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University of Ottawa, School of Information Technology and Engineering,

Abstract

COMPUTATIONAL ASPECTS OF
ORDER PRESERVING MAPS

By Nazih Chibbani

Chairperson of the Supervisory Committee: Professor Nejib Zaguia
Department of Computer Science

The ordered sets field is an important part of the ongoing mathematical,
algorithmic and combinatorics research. This young field identifies and
addresses many unsolved problems, a considerable group of which were
proven (NP). “Characterizing the finite ordered seis with fixed point
property” is among those open unsolved problems. It was originally
introduced and described by Rival (1984); and was later demonstrated to be
NP-complete by Williamson. Since then, several researchers worked and
published on the subject, describing a variety of algorithms and techniques to
address and solve aspects of the problem.

This thesis introduces a computational technique for identifying ordered sets
with the fixed peint property (FPP). The technique consists of generating all
possible ordered sets of a given size up to isomorphism and duality, followed
by a testing of each ordered set for the FPP. Algorithms for the generation of
ordered sets, for isomorphic elimination, and for the FPP testing are presented.

The results obtained from the research were summarized as a list of incidence
matrices of all ordered sets with the FPP; irreducible elements free; and
retractable elements free up to duality and isomorphism for set sizes < 13
elements. This research expands on the results published by Rutkowski (1989)
and Schroder (1993) for set sizes of 10 and 11, respectively, by identifying the
set of complying ordered sets of sizes 12 and 13. The results can contribute to
future research in the topic, particularly in the area of non-computational
techniques, as a comparative data set for validation purposes.
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Chapter 1

1 INTRODUCTION
1.7 Ordered set

1.1.1 History and Connecticn

The mathematical concept of partial orders was proved useful as a unifying
tool in such diverse fields as functional analysis, algebra, set theory,
combinatorics, and especially computer science. Much of the development in
the theory of ordered sets arose from its connection to various and diverse
fields. However, during the last decade, it has been the combinatorial methods
and computational techniques that have particularly stimulated and increased

the amount of research in the ordered set.

An ordered set is a set that conforms to the binary relation “<” such that, the
relation “<” is reflexive, antisymmetric, and transitive. Similar to other like
binary relations, order sets can be represented in different instances. Among
the various possible schemes utilized to represent ordered sets, the most
common representation is that of the upward drawing graph (Figure 1-1). As
such, order theory can be seen as a domain with relations to both lattice theory
and graph theory. Among the three theories (lattice, graph, and order), order
theory is the youngest.

The first ordered sets specialized journal, “Order”, was launched in 1984. The
journal helped popularize the field by presenting it to a wide audience as fresh
field with an abundance of unexplored problems. Several ordered sets
problems have been characterized as non-deterministically polynomial (NP)
problems. The occurrence of this class of (NP) problems favored the



computational methods and algorithmic research, which characterized the

domain in the past decade.

Figure 1-1 Upwasd drawing of an ordered set

Since the identification and characterization of the finite the FPP problem by
Rival (1984), several other research cornerstones were laid down in the
foundations and structure of this field.

The recorded history of this problem seems to start in the papers {20] by
Knaster in the twenties and then in [32] by Tarski and {9] by Davis in the
fifties, where the question is answered for lattices (a lattice is an ordered set in
which any finite subset has a supremum and an infimum, it is complete  iff
every subset has a supremum and an infimum): A lattice has the fixed point
property iff it is complete. After that there were papers by Abian and Brown
(1971) [1] and Pelczar (1961)[23], which recorded one of today's standard



tools: If P is a chain-complete ordered set, f:P P is order-preserving and
there is an clement A € P such that f(A) ~ A, then f bas a fixed point. The
problem for ordered seis seems to have been first raised in the text [6] by
Crawley and Dilworth (1973). The next milestone then is Rivals
characterization of the fixed point property for finite ordered sets of height 1 in
(1976) 27]. Since then, the FPP problem has inspired many possible
approaches. Among them are the following

A basic approach is to characterize the fixed point property for certain classes
of ordered sets. This is done for example by Fofanova and Rutkowski in(1987)
[14] (sets of width 2), by Hoft and Hoft in (1991)[18] (lexicographic sums), by
Rival as mentioned in [27] (sets of height 1), Rutkowski in (1989) [31],
Schrader in (1993) [34] (“small" sets size 10 and 11), Davis and Tarski in
(1955) [9] and [38] (for lattices) and possibly most importantly by Roddy in
(1994) [30], where the fixed point problem is solved for finite products of
finite ordered sets.

Another approach followed by researchers was to prove fixed point theorems
that do not necessarily handle an established class of ordered sets, but that
provide new insights through possible reductions (Rival in (1976) [27], and by
Schrasder in (1993) [34] or through the identification of substructures that force
the fixed point property (done for example by Baclawski and Bjdrner in (1979)
[2], by Edelman (1979) in [12], and by Rutkowski in (1989) [31]).

In 1992, using the language of formal concept analysis, Xiaf35] presented the
(FPP) and the fixed point free (FPF) as formal concepts of a context from
which an algorithm could be derived to determine if a given ordered set has
the fixed point property.



1.1.2 Pixed point property

A well-known problem in ordered set theory is the characterization of the
finite ordered sets with the fixed point property (FPP) [26]. ]. An ordered set P
is said to have the FPP if and only ift

¢ for each order preserving self map (OPM) f: P > P, there is at
ieast one fixed point x such that f(x) =x;

whete f is OPM if and only if: forallx, yin P; fx <y = f(x) < fw).

This problem, that was introduced and described by Rival in [27], is the main
focus of this thesis. Following Rival’s work , further research was carried out
and published to describe various algorithms addressing this problem. Special
attention was given in this thesis to the results published by Rutkowski (1989)
and Schrdder (1993): In a paper entitled “The fixed point property for small
sets”, Rutkowski (1989) identified all ordered sets with the FPP of size < 10,
up to isomorphism and duality, containing no irreducible elements, Schrdder
(1993) introduced the concept of retractable elements, which is a stronger
notion than that of irreducible elements. He also characterized all ordered sets
with the FPP of size <11, up to isomorphism and duality, containing no

irreducible or retractable elements.

Eventually, both Rutkowski and Schroder results were based on conventional

mathematical assumption and proof methods.

1.1.3 Objectives
This thesis is concerned with characterizing all ordered sets with the FPP of

size <13, up to isomorphism and duality, containing no irreducible or

9



retractable elements. The characterization of these ordered sets will be carried

out using computational techniques based on reliable algorithms.

1.1.4 Methodology

When searching for the roots of a function y =f(x), a non-numerical approach
may produce a closed-form solution leading directly to the roots of the
function if they exist. It may also be possible to find the roots using numerical
techniques; for discrete functions in the finite domain, a particular numerical

method may search for the roots by examining the value of the function at

every point in its domain. Then the roots of f{x) may be obtained by evaluating

y at every x in the domain.

Similarly, a solution to the problem may be found by generating the set of all
ordered sets of size n < 13, up to isomorphism and duaﬁty, then testing every
clement of this set for the FPP according to a collection of non-trivial criteria.
The computational technique is comprised of three main steps:

1- Generating the set of all ordered sets of size n < 13

2- Filtering all generated ordered sets for isomorphism and duality.

3- Testing each ordered set for the FPP.

The diagram below (Figure 1-2) represents the data flow through the different
phases.

10



(size )
Y

Z

T
Generate | [ Generated\
Ordered sets set

lsomorphism [ free 3
Filtering e Minimum
form /

) FPP set ™
FPF testing Final result
\FPF set

Figure 1-2 Block diagram of the process

1.1.4.1 Generation of Ordered Sets

The generation of ordered sets for this research can be described as a
generation of incidence matrices for the binary order relation of ordered sets,
which have the three conditions of an ordered set: reflexivity, antisymmetry,
and transitivity. A backtracking technigue is utilized during the generation
process target potential matrices with ordered set properties. Among all of the
sets generated, only connected ordered, irreducible element free, retractable

element free, and dual free scts are selected

11



1.1.4.2 Isomotphism

Eventually, the set of generated ordered sets contains isomorphic sets, and the
result we aim for is (up to isomorphismy}; therefore, an elimination process of
isomorphic sets should be applied on the result set in order to reduce the set

down to one set from each class of isomorphic sets.

The incidence matrices are stored in the resultant set in a vector format, by

66159

combining each row, which is a sequence of “0” and “1”, m a decimal
number, assuming that a row is a binary representation of the decimal number.
These vectors are sorted in a lexicographic total order. This key fact

contributes enormously fo the elimination technique of isomorphic sets.

Meanwhile, in addition to the lexicographical total order property of the
resultant set, we define in the same set, an equivalence relation, where two
ordered sets are related if they are isomorphic. Thus, all ordered sets in the
resultant set can be grouped in disjoint classes, such that, within each class, all
clements are isomorphic. Simultanecusly, each class is totally ordered;
therefore, a selection of only the smallest element in each class provides a set

of ordered sets that is isomorphic free, thus filtering out isomorphic.

The method for finding the smallest element in each class, which involves a
pair-wise isomorphism comparison for all generated elements, assumes that all
the classes are populated and enumerated. This is almost unconceivable; for
this very large size of generated resultant. To overcome this obstacle, a
computing algorithm is introduced to determine if a generated element is
indeed the smallest in its class without comparing it to other elements of the

same class.

12



The algorithm is based on the technique of generating an isomorphic ordered
set from a given ordered set, such that the generated setf is lexicographically
smaller. In fact, the generation of the isomorphic set is possible by relabeling
elements in the original ordered set, which implies colummns and rows
swapping in the incidence matrix, followed by sorting rows as needed. The
ordered set is declared the smallest in its class, only when all conceivable
permutations attempted to generate a lexicographically smaller set fail. A
backtracking technique is applied in order to optimize the number of
permutations used. This algorithm does not compare a member set with
anocther; only with itself The smallest clements found are said to be in their

minimal form or, to borrow an analogy from physics, in their stable state.

A detailed description of this algorithm together with illustrative examples is
covered in chapter 4.

1.1.4.3 Fixed point property characterization
Fixed point property testing is carried out on the resultant set of smallest
clement sets subsequent to isomorphism elimination. The testing consists of

applying the FPP test on each ordered set in the resultant set.

According to the definition of the FPP, each order preserving self map for a
given ordered set, each order preserving self map should have a fixed point.
Inversely, an ordered set is fixed point free (FPF) is described as a set with at
least one order preserving self map that is fixed point free. As such, the
characterization of the FPP can be achieved by searching for a FPF map for

the ordered set.

In order to obtain a FPF map for a specific ordered set, if such a map exists, a

recursive loop is devised to generate all possible order preserving maps that

13



ar¢ potentially fixed point free; which means, for each element A in the

ordered set P, we set a range Q for the map f:P > P, such that, clements in

the range  are incomparable with A (3y €P are incomparable iff x £ y and x

% v. It is denoted by x + v). When we find images for all elements A in P; then

f:P>P is characterized as fixed point free and consequently, the ordered set P
is (FPF). At this point, there is no need for further testing of the remaining self
maps in P. However, when f: can not be completely defined; afier testing all
self maps, P is considered to have the fixed point property (FPP). In addition,
we refined the range Q of elements A, by including the property of the order
preserving map which is if x<y = f(x)<f(y). Thus, the range of an element x
<y should be inciuded in the set of comparable elements to z = f(¥), since f(x)
< f(¥). The details of this algorithm, known as the Dynamic Range Technique,
are given in Chapter 5 together with appropriate examples.

The final resulf is a set of vectors with size 10, 11, 12, and 13; that holds all
ordered sets with fixed point property (up to isomorphism and duality)

frreducible element free , retractable element free.

1.2 Motivation and Objectives

This work is driven by an interest in the behavior of ordered sets and their

applications.

The work is particularly interesting because of the special computational
techniques required to handle the non-deterministically polynomial (NP) of

ordered sets decision problems.

The objectives of the research are:

14



1. To contribute to a better understanding of the behavior of ordered sets

2. By means of utilizing numerical technigues, to advance the state-of-
knowledge of ordered sets by expanding the size of characterized
ordered sets with FPP, and documenting the implemented algorithms
and technigques.

1.3 Thesis contribution

The results of this research can alleviate and stimulate further efforts leading to
enumerating ordered sets with the FPP of size larger than 11 by means of non-

computational methods.

Primarily, the thesis introduces algorithms for FPP characterization, for

isomorphic sets elimination, and generation of ordered sets of a given size;

A standard representation for isomorphic ordered sets is introduced, together
with a technique to convert any ordered set into its standard representation,

herein denoted “minimal representation”.

An alternative algorithm based on “4-nodes crown retract” is implemented. It
represents an efficient technique for the FPP characterization of particular

cases of ordered sets of large size.

1.4 Organization

The thesis is organized as follows:

Chapter 1 is an introduction providing an overview of the history of ordered
sets and their connection with different fields, and describing the objectives
and structure of the research project. An outline of the research methodology is

15



presented, together with the required definitions of the ferms comprising the

main topic of the research.

Chapter 2 describes the subject problem in details, and the solution strategy
and its limitations. The computational approach methodology is presented
starting with modeling, followed by algorithm development application and

validation. The chapter includes a summary of the ordered sets research

background and some related resulis.

Chapters 3 focuses on the technigues for generating ordered sets of a specific
size, ready for FPP testing. It also covers the generation and selection criteria
used to limit the generation of potential FPP candidate sets.

Chapter 4 details the concepts, methodology, techniques and algorithms used
to eliminate redundancy in the generated ordered sets list by identifying and
eliminating isomorphic ordered sets. An algorithm for testing if a given

ordered set is in its minimal form is presented.

Chapter § presents the implementation of an algorithm used for FPP testing.
Examples for explaining the algorithm and validating it, are also presented.

Chapter 6 presents special case techniques that can be applied on particular

ordered sets. These techniques are implementations of some technical lemmas.

Chapter 7 presents a summarized account of the research results, followed by
the relevant conclusion. An assessment of the success of this effort in meeting
the research objectives is presented, together with the appropriate

recommendations for future research.

16



2 THE PROBLEM CONTEXT

2.1 Introduction

In this chapter, we describe the problem according to the computational
approach we selected versus a mathematical technique. A meaningful ‘
description of the problem requires at least a brief coverage of the ordered set

properties. Likewise, we find it very helpful to present some related published

resulis.

2.2 Ordered Set, Definition
An ordered set or a partially ordered set or a poset P is a pair (P, 98) where

P is a set, and &% is an order binary relation on P, satisfying the conditions.

- Reflexivity: For all x € P we have (%, x) € 4.
- Antisymmetry: Forallx, y e P.If(x,y) € R and (3, x} € Rthenx=v,
- Transitivity: Forall x, v,z €P. If (x, y)e R and (v, z)e & then (x, ) R,

The notations (xy) € &, x By, x<ymP, and y 2 x in P are used

interchangeably. The notationx <yinPmeansx<yinPand x#y.
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Distinet elemenis x € P and v € P are comparable, whenx<vory<xinP,

we denote by x ~ y. Otherwise, we say x and v are incomparable and we

denote by x *+ y.

Ordered sets can be represented in different instances. We choose to describe

the representations that are relevant to our work.

2.2.1 Incidence Matrix

An incidence matrix (IM) is an instance of ordered set representation. For an

ordered set P or (P, %) with N elements or | P | =N. IM is a square mairix of

N rows x N columns,

We label elements of P suchthat P = { ag, a1, @, ..., ang2, 851 }

Rows and columns in IM are labeled from (0 to N-1) .
RKisthe binary relationin P = &= {(a, a) € P /ai<a}.
If(a;, a) € &= the cell IM(L, j) = 1, otherwise, (a;, a)) ¢ &= IM({Lj)=0.

Eventually, IM is not a unique representation of ( P, 82 ). It all depends on how

we label the elements in P. However, the partial order in P contributes to

grouping P elements into subsets.

By following the partial order in P and quasi sort P elements according to 92,

IM (incidence matrix) can be transformed into the sum of an upper triangle
matrix and a diagonal matrix (Schur){§] IM=M +D.
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If we suppress reflexivity, by treating only the strict order relation, we obtain

as the remaining matrix, an upper triangular matrix.

In addition, if we represent only the covering relation < instead of the

comparability relation, we obtain the covering matrix:

Given any pair X € P and y € P, we say that x is a lower cover of y, or yis an
upper cover of x , if x <y and there is no z € P with x <z <y, we denote by

X <¥.

2.2.2 Upward Dreawing

The most common scheme for drawing an ordered set P is a graph G whose
vertices V correspond to the elements of P, and whose edges correspond to the
covering relations in P. This graph is called the directed covering graph.

It is always possible to orient the directed covering graph in such a way that all
arrows point upward. When it is done, we erase all arrows and we get what we

call an upward drawing (Figure 2.2).
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Eventually, this upward drawing is not unique. We can draw different
instances from the same ordered sets by applying permutation on vertices. All

these instances for the same ordered sct are isomorphic.

Figuore 2-2 Upward drawiog graph for Q

There are some specific notations that we need to cover to facilitate the
description of the problem. We will use the upward drawing example for a

clearer description

2.2.2.1 Up-Set, Down-Set
For x € P the up-set of x is defined and denoted by (T x)={y e P/y=2x }.
The down-set of x is defined and denoted by (V x)= {y e P/y<x 1.

For instance, based on the ordered set shown in Figure 2.2, (Tay ) = { ag, 21, a2,

as,a,87}; (Vas)={asas 2 }.
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2222 Maximal Elemeny
Let P be an ordered set. An element m € P is called maximal iff there are no
clements g € P with m < 2. We denote the set of maximsa

Max(P). e.g.: Max(Q)={ag, a1, & }

2223 Minimai Flement
Let P be an ordered set. An element m € P is called minimal iff there are no
elements a € P with 2 < m.We denote the set of minimal elements of P by

Min(P). e.g. : Min{Q) = { as, a, a0 }

2.2.2.4 Upper Bound
Let P be an ordered set. if A c P, then u € P is called an upper bound of A iff
foralla € Awehaveu>a. eg.: for A= { a, ay, ag, as } a3 is an upper bound.

