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PREFACE

A large number of problems inbthezphysical world\fan be
analyzed assumigg the medium under 'investigation as
continuous, |

Although the basic governing equations for many physical
problems have been established more than one century ago, a
very small number of practiéii_solutions has been found. The
diffiéulty lies in the fact that the governing field
equations are differential eqguations, most of_the time.'non
linéar, which in the best case can be solved'only for-simpie
boundafy conditions.

Engineers, therefore, have always shown a strong tendency
to leave aside the Continuum \E;chanics Theory and to
cencentrate rather on the dévelopment of simplified

(

—
Nowadays, the development of computer facilities and

approaches to practical problems.

numerical - techniques offer the possibirlity of splving
differeht;al'équations of great complexity. &s a result, a
renewed interegt in all aspects of the Continuum Mechanics
Theory has beeﬁ noticed in recent vears.

Some aspects of the basic —assumptions of the ‘Classical

Mechanics Theory are today gquestioned and eventually

modified.
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In solid mechanics, a number of theoretical 4nd
experimental research studies are now trying to establish
more realistic Constitutive equations than the cldssical

L
linear elastic Hooke's law. Researchers in geotechnical

engineering aré alsc engaged in the search ‘for a-gloh-Jal
solution of the.consolidation problem which involves the
interaction of a fluid and.a solid phase. |

In line with the.se developments, this thesis aims to
explore and to implement the new possibilities offered by
both  numerical techniqués .and recent theoretical

achievements tending to analyse a number of gectechnical

problems more rigorously.
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SUMMARY

The primary objective of- this research work was to. implement
consistently, in a series of finite element programs, the
governing £field equations for 'sor}e p'roblems involved in a
practj_.cal geotechnical analysis.

For this purpose, two - different aspects were
investigated, namely: flow through a’ ' porous meditm and
elasto—plastic stress analysis 3in a saturated medium
subjected to static load conditions.

This .led t:o the development of four main finite element
Programs capable of analyzirng the following proolems:

l. Seepage .under steady conditions for confined or

unconfined flow in an gg’isotropic medium; -

2. Elasto-plastic aﬁalysis of 2 highly permeable

saturated medium; / )

3. Uncoupled non-linear consolidation in a soil with

anisotropic permeability; . )
4. Elasto-plastic Coupled consolidation in' a soil with
anisotropic permeability. )
Plastic deformation may k;e described by either linear
elastic perfectly plastic models or by a Generalized Cam-
clay model. In the first group the failure (yield) surface

may -be assumed to be represented by either Tresca, wvon
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‘Mises, Mohr-Coulomb or Drucker-Prager failure criferion. In
the Generalizedlbﬁm-qlay model the critical state may be
represented by either Drucker-Prager or Mohr-Coulomb failure
criterion.

In order ‘to achieve these results, an accurate and
'criticai analysig of the main assumptions inherent in the
various theories involved was necessaryf

The <first Chapter deals with the fundamentals of
Continuum Mechanics and 1its extension to Mechanics of a
Porous Saturated Medium, or Biphase Medium. The governing
equations for steady floﬁ and the two alternative approaches
to analyse 3-D consolidation Problems, Coupled and Uncoupled
Theories, are presented. It is therein also mathematically
demonstrated that, within the context of the Uncoupled
theory, the governing field equation of consolidation may be
derived Qithout necessarily assuming linear elasticity and
small deformations. This is exemplified by incorpérating the
non-linear elastic relationship as proposed by the Cam-clay
model in the governing field equation, withaht any recourse
to the hypothesis of small deformations.

The key point in a realistic stress/strain ‘analysis lies
in the proper choice of the Constitutive equation. fn this
respect, Chapter 2 is entirely devoted to a critical review
of the fundamental principles of the elastic and plastic
theories. In particular, the basic similarity between the

Green elastic theory and the incremental"theory of
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plasticity is highlighted. It is pointed out that  the
crucial point in both theories is the finding of a potgntial
stress function whose gradient establishes the directiéﬁ of
the relative strain. Then, a correct expression of a reduced
form of the gradient vector of -an isgtrcpic and gquasi-
isotropic potential function is derived. The geometrical
shape of the elastic potential function for isotropic
material is studied, and a possible evaluation of the
relative elastic parameters from a conventional <triaxial
test in large deformation 1is proposed. As regards the
incremeﬁtal theory of plasticity, it is proved that most of
the avallable expressions for the evaluation of the plastic
modulus may be reduced to only two alternative _
relationships. Following this premise, a number of elas;o-
plastic modelé are reexamined in the attempt to identify
their potential and limitations. Finaliy, a generalized
ﬁersion of the two Cam-clay models is proposed, in which the
relative plastic potentials have a higher degree'of freedom
and the Critiéal state may be also represented by the Mohr-
Coulomb failure criterion.

In Chapter 3, the' numerical solutions of the field
equations discussed in the first Chapter aye presented,
emphasis being laid upon previous works dealing with
algorithms and procedures. It is remarked that current
numerical algorithms for the analysis of the unconfined flow

are either costly or unable to preseve a well graded

\



distribution of the elements duriﬁ% the iteration process
required to locate t%e free surface. As regards the
numerical implementation of the Coupled and Uncoupled
theories of consolidation, they usually present instability
in the solution even for the simplest case of linear elastic
materials. It appears also that the common procedures for
elasto=-plastic analysis by Finite Element preéent several
inaccuracies, as for instance in the calcuiation of the
\ .

plastic strain gradient and of the_ yield point.
Consequently, the more complex case of the Finite Element
implementation of the elasto-plastic‘coupled consolidation
cannot be yet considered numerically'solved. In addition, a
new expression to calculate the acceleration pafameter for a
faster convergence in the elasté:plastic analysis by
employiﬁg the initial stress method is proposed.

In order to overcame the nuﬁerical problems illustrated
in Chapter 3 new numerical .formulations and schemes are
proposed. In particular a new algorithm for the analysis of
unconfined flow is introduced, along with a more £flexible
" finite element formulation of the Uncoupled and the
elasto-(visco)plastic - Coupled consolidétion theories. A
number of .practical aspects for a correct numerical
implementation of elasto-plastic problems is examined, and
an accurate way to evaluate the yielding point for quasi-
isotropié functions is proposed. Furthermore, an

extrapolating technique to correctly compute the nodal fluigd
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velocity (or stress) for B8-noded isoparametric element is

-

presented.

Finally, the performance of the various programs herein
implemented is jillustrated in Chapter 5. 'The reljability of
the programs is supported by a number of examples where

analytical solutions are available. The algorithm proposed
for the analysis of unconfined flow turned out to be very
effec%ivé and economical; The present implementation of the
Coupled and Uncoﬁpled éheories of coﬁsolidation appears to
be very efficient, having overcome instability in the
solutions, and that in an economica; way. As fér‘as.plastic
analysis is concerned, the— number of theoretical
improvements brought in the numerical implementation allowed
to meet completelly- available numerical expectatiéns; for
instance, édopting linear_elastic.perfect;y plastic models,
it was possible to prove that the ultimate theoretical
values ealculated following the Limit Analysis theory could
be recovered only by using Trésca or Mqghr-Coulomb failure
criterion. Moreoﬁer, for a semi-infinite medium loaded in
plane strain condition by a smﬁoth shallow foundation, <the
elasto perfectly plastic models predict a "genefalized mode
of failure", whereas the Generalized Burland model predicts
a "localizgd mode of failure". Furthermore, using the
GeneralizedﬁlBurland model in a Coupled elasto-plastic
analysis, ifkwas possible for the first time to fofecast a

délayed failure, an event so often registered in practice.
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In. conclusion, this reseérch succeeded in préviding a
fairly efficient and reliable numerical tool for a number of
geotechnical problems; nevertheless, as pointed out in
Chapter 6; only future experimental‘works can validate the

numerical predictions.
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GLOSSARY

Lower case Latin-letters:

a, b

a, b, d
b, B

c

c c

g W LR
tol

(o3

oy
&

N

v
i)

directional vector in Prevost's model

vectorial components of the gradient of a
stress function

Henkel's parameters

Generalized Burland model coefficients
current and initial body force vectors
cohesion

coefficients

nodal displacement vector

plastic multiplier

kinematic multiplier

homologous vectors to the small and
finite deviatoric Lagrange strain tensors
respectively

functieon

equivalent load vector at the nodes

eguivalent flow vector at the nodes

size of the yield and bounding surfaces

current and initial head pressure
functions

current and initial nodal head pressures
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it

e

4] e

'Y

ol

o}
gt

te
at

indices

hardening parameter
reciproczi>of the plastic modulus

small and finite Lagrange straln components
mass |

solid and,fluidhﬁasses '

-~ . . N
degree of a function, ratioc of ellipse's
semi-axes

unit gradient te F and G functions
sinks and sources

mean pressures associated to Cauchy stress,
Cauchy effective stress tensor and 2nd Piola-
Kirchhoff stress tensors

I %

3

equivalent preconsolidation pressure
deviatoric invariant associated to Cauchy -

stress, Cauchy effective stress and 2nd
2nd Piola-Kirchhoff stress tensors

1/2 3 1/2
q= (3 JZ) - E'sij Sij)

Generalized Burland model coefficient,
reduction factor :
shape functions

deviatoric stress compcnents of the Cauchy
and 2nd Piocla=-Kirchhoff stress tensors

time

traction force vector
internal specific energy
displacement function

current and initial specific volumes



LS

specific volume at p' = 1. KPa on the
swelling and virgin lines

current, relative, solid and fluid velocity
functions

'smoothed' nodal velocity

equivalent nodal force in viscoplasticity
internal specific work

geometrical height

spatial coordinate
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Upper case Latin letters:

Cs

CPU

DBE

R
(03]

23]
7]
X

-
Hi

: plastic modulus -

bulk modulus, B;matrix

Big Element

B-matrix for iarge displacement
Bounding Surface

coupling matrix

constitutive matrix for state of the
material, where e stands for elastic,

plastic, elasto-plastic or visco-plastic

Critical State

:" Central Processing Units

D-matrix in TERCON, damping matrix
Dynamic Big Element

Young's modulus

deformation gradient, potential function
Finite Element .

Finite Element Method

shear modulus, yield function
viscoplastic stiffness submatrix

lst stress invariant of the Cauchy and

2nd Piola~Kirchhoff stress tensors
respectively *

I =

2nd stress invariants of the deviatoric
stress associated to Cauchy and 2nd Piola-
Kirchhoff stress tensors respectively

1

Jo= 7 845 i3

- Xvii =



NCS

0CS

gl

H 0 X

% = < <

H

<!

3nd stress invariant of the deviatoric
stress associated to Cauchy and 2nd Piola-
Kirchhoff stress tensors respectively

(J,= det (cij))

permeability tensor
normalized plastic modulus.

\/—’ .
stiffness matrix of the solid phase fox‘ﬁfﬁ\\~
state of the material, where a stands for
elastic,fplastic, elasto-plastic or
visco=-plastic
-y

small and finite Lagrange strain tensor

slope of the linear yield (failure)
functieon in p vs. g diagram, smoothing
matrix ‘

slopes in the Generalized Burland model,
smocthing submatrices

..q-intercept of linear yield (failure)

function in p vs. g diagram
Normally Consolidated Soil
Over-consoliaéted soil
permeability matrix
stiffness matrix in TERCON
failure surface

shape matrix

Cauchy and 2nd Piocla=Kirchhoff stress
tensors

current. and initial wvolume
vqlume of solid
elastic potential function

material coordinates
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Greek letters:

-

a,é ‘ : coordinates of the centre of the
Generalized Burland medel

Yer Yg : unit we%ght éf the £fluid and of solidl
: respectively ‘
5 : space diagonal vector R
Gij : Kronecker delta
~a,E? : homeoleogous vectors to small and finite

Lagrange strain tensors

2 T : trace of the small and finite Lagrange
vov strain tensor

o4 . . . . .
ea,e : deviatoric invariant associated to the

small and finite Lagrange strain tensors

superscript o stands for elastic (e), plastic (p). elasto-
plastic (ep) or viscoplastic (vp)

n =a/p : ratio of deviatoric invariant to mean
pressure :
a7 : stress invariants, similar to Lode's angle,
»

associated to Cauchy and 2nd Piola-
Kirchhoff stress tensors

-
1 373 3
9-— — ———— —
3 arcsin ( > 33/2)
2
8 ": parameter in 8-Wilson time scheme
A : Lame's constant, slope of virgin line in

v vs. ln p space, experimental coefficilent
in Prevost's model

. distance between the current stress®point

}.l

-~ and its homotetic point on the bounding
surface

v : Poisson's ratio

£, 6. : ceritroid of the yield and bounding surfaces



E, N

%, 1°, ¢
g, 1°, «°
p’ po’ pf

cl.y O

9430 T137 43
9,9, 49

$
- X

hd

)

2, %,

T

local coordinates

current, initiﬂ% and excess pore pressure

functions o

current, initial and excess nodal pore
pressures at nodal peoints

current, initial and fluid densities

total, effective Chauchy and 2nd Picla-
Kirchhoff stress tensor components

homologous vectors to the total,. effective
Cauchy and 2nd Piola-Kirchhoff stress
tensors respectively

friction angle

slope of the swelling line in v vs. ln p'
space

residual force
function

current and initial wvolumes

: surface

—
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Chapter i

-

CONTINUUM MECHANICS THEORY APPLIED TO
GEOTECHENICAL PROBLEMS

1.1 INTRODUCTION
Depending on the scale of investigation, soil can be either
considered as a discrete or as a continuum medium.

In general, the scale of investigatioﬁ of a practical
geotechnical engineering problem is so large with reference
to a single soil grain, that it is possible to consider the
whole soil mass to behave as a continuum medium.

Under the hypothesis of continuity, the éeotechnical
gnalysis can be performed{ as any other engineering problem
involving solid materials, in the frame of the well
established Continuum Mechanic¢s Theory.

The only peculiarity arises when soil is saturated with
w:ier, or any other fluid. In this case, modern theories try
to defire an equivalent continuum medium in which, at any
infinitesimal material point, both solid and fluid phases
are defined.

Following this gpproach, it is possible to take advantage
of the wheole Continuum Mechanics Theory, just by extending
some of its aspects, in order to account for the interaction

between sclid and fluid phases.



The fundamental governing field ecquations which a
continﬁﬁm medium has to respect, in static or dynamic
équilibrium with the external applied locad, are presented in
" Section -l.é._ The extension of ﬁhe classical Continuum
Mechanics.Theofylfrom the maotiophase to the biphase medium is
summarized in Section 1.3 while, 1in Section 1.4, éome
effects of the fluid phase on the solid behaviour is
illustrated. With respect to the awvailable consolidation
theories, it is proved that the Uncoupled theory does not
necessarily require linear elasticity, .nor small deformation
hypotheses. Finally in Section 1.5, a brief review of the

analytical solutions available newadays for the stress

analysis of a saturated medium is reported.

1.2 GOVERNING FIELD EQUATIONS IN A CONTINUOUS SOLID MEDIUM
The Continuum Mechanics theory establishes that a continuum

medium, in static or dynamic equilibrium with the applied

—

external forces, should respect a number of field equations.

In Galileo's reference frame it is assumed that mass does
not change with time, Eg. 1.1, from which Euler (1757)
eventually dérived the well known equation of continuity of

mass, Eg. 1.2.

=0 : (1.1)



%%%--divx (1.2)

where m, p and v are respectively the mass, the density and

the velocity of a material point ih a continuum medium.

-

e

From Newton's third law of action and reaction, th
funéamental laws of equilibrium & n'be formulated. They can
be expressed in the form of Cauchy's equation of motion,
(Cauchy 1827), or in the form of the Principle of wirtual
work as established by Castiglianoc (1879) and later extended
by Signorini (1933).

To be rigorous, Cauchy's equation of motion and the
- Principle of virtual work should be defined in the reference .

State, as indicated in Egs. 1.3 and 1.4 respectively (see

for instance Malvern, 1965).

(<%
1K

~ T
Ve[Te~ -
TITF]+0b =

[

1.3)
° de ﬂ\//[

fo T:sb dQ = [, gedu dT - fq (E-b) +6u 4@ (1.2)
o

where Po and Eo are respectively the density and the body

~

foroe in the initial reference frame, while the tensors T, L

and F are the 2nd Piola-Xirchhoff stress tensor, the finite



Lagrange strain tensor and the deformation gradient: u is
instead the displace¢ent‘vector and E'is the traction force.
Finally, .Qo' Q and T are respective'ly the volume in the
original reference frame, the volume and the surface in the
current reference frame.

To characterize the material behaviour, it is necessary
to define a "Constitutive equation" which establishes the
relationship between the épplied forces and the induced
displacements.

One of the most general forms of Constitutive equation,
Eq. 1.5, has been proposed by Truesdell and Noll (1965), but
specific forms for describing real mater{gls are still
object of intensive studies. Due to its importance and the
tremendous development which ‘has taken place in the recent

years, Chapter 2 is entirely devoted to some specific forms

of constitutive equations.

T = £(L) (1.5)

It is usualiy assumed that the material reaches a state
of failure whenever the leveéel of the applied stress exceeds

a threshold value, whibh-céh be described generalfy as

a

UT) = 0 (1.6)



where T is the Cauchy strgss tensor.

There is no universally accepted definition of failure
state. Referring to a material sample subjectéd to a
loading test, & crude definition of £ailure might be stated
as the 1level of étress for which the sample undergoes
intollerable deformations. Roscoe et al. (1958) postulated
instead that "a solid material (i.e. soil) at failure may
continue to distort, but witﬁout further change of specific
velume or of (effective) stress q ahd p". Such a failure
state they also defined as "Critical State Condition".

A vast experimental evidence indicates that a specific

form of Eg. 1.6 for most of éngineering materials may be

expressed as in Eg. 1.7.

Q(T) = q + Mp ~ X ' (1.7)

where M and N are functions of the material parameters c and
%, respectively called cohesion and friction angle; ¢ is the
deviatoric stress invariant and P the mean pressure of the

Cauchy stress tensor.

Several relationships of M and N with ¢ and ¢ have been
proposed, Table 1.1 and Figs. 1.1, and their choice is

material dependent. Soils at failure apparently follow the

Mohr-Coulomb criterion (Parry, 1956 and 1960, Bishop, 1966).

X

- ' 3

o



B g
———"unknowns T, L and u.

e

A complete sclution of a solid qqferial problem should be
able to identify at each point the stresé and strain
mobilized under the applicgtion of a set of external forces,
respecting the boundary conditions and thé - failure
criteriog.

This may be achieved by 'solvinq the system of 15

equations represented by Egs. 1.3, 1.5 and 1.8, with the 15

~

-

~

1 :
Lig =7 Gy gt oy g ¥y B,y (1.8)

4
B ] =

- i

‘ whérelzij are the finite Lagrange 'strain components.

Unforturjately, because of the mathemati;al complexity,
closed £4rm solutions are rather limited‘and in most cases
restricted to the so=-called "Linearized _Theory of
Elasticity".

In the Linearized.Theory of Elasticity the displacements
are assumed "sufficiently" small, so that Egs. 1.3 and 1.8
can be rewritten respectively as Egs. 1.9 and 1.11 in Table
1.2. Moreover, it is aésuméd that stress and strain are
lineariy related, Eg. 1.10 in Table 1.2, and possible states

of failure are ignored.

*



TABLE 1.1

. ) . rd -
M and N coefficients corresponding to different criteria

(Eq. 1.7)
Type N ' M y

Tresca 3¢ 0

Y3 cos 8
Lvon Mises 2c 0
Mohr—Coulomb 3c cos o 3 sin ¢

Y3c0s8 - sinb sin¢ Y3 cos8 - sinb sind

i

bc cos¢ 6 sin ¢

Drucker—Prage.r m 3_-311_:::



TABLE 1.2

Field equations of linearized elasticity (in material

coordinates)
3 egs. ;)f Motion ., ?dx_il+ b, = 96-2% (1.9)
: 3 ét
6 Hooke's Law eqs. | cij = A lkkéij + 2p lij (1.10)
6 Geometric eqs. 1y, -%- :_i gJ_ (1.11)

where oij and lij are the components of the Cauchy stress -

o

tensor and of the small Lagrange strain tensor: xj is

instead the material cocordinate.
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Drucker-Prager ¢ > 0 Mohr-Coulomb ¢ >0

=g, =g
—ay L3 ™93

Fig. l.la Linear yield surfaces in principal stress space

| von Misaes A Drucker=-Prager

Trescs Mohr=Couloabd

Fig. 1l.1b Cross section of a2 linear yield function onto cthe
octahedral plane -



1.3 FUNDAMENTAL LAWS FOR A POROUS SATURAT} TERIAL
(BIPHASE MEDIUM) ' S

In case of saturated soils, it is assumed that the two
phases, solid and fluid, act in a medium which is continuous
for both of them.

Under this hyp;thesis, lall mathematical functions and
their derivatives entering the theory are continuous and, as
a result, they can be defined at quh geometrical point.

In -a saturated medium, because of the fluid component,
only part of the "total" stress cij’ in equilibrium with the
applied external forces, is carried by the solid phase.

Since fluid cannot support sh;ar, its preéence affects
enly the normal stress componeﬁt.'In mathematical form, this
concept can be expressed as in Eg. 1.12, which represents

Terzaghi's "Principle of Effective Stress" (after Terzaghi,

1923) - | .

cij =gl -6 .= (1.12)

where aij’ is the effective stress acting on ghe solid
component, 7w the hydrostatic pressure due to the fluid phase
and 6ij‘is the Kronecker delta. The negative sign has been
introduced since 7w acts in compression.

Always under the .hypothesis of continuity of the two
phaéés, the mass of the fluid and of the solid can be
defined at any poiﬁt and their sum represénts the glcbal
mass of the biphase medium, Eg. 1.13a.

- 10 -



The .equation of conservation of mass can be therefore
formulated as in Egq. 1.13b, from which Green and Naghdi
(1965) were able to derive the continuity of equation for a

biphase medium, Eqg. 1.14.

= -+ .
o ms mf (1.13a)
dm dm
dm s, _f_y, B (1.13b)
dt = dt at |
{
div v = - L do , (1.14)
~r p dt .

where m and p are the global mass and density of the the
bi'phasé medium respectively, while mg is the solid mass and

m, the fluid mass.

£

Green and Naghdi were also able to vrove that the
relative velocity p defined as the difference between the
velocity of.the selid phase Ve and that of the fluid phase

Ve, m2Y be expressed as follows:

K }
zgﬁ{pf (@ - b) - ¥ =} (1.15)

- 11 -
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where K, the permeability matrix, is a symmetric tensor

: .- ‘ /
with 6 independent coefficients while e and ¥_. are the

£
acceleration and the unit weight of the fluid phase
respecti&ely.

To prove Eg. 1.15, tﬁ? aforesaid authors respected Noll's
Pringiple'of Material Oﬁjectivity (Noll, 1958), fruesdell's
Principle of Equipresence _(Truesdell,_ 1951} Truesdell and
Toupin, 1960) and the thermodynamic laws.

It is to be noticed that Eqg. 1.15 may represent the
generalized "form of the well known d'Arcy's Law of
Permeability, (after d'Arcy, 1856). 1In fact} neglecting

acceleration effects, e =0, and éssuming Ve <X Eg. 1.15

fl
reduces to:

1
Ve = - ¥_ = -K grad {—g— E-E-i-—;} = K grad h  (1.16)

which represents d'Arcy's eguation of fluid flow in a porous
material, h being a scalar potential function alsc Known as
total head.

Under the above conditions and adding . the hypothesis of
fluid incompressibility, the continuity eguation, Eg. 1.14,

may be further reduced to

. .
div X grad h F—E (dv ) . (1.17)

° - 12 -



since

) 1 4 '
div y = divy_ = Eﬁ;'ﬁz'(dvs) (1.18)

"It has to be observed that +the above equation can be
derived without any assumption of small displadement since,
as enstablished by the continuum mecHanics theory, the

variation of the density can be related d rectly to the

variation of the actual volume. \\\\t
Assuming the soil not subjected to any volumetrl change,

i.e. d(dv.) = O, Eg. 1.17 takes the form of Laplace's

equation describing the regime of steady flow in a porous

medium, namely :

div K grad ho =0 (1.19a)
with
1 n° '
h = {- = bex + —} (1.19b)
o

where ho and 1 are respectively the head ‘and the

hydrostatic pressure associated to a steady flow situation.

- 13 -



1.4 FLUID EFFECTS IN A STRESS-STRAIN ANALYSIS OF A SOLID
MEDIUM ‘

In geotechnical engineering, the inclusion of water may
- drastically change the safety conditions of a structure. In
fact, from Eg. 1.12 the presence of fluid reduces only the
mean gffective stress p' leaving unaltered the distortionél

stress component g, Egs. 1.20.

%k T G T 3T W p=p' - g (1.20a)

.

1/2 1/2

= (;3_ 3 K] ]
L S LA ®13 513’ =97 (1.200) -

Conseguently, a stress point T, which in a dry situation
would have been considered as safe, Figs. 1.2,'may become
unsafe in a saturated condition sincé, due to 1w, the
effective stress violates the failure criterion.

In addition, the fluid component may delay the
"exhaustion" of the displacements eventually associated with
the application of the additional external forces. In fact,
when load is imposed,  part of +the mean component of the
mobilized total stréss is equilibrated by the £fluid phase.

The pressure 7 may therefore be expressed as the sum of the



(] .
initial pressure 7 and of an induced "excess pore pressure”

%, Eq. 1.21.

A

T=1 + 1 (1.21)

With time, 1° tends to dissipate, thereby transferring -
its contribution to equilibrium to the effective stress, so
that additional displacements may take place.

During this physical phencmenon  known as the
consclidation process, éhe coﬁtinuity of mass, Eg. 1.17, may

be reduced as follows

-

e

g -1 d
1 — o r— — . l_
div K grad( f) 3v5 1 (st) (1.22)



\l
x

) p’ | P

Fig. 1.2 Destabilizing effect of pore pressure



1.5 THEORIES AND.CLOSED FORM SOLUTIONS TO CALCULATE PORE
PRESSURE '

The calculation of pore pressure, therefore, involves two
distinct analytical phases, namely:

1. the determination of the initial distribution of pore
pressure associated with the preexisting regime of
£luid flow, which usually is under steady condition;

2. the calcul;tion of the excess pore pressure, induced
by the application of the additional set of external
forceé, at each stage of the consclidation preocess.

The first phase regquires practically the solution of

Laplace's equation. -For the mathematical description of the

evolution of the excess pore pressure, two theories are
available in geotechnical engineering, that is the Uncoupled

and the Coupled Theory of Consoli@ation.

1.5.1 Steady Flow
The mathematical solution of a seepage problem may be

obtained from Laplace's equation represented by Eg. 1.19%a.

Analytical solutions can be generally achieved only for”

" homogeneous isotropic medium with well defined and simple

boundary conditieons.

In a number 'Qf seepage problems in gecotechnical

engineering, the flow invelves a £ree surface (uncenfined
flow). This implies that the boundary ceonditions cannot be

fully defined, since the free surface is not known a priori.



For unconﬁiﬁed flowf the geotechnical. eﬁgineer has
traditionally relied on graphical methods (Casagrande, 1940,
Cedergren, 1967). - ' )

In the analysis of wells in unconfined flow, groundwater
hydrologists have often based their' theory on Dppuit's
assumptions. Exéct analytical methods = of handiing such
problems have. been developed, but they are often difficult
to apply. '

Extensive treatments of these methods are givén by Harr
(1962), Polubarinova-Kochina (1962), “Aravin and Numerov

(1965).

1.5.2 ° Consolidation: dhcoupled Theory T - .
The Uncoupled theory finds its origin in an early postulate
by Rendulic (1936), according to which the total stress does

not change with time.

This assumption may be generalized in mathematical form-,
. - J
as follows:

g = g! = = ( .23ay
Y
GymE . . ~
15 5ij ; . (1.23b) ‘

- 18 -



s

Usually, the Uncoupled consolidation governing equation-

is derived under the hypothesis of small deformation but, as
shown in the following, _this assamption is not- strictly
necessary. In fact, from Eg. 1.235, the rate the rate of
change of the excess pore pressure is directly linked to the
raﬁe of change of mean effective stress‘and consequeﬁtly it
can be related to the solid. volumetric change, provided the
existence of a direct relationship between the two latter

variables, Eg. 1.24.

.e-'..'- L-d— :
" B[dvs o @)] | (1.24)

)
where B is a bulk modulus, which is generigly a function of
the q§gree of‘csnsblidation. o
Conéequently; by using Eq.'1724 ., Eg. 1.22 becomes a
pargbolic differential equation with the only field variable

e
T,

g

g. 1.25.

<,

. , ce -
. div X grad 2— = = 7€ ' (1.25)
- ’ . Yf B } . ’

- - N

In ' the . hypothesis’ of small _displacement, the raté of
variation of- .the solid volume is almost equal to the
variation of the volumetric strain-sv, Eg. 1.26a. Adding the

- 19 -



hypothesis of linear elasticity, the bulk modulus.B may be
calculated, depending on the type of problem under
~ ;

investiéatioh, by one of the following expressions (Davis

and Poulos, 1968):

L dx L Ll '
dVS dt s %y B P (1'26?)

