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ABSTRACT . !

Discrete Fourier transform systolic array reaiizations
by ﬁeans the modified Goertzel algorithq’ are described ih
thié thesis. The new algorithm which eliminates the need
for a reverse data sequence and external hardyare, overhead
.yields efficient systolic array mébpinés. The two systolic
arrays intrgduced, a semi and pure-systolic array, are
characterized by oregular;A modular cell interconnections,

1S 'making the arra&s combatible \\yith VLSI design
guidelines. The two‘ arrays require a total of N identical
basic cells. Each basic éell communicates only with' its
nearest neighbors. "A cell is built around some simple:
——registers, four adders and four multipliers. The fact that
; only one static twiddle factor is needed per. cell implies
tha; a multiplier can be réplaced by a stored product ﬁbM.
The resulting systolic arrays have an effective throughput
ate of cne DfT coefficient per clock cycle. The arrays are
compared to other DFT systolic arrays regarding cohplexity
and real-time implementation. A theoretical’ analysis and
computer simulations are carried éut td predict the efror
performance of the -propdsed syst?lic arrays‘ and other

existing systolic arrays.
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Fourie

physically

CHAPTER I

INTRODUCTION

r analysis "is ‘a useful tool to describe

realizable time-domain waveforms in terms of

- their frequency coritent. This analysis technique is.composed

of two diffe

rent tools, the Fourier .series and the Fourier

integral. The first one applies to periocdic time functions

and the-latter to aperiodic ﬁime'functions. The conditions

19

under which the Fourier series or the integral exist are

given by the Dirichlet conditicns [14].

!

The use of such analysis tools. dates back in the late

eighteenth

J.B.J.Fourie
applications
a vibrating
arguments of
Fourier in
-mathematical
to analyse

examples the

functions.

century, though originally not naﬁed' after
r (1768-1830) (1l}]. To name a fow
, D.Bernouilli (1300-1782).expressed the form of
string-a§ a series of sine and cosine terms with
both time and distance in 1753 and J.B.J.
1832 (year of publication) showed how a
series of sine and cosine terms could be’ used-.
heat conduction in solid quies. fn these
anq}ysis was carried out on contihubus time

But Fourier analysis can also . acgpmmodate

sampled waveforms. The technique is known as the discrete

Fourier transform DFT (2). Efficient methods of. computing



7 S
the DFT were proposed by C.?%Qeuss “"1in 1805 for the
interpolation of orbits of celestial bodies and by F.Carlini
in 182é\for harmonlc analysis of barometrlc pressure. More
historical notes can be found in [3] and. the references
mentiocned in the artlcle..

More recently wirﬁ the advent of digital computers in -
the late forties, therer has been widesoread.interest in
Fourier analysis I; siguai processing applioatione/in ereas
such as communications, radar, sonar, seisﬁology and medical
imaging systems [4]. Incontestably the.,DFT\iis a, keQZ
'algorlthm in frequency domaln descrlpt}oni‘of_ signals and
linear system functions. Scientiste ~and . engiheers have

focused their attentlon malnly in flndlng eff1c1ent ways to

“calculate the solscrete Fourler transfprm on ' general

computers (so-called Von Neumann machines). In a way, as
meqtioned _in"[3]h some of theee computer”algorithms were
reinvented. The moét popular famlly of dlgorithms to

evaluate the DFT on a general purpose computer lS known as
the : fast Fourier traneform (FFT). The ~ flrst one was
published in the mid—eixries and is‘called the Cooley-Tuckey
FFIﬁ [5]l ‘This ‘computer algorithm requires .a_ number ofQ
oomplex opererions proportional to N LogsyN insteed cof N2 for

the computatiou of_the DFT. This algorithm was certeiuly e.

breakthrough for the evaluation. of a DFT on machines

equipped with a single arithmetic ‘iogic unit. Other FFT



S - -3-

algorithms are 1like the Sande-Tﬁckey‘, prime-factor and-

Winograd FFT aldgorithms [14-19].
/—K“ﬁ . - . = M «

» Today,with the .advancement in microelectronics parti-
culq{ly in very large scale integration (VLSI) technology, a
an%er of elementary processors with a large:memory capacity
can fit on a single chip {6~-9]. As this trend progresses
distributed-processing and pipelined processing become.

attractive sclutions to overcome the single processor

bottleneck (10,11]. For example, memory chips with a large.

nﬁmber of stored bits, thought not to be realizable a few

years ago, Ccan now hplp simplify arithmetic operations
(stored ﬁ}oduct techniques) [12]. This aftractive solution
for arithmetic Ioperations has become particuiarly feasible
with a recent market.deFline:in the world memory price [13].

. In chapter two of this thesis, we review the main
chgfacteristics of the discrete Fourier transform. Liﬁéar
;_filtering.computaﬁion of‘the DFT 1is then"explored. Some
basic algorithms 1like the Goertzel , the curtis-Goertzel
{22], -the Ward-Goertzel [241,» the chirp-z transform and
Rader's algorithms are reviéwed.‘ Next, the most popular.
fést Fourier'trgnsform algorithms like the Cooley-Tuckey FFT

[5,15], the prime factor algorithm (PFA) [30,32] and the

Winograd Fourier transform algorithm (WFTA) [31] are

reviewed. An extension of the DFT concept is‘also‘discussedh‘m

by means of the sliding and the delta rotation DFTs.
‘ Iy

w3



We are not ‘trying to give an exhaustive tutorial on
the :EFT computation but rather to outline the major
attributes of the algérithms in terms of the number of
operations, hérdware requirementsxand communication costs
for data transfers. These éharacteristics will help in

 finding algorithms = that | are amenable to VLSI
implementations.

To pursue this goal, we present in chapter three a
summary of VLSI architebtures, The chapter starts with a
discussion of existing:'ﬁsi/LSI; implementations of DFT
processors. Problems that could be found by .translaﬁing

'liﬁese pProcessors - int? VLSI designs are giuen.ﬁ Then, .
opportunities created by VLSI technology are explored. The

. v
limitations and some basichuidelines in-VLSI designs are
presented. Multiprocipsof systems which can benefit from
VLSI technology- are]described. "General distributed signal
processing system§ and pipeline processors are covered.
Emphasis. is placed on a s&ecial kind of pipeline process;r
\/\\ . . . . ,
that is the systollc-ﬂ<ray architecture. Systolic arrays are
favored for a DFT procegsor implementation mainly because of
their simplicity and their compatibility with VLSI design
guidelines. ‘ ‘
In chapter four, we fhrther concentrate our study to
o .

those architectures intended to implement the discrete

Fourier transform as a systolic array [38—39,49,5%,53—54].

-

B

);;
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Subsequently, we -inﬁrédﬁce an imprbvement to the systolic
implementation of the DFT by means of the modified first-
‘order Goertzei algorithm [66]. Two typés of systolic arra?%
are introduced a seTi and a pure systolic array.’ Chapter
four ends with a discussion conceXning -hardware
imﬁlementations. A thorough design based on_mbff-the-ghelve
integrated circuits builthith VLSI down to SSI technologies
,;s considered.

We éive in chapter five, for the propoged arrays and
the other DFT éystolic arfays in _géne 1, a fixed-point
error analysis. The analfsis ;;veals th the pogsibilities
and limitations of the use of DFT systolic érrays. Finélly,
chapter éix concludes the topic of this thesis.

The original contributions of this thesis research are

the development of a semi and a pure-systolic array for the

computation of the discrete Fourier transform by means of

the modified Goertzel algorithm, an improvement to the first .

order = Goertzel algorithm called the modified Goertzel

algorithm, and a statistical error analysis of the modified

Goertzel algorithm.
Other contributions, partly coriginal, include'the use
B

of stored product ROMs for the proposed systolic arrays, an

error analysis for this realization and a note concerning

overflow problemé found in a fixed point realization of the’

segdhd order Goertzel algorithm.

\>



CHAPTER II

OVERVIEW OF DISCRETE FOURIER TRANSFORM COMPUTATIONAL ALGORITHMS

-

2.1) Introduction:

The obje§$ of this chapter is to present ™irst the
discrete Fourier transform and its properties. Subseéuently
computational algorithms for the DFT are reviewed. To permit
a EE}ter understanding of their properties, the algoriFhms
are grouped in four categories: linear filtering algorithms
{section -2.d), fast transform-like algorithms (section 2.4},
rsliding DFT algorithm (secéion 2.5) ‘and delta rotatiéﬁ.

: aigorithm (section 2.6). For each algorithm the equation is
dérived and an analysis of the number of operations"fOr
complex input data 1is giﬁen. Here we want to assess the
pérformance of each method in terms of the number of
arithmetic operations if computed on af general purpose'
computer, and the number of hardware multipliers and adders,
toqether with ﬁhe need for data - exchange that would be
reguired if the algorithms were mapped into fully parallel
architéctures. Finélly, we end this chapter with a

conclusion {section 2.7).
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2.2) The discrete Fourier transform:

~
The discrete’ Fourier transform is the result of the
- L]
adaptation of, the Fourier integral to a form which is
appropriate fof computation on digital computers. Many text
books- .give the derivation and properties of the DFT
. el s
f2,14-19]. Here our primary objective is "to state the
properties of the DFT.and explain the notation thaf will be
used throughout this thesis.
a ’ e )
The discrete Fourier transform of a finite duration
discrete-time signal is given by
N-1
X(k) = = x{n) exp{=iZnnk/N} , 0sksN-1 (2.1)
. n=0 "

(-
and where, °

x(n) represents the discrete-time éignal(sﬁail letter)
- after sampling-a continuous-time signal at equally
spaced time intervals (can be éomplex),‘
N is an integer number of samples and
- X(k) represents the discrete—frequeﬁcy transform
function; the spéctral lines. *
This analysis transform (2.1) has 1its ' inverse function

called the syntheéis transform.

L) " N-1 ’
¥¢n)=1/N = X(k} exp{j2nnk/N} ,0<nsN-1 (2.2)
k=0 . . f .

B . \ 4 *
_The complex exponential exp{-j2n/N} will in the following be-

-~
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replaced by Wy for si;;ETETEy. .

Matheﬁatical pidperties of the DFT

Mathematically the DFT as an anélyéis and synthesis
tool possesses several properties which are very useful when
applied in digital signal processing. The notéti;n used in
the following is

{x(n)} <----> {X(k)} . (2.3)
This states that the discrete-time sequence x(n) and the
discrete-frequency sequence X{k) are a DFT pair. We also
introduce another discrete-time ‘sequence, vy(n}, and its
;ransfo:m ¥Y(k); a constant "a" that can be any number and an
integer number "1". | |
'Linearitx
X)) + {¥(n)) <=—==> (X(k)} + {¥(k)} L (2.4

-

{a x(n)} . <==-=> {a X(k)} ) ‘ (2.5)

Symmetry B
{x(-n)} © L <====> {X(-k)} (2.6)

Time shifting

{xtn+l)} w====> (W 1K x(k)} . g (2.7)
Frequency shifting ; .

(W0 X(n)} <---=> (X(k+1)) S (2.8)
Convolution

N-1 ‘ -

{Z x(n)y(l-n)} <-=---> {X(k)Y(k)} (2.9)

n=0

L
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DFT of a real seguence- '

The DFT of a real sequence is characterized by a real

part that has even symmetry and -an imaginary part that has
. ) :

odd symmetry. Therefore, when computing the DFT, 1t is not

necessary to compute N frequency samples, only N/2 are

L

required.

It 1is poséible with one complex DFT to compute two
real DFTs simultaneously. Let assume

z(n)=x(n)+iy(n) . ‘ : (2.10)°
where x(n) and y{n} are both real sequences: ﬁsing the

linearity property of_the DFT {2.4), we find

x{n)+jy(n) <=-==> X(k)+3Y(k) | (2.11)
and h i

2(k)=X(K)+3¥(K) . o . (2.12)
We need to express k(k) and Y(k) in z(ki;' the foliowing

gquationshare found [15,17-18]

X(k)

S(2(KR) + 2(-k))/2 T (2.13)
]

Y(k) = (2(-k) - 2z(k))/2 (2.14)

In an qappiication context we must keep in\mind some
DFT characteristics, both functions =x(n) and X(ki’ are
periodic ,with period N. £ Therefore, (2.6) should be
in£erpreted¥as a mapping of the functions indices "n" oﬁ "k
into N-n or N-k (excgpt at zerq). The .zeroth sample is

mapped into itself.
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2.3) Linear fiitering computation of the DFT:-

2.3.1) Generalities: L

In this section, the major algorithms for computing

the DFT as a linear filtering process are summarized. Each

algorithm is explained using a basic equation and a diagram:

for a sequence of length N. The number of arithmetic
operations (add,multiply) required when the DFT is computed
on a general’® purpose computer, and also the number of

hardware adaers‘and multiplieré for a fully pafallel system

x3IA

realization i.e. a system where the number of arithmetic
units is proportiocnal to N are given.

2.3.2) Goertzel a}gor;thm:

, 2.3.2.1) First order récursive filter:

The Goertzel-algorithm is aimed in reducing the number
of operations on a general purpose computer and is a Qay to
find the DFT of a sequehce at a specific frequency
sample [14,20-21].

. Lets multiply the right. hand side of (2.1) by the

constant wN"kN=1,

N-1
X(k)= wy KN = x(n) wgkn ' (2.15)
n=0 ‘
N-1 .
X(k)= = x(n) wy k(N-n) k=0,1,...,N-1 (2.16)
n=90

&

This is similar to a discrete convolution (2.9). The left

i
=
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'hand side of (2.16), X(k), can be replaced by the variablg
v{n,k), which indicates'the nth recursive step and the kth
frequency sample. Therefore, for éne particuiar value of k,
we have the following convolution equation
N-1 o
y(n,k)= = x(n) wy kl(i-n) (2.17)
n=0 - '

and the fréquéncy sample 1is available after the nth
iteration

X(k) = y{n,k}|i=y (2.18).

The algorithm stated by (2.17) .and (2.18) is known as
the first order Goertzel algorithm. A system to compu;e
{2.17) at 5 particular fredugncy sample "K" is depictéd Ep
figure 2.1. When we say X(k) is found after the Nth
iteration, it really means that the partial result y(N-1,k)
must be fed back in the network and a zero sample sent at
the input. Therefore to satisfy (2.1) two frames must be
'separated with one data sample equal to zeroc. To get around
this inconveniency, one could‘use a complex 'mu;tiplier' at .
the output thus allowihg'a continuous flow of data frames to

be transformed as shown on figure 2.1.
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‘ 4
+ » Re n,k
Re[x(n)] — 3 [v( )]
cose D
+ ‘; - x*
a) —siﬁe-ﬂ * * . sin®
r 3
cosO -
©
* P +
D 1.
Im{y(n,k})] < ad + l¢——— Im[x(n)]
Re[y(N,k)] ————I—b~ ¥ t—» + |[—» Re(X(k)]
cgse - »
b) sin@ -» * 4 ~-sin@ )
.o . cosd L=
Im[X(k)] &= + F * g Im[{y(N,k)]

where in the boxes, the symbol
"+" represents an arithmetic addition,
"*", an arithmetic multiplication, '
» "D", a time delay. '
and

yic cell for the realization of the first
order Goertzel algorithm, (qg recursive section
and (b) phase correction section.

Figure 2.1.

If complete’ tfansforms of length N in a continpoug

: f . ,

fashion are computed using N arithmetic cells as in
figure 2.1, the resulting system would need a total of 6N

adders and 8N multipliers. For exampie, such system can be



configured as follows: each arithmetic celi is connected to
a data bus, every clock cycle an inpuﬁ sample 1is made
available on the bus, this input sample is grabbed by each
cell, each one comp%tes a frequency‘sample and after & clock
cycles the frequency samples are‘ready for retrieval.

On the other hand a scftware approach(bﬁ’% general
purpose computer would require 4N reai. multiplications and
4N real additions for‘the computation of a DFT sagple at a
particular "k" plus two réal additions and four real
multiplications every N iterations. .The total number of
operations are ({4N+2)N real additions and (4N+4)N real

multiplications. This result 1is a bit more than a direct
\\\\,calculation (2.1) but the Goertzel algorithm doesn't require
the computation .of, nor the storage of, ail the coefficients
ka“ since these quﬁﬁtities are effectively comphted by the

recursion process implied in figure 2.1 [14]. ’

2.3.2.2) éeconé—order recursive filter:

It 1is possible to transform the first—o?der system
into a second-order recursive system (14,21]. To see this,
first write the transfer function in complex form for the
flow graph of figure 2.1.

H(z,k) =

—T : {2.19)
l-WN—kZ_ . i’

™

Secondly, multiplying both the numerator and the denominator

of H{z,k) by the factor (1-kaz'1), we obtain
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o~

‘-1 _
H(z,k) = 1-Wy™z (2.20)
l-2cos(2nk17N),_"z’I+z'2

Finally (2.20) can be represented by a flow gfaph as in

figure 2.2.

Re[x(n) ]-¥

> Re(vin,k)]

4 %]

0

o)

w

®

. {'o F-

* M—

l,
M+ +

F—D'F_P""
b 3
w)

2cose r

w)
6 %
oO—9» =
74}
@ _l
+

Im(x(n) ]

4 + Im[y(n,k)i. .

Figure 2.2.Flow graph of an arithmetic cell for the second
order realization of the Goertzel algorithm [14]~.

_B=2nk/N

The execution of the algorithﬁ on a general fPurpose
computer wpuld require thé, computation_ of 2N{N+2) .real
multiplications and 4N(N+l) real additions. For a systeﬁ.

1 implemented with N arithmetic cells 1like those of

figure 2.2, a total of 6N multipliers and Bﬁ adders are

:



X

equired. This system would work as the one mentioned in

,; sec£ion 2.3.2.1.

The major advantage of the second corder approach over
the first order is found in the increased accuracy i.e. only

two multipliers (2cos8) are required in the recursive loop

instead of four. This topic 1is covered in details in

chapter 5. . N
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2.3.3) Recursive prime-radix algorithm transforms:

2.3.3.1) Curtis-Goertzel algorithm:

The' Goertzel algorithﬁ uses N twiddle factors i.e.
WN‘k for k=0{l,...,N-1, _ iﬁ ‘the first-order recursive
realization“(£;i7) or N real coefficients, 2cos(2nk/N), in
the - second—ordgr recursi#e realization (2.20), for the
computation of the DFT. A ,ﬁethod is proposed in [22]é§§§
calculate tHe DFT' using a recursive approach like the
Goertzel algorithm. But . this recursive "prime-radix
algorithm transform".(PRAT) reduces the number of different

coeffickents to one, i.e. Wy.

Consider the N-point DFT, with N a prime nﬁﬁber:
, N-1 . ) ‘ l-
X(k) = T x(n) wykp 0<ks<N-1 S (2.1)
n=0

"Since'N 1s prime, al%/N valugs of the complex exponent are
used f?r each frequency cell calculation,('i.e. for every
value of k, except the first. This is not the case when N
'is composite. Consequently, it is possible to reorder 'k"
so that sequential values of the exponent incre%ent in phase
b? {2nMM/N}, with (M) MOD ﬁ #0, rather than using seguential
values of xﬁn). This does not change the process,simply the

order in which it is'd?ne.“[ZZ]

For example,consider a five-point DFT given by
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x(k) 3 = x(n) wgkn 0<ks4 (2.21)
n=0 ) S :

. . [ ]
Expanding, removing the redundancy in the complex exponent-

and replacing W5 by W gives

1 1 1 1 x{0)

X(0) 1

c |X(1) 1wl owe owd oW flx(1) . _
X(2)]= {1 we w% wl w3 [|x(2) g (2.22)
X(3) 1 w3 wl wd o we ||[x(3)
X(4) 1 wd w3 w2 owl ||x(4)

o _
Ignoring the d.c. term X(0),expanding and refactoring to use

the complex coefficients in order gives L

\
. - .
X(1) x(0) %{1) x(2) x(3) x(4) 1
X(2)] . [x(0) x(3) x(1) %x(4) x(2) wl
X(3)]|= |%(0) x(2) x(4) x(1) x(3) Y (2.23)
X(4) x{0) x(4) x(3) x(2) x(1)| - wi
. ' ' W
: ] L
Referring to (2.22), it cap~ be seen that all the

coeffic}ents, 1 through w4, are used for each frequency cell
calcula£ioﬁ.}except X(0) which is treated separately as a
special case. Ignoriﬁg this term, the DFT once expanded and
refactored to wuse the complex coefficients sequentially
appears as in (2.23).

