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ABSTRACT

The feasibility of measuring the spatial distri-
bution of the electrical conductivity of plasmas by means of
an immersed cylindricel plasma probe has been studied,

From a solution of the Maxwell-Helmholtz equation
for this configuration, the response of the coil impedance
to the presence of an isotropic or anisqtropic plasma is
predicted. Experiments in electrolytes, shock tube plasmas
and mercury showed that the theoretical predictions are
borne out in practice, thereby achieving an absolute measuring
technique. The components of the electrical conductivity
tensor are calculated for an afgon plasma qfing the Shkarofsky
method based on the Frost-Phelps momentum transfer cross-—
sections. The generally good agreement between predicted
and measured probe respohse in anisotropic plasmas demon-
strates the usefulness of this probe to detect Hali effects.

The analysis is extended to deal with non-uniform plasmas

P, P
with a conductivity profile of the form: g = g, + _g. + .%
r r

resulting from boundary layer cooling effects.

An optimised parallel-T bridge, followed by two
phase sensitive detectors, channeling the information from
both the resistance and reactance change of the coil impedance,
proved instrumental in achieving good sensitivity over a very

wide range of conductivities.
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INTRODUCTION

The growing interest ih the field of plasmé rhysics
is mainly due to the fact that a gaseous plasma behaves as g
conductor, with much higher electrical conductivity thean any
ordinary gas which makes it very attractive for numerous
spplications. Furthermore, in the presence of a magnetic
field, a plasma exhibits some anisotropic behaviour. Theo-
retical treatment of this behaviour predicts the occurrence
within a plasma of many intriguing phenomena unknown in
other states of the matter,which have attracted the atten—
tion of astrophysicists and geologists, are being studied
in the fields of communication and propulsion, and offer
some attractive possibilities for MHD power generstior and
controlled thermonuclear fusion.

In view of this, the measurement of the electricel
conductivity and the degree of anisotropy of a gaseous plasms
is a very important task of the diagnostic study of plasmas
and a survey of the literature will indicate that numerous
schemes have been devised to deal with the problem,

The probe techpiques developed for measurirg the
electrical conductivity ;n dense plasmas, can mainly be
classified under two different categories, the direct corn-
tact methods, and the glectrodeless or inductive methods,

Instruments of the first class are used extersively
in chemistry, to inveséigate liquids, and in solid stzte
physics to measure sheet conductivities of doped semi-

conductor crystals (e.g. the four-point probe). This method



-2 -

was used extensively in earlier days for disgnosing plasmas
(Ref. 1, 2, 3). Even now, these methods are still being
used with some success (Ref. lt, 5) to obtain reasonably
accurate data in spite of the inevitsble cooling of plasmas
by the solid electrodes and the sheath rormation; which leads
to abnormal potential gradients.

The principle underlying the second class, the"
electrodeless or eddy current method, has long been exploited
in the field of non-destructive testing of materials (Ref. 6,
7, 8). These methods were also used to determine the
electrical conductivity in solids (Ref. 9, 10, 11, 12, 13)
and was recently used by J. Neighbor (Ref. 1lli) to measure
the anisotropic resistivity in crystals.

V. H. Blackman (Ref. 15) was probably the first to
apply this idea to measure the conductivity of plasmas.

Since then, numerous techniques have been developed, based
on the impedance variation of a coil in the presence of a
plasma. Detailed studies of the electromagnetic induction
field, directed toward the full understanding of the pheno-
mena (Ref. 16, 17, 18) indicate that basically two different
methods could be used to measure the electrical conductivity.
Either the reactive component of the coil impedance (Ref. 19,
20, 21, 22, 23), or the resistive component (Ref. 2, 25, 26)
were used as the detecting quentity. A few methods utilise
a combination of these two techniques by monitoring the
variation in the quality factor of the probing coil (Ref.

27, 28). 1In some applications, the mutual coupling through
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the plasma between two or more coils was exploited (Ref.
29, 30).

Other schemes are based on the shielding by the
plasma of an externally applied a.c. field, and use a
pick-up coil to monitor the field disturbance which can be

correlated to an effective plasma conductivity (Ref. 31).

