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ABSTRACT

In this thesis, the linear analysis of straight simply supported, continuous plate-
girde;' bridges is discussed. There are numerous methods which can be used for the
analysis, but the two most widely employed ones are the Finite Element Method and
the Finite Strip Method. When the two methods are compared with each other,
the Finite Strip Method is chosen because of its advantages — such as easier in
programming, less core storage, more economical, and suitable for micro-computers
— over the Finite Element Method.

In the past, similar analysis has been carried out by using the Finite Strip
Method with conventional approach (i.e. the combination of the finite strip analysis
and the flexibility method). However, the convergency of the solution is very slow.
In order to improve the rate of the convergency, a new continuous strip is devel-
oped for the Finite Strip Method. The displacement function of this new strip is
approximated by the solution of the free vibration equation of a continuous beam in
the longitudinal direction and an appropriate polynomial function in the transverse
direction. This continuous beam vibration function is employed because it can well
describe the displacement patterns and satisfy all the boundary conditions in the
longitudinal direction. Also, it is a continuously differentiable smooth function and’
possesses the valuable properties- of orthogonality.

The formulation of the continuous finite strip is developed in terms of the curvi-
linear coordinate system so that bridges with non-uniform girder depth can be
analyzed. Case studies showed that these formulation can accurately predict the

structural response of such haunched bridgés. As a result, a computer program -

i



the strip program — has been written for the analysis by using the new approach of
the Finite Strip Method.

Finally, a number of examples including beams, plates and actual bridge model
are given to demonstrate the general applicability of the strip program. The accu-
racy of the theoretical solutions obtained from the Finite Strip Method is shown by
comparing the results solved by the beam theory and/or the Finite Element Method
(ADINA). The rapid convergency of the new approach has also been demonstrated

by these numerical examples.

il



Contents

ACKNOWLEDGEMENTS i
ABSTRACT ii
NOMENCLATURE ix
CHAPTER 1 1
INTRODUCTION 1
CHAPTER 2 | | 5
REVIEW OF LITERATURE . 5
CHAPTER 3 | ' 14

FORMULATION OF LONGITUDINAL SHAPE FUNCTION Y,, 14

1 INTRODUGTION . o v e oo oeteeeaneneeeaeens 14
3.2 FREE VIBRATION ANALYSISOFBEAM . .. ........ DT
3.3 DERIVATION OF FUNCTION Yin + « + « v v v v e e vveeevn s 18
3.4 EIGEN SOLUTION OF FUNCTION Yiu « o v v v vvvv v 95

CHAPTER 4 | 34

FINITE STRIP FORMULATION FOR PLATE-GIRDER BRIDGES 34
4.1 INTRODUCTION ... . i v i ittt it e e 34

iv



49 BENDING OF APLATESTRIP . « o v v v o oo oo e et 34
4.3 IN-PLANE STRESS OF A PLATESTRIP . .. ... ..o o.... 42
44 FOLDED PLATE STRIP AND ITS FORMULATION . . . ... .. 47

4.41 FORMULATION OF A STRIP WITH CONSTANT WIDTH 48
442 FORMULATION OF A STRIP WITH VARIABLE WIDTH 62

CHAPTER 5 - 68

NUMERICAL EXAMPLES AND DISCUSSION 68
51 INTRODUCTION .« v v v v et oo e e e e e e e e e 68
5.2 STRUCTURES WITH CONSTANT CROSS-SECTION . . . .. .. 68
5.3 STRUCTURES WITH VARIABLE CROSS-SECTION . ...... 85
54 DISCUSSION . o o v oo e eee e e, 95

CHAPTER 6 | 102

CONCLUSION | 102

REFERENCE 104

APPENDIX A 110



List of Figures

3.1 BEAM ELEMENT

----------------------------

3.2 A CONTINUOUS SIMPLY SUPPORTED BEAM WITH n SPANS.
3.3 THE FIRST AND LAST SPAN OF A CONTINUOUS SIMPLY
SUPPORTED BEAM

..........................

16
19

21

3.4 INTERMEDIATE SPANS OF A CONTINUOUS SIMPLY SUPPORTED

-----------------------------------

3.5 THE SLOPE AND CURVATURE OF AN INTERMEDIATE SPAN
3.6 REGULI-FALSIITERATION PATTERN .. .............
4.1 A TYPICAL RECTANGULARSTRIP ................
4.2 SIMPLE BEAM IN BENDING . ... ... e e
43 DISPLACEMENT FIELD OF A CONTINUOUS STRIP . . .. ..
4.4 SIMPLY SUPPORTED PLATE UNDER IN-PLANE FORCE . . . .

45 A TYPICAL FOLDED PLATESTRIP . .............-. ‘

4.6 LOCAL AXES «'y' ' AND GLOBAL COORDINATES z,y, z .. .

24
26
31
35
38
38
43
49
61

4.7 CURVILINEAR COORDINATE SYSTEM FOR A VARIABLE WIDTH

51 LOADS AND LAYOUT OF EXAMPLE5.21. . ... ... ... ..
5"..2\ LOADS AND LAYOUT OF EXAMPLE5.2.2 . . .. .. ... .. ..
53 LOADS AND LAYOUT OF EXAMPLE5.23. . . ... .......
54 LOADS AND LAYOUT OF EXAMPLE 524 . . . . . . . .
55 LOADS AND LAYOUT OF EXAMPLE5.25. . . ... .......
56 LOADS (POINT LOAD) AND LAYOUT OF EXAMPLE 5.26 . . .
57 STRESS DISTRIBUTION (POINT LOAD) OF EXAMPLE 5.2.6

vi

63



5.8 LOADS (UNIFORM LOAD) AND LAYOUT OF EXAMPLE 5.2.6 .
5.9 STRESS DISTRIBUTION (DISTRIBUTED LOAD) OF EXAMPLE

79

73 0 R 80
5.10 LOADS AND LAYOUT OF EXAMPLE 5.2.7. . . . . ... . ... 81
5.11 LOADS AND LAYOUT OF EXAMPLE5.28. ... .. ... .. .. 82
5.12 STRESS DISTRIBUTION OF EXAMPLE5.2.8 ........... 84
5.13 LOADS AND LAYOUT OF EXAMPLE&3.1. ... .. ... .. .. 88
5.14 LOADS AND LAYOUT OF EXAMPLES3.2. . ... ... .. ... 89
5.15 STRESS DISTRIBUTION OF EXAMPLE 532 .. ......... 90
5.16 LOADS AND LAYOUT OF EXAMPLE 533 . .. ... ..... .. 91
5.17 LOADS AND LAYOUT OF EXAMPLE G534 . ... .. ... .... 92
5.18 STRESS DISTRIBUTION OF EXAMPLE 534 ........... 94
A.1 ADINA MESH (20 ELEMENTS) FOR EXAMPLE 5.26.. ... .. 111
A.2 ADINA MEHSH (80 ELEMENTS) FOR EXAMPLE 5.26....... 112
A.3 ADINA MESH (36 ELEMENTS) FOR EXAMPLE 5.2.7. . ... .. 113
A4 ADINA MESH (72 ELEMENTS) FOR EXAMPLE 5.2.7. . . .. .. 114
A.5 ADINA MESH (168 ELEMENTS) FOR EXAMPLE 5.2.8 . . .. .. 115
A6 ADINA MESH (80 ELEMENTS) FOR EXAMPLE 5.3.1. . ... .. 116
A.7 ADINA MESH (160 ELEMENTS) FOR EXAMPLE 53.1 . . .. .. 117
A.8 ADINA MESH (56 ELEMENTS) FOR EXAMPLE 5.3.2. ... ... 118
A9 ADINA MESH (60 ELEMENTS) FOR EXAMPLE 5.33....... 119

A.10 ADINA MESH (180 ELEMENTS) FOR EXAMPLE 534 . ... .. 120

vii



List of Tables

4.1 ABSCISSAE AND WEIGHT COEFFICIENT FOR GAUSSIAN IN-
TEGRATION . . . . o ittt e i e e s e s s s 55
4.2 NUMBER OF SEGMENTS AND GAUSSIAN POINTS .. ..... &7
5.1 A COMPARISON OF BENDING MOMENT FOR SXAMPLE 5.2.1 72
5.2 A COMPARISON OF BENDING MOMENT FOR EXAMPLE 5.2.2 73
53 A COMPARISON OF BENDING MOMENT FOR EXAMPLE 5.2.3 74
54 A COMPARISON OF BENDING MOMENT FOR EXAMPLE 5.24 75
5.5 A COMPARISON OF BENDING MOMENT FOR EXAMPLE 5.25 76

5.6 STRESSES DUE TO POINT LOAD FOR EXAMPLE 526..... 78 |
A STRESSES DUE TO DISTRIBUTED LOADS FOR EXAMPLE 5.2.6 80
5.8 DISPLACEMENT AND STRESSES OF EXAMPLE 5.2.7. ... .. 81
5.9 DISPLACEMENT AND STRESSES OF EXAMPLE 5.28. ... .. 83
5.10 DISPLACEMENT AND STRESSES OF EXAMPLE 5.3.1. . . . .. 88
5.11 DISPLACEMENT AND STRESSES OF EXAMPLE 632, ..... 90
' 5.12 DISPLACEMENT AND STRESSES OF EXAMPLE 5.3.3. . . . .. 91

5.13 DISPLACEMENT AND STRESSES OF EXAMPLE 5.34. ... .. 93

viil



1l

I

NOMENCLATURE

cross-sectional area

mode shape

the width of a strip

the actual width of the haunched web (strip)
the width of a flange strip

a fraction.,of the actual width of the haunched web

. ‘strain shape function

the [B] matrix for the flange strip in curvilinear coordinates
the irdl-plane‘ bending matrix for ﬁa.nge str\.?ip '

'tl;e in-plane bending matrix for wé.b strip

the [B] matrix for the ’web strip in curvilinear coordinates
the coeﬁiciepf matrix for displacemeﬁt function

the materi,ﬂ i:)orperties matrix

the modulus of elasticity

polynomial function in transverse'direction (x-direction),
subscript m indicates’the m th term

a genéra.l function of ah}' degree

/

ix



{F}

M

q(z), q(y)
{q}

(5]

t

(T:]

& o

-

i

il

]

inertia force

load matrix

shear modulus
moment of inertia

span length,
subscript ¢ indicates the ¢ th span

length of a strip

bending moment

loading functions in x and y direction respectively

loading matrix

stiffness matrix

thickness of a finite strip
transformation matrix

displacement in x-direction

force in x-direction

strain energy of a finite strip
potential energy of a finite strip
total potential energy of a finite strip
displacement in y-direction

force in y-direction



Wimy, Wim

w(z,y)

Yo

x'f yiz

¢y 7

shear force

displacement in z-direction

displacement parameters of a bending strip
displacement function

force in z-direction

weight coeflicient

harmonic series in longitudinal direction,
subscript m represents the mth term

cartesian coordinates

density

k angular frequency of beam

eigen solution of Yy,

rotation about x-axis

transverse slope of a bending strip

the curvature (or strain of a bending strip)
possion ratio

abscissae for gaussia.n integration

the angle between the local and the global
coordinate system

curvilinear coordinates

xi



{6}
{e}
{o}

displacement parameters matrix
strain matrix

stress matrix

xii



CHAPTER 1
INTRODUCTION

Nowadays, the great increase in traffic, population, and the extensive growth of
metropolitan urban areas result in the continuing expansion of the highway network.
In most developed countries, this expansion has led to many changes in the use and
up-grading of various kinds of bridges. The major types of bridges that have been
used in canadian transportation system can be summarized as follows: arch bridge,
cantilever girder bridge, cable-stayed bridge, suspension bridge, plate girder (or slab
and girder) bridge and box girder bridge. Among those bridge types, plate girder
bridges and box girder bridges have been widely proposed and used due to economic
and aesthetic reasons for the overpasses, undercrossings, separation structures and
viaducts in today’s modern highway systems. These structures can be constructed
to follow any desired alignment. In this thesis, the emphasis is placed on the linear
analysis of straight simply supported, continuous plate girder bridges. There are a
number of methods that can be used for such analysis. A review of these methods
is given in the next chapter.

In recent years, the rapid increase in the computing power allows the bridge
designer or researcher to do certain analysis which require extensive computation.
Of major importance in this context is the numerical methods such as the Finite
Element Method [51,16] and the Finite Strip Method [10] which, by virtue of its
adaptability, enables a wide range of bridge loading, geometry and support condi-
tions to be taken into account in analysis. In spite of the suitability of both methods
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for the analysis discussed in this thesis, the Finite Strip Method is the one being
chosen and concentrated (the review of this method is given in chapter 2, while the
formulation of the Finite Strip Method is detailed in both chapters 3 and 4). It
is because when the two methods are compared, the Finite Strip Method requires
less number of equations and hence the computer storage capacity. Moreover, the
reduced matrix band width in the Finite Strip Method results in significant saving
in computing time which is known to be directly proportional to the square of the
band width multiplied by the total number of equations solved. In most cases,
the longitudinal moment and displacement variations are greater than those in the
transverse direction; therefore, in the Finite Element Method, a good approxima-
tion of the displacement and moment variations in the longitudinal direction usually
requires a large number of divisions (elements) in that direction. However, if the
Finite Strip Method is used, then only one basic function is needed to describe
the variations of these parameters in the longitudinal direction. Once again, the
advantage of the Finite Strip Method is observed. In terms of .progra.mming, it is
much easier to write the finite strip program than the finite element program. This
is due to the fact that in the inite Element Method, a nodal point depending on
the physical location can be connected to a number of elements; while in the Finite
Strip Method, at the same location, a less number of finite stripes (i.e. elements)
are connected because the nodal point is replaced by a nodal line. In ad&ition, the
input data preparation for the Finite Element Method is much more complicated
than that for the Finite Strip Method. Besides these, the Finite Strip Method, un-
. like the Finite Element Method in which a huge computer systeni is needed, can be

easily carried out by a micro-computer. This is one of the main advantages because



micro-computer is now so common that most of the consulting companies or even
individual engineers may have their own personal micro-computer. Another great
advantage is the saving on the total cost of the analysis due to the reduction in
computing time. However, at this moment, the Finite Strip Method seems to be
mainly used for analyzing simply supported bridge structures.

The study of the continuous slab and girder bridges by the Finite Strip Method
has been carried out by Cheung [1]. In his analysis, the conventional approach
(i.e. combining the finite strip analysis with the flexibility method) is employed
for the continuous bridge with intermediate columns. The same idea is used to
solve the continuous plate with line supports by Ghali and Tadros [23]. If was
noticed that the convergency of the solution from those analyses were very slow
which prevented from wide use of this method by design engineers. The other
objective of this thesis is therefore to investigate this problem and to find ways to
improve it. In order to improve the rate of the convergency, a different Ia'pproach
is considered. In this approach, the free vibration equation of a simply supported,
continuous beam is solved and treated as the longitudinal shape function [4]. The
derivation and the eigen solution of the series is described in chapter 3. This series
will then be combined with a suitable transverse polynomial function to form the
complete displacement function (chapter 4) for the finite strip analysis of continuous
bridges with intermediate line supports. The continuous beam vibration function
is used because it can sufficiently describe the displacement pattern and satisfy
all the_rgquired boundary conditions in the longitudinal direction. Furthermore,
this function is continuously differentiable and possesses the valuable properties of

orthogonality.