Equaticon (2.23f.can be written in a more compact fofm

as

X(k) =

s

Wl x[(nk*(MOD 5))]  1sks<4 (2.24)
0 .

where k* is given by the{ congruence kk =1 MOD 5 {18].

1)

P
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Or, for the N-point transform, 5

N-1
X(0) = © x(n) {(2.25)
n=0 )
N-1 .
X(k) = wMD x[(nk*(MOD N))]  1sks<N-1 (2.26)
L n=0 )
where k* is given by the congruence kk*=M MOD N. (2.26} can

now be computed recursively, as can be seen by considering
the general form of the ktD cell of the five-point DFT wused

above:

X(k) =

TS

x'(n) wh ) ) (2.27)
0 .

where x'(n), is the shuffled version of =x(n) mapped as
defined iJ (;l24) above. Expandiné (2.27) and writing it in
reverse order gi&es e

X(k)=x" (4)Wh+x" (3)W34x" (2)W24x 7 (1)wltx' (0) (2.728)
Rewriting. (2.28) as a polynomial evaluation using Horner's
rule [21] results in |

X(K)=( ({7 (4)W+x" (3))Wx’ (2) )W+x' (1) )W+x'(0) ~ (2.29)

CQnsequently,' the- evaluation of a DFT‘ using the
algorithm described above uses a structuré identical to that
of ‘the Geoertzel algorithm of section 2.3.2. It can be
represented either as a‘firsﬁ-order rééursive system {figure
2.3) or as a second-crder recursive systeh (figure 2.4). The
major differences being the fact that only one complex

&

coefficient is'fequired for any frequency sample calculation
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and that for each of these frequency sample, a proper data

x'(n) —Pp| + - » vin,k)

W

Figure 2 3 First-order recursive system for PRAT- Curtls
algorithm ([22].

~”

x'(n) —p + - > + L— y(n,k)
+ * D NI
cos (2m/N) vy

ﬁigure 2.4 Seceond-order recursive system for PRAT-Curtis
algorithm [22]“

To go even further in reducing the complex1ty of the

algorlthm one can’ see that X(k) could be calculated by

-loading the initial value of data,x'(4),into an accumulator,

+

rotating the accumulator output through an. angle of  -2n/5S

- and adding .the next data valuehx'(B). %he,sum is again

rotated by -2n/5 and x'(2) is added. This process iterates
until all values of x'(n) have been processed. These
rotations of the accumulator can be interpreted as shifting

operations (i.e.multiplication hy 2°M)., The value of M

i

¢



~20-

(2.26),the phase iteration factor:for a given transform <ize
N is choseﬁ to provide séaling' values that ° can Qae,
implemented easily. Convenieht values of M, for some N
(prime} in the range 3 to 47 to give cos(2nM/N) approaching
270 are listed in Table 2.1.

TABLE 2.1 Convenient values for M. and scaling factors for
primes in the range 3-47 [22].

N M cos(2nM/N) Sﬁift'gcaling
d 3 1] --o0.5000 | -271
5 | 1 0.3090 272%0.9443*274
11 {3 -0.1423  } -273-0.5541%273
19 | 4 0.2455 [ 2-2-0.5779%2-7
31 | 9 -0.2507 -272-0.6682%2"10
47 | 1 | 0.9912 | 20-p.5710%276

*

Table 2.1 1lists ply two transform sizes with scaling

values that can be implemented by simple binary shift.

‘These are N=3 and. N=31. The three-point transform is of

limited practical application, unless highly composite data

block sizes are used. The 31-point transformlis useful in a

humber of applications, but using an approximate scaling
value in the recursion introduces errors in the transform
calculaticn {22].

'

An algorithm to calculate DFTs by recursive filtering

"has been outlined. The recursive PRAT algorithm uses a
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L

special index mapping for shufflihg_the,input daté te reduce
the total’ﬁumber of complex éoefficients to'only one. This
résulfs in an add/roﬁate operation which can be simplified
to.an adé/shift Qperation with a Proper choosing of N a
prime. This technique has been employed as an alternate
142 -l1evel priﬁitivg structure {22-23]. a comparison_to the

Goertzel algorithm will be presented in section 2.3.6.

LS
b

2.3.3;2) Ward-goertzel algorithﬁ:

Shortly after the publicaticn of [22],Ward published a
léttef that showed how the number of multiplications could
be halved in a sequential calculation of complex DFTs while
still retaining the recursive narture of the Curtis-Goertiel
algorithm [24]. _

The new technique .changes the basis 6f the coﬁp}ex
plane to (l,wNM), where Wy is the nth root of unity; rather
Fhan the more normal (1,j). This results in the following
number system applies again to N a prigg%.

R(W) = {a+bW} (2.30) .
where a,b are real numbers and w=wNM. Arithmetic in R(W) is

performed using the following set of rules: .

1

(a+b¥) + (c+dW) = (a+c) + (b+d)W | (2.31)

‘
{a+bW) * (c+dw) (ac-bd) + (bc+ad+2bd Re{W})W (2.32)

il

where W=Re{W} + j Im{W}.

Transformations between complex numbers, and numbers
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represented in R(W),denoted by
complex:a+jb ----> R(W);c+Wd (2.33)

are given by

~_ C=a-b(Re{W}/Im{W}) and d=b/Im{W} i (2.34)
Similarly the inverse transformation_is
a=c+d Re(W} - and b=d Im{w} > (2.35)

Suppose-the arithmetic ‘used. to evaluate (2.29) is
conducted in R{W), so that multiplication of W correspond té
multipiying by (0+1W). Then using (2.32) each of the partial
sums.in (2.29) may be evaluated by one multiplication, even
for compléx input data.J

(a+bW)W = (-b+(a+2b Re{W})w) " {(2.36)

2Re{W} 2cos(2nM/N) . (2.37)

]

By making use of ‘these results, the first-order
recursive filter at particular frequency sample "k" isg

illustrated in figure 2.5 for complex ihput data. The same

restrictions as in the previous section apply.



. _ r—"——_":\_ ———————————— 1
Re{x'(n)}——p + |——p + —»1 D I
[T '
| ' |
Re{wW} 9 * | .
. I
2Re{W} )
| B e T
Im{x'(n)}pf * | + e _] |
l
1/Im{W} l
o L . - _ 1 ".1- ____________ d
ns Bl e R
Im{W}  * Re{W} N
Im{X(k)} Re{X(k)}

Figure 2.5 First-order recursive system for PRAT-Ward
algorithm [24].

- The region within the dotted lines indicate where ghe
computation in R{W} are perforﬁed. The section at the left-
.haﬁd side of the dotted rectahgle does a conversion complex
domain ----> R(W)  using (2.34j and the section below the
dotted rgctangle, a conversion R(W) ----> complex domain

using (2.35).
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YRR 4 ‘h‘

*

2.3.4) Chirp-z transform: . 2 e T

Consider the DFT of a sequence x(n)
N-1 - :

X(k) = = x(n) wy"k 0<ksN-1 (2.1)
n=0 X

Rearrande the exponent "nk" to obtain:

nk=-(k-n)2/2 + n2/2 + k2/2 ) (2.38)
Thus (2.1) becomes _ R
2,, N1 2 2,,
X(k)= ka /2 = x(n) le'l /2 WN-(k—n) /2 (2.39)
n=0

This shows thgt X(k) may be computed by conveolving the

sequence x(n) premultiplied by a complex exponential-

function with that same function, and by postmultiplying by
a similér function with exponent k2. This process 1is
depicted in figure 2.6. The major part of the algorithm is

the’ complex' finite impulse response (FIR) filter; its

_impulse response is that of a chirp filter, which is well

known in ;adar signal processing} hence the name chirp-z
transform. The method can also be applied to tﬁe evaluation
of the z-transform [25-26]. The DFT is simply a special
case of the aIgorithm when thé.radius i§ set to unity and

the initial rotation angle to zero [14,18].
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. | CONVOLUTION
x(n) —p * —» by hi(n) —» * |—» X(k)

1/h(n) o 1/h(k)

&h,

where h(n) = HNQ%/Z
. .‘—Qa hlatat .

Figure 2.6 DFT computagg;;—using the chirp-z algorithm [26].
The computation of the algorithm on a gereral-purpose
computer requires N{4N+8) multiplicatl‘ons and N(2N+4)
additions. On the other hand, the gmplementation of a
chirp-z transform using parallel arithmetic would need
(4N+8) multipliers and (2N+4) adders. These last figures

assume that the FIR filter is implemented with N arithmetic

units i.e. one for each tap.

2.3.5) Rader's algorithm;_'

Another method for convérting a DFT lnto a convolution
was proposed by.Rader_[ZB]. This method is in many asﬁgéts
quputationally more efficient tha thé chirp-z transform
algorithm.  Rader's algorithm replaces the premultiplications
. and postmultiplications in the chirp-z transform algorithm
by a_reafrangemept of the input and output data samples. We
sh§ll consider here the case of a DfT‘qf size N where N is a
prime. More information in [18,28] can be found on the

polynomial formulation of Rader's algorithm. o

We rewrite (2.1) into a different format.
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JUN

For k=0, X(k) is given by ' o
1 ﬂ\‘v}\\

. N..
X(0} = = x(n) . (2.43)
n=0 )
for k#0,
N-1 .
X(k} = x{0) + £ x{(n) wy" 1<ks<N-1 (2.44)
n=1 ¢ :

The indices "n" and "k" are'defined médulo N. It can be
shown that, if Gu" is the set of integers 0,1,...,N-2 ,there
are always primitive roots "g" defined modulo N such that g4
modulo N takes once and only once all the values 1,2,...,le

when '"u' takes successively the values O,l,:..,N-Z [18].

Thus, for n, k#0, we can replace "n" and "k" by "u" and "v"

defined by

ns g4 modulo N -
k= g¥ modulo N , u,v=0,1,...,N-2 . (2.45)
Undér_these éonditions,(2.44) becomes

' N-2 +v . ' :
X(gY) = x(0) + X x(g¥) wy 9 (2.46)
o u=0 :

which shows that the summation térm 1is computed as a

7
- 4 A -

circular correlation of the permuted data sequence x(g4)

L%

with the complex exponentialm Wy raised to the power EB)
)’ N
Thus, for N an odd prime, most of the computation required

to eyaluhte a DFT of N samples reduces to a circular

=y

correlation of N-1 points. The process 1s illustrated in

figure 2.7. ‘v\

AN

<
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%(0) —|~>

SUMMATION

L X(0)

1]

x(n) PERMUTATION

= CONVOLUTION —P- PERMUTATION Hp

+

P X(Kk)

n#0

"

k#0

Figure 2.7 Computation of a N-point DFT by Rader's algorithm'
N a prime [18].

It is not easy for this algorithm to determihne the

number of components. This

. o . '
circular correlation is implemented. Below, we reproduced

figure‘ depends on

how the

..

| t%ble found in [18] - which gives the number of

‘ mﬁltigliCations and additions for the seqguential computation

of the algorithm when N is small i.e N < 16.

Table 2.2 Number of non-trivial real operations for short

[}

DFTs computed-by Rader's [18].

DFT size:

ﬁumber of
‘multiplications | additiohs

Number of

W O ~JUnds Wk

=

e )
0 WO B Wk

»

2z,

6

8

17
36 ..
26
44

74

"

- The usefulness of Rader's algorithm emerges when it is

combined with other tgchniqueé like ' the prime

algorithm (segtion 2.4.3), tc compute large DFTs.

factor
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2.3.6) Discussion: . .
///W\ To summarize this‘section, it is worghwgile to gather
all the characteristics of the 1linear filtering bFT
algorithms covéred in section 2.3. In table 2.3 for each
ngorithm fhe number of additions/hultiplications required;
oﬁ .a ggneral-purpose | computer and ‘the numbexr :of
adders/muifipiiers required.for a parallel architecture are
given. Fﬁrthe;pofé, some important wemarks are also given.

The figures shown are valid only for a full length transform

of size N and.for complex input data.

»
-

For the general purpose computer aﬁproach, one can
verify that, iﬁ genéral, the number of qperations is
proportional to N2 of'simply O(N2). It is easy to decide
which of these algorithms is the most efficient. The
criterion are \the number of multiplications and additions
weighted by the execution time for each one. A secoqd

‘ériterion must be taken into account that is, the way in
which the twiddle factors are generated or stored. This
criterion refers to systems with limited storage facilities.

on tﬁe other hand, for a parallel systém point of
view, the number of arithmetic components is 6(N); In this
case, it is not a simple task to choose one algorithm among
those that were studied. The number of arithmetic

components is important as well as the way in which the
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' - .
,.twiddle factors are generated and stored. Above all, the

communication requirqﬁsnts for data exXchanging and routing.

must be considered. 'Thig¢ topic is crucial with=%arallel_

& .

system implementatidns and is covered in section 3.3.

Table 2.3 Comparison of different linear filtering algorithms
intended for tlie DFT, the input samples are complex.

Gene:al-purﬁose Parallel system
) ~ computer ° number of PE=0(N)
Algorithm , ' - Limits Equation
+ . |mult. |add Note |mpy's|adders| Note on. N
Direct )
method - 4N2 (- 4N2 1 4N 4N° 1- Any N (2.1)
" Goertzel 4N2+ |4N2+ J(2.17).
1st order | 4N 2N 42 BN 6N 3 Any N (2.18)
2N2+ |4N2+ -
. 2nd order 4N 4N 2 6N . 8N 3 Any N (2.20)
PRAT 2N2+ [4N2+ . Prime
Curtis 4N 4N 4 6N 8N 5 number {2.26)
Curtis- 2N . _.4N2+ 2N 8N Prime R
add/shift |[2N2+2N 4N| 4,8 4N-SR 5,8 number (2.26)
Ward N2+ 3IN2+ -1 Prime (2.26)
4N 2N 4 SN 5N 5 number |(2.36-37}
‘ Chirp-z 4N2+ |2N2+ 4N+ | 2N% _
Direct 8N 2N 6 8 4 6 Any N {2.39)
Rader's see - Prime
Direct ‘Table 2.2| 7 N/A . 7 number (2.46)

~All the figures are given in terms of real operations

PE :
mult. :

mpy's
O(N)

: Multipliers
Proportional to N

Processing Element
Multiplication

SR

N/A :

:. Shift register

\

Not Applicable

=/
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Storage ©or generation; of each coefficient WNRn
Storage or generation of each coefficient ka

‘ L,
Need only one coefficient ka per PE
Only one coefficient needed, Wy
Requires data sHﬂffling *
All the PE's are identical, except at k=0 .
Requires data éhuffling

+

Storage or generation of each coefficdient WN—n2/2
The number .of oﬁerations and elements depend on
how the convoluﬁion is implemented.

Need data shuffling "

The number of operations and eiements depend on
how the convolution is implemented.

N=3 and 31 vield the bést performance for-an

add/shift implementatioﬁ.



-31-

2.4) Fast transform-like algorithms for the discrete
Fourier transform: ’

2.4.1) Generalities:-

In this section, we focus our attention on so-called
fast'transf6§;-like algorithms for the DFT. These algorithms
outperform any DFT algorithms Iwhen computed on a general
purpose computer. Thus, thg motivationlfor these algorithms
is the number of operations (acld/rngkxlltiply)"C needed for a
particular aléorithm.. | )

'The FFT-iike algorithms derive their computational
advantage by tiansforming a DFT into a set of low-order
ones. This traﬁsformation is achieved by a pair of one-
dimensional to multidimensiqnal index mappings on the input
and outpﬁt ééquences. Two classes of ;ndexwimappings have
been developed for this purpose, *and the corresponding
algorithms haye been referred‘£o as the common factor and
prime factor algorithms (CFA and PFA)(29]. The CFA, which
‘is known as the Cooley-Tuckey FFT [S5} is certainly the most
popular FFT algorithm available. The prime-factor index
mapping due to Good [30] and the low-order DFT aléorithms
due to Winograd, "winograd Fourier ;ransfdrm ‘algerithm
(WFTA)" [31] have been combined "'to obtain a class of
efficient PFAs [32]. The WFTA requires a minimal number of
multiplications.

In the section that follows, we review three basic FFT
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algorithms: CFA, PFA and WFTA. The mathematical derivations
have been skipped 4in our study to emphasize the major
. e

characteristics of these algorithms.

.2.4.2) The common factor aigorithm:

- 2.4.2.1) Radix-2 algorithm: ‘
To illustrate the CFA, we consider the special case of

N an integer power of 2, .i.e.N=2q. Two approaches are
avallable. The first one is equivalent to splitting the N-
point input segquegce x(g) into two (N/2)-point segquences
x(2r) and x(2r+l) corresponding respectively, to even and
- odd samples of x(n),r=0,1,...,ﬁ/2;1. Tﬁis process is called

"decimation in time" [5,14-19] . - A second form of the CFA-

is obtained y simply splitting thie N-point input sequence

x(p) into two ., (N/2)-point sequences x(r) and x{r+N/2)
'Sorresponding respectively to the N/2 first samples and to

the N/2 last éamples. This process is called "decimation in

frequéncy",[l4—19].

- Both processes imply the separation of the sequence
x{n) into two distinétesequences which is in fact equivalent
to replacing an N-point DFT by two DFTs of length" N/2. The
seqguence is split into a total of g=Log)N stages. This CFA
is known as the Radix-2 algorithm, as derived in [i8].

The process of the decimation in time radix-2 FFf

algorithm is best illustrated by the flow graph of figure
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2.8. The -decimation in frequency flow graph is depicted “Dbya

" figure 2.9.

x(0)

x{1)

x(2)

x(3)

x(4)

. x(3)

x(6)

x(7)

Figure 2.8 Decimation in time ‘radix-2 FFT algorithm signal
flow graph, N=8.[18].

A-pa;allel system is formed by implementing every node
of the network or similarly every butferfly (section of
figure 2.8 enclosed in’ dottéq_ iines). - A  software
implementation on a general purpose computer would perform

this butterfly operation N/2 Log)N times.
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x(0)

x(I)

x{2)

x(3)

x(4)

x(5)

x{0)

- x(7)

‘Figure 2.9 Decimation in freguency radix-2 FFT algofithm
signal flow graph, N=8.[18).

In terms of’ tﬁe number of multiplications and
additions required,  reference [18] gives for both decimation
teéhniqueé the following values, -
Number of real multiplications: (N/2)(-10 +3LogoN)+8 (2.47)
Number_of real additions "t (N/2)(-10 +7LogoN)+8 (2.48)
These two eqguations apply”whén the éomplex multiplications

are implemented with 3 real multiplications and 3 real

additions and when the symmetries of "“the trigonometric



functions re fglly used {18]. ‘For a parallel

implementation usually referreﬁ to as "paral;el pipeline

realization” [33], the number of multipliere and adders are
also given by (2.47) and (2.48). *

2.4.2.2) Radix-4 algorithm:

We. saw that for the radix-2 algoritem, x{n} was"
divided in two groups. Itlis alée possible to divide x{n) in
four groups. This can be accomplished only when N=iq with g
even., Therefore the N-peoint sequence x{n) is split into
four sequences_ of N/4 points corresponding to - xl4r),
x{4r+l},- =x(4r+2) and x(4r+3) fer .r=0,l,...,N/4—l.- This
procees }q done LogyN times. This radixj4 decimation in time
algorithm cenverts in.fact an N-poiptt<D%T intoe 4 DFTs of
length N/4. The butterfly operation, here,recombines a set“
of four nodes into another set of four nodes. -

The numﬁei of nontrivial real operations for the
nadix-4 DFTs, when a complex multiplicatiop is implemented
;with 3 réal multiplications and 3 real additions, and the
symmetries of the trigoeometric functions are fuliy.used
(18], which apply for both’the parallel implementation and
the implementation on a general purpose computer, -are

Number of real multiplications : (9N/8)Log-N '
' - (43N/12) + %6/3 (2.49)

Number of real additions :'(25N/8)Log%N
/3

- - (43N/12) + 1 (2.50)
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For N greater than 16 the radix-4 alé%tithm siénifi-
cantly 'reduces the number .of operatioﬁs/components in
comparison with the radix-2 algorithm. The process of
splitting the seqﬁence into a 'larger number of sequences
e.q. radix;a, radix-16,etc... 1mprovés-the figures slightly.
This small decrease in operations)components is achieved at
the expensexof_a'more complex implementation.

b

2.4.3) The prime factor algorithm: N
We have seen in section 2.3.5 that Réder's algorithm
1s mainly used for smali DFTs (N<16). For large DFTs, the
derivation of the | algorithm becomes cumbersome and
computationally inefficient. Another technique which 1is
known as the prime factor FFT allows one to compute a large
DFT of size N by combining severél small DFTs of sizes Ny,
N2,.1., NQ which are relative prime factors of N [18;.‘ This
technique was propoéed by Good .L30]. The approach was.shown
to be of practical interest when it is combined with Réder's
algorithm. Good's algorithm Providés one of the foundations
on which the vefy‘ efficient Winograd Fourier transform
alg?rithm ié based (next section, 2.4.4).
| Lets consider the case of a DFT, X{k) of size N, where

N is the product of two mutually prime factors P and R



R-1 P-1
X(k,1) = B Wyl = x(p,r) wpPK
r=0 p=0 S
wp = e J2WP | yp = e I2W/R | k=q,..,p-1 (2.51)
1=0,...,R-1

-

This illustrates Ehat X(k,1) can JBe evaluated by first
computing one DFT of P terms for each value r. This gives.P
sets of R peints X(r,k] which are the input sequences' to P-
DFTs of R éoints. Thus, with' this method, X(k,l) is
calculated with R DFTs of length P plus P DFTs of length R.

