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ITHACA

Whon you mot out on the voyage to Ithaca,
pray that your journey may be long,

full of adventuros, full of knowledge.

Gf tho Laostrygones and the Cyclopos

and of furious Poseidon, do not bo afraid,
for such on your journey you shall never maet
1f your thought romain lofty, if a select
omotion imbug your spirit and yout body.
Tho Laastrygones and the Cyclopes

and furlous Posoldon you will never meet
unless you drag them with you in your soul,
unlaess your soul raisems them up before you.

Pray that your journey may be long,

that many may those summar mornings be

whon with what pisasure, what untlold delight
you enter harbors you've not seen before;

that you atop at Phooniclan market places

to procure the goodly morchandise,

mothor of pearl and coral, amber and ebony,

and voluptuous perfumes of every kind,

as lavish an amount of voluptuous parfupes As You can;
that you ventura on to many Egyptian citles

to learn and yet again to learn from the sages,

But you must alwaye keep Ithaca in mind.

The arrival there is your predsatination.

Yet do not by any means hasten your voyage.

Let it best endure for many years,

until grown old at length you anchor at your island
rich with all you hava acquired on the way.

You never hoped that Ithaca would give you riches.

Ithaca has given you the lovely voyage.
Without her you would not have venturad on the way.
Sha has nothing wore to give you now.

Poor though you may find her, Ithaca has not deceivaed you.
Now that you have become so wise, so full of sxpsrience,

you will have understood the meaning of an Ithaca.

Conetantine Cavafis, 1863-1933



Abstract

Two general-purpose computer programs have been developed for modelling tlye
displacement of a wetting fluid by a non-wetting one in porous media. A microscopic
approach is applied for the solution of the governing equations at the pore level,
The porous medium is represented by a two-dimensional network of interconneeted
capillaries. One program makes use of n stochastic approach bascd on the aspeets
of random walks, invasion percolation and on the notion of the phase diagram for
immiscible displacement. The other program makes use of a deterministic approach
based on a relaxation technique in order to solve for the pressure ficld, and on

certain rules for the advancement of the interface.

The series of simulations undertaken successfully predicts certain important. phe-
nomena such as: (a) monophasic flow in porous media, (b) the cffects of capillary
and viscous forces on the dynamic behaviour of the displacing fuid and on the oil
recovery, (c) the island formation and the island size distribution as a result of tle
interplay of viscous and capillary forces, (d) the fractal behaviour of the displacing
fluid, (e) the transition from one distinct behaviour of the displacing fluid to an-
other, and (f) the effects of local anisotropy and heterogeneity of the porous medimn

on the dynamic behaviour of the displacing fluid.



The validity of the algorithms is tested by comparing the numerical resuilts with
physical experiments available in the literature. Comparisons between the two
approaches reveal that (a) the stochastic approach is more efficient in terms of
execation time in the computer, (b) the deterministic approach better describes the
physics of the problem, and (c¢) the deterministic approach has more potential to be
extended to other problems. It is proposed that the present programs can be used
to successfully predict two-fluid immiscible displacement flow in porous media for

other relevant situations.
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Chapter 1

INTRODUCTION

1.1 The Physics of Flow in Porous Media

The study of the physics of flow in porous media is very important in many eigi-
neering and scientific applications. Phenomena and I -esses such as ground witep
hydrology, water purification, filtration, packed column distillation, oil displacement.
in underground reservoirs, ceramic engineering, catalysis and powder metallurgy all
rely strongly upon it as fundamental to their individual problems (Scheideggoer 1974,
Dullien 1979, Greenkorn 1983, Lake 1989). Among these, two-fluid flow in wider-
ground reservoirs is certainly one of the most important processes, and it is the aren

on which this thesis is focused.

Oil is produced from natural deposits which are found underground in the interstices
of porous rock formations like sand, sandstone, limestone and dolomite. In 1most
cases, the recovery of oil from underground reservoirs is attained in three different

stages: primary, secondary and tertiery recovery (Jha 1973, Lake 1989).

During the primary recovery stage the oil flows spontancously through the pro-



duction well due to the high oil pressure in the reservoir. However, the reservoir
pressure eventuallly subsides and a considerable amount (75-95%) of the original
oil in place (OOIP) remains unrecovered. The recovery of the remaining oil is the

subject of enhanced ol recovery (E.O.R.) processes.

During the secondary recovery stage water is usually injected to displace the oil out
of the reservoir. At the end of this stage an amount of 60 to 80% of OOIP typically
remains unrecovered with obvious strong implications to the world economy. The
principal cause of the low secondary recovery is the fingering of the displacing fluid

(water) within the displaced fluid (cil) in the oil reservoir.

The most common technique used during the tertiary recovery stage is flooding
with aqueous solutions of alkalis, polymers and/or surfactants in order to reduce
fingering and increase sweep efficiency (Stalkup 1970, Paterson et al. 1984, Lake
1989, Nasr-el-Din et al. 1990, Teyal and Narayan 1990, Symons et al. 1990).

The problem of two-fluid displacement flow in porous media is very complicated
due to various factors and pore-scale phenomena that come into play, such as fluid
viscosities, flow rate, interfacial tensjon (between immiscible fluids), reservoir mor-
phology and wettability, formation and instability of blobs of residual oil, propaga-
tion of these blobs, film flow, advancement of the interface during the immiscible
displacement and others. This problem has been a very active area of research
for the last few decades. Many attempts have been made to explain the dynamic
behaviour of the displacing fluid and the cause of fingering in order to provide a

better understanding of the mechanisms of two-fluid flow in porous media and to




ultimately improve the efficiency of enhanced oil recovery processes. Two renernd
¥ 1 g

approaches have been followed:

(a) The first approach is based on the development of averaged continuum eyna-
tions, which involve physical parameters to be determined by experiments.
This approach is useful for macroscopic modelling and predictions if the var-
ious parameters are known. However, this approach does not account for
microscopic phenomena nor for the morphology of the porous medium, There-
fore, it may not provide accurate and quantitative predictions when phenom-

ena at the pore-scale play a significant role.

(b) The second approach is based on microscopic equations. According to this
approach the porous medium is represented by a network of interconnected
capillaries whose radii possess a specific size distribution. Many of the mi-
croscopic phenomena are incorporated and described and some others are
idealized. Many studies have been conducted on two-fluid flow in Hele-Shaw
cells (see Section 2.1) in order to gain an understanding of certain fundamental

phenomena which occur in porous media as well.

In this thesis the second approach is followed. Network models of porous medin
are employed in order to study the immiscible displacement of a wetting fluid by «
non-wetting fluid in a porous medium. Two computer simulation algorithms have
been developed and are discussed. They are based on two different mathematical
approaches. According to the first mathematical approach, the governing equations
are reinterpreted in terms of hypothetical particles (random walkers) and the algo-

rithm is referred to as stochastic. According to the second mathematical approach,



the governing equations are solved directly (deterministically) and the algorithm
is referred to as deterministie. Both algorithms are used to study and to improve
our understanding of the effects of various factors on the behaviour of displacement
processes. Numerical experiments are compared with physical ones available in the

literature in order to test the validity of the elgorithma.

1.2 Qutline of the Thesis

Chapter 2: Certain important definitions are provided and the governing equations
for flow in porous media and in Hele-Shaw cells are presented. A literature review
of studies in fluid displacement and the objectives of the present study are also

presented.

Chapter 3: The porous medium is represented by a two-dimensional network of
interconnected capillaries. The stochastic approach based on the aspects of random
walks, invasion percolation and on the notion of the phase diagram is described. The
deterministic approach based on a relaxation technique for solving for the pressure
field and on certain rules for the advancement of the interface is also described for

both monophasic and biphasic flow in porous media.

Chapter 4: Monophasic flow is studied and the permeability of the medium is
plotted against the average channel radius and the dispersion of the size distribu-
tion. Results of the simulations for two-fluid immiscible displacement are presented
by using both approaches and are compared with experiments available in the lit-
erature. The effects of viscous and capillary forces on the dynamic behaviour of

the displacing fluid, on the oil recovery, on the island formation, on the island size

4



distribution and on the fractal behaviour of the cluster of the displacing fluid are
presented. The effects of the local anisotropy on the dynamic behaviour of the
displacing fluid and the effects of the network size on the oil recovery are also pre-
sented. Certain implications of the results of the simulations are discussed. Finally,
comparisons between the mathematical approaches applied in the present study and
other approaches applied in previous studies reveal the differences, the potentinls,

the improvements and the limitations.

Chapter 5: The conclusions of the present study are summarized and certain
recommendations are made for future work based on the subject of flow in porons

media.
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Chapter 2

THEORY

2.1 Important Definitions
The following definitions will be used throughout this study:

-Porous Medium: a structure which contains spaces, so-called pores or voids,
free of solid, embedded in the solid matrix (see Figure 2.1). The porous medium
is characterized by the porosity, €, and the permeability, x, which are dependent on
the pore geometry but are independent of the properties of the penetrating fluid

when the fluid is Newtonian.

-Wetting and on_‘l_-Wgtting Fluid: when one fluid is slowly displacing another

immiscible fluid in a capillary tube or a porous medium, the fluid for which the
contact angle, 8, between the tube and the interface is smaller than 7/2 is termed
the wetting fluid, (W), while the other one is termed the non-wetting fluid, (NW)

(see Figure 2.2)

-Meniscus: the interface between two immiscible fluids in a capillary tube or g

porous medium.
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Figure 2.1: Two-phase flow in a porous
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Figure 2.2: The meniscus and the contact angle for two immiscible fluids in a
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-Capillary Pressure (P.): defined by

FPo = Py — Py (2.1)

where Py and Py are the pressures at the interface in the non-wetting and wetting
fluids, respectively. At static equilibrium, the capillary pressure in a exlindrical

channel of radius r is given by

Po= 24cosd .

r

(R
&)
—

where 7 is the interfacial tension and 4 the contact angle.

-Drainage: the displacement of a wetting fluid by a non-wetting fluid under the

influence of a pressure gradient.

-Imbibition: the spontaneous displacement of a non-wetting fuid by a wetting

fluid in the presence or absence of a pressure gradient.

-Network or Lattice: =a structure, which is a simplified representation of the
porous medium, composed of sites (pores) multiconnected by bonds (channels).
In general, the diameter of the sites is larger than that of the bonds in & two-
dimensional network (see Figure 2.3a). The mathematical representation of a net-
work is seen in Figure 2.3b and it is a simplification of a network obtained by

assigning no dimensions to the sites and bonds.

-Co ivity o ordinatio : is the number of necarest neighbours

connected to a site of the network.

-Ordered Networks: are networks whose coordination number is identical to the

number of nearest neighbours for each site. Networks which do not satisfy the above



solid " bond
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Figure 2.3: (a) ldealized representation of a two-dimensional porous medium by a
network and (b) mathematical representation of the network by a lattice.
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condition are termed as disordered.

-Hele-Shaw Cell: an idealized cell made of two horizontal, parallel plates with
a small separation distance (see Figure 2.4, Hele-Shaw 1898). Two-phase flow in
Hele-Shaw cells is considered to be strictly two-dimensional, since the separation
distance, b, is very small compared to the other dimensions, W and L.

-Viscosity Ratio (M): the ratio of the viscosity pi; of the invading (displacing)

fluid to the viscosity u, of the displaced fluid

M=t (2.3)
Hd
-Bﬂngldﬁ_ﬂnmb_er_(&,_): the ratio of inertial to viscous forces defined by
VD
Npg. = B“#_ (2.4)

where p is the fluid density, 4 the fluid viscosity, V a characteristic (average) velocity

and D a characteristic length. For flow in most porous media, due to low velocities,

Np. < 1.
-Capilla umb : the ratio of viscous to capillary forces defined as
Qui
NCQ —_— '7—A' (2-5)

where Q is the volumetric flow rate of the invading (displacing) fluid, s; the viscosity
of the displacing fluid, 4 the interfacial tension and A the cross-sectional aren of the
porous medium normal to the flow direction. In general, at low capillary numbers
(Nea << 1) capillary forces dominate, while at capillary numbers close to one,

viscous forces become dominant.
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Figure 2.4: A Hele-Shaw cell.



-Bond Number (Ng): the ratio of buoyancy to capillary forces defined as

Np = (2.6)

where Ap is the density difference between the two fluids, g the acceleration due to

gravity and z a characteristic microscopic length.

-Wettability: the tendency or preference of a fluid to spread on a solid snrface
in the presence of another fluid. A quantitative measure of the wettability is the
contact angle, . For most of the last 50 years, a large body of engineering practice
has been based on the assumption that most petroleum reservoirs are very strongly
water-wet (VSWW). The rationale for assuming VSWW conditions was thit wa-
ter originally occupied the pore space; as oil accumulated, water was retajned ly
capillary forces in the finer pores and as films on pore surfaces overlain by oil. Wet-
tability behaviour other than VSWW was.observed in reservoir core samples, but
it was often ascribed to artifacts related to core recovery and testing procedures.
The majority of reservoir measurements have been made on cleaned core samples
with refined oil or air as the non-wetting phase to give results for, or equivalent
to, VSWW conditions. Mounting evidence on the effects of crude oil on the wet-
ting behaviour (Cuiec 1990) has now led to wide acceptance of the conclusion that
most reservoirs are at wettability conditions other than VSWW. Reservoir wetta-
bility is not a simply defined property (Morrow 1990). Classification of reservoirs
as water-wet or oil-wet is a gross oversimplification. Measurements show that reser-
voir wettability can cover a broad spectrum of wetting conditions that range from
VSWW to strongly oil-wet. Within this range, complex mixed-wettability condi-

tions given by combinations of preferentially water-wet and oil-wet surfaces have
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been identified,

-Permeability: the case with which a fluid flows through a porous medium. In a
network, the permeability depends upon the pore geometry, size, size distribution

and topology.

