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Abstract  

 To achieve passive vibration control, an adaptive flywheel design is proposed and 

fabricated from two different materials. The corresponding mathematical models for the 

adaptive flywheels are developed. A two-terminal hydraulic device and a two-terminal 

inverse screw device are introduced to analyze the two adaptive flywheels. Experiments are 

carried out to identify key parameters for both the two-terminal hydraulic system and the 

inverse screw system. The performance of three different suspension systems are evaluated; 

these are the traditional suspension system, the suspension system consisting of an ideal 

two-terminal device with constant flywheel and the suspension system consisting of an 

ideal two-terminal device with an adaptive flywheel (AFW suspension system). Results 

show that the AFW suspension system can outperform the other two suspension systems 

under certain conditions. The performance of a suspension system with the adaptive 

flywheel under different changing ratio is evaluated, and an optimal changing ratio is 

identified under certain circumstances. 

To obtain the steady-state response of the two-terminal device with adaptive 

flywheel, three different methods have been applied in this thesis. These methods are 

the single harmonic balance method, the multi-harmonic balance method and the 

scanning iterative multi-harmonic balance method, respectively. Compared to the 

single harmonic balance method, the multi-harmonic balance method provides a much 

more accurate system response. However, the proposed scanning iterative 

multi-harmonic balance method provides more accurate system response than the 

single harmonic balance method with much less computational effort. 
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1. Introduction  

1.1. Background  

Vibration as a phenomenon has been studied by many researchers from different 

fields. This phenomenon exists in both mechanical systems and various civil structures. 

Vibration in civil structures can cause health problems for humans such as dizziness, 

nausea and anxiety [1]. If the amplitude of vibration is large enough, it may lead to 

catastrophic consequence. For example, the Tacoma Narrows Bridge (Figure 1.1) was 

destroyed only four months after its opening in 1940 due to vibrations caused by wind 

[2]. 

 

 

Figure 1.1 Tacoma Narrow Bridge in 1940 [2] 

 

Compared to vibration in civil structures, vibrations within mechanical systems 

are far more common, and also cause tremendous problems such as shortened machine 

life span, reduced manufacturing precision, poor product quality, and noise [3]. In 

particular for modern transportation devices, the existence of vibration causes more 

severe problems than simply the discomfort of passengers. In some extreme cases, such 

vibrations will cause the malfunction of the device, which may inevitably lead to fatal 

accidents [4].  
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Based on all the above reasons, vibration control in civil structures and mechanical 

systems is extremely important. In the last several decades, researchers have been 

achieving remarkable progress in these fields, especially for mechanical vibration 

control. The classical vibration control of mechanical systems can be further divided 

into vibration isolation and vibration absorption by methods of application.  

Vibration isolation is often applied to a system which is fixed at one point. By 

minimizing the vibration at the attaching point to the excitation source, this approach 

usually yields good performance. However, when this system is subjected to multiple 

excitation sources, the control strategy of vibration isolation may become very 

complicated [5,6]. 

Compared to vibration isolation, vibration absorption achieves the goal of 

vibration control by using vibration absorbers. In most cases, the vibration absorber is a 

secondary system which consists of a mass, spring and damper [7,8]. For example, the 

common vibration absorber, a car shock absorber, dissipates vibration energy to 

suppress the vibration of the vehicle body, which in turn provides improved ride 

comfort for the driver and passengers [9,10]. A typical car vibration absorber is shown 

in Figure 1.2. 

 

Figure 1.2 Typical car shock absorber [11] 

 

With the development of simulation and analysis tools, system design can be 

optimized by modeling and simulation. The application of modern control theory 
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explores many new ways to achieve effective vibration control [1]. The general 

development of strategies for vibration control is shown in Figure 1.3. From Figure 

1.3, it can be seen that there are three major ways to achieve vibration control: 

traditional design optimization which occurs at the system design stage, an additional 

vibration control system that is added to the structure (extra control system) and design 

of a self-adaptive structure. As a popular control method, the addition of an extra 

control system has been attracting much attention. Specifically, passive vibration 

control and active vibration control are two major approaches to the extra vibration 

control system. By combining these two vibration control concepts, combination 

vibration control, hybrid vibration control, often also referred to as semi-active 

vibration control, has been proposed. 

 

Vibration control

Extra control system

Integration of passive and 

active vibration control

Design optimization  Self-adaptive structure 

Combination control  
Semi-active vibration 

control

Active vibration control

Hybrid control

Passive vibration control

 

Figure 1.3 Strategy of vibration control 

 

Vibration control can be further classified into passive vibration control and active 

vibration control. Due to its high reliability and low cost, passive vibration control has 

wide industrial application [12,13]. Usually, passive vibration control is related to the 

movement of a target system which requires vibration control. By dissipating vibration 

energy and isolating the transmission of vibration, the intent is for the whole system to 

eventually trend towards stability [14] . 
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On the other hand, active vibration control may be either related to the target 

system, or independent from the system, depending on the excitation [15,16]. Since 

there is an actuator that is powered by an outside energy source, an active vibration 

control system can not only cause the decay of vibrations, but may also cause 

amplification of vibration, potentially leading to system instability. In order to build a 

feasible active control system, the determination of controller parameters is critical to 

the whole design. In most cases, a close-loop feedback control system is chosen and the 

input excitation of the actuator will be a function of system state [17,18]. The most 

important feature of active vibration control is high controllability, but due to high cost 

and low reliability, widespread application of active vibration control is still limited 

[19]. A comparison between passive and active vibration control is shown in Table 1.1. 
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Table 1.1 Comparisons between active and passive vibration control 

Objective 

 

Classification 

Working 

principle 

Controllability Robustness Stability Reliability Extra 

mass 

Energy 

source 

required 

cost 

Passive vibration 

control 

Simple Low Good Good High Small None Low 

Active vibration 

control 

 Complicated High Depends on 

controller 

Depends on 

controller 

Low Large High High 
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In the past several decades, researchers have achieved impressive progress in 

active vibration control [20–23]. Nakano even proposed a self-powered active vibration 

control system using a piezoelectric actuator [24]. Concomitantly, many researchers 

have focused on semi-active vibration control by developing variable damping ratio or 

variable stiffness systems [25–27]. 

Recently, research on passive vibration control has evolved in many directions 

[28]. For instance, Behrens et al. presented a design for passive vibration control via 

electromagnetic shunt damping [13]. By designing an appropriate electrical shunt, a 

transducer was shown to be capable of significantly reducing mechanical vibrations. 

Another design adjusts the natural frequency of the system to suppress vibration by 

adding a large mass. This concept is referred to as a tuned mass damper (TMD) [29–31]. 

However, both designs require extra components to achieve passive vibration control, 

which eventually lead to higher cost.   

In a related theme, many researchers have focused on using flywheels to achieve 

passive vibration control. Smith [32] proposed a new device named the inerter, and 

Rivin [33] also developed a spiral flywheel. Both devices transfer linear motion into the 

rotation of a flywheel, which in turn generates equivalent inertial mass equal to as much 

as 400 times that of the gravitational mass of the flywheel. Wang and Wu [34] applied 

this inerter to vibration control of an optical table, and experimental results were 

promising. Based on the same theory, Li et al. [35–38] proposed several two-terminal 

devices to achieve passive vibration control, such as a two-terminal inverse screw 

transmission system and a two-terminal hydraulic system.  One of these designs was 

shown capable of obtaining a variable two-terminal mass by adjusting an 

electro-hydraulic proportional valve. Experiments were carried out, and the results 

agreed with the design requirements. Despite all this progress, none of these 

approaches can passively generate variable equivalent mass and industrial applications 

are still rare. Xu investigates a different design for the flywheel, which led to the 

creation of variable mass [39]. However, in his design, the maximum change in the 

moment of inertia was limited to 11.67% due to the large mass of the flywheel base 
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relative to that of the sliders. 

1.2. Motivation  

As mentioned above, researchers have been making progress with vibration 

control, particularly, in structural and mechanical vibration control. Active and 

semi-active vibration controls have attracted much attention in the last few decades. 

However, due to high cost, low reliability and robustness, real-world implementations 

of active and semi-active vibration control are rare. Passive vibration control still 

dominates industrial applications due to low cost, high robustness and high reliability. 

However, in the case of passive vibration control, once key system parameters 

(stiffness, damping ratio and mass) have been chosen, the characteristics of the system 

are then fixed. This implies that the ability of a passive vibration control system to deal 

with a variety of situations is limited. Therefore, the design must always make 

compromises, favoring the conditions that the passive system is most likely to 

encounter at the expense of other conditions which are expected to occur less 

frequently.   

With the invention of the inerter, there was increased interest in two-terminal mass 

vibration control systems - a new and effective method of passive vibration control 

which is achieved by using a two-terminal mass device. By achieving much larger 

equivalent mass through the flywheel in the system, a two-terminal mass vibration 

control system can change the natural frequency of the whole system, which can lead to 

the suppression of vibrations. However, most of these two-terminal mass vibration 

control systems can only generate a constant equivalent mass. The generation of a 

variable equivalent mass would make it possible to change the system parameters 

during operation. However as mentioned earlier, this usually requires a complicated 

mechanism at high cost. Moreover, the flywheel would also cause an increase in the 

overall weight of the system, which implies higher energy consumption. 
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1.3.  Objectives of the thesis 

The goal of this thesis is the design, development and evaluation of a new passive 

vibration control component. For most passive vibration control systems, once the key 

parameters are chosen, the characteristic of the system are fixed. The passive vibration 

control device proposed in this thesis is a two-terminal device with an adaptive 

flywheel that can passively generate variable inertial mass under different excitations.  

The proposed system is non-linear. To evaluate the performance of the newly proposed 

component, a mathematical model must be derived and experimentally validated. The 

newly proposed component can then be applied to a car suspension system, and 

performance will be evaluated via numerical simulations. The relationship between 

suspension performance and changing ratio of the adaptive flywheel will be discussed 

under both ideal and real situations, and the optimal changing ratio will be determined 

under certain conditions. The changing ratio is defined as the ratio between the 

minimum moment of inertia of this flywheel and its maximum moment of inertia. 

Finally, the non-linearity of the system implies difficulties in the calculation of the 

system‟s frequency response, which is a key analysis tool used in engineering design. 

Therefore, to enable the analysis of the new system component within the context of an 

engineering design, an efficient mathematical method will be proposed to analyze the 

steady state response of this non-linear system. 

1.4. Contributions 

The contributions of this thesis are as follows: 

1. Two adaptive flywheels made of different materials are proposed and 

corresponding mathematical models are derived.   

2. Two different types of two-terminal devices are applied to analyze the two different  

adaptive flywheels of different materials. Experiments are carried out to identify the 

key parameters of the two-terminal devices. To obtain a more accurate mathematical 
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model, a hydraulic rectifier is introduced to eliminate backlash in the two-terminal 

hydraulic system. Close agreement between theoretical and experimental results has 

verified the accuracy of the mathematical models.  

3. To evaluate the performance of the proposed system as a suspension component, an 

ideal two-terminal hydraulic system with nylon adaptive flywheel is applied to a 

quarter car model. The new quarter car model is evaluated with three performance 

criteria - riding comfort, tire grip and vehicle body suspension deflection. The quarter 

car model with the new suspension components out-performs the traditional quarter car 

model under most circumstances. The relationship between the changing ratio of the 

adaptive flywheel and the performance of the suspension system is discussed, and the 

optimal changing ratio is determined under certain conditions. Under different 

conditions, the optimal changing ratio will also change.    

4. In order to analyze the application of the adaptive flywheel, a real two-terminal 

hydraulic system with nylon adaptive flywheel is applied to a quarter car model, and all 

the key parameters are identified from the previous experiments performed in this 

thesis. The same performance evaluation and discussion about changing ratio are 

carried out. The results show, based on the same conditions, that the optimal changing 

ratio of a real two-terminal hydraulic system is higher than for an ideal one. 

5.  The steady state response of a two-terminal device with adaptive flywheel is 

discussed. The single harmonic balance method and multi-harmonic balance method 

are applied, and it is found that the results of multi-harmonic balance method are more 

accurate than those of the single harmonic balance method. Due to the complicated 

calculation process of the multi-harmonic balance method, a new optimal iterative 

multi-harmonic balance method is proposed and evaluated. It is found that the results of 

the optimal iterative multi-harmonic balance method are as accurate as those of the 

multi-harmonic balance method. 
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1.5. Thesis organization  

The thesis is organized as follows. Chapter 2 is the literature review, which gives 

an overview of current research. In Chapter 3, two different adaptive flywheels 

(different materials) and two-terminal devices are proposed, and the corresponding 

mathematical models are developed. In Chapter 4, an ideal two-terminal hydraulic 

device is applied to a quarter model car, and the performance of this new suspension 

system is evaluated. Experiments are carried out to identify the key parameters for each 

two-terminal device in Chapter 5. In Chapter 6, a real two-terminal hydraulic device 

with nylon adaptive flywheel is applied to a traditional suspension system; performance 

evaluation and a discussion of changing ratio are also carried out. Chapter 7 presents 

the single harmonic balance method and multi-harmonic balance method to find the 

steady state response of a two-terminal device with adaptive flywheel. Due to the low 

accuracy of the single harmonic balance method and complexity of the multi-harmonic 

balance method, a new optimal iterative multi-harmonic balance method is proposed. 

Conclusions are drawn in Chapter 8, in which future research directions are also 

suggested. 
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2. Literature Review 

In the last century, vibration control has attracted the attention of many researchers. 

Two major control methods were proposed, active and passive vibration control. Due to 

high cost, poor stability and low robustness, real world applications of active vibration 

control are rare. On the other hand, passive vibration control is widely used in industry, 

because of its high stability, good robustness and low cost. With the invention of 

two-terminal system, a brand new passive vibration control concept was proposed, 

which shows promising performance for vibration control. In the following sections, 

the literature on active, passive and two-terminal vibration control is reviewed. 

2.1. Literature review of active and passive vibration control 

2.1.1. Active vibration control 

As was mentioned in the introduction, closed-loop control is used in most 

applications of active vibration control. The goal of active vibration control is to 

actively change the placement of pole-zero points or other control parameters for the 

objective system, which eventually leads to achieving the dynamical requirements of 

the system. In order to achieve this goal, knowledge of the proper state of a system and 

its feedback is the key factor. The basic structure of a closed-loop control system is 

shown in Figure 2.1. 

Actuator

Power Source

Controller

Measuring 

system

Objective 

system
Sub-system

 

Figure 2.1 Diagram of closed loop control system 

 

There are six major control strategies: (i) independent modal space control, (ii) 

pole-placement, (iii) optimal control, (iv) self-adaptive control, (v) robust control and 
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(vi) intelligent control. Each of them will be briefly reviewed in the following. 

 

2.1.1.1. Independent Modal Space Control (IMSC) 

By separating the vibration system into mode sequences, this method focuses on 

controlling the active mode to control the whole vibration system [40]. Baz and Poh [41] 

proposed an experimental implementation of Modified Independent Modal Space 

Control (MIMSC), by using a piezo-electric actuator to control several vibration modes. 

Experimental results showed that with maximum modal energy ranking, MIMSC is an 

efficient approach to damping the vibration of the objective system. 

However, the modes of vibration of a system often cannot be easily calculated due 

to the coupling between them. An optimal modal coupling control algorithm usually 

presents a large computational burden, even for a supercomputer, which is the main  

limitation of this approach to vibration control [42]. 

2.1.1.2. Pole-placement 

This approach includes choosing different eigenvalues and eigenvectors to control 

the vibration system. It is well known that system eigenvalues will affect the dynamic 

characteristics of the system, and eigenvectors will affect its stability [43–45]. Through 

state feedback or output feedback, the location of system poles can be relocated to meet 

the criteria of the target system.    

Bueno and Zanetta [46] presented a new pole placement method by using the 

system matrix transfer function and sparsity, and experimental results indicate that this 

method can be applied to different conditions with small signal stability analysis of 

large system. However, it is extremely difficult to adjust the pole into a proper location 

via a pole placement method in industrial applications due to their complexity [47]. 

2.1.1.3. Optimal control method 

By using mathematical algorithms such as the extremism principle, optimal 

filtering and dynamic programming, the theory of optimal control can be used to 
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determine the optimal control input which will meet the system requirements. For 

linear systems with a quadratic performance index, the optimal feedback control can be 

presented in analytical form. Software for these calculations already exists [48,49]. 

In the last two decades, optimal control has been applied to many fields[50–52]. 

For example, constrained layer damping as an effective vibration suppression approach 

has been applied to many industrial problems [53–55]. Xie et al.[56] proposed a new 

optimal vibration control method for a rotating plate with self-sensing active 

constrained layer damping, which demonstrated the potential for more efficient 

vibration control. Optimal control has also been used in tracked vehicle suspension 

systems, where simulation also demonstrated the possibility for efficient, real-time and 

robust control [57]. However, for systems of higher order than two, the determination 

of optimal control is complicated, and it is also extremely difficult to present in 

analytical form [58]. 

2.1.1.4. Self-adaptive control 

A Self-adaptive control system is one which can automatically monitor the 

changing of system parameters, and maintain an optimum system performance index in 

real-time [59]. It can be classified into three different types: self-adaptive feed-forward 

control, self-correction control and model reference self-adaptive control. When it is 

assumed that the disturbance is measurable, self-adaptive feed-forward control can be 

applied [60]. Self-correction control integrates real-time identified parameters of a 

vibration system with parameters of the actuator, which eventually achieves 

self-correction control [61]. The main theory of model reference self-adaptive control is 

that the vibration system will be driven by the self-adaptive system, which requires that 

the output of a vibration system follow the output of a model reference [62]. 

Self-adaptive control usually shows high performance for system control, because it 

can change the system parameters in real-time.    

Valoor et al. applied self-adaptive control method to smart composite beams using 

recurrent neural architecture. By developing a finite element model, simulations were 

carried out and the results indicated high efficiency and good robustness of the 
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implementation [63]. However, self-adaptive control usually requires a good model of 

the vibration system, which may not always be feasible. Additionally, in order to 

achieve real-time control, sensors and actuators with high precision are also required, 

which implies an increase in the cost of implementing the control system [64].    

2.1.1.5. Robust control 

Through linear feedback, robust control can provide a certain capacity for resisting 

disturbances for a closed-loop system. Although self-adaptive control can also be 

applied to a vibration system with uncertainty, there is still a major difference between 

the two control approaches. Robust control uses excessive controllers to ensure that the 

state of the target system will move to a stable configuration. If the changing rate of 

system parameters stays at the design requirements of the controller, this system will 

always be stable [65]. 

Based on robust control, Sun et al. [66] proposed an adaptive robust vibration 

control of a full-car active suspensions with electro-hydraulic actuators. By testing on 

different road conditions, the high stability of this control system was demonstrated 

through a Lyapunov framework. Since robust control requires excessive control, which 

inevitably leads to chattering, a decrease in the precision of the system-tracking and 

also an increase to the abrasion of the actuator [67].   

2.1.1.6. Intelligent control 

As one of most popular methods of vibration control, the development of 

intelligent control presents a whole new field for active vibration control. Fuzzy control 

is a major branch of intelligent control, which provides an effective approach to solve 

complicated control system problems[68]. Models of many systems cannot be easily 

developed. However, fuzzy control not only provides objective information of the 

target system, but can also embed the experiences and intuition of human intelligence 

into the control system [69]. Neural network control is another approach to intelligent 

control. The neural network based intelligent control uses massively parallel processing 

to simulate the structure and function of a human neural network for application to 

nonlinear dynamical systems. For some situations, these two methods can also be 
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combined into a fuzzy neural network control approach [70]. 

Aliki et al. [71] applied fuzzy control to vibration suppression of a smart elastic 

rectangular plate. A comparison was carried out between fuzzy control and a more 

traditional proportional integral derivative (PID) controller. The results indicated better 

vibration suppression with the fuzzy control approach. Another self-learning system 

was proposed by Gordon, which has been applied to optimize the vehicle suspension. 

This self-learning system can be used for real-time control [72].  

Because intelligent control usually requires pre-description of a system function, 

this implies that sample data with sufficient precision are necessary. If intelligent 

control cannot achieve the control function as predicted, trouble-shooting is usually  

difficult [73].  

2.1.1.7. Semi-active vibration control 

In the last several decades, researchers have been focusing on semi-active 

vibration control [74,75]. Semi-active vibration control can be considered as a branch 

of passive vibration control, since in many cases there is no direct mechanical energy 

input into the control system. However, in order to achieve semi-active vibration 

control, a minor outside energy source is needed to control the actuator and actively 

adjust semi-active vibration control devices. Moreover, feedback control is applied in 

most cases of semi-active vibration control, which makes semi-active vibration control 

more similar to active vibration control. 

Semi-active vibration control devices are usually combined control systems 

consisting of devices with passive stiffness or damping and a mechanical active 

actuator [76]. Active variable stiffness systems (AVS) and active variable damping 

systems (AVD) are classic examples of semi-active vibration control devices [25,77]. 

Since the main feature of a semi-active vibration control system is providing an 

optimum control force, active control theory is fundamental for semi-active vibration 

control. Furthermore, because the control force of a semi-active vibration control 

system is limited, the active control algorithm which drives the semi-active vibration 

control to output the optimum control force must be related to the semi-active vibration 
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control force. In 1990, the Kajima research center firstly applied the AVS system to a 

three-story office building, which resulted in high performance under low or medium 

level earthquakes[78]. In 1997, a bridge with an AVD system was first built in America, 

which resulted in vibrations caused by heavy-loading vehicles to be effectively 

suppressed [79].  

The most important application of semi-active vibration control is semi-active 

suspensions for vehicles. This theory was proposed by Crosby and Karnopp in 1970s, 

but applications started at the beginning of the 1980s [80–82]. Different from a passive 

or active suspension, a semi-active suspension system consists of a constant stiffness 

spring and variable damping shock absorber, which is also called a no source active 

suspension due to the minor energy input. In a semi-active suspension system, there is 

no actuator to generate the control force. Instead, the controller calculates the control 

force based on data from the sensors and then adjusts the damping of the shock absorber 

to produce the needed control force, which in turn finally achieves vibration 

suppression [83].  

There are three major types of shock absorber used to achieve semi-active 

vibration control: hydraulic shock absorber [84], electro-rheological (ER) fluid 

vibration damper [85] and magneto-rheological (MR) fluid damper [86]. All these 

shock absorbers usually consist of a small accumulator with a damping valve and a 

hydraulic control system, which will make the damping force generated by the 

hydraulic shock absorber proportional to the absolute velocity of the vehicle. In 

particular, the magneto-rheological fluid damper has been widely used in many 

vibration systems due to its high damping ratio and low energy cost.  

For example, in 1999, Suh and Yeo proposed a theory by using the 

Binghan-plastic model of ER fluid to estimate the damping force of an ER fluid damper. 

Through this, the main parameters of the ER damper can be accurately determined and 

experimental results indicate the actual damping force is in good agreement with the 

estimated damping force [87]. With the invention of the MR damper, more and more 

researchers have focused on this specific area, in particular for high-mobility 
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multi-purpose wheeled vehicle [88,89]. Karakas et al. used experiments with a quarter 

car model to investigate the performance difference between the MR damper and 

original equipment manufacturer damper. Through skyhook control algorithms, the 

experimental results indicate that the MR damper can help to achieve highly-efficient 

vibration suppression [90].   

2.1.2. Passive vibration control 

As mentioned above, active vibration control usually requires an outside energy 

source to generate the force required to suppress vibrations. Due to the high cost and 

low reliability of active controllers, industrial application of active vibration control is 

limited. On the other hand, passive vibration control due to its associated low cost and 

high reliability is widely used for vibration control. Passive vibration control can often 

be realized by structural design [91,92] and has been applied to two major fields: 

structural vibration control and mechanical passive vibration control.  

2.1.2.1. Passive vibration control by structural design 

In many mechanical or civil engineering applications, a machine or structure will 

experience vibration. If this is known in advance, the vibration level may be effectively 

minimized through optimal design. In particular for some customized structures, this 

will usually involve calculation, testing, modification, re-calculation and re-testing. 

However, with the development of Computer Aided Design (CAD), optimal design of a 

structure is much easier. Instead of a manual design process, design and modification of 

the prototype can be performed with a computer, and additionally the reliability can 

also be analyzed through computer simulation [93].   

There are several methods of structural design approaches to achieve passive 

vibration control. These are: de-tuning, reducing the number of responding modes, 

de-coupling, structure stiffening, optimizing the structural geometry and selecting the 

best material, respectively [91,92,94] 
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When there are spectral spikes at certain frequencies in the excitation, the method 

of de-tuning can be applied [95]. The basic theory of de-tuning design is that the design 

and modification of the structure will eventually avoid the near proximity of the 

resonance frequencies and spectral spikes. The approach of reducing the number of 

responding modes usually can be applied when the structure is under finite-band 

random excitation [96]. Since the total response of the structure depends on the number 

of modes, reducing the number of modes results in effective vibration suppression.  

De-coupling has been used to describe many procedures, but in structural design, 

there are two types of de-coupling which can lead to vibration control. The first one is 

de-coupling the different types of motion at the design state, implying that one type of 

vibration (e.g. linear) should not excite a different type of vibration (e.g. rotational).  

The other one is separating the natural frequencies of different components of a 

structure [97]. By de-coupling the natural frequencies, the whole structure will not 

resonate under excitation with one fixed frequency.    

There are only a few cases of passive vibration control that involve structural 

stiffening [98]. This follows because an increase in stiffness of a structure will 

inevitably change its natural frequencies, which may lead to resonance frequencies 

becoming closer to possible excitation frequencies [99].  

When the type of excitation is known, optimization of the structural geometry can 

lead to vibration suppression. The last method of vibration suppression by structural 

design is through the selection of the best material under different situations. With the 

development of material engineering in last several decades, many new compound 

materials are being discovered or designed, and these have shown high performance in 

suppression of vibration [100]. 

2.1.2.2. Structural passive vibration control  

In vibration control of structures, passive control can be classified into three basic 

types: seismic isolation control, energy dissipation control and energy absorption 

control [101]. 
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Seismic isolation control: By applying an isolation layer at the bottom of the 

structure above ground, the structure can be separated from the top surface of the 

foundation. In this way, the seismic energy will be blocked from the main structure, 

which eventually leads to the reduction in vibrations [102]. Seismic isolation control 

usually requires variable horizontal stiffness. Under strong winds or low-level 

earthquakes, the displacement of the upper structure can be made to be extremely small 

by using a sufficiently high horizontal stiffness [103]. This in turn ensures that the main 

structure is not affected. When the earthquake is of medium strength, the upper 

structure will lightly slide in the horizontal direction due to the small stiffness, which 

will transform the rigid seismic structure into flexible seismic structure. The natural 

period of vibration will be obviously extended, and separated from the natural period of 

the lower structure and characteristic period of the ground [104]. Through this, the 

vibration of the ground can be effectively isolated, which reduces the seismic reaction 

of the upper structure.  

Seismic isolation control is one of oldest passive vibration control methods, and it 

is also the most popular due to its high reliability and straightforward application. 

However, this method cannot be applied to high rise buildings or to the control of 

vibrations caused by strong winds.   

 

Energy dissipation control: There are two ways to achieve energy dissipation 

control [105,106], one is via no-load-bearing components (such as a supporting wall, 

shear wall and connector) of the structure that have been designed as energy dissipation 

devices. The other approach is through dampers that are located at some specific 

locations (such as interbedded space, nodes and connection space) of the structure. 

Under the situation of low-level seismic forces or winds, the initial stiffness of the 

energy dissipation components is sufficient to make them stay in an elastic state, which 

has enough lateral rigidity to satisfy the application requirements of the main 

structure[107]. When the earthquake is of a higher magnitude, the energy dissipation 

components will stay in an inelastic state, which eventually keeps the main structure 
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and all components from seismic destruction.      

Energy dissipation devices can be classified as damping, energy dissipation 

supporting device and energy dissipation wall [108]. To be more specific, the dampers 

can be listed as a metal damper, friction damper, viscous damper, viscoelastic damper, 

composite damper and so forth. For energy dissipation supporting, there are three types 

including eccentric energy dissipation supporting, friction energy dissipation 

supporting and cycle energy dissipation supporting [109]. The major types of energy 

dissipation wall can be summarized as band seam energy dissipation wall, horizontal 

seam roof energy dissipation wall and damper energy dissipation wall [110]. 

 

Energy absorption control: By adding an additional sub-structure, energy 

absorption control will transfer the vibration of the main structure to the sub-structure. 

The vibration energy of the main structure will be distributed into the main structure 

and sub-structure, which leads to the reduction of vibrations [111,112]. Most of the 

extra sub-structures consist of mass, damper and stiffness elements. Through adjusting 

these three components, the natural frequency of vibration of the sub-structure can also 

be changed. This will be adjusted to be as close as possible to the excitation vibration 

frequency of the main structure. When there is excitation of the main structure, the 

sub-structure will generate inertia forces with opposite direction of the vibration of the 

main structure, which eventually achieves the reduction and control of vibration [113].  

The types of energy absorption passive control devices include tuned mass 

dampers (TMD) [114], tuned liquid dampers (TLD) [115], pendulum mass 

dampers[116], air dampers and hydraulic-mass vibration control systems [117]. Of all 

these devices, the TMD is the most widely used in industry [118]. By using the inertia 

of the mass, the TMD can increase the damping ratio of the main structure to achieve 

vibration control. In order to achieve the best results, TMD is usually located at the 

point where the vibration reaches the maximum amplitude. However, modern 

architecture adds various equipment or hanging gardens on the top of many buildings, 

which often makes the installation of a TMD impossible[119]. In particular, in the case 
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of a television tower, a TMD is impossible to install due to the presence of the satellite 

antenna. Finding the optimum location for a TMD is also extremely important for 

energy absorption control [120].  

2.1.2.3. Mechanical passive vibration control 

As mentioned above, the vibration of mechanical systems is a universal 

phenomenon. Tremendous progress has been made with vibration control in 

mechanical systems. In particular, passive vibration control, due to its low cost, high 

reliability and high robustness, has been widely applied in industry [12,91,92]. Within 

the realm of passive vibration control, vibration control for rotating systems and vehicle 

passive suspension are two major applications of mechanical passive vibration control. 

 

Rotation system passive vibration control: Rotating systems are the most 

common device within a mechanical system, and can be found in many industrial 

applications [28,121]. Due to manufacturing defects, the centroid of each 

micro-segment of a rotor generally has a small deviation from the axis of rotation. Due 

to this deviation, centrifugal forces will cause the vibration of the rotor when it is 

rotating. The vibration of the rotor will not only cause noise and shorten the service life, 

but also in extreme cases will cause the failure of the whole system.  

In the past several decades, researchers have been achieving huge progress in 

rotating system vibration control [122,123], in particular with respect to reliability, cost, 

robustness and simplicity. In general, the vibration of a rotating system can be classified 

into four different types: steady-state oscillation, unstable vibration, self-excited 

oscillation and torsional vibration. Each of these will be discussed in turn. 

 

Steady-state oscillation: In a rotating system, the static and dynamic balance of 

the rotor is extremely important. If the rotor is unbalanced, when the rotation frequency 

reaches the natural frequency of the rotor, vibration caused by harmonic resonance will 

occur [124]. For this situation, Tatara proposed a bearing with rubber to support the 
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rotor, which can be used for damping by friction [125]. However, for some machines, 

e.g., a laundry machine, the unbalance of the rotor changes as the operations change. 

Theale proposed an automatic ball balancer, by locating two balls in the cavity with 

appropriate angles on the opposite side to the unbalance, which will eventually balance 

the rotor automatically in the post-critical speed range [126].  

