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" 'Abstract

In this thesis we study Law of the Iterated Logarithm type
properties for stationary *-mixing sequences of real random

© -t
variables (Xi) under certain moment conditions. Essen-

i=1
tially we prove that under the assumption that all moments

of X1 exist.finitely'ﬂwn for any r > 0 we have an r-quick
analogue to the functional form of the Law of the Iterated
Logarithm. The treatment demonstrates the result directly
from the asymptotic properties of the sequence. Several
application§ along the lines of those given by Strassen of

the functional Law of the Iterated Logarithm are also pre-

sented.
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0. Introduction In 1964 Strassen published in [17] his well-

known functional form of the Law of the Iterated Logarithm
(abbreviated LIL) for independent identically distributed
(iid) sequences of random variables. Since then there has
been considerable interest in extensidﬂs and modifications
to this LIL. Such extensions involved weakening the con-
ditions placed upon the sequence of random variables, i.e.
consideration of weakly dependent sequences, non-stationary
sequences or sequences taking values in a space other than
the real line. A summary of results of this type may be
found in Stout [16, Chapter 5]. All these results share the
usual interpretation of convergence and limits of functions.
A new avenue of exploration was opened when, in [18],
Strassen introduced the concept of r-quick convergence, a
form of convergence which is heavily dependent on the rate
at which sequences converge. In the same paper he proved
an r-quick analogue to the classical LIL and hypothesised
an r-quick analogue for his functional form of the LIL. T.L.
Lai in his 1976 paper [13] was able to prove the r-quick
functional LIL in the case of iid real random variables.
The method of his proof is similar to Strassen's proof of
"his original functional LIL for iid sequences. The intent
of this paper is to extend this latest result to a class of

weakly dependent stationary real sequences satisfying certain
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moment conditions. The proof of this result as in [6],

depends heavily on a recent theorem of Ghosh and Babu [8,

page 223].

Section 1 of this paper will state certain definitions

and concepts used throughout the text. In particular, the
concepts of weakly dependent sequences and r-quick conver-
gence are reviewed together with certain related lemmas.
Section 2 introduces the main theorem of this paper with
appropriate notation. The various definitions and lemmas
necessary to the proof of the main theorem are presented in
Section 3. ‘The actual proof of the main theorem divides
naturally into two parts. Section 4 comprises of the proof
of the inclusion portion of the theorem and Section 5 the
balance of the proof.

In [17] Strassen gave some applications of his func-
tional LIL and in [13] Lai showed how these applications
extended to the r-quick case. Section 6 will affirm the
validity of similar applications of our main theorem. Sec-
tion 7 outlines recent results obtained by Lai [14] in the
area of an r-quick Strong Law of Large Numbers. Section 8

consists of some concluding remarks.

1. Definitions Throughout this paper a general knowledge

of measure theoretic probability theory is assumed, similar




to that found in Ash [1], or Chung [5]. Let X = (Xl,XZ,XSHJ
be a sequence of real-valued random variables(denoted rrv's)
defined on a probability space (9,F ,P). That is, for each
i=1,2,3,... Xi:Q + R is measurable with respect to the
Borel o-algebra §3 on R . Let R” denote the infinite
Cartesian product of the real line RxRxRx... and §°
denote the c—aigebra on R generated by all measurable
rectangles (all sets of the form B1><B2><B3 X...XBnXBIXHIX...
where neN and BiEEB for each 1i = 1,2,3...,n )

Definition. The above sequence of rrv's X, ,X

1° 2’X3"' is
said to be stationary if for any Be $3° and jelN

P{we®: (Xl’XZ’X3"')€B} = P{weQ: (Xj,X X ...)eB}

j*l’?7j+22
Hereafter the set {weQ: YeB} will be denoted by [YeB] for
the sake of clarity.

The properties defining a certain class of weakly
dependent stochastic sequences are frequently described by
a mixing condition which imposes a certain asymptotic inde-
pendence of the members of the sequence that are sufficiently
distant from each other. Three mixing conditions are par-
ticularily well known and are listed below.

Definition: (Kesten and O'Brien [10]) 1let (Xn: nez)
or (Xn: neN) be a stochastic sequence on a probability
space (2,F ,P) . Let ’a’.i denote the o-algebra on @

generated by (X.,X

i i+1,...Xj_l,xj) where i may be -«




and j,» . Define the foilowing for k =1,2,3...
(1) o(k)
(2)  A(k)
(3) (k)

n

sup(|P(BC) - P(BYP(C)|)

sup(|P(C|B) - P(CI])

sup (| P(BC)/ (P(B)P(C)) - 1]).

where in each case the supremum is taken over all meZ (res-
pectively me{0,1,2,...} and all Be'&Tw (?2) and Ce’}v:+k
(};+k) with P(B)P(C) > 0 . Then (X : neZ or neN) is
called strong mixing (¢-mixing, *-mixing) if a(k) (x(k)

or p(k) respectively) decreases to 0 as k»+» . Since

a(k) < A(k) = p(k), it is clear that *-mixing implies
¢-mixing which in turn implies strong mixing.

Strong mixing and ¢-mixing are well-known mixing
conditions and have been used extensively. A general des-
cription of these conditions may be found in [16]. The
concept of *-mixing was explored by Blum, Hanson and Koopmans
in [3] where it was defined in a slightly weaker

fashion than given below. This definition is useful
in the sequel.

Definition: Let (Xn: nelN)
be a sequence of rrv's on a probability space (&, F,P).
Define 3{2 as before. Then (Xn: neN)}) will be called
*_.mixing if there exists a positive integer N and a real-

valued function p(n) defined on the integers n 2 N
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such that:

(1) p 1s non-increasing with 1lim p(n) = 0 and
>

(2) if n = N, Ae'jT , Be;;m then |P(AB) - P(A)P(B)|
< p(n)P(A)P(B)

In [3], Blum, Hanson and Koopmans give several examples
of *mixing sequences. Kesten and O'Brien show in [10] that
it is possible to construct *-mixing sequences with p(n)
going to 0 at any prescribed rate. They also have shown
that *-mixing sequences form a proper subset of ¢-mixing
sequences and likewise for ¢- and strong mixing sequences.

