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Abstract

Penalized regression serves as a powerful alternative to ordinary least squares for handling
multicollinearity. This property also holds true in survey sampling settings, where penalized
regression is implemented for data imputation. In this paper, we analyze the behaviour of
penalized regression estimators in survey contexts, focusing primarily on ridge regression and
its debiased versions based on minimizing the conditional mean squared error (CMSE). Our
study demonstrates that the proposed debiased approach performs well in controlling bias
across various correlation structures and covariate dimensions, although it does not strictly
outperform standard penalty selection methods such as cross-validation. Furthermore, we
evaluate two methods for estimating the MSE of the imputed estimator: one based on Särn-
dal’s variance estimation framework and another relying on a pseudo-population bootstrap.
The study of these MSE estimators illustrates how high-dimensional data impacts the valid-
ity and stability of these MSE estimators.
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Chapter 1

Introduction

Survey sampling plays an important role in many areas such as public policy and economics,
where the goal is to estimate characteristics of a finite population. In practice, however,
survey data are often incomplete. One common issue is item nonresponse, where some
sampled units do not answer certain questions. In some cases, this can affect the quality
of the data and lead to biased estimates if not handled properly. (e.g., Little and Rubin
[2019]).

A common way to deal with item nonresponse is to use imputation methods. In particular,
linear deterministic imputation replaces missing values with predictions based on observed
auxiliary variables. These predictions are usually obtained from linear regression models
estimated by Ordinary Least Squares (OLS). While OLS works well in many situations, it
can perform poorly when the auxiliary variables are highly correlated, which is often the
case with modern, high-dimensional data.

When multicollinearity is present, the regression matrix becomes unstable, and the OLS
estimator can have a large variance. This instability can negatively affect both the imputed
values and the final population estimates. To address this issue, regularization methods such
as Ridge regression and LASSO are often used. These methods introduce a penalty that
reduces variance and stabilizes the estimates, at the cost of introducing some bias.Tibshirani
[1996] Hoerl and Kennard [1970]

However, using regularized regression for imputation raises another issue. The bias in-
troduced by regularization can propagate to the estimation of population totals, which is
problematic in a survey sampling context. Therefore, it is important to develop methods
that can handle multicollinearity while controlling this bias.

In this thesis, we propose an imputation method based on the m-th order debiased Ridge
estimator. The goal is to reduce the bias introduced by regularization while keeping the
stability benefits of Ridge regression. In addition, instead of selecting the tuning parameter
using standard cross-validation, we introduce a Conditional Mean Squared Error (CMSE)
criterion that is more appropriate for survey estimation. This criterion is developed under
the mpq-framework, which accounts for the imputation model (m), the sampling design (p),
and the nonresponse mechanism (q). It allows us to choose the tuning parameter in a way
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1. INTRODUCTION 2

that balances bias and variance for the estimator of a population mean.

The remainder of this thesis is organized as follows:

- Chapter 2 reviews the main concepts of linear and penalized regression in a classi-
cal setting, outside the survey sampling framework. In this chapter, we work with
standard i.i.d. data and focus on the estimation of the regression coefficients β, rather
than on finite population parameters. We introduce the Ordinary Least Squares (OLS)
estimator, the Ridge estimator, and the n-th order debiased Ridge estimator. A sim-
ulation study is then conducted to examine the behavior of the Ridge and debiased
Ridge estimators under different levels of multicollinearity. The chapter concludes with
a brief introduction to the LASSO and post-LASSO estimators, again in the context
of estimating the regression coefficients β.

- Chapter 3 introduces the basic concepts of survey sampling, including common sam-
pling designs and classical estimators such as the Horvitz–Thompson estimator. The
chapter also presents model-assisted estimators, which incorporate auxiliary informa-
tion to improve efficiency. In particular, the Generalized Regression (GREG) estimator
is introduced as a key example. Finally, we provide a brief review of the existing liter-
ature on model-assisted estimators based on regularization methods, including Ridge,
debiased Ridge, and LASSO, as developed in the survey sampling context.

- Chapter 4 presents the first main methodological contribution of this thesis. In this
chapter, we consider the problem of imputation for missing values in a survey sampling
context. We study the properties of estimators obtained using Ridge regression and the
m-th order debiased Ridge estimator. In particular, we propose a method for selecting
the tuning parameter m based on the Conditional Mean Squared Error (CMSE), which
allows us to determine an optimal value of m. A comprehensive simulation study is
conducted to evaluate the performance of the proposed methodology. The results are
compared with alternative approaches, including imputation based on LASSO and
post-LASSO.

- Chapter 5 presents the second main contribution of this thesis. In practice, statistical
agencies are interested not only in point estimation, but also in providing measures of
uncertainty, such as variance or mean squared error (MSE) estimates. In this context,
the use of regularized estimators such as Ridge or debiased Ridge may introduce bias,
which must be properly accounted for when estimating the MSE. To address this
issue, we develop two approaches for MSE estimation under the mpq-framework. The
first approach is based on the variance decomposition proposed by Sarndal [1992]. The
second approach relies on a resampling method, namely a pseudo-population bootstrap.

- Chapter 6 concludes the thesis and discusses possible directions for future work.



Chapter 2

Penalized Regression in Classical
Statistics

2.1 Linear Regression: The Setup

In statistics, regression analysis is a technique used to examine the relationship between
a response variable, denoted as y, and one or more explanatory variables x. The letter
is also called predictors. The objectives of regression analysis are to estimate the value
of the response variable, understand the nature of the relationships between the variables,
conduct hypothesis testing to draw inferences about these relationships, or to predict future
or unobserved values of the response variable based on the explanatory variables.

The ordinary linear regression model assumes that the relationship between the response
variable y and the set of explanatory variables is linear. With n observations and p predictors,
x1, x2, . . . , xp, the model is formulated as

y = Xβ + ε, (2.1.1)

where

y =

⎡⎢⎢⎢⎣
y1
y2
...
yn

⎤⎥⎥⎥⎦ , X =

⎡⎢⎢⎢⎣
1 x11 x12 · · · x1p

1 x21 x22 · · · x2p
...

...
... . . . ...

1 xn1 xn2 · · · xnp

⎤⎥⎥⎥⎦ ,

β =

⎡⎢⎢⎢⎣
β0

β1
...
βp

⎤⎥⎥⎥⎦ , ε =

⎡⎢⎢⎢⎣
ε1
ε2
...
εn

⎤⎥⎥⎥⎦ .

We make the following customary assumptions about the errors ε.

(i) E(ε | X) = 0;

3



2. PENALIZED REGRESSION IN CLASSICAL STATISTICS 4

(ii) V(ε | X) = E(εε⊤ | X) = σ2In, where In denotes the identity matrix of order n.

That is, we assume that the errors εi are uncorrelated and identically distributed. In classical
regression, the design matrix is often treated as fixed, so we drop the conditioning on X when
evaluating expectations. It follows from (2.1.1) that

E(y) = Xβ,

V(y) = V(Xβ + ε) = σ2In.

Often, the random errors εi, i = 1, . . . , n, are assumed to follow a normal distribution, i.e.,
εi

i.i.d.∼ N (0, σ2). While this assumption is useful for deriving exact finite-sample inference,
it is not required for the unbiasedness and consistency of the ordinary least squares (OLS)
estimator. When the sample size is sufficiently large, the normality assumption can be
relaxed. In this case, the asymptotic normality of the OLS estimator, justified by the Central
Limit Theorem, allows us to perform approximate statistical inference, such as constructing
confidence intervals and conducting hypothesis tests.

Since the true values βj, j = 1, . . . , p, are unknown, they must be estimated from the observed
data. We seek an estimator ˆ︁β of β that minimizes the residual sum of squares

S(β) =
n∑︂

i=1

ε2i

= ε⊤ε

= (y −Xβ)⊤(y −Xβ)

= y⊤y − 2β⊤X⊤y + β⊤X⊤Xβ.

Taking the derivative ∂S(β)/∂β and setting it equal to zero yields the normal equations:

X⊤Xβ = X⊤y. (2.1.2)

Assuming that the matrix X⊤X is invertible, we obtain the OLS estimator of β:

ˆ︁β = (X⊤X)−1X⊤y. (2.1.3)

The OLS estimator exists only when X⊤X is invertible. If this matrix is singular, the OLS
estimator cannot be computed. Singularity arises in two main situations:

(i) Perfect multicollinearity: one or more columns of X can be expressed as exact linear
combinations of other columns. In this case, the rank of X, denoted r, is smaller than
p, making X⊤X non-invertible.

(ii) High-dimensional setting: when p > n, the rank of X⊤X is at most n, which is smaller
than p. Consequently, its determinant is zero and the matrix is non-invertible.
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Even when X⊤X is invertible, numerical issues may arise. In practice, the columns of X are
often nearly linearly dependent, a situation referred to as multicollinearity. In the presence
of multicollinearity, or when the ratio p/n is not small (that is, p/n → κ ∈ (0, 1)), the
matrix X⊤X becomes ill-conditioned. This means that some predictors are nearly linear
combinations of others, producing very small eigenvalues of X⊤X. When several eigenvalues
are close to zero, the inverse (X⊤X)−1 becomes unstable, leading to large variances in the
OLS estimator ˆ︁β.

As p/n → κ, results from random matrix theory show that the eigenvalues of (1/n)X⊤X
spread over an interval

[a(κ), b(κ)], where a(κ) → 0 as κ increases.

This behavior is formalized by the Marchenko–Pastur law (Marchenko and Pastur [1967]),
which describes the asymptotic distribution of the eigenvalues of sample covariance matrices.
According to this law, as κ increases, the smallest eigenvalue a(κ) approaches zero, indicating
that the design matrix becomes increasingly ill-conditioned and the OLS estimator unstable.
See also Bai and Silverstein [2010] for an in-depth treatment.

A common way to address this instability is through regularization, which introduces a
penalty term to stabilize estimation (for example, ridge regression or lasso). These ap-
proaches reduce variance at the cost of introducing a small bias, improving the estimator’s
overall mean squared error in ill-conditioned settings.

In this thesis, we restrict attention to the classical case where p < n and X⊤X is of full rank,
so that the OLS estimator in (2.1.3) exists and is well defined.

The OLS estimator ˆ︁β is unbiased for β since

Bias
(︂ˆ︁β)︂ = E

(︂ˆ︁β)︂− β

= (X⊤X)−1X⊤E(y)− β

= (X⊤X)−1X⊤Xβ − β

= β − β

= 0. (2.1.4)

The variance of ˆ︁β is given by

V
(︂ˆ︁β)︂ = V

{︁
(X⊤X)−1X⊤y

}︁
= V

{︁
(X⊤X)−1X⊤(Xβ + ϵ)

}︁
= V

{︁
(X⊤X)−1X⊤ϵ

}︁
= (X⊤X)−1X⊤V(ϵ)X(X⊤X)−1

= (X⊤X)−1X⊤(σ2In)X(X⊤X)−1
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= σ2(X⊤X)−1. (2.1.5)

According to the Gauss-Markov theorem, the OLS estimator, ˆ︁β is the Best Linear Unbiased
Estimator (BLUE), meaning that it has the smallest variance among all linear and unbiased
estimators of the coefficients.

2.2 Multicollinearity: The Effects

As mentioned above, a design matrix X is said to be ill-conditioned when its smallest singular
approaches 0. The degree of ill-conditioning is measured by the condition number, defined
as

κ(X) =
σmax(X)

σmin(X)
,

where σmax(X) and σmin(X) denote the largest and smallest singular values of X, respectively.
A matrix is considered well-conditioned when κ(X) is close to 1, indicating similar scales
among the singular values. Although there is no strict cutoff, condition numbers between
10 and 30 are typically interpreted as indicating moderate to strong ill-conditioning, while
values exceeding 30 are often regarded as severely ill-conditioned in practice.

To illustrate the effect of multicollinearity on the behavior of the OLS estimator, consider
the standard linear regression model with centered covariates x̃1, . . . , x̃p, each having mean
zero:

y = X̃β + ε, (2.2.1)

where X̃ is the centered design matrix. Since X̃⊤X̃ is symmetric, we can write its spectral
decomposition as

X̃⊤X̃ = PDP⊤,

where P is an orthogonal matrix satisfying P⊤P = PP⊤ = Ip, and D = diag(λ1, . . . , λp)
contains the eigenvalues of X̃⊤X̃. We can rewrite (2.2.1) as

y = X̃PP⊤β + ε

= Tη + ε, (2.2.2)

where T = X̃P and η = P⊤β.

Applying OLS to (2.2.2) yields an unbiased estimator of η:

ˆ︁η = (T⊤T)−1T⊤y. (2.2.3)

Now,

T⊤T = P⊤X̃⊤X̃P

= P⊤(PDP⊤)P
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= D,

so that T⊤T = D = diag(λ1, . . . , λp), where λj denotes the eigenvalue associated with the
j-th transformed predictor. It follows from (2.2.3) thatˆ︁η = D−1T⊤y

=

⎛⎜⎜⎜⎜⎜⎝
t⊤1 y

λ1...
t⊤p y

λp

⎞⎟⎟⎟⎟⎟⎠ , (2.2.4)

where t⊤j is the j-th row of T. Equation (2.2.4) shows that when an eigenvalue λj is small,
the corresponding estimated coefficient ˆ︁ηj can take on a very large value.

The variance of ˆ︁η is given by

V(ˆ︁η) = V(D−1T⊤y)

= D−1T⊤V(y)TD−1

= σ2D−1T⊤TD−1

= σ2D−1DD−1

= σ2D−1. (2.2.5)

Thus, the variance of each estimated coefficient ˆ︁ηj is proportional to 1/λj, becoming very
large when λj is small. In the extreme case of perfect multicollinearity, at least one eigen-
value equals zero, causing the corresponding coefficient to diverge to infinity.

Finally, the Mahalanobis norm of ˆ︁η is

∥ˆ︁η∥22 = ˆ︁η⊤ {︁σ2D−1
}︁−1 ˆ︁η =

y⊤TD−1T⊤y

σ2
,

which tends to be large in the presence of small eigenvalues, since D−1 contains the inverse
of the eigenvalues of the design matrix. Therefore, small eigenvalues lead to large entries in
D−1, which inflate the quadratic form. This observation suggests that one way to mitigate
the adverse effects of multicollinearity is to constrain or penalize the size of ˆ︁η, thereby
preventing it from becoming excessively large. This idea forms the foundation of the ridge
regression and lasso methods introduced in Sections 2.3 and 2.4.

2.3 Ridge Regression and Some Variants

Ridge regression, first proposed by Hoerl and Kennard [1970], is an alternative to ordinary
least squares (OLS) estimation. It has gained renewed popularity in recent years because
it stabilizes coefficient estimates in high-dimensional or highly collinear settings. Moreover,
its single tuning parameter makes it straightforward to implement and interpret. In this
section, we present the customary ridge estimator as well as some debiased versions.
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2.3.1 The Customary Ridge Estimator

Ridge regression is a modification of OLS where a penalty is added to shrink the regression
coefficients. This helps reduce the variance of the estimator and makes it more stable,
especially when the explanatory variables are highly correlated. Specifically, we seek the
coefficient vector β that minimizes

min
β

{︄
n∑︂

i=1

(yi − x⊤
i β)

2 + λ

p∑︂
j=1

β2
j

}︄
, (2.3.1)

where λ ≥ 0 is a tuning (regularization) parameter controlling the strength of the penalty.
When λ = 0, the ridge estimator coincides with the OLS solution. As λ increases, the L2

penalty progressively shrinks the coefficients toward zero, trading bias for reduced variance
and more stable predictions. In practice, λ is typically selected to optimize predictive per-
formance, often through K-fold cross-validation.

Differentiating (2.3.1) with respect to β and setting the derivative to zero yields

(X⊤X+ λIp)ˆ︁βR(λ) = X⊤y.

Hence, the ridge estimator is ˆ︁βR(λ) = (X⊤X+ λIp)
−1X⊤y. (2.3.2)

Unlike the OLS estimator, ˆ︁βR(λ) is biased. Its bias is

Bias{ˆ︁βR(λ)} = E{ˆ︁βR(λ)} − β

= −λ(X⊤X+ λIp)
−1β. (2.3.3)

The variance of ˆ︁βR(λ) is

V{ˆ︁βR(λ)} = σ2(X⊤X+ λIp)
−1X⊤X

[︁
(X⊤X+ λIp)

−1
]︁⊤
. (2.3.4)

To better understand how the bias and variance of the ridge estimator behave, we consider
two simple setups. Although these setups are not very realistic, they help illustrate the main
ideas.

(1) Orthonormal design: Assume the columns of X are orthonormal, so that X⊤X = Ip.
Then

Bias{ˆ︁βR(λ)} = − λ

1 + λ
β, (2.3.5)

and

V{ˆ︁βR(λ)} =
σ2

(1 + λ)2
Ip =

1

(1 + λ)2
V(ˆ︁β). (2.3.6)

Thus, the variance of the ridge estimator is always smaller than that of OLS and goes
to 0 as λ → ∞, but this comes at the cost of a larger bias.
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(2) Standardized uncorrelated design: Suppose each predictor is centered and scaled to
have unit variance, so that

∑︁n
i=1 x

2
ij = n, and the predictors are uncorrelated, leading

to X⊤X = nIp. Then

Bias{ˆ︁βR(λ)} = − λ

n+ λ
β, (2.3.7)

V{ˆ︁βR(λ)} =
n

(n+ λ)2
σ2Ip. (2.3.8)

For fixed λ, both bias and variance vanish at rate O(1/n) as n → ∞. In this simplified
setting, where X⊤X = nIp, both the bias and the variance of the ridge estimator
decrease at rate O(1/n) when λ is fixed. In particular, the estimator is consistent for
any fixed value of λ.

However, consistency alone is not sufficient to guide the choice of the tuning parameter. In
practice, the value of λ controls the trade-off between bias and variance, and its choice has
a significant impact on the mean squared error (MSE) in finite samples. As the sample size
increases, the variance of the estimator naturally decreases, and the need for regularization
becomes less important. For this reason, it is desirable to allow the penalty parameter to
decrease with n. This leads to considering λ = λn such that

λn

n
→ 0 as n → ∞.

In practice, the tuning parameter λ is typically selected by K-fold cross-validation (CV):

(i) Randomly split the n observations (yi,xi) into K approximately equal folds F1, . . . ,FK .

(ii) Choose a grid of Q penalty values {λ(1), . . . , λ(Q)}.

(iii) For each λ(q) and each fold k:

(a) Fit ridge regression on the training data excluding fold k.

(b) Compute the mean squared prediction error (MSE) on the held-out fold:

MSE
(q)
k =

1

|Fk|
∑︂
i∈Fk

(︂
yi − x⊤

i
ˆ︁β(q,−k)
R

)︂2
.

(iv) Compute the average CV error:

CV(λ(q)) =
1

K

K∑︂
k=1

MSE
(q)
k .

(v) Select the value of λ that minimizes the CV error:

ˆ︁λ = argmin
λ(q)

CV(λ(q)).
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2.3.2 A First-Order Debiased Ridge Estimator

As discussed in Section 2.3.1, the ridge estimator given by

ˆ︁βR(λ) = (X⊤X+ λIp)
−1X⊤y

is biased. Zhang and Politis [2022] proposed a debiased ridge estimator defined as

ˆ︁βdeb(λ) = ˆ︁βR(λ) + λ(X⊤X+ λIp)
−1 ˆ︁βR(λ). (2.3.9)

Intuitively, ˆ︁βdeb(λ) can be viewed as taking the ridge estimator and “subtracting” an estimate
of its first-order bias given by (2.3.3). An equivalent expression is

ˆ︁βdeb(λ) =
[︁
Ip + λ(X⊤X+ λIp)

−1
]︁
(X⊤X+ λIp)

−1X⊤y. (2.3.10)

The debiased ridge estimator is still biased, but its bias is smaller. We have

Bias{ˆ︁βdeb(λ)} = E{ˆ︁βdeb(λ)} − β

= −λ2(X⊤X+ λIp)
−2β. (2.3.11)

Hence, the debiased estimator removes the first-order bias term of ridge regression and leaves
only a second-order bias.

The variance of ˆ︁βdeb(λ) is given by

V{ˆ︁βdeb(λ)} = σ2
{︁
(X⊤X+ λIp)

−1 + λ(X⊤X+ λIp)
−2
}︁
X⊤X

×
{︁
(X⊤X+ λIp)

−1 + λ(X⊤X+ λIp)
−2
}︁
. (2.3.12)

To better understand the properties of ˆ︁βdeb(λ), we examine two special cases already con-
sidered in Section 2.3.1.

(1) Orthonormal design: When X⊤X = Ip, Expression (2.3.11) simplifies to

Bias{ˆ︁βdeb(λ)} = −
(︃

λ

1 + λ

)︃2

β.

Since λ ≥ 0, the magnitude of this bias is smaller than that of ˆ︁βR(λ). The variance
(2.3.12) reduces to

V{ˆ︁βdeb(λ)} =
(1 + 2λ)2

(1 + λ)4
σ2Ip,

which decreases as λ increases.
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(2) Standardized uncorrelated design: If X⊤X = n Ip, then

Bias{ˆ︁βdeb(λ)} = − λ2

(n+ λ)2
β. (2.3.13)

For fixed λ, the bias of each component decreases at rate O(1/n2):

Bias{ˆ︁βj,deb(λ)} = O(1/n2), j = 1, . . . , p.

The variance in this case is

V{ˆ︁βdeb(λ)} =
n(n+ 2λ)2

(n+ λ)4
σ2Ip. (2.3.14)

Comparing with the ridge variance V{ˆ︁βR(λ)} = n
(n+λ)2

σ2Ip, we obtain

V{ˆ︁βj,deb(λ)}
V{ˆ︁βj,R(λ)}

=
(n+ 2λ)2

(n+ λ)2
−→ 1 as n → ∞.

Thus, as n increases, the variance difference between the two estimators becomes neg-
ligible, while the debiased ridge estimator has a much smaller bias.

2.3.3 An mth-Order Debiased Ridge Estimator

In Section 2.3.2, we introduced the first-order debiased ridge estimator ˆ︁βdeb(λ). Although
its bias is smaller than that of the ridge estimator ˆ︁βR(λ), it still has a remaining bias. This
suggests extending the idea further by considering higher-order debiased ridge estimators.

Following Gao and Tsay [2024], we therefore consider higher-order bias corrections obtained
by recursively correcting the remaining bias. For example, a second-order debiased ridge
estimator is obtained by subtracting an estimate of the first-order bias from ˆ︁βdeb(λ). In the
same way, one can define a third-order version, and more generally an mth-order debiased
ridge estimator. The ordinary ridge estimator corresponds to the case m = 0, while the
first-order debiased ridge estimator is obtained when m = 1. The general form is

ˆ︁βm,deb(λ) = ˆ︁βR(λ) +
m∑︂
j=1

λj(X⊤X+ λIp)
−j ˆ︁βR(λ)

=
m∑︂
j=0

λj(X⊤X+ λIp)
−(j+1)X⊤y, (2.3.15)

where ˆ︁βR(λ) is given by (2.3.2). Note that ˆ︁βR(λ) = ˆ︁β0,deb(λ) and ˆ︁βdeb(λ) = ˆ︁β1,deb(λ).

The bias of ˆ︁βm,deb(λ) is

Bias{ˆ︁βm,deb(λ)} = −λm+1(X⊤X+ λIp)
−(m+1)β. (2.3.16)



2. PENALIZED REGRESSION IN CLASSICAL STATISTICS 12

For m = 0 and m = 1, expression (2.3.16) reduces to (2.3.3) and (2.3.11), respectively. The
variance of ˆ︁βm,deb(λ) is given by

V{ˆ︁βm,deb(λ)} = σ2

m∑︂
j=0

m∑︂
k=0

λj+k(X⊤X+ λIp)
−(j+1)X⊤X(X⊤X+ λIp)

−(k+1). (2.3.17)

We conclude this section on the mth-order debiased ridge estimator with the following propo-
sition, which shows that, as the number of bias-correction steps increases, the estimator
converges to the OLS estimator, if X⊤X is invertible.

Proposition 2.3.1. If X⊤X is invertible, the m th–order debiased ridge estimator repro-
duces the OLS estimator in the limit as the order m → ∞.ˆ︁βm,deb(λ) = (X⊤X)−1X⊤y, as m → ∞. (2.3.18)

The proof is provided in Appendix A.1.

In the next section, we present a limited simulation study to compare the performance of
the ridge estimator and several mth-order debiased versions in terms of bias and efficiency.

2.3.4 Empirical results

In this simulation experiment, we generated datasets with n = 100 observations and p ∈
{20, 40, 80} covariates. Each row of the design matrix X was independently drawn from a
multivariate normal distribution with mean vector 0, unit marginal variances, and a pre-
specified common pairwise correlation ρ.

To fix the values of the regression coefficients, the p covariates were first partitioned into two
equal-sized groups. Values of the regression coefficients were then generated according to

βj ∼

{︄
Unif(0, 1), j = 1, . . . , ⌊p/2⌋,

Unif(1, 2), j = ⌊p/2⌋+ 1, . . . , p.

Given the values of β = (β1, . . . , βp)
⊤, the response was generated as

yi = 10 + x⊤
i β + εi, εi

i.i.d.∼ N (0, 1).

For each scenario, the simulation study was repeated over a 2 × 3 × 3 grid of parameter
settings:

(a) Correlation level : ρ ∈ {0.3, 0.95};

(b) Dimensionality ratio: p/n ∈ {0.2, 0.4, 0.8};

(c) Ridge penalty : λ = 0.1n, 0.3n, or λ chosen via five-fold cross-validation.
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This led to 18 distinct simulation scenarios. The results are summarized in Figure 2.1, which
reports the Monte Carlo MSE for all 18 simulation scenarios.

This data generation process was repeated independently R = 2000 times. For each simu-
lated dataset, we computed the OLS estimator in (2.1.3) as well as the mth-order debiased
ridge estimator in (2.3.15) for m = 0, 1, . . . , 50.

Estimator performance was evaluated using the empirical mean squared error (MSE)

MSE(ˆ︁β) = 1

R

R∑︂
r=1

⃦⃦ ˆ︁β(r) − β
⃦⃦2
2
=

1

R

R∑︂
r=1

p∑︂
j=1

(︁ˆ︁β(r)
j − βj

)︁2
,

where ˆ︁β(r) denotes the estimate from the rth replication, and ˆ︁β is used as a generic notation
for the estimator under consideration.

Figure 2.1 shows that the mth-order debiased ridge estimator can achieve a smaller mean
squared error (MSE) than both the ridge and OLS estimators for appropriate values of m. In
particular, for moderate values of m, the estimator often attains its lowest MSE, highlight-
ing the benefit of bias correction. This behavior reflects the bias–variance trade-off inherent
in the debiasing procedure. For small values of m, the estimator retains some of the bias
reduction of ridge regression while avoiding the large variance of OLS. As m increases, the
estimator approaches OLS, which may lead to an increase in MSE, especially in settings with
strong multicollinearity. The gains in MSE are particularly noticeable when the correlation
among covariates is moderate or high. In these cases, ridge regression substantially reduces
variance, and the debiased ridge estimator further improves performance by partially cor-
recting the bias. However, fully recovering the OLS estimator is not desirable, as OLS can
exhibit very large variance. An exception appears in Figure 2.1(h), where the combination
of high correlation (ρ = 0.95) and a large ratio p/n = 0.8 leads to a different behavior. In
this case, the estimator based on cross-validation does not clearly benefit from increasing m,
likely due to the extreme ill-conditioning of the design matrix.

2.4 LASSO Regression

Another penalized regression method that can handle multicollinearity is the Least Absolute
Shrinkage and Selection Operator (LASSO) proposed by Tibshirani [1996]. LASSO modifies
the OLS objective function by adding an L1 penalty on the regression coefficients:

min
β

{︄
n∑︂

i=1

(yi − x⊤
i β)

2 + λ

p∑︂
j=1

|βj|

}︄
, (2.4.1)

where λ ≥ 0 controls the amount of regularization. As λ increases, some coefficients are
shrunk exactly to zero, leading to a sparse model.
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(a) Corr = 0.3 and p/n = 0.2, with OLS
MSE = 0.35

(b) Corr = 0.95 and p/n = 0.2, with OLS
MSE = 4.9

(c) Corr = 0.3 and p/n = 0.4, with OLS MSE
= 0.95

(d) Corr = 0.95 and p/n = 0.4, with OLS
MSE = 13.3

(e) Corr = 0.3 and p/n = 0.8, with OLS MSE
= 6.1

(h) Corr = 0.95 and p/n = 0.8, with OLS
MSE = 85.9

Figure 2.1: The MSE comparison for mth-order debiased ridge estimator to OLS across
various correlation level, λ value, and covariates sizes.
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Unlike ridge regression, the LASSO does not have a closed-form solution and must be com-
puted numerically. A commonly used approach is coordinate descent, which updates one
coefficient at a time while keeping the others fixed Friedman et al. [2010]. Each update
involves a soft-thresholding step:

S(βj, λ) = sign(βj) max(|βj| − λ, 0).

This operation shrinks small coefficients toward zero and sets them exactly to zero when they
fall below the threshold. Like ridge regression, the LASSO reduces variance by introducing
bias. A key difference, however, is that it can set some coefficients exactly to zero, effectively
removing variables from the model. This makes it useful for variable selection, especially
when some predictors are not important.

When predictors are highly correlated, ridge regression tends to spread the effect across
them, while the LASSO often selects only one and sets the others to zero. This behavior can
be unstable, since small changes in the data may lead to different variables being selected.
To address this issue, Zou and Hastie [2005] proposed the Elastic Net, which combines L1

and L2 penalties and tends to keep groups of correlated variables together.

The classical LASSO does not generally satisfy the so-called oracle property, meaning that
it may fail to correctly identify the relevant variables and can shrink important coefficients
too much. To address this limitation, Zou [2006] proposed the Adaptive LASSO, which uses
data-dependent weights in the penalty:

min
β

{︄
n∑︂

i=1

(yi − x⊤
i β)

2 + λ

p∑︂
j=1

wj|βj|

}︄
, (2.4.2)

where
wj =

1

|ˆ︁βOLS,j|γ
, γ > 0.

The idea is to penalize small coefficients more heavily and large coefficients less, based on
an initial estimate. This reduces the bias on important predictors and improves variable
selection.

Under suitable regularity conditions, the Adaptive LASSO enjoys the oracle property Zou
[2006]. In particular:

(i) it identifies the correct set of nonzero coefficients with probability tending to one;

(ii) the estimated nonzero coefficients are asymptotically normal and as efficient as if the
true model were known.

Although LASSO can perform variable selection, the shrinkage induced by the L1 penalty
introduces bias in the estimated coefficients. A simple way to reduce this bias is to run
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a second-stage OLS regression using only the variables selected by LASSO. This approach,
often referred to as the post-LASSO OLS estimator [Belloni and Chernozhukov, 2013, Belloni
et al., 2014], proceeds as follows:

(i) Apply LASSO to the full set of predictors and identify the active set of selected variables

ˆ︁Slasso = {j : ˆ︁βlasso,j ̸= 0}.

(ii) Refit an unpenalized OLS regression restricted to the selected variables:

argmin
β

n∑︂
i=1

⎛⎝yi −
∑︂

j∈ˆ︁Slasso

xijβj

⎞⎠2

.



Chapter 3

Penalized Regression in Model-Assisted
Estimation

In this chapter, we introduce the main elements of the design-based framework and the
estimators that will be used throughout the thesis. We first define the finite population, the
sampling design, and the inclusion probabilities. We then present the Horvitz–Thompson
estimator, along with its variance and standard variance estimators. Next, we introduce
the generalized regression (GREG) estimator, which uses auxiliary information to improve
efficiency. Finally, we discuss situations where the GREG estimator can become unstable,
especially when the covariates are highly correlated or when their number is large compared
to the sample size. This motivates the use of penalized model-assisted estimators such as
ridge and LASSO.

3.1 Survey Sampling: The Setup

Survey sampling is a branch of statistics concerned with making inference about a finite
population. The population consists of a finite set of units, and the goal is to estimate quan-
tities such as totals, means, or proportions. When nonsampling errors (e.g., measurement
error or nonresponse) are absent, the standard approach is the design-based framework. In
this setting, the population values are treated as fixed, and the only source of randomness
comes from the sampling design used to select the sample. As a result, properties such as
unbiasedness and variance are defined with respect to the sampling design, without relying
on a superpopulation model.

Let U = {1, 2, ..., N} denote a finite population composed of N units. Associated with each
unit i ∈ U is a value yi, representing the measurement of a survey variable y. Within the
design-based framework, these population y-values are treated as fixed. In this thesis, our
objective is the estimation of the finite population total, ty =

∑︁
i∈U yi.

To estimate ty, a probability sample S ⊂ U of fixed size n is selected according to a specified

17
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sampling design. We distinguish between S, viewed as a random variable representing the
selected set of population units, and s, a particular realization of S. The collection of all
samples that may be selected under the design forms the sample space

Ω = { s ⊂ U : p(s) > 0 },
where p(s) denotes the known probability of selecting sample s. By definition,∑︂

s∈Ω

p(s) = 1.

For each unit i ∈ U , define the sample selection indicator Ii by

Ii =

{︄
1, if i ∈ S,

0, if i /∈ S.

The probability that unit i is included in the sample is called the first-order inclusion prob-
ability and is denoted by πi :

πi = P (i ∈ S) = E(Ii) =
∑︂
s∈Ω
s∋i

p(s). (3.1.1)

The sampling weight (or design weight) wi associated with unit i is then defined as the
reciprocal of its inclusion probability: wi = 1/πi.

