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Abstract

We study and construct p-adic L-functions of Bianchi modular forms, i.e., automorphic forms
for GL2 over quadratic imaginary �elds, at non-ordinary primes in three di�erent scenarios.

In the �rst part, we construct signed two-variable p-adic L-functions with bounded
coe�cients from p-adic L-functions with unbounded coe�cients for cuspidal Bianchi modular
forms of parallel weight constructed by Williams. This construction extends the works of
Pollack, Sprung, and Lei�Loe�er�Zerbes from the elliptic modular forms setting to the
Bianchi modular forms setting. Additionally, we extend the results to p-adic L-functions
coming from non-parallel weight C-cuspidal Bianchi modular forms constructed by Palacios.
We construct logarithmic matrices using Wach modules basis constructed by Berger�Li�Zhu
for the decomposition of p-adic L-functions with unbounded coe�cients. We use Perrin�
Riou's exponential map and the p-adic regulator to prove certain properties of logarithmic
matrices.

In the second part, we construct a p-adic Asai L-function, associated to a p-non-ordinary
Bianchi modular form, which interpolates special complex L-values of the Asai L-function of
that Bianchi modular form. This p-adic L-function has unbounded coe�cients. We use mod-
ular symbols and some special cohomological elements, called Asai�Eisenstein elements, to
construct polynomials. These polynomials satisfy some growth conditions, norm properties,
and congruence relations. After taking the limit of these polynomials, we obtain the p-adic
Asai L-function with unbounded coe�cients. Moreover, we also construct signed p-adic Asai
L-functions with bounded coe�cients under some assumptions.

In the third part, we construct a two-variable p-adic Asai L-function over the eigenva-
riety interpolating p-adic Asai L-functions of non-critical small-slope base-change Bianchi
modular forms of parallel weight 0. To construct this p-adic L-function, we construct poly-
nomials using a certain overconvergent modular symbol coming from a parallel eigenvariety
associated with Bianchi modular forms and Asai�Eisenstein elements over an a�noid in a
weight space. Their specialization at the weight p0, 0q Bianchi modular form F gives the
p-adic Asai L function associated to F , which is constructed in the second part.
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Chapter 1

Introduction

1.1 Background

A central theme in number theory is the study of special values of complex L-functions,
since these values are connected to some important arithmetic data. For example, the Birch
and Swinnerton-Dyer conjecture (BSD) predicts that important arithmetic data associated
with an elliptic curve over rational numbers, such as its rank and order of the torsion group,
are related to properties of its complex L-function at s � 1. The use of p-adic L-functions
has emerged as one of the most powerful tools to study the special values of L-functions.
When such functions can be constructed, they have profound consequences. For example,
in their important work, Mazur�Tate�Teitelbaum formulated the p-adic analogue of the
BSD conjecture using p-adic L-functions associated with elliptic curves, relating the order of
vanishing of p-adic L-functions with certain arithmetic invariants of elliptic curves, similar to
those that appear in the classical case. This p-adic version has been proved in a large number
of cases. Furthermore, p-adic L-functions play a central role in Iwasawa main conjectures,
which are one of the important local tools used to prove certain global conjectures, such as
the BSD conjecture.

This thesis focuses on p-adic L-functions associated with Bianchi modular forms that are
not ordinary at primes p. In particular, we construct two-variable signed p-adic L-functions
for Bianchi modular forms extending the works of Pollack, Sprung, and Lei�Loe�er�Zerbes
from elliptic modular forms to the setting of Bianchi modular forms. Next, we construct
p-adic Asai L-functions for cuspidal Bianchi modular forms that are non-ordinary at p.
Furthermore, under some assumptions, we decompose these p-adic Asai L-functions with
unbounded coe�cients into signed p-adic L-functions with bounded coe�cients. Lastly, we
construct families of p-adic Asai L-functions associated with small slope cuspidal Bianchi
modular forms of weight p0, 0q.

1



1.1. BACKGROUND 2

1.1.1 L-functions

Let X be an arithmetic object such as a Hecke/Dirichlet character, an elliptic curve, a
modular form, or more generally a Galois representation or a Motive. An L-function attached
to X is, roughly speaking, a power series

LpX, sq :�
¸
n¥1

an
ns
,

where s P C in some suitable right half plane, and the coe�cients an are related to X. For
example, for X � trivial character, we get the Riemann ζ-function

LpX, sq � ζpsq :�
¸
n¥1

1

ns
.

There are deep results and conjectures that relate the special values of L-functions to arith-
metic information. For example, for a number �eld F , the analytic class number formula
relates the residue at s � 1 of the Dedekind zeta function ζF with arithmetic information
of F : its class number and regulator. More precisely, the class number formula provides a
profound connection between two distinct �elds of mathematics.

Elliptic modular forms and their L-functions

Elliptic modular forms are automorphic forms for GL2 over Q. Let k P Z¥2. More precisely,
f : H Ñ C is an elliptic modular form of weight k and level SL2pZq if

1. f is holomorphic;

2. f
�
aτ�b
cτ�d

� � pcτ � dqkfpτq for τ P H and

�
a b
c d



P SL2pZq;

3. f is holomorphic at 8.

If f vanishes at the cusp 8, we say f is a cusp form. One can de�ne ellptic modular forms
of level Γ � SL2pZq, where Γ is any congruence subrgoup. The space of elliptic modular
forms of weight k with a given level forms a �nite dimensional complex vector space, and
the space of cusp forms of weight k is its subspace. There are certain linear operators that
act on elliptic modular forms called Hecke operators. See [DS05] for more details.

Suppose f � °
n¥1 anq

n is an Hecke eigenform of level Γ0pNq. One can associate an
L-function to f :

Lpf, sq :�
¸
n¥1

an
ns
,

where s P C in some suitable right half-plane. This function admits an Euler product¸
n¥1

an
ns

�
¹
p∤N

p1� app
�s � pk�1�2sq�1

¹
p|N

p1� app
�sq�1.
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Let E be an elliptic curve of conductor N over Q, and

LpE, sq :�
¹
p∤N

p1� bpp
�s � p1�2sq�1

¹
p|N

p1� bpp
�sq�1.

Here, bp :� p� 1�#EpFpq. Then the famous Modularity theorem states that

LpE, sq � Lpf, sq,

where If f is a newform of weight 2 and level Γ0pNq � SL2pZq.
The famous Birch�Swinnerton-Dyer conjecture predicts that for an elliptic curve E over

Q, one has
ords�1LpE, sq � rankZEpQq.

The left hand side relies on the analytic continuation of LpE, sq, and it holds due to Wiles'
(and Taylor�Wiles, Breuil�Conrad�Diamond�Taylor) proof of the Modularity theorem.

An important method to connect special L-values with arithmetic information is to
construct a p-adic L-function interpolating these values and using Iwasawa theory to relate
them to arithmetic invariants. See also [RJW25].

1.1.2 What are p-adic L-functions?

Analytic p-adic L-functions are measures or distributions on p-adic Lie groups, like Z�
p , which

interpolate special values of certain complex L-functions. One of the earliest examples is the
Kubota�Leopoldt p-adic L-function ζanp , constructed by Kubota�Leopoldt and Iwasawa. It
is a pseudomeasure on Z�p which interpolates the special values ζp1 � kq of the complex
Riemann ζ-function for all positive integers k. More precisely,

Theorem 1.1.1 (Kubota�Leopoldt, Iwasawa). There exists a (pseudo)measure ζanp on Z�
p

such that for every k ¡ 0, we have»
Z�p
xkζanp :� ζanp px ÞÑ xkq � p1� pk�1qζp1� kq.

Furthermore, let χ be a Dirichlet character of conductor pn.n ¡ 0. After consider χ as a
locally constant character on Z�

p , we have, for all k ¡ 0,»
Z�p
χpxqxkζanp � p1� χppqpk�1qLpχ, 1� kq,

where Lpχ, sq � °n¥1
χpnq
ns , for s P C and Repsq " 0.

Let G be a p-adic Lie group and let K{Qp be a �nite extension. Let

CpG,Kq :� HomctspG,Kq
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be the space of all continuous functions from G to K, and

MpG,Kq :� CpG,Kq� � HomctspHomctspG,Kq, Kq

be the K-dual of CpG,Kq. The space MpG,Kq is called the measure space of G over K.
Usually, p-adic measures live in this space.

IfG � Zrp, for some r ¥ 1, one can de�ne the space C lapG,Kq of locally analytic functions
consisiting of f : G Ñ K such that for all x P G, f can be described as a convergent power
series locally around x. Let

DpG,Kq :� C lapG,Kq� � HomctspC lapG,Kq, Kq.

The space DpG,Kq is called the space of distributions of G over K, and p-adic distributions
live inside this space.

For abelian groups G, we can view p-adic L-functions, i,e, p-adic measures or distribu-
tions over G, as power series with coe�cients in a p-adic �eld or its ring of integers. For
example, if G � Zp, then

MpZp, Kq �ÝÑ K bOK
OKrrT ss,

µ ÞÑ
»
Zp

p1� T qx � µpxq �
¸
n¥0

�»
Zp

�
x

n



� µpxq

�
T n.

This isomorphism is known as the Amice Transform.

Similarly,

DpZp, Kq �ÝÑ HKpT q,
µ ÞÑ

»
Zp

p1� T qx � µpxq,

where

HKpT q :�
#
fpT q �

¸
n¥0

cnT
n P KrrT ss : f converges on the open unit disk in Cp

+
.

See [RJW25] and [Col10] for more details about p-adic distributions and measures.

In number theory, we are interested in complex L-functions which have follwowing
properties:

1. an Euler product;

2. a meromorphic continuation to the whole complex plane;

3. a functional equation relating s with 1� s, for s P C.
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If such a complex L-function exists, then it is natural to consider constructing a p-adic L-
function that interpolates the special values of the given complex L-function. In [CPR89]
and [Coa89], Coates and Perrin-Riou conjectured that for any arithmetic object over Q (such
as modular forms and more generally any motiveM over Q) and for all primes p, there exists
a p-adic L-function over Z�

p which interpolates the special/critical L-values of the complex
L-function associated with that arithmetic object. For example, when M � Qpχq, where χ
is the Dirichlet character of prime power conductor, the corresponding complex L-function
is the Dirichlet L-function, and the p-adic L-function is the Kubota�Leopoldt p-adic L-
function. We will brie�y describe p-adic L-functions associated with elliptic modular forms
and Bianchi modular forms in the next subsections.

1.1.3 p-adic L-functions of elliptic modular forms

Iwasawa theory concerns the growth of arithmetic objects, such as Selmer groups, in towers
of number �elds, such as cyclotomic �elds. Let us continue with the cyclotmic �elds Qpµpnq
and the cyclotomic Zp-extension Qpµp8q{Qpµpq, where Qpµp8q �

�
n¥1Qpµpnq, and µpn is

the set of pn roots of unity. Let Γ :� GalpQpµp8q{Qq � GalpQppµp8q{Qpq � Z�
p � ∆Qp �Zp,

where ∆Qp � pZ{pZq�. Let K{Qp be a �nite extension and OK be its ring of integers. Fix
a topological generator γ of Γ{∆Qp � Zp. Then the space of K-valued measures on Γ is
isomorphic to the Iwasawa alegbra ΛKpΓq :� KbOK

OKrrΓss � KbOK
OKr∆QpsrrT ss, where

the isomorphism is obtained by sending γ to p1 � T q. Similarly, the K-valued distribution
space over Γ is isomorphic to HKpΓq, where

HKpΓq :�
#¸
n¥0

cn,σ � σ � pγ � 1qn :
°

n¥0 cn,σXnPKrrXss converges on the open unit disk in Cp;
@σP∆

+
. (1.1.1)

It is natural to consider one-variable p-adic L-functions as measures or distributions over Γ.

For example, if E is an elliptic curve over Q and if E is good and ordinary at p, then
the p-adic L-function Lp,E constructed by Mazur�Swinneton-Dyer lies in ΛQppΓq. After
representing as a power series in QpbZpr∆QpsrrT ss, it has bounded coe�cients. This p-adic
L-function interpolates special values of complex Hasse�Weil L-series of E twisted by certain
Dirichlet characters. Later, Amice�Velu and Vishik generalized this construction to elliptic
modular forms of weight k ¥ 2 and with more general types of reduction.

More precisely, let f be an elliptic modular cusp form of weight k ¥ 2, level N ¥ 1,
and nebentypus ϵf . Suppose f is a Hecke eigenform and let the Tp Hecke eigenvalue of f
be ap. Consider the Hecke polynomial X2 � apX � ϵf ppqpk�1 � px � αqpX � βq. Since
αβ � ϵf ppqppk�1q and ϵf ppq is coprime to p, we have vppαq, vppβq ¤ pk � 1q.. Here vp is a
p-adic valuation such that vpppq � 1. Let λ P tα, βu, such that vppλq   k � 1. For such
f and λ, by the works of Amice�Velu [AV75] and Vishik [Vis76], one can attach a p-adic
L-function Lppf, λq. On the one hand if λ is a p-adic unit, then Lppf, λq is a p-adic measure.
On the other hand, if vppλq ¡ 0, then Lppf, λq is a p-adic distribution.

This Lppf, λq has the following interpolation property:

Lppf, λ, χjωq :�
»
Γ

χjωdLppf, λq � �
λr
Lpf, ω̃�1, j � 1q, (1.1.2)
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where

� � is an explicit factor;

� 0 ¤ j ¤ k � 2 is an integer;

� ω is a Dirichlet character of conductor pr ¡ 1, and ω factors through ω̃ : Z{pr�1Z Ñ
Qp

�
;

� ζ 1 is a pp� 1q-th root of unity, and ζpr�1 is a primitive pr�1th root of unity;

� χ is the p-adic cyclotomic character on Γ such that χ maps γ to a topological generator
u of 1� pZp;

� Lpf, ω̃�1, j � 1q is the value of L-function associated to f and twisted by ω̃�1.

Suppose f is ordinary at p, i.e., ap is a p-adic unit. Then one of α or β is also a p-adic
unit. Suppose α is a p-adic unit. Then the p-adic L-function Lppf, αq is a p-adic measure
and hence an element of the Iwasawa algebra ΛKpΓq. Furthermore, it can be associated with
a power series Lppf, α, T q P Kr∆Qps bOK

OKrrT ss. Note that one can think of Lppf, α, T q
as a p-adic L-function associated with the p-stabilization fα of f , such that fα has weight
k, level pN , and Upfα � αfα. Additionally, on the algebraic side, one has the Bloch�Kato
Selmer group, Selpfq over some number �eld L, which is ΛK-cotorsion. The Iwasawa main
conjecture states that the characteristic ideal of the Pontryagin dual of Selpfq is the same as
the ideal generated by Lppf, αq in ΛKpΓq. This conjecture holds in many cases due to Kato,
Skinner�Urban, and others.

Later, Pollack�Stevens and Bellaïche used overconvergent modular symbols and the
Coleman�Mazur eigencurve to construct p-adic L-functions for elliptic modular forms with
the critical slope, i,e, when vppβq � k � 1.

1.1.4 Signed p-adic L-functions of elliptic modular forms

Now suppose f is not p-ordinary, i.e., vppapq ¡ 0. Then we know that 0   vppαq, vppβq  
k � 1. Therefore, for ? P tα, βu, there exists a p-adic L-function Lp,? :� Lppf, ?q which
interpolates special values of the complex L-function of f . However, both Lp,α and Lp,β are
not measures and therefore do not lie in the Iwasawa algebra ΛKpΓq. They are distributions
and can be represented as power series in a much larger algebra HKpΓq and have unbounded
denominators. Additionally, on the algebraic side, the corresponding Selmer groups are not
ΛKpΓq-cotorsion. Thus, we do not have an Iwasawa Main Conjecture over ΛKpΓq relating
Lp,? with the appropriate Selmer group.

Remedy

When ap � 0, Pollack in [Pol03] gave a solution to tackle this on the analytic side. Let α1, α2

be the roots of X2� ϵfpk�1. For i P t1, 2u, Pollack showed that there exists a decomposition

Lp,αi
� log�p,kpγqL�p � αi log

�
p,kpγqL�p , (1.1.3)
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where L�p P ΛKpΓq, and log�p,k are some power series in HQppΓq depending only on k. These

log�p,k are related to the p-adic logarithm, e.g., when k � 2, we have

pγ � 1q log�p pγq log�p pγq � logppγq �
¸
n¥1

p�1qn�1pγ � 1qn
n

.

Later Sprung (in [Spr12] for k � 2 and ap � 0) and Lei�Loe�er�Zerbes (in [LLZ10] for k ¥ 2
and ap � 0) generalized Pollack's results using a notion of logarithmic matrices. Logarithmic
matrices are 2� 2 matrices with entries in HKpΓq, with certain growth conditions, and can
be thought of as generalizations of Pollack's �-logarithms log�p,k. For example, in [LLZ10],
Lei�Loe�er�Zerbes used p-adic Hodge theory and the theory of Wach modules to prove:�

Lp,α

Lp,β

�
�Mlog

�
L5p

L7p,

�
(1.1.4)

where L
5{7
p P ΛKpΓq and Mlog PM2,2pHKpΓqq is a logarithmic matrix.

On the algebraic side, there is a notion of signed Selmer groups due to Kobayashi (for
k � 2, ap � 0), Lei (for k ¥ 2, ap � 0), Sprung (for k � 2, ap � 0), and Lei�Loe�er�Zerbes
(for k ¥ 2 and ap � 0) and signed Iwasawa main conjectures over ΛKpΓq which relate these
signed objects with signed p-adic L-functions.

1.1.5 Previous works on Bianchi modular forms

Let F be an imaginary quadratic �eld. Bianchi modular forms are automorphic forms for
GL2 over F . Like elliptic modular forms, they also satisfy some speci�c harmonicity and
growth conditions. See De�nition 2.7.2 for the precise de�nition.

In [Wil17], Williams constructed a p-adic distribution over the ray class group Gp8 that
interpolates the special complex L-values associated with the small-slope Bianchi modular
form. In particular, Let F be a cuspidal Bianchi eigenform over F of weight pk, kq and
level n such that ppq | n. Let aq denote the Uq-eigenvalues of F where vppaqq   pk � 1q
for all q | p. For any ideal f, we de�ne the operator Uf as Uf :�

±
pn||f U

n
p . Then Williams

constructed a locally analytic distribution Lp,F on the ray class group Gp8 such that for any
Hecke character Ξ of in�nity type p0, 0q ¤ pa, bq ¤ pk, kq and conductor f, we have

Lp,FprΞq � pexplicit factorq 1
af

LpF ,Ξ, 1q
ΩF

, (1.1.5)

where ΩF is a complex period. See [Wil17, Theorem 7.4] for more details. Here, the standard
complex L-function is de�ned as

LpF ,Ξ, sq �
¸

0�a�OK ,
pf,aq�1

cpa,FqΞpaqNpaq�s,

where cpa,Fq is the a-th Fourier coe�cient of F and s P C in some suitable right-half plane.
In [Pal25], Palacios extended Williams' construction from parallel weight cuspidal Bianchi
modular forms to non-parallel weight C-cuspidal Bianchi modular forms.
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In [LW20], Loe�er�Williams constructed a p-adic measure LAs
p pΨq P OErrZ�p ss that

interpolates the critical L-values of the Asai L-function attached to a p-ordinary cuspidal
Bianchi modular form Ψ of weight pk, kq. Here, E is some p-adic �eld. The twisted Asai
L-function of Ψ with a Dirichlet character θ of conductor m is de�ned by

LAspΨ, θ, sq :� p�q �
¸
n¥1,

pm,nq�1

cpnOF ,Ψqθpnqn�s,

where pNq � N X Z, � is some explicit factor, and cpm,Ψq denotes the Hecke eigenvalue of
Ψ at the integral ideal m. They proved: For any integer c ¡ 1 coprime to 6N, there exists a
p-adic L-function

c
LAs
p pΨq P OErrZ�p ss

which satis�es the following interpolation property: for any Dirichlet character θ of conductor
pr, and for any integer 0 ¤ j ¤ k, we have»

Z�p
xjθpxqd

c
LAs
p pΨqpxq �

#
p�qLAspΨ, θ, j � 1q if p�1qjθp�1q � 1,

0 if p�1qjθp�1q � �1,

where p�q is some non-zero explicit factor. See [LW20, Theorem 7.5] for more details.

Let F be a cuspidal Bianchi eigenform of weight pk, kq P Z2
¥0 and level n, where p |

n � OF . Assume that F has a small slope and is non-critical, i.e., the p-adic valuation
of the Up-eigenvalue is less than k � 1. Let ϕF P H1

cpYF,1pnq, Vk,kpLqq be the corresponding
modular symbol, where YF,1pnq is a locally symmetric space, L is a number �eld, and Vk,kpLq
is SymkpL2qbSymkpL2q. Suppose F is a base change of an elliptic modular form f of weight
k�2. Let C denote the Coleman�Mazur eigencurve and BC denote the base change map. In
[BSW21a], Barrera-Salazar�Williams constructed the base change eigenvariety Ebc :� BCpCq
and the parallel weight eigenvariety Epar, using overconvergent cohomology, such that, ϕF
(and hence F) varies in a 1-dimensional family of overconvergent modular symbols over
a curve in the parallel weight space Wpar � WGL2pQq. Using the eigenvariety Ebc � Epar,
they also constructed a 3-variable p-adic L-function such that it retrieves the two-variable
p-adic L-function constructed by Williams in [Wil17] at classical points. Note that their
construction of families of p-adic L-functions works for all Bianchi modular forms.

1.2 Main results

Fix an odd prime p. Let K{Qp be a p-adic �eld. For any abelian pro�nite group G, the
space of K-valued locally analytic distributions on G is denoted by HKpGq. For r P R¥0, let
HK,rpGq � HKpGq denote the space of distributions with growth Oplogrpq. If G � Zp, then
after �xing a topological generator γ of G, one has the following identi�cation:

HK,rpGq �
#¸
n¥0

cnpγ � 1qn :
¸
n¥0

cnT
n P KrrT ss and sup

n

|cn|p
nr

  8
+
. (1.2.1)
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The Iwasawa algebra ΛKpZpq :� K b OKrrZpss � K b OKrrT ss can be identi�ed with
HK,0pZpq.

Let Γ � GalpQppµp8q{Qpq � pZ{pZq� � Γ1, where Γ1 � Zp. Fix a topological generator
γ of Γ1. Let χ be the p-adic cyclotomic character which maps γ to a topological generator
of 1� pZp. Let M2,2pRq denote the space of 2� 2 matrices with coe�cients in R.

Fix an imaginary quadratic �eld F and let OF be its ring of integers.

In Chapter 2 and Appendix A, we have extended the construction of signed p-adic L-
functions of Pollack, Sprung, and Lei�Loe�er�Zerbes from the setting of elliptic modular
forms to the setting of Bianchi modular forms. Assume the �xed prime p splits in the
quadratic imaginary F as pOF � pp, and p does not divide the class number of F . Let Gppqn

denote the ray class group of F modulo pn. De�ne Gp8 :� limÐÝn
Gppqn , the ray class group

of F modulo p8, which decomposes as ∆F � Γp � Γp � ∆F � Zp � Zp, where ∆F is a �nite
abelian group. For q P tp, pu, let ϖq be a uniformizer of OFq , and �x a p-adic valuation vpp�q
such that vppϖpq � 1 and vppϖpq � 0. Fix some topological generators γp and γp for Γp and
Γp, respectively.

Let m � OF be a nonzero ideal coprime to p, and let F be a Bianchi modular eigenform
of weight pk, ℓq P Z2

¥0, level m, and the central character ϵF . Assume that F vanishes at
cusps 0 and8. For q P tp, pu, suppose aq is the Tq-eigenvalue of F , and let αq, βq be the roots
of Hecke polynomial X2�aqX�ϵF pϖqqp. Note that ϵFpϖpq � ϖk

p �ϖℓ
p and ϵFpϖpq � ϖℓ

p �ϖk
p ,

up to p-adic units. Assume K{Qp is a �nite extension large enough to contain F , and all
Hecke eigenvalues of F . Then, for � P tαp, βpu and : P tαp, βpu, the p-stabilization F�,: is a
C-cuspidal Bianchi modular form of weight pk, ℓq and level pm. Due to the results of Palacios
in [Pal25] (generalizing the results in [Wil17] from cuspidal to C-cuspidal), one can attach
a two-variable p-adic distribution L�,: :� Lp,F�,: P HKpGp8q to F�,:. For simplicity, we will
concentrate on the trivial isotypic component of L�,:, which we denote by the same symbol.
These distributions satisfy:

1. (Growth condition) L�,: P HK,vpp�qpΓpqxÂKHK,vpp:qpΓpq � Krrγp � 1, γp � 1ss;
2. (Interpolation property) For any Hecke character Ξ with conductor pnppnp and of

in�nity type pq, rq such that np, np P Z¥1, 0 ¤ q ¤ k, and 0 ¤ r ¤ ℓ, one has

L�,:prΞq � 1

�np

1

:np
(some explicit factor)LpF ,Ξ, 1q,

where rΞ is a character on Gp8 related to Ξ.

Assume vppapq ¡
Z

k

p� 2

^
, vppapq ¡

Z
ℓ

p� 2

^
, αp � βp, and αp � βp. Under these assump-

tions, we prove the following theorem about the decomposition of two-variable distributions:

Theorem 1.2.1 (Theorem 2.8.5). There exist two variable power series with bounded coef-
�cients, that is, there exist L7,7, L7,5, L5,7, L5,5 P K bOK

OKrrγp � 1, γp � 1ss, such that�
Lαp,αp

Lβp,αp

Lαp,βp Lβp,βp

�
� Q�1

p M ℓ
p

�
L7,7 L5,7

L7,5 L5,5

�
pQ�1

p Mk
p qT ,
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where Mk
p P M2,2pHKpΓpqq and M ℓ

p P M2,2pHKpΓpqq are modi�ed logarithmic matrices, and

for q P tp, pu, Qq are certain invertible matrices.

Remark 1.2.2. Note that one can think of Theorem 1.2.1 as a machine to decompose
any four 2-variable power series satisfying certain growth and interpolation properties into
four 2-variable power series with bounded coe�cients, that is, into elements of two-variable
Iwasawa algebra K bOK

OKrrT1, T2ss.

To prove Theorem 1.2.1, we adapt the strategy developed by Lei in [Lei14], �rst factor-
izing through the variable γp and then through γp. Loe�er in [Loe14] proved Theorem1.2.1
in the case where ap � ap � 0 and k � ℓ � 0. Lei in [Lei14] extended this result when
vppapq, vppapq ¡ 0 while assuming k � ℓ � 0. This work generalizes both results by allow-
ing k, ℓ ¥ 0, including the case k � ℓ. Using Wach modules and p-adic Hodge theory, we
construct logarithmic matrices Mk

p and M ℓ
p for the decomposition in Theorem 1.2.1. More

precisely, we use the explicit Wach module basis described by Berger�Li�Zhu in [BLZ04]
to de�ne these matrices. In [LLZ10], Lei�Loe�er�Zerbes constructed logarithmic matrices
using Wach modules and crystalline representations related to modular forms. However, in
this thesis, due to the use of [BLZ04], logarithmic matrices depend only on the algebraic
data αq, βq, where q P tp, pu, and are independent of p-adic Hodge theoretic properties of
Galois representations associated with Bianchi modular forms, which are mostly conjectural.
This allows one to look at logarithmic matrices as algebraic objects.

Furthermore, we prove a decomposition result in one variable. Let k P Z¥2, α, β P OK

such that α � β, αβ � pk�1, and vppα � βq ¡
Y
k�2
p�1

]
. We prove:

Theorem 1.2.3 (Theorem 2.5.5). For λ P tα, βu, let Fλ P HK,vppλqpΓ1q be such that for
any Dirichlet character ω of conductor pn ¡ 1 and for any integer 0 ¤ j ¤ k � 2, we have
Fλpχjωq � λ�n � cj,ω, where cj,ω P Qp independent of α and β. Then there exist power series
F7, F5 with bounded coe�cients, i.e., F7, F5 P ΛKpΓ1q � K b OKrrT ss, and a logarithmic
matrix M PM2,2pHKpΓ1qq, such that�

Fα

Fβ

�
� Q�1M

�
F7

F5

�
, (1.2.2)

where Q is an invertible matrix depending only on α and β, which can be explicitly described.

Regarding the properties of M , we prove:

Proposition 1.2.4. If Q�1M � rPi,js1¤i,j¤2, then P1,1, P1,2 P HK,vppαqpΓ1q and P2,1, P2,2 P
HK,vppβqpΓ1q. Moreover, detpMq is Oplogk�1

p q and logk�1
p is OpdetpMqq.

To prove Proposition 3.4.2, we use Perrin-Riou's big exponential map, along with the
p-adic regulator map and Coleman maps developed by Lei�Loe�er�Zerbes in [LLZ11].

In Chapter 3, we construct p-adic Asai L-functions for p-non-ordinary small-slope cus-
pidal Bianchi modular forms. Let F be a cuspidal Bianchi eigenform of weight pk, kq P Z2

¥0



1.2. MAIN RESULTS 11

and level N � OF . From (1.2.1), recallHKpΓq � Kr∆sbHKpΓ1q to be the space of K-valued
p-adic distributions on Γ, and HK,rpΓq be the space of distributions of with growth Oplogrpq.
For simplicity, we will concentrate on the trivial isotypic component, that is, HKpΓ1q and
HK,rpΓ1q. Assume that all primes above p in F divide n. Denote the Up-eigenvalue of F by
ap and assume that F is not ordinary at p and has a small slope, i.e., 0   vppapq   k � 1.
Let K{Qp be a �nite extension large enough to contain F and all Hecke eigenvalues of F .
We prove:

Theorem 1.2.5. For any integer c coprime to 6n, there exists a vppapq-admissible distribu-
tion

c
LAs
p pFq over Γ1, i.e., cL

As
p pFq P HK,vppapqpΓ1q, with the following interpolation property:

given any integer 0 ¤ j ¤ k, and any Dirichlet character θ of conductor pr ¡ 1, we have

c
LAs
p pFqpχjθq �

$'&'%
�1
arp
LAspF , θ, j � 1q if p�1qjθp�1q � 1;

0 if p�1qjθp�1q � �1,

where �1 is an explicit non-zero factor which depends on c. Under some assumptions on the
nebentypus of F , the dependency on c can be removed.

Theorem 1.2.5 is a generalization of [LW20, Theorem 7.5] from the p-ordinary case to the
p-non-ordinary case. The power series

c
LAs
p pFq is constructed using certain polynomials. The

idea of constructing polynomials to obtain power series is based on the works of Amice�Velu
[AV75], Vishik [Vis76], Perrin-Riou [PR94], and Büyükboduk�Lei [BL21]. We will brie�y
explain the construction. Let Y be a locally symmetric space of level N; this is a Bianchi
analogue of the modular curve. As Y is a real manifold of real dimension 3, there exists a
pairing

H1
cpY, VkkpOKqq � H2pY, V _

kkpOKqq Ñ OK ,

where VkkpOKq is a certain weight k coe�cient module and V _
kkpOKq is its OK-dual. One

can extend this pairing to

H1
cpY, VkkpOKqq � H2pY, V _

kkpOKqq bOKrT s Ñ OKrT s.

By pairing the appropriate modular symbol associated to F in H1
cpY, VkkpOKqq with a suitable

element (made up of Loe�er�Williams' Asai-Eisenstein elements with the Up-operator acting
on it) in H2pY, V _

kkpOKqqbOKrT s, we construct polynomials Pr,jpT q P KrT s of degree   pr�1,
where r P Z¥1 and 0 ¤ j ¤ k is an integer. See Section 3.6 for the details. They satisfy:

Lemma 1.2.6 (Lemma 3.6.4). For any r P Z¥1 and any integer 0 ¤ j ¤ k, we have

1. sup }pvppapqrPr,jpT q}   8,

2. Pr�1,jpT q � Pr,jpT q mod pp1� T qpr�1 � 1q,

3. sup

�����ppvppapq�jqr
j̧

i�0

p�1qi
�
j

i



Pr,ipu�ip1� T q � 1q

�����   8.
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Moreover, there exists a polynomial Pr P KrT s of degree   pk � 1qpr�1 such that

PrpT q � Pr,jpu�jp1� T q � 1q mod pu�jp1� T qpr�1 � 1q.

The properties of Loe�er�Williams' Asai-Eisenstein elements, as well as some ideas from
[LZ16], are used to prove Lemma 1.2.6. Since Pr,j satisfy properties described in Lemma
1.2.6, following [PR94] and [BL21], we de�ne

c
LAs
p pFq :� lim

rÑ8
Prpγ � 1q P HK,vppapqpΓ1q.

Moreover, we prove a result on the decomposition of these elements, similar to the works
of Pollack, Sprung, and Lei�Loe�er�Zerbes. Assume that p splits in F as pp. Let F be a
cuspidal Bianchi eigenform of weight pk, kq, level m, and nebentypus ϵF , where pm, pOF q � 1.

For q P tp, pu, let aq be the Tq-eigenvalue. Assume vppapq ¡
Z

k

p� 2

^
and vppapq � 0. Let

α be the root of X2 � apX � ϵFppqpk�1 which is a p-adic unit. Let αp, βp be the roots of
X2 � apX � ϵFppqpk�1 and assume that αp � βp. Then, for 
 P tαp, βpu, the p-stabilization
F
,α is a cuspidal Bianchi modular form of weight pk, kq, level pm and with small slope, and
therefore one can associate F
,α with a p-adic distribution

c
LAs
p pF
,αq P HK,vpp
qpΓ1q. Then,

using the methods of Chapter 2, we prove:

Theorem 1.2.7 (Theorem 3.7.3). There exist
c
LAs,5
p ,

c
LAs,7
p P K bOK

OKrrγ � 1ss and a

logarithmic matrix �M PM2,2pHKpΓ1qq such that��c
LAs
p pFαp,αq

c
LAs
p pFβp,αq

�
� �M
��c
LAs,5
p

c
LAs,7
p

�
.
In Chapter 4, we construct a two-variable p-adic Asai L-function associated with small

slope non-critical cuspidal Bianchi modular forms of weight p0, 0q. Let f be a cuspidal
elliptic modular form of weight 2 and level N , and let F be its base change. Then, under
some assumptions on f , F is cuspidal Bianchi modular form of weight p0, 0q and level N,
where pNq � N X Z. Assume p | N and all prime above p in F divide N. Furthermore,
assume vppapq   1, where ap is the Up-eigenvalue of F . Let c P Z¡0 coprime to 6N . Let
V � SppT q � Epar be a family passing through F over S � SppLq �WF,par. We construct:

Theorem 1.2.8 (Theorems 4.6.9, 4.6.15). There exists a two-variable p-adic Asai L-function

cL
As
V P T pbLpbHL,vppapqpΓq,

such that the specialization of this power series at the classical point xF retrieves

spλxF pcLAs
V q .� c

LAs
p pFq P HL,vppapqpΓq.
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In particular, there exists a point xF P V � SppT q that corresponds to F P Sp0,0qpUF,1pNqq.
Let mxF be the maximal ideal corresponding to F and let mλ be the maximal ideal corre-
sponding to λ � p0, 0q P SpLq. We naively assume T {mF � L � L{mλ. The map spλxF is
de�ned as

spλxF : T pbLpbHL,vppapqpΓq Ñ pT {mxF qpbpL{mλqpbHL,vppapqpΓq � HL,vppapqpΓq.

To construct cLAs
V , we use the overconvergent cohomology piece H1

cpY �
F,1pNq,DSq¤1 and

construct Asai�Eisenstein elements cΞ
S
pr,N,at over S. Here DS is a S-valued distributions on

OF b Zp We pair a certain generator of H1
cpY �

F,1pNq,DSq¤1 b T with cΞ
S
pr,N,at to construct

polynomials P S
r . Here V � SppT q, naively, it interpolates the Hecke operators of F . These

polynomials satisfy certain norm-compatibility and growth properties. See Theorem 4.6.8 for
more details. Since we are dealing with Qp-Banach spaces, by the methods of by Perrin�Riou
in [PR94] and Büyükboduk�Lei in [BL21], we can take limit of P S

r to construct cLAs
V .



Chapter 2

Signed p-adic L-functions of Bianchi
modular forms

2.1 Introduction

The study and construction of p-adic L-functions of arithmetic objects, like modular forms,
is one of the central topics in modern number theory. The analytic p-adic L-functions are
distributions on p-adic Lie groups like Zp. For example, let f be an elliptic modular eigenform
of weight k ¥ 2, level N , and character ϵ, and let p be a prime such that p ∤ N . Let α be
a root of the Hecke polynomial X2 � apX � ϵppqpk�1 such that vppαq   k � 1, where vp is
the normalized p-adic valuation such that vpppq � 1, and ap is the Tp-eigenvalue of f . Then,
due to the constructions of Amice-Velu and Vishik (see [AV75], [Vis76]) we can attach to f
a p-adic distribution Lppf, αq of order vppαq over Z�

p . This Lppf, αq interpolates the critical
values of the complex L-function of f .

We continue with the example of p-adic L-functions of modular forms. When f is good
ordinary at p, i.e. vppapq � 0, Lppf, αq is a bounded measure and hence an element of
the Iwasawa algebra ΛKpΓq � K b OKr∆srrΓ1ss, where K is some �nite extension of Qp,
Γ � GalpQppµp8q{Qpq � ∆� Γ1, ∆ � pZ{pZq�, and Γ1 � Zp. In this setting, the arithmetic
is well understood and we have an Iwasawa main conjecture which relates this p-adic L-
function with the characteristic ideal of the Selmer group of f (proved in many cases by
Kato in [Kat04], Skinner-Urban in [SU14], Wan in [Wan20], etc).

When f is good non-ordinary at p, i.e., ap is not a p-adic unit, Lppf, αq is no longer
a measure and hence not an element of the Iwasawa algebra. Moreover, it has unbounded
denominators and it is an element of a larger algebra known as the distribution algebraHKpΓq
(see section 2 for the de�nition). When ap � 0, Pollack in [Pol03] has given a remedy. If
α1, α2 are the roots of X

2 � ϵppqpk�1, Pollack showed that there exists a decomposition

Lppf, αiq � log�p,k L
�
p � αi log

�
p,k L

�
p ,

where L�p P ΛKpΓq, for some �nite extension K of Qp, and log�p,k are some power series
in HQppΓ1q depending only on k. He also showed that if k � 2, then L�p have integral

14
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coe�cients, i.e. they lie in Zpr∆srrΓss. Later Sprung (for k � 2) in [Spr12] and Lei�Loe�er�
Zerbes (for k ¥ 2) in [LLZ10] have extended the work of Pollack when ap � 0 using the
method of logarithmic matrices.

