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ABSTRACT

The primary objective of this thesis is to develop crack strip method and verify the

convergency of the method, finally to perform fracture analysis of bridge structures using spline
finite strip method. In this thesis, combining the shape function of spline finite strip with the

eigenfunction expansions at a crack tip, three types of crack strips, namely anti-plane shear crack
strip, plane crack strip and bending crack strip, have been developed, in which cracks are
perpendicular to the longitudinal axis of strips and the stress intensity factors can be computed
directly. Based on plane crack strips and bending crack strips, the flat shell crack strip is
developed for the fracture analysis of box girder bridges. Several case studies have demonstrated
the satisfactory convergence of the proposed method. The fracture analysis of different types of

bridges have been successfully conducted using these crack strips.

In Chapter 3, the basic model of the crack strip is formed. Substructure technique and extra knots
are employed to enhance the efficiency and the convergence of this model. Two Gaussian
quadratures for improper integrals are introduced to calculate the singular integral in the crack

strip. The efficiencies of these two methods are compared through case studies.
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On the basis of anti-plane eigenfunction expansion derived by Tilley (1978), plane eigenfunction
expansion by Williams (1957) and bending eigenfunction expansion by Williams (1961) in the
area around the crack tip, anti-plane shear crack strip, plane crack strip and bending crack strip
are developed in Chapter 4 to 6, respectively. The convergence of the proposed models is

generally good as shown by case studies.

In Chapter 7, these crack strip models are applied to the fracture analysis of bridge structures.
Based on the plane crack strip and the bending crack strip, flat shell crack strip is formed for the
fracture analysis of box girder bridges. The fracture analysis of different types of bridges, such
as slab bridge, continuous slab bridge, single - cell box girder bridge and continuous bridge with
top-open box girder, are successfully conducted using these crack strips. The leading diagonal

terms are replaced by large numbers to deal with those restraints in the continuous bridges.

The present method, i.e., combining the spline finite strip method with the analytical solution for

the area around crack tip, provides a new and efficient approach for fracture analysis of

structures, especially for the fracture analysis of bridge structures.
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Chapter 1

Introduction

The numerical fracture analysis has been one of the most active areas in structural
engineering, and the finite element method (FEM) plays an important role in this subject. The
finite strip method (FSM) (Cheung, M.S. et al. 1996), as an extension of the finite element
method, uses significantly less number of degrees-of-freedom in comparison with the finite

element method, and thus is computationally more efficient than the FEM.

The finite strip method is one of the most efficient tools in numerical analysis of bridge structures
due to its semi-analytical nature. The earlier finite strip method is limited to regular prismatic
structures, whereas today, with development of the spline finite strip method, the application of

this method has been extended to various fields, including fracture analysis of structures.

However, most earlier numerical models in fracture analysis experienced the difficulty of dealing

-1-



with stress singularity at the crack tip, because ordinary numerical models are ineffective in areas
with high stress gradient. Later, some special elements with proper singularities have been
developed for the area around crack tip. For example, Williams’ eigenfunction expansion has
been introduced to model displacements around crack tip in a special element (Wilson 1973,
Holston 1976, Cai et al. 1983), and the efficiency of the numerical analysis has been enhanced

significantly.

Li (Liet al. 1994) modified the semi-analytical Fourier expansions in the finite strip method for
solving the problem of periodically occurring cracks in lay-ups laminates. The approximate model
of displacements was formed basing on the conception of stiffness reduction by damage.
However, some fracture characteristics such as stress intensity factor and displacement around

the crack tips were not present in this formulation.

In 1996, Cheung and Jiang (1996) developed a cracked strip for plane problems by incorporating
the Williams’ expansion with the spline finite strip displacement model. Thus, the stress intensity
factor could be directly computed. However, that model is only applicable to longitudinal cracks

in plane spline finite strips.

In this thesis, through the combination of traditional spline finite strips with Tilley’s anti-plane
eigenfunction expansion (1978), Williams’ plane eigenfunction expansion (1957) and Williams’
bending eigenfunction expansion(1961) at a crack tip, anti-plane shear crack strip, plane crack
strip and bending crack strip are developed, respectively. In which, the cracks are assumed to be
perpendicular to the longitudinal axis of strip elements and the stress intensity factors will be

directly computed.

Current study incorporates the advantages of both Spline Finite Strip Method and the analytical
solution for the area around the crack tip, and provides a new and efficient approach for structural
fracture analysis, especially the fracture analysis of bridge structures. Theoretical foundation and

some applications in fracture analysis of highway bridges are presented.
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1.1 Basic Concepts of Fracture Mechanics

Fracture analysis of structures has been developed in the last 50 years to study the
sensitivity of structures to defects, flaws or cracks. In such analysis, an essential work is the
evaluation of stresses especially with regard to the high elevation of local stresses around the

flaws or cracks, which represents crack propagation mechanisms.

The redistribution of stress in a structure caused by cracks or notches can be worked out by means
of linear-elastic stress analysis. Of course, this analysis needs to pay the greatest attention to the
high elevation of local stresses around the crack tip which is usually accompanied by some
plasticity and other nonlinear effects. Nevertheless, linear-elastic stress analysis properly
constructs the basis of most current fracture studies, at least for “small scale yielding” where all
substantial nonlinearities are confined within a linear-elastic field around the crack tip. Therefore,
the significant characters and parameters of linear-elastic stress field around the crack tip are

prime factors in fracture analysis.

1.1.1 Linear Elastic Stress Field around Crack Tip

The surfaces of a crack play a main role in the distribution of stresses around the crack tip,
because they are stress-free boundaries of the body. Other remote boundaries and loading forces

only affect the intensity of the local stress field at the crack tip.

The stress field around crack tip can be classified into three basic types according to local

displacement mode as shown in Fig. 1.1. The first mode is defined as opening mode (Mode I),
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in which the crack surfaces move directly apart. The second mode is the in-plane shear mode or
sliding mode (Mode II), in which the crack surfaces slide over each other perpendicular to the
leading edge of the crack. The third mode is the out-of-plane shear mode or tearing mode (Mode
III), in which crack surfaces slide with respect to one another parallel to the leading edge. The
superposition of these three modes may sufficiently present the most general three-dimensional

cases of local deformation and stress field at the crack tip.

To determine the stress and displacement fields related to each mode, the most direct approach
follows Irwin’s method (1957), which is based on Westergaard’s method (1939). Modes I and I
can be regarded as two-dimensional elastic problems, which are respectively divided into
symmetric and skew-symmetric with respect to the crack plane. Mode III can be regarded as two-
dimensional pure shear (or torsion) problem. For a semi-infinite through crack in an infinite plate
under proper uniform loading on infinite ends, the resulting stress and displacement fields are

given below, referring to the notation in Fig. 1.2,

Mode I:

I

9[1 .0 . 36]+O( 2y
o, = cos—[1- sin—sin— r
o\ 27nr 2 2 2

K, 0 .0 . 30 2
o, = WCOSE[H sm551n—2—]+ o(r')
K 6 .0 30
T, = \/ﬁcosasingcos—z—H o) 1-1

where K is called the stress intensity factor in Mode I, which is a measure of stress concentration

around the crack tip, and O (r”2 ) represents higher-order terms. More details about the stress
intensity factor will be presented later.

For plane strain(with higher-order terms omitted in the area around the crack tip)



o,=v(e,to,), 71,=7,=0

xz yz
K’ T cosai1- 2v + sin? 2
= — _C - V+ 81 -

957 2

0 0
————-,/ s1n2[2 2v - coszg]

(1-2)
where G is the shear modulus.
Mode II:
K, 9[2+ 6 39]+0( )
= — sin COS——COS— r
= o 2
K 6 f 3
o, = \/—2%; cosasingsin~2~+ o)
K 0 0 30
T, = \/2_’7;7 cosE[l— sinasin7]+ or'") (1-3)

in which K, is the stress intensity factor in Mode II.

For plane strain(with higher-order terms omitted in the area around the crack tip)

o,=v(,t0,), 1,=7,=0

w = Ty
K, |r . , 0
u= G 2z sm5[2— 2v + cos 5]
K, |r 6 , 0
V= —G_\/;COSQ[ 1+ 2v +sin —]
=0 (1-4)
Mode III:



x y z xy
K 2 0
w= (’;” 1/7”sin5
u=v=90 (1-5)

in which K, is the stress intensity factor in Mode III.

Equations (1 —2) and (1 —4) are formed for the case of plane strain (i.e., w = 0), but they can be

altered to the case of plane stress easily by taking o_ = 0 and replacing Poisson’s ratio, v , by

v/i(+v).

1/2

Normally, in equations (1 — 1) to (1 — 5), higher-order terms, i.e. O ( ° ) are omitted, since

these higher-order terms become negligible compared with the leading term 1/ Jr while r

becomes smaller and smaller. Therefore, the first term in each expression for stresses or
displacements represents the main portion of linear elastic stress or displacement field around the

crack tip.

Since parameters, K,, K, and K, are independent of coordinates » and & , they are viewed

as the intensity of the stress fields around the crack tip. In other words, they are regarded as the
strengths of 1/+/r stress singularities at the crack tip from mathematical standpoint. Their

values depend on other boundaries of the body and the applied loads. Consequently, the formulas

of their elevation are obtained by stress analysis for a given configuration and loading.



Similarly, from a physical point of view, K,, K, and K, may be considered to represent the

intensity of the linear-elastic stress distribution around a crack tip, where small amounts of
plasticity or other nonlinearities at the crack tip merged into the linear-elastic field are much less

than stress intensity and do not significantly disturb the field. Therefore, a given combination of

values for K,, K, and K, can represent a unique crack tip stress field in the case of small-

scale yielding. Because the fracture process of materials may be affected by the stress field

environment around crack tip, the intensity factors K,, K, and K, play a great role as

fracture correlation parameters in current practice. For this reason, the formulas of K, , K, ,and K,

are tabulated for various configurations and loadings in material property table.

Finally, equations (1 — 1) to (1 — 5) show that stress intensity factors have units of

(force) x (length)™"

It is obvious that stress intensity factors are proportional to the applied loads and they must
contain other characteristic lengths on a dimensional basis, such as crack size. This result is a
main feature of flaw-size effects in fracture analysis, which indeed are observed and further

implies that these size effects can be fully analyzed only if stress analysis includes these effects.

If a structure experiences massive plastic deformation, the above concepts that are based on linear
elasticity are not valid. Other approaches based on energy theories are found to be more realistic
for predicting the behavior of crack propagation. Among these, J-integration and energy release
rate are the most commonly used methods to predict the possibility of structural failure. Those
are beyond the scope of the current study. Readers who are interested in these topics may consult

some references, e.g. Anderson (1995), Sih (1973) and Tada et al. (2000).



1.1.2 Material Fracture Toughness

The fracture toughness of a material is defined as the capability of the material to resist
fracture when a crack exists. Experiments show that the crack will propagate at a progressive rate
when the stress intensity factor reaches its critical value i.e., the material toughness K, which is
a material property and its value can be obtained from material tests (Anderson 1995). The value
of K, also varies under influence of environment. Materials with high K, at normal temperature

may show very low fracture resistance under freezing temperature.

1.1.3 The Fracture Mechanics Approach in Design

Contrasting with the traditional approach for structural design and material selection, the
fracture mechanics approach has three important variables, i.e., the applied stress, the fracture
toughness and the flaw size rather than two, i.e. the applied stress and the strength as in the
traditional approach. Fracture toughness replaces strength as the relevant material property.

Fracture mechanics quantifies the critical combinations of these three variables.

There are two alternative approaches for fracture analysis, i.e. the energy criterion and the stress
intensity approach. These two approaches are equivalent in certain circumstances. The energy
criterion and the energy release rate are discussed in Anderson (1995), Sih (1973) and Tada et al.
(2000).

The stress intensity approach states that, if one assumes that the material fails locally at some
critical combination of stresses and strains, the fracture must occur at a critical stress intensity,

K, . Namely, failure occurs when K=K .



1.1.4 Williams’ Expansion in Plane Strain/Stress Problem

For the general case of a stationary crack embedded in infinite plane, Williams (1957)

developed an eigenfunction expansion for the elastic stress distributions around cracks, based on

existing solutions from other researchers. It has been proven that stress functions y(r,8),i.e.

solutions of equilibrium in the absence of body forces,V *y (#,6) = 0, of the form (Fig. 1.2)

(r,0)= %[ (-¢ 9 lcosiq)+b( sinf‘l sinﬁ)]
2(r,0)= r*a(- cos7 - Zcos—=)+ b, 5 5

+a,r*[1- cos20]+ O(r*?)

(1-6)

will satisfy the conditions of stress-free on crack surfaces, in which a, and b, represent the
polynomial coefficients to be determined by other geometry or loading conditions. From which
the associated stresses can be found:

Gy 1 0 30 0 30
o,(r,0)= = ——[a,(-3cos—— cos—) + b, (—3sin— — 3sin—
0( ) 072 47‘1/2[ 1( 2 2) l( 2 2)] : ,
+4a, sin* @+ O(r'"?) (-7
o, (r,0)=V’y-o, =Zr—ll/?[al(—Scos§+cosz—9)+b1(—SSin§+3sin32—9)] -
+da, cos’ 8+ O(r'"?) 1-8)
2, 1oy 1 . 6 . 30 7] 360
T,(r,0)=——(—%)=——[a,(-sin—-sin—) + b, (cos— + 3cos—
o(r8) = =270y = la(~sin——sin"5) + (cos D o

—2a, sin20+ O(r'"?)



The stress intensity factors, K, for the opening mode and K|, for the sliding mode, which are

regarded as the strengths of 1/ Jr stress singularities, can be respectively obtained from the

leading terms of the Williams’ expansion in the form of

K, = GJ27xla,|, K,=GN2x|b)| (1-10)

1.1.5 Williams’ Expansion for Bending Stress Distribution

When a plate is subjected to either symmetrical or anti-symmetrical bending, the problem

in terms of the usual linear small-deflection theory for plates in bending is formulated by an

appropriate differential equation of the deflection w(r,8):

Viw(r,0) = q(r,0)/ D (1-11)
where D is known as the flexural rigidity of the plate and

Et’

= 1-12
b 12(1-0?) =2

t is the thickness of the plate, E and v are the elastic modulus and Poisson’s ratio of the material

respectively, while g represents the distributed normal load.

Considering the boundary conditions along crack surfaces (6 = + 7 ), the characteristic solutions
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are of the form

3 30 3(1 vy 8 36 3(1-v)
_ 2 —_ —_
w(r,0) = r2{-[cos > 7y cos ]a1+[sm " 54 3

sin— ]b }

1-
#17 {[c0s20 + - i]a2 + [sin2015,} + ---

n+2 - _ _ 1—
+r 2 {(~1)"[cos ("+22)‘9 L U 773(: Y) o™ 229]a (=19
(n+2)8 (4n-T)1-v) . (n-2)0

sin b

2 543y y 1

+ [sin

The stresses 0,, 0, and 7,, are assumed to be linearly distributed through the thickness of the

plate and may be expressed in a normalized form as

20'r z ﬁ 3+ 5v g) N . }ﬂ+ 3+5v g)b
f [(cos™ = cospa+ (s Trsin )bl
(1-14)
- 5z[(1+ c0s20)a, + (sin20)b, ]+ O("*)
2 30 5+ 3v 0 36 0
%: _j;;[(_ cos™ = Z—cos)a + (sin -+ sin2)b ]
. (1-15)
- EZ[(I— cos26)a, + (sin26)b, ]+ O(r'"?)
2Tr9_i i&f_ l-v . 0 N 30 1-v gb
[( sin——+ Ty sin )a1 (- cos > +5+3v cosz) 3
(1-16)

+ gz[(sin 20)a, - (cos20)b,1+ O(r"?)

Then, the stress intensity factors K, for opening mode and K, for sliding mode can be obtained

from the leading terms of the Williams’ expansion according to the general formof K = o+ 7a .
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1.1.6 Tilly Expansion in Anti-Plane Problem

Anti-plane strain deformation is said to occur when there is only one non-zero
displacement component which by convention is stipulated to be in the z-direction of an x, y, z
Cartesian co-ordinate system. This displacement is a harmonic function of x and y in two
dimensions, such as those cylindrical rods subjected to shear, bending or twisting loads ( G. C.

Sih 1973). The equilibrium equation is written as:

0w N 0w
x

=0 or V'w=0 (1-17)

The behavior of w(x,y) near a crack tip may be found by considering a semi-infinite crack in an
infinite plate. In terms of polar co-ordinates, 7, 8, centered on the crack tip with the crack surfaces

at 6 = +m, the deflection w is the function of r, 8, i.e. w = w(r, ). Because the shear stress

G ow
T, = ——— on the crack surfaces is zero, the following boundary condition holds:
r
ow(r,tm)
——0,;9_ =0 (1-18)

The polar co-ordinate form of equation (1 — 17) is

3w é’w+l§2w
or r 06*

=0 (1-19)

Tilley (1978) gave the solution for (1 — 19) satisfying the boundary conditions (1 — 18). It is
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w(r,0)= Y, {4 sin[(2n+ 1)0 / 2]+ Br™" cos[(n+ 1)0]} (1 -20)
n=0
where 4, , B, are coefficients to be determined by other geometry or loading conditions.

If, however, the plate and loading are symmetric along crack edge, an additional boundary

condition i.e., w(r, 0) = 0 (r >0) applies, resulting in B» = 0 for all » and thus,

w(r,0)= Y. Ar* 2 sin[(2n+1)0 /2] (1-21)

n=0

In some numerical methods, constants 4» are determined explicitly. However, one is usually only
interested in the first of these, namely Ao, which is associated with the mode III stress intensity

factor, K, by

n
Ky = \/;GAo (1-22)

Furthermore, it is often convenient to normalize Kir by the value ¢+ 7a , where O g is the shear

stress applied and a is the crack length. Thus, the normalized stress intensity factor, K ,],V, , 18

obtained as

G4,
00‘/55 (1-23)

N _
Km -
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1.2 Numerical Fracture Analysis

The numerical fracture analysis by Finite Element Method (FEM) (Luxmoore and Owen
1978, 1984) has been one of the most attractive methods in structural engineering. Unfortunately,
traditional FEM does not work well to represent the transition from infinite stresses at the tip of
acrack to finite stresses elsewhere and to get stress intensity factor directly. This is the common
drawback of traditional FEM in stress analysis. However, some special crack tip elements with
the proper singularities were developed. Examples of such method are the special crack tip
element with a crack tip eigenfunction expansion (Williams’ expansion ) as the displacement
model (Wilson 1973, Holston 1976, Cai et al. 1983), an element formulation(Byskov 1970) based
on classical singularity displacement function by Muskhelishvili (1963), and rectangular element
containing a crack (Walsh 1971) using singular displacement fields derived from work by
Leicester (1971). Thus, the application of FEM has been extended to fracture analysis. A further
problem is that for most actual structures, a full finite element analysis is often both extravagant

and unnecessary, and sometimes even impossible.

