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Abstract

Glass Fiber-Reinforced Polymer (GFRP) plates offer a light-weight, corrosion-resistant and cost-
effective alternative to steel plates for strengthening steel members. Typically, GFRP plates are
bonded to steel members through a relatively soft adhesive layer. The large difference between the
mechanical properties of the three materials involved is generally associated with relative slip at the
steel-GFRP interface and is thus associated with partial interaction between the two materials.
Available full interaction models aimed at fully composite systems tend to overestimate the strength
of GFRP-strengthened steel beams. Also, quantifying the strength of the resulting steel-adhesive-
GFRP composite represents a technical challenge as it involves several potential modes of failure
(e.g., local buckling, lateral-torsional buckling, cross-sectional strength, GFRP rupture, adhesive
shear failure, adhesive peeling failure, excessive deflections, adhesive loss of strength due to thermal
effects). Within the above context, the present research aims at formulating a number of
analytical/numerical solutions to quantify the strength of GFRP-strengthened steel beams, and

assessing the validity of the models through 3D finite element analyses in commercial software.

Towards this goal, the study contributes to the solution of the problem by developing a series of
models that incorporate partial interaction effects between the steel and GFRP. The models are
intended to determine: (1) the linear static analysis response, (2) the elastic lateral-torsional buckling
capacity, (3) the ultimate moment resistance and propose classification considerations for local
buckling, (4) quantifying the detrimental effect of pre-existing load on the added capacity of
strengthening GFRP plates, (5) developing an advanced beam theory that captures transverse normal
stresses in homogeneous beams (in addition to longitudinal and shear stresses in common beam
theories), and (6) generalizing the beam theory to multi-layered beams to model sandwich structures

and GFRP-strengthened steel beams.

In contribution 1, a super-convergent finite element formulation is developed for the linear static
analysis for steel beams strengthened with a single GFRP plate subjected to general transverse loads.
The shear deformation effect is captured in the formulation. The element is shown to circumvent
discretization errors in conventional finite elements based on polynomial interpolation functions and
to accurately predict displacements and stresses while keeping the number of degrees of freedom to a
minimum. The model is then adopted to (a) determine the elastic flexural resistance of strengthened
steel beams with class 3 (subcompact) sections based on a first yield mode of failure, (b) quantify
deflection limits and (c) conduct the pre-buckling analysis required for subsequent elastic lateral

torsional buckling analysis.
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In contribution 2, a variational principle and two finite elements are developed for the elastic lateral
torsional buckling analysis of steel beams strengthened with a single GFRP plate. The formulation
accounts for global and local warping, shear deformation due to bending and twist, partial
interaction, and load elevation effects. The study provides a basis to quantify key design information

including critical moments, buckling modes, moment gradients, and load elevation effects.

In contribution 3, analytical models are developed to determine the ultimate moment resistance for
Class 1 and 2 (compact) sections for steel beams strengthened with a single GFRP plate on the
tension side. The models account for the elasto-plastic behaviour of steel, the adhesive shear
capacity, and the GFRP tensile strength. Attention is given to relatively strong adhesives (e.g.,
common adhesives at room temperature) as well as weak adhesives (adhesive at elevated
temperatures). Also, a methodology for classifying GFRP-strengthened steel sections is proposed to

ensure that local buckling does not occur prior the attainment of the ultimate moment resistance.

In contribution 4, a closed form solution is developed for the linear static analysis of a pre-loaded
steel beam strengthened with two GFRP plates bonded to both flanges and then subjected to
additional loads. The solution provides means to determine the elastic flexural resistance of
strengthened steel beams with class 3 (subcompact) sections based on a first yield mode of failure

and to quantify deflection limits.

In contribution 5, a family of higher order beam solutions is developed for the analysis of
homogeneous beams with a mono-symmetrical cross-section. The distinctive features of the solution
are: (a) it is based on the complementary energy variational principle and thus offers advantages in
quantifying stresses when compared to common displacement based formulations, (b) it captures the
transverse normal stresses in addition to longitudinal and shear stresses, (c) it is based on a
polynomial expansion of the stress fields which enables the analyst to increase the accuracy of the
predictions by specifying the order of the polynomial. The governing field equations and boundary
conditions are formulated and a closed-form solution scheme is developed. The ability of the theory
to capture transverse stresses is key in extending the work to non-homogeneous systems such as
GFRP-strengthened steel beams in which the peeling of the adhesive represents a possible mode of

failure.

Finally, contribution 6 extends the developments of contribution 5 in two respects: (1) generalizing
the solution to multilayer beams, and (2) developing a finite element formulation able to handle
general boundary conditions. The solution developed is then applied to a number of applications
involving sandwich beams and GFRP-strengthened steel beams where it is shown to capture the

peeling stresses at the steel-GFRP interface.
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Chapter 1: Introduction

1.1. Introduction and Motivation

A variety of advanced fiber-reinforced polymer (FRP) plates/sheets are being widely produced
nowadays for the strengthening of existing structures. Of the many fiber types (e.g., glass, carbon,
aramid, basalt or even wood), Glass and Carbon FRP are gaining momentum in strengthening of steel
structures given their advantages; primarily the ease and speed of installation and lightweight
compared to welded or bolted steel plates. FRP plates are bonded to the steel surface through a

relatively thin layer of adhesive.

The vast majority of past studies focused on the use of carbon-FRP (CFRP) plates given their higher
Young modulus which can exceed that of steel (Harries and El Tawil 2008, Shaat and Fam 2009,
Ghafoori et al 2012). On the other hand, GFRP plates are considerably lower in cost than CFRP and
their lower Young modulus can be compensated for by using thicker plates (El Damatty and Abushagur
2003, El Damatty et al 2003). Thicker GFRP plates also offer an added advantage over thin CFRP
sheets when strengthening steel components subjected to compressive stresses, and thus have the
potential of increasing local buckling strength of steel plates (Aguilera and Fam 2013, Zaghian 2015).

Additionally, when in contact with steel, GFRP plates do not induce galvanic corrosion.

The present thesis focuses on steel beams strengthened with GFRP plates bonded to the compression
and/or tension flanges. A number of analytical and numerical models for the behavior and response of
steel-adhesive-GFRP systems are developed based on various modes of failure, and their validity are
assessed through comparisons with 3D finite element analysis. The models are then used to predict the
response and capacity of the strengthened beams (e.g., stresses, deflections, buckling strength, ultimate
capacity, etc.). Parametric studies are conducted based on the models developed and, where applicable,

simple analytical solutions are developed for design.

A summary of failure modes of GFRP-strengthened steel beams is given in Section 1.2. Section 1.3
surveys the relevant experimental, analytical, and numerical studies on the steel beams strengthened
with GFRP plates. Section 1.4 presents a review of multi-layer beams made of other materials. A

general outline of the thesis is then presented in Section 1.5.
1.2. Possible modes of failures

1.2.1. Bare steel beams

Possible failure modes for beams with bare steel sections (e.g., CSA-S16 2016) include (1) local
buckling occurring in the web or flanges (Figure 1.1a), (2) lateral torsional buckling (Figure 1.1b), and
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(3) cross-sectional moment resistances, based either on the first yield or on the fully plastified section
(Figure 1.1c¢). Based on these failure modes, a 4-step design is typically provided to evaluate the
moment resistance of the wide flange beam section. The steps according to CSA-S16 are summarized

in the following:

Step 1-Classification of the steel section: Section classification is intended to ensure that the

occurrence of local buckling in the flange and/or web do not occur before the attainment of cross-
sectional failure, either based on first yield, full plastification of the section. Based on sectional

dimensions and the yield strength, steel sections are classified into four classes (1 through 4) as shown

in Table 1.1 for a wide flange section with a flange width b , a flange thickness t;,aweb clear height

h, ,aweb thickness ¢, and a steel yield strength F .- Class 1 and 2 sections (also termed as compact

in ANSI/AISC 360-16) attain their plastic moment resistance before undergoing local buckling. Class
3 sections (subcompact) attain their elastic moment resistance prior to buckling locally, but do not
attain the plastic moment resistance, while Class 4 sections (slender) buckle locally prior to attaining

their elastic moment resistance.

Flange locally
buckled

FFAF tF/Fy

Section — Yik ..

‘ Transverse/" ction
Web locally \ load, F_ .. st Elastic Plastic
buckled 7] stress profile stress profile
Section laterally "
displaced
@) (b) (©)

Figure 1.1. Possible failure modes of a wide flange beam (a) local buckling, (b) elastic lateral torsional
buckling and (c) sectional moment resistances: elastic stress profile for yielding moment and plastic
stress profile for plastic moment

Table 1.1. Section classification limits

Component Class 1 Class 2 Class 3
b 145 b < 170 b 200
Flange EYl
2t /Fy 22“ ) /Fy 2t .\ /Fy
C, C, C,
Web h, <w 1-0.39—L 2 <@ 1-0.61—— h“<@ 1-0.65—L
£, / F, ¢C ) t, / F, ¢C ) t, / F, oC )

Note: Elements with ratios exceeding Class 3 limits are Class 4 sections, C ; =compressive force, C y = F lange

yield strength, and ¢ =resistance factor = 0.9.
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Step 2- Cross-sectional strength: Beams with Class 3 sections are designed based on the first yield of

the extreme fibers as depicted in Figure 1.1c and the corresponding yielding moment capacity M | is
given by
M, =S.F, (1.1)

where §_ is the elastic section modulus given by S = 2[bt/3, / 6+bt, (hw +1, )2 / 2+ht,/ 12} / h

when the fillets are omitted. Beams with section classes 1 and 2, are designed based on the plastic
moment capacity corresponding to the full plastification of the cross-section (Figure 1.1c) and the

corresponding plastic moment M, is given by
M,=Z_F, (1.2)
2 . . .
where Z_ =bt, (a’ -1, ) +0.25¢, (a’ - th) is the plastic section modulus.

Step3-Elastic lateral torsional buckling: According to CSA S16-14, the elastic buckling resistance M,

1s evaluated as

u u

2
M, = %” \/EI_VGJ{’Z—EJ I, (1.3)
where L, is the unbraced length of the beam segment, / is the moment of inertia about the weak
axis, J is Saint Venant torsional constant, /, is the warping constant, E is the steel modulus of
elasticity and G is the steel shear modulus . C, is the moment gradient that depends upon on the
moment distribution within the unbraced length L and is approximated by

4AM
C, mox <25 (1.4)

JM2 +4M? +TM?E +4M?

where M ,,M,, M are quarter point moments values obtained from the moment diagram (Figure 1.2)

and M 1is the peak bending moment value within the span L .

Li/4—+—Lu/4—+—Lu/4——Lu./4
7 ! ]

Point of Lateral-
Torsional brace

X

Point of Lateral-
Torsional brace Ma

Mmmc
Figure 1.2. Moment diagram
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Step 4: Flexural moment resistance: For long unsupported spans L, the capacity is governed by the

elastic lateral torsional buckling capacity while for short spans, the capacity is governed by cross-
sectional strength (either the yield or plastic moment). For intermediate spans, inelastic lateral torsional
buckling governs the capacity of the beam and the corresponding resistance is estimated from the
cross-sectional strength (as determined from Step 2) and the elastic lateral torsional buckling capacity

(as determined from Step 3). Figure 1.3a,b presents the nominal moment M versus unbraced length

L, forclass 1 and 2 sections and class 3 sections, respectively.

M M
Plastic moment Yielding moment
Mp Inelastic LTB My Inelastic LTB
Elastic LTB Elastic LTB
0.67M,-----F---" 0.67M,----F--->
0 | L. 0 | Lu
(a) (b)

Figure 1.3. Nominal moment resistance against unbraced length for (a) class 1, 2 and (b) class 3
For class 1 and 2 sections, when M, <0.67M , the beam is deemed long and the factored resistance

moment is based on the factored elastic lateral torsional buckling strength M, = M = pM  where
¢=0.9 is the resistance factor. When M, >0.67M ,, the beam is deemed either short or of

intermediate length and the factored moment resistance is the lower of the factored plastic moment

oM , (short beam) and factored inelastic lateral torsional buckling ~moment
1.15¢M » [1 -0.28M, / M, ] (intermediate beam). A similar procedure is provided for class 3 section
by replacing M , by M .

1.2.2. Possible modes of failures for GFRP-strengthened steel beams

The flexural strength of a GFRP-strengthened section is higher than that of the bare steel section
(Siddique and El Damatty 2003, Pham and Mohareb 2014, Figure 1.4a). Similar to a bare steel section,
a GFRP-strengthened steel section has five modes of failure (Figure 1.1a-c).

(a) Local buckling,
(b) Elastic lateral-torsional buckling,

(c) Inelastic lateral torsional buckling,
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(d) Material flexural strength based on yielding, and
(e) Material flexural strength based on plastification.

Additionally, past experimental works by El Damatty and Abushagur (2003) on shear lap splices and
by Youssef (2006) on steel beams strengthened with two identical GFRP plates tackled three additional
failure modes (Figure 1.4b-d).

(f) GFRP plate tension failure,
(g) Adhesive shear failure, and
(h) Adhesive peeling failure.

Also, Siddique and El Damatty (2013) performed a numerical study on steel beams strengthened with
a single GFRP plate bonded to the compressed flange. The model tackled three failure modes: local
buckling of the flanges (mode a), GFRP plate tension failure (mode f), and adhesive shear failure
(mode g).

Other possible failure modes of the GFRP-strengthened beam may be:

(i) Adhesive delamination failure at the steel/adhesive or GFRP/adhesive interfaces (He and Xian
2016): While no experimental studies on GFRP-strengthened-steel beams have reported
delamination as possible mode of failure, a number of experimental studies on CFRP-strengthened
steel members have observed delamination as a possible mode of failure (Deng and Lee 2007,

Stratford and Bisby 2010, Sahin and Dawood 2016).
(/) Delamination within the GFRP plate (Yu et al 2012, He and Xian 2016),
(k) Cohesive failure within the adhesive layer (Yu et al 2012),
(m)Adhesive softening due to thermal effects (Stratford and Bisby 2010, Sahin and Dawood 2016).
(/) Fatigue failure (Kamruzzaman et al 2016),

(n) Deflection limit states (CSA-S16 2016).
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pe ‘ GFRP-strengthened beam

i (b)
0 | Lu
(a)
P
Steel flange Steel flange
= - o
© (d)

Figure 1.4. (a) Nominal moment resistance against unbraced length for GFRP-strengthened beam and
bare beams. Additional failure modes: (b) GFRP plate tension failure, (c) Adhesive shear failure, and (d)

Adhesive peel failure

1.3. Scope of present study
Within the above context, the present thesis contributes towards determining the resistance of GFRP-
strengthened steel beams based on the following modes of failures:
M1: Local buckling,
M2: Elastic lateral torsional buckling,
M3: Material flexural strength based on yielding,
M4: Material flexural strength based on plastification,
MS5: GFRP plate tension failure,
M6: Adhesive shear failure,
M?7: Adhesive peeling failure,
MS: Adhesive softening due to thermal effects, and

MO: Deflection limit states.
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The approach taken in the present thesis is analogous to that adopted in existing design standards for
steel beams where the resistances are quantified based on each of modes M2, M3, and M4 separately,
while ensuring that local buckling (mode M1) does not govern the capacity, as by meeting the section
classification requirements. Models M 1-M4 are equally valid for strengthened steel beams investigated
in the present study. The present thesis also develops tools to quantify the resistances based on the

additional modes M5-M9 which pertain to GFRP-strengthened steel beams.
1.4. Thesis outline

After the present introductory chapter, Chapter 2 presents a review of the relevant literature. An outline
of the contributions of the thesis is provided in the following section. The relevance of each

contribution to the above modes of failure is identified where appropriate.

Chapter 3 develops a closed form solution and a finite element formulation for the linear static analysis
for steel beams strengthened with a single GFRP plate subjected to general transverse loads. The
models capture the partial interaction between the steel and GFRP provided by the relatively soft
adhesive layer. The objectives of the study are threefold; (1) conducting the pre-buckling analysis
necessary to conduct a lateral torsional buckling analysis (chapter 4), (2) determining the elastic
flexural resistance of strengthened steel beams with class 3 (subcompact) sections based on a first yield

mode of failure [M3], and (3) quantifying deflection limits [M9].

Chapter 4 then develops a finite element formulation for the elastic lateral torsional buckling analysis
of steel beams strengthened with a single GFRP plate [M2]. The model captures the partial interaction
between the steel and the GFRP and provides a basis to develop key design information for the design

of GFRP-strengthened steel members such as moment gradient effects, load height effect, etc.

Chapter 5 develops analytical procedures to determine the ultimate moment resistance for Class 1 and
2 (compact) sections for steel beams strengthened with a single GFRP plate on the tension side based
on full plastification of the steel cross-section [M4]. Consideration is given to tension failure of the
GFRP plate [M5], shear failure of the adhesive [M6]. This part of the study is intended to complement
chapter 3, which provides a basis to determine the capacity of GFRP-strengthened steel members made
of class 3 sections based on a first yield limit state. Attention is given to relatively strong adhesives
(e.g., common adhesives at room temperature) as well as weak adhesives (at elevated temperatures)
[MS]. The study also proposes a methodology for classifying steel beams strengthened with GFRP
plates to ensure that local buckling does not occur prior the attainment of the ultimate moment

resistance [M1].
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As practical considerations in the field may not enable the designer to fully unload an existing beam
prior to strengthening it, it becomes of practical interest to quantify the detrimental effects of pre-
existing loads on the strength gained by GFRP strengthening. Towards this goal, Chapter 6 develops
a solution that captures this effect for the case of steel beams strengthened with GFRP plates bonded
to the tensile and/or compressive flanges. The solution provides means to determine the elastic flexural
resistance of strengthened beams with class 3 (subcompact) sections based on a first yield mode of
failure [M3], and to quantify deflections for such system, a requirement to satisfy mode of failure

[MO].

As identified under section 3, peeling is a possible mode of failure [M7] that may take place when the
transverse stresses within the adhesive, at the steel-adhesive interface, or GFRP-adhesive interface
exceed a threshold value. Past solutions as well as those presented in chapters 3-6 assume the GFRP
and steel beam undergo equal transverse deflections and thus do not provide means to capture the
peeling stresses at the interface. A more advanced theory is thus needed to allow the relative transverse
displacement between the steel beam and the GFRP plate, thus capturing the peeling stresses. Towards
this goal, a higher order beam theory is developed to capture transverse normal stresses (peeling
stresses, [M9]) in addition to longitudinal, and shear stresses. A theory is first developed in Chapter 7
to account for transverse stresses for homogeneous beams. The solution provides the governing field
equations and develops a closed form solution. The work is then extended in Chapter 8 to develop a
finite element analysis formulation for general multi-layer beams. The developments enable the
computation of peeling and shearing stresses [M6, M7] at interfacial stresses in steel beams

strengthened with GFRP plates, and extends to other applications including sandwich beams.

Chapter 9 then provides a summary of the contributions and provides recommendations for further
research. Also presented in chapter 9 is a discussion on design procedures for GFRP strengthened steel
sections and how they relate to the developments made in Chapters 3 through 8. Where applicable,
recommendations are made for further research needed to complement the contributions of the present

study.
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Chapter 2: Literature Review

2.1. General

The present chapter reviews the experimental, numerical and analytical studies relevant to the
objectives of the research as outlined in Chapter 1. A brief review of experimental studies on GFRP-
strengthened steel beams is first presented in Section 2.2. The mechanical properties of GFRP and
adhesives used to bond GFRP to steel are reviewed in Section 2.3. Section 2.4 then reviews the linear
static analyses for GFRP-strengthened steel beams and relevant methodological aspects in multi-layer
beams of other materials, as they relate to the linearly elastic models in Chapters 3 and 6. Next, a
review on relevant buckling solutions is presented in Section 2.5 as it provides a foundation for the
developments in Chapter 4. Section 2.6 then reviews past studies aimed at determining the ultimate
moment capacity for composite beams as they relate to the developments proposed under Chapter 5.
Finally, Section 2.7 discusses technical challenges to be addressed in the high-order beam solutions to
be developed in Chapters 7 and 8 as observed in past studies along with methodological aspects as

identified in relevant past studies.

2.2. Experimental studies on steel beams strengthened with GFRP plates

Most experimental studies focused on investigating the increase in load capacity and local buckling
strength attained by GFRP strengthening. Also, failure modes of adhesives connecting the steel to the
GFRP have been investigated.

Youssef (2006) reported an increase in ultimate load capacity of 61% for a W150x37 steel beam
strengthened by bonding two GFRP plates to the top and bottom flanges. Siddique and El Damatty
(2013) reported a load capacity increase of 15% for W150x37 steel beams strengthened with a single
GFRP plate bonded to the tension flange. Aguilera and Fam (2013) reported an increase in strength
from 9% to 53% for rectangular hollow steel section (HSS) T-joints strengthened with GFRP plates
bonded to the face of the HSS.

Several experimental studies have shown that bonding GFRP plates to the compression zone of a steel
beam result in a delay of the onset of global buckling. Accord and Earls (2006) strengthened the
compression flange of W-section cantilever steel beams with four GFRP plates in order to assess the
ability of the strengthening arrangement on reducing deflections. Harries et al. (2009) strengthened the
stem of WT compression members by GFRP plates to assess the ability of the strengthened system to
delay local buckling and increase the global buckling capacity. Aydin and Aktas (2015) extended the

study to cruciform steel plates under compression strengthened with GFRP plates.
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The response prediction (i.e., stresses, deflections) of steel beams strengthened with GFRP can be
challenging when the adhesive layer provides only partial interaction. This is particularly the case for
interfacial stresses at the bonding surfaces. El Damatty and Abushagur (2003) and El Damatty et al.
(2005) performed experiments to investigate the mechanical properties and modes of failure of the
adhesive layer and showed that the interfacial stresses near the ends were significant due to stress
concentration, which can induce delamination failure between adhesive and adjoining materials.
Similar conclusions have been observed in the experimental studies of Tavakkolizadeh and
Saadatmanesh (2003), Xia and Teng (2005) and Schnerch et al. (2006) for steel beams strengthened
with single FRP plates.

2.3. Mechanical properties of GFRP plates and Adhesives
2.3.1. GFRP plates

Several studies investigated the mechanical properties of GFRP plates. The tensile strength of GFRP
plates are reported in the work of El Damatty et al. (2003, 2012, 2013), Holloway et al. (2006), Teng
and Hu (2007), Shaat and Fam (2008), Correia et al (2011), and Torabizaheh (2013). The compressive
strength of GFRP plates were reported in the work of El Damatty et al. (2003), Westover (1998) and
Correia et al. (2011). Table 2.1 provides a summary of GFRP properties as reported in key studies.
Westover (1998) and Correia et al. (2011) provided a review of the compressive properties of pultruded
GFRP composites and indicated that the compressive strength ranges from 20% to 80% of the tensile
strength. Also, Correia et al. (2011) suggested that the GFRP modulus of elasticity in compression can
be taken as 80% of its tensile modulus (as depicted in Fig. 2.1). A nonlinear behavior of compressed

GFRP plates was also observed in their study.

In most studies, GFRP plates/laminates are made by weaving of fibers at 0°/90° degrees and loads are
applied along the longitudinal direction of the fiber. GFRP plates with different weaving angles were
also investigated in Holloway et al. (2006), and Mallick (1988). Mallick (1988) suggested that

isotropic response in the plane of laminates/plates can be obtained in GFRP plates with random

orientation.
o
B
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Figure 2.1. Tensile and Compressive behaviour of GFRP material
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Table 2.1. Summary of the mechanical properties of GFRP plates

Tension Response Compression Response
Reference E o, g, POISS(.)H,S E, £
Ratio 0. (MPa) &,

(GPa) (MPa) (%) (GPa) (%)
Westover (1998) Not mentioned - 19.3 241 1.25
El Damatty et al (2003) 17.2 930 0.83 0.37 Not mentioned
Yao et al (2003) 23.0 240 1.04 0.23 23.0 240 1.04
Holloway et al (2006)* 16.0 215 1.70 0.15 Not mentioned
Youssef (2006) 12.4 135 1.09 - 12.4 165 1.33
Teng and Hu (2007) 80.1 1825.5 2.28 - Not mentioned
Shaat and Fam (2007a,b) 14.0 269 1.90 - Not mentioned
Harris and Tawil (2008) 42.0 896 2.10 - Not mentioned
Correia et al (2011) 32.840.9 | 476£25.5 | 15+1.5 - 26.4+1.9 | 356+67.9 - 17£2.5
El Damatty et al (2012) 13.8 206.8 1.50 0.31 Not mentioned
Siddique and El Damatty (2013) 17.2 206.8 1.20 0.33 17.2 206.8 1.20
Torabizaheh (2013) 23.1 700 3.70 - 23.1 570 0.30
Liu et al. (2014) 25.0 1324 5.30 - 25.0 330 1.32
Ascione et al. (2015) 28 240 - - 28 240 - -

*Glass fiber direction oriented at +45°

In Table 2.1, the mechanical properties of GFRP plates in the studies of El Damatty et al (2003),
Youssef (2006), El Damatty et al (2012), Siddique and el Damatty (2013) are based on manufacturers’

information while those of other studies are based on material testing.

2.3.2. Adhesives

A comparative summary of adhesive types and properties used for bonding GFRP to steel members is

presented in Table 2.2. In these studies, the tensile strength, modulus ratio, Poisson ratio, and ultimate

tensile strains were reported. Additional tests on MA 420 adhesive based on shear lap tests were

conducted by El Damatty and Abushagur (2003) who found that the maximum shear strength ranged

from 20.9 to 34.3 MPa while the maximum peeling stresses ranged from 0.72 to 6.01 MPa.
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Table 2.2. Mechanical properties of adhesive materials for bonding GFRP to steel

Adhesive Tensile Young’s Poisson’s | Ultimate tensile
Authors .
Type strength (MPa) | Modulus (MPa) ratio strain (%)

AV8113/HVS8113 13.8-17.2 107 - -
Miller et al. (2001)

PlexusMAS555 8.6-10.3 - - -
Damatty et al. (2003) MA 420 15.5 - - -

SP Spabond 37.1 3007 0.38 0.0132
Schnerch (2006)

SP spabond 345 34.6 3007 0.38 0.0132
Shaat and Fam (2007) | Typo S 72.4 3180
Shaat and Fam (2009) | Sikadur-30 33 13000 - -

Epoxy 1 25 7000 - -
Linghoff et al. (2010)

Epoxy 2 30 4500 - -
Peiris (2011) SP Spabond 345 34.6 3007 0.38 0.0132

2.4. Linear analysis solutions

Since the models in Chapters 3 and 6 are based on linear analyses, the present section reviews relevant
elastic models. Section 2.4.1 reviews linear elastic models for steel beams strengthened with GFRP
while Section 2.4.2 presents linear elastic solutions on multilayer beams of other material given the

relevance of the underlying methodologies.
2.4.1. Steel beams strengthened with GFRP plates

Since the modulus of elasticity for the adhesive layer is much smaller than those of steel and GFRP,
relative slip takes place at the steel-GFRP interface and the adhesive layer provides only partial
interaction. As a result, a cross-section for the composite system that is originally plane before
deformation may not remain plane after deformation (Ranzi et al. 2006, Pham 2013). Traditional
analysis methods based on the plane section assumption (e.g., the transformed section method) will
thus under-predict deflections, interfacial shear stresses, or buckling loads (Wenwei and Guo 2006).
While a number of experimental studies were conducted for steel beams reinforced with GFRP plates,
fewer studies have focused on the formulation of linear elastic models for the analysis of such systems.
Elastic analytical models and finite element formulations for the analysis of steel beams strengthened
with a single GFRP plate were developed by Pham and Mohareb (2014, 2015a,b) in which non-shear
and shear deformable theories were developed for the static analysis of such systems. The longitudinal-
transverse and lateral-torsional responses were investigated. Comparisons with 3D FEA modeling
indicate that the effect of shear deformation is particularly important to reliably predict the static

lateral-torsional response. The finite element solution based on the shear deformable solution for the
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longitudinal-transverse response was based on conventional Hermitian interpolation shape functions,
and thus involved a discretization error, which can be reduced by increasing the number of elements.
Within this context, chapter 3 of the thesis aims at developing a general closed form solution for the
resulting coupled differential equations of equilibrium and formulating a superior finite element
solution that converges to the exact solution while keeping the number of elements to a minimum.

Prior to strengthening a beam with GFRP, it would be ideal to entirely unload the beam. This condition
may be difficult to achieve in practice. For instance, while it may be feasible to remove the live loads,
it can be impractical to remove the dead loads. In the case where only partial unloading is attainable,
the pre-existing deformations and stresses will typically have a detrimental effect on the additional
strength gained by GFRP strengthening. There appears to be no studies to capture the detrimental
effect of pre-existing loads prior to strengthening on the resistance achievable of the strengthened
system. Thus, chapter 6 of the thesis develops an analytical model that accounts for the effect of pre-

existing stresses when strengthening steel beams with GFRP plates.
2.4.2. Multilayer beam solutions for other materials

Since Chapters 3 focuses on developing analytical models and finite element formulations for
strengthened beams, relevant methodological contributions include the work of Ganapathi et al.
(1999), Perel and Palazotto (2001), Frostig et al. (1992), Dall’ Asta (2001), Nowzartash and Mohareb
(2005), Challamel et al. (2010). These studies capture the partial interaction between different
materials but are limited to rectangular sections. Back and Will (2008), Vo and Lee (2009) and Vo and
Lee (2013) developed shear deformable finite element formulations for the flexural analysis of layered
composite I-beams based on Lagrange shape functions. Formulations involving steel-concrete
composite systems include the work of Salari et al. (1998), Ayoub (2001), Ranzi et al. (2006), Ranzi
and Zona (2007), and Faella et al. (2010). Nguyen et al. (2011) derived an exact stiffness matrix for a
two-layer Timoshenko beam element which captures the effect of partial interaction. Shaat and Fam
(2009), Zona and Ranzi (2011), Elchalakani and Fernando (2012), Ritchie et al. (2014), Ghafoori and
Motavalli (2013) presented simplified analytical and/or numerical solutions for steel beams
strengthened with CFRP laminates. While most previous studies captured partial interaction effects,
some of them were intended for sandwich beams with thick cores and are not particularly suited for
GFRP plates bonded to steel through rather thin adhesive layers. The concrete-steel composite beams
tend to focus on the nonlinear material response of concrete including cracking, which is not
representative of that of steel-GFRP systems of interest in the present research. Available models for
steel-CFRP strip models tend to postulate full interaction and may not be representative of the partial

interaction behavior characteristic of GFRP-steel systems with a relatively low modulus adhesive.
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Also, since CFRP strips tend to be thin (typically less than 2 mm) they tend to have a negligible flexural
stiffness. In contrast, GFRP plates are typically thick (up to 19 mm or higher) with a considerable
flexural stiffness accounted for in the present study.

Chapter 6 develops a model that accounts the pre-existing stresses/strains prior to strengthening.
Relevant methodological work includes the work of Ghafoori and Motavalli (2013) who developed
analytical models for the analysis of wide flange steel beams strengthened by a single pre-tensioned
CFRP plate at the tensile flange, but did not capture the effect of preloading in the steel beam. Also,
Wenwei and Guo (2006) and GangaRao et al. (2007) investigated concrete beams strengthened with
FRP plates while incorporating the effect of initial stresses/strains. Both studies adopted the
transformed section method and are thus limited to the case of full interaction. In this context, the

present study develops a solution for the case of partial interaction.

2.5. Buckling Solutions
2.5.1. Steel beams strengthened with GFRP plates

GFRP plates are relatively thick and can withstand compressive stresses and/or bending. Thus,
bonding a GFRP plate to the compression flange of a steel beam can delay the occurrence of local
buckling. As discussed in Section 1, several experimental studies have shown that bonding GFRP
plates to the compression flange of a steel beam delays the onset of global buckling (Accord and Earls
2006, Harries et al. 2009, Aydin and Aktas 2015, Aguilera and Fam 2013). A few studies numerically
investigated the advantages of this type of strengthening. This includes the work of Siddique and
Damatty (2012, 2013) who developed a finite element formulation and adopted it to investigate the
enhancement of the buckling capacity of steel beams strengthened with GFRP plates. The numerical
model was based on a 13-node consistent degenerated triangular sub-parametric shear-locking free
shell elements. Each layer (GFRP, steel) was modelled by a shell element while the adhesive layer
joining them was modelled by two-dimensional distributed springs with zero thickness to represent its
shear stiffness and a transverse spring to represent the peeling behavior at the steel-GFRP interface.
Zaghian (2015) developed a non-conforming four-node finite shell element for the buckling analysis
of steel plates strengthened with GFRP plates. The solutions were observed to underestimate the
buckling stresses by around 10-15%. While the above studies have focused on developing models to
predict the local buckling strength of steel- adhesive- GFRP systems, no studies have tackled the
problem of global buckling of steel beams strengthened with GFRP plates. Within this context, chapter
4 of the present thesis aims at developing a finite element formulation for the lateral-torsional buckling

analysis of steel-adhesive- GFRP systems which accounts for the partial interaction provided by the
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adhesive. The linear static analysis conducted in chapter 3 provides the pre-buckling resultant forces

needed prior to the buckling analysis.
2.5.2. Multilayer beam solutions for other materials

Buckling analysis models for composite systems include the work of Girhammar and Pan (2007) who
developed an Euler-Bernoulli beam theory for the prediction of buckling loads of two-layer beams
with deformable shear connectors. Xu and Wu (2007) developed a Timoshenko beam theory to predict
the buckling capacity of two-layer members with partial interaction. Challamel and Girhammar (2012)
formulated a non-shear deformable theory for the lateral torsional buckling analysis of layered
composite beams with accounting for the effect of partial interaction between the layers. A limitation
in the previous models is that they are limited to beam with rectangular sections and hence are not
suitable for the analysis of steel beams with I-sections strengthened with GFRP plates sought in the
present study. Also, most studies neglected shear deformations effects. Exceptions include the lateral
torsional buckling solutions for homogeneous beams (Erkmen and Mohareb 2008, Wu and Mohareb
2011a,b) where it was shown that shear deformation has an detrimental effect for short-span beams.
Thus, the present study benefits from past observation by incorporating the effect of shear deformation
due to bending and warping in the sought lateral torsional buckling analysis of steel beams

strengthened with GFRP.

2.6. Ultimate moment models
2.6.1. GFRP-strengthened steel beams

The ultimate moment capacity for bare steel beams is well established in design standards (e.g., CSA-
S16 2016, ANSI/AISC 360-16), while the cross-sectional failure modes of the steel beams
strengthened with GFRP plates were observed in numerical and experimental studies. Youssef (2006)
conducted an experimental study on a wide flange steel beam strengthened with GFRP plates bonded
to the top and bottom flanges. The author also developed an analytical model to estimate the ultimate
load capacity of steel beams strengthened with two identical GFRP plates and assumed a constant
longitudinal stress across the GFRP plate thickness. Siddique and El Damatty (2013) developed a
nonlinear finite element model to predict the moment deformation relations of steel beams
strengthened with GFRP plates. The authors identified three possible failure modes that can govern
the ultimate moment capacity of the strengthened system (1) local buckling of the flanges, (2) adhesive
shear failure and (3) GFRP plate tension failure. Since the study of Youssef (2006) is confined to steel
beams strengthened with two identical GFRP plates, chapter 5 develops ultimate moment solutions for

a wide flange steel beams strengthened with a single GFRP plate bonded to the tension flange.
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2.6.2. Multilayer beam solutions for other materials

Chapter 5 develops simplified design solutions for ultimate load capacity of GFRP-strengthened steel
beams. Relevant analytical solutions include the work of Wenwei and Gou (2006), Schnerch et al.
(2007) and Skuturna and Valivonis (2014) who developed design equations for ultimate load capacity
of concrete beams strengthened with CFRP plates under bending. However, their models assumed a
plane strain profile for the entire composite cross-section. Such an assumption led to an overestimation
for the beam stiffnesses and an underestimation for the ultimate load capacity (Haghani and Al Emrani
2012a,b). Ghafoori and Motavalli (2013) and Liu and Dawood (2018) presented analytical solutions
for interfacial stresses corresponding to the adhesive shear failure mode of steel beams bonded with
CFRP plates. Although the partial interaction between steel and CFRP plate was considered, the
authors assumed that both steel and CFRP remain elastic until the adhesive failure and while adhesive
exhibits an elasto-plastic material behaviour. In this respect, Linghoff et al. (2010) experimentally
showed that at failure, the steel undergoes plastic deformation. Also, in Ghafoori and Motavalli (2013)
and Liu and Dawood (2018), it is assumed that the adhesive failure takes place prior to the CFRP
rupture. While this assumption is likely valid for CFRP owing its relatively high tensile strength, it is
not necessarily the case for GFRP with significantly lower tensile strength (El Damatty and Abushagur

2003). Such considerations are accounted for in the models developed in Chapter 5.

2.7. Interfacial shear and peeling stresses
2.7.1. Considerations based on past 3D FEA modelling of GFRP-strengthened steel beams

A possible failure mode of steel beams strengthened with GFRP plates is the delamination of the
adhesive (El Damatty et al. 2003, Xia and Teng 2005) due to the high interfacial stresses occurring at
the bond interfaces near the ends of the GFRP plate. However, an analytical solution for the interfacial
stresses of GFRP-strengthened steel beams is not found in the literature. E1 Damatty et al (2003)
numerically investigated the adhesive shear and peeling stress distributions in a concrete slab-steel
girder system adhesively bonded with a GFRP plate at the steel bottom. The steel girder, concrete slab
and GFRP plate were modeled by using beam elements with vertical rigid arms and the adhesive layer
was modeled using linear springs.

Based on 3D FEA analyses, Pham and Mohareb (2015¢c, d) showed that transverse shear stresses and
peeling stresses are significant at the edges. A schematic distribution of such interfacial stresses in a
simply supported steel beam strengthened with a GFRP plate is shown in Figure 2.2. Although 3D
FEA models generally provide reliable predictions of stresses in homogeneous continua, when used to

predict the shearing and peeling stresses at the bond interfaces they are known to violate the
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infinitesimal equilibrium conditions at the interface. For example, the shear and peeling stresses along
a transverse line of the strengthened flange from Points 1 through 6 (as depicted in Figure 2.3)

extracted from a 3D FEA model are presented in Figure 2.4. As observed at the steel-adhesive

interface, the interfacial stresses 0,7, at Point 2 (as defined in Figure 2.3) are found different from
the stresses o,,7;, at Point 3, as depicted by the stress jumps in Figure 2.4. A similar observation is

made for the interfacial stresses o,,7, at Point 4 and o,,7; at Point 5. The violation of equilibrium

condition is a natural outcome of adopting the principle of stationary strain energy. To satisfy the stress
equilibrium conditions at interfaces, a beam theory based on the principle of complementary strain
energy is appropriate. Wu and Jensen (2011) developed a low order beam theory using the
complementary strain energy to approximately predict the interfacial stresses. Stress equilibrium
conditions were satisfied at the bond interfaces. However, the theory underestimated the interfacial
stresses. The reason was attributed to postulated stress fields with a linear distribution. This may imply
that higher order beam theory based on more general stress fields is necessary to provide better
predictions for the interfacial stresses. Thus, Chapter 7 in the thesis develops a higher order beam
theory that exactly satisfies the stress equilibrium conditions and hence accurately predicts the shear
and normal transverse stresses. The implementation of the theory is restricted to homogeneous beams
in Chapter 7, and the findings extended to multi-layer beams (such as steel beams strengthened with
GFRP) are presented in Chapter 8 where the presence of normal stresses provides a natural way to

characterize the peeling stresses within the adhesive.
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Figure 2.2. Example of interfacial stresses at the adhesive-steel interface
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Figure 2.4. Interfacial stress profiles extracted from a 3D FEA solution

2.7.2. Relevant studies

The well-known Euler-Bernoulli and Timoshenko beam theories satisfy equilibrium in an average
integral sense, but violate the infinitesimal stress equilibrium condition in the transverse direction since
they omit the transverse normal stress. As a result, the Euler-Bernoulli beam theory grossly under-
predicts deflections of short span beams, while the Timoshenko beam theory violates the traction
equilibrium condition at the extreme fiber and requires the introduction of a shear correction factor to
accurately predict deflections. To remedy these problems, more advanced beam theories have been
developed. Higher order beam theories were developed by assuming a higher order function for the
longitudinal displacement field in conjunction with the conventional principle of minimum potential
energy (Figure 2.5a). This includes the work of Stephen and Levinson (1979), Levinson (1981), Reddy
(1984), Heyliger and Reddy (1988), Shu and Sun (1994), and Jha et al (2013) who postulated
longitudinal displacements with a third order polynomial distribution. These theories are limited to

rectangular cross-sections. Another class of solutions based on assuming higher order polynomials for
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the longitudinal displacements was developed by Carrera (2010), Carrera et al. (2015), Carrera et al.
(2015) and Groh and Weaver (2015). Such theories have the advantage of capturing shear deformation
and transverse normal stresses without introducing shear modification factors. Irrespective of the
kinematic assumptions made, when used in conjunction with the principle of minimum potential
energy, such theories lead to approximate differential equations of equilibrium and lead to a stiffer
representation of the structure compared to the exact infinitesimal equilibrium conditions based on the
theory of elasticity (Figure 2.5b).

In contrast to the conventional treatment, Chapter 7 develops another type of higher order beam
theories by postulating a higher order function for the longitudinal stress field in conjunction with the
principle of stationary complementary strain energy (Figure 2.5a,b). This treatment is able to (1)
naturally capture transverse shear deformations, (2) capture transverse normal stresses, and (3)
converge to the exact deflection from above as a complementary energy formulation provides a more

flexible representation of the beam.
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Figure 2.5. General Stress-strain Relationship
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In Chapter 8, the developments of Chapter 7 are extended to multi-layer systems. Relevant analytical
models include the work of Taljsten (1997), Smith and Teng (2001), Narayanamurthy et al. (2010)
who adopted low order beam theories to predict interfacial shear and peeling stresses in rectangular
layered beams and validated against older analytical solutions. However, more recent investigations
by Wu and Jensen (2011, 2014) who developed similar analytical models based on lower order beam
theories have shown that lower order theories considerably underestimate the stresses at the interface
when compared to results of 3D FEA solution. The authors concluded that a higher order beam theory
is needed for the accurate prediction of interfacial stresses. Carrera (2010), Carrera et al. (2015), and
Groh and Weaver (2015) developed higher order beam theories for the prediction of interfacial stresses
in layered beams. Their theories were based on the conventional principle of stationary strain energy.

Higher order functions were assumed for the longitudinal displacement fields. This treatment provides
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a stiffer representation of the structure compared to the theory of elasticity (Fig. 2.5b). When applied
to layered beams, the conventional treatment based on postulated continuous displacement fields
(either linear, cubic, or higher order), while ensures continuity of strains at the interfaces of adjoining
materials, leads to discontinuous stresses at the interfaces when such continuous strains are multiplied
by significantly different constitutive properties of the adjoining materials. Such stress discontinuities
violate the local shear and transverse equilibrium conditions at the interface. Within this context,
Chapter 8 contributes to remedying the limitations of the conventional treatment by adopting the
principle of complementary total potential energy in conjunction with a higher order stress fields of

any order (as chosen by the analyst) to develop a general beam theory applicable to composite beams.

2.8. Summary

The present chapter has summarized the key studies related to each of the contributions in chapters 3
through 8 with an emphasis on the fundamental aspects that need to be treated in the forthcoming
solutions. Mechanical properties of GFRP and adhesives were also briefly reviewed. Since the thesis
is written in a paper-format, a more detailed literature reviews are provided at the outset of each

chapter.
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Chapter 3: Shear Deformable Super-Convergent Finite
Element for Steel Beams Strengthened with GFRP Plates

Abstract

The present study develops a super-convergent finite element formulation for steel wide flange beams
reinforced with a glass fiber reinforced polymer (GFRP) plate through an adhesive layer. The
formulation captures partial interaction and shear deformation effects. Based on a variational principle
developed in a recent publication, a general closed form solution is first developed for the governing
coupled differential equations of equilibrium. The closed form solution is then used to develop exact
shape functions which are subsequently used to develop a super-convergent finite element. The new
element is shown to circumvent discretization errors in conventional finite elements based on
polynomial interpolation. The element accurately predicts displacements and stresses while keeping
the number of degrees of freedom to a minimum. The new element is adopted for the analysis of multi-
span continuous beams under transverse loads and investigates shear deformation effects in short-span
beams reinforced with GFRP plates. A procedure for the determination of yielding moment for the
strengthened beam is proposed. The study also illustrates the importance of shear deformation effects

for strengthened beams compared to un-strengthened beams.

Keywords: Steel beams, Glass-fiber reinforced polymer (GFRP), strengthening, exact stiffness matrix, finite

element formulation, shear deformation, partial interaction.

3.1. Introduction and Background

GFRP possesses a high strength-to-weight ratio and has a high corrosion resistance. As such, GFRP
plates provide a viable alternative for strengthening steel members (Shaat et al. 2004, Harries and El-
Tawil 2008). With available plate thicknesses as large as 19mm, GFRP plates can have a significant
flexural stiffness and high compressive capacity, when compared to very thin carbon-FRP sheets or
plates (Mini et al. 2014, Saribiyik and Caglar 2016). GFRP plates are typically bonded to steel using
a thin layer of adhesive with typically low shear modulus thus providing only partial interaction
between the steel beam and the GFRP plate. Such systems can be reliably analyzed using 3D finite
element modeling. However, such models typically involve a significant effort to build and involve a
high computational effort. As such, an effective design of GFRP-strengthened steel members
necessitates the development of analytical and 1-D finite element models that are both accurate and
simple. Within this context, the present study aims at developing a super-convergent finite element

that captures shear deformation effects and models the partial interaction between steel beam and FRP
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plate, while avoiding mesh discretization errors common in other finite elements and providing

accurate predictions of the deformations and stresses.

Analytical models for the analysis of composite beams were developed in various studies including
Ditaranto (1973), Gara et al. (2006), Kousawa and Daya (2007), Pham and Mohareb (2015a), and Bai
and Davidson (2016). These studies neglected transverse shear deformation effects and thus may
overestimate the stiffness for short-span composite beams. To overcome this limitation, shear
deformable theories were developed in Akhras and Li (2007), Ranzi and Zona (2007), Back and Will
(2008), Dalir and Shooshtari (2015), Pham and Mohareb (2015b), Daouadji et al. (2016), and Ecsedo
amd Baksa (2016). While closed form solutions developed in these studies are applicable to single
span beams, their extension to systems with multiple spans, and/or general loading becomes
impractical. In this respect, finite element solutions offer a practical alternative. Ganapathi et al. (1999)
developed a three-noded C1 finite element for rectangular sandwich beams based on Hermittian shape
functions. Perel and Palazotto (2001) formulated an element for cylindrical bending of transversely
compressible sandwich plates with thick faces and transversely thick cores. Desai and Ramtekkar
(2002) proposed a 6-node 2D mixed finite element for analysis of laminated beams. Dall’ Asta and
Zona (2004) developed a mixed three-field finite element for the non-linear longitudinal-transverse
response of steel-concrete beams based on fifth order shape functions. Ranzi et al. (2006) and Ranzi
and Zona (2007) developed a 14-degree-of-freedom element. Back and Will (2008) developed a shear
deformable finite element formulation for the flexural and buckling analysis of composite [-beams.
Their solution was based on two, three, and four-noded elements in which each node possessed 7
degrees of freedom. Lagrangian interpolation shape functions were used. Based on Hermitian cubic
and linear interpolation functions, Challamel et al. (2010) developed a 10- and 12- degree-of-freedom
elements for the out-of-plane behavior of partially composite or sandwich beams. Pham and Mohareb
(2015b) developed a finite element formulation to capture the longitudinal-transverse response of a
steel beam strengthened with a GFRP plate through an adhesive layer. Both non-shear and shear
deformable elements were included in the study. A common feature in the above studies is the fact
that they involve mesh discretization errors, which reduce as the number of elements increase. Thus,

for such elements, a mesh study is essential to ensure that discretization errors are kept to a minimum.

Super-convergent finite elements provide an alternative approach to eliminate discretization errors in
the solution. The main idea for such elements is to develop the governing equilibrium equations of the
system, formulate a closed form solution for the equilibrium and then use the closed form solution to
develop “exact” shape functions with superior convergence characteristics. Examples of such

treatments are provided in Nowzartash and Mohareb (2005) who developed a shear deformable finite
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element for the analysis of sandwich beams, Faella et al. (2010) and Martinelli et al. (2012) who
developed non-shear deformable super-convergent elements. The study in Nguyen et al. (2011) and
Keo et al. (2016) developed finite element formulations for multilayered Timoshenko beam columns
with partial interaction. Their study captures the partial interaction through the concept of shear bond
stiffness to approximate partial interaction between layers. Joao (2013) developed a super-convergent
finite element formulation for multilayered composite members with partial interaction. Pham and
Mohareb (2015b) developed super-convergent finite element formulations for steel beams reinforced
with GFRP plate through an adhesive layer. However, the solution omitted shear deformation effects.
Within this context, the present study focuses on (1) providing a closed form solution for a coupled
differential equation system governing the equilibrium of the beams bonded with GFRP plates through
a thin adhesive layer and (2) developing a super-convergent beam finite element that avoids

discretization errors.
3.2. Statement of the Problem

A steel wide flange beam reinforced with a GFRP plate bonded to one of the flanges through a thin
layer of adhesive is considered (Fig. 3.1a). The beam has general end supports at 4 and B and is

subjected to tractions p, (sb,nb,z)and P, (sb,nb,z) in the longitudinal and transverse directions,
respectively, where (Sb,l’lb,Z) are the coordinates in a local Cartesian coordinate system (Fig. 3.1b).

The objective of the present study is to develop a finite element capturing partial interaction and shear
deformation effects, while accurately predicting the stresses and deformations with a minimal number

of degrees of freedom.

Three global left-handed coordinate systems OXYZ, O,X,Y,Z and O,X,Y Zare chosen for cross-
sections of the wide flange beam, GFRP plate, and adhesive layer, respectively, where origins O, O,
and O, are selected to coincide with the centroids/shear center of the beam, GFRP plate, and adhesive
layer, (Figs. 3.1b-d). Local left-handed coordinate systemsC,n,s,z, C,n,s,zandC,n,s,z are defined
for the beam, plate, and adhesive in which point C, (i =b, p,a) is a generic point lying on the section

contour (or mid-surface), the s;-direction is tangent to the contour, while the 7, - direction is normal to

the contour. The z -axis is parallel to the global Z - axis. The geometric definitions for the composite

cross-section are also shown in Fig. 3.1.
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Figure 3.1. Composite beam configuration
3.3. Assumptions

The kinematic model of the present study is based on Pham and Mohareb (2014). As such, the
following similar assumptions are adopted in the present study: (i) section contours for the steel beam
and GFRP plate are assumed to remain undeformed in their own plane, (ii) perfect bond is assumed at
the adhesive-GFRP and adhesive-steel interfaces, and (iii) given that the adhesive layer is thin, the
change in transverse displacement within the thickness of the layer is assumed negligible compared to
the transverse displacement of the composite system. The present study focuses only on the
longitudinal-transverse response and thus the lateral and torsional displacement fields are omitted. The

following additional assumptions are introduced for the present study:

(iv) In order to capture shear deformation effects, the wide flange beam is assumed to undergo

rotations 6, (z) about the X — axis of the cross-section which is distinct from the derivatives of the
corresponding transverse displacement V''(z) # 6, (z)in line with the Timoshenko beam assumption
(Fig.3.2). Also, for the GFRP plate, rotations &, (z) are assumed to be distinct from the
corresponding displacementV'(z)# 6, (z).

v) Due to the fact that the adhesive material possesses a very small modulus of elasticity when

compared to those of the beam or GFRP, longitudinal normal stresses within the adhesive layer are
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considered negligible. Also, only the transverse shear stress component is considered to contribute to

the longitudinal-transverse response while the other two shear components are negligible.
3.4. Overview of Relevant Previous Work

Given that the change in transverse displacement within the thickness of the layer is assumed negligible

(Assumption iii), the transverse displacement }'(z) of the beam centroid and the GFRP plate centroid
are considered equal. As a matter of convention, the angle of rotation 6, (Z) about the x-axis follows
the sign conventions shown in Fig. 3.2. The longitudinal displacement of the beam centroid is ¥, (z)

while that of the GFRP plate is W, (z) .

Figure 3.2. Partial interaction for the system of a GFRP plate bonded to a wide flange beam

(Elevation View)

The total potential energy 7 is the sum of internal strain energies stored within the steel beam U, , the
GFRP plate U » , the adhesive layer U, minus the load potential energy loss ¥ by member tractions
forces p, (s,,,nb,z), p. (Sb,n,,,z) acting on the member undergoing displacements v, w , i.e.,

7=Us+U,+U. -V (3.1)
where
U= [ [(Bl+ Gt Mz Uy =2 [ [ E e,
2 L 4, 2 L4,
(3.2)
U, =%Ga_“j]/fmdz, I7=_H(pvv+pzw)dsdz
L4, zs

From the general strains expressed in Pham and Mohareb (2014), the strains in Eq. (3.2) for the steel

beam can be related to displacement fields through:
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e,(2)=W,(z)- y(sb) L (2)+n,cosa(s,)V"(z)

(3.3)
Ver(2)=[V'(2) = 0,(2) Jsina(s,)
Also, for the GFRP plate, one has:
o, ()= ()40, (2) an

Ve (2)=0

The displacement fields within the adhesive layer are linearly interpolated from displacement fields
obtained at two interfaces of the steel beam and GFRP plate. Only the transverse shear strain

component is considered and is obtained given by:

Vo (2)==cW, (2)+c W, (2) -0, (2) -,V '(2) (3.5)
in which constants ¢, =(1/1,), ¢, =(¢, + 24, +1,)/(2t,), ¢; =h,/(2t,) are defined, 1 is the thickness of
the GFRP plate, 7, is that of the adhesive layer, £, is the flange thickness and 4, is the effective depth
of the steel beam cross-section (Fig. 3.1). Symbols 4,, 4,, 4, are cross-section areas of the wide flange

beam, GFRP plate and adhesive layer, respectively, while symbols E, and E,denote the elastic

moduli of steel and GFRP materials, respectively, and G, , G, are shear moduli of steel and adhesive

materials. From Egs. (3.3)-(3.5), by substituting into Eq. (3.2) and then Eq. (3.1), the total potential

energy of the system can be obtained as

+E I )V”2

ssbf plxxp

7= Ypamel chAW2+1EAW'2+ IG AW + 1( E,I
2 2 2 2

3~a*"a

;(G A, +G, A" +%E 1.,0,%+ ;(G A, +c3G, 4,105 — G AW W, +cc;G,AW,0,
+¢,c,G, AWV — cc,G,AW,0,, —clchaAaWpV’ + (czc3GaAa - GhAbw)beV'} dz

~[[ 44, (2) + 4, (I (2) + m, (2)0,,(2) + m, V'(2) iz

L

(3.6)

in which the following cross-sectional properties are defined:

(AR wiw?
i=1,3

A= bt Ay =hit A =tb A =tb I, =t h [12+2bth |41 =bt[6:1 =bt [12;

and the line loads are defined as
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qzb(z) pz(sb,nb,z)

) ) _ Pv(Sb,n,,,Z)Sina(sb)

my, (2) _;[ p.(8,.n,,z)n, cosa(s,) ds, (3.7
(2)

=P (8:1:2) (s,
By evoking the stationarity condition of the total potential energy function (Eq. (3.6)) and performing
integration by parts (Pham and Mohareb (2014)), one recovers the following coupled systems of

equilibrium equations:

—~a,D* +1 -1 nD 2 1
(~a " +1) i : , 4.,(2)
2
-1 (—apD + l) -nD -7, w1 0 (3.8)
—nD 7D a,D* (e, +i2)D*  (a,-rn)D ||V | &G4, |4,
r -, (rr,—a,)D -a,D’ + (0‘: +r ) Ous iy (2)
in which the following parameters have been defined:
rl = 62/01 ) ]’2 = CB/CI ) 0.’” = clzGaAa; al = (Ehlmbf + Eplxxp )/aa ) aJ = Eblxxbl/aa 5 ap = EpAp/aa 5 (3 9)

Q, :EbAb/aa s O = GbAbw/aa
3.5. New Closed Form Solution

Equation (3.8) was obtained and solved numerically in Pham and Mohareb (2014). However, no closed
form solution was obtained. The present study complements the previous work by providing first a

closed form solution for the system (Appendix 3.1), which leads to the following expression:

Wp(z) 0 f 2fz (f2 +f322) z 1 Re" Re™ Re™ R,

P[00 0 (A-3A) 2 1SS S S g
V(Z) 1 z 22 ZS 0 0 PLs ™ "™ o0 10x1

0,()] |0 1 22 (f,+32) 0 0 T Te™ T T

in which (C)' =(c, ¢, ¢, ¢, C, ¢, C, C C, C,) is a vector of ten integration

1x10
constants normally determined from the boundary conditions, and the following constants have been
defined.
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2
a,r. (’1+”z)(0‘\~+”z)%a (r+n)a, a (r+n)noa
. _&h s P, _L\hTh)&, _La 1 Th)h&’,
fienens fi=6%% 16 . p=slirnla oo (lirn)nea,
a, as(ab+ap) (ab+ap) a, as(ab+ap)
(ar2+aa +a mZOtOt)m2 a
(04 b"2 b%s VAR A ML TR
_ 2 J 2 .
Rk_(’/i+l/'2)mf+mi<1_miab) +(ﬁ2_ﬂlmi) m,‘a

a,r, ha,

j— 2 2 J—
Sk=ml.aj+(ﬂ2 pm )i a“'); T, =m,(1+ gm’ - Bm); k=17,..,10

ha,

The values m,,(i =7,...,10)are the root of the equation —B,m* + (S, + B,)m* +(1- f3,) = 0 where
B =rea,e,a, o B, = {raa, (@ + 1 o, —a, [ 1 (@ —in) e, (e, +ap)a./]}/asz;
B=(r+n)aa,a/z:8,=n(a +a,)a +(5+n) (a +7)aa, | /7

z=(n+n)(a -n)aa, ~n(a,+a,)a,

3.6. Exact Shape Functions

To relate the displacement fields to the nodal displacement vector, exact shape functions will be
developed based on the closed form solution. From the expression in Egs. (3.10), by substituting into

the following displacement vector:

(A(2), =W, (2) W,(2) V(z) V'(z) 0,(2)) 3.11)

one obtains:

{A(Z)}m z[Z(z):stlo {C}loxl (3.12)

in which matrix [Z(z)]SX10 is defined as:

0 L 2fz ( L+ f322) z 1 Re"™ Re™ Re™ R " |
0 0 0 (fi-3f,)2" z 1 S, Se™ Se™ 8"
[Z(z)]leo =1 z 2 z 0 0 €7 &% ¢ M (3.13)
0 1 2z 37’ 0 0 me"™ me™ me™ mye"”
0 1 2z (fi+327) 0 0 Te™ Te™ Te™ Te™

From Eq. (3.11), by setting z =0 and z = L , one obtains:

{AN}IOXI = [L]10><10 {C}IOXI (314)
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in which {A N}1 o 18 the nodal displacement vector of a finite element and is defined as (Fig. 3.3):

(Ao =(7,(0) W, (0) ¥(0) V'(0) 0,(0) (W, (L) W, (L) V(L) V'(L) 0,(L)) B.15)

and matrix [L]1 oo 18 defined as:

[L] 0 = [5((2%—} (3.16)

From Eq. (3.14), one can obtain{C} o = [L]l_olx1 o {A } 10 - BY substituting into Eq.(3.12), one has:

{A(Z)}le - [N(Z)]Mo {AN}WI (3'17)

in which I:N(Z)]leo is a matrix of 50 shape functions and is given by:

[N(Z ]5 10 - |:Z )]Mo 10x10 (3-18)
0 V(L)
(V < W (0) /:L W (L)
r’Wi,(O) J‘ "R g /05
%0 Yy ) oL) Yy

Figure 3.3. Nodal displacement fields of an element

The displacement fields W, (z),W,(z).V (z),0,,(z) extracted from Eq. (3.17) by pre-multiplying the

right hand side by (p,) . i=1,2,3,4, i,

5

I:W ( W (Z V(Z) ( ):l:[<pl>1rxs’<'02>1sz’<'03>1sz’<p4>1Tx5j||:N(Z):|5X10 {AN}IOXI (3'19)

in which (p) =(1 0 0 0 0% {(p) =(0 1 0 0 0) (p,) .=(0 0 1 0 0);and

<,04>1X5 <0 0 00 1>have been introduced.

