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Abstract

For wireless network systems, iterative power control algorithms have been proposed to min-
imize the transmission power, while maintaining reliable communication between mobiles
and base stations. However, since the measurements are random, the channel characteristics
always are described by Stochastic Differential Equations (SDE). Based on the stochastic
approximation methods, and using time-varying step size sequences, we can get an approxi-

mation algorithm to reach an optimal power allocation.

After the study of optimal power allocation, the probabilistic Quality of Service (QoS) mea-
sures are introduced to evaluate the performance of any control strategy. It provides tight

bounds that relate to the probability of failure in achieving the desired QoS requirements.

This thesis addresses mobile systems consisting of M transmitters and M receivers, which
are subject to motion, and their power is described by SDE. The optimal power control prob-
lem is formulated, and the outage probability corresponding to a desired QoS requirements

is computed using Moment Generating Function (MGF).

Numerical results show that each user needs only to know its own channel gain and its own
output assigned by the base station to update the transmitter power in order to maintain a

desired Signal to Interference Ratio (SIR) and QoS requirement at the receiver.
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Chapter 1

Introduction

1.1 Introduction of Wireless Networks

A wireless network provides a wireless connection to the Public Switched Telephone Network
(PSTN) for any user located within the given radio range of a system. The basic wireless
network system consists of mobile stations, base stations, and a Mobile Switching Center
(MSC)[2]. Figure 1.1.1 gives an illustration of a wireless network system. The mobile station
contains a transceiver, an antenna, and control circuitry. The mobiles usually are used as
a portable hand held unit, or are set in a vehicle. The base stations consist of several
transmitters and receivers, which simultaneously handle full duplex communications, and
have towers to support several transmitting and receiving antennas. The base station serves
as a bridge between all mobile users in the cell and connects the simultaneous mobile calls
to the MSC. The MSC coordinates the activities of all of the base stations and connects the

entire cellular system to the PSTN.

Each base station is allocated a group of radio channels to be used within a small geographic
area called a cell. Neighbouring base stations are assigned different groups of channels so
that the interference between base stations and mobiles is minimized. The design process
of selecting and allocating channel groups for all of the base stations within the system is

called frequency reuse [1], [2]. Figure 1.1.2 illustrates the concept of frequency reuse. Cells

1



2 CHAPTER 1. INTRODUCTION

with the same label use the same group of channels.

Frequency reuse implies that in a given coverage area there are several cells that use the same
set of frequencics called co-channel cells. The interference between signals from these cells is
called co-channel interference. Interference is the major limiting factor in the performance
of the wireless network system [1], [2]. In practical wireless nctwork systems, the power
transmitted by every mobile is under constant control by the serving base station. It ensures
that each mobile transmits the smallest power necessary to reduce the interference and
maintains a good quality link on the reverse channel. Power control not only helps prolong
battery life for the mobile, but also reduces the reverse channel SIR in the system [2], [4], [18].
In the CDMA (Code Division Multiple Access) system, each mobile controls its transmitter
power level, then its signal arrives at the base station with the minimum required SIR. As
a result, the system can reach a maximum capacity. Figure 1.1.3 illustrates the distribution

of mobile users over the coverage area in adjacent cells.

1.2 Power Control in CDMA

To minimize the average SIR for each mobile user, it requires each user to provide the same
power level at the base station receiver. Since the signal and the interfercnce are continually
varying, power control updates are sent by the base station every 1.25msec [2]. Power control
commands are sent to each mobilec user on the forward control sub channel, which instructs
the mobile to raise or lower its transmitted power in 1dB step [2]. If the received signal is
low, the base station instructs the mobile station to increase the mean output power level. If
the mobile’s power is high, the base station transmits a command to let the mobile station

decrease its power level.
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Because the transmitting paths are varying for different propagation environments, there
exists a power path loss that needs to be compensated in the base station. Estimating the
power path loss in wireless communication systems over long distance is very important be-
cause it is the major cause for signal attenuation, generally known as shadowing. In doing
the estimation, in order to reach a required SIR (Signal-to-Interference Ratio), the power
control problem is usually formulated as an optimization problem, which minimizes the sum

of powers of all the transmitters subject to the desired minimum SIR [5], [6], [14], [15], [19].

Most power control works have been done on the CDMA (Code-Division Multiple Access)
systems assuming that the power control system is deterministic. However, because the
stochastic natures of the link gain, the attcnuation, the received power, and the SIR are all
random processes in time, stochastic optimal power control scheme is very important and
useful {4], [5], [8], [9], [20], [21]. We introduce some special random processes to describe the
character of the channels. Then the scheme can be used to implement in practice to update

the power level effectively.

The signal attenuation coefficient is proportional to the square root of the received power;
it represents how much the received signal magnitude is attenuated at a distance d, with
respect to the magnitude of the transmitted signal [1], [2], [7], [8], [9], [11]. It is defined by

the equation:

r(d) =/ P(d)/ P, (1.2.1)

where P,(d) is the received power at distance d and P, is the transmitter power. The average
power path loss PL(d) for a given path is the difference between P, and P,(d), describing

the power path loss in dBs, it is defined as:

PL(d) = 10log P, — 101og P,(d). (1.2.2)
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In real measurements, the power path loss PL(d) at distance d is described by adding a

zero-mean Gaussian distributed random variable X. That is

PL(d)[dB] = PL(d)[dB] + X, (1.2.3)

V=e*PLAMB]) where k is a constant. It means that the attenu-

in which case, we can get r(d
ation has an exponential relationship with the power path loss for a given path or distance.
By using the Stochastic Differential Equations (SDE), we can get the relationship of the
power path loss and the signal attenuation with different distance and varying time [7], [8],
[11]. We consider the signal attenuation as the channel gain, so the power control problem
can be specified as an optimization problem for the total transmitted power while the SIR

for each transmitter-receiver pair is greater than the target SIR. This needs the linear pro-

gramming approach to solve the problem [5], [6], [12], [30].

1.3 Linear Programming Approach

Considering the variation of both time ¢ and distance d, which models the time-space propa-
gation characteristic of the attenuation and using SDE, we denote the signal attenuation r(d)
as S;;(t,d) and the power path loss PL(d) as X;;(t,d) for time-space propagation environ-
ments, where 1, j refer to the transmitters and the receivers. Then we can compute the power
path loss X;;(t,d) and the signal attenuation S;;(t, d) at any location along the propagation
path as a function of time. Then for some different locations such as M transmitters (MS-
Mobile Station) and M receivers (BS-Base Station), we consider the signal attenuation S;; as
the channel gain between BSi and MSj denoted by Gy;(t, d), where Gy;(t, d) = [gi;(t, d)|prxar,
Sij(t,d) = [s4;(t,d)]mxar. We define the relationship of signal attenuation S;; and channel

gain Gij by Sij = . /gij.
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In wireless communication systems, the channel link quality is usually measured by the
Signal to Interference Ratio (SIR). We use the theory of power control and the linear pro-
gramming approach to solve the problem, and compute the optimal power allocation from
the following formulation. Let I'; denotes the SIR of user ¢, the power control problem can

be stated as:

M
min Z s
i=1

s. t. I, = Pigu

I >, (1.3.4)
Y% DiGi +

where p; > 0 is the transmitter power of the ith MS, g,; is the channel gain of the transmitter
4 to the receiver assigned to transmitter ¢, 7; > 0 is the noise power level at ith receiver, and
¥; > 0 is the required SIR for BS: (receiver 7). We define ~; = 1—;7_%, then 0 < ~; < 1. Then
we will use an approximation algorithm that can converge with the solution of the above

linear programming problem for equality case. The algorithm comes from the stochastic

approximation theory [5], [10], [24].

1.4 Probabilistic QoS Measures

In order to design an optimal system in wireless communication network, we try to optimize
the transmission power and the capacity of the system with respect to the number of trans-
mitters M, thus linking power control and admission control problems. We introduce QoS
measures, which can be used to evaluate any control algorithm. They also can be used as
measures for blocking new transmitters into the network or for dropping existing ones [5].
The method is based on Chernoff bounds theory [1], [12], [28]. It computes the probability of
failure in achieving the QoS requirement for each mobile user, and finds the optimal power

sets in order to make the bound as small as possible [5]. Considering the signal attenuation
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as different stochastic distribution, we define:

M

. 1
I"(p) = 2 Piug + 1~ —Pugun (1.4.5)
=1 n

The probability of the failure is P(I™(p) > 0), which is called the outage probability of the

nth transmitter-receiver pair. By the Chernoff bounds, we have [5], [12], [14], [15]:
P(I"(p) > 0) < Elexp(s,I™(p))], sn > 0. (1.4.6)

By the definition in (1.4.5), I"(p) is a random process because we take the signal attenuation
Snj = /9 as Rayleigh distribution, Rice distribution, and Nakagami-m distribution, also 7,
as Additive White Gaussian Noise (AWGN) with N (0, ¢?), where o2 is variance of random
variable. Because it is difficult to compute the expected value of the complex random process
I(p) in this thesis, we derive the Moment Generating Function (MGF) expression for dif-
ferent channels and analyze the outage probability. After analyzing the related parameters,

we can show that there exists an optimal power set {p;*} to satisfy the above bound.

