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Abstract

We study and construct p-adic L-functions of Bianchi modular forms, i.e., automorphic forms
for GLs over quadratic imaginary fields, at non-ordinary primes in three different scenarios.

In the first part, we construct signed two-variable p-adic L-functions with bounded
coefficients from p-adic L-functions with unbounded coefficients for cuspidal Bianchi modular
forms of parallel weight constructed by Williams. This construction extends the works of
Pollack, Sprung, and Lei-Loeffler-Zerbes from the elliptic modular forms setting to the
Bianchi modular forms setting. Additionally, we extend the results to p-adic L-functions
coming from non-parallel weight C-cuspidal Bianchi modular forms constructed by Palacios.
We construct logarithmic matrices using Wach modules basis constructed by Berger—Li-Zhu
for the decomposition of p-adic L-functions with unbounded coefficients. We use Perrin—
Riou’s exponential map and the p-adic regulator to prove certain properties of logarithmic
matrices.

In the second part, we construct a p-adic Asai L-function, associated to a p-non-ordinary
Bianchi modular form, which interpolates special complex L-values of the Asai L-function of
that Bianchi modular form. This p-adic L-function has unbounded coefficients. We use mod-
ular symbols and some special cohomological elements, called Asai—Eisenstein elements, to
construct polynomials. These polynomials satisfy some growth conditions, norm properties,
and congruence relations. After taking the limit of these polynomials, we obtain the p-adic
Asai L-function with unbounded coefficients. Moreover, we also construct signed p-adic Asai
L-functions with bounded coefficients under some assumptions.

In the third part, we construct a two-variable p-adic Asai L-function over the eigenva-
riety interpolating p-adic Asai L-functions of non-critical small-slope base-change Bianchi
modular forms of parallel weight 0. To construct this p-adic L-function, we construct poly-
nomials using a certain overconvergent modular symbol coming from a parallel eigenvariety
associated with Bianchi modular forms and Asai-Eisenstein elements over an affinoid in a
weight space. Their specialization at the weight (0,0) Bianchi modular form F gives the
p-adic Asai L function associated to J, which is constructed in the second part.
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Chapter 1

Introduction

1.1 Background

A central theme in number theory is the study of special values of complex L-functions,
since these values are connected to some important arithmetic data. For example, the Birch
and Swinnerton-Dyer conjecture (BSD) predicts that important arithmetic data associated
with an elliptic curve over rational numbers, such as its rank and order of the torsion group,
are related to properties of its complex L-function at s = 1. The use of p-adic L-functions
has emerged as one of the most powerful tools to study the special values of L-functions.
When such functions can be constructed, they have profound consequences. For example,
in their important work, Mazur-Tate-Teitelbaum formulated the p-adic analogue of the
BSD conjecture using p-adic L-functions associated with elliptic curves, relating the order of
vanishing of p-adic L-functions with certain arithmetic invariants of elliptic curves, similar to
those that appear in the classical case. This p-adic version has been proved in a large number
of cases. Furthermore, p-adic L-functions play a central role in Twasawa main conjectures,
which are one of the important local tools used to prove certain global conjectures, such as
the BSD conjecture.

This thesis focuses on p-adic L-functions associated with Bianchi modular forms that are
not ordinary at primes p. In particular, we construct two-variable signed p-adic L-functions
for Bianchi modular forms extending the works of Pollack, Sprung, and Lei—Loeffler—Zerbes
from elliptic modular forms to the setting of Bianchi modular forms. Next, we construct
p-adic Asai L-functions for cuspidal Bianchi modular forms that are non-ordinary at p.
Furthermore, under some assumptions, we decompose these p-adic Asai L-functions with
unbounded coefficients into signed p-adic L-functions with bounded coefficients. Lastly, we
construct families of p-adic Asai L-functions associated with small slope cuspidal Bianchi
modular forms of weight (0, 0).
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1.1.1 L-functions

Let X be an arithmetic object such as a Hecke/Dirichlet character, an elliptic curve, a
modular form, or more generally a Galois representation or a Motive. An L-function attached
to X is, roughly speaking, a power series

Qn

L(X,s)=» —,

S
n=1
where s € C in some suitable right half plane, and the coefficients a,, are related to X. For
example, for X = trivial character, we get the Riemann (-function

L(X,s) =((s) = Z %

n=1

There are deep results and conjectures that relate the special values of L-functions to arith-
metic information. For example, for a number field F', the analytic class number formula
relates the residue at s = 1 of the Dedekind zeta function (r with arithmetic information
of F": its class number and regulator. More precisely, the class number formula provides a
profound connection between two distinct fields of mathematics.

Elliptic modular forms and their L-functions

Elliptic modular forms are automorphic forms for GL, over Q. Let k € Z~5. More precisely,
f:H — Cis an elliptic modular form of weight k and level SLy(Z) if

1. f is holomorphic;

ct+d

2. f(£22) = (et + d)¥f(r) for 7 € H and (ﬁ Z) € SLy(Z);
3. f is holomorphic at co.

If f vanishes at the cusp oo, we say f is a cusp form. One can define ellptic modular forms
of level I' ¢ SLy(Z), where I" is any congruence subrgoup. The space of elliptic modular
forms of weight k with a given level forms a finite dimensional complex vector space, and
the space of cusp forms of weight k is its subspace. There are certain linear operators that
act on elliptic modular forms called Hecke operators. See [DS05| for more details.

Suppose f = >, ., a,q" is an Hecke eigenform of level I';(/N). One can associate an

L-function to f:
Qn,
L = —
(f? S) ns Y

nz=1

where s € C in some suitable right half-plane. This function admits an Euler product

Z % = n(l —app® +pF i) H(l —app *) .
pIN

nx1 p|N
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Let E be an elliptic curve of conductor N over Q, and

L(E,s)=[ [ =bp~ +p">) 7 [ [Q = bp) "

pIN pIN
Here, b, := p + 1 — #FE(F,). Then the famous Modularity theorem states that
L(E,s) = L(f,s),

where If f is a newform of weight 2 and level I'o(NN) < SLy(Z).

The famous Birch—Swinnerton-Dyer conjecture predicts that for an elliptic curve E over
Q, one has
ords_1 L(E, s) = rankz E(Q).

The left hand side relies on the analytic continuation of L(F,s), and it holds due to Wiles’
(and Taylor—Wiles, Breuil-Conrad—Diamond—Taylor) proof of the Modularity theorem.

An important method to connect special L-values with arithmetic information is to
construct a p-adic L-function interpolating these values and using Iwasawa theory to relate
them to arithmetic invariants. See also [RJW25].

1.1.2 What are p-adic L-functions?

Analytic p-adic L-functions are measures or distributions on p-adic Lie groups, like Z, which
interpolate special values of certain complex L-functions. One of the earliest examples is the
Kubota-Leopoldt p-adic L-function (", constructed by Kubota-Leopoldt and Iwasawa. It
is a pseudomeasure on Z; which interpolates the special values ¢ (1 — k) of the complex
Riemann (-function for all positive integers k. More precisely,

Theorem 1.1.1 (Kubota-Leopoldt, Iwasawa). There exists a (pseudo)measure ;" on Z
such that for every k£ > 0, we have

| s gram ety = = o -

Furthermore, let x be a Dirichlet character of conductor p".n > 0. After consider y as a
locally constant character on Z, we have, for all k& > 0,

L:«@ﬁ@nzu—x@mkwmxl—m,

X
P

s

where L(x,s) = 2,5, Xén) for s € C and Re(s) » 0.

Let G be a p-adic Lie group and let K/Q, be a finite extension. Let

C(G, K) == Homgs(G, K)
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be the space of all continuous functions from G to K, and
M(G,K) = C(G, K)" = Homus(Hom(G, K), K)

be the K-dual of C(G, K). The space M (G, K) is called the measure space of G over K.
Usually, p-adic measures live in this space.

If G = Z;, for some r > 1, one can define the space C'(G, K) of locally analytic functions
consisiting of f : G — K such that for all x € G, f can be described as a convergent power
series locally around x. Let

D(G, K) := C"(G, K)* = Hom.(C"(G, K), K).

The space D(G, K) is called the space of distributions of G over K, and p-adic distributions
live inside this space.

For abelian groups GG, we can view p-adic L-functions, i,e, p-adic measures or distribu-
tions over GG, as power series with coefficients in a p-adic field or its ring of integers. For
example, if G = Z,, then

M(Zy, K) = K ®o, Ox[[T]],

po [ e = 3 ( j (1) u<x>> ™

This isomorphism is known as the Amice Transform.

Similarly,
D(Zy, K) = H(T),

where
Hi(T) = {f(T) = Z ¢, T" € K|[T]] : f converges on the open unit disk in Cp} .
nz0

See [RJW25] and [Coll0] for more details about p-adic distributions and measures.

In number theory, we are interested in complex L-functions which have follwowing
properties:

1. an Euler product;
2. a meromorphic continuation to the whole complex plane;

3. a functional equation relating s with 1 — s, for s € C.
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If such a complex L-function exists, then it is natural to consider constructing a p-adic L-
function that interpolates the special values of the given complex L-function. In [CPR89|
and [Coa89], Coates and Perrin-Riou conjectured that for any arithmetic object over Q (such
as modular forms and more generally any motive M over Q) and for all primes p, there exists
a p-adic L-function over Z; which interpolates the special /critical L-values of the complex
L-function associated with that arithmetic object. For example, when M = Q(x), where x
is the Dirichlet character of prime power conductor, the corresponding complex L-function
is the Dirichlet L-function, and the p-adic L-function is the Kubota—Leopoldt p-adic L-
function. We will briefly describe p-adic L-functions associated with elliptic modular forms
and Bianchi modular forms in the next subsections.

1.1.3 p-adic L-functions of elliptic modular forms

Iwasawa theory concerns the growth of arithmetic objects, such as Selmer groups, in towers
of number fields, such as cyclotomic fields. Let us continue with the cyclotmic fields Q(sn)
and the cyclotomic Z,-extension Q(p,=)/Q(u,), where Q(upe) = (U1 Q(ppn), and gy is
the set of p” roots of unity. Let I' := Gal(Q(up=)/Q) = Gal(Q,(pp»)/Qp) = Z) = Aq, x Zy,
where Ag, = (Z/pZ)*. Let K/Q, be a finite extension and Ok be its ring of integers. Fix
a topological generator v of I'/Ag, = Z,. Then the space of K-valued measures on I' is
isomorphic to the Iwasawa alegbra Ax (') == K ®o, Ox[[I']] = K ®o, Ox[Ag,][[T]], where
the isomorphism is obtained by sending v to (1 + 7). Similarly, the K-valued distribution
space over I is isomorphic to Hg ('), where

HK(F) — {Z Cno O - ('7/ _ 1>n : Yins0Cn,o XEK[[X]] convevrg;zsAon the open unit disk in (Cp;} . (111)

nz=0

It is natural to consider one-variable p-adic L-functions as measures or distributions over I'.

For example, if F is an elliptic curve over Q and if £ is good and ordinary at p, then
the p-adic L-function L, g constructed by Mazur-Swinneton-Dyer lies in Ag, (I'). After
representing as a power series in Q, ® Z,[Aq, |[[T]], it has bounded coefficients. This p-adic
L-function interpolates special values of complex Hasse—Weil L-series of F twisted by certain
Dirichlet characters. Later, Amice-Velu and Vishik generalized this construction to elliptic
modular forms of weight £ > 2 and with more general types of reduction.

More precisely, let f be an elliptic modular cusp form of weight £ > 2, level N > 1,
and nebentypus €;. Suppose f is a Hecke eigenform and let the 7, Hecke eigenvalue of f
be a,. Consider the Hecke polynomial X? — a,X + ¢;(p)p"' = (z — a)(X — B). Since
af = e;(p)(p" ') and €;(p) is coprime to p, we have v,(a),v,(8) < (k—1).. Here v, is a
p-adic valuation such that v,(p) = 1. Let A € {«, 8}, such that v,(\) < & — 1. For such
f and A, by the works of Amice-Velu [AV75| and Vishik [Vis76|, one can attach a p-adic
L-function L,(f, A). On the one hand if X is a p-adic unit, then L,(f, \) is a p-adic measure.
On the other hand, if v,(\) > 0, then L,(f, \) is a p-adic distribution.

This L,(f, A) has the following interpolation property:

Ly(f ) ::LijdL,,(f, N = o L(f,57 5 + ), (1.1.2)
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where

e = is an explicit factor;

e 0 <j<k—2is an integer;

e w is a Dirichlet character of conductor p” > 1, and w factors through & : Z/p"~'Z —
@

o ('is a (p— 1)-th root of unity, and (,—1 is a primitive p"~'th root of unity;

e Y is the p-adic cyclotomic character on I' such that y maps v to a topological generator
u of 1 + pZy;

o L(f,w ' j+1)is the value of L-function associated to f and twisted by &—1.

Suppose f is ordinary at p, i.e., a, is a p-adic unit. Then one of « or 3 is also a p-adic
unit. Suppose « is a p-adic unit. Then the p-adic L-function L,(f, a) is a p-adic measure
and hence an element of the Iwasawa algebra Ag (). Furthermore, it can be associated with
a power series L,(f,a,T) € K[Ag,] ®o, Ok|[T]]. Note that one can think of L,(f,a,T)
as a p-adic L-function associated with the p-stabilization f, of f, such that f, has weight
k, level pN, and U, f, = af,. Additionally, on the algebraic side, one has the Bloch-Kato
Selmer group, Sel(f) over some number field L, which is Ag-cotorsion. The Iwasawa main
conjecture states that the characteristic ideal of the Pontryagin dual of Sel(f) is the same as
the ideal generated by L,(f, ) in Ax(I"). This conjecture holds in many cases due to Kato,
Skinner—Urban, and others.

Later, Pollack—Stevens and Bellaiche used overconvergent modular symbols and the
Coleman—Mazur eigencurve to construct p-adic L-functions for elliptic modular forms with
the critical slope, i,e, when v,(8) = k — 1.

1.1.4 Signed p-adic L-functions of elliptic modular forms

Now suppose f is not p-ordinary, i.e., v,(a,) > 0. Then we know that 0 < v,(a),v,(8) <
k — 1. Therefore, for 7 € {a, 5}, there exists a p-adic L-function L,» := L,(f,?) which
interpolates special values of the complex L-function of f. However, both L, , and L, 3 are
not measures and therefore do not lie in the Iwasawa algebra Ag(T'). They are distributions
and can be represented as power series in a much larger algebra Hx (I') and have unbounded
denominators. Additionally, on the algebraic side, the corresponding Selmer groups are not
Ak (I")-cotorsion. Thus, we do not have an Iwasawa Main Conjecture over Ag(I') relating
L, » with the appropriate Selmer group.

Remedy

When a, = 0, Pollack in [Pol03] gave a solution to tackle this on the analytic side. Let o, as
be the roots of X%+ ¢;p*~1. For i € {1,2}, Pollack showed that there exists a decomposition

Lyo, = lo,tg;;ik(”y)L;r + g log, ()L, (1.1.3)
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where Lt € Ag(T), and log;ik are some power series in Hg, (I') depending only on k. These
logik are related to the p-adic logarithm, e.g., when k = 2, we have

n+1 n
(7~ 1) logy () logy () = logy(7) = 3 02U
n=1
Later Sprung (in [Spr12| for k = 2 and a, # 0) and Lei-Loeffler—Zerbes (in [LLZ10] for k£ > 2
and a, # 0) generalized Pollack’s results using a notion of logarithmic matrices. Logarithmic
matrices are 2 x 2 matrices with entries in Hx ('), with certain growth conditions, and can
be thought of as generalizations of Pollack’s +-logarithms log;fk. For example, in [LLZ10],
Lei-Loeffler-Zerbes used p-adic Hodge theory and the theory of Wach modules to prove:

L,a L
( " ) = M10g< ﬁ”) (1.1.4)
LP:B Lp?

where L)/* € Aw(T') and Mog € Ms2(H k(L)) is a logarithmic matrix.

On the algebraic side, there is a notion of signed Selmer groups due to Kobayashi (for
k=2, a,=0), Lei (for k > 2, a, = 0), Sprung (for k = 2, a, # 0), and Lei-Loefller-Zerbes
(for k > 2 and a, # 0) and signed Iwasawa main conjectures over Ax(I') which relate these
signed objects with signed p-adic L-functions.

1.1.5 Previous works on Bianchi modular forms

Let F' be an imaginary quadratic field. Bianchi modular forms are automorphic forms for
GLy over F. Like elliptic modular forms, they also satisfy some specific harmonicity and
growth conditions. See Definition for the precise definition.

In [Will7], Williams constructed a p-adic distribution over the ray class group G,» that
interpolates the special complex L-values associated with the small-slope Bianchi modular
form. In particular, Let F be a cuspidal Bianchi eigenform over F' of weight (k, k) and
level n such that (p) | n. Let a4 denote the Ug-eigenvalues of F where v,(aq) < (kK + 1)
for all q | p. For any ideal §, we define the operator U as U; == [[,.; Uy'. Then Williams
constructed a locally analytic distribution L, » on the ray class group G,» such that for any
Hecke character = of infinity type (0,0) < (a,b) < (k, k) and conductor §, we have
1 L(F,=Z,1)

L, 7(Z) = (explicit factor)—

1.1.5

where Q7 is a complex period. See [Will7, Theorem 7.4| for more details. Here, the standard
complex L-function is defined as

L(F,Es)= ), c(a,F)Z(a)N(a)™,
0#£acOk,
(f,a):l
where c(a, F) is the a-th Fourier coefficient of F and s € C in some suitable right-half plane.
In [Pal25], Palacios extended Williams’ construction from parallel weight cuspidal Bianchi
modular forms to non-parallel weight C'-cuspidal Bianchi modular forms.
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In [LW20], Loeffler- Williams constructed a p-adic measure L)%(¥) € Og[[Z)]] that
interpolates the critical L-values of the Asai L-function attached to a p-ordinary cuspidal
Bianchi modular form U of weight (k, k). Here, E is some p-adic field. The twisted Asai
L-function of ¥ with a Dirichlet character # of conductor m is defined by

LAS(\IJ7075) = (*) . Z c(n(’)p,\lf)ﬁ(n)n*s,

(m,n)=1

where (N) = M N Z, » is some explicit factor, and ¢(m, V) denotes the Hecke eigenvalue of
U at the integral ideal m. They proved: For any integer ¢ > 1 coprime to 691, there exists a
p-adic L-function

Lo (0) € Oxl[Z]]

which satisfies the following interpolation property: for any Dirichlet character 6 of conductor
p", and for any integer 0 < j < k, we have

J

where (*) is some non-zero explicit factor. See [LW20, Theorem 7.5] for more details.

() LA(W, 0,5 +1) if (=1)70(—1) = 1,

20(x)d LA5(V)(z) = {0 it (—1)76(—1) = —1,

X
P

Let F be a cuspidal Bianchi eigenform of weight (k, k) € Z2, and level n, where p |
n < Op. Assume that F has a small slope and is non-critical, i.e., the p-adic valuation
of the U,-eigenvalue is less than k + 1. Let ¢r € H(Yr1(n), Vi k(L)) be the corresponding
modular symbol, where Y1 (n) is a locally symmetric space, L is a number field, and Vj, 4 (L)
is Sym”(L?)®Sym”(L?). Suppose F is a base change of an elliptic modular form f of weight
k+ 2. Let C denote the Coleman—Mazur eigencurve and BC denote the base change map. In
IBSW21al, Barrera-Salazar—Williams constructed the base change eigenvariety &, := BC(C)
and the parallel weight eigenvariety &, using overconvergent cohomology, such that, ¢r
(and hence F) varies in a 1-dimensional family of overconvergent modular symbols over
a curve in the parallel weight space Wyar © War,(g)- Using the eigenvariety &, © Epar,
they also constructed a 3-variable p-adic L-function such that it retrieves the two-variable
p-adic L-function constructed by Williams in [Will7] at classical points. Note that their
construction of families of p-adic L-functions works for all Bianchi modular forms.

1.2 Main results

Fix an odd prime p. Let K/Q, be a p-adic field. For any abelian profinite group G, the
space of K-valued locally analytic distributions on G is denoted by Hx (G). For r € R, let
Hir(G) © Hi(G) denote the space of distributions with growth O(log,). If G = Z,, then
after fixing a topological generator v of GG, one has the following identification:

Hi(G) = {Z c(y—1)": Z c,T" € K[[T]] and Slnlp|CnLr|p < oo} : (1.2.1)

nz=0 nz=0
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The Iwasawa algebra Ax(Z,) = K ® Ok[|Z,]] = K ® Ok[[T]] can be identified with
HK,O(Z]))'

Let I' = Gal(Q,(1,+)/Q,) = (Z/pZ)" x I'y, where I'y = Z,. Fix a topological generator
~v of T'y. Let x be the p-adic cyclotomic character which maps v to a topological generator
of 1 + pZ,. Let Ms5(R) denote the space of 2 x 2 matrices with coefficients in R.

Fix an imaginary quadratic field F' and let Op be its ring of integers.

In Chapter 2 and Appendix A, we have extended the construction of signed p-adic L-
functions of Pollack, Sprung, and Lei-Loeffler-Zerbes from the setting of elliptic modular
forms to the setting of Bianchi modular forms. Assume the fixed prime p splits in the
quadratic imaginary F' as pOp = pp, and p does not divide the class number of F'. Let G,)n
denote the ray class group of F' modulo p". Define Gp» = mn G(pyn, the ray class group
of I modulo p®, which decomposes as Ap x I'y x I'y = Ap X Z,, X Z,, where Ap is a finite
abelian group. For q € {p, p}, let @, be a uniformizer of Op,, and fix a p-adic valuation v,(-)
such that v,(w,) = 1 and v,(wy) = 0. Fix some topological generators 7, and 75 for I', and
I's, respectively.

Let m < Op be a nonzero ideal coprime to p, and let F be a Bianchi modular eigenform
of weight (k, () € Z2,, level m, and the central character ex. Assume that F vanishes at
cusps 0 and co. For q € {p, p}, suppose q, is the Ty-eigenvalue of F, and let oy, 5, be the roots
of Hecke polynomial X* —a,X +e€p(wwy)p. Note that ex(w,) = @} - @y and ex(wy) = @, - wy,
up to p-adic units. Assume K/Q, is a finite extension large enough to contain F', and all
Hecke eigenvalues of F. Then, for = € {ay, 3,} and T € {az, 5}, the p-stabilization F*T is a
C-cuspidal Bianchi modular form of weight (k, ¢) and level pm. Due to the results of Palacios
in [Pal25] (generalizing the results in [Will7] from cuspidal to C-cuspidal), one can attach
a two-variable p-adic distribution L, t = L, 7+t € Hx(Gpr) to F*I. For simplicity, we will
concentrate on the trivial isotypic component of L, ;, which we denote by the same symbol.
These distributions satisfy:

1. (Growth condition) L, ; € M.y (s)(Tp)® g Hrconty(T5) < K[ — 1,75 — 1]]:
2. (Interpolation property) For any Hecke character = with conductor p™p"® and of
infinity type (g, r) such that n,,ny € Z>1, 0 < ¢ < k, and 0 < r < 4, one has

~ 1 1
L, +(Z2) = —— (some explicit factor)L(F, =, 1),

7 1%
where = is a character on Gp» related to =.
Assume v,(a,) > {%J, vp(ap) > {%J, ap # By, and o # f. Under these assump-
tions, we prove the following theorem zﬁaout the decomposition of two-variable distributions:

Theorem 1.2.1 (Theorem [2.8.5). There exist two variable power series with bounded coef-
ficients, that is, there exist Lyy, Lyy, Ly s, Lyy € K ®o, O || — 1,7 — 1]], such that

<LO‘P:C“P Lﬁpvap> _ QilMg (Lu:ﬂ vaﬂ) (Q—le)T
p p p p )
Lap,ﬁﬁ LBP’BH ’ - Lﬁvb vab -
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where M} € My s(H(T,)) and ME@ € My o(Hi(I'y)) are modified logarithmic matrices, and

for q emﬁ}, () are certain invertible matrices.

Remark 1.2.2. Note that one can think of Theorem [[.2.1] as a machine to decompose
any four 2-variable power series satisfying certain growth and interpolation properties into
four 2-variable power series with bounded coefficients, that is, into elements of two-variable
Iwasawa algebra K ®o, Ok[[11,T2]]-

To prove Theorem [1.2.1] we adapt the strategy developed by Lei in [Leild], first factor-
izing through the variable +, and then through ~5. Loeffler in [Loel4] proved Theorem[1.2.1|
in the case where a, = a5 = 0 and k = ¢ = 0. Lei in |Leil4] extended this result when
vp(ay), vp(ap) > 0 while assuming & = ¢ = 0. This work generalizes both results by allow-
ing k,¢ > 0, including the case k # (. Using Wach modules and p-adic Hodge theory, we
construct logarithmic matrices M’f and Mé for the decomposition in Theorem [1.2.1, More

precisely, we use the explicit Wach module basis described by Berger-Li-Zhu in IBLZ04|
to define these matrices. In |[LLZ10], Lei-Loeffler—Zerbes constructed logarithmic matrices
using Wach modules and crystalline representations related to modular forms. However, in
this thesis, due to the use of [BLZ04|, logarithmic matrices depend only on the algebraic
data oy, 35, where q € {p,p}, and are independent of p-adic Hodge theoretic properties of
Galois representations associated with Bianchi modular forms, which are mostly conjectural.
This allows one to look at logarithmic matrices as algebraic objects.

Furthermore, we prove a decomposition result in one variable. Let k € Z-,, a, 8 € Ok
such that a # 3, af = p*~!, and v,(a + ) > L’;%EJ We prove:

Theorem 1.2.3 (Theorem 2.5.5). For A € {a, 8}, let F\ € H (1) be such that for
any Dirichlet character w of conductor p” > 1 and for any integer 0 < j7 < k — 2, we have
F\(X’w) = A" ¢;,,, where ¢;,, € Q, independent of o and 3. Then there exist power series
F;, F, with bounded coefficients, i.e., Fy, F, € Agx(I'1) = K ® Ok[[T]], and a logarithmic
matrix M € Mso(Hk(I'1)), such that

Fa) oy (1 1.2.2
Gonl) o

where () is an invertible matrix depending only on v and 3, which can be explicitly described.

Regarding the properties of M, we prove:

PI‘OpOSitiOIl 1.2.4. If Qilﬂ = [Pi,j]lgi,jg% then P171,P172 S HK,vp(a)(Fl) and P271,P272 €
H i v,(5)(L1). Moreover, det(M) is O(log];_l) and loglg_1 is O(det(M)).

To prove Proposition we use Perrin-Riou’s big exponential map, along with the
p-adic regulator map and Coleman maps developed by Lei-Loeffler—Zerbes in |[LLZ11].

In Chapter 3, we construct p-adic Asai L-functions for p-non-ordinary small-slope cus-
pidal Bianchi modular forms. Let F be a cuspidal Bianchi eigenform of weight (k, k) € Z2,
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and level 9T < Op. From , recall Hy(T) = K[A]J@Hk(T'1) to be the space of K-valued
p-adic distributions on T, and 7—[ k(') be the space of distributions of with growth O(log)).
For simplicity, we will concentrate on the trivial isotypic component, that is, Hx(I'1) and
Hir(I'1). Assume that all primes above p in F' divide n. Denote the Up-eigenvalue of F by
a, and assume that F is not ordinary at p and has a small slope, ie., 0 < v,(a,) < k+ L.
Let K/Q, be a finite extension large enough to contain F' and all Hecke eigenvalues of F.
We prove:

Theorem 1.2.5. For any integer ¢ coprime to 6n, there exists a v,(a,)-admissible distribu-
tion CL;‘?S(]-") over I'y, i.e., CLﬁs(]-") € Hiv,(ap)(I'1), with the following interpolation property:
given any integer 0 < j < k, and any Dirichlet character 6 of conductor p” > 1, we have

| ZLAF B, +1) it (—1)6(—1) = 1;
LN(F) () = { 9

0 if (—1)70(—1) = —1,

where +' is an explicit non-zero factor which depends on ¢. Under some assumptions on the
nebentypus of F, the dependency on ¢ can be removed.

Theorem [1.2.5]is a generalization of [LW20, Theorem 7.5] from the p-ordinary case to the
p-non-ordinary case. The power series CL}/?S (F) is constructed using certain polynomials. The
idea of constructing polynomials to obtain power series is based on the works of Amice—Velu
[AVT5], Vishik [Vis76], Perrin-Riou [PR94|, and Biiyiikboduk-TLei [BL21]. We will briefly
explain the construction. Let Y be a locally symmetric space of level 91; this is a Bianchi
analogue of the modular curve. As Y is a real manifold of real dimension 3, there exists a
pairing

H: (Y, Vir(Ok)) x H* (Y, Vji(Ok)) = Ok,
where Vi, (Ok) is a certain weight k coefficient module and V.Y (Of) is its Og-dual. One
can extend this pairing to

HL (Y, Vi (Ok)) x HA(Y, Vji(Ok)) ® Ok |[T] — Ok|T].

By pairing the appropriate modular symbol associated to F in H: (Y, Vi (Ok)) with a suitable
element (made up of Loeffler—Williams’ Asai- Eisenstein elements with the Uj,-operator acting
on it) in H*(Y, V,}.(Ok))®Ok[T], we construct polynomials P, ;(T) € K[T] of degree < p" !,
where r € Z-; and 0 < j < k is an integer. See Section for the details. They satisfy:

Lemma 1.2.6 (Lemma [3.6.4). For any r € Z>; and any integer 0 < j < k, we have
1. sup [[p* @) P, ;(T)| < oo,

2. Poy1;(T) = P.;(T) mod ((1+T)"" —1),

plonlan) ”i (> W1+ T)—1)| <

=0

3. sup |p
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Moreover, there exists a polynomial P, € K[T] of degree < (k + 1)p"! such that
P(T)=P;(u?(1+T)—1) mod (u?(1+T) " —1).

The properties of Loeffler—Williams’ Asai-Eisenstein elements, as well as some ideas from
ILZ16], are used to prove Lemma [1.2.6] Since P, ; satisfy properties described in Lemma
following [PR94] and [BL21], we define

Lo (F) = lim Po(y = 1) € Hi,(a) (T1).

Moreover, we prove a result on the decomposition of these elements, similar to the works
of Pollack, Sprung, and Lei-Loefller—Zerbes. Assume that p splits in F' as pp. Let F be a
cuspidal Bianchi eigenform of weight (k, k), level m, and nebentypus ex, where (m, pOp) = 1.

_ k
For q € {p,p}, let a4 be the Ty-eigenvalue. Assume v,(a,) > {—2J and v,(az) = 0. Let
p J—

« be the root of X? — azX + ex(p)p"*! which is a p-adic unit. Let ay, 3, be the roots of
X2 — a, X + ex(p)p"™ and assume that a, # (,. Then, for e € {ay, 3,}, the p-stabilization
F* is a cuspidal Bianchi modular form of weight (k, k), level pm and with small slope, and
therefore one can associate F* with a p-adic distribution cL;,}S(]:"“) € Hgy(o)(I'1). Then,
using the methods of Chapter 2, we prove:

Theorem 1.2.7 (Theorem 3.7.3). There exist L5*’, L% € K ®o, Ok[[y — 1]] and a
logarithmic matrix M e Ms5(H k(1)) such that

CL;)AS (f'ap,a) N CLﬁs,b

LAS(Fhre) Last

In Chapter 4, we construct a two-variable p-adic Asai L-function associated with small
slope non-critical cuspidal Bianchi modular forms of weight (0,0). Let f be a cuspidal
elliptic modular form of weight 2 and level N, and let F be its base change. Then, under
some assumptions on f, F is cuspidal Bianchi modular form of weight (0,0) and level 0,
where (N) = Mt n Z. Assume p | N and all prime above p in F divide 9. Furthermore,
assume vy(a,) < 1, where a, is the U,-eigenvalue of F. Let ¢ € Z-( coprime to 6/N. Let
V = Sp(T) < Epar be a family passing through F over S = Sp(£) € Whpar- We construct:

Theorem 1.2.8 (Theorems 4.6.15). There exists a two-variable p-adic Asai L-function
LV € TREOH L vy (a) (D),
such that the specialization of this power series at the classical point xz retrieves

Spi}' (c‘C\[}s) = CLI?S(‘F) € HLv”p(ap)(F)'
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In particular, there exists a point 7 € V' = Sp(7T) that corresponds to F € S(o,0)(Ur1(MN)).
Let m,,. be the maximal ideal corresponding to F and let m, be the maximal ideal corre-
sponding to A = (0,0) € S(L). We naively assume 7 /mz = L = £/m,. The map sp}_ is
defined as

52y TOLOH L vy (ay) (1) = (/M )O(L/MN)OH L1y () (T) = Hi 0 (D)-

To construct .Lp®, we use the overconvergent cohomology piece H} (Y, (), Ds)<' and
construct Asai-Eisenstein elements 2, 5 , over S. Here Ds is a S-valued distributions on
Or ® Z, We pair a certain generator of H{(Yz, (M), Ds)=' ® T with =25 5, to construct
polynomials PS. Here V = Sp(T), naively, it interpolates the Hecke operators of F. These
polynomials satisfy certain norm-compatibility and growth properties. See Theorem [4.6.8]for
more details. Since we are dealing with Q,-Banach spaces, by the methods of by Perrin-Riou
in [PR94| and Biiyiikboduk-Lei in [BL21], we can take limit of PS to construct L%,



Chapter 2

Signed p-adic L-functions of Bianchi
modular forms

2.1 Introduction

The study and construction of p-adic L-functions of arithmetic objects, like modular forms,
is one of the central topics in modern number theory. The analytic p-adic L-functions are
distributions on p-adic Lie groups like Z,,. For example, let f be an elliptic modular eigenform
of weight k > 2, level N, and character €, and let p be a prime such that p 1 N. Let « be
a root of the Hecke polynomial X? — a,X + e(p)p*~! such that v,(a) < k — 1, where v, is
the normalized p-adic valuation such that v,(p) = 1, and a, is the T)-eigenvalue of f. Then,
due to the constructions of Amice-Velu and Vishik (see [AVT75|, [Vis76]) we can attach to f
a p-adic distribution L,(f,a) of order v,(a) over Z). This L,(f, a) interpolates the critical
values of the complex L-function of f.

