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Abstract

The efficiency with which the numerical solution of ordinary
differeutial equations (ode) can be generated depends to a large extent on
the effectiveness of the stepsize adjustment strategy that is used. In this
thesis the relative performance of a family of stepsize adjustment strategies
is examined. Included in this family is a new strategy. A distinctive feature
of its formulation is the incorporation of a mechanism to correct for any
persistent deviation of a prescribed solution quality measure from its desired
value. The evaluation of the various strategies is undertaken through an
extensive set of numerical experiments which use both single processor and

multiple processor ode solution procedures.
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Chapter 1

Introduction

1.1 Background

The numerical problem we consider is that of generating the solution

of a given set of m ordinary differential equations (ode’s) of the form:

D3O =YD, V) =%, 9
over a prescribed interval [to,tf], where y and f are both m-vectors and
t, and y, are the given initial values. This problem, which is generally
known as the initial value problem, has particular relevance in continuous
system simulation studies.
The solution we seek is, in fact, a series of points
(to:Yo)s (ps¥1)s o (OygsYyy) With O=ty<t,<--<t, =t Froma procedural
point of view, this solution is obtained by solving a series of subproblems.
Each such subproblem can be characterized as follows: Assume that the
point P, =(t,,y,), 0sn<M, is available and that y,(?) is the solution
(the next
stepsize) and y,,, (the next solution value) such that y,,, adequately

trajectory of (*) which passes through P,; find the values A

Arl

approximates, ¥,(t,,,) with 2, =t +h . There are four separate steps



associated with this process; namely,

(1) establishment of an appropriate value for h,,, ,

(2) generation of the value y,,, ,

(3) assessment of the "quality” of y,,, with respect to y.(z,,,) ,

(4) recovery, when necessary, from a y,,, value that has an

unacceptably low quality.

Inasmuch as the spacing between the solution values associated with
this specification is not fixed, it describes a variable stepsize process. An
alternate solution process is one which maintains a constant predefined
value for the solution spacing. Such a fixed stepsize process involves only
step (2) and consequently there is no attempt to either monitor, or adapt to,
local error along the solution of ode’s. It is generally recognized that the
effectiveness of the classical formulas for the solution of ode’s (e.g. Runge-
Kutta, predictor-corrector) that are applied in step (2) is considerably
enhanced when they are embedded in a variable stepsize process.

The principal cost of solving a set of differential equation lies in the
repeated evaluation of the derivative function associated with the system.
The number of such evaluations over the solution interval depends directly
on the spacing between solution points. Consequently the efficiency with
which the numerical solution of ordinary differential equations can be
generated depends to a large extent on the effectiveness of the stepsize
adjustment strategy that is used.

Our interest in this study is with three of the four steps in the
solution specification given above. Step (2) is simply the matter of applying
some underlying solution formula and it is outside the scope of our present
interest. Steps (1), (3) and (4) provide a framework for using classical

solution formulas in a (computationally) efficient and robust manner.



1.2 Contribution of the Thesis

A fundamental requirement in the continuous system simulation
process is the need to solve (possibly repeatedly) the set of ordinary
differential equations (ode’s) that characterize the system under
investigation. Single processor methods for carrying out this numerical task
are well known. Recent research efforts have addressed the problem of
using multiple processors to carry out this task [1,2,3,4,5]. These studies
with parallel methods have focused primarily on fixed stepsize procedures.
A few variable stepsize multiprocessor procedures have thus far been
reported in the literature [6]. Insights provided in this thesis study will
contribute to progress in this area.

The realization of efficient variable stepsize ode solution procedures
in both single and multiprocessor environments depends on the quality of
the underlying stepsize adjustment strategy that is used. The goal of such
a strategy is to avoid unreasonably small stepsizes since this would result
in wasted computational effort and, as well, avoid overly optimistic (i.e.,
large) stepsizes that result in excessive error and hence rejected steps
(which again produce wasted computational effort). Problems whose
solution trajectories change rapidly and frequently from regions of relative
smoothness to regions of rapid change, generally place considerable
demands on a stepsize adjustment strategy.

In this thesis, a new strategy for carrying out this critical task is
proposed. A distinctive feature of its formulation is the explicit

incorporation of a mechanism to correct for any persistent deviation of a



prescribed solution quality measure from its desired value. The performance
of this new method is compared with that of three other stepsize adjustment
strategies that have appeared in the literature. These include the widely used
"locally optimal” strategy, the strategy recently proposed by Watts [7] and
a strategy proposed in a multiprocessor context by Abou-Rabia [14].

An extensive set of numerical experiments with all four stepsize
adjustment strategies was carried out using both single processor and
multiprocessor methods. The work reported in [9] is based on our single
processor investigations. These test results provide significant insights into
the relative behavior of the stepsize adjustment strategies being studied. In

particular, they demonstrate some desirable features of the newly proposed
strategy.



Chapter 2
Stepsize Adjustment Strategies
(Single Processor Case)

2.1 Introduction

The general objective for a numerical solution procedure for solving
the initial value problem is to vary the stepsize in a way that efficiently
generates a solution having adequate accuracy. The notion of solution
quality that was referred to in section 1.1 is measured in terms of an
estimate of the solution error at each step. The local error which is made
by the solution formula in advancing the solution from y, to y,,; is

(¥, (8,.4)-¥,.1) where y,,, and ¥,(¢,,,) areasdefined earlierinsection
1.1.

A fundamental assumption is that an estimate of the local error is
available, either directly or indirectly from the calculations that take place
while determining the value of y,,, (we will discuss this in the following
section). We denote the error estimate obtained for y,,, by e_,,.
Associated with this error, is a local truncation error tolerance which we
denote by €,,,. Typically, in program code, &

»s1 has a predefined form

which incorporates one or more user assignable parameters. A typical

5



example is

én'»l:l(e"'lymll) (2-1-1)

where the scalar parameter A is user assignable and non-negative. Here we
use e to denote the m-vector whose entries are all unity and |y,,,| to
denote the vector obtained from y,,, by replacing each component by its
absolute value.

The quality of the generated solution estimate y,,,, is then
established by comparing the values of ¢,,, and &,,,. A typical procedure
is to define the scalar quality measure R, =lr,,,I where r_, =¢,,/¢,.,.
(For m-vectors @ and b, a/b is the vector whose j"’ component
is a;/b;. Through-out the sequel the specific vector norm we use
is |Ia|=max{|a).|}).

Clearly, if R, ,<1, then the solution estimate y,,, would, for all
practical purposes, be regarded as having acceptable quality; i.e., a quality
which is consistent with the specified user tolerance. Conversely, if R,,, is
greater than 1, then it is normal practice to conclude that the quality
of y,., is unacceptable and hence an appropriate recovery procedure is
activated; i.e. step (4) of the general specification. To strive for a value of
1 for R,,, has obvious intuitive appeal. However there is no intrinsic
reason to conclude that if R,,, is "somewhat bigger" than 1, then the
quality of the total solution trajectory will be seriously compromised by
accepting ¥,.,- (Two of the stepsize adjustment procedures considered in
the sequel rely on this point of view since they do allow excursions beyond
1.)

The above discussion has, in fact, outlined the general aspects of step

(3) of the general solution specification given in section 1.1. The remaining



discussion in this section examines a number of different alternatives

relating to steps 1 and 4 of this specification.

2.2 The Standard Stepsize Adjustment
Strategy

A widely used approach for stepsize adjustment (often referred as to
the "locally optimal” stepsize adjustment procedure) is based on the
assumption that, for a p* order solution method, the local error

approximation, ¢, at (z,,y,) can be written as:
+1
e, =k o,

where ¢, ,=¢(¢,,y,) and ¢(2,y) is a principal error function and A, is

the step size used to arrive at ¢,. With this assumption, R, =]r, | becomes

R, = K''g @.2.1)

where g,=1¢,/¢,1.

Assume now that the value of R, satisfies the assessment criterion;
i.c., the solution value (¢,,y,) has acceptable quality. The immediate
problem then is to determine h, ,; namely, the stepsize to be used in
moving forward to produce the next solution value y,.,. Observe that once
this step is taken, the relationship that will hold is:

R .ap™! 8o

A+l rel

If the nominal desired value for R,,, is I, we have



1
Lyt 2.2.2)

hn*l= (

a+l

Unfortunately this specification for k_,, has no direct value because the
right hand side of (2.2.2) is not known. One standard approach at this point

is to assume that g,,,~g£,; then by incorporating (2.2.1), we obtain

1
1.7
h .= Pl g 2.2.3)
n+l (R.) .3

which provides a usable specification. This is usually referred to as the
"locally optimal stepsize".

In practice, ode codes which rely on this approach generally
introduce an element of conservatism whereby a somewhat smaller step than

that resulting from (2.2.3) is used. A typical implementation has the form

1
by = (1 Ri)"*‘ h, @.2.4)

where a common value for the "safety factor” p is 0.5 (see, for example,
[10], page 116). Note that (2.2.4) applies only for the case where r>0 and
also that the first step, A,, is established by other means.

In order to assess the "quality” of the solution value y,,, we
introduce the threshold value R, (a value great than or equal to 1) to
denote the boundary between acceptable and unacceptable values of the
solution quality measure. If R, ; <R, then the step is successful and the
procedure is repeated from (¢,,,,¥,,,). However if R, >R, then

(¢,.1»¥,,1) must be rejected and a new solution value must be computed

nel



with a reduced stepsize i:ml; i.e. at the point t-Ml= tgl?ml. The value
used for R; with the locally optimal stepsize adjustment procedure is 1.

2.2.1 Handlmg a Failure

To deal with the failed case (i.e. R,
specification of (2.2.2) will continue to hold at (t-,"l,)"'ml) i.e.,

>R;), observe that the

-
hm-l = (llg_:ul) P

Again there is the need to replace g,,, with some appropriate

approximation. In this case the obvious choice is

&re1 " 8&n1 '—Rm-l I hl'hl

which gives

- 1 ==

h"*lz(k yPlp

n+l
nel

We again incorporate a safety factor and obtain

1

1 )p+1 2 2.2.5)

A+l

hﬂ*l=(p' R

nel

>1, h,,,<h,,, as required. Assuming

?* nel (.1

Notice that because R

nel

that I-a;,l yields an acceptable step; i.e., the associated R-
value, R <], then k.

el sy and R, are used as the values A, and

R,,, respectively in the specifications for the subsequent step. This
approach is, in fact, a widely used and effective strategy for handling step



(4) of the general process outlined earlier.

The specification given by (2.2.4) together with this mechanism
(2.2.5) for dealing with a failure, are referred to as strategy SI throughout
our discussions.

2.3 An Alternate Stepsize Adjustment Strategy

This alternate approach is a variation on the stepsize adjustment
strategy outlined above, We re-write (2.2.3) as

hyy=0,h, @3.1)

nel
1
where o,=(1/R ) P*! . Notice that there is no safety factor in this formula

and that it applies only for n>0 (the first step, h,, is established by other
means). The "quality” of the solution y,,; which results from the use of
(2.3.1) is evaluated using o,,,=(1/R,,;) . The boundary between
an acceptable and unacceptable value for y,,, is defined by a value of 0.5
for @,,; ie.if o,,, 20.5, then the step is successful and the procedure
is repeated from (¢,,,,y,.;); otherwise the solution (¢,,,,,.,) must be
rejected and a new solution value must be computed with a reduced

stepsize ITM as described below.
2.3.1 Handling a Failure

The approach here is almost the same as that used with the standard

strategy, except the reject criterion is o, <0.5. The specification that

n+l

corresponds to (2.2.5) is:

10



hn+l = om-l h (2.3‘2)

nel
1

where o_,,=(1/R_,)?"'. Also notice that because o

h

R+l

<0.5,

<h,, asrequired. Assuming that ITM yields an acceptable step; i.e.,

n+l

the associated value 3,,,20.5, then k,,, and R,,, areused as the values

h,., and R, respectively in the specifications for the subsequent step.

The specification given by (2.3.1) together with (2.3.2) for dealing

with a failure, are referred to as strategy S2 in the sequel. The approach
was first used by Abou-Rabia [14].

2.4 The Stepsize Adjustment Strategy
Proposed by Watts

For the case where the solution quality of (¢,,y,) is acceptable,
another approach for transforming (2.2.2) into a usable form was recently
suggested by Watts {7]. His suggestion is to assume an equality of ratios

among three values of the function g; i.e.,

gml - gn
gn gn-l

which allows (2.2.2) to be written as

1
En-1pe1
hl+l=( 2l)p 1

Then, by incorporating (2.2.1), we obtain:

Il



R, - &
hn+l=( “;I)P*l (_u)h

2.4.D)
R. hn-l

The implementation of (2.4.1) recommended by Watts incorporates
a safety factor g which is embedded in the following way:

1

R, =% &,
By = (p—hyP T (—2yp (2.4.2)
R? k.,
n

The value suggested by Watts for p is -0.1xlogA where A is the error
tolerance parameter of (2.1.2) and log is to the base 10. This assignment
is clearly not meaningful when A<107'°. Accordingly, in our
implementation of the procedure we use p=min(0.9, -0.1«log}).