Similarly, the second-order inclusion probability, πij, is defined as

πij = P (i ∈ S, j ∈ S) = E(IiIj) =
∑︂
s∈Ω
s∋i,j

p(s). (3.1.2)

In what follows, we denote the expectation, variance, and covariance with respect to the
sampling design p(·) as Ep(·),Vp(·), Covp(·), respectively. We have

Ep(Ii) = πi,

Vp(Ii) = πi(1− πi),

Ep(IiIj) = πij for i ̸= j,

Covp(Ii, Ij) = πij − πiπj for i ̸= j. (3.1.3)

A basic sampling design is simple random sampling without replacement (SRSWOR), where
all samples of size n have the same probability of being selected. In this case, for any sample
s,

p(S = s) =
1(︁
N
n

)︁ . (3.1.4)

The first- and second-order inclusion probabilities are given by

πi =

(︁
N−1
n−1

)︁(︁
N
n

)︁ =
n

N
for all i ∈ U,

πij =

(︁
N−2
n−2

)︁(︁
N
n

)︁ =
n(n− 1)

N(N − 1)
for all i ̸= j ∈ U. (3.1.5)
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3.2 The Horvitz-Thompson estimator

A basic estimator of ty, introduced by Horvitz and Thompson [1952], is the Horvitz–Thompson
(HT) estimator given by

ˆ︁ty,HT =
∑︂
i∈S

yi
πi

=
∑︂
i∈S

wiyi. (3.2.1)

Provided that πi > 0 for all i ∈ U , the HT estimator is design-unbiased:

Ep(ˆ︁ty,HT ) = Ep

(︄∑︂
i∈U

Ii
yi
πi

)︄
=
∑︂
i∈U

Ep(Ii)
yi
πi

=
∑︂
i∈U

yi = ty. (3.2.2)

The variance of the Horvitz-Thompson estimator, ˆ︁ty,HT , is derived by applying the general
formula for the variance of a sum of (correlated) random variables, which leads to

Vp(ˆ︁ty,HT ) = Vp

(︄∑︂
i∈U

Ii
yi
πi

)︄
=
∑︂
i∈U

∑︂
j∈U

yi
πi

yj
πj

Covp(Ii, Ij)

=
∑︂
i∈U

∑︂
j∈U

(πij − πiπj)
yi
πi

yj
πj

. (3.2.3)

In the case of SRSWOR, Expression (3.2.3) reduces to

Vp(ˆ︁ty,HT ) = N2
(︂
1− n

N

)︂ S2
y

n
, (3.2.4)

where (1− n/N) is the finite population correction factor, and

S2
y =

1

N − 1

∑︂
i∈U

(yi − ȳU)
2

is the finite population variance for the survey variable y, with ȳU = ty/N denoting the
population mean of y.

Provided that πij > 0 for all i, j ∈ U, an unbiased estimator of Vp(ˆ︁ty,HT ) is

ˆ︁Vp(ˆ︁ty,HT ) =
∑︂
i∈S

∑︂
j∈S

πij − πiπj

πij

yi
πi

yj
πj

. (3.2.5)

To establish design-unbiasedness, we write the estimator in terms of the sample indicators
and take expectations:

Ep

{︂ˆ︁Vp(ˆ︁ty,HT )
}︂
=
∑︂
i∈U

∑︂
j∈U

πij − πiπj

πij

yi
πi

yj
πj

(3.2.6)
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= Vp(ˆ︁ty,HT ). (3.2.7)

In the case of SRSWOR, the variance estimator given by (3.2.5) reduces to the textbook
variance estimator

ˆ︁Vp(ˆ︁ty,HT ) = N2
(︂
1− n

N

)︂ s2y
n
, (3.2.8)

where
s2y =

1

n− 1

∑︂
i∈S

(yi − ȳs)
2

is the sample variance with ȳs =
1
n

∑︁
i∈S yi denoting the sample mean.

3.3 The GREG estimator

In many survey applications, auxiliary variables are observed for the sampled units at the
estimation stage, and the corresponding population totals are known from external sources.
Such information can be incorporated into the construction of point estimators to improve
efficiency. The generalized regression (GREG) estimator incorporates auxiliary informa-
tion through a regression adjustment and typically has smaller variance than the Horvitz–
Thompson estimator. More specifically, for each unit i ∈ S, a p-dimensional vector of
auxiliary variables xi = [xi1, xi2, . . . , xip]

⊤ is observed, and the corresponding vector of pop-
ulation totals, tx =

∑︁
i∈U xi, is assumed to be known.

Model-assisted estimation introduces a working superpopulation model, denoted M, to de-
scribe the relationship between y and x. For the GREG estimator, this model is taken to be
the linear regression model

M : yi = x⊤
i β + ϵi, (3.3.1)

where β is a p-vector of unknown regression coefficients and the model errors ϵi satisfy

(i) EM(ϵi) = 0,

(ii) EM(ϵiϵj) = 0, i ̸= j,

(iii) VM(ϵi) = σ2,

with σ2 an unknown variance parameter.

Model (3.3.1) is referred to as a superpopulation model. It is used as a working model to
motivate the construction of the estimator. However, the properties of the estimator, such
as bias and variance, are still evaluated with respect to the sampling design. In this sense,
the model is only used to improve efficiency, without being required for the validity of the
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inference.

If both xi and yi were known for all i ∈ U , one could fit an ordinary linear regression over
the finite population. The resulting finite-population regression coefficient is denoted by β̃.
More specifically, let XU be the N × p population matrix of auxiliary variables and let yU

be the N × 1 vector of population y-values. The finite-population regression parameter β̃ is
the ordinary least squares estimator

β̃ =
(︁
X⊤

UXU

)︁−1
X⊤

UyU

=

(︄∑︂
i∈U

xix
⊤
i

)︄−1∑︂
i∈U

xiyi, (3.3.2)

Here, we assume that the p× p matrix
(︁∑︁

i∈U xix
⊤
i

)︁
is invertible.

In practice, the population parameter β̃ in (3.3.2) cannot be computed, as the y-values are
available for the sampled units i ∈ S only. A natural estimator for β̃, denoted ˆ︁β, is obtained
by replacing the two population totals in (3.3.2) with their respective Horvitz-Thompson
estimators, leading to

ˆ︁β =

(︄∑︂
i∈S

wixix
⊤
i

)︄−1∑︂
i∈S

wixiyi. (3.3.3)

In matrix notation, (3.3.3) can be written asˆ︁β =
(︁
X⊤

SWSXS

)︁−1
X⊤

SWSyS,

where XS is the n×p matrix of sample auxiliary data, yS is the n×1 sample vector of yi val-
ues, and WS = diag(wi)i∈S = diag(1/πi)i∈S is the n×n diagonal matrix of sampling weights.

The Generalized Regression (GREG) estimator of the population total ty is given by

ˆ︁tgreg =
∑︂
i∈U

x⊤
i
ˆ︁β +

∑︂
i∈S

yi − x⊤
i
ˆ︁β

πi

. (3.3.4)

The estimator (3.3.4) consists of two parts: (1) the sum of the model-predicted values, x⊤
i
ˆ︁β,

over the entire population, and (2) a Horvitz-Thompson correction term for the prediction
residuals, ei = yi − ˆ︁yi, observed in the sample. Expression (3.3.4) can be algebraically
rearranged to write the GREG estimator as a weighted sum of the sample y-values:ˆ︁tgreg =

∑︂
i∈S

wi(S)yi, (3.3.5)

where

wi(S) = wi

⎧⎨⎩1− x⊤
i

(︄∑︂
j∈S

wjxjx
⊤
j

)︄−1(︄∑︂
j∈S

wjxj −
∑︂
j∈U

xj

)︄⎫⎬⎭ , i ∈ S.



3. PENALIZED REGRESSION IN MODEL-ASSISTED ESTIMATION 22

Here, wi(S) denote the GREG weights, obtained by modifying the design weights wi = 1/πi.
A third form for the GREG estimator is

ˆ︁tgreg = ˆ︁ty,HT +

(︄∑︂
j∈S

wjxj −
∑︂
j∈U

xj

)︄⊤ ˆ︁β, (3.3.6)

That is, the GREG estimator can be expressed as the Horvitz–Thompson estimator for ty
plus a regression adjustment based on the discrepancy between the known auxiliary totals∑︁

j∈U xj and their Horvitz–Thompson estimators
∑︁

j∈S wjxj.

The GREG estimator is root-n consistent under suitable regularity conditions on the sam-
pling design and the survey variables, even if the working model (3.3.1) is misspecified. More
precisely, under a sequence of finite populations with population size N → ∞ and sample
size n → ∞, the GREG estimator satisfiesˆ︁tgreg − ty = Op(n

−1/2).

These results hold in a low-dimensional regime, where the number of auxiliary variables
p is fixed as n increases. This property characterizes the model-assisted framework: the
working model is used solely to construct an efficient estimator, while the validity of the re-
sulting estimator is assessed with respect to the sampling design. In particular, consistency
and asymptotic normality of the GREG estimator do not rely on correct specification of
the working model; see, for example, Cassel et al. [1976], Robinson and Särndal [1983] and
Breidt and Opsomer [2017].

It is convenient to work with the normalized estimator N−1ˆ︁tgreg, which corresponds to the
population mean. A first-order Taylor linearization leads to

1

N
ˆ︁tgreg =

1

N
ˆ︁ty,HT +

(︃∑︁
j∈S wjxj −

∑︁
j∈U xj

N

)︃⊤

β̃ +Op(n
−1), (3.3.7)

Under standard regularity conditions, ˆ︁β − β̃ = Op(n
−1/2), and

N−1

(︄∑︂
j∈S

wjxj −
∑︂
j∈U

xj

)︄
= Op(n

−1/2),

which implies an Op(n
−1) remainder.

Dropping the remainder term in the linearization step leads to the usual linearized form of
the GREG estimator:

ˆ︁tgreg ≈ t⊤x β̃ +
∑︂
i∈S

Ei

πi

, (3.3.8)

where
Ei = yi − x⊤

i β̃, i ∈ U,
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is the so-called census residual associated with unit i. Since t⊤x β̃ is fixed under the sampling
design, it does not contribute to the design variance. Therefore, the linearization approxi-
mation of the variance is given by

AVp(ˆ︁tgreg) ≈ Vp

(︄∑︂
i∈S

Ei

πi

)︄
=
∑︂
i∈U

∑︂
j∈U

(πij − πiπj)
Ei

πi

Ej

πj

. (3.3.9)

In the case of SRSWOR, Expression (3.3.9) reduces to

AVp(ˆ︁tgreg) = N2
(︂
1− n

N

)︂ S2
E

n
, (3.3.10)

where
S2
E =

1

N − 1

∑︂
i∈U

(︁
Ei − ĒU

)︁2
with ĒU = 1

N

∑︁
i∈U Ei.

The linearization variance expression in (3.3.9) involves the quantities Ei = yi − x⊤
i β̃. In

practice, these residuals are not available: β̃ depends on the unknown population values
{yi : i ∈ U}, and therefore the Ei cannot be computed (neither for all i ∈ U nor even for
i ∈ S). Consequently, AVp(ˆ︁tgreg) must be estimated. A standard approach is to replace Ei

by the sample-based residuals

ei = yi − x⊤
i
ˆ︁β, i ∈ S,

where ˆ︁β is the design-weighted regression coefficient computed from the sample. An estima-
tor of AVp(ˆ︁tgreg) is then

ˆ︃AV p(ˆ︁tgreg) =
∑︂
i∈S

∑︂
j∈S

(πij − πiπj)

πij

ei
πi

ej
πj

. (3.3.11)

For SRSWOR, (3.3.11) simplifies to

ˆ︃AV p(ˆ︁tgreg) = N2
(︂
1− n

N

)︂ s2e
n
, (3.3.12)

where
s2e =

1

n− 1

∑︂
i∈S

(ei − ēs)
2, ēs =

1

n

∑︂
i∈S

ei.

3.4 The Model-Assisted Estimator Based on Ridge Re-
gression

The GREG estimator can become unstable in two situations. First, when the auxiliary
variables exhibit strong multicollinearity, the design-weighted regression matrix X⊤

SWSXS
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becomes ill-conditioned, leading to an unstable estimator ˆ︁β even when the number of co-
variates p is small. Second, when the number of auxiliary variables p is large relative to the
sample size n, the estimation error of ˆ︁β no longer vanishes sufficiently fast, introducing an
additional source of variability in the GREG estimator. As a result, the variance reduction
expected from the use of auxiliary information may be severely attenuated or even reversed.

To address this instability, penalized estimation methods can be adapted to the survey
sampling framework. Analogous to the classical ridge solution (2.3.2), we define a finite-
population ridge parameter, β̃ridge(λ), as the target of estimation:

β̃ridge(λ) =
(︁
X⊤

UXU + λIp
)︁−1

X⊤
UyU

=

(︄∑︂
i∈U

xix
⊤
i + λIp

)︄−1∑︂
i∈U

xiyi, (3.4.1)

where λ ≥ 0 is a tuning parameter controlling the strength of the penalty.

The ridge parameter β̃ridge(λ) cannot be computed in practice, as it requires both the y-
values and the auxiliary variables xi to be available for all population units. As in the
standard GREG framework, we therefore estimate each population quantity in (3.4.1) by
its corresponding Horvitz–Thompson estimator, which leads to the design-weighted ridge
estimator

ˆ︁βridge(λ) =
(︁
X⊤

SΠ
−1
S XS + λIp

)︁−1
X⊤

SΠ
−1
S yS

=

(︄∑︂
i∈S

wixix
⊤
i + λIp

)︄−1∑︂
i∈S

wixiyi. (3.4.2)

Following the same structure as the standard GREG estimator, replacing the design-weighted
least squares coefficient ˆ︁β in (3.3.6) by ˆ︁βridge(λ) yields the ridge-penalized GREG estimator

ˆ︁tridge =
∑︂
i∈U

x⊤
i
ˆ︁βridge(λ) +

∑︂
i∈S

wi{yi − x⊤
i
ˆ︁βridge(λ)}. (3.4.3)

As for the GREG estimator, the ridge-penalized estimator (3.4.3) can be expressed as a
weighted sum of the sample y-values:

ˆ︁tridge =
∑︂
i∈S

wi(S)yi, (3.4.4)

where

wi(S) =
1

πi

⎧⎨⎩1− x⊤
i

(︄∑︂
j∈S

wjxjx
⊤
j + λIp

)︄−1(︄∑︂
j∈S

wjxj −
∑︂
j∈U

xj

)︄⎫⎬⎭ , i ∈ S.
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Finally, by rearranging the terms in (3.4.3), the ridge-penalized estimator can also be ex-
pressed as

ˆ︁tridge = ˆ︁ty,HT +

(︄∑︂
j∈S

wjxj −
∑︂
j∈U

xj

)︄⊤ ˆ︁βridge(λ). (3.4.5)

This expression clearly reveals that the estimator’s structure is parallel to that of the GREG
estimator (3.3.6).

If λ = 0, the estimator reduces to the standard GREG estimator, which is design-consistent
but may exhibit high variance in the presence of multicollinearity. As λ → ∞, the re-
gression coefficients are increasingly shrunk toward zero and the ridge-penalized GREG
estimator converges to the Horvitz–Thompson estimator. In this limit, no regression ad-
justment is used; the estimator remains design-unbiased but typically has larger variance
than the GREG estimator when the auxiliary variables are effectively exploited. Therefore,
the ridge-penalized GREG may be viewed as a trade-off between the GREG estimator and
the Horvitz–Thompson estimator.

The performance of penalized model-assisted estimators depends critically on the choice of
the tuning parameter λ. Several approaches have been proposed in the survey sampling liter-
ature for selecting λ in the ridge case, including weight-based diagnostic methods, numerical
search procedures, and design-based criteria, see Bardsley and Chambers [1984], Beaumont
and Bocci [2008], and Guggemos and Tillé [2010] , among others. Alternative algorithms
have been developed to ensure stable calibration weights or to optimize design-based ob-
jective functions. For LASSO-type estimators (McConville et al. [2017]), cross-validation
methods have been commonly used.

Dagdoug et al. [2023] study the design-based properties of the ridge-penalized GREG estima-
tor, when the number of auxiliary variables grows with the sample size. Under mild moment
conditions on the survey variable, standard regularity assumptions on the sampling design,
and suitable growth conditions on the auxiliary variables, they show that the ridge-penalized
GREG estimator is design-consistent in high-dimensional settings. More precisely,

N−1
(︁ˆ︁tridge − ty

)︁
= Op

(︄√︃
p3

n

)︄
,

which implies consistency whenever p3/n → 0. This result holds without requiring correct
specification of the working regression model and highlights the stabilizing role of ridge reg-
ularization in the presence of multicollinearity or a large number of auxiliary variables.

Finally, variance estimation for the ridge-penalized GREG estimator can be carried out
using standard design-based approximations. In practice, it is common to use the GREG
variance estimator given in (3.3.11), replacing the OLS residuals with the ridge residuals
ei = yi − x⊤

i
ˆ︁βridge(λ) Goga [2011]. This plug-in variance estimator ignores the additional

variability due to the choice of λ, but it generally provides a reasonable approximation of
the mean squared error when λ is small.
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3.5 The LASSO Estimator

The LASSO provides an alternative penalized approach to model-assisted estimation in sur-
vey sampling. As with the ridge-based estimator discussed in Section 2.4, the survey-LASSO
estimator is constructed by replacing the standard design-weighted least squares coefficientˆ︁β in the GREG estimator with a penalized regression coefficient, with the goal of improving
stability and efficiency in high-dimensional settings.

The design-weighted LASSO coefficient, denoted by ˆ︁βLasso(λ), is defined as the solution to

ˆ︁βLasso(λ) = argmin
β

{︄∑︂
i∈S

wi

(︁
yi − x⊤

i β
)︁2

+ λ

p∑︂
j=1

|βj|

}︄
, (3.5.1)

where λ ≥ 0 is a tuning parameter. Unlike the ridge estimator, the LASSO estimator does
not possess a closed-form analytical solution.

Once the coefficient ˆ︁βLasso(λ) is obtained, the survey-LASSO estimator for the population
total is constructed using the standard GREG formulation:

ˆ︁tlasso = ˆ︁ty,HT +

(︄∑︂
j∈S

wjxj −
∑︂
j∈U

xj

)︄⊤ ˆ︁βLasso(λ). (3.5.2)

The theoretical properties of the survey-weighted LASSO estimator in a design-based frame-
work were first established by McConville et al. [2017]. Motivated by the growing availability
of high-dimensional auxiliary data—such as remote sensing information used in the U.S. For-
est Service’s Forest Inventory and Analysis program—they study model-assisted estimation
of finite-population totals using a LASSO regression adjustment and compare it to the stan-
dard GREG estimator. Under an asymptotic framework with nested populations and a fixed
number of auxiliary variables, they establish design consistency and asymptotic normality of
the LASSO-based total estimator. While the LASSO estimator is asymptotically equivalent
to the GREG estimator, it can substantially improve finite-sample performance by shrinking
or eliminating irrelevant covariates, leading to more stable weights and potential efficiency
gains. They also propose a design-consistent variance estimator for the LASSO estimator.
A distinct challenge with the LASSO estimator is that, unlike the GREG or Ridge estima-
tors, the solution ˆ︁βLasso is not a linear function of the response variable y. Consequently,
the estimator cannot naturally be expressed as a weighted linear sum of the sample sample
observations, which complicates the production of general-purpose survey weights. To ad-
dress this, McConville et al. [2017] proposed alternative a model-calibration approach, which
allows for the generation of a single set of weights applicable to multiple study variables.
In the high-dimensional survey setting studied by Dagdoug et al. [2023], the model-assisted
LASSO estimator is design-consistent provided that p3/n → 0, even when the number of
auxiliary variables diverges with the sample size.

Although the LASSO estimator is attractive for its variable selection feature, it is known
to induce bias in the estimation of coefficients with large magnitude due to the uniform L1
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penalty; see Section 2.4. To reduce this bias while preserving sparsity, the Adaptive LASSO
(ALASSO) can be extended to the survey sampling context. In a design-based framework,
the Adaptive LASSO modifies the penalty by introducing coefficient-specific weights. This
approach is motivated by the oracle property Zou [2006], which states that, under suitable
conditions, an estimator can asymptotically identify the correct set of nonzero coefficients
and estimate them with the same efficiency as if that set were known in advance.

McConville et al. [2017] extended the survey-weighted LASSO to an adaptive LASSO frame-
work by introducing data-driven weights in the L1 penalty, designed to reduce shrinkage bias
for large regression coefficients. Under standard design-based asymptotics with fixed p, they
show that the adaptive LASSO GREG estimator is design-consistent and asymptotically
normal for finite-population totals. As with the standard LASSO, shrinkage and variable
selection are asymptotically negligible for totals, while finite-sample performance can im-
prove through increased stability when the working model is sparse. The survey-weighted
Adaptive LASSO coefficient, ˆ︁βALasso(λ), is obtained by solving:

ˆ︁βALasso(λ) = argmin
β

(︄∑︂
i∈S

wi

(︁
yi − x⊤

i β
)︁2

+ λ

p∑︂
j=1

ˆ︁wj|βj|

)︄
, (3.5.3)

where the adaptive penalty weights are defined as ˆ︁wj = 1/|β̃j|γ, with γ > 0 (commonly
γ = 1) Zou [2006], McConville et al. [2017]. By assigning larger penalties to coefficients that
are likely to be zero (where β̃j is small) and smaller penalties to non-zero coefficients, the
estimator aims to reduce the estimation bias.

Once the coefficient vector is computed, the Adaptive LASSO estimator for the population
total is constructed using the GREG formulation:

ˆ︁talasso = ˆ︁ty,HT +

(︄∑︂
j∈S

wjxj −
∑︂
j∈U

xj

)︄⊤ ˆ︁βALasso(λ). (3.5.4)

McConville et al. [2017] proposed this estimator and evaluated it via simulation, suggesting
it behaves similarly to the standard LASSO.

A few other related contributions have appeared in the literature. For instance, Chen
et al. [2018] extended the adaptive LASSO approach to model-assisted calibration for non-
probability samples. More recently, Lundy and Rao [2022] reported simulation results com-
paring LASSO-based estimators with the standard GREG estimator in high-dimensional
settings.



Chapter 4

Imputation Based on Regularized
Regression

4.1 Treatment of Missing Data

In survey sampling, missing data arise when respondents fail to complete the survey in full
or when specific answers are not recorded. Such missing values can lead to invalid statistical
inferences, as unadjusted estimates may suffer from significant bias. Missing data in survey
sampling can be categorized into two types: unit nonresponse and item nonresponse. Table
(4.1) presents a typical dataset structure following survey data collection. The dataset
consists of n sampled units and p survey variables, y1, y2, ..., yp.

y1 y2 y3 . . . yp

1 ✓ ✓ ✓ . . . ✓ { Full response }
2 ✓ ✓ ✓ . . . ✓
... ✓ × × . . . ✓ { Item nonresponse }
... × ✓ ✓ . . . ×
... × × × . . . × { Unit nonresponse }
n × × × . . . ×

Table 4.1: Levels of nonresponse

Unit nonresponse occurs when a sampled unit (e.g., the i -th observation) fails to participate
in the survey. This may result from refusal to respond or inability to contact the unit. A
common approach to addressing unit nonresponse involves weight adjustment procedures,
which consists of inflating the weights of responding units to account for the units that did
not respond. That is, the sampling weights wi = 1/πi are adjusted either through a cali-
bration procedure or through response propensity modeling; see,e.g., Haziza and Beaumont

28
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(2017, Statistical Science) for an overview.

Item nonresponse occurs when a respondent participates in the survey but fails to provide
answers to specific questions. This type of missingness may arise due to sensitive questions
or recall difficulties. A common approach to addressing item nonresponse is single imputa-
tion, where each missing response is replaced by a plausible value derived from the observed
data. In practice, an imputation model is first fitted to the respondents’ records, using fully
observed auxiliary variables to predict the values of non-respondents. Auxiliary variables are
variables that are recorded for all the sample units (respondents or and nonrespondents).

In this chapter, we focus on the treatment of item nonresponse through imputation. Consider
a variable of interest y that is subject to missingness. Let ri denote the response indicator
for unit i where ri = 1 if yi is observed, and ri = 0 if yi is missing. Let Sr ⊆ S denote the
set of responding units, of size nr, for which yi is observed (i.e., those with ri = 1), and let
Sm ⊆ S denote the set of nonresponding units, of size nm, for which yi is missing (i.e., those
with ri = 0). We have n = nr + nm.

We define the response probability for each unit i as

pi = P (ri = 1|yi,xi),

where xi is a vector of fully observed variables for unit i, i.e., variables that are observed
for both respondents and nonrespondents. Rubin [1976] classified the missing mechanisms
into one of three categories: Missing Completely at Random (MCAR), Missing at Random
(MAR), and Missing Not at Random (MNAR).

Missing Completely at Random (MCAR) refers to a situation in which the probability of
an observation being missing is independent of both the observed and unobserved data.
Formally, this condition can be expressed as

pi = P (ri = 1|yi,xi) = P (ri = 1). (4.1.1)

Conceptually, an MCAR mechanism can be viewed as the random selection of a subsample
from the observed sample. A typical example of MCAR arises when the response probabil-
ities satisfy pi = p0 for all i ∈ U . Under MCAR, missingness does not introduce bias into
statistical estimators. Consequently, complete-case analysis remains valid, although it may
suffer from a loss of efficiency due to the reduction in effective sample size.

Missing at Random (MAR) refers to a missing data mechanism in which the probability of
missingness depends only on fully observed variables, but not on the survey variable y that
is prone to missingness. Formally, this condition can be expressed as Rubin [1976]:

pi = P (ri = 1|yi,xi) = P (ri = 1|xi). (4.1.2)
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This condition implies that, after conditioning on the fully observed variables xi, the miss-
ingness mechanism no longer depends on the unobserved value yi. In contrast to MCAR,
the MAR assumption allows the probability of missingness to vary across subgroups defined
by xi. A common example is income nonresponse in surveys, where the probability of re-
sponding depends on education level, which is fully observed. Individuals with higher levels
of education may be more likely to report their income. However, conditional on educa-
tion, the probability of nonresponse does not depend on the true income value itself, so that
missingness is at random within education groups. Under MAR, valid statistical inference
is still possible, provided that the imputation model includes the relevant variables xi and
is correctly specified.

Missing Not at Random (MNAR) arises when the probability of missingness depends directly
on the unobserved values themselves, even after conditioning on x. Formally, this mechanism
is characterized by

pi = P (ri = 1|yi,xi) ̸= P (ri = 1|xi). (4.1.3)

In contrast to MCAR and MAR, under the Missing Not at Random (MNAR) mechanism, the
probability of missingness is systematically related to the unobserved values themselves. As
a result, standard statistical adjustments that rely solely on the observed data are generally
insufficient unless the missing data process is explicitly modeled. A typical example arises
when individuals with higher incomes are less likely to report their earnings, even after
accounting for education and other demographic characteristics. Because MNAR mecha-
nisms can introduce substantial bias, addressing them typically requires strong model-based
assumptions and/or the use of external data sources Rubin [1976].

4.2 Imputation Procedures

When values of the survey variable y are missing, an estimator of the population total,
ty =

∑︁
i∈U yi, is given by

ˆ︁tI =∑︂
i∈S

wiriyi +
∑︂
i∈S

wi(1− ri)y
∗
i =

∑︂
i∈S

wiỹi, (4.2.1)

where ỹi = riyi + (1 − ri)y
∗
i with y∗i denoting the imputed value for the missing yi. The

estimator ˆ︁tI in (4.2.1) is called an imputed estimator.

A wide variety of imputation methods have been proposed in the literature to construct the
imputed values y∗i for the missing observations. Imputation methods are generally classified
into two broad categories: deterministic and random procedures. Under deterministic im-
putation, repeated application of the same method to the same dataset produces identical
imputed values and corresponding estimates. In contrast, random imputation introduces
stochastic component into the imputation process, leading to different completed datasets
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across repeated runs on the same data.

Alternatively, imputation methods can also be classified as either donor-based or model-based
(predicted value) approaches. Donor imputation replaces a missing value for a recipient(a
nonrespondent) unit with an observed value from a similar donor(respondent) unit, ensur-
ing that all imputed values originate from actual responses within the dataset. In contrast,
predicted value imputation relies on a statistical model to estimate missing values, using
relationships inferred from the observed data rather than directly substituting observed re-
sponses.

In this chapter, we focus on model-based deterministic parametric imputation under the
MAR assumption. Specifically, we assume that the relationship between the survey variable
y requiring imputation and the vector of fully observed variables may be described as

yi = m(xi,β) + ϵi, (4.2.2)

where m(xi,β) is a prespecified function with β denoting the vector of regression coefficients.
The error term ϵi in (4.2.2) satisfies the following conditions:

E(ϵi|xi) = 0, E(ϵiϵj|xixj) = 0, for i ̸= j, and V(ϵi|xi) = σ2ci, (4.2.3)

where ci > 0 is a known coefficient associated with unit i. In this thesis, we assume that
ci = 1 for all i. Note that we do not make any distributional assumptions about the error
terms ϵi. Deterministic parametric imputation involves replacing the missing values yi with

y∗i = m(xi, ˆ︁βr), i ∈ Sm, (4.2.4)

where ˆ︁βr is a suitable estimator of β (e.g., least square estimators, maximum likelihood
estimators).

To establish the properties of ˆ︁tI , we adopt the so called mpq-inferential framework (e.g.,Chen
and Haziza [2019]), which accounts for the combined effects of the model (m), sampling
design (p), and nonresponse mechanism (q). Under this framework, the bias of the imputed
estimator is defined as

Bias(ˆ︁tI) = Empq(ˆ︁tI − ty) ≡ EmEpEq(ˆ︁tI − ty), (4.2.5)

where Em(·), Ep(·), and Eq(·) denote expectations taken with respect to the imputation
model, the sampling design, and the nonresponse mechanism, respectively. To clarify the
nature of the expectations Em(·), Ep(·), and Eq(·), we first identify all the quantities involved
in the imputed estimator ˆ︁tI :

I = (I1, I2, . . . , IN)
⊤, r = (r1, r2, . . . , rN)

⊤, y = (y1, y2, . . . , yN)
⊤,

where I is the vector of sample-selection indicators (Ii = 1 if unit i is in the sample, 0
otherwise); r is the vector of response indicator (ri = 1 when yi is observed, 0 when it is
missing); and y is the vector of the population y-values. In addition, we denote by X the
matrix of auxiliary variables used at the imputation stage, and Z the matrix of auxiliary
variables used at the design stage. The following table summarizes which quantities are
treated as fixed or random under each type of expectation:
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I y r X Z

Em(·) Fixed Random Fixed Fixed Fixed
Ep(·) Random Fixed Fixed Fixed Fixed
Eq(·) Fixed Fixed Random Fixed Fixed

Table 4.2: Classification of variables as fixed or random under different expectation operators.

4.3 Linear Regression Imputation

In this section and subsequent sections, we study a special case of (4.2.4), namely determin-
istic linear regression imputation, whereby

m(xi, ˆ︁βr) = x⊤
i
ˆ︁βr (4.3.1)

with

ˆ︁βr =

(︄∑︂
i∈Sr

wixic
−1
i x⊤

i

)︄−1∑︂
i∈Sr

wixic
−1
i yi, (4.3.2)

denoting the weighted least squares estimator of ˆ︁β. This leads to the imputed values

y∗i,linear = x⊤
i
ˆ︁βr, i ∈ Sm. (4.3.3)

The resulting imputed estimator of ty is given by

ˆ︁tlinI =
∑︂
i∈S

wiriyi +
∑︂
i∈S

wi(1− ri)y
∗
i,linear. (4.3.4)

Proposition 4.3.1. Assume that the missing data mechanism is MAR and that the first
moment of the imputation model is correctly specified, that is,

Em(yi | xi) = x⊤
i β

for some vector β. Then, under the mpq-inferential framework, ˆ︁tlinI is mpq-unbiased for ty:

Bias(ˆ︁tlinI ) = Empq

(︁ˆ︁tlinI − ty
)︁
= 0. (4.3.5)

The proof is provided in Appendix A.2.

Although the linear regression imputation estimator is unbiased when the imputation model
is correctly specified, it may still perform poorly in practice. In particular, as discussed in
Section 2.2, severe multicollinearity among the covariates can lead to unstable estimates of
the regression coefficients and, consequently, to inflated variance. This instability propagates
to the imputed values and, in turn, to the imputed estimator, resulting in poor finite-
sample performance. In such situations, penalized regression methods, such as Ridge or
LASSO, provide a more robust alternative by stabilizing estimation through regularization
and reducing variance.



4. IMPUTATION BASED ON REGULARIZED REGRESSION 33

4.4 Ridge and mth-Order Debiased Ridge Imputation

Ridge imputation extends the linear regression imputation framework by fitting a ridge-
penalized regression model to the respondent sample. This parallels the use of ridge re-
gression in classical linear models (Section 2.3) and in model-assisted estimation for survey
sampling (Section 3.4), where regularization is employed to control variance inflation caused
by near-singular covariate matrices.

In the imputation context, the usual least-squares estimator ˆ︁βr is replaced by the ridge
estimator

ˆ︁βR
r (λ) =

(︄∑︂
i∈Sr

wixix
⊤
i + λIp

)︄−1∑︂
i∈Sr

wixiyi, (4.4.1)

where λ > 0 denotes a penalty parameter.