1.5 Thesis Organization

This thesis focuses on using SDE to get the optimal power allocation, and completing the
probability QoS measures to find the optimal bound satisfaction for the desired communi-
cation requirements SIR by using MGF.

It is organized as follows:

In Chapter 2, we introduce the concepts of wireless network systems, including the wire-

less channel characteristics and multipath propagation channel models.

In Chapter 3, we derive the expression of the power path loss and the signal attenuation
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with distance d and time ¢ by using SDE for different propagation environments of dynamical
models of log-normal shadowing.

(1) For fixed observation time t, the model describes the dependence of attenuation S(¢,d) on
distance d, which represents the attenuation characteristic of the propagation environment
for distance d. The model also describes the power path loss X (¢, d) as an Ornstein-Uhlenbeck
random process, which is a function of d.

(2) For fixed transmitter-receiver distance d, we have a model for describing the dependence
of S(t,d) on t in order to capture the random attenuation coefficient variations with vary-
ing time. The power path loss X (¢, d) is still described as the Ornstein-Uhlenbeck random
process as a function of time ¢ corresponding to a given observation distance d.

(3) For both t and d varying, we wish to know the time-space propagation characteristics
of the signal attenuation S(¢,d) in respect to the relative movement of the transmitter and
the receiver to each other. For the distance d = v,.T, v, is the speed of light given in me-
ter/second, and 7 represents the channel multipath delay for a fixed value of ¢. So in this
thesis, the distance d and the delay 7 will be used interchangeably, though mostly we use

time delay 7. Therefore we will use S(t,7) replace r(t,d), and X (¢, 1) replace PL(t,d).

In Chapter 4, we describe the formulation of the power control optimization problem us-
ing linear programming to find the optimal power allocation in order to satisfy the QoS

requirements, then we do the simulation to analyze it.

In Chapter 5, we propose the probabilistic QoS measure method to find tight bounds for the
probability of failure to achieve the desired QoS requirements. Because it is difficult to com-
pute the expected value of the random variables, we use the Moment Generating Function
(MGF) to derive upper bounds. Three different propagation channels, namely Rayleigh dis-

tribution, Rice distribution, and Nakagami-m distribution are compared with their different
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Chernoff bounds. Simulations and analysis are also given in this chapter.

In Chapter 6, we give the summary of this thesis and present some future topics in this

field.
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Figure 1.1.1: An illustration of the wireless network system. The towers represent base

stations that provide radio access between mobile users and the mobile switching center
(MSCQ).
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Figure 1.1.2: An illustration of the cellular frequency reuse. Cells with the same label usc
the same set of frequencies.
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Figure 1.1.3: An illustration of the distribution of mobile users over the coverage area in
adjacent cells.
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Chapter 2

Channel Modelling

The mobile radio channel places a fundamental role on the performance of wireless commu-
nication systems. The transmitting path between the transmitter and the receiver can vary
from simple Line-of-Sight (ILOS) to one that is severely obstructed by buildings, mountains
and foliage [2]. Wireless radio channels are extremely random and therefore do not offer
easy analysis. So modelling the radio channel has been one of the most difficult parts of the

mobile radio system design.

The wireless channel characteristics play an important role in many stages of the design
such as deciding the power of the transmitted signal, the nature of the decoding techniques,
the modulation schemes, and the signal coding. Furthermore, interference by other users and
ambient noise causes additional uncertainties, which must be accounted for in the design. If
the receivers know the channel characteristics of the other users and some information about
their signals, one could subtract it from the received signal and thus alleviate and improve
the performance of the decoder. The better characterization of the channel may also lead to
the better interference minimization from other users [1], [2]. In fact, a wireless communica-
tion system is a dynamic system for tracking and computing the signal attenuation in order

to arrange and constitute the channcl for the whole system.

13
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In wireless communications, the various transmitter and receiver components are typically
designed and optimized in absence of exact and complete knowledge about the channel char-
acteristics due to its inherent random and time varying nature.

The modelling of wireless channels has been and continues to be one of the most important
components in the design of wireless communication systems. This is due to the variety of
ways electromagnetic energy injected into the channel that interacts with the environment
of propagations, diffractions, and scattering [1], [2]. Then there are the continuously and
arbitrarily changing characteristics of the propagation environment between the transmitter

and the receiver.

The result of this complex propagation mechanism is the presence of a random number
of signal components that are originating from a single emitted signal, which arrives at
the receiver from different directions and travels via different paths, thus having undergone
different attenuations, phase shifts, and time delays [2]. Thesc signal components add vec-
torially at the receiver, thus giving rise to signal fluctuations, called fading. The signal
fluctuations are responsible for the degradation of the communication system performance.
Fading is customarily classified into large-scale fading and small-scale fading giving rise to
log-normal and short-term Multipath Fading Channels (MFC) respectively [2]. Short-term
fading corresponds to severe signal envelope fluctuations, which occur in densely built-up
areas and are mainly due to scattering. Log-normal shadowing corresponds to the less severe
mean signal envelope fluctuations, which occur in much larger areas, such as less populated
or suburban areas, and is mainly due to reflections and power path loss due to distance.
The different channel models are obtained by characterizing the statistical properties of the

received signal in different environments [2].

Following, we firstly explain two basic concepts in wireless channel modelling design.
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Frequency reuse

Frequency reuse in mobile cellular systems means that each cell has a frequency that is far
enough away from the frequency in the bordering cell that it does not provide interference
problems [1], [2]. The same frequency is used at least two cells apart from each other. A
cellular system separates each cell that shares the same channel set. This minimizes the
interference while letting the same frequencies be used in another part of the system.

The design process of selecting and allocating channel groups for all of the base stations
within the system is called frequency reuse. Figure 1.1.2 illustrates the concept of frequency

reuse.

Interference

In the wireless communication systems, the fundamental consideration is that communi-
cation channel performance is interference-limited rather than noise-limited. The cellular
networks are generally designed in a way that the additive noise is low enough and the per-
formance of the receiver is usually limited by the level of interference from other signals. In
general, interference can be described as co-channel interference (CCI), adjacent cell interfer-

ence (also referred to as crosstalk), and multipath or intersymbol interference (ISI) [1], [2], [4]-

As we describe before, the emphasis of the channel models is to predict the average re-
ceived signal strength at a given distance from the transmitter, as well as the variability
of the signal characters during a particular observation period. So the distance between
the transmitter and the receiver is the major factor in the channel models [1], [2], [7], [8],
[9], [11]. As the fact that there are short or long distances for observations, there are two
fundamental propagations namely small-scale fading and large-scale path-loss. The detailed
properties of them are introduced in the next two subsections. We also explain some of the

important characteristics of these two channels.
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2.1 Small-Scale Fading and Multipath Propagation Chan-
nel

Definition 2.1.1 Small-Scale Propagation Model
Propagation models that characterize the rapid fluctuations of the received signal strength

over very short travel distance (a few wavelengths) are called small-scale propagation models.

Small-scale fading is produced by interferences between two or more versions of the trans-
mitted signal that arrives at the receiver at very short times. There are four main factors in
the propagation channel that influence small-scale fading. They are: (1) multipath propa-
gation, (2) speed of the mobile, (3) speed of surrounding objects, and (4) the transmission

bandwidth of the signal [1], [2].

Doppler Shift

Temporal changes in a propagation medium are both dynamic and random while the relative
motion between transmitter and receiver gives rise to frequency shift in the original signal.
This phenomenon is called Doppler shift.

Fading

Fading is an essential property of any wireless communication channel. It is described as the
rapid changes in the signal amplitude at the receiver due to the vectorial addition of various
signal components, which arrives from different paths due to reflections, diffractions, and
scattering [2].

Fading is an essential characteristic of a multipath fading channel. In general, two classes of
fading exist: long-term fading and short-term fading. Based on multipath time delay spread,
there are two types of small-scale fading: flat fading and frequency selective fading.

Flat Fading;:

When the bandwidth of the transmitted signal is less than the bandwidth of the channel



2.1. SMALL-SCALE FADING AND MULTIPATH PROPAGATION CHANNEL 17

or when the channel impulse response time (also referred to as multipath delay spread) is
less than the duration of transmitted signal, then the multipath fading channel experiences
flat fading. In flat fading, the frequency domain (spectral) characteristics of the transmitted
signal are preserved at the receiver.

Frequency Selective Fading:

When the bandwidth of the transmitted signal is more than the bandwidth of the channel
or when the multipath delay spread is larger than the duration of the transmitted signal,
the multipath channel undergoes frequency selective fading. The spectral characteristics of
the transmitted signal are not preserved at the receiver because various signal frequency
components of the transmitted signal arrive at the receiver from different paths, and thus
the characteristics are subject to different levels of signal attenuations. Frequency selective
fading introduces intersymbol interference (ISI) into the system, which can be resolved us-
ing different types of adaptive equalizers. Basced on Doppler spread, there are two types of
fading:

Fast Fading:

If the duration of the transmitted signal is greater than the channel coherence time, then
the rate of fading is described as fast. In fast fading, the channel varies faster than the time
required to complete one period of received signal.