2.2.2.5 Lower Bound
Let P be an ordered set. If A ¢ P, then / € P is called a lower bound of A iff

for all a € A we have £ < a. e.g.: for A= { ag, a1, @, a4, 85 } a9 is a lower
bound.

2.2.2.6 Supremum
Let P be an ordered set and let A < P. Then the element u is called the lowest
upper bound or supremum of A iff u is an upper bound of A and for every

other upper bound v of A, u<v. We denote u = v A or supp(A).

e.g. : A= { aj, 2y, aip } then supg(A) =ay
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2.2.2.7 Infimum

Let P be an ordered set and let A ¢ P. Then the element £ is called the greatest
id of A and for every other
lower bound v of A, v<{. We denote £ = A A or infp(A).

e of A iff 7 is a lower bow

fower bound or i

e.g. : A={ag, a, 4, as, 44, 8s, 85 ; then infe{A) = as.

2.2.3 Fixed Point Property / Order preserv
2.2.3.1 Order-Preserving Map (OFM)
Let (P, <p) and (Q, <¢) be ordered sets, and let /2 P > Q be a map, then £ is

called an order preserving map (OPM) iff forallx e P,and forally € P we
have:

XSpy = f(X) S SV
IfP=Q,then <p=<¢=< f:P-> P is called an order preserving self map.

2.2.3.2 Fixed Poiats Property
Let (P, £ be an ordered set, and let f: P - P be an order-preserving map.

Then x € P is called a fixed point of f iff f(x)=x. If f has no fixed point, f
is called fized point free.

P is said to have the fized point property (FPP) iff each order-preserving map
(OPM) f: P —> P has a fixed point. Otherwise, P is fixed point free (FPF)

2.3 Computational approach

An ordered set can also be defined as a non-numerical data structure. This

non-numerical property favored a modeling approach for a computational
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methodology. Since the problem is of (NP) natw

¢, the model we conceive
should coniribute to the efficiency of the computational algorithm.
Furthermore, a validation process is applied on the result we obtained before 1t
is considered final. Consequently, the methodology we implemented is divided

into three main phases:
a. Modeling
b. Algorithm design

¢. Validation case and processing.

2.3.1 Modeling
Choosing the right model depends on a broad understanding of the problem
and its ramifications. Thus, we can describe the problem in more details based

on the solution strategy we implemented.
a) Generate ordered sets for specific sizes < 13.
b) Eliminate duals and isomorphic sets.

¢) Generate and test each order preserving map for (FPF), which
consequently leads to (FPP) characterization.

d} Validate the collected results.

Accordingly, a model for an ordered set should satisfy some basic conditions,
and matches all phases in the solution strategy. A key element in this model
design is to add a numerical dimension to an ordered set, which enormously

contributes to the computational process.
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In an early stage of this project, we designed a model, which we called * Prime
Number Model”. In fact, we implemented this model in an algorithm,
however, it did not make part of the final implementation and a different
model replaced it: We have decided to describe it in this thesis and cover its
advantages and disadvantages because of its relation to the final model.

2.3.1.1 Poime number model

We originally introduced the prime numbers model for a single goal: the order
preserving maps generation and the fixed point property testing; when the
ordered sets generation phase was not the main concern. The following is a

mathematical description of the Prime number model for ordered sets.

Let P be an ordered set. For each element a; € P, we assign a unigue prime

number ¢;. We consider the mapping:
h: P-> N where N is the set of positive infegers and |

0 N-1

h(ag)':tg’—'nj dp / (dy=qiifa;<a;) and(d;=1 d(ayfa).
Obviously, this mapping h:P => T, where T is the image of P by h, is a
bijection.

Clearly, the divisibility relation Son T (for x and y in T, say xSy if y is
divisible by x) is a partial ordering relation equivalent to the ordering relation

on P. Therefore, all processing on P is equivalent to processing on T.

2.3.1.2 Model property
The advantage of this model is highlighted in the values of each element

image. Fach element in T holds all the information we need about its
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comparability with other elements regardless of the label or index of the
element. This property makes permutation generation much simpler. In fact,
this model was specifically designed for order preserving maps generation and

processing,

Based on the isomorphism property of h: where a < b = h{a) < h(b) . A
division of h{a) by h(b), can provide the result whether h(a) < h(b) or not,
therefore, h: can be easily characterized for (OPM).

The disadvantage of this model appears during the processing of large ordered
sets with higher sizes. For instance, an ordered set with 13 elements h{a) =t

can reach a value oft

2.3.5.7.11.13.17.19.23.29.31.37.41 = t = 304,250,263,527,210 = t > 3. 10"
which is not practical for larger ordered sets.

Moreover, we encountered some difficulties in implementing ordered sets
systematic generation and isomorphic sets elimination because of the lack of
numerical order needs in this structure. In fact, we can start with any prime
pumber we choose from a bin of prime numbers, as long as it is utilized for the
first time. These limitations motivated the design of a different model which

we called “Incidence vector model”.

2.3.1.3 Incidence Vecror Model
The incidence vector mode! is based, as iis name shows, on the ordered set

incidence matrix.
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Eventually, each element x; € P comesponds to a row R; in the incidence
matrix IM. This same row can be formatted as a single binary number, by

concatenating 0’s and 1’s in its cells to compose 2 single decimal mumber.

As a result, we get a vector of decimal numbers as images for each element in

P. This vector is the range T of P in the codomain N/ T < N,

Notice that a; < a; in T is equivalent to a; Ag; = a; (We denote a; A a; as the

Boolean logic AND on a;, a;. aiva; is the Boolean logic OR on a,, aj)
The incidence vector model is a compatible model { isomorphism ).

According to the property of incidence matrix. This matrix is an upper
triangular with diagonal = 1.

The first row can only be = 1.

The second row can be 10 or 11

The third row can be 100, 101, 110, 0r 111

1

The row n can be any value between 2" and (27 — 1), where r is the row rank.

if we suppress the diagonal then we obiain an incidence matrix with a strict

relation <. Any row; merged value can be between 0 and (2" — 1).

The element by = f(a; ) in T represents the it coordinate of a vector MV or
Model vector by= 33— (2. a;5).
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2.3.1.4 Incidence Vector Model properiy

It is very easy to obtain this model from the incidence matrix. It is also very
simple for generation and comparability. Each coordinate in the incidence
vector model, which is a decimal mumber, holds all needed information about
its comparsbility in the form of binary digits. This model will be the model we
utilize through the whole project.

2.3.2 Algorithm design

The corner stone of this project is undoubtedly the algorithm design and
implementation. Therefore, we dedicated three different chapters to describe in
detail each of the main algorithms: ordered sefs generation, isomorphism
elimination, and (FPP) testing. The same model commonly links these three
algorithms. In fact, in our case, the model choice and algorithm design are
mutually related. This model property contributed enormously in the success
of these threeaﬁgoﬁthms. Because of the very large number of possible
ordered sets for a specific size, we limited our generation processing fo size
14; however, the generation technigue does not have a design limitation beside
the processing time and CPU resources, but the implementation and coding
was limited to size 16. Likewise, the (FPP) characterization was successfully
tested for size 16 within a window of a reasonable processing time. On the
other hand, the isomorphism elimination implementation was limited to size
14, due excessive possible permutations required for processing.
Consequently, these algorithms have limitations, which is eventually expected
for g problem of (NP) nature.

2.3.3 Validation
The validation phase is required with this type of project, especially because
the result set is unknown. The only hint was the published results of



Rutkowski and Schrisder for size 10 and 11. For this reason, we implemented a
validation tool set, for testing of all results we obtained, using all possible
permutation techniques, which climinates design errors in the algorithms.
These validation algorithms added some limitations on the size, and set the
maximum size of the validated results to <13, because of the excessive

processing needed for all-permutation technique.

2.4 Related published results (Rutkowski and Schrider)

We selected the results of Rutkowskd in his paper “The fixed point property for
small sets” and Schrbder in bhis paper “Fixed point property for 11-Element
sets” as a starting point for our work, and as a validation set for size < 11. Due
to the tied connection between this project and these papers, we decided to
extract some materials from them, and present them for the benefit of the
reader. Both results are up to isomorphism and duality, which are two graph
properties that can be defined as:

2.4.1 Duality
The dual of an ordered set P on a binary relation 48, is denoted by:
P%and is defined by P*= {(y,x) / (x,y) e P }.

2.4.2 Isomorphism
Let P, Q be ordered sets and let f: P 2Q. Then f is called an order-
isomorphism iff:

a) f is order preserving

b) f hasaninverse f.

¢) f'isorder-preserving.
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The ordered sets P and Q are called order-isomorphic iff there is an
isomorphism f:P>Q. The following characterization of isomorphisms
reinforces the notion that isomorphic ordered seis can be regarded as “the

same”

roposition 1: Iet P, Q be ordered sets. Then f:P>Q is an order-

isomorphism iff

a) fis bijective.

b} Forallpl, p2 € P we have pl <p2 © f(pl) < f(p2).

Proposition 2: Let P, Q, R be ordered sets and let f: P2Q and g:Q=>R be

order-isomorphisms. Then gof is an order-isomorphism,

2.4.3 The fixed point property for small sets { Rutkowski ).

Theorem [31]: There exist exactly eleven (up to isomorphism and duality)
ordered sets of size < 10 with the fixed point property and containing no
irreducible elements. They are the singleton, and the ten sets given in Fig2.3

Technical Lemmsa 2{31]: Let P be a finite ordered set. [f P = A @ B then P
has the fixed point property (FPP) if and only if A or B has the (FPP)

For subsets A and B of P, denoted by A < B the situation when x <y for each
xc€cAandye B P=ASBHP=AUuBandA=T=Band A<B.

2.4.4 Chain
A subset C of an ordered set (P, <) is called a chain iff < is a total order in C.
When C equals P, the ordered set P is called a chain as well.
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Figure 2-3 Ruthkowski ordered sets with the FPP

2.4.5 Antichain
Let A be a subset of an ordered set (P, £). A is called an amntichain iff all

elements in A are non comparable pair-wise.

2.4.6 Length
Let P be an ordered set. The length or the height of P is the length of the

longest chain C in P, or max|C| -1.

2.4.7 Crown
Let B be an even integer number > 4. An n-crown is an ordered set C, with
clement set {ci, €2, ....., Cn } SUchthat ¢; <c2, €3> ¢3, ¢ < €4y ..onyCia > Gty

cni < €a , Cp > ¢; are the only sirict comparabilities.
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2.4.8 Fence

Let P be an ordered set. An (n+1)-Fence is an ordered set P = {Ag, A,
Ag,..,As} such that Ap> Ay, A; <Ay, Ap> Ag, As <Ag, Api> Anif N is even,
respectively Ag < Ay, A1 > Ay, Ay < Ag, ..., As1 < A, ifnis odd, and such that

these are all comparabilities between the points. The length of the fence is n.

2.4.9 Irreducible element
Let P be an ordered set, x € P; x is considered {o be irreducible in P if it has

unique upper cover or unique lower cover. The set of all irreducibles in P is
denoted by Ir(P).

Theorem: The removal of irreducible elements preserves the (FPP) as well as
the lack of it [27]. This property helped reduce the size of the generated

ordered sets; where we can eliminate ordered sets with irreducible elements.
Technical Lemma 1]31]: Let P be a finite ordered set. Then

a) Eachlevel of P is Antichain

by Ifx €P,, then there exists a chain xy <x; <% <.... <%, = x such that
each x; has rank 1.

¢) Ifx € Pythenk <nthenthere exists y € Py suchthaty <x

Technical Lemma 4[31]: Let P be a finite connected ordered set of length 1

with Ir(P)=(J, then either P is singleton or P has no fixed point property.

Technical Lemma 5 [31]: Let a <¢; a <d; b<c; b<d; a, b eMin{P) d eMax(P)
a#b,d=c then {a,b,c.d} is a 4-crown and P has a retraction onto this crown

( and consequently, it does not have the (FPP)).



Technical Lemma 6 [31]: Assume P fo have the following properties:

2) Ir(P) = &, L(Pp>1, P10, where L(P) the length of a finite nonempty
chain.
b} There exist a e Min{P) and beMax{P) such that a <b.
Then P does not have the fixed point property.

2.4.10 Fixed poiat property for 11-Element sets (Schroder)

Theorem: The ordered sets shown in Figure 2.4 are up fo isomorphism and
duality all ordered sets with 11 elements that have the fixed point property and
no retractable point.[34].

Figure 2-4 Schréder sets FPP size 11



2.4.91 Retracts

A subset Q of an ordered set P is a retraet of P if there is an order-preserving
map (OPM) f: P -» Q, which is the identity map on Q. (We use this term up to
isomorphism). We call f a retraction map. The class of all { isomorphism types
of ) retracts of P we denote by R(P).

2.4.12 Retractable Points
Let P be anordered set and let a € Pand b & P. a is called refractable (to b)
iffazband ({a)\ {a} c (I byand (Ta)\ {a} < (T0).[34]

Retractable points have similar behavior to irreducible elements in what is
related to the (FPP).

Lemma: Let P be 2 posst

ay Ifa e P is irreducible, then a is retractable to its unique upper, resp.,
lower cover.

by Let a € P be retractable to b €P. Then a <b iff b is the unique upper
cover of a,

¢} Leta e P beretractable to P. Thenr: P ->P\{a} defined by r(q):{ q; if q
#a and b; if g=a, } is a retraction.

d) Letr: P->P\{a} be a retraction. Then a is retractable to r{a).

e) P\{a} is a retract of P iff a is retractable.
Theorem: Let P be an ordered set and let 2 & P be refractable to b € P. Then P
has the fixed point property iff:

a) P— {a} =P\ {a} has the fixed point property.
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b) Oneof ( Ta)\{a} and (Ja)\{a} has the fixed point property.
Proof “=>" Assume that P has the fixed point property. 2} is a consequence of

the previous Lemma part ¢). To prove b) assume that { Ta)\{a} and ( a)\{a}
don’t have the fixed point property.

Let g: ( Ta{a}>( Ta)\{a} and h: (Ja)\{a}=>: ({a){a} be order-preserving
maps without fixed points. Define

fo)= { g(q):ifq e ( Ta){a}; h(g):ifq e ( La)\{a}; a: if q is not comparable
toa;brifg=a}.

fP->P has no fixed point. And f: is order preserving map. Which leads o 2

contradiction.

“«="Let f: P=>P be an order preserving map. We will show that { has a fixed
point. Let r:P-»P\{a} be as in the previous Lemma. Then:

ro( f(P\{a}):P\{a}->P\{a} is order preserving and thus has a fixed point g. In
case g = b we have that g=ro(f(P\{a} )} q)= f(P\{a})}qg); and we are done. In
case g=b we either have f(b)=b or f(a)=a. In the first case we are done. In the
second case assume that ( Ta)\{a} has the fixed point property . Then

(Ta)\{a}= @. Since f(b)=a we have that f[(Ta)\{a}1SfTb] &(Ta).

In case fl(Ta)\{a}]e(Ta)\{a} we have by assumption that f has a fixed point

in (Ta)\{a} and more done. Otherwise there is a g e(T2)\{a} such that fg)==a
<g. Now if f(a)=a we are done. This leaves the case d= f(a)<a. In this case f
maps (3d) to itself. Yet {d is a retract of P\{a} via s(x}= {x: if x<d;
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d:otherwise} Thus (3d) has the fixed point property, which implies that f has
the fixed point in (d).

2.5 Related Theovems , Lemmas, and Properties

¥

The problem of deciding whether a finite ordered set is a fixed point
free (FPF) was found by Williamson to be NP-Complete [411.

-  Every dismantlable ordered set has the fixed point property
(RivaD{28].

- Every complete lattice has the fixed point property (Knaster-Tarski)
[38].

- Let P be an ordered set with the fixed point property. Then P is

connecied. [36].

Let P be a disconnected ordered set. Then P is fixed point free (FPF)

2.5.1 Connectivity
Let P be an ordered set. P is called connected iff forall a, b « P there is a
fence F < P with endpoints a and b. An ordered set that is not connected is

calied disconnected.
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Chapter 3

3 ORDERED SETS GENERATION

3.1 Introduction

The generation of ordered sets is not g trivial problem, especially when the

generation is selective. Some published results showed the size of the problem.

The most difficult part in the generation is the elimination of the isomorphic
sets. This table below shows g sample of published results (Figure 3-1)

0<n<6 Pn=1;1;2;5;16;63;318; )
I 16999 1977 SXK.Das

P9 183231 %"""3984 - RH. Mohring

Pm 2567284 1990 | Culberson & Rawlins

B 46749427 1990 | Culberson & Rawlins

sz 1104891746 " 1991 Chaunier and Lygeros |
P13 33823827452 1992’*’""4 Chaunier and Lygeros

P4 1338193159771 = 2000 = Heitzig and Reinhold

Bi5 T 68275077901136 2002 | Brinkmann & McKay

P16 4483130665195087 2000 | Brinkmann & McKay

Figure 3-1 numbers of different non-isomorphic orders
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In (Figure 3-2) we present the total number of all possible ordered sets.