H

where B for 1-D, plane strain and 3-D is respectivelly ecual

to: S
o
"B, -
B . E(1-v) (1.26b)
(1+v)(1=2v) S
B = E oy (126c)
| 2(1+v)(1-2v) B
(1.26d)

, Alternatively, assuming the specific volume ¥ to be
related to p' as.in Eg.- 1.27a (Schofield and Wroth, 1968),
it follows that B is a non-lineéar function whose wvalue
depends on the current p' and v, Egs. 1.27.

- 20 - .



a0

v o= ?o - A la (-p") (1.27a)
S ——
d d 1 dv A_dp'
E TP i (1.270)

B --EKP— (1.27¢)

where X is a material parameter.

It is to be noticed that in the latter derivation there
is ne need to assume small disﬁlacement in ofder to relate
dv, to p'.

The reduced form of the equation of continuify of mass,
“Eq. 1.25, may describe the consolidation p§ocess'<if the
initial distribution of the field variable t° is known.

- Henkel (1960) and Henkel and Wade (1966) for instance
related thé initial excess pore.pressufe to the wvariation of
total stress due to the application of external load by the

following semi-empirical relationship

2% = a Ap+ b 4g . (1.28)

- 21 -



where a and b are material coefficients while Ap and Ag are
the total chaﬁge of mean and distortional stress
respectively. .
In short, the Uncoupled consolidation theory inveolves the
follgying steps: .
1. calculate the variéfion of total stress distribution
_due toc the application of the: new set of external
L4 forces, by solving‘ for instance the- system of
equations in Table 1.2;

2. estimate thé initial exées; pore pressure by a semi-
empirical expression of the type Eq. 1.28;°

3. compute éhe evolution of the excess porefgi%ssure py

scolving the parabblic differential equation 1.25;

W

eventually back-calculate the dJdisplacement at any

1
given time step once we, and consequently dij’ have

[
been determined.

Several objections can be” made to this procegure.

*Firstly, one could  guestion the validity of the
assumption .stated in Egs. 1.23, which practically implies
that the maximum 1% is mobilized at the time of the load
applicationQ- rurthermore, in order to caiculate ne, a semi-
empirical relationship is needed which may represent anotﬁer
weﬁﬁ-point o% the approach.‘ |

But for now let only the practical computational aspect

of the Uncoupled theory be'donsidered.

- 22 -



Alphbugh this theory wants to represent a simplified
approcach to the"real lconsolidation. problemf it turns out
that its agﬁlication is in general not simp;e.

.f==Elosed forﬁ solutions of ﬁq.Rl.ZS are rather limited to
1-D prcoblems, where “er géxhiilowed to wvary only in one
spatial direction. In addition, the medium is assumed to be
homogeneous, isotropic, with constant permeability and B
coefficient. Some examples of exact closed form solutions
have been found by Taylor (1943) while simplified solutions
“have been proposed by Rendulic 11936) and Terzaghi (1943)
always under the aforesaid hypotheses. The solution of Ehe
axisymmetric case has been instead proposed by Carslaw and
Jaeger (1959). ° -
1.5.3 Consolidation: Coupled Theory
The first attempt to analyze the consolidation problem }n a
unified and rigorous theoretical procedure was done by 3iot
(1941a).

In the original Biot's work, the solid part was assumed
to obey linear elasticity, +the acceleration terms were
neglected and the hypothesis of small deformations was
-advocated. ‘The body weiéht and the ini;ial pore pressure <
were not considered since, because of the linearity of the
problem, their effecf can be superimposed.. Y

Under the abeve conditions and respecting the Principle
of effective stress, the field equations 1.9, 1.10, and 1.11

v

may be rewritten as Zgs. 1.30, 1.31 and 1.32 iR Table 1.3.

¢

- 23 -



Biot correctly identified the use of the céntinuity
equation in order to solve the equilibrium problem which in
this case involves the additional unknown %, | ”ig

In the hypotheses of small deformation, ‘ﬁnifb:§’ and

isotropic permeability, Eg. 1.22 can be reduced to

4

e [

Kij n’ij = g

k,k (1.29)
which, by fhe application of'the Laplace transform, may be
proved to take the form of Eé. 1.33, assuming uk,k= d at
t=0.

Although the mathematical problem is completely defined,
the solutign of the above system of equatibns in'fable 1.3
still remains a farmidable task. As a result of that,
analytical solutions are rather iimited and generally
confined to flexible footings on homogeneous, isotropic and
linear elastic, semi-infinite half space.

Some of those solutions have been ¢pﬁblished by Biot
(lgélb,. 1941cy, Jogselin de Joung (1957), Mc Namee and
Gibson (1960a, 1960bf, Gﬁbson and Mc qgmee (1963), and a
discussion at length on tpe validity of this theory has been
_presented by Schiffman et al. (1969). Solutions for

consolidation problems involving £finite depth have been

proposed by Gibson et al.(1970) and Booker (1973).

- 24 -



A major difference between the Uncoupléd and the Couplea
theory is  the "Mandel-Cryer effect" on the excess .pore
préssure (Mandel, 1957, Cry?r, 1963). Since the excess pore
pressure is affected by changes in the mean total stress, it
_may, at “some places within the soil mass, continue to
increase for some time after the application of load. This
result is in contrast to Rendulic's assumption of constant
total stress, and perhaps may explain some delayed failures
so often registered in the technical literature.

The existence of the Mandel-Cryer effect 1is now
supported by vast experimental evidence. Interesting :for

instance is the experimental. study performed by Aboshi in

1955.

T~
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TABLE 1.3

2

eld equations oﬁecoupled_consﬁlidation problem in the

hypothesis of linearized elasticity

b
aci ane
3 egs. of gotion SO 5ij = 0 (1.30)
3 3
6 Hook's Law egsS. G'ij = A lkk 6ij + 2["' lij (1'31)
du du
1 1
6 Geometrical egs. lij = E-(BE—-+‘3§19 (1.32)
3 i
1 Continuity eq. L* Ky g n?ji -w (1.33)
3

16 equations, for 6 effective stresses, 6 stralns, 3 displacements and
1 excess pof pressure.
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Chapter II

CONSTITUTIVE EQUATIONS

2.1 INTRODUCTIOﬁ
Three fundamental postulates are assumed to be valid for any
constitutive theory of purely mechanical phenomena 3in a
continuous’ medium. (See Truesdell and Noll (1965), secs. 19
and 26). The three postulates are:

1. the Principle of Determinism for Stress:

2. the Principle of Local Action;

3. the Principle of Material Frame-Indifference.

The application of these principles to the theory of
elasticity leads to the conclusion that one of the most
genera;”forms of constitutive equations should respect the

following form:

y T = £¢(L) | (2.1)

-

, . . ; ~ ~
In the hyﬁa%hesis of small deformation, where T and L
reduce respectively to the Cauchy stress tensor T and the
linear strain tensor L, Eg. 2.1 assumes the more

conventicnal form of

- 27 -



T = £(L) (2.2)

Thé extension of the functional form of Eg. 2.1 to the
case of plastic deformations apparently is not completely
.rigorous, since the mechanism of slips, which in this case
'taﬁes place in th% materiai, 1ls not correctly represented
+ {Mandel 1971: 19823. | Alternative formulations have been
proposed (Dafalias, 1983a and 1983b) but since they are
still in process of study and debate, the validity of Egq.
2.1 will be hereiq assumed even in the range of plastic
deformation. A

In the recent vyears, various mathematical models of
deformation.have been proposed.which have led to alternative
coﬁstitutive eqﬁations. Although at a firét' reading the

différent models ﬁay appear quite different from each other,

a more careful study leads to the identification of several

common points

Therefore, this Chapter presents a critical analysis of
- some of the best known elastic and plastic models and
attempts to identify some common features amohg them.

In the following Sections, the basic assumﬁtions lying
behind the c¢lassical theory of elasticity and the
cgrresponding geometrical interpretation for the particular
case of isotropy are-prgsented—and developed. In Sectioﬁ

2.2.1, a possible experimental identification of the Young



and Poisson‘cdefficients from a simple uniaxial test in the
case of large qéformation is also derived.

*® general ‘form of thé .combined elasto-plastic
conétitutive equation in 'large deformation is presented in
Section 2.3. In Section 2.4 theoretical considerations on
some particular forms of stress functions are developed
which will enchance the analysis of the different elasto-
plas?ic models presented in the subsequent Sections 2.5, 2.6
and 2.7. In particular, a new and exact expression of the
éra&ient of a potential function is &erived and it is ‘proved
that most of the available expreséions to calculate- the
plastic meodulus can be reduced, if correct,k to only two
alternative expressions.

The conclusions of this Chapter are finally drawn in
Section 2.8, along with a propesal for a generalized version
of the Cam-clay models.

For easier 'reading and compact formulation, a special
tenser transformation is herein introduced, for which 2nd

order symmetric tensors are transformed in vectorial form in

the following way:

-
a a a
o - (e - au al2 13 (2.3a)
1j 21 22 423

= - ‘T 3
g {ai; = fagyr 2gp0 3530 72 3, 12 2130 73 255" (2.3D)
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whe;sjtﬁé symbol.q } indicates the particular nature of
the vector.

In the same fashion, the gradient to a certain functién,
say £, in a 9 dimensional space 1is transformed into the
homologous vector of the type 2.3b, provided the tenseor

~ _
associated to it iIs symmetric. For instance

of

grad f = [— ] (2.4a)
a acij
is‘transformed inte
5T - of
LET % " e e e i 2.4b
13 - 11 22 %33 %2 (2.4b)
. of df
/2 , V2 }
aci3 6023

where 2 represents the gradient vector and-ihe subscript ¢
the type of space in which the gradient is defined.

It is possible to prove that followieg this convention,
the scalar product cf two second order symmetric tensors may

be simply transforméd into a scalar produbt of the two

. ~, .
homologous vectors; for instance

AiB = ath = 2y by ayby, t 2212%12 (2.4c)-

11°117 222822 7 233033 7

+ b 2a,.b

22, 4by 5 + 22,3b,,

where
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A -'[aij] * a -'{['aij]} |  (2.4d)

!

<N

B = [bijJ ) - p‘_-.{[bij[} ' | (2.4e)

2.2 ELASTICITY .
According to :ruesaell and Toupin (1960)“ a material is
called "Green Elastic" or "Hyperelastic" (éreen, 1839 and
1841) if there exists an elastic \botential function (or .

. strain funcégdn), say W, scalar function of the finite

~ Lagrange styéin tensor ¢, whpse derivative with respect to

a strain determines the corresponding 2nd Piola-Kirchhoff

stresi/‘,mponent 0. Mathematically this can be expressed as

‘5--‘.7-'\: .
g=~Tw (2.5)

This requirement is completely satisfied in the fol%owing
two fully recoverable thermodynamic processes:

1. Adiabatic and isentropic process where W= jpu= pw,
being u and w the internal specific energy and the

’ .
internal specific work respectively;
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2. Isothermal deformation with reversible heat
conduction where W= ¢, being ¢ Helmotz's free
energy. .-

When the potential function W is chosen to be a quadratic

function of E (with the condition .that W vanishes in the
unstrained caseT) Eg. 2.6a, the material is called "Linear

Elastic", since the relationship between stress and strain

becomes linear as in Eq. 2.6b.

W=2Tc®3 , (2.6a)
5 ~ = o~ - -
— | g=Trw=0c"% (2.6b)
!
where C% is a _syxmnetrig' tens containing 21 independent

coefficients.
Hence in the current case, due to .the linear nature: of
Eg. 2.6b, W can be also expressed as a strain-‘potential

function, that is:

W= %‘é ORI . (2.7a)

o — -

.



. T = Te e,~l~ T '
R RN C R . (2.7

-

.~ . y . * .
- Moreover in the <case of adiabatic and isentropic
thermodynamic process, the following identity gan be proved

Pl

.~ (appendix’ A)

:

| W ; pow = %. :.:.:E: - _i. (psv + g.g) (2.7(:)

-4

wherevS'and §'are the trace and the deviatoric comﬁonént of
. .y - .
the 2nd Piola-Kirchhoff stress tensor respectivelly, while

e, and E the trpace and the deviatoric component "of the
finite Lagrange strain tensor.
For "Isotropic Linear Elastic™ material, it is well known

: . . — . -
that elastic matrix C\\Egntalns only two independent

coefficients and the Eg. 2.6b may be expressed as s

13 vl i * 1-2v 5ij Ev) - (2-8)

-~

P

In this particular case it is known that the directions
of the 'deviatoric stress %-and of the_aeviatoric strain.E
coincide, from which it is possible to prove the folibwing

interesting relationships (appendix B):



S ~2 2
W-pow--z—go

I R R B N o
7 (e, ¥ qe)) =5+ &= (2.92a)

1

where
P PR
g, (3eg 8 (2.9b)
. 1
E _ __E
B 3(1-zvy ° ¢ = Ty (2-99"‘/
it follows

. ‘E -—a-?:,-% (2.103.)
: v op : '
<2
T ¥, 4q (2.10b)
s ~ 3G
oq

From the above relationsﬁips,.it is poésible

-to deduc '
that, for isotropic materials, the followini/j;}héﬁgg;g;jh—‘—‘h,\‘\Vﬂ

properties hold:

-
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1. the potential function can be alternatively expressed
by the scalar product of the lst and.2nd stress and
strain invariants;

2. the potential function may also be mapped 6nto the
stress invariant p vs. g diagram;

3. the deviateoric strain invariant Q; can be also
calculated - as the  §erivative_ of the potential
function with respecf to the deviatoric stress

L) » o~
invariant d.

2.2.1 Experiﬁental Determination of Elastic Constants for
Isotropic Materials

For aﬁ isotroéic linear elastic material the constant values
E and v may be determined from a conveﬁtional triaxial test.
In fact, it is possible to pfdbe (appendix C) that in
conventional triaxial test the 2nd éiola-Kirchhoff stress E
and the finite Lagrange strainlg are simply relafedlto the(/

measurable stress and strain values by the set of Egs. 2.11.

&

- ? _ - | . - _ 2-
sl = : e + L
1. ~ 1 1 1 i
Vo(;;l+1) ‘
¢ =4 L 48 b = W T (2.11)
. 52
~ ~ 1/2 ~ 3
03 (25:L + 1) 0'3 53 €q + 3
L L - L J L i d
‘d _
h . si dSi ) .
where &, -—-EEZ——— L&

- 35 -

1)



and dsi. is the‘ initial length of the samplg in the i-
direction, dsi the length of the deformed sample in i- ..
dirgction while 9y is the applied load. |

Therefore in a unaxial test .condition, - the values of é

"and v can be calcula;ed from the following expressions:
e [] ’

. : ]
~ 3
£ (e, + —
vV = =S m 32 (2.12a)
<, gi
(€1+ 7
.9 S ' .
E=—= — (2.12b)
£ v )
1 o 5 2 5
gl QO+ 7 &t 2e] + 3]

Thus, Eg. 2.12b establishes a linear relationship only
between ¢; and ?1 while’ ¢; and e; are related by a fourth

-

order expression.

| In the assumption of small deformation, all +the
~relationships found in this Secfion; are still mgiid.. The
only difference lies in the substitution of the 2nd Piola-
Kirchhoff stress tensor and the total Lagrange strain tensor
by the more familiar Cauchy stress <tenser and linear
Lagrange strain tensor, respectively.
. In particular, because o0f <the hypothesis of small
displacemeﬁt, Egs. 2-12 may be simplified inte Egs. 2.13.

Furthermore, the volume change, which coincides in this case
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with the wolumetric strain, is 'liﬁeariy' related to mean

pressure through the bulk modulus B, as Egs. 2.14 show.

£ ) .
Yy = - E—3- s E = —i- (2-13)
1 &
dv -.dv; ' '
= = B 2.14
v €& = 5 ( a)
0
where
- E 2.14b
B =30 ( )

Roscoe et al. ({1958), e#tending some earlier suggestions
by Terzaghi, apparently found experimentally that the
elastic (recoverable) specific wvolume —in soilé follows a
logarithmic wvariation with the mean pressure, Eg. 2.15.

Since the rate of'éhange of the specific volumelis ecual
to that of the éntire volume, and the latter to the rate of
change of volumetric st;ain in the hypothesis of small

deformation, it results that the bulk modulus is net linear,

-

Eq. 2.16.
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The type of relationship between p and eV

is clearly

shown in Eg. 2.18, 9btained by integrat'iné ‘Eq. 2.16, and

represented graphically in figs. 2.1.

de, = =2 da(av) = &~ - L gp
v v vp

/‘

Ba—m
X

p=- exp{% [l-ex_p(sv-ex)}}
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(2.17a)

»

(2.17b)

(2.18) -



where X is a material parameter while ;x and e, are

respectively the specific volume and the volumetric strain

for p = .a.

The relation lﬁween Young's modulus and x parameter, as
in Eq. 2.173_,_,;5;1 be found’ comparing Egq. 2.17a with Eq.
2.1%b. Th afore‘said authors apparently assume Poisson's

coefficient constant, therefore attributing the non=linear

' elastic nature of éoil only to Young's méﬁulus.
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Fig. 2.1 Mean pressure vs.” volymetric strain as_predicted‘by

Eq. 2.18
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2.2.2 The Geometrical Nature of Elastic Potential
Functions

- - —

The geometrical nature of W can be exactly identified&ﬁﬁ?—hah_a___;

the linear and isotropic case, (appendix D). There in fact,
W, Eq. 2.9, represents an ellipsoid in the principal stress
space, Figs. 2.2. -

The cancnical form of this surface is presented in Eq.
2.19, in which o, coincides with the spatial.diagonai in the

principal stress space.

E§+-c-§+_c§ (W3 +1)=2EW (2.19)

Alternatively, the same surface may be mapped onto the P

vs. g diagram, Egs. 2.20 and Figs. 2.3, where it represents

in general an ellipse or, in case v = 0.5, two parallel
lines.
~2 ~2
P49 . (2.20a)
2 2 .
a b
where
2 2EW
B —— = 2.20b
a 3(1-2v) 2BW ( )
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: E
" = I =6GW (2.20¢)

In the hypothesis that E varies according to Eg. 2.17a,
it can be immediately proved that the potential elastic

function W takes the form of Eq. 2.21a which represents an

ellipse passing through the erigin of p vs. g diagram, Figs.

2.4.

2 2 .
o S (2.21a)
=2 T 2 .
a b
-2 2vyw

a = 33 (2.21b)

—b-z- 1-2V.VW

9(:—L':\-;—) —_— (2.21c)
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Fig.

2.2

%

Potential function for isotropic and
material (eq. 2.19)
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Figo 2-3 Mappin -
g 1o p vs. q diagram of a 1
. i -
dsotropie potential -funection {eq. ;?SS)eIaSCiC and

@

Fig. 2.4 Mapping in p vs. q diagram of a non-linear elastic and
isotropic potential function (eq. 2.21)



2.3 PLASTICITY

. The .previous Section ealt with the constitutive.

- eguation re%9ted to a pgrticular process, characterized by a
complete recovery to \the undeformed configuratibn upon
removal of the applied loé

It is instead known that, in aireal material subjected to
a -cyclic lqading process, not the whole deformation is
recoverable.

Irreversible defor@ation, which results from mechanism of
slip or from dislocation at the atomic level, and which’
thereby leaas to permaﬁent dimensionai changes, is known as
"Plastic Deformatipn". i

Such deformation pccurs'only at the stress intensities,
above a certain threshold value, %known as "Elastic Limit" or
"Yield Stress", determined én a so called "Yield Function"
Glg.¥)- |

After the initial yielding, the stress level at which
further plastic deformation occurs, is usually assumed to
depend on the degree of some hardening parameter k.

Because plastic strain depends upon the entife loading
history of the material, plastic stress-strain relationships
are very often given in terms of strain increment, the so
called "Incremental Theory". .

The afore§aid theory assumes the é#istence of a potenﬁial
function F whose gradient, in the stress space, determines

the direction of the plastic deformation.

- 45 -
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The magnitude of the plastic strain is controlled by a
scalar parameter a directly related to the total
diffe;.rential of the yield function dG, with respect to the
sltress variables, such that only loading processes" may
mobilize irreversible deformations. -

The first mathematical description of such theory was

éppare_ntly formulated by Melan (1938) fc?_r the ca;.se of small
| defomations. |

In order to give more generality t"o."Melan's formulatien,
it is necessary to respect the., f’rinciple of Fr
Indifference. Therefore, in a first attempt to extended Zj
definition to the case of total displacemen&l Melan's

formulation is herein proposed in term of Lagrange total

strain and 2nd Piola-Kirchhoff stress tensor; as follows:

def = d1 V—g F . (2.22a)
where N
dG';_ ‘ N
g = ~ = ——— . > \2-22b
dl = 2 d6y > <._A > 1f a6~ >0 )
A =0 | 1f 6w <0 (2.22¢) '
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~dGy = VoG edg : . (2.. 22d)

v A== . (2.22e)

o
It is important to notice’ at this point the close

similarity between Eq.'2.22a and_iq.'2.7b which defines the

elastic strain. .
—

From the general definition -of"Eq. 2.22a, after some

‘mathematical manipulation, the valuee of the plastic

.deviatoric strain de® and of the two plastic strain

Ll

invariants, d ?5 and d Zg, may be proved to be equai to the

feollowing equatioﬁs:

. _6 a
~ ~p —— — "
P g P-4 ~ F.
deP = dgP - de = AL T F (2.23)
\ &p.: = g— . Ty
de? d% a1 = (2-24)

op -

o

\

“‘pul-z.. ﬁpo“‘pl/zx ..._ -._~ o (3 o
4P . 4P ea?H %_dl (7> 7| (2.25)



— . I

-
where the value of'EoE'_ is prese'nted in Table 2.'1, and its
geometrical interpretation discussed in the next Section.

it is of some .interest to observe that if F is an

isotropic function, i.e. F function only of the p and g (see

' Section 2.4), the strain invariant d?:g may be related

directly to the E-str'ess invariant since Eqg: 2.25 may be

reduced as - . _ -

deP = 3T SE (2.26)
s =

In the- technical literature, a few alternative‘ Teduced'
forms of Eg. 2.22a can be found. E‘or.instance the plastic
strain is sometimes expressed in terms of the ﬁnit nérmal to
F and G. Therefore, J.n the curren:c case of large deformation

yd
Eg. 2.22a can be rewritten as follows:

A~
. deP= 91 U~ F = Pt i (2.27a)
- . - ~o gP °F -
( ‘ %
where ‘ .
~ L T
: V~ G ) . Y~
. ’ﬁG I :. A EO:F | (2.275).
; E‘E GI C ]'ﬁ'c; F‘ o ' -
. . . &
v ]



_where the scalar wvalue KPP is also known as

plastic medulus".

7~ 6} [T 7|
A

L.

(2.27¢)

"normalized

In the —ommon, but nevertheless strong, assumption that

the combined elasto-plastic .strain can be linearly split

intoc the elastic and plastic strain, Eqg. 2.28, the complete

elasto~plastic constitutive equation may be proved to take

the form of Eq. 2.29.

where

- o P

*

L)

dg =c°P 4% = [c®-cP] &%

O

(2.28)

(2.29a)

(2.29b)



where C° is the elastic constitutive matrix and * is the
diac product. '

\Fhe proof of Eg. 2.2%a is practically identical to the
one reported in many references (see Yamada et al., 1968, or
Zienkiewicz et al., 19869) with_'the- only difference of
replacing the variables usually expressed in terms of linear
Lagrange ‘strain and Cauchy stress, by the total Lagrange

strain and 2nd Piocla-Kirchhoff stress.

2.4 GENERALITY ON POTENTIAL FUNCTIONS

Before‘going into the detail of Ehe specific form of the
potential (and/or yield) functions, which are strictly
related to the behaviour of the real material, it is felt -
nesessary to investigate some of their mathematical aspects.

In the previoﬁs Sections no restriction has been imposed
on the genérai form of the potenfial functions, W for
elasticity and F £for plasticity; it has been only assumed
that they should be defined in the stress space, Eq.72.30 in
Table 2.1.

In the field of Csnstitutive equations some forms of.
potential functions attract particﬁlar attention since they
allow substantial simﬁlifications.

Hsrein, it will be defined as "Isotropic functions" the
special stress functions Wthh can be equlvalently expressed-

in terms of thelr stress 1nva*1ants p and q, Eg. 2.31 in_

-

Table 2.1. For instance the von Mises or the Drucker-Prager
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failure cfiterion, Table 1.1, as well as the potential
functions W for isotropic material, Egs. 2.9, may - be
considered of this type. o . . |
The geometrical -characteristic of Isotropic éunctions is
the complete symmetry about tﬁé spatial diagonal in" the
stress space. They can also-be mapped in a S vs.‘g diagram.
Those particular functions which can be alsq expressed in
terms of the three stress invariants 5, & and E, as Eg. 2.32
in Table 2.1, are herein defined as “Quasi-isbtropic

functions".

L

Since the angle 8 is defined within a range of 60
degrees, it follows that quasi-isotropic functions present 6.
symmetric parts about the spatial diagonal in the.étress
space. Typical examples of these ’kinas_ of fgﬁctions are
given by the Tresca and Mohr-Coglomb_féilure criteria,'Tabie
1.1.

These functions can still be mapped onto a 5 .vs.‘ E
diagram but with thé caution to specify the current E value,

The gradient of a general stress function,-ﬁq. 2.30, may
be decomposed in two vectqrs »§5F and Vg F, hTable 2.2,
orthogonal one to'ééch othe:. "The direction of the vector
ﬁ?? is parallel to the diagonal space and consequentiy'ﬁgF
lies on the deviatoric plane.
| The vector EgE( @hose general expression can be proved to_
be équa; to Eqg. b™in Table 2.2, for the case of a quasi-
isotrop;c"function‘ may be ‘further dé&omposed - into two

* -



. ) * - - B o . ) r..

vectors a,¢; and a,c, as in Table 2.3. The direction of 2,
coincides with that of the current deviatofic étrégégiwhile
a, contains the derivative of the third deviatoric invariant
J,.with respect to the current deviatoric stress. .

It must be emphasized that the last three comﬁoneﬁts,o{
thg vector a,, as presently derived, are half the;value of
those usually reported in the technical literature (see for
instance Zienkiewicz et al., 1969, Owen and Hinton, 1980).

FTor isotropic functions, becauée of the independence on
the E-vﬁlue, ESE can, still be simplified into Egq. ¢ in Table
2.4. Hence the modulus of ¥ _F may in this case, ﬁﬁd'only in
this case, be expressed_in terms of the partiél derivative
of F with respect. to f&-iﬁvafiant, Table 2.4. From this
‘parzkcular property, the plastic strain invariant dEi may. be

_expressed as - in Eqg. 2.26.

)l

q
)

g\J/.
) ;.3..,[

- 52 -



TABLE 2.1

General forms of stress functions

.

F(Eij’ k) =0 - general stress function (5.30)
¢ .
F(;, E, k) -.0 ) ‘isotropic stress function (2,51)
\ . ‘
F(;, E, 3, k) =0 quasi—isoffopic stresé function (2.32)
where

- = ' ‘ ) (2.33a)

1/2 3~ ~ (1/2 ' )
q= (3J,) G 513 sij) - (2.33b)
- 3
~ 1 : 3/3 V3 S
8 -Earcsin-(——-i-—:a—/z ‘ (2.33¢c)
3
2
iy = lsijl . (2.334)
s -
N ’
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TABLE 2.2 . 4

]

* Octahedral decomposition .of the gradient of a stress

~p - ~ .
o~ 0
? “%1j
o L2 o
1 3 6~ aLl

function

dF 13 dF
] B 3; Pt
asij - askk
- ‘C’\ -
2 _ 2 1/2 R
= ([TF| 4 lV FI%) : |
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[T-F| = Tor - Fory/2 o« L 2F
P

— - = 1/2 3F  3F 1 _OF 2.1/2
[Tr) = GF T2 e (XL &3
_Qsij as%j kk
L
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TABLE 2.3

Octahedral decomposition of the gradient of a quasi-

isotropic function

TF=LF+IF = a0 % 356, + 24303 -

- V~F = g eq ¢, “Table 2.1
ovp ~

_V-F-ac
~S L

where _ ~

3F _ _ tg36 2F
1/2

2 1/2 e
BJZ J2 28
. 'y '
C — /3' EF‘—
3 ~3/2 ~r 1
2;2 cos38 386 r / .
172 ~1/2 ~
Y 6J2 ) 611.&]2 ) s
o = 3 o~ ~1/2
o ~2 asij askk 232
3 Gy ¥ i B3 &y
a, = - = J
~3 2, ¥ a3 83 3 2
ij kk 1] ’




-

(59983375p3)  (8138375938,)  (51,8,378555;4)

(5138337813) (8128137811 523)
symmetric ’ (811322-512)
74
@
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. TABLE 2.4

Octahedral decomposition of the gradient of an isotropic

function

V~F=V~F+V~F-ag’+ac

?;F = a,¢, eq. ¢ Table 2.1

o )

where

oF
~1/2

. = T = _1/2 3, dF
Grl = @F "B -/ @ =

since

o o
! l"’ :
I.

o



2.5 A BRIEF_INTRODUCTION_ON PLASTIC MODELS

To c¢alculate the plastic déformation, following Melan's
postulate, it is neceésary to define the\\ggzﬁe and the
‘kineﬁatic (shape and size evalutign) in-tﬁe stfgss_space
of Dboth yield and potential functions, and, finally ¢to
determine the plastic deulgs k.' o . - y

Since the vast majority of the thgoretiéal dgfivations
. have been'pubi;shed in terms of Cauchy stfess tensor, from
this Section to the end of this thegis the further =
mathematical dévelopﬁents are. also reported in the  same
terms. Consequently, the associated strain is expressed in
terms of the small Lagrange stfain,tensorl

Druckef (19515 established that for a "stable work
hardening material" F and G coiﬁEide, aﬁd the plastic
deformation is said td follow én-associated'flow rule.