In chapter 4, the stiffness matrix and the load matrix of a rectangular folded
plate strip are given. In order to cover the analysis of continuous haunched bridges,
a folded plate strip with variable width is also derived. The formulation of this
variable width strip is done with the help of the curvilinear coordinates system
which is considered one of the most accurate approximation for this kind cf strips.

Consequently, a computer program, the strip program [2], has been written ac-
cording to the above theories. The strip program has been verified by a number
of examples given in chapter 5. These examples, including beams, plates and ac-
tual bridge sections, are mainly divided into two categories: (i) structures with
constant cross-sections and (ii) structures with variable cross-sections. The results
are checked with either the beam theory or the Finite Element Method (ADINA
which is a finite element program for Automatic Dynamic Incremental Nonlinear
Analysis). As expected, structures with constant cross-section give more accurate
results, although all solutions obtained by the strip program are in good agreement

with the results solved by the beam theory or the finite element program.



CHAPTER 2
REVIEW OF LITERATURE

In the past, numerous methods have beén developed for the structural analysis.
Some of them are very effective in the bridge analysis. In this chapter, a brief
review of some commonly used analyses about the plate girder bridges is given.
These available methods include the Folded Plate Analysis {41}, the Line Sclution
Technique [40] and some numerical analyses such as the Finite Element Method
[28] and the Finite Strip Method [8,34].

(I) Folded Plate Analysis

Several methods have been established for analyzing folded plate structures.
Two main methods of such analysis are the Elasticity Method [18,24] and the Or-
dinary Method [14,21,42]. Both methods can be readily adapted for the analysis of
girder type bridges (i.e. plate girder, slab and girder, and box girder etc. ), because
these bridges may be regarded as a special type of folded plate in which the plates
are arranged so as to form the given bridge section. The detail of each method is
given in the listed reference. The attempt here is only to give a basic description of
both methods.

(Ia) The Elasticity Method

In this method, girder type bridges may be modelled analytically as a folded
plate system consisting of an assembly of longitudinal plate elements interconnected
at joints along their longitudinal edges and transversely between designated joints

on the cross-section. The bending of each plate normal to its plane and the bending



in the plane are analyzed by plate flexure theory and plane stress theory respec-
tively. These classical theories necessitate the representation of the external loads.
An analysis of such loads with any arbitrary longitudinal distribution for straight
bridges may be performed using a direct stiffness harmonic analysis. The applied
loads are first resolved into Fourier series components. The analysis is made for the
component of each particular harmonic and then the final results are obtained by
summing the results for all harmonics used to represent the load.

The analysis of each harmonic load has the advantage that loads and displace-
ments have the same variation and thus a single characteristic value may be used to
describe any force or displacement pattern. This makes it possible to treat an entire
' joint as a single nodal point and to operate with single forces and displacements
instead of functions. Furthermore, if the geometric compatibility and static equilib-
rium at a nodal point are maintained, then both conditions along entire longitudinal .
joint will be automatically satisfied. Each longitudinal joint usually has four char-
acteristic degrees of freedom: displacemént in vertical and horizontal plane of the
cross-section, translation in longitudinal tangent to the joint and rotation about an
axis tangent to the joint. Those directions define a global coordinate system for
displacements and forces. Finally, the structure stiffness matrix of the system is
obtained by applying direct stiffness method. If the continuous bridge is concerned,
then an additional force mefhod of analysis is needed and used in combination
with the direct stiffness harmonic analysis. Both direcf. stiffness method and force
method can be fpund in many textbooks.

(Ib) The Ordinary Method

This is an approximated method of analysis because it assumes a simplified
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structural behavior. The assumption significantly reduces the amount of compu-
tation required. The errors introduced by these simplifying assumptions has been
shown [19] to be small for uniformly loaded folded plates, provided that the length-
width ratio of the component plates exceed three. Usually, most bridge girders will
have a much bigger ratio than three. Therefore, the Ordinary Method can be safely
employed.

The Ordinary Method has been extended by Johnson and Lee [30] to the analysis
of folded plates containing tapered plates, provided that the plate taper is not
excessive. This restriction on taper arise from the fact that tlie length-width ratio
of each plate must be greater than three before the Ordinary Method can be applied.
Once again in the point of view of bridge girder, the limitation is not too serious
because in many practical cases the taper will be consilderafbly less than this limiting
value.

The Ordinary Method is started with the following afsumptions:

(1) Homogeneous and linearly elastic material. -

(2) Small deflection with respect to structural dimension.

(3) Fully monolithic connections between plates.

(4) Infinitely stiff in its plane and flexible normal to its plane at each

supporting end diaphragm.

(5) Similarity of the in-plane action between an individual plate and a simple beam
spanning between the end diaphragms.
(6) Similarity between the action of each plate normal to its plane and the same

action of a transverse one-way slab strip.



The folded plate may behave in the same way as the action of a serics of trans-
verse one way slab strips supported elastically at the ridges by a series of intercon-
nected plate-girders spanning longitudinally between the end diaphragms. The slab
strips which only transmit shears and moments in transverse direction are analyzed
by considering as a continuous beam, the equilibrium of transverse moments and
the compatibility of rotations being satisfied at the ridges; while the plate-girders
which only transmit forces in théir plane are analyzed as a simply supported beam
spa.rming between the end diaphragms, the connection between the adjacent plates
being taken into account by ensuring the equilibrium of longitudinal shear forces
and the continuity of longitudinal strains at the ridges.

Since the slab system is elastically supported by the plate-girder system, so

the displacements of the plate-girder system are produced by the slab reactions

while these reactions themselves depend partly on the plate-girder displacement..

Under this circumstance, the analysis is not straight forward. Several convenient
solution techniques have been proposed. One of them is the Method of Particular
Loadings which is developed by Yitzhaki [48]. In this method, the slab system of the
structure, under the action of the externally applied loads, is analyzed by assuming
to be rigidly supported by the plate-girder system and thus the displacement set up
in the plate-girder system are calculated. These plate-girder displacements lead to
relative joint displacement in which the additional sway moments in the transverse
slab system are set up. These additional moments are takén into account by carrying
out a subsequent correction analysis. Consequently, the final results are found by
superposition of the individual parts of the analysis.

On the other hand, if the Ordinary Method is applied to a conventional folded



plate structures in which all plates are rectangular and the loading on each plate has
a similar distribution in the longitudinal direction, then it is sufficient to consider
the satisfaction of equilibrium and compatibility conditions between adjacent plates
at one point only on their common edge because both conditions are a.utomatica.]ly.
satisfied all along the ridge if they are satisfied at this one point. As a result, only
one transverse slab strip has to be considered and the longitudinal shear forces and
stresses have to be calculated at one cross-section only of each longitudinal plate
beam.

(II) Line Solution Technique

The analysis of plate and shell structures by the line solution technique was
first discussed by Jenkins and Tottenham [28]. Applications to the plane stress
problem by Coull and Kazmi [31] were successfully proven. Moreover, Coull and
Rao {12] showed that the technique could be used for a wide range of problems,
such as uniformly distributed, block and concentrated loads, continuous decks and
decks of variable thickness etc. in the analysis of right isotn.)pic bridge decks. On
the other hand, Das [13] extend the technique to cover the curved isotropic decks
with or without edge stiffening beams. The technique was limited to the isotropic
material only until the first iﬁvestigation on the orthotropic slabs was carried out |
by Trockalakis [46).

The method of line solution is a mean of reducing a partial differential equation
to a set of simultaneous ordinary equations. However, the method was of limited
value due to numerical instability. The basic idea of the method is quite simple. For‘
some required function f(z,y) which must satisfy some partial differential equation,

it is assumed that along the lines y = yi (k =1 :+ n) the solution has the values
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f(z,yx), that is a function of z only, which is denoted by fi(z). These are the
line solutions. Along any line, partial derivatives of f(z,y) with respect to « will
take the form of complete differentials of fi(z) with respect to z. For any value
of z, partial derivatives with respect to y can be replaced by an appropriate finite .
difference expression and thus for all values of z can be expressed as appropriate
finite difference expressions are substituted back to the given line (e.g. line y,),
then a set of simultaneous fourth order ordinary differential equations is obtained.
These can be most readily solved by the matrix progression method. Details of this
method are shown in the listed reference. ‘
(III) Finite Element Method

In the Finite Element Method, structures are treated as an assembly of a number
of elements. The a‘cfual continuurmn is replaced by the assembly of finite elements
interconnected at nodal points. The behavior of a continuum is approximated by
stiffness matrices which are developeﬂ for the finite elements based on assumed
displacement or stress patterns. With the help of the direct stiffness method [11],
the nodal displacements are determined and hence the internal stresses in the fi-
nite elements. The accuracy of the solution depends on the assumptions used in
the derivation of the stiffness matrices and on the fineness of inesh sizes used in
the subdivision of the structure. The results often satisfy compatibility, bul not
necessarily equilibrium in the contmuum until a suﬁiclently fine mesh is used.

For bridge analysis, three main family of elements can be considered: one-
dimensional elements, two-dimensional elements and three-dxmensmnal elements.
Among them, three-dimensional elements are rarely needed because most bridge

structures can be well modelled by one-dimensional elements or two-dimensional
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elements or combinations of these elements. The common types of one-dimensional
elements are the bar element and the beam element. The bar element has one de-
gree of freedom at each node because it can take only axial compression or tension;
while the beam element has six-degree of freedom at each node because it can carry
both bending strength with respect to principal axes of bending and axial strength.
On the other hand, two-dimensional elements are, for the most part, triangular or
rectangular in shape. The degrees of freedom at the nodes of the elements are de-
pendent on the physical restriction. If a two-dimensional element has displaceménts
only in its own plane, then the element will have two-degrees of freedom at each
node. This type of elements is termed as an extensional or membrane element. Al-
ternatively, the element .may be used to simulate plate-bending (flexural) action by
specifying three-degrees of freedom (one translation, two rotations) at each node.

| F‘urthermore, the element may combine both the membrane action and the ﬁe:m
ral action to form a plate element of five-degrees of freedom at each node point.

1t should be noted ‘that for such element it is usually assumed that the in-plane
deformation and the bending deformation are uncoupled. These two-dimensional
elements are not limited to the above degrees of freedom. Additional degrees of
freedom per node (e.g. curvature,ltwist, etc. ) or additional nodes within the el-
ement or along its edges may be introduced to improve accuracy or for different |
specialized applications. Nevertheless, tﬁe Finite Element Method usually requires
large number of equations and matrix with comparatively large band width. These
can be very expensive due to long computation time and at times even impossible
to work out solution because of limitation in computing facilities.

In order to have a suitable choice of element type for a particular model, the



attention must be paid to the factors such as element accuracy, reliability, simplicity
and computational cost.
(IV) Finite Strip Method |

The Finite Strip Method, first published by Cheung (7], is acknowledged as a
powerful and versatile tool for solving simply supported bridge deck structures in
terms of accuracy and efficiency. Same method for rectangular slab-type bridge
decks is also studied independently by Powell and Ogden [38]. foe method retains
advantages of both the orthotropic-plate theory and finite element concept.

This method can be considered as a special form of the finite element proce-
dure using the displacement approach in which the minimum total potential energy
theorem is employed to develop the relationship between the unknown nodal dis-
placement parameters and the applied loading. However, the assumed displacement
functions are different from the conventional Finite Element Method. In the Finite
Element Method, the assumed displacement may take the form f’f two-way polyno-
mial functions; while the Finite Strip Method calls for combinations of a one-way
polynomial function in the transverse direction and a continuously differentiable .
smooth series (e.g. a harmonic function) in the longitudinal direction, with stipula-
tion that the harmonic function should satisfy the boundary conditions at the two
ends of the strips. In other words, the displacement function of the Finilte Strip
Method can generally be written as a product of polynomials and series. Thus it is

possibl;a to regard a two-dimensionel strip as a one-dimensional problem using the
s displacement function below
w(z,4) = 32 Fale)¥nly)

where fr(z) = polynomials in transverse direction
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Y;.(y) = harmonic series in longitudinal direction

Besides the reduction in dimensions, the Finite Strip Method is also much easier
to program and requires less effort to prepare the input data, less core storage, less
computation time and thus more economical. Moreover, the finite strip analysis can
even be programmed on micro-compuiers. These factors result in the superiority
of the Finite Strip Method in the linear analysis of straight simply supported,
continuous plate-girder bridges.

The philosophy of the Finite Strip Method is similar to that of the Kantorovich
Method [32] which modifies the partial differential equations to ordinary differential
equation by a unique separation of the variable function of z and y. The general
procedure of thg Finite Strip Method is outlined as follows:

(1) The continuum is first divided into strips by imaginary lines.

(2) The, 's“tr_ips are assumed to be interconnected along a discrete number of nodal
lines.

(3) A displacement function (usually a combination of a polynomial and a series)
is chosen to represent the unknown nodal displacement parameters.

(4) By applying either virtual work or minimum potential energy principlés

to the chosen dispia.cement function, a stiffness matrix and load matrix can be

obtained in. terms of a set of local coordinate system.

(5) An overall system stiffness and load matrix méy be formed b.w'/ assembling the
local stiffness matrix and load matrix of all strips under a common coordinate

system. A transformation matrix may be needed.



CHAPTER 3

FORMULATION OF LONGITUDINAL SHAPE
FUNCTION Y,

3.1 INTRODUCTION

For an accurate finite strip analysis, the choice of a suitable displacement func-
tion for a strip is the most crucial part. Thus, great care must be taken in choosing
the displacement function. In general, the displacement function consists of two
parts: (i) & series (or harmonic function) in the longitudinal direction, and (ii)
a polynomial in the transverse direction. The series part Y, of the displacement
function is chosen to satisfy all the boundary conditions and to be continuously dif-
ferentiable in the longitudinal direction. Also, l;’m should be converged to an exact

solution when the number of terms is successively increased and have the valuable

proﬁerties of orthogonality.

"&'}}%ﬁvf{z:% } for m#En +(3.1.1)
On the other hand, the polynomial part f.(z) of the displacement function must
be able to represent a state of constant strain in the transverse direction.

In this chapter, only the series part Y, will be discussed. The appropriate
selection of the polynomial fn(z) will be discussed in chapter 4. Because of the
similarity of behavior between a simply supported, continuous bridge and a simply
supported, continuous beam, the derivation of the longitudinal series Y., is based on

the governing beam differential equation obtained from the free vibration analysis of

14



beams. A review of the free vibration analysis of beams will be given in section 3.2,
Moreover, sections 3.3 and 3.4 will show the detail of the derivation and the eigen

solution of the series part Y;, of the displacement function respectively.