We continue with the example of p-adic L-functions of modular forms. When f is good
ordinary at p, i.e. v,(a,) = 0, L,(f,a) is a bounded measure and hence an element of
the Iwasawa algebra A (I') = K ® Og[A][|T'1]], where K is some finite extension of Q,,
I' = Gal(Qp(1pr)/Qp) = A xT'y, A = (Z/pZ)*, and I'; = Z,,. In this setting, the arithmetic
is well understood and we have an Iwasawa main conjecture which relates this p-adic L-
function with the characteristic ideal of the Selmer group of f (proved in many cases by
Kato in [Kat04], Skinner-Urban in [SU14], Wan in [Wan20)], etc).

When f is good non-ordinary at p, i.e., a, is not a p-adic unit, L,(f, «) is no longer
a measure and hence not an element of the Iwasawa algebra. Moreover, it has unbounded
denominators and it is an element of a larger algebra known as the distribution algebra H x (T")
(see section 2 for the definition). When a, = 0, Pollack in [Pol03] has given a remedy. If
a1, @ are the roots of X2 + e(p)p*~1, Pollack showed that there exists a decomposition

Ly(f,c;) = log;k L}y +aglog, , L,

where Lg e Ag(I'), for some finite extension K of Q,, and log;fk are some power series
in Hg,(I"1) depending only on k. He also showed that if & = 2, then L} have integral

14
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coefficients, i.e. they lie in Z,[A][[I']]. Later Sprung (for & = 2) in [Spr12] and Lei-Loeffler—
Zerbes (for k > 2) in [LLZ10] have extended the work of Pollack when a, # 0 using the
method of logarithmic matrices.

Remark 2.1.1. On the algebraic side, we also have notions of signed Selmer groups due to
Kobayashi (for k = 2,a, = 0) in [Kob03], Sprung (for k¥ = 2, v,(a,) > 0) in [Sprl2], Lei (for
k > 2,a, = 0) in |Leill], and Lei-Loeffler-Zerbes (for k > 2,v,(a,) > 0) in |[LLZ10]. We
also have signed Iwasawa main conjectures relating signed p-adic L-functions of non-ordinary
modular forms with signed Selmer groups. See |[LLZ10] for more details.

In this chapter, we extend the construction of signed p-adic L-functions (due to Pollack,
Sprung, and Lei-Loeffler-Zerbes) to the setting of Bianchi modular forms using the two-
variable p-adic L-functions constructed by Williams in [Will7]. Bianchi modular forms
are automorphic forms for GL(2) over quadratic imaginary fields. Let K be a quadratic
imaginary field. Fix a prime number p > 3, which splits in K as (p) = pp, and let k£ > 0 be
an integer. Also, assume that p does not divide the class number of K. Let G be a cuspidal
Bianchi eigenform over K of weight (k, k), level n such that p divides n and v,(aq) < (k+1),
where a4 is the U, Hecke eigenvalue for all primes q of K which lie above p. Then Williams has
constructed a two-variable p-adic L-function L,(G) (see [Will7, Theorem 7.4]) of a cuspidal
Bianchi modular form G using overconvergent modular symbols. More precisely, L,(G) is a
locally analytic distribution over the ray class group Cl(K,p®) = G,» = llnn G(pyn, Where
G(py» is the ray class group of K modulo (p)".

We start with a Bianchi cuspform F of weight (k, k), level m coprime to p, and F
is good non-ordinary at both of the primes above p, that is, v,(a,) > 0 and vy(az) > 0,
where a, and ay are T, and Ty Hecke eigenvalues of F respectively. For q € {p,p}, we assume

k
vy(ag) > {—1| Moreover, let a,y and /3, be the roots of Hecke polynomial X% —a,X +p**!
p JE—

which we assume are distinct. Then we get four p-stabilizations of F: Fowes Fowbs Fleoy
and FP% P which are cuspidal Bianchi modular forms of the same weight as F and level
pm. Thanks to Williams, we can attach a two-variable p-adic L-function to each of the
p-stabilizations L,y = L,(F*"), for = € {ay, B,} and T € {a5, B5}. The main theorem of this
chapter is:

Theorem A (Theorem [2.8.5). There exist two-variable power series with bounded coeffi-
cients, that is, there exist Ly, Lyp, Ly 4, Ly, € Ap(Gpo) such that

(0 g (= ) gy
— QM )"
Loys; Lg,p; P Ly Ly

g —p
where M, and M; are 2 x 2 logarithmic matrices, Q) = ( :H k+j>, and Ap(Gpr) =
T T P p

E[Ak] ®oy Op|[T1,T3]], where Ak is a finite abelian group such that Gp» = Ag x Z2.

In the Appendix [A] we have generalized Theorem [A] from parallel weight cuspidal
Bianchi modular forms to non-parallel C-cuspidal Bianchi modular forms. See Theorem
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Remark 2.1.2. In [Loel4|, Loeffler proved a special case of Theorem He proved a Pollack
style t+-decomposition of two-variable unbounded p-adic L-functions attached to Bianchi
modular forms of parallel weight 0 with a, = 0, for q € {p,p}. Even though the result was
stated for Bianchi modular forms arising from the base change of weight 2 elliptic modular
forms to a quadratic imaginary field, the method works for all Bianchi modular forms as
long as aq = 0 for q € {p,p}. Pollack’s distributions logf, log% over the ray class group G,»
for the decomposition were used in Loeffler’s proof. See [Loel4l Section 5]|. In this chapter,
we generalize [Loeldl Corollary 2| to cuspidal Bianchi modular forms of parallel weight
k = 0 and vy(aq) > 0. We also generalize [Loeld, Proposition 9|, [Leild, Proposition 2.3,
Proposition 2.5] from k£ = 0 to & > 0. We use a different approach from [Loel4]. We construct
and use Lei-Loeffler—Zerbes style 2 x 2 logarithmic matrices (which generalize Pollack’s +-
logarithms) M, and M; to decompose p-adic L-functions with unbounded coefficients. To
construct these logarithmic matrices, we use p-adic Hodge theoretic tools. For example, one
of the key ingredients to construct M is the Wach module basis due to Berger-Li-Zhu (in
IBLZ04]). The importance of Berger-Li-Zhu’s construction is explained briefly in Section
2.1.2]

2.1.1 Logarithmic matrices

In this chapter, we construct logarithmic matrices in the sense of Sprung and Lei-Loeffler—
Zerbes. Although we use p-adic Hodge theoretic tools to construct these matrices, one can
think of them as purely algebraic elements. More generally, we construct M € M o(Hg(T'1)),
where H (1) is the distribution algebra over E, and M, »(R) is the space of 2 x 2 matrices
with entries in R, having some growth properties. See Section for the details.

We do not have much information about p-adic Hodge theoretic properties of the Galois
representations of Bianchi modular forms. If the level of the Bianchi modular form is away
from p, we expect the corresponding Galois representation to be crystalline at p. Only partial
results are known due to Jorza, see [Jor12, [Jor13|.

We avoid or bypass the use of these conjectural properties of p-adic Galois represen-
tations associated with Bianchi modular forms by using Berger-Li—Zhu’s construction. We
explain it briefly here. Since we have assumed p splits as (p) = pp in K, the ray class
group Gp» can be decomposed as Ag x I', x I';, where Ay is some finite abelian group
and I'y = I'; = Z,. For q € {p,p}, fix a topological generator v, of I'y. For a cuspidal
Bianchi modular form F of level m away from p, weight (k, k) and trivial nebentypus, let

aq be the T, -eigenvalue of 7. We assume v,(aq) > 5| Moreover, let oq, 3; be the

distinct roots of Hecke polynomial X? — a, X + pF*1. Then we construct a logarithmic ma-

trix M(q) € Moo(I'y), and then using change of variables, i.e. by changing o with v,, we
construct another matrix M, € My o(H g (I'y)) with appropriate properties. See Section
for the construction of M, and Section for the details about the change of variable map.
Most importantly, the construction of My does not depend on the p-adic Galois representa-

tion of F, but it depends only on the roots of Hecke polynomial X? — a,X + p*™ and the
condition on v,(a,). Moreover, in Appendix we have constructed logarithmic matrices for
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k and ¢, where k need not be equal to /.

2.1.2 Plan of the chapter

We start with the setup and notations in Section 2.2, which we require throughout the
chapter.

In Section 2.3, we recall tools from p-adic Hodge theory and Wach modules. In general,
we look at crystalline representations, families of Wach modules and the relation between
them due to Berger-Li-Zhu [BLZ04].

In Section 2.4, we recall the exponential map constructed by Perrin-Riou and the p-adic
regulator map along with Coleman maps, which were introduced by Lei-Loeffler—Zerbes in
ILLZ10] and |[LLZ11]. Moreover, we study the relationship between the exponential map and
the p-adic regulator map. In this section, we also introduce the logarithm matrix M, which
is an element of Mss(Hg(I')).

Section 2.5 deals with the factorization of power series in one variable. We first investi-
gate M in more depth. Then we prove the following result using M:

Theorem B (Theorem [2.5.5)). Let E be a finite extension of Q,. Let a, 5 € Op and k > 2

k—2
be an integer such that a8 = p*~'. Assume a # (3 and v,(a + ) > {—J For each
p

A€ {a, B}, let F\ € Hp,, (L), such that for any integer 0 < j < k—2, and for any Dirichlet
character w of conductor p", we have F)(x'w) = A\™"C,,;, where y is the p-adic cyclotomic
character and C,, ; € Q, that is independent of A\. Then there exist Fj, Fy € Ag(I") such that

F, F;
=Q 'M :
Fjs s
Note that M depends on « + 3 and k, and the matrix () depends on o and S.

Remark 2.1.3. In [BL21] Section 2|, the authors proved a similar result as above under the
Fontaine-Laffaille condition (p > k). In this chapter, we are replacing this condition with

k—2
a weaker condition v,(a + ) > {—J We also use different methods than the methods
D

used in [BL21]. For example, we obtain properties of M using the p-adic regulator L, and
Perrin-Riou’s exponential map Qg .

In Section 2.6, we develop the two-variable setup and recall definitions of ray class
groups, Hecke characters, etc.

Bianchi modular forms and their p-adic L-functions are briefly recalled in Section 2.7.

In the last subsection, we prove the main theorem (Theorem of this chapter. We
generalize and apply results of [Leil4] in our setting.
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2.2 Setup and notations

Fix an odd prime p. Let £ be a finite extension of Q, with the ring of integers Og. Let
a, 3 € Op such that v,(a + ) > 0, and there exists v € Oy and an integer k > 2 such that
aff = vp*~1. We assume that v'/? € OF. Denote a = o + 3. We denote Gal(Q,/Q,) by Gg,.

Assumption 2.2.1. v,(a) > m = {—J and o # 3.
p J—

We fix a, a, 3, and v for the rest of the chapter.

Iwasawa algebras

Let Qp, = Qu(ptpr), Where pi,n is the set of all p"-th roots of unity. Let Qp o = J,51 Qpn-
Then I' = Gal(Q)0/Q,) = A x Z,, where A is the torsion group of I' of order p — 1. Let
I'; be a subgroup of I" such that I'y = I'/A = Z,. In other words, I'; is the Galois group
of Qp over Q1. We denote the Iwasawa algebra O ®z, Z,[[I']] = Og[[I']] over O by
Ao, (T). Fix a topological generator 7o of I'y. Then we can identify Og[[I'1]] with Og[[X]]
via identification vy — 1 + X. This can be extended to Ao, (I') = Og[A][[X]]. We further
write Ag(l'1) = F Qo Ao, (1) and Ap(I') = E ®o, Ao, (T"). Fix a topological generator u
of 1 + pZ, and let x be the p-adic cyclotomic character on I' such that x(yo) = u.

Power series rings

Given any power series ' € E[[X]| and 0 < p < 1, we define the sup norm ||F|, =
SUp|,|, <, F'(2)]p. For any real number r = 0, we define

H, = {F € E[[X]] : supe(p™" | F[,,) < o0},
where p; = p~/P"7'P=D and t > 1 is an integer. Equivalently, we have
|cnlp
H, = F(X)= > ¢, X" € E[[X]]:sup—F <.
If F(X) € H,, then F'is O(log,), that is
[El, = O ([ogy(1 + X))

as p— 17. We write Hp = (J,- H-

We define Hg (') to be the set of power series >} _i ca Cno - 0 - (70 — 1)", such that
D ins0 CnoX™ € H, for all 0 € A. In other words, the elements of He(I') are the power series
in 7o — 1 over E[A] with the growth rate O(log,). Write Hp(I') = J,~o He,(I'). We call
Hp(T) the space of distributions on T'. We can identify Hg(T') with

F(X) = Z o0 X" e E[A][X]] : Z Cno X" converges for all X € C, with |X|, <1

n=0, n=0
geA
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where X corresponds to vy — 1.

Remark 2.2.2. In [Kat04] and [PR94], the spaces H, are defined using lim, n~"|c,|, = 0
instead of sup,(n~"|c,|,) < oo. For example, if » = 0, then by the notation in [Kat04],
Ho = E(X), where E{X) is the one-variable Tate algebra. But, in our context, we have the
following identification

Ho = F ®o, O|[T]].

We do not need the stronger notion of Tate algebras in this chapter. See also [Pol03, Lemmas
3.2, 5.2].

Fontaine’s rings

Let 7 be a variable, Ay = Z,[[7]] and B, = A [1/p]. Let Ag, be the ring of Laurent

series Z;fioo a;m" such that a; € Z, and a; — 0 as ¢ — —oo. Write ]B%jig’(@p for the ring of

power series f(m) € Q,[[7]] such that f(X) converges everywhere in the open unit p-adic
disk. We equip ]B:;g,Qp with actions of a Frobenius operator ¢ and I' by ¢ : m+— (1 + )P — 1
and o : m — (1 +m)X? — 1 for all ¢ € I. We then write B,
EQB! We can define a left inverse ¢ of ¢ such that

rig,Qp'
oo b(f(r)) = ]19 S FC ) - 1),

¢cr=1

for the power series ring

Inside B, 5, we have subrings Af = Og[[7]] and Bj, = E® Aj. The actions of ¢, 1, and
I preserve these subrings. Write t = log(1 + 7) € B, , and ¢ = ¢(7)/7 € A. Note that
n—1
o(t) = pt and o(t) = x(o)t for all o € T, since log(1 + 7) =7 H Ld (q)
n=1 p
Mellin transform
We have a Ap(I')-module isomorphism between Hp(T') and (B, ;)¥=? due to the action of

' on B}

rig o> Called the Mellin transform. The isomorphism is given by

M HE(F) - (B+

rig,E
flro=1) = fly—1)- (1 +m).
Moreover, Ao, (T') corresponds to (A7)¥=Y and Ao, (T';) corresponds to (1 + 7)p(AL) under

M. Let Hp(T1) = {f(v —1): f € Hg}, then Hp(Ty) corresponds to (1 + m)p(B, ;). See
[PROI, Section B.2.8] for more details.

)Y

2.3 Crystalline representations and Wach modules

In this section, we recall definitions of crystalline representations and Wach modules. Fur-
thermore, we recall the construction of families of Wach modules from [BLZ04]. The primary
reference for this section is [BLZ04] Sections 1, 2, and 3|.
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2.3.1 Crystalline representations

Let B..ys be Fontaine’s crystalline period ring. Recall that we call a Q,-linear Gg,-representation
V' a crystalline representation if V' is B,ys-admissible. In other words, V' is a crystalline rep-
resentation if the dimension of the filtered p-module Deyys(V) = (Berys @ V)9 is dimg, V.
For any integer j, we take Q,(j) = Q, - ¢;, where Gg, acts on e; via x/. We know that
Q,(j) is a crystalline representation. Then for any crystalline representation V', the repre-
sentation V(j) = V(x?/) = V®Q,(j) is again a crystalline representation. Moreover,we have
Derys(V () = t "Derys(V) @ €. We say a crystalline (or more generally a Hodge—Tate) rep-
resentation V is positive if its Hodge-Tate weights are negative. Note that we are assuming
the p-adic cyclotomic character has Hodge—Tate weight +1.

Let E be a finite extension of Q,. We say that an E-linear Gg,-representation V'
is crystalline if and only if the underlying Q,-linear representation is crystalline. In this
case, Deys(V) is an E-vector space with E-linear Frobenius and a filtration of E-vector
spaces. More precisely, D¢,ys(V') is an admissible E-linear filtered ¢-module and the functor
V' > Deys(V) is an equivalence of categories from the category of crystalline E-linear rep-
resentations to the category of admissible E-linear filtered p-modules (see [CF00] for more
details).

2.3.1.1 Crystalline representations as filtered p-modules
Let Dy 12, be a filtered ¢p-module given by Dy 12, = Ee; @ Fey where:

Dy, y1/2q if i < 0

<
_ k=1 . h
wie2 1 2 0if ¢ > k.

Take €] = v'/2e; and e, = e5. Thus, €}, €} is another E-basis of Dy, ,12,. The matrix of ¢

with respect to basis €}, e, is
- 0 —y~1/2
A, = :
® Ul/2pk71 v 12

Theorem 2.3.1 (Colmez-Fontaine|CF00|, Berger-Li-Zhu|BLZ04]). There exists a crystalline

E-linear representation Vj, ,1/2,, such that Dcrys(Vk”:vl/za) = Dy, y12,, Where V]:jvl/Qa = Hom(V} 1124, E).

Proof. See [BLZ04, Section I and Proposition 3.2.4| |
From the above theorem, we get
Dcrys(Vk’fvl/ga) = Fe; @ Eey = Fe| @ Eey,.

The Hodge-Tate weights of V12, are 0 and k—1, and thus the Hodge-Tate weights of V}* ,,
are 0 and 1 —k. Let W = Vk”jvl/Qa(X’“_l(@n), where 1 : Gg, — @, is an unramified character
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such that n(Frob,) = v/2. Therefore, W is a crystalline representation with Hodge-Tate
weights 0 and k& — 1.

Let w; = ¢, @t Ve, ® ey, for i = 1,2, where ¢, is a basis of Q,(n) and the action
of ¢ on e, is given by ¢(e,) = n(Frob, ')e,. Then wi, w; is a basis of Derys(W). The action
of ¢ on w; can be calculated as

{@(wl) = W2

p(wa) = (=1 /vp* Hw; + (a/vp* " w,.

Thus, the matrix of ¢ with respect to basis wq, ws is

-1
0 vph1

A, = 4
1 vph1

2.3.2 Wach modules

An étale (¢, I')-module over Ag, is a free Ag,- module M of finite rank, with semilinear action
of ¢ and a continuous action of I' commuting with each other, such that (M) generates
M as an Ag,-module. In [Fon90, A.3.4|, Fontaine has constructed a functor 7' — D(T)
which associates to every Z,-linear representation an étale (p,I')-module over Ag,. The
(¢, T)-module D(T) is defined as (A ® T)"%, where A is the ring defined in [Fon90] and
Hg, = Gal(Q,/Qp«). He also shows that the functor T' — D(T) is an equivalence of
categories. By inverting p, we also get an equivalence of categories between the category of
Qp-linear Gg,-representations and the category of étale (¢, I')-modules over By, = Ag,[p'].

If £ is a finite extension of Q,, we extend the Frobenius and the action of I' to E®Bg,
by E-linearity. We then get an equivalence of categories between Og-modules (or E-linear
G, -representations) and the category of (¢, I')-modules over Op @ Ag, (or over £ ® By, ),
given by T +— D(T).

In [Ber04], Berger shows that if V' is an E-linear G, -representation, then V' is crystalline
with Hodge—Tate weights in [a, b] if and only if there exists a unique £ ®Bap—module N(V) <
D(V') such that:

1. N(V) is free of rank d = dimg(V') over E®B+p;
2. The action of ' preserves N(V') and is trivial on N(V')/7N(V);

3. p(r"N(V)) < 7’N(V) and 7*N(V)/*(#*N(V)) is killed by ¢* ¢, where ¢ = 2 and
©*(m*(N(V))) is B}-submodule of N(V)[r 1] generated by ¢(m’N(V)).

Moreover, if V' is crystalline and positive, then we can take b = 0. In this case, N(V)/7N(V)
is a filtered E-module and there exists an isomorphism N(V)/7N(V) = D,ys(V') as filtered
p-modules. See [Ber04, Section II1.4] for more details.
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Let T' be a Gg,-stable lattice in V. Then N(T) := D(T') n N(V) is an Op ®A6p—lattice
in N(V'). By [Ber04], the functor T +— N(T') gives a bijection between the Gg,-stable lattices
T'in V and the Op ® Ay -lattices in N(V') which satisfy

L. N(T) is free of rank d = dimp(V) over Op @ Af ;
2. The action of " preserves N(T');

3. o(7°N(T")) < #°N(T') and 7°N(T')/¢*(x°N(T)) is killed by ¢*¢, where o*(x*(N(T))) is
Aj-submodule of N(T)[7 '] generated by o(7°N(T)).

The E®Bf -module N(V) = D(V) as well as Op ® Ag -module N(T') = D(T) are called
Wach modules.

2.3.2.1 Families of Wach modules

In this section, we recall some results from [BLZ04].
Recall ¢ = o(m)/m. We define A\, and \_ as

2n+1
. (9)
n=0 p
and ) @
©™"(q
A_ fr—
1=

| k2
Lemma 2.3.2. Write p™(A_/A\)* 1 = >, z7', where m = {—1| and define z =
> p—
2o+ 21 + - + 2zp_om" 2 Then z € Z,[[x]].

Proof. See [BLZ04, Proposition 3.1.1]. |

Let Y be a variable. Define a matrix

0 —p 12
PY) = .
(¥) P 2gh1 Y12,
Then by [BLZ04, Proposition 3.1.3], for 7 € T, there exists a matrix G,(Y') € Iy+7 M o(Z,[[7,Y]])

such that
PY)p(G,(Y)) = G, (Y )v(P(Y)).

Note that ¢ and v € I' acts trivially on Y.
Lemma 2.3.3. For § = —— and 7,7 €T, wehave G,/ (6) = G,(0)Y(G(0)) and P(§)p(G,(6)) =
pm

G, (8)v(P(0)). Therefore, one can use the matrices P(0) and G, (9) to define a Wach module
Nx(6) over Og[[r]].
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Proof. Define the free Og[[n]]-module of rank 2 with basis ny, ny as: Ni(0) = Og[[7]]n1 &

Og[[7]]n2. Endow it with Frobenius ¢ and an action of v € T" such that the matrix of ¢ with
12

0
t to the basi is P(0) = d th trix of v is G,(9).
respect to the basis ny,ny is P(0) P 12 z) and the matrix of v is G,(9)

See [BLZ04, Proposition 3.2.1] for details.

The above lemma implies £ ® Ni(6) = N(V}* .. ), where § = a/p™, and Vj 1.2, is the
crystalline E-linear representation in Theorem [2.3.1/Here N(V,* .. ) is the Wach module
associated to the crystalline representation V* ., . More precisely:

Theorem 2.3.4. The filtered p-module EQo,, (N (0)/mNg(d)) is isomorphic to the ¢-module
Dy, 112, defined in the Theorem [2.3.1]

Proof. This can be proved using [BLZ04, Proposition 3.2.4]. |

We adapt the above machinery in our setting. Recall that W = V,:Ul/za(xk_l ® n).

Denote by Ty the Op-lattice T(x* '®n) in W, where T is an Op-lattice in V}, 12, such that
Nx(6) = N(T™*). By an abuse of notation, we write Ny (§) = N(Tyw ) = Og[[r]]n) ®Og[[7]]n,
where 1/, n}, is a basis after twisting the basis n, ny of N(T') with x*~1®n. Then the matrix

of ¢ with respect to {n},nj} is
0 —1/vgh?
P = / .
1 6 z/vg"!

Note that P = A, mod, since ¢ = pmodm and § - z = amod 7. We fix this Og[[r]]-basis
n}, ny for N(Ty) for the rest of the chapter.

2.4 Perrin-Riou’s Exponential map, Coleman maps, and
the p-adic regulator

We recall definitions of Perrin-Rious’s exponential map, the p-adic regulator, and Coleman
maps. We also explicitly study these maps and the relationship between them after fixing
some basis. The primary reference for this section is |[LLZ11].

2.4.1 Iwasawa cohomology and Wach modules

Let V' be any crystalline E-linear representation of Gig, and let T" be an Opg-lattice inside V.
The Iwasawa cohomology group Hi,(Q,,T') is defined by

Hllw(@pv T) = liLnHl (me’ T)>
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where the inverse limit is taken with respect to the corestriction maps. Then, due to Fontaine
(see [CC99, Section II.1]), there exists a canonical Ap, (T")-module isomorphism

hllw: ]D(T)T/)=1 - H11 (vaT)a

w

where D(T) is the (¢, T')-module associated to T.

From now on, we consider the p-adic representation W = Vk"‘vl/%(xl‘/’_1 ®n) and the
Og-lattice Ty in W studied in Section [2.3.2.1] unless mentioned otherwise. Moreover, let
Derys(Tw) be the image of N(Tyw )/7N(Tyw ) in Depys(W). Then

1. Depys(Tw) is filtered p-module over Op,
2. Derys(Tw) = O - w1 @ O - wy,

3. the matrix of ¢ with respect to the basis wy, w; is A,.

For the representation W, the eigenvalues of the ¢ are a~!, 37!, From now on we assume
that o ! and S~ ! are not integral powers of the prime p. Since the Hodge-Tate weights of
W are 0 and k£ — 1, we have the following theorem due to Berger:

Theorem 2.4.1 (Berger, [Ber03, Theorem A.3|). For the Gg,-stable Og-lattice Ty in W,
there exists a Ao, (I')-module isomorphism

g 1y, - N(Tw)" ™" = Hy (@, T ).
Moreover, we can extend this isomorphism from Ay, (I')-modules to Ag(I")-modules

hIle/V: N(W)d}:l - Hll (va W)>

where N(W) = E®N(Tw) and Hy, (Q,, W) = E® H}, (Q,, T).

Remark 2.4.2. For a given p-adic E-linear Gg,-representation V', the torsion part of
H{,(Q,, V) is given by VGal@/Qr(iy=)) - But, for our representation W, by [BLZ04, The-
orem 4.1.1], WG(@v/Q)) — 0 and hence the Iwasawa cohomology HL (Q,, W) is a free
Ag(T)-module of rank 2.

2.4.2 Coleman maps

For the p-adic representation W and the Og-lattice Ty in W, we deduce N(Tyw ) < ¢*(N(Tw)),
since the Hodge-Tate weights of W are non-negative. Here ©*(N(Tyy)) is Af-submodule of
N(Tw)[7 '] generated by o(N(Ty)) (See [LLZ11, Lemma 1.7]). Hence there exists a well-
defined map 1 — ¢: N(Ty) — o*(N(Tw)) which maps N(Ty)¥=! to (o*N(Tyw))¢=°.

Theorem 2.4.3 (Lei-Loeffler—Zerbes, Berger). The Ap, (T')-module (¢*N(Ty))¥=° is free
of rank 2. Moreover, for any basis vy, vg of Depys (i), there exists an O ® Aap—basis ni, No
of N(Ty ) such that n; = v;mod7 and (1 + m)p(ny), (1 + 7)¢(ne) form a Ao, (I')-basis of
(#*N(Tw))¥=°.
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Proof. See|LLZI10, Lemma 3.15] for the proof for any crystalline representation of dimension
d. |

The above theorem gives an isomorphism of Ap, (I')-modules
3t (P N(Tw))* = Aoy (1),
Definition 2.4.4 (The Coleman map). We define the Coleman map
Col = (Col,)2,: N(Ti)*™! — Ao, (1)
as the composition J o (1 — ¢).

This Coleman map Col can be extended to a map from N(W) to get a Ag(I')-module
homomorphism

Col: N(W)¥=t — Ap(I)®2.

From the above discussion, for the fixed basis n/,n} for N(Ty) and basis w;,w, for
Derys (T ), we get a matrix M as follows: The elements (1 + 7)(p(n})), (1 + 7)(¢(nf)) form
a Ao, (T)-basis of (¢*N(Ty))¥=". Furthermore the elements (1 + 7) @ wy, (1 + ) @ wy form

a basis of (B}, )¥~" ® Derys(Tw) as a Hp(I')-module. Since nj = w; mod 7 for i = 1,2,

there exists a unique 2 x 2 matrix M € M (Hg(I')) such that
[(1+m)en)) L+m)emy)]=[0+m)Q@ur (1+7)Quws| M. (2.4.1)
That is, M is a change of basis matrix for the following homomorphism of H g(T")-modules:
(" N(Tw))"™" > (B 5)" ™" ® Derys (T ).

Remark 2.4.5. More precisely, M € M o(H(I'1)), since n! lie in (1 + m)p(N(Tw)) < (1 +
™) (Brig 1) © Derys (Tow)-

This matrix M will play a crucial role in the upcoming sections. More precisely, we will
show that M is a logarithmic matrix (in the sense of Sprung and Lei-Loeffler-Zerbes) that
can be used in the decomposition of power series with unbounded denominators.

2.4.3 Perrin-Riou’s Exponental map, the p-adic regulator and the
relation between them

Recall that the eigenvalues of ¢ are not integral powers of p. Under this assumption, we can
construct the Perrin-Riou’s exponentia map as (see [PR94, Section 3.2.3|, [Ber03, Section
I1.5] for the details)

Qi 1: O ® (B, 0,)" ™" @ Darys(Tw) — Hp(l) ® Hy, (Qp, Tiw ).
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Note that this map is a Ao, (I")-module homomorphism. We can extend this to a Ag(T')-
module homomorphism

QW,k’—l E® (B:i_g’(@p)d}:o X Dcrys(W) - HE(F) ® Hllw(QZ” W)

This map interpolates the Bloch—Kato exponential map

€XPp,j° Qpn @ Derys (W (5)) — H' (Qpn W(5)),

where 7 is any integer.
Recall we have fixed a topological generator u of 1 + pZ, in Section For i € 7Z,
log,(1 + X)

define ¢, = ————~

logp(u)
description of Qux_1 in the terms of ¢;’s (see [Ber03l Section II.1, Theorem II.13| for more
details) as follows:

—i. It is easy to see that ¢; € Hg(T') for all integers i. Berger gave a

QW,k—l(Z) = (Ek_g 0---0 fo)(l — (p)_l(i), (242)
where 2z € Hg(I') @ Deys(W) and 2 = (M@ 1)(2).

Definition 2.4.6 (The p-adic regulator). The Perrin-Riou p-adic regulator map Lr,, for the
Go,-stable Op-lattice Ty in W is a Ao, (I')-homomorphism defined as

Ly = (M7 @1) 0 (1= 9) o ()™ H(Qp Ti) = Hio(D) @ DT
The p-adic regulator Lg;,, can be extended to a Ag(I')-homomorphism as

Ly Hy (@, W) = Hp(I) @ Derys(W).

The p-adic regulator map Ly and the exponential map €y ,—; are related by the fol-
lowing lemma:

Lemma 2.4.7. As maps on Hj, (Q,, W), we have

k—2
Ly =M @] [ ) Qi)
i=0
In other words,
k=2
Qwir1(Lw(2)) = (n i)(2), (2.4.3)
i=0
for all z € H{_ (Q,, W).
Proof. See [LLZ11, Theorem 4.6]. i

The following lemma gives a relationship between L, and the Coleman maps.
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Lemma 2.4.8 (Lei-Loeffler—Zerbes [LLZ11] Lemma 3.3]). For z € N(Ty)¥=!, we have
1—p)z)=[1+m)@w (1+7)Qws| M Col().
Thus, we can rewrite Lr, in terms of (1 + 7) ® wy, (1 + 7) @ wy as
Ly (2) = [A+m) @wr (1+7) @wy] M (Colo(hiyz,)7) (2),
where z € H], (Q,, Tw).
Proof. This can be proved using.

(1 =¢)(z) = [A+m)e(m) (1+m)p(na)] - Col(z),

and the definitions of M and Ly, . |

Now for z € Hi, (Q,, Tw), L1, () is an element of Hg(I') ® Derys(Tw). Hence, we can

w

apply any character of I" to L, (2) to get an element in £ & Deyys (T ).

Proposition 2.4.9. Let z € H] (Q,, T\). Then for any integer 0 < i < k — 2, and for any
Dirichlet character w of conductor p™ > 1, we have

(1 =) 1 = p o™ YN (L (2) @ tle_y) € Fil®(Derys(Tiw (—1))), (2.4.4)
o "(X'w(Lry, (2) @t'e;)) € Qpp @ Fil'Derys (Tiw (—i)),

where X is the p-adic cyclotomic character and e_; is the basis of Deyys(Z,(—1)).