In the implementation, the first step, h,, is established by other
means, and the second step, h,, is obtaind by using the standard approach
S1; i.e., formula (2.2.4). The first application of formula (2.4.1) start
from n=2, with the condition that R <R, and R,<R;. We again
use R, to denote the threshold value for R; i.e., if R<R, then the step
is accepted; otherwise it is rejected and a new solution value must be
computed with a reduced stepsize }7,",, which will be discussed in

following. The value used for Ry is 1.
2.4.1 Handling a Failure

Watts makes no proposal for handling a failed step. To deal with this
situation, we use the san': procedure as with the standard stepsize
adjustment strategy, i.e., repeat the step using a reduced stepsize h-.m as

prescribed by formula (2.2.5). Assuming that Em yields an acceptable

12



step; i.e., the associated R-value, R_, <1, then l?ml and Eml are used

el
as the values h,,, and R,,, respectively in the specifications for the
subsequent step. Our experiments with this approach have shown it to give
good performance. The specification given by (2.4.1) together with this
mechanism for dealing with a failure, are referred to in the sequel as

strategy S3.

2.5 A New Adaptive Stepsize
Adjustment Strategy

The point of view which we adopt here is that the formulae of the
underlying ode solver together with the ode’s that are being solved, form
a dynamical system. The relevant "output” of this system, however, is not
the solution of the ode’s but rather the solution quality measure, R. This
system, furthermore, has an input through which a control action is applied.
This control input is the integration stepsize h. The associated control
problem is to choose A in a way which maintains the system output at a
specified desired value R*. Access to the input and output of the system
is available only at the set of discrete points in time 2,,i=1,2,..,M, which
correspond to the mesh points at which solution values are generated.

The particular features of our system are as follows:

a) The value chosen for the input h at time ¢, (i.e., h,,,) affects the
value of the output R at ¢, ;; i.e., the value R, ;.

b) It is a simple matter to recover from a particularly poor choice for the
control variable. In other words, the time evolution of the system is not

monotonic inasmuch as "replays” are possible.

13



c) The system input-output transformation has the property that 3R/84>0.
This assumed relationship implies that, at any point in time, the output can
be increased/decrease by increasing/decreasing the value of the control
input. This feature provides the basis for the control strategy.
Anintuitively appealing control strategy is to select k,,,=a h_ with
some suitable choice for the weighting factor «_,. From an adaptive control
point of view, the value chosen for @, should reflect the goal of achieving
a system output which is equal to R* taking into account the underlying

assumption that 8R/3A>0. For the case where R*=1, the choice

1
@,=(£)""

(which corresponds to (2.2.4)) has this property inasmuch as the resulting
value of h,,, will increase (decrease) with respect to A, depending on
whether &, generated a system output R, that was less (greater) than the
desired value of 1.

This particular choice, however, is restrictive inasmush as e«
reflects the error on only the most recent step. An alternate approach is to
formulate a strategy that strives to detect, and correct for, a persistent
tendency of the system output to deviate from its desired value. In a
classical control context, this requirement is typically achieved by
embedding an "integral” component within the control action. Our intent is
to achieve an equivalent effect through an appropriate specification
for a,. Such a specification should, in particular, provide a reflection of
past errors in the system output.

The specification which we propose has the following form:

14



hn+l=aﬂhﬂ
L
=g (£ye!
@, B"(Rn)
B,=0.5(1+0,)
6n=q’neu-l
@ ,=0.6+0.4 »min{¥ (0.5), T(R,)}

where the function ¥(x)=x"1/3,

For the first application of this formula (i.e., n=1), the resultant
value of h, is identical to the value provided by (2.2.4). (The first
sicp, h,, is established by other means). Subsequent steps, however
provide adaptive adjustments to A, (and hence to §,) which reflect the
nature of the system output error on previous steps. In particular, if a
sequence of R, values persists in being less than R*=1 then the
corresponding sequence of B, values will increase in a cumulative fashion.
Likewise, if a sequence of R, values persists in being greater than R*® then
the B, sequence will rapidly decrease.

It is important to observe that, in order to be effective, this strategy
must permit excursions of the system output beyond the nominal desired
value of 1. It is only in this way that the necessary contraction of p, can
take place. Thus an intrinsic feature of the approach is that R, the
threshold value of the system output which defines the boundary of
unacceptable solution quality, must be taken to be greater than 1. A
satisfactory choice for R, was found to be 2. Thus, with the proposed
approach the rejection/recovery procedure is activated only when R >2.

This will be discussed in a later section.
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2.5.1 Handling a Failure

The case of a failed step (i.e., R,>2) requires the recalculation of
the solution value using a reduced value for h,,,. This value is established

as follows:

h.,=ah

atl T T aasl
1

§.=5.(L)ﬁ
le -
,=min(1,0.5(1 +0.))

leﬂ
6+0.4%Q(R_,)

where the function Q(x)=x"3.

Assuming that h_,, yields an acceptable solution value, then }?m
and A_,' are used as the values for h,, and A, respectively in the
specifications for the subsequent step. The adaptive stepsize adjustment

strategy outlined in this section is referred to as strategy S4.
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Chapter 3
Stepsize Adjustment Strategies
(Multiple Processor Case)

3.1 Overview of the BPC and PPC Parallel
Solution Methods

Approaches for achieving parallelism in the solution of (*) fall into
two broad categories; namely, the equation segmentation approach and the
parallel algorithm approach, as described in [11]. Most of the research has
focused on the parallel algorithm approach. In the parallel algorithm
approach, parts of the integration procedure itself are distributed over the
set of available processors. The two most common approaches in this
category are the Block Predictor-Corrector (BPC) and Parallel Predictor-
Corrector (PPC). [1,2,8,12,13].

With both approaches, we divide the integration interval [#;,2] into
a sequence of adjacent, non-overlapping, sub-intervals or blocks, with block
length sh where h is the integration stepsize (in this section we take & to
have a fixed value over the whole solution interval) and s is the number
of solution points in the block. For the BPC method s=N and for the PPC

method s=N/2, where N is the number of available processors.
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Obviously, an even number of processors is required in the PPC approach.
We assume a particular reference state in the computation as shown
in Figure 3.1 and we focus on two adjacent blocks called the current block
(block n) and the forward block (block n+1). The blocks to the left of the
current block are referred to as "previous® blocks. Suppose the right-hand
end of the current block occurs at £=1, ,=f,+nsh. A set of equally spaced
points in the forward block occurs at z=t,,,,=¢, +ih, i=1,2,.s5.
Correspondingly, the points ¢=1, ;=¢,_, +ik, i=1,2,..s, (orequivalently,
t=t,,~-jh, j=0,1,2,..(s-1)) representasetof s equally spaced points

in the current block.

I} 1 v 7 L M 3 L P &Y 4 i t
v s 7 T 77 4

tu-l.:-l tu-l.s tu.l tu.z ‘a.:-z tn,:—l rn.: tml.l rml.z - tnl.:-l tl*l.l tnd.l

! | . ] 1 el '
1 ] ] 1
previousblock | current block : .r forward block : {
(corrected ! Ypredicted values known )  (predicted values : !
valves known);  |comectsd values tobe | 1 tobogemented) |
' t generated) ' ) ! !
Figure 3.1

The following assumptions are associated with the reference state:
(1) a set of predicted (tentative) solution vaiucs is available at the s points
within the current block; i.e. the solution pairs (¥7,,f7 ), i=12,..s,
where y;; corresponds to the predicted solution value at £, and
=l (G Y2
(2) crrrected (final) solution values are available at the points in the

previous blocks; i.e., solution pairs (¥, frrs)s K=1,2,..(n-1),
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i=1,2,..s, where y,_,, corresponds to the i'® solution value within block

n-k; ie., at 5, and £ =f (8 g is Yaord) -

The two computational tasks that must be carried out with respect to
the reference state are:
(a) the set of predicted solution pairs (y?,,f%,) in the current block n need
to be transformed to corrected solution pairs; i.e., (¥, ,f,;)s i=1,2,..5.
(b) a set of predicted solution pairs need to be generated at the points in the
forward block n+1; i.e., (371, fE0,)s i=1,2,..5.
Upon completion of these two steps, the assumed reference state has been
advanced by a distance sh alongthe ¢ axis and an iterative process is thus
established.

Both the BPC and PPC methods share a common mechanism for
carrying out steps (a) and (b). This is based on the use of the linear
multistep formula given by:

,%“f 3 + :“‘_7;,3113 - o G.1.1)
Where each of the y; corresponds to some y,; in the notation of the
preceding discussion (similarly for f;). The «;, f; and M,M" are
parameters that are determined by the requirements arising from the desired
order of the resulting formula. (A relevant discussion is provided in
Appendix 2). The BPC and PPC approaches are, however, different in how
the available processors are used to transform the reference state into the
sequel state.

With the BPC approach the following four steps are carried out
sequentially:
1. The N processors are used in a "corrector mode" to evaluate the final

(corrected) solution values at the s(=N) points in the current block. Each
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processor is assigned one point. The computation carried out by each
processor is based on a specific version of the general formula (3.1.1),
having a common prescribed order and tailored to the assigned point. All
processors complete the computational task in a synchronized way because
the formulas have identical structure and differ only in coefficient values.
2. The processors then evaluate the deriative function, f, at their respective
points, using the values obtained in step 1. Again the computation is
identical over all processors (only the data values are different),and
conzequently the processors complete their work in synchronism.

3. The N processors are then used in a "predictor mode”, where each is
assigned the calculation of a tentative (predicted) solution value at one of
the s points in the forward block. Once again we use a specific version of
formula (3.1.1) together with data generated in step 1 and 2. The
calculation remains in synchronism because of the identically structured
computation.

4. Each processor then evaluates the derivative function, f, at its assigned
point in the forward block, using the values obtained in step 3.
Synchronism is maintained because of the identically structured calculation.

The completion of these four steps of the BPC cycle achieves a
transformation of the original reference state into a sequel state which has
advanced sh=Nh units along the time axis.

The principal difference between the BPC and PPC methods is in the
sequencing of the steps outlined above. More specifically, the PPC method
carries out the steps 1 and 3 concurrently, and then carries steps 2 and 4
concurrently. This concurrency feature is achieved by separating the
available processors into two distinct sets each with s=N/2 processors.

One set of the processors consistently carries out in the "corrector mode”
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calculations, while the other set carries out "predictor mode" calculation.
The PPC method involves the following steps:
1. The s processors operating in the "corrector mode” compute final
corrected solution values at the s points in the current block. Each
processor is assigned one point in the block. The computation of each
processor is again based on a specific version of the general formula
(3.1.1), having a common prescribed order and tailored to the assigned
point. Simultaneously, the s processors operating in the "predictor mode”
compute the predicted (tentative) solution values at the s points in the
forward block. Again this is achieved by using appropriately specified
instances of (3.1.1).
2, Each of the s processors then evaluates the derivative function f, atits
assigned point, making use of the solution value produced in step 1.

For the same reasons as given earlier for the BPC method, these

steps of the PPC cycle are such that the processors remain in synchronism,

3.2 Stepsize Adjustment for
the BPC Approach

In this section we examine further the BPC procedure from the point
of view of formulating a variable stepsize approach. We begin by
considering the local truncation error. A particular approximation for the
local trancation error of the i® point within a reference block n;
ie., ¢, canbe defined as the difference between the corrected solution
value y,, and the predicted solution value y.,, attime 1,,, i=1,2,..s, as
noted in section 3.1.
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In conventional integration procedures, changes in the integration
stepsize are based on a solution quality criterion (as outlined in section 2.1).
More specifically, we have R, ;=Ir, ;| where r,  =¢, /¢, and g, isa
local truncation error tolerance derived from a user-specified error tolerance
parameter, A; i.c., é.',=3.(e+|yu . (see 2.1.1)).

A varisble stepsize control strategy for the BPC method can be
formulated by extending the ideas outlined in chapter 2. We define a
reference state in terms of the three adjacent blocks, designated as B_,, B,

and B,,,, as shown in Figure 3.2 below:

' h,, i h, H h,.; |

[ - -

' ! !