 

Unstable vibration: In a rotating system, the rotor is usually connected with some 

transmission components, such as a shaft. When the geometric structure of this shaft is 

asymmetric, unstable vibration will occur if the rotation speed is close to the critical 

speed of the rotor. The main strategy for this circumstance is to make dummy slots on 

the shaft, which can eliminate the asymmetry [127,128]. In 2010, Ishida and Liu 

proposed a method to suppress such an unstable vibration by using discontinuous 

spring characteristics [129]. With this method, the range of rotation speeds for unstable 

vibration can be adjusted above the major critical speed.     

 

Self-excited oscillation: internal friction or internal damping in a rotating system 

are caused by friction between the rotation components, which inevitably leads to 

vibration of the system in the post critical speed range [130]. By using leaf springs to 

support the outer ring of the bearing that is mounted on the shaft, a new method was 

proposed to dissipate energy to suppress the self-excited oscillation. The damping 

intensity can be adjusted by changing the preload on the leaf spring [131]. 

 

Torsional vibration: The driving torque in multi-cylinder reciprocating engines 

changes at certain periods due to complicated processes such as combustion, intake, 

exhaust strokes and compression [132,133]. This vibration not only causes problems 

for the rotating mechanics system, but also imposes an unhealthy work environment on 

the operator of the machinery. Many devices have been invented to suppress torsional 

vibration, a centrifugal pendulum vibration absorber being one of the most famous 

[134–136]. By using the idea of an anti-resonance point for a two-degree freedom 
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system, this damper can effectively achieve vibration control. 

2.1.2.4. Vehicle passive suspension 

As mentioned above, vehicle suspension is one of the most successful and popular 

applications of passive vibration control. Researchers have been achieving impressive 

progress with vehicle passive suspensions in the last several decades. Due to high 

reliability, good robustness and low cost, passive suspensions still play a major role in 

vehicle vibration control. Most vehicle passive suspensions can be classified into two 

different types: non-independent suspension and independent suspension [82,83,137]. 

 

Non-independent suspension: The defining structural characteristic of a 

non-independent suspension is that both sides of the wheels are connected by a wheel 

axle, and that the wheels and wheel axles are suspended under the car body by an elastic 

suspension. There are many advantages to a non-independent suspension, namely 

simplicity, low cost, high strength, easy maintenance and small changes in the 

orientation of the front wheels on the road. However, due to poor ride comfort and 

handling stability, this kind of suspension is now mainly used for trucks and buses 

instead of passenger cars [138]. 

There are four kinds of springs for non-independent suspensions [139], leaf spring 

[140], coil spring [141], air spring [142] and oil-gas spring. As indicated by their names, 

leaf, coil, air and oil-gas spring non-independent suspensions use leaf springs, coil 

springs, air springs and oil-gas springs as their elastic components, respectively. The 

type of spring used represents the major difference between these non-independent 

suspensions [138]. 

 

Independent suspension: unlike non-independent suspensions, the defining 

structural characteristic of an independent suspension is that each side of the wheel is 

individually suspended under the car body through an elastic suspension [142]. 

Compared to a non-independent suspension, there are four advantages to an 
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independent suspension. First, the reduction in weight reduces the impact on the car 

body and increases adhesion between the wheel and the road. Second, a spring of 

relatively low stiffness can be used for this suspension, which improves the ride 

comfort. Third, the location of the engine can be lower, which leads to a lower center of 

gravity of the car and thus increased stability. Lastly, the vibration between the two 

sides of the vehicle are uncoupled, which eventually causes a reduction of inclination 

and vibration of the vehicle [82,83,143]. 

Despite the complicated structure, high cost and inconvenient maintenance, 

independent suspensions are still the preferred design choice for most modern 

passenger vehicles. Independent suspensions can be classified as (i) wishbone 

suspension, (ii) multi-link suspension, (iii) trailing arm suspension, (iv) sliding pillar 

suspension, and (v) McPherson suspension [144–146]. 

A wishbone independent suspension implies that the wheels of the car can only 

swing in the transverse plane. Wishbone suspensions can be separated into single 

wishbone and double wishbone suspensions, according to the number of transversal 

arms [147,148]. The application of a single wishbone independent suspension is rare in 

modern car design, because this suspension will cause the rear part of the car to swing 

when the car is under high speed [149]. Double wishbone independent suspension can 

be specified as isometric wishbone or long-short wishbone independent suspension. An 

isometric wishbone independent suspension has the same disadvantage of a single 

wishbone independent suspension. However, a long-short wishbone independent 

suspension can be optimized in the length of the long and short wishbones and the 

location of the two wishbones. This suspension can also provide high ride stability 

[150–152]. 

A multi-link independent suspension is a combination of three to five control rods, 

which leads to location changes of the wheels. This suspension will make the car turn 

smoothly, following the driver‟s intention; however, there will be shaft swing when the 

car is running at a high speed [154]. A trailing arm independent suspension is similar to 

a wishbone independent suspension, the wheels of the car only swing in the vertical 

http://dict.youdao.com/w/isometric/
http://dict.youdao.com/w/isometric/
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plane. It can also be classified as single and double trailing arm independent suspension. 

This suspension is usually applied to a steering wheel [153,154].  

The structural characteristic of a sliding pillar independent suspension is that the 

wheels are moving up and down along the kingpin axis, which is rigidly fixed to the car 

frame. There are only a few applications about this suspension, because the kingpin will 

take most of the lateral force during driving, which increases the abrasion of the kingpin 

and shortens its service life [155]. The wheels of a McPherson independent suspension 

still move along with the kingpin. However, unlike sliding pillar independent 

suspensions, the kingpin can swing instead of being rigidly fixed. A McPherson 

independent suspension is a combination of a wishbone and sliding pillar independent 

suspensions [156]. Compared to wishbone independent suspensions, McPherson 

suspensions have a compact structure, small changes of front wheel orientation on the 

road and high handling stability [157]. The lateral force on the kingpin is also much 

smaller than with a sliding pillar independent suspension. This suspension has been 

widely used for medium or small size cars [158]. However, with the advancement of 

technology, more attention is paid to the controllability rather than the cost, which is a 

challenge for passive vibration control. 

2.2. Literature Review of Two-terminal vibration control system 

2.2.1. Electrical passive network 

The main research on electrical passive networks uses a limited number of 

resistors, inductors, capacitors and transformers to describe a function within a given 

network. There are two main features of electrical passive networks. First, before an 

excitation is applied there are no voltages or currents between any two terminals. The 

second feature is that for any arbitrary excitation, there is no negative energy delivery in 

the network [159]. In 1931, Brune first defined the electrical passive network and 

proved that the resistance or admittance function is a positive-real function for all 

passive networks [160]. Brune also proposed a general method named the Brune 
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Comprehensive Method, which is used to describe any positive-real function by using a 

limited number of resistors, inductors, capacitors and transformers. 

In the past several decades, much research has been done on electrical passive 

networks[161,162]. However, the redundancy of components in passive networks is 

still the main obstacle to its development. Especially for multi-terminal passive 

networks, a non-transformer solution is still impossible[159]. In the 1970s, with the 

development of the integrated circuit, interest in research on electrical passive networks 

started to wane [163]. 

2.2.2. Mechanical passive networks 

In many industrial mechanical control systems, passive components are applied, 

for example, to vehicle suspension systems and mechanical vibration control systems 

[164]. Compared to mechanical active networks, passive networks are valued due to 

their high reliability and low cost. However, structural design and selection of 

components for a mechanical device is extremely complicated and is usually achieved 

by trial and error [163]. 

In order to describe a mechanical system accurately, many researchers attempt to 

analogize a mechanical system with an electrical system by using a force–current 

analogy [165]. With the analogy of force-current and velocity-voltage, the system 

consisting of passive mechanical components can be considered as a passive 

mechanical network. In a mechanical system, if all the components can be made to 

correspond to resistors, inductors, capacitors and transformers in an electrical system, 

the theory of electrical passive network can be applied to the mechanical passive 

network. According to the kinetic equation, resistors, inductors and transformers in 

electrical systems can be analogized in the mechanical system as dampers, springs and 

shafts respectively [142]. The specific analogies between electrical and mechanical 

systems are shown in Table 2.1. 
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Table 2.1  Analogy between electrical system and mechanical system [167] 

Electrical System Mechanical System 

Current (i) Force (F) 

Voltage (u) Velocity (v) 

Electrical zero point 

(Voltage=0) 

Mechanical zero point 

(Velocity=0) 

Resistor (R = resistance) 

i i

1u 2u

R

 

u Ri  

Damper (c = damping constant) 

F F

1v 2v

c

 

cv F  

Inductor (L = inductance) 

i i

1u 2u

L

 

di
u L

dt
  

Spring (k= stiffness) 

F F

1v 2v

k

 

1 dF
v

k dt
  

Transformer Lever 

Capacitor 

i i

1u 2u

C

 

du
C i

dt
   

Mass 

F F

1v 2v

m

 

dv
m F

dt
   

Electrical connectors Mechanical connectors 

 

2.2.3. Two-terminal vibration control system 

2.2.3.1. Two-terminal mass system 

As mentioned above, the theory of electrical passive networks can be applied to 

mechanical passive networks if all the corresponding components are matched. 

However, for the analogy between capacitance and mass, the two terminals of the mass 

element need to be defined to match the two terminals of the capacitor. According to 

Newton‟s second law, one terminal of the mass element is the center of mass, and the 
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other one should be a fixed point in the inertial frame [164]. Therefore, the mass 

element is analogous to a grounded capacitor, as shown in Table 2.2. 

 

Table 2.2  Analogy between mass element and grounded capacitor[32] 

Capacitor(Grounded) 

i

1u 2 0u 

C

 

du
C i

dt
   

Mass(Grounded) 

F

1v
2 0v 

m

 

dv
m F

dt
   

 

Based on Table 2.2, the mass element can be analogized as a grounded capacitor. 

However, there are still two major problems about this analogue. First, there is the 

possibility that unreasonably large masses may be required. Second, if the capacitor is 

not grounded, there is no direct mechanical component which can be analogized [168]. 

2.2.3.2. Two-terminal mass devices 

(1) Inerter: In 2002, Smith proposed a new two-terminal mass device named 

inerter, which resolves the capacitor analogy difficulty mentioned above [32]. This 

inerter can not only be used for analogizing the capacitor in electrical networks, but can 

also generate as high as several hundred times equivalent mass even if the real mass 

(gravitational) of this system is small [169,170]. The prototype of inerter is shown in 

Figure 2.2. 

 

(a) 
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(b) 

Figure 2.2 Prototype device: Inerter (a) Prototype of inerter, and (b) schematic of 

inerter[171] 

 

(2) Inverse screw two-terminal system: Inverse screw two-terminal system is a 

combination of flywheel and inverse screw transmission system [35]. Through the 

inverse screw transmission system, the inverse screw two-terminal system can transfer 

vertical or horizontal movement into rotation, which eventually leads to the generation 

of large equivalent mass. The prototype is shown in Figure 2.3. 

 

 

(a) 

 

(b) 

Figure 2.3 Prototype of inverse screw two-terminal system (a) prototype of 

inverse screw two-terminal system, and (b) schematic of inverse screw two-terminal 

system [38] 
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(3) Electro-hydraulic variable two-terminal mass device: In 2011, Li and 

Liang proposed an electro-hydraulic variable two-terminal mass device, which can 

generate variable equivalent mass [37]. By changing the voltage of the electrical valve, 

the transmission ratio will also change, which will in turn cause the generation of 

different equivalent mass. The prototype of the electro-hydraulic variable two-terminal 

mass device is shown in Figure 2.4. 

 

(a) 

 

(b) 

Figure 2.4 Prototype of electro-hydraulic variable two-terminal mass device (a) 

Prototype of electro-hydraulic variable two-terminal mass device, and (b) schematic of 

electro-hydraulic variable two-terminal mass device [37] 

 

All these two-terminal mass devices have been used for vibration control by many 
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researchers [169], [171], [172]. Chen et al. combined the inerter with a conventional 

semi-active control system. The experimental results indicated that compared to 

traditional semi-active control, semi-active control with inerter has shown better 

vibration suppression performance [172]. Li and Liang also applied a two-terminal 

hydraulic system to a vehicle suspension [36]. Compared to conventional passive 

suspension, this two-terminal hydraulic system demonstrated better performance on 

passenger comfort and tire grip [36]. However, most of these two-terminal mass 

vibration control systems can only generate constant equivalent mass, because the 

moment of inertia of the flywheel is constant. Even if they can generate variable 

equivalent mass, this usually requires a complicated structure and associated high cost. 

Moreover, a flywheel with fixed moment of inertia will also add more weight to a car, 

which means more energy consumption. 
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3. Design and theoretical analysis of nonlinear two-terminal 

mass mechanisms 

In this chapter, two different adaptive flywheel designs are proposed, and the 

corresponding mathematical models for the adaptive flywheels are derived. The first 

proposed flywheel is made of metal and the second is made of nylon. Compared to the 

metal adaptive flywheel, the nylon adaptive flywheel can generate less equivalent 

mass, but the changing ratio of the nylon adaptive flywheel is much higher. To 

analyze these adaptive flywheels, a two-terminal hydraulic device and a two-terminal 

inverse screw device are introduced. The mathematical models for both two-terminal 

devices are also derived. At the end of this chapter, the design strategy for an adaptive 

flywheel is discussed. The reasons for choosing certain specific parameters for the 

adaptive flywheel are illustrated. 

3.1. Design motivation and proposed designs 

3.1.1. Design motivation 

As mentioned in the literature review, researchers have been making progress 

with vibration control, particularly in structural and mechanical vibration control. 

Active and semi-active vibration controls have attracted much attention in the last few 

decades. However, due to high cost, low reliability and robustness, real-world 

implementations of active and semi-active vibration control are still rare. Passive 

vibration control still dominates industrial applications because of low cost, high 

robustness and high reliability. However, in the case of passive vibration control, once 

key system parameters (stiffness, damping ratio and mass) have been chosen, the 

characteristics of the system are then fixed. This implies that the ability of a passive 

vibration control system to deal with a variety of situations is limited. Therefore, the 

design must always make compromises, favoring the conditions that the passive system 
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is most likely to encounter at the expense of other conditions which are expected to 

occur less frequently.   

With the invention of the inerter, there was increased interest in two-terminal mass 

vibration control [36,173] - a new and effective method of passive vibration control. By 

achieving a much larger equivalent mass through the flywheel in the system, a 

two-terminal mass vibration control system can change the natural frequency of the 

whole system, which in turn can lead to the suppression of vibrations. However, most 

of these two-terminal mass vibration control systems can only generate a constant 

equivalent mass. The generation of variable equivalent mass would make it possible to 

change system parameters „on the fly‟. However, as mentioned earlier, this usually 

requires complicated mechanisms at high cost. Moreover, the flywheel would also 

cause an increase in the overall weight of the system, which implies higher energy 

consumption. 

 

3.1.2. Proposed designs 

For all the reasons mentioned above, a new type of adaptive two-terminal mass 

system is therefore proposed in this thesis. In place of a constant flywheel fixed on a 

two-terminal mass system, a new type of adaptive flywheel will be added and evaluated. 

There are three features of this new adaptive flywheel that are pertinent. First, the 

proposed adaptive flywheel can generate the same equivalent mass as a traditional 

non-adaptive flywheel, but with less weight. Second, this flywheel can passively 

generate different equivalent mass, and the change in equivalent mass is large enough 

to be significant. Finally, with the adaptive flywheel, the whole two-terminal vibration 

control system exhibits nonlinearity in vibration control. Compared to a linear vibration 

control system, a nonlinear system may offer a better ability to suppress vibrations 

[174–176].  

Since the intended application of the proposed adaptive flywheel is mainly for 

vehicle suspension systems, there are two design requirements that need to be satisfied. 
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First, the size of the flywheel must be small enough to fit into the vehicle suspension 

system rattle space. Second, three performance criteria must be considered for the new 

adaptive two-terminal mass system: passenger comfort, tire grip and suspension 

deflection.  

Two adaptive flywheels with different materials are proposed, designed and 

manufactured. Subsequent to the designs of the new adaptive flywheel, two traditional 

two-terminal systems (i.e., the two-terminal hydraulic transmission system and the 

two-terminal inverse screw transmission system) connected to the new adaptive 

flywheels are also proposed and analyzed. Mathematical models of the two different   

two-terminal systems with adaptive flywheels will also be developed in the thesis.  

 

3.2. Theoretical analysis for two-terminal hydraulic device with 

metal adaptive flywheel      

3.2.1. Mathematical calculation of metal adaptive flywheel 
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              (a)                              (b) 

Figure 3.1 The metal adaptive flywheel: a) schematic diagram, and b) prototype 

(note: 1-spring, 2-inner hole for the shaft, 3-slot, 4-slider, and 5-frame)  
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The prototype of the metal adaptive flywheel is shown in Figure 3.1. There are 

four slots in the circular plate. In each slot, there is a slider and spring. The rotation of 

the flywheel will cause slider motion along the slot. The moving sliders will compress 

the springs to a certain extent, depending on the rotational speed of the flywheel. The 

variable location of the sliders in the slot leads to variable moment of inertia of the 

flywheel. The parameters of this prototype are shown in Table 3.1. 

Om

Pmlm

 

Figure 3.2 Slot of the metal adaptive flywheel  

 

To analyze the variation in the moment of inertia of the metal adaptive flywheel, 

consider one slot shown in Figure 3.2. Point Om in the figure is the rotation center of 

the flywheel, point Pm is the centroid of a slider, and lm is the distance between the 

rotation center of the flywheel and the centroid of the slider. Denote the mass, 

diameter, and length of the slider as smm , dm and lsm, respectively. The moment of 

inertia of the slider can then be calculated as: 

 2 2 21 3

12 4
szm sm m sm sm mI m d l m l

 
   

 
  (3.1) 

Equation (3.1) indicates that the moment of inertia of the slider varies with the 

distance between the rotation center of the flywheel and the centroid of the slider. In 

this equation, the moment of inertia of the spring is neglected due to its relatively 

small weight.  To maximize the range in the variation of the moment of inertia of the 

flywheel, the weights of the frame and other support components should be as light as 

possible. In an ideal case, if the weights of the frame and other support components are 
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negligible, and the distance lm is much larger than diameter dm and length lsm, then the 

moment of inertia of the metal adaptive flywheel afmI  can be written as 

      24 4afm szm sm mI I m l                      (3.2) 

Equation (3.2) shows that in the ideal case, the moment of inertia of the adaptive 

flywheel afmI  depends on the distance between the rotation center of the flywheel and 

the centroid of the slider.  

Table 3.1 Parameters of the metal adaptive flywheel prototype 

No Name Notation Specification 

1 Radius of inner hole rm 0.01 m 

2 Outer radius of the flywheel Rm 0.047 m 

3 Length of slot am 0.03 m 

4 Width of slot /Diameter of slider dm 0.02 m 

5 Length of slider lsm 0.015 m 

6 Stiffness of spring ksm 90 N/m 

7 Mass of slider msm 0.035 kg 

8 Mass of flywheel (including     

slots) 

mfm 1 kg 

9 Mass of the removed slot    

material 

mom 0.079 kg 

 

Parameters in Table 3.1 will be discussed at end of this chapter. To model the 

proposed variable flywheel, its moment of inertia must be calculated. The schematic 

diagram of the variable flywheel is shown in Figure 3.1(a). The moment of inertia of 

the variable flywheel is given by 

4 4afm fzm ozm szmI I I I                              (3.3) 

where Ifzm , Iozm, and Iszm are the moments of inertia of the circular disk (before removal 

of the slot), the removed slot material, and one slider, respectively. The moment of 
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inertia of the solid circular disk fzmI (including the slot material) is given by 

 2 21
( )

2
fzm fm m mI m r R   (3.4) 

where fmm  is the mass of flywheel (including slots), 
mr is the radius of inner hole and 

mR is the outer radius of the flywheel. As the distance between the rotation center of the 

flywheel and the centroid of a slot is given by
1

2
m mR a , the moment of inertia of one 

slot, ozmI , can be obtained from 

  
2

2 21 1

12 2
ozm om m m om m mI m d a m R a

 
    

 
  (3.5) 

where omm  is the mass of the removed slot material. The moment of inertia of one 

slider szmI  can be obtained from Equation (3.1).  

Based on the data in Table 3.1, the moment of inertia of the adaptive flywheel 

assembly is 

 4 2 2(8.83 10 0.14 ) .afm mI l kg m      (3.6) 

Since the travel of the slider is in the range of [0.0225m, 0.0375m], the minimum 

and maximum moment of inertia can be calculated as 4 2

,min 9.54 10 .afmI kg m   and

3 2

,max 1.08 10 .afmI kg m  . The range of the moment of inertia is therefore from 

,max ,max ,max( ) /afm afm afmI I I to ,max ,min ,max( ) /afm afm afmI I I , or equivalently 0% to 11.67%, 

for this particular prototype. 

3.2.2. Relationship between flywheel angular velocity and slider location 

Figure 3.1(a) shows that the distance lm between the slider centroid and the center 

of the flywheel depends on the acceleration of the slider. The direction of acceleration is 

along the slot either toward or away from the rotational center. The acceleration of the 

slider is mainly caused by the rotation of the flywheel. This can be represented 

mathematically as 
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 ,min( )sm sm sm m mm a k l l    (3.7) 

where sma is the radial acceleration caused by rotation, ,minml is the minimum travel of 

the slider and smk represents the stiffness of spring. As is shown in equation (3.7), the 

friction between sliders and slots is neglected. The sliders and slots have been polished 

during the process of manufacture, and surfaces of both sliders and slots are covered 

with lubricant oil. Therefore, the friction between sliders and slots is small enough to be 

neglected. Since 2

sm m ma l  , where m is the rotation speed of flywheel, equation (3.7) 

can be rewritten as  

 2

,min( )sm m m sm m mm l k l l     (3.8) 

Therefore, it follows that  

 
,min

2

sm m

m

sm sm m

k l
l

k m 



  (3.9) 

In our design, the minimum and maximum travel distances of the sliders are 

respectively 0.0225 m and 0.0375 m. Hence, the relationship between flywheel slider 

angular velocity and slider location can be plotted as shown in Figure 3.3.  It should be 

noted that according to equation (3.7), lm can theoretically be infinity when 

2

sm sm mk m  .  However, the actual maximum travel of lm is limited to 0.0375 m 

because of the outer ring restriction in the design. Therefore, even if the angular 

velocity exceeds a certain limit, the slider will remain 0.0375 m from the rotational 

center no matter how much faster the flywheel rotates and hence there will be no further 

increase in the equivalent inertial mass. 
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Figure 3.3 The relationship between flywheel angular velocity and slider 

location 

 

From Figure 3.3, the relationship between flywheel angular velocity and slider 

location is shown, which also indicates the relationship between the angular velocity 

and the moment of inertia of the flywheel. When the angular speed is zero, the distance 

between rotation center and centroid of slider, lm, is minimum, which means the 

moment inertia of flywheel is also minimum. The increase in angular velocity will lead 

to increased lm, and hence the increased moment of inertia. However, when the angular 

velocity reaches 32 rad/s, lm also reaches its maximum value. Further increasing the 

angular velocity will not cause additional increase of the distance between the 

rotational center and centroid of slider, and thus the moment of inertia will not further 

increase either because the slider has reached the end wall of the slot. 
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3.2.3. Ideal model of the two-terminal hydraulic device 

1

2

3

4

5 6

7

 

Figure 3.4 The two-terminal hydraulic device (note: 1-terminal 1, 2-release 

valve, 3-hydraulic cylinder, 4-hydraulic motor, 5-pressure gauge, 6-holding shaft of 

the flywheel, 7-terminal 2) (Fabricated by the Engineering Laboratory For Detection, 

Control and Integrated System, Chongqing Technology and Business University, 

China) 

 

The two-terminal hydraulic device (Figure 3.4) is used to test the performance of 

the variable flywheel because is easy to operate. The structure and main elements of the 

two-terminal hydraulic device are shown in Figure 3.4. Before the tests, the variable 

flywheel is mounted on the shaft displayed in Figure 3.4. When the device is 

experiencing an excitation input through its two terminals, the oil flow will drive the 

hydraulic motor and hence transfer the linear motion of the two terminals into the 

rotation of the variable flywheel. The main parameters of this two-terminal hydraulic 

device are listed in Table 3.2.  
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Table 3.2 Parameters of the two-terminal hydraulic device (provided by the 

manufacturer) 

No Name  Notation  Specification 

1 Travel of the piston  0.1 m 

2 Maximum pressure  7 MPa 

3 Cross-section area of the   

cylinder 

A 0.001256 m
2 

4 Displacement of the motor  h 1.30607  10
-6 

m
3
/rad 

 

Adaptive Flywheel

Cylinder

Terminal 1 Terminal 2

Piston

Hydraulic Motor

X

Y

Rotation speed ωm

Velocity v
Piston

 

Figure 3.5 Schematic diagram of the two-terminal hydraulic device with a 

mounted variable flywheel 

   

The two-terminal hydraulic device is schematically shown in Figure 3.5. 

According to the energy conservation principle, the input power must be equal to the 

output power. This relationship can be expressed as 

1/ mF R A T          (3.10) 

where F is the force applied to the terminal, R  is the flow rate from one chamber to 

another, A represents the inner cross-sectional area of the cylinder (excluding the 

cross-sectional area of the rods on both sides of the piston), T1 is the torque of the 

variable flywheel, and m is the rotational speed of the variable flywheel. Since

/m vA h  , where h is the ratio of displacement of the motor (in m
3
/radian), then
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mR h   and 1 afm mT I  , equation (3.10) can be rewritten as: 

2

2afm

A
F I v

h
         (3.11) 

where afmI is the moment of inertia of the variable flywheel. Based on Equation (3.11), 

the equivalent inertia mass of the variable flywheel can be calculated by: 

2

2em afm

A
m I

h
                         (3.12) 

3.2.4. Mathematical model of the two-terminal hydraulic system 

In the mathematical modeling of this system, four factors will affect this prototype. 

These are (i) the oil pressure loss lP  in the system (including any leak between the two 

chambers and friction of the oil with pipe and cylinder), (ii) the friction fhF  between 

piston and cylinder, (iii) the stiffness kh of this system, and (iv) the compressibility of 

the hydraulic oil. The compressibility of the hydraulic oil under laminar flow used in 

this research is 1.023×10
-7

 /Pa, which means that a pressure of 6.895MPa can only 

cause a 0.5% oil volume change. Hence, this hydraulic oil can be considered as 

incompressible. The model of the system can therefore be expressed as: 

em l fh h kF m v PA F k x           (3.13) 

where hk is the stiffness of the system, and kx is the elastic deformation of the system. 

The relationship between pressure loss and flow rate can be formulated as: 

l hP b R            (3.14) 

where hb is a pressure loss coefficient. Since mR h   and /m vA h  , the pressure 

loss can be obtained from  l hP b vA
 
and the associated reduction in force by

2

l hF b vA . In this hydraulic system, the pressure loss lP  can be transferred into energy 

loss. In a mechanical system, this can be modeled by an equivalent damper with a 
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damping ratio of bah (=bhA
2
) and the same characteristic energy loss. As such, the 

two-terminal hydraulic system can be represented by the model shown in Figure 3.6. 

mem

kh

bah

F1 F2

xk va

 

Figure 3.6 Mechanical model of the two-terminal hydraulic system 

 

The mathematical model corresponding to Figure 3.6 with the consideration of 

friction is therefore 

sgn( )

h k

k a

em a ah a fh

fh fh a

F k x

v x v

F m v b v F

F F v




 
   

 


         (3.15) 

where 1 2F F F  , va is the relative velocity between the two terminals and can be 

considered as the input velocity, and ahb is the damping ratio which is equal to 2

hb A . 

The direction of the friction force fhF  is opposite to that of av . Using the Laplace 

transform with zero initial conditions, equation (3.15) can be rewritten as:  

( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) sgn( )

h k

k a

em a ah a fh

fh fh a

F s k x s

v s x s s v s

F s M s v s s b v s F s

F s F s v




 
   

 


      (3.16) 

where ( )emM s  is the Laplace transform of mem and sgn( )av represents the direction of 

velocity. From equation (3.15), a new equation can be formulated as:  
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  2

2

1
( ) ( ) ( ) ( ) ( ) ( )

( ) ( )
( )

fh h em ah em ah

h

fh fh

em ah

h h

F s F s k M s s b s M s v s s b v s
k

F s F s
M s s b s

k k

     

 
 

 

   (3.17) 

For this system, the stiffness h fhk F . Therefore, 
2

( ) ( )
( ) 0

fh fh

em ah

h h

F s F s
M s s b s

k k
  . 

To analyze this system, ( ) ( )fhF s F s will be considered to be the output signal, and 

( )v s  to be the input signal. As mem is a nonlinear function of time t, one cannot obtain a 

closed-form expression of the transfer function based on equation (3.17). Therefore, the 

transfer function is simply written as follows: 

2

( ) ( ) ( )
( )

( )

fh h em ah

h em ah

F s F s k m s b
G s

v s k m s b s

 
 

 
     (3.18) 

Equations (3.17) and (3.18) clearly show that the transfer function and hence the 

system behavior are affected by four parameters, i.e., bah, Ffh, kh and mem. To examine 

the performance of the system, parameters bah, Ffh, and kh will be experimentally 

identified and mem will be calculated using equation (3.12), as described in other chapter. 

It should be noted that the purpose of presenting equation (3.18) is to show that the 

system behavior is affected by the above-mentioned four parameters, but not to find a 

mathematical solution. 

 

3.3. Theoretical analysis for two-terminal hydraulic device with 

nylon adaptive flywheel   

As mentioned in equation (3.2), if the weights of the frame and other support 

components are negligible, and the distance lm is much larger than diameter dm and 

length lsm, then the moment of inertia of the metal adaptive flywheel afmI  will only 

depend on the distance lm. However, this is only the ideal condition. In real applications, 

the proposed metal adaptive flywheel, the maximum changing ratio defined as 
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,max ,min ,max( ) /afm afm afmI I I   is 11.67%. While this changing ratio is likely to be 

sufficient for some applications, it is anticipated that larger changing ratios may also be 

required for other applications. 

    In order to achieve a higher changing ratio, another structure design and 

materials are required. In last several decades, due to its light weight and high strength, 

nylon materials have been widely using in industry of manufacture, which is also ideal 

materials for a new design.    

 

3.3.1. Design of nylon adaptive flywheel 

In view of the physical strength of the adaptive flywheel and the manufacturing 

properties of nylon materials, the schematic diagram of a proposed nylon adaptive 

flywheel is shown in Figure 3.7. The flywheel can be fixed on a rotation shaft through 

the inner circle. Four drilled slots are evenly distributed in the nylon disk, which are 

polished after drilling. In this way, the friction forces between sliders and slots can be 

neglected.  

Rn

r2n

r1n

Ln

l1n

ln

C

C C-C

dnd1n

 

Figure 3.7 Schematic diagram of nylon adaptive flywheel (top view and side 

view without springs and sliders) 

 

It is well known that the moment of inertia of an object will change with the 
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distance between the object and the center of rotation. Four circular holes are evenly 

located near the edge of the nylon disk to further reduce the moment of inertia of the 

flywheel. Due to the small moment of inertia of the flywheel, the changing ratio of 

moment of inertia caused by the change in position of the sliders will be higher.  

A slider and a spring are located in each slot. The centrifugal force caused by the 

rotation of the flywheel will drive the slider to compress the spring, where the extent of 

the spring compression depends on the rotational speed of the flywheel. The changing 

location of the sliders in their slot eventually leads to a variable moment of inertia of the 

flywheel. 