Proof. We replace V' with Ty in [LLZ11l Proposition 4.8] and the result follows. |
Lemma 2.4.10. We have s
det(Lw) = [ [ &
i=0

Proof. Since the Hodge-Tate weights of W are 0 and k — 1, we have
dim g (Fil' Derys (W) = 1,

for all —(k—2) <i < 0. Thus, replacing V with W, putting d = 2 and n; = 1 for all integers
0 < i< (k—2)in [LLZ11, Corollary 4.7|, we get

k—2

det(Lyw) = [ J()* .

1=0
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2.4.4 The matrices of (dy;_2, Ly and their connection with M

For the rest of the chapter, fix an eigenbasis Beg = {wa, ws} of ¢ for Deys(Tw), that is, Beg
is a basis for Deyys(Ty) and (w,) = (@) tw, and o(wg) = (B) 'wg. Thus, (1+7)@w,, (1+
m) ®wg is a basis for (B, ;)Y @ Derys(Tw). We denote the basis {wy, ws} for Derys(Tw) by
B, which we have defined in subsection 3.1.

Recall that the matrix of ¢ with respect to B is

0 —1/vprt
4, = k=1 |7
1 a/vp

a”t 0 .
0 g =0 4,0,
el —B
where () = <—vpk1 Upkl)'

We know that the Ao, (I')-rank of Hi_ (Q,, Tw) is 2, since dimg Deys(W) = 2 and Ty is
an Opg-lattice in W. See [PR94, Section 3.2| and [Ber03l, Proposition 2.7] for precise details.
Thus, we may fix a Ap, (T')-basis {21, 20} for H{, (Q,, Ty ).

and thus we get

2.4.4.1 The matrix of Qp, 11
Using the expoential map {27, x—1, we obtain the following equations

Qi1 (1 +7T)Qwy) =a- 21+ ¢ 29,
Qm/’kfl((l + 7T) ®UJB) =b- 21+ d- 29,

where a, b, c¢,d are elements in the distribution ring Hg(I'). In other words, we can write
these equations as

a b
[Qwp—1 (T + ) Quwa) Qwp—1((1+7) @up)| =21 2] (c d) :

Therefore, with respect to the basis {z1, 22} for H{, (Q,, Tw) and the basis Beig for Deyys(Tiw)
we can describe the matrix Mg of Qp, ;1 as,

oo [0 2.4.6
() i

Recall that, if F'e Hp,.(['), we say F is O(log).

Lemma 2.4.11. The elements a, ¢ are O(logzp(ﬁ)), whereas b, d are O(log;jp(a)).
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Proof. From [PR94, Section 3.2.4|, we note that for any Og-lattice T in a crystalline rep-
resentation V', if f is an element of (B, 5)*=° @ D,(T'()), where D,(T'(5)) is a subspace of
Derys(T(5)) in which ¢ has slope v, then Qpj)ne,(f) is O(logh+”) and h € Z-g such that
Fil " (Derys(T)) = Derys(T). In other words, Qz(jynii(f) lies in oo (D) @ Hi, (Qp, T(5)).

For the crystalline representatlon W and the lattice Ty in W, we know that ¢(w,) =
a tw, and p(wg) = wg. Thus, Qry, k-1 (1 + 7) @ w,) 1s O(log](f - ””(O‘)) (logvp(ﬁ ),
since v,(a) + v,(8) = k — 1. Similarly, Qg 41 ((1 +7) @ wp) is O(log;j”(a)).

But Qp, o-1(1+7) Qwa) = a- 21 + ¢+ 22 € Hp o5 (1) @ Hi, (Qy, Tw). Therefore we
conclude that a and c have growth O(log;p(ﬁ)). In the same manner, b and d have growth
O(logzp(o‘)). i
2.4.4.2 The matrix of the p-adic regulator L,

After applying the p-adic regulator Lz, on the Ap, (I')-basis z1, 2o of Hi, (Q,, Tw ), we get

Lr,(21) = 21 - Wy + 3 - wg,

Lry, (21) = To - Wo + T4 - W3-

We can rewrite these equations as

[ETW(ZI) ETW(ZQ)] = [U}a wg] (xl x2> . (247)

T3 T4

Hence, using the basis {21, 22} for H{ (Q,, Ty) and the basis Beig for Deyys(Tiw), we get
a matrix [Lpy, |5, € M22(Hp(T')) of Ly, as

(L |8, = (zl $2> : (2.4.8)

T3 T4
Lemma 2.4.12. We have the equation

(L1 5., = adj Mg, (2.4.9)

where adj Mg is the adjugate matrix of Mq. In particular, x;, xzo are O(log;;p(o‘)) and x3, 14
are O(log;”(m).

Proof.
From Lemma [2.4.7] we know that

k—2
Qw,kq oLy = (H 51) .

=0
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By restricting to the Og-lattice Ty in W, we have, for any z € H{ (Q,, Tw),

1y k1 (L (2 <1‘[£>

Thus, by using the Ao, (T')-basis {z1, 22} for H{ (Q,, Tw), we get

=0

Oy k-1(Lry, (21)) = <ﬁ &) (21), (2.4.10)

:] |

Qpy k-1 (Lyyy, (22)) < ) (2.4.11)
=0

In matrix form, we can rewrite the equations (3.7.1) and (3.7.2)

k—2
MQ[ETW]Beig = (n £z> [2.
=0

From Lemma [2.4.10} we have det(Lr, ) = [ ][22 £, hence we have det([Lry, 5.,) = 122 ¢..
Thus

Mg [‘CTW]Beig = det([’Tw)IQ

Ty X2 _ d —b
= [L1y 5., = adj Mo = : (2.4.12)
T3 T4 —C a

where adj Mg, is the adjugate matrix of the matrix Mq. Thus, from Lemma 2.4.11] we get
x1, x9 have growth O(log””(a ) and z3, x4 have growth O(logzp(ﬁ)). ]

Hence,

We use the basis B of Deys(Tw) and the basis {21, 22} for Hi, (Q,, Tw) to get another
matrix [Lr, |s such that

(L1 (21) Loy (22)] = [w1 wo] [Loyy 5.
Since [w1 wg] = [wa U}g] Q !, we have

(L1 84, = Q' [Lr . (2.4.13)

For any non-negative integer n, we write w, (1 + X) = (1 + X)?" — 1. Let ®,(1+ X) =
wp(l 4+ X)/w, 1(1 + X) be the p™-th cyclotomic polynomial for integers n > 1. Recall from
Section 2, topological generators v of I'y and u of 1 + pZ, such that x(yy) = u, where x is
the p-adic cyclotomic character. For any integer m > 1, we define

Dy (1 4 X) nd> u (14 X)),



2.4. PERRIN-RIOU’'S EXPONENTIAL MAP, COLEMAN MAPS, AND THE
p-ADIC REGULATOR 31

(1) = [T a1+ X)),

m—1

Om(X) = [ [(w?(1 4+ X) 1),

jO
log, (1 + X) = nlogp 11+ X)).

Remark 2.4.13. Note that the zeros of lognm(l + X), all having simple order, are of the
form u/¢ — 1, where C is a p"-th root of unity, for all n > 1 and for all 0 < j < m — 1.

Recall from Proposition for any Dirichlet character w of conductor p™,n > 1, we
have

o (N W(Lryy (2) ®t'e-)) € Qpn © Fil'Derys (T (1)),
for any z € Hy,(Qp, Tw) and 0 < i < (k — 2).

Proposition 2.4.14. The second row of the matrix [p™" Ly, |5 is divisible by ®,,_1 x—1(70)
over Hp(I'), for all integers n > 1.
Proof. The HodgeTate weights of the crystalline representation W are 0 and k — 1. Thus,
for 0 < i < k — 2, we have

dim g (Fil’Derys (W (—1))) = dimpg(Fil "Derys(W)) = 1.

We know that Fil_iDcrys(TW) is a rank one free Og-submodule of D,y (71 ) generated by wy
for all 0 < i < k — 2. Thus, Fil’Dey (T (—i)) is generated by w; @ tle_;.

Write
O (L, (2)@te ;) = Fi. - (wy @p "te ;) + Fy, - (wy @ p~"te_;), (2.4.14)
where F ., Fy, € Hg(T') and z € H{,(Q,, Tw).

Thus, (2.4.5) implies

Py (x'w) =0, (2.4.15)

for all 0 < ¢ < k — 2 and for all Dirichlet character w of conductor p”, where n > 1. Then
[ILLZ10, Theorem 5.4] implies ®,,_1 x_1(7) divides Fy ..

Using the basis z1, 2o for H{,(Q,, Tiw) and the basis B for De.ys(Tw ), we get
‘ . . . Fi., Fi,
[cp*”(ﬁTW(zl) ®te_;) ¢ "(Lyy(22) ®tle_i)] = [w1 Qtle_; woy ®tle_i] ( Q’Zl F2’22> )
Then the matrix of ¢ "Lz, with respect to basis B is
Y Fi., Fig,
o omw s = (Fz F2> |

Note that [¢ "Lq, |5 € Mao(H(I')). Hence, using (2.4.15)), we deduce that ®,,_1 x—1(70)
divides both F; ,, and Fj ., |
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For n > 1, we can write

[¢7"(Lry (1) @7 (L (22))] = [¢7"(wa) 7" (wg)] [Lryy ],

o 0
= [wa wg] ( 0 5”) (L 1B,

Thus, we get a matrix for ¢ =" Ly, with respect to the eigenbasis Beig for De,ys(T1) and using

BAF), we get
[ g ] a™ 0 [E ] ary oxs (2 A 16)
80 Tw Bcig - O ﬂ” TW Bcig - /an?) /an4 : st

2.5 Logarithmic matrix M and the factorization of power
series 1n one variable
In this section, we will first explore some properties of M which imply that M is a logarithmic

matrix in the sense of Sprung and Lei-Loeffler—Zerbes. Next, we will use M to decompose
power series with certain growth conditions into power series with bounded coefficients.

2.5.1 Properties of M

For any z € H] (Q,, T\w), we have

Lr,(z) = [(1 +7m)Quw; (1+7) ®w2] M (@ﬂ@) )

Coly(z)

In matrix form, we write

%1 (21) %1 (22)
[Lry (21) Ly (22)] = [1+1)@uw (1+7)@ws| M (COlo(Zl) CoL,(Zz)> .

Thus,
Col Col, (z
[Lry ]5 = M coliter) ol (=) : (2.5.1)
Coly(21) Coly(22)
Similarly, we have
Col,(z;) Col, (%
[ﬁTW]Beig = Qilﬂ _1( 1) _1( 2) s (252)

since [Lry, |8, = Q' [Lry, ]s-

Proposition 2.5.1. The elements in the first row of Q"M are inside Hpg,, (q)(I'1), while
the elements in the second row are in the Hp,, 5 (1)
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Proof. Recall from Lemma [2.4.12]

. 1 X2
[‘CTW]Beig = adJ MQ = .

T3 T4

Therefore, (2.5.2)) implies
Ty T2 _ Q_IM @1(21) @1(22) ‘
T3 T4 Coly(z1) Coly(Z2)

But Col,(z;) are O(1) for 4, j € {1, 2}, since they lie in the Iwasawa algebra Ag(I"). Therefore,

P B
after writing Q ' M = , we get
Py Py
AN P P\ (Coli(z1) Col,(z2) . (2.53)
T3 Ty Py P,;) \Coly(z1) Coly(Zs)

We take isotypic components on both sides with respect to the trivial character of A.

@?(zl) @f(zz)
, equation (2.5.3) becomes

After writing [Col®] for
o <@§(z1) Coly (22)

T3 T Py By

T PP
< A A) adj[Col®] = < ) det([Col®]). (2.5.4)

The result follows from the Lemma [2.4.12] since det([Col®]) is again O(1) and z2, 25 €
HE,UP(Q)(Fl) and J]?)A, J]f € HE,UP(B) (Fl) [ |

Lemma 2.5.2. The second row of AZ" M is divisible by the cyclotomic polynomial ®,, 15 1 ()
over Hg(I'1).

Proof. We know that

[ETW(Zl) 'CTW(ZQ)] = [(1 +m)®w (1+ 7T)®w2]M <®1(zl) ®1(22)> .

Coly(z1) Coly(z2)

Col, (z1) Col,(22)

Coly(z1)  Coly(22)
Here 1 ® ¢ mean ¢ does not act on (1 + 7) and acts as ¢ on w;.

Let us denote ( ) by [Col]. By an abuse of notation, we write ¢ for 1®¢.

After applying ¢ " on both sides of the above equation, we obtain

¢ " ([Lrw(21) L1y (22)]) = [0 (L (21)) ¢ (L1, (22))]
= [+ 1)@ ™(w1) (1+m)® ¢ "(wy)] M[Col],
= [+ m@w (147 @] A" M[Col].
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Therefore, we get
[0 "Ly |58 = A" M[Col].

After rearranging the above equation, we get
[ "Ly, |5 adj[Col] = A" M det([Col]), (2.5.5)

From [LLZ11], Proposition 4.11, Theorem 4.12, Corollary 4.15], we can conclude that ®,,_1 x_1(70)
does not divide det([Col]). Thus, the result follows from Proposition [2.4.14 i

logp,k:fl (’70)
5k—1(70 - 1)

Proof. This is [LLZI11, Corollary 3.2]. See also [BL21, Lemma 2.7]. i

Lemma 2.5.3. The determinant of matrix M is upto a unit in Ag(T'y).

Thus, Proposition Lemma and Lemma imply that the matrix M is a
logarithmic matrix in the sense of Sprung and Lei-Loefller—Zerbes.

2.5.2 Factorization using M

Let F,G be power series in Hg(I'). We write F' ~ G, if F' is O(G) and G is O(F'). Recall
that, for power series Fand G, we say F' is O(G) if |F|, = O(|G||,) as p — 1™.

Lemma 2.5.4. We have det(M) ~ logh .

lo
Proof. From Lemma [2.5.3] we get det(M) = *(Sgp»(k—l(%l)y
k—=1\"Y0 —

Hence the result follows from the definition of logh (7o) and the fact that dx_1(y — 1) is
polynomial and hence O(1). i

where = is a unit in Ag(T).

Theorem 2.5.5. For A € {a, 3}, let F)\ € Hp,, (L), such that for any integer 0 < j <
k —2 and for any Dirichlet character w of conductor p™ we have F)\(x'w) = A™"C,, ;, where
C.,; € Q, that is independent of A\. Then, there exist F}, F; € Ap(I") such that

Fo) g 2.5.6
() () 259

Proof. From Lemma we know that the second row of A" M is divisible by ®,,_1 x_1(70).

Hence we can write

a b
A;nM = 9
C: Cbnq,k*l(%) d- (I)nfl,k:fl(f)/o)

where a, b, ¢, d are power series.
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. 1 vpt~t B o Py —P
Recall, Q" = 0 ol a ,and adjQ—" M = _p b Note that det Q) # 0

since av # f3.

Thus for every positive integer n, we have

Q7'M = QM ALQQTI AT M,

a0\ 1 (w8 ¢ ’
N 0 5% det @ ot o) \e- @1k 1(0) d-Poo1k1(70) |
L (& 0\ farupt 4B (o) beupt i+ Bed s @i (o)
~ detQ 0 ﬁin a-vpFt+ae P pi(0) beupt o d- Ppsg i (0) |

1 farla v B i (0) R (bt B d - s (0)

det @ ﬂin(a copP T+ @, 1 4-1(70)) ﬁin(b copt o d - @y k-1 (0))

Hence

1 —1
—(b- vpFt +a-d- D, 16-1(70)) J(b coptt+ 8- d- Q. 16-1(7))

1 [
det -1 1
N ﬁ(a opP e @, k1(70)) J(G copP Tt B e @1 ()
(2.5.7)
For integer 0 < j < (k — 2), and Dirichlet character w of conductor p", equation ({2.5.7)
implies

adjQ™'M =

1 —1
(adjQ M)y = |

i1

Bn an

, L
where «,+" are in Q.

Thus, if we write Fy = PyF,, — P,Fj, then, from (2.5.7)), we get
Fi(XY'w) = Pi(x’w) Fa(x'w) — P(x’w) F5(x'w),

B 1 *Cw,j 1 *CWJ
- /Bn am a’ 671 ’

= 0.

Similarly, if we write Iy = —P3F, + P, Fg, then Fg(ij) = 0.
Hence, for every positive integer n, the zeros of ®,_ ;1 are also zeros of F; and Fj.
logp,kfl (,YO)

ok-1(70 — 1)
Fi, and F,. Therefore, det Q1M divides both Fy, Fy in Hg(T).

In other words, the roots of det(Q'M) = (some constant) are also the roots of
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Note that PyF, is O(log/;_l), since Py is O(loggp(ﬁ)) and F, is O(log;”(o‘)). Similarly,
PyFg, PsF,, and P, Fj are O(logh ™).

/4
Let

P\F, — PyF, _PyF, + P,F,
POk B L Y N 0 R ol

det Q' M  detQ M

(2.5.8)

Then Fj and F}, have bounded coefficients since the numerators of both of them are O(log];_l),

denominators of both of them are det(Q'M) and by Lemma det(Q M) ~ logy .
Hence Fy and Fj, are O(1) (i.e. bounded). Therefore, we can conclude that Fy and F, are in
Ag(T). This completes the proof. |

2.6 Preliminaries about ray class groups, Hecke charac-
ters, and the two variable distribution algebras

For the rest of the chapter, we fix a quadratic imaginary field K and a prime p > 3 which
splits in K as pOgx = pp. Let hxg = 1 be the class number of K.

Assumption 2.6.1. For the rest of the chapter, we assume that pt hg.

2.6.1 Ray class groups and ray class fields

Let K be the unique ZI% extension of K. If Z is an ideal of K, we write Gz for the ray class
group K modulo Z. We define

CUK,p”) = Gpr = lim Gpyn, Gpe = lim Gyn, Gye = lim G,

n n n

These are the Galois groups of the ray class fields K (p®), K(p®) and K(p™) respectively.
For q € {p,p}, let H(q™) be the subfield of G4 such that Gal(H(q*)/K) = Z,. Note
H(q®) c K.

Remark 2.6.2. We have an isomorphism G,» = Ag X Z, x Z, = A x {y,) x {7¥5), where
Ak is a finite abelian group, v, and ~; topologically generate Z, parts of G,» and Gj=
respectively. Here by (x) we mean the topological closure of the cyclic group generated by
x.

Remark 2.6.3. By the assumption p 1 hg, there exists a unique prime in K,, above p and
a unique prime above p. By an abuse of notation, we will also denote by p and p by the
unique prime above p and p respectively in K. Therefore, for q € {p,p}, Gal(H(q%),/K,) =
() = Gal(H(q%)/K) = Z.

Since p splits in K, the local field K is isomorphic to Q,, for q € {p, p}. Thus,1+7,0F, =
1 + pZ,, where 7, is a uniformizer of Of,. Recall the topological generator u € 1 + pZ, such
that x (7o) = u, where 7y generates I'y = Z,,, and x is p-adic cyclotomic character. Thus, we
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may set u, = uy = u, where v, is a topological generator of 1 + 7,Of,. From now on, we fix
this u.

By local class field theory, there exists a group isomorphism (Artin map)
Arty: O, — Gal(H(q%)q/K,) = Gal(H(q”)/K),
such that
Artg(uq) = Artg(u) = g,

where 7, is a topological generator of Gal(H(q®),/K,). By an abuse of notations, let ~, be
a topological generator of Gal(H(q*)/K) and Art,(u) = 7,.

2.6.2 Hecke characters as the characters on the ray class groups

Let Ak denote the group of ideles of K and write Ax = A% x AT, where A is the infinite
part and A7 is the finite part. We can embed K™ into A} diagonally. Fix embeddings
iw:Q— Candi,:Q— C,

Definition 2.6.4 (Hecke characters).

1. A Hecke character = of K is a continuous homomorphism = : A — C* that is

trivial on K*. In other words, a Hecke character of K is a continuous homomorphism
= K\AR - C*.

2. We say a Hecke character = is algebraic if for each embedding « : K <— C, there exists
ny, € Z such that =(z) = [[.(x(x))~"~ for each z in the connected component of the
identity in K.

3. Let = : K*\A} — C* be an algebraic Hecke character of K. We say that = has infinity
type (q,7) € Z* if Z(2) = 292", where for each place v of K, we let Z, : KX — C* be
the v-component of =.

4. The conductor of a Hecke character = is an ideal | := Hp p™ where the product runs
over all primes of K, such that
e n, = 0 for almost all primes p,

e for finitely many primes p, n, € Z.pand =,(1 4 p™) = 1. Moreover, n, is minimal
with this property.

From now on, all the Hecke characters mentioned in this chapter are algebraic Hecke
characters. We can view Hecke characters as p-adic characters:

Definition 2.6.5 (p-adic avatar of an algebraic Hecke character). Let = be a Hecke character
of K of conductor p™p"* and infinity type (a,b). The p-adic avatar of = is defined as

=(x) = J:gx% i (E(T fin)),

where x € Ay, and for q € {p,p}, 4 are the q componenets of z. See also [Will7, Section
7.3].
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1

By the class field theory, the correspondence = — Z= establishes a bijection between
the set of algebraic Hecke characters of K of conductor dividing (p™) and the set of locally
algebraic Q,-valued characters of G,-. See [Will7, Theorem 7.3|.

Now we combine this p-adic avatar of the Hecke character and the global Artin reci-
procity map rec to define a Galois character on the ray class group G,«.

Let = be a Hecke character of K of conductor pp"* and infinity type (a,b).

Definition 2.6.6. The p-adic Galois character of = is = G% — C, given by

0 rec’l,

[112
(1>

where rec : A% /K* — G is the global Artin reciprocity.

Note that G, < G4 and Remark implies rec™(v,) = Artq_l(fyq).

By an abuse of notation, let = denote = |Gp"f»“ Define éq = f|@ Hence, if = is a Hecke
character of the infinity type (a,b) and conductor p™*p"?, then

Ep (%) = Ua(m

and N
S() = WG
where ¢, is a (p™1)-th root of unity. In other words, for any o € Ay,
Z(o % Yo X V) = Ep(Yp) - EE(W) x some root of unity. (2.6.1)

From the above discussion, we get

[1]<

Moreover, for any Hecke character w; of infinity type (a,0) and conductor p"™ and Hecke
character wy of infinity type (0,b), and conductor p"*, then the product &y, - Wy is a character

on (ypy x {Ypy-

2.6.3 Two variable distribution modules

We will extend Hg(I'y) from previous sections. Let

He,r(T) = {f(y0 = 1): f(X) = D anX" e CollXT] sup(n™"anlp) < oo}

nz=0

and

He,(T1) = | He, (1)

r=0

Note that Hg(T'1) = E[[y — 1]] () Hc,(I'1), for any finite field extension E of Q,.
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For q € {p,p}, define a map 7; = Artyox between I'; and I'y := Gal(H(q®)/K) which
sends 7o to 74. This change of variable map can be extended to ring isomorphisms
7q: He, (1) = He, (Tg),
flro=1) = flyg—1).

Similarly, for any finite field extension £ of QQ,, we again have an isomorphism

Tq . HE(Fl) i %E(Fq)

For any finite extension £ of Q,, let
Ap(Gye) = E[Ak] @0, Moy (Ty)®0, M0, (Tp),

where Ao, (I'y) is the Iwasawa algebra Og[[I'y]] for q € {p,p}. The two-variable Iwasawa
algebra Ap(G,») is isomorphic to the power series ring

E[Ak] ®o, Op|[T1, To]],

by identifying v, — 1 with 77 and vy — 1 with 75.

We define the
Heyrs = Heyr(Tp)®c, He, s (T5),

and
HE,T‘,S = H(Cp,r,s M E[[Vp - 17 Yo — 1]]7

for any finite extension E of QQ,. Thus
Herse = Her (T))QeHe(T5).
We also define
HCP,T,S(Gp“‘) = (Cp[AK] ®(Cp H(Cp,r,sa

and
HE,T,S(G;DI‘) = E[AK] ®E HE,T,S)

where A is the finite abelian group appearing in the Galois group G)».

Note that
AE(GP-D) = ’HE,OVO(GP‘-[ ),

since we can identify Hz o(T,) with Ag (L) for q € {p,p}. Moreover, Hg ., is a Ag(T,)@pAp(T5)-
module, and Hg, (Gp=) is a Ap(Gp-)-module.

For '€ Hp, s, and a Hecke character = of the infinity type (a,b) and conductor p™*p"?,
define

F&) = P(u¢, — 1,75 — 1), (2.6.2)
F&) = F(y — 1L,u'G — 1), (2.6.3)

where (; is a primitive p™~Y-th root of unity for q € {p, p}.
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Lemma 2.6.7. Let £/ be a finite extension of Q,, F' € Hg,, be a power series and let
N

= be a Hecke character of K of infinity type (a,b) and conductor p".p"?. Then, FE) e
HpE, (4)).s(Lp) and FG ¢ HE(EE(W))W(F;J), where E(Z;(7,)) is finite extension of E by

adjoining values of Eq (74) for g € {p,p}.

Proof. The power series F' belongs to the power series ring ‘H g, s which is completed tensor
product of Hg,(T,) and Hg (). Thus, if we substitute v, by u®C,, then F&») will be a
power series with growth s and the coefficients of F&») will be in E(Z,(7,)).

Similarly, substituting v5 by u’Cs, then FE) ey E(éﬁ(ﬁ))’s(l—‘p)- i

Isotypical components. Let n: Ax — Zy (or n: Ag — @X) be a character, where
Ak is a finite abelian subgroup appearing in Gp». Write e, = @Zaw n(o)o. For
x € {Cp, B}, if F' € Hyps(Gpe), write I = e, (F) for its image in e,(Hrs(Gpr)) = Hars.
Note that this isomorphism is a module isomorphism. If n = 1, we simply write F2X instead
of F". Note that FAK € H, ..

After this point, our integer k will be greater than or equal to 0 rather than 2, since we
will be working with Bianchi modular forms which are cohomological in nature.

2.7 Cuspidal Bianchi modular forms and their p-adic L-
functions

In this section, we will briefly recall the definition of Bianchi modular forms, their L-
functions, and the p-adic L-functions constructed by Williams in [Will7].

2.7.1 Bianchi modular forms

We define Bianchi modular forms adelically. Fix a quadratic imaginary field K. Let o denote
an embedding K — C, and let ¢ denote the complex conjugate, i.e., c = .

Definition 2.7.1 (Level). Let Ok = Ox ®@Z. For any ideal m € O, define
a b ~ -
1. Qo(m) = {(C d) € GLQ(OK) CceE mOK} s

2. Qy(m) = {(i cbl) € GLQ((/’);): cem@,a,de 1 +m(7);}.

Fix k, ¢ € Zs¢. For any ring R, Vi.¢.2(R) denotes the space of homogeneous polynomials
over R in two variables of degree k + ¢ + 2.

Let € be a Hecke character of infinity type (—k, —¢) and conductor dividing the level m.
a b
For xy = (c d) € Qo(m), set em(zy) = enld) = [ [jjn cq(dq)-
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Definition 2.7.2 (Bianchi modular forms). We say a function
F GLz(AK) - Vk+€+2(©)

is a cuspform of weight (k, /), level m (i.e. level ©(m)), and central action of ¢ if it satisfies

1. F(zg) =e(2)F(g) for z € A} = Z(GLa(AR));
2. For all u = uy - ug, € Qp(m)SUL(C),

Flgu) = em(ur) F(9)prrera(to),
where p : SU3(C) — GL(Vi142(C)) is an irreducible right representation;
3. The function F is left-invariant under the group GLy(K).

4. The function F is an eigenfunction of Casimir operators 0,4 and 0., with eigenvalues
k?/2 + k and (?/2 + { respectively. Here di4/4,0./4 are components of the Casimir
operator in the Lie algebra sl,(C) ®g C.

5. We say F is a cuspidal Bianchi modular form if F satisfies the cuspidal condition for
all g € GLy(Ag), that is, we have

J F(ug)du =0,
K\Ag

where we consider A inside GLy(Ak), by the map sending u — ((1) ?), and du is

the Lebesgue measure on Ag.

See [Will7, Definition 1.2] and [Pal25, Definition 2.1] for the details about the definition
of Bianchi modular forms.

Remarks 2.7.3.

1. In a result by Harder, he showed that if F is a non-zero cuspidal Bianchi modular form
of weight (k, ), then k = ¢. See [Har87].

2. A Bianchi modular form F descends to give a collection of h automorphic forms
Fi: Hsy — Viyeyo(C), where h is the class number of K, and Hz = Ry x C =
GL2(C)/[SU5(C)Z(GLy(C))] is the hyperbolic 3-space.

From now onwards, we will deal with cuspidal Bianchi modular forms, and hence we
will fix k = £ in Z~,. We will decompose p-adic L-functions associated to non-parallel weight
Bianchi modular forms (of level Qy(m)) in Appendix [A]

For a non-trivial cuspform F of level m and weight (k, k), we have the following Fourier
expansion:

f[(é i)] = [tlic 2, clatDic, F)W (at)erc(a2), (2.7.1)

aeK*
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where Dy is a generator of the different of K, ey is an additive character of K\Af, and
W is the Whittaker function. Note that the Fourier coefficients ¢(-, F) are functions on the
fractional ideals of K, and ¢(I,F) = 0 if [ is not an integral ideal. See [Will7, Section 1.2|,
[Pal25, Section 2.3] for the details. For the Whittaker function, see |[Pal23, Section 2.3].

Definition 2.7.4 (Twisted L-function of a Bianchi modular form). Let F be a cuspidal
Bianchi modular form of any weight and level m. Let = be a Hecke character of conductor
f. The twisted L-function of F is defined as

L(F,Es)= ), c(a,F)=(a)N(a) ",
0#acOk,
(f,a):l

where ¢(a, F) is the a-th Fourier coefficient of F and s € C in some suitable right-half plane.

We also consider the completed L-function

- _T(g+8)T(r+s) -
A(f’ = S) - (27m')lJ+S(27m')r+s L(‘F’ = S)’

where (g, r) is the infinity type of =, and I'(—) are the Deligne’s I'-factors.

2.7.2 p-adic L-function of Bianchi modular forms

Let K/Q be a quadratic imaginary field with class number hg, discriminant —D. Let p be
an odd prime splitting in K as (p) = pp.

Theorem 2.7.5 (Williams, [Will7, Theorem 7.4]). Let F be a cuspidal Bianchi eigenform
over K of weight (k, k) and level n such that (p) | n. Let a4 denote the Us-eigenvalues of F
where v,(aq) < (k + 1) for all q | p. For any ideal §, we define the operator U; as

U=

pr|f

Then there exists a locally analytic distribution L, r on the ray class group G,« such that
for any Hecke character Z of infinity type (0,0) < (a,b) < (k, k) and conductor f, we have
1 A(F,E1)

L, #(Z) = (explicit factor)—

2.7.2
o (2.7.2)

where q; is Uj-eigenvalue of F, and (1r is a complex period. Furthermore, the explicit factor
is given by

1—[ e(p) - E(z;)Dwr(= 1)

o (—1)a+b+22=;(25)

where —D is the discriminant of K, 7(-) is the Gauss sum, w = |O%|, and e, is described in
|[Pal23, Equation 3.2|.

The distribution L, r is (v,(ay)),p-admissible and is unique with these interpolation and
growth properties.
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See |Will7, Definition 6.14] for the definition of admissibility. Naively we say a distri-
bution p is (hi, hy)-admissible if u is O(log;”) in one variable (corresponding to p) and is
O(logZQ) in the other variable (corresponding to p).

Remark 2.7.6. Although we have stated Theorem for the p split case, Williams proved
it without any conditions on p in [Will7] and for p = 2 as well.

Remark 2.7.7. In [Will7, Section 6.3|, Williams has defined the admissibility for locally
analytic distributions on Ox®Z,. But using methods from [Loel4], we can extend the notion
of admissibility for locally analytic distributions on Ok ®Z,, to locally analytic distributions
on ray class group G,=. See [Will7, Section 7.4] for more details.

Remark 2.7.8. For simplicity, assume A to be trivial and G,» =T'y x I'y = Z,, x Z,,. For
real numbers 7, s = 0 and let E be a finite extension of Q,, we define D"*)(G =, E) to be
the set of distributions p of Gp» such that for m,n € Z-q and integers 0 < i < |r| and
0<yj<|s,

o | [, (0= @ =0 | = R = (= iy — (5 = ).

b+p"Zyp

for some constant R € R which only depends on u. See [Coll0, Theorem 2.3.2| for the
analogous definitions in the one-variable setting.
Since p splits in the quadratic imaginary field K, we can identify D) (G =, E) with

HEwy(Gpr) via Amice transform p— A, (11, 1,) = J (1+T)*(1 + To) u(z, y).
Lip X Lip

Therefore, if p splits in K as (p) = pp, and F is a Bianchi modular form which satisfies
the conditions of the above theorem, then L, r is a (v,(ay), v,(az))-admissible locally analytic
distribution on G-, that is, by [Will7] and [Loel4],

L7 € Dl vele) (G . ), (2.7.3)
where F' is a finite extension of QQ, containing a, and apz. By Remark we can view

Ly, 7 € HEw,(ap)0p(az) (Gp=)-

2.8 Factorisation of p-adic L-functions of Bianchi modu-
lar forms

In this section, we first define p-stabilizations of cuspidal Bianchi modular forms. Next, we
modify our logarithmic matrix M and prove the main factorization theorem of two-variable
p-adic L-functions. From now we fix the imaginary quadratic field K and all the cuspidal
Bianchi modular forms F we consider are over K. Also, the fixed odd prime p splits in K

as pp.
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2.8.1 p-stabilization of Bianchi modular forms

We begin with a cuspidal Bianchi modular form F of weight (k, k) and level m such that
(pOk,m) = 1. We further assume F is a Hecke eigen cuspform and for q € {p, p}, we have

T,F = a4 F. Note that the norm of g is p. Consider the Hecke polynomial X? — a,X + u, -

PPl = (X — ag)(X — B,), where u, is some p-adic unit coming from the nebentypus of F.

