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ABSTRACT

Many workers visualize that, when magnetic flux first penetra.tés into type II supercon-
ductors, the flux line lattice exhibits a discontinuity of magnitude comparable to the lower
critical field H.; over a dimension of the order of the penetration depth A along the front
of the invading flux line lattice. This discontinuity is referred to as the dB/dH effect in the
literature. Such a discontinuity is also thought to exist in the magnetic flux configuration
(B profile) at the periphery of the specimen when the applied magnetic field H,, which
caused the flux lines to enter the specimen, is then removed.

We have compared < B >,.m, the amount of magnetic flux trapped in a sample after
it has been subjected to an excursion (half cycle) of H, with < B >4, the amount of
flux permesting the specimen at the peak of a half cycle of H,. Such measurements were
performed on six conventional type II supercondutors in the form of long solid cylinders
and ribbons.

These observations are compared with critical state model predictions which incorpo-
rate discontinuities in the B profile of various magnitude ranging from zero to B, and
beyond. We show that the presence of any such discontinuities will be dramatically evi-
dent in graphs of < B >,/ < B >in versus < B >y,. Plots of the data in this format

indicate quite clearly that discontinuities are not present.
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Chapter 1

Introduction

1-1 General Statement

Type I superconductivity has become an integral part of our knowledge of nature for
three decades already. Nevertheless some major features in the behaviour of these ma-
terials in the range of weak applied magnetic fields Ho<H still remain qualitatively
unexplained.(H, is the critical field for'ﬁrst entry of magnetic flux in the bulk of a spec-
imen). For instance, according to the accepted theoretical picture, the magnetic flux
density in the body of these materials ( hence excepting the small penetration depth
regime) should remain unchanged as H, is varied between +Hx and —H. However
this idealized response is seldom if ever encountered in the real samples when the previ-
ous field-temperature (H,-T) history has introduced magnetic flux in the superconducting
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specimen. Indeed, in these circumstances, the ’work horse’ of large scale applications
of superconductivity, NbTi, exhibits a rapid decrease of the magnetic flux threading the
specimens as H, approaches zero.

Also there is no universally accepted picture of the configuration of the magnetic flux
density in type II superconductors in the range of weak applied magnetic felds. In partic-
ular, several researchers visualize that the magnetic flux density decreases abruptly from
B{x)~B,; to zero over a distance of the order of the penetration depth A far inside the
body of the specimen when an increase in H, beyond H. has caused magnetic flux to
penetrate into the volume of the sample.[12, 13, 15, 16, 20, 25, 28, 32] This 'discontinuity’
in the magnetic flux density profile is known as the dB/dH effect.[5, 6, 7, 9, 29] Many
workers, however, do not consider the existence of such a sudden change or 'discontinuity’
in the configuration of magnetic flux density in the analysis of their data on critical cur-
rents, hysteresis losses and magnetic response of type II superconductors. In this thesis

we address this as yet unresolved matter,

1-2 Background

The capacity of type II superconductors to support lossless currents in the presence of
strong magnetic fields is not only a fundamental property of these materials but, un-

doubtedly, the feature which makes these materials interesting and important for various



practical applications. It is therefore not surprising that a considerable effort has been
dedicated in numerous laboratories to the determination of the maximum lossless or criti-
cal current I, which a specimen can sustain as a function of applied magnetic field A, and
temperature T. Since I, versus H, at a fixed T is very sensitive to the mode of preparation
and subsequent treatment of a material of specified chemical composition , the situation is
somewhat comﬁlicated. For engineerir-.mg purposes,however, it may be sufficient to simply
catalogue curves of I vs H, for various chosen T for different materials and for the several
useful fabrication procedures. It is essential for progress and understanding that the basic
factors which affect J. be well identified and elucidated.

Since the critical current I, depends on the size and geometry of a specimen, it is
more convenient in characterizing a material to focus on the critical current density ..
Because I, generally varies with H,, it is expected that j; will depend on the magnetic
flux density B. Further, j. will generally not be uniform in a specimen even though the
material is homogeneous, isotropic and uniform in its properties. The reason for thisis
that by Maxwell’s equation, V x B = 07 , the current flowing in the sample will cause B
to vary spatially in magnitude as well as in orientation.

Two different approaches have been exploited to determine I. hence j. . They are

denoted as the 'four probe’ technique and the 'magnetic’ method. We now outline both

of these schemes.



The *four probe’ technique is conceptually simple although not always straightforward
in implementation. Current leads are attached to the ends of the specimen and connected
to a current source. Voltage leads are secured to the specimen at two positions located
between the current connections and some distance from the latter. It is important that
the cross section S of the specimen between the voltage leads be uniform and accuratedly
known. The onset of a voltage detected by a sensitive voltmeter between these leads as I is
impressed determines I.. Thus the spatial average, < j. >= I./S is readily obtained vs H,
and T. Since the sensitivity of voltmeters is limited, the accuracy of these measurements
diminishes as the length of the specimen is diminished and the cross section is enlarged.
The main problem with this technique arises from the fact that a contact resistance R,
inevitably exists between the current leads and the superconducting specimen. Joule
(i.e.J?R.) beating at the two interfaces causes the temperature of the superconducting
material in their vicinity to rise, thereby severely disturbing the superconducting state
and its lossless current carrying capacity. Much eﬁ'orf: and skill have been devoted to
miﬁimizing R and to diminishing its effects. The magnitudes of the critical currents and
current densities coming into play in the most technologically promising materials are so
large however, particularly in the range of low and weak fields, that the best contacts
continue to present a major obstacle in these circumstances.

Partly fo circumvent the contact *boitleneck’ and also to obtain complementary data,

#
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a variety of 'magnetic’ schemes have been devised and explored. The essential features of
these various methods are also relatively straightforward.

By Faraday's law of induction, a change A®, of the magnetic flux threading a specimen
generates an emf ¢, hence an electric field E related to € by the definition e = § E.dl. The
electric field E(t) accelerates the superelectrons (Cooper pairs of density n* and charge e*)
giving rise o a current density,

Jj=n'e"v (1.1)

which grows until a critical value j, is attained where dissipation of kinetic energy begins
to take place by various processes. Hence an effective resistivity appears in the supercon-
ducting state until j decays infinitesimally below the critical value. After the increment
(or decrement) A H, of the applied field has taken place, a steady state ensues where
a pattern of circulating induced current density is established at the threshold (critical)
value over part or all of the volume of the specimen.

We recall that an element of current,
AI=7F A5 | (1.2)

flowing around the periphery of an area A constitutes an clementary magnetic moment or
magnetic dipole,

Ap=(ADA=(5-A5)A (1.3)



Thus, the persistent circulating currents induced by the change of H, cause the specimen

to develop a magnetic moment
,,=fdy=f(3’-d§).4 (1.4)

which can be measured by a variety of schemes and instruments (eg. vibrating sample

magnetometer, SQUID magnetometer). The magnetic moment u or the magnetization,

<M>=

<=

(1.5)

where V is the volume of the specimen, yield information on j. vs H,.

In our work, we have exploited the magnetic method because it is considerably more
convenient for the low field range applicable in our thesis. Further, this approach bgsides
providing data on j. vs B, also yields information on the configuration of the magnetic

flux density which cannot be obtained from 'four probe’ measurements.