The notion of r-quick 1limit points and r-quick con-
vergence was first introduced by Strassen in [18], where he
proved an r-quick analogue to the classical LIL. Strassen
noted the following property of the limsup of a sequence of
rrv's en : let ceR. If the supremum over a null set is

taken to be 0 , define the random variable Tc by

Tc = sup(nelN: en > ¢c), i.e. the last time en exceeds ¢
Then the statement '"limsup en = x almost surely'" for some
n->e

xelR can be expressed in terms of TC in the following
manner:

2.1 (a) Tc < o a.,s. if ¢ > x

2.1 (b) TC = ® a.,s, if ¢ < x

This prompted Strassen to make the following defini-

tion of an r-quick limsup.
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Definition: 1limsup en = y'(r-quickly) where yeR and r > 0

N>
if

2.2 (a) E(T)T <= if c o>y
2.2 (b) E(Tc)r = if c <y

It should be noted that limsup en = y (r-quickly) if and
n-+o

only if y = sup (ceR: E(Tc)r = )
In [13] , Lai adds the following.
Definition:

limsup en £y (r-quickly) if 2.2 (a) holds for all ceR
N>

\

limsup 6
n-e® n

y (r-quickly) if 2.2 (b) holds for all ceRR

limsup en < » (r-quickly) if there exists a real constant

n->o

¢ for which E(Tc)r < o , Otherwise 1limsup 6_ = o ,
n—>ev

Similarily if E(TC)r < «» for all real constants c , then

limsup 6 = -w
n
n--

Strassen also defines r-quick limit points in C[0,1]

and r-quickly relatively compact sets in C[0,1] (cf.
[18] page 319). Stated below are Lai's ([13] page 613)
formulation of these concepts.
Definition: For rrv's (Gn:n=l,2,3...), 6 define
6, > 0 (r-quickly) if limsup|6_| = 0 (r-quickly)
Bn + 0 (r-quickly) if (en - 06) » 0 (r-quickly)

Recall: A set S is relatively compact in a metric

space M iff the closure of S in M is a compact
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set of M iff every sequehce in S has a convergent sub-
sequence {(in M)

Definition: (Lai) Let M be a metric space endowed
with its o-algebra of Borel sets. Let {en: n 2 1) be a
sequence of random variables taking values in M . Then
(en: n 2 1) is said tobe r-quickly relatively norm compact
in M if for every € > 0 , there is a finite union U of
e-spheres in M such that

E(sup(neN : ené’u.))r < ®

An element x of M 1is called an r-quick limit point of
(en: n21) “in M if for any open neighbourhood V-of x
E(sup(nelN : enEV))r = o,

>

The following lemmas from Lai [13, page 622] indicate

some properties of r-quick limit sets which will be used in

Section 6

Lemma A: Let (M,d) be a metric space and let (en: n 2
be a sequence of random variables taking values in M . Then
the set K of r-quick limit points of (en: n 1) 1is a
closed subset of M . Consequently if M is complete
and (®p) is r- quié¢kly relatively compact in M , then
K is a compact subset of M.

Lemma B: Let (Ml,dl),(Mz,dz)be metric spaces. Let
¢ M1 -> M2 be a continuous function. Suppose (en: n > 1) is a sequence

of random variables taking values in M1 . Let L(en) (res-

pectively L(¢(en))) denote the set of r-quick limit points
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of (6 :n 21) (respectively (¢(6 )J:n 21) . Then
¢(L(6n)) c L(¢(6n)) . Assume furthermore that the following

condition holds: L(en) is compact and for every € > 0

. r o
E(sup(neN : enéLe(en))) < where Le(ﬁn) denotes the open

e-neighbourhood of L(en) in M . Then the sequence
(en: n 1) (;espectively (¢(6n): n 2 1)) 1is r-quickly
relatively compact in M1 (respectively M2) and ¢(L(en))
= L(6(6))
Lemma C: Let R denote the real line -and (en: nzz1)

a sequence of rrv's such that (en: n 2 1) is r-quickly

relatively compact in R . Let ?C be the set of all r-quick
limit points of the above sequence and let y = sup(x: xe}).
Then y is finite and 1limsup 6 = y (r-quickly).

n-—+>o

2. Main Theorem Consider a stationary sequence of rrv's

(X;: i =1,2,3,...) on a probability space (R, % ,P).

i
Assume that EX, = 0 and Ex2 <. Let S_ =13 X. for
1 1 n i=171
g n 21 and define SO =0 . Let | [L denote the supremum

norm on the space of all continuous functions f: [0,1] - R,
i.e. [lf[k = sup(|f(r)|: 0sr<l) for feC[0,1]. Denote by
Ks the set of all functions xeC[0,1] such that x is

2

absolutely continuous , x{0) = 0 and fé(dx/dr)zdr < s
The derivative dx/dr exists almost everywhere with respect
to the Lebesgue measure since x 1is assumed to be absolutely

continuous. Define the Hilbert norm for xeKs by
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||x|[H = fé(dx/dr)zdr . If s =1 in the above the set
Ks is denoted K0 and is called the Strassen set. It is
a well-known fact that K, 1s a compact set of C[0,1]
(cf. Stout [16], page 282).

Define a family of functions (S(r), r = 0) by
linearly interpolating (Sn,neN). That is, for r 2 0,
reR define S(r) by S(r) = S[r] + (r-[r])(S[r]+1 - S[r])1
With all the terms defined as above, it is now possible to
proceed with the discussion leading to the main theorem of

this paper. In [17] Strassen proved the foilowing functional
LIL..

Theorem: (Strassen) Assume the sequence of rrv's
(Xj:i=1,2,3...) is iid and EX4=1. Let Un(r)=(2n10glog)'%8(nr)
for 0sr<l define the sequence (Un :n 2 3) of C[0,1]
functions. Then with probability 1 (Un :n 2 3) 1is
relatively compact (with respect to || ||c) and its set of
limit points coincides with K.

The proof of the above theorem depends on
an "emb;dding" or "identification" of (S(r): r 2 0) with a
Brownian motion in a particular fashion. Iﬁ essence the
result is first shown for a Brownian motion and the above
identification used to extend the result to the iid case.

In other settings or under other conditions on (Xi: ieN)

such an embedding ("Invariance'") principle may be rather

[1. [ ] denotes the greatest integer function,]
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difficult to prove. A more elementary proof of the func-
tional LIL in the iid case was given by Chover in [4] . His
technique dispenses with the need for looking at Brownian
motion and Invariance principles and proves the result
directly from the asymptotic properties of the sequence.

The first step in Chover's proof is to show almost
sure equicontinuity (uniform in 0sr<l) of the family of
functions (Un(r): n 2 3) . This is accomplished using two
tools in particular; a technique of looking ‘at convergence
along a geometric subsequence (see Feller [7], page 193) and
an inequality on the maximum value of partial sums (SIFQJZ,S”J.
This equicontinuity result leads immediately to the relative
compactness of (Un(r): n 2 3) . The fact that the set of
limit points is Ko follows from the equicontinuity result
and consideration .of asymptotic distributions (as n =+ =)

In [18], Strassen showed the following theorem on the

r-quick limsup of sample sums.

Theorem: (Strassen) Let Xl,Xz,XS.... be a sequence
of iid rrv's such that EX1 = 0 and EX% =1 . Let r > 0,
p > 2(r+1) and E|X1|p < o . Define S, for neN as
before. Then limsup (2n10gn)-1/28n = rl/2 (r-quickly).
n->o

The similarity of this result to the classical LIL

led Strassen to conjecture an r-quick analogue to the func-

tional LIL.
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Strassen's Conjecture: With the same assumptions and notation

as found in the above theorem, define En(t) for Osts<1,

—1/28 at t
n

n z 2 by: En(t) = (2nlogn)
and En(t) is linear on [(i-1)/n, i/n], i.e. for (i-1)/n

<t<i/m g (t) = £ ((i-1)/n) + (t-(i-1)) (& (i/m) - & (221 y)

i=20,1,2...n . Then the sequence (gn: n 2 2) is r-quickly

relatively compact in C[0,1] and the set of its r-quick

limit points in C[0,1] is rl/ZKo
Lai, in [13], is able to prove this conjecture under

a weaker moment condition than was hypothesised by Strassen.