Boundary elements method (BEM) (Beskos 1989) is a more efficient numerical method in
structural engineering, because only the boundary parameters are included in the final matrix
equation. With the development of special singular boundary elements, a boundary element has
been used in fracture analysis of realistic structures ( Mason et al. 1984, Ohtmer 1984). This
method, however, requires mathematical analysis of singular integral equations for various

problems. This analysis is time consuming and is possible only for simple structures.

Finite strip method was rarely used in numerical fracture analysis until the nineteen nineties. For

all the articles I searched, there are only two articles in numerical fracture analysis by finite strip
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method or spline finite strip method.

Li (Li et al. 1994) modified the semi-analytical Fourier expansions in the finite strip method for
solving the problem of periodically occurring cracks in lay-ups laminates, and the displacement

components were assumed to take the form:

Kn
U,= U:—;—+ZU: sinkTﬂx

k=1

Kn
v, =7 2+ 3 7k sin 2
1 = I

. K, - (1-24)
W, =W () + W)+ Y WS cos——
k=1

where / was the period length of the occurred crack, U, V, and W, are nodal displacements in x,
¥, and z directions, and U : , Vnh , th , W;O , U ,,k , Vnk and Wnk are unknown constants to be

determined. The approximate model of displacements was formed basing on the conception of
stiffness reduction by damage. However, some fracture characteristics such as stress intensity
factor and displacement around the crack tips, which play main role in fracture analysis, were not
present in this formulation.

Similar to FEM, the spline finite strip takes the nodal displacements as unknown parameters. As
aresult, it becomes possible to couple with the above mentioned special crack strip elements. In
1996, Cheung and Jiang (1996) developed a cracked strip for plane problems by incorporating the

Williams’ expansion with the spline finite strip displacement model in polar coordinates:

u =3 (%)ffz[a,ﬁ;, (0) + b, (6)] +u, sin@+v, cosd
i=1
) (1-25)
=Y (%)"/Z[a,.c;m. () +bG.,,(0)] +u, cos@—v, sin
i=1
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where R is some characteristic length, #, and v, represent the rigid-body motion, and a,, b, are

generalized displacement parameters. In which

, i i-6 i i e
Fy = (1= D) +4v)sin( =10+ + DI+ (1) Isin( + 10

G, = (% - 1)(~¥ +4v) cos(% -1Ho- (é + 1)[% +(=1'] cos(é— +1)6

F, = (% - 1)(? +40) cos(é ~1)o- (-;- + 1)[-;; - (—l)i]cos(—;— +1)0

i, i+6 i i

. i i s
Gy = (1= )= 4v)sin( — DO+ (+ DI~ (1) Isin(_+ e

Thus, the stress intensity factor could be directly computed. However, that model is only
applicable to longitudinal cracks in plane finite strips. In actual structures, such as bridge
structures, the critical cracks are in the transverse direction, while the finite strips are usually
deployed along the longitudinal direction of the structure. Therefore, finite strip elements with
transverse crack are required for detailed analysis of such problems. This thesis is a step in
developing such an element.

1.3 Historic Development of The Finite Strip
Method

The finite strip method is a semi-analytical nature and was first proposed by Cheung,
Y K. (1968) for static analysis of simply supported bridge decks. Since then, application of the
method has been extended to the modeling and analysis of other more complex structures under
various loading conditions such as, buckling and vibration of composite laminated plate (Dawe

and Wang 1995), nonlinear analysis of Midlin plates (Azizian and Dawe 1985), doubly curved

-16-



laminated shells (Wu et al 2001) and shear- deformable plates (Kong and Cheung 1993). The
method has also been used for fracture analysis (Li et al. 1994, Cheung and Jiang 1996).

The semi-analytical finite strip method is very efficient for analysis of prismatic structures under
distributed loading, especially for structures with both ends simply supported. It, however, has
experienced difficulties in dealing with concentrated forces, multiple spans, discrete supports at

strip ends, etc. To overcome these difficulties and to retain the advantages of the finite strip

method, a mathematical tool called * B, spline function’ was used for the displacement function

for the formation of the spline finite strips in analysis of rectangular plates by Cheung et al (1982).

The B; spline function can ensure continuity up to the second derivative (the so-called
C, continuity). In order to get the same continuity condition, the finite element method needs
three times as many unknowns at the element nodes. Hence, the use of B, splines is
computationally more efficient than the finite element method with C, continuity. When using

the B, spline functions, the penalty function approach (Cook et al, 1989) is readily utilized to

impose any type of boundary conditions. Thus, the spline finite strip method is more flexible than

the original finite strip method.

In the last two decades, the spline finite strip method has been applied to the solution of more

complicated problems in the following areas:

* box girder bridges by Cheung and Fan (1983),

» parallelogram plates by Chen et al (1984),

» vibration of irregular plates by Chen and Chong (1984),

* buckling of irregular plates ( Chen and Chong 1985, Chong and Chen 1986),
» arbitrary shaped slabs by Li et al (1986),

» arbitrary curved slab bridges by Cheung et al (1986),
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* buckling of Thin-Walled Structures by Lau and Hancock (1986).

« vibration and stability analysis of stiffened plates by Cheung et al (1987),
« free vibration and static analysis of general plates by Cheung et al (1988),
« vibration of open cylindrical shells by Mizusawa (1988),

* bending of skew plates by Tham et al (1988),

« postbuckling analysis of shells by Zhu and Cheung (1989),

» continuous haunched bridges (Cheung and Li, 1990, Cheung et al 1992),
» curved reinforced concrete slab bridges (Cheung et al.1993),

» the analysis of shear- deformable plates by Kong and Cheung (1993),

» the buckling and vibration of rectangular composite laminate by Dawe and Wang
(1995),

* plane fracture problems by Cheung and Jiang (1996).

Recently, two comprehensive books written about the finite strip method by Cheung, M.S., et

al(1996) and by Cheung, Y.K and Tham (1998), summarize the basic theory of the finite strip

method and its historic developments.

1.4 Current Study

In this thesis, through the combination of traditional spline finite strips with anti-plane

eigenfunction expansion by Tilley (1978), plane eigenfunction expansion by Williams (1957) and

bending eigenfunction expansion by Williams (1961) at a crack tip, respectively, three crack strip

models are respectively developed for the anti-plane shear (tear) mode, the plane mode and the

bending mode of crack problems. The cracks are assumed to be perpendicular to the longitudinal

axis of strip elements and the stress intensity factors will be directly computed. Based on plane
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crack strips and bending crack strips, the flat shell crack strip is developed for the fracture analysis
of box girder bridges. The substructure technique is employed to enhance the efficiency of the
analysis. Two types of singular integral method and extra knots are used to ensure the
convergence of these models. Several case studies have demonstrated the satisfactory convergence

of the proposed method.

The present method, combining the advantage of the spline finite strip method with the analytical
solution for the area around the crack tip, provides a new and efficient approach for structural

fracture analysis, especially the fracture analysis of bridge structures.

A number of slabs, slabs on girder and box girder bridges under different loads have been
successfully analyzed using these crack strips. Their fracture characteristics, such as the effects
of crack length on the stress intensity factor, the near field stresses and the near field deflection
have been investigated. This investigation will provide important information about bridge

safety that is required in bridge design and management.

The fracture analysis of Bryte Bend Bridge located in California, U. S. A. has been performed
using the flat shell crack strip method to investigate possible causes of the critical failure in this
bridge. The results of analyses agree favorably with the experimental studies conducted by
Roberts (1977), and show the accuracy of empirical formulas that he used. The fracture

toughness of top flanges in the bridge is studied as well.
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(Opening) {In-Plane Shear) {Out-of-Plane Shear)

Figure 1.1 Basic modes of crack surface displacements.
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Figure 1.2 Definition of the coordinate axis ahead
of a crack tip and stress components
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Chapter 2

Spline Finite Strip Method

2.1 Introduction

The finite strip method, first published by Cheung, Y .K. (1968) for the analysis of simply
supported bridge deck structures, has been proven to be a powerful, efficient and versatile
analysis tool for the structural analysis of bridges of complicated geometric layout and different
material properties. In this method, the bridge structure is divided into a number of flat shell
(plate) or beam strips in the longitudinal direction. Thus, the finite strip method uses substantially
less degrees-of-freedom than the finite element method. As a result the computer time and
storage requirement are both reduced drastically. In addition, the finite strip model requires

much less effort for input data preparation and output explanation than the finite element method
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used for modeling the same bridge structure. Therefore, the efficiency of the analysis is enhanced

significantly.

The finite strip method can be considered as a special form of finite element procedure using the
displacement approach and is called semi-analytical finite element method. If a structure has
constant cross-section, and end boundary conditions do not change transversely; its stress analysis
can be easily performed using finite strips instead of finite elements. In each strip, the
displacement components at any point are expressed in terms of the displacement parameters of
nodal lines by using simple polynomials in the transverse direction and a series of continuously
differentiable functions in the longitudinal direction. Those series should satisfy the boundary
conditions at both ends of the strip a priori. Using the strain-displacement relationships and
following the energy approach, the strain energy of the structure and the potential energy of
external loads can also be expressed in terms of the displacement parameters. At equilibrium, the
values of the displacement parameters should make the total potential energy of the structure
minimum. This results in a set of algebraic equations with the displacement parameters as
unknowns. By solving the equations for the displacement parameters, the displacements and as

a result stress components at any point in the structure can be obtained.

The above mentioned semi-analytical finite strip method experiences difficulties in dealing with
concentrated forces, multiple spans and discrete supports at strip ends, etc. To overcome these

difficulties and to retain the advantages of the finite strip method, a mathematical tool called

B, spline function has been used to provide the longitudinal displacement functions to form the

spline finite strips for the analysis of rectangular plates by Cheung, Y K. et al (1982). In this

method, each nodal line is divided into a number of sections by equally or unequally spaced

knots. Every knot is then taken as the center of a local B, spline, which has non-zero values in

only four consecutive sections. All the B; splines on a nodal line form a series which is used to

simulate the longitudinal variation of displacements.
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The B; spline function can ensure continuity up to the second derivative (the so-called
C, continuity). On the other hand, in order to get the same continuity condition, the finite element
method needs three times as many unknowns at the element nodes. Hence, the use of B, spline

is computationally much more efficient than the finite element method when C, continuity is

required.

The second derivative of B, spline varies linearly in each longitudinal section. As a result it can

more easily simulate peak values of bending moment at the loaded cross-sections or at
intermediate supports. Moreover, similar to the finite element method, a spline finite strip can
easily take up any prescribed external and internal boundary conditions by the penalty function
approach( Cook et al, 1989). Thus, the spline finite strip method is more flexible than the

traditional finite strip method.

2.2 Spline Function Interpolation

Spline functions are well-established mathematical tools. There are many types of spline
functions commonly used as interpolation functions for field problems in engineering
applications. The advantage of the spline functions is that they can satisfy any required continuity

or discontinuity conditions.

The B, spline, a piecewise cubic polynomial with continuity up to the second derivative is

employed to represent the longitudinal variation of displacement in the finite strip model.
Assuming an arbitrary function f{y) over the interval 0 <y < /, the whole length / of the finite strip

can be divided into r-1 sections of equal length or un-equal length by 7 knots. The finite strip with
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un-equal length sections is not useful in this thesis. Readers who are interested it may consult,
Cheung et al.(1996).

The equally spaced B, spline function ¢, () withaknotat y = y, asthe center can be defined

by
(V= V)’ Yz S VE Vo
| I+ 30 (- y,.)+ 3y -y, - 3y- Y1)’ Vit S VE I
¢m(y = -_6_]1—3‘ h3 + 3h2(ym+1 - y)+ 3h(ym+1 - y)2 - 3(ym+l - y)3 ym S .yS ym+l
Vi = V)’ V1 S VS Vo
0 otherwise
2-1)

where y_ is the longitudinal coordinate of knot m with / < m < r. In particular, y, = 0,

v, =1,h=1/(r-1) and y, =(m-Dh.

The function is twice differentiable over the interval, and its second derivative is a linear fuction

in terms of y. The values of function ¢, () and its first and second derivatives at knots are given

in Table 2.1.

Table 2.1 Values of Spline Function at Knots

Function Vs Vit Vo Yl Ymi2
i) 0 1/6 213 1/6 0
) 0 1/(2h) 0 -1/(2h) 0
e 0 vkt | 2k | UK 0

-25-



The spline functions centered at all the knots comprise a series s(y) which can be used to
interpolate any continuous and differentiable function f{y). In each section, the value of s(y) is

related to four splines which are centered at the two ends of this section and the two knots next

to those ends, respectively. Therefore, two additional knots y, and y, ,, are needed to interpolate

f») in the first and the last sections. Thus the series of spline functions can be expressed as

r+1

()= X duf(¥) 2-2)
m=0
in which the d, are coefficient to be determined by interpolation requirements.

Under given boundary conditions, coefficients d,, can be determined in a matrix form:
[L]1{d} = {/} (2-3)

in which {d} is the vector of interpolation coefficients d,, ,{f} is the vector for values of the

function at knots, while [L] is the matrix for the values of the spline functions at knots. The

entries of [L] depend on the boundary conditions. The next section will give the details of

constructing the matrix [L] and the vector {f} for two special cases.

Calling the invert matrix of [L] as [F] :
[F1=[L]" Q-4

the interpolation coefficients {d} can be calculated from the function values at knots

{d} =[F1{f} @2-3)
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2.3 Imposing Boundary Conditions

In this study, special fracture strips are developed for the fracture analysis of structures.
In each fracture strip, the area surrounding crack tip is modeled by a special portion, which is
derived from analytical solution in fracture mechanics and uses the displacements at knots as
degrees of freedom. The rest portion of the strip is simulated by traditional spline finite strips
which uses B;-Spline interpolation and takes interpolation coefficients as degrees of freedom
instead of displacements. In order to assemble the stiffness matrix of the entire strip, it is necesary
to perform transformation from interpolation coefficient to displacements and vice versa. The
mapping between these two sets of degrees of freedom must be one to one determined. To make
this mapping possible, one method is to impose necessary displacement and stress boundary
conditions at two ends of the strip to eliminate some dependent degrees of freedom and to create
a square transformation matrix [L]. For example, the following boundary conditions should be

imposed to a beam element:

1. Simple supports at both sides
In addition to zero deflections at both ends, the moments as two extra boundary conditions

should also be set to zero at both ends. Thus, the interpolation can be expressed as :

S"(yl): f"(yl): 0
s(y)=f()=0,
s(y,)=f(,), 2<m<r-1 (2-6)

s(y)=f()=0,
s)=f(3)=0
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where f{y) represents the deflection, while s(y) denotes the interpolation function, and f"(y) and

s"(y) indicate the second derivative of fy) and s(y) respectively.

In this case, matrix [L] in (2-3) is obtained as the following form

[L]=

and

() =1

1/ 1
1/6
0

—2/h
2/3
1/6

U=

1/h* 0
1/6 0
2/3 1/6
0 0
0 0

')
f(yl)
f(yz)

f )

o)

2. One clamped support end and one free end

0 0

0 0

0 0
2/3  1/6
2/h* 1/h*

(2-7)

2-9

In addition to zero deflections at the clamped end, the rotation at this end and the bending

moment at the free end should be also zero as two extra boundary conditions. Thus, the

interpolation expressions can be expressed as :

28-



s'(y)=f'()=0
s = f)=0,

2-9
SO = fa)  2<m<r @9
s)=1()=0
where f'(y) and s'(y) indicate the first derivative of Ay) and s(y) respectively.
In this case, matrix [L] in (2-3) is formed as the following form
-1/2h) 0 1/2h) O 0 0 0 ]
1/6 2/3 1/6 0 0 0 0
0 1’6  2/3 1/6 0 0 0
[L]= (2-10)
® o ®
0 0 0 0 1/6 2/3 1/6
0 0 0 0 1/K -2/K 1/h2_
and
dy S )
d, SO
. f ()
=1, =1 7 2-11)
. f )
dr+l f"(yr)
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2.4 Spline Finite Strip

The spline finite strip method employs simple polynomials and B, spline functions to

represent transverse and longitudinal variations of displacement respectively. As mentioned
earlier, following the energy approach, the strain energy of the structure and the potential energy
of external loads can be expressed in terms of the displacement parameters. At equilibrium, the
values of the displacement parameters should make the total potential energy of the structure
minimum. This results in a set of algebraic equations with the displacement parameters as
unknowns. After solving the equations for the displacement parameters, the displacement and

stress components at any point in the structure can be calculated.

B; spline functions have been used as the longitudinal displacement functions to form the spline

finite strips for the analysis of rectangular plates by Cheung, Y .K. et al (1982). In this method,

each nodal line is divided into a number of sections by equally or unequally spaced knots. Every

knot is then taken as the center of a local B, spline which has non-zero values only in four

consecutive sections. All the B; splines on a nodal line form a series which is used to simulate

the longitudinal variation of displacements.

Taking plane stress analysis of a rectangular plate as an example and assuming that its cross-
section is constant and its boundary conditions at both ends are unchnaged transversely; the
structure can be divided into S spline strips (Fig. 2.1) with S+1 nodal lines that have / knots each.
The displacement components # and v at any point (x, y) in a strip can be expressed in terms of

the displacement parameters u,, and v,, at the knot m on nodal line i as:
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1+1
u= (GO (M, + COY(»)u,,)
,;1:10 (2-12)

v=) (COL )W+ C0% (I,

m=0

where @ 7 () , @ ;,(¥) are B, spline functions centered at y, for u and v respectively, and

C, is transverse shape function for nodal line i while C; is transverse shape function for nodal

linej. C and C; are formed by the following,
C=1-%X, C=X @2 -13)

in which X =x/b and b is the width of the strip.

For prescribed boundary conditions at knot 7 = 1 on the plate boundary, the three local splines
centeredat y,, y, and y, should be modified, while standard splines are used for other knots.