Chapter 2

Framework of Our Investigation

2-1 Main Purpose of the Investigation

There is at present no universally accepted picture of the configuration of magnetic flux in
nonideal (irreversible) type II superconductors in the low field range. The chief objective
of the work reported in this thesis is to shed some light on this confused situation and try
to identify the correct answer. First we outline the well established elements of the picture
and then indicate the controversial features.

When a magnetic field H, is impressed upon a virgin (zero field cooled) type II su-
perconducting specimen of negligible demaguetization factor, screening persistent currents
are induced to flow around the periphery of the sample in a surface region denoted as the
penetration depth A. Typically, A~10%A when 7/7.<0.8. If the specimen possesses no

7



surface barrier, entry of flux lines into the bulk of the sample will commence when H, ex-
ceeds H,. In the event that the sample has a surface barrier, entry of flux lines will begin
to take place when H, exceeds (H.y +AH,n), where AH.n, denotes the height of the barrier
against flux entry [8, 18]. By Maxwell’s equation, V X H= }.Lo;, or equivalently, Ampere’s
law, § H .dl = I, a surface current per unit length, Iy=H. is associated with H; and a
surface current per unit length, I = AH,, is associated with AH,,. When the dimensions
of the specimen are large compared with A and with the thickness of the surface b.a-,rrier
Xs, the magpetic flux threading A and A, can be neglected. In this thesis,we consider such
large samples, hence, only the magnetic flux threading the bulk of the specimen will be
taken into account.

We let B(z) denote the flux line density in the bulk (bod-y or volume) of the specimen.
B(z) is a quasi-microscopic average over the cross section of a few flux lines. It is generally
accepted that the B profile (i.e. the configuration of the flux line lattice) which has
penetrated into the specimen exists in a critical state when the driving Lorentz force Fy,
acting on the' flux lines is in equilibrium with the opposing pinning force F, due to physical
imperfections and chemical impurities etc. This concept is often called the Bean model
in the recent literature although it was developed by Bean, London, Kim and Anderson
2, 3, 4, 14, 19]). We will use the expression, critical state model (abbreviated to CSM) for

historical accuracy and also because we will use the name Bean in another context in this



thesis.

Combining the critical state model (CSM) with Maxwell’s equation leads to the state-
ment,

V x B = poj, (2.1)
where j. depends on B,T and parameters characterizing the specimen and material. The
foregoing is generally accepted and established.

The controversial point which we want to address in this thesis concerns the 'structure’
at the front of the advancing flux line lattice inside the specimen. To fix ideas and for
simplicity, we consider an infinite slab of thickness 2X with surfaces situated at z = X
and with ﬁa, hence B (z), directed along the z axis. For brevity, coordinate subscripts will
be omitted. The current density j., hence the current, flows along the + or — y axis. B
and j. will generally vary with z but not with y and z since we are stipulating idealized
infinite slab (planar) geometry.

Many workers visualize that the flux line density, B(z), hence the B profile diminishes
monotonically from its value B,(+X) just inside the surfaces of the specimen to zero at
the front of the B profile, until B, = B., where B. denotes the full penetration field. We
refer the reader to Fig.2.1 for aid in visualizing the prevailing picture. Since j. can be very

large when B is small, and equation (2.1} for planar geometry reads,

2 — tpi(a) (2.2



it is evident that the slope of the B profile will be quite steep at the front of the B profile.

Several workers [12, 13, 15, 16, 20, 25, 28, 32|, however, have proposed that & ’dis-
continuity’ on a quasi-microsocopic scale should appear at the front of the advancing B
profile. This feature is sometimes referred to as the 'dB/dH’ effect [5, 6, 7, 9, 29]. In other
words, across this quasi-microscopic region, uoH(x) should vary from zero at one edge to
poH1 = B. over a distance of the order of the penetration depth A. We note that if B, ~
10 mT, this corresponds to a current density < j. >= 10*A/m? at the front of the B
profile ( since By = 100 mT for Nb, here < j. >~ 10'2A/m? ). Since pinning may cause
some disorder and irregularity in the flux line lattice and for various other reasons, some
proponents of a ’discontinuity’ at the front of the B profile, have stipulated or proposed or
conjectured that the 'discontinuity’ could range anywhere from a fraction f of B, to the
full value of B, {16], but be constant for a given specimen at a fixed T. The corresponding
configuration of the B profile is displayed in Fig.2.1(d). The figures are grouped at the
end of the chapter for convenience of consultation as a sequence since they complement
each other.

As the externally applied magnetic field is increased , the flux fronts advance from
the left and right surfaces and eventually meet at the midplane as depicted in Figs.2.1(b)
and (e). We let B, denote the magnetic flux density just inside the surface(s) when this

collision or junction occurs. In the model where no discontinuity is envisaged, equation
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(2.2) leads to,
x -
B=B.=po [ jlc)dz (2.3)

whereas if a discontinuity is stipulated,
I X :
B,=B!=fBa+io fa Je(z)dz (2.4)

where the prime and double prime are used to distinguish between the two situations.

The B p;oﬁles evolve as shown in Figs.2.1(c) and (f} as H, is increased beyond the
full penetration value H;. The B profiles in the two cases are qualitatively identical when
H,>H_.*. In the no discontinuity model,however, there is a range of H, from 0 to H," where
B at the midplane (B(z =0)), grows gradually from 0 to fB.; whereas in the discontinuity
model, B(z =0) ’jumps’ abruptly from 0 to fB,, when the fronts meet.

Our purpose in this investigation is to determine which of these two models corresponds
to reality.

Evidently, if a microprobe measuring flux line density could be inserted in the speci-
men, the matter would be unambiguously resolved. Unfortunately, Hall effect or magne-
toresistance probes, minute enough to accomplish this, do not exist. Further the probe
has to be inserted in a cavity drilled in the specimen. The cavity is a normal region
which seriously perturbs the configuration of the magnetic flux in its vicinity. Hence,
the probe observes a severely disturbed profile. Nevertheless,measurements of the 'coarse’
distribution of the magnetic flux density have been performed[29]. Alternative schemes

11



have to be devised to elucidate this question. We follow the lead of many workers
[10, 11, 13, 17, 21, 22, 23, 24, 26, 27, 28, 33] and exploit measurements of the resid-
ual magnetic flux trapped in the specimen, also called the remanent flux, to provide the
answer. We introduce & novel feature in this approach which is more discriminating or sen-
sitive to the presence or absence of the discontinuity, than the standard method heretofore

utilised.

2-2 Remanent Magnetization

Two straightforward procedures have usually been followed to establish a residual (rema-
nent) magnetic moment in type II superconductors. We refer the reader to Fig.2.2 which
displays these two procedures in the H-T phase. These are called the zero field cooled

(Z.F.C.) and field cooled (F.C.) procedures.

2-2-1 Zero Field Cooled (ZFC) Procedure

In the zero field cooled (ZFC) method, the specimen is cooled from above T, to some
selected temperature Ty < T in no applied magnetic field. Generally the earth’s magnetic
field is considered negligible, hence zero, in these experiments and is not cancelled. Now
with the semple maintained at T}, the specimen is subjected to a slow sweef': of an exter-

nelly applied magnetic field H. up to some chosen value, which we denote Heyaee Hopete

12



is maintained constant for some time, generally several seconds and then H, is gradually
removed.