He also succéeds in demonstrating that his condition is the

best possible (Theorem 3 of [13]).

Theorem: (Lai) Let r > 0 and let Xl’x2’x3"" be

iid rrv's such that EX; =0 , Exi = 1 and Elxllz(r+1)x
(1°g+|X1|+1)—(r+1) < » , Dpefine £ as above. Then for

every € > 0 , letting U denote the open ¢€-neighbourhood

of rl/zKo, E(sup(neN: €n¢ﬂ))r< o . Thus the sequence(gn: n z 2)

is r-quickly relatively compact in C[0,1] . The set of its
r-quick limit points in C[0,1] is r1/2K0
Lai's proof of the above theorem follbws a pattern
similar to Strassen's proof of the functional LIL for iid
sequences. The demonstration consists of three steps; first

the result is shown for real-valued Gaussian sequences

(Theorem 4 in [13]), second an r-quick invariance principle

1/n, 1 = 0,1,2...
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is shown for iid sequences.(Theorem 5 in [13]) which yields
that the partial sums of the sequence behave like Brownian
motion; and third, combining the two results to yield the
desired theorem. The proof of the r-quick result for Gaussian
sequences follows the lines of Chover's proof of the func-
tional LIL ([4], Theorem 1). Lai shows that his Lemma 1
holds, which states a result similar to equicontinuity but
imparts additional, and vital, information on the rate at
which En and its approximation approach each other as n - ©,
Using this lemma and the technique of looking along geome-
tric subsequences, Lai proves his Theorem 4 in a fashion
roughly similar to the proof of Chover mentioned previously.
The proof of the following LIL for *-mixing sequences
is based on the proof of Theorem 4 of Lai [13] and the main
Theorem .in Deo [6] and thus follows a pattern similar to the
proof of the iid LIL given by Chover. The role of the
equicontinuity lemma is played by a result similar to Lemma 1
of .Lai [13], but adapted to *-mixing sequences and the linear
approximations of functions found in Chover [5]. The neces-
sary maximal inequality used is taken from Gikhman and
Skorohod [9]. The asymptotic behaviour of P[ISn[ >a] 1is
described using a recent theorem of Ghosh and Babu [8]. This
asymptotic result is crucial to the proof of this paper's

main theorem, which is presented below.
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Definition: For a stationary sequence off rrv's

(Xn: n=1,2,3...) such that EX1 = ,'Exi < » define
) 2 _ 2 m .
c by: o¢° = Exl + 22j=1Cov(X1,X1+j). For the rest of this

‘'paper, we shall assume 02 >0

-Definitiomn: For a stationary sequence of rrv's as above

(X :n=1,2,3...) define (S _: n 2 0) and (g : n 2 2) as
n PEeTE n n

n
i=1%3

gn(t) = (2n0210g n )_% Si for t =4i/n, i = 0,1,2...n

= £ ((-1)/n)+(t-i+1) (g (i/n)-g ((i-1)}/n)) (i-1)/nm<t<i/m
i=20,1,2...n

follows: Let Sn = I and So 0 ; for tef[0,1]

Theorem A: Let ‘(xn: n=1,2,3./..) be a stationary

sequence of rrv's such that EX1 =0, EX% < @ and all the
moments of X1 exist finitely. Assume the sequence 1is
*-mixing with coefficientP(*)such that Z:=1p1/2(n) < ®

Let (En: n =2 Zf, (Sn: n 2 0) and 02 be as above. Let

r > 0 . Then the sequence (En: n 2 2) is r-quickly rela-

tively compact in C[0,1] and the set of its r-quick 1limit

points is rl/zK0

It is important to note that this result is not deri-
vable from a combination of the previous r-quick analogue

to the LIL and one of the many invariance principles for

weakly dependent stationary sequences (cf. Philipp and Stout

[15]). The best Philipp and Stout achieved under the conditions

of Theorem A is the definition of a Brownian motion Y(t) on

a richer probability sapce together with S(n) such that
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|S(n) - Y(n)[ = O(n-s/lz) almost surely. To derive Theorem
A from the corresponding result for Brownian motion, it would
have to be established that for any e > 0:

E(sup(n {2,3,4...}:|S(n) - Y(n)l/(chzlogn )1/2 > e)) < o
Although the Invariance principle yields for almost every

we , (S(n)-Y(n))/(chzlogn )l/z(w) - 0 , it does not yield
a bound on the value of the supremum over n. Thus it does
not lead to the finiteness of the expectation of that supre-
mum. In [13], Lai proves an Invariance prinéiple of the
appropriate type for iid sequences, but clearly this cannot

be applied to a general *-mixing sequence.

3. Some Lemmas

For a sequence {Xi :i=1,2...} as
found in Theorem A define o, S(t) and En as given for

Theorem A under the additional assumption that 0 < ¢ = 1

1/2

Note that for te[O0,1], En(t) , n = 2,3,4...

S(nt)/(2nlogn)

Definition: Define o as above and let

oi = E(22=lxi)2 . In Stout [16, page 310], the following

lemma is proved for S and o

Lemma : {(Stout) As n > o since Z:=1p1/2(n) < ®

ci = n02(1+o(1)) and 0502<°° 0

The following Theorem due to Ghosh and Babu [8] is a

remarkably precise statement about the probabilities of

moderate deviations of partial sums.
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Theorem (Ghosh and Babu) Suppose the stationary process

’{Xn: n 21} is ¢-mixing. Then for any ¢ > 0 ,

. 2
P[n‘lsn- u > cc(logn/n)1/2]~(chzlogn)-% n_%g

~ 1 - &(c(logn)d)
and .

, : _ 22
P[|n-lsn—u1> cc(logn/nsz]~2(hm210gn) 2 n ic

o ~2[1 - ¥(c(logn)?)] hold under
the conditions

|c2+2+6
T _1¢1/2(n) < o and

2 _ ©
0 2 0 = V(Xl) + 22j=1Cov(X1,X

E|X1 < o for some § > 0

1+j)
where u = E(Xl) O

The foliowing Lemma is adapted from Theorem 2 of
Gikhman and Skorohod [9, pg 120] along the lines of Lemma 6
of Deo [6a].

Lemma 1 Let {Xi: i=1,2,3...} be a stationary
*-mixing sequence of real-valued random variables with
mixing coefficient p(.). If p(l1) <1 and if for some
a 20 and all k = 1,2,3... n
P[lskl < al] > % , then

P[max{ISk|: k

1,2..n} > 2a] < 2(1-p(1))'1p[|sn| > a]

Proof: Define the events Ak’ Bk for k = 1,2...n as
follows: A, = [|51| < 2a,..,lSk_1| < 2a,|Sk| > 2a] |,

B, = [|Sn-Sk[ < a] . Note A, » k=1,2,3..n are disjoint
events. Hence:

Pils | > al 2 P{u§=1(Akan)}

= Z§=1PfAkﬂBk} since the A, are disjoint
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z (1 - p(l))z£=1p(Ak)P(Bk) by *-mixing condition

2 %(1 p(l))22=1P(Ak) by stationarity and the hypothesized

condition.