3.2 FREE VIBRATION ANALYSIS OF BEAM

Up until the present, the free vibration analysis of beams [20,25] has been well
known. The following is a brief review of the derivation of the governing differential
equation for the free vibration of a continuous beam [47]. In deriving the beam
differential equation (or equation of motion {45]) under free vibration, it is assumed
that vibration occurs in one of the principal planes of the beam. Consider a small
beam element of length dz as shown in figure 3.1. Bending moments M and shear
forces V, are acting on the ends of the element. The displacement at any section
z at time ¢ is denoted by ¥ (or ¥ (x,t)). The gravity forces will be neglected by
measuring the displacement from the position of static equilibrium of the beam.

The inertia force F on the element is given by

"
F= pAd:caat—l: (3.2.1)

Taking moments about the center line of the element (neglecting products of small

quantities), and resolving for forces in the y-direction, yields

Vide + M = (M + 9 dz) =0 (3.2.2)
or simplify
y, =M (3.2.3)

T
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Also, by the summation of forces in the y-direction, the relation between the shear

force V, and the inertia force F' can be expressed by

av, Y
a.'L' = pAW (3.2.4)

From the statics [15], the relationship among the bending moment, the curvature

and the displacement is given by

2
M= -EI%—Y (3.2.5)

Combining equations 3.2.3, 3.2.4 and 3.2.5, gives

oty oY

32( —El55) = pA%y (3.2.6)

For a beam with uniform cross-section and constant EI, equation 3.2.6 becomes

&Y oY
EI'-a""-"' +p AW 0 (327)

It should be noted that the effects of the transverse shear deformation and of the
rotatory inertia are neglected in equation 3.2.7. For equation 3.2.7 to be valid
the distance between nodal points (in the longitudinal direction) must be large in
comparison to beam transverse dimensions, so that the effects of the shear strain
may be neglected. Equation 3.2.7.can be solved by means of the separation of

~ variables [43]. The displacement ¥(z,?) can then be written as

Y(z,t) = f(t)g(z) (3.28)

where f and g are function of ¢ and z respectively.

Substituting equation 3.2.8 into equation 3.2.7 and solves

&Y _ phs?
dzt EI

Y =0 (3.2.9)
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or

d'Y

i uly (3.2.10)
where pt = -"—’g

w is the frequency of beam

As a result, the free vibration of beams can be analyzed by applying differ-
ent boundary conditions to the governing beam differential equation. (i.e. equa-

tion 3.2.10)

3.3 DERIVATION OF FUNCTION Y,

. The harmonic function Yj,, for a simply supported, continuoﬁls\ bearh' as shown
in fig. re 3.2, is obtained by solving the governing differential equation of a beam

under free vibration and can be written as:

Y(y) = Esinpy + F cos puy + Gsinh py + H cosh py (3.3.1)

where E, F, G and H are coefficients determined by the boundary
conditions of each span

p as described in equation 3.2.10

The first and the second derivative of the solution Y with respect to y are given as

follow
Y'(y) = Epcospy — Fusin py + Gp cosh py + Hp sinh py (3.3.2)
and-

Y"(y) = —Ep®sin py — Fu? cos py + Gp? sinh py + Hp? cosh py (3.3.3)
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The coefficients E, F, G and H are solved, in this case, under the boundary con-
ditions of a simply supported, continuous beam with n spans. In order to have
a complete solution, the boundary conditions for the first span, the interior spans
and the last span should be satisfied. First of all, consider the first and the last
span of the continuous beam in figure 3.3. For the first span, the boundary condi-
tions are ¥1(0) = ¥{"(0) = 0 and Y;(};) = 0. Substituting ¥3(0) = ¥{(0) = 0 into
equations 3.3.1 and 3.3.3, yields
Y,(0)= F+H =0 | (3.3.4)
and
Y(0) = —Fp? + Hu? =0 (3.35)

Solving equations 3.3.4 and 3.3.5, gives
F=H=0 | (3.3.6)
Thus, equation 3.3.1 becomes
Y(y) = Esinpy + Gsinhuy (3.3.7)

In order to have a non-trivial solution for equation 3.3.7, the value of the coefficients

E and G cannot be zero. Substituting Y;(4) = 0 into equation 3.3.7, yields

Yi(})) = Esinpl, + Gsinhuly =0 (3.3.8)
or
_ G _ 8iﬂpl1
% ="F = Gohal; (3.3.9)

The solution for the first span which is obtained by combining equations 3.3.7
and 3.3.9 has the following form: | |

Yi(y) = Aq(sin py; — oy sinh py) (3.3.10)
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where 4, is a coefficient for the first span

o, is defined as in equation 3.3.9

For the last span (or the nth span), the coordinate y is replaced by 3’ (see
figure 3.3). It is convenient te use y’ because the solution of equation 3.3.1 Ican
easily be found by satisfying the boundary conditions based on the coordinate y':
Y,(0) = ¥*(0) = 0 and Y,(l,) = 0. On the other hand, if the same coordinate y as
used in the first span is employed, the boundary conditions will become ¥,(0) =0
and Y,(I,) =Y;"(I,) = 0. It is noticed that when ¥,,(0) = 0 and Y,(l,) = Y/ (ih) =0

are substituted into equationé 3.3.1 and 3.3.3, the following equations are found
Y.(0)=F+H=0 (3.3.11)
Y.(I,) = Esinpl, + Feospl, + Gsinh ul, + Hcosh ul,, =0 (3.3.12)
and
Y(l,) = p*(—Esinpl, — Fcospl, + Gsinhul, + Hcoshyln) =0 (3.3.13)

It is obvious that the coefficients E, F', G and H cannot be determined by solving
above three equations. On the contrary, if the boundary conditions ¥, (0) = ¥;(0) =
0 and Y,(l.) = 0 of the coordinate y’ are used, then the following three equations

will be obtained under the same procedure for the first span.
Y.(0)=F+H=0 (3.3.14)

Y0) = —Fu*+ Hp*=0 (3.3.15)
and

Y.(l,) = Esinpul, + Gsinhpul, =0 (3.3.16)



Solving equations 3.3.14, 3.3.15 and 3.3.16, the solution for the last span with the

coordinate ¥ is given by
Ya(y") = An(sin py, — an sinh py;) (3.3.17)

where A, is the coefficient for the last span (n th span)

. = ain uly
n = inhln
| —

Yn = lﬂ —Un

Finally, for the intermediate spans (figure 3.4), both coordinates y and y' are
needed because there are moments M and M’ at both ends of an intermediate
span. Hence, the solution for an intermediate span (e.g. the ith span) can be
obtained by simply combining the solutions of the first and the last span. Combining
equations 3.3.10 and 3.3.17 for the solution of the ¢ th span, gives

Y; = A;(sin py; — a; sinh py;) + Ai 2(sin py! — a; sinh py}) (3.3.18)

where A;; and A;; are coefficients for ith span and the subscript 1 and 2 represent

the direction in the y and y' coordinates respectively.

A comparison among equations 3.3.10, 3.3.17 and 3.3.18 shows that equations 3.3.10
and 3.3.17 are the special cases of équation 3.3.18. In other words, equation 3.3.18
becomes equations 3.3.10 and 3.3.17 by setting A;; = 0 and A;; = 0 respectively.
Thus, equation 3.3.18 represents the general solution of the beam differential equa-

tion for every individual span of a simply supported, continuous beam.
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3.4 EIGEN SOLUTION OF FUNCTION Yy

In order to obtain the eigen solution of equation 3.3.18 for the entire simply
supported, continuous beam the following two conditions must be satisfied.
(i) Bending moments at both ends of the continuous beam must be zero. This can
be done by setting
A2=0 (3.4.1)

and

An.l =0 (34.2)

(ii) The slope and the curvature of adjacent intermediate spans must be equal and
continuous respectively. The slope, the first derivative of equation 3.3.18, is given
by

% = pdiz(cos pyi — o cosh py) — pAiacos py) — azcoshpy})  (3.4.3)

and the curvat.uré, the second derivative of equation 3.3.18, is defined by

!

== = —pP A (sin py; + oy sinh pyi) — PP Aig(sin pyf + aisinhpy)) - (3.44)

Consider the ¢ th span and its adjacent span, the (i — 1) th span, at support i (i.e.
Yic1 = lic1y ¥hy = 0 and y; = 0, y! = i, see figure 3.5), the slope of (i — 1)th and
ith span can be written by

dYi

o pAi_y(cos plioy — oy cosh ulig) = pAiy2(1 — aiy) (3.4.5)
and
dY; .
dy;i pAia(l — o) — pAig(cos puli — a; cosh uli) (3.4.6)

respectively. Equating equations 3.4.5 and 3.4.6, gives



span (i-1)th ith
= . S5

support i-1 i i+1

e =—L"1
-1 dy;.4
A
%= dy,

Figure 3.5: THE SLOPE AND CURVATURE OF AN INTERMEDIATE SPAN



S
~1

Ai—ia(cosplin) —ajeosh pli 1) = Aiy2(1 —aiq) =

Aia(1 = ;) — Aip(cos pl; — o cosh pl;) (3.4.7)

Similarly, the continuous condition of the curvature for the adjacent spans can be
satisfied by
Ai-l.l sin p.l,‘...]_ = Ag‘g sin [II, (3.4.8)

Thus, the eigen solution g of ¥;, can now be determined by satisfying all the required
conditions (i.e. equations 3.4.1, 3.4.2, 3.4.7 and 3.4.8) as described above.

The eigen solution p can be solved by using the following procedures. From
equations 3.4.7 and 3.4.8, it is noticed that for a given value of u, the values of A4,
and ;. can be obtained by the previous known values of 4;_;; and A;_, 2. In this
way, every A;; value (where i =2 .. n and j = 1,2) can be obtained and written
in terms of  (e.g. A;;(u)). This procedure is started with satisfying the condition
4,2 = 0 (i.e. equation 3.4.1) and endediby satisfying the condition 4,; = 0 (i.e.
equation 3.4.2).

Since A;; describes only the mode shape bﬁt not the actual amplitude, so it is

possible to start with the assumptions
Al.l =1 and A1'2 =0 ' (3.4.9)

It is obvious that if the value 4; in equation 3.4.8 is determined, then the A4;; value
in equation 3.4.7 will also be found by substituting the known value of 4;_;, and
4;2. The value 4;; in equation 3..4.8 can be solved by the following two possible
cases: (i) sinul; 0 and (ii) sinuli =0

(i) sinul; #0



Equation 3.4.8 becomes
sin pl;—)

.‘1,“2 = 111
sin pl;

(3.4.10)

and equation 3.4.7 becomes

Ao = [Asepa(cos pliy — ajcosh plioy) = Aic12(1 — @ioy) + Aiafcos pl; ~ o cosh pul}))
1=
' (1—a)

) (3.4.11)
By putting the appropriate value into equations 3.4.10 and 3.4.11, both values 4;;
and A;, are solved.
'(ii) sinpl; =0 (ie. ph=nm,n=1,2---and a; = ;'lf"lh"—;;.- =0)

From equation 3.3.18 and y! = §; — y:
Y; = A sinpy;+ A;gsinpy)

= Aiysinuy; + Aizsin(nr — 1yi)
= (A £ Ai2)sinpy; (3.4.12)

Equation 3.4.12 shows that A;, and A;, are dependent of each other; therefore, it

is possible to assume that 4;2 = 0. Equation 3.4.12 becomes
Y; = 4;,sinpy; (3.4.13)

It should be noted that if sinul, = 0 is substituted into equation 3.4.13, then
Y, = Apn,sinpl, = 0 which means that the curvature at the end support of the
last span of the beam is equal to zero and thus despite the equation 3.4.2 is not
satisfied, it is still a valid solution.

Substituting sin ul; = 0 into equation 3.4.8, gives

Al'-l.l sin #l“...l =0 (3.4-14)



Equation 3.4.14 can be solved by two possible ways: (a) sinpli_; = 0 and (b)
sinpli_, # 0.

(a) sinpl;ioy =0 (le. @iy = s:::“‘;;.‘_i = 0)

In equation 3.4.14, the condition sin ul;_y = 0 implies that the value A;_;; cannot
be zero, or a trivial solution will be produced. As a result, the value A;, is solved
by substituting sin ,ui.-'= 0, sin pl;-y = 0 and 4;5 = 0 into equation 3.4.7. After the

substitution, the value A;, is simply given by
Ay = Ajy g cos iy (3.4.18)

(b) sin pl.'_; # 0 (i.e. A.‘..l,] = 0, A.“z = U)

Similar to case (a), equation 3.4.7 becomes
Ay = —4in2(1 - ai) (3.4.16)

In case (b) (i.e. sinpl = 0, 4;3 = 0 and sinpl_y # 0, A;-;, = 0), it is important
to note that if sinpl; = sinpl; = 0, then sinuliy = sinul, # 0 and it will result
in 4i-11 = A1y = 0 which contradicts the assumption 4;;, =1 in equation 3.4.9. -
Also, when 4;2 = 0 is put into equation 3.4.16, A2, = 0 is obtained. In this way,
the value of 4;; (where i =2 ... n and j =1,2) will be found to be equal to zero. . :1
Hence, under this situation, although the required condition A, = 0 is satisfied, |
the eigen value p is not the correct solution. In other words, the eigen solution
p is said to be the correct answer of the shape function Y, if and only‘ if all the
conditiﬁhs (i.e. equations 3.4.1, 3.4.2, 3.4.3 and 3.4.4) are satisfied by u and all the
. 4;; values are not equal to zero at the same time.

With the help of equations 3.4.10, 3.4.11, 3.4.15 and 3.4.16, every A;; value can
be solved. The eigen value u can finally be determined by satisfying the following
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conditions.

