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Abstract

In this thesis we are concerned with estimation of clustering probabilities for univariate
heavy tailed time series. We employ functional convergence of a bivariate tail empirical
process to conclude asymptotic normality of an estimator of the clustering probabilities.

Theoretical results are illustrated by simulation studies.
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Introduction

A stochastic process is a collection of random variables. Realisations of the stochastic
process arranged according to time are called time series. We will denote a time series
process by {X;}, t € T, where T is a set of continuous or discrete indices.

Time series observations occur in a wide range of areas in which studies are done
to model a stochastic mechanism of certain series in time and to predict future values
based on the history of that series. Commonly we use time series in business with
observations of weekly interest rates or daily closing stock prices: in agriculture, with
crop and livestock production; in meteorology, with daily high and low temperatures,
hourly wind speed; social sciences with birthrates and deathrates; in health care, with
blood pressure measurements. In our thesis we focus on models that are used in finance.

Financial data have, among others, a particular feature: large values of such series
cluster (they appear together). A goal of this thesis is to estimate clustering probabilities
using an empirical estimator. In order to do this, we proceed as follows: In Chapter 1
we describe regular variation as a tool to model heavy tails. In Chapter 2, we describe
different strictly stationary processes such as linear models, stochastic volatility, ARCH
and GARCH models. Also we discuss some tools for time series such as mixing and
state those properties for the models considered. Also, we summarize some results on
the central limit theorem (CLT) and tightness of stochastic processes. These tools are
needed to prove asymptotic normality of our estimator.

In Chapter 3, we discuss the classical empirical process for the iid case and for the
dependent case. Functional convergence to a Brownian bridge is re-proven there.

We introduce an univariate tail empirical process in Chapter 4. In the iid case we
use the regular variation property and Lindeberg’s CLT to prove asymptotic normality.
For the dependent case, we use an a—mixing property with geometric rates to separate
the sample into blocks in order to prove the CLT by using Lindeberg’s conditions again.

In Chapter 5, we consider an estimator of the limiting conditional probabilities. To

do so, we introduce a bivariate tail empirical process. We prove its asymptotic normality.
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It leads to the formulation of the appropriate estimator.

In Chapter 6, we perform some simulation studies. We consider an AR(1) model
with Pareto innovations in order to estimate the value of the tail index « using a Hill
estimator ;. Then, we perform an analysis of the estimator for the limiting conditional
probabilities. We also consider a GARCH model.

We state final conclusions in Chapter 7. R-codes are given in the last chapter.

We finish this introduction by noting that our results included in this thesis have been
proven in the literature in some form before. For example, a version of the bivariate tail
empirical process was considered in [§] without proving tightness. However we are not

aware of numerical studies on clustering probabilities.



Chapter 1

Regular Variation

In this section we briefly discuss regular variation and multivariate regular variation.
This material is based on [9] and [7].
A random variable is regularly varying with index —a if

P(|X|>z)=2"*L(x), (1.1)
where L(+) is slowly varying at infinity. In particular, for all y > 1,
lim P(|X| >yzx | |X|>2)=y"%, y>1.
T—r 00

If X is a nonnegative random variable with a marginal distribution F', then the regular

variation (|1.1f) is equivalent to

- Flyr)
1 — =y “ = >0 1.2
M E bly),  y>0, (1.2)
where F(z) = P(X > x). We note also that (1.2)) is equivalent to
- Fley)
1 — = o —
ey Y YW

where ¢, is an arbitrary sequence such that ¢, — oo as n — oc.

Example 0.1. A standard Pareto distribution is defined by F(x) = 2= for x > 1.
Hence, fory >0,

F(yx) =P(Xo>uzy) =y a7,

therefore
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Define a sequence a,, by

lim nP(|X| > a,) =1

n—oo

and the measure v, , on the Borel sigma-field B(R \ {0}) by

Vap(dy) = o [py_a_ll{y>0} +(1 - p)(_y)_a_ll{yw}} )

where

€ [0,1]

and p = 1 if X is positive. Then, the regular variation of X is equivalent to the vague
convergence on B(R \ {0})

nP(a,'X € ) 5 va, n— oo .

This means that for any set B € B(R\ {0}) which is bounded away from zero and such
that v, ,(0B) =0,

lim P(a,'X € B) = v,,(B) . (1.3)

n—0o0
Now, having (1.3]), we can extend the univariate regular variation to a multivariate case.
Definition 0.1. A vector X = (X, ..., Xy) in R is (multivariate) regularly varying
with indexr —« if there exists a non zero Radon measure v on R \ {0} that does not

place a mass at lines going through infinity, and a sequence of constants ¢, 1T oo such
that

nP(c,'X €-) S v

on l’:)’(RhJrl \ {0}). The measure v is called an exponent measure.

We should explain the assumption ”does not place a mass at lines going through
infinity”. In dimension one it means that v({oo}) = 0. In dimension two it means that
V(R x {oc0}) =0 and v({oo} x R) = 0.

Definition 0.2. We say that a strictly stationary sequence is reqularly varying if all its

multivariate distributions are reqularly varying in the sense of Definition |0. 1.
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In particular, for ug > 1 and uq,...,u, > 0 we have

lim P(Xy > wox, X1 > wiz,..., Xy > upz | | Xo| > 2)

T—r00
= v((ug, 0] X (u1,00] X -+« X (up,]) .
Also,

v((1, 00] x R x (uy, o0])
v((1, 00| x RM)

lim P(X}, > upx | | Xo| > 2) = (1.4)
T—r00

Definition 0.3 (Extremal independence, extremal dependence). Let X be a regularly
varying random vector in R, It will be said to be extremally independent if its exponent
measure v is concentrated on the axes (hence becomes zero then). It will be said

extremally dependent if the exponent measure is not concentrated on the azes.

Intuitively speaking, in case of extremal independence extremes do not cluster, that
is a large value is not followed by an observation with the same order of magnitude.
In case of extremal dependence extremes do cluster, that is a large value is followed by
another large value. In this particular case, the limiting conditional probability in (|1.4])
is positive, whereas in case of extremal independence the limiting conditional probability

1S zero.

Example 0.2. Assume that random variables Xy, Xy, h # 0, are independent and regqu-
larly varying. Then

]P(Xh > T, ‘XO‘ > .I')

=0.

lim P(X;, >z | | Xo| > z) = lim
T—r 00 Tr—00

Example 0.3. Ezamples of strictly stationary sequences that are reqularly varying with
extremal dependence include GARCH processes, whereas the Stochastic Volatility model
15 reqularly varying with extremal independence. Those examples will be discussed later

in the thesis.