= %(1 - p(l))P[max{lSkI:K = 1,2,...n} > 2a] and this clearly

leads to the desired inequality. 0
Note: 1In [6a] Deo shows a similar result to the
above for ¢-mixing processes.

The following lemma plays the same role in the proof

of theorem A as does the equicontinuity lemma in Chover [4]

or Lai's Lemma 1 in [13]., For feC[O0,1], meN, define "mf(?)
as given below. These functions behave in a similar fashion
as the orthogonal representations used by Lai in [13].

m f(t) = £(i/m) if t = i/m for some ie{0,1,2...m}
= £(i/m) + (t-(i/m) (£((i+1)/m)-£f(i/m))
if i/m<t<(i+1)/m for some ié{O,lZ...ﬁ—l}
Lemma 2: Let {Xi,i =1,2,3...} be a stationary

*-mixing sequence of rrv's (with mixing coefficient p(-))

2

L
such that Z:=1p2(i) < © ., Define Sn’ S(t) and o as

1
previously. Let a(n) = (2n0210g n )* n=2,3,4... and
define g (t) = S(nt).a"'(n) for te[0,1], n = 2,3,4...

Then for any given ¢>0 > Y>>0 , there exists an mosN

> . - = -Y
such that for all m > m : P[| £ "mgnlk > €] o (n° )
Proof: , 0 3. . .

By Stout's Lemma (pg. 16) Li=1P (1) < = implies o < =
Assume o > 0, the case ¢ = 0 being degenerate, and for

the sake of simplicity assume further that ¢ = 1

o]
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Pl g, - mpg Il > el
= P[maX{sup{IEH(t) - nmgn(t)[:te](i-l)/m,i/m]}:i=1,2...m}>e]
= P[max{sup{lgn(t) - m((t-(i-l)/m)En((i-l)/m) +

(i/m - t)gn(i/m))lzte](i-l)/m; i/m]}:i=1,2,3...m}>¢e]

A

PImax{sup{|m(t-(i-1)/m) (£ (£)-£_((i-1)/m))|:
te](i-1)/m, i/m]}:i=1,2,3...m} > /2]
+ p[max{sup{lm((i/m)-t)(an(t)-an(i/m))l:
te](i-1)/m, i/m]}:i=1,2,3...m} > e/2]
= Q

Q1 < P[max{sup{l&n(t)-an((i—l)/m)|:(i-l)/ﬁ <t < i/m}:

ﬁi=1,2,3,---,n} > €/2] since It-(i-l)/mls 1/m

= P[max{sup{lS(nt)—S(n(i-l)/m)]:(i-l)/m <t £ i/m}:

i=1,2,3...n} > %e.a(n)] (3.1)

Note that if ae [0,1] and s=oak + (1-a) (k+1) for some

non-negative integer k, then S(s) = (l—oc)Sk + aS and

k+1
IS(s)-S(n(i-1)/m)| s | (1-0)s, - (1-0)S(n(i-1)/m)]

+le sy ;- es(n(i-1)/m) |
< | s - S(n(i-l)/m)l+|Sk+1 - S(n(i-1)/m)|
Thus

max{sup{[S(nt) -S(n(i-1)/m|:(i-1)/m < t < i/m}: 1 = 1,2,3...

IA

< max{max{ISj - S(n(i-l)/m)l:n(i-l)/m < j ni/m jezZ}

1i=1,2,3...m}
+ max{max{|Sj+1 - S(n(i-1)/m)|:n(i-1)/m < j £ ni/m jezZ}

:1=1,2,3...m}
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IA
N

max{max{|Sj - S(n(i-1)/m)|:n(i-1)/m < j £ (ni/m)+ 1 jeZ}

i=1,2,3...m}

IA
N

max{ISj - S(k)|:0<ksjsn; 0<j - k<l+n/m; jez}

by increasing the domain of the maximunm.

IA
&

max{[Sj - Sk|:OSijsn; 0<j-ks<2+n/m; j,kez}
by a similar argument as above applied to S (k)
Applying the above result to (3.1) yields
P[max{sup{|S(nt) - S(n(i-1)/m)|:(i-1)/m < t < i/m}

:1i=1,2,3,..m} > l-e:-a(n)]

2 ‘
< P[max{|Si - Sj|:05jsisn; 0<i-js<2+n/m; i,jeZ} > a(n)e/8]
= P[maX{max{[éi - Sj[:OSjSiSn;'i-jS2+n/m; ieZ}:0<js<n; jez}
> a(n).e/8]
< P{U?=0[max{|8i - SjI:OSjSiSn; i-j<2+n/m; i,jez}
> a(n).€/8]}
< 2?=0P[max{lsi_jI:OSjSiSn; i-j<2+n/m; i,jez}
> a(n).e/8]
by stationarity since j is fixed within each set
<

2?=0P[max{|8k|:OSkS2+n/m,keZ} > a(n).e/8]

since for j > n-2-n/m

P[maX{]Si_jlzostiSn; i-j<2+n/m} > a]

IA

P[max{ISk|:OSkSZ+n/m} > a]

IA

(n+1)P[max{ISk[:OSk52+n/m, keZ} >a(n).e/8]
So that Lemma 1 may be applied at this point, assume

temporarily that p(l) < 1




A similar argument shows that Q2=o(n'Y) . Hence for m 1large
enough P[] gn—ﬂm£n|lc > ¢] = o(n”Y) under the assumption
p(1) < 1. We remove this assumption in the following manner:
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Lemma 1 requires for k = 1,2,...,[n/m] + 2 and n suffi- ‘
ciently large that P[ISkI < a(n).e/8] > % . Sinmce V(S )- no? |
(as stated in Lemma (Stout)), it is easy to see by Chebyshev's
inequality that the desired inequalities'ﬁold for n suffi-
ciently large, say n 2 N . Thus Lemma 1 now yields for

n 2 N (under the assumption that p (1) < 1) that

(n+l)P[max{[Sk|:Osk52+[n/m], keZ} > a(n)-e/8]

IA

2(nr1): (-0 (1)) T'PLIS,, 1 ng | > aln).e/16]
= o(n-Y) by applying the theorem of Ghosh and Babu [8] and

choosing m large enough. Thus we have shown that Q1=0(n—Y).