Hill (1956) pointed out that the coincidence of F and G
has an important mathematical significance, since in tﬁﬁs
case it is possible  to prove the .uniqueness of the

potential function (von Mises, 1928).-

. I . .
Specific forms of G may be found experimentally, while F =~-

might also be detérminéd theoretically, usually by making an
hypothesis on the'dissipating work associated to the plastic

deformation. -' ' 1
When -F is theoretically derived, its kinematics is

P
‘-,

" . usually 1mp11c1tly -defined, (see for iﬂétance Cam—clay

medels in Sect*un 2. 7 1) In .general 1nstead the kinematics:

. ,_’,‘

of F {or Gf’has to he 1mposed by -ntroduc;ng sneczf;c rules.

. - o .
o | -59 -
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If F (or G) is assu*r'ned to be represented, as in Eq.

[

2.34a, by an hombgene.cjus ‘function of order n with separable

variables, several kinematic rules have been p'roposed, Table

25!

F(g.5h) = £(g = ; L (2.34a)
where 'f'- b

E-B8+a. B-Ekgli B C (2.3a)

where § is the vector defining the centro¥&-of F while the
parameter hg a scalar usually related to the size of F.
-The “veg tor E can ‘be also decomposed in a hyd.rostat::.c;
‘comp nent 58 along the spatial diagonal a_nci in a deviatoric
component g lying.' in the octahedric plane, Eg. 2.34b.

The geometrical meaning of the starting assumption for

moest of the kinematic rules reported in Table 2.5 is

* immediate.

ol v

Examples of appllcat:.on of the Prager Ziegler, Philip

and Mroz kinematic rules 1~1fa‘ve always 1mp11ed _adc@i{:ional
condition of 31; 0. c " ° '

Mroz's and Prevost's kinematic rules require the

existence of a ""Boundihg Surface" F_ (Mroz, 1967), in which
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‘4 F may translate and expana\ but never cross E‘c'. This
',-p/ .condition is essentially ensured by reiatipg the }ginemé:tics _

of -F_to a certain vector u which joins. the current s;l_:ress
poirt ¢ to an -homotetic stress point g. on 'Fc. The
relationship between ¢ and o_ is established by imposing,

that 'the two stresses engage the same normal on F and F o
e . ) « R
respectively.

As reéards Prevost's kinemfatic' rule, it has been herein
mathematichily verified'th:at' it can be appiiéd only under
‘the hypothes-is reportn;d in table 2.5 'No. 'S, and this
ﬁ}mdoubtlyz.limits the generality claimed by- 'its author.
E‘u::thermo're, to calculate df by Prevos‘F's vkinematic rule it._.
is also neceésafy to qiefine the laws-‘o-f variations of Eé; and -

h

o+ 23S presented later in this Chapter;

For a number of models the computation of the plastic
-modulus A requires that the eveolution of G is controlled by

a unique "hardening ‘parameter”, say k. Hence under this/ :
cdondition, it is possible to préve <that.A' may be only

calculated froin either Eg. 2.35 por, i'f_‘ G :.s an isotropic

function, from-Eg. 2.36. _ T
\ :
. dG o ' o _
A =209 _ _ 3 dk OF . " (2.35) ¢

‘ depbpl 6kd€pap.
v v

g BF _ _ O dk _ OF



a~

"The tqo above equations have been derived from Eg. 2.24
and Eg. 2.26 respectively, and further reduced by the use of
the Consistency equation. ’

. The actual célgulation of A obviously requires the
exiétence of a-relationship bétween'k.and 85 of sz. These
relationships a&are, as it is shqwn in the next Section;
determined experimentally, once the exact physical nature of

k is established.

M
A
2}
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\ o
TABLE 2.5

Kinematic rules for homogeneous function with separable

variable
1) Prager
af - ah™ tan
dg = dp ch = — .
|v £
~c .
g
A
2) Ziegler .
- af - nh® %dh o o
Ag = dp (g~ &) = (g- 8 $
) . : ,
(g BT = -
4 ’ 2
3) Philip
df - nh¥ ldn
- o] * dgo
dg =-dp dg = T S ~
g
4) Mroz
df - oh™ dh
df = dp g = - f‘
g Lf :
n A F
where el ng
‘ 2
£=92° 2 4 g 3
) =h >
g = Tg 7 o
c —




5) Prevost

dE = df_ +a a, +udp -
3 e Qg TR

where

Et = coordinate of the center of the bounding surface Fc

-

n-1
a_nhc'dhc_hn-ldh .
— — /
el [T
‘ T £
B=0-g R n. = 3 = =9
-~ — £ fc ]Eo,fl -
{7 ]
df -~ T £4dE - nh_ dn_ ,chc
= I

The relationship of a and p can be proved only with the following

assumption

g dp = dg - dgc

-

. ¢
domdp + 1A dhg
~g

-

n hcn-ldhc .
do.= df +—S €4
~ C —
Ec |V f fc
~3J C -
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2.6 LiNEAR PLASTIC MODELS

It has bgen fo@hd *experimentally that for a number of
materials the yieig function might still be represented by a
linear function, Edg. 2.37a or for frictionless materials

Eg. 2.37b, similar to the failure function as described by

Eg. 1.7.

G=q-M¥(d=-p)=0,  M=Mk): (2.37a)
\
. o
G=q-N=0 .. N = N(k) (2.37b)

where. d is the common intersection of @ and G with the

hydrostatic axis.-

~

As plasticity develo;s, G expands and eventually it
coincides at failure with Q, Figs. 2.5. The law of
variation of-G is gsually-aséumed to Dbe controllég by a
single parameter k. ‘

In the -assumption of an isotropic yield function like Eg.
2.37b ﬁzkon 'Mises <type) and of associated flow rule, the

plastic

odulus A might be calculated from Eg. 2.36, which

in this fase simply represents the derivative of g with

ect of sg, Eg. 2.38.
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Moreover, since the potential function is' pressure
independent, i.e. from Eg. 2.24 dss =0, it follows dzi =
dsg in a uniaxial test, where ‘g is the éxial, plastic
strain. The modulus A therefore represents the tangent to

the 6, Vs. ag curve in a uniaxial test, Eg. 2.38,. where LI

is the axial stress.

A=~—0% _d9 __a . (2.38)

Hill (1956) arrived to a siﬁilar conclusion but his
derivation was based on the postulate that the hafdening
parameter k is equal to the total plastic work.

It is worthwhile emphasizing once more that the above
exXpression o;? A can only be Tapplied to von Mises type
potential functions.

Some authors postulate that the hardening parameter k is
equal to the plastic deviatoric strain, Eg. 2.3%a, and
consequently A may be calculated as_in Eq. 2.3%b, originated

again from equation 2.36.

-

k = jde‘; (2.39a)
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Aa_ 6 dk OF _ _ 3G 3F

—_— = - o= (2.39b)
ok dep oq ok 0q
s

where

oG : oM

w - —(d - p) K " (2.39(:)
or
| %G N

or. x K (2.39d)

Usually alse in this case the hypothesis \ associated

rule is advocated and M, or N, is assumed to be related to k

by an hyperbolic relationship as follows
[

c
7 yo+xm+y (2.40)

where y might represent M or N and x=k. The constants Yo
and ho are respectively the values of.y and of the slope of
the hyperbola at x=0. The sum of Yq énd Yo is the'limiting
value of y for x tending to infinite, Figs. 2.6.

Also in this case, for the mathematical constraints
exposed in section 2.4, the calculation of A as in Eq: 2.39

has to be limited to isotropic yiel& functions.
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it is to be noticed that at failure, from either Eqg.
2.3

or 2.39a, A results to be equal to zero.
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Fig. 2.5 Hardening of a plastic isotropic linear function

-

Fig. 2.6 Graphical representation of

the hyperbolic relationship
eq. 2.40 ‘



2.7 CAPPED PLASTIC MODELS

For a number of engineering materials and s e&ially for
soils, experimental evidence shows that plastikity takes
place even under pure isotropicAcompressiqp.

The yield and potential surfaces the}efore canno; be
represented by "linear" functions of the'%yﬁe Egs. 2.37, but
they should rather have a conQex shape and c¢ross the
hydrostatic axis (space diagonal).

Roscoe ét al. (1958) indicate that at failure, or as they
called ig; "Critical State" (CS), the specific volume in
soil tends to a constant value. In the hypothesis of small
deformation dcv =d¥/v= 0; hence the potential function
should present a mafﬁmum with respect of p, at the
intersection with the failure surface, as indicated by Eq.
2.24,

Apparently Drucker et al. (léS?) were +the first to
suggest that soil might be modelled as an elasto-plastic
hardening material. They proposed that succéssive vield
surfaces might resemble extended von Mises' cones with
convex end caps. Druckér (1961) discussed this cogcept in a
later paper in which he suggested that the failuré surface
may net be the vyield surface. This point is further

emphasized by Drucker (1966) who noted <that successive

loading surfaces or yields do- not approach the failure

surface.



Another important feature of soil ©behaviour can be

schematically shown in a g vs. ag and e, VS- £, diagrams,

as in Figs. 2.7.

The response of a soil sample tested in a conventional
triaxial test may present alternative patterns. It may
happen that g and :V.monotonically increase towaf&s certain
constant values in correspondence to the state of failure,
or CS, of the sample. On the contrary the same soil may
present a peak strength after which ¢ falls towards a
constant value as £ increases. The volumetric strain in
this case initially contracts and then expands trying to
reach a specific value.

There is nowadays enough experimental evidence to
indicate that the different responses are related to the
previous stress hisﬁory which the samplé has beeﬁ subjected

to.

+
4

In the recent Yyears, researchers &n geotechnical
engineering have widely accepted the existence in the stress
space of a so called "Bounding Surface", BS, (Mroz, 1967).
The size and the spatial position of BS are related to Ehé
first loading history of the soil. The intersection of ther
BS with the hydrostatic axis is also known as "Eguivalent
Preconsolidation Pressure",.pe.
If the state of stress still lies on BS, and inside the

Critical State Surface (CSS), then the soil is alsoc denoted

as "Normally Consclidated Soil", NCS. In this case, further
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increase of the applied load will result in an expansion of
BS, which follows the stress point.

On the contrary, unloading'prqcess leaves unaltered the
space position and the size of BS. Soils whose current state

0f stress is found inside the BS are also indicated as "Over

e ]

Consolidated Seoils™, 0OCS.

The first type of triaxial responseepreviouslg degcribed
is apparently characteristic of a NCS, while thé second one
is usually associated to an OCS.

On the. specific form of the BS there is hot yet a
concordance of opinion among the researchers. Howevér, with
exception of some spec{%ic case, there is an evident
agreement in identifying the region of BS contained inside
the CSS with the yield function associated to the NCS. -

The remaining surface of BS, also known. as EHvorslev's
surface in recognition to the early classic work by Hvorslev
{1937), should instead represent the envelope-gf the peak

stress values of an OCS.

The above remarks are further developed in the next

Sections.

- 72 -



——
. €3
compression
L5
-
. €a
~ s
N\
- -
expansion et

Fig. 2.7 Possible s0il response in a conventional triaxial test
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2.7. Capped Models for Normally Consalidated Soil

Roscoe et al. (i958) published a paper which cbnfﬁined the
basis for a nﬁﬁber of subseqqent hardening models for soils.
The paper was concerned:primarily with the behaviour of soil
in a triaxial test and co?tained 'the so-called "State
Boundary Surface" (called yield ;urfadg in the l953'paper)
and the "Critical State iine" poétulatgg.CEhe primary credit
of this work consists in the attempt to explain tﬂé
beﬁaviour of seoil 'in a gloﬁal'way, giving new light to the
early intuitions of Rendulic (1936), Hvorslev (1937) and

Terzaghi (1943).

-

Roscoe and Poorooshab (1963) utilized the ideas contained
in the earlier Roscoe's paper to develop a strgss-strgin
theory for clay which however was not based upon ﬁﬁe.theory.
of plasticity. | B

Calladine (1963) suggested an alternative interpretation

_ of this theory using concepté from . strain hérdening'
. plasticity.
. .Subsequently Roscoe et al. (1963) adopted the -strain
hardening <theory of plastjcity to formulate a complete
Stress strain model: for normallggﬁonsolida;ed or "lightly"
over-consolidated clay iﬁ'the triaxial. This model has since
bécome known as Cam~-clay model (Schofield and.Wroth, i9e8).

Burland (1965) suggested a modified vérsion of the Cam-
clay model.which was'eégntually,extenﬂed to a general three-

dimensional stress state by Roscoe and Burland {1968).



-

"The Cam~clay is essentially a strain hardening model .
whose plastic deformation is assumed to follow an associated
flow rule. The potential (and yield) function, Eq. 2.41b,
was derived from Taylor's hypothesis (Taylor, 1948) on the
internal dissipating work producedr by the plastic

deformatioq, Eg. 2.41la.

duwf = P def + q deP = Mp deP . (2.41a)
v s S ,
Fmd-+11nl xop (2.41b)
Mp Pe

—

In the modified Cam-clay model, Burland {1965 and 1967)

where p is assumed positive for compression. .

proposed a new expression of the dissipating work, Egq.
2.42a, whose integration gives an elliptic yield function in

a p vs. g diagram, Eq. 2.42b.

- P - 2 P 2,172

dw’ = p deP + q def = p[ de+(Mded)"] (2.42a)
. - AR o z . . ' o

) F o= -p2 +3~2—— pp, = 0 - (2.42b)

- M
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where p is assumed positive for compression.

Both surfaces, as shown in Figs. 2.8 and 2.9,'have a
maximum on the critical state line, implying that the
voiumetric Plastic strain at failure is equal to zero in the
hypothesis of small deformation. _

'Taylor;s potentiél functicn, though it has the merit to
be derived from a clear ‘hypothesis on the plastic work,
unfortunately predicts undesirable distortional strain for
pure isotropic compression. On the other hand Burland's
potential surface, whose starfing hypotheses were just
brieflj discussed‘by the author, predicts only volumetric
strain for isotropic compression in accordance to
experimental evidence.

Both surfaces are represented by isotropic functions, apd
in parﬁicqlar Burland's ellipse is also a homogeneéus 2nd
order equation with separable variables which can . be

alternatively expressed as:

R :
F=(p+5)+2-h=0 (2.43a)
n .
where
Po = 28 = 2h (2.43b).
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]
=

(2.43c)

The kinematic rule of both surfaces .is impiicitly defined
since their maximum is always forced'tovbe on the failure
surface. In particular the centre of Burland's ellipse, in
the éeneral sStress space, is fofced. to lie on the space‘
diagonal, at the distance equal to the size of the major

axis of the ellipse.

E = 5h ) (2.44)

Mroz et al. (1979) slightly modified Burland's surface in
order to allow the ratio of the ellipse semi-axes n to be
different from M. This implies mathematically that, for a

“given n, B and Pe should be respectively equal to

s-bh-ﬁ-h (2.45a)

P,=B+h ~ (2.45b)
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In the Cam-clay models it is postulated that the
variation’of‘the plastic specific volume between two next
yield surfaceé is only dependent on the variatief of the Pe
- and on the current v. Namely in the hypothesis of small
deformation, the rate of volumetric strain may be found from

the following expression (Roscoe and Burland, 1968):

deP = . (2.46)
v

<} %J
"
1l

where X and x are material constants. Similar relationships
have been proposed by Naylor and Pande (1981), Eg. -2.47, and
Prevost (1978a), Eg. 2.48, but there the fundamental Cam-

clay hypothesis on the plastic volumetric change seems to be

v 7

lost.

dgz -y — (2.47)
P, ‘
dp

- P.i__& (2.48)
p = exp(k 53) Se dev Y .

According to the assumptions in Eq. 2.46, the modulus A

has been herein derived from Eq.' 2.35, with k being .
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"Pg- and Eg. 2.46 used to obtain the following general

expression:

_6 Peor VP o
%P g O Ax %p, 2p

(2.49)

The Caﬁfclay models, as well as most of the subseguent
models, assume the hypothesis Qf assoclated flaw rule for
normaily consolidated scils.

i%?xEor Burland's model and in the hypothesis of associated
rflow rule, the plastic modulus may also be calculated from

 the following reduced form of Eq. 2.49:

VPear oF __ v

= dF
TR e, e LTD (20508
where
2 2
E= G+ +3d; (2.50b)

q ~ (2.50¢)
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Poorooshab (1961), after being one ‘of the protagonists in

building up the concept of "State Boundary Surface",

disagreed completely on the later development which led
Roscoe and the ﬁroup of researchers at Cambridge University
to the formulation of the Cam-clay models. He arguedékﬁat
the potential function represents an effeqtive state of soil
(namely the constant 5). Poorooshab therefore concluded that
the identification of the potential fhnctidn should be based
on experimeﬁtal work rather than being defined by an

.

hypothetical law on the plastic work dissipation (Poorooshab
et al. 1966, and 1967).

Following Poorooshab, yield and potential functions are
different and they may be respectively represented by the

fcllowing eguations

G-n=-§ ~(2.51)

F=p F(n,v) = p, S (2.52)

where F 1s a function to be found experimentally and G is
a simplified form of the Drucker-Prager ‘function type.
Notice that the form of Eg. 2.52 ensures shape similarity to

E at any stress level.

<7



Poorcoshab also rejected the Cam;éiay postulate on the
plastic voiumétric strain, and instead proposed to calculate

. : . v
the plastic modulus from the deviatoric strain component.

¥ .
Thus following his suggestion, the plastic modulus A can be
derived from Eg. 2.36, taking into account Eq. 2.51. This

results in:

dG
A-—G—a-gndn OF

dgz 3 dsz 3 {(2.53)
where the relationship between n and sz should be determined
expefimentally. Incidentally, Nishi and Esashi (1978)
proposed that n and 52 could_be‘related by an hyperbolic
relationship similar to that reported<in Eq. 2.40.

Ishihgra et al. (1975, 1978) apparently obtained good
experimental and numerical agreement by adopting an elasto-
plastic model very Cibse to Poofooshéb's.

But it is evident that for constant 1, including
isotropic consolidation, Poorooshab;s hardening rule cannot
predict any plastic deformation. Furthermore, since A is
deterﬁined through the use of Egq. 2.36, F and G have Fo be
isotropic functions. '

This fact may represent a serious héndicap for soils
whose strength at failure in compression ié‘diffegent from

that in extension.
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Lately, there has been an increased interest in trying %o
model materials which develop plastic anisotropy.

Lerouiel (1977) for inétance found experimentelly that -
the\curve of conetant specific volume has the Ko-line as
axis of symmetry in a p vs. g diagram. The KO-Iine is the
stress path that a soil fellows when conselidated under a
constant ratio of g/p.  Similar experimental results were
found by Skempton and Sowa (1963) and by Parry and Nadarajah
(1973).

ﬁroz et al. (1979) therefore deduced that alsoc the yield
function, namely Burland's ellipse, should not be
necessarily symmetric to the hydrostatic axis.

They proposed that "in order to accommodate different
observea values of Ko within the model, we may exteed it in
a simple way by postulating that consclidation (meaning
yieid) surface not only expands and translates along p-axis,
but also may translate or rotate within the p against g
plane."

But it is necessary to remember that the yield surface
represented in the p vs. g diagram is only a mapping of the
real yield surface defined in the general stress space. This
mapping is possible if ‘and only if the surface 1is an
isotropic or a quasi-isotropic funcﬁion, which implies that
it has to be in any casezsymmetric to the hydrostatic axis.
Consequently, it is not clear what type of yield surface in

the real stress space g would cprrespond te a non p-



symmetric‘yield surface in the.p vs. ¢ diagram,.as proposed
. by Mrez.

A more correct approaéh fo this problem may be pﬁrsued by
defining the yield (and potential) function directly in the
reai stress space ¢ and eveﬁtually imposing a non;isotropic
condition on it.

Prevost assumed as yield.surface a sphere, Eg. 2.54,
whose centre i;'forced to mo;e in a given direction a, and

the size h is related to the distance of the centre from the

origin of the reference axes, Egs. 2.54

—

Ve 3
F=3 (g-E(g-5 -h’ =0, (2.54a)
E = E‘h (2.54b)
P = B+ h = E§5.+ Hh o= (ng-+ 1) h (2.54c)

He also postﬁlated that the plastic volumetric strain is
only dependent on Pg- zqg. 2.4é, which he defined as the

.

projectioﬂ of § on the spatial.éiagonal plus the size of the
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sphere, Eg. 2.54c. Finally Prevost aséumed that pla#tic
deformation follows an associated flow fule.

Since the méthematiéél hypotheses. are véry similar to
Burland's model, the plaétic modulus may be derived in a
similar fashion. Namely the value of ‘A can be proved.to be
equal to the following alternative expressions:

oF %Pe ar _ oF _ 3F oF

- _eoF A p =— = M7 f*0) == (2.55a)
ape des op e bpe op o op
where -
3 .
£=3(g-8)g- &) (2.55b)
ch.o' = 3(g - E) Og (255C)
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Fig. 2. :
g- 2.8 Mapping of Taylor's yield surface im p vs. q diagram

oY

Fig. 2.
g. 2.9 Mapping of Burland's yield surface in p vs. q diagram



2.7,é Capped Models for Over-consclidated Soil

Naylor and Pande (1981i assumed that the BS is composed of
Burland's surfaqe in the NC region and von Mises cone in the
Hvorslev region.

For any stress path inside the BS the soil is- assumed %o
respond linear elasticly. qurslev’s surface is assumed to
represent the failure envelope for OCS and the corresponding
plastic strain is supposed to follow a non-associated flow
rule. Tﬁe potential function F is in this case éiven by a
paraboloid, Eq. 2.56, having the vertex on the CSS, so thét
the plastic vélumetric strain associated to the critical
state condition is zZero.

Since the authors postulated that the plastic volumetric
deformation follows a type of law as reported in Eg. 2.4?,
it is believed that the plastic modulus should be calculated

by the following Eqg. 2.57.

Q pe :
G =qt+==(5- p) =0 . (2.56)
P,
. 2% Peor _Pezc o (2.57)
3p, 4P 0P X op_ 9p

where Mo is a material parameter.
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Mroz et al. (1978) proposed that the BS is entirely
represented by Burland's ellipse, Eq. 2.43.

Inside the BS plastic deformation may take p;ace. The
- potential function-is represented by a smaller ellipse, Eq.
2.58a, which translates in the p vs. q diagram, with the
only condition of not crossing the BS. Tﬁe size of’  the
ellipse is directly related to the size of the BS, and it is
kept constant for any stress path inside the over-

consolidated regioﬁ, Eg. 2.58b.

2, @ = 2 o .
F=(p- B) +J——2i-—-h =0 (2.58a)
n
h=ch, T (2.58b)
. T

where ¢ has a given value.

The kinematic rule isrgiven by the fpllowing.Eqs. 2.59
and 2.60, and these, according to Mroz, should represent a
particular case of the more general rule given in Table 2.5

{(no.4).

(2.59)
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g=9- =/ +*Ei. (2.60a)
where in this case
T
o= {p, q} (2.60b)
g = {B’ a}I‘.: f‘;c - {BC’ CIC-}T (2.60c)

F
and the subscript ¢ specifies the variables which refer. to

the BS.
The normalized.%ardening modulus xP ié assumea to var§ in
accordance to a certain interpolation function (Mrsz et al.,
. 1978), dependent on the distance between the current stress
» point on Ec and the homotetic point on F. Finally the
plastic strain is said to follow an associated flow rule.
Besides, in Mroz's approéch there 1is always the major
problem of identifying the real potential function in <the
stress space g.

Dafalias et él. (1980, 1982 and 1984) proposed to shape
the BS in Hvorslev's region by an hyperbolecid which links an
ellipsoid at its intersection with the octahedric plane. The
BS surface is then completed by Burland's ellipsocid in the

NC region.

- 88 -~



A

The . authors suggest that inside the BS plastic
deformation takes place\qnly for loading'stréss path. Ihe
plastic straiﬁ is aégﬁmed to have the same diréction as the
exterior normal of an "image" point on the BS. The image
po;nt is defined as the projectidn cf the current stress on
the BS from the origin of the stress space. The value of the
ﬁormayized plastic modulﬁs kP is related to-the distance §

between the stress pbint and its image, namely . ~

P _ P S S
A T N A e S . (2.81)

— 4 . b

ar

where'Kgmis the value of the normalized plastic modulus at
the .,ima;;e point, R *is a hardening function and 60 is a

reference distance. The plastic model is finally completed

by an assumption of associated flow rule.

Alternativély Oka (1981, 1982 and 1984) assumes the BS to

be described by the following Eg. 2.62, which should

rd

" represent an extension of Taylor's model for +the more

general case of plastic anisotropy.

-
Foxmfgy + M ln-%: =0 (2.62a)

where

L 4

<

))]1/2 (2.62b)

nfo) =ai(n§j - nij(o))(nij " o
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Mgy T 8y4/P (2.62¢)

Oka suggests that plastic deformatioﬁ iE‘developed for
any stress path inside the BS. The mathematical development
of the model is rather complicéted because of the nature_of
its potential function.

However, in order to determine the plastic modulus, *he
author épparently assumes the plastic deviatoric strain to
be given by Eg. 2.63 which instead, as it has been proved

. previously, is only valid for isctropic function.

.de,, = dl —=—— (2.63)

The use of Oka's model should be therefore restricted <«
only to the case when the BS is simply described by faylor's
equation, Eg. 2.4l1. Under this hypothesis the potential
function for OCS should be represénted by the following Egq.
2.64, where the value of M is 'such as <to 'satisfy the

equation at the current stress point.

F=§-+MlnP——=O (2.64a)
e

where
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~ q

M= - b

> (2.64b)

n
p. 1o (—)
n Pe

while 9, and p, are the stress invariants associated to the
current‘ stress and £finally p is assumed positive for
compression. / _

Oka, 1in his general model, postul.a."ces that the yield
function is given by a cone in the streés space and, in the
calculation of the plastic modulus, he assumes the finding
of a relationship between the plastic deviatoric strain and
deviatoric stress.

Applying Oka's hypotheses to the current simplifiéd case,
the plastic modulus should be calculated from the E;eviously
reported expression in Eg. 2.53.

Prevost (1978a, 1978b and 1981) also suggests that
plasticity takes place in OCS for any loading or unleading
stress path; For OCS, Prevost proposes a model which is
rather involved mathematically and has been apparently
subjected to several modifications by the author himself.

Firstly, Prevost postulates that the BS is completely
described by his yield function, Egqg. 2.54, which
hypothetically should alsec describe possible state éf
plastic anisotropy. EHe alsc postulates the existence of a
number of nesting surfaces, namely spheres, Eg. 2.65; which
may trénslate, expand or contract but nevér cross the BS nor

éach ¢cther.
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For the kinematic rule of a nesting surfacla, say Gl'
Prevost (1978a) refers back to his general formulation
reported in Table 2.5 but with the additional hypstheses
reported in Table 5.6. It seems at this point, that the
great number of assumptions contained in this kinematic rule
are introduced more for mathematical convinience rather than

to model the true response of soil.

To complete the kinematic description of Gl, Prevost

(1981)“relates the centre and size wvariation of the next.

nesting surface Gm’to the volumetric strain-as follows

Em = Em exp(A sv) (2.66a)
P
hm = hm‘exp(l. Ev) ) | (2.66b})

where Em and hm are -the initial wvalues of { and h
respectively and they have to be found experimentally.
Finally, the normalized plastic modulus is assumed to be

given by a kind of non-associated flow rule as follows:

P 4+x¥+45 & (2.67a)
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2 et % 3 (-8
n —---—.—L—_
» " T8 % 3 | (2.67b)

2.67
pe - ( <)
—'/D- /"\D
PR @& (2.67d)
P, .

where K’ and K® are the initial values of XK' and X° for P=
Pga- while n is a soil constant.

It is evident that the piactical application of Prevost's

medel 1s very complicated and it involves at least a

L4

remarkable work of calibration (Sture, 1981).
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TABLE 2.6

Prevost's kinematic rule for over-consolidated and

anisotropic soils

Potential function:
G, = 2-( - ) - ) - h2 = () . 2.65
I S A L oe
]

.

Vo8p =308 Eogﬂ =7 h

-

additional hypothesis on the kinematism of the nesting surfaces:

dh, = dh ; yBgdE =0

-~ R
a=a | m m L 21 =0
Tl Tl

I ffcsll
dgc - zc,gm-d‘E\,‘111 - nhmdhm -—- :
|E°gm' R

dp =

- BV _
NS £ I8,

L
=g g - s-im--hfts-éx)
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kinematic rule:

B 9%y

"~

dil = dfm + a ng + o dp = d;m +

2.65b
2 :

g 3;31 _ e;-

where the subscript £ and m are employed to distinguish the variable

related to the current yleld surface Gl from those related to a next

surface G
m
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2.8 CONCLUSION_

In spite of the formal similarity between the definition of
the elastic and plastic strain, Egs. 2.7b and 2.22a, the
subsequent development of the two theories may appear rather
differéﬁ%.

Instead, the crucial peoint in both theories is the‘
finding, of a potential surface and the definition of its
-evolution in the str;ss space. :

In tﬁz classical theory of linear elasticity for
isotropic material, the potential function is governed .by
two parameters, E and v. On the other hand, the evolution of
the éotential function for most of the presented plastic
models is controlled by a single 'hardening' parameter k.