The main goal of this thesis is to estimate the limiting condi-
tional probabilities defined in ([1.4)).



Chapter 2

Stationary Time Series Models and

Stochastic Processes

2.1 Time Series

All material presented in this section is classical and can be found in e.g. [3].
A time series {X;} is strictly stationary if (X,...,X,,) and (Xi4p,..., Xpusn) have

the same joint distribution function for all integers h and n > 0.

Definition 0.4. Let {X,;} be a time series, its mean function and covariance func-

tion are respectively given by
E(Xy) =
and
Ve (1, 8) = Cov(X,., X)
for all integers r and s. X, is weakly stationary if
1. py s independent of t,
2. v:(t + h,t) is independent of t for each h.

Definition 0.5. Let {X;} be a weakly stationary time series with finite variance, Var(X;) =
o2. The autocovariance function (ACVF) and autocorrelation function (ACF)

at lag h are given respectively by

Tx(h) = Ya(t,t + h) = Cov(Xy, Xiyn) = Cov(Xo, Xy)
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and

Lt t+h
px(h) = pm<t,t+ h) = % = COTY(Xt,Xt+h) = COI"I"(Xo,Xh).

Let us note a couple of facts:

1. If {X;} is a strictly stationary, then all random variables are identically distributed.
2. (Xy, Xiwn) = (X1, X144) in distribution Vh and t.

3. If {X,;} is strictly stationary and F(X?) < oo then it is also weakly stationary.

4. Weak stationarity does not imply strict stationarity.

5. An iid sequence is strictly stationary.

2.1.1 Linear Models

A time series {X;} is a linear process if it has a representation

Xo= Y ¥iZiy, V=12, (2.1)
where Z; are iid random variables. In order to guarantee existence and strict stationarity
one assumes either:

e the innovations Z; are iid random variables with mean zero and variance o2, and

{1} is a sequence of constants such that Z;’ioo |1 ]* < oo,

e or the innovations Z; are iid and regularly varying with index —a and 372 [¢); | <
00, for 0 < a. See [4, Eq. (2.6), Eq. (2.7)].

This linear process can be represented as

where

+o0

j==o0

and B’ is the backshift operator: B'Z; = Z;_;.
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A linear process is causal if ¢; = 0 Vj <0, i.e, if

+oo
Xo=> iZ;.
j=0
Sometimes a linear process is called moving average of order oo, denoted by M A(c0).

2.1.2 Stochastic Volatility (SV)

Let {e;} be an iid sequence with mean zero and variance o2 < oo. Let {Y;} be a strictly
stationary sequence independent of {¢;}. Assume that o(-) is a nonnegative function. A

sequence given by
Xt = U(E)gt — O&¢ (22)

is called a stochastic volatility process.

The random variables {X;} are uncorrelated, but correlated in squares. Indeed:

COV(Xt, Xt-i—h) = E[XtXt—i-h]

= Elo/e1011nEt4n)
EleE[er+n]E[o10110] =0 for h#0

02E|o?] = 0?E|o2] for h =0,

€

and

Cov(Xf,Xerh) = E[X3X152+h] - E[XtZ]E[XtQ-‘rh]
= E[Ufsfaf+hef+h] - E[UEE?]E[Ut%rhg;h]

= Elefe;, 4]Elof,,07] — Elf]E[e, 4] E[07|El07, ]
02Cov(of,07,,) for h#0

02E[0}] — (E[ef])*(E[07])* = o (Elog] — (Blog])?) for h=0,

€

given that E[oj] < oo and E[gj] < oo.
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2.1.3 Regression models and ARCH

Let (Yit,...,Y,t), t > 1, be a sequence of random vectors in R, and consider a regres-

sion model given by
Xe=fYig ..., Y+,

where {&;}, t > 1, are iid random variables, with E[g;] = 0 and Var[e;] = o2, such that for
a fixed t, ¢, is independent of (Y14,...,Y,,), and f(-) is a linear function of Yy 4,...,Y, 4,

Mg Yo) =Bo+ 1Y+ ...+ BpYopu

Hence,
E(XyYie...,Y) = E[f(Vige, ..., V) Y. .., Yyl
= fMig.. .Y FEle|Yie. .. Y,
— f(yl,t)' 7}/;7t>+E[€t] :f(}/l,ta"‘uifp,t)7
since ¢, is independent of Yi4,...,Y,: and E[g;] = 0.
Furthermore

Var(Xy|Yis...,Y,) = Var[f(Yie....Ype) +e|Yie..., Y]
= Var[f(Yi, ..., V) [Yie .. Yo + Varle Y1, ... Yy
+2E[f (Y1, .- ,th)at]Y” - Yol
= Varles] +2f (Y1, ..., Yo )Eled|Yig ..o, Ypil
= Varle] +2f(Yiy, ..., Ype)Eler] = Var[e,

since conditionally on Yi;...,Y,;, the variance of f(Y1:...,Y,,) is zero. Therefore

Var(Xt|Y1¢ c 7}/;),15) = 0'2.

£

One can compute further to get the unconditional expectation and unconditional vari-
ance:

E(Xt) = E[f(yl,t S »Yp,t)]
Var(X;) = o2+ Var[f(Yis...,Y,)].
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The idea of Autoregressive Conditional Heteroscedasticity (ARCH) model is to introduce

a time-dependent conditional variance. Define
Xi=fMyo o, V) Fo(Yige. o Yo i)es,
where ¢ is a nonnegative function:
o:RF 5 R,
If we take f(Yi4,...,Y,:) =0 and denote o(Y1+...,Y, ) by o, instead, we have
X = 04&y.
In particular, o; can be defined by
op = o + B0 X7,
with oy > 0 and a; > 0, 7 = 1,...,p. Consider for simplicity p = 1. By taking the
squares of X; we obtain X; = \/m&, thus
X} = el +an X} el

2

_ 0o 522 2 n+1y2 2_2
= aoXjlganEiey g gy Hor T X EE g,

Under the condition |a;| < 1, the last term converges to zero almost surely as n — oc.
Hence if E[¢?] = 1, then

2 _ 0o [ §.2.2 2
Xy = aoXjZooneie; g€

and
)

E(X?) = T (2.3)

Hence, if |ay| < 1, then there exists a strictly stationary solution with finite variance.

Below we will discuss the case of infinite variance as well.

2.1.4 GARCH
Generalized Autoregressive Conditional Heteroscedasticity (GARCH) model is given by
X = 048y, (2.4)

where o, is defined by
ol =ap+ X0 o X2+ 3L Bier ;. (2.5)
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2.2 Weak Dependence Properties of Time Series

In order to measure weak dependence in time series, we recall the a-mixing condition

(see [5]).

