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(i)

ABSTRACT

The majority of physical processes in engineering are controllable;
consequently, we are interested in obtaining the optimum choice with respect
to some criteria,

For the physical processes whose behaviour is described by a system of
ordinary differential equations, the solution is given by the L.S.Pontryagin
maximu.m principle [1] . However, there exist a great number of processes
described by partial differential equations of various types and with different
boundary conditions. These control systems are called disiribuied parameier
control systems.

The present work is divided in two parts:

In the first part, following the original work of A.I.Egorov [2] , a review
is presented giving the necessary conditions for optimality in a distributed
parameter control systems described by parabolic equations.

In the second part, the necessary conditions for optimality are applied

to a thermodynamics system and to a biological system.

]
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INTRODUCTION

Many existing industrial processes and control systems operate under
conditions in which their potential working capabilities are not fully exploited.
We call a system optimal when it is the best possible, under certain given
working conditions.

The main technique for solving the optimal problem for systems described
by ordinary differential equations has been based on Pontryagin’s Maximum
Principle [1] , and on the method of dynamic programming due to Bellman [8] .

In physical and engineering processes', one often encounters systems
whose parameters are distributed in both space and time. The behaviour of
these systems is described by partial differential equations; integral equations,
integrodiffe.rential equations and sometimes by more general functional equations.
Optimal control problems for systems with distributed parameters frequently
arise in mechanics, mathematical physics and engineering. In[9] , an
extensive bibliography may also be found, where different methods are
developped which enable one to solve some problems of practical importance.
For instance, in [10] , the problem of optimal control of temperature
distribution in solids is considered.

The difficulty in the formulation of distributed parameter control problems
is that, in general consideration, the formulation should be broad enough
so as to retain the necessary generality, and on the other hand, it should
be narrow enough so as to permit devising effective means for solving the
problem. It is far more difficult to develop theories and techniques for
distributed parameter optimal control problems than for their lumped
equivalents, because of the highly complicated character of the govefniﬁg
equations and because of certain particular features encountered in partial

differential equations which are not found in ordinary differential equations.



The present work is divided in two parts:
First, a survey of Egorov’ s Maximum Principle ( Necessary Conditions )

-

for parabolic systems is given.

Next, two applications of Egorov,s Maximum Principle in Thermodynamics

and Biology are described.
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CHAPTER 1

STATEMENT OF THE PROBLEM

1.1 Definitions

Let. G be a bounded domain of an n— dimensional Euclidean space E™,
The elements of E® are denoted by x= (xl > e e ,xn).

We assume that G is bounded by a class A(2) surface,

Next,we give the definition of class A2) domains [3].

Definition 1.1.1

For 3¢ (0, 1], we shall say that a function u(x) defined (and continuous)
on a set A is Holder continuous with exponent ) in A, or briefly a— Holder

continuous in A, if the set

lu(x) - U(Y)L /' €A.@ A
gy e s xdy]
is bounded from above.

Definition 1.1.2

The supremum of the above set is called the)— Holder coefficient of u(x).

Definition 1.1.3

A function u(x) defined on a bounded domain G and possessing there
k \-Hdlder continuous derivatives is said to be of class c(x) { C(k’)‘) ]
in G, .
Obviously C(o) [ C(O’M ] will be. the class of A— H3lder continuous,
functions in G, and cl=) [ cle=t) ] the class of infinitely A~ H6 ider

differential functions in G.

Now, let G be a domain such that to each x €3G it is possible to

associate a hypersphere A(x) with center x, in such a way, that the set

’

A(x) N3G can be represented by an equation of the form



(a) g = Ngl"""in-ﬂ ,

n
with respect to a system of axis §1 s oo gm , with origin at x, ¢ being

a function defined in a suitable region :°A(x), of class C (1) there at least,
and vanishing together with its first derivative at the point x.

Under these hypotheses, there exists a hyperplane tangent to - 3G at x,
for every x € 9 G, namely the hyperplane
(g) g, = O
and there exists at x an exterior normal vector g, whose direction cosines
X.(x) are continuous functions on aG.

Definition 1.1.4 .
Such a domain G will be said to be of class A(k) l'A(k' A) 9, if the functions 9

i occuring in (a), are, for every x, of class cl(k) [C(k’“ ]’

Now, for x€ l", let X(x) = { Xy (%), ..., Xn (x) ) denote the outer normal
vector to the boundary [', of unit length,; then Xi (x), i = {,...,n, are
the direction cosines of the outer normal vector to the boundary T.

Next we define the operators L, L, M, M, P,Q, as follows:

-2
m n iy
(1) (Ly), =Ly = 2 = oagoet) 2N L=t m,
vi=1 j,k=1 a,&J qu
where afl}:(x,t),for *ai,n= 1,...,m, j»bk = 1,...,n are given real

valued functions of class C(Z) in the region (G+7[) @: R; the parameter t € R

represents time;
We have (Ly) = ((LY)i,-o-:(LY)m) .

Define now the parabolic operator Lt by

ay

= - Lo for y ¢ C°

(2) Lyy =



m n BZY
i.e. L), = 8% _ & > iv _°r
(. i at vEL &1 i (o 3 xj 8%
where (LtY) = ((LtY)i: e ey (LtY)m )-
Similarly define:
m n o Vi a Zy\ n a Vi
£3) - (Mz), = Mz = Z,(,.Z B =— VY ¢+ S (13
)l. i V=1 J,k = 1 ax( _]k axk ) _]=1 Sx J Y
where 3 a\m
Vi1 n 'k . .
= 1 = —_ _.__L ) - s
= m, L= o3 (Mz) = ((Mz);,...,(Mz2) ) and
. k
. 3z
l = — 4+ M.
(3) (M2) = =3 2
) m iv dyy. ' R
(4) (Py), = Piy = -.\a§1 (a; (x,t) m + b (x8y,)
where tv
i = 1,...,m and {Py)y = ((Py)i,...,(Py)m).

The directions 1ty are chosen arbitrarily except that cos( X’liv) > 0

. . . . 1 .
and their direction cosines are of class C( ) on I ; moreover the functions

a{v(x, t) and b,w(x, t) are considered continuously differentiable.

_ _ m Vi dz
(5) (‘QZ)i = Qjz = V’?i (a?‘(x’t)_—d)‘iu + div(x,t)zy )
where
i = 1,...,m, (Qz) = ((QZ)‘i,---,(QZ)m)

and the directions 7"1\: are chesen independently of 1. ,,.



-6 -

We shall study control processes described by the system of parabolic

equations:
(6) Lty = f(x,t,y,yx,u), i.e.
| ay, m n iv -.azy\) : o

(6) Lity = S—t-l_ — z b a,, (x,t) ——— . = f.(x,t,y,yx,u)
. =1 3, k=1 ij 3%y i

where: .

i = 1,...,m x€G; tlies in a closed bounded interval [0,T7] ;

the function f = (fi’ .o ,fm) is considered continuous in t and twice

continuously differentiable in all the remaining.arguménts. and the control
parameter u takes values in some bounded (open or closed) region U of a
p— dimensional Euclidean space.

We assume that the functiony = (yi, e ym) defined by the system
of equaﬁons (6), also satisfies the initial condition )
(7) y(x,0) = a(x), x€G
where a(x) is a continuous vector valued function.

Further we assume that y satisfies the boundary condition
(8) Py = i (x,t,y,v), xelL tef[o0,T],
where the functions ®{ are assumed corltinuous in t and twice continuously
differentiable in all the remaining arguments , and the control parameter
v takes values in some bounded (open or closed) region V of a g_dimensional
'Euclidean space.

. The function w(x,t) = (u(x,t),v(x,t)) will be called an admissible

control if all its components are piecewise continuous and u(x, t) and v(x, t)
take values in U and V respectively; the class of admissible u will be denoted
by U* and the class of admissible. v will be denoted by V#*; the class of
admissible controls w will be denoted by @ = U* ® V=,

In what follows we shall'assume that the given functions in (6),(7),(8)
satisfy the condition that to each admissible control there corresponds a

unique solution of the system (6),(7),(8).
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We denote by E & Q the class of controls w for which the corresponding

solution of (6),(7), (8) satisfies the conditions ;

(9) .éa(x,T,Y(X,T)) = 0, f"’a (x, T, y(x, T), y,(x, T))dx = cg
G

where:

a = L,...,], B=1,...,k, with j+k = m;

iz, T) = (yo(x,T)y..ohy M, T)) 5

8 ¥

‘T is the final time of the process.

are given functions and cg are given constants ;
We shall say that any w(x,t) € E transfers the system ( 6) with boundary
conditions (8) from the initial state (7) to the final state (9) at the instant T,

if the solution of (6),(7),(8) corresponding to w(x,t), satisfies (9) at the instant T.

1.2. Completeness of the class of admissible controls

In what follows we shall assume that the class of admissible controls
is complete in the sense of A.I.Egorov ( [2] , - 385 ) so that the optimal

problem is not trivial and also it can be solved by the method presented
“

below.