 

3.3.2. Moment of inertia of the nylon adaptive flywheel 

As shown in Figure 3.7, the total moment of inertia of the flywheel is divided into 

four parts: nylon disk (with 4 slots and 4 holes), slots (removed material), sliders and 

holes (removed material). The moment of inertia of the springs is neglected because of 

their light weight. The density of polyamide 66 is used for calculating the mass of the 

slots and holes. The moment inertia of the nylon disc fnI can be represented as 

2 2

1

1
( )

2
fn fn n nI m R r                              (3.19) 

where the mfn is the mass of the nylon disc, Rn is its outer radius and r1n is its inner 

radius. For a flywheel of thickness Tn, and density ρ, the mass of the flywheel can be 

determined from the density of polyamide 66 as 

2 2

1( )fn n n nm R r T                              (3.20) 

Based on the same method, the mass of each slot, onm , and the moment inertia of the 

slots, onI , can be calculated as 
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          (3.21) 

where d1n and l1n are the width and length of each slot. The mass of each hole hnm  and 

the moment of inertia of each hole hnI  are presented  

2

2

2 2

22 4

hn n n

hn hn n hn n

m r T

I m r m L

  


 

                           (3.22) 

where r2n is the radius of each hole, and Ln is the distance of the center of the hole from 

the axis of rotation. The mass of the slider, msn, is measured with an electrical scale, and 

the moment of inertia of each slider is then calculated as 

2 2 2

3 2(3 ) 4
3

sn
sn n n sn n

m
I r l m l                           (3.23) 

where ln is the distance between the centroid of each slider and the rotation center, 2nl is 

the length of slider and 3nr  is the radius of slider. By calculating the moment of inertia 

of the four parts separately, the total moment of inertia of the flywheel afnI  can be 

written as 

afn fn on hn snI I I I I                                 (3.24) 

Table 3.3 Specific parameters of the nylon adaptive flywheel 

Name Notation  Specification 

Outer radius of flywheel 

Thickness of nylon disk 

Rn 

Tn 

0.05m 

0.022m 

Distance between hole and rotation center Ln 0.0375m 

Radius of inner circle r1n 0.01m 

Radius of holes in flywheel r2n 0.0085m 

Diameter of slots in flywheel d1n 0.017m 
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Length of slots l1n 0.035m 

Radius of sliders 

Length of sliders 

Mass of slider 

Density of PA66 

Stiffness of spring 

r3n 

l2n 

msn 

ρ 

ksn 

0.008m 

0.015m 

0.0237kg 

1150kg/m
3 

120N/m 

 

The specific parameters for the flywheel are shown in Table 3.3 (these parameters 

will be further discussed at the end of this chapter), from which the accurate moment 

inertia of the adaptive flywheel can be calculated as 

4 2 2(1.75 10 0.0948 ) .afn nI l kg m                         (3.25) 

As shown in Equation (3.25), the moment of inertia of the adaptive flywheel is a 

function of variable ln, which implies that the moment of inertia is determined by the 

distance between the centroid of the sliders and the rotation center. In this design, the 

travel distance of the sliders ranges from 0.0225m to 0.038m, after taking into 

consideration that the springs still occupy some space after full compression. The 

corresponding maximum and minimum moment of inertia are therefore 

4 2

,max 3.12 10 .afnI kg m  and 4 2

,min 2.231 10 .afnI kg m  , respectively.  The range of 

the moment of inertia is therefore from ,max ,max ,max( ) /afn afn afnI I I to

,max ,min ,max( ) /afn afn afnI I I , or equivalently 0% to 28.5%, for this particular prototype. 

This range is much wider than that of the metal flywheel (i.e., 0% to 11.67%), as 

discussed in section 3.2.1. 

The relationship between ln and afnI  is shown in Figure 3.8. 
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Figure 3.8 The relationship between ln and afnI  

3.3.3. The mechanism of the inverse screw system 

As mentioned in section 3.3.2, the changing ratio of the nylon adaptive flywheel is 

28.5%, which is much higher than for the metal adaptive flywheel, which has a 

changing ratio of 11.67%. However, due to the light weight of nylon material, the 

maximum moment of inertia of the nylon adaptive flywheel is much less than the 

maximum moment of inertia of the metal adaptive flywheel. If the same two-terminal 

hydraulic system is applied to analyze this nylon adaptive flywheel, the equivalent 

mass will be much smaller than for the metal adaptive flywheel, which will eventually 

lead to an insufficient inertial force in future applications.  

 

 

Terminal 1 Terminal 2

Nylon Adaptive 

Flywheel

Screw

 

Figure 3.9 Inverse screw system with adaptive nylon flywheel (fabricated by the 

Engineering Laboratory For Detection, Control and Integrated System, Chongqing 

Technology and Business University, China) 

 

Therefore, a new two-terminal device needs to be applied. In order to achieve 

higher equivalent mass and to analyze the characteristics of the nylon adaptive flywheel, 
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it is fixed onto an inverse screw system, as shown in Figure 3.9.  If one of the 

terminals is fixed, application of an input to the other terminal results in the 

transformation of vertical movement into rotation by the inverse screw. 

 

F 1

F 2

x

θ
d

α

 

Figure 3.10 Structural diagram of the inverse screw [173] 

 

The structural diagram of the inverse screw is presented in Figure 3.10. The 

transmission relationship between vertical acceleration and angular acceleration is 

given by [173]  

2

tan

x

d



                             (3.26) 

where x is the vertical acceleration, d is the diameter of the ball screw,  is the helix 

angle of the ball screw, and is the angular acceleration of the flywheel. Based on 

Newton‟s laws of motion, the torque on the ball screw should be equal to the torque on 

the nylon adaptive flywheel, which leads to [173] 

tan

2
afn

Fd
I


                             (3.27) 

where afnI is the moment inertia of adaptive flywheel, and F is the axial force. 

Combining equation (3.26) with (3.27), the axial force is calculated as [173] 

2
2

tan
afnF I x

d 

 
  

 
                   (3.28) 

According to Newton‟s second Law, enF m x , where enm represents the 

equivalent mass generated by the nylon flywheel, therefore the equivalent mass enm is 
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given by 

 

2
2

tan
en afnm I

d 

 
  

 
                      (3.29) 

 

From equation (3.25), it is clear that the moment of inertia of the adaptive flywheel, afnI , 

is determined by the distance between the centroid of the sliders and the rotation center, 

ln. Assuming that the flywheel is rotating in Figure 3.7, the centrifugal force can be 

written as  

2

c sn nF m l                     (3.30) 

where cF is the centrifugal force, snm is the mass of the slider, nl is the distance 

between the centroid of each slider and the rotation center,  is the angular velocity of 

the flywheel. The centrifugal force can also be described by the stiffness of spring snk

as 

,min( )c sn n nF k l l                  (3.31) 

where ,minnl  is the minimum distance between the centroid of the slider and the rotation 

center. From the above two equations, the distance ln can be represented by both the 

angular velocity of the flywheel and the stiffness of the spring. Combining equations 

(3.26), (3.30) and (3.31), the relationship between distance ln and the other variables is 

given by 

2 2

0.0225

4 / ( tan )

sn
n

sn sn

k
l

k m x d 



             (3.32) 

Furthermore, by combination of equations (3.25), (3.29) and (3.32), the equivalent 

mass enm is given by  
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0.0225 2
1.75 10 0.0948
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en
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
    
            

  (3.33) 

The key specifications of the inverse screw system are shown in Table 3.4. 

 

 

Table 3.4 Parameters of the inverse screw system (provided by manufacturer) 

Name Notation Specification 

Diameter of ball screw d 16mm 

Helix angle of ball screw   14
o 

Maximum working travel  

distance  

 -35mm~35mm 

 

3.3.4. Mathematical model of the inverse screw system with nylon adaptive 

flywheel 

In section 3.3.1, the inverse screw system was shown to lead to the creation of an 

equivalent mass enm which is much larger than the mass of the original nylon flywheel. 

In achieving an accurate dynamic model of the inverse screw system with the nylon 

adaptive flywheel, there are a few factors which should be taken into account.   

Since the inverse screw system is based on a screw transmission mechanism, the 

backlash problem is a factor which cannot be ignored [173]. The existence of backlash 

will affect the transmission precision of a system. However, in some circumstances 

backlash will also reduce friction and increase the service life of the transmission 

system. In practical applications, there is always the presence of backlash due to many 

reasons, such as manufacturing error and thermal expansion. 
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Figure 3.11 Schematic diagram of inverse screw system 

 

As shown in Figure 3.11, the transmission path through terminal 1 to terminal 2 is 

a screw and bearing path, which is the reason why there are two backlashes 1  and 

2 , respectively. The elastic effect in this inverse screw system is another factor which 

needs to be considered. The force F(t) which corresponds to the deformation can be 

represented as 

1 2 1 2( ) ( ) ( )i iF t k x x c x x             (3.34) 

where ki and ci are the stiffness and viscous damping coefficient respectively, and

1 2x x  is the elastic deformation of the system. Under most of circumstances, the 

friction of a screw transmission system is negligible considering the large applied force. 

In obtaining a more accurate model, the friction fi(t) has also been taken into account as  

              

1 2

1 2

1 2

0

( ) 0 0

0

i

i

i

f x x

f t x x

f x x

  


  
  

               (3.35) 

Three different situations regarding friction are expressed in equation (3.35). If the 

vertical displacement 1x  is a positive value (positive direction taken to the right), the 

direction of the friction force will be negative, and vice versa. In view of all these 

factors, the dynamic model can be developed as given in Figure 3.12. 
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Figure 3.12 Dynamic model of inverse screw system with nylon flywheel 

 

Two different situations will occur due to the inevitable backlash in the inverse 

screw system. The first condition is the condition of noncontact, which can be 

represented via 

1 2 1 2 1 2( ) ( ) ( )i i ik k x x c x x          (3.36) 

Another condition can be described as contact and satisfies the following equation 

1 2 1 2 1 2( ) ( ) ( )i i ik k x x c x x          (3.37) 

In both equations (3.36) and (3.37), 1 2  is the total backlash of the inverse screw 

system. Taking all the aforementioned factors into account, and then combining 

equations (3.32) to (3.37), the dynamic mathematical model of the inverse screw 

system with nylon adaptive flywheel can be presented as 

1 2 1 2

1 2 1 2 1 2

: ( ) ( ) ( ) ( )

: ( ) ( ) ( ) ( ) ( )

i i i

i i ei i

Noncontact F t k x x c x x f t

Contact F t k x x c x x m x x f t

    


      
  (3.38) 

Based on equation (3.38), the mathematical model of this whole system can be 

described by four key parameters ki, ci, fi and enm , where  1 2x x  is considered as an 

input. An accurate mathematical model of this system will be developed after the 

determination of the four parameters, which will be discussed in Chapter 5. 
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3.4. Design strategy 

3.4.1. The design of the metal adaptive flywheel 

As mentioned in section 3.2.1, in an ideal case the moment of inertia of the metal 

adaptive flywheel afmI  only depends on the distance between the rotation center of the 

flywheel and the centroid of the slider, in addition to the weight of the slider. However, 

in real applications, many factors need to be considered during the process of design.  

Due to the different applications, the actual size of the adaptive flywheel should 

also be variable. In our proposed design, the major application of this adaptive flywheel 

is a car suspension, which implies that the size of this adaptive flywheel will need to be 

small due to the limited space in the suspension system of a car. According to Xu, Smith, 

and Li et al [39, 171,173], the outer radius of this flywheel Rm has been eventually 

chosen as 0.047m. Due to inner hole, the adaptive flywheel can be mounted on different 

devices, which means the radius of this inner hole is determined by the experimental 

device. In our design, the radius of the inner hole rm is 0.005m. 

Due to physical size and material strength, the size of slots should also be 

constrained. Larger size of the slots indicates that additional material will be removed 

from the flywheel, but the physical strength of the flywheel will also be reduced. 

Considering the reliability and physical size, the length am and the width dm of the slots 

are chosen as 0.03m and 0.02m respectively [39].    

Based on equation (3.2), the higher weight of the sliders leads to a larger moment 

of inertia for the adaptive flywheel. However, due to the heavy weight of the sliders, the 

length of the slider will also increase, leading to a shorter travel distance for the slider. 

Combining all the factors, the length of slider lsm is chosen as 0.015m [39]. 

 

3.4.2. The design of the spring 

As mentioned before, different rotational speeds of the adaptive flywheel will 
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drive the sliders to different locations in the slots. However, other than the rotational 

speed of the adaptive flywheel, the location of the sliders also depends on the stiffness 

smk  of the springs. In order to observe the behavior of the metal adaptive flywheel, an 

appropriate stiffness smk  of the springs needs to be chosen based on experimental 

input. During the experiments, if the stiffness smk  is too small, the sliders will reach 

the maximum stroke under an input with a small amplitude and frequency. On the 

other hand, with a high stiffness smk , the sliders cannot reach the maximum stroke 

even if under an input with maximum amplitude and frequency. Therefore, an 

appropriate stiffness smk  will keep the sliders travel under maximum stroke with 

most inputs except those with high amplitude and frequency.  

From equation (3.9), when the sliders reach the maximum stroke, the relationship 

between inputs and stiffness k can be rewritten as: 

2

,max

,max ,min

m sm m

sm

m m

l m
k

l l





      (3.39) 

Since /m vA h  , it follows that: 

 

2 2

,max

2

,max ,min

m sm

sm

m m

l m v A
k

l l h



     (3.40) 

Based on equation (3.40), with a given input, the stiffness smk  can be determined. In 

our experiments, a sinusoidal input with amplitude 1.854m/s is chosen. From equation 

(3.40), the value of stiffness smk  can be calculated as 90 N/m, which will keep the 

sliders travel under maximum stroke with most inputs. 

According to the Popov‟s formula [142], the stiffness of spring smk  can be 

presented as 

4

8( )

s
sm

m s

Gd
k

d d n



      (3.41) 
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where md  is the diameter of spring, sd is the diameter of the spring wire, G  

represents the shear modulus of the material, n is the total circles of the spring. Since 

the material of the springs is steel, the shear modulus of the material G  should be 83 

GPa. However, there are still two unknown parameters G  and n in equation (3.41). 

As shown in Figure 3.1 (a), the length of the spring should be the length of slot minus 

the length of slider, m sma l , which is 0.015m based on Table 3.1. Because of this, a 

reasonable assumption of the value of n  can be made, which is 4. According to 

equation (3.41), the diameter of the spring md  can be determined as 0.00051m. 

 

3.5. Conclusion  

Two different adaptive flywheels have been proposed, and the corresponding 

mathematical models for the adaptive flywheels have also been developed. According 

to the mathematical models, the metal adaptive flywheel can generate more equivalent 

mass than the nylon adaptive flywheel. However, due to the light weight of the frame of 

the nylon adaptive flywheel, the changing ratio of the nylon adaptive flywheel is much 

higher than that of the metal flywheel. A two-terminal hydraulic device and 

two-terminal inverse screw device were introduced to analyze these adaptive flywheels. 

The mathematical models for both two-terminal devices were also developed. At the 

end of the chapter, reasonable parameters for the adaptive flywheel were chosen based 

on the design strategy as proposed in the chapter. 
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4. Application of ideal two-terminal device with adaptive 

flywheel to suspension system  

The goal of this chapter is to compare the performance of a quarter-car 

suspension with three different suspensions. The three suspensions considered are the 

traditional suspension system (passive spring-damper combination), the suspension 

system consisting of an ideal two-terminal device with a constant flywheel and 

suspension system consisting of an ideal two-terminal device with an adaptive 

flywheel. Three most commonly used criteria are applied to evaluate the performance 

of each suspension system, namely, riding comfort, tire grip and vehicle body 

deflection [144,178]. To simulate the actual road situation, three different inputs are 

applied as excitation, which are zero input, impulse input and sinusoidal input 

[143,179]. At the end of this chapter, the performance of a suspension system 

consisting of an ideal two-terminal device with an adaptive flywheel is discussed 

under variable changing ratio of the adaptive flywheel. The optimal changing ratio is 

determined under certain conditions.  

4.1. Mathematical model for a quarter car with different suspension 

systems 

In this section, three different suspension systems will be discussed. Simulations 

will be carried out to verify the performance of each suspension system. The first 

suspension system is the traditional suspension system, which can be considered as 

the performance standard against which to compare the other two suspension systems. 

The suspension system consisting of an ideal two-terminal device with a constant 

flywheel is also used since this type of suspension has been analyzed by other 

researchers [35,36]. The last suspension system to be evaluated is a suspension system 

consisting of an ideal two-terminal device with an adaptive flywheel. By comparing it 
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to the other two existing suspension systems, the reason why this system has been 

proposed will be clarified.  

As mentioned above, an ideal two-terminal device is introduced in this chapter. 

However, two different materials for the adaptive flywheels and corresponding 

two-terminal devices were proposed in chapter 3. Unlike an inverse screw 

two-terminal device which transfers movement by ball-screw system, a two-terminal 

hydraulic device transfers movement through hydraulic oil. Due to the constant 

changes of the vibration direction, compared to an inverse screw two-terminal device, 

the reliability of a two-terminal hydraulic system is much higher. Therefore, in the 

simulations in this chapter, the combination of an ideal two-terminal hydraulic device 

with a nylon adaptive flywheel was chosen. Figure 4.1 shows a quarter car model 

with traditional suspension system.  
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Figure 4.1 Quarter car model with traditional suspension system 

 

The mathematical model for traditional quarter car model with a traditional suspension 

system can be written as [66]: 

3 3 2 3 2

2 2 1 2 1 3 2 3 2

( ) ( ) 0

( ) ( ) ( ) ( ) 0t t t

MX K X X C X X

M X K X X C X X K X X C X X

     


        

   (4.1) 

In equation (4.1), M is the quarter-car combined mass of car and passenger (sprung 



 

60 

 

mass), tM  represents the mass of the unspring mass of the quarter car, K is the 

stiffness of the quarter-car suspension system,  C  stands for the damping coefficient,  

tK is the stiffness of the tire, tC is the damping coefficient of the tire, 1X  is the road 

vertical displacement, 2X  is the displacement of the unsprung mass (mass not 

supported by the suspension), 3X  represents the displacement of the sprung mass (all 

combined masses that are supported by the suspension). By using the Laplace 

transform, equation (4.1) can be rewritten as: 

2

3 3 2 3 2

2

2 2 1 2 1 3 2 3 2

(s)+ ( (s) (s))+ ( (s) (s)) 0

(s)+ ( (s) (s))+ ( (s) (s)) ( (s) (s)) ( (s) (s)) 0t t t

Ms X K X X Cs X X

M s X K X X C s X X K X X Cs X X

   


      

(4.2) 

Based on equation (4.2), the tire natural frequency t , body natural frequency b , 

suspension damping ratio ζ, tire-body mass ratio α can be all determined from 

( )

2
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t
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t
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
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

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          (4.3) 

For conducting a comprehensive study, in addition to the traditional suspension 

system, the suspension system which incorporates an ideal two-terminal device with 

constant flywheel is also considered, this system is shown in Figure 4.2.    

 



 

61 

 

M

K C

X2

X1

Mec

Mt

CtKt

X3

 

Figure 4.2 Suspension system of two-terminal device with constant flywheel 

The associated mathematical model for the suspension system with a 

two-terminal device with a constant flywheel, as shown in Figure 4.2, can be 

represented as 

3 3 2 3 2 3 2

2 3 2 2 1 2 1 3 2 3 2

( ) ( ) ( ) 0

( ) ( ) ( ) ( ) ( ) 0

ec

t ec t t

MX M X X K X X C X X

M X M X X K X X C X X K X X C X X

       


          
(4.4) 

In equation (4.4), ecM  is the equivalent mass generated by the constant flywheel, 

which can be calculated as [37] 

2 2 2/ (2 )ec con conM M R A h
                  

(4.5) 

In equation (4.5), conM is original weight of the constant flywheel,  conR  is the 

radius of the constant flywheel. A  and h  are the same parameters which are 

defined in chapter 3. 

Through Laplace transform, the equation of motion can be written in the Laplace 

domain as  

2 2

3 3 2 3 2 3 2

2 2

2 3 2 2 1 2

1 3 2 3 2

( ) ( ( ) ( )) ( ( ) ( )) ( ( ) ( )) 0

( ) ( ( ) ( )) ( ( ) ( )) ( ( )

( )) ( ( ) ( )) ( ( ) ( )) 0

ec

t ec t t

Ms X s M s X s X s K X s X s Cs X s X s

M s X s M s X s X s K X s X s C s X s

X s K X s X s Cs X s X s

       


     
      


(4.6) 

Based on equation (4.6), the tire natural frequency t , body natural frequency b , 

suspension damping ratio ζ, tire-body mass ratio α and inertial mass ratio β can be 
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calculated from 

( )
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         (4.7) 

In Figure 4.3, the suspension system of the two-terminal device with adaptive 

flywheel is shown. The corresponding mathematical model can be written as: 

3 3 2 3 2 3 2

2 3 2 2 1 2 1 3 2 3 2

( ) ( ) ( ) 0

( ) ( ) ( ) ( ) ( ) 0

e

t e t t

MX M X X K X X C X X

M X M X X K X X C X X K X X C X X

       


          

(4.8) 

In equation (4.8), eM is the equivalent mass generated by the adaptive flywheel, 

which can be determined as: 

2

2e e

A
M I

h
                         (4.9) 

In equation (4.9), eI  is the moment of inertia of the adaptive flywheel. By combining 

equation (4.9) (3.9) and (3.25), the eM can be rewritten as: 

2
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          (4.10) 

All the parameters are defined in chapter 3. Since /n vA h  , and 3 2( ) ( )v X t X t  , 

equation (4.10) can also be written as: 
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As mentioned in chapter 3, a two-terminal device is required in order to generate 

equivalent mass through the flywheel. However, to study the behavior of the 

suspension system with the proposed adaptive flywheel, other potentially-contributing 

factors to the behavior of this two-terminal device need to be reduced. Therefore, in 

this mathematical model the two-terminal device modeled is considered to be an ideal 

two-terminal device, which implies that some of the characteristics of the 

two-terminal device (e.g. damping ratio, stiffness and friction) are neglected. The only 

function of this ideal two-terminal system is to convert vertical motion into the 

rotation of the flywheel, and it is assumed to do so perfectly. The converting ratio is 

based on a two-terminal hydraulic system. The same assumption is also applied to the 

mathematical model for the suspension system with an ideal two-terminal device with 

constant flywheel. By using the same conditions for both constant and adaptive 

flywheel, the comparison will be more reasonable due to the dynamics introduced by 

the two-terminal device [35,37]. 
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Figure 4.3 Suspension system of two-terminal device with adaptive flywheel 
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4.2. Performance evaluation for each suspension system 

4.2.1. Riding comfort 

Riding comfort as one of the most important performance criteria for a 

suspension system, this can be evaluated by [153,178]: 

1
2 2 12

3 2
1 0 1 2

1

( )1
( ) 0.2 ( ( ) ) ( )

2 ( )
q q

s X s
M G d G n v H s

X s
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





 
  
 
 

      (4.12)  

In equation (4.12), 1M is the riding comfort coefficient, 0( )qG n represents the road 

roughness parameters, 0n  are the random road parameters, v is the velocity of the car, 

and 3
1

1

( )
( )

( )

sX s
H s

X s
 . Based on equation (4.12), once the road roughness is chosen 

and the velocity of car is fixed, the transfer function 1( )H s  will be the dominant 

factor to determine the riding comfort.  

According to equation (4.2), the transfer function 1 ( )tH s  for the traditional 

suspension system can be presented as: 
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     (4.13) 

Based on equation (4.6), the transfer function 1 ( )cH s  for suspension system of 

two-terminal device with constant flywheel can be written as: 
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   (4.14) 

As defined above, eM  is a nonlinear parameter, the Laplace transform cannot be 

directly applied, and the transfer function 1 ( )aH s
 
for a suspension system of a 

two-terminal device with adaptive flywheel cannot be obtained. This implies that there 
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is no analytical expression for this nonlinear system. However, weighted root mean 

square acceleration is considered as a key index to judge the riding comfort when the 

velocity of the car is fixed, and this is expressed in meters per second squared (m/𝑠2) 

for translational vibrations [151]. With small weighted root mean square acceleration, 

the riding comfort of this suspension system is considered to be better. The weighted 

root mean square acceleration should be calculated in accordance with the following 

equation: 

1

2
2

0

1
( )

T

wa a t dt
T

 
  
 
        (4.15) 

where ( )a t  is acceleration, and T represents the total time of the simulation. Based 

on equation (4.15), for this particular performance measure of riding comfort, the only 

relevant factor is the vertical acceleration of the vehicle body. For comparing the 

performance of a constant and adaptive flywheel under the same conditions, the 

moment of inertia of the constant flywheel should be equal to the static (or minimum) 

moment of inertia of the adaptive flywheel. In this simulation, the static moment of 

inertia of the nylon adaptive flywheel is set at 4 2

,min 2.231 10 .afnI kg m  , which 

implies that the moments of inertia of the constant and adaptive flywheels should be 

the same. The detailed calculation of ,minafnI  can be found in Chapter 3. The other 

values chosen for key parameters are chosen to be similar to those of an actual car 

[180]: 
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       (4.16) 

In our simulations, three different excitations are applied, which are zero input 

with an initial displacement, an impulse input and a sinusoidal input. These three 
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excitations are applied to simulate the three most common driving situations, which 

are driving through a sudden drop, driving through a speed bump and driving through 

a bumpy road, respectively.    

4.2.1.1.  Zero input  

An initial displacement of 0.05m is applied to the three suspension systems. By 

combining equation (4.15) with (4.1), (4.4) and (4.8), the numerical solution of the 

weighted root mean square acceleration for each suspension system in the 

time-domain can be calculated through Matlab.  The results of this are shown in 

Table 4.1 and Figure 4.4 as the vehicle body mass is varied. 

 

Table 4.1 Weighted root mean square acceleration with zero input 

Vehicle 

body 

mass vM

(kg) 

Weighted 

acceleration of 

traditional 

suspension 

system aw(m/s
2
) 

Weighted 

acceleration of 

CFW (constant 

flywheel) 

suspension 

system aw(m/s
2
) 

Weighted 

acceleration of 

AFW (adaptive 

flywheel) 

suspension 

system aw(m/s
2
) 

340 0.4656 0.4045 0.3098 

350 0.4524 0.3885 0.3064 

360 0.4397 0.3744 0.3025 

370 0.4288 0.3688 0.2998 

380 0.4154 0.3636 0.2964 

390 0.3996 0.3584 0.2928 

400 0.3878 0.3497 0.2897 
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Figure 4.4 Weighted root mean square acceleration with zero input  

 

In this simulation, four passengers of the same mass are assumed to be in the car, 

where the weight range of one passenger is between 40kg to 100kg. In the first 

column of Table 4.1, the vehicle body mass vM  is the combined mass of the quarter 

car body and one passenger. Table 4.1 and Figure 4.4 show the weighted root mean 

square acceleration of three suspension systems under zero input. With the same 

vehicle body mass, the weighted root mean square acceleration of adaptive flywheel 

suspension system is smaller than these of the other two suspension systems, which 

implies that the adaptive flywheel suspension system outperforms both traditional and 

constant flywheel in terms of ride comfort in this particular case. 

4.2.1.2. Impulse input 

An impulse input with amplitude of 0.05m is applied to each suspension system. 

This excitation simulates the condition when the car hits a bump or a pit. Using the 

same mathematical model, the results can be determined by Matlab and are shown in 

Table 4.2 and Figure 4.5. 
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Table 4.2 Weighted root mean square acceleration with impulse input 

Vehicle 

body 

mass 

vM (kg) 

Weighted 

acceleration of 

traditional 

suspension 

system aw(m/s
2
) 

Weighted 

acceleration of 

CFW suspension 

system aw(m/s
2
) 

Weighted 

acceleration of 

AFW suspension 

system aw(m/s
2
) 

340 0.4878 0.3858 0.2782 

350 0.4684 0.3746 0.2746 

360 0.4546 0.3689 0.2715 

370 0.4398 0.3625 0.2679 

380 0.4264 0.3589 0.2643 

390 0.4112 0.3532 0.2622 

400 0.3986 0.3478 0.2598 
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Figure 4.5 Weighted root mean square acceleration with impulse input 

 

Table 4.2 and Figure 4.5 show the weighted root mean square acceleration of the 

three suspension systems under impulse input.  The weighted root mean square 

acceleration of adaptive flywheel suspension system is again the smallest of the three 
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suspension system under the same vehicle body mass. This indicates that the adaptive 

flywheel suspension system performs better than the other two suspension system. 

4.2.1.3. Sinusoidal input 

A sinusoidal input with amplitude 0.05m and frequency 5Hz is applied to each 

suspension system. The wave length of this sinusoidal input is 4m, which indicates 

that the speed of the vehicle is approximately 80km/h. This excitation simulates the 

car running on a rough road.  

 

Table 4.3 Weighted root mean square acceleration with sinusoidal input 

Vehicle 

body 

mass vM  

(kg) 

Weighted 

acceleration of 

traditional 

suspension 

system 

Weighted 

acceleration of 

CFW suspension 

system aw(m/s
2
) 

Weighted 

acceleration of 

AFW suspension 

system aw(m/s
2
) 

340 1.9786 2.8434 3.9845 

350 1.8498 2.7969 3.7459 

360 1.7249 2.7425 3.5315 

370 1.6256 2.6998 3.3464 

380 1.5143 2.6312 3.1956 

390 1.3983 2.5786 3.0978 

400 1.2964 2.5146 3.0364 
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Figure 4.6 Weighted root mean square acceleration with sinusoidal input 

 

As shown in Table 4.3 and Figure 4.6, with sinusoidal input, the results of the 

three suspension systems are opposite to those obtained when comparing the two 

other inputs. Here, the weighted root mean square acceleration of the adaptive 

flywheel suspension system is larger than both other suspension systems, which 

implies that the adaptive flywheel suspension system gives the worst performance of 

the three chosen suspension systems under the case of a sinusoidal input. With the 

sinusoidal input, the adaptive flywheel will consistently generate a large inertial force. 

However the gravitational mass of this vehicle is constant, which eventually leads to a 

higher weighted root mean square acceleration. 

4.2.2. Tire grip  

Tire grip is another key factor to evaluate the performance of a suspension 

system, and can be used to characterize the ride safety of a vehicle. The tire grip can 

be quantified as [180,181]:  

1

2
2 0 2 2

0.2 ( ( ) ) ( )qM G n v H s       (4.17) 
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In equation (4.17), 2M is the tire grip index, where 3 2 1
2

1

( ) ( ) ( )
( )

( )

X s X s X s
H s

sX s

 
 .  

As mentioned before, once the road roughness is chosen and the velocity of the car is 

fixed, the transfer function 2( )H s  will be the only factor to determine the tire grip. 

Based on equation (4.2), the transfer function 2 ( )tH s for a traditional 

suspension system can be written as:  
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   (4.18) 

From equation (4.6), the transfer function 2 ( )cH s for a constant flywheel 

suspension system can be presented as: 

2 2 2 2

2 2
3 2 2 2 2 2 2 2

( 2 )
( ) 1

2
( )( 2 )

t b b
c

b b
t t b b

s s s
H s

s s s s s s s s

   

 
    

  

  
 

 
        

 

  

(4.19) 

For the same reason mentioned in section 5.2.1, the transfer function for an 

adaptive flywheel cannot be obtained by Laplace transform. However, the tire grip 

index can also be defined as the ratio between static and dynamic loads, which can be 

expressed as [151]: 

 2 1( )

( )

t
tg

T

K X X
M

M M g





             (4.20) 

In equation (4.20) g  is the acceleration due to gravity. As shown in equation (4.20), 

this performance criterion is applied under a dynamic situation; otherwise the tire grip 

index will reach is maximum value, which is equal to one. With a smaller tire grip 

index, the possibility of a tire losing contact with the road also becomes smaller, 

which implies improved vehicle safety. By using the weighted root mean square, an 

accurate tire grip index can be obtained as [182]: 
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1

2
2

0

1
( )

T

wtg tgM M t dt
T

 
  
 
       (4.21) 

By combining equation (4.21) with (4.1), (4.4) and (4.8), the numerical solution of the 

weighted root mean square tire grip index for each suspension system in the 

time-domain can be calculated with Matlab. The same simulation strategy is applied in 

this set of simulations; namely zero, impulse and sinusoidal inputs were evaluated. 