Slow Fading;:

Slow fading occurs when the signal duration is less than the coherence channel time. In slow
fading, the channel changes slowly than the time needed to receive one complete period of

signal, thus the optimization and demodulation of the received signal is easier to perform.

The short-term fading models suggest various distributions for the received signal (Rayleigh
distribution, Rice distribution, and Nakagami-m distribution). They also provide infor-

mation on the frequency response of the channel described by the Doppler power spectral
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density. On the other hand, the log-normal shadowing model is described by the average
power path loss due to distance and reflection of signals from surfaces. When measured in
dB, it gives rise to the normal distribution which implies that the power path loss coefficient

is log-normally distributed [2], [7], [8], [11].

The various parameters of the channel are measured using both narrow band and wide band
signals. Models are subsequently constructed using the measured parameters. A widely used
approach to construct a fading channel is to pass white noise through a shaping filter that
represents the Doppler power spectral density. A specular component may be added and
may represent the line-of-sight (LOS); therefore the simulation can represent a channel. A
common methodology to simulate the various components of the multipath channel is to use

the tapped delay line where each tap represents one path.

The small-scale propagation models characterize the rapid fluctuations of the received signal
for short transmitter-receiver separation distances or short time durations. These models are
more suited for representing urban or heavily populated areas. The main propagation mech-
anism for this type of environment is scattering. Signals are scattered at the neighbourhood
of the receiver. Many copies of the transmitted signal arrive at the receiver via a number of
different paths at slightly different times. At the receiver, plane waves add vectorially giving
rise to rapid and severe signal fluctuations. This gives rise to the short-term fading channel
model, where the term fading refers to the rapid and severe received signal fluctuations due

to scattering in this type of environment [2], [5], [9].

Contrast to the short observation distance, the large-scale propagation model is useful to
estimate the radio coverage area of the transmitters. Next part, we discuss the concepts of

the large-scale propagation.
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2.2 Large-Scale Path-Loss Propagation Channel

Definition 2.2.1 Large-Scale Propagation Model
Propagation models that predict the mean signal strength for an arbitrary transmitter-receiver
separation distance that is very large (several hundreds or thousands of meters) are called

large-scale propagation models.

Reflection:

Reflection occurs when an electromagnetic wave impinges on a surface that has dimensions
larger than the wavelength of the propagating wave.

Diffraction:

Diffraction is due to the initiation and propagation of secondary wavelets from the main
wave front because of an obstacle. The secondary wavelets combine to form a new front
allowing the main wave to propagate in the shadowed region or behind the obstructions.
Scattering:

Scattering occurs when an electromagnetic wave impinges on a surface that is with dimen-

sions smaller than the wavelength of the propagating wave.

These three basic propagation mechanisms impact propagation environments in a mobile
communication system by different methods [2]. For example, reflections occur from the sur-
face of the earth and from buildings and walls, diffraction depends on the geometry shape of
the objects at high frequency channels, and scattering is produced by rough surfaces, small
objects or by other irregularities in the channel.

In theory and application, propagation models indicate that the average received signal
power decreases logarithmically with distance. The average large-scale path loss for an arbi-
trary transmitter-receiver separation is expressed as a function of distance by using a path

loss exponent o, PL(d) o (d%)o‘ or PL(d)[dB] = PL(dy)[dB] + 10alog d%, where « is the
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path loss exponent that indicates the rate at which the path loss increases with distance
d, dqy is the close-in refcrence distance that is determined from measurements close to the
transmitter, and d is the transmitter-receiver separation distance.

Propagation measurements in a mobile radio channel show that the average received signal
strength at any point decays as a power law of the distance of separation between the trans-
mitter and the receiver. The average received power P, at a distance d from the transmitter

is approximated by [1], [2], [7], [8], [11]:
PL(d)[dB] = PL(dy)[dB] + 10alog Ed—, (2.2.1)

where PL(dy)[dB] is the average power received at a close-in reference point in the far field
region of the transmitter at a small distance dp from the transmitter, and « is the path loss

exponent.

Each base station constantly monitors the signal strengths of all its reverse voice channels to
determine the relative location of each mobile user with respect to the base station. Every
mobile station measures the received power from surrounding base stations and continually
reports the results of the measurements to the serving base station.

Interference is the major limiting factor in the performance of cellular radio systems. Inter-
ference is more severe in urban areas due to the greater radio frequency noise floor and the
large number of base stations and mobiles.

In practical cellular radio and personal communication systems, the power levels transmitted
by every mobile user are under constant control by the serving base stations. This is done to
ensure that each mobile transmits the smallest power necessary to maintain a good quality
link on the reverse channel. Power control not only helps prolong battery life for the mobile,
but also reduces the reverse channel SIR in the system. Power control is especially important
for emerging CDMA spread spectrum systems that allow every user in every cell to share

the same radio channel [2], [3], [4], [5].
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Most cellular radio systems operate in urban areas where there is no direct LOS path be-
tween the transmitter and the receiver. Due to multiple reflections from various objects, the
signal travels along paths of varying lengths. The interaction between these signals causes
multipath fading at a specific location and the strengths of the signals decrease as the dis-

tance between the transmitter and the receiver increases.

The path loss that represents signal attenuation as a positive quantity measured in dB
is defined as the difference (in dB) between the effective transmitted power and the received
power. By using power path loss model to estimate the received signal level as a function of
distance, it becomes possible to predict the SIR for a mobile communication system.

The large-scale propagation models characterize the received signals when the transmitter-
receiver separation distances are very large. These models are suited for representing sub-
urban environments, or the not-heavily populated areas. The main propagation mechanism
of electromagnetic waves in this type of environment is reflection. Attenuation of the signal
strength is due to power path loss along the distance traveled by the signal and due to
reflections occurring along the path when the parts of the transmitted power are absorbed
by the reflected surface and the parts are carried beyond reflections. This gives rise to the
log-normal shadowing channel model, where the term shadowing refers to the received signal
attenuation in this type of environment and log-normal refers to the distribution of the power
path loss observed by measurements at each instant of time [2], [8], [11]. The characteristics
of the received signal traveled through this type of environment are fluctuations around a
slowly varying mean.

The model in (2.2.1) does not consider the fact that the surrounding environment may be
very different at two different locations, which have the same transmitter-receiver separation.

So it leads to that the actual measured signals are much more different than the average val-
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ues predicted by (2.2.1). The power path loss PL(d) at a particular location is random and
log-normal distributed in dB about the mean distance-dependent value. It can be expressed

as 2], 8], [11]:
PL(d)[dB] = PL(d) + X = PL(dy)[dB] + 10alog dio +X, (2.2.2)
then the received power is
P.(d)[dB] = P,(d)[dB] — PL(d)[dB), (2.2.3)

where X is Additive White Gaussian Noise (AWGN) with N(m, o?).

Log-normal shadowing implies that measured signal levels at a specific transmitter-receiver
separation have a Gaussian distribution about the distance-dependent mean of (2.2.1) [1],
[2], [11]. The close-in reference distance dy, the power path loss exponent a, and the standard
deviation ¢? statistically describe the power path loss model for an arbitrary transmitter-
receiver location. This model can be used in computer simulation to provide received power
levels for random locations in wireless network system design and analysis.

In practice, the value of o and 0% are computed from measured data using linear regression
method. By estimating the good value of a and o2, we also can reach the minimized differ-

ence between the measured and estimated power path loss.



Chapter 3

Stochastic Differential Equations in
Log-Normal Shadowing

3.1 Introduction

When the transmitter-receiver separation distance is large (always several times of the wave-
length) and the propagation environment is not heavily populated, estimating the power
path loss in wireless communication over long distance is very important because it is the
main cause for signal attenuation, generally known as shadowing, which needs to compensate
in the receiver (7], (8], [11].

Large-scale channel models attempt to predict the reflection and the power path loss for
long distance. The multipath propagation of large-scale channel model is shown in Figure
3.1.1. There are various possible paths between the transmitter and the receiver. Traditional
models do not take into consideration of the relative motion between the transmitter and the
receiver; they treat the power path loss as static. Also they do not consider the correlation
properties of the power path loss in space and at different observation times. In reality,
these properties exist and one way to model them is through stochastic processes. So the
stochastic differential equations are introduced to estimate the dynamic power path loss for
the space-time propagation environment [7], [11].

In an arbitrary time-varying environment, computations of the power path loss and the sig-

nal attenuation are complex and uncertain because of the random processes of the received

23
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Figure 3.1.1: An illustration of multipath propagation of large scale channel model

signals. In this chapter we develop some dynamic models related to traditional lognormal
shadowing models.

There are three models:

1. For fixed observation time f, we consider the model describing the dependence of
the attenuation coefficients S;;(t,d) with respect to distance d, capturing the spatial

characteristics of the propagation environment.