The completeneés of the class of admissible controls is defined by the
'following properties (i), (ii), (iii). '

~ Let w(x,t) = (u(x,t), vix,t)) and mi(x, t) = (ul(x,t),v (x, t)). be two

1
admissible controls defined in the regions C = (G+I') ® [o, T] and
Cy = (G+T) @ [o, T1] and transfering the system (6) with boundary
conditions (8) from the initial state (7) to the final state (9) at the thstants
T, T

{ respe ctively,

Then for an arbitrarily small € > 0 we can find a control



wg (,t) = (ug(x,t), (v (x,t)), defined in the region Cg = (G+T) @ [o,T¢]
‘such that
(1) ‘w, € E, with final time T~ :

€ €’
(ii) It is defined in the region Cg nen Cl as follows
we(x’t) = (US(X,t),Ve(X,t)) or
W (x,t) = (u(x.t),vs(x,t)) or
we(xst) = (uefﬂx,t),v(x,t)) ’
where
u(x,t) for (x,t) € l\E
ue (x,t) = { .
u (%,t) for (x,t) € GGACNC, - A
and
v(x,t) for (th),é,./\a
Ve (x,8) = { |
vl(x,t) for (x,t) € Cs ‘ACNnC, - A

1 €
and where AS is a closed subset of "Ce ncn Cl

with measure B( A.g) = £,
(iii) The inequalityl | T- TS | < LE  holds, where the number
L is independent of € ,

Now, on the set of admissible controcls " we define the functional
| T
¢ [ o, (x)y, (x,T)dx +O.j' ,I_Bi(x,,t)vi(X.t)dxdt +
G G
T

[ [ il vy (e, t0dode )
or '

(10) Sw) = ;

where ai’Bi’Yi are given continuous functions and yi(x,t), i=1l,...,m,
is the solution of the system (6),(7),(8),(9) corresponding to the admissible

control i,



1.3. Formulation of the problem’

From among the admissible controls w € E, find a control w¥ such that
the corresponding solution of (6),(7), (8),(9) realizes the minimum of the
functional S(w).

The admissible control w# and the corresponding solution of the optimal
problem being considered will be called the optimal control and the optimal
solution, relative to the functional S(w). '

In the stated problem we observe that ihe control in the process is
_effected simultaneously by controls which occur in the system equations (6)
and in the boundary conditions (8). ‘

In order to formulate the optimality conditions we introduce the

auxiliary functions

m
(11) H(X,t‘,W,II) = < z:f(x:t:YsYx:u) > = i z__’_ 1 zifi(X,t,Y,Yx»u)
m
(12) h{x,t,p,v) = <z,0(,t,y,v)> = R . Zi9; (x,t,v,V)
1 =
where
«, N 3V m
(13) W = (Zl,...,zm,Yl,-.-,Ym,axl ,-oosax ’ and
n
,(14) p = (Zl,.-.,zm; Yl,.--:Ym)-
The auxiliar); var.iab].e z(x,t) = (z (x,t),...,z (x,t)) is defined
1 m
as the solution of the following system, adjoint to the given.
Let w(x,t) be an admissible control and y = y(x,t) the corresponding

solution of the system (6),(7), (8), (9).

The adjoint system is the following:
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' 3z n
_ i 3H(x,t,w,u) d  JdH(x,t,w,u) X
(15) Mitz = 3 = - : + X f 1 'ax—( 3y + Bi/x,t:
. ayl k i‘k
where vy. = oY and (x,t) €. G ® [O T],
ik axk !
with initial conditions:
A o j 3 k Y 'n oy
(16) 2,66T) = —asx) - Fa (28 _ 5, (8 5 4B
= 3Y 4 p=1 B 3y;  VEldxy 5y

where x € G, the functions ai(x), Bi(x',t) are takén from functional
S, the functions Qa s \irB ,» are taken from conditions (9), while

the constants bB and the functions aa(x) are as yet undefined;

and with boundary conditions:

n
(17) Qz = JhtLtpv)
ayi k =

OH(x,t,w,u)
1 Vik

X, (%) — Yilx,t)

where x¢rI,i=1,...,m, the operators Qi are defined by (5),
Xk(x) are the direction cosines of the outer normals to the boundary

', and Yi(x,t) are taken from the definition of S.
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1.4. Definition of the maximum condition.

Let w(x,t) = (u(x,t),v(x,t)) € E and lgt y(x;t), z(x,t), be the
corresponding solutions of the given system (6); (7),(8),(9), and of its
adjoint system (15), (16), (17), respectively.

On the set of admissible 'controls we define the functionals:

T .

(18) J’l(u) =0 J‘df 'H(x,t,w(x,t),u)dxdt; for u g U*
T .

(19) JZ(V) = oflfh(}-‘-’t’p(x’t)"’)dcdt' for ve V¥,

Definition

We shall say that the admissible control w(x,t) = (u(x,t),v(x,t)) ¢ E
satisfies a maximum condition relative to the function z(x,t) if for any

other control w'(u'(x,t),v'(x,t)) € E, the following inequalities are

satisfied:
(20) AJI(U') = ,J’(H(x,t,w(x,t),u') - .H(x,t,W(x,t),u(x,t)))dxdt <0,
‘D
(21) AT (v') = f‘f,(h(x,t,p(x,t),v')-h(x,t,p(x,t),v(x,t)))dodt < 0,
| 2 0°r

where D-= G @ . [0,‘1‘] is the region in which both the controls w and '

are defined.

1.4.1 Proposition ( [27, p.388)

If we do not impose any restrictions on the form of dependence of the

controls on the arguments x and t, namely if as admissible controls we take
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all piecewise continuous functions u(x,t) with values in U, (and v(x,t) with
values in V), then inequality (20) (and (21) respectively) is equivalent to

(20") (and (21') respectively):

(20') H(x,t,w(x,t),u(x,t)) ((=)) sup H(x,t,w(x,t),u'), (x,t) eGe [0,T],
u' € U
(21') h(x,t,p(x,£),v(x,t)) (=) suph(x,t,p(x,t),v"), (.x,t) ere [0,T],
v' € Vi

| where the éymbol ((=)) means equality valid everywhere in the region
+C=Gg [0,T], excepting perhaps points lying on a finite number of
n-dimensional surfaces whose (n+l)-dimensional volume equals zero;
the symbol (=) is defined analogously except that we take n-1 and T
inétead of n and G, respectively.
The proof is given by contradiction.
Assume that (20') does not follow from (20).

Then: First there exists a control G(x,t) € U¥ defined in the region

6 =G ® [O,AT], such that:

(22) I(H(x,t,w(x,t),tl)- H(x,t,w(x,t),u))dxdt < O,
D .
"where D =(G-@ [0,T])n (G ® [0,T]) = G ® [0,7] = CnC,
T = min(T,T) and T is the final time for the optimal control w(x,t).
Secondly, there exists (%8,%) € D such that H is continuous at (%,%) and

~ A A

(23) Hx,f,wx,0),0x,0) > HEt w1, ukb) .

The control w(x,t) is piecewise continuous by definition; consequently, the
functions y(x,t),z(x,t) corresponding to this control, are continuous; therefore,

there exists € > 0 and a set DEJ c D, containing (x,t) and having measure
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p(Dg) = €, guch that: ‘
(24) H(x,t:W(x’t):G(x’t)) - H(x,t,w(x,t),u(x,t)) > 0, for every (x,t) € De .
Further, construct an auxiliary admissible control @y (x,t) = (v, (x,t),vl (x,t)),

defined in the region C1 = G ® [0,T1] , from which the following conditions

are required: '
(i) wl € E, with final time Tl.

(ii) The region C, is such that’ B(D: N Cl) > 0.

1
(iii) The control wl(x,t) = (ul(x,i:),vl (x,t)) is defined in the
region DN C1 as follows:
u(x,t), for (x,t) € DC n C1
ul (xlt) =

u(x,t), for (x,t) € (D-Da) n C1

vl(x,t) = v(x,t), for (x,t)e DNC,.

1
(iv) In casetthat (C-D)n C1 74 ®, define
wl(x,t) = w(x,t), for every (x,t) € (C-D)n Cl'
(v) Finally, the control @, (x,t) is defined in the region Cl-C :

(in case that Cl-C # @), to be any admissible control
satisfying condition (i).
Such an admissible control wl(x,t) exists because of the completeness
of the class of admissible contrels.
It has been assumed that (20) holds; thus for the control wl we shall

have:

(25) AJl(ul) = J‘(H(x,t,w(x,t),ul) - Hix,t,w(x,t),u(x,t)))dxdt < O
c;ncC
By virtue of (iv), (25) can be written as follows.:

(26) AT (@) = [(HE,t),wx,t),uy)-- Hx,t,wix,t),ulx,t))dxdt < 0
C,ND
1
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By virtue of (iii), (26) can be written as:

> - ‘ n
(27) AT ) = JHE G we,t),80,8) - Hix,t,wlx,t),ulx,t))dxdt < 0,
DeNC
1

which contradicts (24); thus it is proved that if (20) holds so does (20"').

Next it is proved that if (20') holds so does (20)..

Suppose that (20') holds but (20) does not.

Then ther¢ exists an admissible control w'(x,t) = (u'(x,t),v'(x,t)) € E,
satisfying the relation:

(28) A3 ") = [HEt,wx,t),u') - Hix,t,wx,t),ulx,t))dxdt > 0,
D

where D is the intersection of the domains of definition of the controls w and w'
i.e. D =G @ [O,T] N G ® [0,T'].
Relation (28) implies that there exists (x,t) € D, such that,

(29) Hx,t,wx,b,u'x,0) - HE,twx,b,ux,f)) > o0.
Moreover, by the continuity of H it follows that given € > 0 sufficiently
small, there exists a region Dg © D, containing (x,t), such that, p,(Ds) =£

and the relation :
(30) H(x,t,w(x,t),u'(x,t)) - H(X,t,W(X,t),U(X,t)) > 0
holds for every (x,t) € Dg ; this contradicts relation (20') .

Thus it is proved that if (20') holds so does (20).

The equivalence of relations (21) and (21') can be proved similarly.
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CHAPTER 2

NECESSARY CONDITIONS FOR OPTIMALITY

2.1. Formulation of the maximum principle

The maximum prinéiple is stated as follows:

In order that an admissiblAe control w(x,t) = (u(x,t),v(x,t)), defined on
‘the domain ( x € G, 0 < t < T)and transferring the system (6), with
.boundary conditions (8), from the state (7) to t})e state (9),along the trajectory
y(x,t),be optimal in the sense of minimizing the functional S (defined by (10)),

it ?s necessary that there exist functions zi(x,t) , aa(x) and constants bB R
such that:
(i) The functions y(x,t), z(x,t),w(x,t) ,aq(x) and the constants bB form
the solution of the given system (6),(7),(8),(9) and of its adjoint
system (15),(16), (17).