In order to evaluate the number of multiplications, M,
and additions, A, along with the number of components
multiplier/adder, which are necessary to perform a DFT by
théJPFA, we assume that Mp, Mg and Ap, Ag are the nhmbgr of
multiplications  (multipliers) and additions’ (édders)
fequired to the DFTs - of lengthg P and R, respéctively. The™
results are given by:

M=pPMg AR Mp . (2.52)

A

P AR + R Ap _ (2.53)
In general for the case where N can bé decomposed into
,multipie mutually prime factofs Ny, No,.ouwy Nq"'iJ we have

N =TUNg, - T (2.54)
wpere the Nq's are again mutually exclusive,

and

=
1l

=N Mg/Ng \ T ©(2.55)

>
1

Thus, the computation of a %arge DFT_‘is reduced to



that of a set of small DFTs of lengths Nl,Nz,...,NQ These
small DFTs can be computed with any algorithm, but it is
extremely attractive to use_ Rader's algorithm "for this .
application because this particulaf— algorithm is Qery
efficient for small DFTs. i

Table 2.4 lists the number of nontrivial real arithme-
tic operations for various DFTs computed by the PfA and
Rader's élgorithm {(table 2.2).‘A formula in this case is not
easy to f£ind; a table will do tﬂe'job.—

Table 2 4 Number of nontrivial real operations for DFTs
computéd by the PFA and Rader's algorithm [18].

DFT size ' Number of real | Number of real
N multiplications additions
30 100 . 384
18 124 636
- 60 ' 200 888
120 460 2076 .
168 692 3492
240 ' 1100 4812
504 2524 13388
‘ 840 5140 23172
h 1008 5804 29548

\
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2.4.4) The Winograd Féurierttransform algorithm:

In the preceding.sectioq, it has been shown how a
composite DfT of size NT-where N is the,produét of Q factors
Nl,...,NQ, could be mapped, by simple index permhtationSy
into a multidimensional DFT of size NiNp...Ng. When‘ this
multidimensional DFT is evaluated by the conventional-;ow-
column —method, 'Ehe algori;hm becomes the priﬁe'.factor
algorithm. in rthe following, we _overview iﬁofher way of
evaluating'the multidimehsional DFT. This technique is based
on & nesping algorithm introduced by Winograd [31]. It 1is
alsq particulariy effective in reducin@ the number of
-multipl;catiﬁns7When it is combined with Rader's algorithm

-

(18].

wé limit the study of the WFTA to the caéelwhere N is
the'p}oduCt-of two factors. One can note thaf\ the two-
dimeﬁsioﬁal DFT,defined by (2.51) ﬁan be regarded as a one-
dimensionii D?T of ;length R where the summation term
performed oveE/;:p" is replaced by a vector times matrix
product. In othetbwor@s, the DFT defined by (2.51) can be
eXxpressed as

' R-1
X(k,1) = ,‘EOWR-rl Y X (2.57)

where X, is a P element column vector of the input data

x(p,r) and Y is a P*P matrix of the complex exponential wppk
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x(0,r) )
. Xp = | x(1,r) : ' - (2.58)

x(P-1,r)

0 .0 .0 0
wp? wp0 w W .
Py Wp, Wpl ... Wp
Wp? wWpl wWol ... wg(P-1) : (2.59)
vy = | who o2 FPa we2(P-11]-
= | Wpo Wp© WpT ... Wp -
P - 2
0 - -
wpl  wplP=1) [ |y (P-1)

.

Thus, the polynomial-DFT defined by (2.57) is a DFT of
length R where each multiplicaﬁion by erl is replaced with
a multiplicatian by erlY. This last operation itself is
ed;ivalent to a DFT of length P in which each multiplication
by wppk is replaced withqgimultiplication by erlePk.

The WETX is particularly attractive when the small
DFTs are evaluated via Rade}'s algorithm. In this case, the
small DFTs are calculated with A input additiong, M complex
.mﬁltiplications, and A? output additions.. Therefore, the
WFTA for a DFT dkﬁsize P*R can be represented as shown in

figure 2.10.

-

~\
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xip,r)

Ordering of
Polynomials

¥ R polynomials of P terhs

Input - P A additions
Additiocons
AR

*

¥ \ - .
Mp DFTs of _ Mg Mp multiplicatioﬁﬁ
P terms : " My Ap additions

Y
. Output 5 .
Additions P {Ag)? additions
(Ag) 2 -

X(k,l)
'Flgure 2.10 Bleock diagram cof the number of operatlons for

the two-factor WFTA [18].

x

If Mg, Ag and (Ag)? are the number of complex_
multiplications'and input, output additions for the DFT of
length . R, the total number of multiplications M and

additions A, becomes

M = Mp Mg ‘ o - (2.60)
where Mp and ' Ap are, respectively, the number of

multiplications and additicns for the- P-point DFT. Note that
the number of additions depends upon the order in which the.
operations are executed. Table 2.5 gives the numbef of
nontrivial real operations for the one-dimensional DFTs

computed by the WFTA. Those results apply also to the number
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of multipliers and adders in a parallel syétem.

. Table 2.5 Number of nontrivial real opefatidhs for DFTs
computed by WFTA and Rader's algorithm [18].

DFT size Number of real Number of real

N - multiplications| additions
> 30 68 384
' 48 92 636 .
60 136 B88
120 276 2076
‘ 168 420 3492
240 632 5016
420 1288 11352

504 1572 14540

840 2580 24804 -
1008 3548 34668
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2.4;§) Discussion:

.In this section, the common factor, the prime fact;r
and the Winograd Fourier transform algori;pms were briefiy
reviewed. Reference (18] upon WH;ch most of the section - is
inspired on gives a detailed defivation of these algorithms.

It 1is iﬁpossible to say:which of these .algorithms ;é

"

optimum for VLSI hardware implementations.. Cha@ter 3 will

-

introduce a numée; of VLSI design guidelines which will help
in making a choice. _\\\

The main chafgéferistics'df the three FFT algorithms
"can nevertheless be - highlighted. The common factor algo-
rithm applied tora sequence of length N,‘ where N is a power
of two 1is Dbest characferized by the fact tha; a regular
buttérfly calculation is réquired throughout the computation
of the DFT. The prime factor algorithm which calculates . a
DFT as 'a.series of small DFTs reduces the number of opera-
tions when compared to the CFA bht requires different types
of butte}flies to accommodate tﬁe partition of a DFT of size
N into relatively prime smaller DFTs. The principal contri-
bution of the Winograd Fourier transform is a reduction. in
the number of multiplications over the CQFA and the PFA.
The algorithms above have one thing in common that is

the input data samples and the intermediate results regquire

a special routing or shuffling from one node to another.

¥ 4
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2.5) sliding Fourier transform:

In the mid-seventies with the progres; made . on charge
coupled devices (CCD's), . an attractive technique of
computing the DFT gained in importance. This technique,
called the discrete sliding Fourier transform {DSFT),
calculates the Fourier coefficients through a window sliding
over the dqpa sequence. Its major application is in shoft—
time spectral analysis of speech signals [34]. A similar
algorithm can be‘ tracgd back to 1966 when J.H.Halberstein
published (35] a metﬂbd that @ updates the Féurier
coeffigcients ghrough a window like in the DSFT. This method
of calculation 1is devised to be implemented by é computer
program and has been usedl[Béj to compute a continucus DFT.
Here we discuss only the algorithm reportéd in [34].

The DSFT is defined as

k+N-1 ’
Xg(k) = 3 x(n)-H(k-n) wy~kn . (2.62)
n=k : )
where the index "S" denotes the word '"sliding". Fidure 2.11

depicts a comparison of the DFT and the DSFT for N=3.
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0 1 2 3 4 5 6 7
a) 1. L [ L ] 1 i 1
n
L | [ ]
DFT,lst set . DFT, 2nd set
k=0,1,2 k=0,1,2
0 1 2 3 4 5 6 7
b) | 1 ! 1 1 | 1 1
k=0 - k=0 n
i ] L ]
k=1 k=1
L i L |
k=2 k=2

DFT,lst set .
k=0,1,2 L - !
o DFT, 2nd set
k=0,1,2

Figure 2.11 Comparison between (a) a DFT and (b) a DSFT
for N=3 [34]. .

One can consider eacﬁ nonovérlapping frame of N points
of Xs(ki tc be an approkimation to the true DFT of each
respective nonoverlapping fréme of N points of x(n). Another

. vieypoint is to consider each value of the DSFT itself as a
spectrél estimate. That is, since the goal is to estimate an
‘underlying sﬁectrum, one .can argue that each of the N

Lot

spectral values may as wéll be based on different short-;ime
*» segments, as on a single short-time segment. The validit? of
this clgim strdngly depends on the statiohari;y of the input
samples. For. more information concerning this . topic, the

reader can consult reference [34]).

In general, fhe DSFT doesn't yield results which are

Ca i
LI
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exactly equal to the DET unless the signal is periodic. For
example in speech processing, averaging J pericdigrams’”
obtained from the DSFT can results in power spectral
estimates which approach those obtained with the DFT.

~ Concerning the implemgntation,the number of operatioﬁs
depend strongly on how the algorithm is implemented. Chapter
4 will clarify the situation.

»

2.6) Computation of DFTs via a delta rotation algorithm (DRA):

This algorithm evaluates the DFT of samples of a
continuous time signal by multiplying ‘the DFT of the
difference signal at the output of a iinear delta modulator
(LDM) by a rotation factor [37]. It is in fact the
combinatipn of an enceding technigque and an FFT algorithm.
The details of this mefﬂéd of computing the DFT won't.be
inen here. We limit our study to the chﬂfacteristics of the
method.

The evaluation of an N-point DFT using the DRA
requires N complex multiplicaﬁ@bns and N2 complex additions.
However due to the fact that the output of the LDM has a
magnitude either plus one or minusléne, there is no need- for
full,compiex multiplicatiéns. The algorithm does no£ need a
scrambling (shuffling) of the input data.

The major drawback to this DRA algorithm, stems from

the fact that DM encoding a signal at a given signal-to-

»
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ndise ratio necessitates a sampling';ate some M-times that
of an equivalent pulse-code-modulation enéoder.- For this
reasdn, we won't try to estimate the number of operations or
cempeonents because the M fold increase in saméling depends

on too many factors. Comparison with other DFT algorithms

would be almost impossible.

2.7) Summary:
_This chapter has reviewed ir some details the discrete
Fourier transform -.and its properties. Two different

approaches - have been covered. The first o groups all the

algorithms that compute the DFT as a linear filtering

process. The second category includes all the algorithms

whiéh are called fast Fourier transform algorithms.. They
differ considerably in concept.
The direct computation of the DFT, Goertzél “and the

chirp-z transform 'élgorithmé are characterized 'by the

regularity in the data routing. No special rearrangement é;iﬁ\

the saméles is necessary. Their implementation on a general
purpose computer requires a number of basic operations
O(N2). With;?a‘one—dimensional array that uses a maximum of
pérallelism (table 2.3) the number of components 1is O(N).
Chapter 3 and 4-will give fu;thez details of the arrays. |

In the same category were included the Curtis-

Goertzel, Ward-Goertzel and Rader's algorithms even though
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they don't share exactly the same chafacteristics. Crhg
common propefty that. is shared by all is the ﬁ;mber of
operdtions‘and components. These last three algorithms need
a special data rearrangement kﬂown as data shuffling. They
caﬁ be seen‘as a ﬁransition between the first ana second
category. thch contains the FFT-like algorithms and is
covered below. The closest to this second category would be
Rader's algorithm.

The second category comqugd by the common féctor, the
prime factor’and tﬁe winograd.FourieE -transform algorithms
is best described by the number of operations/components to
be O(NLogpN) and by the fact that dééa' shuff?ing is
required. As. mentioned in section 2.4, the ﬁajor cgncern at
the time was . the m{nimization of the number of
multiplications as these are the most time consuming in a
géneral'purpose\computer; Data routing (shuffling) was not'a
majof problem, as all the algorithme were.aiméd to a general
purpose computer implementatioh. In" a computer program,
addressing a data sample is done by a  simple symbol
specifying the row and the column in an array. One chﬁ
easily conclu@e that the Winograd Fouriér transform

algorithm is the most efficiknt method above all.

Two other methods for mputing the DFT have been
mentioned the discrete sliding Foutier transform and the

delta rotation algorithm. The DSFT resulted from the
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‘progfess in charge-coupled-devices (CCD) technoloéy.' The
delta rotation algorithm computes <the DFT but uses a new
idea that is,theAsamples are encoded with a delta modulatorf

This implies- a sampling frequency much higher then that of‘a

PCM modulator for the same signal—to—néise ratio.

The chapter that follows, chapter 3, is concerned wit@

the ways to .map a signal proéessing algorithm 1into a
4

hardware system using VLSI technology. The results of

chapters 2 and 3 will be wused 1in chapter .4 to design

vefficient DFT processors.
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CHAPTER III s

VLSI ARCHITECTURES -

J3.1) Introduction}

A wide vdriety of=-DFT processors have been proposed

I .
and implemented to meet ° the increasing performance
requiggments,of signal processing applications. in digital
communications and‘hf&dar._ This chapter examines various
existing DFT  processors ‘along with potential new VLSI
architectures. ‘

.Section_j¢2 discusses the performance achieved and tﬂe
limitations brought by different MSI/LSI implementaticons of
DFT processors thaé have been built. The yecéﬁtly available
high performance special purpose chiﬁs are also. discussed.
Section 3.3 introduces the subject of VLS& ﬁéchnology.
Designs guidelines required for the Ehplémentation of a
signal procéssor in VLSI are exposed. Section 3.4 bresents - a
description of multiprocessor systems. The classification
discusses architectures such as distributed signal processof'
systems and pipeline processors. Particularly in section
3.5; the adcént is put 66 a. special type of pipeline #
processor that is the systoliq array approach. This approach

has been made possible due to rapid progress in VLSI design.
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3.2) MSI/LSI implementations of DFT proceséors:
3.2.1) Generalities: |

In the past few years, two approaches have been used
to implément signal procéésing algerithms. One is to builf
@édiéateq DFT processors with standard off-the-shelve MSI
and LSI compénent chips. A second is to design a system
using programmable signal processor chips. This latter
class includes single chips and multiple chips for bit-slice
processors. Their  programmable nature make them more
flexible than the first approach. 'But on the other hand,.
fér high speed signal proceséing'applications e.g. radar,
the first approach.ié preferred over the second due to spged
requirements. Both methods are now discussed in‘ a DFT

context.

3.2.2) Dedicated DFT processors:

Dedicated DFT procéssors have been mainly wused in

applications where throughput rates in the range of 1-100

MHz are essential. Most of these s§ecial pﬁrpose hardware
- designs exploit tne( parallélism inherent in the FFT
algorithm (figures 2.8-9) to achieve high throughputs. The
realization of an eight point. pipeline FFT was reported
(41]). The throughput rate per sample of thé processor was
128 kHz. RCA developed a pipeline FFT matched filter to

process wideband signals in excess of 10 MHz [43]. A DFT
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processor .based on a prime radix algorithm (section 2.4.3)
wés designed [29]). The processor used the WFTA (section
2.4.4) to implement the low-order DFT modules. Serial
arithmetic, parallel dgta‘streams and pipelinedrcpmputations-
were used in these WFTA modules to give high th}oughput rate
per sample in the order of 25 MHz. A radix-4' pipeline FFT
processor was implemented [44]. A*throughbut rate in excess
of 40 MHz was achieved. f6r sequence lengths of 16, 64, 256,

1024. Recently, a fuily parallel low—érder .FFT Processor

have been designed. {33]. The system uses stored-product

ROMs 1in place of hardware multipliers?® to acﬁieve an

equivalent ﬁhrOUghput rate per sample of about 160 MHz for

N=16.

+3.2.3) High performance special processor chips:

Special‘prbcessor chip realizations of the DFT usually
require less hardware than dedicated DFT processdrs but can
hardly meet the speed requiremenés of many radar signal

+ . —

processing applications. They are best used in applications

like speech amd sonar signal processing where throughput

rates per sample ranging in the tens of kHz are sufficient.

A Fourier transform processor {59] based on the Intel

3000 bit-slice microprocessor, together with a TRW

[}

‘multiplier and some TTL circuits performed a 256~pqint FFT

in 5.4 msec vielding a throughput rate per sample equal to
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. 47.5 kHz. A TMS 320 signal processcr based FFT system [61]
performed' a 1024-point FFT in 78 msec at an effective

throughput rate of 12.8 kHz per sample. A 32-point radix-2

FFT monolithic chip was fabricated by TRW [62]). The time
" reguired-to compute a 32-point FFT. was 47 usec for a
. » throughput rate per ‘sample of 680 kHz." ”d’\‘\\
- -3.2.4) Discussion:
~.

From the examples given above, one concludes that fcr'
high throughput rates per sample, in the order of several
MHz: . DFT processors'have been constructed mainly around an
FFT-tyﬁe 'algorithm' and dedicated hardware. For low rates,
ukder 1 MHz, signal proceséor chips have been preferred over
dedicated hardwaré.

Today, with ne@ processor requirements including
increased throughput rates as well as reduced power
_consumption and system size (64], VLSI technology will have
?a majbr significance in system designs. New architectures
to . implgggnt S}T processors using VLSI have to be
considered.‘ Difect tranéTgéion of existihg.'DFT processors

:into‘.'VLSI becomes impossible because of the lack 7of

compatibility of present designs with VLSI, guidelines. The

following section (3.3) introduces these VLSI guidelines.
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3.3) VLSI technology:

3.3.1) Generalities: -

It is not clearly defined where large scale integ?ation

(LSI) ceases and VLSI begins. It can be stated that VLSI

chips contain more that,; 100 000 devices [38]. .This large
chip complexity presentsl increasing demands on design,
fabricatidn and testing. .

The chief aim of this section is to state the desigg

rules implied by VLSI technology. Fabrication and testing

*are not explicitly reviewed but a particular choice of
‘architecture for computing the digcTete Fourier transform
(chapéer 4) will make -these operations. simpler. References

* [10-11,38-40,45-46] contain the design guidélines for VLSI

architectures which are summarized below using [39] as the

major reference.

3.3.5) VLSI architectural design guidelines: _

"VLSI architéctures should fully e;ploit the pétential
of, VLSI technology and take into account (i) the layout
constraints and the resultant interconnection costs in terms
of area and propagatioﬁ time, and (ii) the .cost of VLSI
processofs as measured by silicon area and pin count.",[39].

Therefore,when choosing an architecture, 'one must stress the

importance of modularity, regularity of data flow and of

- LSB

PN
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control paths, lbcal_communication, and massive parallelism.
.

B

The design 4guidelines are given below. /

1) Homogeneity:

in VLSI, the designer must attempt to keep the
architecture ‘as _regular and modular as possible.
Identical processing cells will reduce the overall
complexity. Memory gnd processing power will Be
relatively cheap a§' a result of high regularity and
modularity.. In the communication between cells, é
careful algorithm study may help create some form of

. regularity in the layoutnof the system.
2) Eigelining:- . -

In many digital | signal processing (DSP)
applicaticns, throuéhput rate per sample represents
the overriding factor dictating system performance.
Pipeline techniques fi£ naturally in the prospect of
improving th;oughput rate. Suitable pipelining
technigques are well establiéhed, particularly for most

DSP algorithms.

Promising pipelined architectures 1like systolic

R

arrays are discussed in section 3.5.

3) Communication:

. In VLSI technolegy, using multiple cells,

éomputations per se are becoming easily affordable.

