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Reduced-Complexity Decoding of Fountain Codes

Master of Applied Science, Electrical Engineering Thesis
School of Information Technology and Engineering
University of Ottawa

by Ketai Hu
April 2006

Abstract

Fountain codes are a universal class of rateless codes originally designed for erasure chan-
nels. Naturally adapting to channel states without channel knowledge at the transmitter,
Fountain codes have recently been demonstrated also as an appealing solution for com-
munication over fading channels. However, their relatively high decoding complexity
limits their practical use in a wireless setting. In this thesis, we present a new decoding
algorithm for Raptor codes — a type of Fountain codes — over fading channels, where
the complexity is significantly reduced without sacrifice of performance.

ii



Acknowledgments

First, I would like to thank my supervisor, Professor Yongyi Mao, for his guidance,
encouragement and support during my graduate studies. He has created a demanding
educational environment combined with a social and celebratory spirit. While the skills
and knowledge that 1 have acquired are certainly significant, I truly enjoyed myself along
the way.

Next, 1 wish to express my deep gratitude to Jeff Castura, for his generous help
to verify my algorithm and run the simulations over the channel with capacity 0.25
bits/channel use, for his insightful comments and suggestions. Without his verification,
T would not have confidence to carry out the new algorithm.

All of our group have helped at various aspects of my study life at University of
Ottawa. Especially, they selflessly provided their computers and other computing re-
source such as HPCVL accounts during the simulation period. T am grateful to all of
them. Zhong has provided helpful suggestions on my algorithm occasionally, Xueying has
assisted me in data processing. I apologize I can not mention everybody’s name here.

Last, but not least, I would like to thank everyone else who has helped me to see that
I have chosen the right path.

iil



Contents

Abstract ii
Acknowledgments iii
List of Tables vi
List of Figures ix
1 Introduction 1
2 Background 3
2.1 Communication under channel uncertainty . . . . .. ... ... ... .. 3
2.1.1 Thechallenge . . . . . . . .. ..o 3

2.1.2  The paradigm of ratelesscoding . . . . . .. ... ... ... ... 6

2.2 Fountain codes . . . . . .. 7
2.2.1 Factorgraphs . . . . . . . . 7

2.2.2  The sum-product algorithm . . . . ... ... ... ... ... .. 8

223 Codesongraphs . . . ... ... ... 13

2.2.4 Iterative decoding of codes on graphs . . . . . . .. .. ... ... 17

2.2.5 LT codes and Raptor codes over erasure channels . . . . .. . .. 22

3 Reduced-Complexity Decoding of Raptor Codes over Fading Channels 26

3.1 Existing algorithms . . . . . . . ... ... oo oo 26
3.2 Performance and complexity metrics . . . . . .. ... .. ... ... 30
3.3 Proposed algorithm and theoretical justification . . . . ... ... .. .. 30

iv



CONTENTS CONTENTS
34 Proofs . . . . . 34

4 Simulation Results and Discussion 37
4.1 Simulation Setup . . . . . . . .. 37
42 Results . . . . . . 37
4.2.1 On channel with capacity 0.5 bits/channel use . . . . . ... ... 57

4.2.2  On channel with capacity 0.75 bits/channel use . . ... ... .. 59

4.2.3  On channel with capacity 0.25 bits/channel use . . . . .. .. .. 60

4.3 SUMMATY . . . . o e e e e 61

5 Conclusion and Future Work 63
5.1 Conclusion . . . . . . ... 63
52 Future work . . . . ..o 63

References



List of Tables

2.1 Q(x) of Raptor codes optimized for various values of k. Ounly the entries

corresponding to 03 # 0 are included in the table. . . . . ... ... .. 25

4.1 Comparison of the pair of (average realized rate, average decoding cost)
between Algorithm A and Algorithm B in various settings. . . . . . . .. 59
4.2 Comparison of the pair of (average realized rate, average decoding cost)
between Algorithm A and Algorithm B in various settings. . . . .. . .. 60
4.3 Comparison of the pair of (average realized rate, average decoding cost)

between Algorithm A and Algorithm B in various settings. . . . .. . .. 61

vi



List of Figures

2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

2.9

2.10

2.11

Probability density function of C'(h) for a fading channel, where the shaded
area indicates the limiting outage probability. . . .. .. .. ... .. ..
A factor graph representing product f1(x, 23) fa(22, Z3) fa{xs, 24, T5), where
squares represent functions nodes, and circles represent variable nodes.

Function node f passes a message according to (2.7) . . . . . . .. .. ..
Variable node v passes a message according to (2.8) . . . . . . ... ...
The computation of summary message 1, for variable node v according to
(29).
Factor graph corresponding to parity-check matrix H in (2.10). The “+”
inside each function node is meant to indicate that the function corre-
sponds to a check-sum constraint. . . . . . ... ... ... ... ...
Factor graph corresponding to generator matrix G in (2.11) . . . . . . . .
Example of communication diagram . . . . . . .. ... .00
A factor graph representing p(cy, cq, . . . C7) H::l p(y;|e;) constructed from
parity-check matrix H in (2.10). . . . . . ... ... ... 0oL
A factor graph representing h(mai, ..., My, 1, C2, ... C7) szlp(yilci) con-
structed from generator matrix G in (2.11). . . . ... .. .. ... ...

The factor graph of a Raptorcode . . . . . . . .. ... ... ... ....

vii

10
11

11

15

16

18

21

21



LIST OF FIGURES

LIST OF FIGURES

3.1

3.2

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

4.10

4.11

A detailed factor graph of a Raptor code. White circles represent LDPC
codeword bits, white boxes represent the parity checks of the LDPC code,
shaded circles represent the Raptor codeword bits, and shaded boxes rep-
resent LT code parity checks. The graph shows a Raptor code truncated
tolengthm. . . . . . . 0
A portion of the unwrapped factor graph of a Raptor code, depicting the
relationship between U; and U/ in the proof of Theorem 1. . . . . . . ..

Scatter plot of realized rate by Algorithm A(100,75) vs realized rate by
Algorithm A(100, 100) over channel with capacity 0.5 bits/channel use.
Histogram of number of bits required for successful decoding of Raptor
code with £ = 9500 on an AWGN with E, /Ny = —2.83dB (capacity is 0.5
bits/channel use). . . . .. ... ...
Scatter plot of realized rate by Algorithm B{100,50) vs realized rate by
Algorithm A(100, 50) over channel with capacity 0.5 bits/channel use.
Scatter plot of realized rate by Algorithm B(2, 1) vs realized rate by Al-
gorithm B(20, 10) over channel with capacity 0.5 bits/channel use.
Scatter plot of realized rate by Algorithm B(2, 1) vs realized rate by Al-
gorithm A(100, 100) over channel with capacity 0.5 bits/channel use.
Scatter plot of realized rate by Algorithm B(4,1) vs realized rate by Al-
gorithm A(100, 100) over channel with capacity 0.5 bits/channel use.
Scatter plot of realized rate by Algorithm B{6,1) vs realized rate by Al-
gorithm A(100, 100) over channel with capacity 0.5 bits/channel use.
Word error rate as a function of 1/R for the two algorithms over channel
with capacity 0.5 bits/channel use. . . . ... ... ... ... ... ...
Average decoding cost vs average realized rates for the two algorithms over
channel with capacity 0.5 bits/channel use. . . ... ... ... ... ..
Scatter plot of realized rate by Algorithm A(100,75) vs realized rate by
Algorithm A(100, 100) over channel with capacity 0.75 bits/channel use.
Scatter plot of realized rate by Algorithm B(2,1) vs realized rate by Al-
gorithm A(100, 100) over channel with capacity 0.75 bits/channel use.

