′

(4.20)

and the values for the dual variable yt can be summarized as:

yt =



w1 if t ∈ T ′ and w1(bt + b̂t −
∑

p xpt) ≥ w2(
∑

p xpt − bt)

−w2 if t ∈ T ′ and w1(bt + b̂t −
∑

p xpt) < w2(
∑

p xpt − bt)

w1 if t /∈ T ′ and w1(bt −
∑

p xpt) ≥ w2(
∑

p xpt − bt)

−w2 if t /∈ T ′ and w1(bt −
∑

p xpt) < w2(
∑

p xpt − bt)

(4.21)

We can now implement the benders-dual cutting plane algorithm on our two-stage

problem.
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4.4 Second approach: Reformulation

If Q(x) includes a relatively small number of extreme points in its feasible region, we

can reformulate the two-stage problem as a linear optimization problem [42]. Recall

that Q(x) was:

Q(x) = max
b∈B, y

∑
t∈T

(
(bt −

∑
p∈P

xpt)yt

)
s.t. − w2 ≤ yt ≤ w1 ∀t ∈ T

(4.22)

Considering the possible values of variable y, it is straightforward to see that the

convex hull corresponding to the above model has 2|T | extreme points. If we define

set I as I = {1, 2, ..., 2|T |}, we can introduce yit (i ∈ I) as the coefficients for

(bt −
∑

p xpt) in the ith scenario and we have:

Q(x) = max
b∈B

max
{∑

t∈T

(bt −
∑
p∈P

xpt)y
1
t ,
∑
t∈T

(bt −
∑
p∈P

xpt)y
2
t , ... ,

∑
t∈T

(bt −
∑
p∈P

xpt)y
2t

t

}
(4.23)

Or alternatively, we can write:

Q(x) = max
b∈B

max
i∈I

{∑
t∈T

(bt −
∑
p∈P

xpt)y
i
t

}
(4.24)

If the number of tasks is small, we can enumerate all of the extreme points in the

solution space. Placing Q(x) into robust two-stage model, we have:

min J(h) + max
b∈B

max
i∈I

{∑
t∈T

(bt −
∑
p∈P

xpt)y
i
t

}
s.t. x ∈ S

(4.25)

By introducing the dummy variable λ, we can bring the 2|T | terms in the maximiza-

tion to the constraints. Thus, we have:

min J(h) + λ

s.t. λ ≥ max
b∈B

∑
t∈T

(bt −
∑
p∈P

xpt)y
i
t ∀i ∈ I

x ∈ S

(4.26)
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Recall that the demand values belong to set B. We can rewrite the inner maximiza-

tion in (4.26) as:

max
b∈B

∑
t∈T

(bt −
∑
p∈P

xpt)y
i
t =

∑
t∈T

(bt −
∑
p∈P

xpt)y
i
t + max

e∈E

∑
t∈T

b̂t|yit|et ∀i ∈ I (4.27)

Since the above problem is feasible and bounded, by strong duality, (4.27) is equiv-

alent to:

max
b∈B

∑
t∈T

(bt −
∑
p∈P

xpt)y
i
t =

∑
t∈T

(bt −
∑
p∈P

xpt)y
i
t + min

r,π

∑
t∈T

πt + Γr ∀i ∈ I

s.t. πt + r ≥ b̂t|yit| ∀t, i ∈ I

π, r ≥ 0 ∀t ∈ T

(4.28)

By substituting the above inner-model into (4.26), we have:

min
x

J(h) + λ

s.t. λ ≥
∑
t∈T

(bt −
∑
p∈P

xpt)y
i
t + min

r,π

∑
t∈T

πt + Γr ∀i ∈ I

πt + r ≥ b̂t|yit| ∀t, i ∈ I

x ∈ S π, r ≥ 0 ∀t ∈ T

(4.29)

We can remove the minimization term from the RHS of the above constraint since

it is sufficient for the constraint to hold for at least one π and r [19].

min
x, π r

J(h) + λ

s.t. λ ≥
∑
t∈T

(bt −
∑
p∈P

xpt)y
i
t +

∑
t∈T

πt + Γr ∀i ∈ I

πt + r ≥ b̂t|yit| ∀t ∈ T, i ∈ I

x ∈ S π, r ≥ 0 ∀t ∈ T

(4.30)

Now that the problem has been reformulated as an LP, we can simply call an opti-

mization solver to find an optimal robust solution to the problem.
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Chapter 5

A Case Study

To test our model, we apply the proposed robust model with recourse to a personnel

scheduling problem faced by the Department of Pathology and Laboratory Medicine

(DPLM) at The Ottawa Hospital. The DPLM, which employs 30 pathologists who

cover 20 subspecialties (tasks) had relied on manual scheduling to assign patholo-

gists to different tasks until 2015 when Montazeri et al. [43] developed an initial

deterministic scheduling model. In 2019, Patrick et al. extended this model by

incorporating six performance metrics that were recognized as “what comprises a

good schedule for the DPLM [44].

In both studies, the demand for each task is considered deterministic throughout

the planning period (which is 5 weeks long). The models, which are multi-objective,

assign pathologists to different tasks based on the forecasted demand while seeking

to satisfy the department’s needs and preferences. However, due to possible varia-

tions in the demand for the different subspecialties, the actual number of required

pathologists may differ from what is suggested by the deterministic model. The

deterministic model is successful at reducing the time required to develop a staff

schedule and at meeting the department’s needs; however, it could be more use-

ful to create a robust solution that is protected against possible variations in the

demand.