Perhaps further studies towérds an extension of the

-
governing parameters of the plastic potential to two or more
parameters may lead to'very intereéting results.

The study of’tﬁé possible reduced form of the gradient to
the potential ﬁuﬁction developed in Section 2.4, has allowed
a precise mathematical analysis of tﬁe different plastic
models herein presented.

In particular, it was possible to find that the two
available approaches to calculate the modulus A in linear
plastic models, Egs. 2.38 and 2.39b, can be applied only to
isotropic potential functidns.

However, for elastic perfectly plastic models, where @

always coincides with G, the plastic modulus A sheould be set
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equal to zero, regardless the assumption on k, the hardening
parameter. In fact in this case, dg cannot leave the failure
surface and therefore may be at most tangent to =G, 1i.e.
orthogonal to the gradient §°G. Hence, the modulus A, from
either Egs. 2.35 or 2.36, is equal to zero, being dGc =
EGG.dg=O.

The.requirement of isotropg oen F 1is also necessary to
determine A following Poorooshab's suggestion, Eg. 2.53,
while the Cam-clay fundamental postulate on the plastic
volumetric strain leeds to Eqg. 2.49; which usually requires
only the additional hypothesis of small deformation.

As regards the specific form of G for NCS, it appears
that the two original Cam-clay models still represent a
reference point to most of the latest elasto-plastzc models.

It must be noticed, however, that both models assume the
critical state to be represented by the Drucker=-Prager
failure criterion having vertex in the origin of the stress
space. |

There is instead a vast number of evidence (Parry, 1956,
Bishop, 1966) which indicates that the Mohr-Coulomb failure
criterion, with cohesion generally different than zero, fits
the experimental data better.

It is therefore proposed in the followiné;an extension of
the two aforesaid modele in order to incorporate the Mohr-

Coulomb failure criterion in its most general form.
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From pufe geometrical consideration it is possible to
prove that the generalization of Taylor's model, Figs. 2.10,
could be given by Eq. 2.68 as reported in Table 2.7. For c=
O and 8 = 30° Eg. 2.68 reduces to the original Taylor's
model. It is easy to prove that the maximum of Eg. 2.68 with
respect of the space diagonal, lies always on the Mohr-
Coulomb failure envelope.

Also.by pure geometricai means, it_is possible to show
that a generalization of Burland's modt::l,- whose 'graphical
represent;tion in a p vs. g axis for 8 = 30° is shown in
Figs. 2.11, is given by Eq. 2.70 as reported in Table 2.7.
For c= O énd 8 = 30° Eqg. 2.70 reduces to Eq.lg.42 which
represents the original Burland's model. Also, tﬂe maximum
of Eg. 2.70 with fespect to the hydrostatic axis can be
easly verified to lie always on_thefMohr-Coulomb faiiure
envelope. In +this mgfel the CS2, as indicated in Figs., 2.9,
does not represent the critical state line for extension
loading condition, but it is merely a mathematical artificé
‘to allow the centre o; the ellipse to be shifted from the
hydrostatic axis. Also, the variable @« has been introduced
just for the sake of mathematical completeness: in fact, as
said before, the geometrical meaning of o= 0 with regard to
the real potential function in the o space 1s not yet clear.

In the assumption of associated flow rule and of the
validity.of the Cam-clay postulate on the plastic volumetric

. . N LN
strain, as summarized by Eq. 2.46, the plastic modulus A of
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the two Generalized models, may be éroved to be equallto
Eqs. 2.69 and 2.71, as reported in Tables 2.7 and 2.8
respectively.

As it can be deduced from section 2.7.2 there is not vet
concordance of opinion in modeiling the plastic strain for
OCS. Apart from the particular shape of Hvorslev's surface,
which perhaps is a charaéteristic of the specific soil under
consideration, the major discordance arises ' in the
determination of the potential function associated to the
plastic deformation inside BS. Among the different opinions
previously presented, Dafalias' proposa£ to define F as a
homotetic surface to BS, seems to be the most appealing. In
fact, it has the merit +to combine simplicity with
generality.

Finally, it seems fhat more theoretical work is needed
for a correct approach to describe plastic deformation in
anisotropic soils.

However, besides the interesting theoretical approaches
and their mafhematical consistehcy, the wvalidity of these
different models has to be verified against the actual
response of soils in various boundary value probléms. Since
closed form solutions}are generally unfeasible, this can
only be accomplished by correctly implementing the different
elasto-plastic models in a finite element program.

Thereafter, the subsequent chapters are entirely devoted

to the study of a correct finite element implementation



Fig. 2.10 Mapping of the Generalized Taylor yield surface in p
vs. q diagram

ak

oY

Fig. 2.11 Mapping of -the Generalized Burland yield surface in p. oo
vs. q dlagram .
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TABLE 2.7

Generalized Taylor model

d - p
d-!'p 0
where

N
d =M< cctg ¢

M = 3 sind

Y3 cos® - sinf sinéd

p.=d+ (d-7p) exp[-—_ﬁu—]
¢ M(p = d)

plastic modulus

VPe ar aF
A-x bpe ap

A=

where

oF _ _M(p~d) + g

?p
_ 2
M(p - d)
.ai -—l—.
ape d+pe

2.68

2.69

to the current stress



e TABLE 2.8

Generalized Burland model

F-(p+s)2+£ﬁ2'—°)—h2-o 2.70

where

a=a h; E=bh-4d

n
o= rlz My = QG = Hygagge] T G ea0e
M-':. T
1 2 2n
a=n(EFT=) ;5 b=
A Y
Ni
d=-I_-1—=cctg¢ i1=1, 2
i.
3 sin¢i
M, = 1=1, 2
V3 cos® -~ sink sincbi
—2 1/2
h b + SE ac) ¥ a#0
a
h o= - a=0
~ 2b
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o= L2+ (p - d)
N “‘\\____h__ﬁﬁ____\\q_
PN

-
-~

P> @ stress invariant associated with the current stress

= -+ * iﬂ:
Pe ™ BT H

plastic modulus

- ¥(h=g) oF 3F -
A % 3% op 2.71

where

S c cot¢(M1 + Mz)
.~-8 T T Of, + 1,+20) |

-

F _ .,
E 2(p +.B)

%F—- 2Gh -3
Pe, |
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FET Chap;er III

FINITE ELEMENT METHOD APPLIED TO GEOTECHNICAL
PROBLEMS

3.1 INTRODUCTION
Seepage, short or/and.long term stress analysis are equally
essentiai components of a complete gectechnical study.

. An ideal package of Finite Element (FE) programs should
therefore include, firstly, the po;sibility to compute the
pore pressure distribution related to the initial flow
regime, which is usually under a steady flow condition.

For highly permeable soils, the stress analysis may be
performed as in any structural or mechanical problem,ig;th
the only peculiarity .of' taking into accouht the proper

constitutive equation of soils and eventually the Dbuoyant

effect of fhe_fluid rhase.

For soils having some degree of impermeability, the
geotechnie;l ;nalysis should include the computation of the
jnitial excess pore pressure and its dissipation with time.
This can bglaccomplished by implementing either the Coupled
or the Uncoupled theory of consolidation. ' =

In the remainder of <this Chapter, after a brief
introduction on the Finite Elémeﬁt Method (FEM), a number of

previous works concerning the numerical implementation of
‘ ~

the aforesaid problems in geotechnigue is presented.

-
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3.2 GENERALITY ON THE FINITE ELEMENT METHOD

. Although the label "finite element method" first appeared in
1960, when it was ﬁsed by Clough in a paper on plane
elasticity probléms, the idea of -finite element analysis
dates back much further (Polya, 1952 and 1954 Hersch, 1955,
Welnberger 1956).

This method was the result of the development of matrix
analysis procedures for sfructural problems and of the
availability of high speed digital computers. .

Since then, the method has been greatly expanded and
today its application can be seen in any fleld, of
engineering science.

Nowadays, the finite element technique is considered as a
methoed which enables to transform systems of integral and
differential equatlons into sets of simple algebraic
equations.

In FEM, the closed and bounded subdomain of definition of
the solution function, savy f(x, t), is subdivided into a
"Finite" number of non trivial cfosed and bounded subdomains
called "Elements". A set of points in space, called "Nodal
Points" of the system, is used to define the geometry of the
element. |

The function f(x, t) is then approximated by a piecewise
polynomial, Egq. 3.1. The spatial variation of-_f is
described by s , called shape function, while f is the value

of £(xX, t) at the nodal roints.
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£(x.t) = s,(x) £ (t) = g°f (3.1)

By the use of the interpolating function, Eg. 3.1, and by
some ‘mathematical procedures based on variational analysis,
the governing field equation of a physical problem is
reduced to a simple set of algebraic equations, in which the
nodal values f(t) are the. unknowns.

‘Essential for the n rical precision of the solution is
the choice of the' intlerpalating function. For 2-D or
axisymmetric problems sufficient accuracy can be achieved by

using the so called "gquadrilateral isoparametric. element"
(Ergatoudis et al., 1968).
a0

For time dependent problems, £(t) is also discretized in

dpime in a form which can be in general written as
’ 4
L0, F =05, (3.2)

where the value of 8 depends on ‘the way £(t) is assumed to

vary during the interval dtn= t_-

+ 1
n~ Sno1- Table 3.1. A purely

explicit scheme has 8 =0 while a purely implicit scheme
has 8 =1. Booker and Small (1975) have shown that any scheme

with 8 > 0.5 is unconditionally stable. , -
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TABLE 3.1 °
- Y

Different time discretization parameters

‘function type 6-value
1
linear B = el
. !
parabolic ' = %—
logarithmic P R S 1
(Sandu::J 1968) At - Ln(l+At)
logarithmic o =1+ _1
(Hwang et al., 1971) T, . in(l+1:o)
. b
° Cn-1 ’
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3.3 SEEPAGE

The basic equation governing thggfluid flow or seepage in a

porous media is expressed by the Laplace equation in 1.19a.
The corresponding finite element formulations, Egs. 3.3a,

can be obtained from a number of different procedures

(Mauersbergef,.1965, Huebner, 1975).

Ph=g (3.3a)
/
where -
. _
P = [IQ B* K B.dQ] (3.3b)
r.]
g = -{/p s e + [ q s ar} (3.3¢)
asi
B = [-ax_j , , (3.3d),

where p takes into account sources or sinks in the medium

and ¢ is the imposed flow on the boundaries. -

e
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In a steady confined flow the simpig solution of Egs.
3.3a allows to determine the unknown values of the head

pressure h in all nodal points. The velocity can be then

calculated from

v=-Kgrad h=K B h (3.4)

~

™

Theoretical studies had shown that the exact wvalu of v
can be only calculated on the Gauss integration pafnts of
each single element {Barlow, 1976).

For- unconfined flow, the analysis becomes more
complicated sinée the.position'of the free surface is noﬁ
known a priori.

Taylor and Brown (1967), . Fimn (1967), Neuman and
Witherspoon (1970) solved the aforesaid problem in 2-D
following an iterative procgdué& in which the frée surface
and the mesh were updated by using empirical laws. At each
iteration, a ‘trial free surface was assumed and considered
as an impermeable boundary; -the convergence Qas " then
monitored by verifying that the head pressure, caiculated by
solving Egs. 3.3a, was equal to the geometrical height, i.e.
T =0, along the free surface. This procedure involves the
revision of at least a portion of the mesh and of ‘the
element stiffness matrices .P in that ﬁortion at éach
iteration. Finﬁ and Varoglu (1%76) pointed out that the
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usual algorithms employed are not able to control the
relative size of the elements during iterations. Therefore,
thef suggested a new approcach in which all elements are
updated during iteraticons, in order to keep their relative

size constant.

Desal (1976) proposed instead a completely different

apprpach. Here, once Egs. 3.3a have been solved for given

boundary conditions, an approximate location of the free
surface is obtained by searching which nodal point satisfies
m = 0. The approximate location is then adjusted or
corrected by us;ng the so called "residual approach". Thus,
the necessity-of revising the mesh is avoided, whichk can
result in considerable saving in computational efforts.

.Both methods have advantages and disadvantages but it

seems that the former.has more generality.

-
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3.4 UNCOUPLED CONSOLIDATION

The parabolic differential equation 1.25 governing the

Uncoupled consolidation has essentially the saﬁe form of |

that governing any transient heat conduction problem.

The equivalent FE formulation, Egs. 3.5a, may be obtained -

in several different ways, however Galerkin's weighted

method appears to be the most immediate. ¢
e ‘e
P - +D I =g (3.5a)
s
D = [fQB—sisj dQ] o | (3.$b)

-

where P and g are respectively the permeability matrix and
- the flow vector as defined in Egs. 3.3b and 3.3c.

Apparently, specific selutions o£ the Uncoupled

conseolidation problem by FE ére limited and rather

restricted to the 1-D case.

Desal and Johnson (1972) solved the 1-D problem for
layéred solls Dby employing linear and .parabolic 1-D
élements. Similarly to Zienkiewicz and Pafekh (1970) they
adopted fhe Crank-NiTholson time integration scheme,

reduéing Egs. 3.5a to the following form
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n-1

~

2
[P‘+i—tD] = g - [2 - =] (3.6)

- .

They found that the ;tability- and convergence of the
soiution was highly influenced by the number and type of
elements, Figs. 3.1. However, their computational time is
very costly, most probably due to the algorithﬁ adopted for
the solution of the algebraic system of Eqs..3.6. )

Apparently Gioda and Nova (1982) solved a 2-D Uncoupled
problem for homogeneous soils by FE. The time integrﬁtion
scheme adopted is the same as in Desai and Johnson.
Unfortunately, no. further details could be found either

about the type of element employed or about the results

obtained.
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3.5 EQUILIBRIUM OF A SOLID (DRY) MEDIUM

The state of equilibrium in a solid dry me&ium. may be
formulated followﬁgg three alternative procedures (Desai énd
Abel, 1972) namely: the displacement (or étiffness) method,
the stress (or equilibrium) method and the.hybrid method.

Most prbblems in solid mechanics have been formulated by
using the displacement method since it presents several
numerical and computational advantages with respect to the
other two metheods.

In the displacement method, displacement in an element is
assumed to be unknown, and the element equationé are derived
by usiﬁg the variational procedures based either on the
"Principle of Minimum Potential Energy” or on the "Principle_.

of Virtual Work".

The procedures basmd.on the principle of virtu;l work
have apparently gained in the last years ﬁore popularity: in
fact, it has the advantage of using a concept vé;y familiar
to engineeés and alsc contains all the generality required
to pursue eventually non-linear analysés.

For dynamic problems the priﬁciple of wvirtual work, Eg.
1.4, is sometimes presented in an extended form as in Eg.

3.7, in order to take into account the dissipation of the

internal energy due to viscous propriety of the material.
;

Jo g-de a2 = [. by dl+ [J[o(b - §) - ¢ g &y d2 (3.7)
0 . -
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In the displacement method, each of the three

displacement components is approximated bj an interpolating

-

fuﬁction of the type $q. 3.1 so that u can be éxprgssed as

H =

N
v -
(=¥

¢

(3.8)

where d 1is the displacement at the nodal. element, and S,
called "Shape Matrix", has the form reported in Table 3.2.
Consequently, the virtual Lagrange finite strain can be

approxiﬁated as
5c = B_ &d (3.9)

where Bn, known as B-matrix, depends on the curfent state of
deformation and has the form reported in Table 3.2.

The numerical form of the prinpipléFof virtual work, Eg.
3.10, can be finally obtained b& replacing Eq. 3.8 and Eg.

3.9 inte the starting Eq. 3.7.

Md+Dd+ BT 3(e) do = £(t) (3.10a)
~ ~ Q "n~ o ~

) 7,

where

M= [0 sTs ae (3.10b)
. : - 115 - |



D'IQCSTSdQ_ N (3.10c)

£e) = [sT e ar+ [ o sT b da  (3.104)

For negligible acceleration and damping parameter c=0,
Egs. 3.10 may be further reduced to Egs. 3.lla or, since
equilibrium has also to be respected for any interval of

time, they can be expressed in incremental form as in Egs.
» R

3.11b. | J

Iq Bz o(t) de_ = £(t) (3.11a)

-

. .

_— ]
fQo B, A3(t) 42 = Af(t) . (3.11b)

»”

In the hy';;othesis of small deformation the 2nd Piola-
Kirch.ho‘ff stress tensor 'g" i's almost equal to the Cauchy
stress tensor g, and -Bn becomes 'a constant matrix‘,' say B,
whose components are shown 'in Table 3.2 . Consequently ‘Eq.

3.11b can be reduced to Eg. 3.12.
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IQ Bz Ag(t) dQ = Af(t) , .(3.12)

Furfhermore, the £finite Lagrange strain becomes qlmost‘
equal to the small Lagrange strain which can be related to

the displacemeﬁt'as follows:

g=384d . (3.13)

For the numerical solution of Egs. 3.12 it is necessary

to express tﬁé stress in terms of disﬁlacement. This canrbe
accompiished by using.the proper constitutive equation: .

. The constitutive equation for elasto-plastic material is

represented by Eg. 2.29a, which in the_curreht hypothesiﬁ)of

small deformation may alse béiexpressed as

- . -
-

» Ag = CepAE - CEPB A‘}. (3_1.4a)
L. T
where
c.* ¢ :
- = =G :
- c® = ¢® - P = ¢® ~ K (3.14b)
= . T.— +
A+ g TF

consequently Eg. 3.12 becomes
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o K°P- ad =" Af
"H.-“l\
\.where
k°? = [ T %Py ag
.

Cormeau (J1975) proposed to defiﬁe the rate

plastic sStrain as

. ET =y L6 vF
where
(66 )
$(G) = [exp m G_°]- 1
0
or
R
$(G) = g
o

-while m, n and ¥ are material parameters.

v

& § -ue -

(3.15b)

i?/i;e-visco-

' (3.16a)
(3.16b)

(3.16c)"

—



Zienkiewicz and Cormeau (%973, 1874) found that the
cofresponding constitutive eguation can assume the form of

Eg... 3.17a, if the viscbplastic strain rate is discretized

according to. Eg. 3.2.

= VP - vp 3.17a
JAg = c(ag - g 7T At) ( )
where '
T
cP = [(c®H + 8 At Hn]" \ (3.17b)
-
2 T xT T w7 3.17¢)
fevl IF T T G

’ansequently, sﬁbstiﬁuting'Eq. 3.17a inte Egs. 3.12, . the
elastb-viséoplastic_problem can be numerically described by

the following set of linear equations

K'PAd = Ay (3.18a)
v .

where-
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< v T ‘
- K'P = /B ¢ paa | (3.18b).
. T 'vp‘.vp ‘e . -
by éB C" g~ At dQ +AE Ay (3.18¢)

and Awn is the residual error in the previous iteration.
~ ' .

Finally, it must be observed +that k&P and KYP are

symmetric matrices in the hypothesis of associated plastic

flow rule (i.e. G=F)..
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TABLE 3.2

Shape matrix and B-matrices

1 0 0

Si. 0 . Shape matrix

0 siJ

B-matrix for large deformation

Bsiii . Bsia_y - bsii:-
3X oX YW KX : X X
asi-fic_ asi_ai asia_x
oY ay 3Y oY dY aYy
asi_a-‘.:c_ asia_y | asiiz_
2z 2z 3z 2z 3z oz
631 a—x_+ix_asi) (bsi-b‘i-*_iy_asi) (asi E
82X oYy X ay oX 3y oX "oy X oy

bsi ox 2x asi asi dy oy asi asi oz

Twtasg ' T mtaz)  wTut

asi ) x asi bsi oy oy 6si" bsi oz"

¥ w o wn) wWawtwn) GTowt
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»
B-matrix for small deformation
4 .

ds W
-a'x— 0 0
ds
1
0' -éy—- | 0
os
i
0 0 =
ds 1 0s { 0@
oy ox
asi . asi
oz ox
0 bsi asi
0z oy
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3.5.1 Numeric lgorlthms in Elagsto- plasticity

In splte of the formal simplicity of the set of Egs. 3.15a,
the numerical solution of an elasto-plastic st;?ss gnaiysis
is a very difficult task. In fact, ¥because of thé noén-

linear nature of the problem, a careful choice of the
numerical ‘algofithm is requlred to obtain  'accurate
solutions. Detalled assessments of the solution technlques

currently used in elasto-plastic analysis can be found in a
<wide range of'publicatiéﬁé (Armen et al., 1972, Oden, 1972,
Argyris et al.; 1972, Desai and Abel, 1972, Tillerson. et
al.,51973, Zienkiewicz: 1977). .

Becausae the stiffness matrix‘?f an elasto-plastic problem
is stress path depéﬁdent and not a unique function of the
displacement, the choiée of computational techniques is
practic;lly' res£ricted. to the so-called "Pure Incremental
Procedure" and to the "Initial Load Methods".

The "Pure Incremental Procedure"™ treats the ioad
displacement path as piecewise linear, Figs. 3.2 . Solutions
obtained £pollowing this meth&d, in gpite of <the high
computational cost, do not guarantee accuracy and may, for
softening material, not converge.

A.more accurate solution may instead be obtained by the
"Initial Load Methods".which in addition do not necessarily
require any subdivisionghf ﬁhe applied load.‘

The two main classes of Initial Load technigques are knoﬁn

as the M"Initial Strain Method" and the "Initial Stress
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Method". Although there are many.alternative forms in which;
thesé methods can be implemented, fhey are essentially very
similar and the differences arise only from the sequence in
which certain ébmputations are made.

in the "Initial Strain Method", Figs. 3.3, a first trial
solution of the displacement is obtained in tbe assuﬁption
of linear "elasticity. - Thé associated varigtiqn cf the
stress field is copsgquently calculated in the hypothesis of
linear elasticity..At this point the method tries to find
the plastic strain component, which eventually is associatgd
to the previously calculated stress field, (Deséi ané 2Abel,
1972).

The crucial point of this method is the need of using an
. iterative process. whose main step is represented by the Eq.
I in Figs. 3.3. It is clear that the Initial Strain Method
fails if‘any of thé'stress points reaches the fail;re state,
‘i.e. A=0.

The "Initial Stress Method", Figs. 3.4, bési;ally differs
from the previous one since it searches for a compa;ible

stress field for a given strain field, rather <than

-

viceversa.

The mairn_steps of the Initial Stress Method or ISM are

summarized ‘in Table 3.3. A first trial‘solution‘an(oJ is

calculated as in step 1, where qgn is the current applied

load. From the current displacement, the strain qsn(o) and
cénsequently the compatible stress field_gn(i_l) are then
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calculated, steps 2—5: Tﬁe spatiél integration of the stress
field Eﬁ(i-l)' step ?, gives the equivalent load 3#(1-1)
which 1is compatible to the current displacement. The
residual lgad éfn(i)’ given as difference between the
applied load én and-gn(i-l)' step 8, is then balanced by an
itérative process as represented by steps 9,2 - 8.

To compute.qéj, i.e. the mobilized stress for the currgnt'
strain increment qgj, step 6, two different procedures are
available. Zienkiewicz et al., (1969) proposed to calFulate
4§j as the equilibrating stress'for.the mobilizedaelastic
stress A5 , EqQ. 3.19 in Table 3.4. Herrmann et al. (1983)
instead suggeste@ té calculate qgj directly from 453 by a
8-Wilson scheme as reported in Eg. 3.20 in Table 3.4.

Though thé former methoa_may give better accuracf and
perhaps reduce the ﬁﬁmber of steps "m", it has §n the other

hand the drawback of regquiring an estimation of the final

elasto-plastic hatrix C?R

. During the -iterative process to bal e Agn(i-l)f the
stif?ness mafrix can be eithea/kégz_;:;jfj;t and equal to
the initial elastic stiffnéss métrix (Zienkiewicz et al.,
1969), or updated as the elasto-plastic tangent stiffness
matrix, evaluated 'at the pr;ekiéting stresé distributisn
" (Owen and.Hinton, 1980), Figs. 3.5.

Following the second procedure, i;e. lthe "Tangential

Stiffress Method” or TSM, the.convergence is obtained in

relatively few riteraﬁionsr but at each iteration the
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computational cost is high s;nce all the stiffness elemeﬁté
_should be recalé?lated. )

The first procedure instead, i.e. the "Initial Stiffness
Method" or ISM, requires more iterations for convergence but
at each iteration its compﬁtational cost is less than in TSM
since the stiffness is kept constant. Moreover the ISM can
be also emplioyed for softening material whereas the TSM can

not. In fact, by updating the stiffness matrix for softening

material, some of its diagonal terms may become negative

“~
e

bringing the solving process.to\ill-conditioning.'
Né?ak and Zienkiewicz (1972a) proposed a procedure to

accelerate the convergence for ISM iteration scheme. They

practically suggested that an improved wvalue Ad:(i) of the
current displacement Adn(i) may be found as
N )
* =
4G T Aacey Mac) - (3.212)
where An(i) is a diagonal matrix whose j-diagonal components
are equal to
Ah '
, (1) -
(A_,.\), = 1 + (—==22y (3.21b)
| n(i)’j ‘ Adn(i) j
Ah = [ K® 2 A (3.21c)
faery = [&D faci-1) 2acq) |
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and

Ah -
(———Adu(i)). (3.21d)
n(i) -
"is the ratio of t#e Jj-component of Agn(i) and QEn(i)'
Thomas (1984) pointed out that the acceleration method as

&
" described above "can become unstable and non convergent

except in certain special cases (e.g. one dimensional
problems}. The cause of this is due to the size of the

- component Ad

n (1) in the denominator of Eg. 3.21d. I£f, at

any nodal point, these components become small or zero, the
corresponding acceleratien coefficients will | become
excessively large and the method_will fail. This situation
is more likely to arise in multidimensional problems where
there is a complex deformation field and stress rotation.
Ill-condi%iﬁﬂiﬁg of this type also occurs with the Aigken 84
acceleration method (Jenning, 1977)".

Thomas therefore pfbposed to reformulate the procedure in

term of a single acceleration parameter namely

: N
- ) y
A1) T %aqr) Maq1) (3.222) -~
where )
_I — —
e 88 0ay * SByeayt
n(i) T |
. oo oy (3.22b)
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@ 0y = 1 «(3.22¢c)

and apparently

b

-

Ad = Ad

Sa(1) T %act) T Maw-1) (3.224d)
™ = e —1 p ey . ‘*. -
By = (D 7K ey 1y] Moy T (3.22e)

For completeness it 1is necessary to say that perhaps

Thomas' derivation of the an(i) parameter may contain an

inexactness. In fact, reformulating his idea as reported in

appehdix E, the improved value Agn(i) should .be calculated

as follows

A% 1y = Tuesy Mocsy (3.23a)
where
adt {ad + &h }
= ~n(i) ﬁi) ~n(i) (3.23b)
(1) st | ad -
~P(i) ~n{i) _'” _ .

-

2

——trt



. - - .e -1 '
Mm(i) &) © Ay, _ _(,?-23c)

-

Ah = [(x®! &P

n(i) %ca-1)) Moy '_(7.3.23d)

Another important aspect to consider, in order to
correctl§ implemént an elasto-plastic préblem, is the
calculation of the reduction factor "r", which establishes
what portion of the mqbilizéd stress liés inside the yield
“function, step 5 Table 3.3, B

In many published worﬁg)(Zienkiewicz et al.; 1969, Nayak
and Zienkiewicz, 1972b, Owen and Hinton, 1980) it is assumed
that the "r-factor" follows some sort of linear gz;tionship
with the yield function. This can be true only for simple

stress paths, such as the conventional triaxial loading

path, but in genreral this assumption may lead to some degree

PR

f error. S
o or P .

A correct way to calculate the "r-factor" could be
- instead pursued by searching for which value of 81t T qge
. . W

the yield surface is satisfied, namely: “ _ :C::

- . : e

G((g .y *TA43),k)=0 (3.24)
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This approach has been followed by Siriwardane
(1983) who were ‘able to find nice closed form so

r-factor for some isotropic yield functions.

R
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TABLE 3.3

Summary of steps followed in the Initial .

Stress Methgd

. During a particular load increment Agh

-~

1. Calculate the increment in displacement Ad (K )-lAf
. ~n(o) 1 ~n, ;
by solving Z
2. Compute correspouding strain increment AEn(o) = B-Agn(o)
as N ol
3. Calculate the current stress level in g =C +CeAE
. _ ~n i n(o)
the assumption of linear elasticity * % + &g®

4. Check if the current stress lies inside the yield surface in which
case, g is the actual stress mobilized in the continuum

(structure) and is in equilibrium with the current level of applied
forces f .
~n

If instead 9, falls outgide the yleld surface, plasticity
develops and find the actual stress. mobilized for the current dis-

placement. d =d _+Ad , In other words proceed to step 5.
~n ~o—-1 "~n

5. Differentiate the stress increment Agé-r Ag$+(l - r)Ags
contained inside gpe yield'Surface - r Ags+s Ag?

from the offser ore.