55 e

W i T
P5 T 4231
P6 | 130,023
1 6,129,859
P8 o - 431723379
5 A _, A sTioEE

PO | o ©6,611,065,248,783

P11 ; 1,396,281,677,105,899
Pz "414.864.951.055.853.499

1 171.850,728,381,587,059 351
' Pi4 | ~ 98,484,324,257,128,207,032,183 |
R 77.567.171.020,440,688.353.049,939

PI6 T 83,480,529,785,490,157,813,844,256,579
P17 122,152,541,250,295,322,862,941 281,269,151

Figure 3-2 Total number of ordered sets of size n

This second table shows the magnitude of the generation problem size.
Therefore, the generation technigue should dynamically eliminate ordered sets
that are not potentially candidates to have the (FPP). A necessary condition for
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an ordered set P to have the (FPP) is the comnectivity. This condition

iinates an important part of the whole possible set. We present the global
criteria for the generation which is based on the elimination of most of the

trivial cases.

3.2 Generation criteria

Since each row in the incidence vector model or IV has an upper bound;

coordinates in I'V can be generated according to this range.

The main objective in generating all ordered sets of a given size; is to
characterize which of them have the (FPP).

We will focus only on non-trivial cases and eliminate most of the trivial cases

during the generation process.

3.2.1 Infimum and Supremum
Eventually, we should eliminate ordered sets P that have mmfimum or

supremum.(these 2 classes of ordered sets always have (FPP)).

3.2.2 Irreducible elements

In addition, ordered sets with irreducible elements can be eliminated because if
a is an irreducible element in P. If P\{a} has ( FPP) = P has the (FPP); which
means, characterizing P of size N falls in the class of P! of size N-1 and P

should be compared to results of size (N-1}, then induces the result to P.

3.2.3 Retractable clements
Retractable elements have similar behavior to irreducible elements. However,
the related theorem is slightly different.
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Theorem [34]: Let P be an ordered set and let a = P be aretractable to b  P.
Then P has the fixed point property iff
1} P\ {a} has the fixed point property, and
2) One of (Ta)\ {a} and (4 a)\ {a} has the fixed point property.
This theorem also means that, if P\ {a} (FPF) = P is (FPF)
Proof Let Q=P\ {a}. Qis(FPF) =3 f:02Q/YceQ fley=c

Let g: P -» P such that, for all d € Q = g(d)=f(d} and g(a)=f(b) —. Clearly
g: is order preserving map. g is a (FPF) too and P is (FPF).

If P\ {a} has (FPP), an extra test needs to be performed on P to satisfy (FPP)

condition for P. This test is the condition 2~ in the previous theorem.

For these reasons, we limit our ordered set generation to only ordered sets with

irreducible elements free and retractable elements free.

3.2.4 Connectivity
Connectivity in ordered sets plays an important role in characterizing (FPP). In
fact, all disconnected ordered sets are (FPF).

Proef: Let P be a disconnected ordered set. P can be written as the union of 2
disjoint components V and W suchthat VN W=CZandV UW=P, letx e
Vandy € W, and let g: P>P where foreverya e Pif a € Viheng(a)=vy;
otherwise, if a € W then g(a) = x. Clearly, g OPM and (FPF) .

Therefore, it is not necessary to test any of the disconnected ordered sets for
(FPP). However, any generated ordered set has to be tested for connectivity.
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A first necessary condition for a graph G connection is that the number of
edges = (number of nodes —1). This condition can be easily tested. It is a

necessary condition, so it does not mean that when it is true = G is connected.

Moreover, ordered sefs connectivity has some particularity comapared to
general graph connectivity, which makes connectivity testing easier than
known connectivity graph testing. In fact, an ordered set P is an upward graph.
Each node A; e P belongs to at least one maximal chain C; . Each maximal

chain has an upper bound, which is a maximal node in the ordered set.

This connectivity test technique is based on testing connectivity between

maximal chains,

Let P be an ordered set. Let Q = Max(P), set of all maximal elements in P.

For all m; € Q, my € Q, consider the two down-sets M; = (Jimy; ) and M; =
(Ymy).

EfMiﬂM§¢@

In this case , we merge the 2 down-sets in a single component V;; such that
Vis= (Mo M) (b ({mi,m; 1))

Vijcan be denoted as V( { my, m; } )

Then we test connectivity with the next maximal element my. My = (dmy )

IFV ( {my, m; }) A M= @ => V{ {m;, my }, my ) exists, and

Vi{m,my}om )=V {m, m})uM)=V{m,m, m}) We

proceed with this test until we cover all maximal elements in Q.



Lopnyneniie osr L brrase ormrreiteren Swnects on Croer Pieservg Sans

(M N M) =18 = V;; doesnot exists

We skip m; , and we perform the test on ny and the next available maximal

element. {my, my }.

1f all maximal elements fail to share elements with (dmy ), it means that M;

component is not connected io any of the maximal elements, Consequently, P

is disconnected.
(MinMy)=0
We build a new component based on (m;, my).

Eventually, during this loop process, we may drop some of those maximal
clements in Q, because of an empty intersection result with the main
componert V({ my , miz ,..., my }). In this case, some exira round are
necessary to test if these remaining {irmj ) are now ready to join a wider
component with the condition V{{ m; , my,..., mx }) N {é«m; )} # <. In some
cases, |Ql -1 iterations are required to complete this test. These exireme cases
represent a very small population of the generated ordered sets.

Proposition: P is connected iff V(Q) =P, where Q = Max(P)

Proof: Let P be an ordered set

V(Q) is the subset down-set of Q

- P is connected = V(Q) =P

Assume that VIQ)=Pand V(Q) P

then, there exists x € P where x ¢ V(Q), and there exists m; € Max(P) such that
m; 2 X
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On the other hand, x € (3 my ) and (¥ my Y= V(Q) then x € V(Q) , which leads
to a contradiction

= P V(Q) and by definition V(Q) < P = P=V{Q).
- if P=V((Q)=> P connected
Assume that P = V(Q) and P is disconnected

There exists at least 2 components Cand Din P and thereexist m e C Q
sadaneD nQ

Assume that there are only 2 components C and D where Q= Qcw Qp such
that Qc is the set of maximal elements in C and Qp is the set of maxim
glementsin D

If we start building V(Q) with only elements from C and we obtain V(Qc).

The next step is to have at least one maximal element m from Qp to joint

V(Qe).
For instance, V(Qc, {m} ) =V(Qc)u (¥ m)only if V(Qc)n{d m =D .

However, if V(Qc ) ~{¥ m} =, we have to find at least an elementn € D
that can join V(Q) and then if dm) N (¥n ) = & m can join V(Q).

Obviously, n should exist because we know that m < V(Q} where V(Q) =P.
Since m is the trigger for m to join V(Q) then V(Qc) n{{ n} = &. As a result,
there exist x < and % < k such that kis a maximal element in C. Therefore,
there is a chain between x and k where x € C and there is a chain between x

andm wheren e D=xeD=>Cn D= = Pis connected.

If P has more than 2 components, we apply the same reasoning with a simple
difference; we should apply it on all permutations of components, which is

longer to prove but the same idea.
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At the implementation level, N and U are Boolean operators A and v, for
cohumns in the incidence matrix. If we apply the same fechnique on the

inimal elements rather than on the maximal elemenis, the same Boolean

operations A and v can be applied on the rows of the incidence matrix, with no
needs for cohumns generation; because, during the generation process, only

rOWs are generated. .

3.2.5 Duality
An important property of the duality is that it conserves the (FPP), therefore,
characterizing P and PY is a redundancy. If P° testing occurs before P then we

can ignore P testing.

All these criteria will be integrated in the next step to make ordered sets

generation more efficient for (FPP) characterization.

3.3 Generation algorithm

After describing in detail the incidence vector model IV, in this chapter we
exhibit a technique to generate ordered sets of a given size with certain

gonditions,

The problem of generating ordered sets of size N is reduced to the generation
of incidence vector model IV, or to the generation of decimal vectors of

dimension N.

We previously mentioned that, the generated vector should have the property
of an ordered set or an incidence matrix of an ordered set, in addition to the set
of criteria listed below, which guaranties the generation of only non-trivial

sets; this means:
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a) Reflexive, Antisymmetric and Transitive.

by Connectivity
¢} Irreducible element free
d) Retractable element free

¢) No single maximal node or single minimal node supremum and
infimum

f) Duality

The property of the incidence matrix as an upper triangular leaves the
coordinates of IV with predetermined ranges. Each coordinate in IV is a

positive integer a; € [0, 2'-1].

3.3.1 Basic ordered set property
A simple recursive loop can generate this type of vector. However, a vector V
generated by this recursive loop needs to be tested first for ordered set basic

definition, followed by the other conditions we listed above.

3.3.11 Reflexivity
We can omit the reflexive property by setting the diagonal =0 in the incidence

Aatrix.

J.3.1.2 Antisymmetey
The fact that the incidence matrix { after suppressing the diagonal ) is an upper

triangular matrix, and rows in V are sorted integer values implies that if

(x Cy)then ( vy € x) where C is the binary ordered relation. In fact, all cells

in the lower triangle are 0. If a cell in the upper triangle =1 then it can
automatically find its transpose cell =0.
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Even if the incidence matrix is not an upper-triangular matrix, a simple row
permutation or node re-labeling can lead to a new instance of the incidence

matrix in an upper triangular form.

3.3.1.3 Transitivity
The generated vectors IV are automatically reflexive and antisymmetric,

however, the transitivity property needs to be verified.

Let’s start with a generated vector IV. The recursive loop generates rows afler
rows from the upper end of the ordered set to the lower end. Each additional
row needs to be tested and compared with the previous rows, for whether it

satisfies the transitivity property or not.

During the generafion of an ordered set of size N, Let i be the current
generated row where § < N. A transitivity test should be performed between

row i on all previously generated rows from { 0 to (i-1)).
Sinceforallx,y,zeP, if x2yandy2z>x22

Then, when adding a row i, we scan all the previous rows j where 0 < j <i

and &; > a; , which can be seen in the value of row i asIM(i, j)=1

We start with the last element k where 0 < k £ j such that ay > a; This
comparability is iranslated into a cell value in IM where IM(i ,k)=1

Let b be the index of a node a, where 0 <h <k I ay > a; which means that
IM(k b ) = 1 then a; > a; should be true, and we should have IM{(i ,h )= 1.
Then the cells values of row i in IM should be adiusted according to the
previous rows values, which sets the constraint on the value of the generated

row i . The new corrected value is certainly higher than the original generated



value for row i in TV, Since IV() is & function of { IV{0), IV(1), ...IV({E-1D),
while TV(0), IV(1), ..., IV({-1) haven’t been changed , the next value of IV(Y)
can jump to the adjusted value for transitivity then incremented by one. This
dynamic correction reduces the number of cases for testing. After all, the main
strategy in the vector generation, is frying to skip non-potential cases, which
accelerate the generation by jumping within the recursive loops. We apply the

same technigue while testing for connectivity necessary condition.

3.3.2 Irreducible clement
Ordered sets with irreducible elements should be dropped too. As we
mentioned in the generation properties, we should identify and eliminate

ordered sets with rreducible elements.

An irreducible element has a row or column in the covering matrix with a
single digit or a single edge. As a necessary condition, an incidence matrix
should not have a single digit row => we can drop any generated row = 2' like
1,2,4, 8, 16....

From the covering matrix, we should check for any row or column that has 3

single digit.

3.3.3 Bezactable clement

A test for retractable element is based on the following definition.

Let P be an ordered set and let 2, b € P. ais called retractable { to b) iff a #b
and: (va)\ {a} c (¥ b)and (Ta)\{a} c(TH)[34]

Each row In an incidence matrix holds all information we need zhout its

comparability with previous nodes.
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Inarow(i)of an element g; whenacelle(i, =1 = a <3 . Asa resuli, by
applying the definition and comparing rows, we can conclude that for a given

element &; if we can find an element a; such that ( TaViac(T 8 ).

In other words, ma row(i} ifacellc(l, =1 = it should be ¢(j, ) =1 m

row(i) .

We can perform this test by applying a logic AND on 2 coordinates in [V /
IV ATV().

We also apply the same test on the columns of the incidence mairix or on the
row of its transpose in order to keep same technique at the coding level.

If both conditions are true = P has a retractable point and it can be eliminated.

3.3.4 Supremum and Infimum

By setting the second row to 0 after suppressing the diagonal, the ordered set
cannot have a single top node. This is also the case for the last row that should
not have value with cells all 1°s which means for the coordinate (N-1) the
value should be < (2™ - 1).

3.3.5 Duality
The final result of ordered sets with (FPP) should be a list of all ordered sets
{up to isomorphism and duality), which means, if P makes it to the final list =

P4 should not, and vice-versa.

Duality can be easily be detected during the generation phase. Since the
generated vectors oceur in a lexicographical order, we can tell which of these 2

sets was generated first by comparing IM with its own dual.
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If IM < IM? = IM goes to the final list

If IM > IM® = IM is ignored because IM® already part of the list

IMY(, §) = IM(j, N-i).
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Chapter 4

4 ISOMORPHISM FILTERING

4.1 Introduction

In 1992, Chaunier and Lygeros [5] generated all unlabeled (or isomorphic
free) ordered sets of size 13. They actually used an algorithm of essentially the

following kind: start with a linear ordering R € n x n, where n={0,1,,n-1},

then remove pairs (x,y) from R such that RM{(xy)} is still a partial ordering,
Now iterate this process and perform a depth first search from top to bottom

through the ordered set of all order relation R' € R, ordered by set inclusion.

In doing so, we get at least one isomorphic instance of each ordered set of size
n, because any partial ordering is contained in a linear ordering. In order to be
able to count the isomorphism classes, the generated order relations have to be
compared repeatedly by an isomorphism test. We still need to keep a list of
several of the previous relations in the stack. For size 13 this algorithm ran on

nine Apollo workstations for six months,

In 2000, Heitzig and Reinhold [15] introduced a new technique, which is
called “ the orderly algorithm™. This algorithm is based on adding elements to
an existing ordered set but in a systematic way so that we make sure we get
just one for each isomorphism class. Starting with an ordered set of one node,
we then generate a tree of n-ordered sets. In this tree the unigue predecessor of
an ordered set P is its sub-ordered set P\{n-1}. But we generate only n-ordered

sets P that are canonical, which means that every other n-ordered set P* that is
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isomorphic to P is larger than P with respect to a speciiic linear ordering onthe
set of all n-ordered sets. As a result of this algorithm is the enumeration of

ordered sets of size 14, and isomorphism free.

These 2 different techniques show the difficulty of the isomerphic sets

elimination, and its importance in the enumeration of ordered sets.

4.2 Isomorphism

In this chapter we mainly target isomorphism as criteria for redundancy
elimination. The final list of ordered sets with (FPP) should not include 2 dual
ordered sets or 2 isomorphic sets. Only one of each isomorphic class should be
listed in the final result.

The generation technique we use does not check for isomorphism. We utilize a
fitering algorithm to select only a single instance from a group of many
isomorphic sets. As we explained before, generation of ordered sets is a
recursive loop that generates decimals or integers according to certain
constraints, These vectors are stored in a table or file in the order of
generation. The following is an example of generated vectors of size 12. The
generation order is a lexicographic order. Each vector is listed on a line or row.

Coordinates are separated by space.

1248163565138 2784603 1179 2255
1248163569 138278605 1211 2287
1248163569 138280563 1166 2219
1248163569 138 280 599 1310 2397
1248163569 138281 563 1182 2219
1248163569138 281 563 11822223
1248163569138 281597 1182 2235
1248163569 1382815991182 2255
1248163569 138 281631 11822287
1248163569 138 284 563 1101 2151
1248163569 13828456311092151
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4.3 Class construction

Let Z be the set of all generated ordered sets P of size N, The lexicographic
order on Z induced by the decimal numerical representation of the generated
ordered sets is obviously a total order on 7. For two generated ordered seis P
and Q in Z, either P occurs before Q, which means that P < Q, or Q occurs
before P which means that Q <P. For instance if

P=lagara.....an1 | Q={§00bgb2 een By ] ;aﬁdstaﬂiﬂg withrank §.

If ag<bpthen P<Q; ifby<apthen Q <P ;ifag = by then we should
compare & and b; where i can be incremented between 1 and N-1, until we
find acouple {(a;,b) € PxQsuchthata; = b;.

We denote 42 the total ordering relationon Z.

We define an equivalence relationfon Z , for all PeZ and forallQeZ. P

£Q © P and Q are isomorphic.

This construction of two relations in Z such (Z, 98 ) as a fotal order relation

and (Z, &) as an equivalence relation leads to a grouping of ordered sets in a

systematic way for processing.

Since ( Z, &) is an equivalence relation this means that there exist mclasses in

C;inZ, suchthat GG =D and U™ (Ci)=Z.
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Each class C, holds a set of ordered seis Py such that, forall Pi= Py e C; Piand

P; are isomorphic and either Pi<Pjor P, > P;

In order to achieve our goal of selecting only one ordered set from each class.

we need to choose a representative from each class. Since ( Z , &) is a total

order, then { G, 42 ) is a total order too. As a result, there exists an ordered set

P; € C; such that for all P; e C, we have P; <P

The representative we choose will always be the minimum element P; in every
equivalence class. This approach determines the methodology of isomorphism
elimination, In fact, from each class C; we can keep the minimum ordered set
Pin and add it to the filtered result.

4.4 Minimum element

The ordered set Pny, can be obtained without populating the classes. In fact, if
we take any clement P; € Z , and run on it a test to determine if we can convert
P; into P; in such a way that P; <P; and P; and P; are isomorphic. Then, we can

determine whether P; is in 2 minimum representation or not.