.‘11.1 =1
Al'g = 0
Ani(p) = 0 for sinul, #0 (3.4.17)

Equation 3.4.17 is solved by the first order reguli-falsi iteration [33]. Figure 3.6
shows the scheme of the reguli-falsi iteration pattern. This iteration is started with
an initial value ug and an increment Ap which are defined by

T
= S0
po = 29.5xAp
(3.4.18)
where [, is the maximum of the span length
Both values are related to cach other by
Ap = pmir — pim (3.4.19)

where m =0,1,2,.-: |

For each pi,, and its increment pp,y.1, the value of A, (u) is checked against the
signs (i.e. either +ve or -ve). If An1(p) value changes its sign in certain interval
denoted by ptm and fims+1, there will be an eigen solution u within the interval. The
actual eigen solution p is approximated by the following scheme. A straight line
is drawn from the point An1{pm) to the point An1(ptm41). The intersection point
of the straight line and the g-axis will be denoted by pim4+2 which will be one step
closer to the actual ; value, In the same way, a straight line is drawn from 4,,1(1m)

to A, 1(itm+2) and the intersection point gives another value gm4+3 which is further
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closer to the correct value u. Finally, the actual eigen value g can be found by
setting the required accuracy

P Ana(par) [< &1 (3.4.20)
where M =0,1,2,---

In this case, the accuracy is set to be

g =1x10"1° (3.4.21)

The above iteration procedure can be summarized in terms of a equation as follows

_ o Al — pol)
Bry1 = Hr [.4,,‘1(.“r) - An.l(FO)]

where pto and y, represent each interval (as shown in figure 3.6)

(3.4.22

that contains an eigen solution g

r=12,--

This method can solve as many eigen solution un, and modes (A;;)m as required.
It is necessary to ensure that no eigen solution y is missed because any missing
root will affect the convergency of the function ¥;,. From equation 3.4.10, it should
be noted that A;, is obtained by dividing both sides by a value of sin ul;, which
may result‘in missing the root sinul; = 0 (i.e. pli = mm, m = 1,2,...). Therefore,
during the increment of p, the sign of sinpl; (i = 2 +++ n) is checked. If there is a
change of sign, the value u = %* will be used as the trial point to calculate A;; value
and verified whether 4 = 5 is one of the eigen solution or not. However, the value
p = 5% cannot be used in any other cases because it may create the ill situation as

described in case (b). Moreover, it is noticed that if the length of all spans are not
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the same, but a little different from each other (e.g. 0 < I’—"‘%’;—:imﬂl < 0.05, where
Imoz 8nd lyin are the maximum and minimum of the span length respectively), a
smaller increment Ay’ is needed to avoid missing some eigen solutions. It is because
when p = 9% is not the solution, the value A,;(u) changes its sign rapidly near
p = 5% In order to prevent from missing the root at u = -, the condition
= — u < Ay is checked during the increment of u. Whenever the condition is

lrmu

true, a smaller increment, Ay’ must be used

Ay = —(+— - 3.4.23
S wl (8.4.28)
and the next trial value will be
mr 1 .,
p=r— A (3.4.24)
Imnz -

Equations 3.4.23 and 3.4.24 are used until the eigen solution near 2% is found. The
increment will then be resumed as Ap in equation 3.4.18.

Following the above iteration processes, it can easily obtain as many eigen solu-
tions as required. Then, the solutions are put into equation 3.3.18 to complete the
series part Y., of the shape function. The final ¥;, function is given by

. n
Y=Y Amii(sin gy = o;sinh pnt) + A g 2(sin pmy! — a;sinh pny!) (3.4.25)
m=1
where m = 1,2,--+,n represents the total number of terms required

t =1,2,..+,n represents the number of spans



CHAPTER 4

FINITE STRIP FORMULATION FOR PLATE-
GIRDER BRIDGES

4.1 INTRODUCTION

The Finite Strip Method has been recognized as a very effective and convenient
way to analyse folded plate structures. This kind of analysis was first introduced
by Cheung [9]. The smne method is employed for the analysis of straight simply
supported, continuous plate-girder bridges because their structural response can be
easily solved by folded plate strips.

A folded plate structure may be considered an assembly of rectangular plates
which are capable of undergoing both the bending and the in-plane deformation.
However, in a linear elastic analysis, it is assumed that no interaction tokes place
between those two actions. Consequently, a rectangular folded plate strip can be
formed through a simple combination of a bending strip (section 4.2) and a plane
stress strip (section 4.3). The combination of the bending strip and the in-plane

stress strip is shown in section 4.4. Moreover, the formulation for those strips are

discussed.

4.2 BENDING OF A PLATE STRIP

Before an appropriate displacement field can be assumed for a finite strip, the
* characteristics of the actual deformed shape should be examined. Figure 4.1showsa
typical strip from a simply supported bridge. Because of the conditions of the simple

34
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support, the displacement function must produce zero deflection at the supported
sections. In addition, the bending moments in the longitudinal (spanwise) direction
must also vanish at the two end supports. The longitudinal deformation of the
strip can be well defined by a harmonic function as described in chapter 3. In.the
transverse direction, the deformation of the strip is given by the amount of the
lateral displacement which can be expressed by a polynomial function. In order to
establish a solution, the compatibility conditions between strips must be achieved.
The simplest one is that the lateral displacement and its first partial derivative (i.e.
rotation) are continuous over the interface between adjacent strips. Furthermore, a
‘high order’ strip which extends to include the compatibility of curvature (i.e. the
second partial derivative of the lateral displacement) will theoretically improve the
accuracy of the solution. However, for practical applications, a lower order strip
(i.e. the simplest one) is usually used because of its simplicity and sufficiency in
terms of the accuracy. Thus, this thesis will only be concentrated on the lower
order finite strip. 7

For a strip in bending, the displacement function will be completely defined by
a combination of a series ¥;, and a polynomial function fn(z) as shown.

w(z,y) = ifm(m)ym

m=1
S (A+Bz+Cx?+ D+ ¥ . (4.2.1)

m=1

where A4, B, C and D are coefficients of the polynomial.
m represents the m th term.

r is the total number of terms used.

On the other hand, the series function of the simple beam in bending [17] (seé
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figure 4.2) is given as follows.

w(y) = :):6 sin —

m=1
where w(y) is the displacement function with respect to y
& is the displacement coefficient for the m th term

r is the total number of terms to be used

A comparison between equations 4.2.1 and 4.2.2 shows that fi,(z) can be written
in terms of the displacement parameters. If the deflection amplitudes wi, and wjm
(figure 4.3) at the two nodal lines i and j (i.e. z = 0 and x = b) for a continuous finite

strip are chosen as the displacement parameters, then the displacement functions

{ o } - mz::l{ i }Ym (4.2.3)

For a complete solution, equation 4.2.3 is not enough because it only shows that the

should be written as

two adjacent strips possess the same deflection amplitude w;y, for the common nodal
line ¢ and does not ensure the continuity‘ of the slope across thg strip boundaries.
To guarantee the continuity of the slope, an additional unknown parameters for the
transverse slope amplitude 6;,, and 8;, at nodal lines { and j are needed and shown

in figure 4.3. The transverse slope function for the strip at ¢ =0 and z = b are

(s1-{@)-E{0)e e

In order to solve the four unknown displacement parameters wim, fim, Wim and &;y,,

a third order polynomial is required.

fm(z) = A+ Bz + Cz?* + Dz (4.2.5)
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By applying the compatibility conditions, the arbitrary constants 4,B,C and D
can be written in terms of the unknown parameters.

Atz =0 Fm(0) = i and 228 =4,

Atz =b: Fm(b) = wj, and 228 =g,

The unknown coeflicients of equation 4.2.5 becomes
A = Wi
B = Gim

A+Bb+Cbg+Db3 = Wjm

B+ 2Ch+ 3DV = 6;, (4.2.6)
or in matrix form,
10 0 0 A Wi
010 O B Oim '
168 8 || c|| wn (4.2.7)
0 & 2b 3% D| | bm

Solving equation 4.2.6 for 4, B, C and D, yields

= Wim

= O

D 3Wim  20im |, Wjm  Oim

R B b |
2im  Gim _ 2Wim , Om (4.2.8)

b3 b? b b?

U O W
!

Substituting equation 4.2.8 into equation 4.2.1, gives

3

r 322 273 212 ¢
w(z,y) = 21{(1 Ty + ?)w,-m +(z — e + F)a,'m
3z 23 £ 2
+(F - F)wjm + (.b? - T)ajm}Ym (4-2.9)
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Equation 4.2.9 can be written in matrix form,

Wim
w(z,y) = »_[C1 C.C3Cy z‘m Yo (4.2.10)
m=1 Jm
Gim
or simply, | |
wy(z,y) = 2 [Cbl{Gm}¥m (4.2.11)

m=1
where subscript b represents a bending strip
[C] represents the coefficient matrix for the displacement function

{6} represents the displacement amplitude

Based on the developed displacement function (equation 4.2.11), the strains
(i.e. curvature) of the bending strip can be easily obtained through the appropriate
differentiation. The strains for a plate in bending are given by the second partial

derivatives of the displacement function and defined in the following.

Ve _%ﬁ:-
{a} = Py = _'55":'

292y 2Ze
= Z [Bbm] {6bm} (4.2.12)
m=1

where {e;} is the strain vector
{abm} = [wim Bim Wim ajm]T

1 represents the curvature in the corresponding direction

and the [Bym} matrix is
(365' - lE,l\zz)ym (% - &)Ym (—% + lTﬂj’!‘:')ym "‘6".{' + %Z)Ym
(1R B (cer g R RN
Erudyr (-2+%)Y. (F-HRn B -Ph
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In addition, the stresses (or the moments) for a plate in bending are related to
the strains through the material properties of the strip (i.e. the [Dy] matrix). For

the orthotropic material, the general formulation of the stresses are given by

M,
{on} = { M, }=[Db]{€b}

My
E y Ext? — 5%y
12(1—0:#,,) 12‘(’1-&!39”) 98%5
— U;-E”t Eyta =84
- 12(1=vzvy)  12(1=rziy) 8:55
Gy t? 2 84w
0 0 _LI'I 9x8y
r
= [Dy] 32 [Biml{8im} (4.2.13)
m=1

Equation 4.2.13 can also be used for the isotropic material if E, = E, = F, v, =
vy =vand Gy = 2(1 ~57 in the [D,] matrix are set.

Finally, the stiffness matrix [S)] and the load matrix {F}} can be derived by
minimizing the total potential energy. The total potential energy for a strip in
bending is given by )

Uy = U,+ U,
= 5 - GE- "aa ; +2M=='a 5 -, tunla(z, y)dd
= Ejv{ﬁ;f}_{sb}dV —L{wb}r{%}d-‘l (4.2.14)

where U, and U, are the strain and the potential energy of a strip

{q} is the loading matrix

Substituting equation 4.2.11, 4.2.12 and 4.2.13 into equation 4.2.14, yields

Uo=5 [ 6V BIDIBIENA - [ (B)7CI Faladdd  (4215)



The first integral of equation 4.2.15 is changed tc d4 from d1" becnuse the thick-
ness of the strip has been considered in the [D] matrix. The minimization of equa-
tion 4.2.15 is achieved by setting -38%1 =0, that is

= [ Bl DIBAlA(6) - [[GIF @}udd =0 (2210)

By comparing with

[S){6} - {F} = {0} (4.2.17)
it is noticed that the stiffness matrix and the load matrix can be expressed by
15 = [ (Bun] (D[ BunldA (4.218)
and
(R} = [ [CIT {:}¥ndA (4.2.19)
respectively.

4.3 IN-PLANE STRESS OF A PLATE STRIP

In this section, the displacemenf function for a plane stress strip is discussed.
Under the in-plane forces, any point in a rectangular plate undergoes displacements
in plane of the plate which can be resolved into components parallel to the z and
y axes (see figure 4.4). This is so called the lower order finite strip which was
first introduced by Cheung [5,6]. A higher order strip which includes an additional
internal nodal line was developet-:l by Loo and Cusens [35]. This higher order strip
is found, as expected, to be more accurate. However, the assembly procedure is
quite complicated. In order to reduce the bandwidth of the overall matrix and
to facilitate computation, the parameters associated with the internal nodal line

are usually eliminated through the static condensation before the assembly stage.



Figure 4.4: SIMPLY SUPPORTED PLATE UNDER IN-PLANE FORCE
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In addition, several plane stress strips using (u, Q-:-, v), (u, v, g—:) and (u, -f%‘, v,
84} as the nodal parameters were studied by Yoshida and Oka {49]. They found
that the displacement functions with (u, %3-, v, %_‘,f) as a nodal parameter was the
best in terms of accuracy. But, such a strip cannot be used directly for problems
having sudden change in property or plate thickness because of the discontinuous
of strains at these locations. As a result, a lower order displacement function is
chosen because of its simplicity and ease of assemblage.

‘Similar to the bending strip analysis, the displacement function for the plane
stress strip consists of two parts: a series Y, and a polynomial fm(z). From the
small deflection theory of beam, the relationship between the transverse deflection

u and the longitudinal displacement v is observed as

S v= Ad_y ‘ (4.3.1)

If Y, and Y, are assumed to be the series part of the displacement functions u and
v respectively, then the general form for the displacements is given by

4 = Y fuul2)Ya

m=1
r

= Y. (A+Bz+--¥n (4.3.2)

m=l

and

v o= i .fme(a:)::_:

m=1
= Y (C+Dz+- -)E’—"— (4.3.3)
m=1 m

where A, B, C and D are unknown coefficients of the polynomial

The polynomials in equations 4.3.2 and 4.3.3 can be in terms of the displacement



parameters (im, Vim &nd Ujm, Ujm as shown in figure 4.4) at nodal lines : and j

in the transverse and the longitudinal directions. The polynomial represents the u

and v displacement function at nodal lines 7 and j are

Uy

uj

and

Y;

vy

zr: Uim¥m

m=l
Z UjmYm (4.3.4)
m=1l
r Y!
z Vign —2
ma=1 #m
r t
3 v (4.3.5)
m=1 Hm

For the unknown displacement parameters (%imn, Vim 80d %jm, Ujm), the first order

polynomial is sufficient for obtaining a solution. Using the same procedure as before,

the unknown coefficients A, B, C and D are found to be

U a & »

Substituting equation 4.3.6 into equations 4.3.4 and 4.3.5, yields

z z
u= 311 = Ftim + Ftiml¥im

m=1

and

L T
v= 3 [(1- 7 )vim + bvsm]';‘

mei

Uim
Uim _ tim
b b
Uim
Vin _ Vin
m _ 2 (4.3.6)
(4.3.7)
'
T ] (4.3.8)
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Equations 4.3.7 and 4.3.8 can be combined to form a matrix

[u]_i[(l-f)i’m 0 & 0 1) v

= e oy 439
v opur 0 Q-5 o ¢la Ujm (3.39)

or simply

{4} = Siemltam) (43.10)

m=1

where subscript p represents a plane stress strip

C,m] represents the coefficient matrix for the displacement function of
3 P

an in-plane stress strip

. {6,m} represents the displacement parameters

In the plane stress analysis, there are three strain components which are the
transverse strain €., the longitudinal strain ¢, and the shear strain 4;,. Those

strains are related to the displacements by

Su
Ex Br
_— — gy
{EP} - €y - » dy 9
gu gu
RE oy + 8z

r " r " v
= o (- 3"’));’: 0 sl‘;".; o
1] r pl
(1- f)Y,:,. _%';: b ™ %E: Vim
r
= 3 [Byml{bpm} (4.3.11)

m=l

where [B,] represents the strain matrix.

In addition, the in-plane stresses and the displacements have the following rela-

tionship

(o5} = { o }= (Dyl{es)

Tzy



Py

E: ve By 0
(l—uév,,} (I-E,u,) { Er }

= (1"':"’») (1‘”:%) 0 2
G;-y Yy
= [Dy] 3 [Bom){6pm} (4.3.12)

m=1
The above [D,] matrix is used for the orthotropic material only. If the isotropic
material is used, the same requirements for matrix [D;] as shown in section 4.2
should be satisfied.