Devices have been developed whereby the test
conductor acts as a single turn coil which threads through
the primary and secondary windings of a transformer (Ref. 32,
33, 3}). Some very popular Schemes involve the measurement
of the conductivity and/or velocity of plasmas concurrently
(Ref. 35, 36, 37). | o~

When dealing with non-uniform plasmas, a number
of methods have been worked out to explore tbe‘spatial
gradient of the electrical conductivity (Ref. 38, 39, 4O,
hi, K2). . : :

Exact analytical solutions predicting the response
of a short coil cémpletely irmmersed in an anisotropic con-
ductor have been reported by Selamoglu and Maeder (Ref. L3)
although this solution has limited utility as no insulating
boundafy is provided. Using a filamentary coil outside a
conducting core, P. Savic et al. (Ref. L4l;) calculated and
measured the Hall effect for an anisotropic semi-conductor..

Due to the large body of literature on this topic,
this survey should be complemented by a study by K. Cruse

(Ref. 45), who analyses various inductive and capacitive
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systems., A summary of the various probe conductor configura—
tions, together with an extensive review of the literature
is presented by P. Savic and E. Stubbe (Ref. ué); and A.
Fuhs (Ref. 47) coordinates and summarises all important
diagnostic methods in plasma research as they apply to
conductivity and velocity measurements. With this wealth of
studied and proven techniques, it may seem unnecessary to
devote more effort on this subject. It is the purpose of
this study to demonstrate that the immersed plasma conduc—
tivity probe, which was conceived by Olson and Lary (Ref.
48) to measure cohductivities of flames, proves to be a
powerful device for measuring.ﬁlasma conductivities over a
wide range of conductivifies, regardless of whether or not
the plasma is uniform or isotropic.

Indeed, the range of conductivities that can be
measured with this device is extended to six orders of
magnitude, from the electrolytic conductivity (1 mho/ﬁ)
beyond the conductivity of mercury (106 mho/m). This was
achieved by taking advantage of the information from both
the resistive and reactiye change of the coil impedance.

As far as dﬂ%mbsing anisotropic plasmas is con-
cerned, this is, to the author's knowledge, the first
successful attempt of uysing an electrodeless device to
detect Hall effects in gaseous plasmas. Furthermore, the
small size of the prob; is responsible for achieving a very
good spatial resolution which makes it an attractive device

for measuring conductivity profiles in plasmas.,
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The full potential of this type of probe has never
been explored simply because of the disturbance it produces
in plasmas. It will be shown that this major drawback can
be partly overcome by proper probe design, fast response
electronics, and a proper enalysis of the cooling phenomena
so that adequate corrections can be applied,

A last point to be emphasised is the development
of an absolute measuring procedure, which is very important
in the study of plasmas with conductivities in the range of
1000 mho/m, for which no suitable slternative calibration
standards are available. To achieve this, one needs a
rigorous mathematical analysis of the relevant field equa-
tions applied to the particular probe geometry. This is the
reason why a large proportion of this study is devoted to
theory.

The theoretical part comprises four chapters. The
first chapter deals with the analysis of the probe response
in uniform isotropic plasmas,

In order to compare the experimental data with the
calculated electrical conductivities, a second chapter is
devoted to the calculation of the components of the electrical
conductivity tensor, using the Shkarofsky approach to plasma
kinetic theory.

An exact analytical solution of the probe response
in anisotropic plasmas is the object of a third chapter.

The theoretical part concludes with the study of
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thermal effects on the probe response and the resulting
~ development of non-uniform conductivity profiles.
The experimental part of this work starts in
Chapter V with a design study of the conductivity probe
followed by a full description of the associated equipment
and instrumentation.
In Chapter VI, the experimental data are analysed

and compared with theory for isotropic uniform conductive

media. This is followed by a discussion of the data in
anisotropic plasmas., This chapter concludes with a comparison
between measured and calculated thermal erffects on the probe

response in shock tubes.

