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Abstract

The focus of this thesis is to derive analytical tools for the design of infrared nonde-
structive tests in single and multi layer material bodies. This requires the predetermina-
tion of the parameters of the experiment such that the infrared image has the required
resolution for defect detection.

Inverse heat conduction in single and multi-layer materials is investigated to deter-
mine the required frequency of excitation in order to obtain a desired temperature at the
observation point. We use analytical quadrupole representation to derive a polynomial
relation to estimate the frequency of the periodic excitation as a function of the tem-
perature amplitude at a given observation point within the body. The formula includes
characteristic geometric and material parameters of the system. The polynomial for-
mula can be an effective design tool for quick frequency predetermination in the design
of non-destructive testing experiments with infrared thermography. The convergence and
accuracy of the formula is assessed by comparison with the analytical thermal quadrupole
solution and experimental results.

We also investigate the effect of the finite length of the material domain in order to
establish the range of applicability of a simplified formula based on semi-infinite domain
assumption. The effect of finite length is investigated analytically by using (i) Fourier
series which accounts for transients and (i) Time varying solution associated to the
steady state solution when a purely periodic excitation is applied. These results are

also compared with numerical solution obtained with commercial finite element software

ANSYS™,
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Chapter 1

Introduction

1.1 Overview

Non destructive testing is used in industrial and scientific applications to detect sur-
face and subsurface defects of material specimens. Non destructive testing includes a
wide range of techniques among which the most common are: infrared thermography,
ultrasonic, eddy-current testing, magnetic-particle and radiography. Each method has
advantages and disadvantages which lead to different applications.

In the past few decades, the interest in infrared thermography has grown among
scientists and researchers. Reasonable accuracy, non-contact technique, low-cost devel-
opments, no or less damage on testing object and inspection under normal operating
condition are some of the reasons of attention to this technique [3, 34]. These advan-
tages give high potential and active applications for infrared thermography to be used
in different fields such as aerospace, civil engineering, biomedical, electronics, and envi-

ronment. Some of these applications are:

e Medicine: study of body temperature which can be used for tumor diagnosis, and

open heart surgery [34].

e Non-destructive evaluation: detecting a defect and its characteristics in wide variety

of material and components.

e Fnvironment: monitoring and investigating the pollution in the sea, river coastal
and landfill or information about indoor climate, building and road thermal map-
ping [6], 32].
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e Maintenance:by infrared thermography all the instruments in electric power plant
and also all mechanical parts like, pumps, motors, and bearing can be inspected.
These thermogrpahy images give this opportunity to predict any failure which saves

money, time and also avoids damage [34].

e Agriculture: study the process of ice nucleation and ice propagation in sensitive
plants like fruit trees [54].

Infrared thermography is based on electromagnetic radiation. Electromagnetic ra-
diation emits from any objects above temperature of absolute zero [34]. This thermal
energy can be captured by a camera and transformed in to the electronic signal which
leads to the visible image. Since the camera captures the temperature distribution on
the surface which is 2D, infrared thermography can be categorized as two-dimensional
technique for temperature measurements [34].

Active and passive thermography are the two main approaches in infrared thermogra-
phy. In active thermography, the tested object is excited by external sources by heating
or cooling it. In passive thermography, the natural temperature between the ambient
and tested object is measured. The surface image can be seen in different colors or
different shades of grey. The color changes with respect to the temperature at each
point of surface, and by analyzing it, defects can be detected. Also, thermal constitutive
properties such as thermal conductivity and heat capacity can be obtained by infrared
thermography.

The first technology advances in infrared imaging were started during World War 11
[34]. Afterwards, the technique was extended to other fields such as medical, agricul-
ture, and environment. Despite the substantial advances, several unknown factors still
need investigation in order to improve the detectability prediction and the consequent

resolution of thermal images.

1.2 Research Objective

The primary objective of this thesis is to investigate the inverse heat conduction prob-
lem in a solid slab in order to obtain the boundary temperature corresponding to a given
amplitude in the body. This allows for the predetermination of the excitation tempera-
ture in the design of infrared thermography tests. We derive approximated closed form
solutions of the inverse problem in a multi-layer heat conductive slab, formalized by

formulas that express the frequency of the boundary temperature excitation in terms of
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the observation point in the domain and the related temperature amplitude. Ultimately,
such formulas allow for the quantification of the detectability of a defect in terms of the
frequency of the boundary excitation.

Experimental validation of the proposed formulas is done through a sinusoidal exci-
tation exerted by a infrared lamp while infrared camera captures the temperature distri-
bution on the surface. This temperature distribution correlates size and characteristics
of the flaws which can be rendered to identify possible anomalies by detecting patterns
associated with reflected thermal waves. Based on the characteristics of the temperature
distribution, effective experimental design requires predetermination of the frequency of
excitation that corresponds to certain temperature amplitude at the observation point.

Another objective of this thesis is to investigate the effect of the finite length of
the material specimen in order to establish the range of applicability of the modeling
assumption of semi-infinite domain. This assumption was exploited in [38] to obtain a
closed form solution relation between the temperature amplitude in the domain and the

frequency of excitation associated to such amplitude

1.3 Outline of the Thesis

The Thesis is organized as follows:
Chapter 1: Overview and research objectives

Chapter 2: Summarizes the non-destructive testing and its existing techniques, recent

developments in infrared thermography, heat transfer fundamentals

Chapter 3: Heat conduction in multi-layer slab with its boundary condition and a brief

description about thermal quadrupole method and its derivation are presented.

Chapter 4: Inverse heat conduction in a single and multi-layer material is investigated.
Non-dimensional thermal quadrupole method is considered to obtain a transfer
function between the frequency of excitation and temperature at observation point.
The generally transcendental transfer function is approximated with a power se-
ries, which allows for a polynomial implicit approximated solution of the inverse
problem. In addition, polynomial implicit approximated solution for two different

possible imperfections at interface, air gap and detachment, is presented.
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Chapter 5: Fourier series and periodic time varying solution are used to investigate the
effect of the finite length and therefore the range of applicability of the semi-infinite

domain modeling assumption.

Chapter 6: The aim of this part is to verify the theoretical results experimentally. At
first, healthy objects (single and two-layer) are excited with a sinusoidal bound-
ary temperature with frequency of excitation determined by the formulas derived
in Chapter 4. The temperature at the observation point is captured by an in-
frared camera in order to record the frequency of excitation versus temperature at

observation point.
Chapter 7: Summary and future work

Appendix A: The MATLAB codes regarding the Fourier series and periodic solution

for single layer and quadrupole method for two-layer material are presented.



Chapter 2

Literature Review

2.1 Non Destructive Testing

2.1.1 Overview

Non-destructive testing is a wide group of analysis techniques used to evaluate and
determine material or any component or system’s property, flaws, leaks, discontinuity
and any imperfection without impairing the integrity or function of the tested object.
Non-destructive testing has a long history, however, it has mainly become popular in the
past 50 years. Omne of the first times that nondestructive testing was used dates back
to 1895 when X-ray was discovered by Wilhelm Conrad Roentgen (1845-1923) [26]. The
importance of non-destructive testing, however, became much clearer after World War
II. In the post war era, modern industry developed very fast and the needs for flawless
material and testing equipment increased. Therefore, equipments and new methods for
non-destructive testing were developed.

Non destructive evaluation is a term which is often used as a synonymous of non-
destructive testing. Non-destructive evaluation is used to detect the material flaws and
to obtain information about the characteristics of the flaws such as size, shape and ori-
entation [26]. Non-destructive evaluation can be used for real-time monitoring during
manufacturing to find out defects induced during design-through-manufacturing process
[53]. These abilities make this method to be widely used in several fields such as struc-
tural and civil engineering, [16 O], material and aerospace engineering [35] [36, 22]. En-
vironmental and liability concerns have also resulting in increased use of non-destructive
evaluation [53].

Quality control is another valuable capability of non-destructive testing. Safety and

5
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reliability are the two main factors in design and manufacturing of materials or systems
[33, 14]. Any defect during manufacturing or a weak design may cause an unexpected
failure, the result of which could be an expensive repair or early replacement that imposes
excessive cost or may threaten human life in working areas [33]. To assure good quality
control a complete knowledge of the limitations and capabilities of different methods in
non-destructive testing is needed. In addition, a certain degree of skill is required to
apply the techniques properly in order to obtain the maximum amount of information
concerning the product [53].

Non-destructive testing has wide range of uses incorporating various methodologies
and it is constantly improved with new methods and techniques. Moreover, new tech-
nology and improvements in other fields like computers, optical fibers, laser and imaging
technology (including video, holography and thermography) [53] make non-destructive

testing methods easier to use and more accurate.

2.2 Non Destructive Testing Methods

2.2.1 Radiography

Radiography is applied to detect defects in ferrous and nonferrous materials. Radio-
graphy was discovered in 1895 by Wilhelm Conrad Roentgen (1845-1923) who was a
Professor at Wuerzburg University in Germany [26]. The first use of radiography is
recorded six months after its discovery when physicians used it to help in surgery on
wounded soldiers [26].

Radiography is based on X-ray and Gamma-ray which are short wavelength elec-
tromagnetic radiations with the ability to penetrate various materials. The energy as-
sociated to the radiation is absorbed by the material in a characteristic way which is
determined by the properties of the specimen. By directing the radiation to a film
anomalies are detected due to differential absorption properties of related areas. The
clarity of the film is related to the intensity of the radiation which reaches the film. For
example, imperfections like a void in the material appear as darkened areas in the film
because of increased intensity from the radiation see, figure

One of the new developments in radiography is real time radiography in which the film
is replaced by digital imaging production [26]. It finds various applications in automotive,
aerospace, pressure vessels, and electronics. Reduced equipment cost and also increased

the quality of images (digital) are two of the reasons that have made this method well-
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established in industry.

H Source of
X radiation

Material is
thinner

X /

Darkened area (when processed)

Figure 2.1: Typical radiography set-up [26]

Some of the advantages of the method are:
e good results for thin materials

e preservation of film

e visual result

e can be used for any material

Main disadvantages are:

e not accurate for thick sections

e negative effects on human

e not suitable for surface defects

e does not show the depth of defects
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2.2.2 Ultrasonic

Ultrasonic is a method which is used to detect surface and subsurface defects. The
idea of using sound energy signal has been exploited prior to World War IT to detect
submerged objects. This idea inspired researches to develop ultrasound techniques for
medical purposes. After 1970’s, improvements in technology and emerging the discipline
of fracture mechanics (fatigue) caused a major developments in ultrasonic non destructive
testing [20].

Ultrasound techniques are based on high frequency traveling sound wave and on the
analysis of the reflected wave. The wave propagates in the material and portion of it
reflects when it reaches any cracks or flaws, figure[2.2] By analyzing the signal associated
with reflected waves, flaws and their characteristics such as kind, size, and depth can be
detected. Other applications of this method are leak detection, steam trap assessment,

energy saving, material properties and predictive maintenance [26].

Transducer generates
and receives Sound path

Generating
signal Receiving
signal

Pl

Figure 2.2: Typical arrangement for ultrasonic testing [20]

Advantages:
e good for material with thickness or length up to 30 ft
e gives information about characteristic and position of a defect

e rcal-time test results
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e portable

e only one side is needed for test

Disadvantages:

e probe should have an access to the surface

e hard to inspect irregular shape, rough material
e not good for very small and thin material

e the technician should have certain skill and reference standards are required

2.2.3 Eddy Current

Eddy current is a well-established method for inspection. This method was developed
during and after World War II, but it was discovered by Michael Faraday in 1831.

By passing an alternative current through a probe (coil), an electromagnetic field is
produced around the probe figure 2.3 If another conductive material (test object) enters
this field, the alternative field induces eddy current in the test object. If any flaws are in
the testing object, eddy current changes and this change affects coil impedance which is
measurable [26]. The return signal from probe is processed to extract information about
the characteristics and position of the defects.