Remark 2.1.1. On the algebraic side, we also have notions of signed Selmer groups due to
Kobayashi (for k � 2, ap � 0) in [Kob03], Sprung (for k � 2, vppapq ¡ 0) in [Spr12], Lei (for
k ¥ 2, ap � 0) in [Lei11], and Lei�Loe�er�Zerbes (for k ¥ 2, vppapq ¡ 0) in [LLZ10]. We
also have signed Iwasawa main conjectures relating signed p-adic L-functions of non-ordinary
modular forms with signed Selmer groups. See [LLZ10] for more details.

In this chapter, we extend the construction of signed p-adic L-functions (due to Pollack,
Sprung, and Lei�Loe�er�Zerbes) to the setting of Bianchi modular forms using the two-
variable p-adic L-functions constructed by Williams in [Wil17]. Bianchi modular forms
are automorphic forms for GLp2q over quadratic imaginary �elds. Let K be a quadratic
imaginary �eld. Fix a prime number p ¥ 3, which splits in K as ppq � pp, and let k ¥ 0 be
an integer. Also, assume that p does not divide the class number of K. Let G be a cuspidal
Bianchi eigenform over K of weight pk, kq, level n such that p divides n and vppaqq   pk�1q,
where aq is the Uq Hecke eigenvalue for all primes q ofK which lie above p. Then Williams has
constructed a two-variable p-adic L-function LppGq (see [Wil17, Theorem 7.4]) of a cuspidal
Bianchi modular form G using overconvergent modular symbols. More precisely, LppGq is a
locally analytic distribution over the ray class group ClpK, p8q � Gp8 � limÐÝn

Gppqn , where
Gppqn is the ray class group of K modulo ppqn.

We start with a Bianchi cuspform F of weight pk, kq, level m coprime to p, and F
is good non-ordinary at both of the primes above p, that is, vppapq ¡ 0 and vppapq ¡ 0,
where ap and ap are Tp and Tp Hecke eigenvalues of F respectively. For q P tp, pu, we assume

vppaqq ¡
Z

k

p� 1

^
. Moreover, let αq and βq be the roots of Hecke polynomial X2�aqX�pk�1

which we assume are distinct. Then we get four p-stabilizations of F : Fαp,αp ,Fαp,βp ,Fβp,αp

and Fβp,βp , which are cuspidal Bianchi modular forms of the same weight as F and level
pm. Thanks to Williams, we can attach a two-variable p-adic L-function to each of the
p-stabilizations L�,: :� LppF�,:q, for � P tαp, βpu and : P tαp, βpu. The main theorem of this
chapter is:

Theorem A (Theorem 2.8.5). There exist two-variable power series with bounded coe�-
cients, that is, there exist L7,7, L7,5, L5,7, L5,5 P ΛEpGp8q such that�

Lαp,αp
Lβp,αp

Lαp,βp Lβp,βp

�
� Q�1

p Mp

�
L7,7 L5,7

L7,5 L5,5

�
pQ�1

p MpqT ,

where Mp and Mp are 2 � 2 logarithmic matrices, Qq �
�

αq �βq
�pk�1 pk�1

�
, and ΛEpGp8q �

Er∆Ks bOE
OErrT1, T2ss, where ∆K is a �nite abelian group such that Gp8 � ∆K � Z2

p.

In the Appendix A, we have generalized Theorem A from parallel weight cuspidal
Bianchi modular forms to non-parallel C-cuspidal Bianchi modular forms. See Theorem
A.2.2.
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Remark 2.1.2. In [Loe14], Loe�er proved a special case of Theorem A. He proved a Pollack
style �-decomposition of two-variable unbounded p-adic L-functions attached to Bianchi
modular forms of parallel weight 0 with aq � 0, for q P tp, pu. Even though the result was
stated for Bianchi modular forms arising from the base change of weight 2 elliptic modular
forms to a quadratic imaginary �eld, the method works for all Bianchi modular forms as
long as aq � 0 for q P tp, pu. Pollack's distributions log�p , log�p over the ray class group Gp8

for the decomposition were used in Loe�er's proof. See [Loe14, Section 5]. In this chapter,
we generalize [Loe14, Corollary 2] to cuspidal Bianchi modular forms of parallel weight
k ¥ 0 and vppaqq ¡ 0. We also generalize [Loe14, Proposition 9], [Lei14, Proposition 2.3,
Proposition 2.5] from k � 0 to k ¥ 0. We use a di�erent approach from [Loe14]. We construct
and use Lei�Loe�er�Zerbes style 2 � 2 logarithmic matrices (which generalize Pollack's �-
logarithms) Mp and Mp to decompose p-adic L-functions with unbounded coe�cients. To
construct these logarithmic matrices, we use p-adic Hodge theoretic tools. For example, one
of the key ingredients to construct M is the Wach module basis due to Berger-Li-Zhu (in
[BLZ04]). The importance of Berger�Li�Zhu's construction is explained brie�y in Section
2.1.2.

2.1.1 Logarithmic matrices

In this chapter, we construct logarithmic matrices in the sense of Sprung and Lei�Loe�er�
Zerbes. Although we use p-adic Hodge theoretic tools to construct these matrices, one can
think of them as purely algebraic elements. More generally, we constructM PM2,2pHEpΓ1qq,
where HEpΓ1q is the distribution algebra over E, and M2,2pRq is the space of 2� 2 matrices
with entries in R, having some growth properties. See Section 2.5 for the details.

We do not have much information about p-adic Hodge theoretic properties of the Galois
representations of Bianchi modular forms. If the level of the Bianchi modular form is away
from p, we expect the corresponding Galois representation to be crystalline at p. Only partial
results are known due to Jorza, see [Jor12, Jor13].

We avoid or bypass the use of these conjectural properties of p-adic Galois represen-
tations associated with Bianchi modular forms by using Berger�Li�Zhu's construction. We
explain it brie�y here. Since we have assumed p splits as ppq � pp in K, the ray class
group Gp8 can be decomposed as ∆K � Γp � Γp, where ∆K is some �nite abelian group
and Γp � Γp � Zp. For q P tp, pu, �x a topological generator γq of Γq. For a cuspidal
Bianchi modular form F of level m away from p, weight pk, kq and trivial nebentypus, let

aq be the Tq-eigenvalue of F . We assume vppaqq ¡
Z

k

p� 2

^
. Moreover, let αq, βq be the

distinct roots of Hecke polynomial X2 � apX � pk�1. Then we construct a logarithmic ma-
trix Mpqq P M2,2pΓ1q, and then using change of variables, i.e. by changing γ0 with γq, we
construct another matrix Mq PM2,2pHEpΓqqq with appropriate properties. See Section 2.8.2
for the construction ofMq and Section 2.6.3 for the details about the change of variable map.
Most importantly, the construction of Mq does not depend on the p-adic Galois representa-

tion of F , but it depends only on the roots of Hecke polynomial X2 � aqX � pk�1 and the
condition on vppaqq. Moreover, in Appendix A, we have constructed logarithmic matrices for
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k and ℓ, where k need not be equal to ℓ.

2.1.2 Plan of the chapter

We start with the setup and notations in Section 2.2, which we require throughout the
chapter.

In Section 2.3, we recall tools from p-adic Hodge theory and Wach modules. In general,
we look at crystalline representations, families of Wach modules and the relation between
them due to Berger-Li-Zhu [BLZ04].

In Section 2.4, we recall the exponential map constructed by Perrin-Riou and the p-adic
regulator map along with Coleman maps, which were introduced by Lei�Loe�er�Zerbes in
[LLZ10] and [LLZ11]. Moreover, we study the relationship between the exponential map and
the p-adic regulator map. In this section, we also introduce the logarithm matrix M , which
is an element of M2,2pHEpΓ1qq.

Section 2.5 deals with the factorization of power series in one variable. We �rst investi-
gate M in more depth. Then we prove the following result using M :

Theorem B (Theorem 2.5.5). Let E be a �nite extension of Qp. Let α, β P OE and k ¥ 2

be an integer such that αβ � pk�1. Assume α � β and vppα � βq ¡
Z
k � 2

p� 1

^
. For each

λ P tα, βu, let Fλ P HE,vppλqpΓq, such that for any integer 0 ¤ j ¤ k�2, and for any Dirichlet
character ω of conductor pn, we have Fλpχjωq � λ�nCω,j, where χ is the p-adic cyclotomic
character and Cω,j P Qp that is independent of λ. Then there exist F5, F7 P ΛEpΓq such that�

Fα

Fβ

�
� Q�1M

�
F7

F5

�
.

Note that M depends on α� β and k, and the matrix Q depends on α and β.

Remark 2.1.3. In [BL21, Section 2], the authors proved a similar result as above under the
Fontaine-La�aille condition (p ¡ k). In this chapter, we are replacing this condition with

a weaker condition vppα � βq ¡
Z
k � 2

p� 1

^
. We also use di�erent methods than the methods

used in [BL21]. For example, we obtain properties of M using the p-adic regulator LTW and
Perrin-Riou's exponential map ΩTW .

In Section 2.6, we develop the two-variable setup and recall de�nitions of ray class
groups, Hecke characters, etc.

Bianchi modular forms and their p-adic L-functions are brie�y recalled in Section 2.7.

In the last subsection, we prove the main theorem (Theorem A) of this chapter. We
generalize and apply results of [Lei14] in our setting.
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2.2 Setup and notations

Fix an odd prime p. Let E be a �nite extension of Qp with the ring of integers OE. Let
α, β P OE such that vppα � βq ¡ 0, and there exists v P O�

E and an integer k ¥ 2 such that
αβ � vpk�1. We assume that v1{2 P O�

E . Denote a � α� β. We denote GalpQp{Qpq by GQp .

Assumption 2.2.1. vppaq ¡ m �
Z
k � 2

p� 1

^
and α � β.

We �x a, α, β, and v for the rest of the chapter.

Iwasawa algebras

Let Qp,n � Qppµpnq, where µpn is the set of all pn-th roots of unity. Let Qp,8 � �n¥1Qp,n.
Then Γ � GalpQp,8{Qpq � ∆ � Zp, where ∆ is the torsion group of Γ of order p � 1. Let
Γ1 be a subgroup of Γ such that Γ1 � Γ{∆ � Zp. In other words, Γ1 is the Galois group
of Qp,8 over Qp,1. We denote the Iwasawa algebra OE bZp ZprrΓss � OErrΓss over OE by
ΛOE

pΓq. Fix a topological generator γ0 of Γ1. Then we can identify OErrΓ1ss with OErrXss
via identi�cation γ0 ÞÑ 1�X. This can be extended to ΛOE

pΓq � OEr∆srrXss. We further
write ΛEpΓ1q � E bOE

ΛOE
pΓ1q and ΛEpΓq � E bOE

ΛOE
pΓq. Fix a topological generator u

of 1� pZp and let χ be the p-adic cyclotomic character on Γ such that χpγ0q � u.

Power series rings

Given any power series F P ErrXss and 0   ρ   1, we de�ne the sup norm }F }ρ �
sup|z|p¤ρ|F pzq|p. For any real number r ¥ 0, we de�ne

Hr � tF P ErrXss : suptpp�tr}F }ρtq   8u,
where ρt � p�1{pt�1pp�1q and t ¥ 1 is an integer. Equivalently, we have

Hr �
#
F pXq �

¸
n¥0

cnX
n P ErrXss : sup

n

|cn|p
nr

  8
+
.

If F pXq P Hr, then F is Oplogrpq, that is
}F }ρ � O

�} logrpp1�Xqq}ρ
�

as ρÑ 1�. We write HE �
�
r¥0Hr.

We de�ne HE,rpΓq to be the set of power series
°
n¥0,σP∆ cn,σ � σ � pγ0 � 1qn, such that°

n¥0 cn,σX
n P Hr for all σ P ∆. In other words, the elements of HE,rpΓq are the power series

in γ0 � 1 over Er∆s with the growth rate Oplogrpq. Write HEpΓq �
�
r¥0 HE,rpΓq. We call

HEpΓq the space of distributions on Γ. We can identify HEpΓq with$'&'%F pXq �
¸
n¥0,
σP∆

cn,σ � σ �Xn P Er∆srrXss :
¸
n¥0

cn,σX
n converges for all X P Cp with |X|p   1

,/./-
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where X corresponds to γ0 � 1.

Remark 2.2.2. In [Kat04] and [PR94], the spaces Hr are de�ned using limn n
�r|cn|p � 0

instead of supnpn�r|cn|pq   8. For example, if r � 0, then by the notation in [Kat04],
H0 � ExXy, where ExXy is the one-variable Tate algebra. But, in our context, we have the
following identi�cation

H0 � E bOE
OErrT ss.

We do not need the stronger notion of Tate algebras in this chapter. See also [Pol03, Lemmas
3.2, 5.2].

Fontaine's rings

Let π be a variable, A�
Qp

� Zprrπss and B�Qp
� A�

Qp
r1{ps. Let AQp be the ring of Laurent

series
°�8
i��8 aiπ

i such that ai P Zp and ai Ñ 0 as i Ñ �8. Write B�rig,Qp
for the ring of

power series fpπq P Qprrπss such that fpXq converges everywhere in the open unit p-adic
disk. We equip B�rig,Qp

with actions of a Frobenius operator φ and Γ by φ : π ÞÑ p1� πqp� 1

and σ : π ÞÑ p1 � πqχpσq � 1 for all σ P Γ. We then write B�rig,E for the power series ring

E b B�rig,Qp
. We can de�ne a left inverse ψ of φ such that

φ � ψpfpπqq � 1

p

¸
ζp�1

fpζp1� πq � 1q.

Inside B�rig,E, we have subrings A
�
E � OErrπss and B�E � E b A�

E. The actions of φ, ψ, and

Γ preserve these subrings. Write t � logp1 � πq P B�
rig,E and q � φpπq{π P A�

E. Note that

φptq � pt and σptq � χpσqt for all σ P Γ, since logp1� πq � π
¹
n¥1

φn�1pqq
p

.

Mellin transform

We have a ΛEpΓq-module isomorphism between HEpΓq and pB�rig,Eqψ�0 due to the action of

Γ on B�rig,E, called the Mellin transform. The isomorphism is given by

M : HEpΓq Ñ pB�rig,Eqψ�0

fpγ0 � 1q ÞÑ fpγ0 � 1q � p1� πq.
Moreover, ΛOE

pΓq corresponds to pA�
Eqψ�0 and ΛOE

pΓ1q corresponds to p1� πqφpA�
Eq under

M. Let HEpΓ1q � tfpγ0 � 1q : f P HEu, then HEpΓ1q corresponds to p1 � πqφpB�
rig,Eq. See

[PR01, Section B.2.8] for more details.

2.3 Crystalline representations and Wach modules

In this section, we recall de�nitions of crystalline representations and Wach modules. Fur-
thermore, we recall the construction of families of Wach modules from [BLZ04]. The primary
reference for this section is [BLZ04, Sections 1, 2, and 3].
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2.3.1 Crystalline representations

Let Bcrys be Fontaine's crystalline period ring. Recall that we call aQp-linearGQp-representation
V a crystalline representation if V is Bcrys-admissible. In other words, V is a crystalline rep-
resentation if the dimension of the �ltered φ-module DcryspV q � pBcrys b V qGQp is dimQpV .
For any integer j, we take Qppjq � Qp � ej, where GQp acts on ej via χj. We know that
Qppjq is a crystalline representation. Then for any crystalline representation V , the repre-
sentation V pjq � V pχjq � V bQppjq is again a crystalline representation. Moreover,we have
DcryspV pjqq � t�jDcryspV q b ej. We say a crystalline (or more generally a Hodge�Tate) rep-
resentation V is positive if its Hodge�Tate weights are negative. Note that we are assuming
the p-adic cyclotomic character has Hodge�Tate weight �1.

Let E be a �nite extension of Qp. We say that an E-linear GQp-representation V
is crystalline if and only if the underlying Qp-linear representation is crystalline. In this
case, DcryspV q is an E-vector space with E-linear Frobenius and a �ltration of E-vector
spaces. More precisely, DcryspV q is an admissible E-linear �ltered φ-module and the functor
V ÞÑ DcryspV q is an equivalence of categories from the category of crystalline E-linear rep-
resentations to the category of admissible E-linear �ltered φ-modules (see [CF00] for more
details).

2.3.1.1 Crystalline representations as �ltered φ-modules

Let Dk,v1{2a be a �ltered φ-module given by Dk,v1{2a � Ee1 ` Ee2 where:

#
φpe1q � pk�1e2

φpe2q � �e1 � pv1{2aqe2
and FiliDk,v1{2a �

$'&'%
Dk,v1{2a if i ¤ 0

Ee1 if 1 ¤ i ¤ k � 1

0 if i ¥ k.

Take e11 � v1{2e1 and e12 � e2. Thus, e11, e
1
2 is another E-basis of Dk,v1{2a. The matrix of φ

with respect to basis e11, e
1
2 is

Ãφ �
�

0 �v�1{2

v1{2pk�1 v�1{2a

�
.

Theorem 2.3.1 (Colmez-Fontaine[CF00], Berger-Li-Zhu[BLZ04]). There exists a crystalline
E-linear representation Vk,v1{2a, such that DcryspV �

k,v1{2a
q � Dk,v1{2a, where V

�
k,v1{2a

� HompVk,v1{2a, Eq.

Proof. See [BLZ04, Section I and Proposition 3.2.4]

From the above theorem, we get

DcryspV �
k,v1{2aq � Ee1 ` Ee2 � Ee11 ` Ee12.

The Hodge�Tate weights of Vk,v1{2a are 0 and k�1, and thus the Hodge�Tate weights of V �
k,v1{2a

are 0 and 1�k. Let W � V �
k,v1{2a

pχk�1bηq, where η : GQp Ñ Qp
�
is an unrami�ed character
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such that ηpFrobpq � v1{2. Therefore, W is a crystalline representation with Hodge�Tate
weights 0 and k � 1.

Let wi � e1i b t�pk�1qek�1 b eη, for i � 1, 2, where eη is a basis of Qppηq and the action
of φ on eη is given by φpeηq � ηpFrob�1

p qeη. Then w1, w2 is a basis of DcryspW q. The action
of φ on wi can be calculated as#

φpw1q � w2

φpw2q � p�1{vpk�1qw1 � pa{vpk�1qw2.

Thus, the matrix of φ with respect to basis w1, w2 is

Aφ �

����0
�1
vpk�1

1
a

vpk�1

���
.

2.3.2 Wach modules

An étale pφ,Γq-module over AQp is a free AQp- moduleM of �nite rank, with semilinear action
of φ and a continuous action of Γ commuting with each other, such that φpMq generates
M as an AQp-module. In [Fon90, A.3.4], Fontaine has constructed a functor T ÞÑ DpT q
which associates to every Zp-linear representation an étale pφ,Γq-module over AQp . The
pφ,Γq-module DpT q is de�ned as pA b T qHQp , where A is the ring de�ned in [Fon90] and
HQp � GalpQp{Qp,8q. He also shows that the functor T ÞÑ DpT q is an equivalence of
categories. By inverting p, we also get an equivalence of categories between the category of
Qp-linear GQp-representations and the category of étale pφ,Γq-modules over BQp � AQprp�1s.

If E is a �nite extension of Qp, we extend the Frobenius and the action of Γ to EbBQp

by E-linearity. We then get an equivalence of categories between OE-modules (or E-linear
GQp-representations) and the category of pφ,Γq-modules over OE b AQp (or over E b BQp),
given by T ÞÑ DpT q.

In [Ber04], Berger shows that if V is an E-linearGQp-representation, then V is crystalline
with Hodge�Tate weights in ra, bs if and only if there exists a unique EbB�

Qp
-module NpV q �

DpV q such that:

1. NpV q is free of rank d � dimEpV q over E b B�Qp
;

2. The action of Γ preserves NpV q and is trivial on NpV q{πNpV q;
3. φpπbNpV qq � πbNpV q and πbNpV q{φ�pπbNpV qq is killed by qb�a, where q � φpπq

π
and

φ�pπbpNpV qqq is B�E-submodule of NpV qrπ�1s generated by φpπbNpV qq.

Moreover, if V is crystalline and positive, then we can take b � 0. In this case, NpV q{πNpV q
is a �ltered E-module and there exists an isomorphism NpV q{πNpV q � DcryspV q as �ltered
φ-modules. See [Ber04, Section III.4] for more details.
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Let T be a GQp-stable lattice in V . Then NpT q :� DpT q XNpV q is an OE bA�
Qp
-lattice

in NpV q. By [Ber04], the functor T ÞÑ NpT q gives a bijection between the GQp-stable lattices
T in V and the OE b A�

Qp
-lattices in NpV q which satisfy

1. NpT q is free of rank d � dimEpV q over OE b A�
Qp
;

2. The action of Γ preserves NpT q;
3. φpπbNpT qq � πbNpT q and πbNpT q{φ�pπbNpT qq is killed by qb�a, where φ�pπbpNpT qqq is

A�
E-submodule of NpT qrπ�1s generated by φpπbNpT qq.

The E b B�Qp
-module NpV q � DpV q as well as OE b A�

Qp
-module NpT q � DpT q are called

Wach modules.

2.3.2.1 Families of Wach modules

In this section, we recall some results from [BLZ04].

Recall q � φpπq{π. We de�ne λ� and λ� as

λ� �
¹
n¥0

φ2n�1pqq
p

and

λ� �
¹
n¥0

φ2npqq
p

.

Lemma 2.3.2. Write pmpλ�{λ�qk�1 � °
i¥0 ziπ

i, where m �
Z
k � 2

p� 1

^
and de�ne z �

z0 � z1π � � � � � zk�2π
k�2. Then z P Zprrπss.

Proof. See [BLZ04, Proposition 3.1.1].

Let Y be a variable. De�ne a matrix

P pY q �
�

0 �v�1{2

v1{2qk�1 Y v�1{2z

�
.

Then by [BLZ04, Proposition 3.1.3], for γ P Γ, there exists a matrixGγpY q P I2�πM2,2pZprrπ, Y ssq
such that

P pY qφpGγpY qq � GγpY qγpP pY qq.
Note that φ and γ P Γ acts trivially on Y .

Lemma 2.3.3. For δ � a

pm
and γ, γ1 P Γ, we haveGγγ1pδq � Gγpδqγ1pGγ1pδqq and P pδqφpGγpδqq �

GγpδqγpP pδqq. Therefore, one can use the matrices P pδq and Gγpδq to de�ne a Wach module
Nkpδq over OErrπss.
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Proof. De�ne the free OErrπss-module of rank 2 with basis n1, n2 as: Nkpδq � OErrπssn1`
OErrπssn2. Endow it with Frobenius φ and an action of γ P Γ such that the matrix of φ with

respect to the basis n1, n2 is P pδq �
�

0 �v�1{2

v1{2qk�1 v�1{2δ � z

�
and the matrix of γ is Gγpδq.

See [BLZ04, Proposition 3.2.1] for details.

The above lemma implies E b Nkpδq � NpV �
k,v1{2a

q, where δ � a{pm, and Vk,v1{2a is the

crystalline E-linear representation in Theorem 2.3.1.Here NpV �
k,v1{2a

q is the Wach module
associated to the crystalline representation V �

k,v1{2a
. More precisely:

Theorem 2.3.4. The �ltered φ-module EbOE
pNkpδq{πNkpδqq is isomorphic to the φ-module

Dk,v1{2a de�ned in the Theorem 2.3.1.

Proof. This can be proved using [BLZ04, Proposition 3.2.4].

We adapt the above machinery in our setting. Recall that W � V �
k,v1{2a

pχk�1 b ηq.
Denote by TW the OE-lattice T pχk�1bηq inW , where T is an OE-lattice in Vk,v1{2a such that
Nkpδq � NpT �q. By an abuse of notation, we write Nkpδq � NpTW q � OErrπssn11`OErrπssn12,
where n11, n

1
2 is a basis after twisting the basis n1, n2 of NpT q with χk�1bη. Then the matrix

of φ with respect to tn11, n12u is

P �
�
0 �1{vqk�1

1 δ � z{vqk�1

�
.

Note that P � Aφmod π, since q � pmod π and δ � z � amod π. We �x this OErrπss-basis
n11, n

1
2 for NpTW q for the rest of the chapter.

2.4 Perrin-Riou's Exponential map, Coleman maps, and

the p-adic regulator

We recall de�nitions of Perrin-Rious's exponential map, the p-adic regulator, and Coleman
maps. We also explicitly study these maps and the relationship between them after �xing
some basis. The primary reference for this section is [LLZ11].

2.4.1 Iwasawa cohomology and Wach modules

Let V be any crystalline E-linear representation of GQp and let T be an OE-lattice inside V .
The Iwasawa cohomology group H1

IwpQp, T q is de�ned by

H1
IwpQp, T q � limÐÝH

1pQp,n, T q,
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where the inverse limit is taken with respect to the corestriction maps. Then, due to Fontaine
(see [CC99, Section II.1]), there exists a canonical ΛOE

pΓq-module isomorphism

h1Iw : DpT qψ�1 Ñ H1
IwpQp, T q,

where DpT q is the pφ,Γq-module associated to T .

From now on, we consider the p-adic representation W � V �
k,v1{2a

pχk�1 b ηq and the
OE-lattice TW in W studied in Section 2.3.2.1 unless mentioned otherwise. Moreover, let
DcryspTW q be the image of NpTW q{πNpTW q in DcryspW q. Then

1. DcryspTW q is �ltered φ-module over OE,

2. DcryspTW q � OE � w1 `OE � w2,

3. the matrix of φ with respect to the basis w1, w2 is Aφ.

For the representationW , the eigenvalues of the φ are α�1, β�1. From now on we assume
that α�1 and β�1 are not integral powers of the prime p. Since the Hodge�Tate weights of
W are 0 and k � 1, we have the following theorem due to Berger:

Theorem 2.4.1 (Berger, [Ber03, Theorem A.3]). For the GQp-stable OE-lattice TW in W ,
there exists a ΛOE

pΓq-module isomorphism

h1Iw,TW : NpTW qψ�1 Ñ H1
IwpQp, TW q.

Moreover, we can extend this isomorphism from ΛOE
pΓq-modules to ΛEpΓq-modules

h1Iw,W : NpW qψ�1 Ñ H1
IwpQp,W q,

where NpW q � E b NpTW q and H1
IwpQp,W q � E bH1

IwpQp, T q.
Remark 2.4.2. For a given p-adic E-linear GQp-representation V , the torsion part of

H1
IwpQp, V q is given by V GalpQp{Qppµp8 qq. But, for our representation W , by [BLZ04, The-

orem 4.1.1], WGalpQp{Qppµp8 qq � 0, and hence the Iwasawa cohomology H1
IwpQp,W q is a free

ΛEpΓq-module of rank 2.

2.4.2 Coleman maps

For the p-adic representationW and theOE-lattice TW inW , we deduce NpTW q � φ�pNpTW qq,
since the Hodge�Tate weights of W are non-negative. Here φ�pNpTW qq is A�

E-submodule of
NpTW qrπ�1s generated by φpNpTW qq (See [LLZ11, Lemma 1.7]). Hence there exists a well-
de�ned map 1� φ : NpTW q Ñ φ�pNpTW qq which maps NpTW qψ�1 to pφ�NpTW qqψ�0.

Theorem 2.4.3 (Lei�Loe�er�Zerbes, Berger). The ΛOE
pΓq-module pφ�NpTW qqψ�0 is free

of rank 2. Moreover, for any basis v1, v2 of DcryspTW q, there exists an OE b A�
Qp
-basis n1, n2

of NpTW q such that ni � vimod π and p1 � πqφpn1q, p1 � πqφpn2q form a ΛOE
pΓq-basis of

pφ�NpTW qqψ�0.
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Proof. See[LLZ10, Lemma 3.15] for the proof for any crystalline representation of dimension
d.

The above theorem gives an isomorphism of ΛOE
pΓq-modules

J : pφ�NpTW qqψ�0 Ñ ΛOE
pΓq`2.

De�nition 2.4.4 (The Coleman map). We de�ne the Coleman map

Col � pColiq2i�1 : NpTW qψ�1 Ñ ΛOE
pΓq`2

as the composition J � p1� φq.

This Coleman map Col can be extended to a map from NpW q to get a ΛEpΓq-module
homomorphism

Col : NpW qψ�1 Ñ ΛEpΓq`2.

From the above discussion, for the �xed basis n11, n
1
2 for NpTW q and basis w1, w2 for

DcryspTW q, we get a matrix M as follows: The elements p1� πqpφpn11qq, p1� πqpφpn12qq form
a ΛOE

pΓq-basis of pφ�NpTW qqψ�0. Furthermore the elements p1� πq bw1, p1� πq bw2 form
a basis of pB�

rig,Eqψ�0 b DcryspTW q as a HEpΓq-module. Since n1i � wi mod π for i � 1, 2,
there exists a unique 2� 2 matrix M PM2,2pHEpΓqq such that�p1� πqφpn11q p1� πqφpn12q

� � �p1� πq b w1 p1� πq b w2

�
M. (2.4.1)

That is, M is a change of basis matrix for the following homomorphism of HEpΓq-modules:

pφ�NpTW qqψ�0 ãÑ pB�rig,Eqψ�0 b DcryspTW q.

Remark 2.4.5. More precisely, M P M2,2pHpΓ1qq, since n1i lie in p1 � πqφpNpTW qq � p1 �
πqφpB�rig,Eq b DcryspTW q.

This matrix M will play a crucial role in the upcoming sections. More precisely, we will
show that M is a logarithmic matrix (in the sense of Sprung and Lei�Loe�er�Zerbes) that
can be used in the decomposition of power series with unbounded denominators.

2.4.3 Perrin-Riou's Exponental map, the p-adic regulator and the

relation between them

Recall that the eigenvalues of φ are not integral powers of p. Under this assumption, we can
construct the Perrin-Riou's exponentia map as (see [PR94, Section 3.2.3], [Ber03, Section
II.5] for the details)

ΩTW ,k�1 : OE b pB�rig,Qp
qψ�0 b DcryspTW q Ñ HEpΓq bH1

IwpQp, TW q.
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Note that this map is a ΛOE
pΓq-module homomorphism. We can extend this to a ΛEpΓq-

module homomorphism

ΩW,k�1 : E b pB�
rig,Qp

qψ�0 b DcryspW q Ñ HEpΓq b H1
IwpQp,W q.

This map interpolates the Bloch�Kato exponential map

expn,j : Qp,n b DcryspW pjqq Ñ H1pQp,n,W pjqq,

where j is any integer.

Recall we have �xed a topological generator u of 1 � pZp in Section 2.2. For i P Z,

de�ne ℓi �
logpp1�Xq

logppuq
� i. It is easy to see that ℓi P HEpΓq for all integers i. Berger gave a

description of ΩW,k�1 in the terms of ℓi's (see [Ber03, Section II.1, Theorem II.13] for more
details) as follows:

ΩW,k�1pzq � pℓk�2 � � � � � ℓ0qp1� φq�1pz̄q, (2.4.2)

where z P HEpΓq b DcryspW q and z̄ � pMb 1qpzq.
De�nition 2.4.6 (The p-adic regulator). The Perrin-Riou p-adic regulator map LTW for the
GQp-stable OE-lattice TW in W is a ΛOE

pΓq-homomorphism de�ned as

LTW :� pM�1 b 1q � p1� φq � ph1Iw,TW q�1 : H1
IwpQp, TW q Ñ HEpΓq b DcryspTW q.

The p-adic regulator LTW can be extended to a ΛEpΓq-homomorphism as

LW : H1
IwpQp,W q Ñ HEpΓq b DcryspW q.

The p-adic regulator map LW and the exponential map ΩW,k�1 are related by the fol-
lowing lemma:

Lemma 2.4.7. As maps on H1
IwpQp,W q, we have

LW � pM�1 b 1qp
k�2¹
i�0

ℓiqpΩW,k�1q�1.

In other words,

ΩW,k�1pLW pzqq � p
k�2¹
i�0

ℓiqpzq, (2.4.3)

for all z P H1
IwpQp,W q.

Proof. See [LLZ11, Theorem 4.6].

The following lemma gives a relationship between LTW and the Coleman maps.
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Lemma 2.4.8 (Lei�Loe�er�Zerbes [LLZ11, Lemma 3.3]). For z P NpTW qψ�1, we have

p1� φqpzq � �p1� πq b w1 p1� πq b w2

�
M Colpzq.

Thus, we can rewrite LTW in terms of p1� πq b w1, p1� πq b w2 as

LTW pzq �
�p1� πq b w1 p1� πq b w2

�
M
�
Col �ph1Iw,TW q�1

� pzq,
where z P H1

IwpQp, TW q.

Proof. This can be proved using.

p1� φqpzq � �p1� πqφpn1q p1� πqφpn2q
� � Colpzq,

and the de�nitions of M and LTW .

Now for z P H1
IwpQp, TW q, LTW pzq is an element of HEpΓq b DcryspTW q. Hence, we can

apply any character of Γ to LTW pzq to get an element in E b DcryspTW q.
Proposition 2.4.9. Let z P H1

IwpQp, TW q. Then for any integer 0 ¤ i ¤ k � 2, and for any
Dirichlet character ω of conductor pn ¡ 1, we have

p1� φq�1p1� p�1φ�1qχipLTW pzq b tie�iq P Fil0pDcryspTW p�iqqq, (2.4.4)

φ�npχiωpLTW pzq b tie�iqq P Qp,n b Fil0DcryspTW p�iqq, (2.4.5)

where χ is the p-adic cyclotomic character and e�i is the basis of DcryspZpp�iqq.

Proof. We replace V with TW in [LLZ11, Proposition 4.8] and the result follows.

Lemma 2.4.10. We have

detpLW q �
k�2¹
i�0

ℓi.

Proof. Since the Hodge�Tate weights of W are 0 and k � 1, we have

dimEpFiliDcryspW qq � 1,

for all �pk�2q ¤ i ¤ 0. Thus, replacing V with W , putting d � 2 and ni � 1 for all integers
0 ¤ i ¤ pk � 2q in [LLZ11, Corollary 4.7], we get

detpLW q �
k�2¹
i�0

pℓiq2�1.
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2.4.4 The matrices of ΩW,k�2,LW and their connection with M

For the rest of the chapter, �x an eigenbasis Beig � twα, wβu of φ for DcryspTW q, that is, Beig

is a basis for DcryspTW q and φpwαq � pαq�1wα and φpwβq � pβq�1wβ. Thus, p1�πqbwα, p1�
πqbwβ is a basis for pB�rig,Eqψ�0bDcryspTW q. We denote the basis tw1, w2u for DcryspTW q by
B, which we have de�ned in subsection 3.1.

Recall that the matrix of φ with respect to B is

Aφ �
�
0 �1{vpk�1

1 a{vpk�1

�
,

and thus we get �
α�1 0

0 β�1

�
� Q�1AφQ,

where Q �
�

α �β
�vpk�1 vpk�1

�
.

We know that the ΛOE
pΓq-rank of H1

IwpQp, TW q is 2, since dimE DcryspW q � 2 and TW is
an OE-lattice in W . See [PR94, Section 3.2] and [Ber03, Proposition 2.7] for precise details.
Thus, we may �x a ΛOE

pΓq-basis tz1, z2u for H1
IwpQp, TW q.

2.4.4.1 The matrix of ΩTW ,k�1

Using the expoential map ΩTW ,k�1, we obtain the following equations

ΩW,k�1pp1� πq b wαq � a � z1 � c � z2,
ΩW,k�1pp1� πq b wβq � b � z1 � d � z2,

where a, b, c, d are elements in the distribution ring HEpΓq. In other words, we can write
these equations as

�
ΩW,k�1pp1� πq b wαq ΩW,k�1pp1� πq b wβq

� � �z1 z2
��a b

c d

�
.

Therefore, with respect to the basis tz1, z2u for H1
IwpQp, TW q and the basis Beig for DcryspTW q

we can describe the matrix MΩ of ΩTW ,k�1 as,

MΩ �
�
a b

c d

�
. (2.4.6)

Recall that, if F P HE,rpΓq, we say F is Oplogrpq.

Lemma 2.4.11. The elements a, c are Oplogvppβqp q, whereas b, d are Oplogvppαqp q.
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Proof. From [PR94, Section 3.2.4], we note that for any OE-lattice T in a crystalline rep-
resentation V , if f is an element of pB�rig,Eqψ�0 b DνpT pjqq, where DνpT pjqq is a subspace of

DcryspT pjqq in which φ has slope ν, then ΩT pjq,h�jpfq is Oplogh�νp q and h P Z¡0 such that

Fil�hpDcryspT qq � DcryspT q. In other words, ΩT pjq,h�jpfq lies in Hh�νpΓq bH1
IwpQp, T pjqq.

For the crystalline representation W and the lattice TW in W , we know that φpwαq �
α�1wα and φpwβq � β�1wβ. Thus, ΩTW ,k�1pp1� πq b wαq is Oplogpk�1q�vppαq

p q � Oplogvppβqp q,
since vppαq � vppβq � k � 1. Similarly, ΩTW ,k�1pp1� πq b wβq is Oplogvppαqp q.

But ΩTW ,k�1pp1 � πq b wαq � a � z1 � c � z2 P HE,vppβqpΓq b H1
IwpQp, TW q. Therefore we

conclude that a and c have growth Oplogvppβqp q. In the same manner, b and d have growth

Oplogvppαqp q.

2.4.4.2 The matrix of the p-adic regulator LTW

After applying the p-adic regulator LTW on the ΛOE
pΓq-basis z1, z2 of H1

IwpQp, TW q, we get

LTW pz1q � x1 � wα � x3 � wβ,
LTW pz1q � x2 � wα � x4 � wβ.