There are four p-stabilisations F»2%, Fo»Bs FPos and FP% % of level pm, such that for
x € {oy, By} and T € {og, B5}, we have

Up(F=T) = »F*1, (2.8.1)
Us(F*T) = 1F7%1.

For more details about p-stabilizations, refer to [Pal23, Section 3.3].

Assumption 2.8.1. Throughout the chapter, we assume

1. F is good non-ordinary at both the primes p and p i.e. v,(a,) and v,(az) > 0.

k _
2. vp(aq) > {—1| and a4 # [, for q € {p,p}.

Note that for any = € {oy, 5y, a5, G5}, we know v,(z) < k + 1.

Let E be a finite extension of @, which contains oy, a5, By and 35, and K.

2.8.2 Modified logarithmic matrices

Recall the ring isomorphism 7, : Hp(I'1) — Hr(Ly), for q € {p,p}. Consider the change of
variable map between matrices induced by 7:

Matg : Mo o(Hp(I'y)) = Mao(Hr(Iy)),

Mat, ((A B)) _ (Tq(A) Tq(B>>.
¢ D 7(C) 74(D)

Note that this map is also a ring isomorphism.

such that

Let F be a Bianchi modular form of level m coprime to p and let o and j3; be the
Ti-eigenvalues, for q € {p,p}. From the Sections 2.3 and [2.5] we construct a logarithmic

k
matrix M(q) € Mao(Hgr(T1)) using ay and fy, since vy(aq) = vp(agq + fy) > {—2| and
D—

gy = ugp*!. Let E/Q, be a finite extension large enough to contain a4, 3; and a fixed

square root of u,. Let
—1
Jet1
Apg = tal
®,q aq )
1 )
U+
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Q. = Qg —4
9 >
—pFly, pHl,

M, = Mato(M(q)).

Remark 2.8.2. From Proposition and Lemmas we deduce:

11007 (@) = (0] %)) then Pi(a).Pa0) € a0 (1) and Pola). i) €

HEvUp(ﬁq)(Fl)'
2. The second row of AQZM(q) is divisible by ®,,_1 x+1(70) over Hg(I'1).

1
3. The determinant det(M(q)) is w

, up to a unit in Ag(I'y).
I Orr1(v0 — 1) P =)

Remark 2.8.3. Here we get k& + 1 since k € Z~y and not k € Z-,.

Theorem 2.8.4. For q € {p,p} the following are true,

1. The elements in the first row of Q;qu are inside Hpg y,(aq)(L'q), While the elements in
the second row are in Hpg,,,(5,)(Lq)-

2. The second row of the matrix A_7 M, is divisible by the cyclotomic polynomial ®,,—1 5+1(7q)-

log,, ke1(Vq)
5k+1(’7q - 1)

Proof. First statement follows from Proposition and the definitions of Q)4 and Mj,.
The second statement follows from Lemma 2.5.2] o

For the last statement, from the definitions we have M, = Maty(M(q)). Thus,

3. The determinant of M, is upto a unit in Ap(T'y).

det(%) = det(Ma%(M)%
= 7o(det(M(q))),

since 7, is a ring isomorphism. Hence, the result follows from Lemma [2.5.3] |

For the rest of the chapter, we will write

_ Pl,q P2,q
Q' M, = ( : (2.8.3)
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2.8.3 The main theorem and its proof

In this section, we generalize the results of [Leild] and use them to decompose the two
variable p-adic L-functions of Bianchi modular forms.

For the Bianchi cuspform F of level m which is not divisible by p, let a, be the Tg-
eigenvalue of F for q € {p,p}. Recall that we have four p-stabilizations F» s Fow:f Flecp,
and FP% of level pm, where oy, 3, are the roots of Hecke polynomial X? — aqX + ugp* 7,
for q € {p,p}.

Therefore, from Theorem and equation (2.7.3), for * € {ay, 5,} and T € {ap, G5},
we have

Luy = Ly pet € Py ()01 (G,
since wv,(*),v,(f) < k + 1. Moreover, for any Hecke character = of infinity type (0,0) <
(a,b) < (k, k) and conductor p™p"? with n,, ny > 1, we have

Loyay(2) = 0 ™07 C, 2. (2.8.4)
Loy () = 0y "3 "C, =, (2.8.5)
Loy oy(Z) = By " ar C, =, (2.8.6)
Lp, 6,(2) = By B C, 2 (2.8.7)

where C’ah% € Q, is a constant independent of «y, 3y, a5, B5. More precisely, Ca,bé is

A(F,=Z,1)
) Q
F
L(F,2,1) = L(F*" Z,1) for all p-stabilizations F*' of F and hence C, = is independent
of Oy, 6}37 Oy, /Bﬁ

The main theorem is as follows:

(explicit factor , since the conductor of = is p™p"? with n,, ny € Z=o, we know

Theorem 2.8.5. There exist two variable power series with bounded coefficients, that is,
there exist Lyy, Ly, Ly, Lyy € Ap(Gpr) such that

La o' L Ne% L, Lb,
( new ) zQp_lMp< o ”) (Q;'M,)" (2.8.8)
Loy.sy Lyt — \Le Luy —
Remark 2.8.6. Theorem is analogous to [Leild] Theorem 2.2] and [BL21l Equation

(24)].

We first factorize through the variable v, and then through ~s. In other words, we will

Lap ety L,Bp ety

first decompose the matrix < ) in terms of matrix, say C, and M,. Then we

Loy, Lg,p;

Ly, Ly,

First, we need the following classical result:

. Lyy Ly
decompose C' as a product of matrices and M.
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Lemma 2.8.7. Let v be a topological generator of Z,. Let s, h be non-negative integers
and assume s < h. If F' e E[[y — 1]] is O(log;) and vanishes at all characters of type
X'w for all 0 < ¢ < h — 1, where y is any character which sends v to another topological
generator u € 1+ pZ, (for example the cyclotomic character) and w is any Dirichlet character
of conductor p™,n = 1, then F is identically 0.

Proof. See [AV75, Lemme I1.2.5] and [Vis76, Lemma 2.10].
We give a sketch here. We say a power series G; € Hp is o(G2) if

|G1llo = o(|Gallo)

as p — 17. The power series F' is o(log;‘), since I is O(log,) and s < h. Suppose F is not 0
and, from the assumption, the zeros of I are of the form u/¢ — 1, where ( is a p"-th root of
unity, for all 0 < j < h —1 and n > 1. Then, by Remark [2.4.13] we have

F = 1Og]o,h (7) ’ G7

where G # 0 is another power series. Note that log, ,(7) is not o(logZ), and therefore F' is
not o(log';). This is a contradiction. i

Recall that £ is a finite extension of @, containing ay, 8,, o and 35. Let S, be the set
of all Hecke characters on the ray class group G,» with infinity type (0,0) < (a,0) < (k,0)
and conductor p", for n, > 1. Similarly, let S5 be the set of all Hecke characters on the ray
class group G,» with infinity type (0,0) < (0,0) < (0, %) and conductor p"*, for ny > 1.

Proposition 2.8.8. There exist Ly o, Ly oy € HE0.0,(05)(Gpe) and Ly g, Ly 5. € Hp 0,.0,(8:) (Gp)
such that
Lap,aﬁ Lﬁp,ag Lf{,ag Lb,ag 1 T
- (@ Mp)™
L%ﬁﬁ Lﬁpﬂﬁ Lﬁﬁi Lbﬁﬁ
Proof. This is a generalization of [Leildl Proposition 2.3|. Recall that, for » € {ay, 8,} and
T € {ap, B3}, Lt are locally analytic distributions on the ray class group Gp» = Ag x (3, ¥

A — '
(vp). For any character n: Agx — Z,", we will prove that for Lgp}aﬁ, Lgp’% € HE v,(ap) vp(ap)s
there exist L}, , L] € HE,00,(e) Such that

P

050
L! Lg
Qp, Q. — y Oy
(L” *’) - Q;'M, (L” “) . (2.8.9)
5p,a$ b,aﬁ

(Lap,ap> . Q*lM (Lﬁ,ap>
%y TP :
Lﬂp ,Otﬁ Lb,aﬁ

Fix n = 1. The proof for other characters is similar.

and therefore,
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Let = be any Hecke character of K of inﬁnity type (0,0) < (a,b) < (k, k) and conductor
p™p"?, where n,, ny > 1. Using equations (2.8.4) and (2.8.6), we get

Lok, (5) = 0y " (ay 7 - C,2), (2.8.10)
LG8 () = B, (0" C,y2), (2.8.11)

~ ~

where = = E|@X@ = =, - Z5. Denote o™ C , = by D. Using (2.6.3), we can rewrite
P 10y

equations ([2.8.10) and (2.8.11)) as

~

—_
—

—

Laga” () = a3 D, (2.8.12)
Ar(Zs) _n
Lgfof;’)(:p) =p " D. (2.8.13)

Note that Lap (,Sr*’ € Mt wy(ay) (L) and L?fofﬁ) € Mt w,(8,)(Lp), where £ = E(ég(w)) is a
finite field extension of E.

Let N
Ak Gy
G = PrpLos™ — Py, 3,
and = =
Gy = —PyypLoyiar” + PipLyta™,
P17p P27p
where Q' M, = € Mys(Hp(Ty)).
P37p P47p

Then, from Theorem we get G1,G2 € Hp p—1(Iy), and equations (2.8.12) and
(2.8.13) imply G1(Z,) = G2(=;) = 0. Hence, from Theorem 2.5.5} we deduce that det(Q, ' M,)

divides both G; and Gy in Hp 1 (I).
Thus,

Pip(E)L5K () = Pap(B)LRK, (5) = —Pap(E) Lok, (E) + Py(B)LG5, (E) =0, (28.14)

ap,0 ap,0 ap,ap

for any Hecke character Z of infinity type (0,0) < (a,b) < (k, k) and conductor p™p"?.
Thus, for any Hecke characters wy € Sy, we € Sy, (2.8.14) implies

(P4, pLapKaf Py pL,Bp ay ) (Wrylzg) = 0,

which we rewrite as
(PapLok

A _ P, pLAK )(ww)(a}\iﬁ) = 0. (2.8.15)
Similarly.

(=Pop LS, + PrpLgs, )& (@35) = 0. (2.8.16)
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Hence, the distributions (P4pL — Py LAK )(WNUJ) and (— Pg,pL op T 1 pLAK p)(wlp) vanish
at all characters wy, € Sp. Moreover these two distributions belong t0 Hpr vy (o) (I5) and
vp(op) < k + 1. Therefore, using Lemma [2.8.7, we get

(PypLaX

ap,ap

- P2 PLnga )(wlp) = O,

( P3 PLa O + Pl PLAK )(WIp) = 0.

Hence, from the proof of Theorem , we conclude that det(Q, 1]\4,0) divide (P, pLa ™
P2’pLﬁp7aE) and ( P3 pLap Oé*
More precisely, det(Q, "M ) divides both distributions in the variable v, —1 while not touching
’}/5 — 1.

+P PLB oy ) over the two-variable distribution algebra Hp ;4 (o)

Write
A
LA _ P4PL%KCV* PQPLﬁpKa
hop det(Qy ' M,) ’
Ax
LAK . _P3PLa O + Pl PLBP ag
b det(Qy* M,)

Then, since det(Q, ' M,) ~ logk ! Theorem [2.5.5 implies Lﬁgjﬁ and Lfgg are O(1) in v, — 1
and hence lie in ’HEO,%(%)

We then write

. P4aPLO¢p7OCE - PvaLﬁpvoéE

L ay )
ho det(Qy 'M,)

L . _PgapLOCpaOéE + Pl,pLB‘uOCF
" det(Qy'My)

Since det(Q; ' M,) divides each isotypic component of the two distributions in the numerators,

Ly oy and Ly o are elements in H 10,0y () (Gpe )

Loyss\ 4 Ly g
=Q, M )
Lﬁpﬂﬁ Lb By

is identical. ]

The proof for

Recall Hg, = {f(X) = X500 X" € E[[X]]: sup,(n7"|an|,) < oo}. Then, we can
identify Hp,s = Hp,(Tp)OHe,(I5) with Hp, Mg, by identifying X =, — 1 and Y =

0
75 — 1. We define the operator d, to be the partial derivative i The next proposition is

a generalization of [Leildl, Lemma 2.4].
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Proposition 2.8.9. Let = be any character Hecke character of K of the infinity type
(0,0) < (a,b) < (k, k) and conductor p™*p"? with n,,ny > 0. Then, there exist constants
Aupz, Bapz € Qp such that

[I]Z

) - ﬁgnﬁAa,b,

) 5ﬁ_n$Ba,b,§ :

[1]2

Y

apLap,%(é) =0 A, 2, OpLays(
_nﬁBa,b,§7 6 Lﬁp ﬁp(

[I]2

Proof. We will only show that
;" Op Lay.oy (Z) = 8570y Lay 5, (Z),
for any Hecke character = of of the infinity type (0,0) < (a,b) < (k, k) and conductor p™p"?
with ny, ng > 0.
Fix a Hecke character wy € S,. Then, for any Hecke character wy € Sp, (2.8.4) and

(2-8.5) imply

pLapKa (Wipwap) = ﬁ* ap, 57(011 P25, (2.8.17)
where LC%K&, L "5 are isotypic components of La, oy, La, g; respectively with respect to the
trivial character of Ag. Using (2.6.3), we rewrite (2.8.17) as

0 Loas ™ (@73) = 877 Lo (@13). (2.8.18)

From Lemma [2.6.7, we know that Lﬁpﬁ?’ﬁ), Lffﬁ(?’ﬁ) € Hpwy(ap) (L) for some extension E’

of E. As v,(ap) < k + 1, using Lemma we have

pLAK w2 p) /67 AK(UJ2 p)'

ap,aF op,By
Hence, their partial derivatives also agree, i.e.
RN RN g (2.8.19)

But, for any power series F' € Hg ., (ap),s>
O (F@2)(@15) = (0, F) (@15055),

for all Hecke characters w; € S,. We have this equality since we are partially differenti-
ating with respect to the variable v, — 1. More precisely: F@25) ¢ Her o ap)(I’p) Thus
Op(F@2¥))(07,) is first differentiating and then evaluating at the character wry wip. On the
other hand, 0,(F')(wy,tsp) is first partially differentiating and then evaluating at the char-
acter Wy yWap.
Thus, for any Hecke character =,
A = A =
”(9 LapKa (2) = s " LaprL(~) (2.8.20)

Since equation ([2.8.20)) is true for any isotypic component, we have

" Oy Loy oy (Z) = B3 Oy Lay 5, (Z)- (2.8.21)
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Proposition 2.8.10. There exist Ly;, Ly,, Ly, Ly, € Ap(Gp) such that

Lya: Lyo Lyy Ly
) e | )
Lﬁﬁﬁ Lb,ﬁﬁ T Lﬁ,b Lb,b

Proof. The proof is similar to the proof of [Leildl Proposition 2.5]. We will prove that

Ly oy . Ly
= Mz
(%) (@A) (Lﬁ b)

The proof for the other set of power series is similar.

Let w; € Sy and wy € S5 and E = wy.wy. Recall, from the proof of Proposition for
+ € {ag, B}, we have
P4,pLap,* - P2,pLBp,*

b T e @) (2.8.22)

Thus,
Ly . det(@;l%) = PypLlo, s — PapLp, « (2.8.23)

logp,k—l (%)

Tk — 1)
Thus the zeros of of det(Qp_lM ) are of type v/ —1, where ( is a p"-th root of unity, for all 0 <

< kand n > 1. Therefore, by the definition of &1, we have det(Q, " M, M,)(wip) = 0. Further-
more, since all the zeros of det(Q, ' M,) are simple, we conclude (J, det(Qp 'M,))(wrp) # 0.

From Theorem|2.8.4} we know that det(},) is equal to, upto a unit in Ap(I’y)

For the rest of the proof, we will use isotypic components corresponding to the trivial
character of Ag. From (2.8.23)), we get,

apLﬁf det(Q,;l%HLﬁfap det(Q, ' M,) = 0 NN <+ Py 0y L (appz,pLgpffﬁPQ,papLgf*).

We evaluate the above equation at = = ~|<T s where = = wjwy and apply Proposition

> x vy
2.8.9] together with the equations (2.8.4) to (2.8. 7]) to get

L (2).(0, det (Qp ' M) (Z) = ()77 - Ms, (2.8.24)
where Mg is the constant
(B Prp)(E) (™ C,y2) + Pip(D)A, 2 — (G Pop) () (5 7 C, p2) — Pay(3)B, 2

In other words, we have
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Since = = wjwy, we can rewrite the above equations as

Lk (@

[AK(@1y) () =5."" g .
ﬁﬂ* 27p _ ~
' (0 det(Qy M) (3)

Thus, after using Theorem and the proof of Proposition [2.8.8] (we need to change

p with p), we deduce the desired result.

Proof of Theorem Combining the factorizations obtained in Propositions [2.8.8and

2.8.10, we deduce the result.



Chapter 3

On p-adic Asail L-functions of Bianchi
modular forms at non-ordinary primes
and their decomposition into bounded
p-adic L-functions

3.1 Introduction

Investigating complex L-functions is an important and active area of number theory. More
precisely, we are interested in the special values of L-functions, since several conjectures in
number theory, including the Bloch—-Kato conjecture, describe important arithmetic data in
terms of the special (critical) values of L-functions. One of the most important tools for
understanding the critical values of complex L-functions is the construction and study of the
p-adic avatars of these L-functions, i.e., p-adic L-functions. A one-variable p-adic L-function
is a measure or a distribution on Z; that interpolates critical values of a given complex L-
function. Using the Amice transform, we can associate a p-adic measure with a power series
in the Iwasawa algebra £ ® Og[[T]] (or in E® Og[[Z)]]), where E is a finite extension
of Q, and Op is its ring of integers. Similarly, for w € R, a w-tempered distribution can
be associated with a power series in the distribution space Hg ., < E[[T]], with unbounded
denominators and growth O(log,’). See Section 3.6/ for details about Hp .

In [Coa89] and [CPR&9], Coates and Perrin-Riou formulated a conjecture that predicts
the existence of p-adic L-functions associated to any motive over Q having at least one
critical L-value. Loeffler and Williams proved this conjecture for the (conjectural) Asai
motive attached to a p-ordinary Bianchi eigenform in [LW20]. More precisely, for a p-
ordinary cuspidal Bianchi modular form W, they constructed a p-adic measure Lﬁ‘s(\If) that
interpolates the critical L-values of the Asai L-function attached to W. Moreover, their
construction is independent of the existence of the motive over Q.

This chapter addresses the next natural step: the construction of a p-adic Asai L-
function when W is not ordinary at p. Our construction is also independent of the conjec-

23
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tural Asai motive over Q. We attach a p-adic Asai L-function with unbounded denomi-
nators L)*(¥) to a p-non-ordinary small slope cuspidal Bianchi modular form ¥ such that
it interpolates critical values of the Asai L-function associated with W. This construction
generalizes the result of Loeffler—Williams [LW20, Theorem 7.5] from the p-ordinary case to
the p-non-ordinary case.

Roughly, Loeffler-Williams constructed a p-adic measure LpAS(\If) using Asai-Fisenstein
elements only for 7 = 0. Since they work in the p-ordinary setting, by a deep theory of
Kings implies that this measure is independent of the twist j. In particular, for a Dirichlet
character 6 of p-power conductor, by integrating 276(x) against L)*(¥) recoveres the special
L-value LA*(W,0,j +1). See [LW20, Propositions 5.5, 6.3] for more details. We will briefly
outline their work in Section [3.4.4l The method of using the only Asai-Eisenstein element
for 5 = 0 breaks down in p-non-ordinary setting.

To circumvent this issue, we use the approach taken by Amice—Velu in [AV75] and Visik
in [Vis76]: interpolation of twists using polynomials. In this chapter, we obtain the p-adic
Asai L-function L)*(¥) by constructing certain novel family of polynomials P, ;(T') € E[T]
of degree p"!, where ¥ is a p-non-ordinary weight (k,%) cuspidal Bianchi modular form,
r € Z=, and 0 < 7 < k. These polynomials are constructed by pairing an appropriate
modular symbol associated to ¥ with the Asai-FEisenstein elements constructed by Loeffler—
Williams in [LW20, Sections 3, 4]. Furthermore, if we evaluate these polynomials at some
special elements, we obtain the critical L-values L25(W, 0, j + 1) with some explicit factor.
The polynomials P, ; satisfy certain norm and congruence properties. To prove the congru-
ence properties of polynomials, we state and prove some new congruence results associated
to Asai-Eisenstein elements. Then, by applying the techniques developed by Amice-Vélu,
Visik, Perrin-Riou, and Biiyiikboduk—Lei to these polynomials, we construct the p-adic distri-
bution with unbounded coefficients and some growth, that is, an element in the distribution
space Hp,,(a,) ('), where v,(a,) is the slope of the 'p-th’ Fourier coefficient. We hope that
one may use the p-adic distribution L2*(¥) to formulate and prove the Harron-Pottharst
[HP16| style Iwasawa main conjecture over the distribution space, relating the ideal gener-
ated by this distribution over the distribution space to a certain Selmer complex. We briefly
outline the construction of these polynomials and congruences in Subsection [3.1.2]

We further study this p-adic Asai L-function. In particular, in Section we construct
Pollack, Sprung, and Lei-Loeffler-Zerbes style signed p-adic Asai L functions using the
techniques developed by the author in [Deo26|. These signed p-adic Asai L-functions may
be used to formulate signed [wasawa main conjectures.

3.1.1 The main result

Throughout the chapter, p is an odd rational prime and k € Zq. Let F' = Q(/—D)/Q be an
imaginary quadratic field, O be its ring of integers, and let o be the complex conjugation
map. Let ¥ be a cuspidal Bianchi eigenform over F' of level M (i.e. Up1(91)) and weight
(k, k). See Definition for Up1(M). The twisted Asai L-function of ¥ with a Dirichlet
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character 6 of conductor m is defined by

LAT, 0, 5) = L") (0| znzy<, 25 — 2k = 2) - > ¢(nOp, V)0(n)n",

n=1,
(m,n)=1

where (N) = M N Z, ey|z/nz)« is the restriction to (Z/NZ)* of the nebentypus ey of
U, L™N)(—) is the Dirichlet L-function with its Euler factors at the primes dividing mN
removed, and ¢(m, ) denotes the Hecke eigenvalue of W at the integral ideal m.

We assume that the level 91 of W is divisible by all the primes above p. Assume that
VU is p-non-ordinary. More precisely, the U, Hecke eigenvalue a, of ¥ is not a p-adic unit,
i.e.,up(a,) > 0, where v, is a p-adic valuation such that v,(p) = 1. We furthermore assume
that U has a small slope at p, that is, vy(a,) < k + 1. Let E/Q, be a finite extension large
enough to contain F' and all the Hecke eigenvalues of ¥. We fix some notations for the rest
of the chapter. Fix a topological generator u of 1+pZ,. Let I' = Gal(Q,(x,»)/Q,) = A X Z,
be the Galois group of cyclotomic extension of @, by adjoining p-power roots to Q,. Let I'y
be a subgroup of I' such that I’y = I'/A = Z,. Fix a topological generator 7o of I';. Let x
be the p-adic cyclotomic character on I' such that x(7y) = u. For any real number w > 0,
define the space of w-admissible distributions over I' as

[
w([) = E E o0 (Yo —1)": —=L NoeAy.
He (D) { Cno -0 (70 —1) sg}p o <0, Voe

ceAn=0

The main result of this paper is the construction of the p-adic distribution cLﬁs(\lf) €
H B w,(a,)(I') associated with W, which interpolates the critical values of Asai L-function
twisted by a Dirichlet character of conductor p".

Theorem C (Theorem [3.6.5, Theorem [3.6.7). For any integer ¢ > 1 coprime to 691, there
exists a v,(a,)-admissible distribution CLQS(\II) with the following interpolation property: for
any integer 0 < j < k and for any Dirichlet character of conductor p” > 1 we have

!

L) (70) = (@)
0 if (—1)76(—1) = —1,

LA (W, 0,5+ 1) if (=1)70(-1) =1,

where +' is an explicit non-zero factor.

Note that one can get rid of ¢ under some conditions. For more details, see the Subsection

B.6.4

Remark 3.1.1. By an eigenform, we mean either ¥ is a newform or can be obtained by the
p-stabilization of some Bianchi newform U’ of level 9t such that 9t is coprime to p.

Remark 3.1.2. We do not impose any restriction on the fixed odd prime p. Our construction
works as long as the p-adic valuation of the Up-eigenvalue is less than k + 1.
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3.1.2 Outline of the construction of P, ;

We briefly outline the construction of the polynomials P,; of degree p"~! that are used
to construct the p-adic L-function CLI‘?S(\I/). For r € Z-,, any integer 0 < j < k, and
d: A — Op, define,

# —r 1 —k,J o
Pf,j(T)=<¢>f, U 2 Eima @B +T) gu“>>, (3.1.1)

T te(z/pr)

where

o ¢% e HI(YE (M), Vie(Op)) is a modular symbol associated to F,

CE’;;{W,M e H*(Y#, (M), Trr(Op)) is the Asai-Eisenstein element constructed by Loeffler—
Williams in [LW20],

log, (t) is a unique integer in [0,p" ') related to ¢ € (Z/p")*,

A; is some combinatorial fudge factor and a € Op such that a —a” = v/

—D,
{,) denotes the perfect Poincaré duality pairing between H} (Y7, (M), Vir(Op)) and
HQ(Yﬁl(m%Tkk(OE))

(Torsion)

We also define a polynomial when r = 1. See Equation (3.6.4). Here Y*;(91) is a locally
symmetric space of a certain level (see for the definition). Here Vj; are Tj ) are some
specific weight (k, k)-coefficient modules. The Asai-Fisenstein element CE’;;{m,at is related
to an KEisenstein series of weight 2k — 27 4+ 2. These elements are 'the Betty counterparts’
of the known Euler system elements, such as Beilinson—Flach Euler systems. They satisfy
certain norm-compatibilities like Beilinson-Flach elements. See [LW20, Theorem 3.13] for

more details.

These polynomials satisfy some norm and congruence properties. For example, for
0<j<kandp >0, P, satisty,

J .
sup Hp(vp(ap)_j)T Z(_l)Z <‘Z)P7§Z(U,_Z(]_ + T) — 1)H < 00. (312)
" i=0

This property is crucial to construct CL]‘?S(\I/). The more properties of P, ; are described in
Lemma [3.6.4, To prove (3.1.2)), we first prove the following key lemma, which is a cohomo-
logical version of the interpolation of twists (congruence relation):

Lemma A (Lemma [3.5.7). For any ¢ € (Z/p")* and any positive integer j, we have

(3.1.3)

10 (@ — a?) 90 (j — ) IReshy mom VI ( =l
1=0

e pPPHA(YE (M), Tj5(Og)).
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For the definition of the moment map mom, see Subsection [3.4.3.1l The Lemma [3.5.7
is the Betti cohomology analogue of [LZ16, Theorem 3.3.5|. Furthermore, we prove another
novel lemma :

Lemma B (Lemma [3.6.1). For any character 6 : A — O, any integer 0 < j < k, and any
integer r such that p” > 1, we have

<< Q0.

J .
i i j _ 71‘ i .
o Y- (]) ¥ ot a0 T
" te(

=0 " ezl

To prove Lemmas we study locally symmetric spaces Y7 (m, m9t) of mixed
level, where m € Z. Similar to the methods of Loefler-Zerbes in [LZ16] and Loeffler—
Williams in [LW2(], for each j € Zso, we construct and study cohomological elements
CZJEJT],‘ILa e H2(YE(p", pN), T;;(Ok)). To construct and study these elements, moment maps,
Clebsch—Gordon maps are used, together with the interplay between them, in a manner sim-

ilar to those in Kings—Loeffler-Zerbes |[KLZ17| and Lei-Loeffler—Zerbes |[LLZ18|. Readers
are advised to refer to Sections and for a detailed description of the polynomials,
cohomological elements, and congruences.

3.1.3 Signed p-adic Asai L-functions

We give an application of the p-adic Asai L-function CLSS(\IJ): the decomposition of p-
adic Asai L-functions with unbounded coefficients into signed p-adic Asai L-functions with
bounded coefficients. Assume p splits in F' as pOr = pp. See Section for the setting for
the theorem mentioned below. We state a few of them here for the convenience of readers:

1. ¥ is a cuspidal Bianchi eigenform of level N, where N' = Op is an ideal coprime
to p, trivial nebentypus, and weight (k, k). Furthermore, ¥ is p-non-ordinary and
p-ordinary.

2. For q € {p,p}, let a4 be the Ty-eigenvalue, and oy # [, be the roots of the polynomial

k
X2 — q,X + p". Assume v,(ap) > {—J
p J—

3. Choose aj such that v,(ag) = 0 and for e € {ay,[,}, let ¢ = aze. Let U* be p-
stabilization of ¥ such that U,-eigenvalue of W* is .

Since v,(&),v,(8) < k + 1, we can attach p-adic distributions cLJJ,}S(]-"d) and CLI?S(]-"E) to
F% and F? respectively using Theorem They satisfy certain growth and interpolation
properties. Then using the methods in [Deo26], we prove:

Theorem D (Theorem 3.7.3). There exist Ly%*, L33 e E® Og[[I']] = E® Og[A][[T]]
and a logarithmic matrix M € Ms2(Hg) such that

N7 A 7t
=Q'M

) " (3.1.4)
CLSS(\Ilﬁ) CLP >
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3 & —8 3
where Q = , and M satisfies properties from Proposition [3.7.2
—alpttl —a2pht
P P

Note that by using the methods of [Deo26|, we avoid the conjectural p-adic Hodge the-
oretic properties associated with the Galois representation associated with the Asai motive.

3.1.4 Plan of the chapter

In Section we recall the definitions of locally symmetric spaces in which we are interested.
We also define Hecke correspondences on these locally symmetric spaces. We define the Asai
L-function of Bianchi modular forms in Section Moreover, we recall the definitions of
Bianchi modular forms and Bianchi modular symbols in this section. In Section we
describe the weight 2 and higher weight Asai-Eisenstein elements constructed by Loeffler—
Williams in [LW20]. The construction of these elements is closely related to the elements
constructed in [LLZ18|. One can think of the Asai-Eisenstein elements as a Betti counter-
part of known Euler system elements like Beilinson—Flach elements. We do some explicit
calculations in Section similar to [KLZ17, Theorem 6.2.4] and [LLZI18, Theorem 8.1.4].
We also prove some interpolation and congruence theorems, which are Betti analogues of the
theorems in |[LZ16] Section 3.3]. In Section , we prove Theorem |C| using the interpolation
of twists method of Amice—Velu, Perrin-Riou, and Biiylikboduk—Lei. In the last section, we
first recall the definition and construction of logarithmic matrices briefly. Then we prove
Theorem

3.2 Locally symmetric spaces

3.2.1 Setup and notations

Let F/Q be an imaginary quadratic field of discriminant —D and denote its ring of integers
by Op. Let Ap denote the adele ring of F', and the finite adeles are denoted by A?. Define

OF = OF®Z = OF@HpZP'
Let 91 < O be an ideal such that 91 is divisible by all the primes above p. Throughout

this chapter, we assume 91 is small enough such that the locally symmetric space attached
to 91 is smooth. Let N € Z such that (N) =Z n DN in Z.

Let H = {z# € C | Im(z) > 0} be the usual upper-half plane with GLy(R)-action
given by Mobius transformations. Define the upper-half space or hyperbolic 3-space to be
H; = {(z,t) € C x Ro} with GLy(C) action given by

(CCL Z>.(Z7t):((az—i—b)(cz—i—d)—i—aﬁt | ad —be | t )

lecz+d P+ |c]2t?2 Tez+d|?+ | c|?t?
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We embed H «— Hj via z + iy — (x,y), which is compatible with the actions of GLy(R) on
both sides.

3.2.2 Algebraic groups and locally symmetric spaces
The primary references of this section are [LW20| and [LLZ18].
Let
G = RespgGLy, G* =G xp Gy,
be the algebraic groups, where where D := Resp/gG,, and the map G — D is determinant.

Definition 3.2.1 (Locally symmetric spaces). For open compact subgroups Ugp < GLQ(Aé),
U c GAL) = GLy(A}), and U* < G*(A}) = {g € GLy(A}) | det(g) € (AL)*}, the
corresponding locally symmetric spaces are defined as

Yo(Ug) = GLy(Q)\[GLa(A]) x H]/Up,
Yi(U) = GLy(F)\[GLy(AL) x Hs)/U,

Yi(U®) = G*(F):\[G*(Ag) x Hal/U™,
where G*(F), = {g € G*(F): det(g) > 0}.

3.2.3 Locally symmetric spaces of mixed levels
We define the specific level groups and locally symmetric spaces of a particular interest in
this chapter.