If knots m = 0 through m = 4 are equally spaced, the modified expressions for Eﬁm (y)(m=0to

2) are summarized in Table 2.2:
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Table 2.2 Modified Spline Functions around End Knot m =1

Boundary Modified Spline Functions
Condition = ry =
o, @, D,
Free [0} 0 [0 ] d X
Simply supported 0 () -4 ® o [0)) 5 - 0)) 0
Clamped 0 0 1
Q,-—0,+9,
2
Sliding clamped 0 @, d,+ 0,
Continuous 1 0 1
®,-—0, ®,-—0,

Once the displacement functions for the strip have been chosen, the strip characteristics including
stiffness and load matrices can be obtained according to the standard finite strip formulation.

Details are described in the following chapters.
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Figure 2.1 Plane Stress Spline Finite Strip
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Chapter 3

Crack Strip Model

3.1 Crack Strip Model

In this study, three types of crack strips (Fig. 3.1 b) are developed to model structures with
transverse cracks (Fig. 3.1 a). Each crack strip consists of many parts. A special part, rectangular
area (A-C-L-J) surrounding the crack is divided into four identical substructures. To improve
accuracy, in each substructure, some extra nodes are added around the crack tip such as nodes 1,
6,7, 8 and 9 shown in Fig. 3.2(d), in addition to those nodes that are pointed according to spline
finite strip. The analytical solution from fracture analysis is used to model the displacement field
surrounding the crack tip. The shape functions for remaining parts of the crack strip are identical

to those in an ordinary spline finite strip.
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As shown in Fig. 3.2 b, within the cracked strip, traditional spline strips are connected to the
cracked special area on both sides. The left part is connected to the cracked area at nodes A, D,
B and E, while the right part is connected at nodes C, I, B, and F. At each common nodes, the
traditional part and the cracked area have identical deflection w. It should be noticed that the two
substructures ®, @ have a common node B on the upper nodal line because of continuous
deflection there. Different nodes E and F are located along the lower nodal line at the different

edges of the crack.

While the stiffness contribution of the traditional parts can be given by the standard spline
finite strip procedure, the contribution of the crack area can be evaluated using the solution of
fracture analysis combined with substructure technique, by which the degrees of freedom at
the extra nodes and the internal nodes between the four identical parts can be condensed out to
those nodes at boundary of these areas. Tilley (1978) presented the anti-plane eigenfunction
expansion for the displacement field surrounding the crack tip, and Williams (1957, 1961)
gave both the in-plane and the bending eigenfunction expansion for the displacement field

surrounding the crack tip.

For the edge crack in a structure, the crack strip can take the form shown in Fig 3.2, which has
just two substructures in the special area. The procedure to calculate its stiffness contribution

remains the same.

3.2 Substructure Technique

The efficiency of analysis can be enhanced significantly by dividing a structure into
many substructures. The internal degrees of freedom between substructures can be condensed

so that only the external nodes on its boundary are retained in the structural equilibrium
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equation. If substructures have the same both geometry and load condition, only one
substructure needs to be processed to form the stiffness matrix and load vector, while other
identical substructures can obtain their corresponding matrix and vector by a simple

coordinate transformation ( Cook et al. 1989).

3.2.1 Internal Degrees of Freedom Condensation

Since these internal degrees of freedom are not shared with any other parts of the
structure, these degrees of freedom can be represented in terms of the external degrees of

freedom and not directly included in the structural matrix equation.

For example, if the stiffness matrix as well as the displacement and load vectors are divided

into parts as:
ky Ky || a, Py Go1)
kib kii a; B Pi

in which subscript ‘b’ denotes the boundary nodes, while the subscript ‘i indicates the inside
nodes, then the structural matrix equation can be condensed as below to include the external

degrees of freedom only:

(&2 1{a,} = {p;}
Ky = Ky = kbiki;lkib G-2)

p; =Py kbiki;lpi
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3.2.2 Coordinate Transformation

In Fig 3.1(c), substructures ®, @, @ and @ have identical geometries, so that their
respective local stiffness matrices should also be identical to [%;, ], which can be derived for
substructure @. However, in order to obtain the stiffness matrix and the equivalent load

vectors of each substructure in the global coordinate system, i.e.; [k ]and {p;”"}

(ks 1=[A] [k;,1[A]
oy =1A1"{p;} (i =12,3,4) (G-3)

the following coordinate transformation is required:

L, |
ﬂ(i) _ xX xY
[47] { L L,

~/1(i)

ael (3-4)

l(i)

where /,, and Ixv denote the direction cosines of the x axis of local coordinate with respect to
the global coordinate system, X, Y, and ly , Iyy denote the direction cosines of the y axis of

local coordinate with respect to the global coordinate system, X, Y.

-37-



for substructure @:

M“’]{1 O} 3-5)
0 1
for substructure @:

[/1“’]{(1) _OJ (3-6)
for substructure ®:

[ﬂf”]{_o1 ﬂ G-7)

and for substructure @:

opo| 1O
0 -1 (3-8)

After coordinate transformation, the four substructures can be integrated to a larger

substructure ACLJ shown in Fig.3.1(c), and the internal degrees of freedom at extra nodes 1,
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6, 7, 8 and 9 shown in Fig. 3.2(d) can be condensed. Then, this substructure can be connected

to other parts of the structure, which are modeled by the traditional spline finite strips.

3.3 Application of Gaussian Quardrature to

Singular Integral

It is obvious that 7~ singularity appears in the integral of element potential energy,

due to the "2 singularity of stress at the crack tip, where » represents the distance from the

crack tip (Fig.1.2).

Since the substructure @ has a rectangular geometry, the Cartesian coordinate system is more
convenient than the polar system for calculating the integrations, and the following coordinate

transformation is helpful:

r=Ax"+y, H:tan‘l(z).
X

However, the following integration becomes singular at crack tip G shown in Fig. 3.1 (d),

where r = 0:
b p(b-a)l2 5 >
'[) J._a/z 1/+/x" + y“dxdy 3-9

The integral can be divided into the following two linear integrals to isolate the effect of

singularity only
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b-a)2 1
J( —dx (wheny = 0) (3 -10)
~al2 !x|

and

1
f—dy (when x = 0) (3 -11)
Y
This type of singularity is called as r! singularity.

Because the integration (3 - 10) can also be divided into two parts as:

[b~a)/2 idx _ J~(b—a)/2 ldx N Ja/z —1-dx 3-12)

a2 |x| 0 X 0 X

all the singular integrations in the above equations have the same form as

e ]
I —dt (3 -13)
0 ¢
In which ¢ > 0 is the upper bound of the integration.

Based on the Gaussian quadrature for improper integrals (Stroud, 1966), there are two

methods to evaluate the result of this singlar integral.

Method I employs the Gaussian quadrature for improper integrals in form J; e "g(x)dx ,

This can be achieved by introducing the following transformation:
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1 1 -1
- = —, dt=——T7dx 3-14
t x+c’ (x+1/c) ( )

which leads to

e 1 0 1 0 e’
—dt = = 3-15
'Ltdt -[)x+1/cdx _Le x+1/cdx ( )

Because ¢*/(x+1/c) is a continuous function over the entire region [0, « ) of the integration

the above-mentioned Gaussian quadrature can be used:

| (3 -16)

where N is the required number of Gaussian points, A, is the corresponding Gaussian

coefficient for the ith Gaussian point (See Appendix B). when N>19, the absolute error

I——dt Z oy 1/ , is less than 0.2829x 107"

i=1

defined as

Thus, the integration in (3 -9) can be evaluated as

Jh f:;;)/z 1/+/x* + y* dxdy

0

e,[y,2+xf e,ly,.2+xf

N N
= A A
21; v \/(y,.+1/h)2+[xj+2/(b—a)]2 +J(yi+1/h)2+(xj+2/a)2
(3-17)
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1
Method II uses the Gaussian quadrature for improper integrals in form _E In(—) f(x)dx
X

Considering the transformation

t=cx, dif =cdx

Integral (3 -13) is transformed to

Cl 1
L;dtz":;-dx jln( 2)— lnx

and then Gaussian quadrature can be used:

PP

' x, lnx

(3 -18)
(3 -19)
(3 -20)

where N is the required number of Gaussian points, A; is the corresponding Gaussian

coefficient for the ith Gaussian point, (Appendix C). When N>8, the approximate error,

defined as

e 1
J;);dt—

,is less than 0.1581x 107

Thus, the integration in (3 -9) can be evaluated as

[0 0y = 23 Y a4, 1

f=

=R \/x,.z + yj2 ln\/xl.2 + yj2
(3-
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Because In(1/x) has lower degree of singularity than that of //x at point x = 0, equation (3 -

c1

20) provides a more accurate evaluation of j —dt , even though 1/(xInx) is still singular at
t

0

pointx = 0
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Crack Strips
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Figure 3.1 Crack Strip Model
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Troditional Spline Strip
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Figure 3.2 Edge Crack Strip Model
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Chapter 4

Anti-plane Shear Crack Strips

4.1 Introduction

As mentioned earlier, there are three types of plane crack mode in fracture analysis,
namely, opening mode (Mode I), in-plane shear mode (Mode II) and anti-plane shear mode
(Mode III). By incorporating the anti-plane eigenfunction expansion for the displacement field
(Tilley, 1978) surrounding the crack tip, Anti-plane Shear Crack Strip is developed corresponding

to the Tearing model of plane cracks.

The rod or beam is one of the most commonly used members in engineering structures. The

behavior of cracked rods or beams, which are weakened by deep surface flaws or internal cracks
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and are subjected to longitudinal shear, torsion or bending loads, is governed by the Laplace
equation in two dimensions and is considered as an anti-plane elastic crack propagation. The
fracture analysis of a thick plate (Midlin plate) which is deformed under shear force belongs to
this mode as well, and the methods of solution are the same as those for anti-plane problems. In
those problems, it is common that the stress components around the crack tip are formulated on

the basis of equation (1 — 5).

4.2 Traditional Spline Shear Strip

4.2.1 Displacement in Spline Shear Strip

In a cracked plate subjected to anti-plane shear, the portion remote from the crack tip can
be modeled by traditional spline shear strip (Fig. 3.1 and Fig 3.2). Each strip has two nodal lines,
labeled as i and j, each of which has r equally spaced knots. The deflection w at any point within

each strip can be interpolated using the linear function of x transversely and the spline function

of y longitudinally as:
w=[C][DPl{d} “4-1)
in which

-47-



[Cl=[1-x, x]

4]
[(D]‘[ [¢J

[¢]:[¢o ¢1 oo ¢r+1] #-2)

{d}:[di5 dj]T:[dio,dil," ) '9dir+1,dj0,dj1,' ) 'adjr+l]T

where x = x /b , in which, b denotes the width of the strip, ¢ is spline function centered at node

i and dis the coefficient corresponding to ¢. The shear strains at any point within the strip can
be expressed in terms of the displacement parameter based on strain-displacement relationship:

2gxz = @
x (4-3)
2¢, = M
%%
or
{e} = [BI{d} (4-4)
where
_ 2¢,,
{8}—— 2€yz ?
(“4-5)
[B]:[[C'][GD]}:[[C'] OH[@]}
[Cl[®] 0 [Cl®]
and
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[C1=[-1, 11/b (4-6)

The shear stresses at any point within the strip can be expressed in terms of the displacement

parameter based on stress-strain relationship:

TXZ = ngz
- “4-7
7,=0G¢,
where G is the shear modulus of elasticity. Thus, The stress vector is formed as:
{o} = [Dl{¢} = [DI[BI{d} 4-8)
where
sz
{o} =
T,
4-9)

4.2.2 Stiffness corresponding to {d}

By following the standard procedure in the spline finite strip analysis, the stiffness matrix

[£°] of a traditional spline strip can be formed as:
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[£°1= [[BI'[DI[BldA (4-10)

where 4 is the area of the finite strip.

Substituting (4 — 5) and (4 — 9) into the integral in the above equation yields

[CTIC] o H[m}

[8"1LDI[B]= Gl[0T [@‘]T]{ o 1cricllo]

Introducing the following notations
c .[b IO r I -1 " 111 -1
[ 1] - o [ ] [ ] - o | — 1 1 - b _ 1 1

(1= [[CTICla = b j‘{(l‘ x)" x(1-x)

d_'éf 1} 4-11
ol x(1-%) x |61 2 @-1

Eq. (4 - 10 ) becomes

_ . Jtcr o (o]
k1= G[ T [0] ]{[O] [CO]H[(D.]}dy

= GLI{UD]T[CJ[@]+ [@'1[C[0 T}y

1 ¢ [CD]T[CD] —[(D]T[q)] b ¢
- Gy — dy + —
G{bu—[w[@] [@]T[cbl}y%jo

2[0']7[0'] [@']T[cb']} . }
(@[] 20T [0
4-12)

where
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[loT 101

[0 710 = {

in which

(167 1410y =

[6'1719 1 =

v o
0 Wy

(07191 0
0 (71919

[opty  Jopy - [agaay ]
[odty  [ogay - - - [44.d
bty [b0y - [bad)
g gy [ dy (¢ av
for00ay  [4.0a [¢6" v

Jratnay [oa00dy o (e d)

(4-13)

(4-14)

4 - 15)

The items J. 9.9 dy, J'¢ '¢' dyin the above matrices can be evaluated by the following

procedures:
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where

and

IO ]] 12 13 0
L L, 1 L,
[[oV 1910y =
0 I, I,
I 0 I,
_1"0 Inl ]! v2 I. ,3
I'll ]”0 Ill] ]|'2
[l¢ 1101y =
0 O 1113
| 0 0
—_ i+2 2 "o_ i+2 )
fo= J:_z¢i dy, I',= J:_Z¢i dy
.yi+2 i+2 ' '
L=["4an, 1=["¢.9d
(Viso e '
L=1 ¢9d, I'y= f ¢4 dy
Vit2 " 2 ,
13 ) *Vin ¢i ¢jdy’ 4 37 J:n ¢z¢ jdy

I¢i¢jdy = _[¢',- ¢',dy=0
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Il 4-16)
IO_
0
0 0
]”1 IHO I”] (4_ 17)
I”?_ ]Hl I”O_
for i =],
for |i-j| =1,
for|i-j| =2,
for |- j| =3 (4 18)
for|i-j| >4 4-19)



4.2.3 Stiffness corresponding to {w}

It is often required to transform the stiffness matrix with interpolation coefficient vector
{d} as degrees of freedom to that with the nodal displacement vector {w} as degrees of freedom.
By means of matrix [F] in equation (2 — 5), which indicates the relationship between the
deflections of nodes and the coefficients of spline function interpolation on the nodal line, the
stiffness matrix [k] corresponding to {w} can be derived from the stiffness matrix [£°]

corresponding to {d} as follows

(k1= [TT'[k°][T] (4 -20)
in which
[£] O
[T]{ 0 [FJ (4-21)

4.2.4 Load vector

From equations (4 — 1) and (2 — 5), the displacement w at any point in a traditional spline

shear strip can be calculated as below:

w=[Cl[®|{d} = [CI[@][T]{w} = [N]{w} 4-22)

in which, [N] is defined as
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[N]=[C][®][T] (4-23)

Based on the principle of virtual work, for a load ¢(x,y) distributed on the strip and acting in the

z direction, the vector of nodal forces can be formed as:

(Fy = [ [INY qCx.p)ddy (4-24)

4.3 Special Area Around Crack

4.3.1 Displacement around the crack tip

According to Tilley’s expansion (1978) in fracture analysis of mode IlI, the deflection w

at any point around the crack tip in the substructure can be expressed as:

w(r,0)= A+, Ar®V2Sin[(2i+ 1)0 /2]

i=0

= [H]{4}

(4 -25)

where
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[H]=[1 #Sin(0/2) #¥Sin(30/2) - - - r®™V28in[(2n+1)0 /2]]

{(Ay=[4, 4 - - - 4, 1
(4 - 26)

in which r and @ are the polar coordinates of the point in the system as shown in Fig. 1.2, and
A_, denotes the rigid body motion of substructure ®. In theory, the second term (n=0)
contributes to the major part of stress around the crack tip, while other terms can be neglected.

However, in the numerical stress analysis, in order to achieve the desired accuracy, several terms

may be required, say up to A; Namely, total seven terms are included.

The stiffness derivation has the same procedures as that have been illustrated in section 4.2, and
the strain vector { £} has been defined in equations (4 -3 ) -( 4 -5), the stress vector { o } has
been defined in equations (4 -7 ) - (4 -9 ). However, in this case, the strain matrix [ B lis

different from the one formed in equation ( 4 - 5), due to the use of different deflection modes.

Takinginto consideration x = ¥Cos€@),  y = rSin@ ,the strains at any point have the following

relationships with the displacement w:

or 007w

2¢,, 5_ 5_ .
=10 (=5 0 o (4-27)

¥z — — || =

&y vl

Thus, the strains at any point can be expressed in terms of the coefficients of Tilley’s expansion

as

{e} =[BI{4} (4-28)
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-y (2n-1)0

where
e 1 6 3 30
110 -r 2Sin> 3r2Sins  5r*Sin— . (2n+Dr * Sin
[B]= - 2 2 2 2
2 16 19 2 36 ey (2n-1)6
0 r2Cos— 3riCos— 5r2Cos— . (2n+Dr * Cos———
2 2 2 2
(4-29)

Stress vector is the same forms as (4 — 8) and (4 -9), i.e:

o} = [Dlig} = [DI[B]{4}

Then the normalized stress intensity factor K", a key parameter in fracture analysis, can be

evaluated directly from the second coefficient in Tilley’s expansion as

K A,G
1 0 (4-30)

K = =
" Nmal2 10\/21_

in which a is the length of the crack, K, is the normal stress intensity factor in mode Ill, and 7 is

applied shear stress.
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4.3.2 Stiffness corresponding to {A}

By taking { 4 } as the displacement parameters and following the principle of minimum

total potential energy, the stiffness matrix | k 1 of the substructure can be formed as

(= [[BY [D[Bld4 = G |[BY [BldA 4—31)
A
where
(0 0 0 0 . 0 i
r' 3cos@ Srcos2f - (2n+1r""' cosnd
; 97 15r°cos@ - 3(2n+1)r"cos(n—1)6
[B] [B]= 3 e
25r - 52n+1)r"" cos(n—-2)6
i @n+1?rt
(4-32)

Since the substructure @ has a rectangular geometry, the Cartesian coordinate system is more
convenient than the polar system for calculating the integration in equation (4 — 31), and the

following coordinate transformation is helpful:

r=qx>+ 3y, 9=tan_l(z) (4-33)
x

-57-



With the exception of r~!, all of the integrals in (4 — 34) can be performed using regular Gaussian

Quadrature Formulas in Appendix A. The singular integral of r~' can be evaluated by following

the procedure in Section 3.3.