(ii) The control w(x,t) satisfies the maximum condition relative to the
function z(x,t).

(iii) The condition:

: k
d? ay
(31)  dS a T 1 B _
¢ I(a% V2t ssa PR dt I =0

is satisfied at the final time instant t = T.

2.2. Formulas for the increments of functionals Jl R JZ.

For the proof of the maximum principle it is necessary to compute the
increments of the functionals Jl, J'Z, (defined by (18), (19)).

Define,cn the set of admissible controls @, the auxiliary functional:
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32 I = 1 I
(32) (w) db(w) + s(w) + Ifl(w) + Ifz(m)
where : .
m . .
(33) Idb(w) = C‘f( . El ziLitY - H(x,t,w(x,t),u))dxdt +
T m ‘
+ [[( £ 2Py - hx,t,p(x,t) ,v) )dodt ,
or i=121%7
B L) = Se),
J .
(35) Ifl(w) = . I, Gfaa(x) 8 (x,T,y(x,T))dx
6 s
(36) Ifz(w) = 551 Byl JUg (e, Toyx, T)y, (., Thdx - g )

and where:
W = (z,y,yx), p=1(z,y), C=G@® [O,T], the operator P is defined by (4),
the functions @a, d;B are taken from (9), whereas the. functions y(x,t), z(x,t),
a(x), the constants bB and the final time T are considered given,

We observe that I(w) contains the functionals Jl ,JZ.

Let w ¢ E be an admissible control, and let y(x,t) be the corresponding

solution of (6),(7),(8),(9); then (32) reduces to:

(37)- I{w) = S{w),

and this holds no matter what the functions zi(x,t),aa(x) and the constants

bB are,

Therefore,corresponding to such control- solution pairs, the functional
S(w) will attain its extremal , whenever I{w) does.

For co,wl ¢ E, let

(38) AS = S(w) - 5().
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If w is optimal then
" (39) S(wl) - Sw) = 0,
and consequently

(40) AI = I(wl) - I(wz) = 0.
In the sequel, the increments of all functionals occuring in inequality (40)
will be computed separately.
Let us assume that the optimal control w(x,t) = (u(x,t), v(x,t)) is defined
in the reg.ion C = (GiT) ® [O,T], where T = 3G, and that
Ql(x,t) = (ul(x,t),v1 (x,t)) is any admissible control in E, defined in the
region C1 = (G4T) ® [O,TI]; it is assumed that T,T1 are the final times
at which the controls w,w, respectively transfer the system (6) with boundary
conditions (8) from the initial state (7) to the final state (9).
Let D=(G+I') ® [O,T], be the intersection of C and Cl’ where
T = min(T,Tl); consider, for definiteness, that T < Tl; then 7 = T and
D =C.
Both the controls w(x,t) and wl(x',t) and also their corrgsponding functions
yO0e,t) = y(e,t,0),  200x,t) = 2(x,t,0) and y Gx,1) = Yot
zwl(x,t) = z(x,t,wl),which form the solution of (6),(7),(8),(9) and (15),(16),
(17), are defined in D. ' |
Fr.om (6) follows that _ _
(41) ‘ Lityw(x,t) = fi(x,t,ﬁrw,y:,u), for every (x,t) € G® [0-,T],'

w w w
1 =" 1 ’ G @ O,T .
(42) L.y 1(x,t) fi(x,t,y oy 1,u;), forall (x,t) € [ 1'_\
From (11) follows that

(43) OH(x,t,w,u)
azi

= f (x,t,y,y ,u).
i x
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Thus (41) and (42) can be written as = (44) and (45):

w
w _  OH(x,t,w ,u) )
(44) L.y (x,t) = A , “forall (x,t) eG® [o,T]

w
dH(x,t,w l,ul)

w
1
(45) Ly "xt)= - for all (x,t) € Ge [0,T,] .

From (15) follow (46) and (47):

w
(46) M 2= - _'BH(»S,Yt.w 2u) - dd (RHE W e B, (x,t)
i *x Yk

for all (x,t) e Gg [O,T],

aH(xtwlu)

wy BH(x,t,wwl ,ul) 1 ) . B .t)
1 d"k‘ Y

n
(47) M,tz = - - S
1 aYi =

for all (x,t) € Ge [0,T,],

BYi W (01
where Yik = 5——— yandw , w = are the m(n+2)-dimensional vectors:

w_(mww)_(co 0).0) 0).(.0 w
=(z ,y .y )= zl.....zm:‘.yl...-,ym.vll..--,ymn) ,

©1 ey @ w9 ©) @ “1 %1 “)
w :(z l,y l.yx1)=(zll,..a’zm1;yl “..’-Ym:yll’..°’y ).

Since the operators Lit'Mit are linear, substracting (44) from (45),

and (46) from (47), we obtain:

(48) L. .AY = A oH , for all (x,t) € D,
it azi
. n .
(49) M, Az = -4 kil g 4 _(a E—) , for all (x,t) € D,
it oY; = dx‘k - 9Vik A
where
W

w)
(50) Ay =y “(x,t) -y (x,t),
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w
(51) bz = oz lx,t) - z(x,8),
w w ’
(52) , 2H _2H 1 o OH(x,t,w(x,t,0;),u;) ] OH(x,t,w(x,t,w),u)
ow;  dw, oW, oWy ow,
) .
(53) H = H(x,t,w(x,t,w),u) .

. . w w :
Since both functions y 1(x,'c) Y (x,t) satisfy the initial condition (7),

it follows that:
(54) Ay(x,0) =0, for all xe¢G.

From (12) follows

dh(x,t,p,v)

0%j

(55) = ‘Pi(x,t,‘p,v).

Thus boundary condition (8) can be written as:

(56) Py - b t:p¥) | for (x,t) €T ® [0,T]

azi

).

where p is the 2m-dimensional vector p= (z,y) = (2,,...,2 V. ,...,¥
o © 1 m 1 m
. w w 1 1 .
Since y (x,t), z (x,t)and y ~(x,t), z “(x,t) are the solutions of the
systems (6)-(9), and (15)—(17), they satisfy the relations (56) and (17); thus

we have the following relations:

!
“’1 . ah(x:typ % )

(57) P.y = . , for all (x,t) € T® [O,TIJ,
oz, _
w W
(58) PiY = oh(x,t,p",v) for all (x,t) €Tre® [O,T'_],
0Z; ' .
w
o] ah(x,t,pwl v) n OH(x,t,w l,ul)
(59) Qz & = L+ ¢ : X, (x) - ¥(x,t),

forallxer,



®  dh(x,t,p ,v) .

k
3Y;

;}_ BII(x t,w ,u)

1 Xk(x 'y(x t)

(60) Q.z
i
’ ;for all x €T.

Since the operators Pi’Qi are linear, substracting (58) from (57) we obtain:

oh

(61) PiAY = A 'Tz-l— , for (x,t)ere® [O,T] s
' . . n ) : .
(62) Qaz =2 B4 v 420 % (x), for x,t)er®[0,7],
1 oY3 k=1 oVik K
where
- Sh ah(x't’pwl:vl) ‘ ah(x,t,p@,v)
(63) A = - , where
0Py 2P, 3P,
1 1
(64) P; € {zl,-..,zm:yl,...,ym}.

We compute now the increment of the functional Idb( ).

m W w
] 1, “1 © )
(65) A_Idb(w) —C‘f ; El(z LitY z, Lity )dxdt
wl w
- I(H(X,tyw (x:t)tul) = H(x,t,vv (X,t),u))dth +
c .
T m w “)1 w w
+H. T, (2 Py - - z Py )dodt -
0T i=1 i
T w, "
-l mex,t,p (x,t),vl) - hix,t,p (x,t),v))dodt  +A +1, ,
or-
where
66 2ol g “1 dxd d
(66) A = J‘ ( 1517‘ LitY - H(x,t,w (x,t),ul)) xdt , an
C.-C
19 m w9 Wy
(67) A, = I,J‘( i§1 z Py~ - hix,t,p (x,t),vl))dodt ,
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where 0 = TI-T.

~ Both 7\1' and )\2 equal zero , since their integrands are identically
» - .

zero,

w w

1 w 1 w
Let us put zi = zi + Azi and Yi = yi + ay. ; then (65) can be written as-
. A

m

] . _ ' w w LW W
(68) a1, @) = Cj‘( i Ep((z 402 )0, (v #4y) - 2Ly )- AH ) dxdt +
| )
T m w w w w
+0jrj'{ § T2 +42)P (4 ay) - ZLyy) - ab)dodt.

Since the operators L.t’, P ,are linear, we obtain:
i i

m
69) = ) -
(69) ALy (@) CJ‘( 210200y F oz Ly + 2L ay) - aAH)dxdt +

+j‘j‘( (AZI’AY+A2PY+ZPAY) - "ah)dodt,

For the operators L, M, P, Q, defined by (1), (3), (4), (5), the following
formula is valid ( [2'], p.382) :

" .
(70) ; E 1(’3r (z,L y - yiMiz)dx =
m 1 RS VRS ¥ 0z,

iv
Tt Z) e (7 - L)+ Ly oz ) X, (x)do>
i,n=1j=1 I-\"r( k=1 Jk(zl axk Y\) axk) JYVI) J(X)

This formula can be transformed ( [2],p.382) to:

‘ m
(71) T

m
- = . X -
. ‘f'(ziLiy yiMiz)dx 2y [ (ziPiy YiQiZ)dO

1 i
G . T

By use of (71), it can be showed ( [2] p.387) that for any twice piecewise
continuously differentiable functions y (x,t),and =z (x t),i=1,...,m, the

.Green-Ostrogradskii formula (72) is valid:

5‘

T T
(72) fj'(z L. T v, M 7)d\dt = T J" Vi Q z -z P y)dcdt + IY dx)
1=1 :1 or 111: 0



- 22 -

Further, since the functions Ayi, Azi satisfy (48), (49), with supplementary
conditions (54), (61),(62), by applying the Green-Ostrogradskii formula,
it can be proved ([2], p.396), that:

m
(73) 1 Z1( fAziLitAydxdt + fj‘AziPiAydodt) =
c o'
. it
=, B F(A ARY A_ai g Jaxdt + FJ‘ SAvdodt + [ay,(x,t)az, x t)dx), !