This method has also some advantages and limitations:

Advantages are:

e detects small cracks

good for surface and near surface inspection

instant test results

portable

complex shape can be tested
Limitations are:
e only can be used for conductive materials

e limited depth of penetration
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Eddy current Coilsystem

Sensar ~_ -_
. ';3_ Magnetic field

Eddy L
CLrrents ! "

Test
SpeCcimen

Figure 2.3: Typical arrangement for Eddy Current [12]

e quality of surface can affect the result

e probe should have an access to the testing object

2.3 Infrared Thermography

2.3.1 Overview

Infrared thermography is an inspection method in non-destructive testing to detect de-
fects on the surface and inside objects. It is a no-contact method and the inspection can
be implemented by exposing the object to infrared thermal waves. Infrared is invisible
and it is associated to heating effects. The heat distribution can be captured by camera.
By analyzing the image, position and characteristics of the defects can be detected.
Infrared thermography has several applications in different fields such as material
property estimation, detecting defects in pipe or other plastic or metal material, heating-

ventilation and air conditioning systems, biomedical application, civil engineering and

art [8, 20, (0L 28], [44].
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2.3.2 Background and History

Infrared energy was discovered in 19th century by Sir William Herschel. Infrared energy
is the invisible part of electromagnetic spectrum with wave length of 0.7 — 1000um.
However it was not until 1830 that thermopiles developed to measure the testing object
surface temperature. A thermopile is made of thermocouples connected in series. A
thermocouple is made of two metal strips which are connected together from one end. A
temperature differences at the junction induces a voltage difference. The phenomenon is
known as Seebeck effect.

Around 1880, it was discovered that material resistivity varies with temperature.
Based on this discovery, the bolometer was developed by Samuel Langley and it had a
great influence on infrared detecting sensitivity. Quantum detector was another devel-
opment during 1870-1920 which was the result of technological advances. Early thermal
detector had a low sensitivity and slow response [57]. Quantum detector directly con-
verts a quantum of radiation to an electrical signal instead of converting heating effect of
radiation to electrical signal. As a result, the photoconductor was developed which was
faster (shorter time response), more accurate and was more sensitive. In late 1940, the
first practical infrared detectors was developed by using lead sulfide (PbS) which is sensi-
tive to wavelength up to ~ 3um. In 1940- 1950, new materials like Lead Selenide (PbSe),
lead telluride (PbTe), and Indium Antimonide (InSb) were developed which increased
the sensitivity in the medium wavelength, 3 — 5um. In the mid-1960, commercial in-
frared camera was developed and had a great influence on infrared thermography testing

applications [7].

2.3.3 Infrared Fundamentals

Radiation

Thermal radiation is an electromagnetic radiation which is emitted from matter and is
measured by its temperature. Thermal radiation is emitted at the speed of light, 3 x 108
m/sec [21]. This speed is equal to the product of the wavelength and frequency of a

radiation

c= v (2.1)

where c is the speed of light, A is the wavelength and v is the frequency [2I]. Thermal

radiation is associated with a temperature range of approximately 30 to 30,000K and
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wavelength range of 0.1 to 100um [46]. Electromagnetic radiation is classified based
on the wavelength. X-ray, gamma ray, infrared waves and microwave are some of the
forms based on such classification. Figure shows the electromagnetic spectrum [13].

Infrared is also subdivided into three ranges based on their bandwidth; near infrared

0.78 — 3um, mid infrared (3 —50um) and far infrared (50 — 1000um). They are invisible.

THE ELECTRO MAGNETIC SPECTRUM
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Figure 2.4: Electromagnetic spectrum [13]

Matter emits electromagnetic radiation at a given temperature in discrete energy
quanta called photons [46]. By modeling each quantum as a particle with mass m, the

energy F associated with one particle is

E = hv = mc? (2.2)
where h is the Plank’s constant with the value of 6.625 x 1073% J.sec. Equation (2.2)) is

for one particle; to calculate the total energy emitted, the energy density is integrated

over all wavelength to obtain the Stefan-Boltzman law

Ey=oT! (2.3)

where Fj, is the energy radiated per unit time and per unit area, and o is the Stefan-
Boltzman constant with the value 5.669 x 1078W /m?K*.
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Temperature difference between two surfaces corresponds to energy exchange by ra-
diation. From (2.4 one can obtain the net radiant exchange between a convex surface

at temperature 77 and a large encloser at temperature 75

q=ocAe (T} — Ty) (2.4)

where A; and €; are the area and the emissivity of convex surface, respectively.

Blackbody and graybody

In radiation theory material bodies are categorized in to two groups, namely blackbody
and graybody. Radiation properties of material bodies are the reason for this categoriz-
ing. The balance of energy exchange by radiation between body surfaces is described by

these radiation properties in the following equation, visualized in figure 2.5

pra+1=1 (2.5)

where p is the reflectivity, a is the absorptivity and 7 is the transmissivity. These

parameters are radiation properties and depend on the material [21].

Incident Energy

Reflected Energy

Transmitted Energy

Figure 2.5: Sketch showing incident energy(pics from google)

Blackbodies are characterized by p = 0, which means that no radiation is reflected.
This characteristic results into the black color [21]. Another characteristics of blackbody
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is that at a given wavelength it emits more energy than any other material body [7] and
also it absorbs all electromagnetic radiation.

Any material with p # 0 is considered a graybody.

2.3.4 Approaches in infrared thermography

The two main approaches in experimental infrared thermography are called Active ther-

mography and Passive Thermography.

Active thermography

Active thermography is based on the use of an external heat source to stimulate a target
by heating or cooling to detect flaws inside it [47]. Active thermography can be performed
in different forms such as pulse thermography, lock-in thermography, and pulse phase
thermography and by a combination of different forms in non-destructive testing like
lock-in thermography with ultrasound or eddy current. Each one has been developed for

a specific need in their field of applications.

Pulsed thermography

Integrated systems for active thermography, commonly known as pulsed thermography
or thermal wave imaging systems, are becoming increasingly popular for non-destructive
evaluation [48]. In this method, a short duration of heat pulse is used to stimulate the
testing object and responses are processed in transient state [25]. Thermal distribution
after a given time shows defective and non-defective regions related to the depth of the
defects [25]. The setup is shown in figure [2.6]

Photographic flashes, lamps, laser beam and heat gun [3I] are some of the sources
which are used in pulse thermography. These sources produce high surface temperature
[55]and the duration of excitation is chosen based on the thermal property of object and
flaws which can vary from few milliseconds ( 2 — 15msec) to several seconds [25]. The
advantages of this methods are that they are fast and easy to use, but data may be

affected by non-uniform heating and local variation of thermal emission [5].

Lock-in thermography

In lock-in thermography a sinusoidal thermal wave is applied to a tested object to detect

flaws, disbond or any imperfection, see figure[2.7} Information about the size and position
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Figure 2.6: Set-up for pulse thermography [40]

of the defects can be revealed by processing of the captured images. The excitation is
imposed by a lamp emitting at the frequency w until a steady state is achieved [25]. Since
a thermal wave is used the characteristics of the wave like amplitude and phase can be
applied for fault detection. Amplitude and phase of thermal wave change after passing
any internal defects. Disbond or any defects can be revealed by phase shift [25].Lock-in
thermography is a faster version of photothermal radiometry. Photothermal radiometry
is a method for remote measurement of local harmonic method that has sensitive phase
angle to subsurface defects [55]. Lock-in thermography gives good information about size,
depth and thermal resistance without post-processing procedures. As opposed to pulse
thermography, it is not sensitive to non-uniform heating and local emissivity coefficient.
Although, one of the disadvantages is the difficulty of detection of deeper small defects
since sufficiently low excitation frequencies are difficult to produce [5].

Lock-in thermography can be combined with other non-destructive testing methods
such as ultrasound and eddy current. The combination makes the detection simpler and
faster. In ultrasound lock-in thermography, loss angle is used which is part of the elastic
energy and it is irreversibly converted to heat [55]. The basic idea is that each defect
has specific properties that can be detected under certain conditions [56]. This method
is more effective in area of stress concentration, cracks and delamination [55] [33]. This

wave makes these areas act as internal heat sources that reach to the surface of testing
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Figure 2.7: Set-up for Lock-in thermography (from [56]

object which can be detected by lock-in thermography system. Imaging is based on the
phase shift. After the internal generated heat source reaches to the surface, the phase
image shows the distance that wave has traveled. Therefore, such image displays the
defects depth.

Pulse Phase thermography

Pulse phase thermography is an approach in infrared thermography application which
was introduced as a signal processing technique [5, BI]. Pulse phase thermography, de-
veloped by Maldague and Marinetti, is a combination of pulse and lock-in thermography
in which tested objects are exposed to a periodic excitation [5]. In pulse phase thermog-
raphy the surface of the testing object is excited by a rectangular pulse and the result
is represented in terms of phase or amplitude images. Using this method, deeper de-
fects can be detected in comparison with lock-in thermography, but to reach this result,
certain temperature differences between each image sequence is needed.

It is found that, in the cooling phase, defects are much more visible than the heating
phase [5]. Tested object are submitted to a heating source and immediately after the
surface temperature reaches to 2, 7, or 15 °C above the ambient temperature, the heating
source shuts down. Then the imaging process stars. To find the defects deeper in the

material, a higher surface temperature is required. This makes pulse phase thermography
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an appropriate technique but only when the surface is insensible to temperature. It makes
a limitation for pulse phase thermography because the surface temperature cannot be as

low as lock-in thermography [5].

Passive thermography

In passive thermography no external sources are used. The method is based on natural
temperature differences between the surrounding environment and the tested object [15].
Passive thermography is not an appropriate method to detect a defect in a deeper layer
because it cannot make a high temperature contrast over the defect and non-defect areas
[15]. In civil engineering, passive thermography is used to inspect structures like bridge
decks [7]. One of the reasons is that construction materials like concrete have a specific
thermal characteristic. Usually they have a low thermal conductivity but high specific
heat that causes them to reach balance with surrounding environment in a longer time

[7]. This longer time corresponds to enough temperature contrast to be captured.

2.3.5 Modeling in infrarerd thermography

Bison et al. proposed an algorithm to detect and evaluate the characteristics of the
defects in the back side of a thin metallic plate [43]. The purpose of this algorithm is
to detect a damage as small as possible in real time [43]. The algorithm is based on
the mathematical tool Domain Derivative, which is used for real time linearization of
the nonlinear inverse problem [43]. One side of the specimen is inside the laboratory
and heated by a lamp with a constant heat flux and the other side is in contact with
the outside. Convection boundary condition is also considered for the outside surface.
Defects are modeled as loss of an amount of matter at the back side of the plate, so the
back side is no longer a plane. The heat flux is assumed to be constant in space. The
algorithm allows for the detection of the position of the damage [43].

In infrared thermography several factors influence the thermographic signal received
by the infrared camera. Some of these factors are thermal conductivity; heat capac-
ity; defect depth as internal factors and convection heat transfer; variation on surface
emissivity and ambient radiation reflectivity as external factors [29].Each of these has
its own effects and Lopez et al. tried to determine them quantitatively [29]. Modeling
is based on the physics of non-destructive testing by infrared thermography. Physical
effects included are transient, three dimensional heat conduction equations and convec-

tion and radiation as boundary conditions. Finite Volume Method is used to obtain an
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approximation of the heat equation. The model is analyzed during a cool down process.

The sensitivity analysis obtains from the Sensitivity Matrix or Jacobian:

oT" 1 (2.6)

J(P)=|—=(P
)= | G5 P)
where J;; is the sensitivity coefficient, and estimated temperature 7; is measured with

respect to perturbation in the parameter P;, depth, thermal conductivity, and heat ca-
pacity [42].

Sensitivity Coefficient, Jz
Sensitivity Coefficient, Jk

8 nma?m] 120 160 8 Tma?”c] 120 160
(a) depth (b) thermal conductivity

x 107

Sensitivity Coefficient, Jo

el 2

Time [sec]

(c) heat capacity

Figure 2.8: Sensitivity coefficient for defects at different depth considering properties
(a)depth, (b)thermal conductivity and(c) heat capacity [29)].

As the results show in figure depth has more effect on temperature than thermal
conductivity and heat capacity [29].
In experimental non-destructive testing, frequency of excitation is one of the impor-

tant parameters. By choosing a correct excitation frequency, the location and charac-
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teristics of defects can be detected. For example, smaller frequency of excitation leads
to deeper penetration in the tested object [I5]. Necsulescu et al. derived an equation
to predetermine a frequency of excitation given the defect size and the first time that
steady state values can be recorded [3§].