According to Ernst et al. [2], developing a personnel scheduling tool requires three

main steps. The first step is to model and forecast the demand for service based on
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the historical data, and to convert it to staffing levels required to meet the demand.

The second step is to determine the methodology and the solution approach for

satisfying all of the conditions and goals in the problem setting, and the last step

is to specify the reporting tool that displays the final solution. In the following

paragraphs, we will go through these three steps and compare them with the steps

required in scheduling the pathologists at TOH.

According to Patrick et al. [44], the first steps in scheduling the pathologists at the

DPLM was to forecast the expected daily arrivals of specimens requiring diagnosis

for each subspecialty for the entire planning period. After that, they translated this

information into a daily resource requirement, which was the number of required

pathologists for each subspecialty. These steps are in accordance with the first step

in a general personnel scheduling problem mentioned earlier. Because finding the

demand for service at the DPLM and translating it has been studied in the previous

works, we take it as predetermined in this study.

The next step in the pathology scheduling problem in [44] was to assign pathologists

to different subspecialties based some conditions, which mainly were to meet the

daily demand for service as well as the department’s conditions. This step is also

similar to the second step in the personnel scheduling problem explained by Ernst

et al. in [2]. In this research, we develop our MIP based on the deterministic model

introduced by Patrick et al. [44] for the pathology scheduling problem at the DPLM,

and incorporate the demand uncertainty on the existing model.

As the interface of the decision support tool which is the final stage of a personnel

scheduling problem, the pathologists’ schedule was returned to MS Excel in a form

familiar to the administrative assistant at the DPLM.

In what follows, we describe the main structure of the deterministic model and the

changes applied to it to make it suitable for the proposed robust approach.

The scheduling model proposed by Patrick et al. [44] introduces a unique set of

objectives or performance metrics which are added to the model as soft constraints

along with the model’s main constraints. These model’s objectives are listed below:

1. Demand coverage: Tracks missed assignments or unmet demand
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2. Utilization: Controls each pathologist’s workload

3. Back-to-back workload: Tracks occasions where the same task (subspe-

cialty) is given to the same pathologist two weeks in a row

4. Pathologist’s workload: Penalizes when a pathologist is given more than a

full-time-equivalent (FTE) amount of workload on a day

5. Schedule consistency: Tracks the consistency of the subspecialties assigned

to a pathologist throughout a week (consistency is defined as when a subspe-

cialty is given to a pathologist for the entire week)

6. Pathologist’s rotations: Penalizes schedules that do not rotate through a

pathologist’s rotation of tasks

Along with the soft constraints, the schedule must satisfy a number of conditions

which are incorporated into the model as hard constraints (see Appendix A for a

complete description of the model). These conditions can be listed as follows:

– Pathologists’ assignment to a specific task (subspecialty) cannot be greater

than 1 FTE (full-time equivalent) or between 0 and 0.1 of FTE.

– No pathologist is assigned to more than two subspecialties in a day

– No pathologist is given a pair of subspecialties on the same day unless that

pair is admissible (a pair of subspecialties is admissible when it is specified in

the “allowable combination” set by the department)

– The number of days a pathologist can be assigned to work in a week is re-

stricted

– Model can leave holidays and specific subspecialties unassigned as necessary

– Pathologists are not assigned to any subspecialty when they are unavailable

– Model provides the option to pre-specify certain full-time assignments
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– The number of pathologists assigned to each subspecialty in a week is restricted

– There are upper and lower bounds on the number of days a pathologist can

be assigned to a subspecialty in a four week span

– User can specify when a given pathologist will be given x number of weeks or

days off

– Specific pairings of subspecialties are not allowed even if the workload allows

it

– A subspecialty is not assigned to more than 3 pathologists in a day

The above constraints define the set S that was introduced earlier in the previous

chapter. The deterministic model follows a goal programming approach with six ob-

jectives, including demand coverage. The model’s objective function is to penalize

any deviations regarding the above criteria. In this chapter, we create the robust

version of this model which is formulated around the coverage constraint, and then

we apply the benders dual cutting plane method to solve it. In Chapter 6, we com-

pare the proposed model with its deterministic version and investigate the impact

of robustness on the other goals listed above.

5.1 The pathology scheduling problem

Let P denote the set of pathologists, T the set of tasks, D the set of days in

the planning horizon, and I = {1, 2} the set of assignment types (full-time and

part-time). The decision variable x1ptd is a binary variable representing whether

pathologist p is assigned full-time to task t on day d. This assignment is equivalent

to a full 8-hour daily shift. Similarly, the decision variable x2ptd is a binary variable

representing a part-time assignment of pathologist p to task t on day d. The amount

of workload (weight) for this part-time assignment is determined by the parameter

Wt = bt−bbtc, which is the fractional part of the demand for task t. In other words,

the model does not consider any part-time assignments unless the demand has a
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fractional part (in keeping with current practice). Here we reformulate this problem

similar to model (4.1):

min
x,h

J(h) +
∑
t∈T

∑
d∈D

δtd

s.t.
∑
p∈P

(
x1ptd +Wtd x2pt

)
+ δtd = btd ∀t, d

∑
p∈P

x1ptd ≤ bbtdc ∀t, d

∑
p∈P

x2ptd ≤ dbtde − bbtdc ∀t, d

x ∈ S

x ∈ {0, 1} δ ∈ R+

(5.1)

Again, for the sake of simplicity, we summarize all the other goals in the objective

function as J(h) and represent the constraints related to them by set S. Also, the

deviations regarding the coverage constraint in task t on day d is denoted by δtd.