Definition 0.6. Let {X;,t € Z} be a strictly stationary time series and for —oo < a <
b < oo, let FP be the sigma-field generated by X,, ..., X,. Define

a, = sup |IP(CND)—-P(C)P(D)|.
CeFO __,DEF

The sequence {Xy,t € Z} is called strongly mizing if o, — 0 as n — oco. We say that

the sequence has geometric rates if o, = p™, p € (0,1).

Example 0.4. Let X; = X forallt € Z. Let C ={X_7>1,X_1 >2} and D = {X,, >
5}, ThenCND={X_7>1,X1>2X,>5}, C={X>1X>2}={X >2} and
D ={X > 5}, soCND={X >5}. Therefore the sequence is not c-mizing.

The a-mixing condition implies the following bound:
1/q1
Cov(f(X1), 9(X,)) < a2 F(X0)llaa | 9 () las
where ||U||, = EY4[|U|9] and 1/¢; + 1/g2 + 1/q3 = 1. In particular,
COV<12?1<X0S$27 1$1<Xt§$2> < ]P)l/q2+1/q3 (xl < XO < x2>a2/41 .

Hence, if {X,} is strictly stationary with geometric rates, then

Z Cov(La, < Xo<ags Loyaxi<ay) < PV (2 < Xy < 1) Zai/ql : (2.6)

t=1 t=1

<oo

2.3 Regular variation and mixing properties of time
series models
In what follows, we will quote results on
1. Tail behaviour;
2. Multivariate regular variation;

3. Mixing properties.
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2.3.1 Linear processes

Recall (2.1)). Assume that the process is causal, that is
+oo
X = Z VjZi—j.
=0
L. If the innovations Z; are regularly varying with index —a and }77% ;] < oo, for
d < a, 0 <1, then X, is regularly varying. See [, Eq. (2.6), Eq. (2.7)].

2. For each t > 1 the vector (X7,...,X}) is regularly varying, however, the exponent

measure is given in a complicated form.

3. Assume that E[|Z,|°] < oo and if § > 1, E[Z,] = 0. Assume that P 1,10 < oo.

Assume also that the innovations have a density f; such that

/_OO |[fz(u+2) = fz(u)ldu < cfz].

o0

Then the process is a-mixing. In particular, if the coefficients v, decay expo-
nentially fast, then the process is a-mixing with geometric rates. See [0 Section
2.3.1].

2.3.2 Stochastic volatility models
Recall (2.2)).

1. If the innovations &; are regularly varying with index —a and E[o®*°(Y})] < oo, for

0 > 0, then X, is regularly varying. This is the Breiman Lemma.

2. If the process {Y;} is regularly varying then the process {X;} is also regularly

varying.

3. If the process {Y;} is a-mixing with geometric rates, then the process {X;} is also

a-mixing with geometric rates.

2.3.3 GARCH

Recall (2.4) and (2.5). We consider for simplicity the case p = ¢ = 1 only. Setting

Ay = e | + B1, By = ap, we have

2 2
O't = Atgt—l + Bt-
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Hence, o? fulfills the Stochastic Recurrence Equation. It is clear that {o?} and hence
{X?} is a Markov chain.

1. Application of Kesten’s Theorem (see [1]) yields that under appropriate conditions,

o? are regularly varying with some index —«. In particular, this holds when the

innovations ¢; are normal. Consequently, X? are regularly varying with index —a.

2. For each t > 1 the vector (X7, ..., X}) is regularly varying, however, the exponent

measure is given in a complicated form.

3. Since {07} is a Markov chain, then under appropriate regularity conditions (like
existence of a density of the innovations ;) it is a-mixing with geometric rates.

See [1].

Since the exponent measure is usually very complicated, in most examples there is no
explicit form of the limiting conditional probabilities. One of the very few exceptions is
the AR(1) model, X; = pX;_1 + &;, where the innovations ¢; are regularly varying with
index —a. Then, the limiting conditional probability has the form p"®.

2.4 CLT via Lindeberg’s conditions

Theorem 1 ([6]). Let {X,+,t > 1,n > 1} be an array such that for each n, X, ;, t > 1

is a sequence of independent random variables. Assume that
e > E[X2]—=0*>0asn— oo;
o For each e >0, 3" B[X}? 1y, 5] = 0 as n — oo.

Then

ZXn’t — N(O, 0'2).
t=1

2.5 Stochastic Processes

2.5.1 Brownian motion

Definition 1.1. A process B(t) is called a Brownian motion with starting point x € R
if the following holds:
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e B(0) ==z,

e the process has independent increments, i.e. for all times 0 <t; <ty <---<t, the
increments B(t,) — B(tn—1), B(tn,—1) — B(tn_2),..., B(tz) — B(t1) are independent

random variables,

o forallt >0 and h > 0, the increments B(t + h) — B(t) are normally distributed

with expectation zero and variance h,

e almost surely, the function t — B(t) is continuous.

We say that {B(t) : t > 0} is a standard Brownian motion if v = 0.

2.5.2 Brownian Bridge

Definition 1.2. A Brownian Bridge is defined as a stochastic process {By(t),t € [0,1]}
with the following properties:

o By(0) = By(1) =0,

o fort) <ty <---<ty, arandom vector (By(t1), Bo(ta), ..., Bo(ty)) has a mean zero
multivariate normal distribution,

e Cov(By(t), By(h)) = min{t, h} — th,

o Almost surely, the function t — By(t) is continuous.

2.5.3 Tightness

We start with two examples of stochastic processes considered in this thesis.

Example 1.1. Assume that Xy,..., X, are observations from a stationary sequence

{X:} with a marginal distribution F'. We define the empirical process by

A~

Ry(w) = v/ (Fulw) = F(x)) = % > (g — Ellpsn]). (2.7)

Example 1.2. Assume that {X;} is a strictly stationary regularly varying time series
such that its marginal distribution fulfills (1.2)). Let u, be a sequence such that u,, — co
and nF'(u,) — co. We define the Tail Empirical Process by

1 n

Tn(T) = ——— Z (L, sunat — Flun)) - (2.8)

nkF(uy,) t=1
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We quote the following result (see [2]) that is valid for the empirical process and the

the tail empirical process.

Lemma 1.1. Let (Y,(:)), n € N, be a sequence of stochastic process with values in
D(0,00). We assume that either Y,(-) is the empirical process or the tail empirical

process. The sequence (Y,(+)) is tight if it satisfies the following condition:

1. There exist constants v > 0 and > 1 and a nondecreasing, continuous function

g on (0,00) such that

P (¥alax) = Yaleal 2 0 < (1) lotan) = oo

holds for all x1, xs, all positive \ and all t € N.