For each nonrespondent unit i ∈ Sm, the imputed values are given by

y∗i,Ridge = x⊤
i
ˆ︁βR
r (λ). (4.4.2)

The corresponding ridge imputed estimator of the population total ty is

ˆ︁tRI =
∑︂
i∈S

wiriyi +
∑︂
i∈S

wi(1− ri)x
⊤
i
ˆ︁βR
r (λ). (4.4.3)

The penalty parameter λ is generally unknown and may depend on the realized sample and
the set of respondents. In practice, λ is often selected using data-driven procedures such
as cross-validation and is therefore sample-dependent. Since its distribution under the mpq
framework is typically intractable, we treat λ as fixed when studying the bias of (4.4.3).

The total error of ˆ︁tRI can be expressed asˆ︁tRI − ty = (ˆ︁ty,HT − ty) + (ˆ︁tRI − ˆ︁ty,HT), (4.4.4)

where ˆ︁ty,HT =
∑︁

i∈S wiyi denotes the Horvitz–Thompson estimator based on the full sample.
The first term represents sampling error, while the second term captures the additional error
due to item nonresponse and imputation.

As discussed in Chapter 2, Ep(ˆ︁ty,HT − ty) = 0. Since ˆ︁ty,HT does not depend on the response
mechanism or the imputation model, it follows immediately that

Empq(ˆ︁ty,HT − ty) = 0.

Consequently, the mpq bias of ˆ︁tRI is entirely driven by the nonresponse–imputation compo-
nent:

Biasmpq(ˆ︁tRI ) = Epq

{︂
Em(ˆ︁tRI − ˆ︁ty,HT)

}︂
.
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Under MAR and the working linear model Em(yi) = x⊤
i β, we obtain

Em(ˆ︁tRI − ˆ︁ty,HT) = −λ

(︄∑︂
i∈Sm

wixi

)︄⊤

(Ar + λIp)
−1 β,

where
Ar =

∑︂
j∈Sr

wjxjx
⊤
j .

Therefore,

Biasmpq(ˆ︁tRI ) = −λEpq

⎡⎣(︄∑︂
i∈Sm

wixi

)︄⊤

(Ar + λIp)
−1

⎤⎦β. (4.4.5)

As expected, the bias vanishes in the case of complete response (Sm = ∅) or when λ = 0.

To better understand the behavior of (4.4.5), we consider two simple respondent–design
configurations that parallel those used to study ridge estimation of β in Section 3.4. Although
these configurations are not very realistic in practice, they help illustrate the main ideas.

(1) Weighted orthonormal respondent design. Assume∑︂
i∈Sr

wixix
⊤
i = Ip.

Then,

Biasmpq(ˆ︁tRI ) = − λ

1 + λ

∑︂
i∈U

wi(1− pi)x
⊤
i β.

(2) Weighted standardized uncorrelated respondent design. Suppose that the predictors are
weighted–uncorrelated and standardized within Sr, in the sense that∑︂

i∈Sr

wixix
⊤
i = cr Ip, cr =

1

p

∑︂
i∈Sr

wi x
⊤
i xi > 0,

so that all weighted cross–moments vanish and each predictor has the same weighted
second moment. Then

Biasmpq(ˆ︁tRI ) = −Epq

⎧⎨⎩ λ

cr + λ

(︄∑︂
i∈Sm

wixi

)︄⊤
⎫⎬⎭β.

For fixed λ, the factor λ/(cr + λ) decreases as cr increases. Thus, all else being equal,
the bias is attenuated when cr is larger, reflecting the fact that cr grows with the
amount of information contributed by the respondent sample.
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Ridge imputation generally induces a non-negligible bias due to coefficient shrinkage. To
mitigate this effect, we now consider debiased versions of the ridge estimator. The first-
order debiased ridge estimator fitted on the respondent sample is defined as

ˆ︁βDR
r (λ) =

{︁
Ip + λ (Ar + λIp)

−1}︁ (Ar + λIp)
−1
∑︂
i∈Sr

wixiyi. (4.4.6)

More generally, an mth-order debiased ridge estimator is defined by

ˆ︁β(m)
DR (λ) =

(︄
m∑︂
j=0

λj (Ar + λIp)
−(j+1)

)︄∑︂
i∈Sr

wixiyi. (4.4.7)

The associated mth-order debiased ridge imputed estimator of ty is

ˆ︁tDR,(m)
I =

∑︂
i∈S

wiriyi +
∑︂
i∈S

wi(1− ri)x
⊤
i
ˆ︁β(m)
DR (λ). (4.4.8)

The case m = 0 corresponds to standard ridge imputation, while m = 1 yields the first-order
debiased procedure. Proceeding as before, the mpq bias of ˆ︁tDR,(m)

I is given by

Biasmpq(ˆ︁tDR,(m)
I ) = −λm+1Epq

⎡⎣(︄∑︂
i∈Sm

wixi

)︄⊤

(Ar + λIp)
−(m+1)

⎤⎦β. (4.4.9)

To better understand the behavior of the mpq bias of the mth-order debiased ridge imputed
estimator (including the first-order case m = 1), we consider the same two respondent–design
configurations as in the ridge imputation case.

(1) Weighted orthonormal respondent design. Assume that∑︂
i∈Sr

wi xix
⊤
i = Ip, i.e., Ar = Ip.

Then, (4.4.9) reduces to

Biasmpq

(︂ˆ︁tDR,(m)
I

)︂
= − λm+1

(1 + λ)m+1

∑︂
i∈U

wi(1− pi)x
⊤
i β (4.4.10)

(2) Weighted standardized uncorrelated respondent design. Assume that the predictors are
weighted–uncorrelated and standardized within Sr so that∑︂

i∈Sr

wi xix
⊤
i = cr Ip, cr > 0, i.e., Ar = cr Ip.

Then, (4.4.9) simplifies to

Biasmpq

(︂ˆ︁tDR,(m)
I

)︂
= −Epq

⎡⎣ λm+1

(cr + λ)m+1

(︄∑︂
i∈Sm

wixi

)︄⊤

β

⎤⎦ . (4.4.11)
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For fixed λ, the magnitude of the mpq bias decreases as cr increases. For fixed λ > 0
and cr > 0, the multiplicative factor(︃

λ

cr + λ

)︃m+1

satisfies 0 < λ/(cr + λ) < 1 and therefore decreases geometrically as m increases.

4.5 Conditional MSE for Ridge Imputation

In ridge and LASSO regression, the choice of the tuning parameter λ is an important step.
In practice, a common approach is to select λ using K-fold cross-validation, which aims at
finding the value that gives the best prediction performance. However, in survey sampling,
the problem is not one of prediction but of estimation. The goal is not to predict individual
outcomes, but rather to estimate a finite population parameter, such as a total or a mean.
From this perspective, selecting λ based on prediction accuracy may not be appropriate.
Instead, we would like to choose the value of λ that minimizes the mean squared error of the
estimator of interest. Since the true mean squared error is unknown, it must be estimated.
Therefore, in this thesis, we select λ by minimizing an estimate of the mean squared error.
More specifically, we use the conditional mean squared error (CMSE) as our measure of
performance. The CMSE and its estimation are described in the next sections.

4.5.1 Decomposition of the Nonresponse Error

To simplify the algebra, we work in the remainder of this section with the population mean
µ = ty/N rather than the population total ty. All results carry over immediately to totals,
up to the usual scaling factors 1/N for point estimation and 1/N2 for variance.

The CMSE is designed to isolate the error introduced by nonresponse and imputation. Since
the sampling error is already captured by the unbiased Horvitz–Thompson estimator and is
not affected by the imputation procedure, the CMSE is defined by comparing the imputed
estimator ˆ︁µI =

1

N

∑︂
i∈S

wi˜︁yi, ˜︁yi = riyi + (1− ri)y
∗
i ,

to the Horvitz–Thompson estimator of µ,

ˆ︁µHT =
1

N

∑︂
i∈S

wiyi,

with expectation Em(·) taken with respect to the imputation model. The CMSE is then
defined as

CMSE(ˆ︁µI) = Em

[︁
(ˆ︁µI − ˆ︁µHT )

2
]︁
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= Vm(ˆ︁µI − ˆ︁µHT ) + {Em(ˆ︁µI − ˆ︁µHT )}2 . (4.5.1)

The first term corresponds to the variance induced by nonresponse and imputation, while
the second term represents the squared nonresponse bias.

We start from the identity

ˆ︁µI − ˆ︁µHT = − 1

N

∑︂
i∈Sm

wi(yi − y∗i ), (4.5.2)

where y∗i denotes the imputed value used to replace the missing yi.

We now consider linear regression imputation with an intercept. The imputation model is
written as

yi = x⊤
i β + ϵi, xi =

(︃
1
zi

)︃
, β =

(︃
α
γ

)︃
,

where the first component of xi corresponds to the intercept. The parameter vector β is
estimated using the respondent sample Sr, yielding an estimator ˆ︁β that may correspond to
ordinary least squares, ridge regression, or a debiased ridge estimator.

The decomposition derived below holds regardless of the specific estimation method used for
β. This is because these estimators can all be written as linear functions of the observed
responses, which implies that the resulting imputation estimators are linear in the data.

Under regression imputation, y∗i = x⊤
i
ˆ︁β, and substituting into (4.5.2) yields the exact identity

ˆ︁µI − ˆ︁µHT =
1

N

∑︂
i∈Sm

wix
⊤
i (
ˆ︁β − β)− 1

N

∑︂
i∈Sm

wiϵi. (4.5.3)

Define the weighted totals

ˆ︁Nr =
∑︂
i∈Sr

wi, ˆ︁Nm =
∑︂
i∈Sm

wi,

and the corresponding weighted mean covariate vectors

xr = ˆ︁N−1
r

∑︂
i∈Sr

wixi, xm = ˆ︁N−1
m

∑︂
i∈Sm

wixi, ∆x = x̄m − x̄r.

Because the first component of xi equals one for all units, the intercept cancels in ∆x.

Using the normal equations associated with estimation of the intercept on the respondent
sample, which hold regardless of whether ˆ︁β is obtained by least squares, ridge regression, or
a debiased ridge procedure (provided the intercept is not penalized), expression (4.5.3) can
be rewritten exactly as

ˆ︁µI − ˆ︁µHT =
ˆ︁Nm

N

{︂
∆⊤

x (
ˆ︁β − β) + (ϵr − ϵm)

}︂
, (4.5.4)
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where
ϵr = ˆ︁N−1

r

∑︂
i∈Sr

wiϵi, ϵm = ˆ︁N−1
m

∑︂
i∈Sm

wiϵi.

The decomposition in (4.5.4) is purely algebraic and does not depend on the specific choice
of ˆ︁β. Different estimators affect the magnitude of the bias and variance components of the
CMSE, but not the structure of the decomposition itself. In the subsequent subsection, we
exploit this representation to derive the CMSE associated with ridge imputation, first-order
debiased ridge imputation, and the mth-order debiasing scheme.

4.5.2 Derivation of the CMSE

Before analyzing specific estimators, we establish the general forms of the conditional bias
and variance based on the decomposition in (4.5.4). These general results apply to any linear
estimator ˆ︁β used for imputation.

First, we consider the conditional bias. Taking the model expectation Em of (4.5.4), and
noting that Em(ϵi) = 0 implies Em(ϵr − ϵm) = 0, the conditional bias of ˆ︁µI is given by

Bias(ˆ︁µI) = Em(ˆ︁µI − ˆ︁µHT ) =
ˆ︁Nm

N
∆⊤

xEm(ˆ︁β − β). (4.5.5)

Next, the conditional variance is given by

Vm(ˆ︁µI − ˆ︁µHT ) =

(︄ ˆ︁Nm

N

)︄2

Vm

{︂
∆⊤

x (
ˆ︁β − β) + (ϵr − ϵm)

}︂
=

(︄ ˆ︁Nm

N

)︄2 [︂
∆⊤

xVm(ˆ︁β)∆x + Vm(ϵr − ϵm) + 2Covm
(︁
∆⊤

x
ˆ︁β, ϵr)︁]︂. (4.5.6)

Note that

Vm(ϵr − ϵm) = Vm(ϵr) + Vm(ϵm)

= Vm

(︃∑︁
i∈S wiriϵiˆ︁Nr

)︃
+ Vm

(︃∑︁
i∈S wi(1− ri)ϵiˆ︁Nm

)︃
= σ2

(︄∑︁
i∈S w

2
i riˆ︁N2

r

+

∑︁
i∈S w

2
i (1− ri)ˆ︁N2
m

)︄
. (4.5.7)

Under simple random sampling without replacement, whereby wi = N/n, Expression (4.5.7)
reduces to

Vm(ϵr − ϵm) = σ2

(︃
1

nr

+
1

nm

)︃
.
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4.5.3 CMSE for Ridge Imputation

In this section, we derive an expression of the CMSE in the case of ridge imputation (which
corresponds to m = 0). Let

A(λ) =
∑︂
i∈Sr

wixix
⊤
i + λIp.

Therefore, the squared conditional bias is given by

Em

{︂ˆ︁βR(λ)− β
}︂
= −λA(λ)−1β.

Substituting into (4.5.5), the squared bias component is

Bias2(ˆ︁µ(0)
I ) =

(︄ ˆ︁Nm

N

)︄2

λ2
(︁
∆⊤

xA(λ)−1β
)︁2

. (4.5.8)

The variance of the ridge coefficients is

Vm

(︂ˆ︁βR(λ)
)︂
= σ2A(λ)−1

(︄∑︂
i∈Sr

w2
i xix

⊤
i

)︄
A(λ)−1.

The covariance term appearing in (4.5.6) is

Covm
(︁
∆⊤

x
ˆ︁βR(λ), ϵr

)︁
=

σ2ˆ︁Nr

∆⊤
xA(λ)−1

(︄∑︂
i∈Sr

w2
i xi

)︄
.

Combining these results, the CMSE for ridge imputation is

CMSE(0)(λ) =

(︄ ˆ︁Nm

N

)︄2 [︄
λ2
(︁
∆⊤

xA(λ)−1β
)︁2

+ σ2∆⊤
xA(λ)−1

(︄∑︂
i∈Sr

w2
i xix

⊤
i

)︄
A(λ)−1∆x

+ σ2

(︄∑︁
i∈S w

2
i riˆ︁N2

r

+

∑︁
i∈S w

2
i (1− ri)ˆ︁N2
m

)︄
+

2σ2ˆ︁Nr

∆⊤
xA(λ)−1

(︄∑︂
i∈Sr

w2
i xi

)︄]︄
.

(4.5.9)

4.5.4 CMSE for First-Order Debiased Ridge Imputation

In this section, we derive an expression of the CMSE in the case of the first-order debiased
ridge imputation (which corresponds to m = 1). We have

Em

{︂ˆ︁β(1)
DR(λ)− β

}︂
= λ2A(λ)−2β.

Using the general bias formula (4.5.5), the squared bias component becomes

Bias2(ˆ︁µ(1)
I ) =

(︄ ˆ︁Nm

N

)︄2

λ4
(︁
∆⊤

xA(λ)−2β
)︁2

. (4.5.10)
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The variance of the first-order debiased ridge coefficients is

Vm

(︂ˆ︁β(1)
DR(λ)

)︂
= σ2D1(λ)

(︄∑︂
i∈Sr

w2
i xix

⊤
i

)︄
D1(λ)

⊤, D1(λ) = A(λ)−1 + λA(λ)−2.

The covariance term in (4.5.6) is

Covm
(︁
∆⊤

x
ˆ︁β(1)
DR(λ), ϵr

)︁
=

σ2ˆ︁Nr

∆⊤
xD1(λ)

(︄∑︂
i∈Sr

w2
i xi

)︄
.

Combining these results, the CMSE for first-order debiased ridge imputation is

CMSE(1)(λ) =

(︄ ˆ︁Nm

N

)︄2 [︄
λ4
(︁
∆⊤

xA(λ)−2β
)︁2

+ σ2∆⊤
xD1(λ)

(︄∑︂
i∈Sr

w2
i xix

⊤
i

)︄
D1(λ)

⊤∆x

+ σ2

(︄∑︁
i∈S w

2
i riˆ︁N2

r

+

∑︁
i∈S w

2
i (1− ri)ˆ︁N2
m

)︄
+

2σ2ˆ︁Nr

∆⊤
xD1(λ)

(︄∑︂
i∈Sr

w2
i xi

)︄]︄
.

(4.5.11)

4.5.5 CMSE for m-th Order Debiased Ridge Imputation

In this section, we generalize the previous results to the mth-order debiased ridge estimator.
First, we have ˆ︁β(m)

DR (λ) is

Em

{︂ˆ︁β(m)
DR (λ)− β

}︂
= (−1)m+1λm+1A(λ)−(m+1)β, (4.5.12)

It follows that the squared bias component of the imputed estimator is

Bias2(ˆ︁µ(m)
I ) =

(︄ ˆ︁Nm

N

)︄2

λ2(m+1)
(︁
∆⊤

xA(λ)−(m+1)β
)︁2

. (4.5.13)

Next, we derive the conditional variance. From (4.4.7), we define

Dm(λ) =
m∑︂
j=0

λjA(λ)−(j+1),

so that ˆ︁β(m)
DR (λ) = Dm(λ)

∑︂
i∈Sr

wixiyi.

The variance of the coefficient estimator is

Vm

(︂ˆ︁β(m)
DR (λ)

)︂
= Dm(λ)Vm

(︄∑︂
i∈Sr

wixiyi

)︄
Dm(λ)

⊤
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= σ2Dm(λ)

(︄∑︂
i∈Sr

w2
i xix

⊤
i

)︄
Dm(λ)

⊤. (4.5.14)

The covariance term appearing in the general variance decomposition (4.5.6) is

Covm
(︁
∆⊤

x
ˆ︁β(m)
DR (λ), ϵr

)︁
=

σ2ˆ︁Nr

∆⊤
xDm(λ)

(︄∑︂
i∈Sr

w2
i xi

)︄
. (4.5.15)

Combining these results, the CMSE of the mth-order debiased ridge imputed estimator is

CMSE(m)(λ) =

(︄ ˆ︁Nm

N

)︄2 [︄
λ2(m+1)

(︁
∆⊤

xA(λ)−(m+1)β
)︁2

+ σ2∆⊤
xDm(λ)

(︄∑︂
i∈Sr

w2
i xix

⊤
i

)︄
Dm(λ)

⊤∆x

+ σ2

(︄∑︁
i∈S w

2
i riˆ︁N2

r

+

∑︁
i∈S w

2
i (1− ri)ˆ︁N2
m

)︄
+

2σ2ˆ︁Nr

∆⊤
xDm(λ)

(︄∑︂
i∈Sr

w2
i xi

)︄]︄
.

(4.5.16)

The CMSE given in (4.5.16) is not directly available in practice, as it depends on the un-
known quantities β and σ2. Therefore, it must be estimated by replacing these quantities
with suitable plug-in estimators.

A first option is to estimate β and σ2 using ordinary least squares. In this case, we use

ˆ︁βr =

(︄∑︂
i∈Sr

wixic
−1
i x⊤

i

)︄−1∑︂
i∈Sr

wixic
−1
i yi,

and ˆ︁σ2 =
1

nr − p

∑︂
i∈Sr

(︂
yi − x⊤

i
ˆ︁βr

)︂2
.

An alternative is to use ridge-based estimators. In this case, β is replaced by the ridge
estimator ˆ︁βR(λ), and σ2 is estimated using the corresponding residuals:

ˆ︁σ2
R(λ) =

1

nr − df(λ)

∑︂
i∈Sr

(︂
yi − x⊤

i
ˆ︁βR(λ)

)︂2
,

where df(λ) = tr{H(λ)} denotes the effective degrees of freedom of the ridge fit with

H(λ) = Xr

(︁
X⊤

r Xr + λIp
)︁−1

X⊤
r .

These two approaches will be compared in the simulation study in Section 4.7.

The estimated CMSE can then be used as a criterion to select the tuning parameters. We
consider two strategies.
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(i) In the first approach, the order m is fixed in advance, and the regularization parameter
λ is selected by minimizing the estimated CMSE over a predefined grid of candidate
values. This yields the optimal λ for a given value of m.

(ii) In the second approach, both m and λ are selected jointly by minimizing the estimated
CMSE over a two-dimensional grid of candidate pairs (m,λ). This allows the data to
determine both the amount of regularization and the level of bias correction.

In both cases, the estimated CMSE directly targets the accuracy of the imputed estimator
of the population parameter.

4.6 LASSO and Post-LASSO Imputation

LASSO imputation extends the linear imputation framework by incorporating an L1 penalty
in the estimation of regression coefficients, thereby encouraging sparsity in the fitted model.
The motivation parallels that of LASSO regression: when the number of auxiliary variables
is large, or when multicollinearity is present, traditional linear or ridge imputation may pro-
duce unstable or inefficient estimates. By simultaneously performing variable selection and
coefficient shrinkage, LASSO imputation offers a more interpretable model and can help
mitigate overfitting, particularly in high-dimensional settings. In this section, we formalize
the LASSO imputation approach and discuss its estimation procedure, as well as a common
two-step extension known as Post-LASSO.

Let ˆ︁βLA
r (λ) represent the LASSO estimator obtained from the respondent sample. Then,

the imputed value for unit i ∈ Sm is given by

y∗i,LA = x⊤
i
ˆ︁βLA
r (λ), i ∈ Sm, (4.6.1)

The corresponding imputed total estimator based on LASSO follows the standard imputation
formula: ˆ︁tLAI =

∑︂
i∈S

wiriyi +
∑︂
i∈S

wi(1− ri)y
∗
i,LA. (4.6.2)

While LASSO is effective for automatic variable selection, it tends to introduce bias in the
estimated coefficients, particularly for those with large true values. To reduce this bias, a two-
step procedure known as Post-LASSO is often employed. In this approach, the variables with
nonzero coefficients identified by the initial LASSO fit are retained, and an OLS regression
is subsequently applied to this selected subset. The resulting estimator, denoted by ˆ︁βPL

r , is
then used to compute the imputed values as follows:

y∗i,PL = x⊤
i
ˆ︁βPL
r , i ∈ Sm. (4.6.3)

The corresponding imputed total estimator is given by:ˆ︁tPL
I =

∑︂
i∈S

wiriyi +
∑︂
i∈S

wi(1− ri)y
∗
i,PL. (4.6.4)
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In practice, Post-LASSO can reduce the bias introduced by the LASSO, since the final OLS
step is not penalized. At the same time, it keeps the variable selection obtained in the first
step. As a result, it can provide more accurate estimates, especially when some relevant
variables have been correctly selected by LASSO.

In the next section, we present a simulation study to evaluate the performance of several
imputation estimators, including ridge-based methods (and their debiased versions), as well
as Adaptive LASSO and Post-LASSO. The simulations consider different scenarios, such as
varying levels of correlation, signal strength, and missingness, in order to assess how these
methods perform in practice.

4.7 Empirical results

4.7.1 Simulation Setup

In this simulation experiment, the data generation process for the design matrix X and the
response variable y follows the setup described in Section 2.3.4. We consider different values
of p, namely p ∈ {10, 20, 30, 40, 50}. For each value of p, each row xi of the design matrix
X is generated from a multivariate normal distribution with mean vector 0 and covariance
matrix having ones on the diagonal and ρ on all off-diagonal entries. We consider two levels
of correlation between the covariates, namely ρ = 0.3 and ρ = 0.95.

We consider three types of models corresponding to different levels of sparsity: a non-sparse
model (no zero coefficients), a moderately sparse model with 40% of the coefficients equal
to zero, and a highly sparse model with 60% of the coefficients equal to zero.

In the non-sparse case, all regression coefficients are nonzero and are generated as

βj ∼

⎧⎨⎩Unif(0, 1), j = 1, . . . , ⌊p/2⌋,

Unif(1, 2), j = ⌊p/2⌋+ 1, . . . , p.
(4.7.1)

For the sparse models, a proportion of the coefficients is set to zero (40% or 60%, depending
on the scenario). The remaining nonzero coefficients are generated in the same way as in
(4.7.1), by splitting them into two groups and sampling from Unif(0, 1) and Unif(1, 2).

For each simulation setting, the covariates X and the regression coefficients β were generated
once and then kept fixed throughout the experiment. The number of predictors was taken
to be

p ∈ {10, 20, 30, 40, 50}.
Given these fixed values of X and β, we then generated R = 5000 independent realizations
of the response variable Y . This can be viewed as generating 5000 finite populations, each
of size N = 2000 under the same underlying regression structure.
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More precisely, the response variable was generated according to

yi = 10 + xT
i β + εi, εi

i.i.d.∼ N (0, σ2),

where σ2 was chosen so that the resulting coefficient of determination R2 was equal to 0.6.

For each of the 5000 finite populations, a simple random sample without replacement of size
n = 200 was selected.

Next, nonresponse was generated within each sample according to a Missing at Random
(MAR) mechanism. Specifically, the response probability for unit i was given by

pi = 0.1 + 0.9
1

1 + exp
[︁
−(γ0 + x⊤

i γ)
]︁ ,

where γ is a vector whose components are all equal to 0.2, and the intercept γ0 was chosen
so that the overall response rate was approximately 50%.

For each incomplete sample, missing values were imputed and the corresponding imputed
estimators were computed:

(i) the full-sample Horvitz–Thompson estimator, computed using the complete sample
before nonresponse was introduced, as a benchmark;

(ii) the imputed estimator based on ordinary least squares (OLS);

(iii) the imputed estimator based on ridge regression;

(iv) the imputed estimator based on the mth-order debiased ridge estimator, for m =
0, . . . , 5;

(v) the imputed estimator based on the debiased ridge estimator with (m,λ) selected by
minimizing the estimated CMSE;

(vi) the imputed estimator based on the Adaptive LASSO;

(vii) the imputed estimator based on the Post-LASSO.

The simulation study is divided into two parts, each addressing a different objective. In
the first part, we focus on the estimation of the conditional mean squared error (CMSE)
for ridge-based imputation methods, comparing their MSE to investigate how different plug-
in choices affect its accuracy. In the second part, we compare the performance of several
imputation methods, including ridge-based estimators, Adaptive LASSO, and Post-LASSO,
and we also examine the impact of different tuning parameter selection strategies.
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4.7.2 Evaluation of CMSE estimation

In a first set of experiments, we focus on the estimation of the conditional mean squared
error (CMSE) for ridge-based imputation methods, including both standard and debiased
ridge imputation. The goal is to assess how different plug-in choices for β and σ2 affect the
quality of the CMSE approximation.

In particular, we compare three approaches:

(I) CMSE based on OLS estimators of β and σ2; see Section 4.5.5.

(II) CMSE based on ridge estimators of β and σ2; see Section 4.5.5.

(III) an oracle version, where the true values of β and σ2 are used. The oracle case is
infeasible in practice but serves as a benchmark,

The results are reported in Tables 4.3-4.6.

We use DR-m (CMSE-R/CMSE-OLS/CMSE-Oracle) to denote the mth order debiaed ridge
imputation based on ridge/OLS/Oracle estimation of β and σ2, respectively. We use BEST(CMSE-
R/CMSE-OLS/CMSE-Oracle) to denote the fully data-driven approach in which both m and
λ are selected jointly by minimizing the estimated CMSE over a two-dimensional grid of can-
didate values.

Across all four tables, a clear pattern emerges regarding the estimation of the CMSE. As
expected, the oracle version consistently provides the best results, serving as a gold stan-
dard. It typically achieves both the smallest bias and the lowest MSE. For instance, in the
high-correlation setting without sparsity (Table 4.4), the oracle-based estimators attain MSE
values around 14.4–14.6 when P/E(nr) = 30/100, which are uniformly smaller than their
OLS-based counterparts (around 16.0) and comparable or slightly better than the ridge-
based ones.

Among feasible approaches, using ridge-based plug-in estimators for β and σ2 generally
leads to better performance in terms of MSE than using OLS. This is particularly evident
in more challenging settings. For example, in Table 4.4 with P/E(nr) = 50/100, the MSE
for CMSE-OLS is around 51.8, whereas it is about 41.1 for CMSE-R, showing a substantial
improvement when ridge is used. On the other hand, OLS-based estimators often exhibit
slightly smaller bias than ridge-based ones, especially for higher-order debiased estimators.
This can be seen, for instance, in Table 4.3, where the relative bias for DR-5 is about 0.1
under CMSE-OLS compared to 0.1–0.3 under CMSE-R, although the corresponding MSE
remains very similar or slightly larger under OLS. This illustrates a classical bias–variance
trade-off: OLS tends to reduce bias but at the cost of increased variability, whereas ridge
introduces a small amount of bias but stabilizes the estimation, leading to lower MSE overall.
This effect becomes more pronounced as the problem becomes more ill-conditioned, such as
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when the correlation is high or when P/E(nr) increases.

Finally, these conclusions are consistent across all scenarios, including both low and high
correlation as well as sparse and non-sparse settings (Tables 4.3–4.6), confirming that ridge-
based plug-in estimators provide a good practical compromise, while the oracle benchmark
remains unattainable in practice.

4.7.3 Comparison of several imputation methods

In a second set of experiments, we compare ridge-based imputation methods with alternative
approaches, including Adaptive LASSO and Post-LASSO. In this part, we also investigate
the impact of the tuning parameter selection method. In particular, ridge and debiased ridge
estimators are considered with tuning parameters selected either by cross-validation (CV)
or by minimizing the estimated CMSE using β̂ and σ2 estimated through ridge.

More precisely, for the debiased ridge estimators, we consider orders m = 0, . . . , 5, where the
case m = 0 corresponds to the standard ridge estimator. For each value of m, the tuning
parameter λ is selected either by CV or by minimizing the estimated CMSE. This leads to
the estimators denoted by DR-m (CV) and DR-m (CMSE), respectively.

In addition, we consider a fully data-driven approach in which both m and λ are selected
jointly by minimizing the estimated CMSE over a two-dimensional grid of candidate values.
This yields the estimator denoted by BEST (CMSE).

We examine the following imputation estimators:

(i) the full-sample Horvitz–Thompson estimator (denoted Full), computed using the com-
plete sample before nonresponse, as a benchmark;

(ii) the imputed estimator based on ordinary least squares (OLS);

(iii) the imputed estimator based on ridge and debiased ridge regression, for m = 0, . . . , 5,
with λ selected either by cross-validation (DR-m (CV)) or by minimizing the estimated
CMSE (DR-m (CMSE));

(iv) the imputed estimator based on the debiased ridge estimator with both m and λ
selected jointly by minimizing the estimated CMSE (BEST (CMSE));

(v) the imputed estimator based on the Adaptive LASSO (Adaptive LASSO (CV));

(vi) the imputed estimator based on the Post-LASSO (Post-LASSO).
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Table 4.3: Comparison of different estimators of CMSE under no sparsity at corr = 0.3,
showing % Relative Bias and MSE in brackets.

Estimator P/E(nr)

10
100

20
100

30
100

40
100

50
100

Ridge (CMSE) 0.7
(0.54)

2.5
(2.84)

4.4
(5.57)

7.0
(10.04)

9.8
(16.34)

DR-1 (CMSE-R) 0.5
(0.57)

2.0
(2.72)

3.3
(5.09)

4.3
(8.94)

5.1
(14.62)

DR-2 (CMSE-R) 0.2
(0.57)

0.9
(2.68)

1.4
(5.12)

2.1
(9.18)

2.8
(15.21)

DR-3 (CMSE-R) 0.1
(0.57)

0.4
(2.72)

0.8
(5.24)

1.4
(9.49)

2.0
(15.83)

DR-4 (CMSE-R) 0.1
(0.57)

0.2
(2.75)

0.5
(5.35)

1.0
(9.75)

1.6
(16.36)

DR-5 (CMSE-R) 0.1
(0.57)

0.2
(2.78)

0.3
(5.45)

0.8
(9.98)

1.3
(16.83)

BEST (CMSE-R) 0.5
(0.58)

2.2
(2.77)

3.9
(5.29)

5.8
(9.52)

7.8
(15.68)

DR-1 (CMSE-OLS) 0.6
(0.58)

1.5
(2.75)

1.7
(5.33)

2.1
(9.90)

2.2
(17.34)

DR-2 (CMSE-OLS) 0.4
(0.57)

0.7
(2.71)

0.8
(5.30)

1.2
(9.94)

1.4
(17.49)

DR-3 (CMSE-OLS) 0.2
(0.57)

0.4
(2.72)

0.5
(5.34)

0.9
(10.03)

1.1
(17.69)

DR-4 (CMSE-OLS) 0.1
(0.57)

0.3
(2.73)

0.4
(5.40)

0.7
(10.14)

1.0
(17.87)

DR-5 (CMSE-OLS) 0.1
(0.57)

0.2
(2.75)

0.3
(5.45)

0.6
(10.23)

0.8
(18.06)

BEST (CMSE-OLS) 0.5
(0.57)

1.6
(2.83)

2.7
(5.67)

4.3
(10.59)

5.4
(18.30)

DR-1 (CMSE-Oracle) 0.6
(0.56)

2.1
(2.64)

3.4
(5.02)

4.4
(8.90)

5.2
(14.58)

DR-2 (CMSE-Oracle) 0.5
(0.56)

1.0
(2.65)

1.5
(5.10)

2.1
(9.17)

2.8
(15.21)

DR-3 (CMSE-Oracle) 0.3
(0.56)

0.5
(2.69)

0.8
(5.23)

1.4
(9.48)

2.0
(15.82)

DR-4 (CMSE-Oracle) 0.2
(0.56)

0.3
(2.72)

0.5
(5.33)

1.1
(9.73)

1.6
(16.34)

DR-5 (CMSE-Oracle) 0.1
(0.57)

0.2
(2.74)

0.3
(5.41)

0.8
(9.94)

1.3
(16.79)

BEST (CMSE-Oracle) 0.5
(0.56)

1.8
(2.64)

3.3
(5.02)

4.4
(8.90)

5.2
(14.59)
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Table 4.4: Comparison of different estimators of CMSE under no sparsity at corr = 0.95,
showing % Relative Bias and MSE in brackets.