According to the same minimization procedure as given in section 4.2, the for-
mation of the stiffness matrix and the load matrix can be achieved. For a plate
strip with constant thickness (t), the stiffness matrix [S;] and the load matrix {F;}

of a plane stress strip are expressed by
(So) =t [ [Bon) (D[ Bmldt (43.13)

and
(B} = [ [Coml{gs}d4 (4.3.14)

where {g,} is the loading function consists of g(z) and ¢(y) (see figure 4.4) at nodal

lines ¢ and ;
4.4 FOLDED PLATE STRIP AND ITS FORMULATION

For every folded plate strip, both the bending forces and the in-plane stresses
play a very important role. Bet;ause of the assumption that no interaction takes
place between the bending forces and the in-plane stress, folded plate strips can
easily be formed through aqsimple combination of a bending strip and a plane

stress strip. In this thesis, only a lower order strip is interested. As a result, the
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formulation o! the folded plate strip is based on the bending strip in section 4.2 and
the plane stres: strip in section 4.3.
In this section, the formulation of a folded plate strip will be focused on the
following two categories:
(i) with constant width (i.e. a rectangular folded plate strip) which is used for
analyzing the flange, slab and web of a plate-girder bridge, and
(i) with variable width which can describe the haunched web of a haunched
plate-girder bridge.

4.4.1 FORMULATION OF A STRIP WITH CONSTANT WIDTH

Consider a typical folded plate strip as shown in figure 4.5. If both the bending
and the in-plane nodal displacements occur simulténeously, then there will be four
displacement components (u, v, w and 8) at each of the two nodal lines (e.g. u;, v;,
w; and §; at nodal line ¢ and u;, v;, w; and &; at nodal line 7).’

From section 4.2, it is noticed that the displacement parameters (w and 8) are
related to each other through equation 4.2.9. Therefore, for a lower order strip with
nodal lines ¢ and j, the relationship between the displacement parameters: w;, 6

and w;, 6; can be written as

2 3
PR DY (G B WY P NV WY AN PN VA )

m=1
(4.4.1)
Similarly, from equations 4.3.7 and 4.3.8, the displacement components u;, v;, u;
and v; are related by

w= S50 = Etin + ZugulVn(y) (4.4.2)

m=1
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Z

Figure 4.5: A TYPICAL FOLDED PLATE STRIP

49



and

1

v = 2[(1 b)vtm + b Jm] ": ) (4.4.3)
m=l1 mo

According to the assumption that there is no interaction between the bending

and the in-plane actions, the relationship between the strain and the displacement

for a rectangular folded plate strip is defined by combining the strain-displacement

equations of the bending strip (equation 4.2.12) and the plane stress strip (equa-

tion 4.3.11). Such strain-displacement relation is shown by

(e ) | %: \
€y
Du Ou
- o
ST EAREI R
. £ fl'
P 5
| 21.[):.9 93%!:11 '
/ \ “0xdy

or

{e} = E[B,,l]{a,,.} ‘ (4.4.5)
m=1
where {6} = [u; vi w; 6; u; v; w; 6;]7
.The above [B,,] matrix, which is composed of [By,] and [I,,] as clt:scrilmd in

equation 4.3.11 and 4.2.12 respectively, has the following form

3 —%Ym 0 0 0 %l':n 0 0 0 7
o B2 0o 0 0 §FE 0 0
X Y} r 1Y .
Bal=| ®m —am 00 F¥nogi 0 0 | (440
0 0 K\, K)Y, 0 0 -K\Y, IGY,
0 0 IGY! K 0O 0 KXY IGY)
| 0 0  IGY] K. 0 0 =IGY! KyY, p
where _ . '
Il b —_— (1 — F) . . .
I{l — % — lb%.’-' ' 1{2 = —1 + 3: _ 23:'
1{3 = _lb??E + :2—:2' . 1{4 = % - ';'—f .
Ks = —z+5+5% K = o
K = =% 4% K¢ = +=

I
s |
HI'J

Ko = 5-% Ko J—f



The transpose of the matrix [By,] is found to be

RO
p¥m  _i¥am
0 bun'a b rtm
0 0 0
- 0 0 0
r_
[Bm] - %Kn 0 r}.::l
' r Xl:; 1”
0 E FLT b #Hwn
0 0 0
0 0 0

)
0

IKO\Ya
I i-4 Kn

"‘-Kl}':u

0
0

KgY,,

0 0
0 .0
Y KaY’
KY!" KoY
0 0
0 0

IGY)! —KGY)

m

I\g},:: Ifu]yr A
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(4.4.7)

On the other hand, the stresses and the strains have the following rcluﬂionship

w={ {2

=

]

where {0,} = [D;]{ep} (equation 4.3.12)

{es} = [D:){es)} (equat.idn 4.2.13)

Oz
Ty
Txy
M
M,
M,,

-

p = [D]{e}

(4.4.8)

The matrix [D} in equation 4.4.8 is the combination of [D,] and [D,] and defined

by

1=

or

Dt v Dt 0

Dyt Dyt 0

0 0 Gxy

. [D ] - 0\ 0 0

0 0 0

| 0 0 0

where D, = 1_-%‘_ :

N x by
| D, = _By
1=vsry

t is the thickness of the strip

t[Dy]

0

[Ds) ]

(4.4.9)

(4.4.10) -
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It should be careful that the above [D] matrix is used for the orthotropic material

only. If the isotropic material is concerned, then it is necessary to set E.,=E,=E,

-
21+w)"

vy =y, =v and Gy =
Following the same procedure for the minimization of the total potential energy
as described in section 4.2, the stiffness matrix of a folded plate strip corresponding

to the mth and n th series terms is

(Sl = [ [ (BalT(DI[B.]dzdy (4.4.11)

where L is the length of the strip
b is the width of the strip
(B and [B,] are the same and defined in equation 4.4.6

The prodﬁct of [B.]T{D][Bn] is expanded in a matrix form as below

[Bn]T[D](Ba] = (BT DB}

(T Thie 0 0 Tis Th'e O
Toy Toa 0 0 Tys Te 0O O
0 0 Twy Tay 0 O Tar T
0 0 Ty Ty 0 0 Ty Ts
Ty Tsa 0 0 Tss T 0 O
Ter Tz O 0 Tes Tese O 0
0 0 Tog Toy 0 0 Tir Tms
| 0 0 Tea Tee 0 0 Tor Tas ]

o
” ’ 1

(4.4.12)




where

Th
Tis
Tn
T25
T3
Iyr
T
Taz
Tsy
Tss
Ta

20
1\’!1
M,
Ms
M,

innol

= (%Y +56)

- nuwn

nmnnnnu

o

i un

{(—B=Yoo + zbG)
‘TS’,:__(”UD::Y?D + G)
;"':‘(b"yDva - 3G)
S(K,M, + KoM, + K2G)
£ (K. Ms + K, Ms — KIG)
2 (KM, + KsM; + K3 KeG)
'1"2'(.[{4M5 + Ksiwe - Ka.KsG)
~4( B2 Yoo — 2bG)
b_tf(DxYOO + 326)
—ﬁ:(%U:DyHO - EG)
o (v, D, Yo + G)
(=K M, + K:M; — K3G)
E(=KiM; + K+Ms - K3G)
'{}(Ksl‘f.ﬁ + KoM, + .KaKmG)
(KsMs + KoMe — K3K10G)

12

D:(K{Ym + KgUy}’gg)
Dx(K4Yoo 4= KSVy}’B‘Z)
D (—K Yoo + K71, Ya)
D (KeYn + Koty Yoz) .

Toa

Ms

i

mnonwn

| U T T { I | B |

_%(V:D:YE)? + G)

(1, D.Yer + G)
=(FD,Yn + §)
W(me,Yg -5
{‘?(K1M3 + KoMy + K3 KeG)
E(K 1Mz 4+ KaMg + K3K10G)
{i(K‘nMs + KsM, + K1G)
H(KaMr + KsMs + KeK10G)
= (bveD. Yo — )
g,%(u,D:Yog + G)
m(z'b.D,Ygg — ‘f‘
m(:cszYEz +G)
%(—K1M3 + KMy — K3KeG)
{?(—-KIM} + KsMs + K3 K10G)
:—?(Kgﬂfa + KoMy + KsK10G)
E(KaMr + KoM + K{,G)

+
H,
4

AN
5

Dy(Kyv:Ya + KoYa) -
D, (K=Y + KsYa)

; Dy('—Klv:Ym + KTKZ)

D, (Kgv:Yzo + KoYa2)

Substituting equa.tion?4.4.12 into equation 4.4.11, gives

[Sn] = f:. jb [BTDB}dz dy...

(4.4.13)

The stiffness matrix can now be determined by taking the appropriate integration.

The integral J, dz, represents the integration in the transverse direction of a strip, is



calculated according to the usual method of integration. while the integration in the
y direction (i.e. the longitudinal direction) is obtained by the numerical method.
In this case, Gaussian Integration [50] is employed because of its simplicity and

accuracy. This numerical integration consists of the following Gaussian Quadrature

Formula.
I= [ fle)e = L Wif(€) (a4.19)

i=1
where f(£) represents a function or polynomial of any degree

n is the total number of Gaussian Integration points used

and a table (table 4.1) which summaries the abscissae (£;) and weight coefficients
(W) of equation 4.4.14. The number of Gaussian Integration point (i.e. n in ta-

ble 4.1) used for a N th degree polynomial is found to be
N=2%-1 (44.15)
For illustration, the following polynomial is solved.
y= j;ll(:l:3 +z%)dz (4.4.16)

If Gaussian Integration is used, equation 4.4.16 would be written in terms of equa-

tion 4.4.14, that is
y = _/;11(::3-’:-::2)&::
[ seie
- z:;wm (4.4.17)

From equation 4.4.15, the Gaussian Integration point is found to be equal to 2



- Table 4.1: ABSCISSAE AND WEIGHT COEFFICIENT FOR GAUSSIAN INTE-

GRATION

£
0

|44

2.00000 00000 00000

0.57735 02691 89626

1.00000 00000 G0000

0.77459 66692 41483

0.00000 00000 00000

0.55555 55555 55556
0.88888 88888 838889

0.86113 63115 94053
0.33998 10435 84856

0.34785 48451 37454
0.65214 51548 62546

o [ le\Jl—'lﬁ

0.90617 98459 38664
0.53846 93101 05683
0.00000 03000 00000

0.23692 68850 56189
0.47862 86704 99366
0.56888 88888 88889

0.93246 95142 03152
0.66120 :Sus 56265
0.23861 91860 83197

0.17132 44923 79170
0.36076 15730 48139
0.46791 39345 72691

-1

0.94910 79123 42759
0.79666 64774 13627
0.52553 24099 16329
0.18343 46424 95650

0.12948 49661 68870
0.22238 10344 5337

0.31370 66458 77887
0.36268 37833 78362

0.96028 98564 97536
0.79666 64774 13627
0.52553 24099 16329
0.18343 46424 95650

0.10122 85362 90376
0.22238 10344 53374
0.31370 66458 77887.
0.36268 37833 78362

0.96816 02395 07626
0.83603 11073 26636
0.61337 14327 00590
0.32425 34234 03809
0.00000 00000 00000

0.08127 43883 61574
0.18064 81606 94857
0.26061 06964 02935
0.31234 70770 40003
0.33023 93550 01260

10

0.97390 65285 17172
0.86506 33666 88985
0.67940 95682 99024
0.43339 53941 29247
0.14887 43389 81631

0.06667 13443 08688
0.14945 13491 50581
0.21908 63625 15982
0.26926 67193 09996
0.29552 42247 14753

(1]

(4]



for this 3rd degree polynomial. With the help of table 4.1, the solution of equa-

tion 4.4.17 is obtained as

= (34 g2
y = j; 1(z: + z%)dr
= 1x [(0.57735)° + (0.57735)%] + 1 x [(—0.57735)° + (—0.57735)")

= 0.66667 | (4.4.18)

The result is checked by the direct integration of equation 4.4.16, which is

2 4.4.19
=3 (4.4.19)

From both results, it is verified that Gaussian Integration is a very simple but
accurate ﬁumeﬁcal method if the Gaussian Iutégration points are correctly chosen.

By using Gaussian Integration method, the integral Jp dy is solved as follows.
Since the accuracy of the result is affected by the number of Gaussian Integration
points, so it is important to have adequate number of Gaussian points in the cal-
culation. In addition, the accuracy might be improved if the span length of each
span is divided into smaller segments. The number of segments is determined by
the value n,_ which is expressed by

My = “—:i O (4.4.20)

where p,, is the mth term of the eigen solution obtained from chapter J

I; represents the length of the i th span

By trial and error, the value n,, of each segment should not be bigger than 5.

For example, if n,,, = 15 is found in the 2nd span, then the 2nd span should be



-]

<t

[ n,. | Segments | Gaussian Points |

1~3 1 8
4~3 1 10
6~7 2 8
8§~ 10 2 10
11 ~ 12 3 8
13 ~ 15 3 10
16 ~ 19 4 10
> 19 5 10
> 25 6 10

Table 4.2: NUMBER OF SEGMENTS AND GAUSSIAN POINTS

divided into 3 segments to satisfy the condition (n,,, # 5). Moreover, the number of
Gaussian Integration points is chosen within the range of 8 to 10 for each segment.
Table 4.2 gives a summary of the proper nmber of segments and Gaussian points
in solving the integral [; dy. ‘ | |

According to the four displacement components shown in figure 4.5, there should
be four corresponding force ‘components which are U, V, W and M. These force
parameters may be written in a matrix form called the load matrix. This load
matrix is formed by using the same procedure as described for the stiffness matrix.

Combining the load matrix of the bending strip and the plane stress strip, yields

{F} ={ }iﬂ } (4.4.21)

where {F,} = fA[C,,,'n]{q,,;}dA (equation 4.3.14)
{Fy} = [[C)]T{gs}YmdA (equation 4.2.19)

* or in the form

{F} = [ [Cal{g)dd (a422)



The matrices [Cr] and {gq} in equation 4.4.22 are composed of matrices {Cpm)

[Cs)7Y;n and matrices {g,}. {gs} respectively. Also, the integral [, d can be re-

placed by the integral [; f; d;cdy. Corresponding to the stiffness matrix, matrices
{C} and {q} have the following form.

r (1_:‘)Y
u—)ﬂ

{Cn)} = 4 (:1:—353-+35')Y

and

£Ym
:Y

5 By,
\ 'i‘ """"')Ym

{q} = {

REISERESS

\ 3

(1 - 2ﬁ')Ym

[N

L,

Putting equations 4.4.23 and 4.4.24 into equation 4.4.22, yields

== ][

[

.

u-)y )
(1 — £)...n
u-%+@w
(z - & 4+ 5.

- :;-y,,,
G5 - ‘::‘-)Y
(5' Y )Y J

-

o
A

p————

-,

S dzdy

-

(4.4.23)

(4.4.24)

(4.4.25)

The above integrals are calculated by the same method as used for evaluating the

stiffness matrix. If a uniformly distributed load over a strip length L is applied,



then equation 4.4.253 will become

[ Yo ) (U
oy V;
Y w;
b by, M,
— - gem §
(F}=3 '[L iy | o (W (4.4.26)
Ya Vi
Hm
Y W;
L _%Ym J \ MJ J

The matrix {F} in equation 4.4.26 will finally be determined by using Gaussian
Integration.