Evidently, the magnetic moment y, hence the magnetization M = u/V, generated as
H, is impressed and subsequently removed can be monitored throughout this 'half’ cycle
of H,. Thus the actual measurements need not be confined to the determination of the
ensuing residual (remanent) value. We let g,em and < M >.., denote, the remanent
magnetic moment and corresponding megnetization. In our work, u, hence M, is indeed
continuously monitored as H, is impressed and removed. Typical locus of < B >, the
spatial average of the magnetic flux density and of the magnetization < M > are displayed
in Fig.2.3 as H, is applied up to Heyyate=H 4. > Ha + AH,n and then reduced to zero.

Clearly, if Heyete = Hjyu, < Hey + AHey, no magnetic flux enters the specimen (except
in the penetration depths A and A, which are negligible), hence ther, < B >,.n= 0
and < M >,;m= 0. We note for completeness that any magnetic flux occupying the
penetration depth A when H, = Hyq., will be released (thermodynamic reversibility)
when H, is reduced to zerc;. The fate of the magnetic fux which occupied the depth of
the surface barrier A, when H_,q. was present is another matter. Whether any of this flux
remains in the surface barrier space after H, has been removed is a question yet to be

answered.

Fig.2.3 also illustrates the fact that < B >,em, hence < M >,.,, increase monotonically

13



Hcyde = Hi’ydc > Hcl + AHen (25)

is made larger. Burther, Fig.2.3 also depicts the important feature that < B >,.., attains

2 maximum value < B >,ommaz, hence < M >, grows to & maximum or saturation value
< M >r.mmaz when Hf . exceeds a threshold value, denoted as Hepy.. Consequently, it
is expected and observed that < M >,em vs Heyee will traverse or display three regimes

of behaviour, namely,

< M >r¢m= 0, qug < Hcl +AHeﬂ (2-6)
0< <M >em < <M >remman Ho + OHen < Hyae < Hyye  (2.7)
< M Srem=< M >remmaz, Hepre > Hep g, (2.8)

In our setup, the evolution of < B >, hence < M > are continuously monitored as H,
is impressed and removed. In our arrangement this is accomplished using a pickup coil
which embraces the sample and feeds an electronic amplifier-integrator which drives the
Y axis of an XY recorder. The X axis is driven by a voltage across a calibrated shunt
traversed by the current I flowing in the solenoid which generates H,.

We recall the basic relationship between < B > and < M >, namely,

<B>=pH+p<M> (2.9)
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where po = 4m(10~7) Tesla-meter/ampere in S.Lunits. Clearly when H, = 0,< B >=
flo < M >. In our setup, we monitor < M > directly by introducing a balancing (bucking)
coil series opposition connected to the main pickup coil. This balancing pickup coil cancels

out the contribution to the signal caused by the applied magnetic flux

®, = poH. A (2.10)

where A is the cross section of the sample.

In the discussion it is sometimes easier to considef < B > rather tim.n <M> We
will consequently 'switch’ the focus between these two related quantities depending on
convenience.

The evolution of < B > as H, is impressed and removed can readily be analyzed in

terms of the elements already introduced. By definition,

B L B(z)dz
<B>=% _[0 (z) (2.11)
for plaﬁar geometry and
2 R
<B>= fo B(r)rdr (2.12)

for cylindrical geometry where H, hence B(r) are directed along the axis of the infinite

cylinder of radius R.

Again we refer the reader to Fig.2.1. If no discontinuity exists in the B profile,integration
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of the critical state eqn. dB/dz = uqj. leads to
B(z)=po [ jo(z)dz (2.13)
Tp
If e discontinuity is postulated,

B(e) = JBa+ b [_je(a)ds (214)

In the case of cylindrical geometry, the radius r replaces the coordinate z in equations (2.13
and 2.14). The boundary z, of penetration of the B profile goes to zero when B, = B,.

The critical current density j. generally depends on B, hence j.(z) will usually not be
spatially uniform since B varies with depth inside the sample.

A quantitative analysis of the locus of < B > vs H, therefore requires the following
ingredients or inputs:

(i) the magnitude of the discontinuity By,

(ii) the dependence of j. on B and

(iii) the relationship between B,, the magnetic flux density just inside the surface of
the specimen and poH,, the applied magnetic flux density just outside the surface. This
relationship can be written,

By = po(Hg — Ing — It) (2.15)

Here Ips denotes the equilibrium diamagnetic current per unit length when H, exceeds
H., and Ithe current per unit length associated with a surface barrier AH,, opposing
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entry of magnetic flux across the surface. We note that both Ijs and I, are sensitive to the
magnitude of H,. Here Ipy = Myev, which is the well established Abrikosov {1} reversible
magnetization curve.

Clearly then, in view of all these factors and complications, it is very difficult to extract
unambiguous information regarding the presence of a discontinuity from curves of < B >
(or < M >) as H, is impressed and removed.

Plots of < B >yem, hence < M >yer, versus Hyyq. such as displayed in Fig.2.4(a) suffer
from the same ambiguities and problems of interpretation as the rising and descending
data curves just mentioned. Although now only (i) and (ii) listed above come into play in
governing < M >;¢m; the latter quantity is plotted in terms of the experimental variable
Hyo.. We note however, that the excursion of the B profile is not 'directly’ related to
Heyete but is effectively dictated by B just inside the surface, i.e. B,. The reader is again
referred to Fig.1 for assistance in following this feature., B, is linked to H, = Hyu. via
equation (2.15), which contains two quantities, Iy and I;. Both of these quantities are
functions of H, and must be determined or estimated in order that B, be completely
specified for a given H,.

In order to circumvent this problem we have proposed an alternative approach which

we now describe.
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2-2-2 Our Method: < M >, VS < B >in

We avoid introducing Hyyee, hence I (H,) and AH..(H,) in the analysis by focusing on
< B >y, the magnetic flux density permeating the specimen when H, = Hy.,. We stress
that < B >, mathematically defined by equations 2.11 and 2.12, is a readily measured
quantity (see Fig.2.1) and note that each < B >rem= tio < M >yem is directly linked to a
corresponding < B >y, as illustrated in Fig.2.3(a).

For each B(z) profile, hence each < B >;, established when H, = Hqq., there is a
corresponding B(z) profile after H, has been removed. In Fig.2.5 we display these profiles
for the situation where no discontinuity is envisaged in the B profiles and for the case
where a discontinuity fB,, is postulated.

We have developed analytic formulae for both <« M >, and < B >y, for both of
these scenarios for & variety of circumstances which we list here:

(i) Planar (slab) and cylindrical geometry ;

(if) Three 'standard’ dependences of the critical current density on B, namely,

(a) the Bean approximation where,

Je=0p (2'16)
(b) the "Yasukochi’ approximation [30, 31] where,

ay
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(c) the simple Kim approximation where,

Je=5 _ (2.18)
and,
_ (d) the general Kim approximation where,
. . QK

where ap,ay,ax and By are temperature dependent parameters characterizing the pinning
behaviour of the specimen.
These four well known approximations can readily be obtained from the general ex-

pression,

e &
JC (B+Bo)“

(2.20)
(iii) Discontinuities fB, of various magnitudes where f ranges from 0 to 1.0.