viii

38

39

40

41

42

43

44

45

46

47



LIST OF FIGURES

LIST OF FIGURES

4.12

413

4.14

4.15

4.16

4.17

4.18

4.19

4.20

Scatter plot of realized rate by Algorithm B(4,1) vs realized rate by Al-
gorithm A(100, 100) over channel with capacity 0.75 bits/channel use.
Word error rate as a function of 1/R for the two algorithms over channel
with capacity 0.75 bits/channel use. . . . ... .. ... ... .. ... .
Average decoding cost vs average realized rates for the two algorithms over
channel with capacity 0.75 bits/channeluse. . . . . ... ... ... ...
Scatter plot of realized rate by Algorithm A(100,75) vs realized rate by
Algorithm A(100, 100) over channel with capacity 0.25 bits/channel use.
Scatter plot of realized rate by Algorithm B(2,1) vs realized rate by Al-
gorithm A(100, 100) over channel with capacity 0.25 bits/channel use.
Scatter plot of realized rate by Algorithm B(4, 1) vs realized rate by Al-
gorithm A(100, 100) over channel with capacity 0.25 bits/channel use.
Scatter plot of realized rate by Algorithm B(10,1) vs realized rate by
Algorithm A(100, 100) over channel with capacity 0.25 bits/channel use.
Word error rate as a function of 1/R for the two algorithms over channel
with capacity 0.25 bits/channel use. . . . .. ... ... ... ... ...
Average decoding cost vs average realized rates for the two algorithms over

channel with capacity 0.25 bits/channel use. . . . . ... ... ... ...

ix

49

50

51

52

53

54

55

56

57



Chapter 1
Introduction

Wireless communication has brought a surge of research activities in past decade. In this
setting, it is often the case that the communication system needs to be designed without
the transmitter’s knowledge of channel states. Over fading channels with large coherence
time, the challenge of channel uncertainty translates to an inevitable trade-off between
the achievable rate and the outage probability.

The invention of Fountain codes [1,2] — including LT codes and Raptor codes, orig-
inally designed for erasure channels, has signaled a new paradigm for communication
under channel uncertainty [3,4]. Without the need of channel knowledge and even chan-
nel statistics, Fountain codes have demonstrated to be universally capacity-achieving over
erasure channels. This success has inspired great research interest recently in information-
theoretic generalization of Fountain codes to “rateless codes” [5,6] and the applications
of these codes to other settings of channel uncertainty. In particular, Fountain codes have
been used for communication over wireless channels and “universal-like” and capacity-
approaching performance was shown [7].

However, unlike over erasure channels, the existing decoding algorithms for decoding,
Fountain codes over Gaussian and fading channels incur relatively high complexity. This
fact to an extent limits the practical use of Fountain codes for fading channels.

In this thesis, we propose a new algorithm, which is a simple modification of the
decoding algorithm for Raptor codes — a type of Fountain codes — over fading channels.

Similar to the original decoding algorithm, our algorithm is still based on the sum-product
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algorithm [8] on the factor-graph representation of the code. But instead of resetting the
decoder at every decoding attempt, the results of previous decoding attempt are used
to initialize the current decoding attempt. We show that comparing with the existing
decoding algorithms, the modified algorithm in this thesis offers a significantly reduced
decoding complexity with no performance loss and even performance gain.

Specifically, the contribution of this thesis is as follows.
e A new decoding algorithm for Raptor codes over fading channels is proposed.
e Theoretical justification of the proposed algorithm is given.

e The algorithm is simulated over various channel settings and significant advantage

in complexity and in performance-complexity trade-off is demonstrated.

This remainder of thesis is organized as follows.

Chapter 2 gives necessary background that is need for the development of this thesis.
Chapter 3 examines the existing algorithm for decoding Raptor codes over fading chan-
nels, and outlines the performance and complexity metrics considered in this work, and
proposes the new algorithm with theoretical justification. Chapter 4 presents simulation
results. The thesis is briefly concluded in chapter 5.



Chapter 2

Background

2.1 Communication under channel uncertainty

2.1.1 The challenge

In many communication scenarios, the communication system needs to be designed with-
out complete channel knowledge. This results in the challenge of communication under
channel uncertainty [3]. One such example of great practical significance is the wireless
communication setting, where for example, the transmitter, the receiver, or both, have no
knowledge of the channel gain or even the channel statistics. A typical wireless channel

— usually referred to as a fading channel — may be modeled in general as

where, at time ¢, y; and x; are respectively the received and transmitted complex symbols,
h; is the channel gain, and z; is the complex additive white Gaussian noise.

We note that here we only consider the point-to-point single-antenna communication
setting, where h; at each time instant ¢ is a complex scalar. Due to the stochastic nature
of wireless channels, {h; : ¢ = 1,2,...} is in fact a random process. One of the most
popular models for this process is known as the block-fading model, where h; stays as a

constant for every time block of duration 7, and assumes independent values — drawn
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from some distribution p, — across blocks. These blocks are typically referred to as
coherence blocks and T, referred to as coherence time [9]. On one extreme, if T, = 1,
the channel may be called a fast-fading channel. On the other extreme, if T, assumes a
very large number — larger than the codeword length for which one may take T, = oo,
the channel may be called a slow-fading channel. Of course, there exist a wide range of
channel behaviors in between these two extremes.

The distribution p, may be modeled in various forms. For the purpose of this work,
the form of p, has little impact on the results and conclusion of this research, as we will
explain later.

Our study primarily deals with the communication setting over such channels in
which the fading process {h; : i« = 1,2,...} is known at the receiver but unknown at
the transmitter. This will exclude the fast-fading scenarios from our consideration, as
in those cases, significant difficulty exists in channel estimation and the assumption of
receiver’s knowledge of the fading process is unlikely to be realistic.

We now consider slow-fading channels and channels whose coherence time 7, is rel-
atively large with respect to the length of the codewords. Such a scenario in reality
corresponds to a situation where certain latency constraint forbids the use of very long
codewords and a codeword spans one or only a few coherence blocks. In these cases, there
is a well-known trade-off — at least with the conventional fixed-rate coding schemes —
between communication efficiency and reliability [9], which will be sketched as follows.

For instance, consider a slow-fading channel, where channel gain h; in (2.1) reduces

to a single random variable h, independent of time. Given h, we may refer to
C(h) := logy(1 -+ |h|*) bits/channel use, (2.2)

as the realized capacity of the channel, where v is the transmit SNR. Suppose that over
this channel, the transmission of a k—bit message is via a codeword of n symbols. Then
we refer to

R:=k/n (2.3)

as the realized rate for transmitting this message. In the conventional fixed-rate coding

scheme, the realized rate is fixed a priori, and when R > C(h), an outage event —
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decoding error or decoding failure — is inevitable to occur and the limiting probability
of outage is given by
P, = PR > C(h)]. (2.4)

In Figure 2.1, a realized-capacity distribution is sketched, and for a given realized rate
R fixed a priori, the shaded area indicates the limiting outage probability.

P A

Area = pou(R)

»

R C(h)

Figure 2.1: Probability density function of C'({h) for a fading channel, where the shaded
area indicates the limiting outage probability.

Under most models of py, such as Rayleigh or Rician model, the tail of the realized-
capacity distribution usually extends to infinity. This immediately implies that in order
to reduce the outage probability, one must sacrifice the rate of communication, and the
trade-off between efficiency and reliability is therefore seen.

As the coherence time T, decreases, one expects that such a trade-off persists until
T. is very small comparing with the codeword length '. From the example of slow-fading
outlined above, it is clear that such a trade-off is a consequence of the lack of channel
knowledge at the transmitter and the communication rate can not be selected a priori

to match the realized capacity.