We can rewrite these equations as

�
LTW pz1q LTW pz2q

� � �wα wβ
��x1 x2

x3 x4

�
. (2.4.7)

Hence, using the basis tz1, z2u for H1
IwpQp, TW q and the basis Beig for DcryspTW q, we get

a matrix rLTW sBeig
PM2,2pHEpΓqq of LTW as

rLTW sBeig
�
�
x1 x2

x3 x4

�
. (2.4.8)

Lemma 2.4.12. We have the equation

rLTW sBeig
� adjMΩ, (2.4.9)

where adjMΩ is the adjugate matrix of MΩ. In particular, x1, x2 are Oplogvppαqp q and x3, x4
are Oplogvppβqp q.

Proof.

From Lemma 2.4.7, we know that

ΩW,k�1 � LW �
�
k�2¹
i�0

ℓi

�
.
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By restricting to the OE-lattice TW in W , we have, for any z P H1
IwpQp, TW q,

ΩTW ,k�1pLTW pzqq �
�
k�2¹
i�0

ℓi

�
pzq.

Thus, by using the ΛOE
pΓq-basis tz1, z2u for H1

IwpQp, TW q, we get

ΩTW ,k�1pLTW pz1qq �
�
k�2¹
i�0

ℓi

�
pz1q, (2.4.10)

ΩTW ,k�1pLTW pz2qq �
�
k�2¹
i�0

ℓi

�
pz2q. (2.4.11)

In matrix form, we can rewrite the equations (3.7.1) and (3.7.2)

MΩrLTW sBeig
�
�
k�2¹
i�0

ℓi

�
I2.

From Lemma 2.4.10, we have detpLTW q �
±k�2

i�0 ℓi, hence we have detprLTW sBeig
q �±k�2

i�0 ℓi.
Thus

MΩrLTW sBeig
� detpLTW qI2.

Hence, �
x1 x2

x3 x4

�
� rLTW sBeig

� adjMΩ �
�
d �b
�c a

�
, (2.4.12)

where adjMΩ is the adjugate matrix of the matrix MΩ. Thus, from Lemma 2.4.11, we get
x1, x2 have growth Oplogvppαqp q and x3, x4 have growth Oplogvppβqp q.

We use the basis B of DcryspTW q and the basis tz1, z2u for H1
IwpQp, TW q to get another

matrix rLTW sB such that �
LTW pz1q LTW pz2q

� � �w1 w2

� rLTW sB.
Since

�
w1 w2

� � �wα wβ
�
Q�1, we have

rLTW sBeig
� Q�1rLTW sB. (2.4.13)

For any non-negative integer n, we write ωnp1�Xq � p1�Xqpn � 1. Let Φnp1�Xq �
ωnp1�Xq{ωn�1p1�Xq be the pn-th cyclotomic polynomial for integers n ¡ 1. Recall from
Section 2, topological generators γ0 of Γ1 and u of 1 � pZp such that χpγ0q � u, where χ is
the p-adic cyclotomic character. For any integer m ¥ 1, we de�ne

Φn,mp1�Xq �
m�1¹
j�0

Φnpu�jp1�Xqq,
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ωn,mp1�Xq �
m�1¹
j�0

ωnpu�jp1�Xqq,

δmpXq �
m�1¹
j�0

pu�jp1�Xq � 1q,

logp,mp1�Xq �
m�1¹
j�0

logppu�jp1�Xqq.

Remark 2.4.13. Note that the zeros of logp,mp1 � Xq, all having simple order, are of the
form ujζ � 1, where ζ is a pn-th root of unity, for all n ¥ 1 and for all 0 ¤ j ¤ m� 1.

Recall from Proposition 3.4.2, for any Dirichlet character ω of conductor pn, n ¡ 1, we
have

φ�npχiωpLTW pzq b tie�iqq P Qp,n b Fil0DcryspTW p�iqq,
for any z P H1

IwpQp, TW q and 0 ¤ i ¤ pk � 2q.
Proposition 2.4.14. The second row of the matrix rφ�nLTW sB is divisible by Φn�1,k�1pγ0q
over HEpΓq, for all integers n ¡ 1.

Proof. The Hodge�Tate weights of the crystalline representation W are 0 and k� 1. Thus,
for 0 ¤ i ¤ k � 2, we have

dimEpFil0DcryspW p�iqqq � dimEpFil�iDcryspW qq � 1.

We know that Fil�iDcryspTW q is a rank one free OE-submodule of DcryspTW q generated by w1

for all 0 ¤ i ¤ k � 2. Thus, Fil0DcryspTW p�iqq is generated by w1 b tie�i.

Write

φ�npLTW pzq b tie�iq � F1,z � pw1 b p�nitie�iq � F2,z � pw2 b p�nitie�iq, (2.4.14)

where F1,z, F2,z P HEpΓq and z P H1
IwpQp, TW q.

Thus, (2.4.5) implies
F2,zpχiωq � 0, (2.4.15)

for all 0 ¤ i ¤ k � 2 and for all Dirichlet character ω of conductor pn, where n ¡ 1. Then
[LLZ10, Theorem 5.4] implies Φn�1,k�1pγ0q divides F2,z.

Using the basis z1, z2 for H
1
IwpQp, TW q and the basis B for DcryspTW q, we get�

φ�npLTW pz1q b tie�iq φ�npLTW pz2q b tie�iq
� � �w1 b tie�i w2 b tie�i

��F1,z1 F1,z2

F2,z1 F2,z2

�
.

Then the matrix of φ�nLTW with respect to basis B is

rφ�nLTW sB �
�
F1,z1 F1,z2

F2,z1 F2,z2

�
.

Note that rφ�nLTW sB P M2,2pHpΓqq. Hence, using (2.4.15), we deduce that Φn�1,k�1pγ0q
divides both F2,z1 and F2,z2
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For n ¡ 1, we can write�
φ�npLTW pz1qq φ�npLTW pz2qq

� � �φ�npwαq φ�npwβq
� rLTW sBeig

,

� �wα wβ
��αn 0

0 βn

�
rLTW sBeig

.

Thus, we get a matrix for φ�nLTW with respect to the eigenbasis Beig for DcryspTW q and using
(2.4.8), we get

rφ�nLTW sBeig
�
�
αn 0

0 βn

�
rLTW sBeig

�
�
αnx1 αnx2

βnx3 βnx4

�
. (2.4.16)

2.5 Logarithmic matrixM and the factorization of power

series in one variable

In this section, we will �rst explore some properties ofM which imply thatM is a logarithmic
matrix in the sense of Sprung and Lei�Loe�er�Zerbes. Next, we will use M to decompose
power series with certain growth conditions into power series with bounded coe�cients.

2.5.1 Properties of M

For any z P H1
IwpQp, TW q, we have

LTW pzq �
�p1� πq b w1 p1� πq b w2

�
M

�
Col1pzq
Col2pzq

�
.

In matrix form, we write

�
LTW pz1q LTW pz2q

� � �p1� πq b w1 p1� πq b w2

�
M

�
Col1pz1q Col1pz2q
Col2pz1q Col2pz2q

�
.

Thus,

rLTW sB �M

�
Col1pz1q Col1pz2q
Col2pz1q Col2pz2q

�
. (2.5.1)

Similarly, we have

rLTW sBeig
� Q�1M

�
Col1pz1q Col1pz2q
Col2pz1q Col2pz2q

�
, (2.5.2)

since rLTW sBeig
� Q�1rLTW sB.

Proposition 2.5.1. The elements in the �rst row of Q�1M are inside HE,vppαqpΓ1q, while
the elements in the second row are in the HE,vppβqpΓ1q.
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Proof. Recall from Lemma 2.4.12,

rLTW sBeig
� adjMΩ �

�
x1 x2

x3 x4

�
.

Therefore, (2.5.2) implies�
x1 x2

x3 x4

�
� Q�1M

�
Col1pz1q Col1pz2q
Col2pz1q Col2pZ2q

�
.

But Colipzjq are Op1q for i, j P t1, 2u, since they lie in the Iwasawa algebra ΛEpΓq. Therefore,
after writing Q�1M �

�
P1 P2

P3 P4

�
, we get

�
x1 x2

x3 x4

�
�
�
P1 P2

P3 P4

��
Col1pz1q Col1pz2q
Col2pz1q Col2pZ2q

�
. (2.5.3)

We take isotypic components on both sides with respect to the trivial character of ∆.

After writing rCol∆s for
�
Col∆1 pz1q Col∆1 pz2q
Col∆2 pz1q Col∆2 pZ2q

�
, equation (2.5.3) becomes

�
x∆1 x∆2

x∆3 x∆4

�
adjrCol∆s �

�
P1 P2

P3 P4

�
detprCol∆sq. (2.5.4)

The result follows from the Lemma 2.4.12, since detprCol∆sq is again Op1q and x∆1 , x
∆
2 P

HE,vppαqpΓ1q and x∆3 , x∆4 P HE,vppβqpΓ1q.
Lemma 2.5.2. The second row ofA�n

φ M is divisible by the cyclotomic polynomial Φn�1,k�1pγ0q
over HEpΓ1q.

Proof. We know that

�
LTW pz1q LTW pz2q

� � �p1� πq b w1 p1� πq b w2

�
M

�
Col1pz1q Col1pz2q
Col2pz1q Col2pz2q

�
.

Let us denote

�
Col1pz1q Col1pz2q
Col2pz1q Col2pz2q

�
by rCols. By an abuse of notation, we write φ for 1bφ.

Here 1b φ mean φ does not act on p1� πq and acts as φ on wi.

After applying φ�n on both sides of the above equation, we obtain

φ�n
��
LTW pz1q LTW pz2q

�� � �φ�npLTW pz1qq φ�npLTW pz2qq
�
,

� �p1� πq b φ�npw1q p1� πq b φ�npw2q
�
M rCols,

� �p1� πq b w1 p1� πq b w2

�
A�n
φ M rCols.
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Therefore, we get
rφ�nLTW sB � A�n

φ M rCols.
After rearranging the above equation, we get

rφ�nLTW sB adjrCols � A�n
φ M detprColsq, (2.5.5)

From [LLZ11, Proposition 4.11, Theorem 4.12, Corollary 4.15], we can conclude that Φn�1,k�1pγ0q
does not divide detprColsq. Thus, the result follows from Proposition 2.4.14.

Lemma 2.5.3. The determinant of matrix M is
logp,k�1pγ0q
δk�1pγ0 � 1q upto a unit in ΛEpΓ1q.

Proof. This is [LLZ11, Corollary 3.2]. See also [BL21, Lemma 2.7].

Thus, Proposition 2.5.1, Lemma 2.5.2, and Lemma 2.5.3 imply that the matrix M is a
logarithmic matrix in the sense of Sprung and Lei�Loe�er�Zerbes.

2.5.2 Factorization using M

Let F,G be power series in HEpΓq. We write F � G, if F is OpGq and G is OpF q. Recall
that, for power series Fand G, we say F is OpGq if }F }ρ � Op}G}ρq as ρÑ 1�.

Lemma 2.5.4. We have detpMq � logk�1
p .

Proof. From Lemma 2.5.3, we get detpMq � � logp,k�1pγ0q
δk�1pγ0 � 1q , where � is a unit in ΛEpΓq.

Hence the result follows from the de�nition of logk�1
p pγ0q and the fact that δk�1pγ0 � 1q is

polynomial and hence Op1q.
Theorem 2.5.5. For λ P tα, βu, let Fλ P HE,vppλqpΓq, such that for any integer 0 ¤ j ¤
k � 2 and for any Dirichlet character ω of conductor pn we have Fλpχjωq � λ�nCω,j, where
Cω,j P Qp that is independent of λ. Then, there exist F5, F7 P ΛEpΓq such that�

Fα

Fβ

�
� Q�1M

�
F7

F5

�
. (2.5.6)

Proof. From Lemma 2.5.2, we know that the second row ofA�n
φ M is divisible by Φn�1,k�1pγ0q.

Hence we can write

A�n
φ M �

�
a b

c � Φn�1,k�1pγ0q d � Φn�1,k�1pγ0q

�
,

where a, b, c, d are power series.
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Recall, Q�1 � 1
detQ

�
vpk�1 β

vpk�1 α

�
, and adjQ�1M �

�
P4 �P2

�P3 P1

�
. Note that detQ � 0

since α � β.

Thus for every positive integer n, we have

Q�1M � Q�1AnφQQ
�1A�n

φ M,

�
�� 1

αn 0

0 1
βn

�
 1

detQ

��vpk�1 β

vpk�1 α

�
�� a b

c � Φn�1,k�1pγ0q d � Φn�1,k�1pγ0q

�
,
� 1

detQ

�� 1
αn 0

0 1
βn

�
��a � vpk�1 � β � c � Φn�1,k�1pγ0q b � vpk�1 � β � d � Φn�1,k�1pγ0q

a � vpk�1 � α � c � Φn�1,k�1pγ0q b � vpk�1 � α � d � Φn�1,k�1pγ0q

�
,
� 1

detQ

�� 1
αn pa � vpk�1 � β � c � Φn�1,k�1pγ0qq 1

αn pb � vpk�1 � β � d � Φn�1,k�1pγ0qq
1
βn pa � vpk�1 � α � c � Φn�1,k�1pγ0qq 1

βn pb � vpk�1 � α � d � Φn�1,k�1pγ0qq

�
.
Hence

adjQ�1M � 1

detQ

����
1

βn
pb � vpk�1 � α � d � Φn�1,k�1pγ0qq �1

αn
pb � vpk�1 � β � d � Φn�1,k�1pγ0qq

�1
βn

pa � vpk�1 � α � c � Φn�1,k�1pγ0qq 1

αn
pa � vpk�1 � β � c � Φn�1,k�1pγ0qq

���
.
(2.5.7)

For integer 0 ¤ j ¤ pk � 2q, and Dirichlet character ω of conductor pn, equation (2.5.7)
implies

padjQ�1Mqpχjωq �

����
1

βn
� �1

αn
�

�1
βn

�1 1

αn
�1

���
,
where �, �1 are in Qp.

Thus, if we write F1 � P4Fα � P2Fβ, then, from (2.5.7), we get

F1pχjωq � P4pχjωqFαpχjωq � P2pχjωqFβpχjωq,

� 1

βn
�Cω,j
αn

� 1

αn
�Cω,j
βn

,

� 0.

Similarly, if we write F2 � �P3Fα � P1Fβ, then F2pχjωq � 0.

Hence, for every positive integer n, the zeros of Φn�1,k�1 are also zeros of F1 and F2.

In other words, the roots of detpQ�1Mq � psome constantq logp,k�1pγ0q
δk�1pγ0 � 1q are also the roots of

F1, and F2. Therefore, detQ
�1M divides both F1, F2 in HEpΓq.
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Note that P4Fα is Oplogk�1
p q, since P4 is Oplogvppβqp q and Fα is Oplogvppαqp q. Similarly,

P2Fβ, P3Fα, and P1Fβ are Oplogk�1
p q.

Let

F7 � P4Fα � P2Fβ
detQ�1M

and F5 � �P3Fα � P1Fβ
detQ�1M

. (2.5.8)

Then F7 and F5 have bounded coe�cients since the numerators of both of them are Oplogk�1
p q,

denominators of both of them are detpQ�1Mq and by Lemma 2.5.4 detpQ�1Mq � logk�1
p .

Hence F7 and F5 are Op1q (i.e. bounded). Therefore, we can conclude that F7 and F5 are in
ΛEpΓq. This completes the proof.

2.6 Preliminaries about ray class groups, Hecke charac-

ters, and the two variable distribution algebras

For the rest of the chapter, we �x a quadratic imaginary �eld K and a prime p ¥ 3 which
splits in K as pOK � pp. Let hK ¥ 1 be the class number of K.

Assumption 2.6.1. For the rest of the chapter, we assume that p ∤ hK .

2.6.1 Ray class groups and ray class �elds

Let K8 be the unique Z2
p extension of K. If I is an ideal of K, we write GI for the ray class

group K modulo I. We de�ne

ClpK, p8q � Gp8 � limÐÝ
n

Gppqn , Gp8 � limÐÝ
n

Gpn , Gp8 � limÐÝ
n

Gpn .

These are the Galois groups of the ray class �elds Kpp8q, Kpp8q and Kpp8q respectively.
For q P tp, pu, let Hpq8q be the sub�eld of Gq8 such that GalpHpq8q{Kq � Zp. Note
Hpq8q � K8.

Remark 2.6.2. We have an isomorphism Gp8 � ∆K � Zp � Zp � ∆ � xγpy � xγpy, where
∆K is a �nite abelian group, γp and γp topologically generate Zp parts of Gp8 and Gp8

respectively. Here by xxy we mean the topological closure of the cyclic group generated by
x.

Remark 2.6.3. By the assumption p ∤ hK , there exists a unique prime in K8 above p and
a unique prime above p. By an abuse of notation, we will also denote by p and p by the
unique prime above p and p respectively in K8. Therefore, for q P tp, pu, GalpHpq8qq{Kqq �
xγqy � GalpHpq8q{Kq � Zp.

Since p splits inK, the local �eldKq is isomorphic toQp, for q P tp, pu. Thus,1�πqOKq �
1� pZp, where πq is a uniformizer of OKq . Recall the topological generator u P 1� pZp such
that χpγ0q � u, where γ0 generates Γ1 � Zp, and χ is p-adic cyclotomic character. Thus, we
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may set up � up � u, where uq is a topological generator of 1� πqOKq . From now on, we �x
this u.

By local class �eld theory, there exists a group isomorphism (Artin map)

Artq : O�
Kq

Ñ GalpHpq8qq{Kqq � GalpHpq8q{Kq,
such that

Artqpuqq � Artqpuq � γq,

where γq is a topological generator of GalpHpq8qq{Kqq. By an abuse of notations, let γq be
a topological generator of GalpHpq8q{Kq and Artqpuq � γq.

2.6.2 Hecke characters as the characters on the ray class groups

Let A�
K denote the group of ideles of K and write A�

K � A�
8 � A�

f , where A�
8 is the in�nite

part and A�
f is the �nite part. We can embed K� into A�

K diagonally. Fix embeddings

i8 : Q ãÑ C and ip : Q ãÑ Cp.

De�nition 2.6.4 (Hecke characters).

1. A Hecke character Ξ of K is a continuous homomorphism Ξ : A�
K Ñ C� that is

trivial on K�. In other words, a Hecke character of K is a continuous homomorphism
Ξ : K�zA�

K Ñ C�.

2. We say a Hecke character Ξ is algebraic if for each embedding κ : K ãÑ C, there exists
nκ P Z such that Ξpxq � ±κpκpxqq�nκ for each x in the connected component of the
identity in K�

8.

3. Let Ξ : K�zA�
K Ñ C� be an algebraic Hecke character of K. We say that Ξ has in�nity

type pq, rq P Z2 if Ξ8pzq � zqzr, where for each place v of K, we let Ξv : K
�
v Ñ C� be

the v-component of Ξ.

4. The conductor of a Hecke character Ξ is an ideal f :�±p p
np , where the product runs

over all primes of K, such that

� np � 0 for almost all primes p,

� for �nitely many primes p, np P Z¡0and Ξpp1� pnpq � 1. Moreover, np is minimal
with this property.

From now on, all the Hecke characters mentioned in this chapter are algebraic Hecke
characters. We can view Hecke characters as p-adic characters:

De�nition 2.6.5 (p-adic avatar of an algebraic Hecke character). Let Ξ be a Hecke character
of K of conductor pnppnp and in�nity type pa, bq. The p-adic avatar of Ξ is de�ned aspΞpxq :� xapx

b
p � ipi�1

8 pΞpxfinqq,
where x P A�

K , and for q P tp, pu, xq are the q componenets of x. See also [Wil17, Section
7.3].
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By the class �eld theory, the correspondence Ξ ÞÑ pΞ establishes a bijection between
the set of algebraic Hecke characters of K of conductor dividing pp8q and the set of locally
algebraic Qp-valued characters of Gp8 . See [Wil17, Theorem 7.3].

Now we combine this p-adic avatar of the Hecke character and the global Artin reci-
procity map rec to de�ne a Galois character on the ray class group Gp8 .

Let Ξ be a Hecke character of K of conductor pnppnp and in�nity type pa, bq.
De�nition 2.6.6. The p-adic Galois character of Ξ is rΞ : Gab

K Ñ C�
p given by

rΞ � pΞ � rec�1,

where rec : A�
K{K� Ñ Gab

K is the global Artin reciprocity.

Note that Gp8 � Gab
K and Remark 2.6.3 implies rec�1pγqq � Art�1

q pγqq.
By an abuse of notation, let rΞ denote rΞ |Gp8

. De�ne rΞq :� rΞ|xγqy. Hence, if Ξ is a Hecke

character of the in�nity type pa, bq and conductor pnppnp , then

rΞppγpq � uaζp,

and rΞppγpq � ubζp,

where ζq is a ppnq�1q-th root of unity. In other words, for any σ P ∆K ,

rΞpσ � γp � γpq � rΞppγpq � rΞppγpq � some root of unity. (2.6.1)

From the above discussion, we get

qΞ :� rΞ|xγpy�xγpy � rΞp � rΞp.

Moreover, for any Hecke character ω1 of in�nity type pa, 0q and conductor pnp and Hecke
character ω2 of in�nity type p0, bq, and conductor pnp , then the product�ω1p ��ω2p is a character

on xγpy � xγpy.

2.6.3 Two variable distribution modules

We will extend HEpΓ1q from previous sections. Let

HCp,rpΓ1q � tfpγ0 � 1q : fpXq �
¸
n¥0

anX
n P CprrXss, sup

n
pn�r|an|pq   8u.

and
HCppΓ1q �

¤
r¥0

HCp,rpΓ1q.

Note that HEpΓ1q � Errγ0 � 1ss�HCppΓ1q, for any �nite �eld extension E of Qp.
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For q P tp, pu, de�ne a map τq � Artq �χ between Γ1 and Γq :� GalpHpq8q{Kq which
sends γ0 to γq. This change of variable map can be extended to ring isomorphisms

τq : HCppΓ1q Ñ HCppΓqq,
fpγ0 � 1q ÞÑ fpγq � 1q.

Similarly, for any �nite �eld extension E of Qp, we again have an isomorphism

τq : HEpΓ1q Ñ HEpΓqq.

For any �nite extension E of Qp, let

ΛEpGp8q � Er∆Ks bOE
ΛOE

pΓpqpbOE
ΛOE

pΓpq,
where ΛOE

pΓqq is the Iwasawa algebra OErrΓqss for q P tp, pu. The two-variable Iwasawa
algebra ΛEpGp8q is isomorphic to the power series ring

Er∆Ks bOE
OErrT1, T2ss,

by identifying γp � 1 with T1 and γp � 1 with T2.

We de�ne the
HCp,r,s :� HCp,rpΓpqpbCpHCp,spΓpq,

and
HE,r,s :� HCp,r,s X Errγp � 1, γp � 1ss,

for any �nite extension E of Qp. Thus

HE,r,s � HE,rpΓpqpbEHE,spΓpq.
We also de�ne

HCp,r,spGp8q :� Cpr∆Ks bCp HCp,r,s,

and
HE,r,spGp8q :� Er∆Ks bE HE,r,s,

where ∆K is the �nite abelian group appearing in the Galois group Gp8 .

Note that
ΛEpGp8q � HE,0,0pGp8q,

since we can identifyHE,0pΓqq with ΛEpΓqq for q P tp, pu. Moreover,HE,r,s is a ΛEpΓpqpbEΛEpΓpq-
module, and HE,r,spGp8q is a ΛEpGp8q-module.

For F P HE,r,s, and a Hecke character Ξ of the in�nity type pa, bq and conductor pnppnp ,
de�ne

F prΞpq :� F puaζp � 1, γp � 1q, (2.6.2)

F prΞpq :� F pγp � 1, ubζp � 1q, (2.6.3)

where ζq is a primitive ppnq�1q-th root of unity for q P tp, pu.
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Lemma 2.6.7. Let E be a �nite extension of Qp, F P HE,r,s be a power series and let

Ξ be a Hecke character of K of in�nity type pa, bq and conductor pnp .pnp . Then, F prΞpq P
HEprΞppγpqq,s

pΓpq and F prΞpq P HEprΞppγpqq,r
pΓpq, where EprΞqpγqqq is �nite extension of E by

adjoining values of rΞqpγqq for q P tp, pu.

Proof. The power series F belongs to the power series ring HE,r,s which is completed tensor

product of HE,rpΓpq and HE,spΓpq. Thus, if we substitute γp by uaζp, then F
prΞpq will be a

power series with growth s and the coe�cients of F prΞpq will be in EprΞppγpqq.
Similarly, substituting γp by u

bζp, then F
prΞpq P HEprΞpppqq,s

pΓpq.

Isotypical components. Let η : ∆K Ñ Z�p (or η : ∆K Ñ Qp
�
) be a character, where

∆K is a �nite abelian subgroup appearing in Gp8 . Write eη � 1
|∆K |

°
σP∆ η

�1pσqσ. For

� P tCp, Eu, if F P H�,r,spGp8q, write F η � eηpF q for its image in eηpH�,r,spGp8qq � H�,r,s.
Note that this isomorphism is a module isomorphism. If η � 1, we simply write F∆K instead
of F η. Note that F∆K P H�,r,s.

After this point, our integer k will be greater than or equal to 0 rather than 2, since we
will be working with Bianchi modular forms which are cohomological in nature.

2.7 Cuspidal Bianchi modular forms and their p-adic L-

functions

In this section, we will brie�y recall the de�nition of Bianchi modular forms, their L-
functions, and the p-adic L-functions constructed by Williams in [Wil17].

2.7.1 Bianchi modular forms

We de�ne Bianchi modular forms adelically. Fix a quadratic imaginary �eld K. Let σ denote
an embedding K ãÑ C, and let c denote the complex conjugate, i.e., c � σ.

De�nition 2.7.1 (Level). Let yOK :� OK b pZ. For any ideal m P OK , de�ne

1. Ω0pmq :�
"�

a b
c d



P GL2pyOKq : c P myOK

*
,

2. Ω1pmq :�
"�

a b
c d



P GL2pyOKq : c P myOK , a, d P 1�myOK

*
.

Fix k, ℓ P Z¥0. For any ring R, Vk�ℓ�2pRq denotes the space of homogeneous polynomials
over R in two variables of degree k � ℓ� 2.

Let ε be a Hecke character of in�nity type p�k,�ℓq and conductor dividing the level m.

For xf �
�
a b
c d



P Ω0pmq, set εmpxf q � εmpdq �

±
q|m εqpdqq.
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De�nition 2.7.2 (Bianchi modular forms). We say a function

F : GL2pAKq Ñ Vk�ℓ�2pCq
is a cuspform of weight pk, ℓq, level m (i.e. level Ω1pmq), and central action of ε if it satis�es

1. Fpzgq � εpzqFpgq for z P A�
K � ZpGL2pA�

Kqq;
2. For all u � uf � u8 P Ω0pmqSU2pCq,

Fpguq � εmpuf qFpgqρk�ℓ�2pu8q,
where ρ : SU2pCq Ñ GLpVk�ℓ�2pCqq is an irreducible right representation;

3. The function F is left-invariant under the group GL2pKq.
4. The function F is an eigenfunction of Casimir operators Bid and Bc, with eigenvalues
k2{2 � k and ℓ2{2 � ℓ respectively. Here Bid{4, Bc{4 are components of the Casimir
operator in the Lie algebra sl2pCq bR C.

5. We say F is a cuspidal Bianchi modular form if F satis�es the cuspidal condition for
all g P GL2pAKq, that is, we have»

KzAK

Fpugq du � 0,

where we consider AK inside GL2pAKq, by the map sending u Ñ
�
1 u
0 1



, and du is

the Lebesgue measure on AK .

See [Wil17, De�nition 1.2] and [Pal25, De�nition 2.1] for the details about the de�nition
of Bianchi modular forms.

Remarks 2.7.3.

1. In a result by Harder, he showed that if F is a non-zero cuspidal Bianchi modular form
of weight pk, ℓq, then k � ℓ. See [Har87].

2. A Bianchi modular form F descends to give a collection of h automorphic forms
F i : H3 Ñ Vk�ℓ�2pCq, where h is the class number of K, and H3 :� R¥0 � C �
GL2pCq{rSU2pCqZpGL2pCqqs is the hyperbolic 3-space.

From now onwards, we will deal with cuspidal Bianchi modular forms, and hence we
will �x k � ℓ in Z¥0. We will decompose p-adic L-functions associated to non-parallel weight
Bianchi modular forms (of level Ω0pmq) in Appendix A.

For a non-trivial cuspform F of level m and weight pk, kq, we have the following Fourier
expansion:

F
��

t z
0 1


�
� |t|K

¸
aPK�

cpatDK ,FqW pat8qeKpazq, (2.7.1)
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where DK is a generator of the di�erent of K, eK is an additive character of KzAK , and
W is the Whittaker function. Note that the Fourier coe�cients cp�,Fq are functions on the
fractional ideals of K, and cpI,Fq � 0 if I is not an integral ideal. See [Wil17, Section 1.2],
[Pal25, Section 2.3] for the details. For the Whittaker function, see [Pal23, Section 2.3].

De�nition 2.7.4 (Twisted L-function of a Bianchi modular form). Let F be a cuspidal
Bianchi modular form of any weight and level m. Let Ξ be a Hecke character of conductor
f. The twisted L-function of F is de�ned as

LpF ,Ξ, sq �
¸

0�a�OK ,
pf,aq�1

cpa,FqΞpaqNpaq�s,

where cpa,Fq is the a-th Fourier coe�cient of F and s P C in some suitable right-half plane.

We also consider the completed L-function

ΛpF ,Ξ, sq � Γpq � sqΓpr � sq
p2πiqq�sp2πiqr�s LpF ,Ξ, sq,

where pq, rq is the in�nity type of Ξ, and Γp�q are the Deligne's Γ-factors.

2.7.2 p-adic L-function of Bianchi modular forms

Let K{Q be a quadratic imaginary �eld with class number hK , discriminant �D. Let p be
an odd prime splitting in K as ppq � pp.

Theorem 2.7.5 (Williams, [Wil17, Theorem 7.4]). Let F be a cuspidal Bianchi eigenform
over K of weight pk, kq and level n such that ppq | n. Let aq denote the Uq-eigenvalues of F
where vppaqq   pk � 1q for all q | p. For any ideal f, we de�ne the operator Uf as

Uf :�
¹
pn||f

Un
p .

Then there exists a locally analytic distribution Lp,F on the ray class group Gp8 such that
for any Hecke character Ξ of in�nity type p0, 0q ¤ pa, bq ¤ pk, kq and conductor f, we have

Lp,FprΞq � pexplicit factorq 1
af

ΛpF ,Ξ, 1q
ΩF

, (2.7.2)

where af is Uf-eigenvalue of F , and ΩF is a complex period. Furthermore, the explicit factor
is given by ¹

p|p

eppq � ΞpxfqDwτpΞ�1q
p�1qa�b�22Ξfpxfq ,

where �D is the discriminant of K, τp�q is the Gauss sum, w � |O�
K |, and ep is described in

[Pal23, Equation 3.2].

The distribution Lp,F is pvppapqqp|p-admissible and is unique with these interpolation and
growth properties.
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See [Wil17, De�nition 6.14] for the de�nition of admissibility. Naively we say a distri-
bution µ is ph1, h2q-admissible if µ is Oplogh1p q in one variable (corresponding to p) and is

Oplogh2p q in the other variable (corresponding to p).

Remark 2.7.6. Although we have stated Theorem 2.7.5 for the p split case, Williams proved
it without any conditions on p in [Wil17] and for p � 2 as well.

Remark 2.7.7. In [Wil17, Section 6.3], Williams has de�ned the admissibility for locally
analytic distributions on OKbZp. But using methods from [Loe14], we can extend the notion
of admissibility for locally analytic distributions on OK bZp to locally analytic distributions
on ray class group Gp8 . See [Wil17, Section 7.4] for more details.

Remark 2.7.8. For simplicity, assume ∆F to be trivial and Gp8 � Γp � Γp � Zp � Zp. For
real numbers r, s ¥ 0 and let E be a �nite extension of Qp, we de�ne Dpr,sqpGp8 , Eq to be
the set of distributions µ of Gp8 such that for m,n P Z¥0 and integers 0 ¤ i ¤ tru and
0 ¤ j ¤ tsu ,

vp

��»
a�pmZp

b�pnZp

px� aqipy � bqjdµ
�
¥ R � pr � iqm� ps� jqn,

for some constant R P R which only depends on µ. See [Col10, Theorem 2.3.2] for the
analogous de�nitions in the one-variable setting.

Since p splits in the quadratic imaginary �eld K, we can identify Dpu,vqpGp8 , Eq with
HE,u,vpGp8q via Amice transform µ ÞÑ AµpT1, T2q �

»
Zp�Zp

p1� T1qxp1� T2qyµpx, yq.

Therefore, if p splits in K as ppq � pp, and F is a Bianchi modular form which satis�es
the conditions of the above theorem, then Lp,F is a pvppapq, vppapqq-admissible locally analytic
distribution on Gp8 , that is, by [Wil17] and [Loe14],

Lp,F P Dpvppapq,vppapqqpGp8 , F q, (2.7.3)

where F is a �nite extension of Qp containing ap and ap. By Remark 2.7.8, we can view

Lp,F P HF,vppapq,vppapqpGp8q.

2.8 Factorisation of p-adic L-functions of Bianchi modu-

lar forms

In this section, we �rst de�ne p-stabilizations of cuspidal Bianchi modular forms. Next, we
modify our logarithmic matrix M and prove the main factorization theorem of two-variable
p-adic L-functions. From now we �x the imaginary quadratic �eld K and all the cuspidal
Bianchi modular forms F we consider are over K. Also, the �xed odd prime p splits in K
as pp.
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2.8.1 p-stabilization of Bianchi modular forms

We begin with a cuspidal Bianchi modular form F of weight pk, kq and level m such that
ppOK ,mq � 1. We further assume F is a Hecke eigen cuspform and for q P tp, pu, we have
TqF � aqF . Note that the norm of q is p. Consider the Hecke polynomial X2 � aqX � uq �
pk�1 � pX � αqqpX � βqq, where uq is some p-adic unit coming from the nebentypus of F .

There are four p-stabilisations Fαp,αp ,Fαp,βp ,Fβp,αp ,and Fβp,βp of level pm, such that for
� P tαp, βpu and : P tαp, βpu, we have

UppF�,:q � �F�,:, (2.8.1)

UppF�,:q � :F�,:. (2.8.2)

For more details about p-stabilizations, refer to [Pal23, Section 3.3].

Assumption 2.8.1. Throughout the chapter, we assume

1. F is good non-ordinary at both the primes p and p i.e. vppapq and vppapq ¡ 0.

2. vppaqq ¡
Z

k

p� 1

^
and αq � βq, for q P tp, pu.

Note that for any x P tαp, βp, αp, βpu, we know vppxq   k � 1.

Let E be a �nite extension of Qp which contains αp, αp, βp and βp, and K.

2.8.2 Modi�ed logarithmic matrices

Recall the ring isomorphism τq : HF pΓ1q Ñ HF pΓqq, for q P tp, pu. Consider the change of
variable map between matrices induced by τq:

Matq :M2,2pHF pΓ1qq ÑM2,2pHF pΓqqq,
such that

Matq

��
A B

C D

��
�
�
τqpAq τqpBq
τqpCq τqpDq

�
.

Note that this map is also a ring isomorphism.

Let F be a Bianchi modular form of level m coprime to p and let αq and βq be the
Tq-eigenvalues, for q P tp, pu. From the Sections 2.3, 2.4, and 2.5, we construct a logarithmic

matrix Mpqq P M2,2pHEpΓ1qq using αq and βq, since vppaqq � vppαq � βqq ¡
Z

k

p� 2

^
and

αqβq � uqp
k�1. Let E{Qp be a �nite extension large enough to contain αq, βq and a �xed

square root of uq. Let

Aφ,q �

����0
�1

uqpk�1

1
aq

uqpk�1
,

���
,
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Qq �
�

αq �βq
�pk�1uq pk�1uq

�
,

Mq � MatqpMpqqq.

Remark 2.8.2. From Proposition 2.5.1 and Lemmas 2.5.2, 2.5.3, we deduce:

1. If Q�1
q pMpqqq �

�
P1pqq P2pqq
P3pqq P4pqq



, then P1pqq, P2pqq P HE,vppαqqpΓ1q and P3pqq, P4pqq P

HE,vppβqqpΓ1q.
2. The second row of A�n

φ,qMpqq is divisible by Φn�1,k�1pγ0q over HEpΓ1q.

3. The determinant detpMpqqq is logp,k�1pγ0q
δk�1pγ0 � 1q , up to a unit in ΛEpΓ1q.

Remark 2.8.3. Here we get k � 1 since k P Z¥0 and not k P Z¥2.

Theorem 2.8.4. For q P tp, pu the following are true,

1. The elements in the �rst row of Q�1
q Mq are inside HE,vppαqqpΓqq, while the elements in

the second row are in HE,vppβqqpΓqq.
2. The second row of the matrixA�n

φ,qMq is divisible by the cyclotomic polynomial Φn�1,k�1pγqq.

3. The determinant of Mq is
logp,k�1pγqq
δk�1pγq � 1q upto a unit in ΛEpΓqq.

Proof. First statement follows from Proposition 2.5.1 and the de�nitions of Qq and Mq.
The second statement follows from Lemma 2.5.2.

For the last statement, from the de�nitions we have Mq � MatqpMpqqq. Thus,

detpMqq � detpMatqpMpqqqq,
� τqpdetpMpqqqq,

since τq is a ring isomorphism. Hence, the result follows from Lemma 2.5.3.

For the rest of the chapter, we will write

Q�1
q Mq �

�
P1,q P2,q

P3,q P4,q

�
. (2.8.3)
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2.8.3 The main theorem and its proof

In this section, we generalize the results of [Lei14] and use them to decompose the two
variable p-adic L-functions of Bianchi modular forms.

For the Bianchi cuspform F of level m which is not divisible by p, let aq be the Tq-
eigenvalue of F for q P tp, pu. Recall that we have four p-stabilizations Fαp,αp ,Fαp,βp ,Fβp,αp ,
and Fβp,βp of level pm, where αq, βq are the roots of Hecke polynomial X2 � aqX � uqp

k�1,
for q P tp, pu.