Parts of this study desling with the immersed probe performance
in isotropic uniform conducting media were published under the
title:

"An gbsolute immersion-type electricasl plasma

conductivity probe"

Proc, IELE, vol. 56, No 9, September 1968,

A reprint is included at the end of this work.

ATTFT ATt




PART I

THEORY AND NUMERICAL WORK
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Chapter I

ANALYSIS OF THE INTERNAL COIL IMPEDANCE IN THE
PRESENCE OF A UNIFORM, ISOTROPIC, ELECTRICALLY
CONDUCTING MEDIUM

This chapter deals mainly with the rigorous
analysis to calculate the coil impedance change. Starting
with the presentation of an équivalent circuit to §btain
the gross qualitative behaviour, the exact expressions are
derived next, followed by the numerical solutions for
different probe geometries. In some cases, one can avoid
the labour of solving the exact equations; under such
conditions approximate expressions are given for the low s
regime. Since a practical coil differs from the ideal
theoretical model, a section is devoted to the effect of a
small number of turns on the coil response. Displacement
currents are usually neglected in such treatment, but it is
important to appreciate that, while this is so in most
cases; measurements in low conducting electrolytes could |\
exhibit discrepancies. This chapter closes with the
modification needed in the theory when dealing with double
layer coils which are used ;n most of the present experi-
ments'fof the purpose of enhancing the sensitivity of the
device.

l.l Equivalent Circuit Presentation

The behaviour of an inductive plasma conductivity
probe has often been explained in terms of a transformer’

analog network (Ref. 27, L6, L49).

3 et TR e B e
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When a coil is fed by an R.F. current, the
resulting magnetic field produces eddy currents in any
conductor in the vieinity of the coil. The driving current
in the coil and the induced eddy currents, coupled by the
magnetic field, form essentlally the primary and secondary
current, respectively, of a transformer, Fig. (l.a). If V
is an R.F. voltage source, frequency(n,;fl and‘z’z are the
and R

inductances of the primary and secondary, R are

1 2
their resistances, M the mutual inductance, the response of
the circuit can be analysed with the equivalent circuit of
Fig. (1.b). The loading of the secondary, which carries
the eddy currents in the plasma, can be expressed as an
effective change in the impedance of the primary:
AZ:—Z‘f . wr i - wrM° w¥,
Za R + w? Bt ! RE 4 ot B2

(1.1)

After separating real and imaginary parts of the impedance
change and introducing the plasma conductivity ¢ , which

is proportional to l/Rz, we obtain:

T wt
= 1.2
AR ﬂ 'l+(d‘wk”z)‘ (1.2a)

¢t
L+ (TwX,)

(1.2b)

As€=-ﬁ

wherein B is a constant.

The general trend of these expressions is shown

in Fig. (l.c) and represents the qualitstive behaviour of

the device:
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l. The conductivity appears in a product guw.

2. The resistance changes linearly for small conduc-—
tivities, rises to a maximum and decays to zero for
infinite conductivity,

3. The reactance changes as (ow)2 for small conduc-
tivities and approaches asymptotically a fixed
value for gw —» o« ,

The main shortcoming of such a model is the absence of skin
effect which becomes progressively more important for in-—
creasing values of gw . Therefore, this analogy is only

correct for small values of gw and breaks down at higher

values of gw .

l.2 Analxsis

The following assumptions are made to obtain a
simple but realistic model for the problem:

1. The coil consists of a finite number of loopé
(radius a) of wire of vanishingly thin radial dimension.
The coil has a turn density n(=N/f) and lengthf. The coil
is inserted into an insulating tube coaxisl with the coil,
outer radius b and theoretically infinite length (Fig. 2).

2. The coil is driven by a current source of frequency

b the coil current being small enough not to cause joule

o’
heating in the surrounding conductor,

3. The surrounding medium extends to infinity in all
directions, is uniform, at rest and isotropic.
L. The dielectric constant and magnetic permeability

of the medium are scalar and are assigned the values for

R

B E 1S 0 Ll GWTY R

RPNt




vacuum,

5. The electrical conductivity of the medium is finite
and is of a scalar nature,

These approximations need some justification:

l. The first assumption eliminates the effects due to
the coil thickness which modifies the electric field becsuse
the geometrical boundaries are different from those of the
ideal model. It is possible that this assumption is vio-
lated in cases where proximity effect could occur (e.g.
measurements in mercury as will be shown).