Estimator P/E(nr)

10
100

20
100

30
100

40
100

50
100

Ridge (CMSE) 0.5
(1.56)

1.1
(7.54)

1.2
(14.58)

2.1
(26.22)

39.9
(41.05)

DR-1 (CMSE-R) -0.1
(1.56)

-0.2
(7.53)

-0.5
(14.56)

0.2
(26.28)

2.1
(41.15)

DR-2 (CMSE-R) -0.2
(1.56)

-0.5
(7.53)

-0.6
(14.54)

0.1
(26.23)

2.0
(41.07)

DR-3 (CMSE-R) -0.2
(1.56)

-0.5
(7.53)

-0.6
(14.53)

0.1
(26.22)

1.9
(41.01)

DR-4 (CMSE-R) -0.2
(1.56)

-0.5
(7.53)

-0.6
(14.54)

0.1
(26.26)

1.9
(41.08)

DR-5 (CMSE-R) -0.2
(1.56)

-0.5
(7.54)

-0.6
(14.56)

0.0
(26.34)

1.9
(41.21)

BEST (CMSE-R) 0.4
(1.56)

0.9
(7.55)

0.9
(14.59)

1.8
(26.26)

3.6
(41.11)

DR-1 (CMSE-OLS) -0.0
(1.58)

-0.2
(7.94)

-0.5
(15.98)

-0.4
(30.83)

2.1
(51.51)

DR-2 (CMSE-OLS) -0.2
(1.58)

-0.4
(7.95)

-0.6
(16.00)

-0.5
(30.87)

2.0
(51.64)

DR-3 (CMSE-OLS) -0.2
(1.58)

-0.4
(7.95)

-0.6
(16.00)

-0.5
(30.89)

2.0
(51.76)

DR-4 (CMSE-OLS) -0.2
(1.58)

-0.4
(7.95)

-0.6
(16.01)

-0.6
(30.92)

2.1
(51.80)

DR-5 (CMSE-OLS) -0.2
(1.58)

-0.4
(7.95)

-0.6
(16.02)

-0.6
(30.93)

2.0
(51.85)

BEST (CMSE-OLS) 0.5
(1.61)

1.5
(8.15)

1.4
(16.10)

1.4
(30.92)

3.9
(51.76)

DR-1 (CMSE-Oracle) 0.3
(1.55)

0.4
(7.39)

-0.0
(14.42)

0.7
(26.00)

2.3
(40.68)

DR-2 (CMSE-Oracle) -0.1
(1.55)

-0.4
(7.43)

-0.7
(14.46)

0.1
(26.08)

1.9
(40.78)

DR-3 (CMSE-Oracle) -0.2
(1.55)

-0.4
(7.44)

-0.7
(14.48)

0.1
(26.15)

1.9
(40.89)

DR-4 (CMSE-Oracle) -0.2
(1.55)

-0.4
(7.46)

-0.7
(14.51)

0.1
(26.23)

1.9
(41.02)

DR-5 (CMSE-Oracle) -0.2
(1.55)

-0.4
(7.48)

-0.7
(14.55)

0.0
(26.31)

1.9
(41.17)

BEST (CMSE-Oracle) 0.3
(1.55)

0.6
(7.39)

1.0
(14.41)

2.5
(25.97)

6.5
(40.71)
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Table 4.5: Comparison of different estimators of CMSE under medium sparsity (40% zero
covariates) at corr = 0.3, showing % Relative Bias and MSE in brackets.

Estimator P/E(nr)

10
100

20
100

30
100

40
100

50
100

Ridge (CMSE) 0.4
(0.29)

1.3
(1.14)

2.5
(2.43)

4.8
(4.20)

5.4
(5.98)

DR-1 (CMSE-R) 0.1
(0.29)

0.9
(1.10)

1.6
(2.25)

3.3
(3.78)

2.6
(5.44)

DR-2 (CMSE-R) 0.0
(0.29)

0.3
(1.09)

0.6
(2.26)

1.9
(3.84)

1.3
(5.66)

DR-3 (CMSE-R) 0.0
(0.29)

0.0
(1.10)

0.2
(2.31)

1.4
(3.95)

0.9
(5.89)

DR-4 (CMSE-R) 0.0
(0.29)

-0.1
(1.12)

0.1
(2.36)

1.1
(4.05)

0.6
(6.10)

DR-5 (CMSE-R) 0.0
(0.29)

-0.1
(1.12)

0.0
(2.40)

0.9
(4.14)

0.5
(6.27)

BEST (CMSE-R) 0.3
(0.29)

1.2
(1.13)

2.3
(2.35)

4.3
(4.00)

4.4
(5.82)

DR-1 (CMSE-OLS) 0.3
(0.29)

0.7
(1.11)

0.9
(2.35)

1.8
(4.13)

1.0
(6.53)

DR-2 (CMSE-OLS) 0.2
(0.28)

0.3
(1.09)

0.3
(2.35)

1.2
(4.12)

0.5
(6.58)

DR-3 (CMSE-OLS) 0.1
(0.28)

0.1
(1.10)

0.2
(2.37)

1.0
(4.16)

0.4
(6.65)

DR-4 (CMSE-OLS) 0.0
(0.28)

0.0
(1.10)

0.1
(2.38)

0.9
(4.20)

0.3
(6.72)

DR-5 (CMSE-OLS) 0.0
(0.28)

0.0
(1.11)

0.0
(2.40)

0.8
(4.23)

0.2
(6.78)

BEST (CMSE-OLS) 0.3
(0.29)

0.9
(1.13)

1.7
(2.48)

3.1
(4.39)

2.8
(6.79)

DR-1 (CMSE-Oracle) 0.3
(0.28)

1.0
(1.07)

1.6
(2.19)

3.3
(3.74)

2.7
(5.41)

DR-2 (CMSE-Oracle) 0.2
(0.28)

0.5
(1.07)

0.6
(2.24)

1.9
(3.82)

1.3
(5.64)

DR-3 (CMSE-Oracle) 0.1
(0.28)

0.2
(1.09)

0.3
(2.29)

1.4
(3.93)

0.9
(5.88)

DR-4 (CMSE-Oracle) 0.0
(0.28)

0.1
(1.10)

0.1
(2.33)

1.1
(4.03)

0.7
(6.08)

DR-5 (CMSE-Oracle) 0.0
(0.28)

0.0
(1.11)

0.0
(2.37)

0.9
(4.11)

0.5
(6.25)

BEST (CMSE-Oracle) 0.3
(0.28)

0.9
(1.06)

1.7
(2.20)

3.3
(3.74)

3.2
(5.43)
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Table 4.6: Comparison of different estimators of CMSE under medium sparsity (40% zero
covariates) at corr = 0.95, showing % Relative Bias and MSE in brackets.

Estimator P/E(nr)

10
100

20
100

30
100

40
100

50
100

Ridge (CMSE) 0.6
(0.64)

1.1
(3.00)

1.3
(6.35)

2.0
(10.17)

1.2
(15.33)

DR-1 (CMSE-R) 0.2
(0.64)

0.4
(2.99)

0.3
(6.34)

0.8
(10.17)

0.1
(15.36)

DR-2 (CMSE-R) 0.2
(0.64)

0.2
(2.99)

0.2
(6.33)

0.8
(10.16)

0.0
(15.33)

DR-3 (CMSE-R) 0.2
(0.64)

0.2
(2.99)

0.2
(6.32)

0.8
(10.15)

0.0
(15.32)

DR-4 (CMSE-R) 0.2
(0.64)

0.2
(2.99)

0.2
(6.31)

0.8
(10.16)

0.0
(15.34)

DR-5 (CMSE-R) 0.2
(0.64)

0.2
(2.99)

0.2
(6.33)

0.7
(10.18)

0.0
(15.39)

BEST (CMSE-R) 0.5
(0.64)

1.0
(3.00)

1.2
(6.35)

1.8
(10.19)

1.0
(15.34)

DR-1 (CMSE-OLS) 0.3
(0.65)

0.2
(3.14)

0.4
(6.94)

0.6
(11.89)

0.0
(19.75)

DR-2 (CMSE-OLS) 0.2
(0.65)

0.1
(3.14)

0.3
(6.95)

0.6
(11.89)

0.0
(19.81)

DR-3 (CMSE-OLS) 0.2
(0.65)

0.1
(3.14)

0.3
(6.96)

0.6
(11.91)

0.0
(19.84)

DR-4 (CMSE-OLS) 0.2
(0.65)

0.1
(3.14)

0.3
(6.96)

0.6
(11.92)

0.0
(19.86)

DR-5 (CMSE-OLS) 0.2
(0.65)

0.1
(3.14)

0.3
(6.96)

0.6
(11.92)

0.0
(19.87)

BEST (CMSE-OLS) 0.6
(0.66)

1.2
(3.21)

1.6
(7.00)

1.7
(11.96)

1.1
(19.69)

DR-1 (CMSE-Oracle) 0.5
(0.63)

0.7
(2.95)

0.6
(6.24)

1.2
(10.08)

0.3
(15.17)

DR-2 (CMSE-Oracle) 0.2
(0.63)

0.3
(2.96)

0.2
(6.26)

0.8
(10.10)

0.0
(15.22)

DR-3 (CMSE-Oracle) 0.2
(0.63)

0.2
(2.97)

0.2
(6.27)

0.8
(10.12)

0.0
(15.27)

DR-4 (CMSE-Oracle) 0.1
(0.64)

0.2
(2.97)

0.2
(6.29)

0.8
(10.14)

0.0
(15.32)

DR-5 (CMSE-Oracle) 0.1
(0.64)

0.2
(2.97)

0.2
(6.30)

0.7
(10.17)

0.0
(15.38)

BEST (CMSE-Oracle) 0.5
(0.63)

0.9
(2.95)

1.7
(6.24)

2.3
(10.05)

2.6
(15.11)
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The goal is to evaluate the relative performance of these methods in terms of Monte Carlo
percent relative bias and mean squared error under different simulation settings.

The simulation results are summarized in Tables (4.7)-(4.12). The simulation results show
several clear patterns across the different settings. Overall, the debiased ridge estimators
with λ selected using the CMSE criterion perform well in all scenarios. When the debiasing
order m is fixed, the estimators DR-1, DR-2, and DR-3 usually have very small bias and
competitive mean squared error when compared to other estimators. For example, in the
non-sparse setting with ρ = 0.3 and p = 50, DR-5 (CMSE) has a relative bias of 0.8 and
an MSE of 16.27, whereas Ridge (CV) has a much larger bias of 34.3 and a larger MSE of
24.94. This shows that the debiasing step can substantially improve the ridge estimator.

When Ridge (CMSE) is compared with the debiased ridge estimators based on CMSE, the
differences are usually present but not very large. In many cases, the debiased versions re-
duce the bias somewhat and may also slightly reduce the MSE, but the gain is not dramatic.
For instance, in the non-sparse setting with ρ = 0.3 and p = 40, Ridge (CMSE) has an
MSE of 10.21, while DR-3 (CMSE) has an MSE of 9.69. So the CMSE-based debiased ridge
estimators are generally a bit better than ridge, but not by a large margin. This suggests
that much of the gain already comes from choosing λ using CMSE instead of cross-validation.

The estimator BEST (CMSE), which jointly selects both m and λ, also performs well overall.
However, it is not systematically better than fixing a small value of m. In many settings,
DR-2 (CMSE) or DR-3 (CMSE) performs about as well as BEST (CMSE), and sometimes
slightly better. This suggests that, in practice, fixing a small order such as m = 2 or m = 3
may already be enough.

The comparison with the LASSO-based methods is also interesting. Across all scenarios,
Post-LASSO performs much better than Adaptive LASSO. Adaptive LASSO often has a
fairly large bias, especially when p increases. For example, in the non-sparse case with
ρ = 0.3 and p = 50, Adaptive LASSO has a relative bias of 29.8 and an MSE of 24.74,
whereas Post-LASSO has a relative bias of −3.2 and an MSE of 15.28. So Post-LASSO is
clearly preferable to Adaptive LASSO in these simulations.

In the non-sparse settings, the ridge-based methods tend to perform better than the LASSO-
based methods. This is not surprising, since when all coefficients are nonzero, methods based
on shrinkage are often more suitable than methods based on variable selection. For example,
in the case ρ = 0.95 and p = 50, DR-2 (CMSE) has an MSE of 40.76, while Post-LASSO has
an MSE of 44.14 and Adaptive LASSO has an MSE of 47.71. In this setting, the debiased
ridge estimators are clearly better.

When sparsity is introduced, Post-LASSO becomes more competitive. In the medium spar-
sity setting (40% zero coefficients), the ridge-based methods still perform very well, but the
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gap with Post-LASSO becomes smaller. For example, when ρ = 0.3 and P = 50, Post-
LASSO has an MSE of 5.96, while DR-5 (CMSE) has an MSE of 6.27. These values are very
close, which suggests that Post-LASSO can be quite effective once sparsity is present.

This effect is even more visible in the high sparsity setting (60% zero coefficients). In this
case, Post-LASSO performs about as well as the best ridge-based methods, and sometimes
slightly better. For instance, when ρ = 0.3 and p = 50, Post-LASSO has an MSE of 3.22,
while DR-5 (CMSE) has an MSE of 3.27. So in strongly sparse settings, Post-LASSO be-
comes a very competitive alternative.

Finally, the effect of the correlation level is also important. When the correlation is high,
OLS becomes much less stable. For example, in the non-sparse case with ρ = 0.95 and
p = 50, OLS has an MSE of 63.80, which is much larger than the corresponding values for
ridge and debiased ridge estimators.
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Table 4.7: Comparison of imputation methods with no sparsity at corr = 0.3, showing %
Relative Bias and MSE in brackets.

Estimator P/E(nr)

10
100

20
100

30
100

40
100

50
100

Full 0.1
(0.34)

0.1
(1.27)

-0.2
(2.41)

0.1
(4.02)

-0.0
(5.88)

OLS 0.1
(0.55)

-0.1
(2.57)

-0.1
(5.72)

0.8
(11.31)

-0.5
(20.07)

Adaptive Lasso (CV) 1.9
(0.61)

8.6
(3.43)

16.3
(8.34)

23.8
(15.79)

29.8
(24.74)

Post-LASSO 0.3
(0.55)

0.2
(2.54)

-0.1
(5.35)

-0.9
(9.77)

-3.2
(15.28)

Ridge (CV) 3.0
(0.63)

10.1
(3.46)

18.2
(8.22)

26.6
(15.43)

34.3
(24.94)

DR-1 (CV) 0.5
(0.55)

1.8
(2.49)

4.1
(5.20)

6.9
(9.40)

9.1
(14.57)

DR-2 (CV) 0.2
(0.54)

0.5
(2.49)

1.5
(5.15)

3.2
(9.28)

4.2
(14.29)

DR-3 (CV) 0.1
(0.54)

0.1
(2.51)

0.8
(5.24)

2.3
(9.47)

2.8
(14.61)

DR-4 (CV) 0.1
(0.54)

0.0
(2.53)

0.6
(5.32)

1.9
(9.67)

2.1
(14.98)

DR-5 (CV) 0.1
(0.55)

-0.0
(2.54)

0.4
(5.38)

1.6
(9.85)

1.7
(15.32)

Ridge (CMSE) 0.7
(0.55)

2.2
(2.60)

4.3
(5.57)

7.3
(10.21)

9.4
(15.80)

DR-1 (CMSE) 0.5
(0.55)

1.6
(2.50)

3.0
(5.11)

4.4
(9.17)

4.9
(14.11)

DR-2 (CMSE) 0.2
(0.54)

0.6
(2.47)

1.2
(5.14)

2.4
(9.40)

2.4
(14.68)

DR-3 (CMSE) 0.1
(0.54)

0.2
(2.50)

0.7
(5.26)

1.8
(9.69)

1.6
(15.29)

DR-4 (CMSE) 0.1
(0.55)

0.0
(2.53)

0.4
(5.36)

1.5
(9.95)

1.1
(15.82)

DR-5 (CMSE) 0.1
(0.55)

-0.0
(2.54)

0.3
(5.44)

1.3
(10.16)

0.8
(16.27)

BEST (CMSE) 0.5
(0.55)

1.9
(2.54)

3.6
(5.30)

6.1
(9.71)

7.4
(15.10)



4. IMPUTATION BASED ON REGULARIZED REGRESSION 54

Table 4.8: Comparison of imputation methods with no sparsity at corr = 0.95, showing %
Relative Bias and MSE in brackets.

Estimator P/E(nr)

10
100

20
100

30
100

40
100

50
100

Full 0.0
(0.82)

0.1
(3.63)

-0.5
(6.86)

0.1
(11.66)

-0.7
(18.20)

OLS -0.1
(1.55)

-0.2
(8.25)

-0.5
(17.90)

-0.3
(36.00)

-0.9
(63.80)

Adaptive Lasso (CV) 3.1
(1.65)

8.8
(8.61)

12.3
(17.33)

16.2
(30.67)

19.2
(47.71)

Post-LASSO -0.3
(1.52)

-1.6
(7.69)

-3.5
(15.50)

-5.4
(28.20)

-7.8
(44.14)

Ridge (CV) 2.2
(1.65)

5.7
(7.81)

8.0
(15.51)

10.5
(27.56)

12.3
(42.08)

DR-1 (CV) 0.1
(1.50)

0.3
(7.51)

0.3
(14.85)

0.4
(26.63)

-0.1
(40.84)

DR-2 (CV) 0.0
(1.50)

0.0
(7.56)

-0.2
(14.99)

-0.1
(26.92)

-0.8
(41.29)

DR-3 (CV) -0.0
(1.51)

-0.0
(7.61)

-0.2
(15.13)

-0.1
(27.21)

-0.9
(41.74)

DR-4 (CV) -0.0
(1.51)

-0.0
(7.65)

-0.3
(15.25)

-0.1
(27.48)

-0.9
(42.16)

DR-5 (CV) -0.0
(1.52)

-0.0
(7.69)

-0.3
(15.36)

-0.1
(27.73)

-0.9
(42.56)

Ridge (CMSE) 0.6
(1.50)

1.5
(7.51)

1.6
(14.71)

1.8
(26.61)

1.2
(40.71)

DR-1 (CMSE) 0.1
(1.50)

0.3
(7.49)

-0.0
(14.73)

-0.0
(26.64)

-0.7
(40.86)

DR-2 (CMSE) -0.0
(1.50)

0.0
(7.49)

-0.2
(14.68)

-0.1
(26.55)

-0.7
(40.76)

DR-3 (CMSE) -0.0
(1.50)

0.0
(7.49)

-0.2
(14.68)

-0.1
(26.52)

-0.8
(40.73)

DR-4 (CMSE) -0.0
(1.50)

0.0
(7.50)

-0.2
(14.69)

-0.1
(26.56)

-0.8
(40.79)

DR-5 (CMSE) -0.0
(1.50)

0.0
(7.50)

-0.3
(14.71)

-0.2
(26.64)

-0.8
(40.92)

BEST (CMSE) 0.5
(1.50)

1.3
(7.51)

1.4
(14.72)

1.6
(26.62)

0.9
(40.81)
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Table 4.9: Comparison of imputation methods with medium sparsity (40% zero covariates)
at corr = 0.3, showing % Relative Bias and MSE in brackets.

Estimator P/E(nr)

10
100

20
100

30
100

40
100

50
100

Full -0.1
(0.17)

0.0
(0.56)

-0.1
(1.03)

0.5
(1.66)

-0.2
(2.42)

OLS -0.1
(0.29)

-0.2
(1.13)

-0.2
(2.51)

0.4
(4.61)

-0.3
(7.74)

Adaptive Lasso (CV) 0.9
(0.30)

4.4
(1.36)

8.4
(3.26)

13.6
(6.03)

16.2
(8.74)

Post-LASSO 0.0
(0.28)

-0.4
(1.10)

-1.1
(2.36)

-0.9
(4.00)

-2.9
(5.96)

Ridge (CV) 1.2
(0.30)

5.6
(1.41)

10.1
(3.34)

16.1
(6.19)

19.0
(8.72)

DR-1 (CV) 0.1
(0.28)

0.9
(1.09)

2.0
(2.29)

4.5
(3.90)

4.6
(5.50)

DR-2 (CV) 0.1
(0.29)

0.2
(1.10)

0.6
(2.28)

2.3
(3.83)

2.1
(5.50)

DR-3 (CV) -0.0
(0.29)

-0.0
(1.11)

0.3
(2.33)

1.7
(3.90)

1.4
(5.64)

DR-4 (CV) -0.0
(0.29)

-0.1
(1.11)

0.1
(2.36)

1.4
(3.97)

1.1
(5.79)

DR-5 (CV) -0.0
(0.29)

-0.1
(1.12)

0.0
(2.39)

1.2
(4.04)

0.9
(5.93)

Ridge (CMSE) 0.4
(0.29)

1.3
(1.14)

2.5
(2.43)

4.8
(4.20)

5.4
(5.98)

DR-1 (CMSE) 0.1
(0.29)

0.9
(1.10)

1.6
(2.25)

3.3
(3.78)

2.6
(5.44)

DR-2 (CMSE) 0.0
(0.29)

0.3
(1.09)

0.6
(2.26)

1.9
(3.84)

1.3
(5.66)

DR-3 (CMSE) -0.0
(0.29)

0.0
(1.10)

0.2
(2.31)

1.4
(3.95)

0.9
(5.89)

DR-4 (CMSE) -0.0
(0.29)

-0.1
(1.12)

0.1
(2.36)

1.1
(4.05)

0.6
(6.09)

DR-5 (CMSE) -0.0
(0.29)

-0.1
(1.12)

-0.0
(2.40)

0.9
(4.14)

0.5
(6.27)

BEST (CMSE) 0.3
(0.29)

1.2
(1.23)

2.3
(2.35)

4.3
(4.00)

4.4
(5.82)
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Table 4.10: Comparison of imputation methods with medium sparsity (40% zero covariates)
at corr = 0.95, showing % Relative Bias and MSE in brackets.

Estimator P/E(nr)

10
100

20
100

30
100

40
100

50
100

Full 0.1
(0.35)

0.0
(1.41)

0.0
(2.82)

0.5
(4.48)

0.4
(6.82)

OLS 0.2
(0.66)

-0.0
(3.33)

0.4
(7.67)

0.3
(13.68)

-0.3
(23.59)

Adaptive Lasso (CV) 2.1
(0.65)

5.5
(3.47)

7.8
(6.82)

10.6
(12.07)

12.0
(17.96)

Post-LASSO -0.0
(0.65)

-0.9
(3.05)

-2.0
(6.64)

-2.6
(10.83)

-4.1
(16.40)

Ridge (CV) 1.5
(0.66)

3.7
(3.15)

5.2
(6.63)

7.3
(10.70)

7.8
(15.97)

DR-1 (CV) 0.2
(0.64)

0.4
(3.00)

0.4
(6.36)

1.2
(10.20)

0.4
(15.36)

DR-2 (CV) 0.2
(0.64)

0.2
(3.02)

0.2
(6.42)

0.8
(10.28)

0.0
(15.50)

DR-3 (CV) 0.2
(0.64)

0.1
(3.04)

0.2
(6.47)

0.7
(10.37)

-0.0
(15.65)

DR-4 (CV) 0.2
(0.65)

0.1
(3.06)

0.2
(6.53)

0.7
(10.45)

-0.0
(15.81)

DR-5 (CV) 0.2
(0.65)

0.1
(3.07)

0.2
(6.57)

0.7
(10.53)

-0.0
(15.96)

Ridge (CMSE) 0.6
(0.64)

1.1
(3.00)

1.3
(6.35)

1.9
(10.17)

1.2
(15.33)

DR-1 (CMSE) 0.2
(0.64)

0.4
(2.99)

0.3
(6.34)

0.8
(10.17)

0.1
(15.36)

DR-2 (CMSE) 0.2
(0.64)

0.2
(2.99)

0.2
(6.33)

0.8
(10.16)

0.0
(15.33)

DR-3 (CMSE) 0.2
(0.64)

0.2
(2.99)

0.2
(6.32)

0.8
(10.15)

0.0
(15.32)

DR-4 (CMSE) 0.2
(0.64)

0.2
(2.99)

0.2
(6.31)

0.8
(10.16)

0.0
(15.34)

DR-5 (CMSE) 0.2
(0.64)

0.2
(3.00)

0.2
(6.33)

0.7
(10.18)

0.0
(15.39)

BEST (CMSE) 0.5
(0.64)

1.0
(3.00)

1.2
(6.35)

1.8
(10.19)

1.0
(15.34)
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Table 4.11: Comparison of imputation methods with high sparsity (60% zero covariates) at
corr = 0.3, showing % Relative Bias and MSE in brackets.

Estimator P/E(nr)

10
100

20
100

30
100

40
100

50
100

Full 0.1
(0.10)

0.1
(0.24)

0.0
(0.53)

0.1
(0.85)

-0.0
(1.22)

OLS 0.0
(0.17)

0.1
(0.47)

-0.0
(1.29)

-0.1
(2.42)

-0.4
(3.96)

Adaptive Lasso (CV) 0.7
(0.17)

2.4
(0.54)

5.0
(1.55)

7.7
(2.89)

9.8
(4.21)

Post-LASSO 0.0
(0.17)

-0.2
(0.46)

-1.0
(1.23)

-1.6
(2.14)

-2.5
(3.22)

Ridge (CV) 0.6
(0.17)

3.1
(0.53)

6.5
(1.62)

9.6
(2.96)

12.3
(4.37)

DR-1 (CV) 0.1
(0.17)

0.6
(0.46)

1.4
(1.20)

2.2
(2.04)

3.0
(2.97)

DR-2 (CV) 0.0
(0.17)

0.3
(0.46)

0.6
(1.20)

1.0
(2.04)

1.3
(2.97)

DR-3 (CV) 0.0
(0.17)

0.2
(0.47)

0.3
(1.22)

0.6
(2.08)

0.8
(3.03)

DR-4 (CV) 0.0
(0.17)

0.1
(0.47)

0.2
(1.23)

0.5
(2.12)

0.6
(3.10)

DR-5 (CV) 0.0
(0.17)

0.1
(0.47)

0.2
(1.24)

0.4
(2.15)

0.4
(3.16)

Ridge (CMSE) 0.3
(0.17)

1.0
(0.48)

1.9
(1.26)

2.8
(2.18)

3.7
(3.17)

DR-1 (CMSE) 0.0
(0.17)

0.6
(0.46)

1.3
(1.18)

1.6
(1.99)

1.8
(2.90)

DR-2 (CMSE) 0.0
(0.17)

0.3
(0.46)

0.6
(1.18)

0.8
(2.03)

0.8
(2.98)

DR-3 (CMSE) 0.0
(0.17)

0.2
(0.47)

0.3
(1.20)

0.5
(2.09)

0.5
(3.09)

DR-4 (CMSE) 0.0
(0.17)

0.1
(0.47)

0.2
(1.23)

0.3
(2.14)

0.3
(3.18)

DR-5 (CMSE) 0.0
(0.17)

0.1
(0.48)

0.1
(1.24)

0.2
(2.19)

0.1
(3.27)

BEST (CMSE) 0.3
(0.17)

1.0
(0.48)

1.9
(1.23)

2.6
(2.11)

3.2
(3.07)
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Table 4.12: Comparison of imputation methods with high sparsity (60% zero covariates) at
corr = 0.95, showing % Relative Bias and MSE in brackets.

Estimator P/E(nr)

10
100

20
100

30
100

40
100

50
100

Full 0.1
(0.19)

0.1
(0.56)

0.2
(1.42)

0.5
(2.29)

-0.2
(3.38)

OLS 0.2
(0.37)

-0.0
(1.27)

0.1
(3.66)

0.6
(6.99)

0.4
(11.55)

Adaptive Lasso (CV) 1.5
(0.36)

3.3
(1.18)

5.5
(3.22)

7.5
(6.31)

8.5
(8.93)

Post-LASSO 0.0
(0.36)

-0.6
(1.18)

-1.4
(3.20)

-1.5
(5.97)

-2.7
(8.14)

Ridge (CV) 1.1
(0.39)

2.2
(1.20)

3.7
(3.24)

5.2
(5.59)

5.6
(7.89)

DR-1 (CV) 0.2
(0.36)

0.2
(1.16)

0.4
(3.07)

1.0
(5.28)

0.5
(7.55)

DR-2 (CV) 0.2
(0.36)

0.1
(1.16)

0.2
(3.09)

0.8
(5.33)

0.3
(7.63)

DR-3 (CV) 0.2
(0.36)

0.1
(1.17)

0.2
(3.11)

0.8
(5.38)

0.2
(7.70)

DR-4 (CV) 0.2
(0.36)

0.1
(1.18)

0.2
(3.14)

0.7
(5.42)

0.2
(7.76)

DR-5 (CV) 0.2
(0.36)

0.0
(1.18)

0.2
(3.16)

0.7
(5.47)

0.2
(7.85)

Ridge (CMSE) 0.5
(0.36)

0.6
(1.15)

1.0
(3.06)

1.6
(5.25)

1.1
(7.56)

DR-1 (CMSE) 0.2
(0.36)

0.2
(1.15)

0.3
(3.04)

0.9
(5.24)

0.3
(7.56)

DR-2 (CMSE) 0.2
(0.35)

0.1
(1.15)

0.2
(3.07)

0.8
(5.23)

0.3
(7.54)

DR-3 (CMSE) 0.2
(0.36)

0.1
(1.15)

0.2
(3.06)

0.8
(5.23)

0.3
(7.52)

DR-4 (CMSE) 0.2
(0.36)

0.1
(1.15)

0.2
(3.06)

0.8
(5.24)

0.3
(7.52)

DR-5 (CMSE) 0.2
(0.36)

0.1
(1.15)

0.2
(3.06)

0.8
(5.25)

0.3
(7.55)

BEST (CMSE) 0.4
(0.35)

0.5
(1.15)

0.9
(3.06)

1.5
(5.25)

1.0
(7.57)



Chapter 5

Mean Square Error Estimation

5.1 Introduction

In Chapter 4, we discussed the behavior of point estimators when ridge regression and
debiased ridge regression methods are used for imputation. In particular, we studied the
bias and efficiency of the resulting imputed estimators. An equally important aspect in
practice is the assessment of their variance. National statistical offices typically disseminate
not only point estimates but also measures of uncertainty. In most cases, uncertainty is
reported through an estimated variance or, more commonly, through an estimated coefficient
of variation (CV). For an estimator ˆ︁θ of a finite population parameter θ, the estimated

coefficient of variation is defined as ˆ︃CV(ˆ︁θ) =

√︂ˆ︁V(ˆ︁θ)/ˆ︁θ, where ˆ︁V(ˆ︁θ) is an estimate of the
variance of ˆ︁θ. When imputation is used to handle missing data, variance estimation becomes
more challenging. Moreover, in the context of ridge and debiased ridge imputation, focusing
only on variance is not sufficient, since these estimators may be biased. As a result, it
is more appropriate to consider the mean squared error (MSE), which accounts for both
variance and bias. In this chapter we focus on the estimation of the mean squared error
(MSE) of the imputed estimator obtained based on ridge and debiased ridge imputation.
We consider two approaches to MSE estimation. The first approach is based on the variance
estimation framework proposed by Sarndal [1992], which provides a decomposition of the
total variance into components due to sampling and nonresponse. The second approach
relies on a bootstrap method, more specifically a pseudo-population bootstrap, designed to
replicate the combined effects of the sampling design, the nonresponse mechanism, and the
imputation procedure. These two approaches are studied and compared in order to assess
their performance for variance and MSE estimation when ridge-type imputation methods
are used.

59
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5.2 Estimation of the MSE: Särndal’s method

Within the mpq inferential framework, the total error of an imputed estimator can be viewed
as the result of two main sources: sampling and nonresponse. First, a sample S is selected
from the finite population U according to the sampling design p. Then, among the selected
units, only a subset Sr responds, while the remaining units Sm are nonrespondents according
to the nonresponse mechanism q. This two-stage process can be summarized as

U
p−→ S

q−→ (Sr, Sm).

As a result, the error of the imputed estimator reflects both the variability due to sampling
and the additional variability due to nonresponse and imputation. In this context, it is natu-
ral to evaluate the performance of the imputed estimator of the population total, t̂I , through
its mean squared error (MSE) under the joint distribution induced by the imputation model
m, the sampling design p, and the nonresponse mechanism q.

When the imputed estimator t̂I may be biased, its performance under the (m, p, q) framework
must be evaluated through its mean squared error rather than only its variance. The mean
squared error can be written as

MSEmpq(t̂I) = EmEpEq

[︁
(t̂I − ty)

2
]︁

= Vmpq(t̂I) +
{︂
Biasmpq(t̂I)

}︂2

, (5.2.1)

where
Biasmpq(t̂I) = EmEpEq(t̂I − ty)

denotes the total bias under the joint (m, p, q) distribution. When the imputation procedure
is unbiased, this bias term vanishes and the mean squared error reduces to the total variance.
Otherwise, the squared bias must be taken into account.

To derive an expression of the variance, we start with the decomposition of the total error
Sarndal [1992]:

t̂I − ty = (t̂HT − ty) + (t̂I − t̂HT).