3.7. Finite Element Formulation

From Egs. (3.19), by substituting into the variational principle in Eq.(3.6), one obtains:
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E A T E]I

R L) A RS ) R O A S AT

L

Gb Ab w

+%[N’(Z)];xs {p4}5><1 <p4>1Tx5 |:N’(Z):|5><10 * 2 [N'(Z):LT()xs {p3}5x1 <p3>1TX5 [N'(Z)lx‘o "

" G4,

TW[N(Z)](M {p4}5><1 <p4 >1sz N(Z)sxm - GbAbw [N(Z)]T(M {p4}5><1 <p3 >1Tx5 [N'(Z)]5x10:|dz +

E A

| NG, o (o)L [N @), + 22 [N, s () [N ()], i+
1 2 2

+'[ _CIZGTHAG[N(Z)ITms {pl}m <pl>1Tx5 [N(Z):|5><10 +612GTGAH[N(Z)1TM5 {p2}5x1 <P2 >£5 [N(Z)]MO *

T

_ClzGaAa I:N(Z):L(M {pl}ixl <p2 >1Tx5 I:N(Z):|5x10 + Clc3GaAa I:N(Z):LT(M {pZ}le <p4 >1Tx5 I:N(Z):|5x10 +

+6,6,G, 4, I:N(Z):LT(M {p2}5><1 <P3 >1Tx5 [N'(Z)}sxm —66G,4, [N(Z):LT(M {pl }5><1 <P4 >1Tx5 [N(Z):stlo +

' zGaAa ' '
_clchaAa [N(Z)]lT()x5 {p] }Sx] <p3>17;<5 |:N (Z):|5><10 +CZT|:N (Z):|1T0><5 {p3}5><] <p3 >17;<5 [N (Z):|5><10 +
N ;G A, T

) I:N(Z):L(M {p4}5xl <p4 >1Tx5 I:N(Z):|5x10 + C2c3GaAa I:N(Z):LT(M {p4}5><1 <p3 >1Tx5 [N,(Z)}sxm}dz}{AN}mxl

_<AN >1Tx5 J‘{[N(Z)]Toxs I:qzb (Z){pZ}le + 9y (Z){p3}5><1 +my, (Z){p4}5><1 ] + Mgy I:N'(Z)]foxs {p3}5x1}dz
(3.20)

From Eq. (3.20), by setting the first variation of the total potential energy to zero, one obtains:

([Kb ]10><10 + [Kp :|10X10 + [Ka ]10><10 ){AN }10><1 - {P}loxl =0 (.21

in which [K, ]is the stiffness matrix contributed by the wide flange steel beam. It includes the effects

of axial deformation, transverse flexural deformation and transverse shear deformations and is defined

as:
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[Kb] = ,[{Eb |:Ab [N,(Z):LTO% {pZ }5><1 <p2 >1Tx5 [N'(Z)l 10 + ]Ssbf I:N” ]10 5 {P3}5 1 <P3 >1T5 I:N”(Z):Lxlo +
+Iwb1 I:N' :'10 5 {P4}5 1 P4 1x5 |:N ]5 10} +G, Abw [I:N' :'10 5 {p3}5 1<p3 >1T5 I:N'(Z)]leo +

+|:N ]10 5{p4}51 P4 ISI:N ]5 10_[ ]105 P4 5x1 p3 15|:N' ]5 10

N(@)] s} (Pl [N(Z)]sxw}}dz

while [Kp]is the stiffness matrix contributed by the GFRP plate. It includes the effects of axial

deformation and transverse flexural deformation and is defined as:

I:K :' E J{A I:N 10><5 pl 5x1 pl 1x5 |:N ]5 10 +IW’ I:N”(Z):IITOXS {p3}5X1 <P3 >1TX5 I:N”(Z):wa}dz

Also, [Ka ] is the stiffness matrix contributed by the transverse shear deformation in the adhesive layer

and defined as:

[Ka ] - GaAa,L[{cl2 [N(Z)}ITOX5 {p1}5><1 <p1>]TX5 [N(Z)]s 10 ta [N ]10 5 {p2 }5 1<p2 >1T5 [N(Z)]leo +
_ZC [N ]10 5{p1}51 p2 15[N ]51 +2€c [N ]10 5{p2}51<p4>1T5[N(Z)]5x10+

+2¢,c, [N lo S {p2}5 . Pg xS I:N' ]5 0 266 I:N ]10 s {pl}s 1 p4 x5 [N ]5 07"
_20162 |:N :|10 5 {pl}s 1 p3 15 I:N ]5 10 TG [N ]10 5 {P3}5 1<p3>1T5 [NI(Z)]MO *
+a |:N ]10 5 {p4}5 1 p4 1x5 |:N ]5 10 +262€3 |:N ]10 5 {p4}5 1<p3>1T5 [N'(Z)]Mo}dz

In Eq.(3.21), the nodal load vector P is defined as:

{P} :J.{[N( ):|10><5 [qzb(z){pZ}le +qvb(z){p3}5x1 +mhb(z){p4}5 1]+m§bl I:N ]10X5 {p3}5 l}dZ

L

3.8. Moment Resistance based on First Yield

For given loads (q,,q,, my, m,) the nodal displacements for an elements

(Ao =(7,(0) W,(0) ¥(0) ¥'(0) 0,(0) [W,(L) W, (L) V(L) V'(L) 0,(L)) are

determined from the FEA. Given the stiffness matrices K, ,K,, K, and the load vector {P} ., onecan
determine a nodal force vector
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(Qo ={-N,(0) -N,(0) -0(0) ~M,(0) -M,(0)|N,(L) N,(L) OQ(L) M,(L) M,(L))
From the relation

{Q}10xl - I:Kh + KP +K, :|10><10 {AN}loxl N {P}IOXI (3.22)

where internal forces N, (Ze ) , N, (Ze ) , Q(Ze ) M, (Ze ) M, (Ze) with z, =0, L follow the beam
theory sign convention (Fig. 3.4).

Mo A0 Mol

N 02\ (N ,(L)

N R A Y ATV
0(0) o)

Figure 3.4. Sign convention for nodal forces

Given the internal forces N, (Ze), N, (Ze),M A (Z ) M x2( ) the displacement derivatives at the

nodes WP'(ZE), Wh'(ze), V”(Ze)’ Qxh'(ze) can be given (Pham 2013) from

__Ma(z) H;b(ze)=—M"2(Zg) (3.23)
E 4, EJd , +EI

ssbf plxxp b~ xxbl

From Egs. (3.23), by substituting into Egs. (3.3)a and (3.4)a, and assuming linear stress-strain

relationships¢_, = E, ¢, €, = E &_,, the longitudinal stresses are given as

EJ., +E I E,I

xxbl

b~ ssbf poxxp ° (324)
Ep|:Np(Ze)+np Mxl(Ze)
E A "El, +ELI,

0., (z.)=E, {Mj)ﬂzb cosa(sb)MX‘—(Ze)_ y(sb)Mﬂ(Z")

The stresses o,,,0,,,0,,,0,,at the extreme fibers (Fig. 3.5) at the section z of maximum

moment as evaluated from Egs. (3.24) are
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Nh (Zmax)+t3 Mxl(zmax) + hw+t3 MX2 (Zmax)

i (Zom ) = 4, 21, +(E,JE)L, 2 Iy
o (Z ): Nb(zmax) b Mxl(zmax) B h,+t, M, (zmax)
o5 (Zimax A, 21, +(E,/E,)L, 2 I, 29
o (Z ) — N[’ (Zmax) _t_l Mxl (Zmax) .
g,t \ “max Ap 2 ]ssb/. +(Ep/Eh)]xxp
o (Z ) — NP (Zmax)+t_1 Mxl (Zmax)
PRACE A, 21, +(Ep/Eh)]mp

and thus the

xb °

It is noted that the above stresses correspond to the applied loads ¢,,q,,,my,, m
peak stress at the top fiber o,, will differ from the sought yield strength F . Thus, the above
expressions need to be multiplied by A = Fy / o,, to recover the stress profile corresponding to the

first yield. The location of neutral axis d, is evaluated througho ,(z,)ando ,(z,)as

O-S t
dy, =——h (3.26)
O-s,b + O-s,t
By summing the moments of the stresses about the neutral axis, the internal moment corresponding to

the first yield is obtained as

M =2 as{d;“b (dNA_f3)3(b_tw)}+as,b{(h_dNA)zb_(h_dNA_t3)3(b_tw)

3 3d,, 3 3(h—-d,,)

} (3.27)

+%ag,tbt1 (h—dNA +1, +§f1j+%0g,bbf1 (h—dNA +1, +§tlj}

where M"" accounts for partial interaction effects, and the corresponding effective elastic section
¥ p Y g

modulus of the GFRP-strengthened section is

S =M [F, (3.28)
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Figure 3.5. Longitudinal normal stress profile of the composite section

3.9. Verification and examples
3.9.1. Example 1 -Verification of Results

A 2-span continuous composite beam (Fig. 3.6) has a W150x13 cross-section and is connected to a

GFRP plate with thickness £, =19mmand a width b, =100mm , through an adhesive of thickness
t, =0.79mm . The modulus of elasticity of steel is £ =200GPa, that of GFRP is £, =17.2GPa (Abushagur
and Damatty (2013)) and that of adhesive is £, =3.18GPa (Shaat and Fam (2007)). Poisson’s ratio of
all three materials is assumed to be 0.3 . Both spans of the steel beam are 1.5m long while the length
of the GFRP plate is L, =2.0m and is symmetrically placed relative to the intermediate support.
Longitudinally, the end z = 0 of the beam axis is restrained while atz = L,2 L , it is axially free.
Both ends of the GFRP plate are longitudinally free. The beam is subjected to a uniform distributed
line load ¢, =15kN, /m applied at the central line of the beam and a concentrated load P=5kN applied
at z=[/3 from the left support. It is required to compare the predictions of the present model to that

based on a 3D FEA solution. Also, a comparison of these solutions with a classical solution (i.e.,
Timoshenko beam theory (TB-No Reinforcement) of the non-reinforced steel beams under the same

loading and support conditions is also made to clarify the effect of reinforcement.

GFRP plate

\L_*_L_*__&%_L_*_L_Q_LJ!

y B C D &
7 L 2L 2L L
3 3 3 3
Figure 3.6. Continuous composite beam
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Given that the finite element formulation is based on exact shape functions, four elements (AB, BC,
CD, DE) are found enough to achieve convergence. Further discretization’s are found to not cause any
changes in the predicted stresses and displacements. This finding contrasts with the element in (Pham
and Mohareb (2015b)). To obtain a suitable number of intermediate reading, 80 elements were selected
for the present example where 14 elements are chosen to model the unreinforced segments while 52
elements were selected for the reinforced segment. The 3D FEA analysis is based on the eight-node
brick element C3D8R with reduced integration. A mesh study has indicated that displacements and
stresses converge when using 20 elements along the flange overhang, 4 elements across the flange
thickness, 70 elements along the web height, 4 elements across the web thickness, 4 elements across
the adhesive thickness, 8 elements across the GFRP thickness, 500 elements along the GFRP plate

length and 1500 elements in the longitudinal direction of the steel beam.

Figure 3.7 depicts the transverse deflection along the span as predicted by the present model and the
3D FEA solution. In both solutions, the maximum transverse deflection takes place at a distance at
about 600 mm from the left support. The present model predicts a peak displacement of 0.590 mm.
This compares to 0.604mm based on the 3D FEA solution, a 2.3% difference. Also shown on the figure
is the deflection obtained from a shear deformable Timoshenko beam solution for the case of no GFRP
reinforcement (TB-No Reinforcement). The predicted displacement of 0.66mm occurred at a distance

of 638mm from the left support. The GFRP plate reduces the peak deflection by 11.9%.

0 0.5 1 1.5 2 2.5 3
0Q

E-0.1
)
5 -0.2
8-03
=
So 00X & TRIo
5 -0.4
é 05 Present study
g5 o 3DFEA
=-0.6

-0.7

Longitudinal coordinate (m)

Figure 3.7. Transverse deflection for a two-span continuous beam

Figures 3.8a-b present the longitudinal normal stresses at the bottom flange and that at the top of the
GFRP plate, respectively. The stress predictions based on the present study and the 3D FEA solutions
are in close agreement (Fig. 3.8a). Based on the present solution, the peak stress is found to be 92.8
MPa. This value compares to 90.6 MPa based on 3D FEA, corresponding to 2.4% difference. This

value also compares to a maximum stress of 113.3MPa for the non-reinforced steel beam as predicted
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by the Timoshenko beam solution (Fig. 3.8a), i.e., the GFRP reinforcement reduces the stresses by
25.1%. Close agreement is observed for the maximum normal stress in the GFRP plate (Fig. 3.8b).
The maximum stresses based on the present study is 8.20 MPa. This compares to a stress of 8.41 MPa

based on the 3D FEA solution, corresponding to a difference of 2.5%.

90 Present Study 10.0
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Figure 3.8. Normal stress distribution for two-span continuous beam at (a) at bottom flange and

(b) at top of GFRP plate

3.9.2. Example 2- Convergence characteristics of the element

A 3m-single span composite beam (Fig.3.9a) has a W150x13 cross-section and is strengthened with a

GFRP plate of thickness £, =19mm and width b, =100mm through an adhesive of thickness £, =0.79mm

. Material properties are identical to those of the previous example. The GFRP plate is symmetrically

placed about the mid-span and has a length L, of2.5m . End z =0 of the beam is longitudinally

restrained, end z = L is free while both ends of the GFRP plate are longitudinally free. The beam is
subjected to a uniformly distributed line load ¢, =10 kN, /m applied at the centerline of the beam. It is

required to compare the results based on the finite element in Pham and Mohareb (2015b) based on

conventional Hermitian polynomials to that based on the present study based on exact shape function.

The problem is solved using 10, 30, 40 and 60 Hermitian elements. In all cases, 4 elements are used
to model the unreinforced segments and the remaining elements were used to model the remaining
strengthened segment using a uniform discretization. Also, the problem is solved using 4 and 6 “exact”
elements. Figures 3.9b-d respectively depict the transverse deflection, the longitudinal normal stresses
at the top flange of the steel beam, and that at the bottom fiber of the GFRP plate. The displacements
and stresses based on the 40-element mesh is observed to nearly coincide with that based on the 60-
element mesh. In contrast, the displacements and the stresses based on the 10-element solution are

found to depart from the 40-eclement mesh. For the 30-element mesh, deflections are found to agree
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with those based on the 40-element mesh while the stresses are observed to depart from those based
on the 40-element mesh, suggesting that a 40-Hermitian element mesh is needed for convergence in
the present example. By comparison, the displacements and stress based on the present finite element
are found to exactly agree with the converged results whether 4 or 6 elements are used. Further mesh
refinements were found to be unnecessary for convergence, indicating that a 4-element solution is
enough to achieve convergence. This is a natural outcome of the fact that the present element is based

on shape functions which exactly satisfy the equilibrium conditions.

0
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(a) Composite beam configuration (b) Transverse deflection
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Figure 3.9. Comparison of the solution convergence between Hermitian element and present study

(bracketed numbers indicate the number of finite element)

3.9.3. Example 3- First yielding moment for GFRP-strengthened steel beam

It is required to determine the first yield moment for the strengthened beam in Example 2 and compare

it to the first yield moment for the bare beam. The steel yielding strength is |, =350 MPa . For the
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bare beam, the elastic section modulus is S, =80.6x10° mm’and the corresponding first yield

moment is M;We = SxFy =282 kNm .

When the strengthened beam is subjected to g, =10 kN / m , the stresses at the extreme fibers of the
section of maximum moment are o, =131.3,0,,=116,0,,=92,0,,=11.9 MPa as

determined from Equation 25. To attain the point of first yield, the applied load must be magnified by

a factor A=350/131.3=2.67. The corresponding magnified stresses become o,, =350,

o,,=3092,0,,=245,0,,=31.7 MPa. Distance d,, as determined from Eq. (3.26) is
d,, =82.2 mm and the first yield moment based on Eq. (3.27) is M f] =29.9 kNm . This value is

marginally lower than that based on the transformed section method of M yTS =30.0 kNm . Compared

to the bare beam, the addition of GFRP-strengthening increased the moment capacity by 6.0% in the

present example.

3.9.4. Example 4: Effect of shear deformation-1

A wide flange beam used in the previous examples is re-used in the present example. A W150x13
beam (properties provided in Example 2) is fixed at both ends and is fully reinforced with a GFRP
plate with thickness# =19mm, width b, =100mm through an adhesive of thickness &, =0.79mm.

Material properties of steel, GFRP and adhesive are similar to those of Example 2. The beam is
subjected to a concentrated transverse load of 15 kN acting at mid-span. It is required to investigate
the shear deformation effect by comparing the transverse deflection based on the present shear
deformable solution to the non-shear deformable theory (NSDT) developed in Pham and Mohareb
(2015Db) for various spans.

Figures 3.10a-d depict the distribution of the transverse deflection d along the span length for four
spans: L=1.0, 2.0, 3.0, and 5.0m. For the shortest span of 1.0m span beam (Fig. 3.10a), with span to
depth ratio (L/h) of 6.8, the present solution predicts a peak displacement of 0.13mm in close
agreement with that predicted by the 3D FEA solution of 0.14mm at mid-span and, a 3.6% difference.
The NSDT solution predicts a peak displacement of 0.06mm, a 59% difference. For the longest span
examined, (L=5.0m and L/h of 33.8), the peak displacement predicted by the present study (and the
3D FEA) is 7.38mm while that based on NSDT is 6.97mm, a difference of 5.6% (Fig. 3.10d).

Shear Deformable Super-Convergent Finite Element Chapter 3
May 2018 Page 47



0.14 3D FEA 0.70
Present study

e 0.11 E 056
g g
= = .
2 0.08 £ 042 4TS
S 3
% 5
= 0.06 < 0.28
2 2
5 °
z 0.03 2 0.14 Present study
S = D <o N [
= =

0.00 0.00
0.0 03 05 08 1.0 0.0 0.5 1.0 1.5 2.0
Longitudinal coordinate (m) Longitudinal coordinate (m)
b) L=2.0m
(a) L=1.0m ®)

2.0 8.0
RN 7o T4 G
g g
= =
212 2438
Q Q
'3 0.8 <32

[

4] 14
504 3D FEA g L6 3D FEA
§ Present study § : Present study
= | o LTz = 2 |z

e

o
g
o

0.0 0.8 1.5 2.3 3.0 0.0 13 5.0

T . - 2.5 3.8
Longitudinal coordinate (m) Longitudinal coordinate (m)

(a) L=3.0m (d) L=5.0m

Figure 3.10. Deflections predicted by the present solution and non-shear deformable study (a) L=1.0m,
(b) L=2m, (¢) L=3m, and (d) L=4m.

3.9.5. Example 5: Effect of shear deformation-2

To further investigate the contribution of shear deformation a simply supported beam with a W150x13
section subjected to a uniformly distributed line load g=15kN/m is considered. Spans are varied so that

the span to depth ratios vary from 3.1 to 41. Two cases are considered: (a) with GFRP-strengthening

with £, =19mm , width b, =100mm and (b) without strengthening. The strengthened beam is solved

using the shear deformable element developed in the present study and the non-shear deformable
solution (Pham and Mohareb 2015b), and the ratio of the shear deformable solution to the non-shear
deformable solution is plotted against the span to depth ratio (Fig. 3.11). For comparison, the un-
strengthened beam is solved using Timoshenko beam theory (shear deformable) and the Euler-
Bernoulli beam theory (non-shear deformable). A single element is used to model a half of the span.

In a manner similar to homogeneous beams, the results show that shear deformation effects tend to be
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significant for short-span beams, where the ratio of peak deflections significantly exceed unity and
tends to approach unity as the span to depth ratio increases. Also, the ratio of the deflection of the
fully-reinforced beam is higher than that of the unreinforced beam. This shows that shear deformation
is more important in composite beams. When the shear deformation contribution is 5%, i.e., the ratio
of peak deflections 1.05, the corresponding span to depth ratio for the strengthened beam is 15.5 which
compares to only 8.78 for the non-strengthened, suggesting that shear deformation for strengthened

beams is significantly more important than un-strengthened beams.

1.40
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= 1
= |
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Figure 3.11. Ratios of the deflection based shear deformable solution to that based on non-shear

deformable solution for simply supported beam

3.10. Conclusions

e A closed form solution was developed for steel beams strengthened with GFRP plate. The solution
captures shear deformation effects and partial interaction between the GFRP and steel section.

e A super-convergent finite element formulation was developed based on the closed form solution.
The element eliminates discretization errors common in conventional interpolation techniques and
allows the modelling of problems with a minimal number of elements.

e The element was shown to yield results in very close agreement with 3D FEA solutions.

e The present solution proposes a procedure to determine the yielding moment of the GFRP-
strengthened steel section taking the effect of partial interaction.

e Shear deformation effects were shown to be significantly more important when predicting
deflections for strengthened beams than for the case of homogeneous beams. For example,
example 4 shows that the omission of shear deformation effects would under-predict the peak
deflection by 5% for a homogeneous beam with span to depth ratio lower than 8.7. By comparison,

the span to depth ratio associated with the same error is found to be 15.5 for a strengthened beam.
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Appendix 3.1- Closed Form Solution for the Equilibrium Equations
From Egs. (3.8), by expressing in a non-matrix form, one obtains
—a,D*W, +W, =W, + 1DV +1,0,, =0

-w, —apDsz +W,-rDV -1r0,=0

(3.29)a-d
~nDW, +1.DW, +a,D'V —(a, + 1’ ) D’V +(a, = 11,) DO,, =0
nW,-nW,+ (rr,—a,)DV —a,D*0,, + (0‘5 + r22)6’xb =0
Equation (3.29)a yields
w, =—a,D’'W, +W, +1,DV + 1,0, (3.30)
From Eq. (3.30), by substituting into Egs. (3.29)b-d, one has
a,a,D'W, ~(a, +a,)D’W, —a,DV ~r,a,D’6,, =0
—ra,D’'W, +a,D'V —a D’V +a,D8,, =0 (3.31)
+ra,D°W, —a, DV —a,D’0,, + 2,6, =0
Equations (3.31)b-c can be re-written as
pw, =2 py - % py+ % pe,
ha, ha, ha,
(3.32)
pw, == py+2pg,-%9,
ha, ha, ha,
From Eq. (3.31)c, by differentiating with respect to z and equating to Eq. (3.31)b yields
na,D6, —(r.+r,)a,DO, =ra,DV —(r,+r,)aDV (3.33)

Also, from Eq. (3.31)b, by differentiating with respect to z and Eq. (3.31)c , by substitution into Eq.
(3.31)a, one obtains
[((x‘\_ —nr )rzabap - (a,, ta, )aj ]DZHX,, +7 (a,, ta, )aﬁxh =
(3.34)

- 5 2 3
=-na,a,a,D V+(r2abapas +7 rzabaP)D V+r1(ab +ap)aSDV

From Eq. (3.34), by differentiating with respect to z and combining with Eq. (3.33), one obtains

DO, =-pDV + B,DV + D’V D’6, =-B,DV + B.DV (3.35)
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in which the following parameters have been defined

B =naa,a.a, fax;

B = {rlabap (as +17 )aj -a, [rz (a,-rn)aa, —r(a, +a,)a, J}/asg;

B, =(n +7’2)0!;,0‘p0‘1/7(5

B, = [”1 (o, +a,)a, +(r+n)(a, + rf)abap]/;(

x=(n+n)(a,-rn)aa, -5 (o, +a,)a,

From Eq. (3.35)a, by differentiating twice with respect to z and substituting into Eq. (3.35)b, one has
~BDV +(B,+ B,)DV +(1-B,) D'V =0 (3.36)

The solution of Eq. (3.36) takes the form

8
V=A4+Az+ Az + A2 +) A" (3.37)

i=5

where A,,(l' =1,.. .,10) are integration constants and m are roots of the characteristic equation

—Bm* + (B, + B,)m* +(1-4,)=0 (3.38)
From Eq. (3.37), by substituting into Eq. (3.35)a and integrating with respect to z, one obtains

8
0,,= Ay +224, + 34,2 + Y Am,(1+ pym] - Bm )" (3.39)
i=5

From Egs. (3.37) and (3.39), by substituting into Eq. (3.32)b and integrating twice with respect to z

twice, one obtains

2 2 s« +(ﬂ —,Bm.z)(m.za —a) 2
az a,z J 2 1 J a.z

W, =4+ Aoz +—""— A4, +3=L— A4, + D .m, A L Ae" -4, (3.40)
20 na, i=5 ha, 2na,,

Finally, by substituting Egs. (3.37)-(3.40) into Eq. (3.30), the longitudinal displacement is obtained as

nrn, — o a, a, o,+(n+n)nha
W,,: a2 s s 2 A2+2(I’i+l"2)ZA3+3 B o At (1 2)2 b 2 A,
r 2ra, r, na,

2 2 2
+ZS:[(V1 +I’2)ml. +ml-(1—ml.20(b )i-i—(ﬂz —ﬂlmf)(abrz +o,a, +a, —m; abllj)mi 22 mi}A,-em'Z (3.41)
i=5

a,r, na,

2
a, +r, a,
J{ : -——z }Ag +A4,z+4,

h 2na,
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There are 11 constants C, (i =1,...,11) in the solution given by (3.37), (3.39), (3.40), and (3.41) but only

10 boundary conditions, indicating that one of the constants is redundant and can be expressed in terms
of the other constant. The extra constant arose from differentiating Eq. (3.31)c to obtains Egs. (3.33).
To find dependent constants, the closed from solutions are substituted back to the equilibrium

equations (3.29), yielding

PRI AN Gl LA ) (3.42)
a, %(%Jrap)

From Eq. (3.42), by substituting into Egs. (3.37), (3.39), (3.40), and (3.41) and introducing new
symbols by substituting 4,,...,4,as C,,...,C,; 4,,4,as C;,C; and 4;,...,4as C,,...,C,, the closed

form solution given by Egs. (3.10) is recovered.
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Chapter 4: Lateral Torsional Buckling of Steel beams
strengthened with GFRP plate

Abstract

The present study investigates the lateral-torsional buckling of wide flange steel members strengthened
by a Glass Fiber Reinforced Polymer (GFRP) plate bonded to one of the flanges through an adhesive
layer. A variational formulation and two finite elements are developed for the problem. The
formulation captures global and local warping effects, shear deformation due to bending and twist, and
partial interaction between the steel and GFRP provided by the flexible layer of adhesive. The
destabilizing effects due to strong axis bending, axial force and load height effect are incorporated into
the formulation. The first element involves two nodes and 16 buckling degrees of freedom (DOFs)
while the second element involves three nodes and 14 DOFs. Comparisons of the present model results
against those based on 3D finite element analysis based on solid elements demonstrate the ability of
the present models to accurately predict the buckling loads and mode shapes at a fraction of the
modelling and computational efforts. Practical examples quantify the gain in elastic buckling strength
achieved by GFRP strengthening, and characterize the moment gradient factors and load height effects.
Elastic buckling interaction diagrams are developed for beam-columns and comparisons are provided

to interaction diagrams of un-strengthened beams.
Keywords: Lateral torsional buckling, flexural torsional buckling, GFRP strengthening, wide

flange beam, three node element, finite element analysis, shear deformation

4.1. Introduction

GFRP is a lightweight, durable, and economic material that can be formed into thick plates capable of
resisting tensile, shear and compression stresses (El Damatty et al 2003). Strengthening existing steel
structures using adhesively bonded GFRP plates has become a viable option in recent years given the
advantages it offers; when compared to traditional strengthening methods using either welded- or
bolted-steel plates (Liu and Gannon 2009), GFRP installation is relatively easier and faster. When
compared to bonded carbon-FRP (CFRP) plates with relatively high elasticity modulus (Miller et al
2001, Shaat and Fam 2009), GFRP plates possess a lower stiffness. However, this drawback can be
compensated for by using thicker plates (El Damatty et al 2003). This provides the added advantage
of achieving a higher flexural stiffness compared to stiffer but thinner CFRP plates and thus can be

advantageous when strengthening thin compression flanges to increase their local and global buckling
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strengths (Accord and Earls 2006, Aguilera and Fam 2013). Additionally, when in contact with steel,
GFRP does not induce galvanic corrosion.

Strengthening applications involving GFRP plates were investigated in a number of studies. El
Damatty et al. (2003) conducted an experimental study for W-shaped steel beams strengthened with
GFRP plate bonded to the tensile flange to increase the ultimate load capacity of the system. Youssef
(2006) experimentally investigated the ultimate load capacity of W-steel beams strengthened with two
GFRP plates bonded to the compressive and tensile steel flanges. Accord and Earls (2006) numerically
investigated the enhancement of local buckling capacity and ductility of W-section cantilever steel
beams with four GFRP plates bonded to the compression flange. Harries et al. (2009) conducted
experiments on WT steel columns strengthened with GFRP plates bonded to the web to delay local
buckling. Other GFRP strengthening arrangements were investigated on members with cruciform
cross-sections (Aydin and Aktas 2015). Aguilera and Fam (2013) reported an experimental study on
T-joints made of hollow steel sections strengthened with GFRP plates. Siddique and El Damatty
(2013) developed a finite element technique to characterize the enhancement in local buckling capacity
for steel beams strengthened with GFRP plate bonded to the compression flange. The model was based
on a 13-node consistent degenerated triangular sub-parametric shear-locking free shell elements. Each
layer (GFRP, steel) was modelled by a shell element while the adhesive layer joining them was
idealized as 2D distributed springs with zero thickness to represent the shear stiftness and a distributed
transverse spring to represent its compressibility. Zaghian (2015) developed a non-conforming four-
node finite shell element for the buckling analysis of steel plates strengthened with GFRP plates. While
the above studies focused on developing models for predicting the local buckling strength or ultimate
load capacity of steel-adhesive-GFRP systems, none of them tackled their lateral torsional buckling
strength.

Buckling solutions for composite systems in general include the work of Girhammar and Pan (2007)
who developed an Euler-Bernoulli buckling theory for two-layer members with deformable shear
connectors. Xu and Wu (2007) developed a shear deformable buckling theory for two-layer members
with partial interaction. Challamel and Girhammar (2012) formulated a non-shear deformable theory
for the lateral torsional buckling analysis of layered composite beams that captures the effect of partial
interaction between the layers. Zaghian (2015) developed a non-conforming four-node finite shell
element for the buckling analysis of steel plates symmetrically strengthened with GFRP plates. The
previous models are limited to members with rectangular sections, and thus do not incorporate warping
effects which are significant in beams of wide flange cross-sections of interest in the present study.
Also, most studies neglected shear deformations in their formulations. Shear deformation effects were

shown to influence lateral torsional buckling predictions in short span beams with homogeneous
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materials (Erkmen and Mohareb 2008, Wu and Mohareb 2011a,b, Sahraei et al 2015, Sahraei and
Mohareb 2016).

Pham and Mohareb (2015b) developed a non-shear deformable theory for the static analysis of steel
beams strengthened with GFRP plates and formulated a closed solution. A shear deformable theory
was developed in (2014) and the field equations were solved using the finite difference technique.
Finite element formulations based on shear and non-shear deformable theories were developed in
Pham and Mohareb (2015a). A common theme in the studies in Pham and Mohareb (2014, 2015a,
2015b) is that they are limited to linear static analysis and has not tackled buckling problems. In this
respect, the present study complements past work by developing a lateral torsional buckling solution.
The work of static analyses in Pham and Mohareb (2014, 2015b) has shown that shear deformation
effects be more important than in homogeneous beams. As such, the present study benefits from past
knowledge by incorporating the effect of shear deformation due to bending and warping into the lateral
torsional buckling analysis formulation sought.

Additionally, because the modulus of elasticity of adhesives is orders of magnitude lower than those
of steel or GFRP, it may provide only partial interaction between both materials. As a result,
throughout pre-buckling bending, a plane cross-section for the system before deformation may not
remain plane after deformation (Gara et al. 2006, Challamel and Girhammar 2012). Traditional
analysis methods based on the plane section assumption (e.g., the transformed section method) are
thus expected to under-predict the displacement response (Wenwei and Guo 2006). Hence, the present
formulation incorporates the effect of partial interaction by relaxing the plane section assumption, both
throughout pre-buckling and buckling. Also, global and local warping effects are included in the
present formulation owing to their importance in buckling analysis of beams with open sections.

In summary, the present study develops finite element formulations for the lateral-torsional buckling
analysis of beams with wide flange steel sections strengthened with a single GFRP plate adhesively
bonded to one of the flanges. Distinctive features of the theory include: (1) it is based on a 1D beam
solution, (2) it captures partial interaction between steel beam and GFRP plate, (3) it includes the
contribution of shear strains within the adhesive layer, and (4) it includes the effect of shear

deformations due to bending and warping.

4.2. Statement of the problem

A wide flange steel beam with a doubly symmetric cross-section is strengthened with a GFRP plate

bonded to one of the flanges through a thin adhesive layer (Figure 4.1). The beam is subjected to

general transversely distributed load ¢, (Z ,y) acting along the curve J,, (Z ) within the web middle
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surface and/or a longitudinally distributed load g, (Z, y) actingalong ), (Z ) . The loads are increased

to /1qy (Z, y) and/or Aq, (Z, y) at which the member is assumed to buckle in a lateral torsional mode.

It is required to determine the buckling load level A and the corresponding buckling mode by

developing one-dimensional finite element formulation.

=
|
|
|

GFRP plate

Adhesive
V(2 _1°|layer

Figure 4.1. A GFRP-reinforced steel beam under the application of distributed loads

4.3. Assumptions

The assumptions of the present theory are an extension of those adopted under Vlasov (1961) and

Gjelsvik (1981) beams to the composite beam, i.e.,

(i)  In line with Vlasov theory, the section contours for the beam and the GFRP plate are assumed
to remain un-deformed in their own plane,

(i1)) The displacement fields are expressed according to the Gjelsvik beam theory (1981) which
captures global and local warping effects,

(ii1)) The steel beam and the GFRP plate are assumed to act as Timoshenko beams, i.e., their rotations

about the X,y axes are considered distinct from the derivatives of the transverse and lateral

displacements. The assumption is further extended to warping which is assumed to be distinct
from the derivative of the angle of twist.
The following additional kinematic assumptions are also made:

(iv) Perfect bond is assumed at interfaces between the adhesive-GFRP and adhesive-steel interfaces,
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V)

(vi)

(vii)

The adhesive is assumed to act as a flexible elastic material with a small modulus of elasticity
relative to those of the beam or GFRP. As a result, the adhesive internal strain energy due to
longitudinal normal stresses is considered negligible compared to that of the GFRP and steel,
The compressibility of the adhesive layer in the transverse direction is assumed negligible
compared to the transverse displacements of the GFRP and the steel section, i.e., the transverse
displacement of the steel beam and the GFRP can be assumed to be nearly equal,

The displacement fields within the adhesive are assumed to have a linear variation across the

thickness,

(viii) Within the steel and GFRP, only the longitudinal normal stresses and the shear stresses in the

tangential plane are assumed to contribute to the internal strain energy while contributions of all

other stress components are assumed to be comparatively negligible.

Finally, the following assumptions are made regarding the materials and buckling configurations

(ix)

(x)

(xi)

The steel, GFRP and adhesive are assumed to be characterized by two material constants; Young
modulus and the shear modulus in a manner akin to linearly elastic isotropic materials. The time-
dependent properties of the adhesive are omitted in the present pre-buckling analysis. If such
properties are known, proper modifications can be made to the pre-buckling analysis while the
present buckling analysis remains applicable to assess the stability of the system at any point on
the equilibrium path.

The two-constant constitutive model adopted for the GFRP is applicable for isotropic GFRP
plates made of chopped random fibers, and for orthotropic GFRP plates with fibers oriented in
the longitudinal direction. Past 3D FEA analyses (Xiao et al. 2014) have shown that the critical

loads are sensitive only to the Young modulus £ in longitudinal direction z (Fig. 4.1) and the

shear moduli G _, G for stresses acting on the transverse plane and insensitive to remaining

yz?
properties. In such cases, it was possible to accurately predict the buckling loads for orthotropic
beams using an isotropic-like two-constant models (e.g., Du and Mohareb 2016, Hu and
Mohareb 2017). Other GFRP constitutive representations such as anisotropic or orthotropic
materials where the fibers are not oriented longitudinally, are outside the scope of the present
model.

The member buckles in an inextensional mode. This means that during buckling, the centroidal
strain and the curvature in the principal yz-plane remain unchanged, so that the member buckles
under constant axial force and bending moments (Wu and Mohareb 2011a,b, Trahair 1993), and

Pre-buckling deformation, distortion and P-delta effects are neglected.
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4.4, Kinematics

Figures 4.2a and 4.2b present four configurations which describe the strengthened beam starting from

an un-deformed state (Configuration 1) to a lateral-torsional buckling state (configuration 4). Under
the application of transversely distributed load ¢, (Z ) and longitudinally distributed load ¢, (Z ) , the
beam is displaced from Configuration 1 to 2. The displacement fields throughout this step are shown

in Fig. 4.2b, in which W, (Z ) is the longitudinal displacement at the wide flange beam centroid,
w, (Z ) is that of the GFRP plate centroid, v, (Z ) is the transverse deflection for the entire system (the

beam, the GFRP plate and the adhesive), and exp (Z ) is the rotation angle about the strong bending
axis (X ) for the GFRP plate and the steel section. Subscript p is used to imply that displacements
take place in the pre-buckling state.

The applied reference loads are increased to Aq

) (Z) , Aq. (Z) until the system attains the point of

onset of buckling (Configuration 3), in which the unknown load multiplier A is to be determined from
the buckling analysis. As a result, the associated pre-buckling displacements are assumed to linearly

increase with the reference loads (Assumption x) and the corresponding displacements become

w,(z),Am, (z), ,(z)and A6,,(z2).

Throughout buckling (from Configuration 3 to 4), the applied loads My (Z) , Aq. (Z) are assumed to
remain constant in direction and magnitude while the steel beam and the GFRP plate centroids undergo

lateral displacements 4, (Z ) and Uy, (Z ) , respectively. In Configuration 4, the steel beam and GFRP
plate undergo weak axis rotation leb (Z ) and l9y3b (Z) , respectively, while the entire strengthened
cross-section is assumed to undergo a twisting angle 6, (Z ) . The global warping deformation of the

steel beam is ¥/, (Z ) while that of the GFRP plate is denoted as i/, (Z ) . Global warping deformation
of the GFRP plate vanishes. The local warping deformations for both the GFRP plate and the steel
beam are assumed to be linearly proportional to 6’2,)' (Z) in a manner that is consistent with the Gjelsvik

theory.
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Figure 4.2. Beam configurations (a, b) and cross-sectional dimensions (c)

As a matter of convention, rotations &, , le b (Z ) and (9y3b (Z ) are assumed positive when rotating in

the same direction as V; (Z ) , Uy, (Z ) and i3, (Z ) , respectively, while twisting angle @, (Z ) is assumed
positive when rotating clockwise (Pham and Mohareb 2014). The sign convention for other
displacement fields are shown in Figs. 4.2a,b. Also, all field variables with a subscript p denote fields

(displacements, strains, stresses, or stress resultants) arising during the pre-buckling stage (from
Configuration 1 to 2) and variables with a subscript b denote fields arising during buckling (from
Configuration 3 to 4). Total fields arising in going from Configuration 1 to 4 are denoted by the

superscript *, while fields with no subscripts p,b nor a superscript * are generic and are considered

valid for pre-buckling, buckling, or total responses.

Figure 4.2¢ shows the geometric parameters for the cross-section. The steel beam has a total depth /2,

an centerline depth hb , web thickness w, flange thickness ¢, and flange width b, while the thickness
of the adhesive layer is 7, and that of GFRP plate is 7, . Material elasticity and shear moduli of steel
are denoted as £ and G, respectively while those of GFRP are £ andG, . The shear modulus of

adhesive is assumed as G, .
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4.5. Coordinate systems and displacements at an arbitrary point lying on sections

Three global coordinate systems O X, Y.Z (i=1,2,3) are defined for the wide flange steel beam,
adhesive layer and GFRP plate, respectively, in which O, are centroids of each material (Fig. 4.3a)
and subscripts i =1,2,3 respectively denote the steel section, the adhesive, and the GFRP plate.

In a manner consistent with the Gjelsvik thin walled beam theory, the local coordinates of a point 4,
offset from the section contour (Fig. 4.3b) are determined by three local coordinates (Si,nl.,z) in
which s, is a curvilinear contour coordinate measured from Origin O, while 7, is the normal distance
measured from the contour line. As a matter of sign convention, positive signs of #,, z and the contour
tangent follows a right-handed coordinate system. Angle & (S,-) between the positive directions of the

tangent to the contour at the point of interest and global X — direction is taken positive in the clockwise

direction from the X —axis. When the beam deforms under the application of loads, a Point A4,

undergoes displacements (é,?]i,é'i)along the tangent, normal, and longitudinal directions,

respectively.
— 03 AJ X3 —
F— e — |1 [F——» ° ]—=
| 0
| ‘.
0, " X 0, 4, X, )
Z , 7 * ——
Z Y,
R —
4;
Y]
(a) Global coordinate systems for steel beam, (b) Displacement fields of a Point A, offset from

adhesive layer, and GFRP plate the section contour

Figure 4.3. Coordinate systems and local displacement fields

4.6. Pre-buckling displacement fields

Based on Gjelsvik (1981), the expression of the pre-bucking displacements (ép,nl. p,é’ l.p) of Point

4 (Si,nl.,z) along the local directions (Figs.4.3a,b) can be related to the global displacement fields
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W, (Z), w, (Z) Y, (Z) and Qcp (Z) For the steel beam (i = 1), the displacements of 4, (Sl,nl,z)
are given by

G| [0 snals) 0 ]fm,()
m,(s;,m,z)p=|0  —cosa(s) 0 v,(2) 4.1
&y, (sumuz)| |1 mcosa(s)D =y (s)||6,(z2)

where @ (S) =0" for the flanges, ¢, (S) =90° for the web and D denotes the derivative operator

N

0 /0z . Also, for the pre-buckling displacement fields of Point A, within the GFRP plate and noting

that & (S3) =0, one obtains &, =0 and

{773p(s3,n3,z)}={0 -1 0 }VZP(ZZ)) (4.2)

¢, (85.m5,2) 1 nD y(s)

For the adhesive layer, the displacement fields of a point A, are linearly interpolated from the
displacements at the top surface of steel flange and the bottom surface of the GFRP plate (Assumption
vii), i.e.,

fzp(sz,nz,z) §3p(s3,—tg/2,z) flp(sl,t/2,z)

1 1
m, (85:15,2) :[E—k%] 773p(s3,—tg/2,z) —{E_%J m,(s.1/2,2)p  (43)
Czp(sz,nz,z) §3p(s3,—tg/2,z) é’lp(sl,t/z,z)

By noting that & (Sl) =0 for the top flange, Eq. (4.3) simplifies to &, , =0and

a

( ) O O —1 0 Wlp

m,,(8,,1,,2 "

{;(; " Z)}= Tom) (1m) [(Lom)e (1, mt |y (1 m )by, G
2p \P22"2> 2 ta 2 Z‘Q 2 ta 2 2 ta 2 2 ta 2 017

4.7. Total displacement fields

Under the application of loadsMy (Z) and Aq. (Z), the strengthened beam deforms from

Configuration 1 to 4. The associated total displacement fields (fi*,nl.*,g“ l.*) of Point 4, (Sl.,nl.,z)

(Figs. 4.3a,b), where i =1,2,3 respectively, denotes steel, adhesive, and GFRP, can be expressed in
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terms of displacements AW, (Z),/1W3p (Z),/va (Z), A0, (Z) and U, (Z), Uy, (Z), 0, (Z),
9y3b (Z) , 0, (Z) , Wi (Z ) . For the steel beam, one can express the displacements of point 4, as:

51* (sl,nl,z) = sinoz(s1 )ﬂvp (z)+ cosa(sl)ulb (z) +[r(s1)+ nlq'(s1 ):I 0, (Z)
m (s,n,z)=—cosa(s,)Av, (z)+sina (s, )u, (z)—q(s,)6,(2)

¢ (s,m,z)= [xlwlp (z)+ncosa(s))Av, (z)-y(s)A0,, (z)}—n1 sina (s, )uy, (2)
=x(5,)0,,,(2)+mq(s5,)0, (z) - (s, ) v, (2)

in which g(s,)=x(s)cosa(s,)+y (s)sina(s,), r(s)=x(s)sina(s)-y(s)cosa(s,),

4.5)

S
and a)(sl) = .[ r(sl)ds1 are defined. Also, the displacement components of Point A, within the
0

GFRP plate (¢t(s;) =0) can be expressed as:
& (sm,2) =y (2)+ 0, (2)
15 (83,15,2) ==Av, (2) = x;(5;) 0, (2) (4.6)
é’; (s3,n3,z) =Aw;, (z)+ n3/1v;, (z) + 1y, (s3)92'b (z) - X, (S3)9y3b (z)
For the adhesive layer, the displacement fields of point 4, within this layer are linearly interpolated
between the displacements at the top surface of steel flange and the bottom surface of the GFRP plate
(Assumption vii), i.c.,
£ (53,1,,2) S04, /2,2) &, (5,.4/2.2)
1 (85,m5,2) = (%Jrﬁ 7 (53,1, /2.2) +(%—ﬁ My (554/2,2)F (47)
é/z*(sz’nz’z) 4/317(33’_@/2,2) ’ é’lb(sl,t/Z,Z)

It is noted that in Eq. (4.7), one has a’(sl)zo and y(s)z—hb/2 for the top flange and

xl(Sl):x2 (S2)=x3 (s3)=x(s). From Egs. (4.5) and (4.6), by substituting into Eq.(4.7), one

obtains:
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4.8. Strain-Displacement Relations
4.8.1. Total strains
The nonlinear strain-displacement terms are retained throughout lateral torsional buckling. For the

steel beam (i =1) and the GFRP (i = 3), the non-vanishing strains take the form:

2 2
81‘* = gi*L =+ g;N = %4_1 ai + %
oz 2 oz 0z
(4.9)a-b

g o o508 ag gl om o)
oz Os, 0z Os, Os, Oz 0Os, Oz

vi=v+r"

in which 8;L and g;N are the linear and the non-linear strain components of gi* ,and ;/;L , ;/:N are the
linear and the non-linear strain components of 7: . From Eqs.(4.5)-(4.6) by substituting into Egs. (4.9)
a-b, and introducing symbols ' and " to respectively denote for derivative operators 0/0z and

o’ / 0z* , the linear and non-linear strain components are expressed as
4 " ! 2 . "
=2, (2)+mcosa(s,) v (z) =y, (s,) A0, (z)+ [ (2) ] —mysina (s, )uy, (2)
—x,(8,)0.,,(2)+ AV, (z){xl (s,)+nq'(s)sine(s,) } z)+mq(s,) 0, (z)-o(s ), (2) @100
w1 , ’
51N 2“1b +|:n1q COSOC(SI) N 51 :Iulb ( )+ q (Sl)ezhz( )

+%|:r(sl ) + nhq,(sl )]2 02”’2 (Z)
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)/]*L:ﬂsina(s]){v;(z)—exp(z)—[wlp( )=y (s,) 20, (z )} (z)}+cosa(s,) ,(2)
Jr/h9xp(z)n1 sinza(sl)ul',')(z)—cosa(s,)[1+/1w,p( )+n, cosa(s,)/lv ( ) Y, (s,)/lﬁ’ ( )}Hy,b(z)
+A0,, (z)xsina(s,)0), (z)+ AV, (z)q (s, )cosa(s,) b, (z)- 10, (z)mq(s,)sina(s,) 0] (z)
+{r(s1)+2nlq'(sl)+/1[w1p'(z)+nbcosa(sl)v (z)-»(s,)0 }nlq }Gz’b (2)
~0/(5) {1+ 2w, (2) #m cose () (2) =, (5)6 (z )}}l/llb(z)+/ll9xp(z)a)(sl)sina(sl)l//{b(z)
1 =g (5 )siner s,y ()0, (=)~ (s simer 5.y ()0 (=) 4 (s, simer 5. oy (2 2)
+x(s,)cosa(s,)0,, ()0, (z)-nq (s )cosa(s,)0,,(2)0; (z)+a(s )cosa(s,)b,, (), (2)
+q(51)q'(51)6, ()0, (2) = x(s:)mq' (5,) 61, (2) €, (2) + x(5)) @' (,) 61, (2) w1, (2)

+n/q(s,)q'(5,)6% ()05 (2) - (s, )mq' (5,) 0, (2) w1, (2) = @ (5, )ma (5,) 03 (2) w1, (2)
+o(s,) @' (5w, (2)v, (2)

(4.11)ab

8;L=/1w;p(z)+n3ﬂv;'(z)+%(ﬂv;}(z))2—x3(s3)l9;3b(z)+n3x3(s3)0”( )+ Ax; (s;)V! ( )0, (2)

* 1 ' ’ ’ 1 ! 1 !
&' =—u,’ (Z)+n3u3b(z)9zb( )+ n392b2( )+—x32 (S3)02h2 (Z)
2 2 2

(4.12)a,b
and
y;‘L—u;b( )—[ 1+ 2w, (2)+mav) (2) |0,5, (2)+my | 2+ Al (2) + n v/ (2) ], (2) + A, (2) 6, (2)
7= [0)’% )0,5(2) = 10,5, (2) 0,y (2) = 1s0,5, (2) 0 () + 6., (2) 0, (2) + 10, (2 )9”( )]
(4.13)a,b

For the adhesive layer, normal strains are neglected (Assumption v) while all three shear strains are
retained. The total shear strains are

Yow =yt vy OB 06, Om Oy | 36, 06; | 06 06
0z On, 0Oz On, Oz 8n2 oz on,’

on, _i_afz +a772 on, +6§2 o, +aé/2 64,2 : (4.14)a-c
0s, 0On, Os, On, Os, On, Os, On,
Vo=t = 9¢, + 9¢g, +8§2 9¢, + 9¢, 06, +8772 on, :

0z O0Os, Oz Os, Oz 0s, Oz Os,

L § N
72sn - 72sn +7/2sn -
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in which y,7 and y, are the linear and non-linear shear strain components of 7, , . Also, ,., and
75) are those of ,, while y," and y,” are those of y; . . From Egs. (4.8)a-c, by substituting into
Egs. (4.14)a-c, components for shearing strains are obtained as
Voo ==A(1+c )V, (2) = Aesm, (2)+ Aeswy, (2) - Aese,0,, (2) + A°B,, (2,n,) B, , (2)

+Acsx(s)B,, (2,n,)6,, (2) = Ac,(n,) x(s) B, (2)6,,, (2)— Aesx(s) B, (z.1,) 6,5, (2)

—Ae, (m)x(5) By, ()0, () = Acix(s) By, () 0, (2) + 2cs (1) ¥(5) B, () 05 () 419

+acserx(s) B, (2. ) vy (2) = Aeses (my ) x(5) By, (2) v (2)

—x(5)0, (2)+ex(5)0,1, (2) = €5x() 0,4 (2) e (s) 8, (2) + eserx(s)wry (2)

in which

7/;2/4 :_Cscl(nz)x2 (S)e)lb 9)1;) CsCy (nz)x2 (S) 1k )31; +Cscs (”2)x2 (S)‘gz’l;eylb
_csc7cl(n2)x2( )'/’w ylb+CSCl(n2)x2 (S) V1b y3b+cscz(n2) ( )9y3b €y3b
—CsCy (nz) ? (S)ez’lge}ﬁb +¢5¢,6 (nz)xz (S)l//lbeﬁb +CCy (”2) ? (S)Hylb .,
)

+CeC,y (nz) (S 9y3b 0., —CqCs (nz )x (S) 0.,0., +csc:c, (”z )x ¥, 0.
2

—c5¢,¢,(1y) X7 (5) 0,1 Wiy — 5056, (1,) X7 (5) 6,3, W, + 50505 (1)) X7 (8) Oy o
—cseie, ()X ()i, —ose (my )uu, —cse, (m, )uuy, —csey (ny ), 6.,
t+esey (1, )y, Uy, + ¢50, (1, gty +csc, (1, )us,0, —(cs +cse; ) e, (ny)uy, 6,
—(cs+eser ) ey () )uy, 0, (5 +e5¢; )¢y (1) 0,0,
in which
1 n 1 n t—t, t+t h—t, h+t
cl(n2)=5—f, Cz(”z):5+t_j’ 3(”2)27_ 2 ‘74(”2)27_ Ztag n,
c5=%; =T LY 0507—2%; (e vesey) ="t
Also, one has
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7;fn ==0,, — csiy, + Cliy,y _(C6 +Csc7)‘9zb + /,?'BZp (Z)[_cl (nZ)eylb -G (nZ)eySb +¢ (nZ)ez’b +
—C6 (”2)‘/’1};]
(4.17)

7;\:,:_0501 n) ( ) ylb — G656, (nz) ( )0y1b0y3b+0503 (nz)x(s) ylb Csc7cl(n) ( ) W in

( 2 2
+cscl(n2)x(s) V1b y3b+cscz(”2)x(s)9y3b —C5G (”2) ( )Hy3b02b+c5c7cl(n2)x(s) v3s¥ s
(

+ce¢, (1,) x(8) 0,00, +coc, (n,) x(5)0,5,6%, —coes (ny ) x(s )6"2+c7cﬁcl(n2) (5)6’ Wi
—csere () x(s)0 ¥ CSC7C2(7’l2)X(S)Hy3bl//1b+CSC7C3(7’12) ()04, —csere () x(s)wy,”

(4.18)
and

7:@ = (nz)uw, +c, (nz)u%, +¢y (n2)92b' -G (nZ)eylb -G (”2)9)317 +¢ (n2)92'h
_c7cl(n2)‘//1h+/131p (Zanz)[_c1(n2)‘9y1b_cz (n2)9y3b+c3 (n2)9 c7cl( 2)‘//117] (4.19)
+av,' (2)6,

and

Yaw =€ (”2)x(5)‘9y1b"9y1b+Cl(”2)cz(”2) ( ) ylb 0,3 — (”2)01( )x(s)gylbrez'b
+eyet (1)) x(5) 6,0, vy + ¢, () ¢, (ny)x(5)6,,,6,5, +¢5 (ny)x(5)0,5, 0,5,

=5 (1) ey (m,)x(5)0,5, 0, + e, (m )¢ (n2)x(5) 0,5y, = s ()€ () x(5) 6,1,
—c3(n2)c2(n2)x( ) }3/»9;;:"‘03 (”2))5(5)‘92';;9;;;_0703(”2)"1(”2)x(s)9;1;'//1b

+c,¢f (my)x(8) 0,1, + 56, (ny) ey (ny) x(8) 6,301, — 565 (ny ) ¢, (ny ) x(5) Oy,
+ciet (ny)x(s)ww,, +x(s)6,,60,

4.8.2. Strain fields throughout Pre-buckling

A

(4.20)

When the beam is displaced from Configuration 1 to 2, the strains are assumed small and thus only the
linear terms are retained. From Eqgs. (4.10) through (4.20), by omitting the nonlinear terms and the

buckling displacements, and setting A =1, the pre-buckling strains are obtained as
g,=w,(z)+mcosa(s)v)(z)-y (5)0,(z); 7, =sina(s, )[v; (z)- 6, (z)] (4.21)a-b

&, =wh, (2)+mv)(2); 73y =0 (4.22)a-b

a a

1 1 I+t , h
Yasep =0; Yonsp =0; Yonzp :—t—wlp (Z)+t—W3p (Z)—(l-i- Z’va(z)——b@xp (z) (4.23)a-c
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Equations (4.21-4.23) are similar to those reported in Pham and Mohareb (2015a).
4.9. Stress-Strain Relations
All materials are assumed linearly elastic and isotropic (Assumption ix) throughout the pre-buckling

and buckling analyses. As a result, the pre-buckling stress-strains at Configuration 2 are o, , = E¢,,

s T, =Gy, 03, =E8&,, 7;,=Gyy;, and 7_, = G,y.,,, while those at the end of the buckled

)4 zn2p

. * * * * * * * * * *
state at Configuration 4 are o, =E¢,, 7, =Gy, o,=E¢&,, 1,=Gyy;, 7,,=G,0..»>

*

* * *
Tan = GZyan and TszZ = 27/s22 °

4.10. Pre-buckling Stress Resultants

From Eq. (4.21), the stress fields within the steel beam can be expressed as

w, (2)
o,=E¢&,=E <1 L cosa(sl) 4 (Sl )> VZ(Z)

‘9;1, (z) (4.24)a-b
7, =Gy, =G, [v; (z)- 6, (z)] sine (s,)
The stress  resultant-displacement  relations (Pham 2013, chapter  3) are
N, (z)=EAW,(z); M, (z)=EILV)(z);and M, (z)=E]I 0, (z). From Egs. (4.24)a, by
substituting from the stress resultant-displacement relations for the steel beam, one obtains
o, =L, (z) e el (o2l (o (425)

P4

in which [, = 2bt° / 12+ bt; / 12,1 =t h / 12+2h bt / 4 are defined. The shear stress component in

Eq. (4.24)b can be related to the shear force also by integrating over the cross-section area to yield

7, =%sina(sl) (4.26)

w

P

in which the shear force 0, , = j 7,,dA=G, [v;, (z)- 0, (Z):I A, has been defined. Also from Eq.