The heat conduction equation is used in a semi-infinite domain with the cosinusoidal
excitation at u(0,t) = U cos(wt — €). After a characteristic time, the transient part of
the excitation vanishes and only the steady state remains. This time is called settling

time and it is given by

According to equation (2.7)), a lower frequency is needed to have a shorter transient
time. To detect a defect, the amplitude of thermal waves must be large enough at the
position of the defect, . For a semi-infinite domain the following closed form relation
for the frequency of excitation as a function of the temperature amplitude and the point
x is derived in [3§]

2% )

w=—3 [0 |ugs (z,1)]] (2.8)

where k is the diffusivity,  is the observation point, and wugs (z,t) is the temperature
at observation point. As the shows, the temperature at observation point decays
exponentially with the increase of the distance x which implies that for a deeper defects
the lower frequency is required. After the excitation, the thermal wave propagates inside
the objects and it is reflected at the boundary. The composition of the thermal wave and
the reflected thermal wave is more complex to be analyzed in non-destructive testing. In

this regard, the first reflection time is derived and given by

m
— 2.9
2kw (2.9)

At =

<|3

where m is the mass and V' is the velocity.

G. Gralewicz et al. [I7] studied a defect detection in composite and single and
multi-layer materials by using dynamic thermography. Composite materials are made
from two or more materials or components which have different material properties and
characteristic. Carbon fiber reinforced composites is one of the composite material which
because of its constitutive properties, low weight with high strength, is widely used

in civilian, military, and aircraft [2] [I7]. Presence of any imperfections such as ply
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separation and air bubbles in composite materials strongly affect the quality of their
properties. These imperfections may threaten the human’s life, in aerospace for example.
A thin film of carbon-fiber-reinforced polymer was considered. The upper side of the film
is exposed to periodic heat flux and convective boundary condition is applied to upper
and bottom side. An analytical solution for single and multilayer materials was obtained.
In multilayer material, the interface is characterized by its thermal resistance. Phase
difference for the temperature between the homogenous material and the place where
the defect is, is computed for fault detection. It was shown that lock-in thermography is
a very effective in evaluating single and multi-layer materials for non-destructive testing.

V. Feuillet et al. used active thermography to detect defects and their character-
istics in composite materials, carbon/epoxy composite plate, [I1]. They used the long
pulse excitation for experimental setup with singular value decomposition analysis and
quadrupole method for analytical one-dimensional transient thermal model. In they ap-
proach, front face and back face are observed. The characterization of thermo-physical
properties can be obtained from the rear face (sound part of the plate), and from the
front face thermal resistance and depth of the defect can be identified. In their research,
four sets of composite plates were used. In the analytical modeling, they applied a known
resistance R as defect between the plies. The specimen is excited by a uniform heat flux
on the front face under different heating durations (0.5, 1,2, 5sec), and also the plate is
submitted to convective boundary conditions both on rear and front faces. The ther-
mal quadrupole method gives the temperature-heat flux density spectra on both faces.
Singular value decomposition is used in inverse procedure to detect sound and defect ar-
eas. According to the result of singular value decomposition analysis, increasing heating
duration reduces the influence of measurement noise. In addition, active infrared ther-
mography coupled with singular value decomposition analysis and thermal quadrupole
modeling is a good method to characterizing different defects in carbon/epoxy composite
samples [L1].

G. Gralewicz et al. suggested a new thermal model and simulation for detecting a
defect in composite materials [I§]. They simulate the lock-in thermography in ANSY'S
software and the obtained data is processed in MATLAB to locate the inclusion and
decrements in the composite materials. One face is subjected to sinusoidal excitation
while all the faces subjected to convection boundary condition. A cylindrical inclusion
with a radius » = 0.005m and depth d = 0.0005m is introduced for this simulation, (the
defect is very small in comparison with the dimensions of the plate). ANSYS analysis

shows that the defect does not have a significant influence on the temperature close to



Ch2: Literature Review 21

it.

Detection of a defect thermal properties, size, and position in a composite material is
studied in [52] by using lock-in and pulse thermography. Analytical solution is obtained
for single and multi-layer materials for two different excitations’ periodic and impulse.
A thermal contrast between the region close to the defect and the homogenous region
is introduced in order to detect a defect. This contrast depends on the defect depth
and it is measured during the cooling down process. To detect a defect in solid mate-
rial, the defect is modeled with a low thermal conductivity. To obtain the location of
the imperfection in the solid material, the model is excited by an energy pulse. Then,
the temperature difference is measured between the defect locations and where the ho-
mogenous material is. To measure the thickness of a specimen, several thermal images
are captured and temperature variation in each sequence is studied. Since temperature
variation changes with time, it can be effectively used to measure the thickness. The
effect of infrared reflection, non-stable ambient conditions, and undefined convective heat
transfer coefficient on the accuracy of these measurements were also investigated [52].
These elements significantly reduce the accuracy of thermography results.

Almond et al. derived an analytical solution for defect sizing detection by transient
thermography [I]. Transient thermography or pulsed video thermography was developed
for the first time by Milne and Reynolds [37], [I]. Almond and Lau derived the analytical
solution to explain the image formation process. In their approach they modeled a disc
air gap as a defect at a specific depth of the tested object. An intense optical flash is
used for excitation with a very short duration (milliseconds). This duration is enough
to apply a uniform heat flux to the object which is blocked by the air gap. This air gap
reduces the thermal gradient over the defect which makes a thermal contrast, which is
captured by the infrared camera, on the surface between the area over the defect and its
hotter surrounding area. The resulting temperature gradient generates heat flow around
the edge of the crack from the hotter to the cooler area. To have a better and more clear
image, Green functions are used to determine the lateral extent of a defect image and its
apparent size [I]. Green functions give a thermal contrast at each point on the surface.
This study was applied to straight-edge and circular crack. Results show the essential

role of heat flow around the crack for edge detection of the crack [1].

2.3.6 Heat Transfer Fundamental

Heat transfer takes place in three different classes; conduction, convection and radiation.
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Conduction

Conduction is associated with the gradient of temperature inside the body, the energy
transfers from high-temperature region to low-temperature region. In conduction, the
heat transfer per unit area is proportional to the normal temperature gradient:

T

G = — Ak (2.10)

where ¢, is the heat flux in x direction , k thermal conductivity, A is the cross section
area, the minus sign indicates that heat is transferred in the direction of decreasing
temperature (to satisfy thermodynamic second law). This equation is generally known

as Fourier’s law of heat conduction [21].

Convection

Convection is an important class in heat transfer that takes place in fluids. It is in-
trinsically associated to bulk current flow and diffusion which cannot occur in solids.
Gradient temperature causes the heat transfer from high-temperature to the low- tem-
perature region and in fluids it affects the density. This induces currents in the fluid
and consequent heat transfer associated to mass transport. The rate of heat transfer
between the wall and fluid is related to the velocity of the fluid. High velocity produces
a large temperature gradient [21]. Newton’s law of cooling expresses the overall effect of

convection [21]

@ = pA (T — Tw) (2.11)

where g is the convection heat-transfer coefficient, A is the cross-section area and (T, — Ti,)
is the temperature difference between the wall and the fluid. p is also called film conduc-
tance because of the relation of conduction of the thin layer of fluid and the wall surface
[21].

Radiation

The fundamental relation between the radiating heat flux and the temperature has been

discussed in in section 2.3.3.



Chapter 3

Governing equations

3.1 Heat conduction in a multi-layer slab

We consider a multi-layer slab-like domain, see figure which is a three dimensional
continuum with two sides very large with respect to thickness so that the effect of the
edges can be neglected. It is therefore appropriate to introduce a reduced one-dimensional
approximation along the spatial coordinate x € [0, ] of the initial boundary values prob-
lem governing the heat conduction. Moreover, we assume that the lateral surface has no
heat loss and that there is no internal heat source, F', and formulate the one-dimensional

initial-boundary value heat conduction problem as[19]

aT; O0*T;
o =Yg + F (3.1a)
T1(0,t) = T + U sin(wt) (3.1b)
Ti(ai,t) = Tiya(as, 1) (3.1c)

OTi(a;,t) 0T;11(a4,t)

oT,

— = —u (T, - T, 1
Ky, O (1,t) p (Tl t) o) (3.1e)
Ti(z,0) = Ty (3.1f)

where T; is the temperatures in the i — th layer at point (z,t) € R xR, ay, as, ..., a,_1 are
the coordinate of the material interfaces in the slab that are assumed to be parallel to
the sides at * = 0 and = = [, and constants «; and k; represent respectively the thermal

diffusivity and the thermal conductivity of the materials. We consider a; = 0 and a,, = [.

23
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The slab is assumed to be initially a the ambient temperature, T, consistently with the
initial condition. At time zero a persistent oscillating perturbation of amplitude
U and radian frequency w is added at = = 0, as formalized by the boundary condition
(3.1b)). Equation (3.1€|) is a convective boundary condition with themal coefficient of p
describing the experimental condition that we want to reproduce. We assume no internal

heat source therefore setting F' = 0.

T, + Usinwt

- >

Figure 3.1: Two layer model with sinusoidal excitation in front face and convection at

rear face

According to boundary condition (3.1b]), there is an oscillation around ambient tem-
perature T,,. By introducing the u;(z,t) = T;(x,t) — T, we obtain the following set of

equations
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Gui qui .
5 =~ Qigpzl = 1,2,...,n (3.2a)
u1(0,t) = U sin(wt) (3.2b)
ui(ai, t) = UZ‘_H(CLZ‘, t) (32C)
Qu(a;,t) Ouiyi(as,t) .

k’zT = ]{51'+1T,Z— 1,2,...,’)7, (32d)
ou,
o - _ .2

b 1, ) = 1,1 (3.2¢)
ui(z,0) = (3.2f)

For any ambient temperature T, # 0, the resulting temperature can be calculated
as Too + u;.

By introducing the non-dimensional variables, z* = z/l, t* = tw, u* = u/U, we
rewrite the initial-boundary value problem in non-dimensional form

our 1 0%u;

L= —— L =1,2,... 3.3
ot B 0x*?’ EE DSt (3.3a)
uj(0,t) = sint” (3.3b)
u;k (aia t) = u:—i—l(aiv t) (33C)

out(a;,t) ou;, (a;,t)

z% = Qz‘+127 (3.3d)

a *

052 (1) + 0y (1,8) = 0 (3.3¢)
x
ui(z,0) =0 (3.3f)
where the nondimensional parameters are defined by
k; wl? pul
i = 7 Pi= T = 3.4
¢ kl B (673 g kl ( )

with o1 = 1. Therefore the system of equations (3.3) depends on n+ (n — 1)+ 1 = 2n
nondimensional parameters. Unless otherwise stated, in the remaining part of the thesis
we will drop the superscript star and refer to non-dimensional variables by using the

same symbol as the corresponding dimensional ones.

3.1.1 Thermal Quadrupole Method

A thermal quadrupole is a two-port network that can be used to obtained a lumped

parameters representation of the system [30]. The temperature and heat flux are respec-
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tively the across and the through network variables. The structure of the one dimensional
initial-boundary value problem allows for the input to output representation of the system
[30] in terms of temperature and heat flux at two points in the spatial domain, mapped

by a linear transformation that is the transfer function defined by thermal quadrupoles.

Quadrupole derivation

We consider the one side Laplace transform of equation (i3.3al)

d*U;

where s is the Laplace parameter and U;(s) is the Laplace transform of temperature.

The general solution of this ordinary differential equation is

Ui(s,x) = ¢} cosh <$ ﬁﬁ) + cb sinh <m ﬁﬁ) (3.6)
where constants ¢} and ¢} are determined by the boundary conditions (3.3D]) and (3.3¢]).
The Laplace transform of the heat flux is related to the temperature by Fourier law

au; , .
Qi(s,x) = —gi%(s,x) = —0i\/Bis (czl cosh(z+/f;s) + ¢y sinh(x 6&‘)) (3.7)
Since the temperature and the heat flux are linearly related, we can represent the

input to output relationships between two interfaces, say a;_; and aj,

Ui,l(ai,l, 8) = AZUl(CLZ, 8) + Ble(CL“ S) (38&)
Qi-1(ai-1,s) = CiUi(ai, s) + D;Qi(ai, 5) (3.8b)

In the following we will drop the spatial argument of the functions appearing in
equation (3.8)) and uniquely identify the interface at which they are evaluated with the
subscript. For example U; and U; are the temperatures at the front and at the first
interface respectively. By imposing the continuity of the temperature and heat flux at
the interfaces through equations and we determine the constants in equation
and we can represent the above linear system as

Ui—l = COSh((CLi — ai_l)\/@)[]i + Ql\}% sinh((ai - ai_l)\/%)Qi (39&)
Qi1 = 01/ Bissinh((a; — a;_1)/Bis)U; + cosh((a; — a;—1)v/Bis)Q;
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in matrix form

(3.10)

UZ‘_1<S) _ M;_l U,J(S)
Qi-1(s) Qi(s)

Specifically, for the system (3.3]) the thermal quadrupoles representation is given in
figure , with matrix M} , given by

a1(0,t) q(z,t) qi(a.t) = qa(a,t) g2(1,1) (i
* - A - ———a
uy (0, 1) [ Mg [ M! [ M} T M3® T Uoo
. 1h N h
o] | o
/ [ /

/
uy(x,t) uy(a,t) = ua(a,t) us(1,t)

Figure 3.2: For a two layers slab, lumped parameters representation of the linear system
(3.10)) via thermal quadrupoles, with an observation point x located within layer 1. The

case with observation point located in layer 2 can be easily obtained.