We note that the second condition is implied by
E[|Ya(22) = Ya(z1)["] < Clg(wa) — g(21)1°.

Usually, it is hard to obtain 8 > 1 in the above criterion. Hence, [2] argues that tightness
is implied by the bound
4 C 2
E [[Yo(2) = Ya(z1)['] < —(gn(x2) = gu(1)) + (9n(22) = gn(21))", (2.9)
(

where g, is a function that converges (as n — 00) to a continuous non-decreasing function

(and hence converges uniformly).



Chapter 3

Some background on empirical

processes

In this section we review some theory for standard empirical processes based on iid and

on dependent random variables. The material below is based on [2].

3.1 Introduction

Assume that X, ..., X,, are observations from a stationary sequence {X;} with a marginal

distribution F'. We define the empirical distribution function as

~ 1 <&
t=1

with £ € R. We have

n

BIF (1)) = = 3 Bl pnn] = PX < o) = Fla),

t=1

regardless whether the observations are independent or dependent. We define the em-

pirical process by
R,(z) =+/n <F\n($) - F(l“)) = % D (xi<ay — E[lx,<a)). (3.2)

We note that E[R,(z)] = 0.

16
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3.2 Empirical process for iid random variables

Let now Xji,..., X, be an iid sample from a distribution function F'(x). Then ({3.1)) is
still valid and (3.2)) defines the empirical process. Now, we compute the variance of the

empirical distribution function. Because of independence, we have

n n—1

. 1

Var[F,(z)] = {E Var[Lix,<p] +2) COV(l{Xlsm}vl{xmsﬂc})}
t=1

n?
t=1

1 1
= Varllixza] = —F(2)F(2).
Analogously, we can also write the formula for Cov(R,(z), R,(y)):
Cov(R,(z),Ru(y)) = F(z ANy) — F(z)F(y), (3.3)

where x A y = min{x, y}. Therefore by the central limit theorem Vz € R,

R, (z) = N(0, F(z)F(x)) (3.4)

in distribution as n — oo. However, we know an even more detailed result, so called

functional convergence of the empirical process.
Theorem 2. Assume that {X;} is an iid sequence from the distribution F. Then,

Ry (x) = Bo(F(x)), (3.5)
where By(y) is a Brownian bridge on [0, 1] and = denotes weak convergence in D(—o00, 00).

Note that Bo(F(x)) has covariance F(z A y) — F(z)F(y) which is the same as the
covariance given in (3.3]).

We provide a proof of this theorem, since a similar approach will be used for the tail
empirical process and for dependent random variables. In order to prove the theorem one
needs to prove finite dimensional convergence (note that the one-dimensional convergence
has been already stated in ) and tightness.

In what follows, we will verify that R, (z) is tight. Let 21 < z5. Define

Uy = 1{$1<XtS£E2} - E[l{l?1<XtS$2}] .
Then R, (x2) — Rn(x1) = (1/4/n) >, U;. We compute
1 O 1
BlRa(w2) = Ralw)' = > B[U[']+— > B?U]
t=1 1<t#s<n

C
< —P(r1 £ X; <) + (P(v1 £ Xy < 29) P21 < X, < 19))?

3|1Qs3
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Hence, (2.9)) is fulfilled and the process is tight.

3.3 Empirical process for dependent random vari-

ables

3.3.1 Partial sums of strictly stationary sequences

Before we talk about the empirical process for dependent random variables, we discuss
briefly sample means based on dependent observations. Let {X;} be a strictly stationary

process with mean p and finite variance. Then

and
_ 1 —
Var[X,] = Var|— th]
ni4
1 n 2 n—1 n
= E ZV&I"[X,:] + ﬁ Z COV[Xt,Xk]
t=1 t=1 k=t+1
1 n 9 n—1 n
= > Var[X] + = Cov[Xo, Xi_].
=1 t=1 k=t+1
Hence
o 1 1 n—1
Var[Xy] = —9(0) +2- ) (1= k/n)y(k),
k=1

where v(h) = Cov(Xy, X}). Consequently,

Var[v/n X,,) +227 n — 0o

given that (in particular) >"°, |y(k)| < co. Hence, the dependence structure influences

the variance of the sum. The same will happen in case of empirical processes.
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3.3.2 Empirical distribution for strictly stationary processes

Let {X:} be a strictly stationary process with a marginal distribution function F'(x). We

recall the empirical distribution function,
~ 1 <&
Fn({l?) = — Z 1{Xt§x}-
(gt
As before, E[F\n(x)] = F(z) and we can compute the variance of R, (x) as

Var[R,(z)] ~ Var(l{x,cay) +2 Y Cov(lix,<ay, Lix,<a})
k=1

= F(x)(1 - F(x))+ 22 Cov(1ixy<a}s Lixy<a})-
k=1

Of course, this computation requires that the infinite sum is well-defined. According to
(2.6)), this is the case when {X,} is a-mixing with geometric rates. We can also compute

the covariance function:
Cov[Ru(@), Ru(y)] = {F(z Ay) — F2)F(p)} +2>" Covll e Lix, ). (3:6)
k=1
Because of the different variance and covariance structure, the limiting process changes

as compared to the iid case. We have the following result.

Theorem 3. Assume that {X;} is a strictly stationary a-mizing sequence with geometric

rates. Then,
Rn(l') = BO(ZL’),

where By(x) is a Gaussian process with covariance given by .



Chapter 4

Tail empirical process

4.1 Introduction

Assume that {X;} is a strictly stationary regularly varying time series such that its
marginal distribution fulfills (1.2)). Let w, be a sequence such that w, — oo and
nF (u,) — co. We define the Tail Empirical Distribution by

1 n
t=1

Furthermore, define

-~

Gn(z) =

First, we compute the expectation of G,,(z). We have
1 —
= Z Ellix,5u,2}) = P(Xo > upx) = F(u,x) |

hence (cf. (1.2))),

) ~ ) F(unx)
lim E|G, = lim = = Ellix,su,y] = lim = = (). 4.1
lim E[G,(2)] = lim Fla) Z [(Xeupa}] = lim Fu) Y() (4.1)
Next, we define the Tail Empirical Process:
1 - _
(1) = ———=> (Lix,5un0} — Flun)). (4.2)
nkF(u,) t=1

Note that E[r,(z)] = 0.

20
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4.2 Tail Empirical Process for iid random variables

First, we evaluate the limiting variance for the tail empirical process based on iid random

variables. We have

Var[y/nT,(z)] = Var

Vi BN
T Z ].{Xt>unx} = E Z Var[l{Xt>Un2?}:|
t=1 t=1

= Var[l{xysu.zy) = F(un2)(1 — F(u,z)) .