A

(4.22), the stress functions within the GFRP plate can be obtained as:

W, (2)

o,, = E&,, = E, <1 ny =y (s, )> vi(z) ¢ z,, =Gy, =0 (4.27)a-b
0, (2)
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From Eq. (4.27)a, by substituting from stress-resultant displacement relations

N, (z)= E AW, (2); M, (z)= EI0, (2), one obtains

1
03, == Ny (2) M, (2) @28)
g xp

The pre-buckling shear strain 7,,,, can be related to the shear force resultant 0, » (Z ) for the adhesive
by integrating the shear stresses over the adhesive area. From Eq. (4.23)c, by integrating the shear

stress 7, = Gj/zmp within the adhesive over the adhesive cross-section yielding
QZp (Z) = I G2722np (Z)dAa = AaTZan (Z) (429)
AZJ

4.11. Second Variation of Total Buckling Potential Energy
The total potential energy 7z of the system is the summation of the internal strain energy U and total

load potential loss V. The buckling load can be mathematically obtained when the variation of the

second variation of the total potential energy vanishes, i.e.,
1 = 1= =
5| -7 |=6 —(U+V) -0 (4.30)
2 2

in which ( ) and ( )respectively denote the first and second variations with respect to the argument

function (e.g., U=6Uand U=35U ). The total internal strain energy is obtained by summing the

contributions of the steel beam, the GFRP plate, the adhesive, i.e.,

U=L[[(o16 + a7 e L[ [(16 + 2377 Vtdee + 2 [ (7 7o 7o) A (43D
25 4 25 1 25 4

The total internal strain energy U contributed by the normal strains and transverse shear strains within
the steel beam and GFRP plate, and the shear stresses within the adhesive layer. At buckled
configuration (Configuration 4), Eq. (4.31) takes the form:

L
U :%jj[(alb "‘/10'1,9)(511, +/151p)+(rlb +/1r1p)(71b +/1}/1p )]dAle

04

+%j R [ | 2 .
+%I Af | (Taus + 272 ) (Paoms + M2 ) + (T + AT200 ) (Prsis + A2y
(T + A0 ) (Vo + A 2 )] dA,dz
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From Egs. (4.32), by neglecting all zero pre-buckling strains as indicated in Egs. (4.22)b and (4.23)a-

b, (.., 73, = Vagp = Y2y = 0), and noting that all materials are linearly elastic isotropic (Assumption

ix), the second variation of the total strain energy can be expressed as
1= 17 — = 1% — =
U2 ! J E [elb + 26, 20 } didz+ ! J G, [ Voot A0 T } dAdz

1% -2 = 17 —2
+5 | j E, [ab + ey, ggb}dAﬂz +§ | j G, 7, dAsdz (4.33)

+— J- _[ G [72znb + A7 2mp 7/22nb}dA dz+— J- J- Gz7/2mhd’4 dz+— J-J- Gz7/2vzbd‘4 dz

OA2

The load potential energy is contributed by transverse and longitudinal distributed loads My (Z ) ,

q, (Z ) and concentrated loads P, , P, applied at both member ends i.e.,

%;:——qu z)y, (2 ( zb) dz——z [ Z,)T

zOL

__Iq 0. zbeylbdZ—— Z 5 (Zl»)éylb (Zi)

zOL

(4.34)

4.11.1. Expression of the ﬁrst variation of buckling strains
By omitting pre-buckling deformation effects in line with the classical buckling treatment and omitting
the non-linear terms, the first variation of the total strains expressions [Egs. (4.10)-(4.20)] take the

form
—n sine(s )”1,!; x (s ) v1b le(Sl)‘gz,;; o(s,) ¥y
7 ~cosa( ) , —cosa (s, )5 { (s1)+2n1}6_?z’b—r(sl)l/71b;
&y R X, (S3) v3b +n3x3( )
Vi & 7'7;1; _9y3b +2n3ez,b; (4.35)
Voomp ® CSX(S)H_ylb _csx(s)§y3b _(1+c6)x(s)§zlb +CSC7X(S)!/71,,;
Vg = —Csidyy, + Cslly, — (l+c Tcse )gzb’
Vo B C (”2)”71,1; ( )eylb +c, (nz)b_‘y; ) (n2)9y3b +[C3 (”2)+C4 (nz )] gz,b G4 (nz)‘/71b

a-g

4.11.2. Second variation of buckling strains

Again, by neglecting pre-buckling terms, the second variation of the buckling strains in Egs. (4.10)
through (4.20) take the form
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Ebz(ﬁ{b)vaZ[nl cosa(s,) -y (sl)]ﬁ{b§;b+{q2+r2+2rnl+nf}(§z'b)2;
Vi & —2sina(s,)i,,0, —2n] sina (s, )u,,0., +2nr(s, )sina (s, )7,
+2x(s,)cosa(s,) 0,0, —2mq(s,)cosa(s,)0,,0, +20(s, )cosa(s,) 0,7,
+2‘J(S1)9 el —2x( )nevle, +2x( ) ( l)gylbl/llb—i_znlq(sl)e_z’bgz,;
—Zw(sl) zbl//lb ( ) 1‘]( )ezbl//lb+2a)(sl)r(sl)l/71’bl/71b;
&y~ (”3b) +2n31’73’b§zlb+|: T (Ss)](el)
Voo = =256, (1) X7 (5)5’ bgylb—2c5c2 (n,)x*(5)0, Vb ‘3b+2c5c3 (my)x" (s )6_'15 (4.36)a-d
’ )0,

—2¢5¢,¢, (ny ) X7 (s )l//lbevlb+2cc( ,)x (s )9 93b+20 ¢, (ny)x* (s
§3b+ZCcc( n,)x* (s)w]

v3b

—20503(112) (s)gz’ 9 b T 2660, ( ) ( )Hvlbé?
+2¢40, (ny) X2 (5)0,5,0., —2c4c; (ny) X7 () 040, + 2c,¢,¢, (ny) X7,0,
—2¢50:¢ (nz)xz ) W = 20564, (nz) 2( ) vsb‘//lb +2¢5¢:¢4 (nz) ( )9”‘//117

(s
—2¢,cie, (n ( 2)x2 ( )l//lbl/llb —2c4c, (nz)ﬁlbﬁlb —-2csc, (n2 )ulbu3b —2c¢qc, (nz)ﬁlbezb
+2¢s¢, (1, )iy, +2¢5¢, (n, ) i,10s, +2¢5¢, (1, ) i,0., —2(cs +¢5¢; )¢, (m, )ity 0.,
—2(06 +csc, )c2 (nz)ﬁ;bézb - 2(06 + csc7)c4 (nz)gzbgzrb
4.11.3. Second variation of internal strain energy
From Egs. (4.25), (4.26), (4.28),(4.29), (4.35)a-g and (4.36)a-d, by substituting into Eq. (4.33), the

second variation of the total strain energy can be expressed as

Lateral Torsional Buckling Chapter 4
May 2018 Page 72



1 = 1 r . —n nr — ?
EU=EJJE1 [—n, sina (s, )i, —x, (s, )0}”,+n,q(s1)92b—a)(s,)l//,b} dAdz
04
AL N, (z) ncosals v (s _\? —r
+E“{ 12( )+ ! 7 (I)Msp(z)— 11( 1)Mxp(z)}{(u]b) +2|:n, cosa(s,)-y, (sl)]u”ﬁzb
0 4 s 88 XX
+[q2 (s1)+r2 (s1)+2r(s])n] +nf](§;b )z}dAle
1% , —_ _ 2
+§.”G1 {cosa(s])b_t,b—cosa(sl)e},,b+[r(s,)+2n1]6?z’b—r(s,)l/71b} dAdz
04
A
+_ —_
2 4 4,

L
II 9 sina(sl){—2 sina (s, )iy, 0, —2n} sina (s, )i, 6, + 2n,r (s, )sina (s, )i, 7,
0
(
(

+2x(s,)cosa(s,)0,,0., —2nq(s,)cosa(s,)0,,0. +2w(s, )cosa(s,) 0,71, +2q(s,) 6.6,
—2x(s, )n é;lbgz,b + 2x( ) ( )6_):1}7‘/711; + 2711261 (Sl )@bg’z’; _2(‘)(31)”15;17‘/71,17 -2r (Sl )”1‘1(51)6_’;1;‘/7117

+20(s,) 7 (8,717, | dddz +— IIE —%,(5,) 0.5, + nyx, (s, 49”] dAdz

OAx

N. _ _
+% J' 3!’_(Z)+iMW (z)}{(ﬁ;b )2 +2nt,, 0., +|:I’l3 +X; (s3)](¢9 ) }dA dz+— IIG (”3b 0,,,+2n0, )2 dA,dz
A» 4

L
1 f - - - _ 72
+EI G, [csx(s)é?ylb —csx(s)0y3,, —(1+¢)x(s)8, +CSC7JC(S)l//1b:| d4,dz
0 4,
2119,z _— P
+E_[ _[ 2;( ) {_chcl (nz)x2 (s)‘gylbeylb ~2cs¢, (m, )xz (S)‘gylbeysb
04 a

— =

X7 (8)71,0,1 +2c5¢,(n,) X (5) 0,0, + 2¢5¢, (1) 7 (5)6.5,0,5,
X (5)71,0,5, +2¢4c, (ny)x* (5)6,,0.,

$)0.3,0., —2cscy (n,)x* (s)0,0., +2¢c.c, (ny) X°7,,0.,

=2¢5¢,¢,(ny) X7 ()0, 7,, —2¢5¢,¢, (1) %7 (5) 6,5, +2¢50505 (1) %7 () 47,

VX2 ()@, 7., —2¢s¢, (my )iy, —2¢5¢, ()it —2¢5¢, (1, )i, 0.,

+20501(n2)17 ,,+20502(n2)u3hu3,,+20504(n2)u3h¢92b 2(06+csc7)cl(n2)z7{bgzb

—2(¢s+e5e;) e, (nz)u3b¢9 —2(¢s +csc7)c4(n2)§zbgzb}dA2dz

G, | =ity + csity, — (14 ¢ +¢5¢;) 0 ] dA,dz

1 _ — _ TP
+E jG2|:C1 nz i, —¢ n2)0y1b+cz (nz)usb_cz(”z) }3b+|:c3 n2)+c4(n2)]02b—c7cl(n2)l//le dA,dz
4,

(4.37)

4.11.4. Second variation of total potential energy
From Egs. (4.34) and (4.37), by substituting into Eq. (4.30), the second variation of the total potential

energy of the system can be expressed as
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55” :5_(U+V):5 ( enl+ esl+ en3+Um3 + ezn2 + esn2 + esz2 -i_I/gNl
(4.38)
+Vgﬁx +Vgﬁj + g0 + 802 + g9y + &Py + g4z + g )~ 0

in which Uenl is the second variation of elastic strain energy contributed by the longitudinal normal

strain within the wide flange beam (Appendix 4.1) and can be evaluated over the steel section as

—I

0 0 0 Uy,

= r " ’ = 21, 0 0 5’
Ui =E, <ﬁlb O 0a l/7{,,> V' 0z (439)

!). 4 0 0 ]ml 0 gz,;’,

o o o0 Il

Vi

in which

=h 12, 1 =tb’[12; I, =26'C 144+ 1 [144; 1 =KD't/24  are

1 yyw
defined. Also, U .1 1s the second variation of the elastic strain energy contributed by the transverse

shear strain within the steel beam (Appendix 4.1) and can be is evaluated over the steel section as

24, 24, 0 0 i,
- L _ 24, 24, 0 0 0,
g.-G <L7’ g, @ 1,7> s ) ol (440)
1 lv([ 16 y1lb b 1b O O Jl _hb Aj/z ez,b
2 2
0 0 -mA 2 KA[2 |5

in which 4, =bt; J| =h A, / 2426 [3+ht /3 are defined and li,ﬁ and ﬁm are the second

variation of the elastic strain energies contributed by the longitudinal normal strain and shear strain

within the GFRP plate (Appendix 4.1) and are expressed as

T t el A 1 0 o
Uen3 = E3_[<Hy3b th>|: )(}))/g I :|{ éib}dz
wng zb

~ E B B A, -4, 0 g;b (4.41)a-b
Uys = G3.[<1’73b 9)/3[7 Hz’h> -4, 4 0 9131; dz
0 0 0 Ji|| 4,

in which the section properties /,, =tgb3/l2, 1, =tzb3/144, A, =bt, and J, =btz/3 are

defined andU,_,,U .o and UeszZ are the second variations of the internal strain energies within the

ezn2’ > es

adhesive layer (Appendix 4.1) and are expressed as
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U, =Gl <9y1b 0,3 0, ‘/71b>x

i c —c? —c; (1 +c, ) cic, | Eylb

—c? c: cs(1+¢) —clc, 0, =
—c5(1+cﬁ) c5(1+cﬁ) (1-1-06)2 —CsC, (1+cé) §Z’b
cic, —cie;,  —cse; (1+¢) cer [\ W

— L _
Uy = GZAa.[<L71b Uy, th>x

0

c —c? Cs (l—i-c6 +csc7) u,
—c? c: —cs(1+ ¢ +esey ) ity pdz
Cs (1+06 +csc7) —C;s (1+c6 +csc7) (1+c6 +csc, )2 zb

= 1 “ — - — - - —
U :EGZAaI<ulb ‘9y1b Uy ‘9y3b 0., ‘//1b>x

esz2
0

4 -4 2 2 2 e ||y
4 4 2 2 2¢ 4 ||

2 -2 4 4 Cy —2c¢, || u.
LR (4.42)a-c
-2 2 -4 4 —C, 2c, 0,3,
2c, 2¢, ¢ ¢y ¢, 20,6 g’
~dc,  4e, 2¢, 2¢, 2cc, 4 7
- Yiv
in which 7, = [ x* (s)dd, =t,b° /12 cs=1/t,; co=(t+t,)/2t,; c;=h,/2; ;

4

e, =hy [2t,5 ¢, + e, :(h+tg)/2ta; CGg=h+t—t; co=h+t-41;

cy=h +t° +4tg2 +2ht—2ht, —2tt,. Also, IZN] is the second variation of the load potential

energy contributed by pre-buckling axial force AN, (Appendlx 4.1) and takes the form

= L L\ (1 +1,,), =

Vo = 2]V, (2)| () +2-22 @,y (4.43)
0

in which [ =hbt/2+t ] /12+2bt3/12; 1, =2t0°/12+h ) /12; V., is the second
variation of the geometric potential energies contributed by pre-buckling bending moment M  of the

steel beam (Appendix 4.1) and can be evaluated as
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L
=24 M, (=), T, dz (4.44)

0

M

x

77

. 15 the second variation of the geometric potential energies contributed by pre-buckling bending

moment M  of the steel beam (Appendix 4.1) and can be evaluated as

= 21 . L _ 1 L _
Vi, =2=52[ M, (2)ir,,0l,dz +2 - A[ M, (z)its,00,,dz (4.45)
XX 0 xx 0

where [ =bt3/ 12; [, =bt2 / 12. Also, the second variation of the pre-buckling shear force

potential energy V:'ng within the steel beam (Appendix 4.1) can be evaluated as

_ : U
Vo =24 QIP(Z)(ulbezﬁ A ulbeﬂ’}dz (4.46)
0 w

in which 7 e = hwtfv / 12 is defined. For the GFRP plate, the second variation of the potential energies

contributed by axial force ZN3 » (Z) (Appendix 4.1) can be evaluated as

= L ) 2 [Xxg + Iyyg - 2

Vv, :}“J‘Nsp (2) (uab) + 1 (ezb) dz (4.47)
0 g

in which /., = bl‘; / 12,1 e =1 gb3 / 12 are defined. Also, the second variation of the potential energy

contributed by shear force /1Q2 » (Z) (Appendix 4.1) can be evaluated as

5}*31) ¥ gzh ¥ gz'h ¥ ';71h>x

p— L —
VgQZ :/1'[sz (z){<171b ¥ ‘9y1h ¥ Uy, ¥
0

—
I 0 —cs 0 —csc, 0 0 | %'-b_
0 —¢sa, 0 —¢sa, 0 Cona,  —6G0a, g&’.‘ﬂ (4.48)
Cs 0 Cs 0 CsCyy 0 0 iy,
X 0 ca, 0 csa, 0 -0, Q,  CsC,0, 573; dz
—(¢+c5c;) 0 —(¢+escy) 0 —(¢s+e5e; )y, 0 0 ”527“
0 ca, 0 ca, 0 - @, €, gff—
0 —c,0, 0 —c0a, 0 cse,e,Q,  —Csead, | sz’—
16

in which ¢, :(t—tg)/2; Cp, :(h—tg)/2; I,,=a,4, are defined.

4.12. Finite Element Formulation

4.12.1. Interpolation of pre-buckling stress resultants

The pre-buckling stress resultants Nlp(Z),le(z),Mlp(Z),N3p(Z),M3p(z) and Q2p(z) are
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related to nodal stress resultants obtained from the pre-buckling analysis by adopting linear

interpolation functions <L (z)>1TX2 = <L1 (z) L, (z)> with L, (Z) =1 —Z/L and L, (Z) = Z/L:

T

Nlp (Z) - <L(Z)>1x2 {Nlp}le ’

N1p>1TX2 =<Nlp (0 ! _Nlp (L)>

)
Q2p (Z) = <L(Z)>|Tx2 {QZP}M > <Q2P >1><2 - <Q2P (O) : _sz (L)>

4.12.2. Displacement Interpolation

(4.49)

Two finite elements are developed for the problem, a two-node element and a three-node element. The

relevant nodal degrees of freedom are depicted in Fig. 4.4. When interpolating the displacement fields

u, (Z) and 0, (Z) , cubic Hermitian shape functions are adopted in the case of the two-node element

and quadratic Lagrange interpolation functions are used in the case of the three-node element. For the

remaining displacement fields gylb (Z ) N7 (Z ) , gy% (Z ) and ¥/, (Z ) , linear interpolation is adopted in

both elements. The two-node element possesses 16 degrees of freedom (DOFs), while the three-node

has 14 DOFs.

ZfO Z:L ZfO z=.L/2 ZfL
i, (0) ty (L) w, (0) i, (L)2) ty, (L)
i,, (0) iy, (L) 0,,(0) 0, (L)
0,,(0) 0, (L) i, (0) i, (L)
i, (0) i, (L) 0,5 (0) 0, (L)
0,5 (0) 0,5 (L) 0,000 0,(L/2) 0,(L)
9,(0) 0., (L) 7 (0) /i (L)
0. (0) 0, (L)

¥ (0) vy (L)

2-node element

3-node element

Figure 4.4. DOFs for Two and Three-node elements

Lateral Torsional Buckling
May 2018

Chapter 4
Page 77



4.12.2.1. Two-node element

The displacement fields (Z),gylb (Z),ﬁ3,7 (Z), 3b (Z), (Z),l/71,7 (Z) are related to the nodal

<

displacement vector <Z>T = <H(0)T i a(L)T; > where

1x16

A=), =(7 (2) T(2) |00 (2) | Ty(2) | (2) | 84(2) 8,(2) | 7(=))and

z,=0 or L through

(70 ()-8 (2):7 (),8,3, ()., (2), 7 (=)

—\T
= <A>1X16 ({SU1}16><1 ’{Sﬂl}mxl ’{SU3}16><1 ’{863}16x1 ’{S52}16x1 ’{Swl}léxl)

in which the shape function vectors are defined as
(Sudy =(H,(z) Hy(z) 0 0 0 0 0 0|Hy(z) Hy(z) 0 0 0 0 0 0)
Sor)pe=(0 0 L(z) 00 0 0 0{0 0 L(z) 0 0 0 0 0)
0 L(z) 0 0 0 0{0 0 0 L(z) 0 0 0 0)
00 L(z) 0 0 0{0 0 0 0 L(z) 0 0 0)
0 0 0 H(z) Hy(z) 0{0 0 0 0 0 H(z) H,(z) 0)
00000 L(z){0 00000 0 L(z))

(4.50)

(4.51)

o © o O

and H,(z)=1-3(z/L) +2(z/L)’, H,(z)=z-2(2*/L)+(2*/ %),

H, (z) = 3(Z/L)2 —2(Z/L)3 , H, (Z) = 23/L2 —22/L . From Eqgs.(4.50), by substituting into Egs.

(4.39) through (4.42)a-c, and from Egs. (4.49) and (4.50) by substituting into Egs. (4.43)-(4.48) and
(4.34), the second variation of the total potential energy in Eq. (4.38) is obtained as

1= 1 /=T _
557[ - 55<A>1x16 ([Ke]léxlé + il:Kg:Léxlé ){A}léxl - O (452)
in which[Ke]1 a6 and [Kg ]mxm are elastic and geometric stiffness matrices, respectively as defined

in Appendix 4.2. A non-trivial solution of Eq. (4.52) leads to the eigenvalue solution

{[Ke ]1 ot T4 [Kg :Imxm} {Z}IM = {0} 16q Which is solved for the critical load multiplier 4 and the

corresponding buckling mode {K}

16x1
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4.12.2.2. Three-node element

The displacement fields (Z),gylb (Z),ﬁ3,7 (Z),§y3b (Z) 5 ( ) l/ll,,( ) are related to the nodal

1x14

(z )1><6 <”_‘1b(zi) 6_?y1b(zl. ?uzb(zl-)

displacement vector <A>T :<(Ai(0)lrX i (:i(L/2)T i (Al(L)lTx6> where

|
D

d 3,,(2[);6_?2,,(2[) (/71b(zi)>, and z,=0orL and
d

<”1b (Z)’gylb (Z)’L_l3b (Z a§y3b

S (0 R I B O TG B
in which the shape function vectors are defined as
(Su) =(R(z) 00 0 0 0[R(z) 0[R(z) 0 0 0 0 0)
(Sa) =(0 L(z) 0 0 0 00 00 L(z) 0 0 0 0)
(Su) =(0 0 L(z) 0 0 0[0 0[0 0 L(z) 0 0 0)
(8,:) =(0 0 0 L(z) 0 0[0 0]0 0 0 L(z) 0 0) 9
(80.) =(0 0 0 0 R(z) 0[]0 R(2)[0 0 0 0 R() 0)
($,1) =(0 0 0 0 0 L(z){0 0[0 00 0 0 L)

with R (z)=(z/L-1)(2z/L-1), R,(z)=(4z/L)(1-z/L), and R,(z)=(z/L)(2z/L-1).
From Egs. (4.53), by substituting into Egs. (4.39) through (4.42)a-c, and from Egs. (4.49) and (4.53)
by substituting into Eqgs. (4.43)-(4.48) and (4.34), the second variation of the total potential energy in
Eq. (4.38) is obtained as

5%; - 5%<A>;14 ([Kelztxm * X[Kg :|14><14 ) {A}Mxl =0 (4.55)

in which [Ke] and [K g] are elastic and geometric stiffness matrices, respectively as defined

14x14 14x14

in Appendix 4.3. A non-trivial solution of Eq. (4.55) leads to the eigenvalue solution

{[Ke :|14><l4 +4 [Kg :|14><l4 } {A}Mxl - {0}14x1 :
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4.13. Validation and Examples

The elements developed in the present study are adopted to predict the buckling capacities of beams
and columns and validated through comparisons with 3-dimentional finite element analyses (3D FEA)
under ABAQUS software (and classical solutions for the degenerate case of no GFRP). Although these
formulations are developed to apply for GFRP-strengthened beams, they can be also applied for steel
beams alone by setting to zero the mechanical properties and/or dimensions of GFRP and adhesive

materials.

4.13.1. Example 1 — Simply supported composite beam under a mid-span point load

A simply supported steel beam is subjected to a point load P applied at mid-span (Fig. 4.5a). The
beam cross-section is W250x45 with the dimensions shown in Fig. 4.5b. One flange (i.e., compression
flange or tension flange) is bonded to a 19mm-thick GFRP plate through a 1-mm thick layer of
adhesive. Three spans are considered; 4.0, 6.0 and 8.0m. Elasticity modulus of steel is 200GPa, that
of GFRP is 17.2 GPa (Siddique and El Damatty 2013) and that of adhesive are 3.18 GPa (Shaat and

Fam 2009). Poisson’s ratio for all materials is taken as 0.3 and the yield strength of steel is selected as
350 MPa. The buckling load P, and corresponding mode shapes for both the strengthened beam and
the bare steel beam are determined from the present model and comparisons are made to 3D FEA

results based on ABAQUS and standard equations based on the Eurocode Guide moment gradient

factor (Gardner and Nethercot 2011).

GFRP plate ] 3]: ] —‘

e . 7.6 1=
C!eatziﬁ% _____________ J’f _____________ ~Cleat ___ 2T6
angle 7| & 5| angle

E T I—

| L 148
(a) (b)

Figure 4.5. Simply supported beams under a point load (a) beam profile and cross-section and (b)

dimensions of W250x45 section

Based the given yield strength, the bare beam is found to meet Class 1 requirements of CAN-CSA S16
(2016). The corresponding plastic moment is M, =Z F = 210.7kNm . Also, the nominal elastic

buckling moment is M, = (Cbﬂ'/ L)\/ GJEL +1,1,, (7Z'E / L)2 where the moment gradient C,
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depends on the standards adopted and ranges from 1.265 in CAN-CSA S16 (2016) to 1.388 in the
Australian code AS4100 (1998) and takes the value of 1.365 in the Eurocode guide (2011) which is
closest to FEA predictions (Hassan and Mohareb 2015). In CAN-CSA S16 (2016), when

M, <0.67M ,, the elastic LTB resistance is deemed to govern the resistance and the nominal
resistance is M, =M, , while when M, >0.67M, the inelastic LTB capacity is

M, =1.15M (1—0.28Mp/Mu) and is deemed to govern the design M, =M, whenM, <M ,.

1

Otherwise, the plastic resistance is concluded to govern the design and the beam nominal resistance is

governed by its plastic resistance, i.e., M, = M . For the present section, the plastic resistance is found

to govern the resistance of the beam when L <2580mm, the elastic LTB capacity to govern the
resistance when L > 5490mm , while the inelastic LTB buckling governs the resistance when
2580 < L <£5490mm . For the present example, three spans are selected; L=4.0, 6.0, and 8.0m so that

the smaller value lies in the inelastic LTB range, while the other two spans correspond to the elastic
LTB failure mode.

Mesh study for present element: A mesh study is conducted by modeling the 6m span beam using both

elements developed in the present study. Meshes consisting of 16, 32, 40, 80, 160 and 320 elements
were considered (Fig. 4.6). For the three-node element, when adopting coarser meshes involving 16-
40 elements, the critical loads predicted are found to decrease with the number of elements, afterward
the solution stabilizes as meshes with 80- 320 elements provide identical buckling load predictions of
127.0 kN, suggesting that convergence is achieved when 80 elements are taken. The buckling load of
127.0 kN is taken as a reference value for comparison with solutions based on the two-node element.
For the two-node element, the buckling loads based on 16, 32, 40, 80, 160, and 320 elements of the
two-node elements are 409, 159, 142, 129, 127.9 and 127.5 kN, respectively and the corresponding
differences from the reference critical load are 222%, 159%, 11.6%, 1.7%, 0.7% and 0.4%. The results
suggest that the convergence rate is somewhat slower than that of the three-node element and hence

the three-node element will be adopted in subsequent analyses.
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Figure 4.6. Mesh study of the present finite element formulation

Mesh study for the 3D FEA: The 3D FEA is conducted as a benchmark solution against which the

results of the present theory are compared. The 8-node brick element C3D8R is selected from the
ABAQUS library. The element has 8 nodes with three translations at each node, totaling 24 DOFs.
The element uses reduced integration to avoid volumetric locking, and thus has a single integration

point located at the centroid. A mesh study is performed to determine the mesh beyond which no

improvement is attained in the solution. The mesh is fully characterized by seven parameters 71, ..., 11,

as shown in Fig. 4.7. For the 6m span, the study showed that convergence is attained when a mesh
with n =12,n, =n, =n; =n,/2=4;n,=60;n, =600 is taken, corresponding to 1,682,199
DOFs. Initially, the 3D FEA model exhibited web distortion and hence under-predicted the critical
moments. To control distortional effects, transverse stiffeners were added to the model. Three
stiffening arrangements were considered; (a) two stiffeners at both ends of the beam, (b) three
stiffeners (two at the ends and one at mid-span), and (c) five stiffeners along the span L (at 0, L/4, L/2,
3L/4, and L) (Appendix 4.4). A comparison of the buckling loads for spans L=4.0, 6.0 and 8.0m are
shown in Table 4.1. The addition of more web stiffeners is found to increase the buckling loads, and
make the 3D FEA solutions approach the predictions of the present model. The beam with five-
stiffener arrangement is found to yield the closest predictions to those of the present study.

The three-stiffener arrangement is adopted in subsequent runs.

Table 4.1. Comparison of buckling load (kN) for different stiffener arrangements

Span Nurznber of st13ffeners adospted: Present study | (d)/ | (d)/ | (d)/
(m) (d) (@) | () | (o)
(@) (b) ()
4 271 296 305 314 1.16 | 1.06 | 1.03
6 117 121 125.2 127 1.09 | 1.05 | 1.01
8 65.3 65.4 67.6 68.5 1.05] 1.05 | 1.01
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Figure 4.7. Number of elements defining the 3D FEA mesh

Verification of buckling loads: Table 4.2 presents the buckling loads as predicted by the present model,

the 3D FEA, and the critical moment based on the Eurocode guide moment gradient factor. For the
bare steel beam, the present model respectively predicts buckling loads of 227, 89.0 and 47.8 kN, for
the 4, 6 and 8m spans. These values compare to 3D FEA predictions of 223, 87.1 and 46.7 kN which
correspond to 2.0%, 2.1 % and 2.3% differences. In comparison, the solution based on the critical
moment gradient based on the Eurocode moment gradient factor overestimates the buckling loads by
4.1%, 3.5% and 2.9%.

For the case where the compression flange is strengthened, the buckling loads based on the present
solution are 314, 127 and 68.5 kN for 4, 6, and 8m spans, respectively, while those based on the 3D
FEA predictions are 296, 121 and 65.4 kN, corresponding to 5.9%, 4.9% and 4.5% differences (Table
4.2). For the case where the tension flange is strengthened, the buckling loads predicted by the present
solution are 291, 121 and 66.0 kN for 4, 6, and 8m spans, respectively while those predicted by the 3D
FEA solution are 274, 114, 62.6 kN, corresponding to 6.1%, 5.5% and 5.2% differences. The
difference between the predictions of both models is attributed to minor web distortions between the
stiffeners, which are captured in the 3D FEA solution but not in the present model. The differences
between the non-distortional solution in the present model and the 3D FEA solution based on the
Abaqus model is slightly larger than the bare beam results. The observation is qualitatively consistent
with past research on bare steel beams sections (e.g., Hassan and Mohareb 2015) which suggest that
webs for sections with thicker flanges exhibit more pronounced distortional effects. In this respect, the
GFRP plate can be conceived to “thicken” the compression flange.

For the 6m span beam with the compression flange strengthened, when the load is moved to the top
flange, the present model was found to predict a buckling load of 102 kN, which compares to 96.8 kN
as predicted by the 3D FEA model, a 5.1% difference. Also, when the load is moved to the bottom
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flange, the present model predicted a buckling load of 154 kN which compares to150 kN as predicted
by the 3D FEA, a 2.7% difference.

Table 4.2. Buckling loads Pcr (kN) for bare and strengthened W250x45 simply supported beam

Bare steel beam Compression Flange Tension Flange
Span Strengthened Strengthened
(m) PS E* 3DFEA (1)) () PS 3DFEA (4 . PS 3DFEA (6)/
1) (2) 3) 3 B3 & &) OO 0 (N
4 227 232 223 1.02 1.04 | 314 296 1.06 = 291 274 1.06
6 89 90.3 87.1 1.02  1.04 @ 127 121 1.05 @ 121 114 1.06
8 47.8 48.1 46.7 1.02 1.03 | 68.5 65.4 1.05 | 66.0 62.6 1.05

* PS=Present study, ‘E= classical solution based on moment gradient factor of Eurocode Guide (2011)

Verification of buckling mode: The buckling configuration for the 6m span beam as predicted by the
present solution are found to nearly overlap on that predicted by the 3D FEA in Figs. 4.8a-f which

depicts the buckling displacements u,,,u;,,6,,, 0,15,0,35,andy,, . In a strict sense, owing to cross-

sectional distortion, the angle of twist &, in the 3D FEA would slightly vary within a given cross-
sectionz . Thus, a representative angle of twist was computed based on the lateral displacements
extracted from the buckled configuration of the 3D FEA model at the web-to-flange junctions. In a

similar manner, an estimate of the weak axis rotation 6’y3 , for GFRP is computed from the longitudinal

displacements at the plate ends, as extracted from the buckled FEA configuration.

Also, at a given section z , in order to characterize the weak axis rotation 9},1 »» and warping deformation

./, as predicted by the 3D FEA model, the longitudinal displacements are extracted at four sampling

points within the cross-section and the procedure introduced in Xiao and Doudak 2014 and Hjaji and
Mohareb 2015 was adopted to estimate the weak axis rotation, warping deformation, (along with the
longitudinal displacement at the section centroid, and strong axis as a by-product) Again, the predicted
values would slightly vary within a cross-section depending on selection of the sampling points. In the
present study, the four sampling points were selected at the tips of the flanges and the details are

provided in Appendix 4.5.
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Figure 4.8. Comparison of mode shape for span L=6m between present study and 3D FEA solutions

Effectiveness of strengthening: When the compression flange of the present problem is strengthened,

the present model predicts respective increases in the elastic critical loads of 38.4%, 42.8%, and 43.3%,
for the 4, 6, and 8m spans, above the corresponding elastic critical loads of the bare beams. As
expected, strengthening the tension flange leads to less gains in the elastic critical load of 28.2%, 36%
and 38.1%, respectively.

Investigating the possibility of material failure prior to buckling: A common concern in beams

strengthened with GFRP plates is the possible delamination induced by peeling and/or shear stresses
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near bond ends. For the 4, 6 and 8m spans investigated, the 3D FEA solution predicts peak peeling
stresses near beam ends of 1.3, 0.52, and 0.24 MPa and peak shear stresses of 1.6, 0.67, and 0.37 MPa,
respectively. These stresses are significantly smaller than typical adhesive and shear strengths of 33
MPa and 15 MPa, respectively (Shaat and Fam 2009). Also, the peak longitudinal compressive stresses
within the GFRP plates occur at mid-span and take the values 57.6, 34.8, and 24.4 MPa for 4, 6 and
8m spans. These values are much smaller than typical GFRP longitudinal strengths of 207 MPa
(Siddique and El Damatty 2013). The analysis suggests that material failure of GFRP and adhesive do
not govern the capacity of the beams in a manner consistent with assumption ix.

Effect of the load position: Table 4.3 shows the predicted critical loads when the load position is moved

to the top and bottom flanges of the 6m and 8m span beams. The percentage gains/reductions due to
the effect of load position are compared to the case of shear center loading for each span and each
strengthening arrangement (i.e., bare beam, strengthened beams). When applying the load at the top
flange of the 6m span bare beam, the buckling load is 75.4% of that of the shear center loading. For
the beam strengthened at the compression flange, the buckling load for top flange loading is 80.3% of
that of shear center loading. A comparable fraction of 80.4% is attained for tension flange
strengthening. When applying the load at the bottom flange of the bare beam, the buckling load was
found to increase to 132% of that of the shear center loading. For the strengthened beams, the buckling
load increases to 123% for top flange strengthening, and 124% for bottom flange strengthening.
Similar results are observed for the 8m span beam.

The limited set of results investigated herein suggests that adopting the load height reduction factors
for top flange loading of the bare beam consistently yield conservative buckling strength predictions
in the case of strengthened beams. Conversely, adopting load height gain factors for bottom flange
loading for the bare beam would consistently lead to un-conservative buckling load predictions.

Table 4.3. Effect of load height and Load height factors for W250x45 beams

Compression Flange | Tension Flange

Bare steel beam Strengthened Strengthened

Span Load Critic Load Critical . Critic Load

. al . Load height al .
(m) position height load height
load Factor® (kN) factor load factor
(kN) (kN)

Top 67.1 75.4% 102 80.3% 973  80.4%

6 Shear center 89.0 100% 127 100% 121 100%
Bottom 117 132% 157 123% 150 124%
Top 37.2 77.8% 57.5 83.9% 553  83.8%

8 Shear center =~ 47.8 100% 68.5 100% 66.0 100%
Bottom 59.4 124% 80.5 118% 77.7 118%

*: Load height factor =buckling load for the given load position/ buckling load for shear center loading for the
specified span and strengthening arrangement as applicable
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Effect of GFRP and adhesive thicknesses on buckling strength: The 6m-span steel beam with the

compression flange strengthened is considered under the effect of a mid-span point load acting at the
shear center. The thickness of the GFRP plate first is varied from 0.0 to 30mm while keeping the
adhesive layer thickness as 1.0mm and then thickness of the adhesive is varied from 0.5 to 4.0mm
while keeping the GFRP plate thickness as 19mm. As observed in Fig. 4.9a, the buckling load increases
in a nonlinear fashion with the GFRP thickness. While the buckling load for the bare beam is 89 kN,
that corresponding to a 30mm thick plate is significantly increased to 173 kN, a 94.4% difference. In
contrast, Fig. 4.9b shows that the buckling load increases only marginally with the thickness of the
adhesive. The increase is attributed to the slightly deeper overall cross-section in the case of a thicker
adhesive. While the buckling load for the 0.5mm thick adhesive is 126.9 kN, that corresponding to

4.0mm is marginally increased to 133 kN, a 4.6% difference.
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Figure 4.9. Critical loads Pcr (kN) against (a) GFRP plate thickness and (b) adhesive layer thickness

Effect of the steel section dimensions on buckling strength: The steel beam with the compression
flange strengthened considered in Example 1 is re-considered while keeping all geometric parameters,

material properties, boundary conditions, and loading unchanged. The W250x45 cross-section with

dimensions (/. , b., t., w,) is taken as a reference case. Only one of the cross-sectional parameters (

h, b, t,w) is varied one at a time in the ranges 0.5 SRh=(h/h,)Sl.5;
0.5 <R, =(b/b,)<1.5; 0.5 <R, =(w/w,)<1.5; and 0.5 <R =(¢/t,)<1.5, while keeping

the three remaining parameters unchanged from the reference values. The critical loads were extracted

for all the cases (Fig. 4.10). It is observed that the flange width b is the most influential on the predicted

critical load. The buckling load corresponding to R, =0.5 is 30 kN while that corresponding to

R, =1.5is 314 kN, a tenfold increase. The flange thickness is also observed to have a significant
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influence on the critical load while the section depth and the web thickness are found are less

influencial. This finding is consistent with the CAN-CSA S16 (2016) solution for steel sections in

which the critical load is largely dependent on the moment of inertial / ,» about the weak axis and the

warping constant /.
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Figure 4.10. Critical loads Pcr (kN) against the changed dimensions of the reference section W250x45

4.13.2. Example 2 — Simply supported beam under linear bending moments

The steel beam with top flange strengthening in Example 1 is re-visited here under the action of strong

axis linear bending moments induced by two end moments M, kM = with —1 <x <1, where kK =—1

indicates uniform moments and & =1 denotes full reversed moments (Table 4.4). Span is taken as Sm.
The end moments were applied as two equal and opposite axial unit forces acting at the flange-web
junctions.

Critical moments: Table 4.4 provides the buckling loads for loading cases

x=-1.0,-0.5,0.0,0.5,and 1.0 . For the bare beam, differences within 0.6% are observed between

predictions of the present model and the 3D FEA solutions. For the strengthened beam, the differences
between both solutions are found to lie within 5.7%. As discussed in previous examples, the difference
is attributed to web distortion. A comparison between the critical moments (Table 4.4) for the bare and
strengthened beams shows an effectiveness of strengthening of 38.9%, 36.5%, 38.2%, 35.7% and

35.5%, for loading Cases 1 through 5, respectively.

Moment gradient effect: For a given loading case « , the moment gradient factor C, evaluated from a

buckling analysis can be obtained by dividing the predicted critical moment M (K ) by the critical
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uniform moment M, (—1) . Adopting this definition, one can obtain the moment gradient factors based

on either the 3D FEA analysis, the present model, or the beam buckling element of Barsoum and

Gallagher (1970) and comparisons are made against moment gradients provided in various standards.

The relevant equations are C, (CAN ) =4M_ / \/M 2 +4AM2+TM] +4M? <2.5 based on the

max

Canadian Standards CAN CSA S16 (2016),
C, (AISC) =125M . /(2.5MmaX +3M ,+4M, +3M, ) based on American standards AISC

(2016), and Cb(AUS)=l.7MmaX/\/Mf +M; +M? <2.5 based on the Australian standards

AS4100 (1998), and those based on Eurocode Guide (Gardner and Nethercot 2011) (Table 4.4).

The 3D FEA results are taken as a benchmark solution against which other solutions are compared.
As observed in Fig. 4.11a, the present solution is in excellent agreement with the predictions of the 3D
FEA model with the differences between both solutions within 0.6%. The Barsoum and Gallagher
(1970) and Eurocode Guide solutions slightly overestimate the moment gradient factors, while the

CSA, AISC and AS solutions under-predict the results. For instance of the case of fully reversed

moments X =1, the BG and EG solutions overestimate the moment gradients by 1.7% and 2.8%,
while the CSA, AISC and AS underestimate the moment gradients by 14%, 15% and 9.1%,
respectively. For the strengthened beam (Table 4.4 and Fig. 4.11b), the moment gradient factors are
provided based on the present study and 3D FEA. As observed, the present study and the 3D FEA
solutions are in close agreement. The maximum difference between the two solutions is 2.4% for the
case of fully reversed moments X =1. Also shown on Fig. 4.11b is a comparison of the moment
gradient factor for the strengthened beam overlaid on that of the bare beam. The moment gradients for
the bare beam are observed to be marginally lower than those of the strengthened beam in the case
double curvature. Otherwise, the moment gradients of both beams nearly coincide for single curvature.
The results suggest that moment gradients for bare beams can safely be applied to the design of

strengthened beams.

Lateral Torsional Buckling Chapter 4
May 2018 Page 89



Table 4.4. Comparison of buckling moments and moment gradient factors for beam W250x45

Buckling moment Cp of Ratio of Moment Gradient Factor
Cross- Loading Case (kNm)
section g PS 3D % 3DFEA PS/ BG/ CSA/ EG/ AISC/ AS/
FEA Diff. 3DFEA 3DFEA 3DFEA 3DFEA 3DFEA 3DFEA
My -M a4
1(;/:—:/} 126 126 0.00: 1.000 | 1.000 1.000 1.000 1.000 1.000 0.982
AM: 0.5M A
2 (5 )167 166 0.60 1318  1.006 1.007 0981 1.004 0948  0.984
Bare M 0—
beam 3 I — 228 227 044 1.802 : 1.004 1.029 0969 1.043 0.925 1.009
>
/'* Mx 0 5M‘c -
4 (&0 317 316 032 2508 : 1.003 1.019 0912 1.078 0.867 0.990
- '\
M Mx—
5 ‘A—A) 338 337 030 2.675 1.003 1.017 0.863 1.028 0.850 0.899
A My -Mxa
l{k\A—A/) 175 169 3.4  1.000 @ 1.000
AMy 0.5M A
2 g——a ) 228 221 3.1 1308 1.000
GFRP_ /" M 0 RN
strengthen, 3 ( g ) 315 303 3.8 1.793 1.004 N/A
ed beam - <«
M. 0.5Mi—.
4 (s ) 430 411 44 2432 1010
»
i M,\: Mx /’\\\
5 (\ A—A(j 457 431 5.7 1 2.550 @ 1.024

PS=Present study, BG= Barsoum and Gallagher, CSA=Canadian code, EG=Eurocode guide, AISC=American

code, AS=Australian code.

30 ] e Ieeeee Eurocode 3.0
e & BGIO70 | ..
. X, Present study <
Dos )" o 3DFEA 525
5 FSRER AN, C
g . o S I B Oeenne AS4100 =
E It N %, | | eeseesces CSA S16-14 § ﬂ
£20 — — — AISC2005 £20
32 5
215 @15
2 =
£ 5
= 10 § 10 | Bare beam, Present study
Strengthened beam, present study
o  Strengthened beam, 3D FEA
0.5 0.5
-1.0 -05 0.0 0.5 1.C -1.0 -0.5 0.0 0.5 1.(
Moment ratio x Momentratio k
(a) (b)

Figure 4.11. Moment gradient factor against moment ratio x for (a) bare steel beam and (b)

strengthened steel beam with comparison to bare beam results
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4.13.3. Example 3 — Fixed-free column

A fixed-free column is subjected to a compression force P acting at the steel section centroid. The
column cross-section and the specifics of the strengthening GFRP and adhesive are identical to those
in Example 1. The span is taken as 3m and Sm.

Table 4.5 presents the buckling loads for the bare columns and strengthened columns based on the
present solution, the 3D FEA and the classical solution. The buckling load predictions for the bare

column by the present solution are in nearly perfect agreement with the classical solution
P, =n’El / 4’ and 3D FEA solution. Also, excellent agreement is obtained between the present

solution and the 3D FEA solution for the strengthened column. Small differences (i.e., less than 0.7%)
between two solutions are observed, showing the validity of the solution and correctness of
implementation. A comparison of the critical loads of the bare and strengthened columns shows a
minor increase in buckling strength of 6.8% for the 3m span and 6.5% for the 5m span. The
strengthening effectiveness for the present column is significantly lower than that attained for beams

in Examples 1 and 2.

Table 4.5. Comparison of critical buckling load P, for columns

Bare steel column GFRP-strengthened column
Span Buckling load (kN) Buckling load ratio Buckling load (kN) | Buckling load ratio
(m) PS CS 3DFEA (1) 2) PS 3D FEA 4/
Q@ 3) (€)] 3) 4) (€] )
3 385 386 384 1.003 1.005 411 408 1.007
5 139 139 139 1.000 1.000 148 147 1.007

* PS=Present study, CS=Classical Solution

4.13.4. Example 4 — Simply supported beam-column

The W250x58 4m span steel beam-column in Wu and Mohareb (2011b) is re-visited. In the present
paper, in addition to the steel section, one of the flanges is bonded to a 19mm-thick GFRP plate through
a 1-mm thick adhesive layer. Two scenarios are considered, where the strengthening is provided to the
top flange (Fig. 4.12a) and to the bottom flange (Fig. 4.12b). The member is subjected to a compressive
force P and a uniform strong axis bending moment M . Material properties for steel, GFRP, and

adhesive are identical to those of Example 1.
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GFRP plate —>{4 M —|B

el A A GFRP plate el B B-B

(a) (b)

Figure 4.12. Simply supported beam column (a) top flange strengthened (b) bottom flange strengthened

Table 4.6 presents the critical force P, in the absence of bending moments M and the critical moment

M, in the absence of axial force P as predicted by Wu and Mohareb (2011b) (subsequently

referenced as WM2011b), 3D FEA and by the present study. The critical loads for the bare beams as
predicted by the present solution are nearly identical to those of WM2011b solution. For the

strengthened beams, the critical load F, as predicted by the present solution nearly coincides with the

3D FEA prediction while the critical moment M|, predictions differ by about 3%.

Table 4.6. Critical buckling loads Po (kN) and M o (KNm) for the beam-column in Example 5

.. Top Flange Bottom Flange
b?l?l?l?ﬁl Bare steel beam Strengthened with GFRP Strengthened with GFRP
load € WM2011b PS (1) « 3DFEA PS 3)/ 3D FEA PS (5)/
€9) 2 @2 3) 4) 4) (5 ©) (6
F, (kN) 2311 2321 1.00 2440 2475 0.99 2440 2475 0.99
M, (kNm) 378 377 1.00 477 486 0.98 448 460 097

* PS=Present study, WM2011b=Wu and Mohareb (2011b)
The critical load combinations /I(P,M ) were sought for different eccentricities M / P to generate

the interaction diagrams. The results for the bare and strengthened beams were then normalized by
dividing the obtained compressive force AP and moments AM respectively by F, and M of the

bare beam (Fig. 4.13). For the bare beam, the normalized interaction diagram obtained from the
WM2011b solution essentially coincides with that based on the present study. For the strengthened
beams (with top or bottom flange strengthening), the interaction diagrams based on the present study
are found nearly identical to those based on 3D FEA solution. As expected, strengthening of the
compressive flange is observed to be more effective in increasing the lateral torsional buckling strength
than does the strengthening of the tension flange. For instance, at a compressive force ratio of 0.557,
the critical moment ratio predicted by the present study is 0.557 while that predicted for the case of
compression flange strengthening is 0.801, a 43.8% increase. This compares to a ratio of 0.719 when

the tension flange is strengthened, a 29.1% increase.
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Figure 4.13. Normalized interaction diagram of a beam-column

4.14. Summary and Conclusions

The present study has successfully developed a shear deformable beam theory for the buckling analysis

of GFRP-strengthened beam-columns. The principle of total stationary buckling energy was adopted

to formulate a two-node finite element based on Hermitian shape functions and a three-node element

based on Lagrangian shape functions. The three-node element is more favorable regarding shear-

locking effects and possesses fewer degrees of freedom than the two-node elements. It is found to

converge faster to the solution while involving less computational effort than the two-node element.

The following conclusions can be drawn from the examples investigated.

(1

2)

The present study is able to reliably predict the buckling loads of GFRP-strengthened
beam/column subjected to general load/boundary conditions, load height effects, moment
gradient predictions and it accurately predicts mode shapes. Also, the buckling strength
predictions of the present model for bare beams were shown to be consistent with other
established solutions and equations in various standards (Eurocode guide (Gardner and Nethercot
2011, CSA S16-2016, AS4100-1998, and ANSI/AISC-360-2016).

Examples 1 and 2 suggest that GFRP strengthening is most effective in increasing the LTB
strength of a beam when applied to strength compression flanges of laterally unsupported flexural
members and moderately effective when strengthening their tension flange. For W250x45 beams
strengthened with a 19-mm thick GFRP plate in Examples 1-2, the buckling loads were found to
increase by 35.5%-43.3% when the compression flange was strengthened and by 28.2%-38.1%
when the tension flange was strengthened. In contrast, the effectiveness for a strengthened
column, as evidenced in Example 3, is found small (i.e., 6.8%) as the gain in the flexural stiffness

about weak axis is negligible.
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(3) Example 1 suggests that the effectiveness of strengthening on lateral torsional buckling strength
significantly depends on the GFRP plate thickness but is nearly independent of the adhesive
thickness. The findings apply only to combinations of thicknesses and material properties of the
adhesive investigated in this example and do not necessarily apply to other thicknesses and
material properties.

(4) Example 1 suggests that load height factors for bare beams consistently yield conservative
buckling strength predictions for strengthened beams. Conversely, adopting load height factors
of bare beams to cases of bottom flange loading for the bare beam would consistently overestimate
buckling load predictions. The observations are valid both for compression or tension flange
strengthening.

(5) Example 2 suggests the possibility of adopting moment gradient factors for bare beams when
designing strengthened beams subjected to linear moment gradients.

(6) The present solution is capable to generate moment-axial force interaction diagrams for beam-
columns that account for beam and column stability effects. Example 4 shows that the interaction
diagrams are non-linear. The size of the interaction diagrams was found to grow beyond that of
the bare beam when the steel beam is strengthened by GFRP at the tension flange and to further
grow when GFRP strengthening is applied at the compression flange.