The formulae for < B >rem= g < M >rem and < B >y, are developed and preseated
in Appendix A for the general expression (eqn.2.20) for j., hence contain the specific
instances (Bean, Yasukochi, Kim) enumerated above.

The experimental arrangement and procedure is outlined in the next chapter. The

experimental results are presented and discussed in chapter 4 where they are also compared

with predictions of the model with and without a discontinuity in the B profile.

19



2-2-3 Field Cooled (FC) procedure

For completeness, we close this chapter with a description of the field cooled (FC) procedure
for generating & remanent magnetic moment. The reader is referred to Fig.2.2(b) which
displays the path followed in the H-T plane.

When the temperature crosses the H-T, boundary, the magnetic flux permeating
the specimen becomes quantized and adopts a discrete structure of flux vortices or flux
lines. Because of their mutual repulsion, some of the flux lines are expelled until an
equilibrium is reached where the flux line density, B = B,,,is in equilibrium with the
magnetic 'pressure’ associated with H, == Heq. The difference between piHoo; and B,
corresponds to the famous Abrikosov [1] curve for the reversible diamagnetism,M,.,, of

type II superconductors, where,
.UOMreu = Dy — IJOHa (2.21)

We stress that by Ampere’s eqn., this corresponds to a diamagnetic (screening or flux

expellin'g) surface current, denoted Iy, where,
poln = Beg — poHa (2.22)

When H, = H! ; < Hy, and there is no pinning or surface barrier, the flux lines completely
expel each other out of the specimen as the H,-T, boundary is traversed. Thus here
By =0, and Iy = H,. We refer the reader to Fig.2.6(c) and (d) which displays various
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profiles generated by field cooling in Hee = Hiow < Hey and Fig.2.6(a) and (b) for the
case where, Hyy < Hyot = HY ; < Hg.

In reversible, i.e. pinning free materials, the magnetic flux density is uniform on the
quasi-macroscopic scale embracing the cross section of several vortices. Hence, B(z) = B,.
The self expulsion of flux lines by their mutual repulsion, however, may be opposed by
pinning. Consequently, the B profiles resulting from field cooling are not uniform but
develop configurations such as sketched in Fig.2.6. The final configurations are traced on
the left hand figures when the pinning is weak and on the right hand side when the pinning
is strong. We also stress that , when H is still present, the B(z) profiles will, generally,
be in a critical state only in the vicinity of the surface and only when Hupoi = HiL; > Ha
[18].

The B(z) profile remains unchanged when Heoo is removed for the case where o =
Hl, < He (see Fig.2.6(c) and (d) ). B(z) profiles such as indicated by the dashed lines
in Fig.2.6(a) and (b) will ensue when H_yy is removed where initially Hey = HY , > He.
We note that in all of these situations the discontinuity {53, in the B profile plays no role

in the remanent magnetization.
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Figure 2.1: B profiles without discontinuity (on the left) and with discontinuity (on the

right) as the magnetic flux enters a specimen
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Figure 2.2: Schematic of the history traversed by H and T when a remanent magnetic mo-

ment is established using the zero field cooled (Z.F.C.) and field cooled (F.C.) procedures
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Figure 2.3: Evolution, (&) of the magnetic flux density < B > and, (b) of the magnetization
< M > as the magnetic field is applied to various values after zero field cooling and then

removed

24



(a)
<M>remmax
<M>tem
0
0 Hei+ AHen Hv:-.x;clc H?y-’glc
<M>remmax ,"’
<M>1em
0
0 Hei Hé‘f,ol Heool

’
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Figure 2.5: The initial and remanent B profiles as Hyq. hence B, is applied and removed.
The configurations without a discontinuity are sketched on the loft and with a discontinuity

on the right
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Figure 2.6: Solid curves display B profiles after field cooling. Heu > Hey (Ty) for {2) and
(b) whereas Hepot < Her (Ty) for (c) and (d). The pinning is week in (&) and (c) compared
to that envisaged in (b) and (d). The dashed lines represent the remanent B profiles for

the cases where Hoot < H, (lower profiles) and where Hoot > H, (upper profiles)
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Chapter 3

Experimental Arrangement and

Procedure

3-1 Introduction

Measurements have been performed on long cylinders (wires) and ribbons or slabs of several
‘classical’ (low T.) type II superconductors. Because of ’internal’ demagnetization effects,
the determination of < B >;, and < M >,., is very ambiguous for sintered high-T
samples we have obtained to date. These yield data inappropriate for the present study.
We expect to obtain satisfactory samples in the near future and it is intended to extend

this investigation to these materials at that time.



3-2 Magnetic Field H,

The magnetic fields were provided by various long superconducting solenoids wound with
multifilamentary NbTi wire. Typically, the dimensions of the solencids were as follows: 15
cm length, 4.5 em outer diameter and 2.5 em inner diameter. The residual magnetic field
of these solenoids is negligible, especially over the low range of Heyee involved in these
mesasurements.

A standard calibrated shunt of resistance R, is placed in the circuit of the power
supply and superconducting solenoid and hence is traversed by the current I flowing in the
solenoid. The voltage V, = IR, drives the X axis of an XY recorder. The magnetic field

H, at the center of the solenoid is obtained from the law of Biot-Savart,

~__@f><fi
AB = e dv (3.1)

N9

which leads to,

_ NI Ro*+y/Re*+(L/2)?
B bl = 3tho~ R0 " 4 R T WP @

where N is the total number of turns, L is the length of the solenoid in meters and R;,Rp

are the inner and outer radius of the solenoid winding in meters.
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3-3 Sample Arrangement

A noninductive (bifilar) single layer heater coil of 38 B&S manganin wire is wound on
the sample holder. The advantages of the mangsnin is that, (i) it is nonmagnetic and,
(ii) its resistivity is large. In view of the latter, only a small current is required to cause
sufficient joule (J2R) heating to reise the temperature of the sample above T,. The small
heater current and noninductive bifilar winding ensure that the heater coil generates no
flux. This is important since < B >,.m is measured by heating the s#mple from Ty to
above T.. Any flux generated by the heater would then contribute to < B >,.m. We verify
that the heater generates no flux by driving a large current through it with the sample in
the normal state or no sample present.

The sample holder is rigidly positioned. at the center of the solenoid and embraced by a
main pickup coil series opposition connected to a pair of bucking coils placed symmetrically
one above and one below the main coil. These bucking coils do not embrace the sample
but are threaded by the magnetic field H,. The area turn product of the:pair of bucking
coils is carefully adjusted so that the emf they generate when H, is changed, cancels that
of the empty main coil (or with the sample in the normal state). This scheme therefore

monitors < M >, the spatial average of the magnetization of the sample.
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3-4 Measurement of < M > vs H, and < M >,

The emf £ from the pickup coil system is fed to an integrator-amplifier. Consequently
a change of the magnetization A < M > caused by an increment or decrement AH, is

detected since the signal S from the integrator reads,

2 2 d<M>
s..cf“ sdt—cjh AT Zdt=cAN <M > (3.3)

where At = t; — ¢; and c is the amplification factor.