- ogene terogen orous ia: a porous medium is termed
homogenecous with respect to one of its properties, if that property is independent

of location, otherwise it is termed heterogeneous (Ryan and Neale 1975).

-Isotropic and Anisotropic Porous Media: a porous medium is termed is otropic
with respect to one of its properties if that property is independent of direction,

otherwise it is termed anisotropic.

-Viscous Fingering: the phenomenon which occurs in general at low viscosity
ratios (M < 1) and high capillary numbers. The displacing, less viscous fluid tends
to channel inside the displaced fluid (see Figure 2.5). Viscous fingering is caused by
interfacial instabilities, which are created, and subsequently grow due to viscosity

differences and heterogeneities in the oil reservoir.

During the displacement of a fluid of viscosity g and density ps by another fluid
of viscosity u; and density p; in a homogeneous porous medium with permeability

%, Darcy’s equation for one-dimensional flow is expressed as (Homsy 1987)

dP —uV .
e (2.7)

where V is the superficial (mean) velocity, P the pressure and p, «, p and g as

previously defined.
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Figure 2.5: Viscous fingering of the invading fluid (black) displacing the displaced
fluid (white) in a porous medium.

15



Consider a sharp interface or u zone where the density and the viscosity change
rapidly. Then the pressure difference on the displaced fluid as a result of a virtual

displacement 8z of the interface is
6P = [(pra — p:)V/5 + (pa — pi)gléx (2.8)

If the net pressure difference is positive, then any small displacement will amplify,
leading to an instability. Thus a combination of unfavorable density and/or viscosity
ratios and flow direction can conspire to render the displacement unstable. For
example, for downward vertical displacement of a dense, viscous fluid by a lighter,
less viscous one gravity is a stabilizing force, while viscosity is destabilizing, leading

to a critical velocity V; above which there is no instability:

_ k(pa— pilg
%_wrm) (2:9)

There are three other obvious cases depending upon the signs of p; — pg and fd — i
one in which gravity drives the instability and viscosity stabilizes it, and the other

two cases when both basic forces are either stabilizing or destabilizing.

A simpler statement may be made when the gravity force is absent, i.e. in a hor-
izontal displacement. In this case, instability always results when a more viscous
fluid is displaced by a less viscous one. Thus the two basic forces responsible for

instability are gravity and viscosity.

Experimental studies on viscous fingering were carried out by van Meers (1957) and
Paterson (1981). However, the phenomenon of viscous fingering is often referred to
as the Saffman-Taylor instability, in recognition of the work conducted by Saffman

and Taylor (1958). The phenomenon of viscous fingering was studied at about the
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same time by Chuoke et al. (1959), who predicted a eritical flow rate alove which
interfacial instabilities grow leading to viscous fingering in the presence of the in-
terfacial tension. They also provided an equation for the wavclength of the fingers.
Paterson’s work was carried out in a Hele-Shaw cell for the radial displacement of
glycerine by air. For short times, there is a reasonable agreement witly tle expec-
tations of Saffman and Taylor (1958). Paterson predicted the finger wavelength

and the number of fingers for initial growth and the size of fingers for intermedinte

growth,

Later, Ni et al. (1986) extended Paterson’s work to porous media. Peters and
Flock (1981) determined the onset of instabilities in terms of a dimensionless group,
which includes the critical flow rate predicted by Chuoke ct al. (1959). Large-
scale numerical simulations have been provided by Tryggavson and Aref (1983),
DeGregoria and Schwartz (1985) and Schwartz (1986). Most authors made use of
perturbation theory and some calculated the finger wavelength of the fingers at
maximum growth rate, Experimental studies by Nittman et al. (1986) and Park
and Homsy (1985) have shown that the single finger is subject to a tip-splitting
instability. Homsy (1987) gives an excellent overview of most of the theoretical and

experimental work mentioned above.

-Capill ingering: this phenomenon occurs at very low flow rates (low capil-

lary number) due to heterogeneities within the porous medium. The interface tends
to follow the paths of least resistance in the case of drainage. This resistance is pro-
vided by the capillary pressure (Equation 2.2), which opposes advancement of the

interface. Therefore, the interface moves preferentially through the largest pores
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Figure 2.6: Capillary fingering of the invading fiuid (black} displacing an immiscible
fluid (white) in a porous medium.
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since they provide the lowest capillary pressure. Contrary to drainage, imbibition

is facilitated by a high capillary pressure.

During an immiscible displacement at low flow rates, fingers tend to grow in all
directions, even backwards, causing trapping of the displaced phase (see Figure
2.6). Capillary fingering is very often identified with invesion percolution, which is
a stochastic theory used to describe capillary fingering. The invasion pereolation

theory is discussed in the next section.

-Stable Displacement: this occurs at high flow rates and high viscosity ratios.
The interface moves as a flat front resulting in high oil recovery (sce Figure 2.7).
Stable displacement is often referred to as plug flow, on account of its flat front.
However, even in this case instabilities are created due to heterogencities and they

are of the scale of a few pores.

-Residual Oil: is the oil which remains trapped and unrccovered at the end of
the displacement. It is distributed within the porous medium in groups of oil-filled
pores completely surrounded by the invading phase (water). A group of trapped
pores is often referred to as an oil blob, oil island or ganglion (Payatakes 1082,

Payatakes and Dias 1984),

-Connate or Initial Water: is the water, or generally speaking the invading

phase, initially in place occupying remote regions of the pore space completely

surrounded by oil (Paterson et al. 1984)

-0il Sweep Efficiency: is the fraction of the volume of oil recovered at the e

of the displacement process. The sweep efficiency in this study is identical to the
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Figure 2.7: Plug flow behaviour of the invading fluid (black) displacing another
finid (white) in a porous medium.
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fraction of the pores of the network invaded by the displacing fluid.

-Fractals: are objects which appear to be ramified and irregular and are seale-
invariant. The concept of fractals was developed by Mandelbrot (1982,1959) as an

attempt to describe highly irregular and disordered objects.

Consider firstly a circular or spherical object of mass m and radius r 7 (Figure 2.8)
The object can be ;either solid (uniform density) or full of holes, but in cither case we
assume that the density does not depend on the size of the object. Therefore, if the
radius of the object is increased from r 1 to 2ry, the mass of the object is increased
by a factor of 22 (if the object is circular) or by 23 (if the object is spherical). The
relationship between the mass and length is thus of the form:

m(rs) o (2.10)

where d is the so-called spatial dimension. An object whose mass-length relation

satisfies Equation (2.10) is said to be compact.

The relationship between the mass of an object and its characteristic length 7 can
be defined more generally than in Equation (2.10). One way to define the fractal

dimension, Dy, is by the equation
m(ry) o r?’ (2.11)

Fractals are objects that satisfy Equation (2.11) with a value of Dy less than the

spatial dimension, d. Their density is thus not the same for ull r ¢ but scales as
plrs) o< riP1™ (2.12)
Since the fractal dimension, Dy, is lower than the spatial dimension, d, a fractal
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Figure 2.8: Two circular objects with-radius r; and 2r 1, respectively. The number
of dots per unit area in each circle is uniform.
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object becomes less dense at larger length scales. This scale-dependence of the

density is a quantitative measure of the notion that fractals arc ramified objocts.

2.2 Governing Equations
2.2.1 Flow in Porous Media

Flow in a a porous medium is deseribed by Darcy’s equation (Darcy 1856), provided
that the Reynolds number, Np,, is very small. For single-phase flow and in the

absence of gravity, Darcy’s equation takes the form
K
V= _;vp (2.13)

where V is the superficial velocity, P the pressure, i the fluid viscosity and & the

permeability of the porous medium.

For two-phase flow, a generalized form of Darcy's equation is applied (Lake 1089,

Dullien 1979)

v = Hilslgp (2.14)
K'K'rd(s) "
Vi=-——"""VPF, (2.15)
Hd

where the subscripts i and d signify the injected and displaced fluids, respectively.
The saturation, s, is defined as the fraction of the total void space occupied by
one fluid in the volume over which the average is taken. The volume is a small
section of a larger displacement, but is still of macroscopic size. P; and P; denote
the pressures in the injected and displaced fluids, respectively; &,; and %, arc the

so-called relative permeabilities and are assumed to be dependent only upon the
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suturation. The relative permeability represents the factor by which the flow rate
is reduced for two-fluid flow (Equations 2.14, 2.15) compared with the single flow
value (Equation 2.13). The sum of the relative permeabilities of several phases in a

porous medium is always less than unity.

2.2.2 Flow in a Hele-Shaw Cell

Flow in a Hele-Shaw cell is described by an equation similar to Darcy’s equation,
namely

=—— 2.
V=-15 VP (2.16)

Equations (2.13) and (2.16) are equivalent, since the term 5/12 can be replaced
by an effective permeability. Thus, single-phase Hele-Shaw flow is anelogous to
two-dimensional incompressible flow in porous media. It might be supposed that
the same analogy would hold for viscous fingering in porous media. However, this
analogy fails in the case of flow of immiscible fluids, since flow in porous media, in
this case is truly multiphase, as opposed to two-phase, and the forces associated with
the propagation of menisci through the pore space comprising the medium cannot
be neglected and are not modelled in the Hele-Shaw geometry. Furthermore, the
geometry of the solid matrix can influence the fingering patterns observed and also
a Hele-Shaw cell does not allow for the phenomenon of residual oil. Nevertheless,
the case of Hele-Shaw flow is of fundamental interest in its own right and permits

us to establish some useful concepts.
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2.3 Literature Review of Studies in
Fluid Displacement

Theoretical studies of both a stochastic and a deterministic nature have been un-
dertaken to describe miscible and immiscible fluid displacements in porous medin

and Hele-Shaw cells. Experimental studies have also been caried out to confirm

theoretical predictions,

Witten and Sander (1981,1983) developed an algorithm better known as DLA
(Diffusion-Limited Aggregation), in order to simulate diffusion-limited aggregation
growth. The most effective way to study such a process is to let random wallers
wander over an arbitrary lattice and to stick on the growing cluster upon first con-
tact. Computer simulations by Meakin (1983a,b) confirmed these findings in terms
of the fractal dimension, which characterizes the structure of the cluster. Later,
Meakin and Tolman ( 198‘9) improved the DLA algorithm by including anisotropy
in three- and four-dimensional lattices. Ball and Brandy (1985) studied large-scale
lattice effects in DLA by using Witten and Sander’s classical algorithm. DLA with
radial anisotropy was studied by Meakin and Vicsek (1987) in an attempt to simu-
late fingering in liquid crystals, The above studies were confirmed by experimental
measurements on the growth of metal aggregates by Matsushita et al. (1984) and

by Weitz and Oliveira (1985). Most of the above studies included measurements of

the fractal dimension, D;,.

Paterson (1984) noticed the similarities between DLA patterns and viscous finger-

ing in porous media at very low viscosity ratios, Paterson considered the Laplace
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equation for the pressure

VP =0 (2.17)
which follows from Equation (2.13) and from the continuity equation for incom-
pressible fluids

V.V=0 (2.18)

with the condition that the pressure P is zero at the interface and inside the dis.
placing fluid in the absence of interfacial tension and gravity. Another condition is
that the permeability x is constant, which is the case for homogeneous and isotropic
porous media. Paterson also suggested another model to simulate the displacement
at high values of the viscosity ratio. This model is called anti-DLA. According
to this model, the Laplace equation is considered only in the displacing fluid, and
random walkers are allowed to wander only in this fluid and to stick upon con-
tact with the interface. Paterson (1987) also simulated flow within porous media
containing heterogeneities (which occur when a zone of different permeability is
present in the porous medium) by changing the lattice spacing in order to account
for the boundary conditions. These conditions are satisfied when the permeability
is proportional to the size of the local lattice spacing. The DLA and the anti-DLA
models as Fhey are applied to fluid displacement imply negligible pressure gradients

in the displacing and displaced fluids, respectively.

Following Paterson’s work further studies were performed for both porous media
and Hele-Shaw cells. Maloy et al. (1985) carried out experiments in porous media by
displacing a high-viscosity fluid by air. Their results confirmed the analogy between

DLA and viscous fingering in porous media int1oduced Ly Paterson. Paterson’s work
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was also confirmed by experiments in Hele-Shaw cells carried out by Lenormand
et al. (1981), Nittmann et al. (1985,1956), and Stanley and Nittmann (1986) for
linear displacement. Daccord et al. {1986) carried out studies for two-fluid, racdial
displacement in Hele Shaw cells and Sherwood and Nittmann (1986) studied the
effect of the viscosity ratio on DLA. All of the above studies revealed n value for
the fractal dimension very close to the 1.73 which is characteristic of the original

DLA model, although end-effects were apparent in linear displacement,

At about the same time additional studies were carried out on DLA. Tang (1985)
modified the DLA model and allowed for a number of visits of the random wallers
at an interfacial site before the interface advances to that site. Meakin and Dentel,

(1986) proposed a model similar to the anti-DLA one, called Diffusion-Limnited An-

nihilation.