LAt the small T, extreme or for the fast fading case, since a codeword may span many coherence
blocks, the time average of the realized capacity over these blocks approaches the ergodic capacity [9] in
probability, and it is possible to set the rate a priori to close to the ergodic capacity while maintaining
arbitrary small outage probability.
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2.1.2 The paradigm of rateless coding

Existing approaches to resolving this tension, such as an adaptive coding and modulation
scheme, typically involve feeding back the channel state information (for example in the
wireless setting given in (2.1), the estimate of h;) to the transmitter. This may allow the
transmitter to choose a code with rate better matching the realized capacity.

The paradigm of rateless coding, pioneered by the invention of Fountain codes [1,2] for
erasure channels, has recently demonstrated as an efficient approach of using feedbacks
for communication under channel uncertainty [5,7]. Unlike the fixed-rate codes which
encode a k-bit message to a length-n codeword for some pre-determined k and n (and
hence a fixed rate k/n), in a rateless coding scheme, the transmitter encodes the k-bit
message into a potentially infinite stream of symbols and starts transmitting the symbols
over the channel. The receiver keeps attempting to decode as the symbols are received.
When the decoder is sufficiently confident that it can decode, it declares an estimate of
the transmitted message and sends an ACK to the transmitter via a feedback channel. The
transmitter then terminates the transmission of this codeword and starts transmitting
the next codeword if needed.

Over erasure channels, Fountain codes, including LT codes and Raptor codes, have
demonstrated to be universally capacity-achieving, where channel knowledge is needed
neither at the transmitter nor at the receiver [1,2]. Recently, Fountain codes have also
been tested over binary symmetric channels, AWGN channels, and fading channels, where
capacity-approaching and “universal-like” performance are also seen [7,10,11]. In partic-
ular, the authors of [7] showed that Fountain codes are capable of achieving an averaged
realized rate only within a small gap away from the averaged realized capacity.

In fact, the information-theoretic results of [5] have shown that over discrete mem-
oryless channels, rateless codes can achieve the induced mutual information across the
channel (by the input distribution selected by the transmitter) while neither the trans-
mitter nor the receiver needs to know the channel states or even the channel law. In
addition, the authors of [6] proved that there exist rateless codes, beyond the known
constructions of Fountain codes, in which the realized rate over block fading channels
can be made arbitrarily close to the realized capacity, and at the same time, the outage

probability can be made arbitrarily small. That is, in principle, an optimal rateless code
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can simultaneously achieve both efficiency and reliability, thereby resolving the trade-off
inherent in the fixed-rate coding schemes.

2.2 Fountain codes

Fountain codes are originally designed for reliable communications over erasure channels.
The idea of Fountain codes over erasure channels may be described using the following
analogy. The transmitter is a fountain that produces an endless supply of water drops
(encoded packets). The receiver is a cup with the objective of collecting k£ water drops.
The fountain keeps spraying, and some water drops may get lost on their way. But as
long as long as the cup collects &k (in practice, slightly larger than k) drops of water, the
objective is achieved.

Although this analogy is the original motivation for naming the codes “Fountain
codes”, the precise description of these codes and their decoding algorithms (particularly
over fading channels) requires a careful introduction of the framework of factor graphs,

the sum-product algorithm, and their applications in error control coding.

2.2.1 Factor graphs

Synthesized from the development of Tanner graphs [12] and Tanner-Wiberg-Loeliger
graphs [13], a factor graph is a bi-partite graph consisting of two types of nodes, variable
nodes and function nodes. The set of variable nodes each represent a variable, and the set
of function nodes each represent a function, which is often referred to as a local function.
A function node is connected to a variable node if and only if the variable is in the
argument of the function. The graph represents the product of all the local functions,
and this product is referred to as the global function represented by the factor graph. For
example, the factor graph in Figure 2.2 represents the global function

fi(1, 22) fo 2, 23) fa(s, T4, 25)
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fi fa fs

O

1 ) I3 Ty ZTs

Figure 2.2: A factor graph representing product fi(xy,x2)fa(xq, 3) f3(x3, 24, 5), Where
squares represent functions nodes, and circles represent variable nodes.

2.2.2 The sum-product algorithm

Using a factor graph to represent a function that factors as a product of many local
functions, an efficient algorithmic tool known as the sum-product algorithm can be used
for simultaneously computing all “marginals” of the global function. We now give a
precise description of the sum-product algorithm.

Let factor graph G represent the factorization of function

9(@1,. . ma) = [ HG), (2.5)
7=1
where X; C {z1,29,...,%,} is the set of all variables contained in the argument of local

function f;. Suppose that each local function of the factor graph is explicitly specified.
The objective of the sum-product algorithm is then to compute the following marginal
functions of g¢:

Z 9{z1, 22, ..., Tn) (2.6)

{z1,22,...,zn }\{zs}

for every i € {1,2,...,n}.

For example, when the sum-product algorithm is applied to the factor graph in Figure



2.2. FOUNTAIN CODES 9

2.2, the objective is to compute

gi(z1) = Z Z Z Z fi(xy, x2) fo o, x3) f3(xs, 24, 25),

ro X3 T4 s

92(@2) = Z Z Z Z fi@1, 22) fa22, w3) fa(T3, T4, ),

1 Z3 T4 Tp

gs(xs) = DY D> filwr,wa) falwe, ws) falws, 24, 75),

1 T2 X4 X5

g1{zg) = ZZZZfl(bez)fz Ty, 23) f3(23, 24, ¥5) and

3 s

gs(xs) = ZZZZfl 1, T2) fa( T2, 23) f3(23, T4, Ts).-

T1 X2 T3 T4

The sum-product algorithm is an iterative procedure operating on the factor graph
representation of a global function, where the computation is performed by passing mes-
sages between every pair of connected function node and variable node. There are two
types of messages, namely the message sent from a variable node v to a function node f
— denoted by p, s, and the message sent from a function node f to a variable node v
— denoted by ps ,,. We note that both message p,_,; and message py_,, are functions
of variable v.

We will use N (u) to denote the set of neighbors of a given node w in the factor graph.
Using this notation, a message passed from a given node u to a given node w, where
u and w are connected, will be computed only using the received messages from nodes

N(u)\ {w}. Specifically, the message passing rules are given as follows.

Function node update

pro() = Y SN T s (@) 2.7)

NON{v} veEN(F\{v}

For example, in the portion of a factor graph, shown in Figure 2.3, the message passed
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from function f to variable v is computed as

LfoulV) = Z Flus !, u” 0 e p () s (0 ) g 5 ().

w,ulu!

Figure 2.3: Function node f passes a message according to (2.7)

Variable node update

s @) = ] srel®) (28)

FeN@\{f}

For example, in the portion of a factor graph, shown in Figure 2.4, the message passed

from function v to variable f is computed as

Pros £ (V) = s (V) 1o (V) i (V)

There is also the notion of summary messages that need to be computed during the
execution of the sum-product algorithm. The summary message p, of a variable node v,
again a function of variable v, is computed using the current incoming messages sent to

node v, defined as follows.
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Figure 2.4: Variable node v passes a message according to (2.8)

Summary message

()= ] prolo) (2.9

FEN(S)

For example, in the portion of a factor graph, shown in Figure 2.5, the summary

message of variable v is computed as

fo{V) = fhso(V) o (V) 0 (V) (V).

%\

oy o ,U«f_,v('l))

Figure 2.5: The computation of summary message u, for variable node v according to
(2.9).

With these basic computation rules defined, the sum-product algorithm may organize
these local message-passing rules in various ways, which often depends on the structure of
the graph. Generically, any variant of the sum-product algorithm involves the following

three phases:

e initialization phase, where a set of messages are initialized according to certain
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choice,

e propagation phase, where messages are passed on the graph according to some

order, and

e termination phase, where the passing of messages is terminated following some

criterion.