We recall that < B >= woH, + o < M > and that the bucking coil cancels out any
contribution arising from AH,.

The signal S drives the Y axis of an XY recorder., With this arrangement we can
continuously monitor and record the evolution of < M > as H, is cycled from 0 to H,,.
and back to zero.(see figure 2.3(b)). The signal due to any residual imbalance of the
pickup coil system is determined by applying H, with the sample in the normal state. The
detecting system is calibrated on the standard assumption that the persistent currents
induced at the surface of the specimen completely screen its volume from entry of H,
when H, < H,, hence here < B >=0.

After an excursion of H, (ie.Hy.), with H, now zero, the temperature of the sample
is raised to T, by means of the manganin wire heater. The rise in temperature and onset

of the normal state causes the persistent circulating currents sustaining the trapped flux
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to decay rapidly, thereby releasing the latter and causing the remanent magnetic moment
to collapse. The corresponding signal detected by the pickup coil and registered on the Y
axis of the XY recorder, provides a direct and unambiguous measure of < M >p.m. We
stress that this measurement is not affected by any electronic drift or stray signals which
may have occurred during the *half’ cycle of H, from 0 to Hgyq. and back to zero.

In our set-up, it is also straightforward to measure < B >, or the corresponding
< M > 'directly’ by driving the sample normal using the manganin wire heater to raise

its temperature to T; with H, held stationary at Heyde.

3-5 Experimental Procedure

The specimen is first allowed to cool from above T; to the ambient temperature Ty<7T, in
zero applied magnetic field (the earth’s field). In our work Ty = 4.2K, the temperature of
liquid helium at atmospheric pressure (see figure 2.2(a)). H, is then applied, slowly to a
pre-selected value, denoted as Ay’ when below Hey (or Hey + AH.n) and Heyer” when
above Hq (or He +AH,,). We stress that Heyge , hence Hey + A H,,, does not enter in our
analysis of the data. For completeness, however, we note that Hg 4+ AH,, is determined
by the onset of entry of magnetic flux into the sample. In our work, this is identified by, (i)
the appearance of a deviation from a straight line along the initial part of the < M > or

< B > vs H, curve, or (ii) the onset of a remanent magnetic moment after H, is removed.
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After having maintained H, at its maximum value H,,., for a few seconds, the mag-
netic field is reduced to zero gradually. The sample is then heated above T, providing a
'final’ determination of yo < M >,em=< B >;em. In the absence of electronic drift during
the excursion of H,, the locus of < M > vs H, (or < B > vs H,) traces a curve which
is closed. We stress that in our work, it was not necessary that this requirement be met.
Nevertheless, all curves which display significant deviation from closure were rejected.

The imbalance of the pickup coil system is determined by applying H, with the sample
held in the normal state by energizing the manganin wire heater. The curvesof < M > vs
H, (or < B > vs H;) are corrected for this background. This is a straightforward matter,

since in our work this background signal is small and linear with H,.

3-6 Samples

We report on measurements performed on solid cylinders several centimeters long (typically

a4 cm) with the radius indicated in parentheses:

Nb,Zr (0.0125 c¢m)

NbosTaos (0.0625 cm)

PbogsInas (0.0625 cm)

Pbg 45 Bio,ss (0.25 cm)

v (0.0625 cm)

and on a ribbon of pure Nb, 4 cm long, 1 cm wide and 0.025 cm thick.
33



Integrator

~__ | . XY
Z Y Recorder
y X
Q_/
! .
(D:: Bucking
SR
Sample
) Main
Pick up Shunt
coil
_ ;
(_——> Bucking
b > il

" Superconducting
Solenoid,

Figure 3.1: Block diagram of experimental a.rrangemeht



Chapter 4

Results and Discussion

4-1 Introduction

In this chapter we first present the predictions of the CSM (‘critical state model') for the
behaviour of < M >.em versus < B >;, both with and without a discontinuity in the B
profile. Then we compare these predictions with observations on several classical type II

. superconductors of two different geometries.

4-2 Framework of the Analysis

We explore the predicted effect of a discontinuity and its absence in samples of two idealized

geometries: planar (infinite slab) and cylindrical. A variety of analytic functions have been
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exploited in the literature to describe the dependence of the critical current density j, on
the magnetic flux density in different materials. Two simple expressions conveniently
bracket the spectrum of behaviour. These are denoted as the Bean and simple Kim
approximations. The former simply stipulates that j, is independent of B. Hence here the
B profiles are constructed with straight lines of constant slope, since Maxwell’s equation,
V x BB = upJ reads,

— = —— = Fuyj. = LB 4.1)

where ap is a temperature dependent parameter characterizing the specimen. The simple

Kim approximation assumes that 7. is inversely proportional to B hence, the critical state

equation reads,

dB _dB . _ #o‘ax
& T dg T He=*Tp

(4.2)

where a is also & temperature dependent parameter characterizing the specimen. Actu-
ally, Kim and co-workers first introduced a more realistic two-parameter expression of the

form,

.ok
JC_ B+BO (4'3)

where By is another parameter (dependent on temperature) characterizing the specimen.
Evidently, if Bg is large compared with the range of B under scrutiny, hence dominates B,
| eqn.(4.3) becomes equivalent to eqn.(4.1) (the Bean approximation). We will also examine
the effect of varying B, on the behaviour of < B >yem vs < B >y, since the various
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choices of By lead to behaviour spanning the range between the 'extremes’ or 'boundaries’
represented by eqns. (4.1) and (4.2).

It is of interest to note that the spectrum of behaviour lying between the limits set
by the Bean and Kim approximations (eqns. 4.1 and 4.2) can be scanned by writing the

dependence of the critical current density in the form,

L
Je = Bn (44)

where 0 < n < 1.
Historically, Yasukochi et al[30, 31] were the first to demonstrate that the behaviour
of a large variety of the materials over an appreciable range of B could be deseribed by

taking n = 1/2. Consequently, we have also examined this form for 7., namely,

. a
Je = 31};2 (4.5)

and refer to this as the Yasukochi approximation. As expected, this expression generates

behaviour intermediate between the Bean and simple Kim formulae (eqns. 4.1 and 4.2).

4-3 Theoretical Predictions

The development of the critical state expressions for < B >ip and < B > for two

basic geometries and a generalized critical current function which encompasses the Bean,
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Yasukochi and Kim approximations, namely,

. o
Je = (B+Bo)“

(4.6)
is presented in appendix A. The various final formulae for these quantities are also tabu-
lated in that appendix. These equations communicate analytically and quantitatively, the
physical scenario illustrated in Fig.2.5.

It is most useful to compare the melénibude of the discontinuity in the B profile with
the full penetration field B.. The reason is that for a chosen geometry, it is these two
quantities which dictate the magnitude of the remanent magnetic moment and we wish to
identify the role of the former (fB;) relative to that of the latter (B.). Consequently, we
introduce the parameter b, = fB,,/B..

It is also convenient to normalize both < B >, and < B >,., with respect to the
corresponding maximum remanent magnetization < B >yemmaz. This 'scaling’ not only
generates universal curves but also provides a very useful format for displaying the re-
sults. The rcason is that < B >,emmaz is seen to trace a plateau whose height can be
unambiguously and accurately measured in experiments.