In order to make this model robust, we need to change the decision variables from

binary to continuous assignments. The reasons for this change is mainly because of

the existence of the last two constraints in model (5.1), which define full-time and

part-time assignments:

• If we solve the model using the first approach (cutting plane), then we need

to bring the last two constraints of model (5.1) to the sub-problem as they

include the uncertain parameter btd. As a result of the existence of theses two

constraints in the sub-problem, its structure would not be a simple recourse

(where the decision-maker is addressing excess or shortage for each of the re-

quirements independently [25]). Consequently, the proposed approach, which

is specific to problems with simple recourse structure, would not be applicable

here.

Besides the above explanations, the complete recourse property (where the

sub-problem is always feasible) would not hold anymore and the Benders al-

gorithm would require feasibility cuts in addition to optimality cuts described

in Algorithm 1.

33



• The second approach, specifically applying the transition from model (4.27) to

model (4.28), will also not be applicable to this model in its current form. Since

model (5.1) and consequently, its inner-model have constraints that involve

both bt and xpt, reformulating the inner-model would not linearize the two-

stage problem and the dual of model (4.27) would still be non-linear.

The proposed change will result in eliminating the weight parameter (Wt) and the

last two constraints in model (5.1). Also, the decision variable xiptd ∈ {0, 1} will

change to decision variable xptd ∈ [0, 1] which is a continuous variable with the lower

bound of 0 FTE and the upper bound of 1 FTE. Applying these modifications, the

problem can be reformulated as follows:

min J(h) +
∑
t∈T

∑
d∈D

δtd

s.t.
∑
p∈P

xptd + δtd = btd ∀t, d

x ∈ S

x ∈ [0, 1] δ ∈ R+

(5.2)

which has a similar form as model (4.1) introduced earlier. Based on the proposed

approach for developing an adjustable robust model, and similar to problem (4.11),

the two-stage robust version of the pathology problem can be written as:

min J(h) +
∑
d∈D

λd

s.t. λd ≥ max
y

∑
t∈T

(bt −
∑
p∈P

xptd)yt ∀b ∈ B ∀d ∈ D

− w2 ≤ yt ≤ w1 ∀t ∈ T

x ∈ S

(5.3)

The main difference between the above pathology model and the two-stage model

proposed earlier is the planning periods. The pathology problem schedules for five

weeks, whereas model (4.11) schedules for only one day. As a result, the recourse

function of the pathology problem includes |D| number of λd, instead of only one.

We elaborate more on the differences in the next section.
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5.2 Solving the pathology scheduling problem

The Pathology Department assigns 32 pathologists to 21 tasks (subspecialties).

Since the number of tasks is not small, enumerating all of the extreme points in

the sub-problem is not practical. Therefore, we cannot apply the second proposed

solution approach which was to reformulate the two-stage robust problem.

In this section, we apply the cutting-plane strategy to the pathology problem with

two minor modifications:

First, we need to change λ to λd, which implies having separate recourse functions

for each day of the planning horizon. This is necessary since the first-stage creates

different sets of assignments, one for each day. Therefore, the recourse values must

be different for each day. We also consider first-stage and second-stage weights in the

master problem’s objective function, denoted by p1 and p2. The following equations

represent the MP and SP at the (j + 1)th iteration:

MP : minx, λ p1 J(h) + p2
∑
d∈D

λd

s.t. λd ≥
∑
t∈T

(ḃti −
∑
p∈P

xptd)ẏti ∀d ∈ D ∀i ≤ j

x ∈ S λd ∈ R+

(5.4)

The values of ḃti and ẏti are calculated based on equations (4.20) and (4.21) after

solving the SP at each iteration.

SP :
∑
t , d

max
{
w1(bt −

∑
p∈P

ẋptd(j+1)) , w2(
∑
p∈P

ẋptd(j+1) − bt)
}

+ max
e ∈ E

∑
t , d

∆td et

(5.5)

where set E is defined as:

E = {e :
∑
t∈T

et ≤ Γ , 0 ≤ et ≤ 1 , ∀t ∈ T} (5.6)
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and ∆td is:

∆td = max
{
w1(bt + b̂t −

∑
p∈P

ẋptd(j+1)) , w2(
∑
p∈P

ẋptd(j+1) − bt)
}

−max
{
w1(bt −

∑
p∈P

ẋptd(j+1)) , w2(
∑
p∈P

ẋptd(j+1) − bt)
}

The next modification incorporates the existence of holidays, pairs of (t, d) where

there should not be any assignments. This requirement is incorporated into the

pathology model using a binary parameter Blanktd. An assignment to task t on day

d is needed only when Blanktd = 1.

This requirement is included in the master problem as a hard constraint on the

assignments, whereas in the sub-problem and in the Benders cuts, the robust model

falsely considers the entire demand as unmet where Blanktd = 0. This results

in a large λ and a large missed assignments that may cause a wrong and quick

convergence in the algorithm. To resolve this issue, the master and the sub-problem

can be changed to:

MP : min
x, λ

p1 J(h) + p2
∑
d∈D

λd

s.t. λd ≥
[∑
t∈T

Blanktd (ḃti −
∑
p∈P

xptd)ẏti

]
∀d ∈ D ∀i ≤ j

x ∈ S λd ∈ R+ ∀d ∈ D

SP :

[∑
t∈T

∑
d∈D

Blanktd ×max
{
w1(bt −

∑
p∈P

ẋptd(j)) , w2(
∑
p∈P

ẋptd(j) − bt)
}]

+ max
e ∈ E

∑
t∈T

∑
d∈D

∆td et

and ∆td changes to:

∆td = Blanktd

[
max

{
w1(bt + b̂t −

∑
p∈P

ẋptd(j)) , w2(
∑
p∈P

ẋptd(j) − bt)
}

−max
{
w1(bt −

∑
p∈P

ẋptd(j)) , w2(
∑
p∈P

ẋptd(j) − bt)
}]

Now that we have obtained the final master problem and sub-problem, we can

implement the complete algorithm. In the following chapter, we present some results

and analyses from solving the problem at hand using the proposed algorithm.
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Chapter 6

Results and Conclusion

In this chapter, we present the results obtained from solving the two-stage robust

model for the multi-objective problem faced by the Pathology Department at TOH.