Definition 3.2.2 (Congruence subgroups). Let K be either F' or Q, and m,n, and a be the
ideals in Og. Define

U (m, n) = {za>e(;L2((9K®Z);BEJ2 mod (‘: ‘:)}

Uk(m(a),n) = {B € GL2(0K®Z): B=1, mod (I: n;a) }

We write Y (m,n) = Yi(U(m,n)) and similarly Yx(m(a),n).
Furthermore, let
U;(ma U) = UF(m7 11) M G*7 U;‘(m(a)v 11) = UF(m(u)a n) nG*.

We write Y (m,n) := Y(U(m,n)) and Yz, (n) :== Y;((1),n), i.e,, Yi(m,n) for m = 1.

Let 9t < Op be an ideal and N is an integer such that (N) = 9t n Z. We are interested
in the following locally symmetric spaces:
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1. The usual open modular curve Yy 1(NN) of level T'y(N). It has only one connected
component isomorphic to I'y (N)\H.

2. Another (mixed level) modular curve which we are interested in is Yo(m, mN), for any
m e Z)O.

3. The space Y7, (M) (which will appear so many times later). This space also has a
single connected component isomorphic to I';,;\Hs, where

Ihy = {(i Z) € SLy(Op): c=0,a=d=1 mod ’ﬁ}

4. We are also interested in (mixed level) Yz (m,mM), where m € Z=;. The space
Y7 (m, mMN) is not connected and has connected components indexed by group (Z/mZ)*,
since the component group of Y (m, mMN) is Q*\Ag /R~ det(U*(m, mN)) = (Z/mZ)*.
The identity component Y (m, mM)™M) is isomorphic to I'%(m, mOM)\Hs, where

N B a b ~a=1 modm, b=0 modm
FF(m,m‘ﬂ)—{<C d)ESLQ(OF)'CEO mod mM, d=1 modmm}‘

We will describe some explicit computations related to this space in Section [3.5]

5. The space Y1 (D). Since det(Up1(MN)) = @X, Yr1 (M) has hp connected components,
where hp is the class number of F. The identity component is isomorphic to I' g \Hj,
where I'p1 (M) := GLy(F) N Up1(N).

Remark 3.2.3. There are natural maps
You(N) 5 Y, (90) 5 Yia ()

induced by the natural maps H — Hj; and GL; (Aé) — G*(Aé) — G*(Aé).

Proposition 3.2.4. If 91 is divisible by some integer ¢ > 4, then Y, (M) is a smooth
manifold, and
v Yo (N) = Yi ()

is an injective map and hence a closed immersion. Moreover, let m € Z be a positive integer,
and if m is divisible some integer > 4, then

v: Yo(m,mN) < Y (m, mMN)
is an injective map and a closed immersion.

Proof. See [LW20, Proposition 2.5|. i

Assumption 3.2.5. We will assume the ideal 91 of Op is divisible by some integer ¢ > 4
throughout the chapter. Due to this assumption, the space Yﬁl(m) will be a smooth manifold
and not a non-smooth orbifold.
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3.2.4 Hecke correspondences on the locally symmetric spaces

Let a be any square-free ideal of Ok. Consider the correspondence diagram

Yi(1(a), M)
Y () Y (M)

where 7, is the natural projection map, and 7y is the map given by the right translation

. w 0
action of (O 1

a@. We define Hecke correspondences:

) on GLy(AL), where w € Op is integral adele which generates the ideal

(Ta)* = (772)* o (77-1)*7
(Ta)" = (m1)x 0 (m2)"

as correspondences on Yz (91). When a | 91, we write (U,)* and (U,) instead of (T3)* and
(T4).« respectively. We can extend these definitions to non-squarefree a in the usual way.

Remark 3.2.6. We can use the same construction to define Hecke correspondences on the
mixed level locally symmetric space Yr(m,91), but it will not be independent of the choice
of generator w of a, it will depend on the class of w mod 1 + m@. We will use this when
a is generated by some a € Z-(, and in that case we will take w = a.

For m € Z.o, (Tn)* = (T4my)*. Same for (15,)«, (Un)*, and (Uy,).. From the above
remark, it makes sense to define the Hecke operators (7,,)* and (7,,)., for m € Z-o, on
the mixed level symmetric spaces Y7 (m, 91). Moreover, (T3). and (U, ). are the transpose of
(To)* and (U,)* respectively with respect to Poincaré duality.

3.3 Preliminaries related to the Asai L-function of Bianchi
modular forms

3.3.1 Bianchi modular forms

We recall definitions of Bianchi modular forms and their Fourier expansions. For an integer
n = 0, and a ring R, define V,,(R) to be the space of homogeneous polynomials of degree
n in two variables X, Y with coefficients in R. The space V,,(R) can also be described as
Sym"™(R?). The group of matrices GLy(R) acts on V,,(R) both from the right and left, and we
denote the corresponding space by Vé“)(R) or by V#)(R), respectively. See [LW20L Section
2A] for the precise definitions.

Let U be an open compact subgroup of GLQ(AJ;). Then for any integer k > 0, there
is a finite dimensional C-vector space Sk x(U) of cuspidal Bianchi modular forms over F of
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weight (k, k) and level U, which are functions
U 2 GLy(F)\GLa(Ar)/U — Vyi,(C),

satisfying certain transformations under right translation by the group C* - SU,(C), and
satisfying certain growth conditions and harmonicity. Fruthermore, the Fourier-Whittaker
expansion of ¥ is

(7)) = e T Wier s mWalcyer(cn)

CeF™

where the Kirillov function Wy(—, ¥) is a locally constant function on (A]};)X with support
contained in a compact subset of A?, Wy : € — Vaio(C) be the real analytic function
defined in [WIill7, 1.2.1(v)|, and ep: Ap/F — C* denote the unique continuous character
such that its restriction to F ® R is x4, — e?™1Tr/a(@=) (Also look at [LW20, Theorem 2.9]).

For U = Up (M), the Kirillov function Wy(—, V) is supported in D_l(’/);, where D =
(1/(—=D)) is the different of F. For an ideal m of Op, we define a coefficient ¢(m, V) as the
value Wy(y,, ) for any y, generating the fractional ideal D 'mOp. The space Sk (Ur1(M))
has an action of commuting Hecke operators (Tr,)* for all ideal m. Moreover, if ¥ is an
eigenvector for all these operators, normalized such that ¢(1,¥) = 1, then the m-th Hecke
eigenvalue of U is ¢(m, V).

3.3.2 The Asai L-function of a Bianchi modular form

For all d € (Op/M)*, the space Sy ,(Ur1(M)) has an action of diamond operators {(d). On
any eigenform W, they act via a character ey: (Op/M)* — C*. Let €y|z/nz)~ denote the
restriction of ey to (Z/NZ)*.

Definition 3.3.1 (Asai L-function of V). Let U be a normalized Hecke eigenform in Sy 5 (Up1 (1))
and let @ be a Dirichlet character of conductor m. Define the Asai L-function of ¥ by

LYW, 0, 5) = L™V (0%ey g, 25 — 2k — 2) - Z c(nOp, V)(n)n *, (3.3.1)
n=1,
(m,n)=1

where (N) = M~ Z and L(™N)(— s) is the Dirichlet L-function with its Euler factors at the
primes dividing mN removed. If § is trivial, we just write LA(¥, s).

This Asai L-function LA$(,0,5s) is absolutely convergent for Re(s) sufficiently large
(one can take Re(s) > k + 3) and has meromorphic continuation for all s € C. See [LW20,
Section 2E| for more details. For s in the half-plane of convergence, LA%(¥,6,s) can be
written as an Euler product

LAV, w, 5) = n PAS(0, 0, 5),

£ prime
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where the polynomial P$(W, 0, s) depends only on §(¢) and the Hecke and diamond eigenval-
ues of U at the primes above ¢. For simplicity, assume 6 and the nebentypus of ¥ are trivial.
For primes [ of F. let oy and 3 denote the roots of the polynomial X2 — (I, U)X + N([)**1.
Then we have

(1 = apagp ™) (1 = appp™) (1 = Bopagp ") (1 = BpfSp")  if p = b,

1
=4 —ap ) (L —p ) (1 = Bp~) ifp=p, (332

PI;*S(\I/, s)
(I =app=)(1 —p~ (L = Bp~) if p = p*.
See [Gha99, Section 3| for more details.

Remark 3.3.2. The Asai L-function appearing in Definition is an "imprimitive" L-
function. We can define a "primitive" Asai L-function using automorphic representations
attached to Bianchi modular forms. Another way to define the Asai L-function of a Bianchi

modular form W is the L-function attached to the tensor induction to Q of Galois represen-
tation associated with W. See [LW20l Section 2F| and [Gha99, Sections 3, 4|.

Lemma 3.3.3. [LW20, Lemma 2.11] Let ¥ be a normalized Bianchi eigenform of level n
coprime to p and let ¥’ be a p-stabilization of W of level pn. Let o = ¢(pOp, ¥'). Then

LAS(W,0,5) = LAV 6, 5)
for any non-trivial Dirichlet character 6 of p-power conductor, and

LYW s) = (1 —ap *) 'LAP) (T s).

3.3.3 Bianchi modular symbols

For any field extension F’ of F', we define the left F'|GLy(F')]-module Vi (F') := k,(f)(F’) ®

Vk(é) (F')?. The action of GLy(F) is given by: For any B € GLy(F'), B acts in the usual way
on the first component and via its complex conjugate B? on the second component. Due to
the action of GLo(F'), the space Vi (F") gives rise to a local system of F-vector spaces on
Y1 (M), which we also denote by Vi (F").

Theorem 3.3.4 (Eichler-Shimura-Harder, [LW20, Theorem 2.18]). If ¥ € Sy, (Up1(N)) is a
normalized Hecke eigenform, we have the following isomorphism of 1-dimensional C-vector

spaces
Skk(Upa (M) [¥] = HL (Y1 (), Vir(C))[¥] = H (Y1 (D), Vir (C))[W].

induced by a canonical Hecke-equivariant injection:

Skk(Up1(M) = Hy (Yra (M), Vir(C)).

Thus from Theorem [3.3.4] we have 1y € H(Yz1(N), Vir(C)), corresponding to an eigen-
form U € Spxp(Ur1 (D). Fix an eigenform U € Sy, (Up1(N)), and let F'/Q be a finite
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extension, large enough, containing F' and the Hecke eigenvalues of W, S8 be a prime of
F'" above p, and O (q) be the valuation ring of F' at 8. From [LW20, Section 2H]|, we
can regard H(Yr1(MN), Vie(Op () as an O (py-lattice in HE (Y1 (DM, Vig(F')). Moreover,
H (Vi1 (M), Vik(Op ())) is preserved by the action of Hecke operators (T;,)* and (Us)*.

Define
He (Ve (D), Vi (O o)) [9] = He (Ve (), Vi (F)[P] 2 He (Yea (M), Vi (O ()))-

From [LW20, Proposition 2.20|, we know that there exists a complex period Qy € C*, such

that the quotient ¢y = g_q, forms an Opr (q)-basis of H! (Yr1(MN), Vie(Op )))[V].
v

Definition 3.3.5. We define

Oy = 7" (dw) € Ho (YL (N), Vir(Opr ()

which is the pullback of ¢y under j : Yz, (91) — Vi1 (N).

This modular symbol ¢} will be used later to define the p-adic Asai L-function of W.

From now onward, as described in the Introduction, the ideal 91 < O is divisible by
all the primes above p.

Remark 3.3.6. By an eigenform U of weight (k, k) and level N, i.e., of level Up;(N) we
mean either W is a newform or ¥ is a p-stabilized p-reqular eigenform in the sense:

e U is an eigenform and for each p | p in F, U,(V) = ¢(p, V)V, with c¢(p, ¥) # 0,

e there exists an ideal 9t coprime with p and a Bianchi newform F € S 1)(Up1(9M))

such that 91 = Em]—[p‘pp and WV is obtained from F by successive p-stabilization,

e for each p | p, the roots of X? —c(p, F)X + ex(p)N(p)*™ are distinct, where e is the
nebentypus of F.

3.4 Asai-Eisenstein elements

In this section, we first recall definitions of modular units and Kato’s Siegel units. After
that, we recall the definitions and constructions of weight £ = 2 as well as higher weight
k > 2 Asai-FEisenstein elements from [LW20l, Sections 3, 5]. These are compatible families
of classes in the Betti cohomology of locally symmetric spaces of Bianchi modular forms.
Note that there is no étale cohomology in the Bianchi setting since the Bianchi manifolds,
the locally symmetric spaces, are real manifolds of dimension 3 and hence are not algebraic
varieties. Loeffler-Williams constructed these elements by pushing forward Kato’s Siegel
units to the Betti cohomology (under some maps) but using methods similar to the étale
cohomology setting from [LLZI8|.
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3.4.1 Modular units and Siegel units

A modular unit on Ygp(U) is an element of O(Ygp(U))*, that is, a regular function on Y (U)
with no zeros or poles, where U < GL3(Z) is an open compact subgroup.

Definition 3.4.1. For N > 1, and ¢ > 1 an integer coprime to 6V, let

c9n € O(Yg1(N))*

be the Kato’s Siegel unit _go1/n, which is defined in [Kat04].

By an abuse of notation, we use .gy again for the pullback of this unit to the mixed
modular curve Yg(M, N), for any M > 1.

Proposition 3.4.2. [Kat04, Section 2.11, Proposition 3.11] The Siegel units are norm com-
patible, that is, if N | N' and N and N’ have the same prime divisors, then under the natural
projection map pr : Yo(M, N') — Yo(M, N) we have

(Pr)«(c9n7) = 9N

3.4.2 Weight 2 Asai-Eisenstein elements

For a modular unit v € O(Yy1(/V))*, one can associate a Betti realization to u: C(u) €
H!'(Yg1(N),Z). See [LW20), Proposition 3.2|.

Definition 3.4.3 (Betti-Eisenstein class). Let .C'y = C(.gny) € H'(Yg1(N),Z) be the Betti
realization of gn.

Proposition implies that if p | N, the classes .Cn,r, for 7 > 0, are compatible
under push-forward, and hence defines a class

Oy € i H! (Vg (N9'), 2).

Let 91 be an ideal in Op divisible by some integer > 4 and recall that Y7, (91) = T'f,; (91)\H.

Definition 3.4.4. Let m > 1 be an integer and a € Op. Consider the map
Ra/m - Yf;k,l(m%ﬂ) - Y};k,l(m)

1 a/m

given by the left action of (0 1

) S SLQ(F) on ]HL;

Since I is divisible by some integer > 4, we have maps

Ka/m

Yle(mQN) - Y;,l(m2m) - Yl;k,l(m)v

where (N) =Z n M.
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Note that there are isomorphisms
Hl (YQJ (m2N)7 Z) = HIIBM (YQJ (mQN)7 Z)7 H2 (Y;,l (mzm)7 Z) = H]I?)M (Yl;k‘,l (QO)v Z)a

where H2M denotes Borel-Moore homology (homology with non-compact support). See
[BM6Q] for the reference. We define a push-forward map

is - H'(Yg1(m’N), Z) - B> (Y, (m*N), Z),
since Borel-Moore homology is covariantly functorial for proper maps.

Definition 3.4.5 (Weight 2 Asai-Eisenstein elements). For m > 1 integer, a € Op/mOp,
and ¢ > 1 integer coprime to 6mN, define

cEmMNa = (’{a/m)* 0 (1)«(.Cmen) € H2(Y£1(W), Z),

and
cq)g'l,a = Z cEpT,‘)'I,at ® [t] € H2 (YF*',l(n)7 Z) ® ZP[(Z/pT) X]‘

te(Z/p")*

Remark 3.4.6. We will use another definition for the Asai-Eisenstein element =, o, later
for our patching arguments involving Y (m, mM).

Theorem 3.4.7 (Loeffler-Williams).

1. If 9T | OV are two ideals of Op with the same prime factors, then push-forward along
the map Yr (M) — Y1 (M) sends Dy, , to Py, for any valid choices of ¢, a,r.

2. Let r = 1 be an integer, a be a generator of Op/(pOF + Z), and let
a1t HA (VL (0), Z) @ Z[(Z/p™)*] - HA (Y, (n), Z2) @ Z,[(Z/p") "]

denote the map which is the identity on the first component and the natural quotient
map on the second component. Then we have

7TT+1(C@T‘JIJ§;) = (Up)* ’ C(I)ST,W (341)

where the Hecke operator (U,), acts via its action on H*(Y, (n),Z). Similarly, when
r =0, we have

T (cq)é't,a) = ((Up)* - ]') ’ cq)gt,a‘
Proof. See [LW20, Lemma 3.12, Theorem 3.13]. i

We need the following rephrasing of Theorem in terms of .=, m o+ elements:

o If N | N, then .=, gv ot Maps to Zyr mq¢ along the pushforward map Y7 (N') — Y7 (N)
for all t e (Z/p")*.
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e For r > 0 and for each t € (Z/p")*, we have

Z C:pr+17m7a5 = (Up)* C\:prvmyat'

S€Z/pm 1
s=t mod p”

e For r = 0, we have

Z CEp,‘ﬁ,at = ((Up)* - 1) CEI.‘T(,a-

te(Z/p)*

For more details, see the proof of [LW20, Theorem 3.13].

3.4.2.1 Another description of weight 2 Asai-Eisenstein elements

Let a € Op. Consider the composite map

Ya(m, mN) <> Y7 (m, mt) 2 Vi (m, m),

where u, is the action of the matrix ((1) —1(1) on Y7 (m, mM). Note that (é —1(1) preserves

each component of Y (m, m9).

Definition 3.4.8 (Zeta elements). Define .Z,, 5, to be the image of .Cp,y = C(.gmn) €
H'(Yo(m,mN),Z) under the pushforward (u, o t),,1.e.

Zmata = (g 0 0)(.Cmn) € H2(YE(m, mMN), Z).
For t € (Z/mZ)*, let proj, : YE(m,mMN) — Yz (m,mN)® be the projection map,
_ 2

and (proj,)s : H2(YE(m,mMN),Z) — H2(YE(m,mN),Z)® = H2(YE(m, mN)P, Z) be the
projection induced by proj,.

Let .Z,ma(t) be the projection of .Z,, ;. to the direct summand of H?(Y} (m, mMN), Z)
given by the ¢-th component. In other words,

ch,‘ﬂ,a(t) = (projt)*(czmm,a)>

and hence we get
ch,‘ﬁ,a = Z ch,m,a(t)-
t

We consider the map
Sm Y (m,mMN) — Yz, (N)

given by the action of <770FL (1)) This map corresponds to (z,t) — (z/m,t/m) on Hs.

Lemma 3.4.9. [LW20, Lemma 4.5] The pushforward of .C,,2y along the map Yp1(m*N) —
Yo(m,mN), given by z — mz on H, is .Cy,n.
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Theorem 3.4.10. [LW20, Proposition 4.4] Let a € O be a generator of Op/(pOF + Z).
We have

(SPT)*(chrym,a(t)) = cEpT,‘ﬁ,tm
and thus
Pha= D ()l Zpmalt) ®[L].

te(Z/p"Z)*

We will use Z,» m, for interpolating twists later. We also fix a € Op such that it
generates (Op/(pOr + Z)).

3.4.3 Higher weight Asai-Eisenstein elements

Let E be a finite extension of Q, such that F' embeds into £. Let Og be its ring of integers.
For k > 0 integer, recall V,(Og) = Sym”((Og)?), the left Op[CGLy(Z)]-module of symmetric
polynomials of degree k in 2 variable with coefficients in Og. Consider Ty (Og) = (Vi (Og))*
i.e. T1.(Op) is the module of symmetric tensors of degree k over (Og)%. We then have the
Og|GL2(Op)]-module Vi (Op) = Vi(Og) ® (Vi(Or))?, where GLy(Op) acts on the first
factor via the embedding Op < Og and on the second component via its Galois conjugate.
Let Ty (Op) = (Vie(Og))*. The space T,(Og) can be viewed as a local system of Op-
modules on Yp;(N) for any integer N > 4. Similarly, Ty, (Og) gives a local system on
Y7 (U) and Yp(U) for sufficiently small U.

3.4.3.1 Moment maps

The linear functional dual to the second basis vector of OF defines a I'},, (p')-invariant

linear functional on Sym*((Og/p*)?) or on (Sym*((Og/p')?))? and hence an invariant vector
in Tyx(Og/p'). This can be seen as a section of the corresponding local system, defining a
class

erpe € (Y, (0'N), Ta(Op/p")).
Cup-product with ey, defines a moment map

mom** : lim H* (Y%, (p'N), Z) ® Op — H* (Y, (N), Tir(Ok)).

t

This is the Betti cohomology analogue of the moment maps in the étale cohomology of
modular curves considered in [KLZ17]. In the next section, we will describe and use ey in
more detail.

By Theorem (3.4.7), the family of classes (P, ,)i=0 is compatible under pushforward,
so it is a valid input to the mom** after base-extending from Og to Og[(Z/p")*].

Definition 3.4.11. We let CCD(];{G be the image of the compatible system (P ,)i=0 under
kk
mom”*.
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More precisely,
@ity = (mom™ @ 1) ((:Phye o )iz0) € HX(YEL(M), Tir(O)) ® Ou[(Z/p")"],

and hence, we have

D= Y (mom™ (Zprapra)e=0)) @ [1]-

te(Z/p)*

Note that the action of the Hecke operator (Up,) is well defined both on H?(Y33, (M), Tir(Og))
and on the lim H?*(Y}, (Mp"), Z,). Moreover, the map mom** commutes with (U,).. Hence,
we have the following norm-compatibility relation, for any k£ > 1,

7TT+1(cq)§'{a+1) = (Up)* ’ cq)]‘;?’?na'

3.4.3.2 Relation to the weight 2k Eisenstein series

From [LW20, Proposition 5.2|, for an integer £ > 0, we know that there exists a class
Eisk, € H (Yg.1(N), Tx(Q)), whose image under the comparison map (comparison between
the Betti cohomology and the deRham cohomology) is the class of the differential form
—N’“Fk/”dw@de Here Ff/}“f is an Eisenstein series of weight k + 2 that appears in [Kat04].
Via the base-extension, we can consider Eish € H'(Yg1(N),Ti(Q,)). This class does not
generally lie in the lattice H'(Yg1(N),Tx(Z,)). But for any integer ¢ > 1 coprime with

2,3, N, there exists Eisk € H!' (Yg1(N), T;(Z,)) such that
Eisk = (2 — ¢ 7)) Eisk;

holds in H' (Yg1(N), T (Q,)), where {c) is the diamond operator acting on H' (Y 1(N), T(Z,))
(see [Kinl5], and [KLZI17] for details). Note that, when k = j, we have Eis) y = .Cinn.

Definition 3.4.12 (Clebsch-Gordan map). For j € {1,...,k}We can regard Th;_o,;(Of) as
SLy(Z)-invariant submodule of the SLy(Op)-module Ty, (Og), via the Clebsch-Gordan map

CGERT: Ty 55(Or) — T (Ok)

normalized as is in [KLZ17].

Recall the composition of maps
Yo(m, mN) <> Y7 (m, m9) =% Y (m, mN).
Using this map, we obtain another composition of maps
(tg 0 1), 0 CGIREIT - HY (Yo (m, mN), Tor_9;(Og)) — H2(YE(m, mMN), Ter(Og)).

Definition 3.4.13 (Twisted Asai-Eisenstein element). Let =7 e H*(YZ, (M), Tre(Ok))

c—m,N,a
be the image of (uq0t), 0 CGIEH] ( ElbszZJ) under the restrictions to the identity component

followed by (s,,)s. Similarly, =+,  is defined, for the analogous element with E-coefficients,

2k-2j
using Eis; ™.
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Explicitly, for t € (Z/mZ)*,
Eiar = (5m)a © (D10,) © (g 0 1), CGIH( Bis)TH72),

where proj, : Yi(m, md) — Y (m, mM)® is the projection map.

Remark 3.4.14. Note that E’;;{mm e H*(Y, (M), Tiw(E)), and one has the following equality

St = P - (Fajr ) (1o CGIHI (B2 70))

This description is convenient to relate this element with special values of the Asai L-function.
See [LW20, Lemma 5.4| for the details.

Proposition 3.4.15. [LW20, Proposition 5.5] For any integer r > 0, we have

k‘,T _ :k,O
c(Dm,a - Z c—p" MN,at %Y [t]7
te(Z/p")*

where the equality takes place in H*(Y, (M), Tir(Og)) ® Op[(Z/p")*].

Remark 3.4.16. The action of the Hecke operator (U), is well defined on H*(Y;, (M), Tie(Ok))
and on lim H*(Y#,(9p"),Z,). Moreover, the maps mom**, mom* *=7) commutes with
(Up)«, and see the proof of Theorem for the relation between mom®*~)(# =7 and
CGlER1 - Thus, like Theorem we have the following norm-compatibility: for any
integer » > 1,and any integer 0 < j < k, we have

r—JC, j Hkv j
Tr+1 Z c‘:‘p”j,‘ﬁ,at ® [t] = (Up)* Z c‘:‘prj,‘ﬁ,at ® [t]

te(Z/pr+1)* te(Z/p")*

3.4.4 The p-adic Asai L-function: p-ordinary case

In [LW20|, Loeffler-Williams constructed a p-adic measure, that is, a p-adic L-function in
the Iwasawa algebra Ag(I"). They proved:

Theorem. [LW2(, Theorem 7.5] For any integer ¢ > 1 coprime to 691, there exists a p-adic
L-function

T

Lo () = <¢E, i (Up),,"eord « cégifa> € OplZ;]]

which satisfies the following interpolation property: for any Dirichlet character 6 of conductor
p", and for any integer 0 < 7 < k, we have

J

where (=) is some non-zero explicit factor.

(+)LAS(0,0,5 + 1) if (—1)76(—1) =1,

w0(x)d L2 (W)(x) = {0 if (—1)16(—1) = —1,

X
P
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Here and (eqq ) is the Hida’s ordinary projector. Note that, roughly, by King’s theory
of polylogarithms (|[Kinl5]), CLSS(\I/) is independent of the twist j. Thus, integrating z76(z)
against chﬁs(\I/) computes L25(¥, 0, j + 1). In other words, we have the following equality

L 20(z)d Ly (V)(x) :L O(z)d L™ (W) (x), (3.4.2)

X X
/4 4
where

CLSSJ(\IJ) = LLII <¢ikllv (Up)*_reord,* Z CE];;];W,at ® [t]> :

" te(Z/p)*

3.5 Cyclotomic twists of Asai-Eisenstein elements

In this section, we patch cyclotomic twists of Asai-Eisenstein elements using methods anal-
ogous to those in [LZ16]. We first study the hybrid locally symmetric space Yz (m, mO)
in detail. After that following [LLZ14|, [LLZ18|, and |[LW20], we define higher weight zeta

elements Z 7]

2y ma Which are required for the patching arguments. We also use 2Vl 4o

- c=pT Na
obtain congruences like those in [LZI6] as well as to define =7 ..

3.5.1 On mixed level locally symmetric spaces Y (m, mMN)

Recall that the locally symmetric space Y (m, mO) is not connected and has Z*/ det(
(Z/m)* connected components. Each connected component can be identified with Y}

I'%.(m, m9)\H; by the matrix (é (1]) , where

. B a b ~a=1 modm, b=0 modm
FF(m,m‘ﬂ)—{<c d)ESLQ(OF)'CEO mod mM, d=1 mod m‘ﬁ}

and t € (Z/m)*. In other words,
t 0
01

Y (m, mo)m Y (m, mO)®.

We have the following commutative diagram for each t € (Z/m)*

5

Y (m, mOM) =5 VE(m, mOM) W

M; y = Mo ) (3:5.1)

Y (m, m9)® ——5 YiE(m, mN)®
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See [LW20,, Proof of Proposition 4.4]. If we identify Y (m, mM)® with 't (m, m9)\H; via
(é ?), the restriction to this component of the right action of <(1) —1a> on the adelic

. . 1t
symmetric space corresponds to the left action of ( a

0 1
1 —ta
0o 1 )
Thus, the right action by ((1) —1a) can be decomposed (using the above commutative
1 —a\ _(t 0\ (1 —ta\ (t 0
0 1) \0 1 0 1 0 1)’
0\ (1 —ta\ (t O
0 1 0 1 0 1/°

Recall .2, 00 = (u0t)(.Crnn) = Zte(Z/m)X Zmmna(t), where Z,, m.(t) = (proj,)« ((Zmmna)-
Moreover, we know

) on Hi, i.e, the right action of

diagram) as

cSprMta = (SPT)*(CZPT,%a(t)) = (Spr)*((projt)*(czm,‘ﬁ,a))-

Lets explore the relation between .Z,r m4(t) and .=, ;m4, explicitly. Using the commu-
tative diagram, we can write

chfﬁ,a(t) = (projt)*(czm,%a)7
= (proje) «((ta)sts(Crmn)),

= (Ua)x ((Pr0j,)« (1) (.Crn)) ,

_ ((O (1)) g (3 ‘j)) (Prj,)s (1) (.Con).

If we write (proj,)s«t«(.Cmn) = «, then,

Znal) = (5 1) w5 1)) (@,
(5 1) (1) @

- (5 1) tw-e),

where by superscript (), we mean the element in Y (p", p"0)®.
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Hence,

cEm,‘ﬁ,at = (Spr)*(gzm,fﬁ,a (t))a

~ 0 ((§ 1) aa).

_ (é i))*((spr)*(uta)*(oz(l))),(because (é (f) and (% ?) commutes.)

= () 1a) (),

Since we have defined .Z,,mq = (Ug) s (.Crmn), We get

Emmar = (5pr)e((Zmma(1)(1))-

This description will be helpful in the following sections.

3.5.2 Cyclotomic twists calculations

Let E/Q, be a finite extension that contains the quadratic imaginary field F/Q and Op —
Og.

If e1, ey is the standard basis of (Op)?, then, for ¢ € {1.2} let e;,, :== ¢; mod p". Then
eFkr = eglf,], ® egf; e HO(Y, ("), Tur(Op/p")) is a section, where el*l denotes k-th divided
power of e. Also, we have chosen ey such that

(ua)s(eb) @ b)) = el @ el
We observe that
(ua)x(e1,r ®e1,) = (€1, —aea,) @ (61, —aea,).
Recall that we have s, @ YZ(p", p"0) — Y, (M) given by the action of 0 1

abuse of notation, write Tjx(Op) for the local system Og-modules both on Y, and Y.
Then let

P 0). By an

(spr)t : Tie(Or) — (8p)* (Tix(Op))

be the map on local systems (sheaves) given by the action of (p ) on the representation

0 1

(Op|GL2(OF)]-module) Ty (Of). Thus el @ el is in the kernel of (spr); mod p”. In other
words, if we consider the following map

(spr)t + Tie(Op/p") — (8pr)* (Tix(Or/p")),

then egﬂ ® egﬁ]ﬂ is in the kernel of (s,r);.
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Definition 3.5.1 ( mod p" moment maps). We define mod p” moment maps as

mom? : H*(Y,(Mp"), Z) ® (Or/p") — HA(YiE,(OW"), Ti(Or/p")),

22U (e, @ eyy).
Recall the Clebsch-Gordan map: for j € {1,... k}, we have
CG[k’k’j] : Tzkfgj(OE) e Tkk(OE)
By putting k = j in CGF*I1 we get
CGU .= CGU#  (Og)? — Ty(OR).

Let z,y € H*(Yo(p",p"N),Z,) ® (Op/p") be the sections of order p” such that ¢*(e; )
and *(eq,) agree with the images of sections z,y respectively under the map

HY(Yo(p", p"N), Zy) ® (Or/p") — H'(Yo(p", p"N), Z,) ® " (Or/p").
See |[LLZ18, Remark 8.1.2| for a similar situation in the Hilbert modular form setting.
Remark 3.5.2. Modulo p", the CGUl is defined by the cup-product with
J
(DG = Dlefled, @eles
i=0

Theorem 3.5.3. For any t € (Z/p")*, the following diagram commutes:

H (Yo, »' ). Z,) ® (Op/') "0 B (g7 1 M), (13O )
gl 1 j)(a—a”)i

H (Vo(p", 57 N), 2 (T35 (O /7)) H (Yo(p", 17 N), * (T35(O/)))

(Y o), T35 (Os/o") H2(YE G o). T35 (Op /o)
(ua)x (ua)s

(Y, o), T35 (Os/o7) H2(YE G o). T35 (Op/o7)
(spr)wo(proj, ) (spr)xo(Projy)

H2 (Y, (M), T55(Op/p") - > H2(YiE, (M), T55(Or/p"))
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Proof. The proof is similar to the proofs of [KLZ17, Theorem 6.2.4] and |[LLZ18, Theorem
8.1.4] in the étale cohomology setting. For the convenience of readers, we will prove this
theorem.

We will use a following fact about divided powers:

(A+ B)Il = Y AW i,

For z € H' (Yo(p",p"N), Z,) ® (Og/p"), we have

(Projy)«(ua © L)*CGU](Z) = (proj,)« (( ( (Z 1r€2r ®€ 22]r>)>> ;

= (Uq)« ((projt)* (L*(Z) UZ(_l)i(] )'61 7'627' ®e ]7">> .