(7) The computational effort involved in the present solution is orders of magnitudes less than that of
3D FEA analysis, particularly for the analysis of GFRP-strengthened beams. The present
solutions, implemented in non-compiled MATLAB script files, typically took 40 seconds per run
for examples 1-4 on a computer with two Intel(R) Xeon(R) CPU E5-2430 processors at 2.20 GHz
and 2.2 GHz speeds, and 64.0 GB memory RAM. In comparison, the 3D FEA under ABAQUS
took about 1.2 - 3.9 hours per run on the same computer. The present solution also involves less

effort in modelling and post-processing compared to the 3D FEA solutions.
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Appendix 4.1: Second variations of total potential energy expressed in Eq. 4.38

The elastic strain energies are defined as

— — 2
E, [—nl sina (s, )iy, —x,(s,) 0., +mq(s,) 0, —a)(sl)y71'b} dAdz

L
Uenl :J-
04
= L 1] pa— _I _ 2
U,, =J‘ G, [cosa(sl)ﬁlb —cosa(s,)0,, +{r(s)+2n}0, —r(sl)l//le dAdz
04
L
:“.E{ x,(s,)0)3, +nyx, (52)0”} dA,dz
0 4,
L
o= G3( 8., +2n,0. ) dA,dz
0 4
A — — 2
U :I Gz[ 0,1, = CsX S)9y3b _(1+06)X(S)Hzlb +Csc7x(5)l/71b:| dd,dz
0 4,
_ L
Uean = _[ G, [_CSL_[lb +Csly, _(1 +C +CSC7)§zb T dA4,dz +
0 A
= L u— —
U,., = I G, [cl (nz)ﬁlb -G (nz)'9y1b +¢, (”2)”_’31; -G (n2)9y3b +
0 A,

—i—[c3 (n,)+c,(n, )] 0., —c,c (n, )l//le dA,dz

Also, the geometric potential energies are defined as

= /’LJI Ny ( {(ulb) +2[ mcosa(s,) =y, (s,) |it,, 0, +| ¢ +7* +2mm, +n12:|(§z,b)2}dAldz;

0 4

IZM‘ =1 I{MMW (z)}{(ﬁ{b)z +2[ n cosa(s,) -y (s,) i, 0, +(q2 +77 4+ 2rm, +nf)(§z'b )z}dAlder
A sS

L
|
L
_,_lJ.J.|:In_3 SP(Z):I{(Z/T;Z))Z +2n3u3b0 -|-|:n3 + x5 (s3):|(9_ ) }dA3dZ;
0 45 xxg
= 0 _)’1(31) — Y _ — 2, 2 2\(7 \? .
Veu, —ﬂjj 7 Mxp(z) u, +2[nl cosa(sl) yl(sl)]ul,ﬂzb+(q +7 +2rnl+nl)(92b) dAdz;
0 4 xx
= L Q - A
Veo =ijj751na(sl){ =2sina(s,)u,,0,, —2n sina(s, )i, 0., +2nr (s, )sina(s, )i, w7, +
0 4
+2x(s,)cosa(s,)0,,0.,, —2nq(s,)cosa(s,) 0,0, +2aw(s )cosa(s,) 0,7, +24(s,) 0,0, +
—2x(s;)n 6’;1})0' +2x(s,)r (s )@-1};‘/71}; +2n12q(sl)0_z'b§z,lg _25‘)(31)”15:,17‘/71'1; _2r(Sl)nlq(Sl)§z'I;l/71b +

+20(s,)r(s,) 7,7, | dAdz;

/11 JNjg {(u3b) +2mi0,, 0, +| 3 +x3 (s3) (2, ) }dA3dz;

3
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= L Q z — = —, =
Veor =/1.[ 2;( ){ 2¢ic,(n,)x (s)@yl,ﬂylb 2¢s¢, (ny )% (s )9)1b9)3b+2c5c3(n2)x2 (s)&; ot
0 4, a
2¢sc,¢, () X7 (s) _1'b§y1b +2¢56,(n,)x° (S)gilbgy% +2c5¢, (ny)x* (s )0y3b0;:3b
2¢,¢,(ny)x* () _;,igy}h +2¢5¢,¢,(n,) X (s)wlb9y3b +2¢¢,(ny)x* (s )6’}1,)6’ +
+2¢4¢, (1, ) x° (5)5;3 —2¢4¢,(ny) X7 (5)040, +2¢ie.¢,(n, ) X777, 0., +
2¢504¢, (”2)x2 (S)eylbl//lh 2¢s040y (nz) ( ) )3leb +2¢5¢:¢4 (nz) (S)ez’};l/71b +
2¢sc7¢,(my) X7 ()77, — 2¢5¢, (”2)”1b”1b 2¢5¢, (m, )”1b”3b 2¢5c,(ny)it,, 0., +
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—2(¢s +ese;) e, (nz)u3b9 —2(cs+c c7)c4(n2)§ 0., tdA,dz;
L _ _ 1 L o
ey _5 J.qy (Z)yqv (Z)(ezb) dz; ngz = _E/Ij.qz (Z)yqz (Z) zbeylbdZ;
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VgPJ - __/1 ;L ylyPyl (Z)':QZb (Zi)] > VgPZ,- = __/1 ;L zlszi (Z)ezb (Zt)a}lb (Zz )3
Appendix 4.2: Elastic and geometric stiffness matrices of the two-node element
The elastic and geometric stiffness matrices are defined as
[K ]16><16 [Kenl +Kesl +Ken3 +Ke53 +Kezn2 +Kesn2 + KeszZ ]16><16
[ ]16 16 [ Ny m, T K, TKyo, 7Ky, Ko, =Ky =Ky _KgP},-l T Thep, léxm
in which elastic matrices are
Iyyw 0 O 0 <Sz1 >l><16
¢ " r " ’ T 0 2] f O 0 <S:91 >l><l6
6"1]16><16 _([[ S 16x1 S€1 16x1 {Sﬁz}mxl {Swl}l()xl} 0 (;y I, 0 <S:;Z >1><16 dz
0 0 0 I‘”‘”gs _<S://1>l><16
[Kesl]léxlé
24, 24, 0 0 <S:'1>1><16
L g v 24, 24, 0 0 || {Sor s
Gl_([[ 16x1 16><1 {Sﬂz}mx1 {SI//I}IM} 0 J, —h;Af/Z <S;Z>l><16
0 ~h A2 KA )2 _<S'/’1>1x16

[Ken3]16><16 EJZ-[{S:‘B}MXI {S" }16><1j||:

[yyg

0

i

>1><16
>1><16

dz

|
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0
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[KeznZ ]16><16 - GZIyyaj[{Sﬁl}
0

16x1 {893}16x1 {S;Z}l()xl {Sl//l}mxljix
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X —c; c —c5(1+ ¢4 +cscy ) <S“3>1><16 dz
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[ eszZ 16x16 12 j[ Sul 16x1 16 1 {S“3}16 1 {S5’3}16 1 {S 16x1 {SV/l}l()xl X
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and geometric matrices are
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Appendix 4.3: Elastic and geometric stiffness matrices of the three-node element

The elastic and geometric stiffness matrices are given by

|:Ke:|14><14 = |:Ken1 + Kesl + Ken3 + Kes3 + Keznl + Kean + Ke 2:|

SZ.

[Kgl4X14 - [KgNl Ko, T K, 1Ko, T Ky, Ko, — K, - Ky, _KgPyi _Kng,J

in which the elastic stiffness matrices are

14x14
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c —c: Cs (1+c6 +csc7)
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and the geometric stiffness matrices include
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Appendix 4.4: Web stiffeners in the 3D FEA solution in Example 1

At buckling, the web was observed to considerably distort near beam ends and at mid-span (e.g., Figs.
A4.4.2a and A4.4.3a). To control distortion, three stiffener arrangements were considered involving
two, three, and five stiffeners (Figs. A4.4.1). Each stiffener was taken as 8mm thick and were
connected to the web, the top and bottom flanges directly. The two-stiffener arrangement (Figs.
A4.42a, A4.4.3a) depicts more distortion than the three-stiffener arrangement (Figs. A4.4.2b,
A4.4.3b) but the five-stiffener arrangement (Figs. A4.4.2c, A4.4.3c) involves marginally less
distortion than the three-stiffener arrangement.

A comparison of the buckling loads for spans L=4.0m, 6.0m and 8.0m are shown in Table 1. The
addition of more web stiffeners is found to increase the buckling loads, and make the 3D FEA solutions

closer to the predictions of the present study. The beam with five-stiffener arrangement is found to

yield the closest predictions to those of the present study.

(a) (b) (c)
Figure A4.4.1. Simply supported composite beam with web stiffeners (a) two stiffeners at the beam ends,
(b) three stiffeners, and (c) five stiffeners.
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(a) (b) (©

Figure A4.4.2. Web deformation —only half of the span is shown (a) beam stiffened at the supports, (b)

beam stiffened at both ends and mid-span (mid-span stiffeners not shown for clarity) and (3) beam

stiffened with five stiffeners (mid-span stiffeners not shown for clarity)

(a) (b) (c)
Figure A4.4.3. Unreformed and deformed cross-section at z=300mm from the end supports in (a) 2-
stiffener beam, (b) 3-stiffener beam and (3) 5-stiffener beam

Appendix 4.5: Estimating buckling displacements 6 .60 .,.60,,,y,, from 3D FEA

solution in Example 1

The displacements in the 3D FEA solution are obtained in a similar way as conducted in Xiao et al.
2014. At a section z, (0 <z, < L) , the lateral displacements 77, at Points 5 and 6 (Fig. A4.5.1) at the
top and bottom of the web are extracted from the buckled configuration of the 3D FEA model and are

denoted as<771,5,771’6>T. Using Eq. (4.5b), and setting a(s1)=900,n1 =0, one can relate the

. r : . .
displacements <771’5, 771,6> to the lateral displacement at the centroidu, and the angle of twist of 6,

for the line connecting 5 and 6:
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ms| _|LL A2 ) fu, (A4.5.1)
n 1 -h,/2||6 o
1.6 ) FE4 Pt b

Equations (A4.5.1) are solved for u,,, 6, at section z, and the procedures is repeated for all sections
(0 <z, < L) . Similarly, the longitudinal displacements ¢, .., at Points 1- 4 with coordinates

(x, v, a)) = (ib /2,xh, /2,+bh, / 4) (Fig. A4.5.1) are extracted from the buckled configuration of
the 3D FEA model and are denoted as <§1’1, $12:613>51.4 >T . Using Eq. (4.5¢) and setting n, =0, one
can relate the displacements <§ 1>612:613:C14 >T to the displacements Aw, (ZO),

FEA

A6, (z,), 0, (zy).%,(2,) through:

¢ 1 h/2 b/2 hb/4|[(Aw,

1 h/2 -b/2 —hb/4|| A0
sl _ ’ ’ 7 (A4.5.2)
£ 1 —h,/2 b/2 -hbl4|| 6,

Cia i 1 -h /2 -b/2 hb/4 /78
Equations (A4.5.2) are solved for buckling deformations (9y] b (Z) and v, (Z) . By adopting Eq. (4.6¢)

for Points 7 and 8 and applying the same procedure as above, rotation angle 9y3b (Z) is obtained for

the 3D FEA solution.
GFRP plate
Adhesive
layer
Figure A4.5.1. Points lie on the composite cross-section
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Chapter 5: Analytical and Numerical Study for Ultimate
Capacity of Steel Beams Strengthened with GFRP Plates

Abstract

The present study develops a simplified design-oriented model to determine the ultimate moment
capacity for compact wide flange steel sections strengthened with a GFRP plate bonded to one of the
flanges. The model accounts for the elasto-plastic behaviour of steel, the shear capacity of the adhesive
at the steel-GFRP interfaces, and the rupture strength of the GFRP. Considerations are given to local
buckling classification rules for the strengthened steel section. In order to assess the validity of
analytical models, developed are a series of 3D finite element analysis models that account for material
and geometric nonlinear effects, initial out of straightness, and residual stresses. The ultimate moments
and modes of failure predicted by the proposed analytical solutions are shown to agree well with the
finite element solutions for beams strengthened with GFRP plates on the tension side. Additional
comparisons with experimentally verified shell solutions by others suggest the simplified model is
equally applicable to steel beams strengthened with GFRP plates on the compression side.

Keywords: Ultimate moment capacity, structural steel, adhesive, GFRP, compact sections, finite

element analysis

List of symbols:

C, = total internal compressive force acting on the steel section above the PNA,
C,, = internal compressive force acting on the plastified portion of the steel section.
C, = internal compressive force acting on the elastic core of the steel section.

T, = internal tensile force acting on the adhesive,

T, = internal tensile force acting on the GFRP plate

T

gl»

T,,= components of 7, acting on the GFRP plate, defined in Eq. (9).

T’ = total internal force acting on the steel section below the PNA,

T, = internal tensile force acting on the elastic core of the steel section.

T, = internal tensile force acting on the plastified portion of the steel section.

Q. , O, = horizontal shear stress resultant at the adhesive/steel and adhesive/GFRP interfaces,

F, = rupture strength of the GFRP plate, F, = yielding strength of the steel,
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A

scl?

A, = Cross-sectional steel area under compression plastic stresses,

A, = Cross-sectional steel area under compression elastic stresses,

A, = Cross-sectional steel area under tension elastic stresses,

A,,, A, = Cross-sectional steel area under tension plastic stresses,

L, = distance between the sections of zero moment and maximum moment,

d,,, = distance from the neutral axis to the bottom fiber of steel,

d , = distance from the neutral axis to the end of the elastic core

», = distance from the centroid of the compressive plastic stress block to the top steel fiber,
y, = distance from the centroid of the tensile plastic stress block to the bottom steel fiber,

e, = distance between the points of action of C; and C,,,

e, = distance between the points of actions of C, and T,

e= distance between the points of action of C | and 7,,,

respectively,

e,,e,,0r e , = distance between the point of action C; and that of 7,,7,,,0r 7,

gl gl g2>

Lrst,st,ot,, d, b= Cross-sectional dimensions defined in Fig. 5.1b,
&, = rupture strain of GFRP plate, &, =yielding strain of the steel,

E = Elastic modulus of steel, G, = Shear modulus of adhesive layer,

E , = Elastic modulus of the GFRP plate in the longitudinal direction,

5.1. Introduction

Glass Fiber-Reinforce Polymer (GFRP) plates offer a viable option to strengthen steel members. GFRP
can be manufactured in relatively thick plates. The main advantages include low cost and ease and
quick installation to steel surfaces through adhesive layers. Much of the work on strengthening steel
structures has been focused on using Carbon-FRP (CFRP) laminates. However, studies presented in
the following section have shown that a thicker GFRP plate can in fact compensate for the lower
Young’s modulus of GFRP and provide a strengthening effectiveness similar to that of CFRP, at a
lower cost. Additionally, when in contact with steel, GFRP plates do not induce galvanic corrosion.

As such, they are gaining momentum as means of strengthening steel members.

Ultimate Moment Capacity Chapter 5
May 2018 Page 109



Relevant studies using GFRP plates include the work of El Damatty and Abushagur (2003) and El
Damatty et al. (2005) who reported experimental and numerical studies for shear and peel behavior of
adhesives used to bond GFRP plates to steel bridge beams. Accord and Earls (2006) conducted
numerical studies for wide flange steel beams strengthened by four GFRP plates to the compression
flange. Youssef (2006) conducted an experimental study on a wide flange steel beam strengthened
with GFRP plates bonded to the top and bottom flanges. The author also developed an analytical model
to estimate the ultimate load capacity of steel beams strengthened with two identical GFRP plates by
assuming a constant longitudinal stress across the GFRP plate thickness. Harries et al. (2009) reported
an experimental study in which they strengthened WT steel columns by bonding GFRP plates to the
web to delay their local buckling. Aguilera and Fam (2013) reported an increase in strength up to 53%
for rectangular hollow steel section (HSS) T-joints experimentally strengthened with GFRP plates
bonded to the face of the HSS. Siddique and El Damatty (2012, 2013) developed a finite element
formulation for the local buckling analysis of steel beams strengthened with GFRP plates. The authors
identified three possible failure modes; (1) local buckling of the flanges, (2) adhesive shear failure and
(3) GFRP plate tension failure. Aydin and Aktas (2015) reported an experimental study where
cruciform steel plates under compression were strengthened with GFRP plates. Siddique et al. (2013)
investigated the seismic response and ductility of steel frames strengthened with GFRP plates. Zaghian
(2015) developed a finite shell element for the buckling analysis of steel plates symmetrically
strengthened with two GFRP plates. Pham and Mohareb (2014, 2015a,b) developed analytical
solutions and finite element formulations for the analysis wide flange steel beams strengthened with a
single GFRP plate under longitudinal-transverse and lateral-torsional loading conditions. The
comparison of shear deformable and non-shear deformable solutions showcased the importance of
shear deformation. Pham et al. (2017) developed a solution to characterize the effects of pre-existing
loads on the response and strength of steel beams strengthened with GFRP plates. Based on the
principle of stationary complementary energy, Pham et al. (2018) developed a family of high-order
beam finite elements that capture the shear and peeling stresses at the GFRP-adhesive and steel-
adhesive interfaces.

Among the previous studies, only the study by Youssef (2006) provided an ultimate moment solution
for steel beams strengthened with GFRP plates. Unlike the study by Youssef (2006) which focused on
simply supported steel beams strengthened at both flanges, the present study develops expressions for
the ultimate moment of beams strengthened with a single GFRP plate bonded to a single flange. Other
features of the model include its applicability for general boundary conditions. Also, unlike the bilinear
material model with strain hardening adopted in Youssef (2006), a linear perfectly plastic idealization

is adopted in the analytical models of the present study. The results are then compared to those
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predicted by 3D FEA that captures material and geometric nonlinearity, strain hardening, initial out-

of-straightness, and residual stresses.
5.2. Statement of the problem

A steel beam of compact (class 1 or 2) wide flange cross-section is strengthened with a GFRP plate
bonded to the bottom flange through an adhesive layer. It is required to determine the ultimate capacity
of the strengthened section based on a material mode of failure (plastification of steel, attainment of
shear strength by the adhesive, and/or attainment of rupture strength by the GFRP). Another potential
mode of failure involving the attainment of peeling strength of the adhesive have been investigated in
a separate model (Pham et al. 2018) and hence is outside the scope of the present investigation. In line
with limit state design methodology, the strength based on the models developed in the present study
and the peeling mode of failure in Pham et al. (2018) need to be determined, and the capacity of the
strengthened system would be governed by the smaller of both strengths.

5.3. Assumptions

The following assumptions are made regarding the material behavior in the analytical model:

(1) Steel is assumed to behave as an elastic perfectly plastic material (i.e., strain hardening is
neglected),

(i1)) The GFRP and adhesive materials are linearly elastic. This assumption is experimentally
substantiated for GFRP and adhesives at room temperature. Adhesives under higher temperature
show signs of yielding (Sahin and Dawood 2016). For such cases, the present solution can still be

applied while adopting linear secant approximation of the adhesive stress-strain behavior.
5.4. Equilibrium Conditions

Consider a GFRP-strengthened steel beam under load applications. A typical bending moment diagram

for the loaded beam is schematically illustrated in Figure. 5.1a. The beam segment between the

sections of zero and maximum moments is assumed to have a length L,. A free body diagram for
segment L, is depicted in Figure. 5.1b and a cross-sectional view with dimension notation is shown

on Figure. 5.1c. The following formulation assumes that the steel section is strengthened on the tension
side. However, as will be shown in the example section, the solution developed is equally valid for

compression side strengthening.
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The longitudinal internal resultant forces C,, 7, T, and T, within the three materials are shown for

the case where the plastic neutral axis (PNA) is assumed to lie in the steel section. Separate free body

diagrams for each of the three materials are depicted in

M=0 M=M max
P.»Z, ,,,,,,,,,,,,,,,, Cs
\
Y _bTS'
- -{ " ——
Tat
T T e T T R e a
— - 3> > > > —>
T
ab
|<— L
\ T
| GFRP plate | g
| Le 1

Figure. 5.2. The figures depict the internal horizontal forces acting on a segment of length L, between
the sections of zero and maximum moments. Irrespective of the material model adopted for the

adhesive, the shear stresses at the interface of steel-adhesive is assumed to be 7, (Z) and those at the

adhesive-GFRP interface are denoted as 7, (Z ) .

The equilibrium condition for the horizontal forces acting on the steel segment are
L,
C,-T,+0,=0,  Q,=|z,(z)bd (5.1)a-b
0

For the adhesive layer, the horizontal equilibrium force is
L,

0,-0,-1,=0 0, = fra,, (z)bdz (5.2)a-b

0
Because the thickness and tensile strength of the adhesive layer are small relative to those of the steel

and the GFRP, one has 7, << T,,7, and thus 7, can be neglected in Eq. (5.2)a and one has

S

0,~0,=0, (5.3)

For GFRP, the horizontal force equilibrium condition plate yields
r,-0,=0 54
Ultimate Moment Capacity Chapter 5

May 2018 Page 112



R

Plastic neutral axis

\
GFRP plate
Le

(b) ()

Figure. 5.1. (a) Bending moment diagram, (b) free body diagram of segment Le, (c) cross-section view
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Figure. 5.2. Internal horizontal forces and stresses acting on free body diagrams

5.5. Capacities of individual components

The maximum compressive capacity of the steel beam C is obtained when the full steel cross-

§,max
section is subjected to compressive stresses and is given by

Cooee = AF, (5.5)

§,max
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in which A_ is the steel section area. The maximum tensile capacity 7, of the GFRP plate is given

g.max

by
T, o = 4,F, (5.6)

g,max

in which Ag is the GFRP cross-sectional area. For adhesives, and for the sake of simplified
integrations, it is assumed that the shear stress distribution is linearly distributed along the length L,

where the maximum value 7 =7, takes place at section of zero moment and the 7 vanishes at the

section of maximum moment (Fig.5.3). The validity of this assumption will be verified against 3D
finite element results. In such a case, the maximum horizontal shear capacity at the adhesive interfaces

for the strong adhesives is given by

Q,max = T,bL,[2 (5.7)

Tu QOa=tubLe/2

Strong
-Adhesive

~

" Qu=tubLe/2

Figure. 5.3. Shear stresses and stress resultants for both strong and weak adhesives

5.6. Possible modes of failure

andT the ultimate strength of the strengthened

,max ? Qa,max g,max 2

Based on the calculated capacities C|

section can be associated with one of three failure modes;

(1) When T <C. _ andT <

g,max §,max g,max a,max >

the tensile strength of the GFRP is the weakest link, and

thus governs the capacity of the system. In this case, satisfying the equilibrium conditions in Egs. (5.1)
a, (5.3), (5.4) necessitates that the plastic neutral axis lies in steel. This condition is realized in most

common steel sections and material properties.

(2) When Q, <C. __ and Q <T

a,max s, max a,max g,max

the shear capacity of the adhesive becomes the weakest

link and thus governs the capacity of the composite system as the adhesive provides only partial
interaction and there exists significant slip at the interface between the steel section and GFRP.

Satisfying the equilibrium conditions Egs.(5.1), (5.3), (5.4) signifies that the GFRP cannot fully
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develop its tensile strength. This failure mode would occur when the steel beam is strengthened with

a relatively short GFRP plate bonded to steel by a weak adhesive.

(3) A third mode of failure can conceptually take place if C, < andC, . <T where

s, max a,max g,max

equilibrium would necessitate a neutral axis to lie in the GFRP plate. However, practical geometric
dimensions and material properties make this possibility highly unlikely and will thus not be

considered.
5.7. Case 1 -Capacity based on the GFRP tensile failure

The present section develops two models to characterize the strength of the GFRP-strengthened steel
sections based on Failure Mode 1. These are (1) a detailed model based on an elasto-plastic idealization
for the stress profile within the steel and (2) a simplified model based on an assumed fully plastified
stress profile within the steel section.

5.7.1. Detailed Model

When T <C andT < the neutral axis lies in the steel section as discussed and the

g,max §,max g,max a,max

failure is induced by GFRP rupture. Because the rupture strength 7, for the GFRP is smaller than

g,max

the yielding strength C for the steel, the steel section will not fully plastify and thus will consist

5,max

of an elastic core in the central portion of the section and two plastified regions near the extreme fibers

at the onset of GFRP rupture. Also, as the GFRP does not possess a yielding plateau, the stress profile
is linear across the GFRP thickness. The following additional assumptions are made

(i) The elastic core for the steel entirely lies within the web. The conditions that ensure this
requirement will be given below and the assumption will be shown to be non-restrictive for most
sections and material properties.

(i) The slope of the strain profile within the steel elastic core equals that within the GFRP plate
(Figure. 5.4b). Outside the elastic core, 3D FEA suggests that the strain profile is slightly
nonlinear as schematically illustrated in Fig. 4b. However, the nonlinear distribution of the strain
profile has no influence on the stress distribution in the plastified portion of the steel section.

The stress distributions and corresponding internal forces consistent with the previous assumptions are

C T,.T

§2° s12 7522

provided in Figure. 5.4c. The internal resultant forces are C and

sl?

T,=Fitb-Et.cft b/2 d , as depicted in Figure. 5.4. The condition 0 < d |, < (d -2t )/2 must be

g8 V8

satisfied to conform to assumption (i).
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Figure. 5.4. Modified resulting forces at cross-section M =M ___in failure case 1a

For a pure flexural member, the sum of the horizontal internal forces vanish, i.e.,

7;1+T;2+Tgl_Tg2_Csl_Cs2:0 (5.8)

in which the internal forces are expressed in term of the depth d  of the elastic core as

C,(d,)=bt,F,+(d—dy,~t,~d )t,F,; C,(d,)=t,d,F,/2;
T,(d,)=1,4d,F,/2; T,(d,)=bt,F,+(dy,—t,—d,)t,F,; (59)
T.(d,)=T,-T,; where T, =Ft.b; T,(d,)=(Ete,/d)tb/2

From Egs. (5.9), by substituting into Eq. (5.8), the neutral axis depth d,,, can be expressed in term of

dy as

bt’E t bF,
w(d,)=—% e 1, d W% (5.10)

4 E d, 2 2F,
where condition 7, <d,, <d —t, must be satisfied. Also, the moment arms are expressed in terms

of dy, and d  as

vod,) =[] 2+(d=dy,—d, =1, )1, (d=dy,~d, +1,) /2] /[ bt, +(d~d\,—d,~1,)1, ];

( ) - [bt;/2 +(dNA —d, _t.f')tw (dNA —d, +t, )/2]/[bt.f' +(dNA —d, ~t, )tw]; (5.11)
e(d,)=d—dy-2d, [3-y,; e)(d,)=e +4d, /3; e(d,)=d-y,-y;
egl(dy)ze+yt+ta+tg/2; egz(dy):e+yt+ta+tg/3
The moment capacity of the strengthened beam is then evaluated by summing moments of internal
forces, i.e.,
M,=T,e,+T,e+T,e, —T,e,,—Cy,e (5.12)
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From Egs. (5.9)-(5.11), by substituting into Eq. (5.12), one recovers an expression for the moment

M,=M, (dy ) as a nonlinear function of d , - The ultimate moment is then obtained by selecting the

value of d

ax ¥

which maximizes the moment M (d ) and corresponds to the condition

oM, (dy )

=0 5.13
) (5.13)

d

ymax

which is solved for the possible values for d , - The corresponding values of d (dy ) are determined
from Eq. (5.10). The admissible values of d  and d,,, must satisfy conditions
0<d, <(d-2t,)/2, t, <dy <d-t, (5.14)a-b

which will yield only a single admissible value of d y = d and a corresponding d,, (a’ymax ) . The

ymax
corresponding internal forces C,,(d, )+ Cur (2, )Tt (2 )2 Lo (A ey ) and T, (., ) are
then determined ~from Eq. (5.9). Also, moment arms v, (d,.. ). ¥, (4, )
€, (dmax )€1 (@ man )€ (@ s )+ €01 (dmax ) and €, (., ) are obtained from Eq. (5.11) and the
ultimate moment M , (d,,,, ) by substitution into Equation (5.12).

5.7.2. Simplified Model

The detailed solution above requires an iterative solution when solving equation (13). Therefore, a
more simplified solution that eliminates the need for iteration is developed by introducing two
additional simplifying assumptions i.e.,

(1) Steel fully yields either in compression or tension at the onset of GFRP failure,

(i1) Given that GFRP plate is relatively thin, the stresses across its thickness are assumed uniform and

equal to the material strength F, .

The stress distributions and corresponding internal resultant forces consistent with the previous

assumptions are depicted in Figure. 5.5. The internal resultant forces are C, = A F,,T,, = A,F,,and
T, =A4,F,.
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Figure. 5.5. Resulting forces at cross-section M =M __in failure case 1

For a pure flexural member, the sum of internal forces in the horizontal direction must vanish, i.e.,

I,+T,-C,=0 (5.15)
Starting with identity 4, + 4, = A, and multiplying both sides by F, , one obtains C,, = 4 F, —T,,.
By substituting into Eq. (5.15) and solving for the tensile force, one obtains

T,=(AF,- Aﬁ‘p (5.16)

If the maximum tensile resistance of the top flange 7, = F bt is less than the tensile force as

,max

determined from Eq. (5.16), ie., 7, . <T.

,max s2°

the PNA must lie in the web. This will be the case for

practical dimensions and material properties and hence the case 7,

hf ,max

>T.,1s only hypothetical and

will not be considered. In this case, the total tensile stress resultant in the steel is given by

T

2 = L T (d wa—Ls )t F which when equated to Eq. (5.16), yields the following expression for

the plastic neutral axis d,,,
dy, =(Ty =Ty +1,4,F, ) [1,F, (5.17)

Given d,,, the centroidal distances y., and y, can be determined from

=[4d/2-4,(d-y)]/(4-4,), ¥ = [bf?/2+(dm —t.)t,(d,, +tf)/2]/AS, where
A, =tfb+(dNA —tf)tw, and moment arms are e=d —y,—y, and e, =d +1, +tg/2—yc. By

summing moments about the point of action of the stress resultant C, , one obtains the ultimate moment

of the strengthened section as

M,=T,e+T,e, (5.18)
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5.8. Case 2 - Capacity based on adhesive shear failure

When Q,  <C __andQ _ <T

max s max max = Ty max » the system capacity is dictated by the adhesive shear failure
and, in principle, the GFRP cannot fully develop its tensile strength. In order to devise a simple solution
for the adhesive shear failure mode, the following assumptions are made: (1) The steel section is
assumed to be fully plastified, (2) The GFRP is subjected solely to tensile stresses (no compression),

and (3) the stress profile in the GFRP is considered constant with &, < F, . As will be subsequently

shown, experimentation with 3D FEA finite element modelling on practical section dimensions and
material properties supports the validity of assumptions (1) and (2), while assumption (3) is an
approximation leading to moment capacity predictions in close agreement with finite element results.

The stress distribution and corresponding internal resultant forces based on above assumptions are

depicted on Figs. 5.6a,b. The internal forces areC, = A F,, T, =A4,F,,and T, =0,4,. At the

set yo sthoy o

adhesive-steel and adhesive-GFRP interfaces, the internal shear forces are O (Figure. 5.6b).

a,max

From the equilibrium condition in the horizontal direction; 7, —Q =0 for the GFRP plate (Figure.

a,max

5.6b), in which T, = Egbtg and Q

max = T,DL, /2, the stress in the GFRP plate can be obtained as
0, =0 / bt, . Also, the equilibrium of internal forces acting on the steel in the horizontal direction
yields

T4 0w =€ =0 (5.19)
Starting with identity 4, + 4, = A, and multiplying both sides by F/, , one obtains C,, = A F, —T,.
By substituting into Eq. (5.19) and solving for the tensile force, one obtains

T,=(4F,=0,..)/2 (5.20)

If the maximum tensile resistance of the top flange 7, = F bt is less than the tensile force as

,max

calculated by Eq.(5.20), ie., T, <T,,, the steel PNA must lie in the web. Again, the case

hf ,max

Ty max > 1, 1s hypothetical for practical geometries and material properties and will not be

considered. In this case, the total tensile stress resultant in the steel is given by

T,y =Ty s +(dys—1, )1, F, , which when equated to Eq. (5.20) yields
dyy = (T =Ty +1,1,F,) /tWFy (5.21)
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Givend the centroidal distances y, and y, can be determined from the relations

NA >
v, = [Asd/2— A, (d-y, ):I/(AY - Ast), V, Z[bt;/2+(dNA —tf)tw(dNA +1, )/2]//1“ where
A, =t,b+ (d na— 1y )tw. The moment arms e,e, between the internal forces are determined from
e=d-y,—y, ande, =d +t,+1, / 2 —y.. By summing moments about the point of action of the

stress resultant C, , one obtains the ultimate moment capacity of the strengthened section as

Mp = 7;26 + Tgeg (522)
FFyﬁ'LFyﬁr . MZO M:Mmax
Ve —C
‘_
sc e —
d Aq | S _’Tsz_\_ Qa,,max{ /Qa..max Adhesive
&4 CE] © 2 > Oa, max
Sy Qe
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Figure. 5.6. Resulting forces in failure cases 2a (a) Cross-section and horizontal internal forces (b) Free

body diagrams for the steel, adhesive and GFRP plate

5.9. Validation

In the following sections, Examples 1, 2 and 3 are intended to assess the validity of the detailed and
simplified models developed for the case of GFRP tensile failure mode (Mode 1) while Example 4 is
intended to assess the validity of the analytical solution for the case of adhesive failure (Mode 2). The
moment capacity predicted by the analytical solutions are compared to those predicted by the 3D Finite
Element Analyses (FEA) under ABAQUS and an experimentally verified shell finite element reported
in Siddique and El Damatty (2012, 2013).

While the material properties in the analytical models were idealized as elastic-perfectly plastic for
simplification, those adopted in the FEA models included strain hardening (Fig. 5.7a) to replicate more
closely the expected stress-strain curves for structural steel. In all cases, GFRP is modelled as a linearly

elastic material up to a specified rupture strength in tension (Fig. 5.7b). Adhesive properties were taken

from Shaat and Fam 2007 with an elastic modulus £, = 3.18 GPa , a shear modulus G =1.22 GPa

Ultimate Moment Capacity Chapter 5
May 2018 Page 120



and a rupture strengthc, =72.4 MPa . The study of Kadam (2014) investigated several failure

criteria to characterize the adhesive constitutive behavior of adhesives, including the von-Mises,
Drucker Prager, maximum principal stress, maximum shear stress, maximum peel stress, in-plane
shear stresses, mean stress, fracture stress, and Mohr-Coulomb models. Among these models, the
Drucker Prager criterion was found to yield the closest representation of the adhesive constitutive
behavior as observed in shear lap experiments. In the absence of experimental characterization of the
internal friction angle for specific type of adhesive used in bonding steel to GFRP, the present study
assumes that the internal angle of friction to vanish, leading to a simple and conservative solution. In

this case, the Drucker-Prager model degenerates to the von-Mises failure criterion and corresponding

rupture strength in shearis 7, =, / J3=41.8 MPa as depicted in Fig. 5.3.

O (MPa) )\ O (MPa) ) O (MPa) |\
Adopted in 3D FEA

(4dopted iy B L OuT2A -
Fu=450 !
F,=350 - : : l
[ 1 | !
(Adopted in analytical solutions) E=3180 !
5=200,000 . ! :
I | - ;

0 &, 20, 0.15 025 ¢ 0 0.0228

(a)

(b)

(c)

Figure. 5.7. Tensile stress-strain relationships for (a) steel, (b) GFRP, and (c) weak and strong adhesives

5.9.1. Example 1: Beam under uniformly distributed load
Statement of the problem:

Consider a simply supported steel beam with a W250x45 cross-section (meets class 2/compactness
requirement) and a span L =4m . The beam is strengthened with a 15.5 mm-thick GFRP plate over
the entire span through a 1.0 mm-thick adhesive. The beam is subjected to a uniformly distributed load

q (Fig. 5.8). It is required to determine the moment capacity and longitudinal stress profiles for the

cases of weak and strong adhesives.
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Figure. 5.8. 4m-span beams strengthened with GFRP plate
Solution based on the Detailed Model:

From Egs. (5.5)-(5.7), the maximum values for the compressive force in the steel, tensile force in

GFRP, and the interfacial shear forces are obtained as C =1990iN ,T =479kN ,

§,max g,max

O, max = 1660 kN (for the weak adhesive) and O, . =6100kN (for the strong adhesive). For both

,max

types of adhesives, the conditions 7, <C,  and T, <@,  are satisfied, suggesting that a

§,max g,max
GFRP tensile failure mode is expected. Hence the procedure associated with Case 1 is applied.

By solving Eq. (5.13) ford , one obtains the five roots d, = —11.6, —2.04,0.217, 25.2 and
463 mm . The only admissible solution is d,  ~=d = 25.2 satisfies conditions stipulated in Eqs.
(5.14)ab (e, 0<d, <(d-2t,)/2=120mm and 13mm=t, <dy, <d~t, =253mm). The
corresponding depth of the neutral axis d,, as determined from Eq. (10) is 47.1mm and the
maximum moment capacity of the strengthened sectionis M, =253 kNm . This compares to a plastic

moment resistance for the bare section of 209 kNm, i.c., in the present problem, the addition of GFRP

plate increased the capacity of the section by 21.0%.
Classification considerations: Under AISC-ANSI 360 (2016) and AS4100 (1998) the interaction

equations for members under combined flexure (beam-columns) take the generic form

C f / C+aM s /M . =1 where C_ and M, are the axial and flexural resistances based on the

relevant section class, C ; and M , are internal axial force and moments acting on the section, and &

is a section-dependent and (standard-dependent) constant. Web classification thresholds for beam-

column with compact are h,/t,<3.76,/E [F, in AISC-ANSI 360 (2016) and

h, / t, <82, /250/ F, in AS4100 (1998). In both cases, classification limits solely depend upon the

slenderness of the web. These thresholds remain applicable for the strengthened section, owing to the

similarity of the stress profile in the steel section (Fig. 5.4) to that of a beam column.
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For the present example, the web slenderness A4, /¢, =31.6 is less than the compactness threshold

3.76 ES/Fy:3.76 200,000/350=89.9 as defined in ANSI-AISC 360 (2016), and

2\[250/F, =82,/250/350 = 69.3 as defined in AS4100 (1998).

Under CAN-CSA S16 (2014), web classification rules are based on web slenderness (in a manner

similar to AISC-ANSI 360 (2016) and AS4100-(1998)) and also on the level of internal compressive
force C, acting on the section, i.e., h,/t, < 1700(1 -0.61C, /¢Cy )/ |F, for class 2 (compact)
sections, where ¢ = 0.90 is a resistance factor C , = AF is the yield compressive load. Under CAN-
CSA S16 (2014), for a strengthened steel member under pure bending, the net compressive force C,

acting on the steel section alone can be obtained by summing the internal forces acting on the steel

section, i.e., in the elasto-plastic stress profile in Fig. 5.4, one has C, =C, +C, =T, =T, while in
the fully plastic profile in Fig. 5.5, one hasC, = C,, —T,. For the web of the strengthened beam
section, the net compressive force acting on the sectionisC, =C, +C, =T, =T, =457kN . Also,
one has ¢Cy = ¢AxFy =09x5720%x350 =1802 kN, In this case, the web slenderness

h,[t,=31.6<1700(1-0.61x457/1 802)/\/350 =76.8 and thus the web is found to also meet

Class 2 (i.e., compactness) requirements. Under all three standards, the web is judged to be thick

enough to develop the full plastic resistance as depicted in Fig. 5.4.

For the flange, irrespective of the magnitude of C ;- the flange threshold for classification

requirements in AISC-ANSI 360 (2016), AS4100 (1998), and CAN-CSA (2014) remain valid given
that the stress profile in flange remain identical to that of members under pure flexure. For the present

example, the flange slenderness b/2¢, = 148/(2x13)=5.7 is less than the compactness threshold
0.56 ES/F} =0.56,/200, 000/350 =13.4based on  AISC-ANSI 360 (2016) and
170/ [F, =170//350 = 9.1 based on CAN-CSA (2014). Also, based on AS4100 (1998), the flange

slenderness (b—1,, )/2tf =(148- 7.6)/(2 x13)=5.4 is less than the compactness threshold

A, =8.

ep

Solution based on the Simplified Model:
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From Eq. (5.16), T,, is evaluated as 753kN, which is greater than 7, =673 kN and thus the

,max

neutral axis lies in the steel section web. The value of d,, as evaluated from Eq. (5.17) is43.1 mm

and the corresponding plastic moment is determined from Eq. (5.18) as 255 kNm which is 1.0%
higher than that predicted by the detailed procedure. In order to check the section class based on the
CAN-CSA S16 (2014) for the strengthened section based on the simplified solution, the total
compressive force is C, =C,, —T,,=1232-753=479kN and the compressive load at yield

resistance is  PC, =@pAF, =0.9x5720x350 =1802 kN, which satisfies the condition

h,/t,=31.58< 1700(1 -0.61x 479/1802)/\/350 =89.4 and thus the web was found to also meet

Class 2 requirements. Section class based on the AISC-ANSI 360 (2016) or AS4100 (1998) is remains

compact as shown in the detailed model solution.

Description of the finite element analysis:

Nonlinear 3D FEAs are conducted as benchmarks to assess the validity of the present analytical model.
The FEA models are based on brick element C3D8R in the ABAQUS library. The element has 8 nodes
with three translations per node, totaling 24 DOFs and adopts reduced integration to avoid volumetric
locking, and thus has a single integration point located at the element centroid. A line load is applied
at the centerline of the top flange. Four analyses are conducted that incorporate material nonlinearity
of the steel. The analyses varied the combinations of features included (geometric nonlinearity,
residual stresses, and/or initial imperfections). The specifics of each type of analysis are provided in

Table 5.1.

Table 5.1. FEA models in Example 1

Geometric | Residual Initial imperfections
FEA models
nonlinearity | stresses | Amplitude=2mm Amplitude=4mm

FEA-NG - - - -
FEA-G v - - -
FEA-GR v v - -
FEA-GRI2 v 4 v -
FEA-GRI4 v v - v

v’ = captured in the analysis, - = not captured in the analysis

Ultimate Moment Capacity Chapter 5

May 2018 Page 124



In runs FEA-GR, FEA-GRI2, and FEA-GRI4, residual stresses have been modelled according to the
stress distribution pattern in Figure. 5.9a (Hasham and Rasmussen 1998). The residual stresses were
assumed constant throughout the section thickness and were incorporated into the ABAQUS models
through the *INITIAL CONDITIONS, TYPE=STRESS keyword. A blank *STEP is then set to
balance stresses in the steel, before the loading step is evoked. In runs FEA-GRI2 and FEA-GRI4,

geometric initial imperfections have been modelled by introducing a transverse sinusoidal initial
crookedness ), (x,Z ) to the compression flange of the form y, (x, Z) = A(Zx/ b) sin(27rz/ a) (Niu
etal. 2015), where—b /2 < x <b/ 2 is the lateral coordinate, 0 <z < L is the longitudinal coordinate,
a is the length of the sine wave (Fig. 5.9b) taken as 200mm in the present study, and Ais the
imperfection amplitude assumed not to exceed L/1000 in a manner consistent with the out-of-
straightness tolerances provided in CISC Handbook of Steel Construction (2016). For the present
problem, two amplitudes have been considered: A =1/1000=4mm (in run FEA GRI4) and

A=2mm (in run FEA GRI2).
The load application scheme follows the arc length control scheme using the Ritz method. A mesh

study is performed to determine the mesh beyond which no improvement is attained in the solution.

The mesh is fully characterized by seven parameters 7,,...,71, as shown in Fig. 5.10. For the 4m span
considered, the study showed that convergence 1is attained for a mesh with

n,=20,n, =8;n, =n, =n, =4; n; =40; n, =500, corresponding to over 1,7 x 10° DOFs.

(a) (b)

Figure. 5.9. (a) Residual stresses for the steel section and (b) Initial imperfection for the top flange
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Figure. 5.10. Parameters defining the FE mesh

Results:

Moment deflection relationship: Figures 5.11a,b present the moment versus mid-span deflection for

the bare beam and GFRP-strengthened beam as predicted by the 3D FEA. Overlaid on the figure is the

plastic moment capacity M =Z F, where Z_ is the plastic section modulus. Also, overlaid on

Fig.5.11a are the moment capacities as predicted by the detailed and simplified analytical models. The

plastic moment capacity for the bare beam is 209 kNm . This value is asymptotically approached by
the moment deflection curves predicted by the FEA-NG, FEA-G and FEA-GRI2 analyses. The

imperfection in the FEA-GRI2 run initiates local buckling as manifested by the descending branch on
Fig.5.11a.
For the strengthened beam (Figure. 5.11b), the points of failure at the end of each curve correspond to

the point at which the GFRP plate attains the rupture strain. The peak moments predicted by FEA-NG,
FEA-G, FEA-GR analyses are 254, 266, 266kNm , which are respectively 0.4%, 5.1%, 5.1%
higher than the 253 kNm value predicted by the detailed analytical solution. When the geometric

imperfections are included (in FEA-GRI2 and FEA-GRI4), the predicted peak moments drop to 230
and225 kNm , respectively, which are 9.1% and 11.1% smaller than the predicted analytical

solution. The above observations show that the moment capacity predicted by the detailed model is
very close to that based on FEA-NG analysis (both analyses neglected the effect of geometric
nonlinearity). The proximity of predictions of the FEA-G and FEA-GR suggest that residual stresses
have a minor effect in a manner consistent with past studies (e.g., Nowzartash and Mohareb (2011),
Siddique and El Damatty (2013). Thus, in the following examples, the effect of residual stresses will
be omitted. Of interest is to note that the inclusion of geometric nonlinear effects in the analysis

increases the peak moment predicted as evidenced by comparing the results of FEA-NG and FEA-G.
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This increase in the observed FEA capacity is due to the action of the adhesive on the underside of the
steel beam which tends to stretch the bottom flange. When the geometric nonlinear effects are omitted
from the analysis in FEA-NG, the large rotation effect is not captured in the analysis, and the stretching
action induced by the adhesive remains perfectly horizontal in the model. Thus, it does not contribute
to the vertical load-carrying capacity. In contrast, when geometrically nonlinear effects are included
in FEA-G, such shear stresses follow the deformed configuration of the beam and will have a vertical
component (similar to a catenary action) with an upward component that tends to resist part of the
vertical loads, thus causing a slight increase in the predicted moment capacity. A comparison of FEA-
GR and FEA-GRI2 results indicates that initial imperfections have a slight detrimental effect and, as
expected, this detrimental effect tends to grow as the amplitude of the initial imperfection increases

(as evidenced by comparing the results of FEA-GRI2 and FEA-GRI4).

280 280 GFRP rupture
........ e e -
=224 ~224
§ R o] We. PUNg PRTIYe TG E
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;_% — — — - Detailed Model : —— - Simplified Model
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g112 O  FEA-NG g2 G- FEA-NG
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seeces FEA-GR FEA-GRI2
FEA-GRI2 FEA-GRI4
0 0
0 30 60 90 120 150 0 30 60 90 120 15C
Midspan deflection (mm) Midspan deflection (mm)
(a) (b)

Figure. 5.11. Moment versus mid-span displacement (a) for the bare beam and (b) for the strengthened

beam

Stress profiles: Figure. 5.12a-b provides the longitudinal normal stress and von Mises stress profiles
at mid-span for the GFRP-strengthened as predicted by the FEA-G and FEA-NG. Overlaid on the
figures are the stress profiles associated with the detailed and simplified models for comparison. Close
proximity is observed between the profiles of FEA-NG and the detailed model. The inclusion of
geometric nonlinearity in FEA-G is found to raise upward the neutral axis owing to the catenary action
of the shear stresses acting at the underside of the bottom flange which tends to resist part of the
transverse loads applied as discussed previously. This upward neutral axis shift causes a slight
reduction in the net internal compressive force acting on the steel section alone, and a corresponding

slight increase in the flexural resistance provided by the steel section. Figure 5.12a indicates that the
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compressive stresses near the top of the steel section slightly exceed the yield strength /), while the
tensile stresses near the bottom are slightly lower than £ , - This is attributed to the presence of minor

vertical stresses induced by the line load applied at the top flange which induces a biaxial compression
state in the top of the section (which increases the admissible compressive yield stress limit according
to the von-Mises yield criterion) and a biaxial tension/compression state in the bottom part (which
reduces the admissible tensile yield stress limit). As expected, Figure 5.12b shows that the von-Mises

stress is less than /7 as long as long as the beam does not deform into the strain hardening range.

The 3D FEA shows that the stressesz_ , 7

xy2 " yz? xz’

o, (XYZ coordinates are defined in Figure 5.9b) are

negligible compared to the longitudinal and transverse normal stresses 0, and o, . In such as case,

the von Mises criterion yields the expression o, = [ t\4F, - 30‘ } / 2 for the maximal

longitudinal stress attainable. The mid-span transverse normal stress o, profiles predicted from FEA-
G and FEA-NG (Fig. 5.12¢c) shown that o are generally compressive stresses, apart from a localized

spike near the bottom edge. Thus, the magnitude of the peak longitudinal compressive stress attainable

o_. is larger than that of the peak longitudinal tensile stress o, as evidenced by the inequality

4F, —30'; > (Fig.5.12a). The inclusion of geometric

2
o, + 4Fy —3O'W

nonlinear effects in FEA-G leads to higher transverse stresses o, , compared to those based on FEA-
NGo,, yc - given that the catenary action is captured only in the geometric nonlinear analysis as

previously discussed. If o, is assumed to be negligible, onehaso, = +F , and one recovers a solution

akin to that of present analytical model. The longitudinal stress based FEA-NG is

O..nG =0. 5(0‘ e T / 4F 30"0v NG ) and that based on FEA-G is

_05( WG_1/4F 30‘WG). These equations in general satisfy the relations ‘o-yy’G‘

‘> 0 and one has > >|o_|, and < <|o as depicted in

> ‘O-yy,NG zz zz

zzG‘ zzNG‘ ZZG‘ zzNG‘

Fig.5.12a.
The fact that the magnitude of the attainable modified compressive yield stress is higher than that of
the modified tensile yield stress raises upwards the location of the neutral axis for a given bending

moment as shown in Figs. 5.12a, b.
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Figure. 5.12. (a) Longitudinal stresses and (b) von Mises stresses profiles at mid-span cross-section based

on FEA analyses and present study, and (c) transverse normal stress profiles based on FEA analyses.

Effect of beam spans: To investigate the effect of the attained ultimate moments, two additional spans

L=3 and 5m are investigated using the FEA-G solution and the detailed and simplified models.

Negligible changes are attained in the ultimate moments predicted (Table 5.2, Fig.5.13).

Table 5.2. Ultimate load capacities of the strengthened beams with spans 3, 4 and Sm

Span
(m)

FEA-G
)

Detailed

solution (3)

Simplified

solution (4)

% difference

(3-2)12

% difference

(4-2)/(2)
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Figure. 5.13. Load displacement relationship for spans (a) L=3m and (b) L=5m

5.9.2. Example 2: Beam under a mid-span point load

The steel beam in Example 1 is reconsidered under the action of a mid-span point load (Fig. 5.14a).
The beam is strengthened with a 19.0 mm-thick GFRP plate through a 1.0 mm-thick adhesive layer.
Two beam spans are considered; 3m and 5m. The moment capacity versus mid-span deflection
predicted by the detailed model are evaluated and compared to the FEA-G solution. A mesh study for

the FEA-G model lead to a mesh similar to that in Example 1. The maximum capacities as determined

from the detailed solution are C =1990kN ,T =586kN , O, ... =4570kN (for L=3m) and

s, max g,max ,max

O, max =15,200kN (for L=5m). Both spans satisfy the conditions 7,

g,max

< Cmalx and T <

g,max a,max
, and thus the ultimate moment capacity is governed by GFRP rupture (Case 1). Figure 5.14b presents
the moment capacity versus mid-span deflection as predicted by the FEA-G analysis for both spans.
Overlaid on the Figure is the moment capacity predicted by the detailed solution (identical for both
spans). As observed at the onset of GFRP rupture, the moment capacity predicted by the FEA-G
solution for spans L=3 and 5m are 266 and 270 kNm, respectively, which are 1.9% and 3.3% higher
than the moment capacity of 261 kNm as predicted by the detailed solution.
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Figure. 5.14. (a) Steel beams strengthened with GFRP plate, and (b) Load-deflection relationships

5.9.3. Example 3: Steel sections strengthened on the compression side:

Siddique and El Damatty (2013) reported the ultimate loads for beams with cross-section dimensions

(b=150mm , t, =7.5mm, h,=150mm, t, =7.5mm) with the compression flange strengthened

by a GFRP plate as predicted by a shell element FEA model modified for the presence of GFRP
(Siddique and El Damatty 2012). GFRP plate thicknesses ranged from 0 to 19mm. The validity of the
model was assessed against experimental results (Siddique and El Damatty 2012, 2013) for steel beams
strengthened with GFRP plates on both flanges. Span was taken as L = 2.0m . Two types of problems
were solved; a cantilever with a tip load and a simply supported beam with two-point loads acting at
third points. Steel had a yield strength of 350 MPa and an elastic modulus of 200 GPa, GFRP had a
rupture strength 206.8 MPa and an elastic modulus 17.2 GPa while the adhesive shear strength was 35
MPa. The section meets compactness requirements as defined in ANSI AISC 360 (2016) (i.e.,

h,/t,=20< 3.76,[E, /F, =899 for the web and b/2t, =10<0.56,/E, /F, =13.4 for the

flange) suggesting that the section is able to develop its fully plastic strength.

The maximum tensile force capacity in the steel is 7. =1181 kN , the maximum shear capacity of

s, max

the adhesive Q

a,max

=5250 kN for the cantilever (L, = L) and 1750 kN for the simply supported

beam (L, = L/ 3), the largest compressive capacity in the GFRP (corresponding to 19mm plate) is

C =589.4 kN . In all cases, the conditions C <T and C < are satisfied,

g,max g,max §,max g,max a,max

suggesting that the GFRP is the weakest link. Thus, GFRP failure governs the capacity of the

strengthened system, which is consistent with the failure mode reported in Siddique and El Damatty
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(2013) in all cases. As shown in Table 5.3, the present simplified model is found to slightly under-
predict (i.e., within 2.6%) the ultimate capacities when compared to the experimentally verified finite
element predictions of Siddique and El Damatty (2013). The results suggest (a) the validity of the
present model, and (b) the possibility of applying the model to cases where the compression flange is

strengthened.

Table 5.3. Comparison of ultimate load (kKN) between present study and Siddique and El Damatty (2013)

Boundary GFRP plate Siddique and El (%) difference
Simplified model
condition thickness (mm) 03] Damatty (2013) [4-3]/ [4]
(1] (2] [4]
0 41.0 41.00 0.0
Cantilever
6.35 45.1 46.3M 2.6
19 50.9 52.10 2.3
Simply 0 230.3 230.3@ 0.0
supported 6.35 270.3 273.8@ 1.3
19 305.5 308.6% 1.0

(1) is based on Fig. 8a and (2) is based on Fig. 9a of Siddique and El Damatty (2013).

5.9.4. Example 4: Beam strengthened with a short GFRP plate

Statement of the problem:
The 4m span W250x45 steel beam in Example 1 is re-visited. Instead to the full-length GFRP adopted
in Example 1, a shorter GFRP plate length is considered (Figure. 5.15). Two plate lengths are

considered; 2L,=1.3m and 1.6m . Also, a flexible adhesive is adopted, characteristic of adhesive

behavior at high temperatures. Properties taken from Sahin and Dawood (2016): Young modulus
E, =472MPa, a shear modulus G, =182MPa, an average rupture stress o, 9.7 MPa. The

a

corresponding ultimate averaged-shear stress is thusz, = o / \/§ =5.6 MPa (Pham 2018). The

adhesive is assumed to attain failure when longitudinal strain attains 0.4 (Sahin and Dawood 2016).

Two types of analyses are conducted FEA-NG and FEA-G.
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Figure. 5.15. Steel beam strengthened with a short GFRP plate under a line load

Description of the Simplified Model:

From Egs. (5.5)-(5.7), the maximum net compressive forces in the steel, tensile force in the GFRP,

and interfacial adhesive shear forces are obtained asC =1990iAN,T =479kN, and

s, max g,max

O, max =269 kN (for L, =0.65m) and Q, .. =332kN (for L, =0.8m). For both L, values, the

,max

conditions Q, . <C  and Q, . <T are satisfied. An adhesive shear failure mode is then
expected (Case 2). From Eq. (5.16), one obtains 7;, = 827 kN , which is greater than 7,, . =673 kN

and thus the neutral axis lies in the web. The value of d,, is evaluated from Eq. (5.17) as 71 mm and
the capacity moment is determined from Eq. (5.18) as 245 kNm .

Results:

Moment capacity: Figure. 5.16a,b present the moment capacity versus mid-span deflection of beams

for L, =0.65m and 0.8m as obtained from the FEA-G, FEA-NG solutions and the analytical model
for Case 2. For L, =0.65m (Figure. 5.16a), the moment capacities predicted by FEA-NG, FEA-G are

233 and 234 kNm, respectively, while those based of the analytical model is 240 kNm, corresponding
to differences of 2.9% and 2.5%. The slight overestimation of the simplified model is attributed in
part to the assumption of a constant stress profile for the GFRP plate. As a result, the peak stress at the

bottom GFRP fiber is overestimated by the simplified model as shown in Figure. 5.17a. For

L,=0.8m (Figure. 5.16b), the moment capacity obtained from the FEA-G is 248 kNm , while that

based on FEA-NG 245 kNm . The later value coincides with that predicted by the present analytical

model. The excellent agreement is consistent with the agreement of stresses in the GFRP between all

three solutions (Figure. 5.17b) as will be discussed in the following section.
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Figure. 5.16. Moment versus mid-span deflection for (a) Le=0.65m and (b) Le=0.8m

Stress profiles: Figures 5.17a,b present the longitudinal normal stress and von Mises stress profiles for

the mid-span section for the beams with L, =0.65m and 0.8m, as obtained from the FEA-NG, FEA-

G and simplified solutions. For the stresses in steel, the plastified stresses at the top and bottom fibers

predicted by all three solutions are in nearly perfect agreement. However, both FEA solutions predicted
an elastic core in steel which is omitted by the simplified model. For L, =0.65m, the simplified model
predicted a peak stress in the GFRP of 118 MPa while both FEA solutions predicted a value of 93
MPa, corresponding to a difference of 21%. For L, =0.8m, the simplified model predicted a peak

stress in the GFRP of 145 MPa while the FEA solutions provided a value of 150 MPa, a 3.3%

difference.
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Figure. 5.17. Longitudinal stress profiles at the onset of adhesive failure model (a) Le=0.65m and (b)
Le=0.8m
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Adhesive shear stress distribution: Figures 5.18a,b present the adhesive shear stress distribution along

the left half of the adhesive bond line for L, =0.65m and 0.8m, respectively, as predicted from the

FEA-NG, FEA-G models. Also, the idealized linear shear stress distribution with a peak value

7, =5.6 MPa as postulated in Fig. 5.3 is overlaid on the figure for comparison. Peak shear stresses

at the bond end and zero at mid-span are observed in all solutions. However, unlike the present
idealized shear stress distribution, the FEA solutions predict nonlinear shear stress distributions those
are attributed to the relatively high and localized peeling stress distributions along the beam span
particularly near the bond ends. In spite of the significant difference observed between the stress
distributions predicted by the FEA and the idealized linear shear stress distribution, the areas under
both curves maybe approximately equivalent. Hence the assumption of Q =7,bL, / 2 in Eq. (5.7)

a,max

, though approximate, still provides a good estimate of the horizontal shear capacity of the adhesive.
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Figure. 5.18. Shear stress distribution along the bond line for (a) Le=0.65m and (b) Le=0.8m

5.10. Summary and Conclusions

The main findings of the research are summarized in the following:

(1) The present study developed analytical solutions to predict the ultimate load capacity of compact

wide flange steel beams strengthened with GFRP plates. Depending on the beam geometry and

material properties of the adhesive and GFRP, three possible failure modes are identified; (1)

GFRP rupture mode, (2) adhesive shear failure, or (3) full plastification of the steel section. The

proposed analytical solutions provide a systematic methodology to identify the governing mode

of failure and develop separate analytical expressions to quantify the ultimate moment based on

each mode of failure.