2. For fixed observation location d, we present the model describing the dependence of
the attenuation coefficients S;;(t,d) with respect to time ¢, capturing the temporal

variations of the propagation environment.
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3. Space-time model captures the dynamic characteristics of the channel, where both the
transmitter and the receciver move relatively to each other at a variable speed with
a varying observation time. So the attenuation coefficients S;;(t, d) are described by

distance d and time ¢.

Received Average Power
The received average power of a signal for an arbitrary transmitter-receiver separation dis-

tance d is given by [1], [2], [7], [11]:
P.(d) = P.(do)(=2)", d > dy (3.1.1)

where P,(d) is called the received average power of the signal, P.(dp) is the received signal
power at a reference distance dp from the transmitter, and « is the path-loss exponent.
Usually we select dg=2m for close-in distance within 1km or dg=100m for large distance over
10km, and the path-loss exponent o depends on the propagation medium. The value of o
is typically chosen between 2 and 5. In general, the denser the urban environment is, the
greater the path loss exponent «. For the free space propagation environment or for a line
of sight path, =2; for modelling urban cellular systems, a=4.

Average Power Path-loss

The average power path loss for a given path is defined by the difference between the decibel
power of the transmitted signal F;, and the average decibel power of the received signal

P,(d), and it is expressed by [11]:

— P
L(d)[dB] = 101og1—3-(t66 = 10log P; — 101log P,(d) (3.1.2)
= PL(dy)[dB] + 10a 1ogdi (3.1.3)
0

where d > dy, PL(dy) = 101log P, — 101log P,(dp) is the power path loss in dB’s at a reference
distance d.

The average powcer path loss given in (3.1.2) represents the ensemble average of all possible
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power path loss values for a path of a given length. This averaging is need since the static
channel models capture power path loss values that may be different from one observation
instant to the next instant because of the variations of the propagation environment. From
(3.1.3), we can see that the power path loss in dB’s increases with the logarithm of distance
with a slope equal to the power path loss exponent a.

In real measurements, this rclationship is best described by adding to the equation (3.1.3) a

zero-mean Gaussian distributed random variable X with N(0,¢2). So we have:
PL(d)[dB] = PL(d)[dB] + X, d > dy. (3.1.4)

The random variable X can be interpreted as representing the variability of power path loss
due to numerous reflections occurring along the path from one observation instant to the
next instant. An increased number of reflections can lead to increase the average power path
loss.

Signal Attenuation Coefficient

The signal attenuation coefficient is proportional to the square root of the power of the
received signal and represents how much the received signal magnitude is attenuated at a
distance d with respect to the magnitude of the transmitted signal [1], [2], [11]. It is given
by:

r(d) = /P (d)/ P, (3.1.5)

where P,(d) represents the received power at distance d including the variability of power
path loss due to the reflections and other uncertainties of the propagation environments, and
P, is the transmitted power.

Combining (3.1.2) and (3.1.4), we have

PL(d)[dB] + X = 101log P_]ZB’ (3.1.6)

L(d)[dB]+ X  In(P/P.(d))
10 B In10

(3.1.7)
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Let ¢ = 210 then

10
- ~ P
o(PL@DIAB) + X) =ln o, (3.1.8)
Pt (PL@)BI+%) (3.1.9)
P.(d) ’
that is
Ld) _ o(Paas %) (3.1.10)
F
Substitute it to (3.1.5), we have
r(d) = e §PEDUBIX) _ ~§(PL@WB]). (3.1.11)

Since X is a normal distributed random variable, the above equation indicates that the at-
tenuation coefficient 7(d) is log-normal distribution, hence we call this kind of channel as
log-normal shadowing. Considering the varying observation time ¢, we can sce that the at-
tenuation coefficient r(t, 7), equivalently S(¢, 7) also becomes a random process with respect
to the observation time ¢ and spatial location d or equivalently the time-delay .

Since the received signal amplitude is proportional to the attenuation coeflicient, it is clear
that the received signal amplitude decreases as distance increases. Further, for a given dis-
tance the received signal amplitude decreases as « increases.

For X is normal distributed, from equation (3.1.11), it is clear that the attenuation coef-
ficient, r(d), is log-normal distributed, whereby the nomenclature of log-normal shadowing
effects which gives rise to the nomenclature of log-normal channel [2], [7], [8], [11]. In other
words, in view of the Center Limit Theory (CLT), the multiplication of random variables
gives rise to a log-normal distribution for the same reason that the addition of random
variables gives rise to normal distributed random variables. That is, over large areas, the

attenuation coefficient is modeled by the following log-normal density function:

1 (_(m;a_m) ) - m+322K
flr) = me x /7, r>0, E[r]= e< ), (3.1.12)
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e.g., r = " which implies that the overall power path loss in decibels is normal distrib-
uted X ~ N(m;o0%). Here X 2 PL(d)[dB] represents the total power path loss for a given
propagation distance d, along which the signal travels including the power path loss due to
reflections. The statistics (m, o%) of this distribution are often obtained by matching them
to the observed data, i.e. by subtracting the real data from theoretical computations and
computing the distribution of the difference which turns out to be normal distributed. In
particular, the mean of the random variable X will depend on the length of the path plus
the average power path loss due to an average number of reflections while its variance will
depend on the variations of the propagation environment, e.g. variations in the number and

nature of obstacles from one observation instant to the next instant.

Following is three types of dynamic models of log-normal shadowing.

(1) For fixed observation time ¢, the model describes the dependence of attenuation S(¢,7)
on 7, which represents the attenuation characteristics of the propagation environment for
distance d = v, as well as the power path loss X (¢, 7) is described by Ornstein-Uhlenbeck
random process as a function of 7.

(2) For fixed transmitter-receiver distance d = v.7, we have a model for describing the de-
pendence of attenuation S(¢,7) on ¢t in order to capture the random attenuation coefficient
variations with varying time. The power path loss X (¢,7) is also described by Ornstein-
Uhlenbeck random process as a function of time ¢ corresponding to a given observation
distance d.

(3) For both t and 7 varying, we wish to know the time-space propagation characteristics of
the attenuation coefficient S(t, 7) respect to the transmitter and the receiver moving contin-
uously relative to each other.

All three models are using stochastic differential equations (SDE). After simulation, we can

see that the power path loss and attenuation trajectories are log-normal distributed. It is
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in agreement with the attenuation describing the log-normal shadowing effects of each path
traveling through different propagation environments [7], [8], [9], [11].

The following three subsections give the detailed description of each model respectively.

3.2 Spatial Log-Normal Dynamical Model

"This section gives the derivation of the model which describes the dynamic behavior of the
attenuation coefficients {S(¢,7)}. The model where time ¢ is fixed is captured via a SDE as
a function of time-delay 7, or distance d = v.7, from the transmitter. By fixed observation
time, we interpret this situation like taking a snapshot at the propagation environment and
examining its attenuation properties as a function of distance. The statistical properties
(first and second moments) and probability distributions of the model are computed in

special cases.

3.2.1 Some Definitions and Results in SDE

Definition 3.2.1 Standard Brownian Motion
A scalar standard Brownian motion or standard Wiener process over [0,T] is a random vari-

able W (t) that depends continuously on t € [0,T] and satisfies the following three conditions

[1], [2], [26], [29].
1. W(0)=0,P —a.s.;

2. For 0 < s <t <T,{W(t)}izo has stationary independent increments, and the incre-
ments W (t) — W(s) are normal distributed with E[W(t) - W(s)] =0, Var (W(t) -
W(s)) =t—s

3. For0 < s <t<u<uwv<T, the increments W(t) — W(s) and W(v) — W(u) are

independent.
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For computational purposes, it is useful to consider discrete Brownian motion, where W (t)
is specified at discrete t values. In our computing, we let §t = % for given positive integer
N and W(t;) with t; = j6t. Then the three conditions respect to W(0) = 0 and W(t;) =
W(tj—1) +dW(t;),5 =1,...,N. Each dW (t;) is an independent random variable of the form
VEtN(0,1).

Definition 3.2.2 It6 stochastic integral and Ité6 formula
Let W(t) be a standard Wiener process defined on the probability space (2, A, P) and {A(t) :

t € [a,b]} be a class of sub-o-algebra of A satisfying the following conditions:
1. A(t) C Alty) if t1 < to.
2. W(t) is A(t)-measurable.
3. For s > 0,W(t+s) — W(t) is independent of A(t).
Let L, represents the class of random function f which satisfies the following conditions:
1. f1is measurable on [a,b] x Q.
2. f(t) is A(t)-measurable for almost allt € [a,b].
3. [21f(t)|dt < oo with probability 1.