4.2.2.1. Zero input 

An initial displacement 0.05m is applied to the three suspension systems. The 

results can be found in Table 4.4. 

 

Table 4.4 Weighted root mean square tire grip index with zero input 

Vehicle body mass

vM  (kg) 

Weighted tire 

grip index of 

traditional  

suspension 

system wtgM  

Weighted tire grip 

index of CFW 

suspension system 

wtgM  

Weighted tire grip 

index of AFW 

suspension system 

wtgM  

340  0.3156 0.2078 0.0684 

350 0.3012 0.1996 0.0669 

360 0.2874 0.1922 0.0656 

370 0.2756 0.1854 0.0644 

380 0.2649 0.1789 0.0631 

390 0.2551 0.1731 0.0619 

400 0.2462 0.1680 0.0608 
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Traditional suspension system
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Vehicle body mass Mv(kg)

Figure 4.7 Weighted root mean square tire grip index with zero input 

 

In Table 4.4 and Figure 4.7, weighted root mean square tire grip index of the 

three suspension systems under zero input are shown. Compared to other two 

suspension systems, the weighted root mean square tire grip index of the adaptive 

flywheel suspension system is the smallest. Since the smaller weighted root mean 

square tire grip index implies higher vehicle safety, the adaptive flywheel suspension 

system shows better outcome than both the other suspension systems under this 

condition. 

 

4.2.2.2. Impulse input 

An impulse input with amplitude of 0.05m is applied to each suspension system. 

The results are shown in Table 4.5 and Figure 4.8. 

 

Table 4.5 Weighted root mean square tire grip index with impulse input 

Vehicle body mass

vM  (kg) 

Weighted tire 

grip index of 

traditional  

Weighted tire grip 

index of CFW 

suspension system 

Weighted tire grip 

index of VMI 

suspension system 
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suspension 

system wtgM  

wtgM  wtgM  

340  0.3879 0.2216 0.1214 

350 0.3624 0.2101 0.1173 

360 0.3412 0.1997 0.1131 

370 0.3208 0.1894 0.1094 

380 0.3001 0.1798 0.1058 

390 0.2814 0.1709 0.1021 

400 0.2628 0.1618 0.0986 
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Figure 4.8 Weighted root mean square tire grip index with impulse input 

 

Table 4.5 and Figure 4.8 show the weighted root mean square tire grip index of 

three suspension systems with an impulse input. Since the weighted root mean square 

tire grip index of the adaptive flywheel suspension system is still the smallest of all 

three suspension systems under the same vehicle body mass, it follows that it 

out-performs the constant flywheel suspension system and the traditional suspension 

system. 
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4.2.2.3. Sinusoidal input 

A sinusoidal input with wave length of 4m, amplitude of 0.05m and a frequency 

of 5Hz is applied to each suspension system. The results are shown in Table 4.6 and 

Figure 4.9, 

 

Table 4.6 Weighted root mean square tire grip index with sinusoidal input 

Vehicle body mass

vM  (kg) 

Weighted tire 

grip index of 

traditional  

suspension 

system wtgM  

Weighted tire grip 

index of CFW 

suspension system 

wtgM  

Weighted tire grip 

index of AFW 

suspension system 

wtgM  

340  0.8458 0.6546 0.4516 

350 0.8014 0.6234 0.4214 

360 0.7624 0.5933 0.3907 

370 0.7256 0.5646 0.3620 

380 0.6929 0.5378 0.3346 

390 0.6614 0.5116 0.3098 

400 0.6319 0.4876 0.2844 
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Figure 4.9 Weighted root mean square tire grip index with sinusoidal input 

 

From Table 4.6 and Figure 4.9, under the same road conditions with the same 

velocity, and for the same vehicle body mass, the adaptive flywheel suspension 

system provides the smallest weighted root mean square tire grip index. Based on this, 

the adaptive flywheel suspension system provides a higher safety performance than 

both the traditional suspension system and the constant flywheel suspension system. 

 

4.2.3. Vehicle body deflection 

The vehicle body deflection is the last important factor for evaluating the 

performance of a suspension system. This performance criterion corresponds to the 

vehicle center of gravity, which will affect the working life of a suspension system, 

and can be determined as [183,184]: 

1

2
3 0 3 2

0.2 ( ( ) ) ( )qM G n v H s       (4.22) 

In equation (4.22), 3M is the vehicle body deflection index, and 2
3

1

( )
( )

( )

X s
H s

sX s
 . As 

outlined above, the vehicle body deflection is completely determined by the transfer 

function 3( )H s . 

By rewriting equation (4.2), the transfer function 3 ( )tH s  for a traditional 

suspension system can be presented as: 

2

3 2
2 2 2 2 2 2

( )
2

( )(2 )

t
t

b b
t t b b

s
H s

s s s s s



 
   

 




 
      

        

 

(4.23) 

From equation (4.6), the new transfer function 3 ( )cH s  for a constant flywheel 

suspension system can be rewritten as: 
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  (4.24) 

Due to the non-linearity of the adaptive flywheel, the transfer function of the 

adaptive flywheel cannot be acquired by Laplace transform. However, as mentioned 

above, the vehicle body deflection is related to the vehicle center gravity, which 

implies that it can be expressed as: 

3 2fD X X           (4.25) 

By using the same weighted root mean square method, an accurate vehicle body 

deflection can be calculated as [185,186]: 

1

2
2

0

1
( )

T

fw fD D t dt
T

 
  
 
        (4.26) 

By combining equation (4.26) with (4.1), (4.4) and (4.8), the numerical solution of 

weighted root mean square vehicle body deflection for each suspension system in the 

time-domain can be calculated via Matlab. The same initial conditions and simulation 

strategy are applied in this simulation as for the simulations of riding comfort and tire 

grip index. 

4.2.3.1. Zero input 

An initial displacement 0.05m is applied on the three suspension systems. The 

results are shown in Table 4.7 and Figure 4.10. 

 

Table 4.7 Weighted root mean square vehicle body deflection with zero input 

Vehicle body mass

vM  (kg) 

Weighted  

vehicle body 

deflections of 

traditional 

suspension 

system Dfw(m) 

Weighted vehicle 

body deflections of 

CFW suspension 

system Dfw(m) 

Weighted vehicle 

body deflections of 

AFW suspension 

system Dfw(m) 
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340 0.0035 0.0035 0.0035 

350 0.0035 0.0035 0.0034 

360 0.0035 0.0035 0.0034 

370 0.0035 0.0034 0.0034 

380 0.0034 0.0034 0.0033 

390 0.0034 0.0034 0.0033 

400 0.0034 0.0034 0.0033 
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Figure 4.10 Weighted root mean square vehicle body deflection with zero input 

 

Based on Table 4.7and Figure 4.10, the three suspension systems show almost 

the same weighted root mean square vehicle body deflection under zero input. This 

implies that the proposed adaptive flywheel suspension system shows no 

improvement compared to the other two suspension systems. 

4.2.3.2. Impulse input 

An impulse input with amplitude 0.05m is applied to each suspension system. 

The results are shown in Table 4.8. 
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Table 4.8 Weighted root mean square vehicle body deflection with impulse input 

Vehicle body mass

vM  (kg) 

 Weighted 

vehicle body 

deflections of 

traditional 

suspension 

system Dfw(m) 

Weighted vehicle 

body deflections of 

CFW suspension 

system Dfw(m) 

Weighted vehicle 

body deflections of 

AFW suspension 

system Dfw(m) 

340 0.0031 0.0031 0.0030 

350 0.0031 0.0031 0.0030 

360 0.0031 0.0031 0.0030 

370 0.0031 0.0031 0.0030 

380 0.0031 0.0031 0.0030 

390 0.0031 0.0031 0.0030 

400 0.0031 0.0031 0.0030 
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Figure 4.11 Weighted root mean square vehicle body deflection with impulse input 
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From Table 4.8 and Figure 4.11, similar results can be found as for the case of 

zero input. The weighted root mean square vehicle body deflection of the three 

suspension systems are almost identical, which indicates there is almost no 

performance difference in vehicle body deflection for each suspension system. 

 

4.2.3.3. Sinusoidal input 

A sinusoidal input with wave length of 4m, amplitude 0.05m and frequency 5Hz 

is applied to each suspension system. The results are shown in Table 4.9 and Figure 

4.12. 

 

Table 4.9 Weighted root mean square vehicle body deflectionwith sinusoidal 

input 

Vehicle body mass

vM  (kg) 

 Weighted 

vehicle body 

deflections of 

traditional 

suspension 

system Dfw(m) 

Weighted vehicle 

body deflections of 

CFW suspension 

system Dfw(m) 

Weighted vehicle 

body deflections of 

AFW suspension 

system Dfw(m) 

340 0.0096 0.0096 0.0168 

350 0.0095 0.0095 0.0164 

360 0.0093 0.0092 0.0161 

370 0.0091 0.0091 0.0157 

380 0.0090 0.0090 0.0153 

390 0.0088 0.00889 0.0148 

400 0.0087 0.0087 0.0144 
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Figure 4.12 Weighted root mean square vehicle body deflection with sinusoidal input 

 

Table 4.9 and Figure 4.12 show the weighted root mean square vehicle body 

deflection of the three different suspension systems with sinusoidal input. The 

weighted root mean square vehicle body deflection of the adaptive flywheel is greater 

than the other two suspension systems, which implies that in this case, the traditional 

suspension system and the constant flywheel suspension system show better results 

than the adaptive flywheel suspension system.  

4.3. Performance evaluation for different changing ratio 

In the previous subsections, the three different suspension systems were 

evaluated by three performance criteria. The results of simulations indicate that the 

performance of a suspension system of a two-terminal device with adaptive flywheel 

is better than that of the other suspension systems under most circumstances in terms 

of ride comfort and tire grip. However, the suspension system of a two-terminal 

device with adaptive flywheel exhibits the worst performance in terms of body 

deflection. In order to further analyze the characteristics of the two-terminal device 
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with an adaptive flywheel, another important simulation is also conducted in the 

research.  

In this simulation, the only variable is the changing ratio of the adaptive flywheel, 

all the other parameters are kept the same. As mentioned in chapter 3, by reducing the 

weight of the frame, the changing ratio of the adaptive flywheel will increase. 

However, with the reduced weight, the frame will be more fragile, which will lead to 

low reliability. Moreover, the removal of additional material from the frame will not 

only make it difficult to manufacture, but also increase material waste, and both 

factors will increase cost. Therefore, in this simulation, the changing ratio is varied 

from 5% to 55%. 

 

4.3.1. First situation: zero input 

Assume an initial displacement 0.05m is applied to the quarter car model, the only 

variable is the changing ratio of the adaptive flywheel. The results of simulation are 

shown in Table 4.10. In Table 5.10, the index value for all three indices are the values 

obtained in the prior simulation results shown in Table 4.1, Table 4.4 and Table 4.7 

when the vehicle body mass is 370kg. 

 

Table 4.10 Performance with different changing ratio under zero input 

Changing ratio of 

moment of inertia 

(%) 

Weighted 

acceleration of 

AFW 

suspension 

system 

aw(m/s
2
) 

Weighted tire 

grip index of 

AFW 

suspension 

system wtgM  

Weighted 

vehicle body 

deflection of 

AFW 

suspension 

system Dfw(m) 

Index value of 

traditional 

suspension system 

0.4288 0.2756 0.0035 
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5 0.3598 0.1681 0.0025 

10 0.3486 0.1507 0.0027 

15 0.3371 0.1299 0.0027 

20 0.3249 0.1083 0.0026 

25 0.3111 0. 0849     0.0026 

30 0.2942 0.0598 0.0025 

35 

40 

0.2808 

0.2682 

0.0484 

0.0417 

0.0025 

0.0025 

45 0.2579 0.0387 0.0027 

50 0.2483 0.0359 0.0026 

55 0.2401 0.0341 0.0026 
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Figure 4.13 Weighted accelerations of AFW suspension system with different 

changing ratios under zero input 
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Figure 4.14 Weighted tire grip index of AFW suspension system with different 

changing ratios under zero input 
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Figure 4.15 Weighted suspension deflections of AFW suspension system with 

different changing ratios under zero input 
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Figure 4.13 shows the weighted accelerations of AFW suspension system with 

different changing ratios under zero input and shows that the weighted accelerations 

will decrease when the changing ratio of the adaptive flywheel increases, which 

implies that with a higher changing ratio, the riding comfort will also improve. Figure 

4.14 shows the weighted tire grip index of AFW suspension system with different 

changing ratios under zero input. With higher changings ratio, the index will decrease, 

indicating improved vehicle safety. Figure 4.15 is the weighted suspension deflections 

of AFW suspension system with different changing ratios under zero input. This figure 

shows that the weighted suspension deflections of AFW suspension system are not 

significantly affected by the increased changing ratio of the adaptive flywheel. 

 

4.3.2. Second situation: impulse input 

In this simulation, an impulse input with amplitude 0.05m is applied and the 

results of simulation are shown in Table 4.11. 

 

Table 4.11 Performance with different changing ratio under impulse input 

Changing ratio of 

moment of inertia 

(%) 

Weighted 

accelerations 

of AFW 

suspension 

system 

aw(m/s
2
) 

Weighted 

tire grip index 

of AFW 

suspension 

system wtgM  

Weighted 

vehicle body 

deflections of 

AFW 

suspension 

system Dfw(m) 

Index value of 

traditional 

suspension system 

0.4398 0.3208 0.0031 

5 0.3496 0.1781 0.0024 

10 0.3320 0.1659 0.0024 

15 0.3183 0.1534 0.0024 
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20 0.2994 0.1387 0.0023 

25 0.2803    0.1241   0.0024 

30 0.2612 0.1059 0.0022 

35 

40 

0.2443 

0.2286 

0.0913 

0.0789 

0.0023 

0.0024 

45 0.2134 0.0681 0.0023 

50 0.2011 0.0595 0.0023 

55 0.1897 0.0356 0.0022 
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Figure 4.16 Weighted accelerations of AFW suspension system with different 

changing ratios under impulse input 
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Figure 4.17 Weighted tire grip index of AFW suspension system with different 

changing ratios under impulse input 
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Figure 4.18 Weighted vehicle body deflections of AFW suspension system with 

different changing ratios under impulse input 

 



 

88 

 

Figure 4.16 shows the relationship between the weighted accelerations of the 

AFW suspension system and different changing ratios of the adaptive flywheel under 

impulse input. With an increase in the changing ratio of the adaptive flywheel, the 

weighted acceleration will decrease. This result again indicates that higher changing 

ratio of adaptive flywheel will improve the riding comfort. Figure 4.17 is the 

weighted tire grip index of AFW suspension system with different changing ratio under 

impulse input. This shows that the weighted tire grip index will decrease with 

increasing the changing ratio, which implies the vehicle safety improves under 

increasing changing ratio. Figure 4.18 is the weighted suspension deflections of AFW 

suspension system with different changing ratio under impulse input. With the 

variable changing ratio, the weighted suspension deflections of AFW suspension 

system almost stay the same. Therefore, the changing ratio of the adaptive flywheel 

does not affect the weighted suspension deflections of the AFW suspension system.   

 

4.3.3. Third situation: sinusoidal excitation 

In the final simulation, a sinusoidal input with amplitude 0.05m and frequency 

5Hz is applied as excitation. Results about this simulation can be found in Table 4.12. 

 

Table 4.12 Performance with different changing ratio under sinusoidal input 

Changing ratio of 

moment of inertia 

(%) 

Weighted 

accelerations 

of AFW 

suspension 

system 

aw(m/s
2
) 

Weighted 

tire grip index 

of AFW 

suspension 

system wtgM  

Weighted 

vehicle body 

deflections of 

AFW 

suspension 

system Dfw(m) 

Index value of 

traditional 

suspension system 

1.6256 0.7256 0.0091 
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5 2.7694 0.5311 0.0156 

10 2.8702 0.4899 0.0156 

15 2.9798 0.4554 0.0158 

20 3.1016 0.4199 0.0158 

25 3.2386  0.3833 0.0157 

30 3.3914 0.3449 0.0157 

35 

40 

3.5219 

3.6356 

0.2395 

0.1169 

0.0157 

0.0157 

45 3.7207 0.0876 0.0156 

50 3.7826 0.0659 0.0156 

55 3.8303 0.0589 0.0156 
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Figure 4.19 Weighted accelerations of AFW suspension system with different 

changing ratios under sinusoidal input 
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Figure 4.20 Weighted tire grip index of AFW suspension system with different 

changing ratios under sinusoidal input 
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Figure 4.21 Weighted vehicle body deflections of AFW suspension system with 

different changing ratios under sinusoidal input 
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Figure 4.19 is the weighted accelerations of the AFW suspension system with 

different changing ratios. However, the results of simulation are different from both 

prior simulation results and show that with increased changing ratio of the adaptive 

flywheel, the weighted accelerations of AFW suspension system also increase, which 

implies that the riding comfort worsens. Figure 4.20 is the weighted tire grip index of 

AFW suspension system with different changing ratios under sinusoidal input. The 

results of this simulation indicate that the weighted tire grip index of AFW suspension 

system will decrease when the changing ratio increases. Figure 4.21 shows the 

weighted suspension deflections of AFW suspension system with different changing 

ratios. The results in this case are the same as the former simulation; the variable 

changing ratio does not affect the weighted suspension deflections of AFW suspension 

system. 

 

4.3.4. Optimal changing ratio for adaptive flywheel 

4.3.4.1. Determination of optimal changing ratio for adaptive flywheel 

As mentioned above, with different inputs and different changing ratios of the 

adaptive flywheel, the performance of the AFW suspension system is quite different. 

In the previous simulations, three different road conditions (zero input, impulse input 

and sinusoidal input) and three different suspension performance criteria are 

introduced, and the evaluations are carried out to show the improvement of the 

proposed situation. However, the results show that the proposed suspension system 

does not always show better performance than other two suspension systems. 

Therefore, under the right conditions, an optimal changing ratio of adaptive flywheel 

for suspension system can be determined. To calculate the optimal changing ratio, 

three other factors need to be considered.  

The first one is the proportion of road situation. At the beginning of this chapter, 

zero input, impulse input and sinusoidal input are introduced as three different road 
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conditions. However, these three road conditions always appear with different 

proportion in a real case, the actual proportion of each road condition is critical for the 

calculation of optimal changing ratio [178,179].  

The second factor is the proportion of performance criteria. In our simulations, 

riding comfort, tire grip and suspension deflection are applied to evaluate the 

suspension system. For the proposed suspension system, the results are conflicting 

under these three performance criteria. In order to find an optimal result, the 

important index for different performance criteria need to be classified, which will be 

expressed as the proportion [155,180]. 

The final one is the cost of manufacture of the adaptive flywheel. With the higher 

changing ratio, there will be more waste of materials (the cut out materials such as 

slots and holes). When the changing ratio reaches a certain level, the manufacture 

time will increase, due to the small size of this flywheel. All the reasons will cause an 

increase in cost [187,188]. The detailed discussions of these three factors will be 

introduced in a later sub-section. 

According to Figure 4.15, Figure 4.18 and Figure 4.21, the weighted suspension 

deflections of the AFW suspension system are independent of the variable changing 

ratio of the adaptive flywheel. This implies that this performance criterion can be 

excluded from the determination of the optimal changing ratio for the adaptive 

flywheel. 

Assume that the relationship between the weighted accelerations of AFW 

suspension system and changing ratio under zero input can be presented as:   

( )zw zaf x                      (4.27) 

where zw is the weighted acceleration under zero input, x is the changing ratio.  Also 

assume that the relationship between the weighted tire grip index of the AFW 

suspension system and changing ratio under zero input can also be described as: 

( )ztgw ztgM f x                    (4.28) 
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where ztgwM  is the weighted tire grip index with zero input. 

The same assumptions can be made for impulse input and sinusoidal input: 

( )

( )

( )

( )

iw ia

itgw itg

sw sa

stgw stg

f x

M f x

f x

M f x












 

                  (4.29) 

where iw  is the weighted accelerations under impulse input, itgwM  is the weighted 

tire grip index with impulse input, sw  is the weighted accelerations with sinusoidal 

input and stgwM  is the weighted tire grip index with sinusoidal input. Since there are 

two performance criteria, the proportion of performance between the two factors 

needs to be considered. New performance criteria can be written as: 

Zero input:  
1 2

1 2

( )

1

ztgwzw
zp

szw sztgw

M
f x x x

M

x x






 


  

           (4.30) 

Here, ( )zpf x  is the performance function with zero input, szw  is the weighted 

accelerations of the traditional suspension system with zero input, sztgwM  is the 

weighted tire grip index with zero input,  and 1x  is the performance proportion of 

riding comfort while 2x  is performance proportion of tire grip. Similarly, for an 

impulse input, a performance function can be defined as 

Impulse input:
1 2

1 2

( )

1

itgwiw
ip

siw sitgw

M
f x x x

M

x x






 


  

           (4.31) 

Here, ( )ipf x  is the performance function with impulse input, siw  represents the 

weighted accelerations of the traditional suspension system with impulse input, and 

sitgwM  is the weighted tire grip index with impulse input.  Finally, for a sinusoidal 

input 
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Sinusoidal input:
1 2

1 2

( )

1

stgwsw
sp

ssw sstgw

M
f x x x

M

x x






 


  

         (4.32) 

Here, ( )spf x  is performance function with sinusoidal input, ssw  represents the 

weighted accelerations of the traditional suspension system with sinusoidal input, and 

sstgwM  is weighted tire grip index with sinusoidal input. 

In these simulations, zero input, impulse input and sinusoidal input are used for 

simulating the different road situations. However, in most cases, an actual road 

situation is divided into these three situations with different proportions. By 

combining equations (4.30), (4.31) and (4.32), a new performance equation can be 

determined as 

3 4 5

3 4 5

( ) ( ) ( ) ( )

1

p zp ip spf x f x x f x x f x x

x x x

  


  
             (4.33) 

where ( )pf x is the overall performance function, 3x is the proportion of zero input, 4x  

is the proportion of impulse input and 5x  represents the proportion of sinusoidal 

input.   

Based on equation (4.33), when the value of ( )pf x  is minimum, the suspension 

system indicates best performance. Therefore, the determination of optimal changing 

ratio depends on the determination of the minimum value of ( )pf x . Additionally, 

another important factor also needs to be evaluated. As mentioned at the beginning of 

this sub-section, with an increase in changing ratio, the cost of the adaptive flywheel 

will rise. In the simulations, the cost of manufacturing adaptive flywheel is divided 

into two parts, waste of materials and working hours. According to China labor wage 

reports and Chongqing average labor cost, when the changing ratio is under 20%, the 

relationship between cost and changing ratio is linear. The function of cost can be 

written as [187,188]: 
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2

( ) 1 0.8 ( 0.2)

( ) 1.16 ( 0.8) ( 0.2)

c

c

f x x x

f x x x

  
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            (4.34) 

From equation (4.33) and (4.34), the determination of the optimal changing ratio can 

be done minimizing two objective functions ( )pf x and ( )cf x , i.e., 

min ( ) min ( )p cf x f x                          (4.35) 

subject to constraints (4.30) to (4.34). 

4.3.4.2. Determination of optimal changing ratio by Chebyshev goal 

programming 

Based on equation (4.15), the determination of optimal changing ratio can be 

considered as a multi-objective optimization problem. In this thesis, due to its 

simplicity in modelling and computation processes, Chebyshev goal programming is 

applied to determine the optimal changing ratio.  

For single objective performance under zero input, changing ratio zabx  and ztgbx  

represents the best performance for weighted accelerations zabf  and weighted tire 

grip ztgbf . Similarly, the worst performance of weighted accelerations zawf  and 

weighted tire grip ztgwf  correspond to changing ratio zawx  and ztgwx . Under impulse 

input, the best performance of weighted accelerations iabf  and weighted tire grip 

itgbf  is due to the changing ratio iabx  and itgbx , and the worst performance of 

weighted accelerations iawf  and weighted tire grip itgwf  is due to the changing ratio 

iawx  and itgwx . For sinusoidal input, best performance of weighted accelerations sabf  

and weighted tire grip stgbf  is due to changing ratio sabx  and stgbx , and the worst 

performance of weighted accelerations sawf  and weighted tire grip stgwf  is due to 

changing ratio sawx  and stgwx . Assume there is a multi-objective optimal changing 
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ratio optx  which is related to the best performance aoptf  and tgoptf . By using 

Chebyshev goal programming, the new  equation can be written as:  

min r                                (4.36) 

subject to  
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                      (4.37) 

Through equation (4.36) and (4.37), the optimal changing ratio for the adaptive 

flywheel can be found. This optimal changing ratio is based on three assumptions. 

First, the riding comfort is as important as tire grip. The other assumption is that the 

proportion of inputs are identical, which implies that the road surface is equally 

distributed between three situations. Finally, the cost of this flywheel is excluded for 

this optimal changing ratio. However, for a real case, tire grip is more important than 

riding comfort, and the road situation is quite different.   

In order to calculate the optimal changing ratio for the adaptive flywheel 

suspension system, the performance proportion and the proportion of inputs need to 

be determined. According Rath and Zhao [155,180], the performance proportion of 

riding comfort 1x  and safety 2x  can be taken to be 0.35 and 0.65, respectively. Based 

on research conducted by Wang, the proportion of zero input 3x , impulse input 4x  

and sinusoidal input 5x  is chosen as 0.1, 0.5 and 0.4 respectively [178]. By 
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considering all these factors and equation (4.30) to (4.33), a new Chebyshev goal 

programming model can be formulated as: 

min ,                       (4.38) 

subject to 

optp pb

pw pb

optc cb

cw cb

f f

f f

f f

f f











 
 

                     (4.39) 

and all other constraints are the same as for the single objective performance. In 

equation (4.39), optpf  is the multi-objective optimal best performance,  pbf  is the 

single-objective best performance, pwf  represents the single-objective worst 

performance, optcf  is the multi-objective optimal cost,  cbf  is the single-objective 

best cost, and cwf  is the single-objective worst cost. 

 By substituting equation (4.38) and (4.39) with the results of Table 4.10, Table 

4.11 and Table 4.12, the optimal changing ratio of adaptive flywheel for suspension 

system can be determined as 0.258x  . This implies that under this changing ratio, 

the suspension system with the adaptive flywheel shows the best performance at the 

lowest cost. This optimal changing ratio of adaptive flywheel for suspension system is 

obtained under the specific choices of 1x to 5x  selected above, which are a function 

of cost, performance proportion and the proportion of inputs. Any change of these 

conditions, the optimal changing ratio will then also be different. By this optimal 

changing ratio, the performance of this suspension system with different input can be 

found in Table 4.13. 
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Table 4.13 performance of AFW suspension system with different inputs under 

optimal changing ratio 

Input Weighted 

accelerations of 

AFW suspension 

system aw(m/s
2
) 

Weighted tire grip 

index of AFW 

suspension system 

wtgM  

Weighted vehicle 

body deflections of 

AFW suspension 

system Dfw(m) 

Zero input 0.3079 0.0797 0.0026 

Impulse input 0.2764 0.1203 0.0024 

Sinusoidal input 3.2698 0.3757 0.0157 

 

Table 4.13 shows the performance of the AFW suspension system with different 

inputs under the optimal changing ratio. Compared to the traditional suspension 

system:  

1) Under zero input, the weighted accelerations of AFW suspension system 

decreases 28.2%, the weighted tire grip index of AFW suspension system 

decreases 71.1% and the weighted vehicle body deflections of AFW 

suspension system decreases 25.7%.  

2) Under impulse input, the weighted accelerations of AFW suspension 

system decrease 37.1%, the weighted tire grip index of AFW suspension 

system weighted decreases 62.5% and the vehicle body deflections of 

AFW suspension system decreases 22.6%. 

3) Under sinusoidal input, the weighted accelerations of AFW suspension 

system increase 101.1% (this implies that under sinusoidal input, 

passengers will feel more vertical acceleration than the traditional 

suspension system), the weighted tire grip index of AFW suspension 

system decreases 48.2% and the weighted vehicle body deflections of 

AFW suspension system increase 42%. 
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4.3.4.3. Optimal changing ratio for adaptive flywheel with different performance and 

inputs proportion 

As mentioned above, with a change in the function of cost, performance 

proportion or proportion of inputs, the optimal changing ratio will also change. 

However, there are many factors which can affect the function of cost, such as 

different geographical areas, different factories and different workers, and it is 

impossible to determine one universal function of cost. Moreover, many of these 

factors are human factors, such as the efficiency difference between experienced and 

inexperienced workers, which makes some of the costs unpredictable. Therefore, in 

our simulations, the function of cost is always chosen as equation (4.34). 

By fixing the proportion of inputs, the relationship between optimal changing 

ratio and performance proportion can be investigated as shown in Table 4.14: 

 

Table 4.14 Optimal changing ratio with different performance proportion 

Riding comfort 1x  0.2 0.4 0.5 0.6 0.8 

Safety 2x  0.8 0.6 0.5 0.4 0.2 

Optimal changing 

ratio x  

0.378 0.301 0.231 0.211 0.198 

                          

 Table 4.14 is the relationship between the optimal changing ratio and the 

performance proportion and shows that with an increasing proportion of riding 

comfort (or equivalently a decreasing proportion of safety), the optimal changing ratio 

will decrease.  

The same simulations are conducted with different conditions. By fixing the 

performance proportion, the relationship between optimal changing ratio and 

proportion of inputs can also be determined by equation (4.38) and (4.39). In the 

proportion of inputs, there are three different types of inputs, which are zero input, 
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impulse input and sinusoidal input, respectively. Each of these types of inputs 

represents a different road situation. However, in actual road situation, the proportion 

of zero input is quite small (meaning under 10% in most circumstances) [178,179]. 

Therefore, in our simulations, the proportion of zero input is fixed at 0.1, and the 

variables varied are the proportion of impulse input and sinusoidal input. The 

relationship between optimal changing ratio and proportion of inputs is shown in 

Table 4.15. 

 

Table 4.15 Relationship between optimal changing ratio and proportion of inputs 

Proportion of 

impulse input 4x  

0.1 0.3 0.45 0.6 0.8 

Proportion of 

sinusoidal input 5x  

0.8 0.6 0.45 0.3 0.1 

Optimal changing 

ratio x  

0.201 0.219 0.241 0.297 0.389 

 

Table 4.15 is the relationship between optimal changing ratio and proportion of 

inputs, and shows that a high proportion of impulse input (or equivalently low 

proportion of sinusoidal input), the optimal changing ratio will increase.   

4.4. Conclusion 

In this chapter, three different suspension systems were evaluated using three of 

the most commonly used performance criteria. Under zero input (initial displacement), 

the AFW suspension system outperforms both traditional and constant flywheel 

suspension system on riding comfort and tire grip, but shows no improvement on 

vehicle body deflection. When the excitation is an impulse input, the same results as 

for zero input are obtained. However, under sinusoidal input, the AFW suspension 

system shows the worst results on riding comfort and vehicle body deflection. For tire 
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grip, the AFW suspension system still provides best performance. 

With different changing ratio of adaptive flywheel, the performance of the AFW 

suspension system is variable. When the excitation is zero input, both riding comfort 

and tire grip are better with increasing changing ratio of the adaptive flywheel, but the 

weighted vehicle body deflections are not affected. Under impulse input, the same 

results can be found as zero input. With sinusoidal input, riding comfort decreases 

when the changing ratio of adaptive flywheel increases, but the tire grip becomes 

better. Vehicle body deflections are still not affected by the variable changing ratio of 

the adaptive flywheel. 