The model and the Benders-dual algorithm were coded in the IBM ILOG Optimiza-

tion Programming Language (OPL) and solved using CPLEX 12.9.0 on a Intel(R)

Core(TM) i7-8550U computer with 8.00 GB RAM. The model is tested with real

deterministic data with a 30% variation in demand. The analysis of the results is

divided into two main sections. First, we compare the schedule obtained from the

deterministic model with the schedule from its adjustable robust counterpart regard-

ing the number of missed-assignments. Then, we investigate the effect of model’s

robustness on the problem’s objective function value and the other goals sought by

the Pathology Department.

6.1 Model adjustments

The deterministic model for the pathology problem includes six main objectives as

mentioned earlier in Chapter 5. When model (5.1) was modified to problem (5.2), the

computation time to solve the MIP significantly increased. Some efforts were taken

to improve the execution time, but they mostly were unsuccessful. Nevertheless,

they are worth mentioning:

• The model was ill-conditioned and numerically unstable at first due to includ-
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ing float variables in the model. The solution of an ill-conditioned problem is

usually unreliable and can change drastically with insignificant modifications

in the problem data, as well as slow down the solution process. To resolve

this issue, we tried lowering the constraint bounds and the values of the coeffi-

cients in the problem, as well as adjusting several CPLEX parameters in order

to customize the way the CPLEX branch and bound algorithm operates [45].

While some of the CPLEX setting parameters were successful at reducing the

numerical instability, the issue of slow performance persisted.

• We tried a lexicographic approach where a multi-objective problem is solved

based on a pre-specified hierarchy rather than a weighting scheme. This ap-

proach resulted in fast few first iterations, but the rest of the iterations were

still slow.

• We tried CPLEX’s automatic tuning tool that prompts CPLEX to run tuning

tests with different parameter settings. This effort was also not successful as

the tool’s suggestion was the default setting.

In the context lexicographic approach, it is often possible to use a hybrid method

where a weighting scheme and a decision hierarchy are combined. In that case,

instead of optimizing each individual objective in a separate iteration, we optimize

a weighted combination of the problem’s objectives in two or three iterations.

While applying this hybrid method to the pathology problem, we determined that

some specific combinations of the problem’s goals made the solution process slower.

After trying different combinations, we decided to remove the back-to-back and

the pathologist’s rotations metrics as their combination with the problem’s main

objectives increased the computation time. We kept four of the problem’s main

goals and based our analyses on this smaller version of the problem. This resulted

in successfully reducing the computation time of the deterministic model to less than

two minutes. The objectives that were preserved are demand coverage, utilization,

pathologist’s workload, and schedule consistency.
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6.2 Convergence of the algorithm

Before making any comparison between the deterministic and the robust model, we

need to make sure that the applied algorithm functions correctly and converges in a

finite number of iterations. Recall that the model’s robustness can be adjusted by

changing the budget of uncertainty (Γ), which is a parameter for defining the size

of the uncertainty. In Table 6.1 we provide a summary of solving different robust

models, each representing a level of robustness based on different Γ values. The

optimality gap for the stopping criteria is set to 3%, and the maximum execution

time is set to 300 minutes (5 hours); meaning if the gap has not reached within 5

hours, the algorithm will stop.

Table 6.1: Performance of the Benders dual algorithm

Metric \ Γ 3 4 5 6 7 10 12

Number of iterations 35 43 52 98 130 110 77

Optimality gap 3% 3% 3% 3% 10% 29% 40%

Time (m) 35 44 70 177 >300 >300 >300

In addition, figure 6.1 provides the values of lower and upper bounds in each iteration

when Γ = 5.

Figure 6.1: Convergence of Benders algorithm when Γ = 5
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We can see from Table 6.1 that as the budget of uncertainty (Γ) increases, the

number of iterations needed to reach optimality and the computation time increase.

In Figure 6.1, we can observe that at first, the speed of convergence is fast and as

the algorithm proceeds, the convergence rate gets slower. Recall that the difference

between the upperbound and the lowerbound in each iteration is the difference

between
∑

d λd in the master problem and the value of the sub-problem’s objective

function. At first, this difference is substantial and as the algorithm continues

generating optimality cuts, this gap gets smaller.

In the next section, we analyze the performance of different robust models (based on

different budgets of uncertainty) regarding the number of missed-assignments and

the model’s objective function value.

40



6.3 Model performance

In order to assess each robust model’s policy, we generated 100 5-week samples

of the demand for each task, assuming each task’s demand follows a triangular

distribution. The distribution is bounded between the demand’s lower and upper

bounds [bt , bt + 30%], with a mode of bt. The complete list of tasks (subspecialties)

and their bounds are provided in Appendix B. (Since the demand intervals are small

and changes are not substantial in different replications, it suffices that we test on

100 samples.)