4.3.3 Stiffness corresponding to {w}

In the spline finite strip analysis, the nodal deflections are taken as the unknown
parameters. Therefore, the stiffness matrix formed in the previous section must be transformed.
If the total number of nodes in substructure @ is L, including the interior nodes and the exterior
ones, according to (4 —25), the transformation from the coefficients {4} to the L nodal deflections

{w} can be written as:

{w} =[U]{4} (4 —34)

where
T
{w} = [wl w, - - - WL] (4-35)

and {A} is defined in (4 — 26).

Generally, [U] is not a square matrix, since it has L rows and # columns. For example, in Fig
3.2(d), there are five exterior nodes and four extra interior nodes around the crack tip, thus L =

9. Consequently, the matrix [U] takes the following form as:
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[vl=

0
0

[h2+(

[A* + G )]'”S Ly

1/2
a

0

A2 g &
) sinS)
gl/ZSin(—
&

aiin
G

2
g

2

) ]]/4S

)

(
/3
2

)

)

0
0

[A* + (b

[ + G SinC

372

0
() Sin(

3p

Q.32 P
(4) Szn(2

RPN
&

=8
2

)

2

A Co
—2—)]/Sm(2) .
3p

)

) ](2n+l)/4S 7l
(2n+ 1),3

2b
h"+

[h2+( ) ](2n+])/4S [
( l)n (2n+1)/2

0
(Z)(znn)/zS [M_]
a. 2nnn M
(v sinf =28

a
-1 nye 2 \N2n+1)/2
Q)

(4-36)

Therefore, it is necessary to use the least squares procedure to invert [U]:

[UT {w} = [UI'[UI{4}

which leads to

where

[T1= (U U UTY

{4} = [TH{w}

(4-37)

(4-38)

4-39)

Further, the stiffness matrix corresponding to deflections {w} can be obtained as

[k]=[T] [K][T]
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4.3.4 Load vector

Combining equations (4 — 25) and (4 — 41), the displacement in substructure ® can be

written as follows:
w(r,0) = [H{4} = [H][TH{w} = [N]{w} (4 -41)
where
[N]=[H][T] (4-42)

The load vector equivalent to an area load g(x,y) in the substructure can be formed as

(Fy= | [INT q(x, y)drdy (4-43)
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4.4 Numerical Example

To demonstrate the efficiency and convergence of the proposed method, a numerical
example is presented, and the results are compared with the existing solutions (Westmann and

Yang, 1967).

1. Problem Description

As shown in Fig. 4.1, a rectangular plate with aspect ratio of 2:1 has a edge crack situated

at the midpoint of a longer side in the direction perpendicular to this side. The length of the crack

is equal to 30 percent of the plate width. A uniform shear stress, o == Tos is applied to the

shorter edge of the plate.

2. Pre — processing

Obviously, the deformation is anti-symmetric about the crack center line. If the crack center

line is assumed to be fixed, then 4_|, the parameter related to the rigid body motion, should be

equal to zero. There are one traditional spline finite strip, one anti-plane crack strip, (both have the

same width b), and sixteen nodes in the finite strip mesh in Fig. 4.1.

The nodal shear forces can be calculated based on equation (4 — 24). The resulting shear force at

any interior node on a short edge is equal to b7, , while the force at any corner is equal to b7,/2
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3. Processing

The stress intensity factor is calculated following the proposed method. In order to
investigate convergence of the method, different numbers of extra nodes around the crack tip and
various numbers of Gaussian Quadrature points, i.e. 8,19 and 30 points in Method I; 8, 12 and 16
points in Method II (see Section 3.3), are respectively used for the singular integral. However, only

five Gaussian Quadrature points are employed for the non-singular integrals.

4. Post — processing

The analytical solution for the normalized stress intensity factor is X =1.040, which is

obtained by Westmann and Yang (1967) using the method of integral transformation. The
numerical results of the current study are given in Table 4.1. It shows that the convergence of the
current method is satisfactory, since the numerical error is reduced drastically as the numbers of
the extra nodes and Guassian points are increased. When 4 extra nodes and 19 X 19 Gaussian
points are employed, the numerical error has reduced to 1.1 percent. It also shows that Method I

of singular integral converges faster than Method II .

-62-



Table 4.1 K, value for various numbers of Gaussian

Quadrature Points and corresponding Errors

Method 8’ 19° /122 | 302 @y/16> @)

of
Integral Klf;’[ error Klf;’[ error K,’}’, error
Four Extra I 1.089 4.7% 1.051 1.1% 1.046 0.6%
Nodes II 1.150 10.6% 1.084 4.2% 1.058 1.0%
Three Extra I 1.151 10.7% 1.069 2.8% 1.050 1.0%
Nodes II 1.237 18.9% 1.096 5.4% 1.082 4.0%
Two Extra I 1.226 17.9% 1.098 5.6% 1.073 3.2%
Nodes 1 1312 | 262% | 1.137 | 93% | 1.094 | 52%
No Extra I 1.301 25.1% 1.154 11.0% 1.102 6.0%
Node II 1.390 | 33.7% 1.207 16.1% 1.123 8.0%
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Figure 4.1 Edge Crack under Tearing Shear Stress
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Chapter 5

Plane Crack Strips

In this chapter, a plane crack strip is developed for in-plane fracture analysis of structures.
Details of strip formulation are presented. This is followed by numerical examples to verify the

accuracy and efficiency of the proposed method.

5.1 Traditional Spline Plane Strip

5.1.1 Displacements in spline plane strip

For in-plane fracture analysis of a structure, the portion remote from crack tip can be

modeled by traditional spline plane strip (Fig. 3.1 and Fig 3.2). Each strip has two nodal lines,
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labeled as i and j, each of which has r equally spaced nodes. The displacement components u and
v, in the x and y direction respectively, at any point within each part can be interpolated using the

linear functions of x transversely and the spline functions of y longitudinally as:

u(x,y) =[Cl[P{d}

v(x,) = [Cl[®] e} G-
in which

[C]=[1-%, X]

[¢]

1=

@] [ [¢J

{d}:[dp dj]Tz[dio:dm' ) "di(r+1)>dj0’djl" ) "dj(r+l)]T (5-2)

{e}=1e, ej]T:[eioseils' C €2 €j0s €1y '9ej(r+1)]T

[¢]:[¢0 ¢1 o ¢r+l]

where x = x/b , b denotes the width of the strip, ¢ is spline function centered at node i, while

d; and e, are the coefficients corresponding to ¢ for interpolations of u and v respectively. The
strain at any point within the strip can be expressed in terms of the displacement parameters based
on strain-displacement relationship:

ou
g, =—
X
o
8y_—@~;
o &
g, =—+—
Yy @} dC

or
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{e} = [ Bl{de}

(5-3)
where
{e}=[e, & 1,1
[C'][®] 0
[B]=| O [Cl[®'] -4

[Cl[®] [C'][@]
{de} =1d,.d; Aiiriy>d0-4d,

T
j1s" 'dj(m) 2€;05€i15" " "€i(141)5€0- €15 'ej(r+1)]

The stress at any point within the strip can be expressed in terms of the displacement parameter
based on stress-strain relationship:

0. =12 2 (&, +ve,)
Oy =72 7 (g, +ve,)
E

Py = o1s vy
or

{0} = [Dl{¢} = [DI[Bl{de} (5-5)

where
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xy
1 0
v (for plane stress analysis) (5-6)
Di= v 1 0
(D)= — o
0 0 —
L 2 |
: : E v .
For plane strain analysis, E and v should be replaced by > and , respectively.

3.1.2 Stiffness matrix corresponding to {de}

Stiffness matrix of a finite strip can be formed according to equation (4 — 10). Taking the

following notation

b sl X-1 -Xx pr-1 -1
[G1= [ IC] [C]dx=LL_f f}dxﬂ } 5-7)

the stiffness matrix [£°] of traditional spline strip can be expressed as

(k1= [ [B"I[D][BldA

1- 1-
| OTIGIR+—-[0TIGIOT oI G0+~ TIC, ) [0)

0 T T 1-v T T S T b
Vo'T[C] [@]+ T[Cb] [GI®'] [O'T[GIP']+ 3 [@] [C][P]
[&,] [k12]:’
= 5-8
{[kz.] [k ] G-9)
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where [C,]and [C, ]have been introduced in equation (4 — 11), and

1y [eT[0] -[@]®]
“‘“]-bi[-wm [©]'[®]

(1- v)b r{z[m'ﬂcb'] [@'][0'] "

Y+ b oo 2070

-[0'T[@] [o'][®]

p_ VB
[l )= ey T = 2= | [o'T0] [@'T®]

0

dy

~[0]0'] -[@]T[cb']} L (L-p? [
[@][0'] [0][0'] 4

I-v o [0][®] -[0][0]

sl o T01 (o770] |2

b rlz[cb'r[rb'] [0'] 0]
6% [0'][0'] 2[0®'][']

dy

(5-9)

Moreover, I[@ 1'[® ]dyand j[@ "1'[®'1dy can be evaluated using equations (4 — 13) to (4 —19),

and

(01101 = Jiotg1ar ’

, (5-10)
0 IR
where
r,or,r,r, o 0
r,r, r,r,r, o .- o0
forigray=| - -~ -~ -~ - 11)
o - o I, r, r I, I
o - - o 1,1, I I,
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in which

I'y= J‘yy;zfé'z 9, dy
1= [0
1'2 = E’” ¢'i ¢jdy

=",

5.1.3 Stiffness corresponding to {u} and {v}

(i=7)

(i-Jjl=1

(Ii-Jjl=2)

(Ii-Jjl=3)

5-12)

By means of matrix [ '] in equation (2 - 5), which indicates the relationship between the

displacements of nodes and the coefficients of spline function interpolation on the nodal line, the

stiffness matrix [k ] corresponding‘to {u} and {v} can be derived from the stiffness matrix [£°]

corresponding to { d } as follows

[k]= [T [k°]T]

where
[F,] O
0 [F,]
[T]= 0 0
0 0

0
0
[F,]
0

0
[£,]

v
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and [F,], [F,], [F,]and [F,] represent the relationships between the displacements u,

w

v of nodes on nodal line 7, j and the coefficients of spline function interpolation, respectively.

5.1.4 Load vector

Based on equations (5 — 1), (2 - 5), (4 —22) and (4 — 23), the displacements at any point

can be written as follows:

[N, 1=[CI®]T,]

[N, ]=[CI[®]IT] (5-15)
where
[F,] 0
RIS
i (5-16)
[F,] O
71=| [FV,J

The load vectors, equivalenttoarealoads p (x,y),  p,(x,¥), actinginthe x andy directions

respectively, can be formed as

[P

p If N,1 p.(x,y)dxdy
0
1 (5-17)
5 = [t

Lid

[N, 1" p,(x,y)dxdy

O e, O!-lﬁ"
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5.2 Special Area Around Crack

3.2.1 Displacements around the crack tip

The displacements in polar coordinates #, and %, can be expressed by Williams’

expansion (1957):

u, = > r'"*[a,F, (0)+bF,(0)]+u,siné+v,cosd
i=1

(@)]+ u,cos@—v,sin@d

i el

u, =y r"[a,G,(6)+bG
i=1

or in a matrix form:

{u,e} =[H]{4} (5-18)
where u,, and v, represent the rigid-body motion, and

{t,0} = [u, ”a]T

[F2F,(0) rFy(8) rFo(0) r“F(6) rF,(0) rFy(0) Sin0 Cose}

[H]=LV2G01(0) rG,,(0) r*G,(0) r'"*G,(0) rG,(0) r*G,(6) Cosd Sinb

{4} = [a,,a, a,,b,,b,,b,,u,,v,]" (5-19)
and
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i-6 i i ; i
F, = (T+ 4U)COS(§‘— 1o - [5+ -1 ]cos(5+ 16

i+6 L0 I o
G,=(-——+ 4u)sm(§— 1o - [§+ (- 1)‘]sm(5+ Do

ol 2

F, = (%—6+ 4v)sin(é— 16 - [é— (- 1)‘]sin(~é—+ 1)

i+6

G, = (0 anycos(i - o-[--

el 2

2

2

(- l)i]cos(% +1)o

(5 - 20)

For the same reason as mentioned in Section 4.3.1, n = 3 is taken in the current analysis.

The stiffness derivation procedures have been illustrated in section 5.1, and the strain vector { &
} has been defined in equations (5 -3 ) -( 5 -4), the stress vector { ¢ } has been defined in
equations (5 -5) -~ (5 -6). However, in this case, the strain matrix [ B ] is different from the one
defined in equation ( 5 - 4), due to the use of two different displacement modes.

Strain vector can be obtained using the strain-displacement relationships as:

ou,
£ s or
u, U
gy=13¢, =3 ——=+—L}=[Bl{4
=18 =) et (TIBRA
Tro) 110w o
¥ 96  or
where
Lare) o 3k LRSI
217' el( ) e2( ) ]2r e3( ) 2lr 01( )
[Bl=|r 2(F,+G,) F,+G, ri(F,+G,) r*(F,+G,

1

- G . .
rz(_2L1+F;l) G,+F,

13G
2 (03
r(2

1

, - G ,
FE) rAGNE) Gt

74

3G,
2

1
ri(

3 !
SriEA6)

1
D Fu+ G, r(F;+Gy)

+F,y)

0 0

0 2Cos8

,
Cos8 Siné
r r

(5-21)




and

, i i—6 L 0 i i v
F,=(1 —5)(——2——+4U) sm(E— DO+ (5+ 1)[5 +(-1 ]sm(5+ e

G, = (% - 1)(—52—6 +40) cos(é ~1)o- (é + 1)[% + (—l)i]cos(é +1)0

. . . . . : (5-22)
o pizo - DI (1Y Tcos(L
E, = (2 1)( 5 +4u)cos(2 Do (2 + 1)[2 (-1 ]cos(2 +1)0
: i i+6 .1 i i P i
G, =(1- 5)(——2— -4v) sm(E -1+ (5 + 1)[5 -(-1 ]sm(2 +1é
Then the stress vector can be formed as
{o} = [Dl{&} = [DI[BI{4} (5-23)

The stress intensity factors, K, for the opening mode and K, for the sliding mode can be

respectively obtained from the leading terms of the Williams’ expansion in the form of
K, = Gv2ria,|, K,=Gv27|b| (5-24)

where G is the shear modulus.

3.2.2 Stiffness matrix corresponding to {4}

By taking {4} as the displacement parameters and following the principle of minimum total

potential energy, the stiffness matrix of the substructure can be formed as
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[£1= [[BY[DI[Bld4 (5-25)

A

Since the substructure @ has a rectangular geometry, the Cartesian coordinate system is more
convenient than the polar system for calculating the integration in Equation (5 -25), and the

following coordinate transformation is helpful:

r=qxt+y*, €=tan”‘(z) (5 -26)
X

With the exception of 7', all of integrals can be performed by regular Gaussian Quadrature

Formulas in Appendix A. The singular integral of »~' can be evaluated using the methods listed

in Section 3.3.

3.2.3 Stiffness matrix corresponding to {uv}

If the total number of nodes in substructure @ is L, including the interior nodes and the
exterior ones; according to (5 — 18) and (5 — 19), the transformation between the nodal

displacements {uv} and the coefficients {4} can be written as

{u} =[UJ{4} (5-27)

where

T
{uj = [url’ué’l’ur2’u92 ’ 'a”rLsueL] (5-28)
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and {4} is defined in (5 - 19c).

Generally, [U] is not a square matrix, since it has L rows and » columns. For example, in Fig
3.2(d), there are five exterior nodes and four extra interior nodes around the crack tip, thus L = 9.

Consequently, the matrix [U] takes the form:

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0

L, L, L 0 0 0 0 1

0 0 0 Ly -1, Ly 1 0

I, L, L, L, 0 lx  sina  cosa

le; I, L, Ly, ls li, cosa -sina

/. Ly s Ly 0 L, sinf cosf

Iy, by Ly, by lys lyy ~ cosp -sinf

0 L, 0 Ly, 0 -l 0 -1

[U]l=| b 0 -1, 0 L, 0 -1 0

My ML, AL, 0 0 0 0 1

0 0 0 -Aly, -, -AL, 1 0
M, Bl, Ml Al 0 Al, sina  cosa
Ml bly  Llg Ml  Als AL, cosa -sina
My Bk, Kl Al 0 Khe sinf cosp
My Ay Kl Aol Bls Ml cosp -sinp

0 ilgz 0 %l” 0 81 ly, 0 -1
: / 0 ;ll 0 1 / 0 -1 0

PR g 2 4 ‘o2

(5-29)
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in which
Ly = Q2v-D[2(b- a)]" Ly = 2(v - 1)(b- a)

NG

2
Ly = 7(21/ -1)(b- a)3/2

I = 1" [(4v-5/2)cos(a /2) + cos(3a /2) /2]
ls, = 2r,[2v - 1- cos(2a )]

=1 [(4v-3/2)cos(a /2) - cos(5a /2)/2]
Iy = 1?[(5/2~ 4v)sin(a /2) + 3sin(3a /2) /2]
lig = 1, [(4v - 3/ 2)sin(a /2) - 5sin(5a /2) /2]
o =1 [(7/2~ 4v)sin(a /2)- sin(3a /2)/2

lg, = 21, sin(2a)

Iy = 152 [(4v - 9/2)sin(a /2) - sin(5a /2) /2]
Ly, = 1?[(7/2- 4v)cos(a /2)-3cos(3a /2)/2]
les = 4r,(1-v)

Iys = 15°[(9/2 - 4v)cos(a / 2) - 5¢cos(5a /2) /2]
Ly =r"[(4v-5/2)cos(B/2)+ cos(38/2)/2]
L, = 2r[2v - 1- cos(2/)]

Ly =r*[(4v - 3/2)cos(f/2) - cos(58/2) /2]
Ly =1*[(5/2-4v)sin(B/2)+ 3sin(34/2) /2]
Le=1"[(4v - 3/2)sin(f/2)- 5sin(58/2) /2]
Iy = 1,*[(7/2- 4v)sin(f /2) - sin(38 /2) /2

ly, = 2r, sin(23)

lyy = 1 [(4v = 9/2)sin(B/2) - sin(54 /2) / 2]
Iy = 7, [(7/2~4v)cos(B /2)- 3cos(38/2)/2]
lys = 4r,(1-v)

lye = 1.[(9/2~ 4v)cos(B /2) - 5¢cos(54/2) /2]
I, = 4(1-v) (5- 30)



and

R A L
" 2vb-a - 24/4K + (b- a)’
Ja
ST =30

Since [U] is not a square matrix, it is necessary to use the least squares procedure to invert [U].