This optimal changing ratio of adaptive flywheel for suspension system was 

obtained under specific conditions, which are a function of cost, performance 

proportion and the proportion of inputs. Any change of these conditions, then the 

optimal changing ratio will also be different. By increasing the proportion of riding 

comfort (or equivalently decreasing the proportion of safety), the optimal changing 

ratio will decrease. With a high proportion of impulse input (or equivalently low 

proportion of sinusoidal input), the optimal changing ratio will increase.   
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5. Experimental identification  

In the previous chapter, an ideal two-terminal system was introduced for a new 

suspension system. To verify the performance of this new suspension system, actual 

two-terminal device parameters are needed. To identify the key parameters of 

two-terminal systems, experiments are required. In this chapter, experiments are 

carried out to identify key parameters for both the two-terminal hydraulic system and 

inverse screw system. After the determination of key parameters, additional 

experiments are applied to verify the accuracy of these parameters and the 

mathematical models of the systems. In order to minimize the spike forces during the 

experiments, which are caused by the backlash, a new experiment strategy is proposed. 

By adding a hydraulic rectifier, the spike forces in the two-terminal hydraulic system 

are reduced, which eventually leads to higher accuracy of the mathematical model.  

5.1. Experimental identification for two-terminal hydraulic 

system 

5.1.1. Experimental setup for two-terminal hydraulic system. 

 As mentioned in Section 3.2, to observe the behavior of the adaptive metal 

flywheel, a two-terminal hydraulic system is applied. From equation (3.12), it is clear 

that the system behavior is affected by four parameters, bah, Ffh, kh and mem, which 

implies that the identification of these four key parameters is the critical next step for 

analyzing the system. However, due to the complicated structure of this system, 

parameters bah, Ffh, and kh cannot be calculated or measured directly, therefore 

experimental identification is required.  

The experimental setup of the two-terminal hydraulic device with an adaptive 

flywheel is shown in Figure 5.1. An MTS 810 material test system is used for these 

tests. This system can generate sinusoidal, triangular and square input signals, with 

different amplitudes and frequencies. To accurately measure the rotational speed of the 
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hydraulic motor, an encoder is added to the test rig. The sampling rate for the encoder 

output is set at 300Hz, the resolution of the encoder is 360/1024 degree, and the 

theoretical transmission ratio of the prototype is 41rads/mm. A National Instruments 

(NI) data acquisition board (NI USB-6212) is used to collect the rotational speed of the 

flywheel. The parameters of the NI data acquisition board are shown in Table 5.1 

1

3

2

4

5

 

Figure 5.1 Test rig for the adaptive flywheel (Note: 1-force cell, 2- two-terminal 

hydraulic system, 3–computer, 4-actuator, 5-controller) 

 

Table 5.1 Parameters of NI USB-6212 

No. Name Specification 

1 Connector Screw/68-pin SCSI 

2 Analog Iputs 16 

3 

4 

5 

6 

Resolution(bits) 

Max Rate(kS/s) 

Analog Outputs 

Resolution(bites) 

16 

400 

2 

16 
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7 

8 

Max Rate(kS/s) 

Digital I/O 

250 

24 or 32 DIO 

 

In order to analyze the change in the inertial force of the adaptive flywheel, three 

configurations are considered. The first configuration is where the sliders are allowed 

to move, as designed. The second two configurations are those whereby the slider are 

fixed at the largest and smallest allowable distance from the center of rotation. By 

inserting incompressible materials in the slots, the slider location can be fixed. With 

these three configurations, the change in the inertial force on the adaptive flywheel will 

be more obvious. Since foamed plastics are hard to compress and are light-weight, they 

were chosen to fix the slider locations in this experiment. The experimental data can be 

found in Appendix A.  

Because of the characteristics of the two-terminal hydraulic system, three different 

frequency and amplitude sinusoidal signals were selected. The three sinusoidal signals 

are: (1) frequency 0.2 Hz and amplitude 0.01 m/s, (2) frequency 1 Hz and amplitude 

0.01m/s, (3) frequency 2Hz and amplitude 0.02 m/s. 

As mentioned in Chapter 3, by varying the input with different amplitudes and 

frequencies, the adaptive flywheel will generate different equivalent mass, which 

eventually causes the inertia force of the two-terminal hydraulic system to change.  

Figure 5.2 shows the force-time curves of the adaptive flywheel with the sliders 

allowed to move and pinned at their minimum and maximum locations under frequency 

0.2 Hz, amplitude 0.01 m/s, frequency 1Hz, amplitude 0.01 m/s and frequency 2 Hz, 

amplitude 0.02 m/s, respectively. The peaks in Figure 5.2 are spike force caused by 

the air in the two-terminal hydraulic system and the hydraulic power station. 
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Figure 5.2 Comparison of adaptive flywheel under different configurations. (a), 

(b) and (c) are force–time diagrams of three adaptive flywheels under frequency 0.2 

Hz, amplitude 0.01 m/s, frequency 1Hz, amplitude 0.01 m/s and frequency 2 Hz, 

amplitude 0.02 m/s respectively 

 

It is expected that different equivalent masses would be generated by the 

adaptive flywheel with the three different configurations. In Figure 5.2 (a), since the 

input sinusoidal signal with low amplitude frequency can only generate a small 

acceleration, this in turn leads to the changing ratio of the inertial force on the adaptive 

flywheel to be less than 3%. Therefore, in Figure 5.2 (a), the three curves are almost 

identical, and it is difficult to distinguish the changes in the inertial force under the 

three different configurations.  

However, as shown in Figure 5.2 (c), the input sinusoidal signal generates a large 

acceleration because of high amplitude and frequency, which will cause a changing 

ratio of inertial force on the adaptive flywheel to be as large as 11%. However, because 

of the characteristics of the hydraulic system, the larger acceleration also generates 
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larger force spikes, which in turn covers the change in the inertial force of the whole 

system. 

For the above reasons, an excitation sinusoidal signal with a mid-range frequency 

and appropriate amplitude was required for this experiment. As shown in Figure 5.2 

(b), a sinusoidal input with  frequency of 1Hz and amplitude of 0.01 m/s was applied, 

leading to an 8% changing ratio of inertial force on the adaptive flywheel. However, 

due to the relative lower spike force, the change of the inertial force can be clearly 

observed in Figure 5.2 (b), as predicted.  

 

5.1.2. Experimental validation of the inaccurate transmission ratio caused by 

pressure loss and friction  

The mathematical model presented in Chapter 3 considered pressure loss and 

friction. Both factors will cause energy loss, which can also be presented as an 

inaccurate transmission ratio (smaller than theoretically expected). This concept will be 

validated experimentally in this sub-section. To do so, two triangular command (linear) 

displacement input signals with the same frequency (0.5 Hz) but different amplitudes 

(0.005 m and 0.010 m, respectively) were applied to the two terminals of the hydraulic 

device. This leads to angular motion of the hydraulic motor and flywheel. The 

associated flywheel angular displacements are shown as dashed lines in Figure 5.3 (a) 

and (c), respectively. These results are then fitted as the solid lines in Figure 5.3 (a) and 

(c). To examine the effects of pressure loss and friction, the theoretical flywheel angular 

velocity (calculated by /vA h  ) was compared with the actual fitted one (obtained 

by differentiation of the fitted angular displacement shown in Figure 5.3 (a), and (c)). 

The flywheel angular velocities obtained through Figure 5.3 (a) and (c) are presented 

in Figure 5.3 (b) and (d), respectively. Flywheel angular velocities obtained using the 

fitted flywheel angular displacements (the solid lines in Figure 5.3(a) and (c)) are 

presented as solid lines (labeled “Actual Fitted”) in Figure 5.3(b) and (d), respectively. 

The theoretically-calculated flywheel angular velocities in response to the two linear 

displacement inputs are shown as dashed lines (labeled “Theoretical”) in Figure 5.3 (b) 

and (d), respectively. As revealed in Figure 5.3 (b) and (d), the actual fitted angular 

velocity of the flywheel (or hydraulic motor) cannot reach the theoretical angular 
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velocity. This verifies the existence of the pressure loss and inner friction in the 

two-terminal hydraulic system.      
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(c)                                         (d) 

Figure 5.3 The relationship between actual fitted and theoretical flywheel 

angular velocities: (a) and (c) compare the actual and fitted flywheel angular 

displacements in response to the triangular command (linear) displacement inputs 

(amplitudes = 0.005 m and 0.01 m respectively) applied to the two terminals of the 

hydraulic device, (b) and (d) compare the actual fitted and theoretical flywheel 

angular velocities obtained from (a) and (c), respectively. 

5.1.3. Parameter identification 

As indicated earlier, to examine the system performance, the four model 

parameters in equation (3.15), ( emm , hk , ahb  and fhF ) must be obtained first. Of these 

four parameters, only the equivalent mass emm  can be calculated, the rest have to be 

identified by experiment. The theory of multi-variable solutions can be applied to this 

problem. However, because of the characteristics of the mathematical model of this 
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system, some of the parameters can be eliminated by different types of experimental 

inputs. The details are described in the following subsection.  

5.1.3.1. Identification of damping ratio ahb and friction force fhF .   

To simplify the identification process, a square command linear velocity input is 

applied to the two terminals of the hydraulic device. Since the associated velocity is a 

constant, i.e., v(t) = q, the acceleration is thus zero except at the direction change points. 

Therefore, the third equation of equation (3.14) reduces to 

                        ( )fh ah ahF F b v t b q                    (5.1) 

Since kh is not present in equation (5.1),  kh will be identified separately whereas 

parameters ahb  and fhF can be determined based on the following criterion:  

 
21

{ , } arg min ( ) ( )
eh

sh

t

fh ah mh ch

t teh sh

F b F t F t
t t 

 
  

 
 

             (5.2) 

In equation (5.2), ( )mhF t  is the measured force and ( )chF t  is the 

theoretically-calculated force using equation (5.2), sht stands for the starting time of 

data recording, and eht is the end time. As the data are discrete, the above criterion can 

be expressed as 

 
2

1

1
{ , } arg min ( ) ( )

1

ehn

fh ah mh ch

neh

F b F n F n
n 

 
  

 
 

             (5.3) 

where ( )mhF n  is the measured force, ( )chF n is the theoretically calculated force using 

equation (5.3) at sampling point n, and neh is the last sampling point of a dataset. In the 

experiments, 10 datasets of rectangular velocity inputs with frequency range from 0.1 

Hz to 1Hz and amplitude from 0.001m/s to 0.015m/s were collected. By using Matlab 

to generate an iterative algorithm, different values of ahb  and fhF can be given to 

calculate the force, and the minimum difference between the calculated force and actual 

force can be found. Therefore, parameters ahb  and fhF are estimated as 

8100 100ahb   Ns/m, 190 8fhF   N                 (5.4) 

Since the values of parameters ahb  and fhF  are estimated, the confidence interval has 
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been included. When the difference between the calculated force and actual force is less 

than 5%, the value of parameters will be recorded, which eventually leads to the range 

of confidence interval. 

Three typical datasets associated with frequency-amplitude combinations of 

(0.2Hz and 0.002m/s), (0.5Hz and 0.0075m/s) and (1 Hz and 0.015m/s) are shown in 

Figure 5.4. 
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Figure 5.4 Rectangular velocity inputs and corresponding measured forces. (a), 

(c) and (e) present the velocity inputs with different frequencies and amplitudes 

((0.2Hz 0.005m/s), (0.5Hz, 0.0075m/s) and (1Hz, 0.015m/s)) respectively. (b), (d) and 

(f) are the measured forces corresponding to the velocity inputs shown in (a), (c) and 
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(e), respectively. 

 

With the ahb  and fhF  values obtained above, the measured and calculated forces 

based on another two sets of experimental data with frequency-amplitude combinations 

(0.5Hz, 0.005m/s) and (1Hz, 0.01m/s) are compared in Figure 5.5. The velocity inputs 

are shown in Figure 5.5 (a) and (c), respectively. The measured forces and calculated 

forces based on the estimated ahb  and fhF  are presented in Figure 5.5 (b) and (d). 

The close agreement between the measured and calculated forces (except at the points 

where the velocity change directions) validates the accuracy of the estimated ab  and 

fhF . 
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Figure 5.5 Comparison of the measured forces and calculated forces based on 

the estimated ahb  and fhF . (a) Velocity input (frequency = 0.5 Hz, amplitude = 

0.005 m/s), (b) measured and calculated forces corresponding to the velocity input in 

(a), (c) velocity input (frequency = 1 Hz, amplitude = 0.01 m/s), and (d) measured and 

calculated forces corresponding to the velocity input in (c). 
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5.1.3.2. The variable behavior of flywheel moment of inertia Iafm and equivalent mass

emm .   

As mentioned in Section 3, the equivalent mass emm will change with the input 

velocity. However, when the rotational speed is very low, the slider will stay at the 

initial location, emm  will be minimum,
 
and when the rotational speed reaches a 

certain level, the spring in the slot will be fully compressed and emm will reach its 

maximum value. To examine the general behavior of the flywheel, the input signal 

should be selected in such a way that the sliders will not stay at the two ends of the slot 

and hence emm will be neither the minimum nor maximum value. For this reason, a 

sinusoidal input signal is chosen because it is less abrupt than the rectangular and 

triangular inputs and hence the sliders can travel between the two ends but not stay at a 

fixed location (i.e., one of the two ends of the slots) if the input frequency and 

amplitude are properly selected. In the tests, a sinusoidal velocity input with frequency 

0.1Hz and amplitude 0.0314 m/s was applied to the terminals of the hydraulic device. 

Under the sinusoidal input of this frequency and amplitude, the sliders will not stay at 

the initial location and the springs will not be fully compressed either, but will travel 

over most of the travel range in the slots. Hence, the change of equivalent mass can be 

observed over a broader range.  

 The variable location of the sliders, the variable moment of inertia and the 

equivalent mass of the flywheel in response to the sinusoidal input (Figure 5.6(a)) can 

then be calculated using equations (3.6), (3.9) and (3.12) respectively. The results are 

presented in Figure 5.6 (b), (c) and (d), respectively. Figure 5.6 (c) and (d) show that 

the moment of inertia and equivalent mass of the flywheel vary adaptively in response 

to the input, however the variation frequency is doubled. 
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(c)                                         (d) 

Figure 5.6 The variable behavior of the flywheel moment of inertia and 

equivalent mass: (a) sinusoidal velocity input (frequency = 0.1 Hz, amplitude = 

0.0314 m/s), (b) slider location (i.e., the distance between slider centroid and flywheel 

rotational center) that varies in response to the velocity input in (a), (c) the variable 

moment of inertia of the flywheel associated with the slider location presented in (b), 

and (d) the variable equivalent mass of the flywheel due to the location change of the 

sliders. 

5.1.3.3. Calculation of system stiffness hk    

After the identification of the damping ratio bah, friction force Ffh, and flywheel 

equivalent mass mem, sinusoidal inputs are applied to determine the system stiffness kh. 

Suppose that the velocity input signal can be expressed as 

( ) cos( )v t a t                                (5.5) 

By substituting equation (5.5) into equation (3.15), the system stiffness hk  can then be 

determined from    
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The discrete version of equation (5.6) will be used in the actual calculation of k and is 

given by 
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     (5.7) 

For this purpose, 20 experimental datasets of sinusoidal velocity inputs with frequency 

range from 0.1Hz to 2Hz and amplitude range from 0.0019m/s to 0.19m/s were 

acquired.  By choosing a wide range frequency of inputs (from minimum to high 

frequency), more data can be extracted from the experiments. Therefore, the value of 

kh based on these datasets and equation (5.7) was found to be 

57.76 10 /hk N m                              (5.8) 

Three typical datasets are shown in Figure 5.7.  Of the three datasets, one has an 

input with low frequency and amplitude (0.1Hz and 0.0019m/s) (Figure 5.7 (a)), one 

with middle frequency and amplitude (0.5Hz and 0.016m/s) Figure 5.7 (c)) and the 

other with high frequency and amplitude (2 Hz and 0.1m/s) (Figure 5.7 (e)). 
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Figure 5.7 Sinusoidal velocity inputs and corresponding measured forces. (a), (c) 

and (e) are sinusoidal  velocity inputs associated with frequency-amplitude 

combinations of (0.1Hz, 0.0019m/s), (0.5Hz, 0.016m/s) and (2Hz, 0.1m/s), 

respectively. (b), (d) and (f) are measured forces corresponding to the inputs in (a), (c) 

and (e), respectively. 

 

Since the value of kh has been determined, the measured forces and calculated 

forces based on kh can be compared. For this purpose, another two sets of data with 

velocity inputs (0.4Hz, 0.012m/s) and (2Hz, 0.063m/s) are shown in Figure 5.8 (a) and 

(c) respectively. The measured forces and calculated forces corresponding to the 

velocity inputs in Figure 5.8 (a) and (c) are respectively presented in Figure 5.8 (b) and 

(d). With the exception of the points where the terminals of the hydraulic device 

experience the largest acceleration and deceleration, the measured and calculated forces 

are in close agreement, which shows that the system stiffness kh has been accurately 

identified.  
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Figure 5.8 Comparison of the measured forces and calculated forces based on 

the estimated kh. (a) Velocity input (frequency = 0.4 Hz, amplitude = 0.012 m/s), (b) 

measured and calculated forces corresponding to the velocity input in (a), (c) velocity 

input (frequency = 2 Hz, amplitude = 0.063 m/s), and (d) measured and calculated 

forces corresponding to the velocity input in (c) 

 

5.1.4. Experimental validation of the mathematical model  

After identifying hk , ahb , fhF  and calculating emm , all four key coefficients for 

describing the two-terminal hydraulic system are known. The accuracy of the 

mathematical model for this system is now examined by comparing the 

experimentally-measured forces to the calculated forces obtained from the 

mathematical model. Three typical sinusoidal velocity inputs with low frequency and 

amplitude (0.4 Hz, 0.012 m/s), middle frequency and amplitude (1 Hz, 0.0314m/s) and 

high frequency and amplitude (2Hz, 0.126 m/s) are applied to the terminals of the 

hydraulic device. The measured and calculated forces associated with the three inputs 

are respectively displayed in Figure 5.9 (a), (b) and (c). In all the three cases, the 

calculated results match the measured forces very well, which validates the accuracy of 

the mathematical model. The spikes in the measured force are mainly caused by two 

reasons. The first one is the air in the hydraulic station which supplies power to the 

test machine. Since there is air in the power station, there will be a sudden force 

change when the actuator changes its moving direction. The second reason is the air in 

the hydraulic device; there will also be sudden force change when the rotation 

direction of the flywheel changes. The period of these experiments should be the time 
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between two spike forces instead of the oscillation caused by spike forces. 
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Figure 5.9 The comparison of measured forces and calculated forces using the 

mathematical model. (a) comparison between measured and calculated forces with a 

velocity input of low frequency and amplitude (0.4 Hz, 0.012 m/s), (b) comparison 

between measured and calculated forces with an input of middle frequency and 

amplitude (1 Hz, 0.0314m/s), and (c) comparison between measured and calculated 

forces with an input of high frequency and amplitude (2Hz, 0.126 m/s).  
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5.2. Experimental identification for the inverse screw system 

with nylon adaptive flywheel 

5.2.1. Experimental Set-up 

Control board

Load cell

Inverse screw system 

with nylon flywheel

Actuator

Cross beam

Sliding track

 

Figure 5.10 Experimental rig of inverse screw system with nylon flywheel 

 

From equation (3.38), the mathematical model of this system can be described by four 

key parameters ki, ci, fi and enm . An accurate mathematical model of this system can be 

obtained after the determination of the four parameters. However, the same situation 

occurs as mentioned in section 5.1; parameters ki, ci, and fi  cannot be directly 

calculated or measured, which requires experimental identification. 

The Letry electro hydraulic servo fatigue test machine PLN-20 was used for this 

experiment. The experimental rig of inverse screw system with nylon adaptive 
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flywheel is shown in Figure 5.10. This test machine can generate test signals of 

different amplitude and frequency, such as ramp (tapped ramp), sinusoidal (tapped 

sinusoidal) and square signals. The key specifications of the Letry PLN-20 

electro-hydraulic servo fatigue test machine are shown in Table 5.2. 

 

Table 5.2 Parameters of Letry PLN-20 electro hydraulic servo fatigue test 

machine 

Name Specification 

Maximum dynamic load 20kN 

Maximum dynamic torque -50～+50kN/m 

Maximum amplitude angle -45
o～+45

o
 

Maximum working travel -100~100mm 

Testing frequency 0.001~20HZ 

Testing waveform Sinusoidal wave, square wave, 

triangle wave, ramp, random wave, block 

wave 

 

The electro-hydraulic servo controller (DSP Trier 6202) of PLN-20 can record as 

many as three datasets. In the experiments performed, only displacements and forces 

are critical, and hence there is no need for an additional data acquisition board.  

5.2.2. Identification of key parameters 

As previously mentioned, to develop an accurate model of the system, it is 

essential to identify the four key parameters ki, ci, fi and enm .  By using equation (3.33), 

along with specific parameters from Table 3.3 and Table 3.4, enm can be calculated 

from a given input signal x . Because of this characteristic of enm , the system 

identification process can be divided into two parts.  
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First, assuming that there is a sinusoidal signal input with amplitude 0.005m and 

frequency 2Hz, the corresponding equivalent mass can be represented as shown in 

Figure 5.11. Additional experimental data can be found in Appendix B. 
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     (a)                                       (b)           

Figure 5.11 Theoretical input (a) and corresponding calculated equivalent mass 

(b) 

 

As shown in Figure 5.11, because the sinusoidal signal input generates a variable 

centrifugal force, this in turn changes the equivalent mass of the flywheel, as shown in 

Figure 5.11 (b).   

For the remaining parameter identification, many factors will affect the remaining 

three parameters such as the material of the inverse screw system, the set-up of 

experimental rig and the lubrication condition. Therefore, these three parameters 

cannot be accurately theoretically calculated and experimental data are needed to 

determine the three parameters. The most accurate values of these parameters can be 

determined from the following equation:   

 
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              (5.9) 

where ( )miF t  is the measured force, ( )ciF t  is the theoretically calculated force from 

equation (5.9), sit is the start time of data recording, and eit is the end time. Since the 

data are discrete, the above criterion can be rewritten as 
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where ( )miF n  is the measured force and ( )ciF n is the theoretically calculated force 

using equation (5.10) at sampling point n, and nei is the last sampling point of a dataset. 

By using 21 datasets of sinusoidal inputs with frequency range from 0.1Hz to 5Hz and 

amplitude range from 0.005m to 0.015mm, parameters fi, ki and ci were estimated as 

                 7600ic  Ns/m, 80if  N, 
61.97 10ik   N/m       (5.11)                              

The calculated forces based on the three estimated parameters and measured 

forces are compared in Figure 5.12. The sinusoidal displacement inputs are plotted in 

Figure 5.12 (a), (c) and (e) with frequency 0.1Hz, amplitude 0.005m , frequency 0.5Hz, 

amplitude 0.01m and frequency 2Hz, amplitude 0.005m, respectively. The measured 

force and calculated force corresponding to inputs in Figure 5.12 (a), (c) and (e) are 

presented in Figure 5.12 (b), (d) and (f). As shown, the accuracy of the estimated c, f 

and k can be clearly verified by the close agreement between the measured and 

calculated forces. 

0 5 10 15 20
-5

0

5
x 10

-3

Time (s)

D
is

p
la

ce
m

en
t 

(m
)

0 5 10 15 20
-500

0

500

Time(s)

F
o
rc

e(
N

)

 

 

Actual

Calculated

 

(a)                                       (b) 

0 1 2 3 4
-0.01

-0.005

0

0.005

0.01

Time (s)

D
is

p
la

ce
m

en
t 

(m
)

 
0 0.5 1 1.5 2 2.5 3 3.5 4

-500

0

500

Time(s)

F
o

rc
e(

N
)

 

 

Actual

Calculated

 

(c)                                      (d)  



 

121 

 

0 0.2 0.4 0.6 0.8 1
-0.01

-0.005

0

0.005

0.01

Time (s)

D
is

p
la

ce
m

en
t 

(m
)

 
0 0.2 0.4 0.6 0.8 1

-500

0

500

Time(s)

F
o

rc
e(

N
)

 

 

Actual

Calculated

 (e)                                        

(f) 

Figure 5.12. Comparison of the measured and calculated force based on the 

estimated f, c and k. (a) displacement input (frequency 0.1Hz, amplitude 0.005m), (b) 

measured and calculated forces corresponding to the displacement input in (a), (c) 

displacement input (frequency 0.5Hz, amplitude 0.01m), (d) measured and calculated 

forces corresponding to the displacement input in (c), (e) displacement input 

(frequency 2Hz, amplitude 0.05m), (f) measured and calculated forces corresponding 

to the displacement input in (e). 

 

5.2.3. Comparison between calculated and actual forces  

In section 5.2.2, after the determination of all the four key parameters, the behavior of 

the inverse screw system with nylon flywheel can be predicted. Two sinusoidal inputs 

with frequency 0.5Hz, amplitude 0.015m, and frequency 2Hz, amplitude 0.01m are 

shown in Figure 5.13 (a) and (c), respectively. In response to inputs in Figure 5.13 (a) 

and (c), comparisons between the calculated forces and actual experimental forces are 

shown in Figure 5.13 (b) and (d). With the exception of the oscillations caused by the 

spike forces, close agreements between the calculated (dashed line) and experimental 

(solid line) forces in both cases demonstrate the accuracy of the mathematical model of 

the inverse screw system with nylon adaptive flywheel. 
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Figure 5.13. Comparison between the actual and calculated force, based on the 

mathematical model: (a) sinusoidal input with frequency 0.5Hz and amplitude 0.015m, 

(b) comparison between actual and calculated force corresponding to the sinusoidal 

input in (a), (c) sinusoidal input with frequency 2Hz and amplitude 0.01m, (d) 

comparison of the actual and calculated force corresponding to the sinusoidal input in 

(c) 

 

To better observe the behavior of the nylon adaptive flywheel, two additional 

experiments were performed. First, experiments under three situations were carried out:  

maximum, minimum and variable (spring-driven) slider position, respectively. By 

using foamed plastic, the location of the sliders in the slots can be fixed at the maximum 

radius (the longest distance from the rotation center) and at the minimum radius (the 

shortest distance from the rotation center). The comparison is shown in Figure 5.14 

with sinusoidal input of frequency 1Hz and amplitude 0.005m.  

 



 

123 

 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

-600

-400

-200

0

200

400

600

F
o

rc
e(

N
)

Time(s)

 

 
Nylon Flywheel
Nylon  Flywheel(max)

Nylon Flywheel(min)

 

Figure 5.14 The comparison of three situations: variable, maximum, and 

minimum slider position 

 

Based on the comparison of three configurations in Figure 5.14, it can be 

concluded that the adaptive nylon flywheel is capable of generating a variable inertia 

force, as predicted. 

The relationship between the nylon adaptive flywheel with and without sliders 

was compared in another experiment. Instead of using the whole nylon adaptive 

flywheel, all the springs and sliders were removed. With a sinusoidal input of frequency 

0.1Hz and amplitude 0.005m, the corresponding force vs time curves of the two 

configurations are shown for comparison in Figure 5.15. 
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Figure 5.15 Comparison between nylon adaptive flywheel with and without 

sliders 

 

As is shown in Figure 5.15, without all the sliders, the weight of the flywheel is 

reduced which eventually causes the decay of the inertia force. Another phenomenon 
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that can be observed from the 8
th

 to the 14
th

 second in Figure 5.15 is that the adaptive 

flywheel shows a certain ability to suppress the spike force which is caused by the 

hydraulic station and transmission backlash in the inverse screw. 

5.3. Two-terminal hydraulic system with rectifier  

In this chapter, experiments are carried out to verify the mathematical model of 

two-terminal devices. The close agreement between the experimental results and the 

calculated results based on the model indicates that the model is accurate. However, in 

all these experiments, there is always the inevitable problem of spike in the measured 

force. In the previous experiments, some key parameters were identified through 

experimental data.  Even if most of the spikes in the data were eliminated during 

identification, the results will still be affected by the presence of the spikes. By 

reducing the spikes in the experiments, the accuracy of the key parameters will be 

improved, which leads to a more accurate mathematical model for the two-terminal 

hydraulic system. 

As mentioned before, the spikes in the experiments are mainly caused by the 

hydraulic station and backlash in the two-terminal system. For a hydraulic station, the 

characteristics of the system are fixed after manufacture and calibration, which 

implies that it is almost impossible to eliminate the spikes by adjusting the hydraulic 

station. The only feasible way to reduce the spikes is to minimize the effect caused by 

backlash. Through improving the manufacturing precision, the transmission backlash 

in the inverse-screw system can be reduced. However, the cost of this two-terminal 

system will then increase dramatically. 

For a hydraulic system, due to air in the hydraulic oil, the existence of backlash 

is inevitable. The air in the hydraulic system can be reduced by multiple ways, but 

they usually require an auxiliary device and a lot of time. Therefore, when the air in 

the hydraulic system reaches a relative low level, it will be much more difficult to 

minimize the backlash by further reducing the air in the hydraulic system. In the 
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experiments performed herein, the spike force always appears when there is a change 

in movement direction. By adding a hydraulic rectifier to force the hydraulic motor to 

rotate in a single direction instead of constantly changing direction, the spike force 

can be reduced effectively. The prototype of the two-terminal hydraulic system with 

rectifier is shown in Figure 5.16. 

4

3
2

5

1

 

Figure 5.16 prototype of two-terminal hydraulic system with rectifier (Note: 

1-terminal one 2- hydraulic motor 3-flywheel 4-terminal two 5-hydraulic rectifier) 

 

The parameters of the new two-terminal hydraulic system with rectifier can be 

found in Table 5.3 

 

Table 5.3 Specific parameters of the new two-terminal hydraulic system 

No Name Notation Specification 

1 Travel of the piston  0.3 m 

2 Maximum pressure  8 MPa 

3 Cross-section area of the cylinder A 0.00146 m
2 

4 Displacement of the motor H 1.107210
-6 

m
3
/rad 

 

As mentioned in chapter 3, in order to obtain a higher changing ratio, a 

light-density, high-strength material, nylon in this case, is used to manufacture the 

adaptive flywheel. However, due to its light weight, it will eventually lead to an 

insufficient inertial force in future applications with a two-terminal hydraulic system. 
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By re-designing the parameters of the nylon adaptive flywheel, the flywheel can 

generate enough inertial force for the two-terminal hydraulic system with rectifier. 

The schematic diagram of new nylon adaptive flywheel is shown Figure 5.17. The 

design of the new adaptive flywheel is identical to the design in Chapter 3. The only 

difference between these two designs is the actual value of those key parameters. 
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Figure 5.17 Schematic diagram of new nylon adaptive flywheel 

 

The key parameters of this new adaptive flywheel can be found in Table 5.4 

 

Table 5.4 Specific parameters of the new nylon adaptive flywheel 

Name Notation Specification 

Outer radius of flywheel 

Thickness of nylon disk 

Rr 

Tr 

0.075m 

0.033m 

Distance between hole and rotation 

center 

Lr 0.056m 

Radius of inner circle rr1 0.01m 

Radius of holes in flywheel rr2 0.013m 

Diameter of slots in flywheel dr 0.025m 

Length of slots lr1 0.053m 
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Radius of sliders 

Length of sliders 

Mass of slider 

Density of PA66 

Stiffness of spring 

rr3 

lr2 

msr 

ρ 

ksr 

0.012m 

0.022m 

0.078kg 

1150kg/m
3 

120N/m 

 

The Letry electro hydraulic servo fatigue test machine PLN-20 was again used in 

the experiments. The experimental rig of the two-terminal hydraulic system with 

rectifier is shown in Figure 5.18. The specific parameters of this test machine can be 

found in Table 5.2. 
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Figure 5.18 Experimental rig of two-terminal hydraulic system with rectifier 

 

The first two sets of experiments were conducted without the adaptive flywheel.  

 

The only difference in operating condition is with or without the hydraulic 

rectifier. Through these experiments, the effect caused by the rectifier can be isolated 
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and verified. The results are shown in Figure 5.19. Additional experimental data can 

be found in Appendix B.   
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(a)            (b) 

Figure 5.19 Comparison of two-terminal hydraulic system with and without 

rectifier: (a) Sinusoidal input (frequency = 0.4Hz, and amplitude = 0.05m), and (b) 

Measured force of two-terminal hydraulic system with and without rectifier.  