C; D
Ai = Dl = cosh <(G,l — Gifl)\/ §i515> (311b)
Bi = ; sinh <(G,l — ai_l)\/ 51'613) (311C)
0iV0ib1s

Ci = 0i\V 61‘B1$ sinh ((GZ — Clifl)\/ 52515) (311d)

where M, is the transition matrix for the i—th layer that is used to represent the input to

; A Bi\ .
M! | = ( ) i=1,2,...n (3.11a)

output behavior of an homogeneous layer of thickness a; — a;_1, and §; = 3;/01 = a1/ ;.
The transition matrices M;" ; and M} are defined analogously by substituting a; and

a;—1 with x respectively. The transition matrix M ° which accounts for the convective

1 &
M = o (3.12)
0 1

Consistently with the formulation of the problem (3.3)) we have U, = 0.

boundary condition is given by



Ch3: Governing equations 28

The non-dimensional lumped parameters representation in implies that the
transfer function depends on the excitation frequency w through ;. In other words, the
parameter (; is the non-dimensional equivalent of w.

The input to output relation between the lumped variables U; and U, that is the
temperature at the observation point x located in the 1 —th layer with respect to the input
U, is obtained by solving the following system associated to the thermal quadrupoles

representation

(U1 Q1>T=M5M3M§...Mf_1 (Ux Qx>T (3.13a)
T X . T
(Ux Qx> — MMM M (Uoo QOO> (3.13b)

with Uy, = 0. The relation between U, and U; can be found by solving equation (3.13|)
for @, and Q.. Substitution into (3.13al)) gives the relation between U; and U,. The

solution is in general represented by the following input to output relation

Us,(s)
Ul (S)

—: G(s) (3.14)

In the following we will specialize the transfer function G(s) for different scenarios.



Chapter 4

Approximate closed form solution
for damage detection in multi-layer

materials

4.1 Introduction

Composite and multi-layer materials are high demand in different fields such as aerospace,
ballistic applications, civil engineering, automobile and engineering structure [18], [24],
[27], [51]. This class of material is widely used in several critical applications that also
involve human life and safety which leads to the need of increasing their safety and
reliability of inspection from manufacturing to in-service process.

The inspection becomes more challenging for composite and multi-layer material es-
pecially in the field of aerospace [23]. Any defect in multilayer material or composite
such as ply separation, air bubbles and delaminating can lead to the modification of
their properties [I], which can effect reliability and safety. Detecting a characteristic of
a possible defect in a shorter time and easier way are two notable benefits of infrared
thermography [45].

The goal of this chapter is to investigate the method for designing efficient infrared
non-destructive testing experiments for detecting defects in composite and multi-layer
materials. For this purpose, an important issue is to derive new formulas to predeter-
mine the frequency of excitation in design of non-destructive tests [39]. Inverse heat
conduction in a multi-layer material slab with periodic temperature excitation is consid-

ered. We use the analytical quadrupoles representation to derive a lumped parameters

29
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formulation of the problem that allows for an input-output representation in terms of
a transfer function in the Laplace domain. The generally transcendental transfer func-
tion is approximated with the corresponding power series, which allows for a polynomial
implicit approximated solution of the inverse problem. In addition, the mentioned ap-
proach is used to obtain a relation between the frequency of excitation and temperature
at observation point for the case that an inclusion models eventual air bubbles among
layers or inside the material body. We also consider layer detachments by introducing
the appropriate thermal resistance in the lumped model.

Material in the section 4.2 is accepted for publication in the coming QIRT2012 con-
ferences in June 11 — 14 [10]

4.2 Approximate solution of the inverse problem

Equation gives a general relation between normalized temperature U, /U; at the
observation point z and the non-dimensional excitation frequency £;. A closed form
solution of the inverse problem, that is a closed form relation between 3; and U, cannot be
found. Therefore, we approximate the transfer function G(s) by a power series expansion
with respect to f1s, and asses the accuracy of the approximation for different truncation
orders. The accuracy of approximation in increase by choosing the higher value for
N. However, very high value of N makes the approximation more complex, therefore
the value should be chosen large enough to have enough accuracy as well as avoiding

complexity. Specifically, G(s) is approximated by

1 1
GO~ ) = o Gy o (Bis) (1)

where coefficients by are given by

(4.2)

e %(8(212))’“ (em)

The choice in equation (4.1)) is not unique. We choose this particular form so that

B15=0

the approximated transfer function is a proper rational function and therefore we can
apply the techniques below as long as the roots of the characteristic polynomial, that is
the denominator of the approximated transfer function, are stable. The approximated

input to output relationship
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U, B B 1
?1 B Ga(s) B pN(ﬁ1S)

allows to find an implicit solution of the inverse problem whenever the polynomial py(/5;s)

(4.3)

is stable, that is whenever the roots have negative real part.
For a linear scalar system with transfer function G,(s) the response to the sinusoidal
input uy(0,¢) = sinwt is given by us(z,t) = |Ga(yw)|sin(wt + ¢), see for example[4]],

where |G,(yw)| and ¢ are respectively the amplitude and the phase of the transfer function

|Ga(w)|” = R(Ga(iw))* + 3 (Ga(w))” (4.4)

S (Galw))

tan g = R(Ga() (4.5)

where the operators R and & represent respectively the real and the imaginary part
of their argument, and 3 = v/—1. Therefore the amplitude of the temperature u, at
the observation point located at the non-dimensional abscissa x can be related to the

non-dimensional excitation frequency 3; by

R (px(281))* + S (pn(951))* = E (4.6)

|ua¢

For N =1, N =2 ,and N = 3 the explicit forms of (4.6]) are respectively given by

1

b~ o s =0, (4.72)
1

b5 et (b2 — 2bobs) B2 + B2B4 = 0, (4.7b)
1

b e (b2 — 2b9bo) B3 + (b3 — 2b1bs) B + b26% = 0, (4.7¢)

The bi-quadratic structure of the expressions allows for the explicit solution to be
found by using the formula for the roots of quadratic and cubic polynomials. Among the
multiple roots, one must select the one such that (; is real and non-negative. We note
that the implicit solution in applies to multilayer systems provided that coefficients
by are obtained for the specific materials and geometry. For a generic order N the implicit

polynomial relation can be written as
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N-1

b2+ b3 BN + Z(bz — 2by_1bpi1) B —

=1 =

=0 (4.8)

The solution for N = 2 is

L Zhob — B oy P BR(E — 2bbs) + 483
51 = 2
202

(4.9)

In order to have 57 > 0 for |u,| — 0 (81 would otherwise be complex, and so would

be the frequency of excitation w) we must select the solution

L oo — 03+ [ P 203 — 2boba) + 463
61 - 2

(4.10)

which gives

Dbobs — b3 £ 4/ g * B3(5 — 2bobe) + 463
203
The approximate solution in (4.11)) holds provided that the argument of the radical

is positive. For N = 1 we obtain the very simple formula

B = (4.11)

1 1
pr=

—— — b2 4.12
bl |Ux|2 0 ( )

In the following sections we give expression for coefficients b, corresponding to differ-

ent scenarios. Coefficients are obtained with Mathematica®©

4.2.1 Homogeneous slab

A homogeneous slab is characterized by n = 1 in equation (3.13) with the observation
point z placed in the single layer. The transfer function is

Us(s) _ v/Brscosh(l — z)/Brs + o sinh(1 — x)y/Bis (4.13)

Ui(s) V/Bis cosh(y/B18) + o sinh(y/B1s)

The first three coefficients that define the approximate transfer function G, (for

N = 2, that is second order truncation) are
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1+0

T 1+o(l-a)
by = 6ol o)) (0(0 + 1)z? = 3(0 +1)%z + 2(c (0 + 3) + 3)) (4.15)

i

" 360(1+ o(1— 1))

0 (4.14)

by
(702(0 +1)2° — 420(0 + 1)%2* + 5 (190 (0 (0 + 3) + 3) + 15) 2

—100(o + 1)(o(0 + 3) + 3)2* + 24(20(c (o + 5) + 10) + 15)x

—8(o(o(c+6) +15) + 15)) (4.16)

For z = 1 and o = 0.08 the plots of 51 versus |G,(y51)| = |u.| /U are shown in figure
for N =1 (4.12) and N = 2 (4.11)) respectively. The approximate solutions (dashed

line and dashed-dotted lines) are compared with the exact solution (continuous line).
The non-dimensional parameter o is obtained by considering a slab of unit length with
ki = 49.8W/(mK) (carbon steel) and p = 20W/(m?K) (air).

X :‘1

15

10

B1

[Ux(j B

Figure 4.1: Plots of f; versus |U,(y0:1)| from the analytical quadrupoles solution (solid
line), and the approximated polynomial solution with NV = 1 (dashed line) and N = 2
(dot-dashed line) for a homogeneous slab.
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The relative percentage error 100 |1 — 87 /1] is plotted in figure 4.2| for two values of
N ((4.12) and (4.11))) and same values of the non-dimensional parameter o and z. For low
amplitudes U, the first order polynomial approximation gives lower error than the second
order polynomial approximation, whereas of the normalized amplitude approaching 1
the relative error of second order approximation is considerably lower and monotonically

decreases consistently with the plot in figure [4.1]

20 -
15

10

100|1- 1%/ pal

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
[Ux|

Figure 4.2: Plots of the relative percentage error 100 |1 — 5¢/3;| versus |U,| for N =1
(solid line) and N = 2 (dashed line) .

4.2.2 Two layer slab

We consider a two layer slab (n = 2) with observation point x at the interface mimicking
a test to detect detachments between layers in a composite panel, see figure [3.1 The

transfer function is
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) s (cosh((a = )VBrs) — sz~ 1))

(cosh(al \/%) cosh((a; — 1)/ 0201 5) <Q2\/6gﬁls + agg\/g>
sinh(a;/Brs) sinh((ay — 1)y/62515) <9252 B1s + 0)) (4.17)

The first three coefficients that define the approximate transfer function G, (for
N = 2) are

02001

bo=1+ 4.18
’ 02 +0(1l—ay) (4.18)
aq 9 3 9
! 6(02 +0(1—ay))? <U S 0202)a1 + (0 + 02)(6 — 02 — Be202)y
+3(0 + 02)*(1 — 20282) a1 + 20202(305 + 3020 + 02)> (4.19)

"~ 360(0p + (1 —ay))

+0?(02 + 0) ((1602(305 — 5) — 6) 02 + 45) a7 — 30/(0 + 02)* ((40(02 — 1)d — 2 — 1) 2 + 15) a
+5 (120502(302 — 1) + 05(4802(202 — 1)d5 + 3) + 30 — 2°0(1662(26, — 1)o + 3)) a}
—200205(02 + 0) (665 — 1)(305 + 3020 + 0°)a]

by

- <a3 ((02(3 4+ 4(5 — 289)d2)) — 15) a$

+246302(1505 + 20050 + 10050% + 20%)a; + 855 02(1505 + 15050 + 6020° + 03)> (4.20)

The plot in figure [4.3| shows the first order (dashed line) and second order (dot-dash
line) approximate solutions versus the analytical quadrupoles solution (continuous line).
Values of non-dimensional parameters used to compute the coefficients in —
are in table [4.1]

The set of parameters has been obtained by considering material 1 and material 2 to

be, respectively, carbon steel and aluminum.
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Table 4.1: Nondimensional parameters for two layer material with observation point at

the interface

ay 09 0o o T

0.500 0.133 5.02 0.080 0.5

x=05.

30 F°
25 |

20 -

b1

15

10 F

[Ux(] B

Figure 4.3: Plots of 1 versus |U,(361)| from the analytical quadrupoles solution (solid
line), and the approximated polynomial solution with N = 1 (dashed line) and N = 2
(dot-dashed line) for a two layer slab.