If the factor graph is cycle-free, namely a tree, then the three phases are typically
chosen as follows.

Sum-product algorithm on tree graphs

Initialization: Leaf nodes pass messages first. If a leaf node is variable node v, set
Ly ¢(v) =1, where f is the only neighbor of v; if a leaf node is a function node
f, then set ps,(v) := f(v), where v is the only neighbor of f.

Propagation: A node only passes messages to a neighbor if the messages from all

other neighbors have arrived.

Termination: When each variable node receives messages from all neighbors, it

computes its summary messages and the algorithm terminates.

The following elegant result has been proved [8,14]: Let G be the factor graph repre-
senting the factorization of g(x1, z, ..., %,) in (2.5), and suppose that G is a tree. Then
when the sum-product algorithm described above is applied on G, the resulting summary
message [, (2;) for each 2,4 € {1,2,...,n} is g;(z;) in (2.6).

This result, governing the correctness of the sum-product algorithm on tree graphs,
can be in fact understood quite intuitively. In essence, the sum-product algorithm is an
efficient means of using the distributive law between multiplication and addition [15]. On
one hand, multiplication is postponed to as late as possible, and on the other hand, the
intermediate terms computed for calculating one g; is efficiently saved and shared by the
computation of other g;’s. For example, if one applies the sum-product algorithm on the
factor graph in Figure 2.2, then it can be seen that for calculating g; and gy, essentially
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the following computations are carried out.

g1{@1) Zf1($1,12)2f2($2,$3) Z fa{3, T4, T5)

Z4,Z5

Z fl(xl,itz) Z f2($2, 963) Z f3($3, 1174,135)

T4,T5

92(x2)

It is worth noting that during the execution of the sum-product algorithm, the terms
Zzs fa(xa, z3) and Z%ZS fa(xs, x4, 25), commonly involved in computing both ¢; and
g2, are actually computed only once.

On factor graphs with cycles, initialization, propagation and termination phases may
all be implemented with much richer families of variants [16-19], and we will postpone to
later this chapter explaining one standard implementation of the sum-product algorithm
for decoding codes represented by factor graphs with cycles. For factor graphs with cycles,
we note that no known implementation of the sum-product algorithm results in the exact
solutions for solving the marginals defined in (2.6). Nevertheless, experimental results
have suggested that when the graph is large and sparse, the computation is approximately
correct [8,20]. In particular, if the objective is not to compute g;(x;) for each ¢ but to
find the value of z; that maximizes g;(x;), the algorithm performs extremely well. This
has been demonstrated by the decoding of codes on graphs [16].

2.2.3 Codes on graphs

Pioneered by the rediscovery of LDPC codes [16,21,22], the modern approach of coding
and decoding has shifted to the paradigm of codes on graphs. Instead of presenting the
complete historical development— featuring various special cases of factor graphs, we
here choose to directly use the factor-graph language to describe this subject.

In this context, a widely used function in factor graphs is the indicator function 6| P},
where for any boolean proposition P, §[P] is evaluated to 1 if P is true and evaluated
to 0 otherwise.

Given a linear block code C of length n and dimension k, there are two kinds of
fundamental representations of C, namely, the generator matrix representations and the

parity-check matrix representations. In fact both representations have a corresponding
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factor graph. This will be explained using the following example, and the generalization
beyond this special case is straight-forward.
Let the following matrices H and G be respectively a parity-check matrix and gener-

ator matrix of a binary linear block code C.

1 00 0
H={1001100]|, (2.10)
1 0 0 01
and
1101001
0001100
G= (2.11)
01 100O0O00O0
0000 O0T11
Based on H, each codeword (cy, ¢, ..., ¢7) satisfies the following constraints.
¢t ey Doy 0, (2.12)
c1deaPes = 0, (213)
1P Per = 0, (2.14)

where & denotes addition modulo 2.

We may then translate these constraints to a set of indicator functions as follows.

filer,co,03) = dler @ ca® ez =0], (2.15)

fale, e e5) = dle @y @ s =0, (2.16)

fsleiceicr) = Oler B eg @ or = 0], (2.17)
The product

filer, o, e3) faler, eq, 5) fa(c, cs, €7) (2.18)

of these indicator functions then defines the code constraint of C'. Thus this product can
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be represented using a factor graph as shown in Figure 2.6.

f fa f3

O O O

C1 C2 C3 Cq Cs Ce cr

Figure 2.6: Factor graph corresponding to parity-check matrix H in (2.10). The “4”
inside each function node is meant to indicate that the function corresponds to a check-
sum constraint.

On the other hand, based on G, each codeword (ci, ¢g, ..., ¢7) satisfies the following
constraints.
my = ¢y,
my D mg = Co,
mg = (s,
mp@me = (4,
ma = s,
My = Cs,
mi&my = Cr,
for any binary vector (my, mg, ms, my). — In fact, if the encoding is carried out us-

ing generator matrix G, then (mj, ma, mg, my) is precisely the information vector to be

transmitted.
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We may then translate these constraints to a set of indicator functions as follows.

hi(mi,cr)
ha(mi, ma, c2)
hs(ms, c3)
hy(mi, ma, c4)
hs(ma, cs)
he(ma, co)

h?(mh my, 07)

The product

d[my & 1 =0},
dimi & ms ® cz = 0],
)

[
[
[ms @ c3 = O],
S[m1 @ me @ ey =0
[
[
[

&
3

2@ e =0,
)
6m169m46907:0]

My B Cs :0])

hl(ml, Cl)hQ(ml, ma, 02)h3(m3, 03)h4(m1, ma, c4)h5(m2, Cs)he(m4, 06)h7(m1= My, 07)

(2.19)

of these indicator functions also defines the code constraint of C'. Then this product can

be represented using a factor graph as shown in Figure 2.7.

Figure 2.7: Factor graph corresponding to generator matrix G in (2.11)

In the context of codes on graph and particularly for randomly constructed codes

such as LDPC codes and Fountain codes — both relevant to this work, the notion of
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degree distribution is important. Specifically, the degree of a node u is defined as [N (u)],
i.e., the number of neighbors of node u. On a factor graph representation of a code, we
use A; to denote the fraction of edges connected to variable nodes of degree ¢, and p; to
denote the fraction of edges connected to function nodes of degree j. Clearly >, A\, = 1
and Zj p; = 1, and hence the pair of sequences A1, Ag,... and p1, po, ... is refer to as
the degree distribution of the factor graph. Using the notion of degree distribution, the
state-of-the-art codes — LDPC codes, can be defined.

Low-density parity-check (LDPC) codes

Low-density parity-check (LDPC) codes were originally introduced by Gallager [21],
largely forgotten for thirty years, and then rediscovered recently [22]. In the modern
perspective, LDPC codes are represented and decoded using factor graphs (or their equiv-
alent). A family of LDPC codes is specified by a given degree distribution ({\;}, {p;})
of factor graphs representing parity-check matrices. In LDPC literature, {\;} is often
referred to as the left-degree distribution and {p,} referred to as the right-degree distri-
bution. 1t is easy to verify that given the left and right degree distributions, the rate of
the family LDPC codes is a constant, independent of the length of the code (provided
that all rows of the parity check matrices are linearly independent).

It has been reported that the asymptotic performance of LDPC codes can be char-
acterized by the degree distribution of the codes, and there exist powerful methods [23]
for predicting the performance of LDPC codes given a degree distribution ({A:}, {p;}).

At long block lengths, LDPC codes are constructed at random such that the resulting
factor graph had a desired degree distribution. At short block lengths, there are various

algebraic and combinatorial techniques for constructing LDPC codes.