Therefore, from Theorem 2.7.5 and equation (2.7.3), for � P tαp, βpu and : P tαp, βpu,
we have

L�,: :� Lp,F�,: P HE,vpp�q,vpp:qpGp8q,
since vpp�q, vpp:q   k � 1. Moreover, for any Hecke character Ξ of in�nity type p0, 0q ¤
pa, bq ¤ pk, kq and conductor pnppnp with np, np ¥ 1, we have

Lαp,αp
prΞq � α

�np
p α

�np

p Ca,b,rΞ, (2.8.4)

Lαp,βpprΞq � α
�np
p β

�np

p Ca,b,rΞ, (2.8.5)

Lβp,αp
prΞq � β

�np
p α

�np

p Ca,b,rΞ, (2.8.6)

Lβp,βpprΞq � β
�np
p β

�np

p Ca,b,rΞ, (2.8.7)

where Ca,b,rΞ P Qp is a constant independent of αp, βp, αp, βp. More precisely, Ca,b,rΞ is

(explicit factor)
ΛpF ,Ξ, 1q

ΩF
, since the conductor of Ξ is pnppnp with np, np P Z¥0, we know

LpF ,Ξ, 1q � LpF�,:,Ξ, 1q for all p-stabilizations F�,: of F and hence Ca,b,rΞ is independent
of αp, βp, αp, βp.

The main theorem is as follows:

Theorem 2.8.5. There exist two variable power series with bounded coe�cients, that is,
there exist L7,7, L7,5, L5,7, L5,5 P ΛEpGp8q such that�

Lαp,αp
Lβp,αp

Lαp,βp Lβp,βp

�
� Q�1

p Mp

�
L7,7 L5,7

L7,5 L5,5

�
pQ�1

p MpqT . (2.8.8)

Remark 2.8.6. Theorem 2.8.5 is analogous to [Lei14, Theorem 2.2] and [BL21, Equation
(24)].

We �rst factorize through the variable γp and then through γp. In other words, we will

�rst decompose the matrix

�
Lαp,αp

Lβp,αp

Lαp,βp Lβp,βp

�
in terms of matrix, say C, and Mp. Then we

decompose C as a product of matrices

�
L7,7 L5,7

L7,5 L5,5

�
and Mp.

First, we need the following classical result:



2.8. FACTORISATION OF p-ADIC L-FUNCTIONS OF BIANCHI MODULAR

FORMS 47

Lemma 2.8.7. Let γ be a topological generator of Zp. Let s, h be non-negative integers
and assume s   h. If F P Errγ � 1ss is Oplogspq and vanishes at all characters of type
χiω for all 0 ¤ i ¤ h � 1, where χ is any character which sends γ to another topological
generator u P 1�pZp (for example the cyclotomic character) and ω is any Dirichlet character
of conductor pn, n ¥ 1, then F is identically 0.

Proof. See [AV75, Lemme II.2.5] and [Vis76, Lemma 2.10].

We give a sketch here. We say a power series G1 P HE is opG2q if

}G1}ρ � op}G2}ρq

as ρÑ 1�. The power series F is oploghpq, since F is Oplogspq and s   h. Suppose F is not 0
and, from the assumption, the zeros of F are of the form ujζ � 1, where ζ is a pn-th root of
unity, for all 0 ¤ j ¤ h� 1 and n ¥ 1. Then, by Remark 2.4.13, we have

F � logp,hpγq �G,

where G � 0 is another power series. Note that logp,hpγq is not oploghpq, and therefore F is

not oploghpq. This is a contradiction.

Recall that E is a �nite extension of Qp containing αp, βp, αp and βp. Let Sp be the set
of all Hecke characters on the ray class group Gp8 with in�nity type p0, 0q ¤ pa, 0q ¤ pk, 0q
and conductor pnp , for np ¡ 1. Similarly, let Sp be the set of all Hecke characters on the ray
class group Gp8 with in�nity type p0, 0q ¤ p0, bq ¤ p0, kq and conductor pnp , for np ¡ 1.

Proposition 2.8.8. There exist L7,αp
, L5,αp

P HE,0,vppαpqpGp8q and L7,βp , L5,βp P HE,0,vppβpqpGp8q
such that �

Lαp,αp
Lβp,αp

Lαp,βp Lβp,βp

�
�
�
L7,αp

L5,αp

L7,βp L5,βp

�
pQ�1

p MpqT .

Proof. This is a generalization of [Lei14, Proposition 2.3]. Recall that, for � P tαp, βpu and
: P tαp, βpu, L�,: are locally analytic distributions on the ray class group Gp8 � ∆K �xγpy�
xγpy. For any character η : ∆K Ñ Zp

�
, we will prove that for Lηαp,αp

, Lηβp,αp
P HE,vppαpq,vppαpq,

there exist Lη7,αp
, Lη5,αp

P HE,0,vppαpq such that�
Lηαp,αp

Lηβp,αp

�
� Q�1

p Mp

�
Lη7,αp

Lη5,αp

�
. (2.8.9)

and therefore, �
Lαp,αp

Lβp,αp

�
� Q�1

p Mp

�
L7,αp

L5,αp

�
.

Fix η � 1. The proof for other characters is similar.
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Let Ξ be any Hecke character of K of in�nity type p0, 0q ¤ pa, bq ¤ pk, kq and conductor
pnppnp , where np, np ¥ 1. Using equations (2.8.4) and (2.8.6), we get

L∆K
αp,αp

pqΞq � α
�np
p pα�np

p � Ca,b,rΞq, (2.8.10)

L∆K
βp,αp

pqΞq � β
�np
p pα�np

p � Ca,b,rΞq, (2.8.11)

where qΞ � rΞ|xγpy�xγpy � rΞp � rΞp. Denote α�npCa,b,rΞ by D. Using (2.6.3), we can rewrite

equations (2.8.10) and (2.8.11) as

L
∆KprΞpq
αp,αp

prΞpq � α
�np
p D, (2.8.12)

L
∆KprΞpq

βp,αp
prΞpq � β

�np
p D. (2.8.13)

Note that L
∆KprΞpq
αp,αp

P HE1,vppαpqpΓpq and L∆KprΞpq

βp,αp
P HE1,vppβpqpΓpq, where E 1 � EprΞppγpqq is a

�nite �eld extension of E.

Let

G1 � P4,pL
∆KprΞpq
αp,αp

� P2,pL
∆KprΞpq

βp,αp
,

and

G2 � �P3,pL
∆KprΞpq
αp,αp

� P1,pL
∆KprΞpq

βp,αp
,

where Q�1
p Mp �

��P1,p P2,p

P3,p P4,p

�
P M2,2pHEpΓpqq.

Then, from Theorem 2.8.4, we get G1, G2 P HE1,k�1pΓpq, and equations (2.8.12) and

(2.8.13) implyG1prΞpq � G2prΞpq � 0. Hence, from Theorem 2.5.5, we deduce that detpQ�1
p Mpq

divides both G1 and G2 in HE1,k�1pΓpq.
Thus,

P4,ppqΞqL∆K
αp,αp

pqΞq � P2,ppqΞqL∆K
αp,αp

pqΞq � �P3,ppqΞqL∆K
αp,αp

pqΞq � P1,ppqΞqL∆K
βp,αp

pqΞq � 0, (2.8.14)

for any Hecke character Ξ of in�nity type p0, 0q ¤ pa, bq ¤ pk, kq and conductor pnppnp .

Thus, for any Hecke characters ω1 P Sp, ω2 P Sp , (2.8.14) implies

pP4,pL
∆K
αp,αp

� P2,pL
∆K
βp,αp

qp�ω1p�ω2pq � 0,

which we rewrite as
pP4,pL

∆K
αp,αp

� P2,pL
∆K
βp,αp

qp�ω1pqp�ω2pq � 0. (2.8.15)

Similarly.
p�P3,pL

∆K
αp,αp

� P1,pL
∆K
βp,αp

qp�ω1pqp�ω2pq � 0. (2.8.16)
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Hence, the distributions pP4,pL
∆K
αp,αp

�P2,pL
∆K
βp,αp

qp�ω1pq and p�P3,pL
∆K
αp,αp

�P1,pL
∆K
βp,αp

qp�ω1pq vanish

at all characters ω2 P Sp. Moreover, these two distributions belong to HE1,vppαpqpΓpq and
vppαpq   k � 1. Therefore, using Lemma 2.8.7, we get

pP4,pL
∆K
αp,αp

� P2,pL
∆K
βp,αp

qp�ω1pq � 0,

p�P3,pL
∆K
αp,αp

� P1,pL
∆K
βp,αp

qp�ω1pq � 0.

Hence, from the proof of Theorem 2.5.5, we conclude that detpQ�1
p Mpq divide pP4,pL

∆K
αp,αp

�
P2,pL

∆K
βp,αp

q and p�P3,pL
∆K
αp,αp

�P1,pL
∆K
βp,αp

q over the two-variable distribution algebraHE,k�1,vppαpq.

More precisely, detpQ�1
p Mq divides both distributions in the variable γp�1 while not touching

γp � 1.

Write

L∆K
7,αp

�
P4,pL

∆K
αp,αp

� P2,pL
∆K
βp,αp

detpQ�1
p Mpq

,

L∆K

5,αp
�
�P3,pL

∆K
αp,αp

� P1,pL
∆K
βp,αp

detpQ�1
p Mpq

.

Then, since detpQ�1
p Mpq � logk�1

p , Theorem 2.5.5 implies L∆K
7,αp

and L∆K

5,αp
are Op1q in γp � 1

and hence lie in HE,0,vppαpq.

We then write

L7,αp
� P4,pLαp,αp

� P2,pLβp,αp

detpQ�1
p Mpq

,

L5,αp
� �P3,pLαp,αp

� P1,pLβp,αp

detpQ�1
p Mpq

.

Since detpQ�1
p Mpq divides each isotypic component of the two distributions in the numerators,

L7,αp
and L5,αp

are elements in HE,0,vppαpqpGp8q.
The proof for �

Lαp,βp

Lβp,βp

�
� Q�1

p Mp

�
L7,βp

L5,βp

�
.

is identical.

Recall HE,r :� tfpXq � °
n¥0 anX

n P ErrXss : supnpn�r|an|pq   8u. Then, we can

identify HE,r,s :� HE,rpΓpqpbHE,spΓpq with HE,rpbHE,s by identifying X � γp � 1 and Y �
γp � 1. We de�ne the operator Bp to be the partial derivative

B
BX . The next proposition is

a generalization of [Lei14, Lemma 2.4].



2.8. FACTORISATION OF p-ADIC L-FUNCTIONS OF BIANCHI MODULAR

FORMS 50

Proposition 2.8.9. Let Ξ be any character Hecke character of K of the in�nity type
p0, 0q ¤ pa, bq ¤ pk, kq and conductor pnppnp with np, np ¡ 0. Then, there exist constants
Aa,b,Ξ, Ba,b,Ξ P Qp such that

BpLαp,αp
prΞq � α

�np

p Aa,b,rΞ, BpLαp,βpprΞq � β
�np

p Aa,b,rΞ,
BpLβp,αp

prΞq � α
�np

p Ba,b,rΞ, BpLβp,βpprΞq � β
�np

p Ba,b,rΞ.

Proof. We will only show that

α
np

p BpLαp,αp
prΞq � β

np

p BpLαp,βpprΞq,
for any Hecke character Ξ of of the in�nity type p0, 0q ¤ pa, bq ¤ pk, kq and conductor pnppnp

with np, np ¡ 0.

Fix a Hecke character ω1 P Sp. Then, for any Hecke character ω2 P Sp, (2.8.4) and
(2.8.5) imply

α
np

p L
∆K
αp,αp

p�ω1,p�ω2,pq � β
np

p L
∆K
αp,βp

p�ω1,p�ω2,pq, (2.8.17)

where L∆K
αp,αp

, L∆K
αp,βp

are isotypic components of Lαp,αp
, Lαp,βp respectively with respect to the

trivial character of ∆K . Using (2.6.3), we rewrite (2.8.17) as

α
np

p L
∆Kp�ω2,pq
αp,αp

p�ω1,pq � β
np

p L
∆Kp�ω2,pq

αp,βp
p�ω1,pq. (2.8.18)

From Lemma 2.6.7, we know that L
∆Kp�ω2,pq
αp,αp

, L
∆Kp�ω2,pq

αp,βp
P HE1,vppαpqpΓpq for some extension E 1

of E. As vppαpq   k � 1, using Lemma 2.8.7 we have

α
np

p L
∆Kp�ω2,pq
αp,αp

� β
np

p L
∆Kp�ω2,pq

αp,βp
.

Hence, their partial derivatives also agree, i.e.

α
np

p BpL
∆Kp�ω2,pq
αp,αp

� β
np

p BpL∆Kp�ω2,pq

αp,βp
. (2.8.19)

But, for any power series F P HE,vppαpq,s,

BppF p�ω2,pqqp�ω1,pq � pBpF qp�ω1,p�ω2,pq,
for all Hecke characters ω1 P Sp. We have this equality since we are partially di�erenti-
ating with respect to the variable γp � 1. More precisely: F p�ω2,pq P HE1,vppapqpΓpq. Thus
BppF p�ω2,pqqp�ω1,pq is �rst di�erentiating and then evaluating at the character �ω1,p. On the
other hand, BppF qp�ω1,p�ω2,pq is �rst partially di�erentiating and then evaluating at the char-
acter �ω1,p�ω2,p.

Thus, for any Hecke character Ξ,

α
np

p BpL∆K
αp,αp

pqΞq � β
np

p BpL∆K
αp,βp

pqΞq, (2.8.20)

Since equation (2.8.20) is true for any isotypic component, we have

α
np

p BpLαp,αp
prΞq � β

np

p BpLαp,βpprΞq. (2.8.21)
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Proposition 2.8.10. There exist L7,7, L7,5, L5,7, L5,5 P ΛEpGp8q such that�
L7,αp

L5,αp

L7,βp L5,βp

�
� pQ�1

p Mpq
�
L7,7 L5,7

L7,5 L5,5

�
.

Proof. The proof is similar to the proof of [Lei14, Proposition 2.5]. We will prove that�
L7,αp

L7,βp

�
� pQ�1

p Mpq
�
L7,7

L7,5

�
.

The proof for the other set of power series is similar.

Let ω1 P Sp and ω2 P Sp and Ξ � ω1.ω2. Recall, from the proof of Proposition 2.8.8, for
� P tαp, βpu, we have

L7,� �
P4,pLαp,� � P2,pLβp,�

detpQ�1
p Mpq

. (2.8.22)

Thus,
L7,� detpQ�1

p Mpq � P4,pLαp,� � P2,pLβp,�. (2.8.23)

From Theorem 2.8.4, we know that detpMpq is equal to, upto a unit in ΛEpΓpq,
logp,k�1pγpq
δk�1pγp � 1q .

Thus, the zeros of of detpQ�1
p Mpq are of type ujζ�1, where ζ is a pn-th root of unity, for all 0 ¤

j ¤ k and n ¥ 1. Therefore, by the de�nition of�ω1,p, we have detpQ�1
p Mpqp�ω1,pq � 0. Further-

more, since all the zeros of detpQ�1
p Mpq are simple, we conclude pBp detpQ�1

p Mpqqp�ω1,pq � 0.

For the rest of the proof, we will use isotypic components corresponding to the trivial
character of ∆K . From (2.8.23), we get,

BpL∆K
7,� detpQ�1

p Mpq�L∆K
7,� Bp detpQ�1

p Mpq � BpP4,pL
∆K
αp,��P4,pBpL∆K

αp,��pBpP2,pL
∆K
βp,�

�P2,pBpL∆K
βp,�

q.

We evaluate the above equation at qΞ � rΞ|xγpy�xγpy, where Ξ � ω1ω2 and apply Proposition

2.8.9 together with the equations (2.8.4) to (2.8.7) to get

L∆K
7,� pqΞq.pBp detpQ�1

p MpqqpqΞq � p�q�np �MrΞ, (2.8.24)

where MrΞ is the constant

pBpP4,pqpqΞqpα�np
p Ca,b,rΞq � P4,ppqΞqAa,b,rΞ � pBpP2,pqpqΞqpβ�np

p Ca,b,rΞq � P2,ppqΞqBa,b,rΞ.

In other words, we have

L∆K
7,αp

pqΞq � α
�np

p

MrΞ
pBp detpQ�1

p MpqqpqΞq ,
L∆K
7,βp

pqΞq � β
�np

p

MrΞ
pBp detpQ�1

p MpqqpqΞq .
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Since Ξ � ω1ω2, we can rewrite the above equations as

L
∆Kp�ω1,pq
7,αp

p�ω2,pq � α
�np

p

MrΞ
pBp detpQ�1

p MpqqpqΞq ,
L
∆Kp�ω1,pq
7,βp

p�ω2,pq � β
�np

p

MrΞ
pBp detpQ�1

p Mpqq.pqΞq .
Thus, after using Theorem 2.5.5 and the proof of Proposition 2.8.8 (we need to change

p with p), we deduce the desired result.

Proof of Theorem 2.8.5. Combining the factorizations obtained in Propositions 2.8.8 and
2.8.10, we deduce the result.



Chapter 3

On p-adic Asai L-functions of Bianchi
modular forms at non-ordinary primes

and their decomposition into bounded

p-adic L-functions

3.1 Introduction

Investigating complex L-functions is an important and active area of number theory. More
precisely, we are interested in the special values of L-functions, since several conjectures in
number theory, including the Bloch�Kato conjecture, describe important arithmetic data in
terms of the special (critical) values of L-functions. One of the most important tools for
understanding the critical values of complex L-functions is the construction and study of the
p-adic avatars of these L-functions, i.e., p-adic L-functions. A one-variable p-adic L-function
is a measure or a distribution on Z�p that interpolates critical values of a given complex L-
function. Using the Amice transform, we can associate a p-adic measure with a power series
in the Iwasawa algebra E b OErrT ss (or in E b OErrZ�p ss), where E is a �nite extension
of Qp and OE is its ring of integers. Similarly, for w P R¥0, a w-tempered distribution can
be associated with a power series in the distribution space HE,w � ErrT ss, with unbounded
denominators and growth Oplogwp q. See Section 3.6 for details about HE,w.

In [Coa89] and [CPR89], Coates and Perrin-Riou formulated a conjecture that predicts
the existence of p-adic L-functions associated to any motive over Q having at least one
critical L-value. Loe�er and Williams proved this conjecture for the (conjectural) Asai
motive attached to a p-ordinary Bianchi eigenform in [LW20]. More precisely, for a p-
ordinary cuspidal Bianchi modular form Ψ, they constructed a p-adic measure LAs

p pΨq that
interpolates the critical L-values of the Asai L-function attached to Ψ. Moreover, their
construction is independent of the existence of the motive over Q.

This chapter addresses the next natural step: the construction of a p-adic Asai L-
function when Ψ is not ordinary at p. Our construction is also independent of the conjec-
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tural Asai motive over Q. We attach a p-adic Asai L-function with unbounded denomi-
nators LAs

p pΨq to a p-non-ordinary small slope cuspidal Bianchi modular form Ψ such that
it interpolates critical values of the Asai L-function associated with Ψ. This construction
generalizes the result of Loe�er�Williams [LW20, Theorem 7.5] from the p-ordinary case to
the p-non-ordinary case.

Roughly, Loe�er�Williams constructed a p-adic measure LAs
p pΨq using Asai�Eisenstein

elements only for j � 0. Since they work in the p-ordinary setting, by a deep theory of
Kings implies that this measure is independent of the twist j. In particular, for a Dirichlet
character θ of p-power conductor, by integrating xjθpxq against LAs

p pΨq recoveres the special
L-value LAspΨ, θ, j � 1q. See [LW20, Propositions 5.5, 6.3] for more details. We will brie�y
outline their work in Section 3.4.4. The method of using the only Asai�Eisenstein element
for j � 0 breaks down in p-non-ordinary setting.

To circumvent this issue, we use the approach taken by Amice�Velu in [AV75] and Vi²ik
in [Vis76]: interpolation of twists using polynomials. In this chapter, we obtain the p-adic
Asai L-function LAs

p pΨq by constructing certain novel family of polynomials Pr,jpT q P ErT s
of degree pr�1, where Ψ is a p-non-ordinary weight pk, kq cuspidal Bianchi modular form,
r P Z¥1 and 0 ¤ j ¤ k. These polynomials are constructed by pairing an appropriate
modular symbol associated to Ψ with the Asai-Eisenstein elements constructed by Loe�er�
Williams in [LW20, Sections 3, 4]. Furthermore, if we evaluate these polynomials at some
special elements, we obtain the critical L-values LAspΨ, θ, j � 1q with some explicit factor.
The polynomials Pr,j satisfy certain norm and congruence properties. To prove the congru-
ence properties of polynomials, we state and prove some new congruence results associated
to Asai�Eisenstein elements. Then, by applying the techniques developed by Amice�Vélu,
Vi²ik, Perrin-Riou, and Büyükboduk�Lei to these polynomials, we construct the p-adic distri-
bution with unbounded coe�cients and some growth, that is, an element in the distribution
space HE,vppapqpΓq, where vppapq is the slope of the 'p-th' Fourier coe�cient. We hope that
one may use the p-adic distribution LAs

p pΨq to formulate and prove the Harron�Pottharst
[HP16] style Iwasawa main conjecture over the distribution space, relating the ideal gener-
ated by this distribution over the distribution space to a certain Selmer complex. We brie�y
outline the construction of these polynomials and congruences in Subsection 3.1.2.

We further study this p-adic Asai L-function. In particular, in Section 3.7, we construct
Pollack, Sprung, and Lei�Loe�er�Zerbes style signed p-adic Asai L functions using the
techniques developed by the author in [Deo26]. These signed p-adic Asai L-functions may
be used to formulate signed Iwasawa main conjectures.

3.1.1 The main result

Throughout the chapter, p is an odd rational prime and k P Z¥0. Let F � Qp?�Dq{Q be an
imaginary quadratic �eld, OF be its ring of integers, and let σ be the complex conjugation
map. Let Ψ be a cuspidal Bianchi eigenform over F of level N (i.e. UF,1pNq) and weight
pk, kq. See De�nition 3.2.2 for UF,1pNq. The twisted Asai L-function of Ψ with a Dirichlet
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character θ of conductor m is de�ned by

LAspΨ, θ, sq :� LpmNqpθ2ϵΨ|pZ{NZq� , 2s� 2k � 2q �
¸
n¥1,

pm,nq�1

cpnOF ,Ψqθpnqn�s,

where pNq � N X Z, ϵΨ|pZ{NZq� is the restriction to pZ{NZq� of the nebentypus ϵΨ of
Ψ, LpmNqp�q is the Dirichlet L-function with its Euler factors at the primes dividing mN
removed, and cpm,Ψq denotes the Hecke eigenvalue of Ψ at the integral ideal m.

We assume that the level N of Ψ is divisible by all the primes above p. Assume that
Ψ is p-non-ordinary. More precisely, the Up Hecke eigenvalue ap of Ψ is not a p-adic unit,
i.e.,vppapq ¡ 0, where vp is a p-adic valuation such that vpppq � 1. We furthermore assume
that Ψ has a small slope at p, that is, vppapq   k � 1. Let E{Qp be a �nite extension large
enough to contain F and all the Hecke eigenvalues of Ψ. We �x some notations for the rest
of the chapter. Fix a topological generator u of 1�pZp. Let Γ � GalpQppµp8q{Qpq � ∆�Zp
be the Galois group of cyclotomic extension of Qp by adjoining p-power roots to Qp. Let Γ1

be a subgroup of Γ such that Γ1 � Γ{∆ � Zp. Fix a topological generator γ0 of Γ1. Let χ
be the p-adic cyclotomic character on Γ such that χpγ0q � u. For any real number w ¥ 0,
de�ne the space of w-admissible distributions over Γ as

HE,wpΓq :�
#¸
σP∆

¸
n¥0

cn,σ � σ � pγ0 � 1qn : sup
w

|cn,σ|p
nw

  8,@σ P ∆

+
.

The main result of this paper is the construction of the p-adic distribution
c
LAs
p pΨq P

HE,vppapqpΓq associated with Ψ, which interpolates the critical values of Asai L-function
twisted by a Dirichlet character of conductor pr.

Theorem C (Theorem 3.6.5, Theorem 3.6.7). For any integer c ¡ 1 coprime to 6N, there
exists a vppapq-admissible distribution

c
LAs
p pΨq with the following interpolation property: for

any integer 0 ¤ j ¤ k and for any Dirichlet character of conductor pr ¡ 1 we have

c
LAs
p pΨqpχjθq �

$'&'%
�1

papqrL
AspΨ, θ, j � 1q if p�1qjθp�1q � 1,

0 if p�1qjθp�1q � �1,

where �1 is an explicit non-zero factor.

Note that one can get rid of c under some conditions. For more details, see the Subsection
3.6.4.

Remark 3.1.1. By an eigenform, we mean either Ψ is a newform or can be obtained by the
p-stabilization of some Bianchi newform Ψ1 of level N1 such that N1 is coprime to p.

Remark 3.1.2. We do not impose any restriction on the �xed odd prime p. Our construction
works as long as the p-adic valuation of the Up-eigenvalue is less than k � 1.
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3.1.2 Outline of the construction of Pr,j

We brie�y outline the construction of the polynomials Pr,j of degree pr�1 that are used
to construct the p-adic L-function

c
LAs
p pΨq. For r P Z¡1, any integer 0 ¤ j ¤ k, and

δ : ∆ Ñ O�
E , de�ne,

P δ
r,jpT q �

C
ϕ�F , pUpq�r�

1

Aj

¸
tPpZ{prq�

c
Ξk,jpr,N,at b δptqp1� T qloguptq

G
, (3.1.1)

where

� ϕ�F P H1
cpY �

F,1pNq, VkkpOEqq is a modular symbol associated to F ,

�
c
Ξk,jpr,N,at P H2pY �

F,1pNq, TkkpOEqq is theAsai-Eisenstein element constructed by Loe�er�
Williams in [LW20],

� loguptq is a unique integer in r0, pr�1q related to t P pZ{prq�,
� Aj is some combinatorial fudge factor and a P OF such that a� aσ � ?�D,

� x, y denotes the perfect Poincaré duality pairing between H1
cpY �

F,1pNq, VkkpOEqq and
H2pY �

F,1pNq,TkkpOEqq

pTorsionq
.

We also de�ne a polynomial when r � 1. See Equation (3.6.4). Here Y �
F,1pNq is a locally

symmetric space of a certain level (see 3.2 for the de�nition). Here Vk,k are Tk,k are some

speci�c weight pk, kq-coe�cient modules. The Asai-Eisenstein element cΞ
k,j
pr,N,at is related

to an Eisenstein series of weight 2k � 2j � 2.These elements are 'the Betty counterparts'
of the known Euler system elements, such as Beilinson�Flach Euler systems. They satisfy
certain norm-compatibilities like Beilinson�Flach elements. See [LW20, Theorem 3.13] for
more details.

These polynomials satisfy some norm and congruence properties. For example, for
0 ¤ j ¤ k and pr ¡ 0, Pr,j satisfy,

sup
r

������ppvppapq�jqr j̧

i�0

p�1qi
�
j

i



P δ
r,ipu�ip1� T q � 1q

������   8. (3.1.2)

This property is crucial to construct
c
LAs
p pΨq. The more properties of Pr,j are described in

Lemma 3.6.4. To prove (3.1.2), we �rst prove the following key lemma, which is a cohomo-
logical version of the interpolation of twists (congruence relation):

Lemma A (Lemma 3.5.7). For any t P pZ{prq� and any positive integer j, we have

j̧

i�0

tpj�iqpa� aσqpj�iqpj � iq!Respjrpr mompj�iqpj�iqpcΞri,ispr,N,taq (3.1.3)

P pjrH2pY �
F,1pNq, TjjpOEqq.
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For the de�nition of the moment map mom, see Subsection 3.4.3.1. The Lemma 3.5.7
is the Betti cohomology analogue of [LZ16, Theorem 3.3.5]. Furthermore, we prove another
novel lemma :

Lemma B (Lemma 3.6.1). For any character δ : ∆ Ñ O�
E , any integer 0 ¤ j ¤ k, and any

integer r such that pr ¡ 1, we have

sup
r

������p�jr j̧

i�0

p�1qi
�
j

i


 ¸
tPpZ{prq�

cΞ
k,i
pr,N,at b t�iδptqp1� T qloguptq

������   8.

To prove Lemmas 3.5.7, 3.6.1, we study locally symmetric spaces Y �
F pm,mNq of mixed

level, where m P Z. Similar to the methods of Loe�er�Zerbes in [LZ16] and Loe�er�
Williams in [LW20], for each j P Z¥0, we construct and study cohomological elements

c
Z rjs
pr,N,a P H2pY �

F ppr, prNq, TjjpOKqq. To construct and study these elements, moment maps,
Clebsch�Gordon maps are used, together with the interplay between them, in a manner sim-
ilar to those in Kings�Loe�er�Zerbes [KLZ17] and Lei�Loe�er�Zerbes [LLZ18]. Readers
are advised to refer to Sections 3.5 and 3.6 for a detailed description of the polynomials,
cohomological elements, and congruences.

3.1.3 Signed p-adic Asai L-functions

We give an application of the p-adic Asai L-function
c
LAs
p pΨq: the decomposition of p-

adic Asai L-functions with unbounded coe�cients into signed p-adic Asai L-functions with
bounded coe�cients. Assume p splits in F as pOF � pp. See Section 3.7.2 for the setting for
the theorem mentioned below. We state a few of them here for the convenience of readers:

1. Ψ is a cuspidal Bianchi eigenform of level N , where N � OF is an ideal coprime
to p, trivial nebentypus, and weight pk, kq. Furthermore, Ψ is p-non-ordinary and
p-ordinary.

2. For q P tp, pu, let aq be the Tq-eigenvalue, and αq � βq be the roots of the polynomial

X2 � aqX � pk�1. Assume vppapq ¡
Z

k

p� 1

^
.

3. Choose αp such that vppαpq � 0 and for 
 P tαp, βpu, let 
̃ � αp
. Let Ψ
̃ be p-
stabilization of Ψ such that Up-eigenvalue of Ψ


̃ is 
̃.

Since vppα̃q, vppβ̃q   k � 1, we can attach p-adic distributions
c
LAs
p pF α̃q and

c
LAs
p pF β̃q to

F α̃ and F β̃ respectively using Theorem C. They satisfy certain growth and interpolation
properties. Then using the methods in [Deo26], we prove:

Theorem D (Theorem 3.7.3). There exist
c
LAs,7
p ,

c
LAs,5
p P E b OErrΓss � E b OEr∆srrT ss

and a logarithmic matrix M̃ PM2,2pHEq such that��c
LAs
p pΨα̃q

c
LAs
p pΨβ̃q

�
� Q̃�1M̃

��c
LAs,7
p

c
LAs,5
p

�
, (3.1.4)
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where Q̃ �
�

α̃ �β̃
�α2

pp
k�1 �α2

pp
k�1

�
, and M̃ satis�es properties from Proposition 3.7.2.

Note that by using the methods of [Deo26], we avoid the conjectural p-adic Hodge the-
oretic properties associated with the Galois representation associated with the Asai motive.

3.1.4 Plan of the chapter

In Section 3.2, we recall the de�nitions of locally symmetric spaces in which we are interested.
We also de�ne Hecke correspondences on these locally symmetric spaces. We de�ne the Asai
L-function of Bianchi modular forms in Section 3.3. Moreover, we recall the de�nitions of
Bianchi modular forms and Bianchi modular symbols in this section. In Section 3.4, we
describe the weight 2 and higher weight Asai-Eisenstein elements constructed by Loe�er�
Williams in [LW20]. The construction of these elements is closely related to the elements
constructed in [LLZ18]. One can think of the Asai-Eisenstein elements as a Betti counter-
part of known Euler system elements like Beilinson�Flach elements. We do some explicit
calculations in Section 3.5 similar to [KLZ17, Theorem 6.2.4] and [LLZ18, Theorem 8.1.4].
We also prove some interpolation and congruence theorems, which are Betti analogues of the
theorems in [LZ16, Section 3.3]. In Section 3.6, we prove Theorem C using the interpolation
of twists method of Amice�Velu, Perrin-Riou, and Büyükboduk�Lei. In the last section, we
�rst recall the de�nition and construction of logarithmic matrices brie�y. Then we prove
Theorem D.

3.2 Locally symmetric spaces

3.2.1 Setup and notations

Let F {Q be an imaginary quadratic �eld of discriminant �D and denote its ring of integers
by OF . Let AF denote the adele ring of F , and the �nite adeles are denoted by Af

F . De�nexOF :� OF b pZ � OF b
±

p Zp.
Let N � OF be an ideal such that N is divisible by all the primes above p. Throughout

this chapter, we assume N is small enough such that the locally symmetric space attached
to N is smooth. Let N P Z such that pNq � ZXN in Z.

Let H � tz P C | Impzq ¡ 0u be the usual upper-half plane with GL2pRq-action
given by Möbius transformations. De�ne the upper-half space or hyperbolic 3-space to be
H3 � tpz, tq P C� R¡0u with GL2pCq action given by�

a b
c d



� pz, tq �

�
paz � bqpcz � dq � act2

| cz � d |2 � | c |2 t2 ,
| ad� bc | t

| cz � d |2 � | c |2 t2
�
.
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We embed H ãÑ H3 via x� iy ÞÑ px, yq, which is compatible with the actions of GL2pRq on
both sides.

3.2.2 Algebraic groups and locally symmetric spaces

The primary references of this section are [LW20] and [LLZ18].

Let

G � ResF {QGL2, G� � G�D Gm,

be the algebraic groups, where where D :� ResF {QGm and the map GÑ D is determinant.

De�nition 3.2.1 (Locally symmetric spaces). For open compact subgroups UQ � GL2pAf
Qq,

U � GpAf
Qq � GL2pAf

F q, and U� � G�pAf
Qq � tg P GL2pAf

F q | detpgq P pAf
Qq�u, the

corresponding locally symmetric spaces are de�ned as

YQpUQq � GL2pQq�zrGL2pAf
Qq �Hs{UQ,

YF pUq � GL2pF qzrGL2pAf
F q �H3s{U,

Y �
F pU�q � G�pF q�zrG�pAf

Qq �H3s{U�,

where G�pF q� � tg P G�pF q : detpgq ¡ 0u.

3.2.3 Locally symmetric spaces of mixed levels

We de�ne the speci�c level groups and locally symmetric spaces of a particular interest in
this chapter.

De�nition 3.2.2 (Congruence subgroups). Let K be either F or Q, and m, n, and a be the
ideals in OK . De�ne

UKpm, nq :�
"
B P GL2pOK b pZq : B � I2 mod

�
m m
n n


*
,

UKpmpaq, nq :�
"
B P GL2pOK b pZq : B � I2 mod

�
m ma
n n


*
.

We write YKpm, nq :� YKpUpm, nqq and similarly YKpmpaq, nq.
Furthermore, let

U�
F pm, nq :� UF pm, nq XG�, U�

F pmpaq, nq :� UF pmpaq, nq XG�.

We write Y �
F pm, nq :� Y �

F pUpm, nqq and Y �
F,1pnq :� Y �

F pp1q, nq, i.e., Y �
F pm, nq for m � 1.

Let N � OF be an ideal and N is an integer such that pNq � NXZ. We are interested
in the following locally symmetric spaces:
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1. The usual open modular curve YQ,1pNq of level Γ1pNq. It has only one connected
component isomorphic to Γ1pNqzH.

2. Another (mixed level) modular curve which we are interested in is YQpm,mNq, for any
m P Z¥0.

3. The space Y �
F,1pNq (which will appear so many times later). This space also has a

single connected component isomorphic to Γ�F,1zH3, where

Γ�F,1 :�
"�

a b
c d



P SL2pOF q : c � 0, a � d � 1 mod N

*
.

4. We are also interested in (mixed level) Y �
F pm,mNq, where m P Z¥1. The space

Y �
F pm,mNq is not connected and has connected components indexed by group pZ{mZq�,

since the component group of Y �
F pm,mNq is Q�zA�

Q{R¡0 detpU�pm,mNqq � pZ{mZq�.
The identity component Y �

F pm,mNqp1q is isomorphic to Γ�F pm,mNqzH3, where

Γ�F pm,mNq �
"�

a b
c d



P SL2pOF q : a � 1 mod m, b � 0 mod m

c � 0 mod mN, d � 1 mod mN

*
.

We will describe some explicit computations related to this space in Section 3.5.

5. The space YF,1pNq. Since detpUF,1pNqq � xOF

�
, YF,1pNq has hF connected components,

where hF is the class number of F . The identity component is isomorphic to ΓF,1zH3,
where ΓF,1pNq :� GL2pF q X UF,1pNq.

Remark 3.2.3. There are natural maps

YQ,1pNq ιÝÑ Y �
F,1pNq jÝÑ YF,1pNq

induced by the natural maps H ãÑ H3 and GL2pAf
Qq ãÑ G�pAf

Qq ãÑ G�pAf
Qq.

Proposition 3.2.4. If N is divisible by some integer q ¥ 4, then Y �
F,1pNq is a smooth

manifold, and
ι : YQ,1pNq ãÑ Y �

F,1pNq
is an injective map and hence a closed immersion. Moreover, let m P Z be a positive integer,
and if mN is divisible some integer ¥ 4, then

ι : YQpm,mNq ãÑ Y �
F pm,mNq

is an injective map and a closed immersion.

Proof. See [LW20, Proposition 2.5].

Assumption 3.2.5. We will assume the ideal N of OF is divisible by some integer q ¥ 4
throughout the chapter. Due to this assumption, the space Y �

F,1pNq will be a smooth manifold
and not a non-smooth orbifold.
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3.2.4 Hecke correspondences on the locally symmetric spaces

Let a be any square-free ideal of OK . Consider the correspondence diagram

YF p1paq,Nq

YF,1pNq YF,1pNq
π2

π1

where π1 is the natural projection map, and π2 is the map given by the right translation

action of

�
ϖ 0
0 1



on GL2pAf

F q, where ϖ P xOF is integral adele which generates the ideal

axOF . We de�ne Hecke correspondences:

pTaq� :� pπ2q� � pπ1q�,
pTaq� :� pπ1q� � pπ2q�

as correspondences on YF,1pNq. When a | N, we write pUaq� and pUaq� instead of pTaq� and
pTaq� respectively. We can extend these de�nitions to non-squarefree a in the usual way.