[
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The fundamental 1imiﬁation is found in the cost of

communication, relative to the cost éf .cells, logic

and storage. Communicatfbn is expensive in chip area;
#ﬂ‘h’ indeed, most of the area of a chip is taken up by
' Qires on several levels. Communi®ation is  also

expeﬁsive_inasending signaLs extefnaljj?g;tween chips.

This appliés when ™ (i) package pin limitations., the

area used for bonding pads and pad drivers, and (ii)

‘the cost of packgqes; must be considered in multi-chip

system designs.  For VLSI.  CMOS technology,

communication.agcounts also for mbst"of the power

consumed and dissipated on a chiﬁ.

{

Thus, both the cost and performance factors of VLSI
favor architectures in " which ‘communication' is lccalized.
Those architecture will play a dominating role in VLSI

technology. The following section will try to identify VLSI- T

architectures for DFT realizations.
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3.4) Special multiprocessor systems:

3.4.1) Generalities: . qglzﬁ

This section surveys different classes of architectures

that have been proposed fér signal processing applications.
All of ﬁhese use the concept of parallel p;ocgsiing.
Parallel processing Systems . are based upon. an
interconnection « of a variety of prpcéssors;that achieve a
higher throughput rate than possible with a single processor
based system [64]. Two classes of . architectures are
presented, ‘that is distributéd processor systems and
pipéliné-processors. The following will help in identifying

a proper VLSI architecture for a DFT processor.

'3.4.2) Distributed signal processingdsystems:

The continﬁing increase in system integration and
decline of hardware_ costs have made possible the
construction of large distributed computing networks in the
context of geheral data prbcessing. Theée systems éfe based
on a decentralization of hardware, controls, and databases.
Characteristics of distributed processing systems include
fast response, high availability, reéource sharipg and good
expandability. These networks are being us%d widgly by
banking institutions and airline companies [63}.

Reference {64] expand the concept directly to signale
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‘processing systems; A rtollection of §ignal processors can be
'interconnected to imﬁlement a large computihg tagk in a
coordinated fashion. The network topology determines the
particular distribution of = computational 1load among the
.?Fprocegéors. Networks topologie% inclﬁding the‘ star, ring,
shuffle exchange, fully connected, cube, crossbar and bus
networks can be uéed as data connection structures for

communications between the various processors.

.

I}

3.4.3) Pipeline processors: ¢

Computations usiﬁg a pipeline processor are done by
splitting the algorithm into smaller parts and éllocating
separate hardware sections to each part [(65]. Ipstructiqns '
and data flow throuah the stages of the processors.at a rate
thét is independent of the length of the pipeline (number of
separate stages) ;nd dependent only on the rate at which new
entries can be fed to the input of the pipeline and on:the
clock rate of the digital hardware. The. concépt_ behind a
pipcl}ne‘ processor 1s that if-an algorithm can be executed
on a single processor based systeh in T seconds, and is
partitioned into N parts or steps, then a pipeline designed
to execute the same algorithm can vield ratés up to T/N
_seconds i.e., an N-fold increase in performancel Figure 3.1

depicts the process.
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Input - Stage 1 —-I Stage 2 | Stage 3 |» Results
data

Stage 1 | 1 | 2 | 3 ]| 4 | 5

Number i corresponds

Stage 2 111 2 3 4 ... to input data i
Stage 3 1] 21 3
time —»

Figure 3.1 Pipeline processor for an aqurithm
partitioned into 3 steps.

[ |
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3.4.4) Discussion: .

In most multiprocessing systems, to achieve high
throughput rates, it 1s essential to spréad . d task
(algorithm) over mﬁny processing elements. However, the
general-purpose nature of multiprocesscr systems i;e. which.
can be reconfiqured for different computing algorithm has
led to a complicated system ofganization and severé system
overheads. Such systems are not suited for real-time signal
processing where a high_ throughput rate is absolutely
essential [39].‘ Moreover, if a VLSI implementation is
fofeseen,. a successful system will be determined by the
proper use of the designl guidelines mentioned in section
3.3.

A solution to real-time signal processing requirements
with minimum system overﬁeads is the use of _spécial-purpqse
pipeline processors known as = systolic arrays.. Systeolic
arrays fall ﬂaturally in the class‘of special-purpose VLSI
architectures._ They héve st;pctural properties that are

suitable for VLSI implementation. The key attributes of

systolic arrays are described in the following section.
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3.5) Systolic array architecture:

3.5.1) Generalities:
The systolic - array architec£ﬁre, iﬁtroduced by
H.T.Kung and C.E.Leiserson [38j, is a powef@ul approach for
applying VLSI to signal processing. This sectibn is
conce;ned in bringing out the main characteristics of the
systolic array arqhifecture. General diagrams showing cell
distributions and communicatién paths are depicted. Cell
complexity cﬁuld range f;om a simple combinaterial logic
[40] to a multiplier—accumulator (46]. Thus a cell is seen
as a black box where data streams are delayéd and;;
transformed. 'Communicatiqn paths represented here by
'straighﬁ lines accommodate multi-bit dgﬁg‘travelling either
in paraliel or in serial form.

Cgmputational tasks - can be classified into two
" families, compute-bound algorithms and I/O-bound élgor;thmsi
When computing a particular algorithm, if the to;al-'number
of operations' is larger than the total number of- input and
output elementé, 7 then the algorithm ‘is compute-bouﬁd,
othgrwise it is I/0-bound [45]). For example, the ordinary
matrix-matrix hultiplication represents a  compute-bound
algorithm. Adding two matrices, on the other hand is-an

I/0-bound algo§ithm.

Any attempt to'speed up the calculation of an I/0-
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bound algorithm must rely on an increase in memory band-

width (access time). Memory bandwidth can be increased ‘by
using faster components [63]. -Speeding up a compute-bound
algorithm, however, may often be accomplished in a

relatively simple and inexpensive manner, that is, by the
systo%iclapprcach [45].. ' ' : TN
. A systolic system is a °network of processcors which
rhythmically computes and p@sseé data through the syétem.
It is mainly composed of few different‘kinas of processing
elements . (PE),  ideally .only one kind. This is best
itllustrated by ﬁiqure 3.2. The'figure shows an example of a
cne-dimensional systolic array.! The concept can be extended
fo & 2-D network ' of cells,  figure 3.3. ‘For the latter
example, the interaction between the main'memorv and the
network are much more demanding” than for.thé'pne—dimensional

systolic array.

MEMORY M

—»{ PE PE PE PE

‘The svstolic array

-~

Figure 3.2 Basic principle of a one-dimensional systolic’
array [(45]. )

The array above achieves a four-fold improvement in
speed over a single PE system. The improvement depends

strongly in a successful mapping of an aldgorithm into a

-~
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recurrence equation i.e. separation into parts.

Matrix of partial results, initially set to zero
(Coefficient matrix already lcaded into the network)

y o y

BE PE }'—1 PE 4 PE

v v v .
PE PE ]1— .PE |je+ PE |& Matrix

. . of input
v - v v v samples
PE PE 4+ PE l‘— PE l‘- (from

S memory) o«

v v Y _ ¥ _ .
PE PE 4— PE PE -

vy vy
~ Results (to memory) |

Figure 3.3 Two-dimensional systolic array [46].

The simﬁ?ést cénfiguration is certaidly tﬁe .one-
dimensional array. We'shall now focus our interests on that
aréhitecﬁure,' which may realize many DSP algorithms. With
some effort, it is ﬁossible to'extend the study to the 2-D
case..-Here again, it islmentioﬁed that the networks given
bélbw are not aimed -at any special application. Only
general one-diménsional systolic arfays are discuséed.

Possible applications will be enumerated in section 3.6.

. E et W
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+3.5.2) One-dimensional semi-systolic array:

| This arrangement of cells is characterized bylthe'faqt
that input data or output results require to be b{oadcasted.
Figure 3.4 shows two 'ekqmples of such systems. The first
one }(a), depicts a §tructdre where a data input is applied
(broadcasted) to all cells of the systolic array dufing eacn.’
cycle wvia a bus. The results flow one after the other in‘
Eime. The second figure (b), illustrateswa structure where
the input data are fed oﬁé'.qfter the other through the.
systolic arfay. Thelresults whiqh may appeat skewéd in time
or all at once are retrieved by a bus or a tree-like network

[38,45].

Input data .

al . |"PE 1 PE | PE 9 PE |- Results-

MEMORY L ,

MEMORY|—# PE | PE | “PE | pE

~ Y

I S Y N
 BUS OR TREE-LIKE NETWORK . I Results

Figure 3.4 Semi-systolic arfays,a) broadcasted inputs,
d ~ b) results retrieved by bus or a tree-like network.
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3.5.3) One—dimgnsionai pure-systolic array:

This network uses only 31ocal communications. Fiqure

3.5 "gives two architectural arrangements. Part a) shows an

- f

a;chitecture where the input data move through the array of
cells in a pipeline fashion and the results reach the ocutput
one after the other through a sequence of registers. On the

other hand, the network of pért b} has true pipeline data

input and 6utput.

MEMORY|—» PE 9 PE |» PE | ©EE

a)‘ “+ + * 4
' SR - SR -3 SR L » SR | —» Results

.

SR: shift register

MEMORY [—» 1 —
t PE PE PE PE Some
- - - . - - i — ilnitial
L) value

Figure 3.5 Pdre-systolic arrays, aj) "systolized{output path,
b) fully systolic array; with four P

Variants qQf these architectures exisY, but the

examples"shbwn describe semi and bure-systolic arrays best,

N
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3.6) Systolic arrays applied to’ digital signal processing:

- Digital sigﬁal algorithms that can be mapped onto
one-dimensional  and two-dimensional - systolic array

a;chitectufes are summarized below, {45-46,49-51].
A.",:" - o, '
-/

COMMUNICATION GEOMETRY ) EXAMPLE

One-dimensional systolic arrays 1-D median filtering,
: : ‘ " FIR filters,
. " IIR filters,
" convolution,
" correlation,
: disgrete Fourier
: . transform, .
general matrix-vector
o " products. .
Two-dimensional systolic arrays 2-D filtering as above,
. discrete Fourier
transform,
adaptive noise
¢cancellation,
. general matrix-matrix
" operations.

Some of these Dsé aigor{thms.fall naturally in one of
the two communication gegmetries, i.e. .one-dimensional DSP
algorithms are mapped onto bnejd;mensional arrays an& the
two-dimensionai ones onto 2-D arrays.. Others,. like the DFT

can be ‘mapped onto botq- geometries according to the

' computational algorithm used {(chapter 2).

-
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3.7) Discussion:

-

The chief concern of this chapter was the

.identificationg;pf a suitable VLSI architecture for the

»

design of a spécial purpose DFT précessor; ' .t

' Section 3.2 presented some 'existinq DFf-processors
built'with standard MSI/LSI' components and progranfhable
processor chips. The processors built for high speed signal

processing with throughput rates. per sample in excess of one

"MHz were found to lack expandability and to become too

cumhgrsome for transform 1engths greater than 16 samples.
These précessors are usually expanded by rélatively
complicatéd hardware techniques. Processors hased on
programmable chips are used mainly for low throughput rate

applications e.g. speech and sonar. They are easily expgﬁded

via software techniques but with fpresent day teChnoloq?‘

cannot: reach the throughput rates required in areas such as

digital communicationsfand radar.

Subsequeritly, sectian 3.3 reviewed the major VLSI

designs guidelines. As the concentration-of many;procegsqu
. ' ko +

oy
‘elements becomes more and more economical, the use of

extensive parallelism in future VLSI designs will rquire

-

the use of proper architectures. These architectures are

bl

composed of multiple cells’ preferably of few different types

which are interconnected by a local network of control and-

Ay

/-
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data paths. Thereby, with these VLSI architectdral

guidelines, direct _E;anslation ‘of the DFT - processors

mentioned _in sectiop 3.2 into VLSI architectires becomes’

incompatible with, “such guidelines; the use of an FFT

computational algoerithm being the cause. As was explained

in chapter'two. FFT-1like algorithms require a complé; data

- .exchanging, scheme 1ike the shuffleé exchange network. In

this c&gb, nartial results are sent to ‘and received from

distgnt pProcessing elements. These“non-lﬁcal communications

must be avoided in true VLSI desiagns.

A simple <classification of special muitiprocessing.

systems was then presented. Two topics were ‘discussed

distributed signal processing systems and pipeline

1

procéssors._ The first class can beA‘used. in a genegal
purpose siqngi p?@égééiné- Brivironment where multiple DSP
. P :

algorithms are rquifed in several application areas. This
kind of system necessitates a.. careful partition of an
bl LY
élqorithm. and also an operating system andlan application
software package. _Thése reguirements émeinedH may account®
for the relativelv hiqh price taq [50].

The ' second class,. the pipeline processor, was
_‘mgndinqA d}stributed

’

class named systolic

introduced as a remedy to the rathd

siagnal processing systems. One

/arravs aainedfﬂ}ﬁ&e;eft_ recently 1in  signal vprocessing
. o L)

applications {38-40,45-46,48-491. The, architecture makes

\

'

-
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mudtiple use of each data input, ’ therefore high throughput

er sample can be achieved with. modest I/O bandwidths

for out dg communications. Extensibe- paraiielism throudh'

the‘usé of simple basic qells rather than the sequential use

of a few complex Pprocessors as in computer architectures

leads to powerfdi speqial—purpose systems. Indeedﬁ cells

must Be simple‘ and of a few types so thét design,

implementation and éestinq costs can be minimized. The

cpmmunicé ions Dbetween ne;ghboriﬁé' cells "are simple ,and

—-~f’/ﬁ_ﬂ1;:;;?,and the contrel unit is very simple. All these

' 'characteristics‘ imply simple, area-efficient layouts of

systeolic arré?s iﬁpiemented using VLSi. technoioqy.‘ Sgction

,3.6lgave ;ome diéitql signal processing algorithms wéich can
be mapped ontd systolic arrays. _

The_ééollowing chapter wii; be concerned exclusiv?ly

with the mapping of the discrete Fourier transfoérm onto

U systolic array architectures. - '
=> : _ .

< .
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CHAPTER IV -

SYSTOLIC AﬁRAY IMPLEMENTATION OF THE DFT

L

4.1) Introduction:

One DSP algorithm that deserves special attention for
systolic array implementation is the discrete Fourier
tr&hsform. In chapter 2, a group of.DFT computational algo-
rithms were presented. For the past 20 years, é sub-class,

the. FFT algorithms, has prevailed over the others for

" hardware implementations (see section 3.2). But now, VLSI .

technology has entailed a major review of the criteria for
evaluating'the impleméntaticn\of digital signal processing
algorithms. For examplé, the efficicnecy of an algorithm is .
based more on the deéree‘ of the _éommunication_ complexity

required between the hardware elements 'rather than on the

number of arithmetic operations needed (refer to section

3.3). DQe to the.cpmplgx ﬁlobal comﬁgilcation requi}emen;s,
pFT -implémenta?ions using. an FFTI type>aléorithm are now.
questioned (51,53]. Therefore, linear filtering computation -
of the DFT as butlined in section 2.§ which can® be. mapped
onto VLSI sy;tolic arrays dught to.bé considgtred. ‘ )

The different architectures proposed \n the current

literéture to meet the constraints for efficient - VLSI

-

L

-
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systolic implementations are sﬁrveyed in :zition 4.2.
Existing two-dimensionél, and one-dimensional semi and pure-
systolic arrays are described 1in terms of hardware
requirements and throughput rate. Thén, in section 4.3, two
improgved systolic array implémentations of - the DFT are
intreoduced. Baéed on a modification of .the Goertzel algo-
rithm, these two systolic arrays yield systems wiﬁh minimal

complexfty and therefore increased throughput-rates, Finally
:hardware implementations for these thb new DFT syétolic

arrays are presented and discussed in section 4.4.

4.2) Survey of existing systolic arrays for the DFT:

4.2.1) Generalities:

Several architectures have been proposed for mapping
the DFT algorithm onto ;ystolic arrays.' They can be clas§i-
fied' intd two  categories: ope-dimensional and two-
dimensicnal. These architectures are fiﬁst presehted, and -

finally, their:charactefisticg are summarized and ana1¥sed.

; A frame is used to refer to a set cf N data samples or
‘simpiy a vector. Moreover, the time to oﬁtput a frame |is
the _time',taken by the net%rk .t‘o compute a DFT from the

first to the last DFT sample to leave the array.
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4.2.2) Two-dimensional systolic array, for matrix-matrix
multiplication:

The DFT of a ata segment (frame) can be

expressed as a . matrix times vector ‘product {2.22). .To
v

transform a sequénce of fraﬁés, this operation can be
fepresented as a matrix times matrix multiplication.
Urquhart and Wood (49] qiscribed a two~dimen§ionél array‘for
such a matrix operation. Figure 4.1 showé the a;ray'for the
DFT of two sequences, xj;(n) and xzﬂn) of length N=3. This
two-dimensional array was seen in section 3.5.1, figure 3.3.

The paralleldbram .shapes represent the order of
arrival of (i} the .input data (right hand side) (ii) the.
initial conditions (on top)l " The parallelograﬁ at the
bottom of the figure éhows'iﬁStead-the order of appeafance
of the DFT samples, X(0) being the first one. The N
twiddle factorg a?e static in the array, ‘oh;bin eacﬁ céll.‘
Thé xi(n) are fed as rows of a matrix. The resultingi_

frequency samples. X;(k) are computed in the array and exi‘i

in the order shown.

-
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Figure-4.1 Two-dimensional systolic array for the computation ¢
' ot of the DFT,for N=3 and 2 frames xj and xj,[49].

Such an architecturé‘requires a total of ﬁz basic
cells. It also needs anbextensive communication network f%;
exchanging the inpg&a samples aqd the output results rypi-
cally input samﬁles'ére fed in,éﬁd N DFT samples &cave at
each clock.cyq}e. Tﬁerefore,'the'problém of'béckaqinq multci-
cell array chips must be éoﬁsidered: Other twé-dfmgns&onal
systolic arrays can be applied:-to the DFT. Due to ghc low
utilization efficiency of the processina elements ,Awhgjh is
25% to 50%, thef were omitted in this thesis (38,491].
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4.2.3) One-dimensioﬁal systolic array for matrix-vector
multiplications:

- .
A one-dimensional systolic érray tha£' implements the"
DFT algorithm as a matrix;éector multiplication is shown in
:figure 4.2 for N=4. The cémputatidn of the DFT starts bf
first stpring the 4 elémeqts'df x(n); one in each cell. Then
ihe 'm;trix cémposed of the EQE%?le factors, WNnk is passed
~aéross the array along with, K a vectér of initial values set
_,té zero (én top). The results exit at }he bottom of the
array ,X(0) first and finally X(3). Cooa 7
L This‘architectgre represents an improvement -in +terms
of\ hardware complexity; only N basic cells are needed aﬁd;
oglx oné parallél data path is required '(for .thé- tw}dale
facfbrs). But due to/;hefinitial_pre-loading requirement of
the data x(n}), this one-dimensional systolic array is
lobviousl? not suited for procesging a continuous stream of
framgs. A ‘cohplete vector {frame) ié computed in 3N clogh
‘ éycles.‘ This resulé includes the injtial delay.ofl N cloii\\
.cycleé.' |

e . * R . E - -

N

i
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Elgure 4.2 Matrix-vector one-dimensional systolic array
' appli*ed to the DFT,.N=4, [49].. '

*
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4.2.4) One- dlmen51onal S¥Etollc array using pipelined data
inputs: .

The basic equation that defines the DFT (see 2.1) can

be mapped directly onto a systolic array. Each one' of these

'x(3),x(;?&x(l),x(0)-+ wl e wh Ly wen e w3n.

cells receives one data sample every clock cycle and after N
clock cycles outpyts one DFT sample. They each contain N
pre-loaded. twiddle. factors i.e. one “row of ahe twiddie
factor matrix. Partial results are retained in the cell but
data samples are fed- through the array in a -pipelined '

fashion. Figure 4.3 illustrates this process. .

T 3

x(l)

X(0)

X(2)
. ‘ ‘ ' - X{3)

X(n) —p wkn [ 4 x{n-1) °

. P, . 4— p,_; + wkh x
L , x?n-l) 4— Xx(n R
‘ , . W=exp{-j2n/4}=exp{-jn/2}
Pn \.\ '_

Flgure 4.3 “One-dimensional systolic array u51ng plpellned
‘ data inputs, N=4, [39].