4
ik

On the other hand, fronr (48),and (61) it follows:

m T ,
i Z,( [azLloaydxdt  + [ [azPaydodt) =
o

(74)

m T
- dH ah
= i=z:1( j‘A 5% Azidxdt + fj‘a 5z Azidodt).
C 1

Adding by members (73) and (74) we obtain :

m
(75) z ( J*AzL Aydxdt + “‘AzPAydodt)
i= 0 l.,
o1, X H | dxdt + oy B dodt + B (x, T)az, (x, T)dx)
= 7l iz=1c-r“7;‘“”i iElofrIA—P:Api iE1 dr”ix’ Az |

where N=m(n+2) and the vectors w,p are defined as:
W .= (wlpcoo,wN) = (Zl,...,zm;yl,...,ym;y

p = (plyno-,pzm) = (zlyoou,zm;ylgon-,ym;)o

Next, by virtue of(44) and (56) it follows:

11: . ’Ymn;) and

T
(76) T ( [szL yixdt + [T azP.ydodt) =
i=1 c it o'T id |

Az dodt ) .

m ' dH
= v | AZ dxdt +
i=1 CJ“ a~1 ()'rl"vr %3

It can also be proved ( [2], p.397 relation (2.39) ), that:
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(77) T‘El L . T .
‘ :1 ‘J"zi itAYdth + OIFIZiPiAYdUdt) =

C . .
rf?( [( SH, v+ % 4(@_ AY.. )dxdt + 'ITI—Q-I’—Ay.dodt) + AS
- Yy 1 o Wy K o'r it

where

(78) Ag = §n J"z (x, T)Ay (x,T)dx - J"a(;; t)Ay (x,t)dxdt- rfy (x,t) Ay (x,t)dgdt) .

lg . C or

Adding relations (75), (76), (77) by members, we obtain:

m T .
(79) b (J‘AZL Aydxdt + ‘r IA z P aydodt) = +

. i it i i
1 :1 C 0 I“

o -

+ .z IAZ L dedt + J'J'Az P, vdcdt ) o+

+ ¢ ([(=Ay.+ T =X~ AV. )Ydxdt + “‘—AY.dOdt) + AS =
i=1£ayi Lox=19Yic ik ”ayi i

= ‘I‘1§ ( gs + ;‘ )Aw dxdt + J'J" z (ah+ A oh Jap.dodt +
c i=1 9™ ' 0'F i-10P 2 apy 1

1 m -
4 — 7 J‘Ayi(x,T)Azi(x,T)dx + AS .

Hence, by virtue of (79), relation (69) can be written as follows:

N 3H 1 ¥y
.(80) AL @) = [( .5 (25 + a2 )\w, - AH )dxdt +
o :(rib Cr j'= awi aWi i
T .
. Zm 3 1 dh =
+ [[C 2« + A )ap. - AH )dodt + AS - 1,
where
m
(81) n, = z;. GjAyi(x,T)Azi(x,T)dx
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It can be proved ( [2], p.p.397-398), by applying Taylor’s formula

?9H . ?dh
daw., ' dw

i i

to the functions H,h, »and restricting ourselves in the

expansion to second order terms that

-(82) AL, @) = 4§ -7, —C,r<H<x,t,w°’1(x,t),ul)-H(x,t,w“’(x,t).u(x,w)dxdt -

T ey ,
_Oj‘r‘r(h(x,t,p 1(x,t),vl) - h(x,t,pw(x,t),v(x,t))dcdt - Mg —T]9

where
Wy w
1 N O0H(x,t,w ,ul) OH(x,t,w ,u)
(83) 'n8 = —2—18; 1 vr( ey - S, )AWidth +
C i i .
2m ah(x t, ,v dh(x,t, ,v)
+ —2— Z J‘f Pl - 2 dap,dodt
= oP; 5 3P;
) 1 N k) H(x,t,w,ul) Fe) H(x,t,v;',ul)
(84) Mg = — & _[( - aw aw, dxdt +
2 - -~
2m T a h(X,t, ',V ) e] h(xyt’P,V )
F = % [t SAMATAN L )ap.ap, dxdt,
2 L=l gp 3P , Bk
0 9Py 3P; 3Py

The incremell';t of. the functional Is (w) will have the form ( [2], p.398):

aVi (x,T,w)
T

m
(85) A1 (©) = AS(©) = Z (J”(a + B, Ty, (x,T,w0))dx +

;fvi(X,T)yi(x,T,w)do ) AT +
+3 (fa (x)ay, (x, T ,w)dx +j‘j'e (x,t)y, (x,t,0)dxdt +
telg 0G

+jjy (<, £)8y, (x,t,w)dodt )
ol

“ Mo >
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where
3Y;(x,T;w) Ay (5.t w) . ‘
(86) r? ‘r(a (}\ P ! - 1 k at, Ydx +
G
m A L
tE 60Ty (0 Toe) - g lx,t)y (x,t,0 ) aTdx +
.G
. by ATj'(Yi(X.T)Yi(X,T,w) - vy, )y, (%, t,0, )do
i=1 p

The computauon of thc, increments of the functionals I (w) R and I {w),
gives the following results

1
([2], p-p. 393-394) : :
(87) BIp @) = B fa b (B0 T)y6, T 00) - B (x, T,y (e, T,0))dx
1 a 1 G
j & , T,
) é fa (x) d%(x,T,y(x,T w)) T4 alx,T,y(x m))M'(X’T,w)dx _
a-1 7@ dT i =1 Yi i
- My - 1]5 , and
k
(88) AL, (w) = ): I(\b(xT,y(xT w)v(xT w)-
2 B =
A (x,T,y(x,T,w),Yx(x,T,w)))dx =
dv, (x,T,y(x,T,w),y (x,T,0) )
1)‘5 j’dx[ il = AT +-
=1 aT
+ 5 ( -
i=1 3y, ‘
Yalx, T,y(x,T,0),y (x,T,w))
.5 d g(x,T,y(x,T,0),y,(x Ny, (x, T -
k=1 9% :
Mg = Moo .
where
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' P ad (%, T,y(x,T,0)  deg(x,t;,y(x,t,0.)
(89) Tl4=% fa_(x) £ (—= - — L Ljatdx
0,:1 ‘G a 1:1 dT dT 1
j m 0%, (X,T!Y(X’T’w) A .aé (X’T’;‘) )
(90) Ng=% & [a_(x)(— -2 JAy(x, T,0)dx
5 a=1 j ¢
=l 1=1 G ayi 3}’1
k P d¥g x, T,y(x,T,0),y &, T,0)
o e =gf1" ‘riEI[ dT )
G - N . R
: dy (x,t.ry(x,t. ,w,),v (x,t,w,))
. - B 1 1 YX 1 ]At,dx ,
dT 1
T . k m’ a‘l' (X!T$Y(X:T,w)7 (X’T’w))
(92) 1, = z by [ @ [(—EZ x :
B=1"Gi=1 33
M (x,T;¥,¥.)
b Ty Yy )Ay(x,T,w)  +
Y3 i _
n a'l'B(x,T,y(x,T,w),yx(x,T,co)
N -
=1 o %
B‘l’e (XyT:Y,YX)

- -) AY-k(x,T,w) ]dx .

Next, adding by members the relations (82),(85),(87),and (88) and

taking into account the expression of Aé given by (78), we have :

L3

Algp@) + AL (@) + ALy @) + Mg, (@) =

i1

(93) AT(w)

T ( Izi(x,T)AY.(x,T,w)dx - [B(x,thay, (x,t,w)dxdt ) -
izl G 1 c i ‘

m T

- iEl drrfvi(x,t)ayi(x,t,w)dcdt -,
Wy - w .

-I(I—I(x,t,w (x,t),ul) - H(x,t,w (x,t),u(x,t)))dxdt -

C

T “1 w

(;'.rrf(h(xyt:p (X!t)’vl) ‘h(x:t:p (X,t);V(X,t)))dOdt ""n8 "'ﬂg +
Yi(X,T,Q))

[I(ai(X)_—;—_ + Bylx, Ty, (¢, T,0))dx  +

G

3

+
i

g ™

1

+ ng (X’T)Yi(X,T,w)do‘ ]AT +
r
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%1 [ J"o. (}.)Ay (x,T,w)dx + f‘J"B x t)Ay (x,t,w)dxdt +
.‘ ) 0 G
.- + 0J'FJ'Yi(x,t)Ayi‘(x,t,w)dodt 1 - Mo *
j dé (x,T,y(x,T,w) m Bax:T,y(x,T,0))
+3 [a (x)( d AT +'5 AY.(x, T ,w))dx
a=1° ¢ T i=1 ;3 i
k d\"s(x,T,Y(X,AT,OJ),Y}‘{(X,T,(.O)) .
- n4 -']']5 + 5 bB ‘r . ATdx +
¥ B:l G dT
k m ! :T) -’rT: ’ r :T:
¢ Sy B AeeTyETO e Te)
B:I G 1:1 aYi )
: n a?B(x’TYY(x:Tsw):Y (X!T’w))
-x -4 (— = )] -n, -1,
k=1 dx e 6 7

In the formula (93) we note the following:

(i) By virtue of (16), it follows that

m m
(94) Z‘ 'J'z (x, T)Ay (x,T,w)dx + M ra,(x)Ay,(x,T,w)dx +
= i%1 i i
G G
a§ (X,T,Y(X,T:w))
J
rél b3 [’aa(x) h ' Ayi(x,T,m)dx +
i=1 0=l g -3Y3
Vg (x,T,y(x,T,w),y_(x,T,w))
5 bg [ = P X -
i=1 G B=1 oY
n dVy (x,T,y(x,T,w)y (x,T w))
- dd B X ]AY (x,T,w)dx =
k=1 “%k oY¥ik
= 0
(ii) Assuming that- condition (31) is imposed as supplementary condition
it follows that
m 3Yix,T,w)
(95) f( r (o, (x)—————— + B.(x,T)y.(x,T,w)) +
G - i =1 1 aT 1 1
j dé, (x,T,y(x,T,w)
z a (x) JATdx  +

a=1 ¢ dT
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k d'l!B(x,T,y(x,T,w),y‘{(x,T,w))

+I r be ' - ’ ATdx +
m .