2n(o) =c + ract
~n~1 ~

r: reduction factor

. m
- i =g =+ g
6. Compute the compatible stress En(i-l) En(o) jfl Agj
with thg current displacement o T
(or strain increment) - : Agj mobilized stress increment

defined in Table 3.4,
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e
7. Compute the equivalent load to

the o stress
~n

8. Calculate the residual load
yet to be balanced

9. Calculate the additional

displacement for the
residual load

Go to Step 2

s

¢

e
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TABLE 3.4

Computation of the compatible stress for the

current’ strain increment (step 6 Table 3:3)

Zienkiwicz et al. (1969)

Eﬁj = Ag™— -(dT Qp)j = §g° - AEdP
where |
52° = 5 807 = § C% bey(yy = C° 4E;

-.di =‘EEEE§§i- ¢
At op Y

Hermann et al (1983)

= eP - e E
5aj [ecj‘ + (1_e)cj21]a£j

where

— = s

883 = m 8%&q(y)

Cgp ~_should-be estimated (see Hermann, 1983) in accordance
with the current strain En(i)

)

£a(1) ~ fno * jil 3

£no T En-1 t T 8g, .
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3.6 EQUILIBRIUM OF A SOLID SATURATED. MEDIUM (CbUPLED
- PROBLEM)

The first successful attempt to solve the Coupled
- consolidation problem for. elastic material by FE was made by
Sandhu and Wilson in 1969. In that work, the authors appliéd
Gurtin's vériational method (Gurtin, 1964, Sandhu, 1968) and
found that the associated function;l, say Qm of the Coupled
consolidation problem may be written as in Ed. 3.25 in Table
3.5. .

"Approximating u and zé bf the appropriate shape
function, Egs. -3.28, an? minimizing the obtained functional
Qm with respect of the nqdal variable‘g and Ie’ they were
able to obtain the two sets of equatidns, Egs. 3.26 and
3.27, reported in Table 3.5.

Since each convoluted term may be approximated as in Eg.

3.29b, they were finally able tq formulate  the Coupled

problem by the following two sets of linear algebraic

Ls

equations
[ e 1 a1l ] o 10la .1 3.30
K c ~n n ° ' in-]_ (3-30a)
J > = 9 0 + K
cT 8 At P .n = T -(1-8) Ac‘P.f p
3 1 En i Pl B-1]  (3.30b)
where

g = ac[e g + (1-8)g ] (3.30¢)
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After Sandhu, Yokoo et al. (197la and 1971b), Hwang et
al. (197f), Valliappan and Lee (1975) analyzed the process:
of consoiidation by .élways using Gurtin:s vafiationéi‘
method. Ghaboussi and Wilson (1973) extended. the functional
Q. for compressible fluids. - |

A diffe;ent approach was followed by Christian and
Bohemer (1970) who -simulated the process of consolidation by
allowing the solid to:undergo deformation wi£h controlled
volume change at successive stages. However.followigg Hwang
et al. (1971), the method is cumbersome and special ﬁ%oblems
arise, particularly across the interface between materials
with different properties.

Hwang et al. (1972) derived the FE formulation of the
Coupled problem in more direct way without using Gurtinfs
variatiogal method. In fact, they appliea Garlerkin's method
direct;y to Cauchy's equation of equilibrium and to the
continuity of mass, Egs. 1.30 and 1.33, and eventually were

able to obtain the following two sets of equations:

-

K d(t) + C 2°(t) = £(¢) (3.312)

¢t a(e) + P 5%(e) = (o) ~ (3.31b)
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where all thé matrices and vectors have been already defined
in Téble 3t6.

The discretizati&n in time of the abave equations may be.
obtained in several ways. Smitﬂs and Hobbs (1976) adopted,
for instance, the Crank-Nicholson scheme while Belkeziz and
Magnan,(1982).employed Garlerkin's method.-More flexibility -
and generality may be achieved by using the 8-Wilson scheme,
Eg. 3.2, as proposed for instance ;y Chang and -Duncan

(1983). In this case Egs. 3.31 take the form of the

previously reported Eqs: 3.30.

~y
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TABLE 3.5

Sandhu's Finite Element derivation of the Coupled elastic

problem

‘Hypothesis of incompressible fluid and small deformation =

2w, = [ (5 g7

Q

0

~

- K g + Cn = £

p-jQ'B'TKEdQ_

C = fQ(BT m)*S dQ

-Jt wadr, + [p

g ©T* qd
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*e - p‘l_?,T*g + ‘It*ev -% g*zr('?ocn +,_p;b)]dQ
o > . AT

3.25

3.26

3.27

3.28a
3.28b

~elastic stiffness matrix



m = {1,1,1,0,0,0}T

B and B as in Table 3.2

ap
f and g similar to equations 3.13 and 3.3c

-

Discretization of the coﬁvoluted terms as

t ’ ' t
&hie) = [, B(t) g(t-)dz = J, himddz 3.29a
t )
ftn—l h(t)dt = e[éh + (1-8)h__, ] ‘3.29_b
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3.6.1 Time.integration ‘ s

To achieve accuracy in the numerical results, a proper,
choice of the temporal discretization is extremély
;mpoftant. o

A number df different 6-values has been propose& .gnd |
tééted, but still further investiggtions are necessary for a
general positive recommendation.

It appears however, following Sandhu et al. (1977), that
good results may.be obtained by assﬁming a logarithmic
variation of Ef with .tiﬁe. In this case 8 could be
calculated by either one of the two last equations in Table
3.1. |

sandhu observed that "the Ilpgarithmic interpolafion
scheme as proposed by Hwang and al. (1971) has to be -
considered as an unnecessarily expensivel‘techniqué". He
;nstead proposed to subdivide the time domain intoc a number
of intervals, as shéwﬁ for instance in Table 3.6, where At
is assumed constant. The 6-parameter is then calculated
following his earlier . suggestion, Table 3.1, and
consequ;ntly the product 8 At, as well as the global
stiffness matrix, become constant ~values in each tiﬁe

subdomain.
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TABLE 3.6 | :

-

. . ' \
Sandhu's time discretization scheme (after Sggd.hu et)al.
. .. *r . - .
197§)
Steps At time domain
10 0.01 > 0. , 0.1
10 . 0-1 ) 0-1 1’ 1.1
10 1.0 - 11 ;0 11
9 7 10.0 - 11.1 , 101.17
10 . 100.0 - 101.1 , 1l0l.1
8 1000.0 1101.1 , 9101.1 z;-"
<4
?
‘<
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3.6.2 Choice of Elements

-

In a Coupled consol:.datlon problem the unknown"' f:.e\d
variables are the displacement and the excess pore pressure
which is essentially a stress.

In the theory of small deformati.or:,_ . stress - is
proportional to the derivative of the qisp;aoement.'?rhis )
implies_ that the stress is in ‘general described by func:tion
one degree lower than that of the displacement. . |

'I'h:.s theoretical cons:.deratlon probably led Sandhu {1568) |

e

to approximate u and m by a parabolic ‘and a linear shape

functions respectively. He essentially defined a "composité"
trianqular element, symbol;iz-e'd as 63, havir;g defined the
displaeement -degree of freedom ip 6 nodes, while the pore
.(pressure oniy at three corner points. v _

. Since’ then, other types of composite elements have been
employed to-anal.yze the Coupled problem, as for insta.n!ce the
"84 ieoparametric comoosfté element" in3which displacements
are def:.ned -1n all 8 nodes ‘while tize pore ,pressure‘-" is
deflned only a.t the four corner po:.nts. .

_San_dht.x' et al. (],9‘77) ,presentedzan interesting compar'ative
analysis on the'performancle of different types of elements.-
In that work the™authors investigate‘fd' 4he performance of

" composite and' “sténdafd . elem‘ent_s (63, 8;}, 66, and  88),
comparing the numericéal results w:Lth the exact solution for )

a l1- D consol:.dat:.on problem in llnear elast;c*ty, E‘:Lgs. 3.6.

. s



<
It appears from this investigation that standard elements
give"\ be_tter’ estimate: of .se‘lt.tlement than the corresponding
composite ones. ©On t.h_é other hand the ‘sta;ndard elemeﬁts
give errors in-pore pressure v.ihich do not dissipate in time
and are oscillatorg in space. Composite element';s show also
errors in pore pressure but they tend to decrease with time.

This type of errors‘-su'gg_és‘c.:ed Cividini et al. (1982,
1983) to apply the so-call.e_d' "comp;tible element” to the
consolidation préblem. Though they were able to obtain some
interésting results, this new type -of ‘element p'resents the
drawback that the compati-bility_ .of the displacement field is
respected only in an average sense, i.e. the inter-element
compatibility might be violated locally.

An alternative and very appealing approach has Deen
'proposed by Reed (1982, 1984) %ho applied a s$o called
"smoothing tecl}nique“.. Reed's analysis bears on the fact
that :che pore pfes_sure distribitionl, obtained by emplpying
standard 8-nodes isoparametric element, gives the exact
solﬁtior.g at’ “the 4. Gauss integratibn peints. The correct
. nodal pore pressure might then be extrapola{:ed from a’plane
fit‘t:irn;,.r the exact pore pressure- values at the Gausg
o ’::.n'tegration ‘;;oints.

Reed chose to fit the exact values .byr-a .bicﬁzalxdratic

>
interpolation pfun‘cti’on and eventually found out that <the

"smoothed" (correct) nodal pressure 1° issrelated to the

- ) . ) - - i , ' - - e
iritial (and inexact) nodal podre ' pregsure T
fallowing relation: -

. a v

by the .



. .
I =Mz (3.32a)

where :
4 =2 o 0o 0 =2 4
1 4 o 2 -1 0 =1 2
-2 4 & =2 0 0 o .
M*%— -1 .2 & 0 2 -1 o (3.325) °
1o o =2 .4 2 & -2 o0 .
-1 0 .-1 2 4 2 .*
-2 0 0 0 -2 4 4
lo 2 -1 o -1 2 4

0 \ )
In this way he could achieve accuracy -.for bédth

displacement and pore pressure using the conventional
- ' . . . .

8-ncdes isoparametric element.
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3.6.3 Non Linear Elastlc and Elasto-plastic Numerical
Solutions in Coupled Consolldatlon Problems:

‘Most of the works so far c1ted have analyzed the Coupled

'.problem assumlng a linear elastic material.

The first attempt to take into account the non linear

behaviour of soil was apparently made by Lewis et al.

* -

(1976). In that work the Young elastic modulus E was
assumed to vary following an hyperbolic law es,ptoposed by

Duncan and Chang (1970).

(Akai:and Tamiura (1%77), Matsui and Abe (1981) introduced

a more compiete elasto-plastic soil model. In particular the-
latter authors implemented the Coupled problem assuming the ,

soil to respond according to a modified version of'the Caﬁ%

- +

clay model The numerlcal analysis was carried out by using
quadrllateral elements composed of four trlanguLar elements
(wllson 1965) and the behaviour of soil was assumed to be

-

linear at each time interwval.

Siriwardane and Desai (1981), Chang and Duncan (1983)
also analyzed the Coupled problem by adopting a nmdlfzed
. Cam-clay model In the'flrst work triangular elements were
used, while the more refined 8-nodes isoparametric elements
 were employed by the latter authors. ) |

Unfortunately . none of the above cited works mentions the

) precautlons adopted for reduc1ng the errors in pore pressure

whxch the employved elements have certalnly nproduced. In

addition, some of this-works do not explain the tvpe of

elasto-plastic algordthm used, so that no informations are

—

v



available to concretely judge the correctness of

implementation.

the
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Chapter IV

ALTERNATIVE FINITE ELEMENT FORMULATIONS AND
ALGORITHMS FOR SOME GEOTECHNICAL PROBLEMS

4.1 INTRODUCTION

The . finite elem%nF.method has so far proved to be a very
powerful and versatile-too; in 'solving the different aspects
inveolved in the aﬁalysis of different geotechnical problems.

However, as pointed out in the previous Chapter, there

‘3£?//still a number of numerical difficulties to be yet

solved. As a matter of fact solving algorithms, stability,

accuracy, efficiency and reliability of the FE programs are

nowadays an open field of study.

In this research therefore, four basic FE programs have
peen developed ;n.:the basis of/ﬁaey FE formulations and
algorithms, namely:

1. SEEP for the seepage analysis of a confined or

unconfined flow in a medium wi?h isotropié or

-

anisotropic permeability;

2. TERCON for the analysis of a consolidz?‘_on problem

o . .
based on the Uncoupled theory, in afmedium with

isotropic or anisotropic permeability;

3. ESEPA for an elasto-plastic stress analysis of a

.27 solid medium, eventually saturated but ~ highly

. permeable, under the Hypothesis of small defdémation;
. ’6 . . "' M
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T oA

B2 SEEP (SEEPAGE ANALYSIS)

4. TEPSA fé6r an elasto-plastic stress analysis of “a -

Coupled consolidaticn’ problem, in a medium with
isotropic or anisotropic permeability; and under the
hypothesis of small deformation.
The numerical implementation is presently restricted to 2-D
and axisymmetric problems but all program ,strgctures are
organized for later extension to the more”genera; 3-D case.
In these prograﬁs three types of elements may be employed
namely 4, 8, or 9-nodes isoparametric elements.
Details of the new FE formulations and of- the solving
algorithms are presented in the remainder of this Chapter; a
description of the common features among the programs and of

-

.their possible interaction is presented in.the last Section.
N

As discussed in Section‘313, the analysis of a confined flow
in a porous medium by FE does not entail any particuiar
problem. In f;ct, it requirgs the simple solution of the
algebraic system of linear ecuations 3.3a.

Instead, in an unconfined flow, since the location of the

surface 1is not known a priori, an iterative process is

required. Previous FE co&es_have often incorporated costly

R

and rather involved iterative schemes. An improved

algorithm is therefore hefein proposed which combines both
flexibility and'efficiendy.qr'/é//

- [ -



In SEEP,téhe unconfined flow problem has been approached
by introducing a number of so-called "Big Elements", BE,
each of them describing a région with the ;;me permeability
characteristics. During the npmefical computation, -each BE
is subdivided into smaller elements, in a ‘number' which
depends on the user's cheice.

Initially a complefely grbitrary ffee surface is.assumed, -
as for instance in Figs. 4.1, and the BE defined just below
the free surface are identified aé "Dynamic Big Elements",
DBE.

The numerical solution then proceeds iteratively by
considering at each iteratiyn the free surface as an
impermeable bouﬁdary. Consequently the é§steh of Egs. 4.%1a-7
can be solved for h.

The convefgence is - controlled by c¢hecking if all rﬁe
nodal %oints of the'DBE lying on the free surface have =
equal to zero. If this conditioq is not met then the nodes
of the DBE are moved as showed in Figs. 4.2 . In the next
iteration all the DBﬁ are again subdivided inte a number of
émailer sub-~elements. R Y ’

-.Thi% procedure contgins several advantages, oge-of which

is to always assuré é good d;;tribution of elements below

: Ehe.free sgrface,‘avdidiné possible numerical problems. The
% éff}éiepcy of the .progrgm is” also very high since th%'

';\“ﬁﬁazging process- is limg

' DBE nodes and nét to :

‘ted only. to the_éoordinates of the

e coordinates of each si?gre element.

)
S _ ' . S
P T . - e
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Eurthefmore, only the permeability matrices relative to the
. DBE sub-elements need to be recalculated. *

For 'seepage flow across two vertical layefs ofl soil
having difﬁerent:berméébility, as for instance in Figs. 4.1,
the analysis does no£ entail any pafticular difficulty. The
discontinuity which the free surface presents on the
interface of the two layers_méy be numerically determined by
adequagFly defining the DBE. The program éssumes in this
Case, for all points lying on the interface BE in Figs. 4.1,
the head pressure egual to the current gecmetrical height:

The oﬁtline of the program is provided in Figs. 4.3 and,
except for subroutine NODVEL (NOSal VELocity)., it is

believed to be self explanatory.

~ 154 = &




awanol g vy B4

9D0VJINB 92I1J ¥ UO puUnoj 63 pou 3jo 3Ju

h -

i

"ep ® uy sys{ypuw a8wdess ayi a0y ysow Bujirieis jo 1IN0Ls’] Iy *813.
. : N
} '
r
: |
b .
“ :
N )
. i -
] ]
= ST WA -
|.?I ] \\\ \\M\ n\\ -~ ’ :
- 4 , '
~
SRR ~ .
ssenb [eI1y[U)|
syuewele [777] . : S
ojwmeulq L22 —= . !
IM .




T MRSEC

Nesh=gaparastes the slesagacs Losids
all the “Big Llesmanke” .

DINENSION .
Preaste Che varisbles assscctated
with the .dynasmie dimenslanting
procesa

¥

[$ 14504

{nput: daca datlaing ., geowecry,
bousdary coadiftisns and wmaterial
bdropartias °

’

LoaDS

Lvalustes che squivalant nodal
forces for prascrived flow

Usconllined

Y

INITIAL

{aittalisan vacrtous arrays to aars
and bulld up f[ixlcy afray

- Y.

x

STIFPY

Calculates cha elesenc pacmasbilicy
macricae -

RONT

Jelvas the osileuitanecus aquation
system by che frontal wasthad

i
. flow

AvIL

Checks to see 1f selucicn procedurs
has converged

*Tuo

confined ar
uoncontined

.
» Contined -

V Yo .

novg

Updateas che nodal coerdinaces of cths
dysamic doaslos

Y.

. WE3RS

Mash-genercaces the alamants {neids
all “Oymamic ¥ig Zlamenta”

utoriz c *

z

Assigas Che prepar R&‘ presaures to
tha asv bauadary -

=

Fig. 4.3

- © .= 156

-

Flowchagc. SEEP - S

CACYEL .

Calculaces fluld veloctries ac cha
Causs incegratlios poimce -

Y

aopvLy

Calculaces fluld velocittes atc zhe
elesants nodes Chrough the 18O Ching
procass

S | ' .
. -
ogTrUT R
Primce che rasults )
F
sTor .
. .



-

__/and Campbell'(1974)

4.2.1 Velocity at nodes (NODVEL. Subroutine) ) .

‘The calculation of nodal velocity (or of stress at nodes) is

of some concern in finite element.

it is known that the velocity as calculated in Eq. 3.4

‘-

vields the exact value only at the Gauss integration peints
(Barlow, 1976). Several techniques have been proposed to
estimate the exact value at the nodes . (Hinton and Campbell,

S

1974,. Hintop et al., 1975, Herrmann, 1976).
LY

In NODVEL the fluid velocity at nodes is calculated

following an extrapolating procedure—ve*y closely related to

mhe smoothing technique as originally proposed by. Hinton

ﬁ'/

Since in "SEEP the to@’i head may be app*oximated. by
either a lirear or a parabolic function (4-nodes or 8- nodes
and 9- nodes isoparametrio elements respectively), the
resulting velocity field should either be oonstant‘or vary
linearly_within an element. ln both cases, the velocity at
any point within the element should lie in'a plane, and tnis
applies in. particular to-the exact values at the 4 Gauss
integration points. . o . .

‘Like in " Reed (1984}, the veloc1ty ‘unction is

approximated by a biquadrahic surface of the type

v(g,n) = cl'+ c;zE + can o, 8 | ' (4.1)

3



-

where E'ﬁgﬁ.h-are the coordinates in the local reference
) Rl ' -

system of the shape function. _ " . o

The velocity component vi ) at’ the four Gauss points-can

therefore be expressed as zn Eq. 4 2a from which it is

possible: to deterﬁigg the constant £(1) of the bigquadratic .
surface, Eq. 4.2b: ' ¢ ,
-4 A » ) .
v, =X (4.24
oLy TN sy &2
) -1 . T
c = v :
S "M Y | | (4.2b)
/1— -
where ‘. ‘

’ T
2(1) = {vj}i ’

is tho i-velooity component at j-Gauss iteratioo point, //
while Mﬁ is a matrix c¢ontaining the local.coordinates of the - 7
four Gauss iteration points, Table 4.1.

) ' The values.xtiy of.the velocity at‘pode are consequently

extrapolated as follows | o _ SR

L Tt ”2’,'1,,,;»,(1) R CE N



where - ] : -

- - - . T

* m *
is the i-velocity component at k-nodal point, while M, is =a
matrix containing the coordinates of the nodes and the local
reference system, table 4.1. Fina;ly, the‘matfix resulting
. L _
from the product of M, and Ml is reported alse in Table

4.1.

n..n

- For "m" different elements éoncurring to the same node,
the wvelocity is calculated as an average of the "m"

extfapolated values, namely

IEH

. v ‘
T e (4.4)
~(1) m
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TABLE 4.1

Smoothing matrices to calculate nodal values

where

1+v3
a =

1 =g -f £
1 £ -f -f2
1 £ £ £
1 -f £ -£2
_l-

0

1

0
1 M= g

0

1

0

0

J

=73 L 2473

z ]

2e

N~ o

2e

T Ll -

24

-
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4.3 TERCON (TERZAGHI CONSOLIDATION)

The parabolic differential equation governing the Uncoupled

consolidation theory, Eg. 1.25, may be reduced, as already

reported,'to the following system of linear eguations by

applying for instance Garlerkin's method:

Pa+Dn =g (4.5)

"where P and g

~

are respectiGely the permeability matrix and
the equivaienf flow véctor, as defined in Eqgs. 3.3b and 3.3c
for the case of seepage..The D matrix is defined in Egqg.
3.5b.

Herein, the discretization ip time is obtained by the
§-Wilson scheme which, expressed as in Egs. 4.6, leads to

the following system of algebraic egquations, Egs. 4£.7.

e _ e —ay-® o e e Lo
T g En'+ (1 B)En—l . 6.1)5151:.1 + I . (4.83)
- dn € ‘Ane“ : -
~ _ % (4.6b)
dg At -
PATS = Ag! 4.7
~n Bn . (&.72)

-



where ) b

P = (8P + —) . (42.7b)

bgl = (8bg_+ g ) - pgz (&.7¢)

The structure ,of TERCON follows ,conseqﬁenfly the FE
. formulation represented by Egs. 4.7, Figs. 4.4. The initial
value of g.is evaluated in sub;outine LOADPS, while P and D
matrices are calculated in subroutine STIFEFP. The time
increment and the .B-value are determined in ~ subroutine
TMARCH while the complete P matrix and @g v%ctor, Egs. 4.7b
and 4.7¢, are built up in subroutine INCREMENT. The
variation of excess pore pressure 432 ig computed in

subroutine FRONT and, depending on the user's chdice, the

flow velocity can be calculated in subroutine VELSEE as

e .
. n -
n
=K B3 h=%¥X B(h + — 4.8a
v h _(,\o Yf) o )
where “
n e
T = I AT
gay 1 h (4.8b)



.

and'-ho is the total head corresﬁonding to the preexist;ng "
flow_cgpdition- '

The‘stage of the consolidation is monitored in subroutihe
CONVER in which also the necessity of a further iteration'is
decided. | |

In  the hypothesis of constant bulk modulus and
" permeability, the matrices D and‘P are calculated just at
the first time increﬁent, while for a more general case they
should be updated at each-time iteration.

Different choices of time increment Atn and B-values are
available and implemented in subrouEine TMARCH.

The increment Atn can be .either Eept constant and equal

to an input value of calculated as

Atn = tn—l (exp r = 1) _ (4.9)

where r is an assigned factor. This scheme allowed to
identify equally spaced fime step in a logarithmic scale.
Alternatively Atn may be imposed as constant increment in

a certain range of time period, that is

(4.10a)
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where r is an assigned factor and ?l is,for instance equal

to

?1 = [10‘4,‘ 10'3,......,1061 (4.10b)

The 8-value may either be kept constant to an assigned

value or'updated according either to Sandhu (1968) or Hwang

et al. (1971), Table 3.1.
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4.4 STRESS ANALYSIS OF _SATUﬁATED SOLID_ﬁEDIUM
In the 3rd chapter, .éandhu's derivatioﬁ of the FE
formﬁlation of the Coupled elastic problem was presented.

Herein, an extension of the Coupled FE formulation to
elasto-plastic and elasto-viscoplastic problems, by means of
the principle of virtual work, is developed.

As already Idescribed in section 3.4, the numerical
formulation of rthe principle of wvirtual work can be
expressed as in Egs. 3.10. In t;:‘ hypothesis of small
deformation, negligible acceleration §f= C and damping

parameter c= 0O, the aforesaid equation can be simply reduced

to Eq. 4.11.

e [ BT g(r) ag = £(x)
Q (4.11)

In a saturated medium g(t) is the total stress which, if
expressed in terms of effective stress and bore pressure, as

in Eq. 4.12b, allows Eq.'4.11 to be rewritten as follows

IBT g'(t)dQ'— o f(t) = £'(t) (4.12a)
Q

where

€(e) = g (e) + gl = (%) + 0 (4.12b)



e

8= 1{1,1,1,0,0,0)F = & (4.12¢)

O © (4.12d)
-TA % =T
C=J (B°R) * 5°d2 (4.12e)
- Q N
3
T , o]
£'(e) = £(r) - [ B g d@+ C 1 (4.12f)

. '
while % and __110 are the preexisting effective stress and

pore pressure respectively. Finally, s is the shape function
ap}zjroximating the excess pore ﬁ:ressure. Also, since the
I

guilibrium has to be respected at any time interval Atn

’

Egs. 4.12 can be reproposed as

[ 8T ag'(e) da - ¢ an®(e) = ag' (o) (4.13)
o
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For elasto-plastic and elasto-viscoplastic materials the
stresses are'related to the strains as in Eq..3.14a and
3.17a respettively; Therefore Eq. 4.13 may be
alternatively expressed as follows:

Elasto-plastic materials

R°Pad(t) - ¢ ax®(r) = af'(x) (4.14)

Elasto-viscoplastic materials

wr

- A

K'Pad(t) - C Ax°(t) = Av' (k) (4.15a)

where
Ay'(t) = dy(e) + Af'(e) (4.15b)

while Kep’ K'P and Az(t) have been already defined in Egs.
3.15b, 3.18b and 3.18c respectively.-

For highly permeable soils the excess pore pressure
dissipates instantaneously,. consequently either Egs. 4.14 or
Egs. 4.15 can be directly solved for the only unknown ad(t).

In the more general case ~A3e #0 and thgrefore an

additional set of equétions is needed to- egqualize the number
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of equations and unknowns. This additional setrof°équations
can be found, following Biot's suggestion, - from . the

equation of continuity of mass for saturated medidﬁ, Eqg.

1.29, namely

= dav
—_— 4.16
div K grad v T ( )

£

Consistently with the previous derivation, the excess
pore pressure 7% and the displacementlg , ¢an be approximated
as in Egs. 4.l2e and 3.8 respectively. Finally, applying

Garlerkin's methed, Eg. 4.16 reduces to the following set of

. 3
equations:

£

where P and E'are respectively the permeability matrix and
the flow vector as defined in Egs. 3.3b and 3.3c.

Like ‘in TERCON, the discretization on time is obtained by
the §-Wilson scheme. Namely, expréssing 3? and é as in Egs.

4.18 and 4.19, it is possible to transform—Eqs.'@.IT inte

the following Egs. 4.20:

2°(e) = 8 an€ + 22 j (&£.18)
~ ..~ ~n-1
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. Ad }
d--—'\g—
=% (4.19)
~cfag - ¢ P Anex; o - (4.20a)
hTeregeag
] |
where “ K
¢ = S8t ' (4.20b)
Yf '
T e e .
1 4 + 2t (4.20¢)
égn (8 A’%m + Efn—l) Yf P‘ En-l
Finally, the complete

elasto-plastic and elasto-
vViscoplastie Coupled FE formulation is obtained from Eg.

4.14, 4.15 ang 4.20a, namely:

.

Elasto-plastic materials

[ xep < | [aa] . Af (4.21a)
~n ' ~T
P T - ” 2 A 1

_ (4:21p)



Eiasﬁo-viscoplastic materials

P = Ad av | (£.223)
. ' 4~ ~n :
> = <
T -2
=C - Pl | Am agt (4.22b)

In this thesis, the elasto-plastic problems for highly

permeable and impermeable soils (Coupled problem) have been

implemented.

4.9.1- ESEPA (Effective Stress Elasto-Plastic Analysis)

ESéPA is a program which can analyze, in terms of effective
stress,'the elasto-plastic deformation bf highly permeable
soils subjected to a static load. In this case, since the

" eXcess pore pressure dissipates instantaneously, the F

13t

-

problem is 1iﬁiped to the solution of the following reduced

form of Eg. 4.21:

K°P ad = A ' (4.23)

i

In SEPA _six different plastic models have Leen

imp;emented, namely:
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1. linear, elastic perfectly pPlastic models in' the

= aypothesis of associated flow rule with failure state
described by either von Mises, Tresca, Drucker-Préger
or Mohr-Coulomb failure criterion;

2. Generalized Burland's model {Section. 2.8) with

li@iting surface represented by either Drucker-Prager

or Mohr-Coulomb failure criteriqn.

In all plastic‘ models, the elastic component has been’

assumed to follow the linear Hooke's law for isotropic
material, Eg. 2.8, |

The solving EEralgorithm has been based on the "Initial
Stress Method", Section 3.4.1, and at ea&h iteration the
stiffness matrix x®P may be gither kept constant or gpdated;

The overall struéturg ©f ESEPA is thereby Presented in
E;gs; 4.5.

For saturated soils, the buoyant effect due ﬁo_ the
initial pore pressure, aloﬁg with ﬁhe rpreexisting stress
distribution,.is taken into accouht in S&Srqutine LOADPS by
calculatiné the equivalent nodal force £'(t) as in Eq.
4.12f, '

The initial position of the vield surface at each Gauss
integration point is calculated in subroutine PREVOS on the
base of the info:mation which the user gives to the program.