Given that the féSults appear skewed 'in time, they can

N

be . retrieved by either . a data bus o{:é tree network (see

figure 3.4 b) )..:This systolic architectur& allows the

+

proéessing of @ continuous flow of frames. After N data
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r

samples”péssea'through a cell, the partial result. at that

_ particular cell  is reiritialized to zero therefore making

X(n)—» - « » X 'i r

the cell ready for the cohputation ~of the speétral_ line

corresponding to the next frame. The throughput rate is

'proportional to the time delay introduced by a basic cell.

A complete DFT is performed in N clock cycles.

4,2.5) Kung-Leiserson's one-dimensicnal systolic array
for the DFT:

One of the first systolic array for thé computation of
the DFT was described by Kung and Leiserson {521 ,and
appeérs ini the book by Mead and ~ Conway [38]. The

architecture 1s illustrated in fiqure'4.4 for a 6-point DFT.
.’ . - . :

‘ : ' > X{k)

PE'#1  PE #2 PE #3 °  PE &4 " PE 45

quure 4.4 Kunq Leiserson's one- dlmen51onal systollc array for
. the DFT, N=6, [53] -
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Each PE contains four registers (W,T,X,x) . and performs

operations according’ to the following rules [53]:

x{n).

(a) For PEs #1- 2 (respectlvely 44- 5) reglsters Wand T
receive thg contents of the correspondlnq registers on

the right (respectlvely,on the left) on each pulsation

(clock cycle),

(b) For PEs #1-2 and #4-5, register X shifts its‘content
to the left on each pulsation and register x ,to the
rlqht -

{c) All odd-numbered, except #B,I(respectiQely, even-

numbered) PEs perform the following operations on odd-

-numbered (respectively, even-numberecd) pulsation:

X d4— X + W x
.W 4+— W + T
(d) PE #3 (at the center) performs the following'ope-
rations on even-numbered pulsations?
| We— W + T2 yw R
'I"4‘—-T\w

where w=e~J2M/N

PEs ' #2 - is initializéd with the first data sample of

FQr an N-point DFT. the linear array described in -

fiquré 4.4 will take N ¢&lock -cycles to perfofm the.

b

%
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computét}on of the first point of the required DFT vecto;.
Subsequently, becagse of the array'é‘sér}al pipelining, it
will take another ﬁ-l clock cycles for>.the remaining ‘- N-1
results to be piped to tﬁe output, therefbre completing the
.full DFT svector in Ok2N)' pulsations. Thege Qélues are .
referenced froh the end! of the'pré-loaaing phése i.el after
PE #2 has been locaded with x(0).

’ | . ' ¢

|
1

1 . - .
4.2.6) Kung's one-dimensional pure-syStolip array for_the DFT:

‘Kung in FSl] proposes a pure-systolic array that uses
‘Horner's rulé for the computation“of the DFT (2.29). Figure
4.5 illGEtrates the -écheﬁe fof N=4. The data seguence is
first loaded in the anray,(a),. then the calculation of the
bFT starts by moving the_first‘éoefficignt w4°=1 into the
array, (b), and by'shifting the_following 3 . coefficients,
(é)-(d).' The first’ f;equepcj sample X(0) appears at the
output of the right most cell:when the fourth twiddle factor
is loaded,(d). Then, the .other 3 ffequencf sdmples foll?w

in order at each clock cycle.
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— ‘ L —
B x(2) x(1) x(0) - B
x(3) —» : ——» > L
' 1 , ;
wo—h - » b |
| @ o« | x(0)
x(3) —» > S ——>
Yo
2 . W 1
W —p — R —>
x(2) x(1) _ x(0)
X(3) ——» ——» e ‘ >
Yi Yo
B B L) | L x(1) x(0) |
xX(3) —— ‘ ——— ' SN ' L > X(0)
| . _
y, Y,
I!I]E.i!‘ !\EII, . .- .
W —» L > W |
X W — W .
y., ——pP — y' y €4— y*W4x

W = exp{-j2x/N} wmziﬁh* '

Figure 4.5 Kung's one-dimensional systolic array at successive clock cycles , N=4 [51].
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For each N-point DFT, it takes a total of 2N-2 clock

cycles 4«

total of

sample e

vecteor 1

4 series

fashiqn.

seguence

buffers

create-

implemen

ntry x(0) to the last DFT coefficjant X(N-1).
This arrangement can be best use:g:RéQ\a single DFT*

0 get the first DFT sample. For a full length DFT, a

3N-3 clock <cycles are required from the first
: oo . ‘ y

S needed (this case is seldomftotOCCQr [lA])_or when.
of DFTs are to be computed b&f not in a continuous
\\\i: "accommodaté ~a continuous fiow " of - data
s, is one- dlmen51onal systolic array would require
for data hanaqement. _This soiutlon w1ll_ in fact

a control overhead not really desirable with VLSI

tations (see section 3.3).

‘ i . '_| . * ]

4.2.7) S

This

implemen
sliding
waveform

computat

design:

Kung's w

phases.

i

> G
liding DFT svstolic Arréy impleméntation: .

is sub~sect;bn éxaming§ a slidinq DFT §ystblic array

tation (54). As mentipned 1in section 2.5, the
. ‘ <
DFT gives the same results as the DFT only.when the

[} under ! study are periodic. Using this DFT
ional algorithm (s=ze séction'2.5), it is pdssible to

a one-dimensional pure~systolic array similar to

- Lt ¢

hich doesn"t need separate loading and computational

.Figure 4.6 depicts such an array for N=3:. o

-
-

Y

~
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2 | x x(0)
[a)
y(0) x(2) x(1) x(0)
L
b) X(0) - —
. . W(0) /
¥(1) ¥(0) x(2) x(1) x(0)
L L
. O X(1) X{0)
w(l) W(0) )
¥(2) y(1) ¥(0) x(2) x(1) )
L L L
d) X(2) X(1) X(0)
W(2) Wi(l) W(0)
20 | y@ | yo x2) | x(1)
, L ' L L
¢} Y(0) ' (v)) X(1)
( W(0) w(2) w(l)
f:‘) 1) | 20) ¥2) | y(i) ¥ | x(2)
' ' L L L
. Y() , Yo X(2)
W(D) w0 W(2)
z(2) z(1) Z{0) ¥(2) ¥(1) ¥(0)
, L L L
&) Y(2) Y(1) “Y(©0)
W(2) w(1) W(0)
e \\
x(k+N-n+1) +— register register \ # x(k+N-n-1)
~ — = —— = \ ~ 4 — — Synchronization
I— register ‘J \
¥ n:gist.'r— - P X(nk-1)
X@-10) —pl » |9 + —
W) ! » regisue B> W(k-1) = expf-j2ngk-1/N}

Figure 4.6 Pure-systolic é_'ay implementing the sliding DFT algorithm, N=3,[54].

v
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-
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Figure 4.6 is the timing diagram of Ehe flow “of data
samples and resulfs through the array.- Thé data samples,
the twiddle factors and partial results contained in the
registers in eéch of the modules (3 basic cells)- are shown
at successive times (down the .diagram). .The instant of
latching of the data samples into the appropriate register
N in thé modﬁleg is indicated by a capital "L". Data samples
are shown moving through the array while_the previous frame
of DFT coefficients are being computed. Following the
érrival'of “he lést sgmbie of a ffame,x(N-l), into the first
module, the computation of the DFT for that frame proceeds
whiie data samples of the next frame move through thel
array, y(n). The first output for a frame, X(0), is obtained
N clock cycles after the arrival of the last data sample for
.that frame, x(N-l), and this _fS‘ZN clock cycies after the
arrival éf'the first data sample x{0). The‘iast output for
the frame, X{N-1), is available N-1 clock cycles after X(0).

The same procedure applies for v(in} and zi(n) and any

subsequent\frahe. “~y

///;)



4.2.8) Comparison: .
The charapteristics and performance of the five DFT
systolic array;fare given in table 4i1. These aréhitectures
are also compared to a fully impleﬁented ;ZT (section 3.2.2)°
(55] and to a perfect shuffle [39,53j realization of the DFT
using a radix-2 FFT algorithm (section 2.4.2). The parallel
FFT architecture refers to the implementation of all the
nodes shown on figure 2.8 or 2.9. The perfect shuffle is in
fact tﬁe implementation of one column of nodes combined with’
a rearrangement of thé data ﬁaths t1o) tﬁat. results at each
iteration are transferred to tﬁe right node. The seven

networks are described in the table using A seven entries,

mainly:

(1) Number of PEs: the exact number of PEs used in
' .

the given architecture. A PE is defined as an arithmetic

unit composed of multipliers, adders and registers.

(2) Complexity of a PE: the number of multipliers and
adders per cell for complex data input.

(3) Time to output the initial vector: the number of

clock cycles required to calculate a frame from the
first data sample,e.g. x(0),to the last DFT sample to
. exit the array,e.g. X(N-1), where a clock cycle is the -

.-

time delay introduced by one basic cell (PE).
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(4) Time to cutput subsequent vectors: thg number of

clock cycles required to calculate successive frames
(sometimes referred.tofthroughpuf'rate). '

(5) Area: this is>a rough figure. Values given are
adapted from [55) ﬁo {51]'s resul%s. Here what is
important is the relative  area between different
architectures.

(6) External memory requirements: the memory required..

off-array, usually to provide or collect the data sam-

ples and results.

(7) Communications complexity: type of links needed

>

for exchanging information between cells.

-
—

Part of these results can be found in [51,53,5%] others
were mentioned in the previous sections. The sliding DFT
systolic array implesmentation was excluded from this table,
because it doesn't compute a real DFET (only for periodic
signals). More about the élgoriﬁhm-is said in section 2.5.
The same argument applies to possible DFT systolic arrays
implementing a delta roﬁation algorithm, section 216. Oon
the other hand, the prime-~radix algorithm trénsform { PRAT)
wasn't considered for any systolic array iﬁplementations in
spite of its simiiarity with the Goertzel algorithm. This

is due to the fact that such an implementation would violate
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|

the VLSI guideline that asks, for simple - and . local
communications. _QRAf requires data shuffling li%e an FFT. |

For the case where a continuous flow of vectors are to
be comphted e.g.in reai-timg signal —processing, the‘ one-
‘dimensional matrix-vector and Kung's systolic arrays must be
diséarded because o©of rather lengthy processing time. The
déhers are very good candidates. The fastest are the two-
dimensional arrays namely the fwordimenéional systolic array
and the parallel ”FFT érchitecture. They both yield N-DFT
samples every clock cycle. But despite this high-
throughput, they are by faf the largest designs available.
The‘twofdimensional systolic array uses‘N2 basic cells apd
requires an extensive I/0 management. Internal
commuﬁications are, on the oéﬁer ﬁand, of the local type.
The parallel realization of the FFT algorithm uses instead
fewer basic eells: jN/2}=-LogN.’ But this reduction 1in
arithmetic components' is outweighed by the complex inter-

+

cell communications. This 1s due 'tb the way the FFT

algorithms are formulated (section 2.4).
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memory.-

& : Highly complex internal communicatrbﬂs,

requires special data shuffling.

7 : Complex data routing (data shuffling).

Table 4.1 Comparison of proposed VLSI systolic arrays for
the DFT, indluding some FFT solving circuits.
. 2-D Matrix-vipipeline K-L Kung F¥T para|FFT P-S
#l:N-2 ‘
4PE N2 - N N #2: 1 N-1 N/2.-LogN| .N/2
(center) r .
adders:4|adders:4|adders:4|#1:A=6 adders:4|adders:6jadders:6
PE M=8 '
mult. :4|mult. :4|{mult. :41%2:8,12 |mult. mult. :4|mult. :4
Lat. 2N 3N 2N 2N-1 3N-3 LogN .LogN
1 Time 1 3N N N 3N=3 1 LogN
Area O(N2) O(N) O(N} O(N) C(N) - O[N2) O{_N2Z2 )
: LogN
. Note Note Note Note Nete Note Note
Mem.| - 1. -1 2 2 2 1 3
M
Mote Note Ncte Note /qﬁote Note Note
Comm| . 4 4 5 5 5 6 7
LogN = Logy N
Notes:
1l : 'Memory large enough to store/retrieve data/results
2': Very low requirements.
3 : Able to-generate or supply the twiddle factors.
4 : Local type communications between cells.
5 : Very local communications between cells and main
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Using current technology, one might place ten multiply-

add cells on a chip.’ This means that one hundred thousand
cﬁips would be needed for a thousand-element DFT for the N?#-
. cell design cqmpared to five thousand chips for the parallel
VFFT. The two—dimensionai DFT system cannot be considered
feasible for large N with presenﬁ» day technoloqv; The .
parallel FFT is more attracéive bechuse it requires fewer
cells that the two-dimensional systolic array. As mentioned
above, the *drawback of this architecture is thag'éhe wires
routing on chips is very area-consuming and some are very
long, t;pically O(N/2). The other DFT architectures use
only nearest-neighbor connections.

The dne—diﬁensional pipelined-data array and the Kung-
Leiserson's systolic array alsec are _capable of real-time
signal processing. They require almost the same number of .
basic cells, though tﬁé second network uses more multipliers
and adders per cell than the first one. For expandable
systems, the Kung-Leiserson's systolic array is definitely |
the architecture to choose. 1Its local I/0s permit éxpansioq
not achievable by the one-dimensional pipelined-data

-

systolic array. This_ is because loading capacitance on a
bus or delay found 1in ‘a ‘multi-level tree network can
- significantly slow down the whole system [38]. 1In terms of

hardware complexity, a thousand-point DFT would need for

Ve
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both architectures approximately 100 chips of 10 multiply-
add cells each.

The perfect shufflé ﬁetwork uses N/2 basic cells and
can be used in real-timé signal processing (is being used
already [33\]’.)'. However, it sgffers from the same. drlaw’ck
found ih all DFT networks realized via an FFT algorithm 'that

is 1long inter-cell (or inter-chip) wires. Most of the chip

area is covered with wires. It is not easy to expgnd the

'perfect shuffle network to let say N=256 starting with

networks built £ N=16, this is because thé off-chip
connections that i

uld be requitred to get ‘that larger
perfect éhuffle netﬁork won't necessarily be of local type
[55]. -

In the following section, we addreés th;\—;éo em of
designing costwaﬁigg}ive.systolié arrays for the co%putation

of the DFT apprlied to the processing of a continuous flow of

/fhaté vectors., -

N
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4.3) Improved DFT systolic arrays by means of the modified
first order Goertzel algorithm:

4.3.i) Generalities:

LY

This section introduces an improved DFT computational
algorithm. Based on a modification of the first order
Goertzel algorithm, the méthod is easily mapped onto
efficient semi and pure-systolic arrays;

" The Goértzel‘algorithm is first derived using Horner's
_ rule for polynomial evaluaticn. The‘resulting recurrence
equation is then modified so that the DFT of a continuous
flow of data seguencés can be supported i.e. not like in the’
onerdimensignal systolic array for matrix-vector product and
for Kung's systolic érray where a prefloading phase is
requiréd. i Einally the proposed recurrence equation is
mapped onto two different systolic arrays: a semi-systolic

array and a pure-systolic array.

<
o

4.3.2) Goertzel algorithm via Horner's rule:

Horner's rule for polynomial evaluation, mentioned in
section 2.3.2 and 4.2.6, will be reviewed here. It is also
called a nested evaluation of a polynomial and is given by

y(p)=((.((aN_lp+aN_2)p+...+aé}p+a1)p+a0 | (4.1}

where ap is the nth coefficieﬁt of the polynomial y(p), of

order N-1, and where p is any point in the complex plane at

F g
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‘which y(p) is to be e&alﬁgted; This algerithm.avoids the
need to-compute‘tpe pdwers oquﬁ as theselgére- in effect
computed recursively. |

“The discrete Fourier tfansfofﬁ can be rewrittén ysing
Horner's rule. The DFT (2.1) can be expanded and the terms
rearranged as in (4.1). It follows that

X(R)=(C ((RIN-1)WR+x(N-2) )Wk, o
+x(2))ka+x(1))ka+x(0) T (4.2)

where x(n) replaces a, and ka replaces p.- This gequence of

operations can be described as a linear difference equation

_in the form of

y(n,k) = Wk y(n-1,k) + x(N-n)  0sksN-1 (4.3)
with 1initial condition y{(0,k)=0 and with the index n going
from 1 to N, the desired re%ylt being the solution at n=N.
This ié i |

X(k) = y(N,k) 0<k<N-1 ,ﬁ;//(4.4)
‘In order to process. a contiﬂuous floﬁi/of data
sequences, the polynomial \4.2) should be evaluated with the
data Samplés in the ﬁroper order,x(0) first and x(N-1) last.
This is illustrated by rewriting-(4.2) with the samples in
the proper. order and by replac1nq X(k) by A(k).
A(k)=(. ((x(O)ka+x(1))ka+.. +X(N-2) ) WyK+x (N- 1)‘ (4.5)
It is possxble to find the output samplesl X(k}) from

A{k), (4.5) can be expressed in closed form as



N ]

, -1
A(K) = £ x(n) wy(N-1-n)k ' yhere OsksN-1 " (4.6)

nst :
By expanding and simplifying the compléx exponential, we get
N-1 .
Alk) = Wy K = x(n) wy Bk where O<ksN-1"«  (4.7)
n=0 : ’
- )
The symmetry property of the DFT (section 2.2) is applied so

that (4.7) results in

A(k) = Wy X X(-k) : ‘ (4.8)

_ The DET of the sequence x(n) is retrieved from (4.8) by a

changq ip_variable and by rearranging the terms. The output
samples.ﬁf the DFT are now given Dby

X(k) = Wk a7 - (4.9)
Or as:a recurs@ve equation where A{-k) bécomes

gtk = wy"K y(n-1,k) + x(n) where 0<nsN-1

. 0<keN-1.
and y(-1,k)=0 (4.10})
and (4.9)

X(k) = Wy~K y(N-1,k) 0<ksN-1 (4.11)
“\\h_*,iﬂ'IO) expresses a different way of deriving the first
order recursive realizatibn of the Goertzel algorithm
‘{section 2.3.2.1). As noted in that section and also in
[57] the direct application of the Goértzel‘algori;hm leads

to a correct amplitude, but the phase requires correction,

as shown in (4.11).

ﬂ—»”’//# | DR
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4.3.3) Medified First order Goertzel algorithm:
(4.11) can be simplified by'eliminating.thé term wN"k,
and by combining (4.10) and (4.11) to form (4.12):

XK=y R (L (x00wy " Kex (1) ywy K+, .' o
N +%(N-2) )Wy R4x(N-1) ) (4.12)

Now, the isolated term wN‘k on the right hand side of (4.12)
' can be moved inside the squared brackets such that it
multiplies one term of the polynomial at a time. By doing

so, we end up with the following identity,

XKCR)I=000. 00" (0 hwy™Rexr (1) ywy K, .
AX(N-2)) Wy Kex (N-1)]
- where x'(n)=x(n) wy kK (4.13)
The polynomial in (4.13) looks like that in (4.2), it

uses Horner's rule but the order in which the data samples
are used is changed, the pﬁgse correction is applied to each
term and finally ,the exXponent of the twiddle factors is now
positive WN‘k=ej2“k/N.

The sequence of operations in (4.13) is best described

as a linear 1ist order recursive equation in the form of

y(n,k)=wy K {x(n)+y(n-1,k)} where 0<ksN-1,
. 0<n<N-1 and vy(-1,k)=0 (4.14)

The DFT samples are obtained after N iterations or
simply .

X(k) = y(N-1,k) 0<ksN-1 (4.15)

We shall now see how the proposed DFT algorithm in mapped

onte -systolic arrays.



-94-

4.3.4) Systolic array implementations:
The modified first order Goertzel algorithm aveojids the
use of a phase correction which was réﬁuiredffor thiziirst

order Goertzel'algorrthm (sections 2.3.2.1 and 4.3.3). The

w task of mapping the DpT onto systolic array;lusinq the-
modified Goertzel algorithm is simplified. The resulting
two arrays incorporéte all propertiesfﬁhat make the”desiqn
ccompatible with VLSI, such as ﬁodulérity (homogeneity),

. - ‘
pipelining, simple and local communications (section 3.3).
’ A Semi-systoliq array (figure 4.7) and a pure-systolic'array
< (figqure 4.9} . aré' now presented.