E_ Bl—l : BI : Bl-i-l :
Figure 3.2

The stepsize separating the s points within block B,, is denoted by h, .
while the stepsizes within blocks B, and B,,, are denoted as h,
and A,,, respectively.
We consider a state in the computation where acceptable corrected

values y,_,;, i=1,2,..5, have been generated in block B, , with the stepsize

h,.; (.e., the solution is known up to the right-hand endpoint of block
" B,,) and a set of predicted values y,, i=1,2,..s, has been generated in
block B, (with the stepsize h,). The computation proceeds according to
the following two steps:

tzp 1. Compute the corrected values Your §=1,2,..5, simultancously at
the s points within B, by specific versions of the formula (3.1.1) as

outlined in section 3.1. (Some examples of such formulas are given in
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Appendix 1.) Using the the predicted and corrected values within block B,
and the local error

tolerances, €,; at the s points within B,. Then compute the quality

we can obtain the local truncation error estimates €

criterion, R, for block B, as R =maxR ,.
Step 2. Two separate cases have to {)g‘c,onsidered.
(a). Successful Case
For the case where R, sR;, (where R; is a threshold value.

associated with the different strategies), the corrected values

Yo i» i =1,2, s, withinB, are considered acceptable. A specific
version of a general formula of the form A ,,, =8k, is used to compute
the stepsize h_,, that will be used as the spacing within block B,,,. As
described in section 2.2 through 2.5, the value of & for strategies S1, S2,
and S4, depends mainly on R,. For strategy S3 it depends bothon R, and
on R,_,. Then, with the stepsize h,,; a set of predicted values

Y911, i=1,2,.5, canbe generated simultaneously within block B, , by
the formulae outlined in (3.1.1) (see Appendix 1). Thus the computational
state has been transformed into a sequel state whick has
advanced sh,=Nh, units along the time axis; i.e., the solution is now
known up to the right-hand endpoint of block B,. The iteration procedure
has thus been established.

(b). Unsuccessful Case
For the case where R >R;, the corrected values y, i=1,2,..5,

in B, are considered unacceptable and must be rejected. Because the
corrected values in block B, depend on the predicted values in block B,, a
new set of predicted values needs to be produced with a reduced spacing

I;;. Consequently a specific version of a general formula i-t: = Eh,, is used

to compute a stepsize I;; (where E<1 is dependent on the strategy being
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used but mainly depends on R,). This k, value replaces the current value
of A, as an updated spacing within block B, and a new set of predicted
values yg;, i=1,2,..s, isproduced using an appropriate version of (3.1.1).
The procedure then returns to step 1.

Note that the application of the general formula &,,,=Eh_ can start
from n=1 because the spacing within the first block, k,, is predefined. An
alternate procedure, however, needs to be carried out to produce
the s solution values in the first block B,.

3.3 Stepsize Adjustment far
the PPC Approach

In terms of varying stepsize the PPC method presents a somewhat
more complex problem than is the case with the BPC method. Both use the
same definition for the local trancation error as well as the solution quality
criterion. For the PPC approach, we need to consider a reference state with
five adjacent blocks, which we designate as B,,, B,,, B,, B,,;,and B_,,.
The associated solution spacing within these blocks
i8 By gs by tshys Bys by, (see Figure 3.3).

h
{ ha-?. : hn-l : hn _i hn-H _JL n+2 __i
) ! H J ! ]
¢ : : | 1 H
| B, ! B, t B, Biyy ' B '
Figure 3.3

We Assume that acceptable solution values in block B,, and B,, are
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available, with spacing A, , and h,_, respectively (i.e. the solution is
known up to the right-hand endpoint of block B, ,). We also assume that a
set of predicted values y,f,, i=1,2,..5, is available within block B, with
known spacing of h_. The solution spacing in block B,,, (denoted by
h,.,) is also assumed to be known. The computation proceeds according
to the following two steps:
Step 1. Compute the corrected values y,;, i=1,2,..s, at the s points
within B, by a specific version of formula (3.1.1) using s=N/2 processors
and at the same time, generate the predicted values y;, ;, i=1,2,..s, atthe s
points within B, using the other s processors. With the predicted and
corrected values in B,, we obtain the local trunction error estimates
e, » i=1,2,..s. at the s points within B,. Then compute the quality

criterion, R,, forblockB,as R, =maxR,, wherethedefinitionof R, ; is

i
[zizs *

the same as given in section 3.2,
Step 2. Two separate cases have to be considered.
(a). Successful Case
For the case where R <X;, (where R, is a threshold value
associated with the different strategies), the corrected values
Y. i=1,2,..s, within B, are considered acceptable. A specific version
of a general formula of the form h ,=Eh, is used to compute a
stepsize h,,, that will be used as the spacing within block B, ,,. (Notice the
difference here with the BPC method). The computational state is now
transformed into a sequel state which has advanced sh,= %hn units along
the time axis; i.e., the solution is now known up to the right-hand endpoint
of block B,. The next phase of the procedure is to simultaneously calculate
the corrected values in B,,, and the predicted values in B,,,.
(b). Unsuccessful Case



Forthe case where R, >R,, thecorrected values Yair i=1,2,..5, in
B, are considered unacceptable and must be rejected. Furthermore, the s
predicted values in block B, ,, nust also be rejected. Because the corrected
values in block B, depend on the predicted values in block B, a new set of
predicted values needs to be produced with a reduced spacing I;;
Consequently a specific version of a general formula i-z;=Eh. is used to
compute a stepsize h-. (where E<l is dependent on the strategy being
used but mainly depends on R,). This h-. value replaces the current value
of h, as an updated spacing within block B,, and a new set of predicted
values y,f,-, i=1,2,..s, is produced by an appropriate version of (3.1.1)
using §=N/2 processors. Note furthermore that during this time interval
the other s processors are not doing useful work. The procedure then
returns to step 1. Note however that although the stepsize in B, ,, remains
unchanged, the specific time points in B,,, are shifted because the right-
hand endpoint of B, has shifted to the left.
Also note that the application of the general formula k_,,=£h, starts
from n=2; i.e., the spacing within the first and second blocks, A,, and
h,, are predefined. Some alternate precedures need to be carried out to

produce the s solution values in the first block B, and the s predicted
values in the second block B,.
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Chapter 4

Experimental Evaluation

4.1 Scope of the Experiments

The testing activity was concerned with evaluating the performance
of a collection of variable stepsize single processor and multiprocessor
methods which utilize the stepsize adjustment procedures S1, §2, S3 and
S4. The activity was carried out using a Fortran-based program package
which included modules for all relevent procedures.

The evaluation was based on a set of five test problems which have

been widely used in literature. These problems, which are described in the
Appendix 1, have known analytic solutions. Results were obtained over a
variety of circumstances; i.e.,
a) Three separate ode solution formulas were used in the single processor
case; namely the Runge-Kutta-Fehlberg process of order 4/5 as, for
example, provided in [10], the Runge-Kutta-Verner process of order 5/6,
and a fourth order Adams predictor-corrector process. To facilitate the
subsequent discussion, we denote these cases as methods RKF, RKV and
PC respectively.

b) Two separate ode solution formulas were used in the multiprocessor
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(parallel) tests; i.e., the Block Predictor-Corrector approach and the Parallel
Predictor-Corrector approach (as described in chapter 3) which we denoted
as BPC and PPC respectively. Three different number of processors
(NP=2, 4 and 6) arec used in the experiments with these parallel
approaches. The integration order used in these experiments was p=NP+1.
This choice was motivated primarily by the fact that it corresponds to the
original formulation of the BPC method that appeared in the literature [12].
¢) Three different user prescribed error tolerances were also considered for
each problem/solution formula combination; i.e., three values of A ineq’n
(2.1.1). These values were chosen to provide final global solution
accuracies which could be classified as low, medium and high.

The results of these experiments are presented in Tables 1-15 and
Figures 1-43. In each of the Figures, the horizontal coordinate is time t and
the vertical coordinate is the solution quality measure, R. Each of the
Tables summarizes the results obtained for a particular problem using three
different ode solution methods. Each Table includes the results for three
values of A and the four stepsize adjustment strategies that have been
outlined. The meaning of the remaining columns in the Tables is described
in the following section.

With the single process experiments, the specification of a solution
method (RKF, RKV or PC) and a value for the error tolerance
parameter A, identifies a group of four results that corresponds to the four
stepsize adjustment strategies being investigated. For convenience, we refer
to such a set of four results as a "Q-set". This notion of a Q-set applies also
to the multiprocessor experiments. However in that case, the specification
of a solution method requires the identification of the specific approach
(BPC or PPC) and the number of processors being used.
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4.2 Comparison Criteria

In the experimcntal results, several comparison criteria were
considered; namely,

NRHS: The number of derivative function evaluations per processor
required over the solution interval.

ERR: The maximum global solution error that occurred (with respect to
the known analytic solution).

NSS: The number of successful solution steps over the solution interval
(for a single processor solution, this corresponds to the number of solution
points, while for a multiprocessor case, this corresponds to the number of
blocks).

NFS: The number of failed solution steps (or blocks); i,e, the number of
occurrences of an R value which exceeded the admissible threshold, thereby
causing a step rejection and a subsequent repetition with a reduced stepsize.

Avg R: The average of the R values taken over all successful steps.

In general, performance focuses on the achievement of high accuracy
(low value of ERR) with low computational effort (low value of NRHS).
In accessing the relative performance of two solutions, the unambiguous
situation is where the value of both ERR and NRHS for one case is lower
than for the other, thereby clearly identifying the superior case. This simple
situation does not often occur. More typically, the value of ERR of Sol'n-1
may be less than that for Sol’n-2 while the value of NRHS for Sol'n-1 is
greater than for Sol'n-2. The superior solution is thus difficult to identify.

To deal with the problem, a simple blended assessment criterion or
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metric has been conceived. Its form is as follows:

METRIC - - NRHS
—log (ERR)

Here log is to the base 10. Low values of METRIC are desirable; i.e.,

indicate superior performance. The value of this criterion is included in the

tabular results that are presented.

4.3 Discussion of the Results
4.3.1 Test Results for Single-processor Methods

A number of significant conclusions can be formulated from the
results in Table 1 through 5 which summarize the results obtained with
single processor solution methods.

1) The average value obtained for R (Avg R) with the newly proposed
strategy S4 is almost always equal to the desired value of one, or is very
close to one. The significant exception to this observation is the low
accuracy result with problem TP1 & TP4 (all solution methods; i.e., RKF,
RKYV, PC). Note however that the other threc strategies also have Avg R
values significantly different from one for these two problems.

The results in these Tables also show that Avg R tends to be less
than 0.9 with strategy S3 and is generally even less for strategy S1 (no
bigger than 0.5). Frequently the Avg R values produced by S2 are in the
region of one.

2) In Tables 1-5, within a Q-set (see section 4.1), the value of NRHS for
S1 is usually the highest. Strategy S2 and S4 generally share the lowest
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value in NRHS. Frequently the value of NRHS for S3 is the second largest.
There are however, some cases where the NRHS value for S3 significantly
exceeds that obtained with S1. These occurrences correspond to situations
where the S3 strategy gives rise to a large number of failed steps (i.e.,
large NFS value). These tend to occur when the Predictor-Corrector method
is used.

3) The global solution accuracy obtained within a Q-set is remarkably
similar. Generally, however, strategy S1 provides the highest accuracy, and
strategy S4 provides the lowest.

4) Unfortunately, within a Q-set, none of the four stepsize adjustment
strategies consistently has the smallest value for METRIC (thereby showing
best performance). For problem TP1, TP3 and TPS, the proposed strategy
S4 usually performs the best, and for problem TP2 and TP4, strategy S2
has superior behavior (lowest METRIC value).

A particularly interesting presentation of some of the results is
provided in Figures 1-13. These Figures display some representative “R-
trajectories”; i.e. the successive values of the solution quality measure, R,
over the solution interval.

The results given in Figure 1-2 and Figure 6-7 are for test problem
TP1 and TP3 respectively using the RKF and PC solution methods. Each
of these Figurez corresponds to one particular value for the error tolerance
parameter A and shows the R-trajectories associated with the four stepsize
adjustment strategies S1, S2, S3 and S4. The results shown in this group
of Figures is representative of one category of observed R-trajectory
behavior where all four stepsize adjustment strategies maintain a reasonably
smooth constant value for the solution quality measure, R, after an initial

transient interval.
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The erratic behavior which occurs in Figure 6-7 in the region of t=1
corresponds to a severe derivative change in the y, component of the
solution with problem TP3 (see Figure 43 in Appendix 1). It is intetesting
to note in Figure 7, the oscillatory behavior of strategy S3 which occurs in
the t=0 to t=2 region with the PC method. The capability of strategy S4
to maintain a value of one is clearly apparent.

The results given in Figures 3-5, 8-10 and 11-13 are for test
problems TP2, TP4 and TPS respectively, using the RKF, RKV and PC
solution methods. The results shown in this group of Figures is
representative of one category of observed R-trajectory behavior where all
four stepsize adjustment strategies result in a periodic oscillation in the
value of R. In Figures 3-5, the value for solution quality measure R varies
slightly around 0.5 with strategy S1, around 0.9 with strategy S3, around
1.0 with both S2 and $4. Note that with strategy S4 most of the points do
occur at the value of one for the solution quality measure. Similar behavior
occurs in Figure 8-13, except for an abnormal oscillatory performance in
Figure 10 with strategy S3 which corresponds to the case where S3
experiences many failed steps. Also notice in Figure 12 the vertical scale
of the solution quality measure R with strategy S2 is double that used with
the other strategies.