If'P; exists then P; is not a minimum element in its class; moreover, Pj does not

have 1o be minimum either,

This means there exists Puin < P; <Pjinaclass C, . Asaresult, P; is eliminated

from the

inimum list and next element is checked. When all possible
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combinations are tested, and Pj < P; was not found, P; is considered as

minimum, and it can be added to the minimum list,

We have to mention a key property of graphs. P is a graph and Q is a second
graph, created from P by relabeling P nodes. P and  are isomorphic if and
only if the new labeled graph Q coincides with P. [ 1]

4.5 Algorithm description

Let’s review some of the incidence matrix properties, that are related to the
model we have chosen. Let P be an ordered set of size N and let a; € P. After
suppressing the diagonal, if row(i) = 0 then &; is a maximal element. Let IM be
an incidence matrix with a suppressed diagonal. We should start by dividing
the matrix into levels. These levels correspond to the ordered set levels. The
first-top-level L(0) includes all maximal elements, which means all rows equal
“0” in the incidence matrix IM. The total of nodes in L(0) is G(0). The first
row that has cells different than 0 corresponds to the first node in the following
lower level. This second level L{1) includes nodes that have cells in column ,

(G(0) as the last cell. The next row G(1) belongs to the next level L(2).

By applying this division process on P, we end up with sub-matrices as it is
shown in the following figure 4.1

Starting with level 2, L(1). This sub-matrix has a height of G(1)-G(0) and
width of G(0).



This level is a key factor in determining whether P is minimum or not. A
property of ordered sets is that maximal element’s rows can be swapped
between each other without altering the ordersd set structure, since the first

rows are equal to “0”. This is also true for minimal element’s columns.

However, swapping element’s rows or columns in the middle levels can, in
most cases impact and alier the structure of the ordered set. Therefore, each
rows swapping should be done with corresponding column swapping in order
to preserve the order set labeling and structure.
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Figure 4-1 Levels in the incidence mattix

Now, if any swapping in the first level can make the second level matrix

smaller ( lexicographically) then P is not minimum.
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Wode swapping:

For maximal nodes, we start with columns that correspond to rows with only

0’s cells. Swapping these columns is like re-labeling nodes.

The next step is to sort the rows in this sub-matrix of level 2 L(1). Sorting
rows means swapping nodes in the second level, which results in swapping
columns in the second level to match the row swapping. Level 3 or L(2) result
should be sorted as well, and we should apply the same routine to the
remaining levels.

For a given ordered set P, this described test can be stopped as soon as we
encounter a smaller combination than the original matrix; which means that P
is not in a minimum representation. Minimum ordered sets have to pass all
permutations steps, which means a failure to find a smaller representation.

Here’s an example how to execute this algorithm,

A swap between ag and a; converts L(1) into ( see Figure 4.2)

L0 1 as
L 10 a.

Figure 4-2 Sub-saatrix Level 2

After sorting we obtain (Figure 4.3)
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Lay L1}

o

b a3

Higure 4-3 Sub-matrix Level 2 after sorting

Originally 1{2) is Iike Figure 4.4

i

Figure 4-4 Level 3 sub-matrix

After swapping a4 and as L(2) becomes like Figure 4.5

343533L2

Figure 4-5 Level 3 after swapping 2 columas

Before swapping, the hex value of VI(6) and VI{7) was 2f = (47) in decimal .

After swapping, the hex value of VI'(6) and VI'(7) = 1f = (31) in decimal

which are smaller than VI(6), VI{7); At the same time, L(0) remains the same.
This result means that P is not minimal.
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Based on this technique, some cases can be originally eliminated, during the
generation phase. As a matter of fact, if the first row in level 2 has 0°s between
its 1’s cells (see Bgure 4.6), a simple nodes permutation or columns swap can
lead to 2 smaller first row regardiess of what the impact is on the remaining

levels.

1 10 asl
01 las

Figure 4-6 Level 2 in non minimon form

This type of mafrix can not even be generated because the first row in L(1)
contains 0 between 1’s It is obvious that this mairix can be smaller by

swapping columns a; and a; and then we obtain Figure 4.7

O O @

Fipure 4-7 Reducing Level 2

However, the smallest combination is represented in Figure 4.8
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As a result, the first row should only have adjacent 1°s , which means, at the
generation level, of IV (Incidence vector) the first row in the second level L(1)

can take only 20 ~1 as a value where 2 <j < (i-1) and i is the rank of the row.

a3 ag, ay ar Ll

a»;{

&3

| 0
0 a5
i

o as

;;; . 1a4

Figure 4-8 Mini

am form of level 2

Moreover, P is an ordered set, IM is its incidence matrix afler suppressing
diagonal. Let’s consider a case where the first row in the second level has k
bits of 1’s and all of them are adjacent. In IV (incidence vector model) this
condition is translated as, the first coordinate afier all 0’s coordinate is 2 1.

If any row in Jevel 2 has a total of bits(1) = h where h <k. we can immediately

tell that P is not in a minimum form and here is no need for further testing
(see figure 4.9)

aza}agLE‘

o 08 a, |
TS T Y as

Figure 4-9 Non minimum level 2



After swapping a; and a3 and then sorting the rows, we get its minimum form
in figure 4.10

Since the generated ordered sets are lexicographically sorted, for a specific IV

or IV;, if the minimum test fails at a specific level (L), then the following IV;

110 1 lag
-0 Giias

Fignre 4-10 Minimum form level 2

may inherent the same result when the last IV, has the same rows of IV, up to
the last node in Level(L).

4.6 Algorithm Implementation

Let Z be the set of incidence vectior IV; of size N. where IV; can be
represented as: IVi=[Cyp, Cit, ..onovnn , Cigen ] where Gy is a positive integer
number; and IM; is the incidence matrix corresponds to IV;

The numerical order in N is used to sort IVy , IVy,...., IV;in Z.

We apply on Z the lexicographic order (N7, <W).
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The condition we applied on the generated vectors determines the pattern of a

resulting vector,

e First non zero coordinate should be (2% -1)

e There is no coordinate with value = 2 (irreducible elements free)

The second level or level-2 pattern can be as follows (see figure 4.11).

e
1

W A SRR
A TLA L

| ; |

:

, , 4 :
Figure 4-11 Compsring Level 2 before and after swapping 2 and 3

The coordinates of the vector VT are positive integers (see figure 4.12). Each
cell in VT telis us how many identical rows are equal to a specific number in
the rank vector.

A smaller representation can be obtained, when we find a combination that

produces vector VT bigger than VT in a lexicographic order sense.
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Figure 4-12 Template for vector VT

The vector VT does not give an immediate result of its status compared to VT
until we apply a sorting on VT rows. This is a possible and feasible method to
find smaller combinations. However, it involves the generation of all possible
permutations and sorting each of them, unless we find a smaller combination

during the generation loop, where we can stop the testing and produce a result.

In our case, this technique is only utilized as a numerical validation process.
We improved this technique and we ended up with the following, which we
will describe in detail with examples.

4.6.1 Technigue description
Iet P be an ordered set of size N. IM is the incidence matrix, IV is the

incidence vector model Ag, Ay, Ay, ..., Ayqarenodesin P

61



Let MAZ be a square mafrix of dimension r x r such that r =(G(1) - G(0))
where G{1) — G(0) is the height of the second level matrix of IM (see figure 4-
13). |

Let X; be a cell in MA2 such that X;; =0ifi=j; and X; =Xj =s, where sis
the total number of rows that have comparability to the maximal nodes a; and
a; and only to these two nodes in Max(P). In another word, the total number of

bits for these rows must be two.

0 1 2 3 Lewv2

L O
6 3 |

Figure 4-13 MA2 matrix for Level2

We generate a similar cubical matrix 3D for rows with three bits; however, for

four bits rows and higher we choose a different technique because of their
smal! population. In some cases, we can use the dual sets, which may have a
smaller Max(P).

Now, we need fo find a permutation or re-labeling of the first level columns or
nodes that may lead to a smaller I'V (Incidence vector).

When the first row R in levell is { 001 1yinary ) 0F ( 3gecimat ) this means that
the first node Agp)in levelZ is covered by the first 2 nodes in levell Ag and A,
such that Agpy < Agand AG(()) < As.

62



The guestion is raised whether we could find a node A; # Agw) such that A;in
level 2 where G(0) <1 < G{1) and A, is covered by only two nodes A; and Ay
where 0 <j <k <G(0) and the couple (§,&) = (0,1) = (1,0).

If A, exists, it means that A; and Ay ¢an take the lead as first two columns in

IM. This substitution can help find a smaller permutation if it exists.

The Matrix MA2 helps easily find A; . In fact, the first step in this search is to
find a cell C(j,k) in MAZ such that (0,1) = (},k) = (1,0) . C(0.1) holds how

many nodes in level 2 are only covered by Ag and Ay,

The next couple of candidate A; and Ay for the leading columns should have a
cell in the vector MAZ2 such that MA2(j.k) = MA2(0,1) and j and k are
indexes where 0< j<k<G{(0).

When this condition is satisfied, j and k can be added to a record of new
permutations PR where PR(0) =f and PR{(1) = k.

I MA2(}, k) > MA2(0,1) then there is no need to continue the testing, because
this permutation, regardiess of the remaining nodes position, provides a bigger
vector VT | consequently the vector IV is not minimum, therefore, P is not in

a minimum representation and can be eliminated.

When MA2(j,k) = MA2(0,1% it means that | and k are added to the
permutation vector, and the next step is to complete the permutation vector
with the remaining columns. The selection of the next column CL(2) relies on
CL{0), CL{1). It is also related to MAZ and VT.

From the matrix MAZ2, we need to scan the row(j) for a candidate of column

CL(2) which is different than k. The first cell  in row{ ) we find such that /¢
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is different than k and the vakie of MA2(, ) =2 VI(1) which represents the

total number of rows of value = ( 101 pinary ) OF Sdec.

Again, if MA2(i,£; > VTI(1) then there is no need to continue because the

couple (§,Y) leads to a smaller combination.

However, when MAZ2(j,7) = VT(1), then { is accepted provisionally, and it has
to pass a test for all rows or all coordinates in IV smalier than (1000)ypay or
Baecimai because these rows are related to columns 0, 1, and 2. At this stage PR
vector or permutation vector looks like (Figure 4.14):

Figure 4-14 Permutation Bst vector

A comparison of MA2(l,7) with VT(2) leads to:

If MA2(i ¢y > VT(2) then the combination is not minim

If MA2(kJ) < VT(2) then we can completely drop the row £ from its current
position, and apply a backtracking to the previous state.

If MA2(k,0) = VT(2) then we should move to the next row in VT which is the
last row where < 1000pinary OF Bdocimar . In fact, if this row exists it then belongs

to a different group because it has 3 bits, then the comparison should be
performed between MA3(j,k.7) and VT(3).

We can proceed with the same technique for next columns.
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When PR is completed, which means that PR reached G(0) elements or
coordinates; this also means that the new permutation is neither smaller nor
bigger than the original matrix. After sorting rows in VT , the vectors VT and
VT' should be the same. This vector PR is utilized as the template for the

permutation schema for the next levels.

The sorting result represented by the set of vectors PR(D), is applied on the
columms of level3 and tested for a smaller combination; where D is the total
number of all valid permutations. Moreover, each sorting permutation can
generate more than a single column permutation for level3. #t depends on
whether level2 has identical rows. In fact, identical rows in level2 can generate
multiple combinations because when we swap two identical rows in level2, it
does not have impact on the structure of the ordered sets, it only affects the
lower levels and provides them with the opportunity to minimize the ordered
set.

When all permutations fail to find a smaller combination then 1V;is added to

the minimum list.
When the first row in level2 IV{G(0) ) >3, or IV(G(0) ycan be 7, 15, 31..

In this case, all rows in level 2 should have rows with bit-sum > 3 in case

IV(G(©) ) =7 ; or a bit-sum >4 in case IV(G(0) ) = 15 and so on.

Incase of IV(G(0)) =7 we can use the same technique based on MA3 which
is a 3D cubical matrix. If IV(G(0) ) = 15, which are less frequent cases, we
utilize a basic technique to obtain permutations for this category, or we test the
dual for a smaller Max(P). We eventually generate all permutations for the

maximal nodes and we apply permutation on IM. We execute an immediate



test on each of these results for all levels using acceptable permutations that

can generate an identical second level

If we find a smaller combination, we can ediately stop the processing and

eliminate this ordered set or save it in the non- minimum set,
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Chapiter 3

5 FIXED POINT PROPERTY TESTING (FPP)

5.1 Introduction

In the previous chapter, we presented an algorithm that help reduce the list of

generated ordered sets of a specific size N up to isomorphism. We use the

reduced list in this chapter as an input data for our (FPP) characterization.

Let Z be the reduced list set

P e Z implies:

@

P is an ordered set

P is irreducible element free

P is connected

P is retractable point free

P e Z then dual(P) or P* ¢Z

P e Z such that if P and Q are isomorphic then Q ¢ Z
P does not have supremum or infimum

P can be either {(FPF) or P has the (FPP).
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5.2 Preliminaries

§.2.1 Definition 1:
An ordered set P has the fixed point property { FPP) if every order-preserving
self-mapping has a fixed point.

5.2.2 Definition 2:
Let { P, <) be an ordered set and let f: P > P be a map. Then f is called an

order preserving self~mapping or isotone map iff forall x , y € P we have:

x<y=f&<AY)

5.2.3 Problem description
Let G= {setofmaps fsuchthat P> P}

Let M = { set of maps g such that g: P -» P is an order-preserving self map}
Based on these definitions:

Let P be a finite ordered set. The characterizing process can be reduced to the
finding of an order preserving map g: P - P that has no fixed point.

A simple way to generate f: P = P where f € G is to run a recursive loop, that
covers all possibilities of self-mapping P ->P. Eventually, for P of size N
there exists N different self maps. Fach of them has to be tested for (OPM)
and the first occurring f:P > P that has fixed point free which characterizes
the ordered set P as (FPF). As a result, we can stop the loop at this point.
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This technigue is extremely time consuming, so we need to reduce the possible
cases and limit the loop range to only meaningful maps that are potential
candidates for (FPF).

The original loop design assigns for each element in P any element from P as

an image. Then the range of the loop varies from § = (N-1)

Let : P -> P (OPM) (FPF) . The range of each element a € P can be limited to
D({a}) < P\{a}=P-{a}.
5.3 Comparable elements:
The range D{{a}) can be reduced to only non comparable clements with a .
Proof:
Let f: P > P (FPF) and (OPM).
Lety € P, assumethat f(a)=vand v=aand y~ a( comparable)
It means either y <aory>a

The map f is (OPM), which means that:
fy<a = fy)<fla)= fly) <y
P is a finite ordered set. the limit of this inequality leads to:

FIO) < f7) = 1D <9 = .= f¥") £ ¥ such that ¥* is a minimal
element in P = f(y") =y". This result means that y" is a fixed point, which led
to a contradiction because we assumed that f is (FPF).
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ifa<y and fis {OPM) and (FPF) then if f(g) < f{y) = v < f{y) . Using the
same technigue leads fo a contradiction too. Consequently, if y ~a theny ¢

D({a}}). This property makes the range for each loop smaller and reduces

processing. After obtaining each map, we need to test each for (OPM).

5.4 Description of maps generation

This part is described in detail in paragraph 5.6 with examples. In fact, it is
based on a recursive loop of depth N where N is the size of the ordered set.
Eventually, we generate a map by assigning images from P fo all elements in
P. This process is achieved by the recursive loop with NV iterations. It is
followed by (OPM) selection.

5.5 Dynamic range

Even with the range reduction of comparable elements the (FPP) test
processing was not fast enough, because of the enormous number of maps
being generated and tested for OPM. In fact, there is still some room for
improvement especially by using the property of (OPM) which helps reduce

the range for each element.

Let P be an ordered set, where a is an element in P

Let D{{a})={x € Psuchthat x *+a } . We choose D({a}) as the range for
{a} for any (OPM).

Let’s readjust and reduce dynamically the size of the range D({a}) based on
the (OPM)) conditions.
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Let a be an element in P such that a ¢ Max(P) [Where Max(P) is the set of

aximal elements in P.]. There exists an element b € Max{P) suchthata <b

Let M(a)=( T a)\ {a}. Clearly, M(a) = & because a ¢ Max(P).

Forall x & M(a) we have f(a) < f(x)

Let C(§x}) = (4 f(x)) such that for all x € M(a) we have:

GM(@) = Mix C{x}) = Mg (47(x) such that x € M(a)

f(a) always € G(M(a)).

We previously have f(a) € D({a}) set of non-comparable element with a.
Consequently, f(a) € H(a) =D({a}) N G(M(a))

This set H(a) is smaller than D({a}) and it can reduce iterations enormously.

The set H{a) is only available for elements a ¢ Max(P). So for clemenis w €
Max(P) we still have to start with D{{w}) . The moment we get f{w) we can

immediately update ranges for next related elements.

In some cases, we only find a single element in H(x;) which is very belpful: it
means for such a set of images for all elements > % , there is only one image
f(x;) that can be m:
other cases H(x;) = & where order can not be preserved for this specific map

apped to it, and preserves the order in P (OPM). In some
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partially defined by all elements % , X1, X, ...%i1 . This means that this map has
to be abundant and f(%i1), f(Xi2),... should take their next possible values.

In the next paragraph, we presert the algorithm description with an example of
how to adjust the range.

5.6 Case study

Let P be an ordered set of size W

a4 a3 a2 al al
_\ . / \
\

@as S a8

N 7
X,

Figure 5-1 Upward drawing ordered sex
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This ordersd set is represented in an upward drawing (Figure 5.1). It is in its

mindmum form

The matrix below is the incidence matrix for the same ordered set in figure 5.1

( see figure 5.2).

ci2

Cll ' C10 | Co [C8 €7 IC6 C5

C

o

Ri11

'RI2

| R9

- RIC

' R7

R6

RE

R4

' R2

"0 06 00 0 0. 0

00 0

' RO

'R1

Figure 5-2 Incidence matrix for case study
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These vectors below show a mapping example P> P and a sample of
Incidence vector IV with its image f (IV) both are in Hex base Figure 5.3,

v @ v

a2 all aff 0 13df

2l | al2 e aff

210 al2 | 13df | 53b

a9 a6 PR 21e

H

a8 | a6 4d 112

a7 | a9 ! 2ne | 05

a6 a9 2e | | 4d

a5 a2 13df 23
a2 4 10
8 a2

‘a2 a3 8

al a0 1 2

ad al 2 i

Figure 5-3 OPM sample

The matrix IM is the incidence matrix for P, IV is the incidence vector for P.

