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ABSTRACT 

Water hammer represents a complex hydraulic phenomenon with significant 

consequences on the proper functioning and safety of operation for pipe and conduit 

systems. The complexity and intricate physics of water hammer translated into significant 

difficulties associated firstly, with finding a proper solution for understanding the 

mechanism of its occurrence and, secondly, relating to proposing technically and 

economically viable design methods and devices that would help reduce and mitigate 

water hammer effects. In this context, the present thesis deals with the numerical 

modeling of the transient behaviour of water pipe segments. Following an extensive 

literature review of the state-of-the-art on the water hammer mechanisms and past work 

on experimental, analytical and numerical analysis of this phenomenon, a three 

dimensional numerical model of the water hammer in a pipe which considers the fluid-

structure interaction (FSI) is developed using a Finite Element Method – Finite Volume 

Method (FEM-FVM) technique. Structural and fluid computational results based on rapid 

and slow gate closure scenarios are compared with existing closed-form solutions of the 

water hammer.  

A parametric study is also performed on a simply supported pipe segment to determine 

the influence of various design parameter. A systematic sensitivity analysis was 

conducted and a ranking mechanism was established for the importance of each 

parameter on the fluid fields and structural response. A first comparative analysis is 

conducted on horizontally and vertically bent elevated pipe segments to quantify the 

influence of the bend angle on the results. A second comparative analysis is performed on 

a horizontally bent segment buried in soil to determine the influence of the pipe 

interaction with the soil on the response.  

It is observed that the thickness, span, initial velocity and bend angle had a significant 

impact on the pressure and structural response. The presence of soil was observed to have 

a significant benefit in decreasing the von-Mises stresses.  
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CHAPTER 1-INTRODUCTION 

1.1 Description of the Problem 

In the context of economic growth in Canada and increasing of energy prices, the 

construction of high head hydropower plants considered unprofitable up until recently, 

are now being contemplated by the hydropower industry. High head hydraulic resources 

are associated with smaller turbines and reduced construction costs. However, the long 

distance from the water source to the power plant increases the installation cost of the 

steel piping system involved. 

Penstocks can stretch from a few hundred meters to a few kilometres. From the intake to 

the power plant, the penstock changes directions either horizontally or vertically to 

follow the topography and thus involves a number of bends. Penstocks can be either 

elevated or buried. The behaviour of elevated penstocks is relatively well understood and 

design guidelines have been developed for these systems. In contrast, a proper prediction 

of the response of buried penstocks necessitates the modelling of the interaction with 

surrounding soil and involves additional complexities. Within this context, this project 

focuses on the analysis of buried penstock systems by incorporating the soil-penstock 

interaction. 

Under operating conditions, penstocks are subjected to high pressures induced by the 

high head. Under these high pressures, penstock bends are subject to a significant thrust 

force. Several details have been proposed to resist the thrust force. Of these, the use of 

heavy anchor concrete blocks of buried penstock bends is intended to provide reactions to 

the thrusts, and thus controlling the penstock displacements. The construction of concrete 

blocks in steep terrain is associated with high costs that decrease the profitability of a 

hydropower project. Within this context, a new method which avoids the use of anchor 

thrust blocks has recently been used in the Bear Creek Hydro Generation project. This 

alternative is significantly more economical, but its behaviour is less understood than the 

more conventional anchored detail. 

Throughout the operating life of a hydropower plant, when the power demand on the 

electricity grid is subject to sudden drops, the generator is let free of the resisting load. 
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Without loads, the flow provided to the turbine increases its speed. In order to avoid the 

turbine reaching excessive speeds, it is necessary to quickly close the wicket gates to 

control the flow. The rapid decrease of flow rate causes a shock wave known as a “water 

hammer” which creates a pressure increase followed by a vacuum within the penstock.  

This study aims to develop an integrated penstock-fluid-soil finite element model capable 

of predicting the dynamic response of pipe bends under water hammer effects caused by 

sudden gate closures. The model will then be used to conduct a parametric study on the 

effect of a water hammer on penstock response. Comparisons with and without soil 

configurations will be conducted. 

1.2 Objectives 

The thesis is organized logically so the reader can follow the student thoughts process. 

Each chapter presents an analysis and its results are used for subsequent chapters. Each 

analysis responds to a particular objective. The below objectives are achieved in a 

chronological order throughout the chapters. 

1. Effectuate a pre design of an elevated straight segment using a reference case 

from the Bear Creek Hydro Project.   

2. Carry out static and transient analyses comparing pre design results with 

numerical fluid-structure interaction results. 

3. Conduct a numerical parametric analysis of an elevated straight segment studying 

the effect of design parameters on the water hammer phenomenon and the 

structure of the penstock.  

4. Perform dynamic analyses comparing horizontal and vertical bend segments with 

a straight segment. 

5. Compare dynamic analyses of an elevated bend with a buried bend.   

1.3  Scope of the study  

The present study numerically reproduces the well known and documented phenomenon 

called the water hammer using a finite element method [ANSYS-CFX]. Fluid-structure 

interaction simulations are used to recreate the effect of the fluid on pipe structure and 

vice-versa when a water hammer occurs.  
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The study first validates the numerical model through a comparison of the analytical and 

numerical analyses. Using parametric study, it then determines the influence of the design 

parameters on the simulated water hammer. A comparison between different bend 

curvatures is then made to study its effect on the water hammer and the von-Mises stress. 

Lastly, it determines the influence of surrounding soil on the bend stress due to its thrust 

force.  

Results of the latter validate the new method used for minimizing the von-Mises stress at 

buried bends without the use of anchor blocks.  

1.4  Thesis Outline 

The present section is intended to give the reader a short overview of each chapter.  

In Chapter 2, the background information, literature on theoretical knowledge and current 

research is reviewed. The classical model of the water hammer is first presented and 

different methods of its computation are overviewed.  

In Chapter 3, a classical design of an elevated straight penstock segment is presented. 

Calculations are made using real data taken from an existing case located at the Bear 

Creek Hydro Project, BC. Analytical results are discussed and will form the base of a 

comparison with numerical results.  

In Chapter 4, the mechanism of a Fluid-Structure Interaction (FSI) simulation is 

explained and a fluid-structure interaction model using design parameters from chapter 3 

is developed in ANSYS-CFX and presented in details to the reader. Fluid and structural 

properties and boundary conditions, meshing choices, type of analysis and solver controls 

are explained and commented. Steady-state and transient simulations of the elevated 

straight segment are used as a reference case.  

In Chapter 5, a steady-state and transient analyses are conducted on the model developed 

in Chapter 4 for both rapid and slow gate closure cases. Fluid and structural numerical 

results for both cases are presented and compared to the analytical ones. Results from the 

slow gate closure case will serve as a reference case for the parametric study performed 

in the next chapter. 
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In Chapter 6, a parametric study that analyses the influence of each design parameter on 

the fluid and structural response is performed. A sensitivity analysis on the importance of 

every parameter closes the chapter.  

In Chapter 7, fluid-structure interaction models for a horizontal and vertical bends are 

developed. Transient analyses for different curvature angles are performed. Fluid and 

structural results are compared to a straight segment and discussed. 

Chapter 8, a fluid-structure interaction model of a buried bend segment is developed. 

Transient analyses for different subgrade reaction modulus are conducted and compared 

to each other. Discussion about the results validates the new method used for minimizing 

the von-Mises stress at buried bends. 

In conclusion, Chapter 9 summarizes the work accomplished in each chapter, concludes 

about their important questions and gives recommendations for future work.
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CHAPTER 2 – LITERATURE AND THEORY REVIEW 

2.1  Objectives  

This chapter intends to overview the previous work done on the water hammer field by 

multiple researchers and to give a background theory to people who are new to the field.  

Section 2.2 gives a historical literature review starting with the early work on the water 

hammer done by Joukowsky (1900) until the current work on the effect of fluid-structure 

interaction on the water hammer done by Tissjeling (2008).  

Section 2.3 presents the rigid and elastic water column theory assumptions and, from the 

mass and momentum conservation equations, develops its equations.  

Section 2.4 presents three methods used to resolve the partial differential equation system 

developed for the elastic water column theory in Section 2.3 

2.2  Literature Review 

2.2.1 Early physical model for water hammer  

In the late nineteenth century, world industrialisation and urbanization created a need for 

electrical power. As a primary source of power, hydroelectricity became an important 

field of study within the industry and science sectors. Among many different types of 

studies, the water hammer phenomenon and its control became important subjects studied 

in turbo machinery laboratories. Experimental works from contemporaries von Kries 

(1883) in Freibourg, Germany and Joukowski (1900) in Moscow, Russia defined the 

basis of the current water hammer theory. Their investigation on the water hammer, 

impressive for their clarity and maturity in theory and experiment (Tijsseling, 2007), 

allowed them to formulate the fundamental equation in the water hammer theory, relating 

the pressure with the velocity variation for an instantaneous valve closure.   

w cp a v     (2.1) 

where 
w is the density of the water and ca  is the speed of sound in a fluid contained in a 

cylindrical pipe of circular cross section. The variable ca , defined in Korteweg (1878), 
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accounts for the water compressibility k , the pipe wall elasticity E  and the pipe 

geometry 1, ,pe D c . 

1
(1 )

c
p

w

k
a

D kc

eE






  (2.2) 

2.2.2 Analytical and Graphical method of resolution 

Unsteady flow through close conduits is described by the dynamic and continuity 

equations and transformed in a hyperbolic first-order partial differential equations 

system. In these equations, the longitudinal position x  and the time t  are the two 

independent variables and the pressure H  and the velocity V are the two dependent 

variables. The equations derivation is shown in Section 2.3.2 and well explained in 

Parmakian (1963). Allievi (1902) was the first to develop a mathematical tool that 

analytically solve the system and find the pressure values for each timestep and location 

in a one dimensional thin-walled pipe model for any linear flow variations. Allievi (1913) 

presented the general theory of water hammer based on his previous mathematical tool. 

The generalization was achieved by the introduction of the characteristic parameter A  

that absorbs structural and fluid element of a conduit.  

0

02

c
A

a V

gH
    (2.3) 

where 
0V is the initial velocity and the 0H  is the static pressure at the valve. Monographs 

based on A , provided in the work, have long been used to determine the transient 

pressure for reservoir-pipe-valve systems. Gibson (1920) discussion considered the effect 

of the net head on the water hammer phenomenon. A method of resolution and an 

analytical integration is presented. Results are compared to those of Allievi (Fig.2.1). 

Jaeger (1933) developed the Allievi general theory for particular cases. Analytical 

methods of resolution for systems with more than one conduit, thick-walled pipe conduit, 

concrete covered conduit and system with surge tanks were developed. Analytical 

methods based on the Allievi theory provide a general understanding of the water 

hammer phenomenon, but formulae obtained from it are restrained to only few cases. The 
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methods neglect the friction and the second-order terms contained in the hyperbolic 

partial differential equations system. They do not allow a solution for problems with 

many characteristic parameters A , give a solution for the pressure field only and 

consider the flow reduction linear for a valve closure.  

 

Figure 2. 1 - Comparison of Allievi results to Gibson (1920) 

Graphical methods were introduced to palliate analytical methods limitations. Schnyder 

(1936) and Bergeron (1935) graphical methods gave a pressure and velocity fields for 

every timestep at any location in a one-dimensional thin-walled pipe model for any type 

of valve closures. Parmakian (1963) presented Schnyder-Bergeron graphical method that 

suits for systems with many characteristic parameters A , hydraulic losses and compound 

pipes. The graphical method gives an accurate and rapid solution for simple pipe systems. 

However, it became rapidly overwhelming for complex pipe systems that include many 

hydraulic equipments and branches. Numerical methods implemented in computer codes 

addressed this problem.  

2.2.3 Numerical methods of resolution  

The introduction of digital computers in the early sixties had allowed the hyperbolic 

partial differential equations system to be solved with numerical methods. Gray (1953) 

was the first to use the Eularian method of characteristic (MOC) that computes H and V

for every Δt and Δx. The method allowed him to determine the order of approximation 
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made when the effect of friction, kinetic energy and change in waveform are neglected. 

Lister (1960) compared two MOC discretization methods: the method of specified time 

intervals or fixed-grid method (Fig.2) and the method of characteristic grid. She found 

out that the fixed-grid method was much easier to compute giving the analyst full control 

over the grid selection. For its accuracy, simplicity, numerical efficiency and 

programming simplicity, the MOC discretized with the fixed-grid scheme have become 

the most widely used method.  
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Figure 2. 2 - Fixed-grid characteristic for the method of characteristic (MOC) 

Perkins et al. (1964) showed that 1 ct x a   for the fixed-grid characteristic scheme to 

be numerically stable. The condition is called the Courant’s stability condition. Streeter & 

Wylie (1967) suggested that the first-order finite difference was sufficiently accurate 

since the time interval for most of the practical problems were usually small. Evangelisti 

(1969) proposed to equal the time interval Δt to 1 16  to 1 24  of the transit time. 

In his thesis, Lai (1961) included a nonlinear hydraulic losses term in the MOC and 

implemented it in a code. Streeter (1962) developed laws for the closing and opening of 

valves. He implemented these laws as boundary conditions in the MOC and solved the 

problem with and without the friction term. Streeter & Lai (1963) tested the MOC for 

different closure time and various pipe connections. They compared results with 

experimental work and earlier methods of resolution. 
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As the wave velocity 
ca  is considered constant for a pipe section, the number of reaches 

Δx for that section can be computed with the Courant’s stability condition. This method, 

called the method of specified time interval, well suited for simple pipe systems, 

generates numerical errors for complex pipe systems. Considering the wave velocity ca  

constant in systems with multiple hydraulic equipment and branches does not reflect the 

reality and induces numerical errors. Numerical interpolation and/or adjustment of wave 

speeds or pipe lengths have been introduced to overcome the problem. Vardy (1976) used 

a space-line interpolation to overcome the problem. Golberg & Wylie (1983) raised the 

limitations of the space-line interpolation for nonlinear cases and presented the time-line 

interpolation. Ghidahoui et al. (1998) developed an integrated energy approach to 

understand how discretization errors associated with time and space-line interpolation 

arose and how they could be controlled. Shimada et al. (2006) and Shimada et al. (2007) 

introduced an exact method of assessing the numerical error in analysis of unsteady flow. 

Shimada et al. (2008) used his exact method to predict the numerical errors of both space-

line and time-line interpolations for fixed-grids. The analysis of the exact method took 

place in a long-term program to automate the selection of grid size. Tijsseling & Bergant 

(2007) removed the need to select the grid size while introducing a one-dimensional 

meshless method. The new algorithm was validated with conventional frictionless water 

hammer calculations for instantaneous and slow valve closure.  

Other numerical methods were also used to approximate the pressure and flow in a one-

dimensional conduit. The Lagrangian method also called wave plan method was 

introduced by Wood et al. (1966). Wood (2005) compared the wave plan method with the 

MOC and found that for large pipe network problems, the wave plan method took less 

CPU time than the MOC. Chaudhry (1985) proved that the second order Finite 

Difference (FD) method produced better results than the first order MOC. However the 

method was considered to increase the execution time and storage requirement. The first-

order Finite Volume (FV) Gudonov type method was first used for water hammer 

problems by Guinot (2002). Zhao (2004) developed a second-order explicit of the method 

and compared its results with the MOC with space-line interpolation. He found that the 
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second-order explicit Finite Volume Gudonov type method achieved a given level of 

accuracy with much less CPU time than the MOC with space-line interpolation.  

Ghidaoui et al. (2005) gave a brief review of each technique.   

2.2.4 Branches of study within the water hammer field  

According to Keramat (2012), there are four important items that may affect the classical 

water hammer results computed from the general Allievi theory. Those are the unsteady 

friction (UF), column separation (CS), viscoelasticity (VE) and fluid-structure interaction 

(FSI). Their isolated influence on classical results has been verified in laboratories and 

numerical models that simulate their impact on water hammer have been developed. 

Combinations of two or more items have also been investigated and were listed in 

Keramat et al (2012). The present literature review will not go into details for each 

subject, but will direct the interested reader towards important papers.   

A thorough review of the FSI item is covered in a section on its own since it is the 

present thesis subject.   

2.2.4.1 Unsteady friction models in transient flows 

The friction modelisation for transient flow is essential for pipe systems that require 

simulations well beyond the first wave cycle, really long pipes and pipes with high 

friction.  

Streeter & Wylie (1985) considered the Darcy-Weisbach equation at every timestep to 

evaluate the friction term    ( ) ( ) 8w wt f t V t V t    
 also called the quasi-steady 

friction term. Daily et al (1956) showed high discrepancies between numerical and 

experimental data when a steady-state based friction equation is used to model rapid 

transient flows. He decomposed the friction term ( )w t  into two terms 

( ) ( ) ( )w ws wut t t     where ( )ws t  is the quasi-steady friction term and ( )wu t  is the 

discrepancies between numerical and experimental results. Various models had been 

developed to estimate the transient friction term ( )wu t , but two of them have particularly 

been studied. Zielke (1969) modeled the transient friction term by using weighted time 
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histories of past flow conditions and Brunone et al (1991) introduced a model that relies 

on instantaneous accelerations and required the definition of an empirical factor Bk . 

Vardy & Hwang (1991) validated Zielke (1969) work for transient friction in laminar 

flow and showed its applicability for turbulent flows at low Reynolds number. Bergant & 

Simpson (1994) compared experimental results with Zielke and Brunone’s models for a 

rapid valve closure in a reservoir-pipe-valve system. Vardy & Brown (1995) deduced the 

weighted function model ( aW ) of transient friction for flows in smooth pipe assuming the 

turbulent viscosity to vary linearly within a thick shear layer surrounding a core of 

uniform velocity. 

* *exp( )
a

A B
W






   (2.4) 

where 
*A and

*B are two non dimensional constants that depend on the geometry of the 

pipe, the viscosity of the fluid and the Reynolds number. The non dimensional variable 

 reflects the time aspect of the formula. The expression is simple to evaluate and applies 

for a large range of Reynolds number. Vardy & Brown (1996) made a generalization 

form of their model that used the non-dimensional historical time  and shear decay 

coefficient 
*C . 

* *exp( )
a

A C
W






   (2.5) 

Bergant & Simpson (1999) analytically predicted the empirical Brunone’s friction 

constant Bk  using the Vardy shear decay coefficient 
*C . He then incorporated the two 

unsteady friction models into the method of characteristic and compared the numerical 

results with experimental data for different rapid valve closure. Vitkowsky et al (2000) 

showed that the constant Bk value varies with local flow conditions. He showed that a 

variable Bk gave a better representation of the damping and improved fit to experimental 

data. Silva-Araya & Chaudhry (2001) introduced an energy dissipation model to 

represent the unsteady friction losses for smooth-to-rough transition and fully rough 

pipes. The model was implemented into the characteristic method and numerical results 
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were compared with the experimental data. Bergant et al. (2002a) compared the quasi-

steady and Brunone’s model for downstream rapid and slow valve closure with 

laboratory and hydropower plant data. He found good agreement between results and 

data for rapid and slow valve closure using Brunone model and for slow valve closure 

using quasi-steady model. Bergant et al. (2002b) showed that, as opposed to the Zielke 

model, the Brunone model failed to represent a valve opening event. Ghidahoui (2002) & 

Mansour derived an approximation of the Vardy-Brown model that is more 

computationally efficient than the exact one and showed good agreement with 

experimental data over a large range of Reynolds number. Vitkowsky et al. (2004) 

developed an accurate and efficient algorithm to represent the unsteady friction with the 

exact Vardy-Brown model for turbulent flows. The algorithm was shown to be less 

computationally efficient, but more accurate than the algorithm using the approximation 

of the Vardy-Brown model (Ghidahoui et al. (2002)). Vitkowsky et al. (2006) compared 

the Zielke and the Brunone model for rapid valve opening and closure with experimental 

data. Comparisons were made for both valves located downstream and upstream to the 

pipeline. As opposed to the Zielke model, the Brunone model failed to correctly represent 

the rapid valve opening event. Vardy & Brown (2007) presented theoretical prediction of 

the unsteady friction for all flow conditions, from smooth to fully rough and for Reynolds 

varying from 
310 to

810 . Duan et al. (2012) investigated the importance of pipe system 

scale. They showed that the effect of unsteady friction becomes less important as the ratio 

length/diameter  /p pL D increases. The use of small scale system had led the researchers 

to overestimate the importance of unsteady friction. 

2.2.4.2 Column separation models in transient flows 

The recognition of the water hammer with column separation dates back to Joukowski 

(1900) who was the first to observe and understand it. However, even if its danger was 

recognized in the thirties, a comprehensive investigation was not possible before the 

numerical era in the sixties. Wallis (1969) introduced the symbol v v m    that 

defined the void fraction vapor within the fluid where v is the volume of vapor and m  

is the total volume of the liquid/vapor mixture. The symbol distinguished the two types of 
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vaporous cavitation in pipelines. A large value of v indicates a local column separation 

and a small value indicates a distributed vaporous cavitation. Bergant et al. (2006) 

reviewed the different mathematical models used to numerically simulate the column 

separation in water hammer. Wylie & Streeter (1978, 1993) described the most 

commonly used model for column separation called the discrete vapor cavity model 

(DVCM). The model allows the cavities to form at grid points if the pressure computed is 

below the vapor pressure. Vapor cavities are thus confined to form at computational 

sections. Bergant & Simpson (1999) showed that the model contains numerical 

instabilities and unrealistic spikes of pressure. These deficiencies can be suppressed by 

assuming a small amount of initial free gas. The model is thus described as discrete gas 

cavity model (DGCM), a generalization form of the DVCM. Fanelli (2000) summarized 

the experimental work carried out between 1971-1991 by IAHR to develop and validate 

the model implemented in computer codes.   

2.2.4.3 Viscoelasticity  

Due to its low price and high resistance properties, plastic used in water supply systems 

have increased considerably in the last decades. Its viscoelastic behaviour greatly 

influences the water hammer by attenuating the pressure wave and increasing the 

dispersion of the travelling wave [Bergant et al. (2008)]. The linear viscoelastic model 

described by Gally et al. (1979) divides the strains in an elastic part, included in the wave 

speed, and a viscoelastic part, added to the continuity equation (Chapter 2.3). An 

excellent paper that reviewed the advancement on the subject was given in Covas et al. 

(2004) and Covas et al. (2005).   

2.2.5 Review and history of the influence of the FSI on the water hammer 

Conventional water hammer analyses described by Allievi (1925) did not take the pipe 

inertia and axial pipe motion into account. Neglecting the importance of the fluid-

structure interaction can lead to false pressure and stress predictions. Tijsseling & Vardy 

(2008) determined its importance using a method based on time scales. Three fluid-

structure interaction mechanisms can be distinguished: Friction Coupling that represents 

the mutual friction between liquid and structure, Poisson Coupling that links the 

pressures in the fluid to the longitudinal stresses in the pipe and Junction Coupling that 
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acts at specific points in a pipe system such as valves, pumps and bends. The Friction 

Coupling is usually neglected due to its relatively small contribution and will not be 

covered in the present work. Poisson and Junction Coupling models evolution are 

presented in sections 2.2.5.1 and 2.2.5.2. Numerical and experimental works are 

presented in subsequent sub sections.  

Section 2.2.5.1  Analytical poisson-coupling model 

The coupled equations model that simulates the Poisson Coupling effect has been slowly 

evolved during the twentieth century. Table 2.1 shows the evolution of the model 

throughout the time and its method of resolution. The equations of motions were 

summarized in Wiggert & Tijsseling (2001). 

Table 2. 1 - Evolution of the coupled equations model and its method of computation 

Notes for Table 2.1 

1. Includes the Poisson Effect 

2. Includes the Bending Stiffness 

3. Includes the Rotatory Inertia 

Axial Radial 
In-Plane 

Bending 

Out-of-Plane 

Bending
Torsional 

Skalak,               

1956
4 Time 1,2,3 X

Lin & Morgan, 

1956
4 Time 1,2,3,4 X

MOC *

Bürmann et al, 

1979,1980
4 Time 1 X

MOC

Walker & Phillips, 

1977
6 Time 1 X X

MOC

Valentin, Phillips & 

Walker,             

1979

8 Time 1 X X

MOC **

Joung & Shin,   

1985
9 Time 1,2,3,4 X X

MOC

Wilkinson,         

1978
14 Frequency 2 X X X X

Wilkinson,         

1980
14 Time 1,2 X X X X

Wiggert et al.           

1987

14 Frequency 1,2,3,4 X X X X

Compenent-

Synthesis 

Method

Wiggert et al, 

1985,1986,1987
14 Time 1,2,3,4 X X X X MOC

Lavoj & Tijsseling, 

1990
14 Time 1,2,3,4 X X X X

MOC & 

MOC-FEM

Method of 

Computation

Motions

Notes 

Number 

of 

Equations

Domain
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4. Includes the Tranverse Shear 

*  Solved by King & Frederick (1968) 

** Solved by Hu & Phillips (1981) 

Bürman et al. (1979b) presented a simplified model of Skalak that represents most of the 

practical problems.  

2.2.5.2  Analytical junction-coupling model 

Philips & Valentin (1978) built a model that represent the junction coupling and 

quantified the transmitted and reflected waves for different bending angles. The model 

considers the bending, shear and axial forces and the in-plane, rotation and axial 

displacements. Otwell (1984) modeled the effect of the bend motion on the transient 

pressure. He found that the transient pressure significantly increases for unrestrained 

bends and stays the same for restrained bends. Wiggert et al. (1985a) analytically 

decomposed the effect of the anchors axial and bending stiffness on the transient 

pressure. He validated his results with experimental data. Heinsbroek & Tijsseling (1994) 

found that the junction coupling is small when the anchor rigidity is larger than the axial 

stiffness of one meter of pipe. For less stiff anchor, a static (steady-state) and dynamic 

(fluid-structure interaction) stress analyses are required. Tijsseling & Vaugrante (2001) 

represented the junction coupling effect in the frequency domain and validated its results 

with experimental data.  

2.2.5.3 Numerical work 

The complex degree of the analytical Poisson and Junction Coupling equations makes 

closed-loop solutions impossible. Table 2.1 showed which numerical methods have been 

used to resolve each Poisson Coupling model. This present section shows complex 

numerical work that includes all FSI effects.  

Tijsseling & Heinsbroek (1999) numerically simulated a rapid valve closure in a system 

(Fig.3) with two restrained and four unrestrained bends. He solved the main frequencies, 

extreme pressures, stresses and anchor forces using the MOC for the fluid fields and the 

Finite Element Method (FEM) for the structural fields. The simulation considered all FSI 

mechanisms and pipe flexure was modelled through the Euler-Beam theory.  
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Figure 2. 3 - System numerically solved by Tijsseling (1999) 

Shalaby & Younan (1999) simulated rapid valve closure and opening events in a bend 

model using ABAQUS nonlinear finite element code. The simulation took the geometric 

and material nonlinearities into account. Altstadt et al. (2003) investigated the local effect 

of the transient pressure in anchored bends for a rapid valve closure on ANSYS. Both 

fluid and structural domains were meshed with finite elements. Kanyanta et al. (2009) 

simulated flow transient within arteries using a 3D Finite Volume Method (Open Foam). 

The model considered only the Poisson Coupling thus neglecting the Friction and 

Junction Coupling.  

2.2.5.4 Experimental work 

In parallel to the development of analytical models and numerical methods of resolution, 

experimental work in laboratories had been done to validate the developed models.  