The effects of the interfacial tension on viscous fingering were studied by MeLean
and Saffman (1981) in a Hele-Shaw cell. They developed a strcamline technique
and they determined the shape of the interface as a solution of a non-linear integro-
differential equation. Vicsek (1984) by using the DLA model incorporated the
interfacial tension in terms of a sticking probability, which was dependent 1non
the local curvature of the interface. Szep et al. (1987) examined the connection
between DLA and dendritic growth by incorporating the interfacial tension in a
similer way. Liang (1986), based on Kadanoff’s (1985) approach, included the effect
of the interfacial tension by letting the random walker evaporate from the cluster
after a contact with the interface with a probability proportional to the pressurce

discontinuity at the interface, which is equal to the capillary pressure. Recently,

27



Fernandez and Albarran (1990) made an attempt to incorporate the interfacial
tension in the simulation of the displacement of a viscous fluid by an inviscid fluid

in a Hele-Shaw cell. Their study is based on some of Kadanoff’s ideas.

The DLA studies mentioned above were limited to very low viscosity ratios. How-
ever, several attempts have been made to include the effects of a finite viscosity
ratio, Sahimi and Yortsos (1985) and Siddiqui (1989) simulated two-fluid displace-
ment in a Hele-Shaw cell at finite viscosity ratios by letting random walkers stick
on the interface with a probability which depends upon the viscosity ratio and the

local curvature of the interface. They expressed the sticking probability, ¢, by

6= T+ f(How W) (219)
where f(Neq, W) is a term accounting for the interfacial tension and the curvature
which is quite similar to that proposed by Vicsek (1984) and Szep et al. (1987).
M. King and Sher (1987) included finite viscosity ratios in two-fluid miscible flow
in porous media by solving the coupled non-linear, partial differential equations

describing multiphase and multicomponent fluid flow in a porous medium. This was

based on an approach similar to an earlier study by Turkevitch and Sher (1985).

Most of the studies mentioned above made use of some aspects of the original DLA
model and were applied to both porous media and to Hele-Shaw cells. At this point
some major distinctions between two-fluid displacements in porous media and in

Hele-Shaw cells should be made:

(a) In a porous medium the interfacial tension acts through the microscopic cur-

vature in individual pores and not through the macroscopic curvature as is
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the case in Hele-Shaw cells.

(b) In a porous medium the interface between the two fluids is not sharp, but there
is a region where both fluids are present. Thercfore, the flow is not deseribed

by Darcy’s equation but rather by the modified equations (2.14,15).

(¢) The randomness due to the microstructure of the porous medium is absent in

Hele-Shaw cells.

(d) Trapped islands of unrecovered displaced phase are obscrved in porous medin

but not in Hele-Shaw cells.

Other stochastic as well as deterministic studies have been carried out in order to
simulate two-fluid displacement flow in porous media. Chan ct al. (1988) devel-
oped a model in which the random nature of the porous medium is incorporated into
a numerical simulation scheme based on the discretization of the continuum fluid-
mechanical equations following earlier work carried out by Chan et al. (1986). Their
model does not take into account the effects of the interfacial tension and it s valid
only for very low values of the viscosity ratio. Chen and Wilkinson (1985) made
use of the electrical analog of flow in porous media developed by Fatt {195Cn,b,c)
and by using a Gauss-Seidel over-relaxation technique solved for the pressure field
only in the displaced fluid. Their algorithm is applied at low viscosity ratios and at
the limit of vanishing interfacial tension. However, they showed the transition from
dendritic growth to DLA as the porous medium becomes heterogeneous. Siddiqui
and Sahimi (1987) showed that DLA and viscous fingering are not equivalent in

heterogeneous or topologically disordered porous media. P. King (1987) confirmed
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the above studies with simulations of two-fluid, radial displacement flow at differ-
ent viscosity ratios. DeGregoria (1985,1986) developed a model similar to Chen
and Wilkinson's in order to describe two-fluid displacement in homogeneous porous
media at finite viscosity ratios. At the same time, Sherwood and Nittmann (1986)
developed & model in order to describe the transition from DLA to plug flow at
the limit of vanishing interfacial tension. Sherwood (1986), based on DeGregoria’s
and Sherwood and Nittmann'’s work, studied the distribution of the size of trapped
areas of the displaced fluid during two-fluid, radial displacement in porous media

at the limit of vanishing interfacial tension.

From the above studies and other observations on both three- and two-dimensional

media the following have been observed:

(a) Wetting properties are important. There is a qualitative difference in fingering
when the invading fluid does or does not wet the medium. In the former case
fingering is characterized by some x;aacroscopic continuum scale, whereas in

the latter fingering is more likely to be confined to the pore scale.

(b) Characteristic macroscopic scales, if present, decrease with increasing capillary

number.

(¢) When the invading fluid is non-wetting, the resulting pattern is “a probe of the
topology of the microstructure and is characteristic of percolation behaviour,

with a backbone that may have a fractal character” (Homsy 1987)

(d) There is simultaneous flow of both phases in a zone behind a displacement

front, assuming such a front may be identified.
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The percolation theory has been used to describe capillary fingering, It was intro-
duced by Hammersley (1957). Kirkpatrick (1973) extended the percolation theory
in order to describe transport in porous media. Results presented by Kirkpatrick
for cubic networks were limited by the fact that all the bonds of the network that
were allowed to conduct flow had the same conductivity. Larson et al. (1977,
1981a,b) made an attempt to determine the relative amounts of invaded areas and
the characteristic size of trapped areas, However, this approach, known ns classical

percolation theory, fails to describe trapping of the displaced fluid,

Later, Chandler et al. (1982) followed a different approach from the classical per-
colation theory. According to this approach, the porous medium is represented
by a network of interconnected capillaries with radii following a uniform size dis-
tribution. Therefore, capillaries with the smallest radius will provide the highest
capillary pressure, Chandler et al. (1982) interpreted the above considerations in
a stepwise Monte-Carlo process. The algorithm starts from an initial interfuce at
one end of the lattice. Random numbers are assigned to the interfacial honds rvep-
resenting the radii of the capillaries and the interface moves along the bond with
the largest random number (rank) in the case of drainage. Concequently, random
numbers are reassigned to the interfacial bonds and the previous steps are repented
until the interface reaches the other end of the network. Trapping of the displaced
fluid is taken into account at each step of the process by checking for trapped ar-
eas. This algorithm predicts fingering and trapping at all length scales, leading to
high residual saturation of the dislplaced fluid. Chandler et al. (1982) calculated

a fractal dimension (Dy = 1.83) which was different from the value of the fractal
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dimension (D; = 1.89) predicted by the classical percolation theory.

Wilkinson and Willemsen (1983), motivated by the above work of Chandler ct
al,, introduced a new form of percolation theory known as Invasion Percolation.
Invasion percolation is a dynamic model which describes the displacement process
at constant flow rate rather than at constant applied pressure, which was the case
of the previous studies carried out by Larson et al. (1983), deGennes and Guyon
(1978) and Lenormand and Bories (1980). It is this feature which leads to the
dynamic rule of advancing the interface at the point of least resistance, as opposed
to advancing all interfaces up to some chosen threshold resistznce. In the presence of
the trapping rule, the distinction between constant flow rate and constant pressure
difference becomes very important, at least from the point of view of simulation,
because invasion percolation implies a unique time sequence of advances of the
interface, and hence a unique way of deciding whether or not a given portion of
the displaced fluid becomes trapped. By contrast, at a given applied pressure.
the interface can advance in many places, and different time orderings can lead
to different trapping configurations. Invasion percolation provides a value for the
fractal dimension which is very close to 1.82. The difference between this value and
1.89, which is the value of the fractal dimension predicted by the classical percolation
theory, is due to trapping of the displaced fluid. Lenormand and Zarcone (1985a)
confirmed the findings of invasion percolation by experiments in network models.
They measured a fractal dimension of the invading cluster which was very close to

the value predicted by invasion percolation.

Additional studies on invasion percolation were carried out by Wilkinson and Bar-
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sony (1884) in two and three dimensions to obtain critical quantities of the percola-
tion cluster. McCarthy (1987), based on invasion pereolation theory, computed the
critical points and critical exponents of percolation on a random lattice which is the
dual of a Voronoi network. Ramakrishnan and Wasan (1986), based on the pereola-
tion theory, carried out studies on two-fuid displacement flow in a porous medium,
They used the Bernoulli percolation model for an infinite lattice in order to inter-
pret the capillary behaviour of the medium and to calculate the capillary pressure-
saturation relationship, Later, Wilkinson (1986) suggested that some pereolation
ideas ave consistent with the multiphase Darcy equations. Wilkinson observed some
critical behaviours of the relative permeability and capillary pressure curves. By
using tuese results, he made predictions for the shape of the fluid saturation profiles
near the percolation threshold in the presence of buoyancy or viscous pressure gra-
dients. Yanuka et al. (1986) modelled the fuid displacement in three dimensions,
based on the classical percolation theory. However, this method is time-consuming
an:' does not take trapping of the displace - 1 into account. Laidlow et al. {1088)
examined the two-fluid displacement of a compressible fluid. Mohanty ct ul. (1987)
developed a deterministic model to predict imbibition displacement flow in porous
media ir. the capillary fingering region. By using a two-dimensional network, they
predicted the saturation of the displaced fluid. Most recently a percolation model
was proposed by Bakurof et al. (1990) to describe oil displacement in porous media.

An excellent introduction and overview on percolation theory is given by Staufler

(1985).

Lenormand and Zarcone (1985b), following an earlier experimental technique of
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Lenormand et ol (1983), demonstrated the transition from capillary fingering to
viscous fingering at low viscosity ratios and from capillary fingering to plug flow
at high viscosity ratios. Lenormand (1986a) explained the fluid displacement in
network models and the different transitions as well as the differences between

imbibition and drainage displacements,

Up to this point the three distinct behaviours of immiscible displacement (viscous
fingering, capillary fingering and plug flow) have been mentioned together with some

numerical and experimental studies that have been carried out.

Lenormand (1985) mapped the domains of validity of the three types of immiscible
displacement of a wetting fluid by a non-wetting fluid onto the plane having axes
representing the capillary number and the viscosity ratio. This mapping has been
called the phase diagram for immiscible displacement (see Figure 2.9). According
to the phase diagrain, each domain corresponds to a different basic mechanism for
linear displacement (i.e. the displacement that occurs when the displacing fluid is
injected along one side of the network and the displaced fluid is recovered along
the opposite side) in which only one kind of force is acting the other two being
negligible. Therefore, the flow pattern of the displacing fluid is the result of the

interplay of three kinds of forces:
{a) viscous forces in the displacing fluid
(b) viscous forces in the displaced fluid

(c) capillary forces at the interface.
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Figure 2.9: The phase diagram for drainage displacement in a porous medium
(Lenormand 1985). Piston, Invasion Percolation and DLA correspond to stable
displacement (plug flow), capillary fingering and viscous fingering at a low viscosity
ratio, M. '
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Lenormand (1986b) extended the phase diagram to three-dimensional porous media.
Later, Leclerc and Neale (1988) developed a model in order to describe the transition
between the three distinct behaviours mapped on the phase diagram. Their study
made use of the DLA and anti-DLA models as well as the notion of the plasc
dingram. Viscous fingering at low viscosity ratios and plug flow are modelled by
random walkers released from within the wetting and non-wetting fluid, respectively.
Leclerc and Neale chose a sticking probability equal to the normalized ratio of an
intraphase pressure drop to the capillary pressure. At high flow rates the sticking
probability is close to one and walkers stick upon first contact with the interface.
At low flow rates and low viscosity ratios, random walkers are allowed to wander in
the displacing fluid (anti-DLA). In the capillary fingering region, random walkers
wander only within the displacing fluid and, upon sticking, the interface is allowed
to move to its neighbouring sites depending upon the sticking probability. This
algorithm, although successfully describing the transitions on the phase diagram,
does not take into account trapping of the displaced fluid nor the local anisotropy of
the porous medium, since random walkers move with equal transition probabilitics
(=0.25) at each step. In addition, the algorithm does not predict the transition from
DLA to plug flow. Therefore, the flow pattern of the displacing (non-wetting) fluid
results rather from the randomness of the random walkers and the next-to-nearest
neighbour contacts of the interface as well as the diagonal steps of the random
walkers. In addition, the structure and the anisotropy of the porous medium are

ignored.

According to Lenormand (1989a), the main drawback of the basic stochastic mod-
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els is in the modelling of displacements at finite viscosity ratios in the transition
from DLA- to plug flow limits. In addition, many questions about the role of the
interfacial tension still remain unanswered and no attempt has been suceessfully
made to incorporate the interfacial tension in the DLA madel. The DLA model as
applied by Paterson (1984) accounts for miscible displacement, i.c, at the limit of

vanishing interfacial tension at a very high capillary number,

The deterministic models mentioned above make use of the clectrical analog of
the flow in porous media, and for Newtonian fluids the problem is reduced to the
solution of a set of linear equations for the pressure. However, difficultics arise
when capillary effects due to the interfacial tension are taken into acconnt. From
the mathematical point of view, the threshold due to the capillary pressure leads to
a non-linear problem: the system of equations used to solve for the pressure at cich
node requires knowledge of which channel will next be invaded by the meniscus,

and this knowledge itself requires the value of the pressure at cach node.