The currenf load increment is calculated in subroﬁt;ne
INCREM, while in subroutine ALGOR it is decided if the

stiffness matrix has to be updated. The elasto-plastic
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stiffness matrix is computed in subroutine STIFFP according
to Eq. 3.15b, and the solution of the system of Egs. 4.23 is
performed in subroutine FRONT.

The real core of ESEPA is represented by subroutine
RESIDU which calculateslthe balanced load for the current
" displacement field. The algorithm used in subroutine RESIDU
is exﬁiained in detail in the next section.

. The residual forces_Aw are calculated in subroutine

n(i)'
CONV%?’according'to step 8, Table 3.8. The convergence is
then -moniteored by v_érifying if the norm of the residual
forces, calculated as in Eg. 4.24, is less thén an imposed

tolerance .

N
2
131 ‘&)
= %100 < ¢ (4.24)
z (g,
i=1

where N is the teotal number of nodes.
. Finaliy, subroutine QUTPUT provides the printout of the

displacements, reactions and stresses.
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46.4.2 Calcﬁ;aﬁion-of Unbalanced Load (RESIDU subrgpfine)

Tﬁe Initial Stress Method, section 3;4.1, -cpnsists in
finding iteratively the additional displaceﬁents whiéh are
used to equilibrate the unbalanced part of the applied ioad.

The calculation of the balanced load En for the current
displacement Agn i_s.performed in ESEPA by the subroutine
RESIDU which is structured as shown in Figs. 4.6.

Two main loops; one on the number of elements and_ the
other on +the number §f integration points per element,
ailowes to scan the mobilized stress in all Gauss
integration points.

At each of these  points, th§ current stress 9n is
calculated by assuming the matefial to behave lihear
;iasticly for the new displaceMent‘iﬂcremgnt qgn.

In subroutine PLASTIc; the stress g  is checked against
the current yield‘surfacg. Tﬁe overall algorithm used in
subroutine PLASTIC is shown in Figs. 4.7 where the
equivalent pressures, EFFST and SIGYS, are scalar values
calculated as in Table 4.2. If Ln exceeds the elastic limit,
then the intersection of the current stress increment qfa
with the vyield surface ;s determined by calculating in
subroutiné FACTOR the reduction r-factor.

I£f the current stress is beyond the yield surface, then

the actual 1level of stress for the current

En(o)

-

isplacement 1s computed in subroutine ELPLAS as in Eg.

3.1%9a in Table 3.&.

-.175 =~



Finally, the integratiqn of the balanced stresF En(i¥1)‘
gives the actual equivalent load which is in eéuilibrium
with fhe current displacement.

As proved in section 2.8, the plastic modulus A has to be

-
constant and egqual to zero for any elastic perfectly plastic
model. Instead, in the Generalized Burland model A has to be
calculated from Egq. 2.71 in Table 2.8, which depends on the
curr_ent specific volume and on the location of the yield
(potential) function.

It 1is possible to prove that, since dufing the

equilibrium process the strain increment is considered to be

constant, the specific volume can be calculated as follows:
k .
+ I A _ 1l <k <m (4.25a)

where

— - v —
= .25b
Vo l+r Aen(j) Vo1 (4 )
— s v o - )
Av Py Aen(j) vn(j-l) (£.25¢c)
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v

Be gy = (Bey; + Bey, + Ac (4.254) -

33)n(j)

The location of the vyield function is determined in

S

subroutine POTEN through the values of the current stress
invariants previously calculated in subroutine INVAR.

The gradient F is calculated in subroutines YIELD and

v
~o
a

FLOW as in Eqg. in Table 2.3, where the constant values

Ci, €2 and c¢; for each different plastic model are found to

be equal to the expressions reported in Table 4.3.

Since- the quas;:isotropic models present a sharp corner
at @ = 130 degrees, the gradient would resu;t in this case
to be indeterminate. To overcome thislproblem, the sharp
corners are "rounded off" by assigning to the gradient
vector, for any value of 8 g + 29 degreés, theﬁdi;ection
that it would have in the corresponding isotropic case,

Table 4.5.

For the élastic perfectly plastic models, the stress

-

point cannot move outside the vield surface; consequently

the stress point can only traverse the surface, until both

.equilibrium conditions and codnstitutive relation are’

satisfied. In this c¢ase, the only use of the equilibrium
equﬁtion, ste§ 6 in Table 3.4 i; insufficient, since the
resulting stress point may drift away from the failure
surface (Krieg et al., 1977, Schreyer et al., 1979, Owen and

Hinton, 1980).

w2
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In. ESEPA it has been chosen to relax thelﬁquilibfafed‘
stress poiﬁ;_ on the 'yie}é& surface . along iﬁé;_deviatoric
comﬁonent?m'In this case“if Es~possible to‘prove.that the
projec‘t.:'i’oh o of a stress point o, along its deviatoric

component s may be mathematically done as

g=rg+dop (4.26a)
where
J
r = (512 (4.26Db)

and J; is the 2nd deviatoriec invariant of g while J; is the
value of the 2nd deviatoric ihvariant which satisfieé the
yield function for p and 8 values associated to o. The
actual calculations of the relaxed stress are performed in
subroutigE.%ACK. |

The r:factor in subroutine FACTOR, is calculated as <the

scalar value r, O¢ r £ 1, which satisfies <the vyield

function expressed in term of invariants, namely:

J.) =0 | (&.27)

AT

- 178 -



where the value f the reduced invariants I;, J, and J, are
found, after some mathematiéal manipulations, to be egqual to
the expressions reported in Talfle 4.4.

E‘or?.sotropic models, 'with e = Q0 in the case of the
Generalized BRBurland model, 'thé r-faptor can .be directly
calculated by solving the second order linéar eéuation
reported in Table 4.5. A trial and error procedure on f—
factoer is instead required for quasi;isotropic vield
functions. In subroutine FACTOR the "bisection method" has

been employed.



TABLE 4.2

-

-Equivalent yields ‘e'mployec_i in subroutine PLASTIC

Yield Function Equivalent
pressure
Iresca Jé/z 2cos@ = 2¢ 2c
Von Mises Jélz v3 = 2¢ 2¢
.,
* I.sing
Moht Coulomb -l—g——~+ J;IZ (cose - 3352—31555 = ¢ cosd c cosd
7 - Y3
Drucker— I 5222.+ Jl/2 iz-(l- s:er) = c cosd c'coso
1 3 2 2 3
Prager
S I1 2 (¥3 Jilz - a)z 2
Generalized (—=+ 8)° + = h h
3
Burland n

where for the Generalized Burland model with critical state represented

by the Mohr Coulomb failure criteria.-—

BEEZM) - - M) 6]
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TABLE 4.3
o

Gradient coefficients

1 2 ‘3
¥3 sin8
Tresca 0 2cosB[1+tgOtg3 0] 3;-c0536
Von Mises 0 ¥3 0
. v
Mohr— E%EE cos [ (1+tgbrg3 o)+ 3 s;§6+22963:in¢
Coulomb 2 s
2220 tg3e-150)]
Drucker— sind 73
Prager 3 2 (1=sin0) 0
2 273 ‘(q-a)z 9
Gen.Burland 3{p+ﬂ) — (q=a)(1+Q) T5 Tos 38 T
(Mohr=Coulomb) n qQ n
Gen.Burland E-(p+B) 2%@-(q-a) 0
(Drucker- 3 bo!

Prager)




Cradient coefficients

“for 6 » 29
<5 €2 €3
Tresca 0 Y3 0
Mohr=Coulomb s;“" ‘/—g (1 7 sing) 0
Gen.Burland %‘(P*ﬁ) Eié<Q‘a) : , 0
a2 -
where
) o
M161+M2C-)2 ¥l sin6 - cos8 siné, (q-a) T
T 5 0, =3 ;Q-[Ss—tg%l
I~11+M2 i 3 cos® - sind sin@:L q -
M, = E—Eiﬂg- : Q= in table 2.8

i 3*sin® °
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TABLE 4.4

Stress invariant in terms of r-factor - - -

= g _+ rdg & s = g ,+ rds,

11 - 1ij i3 ij ij i]

Il oy Il + rt:lI1 -

T .l - . ‘ 2
Ty =g syysyy Iyt a4t 4, ST

3

J3-det(sij) = J 3

r

-

'+rY+r2W+r3dJ .

Y=~A+B-C

= 811892933 * 511533985, + S558445ds),
B = 2(s),5 38,4 + 555,548, 3 + 5,35,3ds,,)

3 2 2 . .2
C = 2(s)15,9%5)75)3d8)3+5 438 ,d5,,) + (8,3ds) +s)3ds, 45 ,ds,,)

W=D+E-F

D ds

81198779833 F 855d5),dS55 + 555ds),ds,,

E = 2(s ds

1298139853 * 5 5ds;3ds, 5 + 5, 4ds,4ds, )

: 2 2 2
Fx2(59395119553%913999598)3%5, 253398, 04 (51185 p3¥s9d8 1 3¥893d8 1 5)

- l v
2 =g (syd8 7755780 833d853) ¥ 8159815 T 51398513 T #2393
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For 2D problem

1

7 (syyds); + s50ds,, +

118924835 * s11533d522

0 .

2 ds.. + s2.d
5339129812 T S129823

S1198529833 + 5,,ds,,d

0 -

28 ds__ds + s dsz

12%%33%%,

$339833) + 8y,ds,

S9283348,

S33 t 834ds,ds,,

33 12.
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TABLE 4.5

Caiculation of r-factor

T .
3-3—1-p+rdp; d-%-cctgtb
q= /3(31/2 = (3, + 2r 2 + r2dy )T‘/2
. 2 2 2
7.
e = % arcsin (- 33 3 )
5] 3/2
2
Linear yield function Generalized Burland
- - = .2 (e 2
1) Faq+Mp-N=0 2) F=(p+ 8) +—‘L2—-—h-o
n
3) r2A +2r B+ C =90 F in term of r-factor
Type A B C
2.2 2 2 2
Linear, M#0 dg -M"dp 3Z - M dp(Mp-N) q ,(-Edp-N)
;
2, d¢° 3z 2, 4% .2
Burland, g=0 dp™+ —-% =+ dp(p+3) {(pta)” + EE- - h
n n i n
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4.4:3 TEPSA (Total Elasto-Plastic Stress Analysis)
TEPSA 1s the FE implementation of the Coupled'problem for
. elasto-plastic material represented by the set of Zgs. 4.21.
Firstly, it is important to notice that thetcoefficients
of KeP‘ may be even 10 E+14 times Dbigger than the
coefficients. of 8 At P, specially for highly impermeable
material and At véry small. To avoid ill-conditioning in the
solving process, the permeability and the coupled matrices

in TEPSA &re weighted as follows (Reed, 1984).

KEP —C Au Af | (4.28a)
~n ~n :
< r = < . r
Acne m ’
T 2 ~n
L—wc -ow P~ . . .ng;. (4.28b)

where w is a weighting factor.

For computational reasons, it.is far more convenient to
consider each node as n-displacements plus l-pore pressure
degree of freedom. This practically implies, for instance in
a 2-D problem, to build up the global stiffness matrix and

load vector in the following way:

. - 7 i 7 i "

Kll Klz Cll . . . = o . « a Adl Afxl

Y %2 Oy &y Ay

— — — e —

Cll C12 Pll- < A'n:l » = ¢4g' r (4.29)
] » - - L] - - L ] - - - - - - Pkk | i - J L -
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where.Eij=—w Cij’gij ="QW'Pij and E§§= ' An?/w

In TEPSA the Coupled problem has ‘been implemented
empléying the standard 8-nodes isoparametri¢ element and the
error ' in pore pressufe is corrected by the "smoothing
technique", as proposed by Reed (19845 and reportgd in
section 3.6.2.

TEPSA takes full advantage of ESEPA and in fact it can be
considered as an extension ofﬂthe latter.

The .program is structured in three main loops, Figs. 4.8:
the first one on load increment, the ‘Second on time and the
third on the balancing of the residual load due to plastic
deformation. -

In the .program the permeability is assumed to be constant
and therefore -P an& C matrices are calculated on;y once in
;subro%Fiqe LOADPS, along with the equivalent load vectors £
ahd g, as established by Egs. 3.3b, 4.12e, 4.12f, and 3.3c
respectively. ' ; |

Like in TERCON, <the time mafching scheme can bé chosen
among several different possibilities, section £.3.

In subroutine CLOAD the egquivalent load Ag; is calculated
as in Eg. 4£.20c and fhen assembled with qg; as reported Bn
the right hand side of Egs. 4.29.

The sfiffngss matrix K°P is calculated, as in é_EPA,'in
subroutine Sfi%EP and then assembled with C and ® matrices,

as in Eg. 4.29, ip subroutine ASSEM.
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.The solutions an and qEz at each time increment are
found in two stages:

The first stage involves the solution of'Eqs. 4.2é for
the assigned fixity of the problem; The obtained increment
of excess pore pressure sis +then correc;ed in subrqutine
SMOOTH by applyving the "sméothing technique" as déscribed in
Egs. 3.32. :

The second stage requires the finding of the compatible
displacément for the corrected value of the excess pore
pressure. This is-acc;mplished by re-solving Egs. 4.28 but
this time taking the smoothed pore pressure as additional
specified degree of free&om.

Displacements, pore Pressures, equivalent flow gnd forces
are sorted from the common array in subroutine SPLIT. In the
same subroutine, the effective "equivalent" load carried by
the soil skeleton for the current wvalue of pore pressure is

computed as follows: -

Af! = Af +C Aﬁ ‘ (4.30)

Exactly as in ESEPA, the equivalent load which can be
carried by the soil skeleton for to the current displacement
is determined in subroutine RESIDU.

The residual iqad, Eg. 8 Table 3.3; and eventually <the

need of a next iteration loop for its equilibrium, before
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H
proceeding to another <time step, are determined in

subroutine CONVER1.

Fihally the degree of consolidation is monitored in

CONVER2 subroutine. :

K
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4.5  CONCLUSIVE REMARKS
In all four FE formulations previously presented, the

stiffness matrix is symmetric. This allows the use of the

"Frontal Method" (Iron, 1970) in order to solve the system

of equations. This technigque .fpas proved to be extreﬁely
efficient reducing considerably the computational +time

required by any classical solution scheme. Furthermore, the

""Frontal Method" does not need to assemble the global

stiffness matrix, which represents a significant saving in
computer storage.

From this point 6% view, it was decided not to iméiément
in ESEPA nor TEPSA the "acceleration method" presented in
Section 3.5.1, since it would have required the domplete
building up of the global stiffness matrix. |

The programs have been written in modular form, so that a
substantial number of subﬂfutines are common to the four
programs. This 'also allows ﬁo verify the reliability of each
subroutine sinée they are tested in completely different

contexts.

The FE program PLANET, published by Owen and Hinten

-

(1980), was an important point of reference during the

development of these programs. As a matter of fact, a number
of- PLANET's - subroutines have been adopted and all the
remaining subroutines developed in this research have been
written accordingl&. A detailed explanation of the actual

implementation of the wvarious Programs is reported by Wan
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(1985), who gave an invaluable contribution to the writing
and testing of thoée programs.

For 'an easier imput and analysis of the numerous data
involved in a FE computation, three peripheral programs have
been written, namely: MESHEGEN, FEMPLOT and ELARO. .

MESHGEN is a mesh generation program and FEMPLOT allows
the graphic representation .of a vast number of résulps such
as principal stresses, displacements, velocities, safety
factors as well as the computed mesh. ELABO "elaborates" the
output data from.ESEPA.and TEPSA in order to calculate nodal
stresses, principal stress directions, stress invariants,
and séfety.factors. It can also sort the stress distribution

along selected sections and the stress history at specific

-

points.
The stresses at the nodes are calculated by the smoothing
technique as presented in Section 4.2.1. The safety factor

(£S), is herein defined as the ratio of the mcbilized =t

oct
to Toct at failure, namely:
q=pM+N (4£.31a)
Fs = 268 . 4 (4.31b)
T q



" where the parameters M and N are calculated according to
Table 1.1 for the current 8 while p is the mobilized- mean

-

pressure.

The layout illustrating the inter-connections between the
programs 1is shown in Tigs. 4.9,

The initial éata can be introducéd either manually or by
tape; alternatively MESHGEN can be used to reduce
considerably tﬁe calculation (and imput) of the.geometrical
data. The generated mesh can either be checked by senéing
the data to FEMPLOT, or directly employed to run éay-of the
four main prpgrams.l -

The outqu of any of the four main- ﬁrograms may
eventually be plotted by FEMPLOT or rather be used to
provide the initial wWglues to run of rone of the other
pfograms.

For example, the pore pressure calculated by SEEP may be
used as initial wvalues for ESEPA or TEPSA. Similarly, the
stress distribution calculated gy-ESEPA may also serve as
initial stress in TEPSA. Finally, the calculation of the
initial excesé pore pressure distribution needed in TERCON
may be compﬁted by ELABO, on the basis of the wvariation of

stress eventually calculated by ESEPA.

/
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Chéﬁter Vv
NUMERICAL RESULTS
5.1 INTRODUCTION
This Chapter discusses some numerical results obtained frem
the four FE codes previously described.

The purpose of the following examples is to illustrate .-
two.aspects which are thought to be of primary imporfance:
firstly, to verify the eﬁficiency and reliability of the
numerical implementations; secondly, tc highlight the main
differences in material response which the various theories,
considered in this researcﬁ, lead to. - ?or these reasons, a
number of cases were studied in order fo verify the
numerical results with available analytical solutions.

The material parameters, Table 5.1, were arbitrarily
chosen and systematically emploved in host of'the examples.

Basically all programs, except SEEP; were fun in thé
condition of 1-D, axial symmetry and plane strain for semi-
infinite layer and semi-infinite medium. The corresponding
meéheé‘ and boundary assumptions are thereby reported in
Figs. 5.1 - 5.4.

Occasionally, and mainly <o ;ecover brevious numerical
results, different cases were considered, and the

correspending conditicns are locally reported.
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;-
The programs were run on an AMDAHL V8 machine at .the

‘University of Ottawa. ' _ % l
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TABLE 5.1

Matéfial parameters employed in the different examples

Elastic parameters:

E = 10 000 v =20
Failure parameters: -
von Mises and Tresca
a) N = 94.8680, M=290 o c o= 47.4341, ¢ =0
b) N = 100 y M= ¢« ¢ =50 , & =20
Drucker-Prager and Mohr-Coulomb
N =10, M=1 & c=4.7434, ¢ = 25.3769
Generalized Burland Parameters:
A= 0.2 x = 0.02 v=2
Permeability
> . \_/'j
K=4 x 10 6 : '
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5.2 SEEP
.The' solution of confined flow dées not entail much
diffiéulty since all boundary conﬁitions are known a priori.
In fact, -for the analysis of flow below an impermeable wall,
Figs. 5.5, the solution required one single iteratipn with a
CPU time of 3.51 sec..

Yet, the main reason to have implemented SEEP was to
develop an efficient and rgliéble algorithm for unconfined
flow situations. Unfortunately, analyticai solutions are
scarce  and mostly based on the ;implified Dupuit's
assumptions; consequently, the choice of examples to compare
analytical and numerical results is rather limited.

For the case shown iﬁ Figsf_S.G, the staréing trial free
surface was assumed to be horizontal. The program performea:
;4 iterations, for a- totél CPU of 3.33 sec., before
locéting the correéf free surface. The exit point downstream
was found to be 1.44 m., in excellent agreement  with <the
theoretical expectation (Polubarinova-Kochina, 1982). v .

The same order of CPU time was necessary to locaté the
freé surface for'soils with anisctropic ﬁermeability, Tigs.
5.7 and 5.8. Incidentally, it is interesting o notice the
good distribution of +the nodal velocitles in Figs. 517,
obtained by emploving the "smoothing technicue" as described
in Section 4.2. More specific details on the éffectiveness
of this technique are given later in Section 5.&.2.

-
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SEEP has also confirmed its efficiency in -fhe more
complicated case of a dam with a clay core as shown in Figs.
5.9. The initial mesh and boundafy‘ conditions were
previously described in Section 4.2.

The location of the actual free surface was achieved iﬁ 7
iterations. 'The first iteration, in which all stiffnesses
gad. to be calculated, took 7.34 sec. of CPU time. Each
Subsequent iteration, which comprised only the updating of
the DBE sub-element stiffness, required 3.7 sec. for a total
of 29.54 sec. CPU time.

As shown in Figs. 5.9a, the final mesh kept a uniform
distribution of_ elements, which 1is a prerequisite for

reliable numerical results.

\“’"'\-_.,._._
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5.3 TERCON
The numerical -examples presented in this section‘ were
carried out in the assumption of' linear elasticify; the‘
corresponding material properties are reported in Table 5.1,
while wunit specific weight of the fluid was assumed.
Conseqguently, the bulk modulus was determined according to
.Egs.. 1.26 and it was kept constant during calculation.
Because of the linearity of the prob}ems, the numerical
results are generally reported in normalized form. In

particular, the time factor Tv is calculated as

T = —%— (5.1a)

" where

c === (5.1b)

and "a" is a geometrical dimension characteristic of the

considered case (see Figs. 5.2, 5.3 and 5.4).

Thé reliébility of TERCON can Be verified by comparing”
the numerical results in 1-D with Taylor's analytical
sclution (Taylor, 4948); Figs. 5.10. The emploved mesh and
boundary conditipns aré shown 1in Figs. 5.2a, and the

agreement can be considered complete.
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In accordance with the - theofetical‘ expectations,
identical results were recovered if the same mesh and
boundary conditions were employed to represent a quarter-
section of a cylindrical:G sample. As in the previous case,
the 1initial pore pressure was assumed to be uniformly
distributed throughout ‘the sample.

The reliability of TERCON was further confirmed in the
axisymmetric case whose external vertical bounda}y was then
assumed to be permeable, Figs. 5.2b. The numerical results
showed in Figs. §5.lla matched cloéeiy the analytical
solution (reported in brackets) proposed. by Carslaw and
Jaeger (19539). As observed by Smith (1982), tﬂe analytical
solution, invelving rather lengthy expressions of Bessel
function took longer computer time than the numerical one.
In-E‘igs. 5.11a, b and ¢ the current fluid velocity fields,
E;lculated by .setting the head h équal to the excess pore
kﬁ%éssure, are presented.

For practical purses, the e£a$ples reported in Figs. 5.12
and 5.13 could be quite interesting; <*they represent ﬁhe
dissipation process that can take place in a soil having a
vertical sand drain. In both examplés the axis of symmetry
of the mesh represented in Figs. 5.2c¢c was assumed to be
permeable, The corresponding isochroﬁes, Figs.  5.12b and
5.13b, obviously show that disgipgtion is much faster when

-

higher horizontal permeability is imposed.
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In all the above 'reported exampies, the .8-value was
assumed. to be constant while the time increments were
calculated according to Egq. 4,9, Consequently, the
stiffness matrix P in Eg. 4.7 had to be updated at each
iteration, which required 0.83 sec. for a total of 38.11
sec. CPU time over 45 iterations. Though this scheme allows
to scan the consolidation period in a rather uniform way, it
is gquite expens{ye. In  fact, solutions perforﬁed by
employing the second time scheme based ‘on Egs. 4.10;lgave
similarly good results but the CPU time was drastically
reduced, since the stiffness matrix P had to be updated only
at the beginning of each time period.

Firally, <the consolidation of a - Semi-infinite layer
subjected. to a uniform load, ﬁé 10., due to a shallow and
smooth foundation was simulated. The correspondin% mesh and
boundary conditions.are shown in Figs. 5.3.

A first solution was calculated at time t= 10 E-5,
followed by a second cne at time t= 10 E-2. From there, the
next time increments were calculatéd as in Eq.‘4.10a and
f-value was determined acc&rding to Sandhu's suggestion,r
Table 3.1. To follow the entire dissipation of the excess
pore pressure it was neceséary to perform 60 iterations for
a total CPU time of 37.8 sec.. |

" The initial Ze distribution, a prerequisite for the
solﬁfion of the Uncoupled problem, was assigned ecual to the

variation of the mean pressure cue +o the applied locad. In



fact, Henkel's parameters "a" and "b" in Eg. 1.28, should be
set equal to 1 and 0 respectively under 'small deformation
and isotropic;condition; From Figs. 5.14 it can be seen
that the excess pore pfessure decreases monctonically with
time at any point in the medium.

The common engineering practice would solive this problem
within the 1-D concept, in the assumption that the wg
distribution is constant and equal to the applied load.
Accordingly, 90% degree.of.ccnsolidation in 1-D is obtained
at time t= 763, which corresponds in a 2-D case +to Tv =
0.42. From Figs. 5.13 it is instead apparent that the 2-D

solution predicts =a longer dissipation period.

/

\
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5.4 ESEPA - X o

The performance of ESEPA has been tested in various bOunﬁgfy .
pfobléﬁs employing ail the six implemented elasto-plastic
models and " some sélected cases are .preseﬁted in the
following.

| For brevity, materials described by linear elastic
perfectly'plastic mo@els are herein named sometimes after
the type of the failure criterion ~they are. assumed to
follow. On the other hand, materials mo&elled by the
Generalized Burland model are -also named after the type_of'
failure criterioﬁ, but char;cterizgd as "Critical.
5.4.1 i Numerical Simulation of a friaxial Test
In order to check the response of the different elasto-
plastic models implemented in ESEPA, a preliminary study on
the simpie'triaxial test was conducted.

The nﬁmerical simulations were performed on one single
element in axisyﬁmetric f\t:cu'xditic:ns and  the imposed‘
boundaries are showg in Figs. S.1. The materia;h was
considered as weightless and an initial confined pressure of
100 was assigned. The material parameters necessar? for the‘
elasto-plaétic énalfsis are reported in f%ble 5.1 ;Tfs:_d
Tresca and von Mises, c= 50.). '

The theoretical | expecta§ions have been completely

satisfied for the four elastic perfectly plastic models. As

.shown in Figs. $~15_and 5.16, the axial stress increases
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linearly with the imposed displacement, unﬁil it reaches a
constant wvalue at failure. In the loading path the
numerical results obtained for Tresca and Mohr-Coulomb
materials coincide with those calculated for von Miées and
Drucker-Prager materials respectively. As expected, the
level of stress reguired to reach plasticity under unloading
condi@}ogs, is lower for Mohr-Coulomb than for Drucker-

Prager material. -

Figs. ©S5.15b and 5.16b show a Yather unrealistic
prediction of plast@c volumetric chgnge, spec;allyq‘for
Drucker-Prager and MShr-Coulomb materials.

The séme element, Figs.. 5.1, was thén tested for cyclidg
loading in plane st;ain conditions. In ;he loading path, as
shown in Figs. 5.17 and 5.18, the numerical results obtained
by employing Tresca and Mohr-Coulomb coincide with those

'computed using wvon yises and Drucker-Praqeg; Imposing
furpher displacements, the inddced_ ve:tical stress may
either still increase (von- Mises and Drucker-Prager) or
remain censtant (Tresca and Mohr?Coulomb).

h These distinct post-yield responses herein obtained, are

' believed to be the basic difference between the failure

| sfate dgscribed Sy the two sets of criteria. The difference

in regéonses can be explained by the fact‘that the lim;;

» load in Tresca and Moh?ﬁéoulomb depends also on the B8-value,
) [

whereas it is independent in von Mises and Drucker-Prager.

In the plane strain examples above reported, 8-value,.
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remains cénstant and equal to 30 degrees until the stres§
point reaches the failure surface, For  further
displacements, 8 starts to vary since the( stress in the
perpendicular direction to the plane is no longer egual to
zero. Though the varéQE;gm of 6 reduces the limit dev;atoric
invariant . @ in Tresca and Mohr-Coﬁlomb, the plastic
equilibrium leads to the stabilization of the wvertical
stress. On the other hand, the variation of 8 in von Mises
and Drucker-Prager, does not influence the limit value of g
and, as a result, the vertical stress keeps increasihg.A

As simple and obvious as the results may appear, they are
the proof of the accuracy that-cén be achieved by ESEPA. A
further confirmation of the reliability of this program is
found compéring its results with those obtained by Desai and
Siriwardane. (1983), Figs. 5.19. ‘

In tﬁis exampie, as in the previous cne, an element is
loaded in plane strain conditions, until failure occurs.
TRese authors found, in agreement with Davidson and Chen
(1974), that plé;tic deformaﬁion is cdetécted around 1000
psi, and failure is reached at 1732 psi. The Drucker-Prager
failure criterion was adopted.

The results obtained by‘ESEPA show instead, iﬁ agreement
with the theorgtica; p}ediction, that plasticity takes place
only when the stress point reaches the failure surface, that
is at 1732 psi. Depending qn' the choice of the failure
criterion, the stress may either still increése (Drucker—

Prager) or remain constant (Mohr-Cculomb).
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‘As for the implementation of the Generalized Burland
model, it. was possible_ to recover numerical -results
previously published, Figs. 5.20.

Herein, the anaiysis can be extended to over-cbnsolidatéd
clay and represent the cfitical state also by .the Mohr-
Coulomb failure criterion.

The results in Figs. 5.21 show that softening can ?e
followed .in ESEPA for highly over-consolidated materigls,

“for which it is also possible to predict dilation. In the

/(/ Generalized Bufland mode; softening is reached when the
stress point lies on Hvorslev's surface (Section 2.7) where,
since p is smallér than B, the plastic modulus A, calculated
as in Eqg. 2.71 in Table 2.8, ié negative,

The nﬁmerical responses 'in triaxial- for normally
consolidated soils were not influenced by the choice of the
failﬁre criter;on in loading condition, whereas different
behavicur waslpredicted upon unloading.