If f and g are random functions with f € L, and g € L, then the form of stochastic integral

[P g()dW (t) is called Tt6 stochastic integral [10], [26], [27], [28] as it satisfies:

b
E / g()dW () = 0, (3.2.13)

E| / ' 9w (1)|” = / " Blg(t)dt, (3.2.14)

then the equation

X(t) = X(a) + /: f(s)ds + /atg(s)dW(s), a<t<b (3.2.15)
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defines a stochastic process with continuous sample paths with probability 1. The first integral
in (3.2.15) is an ordinary integral and the second integral is the Ito stochastic integral. In

this case, the process X (t) is said to possess the stochastic differential:
dX(t) = f(t)dt + g(t)dW (t). (3.2.16)

Equation (3.2.16) is called Ito stochastic differential equation, the increments X (t) —

X(s) fort > s are given by:
X(t) - X(s) = /:f(u)du+ /:g(u)dW(u). (3.2.17)

Definition 3.2.3 Ornstein-Uhlenbeck process

For the Langevin equation

X(t) = =X (t) -+ W (t),

where W (t) is a white noise process, the corresponding stochastic differential equation
dX (t) = —yX (t)dt + 6dW (¢)

has the following solution by the previous result of Ito fornula
t
X(t) = e (X(0) + 6 / AW (s)). (3.2.18)
0

The process X (t) given by the above equation is known as the Ornstein-Uhlenbeck process

(1, [2], [11], [27], [28].
3.2.2 Spatial Log-Normal Dynamic Model

This model captures the dynamics of the attenuation coefficient S(¢, 7) in the 7 dimension, or
equivalently as a function of distance d, where d = v.7, in the case where t is fixed. A SDE is
derived for S(¢,7) as a function of 7 for ¢ fixed. Considering the transmission of a continuous
signal arriving at the receiver via the path of total length d,,, under the assumption, the signal
undergoes many reflections along the way. Let ¢ be fixed and 0 < dy < do < d3z < ... < dy

denote the observation distances from the transmitter with corresponding delays 0 < 7 <
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Ty < T3 < ... < Tp, Where dyy is the total path length d, and 7 is the total time-delay 7, for
the signal to travel a distance d. Let S(¢,7;) denote the attenuation coefficient associated
with the jth observation instance, corresponding to delay 7;, and a corresponding distance
d;j = ver;, 1 < j < M, along that paths as shown in Figure(3.1.1). Here S(t, 7;) is the analog
to r(7;) = {e~cPLal@)dBl(1/ P )}1/2 in (3.1.11) indexed by j, where Pj. = 5, P, M; is
the number of reflections up to time delay 7; or distance d;, and \/1/7% is the attenuation
coefficient corresponding to the mth reflection along path d up to the time delay 7;. Suppose
that the propagation environment from the transmitter to the receiver is such that a subset
of the attenuation coefficients, i.c. 1/1/P,,,,, associated with S(¢, 7;), corresponding to those
of S(t,7;_1), 1 < j < M;. Then (to a first-order approximation) the percent changes

S(t, ) — S(t, 1) S(t, s ) — St Tar,_,)
S(t,m) S(t, Ty )

(3.2.19)

are independent random variables. Moreover, these attenuation coefficients are non-negative
and usually exhibit oscillatory behavior. These properties (i.e. independent ratios) sup-
port the Brownian motion for the attenuation coefficients {S(¢,7;)}. Therefore, we can let
S(t,7) = "X where k = —c/2 and {X(¢,7)}r>0 is a Brownian motion with non-zero
drift. X(¢,7) is the analog to PL(d)[dB] in (3.1.4) indexed by 7, i.e. the power path loss
as a function of distance for 7 = d/v, at a fixed time ¢. It represents how much the signal
power has lost at various locations, where the different users may be located at particular

instants of time t. It is described by the 1t6 differential equation:

dX (t,7) =~(t, 7)dr + 6(t, 7)dW (7)), X(t,70) = PL{dp)[dB], (3.2.20)

T > Ty, To=do/ve,

where {W(7)},>0 is a standard Brownian motion which is assumed to be independent of
X(t, 7). It is also assumed that 6(t, 7) 2 {~(t,7),06(t,7)} are random parameters for fixed
t, which are independent of the Brownian motion and X(¢,7). The dependence of 6 on

¢t implies that the set of parameters 0(¢,7) are associated with a given observation time ¢.
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A different observation time ¢ is captured by a different set 8(¢,7). Clearly the random
parameters {(¢,7),d(¢,7)} can be used to model the propagation environment of a given

path. Following is the two special examples for discussing.

1. Fized t, 0(t, ) independent of T: 0(t)

Y

For fixed t and in the case where 6(¢,7) is independent of 7, we define 6(t) = 6(¢,7) and

thus 6(t) = (~(¢),46(t)), i.e. constant for each observation instant ¢. In the remaining of this

section, since ¢ is fixed, we use the notation X (1) = X(t,7) and (3.2.20) is rewritten as

dX (1) = y({)dr + 6(t)dW (1), X(70) = PL{dy)[dB], (3.2.21)

T > Ty, To=do/ve,

which has a unique solution for every X (7p) if v(¢) and 6(t) for ¢ € (tg,T) are measurable

and bounded constants. The solution of (3.2.21) is given by

X(r) = X(7) + / t)ds + / (£)dW (s), (3.2.22)

X(7) = X(70) +v() (7 — 70) + 6(t)(W(7) — W(m)). (3.2.23)

In this case, for a given 0(t) and X(7p) is Gaussian or constant, the distribution of X (7)
evolves like a Brownian motion with non-zero drift coeflicient and in particular with mean
X (10) +4(t)(7 — 1) and variance §(t)?r. An application of the stochastic It6 differential

rule to S(7) = ¥ yields the It6 stochastic differential equation (SDE):

dS(r) = S()[(ky(t) + (kééﬁ)Q)dT +RSAW (D)), S(m) = K. (3.2.24)

From (3.2.24), we also write

ds(t, )
S(t,7)

(kd(t))?
2

= (ky(t) + Ydr + k6 (t)dW (T). (3.2.25)

The parameter (ky(t) + *W)Y i the instantaneous conditional expected percentage change
v 2

of the signal attenuation per unit delay, (k6(¢))? is the instantaneous conditional variance
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per unit delay, and S(7p) is the attenuation at observation distance dy. The equation (3.2.25)

can be solved to yield a unique solution given an initial value S(79)
S(7) = S(m9) exp (k’y(t)T + k5(t)W(7‘)), S(rg) = eFX(m), (3.2.26)

From (3.2.21), we deduce that for a given 6(t) and X (1y), {X(7)}+>-, is a special case of an
Ornstein-Uhlenbeck process and thus {S(7)}r>+, is a log-normal random process, that is, it
has a log-normal probability distribution. Model (3.2.24) generates the signal attenuation
factor S(7) as a function of 7 or distance d = v.7 of a path corresponding to a fixed
observation time t and has the measured characteristics (i.e. the log-normal distribution).
When the parameters (y(t), §(t)) are zero, then S(7p) = e*X(™) V7 1 € [y, 00) and S(7) will
be a log-normal random variable, provided X (7) is a normal distributed random variable.
That is to say we arrive at the traditional lognormal model. Figures 3.2.2 to 3.2.7 give
the relation of the power path loss X (¢,7) and the signal attenuation S(¢,7) with different

distances as well as the different initial reference distances d.

2. Fized t, 0(t,7) = {v(t,7),0(t)}

Considering the next particular case where for a fixed t, v(t,7) = 2% and 6(¢,7) = 4(2).

The solution of (3.2.21) is given by (3.2.22) and can be computed from:
X(t,7) = X(t,70) + 10alog v.7 — 10alog verg + 3(8)[W(T) — W (70)], (3.2.27)

where for a given 6(¢) and if X (t,70) is Gaussian or constant, the distribution of X (¢,7)
evolves like a Brownian motion with non-zero drift coefficient. Clearly, with d = v.r, it is
noticed that the power path loss given by (3.2.27) varies logarithmically with distance and
it corresponds exactly to the power path loss given by (3.1.4) with PL(dp) S X (t,70) and

X & §(t)[W () — W(7g)]- The mean of (3.2.27) is PL(dy) + 10alogv.m — 10alogv,7y and
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X(t,t) as a function of ’I:=d/VC for fixed time t
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Figure 3.2.2: An illustration of power path loss and attenuation with distance 100m for a
given observation time and dy=2m.

the variance is §(t)%(7 — 7). It follows that the SDE for S(¢,7) is given by:

dS(t,7)  (10ka
S(t,7) =

+(k6§t))2)d7+ka<t>dW(T>, S(t, 7o) = XE™. - (3.2.28)

T

The parameter (% + (k(s_(;))f) is the local conditional expected percentage change of the
signal attenuation per unit delay, (kd(t))? is the local conditional variance per unit delay,
and S(t,79) is the attenuation at observation distance dy = v.79. The solution of (3.2.28)

can be obtained directly from (3.2.27) and it yields

St 7) = o (ﬁ(do)HOa log d) SO () =W(ro)] (3.2.29)
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X(t,t) as a function of -c=d/vc for fixed time t
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Figure 3.2.3: An illustration of power path loss and attenuation with distance 500m for a
given observation time and dy=2m.

Since for a given §(t) and if X (¢, ), is Gaussian or constant, X (¢,7) in (3.2.27) evolves like
a Brownian motion for all 7 > 79, then {S(¢,7)},>+, is a log-normal random process, that is,
it has a log-normal probability distribution. When the parameters {y(¢,7),d(t, )} are zero,
then S(t,7) = S(t, 1) = X&) Y1y € [19,00) and S(¢,7) will be a log-normal random
variable, provided X (¢, 7p) is a normally distributed random variable.