After solving robust models (based on different Γ values) and obtaining the cor-

responding schedule, we can compare the amount of missed assignments for each

model. In Table 6.2, we summarize the average percentage of unmet demand and

its 95% confidence interval for each model setting. This metric represents the per-

centage of demand which is not met over all of the tasks for a 5-week time span.

Furthermore, we compare the percentage of unmet demand for each robust schedule

with the percent of unmet demand for the deterministic schedule and conduct a

paired t-test to show the improvement is statistically significant. The D in the table

represents the deterministic model.

Table 6.2: Comparing the model performance for a 5-week schedule

Γ Avg % of unmet demand 95% CI p-value

D 11.59% [11.52 , 11.67] -

3 11.02% [10.94 , 11.09] ≤ 2.2e−16

4 10.30% [10.22 , 10.37] ≤ 2.2e−16

5 9.23% [9.16 , 9.31] ≤ 2.2e−16

6 8.72% [8.65 , 8.80] ≤ 2.2e−16

7 8.82% [8.75 , 8.89] ≤ 2.2e−16

10 7.28% [7.21 , 7.35] ≤ 2.2e−16

12 7.78% [7.72 , 7.85] ≤ 2.2e−16

As expected, by increasing the level of conservatism, the model’s ability to cover

the demand and lower the amount of missed assignments also increases. Also, the
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p-values corresponding to the comparisons between each robust model and the de-

terministic case show that there is a decrease in the level of unmet demand as a

consequence of considering demand uncertainty in the robust model.

Figure 6.2 shows the average percentage of unmet demand with a 95% confidence

interval for the different model settings. The values are based on Table 6.2.

Figure 6.2: Number of missed assignments for different models

Again, we can observe that with an increase in the budget of uncertainty, the amount

of missed assignments decreases. This decreasing trend should have a monotonous

behavior as Γ enlarges, similar to what happens until Γ = 6. However, when Γ is

greater than 6, the models do not reach to optimality and, consequently, the amount

of missed assignment does not decrease strictly.

To better understand the differences in the resulting schedules, we compare the

amount of assignment to the different tasks (subspecialties) created by each schedule.

Since there are 21 subspecialties and 8 schedules, and summarizing the values in a

table may not show changes in the best way, we represent these assignments in

figures 6.3 and 6.4.

In Figure 6.3, the x and y axes represent the subspecialties and schedules, respec-

tively, and the z axis shows the total amount of assignment. For a better visualiza-

tion, subspecialties are sorted from largest to smallest based on their assignment val-

ues. Each wall (area) in the chart represents the total assignments in a sub-specialty,

and the slope of the wall (area) represents changes in the assignments when going

from a deterministic model to a robust model. For example, the two sub-specialties,

CYTO (Cytology) and GU (Genitourinary), have the largest changes in the amount
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Figure 6.3: Total amount of assignment for each task (subspecialty) and each model

setting

of assignment when moving from the deterministic to the robust model with the

highest budget of uncertainty.

Figure 6.4 also demonstrates changes in the assignments for each individual subspe-

cialty across schedules. In this radar graph, each subspecialty is given an individual

axis and axes are placed radially around the centre. The amount of assignment for

each subspecialty is shown with a marker on the subspecialty’s axis, and the markers

for each schedule are connected with a line.

Figure 6.4: Total amount of assignment for each task (subspecialty) and model

setting
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Since we want to compare different schedules, each individual axis contains eight

markers (one for each schedule) with different colors. Darker markers represent

schedules with more uncertainty coverage, and lighter markers represent schedules

with less uncertainty coverage. For example, we can see that the amount of assign-

ment for subspecialties between CYTO (Cytology) and LUNG (Pulmonary) change

the most when moving from a schedule with less coverage to a schedule with more

coverage.
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6.4 The cost of robustness

Increasing the demand coverage and model robustness can be expensive and result

in higher objective values. In a multi-objective model, this can be perceived as a

consequence of larger deviations from other targets. In this section, we first compare

the value of the objective function as the model’s robustness increases and then we

compare each objective of the pathology problem individually across model settings.

6.4.1 Robustness and the objective function

Table 6.3 shows the value of the objective function corresponding to each robust

model setting. We can see that by increasing the robustness, the objective value

increases accordingly.

Table 6.3: Comparing the value of the objective function for different models

Metric \ Γ 3 4 5 6 7 10 12

Objective value 35272 42741 46021 49740 50966 48110 46121

% increase from Γ = 3 - 21.2% 30.5% 41.0% 44.5% 36.4% 30.8%∑
d λd 67.35 79.92 87.18 94.92 98.48 91.16 86.84

Figure 6.5 shows the relationship between changes in the budget of uncertainty

and changes in the value of the objective function. We can see that we have an

increasing trend in the values of the objective function as Γ increases for values of

Γ smaller than 7. But when Γ = 10 or Γ = 12, the model cannot be solved to

optimality and the value of the lower bound which is the model’s objective function

is still significantly less than its upper bound. This causes a drop in the value of the

objective function when changing the budget of uncertainty from Γ = 7 to Γ = 10

or Γ = 12.

The reason for not including the deterministic model in Table 6.3 and Figure 6.5 is

that the objective function of the deterministic and the robust model are not com-

pletely similar. The deterministic objective function minimizes missed assignments
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Figure 6.5: Objective values for different models

based on nominal demand, whereas the robust models minimize missed assignments

based on worst case scenarios. In other words, when Constraint (4.2) in the deter-

ministic model is substituted with the Benders cuts, the hktd which is the unmet

demand is substituted with λd in the objective function. To compare the determin-

istic schedule with robust schedules, we would need to have a more detailed analysis

where we can see the effect of robustness on each of the problem’s goals individually.