In this group of Figures, the cyclic pattern arising with strategy Sl
and S2 is very closely synchronized with a similar cyclic pattern in the
solution trajectories (see Appendix 1 solution trajectory figures). This
periodicity is also present with strategies S3 and S4 but in the form of
periodic spikes in the R-trajectories.
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4.3.2 Test Results for BPC Approach

The BPC results are summarized in Table 6-10 and Figures 14-28.
Some interesting observations can be made from these results:

1) As with the single processor solution methods, the average value
obtained for R (Avg R) with the proposed strategy S4 is almost always
equal to the desired value of one or is very close to one. The exceptions to
this observation are the test results where the number of processors is 6
(NP=6) with problem TP1 and TP4 (see Table 6 and 9). In fact, for these
two problems, none of the four strategies achieves a value of one for Avg
R. For example, the Avg R value for strategy S1, S3 and $4 is in the range
betweem 0.4-0.7 and for strategy S2 it is usually over 1.2 (this high Avg
R value tends to appear in the lowest accuracy cases; see for example Table
6 where Avg R = 2.65).

Generally, the results in these Tables show that the Avg R value
tends to be less than 0.9 with strategy S3 and is typically even less for
strategy S1 (no bigger than 0.5). Frequently the Avg R values produced by
S2 are in the region of one.

2) In Tables 6-10, within a Q-set, the value of NRHS for SI is usually
the highest. Strategy S2 and S4 generally share the lowest value in NRHS.
Frequently the value of NRHS for S3 is the second largest. There are
however, some cases where the NRHS value for S3 significantly exceeds
that obtained with S1. These occurrences correspond to situations where the
S3 strategy gives rise to a large number of failed steps (i.e., large NFS
value).

3) The global solution accuracy obtained within a Q-set is also
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remarkably similar. However strategy S1 generally provides the highest
accuracy, and S4 provides the lowest.

4) Generally, when NP increases with A fixed, the value of METRIC
tends to monotonically decrease for any particular strategy. One particular
exception to this occurs with problem TP1 and TP4 in the lowest accuracy
cases; i.c., highest A .

Further interesting results are presented in Figure 14-28, using the
BPC approach. Each of these Figures corresponds to the experiments within
a particular Q-set, and shows the R-trajectories associated with the four
stepsize adjustment strategies.

The Figures 14-28 can be separated into two groups corresponding
to NP=2 & 4 (Figures 14, 15, 17, 18, 20, 21, 23, 24, 26, 27) and NP=6
(Figures 16, 19, 22, 25, 28). Notice in the first group a consistently smooth
behavior of the R-trajectories for strategies S1, S2 and S4. On the other
hand, the R-trajectory for S3 frequently behaves erratically. This behavior
corresponds to the cases where S3 experiences many failed steps. The
capability of strategy S2 & S4 to maintain a value of one are clearly
apparent. In the second group, the R-trajectories for all four stepsize
strategies show significant oscillatory behavior. Erratic behavior with S3 is
particularly evident and results from the large number of failed steps.

The “complexity” of the solution trajectories for the problems
influences the smoothness of the R-trajectories, but this influence is not
particularly apparent with lower order (lower NP) cases.

It is worth noticing that, for all the stepsize adjustment strategies, the
steady smooth behavior of R-trajectories starts to deteriorate when NP
increases. And also notice that the cyclic patterns arising with strategies S1,

S2 and S4 are very closely synchronized with a similar cyclic pattern in the
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solution trajectories of the associated problems TP2, TP4 and TP5 (see
Figures Al.2, Al.4, Al.5 in Appendix 1).

4;3.3 Test Results for PPC Approach

A number of significant observations can be drawn from Tables 11-
15, which summarize the results obtained with PPC approach.

1) The newly proposed stepsize adjustment strategy is not as successful
in maintaining a value of one for Avg R with the PPC approach as it is with
the BPC approach. Difficulties are encountered with problems TP1 and TP4
with the lowest accuracy case (i.e., A =10%), and with all problems with
NP=6. It should be noted, however, that the other strategies also have
difficulty with the low accuracy experiments with TP1 and TP4. The Avg
R value for the NP=6 case (all problems) obtained by the other three
strategies also differs signficantly from one, (although S2 provides a few
exceptions). The S2 results are frequently quite high (e.g. Avg R = 3.8 in
Table 11 with NP=6, A =10 while the other strategies provide
relatively Iow value for Avg R (e.g. Avg R = 0.04 in Table 14 with S3
and NP=6, A =10%).

The test results obtained suggest that with the PPC approach, there
is an inherent difficulty in maintaining an Avg R value at the desired value
of one.

2) In Tables 11-15, the value of NRHS for S2 is almost always the
lowest within a Q-set, The highest value of NRHS usually occurs either
with S3 or S4. These occurrences correspond to situations where S3 or 54
results in a large number of failed steps (i.e., large NFS value).

3) The global solution accuracy obtained within a Q-set is still very
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similar. Generally, the highest accuracy is provided by strategy S1 and the
lowest by S2.

4) Generally, when NP increases with A fixed, the value of METRIC
tends to monotonically decrease for any particular strategy. An exception
to this occurs with the low accuracy case with problem TP1.

Further interesting results of the PPC approach are presented in
Figures 29-43, which display some representative "R-trajectories”. Each of
these Figures corresponds to the experiments within a particular Q-set.

These Figures can be separated into two groups corresponding to the
number of processors, i.e., NP=2 & 4 , and NP=6. Notice in the first
group a generally smooth behavior of the R-trajectories for strategies Sl,
S2 and S4. On the other hand, the R-trajectory for S3 always behaves
erratically.

The rapid changes in the solution trajectories in problem TPS which
occur at {approximately) t=6.5, 12.5, 18 are reflected in the erratic
behavior of the R-trajectories (Figures 42 and 43). A similar relationship
can be detected between the solution behavior of problem TP4 and the
associated R-trajectories of Figures 38 and 39. However, the "complexity”
of the solution trajectories for the problems influences the smoothness of the
R-trajectories, but this influence is not particularly apparent with lower
order (lower NP) cases.

A particularly undesirable behavior with strategy S3 can be noted in
almost all the cases with NP=4 and 6, for all the test problems. (The
exception is NP=4 with problem TP1). In these cases, the R-trajectories
repeatedly acquire very low values.

With all the PPC experiments, erratic behavior of the R-trajectories

becomes more pronounced as the value of NP increases.
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Chapter 5
Concluding Remarks

5.1 General Observations

In this thesis, we have investigated the performance of a family of
stepsize adjustment techniques for ordinary differential equation solvers,
within the context of both single and multiple processor procedures. Three
of these strategies have appeared previously in the literature while the
fourth is a newly proposed strategy.

The results obtained in this study suggest that the widely used
"locally optimal" stepsize adjustment strategy (designated as Sl in our
study) almost always provides inferior performance relative to the other
alternatives. The design of the newly proposed strategy S4 was based on the
goal of maintaining a value of unity for the solution quality measure, R.
The objective was reasonably successfully achieved, particularly in the case
of the single processor and the BPC multiprocessor experiments. The ability
of the S4 strategy to keep R at the value one does appear to be superior to
all the other strategies that were examined.

The conclusions in this thesis are primarily based on an extensive set
of experiments with five test problems. We note however that other

problems were also examined during the course of the study, but for
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reasons of limited space, these have not all been presented. These
unreported test results are entirely consistent with those that appear in this
thesis.

For both single and multiprocessor variable stepsize approaches, the
test results as shown in Tables 1 through 15 and Figures 1 through 43,
provide adequate evidence to conclude that:

(a) Strategy S2 could be a highly recommended stepsize adjustment
strategy in terms of its over all performance. It is, for example, free of
failed steps and it frequently has a low METRIC value.

(b) Within any particular Q-set, none of the four stepsize adjustment
strategies consistently has the smallest value for METRIC (thereby showing
best performance). This applies equally to the single and multiprocessor
experiments.

(c) The global solution accuracies obtained within a Q-set (i.e, the ERR
values) are very similar and mostly within a factor of 2. This is true even
for those cases where many failed steps occur (this frequently happens with
strategy S3) which suggests that the solution methods are reasonably robust.

(d) The results obtained suggest that the five test problems do vary in
difficulty from a numerical solution point of view. Problems TP1 and TP3
seem to be fairly "easy” inasmuch as they generally provided smooth R-
trajectories, and relatively low NES (number of failed steps). In contrast,
problem TP4 frequently resulted in erratic R-trajectories and many failed
steps.

(e) There is a difference between the behavior with high and low
accuracy solutions. For example, in the high accuacy cases, the values of
NRHS and NSS are higher and the R-trajectories are smoother, than in low

accuracy cases. The implication here seems to be that the smaller stepsizes
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associated with the high accuracy solutions tend to enhance the ability of the
stepsize adjustment strategies to maintain a constant value of R.

Within the context of any particular single processor solution method
(i.e., RKF, RKV, PC), when the error tolerance parameter A decreases
(i.e., the solution accuracy increases), the value of METRIC tends to
monotonically increase for any particular stepsize adjustment strategy.
Among the three single processor methods, RKF method usually provides
the highest value in NRHS, the lowest value in NFS, and the smoothest R-
trajectories, for almost all the stepsize adjustment strategies.

Within the context of the BPC approach, the newly proposed stepsize
adjustment strategy S4 usually performs best with a relatively low number
of processors (NP) and hence for low order (because order=NP+1 for the
BPC approach). Here again the implication appears to be that the lower
stepsize associated with the low order method enhances the performance of
the adjustment strategy. Superior behavior (lowest value of METRIC within
a Q-set) is normally shared by S2 and S4. However, for the case where
NP =6, strategy S2 almost always has superior behavior, since strategy S4
frequently experiences a few failed steps, which causcs a higher NRHS than
that with strategy S2. Notice also that the value of NFS (the number of
failed stepsize) is consistently zero for strategy S2.

There is more erratic behavior in the R-trajectories with the PPC
approach than with the BPC approach and this is probably due to the higher
number of failed steps (NFS) which occur. Within the context of the PPC
approach, strategy S2 usually provides superior behavior (lowest METRIC
value within a Q-set), for cases where NP = 2, 4. Generally speaking the
relative complexity of the PPC approach seems to make it more difficult to

manage within a variable stepsize mode.
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5.2 Future Work

The work completed in this thesis study is a contribution to the
evaluation of variable stepsize techniques for both single and multiple
processor approaches for ode solvers. In particular, the study demonstrates
that further work on the development of efficient stepsize adjustment
strategies is desirable.

The formulation of current stepsize adjustment strategies is primarily
based on the solution quality measure, R, from the current step and possibly
from the previous step (in the case of Watts’ strategy). A possibly fruitful
avenue to explore would be the incorporation of additional input to the
adjustment strategy, such as first and second derivative information. Such
information could assist in anticipating rapid changes in the solution
trajectory.

In the multiprocessor experiments with the BPC and PPC
approaches, our study examined only the cases where the order of the
solution method was fixed at NP+ 1 (where NP =the number of processors).
Further important insight could be obtained by examining the variable
stepsize behavior of these multiprocessor approaches when the integration
order and the number of processor is decoupled. Software for carrying out
such experiments is now available. Such a study could provide valuable

input into the problem of how to optimally choose integration order in

multiprocessor environments.
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METHOD | A STRATEGY NRHS ERR NSS NFS Avg R METRIC