Thorley (1969) was the first to observe the effect of the fluid-structure interaction in a 

reservoir-pipe-valve arrangement. Its experiment and results are presented in Figs.2.4 a-b. 

The small rise of pressure at mid-span (A), called precursor wave, between 2 and 4 ms is 

caused by the Poisson coupling effect and travels faster than the primary wave.  
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a 

 
b 

Figure 2. 4 - Experiment of Thorley (1969), (a) Model, (b) Results 

Subsequent experimental work done on the fluid-structure interaction subject required a 

large collaboration of researchers, universities, governments and companies in which 

each party benefits. 

The 10 years research program at Michigan State University, USA conducted by Wiggert 

and Hatfield resulted in many valuable publications: Wiggert et al. (1985a), Wiggert et al. 

(1985b), Wiggert (1986), Wiggert et al. (1987). Figure 2.5 a presents the model used by 

the researchers. Figure 2.5 b compares its recorded data with those computed with the 

computer code. Both results show the combined impact of the Poisson and Junction 

coupling effect on the recorded pressure at the valve end.  

 
a 

 
b 

Figure 2. 5 - Experiment of Wiggert et al. (1985b), (a) Model, (b) Results 

At the University of Dundee, United Kingdom, Vardy & Fan (1986) proposed a model 

that have been widely used due to its simplicity and accuracy. The model shown in Fig. 

2.6 a accurately measures the axial and flexural waves propagations in a freely suspended 

pipe system. Compared to previous models, the latter has no steady-state pressure 

gradient, does not required the valve charateristic and has a negligible pipe support.  
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Figure 2.6 b shows the impact of the Poisson coupling without being influenced by the 

Junction coupling.  

 
 

a  
b 

Figure 2. 6 - Experiment of Vardy & Fan (1986), (a) Model, (b) Results 

Based upon the work done at Michigan State University by Wiggert and Hatfield, a large 

project (FLUSTRIN) had been developed at Delft University, Netherlands. The project 

intended to model the water hammer phenomenon, developed a computer code that 

simulates it and validates the code with laboratory tests. The model from Kruisbrink & 

Heinbroek (1993) studied the Poisson and Junction coupling effect for a multiple bends 

system.  Figure 7.a shows the model used for the experimental tests. Figure 7.b compares 

its recorded data with those computed with the computer code. Junction coupling effect 

has been shown to be more significant when the pipe bends are free to move.  

 
a 

 
b 

Figure 2. 7 - Experiment of Kruisbrink & Heinbroek  (1993), (a) Model, (b) Results 

2.3  Water Hammer: Governing Equations   

The complex water hammer phenomenon is an extremely costly and often dangerous 

phenomenon, especially for large penstocks used to convey water to hydropower units. 
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Under certain conditions such as sudden closure of a valve, the fluid no longer follows 

the Bernouilli’s law and both the pressure and velocity distributions must be calculated 

using other methods. The rigid water column and elastic water column are two different 

models used to derive the equations used to solve the two time-dependant pressure 

distributions for a highly transient fluid motion, also known as water hammer (Parmakian 

(1963)). A set of equations is presented below and solved in different ways.  

2.3.1  Rigid Water Column Theory 

2.3.1.1 Theoretical assumptions 

1. The water in the pipe is incompressible  

2. The pipe walls are non-deformable regardless of the pressure inside the pipe 

3. The pipe remains full of water at all times and the minimum pressure inside the 

pipe is in excess of the vapour pressure of water 

4. The hydraulic losses and the velocity head are negligible when compared to the 

pressure changes 

5. The velocity of water in the direction of the axis of the pipe is uniform throughout 

the cross section of the pipe 

6. The pressure is uniform throughout the cross section of the pipe and is equal to 

the pressure at the center line of the pipe 

7. The reservoir level remains constant during gate closure 

8. There are no gas bubbles in the liquid (no cavitation occurs) 
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2.3.1.2 Free-Body Diagram 

 

Figure 2. 8 - Rigid Water Column diagram 

     Specific weight of water, 3N m  

pA     Area of the pipe,
2m  

0H     Static pressure head at the pipe’s outlet, m  

ah     Transient Pressure caused by the water hammer, m   

Z     Elevation point, m  

pL     Length of the pipe, m  

V     Velocity of water, m s  

     Inclination angle,   

t     Time, s  

g     Gravity, 
2

m s  

x     Longitudinal direction of the pipe, m  
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2.3.1.3 Dynamic Equilibrium 

The dynamic equation of equilibrium can be expressed as follows. Summing the pressure 

and water gravity forces, the transient pressure ah  at the gate can be found. 

( ) sin( ) ( )x p 0 a p p p 0F A H h A L A H Z         (2.6) 

Since:   

sin( )pL Z    (2.7) 

then: 

( ) ( )

( )

x p 0 a p p 0

p 0 a 0

F A H h A Z A H Z

A H h Z H Z

  



    

    


 (2.8) 

( )x p aF A h   (2.9) 

( )
p p

x w x

A L dV
F m a

g dt


      (2.10) 

where: 

xa     Acceleration of the water, 
2/m s  

wm     Mass of the water, kg   

(2.9) in (2.10) 

( ) ( )
p p

p a

A L dV
A h

g dt


     (2.11) 

( )
p

a

L dV
h

g dt
    (2.12) 

2.3.1.4 Discharge through a Gate  

The relation computing the discharge through a gate is used to express the water velocity 

as a function of ah , the transient pressure calculated in the previous section.  

( ) 20 p 0 d g 0 0Q A V C A gH    (2.13) 
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0Q     Initial flow rate, 3m s
 

0V     Initial velocity of water at the gate, m s  

dC     Coefficient of discharge through the gate  

gA     Cross-sectional area of the gate opening, 
2m  

Eq. (2.13) allows the initial velocity to be expressed in terms of the static pressure 

0 0 0V B H   (2.14) 

where 

2
d g

0

p 0

C A
B g

A

 
   
 

  Effective gate opening at time 0t        (2.15) 

For any other time, the water velocity at the gate is equal to:  

0 aV B H h    (2.16) 

where 

2
d g

p

C A
B g

A
    Effective gate opening        (2.17) 

The ratio 
0

V

V
gives: 

1 1a a

0 0 0 0

V B h h

V B H H
      (2.18) 

     Ratio of the full gate effective closure 

For a partial or complete uniform gate closure the above ratio is equal to: 

'

1
0

V t

V T
     (2.19) 

where 

'V     Difference between initial and final velocities, m s  
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T     Time for gate closure, s  

Eq. (2.19) in (2.18) gives: 

'

( ) 1 a
0

0

V t h
V V

T H
     (2.20) 

2.3.1.5 Maximum Transient Pressure   

Combining Eqs. (2.12) and (2.20), the maximum transient pressure caused by the gate 

closure can be found by setting  ( ) 0ad h dt  . Essentially, this would correspond to an 

instantaneous gate closure. This equation has originally been found by Allievi (1925). 

2( )

2 4

a max

0

h

H

 
     (2.21) 

where  

2
'p

0

L V

gH T


 
  
 

  (2.22) 

2.3.1.6 Limitations 

Due to assumptions 1 and 2, the pressure change is felt immediately throughout the pipe. 

Those assumptions limit then the theory’s applicability for relatively slow gate 

movements. Reliable results are obtained only if the time for closure “T ”is greater than

1000pL . 

2.3.2 Elastic Water Column Theory 

2.3.2.1 Theoretical Assumptions 

1. The pipe line remains filled with water at all times and the minimum pressure 

inside the pipe is in excess of the vapour pressure of water. 

2. Hydraulic losses and velocity heads are negligible when compared to pressure 

changes. 

3. The velocity of the water in the longitudinal direction of the pipe is uniform 

throughout its cross section. 
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4. The pressure is uniform throughout the cross section of the pipe and is equal to 

the pressure at the center line of the pipe. 

5. The reservoir level remains constant during gate opening and its closure 

6. There are no gas bubbles in the liquid (no cavitation occurs) 

2.3.2.2 Free-Body Diagram 

Figure 2. 9 - Elastic Water Column diagram 

dX     Element length, m   

H
    

Pressure head, m   

2.3.2.3 Momentum Equation 

( )( ( sin ) ) ( )

1
( )

2

p

x p p

p

p

A H
F A dX H Z dX A H Z

x x

A
A dX dX

x

  



 
      

 


 




 (2.23) 

Eliminating the second order derivative and simplifying, the above equation is reduced 

to: 

( )
p

x p

AH
F A H Z dX

x x


 
     

   (2.24) 
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The second term in the parenthesis is very small compared to the first one, so that it can 

be neglected. Hence, one obtains: 

x p

H
F A dX

x






   (2.25) 

According to the second law of motion 

( )p p

H dV
A dX A dX

x g dt





 


  (2.26) 

dV V V x V V
V

dt t x t t x

    
   
    

 since V is a function of t  and x   (2.27) 

Combining Eqs. (2.26) and (2.27), the momentum equation becomes: 

1
( )

H V V
V

x g t x

  
  

  
  (2.28) 

2.3.2.4 The Continuity Theorem 

The continuity theorem is necessary to find the second partial differential equation 

relating the pressure and the velocity. The transient pressure, ah  created by the water 

hammer has lead to an expansion of the pipe shell and a compression of the water 

volume, thus changing the water element length shown on Figs. 2.3 and 2.4. Equalizing 

the water element length (Sec. 2.1.2.4.1) to the sum of the effects (Sec. 2.1.2.4.2 and 

2.1.2.4.3) allows one to obtain the governing differential equation.  

2.3.2.4.1 Water Element Length Change 

Fig. 2.10 shows the velocities at sections B andC  at time t  before the water element has 

been hit by the transient pressure ah . Fig. 2.11 shows the velocities at sections D and F

at time t dt after the water segment has been affected by the transient pressure ah . 
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Figure 2. 10 - Water element at time t 

 

Figure 2. 11 - Water element at time t+dt 

The distance BD  can be found by taking the average velocity between sections B and D  

and multiplying it by an increment of time dt . 

1 1
( )

2 2

V V
BD V BD dt dt

x t

 
  

 
  (2.29) 

Same thing can be done to found the distance CF  

1 1
(( ) ( ) ( ) )

2 2

V V V
CF V dX V dX CF V dX dt dt

x x x t x

    
     

    
 (2.30) 

Neglecting its higher derivative terms and subtracting the two vectors, one can find the 

length change of the water element between time t  and t dt .  

( )
V

BD CF dX dt
x


  


  (2.31) 
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2.3.2.4.2Pipe shell expansion 

 

Figure 2. 12 - Pipe element Stresses 

l     Longitudinal Stress, MPa  

h     Hoop Stress, MPa  

mr     Pipe’s middle radius, m  

mr     Radius changed in the pipe, m  

pD     Diameter, m   

e     Thickness, m  

x     Change in the longitudinal length, m  

E    Young’s Modulus, Pa  

dH     Pressure changed in the pipe, m   

     Poisson’s coefficient  

The strains and the stresses have components in the circumferential and longitudinal 

direction.  

i) Strain in the circumferential direction: 

h

h

ll
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( )
( / 2)

m
h l

m

r
E

r e
  


   


  (2.32) 

( / 2)
( )m

m h l

r e
r

E
  


       (2.33) 

( )m
m h l

r
r

E
         (2.34) 

ii) Strain in longitudinal direction: 

( )l h

dX
x

E
         (2.35) 

iii) The length variation: 

2 2

2

( ) ( )
2

p m m m m

p m m

v r r x dX r dX r
x dX

A r r

  




     
    (2.36) 

where: 

pv     Variation of pipe volume, 3m  

Inserting Eqs. (2.34) and (2.35) in (2.36), one obtains: 

2
2 ( ) ( )( ))m

l h h l

m

r dX
x dX dX

r E E
      


          (2.37) 

iv) Boundary Conditions 

Depending on the boundary conditions of the pipe, the stresses values differ. The 

boundary conditions can be defined as: 

1. Anchored at the upper end, free to move in the longitudinal direction 

2. Anchored against longitudinal movement throughout its entire length. 

3. Pipe with expansion joints between anchors throughout the pipe. 

Case 1  

4

p

l

dH D

e


    (2.38) 
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2

p

h

dH D

e


    (2.39) 

Inserting (2.38) and (2.39) into (2.37), one obtains: 

2
2 ( ) ( )

4 2 2 4

p p p pm

m

dH D dH D dH D dH Dr dX dX
x dX

r E e e E e e

   
  


      (2.40) 

5
2 ( )

4

pm

m

dH Dr
x dX dX

r Ee


 


     (2.41) 

Case 2 

2

p

l

dH D

e


    (2.42) 

2

p

h

dH D

e


    (2.43) 

22 (1 )
pm

m

dH Dr
x dX dX

r Ee


 


     (2.44) 

Case 3 

0l    (2.45) 

2

p

h

dH D

e


    (2.46) 

2 (1 )
2

pm

m

dH Dr
x dX dX

r Ee

 



     (2.47) 

v) General Equation 

From the three cases, a general relation can be stated 

12
pm

pe

m

dH D dXr
L x dX c

r Ee





      (2.48) 

where:
 

1c     Constant function of the boundary conditions of the pipe 
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peL     Variation of the pipe’s length caused by the elasticity of the wall, m  

2.3.2.4.3 Compression of water 

2( ) ( )m
w

dH r dX
v

k

 
    (2.49) 

2

2

( ) ( ) ( )

( )

w m
pw

p m

v dH r dX dHdX
L

A k r k

  



 
   


 (2.50) 

where:
 

k     Bulk modulus of the water, Pa  

wv     Variation of water volume, 3m   

pwL  Variation of the pipe’s length caused by the compressibility of the 

water, m   

ptL   Total variation of the pipe’s length, m   

1 1

1
( )

p p

pt pe pw

D dHdX D
L L L c dHdX dHdX c

Ee k k Ee

 
          (2.51) 

The variation of pressure dH  is functioned of the time and the axial direction. One can 

then write: 

H H H H
dH t X V dt

t x t x

    
          

  (2.52) 

Inserting Eqs. (2.52) in (2.51) gives: 

1

1
( )

pD H H
c V dtdX

k Ee t x


  
    

  (2.53) 

2.1.2.4.4 PDE Equation Resulting From The Continuity Theorem  

Equalizing Eqs. (2.31) and (2.53), one can obtain: 

1

1
( ) ( )

pDV H H
dX dt c V dtdX

x k Ee t x


   
       

 (2.54) 
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1

1
( )

pDV H H
c V

x k Ee t x


   
       

  (2.55) 

2

cH H a V
V

t x g x

   
       

  (2.56) 

2.3.2.5 PDE System 

To recapitulate, the two partial equations modeling the water hammer phenomenon are:  

1
( )

H V V
V

x g t x

  
  

  
   From the momentum equation (2.28) 

2

cH H a V
V

t x g x

   
       

  From the continuity equation (2.56) 

The speed variation according to x  is negligible when compared to the speed variation 

over time.  

V x V t      (2.57) 

The pressure variation according to x  is negligible when compared to the pressure 

variation over time.  

H x H t      (2.58) 

Considering those facts, the Eqs. (2.28) and (2.56) above can be restated 

1
( )

H V

x g t

 
 

 
  (2.59) 

2

cH a V

t g x

 
  

 
  (2.60) 

2.4 Water Hammer: Resolving methods  

2.4.1 Arithmetic Method 

The system of partial differential Eqs. (2.59) and (2.60) has once been resolved in Allievi 

(1925). Its solution, which applies for the entire length of the penstock, is shown here.  

( ) ( )o c cH H F t x a f t x a       (2.61) 
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 ( ) ( )o c c

c

g
V V F t x a f t x a

a
        (2.62) 

Where:  

 cF t x a   Pressure wave travelling from the gate toward the reservoir, m      (2.63) 

( )cf t x a     Reflected wave travelling from the reservoir toward the gate,  m      (2.64) 

 

Figure 2. 13 - Arithmetic Method Diagram 

2.4.1.1 Concept  

In the particular case in which 2 p cT L a ,the maximum pressure computed at the gate 

is affected by only the F wave since it takes 2 p cL a seconds for the reflected wave f  

to reach the gate. In this particular case, that considers the rapid gate closure, the pressure 

magnitude can be determined by equaling the second term on the right side of the Eq. 

(2.61) to 0 . The obtained formula matches the early water hammer theory (Joukowski 

1900). 

( )c c
0 0

a a
H H V V or H V

g g
        (2.65) 

However, practicality and security reasons from real situations often require 2 p cT L a  

in which the Joukowski’s equation no longer stands. For these cases, the F and f
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pressure waves add and their sum can be calculated using the arithmetic method 

previously developed (Gibson 1920) 

The arithmetic method assumes that the gate closes in a N number of timestep (Fig. 2.7). 

For every V related to the timestep, a water hammer of magnitude H is generated 

according to Eq. (2.65). The summation of all H  at a precise location for each timestep 

allows one to find the time response of ah .  

 

Figure 2. 14 - Timestep in the Arithmetic Method

 

2.4.1.2 Method of Computation 

Unknowns from Eqs. (2.61) and (2.62) can only be solved with two additional equations. 

The first equation can be derived from the physics of the problem stating that, at position

1x , the value of a reflected wave is equaled in magnitude but opposite in sign of the 

primary wave 2 x cL a seconds later (Fig. 2.8).

 

( ) ( 2 )x cf t F t L a     (2.66) 

where: 

1x     Location where the pressure is computed  

xL     Length between the position 1x and the inlet boundary condition, m  
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Figure 2. 15 - Pressure Location 

The second equation that relates the velocity to the reflected wave at the gate is 

calculated with the equation of flow discharged through an orifice.  

( ) 2d gQ C A gH   (2.67) 

Q     Flow rate, 
3m s  

d gC A      Effective area of the gate, 
2

m  

Using (2.61), (2.62) and (2.67) and isolating V, one can obtain the velocity at the gate:  

22

4 2
2 2

c c c 0
0

a B B a B a V
V H f

g g g

   
        

   
 (2.68) 

Eqs.  (2.61), (2.62), (2.66) and along with the gate closure time relation (Fig. 2.8)  allows 

one to plot the pressure time response at any location 1x . Time response for any location 

1x  can be plotted as long as the used timestep is smaller than 2 x cL a  . 

Computation using the arithmetic method is limited to simple cases that involve a 

constant thickness wall in which valves and reservoirs act as boundary conditions.  

Furthermore, due to its large amount of calculations, the method requires the need of a 

computer.  

The next method presented has been developed throughout the 50’s to overcome the 

arithmetic method limitations.  
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2.4.2 Graphical Method 

 

Figure 2. 16 - Graphical Method 

2.4.2.1 Concept 

In order to express the pressure time response for any locations and any types of 

penstock, a graphical method has been developed (Bergeron (1950); Parmakian (1963)). 

In the subsequent paragraph, the theory behind the method will be derived. 

2.4.2.2 Method of Computation 

Step 1: 

Adding and subtracting equation (2.61) and (2.62) one can obtain: 

( ) 2 ( )c
0 0

c

a x
H H V V F t

g a
       (2.69) 

( ) 2 ( )c
0 0

c

a x
H H V V f t

g a
        (2.70) 
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Step 2: 

Refer to Fig. 2.9 to understand annotations. Eqs. (2.69) and (2.70) are applied to the 

(B1,C1) sections and (B2,C2) sections at time t=0,1,2,....... 

1 ( ) 2
1 1 1 0 1 1 1 0 1

c
B t B t B t B t

a
H H V V F

g
      (2.71) 

( ) 21

1 2 1 0 1 2 1 0 1

c
C t C t C t C t

a
H H V V F

g
      (2.72) 

( ' ' ) 22

22 3 2 2 3 2 0

c
C t C t0 C t C t

a
H H V V f

g
       (2.73) 

( ' ' ) 22

2 4 2 0 2 4 2 0 2

c
B t B t B t B t

a
H H V V f

g
       (2.74) 

Assuming at t=0 that: 

1 0 1 0B t C tH H   (2.75) 

2 02 0 B tC tH H   (2.76) 

1 0 1 0B t C tV V   (2.77) 

' '
2 02 0 B tC tV V   (2.78) 

One can find: 

( )1

1 1 1 11 2 1 2

c
B t B tC t C t

a
H H V V

g
     (2.79) 

( ' ' )2

2 4 2 42 3 2 3

c
B t B tC t C t

a
H H V V

g
      (2.80) 

Step 3: 

Considering those ratios: 

0h H H   (2.81) 
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0v V V   (2.82) 

We can rewrite the equations as: 

12 ( )
1 1 1 11 2 1 2B t B tC t C th h v v     (2.83) 

22 ( ' ' )
2 4 2 42 3 2 3B t B tC t C th h v v      (2.84) 

where: 

1
2

1c 0

0

a V

gH
 

    
pipe line constant  1        (2.85) 

2

'

2

2c 0

0

a V

gH
       pipe line constant  2        (2.86) 

c1a      Velocity of pressure wave at section 1, m s
         (2.87) 

c2a      Velocity of pressure wave at section 2, m s
     (2.88) 

Step 4 

Boundary conditions are necessary to resolve the problem. A system of a reservoir and a 

gate is here presented to the reader and illustrated in Paramakian (1963). 

Reservoir boundary condition:  

For constant reservoir level, 0H H , so    

1rh       rh  ratio at the reservoir       (2.89) 

Gate:  

Under steady conditions, from Eq. (2.14) one knows that:  

A0 0 A0V B H   (2.90) 

At any gate opening: 
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A AV B H   (2.91) 

Considering those ratios: 

0

A

A

V
v

V
   (2.92) 

0

A

A

H
h

H
   (2.93) 

0

B

B
    (2.94) 

One can obtain: 

A Av h   (2.95) 

2.4.3 Characteristic Method 

2.4.3.1 Concept 

The method of characteristic (MOC) is a one dimensional analysis currently used by 

many listed industrial software (Ghidaoui et al. (2005)) to represent the water hammer 

phenomena. It transforms the partial differential equations (PDE) of motion and 

continuity stated in Eqs. (2.56) and (2.28) into ordinary differential equations. It allows 

the user to determine the pressure and flow variation for any location on the pipe axis at 

any instant and for any complicated pipe system.  

2.4.3.2 Method of Computation 

To facilitate the reader’s comprehension, the friction term has been neglected from the 

following development. In depth details can be read in Wylie & Streeter (1993). 

Reformulate Eqs. (2.28) and (2.60) 

1
( ) 0 0D D p

H V H Q
L L gA

x g t x t

   
      
   

 Dynamic Equation (2.96) 

2
2( ) 0 ( ) 0c

C C p c

H a V H Q
L L gA a

t g x t x

   
      
   

 Continuity Equation (2.97) 
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Multiply (2.97) by an arbitrary constant   and add (2.96) to the product: 

2 1
( ) ( ) 0D C c p

Q Q H H
L L a gA

t x t x
  



   
     

   
 (2.98) 

Since the pressure ( , )H x t  and the flow ( , )Q x t  are functioned of the longitudinal 

direction and the time, their total derivative can be written as:  

dH H H x

dt t x t

  
 
  

  (2.99) 

dQ Q Q x

dt t x t

  
 
  

  (2.100) 

From Eqs. (2.98), (2.99) and (2.100) it can be seen that x t  : 

2 1 1
c

c

x
a

t a
 




    


  (2.101) 

Inserting Eq. (2.101) in Eq. (2.98) 

0
p

c

gAdQ dH

dt a dt
   for cdx dt a  (2.102) 

0
c

dQ gA dH

dt a dt
   for cdx dt a   (2.103) 

Many solutions have been proposed to solve these equations.  

 Streeter & Wylie (1967) proposed a first order finite difference method 

 Evangelisti (1966) proposed a predictor-corrector method 

 Lister (1960) proposed a first and second order finite difference method  

Streeter & Wylie’s method is the simplest, but requires small increments of time and low 

friction losses in the pipe.  

 Increments of time will be chosen so the method will be stable. 

 Friction losses are low enough due to the large difference between the diameter 

 and the thickness of the pipe.  
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Eq. (2.101) represents two lines illustrated on a x t graphic (Fig. 2.10) that have a slope 

of 1 ca  . The lines are called characteristics lines.  

P

BA

t

x
 

Figure 2. 17 - Characteristic lines in the x-t plane 

2.4.3.3 Method’s Representation 

The goal of the method is to draw, for a chosen length’s increment, two characteristic 

lines and determine, at the junction P  (Fig. 2.10), the pressure and flow values.  

For its simplest expression, the method can be analysed with a length increment of L , i.e. 

the complete length of the pipe. Point A  is located at the entrance of the pipe and point 

B  at the gate.  

According to Fig 2.10 the variation of flow and pressure along the line AP  is equal to: 

P AdQ Q Q    (2.104) 

P AdH H H    (2.105) 

Similarly, the variation of flow and pressure along the line BP is equal to: 

P BdQ Q Q    (2.106) 

P BdH H H    (2.106) 

Putting Eqs. (2.104) and (2.105) in Eq. (2.102) and multiplying by dt , one can obtain: 
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 ( ) 0
p

p A p A

c

gA
Q Q H H

a
      (2.108) 

Similarly, putting Eqs. (2.106) and (2.107) in Eq. (2.103) and multiplying by dt , one can 

obtain: 

 ( ) 0
p

p B p B

c

gA
Q Q H H

a
      (2.109) 

Eqs. (2.108) and (2.109) can be written: 

1P p a PQ C C H     Positive Characteristic Equation      (2.110) 

2P n a PQ C C H     Negative Characteristic Equation      (2.111) 

in which: 

p

p A A

c

gA
C Q H

a
     Constant used in the characteristic method      (2.112) 

p

n B B

c

gA
C Q H

a
      Constant used in the characteristic method    (2.113) 

p

a

c

gA
C

a
     Constant used in the characteristic method     (2.114) 

Note that the Eq. (2.110) is valid along the AP  line and Eq. (2.111) is valid along the 

BP  line. In Eqs. (2.110) and (2.111), the two unknowns ,P PQ H  can be found by 

resolution.  

2

p n

P

C C
Q


   (2.115) 

1

2

p n

P

a

C C
H

C

 
  

 
  (2.116) 

A time and length increment discretization of a given domain in which ,P PQ H  values 

can be computed at specific location and time (Fig. 2.11). Previously to the computations, 
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initial values (green dots) and boundary conditions (blue dots) must be specified by the 

user.  

ΔxΔxΔxΔxΔx
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Figure 2. 18 - Characteristic Grid 

Initial conditions values can easily be found using the Darcy-Weisbach equation for 

steady-state conditions.  

Boundary conditions vary according to the problem type. Common boundary conditions 

(Chaudry (1979); Wylie & Streeter (1993); Ellis (2008)) are: 

 Reservoirs and tanks 

 Branches and changes in pipe properties 

 Actuated valves and pipeline fittings 

 Pumps 

 Turbines 
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2.5 Conclusion  

Chapter 2 covered the historical knowledge of the water hammer.  

Section 2.2 reviewed the advancement of the water hammer knowledge throughout the 

researchers work from the beginning of the twentieth century until today. It then 

explained the purpose of the present work and what it brings to the scientific community.  