Therefore
Var { n?(un)@n(x)} = F(z )F(unx)a — Flupz)) .
Hence, by ,
nlgl;) Var [ nf(un)én(x)} =(x) . (4.3)

Expression (4.3) indicates that lim,, ., Var(r,(z)) = ¢ (x). This suggests the following

result.

Lemma 3.1. Assume that {X,;} is an id reqularly varying sequence such that holds.
Then for each fized x we have T,(x) — N (0,¢(x)) in distribution as n — oo.

Proof. We check the central limit theorem for 7, (z) by using the Lindeberg conditions,
see Section [2.4] Let Z,,(x) be the random process defined by

() = #(hmw} — Flu)), (4.4)

so that

() =Y Zna(x). (4.5)

We have already calculated the limiting variance for 7,(z). It remains to evaluate the
second Lindeberg condition. We have for 1/p+1/q =1,

n

S B[220 eg] < 3 (B2 (BLizea)

t=1

Q|

n

< S (B2 (PZas > )

t=1

Q=
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Take p = 2 and ¢ = 2. By Holder inequality,

(BlZL, @) = L B[ e — Flune))]

( nf(un>)4

- nf;“n) (E[(I{Zn,t>unﬂv} —F(u,@))ﬂ)é < nf((jun) (E[(l{zn,t>“n$}> ])%
C 1 c - 1
S nﬁ(y]ﬂ) (E[]‘{Zn,t>unz}])2 — nﬁ<un (F(un,iE))Q
[ Therefore
S Bz inea] € Y s (Flna)t (PZn(e) > )

IN
Q

< O I
2 (uy) el (uy)
Hence
. 1 gz 1
lim ZE (2% ,()1z, 5] < C lim w%(x)—¢2—(x> < - lim _¥E) = 0.
n—00 ’ ’ n—00 €E |/ = € n—00 -
=1 nF(un) nF(un)
This finishes the proof. 0

We extend the above result to functional convergence.

Theorem 4. Assume that {X;} is an iid reqularly varying sequence such that holds.
Then,

() = B(y(2)),
where B(x) is a Brownian motion on R, and = denotes weak convergence in D(—00, 00).

Proof. We will prove that 7,,(x) defined in (4.5)) is tight. Let z1 < x5. Define

1 1
= NoTaom] {Lunar <xe<unasy — Bl fune<Xo<unaa}) | = NoTion]

Hfor any random variable z with mean p, E[(X — u)¥] < Cx EX*, where C}, is constant.

U, Vi
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Then 7,(z2) — 7, (z1) = Y1, Us. We compute

a_ 1 a 4 _; 27 2
Elra(22) = m(@)l' = E;E V'l + eFray K;@E[Vt V]
C Plupzr < Xo < un) Plupzy < Xo < tnzs) >
=% Flun) i ( Fun) )
= ga(e2) — gale2)) + (ga(2) — guln))?

where
P(Xo > uys)

gn(s) = P(Xo N Un) :
The sequence g, converges to 1. Hence, we verified that (2.9) holds. The process is
tight. 0

4.3 Tail Empirical distribution with strictly station-

ary process

Assume that {X;} is a strictly stationary regularly varying sequence such that ((1.2)
holds. Furthermore, we assume that it is a-mixing with geometric rates. We recall the

Tail Empirical Distribution:

~ 1 <&
Tn(x) = E Z 1{Xt>unz}7
t=1

and
E[T.(x)] = Flun)

Therefore (cf ([4.1]), (4.4))
Var [ nf(un)@n(x)] ~ P(x)+ QZCOV(Zn,l(CU)7 Znt(T))

given that the latter series is summable, As in the situation of standard empirical pro-
cesses, this is the case when the sequence {X,;} is a-mixing, with geometric rates.
Set
k=k,=nF(u,) . (4.6)
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Theorem 5. Assume that {X;} is a strictly stationary sequence. Suppose that there

exist sequences r =Ty, Uy, M = My, ¢ = ¢, such that r + m+ q = o(n) and
® Uy — OO0, %]P)(XO > unz) - ¢<x)7

o r=o0(m);

{X:} is a-mizing such that 37 o; — 0;

i=m

There exists a function () such that n ", Cov(Z,1(x), Z,(x)) = v(x) asn —

05
o qa, — 0.

Then

n

Ta(2) =Y Zug(z) = N(0,9() +24(2)).

t=1

We note that m and r will play a role of the size of large and small blocks, respectively,

whereas ¢ will be the number of small blocks.

4.3.1 Sketch of a proof of the Theorem

In order to prove the theorem, we will use a blocking technique. Let Xi,..., X, be
a sample from a strictly stationary sequence of random variables. We split it in large
blocks of size m each and small blocks of size r each, such that there are ¢ large blocks
and ¢ small blocks, n = ¢(r +m). Large blocks will be denoted by I;, j =1,...,q, small
blocks will be denoted by 1:;, 7 =1,...,q. Recall that

Zpi(z) = %{I{thnz} - F(unx)}

Furthermore, define

To(z; B) = Z Zp (),

teB

with B C {1,...,n}.

Example 5.1. 7,(z) = 7,(z; {1,...,n}) = > "1, Zni(2).
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Step 1: Show that small blocks can be removed. Let TJ C {1,...,n} be the jth
small block of size r. Then

S e )

= ¢Var [Tn(x,fl)} + 2quov [Tn(x,i)ﬁn(%[j)] :

=2

Var

We want to show that Var [Zq_l To(x, 1; )} — 0 as n — oo. This means that small
blocks can be removed. We look at the first term on the right hand side:

gVar [Tn(l', fl)} =q (rVar [(Zon(x)] + 2r Z Cov [Z,1(x), Znt(x)]> : (4.7)
=2
Now
1
Var|Zy ,(z)] = EVar[l{Xomnx}]
1 n 1 1
~ E]P)(XO > Upx) = EIP’(XO > unx)ﬁ ~ 1[)(55)5 as n — 00.
Hence, if gr/n — 0 then the first term in (4.7)) is negligible.

Next we show that ¢ >7_, Cov [Tn(LL’; L), m(z; E)} — 0 as n — o0o. Since the mixing

sequence «; can be chosen to be nonincreasing (without loss of generality), we have:

032 Cov [ B ru@iD)] < g B[ m(aiF) e ) |

= qZE 1Y Zn(x) XY Zoa(x)

seh tel,
leEhtEIl
S % ML) 3 3 it
= 216]1 Jel =2 jel jeI
SR PO IELS AN

EIz

A similar argument yields negligibility of the second term of (4.7]). This means that small
blocks can be removed. Hence, the limit of 7,,(x) = 7,(x,{1,...,n}), is the same as of
@ Tz 1),

7=1
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Step 2: The result of the first step is that the limiting distribution of 7,(z) =
D ie1 Znt() is the same as to > 7, 7.(x, [;).