Since p(j) » 0 as j - », there exists jo 2 1 such
that p(jo) < 1. For each Osﬂsjo—l consider the sequence

{ij fpid = 0,1,2... . Each such sequence is stationary and
o

*-mixing as a subsequence of {Xi:i =1,2,3...} and p(z)(l) <1

by the choice of jo (p(ﬂ) is the mixing function for

{ + 33 = 0,1,2...}). Thus the desired result holds for

X..
JJo Vi

the partial sums of these subsequences. It is possible to
express Sn as the sum of jo partial sums of the subsequence
{ij w423 = 0,1,2..}. Applying the result for p(1) < 1 to

)

each of these partial sums yields the desired conclusion about Sn'
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Lemma 3 Let '{Xn:n 2 1} be a *-mixing stationary

sequence with mixing coefficient p(-). Let 15a1<b1<a2

be integers. If the event An is measurable with respect to

o(X,:a_<jsb_) , ° then for each m

[l-max{p(aj+l—bj):ISjSm}]mH?=1P(Aj)
< P(n?=1Aj) < [l;max{p(aj+1—bj):ISjSm]mH?=1P(Aj) and if n_
is measurable with respect to U(Xj:aHSjsbn), then for real x
m
J
—bj):ISjSm]mP[Z?=

Cy e m
[l-max{p(aj+1-bj).1SJSm}] P[Z =1n5 < x1

m
<
< P[zj=1nj < n] < [1+max{p(aj+1 1

where ni, né, né... are independent random variables with

nj < x]

ni having the same distribution as n for each i
Proof: Clearly the second assertion follows from the first,
The proof of the second assertion follows from a simple fact

about *-mixing sequences,ie that if A1 and A2 are as

above
[l-p(az—bl)]P(Ai)P(Az) < P(A1 n Az)

O

Lemma 4: Let {X_ . :n 2= 1}

n.i s 1€ifm be m inde-
bl

pendent copies of a *-mixing stationary sequence {Xn:n 2 1}.

m
Let 61,62,...,em be real numbers and Yn = zi=leixn,i
Then {Yn :n 21} 1is also a stationary *-mixing sequence.

If the mixing coefficient p for {Xn tn 2 1} satisfies

® 3 .. ..
Zn=1p (n) < » then so does the mixing coefficient of

<b2<...
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{fY :n 21}, If 8% + 62 ...+ 62 = 1 then 02 (as defined
n 1 1 m '
previously) for {Yn :n 21} is the same as that for
. >
{Xn :n 21}

Proof: This is Lemma 2 in Deo [6].  The proof uses standard

approximation arguments by cylinder sets etc. O

As pointed out in [6] this lemma does not appear to be
true for ¢-mixing sequences and this is perhaps the main rea-
son why we limit ourselves to the *-mixing sequences.

Lemma 5 Let (X l1<sn<x) 1<j<k be k indepen-

n,j

dent copies of a *-mixing stationary sequence (Yn : 1<n<w)

such that EY1=0, Ozlfor each of the k copies is the same as o%for
2

(Yn : lsn<=); take o¢° = 1 for simplicity. Then for each
¢ >0
k n 2 2 1 2
logP[Zj=1(Zi=lxi’j) > ¢“nlogn] . - 5 ¢ logn
as sequences in n tending to
Proof Take ¢ =1 for simplicity. Fix &6 > 0 . It is
possible to find a finite number of unit vectors ul,uz,...,um
in Rk such that
o {x <u.,x> < 1-8} < {x: [|x||2 < 1}
j=1 J
Hence P[zX _{(z"_.x. .)%/(nlogn)} > 1]
j=1 i=171,j
< gt P[<u.,T_> > 1-8] where
j=1 j’ " n
_ .o n n 3
Tn = GiarXy 10 Tioi¥i,0,. .., Fi=1Xs )/ (nlogn)

But under the given hypotheses, if a = (al,...,ak) is
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any unit vector in Rk then by Lemma 4 {ZJ 1aJXn J' n =1}
3

is itself a *-mixing stationary sequence with the same o = 1.

Hence for each j , 1<jsm , by the Ghosh-Babu theorem:

log P[<uj, Tn> > 1-6] ~ - l(1—6)2 iogn
Hence (2/logn) logP[E {(z1 1X i, J) /(nlogrﬂ} > 1] has limsup
less than limsup(2/logrn max{logP[<u.,T > > 1-8: 1<j<m}

= 11msup{max{(2/logrnlog P[<u T > > 1-8]: 1<j<m}}

= —(1-6) and since & 1is arbltrary
< -1
Now take any unit vector u in Rk , then
{x : ||x]|? =1} ¢ {x : <u,x> < 1} gives
k
P[Z {(111 )2/ (nlogn)} > 1]

j=1
2 P<u,T > > 1]

Hence

lim inf (2/1og n) log P[E {(Z ) /(nlogrﬂ} > 1]

i= 1 i,j
2 1im inf (2/1ogn) log P[ <u,Tn> > 1]
= -1
ad
Lemma 6 Let & denote the distribution function of

the standard normal distribution.
Let a,b € R, Os|a|<b, then
2,-3 2,5 2 2
®(b) - ®(a) 2 (27b") ‘exp(-a“/2){l-exp[-(b“-2a“)/2]}
2 2

and if b©-a is large enough,

(b)) - @(a) = %(Zwbz)-%exp(—az/Z) 0
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Lemma 7: Let £f(n) 2 0 be such that as n % « then f(n) 4 o,

Fix 6 > 0 and choose any y > 0 . Then for {Xn: n 21}
as in Theorem A,

(1) PrIs(EM)- SCEMD] > seniogn)i] = o)
and if g(n) 2 2 is such that g(n) = o(f(n)).

(i1) P[IS(£(n))- S(£(n)- g(n))] > 6(n10gn)%] = o(n™)
Proof: Both assertions follow by an application of the Ghosh-

Babu Theorem and Chebyshev's inequality. This result will be

particularily useful when f(n) = n and g(nj = n%
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4. Proof of Theorem A-Inclusion For the sake of simplicity,

assume 0 = 1. The first part of the proof of theorem A
will demonstrate that the set of r-quick limit points of

1 1
(E,: n 2 2) is at most rzKo. Let € > 0,-68 =1+ r® and

Ni=

define 1{6 as the open e-neighbourhood of Ko in Cc[0,1].

Define L(g) = sup {n 2 2: En ¢ (r%Ko)468 = QL46€}. L(g)

is a random variable on (Q,F,P). If it can be shown that

E(Lr(e)) < » for all € > 0, then the inclusion follows by

the definition of r-quick limit points. Let o > 1 and
define oa(i) for i = 1,2,3... by a(i) = ul. By Lemma 7

for i large, we may use a(i) instead of [a(i)] 4in the

sequel.
0 < B(LT(e)) = [LY(e) s M + Z:+1a(nr)P[L(s) > a(n)]
for some constant 0 < M < «, Thus to show E(Lr(e)) < o,

it suffices to establish that

2:=1 a(nr)P[L(e) 2 a(n)] < o,

Z:=1 a(nr)P[L(e) = a(n)]

Z:=1 a(nr)P[Ej ¢ Z‘46€ for some j 2= a(n)]

A

Zp=p @(nr) I. 0 PLE, (1) ¢ U 5e6]

+ Z:=1 a(nr) Zzo:n P[max {]| gk_gu,(i)” o a(i) < k

IA

a(i+l),

k an integer} = 2¢]