Section 2.3 reviewed the water hammer theory, so a newcomer to the topic could follow 

the thesis. Two theories were developed. The rigid water column theory was based on the 

assumptions that the pipe wall is rigid and the water incompressible. It leads to a simple 

equation that could only be applied at under certain restrictions. The elastic water column 

theory assumed the pipe wall flexible and the water compressible. It lead to a partial 

differential equation (PDE) system that can be resolved with method explained in Section 

2.4 

Section 2.4 explains the three methods used to resolve the PDE system. The theories of 

the arithmetic, graphical and characteristic methods were explained and references were 

given. Those methods consider the water hammer unidimensional and don’t consider the 

fluid-structure interaction effect. 

The following thesis reproduces the water hammer using another method explained in 

details in Chapter 4. Unlike the three previous methods, this method represents the water 

hammer in three dimensions and takes the fluid-structure interaction into consideration. 
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CHAPTER 3 –CLASSICAL DESIGN 

3.1 Objectives  

This chapter intends to inform the reader on the rational steps used for a classical 

penstock design and to develop an analytical reference case.  

Section 3.2 first explains the process step by step on how penstocks are currently 

designed in the industry sector.  

Section 3.3 develops an analytical case of a simply supported pipe using a real case 

project. The case will be used as a comparison point with the numerical model built in 

Chapter 4 and presented in Chapter 5. 

3.2 Design Steps  

As shown in Fig. 3.1, penstock is a water conveyance pipe system that connects the dam 

to the powerhouse on a hydropowersite.  

 

Figure 3. 1 – Hydropower Site 

http://www.innergex.com/en/energy-sources 

It is designed based on environmental, economical, technical and social considerations. 

The details are provided in the following 
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3.2.1  Input Data Validation 

In the whole rational process of a hydro site development, the penstock design does not 

come first. Hydrological and geological data must have been collected prior to its design 

and will be used as input requirements. A short description of each requirement is 

described here.  

3.2.1.1 Geotechnical Data and Elevations 

Geological data are obtained from investigations and written down in a soil report. It 

includes the specification of core samples and the nature and characteristic of the soil. 

Elevations are obtained from a survey done in the first stage of the design. Both are input 

requirements used for the general layout of the penstock.  

3.2.1.2 The design flow  

The design flow is one of two major input parameters that dictate the total amount of 

energy produced at the powerhouse over its lifetime. It is determined throughout an 

iteration process using a flow-duration curve of a river
 
and a turbine efficiency curve. The 

first of the two, shown in Fig. 3.2, represents the historical flow at a site from maximum 

to minimum flow. The second one, shown in Fig. 3.3, is a graph that represents the 

turbine efficiency for different flows.  The iteration process is well documented and 

explained in RETScreen (2004). The design flow is an input requirement used in the 

penstock diameter optimization.  
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Figure 3. 2 - Flow Duration Curve of a River 

http://www.renewablesfirst.co.uk/Hydro-feasibility-study.html 

 

Figure 3. 3 - Turbine Efficiency Curve 

http://www.codecogs.com/reference/engineering/fluid_mechanics/machines/turbines/specific_speed_a

nd_unit_conditions.php 

3.2.1.3 The gross head  

The gross head is the second major input used for the energy production calculation. Its 

value is the difference between the headwater and the tail water levels under normal 

operating condition. It is determined throughout a socio-economic process within which 
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the headwater level is a compromise between profitability of the project and public 

acceptance. The gross head is an input requirement into the pipe-fluid analysis. 

3.2.2  Determination of the General Layout  

The general layout aims at economically conveying water from the reservoir to the 

powerhouse. The type of the soil, steepness of the terrain, existing infrastructure, 

temperature, environmental and social constraints will greatly affect the penstock layout. 

A design aims, as much as possible, at minimize the penstock length, to reduce the 

number of bends, facilitate the installation process and keep the penstock buried so it 

does not disturb the natural habitat. Unlike buried penstock segments, elevated ones are 

subjected to thermal effects induced by atmospheric temperature differentials. Also, they 

require supports that could increase the cost of the project.  

3.2.3  Economic Diameter determination 

The penstock’s diameter ( )pD is determined through an optimization process. For a given 

design flow, the penstock diameter is inversely proportional to the fluid velocity and thus 

inversely proportional to the square of the head loss. A parabolic curve relating the cost 

of the head loss over the powerhouse lifetime for different diameters can then be drawn. 

Another curve relating the manufacturing and the installation cost of the penstock to its 

diameter is superimposed on the same graph. The intersection of both curves shown on 

Fig. 3.4 provides the optimal diameter. One must know that the second curve is a cost 

approximation based on similar projects done in the past.  
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Figure 3. 4 - Economic Diameter Curves 

Several economic diameter equations that estimate the value of the intersection point 

have been published and are available to the designers in Clause 1.4 of AWWA (2004). 

As a rule of thumb, a diameter corresponding to a head loss of four percent is typical in 

medium and small powerhouses.  

3.2.4  Thickness determination 

The thickness of the pipe ( )e is the variable that is last adjusted to meet different cases 

requirement. Its value is determined in a document called Design Report which consists 

in a comprehensive, detailed calculation that clearly describes the stresses in a penstock. 

One must ensure that the thickness satisfies the minimum requirements listed in Section. 

3.2.4.1. Loadings and allowable stresses required to calculate the third minimum 

requirement are listed in Section 3.2.4.2 .  

3.2.4.1 Minimum thickness requirements 

The minimum thickness of the penstock mine  should be the largest of the four following 

cases: 

1. Penstock wall thickness should be large enough to ensure adequate shipment and 

handling. The largest value of the following formula taken from Clause 4.1.2.1 of 

ASCE (1993) should be used.   
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288

p

min

D
e   (3.1) 

20

400

p

min

D
e


   (3.2) 

2. Wall thickness should be large enough to ensure a maximum deflection max of 

360

p

max

L
    (3.3) 

3. Wall should be thick enough to resist the imposed loads given certain allowable 

stress conditions 

4. An allowance for corrosion must be considered in the calculations. 

5. The pD e ratio should be larger than 158 to avoid pipe buckling due to full internal 

vacuum. 

3.2.4.2 Loading 

i. Circumferential stresses 

Circumferential stresses can be induced due to internal and/or external pressure. Internal 

pressure, as defined in Clause 3.1.5.1 of ASCE (1993) includes the pressure induced by 

static head, water hammer and hydrostatic tests. External pressure, as defined in Clause 

3.1.5.2 of ASCE (1993), is induced by the ground water seepage pressure, the vacuum 

generated by dewatering, the soil height over the pipe and the loads generated by the 

concrete pouring during the construction phase.  

ii. Longitudinal stresses 

Loading causing longitudinal stresses includes dead and live loads which induce bending 

into the pipe wall, thermal effects and friction loads. Also, internal pressure can induce 

longitudinal stresses when the pipe ends are restrained due to the Poisson effect.   
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3.2.4.3  Combined stresses and Allowable Stresses 

The von Mises effective stress vm , a combined value of the circumferential h  and the 

longitudinal stresses l , must be equal or less than an allowable stress k . Both values 

are defined below.   

2 2 1/2( )vm h h l l         (3.4) 

k fK    (3.5) 

where: 

2 1
min( , )

3 3
f y uS S    (3.6) 

yS     Tensile Strength, MPa  

uS     Ultimate Strength, MPa  

K     Increase factor 

K  is an increase factor. It depends on the type of conditions for which the stresses are 

calculated (Normal, Intermittent, Emergency, Exceptional, Construction, Hydrostatic 

test) and the category of those stresses (General Primary, Local Primary, Secondary). 

Table 3.5 of ASCE (1993) lists the value of the K  factors for all different cases. 

3.3 Practical Design Problem  

The case is taken at the powerhouse Upper Bear Creek located in the city of Sechelt B.C. 

Calculations are made for the elevated straight section simply supported located between 

saddle S15-4 and S15-5.  

3.3.1 Statement of the problem 

Figure 3.5 shows a 15.384 m steel pipe segment filled with pressurized water 

3( 1000.02 )w kg m  and inclined by 25.86° with the horizontal. A hydraulic analysis 

had previously determined an economic diameter of 1.067 m. Steel ASTM A1018 Grade 

60,  37850 , 0.3, 200 , 413.7 , 517.1s y ukg m E GPa S MPa S MPa       has been 



51 

 

Numeric Modelling of Water Hammer Effects in Penstocks Chapter 3 
January 2013  

used to manufacture the pipe. The expansion joint allows the pipe to move freely in the 

longitudinal direction and has a resistance force of 500 pD  lbs in which pD  is in inches.  

The static pressure oH  that creates the distributed load is considered constant and equal 

to 455.267 m. The preliminary transient analysis using the characteristic method has 

predicted a water hammer amplification factor of 1.1. 

It is required to determine the thickness of the pipe under normal operating conditions 

according to an increase factor of 1K  . 

3.3.2 Free Body Diagram 

 

Figure 3. 5 - Free Body Diagram of the elevated straight segment at Upper Bear Creek 

3.3.3 Assumptions 

Due to the relatively small values of the radial stress, a plane state loading that generates 

circumferential and longitudinal stresses is considered. 

3.3.4 Calculations 

3.3.4.1 Stresses 

i. Allowable Stresses 

Take the smallest value 

Allowable stress induced by the yield strength 
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2 2 413.7
275.8

3 3

y

y

S MPa
MPa


     (3.7) 

Allowable stress induced by the ultimate strength 

517.1
172.4

3 3

u
u

S MPa
MPa       (3.8) 

min( , ) 1 172.4k y uK MPa        (3.9) 

ii. Minimum thickness required 

2455.3 9.81 1000.02 (1.067) / 1.1

2 2 172.4

15.2

o w p

t

k

H g D f m m s kg m
e

MPa

mm





   
 





 (3.10) 

where: 

f     Water hammer amplification factor 

According to the “Steel Penstock Specification, Upper and Lower Bear Hydro Project, 

”an allowance of 1.6mm, for corrosion purpose, is to be added to the thickness computed 

in Eq. (3.10) resulting in a total required thickness of 16.8ce mm . The closest available 

thickness is 19.05e mm . Using the 19.05mm thickness, the hoop stress is recalculated 

as: 

2 3455.3 9.81 1000.02 (1.067) 1.1

2 2 0.0191

137.6

o w p

h

H g D f m m s kg m m

e m

MPa




   
 





 (3.11) 

iii. Longitudinal Stress 

A. Bending Stress due to gravity 

The distributed force induced by the weight of the steel is  

 

2 2

2 2 2 3 3

( )

(0.5526 0.5335 ) 15.384 7850 9.80665 10

15.384

5.02

o i p s

s

p

r r L
w

L

m m kg m kN kg

m

k N m

 

 




     




 (3.12) 
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The distributed force induced by the weight of the water is  

 

2

2 2 3 3

( )

(0.5335 ) 15.384 1000.02 9.80665 10

15.384

8.77

i p w

w

p

r L
w

L

m m kg m kN kg

m

kN m

 

 



    




 (3.13) 

The total distributed force induced by the weight is  

5.02 8.77 13.8tw kN m kN m kN m     (3.14) 

The component of self weight inducing bending is 

13.8 cos(25.86 ) 12.4bw kN m kN m     (3.15) 

Assuming a simply supported condition, the maximum bending moment is  

2 2 212.4 15.384
367

8 8

b p

b

w L kN m m
M kNm


    (3.16) 

And the corresponding maximum longitudinal stress is  

2 2 2

367 367

(0.5335 ) 0.01905

21.5

b
b

p i

M kNm kNm

S r e m m

MPa


 

  
 



 (3.17) 

where: 

ir     Pipe  inner radius, m  

pS     Pipe section modulus, 3m   

B. Longitudinal Stress due to gravity 

The component of self weight inducing normal stress is 

13.8 sin(25.86 ) 6.02lw kN m kN m       (3.18) 

and the corresponding maximum longitudinal stress is  
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2 2

2 2 2

6.02 / 15.384

( )

6.02 / 15.384
1.42

(0.5526 0.5335 )

l p

a

p o i

w L kN m m

A r r

kN m m
MPa

m







 




 

 

  (3.19) 

where: 

or     Pipe’s outside radius, m  

C. Longitudinal Stress due to the expansion joint  

Clause 4.1.2.3 of ASCE (1993) requires to consider a compressive force value of 500 pD

to account for friction forces within the joint, i.e., 

500 87.6eT D lbs D kN    (3.20) 

87.6 1.067 93.47eT kN m kN     (3.21) 

The corresponding maximum longitudinal stress is 

2 2 2

93.47
1.43

(0.5526 0.5335 )
e

kN
MPa

m



 

 
 (3.22) 

Given the small value of the stress induced, the corresponding axial stress within the 

expansion joint will be neglected.  

D. Total Longitudinal Stress 

21.5 1.42 22.9l MPa MPa MPa        (3.23) 

The longitudinal stress due to Poisson effect and the thermal stresses are neglected  

due to the presence of the expansion joint  

iv. Stress Combination (von-Mises Theory) 
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Figure 3. 6 - Stresses on an infinitesimal element of the penstock 

 

2 2 1/2

1/2
2 2

( )

138 138 ( 22.9 ) ( 22.9)

150.8

vm h h l l

MPa MPa MPa MPa

MPa

      

     



    (3.24) 

172.4
1.14

150.8

k

vm

MPa
FS

MPa




              (3.25) 

3.3.4.2 Deflection  

4 4 4

4 4

5 5 12.4 15.384

384 384 200 ( ( ) / 32)

4.72

b p

max

p po p

w L kN m m

EI GPa D D

mm




 
 

  



 (3.26) 

poD     Pipe outside diameter, m  

pI     Inertia of the Pipe, 4m  

3.3.4.3  Explanation according to the thickness criteria  

1. The thickness meets both requirements to ensure adequate shipment and handling 

1.067
3.7

288 288

pD
e mm     (3.27)  

20 1.067 0.02
2.71

400 400

pD
e mm

 
     (3.28) 

2. Wall ensures a maximal deflection equaled to 360pL of the span. 

h

l

h

l
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15.384
42.73

360 360

p

max

L m
mm      (3.29) 

3. Wall is thick enough to resist the imposed loads given certain allowable stress 

conditions.  

172.4
1.14

150.8

k

vm

MPa
FS

MPa




     (3.30) 

4. The pD e  ratio is not larger than 158 to avoid pipe buckling due to full internal 

vacuum. 

1.067
56 158

0.01905

pD m

e m
     (3.31) 

3.4 Conclusion  

Chapter 3 has performed an analytical case based on a real case project that responds to 

industrial standard requirements. It will serve as a comparison point with the numerical 

model developed in Chapter 4 and presented in Chapter 5. 
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CHAPTER 4 – DESCRIPTION OF THE FLUID-STRUCTURE 

INTERACTION MODEL 

4.1 Objectives  

This chapter describes the details of the fluid-structure interaction (FSI) model used to 

model the reference case and parametric cases in following chapters. The model is based 

on the Finite Element Method-Finite Volume Method (FEM-FVM) techniques. Unlike 

the structural solver which uses the Finite Element Method (FEM) to discretize the 

equilibrium equations, the fluid solver uses the Finite Volume Method (FVM) to 

discretize the Navier Stokes Equations. The latter method differs from the FEM in that it 

calculates the field variable values within control volumes fixed in space on a meshed 

geometry. Each element of the mesh acts as a control volume for which the partial 

differential equations (PDE) of conservation (mass, momentum and energy) are 

discretized. The discretization procedure transforms the PDE into a system of algebraic 

equations, which are subsequently solved numerically. The general concepts of FSI 

analysis are first explained in Section 4.2 and their general implementation within the 

ANSYS-CFX environment is next described in Section 4.3. Sections 4.4 to 4.6 define, 

more in details, the model geometry, its steady-state and transient input files.  

4.2  General Concepts in Fluid-Structure Interaction (FSI) Analysis 

General concepts of both steady-state and transient FSI are presented in this section. It 

shows the input and output type of both analyses and shows how they are inter-related. A 

steady-state simulation is required to determine the initial condition before a transient 

analysis can be conducted. It allows the moving mesh of the pipe wall to stabilize under 

the action of the reference pressure and the gravity forces prior conducting the transient 

analysis caused by gate closure. Without the steady state analysis, a high acceleration of 

the mesh would occur in the transient analysis which causes the fluid solver to fail to 

converge. To achieve steady-state convergence, ANSYS-CFX uses a pseudo-transient 

algorithm that iterates on the fluid fields through a pseudo-time (i.e., not an elapsed time). 

The algorithm starts with an initial guess displacement vector to determine the steady 

state condition.   
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Since the analysis is steady-state, it does not include the transient effects (Inertia forces). 

As shown in Fig. 4.1, the steady-state analysis involves two stages of convergence to 

achieve the expected results.  

Structural Loop: For a geometrically non-linear analysis, the stiffness of the structure 

depends upon the displacement fields, and the resulting equilibrium equations are 

nonlinear in the displacement fields. Displacements are first obtained by the structural 

solver through a convergence loop. When equilibrium is established, the displacement 

fields are sent to the fluid solver as input.  

Fluid Loop: Given the displacement fields, pressure and velocity fields are computed by 

the fluid solver through another convergence loop. Forces are calculated by integrating 

the pressure field over the pipe tributary area and are sent to the structural solver as input. 

Coupling Loop: The whole process of exchanging data between the structural solver and 

fluid solver is done through a coupling loop. The loop compares the difference of 

obtained fields at the i  and 1i   iteration steps against a user-specified convergence 

criterion to establish whether or not convergence is achieved. 
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Figure 4. 1 - Flow chart of a Steady-State Fluid-Structure Interaction (FSI) 

As shown in Fig.4.2, the transient FSI analysis requires the steady state structural and 

fluid output results as initial conditions. For a given time increment, three levels of 

iterations are performed in a transient analysis. These are a structural convergence loop, 

fluid convergence loop, and interaction convergence loop. Once the interaction 

convergence loop has attained convergence, the pressure, displacement, velocity, and 

acceleration fields are stored and passed as input to start the commutations for the next 

time increment and the process is repeated 
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Figure 4. 2 - Flow chart of a Transient Fluid-Structure Interaction (FSI) 
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4.3  General Implementation of a FSI Model in ANSYS-CFX 

The general layout of the model depicted in Fig. 4.3 illustrates how an FSI model is built 

using the ANSYS-CFX software and how to visualize the results of the steady-state and 

the transient simulations. The steps identified on the figure are described in Sections 4.4, 

4.5, and 4.6. At the bottom of each Box in the diagram, a section number is provided 

which refers the reader to the relevant section in the chapter which provides more details.   

 

Figure 4. 3 - Flow Chart of a Transient Fluid-Structure Interaction (FSI) 
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Step 1: The workbench platform shown on Fig. 4.4 is used to create three modules. 

Module 1 which defines the model geometry within the geometry interface 

DesignModeler. This module is linked to Modules 2 and 3 and ensures the same 

geometry will be used for the solid and fluid models. The model geometry is defined in 

Section 4.4.  

Module 2 which defines the structural input file (.inp) which specifies the structural 

properties, structural coordinate system, structural mesh, structural boundary conditions, 

structural loads, type of structural analysis and structural convergence criteria. These 

include a residual force convergence criterion, residual moment convergence criterion. 

The structural input steps are defined in Section 4.5.1.  

Module 3 defines the fluid coordinate system and the fluid mesh file (.msh) in Section 

4.5.2. 

 

Figure 4. 4 - Defining the Geometry, Structural inputs and Fluid mesh in Workbench 

Step 2: On the CFX-Pre interface shown in Fig. 4.5, a Fluid input file for Steady-State 

analysis is defined using the files created in Step 1.  Specified on this interface are: 

 Fluid Properties (Density, Dynamic viscosity, Thermal conductivity, Absorption 

coefficient) 

 Fluid domain and boundary conditions (Opening, Out, Wall) 

 Type of fluid analysis (Steady State, Transient) 
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 Fluid and Interaction convergence criteria  

Once the model is built, data can be written in a definition file (.def) using the “Define 

Run” Option location in the “Tool” bar. The fluid steps definition are presented in 

Section 4.5.3.  

 

Figure 4. 5 - Defining Fluid input into CFX-Pre for the steady-state analysis 

Step 3: The definition file (.def) created in Step 2 is input into the CFX-Solver shown in 

Fig. 4.6 to execute the iterative process until the steady-state convergence is achieved. 

The fluid (.bak and .res) and structural (.db) output files, that contain the physics, the 

mesh, the results of the steady-state analysis, will be input as initial conditions for the 

transient analysis. 
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Figure 4. 6 - Executing the iterative process for the Steady State analysis into CFX-Solver 

Step 4: Structural results files (.db) built in the steady-state analysis are read and post-

processed within the ANSYS-APDL interface using the Data & File Opts command. 

Fluid results files (.bak and .res) are read and post-processed within the interface CFD-

Post. 

Step 5: On the CFX-Pre interface shown in Fig. 4.7, a Fluid Input File for transient 

analysis is redefined using the files created in Step 1. Fluid Characteristics, Fluid 

Domain, Fluid Boundary Conditions, Fluid Convergence Criteria, FSI Convergence 

Criteria must be redefined within this interface. Timesteps and transient duration time are 

also input in CFX-Pre. The file (.def) created from this interface is input into the CFX-

Solver to execute the transient iterative process as explained in Step 6.  
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Figure 4. 7 - Redefining the Fluid Input File into CFX-Pre for the transient analysis 

Step 6: On the CFX-Solver interface, two sub steps must be executed before a transient 

simulation can be done. 

 The Inertia effect must be added to the structural input file (.inp) for the transient 

analysis and saved as a (.mf) file throughout a Run Mode called “Process Input File 

Only” (Fig. 4.8). To be executed, the Run Mode requires the structural results file 

(.db) generated in Step 4.  Section 4.6.3 shows the details of the operation.  

 The modified file (.mf) is input into the Run Mode “Start ANSYS and CFX” shown 

in Fig. 4.9. Added to the structural results file (.db), this mode requires the fluid results 

file (i.e., either the .bak or .res) generated in Step 4 as initial conditions. 

The analysis generates three files.  These are the fluid (.trn and .res) and structural (.db) 

output files which contain the physics, the mesh and the solution data of the transient 

solution.  
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Figure 4. 8 - Adding the Inertia effect to the structural input file for the Transient analysis 

 

Figure 4. 9 - Executing the iterative process for the Transient analysis into CFX-Solver 

Step 7: Structural results files (.db) generated from transient analysis can be read and 

post-processed within the ANSYS-APDL interface using the Data & File Opts 

command. Fluid results files (.trn and .res) files can be read and post-processed within the 

CFD-Post interface. 
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4.4 Defining the Model Geometry 

For the reference case, the model geometry has been sketched according to the 

dimensions of Fig. 3.4. Both structural and fluid models are generated with the same 

sketches to ensure compatibility between the structural and fluid models. The suppress 

body option allows one to work on the fluid or the structure models separately. 

4.4.1 Defining the Structural Model Geometry 

Figure 4.10 illustrates a sweep operation that generates a surface from a defined profile 

extruded along a path. The surface thickness has to be user defined to zero.  

 

Figure 4. 10 - Defining the Structural Model Geometry on DesignModeler 

For meshing purposes explained in Section 4.5.1.3.3, the surface must be cut in four 

equal bodies throughout two slice operations. Newly created bodies must be grouped in 

one part to avoid any discontinuities that could occur in the mesh generated.  A flip 

surface operation, that allows the user to reverse the force orientation on the surface, is 

finally defined. By default, the orientation of the normal is defined on the outer side of 

the surface of the pipe. The flip surface operation allows the user to have the fluid forces 

applied on the inner side of the surface to allow it to interact with the fluid pressure.  

4.4.2 Defining Fluid Model Geometry 

Figure 4.11 illustrates a sweep operation that generates a solid from a defined profile 

(circular in this case) extruded along a path (linear in this case). 

Profile Path 
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 Figure 4. 11 - Defining the Fluid Model Geometry on DesignModeler 

4.5 Defining input for Steady-State Model 

4.5.1  Defining the Structural Input File  

Defining the Structural Input File requires to properly set its properties, coordinate 

system, mesh, boundary conditions, loads and analysis type. Once everything is set, the 

input file (.inp) can be generated using the tools option. 

4.5.1.1 Defining the properties of the pipe  

The pipe surface is made out of structural steel with properties already defined in Section 

3.3.1.  

Other properties explained below can be seen on Fig. 4.12: 

 The material non-linearity is not considered since the von-Mises stress is kept well 

under the allowable von-Mises stress value computed in Section 3.3.4.1.  

 The thermal stress effects are not considered since the temperature is assumed to 

remain constant. 

 As already defined in Section 3.3.4.1, the pipe’s thickness is defined here as 19.05 mm 

for the reference case. 

 The element nodes are specified to be on the inside surface of the element (Within 

ANSYS, this is termed as the bottom side).  

Profile 

Path 
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Figure 4. 12 - Defining the properties of the Structural Model 

4.5.1.2  Defining the Structural Coordinate System 

A cylindrical coordinate system with an origin located at the center of the pipe outlet end 

(Fig. 4.13) is selected for the structural model. This system allows one to define the 

boundary conditions described in Section 4.5.1.4 and to visualize and extract the 

simulation results along the longitudinal, circumferential, and radial directions of the 

pipe. 

 

Figure 4. 13 - Defining the Structural Cylindrical Coordinate System 

 

 

Outlet 
Inlet 
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4.5.1.3 Defining the Structural Mesh  

Structural element characteristic, meshing parameters and meshing operations are 

presented in this section.  

4.5.1.3.1 Defining the Structural Element Characteristics 

The structural element that meshes the pipe is SHELL181 (Fig. 4.14). It is a four noded 

shell element with six degrees of freedom at each node (three translations and three 

rotations). It is well-suited for linear, large rotation and large strain nonlinear 

applications. It is capable of capturing the follower effects of distributed pressures.  

Option KEYOPT(3) specifies the mode integration of the shell element.  

 Set as (0), it uses a reduced integration with hourglass control  

 Set as (2), it uses a full integration with incompatible mode 

Full integration (i.e., Option (2)) is most effective with problems involving bending. The 

reduced integration option would require a refined mesh and would increase the 

computing time. KEYOPT(3) is set at (2) for the current problem.  

Option KEYOPT(8) specifies the layer data storage. 

 Set as (0), it stores data for bottom-surface of bottom layer and top-surface of top layer  

 Set as (1), it stores top and bottom-surface data for all layers 

 Set as (2), it stores top, bottom and mid-surface for all layers  

KEYOPT(8) is set at (2) for the current problem. 

 

Figure 4. 14 - Shell Element SHELL181 
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In order to keep the aspect ratio of the element to two, and achieve a reasonable balance 

between accuracy of results and computational time, element dimensions of 85 mm x 170 

mm were chosen. 

4.5.1.3.2 Defining the Mesh Parameters 

Meshing parameters set for the automatic mesher are shown in Fig. 4.15 and listed in 

Table 4.1. Parameters are detailed in the following. 

 

Figure 4. 15 - Defining Structural Meshing Parameter 

Table 4. 1 - Structural Meshing Parameters 

 

Physics Preference:  This option allows the user to specify the physics of the problem 

(Mechanical, Electromagnetic, CFD, Explicit). In the present problem, the mechanical 

option is specified.  

Use Advanced Size Function: When the advanced size function is set to On: 

Curvature, the maximum angle that an element edge is allowed to subtend is specified. 

The default angle curvature value of 18° is used for the model. 