2.2.4 Iterative decoding of codes on graphs

The decoding of codes on graphs essentially uses the sum-product algorithm. This may
be understand by formulating the decoding problem as the problem of simultaneously
finding many marginals of a product function.

We will use the toy code C' in the last subsection to illustrate this principle.
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Suppose that a codeword (cy, ¢a, . . . ¢7) is BPSK modulated to a symbol vector (z1, z2,
...,Z7) and transmitted over a memoryless channel characterized by conditional prob-
ability distribution p(y;|z;), where y; is the received symbol for the transmitted symbol
x;. The objective of decoding may be formulated as obtaining an estimate (¢, éy, . .., é7)
of the transmitted codeword (ci,¢a,...,¢7) and then declaring the transmitted (four)
information bits. This communication diagram is shown in Figure 2.8. We note that
BPSK modulation is a bijective function, which we will denote by ¢. It is apparent that
one may view the concatenation of BPSK modulation and channel p(y;|z;) as a “virtual
channel” characterized by the equivalent conditional distribution p{y;|¢;) given by

plule) = Y plaile)p(yile:),

ziE{l,fl}

where

p(zile;) = 6lo(e) = ).

p(yilcz)

oSSttt T TTTT oo TT T T T T T T i

1 1

! BPSK !

i |

Cly...,C7 : 0— 1 Zzy, , L7 :
| i

e 1
J 1—>-1 1

1 |

| !

| 1

| 1

| 1

| 1

| 1

! :

| |

! pluilz:) :

| :

| !

i !

617"-767 Yi,-- -5 Y7
-~ | Decoder

Figure 2.8: Example of communication diagram
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Since obtaining the intended information bits from the estimate (¢, és, ..., &) merely
involves inverting the encoding function, we now only address how the estimate (¢, éa, ..., é7)
may be obtained.

Under the long-established maximum a posteriori probability (MAP) criterion [24],

the estimate (¢4, éa, ..., C7) may be obtained as
é = arg ni?xp(cllyl, TS
éy = arg mcf;xp(cﬂyl, ceYT)
Gy = arg mc?xp(cﬂyl, CeYT)

Let us take the formulation of MAP estimate é; and derive it further.

1 = arg mC?llXp(C1|y1, N
_ alrgmaxp(cl’yl’“"y7>

o plys,...,y7)
= argmcEfLXP(Cl,yla---z%)

= a‘rgrnc?“x Z p(cla"'7c7)y1>"'7y7)

€240y CT
- argmceltx Z p(yl,--->y7|01:---,07)17(01:--‘,07)
€2yeenrCT

(memoryless channel)

argmax D | p(yiler).. p(wrlen)plen, - . cr)

C2y.00yCT
7
= arg max Z p(cl,c2,---c7)HP(yi\0i)
“a €2,..,C7 i=1

At this end, it is possible to relate the term »-  ~ p(c1, ¢, ¢7) HZ:1 p(yilc:) above

to a marginal of a function that can be represented by a factor graph.
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Specifically, if we construct the factor graph of the code based on the parity-check ma-
trix H in (2.10), then p(cy, o, . . ., ¢7) is equal to function fi(c1, 2, ¢3) fa(cy, ¢a, ¢5) fa(cq, cs, ¢7)
up to scale, under the usual assumption that each codeword is equally likely to be trans-
mitted. Then clearly, the function p{ci,cs,...c7) szl p(yile;) is precisely the global
function represented by the factor graph in Figure 2.9. Therefore computing

Z plci,ca,. .. c7) Hp(yi|ci)

€32,...,C7

is identical to computing a marginal of the global function represented by the factor
graph. In the same way, obtaining the MAP estimate ¢; for any other i can be reduced
similarly to computing a corresponding marginal of the same global function. As such,
these marginals can be computed simultaneously using the sum-product algorithm.

On the other hand, if we construct the factor graph of the code based on the generator

matrix G in (2.11), then p{cy, cq, . . ., ¢7) is equal to function

Z hi(ma, e1Yha(my, ms, c)hs(ms, c3)ha(my, ma, ca)hs(ma, cs)he(ma, cg) (M1, ma, ¢7)

™mi1,mM2,Mms,me
up to scale, again under the assumption that each codeword is equally likely. Denote

product

hi(ma, c1)ha(my, ms, c2)ha(ms, c3)ha(mi, ma, ca)hs{ma, cs)he(ma, cs)hz(mi, ma, c7)

by h(ml, ooy, My, Cpy .. ,C7). Then

7

Z p(Cl,CQ,...C7)Hp(yi[Ci) = Z h(ml,...,m4,c1,...,c7)Hp(yi|ci).

€2,..0,C7 =1 €2yee ey CT, MM 4euey T4

In the above equation, the product

h(ml, o, My, Cp, . .,07) Hp(yl|cz)
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is the global function represented by the factor graph in Figure 2.10. Thus, computing the
MAP estimate for ¢; and similarly for any other ¢; reduces to determining a corresponding

marginal of this global function, and the sum-product algorithm naturally applies.

fi fa fa

plyiler) p(yale2) p(yslcs) p(yalcs) plysles) p(ysles) plyrler)

Figure 2.9: A factor graph representing p(cy,ca,...c7) szlp(yi|ci) constructed from
parity-check matrix H in (2.10).

plplen) p(yelez) p(yslcs) p(yales) plysles) p(yslcs) plyrler)
Figure 2.10: A factor graph representing h(ml,...,m4,cl,02,...07)]_]::1 p(yilc;) con-

structed from generator matrix G in (2.11).

For codes defined on graphs, it is known that cycle-free graphs correspond to poor

codes [25]. We now give a standard implementation of the sum-product algorithm for
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decoding codes represented by graphs with cycles. For simplicity, we only focus on the

case in which the factor graph is constructed from the parity-check matrix of the code.

Sum-product decoding on graphs with cycles (constructed from a parity-

check matrix)

Initialization: Initialize all messages to constant 1 except those sent from the leaf
function nodes representing function p(y;|¢;), which are set to the function
p(yi|c;) itself. These messages are often referred to as the intrinsic informa-

tion.

Propagation: All variable nodes representing a codeword symbol send messages;
then all function nodes representing a parity-check constraint send messages.

Iterate this process.

Termination: When every message converge to a fixed point (up to scale) or when a

pre-determined number of iterations is reached, compute the summary messages

for all variable nodes, and terminate the algorithm.

Although the implementation above does not guarantee to result in the exact marginal
functions desired for decoding, for codes represented by large and sparse graphs, experi-
mental results have suggested that the performance is nearly optimal in the MAP sense.
In fact, this implementation has been the standard approach for decoding the state-
of-the-art error-correcting codes, the LDPC codes, and performance extremely close to
Shannon’s theoretical limit [26] has been demonstrated [16,22,27].

2.2.5 LT codes and Raptor codes over erasure channels

LT codes and Raptor codes are the existing two classes of Fountain codes, originally
designed for erasure channels. Both being “rateless”, these two class of codes differ in
that a Raptor code is essentially an LT code with an LDPC precode.
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LT codes

In a recent landmark paper [1], Luby introduced the first class of rateless codes for erasure
channels, which he calls “LT codes”. The encoding of LT codes, which Luby refers to as
“LT process”, produces an infinite stream of encoded symbols from £ source symbols via
XOR (modulo-2 addition) operations. In essence, an LT code may be characterized by a
generator matrix G of k rows and infinite columns. To describe the encoding process,
we will denote the binary source vector by (by,bs,...,b;) and the coded semi-infinite
binary sequence by ¢, cs,.... The sub-matrix of G containing column 1 to column n
will be denoted by G,,. Given G, the codeword (ci,...,¢,) is generated by multiplying
(by,...,bx) with G,,. Thus the construction of an LT codes is equivalent to constructing
G. We now describe how the ¢** column of G can be generated for any <.