This paragraph features an algorithm for (FPP) characterization ordered sets P.
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Let f : P ->Pbeamap from P to P It is similar to mapping from:

£:D={IV}> N" such that IV is a vector and D a singleton where D « N,

The map f can be represented as a vector of size N where
T=1{1,2,4,8,10,23,4d,95, 113, 21e, 53b, aff, 13df}
IV={(1,2,4,8, 10,23, 44, 95, 113, 21e, 53b, aff, 134f)

fAV)=(2,1,8,4, 4, 13df, 21e, 21e, 44, 44, 13df, 134f aff’)

Fach coordinate of f(IV) can take any value from T. The modification of
f(V) coordinate is translated by distinct maps from P-» P. In general, if all

coordinates are different, we can have up to N different maps from f: P -> P.

void Iteration(int Rank)
{

Rank+-+;

for(=0I<N; I++)

FlRank]=1;
{
if{Rank<N-1)
Iteration(Rank);
else
SaveResult();

}
}

retun
b
{

Poset.Iteration{-1);

b
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This function Iteration{ ) generates all possible maps from the saved results of
vector FIN1.

In practice, we don’t have to generate all maps. In fact, in the previous
paragraphs, we described how we could reduce the range of each node in P,

which means reducing the loop iteration in the recursive function.
The loop:
for(I=0;I<N; I++) becomes for(I=0;I<DiS] ; I++) where D{S] is a vector

that holds the indexes of all nodes 2y suchthat as + a5

The vector D[S] can be obtained from the incidence matrix.( IM). Rg is a row
of rank S in IM

If ag < aj the the bit J in Rg is equal to 1.
From (IM) we obtain Cs which is the column of S in IM.
If ax < ag then the bit k in Cs is equal fo 1.

By combining these two vectors Cs and Rg we can obtain a comparability
vector for the node as we can call ¥ Bg . Combining Cg and Rs is a logic OR
on the coordinates of these two vectors. If we represent Cs and Ry as a single
binary number, as we already did for IV { incidence vector model ) The binary
number for Bs = CgvRs and the vector representation for Bs (i) = Cs(DvRs(i)



From the previous example we have for node {(6).
P =[appan apas as 87 85 85 8; 83 8 81 & |
Rs={0 0 0 0001001101]
Cs=[11 0 0001006006060 ]
Be=[11 0 00010011011
De=[0 06 1 111 011001090]

From Bg we obtain the set of nodes comparable with as . Let Dg = (! Bg )
suchthat, if Bs()= 1= Ds=0 and if Bs() =0= Ds=1. (Boolean

nverse).
Ds holds all non-comparable elements with ag such that

Ds={xePwherex*a}.

From the example, we have Dg¢=4{a;,as,a5,27,83, 39, a0 }-

Moreover, the process of reducing the range for a, , suggests that we include

the (OPM) property in the compilation of the final range.
From the example, we have Max(P)={ & .31, 2,83, 84 }

By suppressing diagonals from the incidence matrix, maximal nodes have

rows =0,



By associating the (OPM) property with maximal nodes image assignment,
some useful constraints can be added to the remaining node’s ranges and
reduces them furtherm

3EE.

Let as € P such that as ¢ Max(P) and let ax € ( T ag) - {ag } which means
that ag<ax.

Since f{ax ) € P then there exists aw € Psuchthat f (ax ) = aw
Cw=( I aw } is the wg, colummn in the incidence matrix.

From Rg , which is the row of node ag, we can list all nodes ax € P such that
ax -~ 2g.

Therefore, the new range of ag is:

Hs=Ds {4 (f(ax)) where ax € Rg- {as}. where Rg={x/x € Pand
X>as }.

OrHs=Dsn{Cw ) for all w where aw= f(ax ) and ax € Rs.
Example:

Co={an,an} Re={m,a,2}

From the same example, wehave : flag)=ai; f(m)=a; flas ) ay.
(¥ flw) y=(da)=Ci={ai,85,8,20,an,2}

(¥ fla) y=(da3)=Cs={as,8a, 85,3 ,210, 211,81 }

(V f@))=(Ia)=C={ a,8, #r,%,a1,an}
CiNGnG={a,a1,21}

Ds= {a1,a,3s5,a7,a8, 35, 810 } therefore,
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In this case, the range of {as } is a singleton {as } and only during the

recursive loopaslongas flas ) =a1: fla)=a; flas ma.
This result means f(as ) =ay.

By following the same strategy, all the ranges can be obtained prior to
executing the next step of the loop.

The image of ag is a function of f{ a ), f(a ), f( a3 ). For each modification
in the images of elements in R, the range of a5 should be updated.

Eventually, if the range for a specific node ag is Hs = , it means that the
(OPM) property could not be respected, then we can skip this specific map and

generate the next one.

We can only have a decision about a specific ordered set when we complete a

whole cycle and obtain images for all elements in P, which is f(P).

When we obtain a set of images. This set f(P) is the definition of a map
f:P ->P where f is fixed point free (FPF), and (OPM).

So the test can stop and we can conclude that P is (FPF).

Originally, before integrating the (OPM) condition in the dynamic range, an
extra test for (OPM) was performed on each generated map.

We implemented this test and we describe it as follows:
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rving map (OPM)
We can test for (OPM]} by creating a matrix OM( i,j) similar o the incidence
matrix IM{ 1, j ), with only elements from f(P).

The main condition for (OPM) is that rows in OM(i , j ) should cover rows in
IM (i, j), which means that, for a row(k) if IM(k,2) =1 then OM(k, /) should
be equal to “1” too.

Let OV(i) be the vector that combines rows of OM(i , j ) in the same way of

incidence vector model construction

For each row k we should have IV(k) < OV(k) and IV(k) A OV(k) = IV(k).
which is the Boolean AND of rows IV(k) and OV(k).

5.6.1.1 How to generate OM (incidence matrix for f{F) )

Since each row R(k) in f(IV) holds comparability information related to all
preceding elements or elements with index <k . Matrix OM can be generated
by comparing coordinates in f{IV).

Letby = f(ax) and Ty is the coordinate m row x for the node by
Letby, = f(ay, yand Ty is the coordinate in row v for node by .
if TaaTy=Tithenb,<b, thenOM(x,y)=1.

We show an example of the OPM retained from the same example we present
through this chapter:
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Figure 5-4 OPM incidence matrix for /(P)




Eventually, failing to find f(IV) means this specific map in progress of
generation is not an (OPM), or it has to have fixed point to make it (OPM)
(see figure 5.4).

in both cases, when we finish all possible maps without obtaining a single
map, then we can consider this specific ordered set having the (FPP) for all its
(OPM). And the ordered set P is characterized with the (FPP).

This algorithm was tested up to size (14) with very fast results.

5.7 Special cases

In this project we also implemented different technigues to improve efficiency
in characterizing (FPP). These techniques are included in the code, however,
the speed impact can be observed only on size 2 15. These techniques are

presented in the next chapter.

Originally, the code limitation was designed for a size < 16.
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Chapter 6

6 SPECIAL CASES TECHNI

6.1 Overview

Some ordered sets have particular properties that can be more compatible
when applying more efficient techniques for the (FPP) characterization. In this
chapter we cover, two techniques that are especially useful with larger ordered

sets than the range we are considering.

These techniques may not give us results and cannot be applied on all cases.
However, they are not heuristics. In the case where we conchude that we can
not apply these particular cases techniques, a call for the general algorithm is

necessary.

These techniques are direct implementations of the following technical

lernma:

Lemma: Lei P be o finite ordered set. If P = A @ B then P has the (FPP) if
and only if A or B has the (FPP).[31}

P=A®BifP=AuBand A=B=Tand

A<B,thatis x<yforeachx € Aandy € B.

The second technique is based on the retract theorem

Theorem: Let P be an ordered set. If P has ( FPP) {29, then every reiract of
P has the fixed point property.
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We can use a corollary from this theorem

Corollary: if P has a retract that does not have the (FPP) then P does not
have the fixed point property.

6.2 Implementation of Rutkowski Lemma

As we mentioned before, this technigue can only be applied on special cases.
When we cannot apply it, we have to refer to the general algorithm.

Let P be an ordered set of size N,

Weneedtofind AcPand Bc Psuchthat AOB=Pand A<B.
Let'sstart with A= and B=P.

Let VB be a vector of size N that holds status of current nodes in B.
In VB originally all coordinates =1

nggig h 32 11....... h\u}

We start adding nodes to A by starting with &y and VB(N-1) becomes 0.

A vector VA is a vector that holds data about all nodes yx such that yx > %

and x; € A,
Originally VA = R(N-1) ( row (N-1) or last row ) of IM(P) ( incidence matrix)

After each step we compare VB with VA



IFVAAVE = VB we add this result VB to a vector of result.

We should be careful how we add new nodes. In fact, for each level we have
to cover all permutations within the level and not add just consecutive
elements. Practically, when we add a node, we should add the whole set of
nodes incomparable to it, which ends up to adding at least, the whole Ievel of

the node in most cases.

In fact, all processing of VA and VB is a processing of binary numbers V4 and

Vg, which are infegers in binary base of single dimension.

At the end of the processing, let’s assume that we got a set of result with M
elements. Each Result R(i) where 0 £1<M has a coefficient C(i) which is the
total number of elements in VB. It is preferable 1o start processing with C(3)

closer to N/2 , which reduces to the minimum the size of A and B.

The first test we should apply on A and B is the connectivity test, because if A
is disconnected then A is (FPF) which is the same for B.

We can also elimy

minate irreducible elements from A and B, if any exists after

the cut.
The final subsets A’ and B’ can be tested for the (FPP).

We can start with the smaller size set, and apply the general technigue we
described in the previous chapter. Since A and B are irreducible element free,
we can probably tell depending on the size of A and B whether they have
(FPP) or not, by comparing these sets with known sets for the (FPP).

Here’s the main result of Rutkowski:
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Theorem: There exist exactly eleven { up to isomorphism and duality) ordered
sets of size < 10 with the fixed point property and containing no irreducible
elements. They are the singleton, and the ten set in Figure 2.7 (listed
before) J311.

This theorem means that any irreducible element free subset = singleton with
size < 8 has to be (FPF). For an ordered set P of size 16. If we could find a cut
8 to 8 then P is FPF. For size 9 , there is only 1 set but it has a set of
isomorphic sets. A simple way of comparing is to obtain the template set P1
from the Rutkowski result in its minimum form we defined in this project, in
addition to the dual of P1.

We convert A and B into their minimum forms too and compare.

Another way to compare the subsets to the previous results would be by listing
all isomorphic sets for P1 and then directly comparing with A or B.

Based on Rutkowski result, this comparing technique can work for size 10 as

well,

If we want to test for a higher size than 10, an elimination of retractable

elements may be needed.
This same Lemma can be irmplemented in the opposite way.
LetP=A @ B if A is (FPF) and B is (FPF) then P is (FPF).

This case can especially occur, when we get a disconnected subset A or B, In
this case we are reducing the size of the original problem and we only need to

test one set,
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An improvement can be made on this technique in the way we add new

elements to the lower set without having to cover all permutation of each level.

This part was not implemented in the code we wrote, but it looks promising

and it should improve performance.

6.3 Implementation of the FPF property.

This technique is based on an attempt to find without iteration, for an ordered
set P, a(FPF) function f:P - P.

If £ exists then f is (FPF) then P is (FPF). If we don’t find £, It does not mean
that P is (FPF) or P has (FPP), it simply means that P still has to pass the
general (FPP) testing.

We try to map P to a subset CR in P where CR is 2 4 nodes crown in P.
If we can construct an (OPM) f: P > CR such that f is (FPF) then P is (FPF).

This idea is based on observations we made during the processing of (FPP)
testing under the general technigue. In fact, several ordered sets we tested with
the (FPF) property did have a crown as the range for the (OPM) (FPF) map.

6.3.1 Find the Crown

We first need to find four nodes { A, B, C, D } e P that can construct a crown
CR={A,B,C,D}

We start with two maximal nodes A and B such that {A, B} < Max(P).

We define G(A)={x e Psuchthatx ¢ (J A)}
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We also define GB)={x e P/x & (+B)}.
{C, D} o (AN ({ B)if exists.

G(CY={xeP/xe (4T u(TClHorx+C}
G(D)={xeP/xe((ID)U(TD))orx+D}

We only have one more condition fo satisfy which s C+» D ( Cand D
incomparable ).

Let’s say that we find C. Then D should fulfill an extra condition such that, for

allxe P-{A B, C, D} there exists y € CRsuchthatx + v.

This condition lets us assign at least one image in CR for each node in (P-CR)

Since the OPM function f we are seeking for, is (FPF), then an image f(x) for

x € P has to be incomparable with x where f(x) + x.

This condition constrains the choice of the couple of nodes C, D and it can be

written as:

1) A e Max(P).
2) B e Max (P).

3) {C,DYcHFHA U EB)
4y C+D.

5) G(A)U G(B) U G(C)u GD) =P.
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AN

6) This last condition may guarantee for cach element X P, at least one

element v where x + y. This element v could be a potential candidate

for f(x) value such that f(x) + x.

If one of these conditions was not satisfied, then we have to find either two
different nodes C and D or restart with two different maximal nodes A and B.
We should stop searching afier we test all maximal nodes in P.

In fact, it s possible to find a crown that may meet requirements without
having the first upper nodes as maximal nodes in P. We did not cover this case
in our implementation, because we want a fast result, and this case involves
some extra conditions. A general case is more efficient and always guarantees

results.
Some extra restraints on CR ={A, B, C, D} need to be verified.

A simple pattern of the combination (P, CR) may easily result in a non-

conformal crown for (FPF). In fact, if we find a fence F of (N

shape or iis
dual (A ), such that F overlays on the crown CR. Then the function f cannot

be (FPF). This is only a necessary condition.

Let F be a fence of (IN) shape where nodes { C, D }cF and Fo (YA} N (IB).

We have different configurations:

LetF={W,X Y,Z}suchthat C=X, D=7 W<C and Y<Cand Y<D
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This combination can not exist because Y <A, B, C, and Dand Y & P which

iz a contradiction with condition 5 that elements in r P should have at least

one element in s € CR such that r + s.( see Figure 6-1 right).

CR CR

Figure 6-1 2 different combinations with crown
and feace

For a fence F as the one in Figure 6-1 left, where W=C, X>(C, Y<Dand Z=
D,wealsohave {W,X, YV, Z}<{A B}

This pattern can not lead to a (FPF) because
{Y}<{D,AB}=7YV)=C.
X>Cend {X}<{AB}= f(Y)=D.

However, Y <X = f(Y) < f{X) = C <D = contradiction



Consequently, the crown should not bave a (crown, fence) pattern such that the

fence F < {A, B} where A and B are two maximal nodes in the crown CR.

If we go one more size with a fence, we obviously get a fence F with shape

VW) . We can easily sec that if we overlay this fence F such that

F={U,V,X Y, Z } under the crown CRsuchthat Z=D; U=Cand F <CR,
then f(V)=D; f(Y)=C; 20> f(¥)=Cand f30 > f(V)=D (Figure 9-2)

However, f(X)# A = B then we can not have CR as crown for a FPF map.

Figure 6-2 Crown with an (M) shape feace.
In general, a necessary condition in order to have acrown{ A, B,C,D } asa

range of a map f such that § is (OPM) and (FPF) is that we should not have
any fence Fthat includes {C,D}and F<{A B}.
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Next step is to continue the construction of the (FPF) map f, and covers all

clements in P,

Each node 8 in P can only have its image f(8) in G(8), which is defined
beforeas: G(B)={XeP/X+8S}.

F(8) € CR as well then f(8) € CR G(S).

The range of D(S) of S can be at most CR and at least a singleton node from

CR, which reduces iteration enormously.

We also use the technique of dynamic range in order to find the images for all
elements in P and have the map an (OPM) at the same time.

If we find images for all elements in P, then f is an {OPM) and (FPF) and
therefore P is (FPF).

If we don’t find images then we can restart iterations on the next possible set
of {C, D} which are the minimal elements in the crown CR. If {C, D } does
not exist we have to choose the next combination of { A, B} which are the

maximal nodes of the crown CR.

Exira fterations are sometimes needed when the range we found for a specific
node X is more than a single node; however, this iteration cannot exceed 4,

which is the total number of nodes in the crown.

As we mentioned in the beginning of this chapter, these two special cases
techniques work side by side with the general technique, and we should have it
always as a backup in the structure of our algorithm or at the code level.
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Chapter 7

7 CONCLUSION AND FUTURE RESEARCH WORKS

“ Good order is the foundation of all good things -Burke”

7.1 Result evolution

The main objective of this project is to characterize ordered sets based on fixed
point pfopeﬁy. These results were obtained progressively, depending on the
size of the ordered sefs. At one point, improvement in the algorithms
efficiency was a must. Even with high performance processors, iterations and
testing we have to apply on each set is not negligible. Originally, the most
processing time was consumned on the final phase, which is the (FPP) testing.
An enormous improvement happened once we applied the dynamic range

technique.

An example of processing time using a Pentium I Dual processor

For size 13 :

Using technique without dypamic range adjustment > 14 days

Using dynamic range adjustment 157 sec.

This set of results motivates us to work on improving the algorithm.