Remark 3.2.6. We can use the same construction to de�ne Hecke correspondences on the
mixed level locally symmetric space YF pm,Nq, but it will not be independent of the choice
of generator ϖ of a, it will depend on the class of ϖ mod 1�mxOF . We will use this when
a is generated by some a P Z¡0, and in that case we will take ϖ � a.

For m P Z¡0, pTmq� � pTpmqq�. Same for pTmq�, pUmq�, and pUmq�. From the above
remark, it makes sense to de�ne the Hecke operators pTmq� and pTmq�, for m P Z¡0, on
the mixed level symmetric spaces Y �

F pm,Nq. Moreover, pTaq� and pUaq� are the transpose of
pTaq� and pUaq� respectively with respect to Poincaré duality.

3.3 Preliminaries related to the Asai L-function of Bianchi

modular forms

3.3.1 Bianchi modular forms

We recall de�nitions of Bianchi modular forms and their Fourier expansions. For an integer
n ¥ 0, and a ring R, de�ne VnpRq to be the space of homogeneous polynomials of degree
n in two variables X,Y with coe�cients in R. The space VnpRq can also be described as
SymnpR2q. The group of matrices GL2pRq acts on VnpRq both from the right and left, and we

denote the corresponding space by V
prq
n pRq or by V pℓq

n pRq, respectively. See [LW20, Section
2A] for the precise de�nitions.

Let U be an open compact subgroup of GL2pAf
F q. Then for any integer k ¥ 0, there

is a �nite dimensional C-vector space Sk,kpUq of cuspidal Bianchi modular forms over F of
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weight pk, kq and level U , which are functions

Ψ : GL2pF qzGL2pAF q{U Ñ V
prq
2k�2pCq,

satisfying certain transformations under right translation by the group C� � SU2pCq, and
satisfying certain growth conditions and harmonicity. Fruthermore, the Fourier-Whittaker
expansion of Ψ is

Ψ

��
y x
0 1




� |y|AF

¸
ζPF�

Wf pζyf ,ΨqW8pζy8qeF pζxq,

where the Kirillov function Wf p�,Ψq is a locally constant function on pAf
F q� with support

contained in a compact subset of Af
F , W8 : C� Ñ V2k�2pCq be the real analytic function

de�ned in [Wil17, 1.2.1(v)], and eF : AF {F Ñ C� denote the unique continuous character
such that its restriction to F b R is x8 ÞÑ e2πiTrF {Qpx8q (Also look at [LW20, Theorem 2.9]).

For U � UF,1pNq, the Kirillov function Wf p�,Ψq is supported in D�1xOF , where D �
pap�Dqq is the di�erent of F . For an ideal m of OF , we de�ne a coe�cient cpm,Ψq as the
valueWf pyf ,Ψq for any yf generating the fractional ideal D�1mxOF . The space Sk,kpUF,1pNqq
has an action of commuting Hecke operators pTmq� for all ideal m. Moreover, if Ψ is an
eigenvector for all these operators, normalized such that cp1,Ψq � 1, then the m-th Hecke
eigenvalue of Ψ is cpm,Ψq.

3.3.2 The Asai L-function of a Bianchi modular form

For all d P pOF {Nq�, the space Sk,kpUF,1pNqq has an action of diamond operators xdy. On
any eigenform Ψ, they act via a character ϵΨ : pOF {Nq� Ñ C�. Let ϵΨ|pZ{NZq� denote the
restriction of ϵΨ to pZ{NZq�.
De�nition 3.3.1 (Asai L-function ofΨ). LetΨ be a normalized Hecke eigenform in Sk,kpUF,1pNqq
and let θ be a Dirichlet character of conductor m. De�ne the Asai L-function of Ψ by

LAspΨ, θ, sq :� LpmNqpθ2ϵΨ,Q, 2s� 2k � 2q �
¸
n¥1,

pm,nq�1

cpnOF ,Ψqθpnqn�s, (3.3.1)

where pNq � NXZ and LpmNqp�, sq is the Dirichlet L-function with its Euler factors at the
primes dividing mN removed. If θ is trivial, we just write LAspΨ, sq.

This Asai L-function LAspΨ, θ, sq is absolutely convergent for Repsq su�ciently large
(one can take Repsq ¡ k � 3) and has meromorphic continuation for all s P C. See [LW20,
Section 2E] for more details. For s in the half-plane of convergence, LAspΨ, θ, sq can be
written as an Euler product

LAspΨ, ω, sq �
¹

ℓ prime

PAs
ℓ pΨ, θ, sq,
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where the polynomial PAs
ℓ pΨ, θ, sq depends only on θpℓq and the Hecke and diamond eigenval-

ues of Ψ at the primes above ℓ. For simplicity, assume θ and the nebentypus of Ψ are trivial.
For primes l of F . let αl and βl denote the roots of the polynomial X2� cpl,ΨqX �Nplqk�1.
Then we have

1

PAs
p pΨ, sq �

$''''&''''%
p1� αpαpp

�sqp1� αpβpp
�sqp1� βpαpp

�sqp1� βpβpp
�sq if p � pp,

p1� αpp
�sqp1� p�2s�2qp1� βpp

�sq if p � p,

p1� α2
pp

�sqp1� p�s�1qp1� β2
pp

�sq if p � p2.

(3.3.2)

See [Gha99, Section 3] for more details.

Remark 3.3.2. The Asai L-function appearing in De�nition 3.3.1 is an "imprimitive" L-
function. We can de�ne a "primitive" Asai L-function using automorphic representations
attached to Bianchi modular forms. Another way to de�ne the Asai L-function of a Bianchi
modular form Ψ is the L-function attached to the tensor induction to Q of Galois represen-
tation associated with Ψ. See [LW20, Section 2F] and [Gha99, Sections 3, 4].

Lemma 3.3.3. [LW20, Lemma 2.11] Let Ψ be a normalized Bianchi eigenform of level n
coprime to p and let Ψ1 be a p-stabilization of Ψ of level pn. Let α � cppOF ,Ψ

1q. Then
LAspΨ, θ, sq � LAspΨ1, θ, sq

for any non-trivial Dirichlet character θ of p-power conductor, and

LAspΨ1, sq � p1� αp�sq�1LAs,ppqpΨ, sq.

3.3.3 Bianchi modular symbols

For any �eld extension F 1 of F , we de�ne the left F 1rGL2pF qs-module VkkpF 1q :� V
pℓq
k pF 1q b

V
pℓq
k pF 1qσ. The action of GL2pF q is given by: For any B P GL2pF q, B acts in the usual way

on the �rst component and via its complex conjugate Bσ on the second component. Due to
the action of GL2pF q, the space VkkpF 1q gives rise to a local system of F -vector spaces on
YF,1pNq, which we also denote by VkkpF 1q.
Theorem 3.3.4 (Eichler-Shimura-Harder, [LW20, Theorem 2.18]). If Ψ P SkkpUF,1pNqq is a
normalized Hecke eigenform, we have the following isomorphism of 1-dimensional C-vector
spaces

Sk,kpUF,1pNqqrΨs � H1
cpYF,1pNq, VkkpCqqrΨs � H1pYF,1pNq, VkkpCqqrΨs.

induced by a canonical Hecke-equivariant injection:

Sk,kpUF,1pNqq ãÑ H1
cpYF,1pNq, VkkpCqq.

Thus from Theorem 3.3.4, we have ηΨ P H1
cpYF,1pNq, VkkpCqq, corresponding to an eigen-

form Ψ P Sk,kpUF,1pNqq. Fix an eigenform Ψ P Sk,kpUF,1pNqq, and let F 1{Q be a �nite
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extension, large enough, containing F and the Hecke eigenvalues of Ψ, P be a prime of
F 1 above p, and OF 1,pPq be the valuation ring of F 1 at P. From [LW20, Section 2H], we
can regard H1

cpYF,1pNq, VkkpOF 1,pPqqq as an OF 1,pPq-lattice in H1
cpYF,1pN, VkkpF 1qq. Moreover,

H1
cpYF,1pNq, VkkpOF 1,pPqqq is preserved by the action of Hecke operators pTaq� and pUaq�.

De�ne

H1
cpYF,1pNq, VkkpOF 1,pPqqqrΨs :� H1

cpYF,1pNq, VkkpF 1qqrΨs X H1
cpYF,1pNq, VkkpOF 1,pPqqq.

From [LW20, Proposition 2.20], we know that there exists a complex period ΩΨ P C�, such

that the quotient ϕΨ :� ηΨ
ΩΨ

forms an OF 1,pPq-basis of H
1
cpYF,1pNq, VkkpOF 1,pPqqqrΨs.

De�nition 3.3.5. We de�ne

ϕ�Ψ :� j�pϕΨq P H1
cpY �

F,1pNq, VkkpOF 1,pPqqq

which is the pullback of ϕΨ under j : Y �
F,1pNq Ñ YF,1pNq.

This modular symbol ϕ�Ψ will be used later to de�ne the p-adic Asai L-function of Ψ.

From now onward, as described in the Introduction, the ideal N � OF is divisible by
all the primes above p.

Remark 3.3.6. By an eigenform Ψ of weight pk, kq and level N, i.e., of level UF,1pNq we
mean either Ψ is a newform or Ψ is a p-stabilized p-regular eigenform in the sense:

� Ψ is an eigenform and for each p | p in F , UppΨq � cpp,ΨqΨ, with cpp,Ψq � 0,

� there exists an ideal M coprime with p and a Bianchi newform F P Spk,kqpUF,1pMqq
such that N � M

±
p|p p and Ψ is obtained from F by successive p-stabilization,

� for each p | p, the roots of X2 � cpp,FqX � ϵFppqNppqk�1 are distinct, where ϵF is the
nebentypus of F .

3.4 Asai-Eisenstein elements

In this section, we �rst recall de�nitions of modular units and Kato's Siegel units. After
that, we recall the de�nitions and constructions of weight k � 2 as well as higher weight
k ¡ 2 Asai-Eisenstein elements from [LW20, Sections 3, 5]. These are compatible families
of classes in the Betti cohomology of locally symmetric spaces of Bianchi modular forms.
Note that there is no étale cohomology in the Bianchi setting since the Bianchi manifolds,
the locally symmetric spaces, are real manifolds of dimension 3 and hence are not algebraic
varieties. Loe�er�Williams constructed these elements by pushing forward Kato's Siegel
units to the Betti cohomology (under some maps) but using methods similar to the étale
cohomology setting from [LLZ18].
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3.4.1 Modular units and Siegel units

A modular unit on YQpUq is an element of OpYQpUqq�, that is, a regular function on YQpUq
with no zeros or poles, where U � GL2ppZq is an open compact subgroup.

De�nition 3.4.1. For N ¥ 1, and c ¡ 1 an integer coprime to 6N , let

cgN P OpYQ,1pNqq�

be the Kato's Siegel unit
c
g0,1{N , which is de�ned in [Kat04].

By an abuse of notation, we use cgN again for the pullback of this unit to the mixed
modular curve YQpM,Nq, for any M ¥ 1.

Proposition 3.4.2. [Kat04, Section 2.11, Proposition 3.11] The Siegel units are norm com-
patible, that is, if N | N 1 and N and N 1 have the same prime divisors, then under the natural
projection map pr : YQpM,N 1q Ñ YQpM,Nq we have

pprq�pcgN 1q � cgN .

3.4.2 Weight 2 Asai-Eisenstein elements

For a modular unit u P OpYQ,1pNqq�, one can associate a Betti realization to u: Cpuq P
H1pYQ,1pNq,Zq. See [LW20, Proposition 3.2].

De�nition 3.4.3 (Betti-Eisenstein class). Let cCN :� CpcgNq P H1pYQ,1pNq,Zq be the Betti
realization of cgN .

Proposition 3.4.2 implies that if p | N , the classes cCNpr , for r ¥ 0, are compatible
under push-forward, and hence de�nes a class

cCNp8 P limÐÝ
r

H1pYQ,1pNprq,Zq.

Let N be an ideal in OF divisible by some integer ¥ 4 and recall that Y �
F,1pNq � Γ�F,1pNqzH3.

De�nition 3.4.4. Let m ¥ 1 be an integer and a P OF . Consider the map

κa{m : Y �
F,1pm2Nq Ñ Y �

F,1pNq

given by the left action of

�
1 a{m
0 1



P SL2pF q on H3.

Since N is divisible by some integer ¥ 4, we have maps

YQ,1pm2Nq iÝÑ Y �
F,1pm2Nq κa{mÝÝÝÑ Y �

F,1pNq,
where pNq � ZXN.
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Note that there are isomorphisms

H1pYQ,1pm2Nq,Zq � HBM
1 pYQ,1pm2Nq,Zq, H2pY �

F,1pm2Nq,Zq � HBM
1 pY �

F,1pm2Nq,Zq,

where HBM
� denotes Borel-Moore homology (homology with non-compact support). See

[BM60] for the reference. We de�ne a push-forward map

i� : H
1pYQ,1pm2Nq,Zq Ñ H2pY �

F,1pm2Nq,Zq,

since Borel-Moore homology is covariantly functorial for proper maps.

De�nition 3.4.5 (Weight 2 Asai-Eisenstein elements). For m ¥ 1 integer, a P OF {mOF ,
and c ¡ 1 integer coprime to 6mN , de�ne

cΞm,N,a :� pκa{mq� � piq�pcCm2Nq P H2pY �
F,1pNq,Zq,

and

cΦ
r
N,a �

¸
tPpZ{prq�

cΞpr,N,at b rts P H2pY �
F,1pnq,Zq b ZprpZ{prq�s.

Remark 3.4.6. We will use another de�nition for the Asai�Eisenstein element cΞm,N,a later
for our patching arguments involving Y �

F pm,mNq.
Theorem 3.4.7 (Loe�er�Williams).

1. If N | N1 are two ideals of OF with the same prime factors, then push-forward along
the map YF,1pN1q Ñ YF,1pNq sends cΦ

r
N1,a to cΦ

r
N,a for any valid choices of c, a, r.

2. Let r ¥ 1 be an integer, a be a generator of OF {ppOF � Zq, and let

πr�1 : H
2pY �

F,1pnq,Zq b ZprpZ{pr�1q�s Ñ H2pY �
F,1pnq,Zq b ZprpZ{prq�s

denote the map which is the identity on the �rst component and the natural quotient
map on the second component. Then we have

πr�1pcΦr�1
N,a q � pUpq� � cΦr

N,a, (3.4.1)

where the Hecke operator pUpq� acts via its action on H2pY �
F,1pnq,Zq. Similarly, when

r � 0, we have
π1pcΦ1

N,aq � ppUpq� � 1q � cΦ0
N,a.

Proof. See [LW20, Lemma 3.12, Theorem 3.13].

We need the following rephrasing of Theorem 3.4.7 in terms of cΞpr,N,at elements:

� If N1 | N, then cΞpr,N1,at maps to cΞpr,N,at along the pushforward map Y �
F pN1q Ñ Y �

F pNq
for all t P pZ{prq�.
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� For r ¡ 0 and for each t P pZ{prq�, we have¸
sPZ{pr�1

s�t mod pr

cΞpr�1,N,as � pUpq� cΞpr,N,at.

� For r � 0, we have ¸
tPpZ{pq�

cΞp,N,at � ppUpq� � 1q cΞ1.N,a.

For more details, see the proof of [LW20, Theorem 3.13].

3.4.2.1 Another description of weight 2 Asai-Eisenstein elements

Let a P OF . Consider the composite map

YQpm,mNq ι
ãÝÑ Y �

F pm,mNq uaÝÑ Y �
F pm,mNq,

where ua is the action of the matrix

�
1 �a
0 1



on Y �

F pm,mNq. Note that
�
1 �a
0 1



preserves

each component of Y �
F pm,mNq.

De�nition 3.4.8 (Zeta elements). De�ne cZm,N,a to be the image of cCmN � CpcgmNq P
H1pYQpm,mNq,Zq under the pushforward pua � ιq�,i.e.

cZm,N,a � pua � ιq�pcCmNq P H2pY �
F pm,mNq,Zq.

For t P pZ{mZq�, let projt : Y �
F pm,mNq Ñ Y �

F pm,mNqptq be the projection map,
and pprojtq� : H2pY �

F pm,mNq,Zq Ñ H2pY �
F pm,mNq,Zqptq :� H2pY �

F pm,mNqptq,Zq be the
projection induced by projt.

Let cZm,N,aptq be the projection of cZm,N,a to the direct summand of H2pY �
F pm,mNq,Zq

given by the t-th component. In other words,

cZm,N,aptq � pprojtq�pcZm,N,aq,

and hence we get

cZm,N,a �
¸
t

cZm,N,aptq.

We consider the map
sm : Y �

F pm,mNq Ñ Y �
F,1pNq

given by the action of

�
m 0
0 1



. This map corresponds to pz, tq ÞÑ pz{m, t{mq on H3.

Lemma 3.4.9. [LW20, Lemma 4.5] The pushforward of cCm2N along the map YQ,1pm2Nq Ñ
YQpm,mNq, given by z ÞÑ mz on H, is cCmN .
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Theorem 3.4.10. [LW20, Proposition 4.4] Let a P OF be a generator of OF {ppOF � Zq.
We have

psprq�pcZpr,N,aptqq � cΞpr,N,ta,

and thus

cΦ
r
N,a �

¸
tPpZ{prZq�

psprq�pcZpr,N,aptqq b rts.

We will usecZpr,N,a for interpolating twists later. We also �x a P OF such that it
generates pOF {ppOF � Zqq.

3.4.3 Higher weight Asai-Eisenstein elements

Let E be a �nite extension of Qp such that F embeds into E. Let OE be its ring of integers.
For k ¥ 0 integer, recall VkpOEq � SymkppOEq2q, the left OErGL2pZqs-module of symmetric
polynomials of degree k in 2 variable with coe�cients in OE. Consider TkpOEq � pVkpOEqq�
i.e. TkpOEq is the module of symmetric tensors of degree k over pOEq2. We then have the
OErGL2pOF qs-module VkkpOEq � VkpOEq b pVkpOEqqσ, where GL2pOF q acts on the �rst
factor via the embedding OF ãÑ OE and on the second component via its Galois conjugate.
Let TkkpOEq � pVkkpOEqq�. The space TkpOEq can be viewed as a local system of OE-
modules on YQ,1pNq for any integer N ¥ 4. Similarly, TkkpOEq gives a local system on
Y �
F pUq and YF pUq for su�ciently small U .

3.4.3.1 Moment maps

The linear functional dual to the second basis vector of O2
E de�nes a Γ�F,1pptNq-invariant

linear functional on SymkppOE{ptq2q or on pSymkppOE{ptq2qqσ and hence an invariant vector
in TkkpOE{ptq. This can be seen as a section of the corresponding local system, de�ning a
class

eF,k,t P H0pY �
F,1pptNq, TkkpOE{ptqq.

Cup-product with ef,k,t de�nes a moment map

momkk : limÐÝ
t

H2pY �
F,1pptNq,Zq bOE Ñ H2pY �

F,1pNq, TkkpOEqq.

This is the Betti cohomology analogue of the moment maps in the étale cohomology of
modular curves considered in [KLZ17]. In the next section, we will describe and use ef,k,t in
more detail.

By Theorem (3.4.7), the family of classes pcΦr
Npt,aqt¥0 is compatible under pushforward,

so it is a valid input to the momkk after base-extending from OE to OErpZ{prq�s.
De�nition 3.4.11. We let cΦ

k,r
N,a be the image of the compatible system pcΦr

Npt,aqt¥0 under

momkk.
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More precisely,

cΦ
k,r
N,a � pmomkk b IdqppcΦr

Npt,aqt¥0q P H2pY �
F,1pNq, TkkpOEqq bOErpZ{prq�s,

and hence, we have

cΦ
k,r
N,a �

¸
tPpZ{prq�

�
momkkppcΞpr,Npt,aqt¥0q

�b rts.

Note that the action of the Hecke operator pUpq� is well de�ned both onH2pY �
F,1pNq, TkkpOEqq

and on the limÐÝt
H2pY �

F,1pNptq,Zpq. Moreover, the map momkk commutes with pUpq�. Hence,
we have the following norm-compatibility relation, for any k ¥ 1,

πr�1pcΦk,r�1
N,a q � pUpq� � cΦk,r

N,a.

3.4.3.2 Relation to the weight 2k Eisenstein series

From [LW20, Proposition 5.2], for an integer k ¥ 0, we know that there exists a class
EiskN P H1pYQ,1pNq, TkpQqq, whose image under the comparison map (comparison between
the Betti cohomology and the deRham cohomology) is the class of the di�erential form
�NkF k�2

1{N dw
bkdτ . Here F k�2

1{N is an Eisenstein series of weight k� 2 that appears in [Kat04].

Via the base-extension, we can consider EiskN P H1pYQ,1pNq, TkpQpqq. This class does not
generally lie in the lattice H1pYQ,1pNq, TkpZpqq. But for any integer c ¡ 1 coprime with
2, 3, N , there exists cEis

k
N P H1pYQ,1pNq, TkjpZpqq such that

cEis
k
N � pc2 � c�kxcyqEiskN

holds inH1pYQ,1pNq, TkpQpqq, where xcy is the diamond operator acting onH1pYQ,1pNq, TkpZpqq
(see [Kin15], and [KLZ17] for details). Note that, when k � j, we have cEis

0
mN � cCmN .

De�nition 3.4.12 (Clebsch-Gordan map). For j P t1, . . . , kuWe can regard T2k�2jpOEq as
SL2pZq-invariant submodule of the SL2pOF q-module TkkpOEq, via the Clebsch-Gordan map

CGrk,k,js : T2k�2jpOEq Ñ TkkpOEq
normalized as is in [KLZ17].

Recall the composition of maps

YQpm,mNq ι
ãÝÑ Y �

F pm,mNq uaÝÑ Y �
F pm,mNq.

Using this map, we obtain another composition of maps

pua � ιq� � CGrk,k,kjs : H1pYQpm,mNq, T2k�2jpOEqq Ñ H2pY �
F pm,mNq, TkkpOEqq.

De�nition 3.4.13 (Twisted Asai-Eisenstein element). Let cΞ
k,j
m,N,a P H2pY �

F,1pNq, TkkpOEqq
be the image of pua�ιq��CGrk,k,jspcEis2k�2j

mN q under the restrictions to the identity component
followed by psmq�. Similarly, Ξk,jm,N,a is de�ned, for the analogous element with E-coe�cients,

using Eis2k�2j
mN .
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Explicitly, for t P pZ{mZq�,

cΞ
k,j
m,N,at :� psmq� � pprojtq� � pua � ιq�CGrk,k,jspcEis2k�2j�2

mN q,

where projt : Y
�
F pm,mNq Ñ Y �

F pm,mNqptq is the projection map.

Remark 3.4.14. Note that Ξk,jpr,N,at P H2pY �
F,1pNq, TkkpEqq, and one has the following equality

Ξk,jpr,N,at � pjr � pκat{prq�pι�CGrk,k,jspEis2k�2j
p2rN qq.

This description is convenient to relate this element with special values of the Asai L-function.
See [LW20, Lemma 5.4] for the details.

Proposition 3.4.15. [LW20, Proposition 5.5] For any integer r ¥ 0, we have

cΦ
k,r
N,a �

¸
tPpZ{prq�

cΞ
k,0
pr,N,at b rts,

where the equality takes place in H2pY �
F,1pNq, TkkpOEqq bOErpZ{prq�s.

Remark 3.4.16. The action of the Hecke operator pUpq� is well de�ned onH2pY �
F,1pNq, TkkpOEqq

and on limÐÝr
H2pY �

F,1pNprq,Zpq. Moreover, the maps momkk,mompk�jqpk�jq commutes with

pUpq�, and see the proof of Theorem 3.5.3 for the relation between mompk�jqpk�jq and
CGrk,k,js. Thus, like Theorem 3.4.7, we have the following norm-compatibility: for any
integer r ¡ 1,and any integer 0 ¤ j ¤ k, we have

πr�1

�� ¸
tPpZ{pr�1q�

cΞ
k,j
pr,N,at b rts

�
� pUpq�
¸

tPpZ{prq�
cΞ

k,j
pr,N,at b rts.

3.4.4 The p-adic Asai L-function: p-ordinary case

In [LW20], Loe�er�Williams constructed a p-adic measure, that is, a p-adic L-function in
the Iwasawa algebra ΛEpΓq. They proved:

Theorem. [LW20, Theorem 7.5] For any integer c ¡ 1 coprime to 6N, there exists a p-adic
L-function

c
LAs
p pΨq :�

C
ϕ�Ψ, limÐÝ

r

pUpq�r� eord,� cΦ
k,r
N,a

G
P OErrZ�p ss

which satis�es the following interpolation property: for any Dirichlet character θ of conductor
pr, and for any integer 0 ¤ j ¤ k, we have»

Z�p
xjθpxqd

c
LAs
p pΨqpxq �

#
p�qLAspΨ, θ, j � 1q if p�1qjθp�1q � 1,

0 if p�1qjθp�1q � �1,

where p�q is some non-zero explicit factor.
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Here and peord,�q is the Hida's ordinary projector. Note that, roughly, by King's theory
of polylogarithms ([Kin15]),

c
LAs
p pΨq is independent of the twist j. Thus, integrating xjθpxq

against d
c
LAs
p pΨq computes LAspΨ, θ, j � 1q. In other words, we have the following equality»

Z�p
xjθpxqd

c
LAs
p pΨqpxq �

»
Z�p
θpxqd

c
LAs,j
p pΨqpxq, (3.4.2)

where

c
LAs,j
p pΨq � limÐÝ

r

C
ϕ�Ψ, pUpq�r� eord,�

¸
tPpZ{prq�

cΞ
k,j
pr,N,at b rts

G
.

3.5 Cyclotomic twists of Asai-Eisenstein elements

In this section, we patch cyclotomic twists of Asai-Eisenstein elements using methods anal-
ogous to those in [LZ16]. We �rst study the hybrid locally symmetric space Y �

F pm,mNq
in detail. After that following [LLZ14], [LLZ18], and [LW20], we de�ne higher weight zeta

elements cZ
rjs
pr,N,a which are required for the patching arguments. We also use cZ

rjs
pr,N,a to

obtain congruences like those in [LZ16] as well as to de�ne cΞ
j,j
pr,N,at.

3.5.1 On mixed level locally symmetric spaces Y �

F pm,mNq

Recall that the locally symmetric space Y �
F pm,mNq is not connected and has Ẑ�{ detpU�

F pm,mNqq �
pZ{mq� connected components. Each connected component can be identi�ed with Y �

F pm,mNqp1q �
Γ�F pm,mNqzH3 by the matrix

�
t 0
0 1



, where

Γ�F pm,mNq �
"�

a b
c d



P SL2pOF q : a � 1 mod m, b � 0 mod m

c � 0 mod mN, d � 1 mod mN

*
and t P pZ{mq�. In other words,

Y �
F pm,mNqp1q

�
�t 0
0 1

�



ÝÝÝÝÝÑ
�

Y �
F pm,mNqptq.

We have the following commutative diagram for each t P pZ{mq�

Y �
F pm,mNqp1q Y �

F pm,mNqp1q

Y �
F pm,mNqptq Y �

F pm,mNqptq

�
�1 �ta

0 1

�



�
�t 0

0 1

�



�
�t 0

0 1

�

�

�1 �a

0 1

�



(3.5.1)
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See [LW20, Proof of Proposition 4.4]. If we identify Y �
F pm,mNqptq with Γ�F pm,mNqzH3 via�

t 0
0 1



, the restriction to this component of the right action of

�
1 �a
0 1



on the adelic

symmetric space corresponds to the left action of

�
1 ta
0 1



on H3, i.e, the right action of�

1 �ta
0 1



.

Thus, the right action by

�
1 �a
0 1



can be decomposed (using the above commutative

diagram) as �
1 �a
0 1



�
�
t 0
0 1


�1

�
�
1 �ta
0 1



�
�
t 0
0 1



,

�
�

1
t

0
0 1



�
�
1 �ta
0 1



�
�
t 0
0 1



.

Recall cZm,N,a � pua�ιqpcCmNq �
°
tPpZ{mq� cZm,N,aptq, where cZm,N,aptq � pprojtq�pcZm,N,aq.

Moreover, we know

cΞpr,N,ta � psprq�pcZpr,N,aptqq � psprq�ppprojtq�pcZm,N,aqq.

Lets explore the relation between cZpr,N,aptq and cΞpr,N,ta explicitly. Using the commu-
tative diagram, we can write

cZm,N,aptq � pprojtq�pcZm,N,aq,

� pprojtq�ppuaq�ι�pcCmNqq,

� puaq� ppprojtq�pιq�pcCmNqq ,

�
��

1
t

0
0 1



� uta �

�
t 0
0 1




�

ppprojtq�pιq�pcCmNqq.

If we write pprojtq�ι�pcCmNq � α, then,

cZm,N,aptq �
��

1
t

0
0 1



� uta �

�
t 0
0 1




�

pαq,

�
�
t 0
0 1



�

putaq�
�
t�1 0
0 1



�

pαq,

�
�
t 0
0 1



�

putaq�pαp1qq,

where by superscript ptq, we mean the element in Y �
F ppr, prNqptq.
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Hence,

cΞm,N,at � psprq�pcZm,N,aptqq,

� psprq�
��

t 0
0 1



�

putaq�pαp1qq


,

�
�
t 0
0 1



�

�psprq�putaq�pαp1qq� , pbecause �t 0
0 1



and

�
pr 0
0 1



commutes.q

� ppsprq�putaq�pαp1qqqptq.

Since we have de�ned cZm,N,a � puaq�ι�pcCmNq, we get

cΞm,N,at � psprq�ppcZm,N,tap1qqptqq.

This description will be helpful in the following sections.

3.5.2 Cyclotomic twists calculations

Let E{Qp be a �nite extension that contains the quadratic imaginary �eld F {Q and OF ãÑ
OE.

If e1, e2 is the standard basis of pOEq2, then, for i P t1.2u let ei,r :� ei mod pr. Then

eF,k,r � e
rks
2,r b e

rks
2,r P H0pY �

F,1pNprq, TkkpOE{prqq is a section, where erks denotes k-th divided
power of e. Also, we have chosen e2 such that

puaq�perks2,r b e
rks
2,rq � e

rks
2,r b e

rks
2,r.

We observe that
puaq�pe1,r b e1,rq � pe1,r � ae2,rq b pe1,r � aσe2,rq.

Recall that we have spr : Y �
F ppr, prNq Ñ Y �

F,1pNq given by the action of

�
pr 0
0 1



. By an

abuse of notation, write TkkpOEq for the local system OE-modules both on Y �
F,1 and Y �

F .
Then let

psprq7 : TkkpOEq Ñ psprq�pTkkpOEqq

be the map on local systems (sheaves) given by the action of

�
pr 0
0 1



on the representation

(OErGL2pOF qs-module) TkkpOEq. Thus erks1 b erks1 is in the kernel of psprq7 mod pr. In other
words, if we consider the following map

psprq7 : TkkpOE{prq Ñ psprq�pTkkpOE{prqq,

then e
rks
1,r b e

rks
1,r is in the kernel of psprq7.
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De�nition 3.5.1 ( mod pr moment maps). We de�ne mod pr moment maps as

momkk
pr : H2pY �

F,1pNprq,Zq b pOE{prq Ñ H2pY �
F,1pNprq, TkkpOE{prqq,

z ÞÑ z Y perks2,r b e
rks
2,rq.

Recall the Clebsch-Gordan map: for j P t1, . . . , ku, we have
CGrk,k,js : T2k�2jpOEq Ñ TkkpOEq.

By putting k � j in CGrk,k,js, we get

CGrjs :� CGrj,j,js : pOEq2 Ñ TjjpOEq.

Let x, y P H0pYQppr, prNq,Zpq b pOE{prq be the sections of order pr such that ι�pe1,rq
and ι�pe2,rq agree with the images of sections x, y respectively under the map

H0pYQppr, prNq,Zpq b pOE{prq ãÑ H0pYQppr, prNq,Zpq b ι�pOE{prq.
See [LLZ18, Remark 8.1.2] for a similar situation in the Hilbert modular form setting.

Remark 3.5.2. Modulo pr, the CGrjs is de�ned by the cup-product with

j̧

i�0

p�1qii!pj � iq!eris1,rerj�is2,r b e
rj�is
1,r e

ris
2,r.

Theorem 3.5.3. For any t P pZ{prq�, the following diagram commutes:

H1pYQppr, prNq,Zpq b pOE{prq H1pYQppr, prNq, ι�pTjjpOE{prqqq

H1pYQppr, prNq, ι�pTjjpOE{prqqq H1pYQppr, prNq, ι�pTjjpOE{prqqq

H2pY �
F ppr, prNq, TjjpOE{prqq H2pY �

F ppr, prNq, TjjpOE{prqq

H2pY �
F ppr, prNq, TjjpOE{prqq H2pY �

F ppr, prNq, TjjpOE{prqq

H2pY �
F,1pNq, TjjpOE{prqq H2pY �

F,1pNq, TjjpOE{prqq

Ypι�pe
rjs
2,rqq

b2

CGrjs tjj!pa�aσqj

ι� ι�

puaq� puaq�

pspr q��pprojtq� pspr q��pprojtq�

�
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Proof. The proof is similar to the proofs of [KLZ17, Theorem 6.2.4] and [LLZ18, Theorem
8.1.4] in the étale cohomology setting. For the convenience of readers, we will prove this
theorem.

We will use a following fact about divided powers:

pA�Bqrms �
m̧

k�0

ArksBrm�ks.

For z P H1pYQppr, prNq,Zpq b pOE{prq, we have

pprojtq�pua � ιq�CGrjspzq � pprojtq�
�
pua � ιq�

�
z Y ι�

�
j̧

i�0

p�1qipj � iq!eris1,rerj�is2,r b e
rj�is
1,r e

ris
2,r

�
q
��

,

� puaq�
�
pprojtq�

�
ι�pzq Y

j̧

i�0

p�1qipj � iq!eris1,rerj�is2,r b e
rj�is
1,r e

ris
2,r

��
.

Now as in the proof of [LW20, Proposition 4.4] and by the calculations involving cZ, if we

write Z rjsptq � pprojtq�
�
ι�pzq Y

°j
i�0p�1qipj � iq!eris1,rerj�is2,r b e

rj�is
1,r e

ris
2,r

	
P H2pY �

F ppr, prNqptq, TjjpOE{prqq,
then

puaq�pZ rjsptqq �
��

t 0
0 1



�

putaq�
�
t�1 0
0 1



�



pZ rjsptqq,

�
�
t 0
0 1



�

putaq�pZ rjsp1qq. (naively)

Thus,

putaq�
�
ι�pzqp1q Y

�
j̧

i�0

p�1qipj � iq!eris1,rerj�is2,r b e
rj�is
1,r e

ris
2,r

��

� putaq�ppι�pzqp1qqq Y
�

j̧

i�0

pe1,r � ptaqe2,rqriserj�is2,r b pe1,r � ptaqσe2,rqrj�iseris2,r
�

Therefore,

psprq�puaq�pZ rjsptqq

�
�
t 0
0 1



�

psprq�
�
putaq�pι�pzqp1qq Y tjj!pa� aσqjperjs2,r b e

rjs
2,rq � sum involving e1,r

	
,

�
�
t 0
0 1



�

�
ppsprq�putaq�pι�pzqp1qqq Y

�
tjj!pa� aσqjperjs2,r b e

rjs
2,rq
		

,

since e
rjs
1,r b e

rjs
1,r is in the kernel of psprq7 and erjs2,r b e

rjs
2,r is invariant under psprq7.

Now, if we chase the diagram on the right-hand side, we get the same equation.
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For 0 ¤ j ¤ k and Y P tY �
F,1pNq, Y �

F pm,mNqu, we de�ne mompk�jqpk�jq (similar to
momkk)

mompk�jqpk�jq : H2pY, TjjpOEqq Ñ H2pY, TkkpOEqq,

such that modulo pr, mompk�jqpk�jq is de�ned by the cup product with the element e
rk�js
2,r b

e
rk�js
2,r .

Lemma 3.5.4. For all 0 ¤ j ¤ k, we have

mom
pk�jqpk�jq
pr �momjj

pr �
�
k

j


2

momkk
pr .

Proof. This is proved in [LLZ18, Lemma 8.2.1]. See also [KLZ17, Lemma 6.3.2].

Theorem 3.5.5. For r ¥ 1 and any t P pZ{prq�, we have, as classes inH2pY �
F,1pNq, TkkpOE{prqq

(i.e. equality mod pr),

cΞ
k,j
pr,N,at � tjpa� aσqjj!

�
k

j


2

cΞ
k,0
pr,N,at.

Proof. This is [LW20, Proposition 5.6]. We will prove this for the convenience of the readers.
We know that for any t P pZ{prq�, by de�nition,

cΞ
j,j
pr,N,at � psprq�pprojtq�pua � ιq�CGrjspcCprNq.

On the other hand, from [LW20, Proposition 5.5], we have

cΞ
j,0
pr,N,at � momjjpcΞpr,N,atq.

Now, modulo pr, momjj
pr is the map de�ned by the cup product with the element e

rjs
2,r b

e
rjs
2,r. Hence Theorem 3.5.3 implies

cΞ
j,j
pr,N,at � tjpa� aσqjj! cΞj,0pr,N,at, (3.5.2)

for any t P pZ{prq�.
Hence, applying Lemma 3.5.4 to (3.5.2), we get

mom
pk�jqpk�jq
pr pcΞj,jpr,N,atq � tjpa� aσqjj!mom

pk�jqpk�jq
pr pmomjj

prqpcΞpr,N,atq,

� tjpa� aσqjj!
�
k

j


2

momkk
pr pcΞpr,N,atq,

� tjpa� aσqjj!
�
k

j


2

cΞ
k,0
pr,N,at.
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Now using the following commutative diagram (for the local systems on Y �
F or modules,

see [KLZ17, Proposition 5.1.2] for more details),

pOE{prq2 TjjpOE{prq

T2k�2jpOE{prq TkkpOE{prq

CGrjs

mom2k�2j
pr mom

pk�jqpk�jq
pr

CGrk,k,js

we can conclude
mom

pk�jqpk�jq
pr pcΞj,jpr,N,atq � cΞ

k,j
pr,N,at.

This completes the proof.

3.5.3 Patching arguments

For j ¡ 0, like cZpr,N,a, we de�ne

cZ
rjs
pr,N,a � pua � ιq�CGrjspcCprNq P H2pY �

F ppr, prNq, TjjpOEqq.