1. Choose randomly a positive number d from some distribution p,.

2. Choose uniformly at random d distinct position in the i** column and assign 1 to

them. Assign O to the rest of the column.

To complete describing the construction of LT codes, we note that the distribution
pa used in generating matrix G is known as the Robust Soliton Distribution, invented by
Luby in [1].

Apparently the encoding process up to codeword bit ¢, defines a factor graph G, in-
volving variable nodes ¢y, ...¢, and by, ..., b;. That is, G, is the factor graph constructed
from G,. The decoding algorithm, at the n'® channel use, is precisely the sum-product
algorithm applied to G,, and similar to the standard implementation for decoding LDPC
codes. We note however that under erasure channel models, the channel law allows a
significant reduced complexity comparing with standard LDPC decoding over Gaussian
or binary symmetric channels. The reader is referred to [1] for the details of the reduced-
complexity implementation. We here only remark that such an implementation in fact
corresponds to that the decoding graph keeps growing with the received codeword bits,
and at the same time, graph edges are progressively removed.

It has been shown that LT codes can achieve the capacity of any erasure channel

without channel statistics known at the transmitter or receiver. However, the encoding
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cost (measured in terms of number of XOR operations) per information bit grows logarith-
mically with the information block length k. This limits the application of LT codes in
transmitting large files. A remedy of this limitation is a pre-coding scheme with LDPC
codes, as has been utilized in Raptor codes.

Raptor codes

In Raptor codes [2], a k-bit information vector is first encoded by a high-rate LDPC
code of length k', and the k’-bit vector is further encoded by an LT code with specifically
designed p;. The work of [2] shows that such a construction not only achieves the
capacity of a erasure channel universally, but also has linear encoding cost, namely, that
the average encoding cost per information bit is bounded by a constant. This behavior
is due to that Raptor codes allow a certain fraction of errors uncorrectable by the LT
code (thereby reducing encoding cost otherwise needed) and leaves those errors to be
corrected by the LDPC code. The factor graph of an example Raptor code is shown in
Figure 2.11.

In Raptor code literature, distribution py is represented as a polynomial
[o 0]
Qz) = Qa*,
d=1

where Qg is pa(d). Table 2.1, taken from [2], list the optimized choices of Q(x) for various
information block length £.

The decoding of Raptor codes over erasure channels is nearly identical to that of LT
codes, except that the graph that the algorithm operates on is one in the form of Figure
2.11.

At this end, we are ready to turn to the application of Raptor codes over fading

channels, its limitation over such channels and our proposed solution.
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Figure 2.11: The factor graph of a Raptor code

k 65536

8000

100000

120000

2, | 0.007969

0.007544

0.006495

0.004807

{2y | 0.493572

0.493610

0.495044

0.496472

23 | 0.166220

0.166458

0.168010

0.166912

24 | 0.072646

0.071243

0.067900

0.073374

(25 | 0.082558

0.084913

0.089209

0.082206

(s | 0.056058

0.049633

0.041731

0.057471

{25 | 0.037229

0.043365

0.050162

0.035951

0.001167

(19 | 0.055590

0.045231

0.038837

0.054305

0.010157

0.015537

(265 | 0.025023

0.018235

Qg6 | 0.003135

0.010479

0.016298

0.009100

0.017365

0.010777

25

Table 2.1: Q(x) of Raptor codes optimized for various values of k. Only the entries
corresponding to 2; #£ 0 are included in the table.



Chapter 3

Reduced-Complexity Decoding of
Raptor Codes over Fading Channels

3.1 Existing algorithms

In Chapter 2.2.5, we introduced Raptor codes and decoding over erasure channels. On
erasure channels, Raptor codes are known to be universally capacity-achieving. Raptor
codes have recently been tested over binary symmetric channels, Gaussian channels and
fading channels, and over all these channel models with excellent performances [7,10,11].
In particular, on Rayleigh fading channels. Raptor codes demonstrated a very good
performance only within 10 — 15% gap from averaged capacity at all SNR [7].

As noted in previous chapter, we now consider the scenario of point-to-point, single-
antenna communication over fading channels, as described in (2.2), except that we will
focus on only the slow fading case where h; reduces to h.

Over such channels, we have commented that rateless codes can be an effective solu-
tion to resolve the trade-off between efficiency and reliability, as has also been demon-
strated in the literature.

It is necessary to note that our setting is equivalent to the setting of AWGN channels
with (receive) SNR v|h|?, known at the receiver but unknown at the transmitter. In
addition, it has been shown that the realized rates of Raptor codes on Gaussian channels

with any SNR is close to the Gaussian channel capacity and that the distribution of A,

26
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except for inducing a distribution of realized rates, plays little role in the performance
of Raptor codes [7]. As a consequence, our channel models essentially reduce to AWGN
channels, parametrized by the (receive) SNR. Thus in what follows, we will simply treat
our channel model as the equivalent real Gaussian channels.

For purpose of comparing the complexity of decoding, we chose a Raptor code as
presented in [11]. Recall the Raptor codes diagram illustrated in Figure 2.11, the Raptor
codes are LT codes combined with outer codes. Typically these outer codes are high-rate
LDPC codes. Regarding the inner LT codes, we chose the distribution from Table 2.1.
Here, we use the first configuration, which can be rewritten in Equation 3.1. For the outer
pre-coding, we use a left regular degree distribution (variable nodes degree is 4 for all

nodes) and right Poisson (function nodes randomly chosen with a uniform distribution).

Q(z) = 0.007969z + 0.4935722° + 0.166220z° + 0.0726462"
4+ 0.0825582° + 0.0560581° + 0.0372292° (3.1)
4+ 0.0555902*° 4- 0.0250232% + 0.0031352%°

The Raptor code has original & = 9, 500 information bits (ay,as,. . .,ag500). Since the
high-rate (R = 0.95) outer LDPC code, we add 500 redundant bits to get & = 10, 000
bits intermediate vector (by,ba,. .. ,bio000) by pre-coding, and then, LT code has 10,000
bits intermediate vector (bi,ba,...,b10000) to encoded to infinite bits sequence ci,co,. ..
by multiplying with a sparse generator matrix, which has &' rows and may have infinite
columns and the distribution of number of 1s in columns drawn from Equation 3.1.

In Chapter 2.2.4, we introduced the iterative decoding of codes on graphs. Equipped
with the sum-product algorithm, easily, we can implement the decoding of Raptor codes
over fading or Gaussian channels. For purpose of comparing with previous factor graphs,
here, we fold the upper LDPC code down to the left side from Figure 2.11, thus, the
factor graph becomes Figure 3.1.

The state-of-the-art decoding algorithm for Raptor codes over fading or Gaussian
channels is, to the best of our knowledge, the standard belief propagation algorithm
applied in every decoding attempt. A typical implementation of such an algorithm —
which we will refer to Algorithm A throughout this thesis — is described next. We note
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p(yiler) pyslez) plysles) p(yales) P(Yn|cn)

Figure 3.1: A detailed factor graph of a Raptor code. White circles represent LDPC
codeword bits, white boxes represent the parity checks of the LDPC code, shaded circles
represent the Raptor codeword bits, and shaded boxes represent LT code parity checks.
The graph shows a Raptor code truncated to length n.

that hereafter we will always assume that BPSK modulation is used to transform ¢; to
x;.