In order to avoid difficulties due to this non-linearity, different approaches have
been used. All of these approaches consist of replacing the non-linear problem by »
set of linear problems. Koplik and Lasseter (1986) used a trial technique in which
all possible combinations of elementary displacements are investigated. For ench
case the problem becomes linear. Instead of the threshold value for the pressure
at each cylindrical channel, Payatakes (1982), Payatakes and Dias ( 1984), Dias
and Payatakes (1986a,b) and Vizika (1989) used the more realistic represcutation
of a conical pecre. These studies examined microdisplacement of a non-wetting

fluid by a wetting one, and the mobilization of oil ganglia. However, due to the
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pore georietry, the capillary pressure changes along a channel and many steps are
required to resolve the motion of the interface in a single channel. The above

methods are time consuming and limited to small networks.

Lenormand et al. (1988) developed a model which takes the capillary pressure into
account and allows simulations of large networks (100x100). According to their
approach, if the pressure drop between two nodes is less than the capillary pressure,
the flow rate in this channel is taken to be zero for diphasic flow. Lenormand et al.
(1988) used a relaxation technique to solve for the pressure on a network represented
by cylindrical capillaries. The pores (nodes) are spherical and represent the porosity
of the network. According to this approach motion of the interface is considered
only in the pores. Therefore, a pore may contain both fluids whereas a channel

contains either one of the fluids.

Most recently, Blunt and P. King (1991a,b) followed a similar approach to perform
large scale simulations. They solved the linear problem by using a Gauss-Seidel
overrelaxation technique. Motion of the interface is considered only in the pores in
a similar way as in the previous study (Lenormand et al. 1988). However, pores
may be invaded by both fluids. This approach allowed them to perform large scale
simulations in three-dimensional networks and to predict the relative permeability
as a function of saturation for different capillary numbers and viscosity ratios. These
nredictions show that the relative permeability is a function of the viscosity ratio
and the capillary number. Their results are in agreement with the predictions made

previously Leverett (1941), Odeh (1959), Tuber (1971) and Lefebvre du Prey (1973).
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Lenormand (1989b), based on previous numerical and experimental studies, im-
proved the concepts of the phase diagram. In that work, Lenormand presented
some quantitative equations for the limits of the phase diagram by considering

some principles of the invasion percolation theory and simplifications of the physi-

cal problem.,

The limits of the DLA region are expressed by the following cquations:

Caprs = CYAR/LY A (r,/h)*M (2.20)

Mppa = Co(h/L) (2.21)

The limits of the plug flow ( piston) region are

Capr = C3\(r,/L)} (2.22)

Mpp ~ 1 (2.23)

The limits of the invasion percolation region are

Cainy = CoMR/LYY(ro/h)® M > Mpp (2.24)

Carny = CsMro/L) (1, /h)* M < Mp,, (2.25)
In the above equations A denotes the dispersion of a uniform size distribution of the

channels, L the length of the network, r, the average channel radius, h the length

of the network lattice unit, and C, — C; are proportionality constants.
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2.4 Objectives

The objective of the present study is to develop efficient numerical models which
would be capable of simulating the displacement of a wetting fluid by a non-wetting

fluid in & porous medium represented by a two-dimensional network of intercon-

nected capillaries.

‘Two computer programs will be developed, one based on a stochastic and the other

on a deterministic approach for solving the governing equations at the pore level.

The stochastic approach will be applied to predict the transition from one behaviour
of the displacing fluid to another by making use of the DLA, anti-DLA and inva-
sion percolation models modified in order to incorporate the local anisotropy and
heterogeneity of the porous medium. This approach will enable predictions of the

effects of viscous and capillary forces on:
(a) the dynamic behaviour of the displacing fluid and the oil recovery,
(b) the island formation and the island size distribution,
(c) the fractal behaviour of the displacing fluid.

The deterministic approach will be applied to predict the transition from one be-
haviour of the displacing fluid to another by applying certain rules for the advance-
ment of the interface inside the channels while neglecting the pore space. The

deterministic approach will enable predictions of:

(a) the effects of viscous and capillary forces on the dynamic behaviour of the

displacing fluid and on the oil recovery,
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(b) the effects of local anisotropy and heterogencity of the porous medium on the

dynamic behaviour of the displacing fluid.

Finally, this study will provide a direct comparison between the two geroral ap-
proaches used for the modelling of flow in porous media with previous theoretical
and experimental studies. The simulations are expected to reveal important implica-
tions on enhanced oil recovery processes by providing insight into certain significant

aspects of the physics of flow in porous media.
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Chapter 3

MODELLING OF FLOW IN
POROUS MEDIA

This chapter describes the network representation of a two-dimensional porous
medium and the stochastic and deterministic approaches for the modelling of the

displacement of a wetting fluid by a non-wetting fluid in a porous medium.

3.1 The Network Representation of a
Porous Medium

As has been mentioned in Section 2.1, a network model of a porous medium is a
mathematical representation. The purpose of such a model is the representation of
a porous medium which retains the most important characteristics and properties of
the porous medium but does not retain the complexity of its structure. Therefore,

the mathematical treatment of the physical phenomena is facilitated.

The network which is used in the present study consists of spherical pores multi-
connected by cylindrical channels. The pore and the channel radii follow a uniform

size distribution. This approximation has been made by many authors (Chandler
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et al. 1982, Lenormand et al. 1988, Blunt and P.King 1990a, and others). Dins
and Payatakes (1986a,b) and Vizika (1989) made a more realistic approximation of
representing the porous medium by a network of conical pores However, this last
approximation makes the problem more complicated and limited to small networks.
In addition, phenomena such as viscous and capillary fingering cannot be distin-
guished in the scale of a few pores. Therefore, large networks are required in order
to study the above phenomena and to describe a macroscopic behaviour of the o

reservoir with respect to these phenomena and the transition from one to another.

A two-dimensional network is characterized by the number of pores in each direction,
N and N, the thickness of the network, and the distance between the centers of

two adjacent pores, h (constant), and the pore and channel radii.

The total number of pores in the network is

N, = NN, (3.1)

and the total number of channels is
Ny = (2N, +1)N, + N, (3.2)

For the notation of the pores and the channels, consider a pore in the network with

coordinates (iz,4,), where 7, is in the flow direction. Then this pore is numbered as

follows
ip =N, + 1, (3.3)

To number the four channels connected to the pore i, consider the schematic rep-

resentation of Figure 3.1. According to this representation the channel notation s

43



'(41 ip)

(2ip) 2 ip (3,ip)

(1,ip)

Figure 3.1: Representation and numbering of the channels connecting & pore with
the network.
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as follows:
(1,7,) = 20N, — i, N,
(2,4p) = 2(iz — 1)V, + i,
(3,4p) = 2, N, +1,
(4,4p) = 2i, Ny +i, — N, + 1 (3.4)

A channel connects two pores. Then according to the notation, the channel (2,i,)
is identical with the channel (3)i, — N,). The length, I;, of a channel conneceting
the pores i and j is given by

I,'_,‘ =h - R,‘ - RJ' (3.5)

where R; is the pore radius and h the distance between the centers of two adjacent

pores.

In the following sections two computer network simulators are described,

3.2 The Stochastic Approach

The displacement of a wetting fluid by a non-wetting fluid in a porous medium is
described. Flow of both pheses is described by Darcy’s equation (Equation 2.13),

provided that the Reynolds number, Np,, is very low.

The continuity equation for incompressible fluids (Equation 2.18) in conjunction

with Darcy’s equation for each phase (Equations 2.14, 2.15) becornes
v. (ff—"i‘ivn;d) =0 . (3.0)
i;d
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where all of the terms in Equation (3.6) have been defined in Chapter 2.

Assuming that the wetting fluid initially occupies 100% of the available pore space in
the porous medium, and that none of this fluid remains undisplaced in the zone in-
vaded by the non-wetting fluid, the above equation for a homogeneous and isotropic

porous medium reduces to Laplace’s equation for the pressure (Equation 2.17).

Considering the displacement of a viscous fluid by a less viscous one, one may
approximate P=constant in the less viscous fluid (Paterson 1984). The DLA modcl
describes the movement of a random walker (Shreider 1963, Rudnick and Gaspari
1987) in the context of diffusion-limited aggregation, so that for a constant flux of
walkers from a source far away from the aggregate (to which the walkers eventually

stick) Laplace’s equation must be satisfied

Viu=0 (3.7)
where u(x,k) is the probability that a walker is at point x at the kth step with

the condition u=0 on the boundary of the aggregate. The aggregate grows with a

velocity, V, proportional to Vu. Therefore:

V = KVu (3.8)

where K is proportionality constant.

Modelling of viscous fingering according to the DLA model is based on the sim-
ilarities between Equations (2.13) and (3.8) and (2.17) and (3.7). Therefore, the

displacement of a viscous fluid Ly a less viscous fluid can be described by releasing
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random walkers from the recovery side and letting them stick upon contact in the
interface. In a similar way, the displacement of a fluid by a more viscous one can

be described by the anti-DLA model {Paterson 1984).

To take into account the capillary pressure at the interface, an early approach
(Kiriakidis et al. 1991a) made use of a sticking probability which is given by

Py

PN = ———— 3.9
6Pyww + Pc (3.9)
where §Pywyv is a pressure difference in the non-wetting/wetting finid, referred

to as the intraphase pressure drop (Leclere and Neale 1988), and P the capillary

pressure,

The pressure difference 6 Priyay is determined by following a simplifyir. g assunption
made by Lenormand (1985a). Thus, at the limit of stable displacement {plug flow),
flow of both fluids occurs through N, parallel channels of radius 7o, which is the

average channel radius. Darcy’s equation for single-phase flow becomes:

%: ﬁ%ﬁ (3.10)

where Q is the flow rate, L the length of the porous medium, AP the pressure
difference, A the flow cross-sectional area and & and st as previously defined, Then,
according to Lenormand’s assumptions and by approximating the effective perme-
ability of the porous medium to cach fluid by the permeability of the porous medium,
the pressure difference in each fluid for A=2Lr, is given by

L )
SPnway = g’;ﬁ# (3.11)

In the DLA limit, flow of the displacing, non-wetting fluid is assumed to ocenr in one

single channel of length L and radius r,. On the other hand, flow of the cdisplacerd
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Huid is assumed to oceur in N parallel channels of radius r,. Then, from Equation

(3.10) for A=2Lr, and A=nr? we have

L

0Py = ____Qmil;w (3.12)
L

6Py = ——?n ;f"’ (3.13)

The sticking probability, ¢nw v, expresses the susceptibility of the interface to re-
arrangements after first contact, provided that 8 Pyw . is not too high with respect
to the capillary pressure, since in the case of drainage the capillary pressure op-
poscs advancement of the interface. When FPo is close to SPnw .y, walkers will
tend to avoid narrow channels. On the other hand, when Pc is negligible compared
to 8Py gy, the sticking probability approaches unity and the limit of vanishing

interfacial tension is obtained.

"To model capillary fingering an approach similar to an earlier one (Leclere and Neale
1988) has been followed. Each pore is connected with four nearest-neighbours. The
number of active bonds for percolation for each pore is obtained by performing four
coin-toss trivls per site with a probability which is equal to the non-wetting sticking

probability, éniy.

The above approuch, although providing a satisfactory description of the dynamic
behaviour of the invading fluid, ignores certair aspects of the physics of the dis-
placement. In particular, the local anisotropy of the porous medium is taker into
account only by a sticking probability via the capillary pressure which is inversely

proportional to the channel radius. In addition, the equations which determine the
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mtraphase pressure drop appear rather simplistic and the pressure field is i thored,

In a later study (Kiriakidis et al. 1990a,b, 1991D), a ditferent approach was adoptad
by considering the flow conservation equation for incompressible flow in enchy pore

expressed by
1
2.Q:=0 (3.1.1)
i=1

where @; is the flow rate in any channel connecting a pore with its four nenvest
neighbours. Then, considering a pore i in each of the two phases and assuming that
flow in the channels is described by the Poiseuille Equation, the flow rate in the

channel connecting por.si and j is expressed by
Qi; = Gy(P; - P)) (3.15)

where G, is the flow conductivity of the channel, defined as

-n-rl,j-i

8l ij

Gij = (3.16)

where I;; is the length of the channel counecting pores i, j. Then, the flow conser-

vation equation may be written as

4
>_Gi(Pi~Pj)=0 (3.17)

j=1
or

p _ Zi=1 GiiP;
L 1 6.
7=1 1 F]

The last equation is equivalent to equation (2.26) and it is satisfied by & random

(3.18)

walker which is launched from & site i and moves to each necighbouring site with »

transition probability given by

Gi;

p=—CU_ (3.19)
;=l GIJ
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The random walker subsequently sticks upon contact with the interface.

‘To make an approach for the sticking probability consider the rate of growth of a

perturbation (Peters and Flock 1981) which is given by

n & e’ Jol(a, ¢)eos(Cx) (3.20)

where 57 is the frontal perturbation velocity, o the wavelength, J,, the Bessel function
of the first kind, t the time, ¢ and x the cylindrical coordinates, w the stability index
and m an integer number (m=0,1,2...). The stability index is given by
= oz ~ m)V - EPNW — pw)geos(7)] — oy
1
(3w + 7w)

(3.21)

where Anwyy is the mobility of the non-wetting/wetting fluid and 7 the angle

between the flow direction and the horizontal plane.

Considering the above equation in the absence of buoyancy forces and in the limit

of vanishing interfacial tension, one can write
3 3
w og MW (3.22)

or

o (3.23)

In the simulation of the two-fluid, immiscible displacement the sticking probability

is taken to be

o
$w = 1 1 (3.24)
Aw
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The mobility of each fluid can be expressed by

KR NIt s
Avpgy = ——— (3.25)
SN

and assuming the following dependence of the relative permeability, & x, on
the saturation, sy .y

" o
ReNwiy = Shay (3.20)

the sticking probability can then be determined from Equation (3.24).