Now as in the proof of [LW20, Proposition 4.4] and by the Calculatlons involving Z, if we
wite ZU(t) = (proj,)u (1a(2) © So(~1)°( = i)lel e T @ el el ) € B2V, 5 i) ©, 5O /7)),

then
iy = (5 1) o ('y ) )@

_ (é (1)) * (1) (ZY)(1)). (naively)

Thus,
(t40)- <a*<z><1>u<z<—1>f<; ileired, N ®er, “,L))

= () o ((14(2)(1))) (Zm = (ta)es)1e, " @ (en,r - (ta)“ez,»“”eé’;l)

Therefore,
() (a) (ZV(1))

= (6 1) - (- 0n@0) 00— PR O + sum ol )

_ (é ?) (((spr)*(um)*(b*(z)(l))) (tjﬂ (a—a”)! (651*@651)))’

since 65{1 ® 65{1 is in the kernel of (s,); and egj}, ® egj}, is invariant under (spr)y.

Now, if we chase the diagram on the right-hand side, we get the same equation. |
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For 0 < j < kand Y e {Y2,(M),Yi(m, mN)}, we define mom®*=7) (similar to
mom**)

mom* ¢ H2(Y, T;,(Op)) — H(Y, Tur(Ok)),

such that modulo p”, mom®* -7 is defined by the cup product with the element eg;—j] ®

[k—4]
€3, -

Lemma 3.5.4. For all 0 < 5 < k, we have

2
(k—=35)(k—3) - kk
mom,; "7 o mom?) = <j) momy,;.

Proof. This is proved in [LLZ18, Lemma 8.2.1]. See also [KLZ17, Lemma 6.3.2]. i

Theorem 3.5.5. Forr > 1 and any ¢ € (Z/p")*, we have, as classes in H*(Y%, (M), Trx (Or/p"))
(i.e. equality mod p"),

1\ 2
'—k,‘ ] AR r—k,
c‘:'prj,m,at =t/ (CL —a )j]' (]) c‘:'pr(?‘ﬁ,at'
Proof. This is [LW20, Proposition 5.6]. We will prove this for the convenience of the readers.
We know that for any ¢ € (Z/p")*, by definition,
E o = () (Pr0j ) (110 © 1) OGH(Cprv).
On the other hand, from [LW20, Proposition 5.5], we have

’:‘.770

c=p" Mat momjj (cEpr7m7at).

Now, modulo p", momg is the map defined by the cup product with the element 651 ®

i

re

Hence Theorem |3.5.3 implies

—jj . =0
C:';Tj,m,at =t/ (Cl - ag)jJ! c‘:’;f’m,ata (352)

for any t € (Z/p")*.
Hence, applying Lemma [3.5.4) to (3.5.2), we get

e | o o
mom{y V(= ) = (0 — o) jimoms P * ) (momd ) (Zpr ).

| (k)
— tj(a — ag)ﬂj! (]) mom];f(cEprm,at)y

- (RN ko
=t/ (CL - ag)]j! (]) cEp;,‘ﬁ,at'
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Now using the following commutative diagram (for the local systems on Y} or modules,
see [KLZ17, Proposition 5.1.2| for more details),

[5]
(Op/p")? —— T;(Op/p")
2k—2j Om(lfjj)(k*j)

mom m
pr

CGlk: k]

Tor—2;(Op/p") T (Op/p")
we can conclude
k—j)(k—35); —j.j —k,j
IIlOITl( N J)(cﬂjjorj,‘ﬁ,at) = c:ijfJ’I,at‘
This completes the proof. |

3.5.3 Patching arguments
For j > 0, like .Z,r 014, we define

ZU 0 = (0 0).CGY(Cpon) € B (Y (D, p'D), T35(O)).
Therefore, for any ¢ € (Z/p")*, we get

Z P at) = (Proj)u(us 0 .CCV (Cprw) e (VE(W M)V, T55(08)),  (35.3)

and

Z 20 (3.5.4)

te(Z/p")

Note that CGU! . (Og)? — T};(Op) is defined by the cup product with an element CGUl
such that CG mod p" is €1, @ ez, — €2, @ e1,. Let us denote e;, @ ez, — €2, ®eq, by CG,.

Theorem 3.5.6. For a € Op/(pOp+1Z), j € Z~o and any t € (Z/p")*, we have the following
equality modulo p/"

160 (q — a®)0=(j — i)momU IRt (21 (1)

M“

1=0
= (pI‘Ojt)* (Resgr (ua © L)*(CCPT‘N) v (uta)* ((t(a - (a)a)eljr ® €2 jr + ngr)[J]))
- Resﬁir (Zprma(t)) U (o) ((tH(a = (a)7)er e @ €250 +CG)1) .

Here, the map Resﬁir is the pullback along (or induced) by natural projection Yz (p'", p"N) —
Yi(p", p"N).

Proof. This proof is similar to the proof of [LZ16, Proposition 3.3.4]. But here we are prov-
ing it in the setting of the Betty cohomology and for the algebraic group over F rather than
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Q. Write Res for Resﬁ?. From the equation (3.5.1), and calculations involving .2, o 4(1),
we have, modulo p’",

Res(, 2y () U (wa)s ((Ha — (@) )ezgr @ ez +€Gjr))

= Res ((proj,)«(tta © )u(.Cpri))) U (wia)x ((H@ = (@)7)en jr ® €350 + CGj)V)) |

J A
Res((tx Cprv) (1) U D (t(a — a%)ea e ® eQ,ﬁ)U—ﬂcgEﬂ) ,

1=0

I I
N 7N
o o ~+
—_ O —_ O
S~ N~ N~
*
—
g
N
*

j ; . .
— Z (é ?) (ua) s (Res((te Oprn) (1)) U ng.’j) U (ta — a”)ea r @ ea5) 07,
=0 #

Note that modulo p?", momU—9U=9 is defined by cup product with the element egj;i] ®e£{;].
By linear algebra of symmetric tensors, we have (t(a —a)eq j, ®eq )V ™1 = (j — i)tV (a —
a®) (j—1) egﬂ’;l ® egjﬁ] ‘

Hence, by the definition of CGUI map, we conclude

J " i N
Z (0 (1]) (Uta)*(ReS((L* cCpTN)(l)) U Cg][j) U (t(a — aJ)BQ,jr ® 627jT)[J_Z]7
= D307 — a0 — D) (Res((proiy)s () (1):CCI(Cyr) © (e, @ e,

j .
= >1079(a — a?)079(j — i)lmom=I0IRes(, 21 | (1)),
1=0

completing the proof. |

Using Theorem [3.5.6) we obtain the following key congruence:
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Lemma 3.5.7. For any t € (Z/p")*, we have

J .
N 409 (a — a)0)(j — i) IResty mom 096 (=0 (3.5.5)
1=0

e p"H (Y, (M), T;;(Op)).

Proof. The proof is similar to the proof of [LZ16, Theorem 3.3.5].
Recall we have defined =7 . as (spr)4(proj,)«(ua © 1)«CGV(,Cprn). Thus, we have

C’_‘;] N,at (SP ) (czg[yjr],m,at (t))7

since we have defined ch,]mat(t) = (proj, )« (ua © 1) CGUI(.Cprn).

- From Theorem 3.5.6, It (a—a”)U0 (5 — i)!ResgiTmom(j*i)(J’*i) (CEE;TJMG) modulo
p’" boils down to

Resgir ((3p)a (oZprona(t) U (wia)s ((t(a — a”)ea, ® ea, + CGHUN)) .
We claim that
(spr)s(ua)s ((t(a — a%)es, @ €2, + CG,)) = 0.
Note that

(tuta) s (t(a — a”)es, @ e, + CG,)

tla—a%)es, ®ear + (Uta)s(€1, R €2, — €2, Rer,),

tla—a%)es, ®eq, + (e1, —t-aey,) Qea, —e2, @ (€1, —t-a’es,),
= €1y ® €or — €2 ® €1,

This implies

(spr)s((tta)(t(a — a%)eq, @ 2, +CG,)) = (Spr) (€1, Qea, — €2, Qe1,),

(s
0,
since ey, @ eg, — €2, €1, is in Ker((s,r);) mod p".

Because this element is killed by (s,r). modulo p”, its j-th tensor power is will be zero
after applying (s,). mod p’" and hence we are done. |

In the next section, we will use Theorem to interpolate (patch) different polyno-
mials to obtain the p-adic distribution.
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3.6 Interpolation of twists and construction of the p-adic
distribution

Recall —D to be the discriminant of /. We have assumed the level 91 to be divisible by some
integer > 4. This is automatic if p is unramified in F' and p > 5. (JLW20, Page 1692]). Note

1
that we have taken a € Op such that a generates Op/(pOp +Z). Thus take a = 5(1 ++v—D)

1
if D=—-1 mod4, and a = 5\/—D if D=0 mod 4. Thus a —a” = v/—D. Recall E/Q,

is a finite extension large enough such that F' embeds into £ and all Hecke eigenvalues are
also in E.

3.6.1 Polynomial setup

To construct the distribution, i.e., a power series with unbounded coefficients, we use the tech-
nique developed by Perrin-Riou ([PR94, Subsection 1.2]) and by Biiyiikkboduk-Lei (|BL21
Section 2|). To use these methods, we need the language of polynomials, or rather polyno-
mials modulo w,(X) = (1 + X)?" — 1.

Write ZY = A x (1 + pZ,), where A is cyclic group of order p — 1. As mentioned in
the introduction, fix topological generator u of 1 + pZ,, i.e., @ = 1+ pZ,. For any integer
r = 1, define

u, '=u mod p".
Then u, € (Z/p")*. Let ¢ : A — Z) denote the Teichmiiller character. Also, write ¢ for
€: 2y — A — ZX. Then for any x € Z, T e + pZ,. Now for any t € (Z/p")*, let

e(z)

te Z; be a lift of t. Then there exists a unique integer 0 < m < p"~t, such that
t=t=ce(t)u™ modp".

In particular, we get

—=u" mod p"

t
and thus E = u™ € (u,, since order of u, is p"~'. We define log, (t) to be a unique integer
£
0 <m < p"~ ! such that )
t
log,(t) = — =u".
gu(1) W

Let 0 : A — Op; be a group homomorphism. Note that J is a non-negative integer power
of the Teichmiiller character €. We then have a ring homomorphism

Orl(Z/p")*] — Og[TT;
[t] — o(t)(1 + T)log“(t).
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Note that 0(t) is an abuse of notation for 6(¢ mod p).

From now onwards, we will use the polynomial setup.

3.6.2 Construction of the p-adic L-function at non-ordinary primes

Define a norm || - || on E[T] as
If]] = sup [f(2)]

zlp=<1l
for any polynomial f € E[T].

Note that H*(Y2, (M), Tie(Op))QE = H* (Y (M), Tix(E)) and hence H* (Y (M), Tik(OF))
is an Op-lattice in H*(Y}, (M), Trx(E)). Hence it defines a norm | - | on H*(Y, (M), Tik(E)).
By an abuse of notation, we define a norm || - || on H*(Y3, (M), Tk (Op)) @ Op[T] using | - |.

Like c@gff = Dty c”’; ot @ [t] defined in [LW20], we define polynomials, for

0 e A*:
Z CH]; ]fn 2+ ®0(t)(1 + T)loeu®

te(Z/pr)*
lying in HZ(Yﬁl(‘ﬁ),Tkk(OE)) ® Og[T].
We now use congruences from Lemma to prove the following congruence theorem.

Lemma 3.6.1. For any character § : A — Oj, any integer 0 < j < k, and p” > 0, we have

< 0. (3.6.1)
1
te(Z/p™)*

J .
SU.p Hp jr ( 1)1 <j> Z CH];?"Zmat Rt Z&(t)(l + T)logu(t)
=0 (

Proof. For simplicity, we assume ¢ is the trivial character and r > 1. The proof for non-
trivial § is similar.

We will use the fact, for 0 < i < j < k, we have
o o E—q\?2 o
momgffj)(k*])momgfz)(j*z) = ( ) mom I+,
j—1
We have the following equality mod p”:

j .
) 1 i o
N () B ot 1)
i (a” = a)'il(3)” we(i/or

Z mom* D k=1) CE;Z,m,at @t (1 + T)logu(t),

S

j .
g 1 1 Ve iV (i—d) —iji —i o
= 2(=1) () (a7 — ayi! (") 2 (k_i)zmom(k D mom b= 28 @17 (1 + 1)l
i - ‘\i) te@Z/pm)* \j—i
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J ; 1 1 L
= mom k=) ( ) : mom&—9—17) CHZZ Lt ( +T)logu(t)
; 7 —a)iil(})’ te(Z%)X (9 v

We can simplify factorials as

<Z> " aé)Q - (%1%)2 ) (’;.1)2(‘7_“!'

% Jj—t
Thus we get
Ji .
mom (==  $7(_1 1 D L nomG=00- =i @y=i(q 4 )5
o i (k)2 k—i\ 2 c—pr,M,at
i=0 (a” —a) Z(z) te(Z/pr)~ (j—i)
j
= mom*—N(k=5) Z ' ——(j —1) ( Z mom == CH;TZ ‘ﬁ,at®t_i(1 +T)10gu(t) :
=0 te(Z/p
(k=) (k—5) [ J .
_mont 77 2 J—1) Z momt D09 ”;Z%at @t (1 + T)eu®
1=0 te(Z/p

(k—3)(k—3) J N
_ mom k Z (Z (a—a°)” (] _ 2)lmOm(J )(j—1) CE;;Z,‘)Y,at> ® (1 + T)logu(t)

2
(j) te(z/pr)* \i=0

From the Lemma [3.5.7] for all t € (Z/p")*, we know mod p’",

c—p" M,at

j
Z t=(q — a®)U7) (5 — i) lmomU—DU=1) =i = 0.
1=0

Thus, for any t € (Z/p")*,
J

St (a — a%) (G — i)lmom G =k
1=0

J
=0

eC -p"HQ(YE(m% T3;(Ok)),

(a — a”)J

where C' is some positive constant independent of p” related to (a® — a)?. Note that if p is
unramified in F’ then a — a“ is a p-adic unit and hence C' = 1.
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Therefore, using the norm || - [| on H*(Y,(N), Tie(Or)) @ Op[T], we deduce

(k=7) (k=)

Hmom(k)2 Z (Zt a—a®)"(j — i)lmomt =0~ c'_‘;zmat> ® (1 + T)leu® H
j te(Z/p")*

<C"- p]’r’

for some constant C’ independent of r. and hence

J .
_ir ifJ 1 i » .
Sup‘&’j 2,1 (~)( — ) S ®t (1 +T)0 (3.6.2)
i=0 a’

(a7 = )il (5) ey
This completes the proof. |
Remark 3.6.2. The equation (3.6.1)) can be interpreted as: the sum
N _1) J 1 =k, t T)log. ()
Z( ) 1 i.‘kQ Z Cp‘ﬂat® (+ )
i=0 (a7 —a)t! (1) te(Z/p")*

lies in C"-p/"H* (Y, (M), Trw(Op)) ® Op[T], where C” is some positive constant independent
of p".

Before going forward, we will introduce some notations related to distributions and
power series. We define Iwasawa algebras A := EQOg[[T]] and Ap(Z)) = EQOg|[Z;]] =
E® Op[A][[T]]-

For any real number w > 0, let

Hew = {i ¢, " e E[[T]] : Sup = [ealy < oo}

n=0 n®

be the space of w-tempered/admissible distributions. Note that, Hg,, is a Ag-module and
when w = 0, Hgo = Ag. Similarly, we define

Hpw(Z {EZCW o-T"e E[A][[T]] : s @@o,vaeA}.

oceA n=0 n

Let A* = Homs(A, Of) be the group of character and let es = ZdeA Y(d)-d e Og[A]
be the idempotent corresponding to character 6 € A*. Then

Hew(Z)) = P es(Mpw(T)),

JEA*

and es(Hpw(T)) = Hpw as Ap-modules. We say f is O(log,) whenever f € Hpg,(T) or
f S /HE@ (Z;;)

We need the following lemma to construct the distribution.
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Lemma 3.6.3. Let s > 0 and A > 1 be integers and 0 < s < h. For 0 < 7 < h—1, let
Q.;(T) € E[T] be a sequence of polynomials satisfying

1. sup [lp" Qus (T)]] < o,

2. QT"‘LJ = Qr,j mod w,«_l(T)E[T]

for all positive integers . Moreover, suppose that
J

supHp(s r Z ( )er u'(1+T)—1) H < ®

for all 0 < 7 < h — 1. Then there exists a unique polynomial @), of degree < hp" such that
L Q(T)=Q,;(u?(1+T)—1) mod w,(u™(1+T)—1)E|T],
2. sup||p” Q. (T)]| < o0,
3. Qry1=0Q, mod 1_[1 o wr—t(u (1 +T)—1),

Moreover, the sequence (Q,), converges to a power series Qo such that Q. € Hp s

Proof. See [PR94, Lemme 1.2.1, Lemme 1.2.2] and [BL21l Lemma 2.2, Lemma 2.3] for the
details. |

Now we will construct the distribution using Lemma|3.6.3| Let ¥ be a Bianchi eigenform
over F' of weight (k. k) and level M, i.e. of level Up1(91). Assume V is p-non ordinary and
smalll slope, i.e. v,(a,) > 0 and v,(a,) < k + 1, where a,, is the U,-eigenvalue.

Recall from Subsection that if F//Q is a finite extension obtained by adjoining all
the Hecke eigenvalues of U to F', and let 8 be a prime above p in F, then we defined

¢y € HL(YE (D), Vi (Opr ).

We enlarge F, if necessary so that we can fix an embedding Fy < E. Thus we can consider
the modular symbol ¢§, as a a class in H (Y, (M), Vie(Ok)) well-defined up to a unit in Op.

For § € A* and for integer r > 1, let

* -7 1 =k.j O
pgj<T):<%,<U,,>* ‘ > E @1+ T) gu<t>>, (3.63)

a (k)2
(a” — G)JJ!(j) te(Z/pr)*
where {, ) denotes the perfect Poincaré duality pairing

Torsion
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Note that from Theorem [3.4.7] we have
(Up);1 Z c_‘]; g’t at — (1 o p](Up);l) CE’IIC,’%I,a'
te(Z/p)*
Thus, when § is the trivial character and r = 1, we get

. 1—p (U ! ,

In particular, for 0 < j < k, we get

P&(T)=<(<Up>*>—f¢z, - s ¥ cziz:’;m,atm(t)(l+T>10gu<t>>,

— )15 ey

1 —k,j o
=< s % c:,’i;%m,atm(t)(lw)lgu<f>>,

(a” — G)JJ!(]-)2 te(Z/p") *

a*?”
= 3 (68 B ) SO+ 1) € BT
(a7 = aYj'(5)" ez~

Moreover, when ¢ is the trivial character and r = 1, we get

. 1 =k
Pltzlv _ . '(k) (1 - _) <¢\I” C“_‘lf:%’tva>'

(a” = a)/j!

Let us denote v,(a,) by n.

Lemma 3.6.4. For any integer r > 1, any integer 0 < j < k, and any character 6 € A*, we
have

L. sup || P3,()| < <0,

2. P}, ,(T)=P); mod w, 1(T),

T,J

p(n=)r 5 O(_l)i(i)pé.(u*i@ +T)— 1)H < 0.

= i T8

3. sup,

Proof. Statement follows from the definition of the polynomial Pf’ A(T).
Note that from the remark[3.4.16] after converting it in the polynomial setup, we deduce

D E g ®6()(1+ T
te(Z/prt1)>
= Z o @) (1 + 1) mod w, 1 (T)(H* (Y, (M), T (Op)) ® Op[T))

te(Z/p™)*

(3.6.5)
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Thus, after pairing both sides of (3.6.5) with the modular symbol ¢%, we get the second
statement.

For the third part, for simplicity assume ¢ is trivial and integer » > 1. We can simplify
the expression

Zj](—l)i (‘Z) P’ (w1 +T) - 1)

1=0

=i<—1>i(jf) E S (G ) (W) + D),

—a)il(") ey

=S (l) >y (O E ) (714 TR,

(a — a)iil(*)" e

j . —r
" ifJ ap —kyi —i log,, (1)
= ; g 1)1 E = (14 T) 8
<¢\II i=0( ) (Z) c—p" N,at ® ( )

(a7 — a)’! ('5)2 te(Z/pr)

The statement then follows from Lemma and n = vy(a,). For the non-trivial character
0, the proof is the same. |

Hence from Lemma [3.6.3] and Lemma [3.6.4] we deduce

Theorem 3.6.5. For any character 6 € A*, there exists a unique polynomial sequence
PX(T) € E[T] of degree < (k + 1)p" ! such that

1. PX(T)=P);(u(1+T)—1) mod w1 (u7(1+T)—-1),

2. P, (T) = PX(T) mod T]_yw,_1(ui(1+T)—1),

r

3. sup, ||p" P?|| < 0.

Moreover, the sequence P’ converges to CLﬁ‘S"S(\P) = lim, o P} € Hp,, and
LAWY = PO(w (1 +T) — 1) mod w,_y(u 7(1+7T)—1).

Note that, for any real number w > 0, Hp (%)) = Hp(I') via identification 7'
Yo — 1.

Definition 3.6.6 (p-adic Asai distribution). For a p-non-ordinary small slope Bianchi eigen-
form U of level M, weight (k, k), and U,-eigenvalue a,, define the p-adic distribution attached
to U to be
L) = @ L) € He (D),
SEA*
where CLé}sv‘s(\ll) (after identifying 7" with vy — 1) are from Theorem and n = vy(ay)
such that 0 <n <k + 1.
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Notation. For a Dirichlet character 8 of conductor p” > 1 and any integer 0 < j < k, write
A N TA j
CLPS(\II,O,j) = chs(\I/)(XJQ),

i.e. evaluating CL}/?S(\If) at vo = u’ 'E'Cpr717 where C is a (p—1)-th root of unity, corresponding
to 0 € A* and (,r—1is a primitive p"~'-th root of unity.

3.6.3 The interpolation property

We will prove that the p-adic distribution CLﬁs(\P) interpolates the critical L-values of the
Asai L-function attached to U. We use Section 7C' and Theorem 7.5 of [LW20] for the
interpolation.

Theorem 3.6.7. Let ¥ be a p-non-ordinary small slope Bianchi cusp form of weight (k, k),
nebentypus ey, and level 91, where all primes above p divides 1. Let a, = ¢(pOp, V) be
the Up-eigenvalue of U which satisfies 0 < v,(a,) < k + 1. For any Dirichlet character ¢
of conductor p" and any integer 0 < j < k, cLI/}S(\I/) satisfies the following interpolation

property:
1. If (—1)76(—1) = 1, then

C(c, k,7)G(0)

LA, 0, 5) = x ey(W,0,5)L(0, 0,5 + 1),

Qy
where
(1 — Z—]) ifr =0,
¢ o(W0.5) =1, 7
— if r > 0.
aT
p
_1)FL i l(y/=D |
o C(c,k,j) = (=D PN ). (2 — P ey (c1)0(c)?), where G(0) is the

2 (2mi)itL
Gauss sum associated with 6.

9. 1f (=1)76(—1) = —1, then
As -
Ly (,6,7) =0.

Proof. First, we assume 7 > 1 and § € A*. Since (Z/p")* = A x Z/p"™', write § =0 - O,
where 4 is a character on A and © is a character on Z/p"".

For any p"'-th root ¢, ©/( is a root of polynomial w,_(u 7y — 1).
Now for 6 € A*, from Theorem [3.6.5, we have

L5 (0) = PL(u 0 — 1) mod (w0 — 1) (3.6.6)
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Hence, to calculate CL;}S(\I/, 0,7) is equivalent to evaluating CLQS";(\I/) at ©/O, ie, by putting
Yo = W, for p"1-th root of unity .
. . . 6
From equation (3.6.6), it sufficient to calculate P?;(¢ — 1). Therefore, we get
a_'/'

Pf’J(C - 1) = = N Z <¢\II7 CHI;TJ‘J'I at>5 logU(t
(a7 = ayij! ()" ez

a]*T’

=t 3 (G5 E ) 50O,

(a” — a)jﬂ(j)2 te(z/p)

T

= s ok Z <¢\1u cHI;TJm at>9(t)

(07 = 3! (5) ey

since log, (t) is a unique non-negative integer < p"—!

we have deduced

and © is a character on Z/p". Hence,

Lo (,0,5) = a; X ,C”’” w00
p (ao_ . a)]j'(];)Q te(Z%;r)X< v p" M, t>

Now, if » = 1 and ¢ is non-trivial, following the calculations similar to the above case,
we get

cLSS(\I}797j) - (aa )] ( Z/I <¢‘I”CHI;%?C“‘/ ()
“\j te(Z/p)>

Lastly, if » = 1 and ¢ is the trivial character, then L2*(V, j) is evaluating L,5(¥) at
u’/. Therefore, we get

(W, ) = PRl = 1),

ZW>$M@V( 2) Gt

The theorem then follows from |[LW20, Theorem 7.5]. i

3.6.4 p-adic distributions without ¢
Recall Kato’s Siegel unit .gy € O(Yg,1(IV))* from Section[3.4] Note that if ¢, d € Z=1 coprime

to 6N, then we have
(@ —{d)) cgn = (* = {&)) agn-

Thus, the dependence on ¢ can be removed after extending scalars to Q. More precisely,
there is an element gy € O(Ygp1(N))* ® Q such that gy = (¢ —{c)) - gy for any choice of
c. Similarly, for any integer £ > 0, we have

Bisy = (¢ — o) Bisiy € H' (Yo (N), Te(Qy)),
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where Eisk € H' (Yo 1(N), Tx(Z,)) appearing in the Definition [3.4.13, See [KLZI17, Theorem
4.4.4] for the details. Following this path, we prove:

Proposition 3.6.8. Let ey : (Op/M)* — Of be the nebentypus of the Bianchi cusp form
V. Assume:

1. the restriction ey |(z/n)x is non-trivial;

2. €ylz/n)~ does not have p-power conductor.

Then there exists a distribution L2%(¥) € Hpy, (q,)(T). such that

LA(w) = ! (W)

log,,(¢) 2 o P
(02 — ey () (% gu ) )

for all valid ¢ € Z~1, where log,(c) is the unique positive integer such that (uzétal
for appropriate (p — 1)-th root of unity.

ogule) _ .

Before proving this proposition, note that L}/}s(\ll) satisfies the interpolation property
described in Theorem without the factor involving c¢. In particular, for any integer
0 < 7 < k and for any Dirichlet character 6 of conductor p”, we have

C'(k, j)G(0)

Ly (W) (w0) = =0

< 6,0, 1) LW, + 1), (367)
where ,
(=D pri(v/=D)
ey -{ TP
0 if (—1)76(=1) = —1,
and ¢,(W, 0, ) is the same one appearing in Theorem [3.6.7]

if (—1)76(—1) = 1,

2
Proof of Proposition|3.6.8. We follow [LIW20, Proposition 6.7|. Denote (02 —c ey (7(1)%“(6)) )

by v.. For any positive integers ¢, d coprime to 6 Np, consider
A
Ud CLPS(\IJ).

Then '
((va- L2 (®)) = (e L5(9))) (x76) = 0

for any integer 0 < j < k and for any Dirichlet character 6 of conductor p". Thus, by the
uniqueness of the construction CL;}S(\I/), we can conclude

(va - L*(9)) = (ve - Ly (V).

In other words, vy - CL?S(\I/) is symmetric in ¢ and d.
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Now we can choose d such that vy is a unit in E® Og[[']], since the conductor of ey
is not a power of p. Note that we get eg(d '), since the dual of the diamond operator {(d) is
{d=1) under the perfect Poincaré duality.

Therefore, if we define

1
LX) = ~ Lo (), (3.6.8)
<c2 () (,y[l)ogu(C)> )
then L*(¥) is independent of ¢ and lies in H gy, (q,)(T).- [

Remark 3.6.9. There is a typo in the equation of Lﬁs(\ll) appearing in [LW20, Proposition
6.7]. There should be ey (c™!) instead of ey(c).

Remark 3.6.10. Even if ey|z/n)« has p-power conductor, we can still define

S 1 S
L,*(¥) = Ly (D),
<Cz — e (e 1) (Véogu(0)> )

but this element will not be in the distribution module H g, (q,)(I") but in the fraction field of
H B0,(a,)(L'). This new "distribution" will have poles, i.e., it will be a meromorphic function.

3.7 Signed p-adic Asai L-functions of Bianchi modular
forms

This section addresses the factorization of unbounded p-adic L-functions (i.e. p-adic dis-
tributions) into bounded signed p-adic L-functions (i.e. p-adic measures) in the spirit of
Pollack, Sprung, and Lei—Loeffler—Zerbes. We will apply the machinery of logarithmic ma-
trices, developed by the author in [Deo26|, to obtain this factorization.

3.7.1 Wach modules and logarithmic matrix

Define, for any real number w > 0,
< |l
Hewl) = ;cn(% -1 S%pn—wp <y,
and recall
S [
Hpeo(l) = Z Z Cno 0 (0—1)" :sup —>L <0, Voe A} .
n nv
oeA n=0

Note that
HE,w = HE,w(Fl)y (371)
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M Z) = Hp (), (3.7.2)

where Hp,, and Hg o (Z,)) are defined in Section Also, let Hp(T'1) = U,pso Hew(l1)
and Hp(I') = -0 Hew(l). Similar to Hp., if € Hpw(l1), then we say f has growth
rate O(log,)).

Let X be a variable and write B , for the ring of power series f(X) € Q,[[X]] such

rig,Qp
that f converges everywhere inside the unit p-adic disk. We equip IB%jig Q@ with the actions by

the Frobeneius ¢ : X > (1+X)?—1 and 0 : X = (1+ X)X —1 for ¢ € I, where Y is the p-
adic cyclotomic character such that (7o) = u. Let B, n = EQBJ, o and inside B, ; there
is a subring A} = Og[[X]] which is also equipped with the actions of ¢ and T'. Note that
there exists a Ap(I')-module isomorphism between (B, ,)¥=" and Hg(T) called the Mellin

transform, where 1 is a left inverse of ¢ such that ¢ o ¢(f(X)) = %ZCP:I fC1+X)—1).

Moreover, we can identify (A})¥=0 with Ao, (T). See [PR94, B.2.8] for more details.

k
Fix a € O with v,(a) > {—J and k£ > 0 be an integer. Let «, 3 be the distinct

roots of polynomial X2 —aX + vp*+!, for some v such that v/ € O}. Then by the methods
in [Deo26] (which are based on methods in [BLZ04]), there exists a E-linear crystalline
Gal(Q,/Q,)-representation V' and an Opg-stable lattice 7" in V' such that:

1. there exists an Og-basis vy, vo of Dieudonné module De,ys(7) such that the matrix of
© with respect to this basis is
0 —1/vpht
A, = / .
1 afvptt

2. we have a Wach module N(T') with an Af-basis ny,ny such that, for i = 1,2,
n; =v; mod X.

See [Ber04], [BLZ04|, [LLZ11], and [Deo26]| for definitions and more details about Wach
modules.

3. (¢*N(T))¥=%is a Ap,-module with basis (1+m)¢(n;), (1+7)p(n1), where (¢*N(T))¥=°
is AL-submodule of N(T)[X~!]| generated by p(N(T'))

4. (B, )" ® Derys(T) is an Hp(I)-module with basis (1 + ) @ vy, (1 + 7) @ va.

Definition 3.7.1 (Logarithmic matrix). We define the 2 x 2 logarithmic matrix M €
M o(HE(T)) as the change of the basis matrix for the following H g(I")-module homomor-
phism:

(¢"N(T))" ™" = (B, £)" ™ @ Derys(T),
ie.,

[T+ m)en) 1+m)em)]=[1+m)@u (1+7)Qus]| M. (3.7.3)
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Note that M is unique and in fact M € Moo(Hp(T1)). See [Deo26, Section 4] and
[LLZ11] for the details about the construction of M.

Proposition 3.7.2.
1. The elements in the first row of matrix Q' M have growth O(logzp(o‘)) and the elements

e —0
in the second row have growth O(logzp(ﬁ )), where Q = )
_uphl pphl

2. The second row of AZ"M is divisible by Hf;o ®, 1 (u"tyy — 1) over Hp(T), where

n_1(1") . . .
¢, 1(T) = w—l() is the p"~!-th cyclotomic polynomial.
wn_z(T)
3. The determinant of M is 22k100) oy it in Ap(I'y). Here 1 ~
. The determinant of M is AR up to a unit in Ag(T';). Here log,; 1(70) =

Hilo 1ng(u7i’}/0) and 0p11(70) = Hf:o(ufi% —1).

4. Moreover, det(M) is O(logh*") and logi*" is O(det(M)).

P

Proof. See |[Deo26, Proposition 5.2, Lemma 5.2, Lemmab.3, Lemma 5.4] for the details.
Note that in [Deo26|, £ > 2. Here, we are taking k£ > 0, but otherwise, everything is
identical. |

3.7.2 Decomposition of the distribution into measures

Assume prime p splits in F' as pOp = pp. We enlarge £/Q,, if necessary, so that it contains
F and all Hecke eigenvalues of W.

Let ¥ be a Bianchi cusp form of weight (k, k) and level N coprime to p.

Furthermore, we assume that:

1. VU is p-non-ordinary and p-ordinary. In other words, for q € {p, p}, if a4 is the T; Hecke
eigenvalue, then v,(a,) > 0 and v,(az) = 0.

2. vp(ay) > {LJ

p—1

For the simplicity of calculations, assume the nebentypus of W is trivial. For q € {p, p},
let a, and B, be the roots of Hecke polynomial X? — q, X + pF*1. We also assume ap # By
Since we have assumed W is p-non-ordinary, we know aj a p-adic unit and v,(85) = k + 1.
We also know that v, (), v,(8,) < k+ 1. Let & = azay, and § = agf,. Then v,(&) = v,(ay)

and v,(3) = v,(3,).