 

Figure 5.19 shows the comparison between the two-terminal hydraulic system 

with and without rectifier, and shows that the spike forces are smaller when the 

rectifier is applied. The results validate the effectiveness of rectifier in spike 

reduction.  

By substituting equations (3.19)-(3.24) with the specific parameters given in 

Table 5.4, the moment of inertia of the new adaptive nylon flywheel afrI  can be 

calculated. Based on equation (3.11) and Table 5.3, the equivalent mass of the new 

adaptive nylon flywheel erm  can also be determined.  

The same identification strategy as outlined in section 4.1 and 4.2 was applied to 

identify the key parameters for the new hydraulic system with rectifier. The three key 

parameters can be identified by: 

 
21

{ , , } arg min ( ) ( )
er

sr

t

r r r mr tr

t ter sr

f c k F t F t
t t 

 
  

 
 

                (5.12) 
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where rf  is the force of friction of two-terminal hydraulic system, rc  represents the 

damping ratio, rk  is the stiffness of whole system, ( )mrF t  is the measured force,

( )crF t  is the theoretically calculated force, srt is the start time of data recording, and 

ert is the end time. Since the data are discrete, the above criterion can be rewritten as: 

 
2

1

1
{ , , } arg min ( ) ( )

1

ern

r r r mr tr

ner

f c k F n F n
n 

 
  

 
 

        (5.13)             

where ( )mrF n  is the measured force and ( )crF n is the theoretically calculated force 

using equation (5.13) at sampling point n, and ern is the last sampling point of the 

dataset. By using 15 datasets of sinusoidal inputs with frequency range from 0.1Hz to 

5Hz and amplitude range from 0.005m to 0.015mm, parameters, rf , rk  and rc  can be  

estimated as 

                 8100rc  Ns/m, 240rf  N, 59.89 10ik   N/m       (5.14) 

After the determination of all four key parameters (equivalent mass erm , friction 

of two-terminal hydraulic system rf , damping ratio rc  and stiffness of whole system rk  

respectively), the behavior of the new two-terminal hydraulic system with rectifier and 

nylon flywheel can be predicted. Two sinusoidal inputs with frequency 1Hz, amplitude 

0.05m and frequency 0.2Hz, amplitude 0.15m are applied, the corresponding 

comparison of actual measured force and theoretical calculated force are shown in 

Figure 5.20.  
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(a)             (b) 

Figure 5.20 Comparison between actual measured force and theoretically 

calculated force: (a) Force corresponding to sinusoidal inputs with frequency 1Hz, 

amplitude 0.05m, and (b) Force corresponding to sinusoidal inputs with frequency 

0.2Hz, amplitude 0.15m. 

 

Compared to the two-terminal hydraulic system without rectifier, the new 

mathematical model obtained with the two-terminal hydraulic system with rectifier 

(Figure 5.20) shows better agreement with the experimental data, which indicates that 

the identified key parameters are more accurate. 

5.4. Conclusion  

In this chapter, key parameters for both the two-terminal hydraulic system and 

inverse screw system were identified via experimental studies. Additional experiments 

were also carried out to verify the accuracy of these parameters and mathematical 

models. The close agreement between theoretical and measured forces validates the 

accuracy of both systems. In both experiments, spike forces were observed, which are 

caused by the backlash. In order to minimize the spike forces during the experiments, 

a hydraulic rectifier was required in the experiments. By adding the hydraulic rectifier, 

the spike forces in two-terminal hydraulic system was reduced, which led to more 

accurate key parameters and mathematical model.  
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6. Application of hydraulic two-terminal device with 

adaptive flywheel to suspension system 

In Chapter 4, three different suspension systems were evaluated under ideal 

conditions. In this chapter, instead of an ideal hydraulic two-terminal device, a 

modified model of the hydraulic two-terminal device (referred to as an “actual” 

hydraulic two-terminal device) is applied to the suspension system. The reason for 

this approach is to be able to understand the factors that affect the performance of the 

proposed designed systems. The key parameters of the hydraulic system have been 

identified in Chapter 5. Therefore, another two suspension systems are introduced, 

which are the suspension system consisting of a two-terminal device without adaptive 

flywheel (suspension system A) and suspension system consisting of a two-terminal 

device with adaptive flywheel (suspension system B). Performance criteria are 

applied to evaluate these two suspension systems, and comparisons are carried out 

between them and a traditional suspension system with no flywheel. Finally, the 

performance of suspension system B with different changing ratio is discussed, and an 

optimal changing ratio is determined under certain circumstances.  

 

6.1. Mathematical models for the suspension systems  

In this chapter, rather than the two-terminal inverse screw system, the 

two-terminal hydraulic system is chosen for two reasons. First, since the ideal 

two-terminal hydraulic system was chosen for simulation in chapter 4, a two-terminal 

hydraulic system is also chosen here for consistence and fair comparison. The second 

reason is the application environment. For application to a suspension system, the 

frequency of the vibrations can be quite high, which will lead to abrasion of a screw 

transmission. Under this situation, the inverse screw system can be damaged in a short 
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period of time. 

To isolate the behavior of the adaptive flywheel, a new suspension system model 

is required. Therefore, as shown in Figure 6.1, suspension system A is introduced. 

Compared to a traditional suspension system, a hydraulic two-terminal system must 

also be added between the tire and vehicle body in suspension system A.  

M

K
C

X2

X1

CtKt

X3

Mt

kh

bah

xk

 

 

Figure 6.1 Suspension system A 

From Figure 6.1, the mathematical model of suspension system A can be written 

as: 

3 3 2 3 2 3 2

2 2 1 2 1 3 2 3 2

3 2 3 2

( ) ( ) ( ) 0

( ) ( ) ( ) ( ) 0

( ) sgn( )

ah k

t t t h k

h k ah k fh

MX K X X C X X b X X x

M X K X X C X X K X X C X X k x

k x b X X x F X X

        


         


    

    (6.1) 

In equation (6.1), M is the weight of quarter car and one passenger, K  

represents the stiffness of suspension system, C is the damping ratio of suspension 

system, ahb is the damping ratio of two-terminal hydraulic system, hk is the stiffness of 

the two-terminal hydraulic system, and kx  is the elastic deformation of the 

two-terminal hydraulic system, tK is the stiffness of the tire, tC is the damping 
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coefficient of the tire, 1X is the road vertical displacement, 2X is the displacement of 

the unsprung mass (mass not supported by the suspension), 3X represents the 

displacement of the sprung mass (all combined masses that are supported by the 

suspension).   

In Figure 6.2, suspension system B is shown. Compared to suspension system A, 

an adaptive flywheel is mounted on a hydraulic two-terminal system in this 

suspension system. The performance evaluation of this suspension system will 

indicate the relative advantage of the hydraulic two-terminal system with an adaptive 

flywheel. 
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Figure 6.2 Suspension system B 

Based on Figure 6.2, the mathematical model of suspension system B can be 

presented as: 

3 3 2 3 2 3 2 3 2

2 2 1 2 1 3 2 3 2

3 2 3 2

( ) ( ) ( ) ( ) 0

( ) ( ) ( ) ( ) 0

( ) ( )

e k ah k

t t t h k

h k e k ah k fh

MX M X X x K X X C X X b X X x

M X K X X C X X K X X C X X k x

k x M X X x b X X x F

           


         


      

  (6.2) 
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6.2. Performance evaluation  

As indicated earlier, due to the non-linearity of the adaptive flywheel, the 

transfer function of suspension system B cannot be obtained in closed form. Therefore, 

the same performance criteria will be introduced to evaluate suspension system A and 

suspension system B as previously used, which are riding comfort, tire grip and 

vehicle body deflection. The same simulation strategy as used in Chapter 4 is applied 

to the performance evaluation, which implies that the static moment of inertia of the 

nylon adaptive flywheel is still set at 4 2

,min 2.231 10 .afnI kg m   and the other key 

parameters of these two suspension systems can be obtained from equation (4.16). 

The parameters of the hydraulic two-terminal system were identified in Chapter 5. 

 

6.2.1. Riding comfort 

Riding comfort is one of the most important performance criteria for a 

suspension system. Due to the non-linearity of suspension system B, equation (4.12) 

cannot be applied to evaluate the riding comfort of suspension system B. However, 

weighted root mean square acceleration is considered as a key index to judge the riding 

comfort when the velocity of the car is fixed, and this is expressed in meters per 

second squared (m/𝑠2) for translational vibrations. Based on equation (4.15), the 

weighted root mean square acceleration of suspension system A and B can be 

determined. 

Similar to Chapter 4, three different excitations are applied to simulate the road 

surface, which are zero input, impulse input and sinusoidal input, respectively. 

6.2.1.1. Zero input 

An initial displacement of 0.05m is applied to the three suspension systems, 

which are traditional suspension system, suspension system A and suspension system 
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B. Through the combination of equation (4.1), (4.15), (6.1) and (6.2), the numerical 

solution of the weighted root mean square acceleration for each suspension system in 

the time-domain can be calculated through Matlab. The results of this simulation are 

shown in Table 6.1 as the vehicle body mass is varied. 

Table 6.1  Weighted root mean square acceleration with zero input 

Vehicle 

body 

mass

vM (kg) 

Weighted 

accelerations 

of traditional 

suspension 

system 

aw(m/s
2
) 

Weighted 

accelerations of 

suspension 

system A aw(m/s
2
) 

Weighted 

accelerations of 

suspension 

system B 

aw(m/s
2
) 

340 0.4656 0.3749 0.2879 

350 0.4524 0.3643 0.2847 

360 0.4397 0.3571 0.2813 

370 0.4288 0.3493 0.2779 

380 0.4154 0.3425 0.2741 

390 0.3996 0.3359 0.2707 

400 0.3878 0.3187 0.2671 
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Figure 6.3 Weighted root mean square acceleration with zero input 



 

136 

 

 

Figure 6.3 shows the weighted root mean square acceleration of three suspension 

systems under zero input. The weighted root mean square acceleration of suspension 

system B is smaller than other two suspension systems under the same vehicle body 

mass, which implies that the suspension system B outperforms both traditional 

suspension system and suspension system A. Compared to results in Table 4.1, the 

same trends can be found in Table 6.1, with the increasing of vehicle body mass, the 

riding comfort improves. However, suspension system B shows better performance 

than the AFW suspension system in chapter 4 for riding comfort. Since the weighted 

root mean square acceleration of suspension system A is smaller than the traditional 

suspension system, which means, in addition to the adaptive flywheel, the 

two-terminal hydraulic system also improves riding comfort.  

 

6.2.1.2. Impulse input 

An impulse input with amplitude of 0.05m is applied to each suspension system. 

Using the same mathematical model, the results can be determined by Matlab and are 

shown in Table 6.2. 

 

Table 6.2 Weighted root mean square acceleration with impulse input 

Vehicle 

body 

mass 

vM (kg) 

Weighted 

accelerations of 

traditional 

suspension 

system 

Weighted 

accelerations of 

suspension 

system A 

aw(m/s
2
) 

Weighted 

accelerations of 

suspension 

system B 

aw(m/s
2
) 

340 0.4878 0.3728 0.2589 

350 0.4684 0.3614 0.2557 

360 0.4546 0.3519 0.2521 

370 0.4398 0.3432 0.2487 
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380 0.4264 0.3353 0.2459 

390 0.4112 0.3281 0.2427 

400 0.3986 0.3216 0.2384 
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Figure 6.4 Weighted root mean square acceleration with impulse input 

 

Figure 6.4 shows the weighted root mean square acceleration of the three 

suspension systems under impulse input.  The weighted root mean square 

acceleration of suspension system B is the smallest of the three suspension systems 

under the same vehicle body mass, which indicates that suspension system B shows 

better performance than the other two suspension systems. By comparing results 

between Table 4.2 and Table 6.2, the results are similar to the results under zero input. 

That is, with the increase in vehicle body mass, the riding comfort improves in both 

the AFW suspension system and suspension system B. However, with the 

two-terminal hydraulic system, suspension system B out-performs the AFW 

suspension system in riding comfort.  

6.2.1.3. Sinusoidal input 

To simulate a rough road situation, a sinusoidal input with wave length of 4m, 
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amplitude 0.05m and frequency 5Hz is applied to each suspension system. The results 

of simulation can be found in Table 6.3 

 

Table 6.3 Weighted root mean square acceleration with sinusoidal input 

Vehicle 

body 

mass vM

(kg) 

Weighted 

accelerations of 

traditional 

suspension 

system 

Weighted 

accelerations of 

suspension 

system A  

aw(m/s
2
) 

Weighted 

accelerations of 

suspension 

system B 

aw(m/s
2
) 

340 1.9786 1.7453 1.8497 

350 1.8498 1.6231 1.7549 

360 1.7249 1.5107 1.6643 

370 1.6256 1.3891 1.4989 

380 1.5143 1.2797 1.3658 

390 1.3983 1.1789 1.2873 

400 1.2964 1.0813 1.1847 
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Figure 6.5 Weighted root mean square acceleration with sinusoidal input 

 

As shown in Figure 6.5, with sinusoidal input, the results of the three suspension 



 

139 

 

systems in this case are different than with the two other inputs. Here, the weighted 

root mean square acceleration of suspension system B is larger than suspension 

system A, but smaller than with the traditional suspension. This result implies that 

suspension system B gives the middle performance of the three chosen suspension 

systems under the case of a sinusoidal input. The results in Table 4.3 show that 

suspension system B is better than the AFW suspension system in riding comfort. 

However, based on Table 6.3, suspension system A out-performs suspension system B. 

Therefore, the better riding comfort of suspension system B is due to the two-terminal 

hydraulic system. 

6.2.2. Tire grip 

As a key criterion to indicate the ride safety of a vehicle, tire grip index is 

another important factor to evaluate the performance of a suspension system. Due to 

the non-linearity of suspension system B, the tire grip index is defined as the ratio 

between static and dynamic loads, which can be calculated via equation (4.21). The 

same simulation strategy as used in Chapter 4 is applied to these comparison 

simulations.  

6.2.2.1. Zero input 

An initial displacement 0.05m is applied to the three suspension systems. The 

results can be found in Table 6.4. 

 

Table 6.4 Weighted root mean square tire grip index with zero input 

Vehicle body 

mass vM  (kg) 

Weighted 

tire grip index 

of traditional  

suspension 

system wtgM  

Weighted tire 

grip index of 

suspension system  

A wtgM  

Weighted tire 

grip index of 

suspension system  

B wtgM  
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340  0.3156 0.2892 0.0642 

350 0.3012 0.2817 0.0627 

360 0.2874 0.2743 0.0611 

370 0.2756 0.2655 0.0596 

380 0.2649 0.2574 0.0583 

390 0.2551 0.2496 0.0570 

400 0.2462 0.2427 0.0556 
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Figure 6.6 Weighted root mean square tire grip index with zero input 

 

In Figure 6.6, weighted root mean square tire grip index of the three suspension 

systems under zero input are shown. Compared to the other two suspension systems, 

the weighted root mean square tire grip index of the suspension system B is the 

smallest. According to equation (4.20) the smaller weighted root mean square tire grip 

index implies a higher vehicle safety, therefore suspension system B shows a better 

outcome than both the other suspension systems under this condition. Based on  

Table 4.4 and Table 6.4, the difference of the weighted root mean square tire grip 

index between suspension system B and AFW suspension system is small, suspension 

system B shows a slight improvement due to the presence of the two-terminal 
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hydraulic system. 

 

6.2.2.2. Impulse input 

An impulse input with amplitude of 0.05m is applied to each suspension system. 

The results are shown in Table 6.5. 

 

Table 6.5 Weighted root mean square tire grip index with impulse input 

Vehicle body 

mass vM  (kg) 

Weighted 

tire grip index 

of traditional  

suspension 

system wtgM  

Weighted tire 

grip index of 

suspension system  

A wtgM  

Weighted tire 

grip index of 

suspension system  

B wtgM  

340  0.3879 0.3774 0.1139 

350 0.3624 0.3541 0.1085 

360 0.3412 0.3307 0.1027 

370 0.3208 0.3119 0.0959 

380 0.3001 0.2907 0.0897 

390 0.2814 0.2716 0.0851 

400 0.2628 0.2546 0.0804 
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Figure 6.7 Weighted root mean square tire grip index with impulse input 

 

Figure 6.7 shows the weighted root mean square tire grip index of three 

suspension systems with an impulse input. Since the weighted root mean square tire 

grip index of suspension system B is still the smallest of all three suspension systems 

under same vehicle body mass, it follows that it out-performs the suspension system A 

and the traditional suspension system. From Table 4.5 in chapter 4 and Table 6.5,  

the same results as zero input can be found, suspension system B also shows a slight 

improvement over the AFW suspension system due to the two-terminal hydraulic 

system. 

 

6.2.2.3. Sinusoidal input 

A sinusoidal input with wave length of 4m, amplitude of 0.05m and a frequency 

of 5Hz is applied to each suspension system. The results are shown in Table 6.6. 

 

Table 6.6 Weighted root mean square tire grip index with sinusoidal input 

Vehicle body Weighted Weighted tire Weighted tire 
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mass vM  (kg) tire grip index 

of traditional  

suspension 

system wtgM  

grip index of 

suspension system  

A wtgM  

grip index of 

suspension system  

B wtgM  

340  0.8458 0.8334 0.4423 

350 0.8014 0.7915 0.4178 

360 0.7624 0.7525 0.3804 

370 0.7256 0.7147 0.3489 

380 0.6929 0.6709 0.3197 

390 0.6614 0.6327 0.2917 

400 0.6319 0.6103 0.2685 
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Figure 6.8 Weighted root mean square tire grip index with sinusoidal input 

 

From Figure 6.8, under the same road conditions with the same velocity, and for 

the same vehicle body mass, suspension system B provides the smallest weighted root 

mean square tire grip index. Based on this, suspension system B provides higher 

safety performance than both the traditional suspension system and suspension system 

A. By comparing results in Table 4.6 and Table 6.6, because of the application of 
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two-terminal hydraulic system, suspension system B shows better performance than 

the AFW suspension system. However, the improvement of the suspension system 

performance is quite small.   

 

6.2.3. Vehicle body deflection  

The last performance criterion is the vehicle body deflection. Because of the 

non-linearity of suspension system B, equation (4.26) is introduced to calculate 

weighted root mean square vehicle body deflection for each suspension system. 

Similar to the simulations of riding comfort and tire grip index, three excitations will 

be applied to simulate different road situations. 

 

6.2.3.1. Zero input 

An initial displacement 0.05m is applied on the three suspension systems. The 

results are shown in Table 6.7. 

Table 6.7 Weighted root mean square vehicle body deflection with zero input 

Vehicle body mass

vM  (kg) 

vehicle body 

deflections of 

traditional 

suspension 

system Dfw(m) 

Weighted vehicle 

body deflections of 

suspension system  

A Dfw(m) 

Weighted vehicle 

body deflections of 

suspension system  

B Dfw(m) 

340 0.0035 0.0021 0.0021 

350 0.0035 0.0021 0.0021 

360 0.0035 0.0021 0.0021 

370 0.0035 0.0021 0.0020 

380 0.0034 0.0020 0.0020 

390 0.0034 0.0020 0.0020 

400 0.0034 0.0020 0.0020 
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Figure 6.9 Weighted root mean square vehicle body deflection with zero input 

 

Based on Figure 6.9, suspension system A and B show a smaller weighted root 

mean square vehicle body deflection than the traditional suspension system under 

zero input. However, the weighted root mean square vehicle body deflection of 

suspension system A and B are almost identical. This result implies that the proposed 

suspension system B shows no improvement compared to suspension system A, 

which also indicates that the adaptive flywheel shows no effect on the vehicle body 

deflection. Based on Table 4.7 in chapter 4 and Table 6.7, suspension system B 

out-performs the AFW suspension system. However, suspension system A and 

suspension system B show almost identical results. Therefore, the improvement of 

suspension system B in vehicle body deflection is due to the two-terminal hydraulic 

system.   
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6.2.3.2. Impulse input 

An impulse input with amplitude 0.05m is applied to each suspension system. 

The results are shown in Table 6.8. 

 

Table 6.8 Weighted root mean square vehicle body deflection with impulse input 

Vehicle body mass

vM  (kg) 

vehicle body 

deflections of 

traditional 

suspension 

system Dfw(m) 

Weighted vehicle 

body deflections of 

suspension system  

A Dfw(m) 

Weighted vehicle 

body deflections of 

suspension system  

B Dfw(m) 

340 0.0031 0.0017 0.0017 

350 0.0031 0.0017 0.0017 

360 0.0031 0.0017 0.0017 

370 0.0031 0.0016 0.0017 

380 0.0031 0.0016 0.0016 

390 0.0031 0.0016 0.0016 

400 0.0031 0.0016 0.0016 
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Figure 6.10 Weighted root mean square vehicle body deflection with impulse input 

 

From Figure 6.10, the same results can be found as for the case of zero input. 

The weighted root mean square vehicle body deflection of suspension system A and B 

are almost identical, which is smaller than for the traditional suspension system. This 

result indicates that there is almost no performance difference for suspension system 

A and B; the adaptive flywheel shows no effect on vehicle body deflection under 

impulse input. By comparing Table 4.8 in chapter 4 and Table 6.8, the same results 

under zero input can be found. Because of the application of the two-terminal 

hydraulic system, Suspension system B shows better performance than the traditional 

suspension system. 

 

6.2.3.3. Sinusoidal input 

A sinusoidal input with wave length 4m, amplitude 0.05m and frequency 5Hz is 

applied to each suspension system. The results are shown in Table 6.9.  

Table 6.9 Weighted root mean square vehicle body deflection with sinusoidal input 
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Vehicle body mass

vM  (kg) 

vehicle body 

deflections of 

traditional 

suspension 

system Dfw(m) 

Weighted vehicle 

body deflections of 

suspension system  

A  Dfw(m) 

Weighted vehicle 

body deflections of 

suspension system  

B Dfw(m) 

340 0.0096 0.0077 0.0137 

350 0.0095 0.0076 0.0132 

360 0.0093 0.0074 0.0128 

370 0.0091 0.0071 0.0122 

380 0.0090 0.0071 0.0118 

390 0.0088 0.0070 0.0113 

400 0.0087 0.0069 0.0109 
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Figure 6.11 Weighted root mean square vehicle body deflection with sinusoidal input 

 

Figure 6.11 shows the weighted root mean square vehicle body deflection of the 

three different suspension systems with sinusoidal input. The weighted root mean 
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square vehicle body deflection of suspension system B is bigger than other two 

suspension systems, which implies that in this case, the traditional suspension system 

and the suspension system A show better results than the suspension system B. 

Based on the results of chapter 4 and Table 6.9, the same trend can be found in all 

the suspension systems. With a higher vehicle body mass, the weighted root mean 

square vehicle body deflection is smaller. Suspension system B shows slightly better 

performance than the AFW suspension system, but worse performance than the 

traditional suspension systems. Therefore, the two-terminal hydraulic system provides 

better results in the weighted root mean square vehicle body deflection for suspension 

system B. 

Comparing the results in Table 6.1 to Table 6.9 to those in chapter 4, despite the 

actual difference in numerical values; the trends with variable vehicle body mass in 

Table 6.1 to Table 6.9 remain generally the same. 

6.3. Performance evaluation under different changing ratio 

Based on the simulations in the previous subsection, suspension system B shows 

better performance under most road situations. To fully analyze the characteristics of 

suspension system B, more simulations need to be considered. 

Similar to chapter 4, the changing ratio of the adaptive flywheel is the only 

variable in this simulation. The range of the changing ratio is varied from 5% to 55%, 

and vehicle body mass is kept at 370kg. Based on same initial conditions, three 

different excitations are applied as input, which are zero input, impulse input and 

sinusoidal input, respectively. 

 

6.3.1. Zero input 

Assume an initial displacement 0.05m is applied to the suspension system B, then 

the only variable is the changing ratio of the adaptive flywheel. The results of 
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simulation for various changing ratios are shown in Table 6.10. 

 

Table 6.10 Performance with different changing ratio under zero input 

Changing ratio of 

moment of inertia 

(%) 

Weighted 

accelerations 

of suspension 

system B 

aw(m/s
2
) 

Weighted 

tire grip index 

of suspension 

system B 

wtgM  

Weighted 

vehicle body 

deflections of 

suspension 

system B 

Dfw(m) 

Index value of 

traditional 

suspension system 

0.4288 0.2756 0.0035 

5 0.3197 0.1665 0.0021 

10 0.3125 0.1584 0.0022 

15 0.3038 0.1277 0.0020 

20 0.2940 0.1060 0.0020 

25 0.2831 0. 0822     0.0021 

30 0.2708 0.0569 0.0020 

35 

40 

0.2581 

0.2467 

0.0451 

0.0392 

0.0021 

0.0020 

45 0.2371 0.0361 0.0022 

50 0.2284 0.0335 0.0021 

55 0.2211 0.0319 0.0021 
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Figure 6.12 Weighted accelerations of suspension system B with different changing 

ratio under zero input 
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Figure 6.13 Weighted tire grip index of suspension system B with different changing 

ratio under zero input 
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Figure 6.14 Weighted vehicle body deflections of suspension system B with different 

changing ratio under zero input 

 

Figure 6.12 shows the weighted accelerations of suspension system B with 

different changing ratio under zero input and shows that the weighted accelerations 

will decrease when the changing ratio of the adaptive flywheel increases. This implies 

that with higher changing ratio, the riding comfort will also improve. Figure 6.13 

shows the weighted tire grip index of suspension B system with different changing 

ratio under zero input. With higher changings ratio, the index will decrease, which 

also implies an improvement of vehicle safety. Figure 6.14 is the weighted vehicle 

body deflections of AFW suspension system with different changing ratio under zero 

input. Based the results of Figure 6.14, the weighted vehicle body deflections of AFW 

suspension system, are not affected by the increasing changing ratio of the adaptive 

flywheel. The trends in Table 6.10 is the same as Table 4.10. 

By comparing Table 4.10 in chapter 4 and Table 6.10, under the same changing 

ratio of adaptive flywheel, suspension system B shows better performance than AFW 
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suspension system in all three performance criteria, which are riding comfort, tire grip 

and vehicle body deflection respectively. Based on the discussion mentioned above, 

the improvement of suspension system B is due to the application of two-terminal 

hydraulic system. 

 

6.3.2. Impulse input 

In this simulation, an impulse input with amplitude 0.05m is applied, the results 

of simulation for various changing ratios are shown in Table 6.11. 

 

Table 6.11 Performance with different changing ratio under impulse input 

Changing ratio of 

moment of inertia 

(%) 

Weighted 

accelerations 

of suspension 

system B 

aw(m/s
2
) 

Weighted 

tire grip index 

of suspension 

system B 

wtgM  

Weighted 

vehicle body 

deflections of 

suspension 

system B 

Dfw(m) 

Index value of 

traditional 

suspension system 

0.4398 0.3208 0.0031 

5 0.2975 0.1673 0.0017 

10 0.2877 0.1567 0.0017 

15 0.2769 0.1451 0.0018 

20 0.2657 0.1299 0.0018 

25 0.2539    0.1152   0.0018 

30 0.2409 0.0938 0.0017 

35 

40 

0.2258 

0.2109 

0.0796 

0.0675 

0.0019 

0.0019 

45 0.1963 0.0573 0.0017 



 

154 

 

50 0.1846 0.0495 0.0017 

55 0.1739 0.0279 0.0017 
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Figure 6.15 Weighted accelerations of suspension system B with different changing 

ratio under impulse input 
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Figure 6.16 Weighted tire grip index of suspension system B with different changing 

ratio under impulse input 
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Figure 6.17 Weighted vehicle body deflections of suspension system B with different 

changing ratio under impulse input 

 

Figure 6.15 shows the relationship between the weighted accelerations of the 

suspension system B and different changing ratios of the adaptive flywheel under an 

impulse input. With an increase in the changing ratio of the adaptive flywheel, the 

weighted acceleration will decrease. This result indicates that a higher changing ratio 

of the adaptive flywheel will improve riding comfort. Figure 6.16 is the weighted tire 

grip index of suspension system B with different changing ratio under impulse input. 

This shows that the weighted tire grip index will decrease with increasing the 

changing ratio, which implies that vehicle safety improves under increasing changing 

ratio. Figure 6.17 is the weighted vehicle body deflections of suspension system B 

with different changing ratio under impulse input. With the variable changing ratio, 

the weighted vehicle body deflections of suspension system B is almost the same. 

Based on this, the changing ratio of the adaptive flywheel does not affect the weighted 

vehicle body deflections of suspension system B. The same results as for zero input 
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can be found between Table 4.11 in chapter 4 and Table 6.11. Due to the application 

of two-terminal hydraulic system, suspension system B out-performs AFW 

suspension system for all three performance criteria. 

 

6.3.3. Sinusoidal input 

A sinusoidal input with amplitude 0.05m and frequency 5Hz is applied as 

excitation similar to the last simulation. Results about this simulation are shown in 

Table 6.12. 

 

Table 6.12 Performance with different changing ratio under sinusoidal input 

Changing ratio of 

moment of inertia 

(%) 

Weighted 

accelerations 

of suspension 

system B 

aw(m/s
2
) 

Weighted 

tire grip index 

of suspension 

system B 

wtgM  

Weighted 

vehicle body 

deflections of 

suspension 

system B 

Dfw(m) 

Index value of 

traditional 

suspension system 

1.6256 0.7256 0.0091 

5 1.0377 0.5351 0.0121 

10 1.2476 0.4946 0.0121 

15 1.2689 0.4607 0.0121 

20 1.3011 0.4246 0.0123 

25 1.3446 0.3899 0.0123 

30 1.4087 0.3379 0.0122 

35 

40 

1.4623 

1.5089 

0.2320 

0.1101 

0.0122 

0.0122 

45 1.5477 0.0816 0.0121 
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50 1.5746 0.0608 0.0121 

55 1.5973 0.0551 0.0121 
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Figure 6.18 Weighted accelerations of suspension system B with different changing 

ratio under sinusoidal input 
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Figure 6.19 Weighted tire grip index of suspension system B with different changing 

ratio under sinusoidal input 
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Figure 6.20 Weighted vehicle body deflections of suspension system B with different 

changing ratio under sinusoidal input 

 

Figure 6.18 is the weighted accelerations of the suspension system B with 

different changing ratio. However, the results of the simulation are different from both 

prior simulation results and show that with an increasing changing ratio of the 

adaptive flywheel, the weighted accelerations of suspension system B also increase, 

which implies that the riding comfort worsens. Figure 6.19 is the weighted tire grip 

index of AFW suspension system with different changing ratio under sinusoidal input, 

the results of the simulation are similar to the prior simulations under zero and 

impulse input, which indicates that the weighted tire grip index of suspension system 

B will decrease when the changing ratio increases. Eventually, with the decrease of 

weighted tire grip index of suspension system B, the safety of the vehicle will improve. 

Figure 6.20 shows the weighted vehicle body deflections of suspension system B with 

different changing ratio. The results in this case are the same as for the former 

simulation; the variable changing ratio does not affect the weighted vehicle body 
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deflections of suspension system B. 

From Table 4.12 in chapter 4 and Table 6.12, different results can be found 

compared to zero input and impulse input. Under the same changing ratio of the 

adaptive flywheel, suspension system B out-performs the AFW suspension system in 

both riding comfort and vehicle body deflection due to the application of the 

two-terminal hydraulic system. However, the AFW suspension system shows slight 

improvement than suspension system B for tire grip. 

6.3.4. Optimal changing ratio for adaptive flywheel  

6.3.4.1. Determination of optimal changing ratio for adaptive flywheel 

Based on the previous section, with different inputs and different changing ratios 

of the adaptive flywheel, the performance of the suspension system B is also quite 

different. As for chapter 4, under specific conditions, the optimal ratio of suspension 

system B can be calculated.  