The relative percentage error 100 |1 — 87 /5| is plotted in figure 4.4| for two values of
N and and the same values of the non-dimensional parameters. For low
amplitudes U, the first order polynomial approximation gives lower errors than the second
order polynomial approximation, whereas for the normalized amplitude approaching 1
the relative error of the second order approximation is lower. The simple first order
approximation in allows in this case to estimate the non-dimensional excitation

frequency (3; within a maximum error of about 10%.



Ch4:Approximate closed form solution for damage detection in multi-layer materials 37

100|1- B1°/ pal

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
[Ux|

Figure 4.4: Plots of the relative percentage error 100 |1 — 5¢/3;| versus |U,| for N =1
(solid line) and N = 2 (dashed line) (Two layer slab).

Dimensional example

We consider a two layer slab with the same parameters as above. To estimate the
frequency of excitation w we use the first order approximation in (4.12)). From the

definition of 8; we obtain the dimensional formula

_CY151: aq 1 2
2o\ et "

(4.21)

For a carbon steel we have or; = 1.34 x 107>m?s~!. Moreover, for the non-dimensional
parameters in table (obtained by considering carbon steel and aluminum as materials

for the two layer slab) we have the following expressions for by and b; in terms of z € [0, 1]

526
"~ 51— .08z

. _ 0:23+3422 — 1.792% 4 0.0093623
b (5.1 — 0.08x)?

bo (4.22)

(4.23)

For x = a; = 0.5 and [ = 1 the plot of w versus |u,| /U (4.21)) is given in figure
[4.5] This plot gives the range of excitation frequencies that need to be used in order to
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detect defects in an eventual experiment. Therefore the inverse formula can be use for

parameter predetermination in experiments.

0.05

0.04r ]

0.03

0.02f 1

0.01

0.2 0.4 0.6 0.8 1
u /U
X
Figure 4.5: For a two layer slab comprised of carbon steel and aluminum, plot of the

frequency of excitation w versus |u,| /U.

4.3 Inclusion at the interface

In this section, we derive a relation between the frequency of excitation and temperature
at observation point to predetermine the frequency of excitation for experimental set-up
design when there is an inclusion at the interface. Non-dimensional thermal quadrupole
method is used to obtain this relation by considering x = 1. Therefore the transfer
function is G(s) = %—8 = gf—g

In multilayer material, it is possible to have an inclusion when the layers are attached
to each other. The inclusion can be an air gap or be conductive glue which fills up the
clearance at the interface. Regarding the thermal properties, the inclusion can be approx-
imated by (a) resistance (R) and (b) capacitance (C}). Resistance is an approximation
of the air gap since it has a very low thermal conductivity while the high conductive glue
is approximated with capacitance. The accuracies of these approximations are assessed
by comparing with the analytical solution.

Figure [4.6| shows the geometry and boundary condition of the two-layer slab with
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the inclusion. The front face of the slab is excited with the sinusoidal thermal wave,
u(z,t) = Usinwt while there is a convective boundary condition at the rear face with

thermal coefficient, u.

X
> I
Toc + uy
T + U sin(wt) ko, a2
e
Qinc :D Too
_ kl? aq TOO + U
q :>
-

Figure 4.6: Schematic of the two-layer slab with an inclusion at the interface and the
boundary condition of the sinusoidal excitation on one side and convection on the other

side. ¢ and ¢;,,. are the flux at interface for perfect contact and inclusion, respectively

For approximation, the cross section of the inclusion is considered equal to the cross
section of the slab. In other words, effect of flux from top and bottom of the inclusion

on the temperature at the back of the inclusion is neglected.

4.3.1 Approximation of air gap at the interface with resistance

R

Air has a very low thermal conductivity (0.0243W/mK) which makes it as a good in-
sulator. This thermal property causes localized temperature drops, see figure The
length of the domain for inclusion is 0.005m. The first layer is a Kevlar composite with
thermal k; = 0.32WW/mK and a; = 1.8601 x 107"m?/s , pvc for the second layer with
ko = 0.19W/mK and ap = 1.5313 x 107"m?/s and an air gap at the interface with
thickness 0.0001m.
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Following [30] we model the effect of the air gap with a thermal resistance. The

resistance is given by the following formula [30]

o
Sz

Temperature amplitude
u(x,t) (K)
o
=

©
N

0] 1 2 3 4 5
Space coordinate (m) %1073

Figure 4.7: Temperature distribution through the domain with an inclusion (resistance) at the

interface

R=23 (4.24)

where [3 is the length of the air gap and k3 is the thermal conductivity of the filling
material, air in this case. To check the accuracy of this approximation, results are
compared with analytical solution and also thermal quadrupole method. Table [4.2[ shows

this comparison.

Table 4.2: Comparison between analytical solution, quadrupole method with approxi-

mation with R

w(rad/sec) | Appximation with R || Analytical solution of (3.2]) | Quadrupole

0.01 0.6234 0.6234 0.6289
0.05 0.2772 0.2772 0.2872
0.09 0.1403 0.1403 0.1475

0.14 0.07138 0.07138 0.7601
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The comparison is carried on for four different frequency of excitations, w = 0.01,
0.05, 0.09 and 0.14(rad/sec). As the results show, the accuracy of the quadrupole rep-
resentation is increased by adding the thermal resistance to model the air gap.

In order to non-dimensionalize the resistance, the nominator of is divided by
the total length of the domain, [ and we introduce A = l3/l. The denominator of
is divided by k; which allows us to introduce the nondimensional parameter o, = k3/kj.
Therefore the nondimensional resistance R is

A

R== 4.25
0 (4.25)

According to the [30] we have the following relations across the thin layer thermally

modelled by the resistance

U1 — U2 = RQl (426&)
Q1= Q2 (4.26b)
These equations (4.26)) can be written in matrix form:

|7
Ul(S) _ R UQ(S) (427)
Ql (S) 0 1 QQ(S)
The input to output relation of the whole domain is given by the following expression
U 1 R 11 Uso
) az |t e (5) (4.28)
Q1(s) 0 1 0 1 Qoo(9)

The observation point is z = 1 and one can find the transfer function for (4.28)and
(3.14). Specifically, the transfer function between U, and Uj is

Us(s) 02 .
U(s) o Vb

X (cosh ((al +as — 1)%) (gg(l + 0R)\/85/31s cosh (al \/m>
+ +/f1ssinh <a1 \/52—,613>> 4+ sinh ((al +ay — 1)%)
X (gg(a — /BisR)\/62815 cosh <a1 m> + o4/ f1ssinh <a1 M)))_l (4.29)

The transfer function G(s) is approximated by (4.1]) and the coefficients are obtained
by (4.2]). The first three coefficients are
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_ 1
bO:a(R—al—a2+%+;+1) (430)
2
1 1 | L
by = (a1 +az 1)3(% +1)(5 —0) + 5(@ +a — 1’(1 - Ro) — R(a + a2 — 1)
2
2 2
_ % o @m0
I (a1 +az — 1) ((392+1)(1+U)> 5 (1+R+3Q2) (4.31)

562 _
by = — (al—? —5a163 (a1 +ay — 1) + 5a165R
02
10a205(a; + ag — 1)%(a; + 3Roy)

02
2 4a36s(ar + az — 1)(a1 + 3Ro2)

02

— 10&%52((11 + ag — 1)3 +

5
+ ; (a‘llég + 6@%52011 + as — 1)

—4(a1+a2—1)3 (%+R) +<(11+6L2—1)4> +5(a1+a2—1)4 <%+R)
2 2

— (a1 + ag — 1)5) (432>

N O >
% = 5040 (;_22 — Tayd3(ar + a5 — 1) + Tayd5 R — 350103 (ar + ap — 1)°

X 21@%5;(6“ “+ a9 — 1)2(a1 + 5RQ2)
02

— 21@%(52(&1 + ag — 1)5

1 _ 1
+ » (35a102(ar + as — 1)*(ar + 3Rp2)) + - (7 (a?cg’ + 15a165(ay + ag — 1)?
2

6a103(a1 + ag — 1)(a1 + 5Ro1)

- + 15aids(ar 4+ as — 1)* — 20a78y(ar + ap — 1)*(a1 + 3Res)
2 02

— 6(ay +ay — 1)° (ﬂ+R> +(a1+a2—1)6>> +7(ay + ay — 1)° (ﬂﬂz)

02 02

— (a1 +as — 1)7) (4.33)
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For n = 2 (dashed line) and n = 3 (dotted-dash line) the plot of the left-hand side
of versus f; is shown in figure , with the horizontal line representing the right-
hand side for |us| = 0.6289. The intersection represents the solution of the implicit
inverse problem (4.6 which is approximately 1.27. To check the accuracy, we compute
the frequency of excitation by w = (B1az)/(d20?). Substituting the related value we have
w = (1.27 x 1.5313 x 1077) /(0.8232 x 0.005?) = 0.0094 which is very close to the result
in the table [1.2Jw = 0.01.

Vs
7,
4 7/
7 7/
/
L,

2.55¢ P // s
N e 7
O  25r P : 7
= ‘

//
2.45} JRone
2.4 . . . .
1 1.1 1.2 1.3 1.4 15
B,

Figure 4.8: Plots of the left hand side of (4.6 versus f; for n = 2 (dashed line0 and
n = 3 (dashed-dotted line). The solid line is the graph (versus ;) of the right-hand side
for |us| = 0.6289

4.3.2 Detachment at the interface approximated by a capaci-

tance

Consider the case with an inclusion characterized by a high thermal conductivity or
in which the thermal conductivity is higher than its surrounding. In this condition,
having a uniform temperature through the inclusion is expected. Following [30] we
approximate the effect of this inclusion by a capacitance, C;. This scenario can happen
when the two layers are attached to each other with conductive glue and the glue fills up
the clearance between these two layers. Figure [4.9) shows the temperature distribution

through the domain for the case that two composite materials, k; = 0.32W/Km and
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ke = 0.19W/K'm, are glued to each other with high conductive resin, k. = 3W/Km with

length 0.0005m. As the plot shows, inclusion has a uniform temperature.

Temprature amplitude
u(x,H(K)
o
IN

o
N

0 1 2 3 4 5
Space coordinate (m) -3

Figure 4.9: Temperature distribution through the domain with a high conductive inclusion at

the interface.
The capacitance is given by

C, = pCV (4.34)

where p ,C' and V are the density, thermal capacitance and volume of the inclusion,
respectively.

For a conductive body with uniform temperature, no bulk heat source and no work
done the relation between the heat flux and the temperature is
du,
dt
where g, is the total flux across the boundaries and u, is the temperature in body. In

ge = Cy (4.35)

the Laplace domain we have

Qc(s) = CysUc(s) (4.36)

the transformed variables have been indicated by capital letters. We introduce the nondi-

mensional Laplace variable and heat flux by

s
s=5 QB =gp

(4.37)
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where U is the amplitude of the boundary sinusoidal temperature excitation and k. is

the thermal conductivity. We define the nondimensional groups
B wl?

. = D
Bc T Q. ) (sc = ﬁl

where a, = k./(pC) is the thermal diffusivity. Therefore the nondimensional relation

(4.38)

between total flux on the boundaries and bulk temperature in the inclusion is

Voe , _— ,_ .
7 6150.(5) = Quls) (4.39)
with the nondimensional thermal capacitance given by
- Vo,
Ci=—" (4.40)

[
which depends on the volume of the inclusion, V', and on the total length [. The effect

of the capacitance is therefore relevant if the ratio V/I is not negligible.
For the system in figure the input to output relation is given by the following

relation

Ui(s) Uso($)
Q1(s) Qoo (8)

The plot of w versus the temperature amplitude at = 1 obtained from the analytical

1 0
C_’tS 1

_ 1
- 0

4.41
Hy (4.41)

2 [1 1/o

solution of system ({3.3) and from the quadrupoles solution with thermal capacitance is
given in figure [4.10] Thermal conductivity of first and second layer are k; = 0.32W/Km
and ko = 0.19W/Km and they are glued by high conductive resin with k. = 3W/Km.
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12

101

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

u2/ U

Figure 4.10: Comparison between the analytical solution (solid line) and approximation
of the inclusion with C; (dashed line)

The observation point is the back side of the slab and by considering x = 1, one
can find the transfer function for (4.41)) and (3.14). Specifically, the transfer function

between U, and U is

Us(s) 02 .
U(s) o Vb

X (cosh((a1 + ay — 1)\/%) <QQ\/5_2613 cosh(ay/02015)

+ (0+/B1s + (B1s)*/2Cy) Sinh(am/&zﬂls))
— sinh((a; + as — 1)\/@) (0@2\/52515 cosh(ai/d2515)
+ (6C; — 1)Bys sinh(&1\/52ﬁ13)>> (4.42)

The transfer function is approximated by (4.1) and the coefficients are obtained by
(4.2). The first three coefficients are

bo =0 (a1/o2—ar —as+1/o+1) (4.43)
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3(ay + as — 1)3 ED) a;,C
bl:a<(1 5 ) _<a1+a2_1)(172+ 1@;)

N (a1 +ag — 1)* + a3y N Ciay — ai(a; +ag — 1) ai‘é;’/z a15;/2(a1 +ay — 1)?