However, further investigations showed that the numerical
results are influenced by the type of algorithm employed and
by the convergence tolerance e aliowed.

In fact, the ISM usually' p;oduces numerical results
higher than the TSM, but under reduced tolerance f%, the
values tend to coincide with those obtained by TSM, Figs.
5.22. Generally, the same résuits are thained irrespective
of imposing stress or strain. Incidentallyf the results in
Figs. 5.20 and 5.2l;have been chtained employing the ISH,

and imposing a tollerance & =1.
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Although it may be concfﬁdgd that TSM is more reliable
than ISM, the former metho§ cannot be always applied for the
Cam=-clay models, specialiy when material softens.

Another interesting feature of thesé numerical
experiﬁents was the substantial difference in CPU time
registered in the different algorithms employed. In general,
the TSM £equired,always much less CPU time then the ISM:
E also,. a bigrscatper in CPU time was noticed between im@osinq
loads and diéplacements. For instance, in case of imposéd
displacements (Figs. 5;22), the CPU time was 2.65 sec. and
2.07 sec. for ISM (& =1.) and TSM (% =1:) respectively;
instead when load was applied and TSM (¢ =1.) adopted, the
CPU time was of 2.56 sec..

{
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5.4.2 Stress Analysis in a Semi-infinite Medium
The numerical test has then been . extended to the stress -
analysi% of a semi-infinite medium subjected to a smooth
uniform strip loading. The medium was discretized as shown
in Figs. 5.4 and the  material parameters are, as usual,
\\reported in Table 5.1 ( for von Mises and Tresca c= 47. 434).

A preliminary assessment on the valldlty'.of the mesh
gmployed was performed comparing the results obtained in the
assumption of linear elasticity with those given by the wéll
known analyti;al solution (Poulos and Davis, 1974), Eigs.
5.23.

This assessment also allowed to verify'the_efficiency of
the smoothing technigue aescribed in Section 4.2.1. It was
found that the numerical values agree very closely with the
analytical ones, and that the smoothed stresses at nodes
were as accurate as the strésses at the Gauss integration
points. . It can be concluded, therefore, that “the mesh
employed 1is sufficiently reliable and that the smoothing
technique works properly.

The numerical experimentation -was tﬁen extended to the

Ll

. various elasto-plastic models herein iﬁblemented.
’ .
The ultimate loa@ for elastic perfeqtly plastic models
with failure surface described by’ either Tresca ér Monhr-
Coulomb, Figs. 5;24 and 5.25, coincides with the theocretical

values given by the "Limit Analysis Theory" for weightless

material (Chen, 1975).

#
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As expected, on the basis of the earlier results obtained
for the simple plane strain test, the limit loads calculated
for either wvon Mlses or Drucker-Prager materlal were hlgher
then those obtained by employing the ™ counterparts Iregca
or Moh;-ﬁoulomb'matérials.

Thé; ﬁhe weight of the material was taken into account,
for the case when the failure is aescribed by either
Drucker-Prager or Mohr-CoulomB criterion. This was done by
imposing an iniﬁié} isotropic stress (3, =0, =0,, fxy
equal to the 6verbu£den weight. - '

=0.)

In both cases the limit loads were coﬁsiderably higher‘/
then those obtained for weightless materials, Figs. 5.26 and \ (:
5.27, but neither of them confirmed the ultlﬂgﬁéa»&mﬂf-ﬁg
1nd1caged by the "lelt Analy51s Theory , which is of Q=
376.. In addition; the load~displacement curves for both -
cases, Figs. 5:28, are very close to each other " until
failure is reached for Mohr-CoUlomb materials.

fo conclrm/’the correctnes; of. the presént -numerical
analy51s it was attempted to reéover pPreviously published
works. Unfortunately not many examples have been found, so
that th; comparison had to be again restricted to the most
recent numerical results published by Desai and Siriwardane
(1983). As it can be seen in Figs. 5.29, the load-
displacement Eurve computed by ESEPA divergﬁﬂ significggtly
from the one calcu;ated'by the afogesa;d authors for the

‘Sdme case.
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Finally the Generalized Burland model with failure
-descfibed- by either Drucker-Prager or Mo? -COulomQ:
criterion, has beeh'tested.;As in the previous examples, an’
initially isﬁtropic stress distribution egqual to the
overburden weight was imposed, in order to take into account
the weight of the mate;ial (!S= 20.). The material was
' considered normally consolidated and its elasto-plastic
parame£ers are reported'in'Table 5.1.

The numerical results confirmed to be influenced by the
choice of the algorjithm, ' whereas the previgué elastic
perfectly plastic models were not.’ The load-displacement
curve obtained using the ISM always lies above the ' one
calculated by the TSM, Eigs. 5.30 and 5.31. Restricting the
tolerance &, the Isﬂ curve tends towards the TSM cu;ve, buf
unfortunately without reaching it. Oﬁ the other hand, the
TSM does not allow to foliow' completely the deformation
process, since soﬁe.points in the‘medium reaghed softening
behaviour, bringing:the solvin; process to ill-conditioning.

waever, the overall response of the model éan still be
viewed.‘ Firstly, it must ‘be noticed? that the order of
magnitude of thé ultimate l&ads is by far less than the one
calculated -by the corresponding elastgc perfectly plastic-
models. Thkis result is most probably due to the gact that
the displaeément field mobilized by psiné fhe Generalized -
Burland "medel is- rather Eestricted to a zone beneath the

foundation. This can be observed in Figs. 5.32 and 5.33,
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which show th%fdieplacement fields calculatad by the two
models, both havzng as failure surface the one descrlbed by

Mohr-Coulomb

From the type of displacement field, it appears that the

Generalized Burland model leads to a "localized mode of

failure", whereas the elastic perfectly plastic model
predicts a "generalized mode of failure"
Finally, it is important to report that the numerical

-

analysis performed employing the GeneraXized Burland model
“is much more costly than the one”pomputed using.an elastic
perfecply plastic model. For instence,'in the previous case,
the CPU time‘was of é?s séc. when the Generalized Burland
model was employed while it was of only 236. sec. when the

same problem was analyzed through the corresponding elastic

perfectly plastic model.
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5.5 TEPSA

This prdgrﬁm has been tested in several stages, starting
from the 1-D case in the hypothesis of llnear elast1c1ty, up.
Vto the more complicate problem of semi-infinite medium in
elasto-plastic condition.

The elasto-olaotic material properties.horein édopted afe.

<
' always reported in Table 5.1. The same time scheme_.was

employed throughout all the examples- an 1n1t1al solutlon
. Wwas carried out at time t= 10 E-6 followed by a second
solution a 10 E-=2; from there, the next tlme.lncremepts

were calculated on the basis of Eq 4.10a. and 8 was

determlned accordlng to Sandhu's suggestlon (Table 3.1).

5.5.1 Elastic Cases

In this Section, -because of the linearity of the problems,
moot.of tﬂe ndmericél-results are presented in normaiized-
form. 'In particular, the time factor Tv is ca}oulatod.as
previously described in Séction 5.3l

In the 1-D probleh the‘numeriCal-results could be checked.
with Taylor's clésed form solution (Taylor, 1948), since inu )
this case Coupled_and Uncoupled theories coincide. '

The ogmeéical.talcplations were carried out using the
mesh and boundary oonditions reported in Figs. 5.2a; on the
top horizontal surfaco a‘unit load.was applied. The results
_in Figs. 5.34 show that the smoothing technique has overcome
_the numerical probiems found by Sanchu (1976),madd that” both . : -?—l-
ddsplacements and pore pressure are correctly calculated: .

““ . *
‘ - 24% -



Identical numerical result.:s‘ were obtained when. the same
mesh and boundary conditions, Figs. 5.2a, were assumed to
represent a quarter-section of é cyiindfical éample. In_"
fact, this case still represents a 1-D pfoblem from both
geometrical and hydraulic point of vie\-{

The numerical résponse in the axial symmetry changed
completely when the sample was allov.-'r'ed to deform laterally.
In the next two <cases, the cylindfical éample was
discretized énd‘constrained -as reported 1n E‘igs 5.2;, and
"an initial isotropj.c pressure o.f 100 was imposeb
. For this case;m‘ no .analyt'ical soluti‘on.' describing the
whole consolidation process is available; ne_verthgless it
can Be proved that the initial stress'es and ex;ess'pore,‘

pressure values can be calculated by  the following

expressions:

Ap' &2 O :. Ap = -n (5.2a)
Ag = 0 : Ag' = n° 5.2b
- Se r (5.2b}
: Ag! Ag ) - s .
- e z z .
T 5 3 (5.2¢)
- - 245 - i '
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where 9, and o, are respectively the axial and the radial
stresses, while the superscript " ' " is used to distinguish
.A';he effective stresses from the total ones. The above

‘relationships can be found from straightforward equilibrium

éonsideration; based on the fact that, since the fluid is

[

incompressible, 4p'2 0. -at time equal to zero. At infinite

~time the excess pore pressure is obviously dissipated and

Il A

the ‘value of the- stresses may be calculated bydelementary

means. ' -

The numerical results inm Figs. 5.35 agree completely ®ith
the theoretical . wvalues calculated from the above

relationship (Table 5.2) and, as z° dissipates, the load is
o .

progressively -transferred to the effective stress. The

-

values are presented -in a normalized “"form where in

particular Q is the applied vertical stress (0= o.= 135.).

a
Unlike the prediction of the Uncoupled ‘theory,. Figs.
5.10¢, 7= may-continue to increase in time before starting
to decrease, Figs.. 5.35c and 5.3Sd, but overall the
cénsolida;ion ?focegséif faster in the Coupled theory than
in the gncoupledlpne. |
of séme interés; is to follow the consolidation process
i of the same sampleé when displécéments are ihstead iﬁitially

imposed. In the case preéented in Figs. 5.36 a displacement,

‘equal to the initial one obtained in the previous example
= : -

(u= 0.018), was imposed and Kept constant in time. Always,

with refence to Eqs.}S.z, it is _f:pssible to evaluate the.

q#



lnltlal stresses and pore pressure values Wthh are reported
in Table 5.2. '

It is interesting to notice that, since-the displacement
is kept constant during consolidation, the initial and final

effectlve axlal stress must have the same value. It *s not.

sdrprising, therefore that the stress evolution inside the'

sample follows a path whlch was substantlally different from
that of the previous case, as clearly shown in Figs. 5.3%
and specially in Figs. 5.36g. The normalization is in this
case performed witH‘respect to the initial total vettical
stress (Q = o,= 135.).

The CPU. time requifed to compute the complete

consolidation process in the previous two cases was of 156

‘sec..

The numerical investigation was then extended to the case
of semi-infinite layer subjected to a uniform-load (6 = 10.)
due to a flexible and smooth shallow foundation. The adopted
mesh and boendary conditions are shown in E&és. 5.3. The
calculatiqn was eXtended over 50 iterations,éwhich required
a total CPU time Sf 149 sec..~ | e

Unlike the Uncoupled.approach,.the Coupled tﬂeory allows
to ' monitor compietely the consolidation frécess by
determfﬁlnq at aay time the displacement field, Figs.  5.37a,

the fluid velocity field, Figs. 5.37c,}the_stress field,

Figs. 5.37d, and, nost 1mportant of alI tﬁe initiaL,excess

pore pressure fﬂeld w*ths.__‘:?_p any use of semi-empirical

relationship.
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The numerical results confirmed also previous findings

(Cividini, and Rpssi, 1983) for ehich the excess pore
pressure, in some place within the medium, 'continues to
increase dufing the early stage of consolldatlon Eigé.
5.37¢F. is confirms once more the Mandel Cryer effect
which was not detected by the Uncoupled theory, Figs. 5. 14

Flnally, Figs. 5.38 shows the numerical results_obtained

in the case of a semi-infinite mediung loaded by a shallow"

and smooth foundation, (Q= 10.). The adopted mesh and the._

boundary condition - are reported in Figs. 5.4; the
consolidation process was followed over 66 time steps, which
x—/;:Zuired 487 sec. of CPU time.

. As  shown in Eiés. 5.38ah_'the surface .settlement

.calculated by TEPSA 1n1t1ally deviates by an error of *2.%

from the analytzcal solution Proposed by Biot (1941b). When

the time factor I, reachs 10 E+2 the numerical solution
converges to the expected theorétibal'values (u(=)=0.37025

/

E-3), while Biot's solution seems- to show no asymptotic -

[T

- bend. It must be conszdered ‘howewver, that the author himself

pointed out a certain degree of error in his solution (Biot,
1941b). ~

-

As 'in’ the previous case, the excess.. pore - - pressure

. Lo . - ~ -
contlnueS' “to increase during the cafly stage of

consolldatlon specially. at some points on the cent*e—llne
of the foundat;on, Figs. 5 38d Consequently, since the

varlatzon of the effective st*esses may present d*‘f rent

+ 248 - o o -

'\“,



’

signs, Figs. 5.38d and 5.38e, the
. displacement preéents alte;native

conSolidation, Figs. 5.38c.

~induced field of

patterns during



TABLE 5.2

‘Initial and final -values of stresses and excess pore

pressure in a triaxial sample

S:ress‘ ‘ Load imposed Displacement imposed
Ratio | e=0 L= t=0 - L w o
- 3 . 3 .
Q
T
') 2 - T
- 3 3 3
Q -
J
L
Ac,1: 1 1
= 3 0 3 0
Q
t
fp 0 -1 0 -2
e 3
%o
9% 3 3 3 2 .
- I ;
0 . j
‘.

]
8
* wn
: (@
) I
/



c -
8, ae 3 -1 -1 -t .. b=
;10 2 343678310 2 3 435678300 2 3 4367asf0” 2 3 1§?ﬂ?fd 2 3 4serand
2 &
?_ Lo
2 C o
& s
~o -
w I
84 _ E
T ——— ANALYTICAL SOLUTION '
Zo A FINITE ELEMENT SOLUTION o
@ ’ @
:?_ . LS
T=aot
3 8
T T L] T TiT L) L e
10" 2 3 43567888 2 3 4s6rashgl 2 3 aserashgt 2 3 4567890 2 3 4s6788)Q
TIME FACTOR T,
{a) surface settlement vs. time (comparison
with analytical solution)
] (]
2§03 3 43e7e930" 3 3 430788302 3 g3e7ami0" 2 3 4sereniC 3 3 43e74nS
]
] &
- g
>~
~3 2
2 4 S
= 1
.
pl- - 4
.é‘ POINT P Fe
-— ANALTTICAL: SOLJTION
A ’ 3
. 14
] © }FtunE ELEMENT SOLUTION S,
. e I
1 .
8 @ g
Phgt 2 3 daerasigt 2 3 Aseraslgt 1 3 43aralgt 2z 3 43ereslg 2 3 4sezaelgy

. TIME FACTOR T,

(b). excess pore pressure vs., time (comparison-
with agalytical solution) :

~ . - PR . © ———

Fig. 5.34 =D Coupled elastic cousolidation
T / ) .



T’V-SOB E-03

Sice

.

: :
e e Y e
I I T
k! L) R R
Loy : T
3 5 2 ;
=3 s = :
& L.y N A Loy
| 5
\ Voo N \ \ v
: :
1 1 \ AY \ s \ A AY \
1 3| |
':?”':' 1 "olaeerion o e ';:nw:'.:"x'b'l'ncn'cr R
: T,=2.8 E-02 ’ T,=8.1 E=-02
-7 Lo - .
i l l _ \ i B
o :
z T d .
200 S0
g4 [l
£ ool e z o
"z E "3
. b { ? . N ‘ !
. | \ ! ; 1 l | !
5- ' . . ; E_‘ ] + ‘
: d L
"‘:.m":.:“:"b?am':'é:" Lmo e nl':"““:':“x;':':'ltcn'd:' - ew o
~(a) displacement fields at selected times'

\

Fig. 5.35 Triaxial coupléd elasﬁic consolidation

(load imposed) '
-= 252 ~



. . L 4 -
. ) - . lt....
(pascodwy prol) uojlEpI[OSUOD DFIsRT® pojdnod [efxeyal. SE°S ‘814
PWII1 °SA JudWA[IILs B8DBJINE (q) . : K
. C M oMo1ovd Il - .
201 0. . . .
N Yoo Rf2E Y 2 ONerpsyt ¢ Ofsesocy & ¢ WOlsaspsy g g 04,
a : &
: o
o -
[ 0
] @ :
i
d Cores .
[+1]
Y mmm y
_ 8 ™
+ N - A uny
& _. - «
. . ] v
=1 ' 3
’ ]
84 .
] o—0 ¥ . [NE
o. hd O .
2 2" ,
]
. L]
n_ua___-_ 1 | —_--_ T 1 ITTT 1T ¥ 1 T : -“.p-__ T 1 _m__-—_ ] —.: ﬁ.u L
ow_mm;mf £ ¢ oleBL9sy ¢ .¢ ?o?fon_. ¢ 2 no__am;n__ € ¢ ,0l68296 K € ¢ Ol : L
N ) - - o ' LA .
~. - ﬁ
. $v ]

Fed



f 271 00° S0 050 52°0 0900
bl
- -
:I.
.-
" (2]
L b ™~
o b'o
l'“ . a' -
.f“
=]
bl
v
"
e
=S o
Ty oo
- m
a1
&1
- o
ol
- - —..Nl e >
. —
- o @«
0. o
- . ' ad MM
" ”~ -l
-AU L'
[ = g
&3 e
e Aol
L o J -
- i
- =
" -y
P B
5 o
e — - ol
a ]
ey e
- -
- b-vy
o ‘ [
- . i
- sl
.__0 . 40
- . ~ Ay . 1
05’ T 00”1 52’0 050 sz'o 00’0
. oy /enu

PN

ot/ a
pore pressure isochrones

0odq-" 0z'q- .o0p'g- '. 09°q-  08°g-  00°\-3
- - * * i . o
e .
m.
v 3 »
o o
. +—=4+—+
0 \+\ . lll]o+l...-|.|+.|lll+ ——d
> , \ NG
1] o ] o
u ‘..I ‘ N- ' <, ’ l‘-.
: o At ) °
o \v . 4 LlA.l_.A.I.I.A < < 4
) _
)
v o Mooolololo..o © o ® $
. " ! : n
o % 7+ , e k©
0 ) X\X
o - o
o \ + » o DT NNN|o
w, 3 ef x” AR &
ool 1+ / 2 dwwwwls
‘e.‘_.su ‘ * -
U X oM@ @ -
® A\. X R N R T
. [=] + - o
Jn\\ VXY. O4d4+XO|
o : . (=]
~~ . -
ol . :
~r vwa nllll.’...l.Lnl.llO. ) S
o= :
007d- oz:d- or0- 09'd- _ o08'd- . 00'(-2

(d)

.

{load imposed)

Triaxial coupled elastic codsolidaiio

5.35

Eig.



! .

&

.

led elastic coésoiidatioﬁ'(load inposed)

- 255 =-

radial effective stress isochrones

(f)

Tr;axial Coup

o . ob A~ ‘a-  08°a- 0e 02q- . 0z'G-'  ov'q-  09°q-  0B'q-  00°\D
ooma- Lorq oy _Sa 09°q- - 00°\~ . s WAL W p_. 0979 087q- | 00°\%
/ > / g 33888
- H , | ¢ ] T« 1 10 ¢
. o] . Ww w w . u
o -t o
8 g8 & i R Bt b
: : - > r ~noNaoio
- Q00— H_0_¢ . - v ° =P
- . ® ? o O4d+X©O
s P “
- , Q
R X, 3 » h xm .
o ] xXlex , o “ Q ‘ ¢
: X=X M —X X b . M
. \. . hod . —e=—1 | ﬁ
ANt g0 - SliTmendszg42i-iT—o—o—o—{8I0
O-L ‘— .t.M- - .lﬂ-v :fl | oV-. ’ ° \—\T\.—.\ L ..ar
« "\ , - . .
\ 'Y ey Ty e , .
[ + \+ o 1} b4 b ! 3 3 h
m. N\ + \#\ 0 w - M, . g
Sl Y T gua=—8——8— —fs 0w I e )
000907 | v X
a g - - - _x"X
4~ o o .
3| g azausls 3 ozl
o N wuwuwwwfo ' u o
t -
8 0 o - . -
.1 N S NP - ) et b OO
'3 . . o4+xeoi? ¢ S geeceene 00 00~ 47 .
L a . ; . s > — * - - -
; P - d " os'd- .o yRd- 0z'0- or°d- 09'd- o8*d- 00" (
ooo.u.. 0z+d- or d 09 7 08 00" { . /7
Y »
T
& o it

5.35

Fig.



P

Fig. 5.35

[=] - [=]
g-o.zo -o.;o ql.zi-‘_ 0,*':? 0,60 0.80  1.80
el ol .}S g
o Y o
o bl X o™
tla. L ] +‘+ *X z _?
ﬂ% +7 x/ - é
10+/ J I
= 17 / [
4 ik p e
ry 4 °*
i , !
_ X o
a / ' 3
el x
~ & X © !
N Tv =t/300 l |
o x by (=]
) 15 o 3.3 e-09 i
- A 7.7 E-04 [ -
~ |+ 5.8 E-03| x &
° X 2.8 E-02 l [
< Il [ 8.1 E-02 | | ) it
'-5.20 -0.00 0.20 0.40  0.60 0.80 140
—Ap7TI(0)
(g) effective mean preassure isochrones
3 - S
2,60 2:80 300 3-20 3.40 3,60 3,50
] / ." v ‘__._-0--‘ ]
e AT
mp—r - a
2 N S
&l \ +o Lo
[ A+ ]
: \\3%
% .
: PINYS :
. ?h %IO\A X T+ -?
i i
L‘&\ﬁ »
R A :
=% PN 7
N u \ T, =t/300
(=] . o
] il el B ® 3.3 E-09 |3
; “ \ A 7.7 E-04 [
@ & X + + 5.8 E-03
o , I \ X 2.8 E-02 [o
K 1 1B ® 8.1 E-02 |°
‘2. 60 2.80 3.00 3.20 3. 40 3.60
Ag/T1{0)
(h) deviatoric stress isochrones

Triaxial Coupled elastic consolidario

- 256 -

(load imposed)



00°09z  00-8§1  00°941  00°¥91  oo-es 0°onl  00°83l  00-94t  00°¥Q1  00°28  00-08_
o * * o
[=] o
o D INI0d J0 KIVd SSIWIS WI0L X o
gl .
, | 9 tHi0d do Wive ssayls Ia1i93dan 4 °©
~ d INIOJ 40 HIVd §SIWLS V101 @ _
~| d IN10d 40 HIVd SS3Y1S 3A1193443 @ I~
o : o
[= ] o
g o
..’. -~
o o
o o
o _
g 5
8 18

\.\l

4 @
=] o
o l o

0099z oo-8dt  00-9Ji 0o-vdt  00-281  60-0rt  0-871" 009t 00-vdi  00-26 " 00°083
Q o
(=) o

c....
1.

.

yied smoals (1)

JYNSSIUd NYIW -

(posoduy pwol) UOTIBPTIOBUOD uﬁum.,:m pordnoy jeIx®Ta] GE*'¢ *B714

SS3YILS J1d0LYIAIQ

257



" sz: 1 Jo.p_ 510 050 s20  00°0P
o [ o
[ -
oy S
o -4 . -
bl L 4]
‘# -
e (2]
™ ™
o o
P o T
-~ -
~ L ad
- = e
- m-. -y
- o - -
- slal
- il
" v
O 1 o
] A -
o~ N -
[ - -
M= )
- o
- o il
- - =
[
- = Hal
o

R o -9
o b

o o
-_— —r—
- - el
- , =]
[ )
- o
- il
- -
- il
o -
«0 ‘o
um o
- - .-
[N e
o - e
Pl =i
- - -
- -
LD [~
- -

1 o
0s* sz o0 s1'0 0570 sz 00°0

oyt /(nu

TIME FACTOR T,

time

(a)

excess pore pressure vs,

. !
A L]
- ’
003q- 0z'q- ar-q- 09°q-  ,08°q- 003
o o
O TN
K22
M ] rr 1
N W WL
Q b - [=]
v B 0 0~
o W mawmNofo
Q4+ X O
o -ty
5 \+ +|.||l+f|.l.+ — rm-...u
° \@.A..{hl-Al.. o
44— —,
° wkﬁmnmJOlalo o0 —0—0
4 P n
(= \ \ o
[
(=)
Nl 4/ N
i \Nm | X\\X‘\X x 1°
X\
44 -
. \x
(=]
= \m x\x ' =
o \ x . o
! X
o . L o
R oo im0 = @ — OO = © o—" 9
00°d- 0z°d- ok *g- 09'd- - o08'd- 00 {-°

H/Z

excess pore pressure isochrones

(b)

5.36

Fig.

Triaxial Coupled elastic consolidation (displacement imposed)

258



00%g

fq-  02'q-  o¥°q-  09°Q- - 08°Q-  00°4Z
- o aemowal
O 00O0O0O
(o | I ] ]
’ U wwwtw w
3 " 0@ —|8
- = Mmoo
o4+ Xe
AN S
j,.m -
o o
[+
i A 510
Av ~
_¢ Iaa
A.f
\ <
2 K o)
o] o

o 08000 12
« u..-\s\a.\ +.\+

4,
N

ullutlnltu

d-so

" ored-

" 02:0-

" 09°d-

H/Z

“op+d-

00*

‘0.50

~(e)

axial effective stress isochrones

oo3q-  02°q- 09°q-  08°q-  00°1-3
(=] . = a o
9 owmnNN
. (=] 00000
¢ [ DU N D N |
~ W o w W
el
3 RY o 1 Y I g B
o] 2 AN waolo
44+ X0
Q o
- -
ks N
R enpppoogy-a—a-6-6 —8——86——6—83
-3 b —i"
© -t + -t —_— o
Lraqterc® ot
\.\
§ ¥
S i &
oyt =
° X X bt
] o
° X\X.\\x
,2¥33¥Xx¥
Q =]
AURBBBsééétolélélo © ¢ ° cM
00%d-  0z'd- 09° A*\N 08-0- 00" -

/Q
rigpﬁl effactive stress lsochrones

¢

Ag

T

Y3

(d)

-

Fig. 5.36 Triaxial

Coupled elastic consolidation

imposed)

(displacement

259



00%q-  0z'q-  or'q-  o09:g- o8- oo 3
- [=] DN N B
Q OO0 00O0
" | U T ]
N W owoww
=] - o
2 PR —le
o] -~ MmN N[O
4 +Xo
o
mm&”“”ﬂ9ﬁﬁlololololllﬁil!olllalllcw.
o’ ﬁxx o
4 x.l:x
ol - [=]
o ww AT SRRV X1
/
A. (Y a
J1 7\ o
%, A
o] f../.—. o
y
ol pr °
o —_—de
3 &aoﬁumu?m R ==t=—=t=4"
]
[~ ] o
% &
o, - f =]
00'd-  oz-d- o +d- oa.,“_.\N 08-d- 00°1-'

oc%q-  oz'q-  or'g-  09°g-  09:q-  00'y3
no . * > - . »
Q o D IPNN
[=] o o0 90O00
) [ 1 v 1 )
a S wwuwww
o S ' .3~€Baul 3
c -, | > L. *
o n ’ = 3v154¢8 Lt
0 <4 *
ot 04+ X0

A
5 S g
2 Y L
) \
] old
: _
=¥ % Om.-l@]mul!”.r\lhq ) [ ] [ ] ﬂnou..m
o] 4“4 + —_— TN

o \A\ e —— m“
o ) +-+ o
H v -~
o 3 f.....\+ . M
5 o L]
i ’
o
4]
e .
w8 ’ 1|||.X....|Iunmw
w oo X X = X i
@ MM X o e XX
~ R - ’
v © . ) v“
— n?23836906|wlololwlll¢|J|oilloﬂll.L

odd-  oz'd- ov-d- o09'd- _ o0s-d- ooris

H/Z

Y

deviatoric stress isochrones

(£)

F1g.5.36 Triaxial Coupled elastic counsolidation

(displacement imposed)
- 260 -



Aﬁwmmmsﬁ juswadedsyp)

UOTIBPFIOBUOD 2F18B[D poatdno) [eIXBIAL 9g°*¢ 814
£ yied sssazs (8) i
]
JUNSSIYd NYIW-
00°§92 00°BHL  00°94t  00'bgl  00-2§l ~ 00'OKL 007821  00'9l 000! 0026 00°08,
8 h h ! h N h h h . . ba
o o
8 D INIGd J0 HiVd 882818 i0L X . ©
0 INIOJ 40 HiVd SS3WIS 3AL193443  + ' ¥
o] d INIDd 40 Hivd SSIMIS WI0L @ | ©
1 d INI0Jd 40 HIVd SSIUIS 3A1103443 @ .
3 . s
a
“ 3
,.l..n“
iy ,..mu
3 ww
—
[
d 5
” ..w ..nan.uw_
w
wy
¥ L
a . |8
N
e , : : . : . : . . . >
00'6dz  oo'adi  00-9Jt 00-¥dt 00'281  o0o-oft  00-821 0091 o0-vdi o076 00- 08>
o o
o o

261



M|

M

Lt

!

|

1! I
werr |
% P !
m..n...w“.\\ /!
S S ’
0 N
i e - -

009 o0y 00+ 002 00’0

HO1 123410 &

119 nZoKES

33 ELEMENTS

QISPLACENENTS

DISPLACEENT SCALE 173

TiME STEP 18

28.00 22.00 24.00

18.00

T

18.80

14.00

12.00
X DIRECTION

1g.00

.00

displacement field T,=3.3 E-04

(a)

~
¥
i

12q-

g

1K£'9-  2yeg-

h'-nwl

25

-

TIME FACTOR T,

12d-

zed-

1e°d- [TI
(Qea) / (1)NeD

0n-4-

s’

surface settlement vs. time

(b)

Coupled elastic consolidation in 4 semi-infinite layer

5.37

"Fig.