Squaring both sides and taking the expectation under the joint (m, p, q) distribution leads
to the decomposition

Vmpq(t̂I) = Vsam + Vnr + 2Vmix. (5.2.2)

The term Vsam = EmVp(t̂HT) denotes the sampling variance. It corresponds to the variabil-
ity induced by the sampling design and represents the variance of the Horvitz–Thompson
estimator that would be observed if complete data were available. This component is not
affected by the presence of imputation bias. The term

Vnr = EpEqVm(t̂I − t̂HT)



5. MEAN SQUARE ERROR ESTIMATION 61

denotes the additional variability due to nonresponse and imputation. It reflects the uncer-
tainty introduced by the imputation model and by the fact that only a subset of sampled
units provides observed values. Finally,

Vmix = EpEqCovm
(︁
t̂HT − ty, t̂I − t̂HT

)︁
is a mixed component that captures the interaction between sampling error and nonresponse
error.

Combining these results, the mean squared error of the imputed estimator can be expressed
as

MSEmpq(t̂I) = Vsam + Vnr + 2Vmix +
{︂
Biasmpq(t̂I)

}︂2

. (5.2.3)

5.2.1 Estimation of Vsam

As a starting point for estimating the sampling variance component Vsam, one may consider a
naive variance estimator that treats the imputed values as if they were true observed values.
This approach consists of applying a standard complete-data variance estimation procedure
to the “completed” variable ỹ, defined for each sampled unit i ∈ S as

ỹi = riyi + (1− ri)y
∗
i ,

where y∗i denotes the imputed value. By applying the usual Horvitz–Thompson variance
formula to the completed values ỹi, the naive variance estimator is obtained as

ˆ︁Vnaive =
∑︂
i∈S

∑︂
j∈S

πij − πiπj

πij

ỹi
πi

ỹj
πj

. (5.2.4)

This estimator is generally biased for the true sampling variance Vsam, typically leading to
underestimation because the imputed values are treated as if they were observed. Following
Sarndal [1992], the idea is therefore to evaluate and estimate this bias, and then to add a
correction term to the naive estimator.

Let ˆ︁Vp(ˆ︁ty,HT ) denote the usual Horvitz–Thompson variance estimator computed from the
complete (but unobserved) data yi; see Expression (3.2.5). The bias of the naive estimator
can be expressed through the average difference

Vdiff = Em

(︂ˆ︁Vp(ˆ︁ty,HT )− ˆ︁Vnaive

)︂
,

which represents the expected gap, under the imputation model, between the complete-data
variance estimator and the naive estimator. In practice, direct evaluation of this expectation
may be difficult for complex imputation procedures. Beaumont and Bocci [2009] proposed a
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conditional approach in which expectations are taken conditionally on the observed respon-
dent values yr. Since ˆ︁Vnaive depends only on the observed yi’s, it can be treated as fixed
under the conditional model expectation. This leads to

Vdiff = Em

(︂ˆ︁Vp(ˆ︁ty,HT ) | yr

)︂
− ˆ︁Vnaive. (5.2.5)

It can be shown (See Appendix A.3) that

Vdiff = σ2
∑︂
i∈S

w2
i (1− πi) (1− ri),

In practice, the model error variance σ2 is unknown and must be estimated from the respon-
dent data. A natural unbiased estimator of σ2 under the linear model is

ˆ︁σ2 =
1

nr − p

∑︂
i∈Sr

(︂
yi − x⊤

i
ˆ︁βr

)︂2
.

Here, ˆ︁βr denotes the ordinary least-squares estimator computed from the respondent data.

Substituting ˆ︁σ2 into the expression of Vdiff yields the estimator

ˆ︁Vdiff = ˆ︁σ2
∑︂
i∈S

w2
i (1− πi) (1− ri).

The corrected estimator of the sampling variance component is therefore obtained by adding
this estimated difference term to the naive variance estimator, that is,ˆ︁Vsam = ˆ︁Vnaive + ˆ︁Vdiff .

5.2.2 Estimation of Vnr

Under the Särndal variance decomposition framework, the nonresponse variance component
is given by

Vnr = EqEpVm

(︁
t̂I − t̂HT

)︁
. (5.2.6)

Under deterministic linear imputation based on weighted least squares, we have

Vnr = σ2 EpEq

{︄∑︂
i∈S

w2
i (rigi − 1)2

}︄
, (5.2.7)

where

gi = 1 +

(︄∑︂
j∈S

wjxj −
∑︂
j∈Sr

wjxj

)︄⊤(︄∑︂
j∈Sr

wjxjx
⊤
j

)︄−1

xi. (5.2.8)

The detailed proof is provided in Appendix A.4.
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More generally, suppose that the imputation model remains linear in the response vector
yr but that the regression coefficients are estimated using a method other than weighted
least squares. In ridge-type imputation procedures and related methods, the estimator of
the regression coefficients can often be written in the form

ˆ︁βr = M

(︄∑︂
j∈Sr

wjxjyj

)︄
, (5.2.9)

where M is a matrix that depends only on the auxiliary variables and on tuning parameters
of the method. In this setting, the imputed estimator of the population total remains linear
in the observed responses and can be expressed as

t̂I =
∑︂
i∈Sr

wigiyi,

with adjustment factors

gi = 1 +

(︄∑︂
j∈S

wjxj −
∑︂
j∈Sr

wjxj

)︄⊤

Mxi. (5.2.10)

For instance, for weighted ridge regression,

ˆ︁βridge
r =

(︄∑︂
j∈Sr

wjxjx
⊤
j + λI

)︄−1(︄∑︂
j∈Sr

wjxjyj

)︄
,

so that M = A−1 with
A =

∑︂
j∈Sr

wjxjx
⊤
j + λI.

The corresponding adjustment factor becomes

gi = 1 +

(︄∑︂
j∈S

wjxj −
∑︂
j∈Sr

wjxj

)︄⊤

A−1xi. (5.2.11)

For the first-order debiased ridge estimator, we have

M = (I+ λA−1)A−1.

The corresponding adjustment factor is therefore

gi = 1 +

(︄∑︂
j∈S

wjxj −
∑︂
j∈Sr

wjxj

)︄⊤

(I+ λA−1)A−1xi. (5.2.12)

Higher-order debiased ridge estimators can be treated in the same way. As long as the result-
ing imputed estimator remains linear in the observed responses, it admits a representation
of the form (5.2.9), and the corresponding adjustment factors gi are obtained by substituting
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the appropriate matrix M into (5.2.10).

An estimator of Vnr is obtained by replacing the unknown model variance σ2 in (5.2.7) with
a consistent estimator ˆ︁σ2, yielding

ˆ︁Vnr = ˆ︁σ2

(︄∑︂
i∈S

w2
i (rigi − 1)2

)︄
, (5.2.13)

where gi takes the appropriate form depending on the chosen imputation method.

5.2.3 Estimation of Vmix

The interaction component, which represents the covariance between the sampling error and
the imputation error, is given by

Vmix = EpEqCovm
{︁(︁

t̂HT − ty
)︁
,
(︁
t̂I − t̂HT

)︁}︁
. (5.2.14)

Under deterministic linear imputation, the covariance component defined in (5.2.14) can be
expressed as

Vmix = σ2 EpEq

(︄∑︂
i∈S

w2
i (1− πi)(rigi − 1)

)︄
, (5.2.15)

where the adjustment factors gi are defined as in (5.2.8). The detailed proof is provided in
Appendix A.5.

As in the case of the nonresponse component Vnr, the above expression extends directly to
any deterministic linear imputation method for which the imputed estimator remains linear
in the observed responses. When the regression coefficients are estimated using a general
linear estimator of the form ˆ︁βr = M

(︄∑︂
j∈Sr

wjxjyj

)︄
,

the imputed estimator can be written as

t̂I =
∑︂
i∈Sr

wigiyi,

with

gi = 1 +

(︄∑︂
j∈S

wjxj −
∑︂
j∈Sr

wjxj

)︄⊤

Mxi,

so that the same expression (5.2.15) remains valid with the appropriate choice of gi.
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An estimator of Vmix is obtained by replacing the unknown model variance σ2 in (5.2.15)
with a consistent estimator ˆ︁σ2, yielding

ˆ︁Vmix = ˆ︁σ2
∑︂
i∈S

wi(wi − 1)(rigi − 1), (5.2.16)

where gi takes the appropriate form depending on the chosen imputation method.

5.2.4 Estimation of the mean square error

Recall that mean square error of the imputed estimator is given by

MSEmpq(t̂I) = EmEpEq

[︁
(t̂I − ty)

2
]︁
.

Then,

MSEmpq(t̂I) = Vmpq(t̂I) +
{︂
Biasmpq(t̂I)

}︂2

= Vsam + Vnr + 2Vmix +
{︂
Biasmpq(t̂I)

}︂2

, (5.2.17)

An estimator of the mean squared error is obtained by plugging in the estimators of the
variance components together with an estimator of the bias:

ˆ︁MSEmpq(t̂I) = ˆ︁Vsam + ˆ︁Vnr + 2 ˆ︁Vmix +
{︂ˆ︃Biasmpq(t̂I)

}︂2

. (5.2.18)

In Chapter 3, we derived closed-form expressions for the bias when the imputed values are
obtained using the mth-order debiased ridge regression estimator:

Biasmpq(ˆ︁tDR,(m)
I ) = −λm+1Epq

⎡⎣(︄∑︂
i∈Sm

wixi

)︄⊤

(Ar + λIp)
−(m+1)

⎤⎦β, (5.2.19)

where
Ar =

∑︂
j∈Sr

wjxjx
⊤
j .

An mpq-unbiased estimator of the bias in (5.2.19) is obtained by replacing β with the least
squares estimator ˆ︁β, leading to

ˆ︃Biasmpq(ˆ︁tDR,(m)
I ) = −λm+1

(︄∑︂
i∈Sm

wixi

)︄⊤

(Ar + λIp)
−(m+1) ˆ︁β. (5.2.20)

We end this section by noting that all components entering the mean squared error estimator
in (5.2.18) depend on the ridge penalty parameter λ and, when debiased ridge imputation is
used, on the order of debiasing m. In practice, there are two approaches: either m is fixed and
λ is selected by cross-validation or by minimizing an estimate of the conditional mean squared
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error (CMSE) proposed in Chapter 3, or both λ and m are selected jointly by minimizing
the estimated CMSE over a grid of candidate values. Although these choices are sample-
dependent, the selected values of λ (or the pair (m,λ)) are treated as fixed. Consequently,
the proposed estimator ˆ︁MSEmpq(t̂I) does not account for the additional variability induced
by the data-driven selection of these tuning parameters. This simplification may lead to an
underestimation of the true mean squared error.

5.3 Estimation of the MSE: Pseudo-Population Bootstrap
approach

An alternative to the analytical variance estimation approach based on the Särndal decom-
position is to rely on bootstrap methods. In survey sampling, bootstrap procedures differ
from those used in classical statistics due to the finite-population framework and the pres-
ence of complex sampling designs. In particular, the resampling mechanism must reproduce
the original sampling design and preserve the finite-population structure.

Several bootstrap methods have been proposed for finite-population inference. One widely
used approach is the pseudo-population bootstrap (PPB), originally introduced by Gross
[1980] and further developed by Booth et al. [1994]. A general overview of bootstrap meth-
ods for complex survey designs can be found in Mashreghi et al. [2016]. The core idea of the
pseudo-population bootstrap is to reconstruct a synthetic population from the sample, from
which bootstrap samples are then repeatedly drawn in order to mimic the original sampling
process.

To illustrate the construction, consider the case of simple random sampling without replace-
ment (SRSWOR). Suppose that a population of size N = 2000 is sampled to obtain a sample
S of size n = 200. A pseudo-population U∗ of size N can be constructed by replicating each
sampled unit approximately N/n times. When the ratio N/n is an integer, each sampled
unit can simply be replicated exactly N/n times. In most practical situations, however, N/n
is not an integer. To address this issue, Booth et al. [1994] proposed a randomized com-
pletion procedure. Each sampled unit is first replicated k = ⌊N/n⌋ times, forming a fixed
component of size nk. The pseudo-population is then completed by selecting an additional
simple random sample of size N − nk without replacement from the original sample. Other
randomization mechanisms have also been proposed, for instance by Bickel and Freedman
[1984] and Chao and Lo [1985].

Following the general description in Mashreghi et al. [2016], the pseudo-population bootstrap
algorithm for SRSWOR can be summarized as follows.

1. Construct a pseudo-population U∗ of size N by replicating sampled units according to
the procedure described above.
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2. Draw a bootstrap sample S∗ of size n without replacement from U∗ using the same
sampling design as in the original survey.

3. Compute the estimator of interest from the bootstrap sample and denote it by θ̂∗.

4. Repeat the previous steps B times to obtain bootstrap replicates θ̂∗1, . . . , θ̂
∗
B.

The bootstrap variance estimator is then obtained as

ˆ︁V∗
B =

1

B − 1

B∑︂
b=1

(︂
θ̂∗b − θ̂∗(·)

)︂2
, (5.3.1)

where θ̂∗(·) = B−1
∑︁B

b=1 θ̂
∗
b . Similarly, a bootstrap estimator of the mean squared error can be

defined as

ˆ︁MSE
∗
B =

1

B

B∑︂
b=1

(︂
θ̂∗b − θ∗b

)︂2
, (5.3.2)

where θ∗b denotes the parameter computed from the bth pseudo-population.

The algorithm described above corresponds to the standard pseudo-population bootstrap
under the assumption that all sampled values are fully observed, that is, in the absence of
nonresponse. In this case, the estimator θ̂∗ can be computed directly from each bootstrap
sample S∗ without any additional step. In the presence of item nonresponse, however, this
procedure must be adapted to account for the imputation process. Following the approach
proposed by Shao and Sitter [1996], the response status of each unit is kept fixed across boot-
strap samples: a respondent in the original sample remains a respondent in each bootstrap
sample, and a nonrespondent remains a nonrespondent. Thus, each bootstrap sample S∗ is
partitioned into a respondent set S∗

r and a nonrespondent set S∗
m that mirror the response

pattern observed in the original sample.

For each bootstrap sample, the imputation procedure must then be re-applied. More pre-
cisely, the imputation model is re-estimated using the bootstrap respondent set S∗

r , and the
missing values for units in S∗

m are re-imputed using exactly the same imputation method as
in the original sample. In the case of ridge-type imputation, this implies that the regression
coefficients are re-estimated within each bootstrap sample and that the penalty parameter
λ is re-selected at each bootstrap iteration. The selection of λ may be carried out either by
cross-validation or by using the CMSE criterion described in Chapter 4.

This re-imputation step ensures that the bootstrap replicates properly reflect the additional
variability introduced by the estimation of the imputation model and by the selection of the
regularization parameter. That is, unlike the analytical approach described in the previous
section, the bootstrap naturally captures the additional variability induced by the data-
driven selection of the tuning parameters.
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5.4 Empirical Results

In this section, we consider two simulation experiments. In the first one, we evaluate the
performance of the MSE estimator based on the approach of Sarndal [1992]; see Section 5.4.1
. In the second one (see Section 5.4.2), we assess the performance of an MSE estimator based
on a pseudo-population bootstrap procedure. In both cases, the simulation setup remains
identical to that of Section 4.7. The main difference is that the focus here is no longer on the
accuracy of the imputed means, but rather on the accuracy of the proposed MSE estimators.

5.4.1 MSE estimation based on the approach of Särndal (1992)

In this section, we assess the performance of MSE estimator given by (5.2.18) based on the
approach of Sarndal [1992]. Specifically, we considered:

• the OLS imputation estimator,

• the Ridge regression imputation estimator (with λ selected via the CMSE criterion),

• the debiased Ridge estimators, including the first-order debiased estimator (DR-1) and
the data-driven estimator (BEST), where both the tuning parameter λ and the order
of debiasing are selected using the CMSE criterion.

In all cases, the error variance σ2 is estimated using the usual unbiased OLS estimator based
on the respondents,

ˆ︁σ2 =

∑︁
i∈Sr

(yi − x⊤
i
ˆ︁βr)

2

nr − p
.

We performed 5,000 Monte Carlo iterations, for each Monte Carlo iteration j = 1, . . . , J , in
addition to the point estimate µ̂(m), we compute its corresponding Särndal MSE estimator,
denoted as ˆ︁MSEmpq(µ̂

(m)).

As a measure of bias of the MSE estimator, ˆ︁MSEmpq(µ̂
(m)), we computed its Monte Carlo

percent relative bias (RB):

RB
(︂
ˆ︁MSEmpq(µ̂

(m))
)︂
= 100×

1
J

∑︁J
j=1

ˆ︁MSEmpq(µ̂
(m))(j) − MSEMC(µ̂

(m))

MSEMC(µ̂(m))
, (5.4.1)

where MSEMC(µ̂
(m)) = 1

J

∑︁J
j=1(µ̂

(j) − µtrue)
2.

Tables 5.1 and 5.2 report the Monte Carlo percent relative bias of the Särndal-based MSE
estimator under moderate (corr = 0.3) and strong (corr = 0.95) correlation among predictors.

When the correlation is moderate (corr = 0.3), the OLS MSE estimator behaves well overall.
For example, when p/E(nr) = 30/100, the relative bias is only about 2.8%, and it stays below
6% even for larger values of p/E(nr). In contrast, the ridge-based estimators tend to slightly
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Table 5.1: Monte Carlo percent relative bias of the MSE estimator based on the approach
of Särndal, for corr = 0.3.

Estimator p/E(nr)

10
100

20
100

30
100

40
100

50
100

OLS 2.7 1.6 2.8 5.7 5.9

Ridge (CMSE) -0.8 -6.6 -8.8 -9.0 -9.9

DR-1 (CMSE) -3.5 -12.1 -12.1 -10.5 -11.4

BEST (CMSE) -0.7 -6.5 -6.6 -5.7 -6.6

Table 5.2: Monte Carlo percent relative bias of the MSE estimator based on the approach
of Särndal, corr = 0.95.

Estimator p/E(nr)

10
100

20
100

30
100

40
100

50
100

OLS 4.1 4.4 5.0 4.2 8.4

Ridge (CMSE) 1.9 2.5 1.1 0.6 2.1

DR-1 (CMSE) 0.2 0.1 -0.9 -1.9 -1.0

BEST (CMSE) 1.9 2.5 1.3 0.6 1.9
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underestimate the MSE. This is already visible at p/E(nr) = 20/100 (around −6.6%) and
becomes somewhat more noticeable as p/E(nr) increases (about −9.9% at 50/100), although
these biases remain moderate in magnitude. The DR-1 estimator shows a similar pattern,
with a negative bias across all settings (e.g., about −12.1% at 30/100). The BEST estimator
is slightly more stable, although it also tends to underestimate the MSE.

When the correlation is strong (corr = 0.95), the behavior is better. The OLS estimator
remains accurate; for example, the bias is around 5.0% at 30/100 and does not increase
much afterward. The ridge and BEST estimators also perform well, with biases typically
between 0% and 2.5%. The DR-1 estimator is now much more accurate than in the moderate-
correlation case, with biases close to zero (e.g., about −0.9% at 30/100).

Overall, the observed biases are relatively small for MSE estimators and remain within
an acceptable range in most settings. This is not unexpected, as estimating the MSE is
inherently more challenging than estimating a mean, and deviations of a few percentage
points are generally considered reasonable in this context.

5.4.2 MSE estimation based on the pseudo-population bootstrap
procedure

In this section, we assess the performance of the bootstrap procedure described in Section 5.3
in terms of percent relative bias. For each Monte Carlo iteration, we applied the bootstrap
procedure described in Section 5.3 with B = 250 bootstrap samples. Given the compu-
tational cost of the bootstrap procedure, we performed J = 1,000 Monte Carlo iterations
instead of 5,000. The bootstrap was used to estimate the MSE of the following imputed esti-
mators: OLS, Ridge with λ selected by CMSE, Adaptive Lasso, Post-Lasso, and the debiased
Ridge estimator with the best pair (λ,m) selected using the CMSE criterion (denoted BEST).

The results reported in Tables 5.3 and 5.4 show that the bootstrap MSE estimator performs
reasonably well when the dimension is small, but its behavior quickly deteriorates as p/E(nr)
increases.

When corr = 0.3, the bootstrap performs adequately for small values of p/E(nr). For in-
stance, at 10/100 and 20/100, the relative bias remains moderate for most estimators (e.g.,
−2.5% and 2.9% for OLS). However, as p/E(nr) increases, the behavior becomes unstable.
In particular, for OLS, the bootstrap strongly overestimates the MSE, with a bias of 57.9%
at 40/100 and exploding to more than 16,000% at 50/100. Similar, although less extreme,
patterns are observed for the other estimators. Overall, the bootstrap tends to break down
in high-dimensional settings.

A similar pattern is observed when corr = 0.95. For small values of p/E(nr), the bootstrap
remains reasonably accurate. However, as the dimension increases, the bias becomes very
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large. For example, the OLS bootstrap MSE has a bias of 68.3% at 40/100 and exceeds
120,000% at 50/100.

This severe overestimation is consistent with known results in the literature (e.g., El Karoui
and Purdom, 2018), which show that classical bootstrap methods can fail in high-dimensional
regimes.

Table 5.3: Monte Carlo percent relative bias of the MSE estimator based on the pseudo-
population bootstrap, for corr = 0.3.

Estimator p/E(nr)

10
100

20
100

30
100

40
100

50
100

OLS -2.5 2.9 16.6 57.9 16346.6

Ridge (CMSE) -4.5 -6.5 -3.6 3.2 38.2

A-LASSO -9.3 -23.5 -25.0 -17.8 -13.5

P-LASSO -2.1 2.5 10.3 23.9 25.3

BEST (CMSE) -4.6 -8.1 -9.0 -5.9 34.9

Table 5.4: Monte Carlo percent relative bias of the MSE estimator based on the pseudo-
population bootstrap, for corr = 0.95.

Estimator p/E(nr)

10
100

20
100

30
100

40
100

50
100

OLS -5.0 2.4 19.6 68.3 124243.1

Ridge (CMSE) -8.4 -7.4 -7.9 1.8 27.7

A-LASSO -10.1 -7.9 2.4 9.6 8.5

P-LASSO -3.1 7.7 13.5 35.2 33.0

BEST (CMSE) -8.6 -7.9 -8.4 1.2 37.7



Chapter 6

Final Remarks

In this thesis, we studied the use of ridge regression for imputation in a survey sampling con-
text. We also considered debiased versions of the ridge estimator and proposed a method to
select both the order m and the penalty parameter λ. Our ridge estimation approach based
on minimizing the conditional mean squared error (CMSE), which is a natural criterion in
this setting.

Overall, the results show that the proposed approach performs well across a range of scenar-
ios. However, we were not able to identify situations where CMSE-based criterion clearly
outperforms more standard approaches, such as selecting the penalty parameter using cross-
validation. This suggests that while the CMSE-based selection is theoretically well moti-
vated, its practical advantage over existing methods may be limited in some settings.

We also proposed two methods for estimating the mean squared error of the imputed estima-
tors. The first is based on a linearization approach inspired by Sarndal [1992], and the second
relies on a pseudo-population bootstrap. The linearization-based estimator performed well
across all scenarios considered, providing reliable estimates of the MSE for both ridge and
debiased ridge imputation.

The bootstrap approach also gave reasonable results when the ratio p/n is small. However, in
high-dimensional settings, it tends to overestimate the MSE. This behavior is consistent with
what has been observed in the i.i.d. setting (see, e.g., El Karoui and Purdom [2018], where
bootstrap methods can perform poorly when the dimension is large relative to the sample
size. One possible direction for future research would be to develop bootstrap procedures
for survey sampling that are more robust to high-dimensional settings. This is a challenging
problem, but it could lead to more reliable variance estimation methods in practice.

This thesis focused on linear regression models for imputation. For future work, several ad-
ditional simulation scenarios could be explored to provide a more comprehensive assessment
of ridge and debiased ridge imputation methods. One might be interested in alternative
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correlation structures for the covariates, such as block-equicorrelated structures, to capture
different forms of multicollinearity. One may also study on the model robustness, gener-
ating X using non-Gaussian covariates from heavy-tailed or skewed distributions, such as
multivariate tν or log-normal model. Finally, since ridge and LASSO-type methods are also
available for generalized linear models, extending the proposed methodology to this broader
class of models would be a natural and interesting direction for future study.
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Appendix A

This appendix contains the detailed mathematical proofs supporting the results presented
in the main document.

A.1 Proposition 2.3.1

Proof. Let:

A =
(︁
X⊤X+ λIp

)︁−1
,

Then at order m (m ≥ 1) the m th–order debiased ridge estimator adds the term

λm Am+1X⊤y,

After summing to convergence the full estimator is

ˆ︁βm,deb(λ) =
[︂
A+ λA2 + λ2A3 + · · ·

]︂
X⊤y = A

[︂
Ip − λA

]︂−1

X⊤y.

By Neumann series. Now:

Ip − λA = Ip − λ
(︁
X⊤X+ λIp

)︁−1
=
(︁
X⊤X+ λIp

)︁−1
X⊤X.

Hence [︁
Ip − λA

]︁−1
= (X⊤X)−1

(︁
X⊤X+ λIp

)︁
,

A
[︁
Ip − λA

]︁−1
= A(X⊤X)−1

(︁
X⊤X+ λIp

)︁
=
(︁
X⊤X+ λIp

)︁−1
(X⊤X)−1

(︁
X⊤X+ λIp

)︁
= (X⊤X)−1.

Therefore:

ˆ︁βm,deb(λ) = A
[︂
Ip − λA

]︂−1

X⊤y

= (X⊤X)−1X⊤y, as m → ∞.
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A.2 Proposition 4.3.1

Proof. We have:

Bias(t̂linI ) = Empq(t̂
lin
I − ty)

= Empq(t̂
lin
I − t̂HT ) + Empq(t̂HT − ty)

= Empq(t̂
lin
I − t̂HT ) + 0

= Empq(t̂
lin
I − t̂HT )

= EmEpEq(t̂
lin
I − t̂HT )

= EpEqEm(
∑︂
i∈S

wiriyi +
∑︂
i∈S

wi(1− ri)y
∗
i linear −

∑︂
i∈S

wiyi)

= EqEp(
∑︂
i∈S

wirix
⊤
i β +

∑︂
i∈S

wi(1− ri)x
⊤
i β −

∑︂
i∈S

wix
⊤
i β)

= Eq(
∑︂
i∈U

riyi +
∑︂
i∈U

(1− ri)x
⊤
i β −

∑︂
i∈U

x⊤
i β)

=
∑︂
i∈U

pix
⊤
i β +

∑︂
i∈U

(1− pi)x
⊤
i β −

∑︂
i∈U

x⊤
i β

=
∑︂
i∈U

x⊤
i β −

∑︂
i∈U

x⊤
i β

= 0

A.3 Proof for V̂sam

Proof. We have:

V̂HT =
∑︂
i∈S

∑︂
j∈S

(πij − πiπj)

πij

yi
πi

yj
πj

=
∑︂
i∈Sr

∑︂
j∈Sr

(πij − πiπj)

πij

yi
πi

yj
πj

+
∑︂
i∈Sr

∑︂
j∈Sm

(πij − πiπj)

πij

yi
πi

yj
πj

+
∑︂
i∈Sm

∑︂
j∈Sr

(πij − πiπj)

πij

yi
πi

yj
πj

+
∑︂
i∈Sm

∑︂
j∈Sm

(πij − πiπj)

πij

yi
πi

yj
πj

=
∑︂
i∈Sr

(1− πi)

π2
i

y2i +
∑︂
i∈Sr

∑︂
j∈Sr
i̸=j

(πij − πiπj)

πij

yi
πi

yj
πj

+
∑︂
i∈Sr

∑︂
j∈Sm

(πij − πiπj)

πij

yi
πi

yj
πj

+
∑︂
i∈Sm

∑︂
j∈Sr

(πij − πiπj)

πij

yi
πi

yj
πj

+
∑︂
i∈Sm

∑︂
j∈Sm
i̸=j

(πij − πiπj)

πij

yi
πi

yj
πj

+
∑︂
i∈Sm

(1− πi)

π2
i

y2i ,
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Em(V̂HT |Yr) =
∑︂
i∈Sr

1− πi

πi
2

yi
2 +

∑︂
i∈Sr

∑︂
j∈Sri̸=j

πij − πiπj

πij

yi
πi

yj
πj

+
∑︂
i∈Sr

∑︂
j∈Sm

πij − πiπj

πij

yi
πi

vj
⊤β

πj

+
∑︂
i∈Sm

∑︂
j∈Sr

πij − πiπj

πij

vi
⊤β

πi

yj
πj

+
∑︂
i∈Sm

∑︂
j∈Smi̸=j

πij − πiπj

πij

vi
⊤β

πi

vj
⊤β

πj

+
∑︂
i∈Sm

1− πi

πi
2

((vi
⊤β)2 + σ2)

=

(︃∑︂
i∈Sr

1− πi

πi
2

yi
2 +

∑︂
i∈Sr

∑︂
j∈Sri̸=j

πij − πiπj

πij

yi
πi

yj
πj

+
∑︂
i∈Sr

∑︂
j∈Sm

πij − πiπj

πij

yi
πi

vj
⊤β

πj

+
∑︂
i∈Sm

∑︂
j∈Sr

πij − πiπj

πij

vi
⊤β

πi

yj
πj

+
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i∈Sm

∑︂
j∈Smi̸=j

πij − πiπj

πij

vi
⊤β

πi
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⊤β
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i∈Sm

1− πi

πi
2

(vi
⊤β)2

)︃
+
∑︂
i∈Sm

1− πi

πi
2

σ2,

= V̂naive + Vdiff .

A.4 Proof for V̂nr

Proof. We have:

t̂I =
∑︂
i∈S

wiriyi +
∑︂
i∈S

wiv
⊤
i β̂r −

∑︂
i∈S

riwiv
⊤
i β̂r

=
∑︂
i∈S

wiriyi +

(︄∑︂
i∈S

wiv
⊤
i −

∑︂
i∈S

riwiv
⊤
i

)︄
β̂r

=
∑︂
i∈S

wiriyi +

(︄∑︂
i∈S

wiv
⊤
i −

∑︂
i∈S

riwiv
⊤
i

)︄(︄∑︂
i∈Sr

wiviv
⊤
i

)︄−1(︄∑︂
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wiviyi
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i∈Sr

wi
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wivi
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wiviv
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i
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vi

⎞⎠ yi

=
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i∈Sr

wigiyi,

Vm

(︁
t̂I − t̂HT

)︁
= Vm

(︄∑︂
i∈Sr

wigiyi −
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i∈S

wiyi

)︄

= Vm
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i∈S

wi(rigi − 1)yi
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= σ2

(︄∑︂
i∈S

w2
i (rigi − 1)2

)︄
,

Vnr = σ2EpEq

(︄∑︂
i∈S

w2
i (rigi − 1)2

)︄
.