Let 7(x, 1), j=1..
but 7 (z, L), 7} (x, I5),. .., 75 (z, I,) are independent. Then

q q q q
IE [H eit’rn(ac,[j)] - E [H eitT;(ac,Ij)] | < |E [H eit’rn(:c,[j)] _ HE[eitT;(a}Jj)]l < 461047» ’

j=1 j=1 j=1 j=1

., ¢, be random variables with the same distribution as 7, (z, I;),

see [5, p. 31]. Hence, the limiting distribution of } 7_, 7,,(z, [;) is the same as the limit-
ing distribution of }%_, 7, (x, ;).

=1'n

Step 3: Hence, we look at 23:1 77 (x,1;), the sum of independent random variables

with mean 0 and the same distribution. We have to check what is the variance of 7% (z, I ):

Var [7)(x, I1)] = mVar(Zy,(z)) + 2m Z Cov(Zna (), Zpi(x)).

J=2

Therefore, as n — oo,

q q
Var ZT;(% [j)] = Z Var [1,(z, I;)]
j=1 Jj=1
= gmVar [Zy,(x)] + 2gm Z Cov [Zn1(2), Zn i ()]
=2

gm -

= —P(Xo > upx) + 2gm Z Cov [Zn1(2), Zy ()]

k =

n m

~ EP(XO > Un.'lf) -+ 26]m ; Cov [Zn,1($)7 Zn,t(x)]

~ (z) +2v(2).

Hence,

Var

ZT,’;(:MJ)] ~ () + ().

Step 4: Verification of the second Lindeberg condition is more technical and involves

computation of the fourth moments. We skip it, we refer to [§].



Chapter 5

Estimation of Limiting Conditional
Probabilities

Let {X;} be a stationary sequence. A goal of this section is to estimate

P(Xn >y | Xo>y) (5.1)

when vy is large. We will consider A = 1 only. Then, the conditional probability is written

as
IP)()(O > y7X1 > y)
P(Xo > y)
If we have observations Xy, ..., X,,11, an empirical estimator of this probability is

1 n

n Zi:l 1{Xi>y,Xi+1>y}
1 n
n Zz’:l Lix,>y)

However, we are interested in large values of y. In order to do this, recall that in (4.6))
we set k = nF(u,). Then

P(XO > un7X1 > Un)
k/n

1 ¢ 1
E k ; LiXisun Xipi>un} | = EnP(XO > Up, X1 > Up) =

P(Xo > up,, X1 > uy)
IP)(XO > Un)

~ P(Xl > Un|X0 > Un>.

Hence, this suggests the following estimator of the limiting conditional probability in

(1)
1 n
7 Z Lixisun, X >un}- (5.2)

=1

27
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In the next chapter we will explain the role of k£ and u,,. We note that k£ and u,, are linked
by the unknown function F', so the estimator is not practical at the moment. Define

~ 1

th(l') - ﬁ (1{Xt>un:r,Xt+1>unx} - ]P)(XO > UpT, Xl > U,nIL’)) )

and 7,(z; B) = >, p ng(x). Note that E[Zn(m)] =0 for all z € R.

Theorem 6. Assume that {X;} is a strictly stationary sequence. Suppose that there
exist sequences r =1y, Uy, M =My, ¢ = ¢, such that r + m+ q = o(n) and

o u, — 00, TP(Xo > upx, X1 > upx) ~ Y(1);

e r=o(m) (Hence 2 — 0);

{X:} is a-mizing such that %377 a; — 0;

=m

There exists a function ¥(x) such thatny_;", Cov(Zna (), Zns(z)) = F(x) as n —

o0,

o ga, — 0.

Then .
Tl@) = Zin(x) = N(0,9(z) + 23(x)) .

Proof. The proof mimics the proof of Theorem
Step 1: Small blocks are negligible.

q o~
Z?n(:v;]j)
j=1

We compute as n — oo,

= ¢Var [?n(x,fl)} + QQEQ:COV [?n(x,fl),?n(x,fj) .

j=2

Var

~ 1 1 1~
Var [Zmo(x)] = EP(XO > ugx, X1 > Upx) = %]P’(XO > upx, X1 > un:c)ﬁ ~ Ew(x) )

If x = 1, then () = limy, o0 2P(Xo > tp, X1 > 1) = limy, oo P(X1 > | X > ).
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Moreover

q zq: Cov |:Tn([L'; ]~1), Tn(T; f])]

Jj=2

IN

03 E | B) % muai ) |

= ¢ E||Y Zusla) x> Zny(x) |

3671 tefl

0 Y S B[l Zuale) x Zusle) |

1=2 seT, tel

S DD IEEEL ) ) o

1=2 T, jeI, 1=2 jeq, jel,

= %iZa]:%iOzz—)o

=2 jETl

IN

Step 2: We consider 7,(z) = 321", Z;.n(x) and > i1 Talz, I).

Let 7(z, fj), j =1,...,q be independent random variables, with the same distribu-
tion as 7, (x, I;). From Step 2 in the proof of Theorem we conclude that %, 7, (7, L)
has the same the limiting distribution as ) 7_, 7 (x, I;).

Step 3: We compute now the variance of independent random variables with the

same distribution (as in Step 3 in the proof of Theorem [f)):

Var

> 7i(a ) |~ o)+ 2500

Conclusion:
n

Tol2) =Y Zuslw) = N(0,¢(x) + 23(x)) .



Chapter 6

Simulation Studies

6.1 Estimation of the tail index

Our basic assumption is that the marginal distribution of the time series is heavy tailed,
that is P(|Xo| > ) = x7*L(z), where L is slowly varying and « > 0 is the tail index.
First, we will look at estimation of the tail index using the Hill estimator ag;.
Let X7, ..., X, be iid Pareto random variables, with the density f(z) = Caz=*"! for
x >band C' > 0. We evaluate the constant C' as
o0 +o0 1

+o0o
(x) = Caz ! = lC’a—xo‘] =Ch*=1=C=>b"

b b —G b
Based on observations z,...,x,, we compute the likelihood and the log-likelihood as
follows:

L(Oé) = a"pe H xi—a—l,
i=1

log(L(a)) = nloga+nalogb— (a+1) Z log x4,

t=1

Olog(L(w)) n =
e = a+nlogb—;10ga:t,
- Z(log x; — logb),
a
=1
5 n
2 i log()”
l _ Z?:1 log(x_bt)
a n '

30
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In general «v is a characteristic of the tail, and so we want now to use k-order statistics.
We order data as X;, <... <X, ,. This leads to the following Hill estimator:

k Xn n—t
I > it log(ﬁ)

il k

(6.1)

In practice, one uses the Hill plot, that is one plots ayyy (that depends on k) against
different values of k and one looks for a stability region. Below, we estimate the tail index
for AR(1) models with Pareto innovations and different values of a. We note that it is

usually very hard to find a good estimate of a.