\

4.3.4.1) Semi-systolic array:,
Figure ' 4.7 \depicts the semi-systolic array for a 3~
;point DFT. The datha samples flow through the array in a
-f pipeline fashion. \Each déta samble is used by a cell for
the computation of .one DFT gample. The data samples are thén
shifted ouf to their nearest neighbor. A new data sample is
therefore available at each c¢gll for the computation of a -
DFT sample. Two frames composed of 3 samples each are used
to show the process of computing a DFT: {a(0), a(lj, a(2)}
' and {b{(0}, b{l), b(2)}. The resulting DFT vectors are given

\2 Hby {A(0), A(1), A{2)} and {B(0), B(1l), B(2)}.
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Input samples

b@aaha0 —P wo

)
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A

Cell #1 . Cell #2 Cell #3

!
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I

Output samples 4—]

Bus or tree-like network

B - ]l. a . . ' -
X P Register
&, *
— et T
y v
. ' -k
* ¢— W
(Clear) —» Register . i /
$ 4
\ Y
Buffer

"« ¥ Output sample

+: complex addition **complex multiplication

X' —

y-<—

X
{x+y}*W"k

k- ‘
W =exp{-j2nk/N} where O<k<N-1 and N=3

;

Figure 4.7 Se‘mi-systolic'array for computing the DFT using

the modified first order Goertzel algorithm, N=3.

\
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All cells accomplish the same operation, mainly (4.14i.
The basic “cell shown on figure 4.7 présents t@e different
operations required kor JLhe ‘computation of a frequehcy
sample in complex notation. Seétion 4.4 'will give - more
" details on the actuél realization in terms of real
operations. Only one éwiddle factor is stored per cell in
the array.* The cells containione fixed WN'k each. )
Figure 4.8 'gives the s£a£g of the systolic array at
shgcessive ~cldék cycles. At each cell, the recursive
' equation (4.i4). is performed three times. The’result'is
then available at the cell's output through a buffer. The
DFT coefficients appear skewed in time. In the mean time,
right after the frequency sample has been sent to the cell's
buffer, the cell's register in the recursive péfh 15 cleared‘
thus making the cel eady for the computation of a new
frequency sample“ f the subsequent 3-point vector.

) As mentioned in section 3.5, & bus or a tree like
network can be wused to collect the results. If parallél
arithmetic and parallel data excH%nge are aséumed then,~ the
i latepcy time for an N-point DFT is equal to N ciock cycles.
The first complete vector, is made available after 2N clock

cycles and any subsequent vector,.after N clock cyéles.
-~
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\ . Figure 4.8 Semi-systolic array at successive clock cycles, N=3. _
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- 4.3.4.2) Pure-systolic array: ¢

It is possible to avoid the bus or tree-like network
found ih the semi-systolic afray by adding two registers and
some combinatorial lodic in each cell, exéept in the last
cell. Figure 4.9 illustrates the systoli® array resulting

-
from this modification when N=3. It mainly shows the input

" and output paths of the .arra&. Each cell contains one

twiddle factor, WN"k. The input samplés_entér'the array,
one every clock cycle. On the diagram they are given by a(n)

and bi{n).

Cell #1 . Cell#2 - Cell #3
Input samples )
e DO 21,20 T ™ —
W 0 W'l W'2
- Output samples - g -« ¢

Figure 4.9 Pure-systolic array for computir{g the DFT using
- the modified first order Goertzel algorithm, N=3.
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x - 4 Register
¢' 4
b) —’y P4 '
(Clear) —1—# Register * . W'_k
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X < . ~ Lach
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X 44— x ,
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k
W =exp{-j2rk/N} where OgkgN-1 and N=3.

Figure 4.10 Cell details for the pure-systolic array , a) cells #1 to 2,
- b) cell #3. S
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L iFigure 4.10 fﬁ?i; the two tybes of cells. Thq‘ array
requires two 1identical cells; the last one haé only one
latch with no shift rsegister (shifter).

The data sqéples flow through the array in a way
simila? to that of figure 4.7. The difference with the other

" systolic array is found in the manner in which the DFT

samples are  evacuated. The stage of latches keeps the DFT

samples from inte;ferinq withr those o7 the . preceding
transform which are being shiﬂted out of the arréy through
the stage of shift registers. |Global dlocks control the
registers, latches and shift; registers {not shown on the
diagram, but will be diséussed{in section 4.4). Figure 4.11
depicts the p;;cess‘usinq a ti&ing diagram similar: to the
one seen on fiqure 4.8.

Assuﬁing Iparallel. arithmetic énd parallel data

exchange, the DFT samples leave the array.in sequence every

clock cvecle but after an initial delay (latenc?) of five

-
vl

clock cycles. For an N-péint DFT transform, .N basic cells
containing oné twiddle factor eachb are required. The
létency is equal to 2N-1 clock cycles. Successive vectors
are computed every N clock cycles.

Further design details e.g. throughput rate per sample
are given in the followin@ section for this particular DFT

systolic array.
£
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Figure 4.11-Pure-systolic array at successive clock cycles, N=3.
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4.4) Semi-custom designs:

4.4.1) Generalities:

It “is difficult to put aﬁfprice tag on ghe VLSI\\\D .
systolic-ariays that have been presented in section 4.3, )
figure§‘4.7 and 4.9 . The actual VLSI impiementation is not
within the scope of this thesis. But in the available
literature on VLSI, one finds that cost—effectivenesé of
special-ﬁurpose arrays éuch as the DFT algorithm is mosgly
determined by the application of the é;éign guide ines
summarized in section 3.3. The cost of these arrays must be
lkept _low enough to justify their 1limited range of
application.

‘Nevertheless ' Semi-cuséom implementations of a pure-
systolic array (section 4.3.4.2 and figure 4.9) based on the
modified Goertzel algorithm w1th emphasis on the design of
the basic cells will be discussed in this sectlon The
types of arithmetic operations to be 1mplemented and the
formafs f;r information exchange . are presented. For the
semi-custoﬁ designs presented below, we assumé that the
librfry-of basic buildihg blocks is composed of components
available on the market. Deéails like throughput rage per

sample and power.consumption are given.
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4.4.2) Structure of al basic cell:

. The cells presented in figures 4.7 and -4.10 perform

{4.14). We now show two possible hardware implementations

for (4.14) incorporating complex signals, and consider

" either hardware multiplier orb\stored product ROM usage.

Expand (4.14) into its real and imaginary parts:

Re(v(n,k)] = {Re[x(n)]+Re(y(n-1.k)]} cos®

L:ylm[x(n)]+1m[y(n-l,k)]} sin@ (4.16)
Im[y(n,k}))] = {Re[x{n)l+Re{y(n-1,k}1} sin® :
' +{Im{x(n)]+Im[y(n-1,k}]} cos8 (4.17)

It  .can be éeen that “our adders and four multipliers
are required per cell. - Figure 4.12 depict? a basic ceil.
Figure 4.13 shows'tne complete puré-systolic array of figure
4.9 for N=3., Cell #3 has the same arithmetic section as the
other cell but the stage of shift registérs indicated on the

diagram by "S" is not required.
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Re[x('rl)J —————b R‘ _ - » Re[x(n-1)]

Im[x(n)l]

* R b Imx@n-1}]

TN v e v

—» _ . 5 jle—
siie * _sin®
R R
w y
A A Yy
L ' L
Re[X(k)] 4—— 5 e S Re[X(k+1)]

Im(X(9] - 4 g ]._1m1><(k+1)| f

R:register , L: latch register., S: shift register
B "~ @=2mkN

* FIGURE 4.12 Real.“arithmetic operations involved in a basic cell.
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4.4.3) Hardware multipliérs:

Hardware multipliers are among the first IC's to
benefit from recent advances .in VLSI CMOS technology. ‘cMos
mu;tipliers have now replaced the. firs£ multipliers
fabricated by TRw.using bipolar technology. They are in fact
"pin for pin equivalent to the standard -establisheé by the
TRW popular line of multipliers. Furthermore, £for the same
wé;dlength and speed, they achieve poﬁér consumptions whiqh
are .1/25 of those found for bipolar equivalents and 1/15 of
their NMOS counterparts.

_Appendix ‘I gives some hardware muliipliers now

available on the market. They handle product sizes from 8 by

B bits up to 24 by 24 bits in fixed point; 32 and 64 bits in

floating poihty,_with,spequ starting at, 235 ns down to 65ns
aﬁd powef consﬁmptions ranging frqm 75 mW up to 500 mW pef
IC. The arrival of new éompanies in the business has caused
a decline in pricing. fhe normal ”}rice pér IC for
quantities in. 100's used to be around $150 CDN. But it has
recentiy gone down to $62 for comparable performance. -
Wwith a multiplier, both the cbéfficient and partial
results are limited by the input word length of thg IC. The
coefficients cose and sin® have thérefore to be rounded to a
specific' word length. This will introduce some errors in

the calculaticn of a DFi, which can be avoided b? the use of

i



-107-
stored product ROM's.

4.4.4) Stored product ROM's:

An interesting w;y to implemeht a multiplier when
coefficients in’ the array are static, 1is by‘means of the
stored product technique [12,33].‘ With this technique, all
possibie products 'of .the input sigﬁal~ ahd a fixed
coefficient ar? rounged‘and stored in a real-only-memory
{ROM) . These results - are computed off-line with Fhe
accuraéy a&ailable on a main frame, usually double-precision
(64 bits). Thig-method eliminates the error introduced whep
coefficients are rounded prior to multiplication.

Appendix. II summarizes the characteristics of the ROM
stored prodﬁct technique for different word lengths. It can
be seen  from the tables fhat CMOS has not yet proved its
full potential for high speed ROMs. For small memory sizes
(4K*4) TTL offers the best speed figures but the highest
power dissipation. For higher densities (32K*8), (64K*8)
»{64K*16) CMOS technology appears to be the only route. Its
power dissipation is in the range 150 tb 1150 mW and access
times from 100 to 256 ﬁs. On the average , prices of ROM
stored product implementations are lower than those of
hardware multipliers. On the other hand,. speed-power
products " of ROMs are  still higher than those of hardware

multipliers either for TTL or CMOS technologies.
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The newest ROM on the market 1s the (64K*16) on one
IC. This memory IC will eventually attain its full maturity
in a vyear or so. Oné should therefore watch carefully the
_markéhmqf big ROM ICs (including. PROMs and EPROMs), as

access time, power dissipation and prices decline rapidly

[9-131.

4.4.5) Design examples:

This sectioniaives an insight into the throughput raée
per éamp;g and power disﬁipation achievable with a ;emi—
custom implementatidﬁ of the DFT pure-systolic array. The
analysis is focused on the two' possible implementations of a
basic cell (figure 4.12) described earlier i.e.hardware mul-
tipliers and stored produét‘ROM‘s which realize (4.16-17).

‘Complex input samples were chosen toc be 8-bit words
‘and output samples either 12-bit or'16-bit words. High
speed CMOS registers and adders are Gtommon to  both
implementations, figures 4.14 and 4.15.

Figure 4.16 shows the timing diagram for cell #1 which
applies to both realizations. In this diaqram the elements
of figures 4;14 and 4.15 are assumed to{be synchrohized to’
the positive edge of the clock signals; The timing diagram
for cell 42 can be derived from figure ﬁ.ls by simply
introducing a lag of one clock cycle; for cell #3, 2 clock

cycles are required.
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i
-

Figure 4.14 Details of cell #1 and #2 for the DFT pure-systolic array
implemented with hardware multipliers, N=3.
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I; Re[x(n)] — R - » Re[x(n-1)]
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o
1

Shift register control

Figure 4.15 Details of cell #1 and #2 for the DFT pure-systolic array
implemented with stored product ROMs, N=3.
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| :
Table 4A€§%C specifications for the two possible
implementations of the DFT pure-systolic

‘array.
Symbol Function Part number Word- Delay Power
length (ns) {mW)
{(bits) -
R Register. one+half 12 lF 0.04
L Latch T4HC3 77
S Shift- .
" register two-74HC377 16 15 0.04
three ’
. T4HC283 12 35 1.2
+ Adder
- four _
74HC283 16 45. 1.6
tHree—lGK*tl | 12 tM PM
Stored .
product two-64K*8 or
ROM- one-64K*16 le tM PM
*
Hardware | one 12-bit 12 ty + Py
multiplier
one 1l6-bit 16 tyM Py

Note: For ty and Py, appendices I and II must be used. —

Using the specifications given in table 4.2 and
figures 4.14-16, one can write the following egquations for
the total delay and total-ppwen.dissipation per cell,

1) 12 bit arithmetic,
tq =delay for R+2(delay of adder)+ty=85+t (4.18)
P =8(diss. for R)+4(diss. of adder)+4PM=g.12+4PM (4.19)

2) 16 blt arithmetic, : .
tq =delay for R+2(delay ot adder)+ty=105+ty (4.20)
P =B(diss. for R)+4(diss. ©f adder)+4Py=6.72+4Py {4.21)
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Table 4.3 gives the figures of some deSigns according

to'the_following two criteria ti) minimum delay (ii) minimum

power dissipation.

given in table 4.2 .and appendices I and II.

Table 4.3 Performance of optimized designs based on tij’ICs

12 bits -16 bits
CRITERIA Hardware ROM Hardware ROM
rart # LMULl2PC~1 {82HS195 {MPY-016K Amd27C10
M -
i Delay (ns) 150 110 130 255
n. -
Throughput rate 6.67 5.1 7.7 3.92
D | per sample (MHz)
e _
1l Operations per 53.30MOPS 72.7 -+ 61.5 31.4
a second per cell
y |{4 add + 4'mult.)
Power dissipation| 400 8700 16000 1000
per cell (mW)
Part & MB7134 MP1010
same as same. as
M Delay (ns) above 135 160 above
i .
. | Throughput rate 7.4 6.25
‘ per sample (MHz)
P
o Operatibns per 59.3MOPS 50
W second per cell
e |(4 add + 4 mult.) .
r - :
Power dissipation 3600 500
Jper cell (mW)

24
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Table 4.4 summarizes some designs performance for §=16
and N=256. These segquence leﬁgths were chosen soisthat the
gegign performance can be compared with other types of
design e.g. other systolic arrays and FFT based s&stems.
The systolic arrays of figures 4.7 and 4.9 can in fact

compute DFTs of any size. ¢

Table 4.4 Design performance for N=16 and N=256,

— LT N=16 N=256

Design based on Throughput| Power Throughput| Power Remarks
E ‘ per vector| diss. |per vector| diss.

LMU 12PC-1

2.25 us 4.8 W 318.4 us 100 W |12 bits]
82 HS195 1.76 us 104 W 28.0 us -—- 12 bits
MB 7134, 2.16 us 43 W 34.6 us -=- 12 bits
MPY 0l6K . 2.08 us 192 w 33.3 us -—— 16 bits
amd 27C1024 4.08 us 12 W 65.3 us 252 W |16 bits
MP 1010 2.56 us 6 W 41.0 us 126 W |16 bits
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4.5) Summary:

This chapter has been concerned with systolic array

_implementation of the discrete Fourier transform. A survey

of existing systolic arrays has been presented. A two-
dimensional -systolic érray for the DFT has shown a

considerable I/C overhead when compared to one-dimensional

'DFT arrays. One-dimensional DFT systolic arrays prese

basically two types of I/O interconnections: semi-systolic
et .
arrgys.and ﬁure-systolic arrays. The simplest are the pure-
systolic arrays; one input sample and one output result per
clock cycle. |

Subsequently, the existing DFT systolic arrays have
been compared to FFT-based'systems usiné either a perfect

shuffle network or a fully parallel approach. The comparison

has been made upon the following criteria: (i) number of
o

. PEs, (ii) complexity of a PE, (iii) latency time,‘

(iv) throughput rate per vector,'(v) upper bound on the chip
area, (vi) external memory regquirements and {vii)
communication complexity betweeq_ the processingu glements.
FFT-based systems were found to yief&'the highest thfoughput
}ates but on the other hand overwhelming external and
internal \¢ommunication requirements implied ?the .highest
system area figures. Insﬁead, DFT systolic arrays present

the best area-efficient design. But, due to the need of a
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pre-loading phase or because of low processor utilization,

all of them are ng¢ fully compatible with real-time signal
processing requirements.

o Keeping in minéﬁthe requirements for minimum system
area and for real-time signal processing, two new systolic

arrays for the computation of the DFT have been outliined.
: i .

They both requiiﬁ N basic .cells. The'fi;st one is a semi-

systolic array in which a gata sample is entered évery clock
.

s

cycle and suécessive results appear skewed in time on a bus
or tree-like network after én initial delay of N glock
cycles where N is the sequence lenth. A second array that
uses the same cell arrangement but is configured as a pure-
3ystolic‘array has then been introduced. This array makes
use advantageoﬁgly of two levels of registers which permit
the results to be outputted frbm;the séme set of lires.

-Based on a new algorithm called the modified first

order Goertzel algorithm, the systolic arrays do not require.

a pre-loading phase at each DFT calculation. Furthermore,
utilization of the incoming data samples in the natural
order as obtained from an analog to digital comnverter (A/D)

or the combination of an A/D and a window function make Fhe

designs suitable for processing a continuous flow of

vectors.

i

-~ It as been demonstrated that a basic cell caﬁ be

implemented either by hardware multipliers or by a ROM-

. L . \

T~
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stored product technique. The latter implementation has
been- shown to be attractive because of the new improvements
made to ROM's access time and power dissipatioﬂ, and also to
the - decline of prices which is usually more abrupt than that
of hgrdware multipliers. .Different semi-custom designs héve
therefore been developed and their performance ééséssed in
terms of throughput rate pef sample and power dissipation..

¢Moreover, the proposed systolic arrays based on the
- modified first.order Goertzel algorithm can compute a DFT of
any length on any circular contour 'or ang segment of a
particular contour. Inverse Fourier transforms Cén also be
implemented usihg the same systolic arréy but with the
twiddle factor's sign changea (permutation of sin® by .-sin®@ .
and vice-versa) and with the introduction of a scaling
factor 1/N (2.2)}. . |
All the design exémples used fixed point arithmetic.
This approach simplifies the system (including the VLSI
realization). The errors introduced by such an approach and
in; a general sense by a digital architecture are to be

v

discussed in the next chapter.

e
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CHAPTER V

PERFORMANCE ANALYSIS OF ONE-DIMENSIONAL DFT SYSTQLIC ARRAYS

w

;-
5.1) Intro&uction:

M

In this chapter, the ana®ysis and the simulation of
the effects o¢f rounding for <Tixed ﬁoint arithmetic is
presented for the first and "the second orde} realization of
the Goertzel algorithm along with an analysis of overflow
conditions (section 5.2). The Goértzel algorithm is chosen.
because it is representative of most systolic arrays u;eful
for DFT anélysis mentioned in section 4.2 e.g. Kung's pure-
systolic array [51] (section 4.2.6). Subsequently, a
similar analysis 1is presented 1in secéion 5.3 for the
modified first-order Goertzel algorithm.

The-efféccrof signal quantization 1is not conéidqggd
here because its effects are independent of the structure of
the array.. The error analysis for coefficient quantization
is omitted beciduse of high complexity and because for stored
prcduct ROM realization this error 1s not present. The
study is limited to giéing simulation results and finding
the influence of coefficient quantization on the DFT output

samples computed using fixed point arithmetic.
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5.2) Fixed point error analysis of existing DFT systolic
arrays by means of the Goertzel algorithm:

5.2;1) Generalities: .

As seen in chapter 2, the Goertzel algorithm
implements the . DFT as a finite impulse response recursive
filter. Here we propose to study the signal-to-noise ratio .
(SNR) for the first and second ordér realization of the
Goertzel aigorithm. The analysis assumes ‘that the N
frequency samples are computed by N basic cells; one
frequency sample per cell. Partial results are therefore
rounded to B bits ,after every recursion and kept in the
basic cell.

The lﬁirst-order Goertzel algorithm regquires basically
a sequencé-of multiply and accumulate operations. This same
operation is found in almost all the existing systolic
arrays discus;ed in section 4.2. Therefore, there is no need
to repeat the error analysis for each systélic array. The
error analysis of the first-order algorithm is sufficient.
The error analysis of the second-order algorithm is
introduced because of its possible use in some systolic
arrays. ..
Appendix III gives the details of the analysis for a

linear shift invariant system. The same methodology will be

used here to find the SNR.



-120-

5.2.2) first order Goeftzel algorithm:
The first order Goertzel algérithm was.seen in sections
2.5.2.1'_and 4.3.2.
The equations dgscribing a cell as in (2.17)-(2.18)
and in (4.10)-(4.11) éan be expanded into the real and

imaginary parts. Assuming complex input samples, we write

the following equations,

Re[v(n,k)] = Re[y(n-1,k)] cosB - Im[y(n-l,k)i sin

: + Re[x(n)] - (5.1a)
Im{yi{n,k)] = Re[y(n-1,k)] sin® + Im[y(n-1,k}] cos®

' X + Im(x{(n)] . (5.1b)

where 0<ns<N-1 and 0<ks<N-1 . .
and,
Re[X(k)] = Re[y(N,k)] cose - Im[y(N,k)] sine (5.2a)
Im[X{k)] = Re[y(N,k)] sin® + Im[y(N,k)] cos® {5.2b)

where 0<ksNrl and 0<k<N-1.
Figure 5.1 depicts the model for one basic cell. The
complex output signal vy{(n,k) indicates that the xth

frequency sample is being considered.