We consider the following two p-stabilizations of W:

o = P and UF = g,
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such that U and U? are of level p\ and
U,(U%) = a - 0%,
Up(07) = - 0P,

For more details about the p-stabilizations of Bianchi modular forms, we refer to [Pal23|,
Section 3.3|.

Thus, for { € {a, 5}, from Theorem and Theorem [3.6.7, we can attach a p-adic
distribution CLI?S(\IJT) to W' such that
e (Growth property)CLﬁs(\I/T) € Hew,mT):

e (Interpolation) for any Dirichlet character 6 of conductor p” and any integer 0 < j < k,
we have

L (00,) = S LA(W10,5 +1),
where
_ ) some non-zero explicit constant independent of § if (—1)76(—1) = 1;
0 if (—1)70(-1) = —1.
We have the following decomposition theorem:

Theorem 3.7.3. There exist L2, L)% € E® O[[I']] and a logarithmic matrix M e
M; o(HE(T')) such that

CLSS(\I}&) i ) CLII)\s,ﬁ
=M (3.7.4)
CLSS(\IJB) chsv
B @ —3 3
where () = TR B and M satisfies properties from Proposition [3.7.2| after
—agp * P *

replacing «, § with a, B respectively.

Proof. Since

vp(& + 5) = vp(ag(ay + 5y)),
= vy(ap) + vp(ay),

CHP

p—1

and for 7 € {a, B}, CLﬁS(\IIT) has growth rate O(logzpm) and interpolation property

s . Co,j
L6, 5) = o

where ¢ ; is independent of {, the theorem follows from [Deo26, Theorem 5.5]. |
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We conclude this subsection with some remarks.

Remark 3.7.4. We will explain briefly why we considered the polynomial X? —a,X + p*F+L.

This is because of the Euler factors of the Asai L-function when prime p splits in F. Recall
from the equation (3.3.2)), when p splits as pp in O and is coprime to the level A/, the local
L-factor at p of the Asai L-function LA%(, s) is

1
Sasrg o = L= apapp ) (1 = apfep ) (1 = Byogp ) (1 = BolBpp ™),
PAs(W, s)
where ay, 3, are the roots of polynomial X? — a,X + p*™', for q € {p,p}. For Galois repre-
sentation theoretic interpretation, see [Gha99, Section 4.

Remark 3.7.5. We can assume W to be p-ordinary and p-non-ordinary. If we assume that
¥ is non-ordinary at both the primes p and p, then we might get into trouble. Note that
we are in the finite slope situation, i.e., for q € {p,p},v,(aq) < k + 1. Now if o, 5, are the
roots of X% — a,X + p**!, then we have four p-stabilizations W*', where o € {o, 3,} and
t € {az, B5} and all ¥*T are p-non-ordinary. For simplicity, assume k = 0. Now suppose we
want to decompose the distributions CLﬁs(\DO‘PO‘F) and CL;?‘S(\IIO‘PBF) into the linear combination
of bounded measures using logarithmic matrices. We know that 0 < v,(ay), v,(5,) < 1. To
use logarithmic matrices method, Up(agagﬁg) should be a positive integer, since from the
construction and properties of the logarithmic matrix, we know det(M) ~ O(log,") where
m = vp(apopfy) € Z>1. But then it might happen that, for example, v,(afagf5) is not an
integer, since v,(a;) maybe an element in @ which is not an integer.

3.7.3 Signed p-adic Asai L-function without c

Recall ¥ is a Bianchi eigenform of weight (k, k) and level N which is coprime to p, such that
U is non-ordinary at p and ordinary at p. We furthermore assume:

1. The nebentypus ey : (Op/N)* — Q" is non-trivial,

2. the restriction ey|(z/ar)« is non-trivial, where M € Z such that (M) = Z n N,

3. Eq,|(Z/M)x does not have a p-power conductor.

For q € {p,p}, let a, and S, be the roots of Hecke polynomial X? — a,X + ey (q)p**!, where
aq is Ty-eigenvalue of U. We assume o4 # 3;. Like in the previous subsection, let & = apay,

and § = o0y and consider two p-stabilizations ¥* and 0P of U with the Up-eigenvalues &
and [ respectively. Note that the nebentypus will not change after the p-stabilization.

Thus, for e € {4, 6 }, Proposition implies there exists a p-adic distribution Lﬁs(\If’) €
H Ev,(e)(I') such that

1

2
(02 — ey () (,ﬂl)ogu(C)> )

As . As .
L (0°) = g (T°),
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where c is a suitable integer coprime to 6pM, since we have imposed the conditions on the
nebentypus eg. It satisfies the following interpolation property: for any Dirichlet character
6 of conductor p” > 1 and any integer 0 < j < k, we have

As . - * As e N -
Lp (\Ij ,9,]) = FL (\I] ,e,j—l‘l),
where

__ Jsome non-zero explicit constant independent of e and ¢ if (=1)76(—1) = 1;
o if (=1)76(=1) = —1.

k
If we assume v,(ay + 3,) > {—J, then we have the following decomposition theorem

similar to Theorem B.7.3

Theorem 3.7.6. There exist L2%% L2 € E @ Og[[I']] and a logarithmic matrix M e
M;o(HE(T')) such that

As a S
L(99) - L]‘j o
=T M aE (3.7.5)
S AS:
Ll‘j (UP) L,
- a —f S . .
where @) = , and M satisfies properties from Proposition
—aZey(p)pF! aZey(p)ptt!

3.7.2| after replacing «, 8 with &, 8 respectively. Moreover, for suitable ¢, we have

As,f As,#
LPS CLP ’

1
S a o c 2 S
L) (= emaen (e 0)’) \a

Proof. Similar to the proof of Theorem [3.7.3 i




Chapter 4

Families of p-adic Asal L-function of
Bianchi modular forms

4.1 Introduction

Fix an odd prime p throughout. Let F/Q be an imaginary quadratic field. Let f be a
cuspidal elliptic modular form of weight 2 and level NV, and let F be its base change. Then,
under some assumptions on f, F is cuspidal Bianchi modular form of weight (0,0) and level
N, where (N) = N " Z. Assume p | N and all prime above p in F' divide M. Furthermore,
assume F is small-slope, i.e, v,(a,) < 1, where a, is the U,-eigenvalue of F and v, is a p-adic
valuation such that v,(p) = 1. Let ¢ € Z~, coprime to 6.

In this chapter, we construct a two-variable p-adic Asai L-function associated to F. In
particular, for V = Sp(T) < &,a a family passing through F over S = Sp(£) € W par we
construct:

Theorem E (Theorem [4.6.9)). There exists a two-variable p-adic Asai L-function
C»C\é's € T®S®HL,UP(QP) (F)7
where I' = Gal(Q, (1, )/Q,)-

We also recover the p-adic Asai L-function L5*(F) constructed in [Deo23]:
Theorem F (Theorem [4.6.15)). We have the following specialization:

SpC)C\]: (CL‘A/S) = CLpAS(‘F) € HLy'Up(ap) (F)

See Section for the definitions and details.

We give a brief idea about the construction of the two-variable p-adic Asai L-function.
We construct certain polynomials P° € T ® £ ® L[T], using V and constructing Asai—
Fisenstein elements over S. These polynomials satisfy certain norm-compatibility and
growth properties. See Theorem for the details. Since we are dealing with QQ,-Banach
spaces, by the methods described by Perrin—Riou in [PR94] and Biiyiikboduk-Lei in [BL21],

we can take limit of PS to construct L4°.

96
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4.2 Preliminaries and setup

Fix an odd prime p. Let F/Q be a quadratic imaginary field with the ring of integers denoted
by Op. Let O, = Op ®z Z,, and w, = Hv|p w,, where v are places above p in F' and w, is
the uniformizer of Op,. Fix a Z,-module isomorphism v : O, = Z}%.

Let Apr denote the adele ring of F', and the finite adeles are denoted by A};. Define
OF = OF®Z = OF®Hpr
Let H = {z € C | Im(z) > 0} be the usual upper-half plane with GLy(R)-action given by

Mébius transformations. Define upper-half space or hyperbolic 3-space to be Hz = {(z,t) €
C x R} with GLy(C) action given by

(CCL Z>.(Z7t):((az—i—b)(cz—i—d)—i—a@t | ad —be | t )

lecz+d P+ |c]2t?2 "ez+d|?2+|c|?t?

We embed H «— Hj via = + iy — (x,y), which is compatible with the actions of GLy(R) on
both sides.

4.2.1 Algebraic groups setting

Let
G = RQSF/QGLQ, G* =G XD Gm,

be the algebraic groups, where where D := Resp/gG,, and the map G — D is determinant.

a 0

Define T¢; to be the torus of G such that T¢(Z,) = { (O b

) ra,be O } Furthermore,

let B be the space of upper triangular matrices, i.e,

po={(; 1) ec}-

Let Ng be the space of unipotent matrices, such that N(Z,) = (1) 1{ tu € (’)p} .Let Ng

1
Let I, denote the following Iwahori group at p:

I, = {(CC‘ Z) cG(Z,): ce wpop} . (4.2.1)

Note that we have the following Iwahori decomposition of I,

be the opposite of N, that is, N(Z,) = { (i 0> CuE Op}.

——1

I, = N (Zy) x Tg(Zy) x Na(Zy),

where N' = Ng(Z,) n I,. We can identify N (Z,) with O,,.
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4.2.2 Locally symmetric spaces

Let 91 < O be an ideal and N be an integer such that (N) = 9t n Z. We are interested in
the following locally symmetric spaces:

lle

1. The (open) modular curve Yy 1(N) of level I';(N). We know that Yy 1(N)(C)
Iy (N)\H.

2. Another (mixed level) modular curve that we are interested in is
Yo(m,mN)(C) := GLy(Q).\[GLy(A}) x H]/Ug(m, mN),

where m € Z~, and

Ug(m,mN) = {A €GLy(Z): A=1, mod (mmN mmN) } .

3. The space

Vi1 (M) = GLy(F)\[CLy(AL) x Hs]/Ury (M),
01
Moreover, since det(Up;(MN)) = Or Yr1(M) has hp connected components, where
hp is the class number of F'. The identity component is isomorphic to Iy \Hj, where

FFJ(’ﬁ) = GLQ(F) M UFJ(’J?).

where Up1 (M) is the space of matrices A € GLQ((’/);) such that A = ( ) mod M.

This is the modular curve in the Bianchi setting.
4. The space
Y71() = G*(F)\[G*(Af) x Hs]/Ug, (M),

where Uf (D) = Up1(M) n G*. This space also has a single connected component
isomorphic to I'f.;\H3, where

I'hy = {(? Z) € SLy(Op): c=0,a=d=1 mod ‘ﬁ}

5. We are also interested in the mixed level locally symmetric space
Yit(m, mM) = G*(F) \[G*(A]) x Hy]/U(m, mMN).

Here

Ug(m, mMN) = {A € GLQ(@) :A=1, mod <772n9’t T;an)} N G*.

Note that Yz (m,mMN) is not connected and has connected components indexed by
group (Z/mZ)*, since the component group of Yz (m, mMN) is Q*\Ag /R det(U*(m, mN)) =
(Z/mZ)*. The identity component Yz (m.mMN)M) is isomorphic to I'%(m.mMN)\Hs,
where

N B a b ~a=1 modm, b=0 modm
FF(m.m‘ﬁ)—{<c d)ESLQ(OF)’CEO mod mM, d=1 mod m‘)’t}'
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There are natural maps
You1(N) = Y, () 5 Vi (M)

induced by the natural maps H — Hj and GL, (Aé) — G*(Aé) — G*(Aé).

From [LW20, Proposition 2.5|, we know that If 9 is divisible by some integer ¢ > 4,
then Y7, () is a smooth manifold, and

v Yo (N) = Y, (M)

is a closed immersion. Furthermore, let m € Z be a positive integer, and if m is divisible
some integer > 4, then
v Yo(m,mN) < Yz (m, mN)

is an injective map and a closed immersion.

Assumption 4.2.1. Throughout the chapter, we will assume that the ideal 91 of Op is
divisible by some integer ¢ = 4. Due to this assumption, the space Y%, () will be a smooth
manifold and not a non-smooth orbifold.

4.2.3 Elliptic and Bianchi modular forms

We will be restricting ourselves to weight 2 cuspidal elliptic modular forms and weight (0, 0)
cuspidal Bianchi modular forms.

Let 91 be an ideal in Op, and let S 0)(Ur,1(91)) denote the finite dimensional C-vector
space of cuspidal Bianchi form of weight (0,0) and level 91. Bianchi modular forms are au-
tomorphic forms over GLy(F') satisfying certain automorphy conditions, growth conditions,
and harmonicity. See [Will'7, [LW20l [Deo26, Deo25l [Pal23, [Pal25] for exact definitions of
Bianchi modular forms.

Let N € Z=; and let So(I';(N)) denote the space of cuspidal elliptic modular forms of
weight 2 and level N. For a newform f € Sy(I'1), let 74 be an automorphic representation of
GL2(Aq) generated by f. Let BC(ms) be the base-change of 7 to GLy(Ap). Then BC(7y)
is generated by a normalised new vector F, and F is a weight (0,0) Bianchi modular form
of level M, where M < Op is an ideal such that 9N | NOpg. In other words, the base-change
of f to Fis F. Furthermore, if f does not have CM by F, then F € S0y (Upq(N)). See
IBSW21al Section 2.2] for the details.

We will be assuming the following assumptions on f and F:

Assumption 4.2.2 (Conditions on f). Let p | N and f € Sy(I'1(IV)), such that:

(A1) fis an eigenform and U,f = a,f, where a, is the p-th Fourier coefficient, and assume
a, # 0;

(A2) f does not have CM by I}

(A3) f is either a newform or is the p-stabilization of a newform g of level prime-to-p;
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(A4) If f is the p-stabilization of g, then f is p-regular. In other words, o, # [,, where
ayp, B, are the roots of the Hecke polynomial X? — a,(g)X + €(p)p, where a,(g) is the
T, Hecke eigenvalue of g.

Assumption 4.2.3 (Conditions on F). Let 9 be an ideal of Op such that p | N, for all
p | pin F. Let F € S0 (Up1(MN)) is a p-stabilized p-regular eigenform, i.e., either F is a
newform or in the following sense:

(A1) F is an eigenform and for each p | p in F', Uy(F) = ap #F, with a, » # 0, where a,
is the ’p-th Fourier coefficient’;

(A2) there exists an ideal 9t coprime with p and a Bianchi newform G € S,0)(Ur,1(9N))
such that 91 = ZJJTHp‘pp and F is obtained from G by successive p-stabilization,

(A3) for each p | p, the roots of X? — a,gX + eg(p)N(p) are distinct, where € is the
nebentypus of G.

Suppose F is a Bianchi Hecke eigenform with Up-eigenvalue a, r that is a base-change
of a weight 2 elliptic Hecke cuspform f with Up,-eigenvalue a, f, then we have the following
relations:

1. If p splits as pp in F', then a, 7 = a5 7 = ap f;
2. If pisinert in F, then apo, r = a;f;
3. If p is ramified as p* in F, then a, = a, ;.

From now on, we are interested in cuspidal Hecke Bianchi eigenforms F € S(o0)(Up,1(n))
having small slope, i.e.,

vp(apop r) < 1.

4.3 Locally analytic functions and distributions

Fix an ideal 91 < Op such that all primes above p in F' divides 91. We first define the weight
spaces we need for locally analytic functions, as well as eigenvarieties, later.

Definition 4.3.1 (Three weight spaces).

1. The Bianchi weight space is the rigid analytic space Wrqn whose L-points, for L < C,
are

Wren(L) = Homes((Op @ Z,) ™ /E(N), L),
where E(M) :={e€ OF :e=1 mod }.
2. Let Wy denote the weight space for GL,/Q, that is, the rigid analytic space such that,

for L < C,, we have
Wo(L) = Home(Z), L™).
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3. We define Wp ., to be the parallel weight line in Wgo. More precisely, it is the image
of Wy in Wea.

Remark 4.3.2. In [Hanl7] and |[Roc26], the weight space Wi s is defined using character
on T¢(Z,). Our definition matches with theirs after twisting by a power of the norm map.
See also [BSW21al Remark 3.2|.

A weight A € Wy (L) is called classical if it is of the form e\*# where € is a finite

order character, and A¥8(z) = {1232, where z = (21, 25) € O = (Z))? and ky, ks € Zy.

For an affinoid Q2 = Sp(R) € Wpg, there exists a character
KQ - ((Qp)>< - RX,

such that for any A € Wgn(L), the character A : Oy — L* factors as O — R* — L*,
where the second map is evaluation at A. In other words, it is the map R* — (R/my)*,
where m,, is the maximal ideal corresponding to A.

Definition 4.3.3 (Ring of definition). If R is a Q,-Banach space, Ry < R is a ring of
definition if Ry is open and bounded.

Examples 4.3.4.

o If R =Q,, then Ry = Z,,.
o If R = Q,(T) the Tate algebra in one-variable, then Ry = Z,(T").
Given an open affinoid 2 = Sp(R) € Wpgy, then R is a Q,-Banach algebra and let R,

be the ring of definition of R. Using the (spectral) norm associated with Ry, denoted as |-|q,
we define

ro = min {r € Z=o : |ka(p)|a < pPT(;lfl) } )

where 7, is a topological generator of 0. See [LW25, Remark 3.2.4] and [Hanl7, Section
2.2| for more details.

We will consider W := W o, unless otherwise stated.

4.3.1 Locally analytic functions

Let R be a Q,-algebra and R, be its ring of definition. After identifying O, with Zf,, for
s = 0, we define the space of s-locally analytic Ry-valued functions as

A0y, R) ={f:0, =7 — Ry: 2z fla+p°z) € Ro(z1,22),Ya € Z2}. (4.3.1)

Furthermore, define
A*(0,.R) = A™(0,, R)[1/p]. (4.3.2)

More precisely, we have the following identifications

A>° (OIH R) = As,o(o[” Qp)@ZpRm (433)
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A (0, R) = A*(0,,Q,)®x, R, (4.3.4)

Note that we can identify A% (0,,Q,) with Z,(T1, Ts) and A°(O,,Q,) with Q,(T1,T>). See
[Roc26l Section 2.7] and [BH24, Section 5.2| for details.

Now for an affinoid 2 < W, with its tautological character kg, we extend kg to Ti(Z,)
as

l'NiQ : Tg(Zp) — RX;

<g 2) s ko(a).

A ={f:1,—> R": f(gtn) = Ka(t)f(9),Vg € I,,t € Ta(Z,),n € Na(Z,)}. (4.3.5)

Definition 4.3.5. For s > 0, define

By the Iwahori decomposition of I, and identifying N with O,, we have the following
isomorphism:

AL = A (0, R),
[ f|N1'

Furthermore, define
Af = A5 [1/p].

Both spaces Ag° and A, are right I,-modules with the rule:

fla(g) = f(ag),

for all a € I,,. Moreover, let

Yo(p) = {(Z Z) € My5(0,) : c€ w,0,,de Oy ,ad — bc # O} . (4.3.6)
Note that I, € So(p), and 3o(p) acts on Ag°, Af, on right via:

flo(gtn) = f(b"gbtn).
Remark 4.3.6. In [Roc26| and [BSW21a), the module A is a left I, module, and also the
definition of ¥((p) is slightly different.
Note that if s > s, then AS° < Af;’o, and this inclusion is compact. The same is true
for A*°(O,, R), A*(O,, R), and Aj,.

We assume that ro(O,) = (Ro)*, and extend rq from O) to O, by defining rq(w,0,) =
0. Also, see [LW25, Lemma 3.2.1].

Lemma 4.3.7. For any s > rq, kg € A*°(O,, R).
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Proof. This is essentially [Roc26, Lemma 2.8] and [LZ16, Lemma 4.1.5]. We will sketch a
proof here. Write O, as (torsion ) x (1+w@,0,). It is enough to show that z = ko (1+p™z) €
Ro(z1, 22), where z = (21, 23) € O, = Z2. Note that, for any r € Z,

1+ = | (Z () <en>”i> ,

=1 n; =0

-1

where v,(€) > pr@e-1 and ko(l + wy(2)) = (1 + €11)(1 + €13). Here, we are identifying
Ry{z1, zo) with Op|[T},T»]] non-canonically, where L is some complete subfield of C,. Note
that (2‘)6"’ are s = ro-locally analytic functions for all n;. |

Lemma 4.3.8. The modules A{;°, A, are preserved by the actions of I, and Xo(p).

Proof. See [Roc26, Propositions 2.12, 2.18| and [LZ16, Proposition 4.2.5]. |

Proposition 4.3.9. For any s > rq, the map fq : gtn — Rq(t) is an element of Ag°.

Proof. We know that fq is a maon [,. From Lemma [4.3.7, we know that kg € A*°(O,, R),
where Q@ = Sp(R) < W. Hence, we are done. |

We will use the map fq later to construct the Asai-FEisenstein elements having coeffi-
cients in Ag’.
Let L < C,, and A € Q(L) < W(L), then define the specialization map as:
spy : R —> R/my =~ L.

Integrally, we have
Ry 2 Oy,

Similar to Ag°, Af), define

A= {f I, — Oy : flgtn) = Xt)f(g),Yg € L, t € To(Z,),n € No(Zy)},
A3 = AY°[1/p],
a 0

where \ : 0" A(a). In other words, for any s > 0, sp, induces the following maps,

which we denote again by sp,:

spy : AgY — AY°
spy 1 Ag = A}

Lemma 4.3.10. The map sp, is Xo(p)-equivariant.

Proof. Follows from the definitions and the fact that Ag° is preserved by the action of
Zo(p)- u
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In our case, we are interested in A = (0,0), and hence ) is a trivial character on the
torus T¢(Z,). Therefore, we can directly write

A?bﬁo) = A*°(0y, L) and Afy ) = A%(O,, L). (4.3.7)
We can also define
Aq = lim Ag,. (4.3.8)
§—0Q0

When A = (0,0), the space A(L) = A (L) is the space of locally analytic functions
f:0,— L.

4.3.2 Distributions and the integration map

For 2 = Sp(R) < W and s > 0, define the space of s-analytic distributions
D¢’ = Homes(AG°, Ro). (4.3.9)
Similarly, define D§, := Homes(A§), R). Moreover, we have D§, = Dg;°[1/p].

Remark 4.3.11. Although we have the identification A5 =~ A*°(0,, Q,)®R,, the distri-
bution space D§° is not isomrphic to D*°(0,, Q,)®R,. See [Bell2, Remark 3.1] for the
details.

The space D, is a left [, and ¥g(p)-module, and the action is given by
g 1(f) = n(flg)-

Furthermore, define
Dgq = lim Dy, (4.3.10)

S$—00

From [Bell12| and [Hanl17|, one can deduce
Do = D(0,,Q,)RR,
where D(0,, Q,) = Hom(A(O0,,Q,),Q,).
For A € Q(L) € W(L), define
D}° = Homs(AY°, Op), (4.3.11)
D3 = Homs(A3, L). (4.3.12)
Like in the case of locally analytic functions, we have the following specialization maps:
sp, : Dg° — DY°,

When A corresponds to the weight (0,0), we identify Df(’)(jo) with
D*°(0,, L) :== Homs(A*°(0,,Q,), OL),

and Df, ;) with D*(O,, L) .= Homs(A*(0,,Q,), L).
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Definition 4.3.12 (The integration map). Define
p:D™(0,,L) » 02 @ (02)",
po— p(1)(id ®1id?),
where 1 denotes the identity function in A*°(O,, L), and id = (1,1), and o € Gal(F/Q) is
a non-trivial element of order 2.

Remark 4.3.13. For k£ > 0, the irreducible L-representation of weight (k, k) of G =
Resp/gGLy is isomorphic to Sym*(L?) ® Sym"(L?). The space Sym”"(L?) can be identi-
fied with the space of polynomials in L[X] with degree < k. For simplicity, let G = GL(Q),
and the integration map is defined as

pr: D(L) — LIX],

e o
= ( .)M(Z])XJ-
i=o N
See [BH24| Definition 5.14| for the details.

Lemma 4.3.14. The specialization map sp, and the integration map p are 3o(p)-equivariant.

Proof. The map sp, is Xo(p)-equivariant since the map sp, : AG° — A} is Xo(p)-
equivariant.

For the integration map p, for g € ¥q(p), we have
9-(p(p) = g- (p(1)(id ®id7)),
= n(1)(id ®id?),
= (uly(1))(id ®id?),
= p(g - 1),
since the image of p lies in Oy, and Xy(p) acts trivially on Oy,. |

4.4 Eigenvarieties

We recall some eigenvarieties and some important results from [BSW21a| that we need later
to construct the p-adic L-function later.

Note that if F € S(o,0)(Ur,1(91)) is an Hecke newform, then by Eichler-Shimura-Harder
(see [CW20, Thoerem 2.18]), there exists a modular symobl wz € H!(Yr1(91), C) such that
the following 1-dimensional C-vector spaces are isomorphic:
S0y (Upa (M) [F] = He(YVpa (M), C)wz].

Furthermore, there exists a number field F, large enough to contain F' and all Hecke eigen-
values of F, and a complex period 7, such that

b5 = 5= € HY(Yia (M), Op).
_7_‘

Definition 4.4.1 (Hecke algebra). Let $),, be the Z,-algebra generated by Tj,U,, and

() : v e CL(K)).
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4.4.1 The Bianchi eigenvariety

Write H} for total cohomology.

Theorem 4.4.2 (Hansen). There exists a separated rigid analytic variety E5™ and a mor-
phism w : E5 — Wi s. Moreover, for any finite extension L/Q,, there exists a bijection
between x € EFM (L) with w(z) = A = (k, k) € Wen(L) and eigensystems v, : iy, — L of
Hecke eigenvalues occurring in H* (Y1 (D), DA(L)).

Here k € Z=o and D,(L) can be identified with lim D3(O,, L).

5—00
We describe the construction more precisely and briefly. A slope-adapted affinoid is a
pair (€2, h), where Q = Sp(O(Q2)) € Wran is a two-dimensional affinoid in weight space and
h € Q¢ such that there exists a Up,-slope decomposition:

H (Y1 (M), Do) = HE(Yp1(MN), Do) =" @ HE (Y1 (M), Do) ™"

stable under the action of $y,, where H*(YVp1(M), Dq)S" is the space where the p-adic
valuation of the U,-Hecke eigenvalue is < h.

Definition 4.4.3 (Local piece of £P™F). Let
TQJL = Im(fjm,p ® O(Q)) C EIld(H: (Yp,l(‘ﬁ), 'DQ)gh).

Define the local piece of £P™f
g})lfréf = Sp(TQ’h).

bmf

EPI is obtained by gluing the affinoids 57"

The eigenvariety

Lemma 4.4.4 (Barrera-Salazar-Williams). If F € Sy(Up1(M)) is a finite-slope cuspidal
Bianchi eigenform, then there exists x € E*™(L) corresponding to F.

Theorem 4.4.5 (Hida, Hansen-Newton). If F is non-critical and z € E"™(L) corresponds
to F, then any irreducible component Z of £ passing through xr has dimension 1.

4.4.2 Families in in H! and the parallel-weight eigenvariety

Bianchi eigenvarieties are constructed using classes that appear only in HZ2.

Proposition 4.4.6. [BSW21a, Lemma 4.2] Let x € £5"' be a cuspidal classical point. The
system of eigenvalues for x occurs in H.(Yz (M), Do)S" if and only if i = 2.

Moreover,
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Now in [Will7], Willimas constructed the p-adic L-functions using overconvergent classes
in H!. Note that the classical points in the Bianchi eigenvariety are not Zariski-dense.
Moreover, the cuspidal part of the Bianchi eigenvariety is one-dimensional, lying over a two-
dimensional weight space. One of the key points of [BSW21a] is to overcome the obstruction.
In particular, we can isolate some curves S in the weight space that allow us to pass from
families in H? to families in H}. Let z € E577(L) be any point and let m, be the corresponding
maximal ideal in Tqj;. Let P, < m, be a minimal prime of Tqj, and write Py for the

contraction of P, to O(Q).
Definition 4.4.7. Let S = Sp(£), where £ = O(Q)/P».

One can observe that S < (2 is closed and § is a rigid curve by Theorem We say

x varies in a family over § if such a curve § < () arises.

Proposition 4.4.8. |[BSW2Ial Proposition 4.4] If = € ng?f(L) is a cuspidal classical point
that varies in a family over §, then

He (Y (), D) # 0,
after possibly shrinking S.

We have a maximal ideal m, @o(q) £ < Hnp @ £, since m, € Hy, @ O(N2). Define
Tg’h = Im(ﬁm’p ® 2) c EHdg(Hi (YFJ(‘)T), Dg)gh).

The Proposition implies that the image of m, ® £ < Hy, ® £ in T, is a maximal
ideal. By abuse of notation, we also denote this image by m,. This m, corresponds to a

xTr € Sp(TS,h)-

If F is p-regular p-stabilized newform of weight A = (0,0), then the $),,-generalized
eigenspace H!(Yr1(M), L)) is one-dimensional, where L/Q, is some finite extension large
enough to contain the quadratic imaginary field F' and all Hecke eigenvalues of F.

Theorem 4.4.9. [BSW21a, Theorem 4.5] Let = € £33 (L) correspond to a Bianchi newform
F varying over a curve Sp(£) = S < Q, and let w(x) = \. If F is p-regular and p-stabilized
newform of weight A and supose S is smooth at A, then H}(Yr1(91), Ds)5" is free of rank 1
over (Ts)m,. Moreover, after replacing £ with £®gq, L, we get H:(Vp1(9), Ds)3" is free of
rank 1 over £y, .

Corollary 4.4.10. [BSW21al Cor. 4.8] After shrinking S, there exists a connected compo-
nent V' = Sp(T') < Sp(Ts,,) containing x such that H! (Y1 (M), Ds)<"®r,, T is free of rank
1 over T', and T is free of rank 1 over £. Thus, the weight map V — § is étale.

Remark 4.4.11. If we write H(Yr1(91), D(L))=! for the space of overconvergent modular
symbols with the slope < 1. Then by [Will7, Theorem 8.7|, we have the following control
theorem

p + HA (Vi (00), D(L)) ™ S HL (Vi (), L) 6], (4.4.1)
where p is induced from the integration map p : D(O,,L) — L in Definition {4.3.12
Thus, if F is non-critical, i.e., the Up-eigenvalue has the p-adic valuation < 1, then we

can lift the modular symbol ¢ € H!(Yr1(91), L) to an overconvergent modular symbol
\If]: € Hi (Yp,l(‘ﬁ), D(L))<1
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Using the datum Wg par, L, M, 4 p, ¥par), Barrera-Salazar and Williams in [BSW21al
constructed a parallel-weight eigenvariety Eyy. Here L is some Fredholm hypersurface, M
is some coherent sheaf related to H!(Yz;(M), Ds)<", and ¢, is induced from ). They
furthermore proved:

Theorem 4.4.12.

1. All irreducible components of &, have dimension 1. Moreover, they contain a very
Zariski-dense set of classical points.

2. The eigenvariety &,y is reduced.

(c/’bmf

3. The inclusion &, — is a closed immersion.

Proof. See [BSW21a, Propositions 5.1, 5.2, Corollary 5.3|. |

4.4.3 Coleman—Mazur eigencurve and the base-change eigenvariety

Let C denote the Coleman—Mazur eigencurve that interpolates elliptic modular forms. Let
BC denote the base-change map between eigenvarieties. See [BSW21al Remark 3.6, Section
5.2] for more details. Let &, denote the image of BC(C) in &

Recall 91 < Op is an ideal which is divisible by all primes above p in F' and N € Z such
that (N) =M N Z in Z.

Proposition 4.4.13. [BSW21a, Proposition 5.4] Let f € S3(I'1(V)) be an eigenform satisfy-
ing conditions in Assumptions [4.2.2| and let zy € C(L) be the corresponding point. Suppose
f is non-critical, then C — &, is locally isomorphic at xf, and &, is smooth at BC(xy).

Note that the above proposition is proved for any weight (k, k) in [BSW21a).

Definition 4.4.14 (S-smooth). A point x € &, is S-smooth if every irreducible component
71 < &Epar passing through z is contained in &.

Theorem 4.4.15. If Calegari-Mazur conjecture holds, then every classical base-change
point zr = BC(zy) is S-smooth.

Proof. See [BSW21al, Proposition 5.14]. i

Remark 4.4.16. There is a conjecture by Calgary and Mazur ([BSW21al, Conjecture 5.13])
which asserts that every ordinary component of £, is either twisted base-change or is CM.
Non-ordinary CM components do not exist. This conjecture is needed to prove Theorem
4.4.151

But note that, if 27 arises from the base-change of a non-critical elliptic cusp form zy,
then xr is S-smooth by Corollary |4.4.10}
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4.5 Asail—FEisenstein elements for families

Let Q@ € W = Wg . be an affinoid such that A = (0,0) € (L), for some finite extension
L/Q,. In this section, we construct Asai-Elements & la Loeffler-Williams over €2, using
methods similar to those used in [Roc26].

Let .Cn = C(.gn) € H'(Yg1(N),Z) be the Betti realization of .gn, where ¢ is coprime
with 6V and gy is the Kato’s zeta element. See [Kat04] for a more detailed account of .gn.