31 50 0.51E4 14 0 0.25 18.7

1.E4 52 74 0.51E4 13 0 0.37 17.3

53 ) 0.51E4 ) 0 0.34 173

4 68 0.51E4 12 0 0.60 15.9

81 254 0.40E-7 a 0 0.36 343

RXF LET 2 7 0.66E-7 38 0 0.65 1.2

3] 24 0.54E7 1 0 0.65 0.8

4 12 0.NE7 % 0 0.85 29.7

s1 590 0.39E-9 » 0 0.2 6.7

1.B9 52 S8 0.74E-9 87 0 0.8 567

53 506 0.71E9 8 0 0.88 553

s 500 0.7TE-9 En 0 0.94 4.9

s1 7 0.19E4 10 0 0.21 15.7

1.B4 82 6 0.19E+4 9 0 0.35 14.2

£ ] 0.19E-4 ) 1 0.32 15.4

4 7 0.55E4 10 0 0.42 17.4

st 10 0.2E-7 N 0 0.34 27.4

RV 1L.E7 52 154 0.14E-7 25 0 0.52 .7

53 200 01367 b1 : 0.57 254

4 185 0.17E-7 » 1 0.72 B4

st “z 0.85E-10 56 0 0.37 3.9

1.E9 52 354 0.15E9 50 ] 0.69 40,1

3 37 0.17E9 @ 0 0.854 38.7

4 385 0.17E9 4 1 0.87 39,4

st a 0.38E- 18 1 0.35 12.0

1.84 52 40 0.13E-2 18 0 0.93 13.8

53 54 0.37E3 P> 6 0.43 157

4 “ 0.90E-3 19 2 0.70 14.4

51 140 0.65E-6 68 0 0.41 2.6

e 1B 52 126 0.11E-§ 61 0 0.7 212

[ 128 0.91E$ 62 0 0.68 21.2

4 12 0.12E-5 59 0 0.52 20.6

51 336 0.15E-7 166 0 0.45 429

L.E9 52 296 0.26E-7 146 0 0.89 9.0

s 297 0.24E.7 146 1 0.98 39.0

0.26E-7

Table | : Single Processor Methods with Problem TP1
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METHOD A STRATEGY NRHS ERR N$S NF3 Avg R METRIC
51 1052 0.13E-3 176 0 0.51 269.7
s2 914 0.23E-3 153 0 Lol .7
1.E-7
53 996 0.13E-3 165 2 0.70 268.0
S4 920 0.24E-3 154 0 1.00 236.0
51 2642 0.12E-3 aal 0 0.50 “s.4
52 2300 0.23E-5 384 0 1.00 4084
BEF 1.E9
1] 445 0.20E-5 398 16 0.87 429.9
54 300 0.24E-§ 1.7 0 1.00 408.3
51 5638 0.12E-7 1107 0 0.5 6.1
52 5780 0.23E.7 964 0 1.00 758.1
1.E-1t
53 5906 0.21E-7 985 o 0.50 768.7
4 5780 0.23E-7 964 ] 1.00 756.3
31 1066 0.18E-5 14 0 0.50 115.6
32 954 0.37E-5 120 1] 0.9 175.5
1.B7
L1 1010 0.25E-5 127 ] 0.70 130.5
sS4 954 0.36E-5 120 0 0.98 175.3
s1 006 0.12E-7 219 0 0.50 2914
52 2058 0.26E-7 258 0 1.00 .t
RV LE?
5 2090 0.23E-7 282 0 0.90 mn.s
i ) 2058 0.26E-7 258 0 0.9 27,0
51 4970 0.ME-10 672 0 0.50 493.3
52 4426 0.13E-9 554 0 1.00 453.3
LE11
53 4506 0.18E-9 554 o 0.90 459.7
54 434 0.18E-9 555 0 1.00 454.6
51 634 0.81E3 s 0 0.50 204.9
52 552 0.16E-2 74 0 1.00 197.4
1.E-7
53 592 0.11E-2 294 0 0.70 2009
54 554 0.16E-2 2713 0 1.00 198.0
31 159 0.80E-5 796 0 0.50 M3
52 1390 0.16E4 &3 0 1.00 290.2
rc 1.BE-9
3 1421 0.15E4 708 1 0.90 293.1
S 1392 0.16E4 &4 0 0.99 290.5
51 4006 0.T2E7 2001 Q 0.50 361.0
s2 488 0.15E-6 1742 (/] 1.00 510.3
1.E-11
53 4377 0.10B-6 1875 623 0.7 626.1
4 3490 0.15E-6 1743 0 1.00 511.0

Table 2 : Single Processor Methods with Problem TP2
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METHOD | STRATEGY NRHS ERR NSS NEs | awr | METRIC
st 587 0.5182 580 o 0.48 256.0

LES 2 496 0.77E2 an o 0.96 Bas

5 601 0.65E-2 s 46 0.68 274.9

= @ 0.TTE2 487 0 1.00 2.4

s1 1815 0.20E3 1806 0 0.49 2.0

;‘:':;“ LE10 | 2 1523 0.35E 1516 0 0.9 440.0
53 1980 0.29€3 1847 27 0.70 $59.4

N 1522 0.34E3 1513 0 1.00 439.3

st 10157 01265 | 10140 0 0.50 1713.4

1.E-13 52 8540 0.20E-5 4526 a 1.00 1491.2

s 1541 017Es | 10698 1653 0.67 1996.9

N 2538 0.20E-5 8521 0 1.00 1497.0

s1 147 0.5084 142 3 0.37 42
1.51 s2 13 0,62E4 122 ) .89 w2 |
5 26 0,16E4 209 4 0.25 o1 |

N 132 0.13E3 126 4 0.86 1.9

8 300 0.T3E-6 293 2 0.3 ny

;‘::‘“ 50| 2 261 0.89E-6 257 o 0.52 .1
53 st 0.13E-5 416 7 0.29 .46

N 266 0.U4ES 259 3 0.95 455

51 916 0,64E-9 508 0 0.48 9.6

LB | 32 814 0.30E-9 208 1 1.00 8.5

5 131 0.11E-8 1030 185 0.61 126.0

9 s 0.24E-8 203 0 1.00 4.0

51 91 0.50E4 %6 5 0.30 1.2

LES 52 7 0.13E3 7 0 0.83 191

53 ™ 0.89E-4 139 s 0.10 35.6

s 9 0.61E4 8 1 0.41 n.8

s1 136 0.30E-6 130 s 0.34 20.9

;:::;‘ LB10 | %2 1 0.43E$ 12 ) 2.50 179
s u2 0.77E6 20 17 0.10 9.6

5 142 0.11E-5 133 12 0.58 B

st 2 0.50E:9 210 4 042 31.0

LEB | 82 256 0.12E7 252 1 1.70 323

3 58 0.49E:9 560 37 0.15 62.8

s 1y 0.97E.9 m 3 0.83 3.4

Table 3 : Single Processor Methods with Problem TP3
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Table 4 : Single Processor Methods with Problem TP4
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S S L ———— |
METHOD | A STRATEQY NRHS ERR NSS NEs | AR | METRC
st 414 0.54E3 53 14 0.43 126.7
1.E4 2 m 0.2152 a7 0 1.63 103.6
53 36 0.59E-3 & 16 0.3 135.1
o 3% 0.798-3 s 10 0.47 121.0
31 1366 0.78B-6 s 16 0.49 2236
RXE LE7 s2 1100 0.18E-S 184 0 L12 1913
3 1341 0.11E-S 208 ) 0.60 225.0
4 1241 0.15E-5 195 13 0.7 212.9
s1 2 0.90E-3 551 6 0.50 9.2
LE9 52 2763 0.188-7 452 0 L02 357.2
83 3010 0.155-7 19 32 0.84 118.5
4 2887 0.198-7 a7l 13 0.92 N8
st 410 0.12E3 43 s 0.44 1043
L.E4 52 8 0.45E-3 1 ¢ L6t 9.4
L 4 0.87E4 a 15 0.30 119.0
4 419 0.138-3 2 7 0.41 107.5
s1 178 0.13E-6 134 16 0.4 171.2
v 1.E7 52 922 0.34E-6 116 0 L2 142.6
0 us 0.19E-6 130 2t 0.52 175.9
oy 107 0.25E-6 126 15 0.64 167.5
s1 269 0.16E-3 282 17 0,49 269.7
LE9 52 1986 0.36E-3 249 0 1.09 75.3
53 2250 0.23E-3 261 2 0.77 262.9
4 178 0.33E8 239 16 0.81 286.6
st 218 0.41E2 9 2 0.45 91.5
1.E4 52 164 0.13E-4 20 0 147 8.5
53 m 0.49E4 9 20 0.41 96.2
54 20 0.67E-2 9 14 0.54 92.8
51 782 0.12E4 382 1 0.49 150.9
rC LET 52 562 0.29E4 7] 0 1.07 142.6
3 755 0.16E-4 161 il 0.6 157.3
34 &1 0.21E4 M0 14 0.1 149.0
51 1926 0.20E-6 960 2 0.50 w7 |
LE® s2 1676 0.49E-6 036 0 1.00 263.8 “
33 1926 0.40E-5 879 164 0.7 3011 "
s 1618 0.50E-6 159 6 0.9 288.0



Table 5 : Single Processor Methods with Problem TP5
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METHOD A STRATEGY NRHS ERR NS5 NFS Avg R METRIC
11 ber 4 0.11E-2 431 9 0.51 928
1.E-3 2 2504 0.18E-2 418 0 1.07 . 9144
.+ ] 2636 0.19E-2 435 [} 0.79 972.4
4 0.22E2 415 0 1.00 933.0
51 7208 0,1184 1202 0 0.50 wn.z_'_
REF LE-10 52 6284 0.22E4 1048 0 0.99 1349.4
51 6428 0.21E4 1067 -] 0.89 1372.1
54 6260 0.22E4 1044 0 1.00 1346.6
51 28852 0.58E-3 4776 0 0.50 3478.1
LB 13 52 U950 0.17E.7 N9 0 0.99 6.2 |
] 25454 0.158-7 4243 0 0.90 3256.1 "
s4 24920 0.17E-7 4154 0 1.00 3212.6 I,
st 1365 0.13E3 340 n 0.42 864.9
1.B3 2 nn 0.78E3 291 0 135 7487 |
n bLy:) 0.67E4 30 IS 0.76 604.4
4 ns1 0.13E3 2 3 0.97 606.0
L} 5617 0.78E-6 702 1 0.51 919.7
XV L.E-10 52 4954 0.19E-5 625 0 1.02 3743
-] 5151 0.56E-5 637 2 0.87 094
4 4978 0.53B-5 6 0 1.00 2.3
st 17697 0.29E-8 212 1 0.50 074
LE1 2 15762 0.28E-8 1971 0 0.9 1842.9
5 16074 0.35E-8 2003 ] 0,90 1399.7 l
54 157130 0.35E-8 1967 0 1.00 1360.7 |’
st 3176 0.35E:2 1585 2 0.50 1294.6
1.E-8 52 2764 0.83E2 1330 0 1.00 1329.6 ||
$3 2904 0.32E2 1443 14 0.80 1161.8 I
34 2763 0.43E2 1379 1 1.00 1166.5
s1 7 0.32E4 3983 1 0.50 1772.9
c 1.5-10 52 6940 0.67E-4 3463 0 1.00 1643.3
5 367t 0.42E4 3728 1217 0.70 19813
4 6935 0.40E4 3464 1 1.00 1578.0
si 1702 0.19E-7 15849 0 0.50 4105.5
1.B-13 82 27602 0.298-7 13799 a 1.00 38624 ||
33 34641 0.128.7
s 27594 0.16E-7




Table 6 : BPC Methods with Problem TP1
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METHOD | & STRATEGY NRHS ERR NSS NFs | avgRr | METRIC
51 74 0.3E.3 15 2 Q.41 0.3
1L.E4 52 60 0.31E3 30 0 1.20 11
53 4 0.30E< 1 4 0.39 18.6
54 70 0.66E-4 32 3 0.7 16.3
51 336 0.96E-8 163 0 0.48 419
;:::vzdu 1L.E-7 52 286 0.69E-8 143 0 0.09 35.0
3 304 03157 152 0 0.69 40.5
$4 280 0.3E7 140 0 2.96 3.3
51 1040 0.47E-9 520 0 0.48 1.5
1.E-9 52 876 0.47E-9 433 0 0.96 .9
33 54 0.47E.9 446 1 0.9 95.2
$4 872 0.47E9 436 0 0.99 9.5
St 74 0.20E-4 29 6 0.43 14.9
1.E4 52 56 0.16E3 7 0 .11 14.7
53 n 0.20E4 30 6 0.43 15.3
54 &4 0.40E4 28 4 0.67 14.6
51 100 0.19E-6 50 0 0.37 X
ot | BT 52 & 0.31E-7 “ 0 0.74 1.7
) 126 0.19E-7 51 12 0.0 16.3
54 98 0.22E-7 45 3 0.52 12.8
51 202 0.28E-10 101 0 0.43 19.1
LE9 52 182 0.29E-10 9l 0 0.82 17.3
53 262 0.22E-9 9 3 0.63 .1
4 176 0.95E-10 (1 0 0.95 17.6
st 7 0.19E4 32 7 0.51 16.5
1.E4 52 o4 0.35E-3 32 0 2.65 18.5
53 9 0.24E4 36 13 0.41 21.2
54 76 0.19E4 12 8 0.9 16.1
51 9 0.19E-7 41 7 0.45 14.2
N,:::,, LE7 | 82 74 0.16E7 37 0 1.60 109
) 12 0.87E7 4l n 0.4 wa |
54 52 0.27E-7 37 4 0.60 s |
51 1o 0.1E9 49 6 0.43 1.4
LE® 52 9 0.10E-7 46 0 0.64 ns |
53 152 0.208:9 51 28 0.5¢ 15.7 "
s 12 0.26E9 50 s 0.64 n.1