.-\ .
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Re(x(n)] —»{ + T —» Rel[y(n,k)]
T cos8 D
+ *
2 4
a) -sin® 4 * * ¢ sind
r 3
* +
D cose l
Im(y(n,k)] T + 14 ' Im(x(n)]
Re[y(N,X)] * M+ » Re[X(k)]
cgse
b} sin®e * -5in®
’ cOs0
A 4 .
Im(X{k)] + * Im[y(N,k)]

Figure 5.1. Basic cell for the realization of the first order
Goertzel algorithm, a)recursive section implemen-

tipg 5.1 and b) FIR section implementing 5.2. ,

ﬁsing .the roundoff_ noise model éf a muitiplier,
figure III.1 (Appendix III), thg linear system abqve is
transformed into an equivalent model that includes the noise
sources as in figure 5.2. Because the FIR network shown in
figure 5.1 (b) is performed only ofice, .it has been omitted
from figure 5.2. But it is accoﬁntéd .for in the error
variance ‘calculation. In féct, four additional error
sources-es, eg, e7 and eg, one after each multiplier, are

considered.
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Re[x(n)] ——» + » Rely(n, k)]
T Cese | D | 4
+ e + e— * —] s r
AN
3 |
+ e * % sind
-sin@ M * eqd +
cosB e
¥ v v’ v
> * ——» + [+ o
D :
Imly(n, k)] « ,+ ' + [M— Im[x(n)]

Figure 5.2. Statistical model of the 1st order Goertzel
' . algorithm cell. .

In figure 5.2, for clarity, only the exact output
signal, y(n,k}), is shown. But as.explained in Appendix III,
a second term is present, that is the outbut errcor signal

due to the noise sources.

Mason's rule {14] can help us in finding _Lké/ ﬁhit-
sgmple responsés necessary to the analysis. It can bem
verified that ;hese are given by (5.3)—(5.80. The subscript
"ek" indicates the error source "k" and Re(x(n)], Imix{n)]
are respectively‘thé réal part énd the imaginary par; of the
input éignal. %he hgerin) are the complex unit-sample
responses from the noise sources to the output of a cell

(figure 5.2). For example, Re[hgi(n}] .is the uhit-sample

response from noise source e;(n) to the output Re[y(n)].

.
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Re(hgj(n)}=Re[hg3(n)1=Im[hgy(n)] .

el 3 Inlhes(a) )= cos(en) (5.3)
Re#hez(n)]=Re{he4sn)_]= -sin(6n) ’ (5.4)
Im{hgi(n)]=Imlhg3{n} )= sin(8n) . (5.5)

The conplex unit-sample responses from the input to the
.output of a cell are named "g" For example, Re[gxr(n)] is

the unit- sample response from the input Eigﬁélhﬂé[x(n)] to

the real output.

Re[gyy(n)]=Im[gyi(n)]l= cos(6n) : (5.6)
Re[gxi(n)]= -sin(®©n) ’ {5. ?)
Im(gy,(n) )= sin(én) (S 8)

In the equations above , ©= 2nk/N and, k and n vary between 0
to N-1. Substituting (5.3)-(5.5) in (III.2), the following
expression is found. for the variance of the output noise
signalx h |

T o = (N41) 272B /g (5.9)
This equatlon was found by adding the effects of the- érror
sources in the recur51Ve structure flgure 5.1 (a}, and of
- the error sources from the last stage of the basic -cell,

figure 5. 1 (b). < )

To determine o2y, output signal variance, we first

’ L )
~. have to.evaluate the scaling factor that must be applied to

the input signal in order to prevent dynamic rangévxproblem

-{overflows). From figure 5.2, we see that there are four

Pt

critical nodes and the conditions for no overflow resume to



-124-

ther following expressicn,
Xmax < 1 ‘ | (5.10)
N-1 - .
= |cos(®n)| + |sin(en)|
- n=0

right hand side term in.equétiog {5.10) vaéies.between
‘the foilowing extremes, l/leo; ®=0,n/2 and 1/(J/2 N) for -
e=n/4,3n/4. These bounds are associated with worst.case.
sequences. "

In the case of DFTs performedeon réal time signals,
additional care must be taken in prevéﬁting the occurrence
of overflpgl in. digital ~ systems using "~fixed point
" arithmetic. ‘Tﬁis is so, because most of tﬁe _real' time
signals that cﬁnvey information are not totally random.
There is always some sort of cqherencé in the signals.. A
study of the nature of the signals invelved is reéuired in
that situation [22]).

Using (III.7), the expression for Epe output signal

variance, and the results above, it follows that

' g%y = g%y N (5.1la)
with .

o2, = (scaling factor)2/3 (5.11b})

By combining (5.9), (5.11) and choosing a scaling factor of

1/N, it follows that the SNR (III.8) is eqgual to
SNR = 22B+l/(N(N+1)) o (5.12)

Due to rounding, the output signal mean is zero.
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5.2.3) Second order Goertzel algerithm:
The Goertzel algorithm as demonstrated in section
2.3.2 can also- be realized in terms of a second order
r
recursive filtef. Figure 5.4 shows the egquivalent model of
a basic cell whén the inﬁugl data are complex and with

roundeoff error sources.
"To caicuiate‘the SNR,  we again need the output noise
variance and the output signal variance. One can notice
that the error sources "eq" and "ej;" intervene N times and
"eqy","e,y","ey", "es" and fes"ianly once in tﬂe computétion of
g?g.’ So, é better SNR is expecteq compared to the first
order realization of the Goertzel algorithm. But ‘on the

other hand, we foresee overflow problems in branches where

the coefficient equals 2cos8. The multiplicative factor "2"

implies. an automatic . shift of one bit to the left.
‘ Therefore, when the result is added to an incoming branch,
the odds for an ‘overflow are increased compared to the

previous scheme.

-
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Figure 5.3. Flow graph of a basic cell for the second order ¥
realization of the Goertzel algorithm.

The complex unit-sample respogges' necessary ' for the
error gnalysis are given by equations (5.3) thfodgh {5.8) of
the previous gsection. One can verify these results using
Mason's rule. h

The output error signal variance is given by

o2 = (n+2) 272B /12 . ' (5.13)

To prevent the possibility of an overflow, 'bne must

calculate Xyax usindmthé unit-sample impulse- respoﬁses at

all the critical nodes. Here, there are only two critical

nodes. Both are located right after the adder that sums an

s Im{y(n,k})
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C
incoming input sample with the result of the second order
recursive filter. Their unit sample response is given by

g(n) = sin(8(n+1)) ) , ' (5.14)
sin(8)

The corresponding maximum value at these two nodes is

Xmax < . [sin(8) | . (5.15)

= |sin{@(n+1)) |
n=0 "

For values of © around 0 and n, Xp;x tends to .
Xmax < 2/{(N{(N+1)) - | . . (5.16)
and for € around n/2 and 3n/2,
’ Xmax < 2/N - .‘ (5.17)
For all the other 8s, a scaling factor between those
two extremes is reguired. The signal-to-noise ratio of this
second order conf;gufation can't be compared with the first-
order algorithm of the previous section. The scaling factor 
required at each 8 or "k" varies too much. If one .chooses

"

1/N2 as a scaling factor, the SNR will be much lowef than
that for the first—oraer system. On the other hand, a
scalind factor of 1/N will prompt overflows in the cells .
‘computing DFT samples around 0 and N/2. .The second-order
realization of the Goertzel algorithm is therefo£2 not
suited for a fixed point implementation. Floating point
arithmetic is thus the only remedy fér this écheme.

-
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5.2.4) SNR of DFT systolic arrays:

For_fixéd.point arithmetic with products rounded to B
bits and additions performed_oﬂ B bits numbers (éxcluding
sign bit) yieldiﬁg re$u1$§gwith an accuracy ocf B bits, the
SNR of the follewing DFT systolic arrays,

1) Two-dimensional systolic array for matrix-matrix
. multiplication (figure 4.1)

2) One-dimensional systolic array for matrix-vector
multiplication (figure 4.2) :

3) Kung's one-dimensional pure-systolic array
(figure 4.5) ' '

is given by
SNR =.22B*+1 / N2 (5.18)
This result 1is different from the cne for the first-
Qrder Geoertzel algorithm Because an FIR section like &n
figure .5.1 (b) isn't requijred and therefore the error for

that section is not present in the output noise variance.
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5.3) Fixed point error analysis of phé modified first-order
Goertzel algorithm: > .

The figure below depicts the flow graph for one bésic
cell. . Two éystolic arrays implementing the modified first-
order Goertzel algorithm were derived in - section '4.3,
figures 4.7 and 4.9. The. major difference with the 1lst

order realization of the Goertzel algorithm (figure 5.2) 1is

‘that the multiplicative factor cos(8) is now found in ;heb

feedforward paths instead of invfhe recursive paths. Using

the same method of analysis (Appendix III}, the SNR is

derived and the results of the overflow analysis are shown

below.
e o |
e “T,
Re[(x{n)] ——p| + p ’{_:—:——$4 + —» Re(v(n,k)]
Y cgse . 4 .
sing8 1 * t [ ey
2 7
e3 9 + ' * |4 -siné
cosB* y
Im[y(n,k)] ¢—{ + [€— 4—:f_f$14-——.+- ———— Im{x(n)]
L 4 b '
ez
D
{

Figure 5.4. Statistical model of a basic cell implementing the
‘ modified first-order Goertzel algorithm.
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The wunit impulse responses required for the analysis .
are given .in the following order: first, the impulse

- R
responses from the noise sources towards the outputs

Re[y(n, k)], Im(vy(n,k)} ("h"'s) and then the impulse
respeonses from the input signals Re[x(h)], Im(x{n)] to the
same outputs ("g"'s), Again ©=2nk/N and, n and k vary

L]
between 0 and N-1.

Re[hg1(n)]=Re{hgy(n) =

e
B

=Im[ha5(n) ]=Im[hg3(n)]= cos(en} (5.19)
Relhgy(n) 1=Relhe3(n) J=-sin(en) | (5.20)
Im({hgy(n)]=Im[hgag4(n)]= sin(6n) ~(5.21)

Re[gyy(n) I=Im{gyy(n)]=

={cos(®)sin(6(n+l))-sin(én)} - (5.22)
sin(@)

" Relgyj(n))=-sin(8(n+1)) (5:23)

Imlgyy(n) 1= sin(€(n+1)) _ (5.24)

For rounding arithmetic, the mean value of.the output error

signal is equal to zero and the output error signal variance
is given by .
ozg .= 272B N/6 i (5.25)
Again, (5.25) applies for both the real and imaq;nary'
parts of the complex output signal. ‘

The scaling facter that is applied to the input signal

is evaluated by the following expression, -
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Xmax < 1 (5.26)

N-1 .
E |Relgyp(n) ]| + |Relgyi(n)i|
n=0 . .

By making use of L'Hospital's rule, one finds for & around 0
and n, a scdling factor of 1/N and for .8 around mn/2 and
in/2, 1/2N. In Dbetween, the proper scaling factor varies
between 1/2N and 1/N. Aé mentioned in section 5.2.2, these
bounds are very conservative. To calculate o2,, 1/N is
chosen.
Using (III.7) aﬁd the ;esults above, the ocutput signal
variance is given by
N-l.
gy = 0¥y giOE(Re[gxr(n)])2 + (Relgyj(n)]})2] (5.27)

The mean of the output signal is zero. Appendix IV gives

the result for the summation 4in the right hand side of

“(5.27). .
o2, = (1/3N2)(N) = 1/3N ' " (5.28)
By combining (5.25) and (5.28), it follows that the SNR
equa;g _ ‘
CSNR = 22B+1 )y . (5.29)

In the next section, we compare the systolic arrays on
the basis of the q}gnal-to-noise ratio, Both predicted and

simulation results are presented.
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5.4) Comparison: I
5.4.1) Generalities: _ -

This section presents a, comparativé study of the
algorithms anqused in this chapter along with other DFT
computa£ional algorithms. First, a theore;iéél comparison is
presented for the 1st order realization of the Goertzel
algorithm, for the modified f%rst-ordéf Goertzel aléorithm
and faqr an FFT algorithm ([14]. They are éompared for
different sequence and ‘'word lengths. Subsequently, a
simulaticon on a digital computgr of two systolic arrays the
first one uses Kung's proposed structure (figure 4.5) and
the second, the modified Goertzel algorithm (figufes 9.7‘and
4.9). Their perforﬁance is eﬁaluated for two different
input signals: white noise and'sinusoidal w;;efofms.

This section ends with a study, using a simulation, of
the error introducéd by gquantizing the coefficients of a
discrete Fourier transform based on the modified first order

Goertzel algorithm. In fact, the stored product Rgg

technique is compared to the use of haraware multipliers.
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5.4.2) Theoretical results:
The equations derived for the SNR of the algorithms to
be compared are summarized below.

3

Method #1: lst order Goertzel algorithm (5.12),

SNR = 2ZB+1/N(Nf1) ’ (5.30)

Method #2: Modified 1st order Goertzel algorithm
and DFT systolic arrays (5.29),

SNR = 22B+l/na2 - (5.31)

Method #3: FFT with step-by-step scaling [14],
SNR = 22B-2,y : (5.32)
Theiﬁtheoretical results are presented graphicaliy on
figure 5.5 through 5;9. On thege graphs the accuracy
symbolized by B includes the sign bit. Tﬁe first order
Geoertzel algorithm anq the modified first-order Goertzel
'algorithm as .seen on the g;aphs give about the same
theoretical resulté. The first one is a fraction of a dB
less accurate than the latter. The difference_§omés from the
error introduced in the FIR filter found in the first-order
Goertzel algorithm (figure 5.1). An FFT-type cémputation
still vyields the highest signal-to-noise ratios. ut as it
was discussed in sections 3.3 and 4.2.8, a parailel FEFT
architecture isn't cést—effective'for a VLSI impleméntation.

~ Extending the register's leﬁgth is the only way to improve

the SNR of the DFT systolic arrays mentioned in chapter- 4 .

and 5 to the level of an FFT algorithm.
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Predicted SNR, accuracy=12 bits

50

. - ] [

Bignal—to—noise ratio. (.dB)

i

‘ ) Log bhase 2 of N ’
O  Syastolic arrays +  Qoertzel o rer

-r

Figure 5.5 Predicted SNR vs N for all three methods when

. the computations are performed with an accuracy
of 12 bits.
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©~ Predicted SNR, aécur'aéy=16 bits

Signal—to—rioise ratio (AB)

30 T T T T T
) & /] 8 10

log base 2 of N
o Systolic arrays + Goertzel o rer

Figure 5.6 Predicted SNR vs N for ail three methods when

the. computations are performed with an a
' ccu
of 16 bits. ey

!

+
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Predicted SNR, N=16

23 1 T T T, T T T
] 1 " 13 15
' Accuracy (bits) '
o Srlltollc arrays S B Goertzel ° rreT

. Figure 5.7 Predicted SNR vs Accuracy for all three“methods

when N=1l16.
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Predicted SNR, N=256
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Figure 5.8 Predicted SNR vs Accuracy for all three methods
) when N=256,
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: Predicted SNR

Modified Goertzel algorithm
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0 > ;\\‘;
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Log base 2 of N
o] B=10 + B=11 ° B=12 a B=15 x B=10

-

Figure 5.9 Predicted SNR vs N for the modified Goertzel al-
' gorithm with different computational accuracies,
B (includes sign bit).
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5.4.3) Simﬁlation results: ~

~—_ The -éimulation is intended to ¥erify the validity of
the theoretical model. The simulatioq;procedure fol;ows'the
flow cha;t of figure III.3 (Appendix-iII). To improve the
simulation ‘speed, ‘the number of sémples is chosen to be a
power of two. This permits the use,bf the FFT algorithm to

compute the ungquantized wversion of the DFT.

5.4.3.1) White noise input:

The computation of the DFT using a prescribed method
is performed on a segquence oflzerd—hean raridom numbers which
are quantized to B; bits. The random numbers éré spread
between -1 and +1 according to a uniformAdistribution. The
result is allowed to expand up to B bits in two's complement
(where B is greater than By). The DFT is computed 100 times
and an average signal—té-noise ratic in dB is caibulated.
The restriction on the number of samples is governed by the
equation below.

Log N =.B - By (5.33)
In (5.33) B; is set to eight and B to a maximum of sixteen
bits. Therefore N can not exceed 256 samples.

Figure 5.10 through 5.13 present the comparison ﬁétween

the simulated and the predicted SNRs for Kung's pure-

systolic array (figure 4.5} and the systolic array computing
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the DFT -using the @odified first-order Goertzel algorithm'

(figures 4.7 and 4.@).’

These graphs ' show that the theoretical analysis
describes adequately the behavior of the algorithms when

\_ .
simulated, and this for N equal to 16 up to 256. On these

graphs fhe-theoretical fesults were adjusted so t;;t tﬁéy
écgount for the fact that fof N a power of 2, no'error fs
introduced at the‘ﬁollowing éelis: 1, N/4, N/2, 3N/4. Froﬁ
both analysis technigues, one ca?”qonclude that systolicz

arrays implementing the modified . first-order Goertzel:

algorithm are as good as Kung's pure;systolic array.

. ~  w-

wid '_
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. Modified Goertzel algorithm

| 1 | T I 1 U

4 5 8 7 8

Log base 2 of N
(=] Simulated + Predicted

Figure 5.10 Simulated vs pPredicted SNR as a function of the
sequence length for the modified Goertzel algo-
rithm when the accuracy is set to 16 bits.'
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Modified Goertzel® algorithm

Signal—to—noiss ratio (dB)

¥ 1 I 1

iz . 13 14 15 16

Accuracy {pita) .
o Simulated + Predicted

Figure 5.11 Simulated vs predicted SNR as a function of the
‘accuracy for the modified Goertzel algorithm
- when N=16. :



-143-~

Kung's algorithm

npiss ratio (a4B)

Signal—to

1 T 1 1 1

4 5 8 7 8

Log base 2 of N
a Simulated + Predicted

.Figure 5.12 ‘Simulated.vs predicted SNR as a function of the
sequence length for Kung's .systolic array {51]
when the accuracy is set to 16 bits.
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Kung's algorithm
72 :
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Bigneal—to—mnoise ratfioc (dB)+¢
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: ' Accuracy (bits)
0 Slmulated + Predicted

Figure 5.13 Simulated vs pPredicted SNR as a function of the
accuracy for Kung's systolic array [51] when N=16.
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5f4.3.2) Sinuscidal input:
| Due to the deterministic nature of a sine wave, the
correlatién between the signal and fhe roundoff error is
higher than that for a white noise input. This implies that
a theoretical error analysis won't give accurate results.
Therefore, simulations of the systolic arrays on a digital
. computer, for this new input signal, should provide results
with more accuracy than achievable with a theoretical -
anélysﬁs. Here, the performance of systolic aarays based on
the modified Goertzel algorithm -is reﬁortéd. Table 5.1
gives the results. The scaling factor was incfeased to .2/N
to avoid the risk of overfleow. -
Table 5.1 Simulated SNR for the modified Goertzel

algorithm with sinuscidal inputs and an
accuracy of 16 bits.

N SNR (dB)

. o ) .
16 83.5 i “
32 77.0

64 71.7
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5.4.4) Effect of coefficient quantization in the mod1f1 d
first-order Goertzel algorithm:
/

So far, the coefficients cos® and sin® were assum to
‘have infinite precision. 'In a practical situation, _this is
often not the case.

It was pointed out in seétion 4.4 that two methods for
implementing a multiplication can be considered. The first
one is to use a‘hardware multiplier where both the input -
sample and the coefficient have to be quanfized to a given
wordlength. ,And;> the second is the stored- product.ROM
technique:'-Here, only the, input sample is quantized. All
the producf results are-comphted off-line on a digital com-
puter with double-precision arithmetic and stored in a ROM.

Weinstein [60] has an?lysed the effects of coefficient
quantization using a statistical model based on quantization
error added to each coefficient. The derivation 1is rather‘
~tedious and the results give only a rough estimate. Instead,
a simulatibon evaluates the signal-to-noise ratiolversus the
accuracy for different coefficient (twiddle factor)
wordléngths.l The simulation results are given 1in figures
5.14-15. Each figure contains three curves representing
three gquantization situations; one for stored products
{double-precision coefficients of 64 bits), a second’fof 16

bits and a third €or 12 bits {(including the sign bit).
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Modified Goertzel algorithm, N
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12 13 : 14 15 . 18
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(] 84 Dbits + 18 bits -3 12 bits

*.