[U] {u} = [UT'[U1{4}

which leads to

{4} = [t {u} (5-32)

where

[11= [T 'uY”

Moreover, the polar coordinate displacement at any node j in substructure @, i.e. u, and u,canbe

transformed from u L andv ' in Cartesian coordinate (see Fig 5.1):
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U, cosﬁj sinﬁj u, 33
Uy - —sinﬁj cosHj v, (5-33)

For the total nine nodes, the transformation can be expressed as

{u} = [e]{uv} (5-34)

where
1]
[/]
[e]
[e, ]
[e] = -[1]
[/]
[e]
[e,]
-[1]]
(5-395)

in which



1 0 cosa
L7]= {O 1] le]= {— sina

[ {icosﬂ sinﬁ}
e,]=

" |-sinf cosf

and
T
{uv} = [ul,vl,uz,vz,---,u9,v9]

Thus, (5-32) can be rewritten as
{4} = [THuv}

where

[T]= [z]le]

Cosa

ﬁna}

(5- 38)

(5- 39)

(5- 36)

Therefore, the stiffness matrix corresponding to {uv} can be formed as

[k]=[T) [k][T]
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5.2.4 Load vector

From (5 — 18) and ( 5- 38), the displacements in substructure @ can be written as the

following:

uyy =[ENu,} =[ENHI{4}

(5-41)
=[EN[H][THuv} = [N]{uv}

where

[N]=[EIH]IT]

[ cos@ sin 6’}
[E]= (5-42)

—sin@ cos@

Thus, the load vector equivalent to loads p_(x,y), p,(X,)) inthe substructure can be obtained

as

T
£ B B Pl =

y

D e, T

!
[INVIp,  p,T" dxdy (5-43)
0
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5.3 Numerical Examples

Two numerical examples are presented here to verify the proposed method and to show

the efficiency and convergence of the plane crack strip model.

5.3.1 Rectangular plate with single edge notch under tension

1. Problem Description

A single edge notched specimen is subjected to uniaxial tension, as shown in Fig 5.2.

Dimension, material properties and load are listed below

a=30mm, W=100mm, [=150mm, o =1Mpa,
v=025, E =200,000Mpa (5-44)

According to Anderson’s (1995) experimental solutions, the stress intensity factor is expressed as:

K, = ow/VV_f(a/W)
\J2tan(za /2W)
cos(ma/2W)

flal W)= [0.752 + 2.02(%) +037(1- sinzﬂ—;/f (5- 45)

Based on the above equations, the following values are obtained for the given specimen:

K, = 4979
K, =0 (5- 46)
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2. Pre — processing
I. Finite Strip Model

As shown in Fig 5.3, the specimen is modeled by one traditional spline strip and one crack
strip, each of which is divided into six sections by equally spaced knots. The width of each strip
is b = 50 mm, while the knot spacing is 4 = 25 mm. It should be noticed that nodes 18 and 20

have the same coordinates, but different displacements.

I1. Load evaluation

In this model, the stress o is represented by its equivalent forces acting on the short edges

bo
as shown in Fig. 5.4, in which p= —.

2

II1. Boundary conditions

Because the structure and loading are both symmetrical about the central vertical line, the

horizontal displacements at nodes 4, 11 and 19 on this line should be zero

V, =V, =V,=0,

In addition, in order to eliminate the rigid-body motion, the vertical displacement at node 19 is

assumed to be zero %5 = 0..
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3. Processing

The stress intensity factors are calculated following the proposed method. In order to
investigate convergence of the method, different numbers of extra nodes around the crack tip and
various numbers of Gaussian Quadrature points, i.e. 8,19 and 30 points in Method I; 8, 12 and 16
points in Method II (see Section 3.3), are respectively used for the singular integral. However, only

five Gaussian Quadrature points are employed for the non-singular integrals.

4. Post — processing

The resulting stress intensity factors and K| ‘s errors compared to the value of (5 — 46) are
shown in Table 5.1 for plane strain, and in Table 5.2 for plane stress. The convergence of the
current method in this example is satisfactory, since the numerical error is drastically reduced to
0.5 percent as the numbers of the extra nodes and Guassian points are increased. They show that

Method I of singular integral converges faster than Method 11 .

Table 5.1 K Values of Edge Notch under Tension (Plane Strain)

Method K,, K, for various numbers of Gaussian Quadrature Points and &, Errors
of

2 2 2
Tntegral 8 197 @y 127 (1) 302 (Iy 167 (1)

K, Error K, K, Error K, K, Error | K ”

Four I 5243 1 5.3% |0.010 | 5.033 | 1.1% | 0.004 | 5.004 | 0.5% | 0.002

Extra
II 5487 | 10.2% | 0.021 | 5.223 | 4.9% | 0.006 | 5.029 | 1.0% | 0.003

Nodes
No | 6.184 | 24.2% | 0.045 | 5.527 | 11.0% | 0.011 | 5.283 | 6.1% | 0.003
Extra
Node II 6.547 | 31.5% | 0.071 | 5.751 | 15.5% | 0.025 | 5.247 | 9.0% | 0.004

-85-



Table 5.2 K Values of Edge Notch under Tension (Plane Stress)

Method | = k. for various numbers of Gaussian Quadrature Points and K, Errors
of
Integral 8’ 19° /12 (1n) 30 (1/16” (1)

K ; Error K i K ; Error K p K, Error | X i

Four I 5273 | 5.9% |[0.012 | 5.074 | 1.9% | 0.006 | 5.019 | 0.8% | 0.003

Extra

I 5.537 | 11.2% [ 0.023 | 5.238 | 5.2% | 0.008 | 5.044 | 1.3% | 0.005

Nodes
No 1 6.199 | 24.5% | 0.049 | 5.547 | 11.4% | 0.015 | 5.288 | 6.2% | 0.005
Extra
Node II 6.597 | 32.5% | 0.078 | 5.766 | 15.8% | 0.026 | 5.457 | 9.6% | 0.006

5.3.2 Concentrated tangential forces on a crack

embedded in infinite plane

1. Problem Description

G. C. Sih (1973) presented analytical solutions for the stress intensity factors of a crack
embedded in an infinite plane with two concentrated tangential forces acting on the crack

surfaces (Fig 5.5). These solutions are shown as:
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K, =0, K,= ¥ (5-47)

In the current analysis, the infinite plane is modeled by a plate with aspect ratio //a =10>>5

(Fig 5.6) with the dimensions and material properties listed below
a=30mm, [=300mm, q=1Mpa, v=0.25, E =200,000 Mpa

For this model, the analytical solutions can be obtained based on equation (5-47) as

K, =0, K,=01838 (5 - 48)

2. Pre — processing
L. Finite strip model

As shown in Fig 5.7, the plate is modeled by four traditional spline strips and one crack
strip, each of which is divided into six sections by equally spaced knots. The width of each

strip and the knot spacing are both equal to 50 mm, i.e A = b = 50 mm. It should be noticed

that nodes 25 and 27 have the same coordinates, but different displacements.

II. Boundary conditions

Because of symmetrical geometry and anti-symmetrical loads, the deformation is

antisymmetric about central vertical line, for instance, Ug = —Uzs, Vig = — V5 etc..
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3. Processing

The procedure is the same as that in example 1.

4. Post — processing

The resulting stress intensity factors and K, ‘s errors compared to the value of (5 — 48)
are listed in Table 5.3 for plane strain, and in Table 5.4 for plane stress. They show that the
convergence of the current method is satisfactory, since the numerical error is drastically
reduced to 0.7 percent as the numbers of the extra nodes and Guassian points are increased.

Method I of singular integral also converges faster than Method II .

Table 5.3 K Values of Crack under Concentrated Tangential Forces on

The Crack ( Plane Strain)

Method | &, k, for various numbers of Gaussian Quadrature Points and x, Errors

of

2 2 2 ) )
Integral 8 19" @y12° W 302 (/162 (1)

K, Error K, K, Error K, K, Error | K ;

Four I 0.191 | 3.9% | 0.006 | 0.189 | 2.8% | 0.003 | 0.185 | 0.7% | 0.001

Extra
I 0202 ] 99% | 0.008 | 0.191 | 3.9% | 0.005 ]0.18 | 1.1% | 0.001

Nodes
No 1 0.241 | 31.1% | 0.021 | 0.195 | 6.1% | 0.009 | 0.190 | 3.4% | 0.002
Extra
Nod II 0.249 | 35.5% | 0.035 | 0.220 | 19.7% | 0.010 | 0.200 | 8.8% | 0.002
ode
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Table 5.4 K Values of Crack under Concentrated Tangential Forces on

The Crack ( Plane Stress )

Method | g, x, for various numbers of Gaussian Quadrature Points and &, Errors
of 2 2 2 2
8 19° (/127 (11 2
Integral My 127 () 30% (I)/16° (11
K, Error K, K, Error K, K, Error K,
Four I 0.190 | 3.4% | 0.009 | 0.188 | 2.3% | 0.004 | 0.185 | 0.7% | 0.002
Extra
I 0.210 | 14.3% | 0.011 | 0.191 | 3.9% | 0.006 | 0.187 | 1.8% | 0.002
Nodes
No I 0.239 | 30.0% | 0.022 | 0.199 | 8.3% | 0.010 | 0.191 | 3.9% | 0.002
Extra
Nod I 0.249 | 35.5% | 0.036 | 0.220 | 19.7% | 0.011 | 0.200 | 8.8% | 0.003
ode
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Figure 5.1 Cartesian coordinate and polar coordinate
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Figure 5.2 Single Edge Notch under Tension
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Figure 5.3 Finite Strip Mesh of Example 1
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Figure 5.4 Load vector
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Figure 5.5 Concentrated Tangential Forces on
The Crack Embedded in Infinite Plane
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2a |

Figure 5.6 Example 2: Concentrated Tangential
Forces on The Crack
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Figure 5.7 Finite Strip Mesh of Example 2
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Chapter 6

Bending Crack Strips

6.1 Instruction

In this chapter, a bending crack strip is developed to evaluate the stress intensity factor in
plates subjected to bending. Problems of cracked plates are, strictly speaking, three-dimensional
in nature and their solution should satisfy the equations of the three-dimensional theory of
elasticity in conjunction with the appropriate boundary conditions. However, in order to make the
problem manageable, assumptions are made to relax some of the differential equations and

boundary conditions. Along these lines several theories of bending plates have been developed and
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used to study problems of cracked plates. A solution of cracked plates based on the classical

Kirchhoff theory is briefly presented below.

6.1.1 Kirchhoff Theory of Bending Plate

If the deflection of a thin plate is small in comparison with the plate thickness, then the

following assumptions can be made:
(1) The middle plane of the plate remain un-stretched after bending.

(2) The normals to the middle plane remain normal to the middle surface in the deflected

position.

(3) The stress component ¢, is small compared to the other stress components and may

be neglected in the stress-strain relations.

A cracked plate of thickness ¢ in a system of Cartesian coordinates Oxyz with the Oxy-plane
coinciding with the plane that bisects the plate thickness, and the plate containing a through crack
placed along the Oxz-plane and subjected to bending (Fig 6.1) is considered for the following

development. The above assumptions lead to the following expressions for moment intensity:

' 1/2 o*w Otw
M (xy)= [ 0.y, 2)zde= ~D( 5+ v )
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/2 é’zw 0”2W
M, 59)= [ ,0,000.2)2d = - DO+ v o)
a*w

t/

2
M, (x,y)= jt/zrxy(x,y,z)zdz= -D(1-v) 6-1)

oxdy

where D denotes Et> /12(1- v?) and is known as the flexural rigidity of the plate. The shear

forces per unit length parallel to the x and y axes, respectively, are given by

- dz= D2 (v
Qx(x’y)_ _t/zrxz(xhyﬁz) Z = éjx( W)

t/2 J _,
0,(x.3)= | 1,.06y.2)dz= D= (VW)

dy (6-2)

/

where

Mw Fw

Viw= +
v oxt oy

(6-3)

The equilibrium equation of the plate in terms of the normal displacement w takes the following

form:
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Viw=L 6-4)
D
where
| Jw Jw  Tw
Viw=V*Vw= Py +20’3c2@/2+dc4 6-5)
and g(x, y) is the normal load applied to the surface of the plate.
The in-plane stresses ¢, 0, and7_ , atany point (x,y,z) vary linearly with z , i.e.
12z 12z 12z
o.=—5M,_, O'y=—3My, rxyzt—3Mxy (6 -6)
while the shear stresses T ,, and T yz vary parabolically with z, i.e.
31, (22)2 0 31, (22)2 0 6-7
7. =—i1-{— , T, =—1-|— _
o2t t * 2 t Y

The in-plane stress components near a crack tip are found (Sih, 1977)

K 0 56 K 9+7 6 56
o, =- EK(3COS—+ 0057)+ \/%K( - " sine+ Sin7)+ o(r")

2 1 2

K, 11+5v 6 5 K, .0 .50 0
ay—@/c( - cosz+cosz)+@K(Sln2+51n2)+0(r)
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K, 6 7+v 59 K, 3v+5 0 56

T,y = —@K(Sln“2‘+ —:sm——)+ \/;K'( - cosE—cos——)Jr o(r*)

6-8)

in which

1-v

= — -9
43+ v) ©=9)

The bending stress intensity factors K, and K, in equations (6 — 8) are defined such that they are

consistent with the plane extension problem of the Griffith crack in which K ;= o~ , O being

the applied uniform stress and a being the half crack length. Thus, in the case of uniform bending

of a plate with a crack length 2a, K, and K, are given by

12
K- % M
2z —
KH: t3 Mxy a

(6 - 10a)

where 12zM /¢’ is the stress in a given layer of the plate in a state of uniform bending, and

12zM,,/ £

is the shear in a given layer of the plate in a state of uniform torsion. The

maximum value of K, and K, occur at the surface layer of the plate, i.e.

K, =6MJma/t’, K,=6Mralt (6 - 10b)
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For the special case of vanishingly thin plate the stress intensity factor is

I+v
K, =E(3+—V;M0\/7;5’ K, =0 6-11)

The boundary conditions along the crack plane are

M, (x,0)= M, (x,0)= 0, (x,0)=0 (6-12)

The Kirchhoof theory of plate bending neglects the effect of transverse shear deformation and thus

replaces the last two boundary condition on M w and O, byasingle oneon O, + oM, / ox

Thus the tree boundary conditions of Equation (6 — 12) are replaced by the following two:

oM. (x,0

6—13
Py (6-13)

M (x,0) = Q,(x,0)+

6.1.2 Williams’ Eigenfunction Expansion

Based on Kirchhoof theory, and using the method of eigenfunction expansion, Williams
(1961) gave the asymptotic behavior of the bending stresses in the vicinity of the crack in a polar

coordinate system.

The governing differential equation for deflection w(#,8) in a polar coordinate system in (6 — 4)
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is

,0
Viw(r,0) = q(; ) (6—14)

Taking the usual Kirchhoff conditions for a free edge as the boundary conditions along the

edgesf, = t7:

1ow 18w J*w
(_—;-{— 20')02+V52) O

M,y (r,6,) = -

10Viw 0 170*w 1w
Volr,60) = =Dl —og—+ (1-v) r(_arae 2 30

—5]=0  (6-15

the eigenfunction solution which satisfies (6 — 14) and (6 — 15) is:

w(r,0) = r;{ [cos%— 3(71+ :) cosg]a1 +[s n—3—2€— 35(1 3“;) sz]bl}
72 {[c0s26 + ;; t]a2 +[sin201b,} + -
+ rn;_2 {(-1D)"[cos ( +22)0 + (4n —71)(: —¥) cos n; 2 Ola,
+Tsin (n +22)0 (4n- : Z)3(‘1/ v) (n —22)0 1)

(6- 16)

in which a, and b, are the polynomial coefficients.

-103-



Then, the stress intensity factors K, for opening mode and K, for sliding mode can be obtained

from the leading terms of the Williams’ expansion combined with (6 — 10).

6.2 Traditional Spline Plate Strip

The spline plate strip presented here is a lower order strip. If desired, higher order strips

can also be formulated without any difficulty.

6.2.1 Displacement Formation in The Strip

In the lower order spline finite strip, each node requires two degrees of freedom (deflection
w and normal rotation 0 , as shown in Fig 6.2) to satisfy the continuity requirements. If there are
r nodes on each side of the spline strip, the displacement and rotation on the two sides, i.e. side i

and side j, are:

r+1

W= 2 e, = [414c)

0,= 2. dyt, = [41(d}

r+l

W, = L eud, = 1410}

r+l1

6= X St = WS} (6-17)
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where

[61=1dy 0 - - - ¢ 4.l

=l & - ¢ ¢l

dy=1Idy, d, - - - d, dr+l]T

{ed=le, ¢ - e e,1

=46 A £ LT (6-18)

in which @, is the B, spline function, while ¢,, d, e, and f; represent the interpolation coefficients.