Figure 6.1: AR(1) model with p = 0.5 and « = 1. There is a small stability region when

one uses about & = 100 order statistics, yielding apyy ~ 1.
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Figure 6.2: AR(1) model with p = 0.7 and o = 2. There is a small stability region when

one uses about k& = 100 order statistics, yielding ay;; = 2.

Figure 6.3: AR(1) model with p = 0.9 and a = 4. There is a small stability region when

one uses about k& = 100 order statistics, yielding a;; = 3.
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6.2 Estimation of the limiting conditional probabil-
ities
We use , that is .
P = %ZZI Lix,sun X >un) >

to estimate limiting conditional probabilities. Since the level w,, — oo has to be deter-
mined, as in case of the Hill estimator we replace w, with X,, ,_;. Then, as in case of
the Hill estimator, we produce an extremogram plot, that is we plot p; against different

values of k and we try to identify a stability region.

6.2.1 AR(1) model with p=0.9 and o =4

We consider for AR(1) model with different values of p and a. We note that for p > 0,
lim P(X; > x| X >x) =p~. (6.2)
T—00

We perform some numerical studies for AR(1) model X; = pX; 1 + Z; with p = 0.9 and

Pareto innovations with the tail index o = 4.

e On Figure [6.4] we show one realization of the estimator p; plotted for different
values of k. The values of the estimator are displayed against the values of the order
statistics (the largest statistics displayed at the right part of the picture). Hence,
the graph is constructed in a different way as compared to the Hill estimator.
In the case of the Hill estimator, on the horizontal line we display number k of
extremes used in the computation of the Hill estimator (from k£ = 1 - only one
largest extremes, to k = n), whereas here we plot against the actual value of order

statistics, from smallest to largest.

e Large variability of the estimator is displayed on Figure which is based on 10

repetitions.

e On Figure we show boxplots based on 1000 Monte Carlo repetitions, using
k = 5%,10%, 15%, 20% and 25% of observations. There is large variability when &
is small; on the other hand there is small variability but large bias when k is large.
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Figure 6.4: Extremogram for AR(1) model with p = 0.9 and = 4. The dotted horizontal

line denotes the true value p®.

Figure 6.5: 10 Extremogram repetitions AR(1) model with p = 0.9 and o = 4. The

dotted horizontal line denotes the true value p®.
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Figure 6.6: Monte Carlo estimation of the limiting conditional probabilities using k =
5%, 10%, 15%, 20% and 25% of observations, p = 0.9 and a = 4.

6.2.2 AR(1) model with p=0.7 and a =2

We perform some numerical studies for AR(1) model X; = pX; 1 + Z; with p = 0.7 and

Pareto innovations with the tail index o« = 2.

e On Figure[6.7)we show one realization of the estimator py, plotted for different values
of k. The values of the estimator are displayed against the value of order statistics
(the largest order statistics displayed at the right part of the picture). Hence, the

graph is constructed in a different way as compared to the Hill estimator.

e Large variability of the estimator is displayed on Figure which is based on 10

repetitions.

e On Figure we show boxplots based on 1000 Monte Carlo repetitions, using
k = 5%, 10%, 15%, 20% and 25% of observations. There is large variability when &

is small; on the other hand there is small variability but large bias when £ is large.
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Figure 6.7: Extremogram for AR(1) model with p = 0.7 and o = 2. The dotted horizontal

line denotes the true value p®.

Figure 6.8: 10 Extremogram repetitions AR(1) model with p = 0.7 and a = 2. The

dotted horizontal line denotes the true value p®.

6.2.3 AR(1) model with p=0.5and a =1

We perform some numerical studies for AR(1) model X; = pX; 1 + Z; with p = 0.5 and

Pareto innovations with the tail index o« = 1.

e On Figure we show one realization of the estimator p plotted for different
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Figure 6.9: Monte Carlo estimation of the limiting conditional probabilities using k =
5%, 10%, 15%, 20% and 25% of observations, p = 0.7 and a = 2.

values of k. The values of the estimator are displayed against the value of order
statistics (the largest order statistics displayed at the right part of the picture).

Hence, the graph is constructed in a different way as compared to the Hill estimator.

e Large variability of the estimator is displayed on Figure|6.11] which is based on 10
repetitions.

e On Figure [6.12] we show boxplots based on 1000 Monte Carlo repetitions, using
k = 5%,10%, 15%, 20% and 25% of observations. There is large variability when &

is small; on the other hand there is small variability but large bias when £ is large.
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Figure 6.10: Extremogram for AR(1) model with p = 0.5 and o = 1. The dotted

horizontal line denotes the true value p®.

Figure 6.11: 10 Extremogram repetitions AR(1) model with p = 0.5 and o« = 1. The

dotted horizontal line denotes the true value p®.

6.2.4 GARCH(1,1)

We perform some numerical studies for GARCH(1,1) model X; = oy, with 0 = ag +
a1 X1+ fre;-1 with normal innovations ;. Note that X; are heavy tailed, however, the
tail index cannot be written explicitly. Furthermore, the limiting conditional probability

cannot be written explicitly.
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Figure 6.12: Monte Carlo estimation of the limiting conditional probabilities using k =
5%, 10%, 15%, 20% and 25% of observations, p = 0.5 and o = 1, there is large variability

when £ is small, and there is small variability but a large bias when £ is large.

e On Figure we show one realization of the estimator pj plotted for different
values of k. The values of the estimator are displayed against the value of order
statistics (the largest statistics displayed at the right part of the picture). Hence,

the graph is constructed in a different way as compared to the Hill estimator.

e On Figure we show GARCH(1,1) model with oy = 0, oy = 0.9 and f; = 0.8.
There is a small stability region when one uses about & = 100 order statistics,

yielding ay ~ 1.4.
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Figure 6.13: GARCH(1,1)

Figure 6.14: Extremogram for GARCH(1,1) model with oy =0, ay = 0.9 and 8; = 0.8.