Let a € Op, m € Z=1, and ¢ € Z~, coprime to 6mN. Consider the composite map

Yo(m, mN) <> Yi(m, m9) % Y7 (m, mN),

. . . 1 -
where u, is the action of the matrix (O 1a) on Y7 (m,mM). Note that each component

of Y5(m, mM) is preserved under the action of wu,.

Definition 4.5.1 (Zeta elements). Define .Z,, s, to be the image of .Cp,y = C(.gmn) €
H'(Yg(m,mN),Z) under the pushforward (u, o t),, i.e.,

cszﬁﬂ = (U’a © L)*(cOmN) € H2 (Ylj“ (m> mm)? OL)

For t € (Z/mZ)*, let (proj,). : H2(Yz(m,mM),0r) — H2(YiE(m,mMN),Op)H =
H2(Y (m, m9)®, O) be the projection induced by proj, : Yz (m, m9) — Yz (m, mMN)®,

Let .Zmm.a(t) be the projection of .Z,, m . to the direct summand of H*(Y(m, mMN), Or)
given by the ¢-th component. In other words,

ch,%a(t) = (projt)*(czm,‘ﬁ,a)’

and hence we get
chy‘ﬂﬂ = Z ch,‘J”t,a (t)
t

We consider the map
Sm Y (m,mMN) — Yz, (N)

given by the action of 0). This map corresponds to (z,t) — (z/m,t/m) on Hj. See

m
0 1
[ILW20] and |[Deo25| for details.

Let Zmma € H* (Y (n),Or) be the Asai-Eisenstein element defined in [LW20, Defini-
tion 3.9].

Theorem 4.5.2. [LW20, Theorem 3.13, Proposition 4.4| Let a € Op be a generator of
Or/(pOF + Z). We have

(8pr)x(cZpr a(l)) = Epr Mta-
Furthermore, we have

D Errimas = Up)e Epronar. (4.5.1)

se(Z/pr+1)*
s=t mod p”
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Here, the Hecke operator (U,). is defined using the Hecke correspondence on the locally
symmetric space Y7, (9); see [LW20, Section 2C] for more details.

Using Theorem [4.5.2] we redefine .Z,- o1 4¢ as
=y tat = (Spr)x © (Projy)s (ua © 1) ((Cprn). (4.5.2)

For Q < W, recall Ag° from the Definition By the action of p-part of group
Uk(p", p"M), one can see that the spaces Ag°, A§), and Aq form local systems over Y (p", p" M),
which we denote by the same notations. See [Urbl11l, Section 1.2] for the definition of local
systems. Also, recall fqo : Titn — Rq(t) that is an element of Ag° for s = rq.

Lemma 4.5.3. The element fq lie in HO(YZ(p", p'n), Ag°).
Proof. See [Roc26, Lemma 3.6]. i
Through the pullback along ¢ : Yg(p",p"N) — YE(p", p"N), one can regard i*(Ag°) as a

local system on Ygu(p",p"N). We construct a zeta element over ) as follows: we know that
fo mod pt e A5 /pF for all k € Z~. Define

CZ}%m@ = 1im (g © 1)« (Cpryry U fo  mod pF)) e B (YE (", p'N), AS). (4.5.3)
k
Note that

c p Ma — Zc pT‘J'Ia E HQ(Y*(p p m)7A30) = @HQ(Y;(pr7prm)(t)7A§i°) (454)

t

More precisely, we can define a branching map, as defined in [Roc26],

brg : im H' (Yo (p'p", p'p*N), Z,) — B2 (YE (Y, p™N), AYY),
k

such that
brg = lim(bro ),
k

and broi(z) = z U fq mod p*.
Definition 4.5.4 (Asai-Eisenstein elements over Q). For any r € Z>, and t € (Z/p")*,

define
Eprar = (5p)u( 2 ma()) € HA (Y (), ASY). (4.5.5)

c“=p” MNa

More precisely, we can write

CH;Z N,at — hm(sp ) (projt)*(ua © L)*(ccp"pkN o fﬂ HlOd pk)
k

For A € Q(L), recall the specialization map

. 8,0 S,0
spy i Ag — A3
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from Subsection [£.3.1] This induces a map on cohomologies as well:
spy - H2(Y, AS°) — H?(Y, AY®), (4.5.6)

where Y e {Y, (M), Y(p",p"MN)}. For 2% € H2(Y, (M), Ag”), define
2= spy(29) € H2(YZ, (), AS). (4.5.7)

Similar to equation ([£.5.3), if A € Q(L), we can define elements in H*(Y2(p", p"0N), AY°),
by taking the cup product with the element (fy : itn — A(t)) mod p* and then taking limit
over k. Here, f is an element of H°(Y, (p",p"M), A°). Define

Z’\Tma = lim ((ua 01)4(Cprnpry Y fr mod pk)) e H2(Y2(p", p™N), A%%),

and
B = (e Z (1)) € AV (D), AT).

Proposition 4.5.5. For A € Q(L), we have

=A —
Mt = Nt (4.5.8)

That is,

SPx (cEgr,m,at) = cE;T MN,at*

Proof. This is essentially [Roc26, Lemma 3.8|. More precisely, the image of fq under sp,
is fy, since A € Q(L), and X\ factors through kq. |

Theorem 4.5.6. We have

= _ —Q
Z c—prtl Mas — (Up)* c—p" MN,at" (459)
se(Z/pm+1)x
s=t mod p”

Proof. This follows from the proof of [LW20, Theorem 3.13] and the construction of =5\ 5 ;.
See also [Loe21l, Propositions 4.5.1, 4.5.2] and [Roc26, Theorem 3.10]. i

4.6 Construction

Throughout this section, let f € So(I'1(IN)) that satisfies the conditions in Assumption [£.2.2]
Let F be the base-change of f, and hence F € Sy 0(Up1(9M)) that satsifies Assumption
See Remark if F is a genuine cuspidal Bianchi modular form, that is, a cuspidal
Bianchi modular form that is not the base-change of a cuspidal elliptic modular form.

We also assume that the slope of F is small at p, i.e.,

vp(apr) <1, (4.6.1)
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where a, r is the Up-eigenvalue of F.

From Subsection we know that there exists a family V = Sp(T) < &pe © Epar
over § = Sp(£) € W = Wk par- Let zx € V be the point corresponding to F. Since we
have assumed F is not critical at p, &, is S-smooth at xr. By S-smoothness, V' is the
unique irreducible component of Sp(Ts1) < &par passing through xz. After shrinking V, if
necessary, we can assume 1 is connected and smooth. Hence, there exists an idempotent e
on Ts; such that 7 = eTs; is a summand. Furthermore,

He(Yr1(M), Ds)™ @, T = eHe (Yra (), Ds).
See [BSW21al, Section 6].

Remark 4.6.1. The space H!(Yr1(9), Ds)~'®¢ T has two T-structures. The space T acts
on H!(Yr1(MN), Ds)~! via Ts ;.

Lemma 4.6.2. [BSW21a| Proposition 6.4] After shrinking S, H!(Y1(MN), Ds)~' @rg, T is
free of rank 1 over 7.

Definition 4.6.3. Let @y be a T-generator of H(Yr1(MN), Ds)~' @14, T

For A € S(L), the specialization map sp, : Ds — D,(L) induces
Dy : H (YE1 (M), Ds) =" — HL (Y1 (M), Da(L))~ . (4.6.2)

Proposition 4.6.4. [BSW21al, Proposition 6.7| If A = (0,0) € ( ), then sp, (Py) generates
the one-dimensional generalized eigenspace H:(Yz1 (M), D(L))~!

Hence, from the Remark [4.4.11] and the Proposition we can deduce that for F,

we have

p(sPA(PV)) = 207, (4.6.3)
under the composition
H (Vi (90), Ds) =" 25 HE (Vi (), D(L)) = L HE (Vs (W), L).

Here ¢, € L* and ¢7 € H (Y1 (M), O1).

Recall the closed immersion j : Y% (91) — Yr1(91). Note that D forms a local system
on Yr1(M), and hence also form a local system on Y3 (M), via the pullback map j*, where
D e {D%°, D%, Ds, D*°(0,, L),D*(0,, L), D(L)}. We again denote these local systems by
D.

Definition 4.6.5. Define

oY = (D) € BV, (), D)™ @n, T (4.6.4)
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Note that we are pulling back the modular symbol part that lies in H:(Yz1(N), Ds)~".

Since
y € HY(Yr1 (M), Ds)~Y,

and Ds = lim Dj, we can define 3, as the projection of ®y onto H (Yr:(9),D5)~' ® T.

Note that fo; all s > rg,
3 e HA(Vp (M), D) @ T.

Furthermore, since D = DZ°[1/p], there exists a constant C' > 0, independent of s, such
that

®S S,0 (o)
pZ e HY(Yp1(M), D) @ T, (4.6.5)

s

o o
where TV is the ring of definition of 7. We denote —g with @5,
p

Remark 4.6.6. We will make use of the integrality of the modular symbol part of ®y in
the next subsection. It is still valid if one keeps 7 rather than 7° in

Fix
Ty = (@) € (Y7, (1), DY) @ T°. (4.6.6)

4.6.1 The polynomials PS

We adapt the polynomial setup from [Deo25, Section 6.2]. We will construct polynomials
that satisfy certain norm and congruence properties.

Recall that S = Sp(£) < W and, for all r € Z-1, let
cEp",‘ﬂ,at € H2 (Yﬁ,l(m% A‘SS”O)7

where t € (Z/p")*, a € Op such that a generates Op/(pOp + Z). Also, note that all primes
above p in F divide 1.

Since D is the dual of AZ°, we have a pairing
DY @AY — £°. (4.6.7)
This pairing induces a perfect pairing (after removing torsion)
(st Ho(Yi (), DE°) x HA (Y, (M), ASY) — H (Y7, (M), £°) = £, (4.6.8)

since Y%, (M) is a real manifold of real dimension 3. See also [LW20, Section 3D]. We know
that F varies over V. Let a, := a, r, the U,-eigenvalue of . We shrink S, if necessary, so
that the the slope v,(a,) is constant over V. Let ay be the U,-eigenvalue of ®y,. Recall that
vp(a,) < 1.
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Write Z) = A x (1+ pZ,), where A is a cyclic group of order p — 1. Fix a topological
generator u of 1+ pZ,. For any r € Z=; and t € (Z/p")*, define

t
e(t)’
where £ € ZX is a lift of ¢ and € : A — ZX is the Teichmiiller character. Note that log,(t)

is a unique integer and 0 < log, (t) < p"~'. Furthermore, let 6 € Homq(A, OF). We know
that ¢ is a non-negative integral power of . See [Deo25l Section 6.1] for more details.

log, (t) :==

Definition 4.6.7. For r € Z-; and a non-trivial character 0 € Hom.(A, O; ), define

P8I = <<I> CAREEDY cEprm,atm(w(l+T>‘°gu<f>>. (4.6.9)
S

te(Z/p)*

When r = 1 and ¢ is the trivial character, define
P = (B, (L= p (0)7Y) B ) - (4.6.10)

We simplify the equation (4.6.9) as follows:

PP = <E>/SV7 U™ 2 Ep ‘ﬁat®5()(1+T)logU(t)> )
S

te(Z/p")*
= 2 (P (U)) Epmasd (D)1 + 1),
te(Z/pm)*
= Z < T(PSV? c—‘p ‘ﬁat>$6( )(1 + T)logU(t)7
te(Z/p)*

_ <—<1>83, :m> 5(6) (1 + T)u ),
S

tG(Z/p )X

S S @ s 001+ T)O),
Vote(z/pm)*

where v,(a,) = v,(ay). Thus,

P e T ®L° ®L[T). (4.6.11)
Furthermore, degree(PS9) < p™~1,

Note that £ and T" are Q,-Banach algebras. Let |- |s denote the norm on the Banach
space £.

Theorem 4.6.8. For any r € Z-; and any character 6 : A — OF, we have

L. Py =P mod w,1(T), where w,(T) = (1 +T)" ~ 1.

r+1 — *r

2. sup [p PO < oo, where || f] = supy, 1 [f(2)]s
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Proof. The first statement follows from Theorem In particular, we have the following
congruence relation

U0 Y B ae @ 0(s) (1 + T8

SE(Z/pT+1)><

=(U,)." Y, Epaa @)L +T)5O mod w,(T)H* (Y7, (M), A @ L[T].
te(z/p")*

Thus, after pairing both sides with CB/S;, we deduce the first statement.

The second statement follows from the definition of P59, since the factor ai appears in
|4

P59 and vy(a,) = vy(ay). i
Thus, by [PR94, Lemme 1.2.1, Lemme 1.2.2|, [BL21, Lemmas 2.2, 2.3], we deduce:

Theorem 4.6.9. The limit lim P5* is a power series such that

r—00

LO(T) = lim P> € T°®L°QHr, 1, (ay): (4.6.12)

¢ r—00

where, for any m > 0,
chT"eL Sup|7;|lp<oo .
nz=1 n
Furthermore, we have

L(T) = P mod w, (7). (4.6.13)

Let I' = Gal(Q,(pp~)/Qp) = Z;. Let « denote a topological generator of I'/A. Define,
for any real number m > 0,

Him(T) = {Zchg o- 1)”:sup@<co, VO‘EA}.
ceA nz=0 n n

Let es denote the idempotent corresponding to J, then

HimD) = D es(Homly—1),

&EHomCtS(A,(’)z< )
where each es(Hp (v — 1)) is isomorphic to Hp, ,, after identifying 7" with v — 1.

Remark 4.6.10. Note that we can identify Hy, ,, with the space of m-admissible distribu-
tions D,,(I', L) via the Amice transform. See [Coll0)] for details.

Define ,£°(y — 1) by replacing T with v — 1 in (4.6.12).

We are now ready to define the two-variable p-adic Asai L-function for a small-slope
cuspidal Bianchi modular form F of weight (0, 0).
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Definition 4.6.11 (Two-variable p-adic Asai L-function for Bianchi modular forms). Define

L5 = P L1 e T RL@HLu, () (T). (4.6.14)

seHomes(A,05)
Note that, after idenitifying Hp ,,(a,) With D, 4, (L', L), we have
£°@D,(a,) (T, L) = D%(ap)(ﬁ L),
since both are Q,-Banach algebras. Thus, one can view
Ly € T°®Dy,a,) (L, £).

We call Cﬁés a two-variable p-adic L-function, since one variable corresponding to F varies
in 7°, and the other variable is the cyclotmic variable, i.e., a finite order character in
Dy, (a)(L, £).

4.6.2 Specialization at the weight \ = (0,0)

Recall that F is a base-change of a weight 2 cuspidal elliptic modular form, and the weight
of F is (0,0). We have assumed F has a small slope. In this subsection, we prove that we
can recover the p-adic Asai L-function CL;}S(}' ) associated with F constructed in [Deo25],
from CL{}S.

Recall from [Deo25], CLZ?S (F) is defined as

CLPAS('F) = @ cLI[’\Sﬁ(’F) € %vap(ap)(r)’

LAF) =1lim [ — Y 6k, S mand(£)(7)5O ],

@ te(Z/p")>

where ¢% € H{ (Y, (M), OL) is the modular symbol associated to F, and ,Zpr mq¢ € H* (Y (M), Op).

Let
1

Plim 05 e (1)(1) 50 € Ly — 1]
P te(Z/p)*
We know that, for A € S(L),
spy(®* ) d*y € He (Y2, (91), DY°),
=A * 5,0
SPA(ciir,m,at) = c:pr,m,at € HQ(YF,I(m)v Ay ).
Recall, for A = (0,0), the integration map
p He (Y7, (), D(Or)) — He (Y, (M), Op).

Thus, this map induces a dual map

o (Vi (), OL) — H2(YE, (), A(OL)). (46.15)
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Lemma 4.6.12. We have a

—_

p* (CEpT,m,at) = c‘:pT,n,at'
Proof. Let f\ € A(Op) := A(O,, Or) denote the identity element, since f map sends ntn
to A(t) = 225, and in this case A = (k, k) = (0,0).

Let id* denote the identity element in the dual of (Or)?. Now, for any € D(Op), we
have

p(p*(id* @ (id*)a)) = id* @ (id*)"(p()),
d* @ (id*)7 (1) (id @ (id)7)),
( ) = 1(fr):
Hence p*(id* ® (id*)?) = f\ € A(OL). See also [BH24, Lemma 7.15].
Write ID for (id* ® (id*)?). Now, we can rewrite .Z,r ;4 a8

Liil(spT)* o (proj,)s(ta © )« (2, UID  mod p*)
k
where .Cpryv = (z1)), € lim H (Yo (p'p®, p"p"N), Z,) = H (Yo(p",p"N), Z,).
Thus,

P (Zprmar) = P8y )« © (PrOjy)s (g © )4 (25 U ID  mod p*)),

k
an(Sp )x © (Proj,) «(ua © t) 4 (2 L p*(ID)  mod pk)v
k
= an(Sp )x © (Proj)s(uq 0 )4 (2x L fx  mod pk)a
k
~A
= &prat
|
Remark 4.6.13. For any k € Z~, in the future work, we will prove,
%7 —k,J ~AJ
p (c‘:];"']‘)'t at) = (*)c‘:‘p’“,n,at’
where 0 < j < k and * is some non-zero constant.
For r > 1 and non-trivial ¢, define
— > ($%, = =, M>5( )ylos® e LIy — 1]. (4.6.16)
P te(Z/p)*
Here the pairing (, ) is H{ (Y2, (n), D(Op)) x H*(Y£, (M), A(O)) — OL.
Proposition 4.6.14. As elements in L[y — 1], for A = (0,0), we have
P’ = P (4.6.17)

where, by =, we mean equal upto a unit in L.
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Proof. It is enough to show, for all r € Z; and t € (Z/p")*,

~* /'\—'/)\ . E3 —_
<¢)\7 C:‘pr,m,at> = <¢]—‘7 c‘:‘pr,m,at>° (4618)

From equation (4.6.3)), we know )
p(d3) = %
Hence, from the above equation and Lemma [4.6.12] we get

Teo =A ry -
<¢§7 C:'pr,‘ﬁ,at> = <¢§7 p*(c:p’",m7at)>7
= <p(¢:k\)v cEpT,m7at>’
= (0F: Eprovar),

which concludes the proof. |

There exists 2z € V = Sp(T) that corresponds to F € Si0)(Up1(MN)). Let m,, be
the maximal ideal corresponding to F and let m, be the maximal ideal corresponding to
A= (0,0) e S(L). We assume T /mz = L =~ £/m,. Consider the map

sp), 1 TOLEH v, (a,) (L) = (T /M4, )R(L/MN)QM 10, (ap) T) = He () (1)
Theorem 4.6.15. We have
5P, (L) = Lp*(F) € Hey(ay) (D) (4.6.19)

Proof. Let z := zx. We will prove, for all 6 € A* and r € Z~1,

P, (P) = P, (4.6.20)
where 5p, , : T° Q@ L° Q@ L[y — 1] — (T/m,) @ (£°/my) ® L[y — 1] = L[y — 1].
Suppose equation (4.6.20) is true. Now, from Theorem {4.6.9, we know
Ly(y=1)= P> mod w, 1 (y - 1).
Therefore,
5P, (LY (7 = 1)) = 5p, (P> mod w,—i(v — 1)),
= (@ac(Pfﬁ) mod wal(fY - 1)a
= Pf mod w, 1(y —1).
We are working with weak uniform topologies on Banach spaces, and hence
7—00 7—00
and hence,
sp, (LY (y — 1)) = lim P! = L3°(F). (4.6.21)

7—0
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Thus, it only remains to show that equation (4.6.20)) holds.

Note that the following diagram commutes (upto some unit in L):

(H(Z, (). D) @T7)  x  ((YEO).AY) ——— T° O£

lsz N Spy lspw A

He (Y,(0), D5(OL) =" x o HAYE, (), AR(OL) = (T°/me) ® (£°/my) = Oy,

! g )

He (Y (), O1) X HX (Y, (0), O1) » OL.

(4.6.22)
We will explain why the diagram in (4.6.22)) commutes. We have

_ gt —_ ~ egto —
D (D0, cifr,fn,at» = (spy(P%y), pr(ciir,m,at)%
<~
= <¢§7 c:‘pT79’t,at>
= (O3, P (Zpr at))s
= <p(¢§)7 cEpr,m,at>7

= <¢;—'7 CEPT7m,at>'

This implies
8D, (P70) = Py

r

We complete this subsection with a couple of remarks.

Remark 4.6.16. We can remove the dependency on c¢. We assumed c is coprime to 6/N.
Suppose € is the nebentypus of F and if €#|z/nz)« does not have a p-power conductor, then
by [Deo25, Proposition 6.8], there exists Ly5(¥) € Hp,(a,)(I') such that

LA(F) = %CL;\S(I),

where f. is some non-zero term related to c. We need to construct CEngm by using f.. It
will be explored in the future.

Remark 4.6.17. We assumed F is a base-change of a cuspidal elliptic modular form f of
weight 2. If we assume F is a genuine non-critical cuspidal Bianchi modular form of weight
(0,0), i.e., not arising from a cuspidal elliptic modular form, the results in this section are
still valid. But in general, classical genuine cuspidal Bianchi modular forms are not always
Zariski-dense. It can happen that V only contains a single classical point corresponding to
F. See |[BSW21al Remark 6.11] for more details.



Chapter 5

Future works

Artin formalism for signed p-adic L-functions of Bianchi
modular forms

Let F'/Q be an imaginary quadratic field, p > 3 be a prime that splits in F, and k € Z~,.
Let G, be the ray class group over F' modulo p* and I' be the Galois group of cyclotomic
Zp-extension of Q. Since p splits in F', we can identify I' with the Galois group of the
cyclotomic Z,-extension of F. Let f be an elliptic cusp form of weight k& + 2 and let F
be a cuspidal Bianchi modular form of weight (k, k) be the base change of f. Let L{Y°(F)
be the distribution on I' by projecting Williams’ p-adic L-function L,(F) associated to F
along Gp» — I'. Barrera-Salazar-Williams in [BSW21a) proved the following p-adic Artin
formalism:

Ly(F) = Lp(f) - Ly" (f),

where xp is the quadratic character associated with F', Lx* (f) is p-adic L-function associated
to the twist of f by xr. Recently, for k = 0, Lei in [Lei24] proved the p-adic Artin formalism
for signed p-adic L-functions associated to F. Especially, he proved that if f is p-non-ordinary
elliptic modular form of weight 2 and for e € {», 4} then

LEEBC(S)) = L LY,

where L. ., L, are signed p-adic L-functions considered in [Leil4]. We propose to extend this
Artin formalism of signed p-adic L-functions of Bianchi modular forms from k=0 to k£ >0
using the methods developed in [Deo26].

Constructing p-adic Asai L-functions for C'-cuspidal Bianchi
modular forms

In [Pal25], Palacios constructed p-adic L-functions for C-cuspidal Bianchi modular forms
of weight (k, (), where k,¢ € Z~¢ and k might not be equal to ¢. He used partial modular
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symbols to construct the distributions. We are interested in investigating and constructing
p-adic Asai L-functions for C-cuspidal Bianchi modular forms of non-parallel weights using
partial modular symbols, Asai-Eisenstein elements, and the methods from [Deo25|.

Families of p-adic Asai L-function for higher weight Bianchi
modular forms and the symmetric square p-adic L-function

In Chapter we constructed a two-variable p-adic Asai L-function for a weight (0, 0) cuspidal
Bianchi modular form arising from a base-change of a weight 2 cuspidal elliptic modular form.
The next natural extension that we are pursuing is to construct a two-variable p-adic Asai L-
function for a cuspidal Bianchi modular form of weight (k, k), where k € Z-. In this case, we
have to deal with extra cyclotomic twists 0 < 7 < k. We need to construct Asai—Eisenstein
elements that could incorporate these extra twists.

An application of this two-variable p-adic L-function is to give a new construction of
p-adic L-functions related to the symmetric square of an elliptic modular form. More specif-
ically, if F is a base change of an elliptic modular form f, then we have the following
factorization of complex L-functions:

LAF,0,5) = L(Sym?2f,0,5) L(Oc jep, s — k — 1),

where 0 is a Dirichlet character of finite order, €, is the nebentypus of f, and ep is a quadratic
character associated to F. Now if f is a small slope and non-critical Hecke eigenform of
weight k£ + 2, and F is a cuspidal Bianchi modular form that is a base change of f, then
using the above factorization, and comparing interpolation formulas of CLﬁs(}") and the
Kubota-Leopoldt p-adic L-function (", we can define

L3 (F)
Gan

where = is some explicit non-zero factor. We will be pursuing this construction in the near
future.

Ly(Sym*f) := (+)

We are also interested in constructing the critical p-adic Asai L-function, i.e., the p-
adic Asai L-function associated to the critical Bianchi modular form. By a critical Bianchi
modular form F of weight (k, k), we mean the slope of F is k.



Appendix A

Signed p-adic L-functions for non-parallel
weight Bianchi modular forms

In this appendix, we extend the results from parallel weight cuspidal Bianchi modular forms
to non-parallel weight C-cuspidal Bianchi modular forms. The notion of C-cuspidality is
related with the vanishing of the constant term of Fourier expansions of Bianchi modular
forms (with level divisible by p) at suitable cusps. For the definitions and proper explanations
about C-cuspidality, see [Pal25, Section 2|. Note that the space of cuspidal Bianchi modular
forms with level at p is a proper subset of the set of C-cuspidal Bianchi modular forms with
level at p.

Let us fix some notations first. Fix an odd prime p. Let K/Q be a quadratic imaginary
field and p splits in K as pOx = pp. We also assume p does not divide the class number hg
of K. For q € {p,p}, let K; = Q, be the completion of K at the prime q. Let Ok, be the
ring of integers of K, and let @, be its uniformizer. We fix the embeddings t,, : Q — C and
Lp : Q— @ Note that ¢, fixes a p-adic valuation v, on @p. Hence, we choose ¢, such that
vp(w,) = 1 and v,(wy) = 0. The embeddings ¢y, and ¢, will give the isomorphism ¢ : C = Q,
satisfying ¢ o 14, = t,. Fix non-negative integers k and /.

A.1 p-adic L-functions associated to C-cuspidal Bianchi
modular forms

Let F be a C-cuspidal Bianchi eigenform of weight (k, ¢) and level n, where p divides n. For
the Fourier expansion related to any Bianchi modular form, see [Pal25, Section 2.3|. For
q € {p,p}, let aq be the Uj-eigenvalue of F. Moreover, F is small slope, i.e., v,(a,) < k + 1
and v,(ap) <+ 1.

Let ¢(+, F) denote the Fourier coefficients of F. Like in the cuspidal case, for any Hecke
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character = with the conductor f, we define the L-function of F twisted by =:

L(F,E5)= >, caF)E@N(a)™,
0#£acOp,
(avf):]-

where s € C.

Using Deligne’s I'-factors, we renormalize this L-function:

— _ Dlg+s)l(r+s) -
AMF B s) = (2mi)ats(2mi)+s L(F, =, ),

where (g, r) is the infinity type of =.
The main theorem of [Pal25] is:

Theorem A.1.1. [Pal25] Theorem 4.12] For chosen embeddings to, ¢, and ¢, there exists
a locally analytic distribution L » on the ray class group Gj= such that for any Hecke
character = of K of conductor p™p"* and infinity type (0,0) < (¢, r) < (k, (), we have

~ 1

L, (Z) = (explicit factor) x T X A(F,E1), (A.1.1)
f

where ); is the Uj = [ [, Uy -eigenvalue of F.

The distribution L; » is (v,(ag))qp-admissible and therefore is unique.

From the Remark we can see L » € H E,vp(ap),vp(ai)(Gpm), for some finite extension

E/Q,.

A.2 Decomposition of p-adic L-functions of C-cuspidal
Bianchi modular form

We first fix a Bianchi modular eigenform F of weight (k, ) and level m, where m is coprime
with p. Furthermore, we assume that F vanishes at cusps 0 and co.

Consider the L-function of F:

L(F,s)= Y., c(a, F)N(a),

0#acOgk
then the local Euler factor at q € {p,p} is
Lo(F,8) ™' =1—ap™ + ex(wy)p' ™%, (A.2.1)

where a4 is the Ti-eigenvalue of F, and €r is the central character associated to F. Recall
that ex is a Hecke character of the infinity type (—k,—¢), and conductor coprime with p.
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Hence, we will consider the following Hecke polynomials: for the prime ideal p, we have
Py(X) == X? — a, X + e(wy)p,

= X% — a,X + eoo(wy) " 'p,

=X2—apX—i—w§-wﬁ-p,

= X% — apX + wf“wﬁ“.

Similarly, for prime p, we consider
By(X) = X? — apX + wp et (A.2.6)
From now onwards, we assume F is non-ordinary at both the primes p and p, i.e.,

vp(ap), vp(ay) > 0. We furthermore assume

L. vy(ay) > | — |

2. ’Up((lﬁ) > pTl_ .

For q € {p, p}, let oq and G, be the roots of P;(X). Recall that we have a p-adic valuation
v, corresponding to the fixed embedding ¢, such that v,(w,) = 1 and v,(wy) = 0. Hence,
the roots oy, and 3, satisty:

Up(apBp) = vAWf“Wé“%

vp(ay) + vp(By) = Up(wfﬂ) + vp(wéﬂ),
=k+1,
and therefore

0 < vp(ay), v,(By) <k + 1.

Similarly,for the roots o5 and 35, we have
vp(ag) + vp(B5) = £+ 1,

and
0 < vp(ap), vp(Pp) < €+ 1.
We assume oy # [, for q € {p,p}.
Like in the cuspidal case, we have four p-stabilizations of F : Fs, FoeBs Fhros Fhels,

Note that we have assumed F vanishes at the cusps 0 and oo.

Lemma A.2.1. For € {ay,,} and T € {q,, B,}, the p-stabilization F*' is a C-cuspidal
Bianchi modular form of weight (k,¢) and level pm.

Proof. The proof is similar to the proof of [Pal25, Proposition 5.3]. |
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Therefore, for = € {ay, 3,} and T € {ag, B5}, the p-stabilizations F*T are C-cuspidal, of
level pm, and are of small slope, since v,(+) < k + 1 and v,(f) < ¢ + 1. Hence, by Theorem
we can attach a p-adic L-function Lj ; := L . ; € Hpu,(),(1)(Gp=) to the C-cuspidal
Blanchl modular form F*. Furthermore, for any Hecke character = of the infinity type (q,r)
such that 0 < ¢ < k and 0 < r < £ of conductor p™p"?, where n,,ny € Z-(, we have the
following interpolation properties:

ot —np N
fop ay (‘:) = paﬁ b Cq,r,éa
~ -n —n
LLQP BP (:) = ap pﬁﬁ ’ ) Oq»rv‘§’
~ —-n —Ny
Lﬁp,aﬁ(‘:‘) = 513 paﬁ ’ ) Cq,?",é’
L =Y — 4Tl N
Lﬁp,ﬁﬁ(‘_‘) - 6}3 Bﬁ : Cqﬂ“,E’
where C' Wi € Qp is a constant independent of oy, 3,, o5, B5. More precisely, C’wé =

(some exphc1t factor) x A(F,ZE,1), since the conductor of the Hecke character = is p™p"®
with ny, ng € Z-o, and hence L(F,=,1) = L(F*T = 1) for all = € {ay, 3,} and t € {a5, 5}

Note that, since v,(w,) = 1 and v,(wp) = 0, we can write wi™'w ™! = pF*1 . u,, where

uy is a suitable unit in some ring of integers of finite extension of Q,,. Similarly, we can write
k1 _ 0+

wﬁ“wﬁ =p . Let E/Q, be a finite extension of Q, large enough to contain all Hecke

eigenvalues of F, oy, ﬁp, o, B, up , and vl/z.
We construct logarithmic matrices using the methods from Sections [2.3]2.4] and 2.5

For the prime p, let

0 -1
A - pk‘“rlup
Sovp - a/p )
1 k+1,, 7
prT Uy

p - .

Using this data, we construct a logarithmic matrix M*(p) € Mys(Hg(I'1)) such that it
satisfies:

L Q000D — (1) 2E)) . hen Ao).Palp) € Moo () and PAp). Puo)

Hew, () (1)
2. The second row of A;;;M’“(p) is divisible by ®,,_1 x1+1(70) over Hg(I'1).

logp,k—i- 1 (70)

3. The determinant det(M* is ————~,
(MZ(p)) Orr1(0 —1)

up to a unit in Ag(I'y).
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Define %f = Mat,(M*(p)) € Mao(Hg(Ty)).
For the prime p, let

— )
ap

P .
—p”lvp peﬂvp

Using this, we can construct a logarithmic matrix M*(p) € Hg(I';) such that:

111 Q5 @) = (D) B then PL(B) Pu(p) € Mo () and PAR). PR

HE?”P(ﬁﬁ) (Fl)
2. The second row of A;%MZ(E) is divisible by ®,,_1+1(70) over Hg(I'1).

lo
3. The determinant det(M*(p)) is gp’é;l(%)

, up to a unit in Ag(I'y).
= e P o)

Define % = Matz(M“(p)) € Hr(Ts).

Note that we are getting k + 1,/ + 1 instead of kK —1,¢ — 1 since k.l € Zx.

Hence, by following the same methods used in the proof of Propositions
2.8.10, we can conclude:

Theorem A.2.2. There exist Ly, Lg >

Lf)ép,()!ﬁ pr,aﬁ _ Qfle Lé:ﬂ Lé:u (Q—le)T (A 2 7)
Lowss Louss t\Ly L) T B

Ly, Ly, € Ap(Gy~) such that
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