Algorithm A, which will also be referred to as Algorithm A(7T, L), is parametrized
by a pair (T, L). Integer T is the interval between two consecutive decoding attempts.
The time n* for the first decoding attempt is chosen such that k/n* is slightly lower
than the realized capacity C(h). That is, the I decoding attempt is at time n; =
n* + (I — 1)T. Integer L is the number of message-passing iterations performed in each
decoding attempt, where an iteration is defined as all bit nodes passing messages to check
nodes followed by all check nodes passing messages to bit nodes.

In the first iteration of every decoding attempt, the message passed from each bit
node b;,¢ = 1..., k" along each of its edges is set to (1, 1), and the message passed from
each bit node ¢;,5 = 1,...,ny, is set to the intrinsic information (p;, g;) of ¢;, where
p; = Prly;le; = 0] and ¢; == Prly;je; = 1].

At the end of L iterations, the decoder computes the APP value for each bit b;
based on all messages passed to b; and a hard decision lA)i of b; is then made. If vector
(51, b, . .. , Bkl) fails to satisfy all parity checks in the factor graph, the decoder waits for

the next decoding attempt to perform decoding again. If vector (51, b, ..., Bk/) satisfies
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all parity checks, then the decoder inverts the LDPC encoding function and obtains an
estimate (i, ds, ..., ax) of the transmitted vector (a1, as,...,a;). We will assume that
the decoder is able to determine whether the estimate (ay, s, ..., d4x) is correct, which
in practice corresponds to that a few CRC bits are embedded in (a1, as,...,ax).t If an
error is detected in (@i, do, . . ., dx ), then the decoder again waits for the next decoding at-
tempt to resume decoding. If no error is detected in {4y, 4o, . . ., 4x), the decoder declares
(G1, a9, ...,0;) as the transmitted message and signals the transmitter to terminate the
transmission of this codeword.
Algorithm A(T, L) can be briefly described by the following pseudo-code.

Algorithm A(T, L)

L {Set all messages to (1, 1) on LDPC part

Initialization:
Set all messages to (1, 1) on LT part

(for i =1to L
on LT part
on LDPC part
on LT part
{ on LDPC part
(Summarize all messages on LT variable nodes.
for i =1 to 10,000

if p; > q;, foralli

' Function Nodes Update
Propagation: §

do
Variable Nodes Update {

Termination: ¢ then Decoding successfully, and terminate the Algorithm

{Receive T more bits
else

go to Initialization

It is possible that some variants of Algorithm A are considered in the literature (for
example those stopping iterations based on some criterion of convergence), but these
variants are all expected to be quite similar to what is described above. In particular,

one expects little difference in performance or complexity, the metrics of which we will

IThe rate loss due to such an implementation is neglected throughout this thesis.
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make precise next.

3.2 Performance and complexity metrics

The performance of Raptor codes may be evaluated using the realized rate R and the
word error rate as a function of rate R [7,11]. More specifically, the word error rate
at rate R is the probability that the transmitted message can not be decoded correctly
provided that the transmission is forced to terminate and realize rate R.

We are interested in two different notions of decoding complexity, which we refer to
as decoding cost and decoding delay respectively. The decoding cost is defined as the total
number of iterations used for decoding a codeword over all decoding attempts. This
notion of complexity approximately indicates the total amount of computation needed
for decoding a codeword. Having various other impacts on hardware design, decoding
cost also relates to the energy consumption of the decoder. The decoding delay is defined
as the number of iterations in the final decoding attempt for decoding a codeword. This
notion of complexity indicates the latency of completing decoding provided that the
codeword can be decoded at this time. A high decoding delay will require a high clock

speed to compensate.

3.3 Proposed algorithm and theoretical justification

Before presenting the modified decoding algorithm, we first examine the complexity of
Algorithm A. The decoding delay of Algorithm A is clearly L. From existing results
in literature, L is typically chosen to be around 100. In this work, we will investigate
reducing L in Algorithm A so as to obtain a benchmark for complexity comparison with
our proposed algorithm. As L keeps decreasing, one naturally expects a sacrifice of
performance and as such, with Algorithm A, there is a trade-off between performance
and decoding delay.

If a codeword is successfully decoded at the M decoding attempt, then the decoding
cost using Algorithm A is M L. Tt is expected that decreasing 7T results in finer sampling
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of realized rates, and the price to pay is an increased decoding cost, approximately pro-
portional to 1/T. Thus, fixing L in Algorithm A, there is a trade-off between performance
and decoding cost. In existing results in the literature, T is typically chosen to be around
100. For the code parameter chosen in this paper, choosing T’ to be much smaller than
100 only results in negligible performance gain in practice. Thus in this paper, for any
value of L, we will take T" = 100 as the empirically optimal performance-cost trade-off
point in Algorithm A, and make no attempt to modify it.

Now we present the modified algorithm, which we refer to as Algorithm B, aiming at
reducing both decoding cost and decoding delay with no sacrifice of performance.

Algorithm B, which will also be referred to as Algorithm B(T', L), is similarly parametrized
by the pair (T, L), where T is again the time interval between two consecutive decoding
attempts and L is the number of message-passing iterations at decoding attempt [, 1 > 1.
In the first decoding attempt, Algorithm B is identical to Algorithm A, where the num-
ber of iterations is set to a relative large number (we use 100 in our implementation). At
the I decoding attempt (I > 1), Algorithm B is nearly identical to Algorithm A with
the only difference in initialization (first iteration) of passing messages. To be specific,
we will use G,, to denote the factor graph of the Raptor code truncated at length n. In
the first iteration of the I** decoding attempt (I > 1), each bit node ¢;,5 = 1,...,ny,
passes the intrinsic information in the same way as in Algorithm A. For each bit node
b;,i = 1,...,k, the message it passes to a neighbor check node v is the product of all
incoming messages from check nodes in A;_1(b;)\ {v} in the final iteration of the (I — 1)
decoding attempt, where A _(b;) is the set of all neighbors of b; in factor graph G,, ..
In simple terms, unlike Algorithm A which resets decoder at each decoding attempt,
Algorithm B simply “continues” decoding from the results of last decoding attempt.

Algorithm B(T, L) can be briefly described by the following pseudo-code.
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Propagation:

Initialization:

Algorithm B(7, L)

comment: Set Iteration number=100

Set all messages to (1,1) on LDPC part
{Set all messages to (1, 1) on LT part

(for i = 1 to [teration number

on LT part

on LDPC part
on LT part

on LDPC part
( Summarize all messages on LT variable nodes.
for i =1 to 10,000

if p;, >q;, foralli

Function Nodes Update {
do
L Variable Nodes Update {

Termination: ¢ then Decoding successfully, and terminate the Algorithm

1 {Receive T more bits, reset Iteration number=L
else

go to Propagation

We now provide some justification for Algorithm B.
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Let D,, denote the diameter of factor graph G,,, namely, the maximal number of edges

along the shortest path between any two nodes on graph G,. Denote by eA(n; T, L) (and

resp. by ¢Z(n; T, L)) the probability of decoding error for bit b; if a hard-decision is made
for b; at decoding time n using Algorithm A(7, L) (resp. Algorithm B(7,L)). Then

we have the following results, the proof of which is presented in the final section of this

thesis.

Theorem 1 Suppose that both Algorithm A(Ta, L) and Algorithm B(Tg, Lg) attempt

decoding at some time n, and that Algorithm B(Tg, Lp) also attempts decoding at some

later time n' > n. If G, is cycle-free and

TL/ - N 2 (TB/LB)min(Dn/ZLA),
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then ¢B(n'; T, Lp) < ¢(n; T4, La) for all i and all Ta.