Size 13 is not a magic number, in fact the numbers of nonisomorphic orders

for n-clements ordered set were known up to n =13 [15]. The result we
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obtained with size 14 cannot be published because of the performance of the
validation technique we are using for isomorphism detection, which involves
testing of all possibilities, in addition to the huge set of generated result for

size 14. Therefore, we limit our validated resulis to size 13.

For the coding part: we used Borland C++ 5.2 as a programming language on
2 different platforms Windows NT4.0 W/S and Windows 2000 pro Server.

7.2 Results set

Our results are sets of ordered sets P with properties listed in the criteria of
generation and testing, that is frreducible element free, retractable point free,
non-isomorphic, dual-free, with the fixed point property (FPP), and of size
<1i3.

We eventually obtained for size 10, and 11 the same results of Rutkowski and
Schrider, but the results for size 12 and 13 have not been published (Figure
7.D.

Size " Ordered sets (FPP) total |

10 4 | Ruthkowski [31]
11 8 | Schroder[34]
12 I 107 TMComputaﬁon
13 1209 | Computation

Figure 7-1 Main result
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We also have the result of total generated ordered sets, the total number of

non-isomorphic for each size (Figure 7.2)

Size ordered sets (fotal)  Non-isomorphic
L e 57 |
iz | 35585 568
13 1401850 1173

Figure 7-2 Comparison table

We listed our result as sets of incidence matrices. These incidence matrices are

listed in vectors format

Each vector is listed on a line where coordinates are separated by spaces. Fach
coordinate represents a row in the incidence matrix by converting the
coordinate from its hexadecimal representation to a binary base, and then

fitting each digit from the binary number in a cell of its specific row.
These vectors are listed in lexicographic order in the appendix

We also list our results up to size 12 by giving all the upward drawing of these

ordered sets.

7.3 Observation

The most important observation is related to the upward graphs of all ordered
sets with the (FPP). We can see a kind of inherency between ordered sets of
different sizes. This part is the core of future research. We started working on
it; however its results may not be available with this thesis.
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Some observations on the ratio of non-isomorphic ordered sets with the (FPP)

relative to the total number of non-isomorphic ordered sets Figure 10.3

Size | Ratio FPP/ total non-isomorphic f
b 4%

2 188%

= 10.8%

Figure 7-3 Ratic FPP / non-isomorphic

We can also mention that the removal of refractable elements reduced

enormously the number of generated ordered sets.

7.4 Other results

Aside from the set of data resulis we obtained, this project was not only about
listing data. In fact, some important resulis we obtained are the design and
implementation of different algorithms or techniques, which can be very

useful in ordered sets combinatorics.

7.5 Future works and research opportunities

Owr work has introduced several topics of research worth investigating. The

following describes possible avenues of research resulting from our work.

1. invesf:igatimg the generation of ordered sets (FPP) of size N based on
ordered sets of size < N-1. In fact we have some observations related

to this topic, we may include it in 2 future paper.
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2. Extending our results to higher sizes by refining even further the
computation. This part is especially for ordered sets generation,
which is the most time consuming. This can probably done by
integrating the isomorphism filtering technigue in the generation
phase, or the fixed point property algorithm in the generation so the
ordered sets we obtained are tailored for (FPP).

3. The original question “ characterize ordered sets for (FPP) ” is still

an unsolved problem.

4. Improving the techmique for testing isomorphism based on the

minimum representation

7.6 Achieving our objectives

Our first objective, to characterize ordered sets of size < 13 was successfully
achieved. Moreover, some new notions we introduced like the minimum
representation of ordered sets and the dynamic range technigue are part of
the original objective, which is to develop an efficient technique to obtain
the results. But still, one of the main objectives of this project is to acquire
decent knowledge on ordered sets, with deep study of the (FPP) behavior.

7.7 Conclusion

In this thesis, we featur terizing
ordered sets for the fixed point property. We defined a standard

ed techniques for generating and charac

representation of an incidence matrix in a minimum form. Based on the new

represertation, we implemented an algorithm for isomorphic sets detection.
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Moreover, we implemented an algorithm for (FPP) characterization, based

on a concept we defined as dynamic range loop.

From the result of the code we implemented we could extend the
characterization of ordered sets for (FPP) up to size 13, after obtaining
results for size 12 a total of 107 different sets and for size 13 a fotal of 1209
ordered sets.

We expect these results to be beneficial for further research in (FPP)
characterization.
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APPENDIX A

This appendix lists the results for sizes 10, 11, 12 and 13

Ordered sets are listed as vectors of incidence matrix. Each column is a row in
an incidence matrix. This representation is in hexadecimal, we need to convert

each row in to binary base then fit #t in the incidence mafrix.
For size 10 we have 4 sets:

124b 1325 46 8b 16f 277
124b 132546 af 15f 277
124013 25 46 bf 16f 277
124b 1526 4f bf 15f 26f

For size 11 we have 8 sets:

12481325 48 8e 137 2df 4ef
1248132540 8e 171 2bf 4df
1248 13 25 49 8e 1bf Zdf 4ef
12481325 4a 8¢ 137 2df 4ef
12481325 4a 8¢ 171 2bf 4df
124 b 13 25 45 86 13f 2¢f 417
1240132545 86 17f 2af 447
124b 1526 5f of 17f 2bf 4df
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For size 12 we have 107 sets:
12481023 4c 85 1a 28 5bi 0df
124813234589 10277 59f 9ef
12481323245 89 10e 20 83f Gef
124813234589 10e 24f 58f obf
1248132345 89 10e 2 517 9ef
1248132345 89 10e 2 55f 9af
12481323 45 89 10e 27 55f 9ef
1248132345 8a 10c 233 5df 9ef
12481323 45 8a 10c 257 5bf Def
124813234585 10c 277 59 8ef
1248132345 8a 10c 277 5df Gef
1248132345 8a 10c 24df 561 8bf
12481323 45 8a 10c 207 571 9ef
1248132345 Ba 10c 2ff 557 Gaf
12481323 45 8z 10c 2ff B5f Sef
12481323 45 8a 10c 21 5df Qef
124813 23 45 8a 10c 35{ 5bf Qef
1248132345 8a 10c 371 5df 8ef
1248132548 89 10a 237 5¢f gef
1248132545 89 10a 277 580 def
1248132546 89 10a 277 5af odf
12481328 46 85 108 277 5bf Gef
1248132546 89 108 2ad 571 Gif
12481325 46 80 102 2bf 57§ 0df
1248 13 25 46 89 10a 2bf 57f Yef
1248132546 89 102 20f 531 Gef
12481325 46 85 102 2df 571 obf
1248132546 89 10a 207 571 Sef
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1248132546 89 10 2¢f 57f 9bf
12 481325 46 89 10a 2ef 57f 9df
1248 13 25 45 89 10a 2if 5bf Oef
12 481325 48 89 10a 2ff 5¢f Sef
12481325 46 89 10e 277 59f Sef
124813 25 46 89 10e 277 5bf 9cf
12 481325 46 89 10e 2¢f 53f %ef
12 4813 25 45 89 10e 24df 56f Sbf
12 48 13 25 48 89 10e 2df 57§ 9af
12 48 13 25 46 89 10e 2ff 51f Gef
12481325 46 89 10e 2ff 53f 0df
124813 25 48 89 10e 2ff 546 9bf
124813 25 46 88 10e 2ff 55f af
12481325 46 89 10e 2ff 55 Obf
12 4813 25 46 89 10e 2ff 59f Qef
124813 25 46 89 10e 2ff 5bf 9ef
12481325 46 89 14e 277 5df 9ef
12481325 465 89 14e 2df 577 Qef
12 48 13 25 48 89 14e 2ff 55f Gef
12481325 46 89 14e 2ff 5¢f Yef
1248132547 89 108 277 5bf 8cf
12 481325 47 89 10e 2df 53f Oef
124813 25 47 89 10e 20f 56f 9bf
12481325 47 88 10e 2ff 53f 9¢f
12481325 47 89 10e 2ff 54f Obf
124813 25 47 89 10e 27 5bf Scf
124813 25 47 8a 10c 257 5bf 9ef
12481325 47 8a 10c 277 5bf ocf
124813 25 47 8a 10c 2bf 55f 9ef
124813 25 47 8a 10c 2bf 567 9df
124813 25 47 8a 10c 2bf 57f 5cf
12481325 47 8a 10c 2¢f 571 9bf
124813 25 47 8a 10c 2df 56f Gbf

ORI RO SeDerTs OF R
i
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1248 13 25 47 8z 10c 2df 5bf Sef
12481325 47 8a 10c 2ef 55f Obf
12 48 13 25 47 8a 10c 2¢f 507 9cf
12 48 13 25 47 8a 10c 2ff 5bf 9¢f
12 4813 25 40 8e 108 2bf 557 9ef
1248 13 25 40 8e 102 2bf 57f 9cf
12 4813 25 49 8e 108 2ff 57 08e
1248 13 25 48 8e 10e 2ff 57f 00F
12 48 13 25 49 8e 10f 2ff 53f 9cf
12 48 13 25 49 8e 10f 2ff 57f 98
12481325 49 8e 117 2bf 57§ 9df
124813 25 49 8e 117 26 57¢ 09f
12481325 49 Be 11 2 57F 98f
1724813 25 40 Be 17f 2bf AdF Bef
1248 13 25 4a 8¢ 10f 2f 51f Oef
12 48 13 25 4a 8¢ 107 2f 53f 9cf
12 4 8 13 25 4a 8¢ 10f 2ff 56f 007
124813 25 4a 8¢ 117 271 5bf 5af
1248 13 25 4a 8¢ 117 2bf 57¢ Odf
124813 25 4a 8¢ 117 2ff 537 9df
1248 1325 4a 8c 117 2 55f 9bF
1248 1325 42 8¢ 117 2ff 577 89f
1248 1325 4a 8c 117 2 57f Ocf
124 8 13 25 4a 8¢ 117 2ff 5bf 0df
124813 25 4a 8¢ 11f 2ff 53f Odf
1248 13 25 4a 8¢ 11f 21f 57¢ 99
1248 13 25 42 8c 137 2ff 571 Obf
1248 13 25 4a 8¢ 131 2f 577 Obf
124813 25 4a 8¢ 16f 261 57f Oef
124813 25 4a 8d 10 2df 53f Gef
12 4 8 13 25 4a 8d 10e 2df 56f Sbf
1248 13 25 42 8d 10e 2df 571 9af
1248 13 25 4a 8d 10e 2ef 57F 09f
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12481325 4a 8d 10e 2ff 571 8&f
12481325 4a 8d 10e 2ff 577 8Of
1248132542 8d 14e 2df 571 9ef
12481325 4a 8d 14e 2ef 571 9df
12481325 4a 8d 14e 2ff 577 Gef
12481325 4a ad 14e 2ff 577 Sef
124813 25 4b 8d 10e 2¢f 567 Obf
124813 25 4b 8d 10e 2ff 56f 90f
12481325 4b Be 12d 2ef 57f 9bf
124813 2d 4e 97 11b 26f 5bf 9df
124813 2d 4e 97 11b 27f 5bf 9df
124513 25 46 8f 11b 277 5bf odf
12451528 5f bl 13F 20F 57F gbf
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For size 13 we have 1200 sets:
1248102047 98 12a 234 5fF aff 1371
1248102343 8¢ 115 215 537 aff 13cF
1248102343 8c 115212 877 abf 13df
12481023 43 8¢ 115 212 5bf aff 13df
1248102343 8¢ 115 212 5 b3f 13
1248102345 89 111 29e 4ef b3f 13df
124810234885 111 29e BH a7t 13bf
124810234589 112 21¢ 487 bbf 13df
124810234588 112 21c 4ed b7f 130t
12481023 45 89 112 21c 4ef b3f 13df
1248102345889 112 21¢ 4ef b7 130f
124810234589 112 21c 4ef b7T 134f
124810234589 112 21¢c B77 abf 13d¢f
124810234589 112 21c 577 add 13bf
124810234589112 21¢ 577 aff 1391
124810234589 112 21¢c 577 =ff 13bf
124810234589 112 21¢ 577 bbf 134f
12481023 4588 112 21c 5 a7{ 134f
12481023 45 82 112 21c 5 add 133f
124810234589 112 21¢ 5/ add 137f
124810234588 11221¢c 5fiaff 131e
124810234580 112 21¢c 5/ aff 133
124810234589 112 21c 5 aff 135f
12481023 45 89 112 21¢ 5ff aff 137¢
1248102348 89 112 21¢ 5F b3f 1341
124810234588 112 21c BF L7 13bf
124810234588 112 21c S8 b7f 13df
124810234589 112 29¢c 677 bbf 134df
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124810234588 112 21c 6dd b7 13bf
12481023 45 89 112 21c 6F b5f 13bf
124810234588 112 21c 67 b7f 13bf
124810234689 112 21¢c 771 bbf 13df
1248102345 8a 113 21c 4ef b3f 13df
1248102345 8a 113 21c 4ef b5F 1301
124810234582 113 21¢ 533 aff 13df
1248402345 8a 113 21¢ 557 aff 13bf
1248102345 8a 113 21c 577 abf 13df
1248102345 8a 113 21c 577 aff 1301
1248102345 8a11321¢ 577 aff 13df
1248102345 8a 113 21c¢ Bdf aff 137f
12481023458z 113 21¢ Bff a7f 13df
12481023 45 8a 113 21¢ 5if aff 135f
1248102345 8a 113 21c 5 aff 13df
1248102345 8a 113 21c 6ff b3f 13df
12 481023 45 Ba 113 21c 6ff b5f 13bf
1248102345 8a 114 218 467 bbf 13df
12481023 458a 114 218 4ef b5d 13bf
12481902345 8a 114 218 4ef b7f 13bf
12481023 45 8a 114 218 4ef b7f 13df
1248102345 8a 114 218 5ff aff 137
1248102345 8a 114 216 5% aff 13df
12481023 45 8a 114 219 487 bbf 13df
1248102345 8a 114 218 4ef b5d 13bf
1248102345 8a 114219 4ef b77 13bf
1248102345 8a 114 218 4ef bbf 13df
1248102345 8a 114 219 5f abb 135d
1248102345 8a 114 219 5if abb 137f
1248102345 8a 114 219 55 abb 13df
1248102345 8a 114 219 5 aff 137F
1248102345 8a 114 218 5 aff 13
1248102345 8a 114 219 5ff bbf 13df
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1248102345 8a 114 219 671 bbf 13di
1248102345 8a 114 219 64 b71 1307
12481023458a 114 219 BIf b77 1361
12481023 4582116210 4ef b3¥ 13df
1248102345 8a 116 218 4ef b5f 13bf
1248102345 8a 116 219 537 aff 13df
1248102345 8a 116 219 577 abb 13df
12481023 45 8a 116 219 577 adf 13bf
1248102345 83 116 218 577 aff 130f
1248102345 8a 116218 577 aff 13df
1248102345 8a 116 219 88e aff 137f
1248102345 8a 116 219 5bf aff 137f
124810234582 116 215 5bf aff 13d¢f
1248102345 8a 116 219 5df aff 1377
12481023 458a 116 219 5ff aff 1331
1248102345 8a 116 218 5f aff 135f
1248102345 8a 116 219 &ff aff 134f
12481023 45 82 116 219 5If b3 13df
12481023 45 8a 116 210 5f bsf 13bf
1248102345 8a 11c 233 4ef b7f 13bf
12481023 45 82 11c 233 5/ a77 13bf
1248102345 8a 11¢ 233 5 aff 137¢
12481023 45 8a 11c 233 5 b7f 13bf
1248102345 8b 118 218 48b b7f 13df
1248102345 8b 118 218 40 b7f 13bf
12481023 458b 116 218 4ef b3f 13df
1248102345 8b 118 218 4ef 7T 1391
1248102345 8b 116218 4ef b77 13df
12481023458b 116218 537 off 13df
1248102345 8b 116 218 577 abb 13df
12481023 45 8b 1168 218 577 adf 13bf
1248102345 8b 116218 577 aff 139f
12481023 45 8b 118218 577 &ff 13df
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1248102345 8b 116218 Bbf b7 13df
1248102345 8b 116 218 BA b7f 13bf
1248102345 8b 116218 Bbb b7f 13df
1248102345 8b 116 218 6df b7f 130f
12481023 458b 116 218 6ff b3f 13df
12481023 458b 116 216 6 b7f 13061
12481023458b 116218 6 b7 13df
1248102345 8e 116 218 4af b7f 13df
1248102345 8e 116 218 4ef b3 13df
12481023458e 116218 4ef b7 130¢
12481023 45 8e 116 218 4ef b7F 13bf
12481023 45 8e 116 218 6bf b7T 13df
124810234582 1182186/ b7 13Ce
12481023 45 8e 115 218 &ff b7f 13bf
12481023 45 8¢ 116 218 4ef b3f 13df
12481023 45 8e 116 219 4ef b7f 1301
12481023 45 8e 116 219 5% aff 137f
12481023 45 8¢ 116 218 5bf adf 137f
12481023 45 Se 116 210 50f off 1377
1248102345 8e 116 219 5if abf 135f
1248102345 8e 116 218 6ff b7f 130f
12481023 45 Be 117 218 4ef b3f 13df
12481023 45 8e 117 218 4ef b7¥ 138f
12481023 45 8e 117 218 537 &ff 13df
1248102345 8e 117 218 877 aff 139f
1248102345 8e 117 218 6ff b3f 13df
12481023 45 8e 117 218 6ff b7f 1301
12481023 45 8¢ 118 233 4ef b7f 13bf
12481023 4582 118233 5f a77 13bf
1248102345 8¢ 118233 B b7f 13bf
12481023 45 8e 118 237 4ef b7f 13bf
12481023 45 8¢ 118 237 5 a77 130f
12481023 45 Be 118 237 Sff b7¥ 130bf
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12 48 10 23 47 8¢ 115 21a def b3f 13df
12 4810 23 47 8¢ 115 21a def b5f 13bf
12 4810 23 47 8¢ 115 21a 557 aff 13bf
12 481023 47 8¢ 115 21a 577 adf 13bf
12 48 10 2347 8¢ 115 21a 5bf a7f 13
12 48 10 23 47 8¢ 115 21a 5bf adf 137
12 4810 23 47 8c 115 21a 5bf aff 135f
12 4810 23 47 8¢ 115 21a 5df a7 13bf
1248 10 23 47 8¢ 115 21a Sof aff 133f
1248102347 8¢ 115 21a 5df af 13bf
12481023 47 8¢ 115 212 5% a5f 13bf
1248 10 23 47 8c 115 21a 51 adf 133f
12481023 47 8¢ 115 21a 5 adf 13bf
12481023 47 8¢ 115 21a 61 b5f 13bf
12481023 47 8d 116 218 4cf b7f 13bf
124810 23 47 8d 116 218 4ef bSF 13bf
124810 23 47 8d 116 218 6f b7f 13bf
12481023 4c 8f 115 21a 4ef b7f 139f
12 48 10 23 4c 8f 115 213 59f aff 137
124810 23 4c 8f 115 21a 5bf adf 137F
12481023 4c 95 115 21a 4 b3f 130f
124810 23 4¢ 95 115 21a 47 b7F 139f
124810 23 4c 95 115 21a 595 aff 137¢
12481023 4c 95 115 212 5b7 adf 137¢
12481023 4c 95 115 21a 5b7 aff 137¢
124810 23 4¢ 95 115 21a 5 a0f 137f
1248 10 23 4c 95 115 24a 56 abf 1357
124610 23 4c 95 115 21a 5ff abf 137f
12481023 4c 95 115 21a 5 off 137
1248 10 23 4c 95 115 21a 6ff b7f 139
1248 10 23 4c 95 116 218 4f b3f 13df
1248 10 23 4c 95 116 219 4 b7f 139f
124810 23 4c 95 116 210 567 aff 137f
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12481023 4c 95 116 219 5b7 add 137f
12481023 4¢ 95 116 219 507 ff 135f
12 4810 23 4 D5 116 216 557 aff 137
12 4810 23 4c 95 116 218 5df abf 137f
12481023 4c 95 116 219 50f aff 133f
124810 23 4c 85 116 219 54f aff 137
12 48 10 23 4c 85 196 210 5 aff 131f
12 4810 23 4¢ 95 116 210 5 aff 133f
12 4810 23 4c 95 116 219 5 aff 137f
12481023 4c 95 116 21b 5b7 20f 137f
12 48 10 23 4c 95 116 21 5 a0f 137f
12 4810 23 4 95 116 21b 5F abf 135¢
1248 1023 4c 95 116 215 57 adf 137f
1248 1023 4c 95 116 23b 5b7 aff 137f
12 4810 23 4c 95 116 23b 5 abf 137f
124810 23 4c 95 116 23b 57 aff 137f
12481023 4c¢ 95 117 21a 57f abf 13df
124810 23 4c 95 117 21a 57f aff 1391
1248 10 23 4c 95 117 24a 567 aff 137
124810 23 4c 95 117 21a 5b7 aff 135f
1248 1023 4c 95 117 21a 5df abf 137f
1248 10 23 4c 95 117 24a 5df aff 1331
12 4810 23 4c 95 117 21a 5df aff 137f
12 4810 23 4c 95 117 212 56 abf 135¢
1248 10 23 4c 95 117 24a 5 aff 131f
124810 23 4c 85 117 21a 5 aff 135f
12 48 10 23 4c 95 11a 21f 5 a7f 130f
12 4810 23 4c 85 11a 217 5 a0f 137
12 48 10 23 4c 95 118 21f 57 abf 135
124810 23 4c 95 118 227 4ff b7 130f
12 48 10 23 4c 95 11a 227 5of aff 137F
124810 23 4c 95 11a 227 56 ab7 137f
124810 23 4c 85 112 227 5 aff 133
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12481023 4c 95 11a 227 5f aff 1371
12451023 4¢c 85 11a 22f 5 abf 137¢
12481023 4c 95 118 233 5 ab7? 137f
124810234c95 '%132335%@?%’@3?1‘
12481023 4c 95 11a 237 5bf aff 1371
12481023 4¢ 95 11a 237 5ff ab7 137¢
12481023 4c 95 11a 237 5 off 133f
12481023 4c 95 112 237 5 aff 137f
12481023 4c 95 11a 23f 5 abf 1371
12481023 4c 95 11a 26f 5 aff 137f
12481023 4c 95 11a 271 5 aff 1371
12481023 4c 95 11a 287 5bf aff 13df
12481023 4c 98 11a 297 5if aff 1381
12481023 4¢ 85 11a 20f 5f off 130f
12481023 4c 95 11a 2ff 57F 9bf 11df
12481023 4¢ 95 11b 21e Sdf abf 137F
12481023 4¢ 95 11b 21e 5df aff 1331
12481023 4c 05 11b 21e 5ff off 1317
12481023 4¢ 95 11b 25e 5df off 1371
12481023 4c 95 11b 25e 5if aff 1356f
12481023 4c 95 13b 25e 5 aff 137f
12481023 4d 8e 115 21a 4ef b5 13bf
12481023 4d 8e 115 21a 5bf a7f 13df
12481023 4d 8e 115 21a 5bf adf 137f
12481023 4d 8e 115 21a 5bf off 135f
12481023 4d 95 11a 21¢ Bdf a7f 13bf
12481023 4d 95 11a21c 5 a7f 1301
12481023 4d 95 11a 21e 5df a7f 13bf
12481023 4d 85 118 21e 5 a7f 1367
12481023 4d 95 112 31e BAf b7f 13bf
12481023 4d 98 11b 21c 5df off 1331
12481027 4b 95 119 21¢ 5if adf 133f
12481027 4b 95 11a 21c 5bf 277 13df
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1248132345 85 108 20e 417 b5{ 13af
1248132345 85 100 20e 57f 507 13ef
124813234585 108 20e 571 adf 13af
12481323 45 85 109 20e 5 abf 13af