(2) The examples investigated suggest that the GFRP rupture mode of failure is likely to govern the

ultimate moment capacity of steel members strengthened by full-length GFRP plates. For this
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particular mode of failure, two analytical techniques were developed (detailed and simplified) to
predict the ultimate moment capacity. When the strengthening GFRP plates do not entirely cover
the beam span and/or when the adhesive utilized is weak, a shear failure in the adhesive is
conceivable. Practical section dimensions, GFRP thicknesses, and material properties would likely
prevent steel section failure from governing the design.

(3) Consideration has been given to local buckling classification rules to ensure that the steel section
develops its fully plastic strength prior to undergoing local buckling. The present web compactness
requirements for flexural members remain valid for the strengthened steel sections under the ANSI
AISC 360 (2016) and AS4100 (1998) design philosophy. In contrast, under the CAN-CSA S16
(2014) design philosophy, classification rules analogous to those of Class 2 beam-columns were
advocated for strengthened steel sections.

(4) Strengthening a W250x45 steel cross-section by 15.5-mm thick GFRP plate with a rupture strength
of 208.6 MPa was found increase ultimate moment capacity by 21%.

(5) Nonlinear 3D FEA analyses that incorporate material and geometric nonlinear effects, residual
stresses and initial imperfections conducted under ABAQUS indicate that the incorporation of
geometric nonlinear effects is beneficial for tension side strengthening as it captures the catenary
action when the GFRP plate is in tension. The ultimate moment capacity predicted by the FEA
were shown to be significantly influenced by initial out-of-straightness of the compression flange.
In contrast, residual stresses were shown to have a rather minor influence on the ultimate moment
capacity.

(6) The analytical predictions of the mode of failure and ultimate moment capacity were found to be
in close agreement with 3D finite element predictions for cases where the tension flange is
strengthened.

(7) Comparisons with experimentally verified shell FEA analyses by others showcase the validity of

the analytical solutions for the cases where the compression flange is strengthened.
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Chapter 6: Elastic Analysis of Steel Beams Strengthened
with GFRP Plates Including Pre-existing Loading Effects

Abstract

The present study develops a theory for the elastic analysis of a pre-loaded wide flange steel beam,
strengthened with two Glass Fiber Reinforced Polymer (GFRP) plates bonded to both flanges, then
subjected to additional loads. Starting with the principle of stationary potential energy, the governing
equilibrium equations and corresponding boundary conditions are formulated prior to and after GFRP
strengthening. The resulting theory involves four coupled equilibrium equations and 10 boundary
conditions. A general closed form solution is then provided for general loading and boundary
conditions. Detailed comparisons with three-dimensional finite element solutions show that the theory
provides reliable predictions for the displacements and stresses. A parametric study is then developed
to quantify the effects of strengthening, GFRP plate thicknesses, and pre-existing loads, on the capacity

of the strengthened beam.
Key words: steel beam, GFRP, strengthening, closed form solution, loading history
6.1. Introduction and Background

Strengthening steel structures using adhesively bonded FRP plates has been extensively studied in
recent years due to the advantages this method offers; primarily the ease and speed of installation, and
lightweight, compared to welded or bolted steel plates. The majority of studies focused on the use of
carbon-FRP (CFRP) plates because of their higher Young modulus which can approach or exceed that
of steel (Miller et al. 2001, Zhao and Zhang 2007, Harris and El-Tawil 2008, and Fam et al. 2009).
GFRP plates, on the other hand, are considerably lower in cost than CFRP plates and their lower
elasticity modulus can be compensated for by the fact that GFRP plates are typically thicker (El
Damatty and Abushagur 2003 and El Damatty et al. 2003) than CFRP sheets. Thick GFRP plates with
low elasticity modulus typically offer a higher flexural stiffness compared to thin CFRP plates and
thus can be advantageous in strengthening thin compression flanges against local buckling (Aguilera

and Fam 2013). Additionally, when in contact with steel, GFRP does not induce galvanic corrosion.

The beneficial effect of strengthening the tensile flanges of the W-steel beam sections is widely
reported in the literature. Siddique and El Damatty (2013) reported a load capacity increase of 15%
whereas deflection at failure increased by 99% for cantilevers. The beneficial effect of GFRP was
observed in experiments by El Damatty and Abushagur (2003), Holloway et al. (2006), Teng and Hu
(2007), Correia et al. (2011), Siddique and Damatty (2012, 2013), Aguilera and Fam (2013), and
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Torabizaheh (2013). By using a single 19mm thick-GFRP plate on the tension side of a W150x13
cantilever, Pham and Mohareb (2015b) predicted a reduction in deflection and stresses of about 29%

and 11%, respectively.

As indicated, GFRP plates can be relatively thick and are thus potentially effective on the compression
side of a steel beam. Accord and Earl (2006) used four 6.35mm-thick GFRP plates to strengthen the
compressive flange of a W-steel beam. The GFRP plates had an elasticity modulus in compression of

27.6 GPa. El Damatty and Abushagur (2003) tested 19mm-thick GFRP plates in shear lap tests. The

plates had a compressive strength of 207 MPa and a modulus of elasticity in compression of 17 GPa

Strengthening of the compression zone of steel beams using GFRP plates was also reported in
Westover (1998), Correia et al. (2011), and Elchalakani and Fernando (2012). Compressive failures of
GFRP plates were observed to be associated with layer delamination (Westover, 1998). Correia et al.
(2011) provided a review of the compressive properties of pultruded GFRP composites and indicated
that the compressive strength ranges from 20% to 80% of the tensile strength. Also, in Correia et al.

(2011), the GFRP modulus of elasticity in compression was reported to be 80% of the tensile modulus.

A few studies analyzed beams strengthened with GFRP plates (EI Damatty and Abushagur 2003,
Linghoff et al. 2010a, 2010b, and Pham and Mohareb 2014, 2015a, 2015b). These studies focus on the
response of steel beams strengthened with a single GFRP plate, either on the tensile or the compressive
side. Another common theme among the above studies is the fact that they do not capture the loading

history nor do they capture initial stresses that may exist in the beam prior to and during strengthening.

In some beam strengthening applications, it is possible to fully unload an existing beam before
retrofitting. In other cases, the existing loads cannot be fully removed, i.e., initial stresses and strains
may exist in the steel beam at the time of strengthening. The effect of preloading on the strength of the
retrofitted beam has been experimentally investigated for concrete beams strengthened with CFRP
(Bonacci and Maalej 2000, Wenwei and Guo 2006, Wu et al. 2007, Kim and Shin 2011, and
Richardson and Fam 2014). In some cases, the presence of preloading was shown to lower the capacity
of the strengthened beam. Experimental investigations of preloaded I-section steel beams were also

reported by Liu and Gannon (2009) and Qing et al. (2015) and showed a reduction in strength.

Analytical models for concrete beams strengthened with FRP plates which incorporate the effect of
initial stresses/strains were reported in Wenwei and Guo (2006) and GangaRao et al. (2007). However,
both studies adopted the transformed section method and are applicable for the case of full interaction.
In the present study, given the large difference between the elastic moduli of the adhesive, GFRP and

steel, only partial interaction is typically achieved and the transformed section solutions typically
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overestimates the strength and stiffness of the composite system. Ghafoori and Motavalli (2013)
developed analytical models for the analysis of wide flange steel beams strengthened by a single pre-
tensioned CFRP plate at the tensile flange, but did not capture the effect of preloading in the steel

beam.

When both sides of a steel beam are accessible, as may be the case in open industrial structures or pipe
racks, it may be beneficial to strengthen steel beams by bonding GFRP plates to both flanges (e.g.,
Youssef 2006, Shaat and Fam 2009, Elchalakani and Fernando 2012, Quin et al. 2015). For situations
where only a single flange is accessible from the outside, the present model is able to determine the
response of the beam by assigning low thicknesses and elastic constants to the absent GFRP and

adhesive layer.

To the author’s knowledge, no model is available for predicting the response of such systems. The
present study aims to fill this gap by developing a theory for steel beams strengthened by two GFRP
plates. The theory also captures the effects of partial interaction and pre-existing loads that may exist
at the time of strengthening. The analysis is restricted to the elastic response of the strengthened
system. As such, failure modes, whether by steel yielding, local buckling, GFRP plate through-

thickness delamination, or plate de-bonding from steel, are beyond the scope of the present work.

When such modes are not critical, the present solution is expected to provide means to quantify the
capacity of beams with non-compact (class 3) cross-sections strengthened with GFRP plates. When
used for compact sections (classes 1 and 2), the theory is expected to predict only a conservative lower
bound of the strength since it does not account for material plastic effects. From a serviceability
viewpoint, the present model is expected to predict deflections at service load levels for beams with
compact and non-compact sections as the strengthened system is expected to deform within the elastic

range.
6.2. Sequence of Loading and Strengthening

The loading and strengthening history for a steel beam are shown in Fig.6.1a through configurations

1 to 6. Four deformation steps A-D are identified:
Throughout Step A, the steel beam, referred to here as element ¢, is subjected to a gradually changing
load fromg, (Z) =0to q,, (Z ) , where Z is a longitudinal coordinate along the beam axis. Under the

applied load, the beam deforms from Configuration 1 and attains equilibrium at Configuration 2

through a transverse deflection v, (Z) .
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Throughout Step B (from Configurations 2 to 4), two longitudinally-straight GFRP plates a@ and e
are added for strengthening (Configuration 3). The difference in curvature between the straight GFRP

plates and bent steel beam means that they are not in full contact along the span of the beam, causing

gaps A, (Z) and A, (Z) . To eliminate these gaps, adhesive layers b and d are first applied, and plates
a and e are strapped to beam ¢ and are thus forced to bend through additional temporarily loads

Gos (Z) and ¢, , (Z) (Configuration 4 and Fig. 6.1b). Loads ¢, , (Z) and ¢,, (z) are intended to close

the gaps A, (Z) and A, (Z) , and are kept until bonding is fully developed between the steel flanges

and GFRP.

Throughout Step C (from Configurations 4 to 5), external loads ¢, , (Z) and ¢q,, (z) due to strapping
forces are removed (i.e., g, (Z) =4, (Z) =0) while the original external load acting on the steel

beam is assumed to remain (i.€.,q, (Z) =q,, (Z)). The composite system then moves to a new
equilibrium position (Configuration 5) characterized by four displacement fields; namely the total

longitudinal displacement at the centroid of the top GFRP plate w, (Z), that of the steel beam
centroid W, g (Z) , that of the bottom GFRP plate centroid w, s (Z) and the transverse deflection

Vs (Z) of the system, which is assumed equal to that of the steel beam (Fig. 6.2 where stepi is set to

5). In the general case where the GFRP plates have different geometries and/or material properties, the
internal axial forces in both plates have different magnitudes and an internal force must be induced in

the steel beam to enforce the internal axial force equilibrium condition, and hence the presence of
displacement W, 5 (Z ) Because the adhesive layers provide partial interaction between the GFRP
plates and the steel beam, a section initially plane for the composite system exhibits a kink at the
adhesive locations.

In Step D (from Configurations 5 to 6), an additional operating external load g, (Z ) is applied to the
strengthened beam. Under the new load, the composite beam attains equilibrium at Configuration 6
through total displacements w, 4 (Z) s W (Z) s W (Z) and Vv, (Z) (Fig. 6.2 in which the
configuration ;i =5 and configuration j=i+1=6). The loads and displacements corresponding to

each configuration are summarized in Table 6.1.
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= Adhesive layers b and d ©

(a)
Figure 6.1. Strengthening and Loading History (a) Configurations, (b) Shaping GFRP plates and
bonding them to W-beam (Step B), and (c) Stress path of a point within the steel beam

Table 6.1. Summary of loads and displacements in configurations 1-6

| Step A | Step B | Step C | Step D |

Configuration | 1 2 | 3 | 4 | 5 | 6
Total Loads
GFRP plate a - - 0 944 0 0
Steel beam ¢ q.,=0 q.» 9.5 =9 9es =Y9cn 9es =4qc 9dert4cs
GFRP plate ¢ - - 0 s 0 0
Sum O QC,Z QC,Z qa,4 + qc,2 + qe,4 qc,Z QC,Z + QC,é
Total Transverse Displacements (measured relative to configuration 1)
GFRP plate a - - 0
Steel beam ¢ 0 v, Vv, =V, Vy =V, Vs Ve
GFRP plate e - - 0
Total Longitudinal Displacement (measured relative to configuration (1) for steel beam or relative to configuration
(4) for GFRP plates)
GFRP plate a - - 0 0

Wa,S Wa,6
Steel beam ¢ 0 0 0 0

WC,S Wc,6
GFRP plate e - - 0 0

We,S We,6
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6.3. General Model and Special Cases

The aim is to develop a generic model to trace the entire equilibrium path of the loading and

strengthening history described in the previous section. At a given equilibrium point i of the trajectory
1-2-3-4-5-6, the composite system is assumed to be in equilibrium under a transverse load g, (z) . The
equilibrium configuration for the system (denoted as Configurationi ) is assumed to be known and
fully characterized by the known displacement fields w,, (Z), w,, (Z), w,; (Z), vV, (Z) (Fig.6.2a).
The system is then assumed to be subjected to an additional transverse load g, (Z) Under the new
load, the system reaches a new equilibrium configuration (denoted as Configuration j =i+1). The
system is assumed to undergo additional displacements W, ; (Z), w, (z), W, (Z) Y, (z) (Fig.6.2).

Giveng, (Z) .9, (Z) W, (Z), W, (Z), w,; (Z), and V., (Z) , it is required to determine the W, (Z),

W (2), W, (2), VI(Z)

1/_Va.i 5 @
GFRP (a) — _
Adhesive (b) - Vi W E
W-beam (¢) : _
V.
J
Adhesive (d) g =" —
GFRP (o) ¢ ' 17/ i 9 @
1 c
Undeformed _ E D ?
Vi LA B
Ol = : = |
Configuration @ ! J
b
@) (b)

Figure 6.2. General model of the composite beam in going from Stage i to Stage j (a) Kinematics, and (b)

Stress-strain schematic

The deformations of step A can be obtained as special case of the general model by entirely eliminating

the GFRP plates and adhesive layers from the composite section and setting loads ¢, = q., = 0and
d;=4,.,. Displacement fieldsw, (Z) and v, (Z) at Configuration iare set to zero, while

displacement fields WC’_ ; (Z) ande (z) at Configuration ; are set to 0 and v, , respectively.
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Also, the deformations of step B can be obtained from the general model by entirely eliminating the

adhesive layers (i.e., GFRP plates and W-beam works independently) and setting loads g, = g.,.Also,

because the transverse displacements of both GFRP plates and W-beam are assumed equal, load

potential energy gains of forces ¢, ,and ¢, , are assumed to undergo the same transverse displacement
as that of ¢, and thus g, = ¢, , +¢,, . Longitudinal displacement fieldsw, , (Z) s W, (z) s W, (z),
W, (Z), W, (Z), W, ; (z) at both Configurations iand ; are set to be zero, while transverse

displacement fields v, (Z) andv; (Z) are set to be v, .

Also, from the general model, by eliminating adhesive layers in only Configuration i and setting loads

4=9,4%9.4%9.,a0d g, =-q,,—q,,, the displacements throughout Step C can be recovered.

Longitudinal displacements w,, (Z), w (Z ) and w, (Z ) in Configuration i are set to zero while

c,i

transverse displacementV, (Z) is set to v,. Also, longitudinal displacements w, ; (Z), w, ; (Z)and

w

o) (Z) in Configuration ; are respectively set to w, , w_, andw,,, while transverse

displacement v, (Z) is set equal to(v5 —vz) .
Finally, Step D can be considered as the general case when loads g, = ¢, 5 and g, = g, , are set. Also,
displacement fields w, ; (Z), W, (Z), w,; (z) andv, (Z) in Configuration i are respectively taken

w,sand v; while displacement fields w, (Z),VT/ .(Z),We,j (Z),Vj(z)in

as w ¢

a,5?

Wc,S s

Configuration ; are taken as (Wa()_WaS)’ (W G_WCS)’ (W 6_We5) and(vﬁ—vs) .

c e

6.4. Dimensions and Coordinates

The dimensions of the five-layer cross-section are shown in Fig. 6.3. The thicknesses of GFRP plate

a and adhesive layer b are f, and f, while their width b, is identical. Also, the thicknesses of GFRP
plate e and adhesive layer d are f,and ¢,, and their width b, is also identical. Wide flange beam
¢ has a depth /_, a flange width b, a flange thickness 7., and a web thickness w,. A global right-
hand coordinate system OXYZ is selected as shown. Local coordinates (s, ,7, ) where k = a,b,c,d, e
are also selected for each layer in which s, is oriented in the tangential direction to the contour, and

n, is oriented in the normal direction to the contour.
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Figure 6.3. Geometric designations and global and local coordinates for wide flange beam, GFRP plates

a and e, and adhesive layers b and d

6.5. Assumptions

The steel beam and GFRP plates are considered as three Gjelsvik beams (Gjelsvik 1981). For each of

the two components, the following assumptions are made:

(1)
(1)
(iii)

(iv)

The shear strain ;. of the middle surface is assumed to vanish,

The middle surface contours of all three sections do not deform in their own plane,

Each component behaves as a thin shell, in line with the Kirchhoff assumption that straight
lines remain normal to the middle surface during deformation,

Forces applied by the straps to bring the intially straight GFRP plates into contact with the

curved steel beam are assumed to preserve the initial curvature of the steel beams.

The following additional assumptions are made regarding the adhesive material:

(v) Perfect bond is assumed at the adhesive-GFRP and adhesive-steel interfaces,

(vi) The adhesive is treated as an elastic material with a small modulus of elasticity compared to
those of the steel and GFRP. Thus, adhesive normal stresses in the longitudinal direction are
considered negligible compared to those of the GFRP and steel,

(vii)  The thickness of the adhesive is assumed to remain constant throughout deformation,

(viii)  Within the steel and GFRP, only the normal stresses in the longitudinal direction and the shear
stresses in the tangential plane are assumed to contribute to the internal strain energy while
contributions of other stresses are assumed to be comparatively negligible,
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(ix) Displacement fields at a point within the adhesive, are linearly interpolated from those at the

steel-adhesive and GFRP-adhesive interfaces.
The following assumption is made regarding the constitutive behavior of the materials:

x) Steel is assumed is assumed to remain in the elastic range. The model is not intended to capture
the post-yield response of the steel. In a strict sense, GFRP can exhibit orthotropic properties.
However, given that only the longitudinal normal stresses and the shear stresses in the
tangential plane are assumed to contribute to the internal strain energy (assumption viii), its
relevant constitutive properties are fully characterized through only two constitutive constants;
the longitudinal elastic modulus and a single shear modulus, in a manner similar to linearly
elastic isotropic material. Thus, it is common to treat GFRP and CFRP as an isotropic material

(e.g., Miller et al. 2001, El Damatty and Abushagur 2003, and Deng et al. 2004).
The following assumption is made regarding the nature of analysis:

(x1) Geometric and material non-linear and inertial effects as well as failure modes including

yielding, buckling, delamination, and de-bonding are beyond the scope of the model.

6.6. Formulation
6.6.1. Kinematic Relations
The transverse and longitudinal displacements of a generic point within each layer are respectively

denoted as ;k(z) and wx (s,n,z). These displacements are expressed in terms of centroidal

displacement fields, coordinate ), (S ) and tangential angle & (S . )to the section contour:

| R (2)n7 (2 (n.7)<0,
wie = [y +n, cosa(sc)]\_zk'(z) (s.,n,,2)€Q, (k=iorj) 6.1)
w,,.(z)+ny, (z) (n,,2)eQ,

where k denotes configurations "i" or " j" as defined in Fig. 6.2 and €2, denotes the volumes of
components [ = a,c, e . The longitudinal displacement within adhesive layers » and d are linearly

interpolated from the displacements at the interfaces with GFRP and steel, i.e.,
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{;Vk:(nwz)}:[ | _n_b] vfa,k(z)%:vk’(z) +[1+n_b] v:vc,k(z)ﬁvk'(z) .

6.6.2. Strain-displacement relations

Longitudinal strains & = ow [0z is provided for each component as

v_va,k, (z)—na\_/k” (z) (na,z) eQ
g = v_vc,k'(z)—[y(sc)+nc cosa(sc)]vk”(z) (s.,n,,2)€Q, (6.3)
v_ve,k' (z)+ne\7k” (z) (ne,z) eQ,

Also, the transverse shear strains within adhesive layers is given by y = ow /on+0ov/oz,ie.,

1 _ 1 _ t +h +2t, _,
7, (nh,z)z——wﬂ’k (z)+—wc’k (Z)+—" ¢ Ly, (Z); n,eQ,
t, t, 2,
1 1 t+h -2t (64)
Vi (nd,z):—t—vT/e’k (Z)+t__c’k (Z)——e 2; Ly, (z); n, eQ,
d d d

6.6.3. Stress-displacement relations

Assuming linear isotropic material responses, the longitudinal stresses are related to the longitudinal

normal strain through:

E, _Wa,k' (Z)—naVk” (2)} n,eQ),
o =1E, [w (z)-[(s.)+n cosa(s,)]%" (z)] 5. eQ (6.5)
E, _We)k’ (Z)+nex7k" (Z)} n,eQ,

and shear stresses within the adhesive layers are:

1 _ 1 _ t,+h +2t, _,
7. (n,,2)=G, {_t_w‘l’k (z)+t—wc,k (z)+%bvk (z)} n,eQ,
b b b (6.6)

1 _ 1 _ t,+h —2t, _,
7, (nd,z)zGd [—t—w&k (z)+t—wc’k (z)—ervk (z)} n, eQ,
d d d

where £, are the moduli of elasticity of layers / = a,c, e, and G, are shear moduli of layers b, d
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6.6.4. Total Potential Energy

Under pre-existing loads g, (Z) , equilibrium configurationi, as characterized by displacement fields
Wa’i(z),We’i(z),Vi(z), corresponding to the initial stresses O, and strains&,, is assumed to be
known. The system is then subjected to additional loads g (Z) In going from configuration i to j ,
the potential energy loss consists of two components: (1) Component V,« caused by load
q (Z)+c7j (Z) undergoing transverse displacement \7] (Z) , and (2) Components caused by axial
forces N, (z)+ Ny (z, ) undergoing displacement ,,, ; (Z0 ) , shear forces QN_ (z0)+ éa,_[ (z)

undergoing displacementh (ZO ) , and bending moment A_/[a,i (zo ) + Ma,j (zo ) undergoing rotations

17].' (ZO), in which z, denotes the ends z =0 orz = L. Under the additional load g ; (Z) , additional

strains £, and stresses &, take place within the system. The total strain energy consists of two

components; the first is induced by the initial stresses 0, undergoing strains &, and is depicted by the

rectangular area 4BCD (Fig.6.2b). This component gives rise to the internal strain energy terms

((_/a U, Uc,Ud U ) . The second component is induced by stresses &, undergoing strains &; and
LJ .

is depicted by the triangular areaCDE . This gives rise to the internal strain energy terms

(5,1 U U Uy ,59) . As aresult, the total potential energy can be expressed as:
J

Ui+Us+Uc+Uy +5e)‘—V,~

J

7, :(a +Up+U +Uq4 +Ue) +

i,J

—

— J— — L — — — L — — — L
A Nai(2)+ Nas (2) Jwas (2), [ Qs (2) 40, (2) [V (2)], —| Mus(2)+ Mo (2) v (2)
(67
— J— — L — — — L — _ -
A Nei(2)+ Ve (2) wes (2)] =[ 0 (2)+ 0 (2) [0 (2)], [ Mes(2)+ My (2) ]V (2)
0
S— J— — L — — — L — J— — L
A Nei(2) 4 Ve (2) |wes (2)) [ 0o (2)+ Q. (2) |01 (2)], [ Mes(2)+ Moy (2) ]V (2)
0
Equation (6.7) can be expressed in terms of stress and strain fields as:
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ﬂyz[”ag oo [ dnee | (5t ] 77t [ EjdAedz]+
14, L4 L4,

L 4, L4, L 4,

(@.(2)+7,(2) ], (2)dz = Nus (2) + Nay (2) |, (2)

A
+%UJ5,, e+ [ 7,7,d4,dz+ ”55 dz+ [ [ 7,7,d4,dz+ jE/.dAedZJ+
)+N

From Egs. (6.3)-(6.4), by substituting into Eq.(6.9), the variation of the total potential energy can be

expressed as:
o = [(08 (=), [ ], (1), e+ [ (98] ), [, {4 ), e+
+_[<5Aj (Z)>1T4 [H2]4><4 {Ai (Z)}M dz + '[<5Aj (Z)>1TX4 [Hz ]4><4 {Aj (Z)}M1 dz
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in which

T _ _ _ — T _ _ _ —
(8@, =(7,(2) 7,(2) 7, 7 @) (AN, =(7.6) 7.2 7, ()
i A, 0 0 0
[H ] B 0 E A, 0 0 '
P 0 EA 0]
0 0 0 a,
G,b, /tb 0 -G,b, /tb —¢, Gyb, /tb
[H ] _ 0 G,b, /td _Gdbd/td —c, G,b, /td
24 _beb/tb _Gdbd/td beb/tb +G,b, /td Gy beb/tb +¢, G,b, /td
__Cb G,b, /tb -, G,b, /td ¢, Gyb, /tb +¢, G,b, /td le G,b, /tb + Cj G,b, /td
withey=E1 +EI _+EI ; 2c,=2t,+h +t; 2c,=2t,—h —t,.

6.6.5. Equilibrium equations and boundary conditions

From Eq.(6.10), through integration by parts setting the variation of the potential energy to zero, one

recovers the equilibrium equations. Expressed in a non-dimensional form, they take the form

_ , _
7, 8—2—1 0 1 a, 2
o¢ 0g
0 ( 02 j P Wa 0
e 1 rd Aty ~ | |TTRTT
05 05 wel | O 161
2 0 We 0
1 —-1- a,+ra))— || TR
Ty ”cagz Ty ( » Ty d)aé: - aq(f)
0 0 o 0?
ahg adi"d% —(ab+adrd)% rfg—(a:+rda§)a—§2
where ¢ =z/L is the non-dimensional longitudinal coordinate, Wa = (Wa,j + W, ) / L
We :(‘TVCJ "“TVCJ)/L, We = (v_ve’j +W,, )/L , andy = (\7} +\7,.)/L are non-dimensional

displacements, and following parameters have been introduced:

|

L2

)

tb
G,

J

bb

EEQAE
L=

2
Gyb,

|

J

(ECAC
=g

|

2
Gyb,

) (2]

R/
Gb bb

J
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cxxc a xxa e xxe

2L 2L

—h — t +q.
rf=%(E] +EI_+E]I )[ d j; ab=—2tf’+h‘7+t“; ad=—2td h L. aq(§)=—”(q’ qf);

G,b, LG,b,

Ten boundary conditions arise from the boundary terms. These are:

_ [~ t, (= — 1
5w, () v (&)- T (N (£)+ N (5))} - 0
5w, (¢) K we (£)- GbeE (Nei (€)+Nes (5))} - 0
5w, (£) K we (£)- G,,Z,,B (Nei (€)+Ne (5))} 0 =0
Y ; _ o o o o o L (6.12)
5V, (5)[@\} (&)- G le3 [ML A(E)+Mai (E)+Mei(E)+Mej(E)+Maj(E)+Mey(E } =0
v (5){@;’” (&)= (a2 +r,a2 )V (&) +awa (&) +ar,we (E)~(a, +aur, ) we (&)
- =0
(0.0, (940,940, (9+0,,(9+0., ()] | |
6.7. General Solution
The general solution is the sum of homogeneous and particular solutions, i.e.,
wa(€)] [wa(&)]  [we($)
we(§)| _Jwel&)] (S 6.13)
we (&) we (€) we (€)

(&) ] ()], [v(e)],

The homogeneous solution is recovered by setting the right hand side of Egs. (6.11) to zero (Appendix

6.1), yielding

~ 1 ¢ 52 53 et e e e 00
wE@l g 0 o 3LE Re™ Re™ Re™ R 1 &
Ive(é:) =0 ¢ 20‘})4: 3L2(27;+§2) Sse,mt S6emsi S7e,n7§ SXemxét I ¢ {D}10x1(6.14)
we ()
v(8) ], |0 a 20 3L3[2:—f+§2J Te™ Te™ Te™ T 1 &
d
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T
Ix10

in which<D> <D1 D, .. D10> is the vector of integration constants,

Li=(ay, +oyr;)[(r, +1.+1), L =(ay —ar, +ayr: ) (1, +1,+1;),
L =(~ay, +ar, +ayr)/(r,+7,+1;)  and

rrnry (@ —arn,) s — (o, +a,n)
[%%VC (rr,—r)+rr(a,—a,)(a, +adrd)]rd (r,+r,+1) © (r,+r+r)

a e

ESY

R, =

2.2 2 2 2
(%’”a vl —a,r )rcrf +(a, +a,n,) (e, —r)rrr, +(a,rr, _O‘b”e)(% +adrd)rarcre .

'

[a,a,r (rpy—r)+rr (o, —a,)(a, +aun,) | (r,+r+7)
r, (abre + adl”dre +adrcrd) 2 (abzrare + 6ljrardre) 3 rarerf 5
S, =R, +o,m, + R,m; + m;, — m;;

(abre_adrard) (abre_adrard) (abre_adrard)
2 2

a,.ry,+o,rr,+o,rrr o, rr,+a,rrr rrr
_ b'c'e b'a'e d'a'd"e 2 b'a'e d'a"d"e 3 ae' [ 5.
I, =R, +a,m, - R.m; — m m;;

Ty (abre _adrard) Ty (abre _adrard) ¢ T (abre _adrard)

k=5,...,8

Parameters m, (k = 5,...,8) appearing in Eq. (6.14) are four roots of the characteristic equation

Am.* + Bm,’ + C = 0 where,

Ry, (abre _adrard)

A: c e .
{abadrc(rard _’”e)'H”are(ah _ad)(ab +a,r )} r (ra +7, 'H’c) ,
(adrazrdz _abrez)rcrf +|:adrd (rard +7, +rc)_ab (r;erd +r,+rr ):Irarerf +(adrard _abre)(alf +a§’”d)’”a’”c’”e )
{abadrc (rard _re)+rare(ab _ad)(ab +adrd)}rd (Va +7, +rc) ,
C:— (abra +adr;) (adrard _abre)r_.f' +rare (ad _ab)(czb2 +ajrd) .

b

(ra +r, +rc) a,a,r, (rard _re)+rare (ab _ad)(ab +adrd)

For the particular solution, it is expedient to expand the load function &, (f) , in Egs. (6.11) using a

Fourier series decomposition in the domain 0 < £ <1, yielding

N=Nax

a,(&)= Y, a,,sin(nzé) (6.15)
n=1
where 7 is a positive integer ranging fromn =1,2...n___. In theory, an exact solution is obtained when

n,.., —> cobut practically, convergence is attained by taking a finite number of terms. Also,,, 1s

defined as
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1

a, = 2jaq (&)sin(n7g)d& (6.16)

0

The particular solution is then assumed to take the form

;V”(ég) a:;m b:;”m
gitz; Zni: Zsij sin(nﬂ§)+ni: ZE;‘“j cos(nnt) (6.17)
;(é) P a”; bn\:

From Egs. (6.17), by substituting into Eqgs. (6.11) and noting that £ is arbitrary, one obtains

. (n) 0 0 0 1 0 0 -n(n)] [a-, 0
0 771(") 0 0 0 1 772(11) 0 ;}m 0
0 0 |n(n) 0 7y 0 0 n(n)| |ag| |0
0 0 0 n(n) 0 7o n(n) 0 e L) O (618
1 0 r, 0 ns(n) 0 0 1 (n) " 0
0 1 0 7, 0 775(n) —776(11) 0 :Jm 0
0 -m(n) 0 —m(n)| O p(n)| m(n) O a; ||,
| 77, (n) 0 n, (n) 0 —776(n) 0 0 777(n) ], b:v 0

where

m(n)==|r,(n2) +1 s, (n) =@, (n7); 1y (n)==[ 7. (n2) +1, |5 ma () = gry (n0);

ns(n)= —[’2 (nz) +1+ rd}; ns(n)=(nz)(a, +ra,); n,(n)=r, (nr)’ +(a§ + rdaj)(mr)z

* * * * * *

By solving Egs. (6.18), coefficients an;a,b~ ,a-.,b- . a-.b-.a-b- are determined and

mwa’ nwe’ nwe’ nwe’ nwe’ nv® nv

substituted into Egs. (6.17) to yield the particular solution.
6.8. Model Verification

The validity of the results based on the present formulation will be assessed through comparison with
Finite Element Analysis (FEA) using the ABAQUS program. Also, 3D analyses based on the C3D8R
element within the ABAQUS library will be used for verification. The C3D8R element is a 3D eight-
node brick element with reduced integration. A mesh sensitivity study was conducted for similar
problems and the details and specifics of the converged mesh have been reported in (Pham and

Mohareb 2015Db).
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A 3.0m span simply supported beam consists of a W150x13 steel beam (flange width=100mm , flange
thickness=4.9mm , depth=148mm and web thickness=4.3mm ) is preloaded by a transversely

uniform line load g, , = 6.0 kN / m acting at the steel section centroidal axis (Step B). Strengthening

is contemplated by bonding two originally straight GFRP plates to the top and bottom flanges of the
steel beam over the whole span (Step C). Both GFRP plates have identical thicknesses and widths (

t,=t,=19mm b, = b, =100mm ) and are bonded to the steel beam through two identical adhesive

a

layers with the thickness #, =¢, =1.0mm (Fig. 6.3). Steel modulus of elasticity is taken as 200 GPa
, that of GFRP is assumed asE, = FE, =42 GPa, and the shear modulus of the adhesive is

G, =G, =0.4 GPa . Poisson’s ratio 4 for all three materials is taken as 0.3. The yielding strength

of steel is350MPa, the rupture strength of GFRP plates is896MPa, and the shear strength of
adhesive is 9.0MPa .

After strengthening, the composite beam is subjected to additional uniform transverse line load

q.o=06.0 kN /m (Step D). It is required to compare (i) the transverse displacement and maximum

longitudinal normal stresses for the wide flange beam and GFRP plates, and (ii) the transverse shear
stresses within the adhesive layers as predicted by the present closed form solution and the 3D FEA

under ABAQUS.

! ~ ! ~ ! — ~I1 ~ !

The applicable boundary conditions are Wa (0) =W, (O) = We (O) =v; (O) =y (O) = Wq (1)

~ !

= We (1) = v_vc,_/ (1) = ;_/ (1) = \~/” (1) =0. A mesh study indicated that convergence is attained when

n=10 is taken. Also, a mesh sensitivity study on the 3D FEA model indicated that convergence is
attained by taking 20 elements along each flange overhang, four elements across the flange thickness,
70 elements along the web height, four elements across the web thickness, four elements across each
adhesive thickness, eight elements across each GFRP thickness, and 750 elements in the longitudinal
direction. In step A, the steel beam is first activated and bent while GFRP plates are deactivated. Then,
in step B, GFRP plates are activated and prescribed to take the curvature of the farthermost fibers of
the steel beam (i.e., top and bottom fibers). Also, adhesive layers are activated using the free strain
option. In step C, the displacements applied to GFRP plates in step B are released. Finally, in step D,

the steel is exposed to additional loading.

Steel beams strengthened with GFRP plates including pre-existing load effects Chapter 6
May 2018 Page 154



Displacements:

Figure 6.4a depicts the transverse displacements in Steps B and D. Maximum displacements at mid-
span in Step B and Step D obtained from the present study are 5.3 mm and8.1 mm , respectively,
while those predicted by the 3D FEA are 5.5 mm and8.3 mm , corresponding to 1.9 % and 2.4%

differences. The differences are attributed to neglecting the effect of transverse shear (Pham and
Mohareb 2015b). The additional deflection in going from configuration 4 to 5 (Step C) is only
—0.011 mm , corresponding to 0.1% of the displacement in Step D. This negligible displacement is

attributed to the fact that loads ¢, , (Z) and ¢, (Z) needed to bend the GFRP plates are rather small

compared togq, , (z) .

Longitudinal normal stresses:

Figures 6.4b,c provide the maximum tensile stresses at the bottom fiber of the wide flange beam and
at the bottom of GFRP plate e . Maximum stresses in Steps B and D in the steel provided by the
present study are 83.7 MPa and127 MPa , respectively, and those provided by the 3D FEA model

are 83.2 MPa and126.9 MPa, which correspond to 0.6% and 0.1% differences. Also, the
maximum tensile stress induced in Step D in GFRP a based on the present study is 13.54 MPa
while that based on the 3D-FEA is 13.55 MPa , a 0.1% difference. The additional longitudinal stress

within the steel in Step C is only—0.19 MPa and is thus are negligible.

Shear stresses in adhesive layers:

Figure 6.4d shows the 3D FEA transverse shear stresses ¢, along the left edge of the beam and at the

center line (both lines are shown on the plan view provided in Fig. 6.6d). The shear stress averaged
over the width of the adhesive is also depicted. Atz = 500 mm , the maximum difference between the
present solution and that based on 3D-FEA is 2.3%. Near beam ends, i.e. atz = 30 mm , the 3D-FEA
model predicts maximum shear stresses of 0.57MPa at the center fibers and peeling stresses of
0.13MPa . Both stresses correspond to an effective Mises stress of 0.59MPa and are significantly less
than the experimentally determined in El Damatty and Abushagur (2003). (In the later study, shear
strength ranged from20.9 MPa to 34.3 MPa while the peeling strength ranged from 0.95 MPa to
6.01 MPa). Also, the strains predicted by the present model and ABAQUS were observed to be nearly

constant across the adhesive depth in a manner consistent with Pham (2013).
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Figure 6.4. Response of simply supported reinforced W130x15 beam (a) Transverse deflection, (b)
Longitudinal normal stresses in W-steel beam, (c) Longitudinal normal stresses within GFRP plate a (or

plate e), (d) Shear stresses within adhesive layer b

Validation for different GFRP thicknesses:
The validation is also extended for three pairs of GFRP plate thicknesses (ta,te) = (9, 29) ,(19,19),

and (29,9) mm (Table 6.2), while all other dimension parameters are kept identical. For all three
cases, the transverse displacements in step C and D based on the present solution are observed to
remain almost unchanged at 5.3 mm and 8.1 mm, respectively, while those based on the 3D FEA
solution were 5.5 mm and 8.3 mm . The peak compressive and tensile stresses in the wide flange

beam and GFRP plates are observed to change considerably (Table 6.2). The maximum difference

between both solutions is0.4% for the compression flange of the wide flange beam when

(ta,te) =(29,9)mm and 1.1% for GFRP plate e when(ta,te) :(19,19)mm.
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Table 6.2. Maximum and minimum longitudinal normal stresses (MPa)

Wide Flange Steel Beam GFRP plate
t, Z, Compression Tension a e
(mm) | (mm) | Present | 3D- % Present | 3D- | % | Present | 3D- % | Present | 3D- | %
Study | FEA | Diff.* | Study | FEA | Diff. | Study | FEA | Diff. | Study | FEA | Diff.
9 29 -137 | -138 | 03 119 119 | 0.0 -13.5 -134 | 0.7 14.2 143 | 0.7
19 19 -127 | -127 | 0.0 127 127 | 0.0 -13.7 -135 | 1.0 13.7 135 | 1.1
29 9 -118 | -118 | 0.4 137 138 | 0.3 -14.2 -144 | 1.0 13.3 134 | 1.1

* % difference = (3DFEA -Present study)*100/3DFEA
Comparison with Transformed Section Method:

The transformed section method is based on the assumption that plane section for the strengthened
system remains plane throughout deformation. It is expected that the plane section condition is
approached when the elastic properties of the materials involved do not vary significantly. Depending
on the type of adhesive selected, the elastic properties significantly vary at room temperature from as
low as 0.7MPa for polyurethane (e.g., Huveners et al. 2007) to 3.5 GPa for stiff epoxies (e.g., Hall, J.
2002). Further, for a given type of epoxy, the elastic properties have been reported to drop by orders
of magnitudes when temperature rises from 20°C to 50°C (Sahin and Dawood 2016). It is thus of
interest to quantify the adhesive shear modulus values needed to approach the plane section condition
(i.e., full interaction).

Three adhesive shear moduli are selected for the comparison. These are Polyvinyl Butyral with

G, =G, =1.3 MPa (Asik and Tezcan 2005), Cyanoacrylates with G, =G, = 0.4 GPa (Hall 2002)

and SP Spabond two part epoxy with G, =G, =1.3 GPa as estimated from the Young modulus and

Poisson’s ratio reported in Dawood (2008).

For the two stiffer cases G, =G, =0.4 GPa andG, =G, = 1.3 GPa, the present model predicts

identical deflections of 8.1 mm (Table 6.3). When the shear moduli are reduced to
G, =G, =1.3 MPa, the present model predicts a deflection of 8.9mm. Nearly identical predictions

are obtained by ABAQUS in all cases. When adopting the transformed section method, the moment

of'inertia / of the composite section is found to be negligibly affected by the modulus of the adhesive.

When G,=G,=13GPa, the moment of inertia is [/=1.1700e+07 mm®*and when
G,=G,=04GPa, the moment of inertia is /=1.1693e+07 mm". These value compare to

1=1.1687e+07 mm* when G, =G, =1.3 MPa, a mere 0.11% and 0.05% difference. Thus, the

large difference in adhesive elasticity and shear moduli in all three cases results in essentially in the
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same predicted deflection of 8.0mm. For the cases of stiff adhesive shear moduli (i.e., 1.3 GPa and 0.4
GPa), the transformed section method under-predicts the deflection by 1.2%. However, for the weak
adhesive, the method is found to underpredict the displacement by 10.1%. For the steel section, stress
perdictions based on the transformed section agree with the present solution and 3D FEA within 0.4%
for the stiff adhesives. However, the difference between predictions grows to 9.0% for the weak
adhesive. For the GFRP, the present solution and ABAQUS predict a maximum normal stress of 13.5
MPa in the case stiff adhesives. This compares to 11.4MPa as predicted by the transformed section
method. In the present example, the transformed section method underpredicts the GFRP stresses by
a 15.5% difference for the case of stiff adhesive. The percentage difference improves to 5.6% for the
case of the weak adhesive. Also, the present study and 3D FEA solutions show that for practical
purposes the deflection and normal stresses in the steel and GFRP do not change for adhesive shear

modulus values larger than 0.4GPa.

Table 6.3. Comparison of results based on 3D FEA, present study and transformed section

Solution: Present study 3D FEA % difference! Is? % difference’
Gb, Gd 1300 400 1.3 | 1300 400 1.3 | 1300 400 1.3 1300 400 1.3
(MPa):
Peak
deflection 8.1 8.1 8.9 8.3 83 | 9.1 24 | 24 | 22 8.0 1.2 1.2 | 10.1
(mm)
Normal
stress in 127 | 127 | 139 | 127 | 127 | 138 | 0.0 | 0.0 | 0.7 | 126.5 | 0.4 04 | 9.0
Steel (MPa)
Normal
stress in 13.5 | 13.5]10.8 | 13.5 | 13.5| 10.8 | 0.1 0.1 | 00 | 114 | 155|155 5.6
GFRP (MPa)

1% difference = % difference between the present solution and 3D FEA;
2 TS = Transformed Section Method;

39 difference =% difference between the transformed section method and 3D FEA;
6.9. Effectiveness of Strengthening

As discussed in the previous example, the normal stresses in the GFRP plates and the shearing stresses
in the adhesive layers were rather small compared to their respective material strengths. As a result,
the effectiveness of strengthening can be assessed by comparing the peak displacements and normal

stresses of the un-strengthened and strengthened steel beam. We recall that the beam was under a pre-

existing load ofg,, =6 kN /m . The corresponding peak deflection and stresses are 5.5 mm and
84 MPa . 1f the un-strengthened beam is subjected to an additional load q.s =6 kN /m, the peak

deflection would bell mm and the corresponding peak longitudinal normal stresses would increase

to168 MPa . If the beam is strengthened with FRP plates of equal thicknesses, the peak deflection is
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observed to drop by 27.3 % to 8 mm . The corresponding stress drops by 24.2 % to127 MPa . Also,
as shown in Table 6.2, when the thickness of GFRP plates @ and e are taken unequal, i.e.,

(ta , te) = (29, 9) mm , the peak normal stresses are found to increase from 127 MPa to137 MPa, a

7.3 % difference.

6.10. Parametric Study
6.10.1. Effect of GFRP Elastic Modulus

In the cases where the modulus of elasticity for both GFRP plates are taken equal in compression and
tension, the previous section has shown that strengthening is most effective when both GFRP plate
thicknesses are equal, resulting in the lowest normal stresses in the steel. This section explores the case
where both GFRP plates have different elastic moduli as reported in Correia et al. (2011) where the

GFRP compressive elastic modulus is reported to be 80% of that in tension. In such cases, the optimum

thickness ratio ¢, / t, needs to be established. Towards this goal, the simply supported composite beam

as presented in Example 1 is re-considered, while changing the modulus of elasticity for the GFRP

plate afrom 42.0 GPa to 33.6 GPa . The thickness of GFRP plate a is assumed to range from
1.0 mmto approximately 30mm while that of GFRP plate e is varied from 37.0 mm to
approximately 8.0mm such that the total thickness ¢, +¢, = 38mm, resulting in a constant volume of

GFRP material in all cases. Figure 6.5 shows the deflection at mid-span and maximum longitudinal

normal stresses at top and bottom fibers of the wide flange beam under the application of additional

load ¢, (Z) in Step D versus the thickness ratio #,/t,. Fort,/t, =0.027, corresponding to
(ta, te) = (1 .0,37) mm , the deflection is 8.1 mm . The deflection is observed to mildly increase to a

peak value of 8.3 mm when t,/t, =4 corresponding to (la,le):(30.4,7.6) mm . Based on a

minimum deflection criterion, the solution 7, / t,=0.027or (ta,te) :(1.0,37) mm provides the

optimum design. Also shown are the peak compressive stresses at the top fiber of the steel section.

The peak compressive stress is 149 MPa and occurs at ¢, /t, = 0.027 and is found to decrease as the
ratio 7, /¢, increases. A reverse trend is observed for the peak tensile stresses in the steel where they
have a minimal value at stress of 7,/z, =0.027 and monotonically increase to 140MPa when
t,/t, =4. The optimum ¢, /¢, ratio is that at which the peak tensile stress in the steel is equal to that

of the peak compressive stresses. This condition is realized ata ¢, / t, ratio of 1.22. The corresponding
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deflection value is 8.2 mm which is marginally higher than the minimum deflection of 8.1 mm while

the corresponding stress is129 MPa .
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Figure 6.5. Effect of the GFRP thicknesses on stresses in steel and deflection (7, +7, = 38mm)

6.10.2. Effect of GFRP Plate Thickness

The previous case is revisited while keeping all parameters unchanged except that both GFRP plate
thicknesses are varied. Unlike the previous case where the sum of plate thicknesses was kept constant,

the present example investigates other cases where the sum of plate thicknesses is variable. Two

thicknesses are considered for the GFRP plate: ¢, =19 mm and?, =30 mm. For both cases, the
thickness of GFRP plate a is increased from ¢, =0.2¢, to?, =4¢,. Forf, =19 mm , the mid-span
deflection is observed to decrease from 8.9 mm at t, =0.2¢,to 6.8 mm at t, =4t (Fig. 6.6a). Also,

for?, =30 mm the mid-span deflection decreases from 8.2 mm at t, =0.2¢, to 6.1 mm at t, =4¢,
(Fig. 6.6b).

Also depicted in the figure are the peak compressive and tensile stresses in the steel. Of particular
interest is to note that both curves intersect at a thickness ratio?, / t, =1.22, which exactly coincides

with the optimum thickness ratio obtained in the previous case. However, unlike the previous case, as

t,/t, exceeds1.22, both compressive and tensile stresses are observed to decrease. This is a natural

outcome of the fact that thicknesses of both GFRP plates increase. As expected, the larger plate

thicknesses are observed to correspond to a lower deflection.
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Figure 6.6. Effect of GFRP plate thicknesses on the stresses in steel and deflection (a) 7, = 19mm and (b)

t,=30mm

6.10.3. Effect of Pre-existing Load and Stresses

The present example investigates the effect of initial stresses/strains state induced by the pre-existing
loads on the capacity of the strengthened beam. A 3m-span W150x13 cantilever steel beam is
considered. All dimensions and material parameters are identical to those in Example 1. During

strengthening, the beam is assumed to be under a pre-existing point load P, . The load can be acting

downward (Fig. 6.7a.1) in cases where an existing structure cannot be fully unloaded prior to
strengthening, or can vanish in cases where the structure is fully unloaded prior to strengthening (Fig.
6.7a.2). Alternatively, a hydraulic jack can be used to temporarily prop up the beam prior to and during
strengthening (Fig. 6.7a.3) inducing a beneficial pre-stressing effect. For the problem under

investigation, the load corresponding to the first yield of o, =350 MPais P, =+9.4 kN which
defines the practical range of interest of pre-existing loading.

The total applied load versus the tip deflection is depicted in Fig. 6.7b and the total applied load versus
the peak normal stress is provided in Fig. 6.7c. Three cases corresponding to different pre-existing
load levels P, , =4.7 kN (downward), P, , =0 and P, =-9.4 kN (i.e., upward pre-stressing load)
are depicted by the loading path 1-2a-6a,1-6b, and 1-2¢-6¢, respectively. Also, depicted as a reference
is the loading path for the case for the un-strengthened beam. As marked on the figures, without
strengthening, the beam is able to withstand a load 0f9.4 kN , which corresponds to a peak stress of
350MPa in the steel (Fig. 6.7¢). When the beam is under a pre-existing gravity load of 4.7kN during
strengthening (Path 1-2a-6a), the strengthening allows the beam to reach a load of13.84kN , a 47%

increase over the un-strengthened case. If the beam is fully unloaded prior to strengthening (Path 1-
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6b), it can sustain a load of 18.1kN , a 93% increase over the strengthened case. The most beneficial
strengthening scenario is the case where a pre-stressing load P, , is =-9.4 kN (i.e. upward force) is
applied. For this case, the beam is able to attain a gravity load of 26.8 kN which corresponds to

185% increase in capacity over the un-strengthened beam. The last scenario corresponds to the
highest shear stresses in the adhesive and the highest normal stresses in the GFRP. Under this scenario,
the stresses in the adhesive and GFRP are observed to remain significantly smaller than the respective
material strengths. Thus, the capacity of the strengthened system solely depends on the peak stresses

in the steel. Figure 6.7d depicts the relationship between applied load (P, , + P, ;) the strengthened

beam can withstand versus the peak stress in the steel. Also, shown on the top horizontal axis is the

value of the pre-existing load P, , . The total applied load (P, , + P, () is linearly related to the pre-

existing load P, .

6.10.4. Effect of Adhesive Shear Modulus

In the previous example, the effect of the adhesive shear modulus on the total load is presented in Fig.
6.7d comparing the results for two shear moduli and G, =G, =0.4GPa (Cyanoacrylates,
Polyurhetane) and G, = G, =1.3MPa (Polyvinyl Butyral). The slope of the total load to pre-stressing

for the system with weaker shear modulus is milder than that with a stiffer adhesive, leading to a lower

peak total load. At a pre-existing load P, = -9.4 kN , a significant reduction of the adhesive shear

modulus from 0.4GPa to 1.3MPa causes a relatively mild reduction of the peak load reduction from

26.8kN to 21.7kN .
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Figure 6.7. Effect of pre-existing load on the capacity of a strengthened beam: (a) Cases of pre-existing

load applied to the wide flange beam in Step B, (b) Load versus deflection, (¢) Load versus maximum

normal stress, and (d) Total load versus Pre-existing load.

6.11. Summary and Conclusions

(1) A theory was developed for the analysis of preloaded/pre-stressed wide flange beams strengthened

with GFRP plates bonded to both flanges through adhesive layers providing partial interaction. The

theory results in four coupled differential equations of equilibrium and 10 boundary conditions.

(2) A closed form solution was developed for general loading and boundary conditions.

(3) For the examples investigated, the present theory provides stress and displacement predictions in

the steel and GFRP in excellent agreement with those based on 3D FEA results. The maximum
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difference between both solutions is 2.4% for deflection and 1.1% for stresses. For the adhesive, the
shear stress obtained from the present study agrees well with the average shear stress obtained from
3D FEA results (i.e., the maximum difference between two solutions is about 2.3%), except at the
points of singularity, where the present theory, like other beam theories, does not capture localized

stress concentrations.

(3) The present solution is computationally efficient when compared to ABAQUS 3D FEA solutions.
For example, when the present analysis, when implemented under MATLAB R2011b, it was
completed in 45 seconds on a computer with two Intel(R) Xeon(R) CPU E5-24300 processors at 2.2
GHz and 2.21 GHz speeds and 64.0 GB of RAM. On the same computer, the run time of the 3D FEA
ABAQUS model for the same problem, based on 2,243,000 C3H8R elements, was 5.43 hours.

(4) For the case where the elasticity moduli of both GFRP plates are identical, plates of equal thickness
were found to optimize the design based on a stress in the steel criterion. For example, a 3m-span
W130x15 simply supported beam strengthened with two19mm — thick GFRP plates has a peak normal
stress that is 7.9% smaller than that in the wide flange beam strengthened with9mm and 29mm —

thick GFRP plates, of a similar total volume of GFRP.

(5) For the same problem, when the elasticity modulus of the compressive GFRP plate is taken as a
80% of that of the tensile GFRP plate, the most effective thickness ratio of the compressive plate to
that of the tensile plate for strengthening is found to be 1.22 when the sum of the thicknesses of both
GFRP plates is kept constant.

(6) Pre-existing loads acting on the beam during strengthening are shown to significantly affect the

capacity of the system. Pre-stressing is found to be particularly beneficial in this respect.