Physics Preference Mechanical 

Use Advanced Size Function On:Curvature

Curvature 18°

Shape Checking Aggressive Mechanical 

Element Midside Nodes Dropped
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Shape Checking: The shape checking can be either set to standard or aggressive for 

mechanical physics. For linear analysis, standard shape checking provides shell elements 

with Jacobian ratio computed at integration points lower than 40.  For large-deflection or 

large strains analyses, an aggressive shape checking ensures shell elements with Jacobian 

ratio computed at nodal points lower than 40.  

Element Midside Nodes: The shell element can be either 4 or 8 nodded. When the 

midside node is specified as dropped, the software specifies a 4 nodes shell element. 

When specified as kept, the software specifies 8 nodes.   

4.5.1.3.3 Defining the Mesh Operations 

Based on the element size given in Section 4.5.1.3.1, the structural model has 40 

elements in the circumferential direction and 91 elements in the longitudinal direction 

totalling 3640 elements.  Three local mesh controls are used to define the above mesh: 

 An Edge Sizing Control defined on an edge specifies the number of elements or the 

length of the elements along this edge. The Edge Sizing control in Fig. 4.16. specifies 

an element length of 170 mm in the longitudinal direction.  

 An Edge Sizing control in the circumferential direction (Fig. 4.17) defines the number 

of elements as 40.  

 A Mapped Face Meshing Control defines a mapped mesh on a selected surface. The 

pipe surface in Fig. 4.16 has been mapped with quadrilateral elements. (4 nodded 

element)  

  

a b 

Figure 4. 16 - Defining the Structural Longitudinal Mesh a) Edge Sizing Operation b) Mesh 
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a b 

Figure 4. 17 - Defining the Structural Circumferential Mesh a) Edge Sizing Operation b) Mesh 

4.5.1.4 Defining the Structural Boundary Conditions 

The pipe ends consist of three regions shown in three different colors in Fig.4.18:a) the 

lower half perimeter which is constrained from moving in the radial and tangential 

directions by the saddle (Red Nodes), b) the upper half parameter which is free to expand 

radially (Green Nodes), and c) the two midheight nodes (Orange Nodes). A complete 

description of the boundary conditions is provided in Table 4.2. In order to define the 

boundary conditions, three node groups had to be defined at each end. This was done 

through the name selection feature in Ansys. Also, the nodal coordinate system had to be 

changed from Cartesian to Cylindrical. This has been done using the nodal orientation 

feature. 

 

Figure 4. 18 - Defining the Structural Boundary Conditions on the three pipe regions 
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Figure 4. 19 - Changing the nodal coordinate system from Cartesian to Cylindrical 

Table 4. 2 - Structural boundary conditions in the cylindrical coordinate system  

 

4.5.1.5 Defining the Structural Loads 

Two types of loading are input into the structural model: gravity and fluid-solid interface. 

The gravity load models the force induced by the pipe weight that will further create the 

pipe bending effect. As illustrated on the Fig. 4.20, the gravity acceleration is set to 

9.80665 
2m s by default in ANSYS, and is applied along the “y” direction of the 

Cartesian Coordinate System.  

The fluid-solid interface load acts as a link between the fluid and structural solvers. As 

explained in Section 4.4.1, it is defined on the inner side of the pipe. It allows the 

displacements computed by the structural solver to be transferred to the fluid solver and 

the forces computed by the fluid solver to be transferred to the structural solver. 
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Figure 4. 20 - Defining the Gravity Load 

4.5.1.6 Defining the Structural Convergence Criteria 

The analysis settings allow one to control the steps, the solver, the non-linearity 

convergence criteria and the numerical damping. Relevant choices are shown in Fig. 

4.21, listed in Table 4.3 and explained below.  

 

Figure 4. 21 - Defining the Structural Analysis Settings 
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Table 4. 3 - Analysis Settings  

 

Auto time Stepping:  This option allows one to specify the number of sub steps. Sub 

steps are points within a time increment at which solutions are calculated. It is usually 

used for non linear Steady-State analysis in order to apply the loads gradually so that an 

accurate solution can be obtained. In FSI analysis, the use of sub steps, sub cycling, is not 

recommended since loads provided by the Fluid Solver are not updated for each sub step 

and only the final displacement will be transferred to it.  Sub cycling within the Structural 

Solver would unnecessarily increase the computational effort. Setting it to off gives a 

single sub step per coupling timestep. 

Time integration: This option allows the solver to account for inertia effects in the 

transient analysis. This option is set off during the steady-state simulation, but is turned 

on during the transient simulation as explained in Section 4.6.3. 

Solver Type:  The solver type can be either direct (Sparse) or iterative (Preconditioned 

Conjugate Gradient). The direct solver is more robust and more appropriate for non-

linear models with shells elements. This iterative procedure is more efficient and is 

recommended for models dominated by linear elastic behaviour. Since geometric non-

linearity is considered into the FSI simulation, the solver chosen is the direct one  

Large Deflection: The large deflection feature allows geometric non-linearity to be 

accounted for in the analysis and thereby incorporating stress stiffening (or softening) 

effects into the analysis. In an FSI analysis, this feature should always be on, regardless 

of magnitude of the structural displacements. Without this feature, the forces output from 

the Fluid Solver would be applied to the initial structural mesh as opposed to the movable 

mesh. 

Auto time Stepping Off

Time Integration On 

Solver Type Direct 

Large Deflection On 

Force Convergence Program Controlled 

Moment Convergence Program Controlled 

Displacement Convergence Program Controlled 

Rotation Convergence Program Controlled 

Numerical Damping 0.1
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Force, Moment, Displacement and Rotation Convergence: Tolerances on convergence 

are used during the iterative Newton-Raphson process to dictate when a model has 

converged or balanced. Default convergence criteria work for the FSI model developed. 

Tighter tolerances were experimented with and were found to result in an increase in 

computational time while not to significantly affecting the accuracy of the solution. 

Numerical Damping: The structural numerical damping is set to 0.1 for the reference 

case as suggested in ANSYS (AWB130_Dynamics_01) and will be varied in the 

parametric study presented in Chapter 6. 

4.5.2 Defining the Fluid Mesh File  

The fluid mesh file (.msh) contains the fluid coordinate system and the fluid mesh. As 

stated in Section 4.3, it is generated within Workbench and will be input into CFX-Pre. 

Once completed, the mesh has to be exported into a Fluent mesh file (.msh). 

4.5.2.1 Defining the Fluid Coordinate System 

To match the Structural Coordinate System defined in Section 4.5.1.2, the Fluid 

Coordinate System shown in Fig. 4.22 is also cylindrical. Its origin is located at the center 

of the pipe outlet end. 

 

Figure 4. 22 - Defining the Fluid Cylindrical Coordinate System 

 

 

Inlet Outlet 
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4.5.2.2 Fluid Mesh Details 

Meshing parameters and operations are presented in this section. 

Unlike in a single fluid mesh sensitivity, an element refinement in a fluid-structure 

interaction analysis can create a divergence in the solution. The control volume 

dimensions have been set following a mesh sensitivity analysis that optimizes the 

structural and fluid meshes based on the accuracy of results and computational cost. The 

control volume dimensions do not exceed 85 mm in the circumferential direction and 

equals 170 mm in the longitudinal direction.  

4.5.2.2.1 Meshing Parameters 

Meshing parameters are shown in Fig. 4.23, listed on Table 4.4 and explained below. 

 

Figure 4. 23 - Defining the Fluid Meshing Parameters 

Table 4. 4 - Fluid Meshing Parameters  

 

Physics Preference:  This option allows the user to specify the physics of the problem 

(Mechanical, Electromagnetic, CFD, Explicit). In the present case, the CFD option is 

specified  

Physics Preference CFD

Solver Preference CFX

Use Advanced                                

Size Function On:Curvature 

Shape Checking CFD
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Solver Preference: The fluid model can be solved either by the CFX or Fluent solver. 

Since the current analysis is defined on the CFX interface, the fluid model will be solved 

by the CFX solver.  

Use Advanced Size Function: When the advanced size function is set to On:Curvature, 

a maximum angle that one element edge is allowed to span is specified. The default angle 

curvature value of 18° is used for the fluid model. 

Shape Checking: The shape checking for fluid uses a shape checking criterion based on 

element volume. 

4.5.2.2.2 Meshing Operations 

Based on the element size given in Section 4.5.2.2, the fluid model has 94,640 elements. 

Two meshing methods, that set the general shape and the element type, and one local 

mesh controls, that organizes the elements locally, allows one to comply the element 

requirements given in Section 4.5.2.2 

 A sweep meshing method is used for a model that revolves around an axis where the 

source and target faces share topology. It meshes the model for a given element length 

in the axis direction. The present model specifies an element length of 170 mm as 

illustrated in Fig. 4.24. 

 An Edge Sizing control in the circumferential direction has defined the number of 

element (40) in Fig. 4.25 

 An Inflation method is used to gradually reduce the element thickness from the pipe 

center toward the wall. It allows the solver to efficiently solve the model in the 

boundary layer near the pipe wall. Throughout the meshing process, the inflation 

method will be implemented before the sweeping method. The current inflation 

method specifies a total thickness of 500 mm and a number of layers of 25. 
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a b 

Figure 4. 24 - Defining the fluid longitudinal mesh through a sweep method a) Sweep Method 

Mesh 

  

a b 

Figure 4. 25 - Defining the fluid circumferential mesh through an edge sizing control   

a) Edge Sizing Operation b) Mesh 

4.5.3 Defining the Fluid Input File  

As mentioned in Step 2 of Section 4.3, CFX-Pre Interface is used to define and generate 

the fluid definition file (.def) used as input in the iterative process for the Steady-State 

analysis. 

4.5.3.1 Pre-Setting 

Before the analysis can be defined, the Structural Input File (.inp) from section 4.5.1 and 

the Fluid Mesh File (.msh) from section 4.5.2 have to be input.  

 The Structural Input File must be inserted into the Analysis Type tab 

  The Fluid Mesh File must be imported as a fluent file (.msh) by right-clicking on the 

mesh tab. 
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4.5.3.2 Fluid Characteristics 

The fluid used for the simulation is pressurized water at 4.467refP MPa  and 

20refT C . Fluid characteristics are input under the material tab and the fluid itself are 

specified as water under the domain tab. 

The density w  is a function of the absolute pressure absP . It is defined as an expression 

in the material tab. 

0

0

(1 )abs
w w

P

k
        (4.1) 

0w  
Density of the water at an absolute pressure 101.3

abs
P kPa  and a reference 

temperature 20refT C  

ok  Bulk Modulus of the water at an absolute pressure 101.3
abs

P kPa  and a 

reference temperature 20refT C  

4.5.3.3 Fluid Domain Parameters 

Domain parameters are shown in Figs. 4.26 and 4.27, listed in Table 4.5, and explained 

below. 

 

Figure 4. 26 - Defining the Domain Parameters (Basic Settings) 
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Figure 4. 27 - Defining the Domain Parameters (Fluid Models) 

Table 4. 5 – Fluid Domain Parameters  

 

Reference Pressure: The reference pressure is the absolute pressure datum from which 

all relative pressures are assumed to vary. Deviations from the reference pressure will be 

called relative pressure. Due to the high static pressure input to the problem (4.467 MPa), 

the use of relative pressure eliminates round-off errors that would arise if the analyst 

adopts absolute pressure (i.e., the sum of the reference pressure and the relative pressure). 

The reference pressure is defined in the analysis through the function “include pref in 

forces” located in the expert parameter tab. Its value is equal to the static pressure sP  as 

defined in Section 3.3.1. 

Buoyancy Model: The buoyancy model allows the model to simulate the weight of the 

fluid. It is applied in the “y” direction of the Cartesian Coordinate System and its value is 

Reference                 

Pressure 
4.466

Mpa

Gravity X Direction 0 m/s²

Gravity Y Direction -9.80665 m/s²

Gravity Z Direction 0 m/s²

Buoyancy Ref. Density 1000.018 kg/m³

Ref.Location 

Center                                                                                      

(Circumferential and 

longitudinal) 

Mesh Stiffness Increase near boundary

Exponant 2

Buoyancy Model

Mesh                   

Deformation
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the standard gravity acceleration of 9.80665
2/m s . The reference density is an 

approximation of the expected domain density calculated with ref
P = 4.467MPa . 

Mesh Deformation: The mesh deformation option must be activated to allow the 

interaction between the fluid and the structure to take place. Specifying the option 

“Increase near boundary” increases the mesh stiffness close to the boundary compared 

to that far from it. The mesh stiffness controls which regions deform to absorb the motion 

and which ones remain relatively rigid. It can be adjusted with an exponent value and 

monitored throughout the mesh diffusivity, contained in the (.res) file. Sensivity tests 

have determined that an exponent value of 2 is most suitable.   

Turbulence:  Turbulence is included in the model. The pressure waves will gradually be 

damped by the losses associated with dissipation through internal fluid friction with the 

pipe wall. Turbulence models, available in CFX are RANS Eddy Viscosity models 

(Standard, SST ) or RANS Reynolds-Stress Models (SSG, BSL). Experiments from 

Gersten et al. (1987) suggest that the SST must be applied for pressure wave simulations. 

4.5.3.4 Boundary Conditions 

The boundary conditions have been chosen on the basis of simulating conditions that are 

representative of reality while having the most robust solution possible.  

Representativeness of Reality: The water hammer problem implies an opening inlet end 

to allow the water to come in and out of the pipe and a flow reduction at the outlet end 

that initiate the pressure wave.  

Solution Robustness: To ensure the solution robustness and comply with the flow outlet 

requirement, an opening pressure has been specified on the opening end of the pipe.  

The corresponding boundary conditions are shown in Fig. 4.28 and are detailed in the 

following. 
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Figure 4. 28 - Fluid boundary conditions. a) Opening, b) Outlet, c) Wall 

Pipe Opening: At the pipe inlet, the boundary condition is specified as an opening with a 

relative pressure of 0 kPa  and a temperature of 
o20 C . It allows the water to flow in and 

out of the pipe. To comply with the structural boundary conditions described in Table 

4.2, an unspecified mesh motion has been specified for the fluid surface defined at the 

opening. Opening parameters are summarized in Table 4.6. 

Table 4. 6 - Opening Boundary Conditions Parameters  

 

Pipe Outlet: At the pipe outlet, the boundary condition is specified as having a mass 

flow rate of 3190 kg / s . To also conform with the structural boundary conditions 

described in Table 4.2, an unspecified mesh motion has been set on this fluid boundary at 

the outlet. Outlet parameters are provided in Table 4.7. 

Mesh Motion Option Unspecified 

Option 
Opening Pressure                 

and Direction

Relative Pressure 0 Pa 

Flow Direction Option 
Normal to                          

Boundary Condition 

Turbulence Option Medium (Intensity=5) %

Option Static Temperature 

Static                       

Temperature 
20 C°

Heat Transfer 

Mass                         

and Momentum

Wall 

Outlet 

Opening 
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Table 4. 7 - Outlet Boundary Conditions Parameters  

 

Pipe Wall: The wall boundary conditions are the interface between the fluid and the 

structure. As indicated in Table 4.8, forces from the fluid solver are transmitted to the 

structural solver and displacements from the structural solver are transmitted to the fluid 

solver. It is assumed that the wall is smooth and the heat transfer is adiabatic.  

Table 4. 8 - Wall Boundary Conditions Parameters  

 

4.5.3.5 Solver Controls 

Conducted numerical experiments have proved that Fluid-Structure Interaction problems 

involving gravity and high pressure are particularly sensitive to error accumulation which 

can be greatly amplified causing the solution to eventually diverge. This is the reason 

behind the following input selections 

 A small residual target was input for the fluid solver and for the coupling data transfer 

convergence target. 

 A high maximum iteration number was specified in order to allow both small 

convergence criteria to be met. 

 An “aggressive” length scale factor was specified in order to optimize the magnitude 

of the pseudo time-step. 

 A rather small residual target for mesh displacements was specified in order to avoid 

any mesh folding. 

Mesh Motion Option Unspecified 

Option Mass Flow Rate 

Mass Flow Rate 3190 kg/s

Mass                                  

and Momentum

Option ANSYS Multifield 

Receive                     

from ANSYS Total Mesh Displacement 

ANSYS Interface FSIN_1

Send to ANSYS Total Force

Option No Slip Wall

Wall Vel. Rel. To Mesh Motion 

Wall Roughness Option Smooth Wall

Heat Transfer Option Adiabatic 

Mesh Motion

Mass and Momentum
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 An under-relaxation factor of 0.75 was specified meaning that only 75% of the forces 

are transmitted to the structural side at each coupling step. The specified values for 

solver controls are shown in Table 4.9 

Table 4. 9 - Steady-State Solver Controls  

 

4.6 Defining input for Transient Model 

Transient Analysis’ settings are similar to the ones specified in the steady-state. The 

changes that must be applied are explained in the following. 

4.6.1 Defining the Transient Analysis 

The analysis must be set as Transient under the “Analysis type” option as shown in Fig. 

4.29. The gate closure time, the simulation duration time and the timestep must then be 

determined and applied to the model. 

Min Iteration 1

Max Iteration 500

Timescale Control Auto Timescale

Length Scale Control Aggressive

Residual Target 1.00E-06

Residual Target 1.00E-08

Min Iteration 1

Max Iteration 300

Under Relaxation                   

Factor
0.75

Convergence Target 1.00E-05

Fluid Equations Control (Except Mesh Displacement)

Mesh Displacement 

External Coupling 

Convergence Control 

Coupling Data Transfer Control

Coupling Step Control
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Figure 4. 29 - Transient Analysis Settings 

Gate Closure Time: The transient condition of the analysis is caused by the reduction of 

the flow at the pipe outlet. The flow rate reduction can be found with the Eqs. (4.2), (4.3) 

and entered as output boundary condition as shown in Fig. 4.30. 

2 4p wQ V D      (4.2) 

0 0( /1[ ]) ( )V step T t s V V t T      (4.3) 

 

Figure 4. 30 - Defining the Outlet Boundary Conditions Parameters (Transient Analysis) 
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The gate closure time T determines if the analysis is considered a rapid or a slow gate 

closure.  A rapid gate closure happens if the gate closure time is smaller than 2 p cL a .A 

slow gate closure time happens if the gate closure time is larger than 2 p cL a . 

Simulation Duration Time: The simulation duration time depends on the type of 

analysis dictated by the gate closure time. Under a rapid gate closure, a complete water 

hammer cycle lasts 4 p cL a seconds. A user determines a rapid gate closure simulation 

time by multiplying the number of water hammer cycles wanted by the duration time of 

one cycle. 

Under a slow gate closure, the duration time of one cycle must be found by a trial and 

error process. Section 5.2.2 presents the duration time for the present reference case.  

Timestep: For a compressible fluid problem, it is required to determine the timestep t  

as a function of the acoustic Courant Number nC  . The closer the Courant number is to 

unity, the more accurate the results are. 

( )o c
n

el

V a t
C

l

 
   (4.4) 

nC     Courant Number  

ell     Element dimension in the longitudinal direction, m  

4.6.2 Setting the transient solver controls   

Solver Control Transient solver controls, presented on Table 4.10, have been determined 

so the simulation duration time is minimized and results are kept accurate. Figures 4.31 

and 4.32 define the controls on the interface CFX-Pre. 

Table 4. 10 - Transient Solver Control 

 

Fluid                                      

Convergence                     

Criteria 

FSI                          

Convergence 

Criteria 

Min 2 2

Max 5 5
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Figure 4. 31 - Defining the Fluid Convergence Criteria (Transient Analysis) 

 

Figure 4. 32 - Defining the FSI Convergence Criteria (Transient Analysis) 

4.6.3 Creating the Modified File  

Before a transient analysis can be executed, the mechanical input file must be adjusted 

and saved as a modified file (.mf) in which command have been added. 

Command 1: The inertia effect of the pipe structure hasn’t been included in the steady-

state analysis and must be inserted in the transient one under the command: 

TIMINT,ON 
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Command 2: The timestep specified defined in Section 4.6.1 for the fluid solver must be 

specified for the structural solver under the command: DELTIM, , ,t t t    

4.7 Conclusion 

Chapter 4 has presented the general concept of a Fluid-Structure Interaction (FSI) and has 

described, in details, its implementation into ANSYS-CFX, so one could recreate the 

water hammer phenomenon into a simply supported straight segment. Structural and 

Fluid results from the reference case model developed in Sections 4.4 to 4.6 are presented 

and analyzed in Chapter 5. 
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CHAPTER 5 –ANALYSIS AND VALIDATION OF AN ELEVATED 

SIMPLY SUPPORTED PENSTOCK  

5.1 Objectives and Scope  

This chapter presents the fluid and structural results for the reference case modeled in 

Chapter 4. Section 5.2 presents timestep comparative analyses for rapid and slow gate 

closures. It establishes a suitable timestep that strikes a balance between accuracy of 

results and computational cost. The timestep selected will be used for subsequent 

simulations. Section 5.3 presents the steady state results. A comparison between the 

structural results obtained and those based on the beam theory is made to assess the 

validity of the model. Section 5.4 presents the transient analysis results. A time evolution 

of the transient pressure, stresses and displacements for both rapid and slow gate closures 

is presented. A comparison between the transient pressure predicted from the FSI and 

those based on the arithmetic method introduced in Chapter 2 is made and the validity of 

the model is assessed. Results from the case of slow gate closure will serve as a reference 

case for the parametric study in Chapter 6.  

5.2 Determining the timestep 

Prior to defining the timestep, both gate closure time and simulation time must be 

determined.  

5.2.1 Determining gate closure time  

For a rapid gate closure, Section 4.6.1 stated that the gate closure time T  must meet the 

condition 2 p cT L a  in which pL is the length of the pipe and ca  is the velocity of the 

pressure wave given by 

31

2.2

1.067 2.2 0.85
1000.02 / 1(1 )

0.01905 200

1201.6 /

c
p

w

c

k GPa
a

D kc m GPa
kg m

m GPaeE

a m s



 
  

  
 



  (5.1) 

The threshold value for rapid closure time is computed by  
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2 2 15.384
0.0256sec

1201.6

p

c

L m

a m s


    (5.2) 

This threshold value will be used to define two cases: a) a rapid closure case and b) a 

slow closure case. A gate closure time of 0.0008sec is less than threshold value 

determined from Eq. 5.2 and meets the requirement 2 p cT L a , and thus characterizes 

the problem as a rapid gate closure. 

For the slow gate closure case, Section 3.3.1 stated that the gate closure time is chosen so 

that the highest pressure attained at the penstock mid-span section would correspond to 

110% of the static pressure sP . A trial and error procedure has determined that a gate 

closure time of 0.1135sec would meet this criterion. A gate closure time of 0.1135sec is 

greater than 2 p cL a making the problem a slow gate closure case (Section 4.6.1).  

5.2.2 Determining the simulation time  

Simulation time for rapid gate closure 1pt is determined according to Section 4.6.1, which 

states that one complete transient pressure cycle should last 4 p cL a seconds. For our 

problem, one has 

1

4 4 15.384
0.0512sec

1201.6
p

p

c

L m
t

a m s


      Simulation time for rapid gate closure        (5.3) 

The simulation time for slow gate closure has been determined through a trial and error 

process. To analyze the damping effect of the pressure wave, a simulation time 2pt that is 

long enough to show two consecutive pressure peaks has been chosen.   

2 0.100 secpt      Simulation time for slow gate closure        (5.4) 

5.2.3 Determining the timestep for rapid gate closure  

Based on the model described in Chapter 4 and using the gate closure times determined 

in Section 5.2.1 and simulation times determined in Section 5.2.2, three analyses for 

timesteps of 0.0001, 0.0002 and 0.0005 secs. were conducted. Transient pressure results 

at penstock mid-span were overlaid on Fig. 5.1 for comparison. 
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Figure 5. 1 - Sensitivity analysis - Influence of different timesteps for the rapid gate closure on the 

transient pressure 

The positive pressure area between zones 1 and 4 takes place in the time frame during 

which the pressure wave travels the length of the pipe twice. The negative pressure area 

between zones 5 and 7 also takes place in the time frame during which the pressure wave 

travels the length of the pipe twice. 

Zone 1 is a time period where the pressure is equal to the static pressure since the 

pressure wave has not reached the mid-span section yet. A smaller timestep is observed 

to correspond to a longer predicted Zone 1 period. 

Zone 2 is characterized by a rapid increase of pressure from the static pressure value up 

to a value approximately equal to the positive Joukowski pressure as determined by Eq. 

2.65. A smaller timestep is observed to correspond to a steeper slope.  

Zone 3 is a period of constant pressure. A smaller timestep is observed to predict to a 

longer Zone 3 period.  

Zone 4 is characterized by a rapid decrease of pressure from the positive Joukowski 

pressure to the static pressure. A smaller timestep is observed to correspond to a steeper 

negative slope. 
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Zone 5 is a rapid decrease of pressure from the static pressure to a value approximately 

equal to the negative Joukowski pressure (Eq.2.65). A smaller timestep is observed to 

correspond to a steeper negative slope  

Zone 6 is a period of constant pressure. A smaller timestep is observed to correspond to a 

longer Zone 6 period. 

Zone 7 is characterized by a rapid increase of pressure from the negative Joukowski 

pressure to the static pressure. A smaller timestep is observed to correspond to a steeper 

decreasing line. Table 5.1 presents the Courant number as determined by (Eq. 4.4), the 

simulation duration and the maximum transient pressure for each timestep. A comparison 

between the maximum transient pressure is made to determine the impact of the chosen 

timestep on the accuracy of the computed pressure. Also shown is the simulation time for 

the runs. All runs were conducted on a computer with Two Intel Xeon E5520 processors 

at 2.2 GHZ clock speed and RAM of 12 GB.  

It shows that the smaller timestep (0.0001 sec), which corresponds to a computational 

effort five times larger than that of the largest timestep (0.0005 sec), is only 1.3% more 

accurate. 

Table 5. 1 - Comparison of calculated parameters for different timesteps for a rapid gate closure  

 

5.2.4 Determining the timestep for slow gate closure  

Based on the model described in Chapter 4 and using the slow gate closure times 

determined in Section 5.2.1 and simulation times in Section 5.2.2, three analyses for 

different timesteps were conducted and compared in Fig. 5.2. As with the rapid gate 

closure, the transient pressure data have been taken at the mid-span section. Figure 5.2 

shows that the smaller the timestep is, the greater the amplitude of the sinusoidal wave. 

Courant 

Number 

Simulation 

Time 

Maximum Pressure 

Surge (kPa)

1° 0.0001 0.705 26h30 min - -

2° 0.0002 1.41 13h50min 0.47%

3° 0.0005 3.53 5h37min 1.30%

Time Step (sec)
Percentage Difference based on 

Time Step 0.0001 sec

1 4383P kPa

2 4362P kPa

3 4325P kPa

1 2 1( )P P P

1 3 1( )P P P
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Reducing the timestep value has a significant impact on the accuracy and magnitude of 

the pressure peak value. 

 

Figure 5. 2 - Sensitivity analysis - Influence of different timesteps on the transient pressure for slow 

gate closure

 
Table 5.2 presents the Courant number (Eq. 4.4), the simulation duration and the 

maximum transient pressure for each timestep. As with the rapid gate closure case, a 

comparison between the maximum transient pressure is made to determine the impact of 

the timestep on the accuracy of the computed pressure. It can be noticed that the timestep 

selection has a moderate effect on the accuracy of maximum transient pressure. A 

pressure difference of 12.5% is observed between the 0.0002 sec. timestep and the 0.002 

sec. timestep.  Given the large number of the parametric runs in the present thesis, a 

timestep of 0.002 sec. has been chosen in subsequent runs. While it is recognized that this 

introduces an error of the order of 12.6 % in estimating the transient pressure, the 

associated simulation duration is significantly reduced from 37h 58min to 3h 53min for 

the present problem.  
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Table 5. 2 - Effect of the timestep on transient pressure for slow gate closure  

 

5.3  Results of Steady State Model  

Results from the steady-state model described in Section 4.5 are presented in this section. 