Figure 3.2.2 to 3.2.7 illustrates the power path loss and signal attenuation as a function of
distance for different fixed observation time ¢. These figures demonstrate, as expected, that

the mean of the process X(t,7) increases logarithmically with distance and therefore that
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X(t,T) as a function of 1=d/vc for fixed time t
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Figure 3.2.4: An illustration of power path loss and attenuation with distance 1000m for a
given observation time and dy=2m.

S(t,7) decreases logarithmically with distance, for the particular set of parameters chosen

v(t,7) = 3°% and 6(t, 7) = 6(t). These figures also illustrate that the variance of the process
X(t,7) increases as the recalization increases. In order to bound this increase one would have

to choose the parameter 6(¢, 7) appropriately, i.e. random or as a function of 7.

3. Fized t, 8(t,7) 2 {v(t,7),8(t,7)}

For a particular set of parameters (y(t),d(t)), X(7) should be increasing linearly with the

logarithm of distance, as indicated in (3.1.3), with a rate of increase the power path loss
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X(t,tau) as a function of tau=d/vc for fixed time t
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Figure 3.2.5: An illustration of power path loss and attenuation with distance 100m for a
given observation time and dy=10m.

exponent «. The mean of the process X (7) should correspond to the average power path
loss, i.e. PL(d)[dB] = PL(dg) + 10« log(;<%) of (3.1.3), which captures the propagation
environment characteristics and which increases logarithmically with distance. It is shown in
previous section that a generalization of ¥(¢) to a function of 7, i.e. y(t,7), enables the model
to reproduce the observed rate of increase of power path loss (or equivalently decrease of
attenuation) logarithmically with distance. This is done by a generalization of the Brownian
motion model to one which has random process parameters 6(t, 1) £ {v(@t,7),0(t, 7)}rorgs

adapted to an underlying filtration {A;},>,, associated with the probability basis (€2, A, P)
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X(t,7) as a function of 1=d/v_ for fixed time t
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Figure 3.2.6: An illustration of power path loss and attenuation with distance 500m for a
given observation time and dy=10m.

on which the power path loss and signal attenuation evolves continuously with respect to 7.
This part explains the general formula of parameter set 0(¢, 7), for fixed ¢, X (¢, 7) is given

by:

dX(t,7) = ~(t,7)dr + §(t, 7)dW (1), X(t,70) = PL(dp)[dB] at time ¢, (3.2.30)

T > 79, To=do/Ve,

where {W(7)};>, is a standard Brownian motion which is assumed to be independent of

X (t,70). So the equation (3.2.30) has a unique solution for every X (¢, 7) if {y(t,7),0(¢,7)}
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X(t,7) as a function of r=d/vC for fixed time t
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Figure 3.2.7: An illustration of power path loss and attenuation with distance 1000m for a
given observation time and dy=10m.

with t € (¢, T), 7 > 7o are measurable and bounded, and it is given by:
X(t,7) = X(t,70) + / (¢, 5)ds + / 5(t, )W (s). (3.2.31)
70 K

An application of the Itd’s stochastic differential rule to S(t,7) = **®7) yields the Ito

stochastic differential equation (SDE):

(kd(t,7))?
2

£ St |alt,dr + Bt T)AW(7)],  S(t,m0) = XM (3.2.32)

ds(t,r) = S(t,m)|(kv(t, ) + Ydr + k8(t, 7)dW (7)]
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This model is very general, it does not satisfy any of the properties of the Brownian motion
process, and it becomes more general in capturing properties of the power path loss process.
For fixed t, S(t, 7) generated with 6(¢, 7) = 0(~(¢,7),6(t, 7)) and a given X (¢, 79), would have

the same properties as those for S(7) in (3.2.21).

1. {S(t,7)}r>r, has continuous trajectories and {InS(¢,7)},>., has stationary indepen-
dent increments, that is, (S(t,T) — S(t,a))/S(t, o), > o is independent of the past
history of the signal {S(¢,7);0 < 7 < ¢}, and (S(t,’i’) - S(t,a))/S(t, o) is identical

distributed to (S(t,7 — o) — S(t, 7)) /S (t, ).

2. {S(t,7)}r>r is log-normal distributed random process. In particular, kX (¢,7) =
In S(¢,7) has increments X (¢,7) — X(¢,0) which are normal distributed with mean
J7 ~y(t,u)du and variance §(t)* (7 — o), which are independent over disjoint intervals,
X(t, ) — X(t,73), X(¢,72) — X(¢t,71), 74 > 73 > 7o > 71 > 79. Thus, the increments of

{X(t, 7)},>r, are independent, stationary, and identical distributed.

3. The local variance of the signal {S(t,7)},>r increases when its realization increases,

i.e. distance increases, and the volatility parameter §(t) increases.

3.3 Temporal Log-Normal Dynamic Model

The second model captures the dynamics of the attenuation coefficient S(t,7) as a function
of time ¢t for a particular location d = v,7 from the transmitter. A SDE is derived for S(¢, )
as a function of ¢ for fixed 7. A similar argument, as the one used for the Brownian motion
in Section 3.2 is used to demonstrate the independence of the ratios of the attenuation
coeflicients S(t, 7), with respect to the variable t. In this case, for fixed 7, corresponding to
given distance, the attenuation coeflicients are examined at time instants, 0 < t; <ts,...,<
i as llustrated in Figure 3.3.8. Similar with the discussion in Section 3.2, the ratios

S(te, 7) S(tm,T)
S(tl,’r),‘ o S(tm_l,T)
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are independent random variables and thus the attenuation coefficients {S(¢;,7)} satisfy the
properties of Brownian motion. Asin the case of the Brownian motion, the signal attenuation
is defined by S(t,7) = e*X®7) where the power path loss process X (t,7) is examined as a
function of time ¢. X(t,7) is the analog to PL(d)[dB] in (3.1.2) for fixed d = v, as a
function of time ¢. It represents how much power the signal has lost at a particular location
as a function of time ¢. It is generated by a mean-reverting version of a general linear SDE

given by:

dX(t,7) = B(t,7)(v(t,7) — X (t,7))dt + 8(t, 7)dW (£), (3.3.33)

X (to,7) = PLy(d)[dB].

The initial condition X (tp,7) can be obtained from the Brownian motion model (3.2.20)
which calculates X (to,7) for fixed ¢ = ¢y as a function of 7. Here the random processes
o(t, 7) 2 {B(t,7),v(t,7),0(t, 7) }+>0 are adapted to an underlying filtration A;>¢ (or measur-
able to the o-algebra) generated by the o-algebra, o{W(s);0 < s < t} and {W(t)}i>o is a
standard Brownian motion process which is independent of X (¢y, 7). If the random processes
{0(t,7)}+>0 are measurable and bounded, (3.3.33) has a unique solution for every X (to,7)

given by

¢
X(t, 1) = e Pltoln) (X(to, )4 [ Plmboln) [ﬂ(u, T)y(u, 7)du + §(u, T)dW(u)]),

to

B([t, o], 7) Cl /t:ﬁ(u,T)du. (3.3.34)

kX(t,T)

Moreover, using 1td’s stochastic differential rule on S(t,7) = e with respect to 7 we

obtain
dS(t,7) = S(t,7) [(kB( Tyt 7) — X (7)) + %kQ(Sz(t, 7))dt + ko (t, 7)dW (£)],

S(tg, 1) = eXltom), (3.3.35)

The dependence of 6 on 7 implies that the set of parameters (¢, 7) are associated with a given

observation location at distance d from the transmitter. Clearly the random parameters 6 can



3.3. TEMPORAL LOG-NORMAL DYNAMIC MODEL 43

X(t,) as a function of time t for fixed distance d1=100m
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Figure 3.3.8: An illustration of power path loss and attenuation with time varying for given
distance where 1y=47.2dB and parameter § = 450.

be used to model how the attenuation coefficients vary at any location along the propagation
path as a function of time ¢. A different location is characterized by a different set 6(t, 7).
In particular, «(¢,7) corresponds to the average power path loss at distance d from the
transmitter, namely PL(d)[dB], and the model will track and converge to this value as time
progresses. Two examples are presented for which it is possible to obtain densities and first

and second moments.
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X(1,7) as a function of time t for fixed distance d1=100m
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Figure 3.3.9: An illustration of power path loss and attenuation with time varying for given
distance where £q=47.2dB and parameter § = 1450.