20 002 - 12@255/2 4925%/2
— 1)+ a2 — 1)
pg Tt radh (ata-]) (4.44)
4@2 292
o 5a3ds(ay + as — 1)(a10200 + 4C_’t)
by = — +
120 02
aq 5aq

E (ai‘ég + 10@%(52@11 + a9 — 1)2) + 7(&1 + ag — 1)4

5&1

U a1y (a% | 4aiC,dy | dar(ar +a; 1) (a}(=0) — (a1 +ay — 1))
0 o

02 02
_ 10@1 ((ll + a9 — 1)3(61152Q2 + QCt)

i 6@1(@1 + a9 — 1)2<a152Q2 -+ 2ét)

02 02

+ (a1 + ay — 1)4>

— (al + as — 1)5) (445)

For n = 2 and n = 3 the plot of the left-hand side of (4.6 versus (31 is shown in
figure with the horizontal line representing the right-hand side for |uy| = 0.3403.
The intersection represents the graphical solution of the implicit inverse problem ({4.6])

which is approximately 6.5.
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16

Figure 4.11: Plots of the left hand side of (4.6 versus f; for n = 2 (dashed line and
n = 3 (dashed-dotted line). The solid line is the graph (versus ;) of the right-hand side
for |us| = 0.3403



Chapter 5

Effect of the finite length of the
domain in the problem of frequency

predetermination

5.1 Introduction

The goal of this chapter is to assess the effect of finite length of the domain on the
solution of the inverse problem. A closed form solution of the inverse problem was
derived in [38] within the assumption of semi-infinite domain. Here we investigate the
effect of the finite length and indirectly assess the validity of the semi-infinite domain
simplified framework. The final goal is to establish the peculiar conditions that require

the additional complications associated to the solution in the finite domain.

5.2 Fourier series solution

The Fourier series solution of the non homogeneous initial-boundary- values problem
(3.2) for @ = 1 ( in the remaining part of the thesis we will drop the subscript 1) is
obtained by transforming it into a semi-homogeneous problem. Following [4], we express

the solution for in the form

u(z,t) = Sz, t) + v(x,t) (5.1)

where S (z,t) = A (t) x + B (t) satisfies the non-homogeneous boundary condition ((3.2b]).
Time dependent coefficients A(t) and B(t) are determined by enforcing the boundary

49
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conditions (3.2¢]) and (3.2c). We obtained

B (t) = U sin(wt) (5.2a)
Alt) = U‘Iﬁ—“f;;” (5.2b)

and
S (z,1) = U‘;{:Si—nfjt)x + U sin(wt) (5.3)

Substituting from ([5.1)) into (3.2)) gives an homogeneous initial boundary-value-problem
for U with internal heat source given by —05/0t

ov 98 v v v uwcos(wt)

EjLE:a@:E_a@x? + P r — wcos(wt) (5.4a)

v(0,t) =0 (5.4b)
ov

k% (l,t)+pv(l,t) =0 (5.4¢)

v(z,0)=0 (5.4d)

To solve the initial-boundary-value problem, separation of variable is used. We have

v(z,t) =X (x)(t) (5.5)
by substituting it in we obtain
X2 =Xy (56)
therefore
w@ X@ 61

where A is called separation constant or eigenvalue. Therefore the space and the time

parts of the solution satisfy the ordinary differential equations

0?°X
0x?

M _
ot

= \X (2) (5.8)

o) (t) (5.9)
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by combining the general solutions we obtain

v(z,t) = e N (Asin(Az) + B cos(A\z)) (5.10)
By enforcing the boundary condition (5.4b]) and (5.4c]), eigenfunctions and eigenvalues

are obtained. By applying these boundary conditions to the spatial equation we have

B=0 (5.11)

kAN cos(Al) + uAsin(Al) =0 (5.12)
= tan(\l) = _—k)\
v

and the corresponding eigenfunctions are

X, = sin(\,x) (5.13)
where the eigenfrequencies \,, n = 1,2, ... are the solutions of ((5.12)). The solution for v

is then written as the series

vz, t) =Y Tu(t)Xn() (5.14)

The time dependent coefficients T,, are given by

t

T, = An—i—/Fn(s)e“"Sds e ot (5.15)
0
with
I
F,=L" /g(x,t)Xnda; (5.16)
0
where a, = o?),? and &(z,t) = — (%W) xr — wcos(wt) which is obtained from

(5.4a)). Also we have

o~

A, = L‘l/—S(m,O)Xndx (5.17)
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l
L, = / X2da (5.18)
0

where A, and L,, are the Fourier coefficients and normalizing constant, respectively.

Fourier coefficients and normalizing constants can be explicitly written as

(I —sin(2A\,0)) /2X, (5.19)

l\DI»—t

!
L, = /sin()\nx) dx
0

—S(z,0)sin(\,x)dz (5.20)

_ Lin {_ (‘; S_ifi?z)) sin(Anz) + sin(0) sin(\,z) | d

h

l
1/ —&(x,t) sin(A\,z)dz (5.21)
0

!
_ 1 W COoS wt) ' '
=7 / [ ( P ) xsin(A\,z) + w cos(wt) sm(/\nx)] dr

_ LL {(w;;{;c—io_suc;t ) ( lcc;sj/\ N sinignmﬂ
+ Lin K%j“’”) [cos(Anl) — 1]}

To calculate the integral part in 7T,, (5.15]),we define
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t
H= /Fn(s)eansds (5.22)
0

¢
1 Wi —lcos(Apl)  sin(Ayl) ans
=7 <k‘+ul) ( " + 2 /cos(ws)e ds
0

(%) fcos(Anl) — 1]} / cos(ws)eods

oo 1 wh —lcos(Anl) N sin(\,0)
L, |\ k+ ul A A2

(%) (sin(wt)em + 2 cos(wt)et — )

W

so that

T, = He ont (5.23)

Substitution into equation (5.1)) gives

w(z,t) = S(z,t) + Y Tu(t)X,(z) (5.24)

with steady-state solution given by

oo )\2
P (2,t) = Usi t<1— i >+U i <t+t 1ﬂ)‘An 5.25
Ugy(z, 1) sin w — w;sm w an™ —% | sin A,z (5.25)

5.2.1 Approximate eigenfrequencies

The plot in figure [5.Ishows the first graphical solution (circles) of the characteristic
equations ((5.12)). The proximity with the vertical asymptote suggests the possibility of

approximating \,l with the more convenient expression

A (20— 1)7/2 (5.26)

Table gives the first five values of the actual and approximation of \,,.
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Table 5.1: Numerical values for the approximation of tan(A,l) = _7k)\n

eigenvalue An (2n—1)7/2
67.6253 52.3599
163.7727 157.0796
265.9555 261.7994
369.5179 366.5191
473.5812 471.2389

Sl | W N =

40 |

20 |

0f
~20 |

—40 |

ol e
0.0 0.5 1.0 1.5 2.0

M

Figure 5.1: Plot of the function tan Al vs. Al and of the line —5)\[ vs. Al for three values
of the non dimensional group %)\l, that is 10,15, and 20. Circles are located on the first

root of the characteristic equation ({5.12))

5.2.2 Error of eigenvalues approximation

The relative percentage error

€, = 100 (1 - ﬁ) (5.27)
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introduced by the approximated eigenvalues, is plotted in ﬁgureversus k/ul € [0.2,20]

forn =1,2,3. As the figure shows, for carbon steel with k£ = 49m—”;( slab with length

w
m2K

For a slender bar of length [ = 10m the error ¢; increases to about 30%. Interpolation

the maximum relative percentage error is 16% < ¢; < 18%.

[ = 1m in air with pu = 25

function to estimate the error for n = 1,2 versus k/ul have been obtained by fitting data
in the range k/ul € [0.2,20] by assuming the dependency to be a power series of ul/k
truncated at the third order

B ul ul 2 ul 3
€ =37.5— 19.5? +0.167 <?) +4.27 <?) (5.28)
ul ul 2 ul 5
€3 =4.51 — 0.431? -+ 0.000391 i’ +.00844 i’ (5.29)
0 |
5 25 i
© 20 ¢F ;
x i ]
o 15°¢ .
= [ ]
© L ]
g 10 : ;
5¢F .
NS
OF, T T === e e e e
5 10 15 20
K/ put

Figure 5.2: Relative error introduce by the approximated frequency vs. k/ul € [0.2,20]

for n = 1,2,3 (respectively: continuous line, dashed line, dashed-dotted line).

The expression in (5.28) and (5.29)) interpolate the data with a maximum relative
percentage error of less than 3% in the given range of ul/k. By using the approximated

eigenvalues the boundary condition at z = [ is not exactly satisfied.
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5.3 Periodic solution

In this section we derive a closed form solution of the initial-boundary-value problem
(3.1) that is based on the fact that the boundary condition at z = 0 is periodic. The
generalized version of (3.1b)) is introduced [49)

u(0,t) = Uexp(yuwt) (5.30)
where ) = /—1.

Since the excitation is periodic, the solution is expressed as u(z,t) = ((x)exp(jwt).
In this framework, the second derivative with respect to the space variable can be viewed
as a transformation of the time-periodic function with amplitude U at the point x = 0
to the time-periodic function of amplitude ((x) at point x € [0, 1].

Substituting into gives the following governing equation for ()

¢ w
2 ol 0 (5.31)
whose general solution is
((z) = Crexp(oz) + Crexp(—ox) i ‘% (5.32)

The constants, C; and Csy, as determined by the boundary conditions are

ko — —20l
= U ( o M) erp(—201) (5.334)
ko+un)1— Errecrp(—20l)
U
Cy — —_ (5.33b)
1 — b zeap(—20l)

Substituting (5.32)) to (5.30) the general solution for the homogenous equation is

u(z,t) = [Crexp(ox) + Crexp(—ox)] exp(jwt) o= (1+7)4/ % (5.34)
Note that for | — oo the periodic (steady-state) solution reduces to

ugs(x,t) = Uexp <—$\/%) exp (] (wt — x\/%)) (5.35)

which is consistent with the approximate steady-state solution found in [38] for a semi-

infinite domain.
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Consider the complex number = = %ewp(—&rl). For [ > 0 and w > 0 we have

lexp(—20l)| < 1. Therefore the absolute value of = is bounded by

4 4 4
VAR + p (5.36)

| <
2k 4 2 + 2kp
which is always less than one provided that k£ > 0 and A > 0. This implies that

1 T e —ko\"
= Z: = Z (Z n ka) exp(—2nol) (5.37)
- n=0

n=0

—_
—
—_—

by substituting (5.37)) into (5.33) gives the steady-state periodic solution in the finite

spatial domain

g (2, 1)

> (p—ko\"
U;(u+ka)
( x+2nl) ( ( x+2nl>)
X |exp| — 5 exp | 7| wt— 5
(= ko exp r—(2n+ 1)1
p+ ko )

o (o 201

where § = 1/%". Terms in the series ([5.38)) represents thermal wave propagating in the
th

(5.38)

finite domain, with successive reflection at the extremities of the specimen. The (n + 1)

reflection occurs at time

2nl
t, = 5.39
vV2aw ( )

respectively at x = [ for even n and at x = 0 for odd n. For a given time instant it

is therefore possible to find the number of reflections occurred up to that time. For
n = 1 and for a given time lapse, this formula can be used to obtain an estimation of the
characteristic length for which the semi infinite domain framework holds.

To evaluate the error between semi-infinite domain and the model with the finite
length of the domain, relative error of uss from ([5.35) with respect to w2, is defined as

follows
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e(x,l) = ‘1 — Z;f (x,1) (5.40)
B 1 — exp(—20l)
- Z;fo@xp(—Qa(l — 1))

where |.| is the amplitude of the complex number in the argument. As the error equation
shows, by increasing the length, [, lim; ,., ¢ = 0 for a finite x. For given observation
point x the error decreases as [ increases. On the other hand, for a finite length, [, error

increases by changing the observation point for 0 to [.