Section 5.3.1 first presents the fluid fields (velocity and dynamic pressure) while Section 

5.3.2 presents the structural contour plots (longitudinal and hoop stresses). Comments 

and comparisons to closed form solutions are provided.     

5.3.1 Fluid Results for Steady-State Model 

5.3.1.1 Velocity Profile Results 

Figure 5.3 shows the general velocity profile development for a turbulent flow in a pipe. 

The figure consists of a plan view of the velocity profile at the inlet shown on Fig. 5.3a, 

at the mid-span on Fig. 5.3b and at the outlet on Fig. 5.3c.  

 

(a)                                                            (b)                                                           (c) 

Figure 5. 3 – Conceptual Turbulent Flow Development at (a) Inlet, (b) Mid-Span, and (c) Outlet 

For comparison, the velocity profiles as extracted from the FEM-FVM are provided in 

Figure 5.4. A plan view is shown in Fig. 5.4a, an elevation view in Figure 5.4b, and inlet 

and outlet views in Figs. 5.4c and 5.4d. For clarity, velocity is kept between 3.0 m s and 

3.8 m s . 

Courant 

Number 

Simulation 

Time 

Maximum 

Pressure Surge 

(kPa)

1° 0.0002 1.41 37h58 min - -

2° 0.0005 3.53 8h00min 9.90%

3° 0.002 14.1 3h53min 12.6%

Time Step (sec)
Percentage Difference based 

on Time Step 0.0002 sec

1 484P kPa

2 436P kPa

3 423P kPa

1 2 1( )P P P

1 3 1( )P P P
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a b 

  

c d 

Figure 5. 4 - Longitudinal Velocity Contours a) Plan View of Core Velocity, b) Elevation View of 

Core Velocity, c) Inlet Velocity, and d) Outlet Velocity 

The general velocity profile development along the pipe length is shown in Fig. 5.4a 

which compares well with the plan view on Fig. 5.3a-c. Both figures display a core 

velocity that increases in magnitude from the inlet to the outlet. Also, the inlet section 

contour plot on Fig. 5.4c compares well with the profile presented in Fig. 5.3a. Both 

figures display an essentially uniform velocity profile which rapidly drops in velocity 

near the pipe wall, which is indicative of a small boundary layer. The outlet section 

contour plot shown on Fig. 5.4d also compares well to the velocity profile on Fig. 5.3c. 

Both figures display a relatively large boundary layer near the pipe wall in which the 

velocity slowly decreases from the pipe core towards the pipe wall. It is also noteworthy 

to note that the velocity profiles at the inlet and outlet (Figs. 5.4c and 5.4d) adapt to the 

deformed configuration of the pipe, a feature that can be captured only in a 3D analysis 

FSI analysis such as the one adopted in the present study. 
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5.3.1.2 Pressure Profile Results 

Figure 5.5 shows the contour plots of the dynamic pressure profile from the FEM-FVM 

model. An elevation view is shown in Fig. 5.5a, and inlet and outlet views in Figs. 5.5b, 

c. For clarity, dynamic pressure is kept between -7.4 kPa and -6.4kPa. Figure 5.5a shows 

the pressure loss between the inlet and the outlet of the pipe. As with the velocity profile, 

the pressure profile develops along the pipe length from the inlet (Fig. 5.5b) to the outlet 

(Fig.5.5c). 

 

  

Figure 5. 5 - Dynamic pressure profile from an a) Elevation View, b) Inlet, c) Outlet 

5.3.2 Structural Results for Steady-State Model 

Figures 5.6 and 5.7 show the location and notation of where structural results were 

retrieved from the FEM-FVM model. Longitudinal and hoop stresses are extracted at four 

different locations around the circumference (Fig.5.6) and two through-thickness 

locations: the outside (O) surface and inside (I) surface (Fig.5.7).  
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Figure 5. 6 - Nodes location around the pipe mid-length perimeter 

 

Figure 5. 7 - Nodes location on a typical shell element 

5.3.2.1 Longitudinal Stress Results 

Figure 5.8 provides the deformed contour plot of the longitudinal stress on the outside 

surface. A plan view is shown in Fig. 5.8a, an elevation view in Figure 5.8b, and inlet and 

outlet views are provided in Figs. 5.8c and 5.8d. For clarity purposes, the longitudinal 

stress limits on the contour are kept between -30 MPa and 30 MPa.  

The longitudinal stress distribution in Fig. 5.8 indicates that the results of the FEM-FVM 

model are consistent with those based on the conventional Euler Bernouilli beam theory 

for a simply supported beam. In agreement with the beam theory, the longitudinal stress 

in Fig. 5.8b has a maximal tensile value at the bottom of the pipe and a maximal 

compressive value at the top. Longitudinal stresses at the top and bottom fibers extend 

from zero at the pipe ends, where the bending moment and axial force vanish, to a peak 

value at mid-span where the bending moments have a maximal value. The longitudinal 

stress located at position 90° and 270° (Fig. 5.6) at mid-span is equal to zero.  

I - Shell Inside 

Surface 

O - Shell Outside 

surface 
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Longitudinal stress located at position 0° and 180° (Fig. 5.6) at mid-span is computed in 

Section 3.3.1 and recalled here in its short form. 

2 2 2

367 6.02 / 15.384

( )

21.5 1.42 22.9

a pb
l b a

p p i o i

w LM kNm kN m m

S A r e r r

MPa MPa MPa

  
 


     



            (5.5) 

Table 5.3 shows that FEM-FVM longitudinal stress values at top and bottom fibres are 

within 8.25% of the beam theory.   

The deformed shape of the pipe ends (Figs. 5.8 c-d) confirms the ability of the model to 

adequately represent a pipe sitting on saddles. While the upper part of the circumference 

is that free to move in the radial direction, the lower part was restrained from moving in 

the tangential and radial directions. It is shown on Fig. 5.8b that, except for the inlet end 

mid height nodes, both pipe ends nodes are free to move in the longitudinal direction.  

  

a b 

  
c d 

Figure 5. 8 - Longitudinal stress from  a) Plan View, b) Elevation View, c) Inlet View, d) Outlet View 

Table 5.3 provides a comparison for the longitudinal stress model results from the 

locations defined in Figs. 5.6 and 5.7 to those based on the beam theory solution.  
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Table 5. 3 - Comparing the analytical stress with FEM-FVM longitudinal stress  

 

5.3.2.2 Hoop Stress Results 

Figure 5.9 provides the deformed contour plots for the hoop stress on the outside surface. 

A plan view is shown in Fig. 5.9a, an elevation view in Figure 5.9b, and inlet and outlet 

views are provided in Figs. 5.9c and d, respectively. For clarity and comparison purposes, 

hoop stress limits are kept between 120 MPa and 130 MPa in all figures. The hoop stress 

distribution in Fig. 5.9 indicates that the FEM-FVM model results are similar to those 

expected under static pressure. One recalls from Section 3.3.4 that the hoop stress values 

as calculated from the classical solution based on equilibrium of a half ring is  

2 3455.3 9.81 1000.02 (1.067) /
125.1

2 2 0.0191

o w p

h

H g D m m s kg m kg m
MPa

e m




  
  


 

in which the pressure oH was taken at mid-span. The increase in static pressure from the 

inlet to the outlet causes a slight variation in hoop stress values along its longitudinal 

direction of the pipe. Also, the ovalization of the pipe cross-section near pipe mid-span 

(Fig. 5.10) causes another slight variation in the hoop stresses in the angular direction, 

both effects captured by the present FEM-FVM model but not by the classical solution  

Element Position
0-O 0-I 90-O 90-I 180-O 180-I 270-O 270-I

Numerical 

Solution            

[1]

-21.18 -23.63 0.04 -0.61 21.70 24.79 1.53 -0.31

Classical 

Solution                        

[2]

-22.90 -22.90 0.00 0.00 22.90 22.90 0.00 0.00

Percentage 

Difference                   

([2]-[1])/[1]

7.51% 3.19% - - 5.24% 8.25% - -

Longitudinal Stress (MPa)
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a b 

  
c d 

Figure 5. 9 - Hoop stress from  a) Plan View, b) Elevation View, c) Inlet View, d) Outlet View 

 

 

Figure 5. 10 - Angular Variation of the Hoop stress 

Table 5.4 provides a comparison of the hoop stress results retrieved from locations 

defined in Figs. 5.6 and 5.7 to closed form solutions. It shows that FEM-FVM hoop stress 

values are within 3% of the classical solution.  
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Table 5. 4 - Comparison for Hoop Stresses  

 

The comparison between the classical solution and FEM-FVM results for different 

locations is used to determine the node, within the top and bottom nodes, that will be 

used as a reference node for subsequent runs. With the lowest percentage difference sum 

(5.4%), the node 180-O will be the reference node.    

5.4  Transient Model Results  

Results from the transient model introduced in Section 4.6 are presented in this section. 

Section 5.4.1 shows the fluid and structural results for the rapid gate closure case and 

provides a comparison of fluid results to those based on the arithmetic method introduced 

in Section 2.4.1.  Section 5.4.2 presents the fluid and structural results for the slow gate 

closure case and provides a comparison of fluid results section to those based on the 

arithmetic method. The slow gate closure case will serve as a reference case in the 

parametric study to be presented in Chapter 6.  

5.4.1  Rapid Gate Closure Model Results  

The rapid gate closure case is only of academic interest and its results will not be used for 

further comparison in the present work. Since results from the rapid gate closure are not 

used for further comparison in the present work, the present analysis uses the most 

accurate run previously presented (Section 5.2.3). The analysis uses a timestep of 0.0001 

seconds and a simulation time of 0.0512 seconds (Eq. 5.3).  

 

 

Element 

Position 0-O 0-I 90-O 90-I 180-O 180-I 270-O 270-I

Numerical 

Solution             

[1]

127.8 122.4 126.9 124.0 125.3 126.9 128.7 121.9

Classical 

Solution                       

[2]

125.1 125.1 125.1 125.1 125.1 125.1 125.1 125.1

Percentage 

Difference                   

([2]-

[1])/[1]

-2.11% 2.21% -1.42% 0.89% -0.16% -1.42% -2.80% 2.63%

Hoop Stress (MPa)
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5.4.1.1 Transient pressure induced by rapid gate closure  

Figure 5.11 shows eight locations of interest where transient pressure results were 

extracted within the simulation time. Figure 5.12 shows a 3D plot of the temporal curves 

for each location. From 3 4pL  to the outlet, each curve reaches the Joukowski pressure 

as determined by Eq. 2.61, i.e.,   

31000.02 1201 3.567 4.28w cH a V kg m m s m s MPa       . 

Figure 5.12 shows that the closer the location is to the outlet, the longer the Joukowski 

pressure is maintained. 

 

Figure 5. 11 - Locations of the pressure results from the outlet along the pipe axis 

 

Figure 5. 12 - Evolution in time and space of the transient pressure for rapid gate closure 
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5.4.1.2 Fluid and structural responses of water hammer  

Figures 5.13 show the fluid and structural responses at mid-span section created by a 

rapid gate closure. In an experimental study, Tissjeling (1990) observed that the first half 

period of transient pressure is not greatly affected by the fluid-structure interaction 

effects. In contrast, he also observed a more significant effect in the second half period 

that is manifested by an additional sinusoidal wave of higher frequency and smaller 

amplitude to the classical transient pressure wave. In the present study, a similar effect 

was observed when the timestep value chosen was small. Figure 5.1 shows that a 

timestep of 0.0001 seconds is required to capture the FSI effect reported by Tissjeling 

(1990). 

Both the longitudinal and hoop stresses are observed to be affected by the transient 

pressure. The longitudinal stress curves (Figs. 5.13 g-h) show the Poisson ratio coupling 

effect, a consequence of the fluid-structure interaction. A flow reduction generates a 

travelling pressure rise and radially expands the pipe wall. This radial expansion is 

accompanied by an axial contraction due to the Poisson ratio effect, which induces a 

longitudinal stress wave throughout the pipe (Tissjeling, 1990). The stress wave speed 

s sa E  depends on the mechanical properties of the pipe (Young Modulus and 

density of the pipe material). For a steel pipe, Tissjeling (1990) observed that the stress 

wave is approximately three times faster than the pressure wave. Figures 5.13a and g 

show that for every peak of transient pressure, there are approximately three peaks of 

longitudinal stress. It is also observed that, at pipe mid-span, the first peak of longitudinal 

stresses takes place before the pressure peak takes place. These results can be explained 

by the fact that, for a steel pipe, the stress wave travels approximately three times faster 

than the pressure wave. The first peak of longitudinal stress would then be the result of 

the first pressure peak created at the outlet.  

For the first half period, the shape of the hoop stress curve (Fig. 5.13c) is perfectly 

synchronized with the transient pressure curve. In the second half period, the small 

difference between the two curves is caused by the Poisson ratio coupling effect.  
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g 

 
h 

 
i 

 
j 

Figure 5. 13 - Temporal curves for a rapid gate closure: (a) Transient Pressure, (b) Absolute 

Velocity, (c) Absolute Hoop Stress, (d) Relative Hoop Stress, (e) Absolute Hoop Displacement,            

(f) Relative Hoop Displacement, (g) Absolute Longitudinal Stress, (h) Relative Longitudinal Stress,   

(i) Absolute Longitudinal Displacement, (j) Relative Longitudinal Displacement 

5.4.1.3 Comparing pressure field against the arithmetic method predictions  

For comparison purposes, the arithmetic method (Section 2.4.1) is implemented in Excel 

and applied to the present problem. Figure 5.14 overlays the results of the arithmetic 

method over the pressure results already presented in Fig. 5.1. For the first half period, 

the smaller the timestep, the closer the FEM-FVM curves are observed to be to the 

arithmetic method curve. However, regardless of the timestep selected, the maximum 

transient pressure value for each FEM-FVM curve remains essentially unchanged. Due to 

the fluid-structure interaction effect, the FEM-FVM curves start deviating from the 

arithmetic method curve in the second half period. Transient pressure curves computed 
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from the FEM-FVM method are observed to exhibit a faster damping effect and a longer 

period than predicted by the arithmetic method. Compared to the FEM-FVM method, the 

arithmetic method underestimates the damping effect, thus overestimating the transient 

pressure from the second half period onwards.  

 

Figure 5. 14 - FEM-FVM method compared with the arithmetic method for the rapid gate closure 

A comparison between the various FEM-FVM and arithmetic method predictions or the 

maximum transient pressure results is provided in Table 5.5. The percentage of difference 

is based on the transient pressure value of the FEM-FVM method with a timestep of 

0.0001 seconds. In the case of rapid gate closure, the arithmetic method and FEM-FVM 

method predict maximum transient pressure values in close proximity. 

Table 5. 5 - Comparing arithmetic method results to FEM-FVM results for rapid gate closure  
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5.4.2  Slow Gate Closure Model Results 

5.4.2.1 Transient pressure induced by slow gate closure 

As discussed in Section 5.2.4, a 0.002 second timestep was chosen for subsequent runs 

due to the large number of parametric runs in the present thesis. While it is recognized 

that this introduces an error of the order of 12.6% in estimating the transient pressure, the 

associated simulation duration is significantly reduced from 37h 58min to 3h 53min for 

the reference case considered in this chapter.  Determining the necessary simulation time 

for slow gate closure is a trial and error process. A value of 0.100 sec has been selected in 

order to capture two consecutive pressure peaks.  

Figure 5.15 shows a 3D plot of the temporal curves for each location (Fig. 5.11). Unlike 

the rapid gate closure case, the farther the location from the outlet, the smaller the 

maximum transient pressure. A linear relationship can be observed between the 

maximum transient pressure and the distance from the outlet. Figure 5.15 shows that the 

relationship is valid from the outlet up to a distance of 3 4pL  . 

 

Figure 5. 15 - Evolution in time and space of the Transient Pressure for slow gate closure 
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5.4.2.2 Fluid and structural responses of water hammer at mid-span  

Figure 5.16 shows the fluid and structural responses at mid-span section induced by a 

slow gate closure. These results will serve as a reference case for the parametric study 

presented in Chapter 6. Results are presented in absolute and relative forms. Except for 

relative velocities, each relative field value is computed by subtracting its respective 

absolute initial steady state value from its respective absolute transient value at the core 

of the penstock at mid-span. In contrast, the relative velocity is computed for each 

timestep by subtracting its absolute velocity at mid-span from its absolute velocity at the 

outlet. 

Figure 5.16a shows that the absolute pressure takes the form of a damping oscillatory 

distribution with time and remains above the initial static pressure value since the gate 

remains in closing mode at the end of the duration. Due to the coarse timestep chosen in 

Section 5.2.4, one must recall that results used for the reference case underestimate the 

maximum transient pressure and overestimate the damping effect.   

Similar to the rapid gate closure case, both hoop and longitudinal stresses are observed to 

be affected by the transient pressure. Figures 5.16e and 5.16f show that the hoop stress is 

synchronized with the transient pressure. Figures 5.16i and 5.16j shows that the 

longitudinal stress is affected by the Poisson’s ratio coupling effect, as described in 

Section 5.4.1.2. Similar to the rapid gate closure, the longitudinal stress wave is 

approximately three times faster than the pressure wave.  
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Figure 5. 16 - Temporal curves for a slow gate closure : (a) Total Pressure, (b) Transient Pressure              

(c) Absolute Velocity, (d) Relative Velocity (e) Absolute Hoop Stress, (f) Relative Hoop Stress, 

(g)Absolute Hoop Displacement, (h) Relative Hoop Displacement, (i) Absolute Longitudinal Stress, 

(j) Relative Longitudinal Stress, (k) Absolute Longitudinal Displacement, (l) Relative Longitudinal 

Displacement 

5.4.2.3 Comparing pressure field results against arithmetic method predictions 

In the same manner as Fig. 5.14, Fig. 5.17 shows the predictions of the arithmetic method 

overlaid on the FEM-FVM results already given in Fig. 5.2. The arithmetic method 

results were generated based on a 0.0005 sec. timestep. Figure 5.17 clearly shows that for 

the slow gate closure, the arithmetic method underestimates the transient pressure as 

predicted by the FEM-FVM method.  
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Figure 5. 17 - FEM-FVM method compared with the arithmetic method for the slow gate closure 

A numeric comparison between the maximum transient pressure results based on both 

methods is provided in Table 5.6. All percentage of differences is based on the transient 

pressure value of the FEM-FVM method with a timestep of 0.0002 seconds. In the case 

of slow gate closure case, the arithmetic method is observed to underestimates the 

maximum transient pressure found with the FEM-FVM method by 25.6%. 

Table 5. 6 - Comparing arithmetic method results to FEM-FVM results for slow gate closure  
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5.5  Conclusion 

This chapter presented the fluid and structural results for slow and rapid gate closure 

models introduced in Chapter 4. Section 5.2 quantified proper input parameter values to 

run both models. This includes the gate closure and the simulation duration time. A 

sensitivity analysis was performed for different timesteps to determine a suitable time 

interval that strikes a balance between result accuracy and computation efficiency. 

Section 5.3 presented the fluid and structural results extracted from the steady-state FEM-

FVM model. Structural results were found to be consistent with simple calculations based 

on the beam theory. Section 5.4 presented the transient fluid and structural results for 

both slow and rapid gate closure FEM-FVM models. A comparison was made between 

these results and the arithmetic method results. In the case of slow gate closure, the 

arithmetic method was observed to underestimate the maximum transient pressure 

predicted by the FEM-FVM method. 
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CHAPTER 6 – PARAMETRIC STUDY OF SIMPLY SUPPORTED 

ELEVATED PENSTOCK 

6.1  Objectives  

This chapter presents a parametric study based on the model developed in Chapter 4 for 

six different design parameters (pipe thickness, span, initial flow velocity, damping ratio, 

closure time, and vertical inclination angle). The reference case discussed in Chapter 5 is 

used as a basis from which parametric variations are made. For each design parameter, a 

high and a low parametric value were considered based on practical considerations. The 

high and low value for each design parameter are provided in Table 6.1. In a given 

parametric run, a single design parameter is varied from its value in the reference case 

while keeping the magnitude of all other variables identical to those of the reference case.   

Table 6. 1 - Design parameter value changes in the parametric study  

   

Table 6.2 presents the input parameters for each parametric run conducted in the study. 

These include the pipe internal diameter pD , thickness e , span pL , initial velocity 0V , 

and closure time T .The corresponding dimensionless ratios are also provided. These are 

the inclination angle  , damping ratio  , diameter to thickness ratio /pD e , 

span/diameter ratio /p pL D  and 0 / pV T L . 

 

 

 

 

 

 

Design Parameters [y] Thickness Span
Initial             

Velocity

Damping                 

Ratio

Closure       

Time
Angle 

Unit mm m m/s % s °

Reference Value 19.05 15.384 3.570 10 0.1135 25.86

High Parametric Value 17.00 25.000 7.140 5 0.5540 15

Low Parametric Value 15.00 20.000 1.785 2 0.2270 0
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Table 6. 2 - Input parameters and dimensionless ratios for the parametric runs  

 

When comparing results, the magnitude of a fluid and structural output field O   

corresponding to a variation input design parameter I  (listed in Table 6.1) compared to 

its value in the reference case R  is quantified using a variation criterion ( , )R I O  of the 

output parameter O  induced by a parametric variation of input parameter I : 

 
   

 

, ,
,

,
R

I O R O
I O

R O

 
 


  (6.1) 

In Eq. 6.1, the output variables O  are the pressure ( )p , the hoop stress ( )h , the radial 

displacement ( )u , the longitudinal stress ( )l  and the longitudinal displacement ( )v . 

Also,  ,I O  denotes the value of output field O based on an input parameter I  value 

different from the reference case (based on a parametric run) and ( , )R I O  denotes the 

value of output field O  based on the reference case. Recalling that for a given field, two 

variations were considered for each input parameter, Eq. 6.1 can be applied for both 

values. A large magnitude of the variation denotes a stronger impact of the design 

parameter on the output. 

Run 1 Run 2 Run 3 Run 4 Run 5 Run 6 Run 7 Run  8 Run 9 Run 10 Run 11 Run 12

Diameter         

(m) 
1.067 1.067 1.067 1.067 1.067 1.067 1.067 1.067 1.067 1.067 1.067 1.067 1.067

Thickness 

(mm)
19.05 17.00 15.00 19.05 19.05 19.05 19.05 19.05 19.05 19.05 19.05 19.05 19.05

Length       

(m)
15.38 15.38 15.384 20.000 25.000 15.38 15.38 15.38 15.384 15.38 15.38 15.38 15.38

Initial           

Velocity             

(m/s)

3.570 3.570 3.570 3.570 3.570 1.785 7.140 3.570 3.570 3.570 3.570 3.570 3.570

Closure     

Time          

(s)

0.114 0.1135 0.1135 0.1135 0.1135 0.1135 0.1135 0.1135 0.1135 0.2270 0.5540 0.1135 0.1135

Angle           

(°)
25.86 25.86 25.86 25.86 25.86 25.86 25.86 25.86 25.86 25.86 25.86 15.00 0.00

Damping 

Ratio           

(%)

10 10 10 10 10 10 10 5 2 10 10 10 10

Dp/e 56.01 62.76 71.13 56.01 56.01 56.01 56.01 56.01 56.01 56.01 56.01 56.01 56.01

Lp/Dp 14.42 14.42 14.42 18.74 23.43 14.42 14.42 14.42 14.42 14.42 14.42 14.42 14.42

(V0xT)/Lp 0.0263 0.0263 0.0263 0.0203 0.0162 0.0132 0.0527 0.0263 0.0263 0.0527 0.1286 0.0263 0.0263

Span Initial Flow Damping Closure Time Angle ThicknessRef. 

Case
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6.2 Effect of Thickness 

Section 6.2 presents the effect of the thickness on the fluid and structural fields between 

0.0 and 0.1 seconds. The thickness of the reference model (19.05 mm) is compared with 

two thickness variations (15 and 17 mm) to simulate various corrosion scenarios 

throughout the lifetime of the pipe.    

6.2.1 Results and Discussion  

The initial field values in Figs 6.1a-d indicate that the pipe thickness has no effect on the 

fluid steady-state results. The total pressure, transient pressure, absolute and relative 

velocity values have the same value for all thickness variations. In contrast, in the 

transient regime, pipe thickness is observed to have a rather minor effect on the pressure 

and velocity. As the pipe wall decreases, the amplitude and period of transient pressure 

and relative velocity are observed to increase.  

The pipe thickness is observed to have a greater effect on the structural response than on 

the fluid fields.  In the steady-state regime, pipe thickness is observed to impact the stress 

and displacement fields within the pipe wall. Figure 6.1e shows that the hoop stress 

decreases as the pipe thickness increases. Comparisons in Table 6.2 show that the 

numerical solution for each thickness, is within 0.32% of the classical solution calculated 

from 2h s w pP g D e  . As with the hoop stress, Fig. 6.1i shows that the longitudinal 

stress increases as the pipe thickness decreases. For comparison, the longitudinal stress is 

calculated from the beam theory as presented in Section 3.3.4.1. Table 6.3 shows that the 

percentage difference between the classical and numerical solution for the longitudinal 

stress increases as the thickness decreases. The steady-state radial displacements obtained 

from the FEM-FVM results are shown in Fig. 6.1g. They are compared in Table 6.3 to 

the classical solution calculated from the sum of the deflection 
45 384max b p pw L EI  and 

the hoop displacement  i h br E   . Very good agreement is observed between 

the classical and numerical results where the maximum percentage difference is less than 

6.07%. 
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Table 6. 3 - Comparison between Steady-State Classical and Numerical Solutions for different 

thicknesses  

 

In the transient regime, pipe thickness is observed to affect the structural fields as well. 

Figure 6.1f shows that as the pipe thickness decreases, the magnitude of the transient 

hoop stress increases. For the lowest thickness (15mm), the hoop stress due to transient 

pressure reaches a maximum value of 14.00 MPa (Table 6.4) that is to be added to the 

steady-state hoop stress of 158.3 MPa (Table 6.3). Table 6.4 shows that the classical 

solution systematically overestimates the transient hoop stress compared to the numerical 

solution. Figure 6.1j shows that the thickness change has a rather negligible effect on the 

magnitude of the transient longitudinal stress. Transient radial displacement in Fig. 6.1h 

is taken positive when the pipe expands. It shows that as the pipe thickness decreases, the 

amplitude of the transient radial displacement increases.  However, as seen in Chapter 5 

and as shown on Fig. 6.1g, the transient radial displacement is relatively small compared 

to the steady-state radial displacement. 