+ T j‘yi(x,T)yi(x,T,w)doAT = 0

i=1T

Next, by virtue of (94), (95), relation (93) can be written as follows:

. w
(96) Al(w) = -J"[H(x,t,w 1(x,t),ul) - H(x,t,ww(x,t),u(x,t))] dxdt -
C
. . ) T Y o ©.
-[ [ Bt t,p “(x,t),v)) - Bix,t,p (x,t),v(x,t) Jdodt - 7,
or
where
: ‘ 10
(97) Mm=m1m, + & n,
i=4

Further, from (96) and (40) it follows that

w

(98) - j[H(x,t,w l(x,t),ul) - H(x,t,w‘*’(x,t),u(x,t))]dxdt -
C
T wl o .
" S IRetp Teetvy) - bt et vl ) Jdodt =,
r -
or
(981") - AJl(u) - AJZ(V) =z 1.
Remark,

In order to arrive at relation (98) we need the assumption that condition
(31) is imposed in advance. Thus, this relation should not be considered

as a necessary condition for optimality.
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2.3. Proof of the Maximum Principle

‘ Let the admissible control w(x,t) = (u(x,t),v(x,t)) defined in the region
C =(G4I') @ [O,T], transferring the sustem (6) with boundary conditions (8),
from the ihitial state (7) to the final state (9) at a time T, be optimal with
respect to functional S(w), and let y(x,t,w) be the corresponding optimal
trajectory.

The Maximum Principle is proved by contradiction.

Suppose that the Maximum Principle is false.

Then for any system of functions zl(x.t), N ,zm(x,t), al(x), ‘e ,a.j(x)
and constants bl Yo e ,bk, such that the functions y(x,t,0),w(x,t),z(x,t),a(x)
and the constants b satisfy the system (6),(7),(8),(9), its adjoint system
(15),(16),(17), and condition(31), we will have that the control w(x,t) does
not satisfy the maximum condition relative to the functions z(x,t).

This implies that for every such system of functions and constants we
can find an admissible control wl (x,t) = (ul(x,t),v1 (x,t)), defined in the
region C1 = (G4T') ® [O,le, transferring the systen: (6) with boundary
. conditions (8), from the initial state (7) to the final state (9) at a time 'I’l

and éatisfying at least one of the inequalities:

_ T
(99) a7 (@) = [[[HEtw (x,8,u) - Hextw (xt),u) Jddt > 0,
| 0 G *
T
(100) AT, (v) = J'f[h(x,t-pw(X.t).vl) - h(x,t,p (x,t),v) Jdodt > 0 ,
or
where T = min(T,T,) .

Consider any one such system of functions zl(x,'t) yeu s ,zm(x,t) .
al(x), .o ,aj(x) , and constants bl yo oo 'bk .
'~ Assume, to be specific,that for this system the controls w(x,t) and wl(x,t)
mentioned above satisfy both the inequality (100) and the inequality (99).
Let y(x,t,w'l) R z(x,t,wl) dencte the solution of (6),(7),(8),(9),(31), and
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(15),(16),(17), corresponding to the control wl(x,t), to the functions al(x), cens
a.(x), and to the constants b1 2 e e ,bk.
From inequality (100) it follows that there exists a point (a,g) in the

region A = T ® [O,T] , such that:
(101) h(Q,ByP(‘l,B),VI(G,B)) - h(a,g,p(a,g),v(a,g)) > O

| The functions h(x,’c,p(x,t),v1 (x,t)) and h(x,t,p(i,t),v(x,t)) are piecewise
continuous in A; therefore, for an arbitrarily small £ 1 ~ 0 , there exists a
6 >0 and a closed region Af < T'® [O,T], containing (a,p) and having
measure .P‘(AE l-) = 81, such that :
(102) hie,t,p0c,t), v, (6,t) - Blx,t,p(x,t),vix,1) = 6 , for all (x,1) ¢ he,
Inequality (102) is obviously satisfied for all (x,t) € Ag c Ag
Consider a certain Az c Ag > where H(Ag) =€, and 0 < ¢ < €, -
Construct the auxiliary admissible control W (x,t) = (u8 (x,t),vs (x,t))
defined onthe region CS = (G4I) ® [O,Ts], which transfers the system (6)
with boundary conditions (8), from the initial state (7) to the final state (9),

at a time Té , and satisfies the following conditions:

(i) In the region Cy = (G+T) ® [0, e] where 6 = min(T,Tg),
Wer (x,t) is defined by the formula:

ug (X’t) = U.(X,t) ’
vl(x,t) ) .for (x,t) € Ae
VE (X’t) = ’
v(x,t) , for (x,t) ¢ Ce - AS
(ii) In the region (G+T) ® (0, T, ] W (x,t) is defined to be any

control in E.
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(iii) The inequality | T - Tg | < LE holds , where the

number L is independent of £ .

Such an admissible control we' (x,t) exists because of the assumption

that the class of admissible controls is complete.

For the controls w(x,t), W (x,t), it follows from (18), (19) that:
(103) AJI(u) = Jl(us) - Jl(u) = 0,
(104) BT, (v) = Jz(ve) - JZ(V) =

0 .
= ‘r‘r [h(xvttp(xst)!ve) - h(x-top‘xvt)vv)] dodt =
or

= Jl [h(xrtxp(xat):vl) - h(xotbp(xot)ov)]dl\s .
A& _
Further, from (102) it follows that:

(105) ,AJZ(V) 2 61#(1\5) = 866 > 0.
Thus
0
(106) ‘f‘f[h(x,t,p(x,t),ve) - hx,t,p(x,t),v)]dodat 2 é€.
or :

It can be proved ( [2], p.p. 400-404 ) that the quantity 7| defined by (96)
is of a higher order of smallness than € , i.e., lim _(€) = 0
E—»0 € ’

and it satisfies the inequality

(107) [n] = Fg 2 , where F is constant,

From (106),(107) it follows that:
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°] ‘ ' 2
(108) -If[h(x,t,p(x,t),vs) - h(x,t,p(x,t),v)]dodt -~ s - 6 + Fg~ .
[] 0 r
Relation (106) and therefore (108) hold no matter how smail £ is .

Therefore € can be chosen small enough so that - 88 + FSZ becomes

negative; since (108) still holds it follows that :

6 .
(109) _J‘ J‘[h(x,t,p(x,t),vg) . h(X,t,P(X:t),V)]do'dt -1 < 0 .
oT '

Also, f1;orn (99.) it follows that:
0
(110) -J'J'[H(x,t,w(x,t),u) - H(x,t,w(x,t),u)]dxdt < 0 -
1 .
. 0 G
Adding (109) and (110),
¢} )
(111) - J" f [H(x,t,w(x,t),ul) N H(x,t,w(x,t),u)]dxdt -
0 G
—Ief [h(x,t,p(x,t),vs) - h(x,t,p(x,t),v)]dodt < |
orT

But relation (111) contradicts relation (98) and thus the validity of the

Maximum Principle is proved.
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CHAPTER 3

APPLICATIONS

3.1, A thermodynamics system ( Heat transfer)

3.1.1. Statement of the problem

Let the system be described by the differential equation :

(112) 2L & uE, x,t) € [0.1]@ [0,T] ,
ot ox

. '.v.vhere . '
x€G=[0,1] » is the length‘vai'iable, t e [O,T], is ’éhe'time variable and
y(x,t) is a real valued function,defined on [0,17® [O,T] , representing the
temperature distribution‘ on 2 heated bar of length 1,

The initial condition is :

(113) y(x,0) = a(x) , xef[o0,1],

where a(x) is a given continucus real valued function defined on [0,1].

The boundary condition is:

ox

L (114). By . yfen - vk, b e¥e[0,T] .
' wheré v(x,t) is the temperature distribution of the furnace.

The final state of the system is determined by the relation:
(115) §(x,T,y(x,T)) = ykxT) - k), o0
.where k(x) is a given continuous real valued function,defined on [0,17], representing

the desirable final distribution of température along the length 1 of the bar.

The heat distribution on the bar is affected by controls u(x,f), v(x,t), .which

occur both in equation (112) and in the boundary condition (114).



The class U* of admissible controls u(x,t) consists of all real valued

piecewise continuous functions-u(x,t) on [0,1] 8[0‘,'1"] , such that
| utx,t) | s 1, for all (x,t) € [0.i]® [o,T]. .
The class V¥ of admissible controls v(x,t), is defined similarly.
The class of admissible controls w(x,t) = (u(x,t),v(x,t)), is U*x @ Vi,
Our objective is to find a control w¥(x,t) = (u¥(x,t),v¥(x,t)) € U*®@ V*,
if such a control exists, so that it transfers the system (112) with boundary
condition (114), from the initial state (113) to the final state (115), and gives

to the functional

1 T1
(116) S(w) = J‘al(x)y(x,T)dx + J’J‘Bl(x,t)y(x,t)dxdt
x:o t=0 x=0

the minimum possible value; the functions a 1 (x), B 1(x,t) are giveh real valued

continuous functions defined on [0,1] and [0,1] ® [O,T] respectively.