5.4 Results and Comparison

This section is composed of two main parts. In the first part, the prediction of semi-
infinite domain solution is compared with the analytical results of Fourier series and
periodic solution which are derived in previous sections and with numerical results from
ANSYS™™ commercial finite element software. In the second part, an interpolating
formula between the frequency of excitation w and the amplitude of the steady-state
solution !ufs‘ is derived. Power series based on the closed form solution in [38] prove
that in several relevant cases the dominant term is identifiable with the semi-infinite

domain solution.

I.Comparison and numerical validation

The results in this section have been computed for carbon steel with the material prop-
erties k = 49.8 W/Km and o = 1.34 x 107°m?/sec. The air convection parameter is
pw=20W/Km?*.

Figure shows the temperature profile from Fourier series solution (5.24) as a
function of space and time coordinates for [ = 0.03m. Convection boundary condition has
been considered at the right side of the plate, [ = 0.03m. Due to the sinusoidal excitation,

for every spatial location = the solution oscillates in time with constant amplitude.



Chb:Eftect of the finite length of the domain in the problem of frequency predeterminationb9

== 7

o,
S
727

e o

T
ZZ LA
7>

=
=
Z

===

==
==z

=

=2

AWy
T 7

e

ZZ
==

ZZ
=

WA}

,.
o
==
~Z

Temperature raise(K)

1
==

-

=

0.01
Space coordinate (m) 0o

Time (sec)

Figure 5.3: Temperature profile in space coordination corresponding to Fourier series
solution.
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Figure 5.4: Temperature profile in space coordination corresponding to periodic solution.

Temperature amplitude profile for periodic solution with the periodic excitation ((5.35))
at x = 0 and finite length, [ = 0.03m with convection boundary condition at [ = 0.03m

is shown in figure The simplified formula of the radial frequency of the excitation as
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a function of the temperature profile amplitude was derived in [38] under the hypothesis

o (i () o

which is consistent with (5.35]).
To assess the validity and limitation of (5.41) two different lengths are considered,
[ = 0.03m and [ = 1m, with observation point at z = 0.03m. Figure illustrates

of semi-infinite domain

the comparison of w versus |uss/U| among the semi-infinite domain, analytical solution
from Fourier series and ANSYS software for [ = 1m, t = 300s and observation point
x = 0.03m. Observation point is relatively far from the extreme of the spatial domain. As
it is shown in the figure [5.5], the semi-infinite domain is qualitively a good approximation
of the Fourier series solution in the finite domain, and of ANSYS numerical solution,
due to the fact that in this case the observation point is far from the extreme subjected
to convection, and therefore the effect of the boundary excitation dominates the effect
of the finite length. The same conclusion holds for the plot in figure [5.6| which shows
semi-infinite solution reproducing results from ANSYS and from the periodic solution in

the finite domain. In this case the two sets of analytical results are virtually overlapped.

0.14

©
=
N

w
o
o
o

0.04}

0.02}

0 0.2 0.4 0.6 0.8
Juss|/U

Figure 5.5: For [ = Im,t = 300sec, and x = 0.03m plots of w versus |ugs| corresponding

to semi-infinite solution (solid line), Fourier series solution in the finite domain (dashed

line), and ANSYS numerical simulation(*).
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The effect of the finite length cannot be neglected when the temperature is observed at
the boundary subjected to convection boundary condition. We consider again a domain
of length [ = 0.03m with observation point at x = 0.03m. At point = 0.03m the semi-
infinite solution is observable [38] and the therefore the comparison is possible. In this
case the semi-infinite domain hypothesis obviously fails and the frequency of excitation
w is underestimated. The result is illustrated in figure [5.7]

0.14

©
=
N

w
©
o
o)

0 0.2 04 0.6 0.8
Juss/U

Figure 5.6: For [ = 1m,t = 300sec, and = 0.03m plots of w versus |uss| corresponding

to semi-infinite solution (solid line), Periodic solution in the finite domain (dotted-dashed

line), and ANSYS numerical simulation (*).
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Figure 5.7: For [ = 0.03m,t = 300sec, and = 0.03m plots of w versus |ugs| corresponding

to semi-infinite solution (solid line), Fourier series solution (dashed line), Periodic solution

in the finite domain (dotted-dashed line), and ANSYS numerical simulation (*).
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Figure 5.8: Plot of the relative error function €(0.03,1) versus [ for w =
0.01rad/sec(dotted-dashed line), w = 0.06rad/sec(dashed line), w = 0.11rad/sec(solid
line).
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The error function e(z,l) in is illustrated in figure [5.8] Three values of
the excitation frequency are used, namely w = 0.01rad/sec(dotted-dashed line), w =
0.06rad/sec(dashed line), w = 0.11rad/sec (solid line). The error function indicates that
the amplitude rapidly decays to zero as the length increases; the characteristic length
at which the error is virtually zero decreases with increasing w. The result in figure
[5.8] implies the validity of semi-infinite approximation for relevant experimental condi-
tions. In addition, if the length of the specimen is relatively larger than the observation
point, the related closed form for parametric predetermination can be used to design the

experiment.

I1. Parameter predetermination with finite length periodic solution

Consider a carbon steel slab with the same material parameters as in the previous sub-
section. In order to assess the limits of applicability of formula ([5.35)) with respect to the
length [ we consider the observation point z = 0.03 m, in which the semi-infinite solution
is measurable (in the sense that the amplitude is non zero), and compute the parameter
W versus ‘Ui‘ for [ € [0.03m,0.4m|. In order to obtain interpolation expressions that
can be compared with the data obtained for different values of [ is best fitted with

P
uSS

U

power series of In

)j (5.42)

The first four fitting coefficients (n = 3) are plotted in figure versus [. For [ >
0.15m coefficient ay — 2a/2* and a; — 0 for j # 2. Therefore for carbon steel it is

wzzn:aj (ln‘%ﬁ

J=0

appropriate to use the semi-infinite domain model for [ > 0.15m with x = 0.03m.

By repeating the same analysis for aluminum (k = 235W/Km,a = 8.6 x 10~°m?/sec)
we obtain the plot in figure [5.10, which reveals that in this case it is appropriate to use
formula for parameter predetermination when [/ > 0.1m and the observation point
is locates at x = 0.03m.
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Figure 5.9: Plot of the first four fitting coeflicients in 1' for z = 0.03m. Fine dashed,
coarse dashed, continuous, and dashed-dotted lines correspond respectively to fitting

coefficients with increasing index. Material is carbon steel.
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Figure 5.10: Plot of the first four fitting coefficients in 1) for x = 0.03m. Fine
dashed, coarse dashed, continuous, and dashed-dotted lines correspond respectively to

fitting coefficients with increasing index. Material is aluminum.



Chapter 6

Experimental validation

6.1 Introduction

The aim of this chapter is to experimentally verify formulas derived in chapter 4. The
approximated formulas for frequency of excitation, , can be used for single layer
material and for two layer material when the layers are in a perfect contact. Also, the
simplified formula in [38] is assessed experimentally. The frequency of excitation which

is obtained by this simplified formula is used in this experiment for fault detection.

6.2 Experiment design

6.2.1 DMaterial and geometry
A. Single-layer

A 50 x 50 x 0.6 ¢cm acrylic glass plate with thermal conductivity £ = 0.3 W/Km and
diffusivity of a = 1.1239 x 1077 m?/sec is used for this experiment. Acrylic glass is used
because of the low thermal conductivity which allows to localize into a relatively small
area the heat transfer and consequently the effect of the edges can be neglected.

To verify that the defect can be detected by the frequency of excitation from simplified
formula, (5.41)), three defects with deferent sizes are considered. Since a large panel is
needed, we divide the panel into four parts. In three of them a circular hole is made as
a defect while the fourth one left as a healthy part (no defect in it). In part one and two
we introduce a circular hole with diameter ¢ = 2” and ¢ = 1” and with depth of 3 mm,

respectively. These defects are located at the center of each portion which all of them

65
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are at the back side of the plate. In part three, four identical circles with the diameter
of ¢ = 0.5"” are considered. The centre to centre distance between the four holes is 1”.
(see figure . To avoid effects associated with transparency, the back side of the panel
is painted with black paint.

Figure 6.1: Illustrate the specimen with defects, ¢ = 2", ¢ = 1” and ¢ = 0.5”

We require the defects to have a flat end to obtain almost uniform temperature

distribution. To satisfy this condition, milling is used for machining.

B. Two-layer

To experimentally reproduce an interface, two acrylic glass sheetswith the size of 50 x
50 x 0.3 e¢m is considered. The layers are glued with Methylene chloride. Since the
Methylene chloride loses adhesion properties when heated and since the area subjected
to heating is the center, we glue only the regions near the edges. High pressure is applied
after putting some glue on the surface. The final thickness is measured by caliper to
be 0.006 mm and since the surface is smooth with virtually zero curvature, we assumed
perfect contact at the center of the material. To avoid effects associated to transparency

the back side of the panel is painted with black paint.
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6.2.2 Experiment set-up

The experimental set-up is shown in figure [6.2 An infrared lamp with power 300 W is
used to heat the material. The lamp is installed in front of the surface where the defects
cannot be seen approximately with the center coincident with the center of the defect.
This concentric condition helps to excite the defect in a uniform way since the diameter
of the lamp, close to 5", is bigger than the defects size. The distance between the lamp
and panel is set to 10 ¢m. An infrared camera FLIR-~i7 is used to capture the images.
The camera specification is given in table The camera is equipped with software for
post processing the images. We used FLIR R&D to visualize thermal pattern, analyze

images, and reduce the noises to have precise detection of deficiencies.

Figure 6.2: Experimental set-up for infrared thermography

6.2.3 Experiment
First, the formula,(5.41)), is tested. Second, the approximated formula, (4.7c|), for single

layer and two-layer are tested.

To produce the frequency of excitation for experiment, the lamp is turned on and
off alternatively in a constant period of time which is computed by the ¢t = 7w/w. For
example for w = 0.02 rad/sec we have t = 7/.02 = 157.0796 sec. The experiment is

run for frequency of w = 0.02,0.05 and 0.15 rad/sec and the period of excitations are
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Table 6.1: FLIR 47 specification

Thermal image quality: 140 x 140 pixels

Field of View: 29°(H) x 29°(V)

Spot meter, area with max./min. temperature, isotherm above/below

Field of View: Thermal sensitivity: 0.10°C

computed and illustrated in table|6.2] The excitation is applied for three cycles and then

the images are captured from the same side of excitation during the cool-down process.

Table 6.2: Required time for excitation in experiment for different w

w (rad/sec) 0.02 0.05 0.15

time (sec) 157 63 21

A. formula (5.41)

The frequency range for acrylic glass with the defect at the depth of 3 mm is obtained
by and the result is shown in the figure .

In order to verify equation , the parts of the panel with defects are exposed
to an oscillatory heat source with three different frequency of excitation. The first two
frequencies(w = 0.02 and 0.05) are chosen from the frequency range of detectability
predicted by the formula and the third frequency, w = 0.15, is chosen outside the
range to verify the prediction (see figure . As suggested by the analysis in Chapter
5,(see figures ,since the observation point is on the excited surface the
finite length should not influence the results, and therefore the simplified formula valid
for a semi-infinite domain can be used.