Table 6. 4 - Classical versus Numerical predictions of Maximum Transient Hoop Stress for different 

thicknesses 
 

  
 

 

Thickness       

(mm)

Classical                           

Solution      

[1]  

Numerical 

Solution          

[2]

Percentage 

Difference    

([1]-[2])/[2]

19.05 (Ref.) 125.1 125.3 -0.16%

17.00 140.2 140.2 0.00%

15.00 158.8 158.3 0.32%

19.05 (Ref.) 22.97 21.68 5.95%

17.00 25.74 23.45 9.77%

15.00 29.18 25.68 13.6%

19.05 (Ref.) -5.161 -5.494 -6.07%

17.00 -5.744 -5.931 -3.15%

15.00 -6.461 -6.483 -0.33%

Hoop Stress                       

(MPa)

Longitudinal Stress                        

(MPa)

Radial Displacement      

(mm)

Thickness       

(mm)

Classical                           

Solution                

[1]

Numerical          

Solution              

[2]

Percentage 

Difference                  

([1]-[2])/[2]

19.05 (Ref.) 11.87 10.55 12.5%

17.00 13.49 12.30 9.67%

15.00 15.35 14.00 9.64%

Transient                    

Hoop Stress                    

(MPa)

l
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Figure 6. 1 - Thickness comparison for : (a) Total Pressure, (b) Transient Pressure, (c) Absolute 

Velocity, (d) Relative Velocity, (e) Total Hoop Stress, (f) Transient Hoop Stress, (g) Total Hoop 

Displacement, (h) Transient Hoop Displacement, (i) Total Longitudinal Stress, (j) Transient 

Longitudinal Stress, (k) Total Longitudinal Displacement, (l) Transient Longitudinal Displacement 

 

-6.60

-6.40

-6.20

-6.00

-5.80

-5.60

-5.40

-5.20

0.00 0.02 0.04 0.06 0.08 0.10

T
o
ta

l 
R

ad
ia

l 
D

is
p
la

ce
m

en
t 

(m
m

)

Time (s)

Thickness - 19.05 mm (Ref.)

Thickness - 17 mm

Thickness - 15 mm

-0.04

-0.02

0.00

0.02

0.04

0.06

0.08

0.00 0.02 0.04 0.06 0.08 0.10

T
ra

n
si

en
t 

R
ad

ia
l 

D
is

p
la

ce
m

en
t 

(m
m

)

Time (s)

Thickness - 19.05 mm (Ref.)

Thickness - 17 mm

Thickness - 15 mm

21.0

22.0

23.0

24.0

25.0

26.0

27.0

28.0

0.00 0.02 0.04 0.06 0.08 0.10

T
o
ta

l 
L

o
n

g
it

u
d

in
al

 S
tr

es
s 

(M
P

a)

Time (s)

Thickness - 19.05 mm (Ref.)

Thickness - 17 mm

Thickness - 15 mm

-0.40

-0.30

-0.20

-0.10

0.00

0.10

0.20

0.30

0.00 0.02 0.04 0.06 0.08 0.10

T
ra

n
si

en
t 

L
o
n

d
it

u
d

in
al

 S
tr

es
s 

(M
P

a)

Time (s)

Thickness - 19.05 mm (Ref.)

Thickness - 17 mm

Thickness - 15 mm

-2.20

-2.00

-1.80

-1.60

-1.40

-1.20

0.00 0.02 0.04 0.06 0.08 0.10

T
o
ta

l 
L

o
n
g
it

u
d
in

a
l 

D
is

p
la

ce
m

en
t 

(m
m

) 

Time (s)

Thickness - 19.05 mm (Ref.)

Thickness - 17 mm

Thickness - 15 mm

-0.10

-0.08

-0.06

-0.04

-0.02

0.00

0.02

0.00 0.02 0.04 0.06 0.08 0.10

T
ra

n
si

en
t 
L

o
n

g
it

u
d
in

al
 D

is
p
la

ce
m

en
t 

(m
m

)

Time (s)

Thickness - 19.05 mm (Ref.)

Thickness - 17 mm

Thickness - 15 mm



121 

 

Numeric Modelling of Water Hammer Effects in Penstocks Chapter 6 
January 2013  

6.2.2 Sensitivity of Results to the Thickness 

Table 6.5 ranks the fields from the most sensitive (Longitudinal Displacement) to the 

least sensitive (Pressure) for steady state and Table 6.6 ranks the fields from the most 

sensitive (Radial Displacement) to the least sensitive (Pressure). A rank based on the total 

response (Steady state + Transient) is also provided in Table 6.7 where the longitudinal 

displacement is observed to be the most sensitive field and the pressure is the least. The 

sensitivity of each field is assessed based on the variation parameter introduced in Eq. 6.1 

from their value in the reference case.   

The longitudinal displacement is observed to be impacted the most by the thickness in the 

steady state with maximum variation of 27.6%. Hoop stress comes in second with 26.3% 

followed by the longitudinal stress and radial displacement in third.  

In the transient state, the radial displacement is observed to be impacted the most with 

maximum variation of 41.38%. Hoop stress comes in second with 32.1% followed by 

both longitudinal displacement and stress. It is observed that the change in the magnitude 

of the longitudinal stress and displacement in the transient state is caused by the Poisson 

effect as explained in Section 5.4.1.2. 

Close variations results of total response to that of steady-state response show that the 

transient state response has a minor impact on the steady-state response. The field rank 

for the total response is the same as the steady state response. The longitudinal 

displacement is impacted the most by the thickness with maximum variation of 27.7%. 

Hoop stress comes in second with 26.8 % followed by the longitudinal stress and radial 

displacement in third. 

The pressure remains essentially unchanged for the three thicknesses considered. The 

pressure is barely affected by the thickness change. A small change in the transient 

pressure is caused by fluid-structure interaction. A thinner pipe wall is observed to cause 

a slightly higher transient pressure.  
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Table 6. 5 - Sensitivity of Numerical Results to the Thickness on Steady-State Fields  

 

Table 6. 6 - Sensitivity of Numerical Results to the Thickness on Transient Fields  

 

Table 6. 7 - Sensitivity of Numerical Results to the Thickness on Total Fields  

 

Magnitude    

v (mm)
ΨR(e,v)

Magnitude        

σh (MPa)
ΨR(e,σh)

Magnitude           

σl (MPa)
ΨR(e,σl)

Magnitude              

u (mm)
ΨR(e,u) ΨR(e,p)

19.05 mm        

(Ref.) 
-1.346 - 125.3 - 21.68 - -5.494 - -

17.00 mm -1.511 12.2% 140.2 11.9% 23.45 8.16% -5.931 7.94% 0.00%

15.00 mm -1.718 27.6% 158.3 26.3% 25.68 18.5% -6.483 18.0% 0.00%

Hoop                                   
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Results 
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4467

4467
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p (kPa)

Magnitude              
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Magnitude           

σl (MPa)
ΨR(e,σl) ΨR(e,p)

19.05 mm        

(Ref.) 
-0.020 - 10.60 - -0.069 - 0.161 - -

17.00 mm -0.025 21.55% 12.30 16.0% -0.079 15.5% 0.170 5.59% 1.46%

15.00 mm -0.029 41.38% 14.00 32.1% -0.088 28.9% 0.187 16.1% 1.84%
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Displacement 
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15.00 mm -1.806 27.7% 172.3 26.8% 25.87 18.4% -6.511 18.1% 0.16%
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p (kPa)
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Hoop                                      
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6.3 Effect of the Span 

Section 6.3 presents the effect of the span on the fluid and structural transient results 

between 0.0 and 0.1 seconds. The results based on the span of the reference case    

(15.384 m) are compared with two span variations (20 m and 25 m).    

6.3.1  Results and Discussion 

The initial field values in Figs 6.2 a-d indicate that the pipe span has no effect on the fluid 

steady-state results. The total pressure, transient pressure, absolute and relative velocity 

values have the same initial values for all spans considered. In the transient regime, the 

transient pressure increases with the span. According to the rigid water column theory 

(Eqs. 2.21, 2.22), the transient pressure is proportional to the pipe span. In Table 6.8, 

transient pressure results as calculated by the rigid water column theory based on the 

reference transient pressure (423.7 kPa) are provided in Column [1] and compared to 

numerical results in Column [2]. Column [3] provides the percentage differences. The 

comparison suggests that the transient pressure as numerically predicted is nearly linearly 

proportional to the span. In contrast to the rigid water column method, the FEM-FVM 

method considers water compressible, pipe elasticity and the fluid-structure interaction. 

These differences explain the fact that the rigid water column theory slightly 

underestimates the transient pressure compared to that predicted by the numerical 

solution.  

Table 6. 8 - Rigid Water Column Theory versus Numerical predictions of Maximum Transient 

Pressure for different spans 

 

In the steady-state regime, pipe span is observed to impact the stress and displacement 

fields within the pipe wall. Figure 6.2e shows that the initial hoop stress is essentially 

insensitive to the pipe span with variations less than 2% in all three cases considered. 

Span               

(m)

Rigid Water             

Column 

Theory  [1]

Numerical          

Solution       

[2]

Percentage 

Difference                  

([1]-[2])/[2]

15.384 (Ref.) - 423.7 -

20.000 550.8 570.7 -3.48%

25.000 688.5 724.6 -4.98%

Transient  

Pressure              

(kPa)
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Figure 6.2i shows that the longitudinal stress increases as the pipe span increases. For 

comparison, the longitudinal stress is calculated from the beam theory as presented in 

Section 3.3.4.1. Table 6.9 shows that the absolute percentage difference between the 

classical and numerical solution increases as the span increases, a direct result for the 

increased bending moment with the penstock span. It also shows that as the span 

increases, the classical solution tends to underestimate the longitudinal stress as predicted 

by the numerical solution. This underestimation could be attributed to the ovalization 

effect. In a long pipe, the pipe is subjected to higher longitudinal stresses, which cause 

more ovalization than in shorter span pipes. The ovalized cross-section has a lower 

moment of inertia than that of a perfect circular cross-section as assumed in the classical 

solution. Figure 6.2 g and Table 6.9 show that the steady-state radial displacements 

largely increase as the span increases.  

Table 6. 9 - Comparison between Steady-State Classical and Numerical Solutions for different spans  

 

In the transient regime, pipe span is observed to affect the structural fields as well. Figure 

6.2f shows that as the pipe span increases, the magnitude of the transient hoop stress 

increases. For the longest span considered (25 m), the hoop stress reaches a maximum 

value of 21.96 MPa (Table 6.10) which is to be added to the steady-state hoop stress of 

127.5 MPa (Table 6.9). Table 6.10 compares the transient hoop stress classical solution 

calculated from 2h o w pH g D e   with the transient hoop stress numerical solution. The 

percentage difference between the values starts from 12.5% for a pipe span of 15.384 m, 

decreases to 9.38% for a pipe span of 20 m and increases to -7.60% for a pipe span of 

Span                     

(m)

Classical                           

Solution                 

[1]  

Numerical 

Solution                         

[2]

Percentage 

Difference          

([1]-[2])/[2]

15.384 (Ref.) 125.1 125.3 -0.16%

20.000 125.1 126.1 -0.79%

25.000 125.1 127.5 -1.88%

15.384 (Ref.) 22.97 21.68 5.95%

20.000 38.82 41.60 -6.68%

25.000 60.66 70.71 -14.2%

15.384 (Ref.) -4.720 -5.178 -8.84%

20.000 -13.48 -16.87 -20.1%

25.000 -32.92 -44.60 -26.2%

Longitudinal                    

Stress                  

(MPa)        

Radial   

Displacement                   

(mm)

Hoop  Stress            

(MPa)
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25m. The classical solution slightly overestimates the results based on the numerical 

solution for the reference pipe span of 15.384 m. As the span increases, ovalization 

reduces the percentage difference until the classical solution underestimates the results 

based on the numerical solution for a pipe span of 25 m. Figure 6.2j shows that the span 

has a small influence on the magnitude of the longitudinal stresses. Figure 6.2h and 6.2l 

show that as the pipe span increases, the amplitude of the radial and longitudinal 

displacement increases.  

Table 6. 10 - Classical versus Numerical predictions of Maximum Transient Hoop Stress for different 

spans  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Span                    

(m)

Classical                          

Solution              

[1]

Numerical          

Solution       

[2]

Percentage 

Difference                  

([1]-[2])/[2]

15.384 (Ref.) 11.87 10.55 12.5%

20.000 15.98 14.61 9.38%

25.000 20.29 21.96 -7.60%

Transient 

Hoop Stress                  

(MPa)
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Figure 6. 2 - Span comparison for : (a) Total Pressure, (b) Transient Pressure, (c) Absolute Velocity,              

(d) Relative Velocity, (e) Total Hoop Stress, (f) Transient Hoop Stress, (g) Total Hoop Displacement, 

(h) Transient Hoop Displacement, (i) Total Longitudinal Stress, (j) Transient Longitudinal Stress,   

(k) Total Longitudinal Displacement, (l) Transient Longitudinal Displacement 
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6.3.2 Analyzing the Effect of the Span 

Table 6.11 ranks the fields from the most sensitive (radial displacement) to the least 

sensitive (pressure) for steady state,  transient state and total numerical solution. The 

sensitivity of each field is assessed based on the variation parameter introduced in Eq. 6.1 

from their value in the reference case.  

The radial displacement is the field that is impacted the most by the span, with a 

maximum variation value of 716% for steady state analysis and 3754% for the maximum 

transient analysis. These correspond to a total variation (based on steady state + 

maximum transient effects) of 727%. Longitudinal stresses come second with a total 

variation of 229% and longitudinal displacement come third with a total variation of 

81.1%. The total hoop stresses and pressure are 7.32% and 6.15% respectively. They are 

observed to be slightly affected by the span in spite of being greatly impact within the 

transient state.  

Although the variation in total hoop stresses is not as high as that of the longitudinal 

stresses, its magnitude remains higher and remains more significant from an engineering 

point of view.   

Table 6. 11 - Sensitivity of Numerical Results to the span  

 

 

 

 

Magnitude           

u (mm) ΨR(Lp,u)

Magnitude           

σl (MPa) ΨR(Lp,σl)

Magnitude             

v (mm) ΨR(Lp,v)

Magnitude        

σh (MPa) ΨR(Lp,σh)

Magnitude          

p (kPa) ΨR(Lp,p)

15.384 m            

(Ref.)
-5.494 - 21.68 - -1.346 - 125.3 - 4467 -

20.000 m -17.17 213% 41.60 91.8% -1.806 34.1% 124.8 -0.40% 4467 0.00%

25.000 m -44.81 716% 70.71 226% -2.349 74.5% 123.8 -1.17% 4467 0.00%

15.384 m            

(Ref.)
-0.020 - 0.162 - -0.069 - 10.55 - 423.7 -

20.000 m -0.268 1231% 0.546 237% -0.130 89.8% 14.61 38.5% 570.7 34.7%

25.000 m -0.777 3754% 1.256 675% -0.214 212% 21.96 108% 724.6 71.0%

15.384 m            

(Ref.)
-5.515 - 21.85 - -1.415 - 135.9 - 4891 -

20.000 m -17.44 216% 42.15 92.9% -1.936 36.8% 139.4 2.62% 5038 3.01%

25.000 m -45.59 727% 71.97 229% -2.563 81.1% 145.8 7.32% 5192 6.15%
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6.4 Effect of the Initial Flow Velocity 

Section 6.4 presents the effect of the initial flow velocity on the fluid and structural 

transient results between 0.0 and 0.1 seconds. The results based on the initial flow 

velocity of the reference case (3.57 m/s) are compared with two initial flow velocity 

variations (1.785 m/s and 7.14 m/s).   

6.4.1 Results and Discussion  

The initial field values in Figs 6.3 a-b indicate that the initial flow velocity has essentially 

no effect on the steady-state pressure results. In the transient state, however, variations in 

transient pressure and relative velocity are observed to vary with the initial flow velocity. 

It is observed that the period of pressure and velocity do not depend on the initial flow 

velocity. According to the rigid water column theory (Eqs. 2.21, 2.22), the transient 

pressure is proportional to the initial flow velocity. In Table 6.12, transient pressure 

results, as calculated by the rigid water column theory based on the reference transient 

pressure (423.7 kPa), are provided in Column [1] and compared to numerical results in 

Column [2]. Column [3] provides the percentage differences. The comparison suggests 

that the numerically predicted transient pressure is nearly linearly proportional to the 

initial flow velocity. The aforementioned table shows that the rigid water column theory 

slightly over predicts the maximum transient pressure compared to the numerical 

solution.  

Table 6. 12 - Rigid Water Column Theory versus Numerical predictions of Maximum Transient 

Pressure for different initial velocity 

 

In the steady-state regime, the initial flow velocity is observed to slightly impact the 

stress and displacement fields within the pipe wall. Figure 6.3e shows that the hoop 

stresses are essentially insensitive to the initial flow velocity, with variations less than 

0.30% in all three cases considered. Unlike hoop stresses, Figure 6.3i and Table 6.13 

Initial Velocity       

(m/s)

Rigid Water 

Column Theory               

[1]

Numerical          

Solution       

[2]

Percentage 

Difference                  

([1]-[2])/[2]

3.570 (Ref.) - 423.7 -

1.785 211.9 201.8 4.98%

7.140 847.3 870.6 -2.67%

Transient 

Pressure (kPa) 
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show that the longitudinal stresses decrease as the initial flow velocity decreases. As with 

the hoop stresses, Figure 6.3g and Table 6.13 show that the radial displacement increases 

as the initial flow velocity decreases.  

Table 6. 13 - Comparison between Steady-State Classical and Numerical Solutions for different 

initial velocities  

 

In the transient regime, the initial flow velocity is observed to affect the structural fields 

as well. The magnitude of every structural field (Figs 6.3f-l) increases as the initial flow 

velocity increases. Figure 6.3f shows that for the highest initial flow velocity (7.140 m/s), 

the hoop stress due to transient pressure reaches a maximum value of 22.84 MPa (Table 

6.14) which is to be added to the steady-state hoop stress of 124.7 MPa (Table 6.13). 

Table 6.14 shows that the classical solution systematically overestimates the transient 

hoop stress over the numerical solution.  

Table 6. 14 - Classical versus Numerical predictions of Maximum Transient Hoop Stress for different 

initial velocities  

 

Initial Velocity                 

(m/s)

Classical                           

Solution           

[1]  

Numerical 

Solution       

[2]

Percentage 

Difference          

([1]-[2])/[2]

3.570  (Ref.) 125.1 125.3 -0.18%

1.785 125.1 125.5 -0.29%

7.140 125.1 124.7 0.28%

3.570  (Ref.) 22.97 21.68 5.95%

1.785 22.97 21.67 6.00%

7.140 22.97 21.71 5.80%

3.570  (Ref.) -5.161 -5.177 -0.32%

1.785 -5.161 -5.177 -0.31%

7.140 -5.161 -5.179 -0.35%

Hoop Stress                 

(MPa)

Longitudinal                    

Stress               

(MPa)

Radial 

Displacement                        

(mm)

Initial Velocity                 

(m/s)

Classical                           

Solution      

[1]

Numerical          

Solution       

[2]

Percentage 

Difference                  

([1]-[2])/[2]

3.570 (Ref.) 12.51 10.55 18.6%

1.785 5.650 4.500 25.6%

7.140 24.38 22.84 6.76%

Transient 

Hoop Stress              

(MPa)
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Figure 6. 3 - Initial Flow Velocity comparison for : (a) Total Pressure, (b) Transient Pressure, (c) 

Absolute Velocity, (d) Relative Velocity, (e) Total Hoop Stress, (f) Transient Hoop Stress, (g) Total 

Hoop Displacement, (h) Transient Hoop Displacement, (i) Total Longitudinal Stress, (j) Transient 

Longitudinal Stress, (k) Total Longitudinal Displacement, (l) Transient Longitudinal Displacement 
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6.4.2 Analyzing the Effect of the Initial Flow Velocity 

Table 6.15 ranks the fields from the most sensitive (longitudinal displacement) to the 

least sensitive (pressure) for  steady state and Table 6.16 ranks the fields from the most 

sensitive (longitudinal displacement) to the least sensitive (radial displacement) for 

transient state. A rank based on the total response (steady state + transient) is also 

provided in Table 6.17 where pressure is observed to be the most sensitive parameter and 

the radial displacement is the least. The sensitivity of each field is assessed based on the 

variation parameter introduced in Eq. 6.1 from their value in the reference case.  

The weak variation parameter values in Table 6.15 indicate that the initial flow velocity 

has a negligible impact on all steady state of the fields. 

The longitudinal displacement is the field that is impacted the most by the initial flow 

velocity with a variation of 120% in transient state. However, every field is more or less 

equally impacted by the initial velocity in the transient state.    

Table 6.17 shows that only the total pressure and total hoop stresses are mildly impacted 

by the initial velocity while other total fields show little sensitivity. 

Table 6. 15 - Sensitivity of Numerical Results to the Initial Flow Velocity on Steady-State Fields  

 

Table 6. 16 - Sensitivity of Numerical Results to the Initial Flow Velocity on Transient Fields 

 

 

 

 

Magnitude             

v (mm) ΨR(Vo,v)

Magnitude        

σh (MPa) ΨR(Vo,σh)

Magnitude           

σl (MPa) ΨR(Vo,σl)

Magnitude           

u (mm) ΨR(Vo,u)

Magnitude          

p (kPa) ΨR(Vo,p)

3.570 m/s    

(ref.) -1.346 - 125.3 - 21.68 - -5.494 - 4467 -

1.785 m/s    -1.348 0.15% 125.5 0.12% 21.67 -0.07% -5.494 -0.01% 4467 0.00%

7.140  m/s    -1.338 -0.58% 124.7 -0.46% 21.71 0.12% -5.496 0.03% 4467 0.00%

Pressure                              
Radial                  

Displacement 

Longitudinal                     

Stress          

Longitudinal                   

Displacement 

Hoop                                  

Stress                       

Magnitude             

v (mm) ΨR(Vo,v)

Magnitude           

σl (MPa) ΨR(Vo,σl)

Magnitude        

σh (MPa) ΨR(Vo,σh)

Magnitude          

p (kPa) ΨR(Vo,p)

Magnitude           

u (mm) ΨR(Vo,u)

3.570 m/s    

(ref.) -0.071 - -0.069 - 10.55 - 423.7 - 0.055 -

1.785 m/s    -0.029 -58.5% -0.029 -58.3% 4.500 -57.3% 201.8 -52.4% 0.028 -49.6%

7.140  m/s    -0.156 120% -0.150 119% 22.84 116% 870.6 105.5% 0.111 100%

Radial                    

Displacement 

Longitudinal                     

Stress          

Longitudinal                   

Displacement 

Hoop                                  

Stress                       
Pressure                              
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Table 6. 17 - Sensitivity of Numerical Results to the Initial Flow Velocity on Total Fields 

 

6.5 Effect of the Damping Ratio 

Section 6.5 presents the damping effect on the fluid and structural steady state and 

transient results within 0.0 and 0.1 seconds. The results based on the damping ratio of the 

reference case (10 %) are compared with variations in the damping ratio (2% and 5%).    

6.5.1 Results and Discussion 

Figures 6.4 a-d show that, within the steady state and transient regimes, damping has a 

negligible effect on fluid fields.  In the steady-state regime, damping is observed not to 

impact the stress and displacement fields within the pipe wall. 

Transient structural results are observed to slightly be affected by the change in damping 

ratio. Figures 6.4 e-l indicates that the transient values slightly increase as the damping 

ratio diminishes. Figure 6.4f shows that for the lowest damping ratio considered (2%), the 

hoop stress due to the transient pressure reaches a maximum value of 10.56 MPa 

compared to 10.55 MPa for the reference value of 10% (Table 6.18). Table 6.18 shows 

that the classical solution systematically overestimates the transient hoop stress compared 

to the predictions of the numerical solution.  

Table 6. 18 - Classical versus Numerical predictions of Maximum Transient Hoop Stress for different 

Damping Ratio  

 

 

 

Magnitude          

p (kPa) ΨR(Vo,p)

Magnitude        

σh (MPa) ΨR(Vo,σh)

Magnitude             

v (mm) ΨR(Vo,v)

Magnitude           

u (mm) ΨR(Vo,u)

Magnitude           

σl (MPa) ΨR(Vo,σl)

3.570 m/s    

(ref.) 4891 - 135.9 - -1.417 - -5.439 - 21.62 -

1.785 m/s    4669 -4.5% 130.0 -4.3% -1.378 -2.8% -5.466 0.5% 21.64 0.1%

7.140  m/s    5338 9.1% 147.6 9% -1.494 5% -5.385 -1% 21.56 0%

Pressure                              
Radial                    

Displacement 

Longitudinal                   

Displacement 

Longitudinal                     

Stress          

Hoop                                  

Stress                       

l

Damping Ratio                           

(%)

Classical                           

Solution              

[1]

Numerical          

Solution       

[2]

Percentage 

Difference                  

([1]-[2])/[2]

10 (Ref.) 11.87 10.55 12.5%

5 11.87 10.56 12.4%

2 11.87 10.56 12.4%

Transient 

Hoop Stress 

(MPa)
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Figure 6. 4 - Damping Ratio comparison for : (a) Total Pressure, (b) Transient Pressure, (c) Absolute 

Velocity, (d) Relative Velocity, (e) Total Hoop Stress, (f) Transient Hoop Stress, (g) Total Hoop 

Displacement, (h) Transient Hoop Displacement, (i) Total Longitudinal Stress, (j) Transient 

Longitudinal Stress, (k) Total Longitudinal Displacement, (l) Transient Longitudinal Displacement  
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6.5.2 Analyzing the Effect of the Damping Ratio 

Table 6.19 ranks the fields from the most sensitive (longitudinal stress) to the least 

sensitive (pressure) both for the steady state and transient responses. The sensitivity of 

each field is assessed based on the variation parameter introduced in Eq. 6.1 from their 

value in the reference case.   

The essentially zero variations for all field variables in the steady state and total response 

suggest that damping has no influence on fields in the steady-state and the total response. 

In the transient regime, the longitudinal stress is the field that is impacted the most by the 

damping ratio with a variation of 7.97% from the reference case. The longitudinal 

displacement comes second with 1.67% variation while the influence of damping on the 

other fields is observed to be negligible (<1%). Given that the transient response 

represents a small part of the total response, the overall influence of damping is 

considered negligible. 

Table 6. 19 - Sensitivity of Numerical Results to the damping ratio 

 

 

 

 

 

 

Magnitude           

σl (MPa) ΨR(ξ,σl)

Magnitude           

u (mm) ΨR(ξ,u)

Magnitude              

v (mm) ΨR(ξ,v)

Magnitude        

σh (MPa) ΨR(ξ,σh)

Magnitude          

p (kPa) ΨR(ξ,p)

10 %                  

(Ref.)  
21.68 - -5.494 - -1.346 - 125.3 - 4467 -

5 21.68 0.00% -5.494 0.00% -1.346 0.00% 125.3 0.00% 4467 0.00%

2 21.68 0.00% -5.494 0.00% -1.346 0.00% 125.3 0.00% 4467 0.00%

10 %                  

(Ref.)  
0.162 - 0.055 - -0.069 - 10.55 - 423.7 -

5 0.169 4.59% 0.056 2.10% -0.069 1.02% 10.557 0.08% 423.9 0.04%

2 0.174 7.97% 0.057 3.44% -0.070 1.67% 10.56 0.13% 424.0 0.07%

10 %                  

(Ref.)  
21.85 - -5.439 - -1.415 - 135.9 - 4891 -

5 21.85 0.03% -5.438 -0.02% -1.415 0.05% 135.9 0.01% 4891 0.00%

2 21.86 0.06% -5.437 -0.04% -1.416 0.08% 135.9 0.01% 4891 0.01%

Maximum 

Transient 

Results 

Longitudinal                   

Displacement 

Hoop                                  

Stress                       

Longitudinal                     

Stress          

Radial               

Displacement 
Pressure                              

Steady-

State 

Results 

Total   

Results 
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6.6 Effect of Closure Time 

Section 6.6 presents the effect of the closure time on the fluid and structural transient 

results within 0.0 and 0.1 seconds. The results based on the closure time of the reference 

case (0.1135 seconds) are compared with those based on two closure time variations 

(0.227 seconds and 0.554 seconds). 