Therefore, for any t P pZ{prq�, we get

cZ
rjs
pr,N,aptq � pprojtq�pua � ιq�CGrjspcCprNq P H2pY �

F ppr, prNqptq, TjjpOEqq, (3.5.3)

and

cZ
rjs
pr,N,a �

¸
tPpZ{prq�

cZ
rjs
pr,N,aptq. (3.5.4)

Note that CGrjs : pOEq2 Ñ TjjpOEq is de�ned by the cup product with an element CGrjs
such that CG mod pr is e1,r b e2,r � e2,r b e1,r. Let us denote e1,r b e2,r � e2,r b e1,r by CGr.

Theorem 3.5.6. For a P OF {ppOF �Zq, j P Z¡0 and any t P pZ{prq�, we have the following
equality modulo pjr

j̧

i�0

tpj�iqpa� aσqpj�iqpj � iq!mompj�iqpj�iqResp
jr

pr pcZ ris
pr,N,aptqq

� pprojtq�
�
Resp

jr

pr pua � ιq�pcCprNq Y putaq�
�ptpa� paqσqe2,jr b e2,jr � CGjrqrjs

�	
� Resp

jr

pr pcZpr,N,aptqq Y putaq�
�ptpa� paqσqe2,jr b e2,jr � CGjrqrjs

�
.

Here, the map Resp
jr

pr is the pullback along (or induced) by natural projection Y �
F ppjr, pjrNq Ñ

Y �
F ppr, prNq.

Proof. This proof is similar to the proof of [LZ16, Proposition 3.3.4]. But here we are prov-
ing it in the setting of the Betty cohomology and for the algebraic group over F rather than
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Q. Write Res for Resp
jr

pr . From the equation (3.5.1), and calculations involving cZpr,N,aptq,
we have, modulo pjr,

RespcZpr,N,aptqq Y putaq�
�ptpa� paqσqe2,jr b e2,jr � CGjrqrjs

�
� Res ppprojtq�pua � ιq�pcCprNqqq Y putaq�

�ptpa� paqσqe2,jr b e2,jr � CGjrqrjs
�
,

� Res

��
t 0
0 1



�

putaq�ppι� cCprNqp1qq


Y putaq�

�ptpa� paqσqe2,jr b e2,jr � CGjrqrjs
�
,

�
�
t 0
0 1



�

putaq�
�
Resppι� cCprNqp1qq Y ptpa� paqσqe2,jr b e2,jr � CGjrqrjs

	
,

�
�
t 0
0 1



�

putaq�
�
Resppι� cCprNqp1qq Y

j̧

i�0

ptpa� aσqe2,jr b e2,jrqrj�isCGrisjr
�
,

�
�
t 0
0 1



�

putaq�
�

j̧

i�0

Resppι� cCprNqp1qq Y CGrisjr Y ptpa� aσqe2,jr b e2,jrqrj�is
�
,

�
j̧

i�0

�
t 0
0 1



�

putaq�pResppι� cCprNqp1qq Y CGrisjr q Y ptpa� aσqe2,jr b e2,jrqrj�is.

Note that modulo pjr, mompj�iqpj�iq is de�ned by cup product with the element e
rj�is
2,jr berj�is2,jr .

By linear algebra of symmetric tensors, we have ptpa�aσqe2,jrb e2,jrqrj�is � pj� iq!tpj�iqpa�
aσqpj�iqerj�is2,jr b e

rj�is
2,jr .

Hence, by the de�nition of CGrjs map, we conclude

j̧

i�0

�
t 0
0 1



�

putaq�pResppι� cCprNqp1qq Y CGrisjr q Y ptpa� aσqe2,jr b e2,jrqrj�is,

�
j̧

i�0

tpj�iqpa� aσqpj�iqpj � iq!pResppprojtq�puaq�pιq�CGrispcCprNqq Y perj�is2,jr b e
rj�is
2,jr q,

�
j̧

i�0

tpj�iqpa� aσqpj�iqpj � iq!mompj�iqpj�iqRespcZ ris
pr,N,aptqq,

completing the proof.

Using Theorem 3.5.6, we obtain the following key congruence:
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Lemma 3.5.7. For any t P pZ{prq�, we have
j̧

i�0

tpj�iqpa� aσqpj�iqpj � iq!Respjrpr mompj�iqpj�iqpcΞri,ispr,N,taq (3.5.5)

P pjrH2pY �
F,1pNq, TjjpOEqq.

Proof. The proof is similar to the proof of [LZ16, Theorem 3.3.5].

Recall we have de�ned cΞ
j,j
pr,N,at as psprq�pprojtq�pua � ιq�CGrjspcCprNq. Thus, we have

cΞ
j,j
pr,N,at � psprq�pcZ rjs

pr,N,atptqq,

since we have de�ned cZ
rjs
pr,N,atptq � pprojtq�pua � ιq�CGrjspcCprNq.

From Theorem 3.5.6,
°j
i�0 t

pj�iqpa� aσqpj�iqpj� iq!Respjrpr mompj�iqpj�iqpcΞri,ispr,N,taq modulo

pjr boils down to

Resp
jr

pr

�psprq� �cZpr,N,aptq Y putaq�
�ptpa� aσqe2,r b e2,r � CGrqrjs

���
.

We claim that

psprq�putaq�
�ptpa� aσqe2,r b e2,r � CGrqrjs

� � 0.

Note that

putaq�ptpa� aσqe2,r b e2,r � CGrq � tpa� aσqe2,r b e2,r � putaq�pe1,r b e2,r � e2,r b e1,rq,
� tpa� aσqe2,r b e2,r � pe1,r � t � ae2,rq b e2,r � e2,r b pe1,r � t � aσe2,rq,
� e1,r b e2,r � e2,r b e1,r.

This implies

psprq�pputaq�ptpa� aσqe2,r b e2,r � CGrqq � psprq�pe1,r b e2,r � e2,r b e1,rq,
� 0,

since e1,r b e2,r � e2,r b e1,r is in Kerppsprq7q mod pr.

Because this element is killed by psprq� modulo pr, its j-th tensor power is will be zero
after applying psprq� mod pjr and hence we are done.

In the next section, we will use Theorem 3.5.6 to interpolate (patch) di�erent polyno-
mials to obtain the p-adic distribution.
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3.6 Interpolation of twists and construction of the p-adic

distribution

Recall �D to be the discriminant of F . We have assumed the level N to be divisible by some
integer ¥ 4. This is automatic if p is unrami�ed in F and p ¥ 5. ([LW20, Page 1692]). Note

that we have taken a P OF such that a generates OF {ppOF �Zq. Thus take a � 1

2
p1�?�Dq

if D � �1 mod 4, and a � 1

2

?�D if D � 0 mod 4. Thus a � aσ � ?�D. Recall E{Qp

is a �nite extension large enough such that F embeds into E and all Hecke eigenvalues are
also in E.

3.6.1 Polynomial setup

To construct the distribution, i.e., a power series with unbounded coe�cients, we use the tech-
nique developed by Perrin-Riou ([PR94, Subsection 1.2]) and by Büyükboduk�Lei ([BL21,
Section 2]). To use these methods, we need the language of polynomials, or rather polyno-
mials modulo ωrpXq � p1�Xqpr � 1.

Write Z�
p � ∆ � p1 � pZpq, where ∆ is cyclic group of order p � 1. As mentioned in

the introduction, �x topological generator u of 1� pZp, i.e., xuy � 1� pZp. For any integer
r ¥ 1, de�ne

ur :� u mod pr.

Then ur P pZ{prq�. Let ε : ∆ Ñ Z�p denote the Teichmüller character. Also, write ε for

ε : Z�
p Ñ ∆ Ñ Z�p . Then for any x P Z�p ,

x

εpxq P 1 � pZp. Now for any t P pZ{prq�, let
t̃ P Z�p be a lift of t. Then there exists a unique integer 0 ¤ m   pr�1, such that

t � t̃ � εpt̃qum mod pr.

In particular, we get
t̃

εpt̃q � um mod pr

and thus
t̃

εpt̃q � umr P xury, since order of ur is pr�1. We de�ne loguptq to be a unique integer
0 ¤ m   pr�1 such that

loguptq :�
t̃

εpt̃q � umr .

Let δ : ∆Ñ O�
E be a group homomorphism. Note that δ is a non-negative integer power

of the Teichmüller character ε. We then have a ring homomorphism

OErpZ{prq�s Ñ OErT s;
rts ÞÑ δptqp1� T qloguptq.
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Note that δptq is an abuse of notation for δpt mod pq.
From now onwards, we will use the polynomial setup.

3.6.2 Construction of the p-adic L-function at non-ordinary primes

De�ne a norm || � || on ErT s as
||f || :� sup

|z|p¤1

|fpzq|p

for any polynomial f P ErT s.
Note thatH2pY �

F,1pNq, TkkpOEqqbE � H2pY �
F,1pNq, TkkpEqq and henceH2pY �

F,1pNq, TkkpOEqq
is an OE-lattice in H2pY �

F,1pNq, TkkpEqq. Hence it de�nes a norm | � | on H2pY �
F,1pNq, TkkpEqq.

By an abuse of notation, we de�ne a norm || � || on H2pY �
F,1pNq, TkkpOEqq bOErT s using | � |.

Like cΦ
k,j,r
N,a � °

tPpZ{prq� cΞ
k,j
pr,N,at b rts de�ned in [LW20], we de�ne polynomials, for

δ P ∆�: ¸
tPpZ{prq�

cΞ
k,j
pr,N,at b δptqp1� T qloguptq

lying in H2pY �
F,1pNq, TkkpOEqq bOErT s.

We now use congruences from Lemma 3.5.7 to prove the following congruence theorem.

Lemma 3.6.1. For any character δ : ∆Ñ O�
E , any integer 0 ¤ j ¤ k, and pr ¡ 0, we have

sup
r

������p�jr j̧

i�0

p�1qi
�
j

i


 ¸
tPpZ{prq�

cΞ
k,i
pr,N,at b t�iδptqp1� T qloguptq

������   8. (3.6.1)

Proof. For simplicity, we assume δ is the trivial character and r ¡ 1. The proof for non-
trivial δ is similar.

We will use the fact, for 0 ¤ i ¤ j ¤ k, we have

mom
pk�jqpk�jq
pr mom

pj�iqpj�iq
pr �

�
k � i

j � i


2

mom
pk�iqpk�iq
pr .

We have the following equality mod pr:

j̧

i�0

p�1qi
�
j

i



1

paσ � aqii!�k
i

�2 ¸
tPpZ{prq�

cΞ
k,i
pr,N,at b t�ip1� T qloguptq,

�
j̧

i�0

p�1qi
�
j

i



1

paσ � aqii!�k
i

�2 ¸
tPpZ{prq�

mompk�iqpk�iq
cΞ

i,i
pr,N,at b t�ip1� T qloguptq,

�
j̧

i�0

p�1qi
�
j

i



1

paσ � aqii!�k
i

�2 ¸
tPpZ{prq�

1�
k�i
j�i

�2mompk�jqpk�jqmompj�iqpj�iq
cΞ

i,i
pr,N,at b t�ip1� T qloguptq,
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� mompk�jqpk�jq

�� j̧

i�0

p�1qi
�
j

i



1

paσ � aqii!�k
i

�2 ¸
tPpZ{prq�

1�
k�i
j�i

�2mompj�iqpj�iq
cΞ

i,i
pr,N,at b t�ip1� T qloguptq

�
.
We can simplify factorials as�

j

i



� 1

i!
�
k
i

�2 � 1�
k�i
j�i

�2 � 1�
k
j

�2 pj � iq!.

Thus we get

mompk�jqpk�jq

�� j̧

i�0

p�1qi
�
j

i



1

paσ � aqii!�k
i

�2 ¸
tPpZ{prq�

1�
k�i
j�i

�2mompj�iqpj�iq
cΞ

i,i
pr,N,at b t�ip1� T qloguptq

�


� mompk�jqpk�jq

�� j̧

i�0

p�1qi 1�
k
j

�2 pj � iq! 1

paσ � aqi
¸

tPpZ{prq�
mompj�iqpj�iq

cΞ
i,i
pr,N,at b t�ip1� T qloguptq

�
,

� mompk�jqpk�jq�
k
j

�2
�� j̧

i�0

pj � iq! 1

pa� aσqi
¸

tPpZ{prq�
mompj�iqpj�iq

cΞ
i,i
pr,N,at b t�ip1� T qloguptq

�
,

� mompk�jqpk�jq�
k
j

�2
�� ¸
tPpZ{prq�

�
j̧

i�0

t�ipa� aσq�ipj � iq!mompj�iqpj�iq
cΞ

i,i
pr,N,at

�
b p1� T qloguptq

�

From the Lemma 3.5.7, for all t P pZ{prq�, we know mod pjr,

j̧

i�0

tpj�iqpa� aσqpj�iqpj � iq!mompj�iqpj�iq
cΞ

i,i
pr,N,at � 0.

Thus, for any t P pZ{prq�,
j̧

i�0

tp�iqpa� aσqp�iqpj � iq!mompj�iqpj�iq
cΞ

i,i
pr,N,at,

� 1

tjpa� aσqj
j̧

i�0

tpj�iqpa� aσqpj�iqpj � iq!mompj�iqpj�iq
cΞ

i,i
pr,N,at

P C � pjrH2pY �
F,1pNq, TjjpOEqq,

where C is some positive constant independent of pr related to paσ � aqj. Note that if p is
unrami�ed in F then a� aσ is a p-adic unit and hence C � 1.
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Therefore, using the norm || � || on H2pY �
F,1pNq, TkkpOEqq bOErT s, we deduce�����

�����mompk�jqpk�jq�
k
j

�2
�� ¸
tPpZ{prq�

�
j̧

i�0

t�ipa� aσq�ipj � iq!mompj�iqpj�iq
cΞ

i,i
pr,N,at

�
b p1� T qloguptq

�
�����
�����

  C 1 � pjr,

for some constant C 1 independent of r. and hence

sup
������p�jr j̧

i�0

p�1qi
�
j

i



1

paσ � aqii!�k
i

�2 ¸
tPpZ{prq�

cΞ
k,i
pr,N,at b t�ip1� T qloguptq

������   8. (3.6.2)

This completes the proof.

Remark 3.6.2. The equation (3.6.1) can be interpreted as: the sum

j̧

i�0

p�1qi
�
j

i



1

paσ � aqii!�k
i

�2 ¸
tPpZ{prq�

cΞ
k,i
pr,N,at b t�ip1� T qloguptq

lies in C 1 �pjrH2pY �
F,1pNq, TkkpOEqqbOErT s, where C 1 is some positive constant independent

of pr.

Before going forward, we will introduce some notations related to distributions and
power series. We de�ne Iwasawa algebras ΛE :� EbOErrT ss and ΛEpZ�p q :� EbOErrZ�p ss �
E bOEr∆srrT ss.

For any real number w ¥ 0, let

HE,w :�
#

8̧

n�0

cnT
n P ErrT ss : sup

n

|cn|p
nw

  8
+

be the space of w-tempered/admissible distributions. Note that, HE,w is a ΛE-module and
when w � 0, HE,0 � ΛE. Similarly, we de�ne

HE,wpZ�p q :�
#¸
σP∆

8̧

n�0

cn,σ � σ � T n P Er∆srrT ss : sup
n

|cn,σ|p
nw

  8,@σ P ∆

+
.

Let ∆� � Homctsp∆,O�
Eq be the group of character and let eδ � 1

|∆|

°
dP∆ δ

�1pdq � d P OEr∆s
be the idempotent corresponding to character δ P ∆�. Then

HE,wpZ�p q �
à
δP∆�

eδpHE,wpT qq,

and eδpHE,wpT qq � HE,w as ΛE-modules. We say f is Oplogwp q whenever f P HE,wpT q or
f P HE,wpZ�p q.

We need the following lemma to construct the distribution.



3.6. INTERPOLATION OF TWISTS AND CONSTRUCTION OF THE p-ADIC
DISTRIBUTION 84

Lemma 3.6.3. Let s ¥ 0 and h ¥ 1 be integers and 0 ¤ s   h. For 0 ¤ j ¤ h � 1, let
Qr,jpT q P ErT s be a sequence of polynomials satisfying

1. sup ||psrQr,jpT q||   8,

2. Qr�1,j � Qr,j mod ωr�1pT qErT s

for all positive integers r. Moreover, suppose that

sup
r

������pps�jqr j̧

i�0

p�1qi
�
j

i



Qr,ipu�ip1� T q � 1q

������   8

for all 0 ¤ j ¤ h� 1. Then there exists a unique polynomial Qr of degree   hpr such that

1. QrpT q � Qr,jpu�jp1� T q � 1q mod ωrpu�jp1� T q � 1qErT s,
2. sup ||psrQrpT q||   8,

3. Qr�1 � Qr mod
±h�1

i�0 ωr�1pu�ip1� T q � 1q,

Moreover, the sequence pQrqr converges to a power series Q8 such that Q8 P HE,s.

Proof. See [PR94, Lemme 1.2.1, Lemme 1.2.2] and [BL21, Lemma 2.2, Lemma 2.3] for the
details.

Now we will construct the distribution using Lemma 3.6.3. Let Ψ be a Bianchi eigenform
over F of weight pk, kq and level N, i.e. of level UF,1pNq. Assume Ψ is p-non ordinary and
smalll slope, i.e. vppapq ¡ 0 and vppapq   k � 1, where ap is the Up-eigenvalue.

Recall from Subsection 3.3.3, that if F 1{Q is a �nite extension obtained by adjoining all
the Hecke eigenvalues of Ψ to F , and let P be a prime above p in E, then we de�ned

ϕ�Ψ P H1
cpY �

F,1pNq, VkkpOF 1,Pqq.

We enlarge E, if necessary so that we can �x an embedding F 1
P ãÑ E. Thus we can consider

the modular symbol ϕ�Ψ as a a class in H1
cpY �

F,1pNq, VkkpOEqq well-de�ned up to a unit in OE.

For δ P ∆� and for integer r ¥ 1, let

P δ
r,jpT q �

C
ϕ�Ψ, pUpq�r�

1

paσ � aqjj!�k
j

�2 ¸
tPpZ{prq�

cΞ
k,j
pr,N,at b δptqp1� T qloguptq

G
, (3.6.3)

where x, y denotes the perfect Poincaré duality pairing

H1
cpY �

F,1pNq, VkkpOEqq �
H2pY �

F,1pNq, TkkpOEqq
Torsion

Ñ OE.
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Note that from Theorem 3.4.7, we have

pUpq�1
�

¸
tPpZ{pq�

cΞ
k,j
p,N,at � p1� pjpUpq�1

� q cΞk,j1,N,a.

Thus, when δ is the trivial character and r � 1, we get

P triv
1,j pT q �

C
ϕ�Ψ,

p1� p�jpUpq�1
� q

paσ � aqjj!�k
j

�2 cΞ
k,j
1,N,a

G
. (3.6.4)

In particular, for 0 ¤ j ¤ k, we get

P δ
r,jpT q �

C
ppUpq�q�rϕ�Ψ,

1

paσ � aqjj!�k
j

�2 ¸
tPpZ{prq�

cΞ
k,j
pr,N,at b δptqp1� T qloguptq

G
,

�
C
a�rp ϕ�Ψ,

1

paσ � aqjj!�k
j

�2 ¸
tPpZ{prq�

cΞ
k,j
pr,N,at b δptqp1� T qloguptq

G
,

� a�rp

paσ � aqjj!�k
j

�2 ¸
tPpZ{prq�

A
ϕ�Ψ, cΞ

k,j
pr,N,at

E
δptqp1� T qloguptq P ErT s.

Moreover, when δ is the trivial character and r � 1, we get

P triv
1,j � 1

paσ � aqjj!�k
j

�2 �1� pj

ap



xϕ�Ψ, cΞk,j1,N,ay.

Let us denote vppapq by n.
Lemma 3.6.4. For any integer r ¥ 1, any integer 0 ¤ j ¤ k, and any character δ P ∆�, we
have

1. sup ||pnrP δ
r,jpT q||   8,

2. P δ
r�1,jpT q � P δ

r,j mod ωr�1pT q,

3. supr

������ppn�jqr°j
i�0p�1qi

�
j
i

�
P δ
r,ipu�ip1� T q � 1q

������   8.

Proof. Statement (1) follows from the de�nition of the polynomial P δ
r,jpT q.

Note that from the remark 3.4.16, after converting it in the polynomial setup, we deduce¸
tPpZ{pr�1q�

cΞ
k,j
pr�1,N,at b δptqp1� T qloguptq

�
¸

tPpZ{prq�
cΞ

k,j
pr,N,at b δptqp1� T qloguptq mod ωr�1pT qpH2pY �

F,1pNq, TkkpOEqq bOErT sq

(3.6.5)
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Thus, after pairing both sides of (3.6.5) with the modular symbol ϕ�Ψ, we get the second
statement.

For the third part, for simplicity assume δ is trivial and integer r ¡ 1. We can simplify
the expression

j̧

i�0

p�1qi
�
j

i



P δ
r,ipu�ip1� T q � 1q

�
j̧

i�0

p�1qi
�
j

i



a�rp

paσ � aqii!�k
i

�2 ¸
tPpZ{prq�

A
ϕ�Ψ, cΞ

k,i
pr,N,at

E
ppuq�ip1� T qqloguptq,

�
j̧

i�0

p�1qi
�
j

i



a�rp

paσ � aqii!�k
i

�2 ¸
tPpZ{prq�

A
ϕ�Ψ, cΞ

k,i
pr,N,at

E
ptq�ip1� T qloguptq,

�
C
ϕ�Ψ,

j̧

i�0

p�1qi
�
j

i



a�rp

paσ � aqii!�k
i

�2 ¸
tPpZ{prq�

cΞ
k,i
pr,N,at b t�ip1� T qloguptq

G

The statement then follows from Lemma 3.6.1 and n � vppapq. For the non-trivial character
δ, the proof is the same.

Hence from Lemma 3.6.3 and Lemma 3.6.4, we deduce

Theorem 3.6.5. For any character δ P ∆�, there exists a unique polynomial sequence
P δ
r pT q P ErT s of degree   pk � 1qpr�1 such that

1. P δ
r pT q � P δ

r,jpu�jp1� T q � 1q mod ωr�1pu�jp1� T q � 1q,

2. P δ
r�1pT q � P δ

r pT q mod
±k

i�0 ωr�1pu�ip1� T q � 1q,
3. supr ||pnrP δ

r ||   8.

Moreover, the sequence P δ
r converges to

c
LAs,δ
p pΨq :� limrÑ8 P

δ
r P HE,n and

c
LAs,δ
p pΨq � P δ

r,jpu�jp1� T q � 1q mod ωr�1pu�jp1� T q � 1q.

Note that, for any real number w ¥ 0, HE,wpZ�p q � HE,wpΓq via identi�cation T ÞÑ
γ0 � 1.

De�nition 3.6.6 (p-adic Asai distribution). For a p-non-ordinary small slope Bianchi eigen-
form Ψ of level N, weight pk, kq, and Up-eigenvalue ap, de�ne the p-adic distribution attached
to Ψ to be

c
LAs
p pΨq �

à
δP∆�

c
LAs,δ
p pΨq P HE,npΓq,

where
c
LAs,δ
p pΨq (after identifying T with γ0 � 1) are from Theorem 3.6.5 and n � vppapq

such that 0   n   k � 1.
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Notation. For a Dirichlet character θ of conductor pr ¡ 1 and any integer 0 ¤ j ¤ k, write

c
LAs
p pΨ, θ, jq :� c

LAs
p pΨqpχjθq,

i.e. evaluating
c
LAs
p pΨq at γ0 � uj � ζ̃ �ζpr�1 , where ζ̃ is a pp�1q-th root of unity, corresponding

to δ P ∆� and ζpr�1 is a primitive pr�1-th root of unity.

3.6.3 The interpolation property

We will prove that the p-adic distribution
c
LAs
p pΨq interpolates the critical L-values of the

Asai L-function attached to Ψ. We use Section 7C and Theorem 7.5 of [LW20] for the
interpolation.

Theorem 3.6.7. Let Ψ be a p-non-ordinary small slope Bianchi cusp form of weight pk, kq,
nebentypus ϵΨ, and level N, where all primes above p divides N. Let ap � cppOF ,Ψq be
the Up-eigenvalue of Ψ which satis�es 0   vppapq   k � 1. For any Dirichlet character θ
of conductor pr and any integer 0 ¤ j ¤ k,

c
LAs
p pΨq satis�es the following interpolation

property:

1. If p�1qjθp�1q � 1, then

c
LAs
p pΨ, θ, jq �

Cpc, k, jqGpθq
ΩΨ

� eppΨ, θ, jqLAspΨ, θ, j � 1q,

where

� eppΨ, θ, jq �

$'''&'''%
�
1� pj

ap



if r � 0,

1

arp
if r ¡ 0.

� Cpc, k, jq :� p�1qk�1 � pjrj!p?�Dq
2 � p2πiqj�1

� pc2 � c2j�2kϵΨpc�1qθpcq2q, where Gpθq is the
Gauss sum associated with θ.

2. If p�1qjθp�1q � �1, then
c
LAs
p pΨ, θ, jq � 0.

Proof. First, we assume r ¡ 1 and δ P ∆�. Since pZ{prq� � ∆ � Z{pr�1, write θ � δ � Θ,
where δ is a character on ∆ and Θ is a character on Z{pr�1.

For any pr�1-th root ζ, ujζ is a root of polynomial ωr�1pu�jγ0 � 1q.
Now for δ P ∆�, from Theorem 3.6.5, we have

c
LAs,δ
p pΨq � P δ

r,jpu�jγ0 � 1q mod ωr�1pu�jγ0 � 1q (3.6.6)
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Hence, to calculate
c
LAs
p pΨ, θ, jq is equivalent to evaluating

c
LAs,δ
p pΨq at ujΘ, ie, by putting

γ0 � ujζ, for pr�1-th root of unity ζ.

From equation (3.6.6), it su�cient to calculate P δ
r,jpζ � 1q. Therefore, we get

P δ
r,jpζ � 1q � a�rp

paσ � aqjj!�k
j

�2 ¸
tPpZ{prq�

A
ϕ�Ψ, cΞ

k,j
pr,N,at

E
δptqpζqloguptq,

� a�rp

paσ � aqjj!�k
j

�2 ¸
tPpZ{prq�

A
ϕ�Ψ, cΞ

k,j
pr,N,at

E
δptqΘptq,

� a�rp

paσ � aqjj!�k
j

�2 ¸
tPpZ{prq�

A
ϕ�Ψ, cΞ

k,j
pr,N,at

E
θptq,

since loguptq is a unique non-negative integer   pr�1 and Θ is a character on Z{pr. Hence,
we have deduced

c
LAs
p pΨ, θ, jq �

a�rp

paσ � aqjj!�k
j

�2 ¸
tPpZ{prq�

A
ϕ�Ψ, cΞ

k,j
pr,N,at

E
θptq.

Now, if r � 1 and δ is non-trivial, following the calculations similar to the above case,
we get

c
LAs
p pΨ, θ, jq �

a�1
p

paσ � aqjj!�k
j

�2 ¸
tPpZ{pq�

xϕ�Ψ, cΞk,jp,N,atyδptq.

Lastly, if r � 1 and δ is the trivial character, then
c
LAs
p pΨ, jq is evaluating c

LAs
p pΨq at

uj. Therefore, we get

c
LAs
p pΨ, jq � P triv

1,j puj � 1q,

� 1

paσ � aqjj!�k
j

�2 �1� pj

ap



xϕ�Ψ, cΞk,j1,N,ay.

The theorem then follows from [LW20, Theorem 7.5].

3.6.4 p-adic distributions without c

Recall Kato's Siegel unit cgN P OpYQ,1pNqq� from Section 3.4. Note that if c, d P Z¥1 coprime
to 6N , then we have

pd2 � xdyq cgN � pc2 � xcyq dgN .
Thus, the dependence on c can be removed after extending scalars to Q. More precisely,
there is an element gN P OpYQ,1pNqq� bQ such that cgN � pc2 � xcyq � gN for any choice of
c. Similarly, for any integer k ¡ 0, we have

cEis
k
N � pc2 � c�kxcyqEiskN P H1pYQ,1pNq, TkpQpqq,
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where cEis
k
N P H1pYQ,1pNq, TkpZpqq appearing in the De�nition 3.4.13. See [KLZ17, Theorem

4.4.4] for the details. Following this path, we prove:

Proposition 3.6.8. Let ϵΨ : pOF {Nq� Ñ O�
E be the nebentypus of the Bianchi cusp form

Ψ. Assume:

1. the restriction ϵΨ|pZ{Nq� is non-trivial;

2. ϵΨ|pZ{Nq� does not have p-power conductor.

Then there exists a distribution LAs
p pΨq P HE,vppapqpΓq. such that

LAs
p pΨq �

1�
c2 � c�2kϵΨpc�1q

�
γ
logupcq
0

	2
 �
c
LAs
p pΨq

for all valid c P Z¡1, where logupcq is the unique positive integer such that pu ˜zeta
logupcq � c

for appropriate pp� 1q-th root of unity.

Before proving this proposition, note that LAs
p pΨq satis�es the interpolation property

described in Theorem 3.6.7 without the factor involving c. In particular, for any integer
0 ¤ j ¤ k and for any Dirichlet character θ of conductor pr, we have

LAs
p pΨqpujθq �

C 1pk, jqGpθq
ΩΨ

� eppΨ, θ, jqLAspΨ, θ, j � 1q, (3.6.7)

where

C 1pk, jq �

$'&'%
p�1qk�1 � pjrj!p?�Dq

2 � p2πiqj�1
if p�1qjθp�1q � 1,

0 if p�1qjθp�1q � �1,
and eppΨ, θ, jq is the same one appearing in Theorem 3.6.7.

Proof of Proposition 3.6.8. We follow [LW20, Proposition 6.7]. Denote

�
c2 � c�2kϵΨpc�1q

�
γ
logupcq
0

	2

by υc. For any positive integers c, d coprime to 6Np, consider

υd � cLAs
p pΨq.

Then �
pυd � cLAs

p pΨqq � pυc � dLAs
p pΨqq

	
pχjθq � 0

for any integer 0 ¤ j ¤ k and for any Dirichlet character θ of conductor pr. Thus, by the
uniqueness of the construction

c
LAs
p pΨq, we can conclude

pυd � cLAs
p pΨqq � pυc � dLAs

p pΨqq.

In other words, υd � cLAs
p pΨq is symmetric in c and d.
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Now we can choose d such that υd is a unit in E b OErrΓss, since the conductor of ϵΨ
is not a power of p. Note that we get ϵΨpd�1q, since the dual of the diamond operator xdy is
xd�1y under the perfect Poincaré duality.

Therefore, if we de�ne

LAs
p pΨq :�

1�
c2 � c�2kϵΨpc�1q

�
γ
logupcq
0

	2
 c
LAs
p pΨq, (3.6.8)

then LAs
p pΨq is independent of c and lies in HE,vppapqpΓq.

Remark 3.6.9. There is a typo in the equation of LAs
p pΨq appearing in [LW20, Proposition

6.7]. There should be ϵΨpc�1q instead of ϵΨpcq.
Remark 3.6.10. Even if ϵΨ|pZ{Nq� has p-power conductor, we can still de�ne

LAs
p pΨq �

1�
c2 � c�2kϵΨpc�1q

�
γ
logupcq
0

	2
 c
LAs
p pΨq,

but this element will not be in the distribution moduleHE,vppapqpΓq but in the fraction �eld of
HE,vppapqpΓq. This new "distribution" will have poles, i.e., it will be a meromorphic function.

3.7 Signed p-adic Asai L-functions of Bianchi modular

forms

This section addresses the factorization of unbounded p-adic L-functions (i.e. p-adic dis-
tributions) into bounded signed p-adic L-functions (i.e. p-adic measures) in the spirit of
Pollack, Sprung, and Lei�Loe�er�Zerbes. We will apply the machinery of logarithmic ma-
trices, developed by the author in [Deo26], to obtain this factorization.

3.7.1 Wach modules and logarithmic matrix

De�ne, for any real number w ¥ 0,

HE,wpΓ1q �
#

8̧

n�0

cnpγ0 � 1qn : sup
n

|cn|p
nw

  8
+
,

and recall

HE,wpΓq �
#¸
σP∆

8̧

n�0

cn,σ � σ � pγ0 � 1qn : sup
n

|cn,σ|p
nw

  8,@σ P ∆

+
.

Note that

HE,w � HE,wpΓ1q, (3.7.1)
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HE,wpZ�p q � HE,wpΓq, (3.7.2)

where HE,w and HE,wpZ�p q are de�ned in Section 3.6.2. Also, let HEpΓ1q �
�
w¥0HE,wpΓ1q

and HEpΓq �
�
w¥0HE,wpΓq. Similar to HE,w, if f P HE,wpΓ1q, then we say f has growth

rate Oplogwp q.
Let X be a variable and write B�

rig,Qp
for the ring of power series fpXq P QprrXss such

that f converges everywhere inside the unit p-adic disk. We equip B�rig,Qp
with the actions by

the Frobeneius φ : X ÞÑ p1�Xqp�1 and σ : X ÞÑ p1�Xqχpσq�1 for σ P Γ, where χ is the p-
adic cyclotomic character such that χpγ0q � u. Let B�rig,E � EbB�rig,Qp

and inside B�rig,E there

is a subring A�
E � OErrXss which is also equipped with the actions of φ and Γ. Note that

there exists a ΛEpΓq-module isomorphism between pB�rig,Eqψ�0 and HEpΓq called the Mellin

transform, where ψ is a left inverse of φ such that φ � ψpfpXqq � 1
p

°
ζp�1 fpζp1 �Xq � 1q.

Moreover, we can identify pA�
Eqψ�0 with ΛOE

pΓq. See [PR94, B.2.8] for more details.

Fix a P OE with vppaq ¡
Z

k

p� 1

^
and k ¥ 0 be an integer. Let α, β be the distinct

roots of polynomial X2� aX � vpk�1, for some v such that v1{2 P O�
E . Then by the methods

in [Deo26] (which are based on methods in [BLZ04]), there exists a E-linear crystalline
GalpQp{Qpq-representation V and an OE-stable lattice T in V such that:

1. there exists an OE-basis v1, v2 of Dieudonné module DcryspT q such that the matrix of
φ with respect to this basis is

Aφ �
�
0 �1{vpk�1

1 a{vpk�1

�
.

2. we have a Wach module NpT q with an A�
E-basis n1, n2 such that, for i � 1, 2,

ni � vi mod X.

See [Ber04], [BLZ04], [LLZ11], and [Deo26] for de�nitions and more details about Wach
modules.

3. pφ�NpT qqψ�0 is a ΛOE
-module with basis p1�πqφpn1q, p1�πqφpn1q, where pφ�NpT qqψ�0

is A�
E-submodule of NpT qrX�1s generated by φpNpT qq

4. pB�rig,Eqψ�0 b DcryspT q is an HEpΓq-module with basis p1� πq b v1, p1� πq b v2.

De�nition 3.7.1 (Logarithmic matrix). We de�ne the 2 � 2 logarithmic matrix M P
M2,2pHEpΓqq as the change of the basis matrix for the following HEpΓq-module homomor-
phism:

pφ�NpT qqψ�0 ãÑ pB�rig,Eqψ�0 b DcryspT q,
i.e., �p1� πqφpn1q p1� πqφpn1q

� � �p1� πq b v1 p1� πq b v2
�
M. (3.7.3)
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Note that M is unique and in fact M P M2,2pHEpΓ1qq. See [Deo26, Section 4] and
[LLZ11] for the details about the construction of M .

Proposition 3.7.2.

1. The elements in the �rst row of matrix Q�1M have growth Oplogvppαqp q and the elements

in the second row have growth Oplogvppβqp q, where Q �
�

α �β
�vpk�1 vpk�1

�
.

2. The second row of A�n
φ M is divisible by

±k
i�0 Φn�1pu�iγ0 � 1q over HEpΓ1q, where

Φn�1pT q � ωn�1pT q
ωn�2pT q is the p

n�1-th cyclotomic polynomial.

3. The determinant of M is
logp,k�1pγ0q
δk�1pγ0q up to a unit in ΛEpΓ1q. Here logp,k�1pγ0q �±k

i�0 logppu�iγ0q and δk�1pγ0q �
±k

i�0pu�iγ0 � 1q.

4. Moreover, detpMq is Oplogk�1
p q and logk�1

p is OpdetpMqq.

Proof. See [Deo26, Proposition 5.2, Lemma 5.2, Lemma5.3, Lemma 5.4] for the details.
Note that in [Deo26], k ¥ 2. Here, we are taking k ¥ 0, but otherwise, everything is
identical.

3.7.2 Decomposition of the distribution into measures

Assume prime p splits in F as pOF � pp. We enlarge E{Qp, if necessary, so that it contains
F and all Hecke eigenvalues of Ψ.

Let Ψ be a Bianchi cusp form of weight pk, kq and level N coprime to p.

Furthermore, we assume that:

1. Ψ is p-non-ordinary and p-ordinary. In other words, for q P tp, pu, if aq is the Tq Hecke
eigenvalue, then vppapq ¡ 0 and vppapq � 0.

2. vppapq ¡
Z

k

p� 1

^
.

For the simplicity of calculations, assume the nebentypus of Ψ is trivial. For q P tp, pu,
let αq and βq be the roots of Hecke polynomial X2 � aqX � pk�1. We also assume αp � βp.
Since we have assumed Ψ is p-non-ordinary, we know αp a p-adic unit and vppβpq � k � 1.

We also know that vppαpq, vppβpq   k� 1. Let α̃ � αpαp and β̃ � αpβp. Then vppα̃q � vppαpq
and vppβ̃q � vppβpq.

We consider the following two p-stabilizations of Ψ:

Ψα̃ � Ψαpαp and Ψβ̃ � Ψαpβp ,
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such that Ψα̃ and Ψβ̃ are of level pN and

UppΨα̃q � α̃ �Ψα̃,

UppΨβ̃q � β̃ �Ψβ̃.

For more details about the p-stabilizations of Bianchi modular forms, we refer to [Pal23,
Section 3.3].