3.1.2. Solution of the problem

In order to find the optimal control w*(x,t) we will apply the maximum
principle. _
" From (112) and (1),(2),(3),(3') the following can be written:

: 2
(117) Ly = &%
. ox ,
(118) Ly = gz' -
t 3x
. . azz
(119) Mz =
ax?
3 3’z
z
t ot 3x
Take a:v(x,t) =1, biv(x,t) = 0, and as direction liv the direction

of the +x axis., Thus



- 35 -

v dy
(121) = ¥ and from (4):
d1 ox
iv
) . 3y
» {122 = —— e .
{122) Py ¥
s s Vi '
Similarly, for a; (x,t) = 1, div(x’t) = 0, and taking as direction

}‘iv » the direction of the +x axis, it follows that:

dz 8z

-d}‘iv dx

(123)

Hence from (15):

0z
ox

(124)  Qz =

The equations (112),(113),(114), (115),(116) are special cases of 6),(7),
(8),(9),(10) respectively, where

f(xst:YsY ’u_l = U(X,t),

x 4 4
Plx,t,y,v) = vy (x,t) - v (x,t).,
@(X’T:Y(er)) = Y(X;T) - k(X) ’
Y(x,t) = 0 .

Further, from (11),(12),it follows that the Hamiltoneans are :

. (125) - H(x,t,w,u) = zu | ,
(126) h(x,t,p,v) = Z(Y4(x,t) - v4(X-,t)) ,
where

(127) W= (Z’Y’Yx)’
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(128) Pp = (z,y).

From (15),(119) and (125) it follows that the system adjoint to (112) is:

3 3 :
(129) z + ZZ = Bl(x,t) , (x,t) € [0,1]7® [0,T] .
ot dx

From (16) and (115) ,» the initial condition of the adjoint sysfem is-
(130) z(x,T) = A(x) , xe[01],

where AR = - al(x) - al(x) , and where the function al(x) is

defined in (116) but the function al(X) is as yet undefined.

From (17),(124),(125),(126), and since Y(x,t) = 0 , it follows that the

boundary condition for the adjoint system is:

(131) gz = 4y3(x,t)z, (x,t) € {0,1}® [0,T]
X

Finally, condition (31) becomes:

1 . dy(x,T 3y (x,T)
(132) [ Lo 50 ¢ pe Ty + a 02200 14 2 o

x=0
According to the Maximum Principle ( Necessary conditions for optimality),
. if there exists an optimal control w¥(x,t) = (u%(x,t),v¥(x,t)) € U%x® V* for
the stated problem, then there must exist functions y(x,t),z(x,t),a(x),
such that these functions together with w¥(x,t) satisfy the given system
(112),(113),(114),(115) and also its adjoint system (129),(130),(131), and
moreover the control w¥(x,t) satisiies the maximum condition (20') and (21")
relative to the function z(x,t).

From (20'),(21"'), it follows that:
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(133) zu¥ ((=)) sup {zu : Jul =1 } , and

4 . ) -
(134) z(y -v*4) (=) sup { z(y4 -v4) : lvl < 1% .

From (133),(134), it follows that:

(135) .u*.(x,t) = sign[z(x,t)] , a.e, in [0,1]®[O,T] ,

I - sign[ z(x,t)]
2

(136) vE(x,t) , a.e. in { 0,1'} ® [o.T] .

Thus if there exists an optimal control w¥(x,t) = (u(x,t), v(x,t)), then
it must be of bang-bang type.

In order to find the expression of the optimal controlw¥(x,t) as a function
of (x,t), and also the corresponding oiatimal trajectory, we must proceed
as follows:

First we must solve the given system:

2

(1121) S . 2Y - wxb . &b e[0,1]e[0,T],
ot Ax .
with initial condition:
(1137) v(,00 = ax) , xe[0,1],
with boundary condition:
4
ey - 2yt mnegoaye [0,T]

ox

and final condition:

(1151) y(x,T) = k(x), x¢[0,1] .
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Thus the trajectory y(x,t), fuﬁctiona.lly dependent on the control w,

can be found.

Next we must solve the adjoint of the given system, i.e.

2
1 9z oz

with initial condition:
(130" T 2%, T) = A, xe[0,1] ,
and with boundary condition:

(131') 8z . 4Y3(X,t)z , (x,t)e {0,1} ® [o.7j ,
dx

where y(x,t) is functionally dependent on w¥ .

The function a, (x) which is a part of the second member of (130')

must be so chosen that the condition,

1 .
(31') I[ul(x)__a_;_:.’f_’z_)_ + Bl(x,'l"‘)y(x,T) + al(x)ila’i_"_’_r{.) Jdx = 0 ,

0

is satisfied.

By solving thg adj_oint_ system we can find z(x,t) functionally dependent
' 01';. w . Next, substituting z(x,t) into (135),(136), we can find respectively
the expressions of the optimal controls u¥(x,t) and v¥(x,t).

Finally, putting u¥*(x,t) and v¥*(x,t), instead of u(x,t) and-v(x,t) in
reiations (112') and (114') , we -can find the corresponding optimal

trajectory y*(x,t), by solving the system (112'),(113'), (114'), (115"').
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Next, an investigation of the method of solution for the system (112),
*(113), (114), (115), and also for its adjoint system, (129), (130), (131) ,
is given, A .

Let us consider generally the problem:

2
n n
(137) Lys  a b0t —— + & bt 4 ety - 2L = fx,t)
i,j=1" e, i=11 %, | ot
for x,t)€ D;
.(138) y(x,0) = a(x), x€B
139) Y entyen,el) . () eS
' dv(x,t)
where
————B-X-(f’—t—)—— is the inward conormal derivative,

dV(x,t)

D is the set B® (0,0} , S is the lateral boundary of D, and
f(x,t) , CP(x,t',u,v), g(t) are given functi?ms.
" Definition

The operator L defined in (137) is said to be parabolic at (xo,to),

if the matrix ( a_,(xo,to) ) is positive definite, i.e., if for every real
i

vector £ = (gl e oo ,gn) # 0, the relation :

n
5_ jiil aij(xo,’co)gigj > 0 , is satisfied.

We will use the following
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Theorem ( [4], p.p. 208-210)

Asgsume that: -

A 148

®B is of class C {0 < Bcl),

L is parabolic in D ,

1 1 ’ bl(x’t) & - kz ’

the coefficients aij , bi' c of L are Ho'1der continuans in Dand ¢ £ 0,

there exist positive constants k ,kz such that au(x,t) 2 k

@(x,t,u,v) is continuous for (x,t) €S, -o ¢ U < @, <o < V < o ,
Px,t,u,v) —» to 28 U —» + o, uniformly with respect to (x,t) inS and v
in bounded sets ,
®(x,t,u,v) is strictly increasing in u and strictly decreasing in v ,
f(x,t) is Ho'lder continuous in x, uniformly in bounded subsets of D
g(t) is continuous for t € [0,2),
a(x) is continuous function with compact support in B ,
Under these assumptions there exists a unique solution of (137), (138), (139).
To find this solution we proceed as follows ( {4], p.p. 208-210) :
Let Z be the Banach space of all functions p(x,t), which are continuous

in D with the norm :

[l p || = supi|px,t) " .
D
Forany R> 0, define Z, = {p€Z: || p || s RJ}.
For every p € ZR define the transformation w = Tp in such a way

fhat w is the solution of (137), (138), and (139-)# , where

(139 2L ptiplat),g®) . -

av
The function w is uniquely determined and has the form :
t

(140) w(x,t) = J‘fr‘(x,t,g,*r)p(gn) ngd'r + Gx,t),
0 3B
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where:
ng is the surface element on 3B ;

r(x,t,e,7) is the fundamental solution of the equation Ly = 0 ,

and the functions G(x,t), p(x,t) are definéd as follows ;
’ t
(141) Gx,t) = [rix,t,g,0)a(g)dg - [ frix,t,g, )i, r)dedr
B - 0 B '

and p(x,t) is a solution of the integral equation :

t s
(142) pe,t) = 2f PEEBET 6 ap ar + 2 S 0k, pix,0),g00)
. 0 3B Vi(x,t) & v(x,t) : :

In ([4], p.p.208-210) is also proved that T has a fixed point, i.e.,

that there exists p € Z_ such that p = Tp.

- R
This function p(x,t) is the solution of /137), (138), (139), since, in

this case, (139') coincides with (139).

We will apply the previous results to our proble m.

Consider the adjoint system:

2

(129'") oz + 8= . B, (x,t) . (x,t) € [0i1]® [0, T]
-1 3x2 .
(130'1) 2(x,T) = A , =xe[0,1] ,
‘ 3z 3
(131'1)) - 4@z, &He{01}e[0,T] .
X

Let us define a new variable s and the functions ;r(x, 8), El(x,s) , z(x,8),

as follows:
(143) s(t) =T -¢t, t € [O,T]:;

thus s(0) = T, s(T) = 0 , .and for te[O,T],wehave se[O,T].
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(144) y(x,s) = y(x,T-s) = y(x,t),
* (145) El(x,s) = g, (x,T-s) = B, (x,1)
(146) ;(x,s) = z(x,T-s) = z(x,t) .