6.6.1 Results and Discussion  

The initial field values in Figs 6.5 a-d indicate that closure time has no effect on the fluid 

fields in the steady-state. Closure time effect is however observed in the transient regime 

where transient pressure and velocity variations were observed to decrease with closure 

time. From Figs. 6.5a and 6.5d, it is observed that the pressure frequency and velocity 

frequency are insensitive to the closure time. According to the rigid water column theory 

(Eqs 2.21, 2.22), transient pressure is inversely proportional to the closure time. In Table 

6.20, transient pressure results, as calculated by the rigid water column theory based on 

the reference transient pressure (423.7 kPa), are provided in Column [1] and compared to 

the numerical results in Column [2]. Column [3] provides the percentage differences. The 

comparison suggests that the transient pressure as numerically predicted is nearly 

inversely proportional to the closure time 

Table 6. 20 - Rigid Water Column Theory versus Numerical predictions of Maximum Transient 

Hoop Stress for different closure times  

 

In the steady-state regime, closure time is observed not to impact the stress and 

displacement fields within the pipe wall. Table 6.21 shows that the hoop stresses, 

longitudinal stresses and radial displacement do not influence the percentage difference 

between the numerical and classical solutions. In all cases, excellent agreement is 

obtained with a maximum percentage difference of less than 5.93% in the longitudinal 

stress predictions 

Closure Time       

(s)

Rigid Water 

Column Theory              

[1]

Numerical          

Solution       

[2]

Percentage 

Difference                  

([1]-[2])/[2]

0.1135 (Ref.) - 423.7 -

0.227 211.9 201.8 4.98%

0.554 86.80 90.80 -4.41%

Transient 

Pressure            

(kPa)
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Table 6. 21 - Comparison between Steady-State Classical and Numerical Solutions for different 

closure times  

 

Unlike the steady-state results, closure time is observed to affect the magnitudes of the 

structural fields in the transient regime. The magnitude of all structural fields (Figs 6.5f-l) 

increases as the closure time decreases. Figure 6.5f shows that for the lowest closure time 

(0.1135 s), the transient hoop stress due to transient pressure reaches a maximum value of 

10.55 MPa (Table 6.22) which is to be added to the steady-state hoop stress of 125.3 MPa 

(Table 6.21). Table 6.22 shows that the classical solution systematically overestimates the 

transient hoop stress when compared to numerical solution predictions. The classical 

solution provides reasonable agreement (within 12.5%) with numerical predictions for 

fast gate closure (low closure time). For slower gate closures (larger closure time), the 

classical solution is observed to significantly depart from numeric predictions.  

Table 6. 22 - Classical versus Numerical predictions of Maximum Transient Pressure for different 

closure times 

 

 

 

Closure Time                  

(s)

Classical                           

Solution 

[1]  

Numerical 

Solution 

[2]

Percentage 

Difference          

([1]-[2])/[2]

0.1135 (Ref.) 125.1 125.3 -0.18%

0.227 125.1 125.3 -0.18%

0.554 125.1 125.3 -0.18%

0.1135 (Ref.) 22.97 21.68 5.93%

0.227 22.97 21.68 5.93%

0.554 22.97 21.68 5.93%

0.1135 (Ref.) -5.161 -5.177 -0.32%

0.227 -5.161 -5.177 -0.32%

0.554 -5.161 -5.177 -0.32%

Hoop Stress 

(MPa)

Longitudinal                    

Stress      

(MPa)

Radial 

Displacement                          

(mm)

Closure Time       

(s)

Classical                           

Solution      

[1] 

 Numerical          

Solution       

[2]

 Percentage 

Difference                  

([1]-[2])/[2]                       

 Absolute 

Difference  

[1]-[2]

0.1135 (Ref.) 11.87 10.55 12.5% 1.32

0.227 5.650 4.519 25.0% 1.13

0.554 2.540 1.503 69.0% 1.04

Transient 

Hoop Stress 

(MPa)
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Figure 6. 5 - Closure time comparison for : (a) Total Pressure, (b) Transient Pressure, (c) Absolute 

Velocity, (d) Relative Velocity, (e) Total Hoop Stress, (f) Transient Hoop Stress, (g) Total Hoop 

Displacement, (h) Transient Hoop Displacement, (i) Total Longitudinal Stress, (j) Transient 

Longitudinal Stress, (k) Total Longitudinal Displacement, (l) Transient Longitudinal Displacement  
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6.6.2 Analyzing the Effect of Closure Time  

Since by definition, the steady state solution takes place right before gate closure, zero 

sensitivity values are inserted into the steady state fields in Table 6.23. Table 6.24 ranks 

the fields from the most sensitive (radial displacement) to the least sensitive (longitudinal 

stress) for transient state. A rank based on the total response (steady state + transient) is 

also provided in Table 6.25 where pressure is observed to be the most sensitive parameter 

and the radial displacement is the least. The sensitivity of each field is assessed based on 

the variation parameter introduced in Eq. 6.1 from their value in the reference case, in 

steady state and transient analyses, as well as the total results. 

The radial displacement is the field that is impacted the most by closure time with a 

variation of 89.4% in transient state. Other fields is nearly equally impacted by closure 

time in the transient state. The corresponding variations in the total response are minor 

with the pressure impacted the most, with a 6.81% variation. 

Table 6. 23 - Sensitivity of Numerical Results to the closure time on Steady Fields 

 

Table 6. 24 - Sensitivity of Numerical Results to the closure time on Transient Fields 

 

 

 

 

 

Magnitude           

u (mm) ΨR(T,u)

Magnitude                   

v (mm) ΨR(T,v)

Magnitude        

σh (MPa) ΨR(T,σh)

Magnitude          

p (kPa) ΨR(T,p)

Magnitude           

σl (MPa) ΨR(T,σl)

0.1135 s             

(Ref.)
-5.494 - -1.346 - 125.3 - 4467 - 21.68 -

0.227s   -5.494 0.00% -1.346 0.00% 125.3 0.00% 4467 0.00% 21.68 0.00%

0.454 s  -5.494 0.00% -1.346 0.00% 125.3 0.00% 4467 0.00% 21.68 0.00%

Pressure                              
Radial                   

Displacement 

Hoop                                  

Stress                       

Longitudinal                   

Displacement 

Longitudinal                     

Stress          

Magnitude           

u (mm) ΨR(T,u)

Magnitude                   

v (mm) ΨR(T,v)

Magnitude        

σh (MPa) ΨR(T,σh)

Magnitude          

p (kPa) ΨR(T,p)

Magnitude           

σl (MPa) ΨR(T,σl)

0.1135 s             

(Ref.)
-0.020 - -0.069 - 10.55 - 423.7 -

0.162
-

0.227s   -0.008 -60.1% -0.029 -58.0% 4.519 -57.2% 201.8 -52.4% 0.092 -42.9%

0.454 s  -0.002 -89.4% -0.009 -87.1% 1.503 -85.8% 90.80 -78.6% 0.058 -64.3%

Radial                   

Displacement 

Longitudinal                   

Displacement 

Hoop                                  
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Pressure                              

Longitudinal                     
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Table 6. 25 - Sensitivity of Numerical Results to the closure time on Total Fields  

 

6.7 Effect of Angle of Vertical Inclination  

Section 6.7 presents the effect of the angle of vertical inclination on the fluid and 

structural transient results between 0.0 and 0.1 seconds. The results based on the vertical 

inclination angle of the reference case (25.86 ) are compared with two vertical inclination 

angle variations (0° and 15°). 

6.7.1 Results and Discussion  

Figures 6.6 a-d show that, for steady and transient states, the angle of vertical inclination 

does not significantly influence the pressure and velocity fields.  In contrast, the stresses 

and displacement fields within the pipe wall are observed to be impacted by the angle of 

inclination.  

Figure 6.6e shows that the hoop stresses slightly increases as the angle of vertical 

inclination decreases. This increase can be attributed to pipe ovalization. A smaller 

inclination angle corresponds to greater bending moment within the pipe and 

correspondingly higher longitudinal stresses at the extreme fibers. The higher stresses 

cause the section to ovalize further. 

Table 6.26 shows very good agreement between the classical and numerical solutions 

with a maximum difference of 1.11%. Figure 6.6i shows that the longitudinal stresses 

change with the vertical inclination angle, although no specific trend can be noticed. For 

comparison, longitudinal stresses are calculated from the beam theory as presented in 

Section 3.3.4.1. As the angle of vertical inclination decreases, the bending action 

intensifies and the axial action weakens. Table 6.26 shows an excellent agreement 

between classical and numerical solutions with a maximum difference of 5.95%. The 

steady-state values of the radial displacements obtained from the FEM-FVM results are 

Magnitude          

p (kPa) ΨR(T,p)

Magnitude        

σh (MPa) ΨR(T,σh)

Magnitude                   

v (mm) ΨR(T,v)

Magnitude           

σl (MPa) ΨR(T,σl)

Magnitude           

u (mm) ΨR(T,u)

0.1135 s             

(Ref.)
4891 - 135.9 - -1.415 - 21.85 - -5.515 -

0.227s   4669 -4.54% 129.8 -4.44% -1.375 -2.81% 21.78 -0.32% -5.503 -0.22%

0.454 s  4558 -6.81% 126.8 -6.66% -1.355 -4.22% 21.74 -0.48% -5.497 -0.33%
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Displacement 
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Displacement 
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shown in Fig. 6.6g. They are compared in Table 6.26 to those based on the classical 

solution prediction. Good agreement is observed between the classical and numerical 

results with a maximum percentage difference of 15.7%. 

Table 6. 26 - Comparison between Steady-State Classical and Numerical Solutions for different 

inclination angles  

 

In the transient regime, the inclination angle affects all structural fields except the 

transient hoop stress. Figure 6.6h shows that the transient radial displacement changes as 

the inclination angle changes. Again, no specific trend can be inferred as a zero 

inclination angle does not follow the trend of the based on the two other two inclinations 

(15°, 25.86°). Figure 6.6j shows that as the inclination angle decreases, the amplitude of 

the transient longitudinal stress curve amplifies. Figure 6.6l shows that the inclination 

angle slightly affects the longitudinal displacement.  

 

25.86 (Ref.) 125.1 125.3 -0.16%

15 125.1 125.8 -0.56%

0 125.1 126.5 -1.11%

25.86 (Ref.) 22.97 21.68 5.95%

15 23.99 24.21 -0.89%

0 23.97 24.38 -1.69%

25.86 (Ref.) -5.161 -5.494 -6.07%

15 -5.161 -6.121 -15.7%

0 -5.161 -5.539 -6.82%

Radial                                         

Displacement 

(mm)

Percentage 

Difference                               

([1]-[2])/[2]

Numerical          

Solution           

[2]

Classical                                               

Solution     

[1]  

Inclination          

Angle (°)

Hoop Stress             

(MPa)
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(MPa)
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Figure 6. 6 - Angle comparison for : (a) Total Pressure, b) Transient Pressure, (c) Absolute Velocity,              

(d) Relative Velocity, (e) Total Hoop Stress, (f) Transient Hoop Stress, (g) Total Hoop Displacement, 

(h) Transient Hoop Displacement, (i) Total Longitudinal Stress, (j) Transient Longitudinal Stress,   

(k) Total Longitudinal Displacement, (l) Transient Longitudinal Displacement  
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6.7.2 Analyzing the Effect of the Angle of Vertical Inclination  

Table 6.27 ranks the fields from the most sensitive (longitudinal stress) to the least 

sensitive (pressure) for the steady state and Table 6.28 ranks the fields from the most 

sensitive (radial displacement) to the least sensitive (pressure) for the transient state. 

Table 6.29 ranks the fields from the most sensitive (longitudinal stress) to the less 

(pressure) for the total response. The sensitivity of each field is assessed based on the 

variation parameter introduced in Eq. 6.1 from their value in the reference case.  

In the steady-state, the longitudinal displacement is the field that is impacted the most by 

the inclination angle with a maximum variation criterion of 12.5%. Longitudinal 

displacement comes second and the radial displacement comes third. Table 6.27 shows 

that the inclination angle does not affect the hoop stresses and the pressure in the steady-

state. In the transient state, the radial displacement is the field that is impacted the most 

by the inclination angle with a maximum variation of 16.0%. The longitudinal stresses 

are observed to come second and longitudinal displacement third. Table 6.25 suggest that 

the inclination angle is essentially not affecting hoop stresses and the pressure in the 

transient state. For the total response, Table 6.27 shows that the total longitudinal stresses 

are influenced the most by the angle of inclinations. No specific trend was observed for 

the other fields. 

Table 6. 27 - Sensitivity of Numerical Results to the Inclination Angle on Steady-State Fields 

 

Magnitude           

σl (MPa) ΨR(α,σl)

Magnitude             

v (mm) ΨR(α,v)

Magnitude           

u (mm) ΨR(α,u)

Magnitude        

σh (MPa) ΨR(α,σh)

Magnitude          

p (kPa) ΨR(α,p)

25.86°            

(Ref.)
21.68 - -1.346 - -5.494 - 125.3 - 4467 -

 15° 24.21 11.6% -1.373 1.98% -6.121 11.4% 125.8 0.40% 4467 0.00%

 0° 24.38 12.5% -1.150 -14.6% -5.539 0.80% 126.5 0.96% 4467 0.00%
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Pressure                              
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Table 6. 28 - Sensitivity of Numerical Results to the Inclination Angle on Transient Fields

 

Table 6. 29 - Sensitivity of Numerical Results to the Vertical Inclination Angle on Total Fields 
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v (mm) ΨR(α,v)

Magnitude        

σh (MPa) ΨR(α,σh)

Magnitude          

p (kPa) ΨR(α,p)

25.86°            

(Ref.)
-0.020 - 0.162 - -0.069 - 10.55 - 423.7 -

 15° -0.023 16.0% 0.160 -1.1% -0.069 0.79% 10.54 -0.09% 423.6 -0.02%

 0° 0.000 -100.0% 0.194 20.1% -0.061 -10.7% 10.55 0.00% 419.7 -0.95%
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21.84 - -5.515 - -1.415 - 135.9 - 4891 -

 15° 24.36 11.6% -6.144 11.4% -1.442 1.92% 136.3 0.36% 4891 0.00%
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6.8 Sensitivity Analysis  

In order to compare the effect of each design parameter I  on the fluid and structural 

output fieldsO , a sensitivity analysis index, is defined as 

     
 

, , ,
( , )

,

I O I O R O I R
SI I O

I R R O R

R

     
           
 

 (6.2) 

Table 6. 30 - Input Parameter changes in the sensitivity analysis 

 

This dimensionless index provides an indication of output field sensitivity to the 

variations in the input design parameter. A greater absolute value indicates a high 

sensitivity. The sensitivity indices for the parameters are provided in Tables 6.31 to 6.35. 

Within each table, variables are sorted in a descending order of importance.  

Table 6.31 shows that the pipe span is the input parameter that has the most impact on the 

transient pressure. Next to the span, the initial velocity and closure time come in second 

place. The thickness has a mildly noticeable impact on the transient pressure, since it 

plays a modest role in the fluid-structure interaction. Other parameters (inclination angle 

and damping ratio) have a negligible impact on the transient pressure. 

Table 6. 31 - Sensitivity Index of Transient Pressure on Input Parameters
 

 

Table 6.32 shows that the pipe thickness is the input parameter to most significantly 

affect the total hoop stresses. The span, initial velocity and closure time have all an 

equally small impact on the total hoop stresses. The remaining parameters (inclination 

angle and damping ratio) have negligible impact on total hoop stresses. 

 

Design Parameters [y] Thickness Span
Initial             

Velocity

Damping                 

Ratio

Closure       

Time
Angle 

Unit mm m m/s % s °

Reference Value 19.05 15.384 3.570 10 0.1135 25.86

High Parametric Value 17.00 25.000 7.140 5 0.5540 15

Low Parametric Value 15.00 20.000 1.785 2 0.2270 0

Transient Pressure Span
Initial 

Velocity

Closure   

Time
Thickness

Inclination    

Angle 

Damping 

Ratio

High Parametric Value 1.1362 1.0548 0.2024 0.1360 0.0006 0.0009

Low Parametric Value 1.1563 1.0474 0.5237 0.0866 0.0095 0.0009
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Table 6. 32 - Sensitivity Index of Total Hoop Stresses on Input Parameters
 

 

Table 6.33 shows that the span is the parameter that has most impact on the total radial 

displacement. This is followed by the thickness which has a moderate impact on the total 

radial displacement. Other parameters (initial velocity, closure time, inclination angle, 

and damping ratio) have negligible impact on the total radial displacement. 

Table 6. 33 - Sensitivity Index of Total Radial Displacements on Input Parameters 

 

Table 6.34 shows that the span is the most influential on the total longitudinal stresses, 

followed by the thickness which has a moderate effect. The inclination angle, initial 

velocity, and closure time are observed to have a negligible impact on total longitudinal 

stresses. 

Table 6. 34 - Sensitivity Index (%) of Total Longitudinal Stresses on Input Parameters 

Table 6.35 shows that the span and thickness have an impact on the total longitudinal 

displacement. Other parameters (inclination angle, initial velocity, closure time and 

damping ratio) have a negligible impact on the total longitudinal displacement. 

Table 6. 35 - Sensitivity Index (%) of Total Longitudinal Displacements on Input Parameters
 

 

The above results are summarized in Table 6.36 which compiles the effect of each of the 

input parameters on the output fields investigated. 

Hoop Stress Thickness Span
Initial 

Velocity

Closure   

Time

Inclination    

Angle 

Damping 

Ratio

High Parametric Value 1.135 0.117 0.086 0.017 0.009 0.000

Low Parametric Value 1.277 0.086 0.088 0.045 0.013 0.000

Radial Displacement Span Thickness
Inclination    

Angle 

Initial 

Velocity

Closure   

Time

Damping 

Ratio

High Parametric Value 11.62 0.743 0.272 0.005 0.001 0.000

Low Parametric Value 7.206 0.850 0.004 0.005 0.002 0.000

Longitudinal Stress Span Thickness
Inclination    

Angle 

Initial 

Velocity

Closure   

Time

Damping 

Ratio

High Parametric Value 3.670 0.753 0.274 0.008 0.001 0.001

Low Parametric Value 3.097 0.865 0.125 0.008 0.003 0.001

Longitudinal 

Displacement 
Span Thickness

Inclination    

Angle 

Initial 

Velocity

Closure   

Time

Damping 

Ratio

High Parametric Value 1.298 1.149 0.046 0.052 0.011 0.001

Low Parametric Value 1.227 1.302 0.144 0.054 0.028 0.001
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Table 6. 36 - Summary of Influences of input design parameters on magnitude of output fields 

 

6.9 Conclusion  

Chapter 6 presented a parametric study on six design parameters (pipe thickness, span, 

initial flow velocity, damping ratio, closure time, and vertical inclination angle) and 

provided a systematic analysis on their influence on the fluid and structural output fields. 

Section 6.7 provided a sensitivity analysis that provided a classification of each input 

parameter investigated on the output parameter of the study. 

1. The analysis indicates that the span and initial velocity are the most influential 

parameters on the transient pressure. The closure time has a moderate impact. The 

thickness has a small influence on the transient pressure. Its influence is one order of 

magnitude less than that of the first three parameters, and provides an indication of 

influence of fluid-structure interaction on the pressure. 

2. It is also observed that pipe thickness is the most influential parameter on the total 

hoop stresses, and thus on the structural design of a penstock. Pipe span, initial 

velocity and closure time are observed to have a small impact on the total hoop stress. 

Their impact is found to be approximately one order of magnitude less than that of the 

thickness. 

Transient 

Pressure

Total Hoop      

Stress

Total Radial 

Displacement 

Total 

Longitudinal 

Stress

Total 

Longitudinal 

Displacement 

Thickness Small Significant Moderate Moderate Significant 

Span Significant Small Important Significant Significant 

Initial 

Velocity 
Significant Small Negligible Negligible Small

Damping 

Ratio 
Negligible Negligible Negligible Negligible Negligible 

Closure  

Time 
Moderate Small Negligible Negligible Negligible 

Angle of 

Inclination
Negligible Negligible Negligible Moderate Small
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3. Total radial displacements are primarily impacted by the span while the thickness is 

observed to have a moderate influence.   

4. Total longitudinal stresses are primarily impacted by the pipe span. Pipe thickness and 

the inclination angle have moderate impact on the longitudinal stresses 

5. Total longitudinal displacement was found to be insensitive to many parameters. Only 

the thickness and the span are observed to have an impact on it.  

6. The damping ratio was observed to have little influence on all parameters considered. 

Tables 6.4 and 6.14 show that the transient hoop stress calculated by classical structural 

solutions is consistently higher than that computed by numerical solution. A numerical 

analysis including the fluid structure interaction effect gives more accurate prediction. 
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CHAPTER 7 –COMPARATVE STUDY OF ELEVATED 

HORIZONTALLY AND VERTICALLY BENT PENSTOCKS 

7.1 Objective  

This chapter presents a comparative study based on the model developed in Chapter 4 for 

two additional design parameters; the horizontal bend angle, and the vertical bend angle. 

Towards this goal, a straight pipe is considered as a reference case and various scenarios 

of horizontal bend and vertical bend angles are investigated and comparisons are made 

with results based on the reference case. 

7.2  Description of Parametric Runs 

A reference case similar to that described in Chapter 5 for a straight pipe with no bend is 

taken as a basis from which parametric variations are made. However, unlike the 

reference case in chapter 5 in which the pipe was assumed to be inclined by 25.86 

degrees with the horizontal, the reference case in this chapter is taken to lie in a 

horizontal plane. The diameter is 1.067 m, thickness is 19.05 mm, and the total span of 

the pipe including the bent segment is 15.384 m. Boundary conditions at pipe ends are 

identical to those defined in Section 4.5. Three additional scenarios are considered for a 

horizontal bend angle   of 15, 30 and 45 degrees and an additional three cases are 

considered for vertical bend angles   of 15, 30, and 45 degrees. In all runs, the straight 

span 1L  at the inlet is taken equal to the straight span 3L  at the outlet, while the middle 

span of the curved segment 2L  is taken to vary according to the bend angle while keeping 

the centerline  radius of the bend constant 3.5R m , i.e.,  2 180L R   . In all runs, 

the sum of all spans 1 2 3L L L L    is taken as 15.384 m. Table 7.1 summarizes the 

value of angles ( ,  ) and spans 1L , 2L  and 3L for all seven parametric runs conducted in 

this chapter. 
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Table 7. 1 - Design parameter value changes in the comparative study 

  

7.3  Modelling Considerations 

Horizontal and vertical bend models in Figs. 7.1 and 7.2 include gravity forces. Boundary 

conditions at pipe ends are identical to those described at Section 4.5. The structural mesh 

is as defined in Section 4.5.1.3. The fluid mesh for angle variations (0 ,15 ,30 ,45 )  is 

modified to achieve convergence by reducing the longitudinal dimension of the fluid 

element from 170 mm to 85 mm. The fluid mesh in the radial and circumferential 

directions is kept as defined in Section 4.5.2.2.    

 

Figure 7. 1 - Geometry of the elevated horizontal bend 

Parametric Run

Horizontal 

Bend Angle   

β (Degrees) 

Vertical   

Bend Angle       

χ (Degrees)

Span L1      

(m)

Span L2    

(m)

Span L3    

(m)

1 (Reference Case) 0 0 15.384 0 0

2 15 0 7.234 0.916 7.234

3 30 0 6.776 1.833 6.776

4 45 0 6.318 2.749 6.318

5 0 15 7.234 0.916 7.234

6 0 30 6.776 1.833 6.776

7 0 45 6.318 2.749 6.318

β 
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Figure 7. 2 - Geometry of the elevated vertical bend 

7.4  Interpretation of Results 

When comparing results, the magnitude of a fluid and structural output field O

corresponding to variation input design parameter I (angle of horizontal bend or angle of 

vertical bend) compared to its value in the reference case R is quantified using the same 

variation criterion  ,R I O defined Chapter 6. The output variables O  of interest in this 

chapter are the pressure ( p ) and the von-Mises stress ( vm ). 

7.5 Results for Parametric Runs related to Horizontal Bend Angle 

Section 7.5 presents the effect of a horizontal bend on the fluid and structural fields 

between 0.00 and 0.07 seconds. Results based on the reference model (with zero 

horizontal bend 0°) are compared with those based on the three horizontal bend angles of 

(15°, 30°, and 45°). 

7.5.1 Results and discussion 

Figures. 7.3 and 7.4 indicate that the bend angle has an effect on the fluid steady-state 

results. For comparison, the dynamic pressure scale on the contour plots is kept constant 

within -10 kPa and -5.0 kPa. Also, the velocity scale is kept constant within 2.9 m/s and 

4.4 m/s. Figure 7.3 shows that dynamic pressure decreases on the inside of the bend from 

-7.0 kPa for β=0 , -8.5 kPa for β=15 , -9.5 kPa for β=30  to -10 kPa for β=45 . It also 

shows that dynamic pressure increases on the outside of the bend from -7.0 kPa for β=0 , 

-6.0 kPa for β=15 , -5.5 kPa for β=30  to -5.0 kPa for β=45 . 

χ 
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a 

 

b 

 
c 

 
d 

Figure 7. 3 - Pressure Contours  for various Horizontal Bend angles   (a)   0 (b)   15° (c) 

  30° (d)    45° 

Figure 7.4 shows that velocity increases on the inside of the bend from 3.65 m/s for β=0 , 

3.95 m/s for β=15 , 4.25 m/s for β=30  to 4.40 m/s for β=45 . It also shows that velocity 

decreases on the outside of the bend from 3.95 m/s for β=0 , 3.5 m/s for β=15 , 3.35 m/s 

for β=30  to 3.2 m/s for β=45 . 
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a 

 

b 

 

c 

 

d 

Figure 7. 4 - Velocity Contours for Various Horizontal Bend Angles  (a)    0° (b)   15° (c) 

  30° (d)   45° 

Figures. 7.5-7.7 show that the horizontal bend angle is observed to have an effect on the 

structural steady-state results. Figure 7.5 shows the deformed configuration of the bend 

using a magnification factor of 10.   
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a 
 

b 

 

c 

 

d 

Figure 7. 5 - Deformed Configuration for Various Horizontal Bend Angles  (a)    0° (b)  

15° (c)   30° (d)   45° 

Figures 7.6 and 7.7 show the von-Mises stress values for each horizontal bend angle. For 

comparison, von-Mises stresses contour scale is kept constant within 0 MPa and 1000 

MPa. Table 7.2 gives the maximum von-Mises stress values for each bend angle shown 

in Figs. 7.6 and 7.7. The maximum value increases from 139.6 MPa for β=0  until 937.4 

MPa for β=45 . Figure 7.7 shows that as the angle of the bend increases, the maximum 

von-Mises stress moves from the inside of the bend towards the outside. This is caused 

by the narrowing effect within the bent section.  
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a 
 

b 

 

c 

 

d 

Figure 7. 6 - Plan View of von-Mises Stress contour plots for Various Horizontal Bend Angles  (a) 

   0° (b)   15° (c)   30° (d)   45° 
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a 
 

b 

 

C 

 

d 

Figure 7. 7 - Elevated View of von-Mises Stress contour plots for Various Horizontal Bend Angles 

(a)    0° (b)   15° (c)   30° (d)   45° 

Table 7. 2 - Maximum von-Mises steady state stress for the horizontal bend  

 

 

Horizontal 

Bend Angle            

β (Degrees)

Maximum von 

Mises Stress              

σvm (MPa)  

0° 139.6

15° 345.8

30° 628.3

45° 937.4
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Fluid results from transient regime in Figs 7.8 a-d are extracted at the black dot location 

marked in Figs. 7.3 a-d. In the longitudinal direction, this point is located at pipe mid-

span. In the radial direction, it is located at the centre of the pipe. Figure 7.8 b shows that 

the peak transient pressure starts at a maximum value of about 423.7 kPa for the 

reference case, attains a maximum value of about 458.5 kPa at a bend angle of 15 degrees 

and from this peak value, the magnitude of the peak transient pressure is observed to 

decrease to about 363.9 kPa at a bend angle of 45 degrees. These peak transient pressures 

correspond to a highest peak total pressure value of 4926 kPa occurring at a bend angle of 

15 degrees (Fig. 7.8a) and a lowest peak pressure of 4831 kPa at a bend angle of 45 

degrees. 