A.5 Proof for V̂mix

Proof. We have:

t̂HT − ty =
∑︂
i∈U

(Iiwi − 1)yi,

t̂I − t̂HT =
∑︂
i∈U

Iiwi(rigi − 1)yi,

Covm
{︁(︁

t̂HT − ty
)︁
,
(︁
t̂I − t̂HT

)︁}︁
= Covm

{︄∑︂
i∈U

(Iiwi − 1)yi,
∑︂
i∈U

Iiwi(rigi − 1)yi

}︄
=
∑︂
i∈U

(Iiwi − 1)Iiwi(rigi − 1)Covm(yi, yi)

=
∑︂
i∈S

w2
i (1− πi)(rigi − 1)Covm(yi, yi)

=

(︄
σ2
∑︂
i∈S

w2
i (1− πi)(rigi − 1)

)︄
,

Vmix = σ2EpEq

(︄∑︂
i∈S

w2
i (1− πi)(rigi − 1)

)︄
.
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A.6 Source Code

A.6.1 Debiased Ridge Regression

Listing 1: Regression Simulation Script
1 # Load necessary library
2 library(MASS) # for mvrnorm ()
3 library(glmnet) # for ridge and adaptive lasso (cv.glmnet)
4 library(doParallel) # for parallel computing
5 library(doRNG)
6 library(foreach)
7 library(data.table)
8 library(hdi)
9

10 # 1. Parameters
11 set.seed (123)
12 n <- 100 # sample size
13 p <- 20 # number of predictors
14 R <- 2000 # Monte Carlo reps
15 K_max <- 50 # compute bias corrected ridge up to order k
16 lambda <- 0.1 * n # ridge penalty
17 tol <- 1e-3 # convergence tolerance
18 max_iter <- 100 # hard cap on iterations
19

20 # 2. Build X once via multivariate normal with correlation 0.9
21 rho <- 0.95
22 Sigma <- matrix(rho , nrow = p, ncol = p)
23 diag(Sigma) <- 1 # Correlation matrix with 1’s on the diagonal
24 sigma_eps <- 1
25

26 set.seed (123)
27 X <- mvrnorm(n = n, mu = rep(0, p), Sigma = Sigma)
28 #Standardize predictors (mean 0, SD 1)
29 X <- scale(X, center = TRUE , scale = FALSE)
30

31 # 3. True beta
32 half <- p %/% 2
33 beta <- c(
34 runif(half , 0, 1),
35 runif(half , 1, 2)
36 )
37

38 sv <- svd(X) # X = V D U’
39 d <- sv$d[1:p] # singular values (p <= n)
40 U1 <- sv$v[, 1:p, drop = FALSE] # right singular vectors
41

42 # 3.1 Calculate delta from the fixed beta
43 delta <- as.vector(t(U1) %*% beta)
44

45 # 3.2 Choose lambda to GUARANTEE the condition is met
46 # We need lambda > sigma_eps 2 / min(delta 2 )
47 # Set lambda slightly above the boundary to avoid precision issues.
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48 lambda <- (sigma_eps 2 / min(delta 2 )) * 1.001
49 cat(sprintf("Condition guaranteed by setting lambda = %.4f\n", lambda))
50

51 # 3.3 Check the condition (will now pass by construction)
52 condition_LHS <- delta 2

53 condition_RHS <- sigma_eps 2 / lambda
54

55 if (all(condition_LHS > condition_RHS)) {
56 cat("Success: The condition δ _i 2 > σ 2 /λ is satisfied for all i.\n")
57 } else {
58 # This part of the code should not be reached
59 cat("Failed: The condition is NOT satisfied .\n")
60 }
61

62 # CV.lambda
63 y <- as.vector(X %*% beta + rnorm(n))
64 y <- y - mean(y)
65 cv_ridge <- cv.glmnet(x = X,
66 y = y, alpha = 0, standardize = FALSE ,intercept =

FALSE)
67 lambda_opt <- cv_ridge$lambda.min # Optimal lambda (k in the formula)
68 #lambda <- n * lambda_opt / sd(y)
69

70 # 4. Preliminary computations
71 XtX <- crossprod(X)
72 Ip <- diag(p)
73 invM <- solve(XtX + lambda * Ip) # = (X’X + λI)^(-1)
74

75 # 4.1 Determinant of (X’X)^{-1}
76 det_invXtX <- det(invM)
77 det_XtX <-det(XtX)
78 cat("Determinant of (X’X)^{-1} =", det_invXtX , "\n")
79 cat("Determinant of (X’X)=", det_XtX , "\n")
80

81 # 5. Storage
82 beta_hat_all <- array(NA, c(p, K_max+1, R))
83 beta_conv <- matrix(NA , p, R)
84 k_iter <- integer(R)
85

86 for(r in seq_len(R)) {
87

88 # 5.1 simulate y
89 y <- as.vector(X %*% beta + rnorm(n, sd = sigma_eps))
90 y <- y - mean(y)
91

92 # 5.2 ridge at k=0
93 ridge_beta <- invM %*% crossprod(X, y)
94 beta_hat_all[,1,r] <- ridge_beta
95

96 # 5.3 bias corrected ridge up to K_max
97 invM_pow <- invM
98 sum_term <- lambda * (invM_pow %*% ridge_beta)
99 for(k in 1:K_max) {

100 if(k > 1) {
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101 invM_pow <- invM_pow %*% invM
102 sum_term <- sum_term + (lambda^k) * (invM_pow %*% ridge_beta)
103 }
104 beta_hat_all[, k+1, r] <- ridge_beta + sum_term
105 }
106

107 # 5.4 "until convergence" debiased ridge
108 invM_pow_c <- invM
109 sum_term_c <- lambda * (invM_pow_c %*% ridge_beta)
110 corrected_c <- ridge_beta + sum_term_c
111 k_c <- 1
112

113 repeat {
114 invM_pow_c <- invM_pow_c %*% invM
115 new_term <- (lambda ^(k_c+1)) * (invM_pow_c %*% ridge_beta)
116 max_abs <- suppressWarnings(max(abs(new_term), na.rm = TRUE))
117 if (!is.finite(max_abs) || max_abs < tol || k_c >= max_iter) {
118 # optional: message to know why you stopped
119 #message ("Break at k = ", k_c, " (max_abs = ", max_abs , ")")
120 break
121 }
122 sum_term_c <- sum_term_c + new_term
123 corrected_c <- ridge_beta + sum_term_c
124 k_c <- k_c + 1
125 }
126

127 k_iter[r] <- k_c
128 beta_conv[,r] <- as.vector(corrected_c)
129

130 }
131

132 # 6. Monte Carlo MSE for bias corrected at each k
133

134 mse_k <- sapply (0:K_max , function(k) {
135 errs <- sapply(seq_len(R), function(r) {
136 sum((beta_hat_all[, k+1, r] - beta) 2 )
137 })
138 mean(errs)
139 })
140

141

142 # 7. MSE & mean k for converged estimator
143 sq_errs_conv <- colSums ((beta_conv - beta) 2 )
144 mse_conv <- mean(sq_errs_conv)
145 mean_k <- mean(k_iter)
146

147 cat(sprintf(
148 "Converged algorithm: avg k = %.2f (over %d replicates)\n MSE = %.4f\n"

,
149 mean_k, R, mse_conv
150 ))
151

152 # 8. Plot
153 plot (0:K_max , mse_k, type="b", pch=19, lwd=2,
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154 xlab="Number of iterations k",
155 ylab="Monte Carlo MSE",
156 main="MSE of Bias Corrected Ridge vs. k")
157 points(mean_k, mse_conv , col="red", pch=19, cex =1.5)
158 text(mean_k, mse_conv ,
159 labels=paste0("(",round(mean_k,1),", ",round(mse_conv ,3),")"),
160 pos=4, col="red")
161

162 # 9. Monte Carlo Averages of Coefficients for Each k
163 beta_means <- sapply (0:K_max , function(k) {
164 rowMeans(beta_hat_all[, k+1, ])
165 })
166

167 colnames(beta_means) <- paste0("k=", 0:K_max)
168 rownames(beta_means) <- paste0("beta_", 1:p)
169 beta_means_df <- as.data.frame(beta_means)
170 cat("\nMonte Carlo Averages of Regression Coefficients (first 10):\n")
171 print(head(beta_means_df, 10)) # First 10 coefficients
172

173 # 10. Table of Monte Carlo MSEs by k
174 mse_table <- data.frame(
175 k = 0:K_max ,
176 MSE = round(mse_k, 4)
177 )
178

179 cat("\nMonte Carlo MSE for each value of k:\n")
180 print(mse_table)
181

182 OLSbeta <- rep(1, R)
183 coef_mat <- replicate(R, {
184 y <- as.vector(X %*% beta + rnorm(n))
185 y <- y - mean(y)
186 coef(lm(y ~ X - 1))
187 })
188 OLSMSE <- c()
189 for (r in 1:R) {
190 OLSMSE[r] <- sum((coef_mat[,r] - beta) 2 )
191 }
192 print(mean(OLSMSE))
193

194 write(mse_k, file = "mse_k_output.txt")

A.6.2 Data Imputation and Sarndal MSE

Listing 2: Main Simulation and Imputation Script
1 suppressPackageStartupMessages ({
2 if (!requireNamespace("pbapply", quietly = TRUE)) install.packages("

pbapply")
3 if (!requireNamespace("glmnet", quietly = TRUE)) install.packages("

glmnet")
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4 if (!requireNamespace("MASS", quietly = TRUE)) install.packages("MASS
")

5 if (!requireNamespace("Matrix", quietly = TRUE)) install.packages("
Matrix")

6 library(pbapply)
7 library(glmnet)
8 library(MASS)
9 library(Matrix)

10 library(parallel)
11 })
12 RNGkind(kind = "L’Ecuyer -CMRG", normal.kind = "Inversion", sample.kind = "

Rejection")
13 pboptions(type = "txt")
14 set.seed (1)
15

16 # -------------------------------
17 # Simulation Parameters (EDIT ME)
18 # -------------------------------
19 N <- 2000
20 n <- 200
21 p <- 10
22 rho <- 0.3
23 R_squared <- 0.6
24 M <- 5000
25

26 # Ridge tuning options
27 nfolds_cv <- 10
28 choose_lambda <- "min" # "min" or "1se"
29

30 # Intercept alignment flag used internally
31 mean_align_intercept <- TRUE
32

33 # Lambda grid for CMSE optimization
34 lambda_grid_cmse <- exp(seq(log(1e-4), log(1e+2), length.out = 60))
35

36 # Adaptive Lasso hyperparams
37 alasso_gamma <- 1.0
38 alasso_eps <- 1e-6
39

40 # Optional output directory ("" = skip saving)
41 target_dir <- ""
42

43 # -------------------------------
44 # Data generation helpers
45 # -------------------------------
46 generate_X_population <- function(N, p, rho , mu = 0) {
47 Sigma <- matrix(rho , nrow = p, ncol = p); diag(Sigma) <- 1
48 X <- mvrnorm(n = N, mu = rep(mu, p), Sigma = Sigma)
49 colnames(X) <- paste0("X", 1:p)
50 X
51 }
52

53 generate_beta_true <- function(p) {
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54 # Calculate the number of coefficients for each part (20/20/60 or 30/30
/40 or 50/50/0)

55 p1_count <- round(p * 0.5)
56 p2_count <- round(p * 0.5)
57 p3_count <- p - p1_count - p2_count # The rest are zero
58

59 # Generate the coefficient values for each part
60 part1_betas <- runif(p1_count , 0, 1) # small non -zero
61 part2_betas <- runif(p2_count , 1, 2) # large non -zero
62 part3_betas <- rep(0, p3_count) # sparse (zero)
63

64 # Combine all parts into one vector
65 beta_combined <- c(part1_betas , part2_betas , part3_betas)
66

67 # Shuffle to randomize the positions of zero and non -zero coefficients
68 beta_shuffled <- sample(beta_combined)
69

70 return(beta_shuffled)
71 }
72

73 generate_Y_fixed <- function(X, beta_true , R_squared , intercept = 10) {
74 lin <- intercept + as.numeric(X %*% beta_true)
75 vl <- var(lin); if (vl <= .Machine$double.eps) vl <- .Machine$double.

eps
76 ve <- vl * (1 - R_squared) / max(R_squared , 1e-8)
77 lin + rnorm(nrow(X), 0, sqrt(ve))
78 }
79

80 generate_missing <- function(X, target_response_rate = 0.5) {
81 n <- nrow(X)
82 lin <- 0.2 * rowSums(X)
83 trg <- (target_response_rate - 0.1) / 0.9
84 trg <- min(max(trg , 0.01), 0.99)
85 a <- as.numeric(quantile(lin , probs = 1 - trg))
86 pr <- 0.1 + 0.9 * (1 / (1 + exp(-(lin - a))))
87 rbinom(n, 1, pr) # 1 = respondent
88 }
89

90 # -------------------------------
91 # Generate ONCE: X_pop and beta
92 # -------------------------------
93 beta_true <- generate_beta_true(p)
94 X_pop <- generate_X_population(N, p, rho)
95 X_pop_mm <- as.matrix(X_pop)
96

97 cat("Predictors X and beta generated once; Y regenerated each iteration .\n
")

98

99 # --------- helpers: closed -form ridge on centered data (raw scale)
----------

100 ridge_closed_form <- function(X, y, lambda) {
101 xbar <- colMeans(X); ybar <- mean(y)
102 Xc <- sweep(X, 2, xbar , "-")
103 yc <- y - ybar
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104 XtX <- crossprod(Xc)
105 XtY <- crossprod(Xc, yc)
106 A <- XtX + diag(lambda , ncol(XtX))
107 R <- chol(A)
108 beta <- backsolve(R, forwardsolve(t(R), XtY))
109 intercept <- as.numeric(ybar - sum(xbar * beta))
110 list(beta = as.numeric(beta), intercept = intercept ,
111 XtX = XtX , Xc = Xc, yc = yc, xbar = xbar , ybar = ybar)
112 }
113

114 # Intercept aligned to respondents (used internally)
115 align_intercept <- function(beta_vec , X_resp , y_resp) {
116 ybar <- mean(y_resp)
117 xbar <- colMeans(X_resp)
118 as.numeric(ybar - sum(xbar * beta_vec))
119 }
120

121 # Debiased ridge slopes via repeated solves: beta_DR(k) = beta_R + sum_{j
=1..k} λ^j A^{-j} beta_R

122 debias_beta_k <- function(Rchol , beta_r, lambda , k) {
123 solve_A <- function(v) backsolve(Rchol , forwardsolve(t(Rchol), v))
124 v <- solve_A(beta_r) # A^{-1} beta_R
125 s <- lambda * v
126 if (k >= 2) {
127 for (j in 2:k) {
128 v <- solve_A(v) # A^{-j} beta_R
129 s <- s + (lambda^j) * v
130 }
131 }
132 beta_r + s
133 }
134

135 # Utility: apply A^{-m} to a vector by repeated solves (m >= 1)
136 Ainv_power_vec <- function(Rchol , vec , m) {
137 out <- vec
138 for (i in 1:m) out <- backsolve(Rchol , forwardsolve(t(Rchol), out))
139 out
140 }
141

142 # Utility: L_k(vec) = sum_{j=0..k} λ^j A^{-(j+1)} vec
143 Lk_apply_vec <- function(Rchol , vec , lambda , k) {
144 out <- Ainv_power_vec(Rchol , vec , 1) # j=0 term: A^{-1} vec
145 if (k >= 1) {
146 v <- out
147 for (j in 1:k) {
148 v <- backsolve(Rchol , forwardsolve(t(Rchol), v)) # A^{-(j+1)} vec
149 out <- out + (lambda^j) * v
150 }
151 }
152 out
153 }
154

155 # --------- Original CMSE plug -in for DR(k), k>=0 (k=0= ridge) ----------
156 cmse_hat_drk <- function(lambda , k, XtX , XtY , Xc , yc, Dx, nR , nNR) {
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157 n <- nR + nNR
158 if (nNR <= 0) return (0)
159 cfrac <- nNR / n
160 p <- ncol(Xc)
161

162 A <- XtX + diag(lambda , p)
163 Rchol <- chol(A)
164

165 # Core ridge slope
166 beta_r <- backsolve(Rchol , forwardsolve(t(Rchol), XtY)) # A^{-1} XtY
167

168 # Squared bias (plug -in)
169 Ainvk1_beta <- Ainv_power_vec(Rchol , beta_r, k + 1)
170 bdot <- as.numeric(crossprod(Dx , Ainvk1_beta))
171 term_bias2 <- (lambda ^(2*(k+1))) * (bdot 2 )
172

173 # Variance direction
174 v_Dx <- Lk_apply_vec(Rchol , Dx, lambda , k) # L_k Dx
175 var_dir_core <- as.numeric(crossprod(v_Dx, XtX %*% v_Dx))
176

177 # σ 2 via ridge df at this λ
178 Ainv <- chol2inv(Rchol)
179 df_ridge <- sum(XtX * Ainv)
180 denom <- max(1e-8, (nR - df_ridge))
181 sigma2_hat <- sum((yc - Xc %*% beta_r) 2 ) / denom
182

183 # Covariance term calculation
184 # Formula: (2 * sigma 2 / nR) * (Delta_x^T D_m sum(x_i))
185 sum_Xc <- colSums(Xc)
186 term_cov <- (2 * sigma2_hat / nR) * sum(v_Dx * sum_Xc)
187

188 # Final return including term_cov
189 (cfrac 2 ) * ( term_bias2 + sigma2_hat * var_dir_core + sigma2_hat * (1/nR

+ 1/nNR) + term_cov )
190 }
191

192 # --------- General CMSE function with external plug -ins ----------
193 cmse_general_plug <- function(lambda , k, XtX , Dx , nR, nNR , beta_plug ,

sigma2_plug , sum_Xc) {
194

195 n <- nR + nNR
196 if (nNR <= 0) return (0)
197 cfrac <- nNR / n
198 p <- ncol(XtX)
199

200 A <- XtX + diag(lambda , p)
201 Rchol <- chol(A)
202

203 # 1. Squared bias term: Uses external beta_plug
204 # Bias 2 = (lambda ^(m+1) * Delta_x^T * A^{-(m+1)} * beta_plug) 2

205 Ainvk1_beta <- Ainv_power_vec(Rchol , beta_plug , k + 1)
206 bdot <- as.numeric(crossprod(Dx , Ainvk1_beta))
207 term_bias2 <- (lambda ^(2*(k+1))) * (bdot 2 )
208
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209 # 2. Variance term: Uses external sigma2_plug
210 # Var = sigma 2 * Delta_x^T * L_m * XtX * L_m^T * Delta_x
211 v_Dx <- Lk_apply_vec(Rchol , Dx, lambda , k)
212 var_dir_core <- as.numeric(crossprod(v_Dx, XtX %*% v_Dx))
213

214 # 3. Covariance term
215 # Cov = (2 * sigma 2 / nR) * (Delta_x^T D_m sum(x_i))
216 term_cov <- (2 * sigma2_plug / nR) * sum(v_Dx * sum_Xc)
217

218 # Combine
219 (cfrac 2 ) * ( term_bias2 + sigma2_plug * var_dir_core + sigma2_plug * (1/

nR + 1/nNR) + term_cov )
220 }
221

222 # -------------------------------
223 # Särndal MSE Decomposition Function
224 # -------------------------------
225 calc_sarndal_mse <- function(X_s, # (n x p) Sample design matrix (

intercept included if needed)
226 y_resp , # (n_r x 1) Respondent y values
227 R_ind , # (n x 1) Response indicator (1=

Resp , 0= NonResp)
228 beta_hat , # (p x 1) The coefficients used for

imputation (OLS , Ridge , or DR)
229 A_mat_inv ,# (p x p) Inverse of A matrix for g

-weights (Inverse of XtX+lamI)
230 N_pop , # Population size (for scaling to

Mean)
231 sigma2_input = NULL # Optional: plug -in sigma

2

232 ) {
233

234 # 1. Setup Dimensions and Weights for SRSWOR
235 n <- nrow(X_s)
236 n_resp <- length(y_resp)
237 w_i <- N_pop / n # Design weight (Uniform for SRS)
238 pi_i <- n / N_pop # Inclusion probability
239 fpc <- 1 - pi_i # Finite population correction factor (1 - n/N)
240

241 # Separate X
242 X_resp <- X_s[R_ind == 1, , drop = FALSE]
243

244 # 2. Imputed Values (y_tilde) for the whole sample S
245 # y_tilde = y_i if R=1, else x_i’beta if R=0
246 y_hat_s <- as.numeric(X_s %*% beta_hat)
247 y_s_imp <- numeric(n)
248 y_s_imp[R_ind == 1] <- y_resp
249 y_s_imp[R_ind == 0] <- y_hat_s[R_ind == 0]
250

251 # 3. Estimate Sigma 2 (if not provided)
252 # Typically uses respondent residuals.
253 if (is.null(sigma2_input)) {
254 resid_r <- y_resp - as.numeric(X_resp %*% beta_hat)
255 # Note: Using weighted sum of squares / sum of weights
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256 # For SRS , w_i cancels out , effectively mean(resid 2 )
257 sigma2_hat <- sum(w_i * resid_r 2 ) / sum(rep(w_i, n_resp))
258 } else {
259 sigma2_hat <- sigma2_input
260 }
261

262 # ---------------------------------------------------------
263 # Component 1: V_sam (Sampling Variance)
264 # Eq: V_sam = V_naive + V_diff
265 # ---------------------------------------------------------
266

267 # A. V_naive: Standard HT Variance on Imputed Data y_tilde
268 # For SRSWOR: V_HT(y_bar) = (1-f)/n * S 2 _y_tilde
269 y_bar_imp <- mean(y_s_imp)
270 S2_y_imp <- var(y_s_imp) # Sample variance of imputed data
271 # Variance of TOTAL = N 2 * (1-f)/n * S 2

272 V_naive_total <- (N_pop 2 ) * (1 - n/N_pop) / n * S2_y_imp
273

274 # B. V_diff: Correction for treating imputed as observed
275 # For SRS: w_i = N/n, pi = n/N. Term is constant for non -respondents.
276 # Sum over S of (1-r_i) is n_nr.
277 # V_diff = sigma 2 * (N/n) 2 * (1 - n/N) * n_nr
278 n_nr <- n - n_resp
279 term_diff <- (w_i 2 ) * (1 - pi_i) * n_nr
280 V_diff_total <- sigma2_hat * term_diff
281

282 V_sam_total <- V_naive_total + V_diff_total
283

284 # ---------------------------------------------------------
285 # Calculate g-weights (g_i) for V_nr, V_mix , V_extra
286 # g_i = 1 + (Sum_S w x - Sum_Sr w x)’ A^-1 x_i
287 # ---------------------------------------------------------
288 # Calculate totals
289 T_X_S <- colSums(w_i * X_s) # Estimated Pop Total from Sample S
290 T_X_Sr <- colSums(w_i * X_resp) # Estimated Pop Total from Respondents
291 diff_X <- T_X_S - T_X_Sr # Basically Total of Non -respondents (

imputed part)
292

293 # Compute term: diff_X’ A^-1
294 # A_mat_inv is passed in. For OLS it ’s (X’X)^-1. For Ridge it’s (X’X +

lam I)^-1
295 vec_proj <- as.numeric(crossprod(diff_X, A_mat_inv)) # 1 x p
296

297 # g_i for ALL i in S
298 # inner product of vec_proj and x_i
299 # g_i = 1 + X_s %*% t(vec_proj)
300 g_vec <- 1 + as.numeric(X_s %*% vec_proj)
301

302 # Helper term used in V_nr, V_mix , V_extra: (r_i * g_i - 1)
303 # r_i is 1 or 0.
304 # If r=1: (g_i - 1). If r=0: (-1).
305 rg_minus_1 <- (R_ind * g_vec) - 1
306

307 # ---------------------------------------------------------
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308 # Component 2: V_nr (Non -response Variance)
309 # sigma 2 * sum_{s} w_i 2 * (r_i g_i - 1) 2

310 # ---------------------------------------------------------
311 term_nr <- sum( (w_i 2 ) * (rg_minus_1 2 ) )
312 V_nr_total <- sigma2_hat * term_nr
313

314 # ---------------------------------------------------------
315 # Component 3: V_mix (Interaction Term)
316 # sigma 2 * sum_{s} w_i 2 * (1-pi) * (r_i g_i - 1)
317 # ---------------------------------------------------------
318 # Note: sum over S
319 term_mix <- sum( (w_i 2 ) * (1 - pi_i) * rg_minus_1 )
320 V_mix_total <- sigma2_hat * term_mix
321

322 # ---------------------------------------------------------
323 # Component 4: V_extra (Squared Bias Correction)
324 # [ sum_{s} w_i (r_i g_i - 1) x_i’ beta_hat ] 2

325 # ---------------------------------------------------------
326 # Note: This checks if the weighted sum of predictions balances out.
327 # For OLS , this should be effectively zero (numerically).
328 # For Ridge/DR, this captures the bias.
329

330 # w_i * (rg - 1)
331 w_rg_1 <- w_i * rg_minus_1
332

333 # We need sum( w_rg_1 * y_hat_s )
334 # y_hat_s is X beta
335 sum_bias <- sum(w_rg_1 * y_hat_s)
336 V_extra_total <- sum_bias 2

337

338 # ---------------------------------------------------------
339 # Total MSE (Target: Total)
340 # V_sam + V_nr + 2*V_mix + V_extra
341 # ---------------------------------------------------------
342 MSE_total_est <- V_sam_total + V_nr_total + 2*V_mix_total + V_extra_

total
343

344 # ---------------------------------------------------------
345 # Convert to Mean Scale (divide by N 2 )
346 # ---------------------------------------------------------
347 scale_factor <- 1 / (N_pop 2 )
348

349 list(
350 sarndal_V_sam = V_sam_total * scale_factor ,
351 sarndal_V_nr = V_nr_total * scale_factor ,
352 sarndal_V_mix = V_mix_total * scale_factor ,
353 sarndal_V_extra = V_extra_total * scale_factor ,
354 sarndal_MSE = MSE_total_est * scale_factor ,
355 sigma2_used = sigma2_hat
356 )
357 }
358

359 calc_sarndal_mse_deb_ridge <- function(X_s, # (n x p) Sample
design matrix (intercept included)
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360 y_resp , # (n_r x 1)
Respondent y values

361 R_ind , # (n x 1) Response
indicator

362 lambda_raw , # The RAW lambda (
unscaled)

363 m_order , # Debiasing order (e.
g., 1)

364 beta_hat , # (p x 1) The
coefficients used for imputation

365 beta_ols , # (p x 1) The OLS
estimator (beta_hat in Vextra)

366 A_mat_inv , # (p x p) Generic
Inverse for g-weights

367 N_pop , # Population size
368 sigma2_input = NULL # Optional:

plug -in sigma 2

369 ) {
370

371 # 1. Setup Dimensions and Weights for SRSWOR
372 n <- nrow(X_s)
373 n_resp <- length(y_resp)
374 w_i <- N_pop / n # Design weight (Uniform for SRS)
375 pi_i <- n / N_pop # Inclusion probability
376 fpc <- 1 - pi_i # Finite population correction factor
377

378 # Separate X
379 X_resp <- X_s[R_ind == 1, , drop = FALSE]
380

381 # 2. Imputed Values (y_tilde) -> Used for V_naive S 2 calculation
382 y_hat_s <- as.numeric(X_s %*% beta_hat)
383 y_s_imp <- numeric(n)
384 y_s_imp[R_ind == 1] <- y_resp
385 y_s_imp[R_ind == 0] <- y_hat_s[R_ind == 0]
386

387 # 3. Estimate Sigma 2 (if not provided)
388 if (is.null(sigma2_input)) {
389 resid_r <- y_resp - as.numeric(X_resp %*% beta_hat)
390 sigma2_hat <- sum(w_i * resid_r 2 ) / sum(rep(w_i, n_resp))
391 } else {
392 sigma2_hat <- sigma2_input
393 }
394

395 # ---------------------------------------------------------
396 # Component 1: V_sam (Sampling Variance)
397 # ---------------------------------------------------------
398

399 # A. V_naive
400 y_bar_imp <- mean(y_s_imp)
401 S2_y_imp <- var(y_s_imp)
402 V_naive_total <- (N_pop 2 ) * (1 - n/N_pop) / n * S2_y_imp
403

404 # B. V_diff
405 n_nr <- n - n_resp
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406 term_diff <- (w_i 2 ) * (1 - pi_i) * n_nr
407 V_diff_total <- sigma2_hat * term_diff
408

409 V_sam_total <- V_naive_total + V_diff_total
410

411 # ---------------------------------------------------------
412 # Calculate g-weights (g_i) for V_nr, V_mix
413 # ---------------------------------------------------------
414 T_X_S <- colSums(w_i * X_s)
415 T_X_Sr <- colSums(w_i * X_resp)
416 diff_X <- T_X_S - T_X_Sr
417

418 vec_proj <- as.numeric(crossprod(diff_X, A_mat_inv))
419 g_vec <- 1 + as.numeric(X_s %*% vec_proj)
420 rg_minus_1 <- (R_ind * g_vec) - 1
421

422 # ---------------------------------------------------------
423 # Component 2: V_nr (Non -response Variance)
424 # ---------------------------------------------------------
425 term_nr <- sum( (w_i 2 ) * (rg_minus_1 2 ) )
426 V_nr_total <- sigma2_hat * term_nr
427

428 # ---------------------------------------------------------
429 # Component 3: V_mix (Interaction Term)
430 # ---------------------------------------------------------
431 term_mix <- sum( (w_i 2 ) * (1 - pi_i) * rg_minus_1 )
432 V_mix_total <- sigma2_hat * term_mix
433

434 # ---------------------------------------------------------
435 # Component 4: V_extra using explicit Bias formula
436 # Bias = -lambda ^(m+1) * (Sum_Sm w x)’ * (Ar + lam I)^-(m+1) * beta_ols
437 # ---------------------------------------------------------
438

439 # 1. The Vector Part: Sum_{i in Sm} w_i * x_i
440 # Sum over Non -Respondents (Sm)
441 X_miss <- X_s[R_ind == 0, , drop = FALSE]
442 if (nrow(X_miss) > 0) {
443 vec_sum_miss <- colSums(w_i * X_miss) # Dimension (p x 1)
444 } else {
445 vec_sum_miss <- rep(0, ncol(X_s))
446 }
447

448 # 2. The Matrix Part: (Ar + lambda*I)^-(m+1)
449 # Ar = Sum_{Sr} w_j * x_j * x_j^T
450 Ar_weighted <- crossprod(X_resp) * w_i
451 lam_weighted <- lambda_raw * w_i
452

453 # Construct (Ar + lam_weighted * I)
454 # Assuming first column is intercept and is NOT penalized
455 penalty_mat <- diag(rep(lam_weighted , ncol(X_s)))
456 penalty_mat[1,1] <- 0
457

458 Mat_base <- Ar_weighted + penalty_mat
459 Mat_inv <- chol2inv(chol(Mat_base)) # This is (Ar + lam I)^-1
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460

461 # Compute Power: (Mat_inv)^(m+1)
462 Mat_power <- Mat_inv
463 iter_count <- m_order + 1
464 if (iter_count > 1) {
465 for(k in 2:iter_count) {
466 Mat_power <- Mat_power %*% Mat_inv
467 }
468 }
469

470 # 3. The Scalar Part: - lambda ^(m+1)
471 term_scalar <- -1 * (lambda_raw)^(m_order + 1)
472

473 # 4. Calculate Bias
474 # Bias = Scalar * (Vector)^T * Matrix * Beta_OLS
475 dot_prod <- as.numeric( crossprod(vec_sum_miss , Mat_power %*% beta_ols)

)
476 bias_est_total <- term_scalar * dot_prod
477

478 # 5. V_extra is Squared Bias
479 V_extra_total <- bias_est_total 2

480

481 # ---------------------------------------------------------
482 # Total MSE (Target: Total)
483 # ---------------------------------------------------------
484 MSE_total_est <- V_sam_total + V_nr_total + 2*V_mix_total + V_extra_

total
485

486 # ---------------------------------------------------------
487 # Convert to Mean Scale (divide by N 2 )
488 # ---------------------------------------------------------
489 scale_factor <- 1 / (N_pop 2 )
490

491 list(
492 sarndal_V_sam = V_sam_total * scale_factor ,
493 sarndal_V_nr = V_nr_total * scale_factor ,
494 sarndal_V_mix = V_mix_total * scale_factor ,
495 sarndal_V_extra = V_extra_total * scale_factor , # Now using Eq 20 Bias

2

496 sarndal_MSE = MSE_total_est * scale_factor ,
497 sigma2_used = sigma2_hat ,
498 bias_est = bias_est_total * sqrt(scale_factor) # Output

explicit bias for debugging
499 )
500 }
501

502 # -------------------------------
503 # One Monte Carlo iteration
504 # -------------------------------
505 one_mc <- function(iter) {
506 # New finite population outcomes and true mean
507 Y_pop <- generate_Y_fixed(X_pop_mm, beta_true , R_squared , intercept =

10)
508 mu_true <- mean(Y_pop)
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509

510 # SRSWOR sample
511 s_idx <- sample.int(N, size = n, replace = FALSE)
512 Xs <- X_pop_mm[s_idx , , drop = FALSE]
513 ys <- Y_pop[s_idx]
514

515 # Nonresponse on the sample
516 R <- generate_missing(Xs , target_response_rate = 0.5)
517 if (sum(R) < max(3L, p + 2L)) {
518 R <- generate_missing(Xs , target_response_rate = 0.5)
519 }
520

521 # Split
522 X_resp <- Xs[R == 1, , drop = FALSE]
523 y_resp <- ys[R == 1]
524 n_resp <- length(y_resp)
525 X_non <- Xs[R == 0, , drop = FALSE]
526 n_non <- n - n_resp
527

528 # Means and centered pieces for respondents
529 xbar_R <- colMeans(X_resp)
530 ybar_R <- mean(y_resp)
531 xbar_NR <- if (n_non > 0) colMeans(X_non) else rep(0, p)
532 Dx <- as.numeric(xbar_NR - xbar_R)
533 Xc <- sweep(X_resp , 2, xbar_R, "-")
534 yc <- as.numeric(y_resp - ybar_R)
535 XtX <- crossprod(Xc)
536 XtY <- crossprod(Xc, yc)
537

538 # ---------- (A) OLS imputation ----------
539 fit_ols <- lm(y ~ ., data = data.frame(y = y_resp , X_resp))
540 yhat_ols <- as.numeric(predict(fit_ols , newdata = data.frame(Xs)))
541 y_tilde_ols <- ys; y_tilde_ols[R == 0] <- yhat_ols[R == 0]
542 mu_imp_ols <- mean(y_tilde_ols)
543

544 # ---------- (B) Ridge (CV -λ) ----------
545 nf <- min(nfolds_cv, max(2L, n_resp))
546 cvfit <- cv.glmnet(
547 x = X_resp , y = y_resp ,
548 alpha = 0,
549 nfolds = nf,
550 standardize = FALSE ,
551 intercept = TRUE ,
552 family = "gaussian",
553 type.measure = "mse",
554 parallel = FALSE
555 )
556 lam_cv <- if (choose_lambda == "1se") cvfit$lambda .1se else cvfit$lambda

.min
557 lam_cv <- lam_cv*nrow(X_resp)/sd(y_resp)
558 # Closed -form ridge (raw scale) at lam_cv
559 cf <- ridge_closed_form(X_resp , y_resp , lambda = lam_cv)
560 beta_r <- cf$beta
561 b0_r_align <- align_intercept(beta_r, X_resp , y_resp)
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562 yhat_ridge <- as.numeric(b0_r_align + Xs %*% beta_r)
563 y_tilde_ridge <- ys; y_tilde_ridge[R == 0] <- yhat_ridge[R == 0]
564 mu_imp_ridge <- mean(y_tilde_ridge)
565