Chapter 7
Conclusions

The goal of this thesis was to estimate the limiting conditional probabilities defined in
. We stated and proved the central limit theorem for the corresponding empirical
estimator (see Theorem [6)). The estimator involves an unknown sequence u, and in
Section we replaced u,, with an extreme order statistics X,,,_x. To prove formally
the central limit theorem for the estimator based on order statistics, one needs to establish
first the functional convergence in Theorem [6] This is beyond the scope of this thesis.

Several natural questions arise:

e As evidenced by our simulation studies, the estimator is very unstable. Can we

find a better (that is, more stable, or less variable) estimator?

e The choice of k = k,, the number of order statistics used, is crucial. How to do
this in practice? One approach is to look for a stability region on the graph like

Figure [6.4 Can we do this in a more automatic way?

These questions should be the subject of a future research.

41



Chapter 8

R Codes

library(tseries)

8.1 Preliminary Plots

alpha=4;

n=500;

size=n;

phi=0.9;
SimTimeSeries=arima.sim(model=1ist (ar=c(phi)) ,n=size,rand.gen=rt,df=alpha);
TimeSeries=abs(SimTimeSeries);

par (mfrow=c(1,2))
plot.ts(TimeSeries,ylab="Time series");
HillPlot(TimeSeries);
print(quantile(TimeSeries,0.95));
q_{95}=quantile(TimeSeries,0.95);
print(quantile(TimeSeries,0.99));
q_{99}=quantile(TimeSeries,0.99);

print (phi~{alphal});

r=50;
alpha.estim=HillIndex(TimeSeries,r);

print (alpha.estim);

42



Time Series and Stochastic Processes 43

8.2 Extremogram plot for limiting conditional prob-
abilities

par (mfrow=c(1,3);

par (mfrow=c(1,1));

mylag=1;

Extr<-Extremogram(TimeSeries,lag=mylag) ;

SortedTS<-Extr[,2];

Extremogram.Estimates<-Extr[,1];

range=max (Extremogram.Estimates) ;

plot (SortedTS,Extremogram.Estimates,type="1",col="blue",
xlab="0Order Statistics", ylab="Estimated Joint Probabilities",
main="Extremogram",ylim=c(0,1));

lines(SortedTS,c(rep($phi~{mylag\times alphal}$,length(SortedTS))),

type="1",col="blue",1lwd=0.3,1ty=2)

Estimation of the limiting conditional probabilities for the simulated time

series

alpha=4;

n=500;

size=n;

phi=0.9;

r=50;

mylag=1;
quant_{95}=NULL;
quant_{99}=NULL;
nofrep=10;

SimTimeSeries=arima.sim(model=1ist (ar=c(phi)) ,n=size,rand.gen=rt,df=alpha);
TimeSeries=abs(SimTimeSeries);

q_{95}=quantile(TimeSeries,0.95);

q_{99}=quantile(TimeSeries,0.99);

quant_{95}=c(quant_{95},q9_{95});

quant_{99}=c(quant_{99},q_{993});



Time Series and Stochastic Processes 44

alpha.estim=HillIndex(TimeSeries,r);

print (alpha.estim);

Extr<-Extremogram(TimeSeries,lag=mylag) ;

SortedTS<-Extr[,2];

Extremogram.Estimates<-Extr[,1];

Extremogram. 1=matrix(0,nofrep,length(Extremogram.Estimates));
Extremogram.2=matrix(0,nofrep,length(Extremogram.Estimates)) ;
Extremogram.1[1,]=SortedTS;

Extremogram.2[1,]=Extremogram.Estimates;

for(i in 2:nofrep){

SimTimeSeries=arima.sim(model=1ist (ar=c(phi)) ,n=size,rand.gen=rt,df=alpha);

TimeSeries=abs(SimTimeSeries) ;

q_{95}=quantile(TimeSeries,0.95);

q_{99}=quantile(TimeSeries,0.99);

quant_95=c(quant_{95},q_{95});

quant_{99}=c(quant_{99},q_{99});

Extr<-Extremogram(TimeSeries,lag=mylag) ;

SortedTS<-Extr[,2];

Extremogram.Estimates<-Extr[,1];

Extremogram.1[i,]=SortedTS;

Extremogram.2[i,]=Extremogram.Estimates;

}

colors=c("red","blue","green","brown","yellow","pink",
"blueviolet","burlywood","grey","darkgoldenrod3");

par (mfrow=c(1,1))

range.l=min(Extremogram.1);

range.2=max (Extremogram.1) ;

range.3=min(Extremogram.2) ;

range.4=max (Extremogram.2) ;

plot (Extremogram.1[1,] ,Extremogram.2[1,],type="1",col="black",
xlab="0rder Statistics", ylab="Estimated Joint Probabilities",
main="Extremogram", ylim=c(0,1));

for(i in 2:nofrep)

{

lines(Extremogram.1[i,],Extremogram.2[i,],type="1",col=colors[i%%10]);
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}

lines(SortedTS,c(rep(phi~{mylag\times alpha},length(SortedTS))),
type="1",col="black",1lwd=0.3,1ty=2);

q_{95}=mean(quant_{953}) ;

q_{99}=mean (quant_{99});

q_95,1ty=3,1wd=0.01) ;

{q_99},1ty=3,1wd=0.01) ;

abline(v

abline(v

8.3 Monte Carlo estimation of the limiting condi-

tional probabilities

alpha=4;

n=500;

size=n;

phi=0.9;

r=50;

SimTimeSeries=arima.sim(model=1ist (ar=c(phi)),n=size,rand.gen=rt,df=alpha);
TimeSeries=abs(SimTimeSeries);

r=50;

nofrep=100;

mylag=1;
Estimates.Extr.Lagl<-Extremogram.K(TimeSeries,lag=mylag)
Extremogram.Lagl=matrix(0,nofrep,length(Estimates.Extr.Lagl));
for(i in 1:nofrep){
SimTimeSeries=arima.sim(model=1ist (ar=c(phi)) ,n=size,rand.gen=rt,df=alpha);
TimeSeries=abs(SimTimeSeries);

r=50;

mylag=1;
Estimates.Extr.Lagl<-Extremogram.K(TimeSeries,lag=mylag) ;
Extremogram.Lagl[i,]=Estimates.Extr.Lagl;

}

par (mfrow=c(1,1));

mylag=1;

boxplot(list (Extremogram.Lagl[,1] ,Extremogram.Lagl[,2],
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Extremogram.Lagl[,3] ,Extremogram.Lagl[,4] ,Extremogram.Lagl[,5]),
main="Extremogram Lag 1",ylim=c(0,1));
abline (h=phi~alpha,col="blue",1lwd=0.3,1ty=2);
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