1. Fized 7, 6(t,7) independent of t: 0(1) = {B(7),~v(7),0(7)}

For fixed 7 and in the special case where {3(¢,7),7(¢,7),6(t,7) }i>0 are independent of ¢
and chosen according to some probability distribution, we define 6(7) 2 0(t,7) and 0(71) =
{B(1),7(1),8(7) }r>0, i-e. constant for a particular location d = v.7, thus characterizing the
dynamics with respect to time of a particular location with respect to time. In this section

we use the notation X (t) S x (t,7) and {X(t)}i>1, is being generated by a mean-reverting
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X(t,7) as a function of time t for fixed distance d1=100m
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Figure 3.3.10: An illustration of power path loss and attenuation with time varying for
given distance where xy=64.2dB and parameter § = 450.

version of an Ornstein-Uhlenbeck process given by

dX (t) = B(r)(v(r) = X(¥))dt + 6(r)dW (t), X (to) = PL(d)[dB],

d=17/v,, B(r)>0, 6(r)>0, v(r) = PLy(d)[dB]. (3.3.36)

Here {W(t)}:>0 is a standard Brownian motion process which is independent of X(ty)
and the random parameter (7). Clearly, if S(t) = €**®) and (3.3.36) is assumed, then
{B(7),7(7),8(7)} of (3.3.36) are specified explicitly, characterizing the attenuation for a spe-

cific location of the propagation environment. It is shown that the first term in (3.3.36)
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X(t,7) as a function of time t for fixed distance d1=100m
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Figure 3.3.11: An illustration of power path loss and attenuation with time varying for
given distance where £y=64.2dB and parameter § = 1450.

implies an adjustment towards the value y(7), where 3(7) is the speed of the adjustment.
This implies that every time that «(7) changes, the model should track these changes with
a speed dictated by 8(7). The parameter v(7) models the average power path loss for an
arbitrary distance d traveled by the signal as given by (3.1.2). To determine the behavior of
{S(t)}t>0, we first examine the behavior implied by (3.3.36). For a given 6(7), the solution

of (3.3.36) starting at X (s) is

X(0) = PO (X, 4r) (P 1) + (et [ O @), (3337
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Consequently, {X (¢) }:>0 is a Gaussian random process, and the conditional expected value

and variance of X at time ¢ conditional on its current value at s for ¢ > s and 0(7) are:

E[X ()X (s),0(r)] = e PN (X, +(7) ("0 — 1)), (3.3.38)

1 — =28(r)(t—9)
26(7)

As the observation instant ¢ becomes large, the random process {X (t)}:>0 converges in law

Var(X(6)X(s) = X,,0(r)) = 6(r)( ). (3.3.39)

to a Gaussian random variable with mean v(7) = PL4(d)[dB] and variance 5(7():). That is,

28
1 Xoo — Y(7))?
Jo(Xoo, 00; Xoy5) = e exp (- (——27(}2(—&) (3.3.40)
271'-2;%) (350)

The steady-state conditional mean of {X (t)}+>o for large ¢ represents the average power path
loss for a given location along the propagation under the assumption that the environment
is not moving anymore.

From (3.3.37), the dynamics of S(¢, 7) are obtained by the It differential rule to yield
1
ds(t) = S(t) (kB(r) [v(7) - X ()] + 5(1@5(7))2)@5 + S(t)kS(T)dW (¢),
S(ty) = ekX o), (3.3.41)
Clearly, for a given set 6(¢,7) the joint process {S(t), X(t)}:>0 is a Markov process since

kX (t) = log S(t), the distribution of S(¢) is log-normal distribution, and it is straight forward

to derive the density and the moments for S(t) similar with the Section 3.2.

2. Fized T, 0(t, T) = {B(7),v(t,7),0(r)};~v(t,7) as function of t

From the general case (3.3.33), we let 0(t, 7) 2 {B(r),v(t,7),0(7)}, that is to say B(7),d(7)
are constants and (¢, 7) is a function of time ¢. If we consider ¢y=0, so the general equation

(3.3.33) becomes

dX(t,7) = B(r)(y(t,7) = X (t,7))dt -+ 5(7)dW (t), (3.3.42)

X(to =0,7) = PL(d)[dB].
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Power loss X(t,t) with t-varying ¥(t) as a function of time t
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Figure 3.3.12: An illustration of the time-spreading and time variations properties of the
channel for lower §=105,000.

The solution is
X(t,1) =" (Xt =0,7) + [ PO B(r)y(u, T+ 6(r)dW (w)]). (3.3.43)

Given a special case y(t,7) = 7 * (1 + 0.156(_2”71)5@%(%)). ¥ = 70dB is corresponding
to a distance d = 12m for the model of power path loss with distance in (3.2.27). T is the
observation interval.

Figure 3.3.12 and 3.3.13 are plotted by giving selected parameters 6(7) = 1234, and 3(7) =

105,000, G(7) = 220,000 respectively. They illustrate that the power path loss converges
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Power loss X(t;1) with t—varying vy as a function of time t
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Figure 3.3.13:  An illustration of the time-spreading and time variations properties of the
channel for higher 5=220,000.

to 7y(t,7) which represents the temporal variations of the propagation environments. If
we change to different location and select different parameter §(7) and 8(7), we can have
different 7, then get the corresponding power path loss that still increases logarithmically

with distance d.
3. Fized 7, 0(t, ) 2 {B(t, 7), y(t, 7), 6(t, 7)}

Considering the mean-reverting log-normal model (3.3.33), when we fix the observation loca-

tion e.g. 7 is fixed, then the parameters of 6(t, 7) 2 {B(t,7),v(t,7),(t,7)} are time varying
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random processes. The solution of the power path loss X (¢,7) and the signal attenuation
S(t,7) have the general forms given by (3.3.34) and (3.3.35) respectively. For fixed 7, at
each instant of observation time, the power path loss X (¢, 7) is normal distributed and the
corresponding attenuation S(t,7) is log-normal distributed. As time increases, the lognor-
mal random process approaches a lognormal random variable. So the random parameters
{B(t,7),~v(t,7),0(t, 7)} can be used to model how the attenuation varies at any location with
the multipath propagation as a function of time ¢. That is to say for a different transmitter-
receiver pair, it can be characterized by a different set of {5(¢, 7), (¢, 7),8(¢, )}

After using linear SDE in modelling the dynamic behavior in time and space of the log-
normal shadowing channel models, we can get the power path loss X(¢,7) and the signal
attenuation coefficient S(¢, 7) respectively for each instant of time and each observation lo-
cation. From (3.3.38) and (3.3.39), we can get the first and second moments of X (¢, 7). For
S(t,7) = **t7) we also can get the first and second moments of S(t,7) for a different
transmitter-receiver pair. It is the basis for next chapter of power control problem since we

can take these signal attenuation coeflicients as channel gains.

3.4 Space-Time and Multipath Log-Normal Model

3.4.1 Space-Time Log-Normal Channel Model

Considering again the mean-reverting log-normal model with time-varying random processes
6(t,7), i.e. for fixed 7, O(¢,7) varies with time, satisfying the conditions discussed above
where the power path loss equation is given by (3.3.33). In the previous section, the model
(3.3.33) captures the time variations corresponding to a fixed location d. In particular, we
use the time variations of (¢, 7) to model any arbitrary time variations of the mean, due to
variations of the propagation environment between the transmitter and the fixed location d.

Here we extend this model to capture space variations, in addition to time variations, using
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the fact that (¢, 7) is both a function of ¢ and 7 [7}, [8], [9], [11].
Considering that the observation point moves away from location d, with velocity v,,, in an
arbitrary direction defined by the angle ¢, as shown in Figure 3.4.14. At time ¢, the new

distance from the transmitter to the new observation point d', is given by:

d(t) = \/(d+t Up, €08 @)% + (t Uy Sin )2

= @+ (v 1242 d t vpcos6, (3.4.44)

and according to (3.1.2) the average power path loss at that new location, corresponding

mean y(t,7) is thus given by:

y(t, ) = PL4(d(t))[dB] = PL(dp) + 10clog d/d((f) +&(t), (3.4.45)

where d(t) is given by (3.4.44), and £(¢) is an arbitrary function of time which presents addi-
tional temporal variations in the propagation environment. The receiver is in relative motion
with respect to the transmitter and the power path loss is also relative to the transmitted
signal.

Similar with previous section about the power path loss X (¢,7) generated by (3.3.33), we
can see that in the space-time environment, the power path loss X (¢,7) is relative to both

distance d and time t.

3.4.2 Multipath Log-Normal Channel Model

In a multipath time-varying environment, all the parameters characterize the channel model,
i.e. attenuation coefficients, phase-shift, number of paths and sub paths, and time delays,
are characterized as random processes. A multipath structure is depicted in Figure 3.1.1
giving rise to the multipath log-normal channel [2}, [9], [11]. The paths are usually identi-
fied and possibly ordered according to their arrival times. As a consequence of the different

propagation paths, the overall received signal consists of the superposition of copies of the
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transmitted signal, which arrive from different directions, therefore undergo different atten-
uations, phase-shifts, and time delays. The multiple copies of the transmitted signal arriving
at the receiver at different delays give rise to the time-spreading characteristics of the chan-
nel.

So we can consider that the normal distributed power path loss X (¢, 7) and the log-normal
distributed signal attenuation S(¢,7) in dB can be associated with each path. Assuming
there are n possible paths, for each single path of the n paths, it may undergo one or several
reflections. In such a multipath environment, the power path loss variations of each path of
n from the transmitter to any neighborhood receiver are given by (3.1.4) and can be changed

with
PL(d,)[dB) = PL(d,)[dB] + X, (3.4.46)

where the subscript n is to distinguish the different paths.