(7) The examples investigated in the present study suggest that the strengthened system is only mildly

sensitive to the shear modulus of the adhesive.
Appendix 6.1: Homogeneous Solution of the Equilibrium Equations
From expressing Egs. (6.11) in an explicit form, introducing the non-dimensional coordinate & = Z/ L

and dividing all equation by G,b, / t, , one obtains

7,D*Wa —Wa +we +a,Dv=0

277 N o .
r.D"We =1, We +1,we +a,1,Dv =0

~ ~ g~ ~ ~ ~ (6.19)a-d
Wa + 1, We +1.D*We —we —rywe —(a, + 1,0, ) Dv =0

a,Dwa +a,r,Dw. —(a, +a,r, ) Dw. + rfD“\_z—(a,f +ra; )Dz\: =0
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in which D denotes the differential operator. From Eq. (6.19)a-d, by adding equations (6.19)a, b to
Eq. (6.19)c, one obtains

7,.D*Wa —Wa +we +a, Dv =0

27 i ” o=
r.D"We =1, We +1,we +a,17,Dv =0

27 2 2 (6.20)a-d
r.D*ws +1,D"we +r.D"w: =0
a,Dwa +a,r,Dwe —(a, + a7, ) Dwe + rfD“\_z—(aj +r,00 )D2\~; =0
From Egs. (6.20)a-b, one has
Wa = r.D’ Wa +We + abD\:
~ ~ = ~ (6.21)a-b
We =& D W, + W +a,Dv
Ty

and from Eqs.(6.20)c-d, by taking the derivative of Eq. (6.20)d with respect to & , one obtains

2 2
~ ar+o,rry+ao,rr ~ r,r ~ a,r,+a,rr ~
Dzwa: b'e d'd’e dcdDZWC_ e f D’y 2ble ddeD3V
o.r,—o,rr a.r.—o,rr a.r—o,rr
b'e d'a"d b'e d'a’d b'e d'a" d
5 5 (6.22)a-b
~ o, r.+a.r +a,rr ~ rr, ~ o, v +a;rr ~
DZWg:— b'c b'a dadDZWc'i' a f DSV—( b'a dade3v
a,r, —a,rr a,r, —a,rr a,r, —a,rr
From Egs. (6.22)a-b and(6.21)a-b, by eliminating w, and w., one obtains
(ar+a rr.+ao,rr )rD4;v —(r +r +r)ra D2v~v
b'e d'd"e d'c"d )'a ¢ a e c)la*%d ¢
=rrr.D'v—(r, +a’r +a’rr rD5\~2+(a r+ayr, o D*v
—late' f f b'a d'a'd )"e d'e b'a)'dYd (623)b
23)a-

4= 27
(ayr. +a,r, +a,rr, ) D we—(r, +r,+r.)r,a,D* we

_ 77 2 2 57 3
=rrrD v—(rdrf+abre +adrdre)raD v+(a,r, +adre)rdabD v

From Equations (6.23)a-b, by solving for fourth and second order derivatives of we and eliminating
v_vc, one obtains an equation of only transverse displacement V. By assuming that the solution of
displacement v takes an exponential form y=Ce™ and substituting into the resulting equation, one
obtains

m’*(Am* + Bm® +C) =0 (6.24)

Equation (6.24) has five zero roots and four non-zero inter-different roots, by solving the differential

equation, the closed form solution for v can be obtained as
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- 9
v=C+CE+CE+C,E+CE +D Ce™ (6.25)
k=6

where C,,- -, C,are unknown integration constants and 777, (k = 6,.-.,9) are non-zero distinct roots of

Eq. (6.24). The integration can be determined based on boundary conditions. From Eq.(6.25), the

closed form solutions for w, , Wa , we. can be also obtained based on Egs. (6.23)a-b and (6.21)a-b as
~ 9
v=C+CE+CE+CE+CE +) Ce™

=6

_ 9
We = —?’L1C4§2 - 4L1§3C5 + ZRkemkéCt +C+C\¢
k=6

(6.26)
- 9
Wa = 0,C, +22,EC, +3L, (2, + &) C, + 4L, (61,6 + &) Cs + Y 8,"C, +C, +C, &
k=6
~ 7, 2 7 3 2 mé
we =a,C, +20,EC, +3L,| 2=+ & |C, +4L,| 6--E+& |Co+ ) T,e™C,+Cpy +C, &
r, r, par
in which
I (ar, +a,r,) (a,r.—a,r,+a,r.) (—a,r, +a,r,+a,r.)
Lo (nAnn) 7 (nnn) 7 (+rn+r) 7
rannrj'(ab’;_adrard) 5 (abra"'ad”e)
R, = my —
{abadrc(rard _re)"'rare a, _ad)(ab +adrd)}rd (ra 7, +72’) (ra +7, +7’c)
2.2 2 2 2
(adra v, =yl )rcrf +(a, +ayr,)(rr, —re)rarerf +(ayr,r —abre)(ab +adrd)rarcre .
ko
{abadrc (rry—r)+rr(a,—a,)(a, +adrd)}rd (r,+r,+7.)
2 2
r\ar, +o,rr +o,rr (0!””+0”’7”7’e) rrer
Sk:Rk+abmk+“( be Zdde "”’)kak+ bae “dad m, — wet m;
(ab}/;z_adrard) (ab}/;z_adrard) (ab}/;z_adrard)
2 2
T =R +a,m, oy, oy e, ka/f o ot . LTy m/f;

¥ (abre _adrard) T (abre _adrard) ¢ 7 (abre _adrard)

Equations (6.26) involve 11 unknown integration constants C,,...,C;, while we have only ten

boundary conditions. This is a result of the fact that, during the solution procedure, we have taken a

derivative of Eq. (6.20)-d with respect to &, i.e., Eq.(6.22)-b. Therefore, from Egs. (6.26), by
substituting into Eq. (6.20)-d, it can be shown that constantC;vanishes. By setting constants
c.c,,C,,C,equalto D,D,,D,,D,,and C.,C,,C,,C,,C,,,C, equal to D,,D,,D,,D,,D,,D,, ,

respectively, on recovers the solution in Egs. (6.14).
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Chapter 7: High-order theory for the static analysis of
beams with mono-symmetric cross-sections

Abstract

A family of high order beam solutions is developed for the analysis of beams with general mono-
symmetric cross-sections. The nonlinear distribution of the longitudinal normal stress across the depth
is represented by a polynomial series expansion up to any order, and the corresponding transverse
shear and transverse normal stresses are obtained by satisfying the 2D infinitesimal stress equilibrium
conditions. The resulting statically admissible stress fields are applied in conjunction with the principle
of stationary complementary strain energy to formulate the compatibility equations and boundary
conditions. Closed form solutions are then developed for general loading and boundary conditions.
Comparisons with results based on the theory of elasticity and 3D finite element analyses showcase
the ability of the present theory to naturally capture shear deformation effects, transverse normal stress
effects, nonlinear longitudinal normal stress distributions in beams with intermediate and short spans,
and the effect of support height. Unlike conventional beam solutions based on postulated kinematic
assumptions, which tend to converge to the displacement response from below, the present theory

avoids any kinematic assumptions and is shown to converge to the solution from above.

Keywords: High order beam theory, principle of stationary complementary energy, shear deformation, deep

beams, and orthotropic material.

7.1. Introduction and Literature Review

The conventional Euler Bernoulli beam is based on the assumption that plane sections remain plane
after deformation and normal to the beam axis. The normality condition implies omission of shear
deformation. Thus, the theory is able to reliably predict the response of long-span beams where shear
deformations are negligible, but underestimates deflections for short-span beams where shear
deformation are known to be influential. The Timoshenko beam theory, where the plane section
assumption is retained but the normality to the beam axis is relaxed, is an improvement over the Euler-
Bernoulli beam theory in that it accounts for shear deformation effects. However, the plane section
assumption creates a non-zero shear strain, and hence a non-zero shear stress, at the outermost fibers,
which violates the traction boundary conditions as the externally applied shear traction typically
vanishes at the outermost fibers of the beam. As a result, the Timoshenko theory tends to overestimate
the stiffness of the beam (Mucichescu 1984). Other variations of the Timoshenko beam theory involve
shear modification factors that depend on the cross-section shape (e. g., Timoshenko 1921, Cowper

1966, Stephen 1980) and the type of analysis, whether static or dynamic (Mindlin 1953, Heyliger and
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Reddy 1988). Another limitation of the Timoshenko beam theory is the fact it omits the normal stresses
in the transverse direction. As a result, while it satisfies the vertical equilibrium condition for the whole
cross-section in a global integral sense, it violates the vertical equilibrium requirement in an
infinitesimal sense. Also, both the Euler Bernoulli and Timoshenko beam theories predict linear stress
profiles, which are appropriate approximations for long-span beams but are inconsistent with elasticity
solutions for deep beams (e.g., Timoshenko and Goodier 1970) and more advanced beam theories
(e.g., Carrera and Guinta 2010). Also, conventional beam theories adopt the centroidal axis as a
reference. By default, such solutions locate transverse restraints at the section centroid. As such, the
modelling of supports that are offset from the centroid requires special considerations (Wight and Parra

(2002), Erkmen and Mohareb (2006a,b), Wu and Mohareb (2011).

To remedy the limitations of the conventional beam theories, higher order theories for beams with
rectangular cross-sections were developed based on the principle of stationary potential strain energy.
This includes the work of Stephen and Levinson (1979), Levinson (1981), Reddy (1984), Heyliger and
Reddy (1988), Shu and Sun (1994), and Jha et al (2013), all assumed a cubic distribution of the
longitudinal displacement along the height. Further advancements were proposed in the work of
Carrera and Guinta (2010), Carrera et al (2015), and Groh and Weaver (2015) where the longitudinal
displacement field was assumed to follow higher order polynomials. A common theme in the above
high-order theories is that they postulate kinematic assumptions satisfying compatibility in an exact
point-wise sense, and then use the principle of stationary potential energy to formulate approximate
equilibrium equations. The approach contrasts with that based on the principle of stationary
complementary strain energy, whereby stress fields that exactly satisfy the infinitesimal stress
equilibrium conditions are postulated and then used with the stationary complementary energy
principle to formulate approximate compatibility equations. Examples of such developments include
the work of Chen and Cheng (1983) on adhesive bonded shear laps, Ekmen and Mohareb (2008) on

torsional analysis of thin-walled members, and Zhao et al. (2014) for lap joints.

Within the above context, the present study adopts the principle of stationary complementary energy
to develop a high-order beam theory that captures the nonlinear distribution for the stress fields. The
solution sought is intended for beams with general mono-symmetric cross-sections, loading, and
boundary conditions, with orthotropic material properties. The solution sought is able to seamlessly

model supports that are offset from the section centroid.
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7.2. Statement of the Problem

A prismatic homogeneous beam with an arbitrary mono-symmetric cross-section is loaded by

transverse and longitudinal body forces p, ( v, z) and p, ( V, z) and surface tractions
o, (hl,z),r(hl,z),ay (hz,z), T(hz,Z) (Figure 7.1a,b). Ends z, =0, L are assumed to have general
boundary conditions where longitudinal traction o, (ze , y) and transverse shear traction 7 (z,, y) are

specified on part of the cross-sections A4, , A4,

T

while longitudinal displacement w(ze, y) and
transverse displacement v(ze, y) are specified on the remaining part of the cross-section (i.e.,
A4,,,4,,)- A high order beam theory is sought for the problem based on the principle of stationary

complementary energy.

b(-h))

N 7%

Ay, (or 4y) Ay, (orAy,)

Agg (or Ag)] Ay, (or Ay,)

¥y
(a) Profile view (b) Mono-symmetric cross-section

Figure 7.1. Beam Tractions and body forces

7.3. Assumptions

The formulation is based on the following assumptions: (a) Material is linearly elastic orthotropic, (b)

Strains are assumed to be small, and (c) The longitudinal normal stress field is assumed to take the

n

formo_(y,z)=2." y"'F,(z)where F (Z) are unknown functions of longitudinal Z -coordinate,

) is the transverse coordinate and 7 is a positive integer.
7.4. Expressions for Statically Admissible Stress Fields

The longitudinal normal stresses o, ( ¥, z) are postulated to take the form
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c i-1
o.(1.2)=2,V"F(2) (7.1)
i=1
in which the contribution of each terms is shown in Figure 7.2. Traditional treatments only adopted
the first two terms, which provides linear stress profiles. In fact, the stress profile may not be linear for
beams with short spans (Carrera and Guinta 2010) and thus the assumption of a number of stress terms

n introduced in Eq. (7.1) can capture the nonlinear response.

i=1 i=2 i=3 =4 Sum
Figure 7.2. Normal longitudinal stress profiles

For the stress field postulated in Eq. (7.1) to be statically admissible, it needs to satisfy the shear flow

equilibrium conditions

o[b(y)o,(v.2)] /oy +o[b(r)e(r.2)] )0z =b(y) p, (5.2)
o[b(y)z(v.2)]fay+a[b(y)o.(y.2) ] foz=b(y) p. (».2)

(7.2a-b)

in which 7 is used to represent forz_, b( y) is the section width at height y . The stress components

expressed in the equilibrium equations are depicted in Figure 7.3.

y
ot
T +§
50'2
l S O-Z+ az
oo,
T
(a) (b)

Figure 7.3. (a) Infinitesimal beam element (b) stress state acting on element
From Eq. (7.1), by substituting into Eq. (7.2b), and integrating from—/, to y, one recovers the

expression of shear stresses T( y,Z). Also, given the expression for T( y,Z) , by substituting into Eq.
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(7.2a) and integrating from—/, to ), the transversal normal stresses o, ( y,z)is obtained. The

resulting equations take the form
7(1:2) Za WE(2), o,(12)=0,(12)+ LAWE (2) (7.32-b)
i=1

in which functions ;( ¥, Z) and ;y ( ¥, Z) depend on surface tractions 7 (—hl , z) and 0, (—hl , z) ,and

body forces p_ ( v, z) and p, ( ¥, z) , and are defined as

=[N [p(-) (o2 [ 5}
:[1/b(y)]{b( +_[ z)dg—b(-h)o[ (- Z)]/az (7.4)
-[, fhlb(f)[apz(592)/52}1&177}

while ¢, ( y) and S, ( y) are distribution functions depending on the section geometry and defined as

() e ag A =[yp()[, [ b(&)e dsdn  (.5ab)

Equations (7.1) and (7.3a-b) satisfy the traction boundary condition at the top face, but not the

boundary conditions at bottom face y =h, . By equating the stresses in Egs. (7.3a-b) to the specified
traction 7 (h2 ,z) and o, (hy,z)), functions F,_(z) and F,(2) are related to the remaining functions

F(z) where i =1,...,n—2 . By substituting into Eq. (7.1) (Appendix 7.1), one obtains

o.(r2)  =1()F(z) +ol(2)
z'(y,z) =)~((y)l~'<‘(z) +T*(y,z) (7.6a-c)
o,(r2)  =&()F'(z) +o,(r.2)

in which unknown vectors F(z), F (2), F (z) are given by

T
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and stress resultants at z, =0 (Figure 7.4a) are defined as
ZJ.A,-W o. (y,zl.)dA; Q(z[)sz’ T(y, ,)dA M J o, y, L)dA (7.7)

In Egs. (7.6a-c), vectors )A(( y) , )~(( y) , & ( y) are known functions of y that depend upon the cross-

section geometry and applied tractions and defined in Appendix 7.1. Also, in Equations 6-c, the load

dependent terms are

H Y (2)+y (2 ]dde+Z(y 6+ 60 );
(y= J.I:a;m ( (Z ]dz a, ( )§11_0‘n(y)§21; (7.8a-c)
‘7;(%2)=0y(%2)+ n-l(y)Pl(Z)Jrﬂn(y)Pz(Z);

where P (Z) s Py (Z) ,and ¢, andg,, depend on applied loads and are defined in Appendix 7.2.

7.5. Variational principle

The total complementary energy 7' =U" +V"is the sum of the total complementary internal strain

energy U and the load potential energy V'~ gained by the end forces within the composite system.

7.5.1. Complementary internal strain energy

Total complementary strain energy U "is contributed by longitudinal and transversal normal and

transverse shear stresses and is expressed as
=(1/2)LL(GZQ +0,8, +z7/)dAdz (7.9)

The strains are related to stresses through the orthotropic constitutive relations, i.e.,
e.=(1/E.)o.~(u./E, )0, &,=(/E,)o,—(u,/E.)o;  y=1/G (7.10)
where E_, E are the longitudinal and transverse elasticity moduli, respectively, Gis the shear
modulus, and g, and 4 are Poisson’s ratios which satisfy the condition g / E =pu, / E_. From
Eqgs.(7.10), by substituting into Eq.(7.9), one obtains

U*= (1/2)ILIA(03/EZ +o! [E,~2u,0.0,/E, +2'2/G)dAdz (7.11)

Also, from Egs. (7.6), by substituting into Eq.(7.11), one obtains
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P Je € 0[Fe)] (4t
U*=I5<F(z) F'(z) ﬁ(z)> CY, C, 0 [{F'(z) +<F(z) F'(2) ﬁ(z)> a,(z)bdz+p, (712)
‘ 0 0 C,l|lF

F(2) d; (2)

in which the following matrices of cross-sectional properties have been defined

[ 11] 3(m+1)x3(m-+1) ( /E ).[ ( ) 3(m+1)x1 X(y)l 3(m+1) dA’ [ 22 ]mxm /E J. §3 m><1 §3 )lxm ’ (713)
[C., ]3(m+1)><m = ('uZJ’/EZ)J‘Ai(y)XmH)xl & (y);l;m d4;[Cy, ](2m+l)><(2m+l) = (I/G)JAX(y)(2m+l)xl x(y)ll;(zmm dd;

1nEq.(7.12),thetennD1:U (67 )2E.+0) 2E, - .o

yzz

‘0, [E. +7/2G)dAdz will vanish

after taking the variation of the expression, and the traction-dependent displacement vectors are

defined as

d ( 3(m+1)x1 = J. i 3(m+l)><1 (y’ ) ‘leyo-; (y’ Z)]dA’
d,(z),, = I & (»),. [0 (3:2)-1.0. (v.2) |d4; (7.14a-c)
d3 (Z 2m+l I/G J. 2m+1 )dA

7.5.2. Load potential energy

The load potential energy is the surface integral of the tractions and line loads by the corresponding

displacements and is given by

V= j w(y,o)Ez(y,o dA+j W(2,0)a. (1.0) dA+j 7,0)7(,0)d4
+I 7(,0)d4- j w(y,L)o- (y,L)dA- j (».L)o. (y,L)dA (7.15)
‘I 7(y,L)dA, j v, L)z(y,L)dA- J‘q‘ (2)dz~[ q.(z)w(z)dz

where all bars denote specified quantities. For example, for end z, =0 , o- ( y,O) is the specified
longitudinal traction acting on area A,  (Figure 7.1) and v_v( y,O) is the specified longitudinal
displacement acting on area 4, = A—4, . Also, ;( y,O)is the specified shear traction acting on
area A, and \_/( ,0) is the specified transverse displacement acting on 4,, = A— 4, , and similar

notation is adopted for end z, = L . In the last two terms of Eq. (7.15), q, (Z) and ¢, (Z) are line

loads in the transverse and longitudinal directions acting at height y =a (Figure 7.4).They can be

expressed as body forces p, ( y,z) and p, ( y,Z) through the Dirac delta function as
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q, (z) =Ap, (y,z)Dirac(y —a) and ¢, (z) =Ap, (y,z)Dirac(y —a) where A is the cross-
section area of the beam.
7.5.3. Variation of total complementary strain energy

By taking the variation of the total complementary internal strain energy in Eq. (7.12) and integrating

by parts (Appendix 7.3), one obtains
oU" =

—[ sF(2)" {il [Cni*(z)-CnF”(z)m1 (z)]—cfzﬁ" (2)+CoF""(2)+d," (2)-TiCy F (2)-Td, (z)}dz

L

)
+6F(0)" {Liz[cl F(z)-C,F"(z)+d (z)]dz—cfzﬁ'(o)+an”'(o)+d2’(0)—1.C3sﬁ(0)—11d3 (0)

+5F'(0)T“in{c, F(2)-CoF"(2)+d, (7) [d==[ ~CLF(0)+ C,F"(0)+4, (0) [+ [ T2[ €, F(2) +4, (z)]dz}
~s¥F(L)" {-C,Tzﬁ' (L)+C,F" (L)-TiCy,F(L)+d, (L)-Tid, (L)} +6F (L)' {-CLF(L)+ C,F" (L) +d, (L)}
+8N (0)[ 1s| €, F(2)-CuF"(2)+d, (2) [dz+ M (0) [ o[ €, F (2)-CuF" (2) + 4, (2) |z +
+80(0)[ [ 215, F(2)- 2C,F (2) + TC, F (2) + 2sd, (2) + Tod, (2) iz

(7.16)

in which the following matrices have been introduced

0] =000 10 0 0 0, 10,5 [T ] =0, (0, | O | O | 0, [0, ];
mx3(m+1) _[Omx’” | P [ ]Wm : 0"’ ! : 0 x1 0"’ ':|; |:I4]1x3(m+1) _[lem : Ol o : lem : ! I 0] 0]

1] i
[i:] ,m,,xm:o,m,o'l'o] (] =[0,,}0,, 10,001
1]

3

1><3 m+1 l><3 m+1

m><m mxm m><l] |: :|m>< 2m+1 [ mxm mxm mx1 ] ’ |: ]lx 2m+1 [ Ixm 1><m ]

1
m>< 2m+1

(7.17)

where [I] are the identity matrices. By taking the variation of Eq. (7.15) and noting that the variation

of specified tractions and loads vanish, one obtains

v J y, 50'(y, dA+I y, 52'(y, dAI y, )5(7(y, dAI 5T(y, )dA

(7.18)

Specified displacements v_v( ¥, Ze) and 1_/( Y, Ze) at member ends z, =0, L are assumed to follow the

distributions v_v(ze,y):W(ze)+5(ze)y and \_/(Ze,y):V(Ze)in which W(Ze),?(ze) are the
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specified longitudinal and transverse displacements and E(Ze ) is the specified rotation (Figure 7.4) at

both beam ends (Ze =0, L) . By substitution into Eq. (7.18), one obtains

V" =W (0)5N (0)+V(0)5Q(0)+06(0)5M (0)-W (L)SN (L)~ (L)5Q(L)-0(L)5M (L)
(7.19)

in which stress resultants N (Ze ) , Q(Ze ) M (Ze ) have been defined in Eq. (7.7).

M(0) g=(z) M(L) ,2\000) o(L)

M\TFO QU I Tl w0 ’l . > =) l PO

0(0) 0.0 o) 0) W(L)

(a) (b)
Figure 7.4. Sign convention for (a) Resultant line loads and stress resultants and (b) End displacements

From Egs. (7.6a-b), by substituting into Eq.(7.7), and setting z = L, one has

N(L) - |:J.ALW)A((y)1];3(m+1) dA:IF(L)3(m ) + o (y,L)dA

L

M(L)=] [, ANy 4 [F (L) + ], voi(mL)aa 720

O(L)=| [, 1)Ly A [F(L) 0+ [, (1L

By the taking variation of Eq.(7.20), substituting into Eq.(7.19) (Appendix 7.4), and noting that the

variations of the specified tractions and loads vanish, one obtains

(7.21)
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it = (e (), ddi s, = L] (vl (2)),,, a4

)
{2, ZJ'ALT ‘|’3(y)>1TX,,, d4; fag) =LL oy ‘l’l(y T dd;

{a6}m><1 =LL“ él(y)>1TXm dA;{a7}mxl I <&1( ) 1TX,,, m><1 I < 1Xm

a,=[ m(v)da=1, ay, = j I (p)dA=0; a(L)= j L, (v)dA =0
alz(L)=J'AL77722(y, I 7714 dA 0; J- dA—l
als(L):[L/b(hz)]{“h;b(y)yn_ldJ’} —Uh;b( ) ”dy}“ ( ) " 2dy}}

(7.22)

7.5.4. Compatibility equations and boundary conditions

From Egs. (7.16) and (7.21), by substituting into the stationarity conditiondz =oU +6V =0, one

obtains m compatibility equations:

CnF"”(z)—[ilcu+cfzif+ilcs3if}F (2)+1:C, L F(z)=R,, (z)+R,, (2) (7.23)

In which R,,(z)=-1.C, 1.F(0)-zL.C,, 1. F'(0) - 1,C,,1s N (0) - z1,C,, 15 0 (0) - T,C,, Ts M (0)

and R ,(z)=-Iid, (z)~d," (z)+1id, (z) = 0. The corresponding 4m + 3 boundary conditions are

obtained as

SF(0)" {j;[izcuif F(z)-1L.C,F"(z szq dz[lzCuIzF(O)+izCHi3TzF'(O)}
+C,F"(0)-CLI F'(0) - CL L F (0) - LiC, I F (0) - LiC, L F'(0) o
+j L.C, Is N O)dz+[ L 1.C,, 1: zdz - CL 1 —11C3313} (0)+ IOLizCHiZM(O)dz
+f Tad, (2) =+, (0)-Tidy (0)~ fa (L) +{as}0(L)]} =0

S5F'(0)" { f:[zizCnilTF(z) +1.C,, i?F'(z)—zECIZF”(z)JdZ ~CLF"(0)+ [ 21:C, LF(0)dz
+C1T2i1 +C1212 I |:Z I3CHI3F +12C33i§F'(0):|dZ+J'OLZi3C11i4TN(0)dZ (7.25)

+CLLN(0)+ [ [2213Cnls +LC, I JQ(O)dZ—F [ A, To0 (0)dz+ Cl e (0)

+f 2hsd, (2)dz—d, (0)+ [ Tod, (2)dz [ fa,} (L) +{a,) V(L)+{a5}e(L)]} 0
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5F(L)T{—C1T2i1TF' (L)-LiCy Il F'(L)+CpF" (L)~ CLI: F (0)-LC,, 12 F(0)
(7.26)

~CLE0(0) -1, 5 0(0) +a, (L) -Td, (L) +[ {a,}, , W (L) +{a,}, ,, e(L)]} 0

SF'(L)' {—cfzifF(L)+CZZF"(L)—CITZEF(O)—chzﬂF'(o)—cfziIN(o)
(7.27)
~LCLTI0(0)-ChieM (0)+d, (1)~ fay), , ¥ (2)] =0

5N(O)“0L{[i4Cni1TF(z)—i4C12F”(z)J+i4Cni;F(0)+i4C11i3TzF'(O)+i4C11i4TN(0)+ )

H1C, 1520 (0) + 1, 100 (0) L, (2)] [ (0) 17 (£)]| =0

5Q(o){ j(f[ziscuifp(z)+i3c33iTF'(z)—zisch"(z)+Zi5cuiZF(o)+ZZiscniIF'(o)+i3c33i§F'(o)

+21:C, iV (0)+z2iscnisTQ(o)+i3c33i§Q(o)+Zi5cni§M(o)+zi5dl(z)+i3d3(z)]dz (7.29)
[V (0)+¥(L)+a:0(L) ]} =0
L| ~ AT A ~ AT ~ AT ~ AT
oM (O) {Io |:16C1111 F (Z) - IGCIZF”(Z) + IsCHIz F (O) + 216C1113 F'(O) + 16C1114 N(O)
(7.30)

+216C, 120(0)+16C, 1M (0)+ et (z)}dz_[_e(o)w(L)]}: 0

The m compatibility equations in Eq. (7.23) are of the fourth order and their integration leads to 4m

unknown integration constants. The boundary conditions (7.24)-(7.30) involve nine end variables
W(O),V(O),«9(0),W(L),V(L),@(L),N(O),Q(O),M(0) of which six will be known a-priori
in a given problem. Thus, the total number of unknown constants is 4m + 3. In Eq. (7.24)-(7.30),
either the variations SF (0)T ,OF’ (0)T ,OF (L)T and SF' (L)T or the corresponding bracketed terms
will vanish, leading to 4m boundary equations. It is always possible to select the z orientation so
that either ON (0) , 5Q(O) or OM (0) vanish or corresponding bracketed terms will vanish, leading

to three additional equations, bringing the total number of boundary equations to 4m + 3 . Explicit
expressions of the stresses, governing equations, boundary conditions equations, and solutions for

simple beams are provided in Appendix 7.5.
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7.6. Closed form Solution

The homogeneous solution of the system is obtained by setting R (z) +R, (z) =0 in Egs. (7.23)

¢i }mxl eC/ZAi >

{9} = <1 S ¢m’i> , A are unknown constants and the value of i depends on the eigenvalue

and is assumed to take the form {FH (Z)}mXl = Z{FHI. (z)}mXl Where{FHl. (z)}mXl :{

problem of the given compatibility equations. By substituting {FHi (Z)}le into Eq. (7.23), one obtains

4 A T AT ~ ~T 2 ~ AT .. .
¢ C,—(LC,+C,Ii +LC 11 | +LC i {¢i}mx1 A =0. For a non-trivial solution, the

mxm

determinant of the matrix of coefficients vanishes. Given that the resulting eigenvalue problem is

quartic in constant ¢;, one obtains 4m eigen-pairs and the resulting solution takes the form

{Fu(2)),, =, L)), (AT (7.31)

in which
1 1 1 eclz 0 0 A1
¢, ¢, ¢,m 0 eazz 0 A
{f}”’x“m - 21 22 254 g [e(z):|4m><4m = : : : ) {A}4m><] = 52 (7’32)
¢m,1 ¢m,2 s ¢m,4m 0 0 e ec“’"z A4m

The particular solution {F, (z corresponding to R . (z) as given in Eq. (7.23) is assumed to
P1 mx1 pl

take the form

(F,(2)}  =[Ci lnm {F(0)} +z[C: ]m {F'(0)} +{C3}W1 N(0)+z{Cs} 0(0)

+{65}W1M(o) 733

From Eq. (7.33), by substituting into Eq. (7.23), matrices and vectors C yeus ,Es are determined as

(€], =-(ic.il) i, is[e]

~ - AT\ A AT (— ~ AT\ A AT
(c.) 1:_(11CHI1) i, is: {Cs) 1:_(IICHII) ic,,ic

A AT\ A AT (— A AT\ A AT
= —(I1CHI1 ) LC,I;; {Cz.} = —(I1C1111 ) LC, 14;

Vector sz(z) in Eq. (7.23) depends upon the applied tractions o, (hl,z),r(hl,z),a (hz,z),

y

T(hz, z ) The tractions are assumed as a power series with # +1 terms, i.e.,
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<Gy (hI’Z)’ T(h"Z)’ O-y (hZ’Z)’ T(h2,2)> - <z¢7i2i, zgz‘zia ZEiZia ZCZZI'> (7-34)
i=0 i=0 i=0 i=0

1

where u is the highest power of the series, and q,, ZZ,E , c?l are known constants. Vector sz (Z ) can
be evaluated from the tractions as given in Eq.(7.34) through the following 4-step procedure: (1)

Substitute the tractions expressions in Eq. (7.34) into Eq.(7.4) to obtain ;( y,z)and gy ( y,z). 2
Given the traction expression in Eq. (7.34) and the expressions for;( ¥, z) and gy ( ¥, Z) , substitute
into Eq. (A1.4) to obtain p, (Z ) and p, (Z ) (3) Given ¢, and ¢, as determined from Eq. (A1.2) and
2 (Z) s Py (Z) as determined from step 2, determine the load dependent terms 6: ( y,Z),Z'* ( y,z)
and O': ( y,Z) from Eqs.(7.8)a-c. If the power series in Eq. (7.34) consists of u +1 terms, the double
integration with respect to z of Eq. (7.8)a, increases the power series of 6: ( V, Z) to u + 3 terms. (4)
The expressions for O': ( Y,z ) R T ( .,z ) and G; ( ¥, Z) given in step 4 are substituted into Eq. (7.14) to

determine d, (Z) ,d, (Z) ,d, (Z) , and hence Vector{Rp2 (z)} can be expressed as

R ()}, = 8] 12 (2} sy (735)

where matrix [g] is known and Vect0r<Z>lTX(u+3) = <1 zZ ... Z“+2> has been defined. The

mx(u+3)

particular solution {sz (Z)} y corresponding to sz (Z ) can be assumed to take the form

{FPZ (Z)}mxl - [E]mx(w3) {Z(Z)}(1¢+3)xl (7.36)

where [C} is an unknown matrix. From Eqgs. (7.35), (7.36), by substituting into Eq. (7.23), one obtains

c. [ELX(M) (2, (z)}""(u+3)x1 _[ilcu +CN L+ LCJT}[E]W(M {z, (Z)}”(MM N

- AT F— -
+I:C, In [Clﬂx(”m {Zl (Z)}(,,+3)X1 - [A]mx(u+3) {Z(Z)}(u+3)><l

(7.37)

From Eq.(7.37), by equating the coefficients of z'on both sides, one recovers the mx(u +3)

equations that relate the coefficients of matrix [g] to those of the of unknown matrix [C} .

The general solution of Egs. (7.23) is obtained by summing Eq. (7.31), (7.33) and (7.36) yielding
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(F)},, =110, [e(2)),,... (AL 4 C ] FO)), +2[C ] {F(0)} -+

+{E3}W1N(O)+z{64} Q(O)-l—{Es} M(O)+[E]mx(u+3){Z(Z)}(M)Xl (7.38)

mx1 mx1

Vector {F(O)}mXl is determined by setting z=0 in Eq. (7.38) and {F'(O)}mXl is obtained by
differentiating Eqs. (7.38), and then setting z = 0 (Appendix 7.6). The expressions of {F (())}mXl and

{F'(O)}mXl are then substituted into Eq. (7.38) yielding

{F(Z)}mxl = [Hl (Z)]mx4m {A}4m><1 +{H2}mxl N(O)+Z{H3}mxl Q(O)+{H4}mxl M(O)+{H5 (Z)}mxl (7'39)

in which the following matrices have been defined.

From Egs. (7.39), by substituting into the 4m + 3 boundary condition in Eq. (7.24)-(7.30), one obtains

5F(O)T {[bn ]m><4m {A}4m><l +1{b,, }mxl N(0)+{b,, }mxl 0(0)+ {b14}m><1 M(0)+[L, ]m><1

Ll P (L) fau),, B(1)] =0

(7.41)

5F,(L)T {[b41]m><4m {A}4m><l + {b42}m><1 N(O) + {b43}m><1 Q(O) + {b44}m><l M(O)

+{L4}m><l - {aS}n—z,l ?(L)} =0
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SN(0){[bs],.., {A s +bsc},0 N(0)+ (b}, O(0)+ by}, M (0)+{Ls}, |

_[-W(o)+W(L)]} =0 749
SQ(O){[[Dei],.0p (A} 4y + (P}, N(0)+{bss}, , O(0)+ by}, M (0)+{Lg}, ] 045
~[7(0)+V (L) +a,0(L) ] =0 |

5M(0){[[b71]m><4m {A}4m><l +{b72}m><1 N(O)+{b73}mxl Q(O)+ {b74}m><l M(O)+{L7}mxl] (7 46)

_[_é(o)+5(1:)]} =0

in which matrices [bij] ,(i=1,..,7and j=1,2,...,4) depend solely on mechanical properties and

beam cross-section, load vectors {Li} are defined in Appendix 7.7, and one recalls that vectors

mx1

{ai }mxl have been defined in Egs. (7.22).

7.7. Verification and Applications
Example 1: Deflection of steel beams with W and WT cross-sections

A cantilever is subjected to a point load P acting at the tip (Figure 7.5a). Material is steel with a
modulus of elasticity of 200 GPa and a Poisson ratio of 0.3. The span is taken as L = 4/ in which 4
is the cross-sectional depth. Two cross-sections are considered (1) a W250x45 section (Figure 7.5b)
and a WT250x200 (Figure 7.5¢) according to ASTM A36. The cantilever is subjected to a load P
acting at the tip with P =18.2 kN for the W-section and P =23.4 kN for the WT-section. The load
levels were chosen to correspond to the same shear traction of0.01M/Pa to the web of the cantilever

tip, preventing stress localizations in the 3-D Finite Element Analysis (3D FEA). The deflections of

the beam obtained from the present solutions are compared to those based as 3D FEA solution.
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Figure 7.5. Cantilever steel beams under point load at the tip (a) Elevation, (b) cross-sectional

dimensions for W250x45 (mm) and (c) cross-sectional dimensions for WT250x200 (mm)

Specifics of present closed form solution: In Eqgs.(7.41)-(7.46), the natural boundary conditions of the
problem correspond to 5F(L) = 5F'(L) =0, 5F(0) #0, 5F'(O) #0, 5N(0) #0, 5Q(0) #0,

5M(0) #0. Also, the essential boundary conditions are V(O) = 9(0) = W(O) =0, V(L) 0,

H(L) #0 and W(L) # 0. The internal forces N(O) =0, Q(O) =P, M(O) = —PL are obtained from
equilibrium. By applying the natural and essential boundary conditions in Eq. (7.41)-(7.46), 4m + 3

boundary equations are obtained for the 4m + 3 variables {A} V(L), Q(L) and W(L).

4mx1?
Expressions for V(Z) , 49(2) and W(Z) are obtained by replacing symbol L in Egs. (7.41)-(7.46)
by coordinate z .

Description of the 3D FEA: The C3D8R element in the ABAQUS library is adopted for the 3D FEA

solution. The element is an 8-node brick element with 3 translational degrees of freedom per node with
reduced integration. A mesh sensitivity study was conducted to obtain the number of elements
necessary to achieve convergence and the final mesh selected comprised 20 elements along the flange
width overhang, 40 elements along the web height, 4 elements along the flange thickness, and 4

elements along the web thickness.

Deflections: Figure 7.6a-b present the deflection as a function of the longitudinal coordinate obtained
from the present solution with n=3, 4, the Euler Bernoulli beam theory and the 3D FEA for W250x45
and WT250x200 sections. Compared to the 3D FEA solution, the Euler Bernoulli beam solution is
observed to considerably underestimate beam deflections since it neglects shear deformation. In
contrast, the present solutions with n=3 and 4 are found to be in excellent agreement with the 3D FEA

results. Table 7.1 presents a comparison of the peak deflections as predicted by all four solutions. The
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3D FEA solution is taken as a reference against which other solutions are compared. The Euler
Bernoulli beam solution under-predicts the peak deflections by 18.1% and 9.0% for W250x45 and
WT250x200 sections. In contrast, the present solution with n=3 over-predicts the peak deflection by
0.6% for the W250x45 and by 0.3% for the WT250x200. For n=4, the over-prediction reduces to 0.1%
in both cases. It is also observed that the predictions of the present solutions match the Timoshenko

beam solution (nearly coincident with the Euler Bernoulli beam but not shown for clarity).

0.7 1.4
Present study,n=3 Present study,n=3
0.6 1.2
------- Present study,n=4 ------- Present study,n=4
£ 05 o 3DFEA g 1 o 3DFEA
g m] g 5]
= 04 Euler Bernoulli = 0.8 Euler Bernoulli
S o g
203 g 0.6
= =
o) Q
Q02 R 04
0.1 0.2
0 0
0 212.8 425.6 638.4 851.2 106 0 200 400 600 800 100
Longitudinal coordinate (mm) Longitudinal coordinate (mm)
(a) (b)

Figure 7.6. Deflection distributions against the longitudinal coordinate for (a) W250x45 section and (b)
WT250x200 section

Table 7.1. Comparison of the peak deflections at the cantilever tips between three solutions

W250x45 section T section
Solution
Value (mm) % difference Value (mm) % difference
Euler Bernoulli beam 0.520 18.1 1.21 9.0
Present study, n=3 0.639 0.6 1.333 0.3
Present study, n=4 0.636 0.1 1.330 0.1
3D FEA 0.635 0.0 1.329 0.0

% difference of a solution is compared to the 3D FEA solution
Example 2: Simply supported wooden beam under uniform traction

A simply supported rectangular wooden beam is considered (Figure 7.7). Cross-section dimensions

arebx h =100x200mm . Wood is assumed to have a longitudinal modulus of elasticity £, = 11.4
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GPa, a transverse modulus of elasticity Ey =1.48 GPa, a shear modulus G =1.24 GPa, and a Poisson’s

ratio g2, = 0.35. The span L is taken as 3/ and 104 to investigate the cases of deep and shallow

beams. The uniform traction ¢ applied to span L = 3/ is 4.0 MPa while that applied to span L =104
is 0.4 MPa. Load magnitudes were selected to induce longitudinal stress levels at the extreme fiber that
are comparable for both cases as predicted by the Euler-Bernoulli theory. The stress fields obtained
from the present solution are compared to those based on the Euler-Bernoulli beam, the Timoshenko

beam and the 3D FEA under ABAQUS.

(o3 O .
v v v b v bbb d Y v
inedat ~4|, g | ¢ ined a
m;:;i;ziig; & E m};d-hiig;ﬁ h
! L | b~

Figure 7.7. Simply supported beam under a uniform traction

Longitudinal normal stresses: Figure 7.8a-b depicts the mid-span longitudinal normal stress profiles

for spans L=3h and L=10h as predicted by the present study with n=3 and 4, the Timoshenko beam
solution, and the 3D FEA. For the short span L=3h, the stress profile predicted by the present solution
with n=4 shows a slightly nonlinear distribution in a manner consistent with the 3D FEA solution. In
slight contrast, the solutions based on the Timoshenko and present solution with n=3 show a linear
stress profile. The peak stress at the top and bottom fibers predicted by the present solution with n=4
and the 3D FEA solution is 30.4 MPa, while that predicted by the Timoshenko and present solution
with n=3 is 27.0 MPa, a 12.6% difference from the 3D FEA. For the longer span L=10h, the stress

profiles predicted by all solutions are linear and essentially coincide.

Transverse shear stress profile: Figure 7.9a-b provide a comparison of the transverse shear stress

profiles at end cross-sections for L=3h and L=10h. As observed, the present solutions with n=3, 4
predict identical stress profiles for both spans. The 3D FEA solution predicts a slightly smaller peak
shear stress at mid-height fibers and non-zero stresses at the top and bottom fibers, especially in the
span L=3h. Because no external shear tractions are applied to the top and bottom faces of the beam,
the 3D FEA violates the traction boundary condition at both faces. This finding is characteristic of
displacement based finite element formulations which interpolate displacement fields and contrasts
with the present solution. In the contrast, the present solution which is based on statically admissible
stress fields is able to satisfy the horizontal traction boundary conditions at the top and bottom faces

In an exact sense.

Higher order beam theory for homogeneous beams Chapter 7
May 2018 Page 188




Transverse normal stress profiles at mid-span: Figure 7.10a-b present the transverse normal stress

profiles at mid-span section obtained from the present solution with n=3, 4 and the 3D FEA solution
for L=3h and L=10h. As observed, all solutions are in excellent agreement. Both solutions contrast
with conventional Euler-Bernoulli and Timoshenko beam solutions which cannot capture the

transverse normal stresses.

Transverse normal stress profiles at support section: Figure 7.11a depicts the transverse normal stress

profile at the support section as obtained from the present study with n=3-13 and the 3D FEA solution.
The present solutions is observed to converge when n=9 as further increase in n does not cause a
change in the stress profile. The 3D FEA predicted stress profile has a similar trend but different values
from those of the present solution. Unlike the present solution which exactly satisfies the vertical
traction boundary conditions at the top and bottom faces, the 3D FEA solution violates the vertical

traction conditions at both faces.

Transverse normal stress profiles along the span: Figure 7.11b depicts the transverse normal stress

profiles based on the present solution with n=9 for sections at z= 0, 0.1L-0.5L. Except for the stresses

at z = 0 where significant localizations occur at the support, all stress profiles are nearly identical.
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Figure 7.8. Longitudinal stress profiles at mid-span cross-section for spans (a) L=3h and (b) L=10h
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(positive stresses denote tension)

Higher order beam theory for homogeneous beams Chapter 7
May 2018 Page 190



100

100
g 50 E 50
= =
_§~ ‘g Z=0
g 0 3D FEA T o Z=0.1L
2 Presentstudy,n=3 | .2 R | eeeeenens 7=0.2L
glz Present study,n=5 § o Z=03L
] Present study, n=7 @ _
5 -50 Present study, n=9 2 -50 x 270'414
Present study, n=11 © ° Z=0.5L
Present study, n=13
-100 100
-6 -4 -2 0 2 4 6 -6 -4 2 0 2 4 6
Transverse normal stresses (MPa) Transverse normal stress (MPa)
(a) (b)

Figure 7.11. Transverse normal stress profiles for L=3h (a) Effect of the number of terms n (z=0) , and

(b) Effect of cross-section location Z (n=9)

Effect of shear and transverse normal stresses: In order to investigate the effect of shear deformation

and transverse stresses on the mid-span deflection, the beam depth is kept constant and the span is
changed so that the span-to-depth ratio is varied from 2 to 14. The ratio PS/EB of the peak deflection
based present solution (PS) to that based on the Euler-Bernoulli beam solution (EB) is plotted as a
function of the L/h ratio. Overlaid on the figure is the ratio PS/TB of the peak deflection based present
solution (PS) to that based on the Timoshenko beam (TB) solution. Since the Timoshenko and present
solutions capture the effects of longitudinal normal and shear stresses, but only the present solution
captures the effect of normal transverse stress, the PS/TB ratio is indicative of transverse deformation
effect on the deflection. Also, since the shear and the transverse stress effects are captured by the
present theory but not in the Euler-Bernoulli beam, the ratio PS/EB can be considered to reflect the
combined effect of shear and transverse normal stresses. Finally, the vertical distance in Fig. (7.12)
between both curves reflect the effect of shear stresses alone. As expected, shear deformation effects
are significant for short spans (e.g., PS/EB-PS/TB=3.17-1.12=2.05 at L/h=2) and reduces with higher
L/h. The effect of transverse deformation is also observed to gain significance for shorter spans, albeit
it is less influential than shear stresses. The PS/TB ratio is 1.12 at L/h=2 and reduces to 1.007 when

L/h=14, suggesting it is negligible for long span beams.
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Figure 7.12. Effect of the shear deformation on the prediction of the peak deflection

Example 3. Effect of support height

In the present formulation, origin O in Figure 7.1 does not necessarily need to coincide with the cross-
sectional centroid. This feature is used in the present example to model supports that are offset from
the centroid. In Example 2, the end supports were assumed to be located at the section mid-height by
locating origin O at the mid-height. We deviate from this convention in the present example, where
origin O is moved to the bottom face of the beam (Figure 7.13). Figure 7.14a-b provides a comparison
of the longitudinal normal stress distribution at the top and bottom fibers against the longitudinal
coordinate for a span L=3h. Unlike the Timoshenko beam theory whereby the longitudinal stresses at
the extreme fibers have a parabolic distribution with the longitudinal coordinate, those predicted by
the 3D FEA solution exhibit a more complex shape. In comparison to the 3D FEA, the present solution
with n=3 underestimates the stress distributions along both top and bottom faces. As the number of
terms 7 increases to 5 and 7, the stress distributions along the top fiber predicted by the present
solution approach that of the of the 3D FEA solution (Figure 7.14a). More terms are found necessary
to attain convergence for the stresses on the bottom (Figure 7.14b) where convergence is attained for
n=9 in excellent agreement with the 3D FEA predictions and no further change is observed for n=10.
Similar findings are observed for L=10h (Figure 7.14c-d) where the solution with 7=9 is observed to
successfully capture the stress localization near the bottom supports. The longitudinal stress
distribution for the case of mid-height support (as obtained from Example 2) based on the present
solution with 7=9 is overlaid on Figs.7.14a-d. Stress distributions at the top fibers for mid-height and
bottom supports are comparable for the short-span beam (Fig. 7.14a) and nearly identical for the long-
span beam, but considerable difference is observed between the stress distributions at bottom fiber

between the bottom and mid-height support cases (Figs. 7.14b and 7.14d).
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Figure 7.15a-b depicts the stress profiles at the mid-span cross-section predicted for L=3h and L=10h,
respectively. For the short span L=3h, the linear stress profile predicted by the present solution with
n=3 slightly differs from the slightly nonlinear stress profile predicted by the present study with n=5,
which is observed to nearly coincide with the 3D FEA. It of interest to note that the neutral axis in the
latter two solutions is slightly shifted downwards from the section mid-height since the high transverse
stresses provided by the end supports at the bottom slightly enlarge the section width based on the
Poisson’s ratio effect, which causes a downward shift of the deformed section centroid. This
phenomenon has not been observed in Example 2 where the end supports were located at mid-height.
For L/h=10 (Fig. 7.15b), the downward shift of the neutral axis becomes negligible since the width

enlargement is localized at the supports and is far from mid-span.

Figure 7.16 depicts the transverse normal stress profiles at sections z=0.1L-0.5L as obtained from the
present solution with n=9 for a span L=3h. Overlaid on the figure is the stress profile at z=0.1L as
obtained from the 3D FEA. Close agreement is observed between the present solution and 3D FEA
predictions. Unlike the case of mid-height support in Example 2, stresses near the bottom face are
significant. The stress profiles at sections from z=0.3L-0.5L are found almost identical. However, the

stresses significantly increase as one approaches the support location.
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Figure 7.13. Beams simply supported at the bottom fibers
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Example 4. Longitudinal stress profiles in deep beams:

Carrera and Guita (2010) and Patel et al. (2014) showed that the nonlinear distribution of the

longitudinal normal stress across the section depth is significant for beams with very short spans (e.g.,
L/ h=2). As observed in Example 3, the longitudinal normal stress profile at mid-span is slightly
nonlinear for the span-to-depth ratio L = 3/ . The present solution is thus conducted to investigate the
nonlinear stress profiles for the beam given in Example 3 with span-to-depth ratio L/h=1 and 2 and

subjected to a downward traction o, =10MPa on the top face. Figure 7.17a,b) depicts the stress

profiles at the mid-span section obtained from the present solution with n=4, 5, 7, 8 and 9 for L/h=1
and 2, respectively. When n =3 (not shown on the figure for clarity), the present solution coincides
with Euler-Bernoulli profile and as # increases, the predicted profiles become highly nonlinear and
convergence is attained whenn = 8. Further increase of 7 is shown not to influence the predicted

stress profile. The converged stress profiles are clearly nonlinear across the depth.
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Figure 7.17. Longitudinal stress profiles at mid-span for spans (a) L=h and (b) L=2h
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7.8. Summary and Conclusions
The main contributions of the study are summarized in the following:

(1) A high-order beam theory was developed for the static analysis of beams. The longitudinal normal

. . . . i—1 (-
stress field was assumed as a series of power functions in the transverse coordinate )' (l =12.., n)

1

multiplied by unknown functions F; (Z) of the longitudinal coordinate z . The corresponding shear

and transverse normal stress fields were then derived from the infinitesimal 2D equilibrium conditions
and the traction boundary conditions were satisfied in an infinitesimal exact sense. The resulting stress

fields were used in conjunction with the principle of stationary complementary strain energy to express
the compatibility conditions in terms of the unknown functions F; (Z) and the possible essential and

natural boundary conditions. The differential equations of compatibility were found to be coupled and

a general solution was developed for the system.

(2) The theory was shown to successfully capture the longitudinal and transverse normal stresses, shear
stresses, material orthotropy, and nonlinear stress profiles. It was shown to reliably predict the response
of beams with monosymmetric cross-sections, with supports that are offset from the section centroid,

and with short or long spans.

(3) Unlike conventional beam theories (e.g., Euler-Bernoulli, Timoshenko, etc.), the present solution
avoids postulating any kinematic assumptions. As a result, the solution was shown to consistently
converge to the displacements from above, in the sense that lower order stress polynomial solutions

(i.e., small ») tend to overestimate the predicted deformations (i.e., underestimate the stiffness). As

the polynomial order increases, the predicted displacements tend to reduce and approach those based

on the 3D FEA in all cases examined.

(4) The assumed stress fields satisfy the traction boundary conditions at the top and bottom faces of
the beam in an exact sense, a feature that is un-attainable under displacement-based 3D FEA solutions

(e.g, Example 2) where equilibrium is satisfied only in an average integral sense.

(5) Within the family of solution developed, when the number of stress terms is # = 3, the resulting
longitudinal normal stress has a linear solution and the present theory provides results that are close,
but not identical, to the Timoshenko beam theory predictions. The predictions of both theories do not
exactly coincide since the present theory captures the transverse stresses while the Timoshenko beam
omits the presence of transverse stresses. When the number of stress terms is # > 4 the stress profiles

based on the present theory enable the solution to model nonlinear stress profiles that may arise in
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deep beams and/or beams with supports that are offset from the section centroid. In such cases, the
conventional Euler Bernoulli and Timoshenko beam theories were shown to yield unreliable
predictions for the examples examined in the present study. The number of stress terms required to

attain convergence depends on the beam span.

(6) The examples investigated in the present study showed that stress distribution near the end support
highly depends on the support location relative to the section centroid. While supports at the centroid
were associated with little nonlinearity of the stress profiles, bottom supports were associated with

highly nonlinear stress distributions as predicted by the present solution and the 3D FEA.

(7) For the case of bottom supports, the present theory and the 3D FEA predict significant transverse

normal stresses near the supports.

Appendix 7.1: Background for Developing Equations (7.6)a-c

This appendix presents the procedure to turn Egs. (7.1) and (7.3a-b) into Egs. (7.6a-c).

A7.1.1. Reducing the Number of Unknown Functions F; (Z )

From Equations (7.3a-b), by expressing functions F,_, and F, in terms of others F(z) i =1,...,n -2

one obtains

o ()E, (=) a, () F, (2) = (h.2)~ e (h2) - Soet () (2)
=l (7.47a-b)

From Eq. (7.47a), by differentiation with respect to z, combining with Eq. (7.47b) and solving for

" 14 .
F’ and F," | one obtains

F."(2)=p(2)- 2 AF (2)

nf (7.48a-b)
F:z”(z)=lo2 (Z)_ ﬂziE'”(Z)
i=1
Where the following symbols have been defined
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: (7.49a-d)

A = a, (hZ)IBi(hZ)_ﬂn (hz)ai(hz) LA :_OO:H (hZ)ﬂi(hZ)_ﬁn—l (hz)ai(hz) .

a, (hz )ﬂn—l (hz ) —a, (hz )lgn (hz ) ’ n (hz )ﬂn—l (hz) -, (hz )ﬂn (hz ) ’
Traction equilibrium requires that stress fields o, ( y,z) and 7 (y,z) at the top and faces z = —h, and
z = h, be equal to the externally applied surface tractions. Therefore, all factors in Egs. (7.49a-d) are

known. By integrating Egs. (7.48a-b) twice from 0 to z, functions £, (Z) and I, (Z) are obtained as

[pu(2)dz =S 4 F (2)+ S 2R (0)+ 25 4,7 (0)+ F,(0)+ 27, (0)
g = = = (7.50a-b)

F(z)= j o (2 )zdz ~ z (D) S L E(0)+ 25 4,F (0)4 F,(0)+ 2F(0)

i=1 i=l1

A7.1.2. Expressing Constants in terms of Stress Resultants

s n-l1

Constants F;_l(()) F' (0) F (O), and FZ(O) appearing in Egs. (7.50a-b) are then eliminated by using
four equations; the first one is obtained by differentiating Eqs. (7.50a-b) with respect to zand

substituting F "and F_ " into Eq. (7.47a), yielding

{an 1(hz)ip”(z)dzmn(hz)ipzl(z)dz_[r(hz,z) T(h2,z)]}+
+{—an1(h2)':12ﬂ1iFi'(z)—an(hz)z%‘AZiE'(z)Jr’:al,(hz) ,.'(Z)}+ (7.51)

From Egs. (7.49a-b), by substituting into Eq.(7.51), one obtains

(hZO +7(h [ Z[O‘m VA +a, (h) A, +a( }+
n-2 n—2 (752)
+an—l (hZ )F;l,—l (0) + an (hZ )F:’l,(o) = _an—l (hZ )z//l'l z//l?l ’
i=1 i=1
From Eq. (7.52), by noting the identity «,_, (h2 ) A +a, (h2 ) A +a (h2) =0, one obtains
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(1) FL (0)+ @, () F1(0) = [ 7(0) - £(1,0) |- S (m)F (0)  (7.53)

i
i=1

The other three equations are recovered by introducing the stress resultant

[ o.(».0)d4=N(0); [z(y,0)d4=0(0 jyo (y,0)dd=M(0) (7.54a-c)

Ao Ao:

Where A, and A, are area parts of member cross-section at z =0 where prescribed longitudinal

and transverse displacements, respectively are applied as boundary conditions. These stress resultants

can be balanced to reaction forces at the boundary. From Egs. (7.1) and (7.3a-b), one obtains

o, (»,0)=y"F,_ (0)+y""F,( Zy 'F,(0

~ L (7.55a-b)
7(3,0)=7(»,0)~a,, (»)F, ' (0)-a,(»)F/(0) —;a,- (»)F/ (0)
From Egs. (7.55a-b), by substituting into Egs. (7.54a-c), one obtains

@raF, (0) 4 @uiF, (0) = N (0) =S @i (0)
P}

G FL (0)+ @uF(0)=—0(0)+ [7(,0)dd- S auF! (0) (7.56a-¢)

P

2

A
@uiF, (0)+ @i F, (0)=M(0)- S @i (0)

i=1

in which sectional properties a; = I y'dA4 and a = I a, ( y)dA have been defined. From Eq. (7.53)
4y Aoz

and Egs. (7.56a-c), functions F (0),F/(0),F, (0),F,(0) can be expressed as

n=2

F, (O) =¢n t gle(O) + ZgBiE' (O)

F/(0) =6y +620(0) + Z SosiF, (0)
- (7.57a-d)

ﬂ71(0)=g31N(0)+g32M(0)+ Sl (O)

F, (0) = §41N(0) +opM (0) + ZI§43:'E (0)

i=

in which the coefficients ¢, are defined in Appendix 2. From Egs. (7.50a-b), by substituting into Egs.

(7.1) and (7.3a-b), one obtains
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2)=[[(3p(2)+ "' py (2))dzdz+ (" F,, (0)+ 2" F,, (0)+ " F, (0)+ 2" F}(0))
00
n—2

n=2

+ (»"2 4, + " 1/121.)[;;(0)+Z(y”72/11i+y"7lﬂ2l.)zF;'(0)—

i=1 i

z

r(.2)=7(3.2)= [[a.. (¥) o (2)+ 2, (¥) . (2)

0

“2lan () A +a, ()2 (0)+ 2l e (0) 4 +a, (7) 4

n=2

i=l1

Gy(y’z):G»V(y’z)—i_ﬂn—l(y)pl(Z)+ﬁn(y)p2(Z)+Z|:ﬁi(y)_ﬁn—l(y)ﬂ’li_ (V) A

i=1

Z(ywz%i +yn71ﬂ’2i _yH i(Z)

(7.58a-c)

Also, from Egs. (7.57a-d), by substituting into Egs. (7.58a-c) and introducing m = n — 2, one obtains

Egs. (7.6)a-c.

Appendix 7.2: Definition of Terms appearing the stress expressions

This appendix provides the steps for characterizing the terms appearing in Egs. (7.6) and (7.8).