Thus, for : P tα̃, β̃u, from Theorem 3.6.5 and Theorem 3.6.7, we can attach a p-adic
distribution

c
LAs
p pΨ:q to Ψ: such that

� (Growth property)
c
LAs
p pΨ:q P HE,vpp:qpΓq;

� (Interpolation) for any Dirichlet character θ of conductor pr and any integer 0 ¤ j ¤ k,
we have

c
LAs
p pΨ:, θ, jq � �

:rL
AspΨ:, θ, j � 1q,

where

� �
#
some non-zero explicit constant independent of : if p�1qjθp�1q � 1;

0 if p�1qjθp�1q � �1.

We have the following decomposition theorem:

Theorem 3.7.3. There exist
c
LAs,7
p ,

c
LAs,5
p P E b OErrΓss and a logarithmic matrix M̃ P

M2,2pHEpΓqq such that ��c
LAs
p pΨα̃q

c
LAs
p pΨβ̃q

�
� Q̃�1M̃

��c
LAs,7
p

c
LAs,5
p

�
, (3.7.4)

where Q̃ �
�

α̃ �β̃
�α2

pp
k�1 α2

pp
k�1

�
, and M̃ satis�es properties from Proposition 3.7.2 after

replacing α, β with α̃, β̃ respectively.

Proof. Since

vppα̃ � β̃q � vppαppαp � βpqq,
� vppαpq � vppapq,
� vppapq ¡

Z
k

p� 1

^
,

and for : P tα̃, β̃u,
c
LAs
p pΨ:q has growth rate Oplogvpp:qp q and interpolation property

c
LAs
p pΨ:, θ, jq � cθ,j

:r ,

where cθ,j is independent of :, the theorem follows from [Deo26, Theorem 5.5].
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We conclude this subsection with some remarks.

Remark 3.7.4. We will explain brie�y why we considered the polynomial X2�aqX�pk�1.
This is because of the Euler factors of the Asai L-function when prime p splits in F . Recall
from the equation (3.3.2), when p splits as pp in OF and is coprime to the level N , the local
L-factor at p of the Asai L-function LAspΨ, sq is

1

PAs
p pΨ, sq � p1� αpαpp

�sqp1� αpβpp
�sqp1� βpαpp

�sqp1� βpβpp
�sq,

where αq, βq are the roots of polynomial X2 � aqX � pk�1, for q P tp, pu. For Galois repre-
sentation theoretic interpretation, see [Gha99, Section 4].

Remark 3.7.5. We can assume Ψ to be p-ordinary and p-non-ordinary. If we assume that
Ψ is non-ordinary at both the primes p and p, then we might get into trouble. Note that
we are in the �nite slope situation, i.e., for q P tp, pu, vppaqq   k � 1. Now if αq, βq are the
roots of X2 � aqX � pk�1, then we have four p-stabilizations Ψ
,:, where 
 P tαp, βpu and
: P tαp, βpu and all Ψ
,: are p-non-ordinary. For simplicity, assume k � 0. Now suppose we
want to decompose the distributions

c
LAs
p pΨαpαpq and

c
LAs
p pΨαpβpq into the linear combination

of bounded measures using logarithmic matrices. We know that 0   vppαqq, vppβqq   1. To
use logarithmic matrices method, vppα2

pαpβpq should be a positive integer, since from the
construction and properties of the logarithmic matrix, we know detpMq � Oplogmp q where
m � vppα2

pαpβpq P Z¥1. But then it might happen that, for example, vppα2
pαpβpq is not an

integer, since vppα2
pq maybe an element in Q which is not an integer.

3.7.3 Signed p-adic Asai L-function without c

Recall Ψ is a Bianchi eigenform of weight pk, kq and level N which is coprime to p, such that
Ψ is non-ordinary at p and ordinary at p. We furthermore assume:

1. The nebentypus ϵΨ : pOF {N q� Ñ Q�
is non-trivial,

2. the restriction ϵΨ|pZ{Mq� is non-trivial, where M P Z such that pMq � ZXN ,

3. ϵΨ|pZ{Mq� does not have a p-power conductor.

For q P tp, pu, let αq and βq be the roots of Hecke polynomial X2 � aqX � ϵΨpqqpk�1, where
aq is Tq-eigenvalue of Ψ. We assume αq � βq. Like in the previous subsection, let α̃ � αpαp

and β̃ � αpβp and consider two p-stabilizations Ψα̃ and Ψβ̃ of Ψ with the Up-eigenvalues α̃

and β̃ respectively. Note that the nebentypus will not change after the p-stabilization.

Thus, for 
 P tα̃, β̃u, Proposition 3.6.8 implies there exists a p-adic distribution LAs
p pΨ
q P

HE,vpp
qpΓq such that

LAs
p pΨ
q � 1�

c2 � c�2kϵΨpc�1q
�
γ
logupcq
0

	2
 �
c
LAs
p pΨ
q,
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where c is a suitable integer coprime to 6pM , since we have imposed the conditions on the
nebentypus ϵΨ. It satis�es the following interpolation property: for any Dirichlet character
θ of conductor pr ¡ 1 and any integer 0 ¤ j ¤ k, we have

LAs
p pΨ
, θ, jq � �


rL
AspΨ
, θ, j � 1q,

where

� �
#
some non-zero explicit constant independent of 
 and c if p�1qjθp�1q � 1;

0 if p�1qjθp�1q � �1.

If we assume vppap� βpq ¡
Z

k

p� 1

^
, then we have the following decomposition theorem

similar to Theorem 3.7.3:

Theorem 3.7.6. There exist LAs,7
p , LAs,5

p P E b OErrΓss and a logarithmic matrix M̃ P
M2,2pHEpΓqq such that ��LAs

p pΨα̃q

LAs
p pΨβ̃q

�
� Q̃�1M̃

��LAs,7
p

LAs,5
p

�
, (3.7.5)

where Q̃ �
�

α̃ �β̃
�α2

pϵΨppqpk�1 α2
pϵΨppqpk�1

�
, and M̃ satis�es properties from Proposition

3.7.2 after replacing α, β with α̃, β̃ respectively. Moreover, for suitable c, we have��LAs,7
p

LAs,5
p

�
� 1�
c2 � c�2kϵΨpc�1q

�
γ
logupcq
0

	2

��c
LAs,7
p

c
LAs,5
p

�
.
Proof. Similar to the proof of Theorem 3.7.3.



Chapter 4

Families of p-adic Asai L-function of

Bianchi modular forms

4.1 Introduction

Fix an odd prime p throughout. Let F {Q be an imaginary quadratic �eld. Let f be a
cuspidal elliptic modular form of weight 2 and level N , and let F be its base change. Then,
under some assumptions on f , F is cuspidal Bianchi modular form of weight p0, 0q and level
N, where pNq � N X Z. Assume p | N and all prime above p in F divide N. Furthermore,
assume F is small-slope, i.e, vppapq   1, where ap is the Up-eigenvalue of F and vp is a p-adic
valuation such that vpppq � 1. Let c P Z¡0 coprime to 6N .

In this chapter, we construct a two-variable p-adic Asai L-function associated to F . In
particular, for V � SppT q � Epar a family passing through F over S � SppLq � WF,par we
construct:

Theorem E (Theorem 4.6.9). There exists a two-variable p-adic Asai L-function

cL
As
V P T pbLpbHL,vppapqpΓq,

where Γ � GalpQppµp8q{Qpq.
We also recover the p-adic Asai L-function

c
LAs
p pFq constructed in [Deo25]:

Theorem F (Theorem 4.6.15). We have the following specialization:

spλxF pcLAs
V q .� c

LAs
p pFq P HL,vppapqpΓq.

See Section 4.6 for the de�nitions and details.

We give a brief idea about the construction of the two-variable p-adic Asai L-function.
We construct certain polynomials P S

r P T b L b LrT s, using V and constructing Asai�
Eisenstein elements over S. These polynomials satisfy certain norm-compatibility and
growth properties. See Theorem 4.6.8 for the details. Since we are dealing with Qp-Banach
spaces, by the methods described by Perrin�Riou in [PR94] and Büyükboduk�Lei in [BL21],
we can take limit of P S

r to construct cLAs
V .

96
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4.2 Preliminaries and setup

Fix an odd prime p. Let F {Q be a quadratic imaginary �eld with the ring of integers denoted
by OF . Let Op � OF bZ Zp and ϖp �

±
v|pϖv, where v are places above p in F and ϖv is

the uniformizer of OFv . Fix a Zp-module isomorphism ν : Op � Z2
p.

Let AF denote the adele ring of F , and the �nite adeles are denoted by Af
F . De�nexOF :� OF b pZ � OF b

±
p Zp.

Let H � tz P C | Impzq ¡ 0u be the usual upper-half plane with GL2pRq-action given by
Möbius transformations. De�ne upper-half space or hyperbolic 3-space to be H3 � tpz, tq P
C� R¡0u with GL2pCq action given by�

a b
c d



� pz, tq �

�
paz � bqpcz � dq � act2

| cz � d |2 � | c |2 t2 ,
| ad� bc | t

| cz � d |2 � | c |2 t2
�
.

We embed H ãÑ H3 via x� iy ÞÑ px, yq, which is compatible with the actions of GL2pRq on
both sides.

4.2.1 Algebraic groups setting

Let

G � ResF {QGL2, G� � G�D Gm,

be the algebraic groups, where where D :� ResF {QGm and the map GÑ D is determinant.

De�ne TG to be the torus of G such that TGpZpq �
"�

a 0
0 b



: a, b P O�

p

*
. Furthermore,

let BG be the space of upper triangular matrices, i.e,

BG :�
"�� �

0 �


P G
*
.

Let NG be the space of unipotent matrices, such that NpZpq �
"�

1 u
0 1



: u P Op

*
. Let NG

be the opposite of N , that is, NpZpq �
"�

1 0
u 1



: u P Op

*
.

Let Ip denote the following Iwahori group at p:

Ip :�
"�

a b
c d



P GpZpq : c P ϖpOp

*
. (4.2.1)

Note that we have the following Iwahori decomposition of Ip

Ip � N
1pZpq � TGpZpq �NGpZpq,

where N
1 � NGpZpq X Ip. We can identify N

1pZpq with Op.
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4.2.2 Locally symmetric spaces

Let N � OF be an ideal and N be an integer such that pNq � NX Z. We are interested in
the following locally symmetric spaces:

1. The (open) modular curve YQ,1pNq of level Γ1pNq. We know that YQ,1pNqpCq �
Γ1pNqzH.

2. Another (mixed level) modular curve that we are interested in is

YQpm,mNqpCq :� GL2pQq�zrGL2pAf
Qq �Hs{UQpm,mNq,

where m P Z¥0, and

UQpm,mNq :�
"
A P GL2ppZq : A � I2 mod

�
m m
mN mN


*
.

3. The space
YF,1pNq :� GL2pF qzrGL2pAf

F q �H3s{UF,1pNq,

where UF,1pNq is the space of matrices A P GL2pxOF q such that A �
�� �
0 1



mod N.

Moreover, since detpUF,1pNqq � xOF

�
, YF,1pNq has hF connected components, where

hF is the class number of F . The identity component is isomorphic to ΓF,1zH3, where

ΓF,1pNq :� GL2pF q X UF,1pNq.
This is the modular curve in the Bianchi setting.

4. The space
Y �
F,1pNq :� G�pF q�zrG�pAf

Qq �H3s{U�
F,1pNq,

where U�
F,1pNq :� UF,1pNq X G�. This space also has a single connected component

isomorphic to Γ�F,1zH3, where

Γ�F,1 :�
"�

a b
c d



P SL2pOF q : c � 0, a � d � 1 mod N

*
.

5. We are also interested in the mixed level locally symmetric space

Y �
F pm,mNq :� G�pF q�zrG�pAf

Qq �H3s{U�
F pm,mNq.

Here

U�
F pm,mNq :�

"
A P GL2pxOF q : A � I2 mod

�
m m
mN mN


*
XG�.

Note that Y �
F pm,mNq is not connected and has connected components indexed by

group pZ{mZq�, since the component group of Y �
F pm,mNq isQ�zA�

Q{R¡0 detpU�pm,mNqq �
pZ{mZq�. The identity component Y �

F pm.mNqp1q is isomorphic to Γ�F pm.mNqzH3,
where

Γ�F pm.mNq �
"�

a b
c d



P SL2pOF q : a � 1 mod m, b � 0 mod m

c � 0 mod mN, d � 1 mod mN

*
.
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There are natural maps

YQ,1pNq ιÝÑ Y �
F,1pNq jÝÑ YF,1pNq

induced by the natural maps H ãÑ H3 and GL2pAf
Qq ãÑ G�pAf

Qq ãÑ G�pAf
Qq.

From [LW20, Proposition 2.5], we know that If N is divisible by some integer q ¥ 4,
then Y �

F,1pNq is a smooth manifold, and

ι : YQ,1pNq ãÑ Y �
F,1pNq

is a closed immersion. Furthermore, let m P Z be a positive integer, and if mN is divisible
some integer ¥ 4, then

ι : YQpm,mNq ãÑ Y �
F pm,mNq

is an injective map and a closed immersion.

Assumption 4.2.1. Throughout the chapter, we will assume that the ideal N of OF is
divisible by some integer q ¥ 4. Due to this assumption, the space Y �

F,1pNq will be a smooth
manifold and not a non-smooth orbifold.

4.2.3 Elliptic and Bianchi modular forms

We will be restricting ourselves to weight 2 cuspidal elliptic modular forms and weight p0, 0q
cuspidal Bianchi modular forms.

Let N be an ideal in OF , and let Sp0,0qpUF,1pNqq denote the �nite dimensional C-vector
space of cuspidal Bianchi form of weight p0, 0q and level N. Bianchi modular forms are au-
tomorphic forms over GL2pF q satisfying certain automorphy conditions, growth conditions,
and harmonicity. See [Wil17, LW20, Deo26, Deo25, Pal23, Pal25] for exact de�nitions of
Bianchi modular forms.

Let N P Z¥1 and let S2pΓ1pNqq denote the space of cuspidal elliptic modular forms of
weight 2 and level N . For a newform f P S2pΓ1q, let πf be an automorphic representation of
GL2pAQq generated by f . Let BCpπf q be the base-change of πf to GL2pAF q. Then BCpπf q
is generated by a normalised new vector F , and F is a weight p0, 0q Bianchi modular form
of level N, where N � OF is an ideal such that N | NOF . In other words, the base-change
of f to F is F . Furthermore, if f does not have CM by F , then F P Sp0,0qpUF,qpNqq. See
[BSW21a, Section 2.2] for the details.

We will be assuming the following assumptions on f and F :

Assumption 4.2.2 (Conditions on f). Let p | N and f P S2pΓ1pNqq, such that:

(A1) f is an eigenform and Upf � apf , where ap is the p-th Fourier coe�cient, and assume
ap � 0;

(A2) f does not have CM by F ;

(A3) f is either a newform or is the p-stabilization of a newform g of level prime-to-p;
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(A4) If f is the p-stabilization of g, then f is p-regular. In other words, αp � βp, where
αp, βp are the roots of the Hecke polynomial X2 � appgqX � ϵppqp, where appgq is the
Tp Hecke eigenvalue of g.

Assumption 4.2.3 (Conditions on F). Let N be an ideal of OF such that p | N, for all
p | p in F . Let F P Sp0,0qpUF,1pNqq is a p-stabilized p-regular eigenform, i.e., either F is a
newform or in the following sense:

(A1) F is an eigenform and for each p | p in F , UppFq � ap,FF , with ap,F � 0, where ap,F
is the 'p-th Fourier coe�cient';

(A2) there exists an ideal M coprime with p and a Bianchi newform G P Sp0,0qpUF,1pMqq
such that N � M

±
p|p p and F is obtained from G by successive p-stabilization,

(A3) for each p | p, the roots of X2 � ap,GX � ϵGppqNppq are distinct, where ϵG is the
nebentypus of G.

Suppose F is a Bianchi Hecke eigenform with Up-eigenvalue ap,F that is a base-change
of a weight 2 elliptic Hecke cuspform f with Up-eigenvalue ap,f , then we have the following
relations:

1. If p splits as pp in F , then ap,F � ap,F � ap,f ;

2. If p is inert in F , then apOF ,F � a2p,f ;

3. If p is rami�ed as p2 in F , then ap,F � ap,f .

From now on, we are interested in cuspidal Hecke Bianchi eigenforms F P Sp0,0qpUF,1pnqq
having small slope, i.e.,

vppapOF ,Fq   1.

4.3 Locally analytic functions and distributions

Fix an ideal N � OF such that all primes above p in F divides N. We �rst de�ne the weight
spaces we need for locally analytic functions, as well as eigenvarieties, later.

De�nition 4.3.1 (Three weight spaces).

1. The Bianchi weight space is the rigid analytic space WF,N whose L-points, for L � Cp

are
WF,NpLq � HomctsppOF b Zpq�{EpNq, L�q,

where EpNq :� tϵ P O�
F : ϵ � 1 mod Nu.

2. Let WQ denote the weight space for GL2{Q, that is, the rigid analytic space such that,
for L � Cp, we have

WQpLq � HomctspZ�p , L�q.
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3. We de�ne WF,par to be the parallel weight line in WF,N. More precisely, it is the image
of WQ in WF,N.

Remark 4.3.2. In [Han17] and [Roc26], the weight space WK,N is de�ned using character
on TGpZpq. Our de�nition matches with theirs after twisting by a power of the norm map.
See also [BSW21a, Remark 3.2].

A weight λ P WK,NpLq is called classical if it is of the form ϵλalg, where ϵ is a �nite
order character, and λalgpzq � zk11 z

k2
2 , where z � pz1, z2q P O�

p � pZ�p q2 and k1, k2 P Z¥0.

For an a�noid Ω � SppRq �WF,N, there exists a character

κΩ : pOpq� Ñ R�,

such that for any λ P WF,NpLq, the character λ : O�
p Ñ L� factors as O�

p Ñ R� Ñ L�,
where the second map is evaluation at λ. In other words, it is the map R� Ñ pR{mλq�,
where mλ is the maximal ideal corresponding to λ.

De�nition 4.3.3 (Ring of de�nition). If R is a Qp-Banach space, R0 � R is a ring of
de�nition if R0 is open and bounded.

Examples 4.3.4.

� If R � Qp, then R0 � Zp.

� If R � QpxT y the Tate algebra in one-variable, then R0 � ZpxT y.

Given an open a�noid Ω � SppRq P WF,N, then R is a Qp-Banach algebra and let R0

be the ring of de�nition of R. Using the (spectral) norm associated with R0, denoted as | � |Ω,
we de�ne

rΩ :� min
!
r P Z¥0 : |κΩpγpq|Ω   p

�1
prpp�1q

)
,

where γp is a topological generator of O�
p . See [LW25, Remark 3.2.4] and [Han17, Section

2.2] for more details.

We will consider W :� WF,par unless otherwise stated.

4.3.1 Locally analytic functions

Let R be a Qp-algebra and R0 be its ring of de�nition. After identifying Op with Z2
p, for

s ¥ 0, we de�ne the space of s-locally analytic R0-valued functions as

As,�pOp, Rq :� tf : Op � Z2
p Ñ R0 : z ÞÑ fpa� pszq P R0xz1, z2y, @a P Z2

pu. (4.3.1)

Furthermore, de�ne
AspOp, Rq :� As,�pOp, Rqr1{ps. (4.3.2)

More precisely, we have the following identi�cations

As,�pOp, Rq � As,�pOp,QpqpbZpR0, (4.3.3)
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AspOp, Rq � AspOp,QpqpbZpR, (4.3.4)

Note that we can identify A0,�pOp,Qpq with ZpxT1, T2y and A0pOp,Qpq with QpxT1, T2y. See
[Roc26, Section 2.7] and [BH24, Section 5.2] for details.

Now for an a�noid Ω � W , with its tautological character κΩ, we extend κΩ to TGpZpq
as

κ̃Ω : TGpZpq Ñ R�;�
a 0
0 d



ÞÑ κΩpaq.

De�nition 4.3.5. For s ¥ 0, de�ne

As,�
Ω :� tf : Ip Ñ R0 : fpgtnq � rκΩptqfpgq,@g P Ip, t P TGpZpq, n P NGpZpqu. (4.3.5)

By the Iwahori decomposition of Ip and identifying N
1
with Op, we have the following

isomorphism:

As,�
Ω � As,�pOp, Rq,
f ÞÑ f |

N
1 .

Furthermore, de�ne
As

Ω :� As,�
Ω r1{ps.

Both spaces As,�
Ω and As

Ω are right Ip-modules with the rule:

f |apgq � fpagq,

for all a P Ip. Moreover, let

Σ0ppq :�
"�

a b
c d



PM2,2pOpq : c P ϖpOp, d P O�

p , ad� bc � 0

*
. (4.3.6)

Note that Ip � Σ0ppq, and Σ0ppq acts on As,�
Ω ,As

Ω on right via:

f |bpgtnq � fpb�1gbtnq.

Remark 4.3.6. In [Roc26] and [BSW21a], the module A is a left Ip module, and also the
de�nition of Σ0ppq is slightly di�erent.

Note that if s1 ¡ s, then As,�
Ω � As1,�

Ω , and this inclusion is compact. The same is true
for As,�pOp, Rq,AspOp, Rq, and As

Ω.

We assume that κΩpOpq � pR0q�, and extend κΩ fromO�
p toOp by de�ning κΩpϖpOpq �

0. Also, see [LW25, Lemma 3.2.1].

Lemma 4.3.7. For any s ¥ rΩ, κΩ P As,�pOp, Rq.
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Proof. This is essentially [Roc26, Lemma 2.8] and [LZ16, Lemma 4.1.5]. We will sketch a
proof here. Write O�

p as ptorsion q�p1�ϖpOpq. It is enough to show that z ÞÑ κΩp1�prΩzq P
R0xz1, z2y, where z � pz1, z2q P Op � Z2

p. Note that, for any r P Z2
p,

κΩpp1�ϖpqrq �
2¹
i�1

�¸
ni¥0

�
ri
ni



pϵTiqni

�
,

where vppϵq ¡ p
�1

prΩ pp�1q , and κΩp1 � ϖppzqq � p1 � ϵT1qp1 � ϵT2q. Here, we are identifying
R0xz1, z2y with OLrrT1, T2ss non-canonically, where L is some complete sub�eld of Cp. Note
that

�
ri
ni

�
ϵni are s � rΩ-locally analytic functions for all ni.

Lemma 4.3.8. The modules As,�
Ω ,As

Ω are preserved by the actions of Ip and Σ0ppq.

Proof. See [Roc26, Propositions 2.12, 2.18] and [LZ16, Proposition 4.2.5].

Proposition 4.3.9. For any s ¥ rΩ, the map fΩ : gtn ÞÑ rκΩptq is an element of As,�
Ω .

Proof. We know that fΩ is a maon Ip. From Lemma 4.3.7, we know that κΩ P As,�pOp, Rq,
where Ω � SppRq �W . Hence, we are done.

We will use the map fΩ later to construct the Asai�Eisenstein elements having coe�-
cients in As,�

Ω .

Let L � Cp, and λ P ΩpLq � WpLq, then de�ne the specialization map as:

spλ : RÑ R{mλ � L.

Integrally, we have
R0

spλÝÝÑ OL.

Similar to As,�
Ω ,As

Ω, de�ne

As,�
λ :� tf : Ip Ñ OL : fpgtnq � rλptqfpgq,@g P Ip, t P TGpZpq, n P NGpZpqu,
As
λ � As,�

λ r1{ps,

where rλ :

�
a 0
0 b



ÞÑ λpaq. In other words, for any s ¥ 0, spλ induces the following maps,

which we denote again by spλ:

spλ : A
s,�
Ω Ñ As,�

λ

spλ : A
s
Ω Ñ As

λ

Lemma 4.3.10. The map spλ is Σ0ppq-equivariant.

Proof. Follows from the de�nitions and the fact that As,�
Ω is preserved by the action of

Σ0ppq.
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In our case, we are interested in λ � p0, 0q, and hence rλ is a trivial character on the
torus TGpZpq. Therefore, we can directly write

As,�
p0,0q � As,�pOp, Lq and As

p0,0q � AspOp, Lq. (4.3.7)

We can also de�ne
AΩ :� lim

sÑ8
As

Ω. (4.3.8)

When λ � p0, 0q, the space ApLq :� Ap0,0qpLq is the space of locally analytic functions
f : Op Ñ L.

4.3.2 Distributions and the integration map

For Ω � SppRq � W and s ¥ 0, de�ne the space of s-analytic distributions

Ds,�
Ω :� HomctspAs,�

Ω , R0q. (4.3.9)

Similarly, de�ne Ds
Ω :� HomctspAs

Ω, Rq. Moreover, we have Ds
Ω � Ds,�

Ω r1{ps.
Remark 4.3.11. Although we have the identi�cation As,�

Ω � As,�pOp,QpqpbR0, the distri-
bution space Ds,�

Ω is not isomrphic to Ds,�pOp,QpqpbR0. See [Bel12, Remark 3.1] for the
details.

The space Ds,�
Ω is a left Ip and Σ0ppq-module, and the action is given by

g � µpfq � µpf |gq.

Furthermore, de�ne
DΩ :� limÐÝ

sÑ8

Ds
Ω. (4.3.10)

From [Bel12] and [Han17], one can deduce

DΩ � DpOp,QpqpbR,
where DpOp,Qpq � HomctspApOp,Qpq,Qpq.

For λ P ΩpLq � WpLq, de�ne
Ds,�
λ :� HomctspAs,�

λ ,OLq, (4.3.11)

Ds
λ :� HomctspAs

λ, Lq. (4.3.12)

Like in the case of locally analytic functions, we have the following specialization maps:

s̃pλ : D
s,�
Ω Ñ Ds,�

λ ,

s̃pλ : D
s
Ω Ñ Ds

λ.

When λ corresponds to the weight p0, 0q, we identify Ds,�
p0,0q with

Ds,�pOp, Lq :� HomctspAs,�pOp,Qpq,OLq,
and Ds

p0,0q with DspOp, Lq :� HomctspAspOp,Qpq, Lq.
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De�nition 4.3.12 (The integration map). De�ne

ρ : Ds,�pOp, Lq Ñ O2
L b pO2

Lqσ,
µ ÞÑ µp1qpidb idσq,

where 1 denotes the identity function in As,�pOp, Lq, and id � p1, 1q, and σ P GalpF {Qq is
a non-trivial element of order 2.

Remark 4.3.13. For k ¥ 0, the irreducible L-representation of weight pk, kq of G �
ResF {QGL2 is isomorphic to SymkpL2q b SymkpL2q. The space SymkpL2q can be identi-
�ed with the space of polynomials in LrXs with degree ¤ k. For simplicity, let G � GL2pQq,
and the integration map is de�ned as

ρk : DpLq Ñ LrXs¤k,

µ ÞÑ
ķ

j�0

�
k

j



µpzjqXj.

See [BH24, De�nition 5.14] for the details.

Lemma 4.3.14. The specialization map s̃pλ and the integration map ρ are Σ0ppq-equivariant.

Proof. The map s̃pλ is Σ0ppq-equivariant since the map spλ : As,�
Ω Ñ As,�

λ is Σ0ppq-
equivariant.

For the integration map ρ, for g P Σ0ppq, we have
g � pρpµqq � g � pµp1qpidb idσqq,

� µp1qpidb idσq,
� pµ|gp1qqpidb idσq,
� ρpg � µq,

since the image of ρ lies in OL, and Σ0ppq acts trivially on OL.

4.4 Eigenvarieties

We recall some eigenvarieties and some important results from [BSW21a] that we need later
to construct the p-adic L-function later.

Note that if F P Sp0,0qpUF,1pNqq is an Hecke newform, then by Eichler�Shimura�Harder
(see [LW20, Thoerem 2.18]), there exists a modular symobl ωF P H1

cpYF,1pNq,Cq such that
the following 1-dimensional C-vector spaces are isomorphic:

Sp0,0qpUF,1pNqqrFs � H1
cpYF,1pNq,CqrωF s.

Furthermore, there exists a number �eld E, large enough to contain F and all Hecke eigen-
values of F , and a complex period ΩF , such that

ϕF :� ωF

ΩF
P H1

cpYF,1pNq,OEq.
De�nition 4.4.1 (Hecke algebra). Let Hn,p be the Zp-algebra generated by Tq, Up, and
txvy : v P CLpKqu.
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4.4.1 The Bianchi eigenvariety

Write H�
c for total cohomology.

Theorem 4.4.2 (Hansen). There exists a separated rigid analytic variety Ebmf
N , and a mor-

phism w : Ebmf
N Ñ WK,N. Moreover, for any �nite extension L{Qp, there exists a bijection

between x P Ebmf
N pLq with wpxq � λ � pk, kq P WF,NpLq and eigensystems ψx : HN,p Ñ L of

Hecke eigenvalues occurring in H�
c pYF,1pNq,DλpLqq.

Here k P Z¥0 and DλpLq can be identi�ed with limÐÝ
sÑ8

Ds
λpOp, Lq.

We describe the construction more precisely and brie�y. A slope-adapted a�noid is a
pair pΩ, hq, where Ω � SppOpΩqq � WF,N is a two-dimensional a�noid in weight space and
h P Q¥0 such that there exists a Up-slope decomposition:

H�
c pYF,1pNq,DΩq � H�

c pYF,1pNq,DΩq¤h ` H�
c pYF,1pNq,DΩq¡h

stable under the action of HN,p, where H�
c pYF,1pNq,DΩq¤h is the space where the p-adic

valuation of the Up-Hecke eigenvalue is ¤ h.

De�nition 4.4.3 (Local piece of Ebmf). Let

TΩ,h :� ImpHN,p bOpΩqq � EndpH�
c pYF,1pNq,DΩq¤hq.

De�ne the local piece of Ebmf

Ebmf
Ω,h :� SppTΩ,hq.

The eigenvariety Ebmf is obtained by gluing the a�noids Ebmf
Ω,h .

Lemma 4.4.4 (Barrera-Salazar�Williams). If F P SλpUF,1pNqq is a �nite-slope cuspidal
Bianchi eigenform, then there exists x P EbmfpLq corresponding to F .

Theorem 4.4.5 (Hida, Hansen�Newton). If F is non-critical and xF P EbmfpLq corresponds
to F , then any irreducible component I of Ebmf passing through xF has dimension 1.

4.4.2 Families in in H1
c and the parallel-weight eigenvariety

Bianchi eigenvarieties are constructed using classes that appear only in H2
c.

Proposition 4.4.6. [BSW21a, Lemma 4.2] Let x P Ebmf
Ω,h be a cuspidal classical point. The

system of eigenvalues for x occurs in Hi
cpYF,1pNq,DΩq¤h if and only if i � 2.

Moreover,

H0
cpYF,1pNq,DΩq¤h � 0,

H0
cpYF,1pNq,Dλq¤h � 0.
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Now in [Wil17], Willimas constructed the p-adic L-functions using overconvergent classes
in H1

c. Note that the classical points in the Bianchi eigenvariety are not Zariski-dense.
Moreover, the cuspidal part of the Bianchi eigenvariety is one-dimensional, lying over a two-
dimensional weight space. One of the key points of [BSW21a] is to overcome the obstruction.
In particular, we can isolate some curves S in the weight space that allow us to pass from
families in H2

c to families in H1
c. Let x P Ebmf

Ω,h pLq be any point and let mx be the corresponding
maximal ideal in TΩ,h. Let Px � mx be a minimal prime of TΩ,h, and write Pλ for the
contraction of Px to OpΩq.
De�nition 4.4.7. Let S � SppLq, where L � OpΩq{Pλ.

One can observe that S � Ω is closed and S is a rigid curve by Theorem 4.4.5. We say
x varies in a family over S if such a curve S � Ω arises.

Proposition 4.4.8. [BSW21a, Proposition 4.4] If x P Ebmf
Ω,h pLq is a cuspidal classical point

that varies in a family over S, then

H1
cpYF,1pNq,DSq¤hmx

� 0,

after possibly shrinking S.

We have a maximal ideal mx bOpΩq L � HN,p b L, since mx P HN,p bOpΩq. De�ne
TS,h :� ImpHN,p b Lq � EndLpH1

cpYF,1pNq,DSq¤hq.

The Proposition 4.4.8 implies that the image of mxbL � HN,pbL in TS,h is a maximal
ideal. By abuse of notation, we also denote this image by mx. This mx corresponds to a
x P SppTS,hq.

If F is p-regular p-stabilized newform of weight λ � p0, 0q, then the Hn,p-generalized
eigenspace H1

cpYF,1pNq, LqpFq is one-dimensional, where L{Qp is some �nite extension large
enough to contain the quadratic imaginary �eld F and all Hecke eigenvalues of F .

Theorem 4.4.9. [BSW21a, Theorem 4.5] Let x P Ebmf
Ω,h pLq correspond to a Bianchi newform

F varying over a curve SppLq � S � Ω, and let wpxq � λ. If F is p-regular and p-stabilized
newform of weight λ and supose S is smooth at λ, then H1

cpYF,1pNq,DSq¤hmx
is free of rank 1

over pTS,hqmx . Moreover, after replacing L with LbQp L, we get H
1
cpYF,1pNq,DSq¤hmx

is free of
rank 1 over Lmλ

.

Corollary 4.4.10. [BSW21a, Cor. 4.8] After shrinking S, there exists a connected compo-
nent V � SppT q � SppTS,hq containing x such that H1

cpYF,1pNq,DSq¤hbTS,h
T is free of rank

1 over T , and T is free of rank 1 over L. Thus, the weight map V Ñ S is étale.

Remark 4.4.11. If we write H1
cpYF,1pNq,DpLqq 1 for the space of overconvergent modular

symbols with the slope   1. Then by [Wil17, Theorem 8.7], we have the following control
theorem

ρ : H1
cpYF,1pNq,DpLqq 1 �ÝÑ H1

cpYF,1pNq, LqrϕF s, (4.4.1)

where ρ is induced from the integration map ρ : DpOp, Lq Ñ L in De�nition 4.3.12.
Thus, if F is non-critical, i.e., the Up-eigenvalue has the p-adic valuation   1, then we
can lift the modular symbol ϕF P H1

cpYF,1pNq, Lq to an overconvergent modular symbol
ΨF P H1

cpYF,1pNq,DpLqq 1.
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Using the datum pWF,par,L,M,Hn,p, ψparq, Barrera-Salazar and Williams in [BSW21a]
constructed a parallel-weight eigenvariety Epar. Here L is some Fredholm hypersurface, M
is some coherent sheaf related to H1

cpYF,1pNq,DSq¤h, and ψpar is induced from ψ. They
furthermore proved:

Theorem 4.4.12.

1. All irreducible components of Epar have dimension 1. Moreover, they contain a very
Zariski-dense set of classical points.

2. The eigenvariety Epar is reduced.

3. The inclusion Epar ãÑ Ebmf is a closed immersion.

Proof. See [BSW21a, Propositions 5.1, 5.2, Corollary 5.3].

4.4.3 Coleman�Mazur eigencurve and the base-change eigenvariety

Let C denote the Coleman�Mazur eigencurve that interpolates elliptic modular forms. Let
BC denote the base-change map between eigenvarieties. See [BSW21a, Remark 3.6, Section
5.2] for more details. Let Ebc denote the image of BCpCq in Epar.

Recall N � OF is an ideal which is divisible by all primes above p in F and N P Z such
that pNq � NX Z in Z.

Proposition 4.4.13. [BSW21a, Proposition 5.4] Let f P S2pΓ1pNqq be an eigenform satisfy-
ing conditions in Assumptions 4.2.2, and let xf P CpLq be the corresponding point. Suppose
f is non-critical, then C Ñ Ebc is locally isomorphic at xf , and Ebc is smooth at BCpxf q.

Note that the above proposition is proved for any weight pk, kq in [BSW21a].

De�nition 4.4.14 (S-smooth). A point x P Ebc is S-smooth if every irreducible component
I � Epar passing through x is contained in Ebc.

Theorem 4.4.15. If Calegari�Mazur conjecture holds, then every classical base-change
point xF � BCpxf q is S-smooth.

Proof. See [BSW21a, Proposition 5.14].

Remark 4.4.16. There is a conjecture by Calgary and Mazur ([BSW21a, Conjecture 5.13])
which asserts that every ordinary component of Epar is either twisted base-change or is CM.
Non-ordinary CM components do not exist. This conjecture is needed to prove Theorem
4.4.15.

But note that, if xF arises from the base-change of a non-critical elliptic cusp form xf ,
then xF is S-smooth by Corollary 4.4.10.
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4.5 Asai�Eisenstein elements for families

Let Ω � W :� WF,par be an a�noid such that λ � p0, 0q P ΩpLq, for some �nite extension
L{Qp. In this section, we construct Asai�Elements á la Loe�er�Williams over Ω, using
methods similar to those used in [Roc26].

Let cCN :� CpcgNq P H1pYQ,1pNq,Zq be the Betti realization of cgN , where c is coprime
with 6N and cgN is the Kato's zeta element. See [Kat04] for a more detailed account of cgN .

Let a P OF , m P Z¥1, and c P Z¥1 coprime to 6mN . Consider the composite map

YQpm,mNq ι
ãÝÑ Y �

F pm,mNq uaÝÑ Y �
F pm,mNq,

where ua is the action of the matrix

�
1 �a
0 1



on Y �

F pm,mNq. Note that each component

of Y �
F pm,mNq is preserved under the action of ua.

De�nition 4.5.1 (Zeta elements). De�ne cZm,N,a to be the image of cCmN � CpcgmNq P
H1pYQpm,mNq,Zq under the pushforward pua � ιq�, i.e.,

cZm,N,a � pua � ιq�pcCmNq P H2pY �
F pm,mNq,OLq.

For t P pZ{mZq�, let pprojtq� : H2pY �
F pm,mNq,OLq Ñ H2pY �

F pm,mNq,OLqptq :�
H2pY �

F pm,mNqptq,OLq be the projection induced by projt : Y
�
F pm,mNq Ñ Y �

F pm,mNqptq.
Let cZm,N,aptq be the projection of cZm,N,a to the direct summand of H2pY �

F pm,mNq,OLq
given by the t-th component. In other words,

cZm,N,aptq � pprojtq�pcZm,N,aq,
and hence we get

cZm,N,a �
¸
t

cZm,N,aptq.