2. Since the probe is part of a parallel-T bridge, the
current levels are quite small as the bridée is very
sensitive around the balanced condition, so that the
second assumption is satisfied in practice.

3. Since the probe dimensions are very small compared
to the size of the conducting medium, it is safe to assume
an infinite probing volume. Indeed, the dipole field of
the probe decéys as 1/r3, hence a volume with a typicel
dimension of ten times the probe size can be considered

as infinite. | \
The plasma created around the probe is not uni-
form, except at time 2zero, due to cooling of the gas. This

is a serious limitation which will be discussed in Chapter
Iv. |
The plasma created behind the reflected shock is,

strictly speaking, not at rest due to departures from ideel
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shock tube behaviour. A critical measure of the effect of

the plasma motion on +he probe response can be extracted

from Maxwell's equations for a moving medium. The criterion
becomes: V/yLe<l or the Strouhal number should be much smaller
than unity. For typical plasma barameters, this condition

is always sakisfied.

4. This assumption is strictly valid unless the magnetic
field or frequencies are unusually large, in which case
dispersive properties of the medium must be taken into account,

Because of the axial symmetry, we choose a circular—
cylindrical coordinate system with origin at centre of coil
with z-axis coinciding with the coil axis,.

Due *o the isotropy of the conducting medium, the
induced eddy currents in the plasma only have an azimuthal
component. Then, from Maxwell's law, the vector potential
A can only have an azimuthal component which simplifies %he
analysis considerably. The components of the magnetic field
can easily be calculated using the relationship B = $XX.

The differential equations for the vector potential
are derived from Maxwell's equations with the assumption of
cylindrical symmetry. This differential equation will be
solved to obtain a closed form solution in terms of integrals

to Bessel functions.

The driving current is a sinusoidal function of
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time. I = I0 ert. Therefore the vector potential is like—

- wise a sinusoidal function of time & = Kg e JWE

subsequent analysis, this time factor will cancel and hence

« In the

will not appear explicitly.
According to Maxwell's third law, the induced
voltage in a length of wire located in the field of a

vector Potential &, is:

For an axially symmetric coil with single loop of wire

with radius a, the induced voltage becomes:
AT)

Ve = a'coo. A‘{, (a,z) cltf = 27 CL(')OJ Af(qf‘) (1.4)

0
The total voltage induced in a coil of N identical turns

each with radius a located at z:
N
_ ‘ Ay (a,z:)
\/(’. - Zﬂ&JW %o ‘f( ’ (1.5)

It will be shown later that for the coil configuration used
in the experiments, this summation can be replaced by an

integration., The turn density of the coil is n(= N/{)

and the coil 1s located between z = —2/2 and z = +£/2
whence : +&G
Ve = 2T éw " A‘f (a,z) dz (1.6)
. _€A

in which Am(a,z) is the azimuthal component of the vector
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potential evalueted at position (a,z) and broduced by any

coaxial coil. If, however, the coil that creates the vector

potential, called coil "1I", is the same as the cojl that

senses the induced voltage coil "2", the self-induced

voltage bec_omes: e ¢4,

1

V,= ama d () m A“, (a,z) ez, dz, dz,

(1.7)
2y, -
The coil impedance follows from (1.7) with Ohm's law:
_Y
2 =7
where I is the magnitude of the sinusoidsal coil current
I=1I e J0t,

The problem of calculating the coil impedance
variation as a function of the electrical conductivity of
the surrounding medium is reduced to the evaluation of the
vector potential Am(a,z) as & function of the electrical
conductivity.