The stiffness matrix and the load matrix of a lower order folded plate strip
have so far been .derived in terms of a set of local axes. If a number of strips are
considered, the derived formulation of each strip has to be assembled into an overall
stiffness matrix and the corresponding load matrix of the whole structure. The
system matrices can be directly constructed by joining the corresponding individual
stiffness matrix and load matrix at the same nodal line if all strips are coplanar.
However, in folded plate structures, any two strips, in general, may meet at an
angle which results in some non-coplanar strips. Hence, the assembly of the systém
matrices cannot be done until all the strip stiffness are transformed to a common
coordinates [10], say the global coordinates system. This conversion is completed

by means of the transformation matrix [T;].

[T]= [ [t(;] [fr] ] '+ (4.4.27)

The matrix [t,] has the following form

cosa 0 sina 0
0 1 0 O
—sina 0 cosa O
0 o 0 1

] =
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where o is the angle between axes r and z’ as shown in figure 4.6

Figure 4.6 shows the loca.l.axes z', ¥ and =’ of a strip and the global coordinate
system z, y and z of the whole structure. It is noted that axes y and y' are
coincident with each other and also with the intersection line of two adjoining
strips. Moreover, the angle a between axes z and z' is considered positive in the
anti-clockwise direction. The transformation of the displacements and the forces

between these two sets of coordinate system is given by

{6} = [T:]{ém} .' (4.4.28)
and
{Fn} = [TJT{F,} (4.4.29)

Rewriting equation 4.4.29, gives

{Fu} = [TI{FL)
(T Sal 6} |
= EFIShITHEn) (4:4.30)

Comparing equations 4.2.17 and 4.4.30, it is observed that the stiffness matrix in

global coordinate can be written as
[Sma] = [T ] [SmallT:] (4.4.31)

Once the stiffness matrix and the load matrix have been transformed into the global
coordinate system, it is ready to be assembled into the overall stiffness matrix and
the load matrix of the structure in the conventional manner. In conclusion, the

formulation of a rectangular strip are completely derived.



Figure 4.6: LOCAL AXES 'y’ ' AND GLOBAL COORDINATES z, y, =
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4.4.2 FORMULATION OF A STRIP WITH VARIABLE WIDTH

In order to analyse the haunched web of a plate-girder bridge, a folded plate
strip with variable width is developed. Such development has been done by Li (3].
Although the formulation of this type of strips follows the same idea described for
the rectangular strip, these formulations are derived in terms of a new set of coordi-
nates called the curvilinear coordinate system ({ — 1) [44] Only the formulation of
the stiffness matrix is discussed because the curvilinear coordinates have no effect
on the formulation of the load matrix and the transformation matrix.

The web shown in figure 4.7 can be divided into a number of strips. The width
of each strip which may be equal or unequal to each othur is given in terms of a

fraction of the actua.l width of the haunched web.
by = chy | (4.4.32)

where by is the width of a variable width strip for the hauncheq section
¢ is the coefficient that is 0 < ¢ <1
b, is the actual width of the variable width strip
and is defined in figure 4.7

This divided web is mainly subjected to the in-plane bending, although the out
of plane action may have some contributions. Both actions can be described by a
matrix similar to those [B] matrices of a rectangular strip.

In the curvilinear coordinates, the out of plane bending matrix [B,;,] is obtained



G3

g =db/dn

- .-
-.\j

Figure 4.7: CURVILINEAR COORDINATE SYSTEM FOR A VARIABLE
WIDTH STRIP =
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by using the parameters ¢ and cb, instead of z and & in the [By,| matrix in equa-
tion 4.2.12. The detail of [B,p] matrix is given by

(& - B, R (E
[Bo = | (— ~14 % -y (- c+—<- F)Ya (- —i—+ -s-)y" (- ﬁ,+ g)y"

(4+—2§3)Y' (2 “—‘++)Y' (—é —§~)Y' “+ )w
(4.4.33)

The series Yin, Y, and Y]] in the curvilinear coordiﬁates is a function of n instead
of y.

~ On the other hand, the formation of the in-plane bending matrix [B;,) is more
complicated. For the same web shown in figure 4.7, the displacements and the
strains (i.e. &, strain in ¢ direction, ¢, strain in n direction and ¢, the shear strain)

are related to each other by the following equations.

16u

v :
€= bh ac -+ r— (4.4.34)
u By
Ep = _f'_z + -3_71 (4.4.35)

and

Yen = ‘a_n + Bac " + ™ (.4.4.36)

In general, it is possible to assume that r; > Bh, u 3> v and rp > r;. With these
assumptions, the value of * and 2 in equation 4.4.34 and 4.4.36 respectively can
be neglected. Moreover, the term ¥ in equation 4.4.35 is related to the axial stress
at the cross-section and it can be ignored without losing too much accuracy. This
axial stress resultant in any cross-section of the girder web becomes insignificant
because the deformation of the web is mainly due to shear forces. Also, in bridge
structures, usually only one support is designed against the longitudinal movement;

therefore, the induced axial stress resultant is so small that it can be safely neglected.



Eliminating the above unimportant terms, equations 4.4.34, 4.4.35 and 4.4.36 are

rewritten as

=35 (4.4.37)
€n = g—: | (4.4.38)
and
Bu 18 u (4.4.39)

"= Gt e
The in-plane displacement is found by satisfying the condition that the shear strain,
“¢n» should be equal to zero or at least very close to zero. If ry = ft is assumed,

dn
the in-plane displacement function (u, v) could be obtained by

= 35101 = Cim + Cuinl¥anl) (4.440)
and
o= 5 {1 = Cuim + G ,mll”“’y"‘(") ¥a(n)] (4.4.41)

m_l

Following the same procedure for the formation of [B,,,,.] matrix in equation 4.3.11,

the in-plane bending matrix [B};] of a web strip is defined as

—ta 0 o0
L h !
[BE] = 0 Uiy o S&yy (4.4.42)
Y’ b
(1 - C)Yr:t cmn Y’;‘ 3::

In order to meet the compatibility requirement (i.e. same function v in the 5 direc-
tion) at the connection between the flange and the web of the bridge structure, the

following [B,) matrix of a flange strip should be used.

- 0 = 0
[BL) = 0 (1-&);3;1’,;: VI v 44 (4.443)

' — Z\YV! t Iyt bk yr
(1-EWa —i=Yn &Ya 2V
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where b, is the width of a flange strip

b, is the actual width of the haunched web

Both [B,,] and [B;;] matrices can be put together to form a complete [Bm) matrix
and [Bym] matrix for the flange strip and the web strip respectively. The final
flange strip matrix [Bymn| is formed by combining equations 4.4.43 and 4.4.33 while
the final web strip ma.ﬁrix [Bum] is made by combining equations 4.4.42 and 4.4.33.

The details of the matrices [Bym] and [Buwm] are given as follows

~1¥,, 0 o o0 v, o 0 0

Bl | 0oy pta 0 00 T 0
- - X)Y, —m " 0 0 XY, :"}' 0 0

[;:m] 0 0 bYn kYn O 0 Y keYo
* 0 kY! kY 0 0 kY" kY

[0 0 kY! keY: O 0 kY. kY

O (4.444)

where b = by, c = %-’- and X = 3 for [Bym] matrix

b=byc= -l and X = C for [Bym] matrix

ky = '6:‘—1: ky = —1+§;§-—%§i
h L3 h

ks = —1"{"‘%# ke = fh‘-%f

ks = “"C+-S'+$i' ke = 2—%&+%§

kr = —yﬁ"‘{‘"ii kg = —:—f-{-&

ke = 'S' ‘r ko = %gi—%f

[
The stiffness matrix nf a flange strip or a web strip can now be determined by

putting equation 4.4.44 into equation 4.4.11. Since the transformation matrix will
not be changed, so the overall stiffness matrix and‘ the load matrix are obtained
by the same way as described for the rectangular strip in the proéeeding section.
Finally, the formulation for a variable width strip have been developed.

When all the formulation (including both constant and variable width) of a

folded plate strip have been done, the required displacements, stresses and moments




can be solved by using the finite strip analysis. A computer program of such analysis

is written and verified by some examples described in the following chapter.



CHAPTER 5
NUMERICAL EXAMPLES AND DISCUSSION

5.1 INTRODUCTION

In the previous two chapters, the derivation of the shape function and the
formulation of a continuous folded plate strip have been discussed. Based on these
formulation, a computer program for the finite strip analysis is written. A number of
examples are presented in order to verify the accuracy and efficiency of the computer
program. The nature of the examples can be divided into two main categories: (i)
structures with constant cross-section and (ii) structures with variable cross-section.

All structures were assumed to have homogenous and isotropic material properties
and the value of E, v and G are set to be equal to 1.0, 0.0 and 0.5 respectively.
Arbitrary E,vand G values are used in the examples because they have no influence
whatsoever in the accuracy of the final results. However, for a real bridge design,
the actual material properties should be substituted. Moreover, simply supported,
continuous structures are only considered here since bridges always have this kind
of configuration. Finally, the structural response are checked either with the exact
solutions obtained from the beam theory or with those obtained numerically Ey

using the finite element program (ADINA).
5.2 STRUCTURES WITH CONSTANT CROSS-SECTION

In this section, a total of eight examples are examined. - The first five (i;e.

example 5.2.1 to example 5.2.5) are beam structures in which different types of
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loading conditions (e.g. point load. uniformly distributed load or even a combination
of both) and different number of spans (equal or unequal spans} are used. Only two
to five spans are considered because plate-girder bridges, in general, seldom exceed
five spans. The rest of the examples are compositions of a constant bridge web (or
constant vertical plate, example 5.2.6), a thin plate (example 5.2.7) and a T-shaped
beam (example 5.2.8) which may be regarded as a practical section for plate-girder
bridges.

The results in terms of the bending moment of the first five examples obtained
from the strip program were compared with the results solved by the beam theory.
The details of the comparison are given in tables. On the other hand, examples
5.2.6, 5.2.7 and 5.2.8 were analyzed by both the Finite Element Method (ADINA)
and the Finite Strip Method. A comparison of these solutions (displacement and
stresses) is also made and presented in ta.btllze;r forms. Each example is given as
follows:

Example 5.2.1, {reference 36, page 402 example 19.1]

A two span, continuous beam with span length 20 feet and 25 feet is shown in
figure 5.1. The beam carries a point load of 20 kips at mid-span of the first span
and a uniformly distributed load of 3 k/f. The result is given in table 5.1.
Example 5.2.2, [reference 27, page 289 problem 13.7]

A three span, continuous beam with unequal span length of 12 feet, 16 feet and
12 feet (see figure 5.2). Point loads of 12 kips and 4 kips are loca.ted in the middle
of the first and the last span respectively. Table 5.2 summaries the results.
~ Example 5.2.3, [reference 36, page 500 example 22, 2]

This is also a three span, continuous beam, but with equal span length of 25



feet. the beam is loaded with both concentrated and uniformly distributed load.
The uniformly distributed load is applied only over the first two spans while the
point load is located 10 feet from the end support in the last span. Figure 5.3 shows
the whole picture. The magnitude of the poiat load and the uniformly distributed

load is 20 kips and 2 k/f respectively, again the final results are shown in table (see

table 5.3).
Example 5.2.4, [reference 22, pages 33 - 36 example 2.3]

Figure 5.4 shows the four span, continuous beam. Each span is 20 feet long. A
uniformly distributed load of 3 k/f is applied to the four spans. A comparison of
the bending moments is given in table 5.4.

Example 5.2.5, [reference 27, page 280 problem 13.6]

A five equal span, continuous beam is loaded with a uniformly distributed load
of 1.2 k/f. The loading is applied ‘at the first, the third and the last span only. Each
span is 24 feet in length. Same as previous examples, the results of the bending
moments are tabulated in table 5.5. |

Example 5.2.6

The two span, continuous vertical plate (or web) shown in figure 5.6 has two
~ loading conditions: (i) a point load of 20 kips is applied at each midspan, (ii) a
uniformly distributed load of 3 k/f is applied over all the spans. Each span has |
a length of 30 feet. The accuracy of the ADINA program (two different meshes
are tried in order to confirm the convergency of the ADINA results) and the strip
program is verified by comparing with the theoretical solutions solved by the beam
- formula [26] using 1.:he- beam theory. Table 5.6 gives a comparison among three

methods for the point loaded case while table 5.7 shows the results of the uniformly



distributed loaded case. Furthermore, the stress distribution diagram for the point
loaded case and the uniformly distributed loaded case is given in figure 5.7 and
figure 5.9 respectively.
Example 5.2.7

A thin plate (3 feet width, 48 feet long and 0.1 feet thick) is considered in
this example. The plate is divided into two equal spans. In the middle of each
span, a concentrated load of 100 kips is applied. The loading is divided into four
components located along the transverse direction as shown in figure 5.10. Similar to
_ the previous example, the beam theory, the ADINA program and the strip program
are used to solve this plate problem. The results are compared and presented in
table 5.8. The convergency of ADINA results is established by using two models
having a fine and a corase mesh respectively (refer to appendix A).
Example 5.2.8

A two span, continuous T-shaped beam is lo_a.ded according to the OHBD truck
load [37)] (see figure 5.11 for the detail locatio:; of the truck load). Because of the
symmetry of the section and the loadings, it is possible to analyse only half of the -
whole section with appropriate boundary conditions. If u, v, w and @ represent the
translation in axes z, y, ¢ and rotation about y axis respectively, then the required
boundary conditions should be that both the displacement u and the rotation 8
are fixed while the others are free to move. This example is analyzed by both Ithe
Finite Element Method and the Finite Strip Method (see table 5.9). The mesh for
the Finite Element Method is plotted in Appendix A for reference. Also, the stress

distribution along the cross-section is given in figure 5.12.
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Figure 5.1: LOADS AND LAYOUT OF EXAMPLE 5.2.1

Bending Moment '
(XK — ft) Beam “ Strip Results (No. of Terms)
Theory | 10 20 30 | 40 | 45 |
0.0 ]| 000] 000] 000] 000[ 0.00]
136.0, | 120.7] 135.1| 135.9 | 136.0 | 136.0
-230.0 || -224.5 | -229.5 | -230.0 | -230.1 | -230.0
134.0 134.21 133.6 |;133.4 | 133.4 | 1334

Table 5.1: A COMPARISON OF BENDING MOMENT FOR EXAMPLE 5.2.1
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12.0' 16.0' 12.0'

Figure 5.2: LOADS AND LAYOUT OF EXAMPLE 5.2.2

Bending Moment
(I = ft) Beam " Strip Results (No. of Terms) '
Theory 10. 20 30 40 45 |
0.00 0.00 0.00 0.00 0.00 0.00

30.30 26.74 | 27.98| 2895] 29.25| 29.46
-11.40 | -11.30| -11.69| -11.44} -11.30| -11.44
-0.600 | -0.6504 | -0.6503 | -0.5994 | -0.5819 | -0.6175
11.70 1050 | 1091 11.25| 11.35| 11.42