In this simulation, three criteria are considered to optimize the changing ratio for 

the adaptive flywheel. These are cost of manufacture, desired proportion of 

performance and the proportion of inputs. To compare the AFW suspension system 

(ideal two-terminal hydraulic device) and suspension system B (actual two-terminal 

device), all three criteria are chosen to be identical, which means equation (4.27)to 

equation (4.39) are applied to determine the optimal changing ratio. The performance 

proportion of riding comfort 1x  and safety 2x , and the proportion of zero input 3x , 

impulse input 4x  and sinusoidal input 5x  are 0.35, 0.65, 0.1, 0.5 and 0.4, which are 

the same as chosen in chapter 4.  

From the results in Table 6.10 to Table 6.12, the optimal changing ratio can be 

determined through the same Chebyshev goal programming, which is 0.316. This 

optimal changing ratio of adaptive flywheel for suspension system B is obtained 

under the specific choices of 1x to 5x  selected above, which are a function of cost, 
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performance proportion and the proportion of inputs. Any change of these conditions 

implies that the optimal changing ratio will then also be different. 

With this optimal changing ratio, the performance of this suspension system with 

different inputs can be found in Table 6.13. 

 

Table 6.13 Performance of suspension system B with different input under optimal 

changing ratio 

Input Weighted 

accelerations of 

suspension system 

B aw(m/s
2
) 

Weighted tire grip 

index of suspension 

system B wtgM  

Weighted vehicle 

body deflections of 

suspension system 

B Dfw(m) 

Zero input 0.2667 0.0531 0.0021 

Impulse input 0.2357 0.0891 0.0019 

Sinusoidal input 1.4264 0.3028 0.0122 

 

Table 6.13 shows the performance of the suspension system B with different 

inputs under optimal changing ratio. Compared to the traditional suspension system: 

1) Under zero input, the weighted accelerations of suspension system B 

decreases 37.8%, the weighted tire grip index of suspension system B 

decreases 68.1% and the weighted vehicle body deflections of suspension 

system B decreases 40%. 

2) Under impulse input, the weighted accelerations of suspension system B 

decrease 46.4%, the weighted tire grip index of suspension system B 

weighted decreases 72.2% and the vehicle body deflections of suspension 

system B decreases 38.7%. 

3) Under sinusoidal input, the weighted accelerations of suspension system B 

decrease 12%, the weighted tire grip index of suspension system B decrease 

58.3% and the weighted vehicle body deflections of suspension system B 

increase 34.1%. 
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By comparing these results with chapter 4, the optimal changing ratio for 

adaptive flywheel in suspension system B is higher than for the AFW suspension 

system under the same conditions, as was predicted. Since the two-terminal hydraulic 

system is applied, the converting ratio of equivalent mass will decrease, which implies 

that a higher changing ratio for adaptive flywheel is required in order to maintain the 

same performance as for an ideal two-terminal system. With the actual two-terminal 

device in suspension system B, the performances of all evaluations are better than the 

ideal two-terminal device in AFW suspension system, except for the weighted tire grip 

index under sinusoidal input.  

6.3.4.2. Optimal changing ratio for adaptive flywheel with different performance and 

inputs proportion 

By adjusting the performance proportion or the proportion of inputs, or choosing 

different function of cost, the optimal changing ratio of adaptive flywheel for 

suspension system B will also be different. Based on same reasons mentioned in 

chapter 4, two different situations will be discussed, which are different proportion of 

performance and different proportion of inputs. 

Through fixing the proportion of inputs, the relationship between optimal 

changing ratio and performance proportion can be investigated as shown in Table 

6.14. 

 

Table 6.14 Optimal changing ratio with different performance proportion 

Riding comfort 1x  0.2 0.4 0.5 0.6 0.8 

Safety 2x  0.8 0.6 0.5 0.4 0.2 

Optimal changing 

ratio x  

0.418 0.337 0.293 0.261 0.243 

 

Table 6.14 is the relationship between the optimal changing ratio and the 
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performance proportion and shows that with an increasing proportion of riding 

comfort (or equivalently a decreasing proportion of safety), the optimal changing ratio 

will decrease. 

For the same reason mentioned in chapter 4, the proportion of zero input is fixed 

at 0.1, and the variables varied are the proportion of impulse input and sinusoidal 

input. The relationship between optimal changing ratio and proportion of inputs is 

shown in Table 6.15. 

 

Table 6.15 Relationship between optimal changing ratio and proportion of inputs 

Proportion of 

impulse input 4x  

0.1 0.3 0.45 0.6 0.8 

Proportion of 

sinusoidal input 5x  

0.8 0.6 0.45 0.3 0.1 

Optimal changing 

 ratio x  

0.221 0.253 0.297 0.358 0.427 

 

 

Table 6.15 is the relationship between optimal changing ratio and proportion of 

inputs, and shows that a high proportion of impulse input (or equivalently low 

proportion of sinusoidal input), the optimal changing ratio will increase. 

 

From Table 6.14 and Table 6.15, the results show the same trends as in chapter 4. 

However, with the same proportion of performance and proportion of input, the 

optimal changing ratio of adaptive flywheel for suspension system B is higher than 

for the AFW suspension system. 

 

6.4. Conclusion  

In this chapter, three different suspension systems were evaluated, which are the 
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traditional suspension system, suspension system A and suspension system B. Three 

performance criteria were applied, namely, riding comfort, tire grip index and vehicle 

body deflection. Zero input, impulse input and sinusoidal input were applied to 

simulate different road conditions.  

With zero input, suspension system B outperforms both the traditional 

suspension system and suspension system A on riding comfort and tire grip. For 

vehicle body suspension, suspension system B and suspension system A show almost 

the same results, which are both better than the traditional suspension system. Under 

an impulse input, the same results as for zero input are obtained. When the excitation 

is sinusoidal, the suspension system B out-performs other suspension systems in tire 

grip. However, in vehicle body deflection, suspension system B gives the worst 

results. For riding comfort, suspension system B performs middle results, which is 

better than the traditional suspension system, but worse than suspension system A. 

The performance of the suspension system B is different when the changing ratio 

of the adaptive flywheel is variable. Under zero input, both riding comfort and tire 

grip are better with an increasing changing ratio of the adaptive flywheel. However, 

the weighted vehicle body deflections are not affected. Under impulse input, the same 

results can be found as zero input. With a sinusoidal input, riding comfort decreases 

when the changing ratio of the adaptive flywheel increases, but the tire grip improves. 

Vehicle body deflections are still not affected by the variable changing ratio of the 

adaptive flywheel. The trends of these results are the same as those found in chapter 

4. 

The optimal changing ratio of adaptive flywheel for suspension system B was 

obtained under the same specific choices as chapter 4, which are a function of cost, 

performance proportion and the proportion of inputs. With the optimal changing ratio 

of the adaptive flywheel for suspension system B, the performances of all evaluations 

were better than the ideal two-terminal device in AFW suspension system, except for 

the weighted tire grip index under sinusoidal input.  

Optimal changing ratio will be variable with different conditions. The trends 
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shown by the optimal changing ratio of the adaptive flywheel for suspension system B 

is the same as for the AFW suspension system. With increasing proportion of riding 

comfort (or equivalently a decreasing proportion of safety), the optimal changing ratio 

will decrease. For a high proportion of impulse input (or equivalently low proportion 

of sinusoidal input), the optimal changing ratio will increase. However, with the same 

proportion of performance and proportion of input, the optimal changing ratio of the 

adaptive flywheel for suspension system B is higher than the AFW suspension system 

as we predicted. Since the two-terminal hydraulic system is applied, the converting 

ratio of equivalent mass will decrease, which implies a higher changing ratio for the 

adaptive flywheel is required in order to maintain the same performance as that of the 

ideal two-terminal system. 
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7. Steady state frequency response of two-terminal device 

with adaptive flywheel 

In the previous chapters, a new two-terminal device with an adaptive flywheel 

was proposed. Simulations were carried out to verify the performance of this new 

device as a potential suspension component. The results illustrate that a traditional 

suspension system with this new component shows better performance under most 

circumstances. However, due to the non-linearity of the device, the analysis of the 

response of the system is much more difficult than for a linear system. In particular, 

the nonlinearity of the system introduces difficulty in the analysis of the steady-state 

frequency response of the system. The method chosen to analyze the steady-state 

frequency response of the system is one of the most important tools for the design and 

analysis of a system since this tool is used to determine the frequency response of the 

system. The lack of an appropriate analysis method for the determination of the steady 

state frequency response of a two-terminal device with adaptive flywheel is a potential 

impediment to the implementation of the adaptive flywheel. Therefore, to address this 

problem, this Chapter applies several methods for the analysis of the steady state 

frequency response of a two-terminal device with adaptive flywheel. The methods 

presented here are the single harmonic balance method, the multi-harmonic balance 

method and the scanning iterative multi-harmonic balance method, respectively. 

 

7.1. Differential equation of motion for two-terminal device with 

adaptive flywheel 

 

An ideal two-terminal hydraulic system with adaptive flywheel is applied to a 

suspension system, as shown in Figure 7.1. This suspension system is the quarter car 

model without tire, as presented in chapter 4, which consists of a mass, damper and 
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spring. All the parameters are the same as in chapter 4.  

 

M

K C

X1

X0

Me

 

Figure 7.1  two-terminal device with adaptive flywheel 

 

Based on Figure 7.1, the differential equation of motion for this system can be 

written as: 

1 1 0 1 0 1 0( ) ( ( ) ( )) ( ( ) ( )) ( ( ) ( )) 0eMX t M X t X t K X t X t C X t X t           (7.1)
 

In equation (7.1), the equivalent mass eM is determined by the inputs. Based on 

equation (3.6), (3.9) and (3.12), the equivalent mass eM  ( emm  in equation (3.12)) 

can be expressed as: 
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               (7.2) 

Since /m vA h  , and 1 0( ) ( )v X t X t  , equation (7.2) can be represented as: 
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        (7.3) 

Substituting equation (7.3) into equation (7.1), the differential equation of motion for 

this system is given by 
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For equation (7.4), the initial conditions of the system are considered to be zero, 

which implies that  

1 0

1 0

(0) (0) 0

(0) (0) 0

X X

X X

 


 

                       (7.5) 

The displacement of the base of this system, 0( )X t , is assumed to be simple 

harmonic motion with amplitude sB  and frequency sf : 

 0( ) sin 2s sX t B f t                       (7.6) 

From equation (7.6), the differential equation of motion for the system can be 

rewritten as: 
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  (7.7) 

 

7.2. Steady state harmonic response analysis by single harmonic 

balance method 

The harmonic balance method is one of the most commonly used analysis 

methods for solving for the response of a non-linear system [189–191]. The 

fundamental concept of this method assumes that the system response is periodic, 

which implies that the response of the system can be represented as a Fourier series. 

By substituting the Fourier series representation of the response back into the 

differential equation of motion, a new equation for the different harmonic components 

can be obtained. Through equalizing the coefficients of each harmonic component, a 

set of equations can be determined. The solution of this set of equations is the 

response of the system.  



 

168 

 

The harmonic balance method is accurate for both weak nonlinear systems and 

strong nonlinear systems, and has been applied to many engineering fields [192–194].  

However, in most cases, the harmonic balance method always involves a large 

number of equations, which makes the method computationally expensive.  To 

simplify the calculation, the solution for the system may be assumed as a first order 

harmonic.  This approach is referred to as the single harmonic balance method. 

Assume that the solution for equation (7.7) can be represented as 

   1 1 2( ) sin 2 cos 2s s s sX t B f t B f t                    (7.8) 

In equation (7.8), by calculating 1sB  and 2sB , the solution for the suspension 

system of a two-terminal device with adaptive flywheel can be determined. 

Combining equations (7.7) and (7.8), a new equation can be written as: 
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     (7.9) 

From equation (7.9), after expanding, there are terms such as    sin 2 cos 2s sf t f t 

or    
2 2

cos2 sin2s sf t f t  , which can be rewritten as 
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                 (7.10) 

As mentioned above, the assumption that the solution is only first order harmonic 
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implies that the higher order harmonic response will be neglected. Therefore, equation 

(7.9) can be simply rewritten as: 

          1 2sin 2 cos 2 0s sC f t C f t                    (7.11) 

In equation (7.11), 
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                      (7.12) 

Equation (7.12) states that  1C  and 2C  are functions of 1 2,s sB B and sB . To have a 

solution for equation (7.11), 1C and 2C  have to be zero, which implies that 

1 1 2
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( , , ) 0

s s s

s s s

f B B B

f B B B
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


                    (7.13) 

Since the input is given, the amplitude of the input sB  is also known.  Equation 

(7.13) will eventually become two equations in two unknowns 1sB  and 2sB , which 

implies that 1sB  and 2sB can be found.  Due to the complexity of 1sB  and 2sB , the 

solutions are simplified as: 
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           (7.14) 

 

7.3. Numerical solution for the system response 

Numerical solutions are one of the most important methods to analyze the 

dynamic response of a non-linear system. This approach is based on using numerical 

methods to solve the system differential equation of motion, such as the 

Newmark-beta method or Runge-Kutta method. Numerical methods can be applied to 

the analysis of both linear and non-linear systems. Moreover, these methods can also 

show accurate results for analyzing both weak and strong non-linear system.  

 Numerical simulations have become the most widely used analysis method for 
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non-linear systems. However, by using numerical simulations to directly solve the 

system differential equation of motion, the solutions are in the time-domain, which is 

better suited for analysis of the transient response. In most engineering circumstances, 

the steady state harmonic response is often also of great interest.  Therefore, using 

the numerical simulation of the differential equation of motion as a method to find the 

frequency response of a non-linear system implies long computational times. The 

system response of several periods must be considered for a steady state response, and 

then the amplitude of the response is the amplitude of the steady state response.  

In the numerical simulation of this chapter, the system response in the 

time-domain is calculated under for a given frequency and then the simulation is 

repeated for another frequency and so forth until enough steady-state 

amplitude/frequency pairs are computed to obtain a frequency response curve.  

In order to ensure that the system reaches a steady state, the calculation duration 

of the time-domain system response for each frequency excitation is 500 periods, 

and the system response of the last two periods are considered to be the steady state 

response. As described in previous chapters, inputs with different amplitudes and 

frequencies will affect the equivalent mass eM , which eventually leads to a change 

in the resonance frequency. In the simulations, the frequency interval is 0.05Hz, the 

relationship between amplitude and frequency is determined as: 

( )sa vaB E f                       (7.15) 

where saB  is the amplitude of the system response, and ( )vaE f  is a function with 

variable vaf . If 0 0( ) ( 0.05)va vaE f E f  , the interval frequency will become 0.001Hz. 

When 0 0( *0.001) ( ( 1)*0.001)va i va iE f M E f M    , the resonance frequency 

will be 0( *0.001)va if M Hz . The comparison between the simulated (brute-force) 

steady-state frequency response and the frequency response obtained via the single 

harmonic balance method under different amplitude inputs is shown in Figure 7.2. 
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              (e)                                (f) 

Figure 7.2 Comparisons between simulation solution and single harmonic 

balance method frequency response under different amplitude inputs a) 1sB cm . b) 

3sB cm .  c) 5sB cm .  d) 7sB cm . e) 10sB cm .  f) 20sB cm .  
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Figure 7.2 show the comparison between the simulation solution and the 

frequency response solution obtained via the single harmonic balance method, under 

different amplitude inputs. In Figure 7.2, the response results obtained by numerical 

simulation and single harmonic balance method are compared. The results show close 

agreement between the two methods. However, when the inputs frequency reaches the 

resonance frequency of the system, the response results between the two methods start 

to differ. From Figure 7.2, it can be observed that under a small amplitude input, 

close agreement of the response results between the two methods, and still show good 

agreement even at the resonance frequency. With an increase of amplitude for the 

inputs, the difference of response results also increases, which implies that the error of 

the single harmonic balance method is increasing with increasing amplitude of the 

input.  

 

Table 7.1 Resonance frequency and max amplitude of response under inputs with 

different amplitudes 

Amplitude of input Resonance Frequency Max amplitude of response 

1cm 0.680Hz 1.9934cm 

 

3cm 0.535Hz 7.0943cm 

 

5cm 0.505HZ 12.7923cm 

 

7cm 0.450Hz 20.3555cm 

 

10cm 0.395Hz 32.5353cm 

 

20cm 0.350Hz 72.4034cm 

 

 

Table 7.1 shows the resonance frequency and maximum amplitude of the 

response under inputs with different amplitudes, ranging from 1cm to 20cm. Based on 
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Table 7.1, with higher amplitude inputs, the maximum amplitude of the response is 

also higher, but the transmissibility is also larger, which can be represented as the 

ratio between maximum amplitude of response and the amplitude of the input.  

Another phenomenon can be observed from Table 7.1; with increasing amplitude of 

the input, the resonance frequency decreases. The reason for this phenomenon is 

caused by the change in the equivalent mass. Under the same frequency, higher 

amplitude inputs will lead to larger equivalent masses, which cause the natural 

frequency of the system to drift lower.  

By enlarging the view of each figure in Figure 7.2, from frequency 0 to 0.25Hz, 

this system shows slight super-harmonic response under different inputs, which can 

also be called super harmonic resonance.  This is shown in Figure 7.3.  
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Figure 7.3 Enlarged view of super-harmonic responses under different inputs 

 

Figure 7.3 shows the super-harmonic responses under different inputs. However, 

with the single harmonic balance method, these super-harmonic responses cannot be 

captured. In order to verify the accuracy of the single harmonic balance method, the 

normalized root mean square errors between the numerical solution and the single 

harmonic balance method are calculated via 
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In equation (7.16), 1( (0.005 )A f i  is the amplitude of the numerical solution under 

frequency 0.005i where i is an integer, and 2( (0.005 ))A f i  is the amplitude of the 

single harmonic balance solution under frequency 0.005i . The results can be found in 

Table 7.2 

 

Table 7.2 Normalized root mean square errors between numerical simulation and 

single harmonic balance method 

Sinusoidal input Amplitude (cm) Normalized root mean square error  

1 2.8% 

2 4.7% 

5 8.1% 

7 12.9% 

10 17.8% 

20 36.9% 

 

Table 7.2 shows the normalized root mean square errors under different 

amplitudes of the sinusoidal input. With the higher amplitude of inputs, the 

normalized root mean square error increases. Table 7.2 supports the previous 

statement about Figure 7.2, which is that the difference in results between the 

numerical solution and the single harmonic balance method increases with higher 

amplitudes of the input. 
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7.4. Multi-harmonic balance method for steady state harmonic 

response analysis 

As mentioned in the last sub-section, the accuracy of the solution for the single 

harmonic balance method will decrease with an increase of amplitude of the input. 

Moreover, the single harmonic balance method cannot capture super-harmonic or 

sub-harmonic responses.  

By using the multi-harmonic balance method, all the above-mentioned problems 

can be addressed. The basic concept of the multi-harmonic balance method is the 

assumption that the response of the system contains more than the first order 

harmonic. Assume that the steady state response for the system in Figure 7.1 can be 

presented as: 

   1 0 1 2

1

1
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m m i s m i s

i
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                (7.17) 

In equation (7.17), 0mB is the coefficient of constant, mN  is the highest order 

harmonic of the system response, 1m iB  and 2m iB  are coefficients of each order 

harmonic of the system response. Equation (7.17) can be rewritten as: 
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(7.18) 

By substituting equation (7.18) into equation (7.7), a new equation can be obtained, 

which is similar to equation (7.9). Due to the complexity of this new equation, a 

simplified version of this equation can be presented as:  
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(7.19)  

In equation (7.19), the new coefficients can be presented as: 
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Based on equation (7.20), the new coefficients are functions of coefficients of 

equation (7.18). For a solution of equation (7.19) to exist, all the coefficients must be 

zero, which implies 
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In equation (7.21), there are 2 1mN   unknown coefficients, these are 0mB , 1m iB  and 

2m iB for 1..i N , respectively. However, there are also 2 1mN   equations, which 

means all the coefficients can be determined as: 
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                 (7.22) 

Using the same numerical simulation approach, comparison of the results between the 

numerical solution and the results of the multi-harmonic balance method is shown in 

Figure 7.4.  
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(e)                                  (f) 

Figure 7.4 Comparisons between simulation solution and multi-harmonic 

balance method under different amplitude inputs a) 1sB cm . b) 3sB cm .  c) 

5sB cm .  d) 7sB cm . e) 10sB cm .  f) 20sB cm . 
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Figure 7.4 shows the comparison of the results between the simulation solution 

and the multi-harmonic balance method under different amplitude inputs. The close 

agreement between the two curves implies the accuracy of the multi-harmonic balance 

method. The solution of the multi-harmonic balance method captures the 

super-harmonic responses of each input. Moreover, when the frequency of inputs 

reaches the resonance frequency, the solution of the multi-harmonic balance method is 

still accurate even under high amplitude. 
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Figure 7.5 Enlarged view of super-harmonic responses comparison between 

numerical simulation and multi-harmonic balance method under different inputs 

 

Figure 7.5 shows the enlarged view of the comparison of the super-harmonic 

responses between the numerical simulation and the multi-harmonic balance method 

under different inputs. The close agreement between the numerical simulation and the 

multi-harmonic balance method implies that the multi-harmonic balance method can 

accurately capture the super-harmonic response of the system. 

By calculating the normalized root mean square errors between the numerical 

simulation and the multi-harmonic balance method, the accuracy of the 
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multi-harmonic balance method can be verified.  The results can be found in Table 

7.3 

 

Table 7.3  Normalized root mean square errors between numerical simulation 

and multi-harmonic balance method 

Sinusoidal input Amplitude (cm) Weighted root mean square error  

1 0.08% 

2 0.29% 

3 0.67% 

5 1.18% 

7 1.89% 

10 

20 

5.12% 

12.94% 

 

Table 7.3 shows the normalized root mean square errors between the numerical 

simulation and the multi-harmonic balance methods, and shows that the results are 

much more accurate than for the single harmonic balance method. Even under the 

highest amplitude of inputs, the normalized root mean square error is still under 15%. 

 

7.5. Scanning iterative multi-harmonic balance method 

In the previous sub-section, the single harmonic balance method and the 

multi-harmonic balance method were both applied to analyze the steady state 

response of this system in Figure 7.1. The results show that the single harmonic 

balance method can be used to analyze the steady state response of this system under 

small amplitude inputs without super-harmonic or sub-harmonic response. On the 

other hand, the multi-harmonic balance method can not only be applied to analyze 

high amplitude inputs to the system, but it can also accurately capture the 
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super-harmonic response of the system. However, due to the complexity of the 

differential equation of motion for this system, the calculation process for the 

harmonic balance method is cumbersome.  Based on equation (7.9), even for a single 

harmonic balance method, the determination of the coefficients is quite complicated.  

To simplify the process of calculation, researchers have proposed semi-analytical 

methods based on the harmonic balance method [193,195]. One of the classical 

methods is the incremental harmonic balance method [196]. This method combines 

the Newton-Raphson method with the harmonic balance method. Tamura and Wei 

proposed a new method named the harmonic balance-Newton Raphson method, 

which has proven to be another incremental harmonic balance method [197]. 

However, by using these methods to analyze the adaptive flywheel system, a lengthy 

calculation process is still required, which can be difficult to apply. In this section, a 

new scanning iterative multi-harmonic balance method is proposed to analyze the 

steady state response of the adaptive flywheel. 

It is assumed that there are constant terms and super-harmonic terms (same as for 

the multi-harmonic balance method) in the system response, which can be represented 

as: 

     1 0 1 2

1

1
( ) s i n 2 c o s 2

2

sN

h h i s h i s

i

X t B B f i t B f i t 


               (7.23) 

In equation (7.23), 0hB  is a constant coefficient, constants 1h iB  and 2h iB are 

coefficients for the different order harmonics, and hN  is the highest order of 

harmonic. All the coefficients can be written as an unknown vector hB  

0 11 21 12 22 1 2

1
[ , , , , , , ]
2 h hh h h h h h h N s NB B B B B B B B             (7.24) 

   Based on the differential equation of motion for this system, an error function 

( )hE t  can be applied to equation (7.7) 
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  (7.25) 

From the assumption in equation (7.23), 1( )X t  is a periodic function with period 

1

sf
, which implies that the differential equation of motion for this system is also a 

periodic function with period 
1

sf
. The error function ( )hE t  can be presented as a 

Fourier series: 
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i

E t E E f it E f it 
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            (7.26) 

0hE  is the constant coefficient,  1h iE  and 2h iE  are coefficients for the different 

order harmonics, and hN  is the highest order harmonic. All the coefficients can be 

written as an error vector hE : 

0 11 21 12 22 1 2

1
[ , , , , , , , ]
2 h hh h h h h h h N h NE E E E E E E E           (7.27) 

The error vector can be determined using Fast Fourier Transform. First, the time 

vector hT  is needed, which can be represented as:  

11 2
0, , , ,

2 2 2

hf
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hf hf hf

N
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N N N  
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  

                   (7.28) 

In equation (7.28), hfN  is the number of time points, which has to satisfy two 

requirements: 1) satisfy the data length for a Fast Fourier Transform and 2) should be 

able to avoid frequency overlap. In order to meet the first requirement, hfN  must be 

determined by 

2 hL

hfN                                 (7.29) 
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In equation (7.29), hL  is positive integer. To satisfy the second requirement, the 

following condition must hold: 

2hf hN N                            (7.30) 

Substituting all the time points in the time vector hT  into equation (7.25), the value 

of the error function in the time domain can be calculated. By using the Fast Fourier 

Transform and the value of the error function in the time domain, the error vector hE  

can be determined.  

When the unknown vector hB  is the accurate system response, the error 

function should be zero, which implies that 

 
2

hE =0                              (7.31) 

To obtain the accurate system response, the solution of the differential equation of 

motion for this system can be converted into a non-linear optimization problem, 

which can be presented as:  

min ( ) T

h h h hE B E E                          (7.32) 

Equation (7.32) can be solved by many non-linear optimization iterative algorithms. 

The flow diagram of the scanning iterative multi-harmonic balance method is shown 

in Figure 7.6. 
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Figure 7.6 Flow diagram of the scanning iterative multi-harmonic balance 

method 

 

Figure 7.6 Shows the flow diagram of the scanning iterative multi-harmonic balance 

method. By using this method to analyze the system response, the starting scanning 
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frequency is needed, which is maxs sf f in this simulation. The initial value of the 

unknown vector hB  can be calculated under frequency maxsf , which will be the 

iterative initial value for the next iterative frequency response calculation. Setting the 

calculation frequency as s sf f f  , then the former frequency response calculation 

is repeated until the frequency 0sf  .  

Since the steady state harmonic response for a nonlinear system is related to the 

initial state of the system - even under the same amplitude and frequency input - the 

system response will be different when the frequency increases or decreases. To 

obtain a more accurate system response, the scanning direction has to be both up and 

down. When the frequency sf  reaches zero, the scanning direction will change to 

„up‟, which means that the calculation frequency will be s sf f f   . The whole 

calculation process is repeated until the frequency reaches maxsf . 

Several numerical simulations are performed to compare the results between the 

numerical solution and the multi-harmonic balance method.  These are shown in 

Figure 7.7. 
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(c)                                  (d)   
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(e)                                 (f) 

Figure 7.7 Comparison between simulation solution and single harmonic balance 

method for different amplitude inputs a) 1sB cm . b) 3sB cm .  c) 5sB cm .  d) 

7sB cm . e) 10sB cm .  f) 20sB cm . 

 

Figure 7.7 shows the comparison of the results between the simulation solution 

and the scanning iterative multi-harmonic balance method for different amplitude 

inputs. The close agreement between the two curves demonstrates the accuracy of the 

scanning iterative multi-harmonic balance method. Similar to the multi-harmonic 

balance method, the scanning iterative multi-harmonic balance method also captures 

the super-harmonic responses of each input.  

 



 

187 

 

0 0.05 0.1 0.15 0.2 0.25
0

5

10

15

20

25

30

35

40

45

50

Frequency (Hz)

A
m

p
li

tu
d

e 
(c

m
)

 

 

Simulation

SIMHB

 

Figure 7.8 Enlarged view of super-harmonic responses comparison between 

numerical simulation and scanning iterative multi-harmonic balance method under 

different inputs 

 

Figure 7.8 shows the enlarged view of the comparison of the super-harmonic 

responses between the numerical simulation and the scanning iterative multi-harmonic 

balance method associated with different inputs. The close agreement between the 

numerical simulation and the scanning iterative multi-harmonic balance method 

implies that the scanning iterative multi-harmonic balance method can accurately 

capture the super-harmonic response of this system. 

Figure 7.5 and Figure 7.8 show that there are almost no differences between the 

results of the multi-harmonic balance method and scanning iterative multi-harmonic 

balance method. By calculating the normalized root mean square errors between 

numerical simulation and multi-harmonic balance method, the differences are shown 

in Table 7.4. 
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Table 7.4 Normalized root mean square errors between numerical simulation and 

scanning iterative multi-harmonic balance method 

Sinusoidal input Amplitude (cm) Weighted root mean square error () 

1 0.075% 

2 0.253% 

3 0.599% 

5 1.013% 

7 1.67% 

10 

20 

4.78% 

11.07% 

 

Table 7.4 shows the normalized root mean square errors between the numerical 

simulation and the scanning iterative multi-harmonic balance method. The results 

indicate that the scanning iterative multi-harmonic balance method provides a more 

accurate system response than multi-harmonic balance method. 

 

As mentioned above, due to the complexity of the differential equation of motion 

for the system, the calculation based on the multi-harmonic balance method can be 

extremely difficult. For this system, the calculation involves several dozen equations, 

which leads to a large computational load. However, by using the scanning iterative 

multi-harmonic balance method, the time for programming is significantly reduced. In 

the case presented here, the time for programming the scanning iterative 

multi-harmonic balance method was a quarter of that for the multi-harmonic balance 

method (results may be different depending on programming skill). Moreover, once 

the program frame is built, this method can be used for analyzing different non-linear 

systems with minor changes. 

From the scanning iterative multi-harmonic balance method, a comparison can 

be made between a traditional suspension system and a suspension system with a 

two-terminal device with adaptive flywheel, which is shown in Figure 7.9. 
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(c)                                 (d) 

Figure 7.9 Comparison between the traditional suspension system and 

suspension system of two-terminal device with adaptive flywheel under different 

amplitude inputs:  a) 1sB cm , b) 5sB cm , c) 10sB cm , and d) 20sB cm . 

 

Figure 7.9 shows the comparison between the traditional suspension system and 

suspension system with a two-terminal device with adaptive flywheel, under different 

amplitude inputs. The results imply that the displacement transmissibility of the 

traditional suspension system out-performs the suspension system of the two-terminal 

device with the adaptive flywheel, which agrees with the results of the analysis of the 

suspension deflection in chapter 4. The situation becomes worse when the frequency 

reaches the resonance frequency. However, based on Figure 7.9, the resonance 

frequency of the suspension system with the two-terminal device with the adaptive 
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flywheel is much lower than that of the traditional suspension system. For example, 

from Figure 7.9 (d), the resonance frequency is only 0.35Hz, which implies that in 

order to reach the resonance frequency, the velocity of the vehicle must be around 8 

km/hr. Under most circumstances, the velocity of a vehicle is much faster than this 

speed, which means that the peak in the displacement transmissibility will not 

correspond to normal operating conditions.    

Another phenomenon can be observed in Figure 7.9. Unlike the traditional 

suspension system, the resonance frequency of the suspension system with a 

two-terminal device with adaptive flywheel changes with the amplitude of the input. 