124813 23 45 85 100 20e 51 b5f 13af

124813234585 10a20c 477 bof 13ef
1248132345 85 10a 20c 417 boI 13af
124813 23 45 85 10a 20c 55f abf 13ef
124813 23 45 85 10a 20¢ 557 asf 1301
1243813 23 45 85 10a 20c 557 aff 12af

1248132345 85 10a 20c 571 adf 13af
1248 13 23 45 85 10a 20c 577 bof 13ef
124813 23 45 85 10a 20c 5df a7f 13af
1248 13 23 45 85 10a 20c¢ 5df bEF 13bf
124813 23 45 85 10a 20c 5 bl 13af

1248132345 86 108 20a 433 bdf 13ef
12481323 45 86 100 20a 477 bof 13ef
1248132345 86 109 20a 477 bdf 13ef
12481323 45 88 100 20a 4f7 b5F 13af
124813 23 45 88 100 20a 557 abf 13ef
12481323 45 86 108 20a 55f aef 13bf
12481323 45 86 109 20a 571 adf 13af
124813234586 108 20a 571 adf 13&f
1248132345 86 108 20a 571 bdf 13ef
124813234586 109 20a 58f a7f 13ef
124813234586 109 20a 501 aef 137f
12481323 45 86 109 20a 5bf adf 1361
1248132345 86 100 20a 5bf adf 13ef
12481323 45 86 109 20a 5bf bdf 13ef
1248132345 86 109 20a 5df sef 137f
12481323 45 86 109 20c 477 bO 13ef
1248132345 86 109 20c 4d7 b3f 13ef
1248132345 86 108 20c 447 bef 13bf
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12481323 45 86 109 20c 447 b7f 13af
1248 13 23 45 86 100 20c Af7 b5F 13af
12 4813 23 45 86 109 20¢ 53b adf 13ef
12 481323 45 86 109 20c 55f abf 13ef
12 48 13 23 45 86 108 20c 55 aef 1365
124813 23 45 86 108 20c 551 aff 13af

124813 23 45 86 108 20c 57f a0f 13ef
1248 1323 45 86 109 20c 57f adf 13af
12481323 45 86 109 20 57F adf 13&f
124813 23 45 86 108 20c 57F b9f 13ef
1248132345 86 109 20c 59f a7f 13ef
124813 23 45 86 108 20c 59 aef 137f
124813 23 45 86 108 20c 567 aff 1361

12 4813 23 45 86 109 20¢ 50f a5f 13ef
124813 23 45 86 108 20c 5bf adf 136f
124813 23 45 86 100 20c 50f adf 13ef
1248 13 23 45 86 109 20c 5df 26f 130f
1248 13 23 45 88 109 20c 5df a7f 13af
124813 23 45 86 109 20c 5df a7f 13ef
124813 23 45 86 102 20c 5df aaf 137f
1248 %3 23 45 86 109 20c 5df abf 136f
1248 13 23 45 85 109 20c 5df abf 13ef
1248 13 23 45 86 109 20c 5df aef 137f
12481323 45 86 109 20c 5df aef 130f
1248 13 23 45 86 109 20c 5 b3f 13ef
124813 23 45 86 109 20c 507 b6f 130f
1248 13 23 45 86 109 20¢ 5df b7f 13af
124813 23 45 86 109 20c 57 a5f 13af

124813 23 45 86 109 20c 5 a9f 136f

1248 13 23 45 88 109 20c 5ff b5f 13af

1248 13 23 45 85 109 20c 67f bOf 13ef
424813 23 45 86 108 20c 64f b3f 13ef
124813 23 45 86 109 20c 64 bEF 13bF

116



12481323 45 86 109 20c Bdf b7f 13af
1248132345 86 108 20c &ff b5f 13af
12481323 45 86 100 20e 417 b&f 13af
124813234586 108 20e 8bf a8f 13e&f
1248132345 86 109 20e 5bf adf 136f
1248132345 86 108 20e 5df a3f 13ef
1248132345 86 109 20e 5df aBf 13bf
12481323 45 86 109 20e 5df a7f 13af
1248132345 86 109 20e 5df aaf 1371
12481323 45 86 109 20e 5df =bf 136f
12481323 45 86 108 20e 5df aef 133f
12481323 45 86 109 20e 5ff abf 13af
1248132345 86 109 20e 5 567 136f
1248132345 86 108 20e 5ff b5f 13af
12481323 45 86 100 28e 5bf adf 13¢f
12481323 45 86 108 28e 5df abf 13ef
1248132345 86 100 28e 5df aef 13bf
1248132345 89 10c 20e 57f 29f 13ef
124813234589 10c 20e 57f adf 13af
124813 23 45 89 10c 20e Bdf a6f 13bf
12481323 45 88 100 20e 5df a7f 13af
12481323 45 88 10c 20e 5df aef 1337
1248132345 89 10c 20e 5df aff 132¢
12481323 4585 10c 20e 5ff abf 13af
1248132345 89 10c 208 5 adf 132f
1248132345 88 10c 20e 5 adf 136f
1248132345 88 10c 30e 571 bof 13ef
12481323 45 89 10c 30e 50f bBT 13bf
124813 23 45 88 10c 30e 5ff b&f 13af
1248132345 88 10d 20e 57f adf 13af
1248132345 89 10d 20e 5df aef 1337
1248132345 88 10d 20e 5df aff 132f
1248 13 23 45 86 10d 20e 5f adf 132f
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124813234589 10e 20e 571 adf 13af
12481323 45 88 10e 20e Bl ast 133
1248132345 89 10e 20e 5df &ff 1321

1248132345 80 10e 233 457 08f 11ef
12481323 45 88 10e 233 457 8af 11cf
1248132345 88 10e 233 4¢d 051 11af
1248132345 8¢ 10e 233 4df 91f 11ef
124813234589 10e 233 441 92 11cf
1248132345 89 10e 233 4df 051 11af
1248132345 88 10e 233 4df 95f 11ef
1248132345 80 10e 233 4df 96f 11af
1248132345 88 10e 233 44 96f 11cf
124813234589 10e 233 557 991 11ef
1248132345 89 10e 233 55 9af 11cf
124813 23 45 89 10e 24d 5df aff 136f

1248132345 89 10e 257 467 Obf 11cf
124813234588 10e 257 400 93f 11ef
12481323 45 89 10e 257 4ab 96f 1167
124813234588 10e 257 4bb 91f 11ef
124813 23 45 89 10e 257 4bb 94f 11af
12481323 45 89 10e 257 4bb 96f 110f
1248132345 89 10e 257 4bb 96f 11af
1248132345 89 10e 257 4bb 96f 11cf
12481323 45 89 10e 257 4bb 99f 11ef
124813 23 45 89 10e 257 4bb 9af 11icf
12481323 45 88 10e 257 4od 96fF 11bf
1248132345 89 10e 257 4ef 96f 110f
1248132345 89 108 257 4ef 96f 11bf
1248132345 89 10e 257 4ef Gbf 11cf
12481323 45 89 10e 257 53f 90f 11ef
124813 23 45 89 10e 257 531 9af 11cf
1248132345 89 10e 257 56f 08 11af
12481323 45 89 10e 257 56f Obf 11cf
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124813234589 108 277 4od 95 11af
1248132345 88 10e 277 4df 91f 11ef
12481323 45 86 10e 277 4df 85 114l
1248132345 89 10e 277 4df 057 11ef
124813234580 10e 277 4df 967 1197
1248132345 89 10e 277 4df 961 11af
124813234588 10e 277 44 867 11cf
124813234588 10e 277 44f 99f 11ef
1248132346 89 10e 277 4df Gaf 11¢f
124813234588 10e 277 54f 9af 11cf
1248132345 89 10e 277 55 0of 11af
124813234589 10e 277 55f 89f 11ef
1248132345 89 10e 277 B55f Qaf 11cf
1248132345 88 10e 277 59f 8af 11cf
12481323 45 89 10e 2cd 53F 95f 11af
12481323 4589 10e 2cd 55f 86 11bf
12481323 45 89 10e 2df 4ef 951 11af
12481323 45 89 10e 2df 4ef 85 11bf
1248132345 89 10 2df 4ef 97f 11cf
12481323 45 89 105 2df 53f 05 11af
12481323 45 89 10e 24df 537 957 tief
12481323 45 89 10e 2df 53f 96F 11af
1248132345 89 10s 24df 53f 86f 11cf
12481323 45 89 10e 2df 55 96f 11af
124813 23 45 89 10e 2df 55f 96f 11bf
12481323 45 89 10e 2df 56f Obf 11cf
12481323 45 80 10e 2 511 961 11af
12481323 45 88 10e 2ff 51f 967 11cf
12438 1323 45 82 10e 2{f 557 98f 110f
124813 23 45 89 10e 2ff 557 96 11cf
12481323 45 89 10e 2ff 55 99f 1 1ef
12481323 45 89 10e 2/f 557 8af 11ct
12481323 45 89 10s 337 557 00f 11ef
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1245132345 89 10e 33f 55 0af 11cf

12481323 45 8% 10e 357 56 00f 11af
12481323 45 88 10e 35f 56 6bf 11cf
12481323 45 8a 10c 20c 55f abf 13ef
12481323 45 8a 10c 20c 551 aef 130f
12481323 45 8a 10c 20c 57f adf 13af
12481323 46 6a 10¢ 20c 571 adf 13ef
1248132345 Ba 10c 20c 5df aef 137
12481323 45 8a 10c 20d 57 a9f 13ef
1248132345 8a 10¢ 20d 57f adf 13af
1248132345 8a 10c 20d 5df a3f 13ef
12481323 45 8a 10c 20d Bdf abf 13bf
12481323 45 8a 10c 20d 5df a7f 13af
12481323 45 8a 10c 20d 5df aaf 1371
1248132345 8a 10c 204 5df abf 1361
1248132345 Ba 10c 20d 5df aef 133f
124813 23 45 8a 10c 20d 5df aff 132f

12481323 45 8a 10c 20d 5if a5f 13af

12481323 45 8a 10c 20d 5 a0f 1367

124813 23 45 8a 10c 20d 5 adf 132f

12481323 45 8a 10c 20d 5 adf 13af

124813 23 45 8a 10c 233 457 9af 11cf
1248132345 8a 10c 233 4df 94d 11af
12481323 45 8a 100 233 4df 95f 11af
12481323 45 8a 10c 233 44 95f 11ef
12481323 45 8a 10c 233 447 96f 11af
12481323 45 8a 10c 233 44f 86F 1icf
1248132348 8a 10c 233 557 90f 11ef
12481323 45 8a 10c 233 55f 9af 11cf
12481323 45 8a 10c 24d 57f adf 13ef
12481323 45 8a 10c 244 5df a7t 13ef
12481323 45 8a 10c 244d 5df aef 1371
12481323 45 8a 10c 244 5df aff 1361
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1248132345 8a 10c 244 5 adf 136f
124813 23 45 Ba 10c 257 487 Obf 11cf
1248132345 8a 10c 257 4bb 067 11cf
1248132345 8a 10c 257 4bb 801 11ef
1248132345 8z 10c 257 4bb 9af 11cf
1248132345 8a 10c 257 4ef 944 11bf
12481323 45 8a 10c 257 4ef 967 119f
12481323 45 8a 10c 257 4ef 861 11bf
1248132345 8a 10c 257 4ef obf 11cf
12481323 45 8a 10c 257 56f 8bf 11cf
1248132345 82 10c 277 4df 044 11af
12481323 45 8a 10c 277 4di 95f 1 1af
124813 23 45 8a 10c 277 4df 95f 11ef
1248132345 8a 10c 277 4df 967 118e
1248132345 8a 10¢c 277 4df 96f 1191
12481323 45 8a 10c 277 40f 96f 11af
1248132345 8a 10c 277 4df 96f 11cf
1248132345 8a 10c 277 4df 0OF 11ef
1248132345 8a 10c 277 4df 9af 11cf
1248132345 8a 10c 277 55f 981 11ef
1248132345 8a 10c 277 55f Gaf 11cf
12481323 45 8g 10c 277 56f 9af 11cf
12481323 45 8a 10c 2df 4ef 94d 11bf
12481323 45 8a 10c 2df 4ef 85F 11af
1248132345 8a 10c 2df 4ef 95f 11bf
1248 13 23 45 8a 10c 2di 4ef 971 11cf
12481323 45 8a 10c 247 55f 96 11af
12481323 45 Ba 10c Zdf 55f 96f 11bf
124813 23 45 8a 10c 2df 55f obf 11ef
1248132345 8a 10c 2df 58f 9bf 11cf
12481323 45 Ba 10c 2if 54d 99 11&f
1248132345 8a 10c 2if 557 98F 119f
12481323 45 8a 10c 2ff 55f 96F 11cf
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12481323 45 8a 10c 2ff 557 00f 11ef