Tl + T2 respectively.
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We now show that T1 < © , From the fact that for

any fixed m e IN

[Ea(iy ¢ Ugeed = Eqqy ¢ U ,5, 2nd ||“m§a(i)'€a(i)||c < €l
U [” ﬂmgd(i)—ga(i)” c 2 E]]'
and if || x|l £ (1+e)? then x e (r¥k ) . (since || - o< 1y
-1 i -1 -1 1
(1+g) "x € T K, and hence || x-(1+g) x||c < g(l+g) |]xHHr“56€),
it follows that:
T, < Z__,a(nr) zi=n{P[||ga(i).- “mga(i)”c > ¢]
[ :
+ P[|l“mga(i) gy > (1 o+ e)r?]}
< Z:=1a(nr) z:=np[||ga(i) - eyl o 2 €]
-] -] 1
+ I _e(nr) I Pf"“mga(i)|lﬂ > (1 + €)r?] (4.1)

The first double sum in(4.1)above is finite by virtue of
Lemma 2 of section 3. 1Indeed, choose p > r + 1 and

m € N sufficiently large so that for some K = 0

P[llga(i) - ﬂmga(i)llc.> €] £ K a(-ip). Then

Zo.p e(r) Ii_ PO 8y iy - TnBaeiylle = €l

e} 00 . )
=i _,olnr) 2, Ka(-ip) < ® since r - p < 1.

To show that the second double sum in (4.1)
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converges, consider the following expression for fixed i:

1
P[] wmga(i)HH > (1 + €)r®] by definition of | HH

PIm =T (m g5y G/m) = mE o) (G-D/mN? > (1ee)?r)

P[m Z (S(a(l) (J/m)) - S(u(i) ((j-l)/m)))
(1+e) T a (a(i))]

<Pz, ﬁ(;)+(;{T§ (Gonym ) > e’ Lt i)
+ K a(-ir(1+e)?)
for some finite positive constant K bylLemma 7
s aron ™zl aRPTOM oy 57 ey a? @)
& K a(-ir(l+e)?) (4.2)
By Lemma 3 and stationarity; {Yk,j : 1 <k < a(i)-(1/m)}

for 1 < j <m are m independent copies of

{Xk : 1 £k £ a(i)-(1/m)}. Thus expression (4.2) is of order

(1 + p(IN™ + k) (aci)) TI*ED

for some 0 < g!' < g

by virtue of Lemma 5.

1
2

o« o
Hence I__, o(nr) I, . PL|| m_¢& > (l+e)r?]

= m a(i)llH

< K(1 + p(1))™ z:=1 a(nr) o (-nr(l+e')?) < © by the

properties of geometric sequences and thus it has been




i ki e et e
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established that 'I‘1 < o
T T T { - i
, = I,.q o(nr) I, P[max ||Ek-Eu(i)llc.u(l)sksa(1+1),
k an integer} = 2g]
Fix i,k € N such that a(i) < k < a(i+1l) ; then by the

definition of En and by the triangle inequality introducing

S(a(i)t)-a~ (k)

IIEk-«Ea(i)Ilc < max{|s(a(i)t) |- ]a (k) - a2 la(i)) ] o0sts1}

IA

+ a lkmax{|S(kt) - S(a(i)t)] : 0 < t < 1}

But max{|S(a(i)t)]:0st<1}: |a l(k)-a"L(a(i))]

\
m

In
ct
IA

1} > ] a tmy-a e |”

iff max{|S(a(i)t)]: 1} > ea(a(i))]1-aca(i))a *@e) |t

(=]
A
ct
A

and since u(i)_s k < a(i+l)

l1-a(a(i))a ()7 < J1-acai))a t(a(iv1)) |} and as

i + ® the right-hand expression tends to |1 - a-%l , and
so for i large is < (1—8)-1 ll-a—%l.

Thus P[max{l|£k-£ :a(i) < k < a(i+l)} =2 2¢]

a(i)llc

< Plmax{|S(a(i)t)|: 0 < t < 1} > (l-e)ela " 3-1] Yacaci))]
+ Plmax{|S(t) - S(s)| : 0 <5, t < a(i+l), |t-s] < (a-1)a(i)}

z ea(a(i))]

= P1 + P2 for a fixed i large.
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1
pl = P[max{|Sj|fj=0,1,...,a(i)} 2z (1-g)ela™2-

by the definition of S(:).

Assume temporarily that p(l) < 1 . Then since
ES? ~ j02 (see Lemma (Stout) page 16, section 3) and
by Chebyshev's Iﬁequality one can obtain the following

inequality for any j € {0,1,2 ... a(1)}:

-1 -1 .
P[Isjl < 3. e(l-e)|a"2-1| Ta(a(i))] = 3

when 1 is sufficiently large. Lemma 1 now yields that

P[max{|Sj|:j=0,1,2...u(i)} > (1-e)e]a“%-1|'1a(a(i))]

1

-1
2

P[|s 217 Yaca(in ]

Ol,(l)l > %(1'€)€|0‘

h § -1 2
2 oa(1-p(1)) YT2metioga (1)) 2 (a(i)) 3¢ by the

-1, -1 -
Ghosh-Babu theorem where c=e(1l-€)2 ?|a 2-1| 1

2

2 2, -1
-1 e ] _ 2
= 0(a(i)) 3% ie. o(a-¥ie (1-8)7|a

-1|-2) as i »> o

Clearly, by choosing o > 1 sufficiently close to
1, the probability above can be taken to be of order
o(auxi) for any A > 0. The assumption p(l) < 1 may
be removed in a similar fashion to that found in the
proof of Lemma 2. Choosing A = r + 1 in particular

yields

® P MzT g% i
- o]
i=n 1 n=1"i=n a(i-(r+l)) <

5 5
n=1 a(nr)

1| tacacin]
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for M some positive constant.

P2 = P[max{|S(t)-S(s)|:OSS,tSa(i+l), It-SIS(a-l)u(i)}

> ea(a(i))]

o] o]
By Lemma 7, to show Zn-l o(nr) Ei=nP2 < o

[o0] (o]
. . ,
it suffices to show zn—l a(nr) Zi=np2 < o

where P = P[maX{|S£-Sj|:Z,je{O,l,...,a(i+l)},

12-5] s (a-Da(i)} > tera(a(i))]

Pé < Zgiéa'l) P[max{|S£~Sj]:(v-2)(a-l)a(i)sl,ﬁsv(a-l)a(i);Z,jeN}

> z ea(a(i))]

where o > 1 is chosen so that a/(a-1) 1is an integer.

@ 250 PImaxtIsgS () (- yaqayy | T0-2) e Da)] = 2

S [V(a-1a(i)], LeN} > fea(a(i))]

by the triangle inequality

= 25 1% VP max(s, | -0 s[2(a-1)a(i)]+1, L)

> % ea(a(i))]

using the stationarity properties of {Xn:n

v

1}

< (a/(a—l))P[max{|S£|:OSZs[Z(a-l)a(i)]+1, £ e N}

> £ ea(a(i))]

Assume temporarily that p(l1) < 1 . Then for i
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sufficiently large, 1 < a < % and for any

£ e {0,1,2...[2(a-1)a(i)], Chebyshev's inequality
yields P[[S,| < f% ea(a(i))] =2 4 . Lemma 1 and the

Ghosh-Babu theorem now show that P2 is of the order

-i(r+1)

o(a ) if a > 1 is sufficiently close to 1. Thus

o o0
Zn-l o(nr) Zi=n P2 < ® under the assumption p(l) < 1.