(1) Determine the constants:

ai = L@w yidA, ai= Lm a,(y)dA (7.59)
where i ranges from 1 to m=n—-2.
(2) Given «; ( y) in Eq. 7.5a, a:and Zli in Eqgs. (7.59) and the applied tractions, determine:
_an(hz)IA;(y,O)dA—gzn[;(hz,o)—r(hz,o)]' o a, (h)
: awa, () -ama, (h) ’ Y, (b)-ama, (b))
g _ an—l(hZ)J.A;(y’o)dA_&n_l I:;(hz,o)_f(hz,o)]g _ anfl(hZ)
2 &nan_l (h2 ) - &n—lan (hZ) o &nan_l (h2 ) - &n—lan (hZ)
En an—l
Gy === == Cp === ==
o A -1 A p-1 Ann-2 —On-10n-1
— — (7.60)
-1 (0478)
g41:___ - - 4 g42:__ - - 4
Anln-2 — An-10n-1 OnQn-2 — Ap-1&p-1
. (h)ai—aw (h) R (h)ai—awa,(h)
Y aa, (b)) —ama, (b)) Y aua, (h)-ama, (b))
En&i—l _En—lgi an 15! l_an 251
Gy = T= = ==, Cpi === =
OnCOn-2—Qn-10n-1 OnQn-2 —Otn 1O n— 1
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(3) Starting from the definitions of ¢, ( y) Ny’ ( y) as provided in Egs. 7.5a-b, determine the following

_ an(hz)ﬂz(hz)_ n(hz)al(hz) . :_an—l(hz)ﬂi(hz)_ ;z—l(hz)ai(hz)_
T ) an (AT ) A (k) e ()AL ()

(4) Also, starting from the definitions of &, ( y) s ( y) as provided in Egs. (7.5a-b) and the applied

traction (i.e, 0, (h,,Z) , Z'(hI,Z) , O, (1’12,2) , T(I’IQ,Z) ), determine the following constants

a,(h) e, (h2)-0, (
72 AT (Y= ATy ’
a,. (h )[ L (h,2)=0y (hy, )] B, (h) ;l(hz,z)—z"(hz,z)} (7.62)
a, (1) B, 1 (hy)~at, () B, (1)

(5) Given gj; as obtained in Eq. (7.60) A as givenin Eq. (7.61) and ¢, ( y) in Egs. (7.5a), the following

)

distribution functions of the y — coordinated are defined:

M (¥)= "6+ V" s m;(y) V' G+ V" 6y

s (¥) =6+ "0 my (¥)=—a,.(¥)sn+a,(¥)en |

& (V) =y =" A =y Ay &()=a,, () +a,(v) A e (y);

& (1)=B(y)= B (¥) A4 =B, (¥) s

v (v ”2g131+y oy H V" T Y s (7.63)

(r)=vy
2i(y) V" g33,+y §431+y /11"')’ Ao
Wsi(y)__ n—l(y)gBi_ n(y)g23i_ n—l( )Ai_an(y)/’i?i; i=L....,m

<

(6) Given functionsy/,, ( y) , Wy, ( y) and ¥/, ( y) from Egs. (7.63), the following vector functions of

the y — coordinates are defined:

‘|’1(J’)1Txm:<§//11(y) ‘//11‘()’) V/lm(y»,

(), =W () o va(9) e e () (7.64)
W3(y)11;m:<‘//31(y) Wzi(y N y>

(7) Given Eqgs. (7.63) and (7.64), the vectors of Egs. (7.6) are determined from
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) &), v, v, 1 (9) 1a(9) 7a(v))
2oy = (&0 T2 ), 7 ()

g (), =G () o &) o &) (7.65)

(8) Given termspl(z), pz(Z) from Egs. (7.62), &, and & from Eq. (7.60), and;(y,z), g'y (y,z)

from Eq. (7.4), one recovers the expressions for O': ( V, Z) R T ( ¥, Z) .G: ( y,z) in Eq. (7.8).

Appendix 7.3: Explicit Expression for Total Complementary Energy Variation in Eq.(7.12)
Variation of total complimentary strain energy sU " as shown in Eq. (7.12) is expressed in a matrix
form of composed vectors o F (z) ,0 F (z) which have been defined in Eqs.(7.6). The expression is
complicated and thus it needs to be expanded to have an explicit expression in terms of variables
OoF (z)lTxm , OF (0)1Txm , 5F’(0)1Txm , 5N(0), 5Q(O), 5M(0). Also, some integrations by parts

are performed in Eqs. (7.12) to obtain a new expression of variational of total complementary energy

as shown in Egs. (7.16).
From Eq. (7.12), by taking the variation and expanding all terms from matrix expression forms, one

has

" = [0F (2 [, F(2)-Cu () (1) e [ (=) [-CLE(2)+ o () o) .66

+-!5ﬁ(z)T [Cssﬁ(z)+d3 (Z)sz

From Eq.(7.66), by decomposing vector & F (z)T using identity matrices I , I , I; defined in Eqgs.(7.17

), performing integration by parts the coefficients of SF" (z)T and OF’ (z)T , one obtains
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SU” = J.§1A7(Z)T [Cuf?( )-C,F"(z j|dz+J.§F { CITZ (2)+CuF""(2) +d,” (Z)}JZ+
L

L
L

+

H{oF ()" [-CLR(2) + € (2) v, (1)

_{cm(zf {'c;ﬁ’(z)+an'"(z>+“z'(Z)}}

0

~[oF (=)', [Cﬁf?'(z)+d3'(z)}dz+{5F(2)T L[CyF(2)+d,(z)]

L

0
L

0

+ j SF'(0)' L[ C,F () +dy(2) bz + [50(0)" L[ CyyF (2) +d, (2) iz

L
(7.67)
From Eq.(7.67), by re-arranging the terms, one obtains

SU” = Pﬁ(zy[cnﬁ() (2 }dﬁjar« {c{j" )+C22F””(z)+d2"(z)}dz+
- l SF(z)' L [Cni' (z)+d, (Z)}dz+ ! SF'(0)" L CyF(2)+d, (z) Jgz +
+j5Q ) B[ CoF(2)+d, (2) [z + {6F (=)' [-CLF () + CyF () +9, (2) ]|

L

0
L

_{5F(Z)T{_ij'(Z)+C22Fm(z)+d2'(Z)} +{6F (2) [ CyF(2) +d, (2) |

0

(7.68)

AAAAAA

From Eq. (7.68), by decomposing vector & F (z)T using identity matrices Ii,12,15,14,1s,16 , which

were defined in Eqs.(7.17), the final expression of variational of total complimentary strain energy is

obtained as shown in Eq. (7.16).

Appendix 7.4: Variation of the total potential energy

Starting with Eq.(7.15), (7.19), (7.20), this appendix shows the steps for obtaining Eq. (7.21). The
expressions for NV (L) , Q(L) and M (L) as obtained in Egs. (7.20) are substituted into Eq. (7.15) to

express the total load potential energy in terms of the independent variables F(O)T , F'(O)T ,

F (L)T , F’(L)T , N(O), Q(O) ,M(O).From Eq.(7.20), by substituting into Eq.(7.19), one obtains
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o MO (0)+ 0(0)7 (0} 54 (05(0) -6 (1), | [1(3) .yt 710
! (7.69)

SE(L), U V() dA}@( )=F (L), Dx oy dA} (£)

From Eq.(7.69), by adopting the definitions of F (L) and F (L) as given after Eq. (7.6), one obtains

oV =W 0} 50(0)7(0) 53 (0(0)-0¥ L) [& ()L (1)
RO 0.0 ,X,,,dA}W(L)—&F'(())?;MlemlmdA}W(L)—&N(O)Urm<y>dA}WL+
-50(0) £, (7)a4 [ (1)~ 2310 [ (4)a4 |7 (4) -0V (0] [5, (). 1 (0
(O] 0011 0008 O | £ (O )
- 0) [ ()44 [0(£)-0(0) ] s, ()4 [12) -0 0) [ (1) 12)
(L[5 0 |T0)-08 O [ 0 4] P (1)-0000) [ 31 710

(7.70)

From Eq. (7.70), by taking the variation of the total load potential energy, one recovers Eq. (7.21).

Appendix 7.5: Illustrative examples
A7.5.1. Beam under uniform traction when the number of terms = 3
This section illustrates the applicability of the present theory for a beam of length L . The beam has a

rectangular cross-section b x i and is subjected to a uniform traction O'(h1 R Z) = 0, acting at the top

surface while other tractions vanish, i.e., 7 (h,,Z) = 0'(1’5,2) =7 (hZ,Z) =(0. Two solutions are

provided for a cantilever and for a simply supported beam. The number of stress terms is taken as 7

=3.
Stress fields and governing equations:

The expressions for the stress fields as given by Eq. (7.6) take the form
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12y° 12 6z
o.(rz)=|1- hév jFl(Z)+—bh{[yN(0)+ZQ(0)+M(0)]+ if o,
49" 1y 1y
Tyz(yaZ): -y+ );JFI(Z)+6GZ(4_h_%j+6Q(O)(E_#J (7.71)
h2 y2 y4 " 1 3y 4y3
o (r2)= _E+7_17JF1 (Z>+5[17+—h3 Z

In this case, the number of compatibility equations is m = n — 2 =1 and the corresponding differential

equation of compatibility as given by Eq.(7.23) takes the form

: 41, bl 3
DK (Z){ bl 2bh j o (2) 0 4

2 E (2)-—N(0)=0
630E, 105E. 105G SE, i(2) SE (0) (1.72)

The integration of Eq. (7.72) gives four unknown constants. Also, equations(7.24)-(7.30) give

4m + 3 =7 boundary conditions, which take the form

g 241, b 3
5F, (0)| ot 7 (0)+ 200 1 (0) | =0
630Ey 105E. 105G
, 5 " 2u_bh’ n 3
SF, (O) B bh 1 ( )_ M., FI(O)—ﬂLN(O)+O—°bh _0
630Ey 105G 70E. 60Ey

2 bh3 3 ’ 5 n
SR (1)|| B2 - 2 B (1) (1) =0
105Ey 105G 630Ey

, 2 bh’ > h }
OF, (1) S FL)+ o B (L) + 522N (0) =257 o
630E, 70E, 60E,

SE.hb  2E.

5Q(O){J,:K PE. jQ(O)+ 12:M(0) 60,2° 64,007 6002}12

E.bl*  5Ghb Ebh*  EK  SEh  5Gh

§N(O){IL L) Al F (1) X 0) _ 0, }dz—W(O)—W(L)}zO

~V(0)-V(L)-LO(L)}=0

2 6 (7.73a-g)
oM (0)1 [ 12:0(0)  12M(0)  60n2” 4200 |, o) _g(r)l =0
Ebh’  Ebh | EW  SEh
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In Eq.(7.73), depending on the boundary conditions, either the bracketed expression or its variational
coefficient will vanish. It is emphasized that Eqs.(7.74)-(7.73) are applicable for general boundary

conditions.

Case 1: Cantilever

For a cantilever fixed at z=0 and free atz=L , one has V(O) = W(O) = 9(0) =0. Since the
cantilever is not subjected to axial forces, one has N (0) =0. By substituting N (0) =0 into Eq.(7.72
), enforcing the boundary conditions OF; (0) #0, 5F1' (O) =0, OF (L) =0, 5F;' (L) =0,
ON (O) #0, 5Q(O) #0,0M (0) # 0in Egs. (7.73a,g) and solving for the four integration constants

and the three unknown displacements W(L) , V(L), Q(L) , one obtains F| (Z) which contributes to
a nonlinear distribution of the longitudinal normal stresses across the section depth as evidenced in

Eq. (7.71). Boundary equations (7.73f-g) are found independent of £ (Z) . Thus, the angle of rotation
0 (L) and deflection V(L) at the free end can then be evaluated by setting Q(O) =-0,bL and

M (0)=0,bL / 2 leading to

(7.75)ab

o(1)=0LL SOy (bl 3oL 9oL
6EI  ShE. 8EI ShG  ShE,

The first term of the right hand side of Eq. (7.75a) and the first two terms of Eq. (7.75b) coincide with
those of the Timoshenko beam solution. Thus, the present study is found to provide higher predictions

of beam deflections than does Timoshenko beam theory.

Case 2: Simply supported beam

If the beam is simply supported at both ends, the normal force vanishes within the member given there
no axial forces applied. By substituting N (0) =0into Eq. (7.72) and applying the boundary
conditions OF,(0)#0, SF (0)=0, 6F(L)#0,5F (L)#0,6N(0)=0,50(0)#0 and
solving, four unknown constants of the closed form solution and two displacements W(L) ,0 (L) are

determined. Also by setting Q(O) =—0,bL/2 and M (0) =0, the mid-span deflection V(L/ 2) can

be obtained by integrating Eq. (7.73f) over a half span while the end rotation H(L)can be also

obtained by integrating Eq. (7.73f) over the whole span to yield
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2
(L) — O-Ol’3 + 3ll’lzyo-OL . _ 50-0L4 i 3O-OL2 n 3ll'lzyGOL

= S = 7.76)a,b
2E.h  SE.h (£/2) 32E.h° 20hG  20E.h (7:70)

From Eq.(7.76)b and assuming that G=FE, / 2(1+yzy), the deflection becomes

V(L/2)=50,L" / 32E.h +30,I / 1()Ezh+9/,lzy60L2 / 20E h. This deflection is observed to be
higher than the elasticity theory solution developed by Timoshenko and Goodier (1970), which is

V(L/2)=50,L' [32E I +30,’ 10E.h+3 1,0, [16E.h.

A7.5.2 Stress Fields and Compatibility Equations when the number of stress terms = 4

The expressions for the stress fields are:

12y 20y° 12y° 80)°z 80y’ 40y°2?
.00~ 12 2+ -2 ) 2 00+ 2 0(0)+ S (0)+ 42 o
4y 5y R L 5 20y 5 20y (7.77)
r(y,z): _y+—h2 jE (Z)+(3h2 —74‘& F'2 (Z)+ m— e Q(0)+ E_ 5 zo,
4 2 2 5 3 2 5
v oy h " y vy h " 4y> S5y 1
o, (1.2)= —h—z+7—g]1’1 (Z)+(—W+?—4—8yJFz (Z)J{ 5 _E+§]00

The highest order of yin the longitudinal normal stress field is 3, which is higher than that whenn = 3

. Also, the compatibility equations as obtained from Eq.(7.23) take the form

> 396 0 31108 0 |(2 " 252 0
o o w0 | g [F e s [FE)
249480E,| 0 A 113401 0 & E G 315E.| 0 5h

1 0 0 TN T 210
SE_ |0 21E. |1 21E. |1 318\G E, E  E 1

z z

(7.78)

In this case, the two compatibility equations £ (Z ) and F] (Z ) are found uncoupled as the off-diagonal

terms vanish. This will generally not be the case. For instance for n > 5, all compatibility equations

happen to be coupled. Also, for a T-section, the equations are coupled for n >4 .

Appendix 7.6: Details related to the Closed Form Solution

By setting z = 0 in Eq. (7.38), and noting that [e (0)] =[1], one obtains

(FO)},, =it} 1A}, +[C] (FO)} +{C] N(0)+{Cs}

By solving for {F(O)} , one obtains

M(0)+[C] {z(o)} (.79

m,l m,u
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- — 41 — — —
(F(O)], =[1-C ] {ith[e(0)],.. (AL, +NO[S]_ sm(0)fC] +[€],, 1200}, ] 750
Also, from Eq.(7.38), by taking the first derivative of both sides with respect toz , settingz =0 and

solving for {F'(O)}mXl , one obtains

(F(0),,=[1-C:], x({f}w [¢(0)],,.., (AL r00O)C] +[€] 12 (0] jw-sn

mxm u+3)x1

Finally, from Eqgs.(7.80) and(7.81), by substituting into Eqs. (7.38), one obtains the general solution
given in Eq.(7.39).

Appendix 7.7: Vectors and Matrices appearing in boundary equations

The boundary conditions Eqgs. (7.41)-(7.46) were expressed in terms of matrices bij defined as

A " A AT "
[ 11 ]m><4m J‘ {IZCHII |:H :|m><4m _IZCIZ |:H1 (Z):| +IZCHIZ I:Hl (0):|”’X4”’}+C22 |:H1 (0):|m><4m

: 2T 3T Tl = =T = =T '
+( [[1:C, Tszdz - ClL 1y -l ~Tic —11C3312)[H1 (0)} ,
mx4m

mx4m

b, LC, Il {(H,) +LC,L{H,} +LC, I,

{ }mxl ,[ { }le mx1

by}, =] T.C, 1) z{H3}mxldz+( [ o, i~ Ll - -Tie, —ilc33i§){H3}W1

+( [ 2i:C, Tz - €l s —ilc33i§),

(b}, = b, (1) de+ [T, (1}, dz+ [ T Todz,

[b,] ., = jo {mcul1 [H,(z)] , +LC,Ti [Hl' (Z)LW -zI,C,, [le, (z)J

_c, [HIH (O)LW T (j: A,¢, Lz +CLT +CLL )[H1 (0)]
L A AT L~ ~T ,

+( [[2hc, b+ | IzCsslzdz)[Hl (O)LW,

{b22 }mxl = J-OL Zi3C11i1T {H2 }mxl dz + (J-OL Zi3C11i;dZ +C}, i1T +CJ, i; ){H2 }mxl + J-OL zianiIdz +CJ, i4T ,

fa:

mx4m

mx4m

{1)23}"1Xl = J‘L{[ztcnirz +i2C33i1T + 22i3clli3T +i2C33i;dz:|{H3}mxl + 22i3clli5T +i2C33i3T}dZ,
~ AT L A AT AT AT
b,, mxl_j {LCHL N +13c1116}dz+(j0 zI,C, L dz + CL 1, +c3212){ ) +Chie,
" AT =~ fad '
[b3l]mx4m:(_cgll i, i )[ } +C22[H1 (L)J +(—c3213 —11C33I;)[H1 (0)} ,
mx4m mx4m mx4m
~ ~ ~T ol = ~T
(b} = (cull 1103311){ . (CnIs—11C3312){H3}mx1—Clzls—11C33ls,

AT " AT ' AT
[b.],.0, =—Chli [H,(1)] ,, +Cu| B (1)|  -1CLE W/ (0)] ~-CLE:[H,(0)] , .

mx4m mx4m
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——CLL {H,} -CLL{H,} -CLi,

(b.,)

(b}, =—ChliL{H} —LCLis(H}  —LChis,
AT AT AT

{ } :_CITZII {H4}m><l _C1T212 {H4}mxl _C1T216 >

[

=

+Lc,L[H,(0)] | +i4C,,i:z[Hl'(O)} }dz,
mxam mx4m

=] L{Lcl, i [1,(2)],.,, -1Ca[ B (2)]

L

A AT A AT
bz}mxl—o{hC,,ll 2}, T1Cy L2 {Hz}mxl+l4C,,l4}dz,

mx4m

s}, = [ {lCulizm), i, Tafm ), +ic, i
A AT A AT

b} = . {140"11 Jf LG L {H,}  +LC,I }dz,
[b61 ]m><4m :J. {ZiSC"il I:Hl ( mx4m + I3C33Il |: :|m><4m B ZISC” |:H (Z):|m><4m "
+21,C,, I [H,(0)] (z IsC, Is +I:C, 12) }

mx4m m><4m

ol =] (zisc11 L {H,)}  +2C, L (B} +2sC, T )
byl = LL(ziSCuisz{H3}Wl +1,C,T1 (Hy} + 215C, 1s + LC, I+ + (zziscnigT + i3C33i§){H3}mxl jdz,
{b64 (z)}mxl =LL(zi5Cui1T {H4}mxl +zi5C11i§ {H4}mx1 +zi5C11i:)dz,

], = {iﬁcnif [H, ()], ~1Ca[ B/ ()]

{b72}m><1 I(IGCIIII{ z}mxl+i6cuﬂ{Hz}mx1+i6c11i4T)dZ’

+ ian i; [Hl (O):|mx4m + Ziﬁcni3T |:H1, (O):| }dz’

mx4m mx4m

fb},, = [/ (C 12}, +eC, (1L, + 2o, 16

fbo,, =) (lecul (1), i, B 1), +Eic, i)z

Also, Egs. (7.41)-(7.46) were expressed in terms of the following load vectors {L }

x1

{Ll}mxl = _[0 {izC11i1 {Hs (Z)} 1_i2C12 {Hsn (Z)} +i2C11i2 {Hs (0)} +12C11132-i-12dl (Z)}d
mx mx1 mx
ic,, {H5 (0)} —(cszilT +CLLs + LG, 1 +1iC,, 1 ){H5 (0)} +d, (0)+1:d, (0),
mxl1 mxl1
{Lz}mXl = J‘OL {Zi3C11i1T {H5 (z)}mXl +izC33 i1T {HS' (Z)} - Zi3C12 {HSN (Z)} }dz -C,, HSN (0)}

+(Iolzi3cni§dz+c1T2i1T+(:1T2i§){H5(o)}W1 (j #1C, bz + | IzC33Izdz){H5 (0)} "

mxl1 mx1 mx1

+[ 2hsd, (2)dz—d, (0)+ [ Tod, (2) dz,
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(L), =(-chll -Te, U )1 ()] +ean (1)) +(-cLE -Te, b |{u (o))

+d, (L)-Tid, (L),

Ly}, =-Chii (A (D)), +C[B(1)]

mx1

mx1 mx1 mx1

+d, (L),

mx1

-LCLE {1/ (0)] ~ChLi: {H,(0))

mx1

L) = jOL{i4clliT (0, (2)}-LiC (1) (o) +1uc, T2 (B (0)) +ec, BB, (0)] + g, (z)}dz,

~AC, B (2)] +2hsC, T {H, (0))

mx1

L ~ AT ~ ~ ,
(L. = {lecnn (1, ()}, +EC,l {1 (2)]

+(Zzi5C11 i3T + i3C33i;){H5, (0)} + Zisd1 (Z) +i3d3 (Z)}dz,

mx1
Lfa AT a "
wh. =l (1601111 (H,(2)} -1, {HS (z)}
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Chapter 8: Finite element formulation for the analysis of
multilayered beams based on the principle of stationary
complementary strain energy

Abstract

A family of finite elements for the analysis of orthotropic multilayered beams with mono-symmetric
cross-sections is developed based on the principle of stationary complementary energy. The
longitudinal normal stress field is postulated as polynomial and Heaviside step function series and
substituted into the infinitesimal equilibrium conditions to develop expressions for the shear and
transverse stress fields. The statically admissible stress fields thus derived are then adopted within the
complementary energy variational principle framework to develop a family of finite elements. The
distinguishing features of the solution are: (i) it captures the nonlinear distribution of the stress fields
along the section depth and steep stress gradients typically occurring near bondline ends of multilayer
beams, (ii) unlike conventional solutions based on the principle of stationary potential energy which
predict jumps in the shear and peeling stresses at interfaces of adjacent layers, the present solution
satisfies equilibrium in an exact infinitesimal sense at layer interfaces and thus ensures continuity of
the stress fields across the interface, (iii) it naturally captures the effects of transverse shear and
transverse normal stresses, and (iv) it consistently converges to the displacements from above, in
contrast to conventional finite element solutions where convergence is typically from below. The
versatility of the solution is then illustrated in applications involving wood beams and steel beams

strengthened with GFRP plates and sandwich beams with soft cores.

Keywords: High order beam theory, complementary strain energy, variational principle, finite element,

orthotropic materials, layered beams, sandwich beams, GFRP, beam strengthening.

8.1. Motivation and Literature review

The adoption of conventional beam theories (e.g., the Euler-Bernouilli or Timoshenko theories) in the
analysis of multilayered beams is associated with inconsistencies and limitations. The Euler-Bernoulli
beam kinematic assumption postulating that plane section remains plane and normal to the beam axis
throughout deformation, implies the neglect of shear deformation effects and thus tends to grossly
over-predict the stiffness of short-span composite beams. An improved solution accounting for shear
deformation is the Timoshenko beam assumption which retains the plane section assumption but

relaxes the normality condition between the cross-section plane and the beam axis. The Timoshenko
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beam kinematics however introduce non-zero shear strains (and hence stresses) at the extreme fibers
of the cross-section and thus violate the traction boundary conditions at extreme fibers where
externally applied shear stresses typically vanish. To remedy such contradictions, various researchers
have formulated correction shear coefficients (e.g., Timoshenko 1921, Cowper 1966, Stephen 1980,
Kaneko 1975, Blevins 2015) that depend on whether the analysis is static or dynamic (e.g.,
Timoshenko 1922, Mindlin 1953, Hutchinson 1981, Heyliger and Ready 1988) and are section
dependent.

Higher order beam theories with improved kinematic assumptions include the work of Stephen and
Levinson (1979), Reddy (1984), Heyliger and Reddy (1988), Shu and Sun (1994), Jha et al (2013),
Kant and Manjunatha (1990), Zhang et al (2016) where the longitudinal displacement field is assumed
as a third order polynomial. Such studies are however limited to rectangular cross-sections (Wu and
Jensen 2011, 2014). Another class of solutions based on assumed higher order polynomials for the
longitudinal displacements were developed by Carrera and Giunta (2010), Carrera et al. (2015), and
Groh and Weaver (2015). Such theories have the advantage of capturing shear deformation effects
without the need of introducing shear modification factors. Some of these theories (Carrera and Guinta

2010, Carrera et al. 2015) have additionally captured the effect of transverse normal stresses.

Irrespective of the kinematic assumptions made in the above studies, when used in conjunction with
the principle of minimum potential energy (referred to as the conventional treatment subsequently),
they lead to approximate differential equations of equilibrium providing a stiffer representation of the
structure compared to that based on the exact infinitesimal equilibrium conditions (e.g., solutions based
on the theory of elasticity). Another characteristic observed when applying the conventional treatment
to composite beams with layers of different materials is that the postulation of continuous displacement
fields (either linear, cubic, or higher order), while ensuring continuity of strains at the interfaces of
adjoining materials, lead to discontinuous stresses at the interfaces when such strains are multiplied by
the different constitutive properties of the interfaces of adjoining materials. Such stress discontinuities
violate the local shear and transverse equilibrium conditions at the interface. This disadvantage is
observed not only in analytical solutions but also in finite element solutions based on the principle of
stationary potential energy. In 3D finite element solutions, such discrepancies can be minimized, but
not eliminated, by adopting a fine mesh in the transverse direction, albeit such a measure results in an
undesirable computational expense. Within this context, the present study contributes to remedy the
limitations of the conventional treatment by adopting the principle of complementary potential energy
in conjunction with statically admissible high-order stress ficlds to develop an improved finite element

solution that satisfies continuity of shear and transverse stress fields at layer interfaces.
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A comparison between the conventional treatment and the complementary energy solution is depicted
in Figure 8.1. Under the conventional stationary potential energy principle, displacement fields are
initially postulated, hence satisfying compatibility of strains in an exact pointwise sense. The
stationarity condition of the total potential energy functional is then evoked to yield approximate
equilibrium equations which tend to overestimate the stiffness of the structure. In contrast, under the
principle of stationary total complementary strain energy, stress fields exactly satisfying the
equilibrium conditions in an exact pointwise sense are postulated and the complementary strain energy
principle is then expressed in terms of the unknown stress fields. The condition of stationarity of the
complementary strain energy functional then yields approximate compatibility equations in terms of
the stress fields, which lead to a solution that tends to underestimate the stiffness of the structure.
Recently, Groh and Tessler (2017) developed a refined zigzag theory for the analysis for multi-layered

beam with doubly symmetric cross-sections based on the Reissner variational principle.

A comparatively limited number of finite element solutions have adopted the principle of stationary
complementary energy. Wunderlich and Pilkey (2003) developed complementary strain energy
solutions for plane stress problems by postulating a longitudinal stress field that varies linearly across
the section height. Erkmen and Mohareb (2006) derived a complementary energy solution for the
torsional analysis of thin-walled beams. Erkmen and Mohareb (2008) developed a complementary
energy variational principle for the buckling analysis of thin-walled open members based on the
principle of stationary complementary energy. Zhao et al. (2014) adopted a two-dimensional elasticity
theory solution in conjunction with the principle of stationary complementary energy for the analysis
of adhesive-bonded single-lap joints. By adopting longitudinal normal stress fields that linearly vary
in the transverse direction, and incorporating shear stresses, Wu and Jensen (2011) developed a
solution for layered beams to predict interfacial shear and normal stresses. However, discrepancies
between their solutions and two-dimensional finite element analyses under ANSYS were observed
near the bond ends and were attributed to the postulated approximate linear distribution for

longitudinal normal stresses.

Within the above context, the present study develops a higher order beam theory that naturally
incorporates shear and normal transverse stresses. Since the theory aims at the accurate predictions of
interfacial stresses, the longitudinal normal stresses are assumed to have a general non-linear
distribution along the section height. In order to adopt the jumps of the longitudinal stresses at layer
interfaces, Heaviside step functions are introduced in the characterization of the longitudinal stress

field.
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Conventional Treatment Present Study

Assume kinematically admissible strains — Assume statically admissible stresses —
typically by assuming displacement functions Exactly satisfying equilibrium conditions
v v
Variation of total stationary strain energy in Variation of total complementary strain
terms of displacements energy in terms of stress terms.
Approximate Force Approximate Displacement
equilibrium equations in Boundary compatibility equations Boundary
terms of displacement Condition in terms of stresses Conditions
v v v v
Recover smaller Recover Recover Recover
displacement stresses stresses displacements

Figure 8.1. Conventional solutions versus present complementary energy solution

8.2. Statement of the Problem
A prismatic multi-layer beam with an arbitrary mono-symmetric cross-section is subjected to general

body forces p, ( y,Z) and p, ( y,Z) in the transverse and longitudinal directions. Externally applied

surface tractions G(—h,,Z),Z'(—h,,Z),O'(Ig,z),r(hz,z) are applied to the top and bottom faces

(Fig.8.2a). It is required to formulate a finite element formulation for the problem. The coordinate

system OXYZ is adopted, in which origin O is an arbitrary point on the cross-section (

T('h ,Z) b(-hl)
S s N
> S V> V—> —
h h
7=0 ? p-(1,2) 7—1| K" layer Y
S T ik AN
Y Y
S I e e e e ===
h o) AL L]
7(hy2) W
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Figure 8.2a and b). Cross-sectional dimension notations are depicted on

b(-hy)

7(-h,z)
L e
V> V>V V=V —

hy

720 eers) 7o K layer ™ 1
T%% p,(.2) O~ 1
Y i ﬁ#%% Z7 Vy ?

W\ o(h,,z) MLJJ
7(hyz) W

S

(a) (b)
Figure 8.2b in which /, and h, respectively denote the distances from top and bottom fibers and

b(y) is the cross-section width as a function of the coordinate y (—h <y <h, ).

b(-h))

7(-h,z)
I s S
SV Vs> S>> -

K™ layer

X
0
Y
= == =TT
ittt it i i e S O A A AR

(a) (b)
Figure 8.2. Tractions and body forces applied to the beam (a) Profile view and (b) Cross-section view
8.3. Assumptions
The following assumptions are made:

a) The beam is prismatic and subjected to longitudinal and transverse loads,
b) The beam consists of p layers with p—1 interfaces.

c) All materials are linearly elastic orthotropic,

d) Perfect bonding is assumed between the various layers,
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e) The longitudinal normal stresses take the form O'Z(y,z):zyi’lF(z)+ H ( V- yk)Jk (z)

where F; (Z) are unknown functions of longitudinal coordinate z , ) is the transverse coordinate
and 7 is a positive integer. The second summation is on the number of interfacesk =1,2,..., p—1
and J, (Z) are unknown functions. The term ( Y=Y ) is the Heaviside step function defined
as H(y—yk ) =0 wheny<y, and H(y—yk ) =1.0 when y >y, . While the Heaviside step

function is discontinuous at the interface ) =y, (and hence accurately represents the stress jumps

¥y
expected at the layer interfaces), its first integral Ih H ( y—yk)dy and second integral
-

y oy
J:h th H ( Y- yk)dydy are continuous functions at interfaces Y =), and thus emulate the

expected continuous shear and transverse stress fields across the interfaces. Also, the transverse
normal stresses O, ( y,Z) and shear stresses 7 (y,z) (Figure 8.3) are to be determined from

infinitesimal equilibrium conditions. Other out-of-plane stress components are assumed

negligible.
A
<«
A e
"
p———
O vV

Figure 8.3. Stresses components considered in the present theory

8.4. Formulation

8.4.1. Statically Admissible Stress Fields

As discussed in the assumption, the longitudinal stresses O, (y,Z) are postulated to take the form

p-1

0 (12)= 20 =)+ LH (=) 4 (2 @

k=1

For the stress fields to be statically admissible, the stress fields o, ( y,z) and Z'( y,z) (Figure 8.4) need

to satisfy the equilibrium conditions in an exact pointwise sense. The equilibrium conditions take the

form
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L0010, 2]+ L[N ()] =5 (), (2)

! ; (8.2a-b)
b))+ Zb(0)o. (r:2)]=b()p.(:2)

Figure 8.4. Infinitesimal element in equilibrium

From Eq.(8.1), by substituting into Eq. (8.2b), and integrating both sides with respect to ) from the

top fiber at height —/, to an arbitrary height ) , one recovers the expression of shear stresses 7 (y,z).
Next, given the expression for 7 (y, z ) , by substituting into Eq. (8.2a) and integrating with respect to

y from—h, to y, onerecovers an expression for the transverse normal stress o, ( .z ) . The resulting

stress fields take the form

1 1 ¢ ST U . '
T(y,z)=——b(-h)r(-h,z)+—— | b(»)p.(¥,2)dy - —— | b(y) 'dy IF (2
(205 PRI s [0 (37) ;(by)gq() }r()
1 &7 '
- — b(y)H(y—y,)dy|J, (z
Sy PO )
1 1 ¥ ot(~h,z)
,z)=——=b(-h h, b , b(-h 8.3a-b
7, (3:2) = (e, (o) s [0, (b= b (h) (832
17 p.(y.2) o1 g 1 "
—-— b dyd — b “dyd z
s [ G5 frrr s
1 p-1 Y Y
+| —— JIb(y)H(y—yk)dy J, (2)
b(y k=l _p —p,
Equations (8.3a-b) can be re-written in the form
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n p-1

t(r2)=1(r2)-2a () (2)- La(v)7/ (2)

- . (8.4a-b)

o, (12)=0,(52)+ LB (2)+ Xe(») " (2)

in which functions

1 1
(3.2) wb(—h)f(—h>2)+b—w£1b(f)pz( 2)dé;
7 (12) = sblh)o, (s s [ ), (e nom TR e
_ﬁﬂb(@angaz)m

depend on surface tractions T(—hl, Z) and O, (—h1 , Z) , and body forces p, ( Y, Z) and p, ( Y,z ) . Also,

in Eq. (8.4a-b), &, ( y) , B ( y) , a ( y) and ¢, ( y) are cross-section functions of coordinate y along

the height given by
a,»(y)=ﬁf b(E)de: /z(y)=ﬁﬁ () dedn

1 B _hllh‘ L (8.6a-b)
ak(y)=m { b(y)H(y—y,)dy; ck(y)=w_£ { b(y)H (y—y,)dydy

t(hy,z)= hz,z Za ’ Zak (hz)Jk'(z)

= (8.7a-b)

o, (h.z)=0, (hy,z) Zﬂ (7)F" (2) Z (1) (2)
8.4.2. Reducing the Number of Unknown Functions F; (Z)

From Equations (8.7a-b), by expressing functions £,  and F, in terms of other functions F; (Z)(

1

i=1,...,n—2), one obtains
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a, (h)F,_ (z)+a,(h)F, (2) z;(hz,z)—r(hz,z)—nzzai(hz E (2)-> a, () J, (2)
= = (8.8a-b)

n—-2 p-1
1

Bi(h)F,."(2)+ B, (hZ)Fn”(Z)=Uy (hz:z)_gy (hz:z)_z,ﬂi(hZ)Ft” (2)-2e(m)) (2)

1

k=

From Eq. (8.8a), by differentiation with respect to Z , combining with Eq. (8.8b) and solving for F;”_l

" .
and F , one obtains

FL(2)=p(2) = S A ()= 2 &0, (2)
j’;‘z - (8.9a-b)
Fn”(z)_pz (Z)_ 4 iZiF;’”(Z)_ 4 égzk‘]k"(z)

> (8.10a-d)

A, = an(hZ)IBi(hZ)_ﬂn hz)ai(hz) . :_an—l(hZ)ﬂi(hZ)_ﬂn—l(h2)ai( 2)

I a, hZ)ﬁn—l(hZ)_an—l(hZ)an(hZ)’ L a, (hZ)an—l(hZ)_an—l(hZ)ﬁn (h )’

£, = an(hZ)ck(hZ)_ n(hZ)ak(hZ) £ an—l(hZ)ck(hz)_ﬁn—l(hZ)ak(hZ)

* an(hz)ﬁm(hz)_am(hz)ﬁn (hz), ! a, (hZ)ﬁn l(hZ)_anfl(hZ)ﬂn( 2),

Traction equilibrium requires the stress fields o, ( ¥, Z) and 7 ( y,Z) at the extreme faces z =—5, and

z=h, to be equal to the externally applied surface tractions. Therefore, all terms in the right hand
side of Egs. (8.10a-d) are known. By integrating Egs. (8.9a-b) twice from 0 to z, functions F,_, (Z)

and I/, (Z) are obtained as
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8.4.3. Expressing Stress Constants in terms of Stress Resultants

Constants I, (0) JE 1(0) F (0) and F;:(O) appearing in Egs. (8.11a-b) are then eliminated by
using four equations: the first one is obtained by differentiating Egs. (8.11a-b) with respect toz ,

substituting FH' and F 1' into Eq. (8.8a), and performing simplifications as detailed in Appendix 8.1,

leading to

@, () F,(0)+a, (k) F(0)=| 7(h,0)~7(1,0) |- Za (h)F (0 Z () (0)  (s.12)

The other three equations are recovered by introducing the stress resultants at z = 0 where boundary

conditions are applied
[ (3,0)d4=N(0); I(%O)dA 0(0 fya (7,0)d4=M(0)  (8.13ac)

in which A is the cross-sectional area. From Egs. (8.1) and (8.4a-b), one can obtain the stress fields

atz =0, yielding

o (340) =y F, (0)+ " F, (0)+ Xy F (0)+ X H (y=1,)J, (=)
= = (8.14a-b)

7(1,0)=7(3.0)= 2, (). (0)-a, ()£, (0)- X, (»)F (0)- X (»)7/ (2)

From Egs. (8.14a-b), by substituting into Egs. (8.13a-c), one obtains
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a1 F),(0)+a,F,(0)=-0(0)+ [7(,0)dd - Y aiF, (0) - Y. [, (¥)dAJ, (0) (8.15a-c)

in which sectional properties ai= J. y'dA and a, ja dA have been defined. From Eq. (8.12)

A

and Eqs. (8.15a-c), one can recover the following expressions for functions F (0),F '(0),1‘7,171 (0)

and F/, (O)
n—2 p-1 ,
FL(0)=6, +6,0(0 Zm 7 (0)+ 2 614 (0)
k=1
n—-2 , p-1 ,
F, (O) §21+§22Q Zg23z 1(0 + Sy (0)
. k=t o (8.16a-d)
anl(())=g31N(0)+g32M(0)+ Sy (O)+zg34k‘]k (0)
i=1 k=1
n—-2 p-1

E1(0)=g41N(0)+g42M(0)+ : Susik (O)"' Saari (O)

in which coefficients ¢, depend on the cross-section geometry and are defined in Appendix 8.2. From

Egs. (8.11a-b), by substituting into Egs. (8.1) and (8.4a-b), one obtains

-

+i(y 22+ " 20, )F (0 +Zj(y P h+ " A JeF (0

oe—,

VP (2)+ 3"y (2))dedz + (P, (0)+ 29" P FLL (0) + U E, (0) + 2" F(0))

(y 2/111 + ylﬂﬂ'zi _yH)F;' (Z)

lMN

i=1 1
1

+Z(y 2+ G ) +[Z(y 2+ "8 )2 (0 —pZ[y"’zéﬁy”"cfu—H(y—yk)]Jk(Z)

>
L

r(r.2)=7(»2) I [, (9)1(2) + 1, (3) 2 (2) ]z =, ()£, (0) = e, (1) E1(0)

Sl (A @, (VRIS ()4, 4o (3)2 - ()] (2

—:Z:[anfl(y)fma( )& )74 (0 +le[a,1 Ve +a, (¥)én —a, (»)]7) (2) (8.172-0)
7, (3:2) =7 (2 A, ()2 () A (32 () LA Ars )=, () T (2)

+Z|:ck Y)éi =B, (»)éx " (2)

By introducing m = n —2 . From Egs. (8.16a-d), by substituting into Eqgs. (8.17a-c), one obtains
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F(Z)T=<E(z) E(z) E(z) Fm(z)|Jl(z) Jz(z) Jk(z)... J]H(z)>;

and the contribution of applied loads are defined as

ij.y ,01 +J/ ,02( )JdZdZ+Z(y anty' gZI)
00

z

(y, ) (y,z)—j[ - (y)p1(z)+an(y)p2(Z):Idz_an—1(y)g11_an(y)gzl; (8.20a-c)

0

o, (1.2)=0,(1.2)+ B () A (2)+ B, (¥) 2. (2);

In Eq. (18), the following vectors of cross-sectional parameters have been introduced

al(y)T =<a11(y) ay(¥) ey (y).- a,(y) | gn(¥) &u(y) gu(¥) & (y)>,
az(y)T <a21(y) azz(y) ey () @y, (¥) | gn(y) g2(») --'ng(y)"' 82p- 1(y)>,
a,(y,2)' :z<a31(y) ay (¥) ay(¥)e a, (1) ] 80(¥) gu(¥) gu () g,a(¥) >
(y)T :<“41 (y) a42(y) a4,(y) o gy, (y) | g41(y) g42( ) -84 y) 8ux y) ,
(Y)T =<a51(y) asz(y) asl(y) . a5m(y) | gSI(y) gsz( ) --8sp J’) i J’)>,
a, (1) =(a4(y) 3 (¥) () 4w (V)] 8a(¥) 2a(¥) 86 (¥) 2u(¥)):
b ( ’Z)T:<b1 y) Zblz(y) (y)>, b2(y):<0 bzz(y) O>=

() =y =" =" s g () =H(=2)=y""6 = V" "%

(V) =V 0 + V" 6 7V A s 8 (1) =Y G Y G Y T Y T

(V)= + V" o V" 7+ V" N &y (V)= G Y e + Y T Y

(V) =a, . (») A +a,(y) b —a(r); gu(¥)=a, ()& +a,(¥) & —a (»); (8.21)
as,(y) ==, (¥)615 =, (¥) 6 =, (¥) 4 =, (¥) Ao

(») (v )gmk a,(y )g24k—06,,,1(y)§1k— n(y)‘fzk;
a (¥)=B,(3)= B2 (¥) s =B, (¥) Ao 2u (V)= (¥) =B (¥)éu =B, (¥) s

() =G, + " om,

(»)=y"cp+¥" "0 by (¥)=—[ . (¥)sn +a,(¥)sn |:
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8.4.4. Interpolation of stress fields
Functions F; (Z) , 1=12,...mand J,, k=12,..., p—1 are assumed to follow a cubic distribution

in coordinate z . One can express each stress function F (Z ) ,J, (Z) in terms of the nodal values as

—7 (= =T (=
F (Z) =S {FN;'}2x1 +Six2 {FNi}zXl

—r = (8.22)
_T p— —_— -_—
J; (Z) =S {JN;'}M +Sie {JNi}2Xl
— =T
in which Sf;z ,Six2 are the vectors of interpolation functions and defined as
& _lyys 4o I O 5\, o _Lly/ 553 27 3722
Sto=—3(22 -32L+ L | 2L-22L +2L'); Sia=—(-22+32’L | Z'L-2') (8.23)
L L

and

— \T oy = \T -

(o) =(FO[F @) (Fv) (@) 7 (1):

- (8.24)

(3 =(s(0) | (0)) <3> (1) |7 (1)

1x2

are the vectors of nodal forces. It is convenient to express the nodal force functions {F(z)} as

F ), =[Ac ()] {P] (8.25)

in which the interpolation function matrix [AF (Z)] is defined as

N T T N T
A _ _AFF(WIXZWI) 0m><(2p—2) ; 0m><3 | AFF(m><2m) 0m><(2p—2) (8 26)
F (Z)(m+p71)x(4m+4p74+3) - T - T T = ’
00, 1)2m —Arsp-xp-2 | 00, 5 | 00, 000, | ARG-Dx2p-2)
where
- - =r 7
Sio 0 0 Se 0] 0
1x2 Ix2 e 1x2 1x2 x2 e 1x2
—T =T
- 00, S ... 0 = T “ T
AFF(mx2m) = 1‘><2 X 1‘><2 ; AF3(p-1)x(2p-2) = 01'*2 Sl.z Olfz ;
=T =T
T T
100 0o oo Sie _0{;2 0, ... S ]
mxam (p-Dx(2p-2)
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and the nodal force vector {P} is given by

G- :<—<ﬁ(0)>;zm+2p_z) (RO, | <F(L)>i(2m+2p_2)> (8.27)

and
ﬁ(o)T::<1§(0) F(0)] . . (E,(0) F,(0)],(0) J(0)] .. - g, (0) 7, (0 >, 528
(L) =(R(L) F )] @) E@ ) 5@ 00 7,00) '
It is possible to express vector R(0), , in terms of the nodal force vector {l_’} as
R(O)M = A (ameapas3) {f’}(4n,+4p_4+3)x1 (8.29)

where A -I 0 and I is the identity matrix. From Eqgs.

3><(2m+2p—2):|

R3x(4m+4p-4+3) |:03><(2m+2p—2) 33

(8.25) and (8.29), by substituting into Egs. (8.18), one obtains

o, (y,z) =FTXUZ + 0'; (y,z);
r(y,z)zFTXT +r*(y,z); (8.30)
o, (y,z) = l_’TXUy + 0'; (y,z);

in which the vectors {Xm} =A; (Z)T a, (y)+Ag (O)T a,(y)+ A, (O)T a;(y,z)+Agb,(y,2),

{Xay} =A, (Z)T as(y) and (X.)=A, () a,(»)+ Ay (0) ag(»)+Agb,(»)" have been defined.
8.4.5. Variational Principle

B3 sk
The total complementary energy 7 is the sum of the total complementary strain energy U and the

load potential v gained by the external forces and tractions, i.e.,
7 =U+V (8.31)
8.4.5.1. Complementary strain energy

The total complementary strain energy U " (O'z NoSe z') is contributed by longitudinal normal stresses,

transversal normal stresses, and transverse shear stresses which can be expressed as
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o

z

U= Zp“% ! Aj(e 5, 7) {0, pdd,dz (832)

Jj=1
T

where j=1,2..., p denotes the j i layer of the material. For each material, the strains are related to

stresses via the generalized 2D Hooke’s law, i.e.,

: VE.  -u/E, 0| (o
et =|-w/E. VYE 0 |{o, (8.33)
y 0 0 G|

J

N

It is noted that for orthotropic materials, the condition £, / E = u, / E must be satisfied, i.e., z,

and are dependent parameters (e.g., Wu and Jensen 2011). From Egs. (8.33), by substituting into
H,y. p P g q y g

Eq.(8.32), one obtains

| .
U*:Z—J’ (0. o, 7)[D] 1o, d4,dz (8.34)
j:12LA/ ’ r

in which

VE. —mu,/E, 0
[D],=|-#./E.  VE, 0
0 0 1G]

From Egs. (8.30), by substituting into Eq. (8.34), the total complementary strain energy is expressed

as
N N X(T’Z — » _r 1 G:(y,z)
U*:;EMP (X,. X, X)[D] x% PdAjdz+]Z:;'L[JP (X,. X, XT>E[D+DT]j 2 (,2) {dA,dz +
i XT J T (y,Z)
b o.(.2)
2 [ [(ol(rz) o(rz) 7 (12))[D] o, (r.2) dAdz
J=1 2 LA *
’ 7 (1:2)
(8.35)
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8.4.5.2. Load potential energy

The load potential gain is the sum of products of stress resultants with corresponding governing

displacements, i.e.,

V* :<F(0)17;<(2m+2p 2) ] R(O)1X3

T

_F(L)lx(2m+2p 2) i _R(L)£3><A>lx(4m+4p—4+6) (836)

in which

T |

(A" :<<&(0)>1X(2m+2,,2) () } v(0) } 6(0) ‘ (a

T |

(L) (L) ()

1x(2m+2p-2) !

9(L)> (8.37)

with
d(0)" =(d,(0) 4'(0)] ... .. 1d,(0) d,(0)[w(0) w(0)].. . . (0) W, (0)); ©35)
d(z)" =(d,(L) 4’ (L)}.. . d, (L) 4, (L)|w(L) w(L)].. . w, (L) WL (L))

where d, (ZO) (2,=0 orLand i=1,2,...,m)is the displacement conjugate to E(ZO) while d; (zo)
is the displacement conjugate to E'(ZO). In Eq. (8.36), the vector of internal forces at end z = L 1is

defined as R(L)T = <N (L) o(L) M (L)> (Figure 8.5). By adopting the internal force definitions

R(L)T =<N(L) Q(L) M(L)>=I<O'z (y,L),r(y,L) Yo, ( )>dA and substituting from the

A

statically admissible stress fields in Eq. (8.18) one obtains

+[(a,(¥) |0 ] ya,(y))da ¥ (L +j (0]a,(y)]0)dd¥F (L)+ (8.39)

/‘M(()) M(L)A\ 2 a(0) H(L)A\
E((D\TZ” —Ll NE o l > %
a0 (L) W0)
(a) (b)
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Figure 8.5. Beam sign convention (a) Applied loads and end stress resultants forces and, (b) Energy

conjugate end displacements
8.4.5.3. Variation of total complementary strain energy

From Eq.(8.35), the variation of the total complementary strain energy is given by
_T p—
SU*=5P (HP+d, )

in which [H] is the flexibility matrix defined as

4m+4p4+3 (4m+4p4+3)

T
Xo‘z

=Y [[(X. X, X.)[D]{XL, tddd:
LA

J=1 XZ
and d, the energy conjugate generalized displacement vector given by

dozi”@(ﬂ X,, XT>%[D+DT} a( ) dA,dz

J=LL 4,

8.4.5.4. Variation of load potential energy
From Eq. (8.25), by substituting into Eq. (8.39), one obtains
—T
Ny (BT (ol(pr)
_r :
R(L)=10(L) (=P Ty(L){+[] 7" (»,L) 1d4

ML) 19'r, 1) "lrer(nl)

in which the following vectors are defined

(8.40)

(8.41)

(8.42)

(8.43)

P (B o = [ A (1) 3 () A (0) 23 (1)+ A7 (0) s (5. ) Ay (0 b (3,2)]

A

rQ<L)(4m+4,7 = [AF%L)T () A (0) 2y () + A (0) by (y) at

Py (Lt o Iy[ P)+Ap (0) 3, () + A (0) ay (3.L)+ Ay (0)"b, (1.L) | ad

Equation (8.43) can be used to eliminate R(L) from Eq.(8.36) yielding
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V= _f)’ll>‘<(4m+4p74+3) [F(L

:|(4m+4p—4+3)><(4m+4p—4+6) {A}(4m+4p—4+6)xl

w(L)
_<J.O': (v,L)dA | IT*(y,L)dA ] J-yof(y,L)dA> V(L) (8.44)
o o(1)

in which
F(L) - [I(4m+4p—4+3)X(4m+4p—4+3) Ly (L)(4m+4p—4+3)><1 l—‘Q (L)(4m+4p—4+3)><1 Ly (L)(4m+4p—4+3)><1 :| (8:45)

—T
From Eq. (8.44), by taking variations with respect to the nodal force vector P, one obtains

V" =~6Pr(amapsey [ T(L) (8.46)

:|(4m+4p—4+3)><(4m+4p—4+6) {A}(4m+4[1—4+5)><1

In summary, from Egs. (8.40) and (8.46), the stationarity condition is expressed by setting the variation

of total complementary potential energy to zero, yielding
57 =8U"+6V =6 | (HP+d,)-T(L)A |=0 (8.47)

8.4.5.5. Augmented form of the finite element formulation

Equation(8.47) is used to solve for the nodal force vector yielding

P=H"[T(L)]A-H"d, (8.48)

It is noted that the size of nodal force vector P(am+4p-4+3)x1 is smaller than that of the nodal displacement

VeCtor A, 4, 4.6) . It is thus required to augment nodal force vector P by combining it with the

vector of internal forces R(L) . From Eq. (8.48), by substituting into Egs. (8.43), one obtains

=~

(r L)
».L) tdd  (8.49)
o (»,

L)

(L)>l><(4m+4p—4+3) ;

(
(L)>1><(4m+4p—4+3) [H_l <F(L)>A B H_ldOJ .[ *(

(L) Ix(4m+4 p—4+3)

R(L)={(T

QN

N

(r
From Eq. (8.49), by combining with Eq. (8.48) into a single matrix, the augmented nodal force vector
is given as

(8.50)

{P}(4m+4p74+6)x1 = [K](4m+4p—4+6)><(4m+4p—4+6) {A}(4m+4p74+6)x1 - {PO}(4m+4p74+6)><1
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in which

{0}(4m+4p—4+3)><1

{P}:{ﬁ{—i)}, K= (mer(e). r)-r [ %
e ()

where {P} is the augmented nodal force vector, [K] is the stiffness matrix, and {PO} is the energy
equivalent load vector. The steps for forming [K] and {PO} are provided in Appendix 8.3. In general,

the size of matrix [K] and vector {PO} will depend on the reduced number of stress terms m =n—2

and the number of layers p (as defined in Eq. 1). The entries of the matrix depend on the constitutive

constants £_, E G,u

zy

u,, for each layer. Thus, explicit expressions for the entries of [K] and
{PO} are too lengthy to provide. Instead, Appendix 8.4 provides, as an illustrative example, the

expressions for [H] , [K] and {PO} for the special case of a homogeneous beam element with a

rectangular cross-section made of an orthotropic material when the number of terms is taken as 7 =3
8.5. Verification and Applications

The present section aims at assessing the validity of the present finite element formulation in predicting
deflections and stresses for both homogeneous and multilayer beams and showcasing its applicability
to a variety of practical problems. While the formulation is primarily intended for multilayer beams, it
can also be applied for homogeneous beams by eliminating all Heaviside Step Functions terms in the
second summation of Eq. (8.1) and subsequent equations, by setting p =1. The first two examples
provide an assessment of the validity of the present theory for the case of homogeneous beams.
Examples 3-5 then illustrate the applicability of the theory to multilayer beams including wood beams
and steel beams, both strengthened with GFRP plates, and sandwich beams with soft cores. In all cases,
three-dimensional finite element analyses under ABAQUS are provided as benchmark solutions to

assess the validity of the results.
Verification Example 1. Simply supported homogeneous beam under uniform traction

The example in Carrera and Giunta (2010) is revisited in the present study. A simply supported beam

with a slender rectangular cross-section is considered. The beam is subjected to a transversely uniform

traction o, (—h /2, z) =0 =1.0MPa acting at the top surface acting at the top surface (Figure 8.6)
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while other applied tractions T(—h / 2,z),r(h / 2,2),0' f (h / 2,2) vanish. Material is steel with a

modulus of elasticity £ = 200,000 MPa and a Poison’s ratio ¢ = 0.3 . Beam depth is 1.0m. The depth

to width ratio 4 /b of the cross-section is 100 while span to depth L / /& is varied from 2 to 50. It is

assumed that the beam is laterally restrained to avoid lateral buckling.

Convergence study: A convergence study is conducted for the case L/ h=5 (Figure 8.7). For a

homogeneous beam, the number of layers is set to p =1 and the second summation in Eq. (1) vanishes.
2 :

For n=3, Eq. (1) takes the form O, (y,z) =Fl(z)+yF2(z)+y F;(Z) while for n =4, Eq. (1)
2 3 . .

becomes O, (y,z) =E(Z) +yF, (Z) +)y'F (Z) +y'E, (Z) . Figure 8.7a and Figure 8.7b present the

deflection predicted by the present theory when the number of stress terms is takenas #=3 and n =4
, respectively. The number of elements based on the present finite element formulation was varied

from 2 to 10. The predicted peak deflection is observed to be independent of the number of elements
taken. This is due to the fact that the cubic shape functions assumed to interpolate functions F; (Z ) in

Egs. (8.23) are enough to capture the closed form solution of the compatibility equations. Similar
observations are made for any number of stress terms 72 . The peak deflection for » =3 is 0.5331 mm
while that based on n =41is 0.5328 mm, a negligible0.1% difference. Further increase in n was
found not to change the predicted peak deflection. Of particular interest is to note that the predicted

deflection decreases as # increases. Table 8.1 provides the normal stresses (o

z,max

) at the mid-

span extreme fiber and the maximum shear stresses (7,,,, ) at section mid-height of section at the

ax
support. Both stresses are observed to be independent of the number of elements for » = 3. In contrast,
for n =4, six elements are needed for the normal stresses to attain convergence, albeit only two
elements for the shear stresses to converge. In summary, convergence of displacements is attained

when four stress terms and convergence of stresses are attained when six elements are taken.

o

R v
VA

h
ﬂ% Pronmel

L
Y

Y

Figure 8.6. Simply supported beam under a uniform traction
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Figure 8.7. Mesh sensitivities for deflection obtained from present finite element formulation

Table 8.1. Mesh sensitivity study for peak stresses (MPa)

Number of n=3 n=4
elements O, max Toax O,max Tmax
2 18.75  3.75 16.99  3.71
4 1875  3.75 18.79  3.71
6 18.75  3.75 1895  3.71
8 18.75  3.75 1896  3.71
10 18.75  3.75 1896  3.71

Comparative study: The peak deflection and stresses based on the present solution (Table 8.2) are

compared to the those based on the Euler Bernouilli beam (EB), the Timoshenko beam (TB) solution
based on a shear coefficient x = 0.85 (Cowper 1966), the high-order solution by Carrera and Giunta
(2010), and the elasticity solution in Timoshenko and Goodier (1970), referred to as TG1970. The

relevant  equations  in  TGI970  are  v=[1+12c”(4/5+ u/2)/5L |5qL! 24l
o, = q(Lf —Zf)yt/2lt +q(5y,3 —3czyt)/151t ;0= —q(yf/3—czyt +Zc3/3)/21,;
r,=-q(c’=y})z,/21,; inwhich L, =L/2; c=h/2 q=0b;and I, =bh’ /12 .The TG1970

solution is taken as a reference solution against which all solutions are compared. For the case
L/ h =2, the solution based on EB grossly underestimates the deflection by 36.2% . The deflection
based on TB with x =0.85 is 2.5% higher than that based on the reference solution. The peak

deflection predicted based on the present solution with 7 =3 is only 1.0% larger than that predicted
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by the reference solution. The present solution with » =4 or 5 is in exact agreement with that based
on TG1970 solution for all spans. The solution of Carrera and Giunta (2010) also provides identical
predictions to the TG1970 solution for short beams when the number of terms is taken as n = 6. In
this respect, the present solution attains the solution of TG1970 with fewer terms than that in Carrera
and Giunta (2010). As expected, for higher L / i ratios, the effect of transverse shear stresses on the

deflection becomes less significant and the difference between all solutions become smaller (Table

8.2).