The deflection field in the strip can be interpolated as

w =[C][®]{5} (6-19)

where

[C]=[1-3%x"+2%°, x(1-2Xx+Xx°), 3x*-2%°, x(¥*-X)]

[4]
(4]
[©]1= 4]
i [¢1]
y=[{c}" @' (& Y7 (6-20)
and X=x/b.
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Based on strain-displacement relationships, the strain(curvature) vector can be expressed in terms

of the displacement parameters as

Fw
«. | | & [-Che)
(e} =1 x, =<—2§”>= _[CI[®"] (6} = [B1{6) (6-21)
2, ow ACT[D']
vy
in which

-[CJe]| |-[C"T 0 0 | [?]
[B]=|-[Clle']|=| O -[C] O [j[0"] (6-22)
2[C'][0'] 0 0 2[C]j{[e]

Then, the stress(moment) vector can be obtained as

M

X

0}=1 M, =[Di{e} = [DI[BI{5} (6-23)
M

xy
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in which, the rigidity matrix [D] is defined respectively for isotropic plates and orthotropic plates

as:

(1) for isotropic plates

- .
5 I v O
D]= A v 1 0 (6-24)
Pl a0y 120
0
_O 2
(i1) for orthotropic plates
DD 0
[Dl=\D, D, 0 (6-25)
6 0 D,
where
b E . l?yt3
* T 12(1-v,,)° » T 12(1-v,0,)°
v E 1 v, E Gt
= e 2 D =-— (6-26)

b, 12(1-vp,) 12(-vp,)” ~* 12
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6.2.2 Stiffness Matrix Corresponding to {0}

The stiffness matrix of a traditional spline plate strip can be formed as:

(k1= | [B7IDNBldv= [{[0T[L][®]+[®][L,][@"]

+[O" VL@ T+ [0 T [L][0"]+ 40 T[LIO By  (6-27)
in which
b ,,
[L]= J[C"]TDX[C"]dx; [L,]= J[C]Tbl[c"]dx;
[Ly]= Z[C"]TDI[Cde; [L]= j[crpy[qu;
[L]= l][c']Tny[c']dx; (6-28)
;

All above integrations can be performed analytically. The integrations in the direction y can be

simplified for the strips with equally spaced nodes if the following expressions are employed:

AR (U R (| B
]1(1) Iél) ]](1) ]2(1) 13(1) 0 . 0
0= [[o][@]dy = o
o - 0 IO O O o g
i 0 . . 0 13(1) [2(1) 11(1) Iél)—
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/S IS I (S I (R R
2 19 12 oo .0
19 = f[o [0y = e
o - 0 I® » 1P P e
0 - -0 P P 1P I
O 0@ I 0 . . 0]
900 12 i 1® o .0
19= [0 [0 1y - R
o - 0o P P Iy 1P
I B AN AR S 5
IS S S SO N
T A AU S A £ | R
19= [[0"110"1dy = e
o - o I I or®»or» oW
o - -0 I 1Y I I
O 1© 1 o0 . . 0]
P 0 12 1 1 o0 .0
19 = [[0'[0"dy = e
o - 0 IP I¥ I® 9 ®
0 S VR S S A S
(6-29)
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in which

1= [ 1010 = [ aga

i+2 i+2 (i = ])
N R (I

10=["opds  10=10=["4g)an

42 i+2 (li_- j|: 1)
[;1) _ J;Yinz ¢I¢de, 152) = ]2(3) — J:u ¢I¢Jndy, ' |
(4) 2y (5) B2 (|l - .]|= 2)
I, =J:. 0."9,"dy; I ZJ:- 0'0;
| 5= [0 12210 [" 4o (i-jl=3)
i+2 2 PTJE
I = f g"9,"dy; I = Iyy ¢'¢9;'dy;

(6 - 30)

Thus, the stiffness matrix is formed as:
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[£°]

" 4205
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| 5040D,[1"]  2520bD,[I"]  —5040D[1]  25206D,[1"] ]
-5046°D[1”] -4626°D[I®]  504°D[I®]  -426°D[I?]
—5046°D[IP] -426°D[IP]  504°D[IP]  -42p°D[IY]
1566°D,[1]  226°D,[1V] 54b°* D [19] ~136°D,[ 1]
20166°D,[1®] 1686°D, [1®] -2016b°D [I] 1686°D [1]
5040D,[1"]1  -2520bD,[1]  8406°D [1"]
~5046°D[1P]  426°D|[I?] 146°D,[ 1]
—5040°D[1V]  426°D|[1®] 146°D 1]
156b*D,[1V] 136°D,[ 1] -3b°D,[ 1]
20166°D, [1®] -168b°D [I®7 -56b*D, [1?]
5040D,[1"]  -25206D,[1]
~5046>D,[I'®]  462b°D[1?]
SYM ~5040’D (1]  42b°D[17]
156b*D [1"]  -226°D,[1V]
20166°D, [I®] -1686°D, [I]
5040D,[1"]
~504b>D,[17]
~504b°D,[ 1]
156b*D,[1V]
20166°D,,[1]
(6-31)



6.2.3 Stiffness Matrix Corresponding to {w}

Itis often required to transform the stiffness matrix with interpolation coefficient vector {8}
as degrees of freedom to that with the nodal displacement vector { w } as degrees of freedom. By

means of matrix [ F ] in (2 - 5), which indicates the relationship between the displacements of

nodes, {w}, and the coefficients of spline function interpolation, {5} , in the nodal line,

{6} =[THw} (6-32)
in which
wi=[w, w, - Wir+1) 6, 6, - 0i(r+1)
Wio Wy Wi 6]0 0;1 ’ 0j(r+l)]T
[F] ]
[Fy]
[7]- " (6-33)
J
i [Fy]]

and [F], [F,], [F;]and [ F;] represent the relationships between the displacements of

nodes on nodal line #, j and the coefficients of spline function interpolation, respectively.

Then the stiffness matrix corresponding to {w} can be obtained via;

[k]=[T1'[k°][T] (6 34)

-112-



6.2.4 Load Vector

Combining (6 — 17) and (2 — 5), the deflection of middle plane in a spline plate strip can be

expressed in terms of {w}:

w=[Cl[®{S} = [CIPITI{w} =[N ]{w}
[N]=[Cl[®@][T] (6-35)

Then, the load vector equivalent to a distributed transverse load g(x,y) acting on the strip can be

formed as

[Q: M, Qj Mj]T:

S e,

JINT q(x, y)cbecly (6-36)

6.3 Special Area Around Crack

6.3.1 Displacement Field Around The Crack

The deflection w(r,8) , which is expressed in equation (6 — 16) by Williams’ expansion,
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can be written in a matrix form

w(r,0) = [H]{4} (6-37)
in which
230 3(1-v) 6. 1-v
= —p2 el — - -
[H]=[1 -r?[cos > " 7y c0s2] r*[cos26+ - v]
n+2
2 (n+2)0 (4n-7Y(1-v) n-2
-1 2
(-1)7"r 2 [cos 5 + Ty cos 5 6]
230 3(-v) . 6. .
2 _— —
r*[sin 5 " 5130 sm2] r“[sin26]
. (n+2)0 (An-N(-v) . (n-2)8 (6-38)
r 2 [sin - sin 1]

2 5+ 3V 2
T
(Ay=w, a a, - a, b b - b]

n n
where W, is the displacement around the crack tip in the local coordinate of the substructure @, and
represents the rigid body motion of substructure @©.

The stiffness derivation procedures have been shown in section 6.2, and the strain (curvature)
vector { €} has been defined in equations (6 -21) -( 6 -22), the stress (moment) vector { o }
has been defined in equations ( 6 -23 ) - (6 -26 ). However, in this case, the strain matrix [ B ]
is different from the one as shown in equation ( 6 -22 ), due to the use of two different
deflection modes.

The strain(curvature) vector in polar coordinates takes the following form:

Fw
K, &’
&y=9 K, =1 —0;;? =LA} (6-39)
2k, , P
&)
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where

I ) 2siné cosf sin® 6 25sinf cosé sin® 6
-cos 6 e - e e
¥ r2 r r2 ;
2siné cosd % 2sind cosé cos
1= - sin? 0 _ 2sin _ cos sin 2cos _cos
r r r r
. cos’f-sin*f  2sinfcosf _sin’O-cos’d  2sind cosd
2sinfcosf 2 - 2 - 5
i r r r r |
S*w *w w w Pw
Al = _— T 6- 40
4 [§r2 oro8  dr 00 692] ( )
Moreover,
{A}Y=[N"]{4}
_O Nn N12 ) Nln Nl(n+1) Nl(n+2) Nl(2n) |
0 N21 sz ’ N2n N2(n+l) N2(n+2) N2(2n)
[N'] =0 N31 N32 N3n N3(n+l) N}(n+2) 'N3(2n) (6 - 41)
0 N, N, Ny, N4(n+l) N4(n+2) N4(2n)
WO N5, Ny, N;, NS(n+1) NS(n+2) N5(2n) ]
The items in the above matrix are expressed as
(i+2)i =2 (i+2)8 @i-7Ha-v) i-2
N.=(-1)))————r 2
u= (1) 4 r ? [cos 5 + Tr cos > 0]
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N @2y 3 (1+2)9 4i-7(1- V) (z 2)6
oy =T [sinT 54 3y >

Ny = (‘I)Fl(zéégﬂzr;[shl(i+-2)9 + (4i- 7)1~ V)(l_'z)

2 (7+v)(i+2) 2 2
Ny = (%)2’”;[005 (i +22)9 . (41-(»5?; )(le)r(zz ) 2 G _22)9]
Ny = (-1) izzr%[c { +22)0 (4 '77+)(i v) si—2 2,
Ny = "_;_Zr;*[s G +22)9 (4z—5 Z)glv v G —22)9]
M= (o R 0 E772(3)_(i?(;)~ Diin' 20
Niyuriy = z‘;—zi’%%[cos @ *22)9 _ (4"(—5?;;(2(;; 2) G -22)9
Ny = (-1 (%)2r¥[cos L 2773(;(:3(21')—2 2 cos' =201

ﬁ 2 (z+2)9 4i- YA-v)(i-2)" . (i-2)8
N = () 2 [ sin ==+ G+3v)i+2)? o

(6- 42)

Thus, equation (6 — 39) can be rewritten in a concise form:
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{e}=[Bl{4} (6-43)
where

[B]=[J,][N'] (6 -44)
Then, the stress(moment) vector can be obtained as the following:

Mx

{0} =1 M, =[D{e} = [DI[Bl{4} (6-43)
M,

Xy

The rigidity matrix [D] is already given in equations (6 — 24) or (6 — 25).

6.3.2 Stiffness Matrix Corresponding to {A4}

In this section, the stiffness matrix is formed by taking the coefficients {4} in William’s
Expansion as degrees of freedom. Following the principle of minimum total potential energy, the

stiffness matrix corresponding to {4} can be written as:

[ B"][ D][ Bldxdy (6- 46)

O ey ™

[£1= |
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The items in this matrix are usually calculated numerically due to the complexity involved in the

integration procedure. Since the integration region is a rectangle, the Cartesian Coordinate system

is more convenience to use, and a coordinate transformation based on r=./x*+ y* and

6= tan™ ( y/ x) isrequired. Except the terms with r~! allof integrals can be computed by regular

Gaussian Quadrature in Appendix A. The singular integration of the terms with r~' can be

conducted according the procedure developed in section 3.3.

6.3.3 Stiffness Matrix Corresponding to {1}

In the spline finite strip analysis of plates, the nodal deflections are taken as the unknown
parameters (Cheung M.S. et al., 1996). Therefore, the stiffness matrix formed in the previous
section must be transformed. If nine nodes are included in substructure @, including the interior
nodes and the exterior ones, and assuming # = 2 from (6 — 38) to (6 — 42), the transformation from

the coefficients {A} (see equation 6-38C) to the nine nodal deflections {w} can be written as

{w} =[Ul{4} (6—47)

where
T
W) = (w0, w0, w,,0,] (6-48)

and a denotes the normal rotation.
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The normal rotation oo can be expressed using the polar coordinates as

=t — (6—49)

—= s 6— 50
cosé, e ( )

and substituting William’s Expansion in equation (6-37) into (6-49), the normal rotation can be

expressed in terms of the William’s coefficients g, and b, as

2 +4 4i-7)(1- 0 -4
2 |1 {z+ l 9—(1 X V)[icos—l—-+20051-0]}a,.
a:Zri 2 7+ v 2 2
n +2 +4 4i- TY1- i
) +{l 5 sinl 5 0 - @ 5+)§ V)[lsm—2—+ 2s1n———¢9]}b
(6-51)

Thus, the transformation matrix [U] is formed as
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where

[U]

O O e O D O O e O e O e

[

o

o O

~3 [oN W = W
[\ N ~ {8 [\8}

==}
[

o

Wk,
Ly
Al
Aol
A3l
Aslg,

0o 0 0
o 0 0
L, 0 0
I, 0 0
153 154 155
163 164 165
173 174 l 75
183 184 185
193 l 94 0
ll 3 ll 4 0
L, 0 0
2l, 0 0

1’3153 2‘23154 /13155
122163 12 l64 1’3165
2’??173 13174 121175
/13?183 ]’3184 132185

193 i94
2B M
}6 18

13 b3

; o 0
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L, = -4+ v)(b-a)?/(T+ V)

L,=80b~-a)/(1+V)

L, =-(39+ v)(b-a)" /[2(7+ V)]

L, =(10+6v)b-a)/(T+V)

L, = [~ cos(3a /2)+ 3(1- v)cos(a /2) / (T + V)]

L, = r}[cosQRa)+ (1-v)/(7+ v)]

L, = r.”*[sin(3a /2) - 3(1- v)sin(a /2)/ (5+ 3v)]

L, = ] sin(2a)

l, = -r?{3cos(5a /2)/2+ 3(1- v)[cos(a /2) + 2cos(3a /2)]/ (7 + v)}
[ = 2r;[cos(3a) - 2(1- v)cosa /(7 + v)]

I, = ;"> {3sin(5a /2)/2+ 3(1- v)[sin(a /2) - 2sin(3a / 2)]/ (5+ 3v)}
l¢s = 2r, sin(3a)

L, =r*[-cos(3F/2)+ 3(1- v)cos(B/2)/(T+ V)]

L, =rl[cos(2B)+ (1-v)/(T+ v)]

L, = r*[sin(38/2) - 3(1- v)sin(B/2)/(5+ 3v)]

Ls = r]sin(2f)

I, = —1,* {3cos(56/2) /2 + 3(1- v)[cos(B/2) + 2cos(38/2)]/ (7+ v)}
lg; = 21, [cos(30) - 2(1- v)cos B/ (7 + v)]

I, = 1, {3sin(58/2) / 2+ 3(1- v)[sin(B /2) - 2s5in(38/2)]/ (5+ 3v)}
lys = 2r, sin(3)

Iy =8a/(7+V)

L, = 8a°* 1 (5+ 3v)

ly=-2a(5+3v)/(T+v)

L, =3a"(11-3v)/[2(5+ 3v)] (6-53)
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in which

r3=\/h2+(b;a)2 r, = W}hz+(—621)2

A = Ja Ay = Ja
' 24b-a 2 2‘{/4h2 +(b-a)’
Ay = Ja

o (6-54)
24/4K* + &2

It is necessary to use the least squares procedure to invert [U], because [U] is not a square matrix.
[U]" {w} = [U'[U1{4}

From which

{4} = [T{w}
[7]= 0T U [UY (6-55)

and the stiftness matrix corresponding to {w} is

[k]= [T]"[k][T] (6~ 56)
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6.3.4 Load Vector

Based on equations (6 — 38) and (6 — 55), the deflection at any point in substructure @ can

be written as follows:

w(r,0) = [H{A4} = [H][TI{w} = [N]{w}
[N]=[H][T] (6-57)

The load vector equivalent to distributed load ¢(x,y) in the substructure can be obtained as

9 M, O M=

S ey, T

[INT g, )ty (6-58)

6.4 Numerical Example

1. Problem Description

The stress intensity factors of a through crack with length 2a embedded in a thin plate,

which is subjected to uniform moments of intensity M, at infinity (Fig. 6.3), was derived by

Sih(1973) for the special case of vanishingly thin plate as:
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(1+v)
B+v)

K, =

MyJa

K,=0 (6 -59)
where v is the Poisson’s ratio.

To demonstrate the efficiency and convergence of the bending crack strip model, a numerical
example is presented and the results are compared to the Sih’s solution (6 — 59). The configuration
selected for this purpose is also shown in Fig 6.3, in which infinite plate is modeled by V/a = 10
>>5,t/a = 0.01. The plate is simply supported around four edges and has the following

characteristics

a=3m, [=30m, 1=0.03m, M,=1mkg (6 - 60)

The materials properties are = (.25, E = 20,000 Mpa and the stress intensity factors can be

calculated according to (6 — 59) as:

K, =0666, K,=0 (6-61)

2. Pre — processing
L. Finite strip mesh

The plate is modeled by 4 traditional spline finite strips and 2 crack strips with total 52 nodes, as
shownin Fig6.4. Nodes 25 and 27 have the same coordinates but different deflections. The width
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of the strip and the node spacing are both equal to 5 m

h=b=5m (6 - 62)

I1. Load evaluation

In this case, loads are applied to the nodes located on edges only. The nodal forces

equivalent to the uniform moment applied on plate edges can be calculated based on the principle

of virtual work. For the top traditional spline strip, moment M, performs a virtual work during
the rotation 6 of edge I — 7, also performs a virtual work during the rotation Jw / 8y on edge 7

— 14, as shown in Fig 6.5. Based on (6 — 17), the work done by moment M, onedge I -7 can

be evaluated as

W= [Mpdy= M, [[4lidydy= Ml oty [6dy - - [pdlia)
) I ! )
—Mhi -1* 1 11 11 l ~1— d 6- 63
= M5, 5 > il (6- 63)
or
1 1 1 1
W=Mpz, = 11111 o FNS) (6- 64)
where
{f}:[eo 6, 6, - - 05 6, HS]T (6 -65)
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and [ Fy, | indicates the relationship between the nodal rotations and the coefficients of spline

function interpolation along the nodal line. It depends on the boundary conditions at both ends,

referring to (2 — 5), (6 — 33) and next section. Therefore, the load vector can be formed as

11 11
— - — —IIF, 6- 66
L1111 o )R] (6- 66)

{q}:‘k%h[24 )

On edge 7 — 14 or 21 — 31 in the crack strip, as illustrated in Fig 6.5(c) or (d), the work done by
moment M|, can be calculated as

[

i &

dx 6-67)

y=l

Based on equation (6 — 19), the edge rotation can be expressed in terms of interpolation
coefficients as

5y~y:l = [C][® 1{6} (6 - 68)
where
[4'] ]
TS
[]= [¢']
I [¢']]
=10 0 0 0 0 O '}1 0 fl— 6-69
)= S (6-69)

Thus, equation (6 — 67) can be rewritten as
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W= M, [[Chix-[01(} = M,[RI[0"I[T]{w} 6-70)

where

b 1 b B
(RI=1; — 5

- - 71
12 2 12 ©=7D

[7] and {w} are the transformation matrix and nodal deflection vector respectively, as defined in

equation (6 — 33). Further, the load vector takes the following form:

91 = My[R[®'][T] (6-72)

II1. Boundary conditions

Because the four edges are simply supported, the deflection of nodes on four edges are zero

w, = 0, (& =the number of nodes on the four edges.) (6-73)

The rotations around y -axis on both edges 1 — 7 and 46 — 52 are also zero

ow
=0, (OnedgesI—-7and46-52) (6 —74)

a4

while the rotation around x-axis on both edges 1 — 46 and 7 — 52 are zero,
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o _ (6—75)

ow
o 0, (OnedgesI—46and 7—-52)

Followings are obtained respectively on edges 1 — 7 and 46 — 52

M [$7ic}=0 (onedge1-7)
—+L = cl = on edge I —
dy g
ow .
L=[¢'He}=0  (onedge 46 - 52) (6-76)

%y

thus, there are two additional boundary conditions needed to determine the coefficients {c} and

{e} :

(6-77)

and

€, = &,, €_,=¢€,, (onedge46-52) (6-78)

Substitute [C']=[0 1-4X+3x*> 0 3%>-2X]into equation (6 — 76) on edges 1 — 46 and

7— 52 respectively, and the followings are obtained in each strip

0,(1- 4X +3x°)+ 0,(3x> - 2%)=0 (y=0andy =1 (6-179)

0,1,-0,-1= 0 . Therefore, the two additional

0,

For any x, there must be 6, |y:0 p=t =
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conditions needed to determine the coefficient {d} and {f} are obtained respectively

dy+4d +d, =0, d_,+4d +d ., =0 (6 — 80)

and

Sotdfi+t =0, f +4f +f,, =0 (6—-81)

3. Processing

The stress analysis is performed with four extra nodes or without any extra node in the
substructure. Various numbers of Gaussian points in both method 1 and method 2 (described in
section 3.3) are employed in singular integrals, while only five Gaussian points are uesd in the non-

singular integrals.