6.4.2 Robustness and problem goals

When comparing the achievement of problem’s goals across model settings, we

should notice that the main purpose of a multi-objective optimization model is to

minimize the summation of the weighted metrics, each corresponding to one of the

problem’s goals. Based on the different data and at each iteration, the optimization

model may choose smaller or larger values for each individual metric in order to

maintain a lower objective function value. Although we cannot expect consistency

for the values associated with each individual goal, we believe that on average the

values will be affected if there is any relationship between the demand coverage and

that specific variable. Recall that there are three objectives other than demand cov-

erage in our model: utilization, pathologist’s workload, and schedule consistency.

To analyze the relationship between coverage and each of these goals, we took the

average of the last five iterations for each individual goal and model setting which

are demonstrated in Figure 6.6.

The metrics corresponding to the three goals mentioned earlier are daily-overload,

schedule inconsistency, and under-utilization. Daily overload represents how many
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Figure 6.6: Effect of robustness on other problem metrics

pathologists are given daily assignments that is more than 1.1 FTE. Task inconsis-

tency represents how many times pathologists’ subspecialties changed throughout

the week. Finally, under-utilization represents how many days a pathologist is not

assigned to any subspecialty while s/he was available. In Figure 6.6, we can observe

how these variables change across different model settings (Refer to Appendix A for

each metric’s mathematical formulation).

As the budget of uncertainty increases, the daily overload increases. This is expected

since by increasing the demand coverage pathologists are assigned to more tasks.

We can also see that the value for under-utilization is 8 for the deterministic model,

whereas we have almost no under-utilization in any of the robust model settings.

The task-inconsistency does not show any regular behavior while increasing the

demand coverage, but we can see that, in general, the robust model settings have

more inconsistent schedules than the deterministic one. This can happen because

the consistency of a schedule does not necessarily have a strong relationship with

the schedule’s coverage policy. Also when the demand level is high, maintaining a

consistent schedule is more difficult.
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Now that we have the values for each individual goal, we can define a modified

objective value where we replace the values of
∑

d λd in the robust objective function

and hktd (which is the unmet demand) in the deterministic objective function with

the average unmet demand over the 100 replications mentioned earlier. As a result,

we can compare the modified objective values of the deterministic model with those

of the robust settings which are summarized in Table 6.4.

Table 6.4: Modified objective values

Metric \ Γ D 3 4 5 6 7 10 12

Underutilization 8 0 0 0 0 0 0.2 0

Daily overload 1.7 3.5 3.4 3.8 3.7 4.4 6.1 6.4

Inconsistency 8 13.6 14.8 12.2 15.6 13.4 16 14.2

Unmet demand 58.7 55.0 51.4 46.1 43.5 44.0 36.3 38.8

Objective value 31919 29196 27515 24642 23700 23785 20421 21476

The modified objective values are calculated based on the exact weights from the

models’ real objective functions. Because the demand coverage is the most important

goal to the problem and has the largest weight, and because changes in the values

associated with the other goals are less significant, Figure 6.7 is very similar to

Figure 6.2. It shows that when the budget of uncertainty increases, the schedule

improves.

Figure 6.7: Modified objective values for the different model settings
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6.5 Conclusion

In this chapter, we conclude that the proposed model is successful at reducing unmet

demand and thus increasing demand coverage for the problem faced by the Pathology

Department. In many problems, the analysis of robustness in demand coverage is

coupled with the schedule’s cost and what is of interest is the trade-off between the

demand coverage and the schedule’s cost. But when the model is multi-objective

and we analyze multiple goals instead of only cost, it is a challenge to figure out

how much to “pay” to have the desired level of robustness. In the pathology model,

the objective function includes only the penalties from the model’s soft constraints.

Since the coverage is by far the most important goal for this problem and because the

other objectives do not change significantly with the changes in coverage, increasing

the model’s robustness improves the problem’s objective function. As the budget of

uncertainty increases, the value of the problem’s objective function decreases.

Figure 6.8: Solution time (minutes)

Conversely, as the budget of uncertainty increases, the solution time at each iteration

and the number of iterations needed by the algorithm also increase. Figure 6.8

demonstrates the solution time for the different model settings in minutes (Recall

that the algorithm was stopped after 300 minutes of execution time regardless of

the reached gap)

Although it is the decision-maker’s choice to select a budget of uncertainty based on

the model’s performance and solution time, we believe that when Γ = 6 the model

provides sufficient robustness while being able to produce a solution in a reasonable

amount of time. Figure 6.9 shows the convergence of the Benders algorithm when
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the budget of uncertainty is 6.

Figure 6.9: Convergence of Benders algorithm when Γ = 6
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6.6 Limitations

The main limitation of this research is the solution time of the model for the pathol-

ogy problem. Because of the model’s performance and the slow MIP cuts, we had

no choice but to remove two of the problem’s goals from the objective function

in order to accelerate the solution process in each iteration of Benders algorithm.

As future work, it is possible to make modifications to the robust model to make

the solution process faster. One could change the structure of the row generation

algorithm and incorporate feasibility cuts to the algorithm so as to solve the first

deterministic problem in model (5.1) with binary assignments, or try different cut-

ting plane algorithms in order to find another approach with better performance,

such as column-and-constraint generation [22].