From (146) it follows that :

>
)
»

'(147) dz. _ ¥z _ 3=z _ds _ _ ¥z -
ot at ds 3t 3s ’
| " dz 2z
(148) 2 - 22 ’
o , azz 82;
(148") 5> = >
ox ox

The adjoint system can be written as follows:

2~ -~
azgr'vy  2zixel o 22Bs) g ), ks e[0,1]000,T],
ox 9s
(130''1)  2(x,0) = A(x) , xe[0,1]

(because z(x,T) = Z(X’t)‘tzT = Z'(X,T-s)|s=0 = ;(x,s)ls._o = ;(x,O)) ,

a;(x,S)

Dl _ “3 -
(131 ) ) v = "%Y (h,S)g(x,S)

For the above system, all the assumptions of the previous theorem
are fulfilled; therefore the system has a unique solution,
To find this solution , we proceed as follows :

Let Z be the Banach space of all functions z(x,s), which are continuous

in [0,1] ® [O,T], with norm :

-~

Il =

sup I ;(x,s) |

i [0,17& {0, T]
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ForanyRTO,‘define ZR = {z€eZ : |] 7: | sAR }.
For every z ¢ ZR, define the transformation . w = Tz in such a way
that w(x,s) is the solution of (129'''), (130"’ '), and (131''')*, where

w(x,s)

(13111 1)% = 4§3(x,s);(x,s)

The function \;/(x, s) is uniquely determined and has the form :

-

. . . s :
(140') wix,8) = [ [r6e,s,8.1)(g,1)dBdn + Glx,s)
N=0 3B >
where:
B = [0,.1] H .
I‘(}i,s, €,1) is the fundamental solution of the equation

2A -~
(149) 3 z(x,s) ) d3z(x,s) - 0

3% os

and the functions G(x,s) , p(x,s) , as defined as follows:

S RN
(141") G(x,s) = [r(x,s,g,0)A(g)dg - jfr(x,s,g,n)Bl(g.n)dgdn ,
B = T]=OB ..

and p(x,s) is a solution of the integral equation:

s - ~
(142") p(x,s):zj‘far(x'_s’g’n)p(g,n)ngdn + 239_(}5.1_5_) - 8y$(x,s)z(x,s)
' ' ']]:0 aB DS ‘ ox '
We now calculate v:r(x,s) .
The fundamental solution of (149) is:
2
(150) Moesag) = ——t exp(-
2 Vﬂ(s_n) ) "ﬂ

From (141'), (150), it follows that:
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. 2
(141'") G(x,s) = 1 j'e:\p( - (x-¢) JA(g)dg -m
ZV E=0 4s
(x-g)° =
V=0 ¢- 0u -1 4s-n)
Next, from (142') it follows that:
) s e 2 .
D 1 E-x (x-8)
(142' ") P(x,s) = —exp( - ———————) p( )dB _d +
2\ “”;B 3 P 4(s-7) PIG e
n=0 (s-1)2
+.2 2Gx,s) 8 }3(x,s) z2(x,s) ,
8x

where G(x,s) is given by (141''),

From (142'') we should find p(x,s) as a functional of a.1 ,;r,;. Next,
we should replace p(x,s) in (140') to find the function w(x,s) which satisfies
(129" '), (130" '), (131" 7)%

This function w(x, s) will be found as a functional of al ,;r ;

Now, we know that there exists a function z% “(x,8) € ZR , such that
A Tz'n'< = w" ; this function z% “(x,s) will satisfy (129'''), (130''")
and (131''') (which now coincides with (131''1)% ),

Thus, this function ;*(x', s) will be the solution of the adjoint system
and it wil be found from the integral equation:

(140" 1) 2(2,8) = [ Pt exp(- & e’ 07 ok, MABA + Glx,s)

=0 3B ZVWn—) 4(s-1)
where p(g‘,’q.) is functionally dependent on 2, Va2 . ‘
Thus, we can find Es(x,s) » and consequently z(x,t), as a functional of a.1 Y-
Next, we should solve the initial system (112'), (113'), (114'), (115'),
to find the trajectory y(x,t) functionally dependent on the control w¥.
Substituting then y(x,t),we can have z(x,t) as a functional of a1 , W,

The function a_(x) must be so chosen; that (13_2) is satisfied.
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Since in relation (132), the function y(x,t), is functionally dependent
on w¥, we can find al{x) as a functional of w*, |
*°  Thus,we can have z(x,t) as a functional of w,
Finally, substituting z(x,t) in (135),(136), we can find respectively
the expressions of the optimal controls u¥(x,t), v¥(x,t).
The corresponding optimal trajectory y=if(x,t) can be found by solving
the initial system (112),(113),(114);(115), in which w(x,t) has been

replaced by the optimal control w¥%(x,t),.
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3.2, A biological system ( Control of sodium transport in toad bladder )

3.2.1. Statement of the problem ([57)

Treating the sodium ions in the cytoplasm as a distributed quadratic
source term and modelling the coupling between the diffusional flow and

the electrogenic process by an operator in the space-time diffusion

model [6,77, the dynamic process of active transport of sodium ions in

the epithelial cell of the toad bladder may be formulated [5] as follows :

3y (x, £) 32y (x,t) 5 2
(151) - = D X > + Y™ (cly(x,t) + c,y (x,t)) ,
. X

(x,t) € [0,1] ® [0,)
Initial condition:
(152) y(x,0) = a(x) , xe€[0,1]

The boundary condition is:

0 for (x,t) € {0} ® [0,T]
(153) yix,t) =
' v(t) for (x,t) ¢ {1} ® [O,T]
where:

y(x,t) is the space and time dependent sodium concentration in the cell of

width 1;
D is the diffusion coefficient;

c1 ,c2 are reaction constants;
v(t) is the time -dependent boundary condition at the mucosal side of the cell

and corresponds to change of the permeability of the membrane.
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The function v(t), t € [O,T], is the control of the process.

It can be shown [5] that in order for the in vivo control operation to be

admissible, the control v(t) must satisfy the following inequality:

dv(t) ,
154 t —_— :
( ) l v(t) + % In( <, +2c2 o ) | < M,
. c
where M = D In( ZD - 1 ) is a constant.
2

" However, we consider here a simpler case, where the class V% of
admissible controls caonsists of all piecewise.continuous functions defined

on [O,T:], and taking values in the control restraint set V = [O,M] , l.e.,
(155) Vs = P.C.( [0,T],V),

where M is a positive constant.

Let k(x) be a given desirable distribution of the sodium ions concentration

along the width of the cell at a time T.

Define on V#* the functional

(x,t)y(x,t)dxdt ,

H 2 =t

1
(156) S(v) = fal(X)V(x,T)dx +

T
I
x=0 =0

B
t 01

where:
y(x,t) is the solution of the given system corresponding to v;
al(x), 31(x,t) , are given real valued continuous functions with domains
[0,1] and [0,1] ®'[O,co) respectively.
The functional S(v) represents the ''cost'' corresponding to the

transition of the system from the initial state (152) to the desirable

final state:

(157) y(x,T) = k(x)
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at a time T, where k(x) is a giveﬁ conti.nuous real valued function defined
on [0,1].

Our objective is to find a con.trol v¥ g V¥, such that it steers the system
(151) with boundary conditions(153) from the initial state (152) to the final

state (157) and also the functional (156) takes its minimum value for v = v,

3.2.2. Solution of the problem

We will make use of the Maximum Principle.

From (151) and (1),(2),(3),(3') the following can be written:

2
(158) Ly = DY
» 2
ox
(159) Ly = =2 _ p y
t 3t 3x2
ZZ
(160) Mz = D___é__z_
2Z
(161) Mz = %2 . p R
ot ox
Take a;v(x,t) = 0 , biv(x't) = 1.‘; then from (4) we have:
' (162) Py = v
Similarly, for a\;\l(x,t) =1, div(x’t) = 0, and taking as direction

A. the direction of the +x axis it follows' that:
iv

dz oz
(163) =

d)\iv ax

Thus, (5) can be written as:

oz

(164) QZV =
90X
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Equation (151) can be written as follows :
Y

(151') 9y D.2Y _ dy

ot ox d3x ox

The equations (151') , (152)', (153), (156), (157), are special cases
of (6), (7), (8), (9), (10), respectively, where:

' _ dy dY
f(x,t,y,?rx,u) = c1 X '+ Zczy 5%
' 0

0 for (x,t) € {0} ®.[0,T]
(P(X»t,Y,V) = ‘

v(t) for (x,t) ¢ {1} ® [O,T]
Q(X)T:Y(X:T)) = Y(X’T) - k(X) and
y(x,t) = 0

Further, from (11), (12), it follows that the Hamiltonians are:

(165) H(x,t,w,u) = z (c R + 2c y 3y )
' . 1 ax 2 dx
0 for (x,t) € {0} ® [O,T]
(166) h(xyt._sP»V_) =,

z v(t) for (x,t) € {1} ®[0.T]

where w = (z,7v, Y , and p = (z,y).

X
From (15), (161), (165) it follows that the system adjoint to (151) is :

(167) %z . p azz = 2(2c,y_+2c,ytec)) + g (xt) .
x 2 1 1
dt dx

= ¢ + Zczy , (x,t) € [0.1] @ [0,=).
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From (157) it follows that)
(168) §({:TsY(X:T)) = Y(X:T) - k(x) .

From (16), (168), it follows that the initial condition of the adjoint system is:

(169) 2, T) = AR, x€[0,1]

where A(x) = - o.l(x) - al(x), and where the function al(x) is defined in

(156) but the function al(x) is as yet undefined.

From (17), (164), (165), (166), it follows that the boundary condition

for the adjoint system is:

dz(x,t
(170) _"faii_z__)_ = ozl t2cy) , &t e{0,1)®[0,T] ,

Finally , condition (31) becomes :

1
1 , 3y(x,T) ‘ 3y(x,T) _
(31'1) [ (&) St B, (x» Thy(x,T) + a (x) &= 0.

x=0
L3
According to the Maximum Principle (Necessary conditions for optimality),
if there exists an oﬁtimal control v¥ ¢ V¥, for the stated problem, then there
" must exist functions y(x,t), z(x,t), al(x), such that these functions together

_-with v¥*(t) satisfy the given system (151), (152), (153), (157), and also its

adjoint system (167), (169), (170), and moreover the control v¥(t) satisfies
the maximum condition (21') relative to the function z(x,t).