Figures 4.1 through 4.4 display < B >,., versus < B >;, (normalized as indicated
above) for the two basic geometries (slab and cylinder) and the ‘extreme’ j. functions
(Bean and Kim). Each figure also illustrates the effect of an increase in the discontinuity
in the B profile from zero to B,, (ie. b = 0 to b, = 1.0). Again all the figures are
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Table 4.1: Theoretical S22inmin_ gt the edge of the plateau

<B>remmaz
S emin Slab Cylinder by = fB./B,
Bean 3 5 0
Bean 2 13/5 0.5
Bean 5/3 2 1.0
Bean 3/2 19/11 1.5
Kim (2v2-1) ~1.828 | (vV2+1) ~2.414 0
Kim ]}7% ~ 1.626 %ﬁ% ~ 1.846 0.5
Kim /322 1,295 | W2 1418 1.0
Kim | g/ B85 ~ 1,072 | S ~ 1230 15

grouped in sequence at the end of the chapter for case and continuity of examination and
comparisons.

A glance at these four figures reveals that the predicted curves are very simple and
display little structure. As expected, from Fig.2.5, the rise to a plateau is monotonic with
the slope diminishing as the edge of the plateau is approached. We let < B >;nmin denote
< B >;, at the onset or threshold of the plateau. Table 4.1 displays the theoretical values
predicted for this quantity for 16 cases.

Although, in most intances, the approach to the plateau is very gradual and shallow,
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Table 4.2: Experimental o< M >,.mm- values (in millitesla)

Nb | NbTa | NbZr | PbBi | Pbln \'%

95.5 | 49.0 | >»400( 56.5( 21.4 || 106.5

it is a straightforward matter to compute the theoretical values for < B >{ynin, Quite
exactly. This exercise merely involves introducing the appropriate theoretical limit in the
analytic formulae. Experimentally, however, because of the asymptotic behaviour of the
curves, the threshold is dﬁcult to identify accurately. Consequently, in view of the large
uncertainty in establishing the position of the edge of the plateau from the experimental
data, this quantity does not serve as a good yardstick for assessing the presence or absence
of a discontinuity in the B profiles.

The growth of < B >, versus < B >, over their low and intermediate ranges
can however be readily and fairly accurately evaluated from the experimental data and
compared with theoretical predictions at the corresponding normalized values. In other
words, comparison of the predicted and observed ratios < B >..m / < B >;, versus
< B >i, (normalized or not) provides a much more definitive test of the presence or

absence of a discontinuity in the B profiles. This arises because the growth of < B >,.,

40



versus < B >, is steep in the low field range (denoted as regime A in appendix A) and
quite sensitive to the introduction of a discontinuity in the B profiles. Consequently, we
next display the theoretical predictions in the more 'discriminating’ format of < B >
| < B >in versus < B >y, [/ < B >remmaz in figures 4.5 through 4.8.The crucial feature
of these four figures of theoretical curves is that the presence of a discontinuity in the
B profiles, no matter how small, radically alters the behaviour. This is readily seen by
comparing the various curves with the lowermost (b, = 0) one in each figure. We notc that
the curves with b, # 0 (ie. with a discontinuity in the B profile} all converge to unity in
the limit where < B >;, is small. This result is not at all mystcrious and is fully expected
since in that limit < B >, and < B >, differ only slightly as can be readily scen from
inspection of Fig.2.5(e).
The parameter By in the 'Kim like’ expressions,

S S
Jc_ (B+Bo)n

(4.7)
is expected to play an important role in the range where B < By when n > 0 [26, 34].
The effect of this parameter is illustrated for slab and cylinder geometries in Figs 4.9 and
4,10, We note that the curves now exhibit a rise in the low range of < B >, when there
is no discontinuity in the B profile. This occurs because the locus of < B >,em migrates
from Bean type of behaviour when < B >;, is small towards the simple Kim regime at

large < B >in. A comparison of the lowermost curve in Fig.4.5 with that in Fig.4.7 (slab
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geometry) and of the lowermost, curve in Fig.4.6 with that in Fig.4.8 (cylinder geometry)
is scen to account for the occurrence of a peak in the lower curves of Figs.4.9 and 4.10.
Of course, if a discontinuity is postulated in the B profiles, the curves will extrapolate to

unity in the limit where < B >;, approches zero, even when the parameter b, # 0.

4-4 Experimental Results and Analysis

Data for six (6) different materials are displayed in figures 4.11 through 4.16 in the format
of < B > versus < B >;, and again, for completeness, in figures 4.17 through 4.22
in the alternative scheme of < B > / < B >, versus < B >;,. For convenience and
'universality’, the various quantities are normalized with respect to < B >, mmaz, the
maximum remanent magnetization.

Firstly, we invite the reader to inspect the data displayed in the format of < B >,
versus < B >;, (Figs 4.11 through 4.16) and compare these data with the families of
theoretical curves for the corresponding geometry displayed in the same format in Figs 4.1
through 4.4. We stress that the object of the exercise is to determine whether a disconti-
nuity (5 > 0) hence the dB/dH effect plays a role in the behaviour of the specimens. In
our view, since the experimental and theoretical curves have essentially no structure and
possess no salient features in this format, no clear message emerges from the comparison.

Thus no firm conclusion can be drawn in this framework.
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Nevertheless in Figs 4.11 through 4.16 we have, for completeness and by way of illus-
tration, displayed a calculated curve for each specimen. In every case, the calculated curve
is based on the stipulation that there is no dB/dH eﬂ'ect;, ie. by = 0. The simple function
selected for j. is indicated in the caption for each figure. For simplicity, we have limited
our choice to either the Bean or the Kim approximations. In the latter case, we have also
introduced a parameter by, selected to improve the fit between theory and experiment. Al-
though the correspondence between the data and the theoretical curves is generally quite
good, we view this agreement with reservations with respect to the existence or absence of
a discontinuity in the B profiles, The reason for our caution is that equalily good correspon-
dence can also be achieved between the data and the theoretical curves by the selection of
appropriate combinations of b, # 0 and by 3 0 except for the Pbln cylindrical specimen.
In the latter case, the choice of a Kim like function for j. and/or the introduction of a
discontinuity causes the fit to deteriorate appreciably.

Next we invite the reader to inspect the data displayed in the format of < B >,.,, / <
B >;, versus < B >;, (Fi-s 4.17 through 4.22) and compare these data with the families
of theoretical curves for the corresponding geometry displayed in the same format in Figs
4.5 through 4.8. 1t is also instructive to note the effect of *transforming’ the dependence of
Jje on B from the simple Kim approximation towards the Bean approximation illustrated

in Figs 4.9 and 4.10 with and without a discontinuity.
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The crucial features which emerge from this survey are that the theoretical curves
presented in the format of < B >,em / < B >in v8 < B >y, (2) exhibit structures and
magnitudes which are sensitive to the dependence of j. on B, and, (b} display a steep rise
to unity in the low range of < B >;, if a discontinuity, hence a dB/dH effect, no matter
how small is postulated to exist. By contrast however, none of the experimental data
curves display any hint of such a rise in the low range < B >,. Indeed, on the contrary,
some of the specimens show a downward trend in this range.