In general, a multipath channel model is described by its response that acts like a filter
between the transmitter and the receiver. At the receiver, the signal manifests itself as the
superposition or vectorial sum of the various signal components that arrive at different time

delays.

The statistical temporal multipath channel model is given by the following low-pass equiva-

lent time-varying impulse response,
N(b)
Co(t; ) = D rult, )N (1 — 7,(t)). (3.4.47)
n=1
This is more general than the traditional multipath channels because the attenuation coeffi-
cients are function of both ¢ and 7. Here Cy(t; 7) denotes the response of the channel at time
t, due to an impulse applied at time ¢ — 7. The random processes which characterize this

channel are {r,(t,7), ®n(t, 7), Tn(t) }1>0, which denote the signal attenuation, the phase, and

the propagation time delay respectively. The N(t) denotes the number of waves impinging
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on the receiver antenna at time ¢. The attenuation coefficient r,(¢,7) corresponds to the
path having been subjected to a delay 7,(¢). The parameter r,(t,7) is both a function of ¢
and 7, where by its dependence on 7 it captures the characteristics of different propagating
environments, i.e. 7,(¢, 7,,(t)) has different statistics than r;(t, 7;(t)). The dynamics of the
attenuation coefficient r,(t, 7), equivalent to S(¢,7), as a function of time ¢ are computed
using the mean reverting log-normal process given by (3.3.35). The phase ®,(t,7) is typi-
cally a function of the phase of the emitted signal and the phase-shift along the path which
depends on the carrier frequency, the movement between the transmitter and the recciver,
and the angle of arrival of the plane wave onto the receiver. When the input to the channel
is a low-pass signal S,(t), then the low-pass equivalent representation of the received signal

is:

w(t, T ()7 ETmOIS, (¢ — 7 (1)), (3.4.48)

||D/]2

yelt) = /_oo Colt: 7)Se(t — 7)d

while its band-pass representation is given by:

N()
y(t) = Re{ye(t)e’* } = Re{[ 3 ralt, ()N Gy(t — 7, (1)) ]}, (3.4.49)

n=1
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Power loss X(t,t) with t-varying 7y(t)
as a function of time t for different distance d

X(t,1) (d

distance (m) time(s)

Figure 3.4.14:  An illustration of the space-time properties of the channel.



Chapter 4

Optimal Power Allocation Using
Linear Programming

4.1 Introduction

In general case, the channel gain Gj; can be interpreted in many ways, such as power at-
tenuation, lognormal shadowing, cross correlation between codes, and the antenna direction
and size. In our study, from previous chapters, we consider that the signal attenuation can
be lognormal shadowing as the channel gain. In this chapter, for power allocation problem,
we take the signal attenuation as constant channel gain for a given transmitter-receiver pair.
We consider a network with M transmitters which transmit at power level p;,ps,...,pa, and
M receivers where ith receiver is assigned to transmitter ¢. The signal power received at the
i1th receiver from transmitter j is given by G,;Fi;p;, the total interference power is given by
Zé\;{éi Gi;Fijp;, and the noise level at the ith receiver is 7;. So the SIR of the ith receiver is
given by [4], [5], [14], [15]:

GuFip;
E;'\;J/;i Gy Fijp; + m’

T; = (4.1.1)

where the terms Fj; model Rayleigh fading and are assumed to be unit mean indepen-
dent exponential distributed random variables. Then we have E[G;Fiip] = Gup; and
E|GijFijpj| = Gijp; -

55
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4.1.1 Outage Probability

Definition 4.1.1 Outage Probability
We assume that the reception can occur at the ith receiver provided the SIR T; exceeds a
given threshold SIR denoted as %;. Then the outage probability of the ith transmitter-receiver

pair is given by:

0; = })7"0b(1_\2 < ’71)

M
= PT0b<GiiFiiPi < %X GyFyp; + 771'))

I
Vi
= PT’Ob(Fii < Giipi (; GijF‘ijpj + ’I’h)) (412)
J#i

Suppose 2z, ...,z, arc independent exponential distributed random variables with means

E(z) = /\% We know that

Prob(z > Y z) = . 4.1.3
ro(zl gz) g)\1+)\i ( )

Then

Prob(zl < zn:zi> =1 —Prob(z1 > Xn:zl) =1- ﬁ 3 )J\:)\ .
i=2 i=2 i=2 M i

(4.1.4)

The derivation of this result is given in Appendix A. So applying this result to the expression
of outage probability (4.1.2), the outage probability can be expressed in analytical form as

[14], [15):

5 M
i 1
Oi=1-eTim [[ (4.1.5)

it L VG
We define the worst outage probability over all transmitter-receiver pairs as O = maz0O;, it

is an important factor for the system and power allocation.
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Lower and upper bound of outage probability as a function of certainty-equivalent margin
70 T T T T T

60

Outage probability (O)(%)
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Certainty-Equivalent Margin(CEM)

Figure 4.1.1: Exact outage probability as a function of CEM.

4.1.2 Certainty Equivalent Margin

Definition 4.1.2 CEM (Certainty Equivalent Margin)

The CEM (Certainty Equivalent Margin) is the ratio of ith SIR to the reception threshold
SIR without noise, as CEM = % By the definition, both the signal and interference power
are replaced by the expected value of these random variables.

Now we also define the CEM with noise denoted as CEM":

I; iDi
CEM" = =% = — MG P .
Yoo Wi Gipi +mi)

(4.1.6)
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For 2y, ...,2, > 0, it can be shown that the inequalities
i n n
T+ k+> 2 <[+ 2) < e ) (4.1.7)
i=1 i=1
hold for some given constant k.
Combining with the definition of outage probability, we have
—ngy M 1
O =mazx(l—¢e Gii”i)H——Gf ) (4.1.8)
( J# 1+% Gliilp;i )
Using the inequality in (4.1.7), it leads to

1 -1
O< 1_ :1_6031\471. 419
- 6ma:z('_yi(zﬁi Gijpi+ni)) ( )

In the similar way, we can get

1
— < 0. 1.1
1+CEM? <0 (4.1.10)

In appendix A.2, we give the detailed derivation of (4.1.9) and (4.1.10). Then we have the

lower and upper bounds on outage probability as following [14], [15]:

! <0 <1 - evEmm (4.1.11)
1—|—CEM77_ ~ € . A

Figure 4.1.1 plots the upper and lower bounds of outage probability O as a function of CEM.
Also from Figure 4.1.1, we can see that the lower and upper bounds are very close within

about 5%.

4.2 Optimal Power Allocation

For the power allocation problem, we want to minimize the total transmit power subject

to the constraints that each transmitter-receiver pair can attain a maximum allowed outage
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Error of upper and lower of outage probability as a function of certainty—equivalent margin
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Figure 4.1.2: Error of exact outage probability as a function of CEM.

probability or equivalent to reach a minimum allowed QoS requirement SIR. This is the

linear programming problem as the following form [4], [14], [15]:

M
min Zpi,
i=1

.t 0; SOM™ i=1,2,..., M, (4.2.12)

where O™ is the maximum allowed outage probability for the ¢th transmitter-receiver pair.
This value can be selected as same for each pair, or different for different SIR to be assigned

to different users. In our study, we assume this constraint as the same value.
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By the definition (4.1.2) of outage probability O; and combining with (4.1.5), we can express

the constraints O; < O"** as:

1— Oma < olai) ﬁ _ (4.2.13)
Y = e Tk — Gupi " 8
1+ %a’igf
Also, we can rewrite it as:
o M
i Giipj
(1 — oreyelam) T (1 + %222 < 1. (4.2.14)
G Giips
Then our power allocation problem can be stated as:
M
min Zpi,
i=1
Yini M Gi' i
st (1—Ore)elGard) [T (1 47,2259 < 1,6 = 1,2, ., M. (4.2.15)

G anl

4.2.1 Simulation of the Power Allocation

The left-hand side of the constraint inequality (4.2.15) is a polynomial function of the powers
P1, -, Prm- S0 the above problem is a linear programming problem with the variables py, ...,
par. We can use interior-point methods to solve it. The numerical results are completed by
using MATLAB functions flin and fmin to solve linear programming problem [25], [30].

Follow the Chapter 3, we used the stochastic differential equations to compute the distance
dependent power attenuation Gy;. Corresponding to the attenuation, we set the threshold
SIR varying from 3 to 12. Furthermore, an AWGN noise power ¢? = 107! was chosen
corresponding to approximately a 1IMHz bandwidth. In our study, we select different noise
power from 0.1 to 0.5 with the above unit o2. Also we set outage probability as 5%. Using
these parameters to do the simulation, we get each transmitter power for 6 of 10 users in a

short period.
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Figure 4.2.3: Power allocation for a small interval example of p,.

Figure 4.2.3 to 4.2.8 indicate that for each transmitter power py, ..., ps, in the very short

period, the power is varying in a very small range.
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Figure 4.2.4: Power allocation for a small interval exam