First, suppose that the medium is non—conducting ;
the coil currents create a driving vector potential,
Kb(r,z) which is periodic in time and has only an azimuthal
component. However, no currents are induced and no energy
dissipation occurs. The electromagnetic field is basically
an induction field close to the coil, and at large distance
from the coil resembles a radiation field originating from
an oscillating magnetic dipole located at the centre of
the coil. If the medium is conducting in the space r > b,

eddy currents are induced under the influence of the
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driving vector potential, which by virtue of the energy
dissipation decays much more strongly. We call Ki(r,z) the
plasma vector potential existing in the conducting space
for r > b,

At the same time, a magnetic field is induced by
the same eddy currents, which superimposes on the driving
magnetic field in the cylindrical space r < b. A so-called .
reflected vector potential Kh(r,z) is created by the in-
duced eddy currents and can be added to the original'
driving vector potential Kb(r,z) since we are dealing with
& linear problem.

In fact, as we are only interested in the changes
of the coil impedance caused by the presence of a con-
ducting medium rather than a vacuum, we can focus our
attontion on the calculation of the reflected vector
potential Kh(r,z) only, which carries the needed informa-
tion about the plasma back to the probe coil, and is not
present when we have no conducting medium, \
Hence, the total impedance change experienced by

the coil can then be expressed as
+ l/:. *(/I

Az = zﬁa;wmz A‘fR (a,z) dz,dz,
I e/ l/ Z\vZy

simply by substituting AmR(a,z) for Am(a,z) in expression

(1.7).

(1.8)

The differential equations for the vector
potential will be derived from the four lMaxwell equations

together with the two constitutive equations which are

respectively:
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The differential equation for the driving vector potential
Ib(r,z) can be constructed from the second and fourth law
of Maxwell, combined with the vector relationship B =V x x,
and reduces to the vector Laplacianv2 Kb = 0.

The solution for a single coil filament is given
by Smythe (Ref. 50) and the derivation is shown in detail
in Appendix A, since this forms the basis of forthcoming
expressions. Omitting the time dependence, which occurs in

the form 6% the solution is:
o0

Agp = | T, (ak) K, (k1) conlka] dk

)
The differential equation for the plasma vector potential:

(1.9)

can be set up in the same way. Using Ohm's law for an
isotropic plasma in the form J = GE to account for the eddy
currents in the conducting space, the following vector
Helmholtz equation emerges:
e : t) N
v AP = ()G_IACAJ—EFOU Ap (1.10)

wherein: ¢

electrical conductivity of the plasma

€ dielectric constant.
The first term on the R.H.S. is due to the con-

duction current (eddy currents) while the second term
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expresses the effect of displacement currents in the plasma,

The criterion for neglecting the displacement
current in comparison with the conduction current takes the
form ¢ >> ew. Since this inequality is true for conduc-
tivities larger than 1075 mho/m at the carrier frequency
fo = 10.7 MHz,'displacement currents can be neglected for
shock tube plasmas (¢ > 100 mho/m). This is no longer true
for experiments with electrolytes as will be explained in
section (1.6).

Neglecting displacement currents, the vector
Helmholtz equation (1.10) can be expressed in cylindrical

coordinates as follows:

3
2 A p t 2A A(pp ’BA‘fP :
T D S - A L La LECCRS

The solution proceeds in similar fashion as that of the
vector Laplacian. Separation of varisbles lesads to s
solution of the z dependent varisbles in the forms

| 'D‘ Z (=) _ kz

with solution:
Z(Z) = C C.os(kz) + D S‘;\n(kz) (1.13)
By introducing the following parameter: d2 = k™~ + jg%l iu)

the R dependent part of AmP becomes:

2+ MR RS pey. [1+(dnyt] =
44 DN d’LTB_@c) i [+( ] i

This is a first order modified Bessel equation with

(1L.15)

solution:




-17 -

R(’l) = AI1(OUI) + B Ki (d)‘-) (1.16)

Combining the solutions (1.13) and 1.16) leads to:
A?P('l.z) = [A I, () + Bk, (da)] - [C o> (k2) 4 Dsoh(kz)]

The four constants A, B, C, D, are functions of the
separation constant k and are usually different for each
value of k. The complete solution would be a sum of all
the individual solutions, but since fhe region extends to
infinity in z and is symmetric about z = 0, the complete
solution is an integrsl over the entire positive range of

k. Thus, the genersl solution is:

Agp (2) = | [AWT, (0 + B K, (] [Coimia) + Deysingen [k

0
(1.17}
Due to the coil geometry, the function of z must be

symmetric and even; hence D(k) = 0. Since the plasma

region extends for b<r < o, the vector potential must

decay to zero for r —» o, hence A(k) = 0. The solution of
the plasma vector potential can thus be written as:

° ' 1.18
Agp = f fp00 Ky (dn) con(k2) oLk R

wherein fp(k) is an unknown function of the separation
constant k. /

Finally, theithird step involves the calculation
of the reflected vector potential in the cylindrical

volume r < b.

x 2l
Tew
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Since no currents can flow in this non-conducting
region, the solution of the reflected magnetic vector
potential again reduces to the solution of the vector
Laplacian{® Xy = o.

The solution follows similar steps as the solu-
tion for (1.10) except for the absence of the R.H.S.

After transformation in cylindrical coordinates,
separating the varisbles, using a separation constant

2
k% = - l-a 2 3 we obtain the general solution (e¢f, 1.17):
4 azz

oJ
Agg 1) = |[A0 Tk + Bt Kital]- [ Cooy conta) « D i (kz)] dk

0

-~

Due to axial symmetry around z = 0, we must have D(k) = 0.
Since we are dealing with the cylindrical space for r < b,
we must avoid the singularity at the origin for r = o, for
which we know that the magnetic vector potential AmR = 0,
or B(k) = O and the solution of the reflected vector

potential becomes:
v

A= | F200 Lo(ka) eonka) oLk

0

wherein fR(k) is a function of (k).

(1.19)

The two unknown functions of the variable k can be calcu-—
lated from the boundary conditions at r = b where the

regions must have matching properties.
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In terms of the magnetic vector potential the two

boundary conditions are:

(a) The tangential components of the magnetic vector

potential X are continuous, or

[KU t AR]z:b = [AP-]'L:b (1.20)

(b} Since the magnetic permeability is constant throughout,

the tangential components of the magnetic field ¥ are

continuous or:

. - - _ 1 23
since Bz = (Vx A )Z =% 5% (rAm) we have the

condition:
LTBQ('Z—A-D -I-’ZE\R)]Q:L—; [,% (Q—A-P)]’wb

S. I. Pai (Ref. 51) expresses the jumps in *he

(L.21)

tangential component of the magnetic field across a surface
current sheath as: AB, = uJ. This means that these boundary
conditions apply only in the absencerof a current sheet,
Therefore, any highly conducting coating of the probe, which
is often used to prevent capaciktive coupling with the plasma,
should be designed %o prevent closed circuit eddy currents
in *he coating. A longitudinal slit will usually serve this
purpose.

By substituting Egs. (1.9, 1.18 and 1.19) into

the first boundary condition, we obtain:

}‘_E“_I T, () K, (eb) + YR(k) IR fp («) K, (db) (1.22)

G TRV T TSR
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Similarly, for the second boundary condition, using
the recurrence formulas for Bessel functions (Ref. 52), we

obtain:

l}%I Ta(ok)- kb. Ko (kb) - i 0. kb.To (14) = Fp0).db. Ko(ab) )

As explained earlier, we only have to know the
reflected magnetic vector potential to calculate the coil
impedance change under the influence of a conducting medium
(Eq. 1.8).