The solid curves traced in each of Figs 4.17 through 4.22 corresponds to that presented
previously in the alternative format and is calculated in each case using the j. dependence
on B and parameter By chosen earlier. The correspondence between the theoretical .c:,u.rves
and the data points is now less satisfactory. This is not surprising since the format ex-
ploited here is appreciably more sensitive to the ingredients introduced in the analysis.
Now in order to achieve good agreement between celculations and experiment, greater
care and effort need to be exercised in the choice of dependence of j. on B. Hence sim-
ple appproximate analytic functions of the form exploited in our work are shown to be
inadequate as expected from the larger variations caused by small changes of parameters
exhibited by the theoretical curves of Figs 4.5 through 4.10.

The central purpose of our investigation was not to extract the best expression for the

dependence of j. on B in the low field range but to establish whether the stipulation of
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a discontinuity is correct, ie. whether the dB/dH effect is 'real’. We conclude from our
measurements and our analysis that our six samples provide no corroboration for such
a concept. We stress that the introduction of a discontinuity in the B profiles does not

improve but exacerbates the agreement between theoretical curves and the experimental

data.

4-5 Conclusion

It is not our purpose in this project to identify formulae for j. and parameters for each
specimen which lead to an optimum fit to the corresponding data. Qur central object is
to determine whether the data carries the signature of a discontinuity in the B profiles.
Figs 4.5 through 4.8 reveal that such a discontinuity, however small, would manifest itself

by arise in < B >,.m in the range of small < B >;, independently of the specific choice

for j.. For all of the specimen we have investigated the trend of the data points in the

range of small < B >;, is opposite to the behaviour anticipated from the presence of a

discontinuity in the B profiles.
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Figure 4.1: < B >rem / < B >remmaz V8 < B >in | < B >remmoz for Bean slab with

by = fB. /B, varying from 1 to 0 fron:; upper to lowermost curve
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Figure 4.2: < B >rom / < B >emmaz ¥8 < B > / < B >remmaz for Bean cylinder with

by = fB. /B, varying from 1 to 0 from upper to lowermost curve
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Figure 4.3: < B >pem / € B >remmaz V8 € B Sin / € B >remmaz for Kim slab with

by = fB.1/B, varying from 1 to 0 from upper to lowermost curve
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Figure 4.4: < B >rem /[ < B >remmazr V8 < B >in [ € B >remmaz for Kim cylinder with

by = fB. /B, varying from ] to 0 from upper to lowermost curve
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Figure 4.5: < B >pem / < B >ip v8 < B >in / € B >remmaz for Bean slab with

by = fB. /B, varying from 1 to 0 from upper to lowermost curve
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. Figure 4.6: < B >pem / < B >ip v8 ¥ B >in / < B >remmaz for Bean cylinder with

by = fB./B. varying from 1 to 0 from upper to lowermost curve
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Figure 4.7: < B >pen [/ < B >in v8 €< B >in /| € B >remmax for Kim slab with

by = fB. /B, varying from 1 to 0 from upper to lowermost curve
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Kim slab
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Figure 4.9: < B >,c; [ < B >in v§ < B >in / < B >remmaz for Kim slab with 8, = 0 and
bo = By/B. varying from 0 to 0.4 from upper to lowermost solid curves. The uppermost
{deshed) curve shows the effect of a discontinuity b (= B8, /B. = 0.1) when by = 0.4 hence

should be compared with the lowermost curve
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Figure 4.10: < B > / < B >i, v8 < B >in [ < B >remmez for Kim cylinder with
b = 0 and by = By/B. varying from 0 to 0.4 from upper to lowermost z3lid curve. The
uppermost (dashed) curve shows the effect of a discontinuity b, (= Bn/B. = 0.1) when

by = 0.4 hence should be compared with the lowermost curve
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Figure 4.11: Nb slab in the format of -‘:—gf-im?; vs 2—,;—?:;—' compared with Kim slab

with by = By/B. = 0.4
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Figure 4.12: NbTa cylinder in the format of 2= vg <82 compared with Kim

cylinder with by = By/B, =0.15
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cylinder with by = Bo/B, = 0.35
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Figure 4.14: PblIn cylinder in the format of 4522 vg 2—,,5)%-:; compared with Bean

cylinder

59



V cylinder

IR TR TR R R TN TPV R NN NN R SN SR e

<B> e m’<B>remmax

<B>i n/<B>

remmay

Figure 4.15: V cylinder in the format of _§Z22mm— vg g compared with Kim

cylinder with by = By/B, = 0.2
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Figure 4.16: NbZr cylinder in the format of < B >, v8 < B >;, compared with Bean

cylinder
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Figure 4.17: Nb slab in the format of $52mm vs 582 compared with Kim slab with

<B>in <B> ram:

bo = Bo/B. = 0.4
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Figure 4.18: NbTa cylinder in the format of 5&%@ vs ﬁ: compared with Kim

cylinder with b = By/B, = 0.15
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Figure 4.19: PbBi cylinder in the format of S22 vg 82w compared with Kim

cylinder with by = By/B. = 0.35
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Appendix A

In this appendix we develop explicit expressions for < B >4, and < B >, for idealized
planar and cylindrical geometry exploiting a prescription for the critical current density 7.

of the frequently used form,

: a
Je= B+ B (A1)

valid when B <« By where n>0, a and By are temperature dependent parameters char-
acterizing the specimen.

We consider,

(2) a slab infinite along the y and z axis of thickness a = 2X with surfaces located at
z ==X and,

(b) an infinite long cylinder of radius R centered on the z axis.

The external magnetic field is directed along the z axis hence for a homogeneous,
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isotropic specimen, the magnetic flux density reads,

-y

B = 3B,(z) = £B.(r) (A.2)

and the induced persistent current density

7 =234,(z) = £8is(r) (A3)
For convenience we will omit the subscripts y,z and ®.
Maxwell's eqn V x B = po 7 for our idealized geometry reads,
dB . o
5 = Hei(2), 7 = ti(r) | (A4)
Introducing the critical state assumption that wherever changes of magnetic flux den-

sity have occurred, the induced current exists in a critical state

(=) = £j.(B(z)), j(r) = £3e(B(r)) (A.5)

where j. is given by eqn. A-1, leads to,

dB 4t _dB

—

dz  (Bo+ By  dr (A)

Integrating from z to X or from r to R in the volume where j # 0 (see Fig.A-1) eqn A-6

reads,

X X
[ (Bo+BYd(Bo+B) = tpoat [ da ATq

./:R(Bo 4+ B)"d(By+- B) = Zma er dr . (A.7.b)
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It is necessury now to identify boundary values and the zones where j flows in the
+ and — directions. Faradey’s law of magnetic induction and previous history in the
superconducting state determine the sign : f j. We let 3, denote the magnetic flux density
just inside the specimen a distance of the order of A from the surface. Thus the expressions
for B(z) and B(r), (i.e. the B profiles) when H, has been applied after zero field cooling
and exceeds H., + AH,, will not depend explicitly on H,, nor on the magnitude of the
Meissner surface curtent Jys and, nor on the magnitude of the surface barrier to flux entry
AHen.