566 # ---------- Adaptive Lasso (CV-λ) ----------
567 w_alasso <- 1 / (abs(beta_r) + alasso_eps)^alasso_gamma
568 cvfit_alasso <- cv.glmnet(
569 x = X_resp , y = y_resp ,
570 alpha = 1,
571 nfolds = nf,
572 standardize = FALSE ,
573 intercept = TRUE ,
574 family = "gaussian",
575 type.measure = "mse",
576 penalty.factor = w_alasso ,
577 parallel = FALSE
578 )
579 lam_alasso <- cvfit_alasso$lambda.min*nrow(X_resp)/sd(y_resp)
580 coef_alasso <- as.matrix(coef(cvfit_alasso , s = "lambda.min"))
581 beta_alasso <- as.numeric(coef_alasso[-1, , drop = TRUE])
582 b0_alasso <- align_intercept(beta_alasso , X_resp , y_resp)
583 yhat_alasso <- as.numeric(b0_alasso + Xs %*% beta_alasso)
584 y_tilde_alasso <- ys; y_tilde_alasso[R == 0] <- yhat_alasso[R == 0]
585 mu_imp_alasso <- mean(y_tilde_alasso)
586

587 # ---------- Post -OLS Lasso (support from Adaptive Lasso) ----------
588 sel_idx <- which(abs(beta_alasso) > 0)
589 if (length(sel_idx) == 0L) {
590 beta_post <- rep(0, p)
591 b0_post <- mean(y_resp)
592 } else {
593 X_resp_sel <- X_resp[, sel_idx , drop = FALSE]
594 fit_post <- lm(y ~ ., data = data.frame(y = y_resp , X_resp_sel))
595 b_post <- coef(fit_post)
596 beta_post <- rep(0, p)
597 beta_post[sel_idx] <- as.numeric(b_post [-1])
598 b0_post <- align_intercept(beta_post , X_resp , y_resp)
599 }
600 yhat_post <- as.numeric(b0_post + Xs %*% beta_post)
601 y_tilde_post <- ys; y_tilde_post[R == 0] <- yhat_post[R == 0]
602 mu_imp_postlasso <- mean(y_tilde_post)
603

604 # ---------- (C) Debiased Ridge k=1..5 at CV-λ ----------
605 A_cv <- XtX + diag(lam_cv, p)
606 Rchol_cv <- chol(A_cv)
607 beta_r_cv <- backsolve(Rchol_cv , forwardsolve(t(Rchol_cv), XtY))
608 beta_dr1 <- debias_beta_k(Rchol_cv, beta_r_cv , lam_cv, k = 1)
609 beta_dr2 <- debias_beta_k(Rchol_cv, beta_r_cv , lam_cv, k = 2)
610 beta_dr3 <- debias_beta_k(Rchol_cv, beta_r_cv , lam_cv, k = 3)
611 beta_dr4 <- debias_beta_k(Rchol_cv, beta_r_cv , lam_cv, k = 4)
612 beta_dr5 <- debias_beta_k(Rchol_cv, beta_r_cv , lam_cv, k = 5)
613

614 imp_mean_with_beta <- function(beta_vec) {
615 b0_used <- align_intercept(beta_vec , X_resp , y_resp)
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616 yhat <- as.numeric(b0_used + Xs %*% beta_vec)
617 ytil <- ys; ytil[R == 0] <- yhat[R == 0]
618 mean(ytil)
619 }
620 mu_imp_dr1 <- imp_mean_with_beta(beta_dr1)
621 mu_imp_dr2 <- imp_mean_with_beta(beta_dr2)
622 mu_imp_dr3 <- imp_mean_with_beta(beta_dr3)
623 mu_imp_dr4 <- imp_mean_with_beta(beta_dr4)
624 mu_imp_dr5 <- imp_mean_with_beta(beta_dr5)
625

626 # ---------- (D) Ridge (CMSE -λ) ----------
627 if (n_non > 0) {
628 cmse_vals <- vapply(lambda_grid_cmse , function(lam) {
629 cmse_hat_drk(lam , 0L, XtX , XtY , Xc , yc, Dx, n_resp , n_non)
630 }, numeric (1))
631 lam_cmse <- lambda_grid_cmse[which.min(cmse_vals)]
632

633 cf_cmse <- ridge_closed_form(X_resp , y_resp , lambda = lam_cmse)
634 beta_cmse <- cf_cmse$beta
635 b0_cmse_used <- if (mean_align_intercept) align_intercept(beta_cmse , X

_resp , y_resp) else cf_cmse$intercept
636 yhat_cmse <- as.numeric(b0_cmse_used + Xs %*% beta_cmse)
637 y_tilde_cmse <- ys; y_tilde_cmse[R == 0] <- yhat_cmse[R == 0]
638 mu_imp_cmse <- mean(y_tilde_cmse)
639 } else {
640 lam_cmse <- NA_real_
641 mu_imp_cmse <- mean(ys)
642 }
643

644 beta_ols_plug <- coef(fit_ols)[-1]
645 beta_ols_plug[is.na(beta_ols_plug)] <- 0
646 sigma2_ols_plug <- (summary(fit_ols)$sigma) 2

647

648 # 2. True Plug -in (Oracle)
649 lin_pop <- 10 + as.numeric(X_pop_mm %*% beta_true) # intercept doesn ’t

affect variance
650 vl_pop <- var(lin_pop)
651 if (vl_pop <= .Machine$double.eps) vl_pop <- .Machine$double.eps
652 sigma2_true_plug <- vl_pop * (1 - R_squared) / max(R_squared , 1e-8)
653

654 # 3. sum_Xc for Covariance
655 sum_Xc <- colSums(Xc)
656

657

658 # ---------- (E) DRk (CMSE -λ) ----------
659 cmse_pick_and_impute_drk <- function(k) {
660 if (n_non <= 0) return(list(mu = mean(ys), lam = NA_real_))
661 vals <- vapply(lambda_grid_cmse , function(lam) {
662 cmse_hat_drk(lam , k, XtX , XtY , Xc , yc, Dx, n_resp , n_non)
663 }, numeric (1))
664 lam_best <- lambda_grid_cmse[which.min(vals)]
665 A_k <- XtX + diag(lam_best , p)
666 Rchol_k <- chol(A_k)
667 beta_r_k <- backsolve(Rchol_k, forwardsolve(t(Rchol_k), XtY))
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668 beta_drk <- if (k == 0L) beta_r_k else debias_beta_k(Rchol_k, beta_r_k
, lam_best , k = k)

669 b0_k <- if (mean_align_intercept) align_intercept(beta_drk , X_resp , y_
resp) else {

670 cf_tmp <- ridge_closed_form(X_resp , y_resp , lambda = lam_best); cf_
tmp$intercept

671 }
672 yhat <- as.numeric(b0_k + Xs %*% beta_drk)
673 ytil <- ys; ytil[R == 0] <- yhat[R == 0]
674 list(mu = mean(ytil), lam = lam_best)
675 }
676

677 dr1 <- cmse_pick_and_impute_drk(1L)
678 dr2 <- cmse_pick_and_impute_drk(2L)
679 dr3 <- cmse_pick_and_impute_drk(3L)
680 dr4 <- cmse_pick_and_impute_drk(4L)
681 dr5 <- cmse_pick_and_impute_drk(5L)
682

683

684 solve_cmse_plugin <- function(k, beta_in, sigma2_in) {
685 if (n_non <= 0) return(list(mu = mean(ys), lam = NA_real_))
686

687 vals <- vapply(lambda_grid_cmse , function(lam) {
688 cmse_general_plug(lam , k, XtX , Dx , n_resp , n_non , beta_in, sigma2_in

, sum_Xc)
689 }, numeric (1))
690

691 lam_best <- lambda_grid_cmse[which.min(vals)]
692

693 A_k <- XtX + diag(lam_best , p)
694 Rchol_k <- chol(A_k)
695 beta_r_k <- backsolve(Rchol_k, forwardsolve(t(Rchol_k), XtY))
696

697 beta_final <- if (k == 0L) beta_r_k else debias_beta_k(Rchol_k, beta_r
_k, lam_best , k = k)

698

699 b0_final <- if (mean_align_intercept) align_intercept(beta_final , X_
resp , y_resp) else {

700 cf_tmp <- ridge_closed_form(X_resp , y_resp , lambda = lam_best); cf_
tmp$intercept

701 }
702

703 yhat <- as.numeric(b0_final + Xs %*% beta_final)
704 ytil <- ys; ytil[R == 0] <- yhat[R == 0]
705 return(mean(ytil))
706 }
707

708

709 # === (G) OLS -based CMSE Selection (k=1..5) ===
710 mu_imp_dr1_cmse_ols <- solve_cmse_plugin (1L, beta_ols_plug , sigma2_ols_

plug)
711 mu_imp_dr2_cmse_ols <- solve_cmse_plugin (2L, beta_ols_plug , sigma2_ols_

plug)
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712 mu_imp_dr3_cmse_ols <- solve_cmse_plugin (3L, beta_ols_plug , sigma2_ols_
plug)

713 mu_imp_dr4_cmse_ols <- solve_cmse_plugin (4L, beta_ols_plug , sigma2_ols_
plug)

714 mu_imp_dr5_cmse_ols <- solve_cmse_plugin (5L, beta_ols_plug , sigma2_ols_
plug)

715

716 # === (H) True -based CMSE Selection (Oracle , k=1..5) ===
717 mu_imp_dr1_cmse_true <- solve_cmse_plugin (1L, beta_true , sigma2_true_

plug)
718 mu_imp_dr2_cmse_true <- solve_cmse_plugin (2L, beta_true , sigma2_true_

plug)
719 mu_imp_dr3_cmse_true <- solve_cmse_plugin (3L, beta_true , sigma2_true_

plug)
720 mu_imp_dr4_cmse_true <- solve_cmse_plugin (4L, beta_true , sigma2_true_

plug)
721 mu_imp_dr5_cmse_true <- solve_cmse_plugin (5L, beta_true , sigma2_true_

plug)
722

723

724 # ---------- (F) BEST (k, λ) by CMSE ----------
725 if (n_non > 0) {
726 ks <- 0:5
727 best <- list(val = Inf , k = NA_integer_, lam = NA_real_)
728 for (kk in ks) {
729 vals <- vapply(lambda_grid_cmse , function(lam) {
730 cmse_hat_drk(lam , kk, XtX , XtY , Xc, yc, Dx , n_resp , n_non)
731 }, numeric (1))
732 idx_min <- which.min(vals)
733 if (vals[idx_min] < best$val) {
734 best$val <- vals[idx_min]
735 best$k <- kk
736 best$lam <- lambda_grid_cmse[idx_min]
737 }
738 }
739 k_hat <- best$k
740 lam_hat <- best$lam
741

742 A_best <- XtX + diag(lam_hat , p)
743 Rchol_best <- chol(A_best)
744 beta_r_best <- backsolve(Rchol_best , forwardsolve(t(Rchol_best), XtY))
745 beta_best <- if (k_hat == 0L) beta_r_best else debias_beta_k(Rchol_

best , beta_r_best , lam_hat , k = k_hat)
746 b0_best <- if (mean_align_intercept) align_intercept(beta_best , X_resp

, y_resp) else {
747 cf_tmp <- ridge_closed_form(X_resp , y_resp , lambda = lam_hat); cf_

tmp$intercept
748 }
749 yhat_best <- as.numeric(b0_best + Xs %*% beta_best)
750 y_tilde_best <- ys; y_tilde_best[R == 0] <- yhat_best[R == 0]
751 mu_imp_best <- mean(y_tilde_best)
752 } else {
753 k_hat <- 0L; lam_hat <- NA_real_; mu_imp_best <- mean(ys)
754 }
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755

756

757 # ---------- (F) BEST (k, λ) by CMSE OLS/TRUE ----------
758 find_best_cmse_plugin <- function(beta_in, sigma2_in) {
759 if (n_non <= 0) return(mean(ys))
760 ks <- 0:5
761 best_val <- Inf
762 best_res <- mean(ys) # default
763

764 for (kk in ks) {
765 vals <- vapply(lambda_grid_cmse , function(lam) {
766 cmse_general_plug(lam , kk, XtX , Dx, n_resp , n_non , beta_in, sigma2

_in , sum_Xc)
767 }, numeric (1))
768

769 min_v <- min(vals)
770 if (min_v < best_val) {
771 best_val <- min_v
772 lam_best <- lambda_grid_cmse[which.min(vals)]
773 A_k <- XtX + diag(lam_best , p)
774 Rchol_k <- chol(A_k)
775 beta_r_k <- backsolve(Rchol_k, forwardsolve(t(Rchol_k), XtY))
776 beta_f <- if (kk == 0L) beta_r_k else debias_beta_k(Rchol_k, beta_

r_k, lam_best , k = kk)
777 b0_f <- if (mean_align_intercept) align_intercept(beta_f, X_resp ,

y_resp) else {
778 cf <- ridge_closed_form(X_resp , y_resp , lambda = lam_best); cf$

intercept
779 }
780 yhat <- as.numeric(b0_f + Xs %*% beta_f)
781 ytil <- ys; ytil[R==0] <- yhat[R==0]
782 best_res <- mean(ytil)
783 }
784 }
785 return(best_res)
786 }
787

788 mu_imp_best_ols <- find_best_cmse_plugin(beta_ols_plug , sigma2_ols_plug
)

789 mu_imp_best_true <- find_best_cmse_plugin(beta_true , sigma2_true_plug)
790

791

792 # Pre -calculate common terms for Sarndal
793 # We need Xs (sample X with intercept column) to match beta dimension
794 Xs_int <- cbind(1, Xs) # Add intercept column
795 X_resp_int <- Xs_int[R == 1, , drop=FALSE]
796

797 # For sigma 2 plug -in: Use OLS sigma 2 (most robust/consistent for
variance components)

798 # Or use sigma2_true_plug (Oracle) if you want to test theoretical
formula

799 sig2_plug <- sigma2_ols_plug
800 w_design <- N / n
801
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802 # ----------------------------------------------------
803 # 1. Sarndal MSE for OLS
804 # ----------------------------------------------------
805 # A matrix for OLS is just X’X (weighted if needed , but here weights

uniform)
806 XtX_ols <- crossprod(X_resp_int)
807 A_ols_inv_raw <- chol2inv(chol(XtX_ols))
808 A_ols_inv_weighted <- A_ols_inv_raw / w_design
809

810 beta_ols_full <- coef(fit_ols) # Extract from lm object (Intercept +
slopes)

811 beta_ols_full[is.na(beta_ols_full)] <- 0
812

813 res_sarndal_ols <- calc_sarndal_mse(
814 X_s = Xs_int ,
815 y_resp = y_resp ,
816 R_ind = R,
817 beta_hat = beta_ols_full ,
818 A_mat_inv = A_ols_inv_weighted ,
819 N_pop = N,
820 sigma2_input = sig2_plug
821 )
822

823 # ----------------------------------------------------
824 # 2. Sarndal MSE for Ridge (CMSE -optimal lambda)
825 # ----------------------------------------------------
826 # Use the BEST CMSE lambda found: lam_hat
827 if (!is.na(lam_cmse)) {
828

829 XtX_int <- crossprod(X_resp_int)
830 penalty_mat_cmse <- diag(rep(lam_cmse , ncol(Xs_int)))
831 penalty_mat_cmse [1,1] <- 0
832

833 A_ridge_cmse <- XtX_int + penalty_mat_cmse
834 A_inv_cmse_raw <- chol2inv(chol(A_ridge_cmse))
835 A_inv_cmse_weighted <- A_inv_cmse_raw / w_design
836

837 beta_ridge_cmse_full <- A_inv_cmse_raw %*% crossprod(X_resp_int , y_
resp)

838

839 res_sarndal_ridge <- calc_sarndal_mse_deb_ridge(
840 X_s = Xs_int ,
841 y_resp = y_resp ,
842 R_ind = R,
843 lambda_raw = lam_cmse ,
844 m_order = 0,
845 beta_hat = beta_ridge_cmse_full ,
846 beta_ols = beta_ols_full ,
847 A_mat_inv = A_inv_cmse_weighted ,
848 N_pop = N,
849 sigma2_input = sig2_plug
850 )
851 } else {
852 res_sarndal_ridge <- list(sarndal_MSE=NA)
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853 }
854

855 # ----------------------------------------------------
856 # 3. Sarndal MSE for Debiased Ridge (Best k)
857 # ----------------------------------------------------
858 if (!is.na(lam_hat)) {
859

860 XtX_int <- crossprod(X_resp_int)
861 penalty_mat_best <- diag(rep(lam_hat , ncol(Xs_int)))
862 penalty_mat_best [1,1] <- 0
863

864 A_ridge_best <- XtX_int + penalty_mat_best
865 A_inv_best_raw <- chol2inv(chol(A_ridge_best))
866 A_eff_inv_raw <- A_inv_best_raw
867

868

869 if (k_hat > 0) {
870 current_term <- A_inv_best_raw
871 for (j in 1:k_hat) {
872 current_term <- A_inv_best_raw %*% (penalty_mat_best %*% current_

term)
873 A_eff_inv_raw <- A_eff_inv_raw + current_term
874 }
875 }
876

877 A_eff_inv_weighted <- A_eff_inv_raw / w_design
878

879 b0_dr <- align_intercept(beta_best , X_resp , y_resp)
880 beta_dr_full <- c(b0_dr , beta_best)
881

882 res_sarndal_dr <- calc_sarndal_mse_deb_ridge(
883 X_s = Xs_int ,
884 y_resp = y_resp ,
885 R_ind = R,
886 lambda_raw = lam_hat ,
887 m_order = k_hat ,
888 beta_hat = beta_dr_full ,
889 beta_ols = beta_ols_full ,
890 A_mat_inv = A_eff_inv_weighted ,
891 N_pop = N,
892 sigma2_input = sig2_plug
893 )
894 } else {
895 res_sarndal_dr <- list(sarndal_MSE=NA)
896 }
897

898 # ----------------------------------------------------
899 # 4. Sarndal MSE for First -Order Debiased Ridge (k=1)
900 # ----------------------------------------------------
901 lam_k1 <- dr1$lam
902

903 if (!is.na(lam_k1)) {
904 XtX_int <- crossprod(X_resp_int)
905 penalty_mat_k1 <- diag(rep(lam_k1, ncol(Xs_int)))
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906 penalty_mat_k1[1,1] <- 0
907

908 A_ridge_k1_raw <- XtX_int + penalty_mat_k1
909 A_ridge_k1_inv_raw <- chol2inv(chol(A_ridge_k1_raw))
910

911 A_ridge_k1_inv_weighted <- A_ridge_k1_inv_raw / w_design
912

913 beta_ridge_k1 <- A_ridge_k1_inv_raw %*% crossprod(X_resp_int , y_resp)
914

915 bias_correction <- A_ridge_k1_inv_raw %*% (penalty_mat_k1 %*% beta_
ridge_k1)

916 beta_dr1_full <- beta_ridge_k1 + bias_correction
917

918 res_sarndal_dr1 <- calc_sarndal_mse(
919 X_s = Xs_int ,
920 y_resp = y_resp ,
921 R_ind = R,
922 beta_hat = beta_dr1_full ,
923 A_mat_inv = A_ridge_k1_inv_weighted , # Use Ridge geometry for g-

weights
924 N_pop = N,
925 sigma2_input = sig2_plug
926 )
927 } else {
928 res_sarndal_dr1 <- list(sarndal_MSE = NA)
929 }
930

931 # ----------------------------------------------------
932 # 5. Sarndal MSE for DR(k=1) using Explicit Bias Formula
933 # ----------------------------------------------------
934 if (!is.na(lam_k1)) {
935

936 res_sarndal_dr1_explicit <- calc_sarndal_mse_deb_ridge(
937 X_s = Xs_int ,
938 y_resp = y_resp ,
939 R_ind = R,
940 lambda = lam_k1 ,
941 m_order = 1, # First order
942 beta_hat = beta_dr1_full ,
943 beta_ols = beta_ols_full , # Use OLS beta as plug -in for Vextra
944 A_mat_inv = A_ridge_k1_inv_weighted , # Use Ridge geometry for g-

weights
945 N_pop = N,
946 sigma2_input = sig2_plug
947 )
948 } else {
949 res_sarndal_dr1_explicit <- list(sarndal_MSE = NA)
950 }
951

952 # Reference: full -data sample mean (ignoring missingness)
953 mu_full <- mean(ys)
954

955 c(
956 mu_imp_ols = mu_imp_ols ,
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957 mu_imp_ridge = mu_imp_ridge ,
958 mu_imp_alasso = mu_imp_alasso ,
959 mu_imp_postlasso = mu_imp_postlasso ,
960 mu_imp_dr1 = mu_imp_dr1 ,
961 mu_imp_dr2 = mu_imp_dr2 ,
962 mu_imp_dr3 = mu_imp_dr3 ,
963 mu_imp_dr4 = mu_imp_dr4 ,
964 mu_imp_dr5 = mu_imp_dr5 ,
965 mu_imp_cmse = mu_imp_cmse ,
966 mu_imp_dr1_cmse = dr1$mu,
967 mu_imp_dr2_cmse = dr2$mu,
968 mu_imp_dr3_cmse = dr3$mu,
969 mu_imp_dr4_cmse = dr4$mu,
970 mu_imp_dr5_cmse = dr5$mu,
971 mu_imp_best = mu_imp_best ,
972

973 # --- NEW: OLS -based CMSE results ---
974 mu_imp_dr1_cmse_ols = mu_imp_dr1_cmse_ols ,
975 mu_imp_dr2_cmse_ols = mu_imp_dr2_cmse_ols ,
976 mu_imp_dr3_cmse_ols = mu_imp_dr3_cmse_ols ,
977 mu_imp_dr4_cmse_ols = mu_imp_dr4_cmse_ols ,
978 mu_imp_dr5_cmse_ols = mu_imp_dr5_cmse_ols ,
979 mu_imp_best_ols = mu_imp_best_ols ,
980

981 # --- NEW: True -based (Oracle) CMSE results ---
982 mu_imp_dr1_cmse_true = mu_imp_dr1_cmse_true ,
983 mu_imp_dr2_cmse_true = mu_imp_dr2_cmse_true ,
984 mu_imp_dr3_cmse_true = mu_imp_dr3_cmse_true ,
985 mu_imp_dr4_cmse_true = mu_imp_dr4_cmse_true ,
986 mu_imp_dr5_cmse_true = mu_imp_dr5_cmse_true ,
987 mu_imp_best_true = mu_imp_best_true ,
988

989 # --- NEW: Sarndal MSE_results ---
990 S_MSE_OLS = res_sarndal_ols$sarndal_MSE ,
991 S_MSE_Ridge = res_sarndal_ridge$sarndal_MSE ,
992 S_MSE_DR = res_sarndal_dr$sarndal_MSE ,
993 S_MSE_DR1 = res_sarndal_dr1$sarndal_MSE ,
994 S_MSE_DR1_Exp = res_sarndal_dr1_explicit$sarndal_MSE ,
995

996 k_hat = k_hat ,
997 lambda_hat = lam_hat ,
998 mu_full = mu_full ,
999 mu_true = mu_true ,

1000 n_resp = n_resp ,
1001 lambda_cv = lam_cv ,
1002 lambda_cmse = lam_cmse ,
1003 lambda_alasso = lam_alasso
1004 )
1005 }
1006

1007 # -------------------------------
1008 # Parallel run with libs on workers
1009 # -------------------------------
1010 n_cores <- max(1L, min(detectCores(logical = FALSE) - 1L, 30L))
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1011 cat("Using", n_cores , "cores.\n")
1012 if (nzchar(target_dir)) cat("CSV will be saved to:", target_dir , "\n")

else cat("No CSV output .\n")
1013

1014 cl <- makeCluster(n_cores)
1015 on.exit(try(stopCluster(cl), silent = TRUE), add = TRUE)
1016 parallel :: clusterSetRNGStream(cl, 1)
1017

1018 # Load packages on each worker
1019 clusterEvalQ(cl , {
1020 suppressPackageStartupMessages ({
1021 library(glmnet); library(MASS); library(Matrix)
1022 })
1023 NULL
1024 })
1025

1026 clusterExport(
1027 cl,
1028 varlist = c("N","n","p","rho","R_squared","M",
1029 "X_pop_mm","beta_true",
1030 "nfolds_cv","choose_lambda",
1031 "mean_align_intercept","lambda_grid_cmse",
1032 "alasso_gamma","alasso_eps",
1033 "generate_Y_fixed","generate_missing",
1034 "ridge_closed_form","align_intercept",
1035 "debias_beta_k","Ainv_power_vec","Lk_apply_vec",
1036 "cmse_general_plug",
1037 "cmse_hat_drk","one_mc","calc_sarndal_mse","calc_sarndal_mse

_deb_ridge"),
1038 envir = environment ()
1039 )
1040

1041 res_list <- pbapply :: pblapply (1:M, function(i) one_mc(i), cl = cl)
1042 res_mat <- do.call(rbind , res_list)
1043

1044 # -------------------------------
1045 # Summaries (w.r.t. per -iter mu_true)
1046 # -------------------------------
1047 extract <- function(name) res_mat[, name , drop = TRUE]
1048

1049 mu_ols <- extract("mu_imp_ols")
1050 mu_ridge <- extract("mu_imp_ridge")
1051 mu_alasso <- extract("mu_imp_alasso")
1052 mu_postlasso <- extract("mu_imp_postlasso")
1053

1054 mu_dr1 <- extract("mu_imp_dr1")
1055 mu_dr2 <- extract("mu_imp_dr2")
1056 mu_dr3 <- extract("mu_imp_dr3")
1057 mu_dr4 <- extract("mu_imp_dr4")
1058 mu_dr5 <- extract("mu_imp_dr5")
1059

1060 mu_cmse <- extract("mu_imp_cmse")
1061 mu_dr1_cmse <- extract("mu_imp_dr1_cmse")
1062 mu_dr2_cmse <- extract("mu_imp_dr2_cmse")
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1063 mu_dr3_cmse <- extract("mu_imp_dr3_cmse")
1064 mu_dr4_cmse <- extract("mu_imp_dr4_cmse")
1065 mu_dr5_cmse <- extract("mu_imp_dr5_cmse")
1066

1067 # --- [NEW] OLS -based CMSE ---
1068 mu_dr1_cmse_ols <- extract("mu_imp_dr1_cmse_ols")
1069 mu_dr2_cmse_ols <- extract("mu_imp_dr2_cmse_ols")
1070 mu_dr3_cmse_ols <- extract("mu_imp_dr3_cmse_ols")
1071 mu_dr4_cmse_ols <- extract("mu_imp_dr4_cmse_ols")
1072 mu_dr5_cmse_ols <- extract("mu_imp_dr5_cmse_ols")
1073 mu_best_ols <- extract("mu_imp_best_ols")
1074

1075 # --- [NEW] True -based (Oracle) CMSE ---
1076 mu_dr1_cmse_true <- extract("mu_imp_dr1_cmse_true")
1077 mu_dr2_cmse_true <- extract("mu_imp_dr2_cmse_true")
1078 mu_dr3_cmse_true <- extract("mu_imp_dr3_cmse_true")
1079 mu_dr4_cmse_true <- extract("mu_imp_dr4_cmse_true")
1080 mu_dr5_cmse_true <- extract("mu_imp_dr5_cmse_true")
1081 mu_best_true <- extract("mu_imp_best_true")
1082

1083 mu_best <- extract("mu_imp_best")
1084 k_hat_vec <- extract("k_hat")
1085 lambda_hat_vec <- extract("lambda_hat")
1086

1087 mu_full <- extract("mu_full")
1088 mu_true <- extract("mu_true")
1089

1090 lambda_cv_vec <- extract("lambda_cv")
1091 lambda_cmse_vec <- extract("lambda_cmse")
1092 lambda_alasso_vec <- extract("lambda_alasso")
1093

1094 summarize <- function(est , truth) {
1095 mc_bias <- mean(est - truth)
1096 mc_prb <- 100 * mc_bias / mean(truth)
1097 mc_mse <- mean((est - truth) 2 )
1098 mc_mean <- mean(est)
1099 c(MC_Mean = mc_mean , MC_Bias = mc_bias , MC_PctRelBias = mc_prb , MC_MSE =

mc_mse)
1100 }
1101

1102 add_row <- function(lst , label , est , truth) {
1103 s <- summarize(est , truth)
1104 lst[[ length(lst) + 1L]] <- c(Estimator = label , s)
1105 lst
1106 }
1107

1108 rows <- list()
1109 rows <- add_row(rows , "OLS -Imputed Mean", mu_ols

, mu_true)
1110

1111 rows <- add_row(rows , "Ridge (CV -λ)", mu_
ridge , mu_true)

1112 rows <- add_row(rows , "Adaptive Lasso (CV-λ)", mu_
alasso , mu_true)
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1113 rows <- add_row(rows , "Post -OLS Lasso (from Adaptive Lasso)", mu_
postlasso , mu_true)

1114

1115 rows <- add_row(rows , "Debiased Ridge k=1 (CV -λ)", mu_dr1
, mu_true)

1116 rows <- add_row(rows , "Debiased Ridge k=2 (CV -λ)", mu_dr2
, mu_true)

1117 rows <- add_row(rows , "Debiased Ridge k=3 (CV -λ)", mu_dr3
, mu_true)

1118 rows <- add_row(rows , "Debiased Ridge k=4 (CV -λ)", mu_dr4
, mu_true)

1119 rows <- add_row(rows , "Debiased Ridge k=5 (CV -λ)", mu_dr5
, mu_true)

1120

1121 rows <- add_row(rows , "Ridge (CMSE -λ)", mu_
cmse , mu_true)

1122 rows <- add_row(rows , "DR k=1 (CMSE -λ)", mu_dr1
_cmse , mu_true)

1123 rows <- add_row(rows , "DR k=2 (CMSE -λ)", mu_dr2
_cmse , mu_true)

1124 rows <- add_row(rows , "DR k=3 (CMSE -λ)", mu_dr3
_cmse , mu_true)

1125 rows <- add_row(rows , "DR k=4 (CMSE -λ)", mu_dr4
_cmse , mu_true)

1126 rows <- add_row(rows , "DR k=5 (CMSE -λ)", mu_dr5
_cmse , mu_true)

1127 rows <- add_row(rows , "BEST (k, λ) by CMSE (k in 0..5)", mu_
best , mu_true)

1128

1129 # --- [NEW] OLS -Based CMSE ---
1130 rows <- add_row(rows , "DR k=1 (CMSE -OLS)", mu_dr1_cmse_

ols , mu_true)
1131 rows <- add_row(rows , "DR k=2 (CMSE -OLS)", mu_dr2_cmse_

ols , mu_true)
1132 rows <- add_row(rows , "DR k=3 (CMSE -OLS)", mu_dr3_cmse_

ols , mu_true)
1133 rows <- add_row(rows , "DR k=4 (CMSE -OLS)", mu_dr4_cmse_ols ,

mu_true)
1134 rows <- add_row(rows , "DR k=5 (CMSE -OLS)", mu_dr5_cmse_ols ,

mu_true)
1135 rows <- add_row(rows , "BEST (k, λ) by OLS CMSE (k in 0..5)", mu

_best_ols , mu_true)
1136

1137 # --- [NEW] True -Based (Oracle) CMSE ---
1138 rows <- add_row(rows , "DR k=1 (CMSE -Oracle)", mu_dr1_cmse_

true , mu_true)
1139 rows <- add_row(rows , "DR k=2 (CMSE -Oracle)", mu_dr2_cmse_

true , mu_true)
1140 rows <- add_row(rows , "DR k=3 (CMSE -Oracle)", mu_dr3_cmse_

true , mu_true)
1141 rows <- add_row(rows , "DR k=4 (CMSE -Oracle)", mu_dr4_cmse_true

, mu_true)
1142 rows <- add_row(rows , "DR k=5 (CMSE -Oracle)", mu_dr5_cmse_true

, mu_true)
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1143 rows <- add_row(rows , "BEST (k, λ) by TRUE CMSE (k in 0..5)",
mu_best_true , mu_true)

1144

1145

1146 rows <- add_row(rows , "Full -Data Sample Mean", mu_
full , mu_true)

1147

1148 S <- do.call(rbind , rows)
1149 S <- as.data.frame(S, stringsAsFactors = FALSE)
1150 num_cols <- c("MC_Mean","MC_Bias","MC_PctRelBias","MC_MSE")
1151 S[, num_cols] <- lapply(S[, num_cols , drop = FALSE], function(z) as.

numeric(z))
1152

1153 out <- data.frame(
1154 Estimator = S$Estimator ,
1155 MC_Mean = S$MC_Mean ,
1156 Mean_TrueMean = mean(mu_true),
1157 MC_Bias = S$MC_Bias ,
1158 MC_PctRelBias = S$MC_PctRelBias ,
1159 MC_MSE = S$MC_MSE ,
1160 check.names = FALSE
1161 )
1162

1163 cat("\nMonte Carlo Results (Original CMSE only):\n")
1164 print(format(out , digits = 6), row.names = FALSE)
1165

1166 # 1. Monte Carlo MSE
1167 mc_mse_ols <- out[out$Estimator == "OLS -Imputed Mean", "MC_MSE"]
1168 mc_mse_ridge <- out[out$Estimator == "Ridge (CMSE -λ)", "MC_MSE"]
1169 mc_mse_dr1 <- out[out$Estimator == "DR k=1 (CMSE -λ)", "MC_MSE"]
1170 mc_mse_best <- out[out$Estimator == "BEST (k, λ) by CMSE (k in 0..5)", "

MC_MSE"]
1171 mc_mse_dr1_exp <- mc_mse_dr1
1172

1173 # 2. Average Särndal MSE
1174 mean_sarndal_ols <- mean(res_mat[, "S_MSE_OLS"], na.rm = TRUE)
1175 mean_sarndal_ridge <- mean(res_mat[, "S_MSE_Ridge"], na.rm = TRUE)
1176 mean_sarndal_dr1 <- mean(res_mat[, "S_MSE_DR1"], na.rm = TRUE)
1177 mean_sarndal_best <- mean(res_mat[, "S_MSE_DR"], na.rm = TRUE)
1178 mean_sarndal_dr1_exp <- mean(res_mat[, "S_MSE_DR1_Exp"], na.rm = TRUE)
1179