4. Post — processing

The resulting stress intensity factors and K, ‘s errors compared to the value of (6 — 61) are
shown in Table 6.1. It shows that the convergence of the current method is satisfactory, since the
numerical error is reduced drastically as the numbers of the extra nodes and Guassian points are
increased. When 4 extranodes and 31 X 31 Gaussian points are employed, the numerical error was

reduced to 1.1 percent. It also shows that Method I of singular integral converges faster than

Method II .
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Table 6.1 K Values of The Cracked Plate

under Pure Bending

Method K,, K, for various numbers of Gaussian Quadrature Points and X ; Errors
of
Integral 8’ 192y 122 30 (1y 162 ()
KI Error K,, K] Error K” Kl Error K,,
Four I 0.723 8.6% | 0.000 | 0.710 6.6% | 0.000 | 0.670 | 1.1% | 0.000
Extra
1I 0.730 9.6% | 0.000 | 0.722 8.4% | 0.000 | 0.710 | 6.6% | 0.000
Nodes
No I 0.739 10.9% | 0.100 | 0.723 8.6% 1 0.100 | 0.680 | 1.8.% | 0.100
Extra
Nod 11 0.750 | 12.6% | 0.100 | 0.735 10.4% | 0.100 | 0.700 | 5.1% | 0.100
ode
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Figure 6.1 Notations for moments

and shear resultant
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Figure 6.3 Example: Cracked thin plate

under pure bending
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Chapter 7

Applications to Bridge Structures

7.1 Introduction

In previous chapters, the performance and convergence of the proposed methods were
tested through simple case studies with positive results. In this chapter the applicability of these
methods to fracture analysis of some bridge structures is studied. A number of slab, slab on girder
and box girder bridges under different loads are analyzed in order to investigate their fracture
characteristics, such as the effects of crack length on the stress intensity factor, the near field

stresses and the near field deflections. This investigation will provide important information for
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bridge design, management and safety.

7.2 Slab Bridges

Many short or medium span highway bridges are slab bridges. If a straight bridge has a

constant cross-section longitudinally and the boundary conditions at both ends do not change
transversely, Kirchhoff bending plate strip and the bending crack strip are very efficient tools for

numerical fracture analysis of the bridges, especially for simply supported rectangular bridges

under distributed loads.

Some bridge decks are voided or stiffened slabs. For understanding the overall behavior of such
bridges, the deck can be idealized as an orthotropic plate with equivalent elasticity properties,

analyzed using the plate strips.

If a bridge is continuous over intermediate supports, which may have gone through settlements,
each term of the leading diagonal in global stiffness matrix is replaced by a large number, while
the corresponding terms in load vector are changed to the product of the settlement by the same
number. In this way, the resulting deflections of the bridge at the supports will be equal to the

given settlements with sufficient accuracy.

The most critical cracks in bridge fracture analysis are those located in the area with high moment,

such as those at the middle of spans and at intermediate supports.
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7.2.1 Simply Supported Slab Bridge

The simply supported slab bridge with a crack at the center and subjected to a truck
loading as shown in Fig 7.1 is analyzed using the bending crack strip and spline plate strips. The
numerical model is shown in Fig 7.2. The slab is discretized into 6 spline plate strips and 2
bending crack strips. On each nodal line 11 nodes are included for spline plate strip, while 12
nodes are used on the nodal line crossing the crack. In addition, four extra nodes are employed
around the tip of the crack. The material properties are £ = 190,000 Mpa, v=0.25, while the slab
thickness is 0.1m.

The resulting stress intensity factors are listed in Table 7.1 for 2¢ = 0.1m, 0.3m and 0.5m,
respectively. The deflection and bending moment for 2a = 0.5m are depicted in Fig 7.3 and Fig

7.4 respectively.

Table 7.1 Stress intensity factor for a

simply supported slab bridge (Mpa \/;’l-)

2a (m) K, K,
0.1 13.69 0.02
0.3 23.09 0.03
0.5 30.23 0.03
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It is reasonablely shown in Fig 7.3 and Fig 7.4 that the deflection and the moment in a cracked
bridge are larger than those in an uncracked bridge, due to the reduction of global stiffness

resulting from the presence of crack. The stress intensity factors shown in Table 7.1 are almost

in direct proportion to v/a , which is in excellent agreement with (6 — 10b).

7.2.2 Continuous Slab Bridge

The bending crack strip and spline plate strips are used to analyze a two-span slab bridge
subjected to a truck loading, as shown in Fig 7.5 . The numerical model is shown in Fig 7.6. The
slab is discretized into 14 spline plate strips and 2 bending crack strips. On each nodal line 17
nodes are included for spline plate strip, while 18 nodes are used on the nodal line crossing the
crack. In addition, four extra nodes are employed around the tip of the crack. The material

properties are given by £ = 25,000 Mpa, v =0.15, while the slab thickness is 0.2m.

The resulting stress intensity factors are listed in Table 7.2 for 2a = 0.1m, 0.3m and 0.5m,
respectively. It can be seen that the results are also in direct proportion to +a. The near field
deflection and near field bending moment on cross-section A-A for 2a = 0.5m are respectively
depicted in Figures 7.7 and 7.8. The results obtained for the uncracked two-span slab in the same

situation are also shown in these figures for comparison.
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Table 7.2 Stress intensity factor for a

two-span slab bridge (MPa\/; )

2 (m) K, K,
0.1 . 4.58 0.01
0.3 7.99 0.01
0.5 10.97 0.02

7.3 Box Girder Bridge

Box girder bridges are very popular for highways because of their high torsional rigidity
and good appearance. However, the structural analysis of box girder bridges is a very difficult
undertaking because of their complex deformation pattern and stress distribution, especially when
the structure contains cracks. In this section, in order to take advantage of spline finite strip
method, the implementation of the crack strip model is presented as an economical solution for

the fracture analysis of box girder bridges.

In the analysis of the bridges, the flat shell strips are employed to model the box girders, and each
end support of the bridge is assumed to be a diaphragm which is infinitely stiff in its own plane
but infinitely flexible out of plane. Consequently, an idealized simply supported boundary

condition is achieved for both in-plane and out-of-plane behaviors.
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7.3.1 Flat Shell Strip

A prismatic folded plate structure or box girder bridge is an assembly of rectangular plates
that can offer resistance to both bending and in-plane loadings. This type of structure can be
analyzed using the flat shell strip which is formed by combining the plate strip and the plane
stress strip so that it is capable of simulating both the bending and in-plane deformations.
Moreover, the fracture characteristics of the structures, such as stress intensity factors, can also
be a linear combination of the one for plate bending and the one for plane stress, due to the nature

of linear fracture mechanics. That is,

KI = (K[)MaijBending + (KI )in—plane

(7-1)
KI] = (KII ) MaxOfBending + (Kll )in—plane

A flat shell strip subjected simultaneously to in-plane and bending forces is considered. For the
in-plane action, the nodal line displacement parameters are related to the nodal line force vectors
by

{FPy=1k"1{6"} (7-2)
where
0% =M, v uw v] (7-3)

and
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{F'y=[F, B, P, P,JJ 7-4

They were defined in Chapter 5

Similarly, for the bending action, the nodal line displacement parameters are related to the nodal

line force vectors by

{F'} =K' 16"} (7-5)
where

% =w, 6, w, 61 (7-6)
and

Fry=10 M, 9 M]T 7-7)

The details were mentioned in Chapter 6.

Combining the nodal line displacement parameters and forces for both action, there is

{F} = [k){0} (7-8)

where

Oy=lu v, w 6 u v, w, 6] (7-9)

! : 4 J J J J
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(Fi=[R B, O M P, B, O M] (7-10)

g

and

k1 0 [K1 0
0 [k1 0 [k

[k’1 O [k2] O
0 [k1 0 [k;]

[k]= (7-11)

All of the above derivations are carried out in a local coordinate system whose x and y axes
coincide with the mid-surface of a strip. Since box girder bridges have strips that may in general
meet at an angle, it is necessary to carry out the assembly procedure of the system matrices and
vectors of non-coplanar strips in a global coordinate system that is common to all strips. This is

done by transforming displacement and force vectors from local coordinates to global coordinates.

Transformation of displacement and force vectors from local coordinates x, y, z to the global

coordinates x’, y’, z’ is performed as follows:
0} =[THds} (7-12)

in which [7] is a transformation matrix and the subscript G refers to global coordinates

[] 0
[T]{O [t]} (7-13)

where
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|

[ cosa 0 sina O
0 1 0 O

[11= -sinag 0 cosa O 719
0 0 0 1]

with @ being the angle between the x and x’ axes, and between the z and z’ axes.

Thus, the stiffness matrix and the load vector of the strip in the global system are obtained as

follows;

[ks1= [TT'[K1[T]

. (7-15)
{Fs3=[T] {F}

7.3.2 Example 1: Single - cell box girder

A concrete single-cell box girder bridge as shown in Fig 7.9, is 9 m long, 3 m wide and
1.5 m deep, and it is subjected to a uniformly distributed vertical load 15 kN/m* applied on the
top slab. The top and bottom slabs of the box are 0.25 m thick, while the two webs are 0.35m
thick. A crack is located at the center of the bottom slab at midspan. The material properties of

the bridge are given by:

E=25x% 10°MPa
v =015
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Fig 7.10 shows the finite strip model of the bridge. Each web and the top slab are respectively
discretized into 4 and 6 spline flat shell strips, while the bottom slab is divided into 4 spline flat
shell strips and 2 crack flat shell strips. 19 nodes are included on each nodal line in the spline flat
shell strips, while 20 nodes are used for the nodal line crossing the crack. In addition, four extra
nodes are employed around the tip of the crack. The width of the crack flat shell strip should be
larger than the crack length. For comparison purpose, the analysis is also performed for the same
structure without any crack. In this case, the top and bottom slabs are each divided into 6 equally

wide spline flat shell strips.

The resulting stress intensity factors are listed in Table 7.3 for 2a = 0.1m, 0.3m and 0.5m,
respectively. It can be seen that the results are also in direct proportion to +/a. The near field
deflection and near field bending moment on cross-section A-A for 2a = 0.3m are respectively
depicted in Figures 7.11 and 7.12. Comparisons are made with the results for the structure

without any crack.

Table 7.3 Stress intensity factor for a

single-cell box girder bridge (MPa \/;1_)

2a (m) Kl K,
0.1 9.53 0.01
0.2 16.67 0.01
0.3 21.58 0.00
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7.3.3 Example 2: Top opened box girder

7.3.3.1 The background of the Bryte Bend Bridge

The Bryte Bend Bridge located in California, U. S. A., as shown in Fig 7.13, is a box
girder bridge with the top opened superstructure, which consists of twin parallel structures (Fig
7.14). Each bridge carries three lanes of traffic plus shoulder. The main river section consists of

four continuous spans of 281 - 370 - 370 - 281 ft. (85.6 - 112.8 - 112.8 - 85.6 m) spans (Fig 7.15).

The superstructure is a trapezoidal steel box supported on reinforced concrete piers as shown in
Fig 7.14. The exterior webs of the box were sloped 1:2 (Fig 7.16) to reduce the width of the
compression flanges in the continuous spans and to improve overall appearance. The boxes were
designed with the top open. Conventional girder flanges were welded to the tops of the box sides
and to a single longitudinal web plate stiffening the center of the box. The bridge was fabricated
from plates of A36, A441 and an A517 type steel. The A36 steel was used in all areas of low
stress. The A441 steel was used for the maximum positive moment section and the A517 type
steel was used for the top flanges at maximum negative moment section at each river pier. Each
top flange is 30 inch (762mm) wide and 2-1/4 inch(57mm) thick. All fabrication was done by

welding.

While the composite concrete deck was being placed in June, 1970, a brittle fracture occurred
across one of the outer flanges at pier 12, as shown in Fig 7.17. It was initiated at the intersection
of'a 1/2 inch (12.5 mm) thick lateral attachment welded to the 2-1/4 inch (57 mm) thick flange,
as shown in Fig 7.18. The fracture propagated across the entire 30 inch (762 mm) wide flange and
4 inch (101 mm) down into the web where it was arrested (Fig 7.19). The fracture surface was

a classic herringbone type brittle fracture, with the herringbone patterns pointing back toward the
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crack origin and very small shear lips.

According to information provided by Roberts in 1977, the nominal yield strength of this material
(A517) was 100 ksi (690 MPa) while the design stress was 45 ksi (310 MPa). At the time the
crack propagated, the dead load stress was about 28 ksi (193 MPa) and the ambient temperature
was about 60F (15.5 C).

7.3.3.2 Fracture analysis of the Bryte Bend Bridge by Roberts

The fracture analysis of the Bryte Bend Bridge was performed by Roberts (1977). The
observation of the fracture surface indicated that a weld crack about 0.2 inch (5 mm) deep (Fig
7.20) was present in a residual stress field, and initiated sometime during the fabrication or
erection. As the initial weld crack propagated out of the residual stress field, it arrested at a
distance of about 1.3 inch (33 mm) from the edge of the plate. During pouring of the concrete
deck, as the dead load stress was increased to about 28 ksi(193 MPa), complete fracture of the top

flange occurred.

The K,.(fracture toughness) tests of material from the cracked flange plate using Standard

Compact Specimen (ASTM Standard E-399) showed that the K jc value at the service

temperature of 60F (15.5 C) and slow loading rate was 55ksi Jin (60.5 MPaIm ) . Roberts said
that this value was considerably lower than the expected K, value of A514 - 517 steels. He also

said that the K. value of 150ksi/in (165 MPa~/m) is more representative of these steels,

but there was no evidence to prove this in this fracture analysis.

Using K, = 1.120+/ 7a , the empirical equation for a simple edge-crack; the stress-flaw size
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relations for both KIC = 55kSl'\/lTI; (60.5 MPa\/;) and K,-=1 SOkSi\/;;q— (165 MPa\/;i_) are

shown in Fig 7.21. For a K. of 55ksiAin (60.5MPa~/m) , the combination of an applied
stress of 28 ksi(193 MPa) and the 1.3 inch (33 mm) deep crack caused the stress intensity K, to
reach the critical value K, of 55ksi Jin (60.5MPa~/m) . In contrast to value of 55ksi Jin

(605 MPam ), even at the maximum design stress of 45 ksi (310 MPa), the critical crack size

isabout 3 inch (76 mm) for the K~ of 1504si+/in (1 65MPa~/m) . If the flange material of A514-

517 steel had the level of fracture toughness normally found, failure should not have occurred.
Thus, Roberts concluded that even though the engineer should be able to expect certain minimum
mechanical properties for a particular grade of steel, fracture toughness values should be specified

where desired because of their greater sensitivity to thermo-mechanical history.

7.3.3.3 Fracture analysis of the Bryte Bend bridge based on beam

theory and empirical approach

The objective of this example is to use a numerical method to verify the empirical
equation K, = 1.12¢ «/7a for asingle edge-crack specimen, (Anderson 1995, Tada 2000), and

to investigate possible causes of the critical failure in this bridge.

In the current study, the fracture analysis is carried out using a two-span bridge model shown in

Fig 7.22(a). At the intermediate support, the bottom flange is laid on the top of pier 12, while the
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two ends of the bridge is clamped to model the continuity with the adjacent spans. As mentioned
earlier, the top flanges around the intermediate support are made of Steel A517 with E = 200,000

MPa and v = 0.3.

Generally, the maximum negative longitudinal moment occurs at intermediate support, while the
maximum positive one occurs at midspan. The reaction “R” from intermediate support can be

estimated based on preliminary theory of structural analysis. The result is obtained as

R=—W (7 - 24)

where, W is the vertical load per unit length of the bridge, @ and b are respectively the lengths of
the first and second spans, while / is the total length of the bridge. For this bridge a = 85.6 m, b

=112.8 mand /=198.4 m.

The longitudinal bending moment at the intermediate support, x = a, is the maximum negative

moment, which is equal to

1 2
M, = (ab- YW, + W) (7-29)

in which W, and W, are the weights of steel girder and concrete deck respectively, and

W= W,+W,
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The specific weight of top-open box girder is

p, = 490lb/ fi* = 769812N / m’ (7-26)

Further, for the section shown in Fig 7.23(a), the weight per unit length of the bridge is calculated

as:

W, =769812x[2x0.762x 0.057 + (2x 5367 + 7.39) x 0.05] (7-27)
= 7644757N /m

Substituting (7-27) into (7 — 25) leads to the maximum negative moment as

M, = —(66226014.51+ 866.29W,)N - m (7-28)

The location of the neutral axis of the cross-section of top-open box girder, shown in Fig 7.23(b),

is determined as

_2><762><57><4.8+2><5367><50><2.4_172 (7-29)
e T X 762x 57+ (2% 5367+ 7390)x 50

The moments of inertia of top flange [,., webs I, and bottom flange 7, are obtained as
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follows,

I, = 2x762x57x107° x 3.083* = 0.82567m’

J5x50 NG

L=l 4.8 + — X 50x 48x (24~ 1.717)*1x 107
= 0.64036m"

I, =739x50x 107 x 1.717% = 1.08932m"

Then, the total moment of inertia of the cross-section of top-open box girder is

I.=1_+1,+1, =255535m" ‘ (7-30)

Thus, the tensile stress at the top flange can be determined as

|M,|y

a

Il

c

o= = (79.9 + 1045.1728W, x 10°*) MPa (7-31)

where y = 3.083 m. Therefore, the tensile stress varies linearly with concrete dead load.

If the concrete deck is 280 mm thick, as shown in Fig 7.23(a), and the specific weight of concrete
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is

p, =150/ ft* = 235656N / m’ (7-32)

the weight per unit length of the concrete deck I, is

W, =23565.6x0.28x 15.65 (7-33)
=10326446N /m

Substituting (7-33) into (7 — 31) yields the following result:

o = 186.9 MPa (7-34)

which is close to the critical dead load stress 28 ksi(193 MPa).