Although the theorem is based on the unrealistic assumption that the factor graph is
cycle-free, one in fact expects it to hold approximately true even for graphs with cycles,
provided the graph is sparse — as is standard, randomly constructed sparse graphs
may be viewed as being locally cycle-free, and such assumptions underlie most analysis
techniques for graphical codes. For a large sparse graph with cycles, as an approximation,
one may also replace D, in the theorem with a notion of “effective diameter” D,, of graph
Gn, which approximates the maximal “effective distance” that a message propagates. It
is expected that such an “effective diameter” of a sparse graph is much smaller than the
true diameter of the graph. Roughly we may estimate D, by equating D, /2 with the
typical maximal number of iterations for message passing to converge (under Algorithm
A) or to give consistent error performance.

This theorem suggests that if we we give Algorithm B some extra time, then it
guarantees to give lower probability of error for each bit. We note however that the
bound in the theorem is in essence a worst-case analysis and in fact quite loose. As we
will show in our simulations, it is often possible for Algorithm B to outperform Algorithm
A without the need of the extra time. Nevertheless, some insights may be obtained from
the theorem, as we will now elaborate.

In the theorem, it is remarkable that the lower bound of extra time needed in Algo-
rithm B only depends on the ratio Tg/Lp and given this ratio, the bound is independent
of Tg or Lg.? In fact, this ratio — rather than T or Ly alone — plays the central role
in the performance-complexity trade-off of Algorithm B. Specifically, the decoding cost
of Algorithm B at time 7’ in the theorem is (n’ — n*) x (Lg/Tp), ignoring the constant
number of iterations in the first decoding attempt. Thus, the decoding cost for Algorithm
B{Tg, Lg) to successfully decode at time n’ is inversely proportional to the ratio T5/Lpg,
and one would like to increase 15/Lp ratio to reduce decoding cost. But on the other
hand, as Tp/Lp increases, the bound in the theorem (if tight) indicates that a larger
amount of extra time is needed for Algorithm B to guarantee a better bit error rate than
Algorithm A; and this amount of extra time immediately translates to a loss of realized

rates. The role of ratio Tg/Lp in performance-complexity trade-off is then evident.

2except that n/ — n needs to be a multiple of Tp.
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Theorem 2 Suppose that Algorithm A and Algorithm B are both parametrized by (T, L),
and that the number of iterations in the first decoding attempt of Algorithm B is set to no
smaller than L. At any decoding time n, if G, is cycle-free, then €2(n; T, L) < ¢(n; T, L)
for all i.

The proof of this theorem is also postponed to the end of this chapter. The theorem
suggests that on cycle-free factor graphs, when choosing the same parameter setting for
the two algorithms, Algorithm B performs no worse than Algorithm A at all decoding

times.

3.4 Proofs

To prove the theorems, we first establish some elementary results.

Let X,Y, and Z be three random variables where X takes values from {0, 1}, and
Y and Z take values from Qy and Q7 respectively. Let function My : Qy — {0,1}
be an MAP estimate of X based on an observed value y € {2y, and let function Qy :
Qy x Qz — {0,1} be an MAP estimate of X based on a pair (y, z) € Qy x Qz. Clearly
that functions My and My depend on the joint distribution pxyz. Denote by Ex and

Eyz be respectively the error probability using estimator My and estimator My z.
Lemma 1 EYZ § Ey.

This result is a simple consequence of the MAP principle, and can be proved as below.
Proof: First we note the well-known fact that an MAP estimator by definition minimizes
the probability of estimation error. Then by noticing that My belongs to the set of all
estimators of X based on observed pair (y,2) € Qy x €z (in which observation z is
simply ignored), we have Fyy < Ey. O

This result simply suggests that when conditioned on extra evidence, MAP estimate
can be more reliable. We now prove Theorem 1 using this result.

Proof: Graph G, being cycle-free implies that G, is also cycle-free. It is well-known
that using Algorithm A, message passing on G,, converges within D, /2 iterations under

Algorithm A if Ly > D, /2, and all messages arriving at every node b; give rise to (up
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to scale) the conditional probability mass function (PMF) of b; given all observed values
v5, 7 € {1,...,n} [8]. On the other hand, if using Algorithm A with L4 < n/2 on G, then
it can be shown that message passing on G, for L4 iterations gives rise to the conditional
PMF of each b; given (in general) a subset of all values y;,5 € {1,...,n}. In either of
the two cases, we will denote by U; the set of variables that are conditioned upon in
the resulting conditional PMF for b;. Thus, the hard decision on b; after L4 iteration of
Algorithm A on G,, is an MAP estimate of b; given the values of U;.

Now if the condition n'—n > (Ts/Lp) min{ D, /2, L 4) is satisfied and when Algorithm
B is applied, the summary message at variable b; is the conditional PMF of b; given some
other set U/ of y; variables. It can be verified that U; is a subset of U;. This relationship
between U; and U/ is sketched in an “unwrapped graph” in Figure 3.2. Thus, the hard
decision on b; is an MAP estimate of b; given the values of U;. By the above lemma, we
see that the MAP estimate resulted from Algorithm B is no worse than MAP estimate
resulted from Algorithm A, in terms of probability of error. U

The proof of Theorem 2 contains the same key ingredient as that of Theorem 1.
Proof:

We note that in the setting of the theorem, when using Algorithm A, the summary
message at a variable b; is resulted from precisely the set of the observations (y,’s) with
distance less than 2L away. Denote these y;’s by U;. Thus the summary message at
variable b; is precisely the conditional PMF of b; given the values of U;, and the hard
decision on b; is precisely the MAP estimate of b; given the values of the U;.

On the other hand, when using Algorithm B, some messages from observations (y;’s)
farther than distance 2L away also have propagated to variable b;. Thus the resulting
summary message at variable b; is the conditional PMF of b; given the observed values
of some other set U/, which strictly contains U;. The hard decision on b; is the MAP
estimate of b; given U/.

By Lemma 1, we see that conditioned on U/, the MAP estimate can not be worse
than that conditioned on U;. O
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Figure 3.2: A portion of the unwrapped factor graph of a Raptor code, depicting the
relationship between U; and U/ in the proof of Theorem 1.



Chapter 4

Simulation Results and Discussion

4.1 Simulation Setup

We performed Monte Carlo simulations for both Algorithm A and Algorithm B with
various parameter settings and at receive SNR values corresponding to capacity 0.25,
0.5, and 0.75 bits/channel use. For a fair comparison, at each SNR value and for each
simulated codeword transmission, all decoders (each using one of the two algorithms
and at some parameter setting) perform decoding simultaneously on the channel output
stream. That is, when any two decoders perform a decoding attempt of a codeword at the
same time instant, the same channel output sequence is processed by the two decoders.
At each SNR, the time n* of the first decoding attempt is set to be identical across all
decoders. Over channels with capacity 0.5, and 0.75 bits/channel use, we tested over
200 codeword. On channel with capacity 0.25 bits/channel use, we only tested over 120

codewords since the time consuming.

4.2 Results

Simulation results for channel with capacity 0.5 bits/channel use are presented in Figures
(4.2) to (4.9). Also, Figures (4.10) to (4.14) present the simulation results for channel
with capacity 0.75 bits/channel use. Last, the simulation results for channel with capacity
0.25 bits/channel use are presented in Figures (4.15) to (4.20).

37
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Figure 4.1: Scatter plot of realized rate by Algorithm A(100,75) vs realized rate by
Algorithm A(100, 100) over channel with capacity 0.5 bits/channel use.
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Figure 4.2: Histogram of number of bits required for successful decoding of Raptor code
with k = 9500 on an AWGN with £, /Ny = —2.83dB (capacity is 0.5 bits/channel use).
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Figure 4.3: Scatter plot of realized rate by Algorithm B(100,50) vs realized rate by
Algorithm A(100, 50) over channel with capacity 0.5 bits/channel use.
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Figure 4.4: Scatter plot of realized rate by Algorithm B(2, 1) vs realized rate by Algorithm
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