Considering Equation (3.24), when ¢y approachies unity the stability index, w,
becomes very high and the perturbations tend to grow further forming fingers of
the invading fluid. Simulating a displacement process by random walkers, walkers
launched from within the displaced fuid (DLA) tend to enhance instability growth.
The rate of growth of an instability depends on the viscosity ratio and it is higher at,
low viscosity ratios since the stability index is high. As the viscosity ratio approachies

unity the stability index tends to zecro leading to & flat front.

In the capillary fingering region the capillary forces dominate and motion of the
interface occurs smoothly, and in the case of drainage through the path of least
resistance, which is provided by the capillary pressure. Since the pore diameters
are, in general, larger than the channel diameters, the capillary pressure is expeeted
to be higher when the interface is located in the channels. Thercfore, what controls
motion of the interface is the local pore structure and geometry. At any given stage
of the displacement the interface does not see the exit. An approach very similar
to that of Chandler et al. (1982) has been followed here. Random numbers are

assigned at the beginning of the simulation to all of the channels, corresponding
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to their radius. At any step the interface advances through the channel with the
largest random number (largest radius) and automatically fills the corresponding
pore which was initially occupied by the displaced fluid. This procedure is repeated
until the interface reaches the recovery side. At this point it is important to notc

two major characteristics of this approach:

(a) At any given step of the simulation, only one pore is filled with the invading
fluid which is equivalent to a constant flow rate condition (Wilkinson and

Willemsen 1983).

(b) The random numbers corresponding to the channel radii are assigned only once

and they are maintained constant throughout the simulation.

To consider the immiscible displacement of a wetting fluid by a non-wetting one in
the transition egions (DLA-capillary fingering, plug flow-capillary fingering and
DLA-plug flow) the phase diagram is taken into account and in particular the
equations which express its limits (Equations 2.20-25). According to this approach,

displacements at tow viscosity ratios are described by the DLA model when
NCu > CaDLA (327)

where C'appa is the capillary number at the DLA limit. In this case only wetting
walkers approach the interface, moving with a transition probability, p, and sticking
in the interface with a sticking probability, ¢yw. In this region viscous forces in the
displacing fluid and capillary forces at the interface are negligible compared to the

viscous forces in the displaced fluid.
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For displacements in the transition region between DLA and capillary fingering, i.c.

when
Capra > Neo > Cagyy (3.28)

where Ca;yy is the capillary number at the capillary limit, both viscous forees i
the displaced fluid and capillary forces at the interface are significant. In this region,
the interface moves according to both the DLA and the invasion pereolation madel

with a phase transition probability given by

- O(CGDLA) — O(NCﬂ)
¥ = O(Cania) — OCarny) (3.20)

where “O” denotes the order of the capillary number as approximated by the loga-

rithm (Kiriakidis et al. 1990b).

For displacements in the capillary region (Ng, < Caynv) only capillary forces age
significant and advancement of the interface occurs by the invasion percolation

mechanism.

In a similar way, the transition from plug flow to capillary fingering is modelled

with a phase transition probability expressed by

v = 2Cerr) — O(Ncd)
"~ O(Capr) ~ O(Cayny)

(3.30)

An attempt to model the transition from DLA to plug flow limits has also bheen
made. In this region viscous forces in both fluids are significant and they ure taken
into account. Therefore, both the anti-DLA and DLA mechanisms are used with

phase transition probability, %, given by

= O(Mpr) — O(M)
" O(Mpr) — O(Mpra)

(3.31)
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Summarizing the stochastic approach, the following points should be noted:

(a) Heterogeneitics and anisotropy of the porous medium are taken into acount by
the transition probability of the random walkers which depends on the flow

conductivity of the channels.

(b) The sticking probability of the wetting walkers depends on the mobility ratio

and provides a measure of the tendency for instability growth.

(c) Capillary effects are taken into account only in the transition regions towards
capillary fingering. The phase transition probability provides a measure of
the significance of the capillary forces with respect to the viscous forces. In
the transition regions and the capillary region motion of the interface occurs

by following the invasion percolation mechanism.

(d) Regions of the displaced fluid that are completely surrounded by the invading

fluid are not invaded, since the fluids are incompressible.

At this point some aspects of the stochastic solution to the problem are discussed.
Solution of the problem, i.e. determination of the pressure field, necessitates the
solution of an elliptic equation. In a deterministic method, the pressure field, the
velocity and the fluid motion are calculated and implemented explicitly. However, in
a stochastic method this is not the case. Instead, the solution of the elliptic equation
for the pressure is modelled by random walkers. This technique is known to converge
to the correct pressure field after a large number of walkers are averaged (Shreider

1963). This last condition is satisfied either by allowing the random walkers to
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stick to the interface with a sticking probability or by having an interfacial pore
visited at least N, times before the interface advances to this pore. A discussion on
this subject has been presented by Siddiqui and Sahimi (1987) with references to o

number of proposed approaches in the literature.

A logical question that arises is how N, is related to the physical probletn and how
large it should be in order to approach the correct solution to the problem. These
questions still remain unanswered. In the present work N, is arbitrarily equated to
Npim=2. Higher values of N, result in a dramatic inerease in the exceution time

of the algorithm.

The flow diagram of the computer algorithm based on the stochastic model is
given in Figure 3.2. The simulation commences by assigning the pore and channel
radii (according to a uniform size distribution), the length, L, the number of pores,
N and Ny and the thickness h. The input data (flow rate, viscosities, interfacinl
tension, contact angle) are fed in and the limits of the phase diagram are calenlited
from the physical properties of the fluids and the geometrical characteristics of the
porous medium. Then, depending upon the capillary number of the displacement,
and the limits of the phase diagram, one of the mechanisms described sbove js
followed. When random walkers reach the boundary walls they arve cither killed
(absorbing boundaries) or reflected (retlecting boundaries). A very important and
time consuming part of the algorithm is the test for trapped arcas at cach step in the
simulation. These regions are checked by tracing the perimeter of such areas. The
algorithm finally stops when the interface reaches the recovery side. The efficiency of

the displacement process is obtained from the caleulation of the fraction of invaded
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Figure 3.2: The Stochastic Algorithm for modelling of two-fluid immiscible dis-

placement flow in a porous medium.
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pores,

The simulations were implemented in a computer program written in standard FOR-
TRAN 77 language. Standard IMSL routines were used extensively, in particular
GGBN (binomial distribution; weighted-coin tosses) and GGUBFS(pseudo-uniform
random number generator). The runs for the simulations were performed in the

University of Ottawa’s AMDAHL 5860 mainframe computer (CMS operating sys-

tem).

3.3 The Deterministic Approach

3.3.1 Monophasic Flow - Permeability
of the Porous Medium

The permeability, «, of a rorous medium, represented by a network of multicon-
nected channels whose radii follow & size distribution, is determined by considering
monophasic flow of a Newtonian fluid of known viscosity and injected at a constant,

flow rate.

The flow rate in a channel is assumed to obey the Poiseuille equation and the flow
conservation equation for incompressible flow at each pore is described by Equation
(3.13). The injection pressure is determined by a flow conservation equation in the
injection side of the network and the pressure in the recovery side is maintained

constant at an arbitrary value,

The problem to be solved consists of N, + 1 linear equations, with unknowns being
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the N, nodal pressures and the injection pressure. The problem is solved by using
a Gauss-Seidel successive overrelaxation technique. The pressure P, in a pore i is

determined by

OGP
P =(1-pp + Tz Gl (3.32)
i= GIJ
where /s the overrelaxation parameter {(=1.7), P; the pressure at any neighbouring

pore and G5 as previously defined.

The solution of the problem determines the injection pressure and therefore the
pressure difference, AP. The permeability, &, is determined according to Equation

(3.10) as follows

L .
K= %g_P (333)

where all the quantities have been defined before.

3.3.2 Two-Fluid Displacement Flow

The imwiscible displacement of a wetting fluid by a non-wetting one is modelled by
a deterministic network simulator which is described below. The model is based on

the following assumptions:

(a) Both fluids are Newtonian and incompressible.

(b) Poiseuille equation describes flow in the channels.

(¢) Dynamie effects on the contact angle due to the flow are neglected.
(d) Gravity effects are neglected.

{¢)} The pressure drop occurs only in the channels.
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(f) The pores are filled completely with cither the invading (non-wetting) tluid or

the displaced (wetting) fluid. However, the channels may contain both fluids,

Tnitially the wetting fluid is in place in the network and oceupying the entire pore
space. The non-wetting fluid is injected at a constant flow rate in the injection
side and the pressure in the recovery side is kept constant. No-flow conditions nre

imposed in the lateral boundaries.

Flow in a channel where both fluids are present, is expressed by the Poiseuille
equation as follows (Dias and Payatakes 1986a)

.
Qij = SI_--;;L(R - P - P, )t (3.34)
tjfle

where @;; is the flow rate, P, and P; the pressures in the pores i and j which are
filled with the non-wetting and the wetting fluids, respectively, Pe, the capillary
pressure, . an effective viscosity and ;;; r;; as previously defined. Ly this conation
the + sign denotes the positive part, meaning that Q;;=0 as long as (P, — Py <
otherwise, the expression for the flow rate is the one for biphasic flow in o channel

with a pressure jump at the interphase.

The effective viscosity in an interfacial channel s given by (P.King 1987)

He = INWENW + Zw ity (3.39)

where Ty v is the volumetric fraction of the non-wetting/wetting finid in the
chanael. The use of this expression for the effective viscosity is restricted to very
small displacements of the interface inside the channel since the fraction TNWIY

changes with the position of the interface in the channel.
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Flow in the bulk fluids is modelled by the equations describing monophasic flow,
i.e. by the flow conservation equation at cach pore. However, the flow in interfa-
cial channels no longer depends lincarly on the pressure difference as can be scen
from Equation 3.34. The flow is zero up to a threshold value corresponding to the
capillary pressure. To illustrate the above considerations, consider the very simple
madel proposed by Lenormand ct al. (1988) consisting of two parallel channels,
a case that can be studied analytically. The radii of the capillaries are r; and »,
(rt > 1y), Pe, and Pg, are the two capillary thresholds (Pp, < Pg,) and G, and
G, are the flow conductivities. The non-wetting fluid is injected at a constant flow
rate Q at a uniform (but changing) injection pressure, P, with a constant pressurc

at the exit (P=0). It is also assumed that the fluids have the same viscosity.

Initially, the two menisci are located at the entrance of each channel (Figure 3.3a).
The problem then is to determine the pressure P at the entrance as a funrtion of

the total flow rate Q. The total flow rate is given by
Q =GP — Po,}* 4+ Go( P - Pp,)* (3.30)

As long as P is smaller than Pg, then each of the two terms in the above cquation
is zc10 and there is no displacement. When P is between P, and i4,, only the
first term is not zero, and displacement occurs only in the first channel whose flow
conductivity is Gy, which is the slope in Figure 3.3b. When P > Pg, displacement
occurs in both channels. The slope in Figure 3.3b is &) + G». This sitaple model
describes the physics of the displacement of a wetting fluid by a non-wetting fluid

in a porous medium represented by a network of interconnected channels.




2 21
P=0 Q .-
1
I 0 {
(2) (b)

Figure 3.3: Displacement of a wetting fluid ( white) by a non-wetting fluid (black) in
two parallel capillaries: () initial configuration, (b) non-linear relationship between
the flow rate, Q. and the injection pressure, P

63



The solution of the non-linear problem is approximated by a relaxation technique.
The solution of the linear, monophasic problem provides an initial guess for the non-
lincar problem. The injection pressure is then modified by including the capillary
pressure. At cach step, the pressure at each pore is updated through the flow
conservation equation. When the threshold pressure is not reached in interfacial
channels, their flow conductivities are set equal to zero and no flow is conducted
through those channels. The relaxation procedure stops when o, satisfactory stability
is obtained. Then, the flow rate in each interfacial channel is calculated by using the
Puiseuille equation. A time step is calculated so that only one channel is completely
filled with the non-wetting fluid. Then, the interface is advanced in all the interfacial
channels according to the flow rate and the time step. The interface is frozen in
channels where the threshold pressure is not reached. As soon as the non-wetting
Huid fills an interfacial channel it fills automatically the corresponding pore. At
this stage the volumetric fractions of the fluids, the flow conductivity of and the
effective viscosity in the interfacial channels are calculated. New interfacial channels
arc assigned around the recently invaded pore. At this stage of each step it is
possible that interfacial channels are found between two pores filled with the non-
wetting fluid. In this case, the flow conductivity of these channels is set equal to
zcro for the rest of the simulation. A trapping rule is used at this stage to check for
trapped pores occupied by the wetting fluid. These pores are recorded and the flow
conductivity of the channels which connect these pores with the rest of the network
are set equal to zero for the rest of the simulation. The above procedure is repeated
at each step until one of the exit channels (channels connected to the recovery side)

is invaded by the non-wetting fluid. At this point, the fraction of the invaded pores
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is caleulated as well as the oil recovery from the invaded pores and chanunels,

The present al* orithm can also be used to describe the dynamie behaviour of the
invading fluid in the presence of connate regions of this fluid in the porous medium.
The connate phase occupies the pores and channels which conneet these pores. It
is assumed that the connate regions are immobile and that there is 1o flow within
these regions. Therefore, the pressure field is not ealeulated within thesc regions,

Channels containing the connate phase are taken to be non-conductive (G=D0),

The simulation proceeds as it was described before. At any step of the sitnlation,
the algorithm checks to see if there is a channel with connate phase conneeted to
the newly filled pore. If there is one, the region of the connate phase to which this
channel belongs is identified and this region becomes part of the inviding phase.
The flow conductivities of the channels previously containing the counate phase npe
calculated and new interfacial channels are assigned to the new front. These steps

are repeated throughout the simulation.