Figures to show the temperature distribution on the front surface of the
acrylic glass. The defects are detected by the given frequency from formula ,
w = 0.02 and 0.05 rad/sec, but for the value of frequency of excitation which is out

of the range, w = 0.15 rad/sec, the images are fuzzier and it would be hard to have a
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Figure 6.3: Plot of frequency of excitation versus temperature at observation point for

acrylic glass with the thickness 6 mm

correct detection. The results show that by increasing the frequency of excitation, the
images become fuzzier as predicted by the model. For example, images in figure and
for w = 0.15 rad/sec are fuzzier and because of lacks accuracy we might have a wrong

detection.
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Figure 6.4: Image of temperature distribution for the defect size ¢ = 0.5” with the

excitation frequency w = 0.02 rad/sec

Figure 6.5: Image of temperature distribution for the defect size ¢ = 0.5” with the

excitation frequency w = 0.05 rad/sec
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Figure 6.6: Image of temperature distribution for the defect size ¢ = 0.5” with the

excitation frequency w = 0.15 rad/sec

Figure 6.7: Image of temperature distribution for the defect size ¢ = 1” with the excita-

tion frequency w = 0.02 rad/sec
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Figure 6.8: Image of temperature distribution for the defect size ¢ = 1” with the excita-

tion frequency w = 0.05 rad/sec

Figure 6.9: Image of temperature distribution for the defect size ¢ = 1” with the excita-

tion frequency w = 0.15 rad/sec
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Figure 6.10: Image of temperature distribution for the defect size ¢ = 2" with the

excitation frequency w = 0.02 rad/sec

Figure 6.11: Image of temperature distribution for the defect size ¢ = 2" with the

excitation frequency w = 0.05 rad/sec
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Figure 6.12: Image of temperature distribution for the defect size ¢ = 2” with the

excitation frequency w = 0.15 rad/sec

B. Single-layer

In order to test equation , the defefct-free of the panel is heated with a sinusoidal
excitation. The temperature at the observation point (back side of the specimen) is
obtained by capturing the image for each frequency of excitation, w. The panel is ex-
cited for 3-4 cycles and in cooling down process the camera captures the temperature
distribution of back side of the object. In , the temperature at observation point is
normalized with the amplitude of the source. Amplitude of the heat source is captured
by the camera right after beginning of the cool down process. This result is compared
with the result from ([£.7d), N = 1 and N = 3, that we presented in chapter 4. The
comparison are shown in figure [6.13]
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Figure 6.13: Plots of frequency of excitation versus temperature at observation point
for comparison between the experiment result (*), approximation solution, (4.7d|), for
N = 1(dashed line),and approximation solution for N = 3 (dotted-dashed line) for

material acrylic glass with the thickness of 6mm.

C.Two-layer

We used the same parameters and procedure as in the single layer case. The comparison
between the (4.7¢), N =1 and N = 3, and experimental result is plotted in figure m

Conclusion for single and two-laye material

As the plots in figures, [6.13] and [6.14], show the experimental result are in a good agree-
ment with the polynomial approximated solution. However, there are some unavoidable
errors intrinsically associated to the basic equipments that we used and to the experimen-
tal protocol. Some of the possible sources of inaccuracy in the experimental procedure

discrepancies with the models are

e In analytical analysis excitation is considered on the boundary. To produce this
situation in experimental set up, we should locate the lamp very close to the surface
of the panel. Close distance makes some damages to the surface. To avoid this
damage we should increase the distance for excitation which leads to amplitude

attenuation.



Ch6: Experimental validation 76

0.11

T
*
I

0.1
0.09} : 1
0.08} v * |
0.07} N 1
0.06} N * 1
0.05} DN 1
0.04 ~o o * 1
0.03} T~ 1

0.02t ‘ ‘ ‘
0 0.1 0.2 0.3 0.4
Temperature at observation point

Figure 6.14: Plots of frequency of excitation versus temperature at observation point
for comparison between the experiment result (*), approximation solution, (4.7d|), for
N = 1(dashed line),and approximation solution for N = 3 (dotted-dashed line) for two-

layer panel with the thickness of 6mm.

e the model is one dimensional and therefore heat conduction in the transversal

directions is neglected.

e [t is difficult to create a uniform excitation because of the curvature of the infrared
lamp and because the Tungesten in the infrared lamp produces a concentrate exci-
tation rather a distributed and uniform one. A uniform excitation can be obtained
by increasing the distance between the lamp and the plate; however, there would

not be a enough heat for excitation.

e Temperature stops raising after it reaches the melting temperature. It occurs when
the panel is excited with low frequency,w = 0.02 for a long time. This is the reason
of the big error associated to w = 0.02 in figures and [6.14]

e human, equipment, and measurement error.



Chapter 7

Summary and Future work

7.1 Summary of contributions

e The relation between the frequency of excitation and temperature at observation
point is estimated by an implicit polynomial solution for homogeneous and two-

layer slab.
e A simple approximated formula based on first order truncation is obtained.

e The first order approximation can be an effective design tool for infrared non-

destructive testing when the solution of the inverse problem is required

e The relation between the frequency of excitation and temperature at observation
point is estimated in bi-quadratic structure for two layer slab with imperfect contact

at interface:
v'The relation for the case when an air gap exists at interface is obtained.
v'The air gap is approximated with resistance in thermal quadrupole method.

V' The relation for the case when a conductive material exists at the interface

is obtained.

v This conductive material is approximated with capacitance in thermal quadrupole
method.

e These estimated solutions can be used for predetermination of frequency of excita-

tion in experimental infrared thermography.
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e The detectability range predicted by the approximated formula are in good agree-

ment with experimental results.

e These estimation formulas for homogeneous and two-layer slab are verified experi-

mentally.

e The limitation and applicability of the simplified formula, [3§], are assessed:
v'It can be used to detect a defect in thin plate.

v'The defect should be close to surface where the excitation is applied.

e Effect of finite length on simplified formula is investigated:

v When the test point and convective boundary condition are in the same

location, effect of finite length cannot be discarded.

v'For aluminum and carbon steel, critical lengths with the simplified formula

is valid are obtained.

e The simplified formula for single-layer is verified experimentally that it can be used

for predetermination of frequency of excitation for in experimental design.

7.2 Future work

The present study is motivated by the design of experiment for Infrared non-destructive
testing techniques for single and multi-layer materials. Simple analytical model was
derived for predetermination of frequency of excitation which can be used for different
scenarios. This model allows to predict the range of frequencies necessary to detect a
defect at a given depth in single-layer, two-layer and when an inclusion exists at the inter-
face. The future work includes using this analytical model to find the location, size and
characteristic of the possible anomalies for parameter predetermination in experiment

design of non-destructive testing and damage detection in solid.



Appendix A

MATLAB codes

A.1 MATLAB code for single layer wall with persis-

tant sinusoidal osciliation on the boundary

k=49.8;h=20;D=7872;C=473;Tinf=0;T0=0;1=.03;H0=1; for Carbon steel
x=0:.000001:1;t=.01;kk=0;

for w=.001:.001:ww

Alfa=k/(C*D);

S=(1+1i)*sqrt (w/(2*Alfa));

T1=zeros(1,length(x));

Tl1l=zeros(1l,length(x));

Ttot=zeros(1,length(x));

A=HO* (((k*S-h)/ (k*S+h) ) * (exp (-2*S*1) / (1- ((h-k*S) / (k*S+h) ) *exp (-2%S*1)))) ;
B=(HO/ (1-((h-k*S) / (k*S+h) ) *exp (-2%Sx*1))) ;

for ii=1:1:length(x)
T1(ii)=(A*exp(S*x(ii))+B*exp(-S*x(ii)))*exp(likxw*t);
T11(ii)=abs(T1(ii));

Ttot (1i1)=T11(ii);

end

kk=kk+1;

TG(kk)=Ttot (length(x));

omega (kk)=w;

end

figure
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plot (TG, omega, ’blue’)

A.2 MATLAB code for single layer wall in Fourier

series

k=49.8;h=20;D=7872;C=473;Tinf=0;T0=0;1=.1;N=50;U=1;delta=.001; kk=0;
for 1=.03:.02: .4

x=0:delta:1;

t=0:1:300;

T00=0;

M=zeros(1,N);

An=zeros(1,length(x));

u=zeros (length(x),length(t));

S=zeros(length(x),length(t));

HH=zeros(1,length(t));

Erri=zeros(1l,length(1));

MaxFS1=zeros(1,length(1l));

Landa=zeros(1,N);

a=zeros(1l,length(x));

A=zeros(1,length(x));

for jj=1:1:1length(t)

for ii=1:1:length(x)

for 11=1:1:N

Landa=((11-.5)*pi)/1;

M(11)=(1/2)*(1-sin(Landa*1%*2)/(2xLanda)) ;

a=(k/(D*C))*Landa"2;

An=(1/M(11))*((h*Tinf/ (h*1+k))*(-sin(Landax*1l)/(Landa"2) ...
+1*cos(Landa*1)/Landa)) ;
A=(1/M(11))*(wxU/ (w"2+a"2) ) *(1/Landa) * ((h/ (k+h*1) ) * (-1*cos(Landax1) . ...
+sin(Landa*1)/Landa)+cos(Landaxl)-1);
u(ii,jj)=u(ii,jj)+A*sin(Landa*x(ii))* (wksin(wxt(jj))+a*cos(wxt(jj)))...
+(An-Ax*a)*exp(-a*t(jj))*sin(Landa*x(ii));

end

S(ii, jj)=C((h*Tinf-h*Uxsin(wxt(jj)))/(k+h*1))*x(ii)+U*xsin(w*t(jj));
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u(ii,jj)=u(ii,jj)+sS(ii,jj);

if ii==.03/delta+1l && t(jj)>=50
HH(jj)=u(ii,jj);

end

end

end

A.3 MATLAB code for single layer wall using quadrupole
method

K1=49.8;Den1=7872;Capl1=473;11=.03; Carbon steel3
w=input (’Omega= ’);
Hout=20;Tinf=0;

Area=1;

tmax=1180;

c=.0175;

N=350;

NT=3500;

dt=.1;

1i=0;

n=(1:N+1);

J=sqrt (-1);

Om=(n) *pi/tmax;

kk=0;

for ii=.001:.001:w;

Mi=sqrt ((J*ii)./al);
\%Material Matrix;
Al=cosh(11xM1);
Bl=sinh(11%M1) ./ (M1*K1*Area);
C1=Ki1xArea*M1.*sinh(11xM1);
D1=A1;

M maltiplication Matrix M
Bc=(A1l) /Hout/Area+B1;

Transferfunction=abs(1./Bc./Hout./Area);
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kk=kk+1;

TG (kk)=Transferfunction;
omega (kk)=ii;
BB(kk)=ii*a2./((11+12)"2);

end

A.4 MATLAB code for two layer wall using quadrupole
method with inclusion at the interface (Resis-

tance and Capacitance)

%K1=49.8;Den1=7872;Cap1=473;11=0.003; Ymatrial #1
al=K1/(Denl*Capl) ;

%K2=0.19;Den2=1410;Cap2=880;12=.002; Ymatrial #2

% a2=K2/(Den2%Cap2) ;

%% Boundary Condition

w=input (’Omega= ’);

Hout=20;Tinf=0;R=.01,;

Area=pi*R"2;

1a1=0.001;1a2=0.001;13=.00005; hinclusion geometry
%11=11-13;

%% Capacitant properties

Roa=1.293; hinclusion material propertis
Ca=1005;

Ka=.0243;

V=pix*(lal+la2)*(R)"2;

Ct=Roax*xCax*V; %Capacitant value
%% Material for Laplace Transform
tmax=1180;c=.0175;N=350;NT=3500;dt=.1;

1i=0;

n=(1:N+1);

J=sqrt(-1);

Om=(n)*pi/tmax;

kk=0;

for ii=.01:.01:w;
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%% Material Matrix

Mi=sqrt ((J*ii)./al);

M2=sqrt ((J*ii)./a2);

7M1 for material #1 %hcalculation of laplace parameters
Al=cosh(11%M1);

Bl=sinh(11%M1) ./ (M1*K1*Area);

C1=K1xArea*M1.*sinh(11xM1);

D1=A1;

JM2 for material #2 %hcalculation of laplace parameters
A2=cosh(12*M2) ;

B2=sinh(12%M2) ./ (M2*xK2*xArea) ;

C2=K2*Area*M2.*sinh (12*xM2) ;

D2=A2;

Yoo

R=(13)/(KaxArea) ;

%% %M maltiplication

%Bc=D2*(B1 + Al*Rcontact) + A1xB2 + (C2*(B1l + Al*Rcontact)....
+ A1xA2)/(AreaxHout) ;

%Bc=(B2* (A1 + B1xCt1))/(AreaxHout) + B1*D2;

Bc=D2*(B1 + A1*R) + A1xB2 + (C2*(B1 + A1*R) + A1%xA2)/(AreaxHout);
Bc1=(A1.*A2+B1.*C2) /Hout/Area+Al.*B2+B1.*D2;
Transferfunction=abs(1l./Bc./Hout./Area);
Transferfunctioni=abs(1./Bcl./Hout./Area);

kk=kk+1;

TG (kk)=Transferfunction;

TG1(kk)=Transferfunctioni;

omega (kk)=ii;

BB(kk)=ii*a2./((11+12)"2);

dif (kk)=abs (TG (kk)-TG1 (kk)) ;

end

%% Numerical Laplace Transform by Classic Fourier

%for i=1:NT

% t=ixdt;

% T2(1)=(exp(c*t)*(1/tmax)*sum(real (Teta2) .*xcos(Om*t). ...
-imag(Teta2) .*sin(0Om*t))+exp(c*xt)*(1/2/tmax) *real (Teta2(1)));
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% end
% plotting the results
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