From (21'), it follows that :
(171) zv¥ (=) sup { .zv : vEV% }

From (171), it follows that:
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M whenever z s 0
(172) vE(t) = a.e. in [O,T] .

0 whenever z < 0

Formula (172) can be written as follows :

(173) vik(t) = | —;——M (14 sign[ z(x,t) 1) a.e. in [O,T]

Thus if therq exists an optimal control v*(t), then it must be of bang-bang
'type.

In order to find the expression Qf the optimal control v*(.t) as a function
of t, and also the corresponding optimal trajectory y*(x,t), as a function '
of (x,t), we must' proceed as in the previous problem ( 3.1.).

First we must solve the given system:

2

2
(151') =X = D2 4 (e ytey), (e [0,1]8[0,T]
ot sz X
with initial condition:
(152") y(x,0) = a(x)
with boundary condition:
0 for (x,t) € {0} ® _[Q,T]

(153') y(x,T) =
' v(t)  for (x,t) € {1} & [0,T]

and with final condition:

(157") yx,T) = kix).

Thus the trajectory y(x,t) functionally dependent on the control v,
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can be found.

Next_ we must solve the adjoint system:

?
dz 3z
(167") t De———— = z(2c,y +2c.y+c ) + (x,t) ,
| " - 27x T %2 1 By

(x,t) € [0,1]® [0,T],
. with initial condition :
(169") _z(x,T) = A(x) ", x € {0,1],

and with boundary condition:

Az
(170') il = z(c:l + Zczy), (x,t) € {0,1} ® [O,T]~,
where vy is'functionally dependent on v¥*,

The function al(x) which is a part of the second member of( (169")

must be so chosen that the condition:

-1
(31 11 l) ‘r (al (X) GY(X,T) ¥ BI(X,T)Y(XsT) + al(X) BY(X,T)

x=0 ot ot

ydx = 0

is satisfied.

By solving the adjoint system we find z(x,t) functionally dependent.

on v, Next, substituting z(x,t) in (173) we can find the expression of the

optimal control vi¥(t),
Finally, substituting v¥(t) instead of v(t) in (153), we can find the expression

of the optimal trajectory y*(x,t), by solving the systenl (151), (152), (153)
and (157).
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Next, a description of the method of solution of the given system (151),
* (152), (153), (157) and also of its adjoint system (167), (169), (170),
is given. ' '

Consider the adjoint system:

2
G d
(167'1") z + D Zz = z(Zczyx+ 2c2y+c1) + Bl(x,t),
. 3% .
(x,t) € [0,17® [0,T],
(169l ') Z(X’T) = A(X) s X € [Osl] ’
(170" ") 9z zc) +2c.y) ,  (x,t) € {0,1} ® [0,T]

ox

Let us define a new variable s(t), and the functions ;(x, s),,él(x,s),;(x, s)

as follows:
(174) s(t) = T-t, te [_O,T] :

thus s(0) =T, s(T)=0, and for t¢€ [O,T] , we have 's € [O,T].

L3

(175) ;r(x,S) = y(x,T-s) = y(x,t) ,
.(176) B (x,5) = g, (x,T-s) = p (x,t)
(177) 2(x,8) = z(x,T-s) = z(x,t)

From (174), (175), (177), it follows that:

(178) y (x.t) = }x(x,s)

2z _ a; _ B; os _ dz
(179) dt - 3t ds at - ds
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(180) 8z _ 3z
ox ox
2 Co2 )
(181) °oz _ _3¢%
axz axz

Thus the adjoint system can be written as follows:

L. 2 - :
a7y DRI o) o 22009 L f sy, Gs)e[0.178[0,T]
ox

h - 2c.y + 2c.y
where ¢ czyx + czy + c1 ,

(169''")  z(x,0) = A), xe€[0,1]

( because z(x,T) = =z(x,t)|,_o = 2(x,8)|__ = 2(x,0) ,

-~

dz(x, ~ - |
arorty  2ZEf (e k2e,Y)iks), Ges)€ (01)8 [0,T] .

If we impose the additional aésumptions:

2 -~ ~
(182) 2c2yx + 2c2y + c1 = 0 ,

~

(183) < + ZCZY > 0 ,
then all the assumptions of the theorem ( [4] , p.p. 208-210) , stated in-
the previous application (p.p. ) are fulfilled.

Thus there exists a unique solution of the adjoint system (167''"), (169''"),
and (170''"), |

To find this solution we proceed ([4],p.p. 208-210 ) as follows:

Let Z be the Banach space of all functions z(x,s) which are continuous

in [0,1] ® {O,T] with norm :

sup | z(x,s) |
[0.170 [0,T]

=11 =




- 55 .

For any R > 0, define Z'R={;€2: | z || = R}

For every z ¢ ZR » define the transformation w = T;, in such a way
that w(x,s) is a solution of (167'''), (169'''), and also satisfies the relation:
(1701 1) dwlx,s) (c. +2¢c y)z

3x 1 2

-~

The function w(x, s) is uniquely determined and has the form:

S

| (140'") wix,s) = ‘f}frﬁns,gf)p(gﬁnngdﬂ + Gx,s) |
1=0.3B .
‘where: .
B = [0.1]

_ f(x, s,€,M) is the fundamental solution of the equation : .

BZ_C;_ 8z 0

(184) D
ax® CE

and the functions G(x,s), p(x,s), are defined as follows :

. S
(141°") G(x,s) = [r(x,s,g,0)A(g)de - [ fr%x,s,g,n)él(g.n)dgdn ,
' B ’n:O B

and P (x,s) is a solution of the integral equation:

s
i T (x,s,e,1) 9G(x, s) .
- (1420.')_ P(x,s) = ZI “["-———a-x—:—hn P.(@:'ﬂ)ngdﬂ + 2-—-5;{— - 2(cl'+2c2y)z(x,s) .

1=0 3B

We now calculate w(x, s).
We find first the fundamental solution of (184).
Following the parametrix method ( [4], p.4 ) we have:the

1 .
D

Inverse (matrix) of D is

Next, we set:

(185) otx,g) = —L (x-£)°
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For s < n., we introduce the function:

. 1 ( ) 1 (x- )2
(186) Q(X,S,g,'ﬂ) (S-T]) 2 exp(_ &L) = (g.'n) 2 exp(_ -——_._g.._
4(s-7) 4D(s-))
Further we have C'(x,s) = > lTrD and also’ |
: - 2
S 1 - (x-g
(187) 2, (x,8,E.1) = C'(g,MRx,s,E,7) = ——emeeer exp( » ———)
0 =1 51 51 2\wD(s-1) 4D(s-7)
" The function zo(x, s,€,7N) is a fundamental solution of the equation:
BZZ - 02
(188) D = - — = 0
dx os
A fundamental solution" i“(x,s yE,T)) of equation (184) can be found in
the form: .
(189) . p(x,s,g,n) = zo(x,s,g,'ﬂ) + I .rzo(x,s,gt’n!)é(g"nv,g,n)dgldn' ’

where @ is to be determined by the condition that ;" satisfies equation (184) .
Further, after the calculation of p(x, s,g,'ﬂ) » we can calculate G(x, s)

from the formula (141(;") .

E

Next, from (142(:'L 'Y we can find p(x, s) functionally dependent on al ' V2.

-~

Replacing then p(x,s) in '(140(; '), we can find the function w(x, s),which

satisfies (167'''), (169'''), and (170" '1)*, This function 'W(X,S) will be

functionally dependent on 2, ;r, Z. : X X

Next, it is known {[4], p.p. 208-210 ) that there exists a z* ¢ ZR
such that..z% = T z¥% = 'Gv*; this function ;*(X,S) will satisfy (167''!),
(169''1), ana (170''') (which now coincides with (170'"'"')* ),

Thus this function z%(x,s) will be the solution of the adjoint system

and it will be found {rom the integral equation :
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) S
(140 1) a(x,s) = [ [r(x,s,g,0)p(g,n)dB A1+ Glx,s)
TI:O oB

¢ A -~

where p.(g,ﬂ) is fu‘nctio‘l}ally dependent on 2. Y, 2.

Thus, we can find z(x,s) , and consequently z(x,t) , functionally
dependent on 2, v ’

Next we should solve the initial system (151), (152), (153), (157),
to find the trajectory y*(x,t) functionally dependent on the control v*.

Substituting then y(x,t),we can find z(x, t) functionally dependent
ona , VE,

1
The functmn a (x) must-be so chosen, that (31.'') is satisfied.

Since .1n (31" ') the function y(x,t) is functionally dependent on v,
we can find al (x) as a functional of v,

Thus, we can have z(x,t) as a functional of vk,

Finally, substituting z(x,t) in (173), we can find the expression
of the optimal control v(t).

The cofrresponding optimal trajectory y*(x,t), can be found by
solving the initial system (151), (152), (153), (157), in which v(t)

has been replaced by the optimal control v*(t),
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CONCLUSION

In chapters 1, 2, a survey of tHe Egorov’s Maximum Principle for
distributed parameter control systems, described by parabolic equations
ha's been presented.

The -necessary conditions for optimality of the examined system yield
a system of equations from which the optimal control may be determined.

In chapter 3, Egorov s Maximum Principle is applied to a Thermodynamics
system (heat ’(;ransfer) and to a Biological system (Controi ofFSodi{Jm -
Transport in Toad Bladder).

In both applications, the necessary conditions for optimality have
gonverted the optimal control problem to integrodiffereptial equations

- the solution of which may yield the optimal control.
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