> ©

moQ|w

Table 5.2: A COMPARISON OF BENDING MOMENT FOR EXAMPLE 5.2.2
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Figure 5.3: LOADS AND LAYOUT OF EXAMPLE 5.2.3

| Bending Moment
(K- ft) Beam Strip Results (No. of Terms)
@ Theory 10 20 30 40 49
A 0.00{( o000| 0.00| 000 000} 0.00
B 06.138 || 93.78 | 96.16 | 96.08 | 96.02 | 96.18
C -134.75 || -129.5 | -132.7 | -134.0 | -134.2 | -134.4
D 46.560 || 47.16 | 46.95 | 46.56 | 46.52 | 46.67
E -86.50 || -81.24 | -84.94 | -85.77 | -86.03 | -86.50
F 85.40 || 72.30| 78.58 | 80.45| 81.86 | 82.16

Table 5.3: A COMPARISON OF BENDING MOMENT FOR EXAMPLE 5.2.3
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Figure 5.4: LOADS AND LAYOUT OF EXAMPLE 5.2.4

Bending Moment
(I - ft) Beam Strip Results (No. of Terms)

@ Theory 10 20 30 40 45
A 0.00 0.00| 000| 0.00( 0.00], 0.00
B 92.63 94.45 | 92.67 | 92.74 | 92.52 | 92.66

- C -128.5 | -118.4|-126.6 | -127.5 | -127.9 | 128.1
D 43.61 43.36 | 43.80 | 43.52 | 43.66 | 43.62
B -85.80 || -73.18 | -83.82 | -84.70 { -85.06 | -85.25
F 43.56- || 48.36 | 43.80 | 43.52 | 43.66 | 43.62
G -128.6 | -118.4 | -126.6 | -127.5 | -127.9 | -128.1
H 02.63 94,45 | 92.67 | 92.74] 92.52 | 92.66
I 134.0 134.2| 1336 133.4| 133.4] 133.4

Table 5.4: A COMPARISON OF BENDING MOMENT FOR EXAMPLE 5.2.4



A 1.2 k/f

1.2 k/f G 1.2 k/if |
O E O @) H C
0.73 12.0' 13.27
e >le >le >le >
24 .0 24.0' 24.0' 24.0' 24.0'

Fignre 5.5: LOADS AND LAYOUT OF EXAMPLE 5.2.5

Bending Moment " .
(K - ft) Beam Strip Results (No. of Terms)

Q Theory 10 20 30 40 45

A 0.00 0.00f ©00| 0.00] 000| 0.0
B 69.10 T1.71 | 68.73 | 69.28 | 69.14 | 69.18
C -36.53 | -33.05 | -35.29 | -35.85 | -36.07 | -36.17
D -27.14 || -24.19 | -26.24 | -26.77 | -26.98 | -27.08
E 58.99 61.72 | 58.57 | 59.31 | 59.03 | 59.16
F -27.41 [ -24.19 ] -26.24 | -26.77 | -26.98 | -27.08
G -36.53 [ -33.05 { -35.29 | -35.85 | -36.07 | -3G.17
H 69.10 171 68.73 | 69.28 | 69.14 | 69.18

Table 5.5: A COMPARISON OF BENDING MOMENT FOR EXAMPLE 525
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Figure 5.6: LOADS (POINT LOAD) AND LAYOUT OF EXAMPLE 5.2.6
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[7/]

Stresses Strip Results ADINA Results
(IC/ft?) | Beams (No. of Terms) (No. of Elements)
Q Theory || 10 [ 20 | 30 20 ] 8u
B | TOP | -187.8 || -187.6 | -187.6 | -187.5 [[ -192.7[ -187.0
BOT | 187.8 | 187.6| 187.6| 18751 180.9[ 189.6
C | TOP| -375.6 | -375.1|-375.1 [ -374.9 || -376.0 | -375.7
BOT | 3156 | 315.1] 815.1| 374.9 || 376.5| 375.7
D | TOP | -563.4 || -561.6 | -562.5 | -562.6 || -562.6 | -5G3.5
BOT | 563.4 | 561.6 ] 5062.5| 562.6 [ 562.8] 563.5
E | TOP | -75L.2 || -755.1 | -740.2 | -750.2 || -769.1 | -749.0
BOT | 7512 755.1 | 7149.2| 7502 7476 7515
F | TOP | -936.0 || -879.2 |-007.7 [ -917.5 [| -1020] -1165
BOT | 036.01 879.2| 907.7 | 917.5 [ 041.0] 926.9
G | TOP 1128 || 1135| 1122 1126 1124] - 1105
BOT | -1128 | -1135 | -1122 | -1126 || -1233 [ -1432

‘Table 5.6: STRESSES DUE TO POINT LOAD FOR EXAMPLE 5.2.6

2.0°

Top"

Bot:

¢—

0.15'

Bqt

Top:

BEAM

-375.6
375.6

ADINA
-376.0
376.5

(K/ft )
—— BEAM
o—s ADINA
x— STRIP

STRIP
-374.9
3749

Stress diagram at location C

Figure 5.7: STRESS DISTRIBUTION (POINT LOAD) OF EXAMPLE 5.2.6
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Figure 5.8; LOADS (UNIFORM LOAD) AND LAYOUT OF EXAMPLE 5.2.6



Stresses Strip Results ADINA Results
(I/ft?) | Beams (No. of Terms) | (No. of Elements)
| @ | Theory| 10 | 20 [ 30 20 S0 |
B ] TOP | -877.5 | -530.8 | -816.9 | -877.7 ]| -916.0 [ -880.9

BOT | 8i7.5] S80.8] 876.9 | 877.7 | s847.1] S91.9
C | TOP | -1485 || -1482 | -1485 | -1485 || -1502 | -1498
BOT | 1485 | 1482] 1485 1485 | 1498 1491
D|TOP| -1823 -1825( -1822| -1823 || -183S | -1837
BOT | 1823 | 1825 1822 | 1823 1838 | 1829
E|TOP | -1800 | -1888 | -1890 | -1890 }| -1907 | -1905
BOT| 1890 188s{ 1800 | 1890 | 1907 189S
F | TOP | -1688 | -1689 [ -1687 | -1688 [ -1706 | -1704
BOT | 1688 | 1689 | 1687 | 1688 1700 160G
G | TOP | 3376 | 3350 | 3371] 3373 3360 | 3285
BOT | -3375 | -3350 | -3371 [ -3373 || -3813 | 4623

Table 5.7: STRESSES DUE TO DISTRIBUTED LOADS FOR EXAMPLE 5.2.6

015’
— P
i Top
BEAM ADINA STRIP
20 Top: -1688 -1704  -1688
) Bot: 1688_ 1696 1688
(K/tt 2)
—- BEAM
v Bot  *—eADINA
»—x STRIP

Stress diagram at location F
Figure 5.9: STRESS DISTRIBUTION (DISTRIBUTED LOAD) OF EXAMPLE

5.2.6
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100.0 kips 100.0 kips
A v C l P* e
A B 0O D O
IR N M
12.0' ‘ 12.0' - 12.0' 12.0'

Figure 5.10: LOADS AND LAYOUT OF EXAMPLE 5.2.7

6.6667 kips %0_1'
3.0
|

Average
Displacement Strip Results ADINA Results
(%108 ft) (No. of Terms) (No. of Elements)
@ 10 20 30 | 36 | 72 |
Stresses ‘ '
(X10°K/ ft?) :
@ 10 20 30 36 72
B TOP | 0.7032 ] 0.7254 [ 0.7332 ) 0.7498 | 0.7503
BOT | -0.7032 | -0.7254 | -0.7332 || -0.7498 | -0.7503
C TOP | -0.9078 | -0.8982 | -0.0012 || -0.9000 | -0.2000
BOT | 09078 | 0.8082 | 0.9012 [} 0.9000 | 0.9000

Table 5.8: DISPLACEMENT AND STRESSES OF EXAMPLE 5.2

Sl



OHBD Truck Load
(kN)

30.0 70.0 100.0 80.0 <« A
A \ A A / v H
L B CD Y@ F_ G ] Y
JAN @) O
3.6/36 | 60] 72 |34 <
1.2 A -‘
“ 55.0m ‘ 55.0m
7
| ¢
: 9 .
‘ < OQmTO m" Ogm.l‘ o_gm’
0.15m : » X
it —
0.45m .
'z Section A-A
thickness=0.15m
1 @ . JS > X Node X Z
@ 1 0.0 0.0
4 : 2 0.9 0.0
: 3 1.8 0.0
5 @ 4 1.8 0.4
5 1.8 0.8
Z thickness=0.225 . -

NOTE: Half of the Whole Section (due to symmetry)

Figure 5.11: LOADS AND LAYOUT OF EXAMPLE 5.2.8



Average

Displacement | ADINA Results

Strip Results

(x10%m) 168 (No. of Terms)
Elements 0 | 20 30 40 | 4%
[ B ] - 1.0500 1.0200 | 1.0283 | 1.0284 [ 1.0284 | 1.0284 |
1.8440 1.8067 | 1.8083 | 1.8084 [ 1.8084 | 1.8054 ]
[ D [ 20145 | 1.9754] 1.9763 | 1.9764 [ 1.9764 ] 19764 |
2.0645 2.0234 2.0260
F [ 07479 [ 0.7284] 0.7302 ] 0.7304 [ 0.7301 | 0.7304 |
| G -0.8719 || -0.8750 [ -0.8747 | -0.8747 | -0.8747 [ -0.8717 |
Stresses T '
(AMDPa) 168 .. -
@ Elements 10 20 30 40 45
) TOP -4.852 “4.665 | -4.5731 -4.042 | -4.637 | -4.03V
MID -3.311 3.178 | -3.114| -3.164| -3.160| -3.161
BOT 12.650 12.66 | 1243 | 1254 | 1253 12.54
C TOP -9.307 8612 | -3.880 | -8.805| -8.900 | -5.9i1
MID -6.518 5.800 | -6.008 | -6.071 | -6.052| -G.0S2
. BOT 24.210 9342 | 23.02| 23.04| 239G] 23.05
D TOP -8.398 7325 | -7.182| -7.827 | -T.855 | -7.SG
MID -5.794 4.038 | -5.313 | -5.345| -5.361| -5.370
BOT 21.310 19.92| 2092 2098| 21.01| 21.02
E TOP 2.554 2.585 | 2.530 | 2.565| 2.561| 2.5G1
MID 1.739 1.760 | 1.7d42 | 1.746 | L1746 | L.747
BOT -6.959 7.041| -6.9:8| -6.981| -6.983| -G.084

Table 5.9: DISPLACEMENT AND STRESSES OF EXAMPLE 5.2.8
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5.3 STRUCTURES WITH VARIABLE CROSS-SECTION

This type of structures has been suggested in section 4.4.2 to be analyzed by
employing a folded plate strip with variable width. The accuracy and the efficiency
of this folded plate strip are established by four examples which were solved by
using both the Finite Element Method (all element meshes are drawn in Appendix
A) and the Finite Strip Method. The first three are concerned mainly with the
vertical plates (i.e. haunched web of a plate-girder bridge) while the last one is a
study of a practical bridge model {39]. The web is described by either a straight
or curved haunch. In this case, the c;.lrved haunch is approximated by a parabolic
function. Despite the last example is concerned with a real bridge model, some
assumptions such as parabolic haunch, material properties etc. have been made
in order to simplify the comparison of the results. Again, the final results (the
displacement and the stress distribution) are compared and illustra.ted in tables
and figures. Following is the detail of each example:

Example 5.3.1

A two span, continuous web with straight haunch is given in ﬁgure 5.13. Each
span is 40 feet long and 0.1 feet thick. The height of the web at the two end
supports and the center support is 1 feet and 2 feet respectively. The displacement
and the bending stress resulting from a 20 kips concentrated load at each mid-span
are found and are given in table 5.10.
Example 5.3.2

Figure 5.14 shows a two span, continuous girder with parabolic haunch. The |
" first span is 25 feet long with a parabolic function (z = 1.76 x 10-3Y? + 1.3)

between supports while the second span is 30 feet long with a parabolic function
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thickness has an initial depth of 1.3 feet at both end supports and a maximum
depth of 2.4 feet at the interior support. A combination of a point load and a
uniformly distributed load is considered here. A point load of 20 kips is applied
at a distance of 10 feet from the end support in the first span while the uﬁforﬁly
distributed load of 1.2 k/f is applied over the entire second span. In table 5.11, the
results obtained by both analyses are compared. Moreover, the stress distribution
along the cross-section is piotted in figure 5.15.

Example 5.3.3

This example is a three span, continuous web of span length 30 feet, 90 feet and
30 feet respectively. The dimensions of the straight haunch with constant thickness
of 0.45 feet (see figure 5.16) are 2.6 feet deep at both end supports and 4.4 feet deep
between the interior supports. In this example, only the second si)an is loaded by
a uniformly distributed load of 3 k/f. The‘displacement and the stress distribution
are shown in table 5.12
Example 5.3.4 [39]

In figure 5.17, fa. continuous three span, haunched girder reinforced concrete
bridge is displayed. The span lengths are 44 feet, 55 feet and 44 feet respectively.
The cross-section consists of a 0.5208 feet deck with two girders (8 feet apart). The
girder has a thickness of 1.3958 feet and a height of 2.526 feet and 4.3594 feet at
end supports and interior supports respectively. An OHBD truck load shown in
figure 5.17, is used to simulate the displacement and the stress distribution along
the section. All haunched regions of the bridge are assumed to be a parabola
(= = 1.0849 x 10-?Y? + 2.526) starting with a distance 13 feet away from the
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interior supports. The material properties described in section 5.1 are used instead
of the real one because they will not affect the accuracy of the solution. Since
the cross-section of the bridge is symmetrical about its centerline, only half of the
section is analyzed. In order to make such analysis possible, the same boundary
conditions as in example 5.2.8 are used. The final displacements and stresses are
given in table 5.13. The stress distribution diagram along the cross-section is shown

in figure 5.18.
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Figure 5.13: LOADS AND LAYOUT OF EXAMPLE 5.3.1

Average
Displacement Strip Results ADINA Rcsults
(x108ft) (No. of Terms) (No. of Elements)
Q 10 20 30 80 160
T
Stresses e
(x10'K/ f13} '
@ 10 20 30 80 160
B TOP | -0.2430 | -0.2535 | -0.2577 || -0.2849 | -0.3195
BOT | 0.2429 | 0.2526 | 0.2555 || 0.2624 | 0.260S
C TOP | 0.3065 | 0.3028 | 0.3039 j| 0.3041 | 0.3030
BOT | -0.3064 | -0.3031 | -0.3035 | -0.3268 [ -0.3727

Table 5.10: DISPLACEMENT AND STRESSES OF EXAMPLE 5.3.1
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Figure 5.14: LOADS AND LAYOUT OF EXAMPLE 5.3.2
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Average
Displacement | ADINA Results Strip Results
(x 10 ft) 56 (No. of Termns)
0 Elements || 10 [ 20 [ 30 [ 40 | 45
B . 0.1089 -l 0.1040 | 0.1047 | 0.1048 | 0.1048 [ 0.1049
D 0.3796 0.3748 | 0.3750 | 0.3750 [ 0.3750 | 0.3750
Stresses o
(x10°K/ ft?) 56 “
Q Elements 10 20 30 40 [ 4
B TOP|  -0.3895 | -0.2789 | -0.3094 | -0.3201 [ -0.3256 | -0.32S3
BOT 0.3377 0.2787 | 0.3083 | 0.3168 | 0.319S | 0.3209
C TOP 0.3776 0.3862 | 0.3733 | 0.3734 | 0.3750 | 0.3730
BOT -0.4274 -0.3861 | -0.3731 | -0.3731 | -0.3732 { -0.3730
D| TOP -0.4013 -0.3938 | -0.3978 | -0.3979 | -0.3986 | -0.3086
BOT 0.3999 0.3938 | 0.3978 [ 0.3080 | 0.3986 ) 0.308%
Table 5.11: DISPLACEMENT AND STRESSES OF EXAMPLE 5.3.2
0.45'
— -

1.476'
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I i

Bot

ADINA _STRIP

Top: -0.4013 -0.3986

Bot: 0.3999 0.3987
 (x103K/ft ?)