As previously mentioned, this is caused by the equivalent mass generated by the 

adaptive flywheel. By using the scanning iterative multi-harmonic balance method, 

the resonance frequency of the suspension system of the two-terminal device with 

adaptive flywheel can be observed directly, which can help to redesign the flywheel to 

avoid a certain frequency. For example, if the situation requires a lower resonance 

frequency, some weight can be added to the frame of the adaptive flywheel, or the 

stiffness of the spring can be reduced, which allows the slider to reach the maximum 

displacement even under a relatively small input.  

7.6. Conclusions  

In this chapter, in order to analyze the steady state response, three different 

methods were proposed to analyze the steady state response of the two-terminal device 

with adaptive flywheel. These methods are the single harmonic balance method, the 

multi-harmonic balance method and the scanning iterative multi-harmonic balance 

method, respectively. 

The single harmonic balance method can be used to analyze the steady state 

response of the system under small amplitude input without super-harmonic or 

sub-harmonic responses. However, the accuracy of the solution of single harmonic 

balance method will decrease with an increase in the amplitude of the inputs. 
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Moreover, the single harmonic balance method cannot capture super-harmonic or 

sub-harmonic responses. 

For the multi-harmonic balance method, the solution captures the super-harmonic 

responses of each input. Additionally, when the frequency of inputs reaches the 

resonance frequency, the solution of the multi-harmonic balance method is still 

accurate even under high input amplitude. Due to the complexity of the differential 

equation of motion for this system, the computation to obtain all the coefficients for 

the multi-harmonic balance method is difficult. 

In view of the difficulties with the multi-harmonic balance method, a new 

scanning iterative multi-harmonic balance method was proposed to analyze the steady 

state frequency response of the adaptive flywheel. The results indicate that the 

scanning iterative multi-harmonic balance method provides a more accurate system 

response than the multi-harmonic balance method with much less computational 

effort. 

At the end of the chapter, a comparison of the displacement transmissibility 

between the traditional suspension system and a suspension system with a 

two-terminal device with adaptive flywheel under different amplitude inputs was 

carried out. The results show that the traditional suspension system out-performs the 

suspension system of the two-terminal device with the adaptive flywheel when the 

frequency is around the resonance frequency. However, in order to be at the resonance 

frequency, the velocity of the vehicle needs to be extremely low.  
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8. Conclusion   

8.1. Concluding remarks  

In this thesis, adaptive flywheels made of two different materials are proposed, and 

the corresponding mathematical models for the adaptive flywheels are developed. 

Two-terminal hydraulic device and two-terminal inverse screw device are introduced to 

analyze these adaptive flywheels. The mathematical models for both two-terminal 

devices are also formulated. Experiments are carried out to identify key parameters for 

both the two-terminal hydraulic system and inverse screw system. More experiments 

are applied to verify the accuracy of these parameters and mathematical models, and 

the close agreement between theoretical and measured forces indicates the accuracy 

of both systems. In both experiments, spike forces are discovered, which are caused 

by backlash. In order to minimize the spike forces during experiments, a hydraulic 

rectifier is proposed in the experiments. Through adding the hydraulic rectifier, the 

spike forces in the two-terminal hydraulic system are reduced, which eventually leads 

to improved accuracy of key parameters and the mathematical model.  

By applying the adaptive flywheel to an ideal two-terminal device, three 

different suspension systems are introduced and evaluated by three of the most 

commonly used performance criteria. The results indicate that a suspension system 

with a two-terminal device with adaptive flywheel out-performs the other two 

suspension systems in most cases, suggesting promising potential of the adaptive 

flywheel for use in vehicle suspension system. The relationship between changing 

ratio of adaptive flywheel and suspension performance was discussed. By determining 

the optimal changing ratio, the optimal design of the adaptive flywheel can be 

calculated, which provides a guiding design principle under certain conditions. 

Through introducing a real two-terminal hydraulic system with identified 

parameters, two different suspension systems are proposed. The results of 

performance evaluation demonstrate that the suspension system consisting of a 

two-terminal device with adaptive flywheel performs better than both the traditional 
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system and the suspension system consisting of a two-terminal device without 

adaptive flywheel. These results imply that the suspension system provides better 

performance with an adaptive flywheel under a real two-terminal hydraulic system.  

Therefore, such a suspension system could be applied to a vehicle suspension system. 

The optimal changing ratio is higher than for the ideal two-terminal hydraulic system 

even under the same conditions.  

To analyze the steady state response, three different methods were applied to 

analyze the steady state response of the two-terminal device with adaptive flywheel. 

These methods are the single harmonic balance method, the multi-harmonic balance 

method and the scanning iterative multi-harmonic balance method, respectively. 

Compared to the single harmonic balance method, the multi-harmonic balance 

method provides a much more accurate system response. However, the 

multi-harmonic balance method is computationally intensive. With complex 

mathematical system models, it can be difficult to obtain the system response with 

this method. To simplify the calculation process for the frequency response, a new 

scanning iterative multi-harmonic balance method was proposed. Results indicate that 

this method provides a more accurate system response than the single harmonic 

balance method with much less computational effort. 

 

8.2. Future work  

Some examples of further research directions based on the proposed approach 

are: 

1. Although the system models were evaluated experimentally, the performance 

evaluation of the suspension response in this thesis is based on simulation. In the 

future, a prototype of a two-terminal device with adaptive flywheel can be built 

and installed on a suspension system of a car. By recording the vibration signal, 

the real performance of the proposed suspension system can be experimentally 
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verified. 

2. In this thesis, the proposed two-terminal device with adaptive flywheel is too big 

to be installed on a suspension system of car. Therefore, the design of this system 

should be improved to reduce the size of the two-terminal device.  

3. Further research on reducing the components of the adaptive flywheel and 

increasing the reliability also needs to be performed.  
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Appendix A – Signals used in Model Validation  

Table of part experimental data for section 4.1 

 Signal type Frequency Amplitude Recording 

length 

purpose 

1  Triangular  0.1Hz 0.05m 100 seconds Identification  

2  Triangular 0.1Hz 0.1m 100 seconds Identification 

3  Triangular 0.2Hz 0.05m 50 seconds Identification 

4  Triangular 0.2Hz 0.1m 50 seconds Identification 

5  Triangular 0.5Hz 0.05m 20 seconds Identification 

6  Triangular 0.5Hz 0.1m 20 seconds Validation 

7  Triangular 0.5Hz 0.15m 20seconds Identification 

8  Triangular 1Hz 0.05m 10 seconds Identification 

9  Triangular 1Hz 0.1m 10 seconds Validation 

10  Triangular 1Hz 0.15m 10 seconds Identification 

11  Sinusoidal  0.1Hz 0.01m 100 seconds Validation 

12  Sinusoidal 0.1Hz 0.02m 100 seconds Identification 

13  Sinusoidal 0.1Hz 0.03m 100 seconds Validation 

14  Sinusoidal 0.1Hz 0.05m 100 seconds Validation 

15  Sinusoidal 0.1Hz 0.08m 100 seconds Validation 

16  Sinusoidal  0.1Hz 0.10m 100 seconds Identification 

17  Sinusoidal 0.1Hz 0.12m 100 seconds Validation 

18  Sinusoidal 0.1Hz 0.15m 100 seconds Identification 

19  Sinusoidal 0.2Hz 0.01m 50 seconds Validation 

20  Sinusoidal 0.2Hz 0.02m 50 seconds Identification 

21  Sinusoidal  0.2Hz 0.03m 50 seconds Validation 

22  Sinusoidal 0.2Hz 0.05m 50 seconds Identification 

23  Sinusoidal 0.2Hz 0.08m 50 seconds Validation 
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24  Sinusoidal 0.2Hz 0.10m 50 seconds Identification 

25  Sinusoidal 0.2Hz 0.12m 50 seconds Validation 

26  Sinusoidal  0.2Hz 0.15m 50 seconds Identification 

27  Sinusoidal 0.4Hz 0.01m 25 seconds Validation 

28  Sinusoidal 0.4Hz 0.02m 25 seconds Identification 

29  Sinusoidal 0.4Hz 0.03m 25 seconds Identification 

30  Sinusoidal 0.4Hz 0.05m 25 seconds Validation 

31  Sinusoidal  0.4Hz 0.08m 25 seconds Identification 

32  Sinusoidal 0.4Hz 0.10m 25 seconds Validation 

33  Sinusoidal 0.4Hz 0.12m 25 seconds Identification 

34  Sinusoidal 0.4Hz 0.15m 25 seconds Validation 

35  Sinusoidal 0.5Hz 0.01m 20 seconds  Identification 

36  Sinusoidal  0.5Hz 0.02m 20 seconds Validation 

37  Sinusoidal 0.5Hz 0.03m 20 seconds Identification 

38  Sinusoidal 0.5Hz 0.05m 20 seconds Validation 

39  Sinusoidal 0.5Hz 0.08m 20 seconds Validation 

40  Sinusoidal 0.5Hz 0.10m 20 seconds Validation 

41  Sinusoidal  0.5Hz 0.12m 20 seconds Validation 

42  Sinusoidal 0.5Hz 0.15m 20 seconds Identification 

43  Sinusoidal 1Hz 0.01m 10 seconds Validation 

44  Sinusoidal 1Hz 0.02m 10 seconds Validation 

45  Sinusoidal 1Hz 0.03m 10 seconds Identification 

46  Sinusoidal  1Hz 0.05m 10 seconds Validation 

47  Sinusoidal 1Hz 0.08m 10 seconds Identification 

48  Sinusoidal 1Hz 0.10m 10 seconds Validation 

49  Sinusoidal 1Hz 0.12m 10 seconds Identification 

50  Sinusoidal 1Hz 0.15m 10 seconds Validation 

51  Sinusoidal  2Hz 0.01m 5 seconds Validation n 
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52  Sinusoidal 2Hz 0.02m 5 seconds Validation 

53  Sinusoidal 2Hz 0.03m 5 seconds Identification 

54  Sinusoidal 2Hz 0.05m 5 seconds Validation 

55  Sinusoidal 2Hz 0.08m 5 seconds Identification 

56  Sinusoidal  2Hz 0.10m 5 seconds Validation 

57  Sinusoidal 2Hz 0.12m 5 seconds Identification 

58  Sinusoidal 2Hz 0.15m 5 seconds Validation 

59  Sinusoidal 5Hz 0.01m 2 seconds Validation 

60  Sinusoidal 5Hz 0.02m 2 seconds Identification 

61  Sinusoidal  5Hz 0.03m 2 seconds Identification 

62  Sinusoidal 5Hz 0.05m 2 seconds Validation 

63  Sinusoidal 5Hz 0.08m 2 seconds Validation 

64  Sinusoidal 10Hz 0.01m 1 seconds Validation 

65  Sinusoidal 10Hz 0.02m 1 seconds Identification 

66  Sinusoidal  10Hz 0.03m 1 seconds Validation 

67  Sinusoidal 10Hz 0.05m 1 seconds Identification 

68  Sinusoidal 10Hz 0.08m 1 seconds Validation 

 

 

Table of part experimental data for section 4.2 and section 4.3 

 Signal type Frequency Amplitude Recording 

length 

purpose 

1  Sinusoidal  0.1Hz 0.01m 100 seconds Validation 

2  Sinusoidal 0.1Hz 0.02m 100 seconds Identification 

3  Sinusoidal 0.1Hz 0.03m 100 seconds Validation 

4  Sinusoidal 0.1Hz 0.05m 100 seconds Validation 

5  Sinusoidal 0.1Hz 0.08m 100 seconds Validation 

6  Sinusoidal  0.1Hz 0.10m 100 seconds Identification 
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7  Sinusoidal 0.1Hz 0.12m 100 seconds Validation 

8  Sinusoidal 0.1Hz 0.15m 100 seconds Identification 

9  Sinusoidal 0.1Hz 0.18m 100 seconds Validation 

10  Sinusoidal 0.1Hz 0.20m 100 seconds Validation 

11  Sinusoidal 0.2Hz 0.01m 50 seconds Validation 

12  Sinusoidal 0.2Hz 0.02m 50 seconds Identification 

13  Sinusoidal  0.2Hz 0.03m 50 seconds Validation 

14  Sinusoidal 0.2Hz 0.05m 50 seconds Identification 

15  Sinusoidal 0.2Hz 0.08m 50 seconds Validation 

16  Sinusoidal 0.2Hz 0.10m 50 seconds Identification 

17  Sinusoidal 0.2Hz 0.12m 50 seconds Validation 

18  Sinusoidal  0.2Hz 0.15m 50 seconds Identification 

19  Sinusoidal 0.2Hz 0.18m 50 seconds Validation 

20  Sinusoidal 0.2Hz 0.20m 50 seconds Validation 

21  Sinusoidal 0.4Hz 0.01m 25 seconds Validation 

22  Sinusoidal 0.4Hz 0.02m 25 seconds Identification 

23  Sinusoidal 0.4Hz 0.03m 25 seconds Identification 

24  Sinusoidal 0.4Hz 0.05m 25 seconds Validation 

25  Sinusoidal  0.4Hz 0.08m 25 seconds Identification 

26  Sinusoidal 0.4Hz 0.10m 25 seconds Validation 

27  Sinusoidal 0.4Hz 0.12m 25 seconds Identification 

28  Sinusoidal 0.4Hz 0.15m 25 seconds Validation 

29  Sinusoidal 0.4Hz 0.18m 25 seconds Validation 

30  Sinusoidal 0.4Hz 0.20m 25 seconds Validation 

31  Sinusoidal 0.5Hz 0.01m 20 seconds  Identification 

32  Sinusoidal  0.5Hz 0.02m 20 seconds Validation 

33  Sinusoidal 0.5Hz 0.03m 20 seconds Identification 

34  Sinusoidal 0.5Hz 0.05m 20 seconds Validation 
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35  Sinusoidal 0.5Hz 0.08m 20 seconds Validation 

36  Sinusoidal 0.5Hz 0.10m 20 seconds Validation 

37  Sinusoidal  0.5Hz 0.12m 20 seconds Validation 

38  Sinusoidal 0.5Hz 0.15m 20 seconds Identification 

39  Sinusoidal 0.5Hz 0.18m 20 seconds Validation 

40  Sinusoidal 0.5Hz 0.20m 20 seconds Validation 

41  Sinusoidal 1Hz 0.01m 10 seconds Validation 

42  Sinusoidal 1Hz 0.02m 10 seconds Validation 

43  Sinusoidal 1Hz 0.03m 10 seconds Identification 

44  Sinusoidal  1Hz 0.05m 10 seconds Validation 

45  Sinusoidal 1Hz 0.08m 10 seconds Identification 

46  Sinusoidal 1Hz 0.10m 10 seconds Validation 

47  Sinusoidal 1Hz 0.12m 10 seconds Identification 

48  Sinusoidal 1Hz 0.15m 10 seconds Validation 

49  Sinusoidal 1Hz 0.18m 10 seconds Validation 

50  Sinusoidal 1Hz 0.20m 10 seconds Validation 

51  Sinusoidal  2Hz 0.01m 5 seconds Validation n 

52  Sinusoidal 2Hz 0.02m 5 seconds Validation 

53  Sinusoidal 2Hz 0.03m 5 seconds Identification 

54  Sinusoidal 2Hz 0.05m 5 seconds Validation 

55  Sinusoidal 2Hz 0.08m 5 seconds Identification 

56  Sinusoidal  2Hz 0.10m 5 seconds Validation 

57  Sinusoidal 2Hz 0.12m 5 seconds Identification 

58  Sinusoidal 2Hz 0.15m 5 seconds Validation 

59  Sinusoidal 5Hz 0.01m 2 seconds Validation 

60  Sinusoidal 5Hz 0.02m 2 seconds Identification 

61  Sinusoidal  5Hz 0.03m 2 seconds Identification 

62  Sinusoidal 5Hz 0.05m 2 seconds Validation 
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63  Sinusoidal 5Hz 0.08m 2 seconds Validation 

64  Sinusoidal 5Hz 0.1m 2 seconds Validation 

65  Sinusoidal 5Hz 0.12m 2 seconds Validation 

66  Sinusoidal 5Hz 0.15m 2 seconds Validation 

67  Sinusoidal 10Hz 0.01m 1 seconds Validation 

68  Sinusoidal 10Hz 0.02m 1 seconds Identification 

69  Sinusoidal  10Hz 0.03m 1 seconds Validation 

70  Sinusoidal 10Hz 0.05m 1 seconds Identification 

71  Sinusoidal 10Hz 0.12m 1 seconds Validation 

72  Sinusoidal 10Hz 0.15m 1 seconds Validation 
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Appendix B - Code 

Code of simulation:  

t = cell(size(Freqs));  

Resp = t;  

Ft = t; 

RespAmp = Freqs;  

tSeg = zeros(size(t)); 

    StartPnt = [];                                                        

    N = length(nCycles); 

t1 = cell(N,1);  

Resp1 = t1;  

Ft1 = t1; 

    for i = 1:N 

        ExParas.A = Amps(i); ExParas.Omega = 2 * pi * Freqs(i); 

        SysParas = fnUpdateSys(ExParas,SysParas,BWParas); 

        if ~isempty(StartPnt) 

            StartPnt(1) = StartPnt(1) / SysParas.L; 

            StartPnt(2) = SysParas.T / SysParas.L * StartPnt(2); 

        end 

        [~,f0] = fnExcite(SysParas,[]); 

        [t{i},Resp{i}] = 

fnNumSim(SysParas,BWParas,fnExcite,f0,nCycles(i),StartPnt); 

        Ft{i} = fnExcite(SysParas,t{i}); 

        [t{i},Resp{i}] = fnTransResult(t{i},Resp{i},SysParas);   

        [~,Ft{i}] = fnTransResult(t{i},Ft{i},SysParas); 

        RespAmp(i) = GetAmp(t{i},Resp{i}(:,1) + Ft{i},Freqs(i),false);       

        if i > 1 

            t1{i} = t1{i - 1}(end) + t{i}(2:end); 

            Resp1{i} = Resp{i}(2:end,1); 

            Ft1{i} = Ft{i}(2:end); 

            tSeg(i) = t1{i - 1}(end); 

        else 

            t1(i) = t(i); 

            Resp1{i} = Resp{i}(:,1); 

            Ft1{i} = Ft{i}; 

            tSeg(i) = 0; 

        end 

        if ~isempty(hFigs) 

            if i > idxTurningPnt 

                bSweepUp = false; 
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            else 

                bSweepUp = true; 

            end 

            

UpdatePlot(t1{i},Ft1{i},Resp1{i},Freqs(i),hFigs,bSweepUp,2); 

        end 

        StartPnt = [Resp{i}(end,:)]';                                      

    end 

        for i = 1:N 

    end  

    t1 = cell2mat(t1);  

    Resp1 = cell2mat(Resp1);  

    Ft1 = cell2mat(Ft1); 

end 

function Amp = GetAmp(t,x,f0,bIncludeDC) 

    T = 2 / f0;                                                              

    tStart = t(end) - T;                                                     

    xStart = interp1(t,x,tStart,'pchip');                                   

    idx = find(t > tStart,1);                                               

    tAmp = [tStart;t(idx:end)]; 

    Resp = [xStart;x(idx:end)]; 

    DC = mean(Resp); 

    Amp = (max(Resp) - min(Resp)) / 2; 

    if bIncludeDC 

        Amp = Amp + DC; 

    end 

end 

function UpdatePlot(t,xg,x,f0,hFigs,bSweepUp,nPhaseCyclesCnt) 

    hFigx = []; hFigPhase = []; 

    if ~isempty(hFigs) 

        hFigx = hFigs(1);  

        if length(hFigs) == 2 

            hFigPhase = hFigs(2); 

        end 

    end 

    if bSweepUp 

        szStyle = 'y'; 

    else 

        szStyle = 'g'; 

    end 

    if ~isempty(hFigx) 

        figure(hFigx); 

        plot(t,x,szStyle); 
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        plot(t,xg,'c--'); 

        tmp = axis; 

        plot([t(1),t(1)],[tmp(3),tmp(4)],'r--'); 

    end 

    if ~isempty(hFigPhase) 

        figure(hFigPhase); 

        tSpan = nPhaseCyclesCnt / f0; 

        idxStart = find(t <= t(end) - tSpan,1,'last'); 

        plot(xg(idxStart:end),xg(idxStart:end) + 

x(idxStart:end),szStyle); 

    end 

end 

 

function dz=fQCI(t,z)%quarter car impulse input 

%z(1)=x3, z(2)=x3', z(3)=x2, 

z(4)=x2',z(5)=x3e,z(6)=x3e',z(7)=x2e,z(8)=x2e', 

mt=30; 

m=320; 

ct=700; 

c=7000; 

kt=100000; 

k=80000; 

dz=zeros(8,1); 

t1=0; 

t2=0.001; 

dz(1)=z(2); 

dz(2)=-k/m*(z(1)-z(3))-c/m*(z(2)-z(3)); 

dz(3)=z(4); 

dz(4)=-kt/mt*(z(3)-(stepfun(t,t1)-stepfun(t,t2)))-ct/mt*z(4)+k/mt*(z(

1)-z(3))+c/mt*(z(2)-z(3)); 

dz(5)=z(6); 

me=(0.000883+0.14*(2.025/(90-32368*(dz(6)-dz(8)).^2)).^2)*924797; 

dz(6)=me/m*(dz(6)-dz(8))-k/m*(z(5)-z(7))-c/m*(z(6)-z(8)); 

dz(7)=z(8); 

dz(8)=-me/mt*(dz(6)-dz(8))-kt/mt*(z(7)-(stepfun(t,t1)-stepfun(t,t2)))

-ct/mt*z(8)+k/mt*(z(5)-z(7))-c/mt*(z(6)-z(8)); 

end 

 

function dz=fQCs(t,z)%quarter car sinusoidal input 

%z(1)=x3, z(2)=x3', z(3)=x2, 

z(4)=x2',z(5)=x3e,z(6)=x3e',z(7)=x2e,z(8)=x2e', 

mt=30; 

m=320; 
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ct=700; 

c=7000; 

kt=100000; 

k=80000; 

Ip=10*sin(2*t); 

Ip1=20*cos(2*t); 

dz=zeros(8,1); 

dz(1)=z(2); 

dz(2)=-k/m*(z(1)-z(3))-c/m*(z(2)-z(3)); 

dz(3)=z(4); 

dz(4)=-kt/mt*(z(3)-Ip)-ct/mt*(z(4)-Ip1)+k/mt*(z(1)-z(3))+c/mt*(z(2)-z

(3)); 

dz(5)=z(6); 

me=(0.000883+0.14*(2.025/(90-32368*(dz(6)-dz(8)).^2)).^2)*924797; 

dz(6)=me/m*(dz(6)-dz(8))-k/m*(z(5)-z(7))-c/m*(z(6)-z(8)); 

dz(7)=z(8); 

dz(8)=-me/mt*(dz(6)-dz(8))-kt/mt*(z(7)-Ip)-ct/mt*(z(8)-Ip1)+k/mt*(z(5

)-z(7))-c/mt*(z(6)-z(8)); 

end 

 

function dz=fQCZ(t,z)%quarter car zero inout 

%z(1)=x3, z(2)=x3', z(3)=x2, 

z(4)=x2',z(5)=x3e,z(6)=x3e',z(7)=x2e,z(8)=x2e', 

mt=30; 

m=320; 

ct=700; 

c=7000; 

kt=100000; 

k=80000; 

dz=zeros(8,1); 

dz(1)=z(2); 

dz(2)=-k/m*(z(1)-z(3))-c/m*(z(2)-z(3)); 

dz(3)=z(4); 

dz(4)=-kt/mt*z(3)-ct/mt*z(4)+k/mt*(z(1)-z(3))+c/mt*(z(2)-z(3)); 

dz(5)=z(6); 

me=(0.000883+0.14*(2.025/(90-32368*(dz(6)-dz(8)).^2)).^2)*924797; 

dz(6)=me/m*(dz(6)-dz(8))-k/m*(z(5)-z(7))-c/m*(z(6)-z(8)); 

dz(7)=z(8); 

dz(8)=-me/mt*(dz(6)-dz(8))-kt/mt*z(7)-ct/mt*z(8)+k/mt*(z(5)-z(7))-c/m

t*(z(6)-z(8)); 

end 

 

x=[0  0.15 0.23 0.25 ]; 
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y=[0   0.64  1.12  1 ]; 

values = spcrv([[x(1) x x(end)];[y(1) y y(end)]],3); 

 plot(values(1,:),values(2,:)); 

 hold on; 

 x=[0  0.15 0.23 0.25 ]; 

y=[0   0.64  1.12  1 ]; 

values = spcrv([[x(1) x x(end)];[y(1) y y(end)]],3); 

 plot(values(1,:),values(2,:),'d'); 

 hold on; 

x=[ 0  0.125 0.22     0.2500]; 

y=[  0   2.111 4.44    4.0379]; 

values = spcrv([[x(1) x x(end)];[y(1) y y(end)]],3); 

 plot(values(1,:),values(2,:),'m'); 

 hold on; 

 x=[ 0  0.125 0.22     0.2500]; 

y=[  0   2.111 4.44    4.0379]; 

values = spcrv([[x(1) x x(end)];[y(1) y y(end)]],3); 

 plot(values(1,:),values(2,:),'md'); 

 hold on; 

x=[ 0  0.125 0.2     0.2500]; 

y=[ 0   3.5  7.7   6.9504  ]; 

values = spcrv([[x(1) x x(end)];[y(1) y y(end)]],3); 

 plot(values(1,:),values(2,:),'r'); 

 hold on; 

 x=[ 0  0.125 0.2     0.2500]; 

y=[ 0   3.5  7.7   6.9504  ]; 

values = spcrv([[x(1) x x(end)];[y(1) y y(end)]],3); 

 plot(values(1,:),values(2,:),'rd'); 

 hold on; 

x=[ 0  0.125  0.18    0.2500]; 

y=[0    5  12.96  10.0414]; 

values = spcrv([[x(1) x x(end)];[y(1) y y(end)]],3); 

 plot(values(1,:),values(2,:),'k'); 

 hold on; 

 x=[ 0  0.125  0.18    0.2500]; 

y=[0    5  12.96  10.0414]; 

values = spcrv([[x(1) x x(end)];[y(1) y y(end)]],3); 

 plot(values(1,:),values(2,:),'kd'); 

 hold on; 

x=[0    0.125  0.15    0.2500]; 

y=[ 0     8.1    20.12 16.2462]; 

values = spcrv([[x(1) x x(end)];[y(1) y y(end)]],3); 

 plot(values(1,:),values(2,:),'g'); 
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 hold on; 

 x=[0    0.125  0.15    0.2500]; 

y=[ 0     8.1    20.12 16.2462]; 

values = spcrv([[x(1) x x(end)];[y(1) y y(end)]],3); 

 plot(values(1,:),values(2,:),'gd'); 

 hold on; 

x=[ 0    0.0500     0.11  0.2500]; 

y=[  0   20.9996     50  42.4126]; 

values = spcrv([[x(1) x x(end)];[y(1) y y(end)]],3); 

 plot(values(1,:),values(2,:),'c'); 

 hold on; 

 x=[ 0    0.0500     0.11  0.2500]; 

y=[  0   20.9996     50  42.4126]; 

values = spcrv([[x(1) x x(end)];[y(1) y y(end)]],3); 

 plot(values(1,:),values(2,:),'cd'); 

 hold on; 

xlabel('Frequency (Hz)'); 

ylabel('Amplitude (cm)'); 

legend('Simulation','SIMHB') 

 

clear all% on degre freedom with zero input 

  

z0=[0.1;0;0.1;0]; 

%z0=[0;0;0;0] 

  

  

[t,z]=ode45(@F11,[0,10],z0); 

plot(t,z(:,3),'--'); 

hold on; 

[t,z]=ode45(@F12,[0,10],z0); 

plot(t,z(:,3),'--'); 

hold on; 

[t,z]=ode45(@F1,[0,10],z0); 

plot(t,z(:,1),t,z(:,3),'--'); 

hold on; 

xlabel ('T'); 

ylabel ('Displacement'); 

legend ('Traditional','Flywheel') 

 

clear all% on degre freedom with sinusoidal input 

  

%z0=[0.1;0;0.1;0]; 

z0=[0;0;0;0]; 
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[t,z]=ode45(@F31,[0,30],z0); 

plot(t,z(:,3),'--r'); 

hold on; 

[t,z]=ode45(@F32,[0,30],z0); 

plot(t,z(:,3),'--'); 

hold on; 

[t,z]=ode45(@F3,[0,30],z0); 

plot(t,z(:,1),t,z(:,3),'--k'); 

hold on; 

xlabel ('T'); 

ylabel ('Displacement'); 

legend ('Min','Max','Traditional','Flywheel') 

 

clear all% on degre freedom with impulse input 

  

%z0=[0.1;0;0.1;0]; 

z0=[0;0;0;0]; 

  

[t,z]=ode45(@F2,[0,10],z0); 

plot(t,z(:,1),t,z(:,3),'--'); 

  

xlabel ('T'); 

ylabel ('Displacement'); 

legend ('Traditional','Flywheel') 

 

[t,z]=ode45(@F41,[0,30],z0);%0.05 

a=max(z(:,3)); 

E=zeros(2,21); 

E(:,2)=[0.05,a]; 

[t,z]=ode45(@F42,[0,30],z0);%0.1 

a=max(z(:,3)); 

E(:,3)=[0.1,a]; 

[t,z]=ode45(@F43,[0,30],z0);%0.25 

a=max(z(:,3)); 

E(:,4)=[0.25,a]; 

[t,z]=ode45(@F44,[0,30],z0);%0.35 

a=max(z(:,3)); 

E(:,5)=[0.35,a]; 

[t,z]=ode45(@F45,[0,30],z0);%0.375 

a=max(z(:,3)); 

E(:,6)=[0.375,a]; 
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[t,z]=ode45(@F46,[0,30],z0);%0.38 

a=max(z(:,3)); 

E(:,7)=[0.38,a]; 

[t,z]=ode45(@F47,[0,30],z0);%0.385 

a=max(z(:,3)); 

E(:,8)=[0.385,a]; 

[t,z]=ode45(@F48,[0,30],z0);%0.39 

a=max(z(:,3)); 

E(:,9)=[0.39,a]; 

[t,z]=ode45(@F49,[0,30],z0);%0.395 

a=max(z(:,3)); 

E(:,10)=[0.395,a]; 

[t,z]=ode45(@F5,[0,30],z0);%0.4 

a=max(z(:,3)); 

E(:,11)=[0.4,a]; 

[t,z]=ode45(@F51,[0,30],z0);%0.405 

a=max(z(:,3)); 

E(:,12)=[0.405,a]; 

[t,z]=ode45(@F52,[0,30],z0);%0.41 

a=max(z(:,3)); 

E(:,13)=[0.41,a]; 

[t,z]=ode45(@F53,[0,30],z0);%0.415 

a=max(z(:,3)); 

E(:,14)=[0.415,a]; 

[t,z]=ode45(@F54,[0,30],z0);%0.42 

a=max(z(:,3)); 

E(:,15)=[0.42,a]; 

[t,z]=ode45(@F55,[0,30],z0);%0.425 

a=max(z(:,3)); 

E(:,16)=[0.425,a]; 

[t,z]=ode45(@F56,[0,30],z0);%0.45 

a=max(z(:,3)); 

E(:,17)=[0.45,a]; 

[t,z]=ode45(@F57,[0,30],z0);%0.5 

a=max(z(:,3)); 

E(:,18)=[0.5,a]; 

[t,z]=ode45(@F58,[0,30],z0);%1 

a=max(z(:,3)); 

E(:,19)=[1,a]; 

[t,z]=ode45(@F59,[0,30],z0);%2.5 

a=max(z(:,3)); 

E(:,20)=[2.5,a]; 

[t,z]=ode45(@F6,[0,30],z0);%5 
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a=max(z(:,3)); 

E(:,21)=[5,a]; 

d=max(E(2,:)) 

E(2,:)=E(2,:)/10; 

plot(E(1,:),E(2,:)); 

xlabel('Frequency (Hz)'); 

ylabel('Amplitude (Cm)'); 
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