Hence, we solve the two boundary conditions for
the unknown function of k, i.e. fR(k), and the solution
for the reflected mﬁgnetic vector potential becomes:
A?R(’t.z) = tt__i:‘;[ J T, (ak) T,(kn)

o

kK, (k5) Ka(db) - d Ky (<B) Ko (db) cortiardlk
ol Ty (xb) Kolab) 4 k Tolkb) Ka (db) (1.24)

Substituting this expression into Eq. (1.8) and working out

the double integral over the coil length with the result
Y 1-({7' y
X S (,m [‘( (_'va.z)] dlZL dZL = TZ (“" M(ke)]
<

- L - *
one obtains the final solution:

2 kA
. I (ak
AZ = ALLJLJ NfIACL [ ._1§g;)
(o]
k K, (kb) Kq (b) — o Ka (kb) Ko (db) [ 00]] di
d T4 (kb) Koldb) + k To(xb) Kq (ab) (1.25)

The following non-dimensional quantities can be introduced:



y = kb

x = db s = Uwaz (called the s parameter)
h = a/b (called the filling factor)  (1+26)
w=1{n

From expression (l.1l) it follows that:
x° = y2 + js - (l.27)
and the expression for the exact impedance change for ah-

immersed coil is as follows:

DZ _ | jhba " Ly
epa” T Ty
v K. (4) - Eo Ka(y) -[l—COS(W‘j)] d‘j
Y To(y) + Eola (y) (1.28)

. Ko(x) . 1
wherein Eo = x RszT is complex.

From this expression, the non-dimensional resistance change
(= AR/wpa) and the non-dimensional reactance change

(= A%€/pa) can be obtained by separating the resl and
imaginery part. '

l.3 Exact Numerical Solutions

Equation 1.28 was solved exactly using the avail-
able subroutine package for the modified Bessel functions
with complex arguments, i.e. Ko(x), K, (x). A complete
listing for this prograem which was written in Fortran IV
is included in this study. Since the final expression for
the coil impedance change, inclﬁding Hall effect, is quite

similar to Eq. (1.28), this program can be used for cases

3

TN ewWw e 2
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with or without Hall effect.
The programming procedure involves the following

special features:
= A coordinate transformation in the integration variable
of the form Y = Eny bproved useful to avoigd singulari-
ties in the integrand at the origin,
= The upper limit for Y is mainly dictated by the function
Yy ko (‘6) = Eo K:\.(‘.ﬂ)
1o y) + E,Te(y)

which reduces to negligible values for Yy~ 12,

— Simpson's rule for integration was done over 350 steps
of the value of y. The integration should bs closely
monitored in the range of y for which the oscillatory
nature of the function (L - cos wy) may become trouble-
some,

= Since the Hankel function subroutine was only valid for
arguments less than 30, the range was extended to deal
with very high conductivities, by switching over to the
asymptotic expansion of modified Bessel functions for
very large values of the complex argument.

A full parsmetric study of an immersgd coil in-
volves the combination of the parameters h, w, s,

The results shown on Figures 3 and l involve the
solution of the probe response function for a probe with
constant length ratio (w = 6.3), end variable filling fac-—
tors h =1/3, 1/2, 2/3 end 1, respectively. The non~

dimensional resistance change (= AR/wpa) is plotted versus

.
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the s parameter in Figure 3. Figure !} shows the variation
of the non-dimensionsal inductance change (Af/pa) versus s.

These curves are similar in character to the
curves shown in Figure lc based on a crude transformer
analogy in the small s regime,

Indeed, the series resistance increases linearly
with s for small conductivities, reaches a maximum for the
S parameter of the order of unity and decays to zero for
inereasing conductivities, proportional to 1/J/S in the
limit,

For sufficiently small values of the electricel

Fvaw 2N 3

AANTARTI AN TR0y

corductivity, the R.FP. field produced by the probe pene-

v AR ALS TN

trates through the conducting medium without appreciable

-
AT
s

attenuation, and the dipolar magnetic field of the solenoid

T S
> e~

decreases in magnitude proportional to r > for large dis-

tances. The amount of power dissipation, which reflects

G TV D

e

back as a change in the coil resistance, being proportional
to 05;2 per unit volume is therefore simply proportional to
o which explains the linear behaviour of AR/wpa versus s in
this small s regime.