*~— ADINA

»— STRIP

ion

Figure 5.15: STRESS DISTRIBUTION OF EXAMPLE 5.3.2
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Figure 5.16: LOADS AND LAYOUT OF EXAMPLE 5.3.3
.~ Average
Displacement | ADINA Results Strip Results
(x10%ft) 60 (No. of Terms)
Q@ Elements 10 20 30 40 45
B -0.0497 -0.0498 | -0.0498 | -0.0498 | -0.0498 | -0.0498
‘ D 0.3237 0.3190 | 0.3190 | 0.3191 | 03101 | 0.3191
|  Stresses ; o
(x10°K/ ft2) 60
@ Elements 10 20 30 0 | 45
B TOP 0.0830 0.0858 | 0.0827 | 0.0834 [ -0.0831 | 0.0832
] BOT -0.0832 -0.0858 | -0.0827 | -0.0834 | -0.0831 | -0.0832
C TOP 0.1047 0.1036 [ 0.1050 | 0.1052 | 0.1053 | 0.1033
BOT -0.1183 -0.1036 | -0.1019 | -0.1051 | -0.1052 | -0.1051
D TOP | -0.1047 -0.1053 | -0.1037 | -0.1040 | -0.1039 | -0.1039
BOT 0.1045 0.1053 | 0.1037 [ 0.1040 | 0.1039 | 0.1039
Table 5.12: DISPLACEMENT AND STRESSES OF EXAMPLE 5.3.3
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Average

Displacement | ADINA Results Strip Results
(%104 f¢) 180 (No. of Terms)
@ Elements 10 20 | 30
B 20.1790 -0.1846 | -0.1835 | -0.1896 |
D 0.4345 0.4195 | 0.4274 | 0.427G
E 0.6457 0.6211 | 0.6382 ] 0.63%0
F 1.0144 0.9972 | 1.006G | 1.0067
H 04203 | -0.4204 | -0.4284 [ -0.4283
Stresscs
(x102K/ ft2) 180
@ Elements . 10 20 J0
TOPD 0.2029 0.2481 | 0.2135 [ 0.2083
B MID 0.1643 0.1S80 | 0.1647 | 0.1042
BOT -0.4950 -0.5304 | -0.4677 | -0.4637
TOP_ 0.2268 0.2428 | 0.2108 | 0.2196
C MID 0.1809 0.1942 | 0.1699 | 0.1654
BOT -0.4131 -0.4501 | -0.3883 | -0.3857
TOP -0.2617 -0.1502 | -0.2083 | -0.21G9
E MID 20.1713 ~0.1043 | -0.1433 [ -0.1483
BOT 0.4716 0.2083 | 0.4285 | 0.4300
TOP -0.4605 ~0.3500 | -0.3728 | -0.3936
F MID -0.3035 ~0.2456 | -0.2559 | -0.2682
BOT 0.8776 0.7S34 | 0.8107 | 0.8395
TOD 0.16G4 0.1757 | 0.1671 | 0.1703
H MID - 0.1148 0.1188 | 0.1134 | 0.1150
BOT -0.3857 -0.4180 | -0.3978 | -0.3057

Table 5.13: DISPLACEMENT AND STRESSES OF EXAMPLE 5.3.4

0l
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5.4 DISCUSSION

A total number of twelve examples which can be classified into three types of
structures: (I) beams, (II) plates and (III) build up sections are chosen to verify
and investigate the adaptability of the strip program in terms of both structural
geometry and loading configurations. These examples are analyzed by the beam
theory, the Finite Element Method (ADINA) and the Finite Strip Method (the strip
program). The comparisons of the solutions obtained from these analyses dictates
the accuracy and the efficiency of the strip program.

(I) Beams, examples 5.2.1 to 5.2.5

Five beam problems have been analyzed by both the beam theory, and the
strip program in which a continuous strip and different numbers of the series terms
(e.g. 10, 20, 30, 40 and 45 terms) are used. The bending moments found by the
two methods are éompared in tables 5.1 to 5.5 which correspond to examples 5.2.1.
to 5.2.5 respectively. It is evident that twenty terms in the shape function series
is sufficient to obtain an accurate stress. The maximum difference between the
strip program results and the beam theory 'results was below three percent. Such
agreement between these results clearly indicate the ability of the strip program in
predicting the structural response of the beam problems.

From examples 5.2.2 to 5.2.5, for the same accuracy of the solutions, the rate
of convergency of the results dt_le to the uniformly distributed load is much faster
(around twenty terms faster) than that due to the point load. This explains the fact
that the steep deflection shape of the point load requires more terms to simulate than
* the smooth deflection curve of the uniformly distributed load. On the other hand,

the results of examples 5.2.1 and 5.2.5 show that the increase in the number of spans
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has no strong effect on the accuracy of the results, though the rate of convergency
of the solutions may become slower for some cases. Moreover, it is observed that
the loading pattern, especially the location of the point load, have contributed some
effects on the accuracy and the rate of convergency of the results. From the results
of examples 5.2.1 and 5.2.3, the rate of convergency has been greatly improved
if the point load is applied in combination with uniformly distributed load. This
phenomenon is important since every bridge, regardless of the type of the external
loads, has its own weight distributed along the spans.
(II) Plates, examples 5.2.6, 5.2.7 and 5.3.1 to 5.3.3

So far, the strip program has been justified in the analysis of bea.m‘problems in
terms of different loading types and different number of spans. Thus, the purpose
here is to examine and dis;cuss the reliability of the strip program in the analysis
of plate problems. A total of five plate problems are studied. Two of them have
constant cmss-seétion (examples 5.2.6 and 5.2.7) while the others (examples 5.3.1
to 5.3.3) are with variable cross-section which may be regarded as the haunched
web of a bridge. Both examples 5.2.6 and 5.2.7 are analyzed by the beam theory,
the ADINA program and the strip program while the others are analyzed by the
last two methods only.

In example 5.2.6, a constant web (or vertical plate) with two loading conditions:
(a) concentrated load and (b) uniformly distributed Ioad, is considered. This exam-
ple is used to show the reliability of both the ADINA results and the strip results
in the analysis of the plate problems. Two meshes (i.e. twenty and eighty elements)
are used for the ADINA program while one strip mesh with three sets of number of

terms (ten, twenty and thirty terms) is employed for the strip program. Since the
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loading and the geometry of the plate are symmetrical about its interior support,
only the symmetrical modes is taken as the shape function in the longitudinal direc-
tion for the finite strip analysis. The bending stresses at the top and the bottom of
the cross-section obtained by the three methods are given in tables 5.6 and 5.7 for
the point load and for the uniformly distributed load respectively. Both the ADINA
results and the strip results are compared with the exact solutions obtained from

the beam theory.
(a) The concentrated loaded case
| From table 5.6, it is noted that the strip results with ten terms can converge
to the theoretical value of the beam theory withiﬁ one percent difference except at
the loca.tioﬁs of the conceptrated loads. At these locations, an addition of twenty
terms is required to maintain the same accuracy. On the other hand, the ADINA
results need eighty elements to obtain the same accuracy. However, at the location
‘of the point loads and the supports, the ADINA results have a remarkably high
percentage d.lfference from the solution of the beam theory. "This is mainly due to
the effect of the high stress concentration at these locations.
| (b) The uniformly distributed loaded case
In this case (table 5.7), the effect of the high stress concentration is minimizégl in
* the finite strip analysis. Moreover, the rate of convergency and the accuracy of the
strip results are even better than the previous case. On the contrary, the ADINA
results still have the stress concentration problem at the supports. Although the
ADINA results for both the point load and the uniformly distributed loaded cases
.’ may be theoretically improved by using finer mesh at these regions of iligh stress

concentration, the limitation on the computer capacity has resulted in no further

v
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effective improvement for the results. For the other locations, the ADINA program
gives excellent solutions. Since the ADINA program is the only available finite
element analysis package at the University of Ottawa and it gives reliable solutions,
so the ADINA results are employed as reference values unless other theoretical
solutions can be found.

The other constant plate problem (example 5.2.7) is a horizontally oriented
thin plate with concentrated load. In table 5.8, the bending moments of the three
methods (the ADINA, the strip program and the beam theory) are compared. The
convergency of both the ADINA results and the strip results are confirmed by using
two different meshes (thirty-six and seventy-two elements) and by employing three
sets of number of terms (ten, twenty and thirty terms) reépectively. With the same
reason described in example 5.2.6, only the symmetrical modes are used as the shape
function in longitudinal direction for the finite strip analysis. In this example, the
effect of the stress concentration has not been observed. This phenomenon indicates
the fact that the bénding-a.ction, instead of the in-plane action in the previous
example, is the main factor to cause the deformation. Furthermore, the ADINA
results and the strip results are in a very good agreement with the theoretical results
obtained from the beam theory.

The vertical plates with variable depth are illustrated by the following examples.
These examples (examples 5.3.1 to 5.3.3) with different geometries are examined in
order to show the ability of strii) program in analyzing different type of haunches
(straight or curve). In the strip program, the actual shape of the haunch is a.ppfox-
imated by a parabolic function. The accuracy and the rate of convergency of the

results has been verified and is shown in tables 5.10 to 5.12. The strip results are
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generally in a good agreement with the ADINA solutions except some differences
between the two results are observed right at the locations of the loading points
and over the supports. The disagreement between the two results is mainly due to
the effect of the stress concentration on the ADINA solutions as discussed before.
Although, the accuracy of the strip results at these locations cannot be assured by
comparing with ADINA solutions, the good agreement of the two results at other
locations can sufficiently prove the reliability of the strip results. On the other
hand, the efficiency of the strip program is noticed - for these haunched sections,
twenty terms are sufficient for the uniformly distributed load while thirty terms (or
at most forty-five terms for certain locations) are generally required for the point
load. As a result, the strip program is also good for the plate problemé including -
different geohletric shapes.

| (III) Build-up sections, examples 5.2.8 and 5.3.4

Up to now, the finite strip analysis has been shown to be a very effective, reliable
and powerful too} for the analysis of the beam and plate problems. Besides these,
the strip program can also be used for more complicated structures such as plate-
girder bridges which may be considered as a combination of the horizontal and
vertical plates (constant or variable depth). For this reason, two examples consist
of a T-shaped section (example 5.2.8) and a real bridgermodel section (example
5.3.3) are discussed here. Both examples are loaded with an OHBD truck load
and analyzed by the ADINA program and the striﬁ program. From the previous
experience, tl?e actual comparison between the ADINA results and the strip results -
at certain locations ﬁmy be invalid because of the stress concentration effect on

the ADINA results at those locations. Due to the symmetry of the cross-sections
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and the loading configurations, each example can be solved by considering only
half of the whole section with some appropriate boundary conditions. The required
boundary conditions have been discussed and given in examples 5.2.8 and 5.3.4.

In example 5.2.8, the T-shaped section is constant throughout the whole struc-
ture. An ADINA mesh of 168 elements has been constructed and no further finer
meshes can be created because of the limitation on the availablility of the computer
facilities. On the other hand, a total of four strips is used for the strip analysis.
From table 5.9, the good accuracy and the rapid convergency of the strip results are
revealed. However, the stress concentration effect on the ADINA solutions right at
the locations of the loading points and over the supports have again shown by the
bending stress results. For example, the percentage difference between the ADINA
results and the strip results at the top and the bottom of the web are 5.8 and 1.7
respectively. Except for this discrepancy the overall strip results are in a very good
agreement with ADINA solutions. .

In addition, the strip program has been employed for the analysis of a continuous
haunched girder bridge model (example 5.3.4). With the same reason described in
"the previous problem, only an ADINA mesh of 180 elements can be assembled
'for the half of the bridge section. Also, five strips are found to éuﬁce for an

accurate strip analysis. Both the ADINA results and the strip results given in
table 5.13 are generally agreed with each other. Although the percentage difference
between two results was gone up; to a maximum of three percent, the strip results are
still an acceptable solutions. Such percentage difference may be attributed to the
- complexity of the structure, the approximation in the curvilinear coordinate system,

and the cumulative computing error in the numerical integrations. Under these
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circumstances, the strip results are considered an accurate and acceptable solution.
In terms of efficiency, the strip results are rapidly converged (around thirty terms)
. to an acceptable answer. These results are attractive for such complex section.

In conclusion, with the help of the above discussed examples, the strip program
is found to be not only good for the beam and plate problems, but also for build

up sections such as the plate-girder bridges.



CHAPTER 6
CONCLUSION

The linear analysis of straight simply supported, continuous plate-girder bridges
was successfully carried out by the Finite Strip Method. This method was pro-
grammed not only for analyzing sections with constant depth, but also for sections
with variable depth.

In this analysis, a new formulated continuous strip was dgveloped based on the
shape function for a continuous beam under free vibration. And the curvilinear
coordinate system was introduced for the analysis of haunched bridge structures.
Through the accuracy and the rapid convergency of the results of the given exam-
ples, a number of important conclusions with respect to the applicability of this
finite strip analysis can be made:

(1) This method can be used for analyzing not only continuous beams and

thin plates, but also for complex section such as continuous plate-girder bridges

having uniform or variable depth along the longitudinal axis of the structure.
(2) The convergency of the new formulated continuous strip is much better than

that of the flexibility method. Regardless of the type of loading (point load or
uniformly distributed load), the flexibility method required at least 50 terms to
obtain an acceptable solution. In contrast, the new formulated continuous strip
required only 30 terms for the point load and much less for the uniformly
distributed load to obtain accurate results.

(3) The introduction of the curvilinear coordinate system in the analysis of the

102

]



103

haunched structures is very satisfactory in terms of the efficiency and accuracy.
As a result, the Finite Strip Method with the new formulated continuous strips
can be concluded as a powerful and an effective tool for the linear analysis of the

straight simply supported continuous plate-girder bridges.
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