Table 8.2. Mid-span deflections of the simply supported rectangle beam under the uniform traction

L/h=2 L/h=5 L/h=50

Solution Order Deflection Difference Deflection Difference Deflection Difference
(mm) (%) (mm) (%) (m) (%)
EB NA 0.0125 36.2 0.4883 8.1 4.88 0.2
B NA 0.0201 2.5 0.5360 0.6 4.89 0.0
TG1970 NA 0.0196 0.0 0.5328 0.0 4.89 0.0
Present n=3 0.0198 1.0 0.5331 0.1 4.89 0.0
solution n=4 0.0196 0.0 0.5328 0.0 4.89 0.0
n=5 0.0196 0.0 0.5328 0.0 4.89 0.0

% difference of row i= (deflection at row i-deflection of TG1970 solution)*100/( deflection of TG1970 solution).

Figure 8.8a and 8.8b present the longitudinal normal stress distributions along the section normalized
height for span-to-height ratios of L/h =2 and L/h =5 while Figure 8.8c,d present the transverse
normal and shear stresses for L/A=5. For L/h =2 (Figure 8.8a), the present solution with n =4
depicts a slightly nonlinear distribution of the longitudinal normal stresses with depth, in a manner
consistent with the TG1970 solution. In contrast, both the EB and the present solutions with n =3
predict a linear distribution for the stresses. For the case L/ h=15 (Figure 8.8b-d), the longitudinal

normal and transverse shear stresses are observed to be identical for the solutions based on EB,
TG1970 and present solution (with n=3,4). Contrary to the EB solution, which does not capture the

transverse normal stresses, the TG1970 and present solutions depict non-zero transverse normal

stresses (Figure 8.8c). Unlike the case L/ h=2, excellent stress predictions can be obtained for

L/ h = 5 when the number of terms taken is 7 =3 .
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Figure 8.8. Distribution across the normalized cross-section height ( y / h) of: (a) Longitudinal normal

stresses at z = L /2 in case of L/ h =2 . (b) Longitudinal normal stresses at mid-span z = L /2, (¢)

Transverse normal stresses at z = 0 and (d) Transverse shear stresses at z = Qin cases of L/ h=S5.

Verification Example 2. Clamped homogeneous beam with Tee cross-section

While Example 1 focused on a beam with a rectangular cross-section, the present example showcases

the ability of the theory to model a mono-symmetrical cross-section. A steel beam is clamped at both

ends and subjected to a vertical uniform traction o =1.0MPa acting on the top surface (Figure

8.9a,b). The beam cross-section is a T-shaped with the dimensions shown in Fig. 8.9b. Three span-to-

depth ratios L/ h =2,5,10 are considered where & denotes the cross-sectional depth. The modulus
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of elasticity of steel is 200G Pa and its Poison’s ratio is 0.3 . It is required to compare the mid-span
deflection predicted by the present solution, the Euler-Bernoulli (EB) beam, Timoshenko beam (TB)
and 3D-FEA under Abaqus.

o 300
A A 261 1
9 400
L a
Y 14
(2) (b)

Figure 8.9. (a) fixed-fixed beam under uniform traction (b) cross-section for Example 2

In the present solution, all displacements at member ends are set to vanish to model the fixity
conditions of the problem. A mesh sensitivity analysis indicated that 6 elements are enough for the

deflections to convergence. The Timoshenko beam solution predicts a peak deflection of

v=obL' / 384E1 + obl’ / 8xGA in which shear correction factor £ =0.333 (Cowper 1966). The

Euler-Bernoulli solution is obtained from the Timoshenko solution by omitting the shear deformation
term. A 3D FEA is conducted under ABAQUS using the eight-nodded continuum element C3D8R
with 3 degrees of freedom per node with reduced integration to avoid shear locking. A mesh sensitivity
was conducted and the results reported are based on the converged results. Deflection predictions for
n =4 (Table 8.3) are observed to match those based on # = 5. Thus, the present solution with n = 4
is taken as a reference solution. Compared to the reference solution, for span-to-depth ratios of L/h=2,
5 and 10, the EB solution underestimates the peak deflection by 87.1%,54.8% and 23.2%,
respectively, while the TB solution overestimates it by 18.6%, 5.8% and 2.6%, respectively. The
solution based on 3D FEA is only2.4%, 1.0% and 0.1% lower than the reference solution. Unlike
the EB and 3D FEA solutions which under-predict the displacement, the present solution with n =3

is observed to over-predict the deflection by 5.7%, 2.2% and 0% respectively.

Table 8.3. Maximum deflection for clamped homogeneous beams

L/h=2 L/h=5 L/h=10
Solution Order = Deflection Difference = Deflection Difference = Deflection Difference
(mm) (%) (mm) (%) (mm) (%)
EB NA 0.0086 87.1 0.3346 54.8 5.354 23.2
TB NA 0.0804 18.6 0.7834 5.8 7.149 2.6
3DFEA NA 0.0652 24 0.7327 1.0 6.961 0.1
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Prosent T3 0.0706 5.7 07569 22 6971 0.0
oy =4 0.0668 0.0 07403 0.0 6968 0.0
Y n=s 0.0668 0.0 | 0.7403 0.0 6968 0.0

% difference of row i= (deflection at row i-deflection of present solution,n=5)*100/(deflection of present solution,n=5).

Example 3: Application to Wood beam strengthened with single GFRP plate

A simply supported wood beam with a solid rectangular cross-section (bxh =200x200mm) is
considered (Figure 8.10). Span to depth ratios L/h of 5, 10 and 20 are investigated. The beam is
strengthened with a 9.5 mm-thick GFRP plate through a 1-mm thick adhesive layer (Figure 8.10).
Wood and GFRP are treated as orthotropic materials while the adhesive is isotropic (Table 8.4). Top
surface traction o = 0.4MPa is applied to the beam for span ratios L/h = 5 and 10 while the traction
value o =0.05MPa is applied for L/h=20 (to keep deflections within acceptable limits). It is required
to (1) predict the maximum deflection at mid-span, (2) predict the interfacial shear and normal stresses
in the adhesive, and (3) obtain the longitudinal normal stress profile at mid-span cross-section based

on the present solution and compare results with the 3D FEA solution under ABAQUS.

R R T
Z
_______ B I B 2
m — ;12
v L b
() (b)

Figure 8.10. Wood beam strengthened with GFRP (a) elevation and (b) cross-section

Table 8.4. Material properties of a wood beam strengthened with a GFRP plate

Material £, (GPa) E, (GPa) u, G (GPa)

Wood 11.4 1.482 0.35 1.243
Adhesive 3.18 3.18 0.3 1.223
GFRP 19.3 8.873 0.295 2.834
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Mesh sensitivity study for the present solution:

The case L/h= 10 is taken to perform a mesh study for the present solution and the 3D FEA solutions.

The boundary conditions W(O) = V(O) = V(L) =0 are enforced in the present solution. For the

present three-layer problem, the number of interfaces is p —1= 2. The number of stress terms »

introduced in Eq. (8.1) is varied from 3 to 8 and the corresponding longitudinal stresses expression

from Eq. (8. l)taketheforma Zyl 1F +H y h/2) ( )+H(y—h/2—t2)J2(z)

where n=3,4,5,6,7,8. In a manner similar to the mesh study conducted for Example 1, the
deflections and interfacial stresses convergence is attained with 6 elements when the number of stress
terms is n =3, 8 elements when n =4, 12 elements when n =15, 16 elements when n =6, 20
elements when n =7, and 20 elements when n=8. In order to capture the high gradients for
interfacial stresses near the bond ends, 30 elements per meter long were taken for all runs. Figure
8.12a,b respectively depict the interfacial shear and peeling stresses at the adhesive-wood interface
based on the present solution. The interfacial stresses based on n=3 are found to be smaller than those

based on n=5, 7 and 8. Also, the interfacial stresses are found to converge when n=7.

Mesh sensitivity for 3D FEA solution:

A 3D FEA solution based on ABAQUS was conducted for validation. The 3D mesh adopted is similar
to that reported in (Pham and Mohareb 2014, 2015). The eight-node brick elements C3DS8R is selected
from ABAQUS library. The element has eight nodes with three translations per node. To avoid
volumetric locking, the element uses reduced integration and thus has a single integration point at the
element centroid. The input material properties in the longitudinal and transverse directions are
identical to those in Table 8.5. The elasticity and shear moduli and Poisson’s ratio characterizing the
material behavior in the lateral direction are taken to conform to those of the transverse direction. Only

half of the span is modeled to account for the symmetry of the problem. Three meshes were generated

with parameters 7, through 75 as listed in Figure 8.11a,b where the number of elements across the
cross-sectional width, GFRP plate thickness, adhesive thickness, wood beam depth are 7, through n,

respectively and the number of elements along the longitudinal direction is 7, .
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Figure 8.11. Section meshing parameters (a) Meshing parameters and (b) Values of parameters

The mesh study for the predicted interfacial shear and peeling stresses is conducted for Point 1 along
the longitudinal z - direction as shown in Figure 8.12b,d. The peak interfacial shear stress based on
the coarse 3D FEA mesh is 1.48 MPa (Figure 8.12b) while that based on the medium mesh is 0.98
MPa, and that for the fine mesh is 0.97 MPa, all occurring at a distance of 120mm from the bond end.
The interfacial peeling stress distribution based on Mesh 1 exhibits an oscillatory behavior (Figure
8.12d) while those based on Meshes 2 and 3 practically agree with one another. Within the 3D FEA
solution, the mesh size is observed to significantly influence the predicted interfacial shear stresses.

Also, the above mesh study suggests that convergence is achieved for Mesh 2.

Comparisons of interfacial shear and peeling stresses

The peak shear and peeling stresses based on the predictions of the present solution with a number of
stress terms # = 3 are 0.80 MPa and 0.09 MPa, respectively, while those based on the 3D FEA solution
with Mesh 2 are 0.97 MPa and 0.109 MPa, corresponding to 17.5% and 18.1% differences,
respectively. In contrast, the present solution with n = 7 predicts a peak shear stress of 0.96 MPa and
a peak peeling stress of 0.114 MPa. The converged solutions for n=7 is 1.0% lower than the shear

stresses and 4.4% higher than the peeling stresses as predicted by the 3D FEA.
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Figure 8.12. Mesh studies for the interfacial stresses extracted at Point 1 (a) Interfacial shear stresses -
Present solution, (b) Interfacial shear stresses - 3D FEA, (c) Interfacial peeling stresses — Present

solution, (d) Interfacial peeling stresses- 3D FEA

The previous section focused on the stresses at the upper interface as extracted from the wood section
(i.e., point 1 in Figure 8.12). In principle, satisfying the infinitesimal equilibrium condition at the
interfaces necessitates that the shear and peeling stresses at points 1 and 2 are equal (Figure 8.13a-d).
A similar argument can be made for points 3 and 4. This indeed is the case under the present solution
which is based on satisfying the equilibrium conditions in Egs. 2(a-b), but is not the case for 3D FEA
solution which satisfies equilibrium only in an average integral sense. This is illustrated by considering
the peeling and shear stresses based from the present solution with n=7 and the 3D FEA solution based
on Mesh 2 (Figure 8.13a-d). It is observed that (1) the 3D FEA solution predicts an artificial jump in
the stresses at the interfaces (i.e., between Points 1 and 2 and between Points 3 and 4) in contrast to
the present solution which provides a continuous stress distribution at the interface (e.g., exactly
identical stresses at points 1 and 2), (2) both solutions predict that the highest stresses take place at
Point 1 among points 1-4, and (3) the interfacial shear stresses at Points 2 and 3 are found almost
identical. The computational time for the 3D FEA solution based on Mesh 2 was 3.75 hours on a
computer with two Intel (R) Xeon (R) CPU E5-24300 processors at 2.20GHz speed and 64 GB of

RAM. This compares to 12.2 minutes for the present solution (implemented in a non-compiled

MATLARB script file) with # =7 and 60-elements.

Finite Element Formulation for Multilayer Beams Chapter 8
May 2018 Page 239



1.2

0.3

——— =7, Points 1,2

Interfacial shear stresses (MPa)

« = n=7,Points 3,4

0 0.2
Distance from thebond end (m)

0.4

0.6

Wood Section
o1
0.9 Adhesive 3; 2
GFRP 4
0.6 (Cross section View)

0.8 1

(a) Present solution

0.15

— =7, Points 1,2

= n=7,Points 3,4

Wood Section

)i
Adhesive 37 2

o
=

0.05

(=]

GFRP 4

(Cross section View)

Interfacial peeling stresses (MPa)

-0.05
0 0.1 0.2

0.3 0.4

Distance from thebondend (m)

(c) Present solution

1.2
Wood Section
o1
0.9 Adhesive 3: 2
GFRP 4°

(Cross section View)

0.3

Interfacial shear stresses (MPa)
o
N

= = = Point4

0
0.2 0.4 0.6 0.8
Distance from thebond end (m)
(b) 3D FEA (Mesh 2)
0.15
Point 1 | Wood Section
©  Point2 o/
01 - /\ | e Point 3 Adhesive 3 ° 2
= = = Point4 4:
GFRP

(Cross section View)

0.05

(=)

Interfacial peeling stresses (MPa)

-0.05

0 0.1 0.2 0.3
Distance from thebond end (m)

(d) 3D FEA (Mesh 2)

Figure 8.13. Interfacial shear and peeling stresses extracted at Points 1 through 4 from the present

solution with n 7 and the 3D FEA solution based on Mesh 2 (a) Interfacial shear stresses - Present

solution, (b) Interfacial shear stresses — 3D FEA, (c) Interfacial peeling stresses — Present solution, (d)

Interfacial peeling stresses —-3D FEA.

Effect of adhesive elastic modulus

The adhesive elasticity modulus in the above example (i.e., 3.18 GPa) is changed into 0.472 GPa to

investigate the effect of the elastic modulus on the peak interfacial shear and peeling stresses. Based

on the present solution, the peak shear and peeling stresses at Point 1 are evaluated as 0.82 and 0.091

MPa, respectively. When compared to the peak shear stress 0.96 MPa and peak peeling stress 0.114

MPa in the above example, the peak shear and peeling stresses in the case of using the adhesive

elasticity modulus 0.472 GPa drops 14.6% and 20.2%, respectively. Thus, the interfacial shear and
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peeling stresses in the adhesive layer are observed to decrease for a more flexural adhesive material

(i.e., an adhesive with a smaller elastic modulus).

Effect of span-to-depth ratio on Deflections

The effect of span-to-depth ratio on the predicted deflections is examined based on the present solution,
a modified Euler-Bernoulli beam (EB) solution with a transformed section to account for the three
materials, and the 3D FEA solution. The deflections obtained from the 3D FEA solution are taken as
a basis for the comparison in Table 8.5. In contrast to conventional finite elements where a finer mesh
is associated with a larger deflection, the present solution is found to converge to the FEA solution
based on Mesh 2 from above, i.e., as the number of stress terms 7 increases, the deflection tends to

reduce (Table 8.5). For the short span ( L/h =5), the present solution with 7 =3 predicts a maximum

deflection of 0.84mm while that with n =5 is 0.8 1mm . This value coincides with that based on the
3D FEA solution. The deflection obtained from the EB solution is 0.54mm, which is 33.3% smaller
than the 3D FEA solution. The large difference between the EB solution and the FEA is due to the
neglect of transverse shear deformation effects. For medium and long spans (i.e., L/A =10 and 20),
the present solution with 7 =3,5 provides the deflections identical to those of the 3D FEA. In contrast,
the EB solution predicts a deflection of 8.6mm for L/h=10 and 17.2mm for L/h=20. These values are
13.1% and 4.4% smaller those based on the 3D FEA solution.

Table 8.5. Maximum deflection (mm) at mid-span

L/h=6 L/h=10 L/h=20*
Solution . . ) . . .
Deflection % Diff.** Deflection % Diff. Deflection % Diff.
EB 0.54 333 8.6 13.1 17.2 4.4
3D FEA 0.81 0.0 9.9 0.0 18.0 0.0
Present 1n=3 0.84 3.6 9.9 0.0 18.0 0.0
study p=5 0.81 0.0 9.9 0.0 18.0 0.0

* Applied tractionis 0 = 0.05MPa . ** % diff. = (deflection-deflection based on 3D FEA)/ deflection based on 3D FEA

Effect of span-to-depth ratio on interfacial stresses

The mesh study has shown that the peak interfacial shear and peeling stresses take place at Point 1.
Therefore, the present parametric study will focus only on the stresses at point 1. The interfacial shear
and peeling stresses are obtained from the present solution with n=7 and from the 3D FEA solutions
for span-to-depth ratios of 5, 10, and 20. A comparison of the results is shown in Figure 8.14a-b for

L/h=5 and Figure 8.14c-d for L/h=20. All shear stresses exhibit high concentrations near the bond ends
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and gradually drop to zero at mid-span. The peak shear stress predictions based on the present solution
are found to be marginally smaller than those based on the 3D FEA solution. This is evidenced by the
2.4%, 1.0%, and 4.2% differences for from 3D FEA for span-to-depth ratios of 5, 10, and 20,
respectively(Table 8.6). While the distribution of the shear stresses along the distance from the bond
end predicted by the present solution closely match the 3D FEA solution, an even better agreement is
obtained for the peeling stresses (Figure 8.14b,d). The maximum peeling stresses predicted from the
present solution with n =7 are 0.041MPa for L/h=5, 0.114MPa for L/h=10, and 0.019MPa for
L/h=20, while those predicted by the 3D FEA solution at Point 1 are 0.042MPa for L/h=5, 0.109MPa
for L/h=10, and 0.019MPa for L/h=20, corresponding to 2.4%, 4.4%, and 0.0% differences,

respectively.

Longitudinal stress distribution across section height:

Figure 8.15 provides a comparison for the longitudinal normal stress distribution across the mid-span
cross-section as predicted by the present and 3D FEA solutions for L/h=10. In contrast to interfacial
shear and peeling stresses which converged for n=7, longitudinal stresses in the wood beam, adhesive,
and GFRP are observed to converge for n=3. Excellent agreement is obtained for the stresses in the

wood beam, adhesive layer and GFRP plate between the present solution and the 3D FEA solution.

In summary, deflections and longitudinal normal stresses of the strengthened beam were accurately
predicted by the present solution with n=3 while the interfacial shear and peeling stresses are found to
converge and to essentially coincide with the 3D FEA prediction when n=7 was taken in the present

solution.

Table 8.6. Peak shear stresses (MPa) and locations Z (mm) between two solutions

L/h=5 L/h=10 L/h=20
: % % %
Solution Magnitude z¥ ’ Magnitude z* ’ Magnitude z* ’
Difference Difference Difference
(MPa) (mm) o (MPa) (mm) o (MPa) (mm) .

Present solution, n=7 041 125 24 0.96 120 1.0 0.23 140 4.2
3D FEA-Point 1 0.42 110 0.0 0.97 120 0.0 0.24 125 0.0

* z = Distance from bond end to the location of the maximum shear stress.
** % Difference = (Stress based on present solution - Stress based on 3D FEA-Point 1) x 100 / Stress based on
3D FEA-Point 1
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Example 4: Application to simply supported sandwich beam under line load

The present example is intended in part to illustrate the handling of point loads within the present finite
element solution. A standard Hexlite 220 panel (Hexcel Corporation 2000) is considered. The face
skins are Alumium 5251 H24 with a thickness of 0.5mm (per each face) with a Young modulus of 70
GPa and a Poisson’s ratio of 0.33. The core is 25.4mm thick with a Young modulus of 1.0 GPa, and a
shear modulus of 220 MPa. Beam width is taken as 0.5m and the span is 2.0m. The beam is simply

supported at both ends (Figure 8.16) and subjected to a mid-span line load P =313N along the section

width. A comparison is sought between deflections and stresses as predicted by the present solution
and 3D FEA.

P
y Ty
Aluminium ! 0.5
25.4
“Aluminium 0.5

W%ﬁ 1000——— 1000 5% 500

Figure 8.16. A sandwich beam with softcore under a mid-span point load

Description of the solution:

Because stresses are highly concentrated near mid-span where the load is applied, the present finite
element formulation adopts more elements near mid-span (Figure 8.17a). A convergence study for the
stresses showed that 30 elements are required for the 100mm-long mid-span segment and only 9

elements are enough for each of 900mm-long end segments. The mid-span point load P =312 N is
assumed to be applied to the left node of element No. 25 depicted in Figure 8.17a and applied at
y=—h/2 and z=0. The body forces corresponding to the point load are expressed as
P, =D, ( y,z) = PDirac(Z) Dirac( y+h ) , ». =0. Substitution into Eq. (8.5b) yields the expressions
;( y,z) =0 andgy ( y,Z) = PDirac(z) . Further substitution into Eq. (8.10a-b) yields p, (Z ) and
yoX (Z) and subsequent substitution into Eq. (8.20a-c) yieldso. (y,z)= [ Ve (2)+ ¥ p, (z)] Pz,
o, (y.z)=PDirac(z)[ 1+ 8., (») o (2) + B, (¥) 2, (2) ].

¢ (r.2)=[a, (1) (), () s ()]
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The ABAQUS 3D FEA solution is meshed in a manner similar to Example 3. In the 3D model, four

elements are taken across the thicknesses of the two faces, 40 elements across the core depth, 120

elements across the section width, and 600 elements across the span. The point load is applied by using

a line load across the beam width to avoid the localization of stresses. The pin supports are modelled

by applying the multi-point constrain *MPC, type BEAM in the 3D FEA Abaqus model.

Deflections and longitudinal stresses:

Figure 8.17b presents the deflection curve predicted by the present solution with n=3,5 and the 3D

FEA solution. Both solutions predict a nearly identical mid-span deflection of 8.0mm. Figure 8.18a,b

show the distribution of the longitudinal normal stresses at the bottom fiber of the bottom face and the

bottom fiber of the core along the z coordinate as predicted based on the present solution and the 3D

FEA solution. The results are also observed to essentially coincide.
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Figure 8.17. (a) Mesh adopted in present solution and loading and (b) Deflections
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Figure 8.18. Longitudinal normal stresses for sandwich beam with a soft core at (a) bottom fiber of the

bottom face, and (b) bottom fibre of the core
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Interfacial shear and peeling stresses: The interfacial shear and peeling stresses at the top interface as

predicted by the present solution and the 3D FEA are presented in Figure 8.19a and b, respectively.
The shear stress distributions of both solutions (Figure 8.19a) is anti-symmetric about the mid-span
point and exhibit larger concentrations near the point of load application at mid-span. Near mid-span,
the element length in the 3D FEA mesh is taken as 3.33mm. Thus, the peak shear stress at the
integration point located at 1.67mm from the beam mid-span is 164.9 kPa. The present solution with
n=3 predicts a peak shear stresses of 112 kPa while those based on n=5 and n=7 are 169.3 kPa and
174.0 kPa, respectively. All peak shear stresses based on the present solution occur at mid-span.
Similar observations for peak stress locations was reported for an ANSYS model in Pappada et al.
(2009). When compared to the 3D FEA peak shear stress value of 164.9 kPa, the present solution
underestimates the peak shear stress by 32.1% when n=3, overestimates it by 2.3% for n=5 and by
5.2% for n=7. The interfacial normal stresses at the top interface obtained from the present solution
and the 3D FEA are found to be symmetric about the mid-span (Figure 8.19b). While the peak stress
value obtained from the 3D FEA solution is 85.7 kPa, those based on the present solution with n=3, 5
and 7 are 43 kPa, 75 kPa and 80 kPa, respectively, which are 49.8%, 12.5%, and 6.7% lower than the
3D FEA value. The fact that both interfacial shear and peeling stresses peak at mid-span is consistent
with the shear failure mode of the core or face delamination mode, both reported in the experimental

work of Pappada et al. (2009).

The shear stresses at the bottom interface obtained from the present solutions with n=3 and 5 (Figure
8.19c) are observed to be identical while that based on the 3D FEA is slightly smaller. On the other
hand, the peeling stresses at the bottom interface are observed to agree well between both solutions

(Figure 8.19d).
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Figure 8.19. Interfacial shear and peeling stresses of sandwich beam: (a) shear stresses at top interface,
(b) peeling stresses at top interface, (c) shear stresses at bottom interface, (d) peeling stresses at bottom

interface.

Example 5 — Application to wide flange steel beam strengthened with GFRP plate

A W150x13 steel beam (depth = 148mm, flange width = 100mm, flange thickness = 4.9mm, and web
thickness = 4.3mm) is strengthened with a 100mm wide x 19mm-thick GFRP plate through a 1-mm
thick adhesive layer (Figure 8.20). Moduli of elasticity for steel, GFRP, and adhesive are respectively
200, 17.2, and 3.18 GPa, and Poisson’s ratios are taken as 0.3 for all materials. Two spans L=1.5m and
3.0m are considered. The steel beam is supported by two cleat angles which can be idealized as pin

supports. A downward traction o =0.430MPa is applied to at top face for the 1.5m span while

0 =0.215MPa is applied for the 3.0m span (in order to ensure that peak deflections remain within
allowable limits). It is required to compare the mid-span deflection, the longitudinal normal stress
profile at mid-span and the interfacial shear and peeling stresses as predicted by the 3D FEA and the

present solution.
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Figure 8.20. Beam elevation and cross-section
Results:

The 3D FEA solution predicts a peak deflection of 2.5mm for span L =1.5m and 16.5mm for span L
=3.0m (Table 8.7). In comparison, the present solution over-predicts the deflection for L=1.5m by
4.0% for n=3, and exactly agrees with FEA for n=5 and n=7. For L=3.0m, the present solution over-
predicts the deflection by 2.4% for n=3, by 1.2% for n=5, and exactly agrees with the FEA for n=7.
Figure 8.21a-b show good agreement between the longitudinal stress profiles predicted by the present
theory with n=3 and the 3D FEA. When higher order stress terms are taken (i.e., n=5, 7), the predicted
stress profiles are found to nearly coincide with those based on the 3D FEA solution. Figure 8.22a-d
present the interfacial stresses obtained from the present solutions with n=3,5,7 and the 3D FEA
solutions for spans L=1.5m and L=3.0m, respectively. The stresses in the 3D FEA solution are the
average values across the cross-sectional width. The stresses predicted by the present solution with
n=3 are found smaller than those based on n=>5 or 7 while the predictions of solutions with n=15 and 7

are nearly identical to the 3D FEA predictions.

Table 8.7. Mid-span deflection (mm) of W-steel beams reinforced with GFRP plates.

L=1.5m L=3.0m
Solution Deflection % Difference* Deflection % Difference*
n=3 2.6 4.0 16.9 2.4
Present solution  n=5 2.5 0.0 16.6 1.2
n=7 2.5 0.0 16.5 0.0
3D FEA 2.5 0.0 16.5 0.0

* % Difference = (stress based on present solution - stress based on 3D FEA) / Stress based on 3D FEA
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Figure 8.22. Comparisons of the interfacial shear and peeling stresses obtained from the present solution

and the 3D FEA solutions
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Example 6 —Sandwich beam with layers of equal thicknesses

A sandwich beam has three layers, each having a 50mm thickness. Beam width is 80mm . The span
L is taken as 600mm and1500mm . The beam is subjected to a transverse uniform traction
0'(—h1,z) =0.1MPa acting on the top face while other tractions vanish, i.e., r(—hl,z) =
o (hy,z)=7(h,,z)=0. Material properties of the faces are E, =10, E, =E, =4, G =G _=
G,.=08GPa, and pu_=p,=p.=025 while the core material properties are
E =E =E =2GPa, G ,=G_=G_=024GPa, and pu_ =p,=pu_ =025 [31]. Figures
8.23a-b show the longitudinal normal stress profiles at mid-span as predicted from the present solution

with n =3. The excellent agreement observed with the 3D FEA stress profiles suggests the present

solution is able to accurately capture the zigzag stress profiles.
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Figure 8.23. Longitudinal normal stress profile at midspan for a sandwich beam with equal thickness

layers
8.6. Summary and Conclusions

The present study has successfully developed a complementary strain energy variational principle for
the analysis of homogeneous and multilayered beams. A finite element formulation was then
developed based on the variational principle. The accuracy of the predictions of the present solution
was shown to increase with the number of stress terms taken. Comparisons with other beam theories,
elasticity theory solution and 3D FEA solutions suggest the validity of the present formulation for

homogeneous and layered beams. The main findings of the studies are:

(1) The present solution captures shear deformation effects in a natural way that does not require the

introduction of shear modification factors.
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(2) The solution converges to the deflections from above in contrast to conventional solutions which
tend to converge to the deflections from below.

(3) The present solution captures the nonlinear distribution of the longitudinal normal stress across the
cross-section depth for short-span beams. Also, it captures the nonlinear distribution of the
transverse normal stresses across the section depth.

(4) Unlike conventional 3D FEA solutions that interpolate the displacement fields, which violate the
local equilibrium condition at the interfaces, the present solution satisfies the equilibrium
condition at the interface in an exact sense as illustrated in Example 3.

(5) The high interfacial shear and peeling stresses predicted by the present solution agree well with the
3D FEA solution. Examples 3 through 5 suggest that the present solution with 7 =7 provides
reliable predictions for the interfacial stresses.

(6) The computational effort involved in the present solution is orders of magnitudes less than that of
3D FEA analysis, particularly for the analysis of layered beams. The present solutions,
implemented in non-compiled MATLAB script files, took between 3-15 minutes to conduct the
runs in Examples 3-5 on a computer with two Intel(R) Xeon(R) CPU E5-24300 processors at 2.20
GHz speed, and 64.0 GB memory RAM. In comparison, the 3D FEA under ABAQUS took 3.8 -
6.9 hours per run on the same computer. The new solution also involves less effort in modelling

and post-processing compared to 3D FEA solutions.

Appendix 8.1: Background for Developing Equation 12
Equations (8.11a-b) are differentiated with respect to z and the result is substituted into the expressions

of F_'and F,' as given by Eq. (8.8a), yielding

n

e ()56 ()=, 00) S0 2) s S (1) () (a1
v () 36, (0)+, (1) T 60, (0) () 32, (0) +

+a, ()2 208, (0)+a, (1) F),(0)+a, (k) F(0)=0

From Egs. (8.10a-b), by substituting into Eq.(A.1), one obtains
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n=2

—;(h2,0)+ T(h2’0)_2|:an—l (h) A+, () Ay =, (B, )]le (2)+

i=1

p—1

_Z[an—l(hz)é:lk +0{ §2k (hz :lJ h2)E1’—1(0)+an (hz)Fn’(O) (A2)
@, () LA (0)-a, () 3 m’(o)—a,,](hz)”: &) (0) -, () 3.7/ (0)

1

From Eq. (A.2), by noting the identity & (}12)111 +q, (hz)ﬂz, —Q (hz) =0 and

a, (h)é, +a,(h)&, —a,(h,)=0, one obtains

n—.

&, (1) F (0)+a, (1) F(0)=[ 7(h,0) = ]Za, ) (0) Z )J/(0)  (A3)

Appendix 8.2: Coefficients introduced in Equations (8.16a-d)

a,(h )I (.0)d4- a”[ (hz,O)—T(hZ,O)] a,(h,)
i =" A = ;== — ;
. asa, | (h)=ama,(h) ", (h)-ama, ()
~ - a,(h)|a (y A - aa, (h
AR o () [ (r)ad - e (1)
" nQ, hz)_a”*an (hz)’ 14k a”anfl(hz)_a"*lan(hz) ,
&, \(h)[7(3,0)dA=au | 7(hy,0)~7(h,,0)] o ()
6 = — = e 2 ;
" aa,  (h)-ama, (h) 2 e, () -ama, (h)
~ 4—
a (b)) —anma(h) G () [ (v)iA ~aray ()
g23i -~ ~ ’ §24k = = = N (Bl)
ana,  (h)—ana,(h,) ana,. 1(h )—a,, i, (hy)
an En 1 anal l_an lal
S === == 5 (=== = GmiT == ;
OnOn-2 —Cn-10n-1 OnOn-2 _an 10 n-1 OnCn-2 _an lan 1
En—l En—2 an lal l_an Zal
Sy === == 5 (p=== == > SpT== =
OnOn-2 —An-1&n-1 OnCQn-2 — On-10n-1 OnQn-2 — anflanfl
o [ yH (=3, )dA—an [ H(y =y, )dA an [H(y =y, )dA—a.2 [ yH(y -y, )dA
Sk = 4 == > Saak = = = ==
On-20n — An-1&n-1 OnOn-2 —An-1&n-1

Appendix 8.3- Procedure for developing the finite element formulation

This appendix provides the steps for formulating the finite element solutions:

—_ A

(1) Determine constants &, &; as defined from Egs. (8.15a-c):

2 :LyidA’ o :IAai(y)dA (i=12,...m) (C.1)
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(2) Starting from the definitions of «; ( y),,b’i( y), C, ( y), a, ( y) as provided in Egs. (8.6a-d),

determine the following constants according to Egs. (8.10a-d):

an(hZ)ﬂi<h2) ( ) ( ) . %A:_an—l(hz)ﬂi(hz _ﬂn—l
a,(h) B, (h)=a,.,(h) B, (h) Coa()B(
a, () (l)=fi(h)a (k) . (
a, () B (h)-a,. (h) B, (k) * (

(3) Given ¢, ( y) and a, ( y) as given in Eq. (8.6a,b), aiand gt i in Egs. (C.1) and the knowing applied

Ay =

S =

tractions, determine the following constants:

a, (1) [7(y,0)dA ~a.[7(h,,0) =7 (h,,0)] o (1)
__ 4 - : - 2
o anat, () —ana,(hy) o

( ) ( ) an(hz)jak (J’)dA_&"ak(hz)
. = 4 _ :
fi ana (A, ) . wa, (h, ), o ana,  (h)—-ana,(h)
a,  (h ) 7(,0)dA - [ 7(hy,0) =7 (h,,0) ] o (1)
g21 ) & an l(hZ)_&"’lan (hZ) ’ gzz B _&"an—l (hZ)_&"’lan (hZ)’
~ A h A —ata- h
. _a, J(hy)ai—ana; (hy) o = % )J; (M “ s )
” a"6(’1—1 (hZ ) - &"’lan (hZ ) ’ 24k &"an—l (hZ ) - a"’lan (hZ ) ’
an an 1 _nat 1 _;n 151
Gy === == 5 GnpTT== = > Gy T = = ’
OnOn-2 — OAn-10 n-1 Otnanz—anlanl On anz—anlanl
i [ yH (y=y,)dA=a, [ H(y - y,)dA vt [H(y=y,)dA-a. [ yH (y - y,)dA
Saak = - > Gaar = == -
On-20n — A n-1& n—1 Anln-2 — An-1& n-1
En—l En 2 E’I 151 l_;n 251
=== == . SpT== =5 ST = — ;
An&n-2 — On-10n-1 O nCn- 2—06;11an1 Otnanz—anlanl

(C3)
(4) Also, starting from the definitions of &, ( y) s ( y) , Cp ( y) , a, (y) as provided in Egs. (8.6a-d)

and the applied traction (i.e., O (—h1,z), T(—hl,z), o, (hz,z), T(hz,z)), determine the

y

following constants according to Egs. (8.10a-d):
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A= {an (hz )ﬁn—l (hz ) -, (hz )ﬂn (hz )}
(5) Given g as given from Eq. (C.3), /ﬂtl»j and &, as given from Eq. (C.2), and ¢, (y) B (y) , Cp (y)

, a (y) as given from Egs. (8.6a-d), functions aﬁ(y),gjk ():0, ()b, (), b5 (1), b2y (1) (

j=12,...,6 ) defined in Eq. (8.21) are determined.

(6) Given ,DI(Z), ,02(2) from Egs. (C4), ¢,, and ¢,, from Eq.(C.4), and;(y,z), g'y (y,z) from Eq.

(8.5a-b), one recovers the expressions for O': ( V, Z) R T ( ¥, Z) R G; ( v, Z) as defined in Eq.(8.20a-c).

(7) Given a,(y).a,(y).a;(y.2),a,(y).25(») .2 (y) ,b,(»,2),b,(»)as defined in Step 5, A, (z)
as defined in Eq. (8.26), {ng} from Step 7, and the constitutive matrix in Eq. (8.33b), evaluate the

flexibility matrix [H] from Eq. (8.41).
(9) Given {X_.}, {X.}, {Xg’v} from Step 7 and load terms O': (y,z),r* (y,z),a; (y,z) from Step
6, evaluate the energy conjugate generalized displacement vector d, from Eq. (8.42).

(10) Given the flexibility matrix [H] from Step 8 and F(L)from Eq. (8.45), evaluate the element

stiffness matrix [K] from Eq. (8.50).

(11) Given the flexibility matrix [H] from Step 8, F(L) from Eq. (8.45), vectord, from Step 9 and
the load terms G: ( Y,z ) " T ( .z ) R O'; ( V,z ) from Step 6, evaluate the energy equivalent load vector
{P,} from Eq. (8.50).

(12) Use the element stiffness matrix and load Vector[K] and {PO} obtained in Steps 10 and 11 to

form the structure stiffness matrix and load vector and solve for nodal displacements.

(13) Given the nodal displacements, evaluate the augmented nodal vector {P} and obtain vector {F}

from Eq. (8.50).
(14) Given {Xaz} , {XT} , {ng} from Step 7, load terms O': (y,z),r* (y,z),a; (y,z) from Step 6

and {ﬁ} from Step 13, and setting z =0, L, determine the nodal stresses from Egs. (8.30).
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Appendix 8.4- Flexibility and Stiffness matrices and load vector for Special Case

A homogeneous beam element with span L has a rectangular cross-section with dimensions b x ¢ and
is subjected to a uniform traction O'(—h1 R Z) = 0, acting at the top surface while other tractions vanish,
ie., 2’(—}11 ,Z) = G(hz, Z) = T(hz, Z) = 0. Material is orthotropic with a longitudinal elastic modulus

E_, transverse elastic modulus Ey , shear modulus G, and Poisson’s ratios u

zy

and u . For the

homogeneous beam, the number of layers is set to p =1 in Eq. (1). For simplicity, the number of

stress terms is taken as # = 3. The nodal force vector {f’} in Eq. (8.48) and the augmented nodal force
vector {P} in Eq. (8.50) are

—\T
(B)., =(7()
(Phr,=(A(0) F(0) N(0) 0(0) M(0)]
X,,and X

From Egs. (8.30), by evaluating X and substituting into Eq. (8.41), the flexibility

oz oy

matrix [H] is obtained as
[H],,, =[H,]+[H, ]+ [H, ]+[H,]

in which matrix [H1 ] provides the contribution of the longitudinal stresses and is given by

[156btL

22bt* | 4btl Syms

—210L | —35L° | 945L/bt

[H]=—| 0 0 021000 /bt ,
1 525E

0 0 0 3150L%/bt* | 6300L/bt*

—54btL | —13btI? | 210L 0 0 156btL

13pt” | 3btL’ | -350° 0 0 —22btL’ | Abtl’

[Hz] provides the contribution of the coupling terms £, / E_(or u, / E ) and is given by

7266/ L
36bt° 8bt’L syms
0 452721 0
[H,]=—%=| 0 0 0 10 :
1575E. 5 5 TS
72bt* /L | 6bt 0 010172b° /L
—6bt 2b6°L [ 45¢/2 1010 | —=36bt° | 8ht'L

Finite Element Formulation for Multilayer Beams

May 2018

Chapter 8
Page 255



[H 3] provides the contribution of the transverse normal stresses and is given by

b’
Hl=———
[H] 315E,L’

6

3L {207 syms

0 0 {0

0! 010!0

0 000

6 |3L10/0/0! 6

3L | -L*{0}{0 3L |20’

and [H 4] provides the contribution of the shear stresses and is given by

1

H|=—
(1] 525G

1266/ L

bt’ 4b’L /3 syms

0 0 0

0 0 0! 630L/bt

0 0 0 0 0

126 /L | bt 0 0 01126’ /L

-bt’ b’L/3 |0 0 0 —bt’ {4b’L/3

In the present solution, matrices [H1 ] , [H2 ] , [H3 ] , [H 4] are added and the resulting flexibility matrix

[H] is then inverted. The procedure in Appendix B is then followed to recover the stiffness matrix

[K] and load vector { P, } .

It is of interest to consider the case where matrices [H2 ] , [H3 ] , [H 4] are negligible. This corresponds

to omitting the shear and transverse normal stresses and orthotropic coupling effects. In this case, the

resulting stiffness matrix takes the form:
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~150E/ AL’ | 1500E/ AL

syms

4E[AL | —ISE[A’ | —EJL 0 0 21E/AL | 150EA/ L
T5E[ AL} | —1050E/AL | 0 0 0  |150E/AL* | 1500E4/L
~E/L 0 [o] [o] E/L 0
0 0 o [eeje] |eejr]l o 0 [a]

0 0 o | |-6E1/C| | [2ElL] 0 0 [o] | |eEI/I

RN N R U S U N U | S

in which the terms 4=bt, I =bt’ / 12 and E = E_have been introduced. It is of interest to note that

the boxed entries match those of the classical Euler Bernoulli beam element. Also, the nodal force

vector is found to take the form

<P0>1TX10=<0 o [o] [q£/2] [-e’/12]]0 o [o] [q£/2 qL2/12>

with g =o,b . Again, for the boxed terms correspond to the energy equivalent load vector for an Euler

Bernoulli beam element subjected to uniformly distributed load.
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Chapter 9: Summary, Conclusions and Recommendations

9.1. Summary

The present thesis focused on the analysis of composite beams consisting of wide flange steel beams
strengthened with adhesively-bonded GFRP plates. In addition to the introductory sections in chapters
1 and 2, a series of analytical/numerical solutions were developed to predict the response and quantify
the capacity of such system based on a variety of potential modes of failure. The features relevant to

design aspects of the GFRP strengthened steel beams are outlined in the following:

Chapter 3 developed a solution for the analysis of steel beams strengthened with a single GFRP plate
under the action of transverse loads. The solution accounts for partial interaction between GFRP and
steel. The solution provides the pre-buckling response required to conduct lateral torsional buckling
analysis (covered in chapter 4), evaluates the elastic flexural resistance of GFRP-strengthened steel

beams of class 3 (subcompact) sections, and quantifies the deflection limits.

Chapter 4 developed elastic lateral torsional buckling solutions for steel beams strengthened with a
single GFRP plate. The solution captures partial interaction between the steel and GFRP; the
destabilizing effects due to strong axis bending moments and axial forces and load height effect are
incorporated into the formulation. The solution quantifies the gain in elastic buckling strength achieved
by GFRP strengthening, developed moment gradient factors for such sections, and generated elastic

buckling interaction diagrams for beam-columns.

Chapter 5 developed analytical solutions to determine the ultimate moment resistance for Class 1 and
2 (compact) sections for steel beams strengthened with a single GFRP plate on the tension side. The
solutions take advantage of the plastic deformations in the steel and consider the GFRP tensile failure
and/or adhesive shear failure. Attention was given to relatively strong adhesives (e.g., common
adhesives at room temperature) and weak adhesives (at elevated temperatures). A methodology was
developed for classifying steel beams strengthened with GFRP plates to ensure that local buckling

does not occur prior the attainment of the ultimate moment resistance.

Chapter 6 developed a solution for the elastic analysis of steel beams strengthened with one or two
GFRP plates bonded to both flanges where practical considerations prevent the complete removal of
pre-existing loads prior to strengthening. The solution is intended to capture the detrimental effects of
pre-existing loads on the strength gained by GFRP strengthening, provides a basis to quantify the
elastic flexural resistance of strengthened beams with class 3 (subcompact) sections, and quantify

deflections for such systems.
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Chapter 7 developed a high-order beam theory for the analysis of homogeneous beams with mono-
symmetrical cross-sections. The theory captures transverse normal stresses commonly omitted in other
beam theories. While the innovative features of the theory are not directly related to the GFRP-
strengthened steel sections, the development served as an initial step towards developing a more
general model in Chapter 8 aimed at analyzing multi-layer beams including (but not limited to) GFRP-
strengthened steel beams. A distinguishing feature of the developments of Chapter 8 over previous
work is that they capture the localized peeling stresses near bond ends within the adhesive layer, and
hence provide a basis to quantify the strength of the system based on an adhesive peeling mode of

failure.
9.2. Research relevance to various limit states

Each of the models developed in this thesis is intended to quantify the capacity of the strengthened
beam based on one (or more) mode(s) of failure as summarized in Table 9.1. Depending on (a) the
section class, (b) whether or not pre-existing loads exist prior to strengthening, and (c) whether the
strengthened beam is laterally/torsionally braced, eight possibilities may arise. Four modes of failures
are identified in each case. These are: (a) elastic lateral torsional buckling, (b) material failure (either
in steel, GFRP, or adhesive), (c) interfacial failure due to peeling, and (d) excessive deflection
serviceability failure. For each case, the table refers to the models (by chapter) proposed to quantify
the strength corresponding to each mode of failure. As shown in the table, the present study provides
solutions for a large number of cases, although in some cases, the present models have limitations. For
example, Case 2 laterally unsupported beams with pre-existing loads, the present developments do not

provide means to quantify the elastic lateral torsional buckling strength.

Apart from Chapter 6 where a steel beam is assumed to be strengthened with two GFRP plates bonded
to both flanges, the remaining chapters tackle steel beams strengthened with a single GFRP plate.

As an initial classification trial, one may adopt the present classification rules for steel beams.
However, the addition of GFRP plates alters the stress profiles in the steel section and makes it
resemble those of beam columns. Chapters 3 and 5 thus provide means to predict the stress profiles
in the strengthened section, while accounting for partial interaction, based on elastic distribution (Class
3 sections) or elasto-plastic or fully plastic distributions (Class 1 and 2 sections). Both chapters
proposed means to classify sections that are analogous to the classification requirements for bare beam-
columns. The proposed classification methodology is proposed as a check once the stress profile has
been determined from the models developed and may serve as a basis to verify whether the trial
classification remains valid. A second trial may be needed if the proposed detailed classification check

suggests otherwise.
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For class 1 and 2 sections, with no pre-existing loads (i.e., Cases 3 and 4), the elastic lateral torsional
buckling moment capacity is determined from Chapter 4 and the ultimate moment capacity (based on
elasto-plastic deformation) is calculated from Chapter 5. The peak peeling stress is to be computed
from Chapter 8 and checked against the threshold peeling stress as determined from material tests (or
supplier information). The deflections under service loads are determined from the model in Chapter
3 and are compared to threshold values, similar to those provided in informative Appendix D to CAN-

CSA S16 (2016).

Also, for class 3 sections with no-pre-existing loads (i.e., Cases 7 and 8) strengthened with a single
plate, the elastic lateral torsional buckling moment capacity is determined from Chapter 4 and the first
yield moment capacity is determined from the model in Chapter 3 (or 6 in the case of two GFRP
strengthening plates). The rest of the design is similar to that of cases 3 and 4: the peak peeling stress
is to then compute from the model in chapter 8 and checked against the threshold peeling stress as
determined from material tests. The deflections under service loads are determined from the model in

Chapter 3 (or 6) and compared to allowable threshold values.

Table 9.1. Modes of failures and relevant chapters

Modes of failure
Problem description Elastic Flexural strength based _
Interfacial
Case lateral on the material failure | Deflection
. pee -
Section | Pre-existing Laterally torsional First yield Ultimate ¢ limit state
stress
class loads? supported? buckling moment moment
1 1,2 Y Y NA
NA Not Mot Chapter 6
2 1,2 Y N Not covered covered covered
3 1,2 N Y NA Chapters
NA Chapter 5 | Chapter 8
4 1,2 N N Chapter 4 3or6
5 3 Y Y NA - ‘ A Not
apter N
6 3 Y N Not covered covered | Chapter6
7 3 N Y NA Chapters
Chapter 3 NA Chapter 8
8 3 N N Chapter 4 3or6
Y=yes, N=No, NA=Not applicable.
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9.3. Design Considerations
9.3.1. Effectiveness of GFRP strengthening

The present study suggests that GFRP-strengthening for steel beams increases the resistance based on
material failure and elastic lateral torsional buckling moment, and reduces deflections as described in

the following:

Elastic stresses and first yield moments: In Chapter 3, strengthening the continuous two-span beam

(W150x13) with a single 19-mm GFRP plate was found to lower the stresses by 25% compared to the
bare steel beam. When the same section and strengthening scheme is adopted for a simply supported
beam, the additional gain in strength was only 6% compared to the bare beam, and when two GFRP
plates are used to strengthen the section (Chapter 6), the gain in strength increased to 24% for a simply

supported beam.

Effect of GFRP strengthening on pre-loaded beams:

(1) Chapter 6 showed that the presence of pre-existing loads before GFRP strengthening has a
detrimental effect on the capacity of the section, when compared to the case where all pre-existing
loads are removed prior to strengthening. For example, for a 3m-span cantilever with W150x13

section, the presence of a4.7kN pre-existing tip-load (corresponding to a maximum longitudinal

normal stress of F / 2 =175MPa at the cantilever root) was found to reduce the loading capacity
from 18.1 kN for the case of no pre-existing load, to 13.8kN, corresponding to a 24% reduction.

(2) For the case where the elasticity moduli of both GFRP plates are identical, plates of equal thickness
were found to optimize the design based on the stresses in the steel (Chapter 6). For example, a
3m-span W130x15 simply supported beam strengthened with two19mm — thick GFRP plates has
a peak normal stress that is 7.9% smaller than that in the wide flange beam strengthened with

9mm and 29mm — thick GFRP plates, of a similar total volume of GFRP.

(3) For the same problem as (2), when the elasticity modulus of the compressive GFRP plate is taken
as a 80% of that of the tensile GFRP plate, the optimum compressive to tensile GFRP thickness
ratio is found to be 1.22, when the sum of the thicknesses of both GFRP plates is kept constant.

Ultimate moment capacity: GFRP strengthening is also found to increase the ultimate moment capacity

based on a plastic stress profile. Chapter 5 has shown that the ultimate moment increased by 21% for

a 4m-span steel beam with W250x45 section strengthened with a 15.5mm-thick GFRP plate.
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Elastic lateral torsional buckling:

(1) GFRP strengthening was observed to significantly increase the elastic lateral-torsional buckling
capacity. Chapter 4 reports a 43% increase in the buckling capacity for a 6m-span beam with a
W250x45 section strengthened with a 19mm- thick GFRP plate bonded to the compression flange.
Strengthening of the tension flange was also found to an increase in the critical moments by 36%.
In contrast, GFRP-strengthening for a 5-m span column with a W250x45 section using a 19-mm
thick GFRP plate was found to marginally increase the buckling capacity by 6.8% as the gain in

the weak axis flexural stiffness is low.

(2) The effectiveness of strengthening on lateral torsional buckling strength significantly depends on
the GFRP plate thickness. The 6m-span steel beam with a W250x45 section strengthened with
GFRP plates with thicknesses ranging from 0.0 to 30mm was investigated in Chapter 4. The
buckling load increases in a nonlinear fashion with the GFRP thickness. While the buckling load
for the bare beam is 89 kN, that corresponding to a 30mm thick plate is significantly increased to

173 kN, a 94.4% difference.

(3) Load height factors for bare beams consistently yield conservative buckling strength predictions
for strengthened beams. Conversely, adopting load height factors of bare beams to cases of bottom
flange loading for the bare beam would consistently overestimate buckling load predictions. The

observations are valid both for compression or tension flange strengthening.

(4) It is suggested the possibility of adopting moment gradient factors for bare beams when designing

strengthened beams subjected to linear moment gradients.

(5) It was shown that the moment-axial force interaction diagrams are non-linear. The size of the
interaction diagrams was found to grow beyond that of the bare beam when the steel beam is
strengthened by GFRP at the tension flange and to further grow when GFRP strengthening is

applied at the compression flange.

Peak deflections:

(1) Chapter 3 showed that GFRP strengthening for a two-span span continuous beam with a W150x13
cross-section strengthened with a single 19mm thick GFRP plate was observed to lower the peak
deflection by 12%. When two 19mm-thick GFRP plates are used for strengthening, Chapter 6

showed a decrease in deflection of 27% for a 3m single span beam (with the same cross-section).

(2) Chapter 3 also showed that shear deformation effects are significantly more important when

predicting deflections for the strengthened beams than for the case of homogeneous beams.
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(3) Chapter 6 has shown that the transformed section method underestimates the elastic deflection and

considerably overestimate the stresses in GFRP plates.
9.3.2. Adhesive Properties

Peak interfacial shear and peeling stresses: The peak interfacial shear and peeling stresses in the

adhesive layer were observed to decrease when a more flexible adhesive material was used for the
strengthening. Chapter 8 reported a reduction of 20.2% for the peak peeling stress and 14.6% for the

peak shear stress when the adhesive elasticity modulus decreases from 3.18 to 0.472 GPa.

Load capacity in linear elastic analyses: Chapter 6 reported that a significant reduction of the adhesive

shear modulus (e.g., from 1.3MPa t00.4GPa ) caused a relatively mild reduction of the peak load
reduction (e.g., from21.7kN t026.8kN ).

Ultimate moment capacity: Chapter 5 indicated that the shear strength of the adhesive can strongly

influence the ultimate moment capacity (when the shear failure mode of the adhesive governs the
design). The weak adhesive (i.e., Spabond 345 at 50°C with a shear strength 5.6 MPa) was observed
to lead to the shear failure mode. In contrast, strong adhesive (i.e., Typo S epoxy at room temperature
with a shear strength 42 MPa) was found to avoid the shear failure mode and to lead to a GFRP tension

failure mode.

Elastic lateral torsional buckling capacity: Chapter 4 investigated the effect of adhesive thickness on

the buckling capacity for a 6m-span beam with a W250x45 section strengthened with a 19mm- thick
GFRP plate bonded to the compression flange by using Typo S epoxy (with an elastic modulus of 3.18
GPa). The buckling load increases only marginally with the thickness of the adhesive. The buckling
load for the 0.5mm thick adhesive was 126.9 kN, that corresponding to 4.0mm was marginally
increased to 133 kN, a 4.6% difference. The increase was attributed to the slightly deeper overall cross-

section in the case of a thicker adhesive.
9.3.3. Other considerations

The theory developed in Chapter 7 for the analysis of homogeneous beams successfully captures the
effect of pin height on the beam displacement and stress responses. For short span beams, when
supports are located at the mid-height, it was observed that the stress distributions differ significantly
from those for the case where the supports are located at the underside of the beam. In contrast, the

effect of support height was shown to be negligible for beams with long spans.
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9.4. Recommendations for future research

Based on the developments conducted in the present thesis, the following recommendations are

proposed for future research:

(1

2)

3)

4)

)

(6)

Chapter 4 developed an elastic lateral-torsional buckling solution which tends to govern the
capacity of long span laterally unsupported beams. Also, Chapter 5 developed solutions for
ultimate moment capacity of GFRP-strengthened steel beams which tends to govern the capacity
of short spans of Class 1 and 2 sections. For beams of intermediate spans, inelastic lateral torsional
buckling is expected to govern the capacity. The present study has not investigated this mode of
failure. It is thus suggested that future research numerically investigate inelastic lateral torsional
buckling for GFRP-strengthened steel beams and verify whether the inelastic lateral torsional
buckling equation in present design standards, or a modification thereof, can be extended to
strengthened beams.

The elastic lateral-torsional buckling solution developed in Chapter 4, while suitable for
computational methods, may be challenging to use in a design environment. It is thus
recommended to generate a database of runs using the model in Chapter 4, and develop simplified
design equations, possibly using regression analysis, to approximately quantify the critical
moments given the geometric and mechanical properties of the steel, GFRP, and adhesive.

In the absence of experimental evidence suggesting otherwise, the finite element simulations in
Chapter 5 were based on a postulated von-Mises yield criterion for the adhesive. It is required to
conduct a material testing experimental program to test adhesives under various combinations of
shear and peeling stresses and develop and propose a yield criterion for the adhesive based on
experimental evidence.

In the limited study in Chapter 5, a steel beam of a given span, the length of the strengthening
GFRP plates was shown to considerably influence the peak shear near the bond ends where a
longer GFRP plate was shown to lead to smaller peak shear stresses in the adhesive. It would be
of practical interest to conduct a parametric investigation that accounts for other factors (e.g.,
GFRP and adhesive thicknesses and material properties) on the peak shear stresses developed.
Chapter 6 developed a closed form solution for the analysis of steel beams strengthened with two
GFRP plates including the pre-existing loading effects. To generalize the solutions for other
loading and boundary conditions, it is proposed to develop finite element solutions based on the
variational expressions developed in the study.

As discussed in Cases 2 and 6 of Table 9.1, the lateral torsional buckling solution developed in

Chapter 4 was limited to strengthened beams with no pre-existing loads. It is thus recommended
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to extend the formulation to include the effect of pre-existing loads on the lateral torsional buckling
strength.

(7) The present work has exclusively focused on the modeling aspects of the problem. It is of practical
interest to conduct full-scale experimental studies to serve as a basis to assess the validity of the
various models developed in the present study.

(8) The present study has focused on a limited number of failure modes; (1) local buckling, (2) elastic
lateral torsional buckling, (3) material failure based on elastic or plastic stress profiles, (4) GFRP
plate tension failure, (5) shear failure of the adhesive, (6) peeling failure of the adhesive, and (7)
deflections. Other modes of failures induced by delamination, fatigue, and thermal effects need to

be investigated in future studies.
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