- —— . .— —
METHOD | A STRATEGY NRHS ERR NSS NFS AvgR | METRIC
51 1760 0.15E-$ 880 0 0.50 301.7
1L.E7 52 1430 0.35E- 740 0 1.00 m.a2
s3 1622 0.22E-5 810 1 0.70 287.1
4 1482 0.35E-§ 741 0 0.99 2714
1 5560 o488 | -2780 0 0.50 661.0
:',::fw L.BY s 47 0.11E? 239 0 1.00 585.0
8 4204 0.97E-2 2401 1 0.90 599.4
4 4678 0.11E7 2339 0 1.00 588.0
s1 17574 0.49E-11 8787 0 0.50 15543 ||
LE1 s2 14780 019610 | 90 0 1.00 1379.3
53 15176 015610 | 71587 ! 0.90 1401.1
s 14782 0.19E-10 | 7350 1 1.00 1379.4
51 350 04765 175 0 0.50 X |
LE7 52 N2 0.11E-4 156 0 0.9 2.7
3 138 0.69E-5 166 3 0.69 65.5
4 2 0.10E-4 156 0 0.9% 62.6
s1 754 0.24E-7 376 1 0.50 9.0
e | 1es | = 670 0.ME7 335 0 0.99 22 |l
53 954 0.31E-7 359 118 0.67 127.2
s 674 0.53E-7 336 1 0.98 92.6
s1 1614 0.12E-9 806 1 0.50 162.5
LE 82 1436 0.26E-9 ns 0 1,00 LY I
) 2082 0.15E-9 770 256 0.67 208.9
4 1440 0.26E-9 719 1 0.99 150.1
s 154 0.42E-5 7 2 0.51 2.6
LET7 s2 136 0.12E4 6 0 1.00 226
53 1% 0.53E-$ 75 20 0.52 160 |
4 160 0.76E-5 n 7 0.74 313
81 270 0.57E-7 1M 4 0.49 373
:::;“ 1LE9 s2 %2 0.15E-6 121 0 182 5.5
s Y1 0.57E7 127 a1 0.6 a1
S s 0.89E-7 121 3 0.96 152
s1 460 0.31E-§ b)) 2 0.49 a4 "
LE1 52 420 0.65E-9 210 0 1.00 4.1 "
) 51 0.39E-9 20 76 0.56 62.9 "
4 a2 0.64E-9 209 2 0.8 4.9

Table 7 : BPC Methods with Problem TP2
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Table 8 : BPC Methods with Problem TP3

43

e ——— e T 2 ————————
METHOD A STRATEGY NRHS ERR NSS NFS AvgR | METRIC
s1 910 0.13E-$ 455 0 0.48 454.5
LE8 2 768 0.29E-5 M 0 0.96 (LK
§3 208 0.24E-5 402 2 0.80 143.7
4 766 0.47E-5 n2 1 0.9 143.3
st 2854 0.88E-8 1427 0 0.49 354.3
:::,2“ 1.E-10 52 24m 0.13E-7 1201 0 0.5% 309.4
53 sn 0.38E-7 132 439 0.68 474.9
54 2396 0.19E-7 1193 0 1.00 310.4
51 15984 0.45E-8 7992 0 0.50 1915.4
LE13 52 13444 0.33E-8 612 0 1.00 1597.1
8 13798 0.39E-8 6898 1 0.90 1640.4
) 13438 0.3%E-8 6719 0 1.00 1596.0
st m 0.30E-$ 109 2 0.42 42.9
LE} 52 196 0.10E~4 9 0 0.8 41.3
53 214 0.12E4 i ] 0.7 4.4
4 200 0.63E-5 97 3 0.87 38.4
st 462 0.17E-7 20 t 0.46 59.4
::::," LE-10 52 410 0.76E-7 203 0 0.91 37.6
2 554 0.46E-7 s 62 0.69 75.5
54 412 0.11E-6 204 2 0.9¢ 9.1
st 1426 0.70E-9 N2 1 0.42 155.7
LE13 2 1270 0.61E-9 LH 0 0.96 137.8
5 1656 0.59E-9 667 161 0.7 179.5
54 1268 0.61E-9 633 1 0.9 137.6
st 31 0.39E-5 5 5 0.37 21.1
1.B3 52 100 0.22E4 50 0 0.0 2.5
53 134 0.63E-§ 51 16 0.5 3.9
54 114 0.12E4 51 6 0.57 0.1
51 198 0.19E-5 94 5 LAl 34.7
;'I::« L.E-10 32 172} O0.I2E% L] 0 0.82 U4
5 20 0.50E-7 " 77 0.64 s
34 182 0.37E-7 3 5 0,78 us
51 442 0.61E-® 218 3 0.43 4.0 u
LE1 $2 400 0.51E-9 200 0 0.1 43.0
53 536 0.46E-9 204 64 0.69 574
4 404 0.M4E9 198 4 0.2 43.2



Table 9 : BPC Methods with Problem TP4
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METHOD | & STRATEGY NRHS ERR NsS Nrs | awr | METRIC
31 412 0.96E4 187 19 0.47 102.6
1.LE4 52 302 0.38E:} 151 ] 1.30 23.3
) ac4 0.17E3 201 31 0.40 134 |
s 370 0.16E3 169 16 o.m 9.4
u 2082 0.50E-7 1022 " 0.50 281.1
;{;:.:w LE7 sz s 0.79E7 159 0 1.00 242.0
s3 1944 0.51E7 S 7 0.69 266.5
s 1754 0.66E-7 268 9 0.97 244.3
51 6452 0.42E9 3226 0 0.50 6924
1LE9 ) 5426 0.43E9 713 0 1.00 5823
53 7564 0.43E9 2958 224 am 811.7
4 5426 0.48E9 2713 0 1.00 5823
s1 206 0.14E 7 16 0.49 5.7
L.E4 52 163 0.35E3 LY 0 1.20 47 |
P 234 0.91E4 91 26 0.39 519
4 192 0.35E3 8 3 0.72 $5.5
51 526 0.53E-7 4 19 0.48 73
:‘::;“ LE7 s2 o 0.13E-6 214 0 1.20 &4
o ST 0.73E7 29 1 0.58 s0.2
4 s 0.97E-7 26 16 0.78 wo |
s1 12 0.MED s19 12 0.49 17 "
LES® 52 22 0.87E-9 451 0 1.00 1088 "
s 192 0.50E-9 486 110 0.74 128.2 "
4 976 0.75E9 an 15 0.90 106.9 ”
51 230 0.82E4 o 2 0.48 $6.3
1.E4 2 186 0.28E3 9 0 1.70 52,1
53 46 0.8E3 9 25 0.43 6.8
N 210 0.33E3 95 10 0.67 61.4 "
s1 294 0.22E:6 118 29 0.47 “32
;‘:::,' 1E7 52 m 0.20E-6 1 0 1.80 n.1 "
n 354 0.ME7 120 57 0.48 9.7
o 268 0.86E7 7 17 0.46 37.9
51 az 0.48E9 194 20 0.48 4s.3
LE® 52 352 0.14E8 176 o 1.20 0.8
53 466 0.70E9 187 6 0.65 509
s “w 0.85E9 185 16 om “3




Table 10 : BPC Methods with Problem TPS
50

==———._._ — —
METHOD | STRATEGY NRHS ERR NS§ NEs | AR | METRIC
st 1824 0.25E.5 “i 1 0.50 15756
1.E-8 52 7420 0.60E-5 3710 Q 1.00 1445.2
3 7848 0.52E.5 3920 4 0.20 1405.3
s 2418 0.61E:S 3708 1 1.00 14543
s 27880 0.13ES 13939 t 0.50 215
NP=2
Somer | LEG0 | 52 23444 0.13E7 um 0 1.00 29746
s 34500 0.MB7 29 | a12 0.6¢ as923
5 Dess 0.38E-7 1720 2 1,00 1572
51 156716 0.89E.7 78388 " 0.50 2m.5
LE13 | 2 131784 C.iSET 65992 0 1.00 18496.3
5 154000 0.82E7 72151 | s 0.6 22,3
4 131778 0.75E-7 es889 0 1.00 18491.5
51 1990 0.45E-S 984 1 0.50 351,
LES 52 1m 0.11E-S 16 0 1.00 290.0
53 2204 0.39E-5 o | e 0.1 a08.1
5 1782 0.T2E-5 "W 4 0.9 M6
51 2n 0.1487 ms 1 0.50 544.2
:::;“ 1LE10 | S2 3806 0.16E7 1903 ) 1.00 s
53 5390 0.14E7 20 | es2 0.60 17,0
N 306 0.25E7 1901 1 1.00 500.6
51 13478 0.78E-8 6738 1 0.50 16619
LEI3 | S2 12008 0.71ES 004 0 1.00 1473.1
53 17134 0.75E-8 s | 24 0.67 2109.0
54 12004 0.70E-8 6001 1 1.00 14722
s1 e 0.75E6 i n 0.46 1813
1L.ES 52 72 0.82E-5 436 0 1.20 1714
83 1126 0.33E-6 s | 104 0.66 ma
4 12 0.21E-S “) e 2.9 160.9
51 1698 0.25E:6 82 7 0.51 2572
;‘::;a LE10 | s2 1504 0.67E-7 ™m 0 1.00 ns.3
88 2120 0.50E-8 o | 232 0.8 285.4
54 1558 0.36E7 m 6 0.9 200.4
81 w2 0.18E8 1998 15 0.5 4594
LB | S2 3656 | 0.18E8 w1 | o 1.00 g |
0 5110 0.20E-8 wa | o 068 .3 "
54 T2 0.11E4 un s 0.9 4203



Table 11 ;: PPC Methods with Problem TPI

51

METHOD | STRATEGY | NRHS ERR NSs NFS | AR | METRIC
S1 46 0.50E4 a4 0 0.2% 10.7

1.LE4 52 41 G.09E-4 39 Q 0.49 10.1

I o 0.44E4 P 6 0.25 1.7

54 4] 01E) k| 2 0.74 10.4

s1 12 0.E6 210 0 0.3 2.0
A IR Y 2 179 0.40E-6 177 o 0.84 20 |
3 209 03156 202 u 0.59 1

S4 173 0.41E-6 171 0 0.55 27.1

8 861 0.71E-8 as4 o 0.47 5.1

1.9 52 553 0.12E7 45 0 0.54 .9

33 682 0.10E-7 627 36 0.74 2.9

s 350 0.12E7 43 0 0.99 6.0

st e 0.17E4 A 6 0.37 12.2

LE4 2 ) 0.13E3 m 0 1.60 12.1

5 6 0.23E4 57 s 0.19 3.1

s 55 0.51E4 s s 047 12.8

s1 2 0.30E-7 74 1 0.30 104

e | 1B 52 50 0.13E-$ ® 0 2.20 L.s
53 7 0.26E-7 7 10 0.40 10.9

4 7 0.15E-6 67 7 0.58 10.5

st 122 0.26E:9 120 2 0.37 12.7

LE9 52 105 0.40E:8 104 0 0.95 12.5

53 134 0.25E-9 126 13 0.63 13.9

s s 0.14E-8 2 4 0.82 13.0

51 62 0.11E~ 57 7 0.42 12,

LE4 2 a9 0.52E3 a8 0 2.80 14.9

53 59 0. 34E 56 4 0.21 12.3

54 43 0.29E~4 S8 7 0.28 12,9

51 70 0.12E-7 65 ] 028 L% |

;‘:::m LE7 ) 58 0.39E-6 57 o 3.20 9.1
51 8 03087 5 7 0.67 1.7

s4 n 0.36E7 7 7 0.06 9.7

st %0 0.12E-9 7 8 0.35 8.1

LE® 52 65 0.65E.9 n 0 1,00 71

8 114 0.1SE9 tos 10 0.2 1.6

N ) 0.62E.9 7 10 0.33 89

L — ————




Table 12 : PPC Methods with Problem TP2

52

— — - - -
METHOD | A STRATEGY NRHS ERR NSS NFs | awR | METRIC "
51 L2s 0.86E-3 un 0 0.50 166.7 "
LE7 52 42 0.15E-2 98 0 1.00 3.0 “
33 1558 0.9%4E-3 1426 m 0.43 $19.8 Il
s ™9 0.14E-2 42 0 1.00 »s |
st 1538 0.28E+4 3526 0 0.50 7763
NPw2 .
s ecder | 1EP 52 297 0.4TE4 2964 0 1.00 s86.4
$3 a2 0.38E4 wn 701 0.63 958.9
4 2979 0.46E~4 2067 0 1.00 Y
s1 1156 0.8E6 | 11139 0 0.50 1840.3
LEn | s2 9180 0.15E-$ 9366 0 1.00 1609.1
$3 13144 0.12E5 | 12082 091 | o0 2208
4 91 0.15E-5 9167 0 1.00 1609.3
51 251 0.15E4 U7 0 o s2.1
1.B7 52 m 0.63E-4 m 0 1.40 5.5
s m 0.41E-$ m 4 0.42 |
4 288 0.21E4 m 25 0.61 61.5
51 so1 0.19E7 455 0 0.50 6.8
:::;“ LE9® 52 446 0.17E-6 442 0 1.20 65.9
5 550 0.21E-6 578 12 0.38 1.
4 7 0.958-7 81 20 0.09 0.7
51 1050 0.18E-8 1042 0 0.50 120.0
LEn | s2 913 0.31E-8 91 0 1.10 109.7
$ 1280 0.50E-8 1247 " 0.38 154.1
54 919 0.28E-8 9t 0 1.00 109.9
51 151 0.23E-4 143 9 0.49 3.5
1LE? 52 126 0.10E3 125 0 1.70 .6
53 155 0.16E-4 149 6 0.27 122
4 178 0.22E~ 167 20 0.42 383
51 232 0.22E.6 221 16 0.49 34.8
NP=§
T omer | VE® 52 19 0.19E-5 191 1 2.93 17
s 243 0.12E-6 s 9 0.23 5.1 "
N 243 0.30E-6 20 20 0.59 3.3 "
s1 18 0.16E-8 310 0 0.51 w2 ||
LEn | s2 307 0.11E7 104 0 180 ns
53 a0 0.60E-9 w 9 0.2t "y
4 a9 0.17E-8 Y] 10 0.48 .6