The next limitation concerns the uncertainty set structure. In spite of applying the

robust model to a problem with real deterministic data, we assumed that the demand

in each task can deviate by up to 30% of its nominal value and that this variation

creates a one-sided uncertainty set. For a more accurate model and uncertainty set,

we need to have some information about the demand for each task. Furthermore, in

our uncertainty set, all tasks can deviate from their nominal values, whereas with

distributional data, we could remove some tasks from the uncertainty set due to

small variations.
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Appendix A

The master model

Here we present the model in Patrick et al. [44] with some minor modifications:

List of Parameters (part A)

Pathologists Set of pathologists

Tests Set of tests (sub-specialties)

Days Set of days

W Number of weeks in the planning horizon

Weeks Set of weeks

Rotation Binary matrix representing the sub-specialties in pathologist’s

regular rotations

UpperBound Matrix representing the maximum number of days in a

4-week period that a pathologist can be assigned to a specialty

Blanks Binary matrix for day/specialty combinations than needs

to be filled

TabooPairings Binary matrix representing combinations of sub-specialties

that cannot be assigned to any pathologist

Availability Binary matrix representing the availability of each

pathologist on each day
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FixedFullAssignments Matrix for fixing some of the full-time assignments with

a pathologist

FTEfraction Matrix representing the weekly amount of required FTE

for each pathologist

ProtectedWeeks Vector giving a pathologist a number of “protected” weeks

ProtectedDays Vector giving a pathologist a number of “protected” days

WorkloadRestriction Vector providing upper bounds on the pathologists’

assignments on any day

C Objective goal weights

MaxPathologists Vector for restricting the number of pathologists assigned

to a sub-specialty in a week

AllowableCombinations Set of combinations of sub-specialties for a pathologist that

is admissible (can be assigned together).

iteration number of iterations in Benders algorithm

b The required workload (demand) for each sub-specialtiy in

each iteration

InitialB The required workload (demand) for each sub-specialtiy in

the first iteration
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List of Decision Variables

Xptd ∈ R+ Pathologist’s assignments

OverUtilizedp ∈ Z+ Over-utilization of pathologist’s hours

UnderUtilizedp ∈ Z+ Under-utilization of pathologist’s hours

BackToBackptw ∈ {0, 1} Indicator for assigning the same task to a

pathologist two weeks in a row

DailyOverloadpd ∈ R+ Indicator for assigning more than 1.1 FTE to

a pathologist

EarlyStopptd ∈ {0, 1} Indicator for when a pathologist is finishing a

specialty earlier than Friday

LateStartptd ∈ {0, 1} Indicator for when a pathologist is starting a

specialty later than Monday

Overpt ∈ Z+ Measures how much a pathologist is over their

target for a sub-specialty

Underpt ∈ Z+ Measures how much a pathologist is under their

target for a sub-specialty

Penaltypt ∈ R+ Penalizes when a pathologist is over their target

for a specialty

WeeklyAssignmentptw ∈ {0, 1} Indicating if a pathologist is working on a

sub-specialty in a week

DayIndicatorpd ∈ {0, 1} Indicating if a pathologist is working on a day

WeekIndicatorpw ∈ {0, 1} Indicating if a pathologist is working in a week

TaskIndicatorptd ∈ {0, 1} Indicating if a pathologist is working on a day

in a sub-specialty

λd ∈ R+ Maximum amount of unmet demand on a day

for all sub-specialties

binptd ∈ {0, 1}
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List of Parameters (part B)

Number of available days for each pathologist throughout the planning horizon

AvailableDaysp =
∑
w

min

(⌈
FTEfractionpd ×

∑
d in w

Blanks(BREAST )d

⌉
,

∑
d in w

Availabilitypd | Blanks(BREAST )d = 1

)

Number of available weeks for each pathologist throughout the planning horizon

AvailableWeekspw = max

(
0 ,
⌊

min
(∑

d in w Availabilitypd
4

,∑
d in w Blanks(BREAST )d

4

)⌋)

Pathologist’s workload target in each specialty throughout the planning horizon

Targetpt =
⌈∑

dBlankstd
W

⌉
×Rotationpt×

min

[
max

(
1 ,
⌊∑

ddInitialBtde ×Blankstd
max(1, 5×

∑
p1Rotationp1t)

⌋)
,

max
(

1 ,
⌊ AvailableDaysp

5×max(1,
∑

tRotationp,t1)

⌋)]
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Objective Function

min
[
C(1)×

∑
d

λd

+ C(2)×
∑
p

UnderUtilizedp

+ C(3)×
∑
p,t,w

BacktoBackptw

+ C(4)×
∑
p,d

Dailyoverloadpd

+ C(5)×
∑
p,t,d

EarlyStopptd + LateStartptd

+ C(6)×
∑
p,t

Rotationpt × (Underpt + Penaltypt)
]
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Model constraints:

First objective: Demand coverage (Benders cut constraints)

Tracks the maximum amount of unmet demand under different iterations

λd ≥
∑
t

Blankstd

(
InitialBt −

∑
p

xptd

)
∀d

λd ≥
∑
t

Blankstd × yitd
(
bit −

∑
p

xptd

)
∀d, i

Second objective: Utilization

Keeps track of a pathologist’s workload during the planning horizon

xptd ≤ 10× TaskIndicatorptd ∀p, t, d

10× TaskIndicatorptd ≤ xptd ∀p, t, d

∑
t

TaskIndicatorptd ≤ 3×DayIndicatorpd ∀p, d

DayIndicatorpd ≤
∑
t

TaskIndicatorptd ∀p

∑
d

DayIndicatorpd + UnderUtilizedp −OverUtilizedp =

AvailableDaysp − 5× ProtectedWeeksp − ProtectedDaysp ∀p

Third objective: Back-to-back workload

Tracks occasions where the same test is given to the same pathologist two weeks in