A crack is initiated from the interior edge of top flange shown in Fig 7.24 and propagates while
the concrete deck is poured and the dead load Q per unit area is increased accordingly. The
contact force between concrete deck and the top flange of the girder is idealized as a uniform area
load ¢ shown in Fig 7.25. Thus, ¢ = 10.2 Q. If the concrete deck is 280 mm thick, for example,
shown in Fig 7.23(a), and the specific weight of concrete is as of that in (7 — 32), the weight of

the concrete deck per unit area is calculated as

Q = 23565.6x 0.28 = 6598.368N / m’ (7-36)
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Then, the weight per unit length of the concrete deck is determined as

W, = 15650 (7-37)

By substituting (7-36) and (7-37) into (7 — 31), the tensile stress at the middle plane of top flange

induced by the weight of deck Q is obtained as

o= (79.9 + 16497.80430 x 107%) MPa (7-38)

Thus, the stress intensity factor K, can be evaluated according to aforementioned empirical

equation

K, =1120+ra (7-39)

Results for different crack lengths and deck thickness are obtained and summarized in Tables 7.4

and 7.5.

7.3.3.4 Fracture analysis of the bridge using crack flat shell strips

The two-span top-open box girder bridge with a crack shown in Fig 7.24 is analyzed using
crack flat shell strips. As shown in Fig 7.26, the continuous box girder bridge is discretized into
8 spline flat shell strips and 1 crack flat shell strip. 116 nodes are included on each nodal line,

except for the nodal line crossing the crack, on which 117 nodes are located. 33 extra nodes are
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employed to gather more data around the tip of the crack.

Under given dead load Q0 = 6855.46 N/ m” of the concrete deck, the stress intensity factor K, is

calculated using crack flat shell strips for the crack length ranging from 10 mm to 33 mm. The
results are shown in Table 7.4. The values obtained from both beam theory and empirical solution

(7 — 39) are also given in this table for comparison.

Table 7.4 Stress intensity factor at 5 - 193 7P (Mpa «/—7;1—)

for various crack length

a (mm) K, K,(7-39) | Difference (%)
10 39.40 38.31 2.88
18 53.07 51.40 3.24
25 63.71 60.58 5.17
33 76.77 69.60 10.30

It can be seen that for crack length of @ = 10 mm, 18 mm and 25 mm, the results obtained from
the finite strip analysis are in a close agreement with the empirical solutions based on (7 —39). For

the crack longer than 25 mm, the resulting stress intensity factors based on both solutions have
exceeded the critical measured value K, = 60.5 +/m Mpa, and failure is expected. On the

-154-



another hand, the resulting stress intensity factors based on both solutions are much lower than

165.0 MPa~/m whichis the expected K. value of A514 - 517 steels. This means that the critical

stress intensity factor K, is unlikely equal to 165.0 MPa «/; . Otherwise, failure would not have

occurred at the crack length a = 1.3 inch (33 mm).

Under given crack length a = 1.3 inch (33mm) in the top flange, the stress intensity factor K, is

also calculated using crack flat shell strips for the dead load Q of the deck varying from 3000
N/ m? t0 6598.36 N/ m” . The results are shown in Table 7.5. The values obtained from empirical

solution (7 — 39) are also given in this table for comparison.

Table 7.5 Stress intensity factor at =33 mm(1.3 in)

for various dead load (Mpa«/g )

Q (N/m?) o (MPa) K, K,(7-39) |Difference( %)
3000.00 129.39 48.32 46.66 3.55
4000.00 145.89 54.74 52.61 4.05
5326.16 167.77 63.45 60.47 4.94
6598.36 186.90 74.01 67.40 9.81
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load Q of the deck greater than 5326.16N/, the resulting stress intensity factors from both

FSM and empirical solution (7 — 39) have exceeded the critical measured value = 60.5

MPa, and failure was expected.

Thus, the following conclusions can be drawn:

« Based on the beam theory, the empirical solution for the single edge-crack specimen,

, represents adequately the relationship between the stress intensity

factor and both stress level and crack length in the top flange.

« The combination of an applied stress of 28 ksi(193 MPa) and the 1.3 inch(33 mm)

deep crack caused the stress intensity to reach the critical value of

, which is much lower than the critical value of

, which is expected from the original material.

« As concluded by Roberts, fracture toughness values should be specified considering the

thermo-mechanical history of the material.
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Figure 7.1 Simply supported slab bridge
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P1=44,35kN

Figure 7.5 Two-span slab bridge
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Figure 7.9 Single-cell box girder bridge
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Figure 7.13 Over View of Bryte Bend Bridge
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Figure 7.14 View of Twin Structures over River
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Figure 7.15 Sections and Elevation of 4050 ft. Long Structure
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Figure 7.16 Cross-section of Box Girder
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Figure 7.17 Plan View of Brittle Fracture in Flange

-173-



Figure 7.18 Brittle Fracture Origin at Intersection of
Lateral Attachment and Flange Plate
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Figure 7.19 Brittle Fracture Surface Showing Classic
Herringbone Pattern and Shear Lips
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Figure 7.20 Origin of Fracture Showing 0.2 inch Deep
Weld Crack and 1.3 inch Deep Crack
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Chapter 8

Conclusions and

Recommendations

8.1 Summary and Conclusions

The primary objective of the present research is to conduct fracture analysis of bridge

structures using finite strip method. Combining spline finite strip method with the
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eigenfunction expansion at a crack tip, three types of crack strips, namely anti-plane shear
crack strip, plane crack strip and bending crack strip, have been developed. The flat shell
crack strip, as a combination of the plane crack strip and the bending crack strip, has been
developed for the fracture analysis of box girder bridges. Several case studies have
demonstrated the satisfactory convergence of the crack strip models. Fracture analysis of
different types of bridges have been performed successfully using the proposed crack strips.

Based on the results of these analysis, it can be concluded that:

1. The convergence of the crack strip model combined with the spline finite strips is

satisfactory, as shown in several case studies.

2. The substructure technique and the extra nodes in the field near a crack tip play

great roles in the convergence of the crack strip models.

3. The numerical examples show that, in dealing with the singular integral, Method I in

Chapter 3 is more efficient than Method 1L
4. Various types of bridges, such as slab bridge, continuous slab bridge, single - cell
box girder bridge and continuous bridge with top-open box girder, can be

successfully modeled by the crack strips.

5.These proposed crack strip methods are efficient in the fracture analysis of bridge

structures
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8.2 Recommendations

The convergence and efficiency of the crack strip models in bridge fracture analysis have
been demonstrated through several case studies. If a plate structure is subjected to in-plane
loading and out-of-plane bending, the flat shell crack strips can be employed, since in these strips
the in-plane action and out-of-plane bending are uncoupled, and the related stress intensity
factors can be calculated independently. However, if a plate structure is subjected to both
bending and torsion, the suitable crack strip has not been developed yet. The reason is that
current crack strips include the analytical solution for either anti-plane mode or bending mode,
but not both. Both of these two modes include deflection w, making it difficult to determine the
contribution of each separately . Thus, the following works are recommended for further

studies:

1. To develop the combination of the anti-plane crack model and the bending crack model,
and then to conduct the fracture analysis of bridge structures subjected to
unsymmetrical deformation, resulted from unsymmetrical loads or angle cracks.

2. The crack strip model can be extended to dynamic fracture analysis of bridge structures.

3. All the methods presented in this study can be extended to more complicated

geometries of bridges, such as skew, curved and arbitrary shaped bridges.
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8.2.1 Angle Cracks in Bending Plate

In actual bridge structures, most cracks occur in the direction of a principal stress, which
may not be parallel to the transverse or longitudinal axis of the bridge. This is the case especially

in the webs of a bridge girder. However, in a bending plate or flat shell, the angle crack will result

in the coupling of anti-plane mode and bending mode. As a result, the three fracture modes, K,

K, and K, exist together.

Consider an angle crack in a plate subjected to a bending moment M, as shown in Fig. 8.1. This
load induces bending moments M, , M, and twisting moment M, in the local coordinate system
at the crack tip, as shown in Fig. 8.2. By means of the coordinate transformation, the following

relationships can be obtained:

M, = Msin®f
M, = Mcos’ 0 ‘-1
M,, = Msinf cosf

Only M, and M,,, but not M,, have contribution to the moment intensity factors k Iz k ; and

k 17 - According to Sih (1973), these moment intensity factors can be evaluated as follows:
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k, = ®(1)M,a
k,=Y(1)M,Ja (8-2)

. Ao
= (14 v)t

Q()M,,Ja

where the functions ® (1), ¥ (1) and Q (1) are calculated from integral equations numerically

(Sih 1977). Then, the stress intensity factors K, K, and K, can be evaluated as

K, = (122/t3)k,
K, = (122/)k, ®=3)
K, = (3/28)[1- (2Z/t)2]k111

Because anti-plane mode and bending mode are coupled in the fracture analysis of an angle crack
in a bent plate, great effort may be required in order to separate bending crack mode and anti-

plane shear crack mode, in future studies.

8.2.2 Dynamic Analysis of Cracked Plates in Bending

When applied loads are time dependent, the inertia effect can no longer be ignored in the
equilibrium of cracked plates. On the basis of Kirchhoff theory of plate bending, the equation of

motion is governed by
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DViw+ pt g;uq(T) (8-4)

where p is the mass density of the material, ¢ is the thickness of the plate and T is the time. In

spline finite strip analysis, equation (8 —4) can be discretized into:
[M]{o}+[K]{w} = {p} (8-5)
Where [ M ]| and [ K | are the mass and stiffness matrices separately.

When a vehicle, as a source of impact, passes a bridge with constant velocity as shown in Fig. 8.

3, the applied load can be expressed as
q=pé(x-vT,y) (8-3)

where p is the weight of the vehicle, § (x — vT, y) is defined as:

) 0 (x#vl or y#0)
(x_VTay)— 0 (x: vl  and y=0)
Ji Eﬁ(x— vT, y)dxdy = 1 oo

To form the mass matrix [ M ] and deal with time derivative of the defections using spline strips

and crack strips, great effort is also required in future studies.
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Figure 8.1 Angle crack under bending
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Figure 8.2 Combined bending and twisting
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Appendix

Gaussian Quadrature Formulas

A. [ r@d= 47x)

X.

14

A

1

0.57735026918962576450

(1)0.10000000000000000000

0.77459666924148337703
0.00000000000000000000

0.55555555555555555555
0.88888888888888888888

0.86113631159405257522
0.33998104358485626480

0.34785484513745385737
0.65214515486254614262

0.90617984593866399279
0.53846931300568309103
0.00000000000000000000

0.23692688505618908751
0.47862867049936646804
0.56838888888888888838

0.93246951420315202781
0.66120938646626451366
0.23861918608319690863

0.17132449237917034504
0.36076157304813860756
0.46791393457269104738

0.94910791234275852452
0.74153118559939443986
0.40584515137739716690
0.00000000000000000000

0.12948496616886969327
0.27970539148927666790
0.27970539148927666790
0.41795918367346938775
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0.96028985649753623168
0.79666647741362673959
0.52553240991632898581
0.18343464249564980493

0.10122853629037625915
0.22238103445337447054
0.31370664587788728733
0.36268378337836198296

N=9 0.96816023950762608983 (-1)0.81274388361574411971
0.83603110732663579429 0.18064816069485740405
0.61337143270059039730 0.26061069640293546231
0.32425342340380892903 0.31234707704000284006
0.00000000000000000000 0.33023935500125976316

N=10 0.97390652851717172007 (-1)0.66671344308688137593

0.86506336668898451073
0.67940956829902440623
0.43339539412924719079

0.14887433898163121088

0.14945134915058059314
0.21908636251598204399
0.26926671930999635509
0.29552422471475287017

B. J:o e f(x)dx = Z 4.1 (x;)

(1)0.2251086629 8661306893
(1)0.4266700170 2876587936
(1)0.7045905402 3934656972
(2)0.1075851601 0180995224
(2)0.1574067864 1278004578
(2)0.2286313173 6889264105

N X A,
N=8§ 0.1702796323 0510099979 0.3691885893 4163752992
e=(-4)0.7770 0.9037017767 9937991219 0.4187867808 1434295607

0.1757949866 3717180569
(-1)0.3334349226 1215651522
(-2)0.2794536235 2256725249
(-4)0.9076508773 3582131042
(-6)0.8485746716 2725315448
(-8)0.1048001174 8715103816
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N=19

e =(-10)0.2829

(-1)0.7415878375 7205087713
0.3912686133 1999460733
0.9639573439 9795805862

(1)0.1796175582 0683281255

(1)0.2893651381 8737839911

(1)0.4264215539 6277664743

(1)0.5918141561 6440485581

(1)0.7868618915 3347337310

(2)0.1013242371 6815265925

(2)0.1273088146 3842398004
(2)0.1569127833 9835888545
(2)0.1904899320 9823550153
(2)0.2285084976 0829482932
(2)0.2716066932 7411448878
(2)0.3206912225 1862242322
(2)0.3771290580 1219649477
(2)0.4431736279 5831496119
(2)0.5231290245 7404383165
(2)0.6280242315 3500375841

0.1767684749 1591250225
0.3004781436 0725437948
0.2675995470 3817503077
0.1599133721 3558021678
(-1)0.6824937997 6149112355
(-1)0.2123930760 6544324924
(-2)0.4841627351 1483959672
(-3)0.8049127473 8136676659
(-4)0.9652472093 1535017084
(-5)0.8207305258 0510305440
(-6)0.4830566724 7307725394
(-7)0.1904991361 1232856999
(-9)0.4816684630 9280615576
(-11)0.7348258839 5511443768
(-13)0.6202275387 5726163989
(-15)0.2541430843 0154227237
(-18)0.4078861296 8257123500
(-21)0.1707750187 5938370610
(-11)0.6715064649 9081899599
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N=30

e =(-17)0.8456

(-1)0.4740718054 0804811461
0.2499239167 5316022399
0.6148334543 9276828461

(1)0.1143195825 6661007982

(1)0.1836454554 6225722914

(1)0.2696521874 5572151957

(1)0.3725814507 7795089493

(1)0.4927293765 8498824096

(1)0.6304515590 9650745228

(1)0.7861693293 3702604687

(1)0.9603775985 4792620798

(2)0.1153654659 7956139700

(2)0.1366674469 3064236294

(2)0.1600222118 8981066254

(2)0.1855213484 0143150124

(2)0.2132720432 1783128927

(2)0.2434003576 4532693400

(2)0.2760555479 6780961027

(2)0.3114158670 1111235818

(2)0.3496965200 8249069543

(2)0.3911608494 9067889121

(2)0.4361365290 8484827806

(2)0.4850398616 3804200427

(2)0.5384138540 6507505617

(2)0.5969912185 9235495477
(2)0.6618061779 4438489651
(2)0.7344123859 5559882239
(2)0.8173681050 6727685722
(2)0.9155646652 2536838255
(3)0.1041575244 3105889451

0.1160440860 2039325561
0.2208511247 5069602167
0.2413998275 8787346416
0.1946367684 4641672700
0.1237284159 6688099223
(-1)0.6367878036 8988269340
(-1)0.2686047527 3380519411
(-2)0.9338070881 6042351496
(-2)0.2680696891 3369005385
(-3)0.6351291219 4087764640
(-3)0.1239074599 0688661704
(-4)0.1982878843 8952961055
(-5)0.2589350929 1314845837
(-6)0.2740942840 5360851638
(-7)0.2332831165 0257961682
(-8)0.1580745574 7783781036
(-10)0.8427479123 0570478544
(-11)0.3485161234 9079771460
(-12)0.1099018059 7534727279
(-14)0.2588312664 9592354134
(-16)0.4437838059 8403008661
(-18)0.5365918308 2123539536
(-20)0.4393946892 2917157783
(-22)0.2311409794 3886493589
(-25)0.7274588498 2925408322
(-27)0.1239149701 4482743994
(-31)0.9832375083 1056357108
(-34)0.2842323553 4027969143
(-38)0.1878608031 7495715678
(-44)0.8745980440 4651875591
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o1 -
C. [In()f(x)dr= Y, 47(x)

N

X.

]

A

1

N=38

e =0.03465

(-1)0.1332024416 0892465012
(-1)0.7975042901 3894938409
0.1978710293 2618805379
0.3541539943 5190941967
0.5294585752 3491727770
0.7018145299 3909996383
0.8493793204 4110667604
0.9533264500 5635978876

0.1644166047 2800288683
0.2375256100 2330602050
0.2268419844 3191912636
0.1757540790 0607024498
0.1129240302 4675905185
(-1)0.5787221071 7782072398
(-1)0.2097907374 2132978043
(-2)0.3686407104 0276190133

N=12
e=10.02118

(-2)0.6548722279 0800587892
(-1)0.3894680956 0449959161
(-1)0.9815026310 6006628862
0.1811385815 9063157735
0.2832200676 6737255470
0.3984344351 6343664370
0.5199526267 9235266272
0.6405109167 1610645430
0.7528650120 5183057837
0.8502400241 6230220067
0.9267496832 2391410104
0.9777561296 8999747917

(-1)0.9319269144 3931324491
0.1497518275 7632236417
0.1665574543 6459300532
0.1596335594 3698765116
0.1384248318 6483562106
0.1100165706 3572116233

(-1)0.7996182177 0828970264

(-1)0.5240695482 4641770650

(-1)0.3007108887 3761187123

(-1)0.1424924558 7998279107

(-1)0.4899924582 3217609390

(-1)0.8340290380 5690336469

N=16

e=0.01616

(-2)0.3897834487 1159159240
(-1)0.2302894561 6873239820
(-1)0.5828039830 6240412348
0.1086783650 9105403648
0.1726094549 0984393776
0.2479370544 7057849514
0.3320945491 2991715598
0.4221839105 8194860011
0.5150824733 8146260347
0.6075561204 4772872408
0.6963756532 2821406115
0.7784325658 7326540520
0.8508502697 1539108323
0.9110868572 2227190541
0.9570255717 0354215759
0.9870478002 4798447675

(-1)0.6079171004 3591232851
0.1029156775 1758214438
0.1223556620 4600919355
0.1275692469 3701598871
0.1230135746 0007091542
0.1118472448 5548572262

(-1)0.9659638515 2124341252

(-1)0.7935666435 1473138782

(-1)0.6185049458 1965207095

(-1)0.4543524650 7726668628

(-1)0.3109897475 1581806409

(-1)0.1945976592 7360842078

(-1)0.1077625496 3205525645

(-2)0.4972542890 0876417125

(-2)0.1678201110 0511945150

(-3)0.2823537646 6843632177
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