Also, Fig. 7.8 d shows that as the angle of bend increases, the magnitude of the relative 

velocity increases. When superimposed on the steady state velocity, the difference 

between the resulting absolute velocities is observed to be negligible as depicted in Fig. 

7.8c. 
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c 

 

d 

Figure 7. 8 - Effect of Horizontal Bend Angle on (a) Total Pressure, (b) Transient Pressure, (c) 

Absolute Velocity, (d) Relative Velocity 

For each horizontal bend angle considered, the maximum von-Mises stresses within the 

pipe wall are extracted from transient regime, and the von-Mises history plotted in Figs. 

7.9 a-b. It is observed that the maximum transient von-Mises stress increases with the 

bend angle. It is clear that the total von-Mises for 15 ,30 ,45  angles exceed the 

allowable stress for the steady and transient states as given by
 
Eq. 3.9 for steel grade 

ASTM A1018. Such situations can be remedied by adopting higher steel grades such 

ASTM A517 with a tensile strength yS of 689.47 MPa for the 15° bend angle if the pipe 

thickeness is to be kept at 19.05mm. For the 30° and 45° bends, additional supports at the 

bend would be needed. 
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a 

  

b 

Figure 7. 9 - Effect of Horizontal Bend Angle on (a) Maximum Total von-Mises Stress, and (b) 

Maximum Transient von-Mises Stress 

7.5.2 Sensitivity of Results to Horizontal Bend Angle  

Tables 7.3 and 7.4 present the sensitivity of the pressure and von-Mises stress values 

respectively to the horizontal bend angle. The sensitivity is assessed based on the 

variation parameter R  introduced in Eq. 6.1 from their value in the reference case.  

The steady state pressure is observed not to be impacted by the horizontal bend angle. In 

the transient state, the static pressure is observed to be slightly influenced by the 

horizontal bend angle. However, as observed in Fig. 7.8b, the variation parameter value 

shows a non-monotonic relationship with the horizontal bend angle. A more refined study 

based on smaller bend angle increments would be required to more accurately determine 

the horizontal angle corresponding the higher transient pressure. Given the high 

magnitude of the high steady state pressure, it is observed that the total pressure is barely 

influenced by the horizontal angle. In contrast, the von-Mises stress is observed to be 

greatly impacted by the horizontal bend angle, both in the steady state and transient 

regime. Figs 7.10 a-b show the total and transient von-Mises stress in function of 

horizontal bend angles. 
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Table 7. 3 - Sensitivity of Pressure on Horizontal Bend Angle 

 

Table 7. 4 - Sensitivity of von-Mises Stress on Horizontal Bend Angle 

 

 

a 

 

b 

Figure 7. 10 - Effect of horizontal bend angle on von-Mises a) Total Stress, b) Transient Component 

of the Stress 

Pressure   

p (kPa)
ΨR(β,p)

Pressure   

p (kPa)
ΨR(β,p)

Pressure   

p (kPa)
ΨR(β,p)

0 ° (Ref.) 4467 - 423.7 - 4891 -

15° 4467 0.00% 458.5 8.2% 4926 0.71%

30° 4467 0.00% 412.3 -2.69% 4879 -0.23%

45° 4467 0.00% 363.9 -14.1% 4831 -1.22%

Steady-State Transient State Total 

von Mises 

Stress    

σvm (MPa)

ΨR(β,σvm)

von Mises 

Stress    

σvm (MPa)

ΨR(β,σvm)

von Mises 

Stress    

σvm (MPa)

ΨR(β,σvm)

0 ° (Ref.) 139.6 - 10.85 - 150.5 -

15° 345.8 148% 34.58 219% 380.4 153%

30° 628.3 350% 66.83 516% 695.1 362%

45° 937.4 571% 104.4 862% 1042 592%

Transient State Total Steady-State 
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7.6 Results based on Parametric Runs related to Vertical Bend Angle 

Section 7.6 presents the effect of a vertical bend on the fluid and structural fields between 

0.00 and 0.07 seconds. Results based on the reference model (with zero horizontal bend 

0°) are compared with those based on the three vertical bend angles of (15°, 30°, and 

45°).  

7.6.1 Results and discussion 

Figures 7.11 and 7.12 indicate that the bend angle has an effect on the fluid steady-state 

results. For comparison, the dynamic pressure scale on the contour plots is kept constant 

within -10 kPa and -5.0 kPa. Also, the velocity scale is kept constant within 2.9 m/s and 

4.4 m/s. Figure 7.11 shows that dynamic pressure decreases on the inside of the bend 

from -7 kPa for β=0 , -8.5 kPa for β=15 , -9.5 kPa for β=30  to -10 kPa for β=45 . It also 

shows that dynamic pressure increases on the outside of the bend from -7.0 kPa for β=0 , 

-6.0 kPa for β=15 , -5.5 kPa for β=30  to -5.0 kPa for β=45 . 

a 
 

b 
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c 

 

d 

Figure 7. 11 - Pressure Contours for various Vertical Bend angles   (a)   0 (b)   15° (c) 

  30° (d)    45° 

Figures 7.12 a-d show that the velocity increases on the inside of the bend from 3.65 m/s 

for β=0 , 3.95 m/s for β=15 , 4.25 m/s for β=30  to 4.40 m/s for β=45 . It also shows that 

dynamic pressure decreases on the outside of the bend from -7.0 kPa for β=0 , -6.0 kPa 

for β=15 , -5.5 kPa for β=30  to -5.0 kPa for β=45 . 

 
a 

 
b 

 
c 

 
d 

Figure 7. 12 - Velocity Contours for Various Vertical Bend Angles   (a)    0° , (b)   15° , (c) 

  30° , and (d)   45° 
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Figs. 7.13-7.15 show that the vertical bend angle has an effect on the steady-state von-

Mises stresses. Figure 7.13 shows the deformed configuration of the various pipe 

configurations considered using a magnification factor of 5.   

 

a 

 

b 

 

c 

 

d 

Figure 7. 13 - Deformed Configuration for Various Vertical Bend Angles  (a)    0° (b)   15° 

(c)   30° (d)   45° 
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Figures 7.14 and 7.15 show the von-Mises stress values for each vertical bend angle. For 

comparison, von-Mises stresses contour scales are kept constant within 0 MPa and 3200 

MPa. Table 7.5 gives the maximum von-Mises stress value as a function of the vertical 

bend angle shown in Figs. 7.14 and 7.15. The maximum value increases from 139.6 MPa 

for β=0  up to 3,278 MPa for β=45 , clearly showing the need for anchoring details at the 

bent pipes. Figure 7.15 shows that as the angle of the bend increases, the maximum von-

Mises stress moves from the inside of the bend towards the outside. This is caused by the 

narrowing effect of the bent section.  

 

a 

 

b 

 

c 

 

d 

Figure 7. 14 - Elevation Views of von-Mises Stress Contour Plots for Various Vertical Bend Angles 

  (a)    0°,  (b)   15° , (c)   30°, and (d)   45° 
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a 

 

b 

 

c 

 

d 

Figure 7. 15  – Plan Views for von-Mises contour plots for Various Vertical Bend Angles   (a)    

0°, (b)   15°, (c)   30°, and (d)   45° 

Table 7. 5 - Maximum steady state von-Mises stress for various vertical bend angles  

 

Vertical   

Bend Angle            

χ (Degrees)

Maximum von 

Mises Stress              

σvm (MPa)  

0° 139.6

15° 420.6

30° 1025

45° 3278
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Fluid results from transient regime in Figs 7.16 a-d are extracted at black dot location 

shown in Figs. 7.11 a-d. In the longitudinal direction, the black dot is located at pipe mid-

span. In the radial direction, it is located at the centre of the pipe. Figures 7.16 show that 

for the straight pipe, the peak transient pressure is 423.7 MPa. For the other vertically 

bent penstock, the peak transient pressure is observed essentially to be independent of the 

vertical bend angle. Figure 7.16 c shows the total velocity history to be insensitive of the 

bend angle while Fig. 7.16d shows the relative velocity history. No clear trend can be 

inferred from the figure. 

 

a 

 

b 

 

c 

 

d 

Figure 7. 16 - Effect of Vertical Bend Angle on (a) Total Pressure, (b) Transient Pressure, (c) 

Absolute Velocity, (d) Relative Velocity 

The von-Mises stresses for transient regime are extracted and plotted against time in Figs. 

7.17 a-b at the peak location. As the bend angle increases, the maximum transient von-

Mises stress increases. It is clear that the maximum total von-Mises stress predicted for 
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15 ,30 ,45 vertical bend angles do not satisfy the allowable stress limit as given
 
(Eq. 

3.9) for the steady and transient states for ASTM A1018 steel grade. A higher grade 

(ASTM A517) with a tensile strength yS of 689.47 MPa should be used for the 15° angle. 

Proper anchoring details which control the movement of the bend are needed at the 

location of the bend for 30 ,45  . 

 

a 

  

b 

Figure 7. 17 - Effect of vertical bend angle on  (a) Maximum Total von-Mises Stress, (b) Maximum 

Transient von-Mises Stress 

7.6.2 Sensitivity of Results to the Vertical Bend Angle  

Tables 7.6 and 7.7 present the sensitivity of the pressure and von-Mises stress values 

respectively. The sensitivity of each field is assessed based on the variation parameter 

introduced in Eq. 6.1 from their value in the reference case.  

The steady state pressure is observed to be independent of the vertical bend angle while 

the transient pressure is observed to be very slightly influenced by the vertical bend 

angle. The corresponding total pressure is found insensitive to the vertical bend angle, 

given the high steady state component of the pressure compared to the transient pressure 

magnitude. In contrast, the von-Mises stress is observed to be greatly impacted by the 

vertical bend angle both in the steady state and the transient state. Fig 7.18 shows the 

total and transient von-Mises stress in function of different bending angle in the vertical 

plan.  
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Table 7. 6 - Sensitivity of Pressure on Vertical Angle 

 

Table 7. 7 - Sensitivity of von-Mises stress on Vertical Angle 

 

 

a 

 

b 

Figure 7. 18 - Effect vertical bend angle on von Mises a) Total Stresses, b) Transient Component of 

the Stress 

Pressure   

p (kPa)
ΨR(χ,p)

Pressure   

p (kPa)
ΨR(χ,p)

Pressure   

p (kPa)
ΨR(χ,p)

0 ° (Ref.) 4467 - 423.7 - 4891 -

15° 4467 0.00% 450.0 6.21% 4917 0.54%

30° 4467 0.00% 453.8 7.10% 4921 0.62%

45° 4467 0.00% 449.4 6.07% 4916 0.53%

Steady-State Transient State Total 

Pressure   

p (kPa)
ΨR(χ,p)

Pressure   

p (kPa)
ΨR(χ,p)

Pressure   

p (kPa)
ΨR(χ,p)

0 ° (Ref.) 4467 - 423.7 - 4891 -

15° 4467 0.00% 449.0 5.97% 4916 0.52%

30° 4467 0.00% 453.8 7.10% 4921 0.62%

45° 4467 0.00% 449.4 6.07% 4916 0.53%

Steady-State Transient State Total 
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7.7 Horizontal Bends versus Vertical Bends 

A comparative study on the von-Mises stress between the horizontal bend angle (β) and 

vertical bend angle (χ) angles for four angle values (0 ,15 ,30 ,45 ) is provided in Figs. 

7.19-7.20 

Figure 7.19 compares the relationships for the transient von-Mises stress for the 

horizontal and vertical bends. For a given bend angle, the vertical bend is associated with 

a higher transient von-Mises stress than the horizontal bend. As the bend angle increases, 

the increase in transient von-Mises stress is observed to be more significant than the 

increase in transient von-Mises stress for an equal horizontal bend angle. A similar trend 

is observed in Fig. 7.20 which provides a comparison for the total von-Mises stresses. 

 

Figure 7. 19 - Effect of horizontal and vertical bend angles for Transient von-Mises Stresses 

 

Figure 7. 20 - Effect of horizontal and vertical bend angles for Total von-Mises Stresses 
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7.8 Conclusion  

Chapter 7 presented a comparative study on horizontal and vertical bend angles and 

quantified on their influence on the internal pressure and velocity fields as well as the 

von-Mises stresses.  

1. The analysis indicates that horizontal and vertical bend angles have a negligible 

influence on the transient pressure and a moderate influence on the velocity. 

2. Conversely, the presence of bends is observed to cause a sharp increase in the 

transient and total von-Mises stresses, showing the necessity of providing proper 

anchoring details at the bend location.  

3. The vertical bend angle is observed to cause an increase in the von-Mises stresses that 

is more significant than the horizontal bend angle of the same magnitude.
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CHAPTER 8 – COMPARATIVE STUDY OF BURIED 

HORIZONTALLY BENT PENSTOCKS 

8.1 Objectives  

This chapter presents a comparative study based on the model developed in Chapter 4 for 

an additional design parameter: the subgrade modulus. Towards this goal, the elevated 

penstock with 30° horizontal bend introduced in Run 3 of Chapter 7 is considered as a 

reference case in this chapter and various scenarios of modulus subgrade reactions are 

investigated and comparisons are made with the results based on the reference case. 

8.2 Description of Parametric Runs  

The diameter is 1.067 m, thickness is 19.05 mm and the total span of the pipe including 

the bent segment is 15.384 m. Boundary conditions at pipe ends are identical to those 

defined in Section 4.5. Three additional scenarios are considered for a subgrade modulus 

Ks of 20, 50, 100 MN/m³. In all runs straight spans 1L  at the inlet and 3L  at the outlet are 

equal to 6.776 m, while the middle span of the curved segment 2L  is equal to 1.833 m. 

Table 8.1 associates the value of each subgrade modulus Ks to a corresponding soil type 

for all fours runs conducted in this chapter.    

Table 8. 1 - Design parameter value changes in the comparative study 

 

8.3 Modelling Considerations  

The buried horizontal bend model in Fig. 8.1 includes gravity forces. The soil behavior is 

modeled by an elastic foundation normal to the pipe outside surface. The structural mesh 

Parametric Run

Horizontal 

Bend Angle   

β (Degrees) 

Subgrade 

Modulus Ks     

(MN/m³ )

Type of Soil                     

Bowles,J. (1996)  

Span L1       

(m)

Span L2    

(m)

Span L3    

(m)

1 (Reference Case) 30 0 - 6.776 1.833 6.776

2 30 20
Loose Sand                         

(4.8-16 MN/m³)
6.776 1.833 6.776

3 30 50

Medium Dense Sand                                         

(9.6-80 MN/m³)                            

Clayey medium dense sand 

(32 -80 MN/m³)

6.776 1.833 6.776

4 30 100
Dense Sand                           

(64-128 MN/m³)
6.776 1.833 6.776
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is taken as described in Section 4.5.1.3. The fluid mesh for subgrade variations (0 

MN/m³, 20 MN/m³, 50 MN/m³, 100 MN/m³) is modified to achieve convergence by 

reducing the longitudinal dimension of the fluid element from 170 mm to 85 mm. The 

fluid mesh in the radial and circumferential directions is kept as defined in Section 

4.5.2.2  

 

Figure 8. 1 - Geometry of the 30° buried horizontal bend 

8.4 Interpretation of Results 

When comparing results, the magnitude of a fluid and structural output fields O

corresponding to variation input design parameter I (subgrade modulus of soil) compared 

to its value in the reference case R is quantified using the variation criterion ( , )R I O  as 

defined in Eq.6.1. The output variables O  of interest in this chapter are the pressure ( )p  

and the von-Mises stress ( )vm .  

8.5 Results for Parametric Runs related to Subgrade Modulus  

Section 8.5 presents the effect of the soil on the fluid and structural fields between 0.00 

and 0.07 seconds. Results based on the reference model (with Ks=0 MN/m³) are 

compared with those based on the three subgrade moduli of (20 MN/ m³, 50 MN/m³, and 

100 MN/ m³). 

30° 
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8.5.1 Results and discussion  

Figures 8.2 and 8.3 indicate that the subgrade modulus has no effect on the fluid steady-

state results. For comparison, the dynamic pressure scale on the contour plot is kept 

constant within -10 kPa and -5.0 kPa. Also, the velocity scale is kept constant within 2.9 

m/s and 4.4 m/s. Figure 8.2 shows that dynamic pressure on the inside of the bend stays 

constant at -9.5 kPa for each subgrade modulus. It also shows that dynamic pressure on 

the outside of the bend stays constant at -5.5 kPa. Figure 8.3 shows that velocity on the 

inside of the bend stays constant at 4.25 m/s. It also shows that velocity on the outside of 

the bend stays constant at 3.35 m/s. 

 

a 

 

b 

 

c 

 

d 

Figure 8. 2 - Dynamic Pressure Contours for various Subgrade Modulus Ks values (a) Ks=0 MN/m³ 

(b) Ks=20 MN/m³ (c) Ks=50 MN/m³ (d) Ks=100 MN/m³ 
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a 

 

b 

 

c 

 

d 

Figure 8. 3 - Velocity Contours for various Subgrade Modulus Ks values (a) Ks=0 MN/m³ (b) Ks=20 

MN/m³ (c) Ks=50 MN/m³ (d) Ks=100 MN/m³ 

Figures 8.4-8.6 show that the subgrade modulus has an effect on the structural steady-

state results. Figure 8.4 shows the deformed configuration of the bend using a 

magnification factor of 10. As expected, the presence of the soil significantly reduces the 

displacements induced at the bends due to change in momentum of the fluid.  
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a 

 

b 

 

c 

 

d 

Figure 8. 4 - Deformed Configurations for various Subgrade Modulus Ks values  (a) Ks=0 MN/m³ (b) 

Ks=20 MN/m³ (c) Ks=50 MN/m³ (d) Ks=100 MN/m³ 

Figures 8.5 and 8.6 show the von-Mises stress values as a function of the subgrade 

modulus. For comparison, von-Mises stresses contour scale is kept constant within 0 MPa 

and 600 MPa. Table 8.2 gives the maximum von-Mises stress value for each subgrade 

modulus shown in Figs. 8.5 and 8.6. The maximum von-Mises stress value sharply 

decreases from 628.3 MPa for Ks=0 MN/m³ to 243 MPa for the modulus value Ks=20 

MN/m³, but then drops gradually to 205.3 MPa for Ks=50 MN/m³  and 188.2 MPa for 

Ks=100 MN/m³. The comparison illustrates the rather beneficial effect of burying the 

pipe in the soil.  
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a 

 

b 

 

c 

 

d 

Figure 8. 5 - Plan View for various subgrade modulus Ks values (a) Ks=0 MN/m³ (b) Ks=20 MN/m³ (c) 

Ks=50 MN/m³ (d) Ks=100 MN/m³ 

 

a 

 

 

b 
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c 

 

d 

Figure 8. 6 - Elevation View for various subgrade modulus Ks values  (a) Ks=0 MN/m³ (b) Ks=20 

MN/m³ (c) Ks=50 MN/m³ (d) Ks=100 MN/m³ 

Table 8. 2 - Maximum von-Mises steady-state stress for the subgrade modulus  

 

Fluid field results from transient regime in Fig. 8.7 were extracted at the black dot 

location marked in Figs. 8.2. In the longitudinal direction, this point is located at pipe 

mid-span. In the radial direction, it is located at the centre of the pipe. Figure 8.7b shows 

that the transient pressure peaks at a maximum pressure of 412.3 kPa for a subgrade 

modulus of 0 MN/m³. The peak value increases to 437.1 kPa for 20 MN/m³ , to 459.6 

kPa for 50 MN/m³ and reaches a value of 474.1 kPa for a subgrade modulus of 100 

MN/m³. This trend is comparable to the one found on the variable thickness in Fig. 6.1 a-

b and Table 6.6. The transient pressure increases as the rigidity of the structure increases.  

Also, Fig. 8.7d shows that as the subgrade modulus increases, the magnitude of the 

relative velocity increases. When superimposed on the steady state velocity, the 

difference between the resulting absolute velocities is observed to be negligible as 

depicted in Fig. 8.7c.  

 

Subgrade 

Modulus    

Ks (MN/m³)

von Mises 

Stress        

σvm (MPa)

0 628.3

20 243.0

50 205.3

100 188.2
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a 

 

b 

c d 

Figure 8. 7 - Effect of Subgrade Modulus on (a) Total Pressure, (b) Transient Pressure, (c) Absolute 

Velocity, (d) Relative Velocity 

The maximum von-Mises stresses within the pipe wall are extracted from transient 

regime, and its history plotted in Figs. 8.8 a-b. It is observed that the maximum transient 

von-Mises stresses decrease with the subgrade modulus. The total von-Mises for modulus 

values of 20 MN/m³, 50 MN/m³, and 100 MN/m³ subgrade moduli slightly exceed the 

allowable stress for the steady and transient states as given by Eq. 3.9 for ASTM A1018 

steel grade, but remain significantly lower than the case of elevated pipe.  
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a 

 

b 

Figure 8. 8 - Effect of Subgrade Modulus on (a) Maximum Total von-Mises Stress, (b) Maximum 

Transient von-Mises Stress 

8.5.2 Sensitivity of Results to the Subgrade modulus   

Tables 8.3 and 8.4 respectively present the sensitivity of the pressure and von-Mises 

stress values to the subgrade modulus value. The sensitivity is assessed based on the 

variation parameter R  introduced in Eq. 6.1 from their value in the reference case.  

The steady state pressure is observed to be insensitive to the subgrade modulus value. In 

the transient state, the static pressure is observed to be slightly influenced by the subgrade 

modulus. As shown on Fig. 8.9, as the subgrade modulus increases, the amplitude of 

transient pressure is observed to increase.   

The von-Mises stress is observed to be greatly impacted by the subgrade modulus, both 

in the steady state and transient regimes. Figures 8.10 a-b show the total and transient 

von-Mises stresses as a function of subgrade moduli.  

Table 8. 3 - Sensitivity of Pressure on Subgrade Modulus   
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p (kPa) ΨR(Ks,p)

0 N/m² 4467 - 412.3 - 4879 -

20 N/m² 4467 0.00% 437.1 6.02% 4904 0.51%

50 N/m² 4467 0.00% 459.6 11.5% 4927 0.97%

100 N/m² 4467 0.00% 474.1 15.0% 4941 1.27%

Steady-State Transient State Total 
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Table 8. 4 - Sensitivity of von-Mises Stress on Subgrade Modulus 

 

  

Figure 8. 9 - Effect of Subgrade modulus on transient Pressure 

 

a 

 

b 

Figure 8. 10 - Effect of Subgrade modulus on von-Mises a) Total Stress, b) Transient Component of 

the Stress 
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8.6 Conclusion  

Chapter 8 presented a comparative study on the effect of subgrade modulus of the soil on 

a horizontally bent penstock and quantified on its influence on the internal pressure, 

velocity fields, and the von-Mises stresses.  

1. The analysis indicates that the subgrade modulus has little influence on the 

transient pressure and a moderate influence on the velocity. 

2. Conversely, the presence of soil is observed to cause a significant beneficial effect 

in decreasing the transient and total von-Mises stresses.  
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CHAPTER 9 – SUMMARY, CONCLUSIONS AND 

RECOMMANDATIONS 

9.1 Summary   

A numerical model of a water hammer caused gate closure for straight elevated penstocks 

was developed under ANSYS-CFX. The model is based on real design scenario located 

at the Bear Creek Hydro Project, BC and captures Fluid-Structure Interaction (FSI). The 

FSI was performed according to an iteration process between a fluid and a structural 

solver. Navier-Stokes equations were discretized according to the Finite Volume Method 

(FVM) in the fluid solver and Equilibrium equations were discretized according to the 

Finite-Element Method (FEM) in the structural solver. 

Rapid and slow gate closure events were simulated in the model for different timesteps 

and compared to analytical solutions. Structural and fluid data from slow gate closure 

events were taken as reference case.  

A parametric study based on the reference case was performed on six different design 

parameters (pipe thickness, span, initial velocity, damping ratio, closure time and angle of 

inclination). A sensitivity analysis based on a defined dimensionless index provided an 

indication of output field sensitivity to input design parameters and the degree of 

importance of various design parameters was assessed.  

A comparative study was then performed to analyze the influence of the horizontal and 

vertical bend angles on the output fields (pressure, velocity and von-Mises Stress).   

Another comparative study was conducted to investigate the effect of the modulus of 

subgrade reaction on the pressure, velocity and von-Mises Stresses 
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9.2 Conclusions  

Parametric and comparative studies have investigated the effect of certain parameters on 

determined output fields. Following is an outline of the major findings of these studies. 

1. The pipe thickness was found to have a significant influence on the transient and 

steady hoop stress, making it an essential parameter to take into consideration in 

the design phase.  

2. The span had an influence on many outputs: transient pressure, steady 

longitudinal stress and displacement, steady radial displacement. Its important 

influence on the transient pressure makes it a crucial parameter in a water hammer 

analysis.  

3. The initial velocity was also found to have an important effect on the transient 

pressure, making it another essential parameter in a water hammer analysis. 

4. The angle of inclination and damping parameters were found to have a negligible 

influence on every output field. 

5. It was observed that presence of bends causes a sharp increase in both the 

transient and total von-Mises stresses, demonstrating the necessity of providing 

proper anchoring details at the bend location.  

6. It was observed that the presence of soil has the significant benefit of decreasing 

the transient and total von-Mises stresses. 

7. The fluid-structure interaction effect has been demonstrated for a water hammer 

caused by a slow gate closure in a simply supported penstock. However, given its 

minor influence on each output, the effect could be disregarded in penstock 

design. 
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9.3 Recommendations for future work 

The methodology developed in the present research leads the way to several possibilities 

for future research, including the following related subjects of practical engineering 

experience: 

1. Structural and fluid analysis of wyes branches, tees branches and manifolds under 

water hammer loading. 

2. Structural and fluid analysis of non-prismatic and non-circular conduits under 

water hammer loading. 

3. Water hammer loading caused by variable gate closure rates.  

4. Penstocks under different boundary conditions (Anchored-anchored, Anchored-

Simply Supported), and 

5. Capturing soil material non-linear effect for buried penstocks. 
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