The two-fluid immiscible displacement of a wetting fluid by a non-wetting fluid
in a disordered porous medium can be described by the deterministic algoritlun
described in this section. Sites with a co-ordination number less than four are
assumed to have fictitious bonds of zero conductivity. Thus the disordered network
is equivalent to an ordered network which contains a number f non-conductive
bonds. In the simulation, the flow conductivity of fictitious channels is set equal to
zer~ throughout the simulation. The simulation proceeds in exactly the same way

as it was described before.
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In conclusion, the deterministic model described above simulates the displacement
of u wetting fluid by a non-wetting one in a porous medium represented by a network
of interconnected channels. The algorithm is based on a simple model proposed by
Lenormand et al. (1988). The problem is non-linear due to the capillary pressure
involved in the calculation of the flow rate in interfacial channels. The solutjon of
the non-linear problem is approximated by a relaxation technique which is used in
order to determine the pressure field. In interfacial channels where the threshold
pressure, which is represented by the capillary pressure, is not reached the interface
is frozen. Advancement of the interface is resolved only inside the channels and

only one pore is invaded by the non-wetting fluid at any given step.

A flow diagram of the computer algorithm is presented in Figure 3.4. The simu-
lations were implemented in a computer program written in standard FORTRAN
77 language. The runs for the simulations were performed in the University of Ot-
tawa's AMDAHL 5860 mainframe computer (CMS operating system) and in the

IBM RS/6000 computer {Unix operating system).
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Figure 3.4: The Deterministic Algorithm for modelling of two-fluid immiscible dis-

placement flow in a porous medium.

Read Input Data: (a) Geometrical parameters of
the network, (b) Experimental parameters

A 4

Calculate the number of channels and porcs
and number the channels and pores

\ 4

Boundary conditions: impermeable boundaries
and constant pressure at the exit

:
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interfacial channels IG=3
channels with NW fluid 1IG=2
channels with W fluid IG=1
non-conductive channels IG=0
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and the phase transition probability, ¥

v
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Calculate the flow rate in the interfacial
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v
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of the fluids, the effective viscosity and the
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Chapter 4

RESULTS AND DISCUSSION

This chapter presents simulations of flow in porous media and an extensive com-
parison of the present approaches with previous attempts at modelling two-fluid

immiscible displacement flow in porous media.

4.1 Results of the Simulations
4.1.1 Monophasic Flow - Permeability

The deterministic algorithm is used in order to study monophasic flow in a porous
medium and to calculate the permeability of the porous medium as it has been
described in Section 3.3, The permeability of the porous medium is caleulated as a
function of the average channel radius, r,, and the dispersion, A, of the uniform size
distribution: of the channel radii. For these calculations a network of size 50 x 50
is used and the permeability of the network, , is determined from Equation (3.33)

after solving for the pressure field in‘*the network.

The permeability of the network, x, is presented as a function of the average channel

radius, r,, and the dispersion, A, in Figures 4.1 and 4.2, respectively. From Figure
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Figure 4.1: The permeability, &, of a network of interconnected capillaries as a
function of the average channel radius, r,, for dispersion, A==0.5.
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Figure 4.2: The permeability, #, of a network of interconnected capillaries as a

fuuction of the dispersion, A, for r, = 2.0 X 10™*m.



4.1 it is observed that the permeability of the network increases almost linearly for
re > 107m, while for lower values of ro the increase is more gradual. From Figure
4.2 it is observed that the local anisotropy of the network, expressed in terms of Lhe

dispersion, results in a decrease of the permeability.

4.1.2 Validity of the Algorithms

Numerical results of the simulations are compared with the numerieal and exper-

imental results of Lenormand et al. (1988) in order to test the validity of tlie

algorithms,

A network of 100x100 is used, similar to that used by Lenormand et al. (1988). The
radii of the channels are chosen from a uniform size distribution [(1—A)r,, (14 Al
with 75 = 2.3 X 107*m and A= 0.56. Three cases are considered: (a) the transition

from DLA to capillary fingering, (b) the transition from plug flow to capillary

fingering, and (c) the transition from DLA to plug flow.

Using the stochastic algorithm simulations were repeated 4-6 times for cacl sot of
data by using a different random seed number. Simulations by the time-consnming
deterministic algorithm were performed only once for each sct of data. Results of
the simulations by using the stochastic algorithm are presented in Tables 4.1 and 4.2
and sample runs in Figures 4.3-4.6. Figure 4.6 shows a sample run in the capillary

region at different stages of the simulation.

Results of the simulations by using the deterministic algorithm are presented in

Tables 4.3 and 4.4 and sample runs in Figures 4.7-4.11, Figures 4.10 and 4.11
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Table 4.1: Results of the Simulations (Stochastic Algorithm)

Figure M Nea E Dy
43a |[2.0x107%]5.0x10"%]0.15-0.18 1.53-1.57
4.3b [2.0x10°[5.9x%10-7 | 0.17-0.19 | 1.55-1.58
4.3c | 2.0x107° 1.0 x10"7 {0.18-0.20 | 1.58-1.G2
4.3d | 2.0x1075|1.0x 108 | 0.20-0.23 1.61-1.G65
4.3e | 2.0 x107°| 5.0 x 10~ | 0.25-0.31 | 1.67-1.73
43f |2.0x107% (1.0 x 10-? | 0.26-0.37 1.72-1.77
4.4a 5.0 3.0 x 1071} 0.91-0.93 | 1.94-1.95
4.4b 5.0 3.0 x 1072 | 0.89-0.91 | 1.93-1.94
4.4c 5.0 5.0 x 10~° | 0.78-0.80 | 1.87-1.90
4.4d 5.0 1.0 x 10™° | 0.71-0.74 | 1.84-1.86
4.4e 5.0 2.0x107%]0.430.52 | 1.77-1.81
4.4f 5.0 2.0x 1077 | 0.26-0.37 | 1.72-1.77

Table 4.2: Results of the Simulations (Stochastic Algorithm)

Figu;e— Nc. ——I\E T E
4.5a 1.0 1 2.0 x 107% | 0.15-0.18
45b | 1.0 {2.0x107%|0.15-0.18
4.5¢ 1.0 | 2.0 x10-% | 0.20-0.22
4.5d 1.0 | 1.0 x 107! | 0.27-0.35
45¢ | 1.0 1.0 0.45-0.55
4.5f 1.0 10.0 0.91-0.94
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present two sample runs in the DLA and viscous fingering regions, respectively, at

different time steps.

The sample runs in Figures 4.3 and 4.4 and Figures 4.7 and 4.8 are at almost
identical conditions in terms of the capillary number, Ne,, and the viscosity ratio,
M, as those of Lenormand et al. (1988) in Figures 4.12-4.14. A visual comparison
immediately reveals a good qualitative agreement. The sweep efficiency (fraction of
pores invaded by the displacing, non-wetting fluid) is plotted against the capillary

number and the viacosity ratio in Figures 4.15-4.17.

In Figure 4.15 the sweep efficiency starts from a plateau at high values of the
capillary number and approaches another plateau at low values of the capillary
number. The agreement of these predictions with experiments is good. However,
the deterministic algorithm predicts a lower plateau for the sweep efficiency in the
capillary region. At high values of the capillary number the fingers grow towards
the exit with very little growth in other directions, i.e. backwards (Figure 4.7a).
At lower values of the capillary number side-branches are formed and even grow
backwards as a result of the action of the interfacial tension (Figures 4.7¢,d and
Figures 4.3c,d). In some cases, small regions of oil become trapped as a result of
the finger growth. However, these regions are of the pore scale. In this region
viscous and capillary forces are comparable and the flow pattern of the invading

fluid is a result of the interplay of these forces. Finally at very low values of the

capillary number (Figures 4.3f, 4.7f), capillary forces become dominant and the
motion of the interface is a result of the local anisotropy and microstructure of the

porous medium. Fingers grow in 2all directions leading to large trapped regions of
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Figure 4.3: Stochastic simulations of immiscible displacement of a wetting fluid
(white) by a non-wetting fluid (black) at M = 2.0 x 10~% for: (a) N¢, = 5.0 x 107"
(b) Neo = 5.0 x 107, (¢) Ne. = 1.0 x 1077, (d) Ne. = 1.0 x 10°%, (e}
Neo =50x%107%, (f) Neo = 1.0 x 1078,
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Figure 4.4: Stochastic simulations of immiscible displacement of a wetting fluid
(white) by a non-wetting fluid (black) at M=>5.0 for: (a) Neo = 3.0 % 10~%. (b)
Neg = 30%1072, {¢) Neo = 5.0x 1075, (d) N = 1.0x 1075, () N = 2.0 107",

(f) Neo =2.0x 1077,
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Figure 4.5: Stochastic simulations of immiscible displacement of a wetting fluid
(white) by a non-wetting fluid (black) at N, = 1.0 for: (a) M = 2.0 x 107%, (b)
M=20x10"(c) M =2.0x10"% (d) M = 1.0 x 10", (e} M=1.0, {f) M=10.0.
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Figure 4.6: Stochastic simulations of capillary fingering (M=5.0. Neo.=1.0x10"7)
at different stages: (a) 720 steps, (I>) 1440 steps. (c') 2160 steps, (d) 2880 steps.



Table 4.3: Results of the Simulations (Deterministic Algorithm)

Figure M | Ng, E
472 | 2.0x 10°° [ 2.0 x 10~% | 0.15-0.16
47b 12.0x107° [ 7.0 x 10-7 | 0.14-0.15
47c [2.0x10-°[2.0x 167 | 0.17-0.18
47d [ 2.0x 1075 [ 3.0 x 10-2 [ 0.18-0.20
4.7¢ | 2.0x 1075 | 1.0 x 10~ | 0.20-0.22
4.7 | 2.0x10-% [ 1.0 x 107 | 0.22-0.25
4.8a 50 |3.0x10""]0.91-0.02
4.8b 50 |[3.0x10730.80-0.82
4.8¢ 50 |5.0x20°% [ 0.60-0.63
4.8d 50 |5.0x107%]0.34-0.37
4.8¢ 50 [7.0x10°7| 0.22-25
4.8f 50 [7.0x10"% 0.22-25

Table 4.4: Results of the Simulations (Deterministic Algorithin)

[ Figure | N, M E
49 | 1.0 |2.0x10-% | 0.15-0.16
495 | 1.0 [1.0x 1072 | 0.19-0.20
49c | 1.0 [1.0x 107! | 0.46-0.48
49d | 1.0 1.0 | 0.77-0.78
49 | 1.0 50 | 0.91-0.92
49f [ 1.0 | 800 |091-092
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(a) | (b)

Figure 4.7: Deterministic simulations of immiscible displacement of a wetting fluid
{white) by a non-wetting fluid (black) at M = 2.0 x 10~% for: (a) N, = 7.0 x 10-%,
(b) Neo = 7.0 x 1077, (¢} Ng, = 2.0 x 1077, (d) Ng. = 3.0 x 1075, (e)
Neo = 1.0 x 1078, {f) Neo = 1.0 x 1078,
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Figure 4.8: Deterministic simulations of immiscible displacement of a wetting fluid
(white) by a non-wetting fluid (black) at M=5.0 for: (a) N, = 3.0 x 1077, (b)
Nea =38.0x 1072, (¢) Neo =5.0x 1075, (dj N¢, = 5.8 x 1075, (e, N, = 7.0 x 10",
(f) Neo = 7.0 x 1078,



(e) )

Figure 4.9: Deterministic simulations of immiscible displacement of a wetting fluid
{white} by a non-wetting fluid (black) at N¢, = 1.0 for: (a) M =2.0x10"% (b)
M=10x10"2 (¢) M =10 x 10, (d) M=1.0. (¢) M=5.0. (f) M=80.0.
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Figure 4.10: Experimental results (Lenormand et al. 1988) of immiscible displace-
ment of a wetting fluid (black) by a non-wetting fuid (white) at M = 2.0 x 10
for: (a) Ngs = 5.0 x 1077, (b) Ng, = 2.0 x 1077, (¢) N¢o = 2.0 x 1075, (d)
Ngo =2.0x107°.
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Figure 4.11: Experimental results (Lenormand et al. 1988) of immiscible displace-
ment of a wetting fluid (white) by a non-wetting fluid (black) at M=>5.0 for: (a)
Ne, = 1.0x 107", (b) N¢, = 7.0 %1077, (¢} Ng. = 2.0x 1078, (d) N, = 2.0 102,
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Figure 4.12: Deterministic simulations (Lenormand et al. 1988) of immiscible dis.
placement of a wetting fluid (white) by a non-wetting fiuid (black) at N, = 1.0 for:
(a) M = 1.0 x 107, (b) A = 1.0 x 103, (c) M =20x10"% (d) M = 1.0 x 10",
(e) M=1.0, (f) M=100.0.
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(a) (b)

(c) (d)

Figure 4.13: Deterministic simulations of DLA (M=2.0 x107%, N¢,=7.0 x1076) at
different stages: (a) 420 steps, (b) 840 steps, (c) 1260 steps, (d) 1600 steps.