Flgure 5.14 Coefficient gquantization effects in a systolic

array based on the modified Goertzel algorithm
for N 16.
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" Modified Goertzel algorithm, N=32

13 . 14 15 16 17

‘ Computational accuracy (bits)’
o B84 bits .+ 16 bits o 12 Dbits

Figure 5.15 Coefficient quantization effects in a systolic

array based on the modified Goertzel algorithm
for N=32. i ;
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From these graphs, it can be concluded that to get a

SNR within half a dB from the 64-bit case the coefficients

L

should be rounded at least to the same wordlength wused in

the computations. This condition is met by both hardware
multiplier and stored product ROM implementations.

But with stored product ROM, an improvement of one bit

is achieved therefore yielding better signal-to-noise ratios .

than those found in hardware multiplier implementations.

This one bit improvement must not be confused with an

increase of the SNR by 6 dB . as found in extending the

regiéters wordleng%h by one bit during ¢omputations. It is
merely the distance 1in bits of the break away point on a
curvé'(figure 5.14 or IS.lS) from a given. computational
accuracy; here 16 bits. On these figures, the break away
pdinﬁ is located at 15 bits—accuracy. The difference gives
one bit (16 bits-15bits=1bit). The stored prbduct technique

has proven its use in a FFT system, reported in {33].
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'§.5) Discussion:

In tﬁis chapter, the effects of using finite ;recision
arithmetic in the implementation of DFT systolic arrays have
been awalysed. For 1its simplici?x and cost-effectiyeness,.
fixed point arithmetic implementations have been considered.

The performance of the DFT systolic arrays seen_'in
chaﬁter 4 are assessed by'mééns of én error analysis of the
first and second order Goertzel algorithm. This algorithm
has been chosen owing to the fact that it embraces most of
‘the existing impleméﬁtations of_a.DFT as a systolic array.

It has been found that the first order Goertzel
algorithm is more.' attractive that 1its second order
couﬁterpdrt for fixed point'“ implementations. Overflow
prevention being the overriding factor in this case, the
second order algorithm requires a scaling factor
proportionalxﬁto l?Nz. Such a éﬁaling factor lmplies a very
strong attendation of the input\éignal. Instead,_ the first
order algorithm needs Qﬁ§§ a écaling'factor proportional to

_ ' S
1/N.

Subsequently; ﬁhe' modified first order ' Goertzel
algorithm has been analysed. It has been found that ﬁhe SNR .
of the proposed DFT algoiithm compares favogably with' the
one of the ffrst order @Goertzel algorithm and. ‘“that tﬁe

—~
-scaling is also proportional to 1/N. ) ' oo

X
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When. ﬁompared to an FFT ralgo:ithm, all the DFT
systs;igl arrays discussed in this work demonstra£e a‘lowér
SNR. The difference is eﬁphasized especially - for sequence
lengths larger than 128 sampleé. fh}s éa;ticularity comes
from the fact that the SNR is directly linked to the total
number"of multiplications performed eithef seduentially or
in parallel. DFT systoli; arrays are built . around
algorithms which regquire a total of multipliéations
proportional to N2; FFT algorithms , instead, need O(NLog;N)
as was seen in chapter 2. - \“\\/

fhe advantages of the modified first-order- Goertzel
aigorithm over “the other method are more obvious whén
hardware implémentation and feal—time gignal procéssing are

both considered (see chapter 4).

A simulation on a digital computer proved the validity

'.of the theoretical model for inputs with uniform probé-

bility densities. Kung's pure-systolic . array- has been
compared to a systolic array based on ﬁhe modified first
order Goertzel algorithm. Both arrays showed similar
signal-to-noise ratios as the analysis pfedicted. No

analysis has been carried out for sinusoidal inputs, the

correlation between the input signal samples anthhe error

signals being too high to yield accurate results, a

simulation has been used instead.
. »

. Then, in anotWer simulation, he). effect of
_3 . N
/”\
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cpéfficigﬁt quantization has been addressed. It has been
found that the stored product teéhhique yieids an equivalent
improvement of one bit over 'designs based on standard
hardwafe multipliers.

Due to its additicnal _cémplgxity, “floating point
arithmetic ;mplemeﬁtations have not been analysed. But if a
system designer is-réady to pay for this extra complexity,
better signal-to-noise ratios can be expected.* The scaling
.factér.requireq in the fixed. point realization becomes
superfluous. Overflows are virtually avoided by the use of
an exponent attached to a mantissa. ThereforeT'the SNR of
any systolic array becomes proportional to 1/N instead:of

1/N2 for the fixed point case.
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'CHAPTER" VI ﬁk?&t

° ' CONCLUSION -

VLSI technology has created new ‘oppoftuniFies for
system integration 6f digital signal.processiﬁg algorithms.
It promises low-cost, high-density and fast special-purpoge
devices .able to perform t;sks like linear filtering,
convolutions, 'correlations and discrete Fourier- transforms
using parallellarchitectures. Such a promising future for
VLSI devices comes also with totally new challenges for
‘system designers. As the device technoiogy is scaled down to
\sub—micron level and the chip size 1s increased, the
interconnectioﬂ pr&blems become a major issue.

These new architectural requirements have thérefore
entailed a major review _of"the critbria for évaluating
digital signal processing algor;thms. The efficiency of an
a}gorithm is based more on the degree of complexity .of the
~communication required between the. processing’-elements

rather than on the actual number of arithmetic operations

reqguired.
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It has been seen in this thesis that parallel
architectures in which simple processing élements
communicate in a regular fashion with " their nearest
neighbors will gain. the most from VLSI.. The systolic array
-concépt has been presented as a simple means for mapping- a
signal pfocessing algorithm onto aﬁ architécture amenablé to

VLSI implementation.

The computation o©f the discrete Fourief transform
beiné the algorithm under study in this research quk, a
survey of availabie computational algorithms .has been
presented. Linear filtering and fast Fourier-like algorithms
have been described. A comparison of the aigd;ithhs based on
criteria such as the type of arithmetic operatigns_ involved
and data I/0 reguirements has identified two linear
filtering-'algorithms which can be easily mapped  onto VLSI
parallel architectures. These algorithms are the direct
calculation of the DFT and the Goert:zel algoriéhm. . FFT-1like
algorithms have to be discarded because of their need for
" extensive internal and external communications.
Subsequently, existing systolic harraYS' for the
computation of the DFT have been surveyed. Most of these
are based on one of the algorithm mentioned above or'o%\an
adaptation to ease their mapping onto systolic arrays. A

. . . ) -
comparison of these proposed systolic arrays for the DFT has

shown that (i)} the one-dimensional systolic array for

.
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matrix-vector multiplication [49) and (ii) Kuné‘s one-
diménsional systolic arréy [(51] cannot be used in
applications where the DFT of a continuous flow of vectors
is . required. Others. like (i) the two-dimens;onal*systolic
af}ay for matrix-matrix multiplication [55], (ii) one-
dimensional systolic array usirig'pipelined data inputs [39]
and (iii) Kung-Leiserson's one-dimensiocnal systolic array
(53} don't ' make use 'of the processing elements in an
efficient wayﬁ‘1 )

Theréfore,‘ two ' new systolic arrays have been
introduced for the calculation of the DFT. The first one is
a semi-systolic array where input data samples ehter
sequentially by one end and results appear shifted in time
at thé output of each processing element. These results are
collected by a bus or a tree-like network. The second one is
a pure-systolic array in which input data samples again
enter sequentially 'and results exit 'sequentiallf. Both

architectures achieve a data throughpuf cf one complex

/f

sample per clock cycle. This throughput rate is attained by
pipelining the input data samples through a network of N
;ocally interconnected identical 4celis. Here, N 1is the
length of the sequence to be transformed and can be any
integer number. Because the twiddle factors are static in
the array along  with partial results, inter-cell

communications are kept to a minimum. Only the input data
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samples Qith tsually smaller wordlength are allowed to
travel between cells. |

Each cell is built around four adders and four
multipliers. These figures represent a minimum of arithmetic
elements for this class of 'DFT systoliq arrays. Rééisters
are also required. Two approaches have been proposed to
implgmeht the multiplications in a basic cell. The first cne
uses hardware mul?ipliers and require a _loading phase for
the twiadle factors before starting the ¢omputations. The
.second method is.based con stored product RCM. 1In thié éase,
all possibie producﬁs aré preloaded .in a read—only—memofy
{ROM) . - . ~ |

The two systolic arrays have been made possible by the
use of a new linear filtéring algorithm based on a
modification of thé Goertzel g&gorithm. This new DFT
Aléorithm évoids the external phase correction term required
at the'output of each cell usually associated with theAfirst
.order Goertzel algorithm: Tﬁe new aigorithm has Eeen called-
the.modffied first order Goertzel algorithm.

We th%n_proéeeded with a fixed point error analysis of
the first and secpndl order Goertzel  algorithm. ' This
_ algorithm has been choéen as a basic’algofiﬁhm underlying
most of the proposed DFT systolic arrays. It has been found
that the second_ order .algorithm is more sensitive -

overflows than the first order algorithm. Therefore, the
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Jinrst order algorithm is favored over .the other algorithm
for fixed point_implementations. Following this, an_érror
analysis for the modified first orde; Goertzel algorithm has
been carried out. This algorithm demonstrated' slightly
better results 1in terms of signal-to-noise ratio ﬁhan the
first order Goertzel algorithm.

A simulation has verified the predicted behavior ;f
thé'éystélic arrays based on the algorithms under study. It
has been found that, in general, the systolic arrays dgive
approximafely the same SNRs {or fixed point arithmetié.
Another simulation ﬁaé given some insights into the effects
of coefficieht qugntiéatiqn.-_lt has been established thét a
systolic array based on stored product ROMs vields an
equivalent improvement of one bit o?er a systolic array
based on conventional hardware multipliers.. ‘

It has ailso been ascertained that to get signal-to- -
noise ratids approaching those found in FFT-based systems
longer wordlengths must be .used during the cohputations.
Adding cne bit to the registers;improvés tihic SNR by six dB.
This solution _could briﬁg some severe I/O limitations
especially if partial results ahd'coefficients must travel
between | processing eleménts (cells). This problem is
experienced‘in most .of the systolic arrays surveyed in

chapter four. In a systolic array based on the modified

Goertzel algorithm, incréasing the wordlength during the

—
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computations doesn't create ~any I/0 overheads. Partial
results and twiddlé factors a;e static in the network.

Though, this research work has been concernea only-
with the mapping of the discrete Fourier transform onto VLSI
systalic arravys, many more digital signal processing
algorithms can bepefit from similar mappings. VLSI
technology has started a new era.in the design of special-
purpose parallel‘architectures and - also pafallel computer
architectures. What one can read in today's current

literature on the subject is probably only the ¢tip of the’

iceberg.
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APPENDIX I

Hardware multipliers

Fixed point multipliers

Size

Power

Company Part Delay S-P |Techno- Price
. number (bits} (ns) diss.(mW) | (pJ) [logy 100's
TRW MPYO16K | 16*16 45 4000 180 TTL $125ea

ADSP1081 B*8 90 75 6.75| CMOS
Analog 1012 12*12 130 125 16.25| CcMOS N/A
Devices 1016| 16*16 170 125 21.25( cMOs :
X 024 24*24 235 125 29.38| CMOs
TI THCT1010| 16*16 100 150 15 |.cMos N/A

Integra- |IDT 7210 16*16 65 250 116.25% 'EEMOSII $210ea

ted Devi- 7243 le*le 65 250 16.25| CEMOSII| $210ea

ce Tech, . tm-

Logic LMU 12PC| 12*12 65 - 100 6.55| CMOS $61.65

Devices 16PC| le*1le 80 125 10 CMOS $61.65

Micro [MP 1010 .16*16 75 " 125 9.38| CMOS . $105ea

Power : ‘ ' '

Systems

Floating point units

Company Part Size ﬁeéaflops Power Techno- | Price

number (bits) ' diss. (W) [logy 100's

Weitek 1064/65 64 16 2.0 n-Mos $1100

1032/33 32 5 1.5 n-MOS N/A

N/A :.not available
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APPENDIX II
ROMs
Fixed point multipliers using stored product ROMs /
Company Part Word Access Power' S-P Techno- Price
. number |length time ns{diss.(mW)|(pJd |logy 100's
Fujitsu MB 7134 12 50 900 45 TTL N/A
; 3-4K*4 ‘
|82HS195 12 40 2175 87 TTL $60 ea
Signetics 35 2175 76 TTL $60 ea
3-4K*4 25 2175 54 TTL $86 ea
Harris HM6646 12 200 N/A -- CMOS N/A
3-4K*4
Signetics|23256A15 15 150 1000 150 CMOS $28 ea
2-32K*8 - : b
Intel 27256 15 1250 1000 250 | HMOSIIE| $28 ea
2-32K*8
Toshiba |TMM23256 15 150 400 60 nMOS N/A
2-32K*8 ,
solid SCM23256 15 100 150 15 | CMOS
State . 2-32K*8 120 150 18 CMOS N/A
Scientif. 150 150 22.5| CMOS
Signetics|23256A20 16 200 1150 230 | cMos N/A
2-64K*8 ‘
Mostek MK3901M 16 120 N/A ~- CMOS $76 in
MPX I/O 1-64K*16 . 1000's
Advanced |Amd27C- 16 170 250 . 42.5| CMOs $400ea
Micro 1024 03/86
"Devices 1-64K*16 only
MPX : multiplex' -
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APPENDIX III

The SNR of a LSI'system for fixed point arithmetic:

For fixed point arithmetic, gfoﬁndoff errors are
introduced only by multiplication. If we consider ‘frac-
tional numbers, the product of two B-bit numbers (excluding
sign bit) givés_a résult less than one but with an accurécy
of 2B bits. Therefore rounding or trﬁﬁcation to B bits
becomes necessary when no.extra bits for increased accuracy
are proviééd. Overflows can cause large erroré in a digital
system. They_lare avoided by pfoperly scaling the inpué‘
signal.

The method of analysis used [14] treats the effect of
rounding as. an additive noise signal; as seen in figure
I1I.1. Here, w(n)ri; the éuantized output signal, y(n; the
exact output and e(n), the error introduced by rounding the
result of the multiplication.

For thé analysis, the fqllowing assuﬁptions aré
"considered -

1. The error sequence ein) is a white-noise sequence,

2. the error sequenceé has a uniform distribution over
one quantization interval,

3. the error sequence is uﬁcb;related with the input
- signal x(n). ‘ : : : '
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x(n) —» * ——p + —» win) = y¥v(n) + e(n)
' ? : T where y(n) = a x(n}).
a . eln)

Figure III.1l. Representatién of the roundoff error introduced
in multiplication.

“Wwhen we deal with linear shift invariant sfstems , the
errors = due to ‘rounding'?for' several multipliers are
considered separately and their effécts superimposed at the
output. An LSI system adaﬁtéd t&ithe DFT systolic arréys

seen in chapter 4 is given in figure III.2. Ihié figure

shows the system for complex input data, and with "K" error

sources.
Re(x(n)] —» —» Re(w(n)]
LSI system :
Im{x{n)] —» —»  Im[w(n)] ,
el(ni--_ eg(n)’ o0
. . :
where Relw(n)] = Re(y(n)] + X Relfgr(n)]
. k=1
. . K
and . Im{w(n)] = Im[y(n)] + Z Im[fok(n)]
’ k=1

Figure III.2. Statistical model for fixed- p01nt roundeoff’
noise in an LSI system.

In figure III.Z2, Re[y(n)] and Imly(n)] denote' the
output that would be obtained due to Re[x(n)] and Im(x(n)]
if there were no gquantization error and Relfgyk(n)] and

Im{foi(n)] represent the output errors due to the noise
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sources ep{n). Usihéi.the assumptions stated before, an
error signal e(n) has, in .the case of rounding, a mean equal _
to zero and a variance (o2_,) equal to (1/12) 272B_ .
, - The mean and the variance of the output noise .signal.

can be expressed as

‘ K oo N\ T -
mg= Emegx Zhey(n) "o+ (III.1)
k=1 n=z-e : _
. K = X
02g= X 0%gp = higy(n) ’ : (III.2)
k=1 n=-oco

where map and o2, are respectivel? the mean and variance of
the kY™ noise source and hek(ni the uﬁit-sample'respoﬁse
from a.hoise source input ey(n} to the output of the gysteml

In order to compute the SNé, we need to calculate the
output signal variance czy. This quantity is felated éo the
input signal variance which in turn determines Ehe
possibility of ovefflow ét any node "of the network.
Therefore we must be careful in choosiné thé maximum input
signal. Letting x(n) denote the systém input, either real
or imagingry and vy (n}) and hip(n) denote’ respectively the

output at the 1th  node in the system and unit-sample

response from a given input to that- particular node "1",

~ then .
M o : :
vi(nls ¥ X hyp(n) x(n-r) - ) (III.3)
- M=l r=-w '

I :
Assuming that x(n-r) does not exceed Xmax 1n absolute value,

we can rewrite (III.3) as
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4
. M_‘. oo .
[viln)] € Xpax & E |hyplo)| . » (II1I-4)
L A . - )

m:]l_ r=-o

With computations performed using fractional arithmetic, we

require that |vi(n)| < 1, F%ﬂg;o meet (III.4) we require, .

Xmax < . 1 - - (I1II.5)

M oo
Z = |hyplr|
m=1 r=-w

b

for all the nodes in the network. (IIIJS) represents an

upper bound on the maximum value of the ihputg so that no

¥

overflow occurs at any particular node nye .
We are now able to compute the mean and variance of

the exact output signals i.e. Rely(n)] and Im[y(n)]. The

equatidns below give the results for Re[y(n)}‘but apply also

to Im(y(n)].
my= My, 3 Relgyp(n)] + my; X Relgy;j(n}] (II1.6)
n=-e n=-¢ )
' a
02y= G2yy I Re[g?yp(n)] + o2y; = Relg?yj(n)] (III.7)
" . n=-oco - n=-o )

L

In (III.6) and (III.7), Relgy (n)] and Relgyi(n)] are the

unit-sample responses from a given input signal, Rg[k(n}]

-and ‘Im[x(n}]{ to, the output of the. syséem, Re[y(n)].

Knowing o?f and ozy, one can easily dompute the SNR as,
Y * ' -
SNR= o2, / of R © (II.8)
' The above steps-givé the method to find the signal~to-

noise ratio. A simuldtion on a general purpose computer can

i— .
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ineb an. insight ';nto the SNR of “{digital system realized

with finite precision arithmetic. A usual procedure 1is to

1. Eenerate random sequénces Re[x(n)] andAIm[x(n)],

2. pass the raﬁdpm sequences through an almost ideal system
and then through a'replica of the system but reélized
with finite precision arithmetic,

3. finally computgvkhe SNR by comparing the two system

‘ ~outputs with each other. .

The block diagrém on figure III.3 summarizes the
procedure using N=29. "This choice_permits.the use of ‘the

FFT algorithm for qomputipg the near exact transform

. :
therefore rqducing the computing time on the general purpose

computer.
) a‘ \ ST K - :
i \ ’\‘V L) 1Y .
pFT | - ’ ~
. ™ (Quan- « |—» Sum | (Errorj)2 —» £ |9 10Log
tizedy - N
+‘ 1 |-
x(n) — L . SNR #—| Sum
+
) FFT .
“» {Ideal) - » (Signal)? |—mf gpLog
Figure III. Evaluatlon of the SNR by a computer 51mu1atlon
5 for N a power of 2.
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APPENDIX IV

Summation of a complexﬂtrigonometric function, see (5.27)

N-1 . o

> cos(8) sin(®(n+l)) - sin(8n) + sin2(8(n+l)) =

n=0 sin2(8) )

N-1 : : N

53 sin2(®(n+l)) + gin2(8n) - 2cos(8) sin(Bn) sin(B(n+l))} =
n=0 ) s5inz(8) oo

Expgnding sin(@(n+l)) intec sin and cos function of {(®n) and
(8) only, yield the following equation,

N~1 ) . .
5 {(l-cos2(®)) sin2(6n) + cos2(Bn) sin?(8) =
n=0 sin<(0©)
N-1 : . N-1
¥ (cos?(©n) + sin2(6n)) sin2(8) = ¥ 1 =N
® n=0 -

-
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