262

E e



12.00

00
-

3
.'-
=
=4 1 SRV
=l [ Mt il . L J { 3 M H k ]
@ . 4 . . [
Ll - . t
& /4 / p, i L , ; \
Qg - / t ' . - . '
-2 t t s “  m— . N
hd I / f ! * - . \5
v N NN !
Pl ’ . . . :
f-_,f- . NN N N e \.,.\
~ . . :
. ~ ~ ~ = T - - i ‘ : \l\
3 . - __.' ~ - —_— — - - - - - -.__:_____
o 33 ELEMENTS 130 wODES
CAUSS PTS. YELOCITY . v
Time STEP 1e . VELOCITT SCALE »+ 0.3 £-0S5
8.6 2.00 4.50 8.q0 5.00 19.00 12.00 t'e.00 re.00 19.30 20.00 22.00 2¢.00
e X OIRECTIGN -
(c) fluid velocity field at T,=3.3 E~04
8. } S - -
8
= S D S M S . ] :
= —_—— e - - - v
= T T T b . :
. 1
o 2 I S S SRS S <. . . : :|
z- ] T T ‘ - :
Q - * - : 1
- . T i |
! P ; - . - - . :
3- T T T .
P
ol R ' P
3l =~ ———— = & - - - - ' ' :
< ) ) 35 ELEMENTS 130 SGOES
PRINCIPAL STRESS SEFCRMED MEIM SNCEPCR=ED mESH . ___
T STER 18 SISPLACEMENT SCALE 173 STRESS SZALE 3.30
¢.00 2.00 V.20 ¢.c0 8.00 16.30 12.00 14.20 18.50 ta.ce 0.c0 rse ze.00
- X DIRECT!ICN
(d) priancipal effective stress field at T, =3.3 E~04
Fig. 5.37

Coupled elastic consolidation in a semi-iafinite layer

- 263 -



4

RITT 2 3 o8eney0” 4 399000” 5 3 9301miC 3 3 q3erani 3 3 g qeren®
8, g
g ’ 2
3 POINT P\ POINT 0 _ 3
s° ©
E
R 3
=o (o
g - S 8
Yot @ TTIRl T 3 300l 1 I dmle 3 3 Sty T aeale

TIME FACTOR T,

(e) excess pore pressure vs. time

o
.00 1.06 2,00 3,00 4.00 5. 00 6.00%
1

-p.20
).-”'
~o
~b.20

a
»
40

-p.40
—"-/-‘

x + (] A

[=] o
- ]
= \ \( / ;

x O Tea
- \ T, =t/1800 / °
= ® 5.5 E~10 e

e A 5.6 E-03 IR

+ 5.6 E-02

2 IO
3 X 5.6 E-0 13
. "ohoo "1.00 2 .00 6.00 "

200 5.00 4.00
EXCESS PORE PRESSURE

(f) excess pore pressure isochrones at section A-A

Fig. 5.37 <Coupled elastic consolidation in a semi-infinite layer
' - 264 - '



.00 0.50 1.00 1.50 2.00 2.50 3.8
. - 1 L | d 1_ .
[f+] - 0
| SN T T, =t/1800
ul
= ® 5.5 E-10 |2
g;—:»—a—‘—‘-.... 4 5.6 E-03 I~
lc-lé ° 4+ 5.6 E-02
, - E X 5.6 E-01 |
wa ' 3
a1 - eu
a- T K
w --"'"o
g’ . “‘\.\ ' 2
Q. L.
LTJQ ::Tx—x—-x— x—.x-—x—\\;h-tg:x_. X e 'o =
A \\\._,—;:=>9 !
-~ .
'0'.00 0.505.  1.00 1.50 2,00 2.50 3.00
Co X/H
(g) excess pore pressure isochrones at section B-B'
.00 0,50 1.00 1.50 2.00 2.50 3.80
0 y &
Tv=t/1800
w :h-._ - [
, S8ITINiN ® 5.5 E-10 {3
‘ A ] N A 5.6 E-03 '+
o \: rl x 5-6 E'OI
Q
wa \\ a
= o
a. {
W ; . *
U'Jo \ o
L(S'V'_H:—!-—x—x-..g_x__x ¢ IQ
<=2 7 ‘_—x—'—i—.‘__—_x o
w - $ —3
[=] (=]
\ v 23
'0.00 .50 " 1.00 150 2.00 2.50 -3.40
X/H .
(h) excess pore pressure isochrones at section C-C
Fig 5.37 Coupled elastic consolidation in a semi-infi

-

- 265

nice layer



\ -
.

o -5 - Lot ’
LA LRV LN LA LU Lo LI >

1 ] -

3 3

B o

- e
a7 o
-
~o o
=X *
=N 0
2 T
a -=-~ BIOT*S SOLUTION

5 2

K — F.E.M SOLUTIONM -

8 . g

L T -?

Y Ml Tr rllv‘u‘l LB 3 o_‘ 0. d 0' IO‘

TIME FACTOR T,

‘(a) surface settlement vs. time

L }_!!!lll'o i 1|1:||lio I !Llll].l.fc..l i ““"go'l ljlllilfa’l x]lllllid ‘:'

bk L 1Astdf -

20"

g o
-
. e Fo
-
S3, 2
= 2
S
-
-
=
=2 °
o Fo
] °
"~ ~
o e

0.0

T T
LA vnnrH ar Ty

qb.00

so-.i Ll IIIIYIHOTI ¥ "l"Hd L L} '!l'llso‘ ¥ ey -Hd"“' TrUrm
TIME FACTOR T,

(b) excess pore pressure vs. time

L]

Fig. 5.38 Coupled elastic consolidation in a semi-infinite medium

- 266 =~



, co . unypou

wwﬁcﬁm=a1«5mm ? uf :oﬂmsvgﬁém:ou J21318E1® PpaTdno) gE°¢§ 814

3// a.mueﬁu Ju21a3JIJPp I SPI2F3 Juswade(dsip (2)
. NOI1D3HIO X H
00t o0 o8 o 0ot 002 oy 000 _boe 0o 00’y Smaa__uouox.“c X vo§ °0-2 oo coo
HE N LERDIIWIND : . ' TeSt I IMITW LG ! ' ?
T NIMITWIIe ) A SN SR
13008 112 1B £8 ° 1008 2T B1EMI €8
. . &
- '
- g
. . i LY ) ) - - - - . .
' e
* 4
. - . ' . VN 3 ] ] \ \ o . . - - - - . . s [y [
X g ﬁ
| .
. a \ A\ \ { I B . . . . P
e
i
. W &2
. . \ LU S | o . ' - . . PO \ \ \ ]
J
8
. \ \ \ __ _ R - . . AU |
g
N 3 L] 1 ' z -
[ * .
o | ‘
i “ 4 ] [} + .
. ' ’ > ! !
’ ' ? W ! ! ! .
’ ’ ; ' i ' g
¥ 1 [ .
* * I
....... LI rrrrerregr s AR AR SO A R U R - P ! ' ! '
e 5 e froemeenns T goieeetoes .
10 8 ¥9*1 ="1 8 X 60-3 0°y ="1

Qe

L

oore oo~

oo-t

L d

T

%duto &
267

NOTL2

v

- ]

eo-d1



‘ ) L At e LA " o.?...- ot qh..w ot 0z #al sy,
* 8 nIlln.lHﬂbHﬂll“ 8
. s X »llulll...l.ll..lllll-.fdjn \
8| . —. Wu/- J |5
o T~ N\ .A&.«.}
. UNEpaW BIYuLJuy-juas o) s ../ AV I
e yj =oﬁumv:cmcou.._uﬁ.umm~u. patdnon .8 : : . ./ \ N, ﬂ.»v
b . e v ' ° ) . \ ’. c:lm....
= L m.m.m 314 . g . ;ll/. Ax ,./ § O
: : . . \
{(0*'0=X ..uuuw. ‘3194) sdu0lIYydO0E] o . . k /s
§88118 DATID9]J3J9 pue sanssoxd 210d ssoaoxs (p) c"n“":“ ’.
. . . o3z 4 . -
Elo-7 00 o K
oszrie "
* a——t wy e’ "’y "'y o) 33 w0'r ' 3..m )

o " "'y "t " vo'g Y ._\o.‘. "t vz " LY sa.q! . LF) o
-“ “ m ‘d. ’
¢ N . —& "
oy P n .
¥ Lot WY U .
* J./.f). D\
& . —t s § S g \ dw N. '
5| & ' V—— T~ _r.’/? - T !
- ' (3 ’1 vd ﬂl“
4 / ) /..oo_ i
3 < . . LA H AR
WA — ¥ ’ 10-3 vig X
. Voo . f . t0-3 Fp-2 4
s . ﬁu n ’v olte-2 10 .
i ] W4k alo-1 0010
) ' X
10¢3 B9 1 @ ! e /., . .22?“
*2010-2 #1°8 X . [ < or ! .
. 8li0-3 9%-7 + ! , \A{e T e e wh
20-3 10 ¥ . H
0-300°0 @ . . , , .
o .. e .
] KT H L . . 3 . . _
. wd TR wY el wE o wY ey e nR Tl e ’ ’
ﬁ = L]
K. ,

268



Unypsw 91JUTIUT-JUWOE B UT UOTIBRPI[OBUOD d118®Ia paydno) gg'¢ 814

‘ €'0 = /4 1B uojides Teiuozyaoy ayj
Buorgsauoiydo08yY €8913s 9AT1093139 pue sanssaid o10d ssaoxs (?2)

X . . .
i U L LY L L Y I Y I IR Y b L Y 0,41 W o M 9w 8..m LY wro e 00,
£ ' & ] . . p N
. \ I pa—/ g v
& 4 5 . n]nlllullun..l-‘m»u\r ﬂ —
¥ - 8 * / g
¢ b o] e =
. L r
e 5 B n o — -v." u blﬂ a
llﬁ.l".ﬂnﬂmﬁrj \- n:w.- - :Mu._
o ’ ©
sfiosare ¢ . g >
“lio-3 1w x ”#/\u s ) . ‘ :
10-3 842 4 A .
alto-3 v0'r v e o o °
#ho-100°r @ . . g glosa v « HRLNA |
052/ "1 10-3 s4°p X :
o . . N A [0 WTRF IR \
oomd| oo o Yy b b T b ¥ T : . efo-3i0r v "
- ’ t o'y L8 ot L et L " gls0-3 00r @ .xfnu
osz/)-"1 .
eopd) LR R wh e et et wi el g
X
LR cea L] LY 00 ©a's b oot tox LR "o, bt U "y it J bl el d ; y
o o . v | ] Ilnl*
¢ .ﬂ B o= h.‘
x
J’fau.x.x.sa
mw . n o 4/ ]
] ¥ 8 e, *\ 8
I..lb / olo
. , ~
& —.—, ¢ h : N P
H P e Y ) S v
—_— = iy Y
] e DV o] o
sliovaret ¢ = HEIE -\ E
10-1 4y'p X fte-3 320 x G
10-3 bb-2 + 10-3 Pb-2 4 -
P{to-3 101 ¥ lo ©370-3 10°% w |2
Blo-3 00» © ¥ Blo-300's © 2
1171 DY 0524 )
o - -
oopdi [T X oot 07t M ] 30 Ch o8’y 30 o'



5.5.2 Plastic Cases
Relying on the good performance of TEPSA in elasticity, the
in&estigation has been extended +to the elastp-plastic
models, |

The results herein presented refeé only to the elastic
perfectly plastic and Gene;alized Burland model, both having
as failure surface the one described by the Mohr-Coulomb
criterioﬁ (Mohr-Coulomb an@ Critical Mohr-Coulomb materials
respeétively).

In order to demonstrate the performance of TEPSA, it was
necessary to anquze the behaviour of a cylindrical sample -
subjected to triaxial conditions. This case in fact, permits
the evaluation of the initial stress values in elasto-
plasticity by theoretical means.

With reference +to Figs: 5.39, <the expected numerical
responses of both elastic-perfectly plastic and critical-
state models are graphically interpreted for <the initial
time state.

From the starting isotropic stress state, a tress
increment leads the total stress point P to s<tress point A
along a line at slope of 3 wvertical ¢ 1 horizontal
(triaxial line). According to the structure/cf the progran,
the first solution is obtained assuming { the material as
elastic. Consequently, the vériation of the mean pPressure 1is
solely car?ried by the fluid phase, Dbringing the effective

/

stress to point A'. If Tthe effective stress point &' lies
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beyond the ‘yield surface, elasto-plastic deformations must

oCccur.

For elasto perfectly plastic maﬁerials, tﬁe effective
stress should be first reduced on the surface gt.point B*
from where the elasto-plastic balancing process taﬁes place.
If load is applied to the sample, the effective ;tress point
moves to point D' to satisfy stress equilibfium,_while, if
displacemeht is imposed, the stress point moves to a point
c', where the elasto-plastic deformations match the imposed
displacement.

, . . .

Similar procedure is carried out when a Critical State
model is employved. In this case, the stress point A" is
brought down to the yield surface at point P, from where
elasto-plastic deformations are allowed to take place.
Assuming to have imposed displacement, the effective stress
moves to point E' in which the elasto-plastic deformations
ecualize the imposed displacement.

Interestingly, the initial excess p:re pressure in iinear
perfectly plastic material is smaller than the one expected
in linear elastic-matérial. Cn the contrary, the ngeralized
Burland model leads +to¢ a higher valﬁe of excess pbre
pressure. Moreover, by using the elastic perfectly plastic
model, the plastic deformations are exhausted at time t= O
and the subseguent stress path stays inside Vthe vield
surface, i.e. in" the elastic region. O the other hand,

using the Generalized  Burland model, elasto-plastic

deformations cccur during the whole consolidation process.



In the ggxf cases, an initial displacement was imposed to
two cvlindrical samples of' Mohr-Coulomb and Critical Mohr-
Coulomb materials respectively. The imposed displacement was‘
the same as in the previous elastic case {(u(0)= 0.018) and
was keﬁt constant in time. The - employed mesh and boundary
conditions are shown in Figs. 5.2¢c aﬁd the elasto-plastic
material parameters are reported in Table 5.1. Eurthermore
the material was assumed weightless and isotropically
consolidated at a pressure of 100. The Critical Mohr-Coulomb
maferial was assumed normally consqlidated.. The values. of
the initial effective and total stresses are reported in
Figs. 5.39.

X e

The complete stress and pore pressure histories‘for *he
linear perfectly plastic and the Generalized Burland
'materials' aré shown in Figs. 5.40 and 5.41 respectively.
The neormalizing stress a is in both cases the initial axial
total  stress which resulted to be 114 and 52.2 for the
elastic perféétly plastic aqg the Generalized Burland model

Pal

respectively. The initiai excess pore pressgyé r;sulted to
be 33 and 36.6 in the two cases respectively. Incidentally,
in the previous elastic case the initial total axial stress
and excess pore. pressure were 135 and 45 respectively. It
is worth mentioning that the numerical calculatiqns Toock 551

sec. for the Critical Mohr-Coulomb material, and only 215

sec. for the second type of material.
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Finally, the numerical experiménts were extended to the
case of a semi-infinite medium Subjected to a uniform load
. applied by a smooth and shallow foundation. The mesh layout
is shown in Figs. 5.4 and the material parameters are
reported in Table 5.1. The unit weight of the saturated
material was assumed to be 20 and .an initial hydrostatic
distribution of pore pressure was considered (Kf= 10). The
welght was therefore taken into account by imposing an
initial*isotropic stress diséribution ecqual to the effective
ovgrburden weight. The Critical Mohr Coulomb material was
considered as normally consolidated.

As expected, when  deformations are described byr the
elastic perfectly plastic model, the moment of load
application is the most dangerous stage, since this is when
much greater plastic deformations occur. In the present
case, failure was reached when a load of 105 was applied.

More iﬁteresting was the response of the Critical Mohr-
Coulomb material, Figs. 5.42. As it can be déduced from the
previous paragraphs, the influence of the excess pore
pressure brings the initial effective stress point closer to
the yield surface, thus restraining the initial amount of
plastic deformations. As dissiéation proceeds! the eifective
stress moves further'away from the yield surface incducing
larggr deformations. Meanwhile; as'previousiy noticed in
the analogous elastic case, Figs. S5.38b, the excess pore

pressure presents 1ts highest rate of dissipaticn some time
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after the load application. From the above considerations,
it is possible to explain the delayed failure registered 'in
the present case and thereby shown in Figs. 5.42a,

This model predicted again a "localized mode of failure"{
Eigs. 5.42c. Finally, it is worth mentioning that the

numerical analysis reguired 1539 sec. of CPU time.
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Potnts p' P 3
A -14$ 218
A - -100 135
- B’ -100 110
¢ -118.3 115
- ' .
c' -10% 115
D' -12% , 135
£ i -116.6 50
-
A -80.6 56
\
Fig. 5.39 Stress equilibrium in coupled elasto-~

plastic consolidation
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5.6 CONCLUSION

The performance of all four programs herein presented has
beeﬁ very satisfactory, and interesting results have been
achieved. |

The algorithm on which SEEP is based for the analysis of
‘unconfined f%sw,'may be conéidereq efficient and reliable,
and the appli&ation of this program to real geotechnical
problems should not present any difficulty.

As regards the consolidation problem, the predictions of
the Uncoupled theory have proved to be quite different from

those of the Coupled theory, even in the simplest case of

. )
linear elasticity.

The difference between tﬁe tWwo theories is not limited to
the Mandel-Cryer effect previou y\described. The initial
values of excess pore pressure calculated as in’“the example
reporged in Figs. 5.14, differ. substantially from those
computed in TEPSA, Figs. 5.37. Perhaps different choices of
the coefficients "a" and "b" in Henkel's formula may;reduce
the gap. If % is set equal to the initial value calculated
.in TEPSA, both theories predict approximately ;@e same time
cf coﬁsolidation, Figs. 5.43, but TESCON reéuired only 37.8
sec. qgain;t the 149, sec of TEPSA. However, the
coincidence of the consolidation time is restricted to the
current case of the Poisson ratie ecual to zero. Different

choices of Poisson ratioc led to some discrepancy between *the

consolidation times predicted by the two theories.
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In a last analysis therefore, TERCON can be very uéeful
to determine economically an order of magnitude of the
éonsolidationﬁ time,” but it cannot desc;ibe correctly the
excess pore pressure evolution during consolidation. In
fact,-the Uncoupled theory can take into account only the
hydraulic aspect of the problem, neglecting the interaction
of solid and fluid phase, the key point for a correct
evaluation of the consclidation process.

The numerical implementation of the elastb-plastic models
in ESEPA produced excellent results in triaxial conditions.

The good performance was then confirmed in the plane
strain analysis specially for the lineaf elastic perfectly
plastic models, for which it was possible to recover the
ultimate loads predicted by the Limit analysis theory when
either Tresca or Mohr-Coulomb failure criterion was
emﬁloyed. Also, it was possible to highlight the different
soil responses when states of éailure were instead
represented by von Mises or Drucker-?rager surface.

4
The overall response of the Generalized .Burland model for

a typical plane strain problem.was also viewed, but it is
believed that further study towards the improvement of the
numerical algorithm is needed. However, it was possible to
identify the great difference in numerical response between
the perfectly plastic and the-Cam-clay models in a general

boundary wvalue. 2s observed in Figs. 5.32 and 5.33, the

Cam-clay model deces not spread the displacement field as the
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perfectly plastic model does. As ; fesult, the former model
leads to a much lower ultimate load than the latter, even if
failure is describédlin both‘cases by the same limiting
surface. At this point, -only practical expetiment cah
validate thé forecast of either plastic models.

Finally TEPSA proved to be also an effective tool to
analyze | a Coupled consoiidation éroblem in plastic
conditions. Th; axisymmetric case proved that TEPSA ‘is
correctly implemented for elasto-plastic analysis, since the
numerical results completely satisfied the tﬁeoreticai
expectation. As‘fog-the semi-infinite strip load case, the
program was also able to highlight <the big difference in
material response which ;hg two elasto=-plastic theories lead
to. In particular, it is of extreme interest the delayed

failure registered by using the Generalized Burland model.
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Chapter VI

FINAL REMARKS AND CONCLUSIONS

Nowadays, the developments in both theoretical and numerical
fields, as well as the tremendous increase in computer
power, offer a definite possibility for a mor;s rigorous
study of the behaviour of geotechnical structures.

This research work, on the basis of a number of previoué
experiences and of independent theoretical elaborations,
succeeded in developing a set of FE codes for a fairly
complete geotechnical analysis.

The algorithh proposed .for the analysis of unconfined
seepage flow allowed to locate efficiently and economically
the £free surface, even for a heterogeneous medium with
complex "geometrical boundary conditions.

As regards Ehe consolidation problem, the new FE
formulations and-algorithms for both Couped and Uncoupled
theories seem to have overcome instability in the numerical

\
selutions. The comparison between .the two theories of

consolidation showed that the Coupled theory may describe
the dissipation of excess pore pressure more realisticall

than the Uncoupled theory, being also able to <+ake into

proper account the plastic characteristic of soils.
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.3

As for plasticity, the numerical implementations herein
developed can be considered very satisfactory, having
recovered available.theoreticai predictions. The key point
to achieve accuracy in this analysis is undoubtly
represented by the new and correct expressions calculating
the plastic gradient and the yield points as derived in
Sections 1.2.4 and &.4.1, respectively. The finité element
implementations made possible a comparison soil responses
for different boundary conditions, employing the two sets of

fplastic models considered in this research.

The elastic perfectly plastic models confirmed the
theoretical concerns exposed in Chapter 2: in fact, @hey
predicted rather unrealiétié volumetric change when empioyed
in triaxial conditions. The Generalized Burland model,
instead, could simulate soil ‘behaviour in triaxial more
adequately. On the other hand in plane strain conditions,
the former model predicts a very low ultimate load compared
to the one calculated by the conventional geotechnical
formula. Hoﬁgver, when employed for the analysis of a
consolidation problem, this model forecasts a delayed
faildret an event so often registered in engineering
practice. Interesting are also the two distinct modes of
failure obtained by the two types of models; it appears in
fact that the Generalized Burland mode leads to a "localized
mode of failure", whereas the elastic perfectly plastic

model predicts a "generalized mode of failure".
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At this point, only future experimental works can, either
validate one of the two elasto-plastic moddls or stimulate
further theoretical study fbr more refined ones. In this
regard, the thourough analysis presented in éhapter 2 cag'
thn ‘out to be very useful, since it provides :tﬂe
mathematical frame work for further developments of
;onétitutive equations and helps to aveid the mathematical
inconsistency existing in previous models.

Thérefore in this research, as well as in most academical
works, the term "conclusion" seems to be most inappropriate,
since as investigation proceeds, more gateways are opened
towards unexplored and exciting possibilities for new

developments.
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Appendix A

_ " INTERNAL WORK IN TERMS OF ITS -VOLUMETRIC AND
- DEVIATORIC STRESS/STRAIN COMPONENTS

Expressing stress and strain in terms of their volumetric and deviatoric

component, the internmal work can be rewritten as

o wedzz=l 3317 1 .
TewEReesy TilrSo,.e .=

1313
v 1
1 -~ kk, .~ kk
== —_ §, —)=
2 (5% S35 3 (044 8453
- Tl
=5 =+ sijeij)-— 3 Gev+ 5.8)
2 N
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Appendix B N

'ELASTIC ISOTROPIC POTENTIAL FUNCTION IN TERMS OF
ITS DEVIATORIC AND VOLUMETRIC STRESS/STRAIN
. ' INVARIANTS

e
L
For isotropic linear elastic material

~ E -~ v —
= e (€
9457 vt it T 455

consequently . \
~_ % 3(i-2v) O T
Rl 'y T 7%

- Therefore it follows that the expression of the internal work presented

Appendix A can be further reduced to B a
-
Tim = e - - i ‘ g.g >
=7 P 2D= 3 GEr 35D -
‘53 1 L en A
=§.(p€v+ 3G)=_2“(p€v+ qss)
or ratherr
W= B_ - a_
2B 3G @



Appendix C

STRESS-STRAIN RELATIONSEIPS IN A CONVENTIONAL
’ TRIAXIAL TEST ,.

It is known from Continuum Mechanics thét

T- 7 FL.p.7t o

-

r= g [AL 1)t

I= identity matrix

(7]
I

= Green strain tensor -

Ig= third invariant of ¢

Furthermore, since

ds = ds

! i 2
4= as (2 1ly-DbT-1
it follous
~ Ei‘- _

tinT &5 2
where,
dSi'ﬁ initial length of the sample

éi='—deformed length of the sample

i = i~difeption (1,2,3)
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(11) - stands to indicate any of these subscripts: 11, 22, 33,

In general, the coordinate x of the material point in the deformed configuration

may be related to its coordinate X in the undeformed configuration as follows

x (0= 8 (X)+EALeX=(ADE=BX

In triaxial conditions, Fig. A3, and under the hypothesis of homogeneity on the

material, the following correspondence can be established

-

xPagx 0,037 ‘ CxWax,,0 017
xP=(0 X3,0 } MCOMT ,-x3,0 3T
xP=t0 0 x2T . xP=to 0 27

Consequently B and A have to be diagonzl matrices and in particular

uy All 0 0 Xl ul(Kl)
u= juap = [0 A, O 1Xap = yua Xy &
B3] |0 0 A X5 jus()p

u, =9 for i#j
_ 2

Ban)T %11 40

1 .= 0 -

Les, )

Thus, under the hypothesis of isotropy, the direction of the triaxial axis,

Fig. Cl, coincides with the principal directions of L and therefore of G.

In particular, the 2nd Piola-Kirchhoff ‘stress tensor may be related to the

measurable Cauchy stress tensor as
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2 3] . ¢ 3] L 3
_dv _ .G 3
J= Tl (13) = G3(Gl)
't il dav % ' &
1 Gy av_ (; Ti1+1)
¢ 58 = 74 >= ¢ >
. .

and of course the finite strain component l(ii) may-be related to the

measurable strain as
r 4

o ] ez_
~ 1
141 €& * 7
$ S =T ¢ g
2 -+
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- -
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Appendix D ' o <

ISOTROPIC ELASTIC POTENTIAL FUNCTION IN TERMS OF
ITS PRINCIPAL STRESS COMPONENTS

»

E=33.¢7F

lal

1
W""i'

Since the value of.potential functions is frame indifference, the above product
can be alternatively written in terms of principal stress. Moreover, in the

hypothesis of isotropic material the potential function can be expressed as

follows:

W %E[(El* Go+ T3)w2v (G102+ 0103+ 0203)) ’
or

(C14 To+ T3)-2v(G182+ 103+ T203)— 2EW= 0

where

Gy, 5, §3 are the principal values of the 2nd Piola-Kirchhoff stress tensor.

From elementary geometry it is possible to prove that the above equation is

real ellipsoid whose eige.m-ralues are 'reSpectively
A1= Xo= 1y
Az= 1-2v

It follows then that the canocnical form can be written as.
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r -

2
(1-2v)83+(L+v) (834 52)— 2EW= O

where @1, G2, U3 are the eigen values of El’ Ez, Es and in particular'33 has .
the direction coincident with the direction of the space diagonal in the

principal reference system of the 2nd Piola-Kirchhoff stress tensor.
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Appendix E

ACCELERATION METHOD: ALTERNATIVE ESTIMATION OF
A-COEFFICIENT L

In the ISM the iterative process to balance the residual stress'ﬁwn(i) is
i > ~

based on the recurrent sclution of

e oo : - e.~1
- KA ()T Mp ey Aaqpy™ K 7 &gy (1)

Let'assume that an improved value of the displacement Adﬂ(i) can be found as

ep
R 8 (4y= 89,04

where K°P = R&_ gP ; {2

' Premultiplying Eq. 2 by (Ke)-l and employing Eq.l, it is possible to express the

1mpr9yed value qgn(i).as follows

- *

Agn(i)= K Adn(i)+ Ad (i) | | ‘ (3)

where K= (X )-1

Let's also assume that Ad n(i ) is a function ofy Ad SN namely

an(i) fn(1) n(i) [ n(1-1)" (i)J | “

where A n (i) in order to recover Nayak and Zienkiewicz (1972), should be considered
as diagonal matrix. Herein instead, shearing Thomas' argument (section 3.5.1),
n(i) is supposed to be a single acceleration parameter.

A
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Equalizing Eq.3 with Eq.4, it follows

An) ()= 8% (1)* Bacny* LEncyy (
where \igx
[k )'l RP 4 J Y.

n(i) n{i-1)" “~n(i)

by LK™ &P s a(n)) 4dn 4y

The aim is now to find the value A such as contajned in Ac -
. n(i) : ~n(i) -

This can be accomplished by miﬁimizing the modulus of qgn(i) with respect

of An(i)’ namely | . '

aAn(i) (‘A‘En(i) En(i)

)= 0
from‘wbich it can be proved that

T
A csy® an) aw)” Adnci) a(2)
n({i:

.%En(i) n(4)
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