We consider the map
sm : Y �

F pm,mNq Ñ Y �
F,1pNq

given by the action of

�
m 0
0 1



. This map corresponds to pz, tq ÞÑ pz{m, t{mq on H3. See

[LW20] and [Deo25] for details.

Let cΞm,N,a P H2pY �
F,1pnq,OLq be the Asai�Eisenstein element de�ned in [LW20, De�ni-

tion 3.9].

Theorem 4.5.2. [LW20, Theorem 3.13, Proposition 4.4] Let a P OF be a generator of
OF {ppOF � Zq. We have

psprq�pcZpr,N,aptqq � cΞpr,N,ta.

Furthermore, we have ¸
sPpZ{pr�1q�

s�t mod pr

cΞpr�1,N,as � pUpq� cΞpr,N,at. (4.5.1)
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Here, the Hecke operator pUpq� is de�ned using the Hecke correspondence on the locally
symmetric space Y �

F,1pNq; see [LW20, Section 2C] for more details.

Using Theorem 4.5.2, we rede�ne cΞpr,N,at as

cΞpr,N,at � psprq� � pprojtq�pua � ιq�pcCprNq. (4.5.2)

For Ω � W , recall As,�
Ω from the De�nition 4.3.5. By the action of p-part of group

U�
F ppr, prNq, one can see that the spacesAs,�

Ω ,As
Ω, andAΩ form local systems over Y �

F ppr, prNq,
which we denote by the same notations. See [Urb11, Section 1.2] for the de�nition of local
systems. Also, recall fΩ : ntn ÞÑ rκΩptq that is an element of As,�

Ω for s ¥ rΩ.

Lemma 4.5.3. The element fΩ lie in H0pY �
F ppr, prnq,As,�

Ω q.

Proof. See [Roc26, Lemma 3.6].

Through the pullback along ι : YQppr, prNq Ñ Y �
F ppr, prNq, one can regard i�pAs,�

Ω q as a
local system on YQppr, prNq. We construct a zeta element over Ω as follows: we know that
fΩ mod pk P As,�

Ω {pk for all k P Z¥0. De�ne

cZΩ
pr,N,a :� limÐÝ

k

�pua � ιq�pcCprNppkq Y fΩ mod pkq� P H2pY �
F ppr, prNq,As,�

Ω q. (4.5.3)

Note that

cZΩ
pr,N,a �

¸
t

cZΩ
pr,N,aptq P H2pY �

F ppr, prNq,As,�
Ω q �à

t

H2pY �
F ppr, prNqptq,As,�

Ω q (4.5.4)

More precisely, we can de�ne a branching map, as de�ned in [Roc26],

brΩ : limÐÝ
k

H1pYQpprpk, prpkNq,Zpq Ñ H2pY �
F ppr, prNq,As,�

Ω q,

such that
brΩ � limÐÝ

k

pbrΩ,kq,

and brΩ,kpzq � z Y fΩ mod pk.

De�nition 4.5.4 (Asai�Eisenstein elements over Ω). For any r P Z¥1 and t P pZ{prq�,
de�ne

cΞ
Ω
pr,N,at :� psprq�pcZΩ

pr,N,aptqq P H2pY �
F,1pNq,As,�

Ω q. (4.5.5)

More precisely, we can write

cΞ
Ω
pr,N,at � limÐÝ

k

psprq� � pprojtq�pua � ιq�pcCprpkN Y fΩ mod pkq.

For λ P ΩpLq, recall the specialization map

spλ : A
s,�
Ω Ñ As,�

λ
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from Subsection 4.3.1. This induces a map on cohomologies as well:

spλ : H
2pY,As,�

Ω q Ñ H2pY,As,�
λ q, (4.5.6)

where Y P tY �
F,1pNq, Y �

F ppr, prNqu. For zΩ P H2pY �
F,1pNq,As,�

Ω q, de�ne
rzλ :� spλpzΩq P H2pY �

F,1pNq,As,�
λ q. (4.5.7)

Similar to equation (4.5.3), if λ P ΩpLq, we can de�ne elements in H2pY �
F ppr, prNq,As,�

λ q,
by taking the cup product with the element pfλ : ntn ÞÑ λ̃ptqq mod pk and then taking limit
over k. Here, fλ is an element of H0pY �

F,1ppr, prNq,As,�
λ q. De�ne

cZλ
pr,N,a :� limÐÝ

k

�pua � ιq�pcCprNppkq Y fλ mod pkq� P H2pY �
F ppr, prNq,As,�

λ q,

and

cΞ
λ
pr,N,at :� psprq�pcZλ

pr,N,aptqq P H2pY �
F,1pNq,As,�

λ q.
Proposition 4.5.5. For λ P ΩpLq, we have

�
cΞ

λ

pr,N,at � cΞ
λ
pr,N,at. (4.5.8)

That is,
spλpcΞΩ

pr,N,atq � cΞ
λ
pr,N,at.

Proof. This is essentially [Roc26, Lemma 3.8]. More precisely, the image of fΩ under spλ
is fλ, since λ P ΩpLq, and λ factors through κΩ.

Theorem 4.5.6. We have ¸
sPpZ{pr�1q�

s�t mod pr

cΞ
Ω
pr�1,N,as � pUpq� cΞΩ

pr,N,at. (4.5.9)

Proof. This follows from the proof of [LW20, Theorem 3.13] and the construction of cΞ
Ω
pr,N,at.

See also [Loe21, Propositions 4.5.1, 4.5.2] and [Roc26, Theorem 3.10].

4.6 Construction

Throughout this section, let f P S2pΓ1pNqq that satis�es the conditions in Assumption 4.2.2.
Let F be the base-change of f , and hence F P Sp0,0pUF,1pNqq that satsi�es Assumption
4.2.3. See Remark 4.4.16 if F is a genuine cuspidal Bianchi modular form, that is, a cuspidal
Bianchi modular form that is not the base-change of a cuspidal elliptic modular form.

We also assume that the slope of F is small at p, i.e.,

vppap,Fq   1, (4.6.1)
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where ap,F is the Up-eigenvalue of F .

From Subsection 4.4.3, we know that there exists a family V � SppT q � Ebc � Epar
over S � SppLq � W :� WK,par. Let xF P V be the point corresponding to F . Since we
have assumed F is not critical at p, Epar is S-smooth at xF . By S-smoothness, V is the
unique irreducible component of SppTS,1q � Epar passing through xF . After shrinking V , if
necessary, we can assume V is connected and smooth. Hence, there exists an idempotent e
on TS,1 such that T � eTS,1 is a summand. Furthermore,

H1
cpYF,1pNq,DSq 1 bTS,1

T � eH1
cpYF,1pNq,DSq.

See [BSW21a, Section 6].

Remark 4.6.1. The space H1
cpYF,1pNq,DSq 1bL T has two T -structures. The space T acts

on H1
cpYF,1pNq,DSq 1 via TS,1.

Lemma 4.6.2. [BSW21a, Proposition 6.4] After shrinking S, H1
cpYF,1pNq,DSq 1 bTS,1

T is
free of rank 1 over T .

De�nition 4.6.3. Let ΦV be a T -generator of H1
cpYF,1pNq,DSq 1 bTS,1

T .

For λ P SpLq, the specialization map s̃pλ : DS Ñ DλpLq induces

s̃pλ : H
1
cpYF,1pNq,DSq 1 Ñ H1

cpYF,1pNq,DλpLqq 1. (4.6.2)

Proposition 4.6.4. [BSW21a, Proposition 6.7] If λ � p0, 0q P SpLq, then s̃pλpΦV q generates
the one-dimensional generalized eigenspace H1

cpYF,1pNq,DpLqq 1.

Hence, from the Remark 4.4.11 and the Proposition 4.6.4, we can deduce that for F ,
we have

ρps̃pλpΦV qq � cxϕF , (4.6.3)

under the composition

H1
cpYF,1pNq,DSq 1 s̃pλÝÝÑ H1

cpYF,1pNq,DpLqq 1 ρÝÑ H1
cpYF,1pNq, Lq.

Here cx P L� and ϕF P H1
cpYF,1pNq,OLq.

Recall the closed immersion j : Y �
F,1pNq Ñ YF,1pNq. Note that D forms a local system

on YF,1pNq, and hence also form a local system on Y �
F,1pNq, via the pullback map j�, where

D P tDs,�
S ,Ds

S ,DS ,D
s,�pOp, Lq,DspOp, Lq,DpLqu. We again denote these local systems by

D.

De�nition 4.6.5. De�ne

Φ�
V :� j�pΦV q P H1

cpY �
F,1pNq,DSq 1 bTS,1

T . (4.6.4)
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Note that we are pulling back the modular symbol part that lies in H1
cpYF,1pNq,DSq 1.

Since
ΦV P H1

cpYF,1pNq,DSq 1,

and DS � limÐÝ
s

Ds
S , we can de�ne Φs

V as the projection of ΦV onto H1
cpYF,1pNq,Ds

Sq 1 b T .

Note that for all s ¥ rS ,
Φs
V P H1

cpYF,1pNq,Ds
Sq 1 b T .

Furthermore, since Ds
S � Ds,�

S r1{ps, there exists a constant C ¡ 0, independent of s, such
that

Φs
V

pC
P H1

cpYF,1pNq,Ds,�
S q 1 b T �, (4.6.5)

where T 0 is the ring of de�nition of T . We denote
Φs
V

pC
with qΦs

V .

Remark 4.6.6. We will make use of the integrality of the modular symbol part of ΦV in
the next subsection. It is still valid if one keeps T rather than T � in 4.6.5.

Fix |Φs
�

V :� j�pqΦs
V q P H1

cpY �
F,1pNq,Ds,�

S q 1 b T �. (4.6.6)

4.6.1 The polynomials P S
r

We adapt the polynomial setup from [Deo25, Section 6.2]. We will construct polynomials
that satisfy certain norm and congruence properties.

Recall that S � SppLq � W and, for all r P Z¥1, let

cΞ
S
pr,N,at P H2pY �

F,1pNq,As,�
S q,

where t P pZ{prq�, a P OF such that a generates OF {ppOF � Zq. Also, note that all primes
above p in F divide N.

Since Ds,�
S is the dual of As,�

S , we have a pairing

Ds,�
S bAs,�

S Ñ L�. (4.6.7)

This pairing induces a perfect pairing (after removing torsion)

x, yS : H1
cpY �

F,1pNq,Ds,�
S q � H2pY �

F,1pNq,As,�
S q Ñ H3pY �

F,1pNq,L�q � L�, (4.6.8)

since Y �
F,1pNq is a real manifold of real dimension 3. See also [LW20, Section 3D]. We know

that F varies over V . Let ap :� ap,F , the Up-eigenvalue of F . We shrink S, if necessary, so
that the the slope vppapq is constant over V . Let aV be the Up-eigenvalue of ΦV . Recall that
vppapq   1.
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Write Z�
p � ∆ � p1 � pZpq, where ∆ is a cyclic group of order p � 1. Fix a topological

generator u of 1� pZp. For any r P Z¥1 and t P pZ{prq�, de�ne

loguptq :�
t̃

εpt̃q ,

where t̃ P Z�p is a lift of t and ε : ∆ Ñ Z�p is the Teichmüller character. Note that loguptq
is a unique integer and 0 ¤ loguptq   pr�1. Furthermore, let δ P Homctsp∆,O�

L q. We know
that δ is a non-negative integral power of ε. See [Deo25, Section 6.1] for more details.

De�nition 4.6.7. For r P Z¥1 and a non-trivial character δ P Homctsp∆,O�
L q, de�ne

P S,δ
r :�

C|Φs
�

V , pUpq�r�
¸

tPpZ{prq�
cΞ

S
pr,N,at b δptqp1� T qloguptq

G
S

. (4.6.9)

When r � 1 and δ is the trivial character, de�ne

P S,triv
1 :�

A|Φs
�

V , p1� p�1pUpq�1
� q cΞS

1,N,a

E
S
. (4.6.10)

We simplify the equation (4.6.9) as follows:

P S,δ
r :�

C|Φs
�

V , pUpq�r�
¸

tPpZ{prq�
cΞ

S
pr,N,at b δptqp1� T qloguptq

G
S

,

�
¸

tPpZ{prq�
x|Φs

�

V , pUpq�r� cΞ
S
pr,N,atySδptqp1� T qloguptq,

�
¸

tPpZ{prq�
xppUpq�q�r|Φs

�

V , cΞ
S
pr,N,atySδptqp1� T qloguptq,

�
¸

tPpZ{prq�

B
1

arV
|Φs

�

V , cΞ
S
pr,N,at

F
S
δptqp1� T qloguptq,

� 1

arV

¸
tPpZ{prq�

x|Φs
�

V , cΞ
S
pr,N,atyS δptqp1� T qloguptq,

where vppapq � vppaV q. Thus,
P S,δ
r P T � b L� b LrT s. (4.6.11)

Furthermore, degreepP S,δ
r q   pr�1.

Note that L and T are Qp-Banach algebras. Let | � |S denote the norm on the Banach
space L.

Theorem 4.6.8. For any r P Z¥1 and any character δ : ∆Ñ O�
L , we have

1. P S,δ
r�1 � P S,δ

r mod ωr�1pT q, where ωnpT q � p1� T qpn � 1.

2. sup
r
}pvppapqrP S,δ

r }   8, where }f} :� sup|z|p 1 |fpzq|S .



4.6. CONSTRUCTION 115

Proof. The �rst statement follows from Theorem 4.5.6. In particular, we have the following
congruence relation

pUpq�pr�1q
�

¸
sPpZ{pr�1q�

cΞ
S
pr�1,N,as b δpsqp1� T qlogupsq

� pUpq�prq�

¸
tPpZ{prq�

cΞ
S
pr,N,at b δptqp1� T qloguptq mod ωr�1pT qH2pY �

F,1pNq,As,�
S q b LrT s.

Thus, after pairing both sides with |Φs
�

V , we deduce the �rst statement.

The second statement follows from the de�nition of P S,δ
r , since the factor 1

arV
appears in

P S,δ
r and vppapq � vppaV q.

Thus, by [PR94, Lemme 1.2.1, Lemme 1.2.2], [BL21, Lemmas 2.2, 2.3], we deduce:

Theorem 4.6.9. The limit lim
rÑ8

P S,δ
r is a power series such that

cL
δpT q :� lim

rÑ8
P S,δ
r P T �pbL�pbHL,vppapq, (4.6.12)

where, for any m ¥ 0,

HL,m :�
#¸
n¥1

cnT
n P LrrT ss : sup

n

|cn|p
nm

  8
+
.

Furthermore, we have

cL
δpT q � P S,δ

r mod ωr�1pT q. (4.6.13)

Let Γ � GalpQppµp8q{Qpq � Z�p . Let γ denote a topological generator of Γ{∆. De�ne,
for any real number m ¥ 0,

HL,mpΓq :�
#¸
σP∆

¸
n¥0

cn,σ � σ � pγ � 1qn : sup
n

|cn,σ|p
nm

  8, @σ P ∆

+
.

Let eδ denote the idempotent corresponding to δ, then

HL,mpΓq �
à

δPHomctsp∆,O�
L q

eδpHL,mpγ � 1qq,

where each eδpHL,mpγ � 1qq is isomorphic to HL,m after identifying T with γ � 1.

Remark 4.6.10. Note that we can identify HL,m with the space of m-admissible distribu-
tions DmpΓ, Lq via the Amice transform. See [Col10] for details.

De�ne cLδpγ � 1q by replacing T with γ � 1 in (4.6.12).

We are now ready to de�ne the two-variable p-adic Asai L-function for a small-slope
cuspidal Bianchi modular form F of weight p0, 0q.
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De�nition 4.6.11 (Two-variable p-adic Asai L-function for Bianchi modular forms). De�ne

cL
As
V :� à

δPHomctsp∆,O�
L q

cL
δpγ � 1q P T �pbL�pbHL,vppapqpΓq. (4.6.14)

Note that, after idenitifying HL,vppapq with DvppapqpΓ, Lq, we have
L�pbDvppapqpΓ, Lq � DvppapqpΓ,Lq,

since both are Qp-Banach algebras. Thus, one can view

cL
As
V P T �pbDvppapqpΓ,Lq.

We call cLAs
V a two-variable p-adic L-function, since one variable corresponding to F varies

in T �, and the other variable is the cyclotmic variable, i.e., a �nite order character in
DvppapqpΓ,Lq.

4.6.2 Specialization at the weight λ � p0, 0q

Recall that F is a base-change of a weight 2 cuspidal elliptic modular form, and the weight
of F is p0, 0q. We have assumed F has a small slope. In this subsection, we prove that we
can recover the p-adic Asai L-function

c
LAs
p pFq associated with F constructed in [Deo25],

from cL
As
V .

Recall from [Deo25],
c
LAs
p pFq is de�ned as

c
LAs
p pFq :�

à
δP∆�

c
LAs,δ
p pFq P HL,vppapqpΓq,

c
LAs,δ
p pFq � lim

rÑ8

�� 1

arp

¸
tPpZ{prq�

xϕ�F , cΞpr,N,atyδptqpγqloguptq
�
,

where ϕ�F P H1
cpY �

F,1pNq,OLq is the modular symbol associated to F , and cΞpr,N,at P H2pY �
F,1pNq,OLq.

Let

P δ
r :� 1

arp

¸
tPpZ{prq�

xϕ�F , cΞpr,N,atyδptqpγqloguptq P Lrγ � 1s.

We know that, for λ P SpLq,
s̃pλp|Φs

�

V q � ϕ̃�λ P H1
cpY �

F,1pNq,Ds,�
λ q,

spλpcΞS
pr,N,atq ��cΞλpr,N,at P H2pY �

F,1pNq,As,�
λ q.

Recall, for λ � p0, 0q, the integration map

ρ : H1
cpY �

F,1pNq,DpOLqq Ñ H1
cpY �

F,1pNq,OLq.

Thus, this map induces a dual map

ρ� : H2pY �
F,1pNq,OLq Ñ H2pY �

F,1pNq,ApOLqq. (4.6.15)
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Lemma 4.6.12. We have
ρ�pcΞpr,N,atq ��cΞλpr,n,at.

Proof. Let fλ P ApOLq :� ApOp,OLq denote the identity element, since fλ map sends ntn
to λ̃ptq � zk1z

k
2 , and in this case λ � pk, kq � p0, 0q.

Let id� denote the identity element in the dual of pOLq2. Now, for any µ P DpOLq, we
have

µpρ�pid� b pid�qσqq � id� b pid�qσpρpµqq,
� id� b pid�qσpµp1qpidb pidqσqq,
� µp1q � µpfλq.

Hence ρ�pid� b pid�qσq � fλ P ApOLq. See also [BH24, Lemma 7.15].

Write ID for pid� b pid�qσq. Now, we can rewrite cΞpr,N,at as

limÐÝ
k

psprq� � pprojtq�pua � ιq�pzk Y ID mod pkq

where cCprN � pzkqk P limÐÝk
H1pYQpprpk, prpkNq,Zpq � H1pYQppr, prNq,Zpq.

Thus,

ρ�pcΞpr,N,atq � ρ�plimÐÝ
k

psprq� � pprojtq�pua � ιq�pzk Y ID mod pkqq,

� limÐÝ
k

psprq� � pprojtq�pua � ιq�pzk Y ρ�pIDq mod pkq,

� limÐÝ
k

psprq� � pprojtq�pua � ιq�pzk Y fλ mod pkq,

��cΞλpr,N,at.
Remark 4.6.13. For any k P Z¥0, in the future work, we will prove,

ρ�pcΞk,jpr,N,atq � p�q�cΞλ,jpr,n,at,
where 0 ¤ j ¤ k and � is some non-zero constant.

For r ¥ 1 and non-trivial δ, de�ne

rP δ
r :� 1

arp

¸
tPpZ{prq�

xϕ̃�λ,�cΞλpr,N,atyδptqγloguptq P Lrγ � 1s. (4.6.16)

Here the pairing x, y is H1
cpY �

F,1pnq,DpOLqq � H2pY �
F,1pNq,ApOLqq Ñ OL.

Proposition 4.6.14. As elements in Lrγ � 1s, for λ � p0, 0q, we haverP δ
r
.� P δ

r , (4.6.17)

where, by
.�, we mean equal upto a unit in L.
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Proof. It is enough to show, for all r P Z¥1 and t P pZ{prq�,

xϕ̃�λ, �cΞλpr,N,aty .� xϕ�F , cΞpr,N,aty. (4.6.18)

From equation (4.6.3), we know
ρpϕ̃�λq .� ϕ�F .

Hence, from the above equation and Lemma 4.6.12, we get

xϕ̃�λ, �cΞλpr,N,aty � xϕ̃�λ, ρ�pcΞpr,N,atqy,
� xρpϕ̃�λq, cΞpr,N,aty,
.� xϕ�F , cΞpr,N,aty,

which concludes the proof.

There exists xF P V � SppT q that corresponds to F P Sp0,0qpUF,1pNqq. Let mxF be
the maximal ideal corresponding to F and let mλ be the maximal ideal corresponding to
λ � p0, 0q P SpLq. We assume T {mF � L � L{mλ. Consider the map

spλxF : T pbLpbHL,vppapqpΓq Ñ pT {mxF qpbpL{mλqpbHL,vppapqpΓq � HL,vppapqpΓq.

Theorem 4.6.15. We have

spλxF pcLAs
V q .� c

LAs
p pFq P HL,vppapqpΓq. (4.6.19)

Proof. Let x :� xF . We will prove, for all δ P ∆� and r P Z¥1,

spx,λpP S,δ
r q .� P δ

r , (4.6.20)

where spx,λ : T � b L� b Lrγ � 1s Ñ pT {mxq b pL�{mλq b Lrγ � 1s � Lrγ � 1s.
Suppose equation (4.6.20) is true. Now, from Theorem 4.6.9, we know

cL
δ
V pγ � 1q � P S,δ

r mod ωr�1pγ � 1q.

Therefore,

spxpcLδV pγ � 1qq � spxpP S,δ
r mod ωr�1pγ � 1qq,

� pspxpP S,δ
r q mod ωr�1pγ � 1q,

� P δ
r mod ωr�1pγ � 1q.

We are working with weak uniform topologies on Banach spaces, and hence

spxp lim
rÑ8

P S,δ
r pγ � 1qq � lim

rÑ8
spxpP S,δ

r pγ � 1qq,

and hence,
spxpcLδV pγ � 1qq � lim

rÑ8
P δ
r � c

LAs,δ
p pFq. (4.6.21)
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Thus, it only remains to show that equation (4.6.20) holds.

Note that the following diagram commutes (upto some unit in L):�
H1

cpY �
F,1pNq,Ds,�

S q 1 b T �
� � �

H2pY �
F,1pNq,As,�

S q� T � b L�

H1
cpY �

F,1pNq,Ds
λpOLqq¤h � H2pY �

F,1pNq,As
λpOLqq pT �{mxq b pL�{mλq � OL

H1
cpY �

F,1pNq,OLq � H2pY �
F,1pNq,OLq OL.

s̃pλ spλ spx,λ

ρ �ρ�

(4.6.22)
We will explain why the diagram in (4.6.22) commutes. We have

spx,λpx|Φs
�

V , cΞ
S
pr,N,atyq � xs̃pλp|Φs

�

V q, spλpcΞS
pr,N,atqy,

� xϕ̃�λ,�cΞλpr,N,aty
� xϕ̃�λ, ρ�pcΞpr,N,atqy,
� xρpϕ̃�λq, cΞpr,N,aty,
.� xϕ�F , cΞpr,N,aty.

This implies
spx,λpP S,δ

r q .� P δ
r .

We complete this subsection with a couple of remarks.

Remark 4.6.16. We can remove the dependency on c. We assumed c is coprime to 6N .
Suppose ϵF is the nebentypus of F and if ϵF |pZ{NZq� does not have a p-power conductor, then
by [Deo25, Proposition 6.8], there exists LAs

p pΨq P HL,vppapqpΓq such that

LAs
p pFq �

1

fc c
LAs
p pFq,

where fc is some non-zero term related to c. We need to construct cΞ
S
pr,N,at by using fc. It

will be explored in the future.

Remark 4.6.17. We assumed F is a base-change of a cuspidal elliptic modular form f of
weight 2. If we assume F is a genuine non-critical cuspidal Bianchi modular form of weight
p0, 0q, i.e., not arising from a cuspidal elliptic modular form, the results in this section are
still valid. But in general, classical genuine cuspidal Bianchi modular forms are not always
Zariski-dense. It can happen that V only contains a single classical point corresponding to
F . See [BSW21a, Remark 6.11] for more details.



Chapter 5

Future works

Artin formalism for signed p-adic L-functions of Bianchi

modular forms

Let F {Q be an imaginary quadratic �eld, p ¥ 3 be a prime that splits in F , and k P Z¥0.
Let Gp8 be the ray class group over F modulo p8 and Γ be the Galois group of cyclotomic
Zp-extension of Q. Since p splits in F , we can identify Γ with the Galois group of the
cyclotomic Zp-extension of F . Let f be an elliptic cusp form of weight k � 2 and let F
be a cuspidal Bianchi modular form of weight pk, kq be the base change of f . Let Lcyc

p pFq
be the distribution on Γ by projecting Williams' p-adic L-function LppFq associated to F
along Gp8 Ñ Γ. Barrera-Salazar�Williams in [BSW21a] proved the following p-adic Artin
formalism:

Lcyc
p pFq .� Lppfq � LχF

p pfq,
where χF is the quadratic character associated with F , LχF

p pfq is p-adic L-function associated
to the twist of f by χF . Recently, for k � 0, Lei in [Lei24] proved the p-adic Artin formalism
for signed p-adic L-functions associated to F . Especially, he proved that if f is p-non-ordinary
elliptic modular form of weight 2 and for 
 P t5, 7u then

Lcyc


 pBCpfqq � L
L

χF

 ,

where L
,
, L
 are signed p-adic L-functions considered in [Lei14]. We propose to extend this
Artin formalism of signed p-adic L-functions of Bianchi modular forms from k � 0 to k ¥ 0
using the methods developed in [Deo26].

Constructing p-adic Asai L-functions for C-cuspidal Bianchi

modular forms

In [Pal25], Palacios constructed p-adic L-functions for C-cuspidal Bianchi modular forms
of weight pk, ℓq, where k, ℓ P Z¥0 and k might not be equal to ℓ. He used partial modular
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symbols to construct the distributions. We are interested in investigating and constructing
p-adic Asai L-functions for C-cuspidal Bianchi modular forms of non-parallel weights using
partial modular symbols, Asai-Eisenstein elements, and the methods from [Deo25].

Families of p-adic Asai L-function for higher weight Bianchi

modular forms and the symmetric square p-adic L-function

In Chapter 4, we constructed a two-variable p-adic Asai L-function for a weight p0, 0q cuspidal
Bianchi modular form arising from a base-change of a weight 2 cuspidal elliptic modular form.
The next natural extension that we are pursuing is to construct a two-variable p-adic Asai L-
function for a cuspidal Bianchi modular form of weight pk, kq, where k P Z¡0. In this case, we
have to deal with extra cyclotomic twists 0 ¤ j ¤ k. We need to construct Asai�Eisenstein
elements that could incorporate these extra twists.

An application of this two-variable p-adic L-function is to give a new construction of
p-adic L-functions related to the symmetric square of an elliptic modular form. More specif-
ically, if F is a base change of an elliptic modular form f , then we have the following
factorization of complex L-functions:

LAspF , θ, sq � LpSym2f, θ, sqLpθϵfϵF , s� k � 1q,

where θ is a Dirichlet character of �nite order, ϵf is the nebentypus of f , and ϵF is a quadratic
character associated to F . Now if f is a small slope and non-critical Hecke eigenform of
weight k � 2, and F is a cuspidal Bianchi modular form that is a base change of f , then
using the above factorization, and comparing interpolation formulas of

c
LAs
p pFq and the

Kubota�Leopoldt p-adic L-function ζanp , we can de�ne

LppSym2fq :� p�q cL
As
p pFq
ζanp

,

where � is some explicit non-zero factor. We will be pursuing this construction in the near
future.

We are also interested in constructing the critical p-adic Asai L-function, i.e., the p-
adic Asai L-function associated to the critical Bianchi modular form. By a critical Bianchi
modular form F of weight pk, kq, we mean the slope of F is k.



Appendix A

Signed p-adic L-functions for non-parallel
weight Bianchi modular forms

In this appendix, we extend the results from parallel weight cuspidal Bianchi modular forms
to non-parallel weight C-cuspidal Bianchi modular forms. The notion of C-cuspidality is
related with the vanishing of the constant term of Fourier expansions of Bianchi modular
forms (with level divisible by p) at suitable cusps. For the de�nitions and proper explanations
about C-cuspidality, see [Pal25, Section 2]. Note that the space of cuspidal Bianchi modular
forms with level at p is a proper subset of the set of C-cuspidal Bianchi modular forms with
level at p.

Let us �x some notations �rst. Fix an odd prime p. Let K{Q be a quadratic imaginary
�eld and p splits in K as pOK � pp. We also assume p does not divide the class number hK
of K. For q P tp, pu, let Kq � Qp be the completion of K at the prime q. Let OKq be the

ring of integers of Kq and let ϖq be its uniformizer. We �x the embeddings ι8 : Q ãÑ C and
ιp : Q ãÑ Qp. Note that ιp �xes a p-adic valuation vp on Qp. Hence, we choose ιp such that

vppϖpq � 1 and vppϖpq � 0. The embeddings ι8 and ιp will give the isomorphism ι : C �ÝÑ Qp

satisfying ι � ι8 � ιp. Fix non-negative integers k and ℓ.

A.1 p-adic L-functions associated to C-cuspidal Bianchi

modular forms

Let F be a C-cuspidal Bianchi eigenform of weight pk, ℓq and level n, where p divides n. For
the Fourier expansion related to any Bianchi modular form, see [Pal25, Section 2.3]. For
q P tp, pu, let aq be the Uq-eigenvalue of F . Moreover, F is small slope, i.e., vppapq   k � 1
and vppapq   ℓ� 1.

Let cp�,Fq denote the Fourier coe�cients of F . Like in the cuspidal case, for any Hecke
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character Ξ with the conductor f, we de�ne the L-function of F twisted by Ξ:

LpF ,Ξ, sq �
¸

0�a�OF ,
pa,fq�1

cpa,FqΞpaqNpaq�s,

where s P C.
Using Deligne's Γ-factors, we renormalize this L-function:

ΛpF ,Ξ, sq � Γpq � sqΓpr � sq
p2πiqq�sp2πiqr�s LpF ,Ξ, sq,

where pq, rq is the in�nity type of Ξ.

The main theorem of [Pal25] is:

Theorem A.1.1. [Pal25, Theorem 4.12] For chosen embeddings ι8, ιp, and ι, there exists
a locally analytic distribution Lιp,F on the ray class group Gp8 such that for any Hecke
character Ξ of K of conductor pnppnp and in�nity type p0, 0q ¤ pq, rq ¤ pk, ℓq, we have

Lιp,FprΞq � pexplicit factorq � 1

λf
� ΛpF ,Ξ, 1q, (A.1.1)

where λf is the Uf �
±

q|p U
nq
q -eigenvalue of F .

The distribution Lιp,F is pvppaqqqq|p-admissible and therefore is unique.

From the Remark 2.7.8, we can see Lιp,F P HE,vppapq,vppapqpGp8q, for some �nite extension
E{Qp.

A.2 Decomposition of p-adic L-functions of C-cuspidal

Bianchi modular form

We �rst �x a Bianchi modular eigenform F of weight pk, ℓq and level m, where m is coprime
with p. Furthermore, we assume that F vanishes at cusps 0 and 8.

Consider the L-function of F :

LpF , sq �
¸

0�a�OK

cpa,FqNpaq�s,

then the local Euler factor at q P tp, pu is

LqpF , sq�1 � 1� aqp
�s � εFpϖqqp1�2s, (A.2.1)

where aq is the Tq-eigenvalue of F , and εF is the central character associated to F . Recall
that εF is a Hecke character of the in�nity type p�k,�ℓq, and conductor coprime with p.
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Hence, we will consider the following Hecke polynomials: for the prime ideal p, we have

PppXq :� X2 � apX � εpϖpqp, (A.2.2)

� X2 � apX � ε8pϖpq�1p, (A.2.3)

� X2 � apX �ϖk
p �ϖℓ

p � p, (A.2.4)

� X2 � apX �ϖk�1
p ϖℓ�1

p . (A.2.5)

Similarly, for prime p, we consider

PppXq :� X2 � apX �ϖk�1
p ϖℓ�1

p . (A.2.6)

From now onwards, we assume F is non-ordinary at both the primes p and p, i.e.,
vppapq, vppapq ¡ 0. We furthermore assume

1. vppapq ¡
Z

k

p� 1

^
;

2. vppapq ¡
Z

ℓ

p� 1

^
.

For q P tp, pu, let αq and βq be the roots of PqpXq. Recall that we have a p-adic valuation
vp corresponding to the �xed embedding ιp such that vppϖpq � 1 and vppϖpq � 0. Hence,
the roots αp and βp satisfy:

vppαpβpq � vppϖk�1
p ϖℓ�1

p q,
vppαpq � vppβpq � vppϖk�1

p q � vppϖℓ�1
p q,

� k � 1,

and therefore
0   vppαpq, vppβpq   k � 1.

Similarly,for the roots αp and βp, we have

vppαpq � vppβpq � ℓ� 1,

and
0   vppαpq, vppβpq   ℓ� 1.

We assume αq � βq for q P tp, pu.
Like in the cuspidal case, we have four p-stabilizations of F : Fαp,αp ,Fαp,βp ,Fβp,αp ,Fβp,βp .

Note that we have assumed F vanishes at the cusps 0 and 8.

Lemma A.2.1. For � P tαp, βpu and : P tαp, βpu, the p-stabilization F�,: is a C-cuspidal
Bianchi modular form of weight pk, ℓq and level pm.

Proof. The proof is similar to the proof of [Pal25, Proposition 5.3].
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Therefore, for � P tαp, βpu and : P tαp, βpu, the p-stabilizations F�,: are C-cuspidal, of
level pm, and are of small slope, since vpp�q   k � 1 and vpp:q   ℓ � 1. Hence, by Theorem
A.1.1, we can attach a p-adic L-function Lι�,: :� Lι

p,F�,: P HE,vpp�q,vpp:qpGp8q to the C-cuspidal
Bianchi modular form F�,:. Furthermore, for any Hecke character Ξ of the in�nity type pq, rq
such that 0 ¤ q ¤ k and 0 ¤ r ¤ ℓ of conductor pnppnp , where np, np P Z¡0, we have the
following interpolation properties:

Lιαp,αp
prΞq � α

�np
p α

�np

p � Cq,r,rΞ,
Lιαp,βp

prΞq � α
�np
p β

�np

p � Cq,r,rΞ,
Lιβp,αp

prΞq � β
�np
p α

�np

p � Cq,r,rΞ,
Lιβp,βpprΞq � β

�np
p β

�np

p � Cq,r,rΞ,

where Cq,r,rΞ P Qp is a constant independent of αp, βp, αp, βp. More precisely, Cq,r,rΞ �
(some explicit factor) � ΛpF ,Ξ, 1q, since the conductor of the Hecke character Ξ is pnppnp

with np, np P Z¡0, and hence LpF ,Ξ, 1q � LpF�,:,Ξ, 1q for all � P tαp, βpu and : P tαp, βpu.
Note that, since vppϖpq � 1 and vppϖpq � 0, we can write ϖk�1

p ϖℓ�1 � pk�1 � up, where
up is a suitable unit in some ring of integers of �nite extension of Qp. Similarly, we can write
ϖℓ�1

p ϖk�1
p � pℓ�1 �vp. Let E{Qp be a �nite extension of Qp large enough to contain all Hecke

eigenvalues of F , αp, βp, αp, βp, u
1{2
p , and v

1{2
p .

We construct logarithmic matrices using the methods from Sections 2.3,2.4, and 2.5.

For the prime p, let

Aφ,p �

����0
�1

pk�1up

1
ap

pk�1up
,

���
,

Qp �
�

αp �βp
�pk�1up pk�1up

�
.

Using this data, we construct a logarithmic matrix Mkppq P M2,2pHEpΓ1qq such that it
satis�es:

1. If Q�1
p pMkppqq �

�
P1ppq P2ppq
P3ppq P4ppq



, then P1ppq, P2ppq P HE,vppαpqpΓ1q and P3ppq, P4ppq P

HE,vppβpqpΓ1q.
2. The second row of A�n

φ,pM
kppq is divisible by Φn�1,k�1pγ0q over HEpΓ1q.

3. The determinant detpMkppqq is logp,k�1pγ0q
δk�1pγ0 � 1q , up to a unit in ΛEpΓ1q.
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De�ne Mk
p :� MatppMkppqq PM2,2pHEpΓpqq.

For the prime p, let

Aφ,p �

����0
�1

pℓ�1vp

1
ap

pℓ�1vp
,

���
,

Qp �
�

αp �βp
�pℓ�1vp pℓ�1vp

�
.

Using this, we can construct a logarithmic matrix M ℓppq P HEpΓ1q such that:

1. If Q�1
p pM ℓppqq �

�
P1ppq P2ppq
P3ppq P4ppq



, then P1ppq, P2ppq P HE,vppαpqpΓ1q and P3ppq, P4ppq P

HE,vppβpqpΓ1q.
2. The second row of A�n

φ,pM
ℓppq is divisible by Φn�1,ℓ�1pγ0q over HEpΓ1q.

3. The determinant detpM ℓppqq is logp,ℓ�1pγ0q
δℓ�1pγ0 � 1q , up to a unit in ΛEpΓ1q.

De�ne M ℓ
p :� MatppM ℓppqq P HEpΓpq.

Note that we are getting k � 1, ℓ� 1 instead of k � 1, ℓ� 1 since k, ℓ P Z¥0.

Hence, by following the same methods used in the proof of Propositions 2.8.8, 2.8.9,
2.8.10, we can conclude:

Theorem A.2.2. There exist Lι7,7, L
ι
7,5, L

ι
5,7, L

ι
5,5 P ΛEpGp8q such that�

Lιαp,αp
Lιβp,αp

Lιαp,βp
Lιβp,βp

�
� Q�1

p M ℓ
p

�
Lι7,7 Lι5,7

Lι7,5 Lι5,5

�
pQ�1

p Mk
p qT . (A.2.7)
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