Figure 4.14: Deterministic simulations of viscous fingering (M=0.3, N¢,=1.0
x10-?) at different stages: (a) 720 steps. {b) 1440 steps. (¢} 21G0 steps, (d) 2500
steps.
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the displaced fluid.

In Figure 4.16 the sweep efficiency starts from a plateau at low values of the capillary
uumber and approaches another plateau at high values of the capillary number, The
agreement is good although the deterministic algorithm underestimates the sweep
cfficiency beyond the capillary limit (Ng, & 10~%). At high values of the capillary
number trapping of the displaced fluid occurs at the pore level as a result of the
growth of small perturbations due to the local anisotropy of the network. At lower
values of the capillary number (Figures 4.4c-e and 4.8b-c) capillary forces become
significant and motion of the interface results in trapping of the displaced phasec
and lowering of the sweep efficiency. Finally, in the capillary region motion of the

interface is controlled and determined by capillary forces.

In Figure 4.17 the sweep efficiency is plot:ted against the viscosity ratio. Again
the sweep efficiency starts from a low plateau corresponding to the DLA limit and
approaches another plateau corresponding to the plug flow region. From Figure 4.5
it is apparent that the stochastic model fails to successfully predict the behaviour
of the invading fluid at viscosity ratios close to the instability limit (M=1) due to
the noise involved in the simulations. This point is further discussed in Section 4.2.
On the other hand, the deterministic algorithm successfully predicts this region and
the results are in good agreement with those of Lenormand et al. (1988) (Figure

4.14).
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Figure 4.15: The sweep efficiency, E, of the displacement as a function of the loga-
rithm of the capillary number, log,oNg,, for M = 2.0% 1075, The results availuble in
the literature (Lenormand et al. 1988) are numerical results tested against physical

¢ = Lenormand et al. (1988)
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Figure 4.16: The sweep efficiency, E, of the displacement as a function of the log-
arithm of the capillary number, log,oN¢,, for M=5.0. The results available in the
literature (Lenormand et al. 1988) are numerical results tested against physical
experiments (Figure 4.11).
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Figure 4.17: The sweep efficiency, E, of the displacement as a function of the log-
arithm of the viscosity ratio, logioM, for Ng, = 1.0. The results available in the
literature (Lenormand et al. 1988) are numerical results tested against physical
experiments.
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4.1.3 Fractals - Fractal Dimension of the Invading
Cluster

The notion of fractals was introduced in Section 2.1. In the present study the fractal
dimension of the cluster of the invading phase is measured for different values of
the capillary number and the viscosity ratio. Numerical results from the stochastic
algorithm have been analyzed to calculate the fractal dimension. Ranges of the

values of the fractal dimension are given in Table 4.1.

A technique suggested by Witten and Sander (1979) is used. According to this
technique, squares of different sizes, r;, are centered on each site of the cluster of
the invading fluid and the number of the cluster sites, n, within the squares are
counted. Then, the number of sites, n, for each square of size r is averaged over all
sites of the cluster. The logp of the average number of cluster sites, n, within each
square of size r is plotted against log,or 7. If the cluster is a fractal, then according
to Equation 2.11, one expects the sets of data (logion, logiory) to fit to a straight
line with a slope equal to the fractal dimension, D;. Figures 4.18,19 present typical
plots which determine the fractal dimension of the invading cluster. These plots
show that the fractal dimension increases with decreasing capillary numbers at a
low viscosity ratio, while the opposite is observed at & high viscosity ratio. This is
expected since the fractal dimension is a measure of the compactness of the invading
cluster. However, the values of the fractal dimension in the DLA and the capillary
regions are lower than those predicted by previous studies (Witten and Sander 1981,
Lenormand and Zarcone 1985, Chandler et al. 1982, Wilkinson 1983 and others).

In the case of DLA, the value predicted by several researchers, namely D 1=1.73,
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corresponds to a radial geometry. In the case of invasion percolation, the value of the
fractal dimension, D=1.82, was determined for a linear geometry and for permeable
side-boundaries. The value of the fractal dimension D r=1.82, found by Lenormand
and Zarcone (1985), was determined by a different method from the method used
in the present study. Their method was applied to physical experiments in etched
networks with impermeable side-boundaries. However, this method is not accurate
for linear geometries, as mentioned by the authors themselves. A similar hehaviour

is observed at a high value of the viscosity ratio.

In conclusion, the notion of fractals can be applied to describe the behaviour of
the invading cluster in the porous medium as well as the heterogencities which are

always present in a porous medium (Lenormand and Zarcone 1989, Williams and

Dawe 1986).

4.1.4 Effects of Capillary Forces on the Island
Size Distribution

Typical simulations have been shown in Figures 4.3 and 4.4 for two particular viscos-
ity ratios and for the range of capillary numbers presented in Table 4.1. When the
viscosity of the displacing fluid is less than that of the displaced fluid ( M=2x10"%),
then at high capillary numbers (Figures 4.3a,b) the fingers grow towards the exit
and only a few small islands of displaced fluid are formed. At low capillary num-
bers, capillary forces become significant and the fingers grow all over resulting in
more and larger islands of trapped displaced fluid as the capillary limit is reached

(Figure 4.3f). On the other hand, at a high viscosity ratio {M=5) and at high
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Figure 4.18: The logarithm of the number of cluster sites, logion, as a function
of the logarithm of the square size, log,ory, for four different Ng, velues at a low
viscosity ratio (M=1.0 x10~*). The slope of each straight line is equal to the fractal
dimension of the cluster.
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capillary numbers the front is cffectively flat and the instabilities are of the pore
scale, resulting in a large number of islands of small size (Figure 4.4a.b). At lower
capillary numbers (Figures 4.4c-f) the instabilities grow, resulting in fingers and
isiands of different sizes. The results presented in Table 4.1 in all cases represent

the average of 4-6 simulations.

The number of islands of size s, at the end of each run is represented by n(s,).
The size of an island is characterized in terms of a number of pores (nodes). For
cvaluation purposes, the islands are grouped into the specific size ranges 1, 2-3, 4-7,
8-15,...., (Sherwood 1986) and the number of islands within a particular size range
is given by

p=29=1

m(g)= Y. ns,) (¢=1,2,3,4,..) (4.1)

a,:Zq-l

where q characterizes the size range.

Following Sherwood’s approach (Sherwood 1986), the island size distribution is
assumed to satisfy the relation

n(sp) x s;° (4.2}

where ¢ is a function of M and Ng,.

Upon combining Equations (4.1) and (4.2), replacing sums by integrals, and assum-

ing a proportionality constant K, we obtain

9(s-1)(1-a)
—_ P___ — 1 - 2—q 1-ax
mlg) = K=—-(1 - (21 = 27)%)
g2 e hen 279 <<1 (4.3)
pad \(_QLT( - ) waen .
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In Figures 4.20a-f and 4.21a-f we plot loga[m(q)] vs. q (the size range) for the datn
shown in Figures 4.3a-f and 4.4a-f, respectively. Only istands surronnded completely
by the displacing phase are taken into account. The slopies of the best-fitting straight
lines in Figures 4.20 and 4.21 correspond to the values of 1-a in Equation (4.3). The
values of a determined from these plots are presented in Table 4.5 and they are the
average of 4-6 simulations for each case. It may be observed that at a low viscosity
ratio and high capillary numbers (Figures 4.3a,b,c), the values of & are quite close to
that predicted by Sherwood (1986), namely 2.07. As the capillary number decreases,
@ tends to an approximate value of 1.95, which corresponds to the capillary limit.
For a high viscosity ratio, a decreases from 5.2 at a high capillary number (Figure
4.4a) and tends to a value of 1.95 at low capillary numbers (Figure 4.4f). The high
values of a in the stable displacement domain (Figures *.b) are to be expected
since the vast majority of the islands here are of the pore size and only a few islands
are of larger size. When decreasing the capillary number more islands of large size

are formed and thus the value of o decreases.

To better understand some of the consequences of the above distributions assume
that the number of islands of size s is equal to Ks~® (Equation 4.2) and that
the largest island is of size O(N2*), where N, is the total number of pores in the

network. Then, the total area of the islands is

' K i
A=K 3 s;%, = (Nl -1 (4.4)

f=%= --_—a(N;"'” - N (4.5)
P
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Table 4.5: Results of the Simulations (Stochastic Algorithm)

Figure Nee M o
432 |5.0x107%)2.0x 1075|228
43b |5.0x10°7 [2.0x 1075 | 2.26
43c {1.0x 1077 [2.0x 1075|213
4.3d |1.0x10°% [2.0x 1075 | 2.00
43¢ |5.0x%x107?|2.0x107°|1.97
43f [ 1.0x107° [2.0x 1075 | 1.95
44a |3.0x10"! 5.0 5.20
44b |3.0x 1073 5.0 4.45
44c |[50x107° 5.0 2,77
44d [1.0x 1075 5.0 2.55
44e | 2.0x10"8 5.0 2.00
44f |2.0x 1077 5.0 1.95

According to the last relation, the density of the island area decreases rapidly at
high viscosity ratios for large values of a (stable displacement domain) with respect
to the size of the network. However, the density decreases more gradually at lower
capillary numbers (transition domain) and increases slowly in the capillary domain.
At low viscosity ratios the density increases slowly in the DLA and the transition

domains and decreases slowly as soon as the capillary limit is reached.

In conclusion, a study has been presented which demonstrates the effects of capillary
and viscous forces on the island size distribution. The exponent a strongly depends
upon the interplay of viscous and capillary forces and it provides a characteristic
measure of trapping of the displaced fluid. Therefore, although trapping of the
displaced fluid is a very complicated and apparently unpredictable phenomenon,

this study reveals that trapping could be characterized quelitatively by the exponent
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4.1.5 Local Anisotropy and Heterogeneity

From the previous results it is apparent that viscous forces and capillary forces and
their interplay expressed in terms of the capillary number, Ng,, and the viscosily
ratio, M, determine the dynamic behaviour of the invading fluid. However, the role
and the effects of the structure of the porous medium on the displacement are not,

revealed by the numerical experiments presented above.

At this point, the effects of the local anisotropy of the network on the displacement
are studied for two limiting cases: (a) DLA, i.e. displacements at a very low value
of the viscosity ratio, and (b) viscous fingering at a viscosity ratio close to the
instability limit (M=1). The deterministic algorithm is applicd for four values of
the dispersion, A, which expresses the degree of local anisotropy. Sample runs are

presented in Figures 4.22 and 4.23.

From these results it is observed that in the DLA case at A = 0.0 the flow pattern
of the invading fluid is finger-like or dendritic. The pressure gradients arc higher
in the flow direction towards the exit resulting in finger-like growth and relatively
little growth of side-branches. Increasing the dispersion, A, of the uniform sizc
distribution, the flow pattern of the invading fluid becomes ramified. It is also
observed that the degree of local anisotropy does not affect the oil sweep efliciency.
These results are in good qualitative agreement with the findings, both numerical

and experimental, of Chen and Wilkinson (1985) for radial displacement in ctched
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Figure 4.22: Deterministic simulations of DLA (M=2.0 x10~%, Ng,=1.0 x10-¥)
for: (a) A =0.0. (b) A =0.25. {¢) X = 0.50, (d) A = 0.75.
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Figure 4.23: Deterministic simulations of viscous fiugering (M=0.5. N =1.0
x107%) for: () A=0.0. (h) A = 0.25. (¢) A = 0.50. (d) A = 0.75.
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networks, Chen (1989) confirmed these findings by carrying out experiments in an

anisotropic Hele-Shaw cell.

In the case of viscous fingering the effects of the anisotropy are similar. However,
the sweep efficiency is lower for A = 0.0 and increases with increasing A to approach
a constant value. One can also see some similarities between the flow patterns in

Figures 4.22a and 4.23a and physical experiments in Hele-Shaw cells.

4.1.6 Effects of Network Size on the Displacement

The invasion percolation algorithm has been used in order to study the effects of
the size of the porous medium on the displacement efficiency. Runs were repeated
10 times for a range of sizes of the network with the smallest being 20 x 20 and the

largest 140 x 140.

Figure 4.24 provides a plot of the logarithm of the sweep efficiency, log,0E, against
the logarithm of the network size, logioL. The sets of data (logyoE, logioL) fit to o
straight line with a slope D; = —0.07 which reveals a hyperscaling relation between

E and L similar to Equation (2.12), namely,
E o« LD (4.6)

A consequence of the above relationship is that E — 0 as L — oo, which is charac-

teristic of & fractal behaviour.
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4.1.7 Conclusions - Implications

At this point some practical implications of the above predictions are discussed
with certain reservoir behaviours for different displacement conditions in enhanced

oil recovery.

From the above results it is apparent that the highest displacement efficiency is
achieved at high values of the capillary number and at favorable values of the
viscosity ratio. In actual oil displacement processes one way to increase the viscosity
ratio is to increase the viscosity of the displacing fluid by addition of a polymer.
This usually happens when the viscosity of the oil is high and high flow rates of the
displacing phase are achievable. However, it is true that due to technical limitations
high flow rates of the displacing fluid are not always achievable. In this case, due to
reservoir heterogeneity and anisotropy capillary fingering is inevitable. A common
technique to deal with this problem in the oil industry is surfactant flooding in
order to decrease the interfacial tencion which results in an increase in the capillary
number. Finally, in a displacement of a heavy ocil, steam can be used (thermal
recovery) to drastically decrease the viscosity of the oil resulting in an increase in

the viscosity ratio towards the stability limit,.