This restriction can be removed in a similar way as before
in Lemma 2 . Note that this new requirement placed upon
0 > 1 1is compatible with the condition imposed in the P

1
case, ie, both conditions can be fulfilled simultaneously.

Thus T_. <

5% T P+ P
2 n=1a(nr) i=n ( 1+ 2)

<z o P 5 5T P
- zn-l a(nr) i=n 1 * n=1 a(nr) i=n 2

and hence E(LY(g)) s M + T, + T, <= for any e > 0,

that is, it has been demonstrated that the sequence

{En: n=1,2,3,...} is r-quickly relatively compact in

C[0,1] and, since Ko is a closed set, the set of r-quick

limit points of the sequence is contained in /F\'L( =T
e>0 4¢§
1

5. Proof of Theorem A-Conclusion Let h € rzKo.

We now show that h 1is an r-quick limit point of

{En: n

2,3,4 ...}. Define:

<

00
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L*(e)

sup{nZI:]|En-hIICSe(2+[|h Hc)} . To show that

that h 1is an r-quick limit point of the sequence,

we must show that E(L*(e))r = o

Let g, = (l1-e)h , then Hgo-hllc= ell n Hc. Thus

to show E(L*(e))r = © jt suffices to prove
E(L(e))r = © where L(g) = sup{n21:||£n-gol|C52€}

1
Since Er(={f:f=ﬂng for some n e N , g ¢ rzKo}) is

N

dense in r Ko , we can assume g _ € Er , ie for some

1 ~
k, e N g ¢ rzK0 s £ =T _Furthermore E(L(e))r =

1 o klg

is implied by

o r-1
L1 PllE -g Il = 2e] =« (cf. Ex. 5, pg. 44, Chung [5])

and to demonstrate the latter statement it suffices (by Lemma

2) to show for k an integer multiple of k1 (so
T,g = m_g) that L. nr-lp[||ﬂ E -g |l < €] ==
k klg n=1 “k®n ®ollc
o r-1 ’ e e
L gD P[||1Tké;n—go||c < €] by definition of || IIC
© r-1 . .
=L _ .0 P[Ign(l/k)-g(l/k)| <e, i=1,2,3...%]

v

2 TRl (B (/10 - (1/K)) - (E_(3/K) ~g ((i-1) /K))

< eg/k for 1i=1,2,3,...k]
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22 0 TRIlE (1/0-g(1/K)-b ()] = e/k

i =1,2,3...k] where b(i) = g(i/k)-g((i-1)/k)

z:=1nr'1p[|S(ni/k)-stn(i-l)/k)-b(i)-a(n)]

< ea(n)/k i=1,2,3,..k]

By Lemma 7, to show the above sum diverges, it suffices

to show that the following sum also diverges.

z:=1nr“1p[|S((n-n%)i/k)-s(n(i-1)/k)-b(i)a(n)|

< ea(n)/(2k)] =

1
By hypothesis p(n?) - 0 and the sequence (Xn):=1

is *-mixing. Hence by Lemma 3 it suffices to prove:

5% nr—lnk p[|s((n-n%)i/k)-S(n(i-l)/k)-b(i)a(“)l
n=1 i=1

< ea(n)/k] = o (5.1)

By stationarity and Lemma 7, to show (5.1) it suffices

to show:
22 " PIls(In/kD)-b()a(m)| < ea(m)/k] = @

Let i e {1,2,3,...k}
PLIS k- P(R)am)| < ea(n)/k]

2 P[(IS[n/k]I + |b(i)la(n) < ea(n)/k]
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= P{(Ib(D)]| - e/(32K))a(n) < is[n,k]I

s (|b)] + e/K)a(n)]

v

= P[ (Ib(i)| + e/k)a(n)]

IA

S [n/x]

PIIb(i)]a(n) = 8; yq s (Ip@)] + e/K)a(n)]

- p[s[n/k] < |b(i)|a(n)] and for =n 1large

v

PISpy i = (IB(I] + &/K) (2KIn/k] log [n/kD)¥]

- PISp g ¢ 1P QD) (KIn.kIlogIn/kD) )

where ¢ > 0 1is chosen so that for i =

1,

2..

.k

and  [b(1)] = 0 : (L) p()]? < (Jb(D)] + e/K)°

and r>(1+£)2(r-e) =r - g" for some ¢€"

N

<

for n large 1 < (logn/log [n/k])

i
2

k® < (n/[n/k])% < (1+C)%k% . Now by the

the above difference of probabilities is

following difference of Normal values as

>

0 .

Thus

1
(1+z)*% and

Ghosh-Babu theorem

greater than the

n

tends to

(5.

infinity for v > 0 small enough. Thus expression (5.2) is of order%

2C(|b(i)] + €/k)(1-Y) (2k log [n/k1)?)

- (b)) (210 %) (1+y) (1+2) (Log [n/k])

= &(c(i)) - ®(d(i)) and by the choice of

4

> 0 and

i
|

i
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Yy > 0 sufficiently small, as n + =
¢ (i)-a%(i) = 2k(log [n/k]) ((lb(i)] + e/K)%(1-v)?

- e 2 4w

For the rest of this prooflet A be a generic constant strictly greater than 0.

Hence for large n and by Lemma 6

5(c(i))-0(d(i)) = 3 - ¢ Tq1) - (2m”

N

exp {—%dz(h)}

- 3((lb()| + e/k) (4mklogln/k])¥) 1

x exp{-3(1+2) 2 (1+v)%b2 (i) +2 log[n/k]}
2'A((10811)-%exp{-§(1+C)2(1+y)zbz(i)'2k10g[n/k]})

k

So T, _.P[|s([n/k])-b(i)a(n)| < ea(n)/k]

i=1

-1
2

> A((logn) exp{-(1+;)2(1+Y)2klog[n/k]'Z§=1b2(i)}

T- .
n lx the above product is

1 2 k 2 .
> A((log11)‘§k[n/kﬁ-k(1+g) (Z,_4b (1)3+T-B)

-1 1 2 ..k 2 .
> A((logn) ik(n)& 1-k(1+g) (zi=1b (1)ﬁ)
k 2 . . 1
But k2i=1b (i)=r-€' €'2 € since g e (l-€)r Ko

< T - €
and hence the above product expression is of the following

order:

1k r-l-(r;e)(1+§)2}

A {(log ﬂ)- (n)

> A{(log11)-%k(n)r'1'r+€"}




-37-
-1 - "

2 A(logn) zk(n) 1+e"} and by the integral test:

0 _lk _1 1"

En=1(log11) TR L e and hence

© r_l
2o n"legllm e cell s el

[+ ) _lk -l+g"
2n=1A((10g11) 2%n ) =

Thus it has been established that E(L*(e))r = o
By the definition of r-quick limit points, this proves that
1
every h e rzKo is an r-quick limit point of .the sequence

{€ :n=2,3,4,..} . This completes the proof of the
n _ P p

theorem.
6. Applications In [17] Strassen gave some beautiful appli-
cations of his functional LIL. Similar applications for the

r-quick analogue to the LIL in the iid case were given by Lai
in [13]. This section will study similar applications of
Theorem A. It is necessary to note here the properties of
r-quick limit sets as proven by Lai in [13] and stated in
section 1 as Lemmas A, B and C.