12481323 45 8a 10c 2 55 9af 11cf

1248132345 3a 10c 30d 57¢ bOf 13ef
124813 23 45 8a 10c 30d 5df b3 13ef
12481323 45 8a 10c 30d 5df bef 13bf
1248132345 8a 10c 30d 5df b7t 13af
12481323 45 8a 10c 30d 5 b&f 13af

1248 13 23 45 8a 10c 34d 57§ bdf 13ef
124813 23 45 8a 10c 34d 5df b7f 13ef
1248132345 8a 10c 35F 56 9bf 11¢f

1248132345 8a 10d 20e 5bf adf 1367
1248132345 83 10d 20e 5df zef 133f
1248132345 8a 10d 20e 5df aff 132f

12481323 45 8a 10d 28e 5df aff 13af

12481323 4d 8e 117 21b 4ef b5 13bf
1248132344 Be 117 23b 4ef b7{ 13bf
1248132546 87 100 202 497 b7f 13ef
12481325 46 87 108 20a 4b7 b7 13cf
1248132546 87 108 20a 57f adf 13ef
1248132548 87 100 20a 571 aaf 13df
1248132546 87 109 20a 57 abf 13cf
1248132546 87 109 202 57f acf 13bf
1248132548 87 109 20a 571 adf 13af
1248132548 87 108 20a 57f aef 1361
124813 2546 87 100 20a 59 asf 1371
1248132546 87 100 20a 50f b7f 13ef
1248132546 87 100 20a 5af adf 137f
1248132546 87 108 20a 5bf b7f 13cf
124813 25 48 87 108 20a 5cf abf 1371
1248132546 87 108 20a 5df b7f 13af
1248132546 80 10a 20c 477 bSf 13ef
1248132546 88 10a 20c 40f b3f 13ef
12481325 46 88 10a 20c 4df bBf 1307
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1248132546 88 103 20c 4df b71 130f
12481325 46 88 10a 20c 41 b3f 13df
12481325 46 89 102 20c 41 b5l 13af
1248132546 88 10a 20c 41 b5F 1301
1248132546 89 10a 20c 41 bbf 13cf
1248132546 89 10a 20c Bef adf 133f
1248132546 89 102 20c Sef adf 137¢
1248132546 89 10a 20c Sef aif 13df
1248132546 89 10a 20d 41f bif 138f
12481325 46 89 10a 20d 4 b2f 13df
124813254689 10a 20d 41 b3f 13cf
12481325 46 89 10a 20d 4ff b4f 13bf
1248132546 89 10a 20d 4ff b5f 13af
124813 25 46 89 10a 20d 417 bBF 138F
12481325 46 85 10a 20d bef a3f 13df
12481325 46 89 10a 20d 5Sef asf 13bf
1248132546 89 10a 20d Sef a7f 136f
124813 25 46 89 10a 20d 5ef abf 135f
12481325 46 80 102 20d Sef adf 133f
1248132546 89 10a 20d 57 atf 13ef
124813 25 46 89 10a 20d 5 a3f 13cf
1248132546 89 10a 20d 5f abf 13af
124813 2546 80 10a 20d 5% a5f 13ef
1248132546 80 10a 20d 5 aad 135f
1248132546 89 10a 20d 5ff abf 134f
12481325 46 89 10a 20d 5ff abf 1351
12481325 46 89 10a 20d 5 acf 1331
1248132546 80 108 20d 5 adf 133f
1248132548 89 10a 20d 5 adf 136f
1248132548 89 10a 20d 5 asf 135f
1248132546 89 10a 20f 5ff aif 13ef

1248 1325 46 89 10a 20f 5if a3f 13¢f

124813 25 46 89 10a 207 5 aaf 135f

123



1248132545 89 102 20f BIf acf 133F

1248132548 88 108 217 4f b3f 1301
1248132546 8C 10a 217 4F b5 13bf
1248132545 89 105 217 5 abf 135(
1248132546 89 10a 217 5 adf 133f
1248 13 25 46 88 10a 217 5 abf 135¢

1248132546 88 102 211 5 adf 1331

1248132546 89 10a 227 41 b3f 13ef
12481325 46 89 10a 227 47 bef 13bf
1248 132546 89 10a 227 57f abf 13ef
1248132546 89 10a 227 57f aef 13bf
1248132546 8% 10a 227 5ff a37 13ef
12481325 46 89 10a 227 5 abf 136f
1248132546 89 10a 227 5§ abf 13ef
12481325 46 88 102227 5if aef 133f
124813 25 46 89 10a 227 5ff b3f 13ef
1248132546 89 10a 22d 45 b3f 13ef
1248 1325 48 88 10a 22d 4ff bBf 13bf

12481325 46 88 10a 22d 5bf a7f 13ef
12481325 46 89 10a 22d 5bf aef 137f
1248 13 25 45 80 10a 22¢ 5bf aff 136f
124813 25 46 89 10a 22d Bef a7f 13bf
1248132546 89 10a 22d 5ef abf 137f
124813 2546 8% 10a 22d 5ef aff 133
1248 1325 46 89 10a 22d 5ff a3f 13ef
12481325 46 89 10a 22d 51 abf 136f
1248132546 85 10a 224 5if aef 1337
1248132546 80 102 22d 5 b3f 13¢f

12481325 48 89 10a 221 5 a3f 13ef

124813 25 46 88 10a 22f 5T abf 136f

1248132548 89 102 227 5 aef 133F

12481325406 80 10a 237 4df 057 11ef
1248132546 89 10a 237 447 90b 1ief
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12481325 46 85 10a 237 4ef 04e 119D
1248132546 80 10a 237 4ef 88f 1190
1248132546 89 10a 237 4ef 96 11df
1248132548 89 102 237 4ef 98b 11cf
1248132546 89 10a 237 55f 800 11ef
1248132546 89 10a 237 56f 90b 11cf
1248132546 89 102 267 4bf 98b 11cf
1248132546 89 10a 267 4df 80b 11af
1248132546 89 10a 277 4ad 93f 11cf
1248132546 89 10a 277 4ad 93f 11df
1248132546 89 10a 277 4ad 94e 1190
124813 2546 88 102277 4ad 95f 11%b
1248132546 89 108277 4ad 95f 11cf
1248132546 89 10a 277 4ad 86f 119
124813 2546 88 10a 277 4ad 987 11df
1248132546 89 10a 277 4bf 937 11df
1248132546 89 102277 4bf 931 11ef
1248132546 88 10a 277 4bf 95f 118b
124813 25 46 89 10a 277 4bf 95f 11ef
1248132546 80 10a 277 4bf 96f 116b
1248132546 89 10a 277 4bf o6f 11af
1248132546 88 10a 277 4bf 98f 11cf
12481325486 89 102 277 4bf 98f 11df
1248132546 89 102 277 4bf 99b 11ef
1248132546 89 10a 277 4bf Gaf 11¢f
12481325 48 89 10a 277 4bf 9af 11df
1248132546 89 10a 277 4bf odf 11ef
124813254689 108277 4df G3f 118b
1248132546 89 10a 277 4df 93f 11ef
1248132546 89 10a 277 4df 96F 1190
1248132546 88 10a 277 4df 96f 11af
1248132546 80 10a 277 4df 86F 11bf
1248132546 89 10a 277 4df 88f 11cf
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124813254889 10a 277 44f 800 1ef
124813254688 102277 4df gaf 11of
1248132546 88 103 277 4df 9bf 11cf
1248132546 88 102277 4df 8bf 11ef
124813254689 10a 277 4ef 96f 116b
124813254680 10a277 4ef 86 11bf
1248132546 80 108277 4ef 880 11af
124813254688 108277 4ef 98b 11cf
1248132546 89 10a 277 4ef 9af 11df
1248132548 89 10a 277 4ef Obf 11cf
1248132546 86 10a 2ad 41 bbf 13ef
124813 25 46 89 10a 2ad 5ef aff 13bf
124813 25 46 89 10a 2ad 5 abf 13ef
124813 25 46 89 10a 2af 5 abf 13ef
124813 25 46 89 10a 2bf 4df 937 11ef
12481325 46 89 10a 2bf 4df 957 11ef
1248132548 89 10a 20f 4df 971 11ef
124813 25 46 89 10a 2bf 4ef 96 11df
12481325 46 8¢ 10a 2bf 4ef 077 11df
124813 25 46 89 10a 2bf 57§ 8df 11ef
12481325 46 85 10a 2¢f 5if adf 13ef
12481325456 86 10a 2df 4¢f 967 11bf
1248132546 89 10a 2df 4ef 971 11bf
1248132546 80 10a 2df 577 9bf 11ef
1248132546 89 10a 2ef 57f 9af 11df
1248132546 88 10a 2ef 571 9bf 11cf
1248132546 88 10b 20e 571 abf 13cf
1248132546 88 10b 20e 571 adf 13af
124813 25 46 89 10b 20e &df abf 138f
124813 25 46 8¢ 10b 20e 5df aff 132f
1248 1325 46 89 10b 20e Sef abf 135f
1248132548 89 10b 20e 5Sef adf 133f
124813 25 46 80 10b 20e¢ Sef aff 1341
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1248 132546 80 10b 20e 5% abf 134¢
12 4813 25 46 89 10b 20e 56 adf 132
12 48 13 25 46 89 10b 24e 50f aff 136f
12 48 13 25 46 80 10b 24e 5ef aff 135
12 48 1325 46 89 10e 21b 56f aff 1367
12 48 1325 46 89 10e 21b 50 & 133f
12 48 13 25 46 89 10e 237 4df 957 14af
12 4813 25 46 89 10e 237 4df 99F 11ef
12 48 13 25 46 89 108 237 4df 0af 11¢f
12 4813 25 45 88 10e 257 49 93f 11ef
12 4813 25 46 88 10e 257 45f 93f 11ef
124813 25 46 89 10e 257 4bf S4e 11af
124813 25 46 89 10e 257 4bf 99f 11ef
124813 25 45 89 108 257 4bf 9af 19cf
1248 13 25 46 89 10e 257 def 9de 110f
124813 25 46 89 108 257 4ef 96f 11bf
12 48 13 25 46 89 10e 257 4ef 99f 11af
124813 25 46 89 10e 257 4ef 8bf 11cf
1248 13 25 46 89 10e 257 53f 99f 11ef
1248 13 25 46 89 10s 257 53f 9af H1cf
124813 2546 89 108 257 567 85f 11af
124813 25 46 89 10e 277 49 91f 11ef
12 48 13 25 45 89 108 277 48b 92f 11¢f
124513 25 46 89 108 277 49b 937 11ef
1248 13 25 48 89 10e 277 49b 94e 11af
12481325 46 89 10e 277 49b 95f 11af
124813 25 46 89 108 277 49b 96f 118f
12 48 13 25 46 89 10e 277 490 967 11af
12 48 13 25 46 89 108 277 45b 9af 11cf
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124813 25 4a Bd 137 24e 40f aBf 12¢f
12481325 4a 8d 137 24e 4ef a5 12¢f
12481325 43 8d 137 24e def 857 12df



12481325 4z 8d 14b 248 4bf bB{ 13df
124813 25 4a 8d 14b 24 4bi b71 13cf
12481325 4a 80 140 246 4 b7T 130
12481325 42 6d 14b 24e Sef adf 1377
1248 1325 4a 8d 14e 25b 4bf b7f 13df
12481325 4a 8d 14e 271 457 95f 11ef
12481325 4a 8d 14e 27( 4ad 95f 11cf
124813 25 42 8d 14e 271 4ad 96f 11df
12481325 4a 8d 14e 271 4bf 95F 11cf
124813 25 4a 8d 146 277 4bf 987 11df
12481325 42 8d 14e 271 407 051 11ef
12481325 4z 8d 14e 27 401 961 11cf
12481325 4a 8d 14e 271 4ef 951 11cf
124819325 4a 8d 14e 271 4ef 96f 11df
12481325 42 8d 14e 297 4ef 977 11cf
124813 25 4a 8d 14e 2ad 4df 957 116f
12481325 4a 8d 14e 2ad 4df 977 11cf
12481325 4a 8d 14e 2bf 4df 86F 11cf

12481325 4a 84 14e 2bf 4dF 871 11cf
1248 13 25 4a 8d 14e 2df 4ef 85f 11161
12481325 4a 8d 14e 2df 4ef O7F 11cf

124813 25 4a 8d 14e 2f7 55f 66f 11cf

1248 1325 4a ad 14e 271 4bF 957 11ef
12481325 4b 8d 10e 25b 4cf 93f 11af
12481325 4b 84 108 25b 4cf 967 11bf
124813 25 4b 8d 10e 25b 4ef 92f 1191
124813 25 4b 8d 10e 25b 4ef 9Gf 118f
12481325 4b 6d 10e 25b def 931 110f
12481325 4b 8d 10e 25b 4ef 96f 119f
12481325 4b 8d 10e 26f 4cf 95F 11bf

12481325 4b 8¢ 10e 267 4df 927 1187

12481325 4b 8d 10e 267 4df 937 116f

124813 25 4b 8d 10e 26 447 937 119f
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12481325 4b 8d 10e 26 40 931 11af
12481326 4b 8d 10e 26f 44 947 11bf
124813 25 4b 8d 10e 27f 4¢f 631 1187
12481325 4b 8d 10e 271 4cf 637 1181
12481325 4b 8d 10e 271 407 931 11ef
12481325 4b 8d 10e 271 4¢f 04f 11bf
12481325 4b 8d 10e 271 4¢f 867 119f
12481325 4b 8d 10e 271 4cf 961 11bf
12481325 4b 8d 100 27f 4ef 911 118f
12481325 4b 8d 10e 277 4ef 02f 119F
12481326 4b 8d 10e 271 46f 93F 118
124813 25 4b 8d 10e 27f 4ef 037 119
124813 254b 8d 10s 27f 4ef 047 119f
12481325 4b 8d 10e 27f 4ef 961 118f
12481325 4b 8d 10e 2¢f 53f 95f 11af
12481325 4b 8d 10e 2cf 53f 967 119f
124813 254b 8d 10e 24df 511 861 11af
12481325 4b 8d 10e 2df 53f 947 11af
1248 13 25 4b 8d 10e 2df 537 967 118f
12481325 4b 8d 10e 24 53 86f 119f
124813 25 4b 8d 10e 24f 53f 967 11af
124813 25 4b 8d 10e 2ff 51f 96F 118f

124813 25 4b 8d 10e 21f 537 94f 1181

124813 25 4b 8d 10e 2ff 537 04f 116f

12481325 4b 8d 10e 2ff 53f 86 1197

12481325 4b 8e 129 25b 4ef 93F 11af
1248 13 25 4b 8e 12d 25b 4ef 96f 11bf
12481325 4b 8e 12d 26F 4df 837 11af
124813 25 4b 8e 12d 271 4¢f 93f 11af
12481325 4b 8e 12d 271 4¢f 96f 11bf
124813 25 4b Be 12d 271 4ef 93f 11af
12481325 4b 8e 12d 277 4ef 067 11bf
12481325 4b Be 12d 29f 4ef 871 11af
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124813 254b 8e 12d 2bf 4cf 937 116
12481325 4b 8e 12d 2bf 4¢f 971 118f
124813 25 4b Se 12d 2bf 447 93f 1161
12481325 4b 8e 12d 201 4df 961 11af
12481325 4b 8e 12d 20f 4ef 63f 11861
12481325 4b 8e 12d 2bf 4ef 971 11af
12481325 4b Be 12d 2 53f 86f 11af
12481325 42 8b 12d 237 4df b7 13bf
12481325 4e 8b 12d 271 4df 96 11bf
124813 25 4e Ob 12d 2bf 4df 831 116f
12481327 4b 8d 10e 291 4ef 027 115f
12481327 4b 8d 10e 2af 4¢f 93F 115f
12481327 4b 8d 10e 2af 4¢f 071 1197
12481327 4b 8d 10e 2af 4df O3F 114f
12481327 4b 8d 10e 2af 497 967 119/
124813 2¢ 57 8b 12d 22e 4df b7f 13bf
124813 2c 57 9b 12d 22e 4% b7f 13bf
124813 2d 4e 97 11b 2ff 53f 85f 116f
124D 1323 45 86 15f 2af 407 cd7 1467
124b 132546 8b 12f 237 56f aff 13bf
124b 1325 48 b 12f 237 5 off 13bf
12401325 46 9b 167 267 56{ a77 1367
124 b 1325 46 b 16f 277 5 off 137F
124513 2548 bf 167 267 881 a77 1367
124b 1325 48 bf 161 277 58 aff 1371
1240132548 of 177 271 5 aff 1377
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APPENDIX B
This appendix lists Upward drawing for ordered sets { FPP) up to size 12

Size 12:

PS P6
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