METHQD A STRATEGY NRHS ERR NSS NFS Avg R METRIC
31 587 0.51E-2 530 0 0.42 256.9
LE3 2 496 0.77E-2 492 0 0.96 B4
53 601 0.65E-2 571 45 D.63 749
54 451 0.77E-2 437 0 1.00 iy X ]
$1 1315 0.20E-3 1806 0 0.49 492.0
;"::'zd“ LEI0 2 1523 0.35E-3 1516 0 0.99 | 4400
53 1980 0.29E-3 1847 W7 0.70 559.4
54 1522 0.34E-3 1513 0 1.00 439.3
51 10157 0.12E-5 10140 0 0.50 ma:
1L.E-13 32 1540 0.20E-5 8525 0 1.00 1497.2
53 11541 Q.17E-5 10698 1653 0.67 1996.9
4 8538 0.20E-5 1521 Q 1.00 1497.0
31 147 0.50E-4 142 3 0.37 3.2
1.E3 52 13 0.62E4 122 0 0.39 29.2
33 pal 0.16E-4 209 45 0.28 49.1
54 132 0.13E:3 126 4 0.86 33.%
51 300 0.7T3E-§ 293 2 0.43 43.9
:{::‘du LE10 52 261 0.39E-6 257 0 0.92 43.1
3 458 0.13E-5 416 73 0,29 7.6
54 266 0.14E-5 259 3 0.95 45.5
st 916 0.64E-9 908 0 0.43 9.6
1.E-13 52 814 0.30E.9 803 1 1.00 35.5
53 1131 0.11E-8 1030 185 0.61 126.0
34 311 0.24E-3 303 0 1.00 4.0
51 91 0.50E4 1] ] 0.30 21.2
L.E-8 52 74 0.13E-3 n 0 0.33 19.1
53 144 0.39E-4 139 L] 0.10 35.6
S4 96 0.61E-4 89 11 0.4 2.t
st 136 0.30E-6 130 5 0.34 20.9
::::‘“ 1.E-10 52 3 0.43E-¢ 132 0 .90 17.9
5 142 A 077E-6 230 17 0.10 19.6
54 142 0.11E-% 133 12 0.58 kiR
31 288 0.50E-9 280 4 0.42 30
LE-13 L¥3 256 0.12E-7 252 1 1.70 3.3
$3 584 0.49E-9 560 » Q.15 62.3
54 283 0.97E-9 m 13 0.83 M4

Table 13 : PPC Methods with Problem TP3

33



Table 14 : PPC Methods with Problem TP4

54

——
METHOD | » STRATEGY NRHS ERR NSS Nis | agr | mETRIC
31 308 0.T1E-3 8BS 42 .33 97.3
1.E4 2 194 0.1E2 192 ¢ 1.50 726
53 358 0.70E-3 2126 60 0.1t s
s 275 0.11E2 259 2 0.54 92.4
s1 117 0.38E-§ 1305 15 0.49 427
:::fdu 1.7 52 1081 0.64E-5 1079 0 1.10 2089
5 1795 0.44E-S 1623 s 0.43 3953
s 128 0.84E-5 1116 16 0.95 111
51 w76 0.12E6 4067 0 0.50 537.9
LE9 2 3425 0.20E-6 3418 0 1,00 5107
s 4897 0.16E6 4339 658 0.66 2.2
54 3431 0.20E-6 u 1 100 s11.8
st 175 0.19E3 157 1 037 a2
LE4 2 I 0.17E2 2 o 2.30 “d
5 a 0.30E-4 206 1 0.02 .7
S 158 0.28E-3 149 16 0.47 PR |
st 391 0.24E-6 165 50 0.39 9.1
?::;, LET 52 270 0.10E-5 269 0 1.70 45,0
$ a9 0.1LE-6 4 7 0.14 .1
4 354 0.43E-6 1 30 0.5 56.0
51 o) 0.20E-8 99 3 0.46 M3
1.E9 s2 s 0.71ES 13 0 1.20 n7
8 992 0.32E4 93 151 oM 16.7
s 675 0.55E-3 655 32 0.78 ’n.7
st 187 0.70E~ 166 @ 0.38 45.0
1.E4 52 122 0.59E-2 126 ! 1.50 57.4
s3 148 0.36E-4 144 5 0.04 3.3
54 165 0.26E-3 iss 2 0.30 46.0
51 264 0.20E-6 20 8 0.31 9.4
:::;u LET7 52 155 0.1ES 154 0 230 26.0
3 248 0.38E7 7Y 1 0.08 "4
4 m 0.26E-6 218 el 0.36 15.4
st 383 0.22E-8 342 30 0.35 “2
1LE9 52 25 0.1SE-7 n4 0 2.10 30.0
53 420 0.10E-8 an 1 0.06 4.7
S4 3150 0.29E-8 128 4] 0.4 41.0
—_ - . - - - - ./




— = —————
METHOD | STRATEGY NRHS ERR NSS NFS AvgR | METRIC
st 3552 0.90E2 3530 0 0.50 M3.0 "
LE3 52 4570 0.15E1 4663 0 1.00 25581
5 5755 0.13E-1 5508 | 450 0.63 3m0.2
34 4564 0.15E-1 4662 0 1.00 25769 |
s1 17533 0.29E-3 17528 0 0.50 4959.2 "
::::,. LE10 | 32 14742 0.43E.3 14740 0 1.00 4475 H
) 20513 0.42E-3 18912 | 3206 0.65 6075.2 H
4 14739 0.49E-3 14734 0 1.00 4453.1
51 98540 0.13E-5 93531 0 0.50 17126.0
LB | 82 12360 0.28E-5 82253 0 1.00 14932.1 "
) 115066 0.24E-$ 106120 | 1787 | o.85 20504.1 "
4 12839 0.29E-5 52250 0 1.00 14952.6 "
s1 n1n 0.46E4 1266 ' 0.51 3.0 "
1.ES 52 1121 0.11E-3 120 0 1.00 28.0 "
) 1931 0.76E4 B | us 0.17 463.3 n
4 1140 0.62E4 1134 10 0.98 270.9 "
51 2703 0.77E 2701 2 0.50 442.1 "
,N::,“ 1B10 | %2 2406 0.16E-§ 2408 0 1.00 415.9 "
3 4016 0.52E-6 950 | 130 0.17 639.0 "
34 2403 0.13E-5 2401 1 1.00 407.3 "
s1 1520 0.12E-7 1516 0 0.50 1077.3 "
LEIS | 82 7587 0.14E-7 7586 0 1.00 964.1 |
5 12193 81657 12095 | 188 0.19 1566.6
$4 7585 0.13E-7 7582 0 1.00 962.2
s1 £90 0.24E-4 802 174 0.34 192.4
LE3 52 357 0.T3E4 556 0 1.60 134.6
5 1164 0.15E4 1099 | 127 0.11 n8.7
4 677 0.53E4 650 51 0.67 158.4
51 1192 0.82E-7 1154 74 0.47 163.2
::::,. LEl0 | 2 915 0.10E-5 984 0 1.20 164.2
5 1969 0.12E-7 1508 120 0.1 268.5
4 1327 0.16E-6 1093 65 0.7% 165.6
51 2536 0.30E-8 2534 2 0.50 297.4
LE1s | S2 223 0.26E-3 B2 0 1.00 270.7
" 53 725 0.71E-8 7127 354 0,15 a9 |l
0.30E-8

Table 15 : PPC Methods with Problem TPS
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Figure 1 : R-trajectories for RKF case (Problem TP1, A=10"° )

2.0 ; T ; i ‘ T ' ' ‘ '

Figure 2 : R-trajectories for PC case (Problem TP1, A=10" )
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Figure 6 : R-trajectories for RKF case (Prchlem TP3, A=10"1°)
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Figure 7 : R-trajectories for PC case (Problem TP3, A=10"1)

60 |



( 6-01=Y ‘pdl wsjqoid) ased .Y 10J sau0)osfen-y : g andiyg

¢ [A l 0

0’0

G0

()}

)}

o'¢c

00

G0

o't

)

0°¢

Gl

0'¢

61



( ¢-01=Y ‘pdL wa[qo1g) ased ANY 10] souowafen-y : ¢ andig

0
+ 0°0

vS

P moo
1 0L

46"t

0'¢

00

[A

S0

o't

Gl

0'¢

Gl

A

62



( £01=Y ‘pdL WR[qoid) 358> Dd 10 souojoafen-y : OF 2In31g

63



( 4-0I=Y ‘SdL Wd[qo1d) 3580 DY 10§ souopafen-y : ] 2undig

+ 0°0
G0
j 0L
[

0'¢

0’0

S0
ol

el

0'¢




( g-0T=Y ‘CdL wa[qoid) 9sed AMY I0j sauoafen-y & 71 2undig

0c Sl Ol S 0
——T T _ + 0°0
: | G0
0’1
- . Sl B 461
I ) | &S ]
1 | ] ] X | ) 1 O-N 2 1 A I s 1 2 O¢N

65



Sl

( -0I=Y ‘Sd1 wa|qoid) 3sed D 10§ souoafen-y : ¢1 indig

ol

S

0
+ 0°0

g0

ot

Gl

' 0°¢

G0
o'l

g1

0'c

0c

Sl

Ol

IS

00

Sl

0¢



0Z

(49p10 pig ‘T=dN * 6-01=Y ‘IdL wajqolq) aseo DJq Joj ssuodsfen-y : +1 21ngd1yg

9l A 8 L4 0 0c 9l cl 8 14

4 0°0

G0

o'l

Gl

' 0°¢

0’0

S0

o't

2 § -

Gl

0°¢

67



(I3p10 i€ ‘b=dN 4.01=Y ‘IdL wa[qoid) ased Ddg 10j sauo1vafen-y : ¢ a1y

0¢ 9l cl € 14 0

LA d hal

o'l

0'¢

- ¢S 16°1 C S

15°L

0'¢

68



(19p10 YL ‘9=dN 4 0I=Y ‘[dL Wo|qoiq) 9585 D 1o soHopalen-y : 91 axdry

02 91 cl 8 14 0 0c gl cl 8 L4

Gl

0¢

69



(19p10 PIE ‘T=dN * .01=Y ‘ZdL W3IGo1d) 358> D 10J SaLoIvafen-y : L] NSy

0c

Gt

00

S0

01

Gl

0¢

0°0

c0

0l

Gl

0'¢

Se

02

Sl

70



(19p10 YIS ‘p=dN .0I=Y ‘TdL WdIq0Id) 3sed 3¢ JoJ sauojoalen-y : g 21nsig

T4 (07 Gl 0l S 0 [TA 0¢ Gl ol S 0
! T T T T T T i —n 0°0 !
S0
o'l
- {1st {s
- PSS - L €S i
1 | 1 [ L ] 1 | 1 o-N § 1 I 1 1 ] 1 [ _. OoN
Ge 02 Sl ol S 0
0’0 . T T T ] T T T T —h 0°0
G0 160
o't - 0L
“. 7S r., G w - |. G'1i
L 1 1 ! i i L 1 N O-N 1 t 3 ] . | N 1 N O-N

71



(19p10 YIL ‘9=dN 4.01=Y ‘ZdL W3[q01d) 3583 D 10§ sauopalen-y : 61 undrg

G¢ 02 GI 01 S o 00 s 0¢ Gl 0l S 0

S0

0"l

Gl

1 1 ! ! L ] 1 1 1 o-N

00

60

0l - o't

S’ - 16'L

L 1 - ! 1 1 1 i | X O-N 1 1 1 ] 1 | 1 1 1 oaN

72



(1ap1o pIg ‘z=dN 01-01=Y ‘€dL wa|qo1d) 9sed Ddd J10J seuoafen-y : gz 2indig

Gl A 6 9 ¢ 0 Gl cl 6 9 ¢ 0
! T T T T T T T T k 00 1 T T T T T T T T 1 0°0
! 1go0 S0

M o'l T oL

- {er {1
L $S . L €S J

1 ] 1 1 1 1 1 | 1 o..N 1 1 1 | 1 1 1 } 1 °¢N

73



(19p10 YIG ‘p=dN ¢;-0[=7 ‘€d.L WIIqoid) 3583 D 10} seuoafen-y : | 2181

Gl A ! 6 9 ¢ o Gl ¢l 6 9 ¢ 0
a T T T T T T ' 1 i | o..o
i
- ; 01
- {1
L €S -
1 ! t 1 L | 1 1 1 o..N

- 4161

74



(39p10 Y1z ‘9=dN -01=7Y ‘€dL Wo[q01g) ased Ddd 10§ seuopalen-y : 7z andy]