In what follows let Xl’
satisfying the requirements of Theorem A (assume further that
o = 1). Define r%Ko s Sn and gn(t) for te[0,1] as for
Theorem A. It is a well-known fact that r%Ko is a compact
subset of C[0,1] . The applications of Theorem A given
below are modelled on the examples of Lai [13, page 624]

Example 1: Define f: C[0,1] - R by f(x) = x(1)

XZ’XS ..... be av*—mixing sequence
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Clearly f is continuous and hence by Theorem A and Lemmas

B and C, it follows that:

1imsup(2nlognj-% Sn = sup{x(1): xer%Ko} (r-quickly) and in
n--o
fact the supremum on the right is attained with x(t) = r%t ,

3

so that the value of that supremum is r° . Note that this
extends Strassen's r-quick LIL to the sequence of Theorem A.

Example 2: Define ¢: C[0,1] = R by ¢(x) = llxllc
It follows immediately that ¢ 1is continuous and

2 2

sup{¢ (x): xer Ko} = r Theorem A and Lemmas B and C now

imply that:

3

1imsup(2nlogn)-% max{[SjI: 1<jsn} = sup{¢(x):xer K } = r?

n->o
(r-quickly)

Example 3: Let f be any continuous real-valued function
on [0,1] and set F(t) = fif(s)ds for 0st<l . Define
¢: C[0,1] » R by ¢(x) = fix(t)f(t)dt. It can be established
that ¢ is continuous and sup{¢(x):xer%Ko} ='{rfiF2(t)dt}%
(cf. [17, page 219]). Theorem A and Lemmas B and C now imply
that:

limsupf[l£(t)g_(t)dt = (r[iFP(t)dt)  (r-quickly)

n-w

By an argument similar to that found in [13, page 624] and

by Example 2 above, it is also possible to show that:

. 3 -4 _n . 1.2 .
limsup(2n~log n) 2.1=1f(1/n)Si (rfoF (t)dt) (r-quickly)

n-reo

Example 4: Let p =2 1 be a real constant. Define the

.‘.gt-v—‘ ma TCISRR
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continuous function ¢: C[0,1] + R by ¢(x) = filx(t)[pdt
Using Theorem A and Lemmas B and C in a similar argument

as that found in [17, pages 220-221], yields that:

limsup n-l_(p/z)(21ogn)-p/2ZI.I_IIS.Ip
s i= i

= 2(r/p)P/2(p+2}(P"2)/2{fi(1-tP)’%dt}'P (r-quickly)

7. Strong Law It is appropriate at this point to mention the

recent results obtained by T. L. Lai in the area of r-quick
analogues of the Strong Law of Large Numbers (SLLN). Baum and
Katz proved in [2] the following theorem on partial sums Sn

of iid real random variables X.,X.,X

172273+
Theorem; Let o > 1/2,p > 0, pa > 1 and assume EXl =0 if
o <1, then E[Xllp <
<=> z:=1 npa'zP[sup{j"alSjl 2 e: j 2n}] < o for all ¢>0
<=> I npa'zP[IS | > en®] < » for some e > O
n=1 n

This result is related to the convergence rate in the
Marcinkiewicz-Zygmund SLLN. Considering the concept of r-
quick convergence, Lai [14, page 693] states the following

r-quick version of the Marcinkiewicz-Zygmund SLLN:

Theorem: Under the above conditions,
Elxllp < o <=> n_asn > 0 ((Pa-l)—quickly)
<=> n‘“xn + 0 ((pa-1)-quickly)

Lai also shows (cf. [11],[12] and [13]) how this result has
useful applications in the area of sequential analysis in-
statistics. In [14] Lai succeeds in extending the above strong

law result to the case where Xl,Xz,X3 ..... is a stationary
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sequence satisfying certain mixing conditions. 1In particular,
he studied strong and ¢-mixing sequences and also sequences
satisfying the following condition on modérately separated
events,

Condition 2.4: There exists B > 1 and a positive in-

teger m such that as n » « ,

SUP{P[lxll > X,IXi[ > x:1i > m]} = O(PB[lxll > x])

Under this condition and if p > 0 and po > max{(Bp+l1),B}/(8-1)

Lai shows that for a stationary sequence Xl’XZ’X3"" , a > 1
and

P
E[X |F <«
<=> n“"s]rl + 0 ((pa-1)-quickly)
<=> n‘“xn + 0 ((pa-1)-quickly)

These are three of the nine statements proven to be
equivalent by Lai in [14]. He also shows that it is possible

to loosen the above conditions on o and obtain the same re-

sult by requiring the sequence X XZ’XS”' to be either

1°
strong or ¢-mixing with the mixing coefficient being of a
certain order. Applications of these results to renewal
theory and first passége times for stationary processes are
also given by Lai in [14].

We may make a remark at this point concerning the ap-
plicability of Lai's Strong Law result to the case of *-mixing
1’X2’X3"' is a stationary.
*-mixing sequence there exists an integer m such that for
x € R

sequence. By definition, if X
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and i 2 m

In

POLIX T > x] o []x.] > x1} Ar+em)IPLIX | > xIP[]X,] > x]

IA

{1+o (m)IPP[|X ] > x]

O(PZ[]X1| > x]) as x +> =

This clearly implies Condition 2.4 and hence the first
part of Lai's theorem 1 holds for all *-mixing stationary
sequences. This includes Lai's remarks on iid and m-dependent

sequences following his statement of Condition 2.4 ([14,page

6941)

8. Concluding Remarks Having demonstrated an r-quick ana-

logue to the LIL in the *-mixing case, it is natural to ask
‘whether a further extension to this result exists. 1In parti-
cular, there is a strong possibility that an extension to the
¢-mixing case can be shown with much the same machinery as
used for the *-mixing case. The Ghosh-Babu result is already
valid for ¢-mixing sequences and this paper's Lemma 1 can be
shown for ¢-mixing sequences as remarked previously. These
two results would yield in a similar fashion as given in
section 3 a ¢-mixing version of Lemma 2, the "equicontinuity"
result. Most of the arguments used in the proof of Theorem
A work as well for the é-mixing case, with the exception of
Lemmas 3, 4, and 5, where the *-mixing Property seems essen-
tial. If the difficulties arising in the use of these lemmas

can be bypassed, the rest of the proof of Theorem A in the ¢ -

mixing case will follow easily.
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