We let B, denote the discontinuities’ in the B profiles. We assume that no ’extra’
surface barrier exists to oppose the exit of magnetic flux after H, has been applied and
removed . However, if a' dB/dH effect is postulated, hence & discontinuity in the B profile
is assumed to exist, then B, = B, under these circumstances '( see right hand side of Fig,
A-1).

To avoid repetition we focus on eqn. A-7(b) m;ting that substituting z for r and X
for R in the formulae describes the B profiles for the infinite slab situated between the
midplane and the surface at z = X. We let B,(r) denote the initial profile when uoH, is
present and Bo(r) the remanent profile in the volume where flux has been released when

H, was removed,
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b)

Regime A

Figure A.1: Regimes A and B
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Integrating eqn A-7(b) leads to,
(Bo + B,)™ = (By + By(r))"*! = B,"H (1 - %) (A.8)
for the B;(r) profiles (positive slope) and
(Bo+ Bi)™*! = (By + By(r))"™ = —B.™' (1 - ) (A.9)

for the B,(r) profiles (negative slope).

Here for convenience we have written,
B."! = (n+ 1)peaR (A.10)

We note that B, corresponds to the first full penetration field when By = 0 and B; = 0.
The position of the front of the advancing B profile is obtained from eqn A-8 since

here,
By(r) = Bi(ry) = B (A.11)
This leads to,
B.M(1- %) = (Bo+ ésf“ ~ (Bo + By)"* (A.12)

which is valid until 7, advances to the center and B, attains the full penetration value B;

where,

B = [(BO + Bl)n-!-l + 'B_n+1]1/(n+1) ~ B, (A13)
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which is obtained by letting r, = 0 in eqn A-12. This is the first full penctration field
when B % 0 and B; # 0.
B, =0 in eqns A-11,12 and 13 in the absence of a discontinuity in the B profiles. Eqn

A-13 dictates the upper limit of regime A which applies over the range
0<B,<B,t (A:14)
The position of the intersection of the By(r) and Ba(r) profiles is obtained by letting
r = r; in eqns A-8 and A-9 and noting that,
By(rs) = Ba(rs) (A.15)

Introducing eqns A-8 and A-9 into A-15 and solving for r; leads to

BO + B,)"+l - (BO + Bl)ﬂ-l-l
2

n+1 LK __(
BM(1-2)= (A.16)

Eqn A—16 is valid until r; advances to the center and B, attains a value B,** where,
B, = [(3p 4+ B +2B,"H)V/n+)) _ B, (A.17)

which is obtained by letting vy = 0 in eqn A-16. Eqn A-17 dictates the upper limit of
regime B. We note that eqns A-8 and A-9 apply throughout regime A and B and when
B, > B,”. |

Comparison of eqns A—lé and A-13 shows that,

1-Ro2a-2) (A18)
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as expected from simple 'geometry’ construction and consideration of Fig.A-1(a). Eqn A-
18 is valid over the range 0 < B, < B!. When full penetration of the advancing B profile
has been achieved, hence r, has reached the center, (rp, = 0), eqn A-18 no longer applies
since now eqn A-12 is not valid over the entire range 0 < B, < B;* (see Fig. A-1(b)).

< B >, the spatial average of the magnetic flux permeating the sample when puoH,

is present, is obtained by introducing eqn A-12 in the form,
Bi(z) = By(r) = [(Bo + B,)"** - B,"*'(1 - %)]I/C"“J - By (A.19)

in the definitions,

L dz A.20
<B>.-,,-7{-LB1(2) (A.20)
and
9 (R
< B>ipp= ozl -[r, By(r)rdr - (A21)

We note that xp = 0, r, = 0 for regime B.
< B >.m, the spatial average of the magnetic flux threading the specimen after H,

has been removed is obtained by introducing eqn A-19 and A-9 in the form,
By(z) = By(r) = [(Bo + By)™** + B,"H(1 — %)]W“) — By (A.22)
in the definitions,

B L BVt~ [ Biz)dz A.23) -
< >""'""Y-_-, 1(z) +fj;‘ 2(x) (A.23)
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and

< B >em= 7 j By(r)rdr + — 7 f Ba(r)rdr - (A.24)

Again we note that z, = 0, 7, = 0 for regime B.

Bearing in mind that the limits of integration are determined by eqns A-12 and A-16
and that regime A corresponds to the range 0 < B, < B," {eqn A-13) and regime B o
the range B! < B, < B!* (ean A-17), the definitions A-12,A-21,A-23 and A-24 Logether

with the expressions for the B, and B; profiles (eqns A-19 and A-22) lead to the ll'ollowing

formulae where, for brevity, we have introduced normalized quantities which we now define,

by = JBa _ By

B
bo = "B% B = (A.25)
by = %’- B! = (n+ DmaR
Slab Geometry
Regime A
iB>i" _ netl bo ﬂv"'l _ n4-1
B, (bou_}-b') [n+ n+2)b] (50 +,)

b n+1

Regime B



< B >in — (ﬂ. + 1){(b0 + b.)n+2

B, n+2
= [(bo + ba)™+ — &} — b (A.27)
Regime A
< B >rem n n 2n-+1 b+b.,n+1
T = bo[(bo+b1) +1 _ (bo+b,) +1]+ EL+2){[( 0 5 )
ntl
+ g’“—ig—')——]?ﬁ — (bo + b1)"*?} (A.28)
.}‘
Regime B
<B >rem 2

n+1, . (bo+b)"  (bo +b)**!
){2[(0 2) +(0 2])

B

B. - (n +2
— (Bo + bs)™+2 = [(bo + bs)™*! — 1)} — by (A.29)

Cylinder Geometry

It is now convenient to define the following quantities:

_ n+1 (a4 y e
' om+3 ™=+ @n+3) . (4.30)
N3 =n;+ng Ng =1y -— Ny o ' (A.31)
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Regime A

< BB‘>in = bof(bo + by)™H — (b + b.)"+l][2 + (bo + b )™ — (bo -+ b‘)n+l]
+ 2[na = na(bo + b)"}(bo + )" = 2[na + n(bo + b))
~ ng(bo + b,)" ] (bo + b))+ (A.32)
Regime B
= BB>in = 2[ng — na(bo + ba)"*)(bo + b,)* + 2n[(bo + by)™ — 1] — by (A.33)
Regime A
= BBTrm = [24 (bo + b1)™ ! — (B0 + ba)"F]{(bo + b1)"* (b0 - 2n3(bo + by)]
oo+ b)) 4 oGRS Got BT
{2n3 + (1 4+ n2){(bo + b1)™+" = (bo + b,)"H']} (A.34)
Regime B
< BBTrcm = bu[l + (bo + bl)n-{-l _ (bO + b,)M'l][(bo + bl)n+l _ (bo + b,)"“} ‘

7



b n+l b b, ntl
+2[(b0+21) +(o+2) B

{2n3 + n[(bo + &)™ — (b0 + ba)" ]} + 2n,

[(B0 + b)™! = 17 — 2[ng + na(bo + by)™+)(bo + by)™+?

(o + b)™ _ (b + b))
2 2

— bo[1 + (A.35)

Table I is readily calculated letting n = 0 (Bean) and n =1 (Kim approximation) and
By = 0 is the above formulae and evaluating these at the limit where B, = B," (eqn

A-17).
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