Gl cl 6 9 ¢ 0 St A 6 9 LY 0

B 0l

- 16571

75



(19p10 p1g ‘T=dN 4. 0I=Y ‘pdL Wd[qoId) 3583 Ddd 10§ sauoafen-y : €7 andig

14 ¢ e l 0

—— 11— 0°0

76



(19p10 YIS ‘b=dN ,0I=Y ‘bdL Waqo1g) 3sed Jd 10§ souoalen-y : $7 21nd1g

] 14 ¢ rA L 0

L

IS T

0°¢

00

S0

(0} }

Sl

0'¢

77



(x9p10 Y12, ‘9= =Y ¢
L ‘9=dN 4001=Y ‘bdl wa3[qoid) 3582 Ddd J0J sauoidafen-y : ¢z aindig

-

Gt

VA

78



(19p10 PIE ‘T=dN .01=Y ‘SdL Walqo1d) 3sed D 10§ seuoafen-y : 9 2131

0c Gl 01 S

0

[N |

0’0

G0

0l

79



(19p10 YI§ ‘b=dN 40I=Y °‘SdL wajqosd) 9sed Ddd Joj sauoalen-y : L7 2andL]

oL

80



(19p10 L ‘9=dN ,0T=Y ‘SdL wa[qoid) ased DJq Ioj sauoidafen-y : g N1y

0c Gl oL S 0
+ 0°0
G0
o'l
Sl
0°¢
3 0
l
A
¢ - 1651
LIS -
¥ 1 1 L ) 1 1 L 0'¢

81



(35p10 pIg ‘T=dN * 4.01=Y ‘1dL Wa3|qoid) 9583 Ddd 10§ sau0303fen-y : 67 2indiq

>3 §

0'¢

1S

G\l

0'¢

82



(19p10 Y16 ‘p=dN .0I=Y ‘IdL W3]qoid) 358> Ddd 10§ SoLOpRfen-y : O Bt

P
n
L)
-

02

9l

y

€S

161

83



(19pI0 YIL ‘9=dN 401=Y ‘Id.L Wo|qoid) 95ed Ddd 20§ sepopafen-y : ¢ 2ndig

cl

8

v

0

00

S0

o'l

Sl

0°¢

0c 91 cl 8 14 0
j%ijlﬂﬁ% y T
s €S .
0¢ 9l cl 8 14 0
g T T ¥ | I ] ! !
| . .
oot .....::.:&.\ :ll.k
B ]
A 1 L 1 1 ] 1 1 L

00
S0
o'l
gl

0¢
0’0
o'l

¢l

0'c



(13P10 Pif ‘T=dN * £.01=Y ‘TdL W[qoid) 35ed Ddd 10§ sauoafen-y : gg un3Lq

0c St ot ] 0 114 874 Sl ol G

85



(39pI10 YIS ‘b=dN 4.0I=Y ‘ZdL WI[qo1q) 358> DJ{ 10j sou0Palen-y : ¢g N1y

86



(19p10 1L ‘9=dN 40I=Y ‘TdL WA[q01J) 958D Ddd 0 SoU00(eN-Y : pE NIt

Sl 0

0’0

T T U ¥ 1
~ ﬁ—
4% 3 g b 4
[ b T4
A4V A 1 TiWi3 i [ }
| | 4 JdEE: F F 3
[& 4t 4/ L 3 \ ]
b r'y h X
- & -
Y sl L _ & 1 &) [ )
| Fy [ I b L \
f [ A \ 1 i
-4 L 1% 4 4 { Al ) r.,
-
I ] ]
- £
: 1

0
[eo

I

1

0'¢

v | ! 1 T 1 I 4 g
| D 4 > ] b 9 -
.ﬂ b ﬂw m_ { Am j, mv P
19 1Y Pl SERAR UL T
Q@ & [ Y
! 1] ® 3 y
1P ()¢ cr @ r :
*7 14 T | ¢ §
[ [ JAr S n_v ¢ Jv ol 9
&
¢ ¢ ¢
(. 9 p S 4
[
q 4
Amv m .m, H .a, .m m .
p
r h &
1 1 1 1 1 1 1 -ﬁ
n

- IS

St

0'¢

87




(19p10 PIE *T=dN -0T=Y ‘E€dL Wo|qolq) ased DJd 0] ssuojosfen-y : G¢ 2an3g

0

00

S0

[P |

0l

161

Si cl
L VS
Sl A

0'¢

00

S0

0"l

1¢9'L

, 0'¢

el

00

o'l

Sl

0'¢

88



(19p10 YIS ‘p=dN ;-0[=Y ‘€dL WA]q01d) 9582 Ddd J0J SoUolafen-y : 9¢ AN3Ly

Gl cl 6 9 ¢ 0

y 0°0
S0
o't
G - 16
&S ] st
OoN : 1 1 1 2 1 1 1 L o..N

89



(19p10 1L, ‘9=dN ,-01=Y ‘€dL Wa[qoId) 3580 Ddd 0 sauopalen-y : Lg An3L]

Sl A 6 9 ¢ 0

00

- 161




(1api1o
pig ‘T=d
N
6-0I=Y °
pd.L W3|qoid) 958> Ddd 10J
soL10309(en
fen-y : g¢ 2and1
LE |

0

91




19 4y ¢
(19p10 1g ‘p=dN . 0T=Y ‘pdlL We[qo1d) 358> Ddd 10 Sau0afen-y : 6€ N3

92



(19p10 YIL ‘9=dN 4.01=Y ‘bdL Wo[qo1d) 358D Ddd I0j sau0pafen -3 : Of 2un3id

1 1 L { \ | ) _ . O-N

S -4 ¢ A I 0

it ot T 2 —1 00
.. __ ______., ___ﬁ_: _m _m, _‘._h |
li | 7 :__ _: ,____ __:i_ _.H_ m_ / I <o
I 101
_

93




(39p10 pIg ‘Z=dN .0T=Y ‘SdL WI[qoId) 3sed DJd 10§ sau0j3fen-y : 1 2andig

0¢ Sl ot G 0 0¢ Sl ol S 0

T T T T T T T 1 00 T 7 T T T i 1 ¢ 00

-4

160




(19PI0 YIS ‘p=dN ¢.01=Y ‘SdL Wo[qoid) 35ed Ddd 10§ sapopafen-y : gy N3t

95




(1op10
WL ‘9=dN
g-0I=Y ‘SdL
wajqold) 2580 Ddd 10} §9
uoyafen-y :
fen-y : ¢ 2and1
L |

96



Appendix 1
Summary of Test Problems

In this Appendix we provide a sixmmary of the five test problems
used in the experimental evaluations carried out in this study.

Problem TP1:

N y(0) = 1
Y=y t, = 20.

Analytic solution

y = e,

The corresponding solution trajectory is given in Figure Al.1.

Proolem TP2:
Y=Y »0) =1
};2 = "'yllr3 ’ )',,(0) =0
jg =Y )’3(0) =0
Yo = Wi ¥,0) =1
with

1
r=Oie) T =25,

Analytic solution

y; = cos ()
Yy, = -sin (¢)
y; = sin (¢)
y, = cos (1),

The corresponding solution trajectory is given in Figure A1.2.
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Problem TP3:
Yy =Yy 7(0) =1
2{(1-41%);  30) =0

A
1 = 15.

Analytic solution

%= —
Y1
-2t
3, = :
Py

The corresponding solution trajectory is given in Figure A1.3.

Problem TP4:
Y1 =Yz y(0) =0
Y, = ~2y,-101y, ; y,(0) =1
Y3 = Vs y,(0) =0
Yo = Y1 -4Y,-29y; 5 y,(0) =0
t,=3.

Analytic solution

y, = O.Lesin (10¢)

¥, = (1.01)"2e~*cos (102+6,)

¥s = (Se~'sin (10z-¢)+10e¥'sin (5¢+9))/Q

¥, = (5e(101)%cos (10¢-(y -9,))
+10e"%(29)2cos (5¢-($-6,)))/Q
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with

Q = 50(6476)"2

¥ = tan"!(-20/74)
¢ = tan"!(-10/76)
6, = tan"'(0.1)

0, = tan"!(0.4).

The corresponding solution trajectory is given in Figure Al .4.

Problem TP5:
V1= y,(0) = 1-¢
Y2 = V45 y,(0) = 0
. =¥
3=~} ¥;(0) = 0
o +y”
. =Yy 1 n
y‘=-2—223ﬂ; y4(0)=[l+e]
Oy +y2) €
e =09 1= 20.
Analytic solution
y, = cos (p)-¢e
¥, = (1-¢%)" sin (p)
y, = ——sin ()
*  1-¢ cos (r)
Y = (1-¢2)'"2 cos (p)
4 1-e cos (p)
where

p-e sin(u)-t = 0.
The corresponding solution trajectory is given in Figure A1.5.
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Figure Al.4: Solution trajectories for problem TP4
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Appendix 2

General Formulation of Linear Multistep

Formulas

In this Appendix we present a general formulation of a particular

form of the linear multistep formula that is of special relevance to the BPC
and PPC approaches.

| H, I

L i

| i

| Hz | :
. H o
' 1 i :
'. o H l |
1 | __! 1 I
| . 1 { I
H 1 I | |
t base point target point t, t,

(t) (t)

General form:
y"=y"+szi B;f(tb"' jry(tb"'Hj)) *)

with H=0,H ( o;<0, for j>i )and y'()=f(£,y(1))
For (*) to be r'® order, it must be exactly satisfied for:
@ y@®=1 = y(1)=0
() y(©)=t"™D = y()y=(m+1)t™ for m=0,1,2,.,(r-1)

This requirement corresponds to the requirement that

105




)’(‘a)zy“b*H):)’(‘b)*szi pj)’,(tb+f:[)‘) **

be satisfied when y takes on the values specified by (i) and (ii). Note that
y(£)=1 does satisfy (**), hence (i) introduces no constraint whatsoever.

Fron: (i) we get:

(tb+H)"‘*l=tb"’1+HflDj(m+1)(tb+ O™, m=0,1,2,..(r-1)
j=1

without loss in generality, set 7,=0

H*'=HI B (m+ 1) H=HE B,(m+1) (0, )™ , m=0,1,2,..(r~1)
je1 jel

or

r
H™~1=H™1¥B (m+1) o™
j=1

or

r
1=X B(m+1)o,™ , m=0,12,.(r- 1)
st

This system of r equations can be written as:

- 1 - . 1 l 1 .- 1 W . Bl -
1|=| 307 307 303 ~ 30} || B,
L1 el ol ro;'ll w ot 1L B, ]
or alternately:
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1 ] 1 1 1 L 17187
1/2 9, 0, 0; - O, B,
13 |=| of o of -~ o, || B,

| Ur | | oft of! oft . o I B, .

Some typical formulas for both BPC and PPC approaches are
provided below.

BP =2 order=

Corrector:

Va1 =Yna t HIT20(11f, T4, 5 +456f, ,+346£,~1917)
Yn=Yn2 t WOO(-f, _(+4f, ;+24f, ,+124 w1+ 2977)

Predictor:

Yy =Y, + W T20(251F, - 1274f, , +2616f, ,-2774f, | +1901f,)
Yaug =Vn+ HISO(269F, - 1316f, ,+2544f, , -2396f, , +1079f,)

=4 =

Corrector:

Yn-3=Ynst BI12(53f] 5 - 64f7  +2317)
Yn-z=Vn-a* BI3(19£ 5 -20£7, +7f7)
Va1 =Yn-s+ BI4(2Tfy 2 - 2417 (+9F7)
Ya=Yx-s+BI3(20 o2~ 1671 +8f7)

Predictor:
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Your =Yn+BI12(Sf, - 16f,_, +23f))
Va2 =Y+ BI3(7f, 5201, +19£)
Y2 =Yat BI4(27f, 5721, 1 +571,)
Ynea =Ya*+ BI3(44f, 5~ 112f, ; +80f)

=4 =

Corrector:

Yni =yn_2+h[ 1440(-515 s 1152fn_4-972f;_3 + 1268};_24- 507 ,f_l)
Yo =Yp2+ BIOO(-1, (+4f, 3+ 24f, + 124f7 , +29f7)

Predictor:

Yary = Yn-pt HI80(2TS, - 1831, 1 +312f, , - 198f7 | +237f;)
Vo2 =Vao + BI4S (-1178f, , + 656, 5+ 1284f, , - 1136f7, +554;)

P=8, order=

Corrector:

Yn-3=Yna tBI12(-f,_s+8f, 4+ 5fes)
Yn-2=Yn-atRIB(Uf 4 +4 o3+ fa2)
yn-l =yn-4+3h’4(3-ﬁ|p-2+ up-l)
yn=yu_‘+hl3(20 :,2-16 :_l+8f:)

Predictor:

Yuo1 =Yna* BI12(85£7 ;- 80f7 1 + 5517)
Yoz =Ined* 3B3SE 2= 4171 +317)

Yues =Y+ BI12(32917 5 - 52317, +329f7)
Ynea=YasthI3(64f7,- 12817, +88S)
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