a row ∑
d in w

TaskIndicatorptd ≤ 5×WeeklyAssignmentptw ∀p, t, w

WeeklyAssignmentptw ≤
∑
d in w

TaskIndicatorptd ∀p, t, w

62



WeeklyAssignmentptw +WeeklyAssignmentptw+1 ≤ BacktoBackptw + 1 ∀p, t, w

Fourth objective: Pathologist’s workload

Penalizes when a pathologist is given more than a full-time-equivalent (FTE) amount

of workload on a day∑
t

xptd −DailyOverloadpd ≤ 1.1 ∀p, d

Fifth objective: Schedule consistency

Tracks the consistency of the tasks assigned to a pathologist throughout a week

if Availabilityp(d+1) = 1

Blankst(d+1) (TaskIndicatorptd − TaskIndicatorpt(d+1)) ≤ EarlyStopptd

∀p, t, w, d in w

if Availabilitypd = 1

Blankstd × (TaskIndicatorpt(d+1) − TaskIndicatorptd) ≤ LateStartpt(d+1)

∀p, t, w, d in w

Sixth objective: Pathologist’s rotation

These constraints allow the model to penalize policies that don’t rotate through a

pathologist’s rotation of specialties

if Rotationpt ≥ 1∑
d

TaskIndictorptd −Overpt + Underpt = Targetpt ∀p, t

if Rotationpt ≥ 1 Overpt ≤ 5 + Penaltypt ∀p, t
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Hard constraints:

Assignments can have the maximum amount of 1 FTE and cannot be between 0

and 0.1 FTE.

xptd ≤ 1 ∀p, t, d

xptd ≥ 0.1− binptd ∀p, t, d

xptd ≤ 0 + (1− binptd) ∀p, t, d

Ensures no pathologist is given more than 2 sub-specialties in a day regardless of

the service weight ∑
t

TaskIndicatorptd ≤ 2 ∀p, d

Prevents pathologists from being given a pair of specialties on the same day unless

that pair is admissible

if (p, t1, t2) in AllowableCombinantions

xp(t1)d + xp(t2)d ≤ WorkloadRestrictionp + 1 ∀p, d, t t1 < t2

else

xp(t1)d + xp(t2)d ≤ WorkloadRestrictionp ∀p, d, t t1 < t2

Restricts the number of days a pathologist can be assigned to work in a week∑
d in w

DayIndicatorpd ≤ 5× FTEfractionpw ∀p, w

Allows model to leave holidays and specific specialties unassigned as necessary

if Blankstd = 0
∑
p

xptd = 0 ∀p

Prevents pathologists from being assigned on days when they are unavailable

if Availabilitypd = 0
∑
t

xptd = 0 ∀p, d
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Provides the option to fix certain full assignments

if F ixedFullAssignmenttd = p xptd = 1 ∀p, t, d

Ensures that restrictions on the number of pathologists on each sub-specialty per

week is respected∑
p

WeeklyAssignmentptw ≤MaxPathologistst ∀t, w

Allows the user to specify an upper and lower bound on the number of days a

pathologist can be given a specialty in a four week span∑
d in w

TaskIndicatorptd ≤ UpperBoundpt ∀p, t, w

∑
d in w

TaskIndicatorptd ≥ LowerBoundpt ∀p, t, w

Allows the user to specify that a given pathologist must be given x number of weeks

off ∑
t,d in w

TaskIndicatorptd ≤ 10×WeekIndicatorpw ∀p, t, d

WeekIndicatorpw ≤
∑
t,d in w

TaskIndicatorptd ∀p, w

∑
w

(WeekIndicatorpw × AvailableWeekspw) ≤

∑
w

AvailableWeekspw − ProtectedWeeksp ∀p

Allows the user to specify that a given pathologist must be given x number of days

off ∑
d

DayIndicatorpd ≤
∑
d

Availabilitypd − ProtectedDaysp ∀p
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Specifies pairings of sub-specialties that are not allowed even if technically the work-

load would be fine

TaskIndicatorp(t1)d + TaskIndicatorp(t2)d ≤

1 + TabooPairing(t1)(t2) ∀d, p, t1, t2 t1 < t2

Prevents from assigning a specialty to more than 3 pathologists∑
p

TaskIndicatorptd ≤ 3 ∀t, d
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Appendix B

Sub-specialty bounds

Each sub-specialty’s demand take values in [bt , bt + b̂t] intervals represented in the

following table.

Table B.1: Sub-specialty intervals in the uncertainty set

Number Sub-specialty Interval

1 AUTOPSY [0.10 , 0.13]

2 BREAST [3.00 , 3.90]

3 CARDIAC [0.30 , 0.39]

4 CQI [1.00 , 1.30]

5 CYTO [2.00 , 2.60]

6 DERM/DIF [1.00 , 1.30]

7 ENT/ENDO [0.50 , 0.65]

8 EYES/TEMP ARTERIES [0.20 , 0.26]

9 FS Civic [0.10 , 0.13]

10 FS GENERAL [1.00 , 1.30]

11 GI no star [3.00 , 3.90]

12 GI resection [1.00 , 1.30]

13 GI star [1.00 , 1.30]

14 GU [2.00 , 2.60]

15 GYN [3.00 , 3.90]

16 HER2 [0.00 , 0.00]

17 LIVER [0.10 , 0.13]

18 LUNG [0.50 , 0.65]

19 LYMPH NODES [0.30 , 0.39]

20 MSK [0.30 , 0.39]

21 RENAL [0.10 , 0.13]
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