1180 # 3. DataFrame
1181 mse_comparison <- data.frame(
1182 Estimator = c("OLS", "Ridge (CMSE)", "Debiased Ridge (k=1)", "Best

Debiased Ridge", "DR (k=1, Explicit Bias)"),
1183 MonteCarlo_MSE = c(mc_mse_ols , mc_mse_ridge , mc_mse_dr1 , mc_mse_best , mc

_mse_dr1_exp),
1184 Avg_Sarndal_MSE = c(mean_sarndal_ols , mean_sarndal_ridge , mean_sarndal_

dr1 , mean_sarndal_best , mean_sarndal_dr1_exp)
1185 )
1186

1187 # 4. Relative Bias of MSE Estimator
1188 mse_comparison$Rel_Bias_MSE <- (mse_comparison$Avg_Sarndal_MSE - mse_

comparison$MonteCarlo_MSE) / mse_comparison$MonteCarlo_MSE
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1189

1190 mse_comparison_print <- mse_comparison
1191 mse_comparison_print$Rel_Bias_MSE <- sprintf("%.2f%%", mse_comparison$Rel_

Bias_MSE * 100)
1192 cat("\nEvaluation of Särndal MSE Estimator Accuracy :\n")
1193 print(mse_comparison_print)
1194

1195 stopCluster(cl)

A.6.3 Bootstrapping MSE

Listing 3: Bootstrapping MSE Script
1 suppressPackageStartupMessages ({
2 if (!requireNamespace("pbapply", quietly = TRUE)) install.packages("

pbapply")
3 if (!requireNamespace("glmnet", quietly = TRUE)) install.packages("

glmnet")
4 if (!requireNamespace("MASS", quietly = TRUE)) install.packages("MASS

")
5 if (!requireNamespace("Matrix", quietly = TRUE)) install.packages("

Matrix")
6 library(pbapply)
7 library(glmnet)
8 library(MASS)
9 library(Matrix)

10 library(parallel)
11 })
12 RNGkind(kind = "L’Ecuyer -CMRG", normal.kind = "Inversion", sample.kind = "

Rejection")
13 pboptions(type = "txt")
14 set.seed (1)
15

16 # -------------------------------
17 # Simulation Parameters
18 # -------------------------------
19 N <- 2000
20 n <- 200
21 p <- 10
22 rho <- 0.3
23 R_squared <- 0.6
24 M <- 1000
25

26 # Bootstrap settings
27 B_boot <- 250 # Number of bootstrap replicates per Monte Carlo iteration
28

29 # Ridge tuning options
30 nfolds_cv <- 10
31 choose_lambda <- "min"
32 mean_align_intercept <- TRUE
33 lambda_grid_cmse <- exp(seq(log(1e-4), log(1e+2), length.out = 60))
34
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35 # Adaptive Lasso hyperparams
36 alasso_gamma <- 1.0
37 alasso_eps <- 1e-6
38

39 target_dir <- ""
40

41 # -------------------------------
42 # Data Generation Helpers
43 # -------------------------------
44 generate_X_population <- function(N, p, rho , mu = 0) {
45 Sigma <- matrix(rho , nrow = p, ncol = p); diag(Sigma) <- 1
46 X <- mvrnorm(n = N, mu = rep(mu, p), Sigma = Sigma)
47 colnames(X) <- paste0("X", 1:p)
48 X
49 }
50

51 generate_beta_true <- function(p) {
52 p1 <- round(p * 0.5); p2 <- round(p * 0.5); p3 <- p - p1 - p2
53 beta_shuffled <- sample(c(runif(p1, 0, 1), runif(p2, 1, 2), rep(0, p3)))
54 return(beta_shuffled)
55 }
56

57 generate_Y_fixed <- function(X, beta_true , R_squared , intercept = 10) {
58 lin <- intercept + as.numeric(X %*% beta_true)
59 vl <- var(lin); if (vl <= .Machine$double.eps) vl <- .Machine$double.

eps
60 ve <- vl * (1 - R_squared) / max(R_squared , 1e-8)
61 lin + rnorm(nrow(X), 0, sqrt(ve))
62 }
63

64 generate_missing <- function(X, target_response_rate = 0.5) {
65 n <- nrow(X)
66 lin <- 0.2 * rowSums(X)
67 trg <- (target_response_rate - 0.1) / 0.9
68 trg <- min(max(trg , 0.01), 0.99)
69 a <- as.numeric(quantile(lin , probs = 1 - trg))
70 pr <- 0.1 + 0.9 * (1 / (1 + exp(-(lin - a))))
71 rbinom(n, 1, pr)
72 }
73

74 # -------------------------------
75 # Math Helpers
76 # -------------------------------
77 ridge_closed_form <- function(X, y, lambda) {
78 xbar <- colMeans(X); ybar <- mean(y)
79 Xc <- sweep(X, 2, xbar , "-")
80 yc <- y - ybar
81 XtX <- crossprod(Xc)
82 XtY <- crossprod(Xc, yc)
83 A <- XtX + diag(lambda , ncol(XtX))
84 R <- chol(A)
85 beta <- backsolve(R, forwardsolve(t(R), XtY))
86 intercept <- as.numeric(ybar - sum(xbar * beta))
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87 list(beta = as.numeric(beta), intercept = intercept , XtX = XtX , Xc = Xc ,
yc = yc)

88 }
89

90 align_intercept <- function(beta_vec , X_resp , y_resp) {
91 ybar <- mean(y_resp)
92 xbar <- colMeans(X_resp)
93 as.numeric(ybar - sum(xbar * beta_vec))
94 }
95

96 debias_beta_k <- function(Rchol , beta_r, lambda , k) {
97 solve_A <- function(v) backsolve(Rchol , forwardsolve(t(Rchol), v))
98 v <- solve_A(beta_r)
99 s <- lambda * v

100 if (k >= 2) {
101 for (j in 2:k) {
102 v <- solve_A(v)
103 s <- s + (lambda^j) * v
104 }
105 }
106 beta_r + s
107 }
108

109 Ainv_power_vec <- function(Rchol , vec , m) {
110 out <- vec
111 for (i in 1:m) out <- backsolve(Rchol , forwardsolve(t(Rchol), out))
112 out
113 }
114

115 Lk_apply_vec <- function(Rchol , vec , lambda , k) {
116 out <- Ainv_power_vec(Rchol , vec , 1)
117 if (k >= 1) {
118 v <- out
119 for (j in 1:k) {
120 v <- backsolve(Rchol , forwardsolve(t(Rchol), v))
121 out <- out + (lambda^j) * v
122 }
123 }
124 out
125 }
126

127 cmse_hat_drk <- function(lambda , k, XtX , XtY , Xc , yc, Dx, nR , nNR) {
128 n <- nR + nNR
129 if (nNR <= 0) return (0)
130 cfrac <- nNR / n
131 p <- ncol(Xc)
132

133 A <- XtX + diag(lambda , p)
134 Rchol <- chol(A)
135

136 beta_r <- backsolve(Rchol , forwardsolve(t(Rchol), XtY))
137

138 # Squared bias (plug -in)
139 Ainvk1_beta <- Ainv_power_vec(Rchol , beta_r, k + 1)
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140 bdot <- as.numeric(crossprod(Dx , Ainvk1_beta))
141 term_bias2 <- (lambda ^(2*(k+1))) * (bdot 2 )
142

143 # Variance direction
144 v_Dx <- Lk_apply_vec(Rchol , Dx, lambda , k)
145 var_dir_core <- as.numeric(crossprod(v_Dx, XtX %*% v_Dx))
146

147 # sigma 2

148 denom <- max(1e-8, (nR - sum(XtX * chol2inv(Rchol))))
149 sigma2_hat <- sum((yc - Xc %*% beta_r) 2 ) / denom
150

151 # Covariance term
152 sum_Xc <- colSums(Xc)
153 term_cov <- (2 * sigma2_hat / nR) * sum(v_Dx * sum_Xc)
154

155 (cfrac 2 ) * ( term_bias2 + sigma2_hat * var_dir_core + sigma2_hat * (1/nR
+ 1/nNR) + term_cov )

156 }
157

158 # -------------------------------
159 # Core Solver Wrappers
160 # -------------------------------
161

162 # 1. Solver for OLS
163 solve_ols <- function(X_curr , y_curr , R_curr) {
164 X_resp <- X_curr[R_curr == 1, , drop=FALSE]
165 y_resp <- y_curr[R_curr == 1]
166

167 fit <- lm(y ~ ., data = data.frame(y = y_resp , X_resp))
168 yhat <- predict(fit , newdata = data.frame(X_curr))
169

170 y_filled <- y_curr
171 y_filled[R_curr == 0] <- yhat[R_curr == 0]
172 list(mu = mean(y_filled), y_filled = y_filled)
173 }
174

175 compute_cmse_eigen <- function(lambda_seq , eigen_dec , XtY , Xc, yc , Dx , nR,
nNR , p, k_max = 0) {

176 # Unpack Eigen decomposition: XtX = vectors %*% diag(values) %*% t(
vectors)

177 Q <- eigen_dec$vectors
178 d <- eigen_dec$values # vector of eigenvalues
179

180 # Q’XtY (Pre -calculate invariant part)
181 Qt_XtY <- crossprod(Q, XtY) # p x 1
182

183 # Pre -calculate Q’Dx (Pre -calculate invariant part)
184 Qt_Dx <- crossprod(Q, Dx) # p x 1
185

186 # Pre -calculate Xc Q (for sigma2 estimation)
187 Xc_Q <- Xc %*% Q
188

189 # Loop over lambdas using vectorization (vapply is faster than simple
for loop)
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190 results <- vapply(lambda_seq , function(lam) {
191 inv_d_lam <- 1 / (d + lam)
192

193 # beta_r = Q * diag(inv_d_lam) * Qt_XtY
194 # We work in rotated space to avoid matrix mults
195 beta_rotated <- inv_d_lam * Qt_XtY
196

197 # ------------------------------------------------
198 # Best DR Logic (Loop over k)
199 # ------------------------------------------------
200 # We need to find best k for this specific lambda
201 # Bias term: need (XtX + lam I)^-(k+1) beta_r
202 # In rotated space: diag(inv_d_lam)^(k+1) * beta_rotated
203 # = diag(inv_d_lam)^(k+2) * Qt_XtY
204

205 vals_k <- numeric(k_max + 1)
206

207 for (kk in 0:k_max) {
208 # 1. Bias Squared
209 # Rotated vector for bias calculation
210 # power = (kk + 1) + 1 (because beta_rotated already has power 1) ->

Wait.
211 # Ainv_power_vec(beta , k+1) means A^-(k+1) * beta.
212 # beta = A^-1 XtY. So total is A^-(k+2) XtY.
213

214 factor_bias <- inv_d_lam^(kk + 1) # This applies to beta_rotated
215 # bdot = Dx^T * A^-(k+1) * beta_r = (Q Qt_Dx)^T * Q * diag * Qt_beta
216 # = Qt_Dx^T * diag(factor) * beta_rotated
217 bdot <- sum(Qt_Dx * factor_bias * beta_rotated)
218 term_bias2 <- (lam ^(2*(kk+1))) * (bdot 2 )
219

220 # 2. Variance Direction
221 # v_Dx = Lk_apply(Dx). Lk = sum (lam^j A^-(j+1))
222 # In rotated space , A^-(j+1) becomes inv_d_lam^(j+1)
223 # So element -wise multiplier for Qt_Dx is: sum_{j=0}^k lam^j * inv_d

_lam^(j+1)
224 # Geometric series sum: u = lam * inv_d_lam.
225 # Sum = inv_d_lam * (1 - u^(k+1)) / (1 - u).
226 # But simpler to just loop since k is small (0-5)
227

228 mult_vec <- inv_d_lam # j=0 term
229 if (kk > 0) {
230 term <- inv_d_lam
231 for (j in 1:kk) {
232 term <- term * (lam * inv_d_lam) # term becomes lam^j * inv_d_

lam^(j+1)
233 mult_vec <- mult_vec + term
234 }
235 }
236

237 v_Dx_rot <- mult_vec * Qt_Dx # Rotated v_Dx
238

239 # var_dir_core = v_Dx^T XtX v_Dx = v_Dx_rot^T diag(d) v_Dx_rot
240 var_dir_core <- sum(v_Dx_rot 2 * d)



BIBLIOGRAPHY 114

241

242 # 3. Sigma2
243 # beta = Q * beta_rotated
244 # Residuals: yc - Xc beta.
245 # Norm: ||yc|| 2 - 2 yc^T Xc beta + beta^T XtX beta
246 # beta^T XtX beta = beta_rot^T diag(d) beta_rot
247 beta_XtX_beta <- sum(beta_rotated 2 * d)
248

249 # yc^T Xc beta = (Xc^T yc)^T beta = XtY^T beta = XtY^T Q beta_rot =
Qt_XtY^T beta_rot

250 yc_Xc_beta <- sum(Qt_XtY * beta_rotated)
251

252 rss <- sum(yc 2 ) - 2 * yc_Xc_beta + beta_XtX_beta
253

254 # DoF: nR - trace(XtX A^-1) = nR - sum(d / (d+lam))
255 dof <- max(1e-8, nR - sum(d * inv_d_lam))
256 sigma2_hat <- rss / dof
257

258 # 4. Covariance
259 #Xc is centered , colSums(Xc) should be practically 0.
260 # So term_cov is 0. We can skip it or keep it for safety if

centering isn ’t perfect.
261 # Assuming perfect centering:
262 term_cov <- 0
263

264 # CMSE Value
265 cfrac <- nNR / (nR + nNR)
266 val <- (cfrac 2 ) * (term_bias2 + sigma2_hat * var_dir_core + sigma2_

hat*(1/nR + 1/nNR))
267 vals_k[kk+1] <- val
268 }
269

270 return(vals_k) # Returns vector of CMSE for k=0...k_max
271 }, numeric(k_max + 1))
272

273 return(results) # Matrix: (k_max +1) x length(lambda_seq)
274 }
275

276 # -------------------------------
277 # 2. Optimized Solvers
278 # -------------------------------
279

280 solve_ridge_cmse_eigen <- function(X_curr , y_curr , R_curr , lambda_grid) {
281 X_resp <- X_curr[R_curr == 1, , drop=FALSE]
282 y_resp <- y_curr[R_curr == 1]
283

284 nR <- sum(R_curr); nNR <- sum(R_curr == 0)
285 if (nNR == 0) return(list(mu = mean(y_resp), y_filled = y_curr))
286

287 # Centering
288 ybar_R <- mean(y_resp)
289 xbar_R <- colMeans(X_resp)
290 xbar_NR <- colMeans(X_curr[R_curr==0, , drop=FALSE])
291
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292 Xc <- sweep(X_resp , 2, xbar_R, "-")
293 yc <- y_resp - ybar_R
294 Dx <- as.numeric(xbar_NR - xbar_R)
295

296 XtX <- crossprod(Xc)
297 XtY <- crossprod(Xc, yc)
298 eigen_dec <- eigen(XtX , symmetric = TRUE) # p=10, super fast
299

300 # CMSE (k=0)
301 # returns 1 x n_lambda matrix
302 cmse_vals <- compute_cmse_eigen(lambda_grid , eigen_dec , XtY , Xc , yc , Dx,

nR , nNR , ncol(Xc), k_max =0)
303

304 best_idx <- which.min(cmse_vals)
305 lam_best <- lambda_grid[best_idx]
306

307 # Compute final Beta
308 # (XtX + lam I)^-1 XtY = Q (d+lam)^-1 Q’ XtY
309 # Q’XtY we calculated inside helper , but quick to redo or pass out
310 Q <- eigen_dec$vectors
311 d <- eigen_dec$values
312 beta_ridge <- Q %*% ((1/(d + lam_best)) * crossprod(Q, XtY))
313

314 b0 <- ybar_R - sum(xbar_R * beta_ridge)
315 yhat <- as.numeric(b0 + X_curr %*% beta_ridge)
316 y_filled <- y_curr
317 y_filled[R_curr == 0] <- yhat[R_curr == 0]
318

319 list(mu = mean(y_filled), y_filled = y_filled)
320 }
321

322 solve_best_dr_eigen <- function(X_curr , y_curr , R_curr , lambda_grid) {
323 X_resp <- X_curr[R_curr == 1, , drop=FALSE]
324 y_resp <- y_curr[R_curr == 1]
325

326 nR <- sum(R_curr); nNR <- sum(R_curr == 0)
327 if (nNR == 0) return(list(mu = mean(y_resp), y_filled = y_curr))
328

329 ybar_R <- mean(y_resp)
330 xbar_R <- colMeans(X_resp)
331 xbar_NR <- colMeans(X_curr[R_curr==0, , drop=FALSE])
332

333 Xc <- sweep(X_resp , 2, xbar_R, "-")
334 yc <- y_resp - ybar_R
335 Dx <- as.numeric(xbar_NR - xbar_R)
336

337 XtX <- crossprod(Xc)
338 XtY <- crossprod(Xc, yc)
339 eigen_dec <- eigen(XtX , symmetric = TRUE)
340

341 # Calculate CMSE for k=0..5 simultaneously
342 # returns 6 x n_lambda matrix
343 cmse_vals <- compute_cmse_eigen(lambda_grid , eigen_dec , XtY , Xc , yc , Dx,

nR , nNR , ncol(Xc), k_max =5)
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344

345 # Find global minimum
346 min_idx <- which.min(cmse_vals) # Linear index
347 best_k_idx <- (min_idx - 1) %% 6 + 1 # Row index (k+1)
348 best_lam_idx <- (min_idx - 1) %/% 6 + 1 # Col index
349

350 best_k <- best_k_idx - 1
351 best_lam <- lambda_grid[best_lam_idx]
352

353 # Compute Final Coefficient
354 Q <- eigen_dec$vectors
355 d <- eigen_dec$values
356 inv_d_lam <- 1 / (d + best_lam)
357 Qt_XtY <- crossprod(Q, XtY)
358

359 # Base Ridge (rotated)
360 beta_rot <- inv_d_lam * Qt_XtY
361

362 # Add Debiasing (rotated space)
363 # s = sum_{j=1}^k lam^j (d+lam)^-(j) * beta_rot
364 # = beta_rot * sum_{j=1}^k (lam / (d+lam))^j
365

366 factor <- rep(1, length(d))
367 if (best_k > 0) {
368 ratio <- best_lam * inv_d_lam # lam / (d+lam)
369 term <- ratio
370 sum_ratios <- ratio
371 if (best_k > 1) {
372 for (j in 2:best_k) {
373 term <- term * ratio
374 sum_ratios <- sum_ratios + term
375 }
376 }
377 factor <- 1 + sum_ratios
378 }
379

380 beta_final_rot <- beta_rot * factor
381 beta_final <- Q %*% beta_final_rot
382

383 b0 <- ybar_R - sum(xbar_R * beta_final)
384 yhat <- as.numeric(b0 + X_curr %*% beta_final)
385 y_filled <- y_curr
386 y_filled[R_curr == 0] <- yhat[R_curr == 0]
387

388 list(mu = mean(y_filled), y_filled = y_filled)
389 }
390

391 solve_alasso_fast <- function(X_curr , y_curr , R_curr , gamma_val=1.0, eps_
val=1e-6) {

392 X_resp <- X_curr[R_curr == 1, , drop=FALSE]
393 y_resp <- y_curr[R_curr == 1]
394

395 nfolds_fast <- 5
396
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397 # Initial Ridge
398 cvfit <- cv.glmnet(x = X_resp , y = y_resp , alpha = 0, nfolds = nfolds_

fast ,
399 standardize = FALSE , intercept = TRUE , parallel =

FALSE)
400 lam_cv <- cvfit$lambda.min
401 beta_ridge <- as.numeric(coef(cvfit , s="lambda.min")[-1])
402

403 w_alasso <- 1 / (abs(beta_ridge) + eps_val)^gamma_val
404

405 # Adaptive Lasso
406 cvfit_alasso <- cv.glmnet(x = X_resp , y = y_resp , alpha = 1, nfolds =

nfolds_fast ,
407 standardize = FALSE , intercept = TRUE ,
408 penalty.factor = w_alasso , parallel = FALSE)
409

410 coef_alasso <- as.matrix(coef(cvfit_alasso , s = "lambda.min"))
411 beta_alasso <- as.numeric(coef_alasso[-1, , drop = TRUE])
412

413 # glmnet handles intercept internally , retrieving it:
414 b0_alasso <- coef_alasso[1, 1]
415

416 yhat <- as.numeric(b0_alasso + X_curr %*% beta_alasso)
417 y_filled <- y_curr
418 y_filled[R_curr == 0] <- yhat[R_curr == 0]
419

420 list(mu = mean(y_filled), y_filled = y_filled)
421 }
422

423

424 solve_post_alasso_fast <- function(X_curr , y_curr , R_curr , gamma_val=1.0,
eps_val=1e-6) {

425 X_resp <- X_curr[R_curr == 1, , drop=FALSE]
426 y_resp <- y_curr[R_curr == 1]
427

428 nfolds_fast <- 5
429

430 cvfit <- cv.glmnet(x = X_resp , y = y_resp , alpha = 0, nfolds = nfolds_
fast ,

431 standardize = FALSE , intercept = TRUE , parallel =
FALSE)

432 beta_ridge <- as.numeric(coef(cvfit , s="lambda.min")[-1])
433 w_alasso <- 1 / (abs(beta_ridge) + eps_val)^gamma_val
434

435

436 cvfit_alasso <- cv.glmnet(x = X_resp , y = y_resp , alpha = 1, nfolds =
nfolds_fast ,

437 standardize = FALSE , intercept = TRUE ,
438 penalty.factor = w_alasso , parallel = FALSE)
439

440 coef_alasso <- as.matrix(coef(cvfit_alasso , s = "lambda.min"))
441 beta_alasso <- as.numeric(coef_alasso[-1, , drop = TRUE])
442

443
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444 selected_vars <- which(abs(beta_alasso) > 1e-8)
445

446

447 if (length(selected_vars) == 0) {
448 yhat <- rep(mean(y_resp), nrow(X_curr))
449 } else {
450 X_resp_sel <- X_resp[, selected_vars , drop=FALSE]
451 fit_ols <- lm(y_resp ~ X_resp_sel)
452

453 coef_ols <- coef(fit_ols)
454 coef_ols[is.na(coef_ols)] <- 0
455

456 X_curr_sel <- X_curr[, selected_vars , drop=FALSE]
457 yhat <- as.numeric(coef_ols [1] + X_curr_sel %*% coef_ols[-1])
458 }
459

460 y_filled <- y_curr
461 y_filled[R_curr == 0] <- yhat[R_curr == 0]
462

463 list(mu = mean(y_filled), y_filled = y_filled)
464 }
465

466 # -------------------------------
467 # 3. Bootstrap Function
468 # -------------------------------
469

470 boot_variance_estimator_optimized <- function(X_s, y_filled_list , R_s, B,
N_pop , lambda_grid , alasso_gamma , alasso_eps) {

471 n <- nrow(X_s)
472 k <- floor(N_pop / n)
473 rem <- N_pop - n * k
474

475 # Pre -calculate Pseudo -population indices
476 idxs_U <- c(rep (1:n, k), sample (1:n, rem , replace = FALSE))
477

478 # Truth theta*
479 theta_stars <- lapply(y_filled_list , function(y) mean(y[idxs_U]))
480

481 boot_sq_errs <- matrix(0, nrow = B, ncol = length(y_filled_list))
482 colnames(boot_sq_errs) <- names(y_filled_list)
483

484 # Vectorization Optimization: Generate all bootstrap indices at once
485 # Matrix of indices: n x B
486 # Each column is a SRSWOR from 1:N_pop
487 # mapping back to 1:n via idxs_U
488

489 # Since N_pop is large (2000) and n is small (200), we can just loop
sampling

490 # Generating indices is rarely the bottleneck compared to model fitting
491 boot_idx_matrix <- matrix(0, nrow = n, ncol = B)
492 for (b in 1:B) {
493 boot_idx_matrix[, b] <- sample (1:N_pop , n, replace = FALSE)
494 }
495



BIBLIOGRAPHY 119

496 for (b in 1:B) {
497 idx_in_U <- boot_idx_matrix[, b]
498 s_star_orig_idx <- idxs_U[idx_in_U]
499

500 X_star <- X_s[s_star_orig_idx , ]
501 R_star <- R_s[s_star_orig_idx]
502

503 # Solve OLS
504 if ("ols" %in% names(y_filled_list)) {
505 y_star_truth <- y_filled_list[["ols"]][s_star_orig_idx]
506 res <- solve_ols(X_star , y_star_truth , R_star)
507 boot_sq_errs[b, "ols"] <- (res$mu - theta_stars[["ols"]]) 2

508 }
509

510 # Solve Ridge CMSE (EIGEN ACCELERATED)
511 if ("ridge_cmse" %in% names(y_filled_list)) {
512 y_star_truth <- y_filled_list[["ridge_cmse"]][s_star_orig_idx]
513 res <- solve_ridge_cmse_eigen(X_star , y_star_truth , R_star , lambda_

grid)
514 boot_sq_errs[b, "ridge_cmse"] <- (res$mu - theta_stars[["ridge_cmse"

]]) 2

515 }
516

517 # Solve Alasso (FAST FOLDS)
518 if ("alasso" %in% names(y_filled_list)) {
519 y_star_truth <- y_filled_list[["alasso"]][s_star_orig_idx]
520 res <- solve_alasso_fast(X_star , y_star_truth , R_star , alasso_gamma ,

alasso_eps)
521 boot_sq_errs[b, "alasso"] <- (res$mu - theta_stars[["alasso"]]) 2

522 }
523

524 # Solve Best DR (EIGEN ACCELERATED)
525 if ("best_dr" %in% names(y_filled_list)) {
526 y_star_truth <- y_filled_list[["best_dr"]][s_star_orig_idx]
527 res <- solve_best_dr_eigen(X_star , y_star_truth , R_star , lambda_grid

)
528 boot_sq_errs[b, "best_dr"] <- (res$mu - theta_stars[["best_dr"]]) 2

529 }
530 # Solve Post -Alasso
531 if ("post_alasso" %in% names(y_filled_list)) {
532 y_star_truth <- y_filled_list[["post_alasso"]][s_star_orig_idx]
533 res <- solve_post_alasso_fast(X_star , y_star_truth , R_star , alasso_

gamma , alasso_eps)
534 boot_sq_errs[b, "post_alasso"] <- (res$mu - theta_stars[["post_

alasso"]]) 2

535 }
536 }
537

538 colMeans(boot_sq_errs)
539 }
540

541 # -------------------------------
542 # Generate Global Data Once
543 # -------------------------------
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544 beta_true <- generate_beta_true(p)
545 X_pop <- generate_X_population(N, p, rho)
546 X_pop_mm <- as.matrix(X_pop)
547

548 cat("Predictors generated. Starting Simulation ...\n")
549

550 # -------------------------------
551 # One Monte Carlo Iteration
552 # -------------------------------
553 one_mc <- function(iter) {
554

555 set.seed (10000 + iter)
556

557 # 1. Generate Y and R
558 Y_pop <- generate_Y_fixed(X_pop_mm, beta_true , R_squared)
559 mu_true <- mean(Y_pop)
560

561 s_idx <- sample.int(N, size = n, replace = FALSE)
562 Xs <- X_pop_mm[s_idx , , drop = FALSE]
563 ys <- Y_pop[s_idx]
564

565 R <- generate_missing(Xs , 0.5)
566 if (sum(R) < p + 2) R <- generate_missing(Xs, 0.5)
567

568 # 2. Run Point Estimators (Get y_filled for each)
569 res_ols <- solve_ols(Xs, ys, R)
570 res_ridge <- solve_ridge_cmse_eigen(Xs, ys , R, lambda_grid_cmse)
571 res_alasso <- solve_alasso_fast(Xs, ys, R, alasso_gamma , alasso_eps)
572 res_post_alasso <- solve_post_alasso_fast(Xs , ys , R, alasso_gamma ,

alasso_eps)
573 res_best <- solve_best_dr_eigen(Xs, ys , R, lambda_grid_cmse)
574

575 # Pack results
576 y_filled_list <- list(
577 ols = res_ols$y_filled ,
578 ridge_cmse = res_ridge$y_filled ,
579 alasso = res_alasso$y_filled ,
580 post_alasso = res_post_alasso$y_filled ,
581 best_dr = res_best$y_filled
582 )
583

584 set.seed (20000 + iter)
585 # 3. Optimized Bootstrap (All in One)
586 boot_mses <- boot_variance_estimator_optimized(
587 X_s = Xs,
588 y_filled_list = y_filled_list ,
589 R_s = R,
590 B = B_boot ,
591 N_pop = N,
592 lambda_grid = lambda_grid_cmse ,
593 alasso_gamma = alasso_gamma ,
594 alasso_eps = alasso_eps
595 )
596
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597 # Return Results
598 c(
599 mu_imp_ols = res_ols$mu,
600 mu_imp_ridge = res_ridge$mu,
601 mu_imp_alasso = res_alasso$mu,
602 mu_imp_post_alasso = res_post_alasso$mu ,
603 mu_imp_best = res_best$mu,
604 mu_true = mu_true ,
605

606 Boot_MSE_OLS = boot_mses["ols"],
607 Boot_MSE_Ridge = boot_mses["ridge_cmse"],
608 Boot_MSE_Alasso = boot_mses["alasso"],
609 Boot_MSE_Post_Alasso = boot_mses["post_alasso"],
610 Boot_MSE_Best = boot_mses["best_dr"]
611 )
612 }
613

614 # -------------------------------
615 # Parallel Execution
616 # -------------------------------
617 n_cores <- max(1L, min(detectCores(logical = FALSE) - 1L, 30L))
618 cl <- makeCluster(n_cores)
619 clusterSetRNGStream(cl, 1)
620

621 clusterEvalQ(cl , {
622 library(glmnet); library(MASS); library(Matrix)
623 })
624

625 clusterExport(cl , varlist = ls(), envir = environment ())
626

627 res_list <- pblapply (1:M, function(i) one_mc(i), cl = cl)
628 stopCluster(cl)
629

630 res_mat <- do.call(rbind , res_list)
631

632 # -------------------------------
633 # Summary Output
634 # -------------------------------
635 # 1. Extract Vectors
636 mu_true_vec <- res_mat[, "mu_true"]
637 mu_ols_vec <- res_mat[, "mu_imp_ols"]
638 mu_ridge_vec <- res_mat[, "mu_imp_ridge"]
639 mu_alasso_vec <- res_mat[, "mu_imp_alasso"]
640 mu_post_alasso_vec <- res_mat[, "mu_imp_post_alasso"]
641 mu_best_vec <- res_mat[, "mu_imp_best"]
642

643 boot_mse_ols_vec <- res_mat[, "Boot_MSE_OLS.ols"]
644 boot_mse_ridge_vec <- res_mat[, "Boot_MSE_Ridge.ridge_cmse"]
645 boot_mse_alasso_vec <- res_mat[, "Boot_MSE_Alasso.alasso"]
646 boot_mse_post_alasso_vec <- res_mat[, "Boot_MSE_Post_Alasso.post_alasso"]
647 boot_mse_best_vec <- res_mat[, "Boot_MSE_Best.best_dr"]
648

649 # 2. Calculate True Monte Carlo MSE
650 mc_mse_ols <- mean((mu_ols_vec - mu_true_vec) 2 )
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651 mc_mse_ridge <- mean((mu_ridge_vec - mu_true_vec) 2 )
652 mc_mse_alasso <- mean((mu_alasso_vec - mu_true_vec) 2 )
653 mc_mse_post_alasso <- mean((mu_post_alasso_vec - mu_true_vec) 2 )
654 mc_mse_best <- mean((mu_best_vec - mu_true_vec) 2 )
655

656 # 3. Calculate Average Bootstrap MSE
657 avg_boot_mse_ols <- mean(boot_mse_ols_vec)
658 avg_boot_mse_ridge <- mean(boot_mse_ridge_vec)
659 avg_boot_mse_alasso <- mean(boot_mse_alasso_vec)
660 avg_boot_mse_best <- mean(boot_mse_best_vec)
661 avg_boot_mse_post_alasso <- mean(boot_mse_post_alasso_vec)
662

663 # 4. Construct Comparison Table
664 df_res <- data.frame(
665 Estimator = c("OLS", "Ridge (CMSE)", "Adaptive Lasso", "Post -Adaptive

Lasso", "Best Debiased Ridge"),
666

667 MonteCarlo_MSE = c(mc_mse_ols , mc_mse_ridge , mc_mse_alasso , mc_mse_post_
alasso , mc_mse_best),

668

669 Avg_Bootstrap_MSE = c(avg_boot_mse_ols , avg_boot_mse_ridge , avg_boot_mse
_alasso ,avg_boot_mse_post_alasso , avg_boot_mse_best)

670 )
671

672 df_res$Rel_Bias <- (df_res$Avg_Bootstrap_MSE - df_res$MonteCarlo_MSE) / df
_res$MonteCarlo_MSE

673 df_res$Rel_Bias_Pct <- sprintf("%.2f%%", df_res$Rel_Bias * 100)
674

675 cat("\n=========================================================\n")
676 cat(" Bootstrap MSE Estimator Results (B =", B_boot , ")\n")
677 cat("=========================================================\n")
678 print(df_res)
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