All the above notions of enhanced oil recovery techniques can be explained and
understood, at least qualitatively, by the computer simulations presented above.
However, this does not imply that the computer algorithms described in Chapter
3 can provide quantitative macroscopic predictions. They only provide microscopic

predictions with some implications that can explain certain reservoir behaviours for
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different displacement conditions as has been mentioned above.

4.2 Comparisons with Previous Work

4.2.1 Comparison of the Stochastic Algorithm
with Leclerc and Neale’s Algorithm

An extensive comparison between the stochastic algorithm described in Scction 3.2
and Leclerc and Neale’s algorithm is presented below since both algorithms predict
the immiscible displacement of a wetting fluid by a non-wetting fluid in a porous
medium. In addition, Leclerc and Neale's algorithm was the initiative for the preseut
work and the only attempt that has been made to describe the transitions betweocen
the three distinct behaviours of the invading fluid, namely DLA, plug flow and
capillary fingering, as they are mapped on the phase diagram. The differences and

the advantages, as well as the limitations, of each model are discussed below:

(a) Trapping of the displaced phase accounts for the displacement of an incom-
pressible fluid. In Leclerc and Neale's algorithm trapping of the displaced
phase is not taken into account. Simulations with a trapping rule present
show a significant difference in the fraction of the invaded pores. Trapping
of the displaced phase results in a decrease in the recovery of the displaced

phase.

(b) Leclerc and Neale's algorithm can be applied only to isotropic networks, since
the transition probabilities of the random walkers are all equal to 0.25. How-

ever, finger-like growth of the invading phase is not observed as a result of the
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diagonal steps of the randomn walkers and the next-to-nearest neighbour con-
tacts of the random walke-s with the interface. In the present work, the local

anisotropy of the network is taken into account by the transition probabilities

of the random walkers.

(¢) In Leclerc and Neale’s algorithm the sticking probability accounts for the cap-
illary pressure and it is defined as the normalized ratio of the intraphase
pressure drop which is arbitrary since determination of this intraphase pres-
sure drop requires knowledge of the pressure field. The sticking probability
in the present study is assigned only to wetting walkers providing a relative
measure of the viscous forces in the invading and displaced phases. The cap-
illary pressufe is taken into account only in the transition region towards the
capillary region by allowing the interface to move according to the invasion
percolation mechanism with a frequency which depends on the phase transi-

tion probability.

(d) Leclerc and Neale made use of the DLA and anti-DLA models. Capillary
fingering is desribed by the anti-DLA model and the notion of open bonds for
percolation. However, at low values of the viscosity ratio and the capillary
number motion of the interface occurs by non-wetting walkers (anti-DLA)
which implies that pressure gradients in the displaced phase are negligible
compared to the pressure gradients in the invading phase, which is not true
since M << 1. The present algorithm makes use of the three stochastic
models, i.e. DLA, anti-DLA and invasion percolation, in order to describe the

distinct behaviours of the invading phase as well as the transition from one
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region of the phase diagram to another.

(e) Leclerc and Neale’s algorithm was applied to radial displacement while the

present algorithm is applied to both linear and radia displacements ( Kiriakidis

et al. 1990a).

(f) Both algorithms are based on the phase diagram (Lenormand 1985) of the
immiscible displacement of a wetting fluid by a non-wetting fluid iu & porons

medium in order to describe the transitions from onc region to another.,

(g) In the earlier work no attempt was made to predict the transition from DLA

to plug flow.

In conclusion, the stochastic algorithm described in this study includes certain fou-
tures which improve the simulation of the immiscible displacement of a wetting

fluid by a non-wetting fluid in & porous medium with respect to Leclerc and Neale's

algorithm.

4.2.2 Comparison between the Stochastic and
the Deterministic Approaches

A comparison between the stochastic and the deterministic approaches for modellix, g
the immiscible displacement of a wetting fiuid by a non-wetting fluid reveals at this
point the differences and the limitations in describing certain phenomena as well as
the advantages and disadvantages. The following points which are discussed serve

a comparison purpose.
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(n) The stochastic approach does not provide an explicit solution to the problem, in
contrast to the deterministic approach; instead, the solution is approximated
by random walkers. The stochastic method approaches the correct pressure

field only after a large number of random walkers have been averaged.

(b) According to the stochastic approach, the interface advances only by one porc
at a time in a stochastic way. However, in reality advancement of the interface
proceeds in a deterministic way and in fact the whole interface moves with
local velocities which depend upon the local pressure gradients and the porc
structure. Therefore, the determix.zistic approach provides a solution to the

problem which is microscopically closer to the physics of the displacement.

(¢) In the stochastic algorithm the interface moves by discrete steps ignoring the
channel volume. By contrast, the deterministic algorithm resolves the motion

of the interface inside the channels.

(d) According to the stochastic approach, the capillary pressure is taken into ac-
count only in the transition region towards capillary fingering. This approach
is microscopically incorrect although it leads to = satisfactory agreement with
physical experiments. By contrast, the deterministic approach takes into ac-

count the capillary pressure directly in solving for the pressure field.

(e) A problem appears when describing the transition from DLA to plug flow by
using the stochastic algorithm. Noise is always present in the system due to
the stochastic nature of the approach. In certain cases, the interface moves
and invades pores which normally would not be invaded. This results in a

noise to the solution.
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(f) Modelling of two-fluid immiscible displacement flow by the stochastic approacl
rc_:quires a prior knowledge of the phase dingram and its limits. This re-
quirement limits the application of the stochastic algorithm only to drainage
displacement flow since no corresponding phase diagram is presently available,
However, computer simulations and experiments by Vizika (1989) show that o

phase diagram for imbibition displacement flow does exist. However, neither

quantitative nor extensive studies have been conducted on this subject.

(g) There are certain quantities in the stochastjc algorithm which have to be arbi-
trarily defined, such as the number of visits, the phase transition probability,
the relative permeabilities and even the sticking probabilities. In addition,

the physical significance of these parameters is not obvious.

(h) Attempts to include a connate non-wetting phase in stochastic simulations did
not provide satisfactory results, especially at low values of the viscosity ratio,
Random walkers coming from within the wetting phase avoid the connate
phase and they finally stick to the interface far from the connate regions.

Therefore, the front rarely approaches the connate regions.

(i) The stochastic algorithm is fast compared to the deterministic one. Typicul
runs take about 0.5-6 hours (real time). By contrast, typical runs of the
deterministic algorithm take about 2-9 days, depending upon the number of
iterations. Runs at the capillary limit are very time consuming due to the very
high number of iterations required. In both algerithms, & large proportion of

the execution time is taken up by the trapping subroutine.
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In conclusion, the deterministic algorithm developed in this study better describes
the physics of the problem and it is capable of providing quantitative predictions
of the behaviour of the invading fluid by directly solving for the pressure field.
However, its most serious drawback is the large amount of execution time required
in the computer, especially for runs close to the capillary limit. By contrast, the
stochastic algorithm is fast and especially in the case of capillary fingering very

reliable, but with certain serious limitations as discussed above.

4.2.3 Comparison between the Present Deterministic
Algorithm and Other Deterministic Algorithms

The differences and similarities between the different deterministic models in the
literature and the present deterministic approach developed in this study are dis-

cussed at this point.

All the deterministic models mentioned in Section 2.2 solve for the pressure field
in the network by considering the flow conservation equation at each pore in con-
junction with appropriate boundary conditions. For the solution of the system
of equations the Gauss-Seidel relaxation and overrelaxation techniques are used.
The deterministic algorithms of Sherwood and Nittman (1986) and DeGregoria
(1985,1986) are applied only to the viscous region from DLA to plug flow. Local
heterogeneities of the network are not taken into account. The interface advances
in a stochastic manner with a probability which depends on the local pressure gra-
dients. Motion of the interface occurs in discrete steps which is microscopically

incorrect as has been mentioned above.
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The deterministic algorithm developed in this work makes use of a non-linear ap-
proximation proposed by Lenormand et al. (1988). However, motion of the inter-
face is resolved differently. According to Lenormand et al. (1988) a chanuel witl
an interface is completely filled with the non-wetting fluid as long as the pressure
difference exceeds the capillary pressure. Then, motion of the interface is resolved
inside the pores. The whole interface moves along the front within the pores ac-
cording to a time-step. Blunt and I-:'.King’s (1991a,b) algorithm solves the linear
problem for the pressure field and moves the interface in a similar way (Lenormand
et al. 1988). However, pores previously filled with the invading fluid may become
emptied at certain steps of the algorithm. This phenomenon describes hetter the
physics of the real problem and it can lead to the formation of connate regions of
the invading fluid within the network which may again become part of the invading

phase. Therefore, the main difference between the above two algorithms and the

deterministic algorithm described in the present work is in the microscopic motion

of the interface at each step of the simulation.

A more realistic model has been proposed by Dias and Payatakes (1986a,b) and also
used by Vizika (1989). This model is microscopically more realistic since it takes
into account the pressure drop inside the pores and can incorporate a conical shape
for the channels. The mathematical model is linear and motion of the interface is
resolved in both the channels and the pores. However, the main drawback of the

model is the greater amount of execution time required in the computer.

114



Chapter 5

CONCLUSIONS AND FUTURE
WORK

This chapter presents the conclusions of the present study on the displacement of
wetting fluid by a non-wetting fluid in a porous medium represented by a two-
dimensional network of interconnected capillaries. Recommendations for future

work are also given.

5.1 Conclusions

Two computer programs have been developed in order to study the displacement
of a wetting fluid by a non-wetting fluid in 2 porous medium represented by a

two-dimensional network of interconnected capillaries.

A stochastic approach has been applied in order to solve the governing equations
at the pore level. The stochastic approach is based on the DLA, anti-DLA and in-
vasion percolation models modified in order to incorporate the local anisotropy and
heterogeneity of the porous medium, as well as on the notion of the phase diagram

for immiscible displacement in porous media. This approach successfully predicts
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the transition from one region of the phase diagram to another by making use of
a mechanism which takes into account the interplay of viscous and capillary forces
in terms of the phase transition probability. The stochastic approach presented in
this work has also enabled good predictions of the effects of capillary and viscous
forces on the island formation, the island size distribution, the dynamic and fractal

behaviour of the displacing fluid and on the oil recovery.

A deterministic approach has also been applied to model the displacement of o
wetting fluid by a non-wetting one by using a relaxation technique for solving the
governing equations at the pore level and certain rules for the advancement of the
interface inside the channels. The deterministic approach successfully prediets the
effects of viscous and capillary forces on the dynamic behaviour of the displacing
fluid and. on the oil recovery, as well as the effects of the local anisotropy ane

heterogeneity of the porous medium on the dynamic behaviour of the displacing

fluid.

A direct comparison between the stochastic and the deterministic approaches has
revealed that the deterministic approach is more general since it can be extended in
order to model imbibition displacements in porous media. It is also more accurate
and better describes the physics of flow in porous media. However, the deterministic

algorithm is time consuming in terms of execution time in the computer,

The two computer programs described in the present study can be used in order to
gain insight into the role of certain fundamental parameters (such as fluid viscosities,

flow rate, wettability, interfacial tension and morphology of the porous medium) on
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cnhanced oil recovery techniques employed by the oil industry.

5.2 Recommendations for Future Work

The present work could be used as a starting point for further studies leading to
a better understanding of the physics of two-fluid immiscible displacement flow in

porous media. In particular, the following studies could be conducted:

(a) Extension of the deterministic algorithm to (i) radial displacement and to (i)
the quarter of a five-spot flow geometry displacement of a wetting fluid by a
non-wetting fluid. The physics of these problems remains the same and only
the boundary conditions and the notation of the channels and pores would

need to be changcd.

(b) The present deterministic algorithm describes drainage displacement flow in
two-dimensional networks (Lenormand et al. 1988). The algorithm could be
extended to model displacement flow in quasi-two-dimensional consolidated

or unconsolidated porous media.

(c) The deterministic algorithm could be modified in order to model imbibition dis-
placement flow in porous media by solving the linear problem for the pressure
field and allowing pores to be invaded by the displaced fluid. Extension to
quasi-two-dimensional porous media is also possible. A comparison between
imbibition and drainage displacement simulations would be very interesting
since it could provide an insight into the role of the wettability on the eff-
ciency of the displacement processes. Furthermore, studies in displacement

flow under conditions of mixed wettability and non-uniform permeability are
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of considerable interest to the ol industry, since most oil reservoirs exhibit a

mixed wettability ranging from strongly water-wet to strongly oil-wet,

(d) The deterministic algorithm could be used for extensive studies of the rela-
tive permeabilities, The effects of the wettability, capillary number, connate
water, disorder and other parameters on the relative permeabilities of both
the displaced and invading phases could be studied by applying the method

proposed by Blunt and P.King (1990a).

(e) The effects of gravity on the behaviour of the invading fluid and on the oil
recovery could be studied by performing experiments in inclined networks
or consolidated porous media. Such studies could reveal the existence of i
phase diagram describing the behaviour of the invading fluid as a result of the
interpia.y of viscous, capillary and gravity forces. Similar studies by computer

simulations would be another objective.

(f) The stochastic algorithm could be used in order to study disordered and fractal
porous media by the DLA or the invasion percolation models. The stochastic
algorithm and especially the invasion percolation algorithm, could be applied

to three-dimensional networks in order to study disordered and fractal media.
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