At very large values of the conductivity, the
R.F. field penetration depth in the plasma is limited by
the skin effect. Although the conductivity is large, the
volume wherein dissipation occurs shrinks rapidly so that
in the limit of infinite conductivity, no dissipation can
occur which means that the resistance 6f the coil drops

back to its intrinsic value as in the non-conducting medium

ST~ ATAST AT €

i g 0 W N~



-2y -

case. The resistance change in this regime is proportional
to the skin depth (= Jfgég; ), i.e. proportional to ts)-%.
The s parameter, (s = cuwbz) can also be expressed in terms
of #he skin depth or s = (§)2. The maximum dissipation
occurs for s of the order of unity, for which the penetration
depth is of the order of the probe dimensions. This fact
illustrates the good space resolution of the immersed probe,
which makes it a powerful tool to measure conductivity pro-
files, e.g. in plasma jets or MHD poﬁer generators,

Since the inductance of a coil is proportioral to
the energy stored in the magnetic field produced by the coil
current, the inductance change in the small s regime is .
extremely low, since the R.F. field penetration is hardly
affected by the small conductivity.

However; for increasing values of the conductivity,
the skin depth is gradually limiting the volume whereir
magnetic energy is stored. Due to the eddy currents in the
conductor, the magnetic field is excluded from a region in
space thereby reducing the inductance of the coil which is
reflected in the inductance variation shown in Figure L.

By extrapolating this beﬁaviour to the theoretical limit of
infinite conductivity, a coil with unit filling factor can-
not store magnetic energy, since the fl%f lines cannot close
and no magnetic field can exist becauseV. B = 0. One con—
cludes that, in this casg, the change in inductance equals
the value of the nominal coil inductance for free space to

reduce the effective inductance to zero. The nominal in-
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ductance for a single layer coil can be evaluated by using

the Nagaoka constant Kn as follows:
l .
QO = —PNTA Km (1.29)

wherein A is the coil cross—sectional areg

-
Ko, = | + 0.3 a/p -009 (4p)* (1:30)

- For an s parameter larger than 5 x 103, the
difference between the absolute inductance change and the
nominal inductance calculated from (1.29) was less than
1 percent, which provides a check on the accuracy of the
analysis and numerical calculation.

The monotonically decreasing value of the series
inductance of the coil for increasing values of the conduc—
tivity produces a phase shift between the primary current
and the induced eddy currents. This allows us to monitor
the change in series resistance and series inductance
separately using phase detectors.

The effect of the filling factor on the probe
sensitivity can be obtained from Figures 3 and lj. Over the
complete s range, the variation in AR and AY is approxi-
mately proportional to h> and is thus a most effective para-
meter for optimising the probe sensitivity.

Finally, the effect of the coil length on the
probe response was studied at a constant filling factor
h = 1/2 and the result is represented in the form of an

impedance diagram, Fig. 5, for four different length ratios:



w=2,L4, 6 and 8 respectively. Each curve in this diagram
traces out all values of the s parameter in a coordinate
frame with éhe non-—dimensional inductance change as ordinate
and the non-dimensional resistance change as abscissa. This
is the customary way of plotting probe responses dealing
with eddy current testing of materials (Ref. 6, 8). The
dashed curves in this figure trace out all values of w at
fixed conductivity.

The resistive change at fixed conductivity is
proportional to w® wherein o 1s an exponent between 1 and 2.
The dependence of inductance on w cennot be generalised over

the entire s regimes except by saying that the inductance
change is always proportional to w to a power somewhat
greater than unity.

This presentation of the probe response indicates
clearly the usefulness of the two methods for measuring
conductivities. In the small s regime, the inductance change
is too small to be. of use so that only the resistance change
is useful to monitor conductivities. In the s regime be-
tween 1 < s < 20, the resistance change is ambiguous while
the inductance changes are very sensitive to conductivities.
Finally, for extremely large values of s, the inductance is
very insensitive so that again the resistance shoulé be
monitored in this range.

1., Approximate Numericsl, Analytical and Empirical

Solution for the Small s Regime (s < 0,1)

For this regime, we found that the coil series

Surdtw e .
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resistance variation was proportional to S, while the induc-
tance change is negligible, Therefore, an approximate solu-
tion must exist which does not involve complex quantities
and should be easier to evaluate,

If the conductivity is small, the expression

(1.27) can be approximated as

T~ ' S .o
XK= y+ ) iy (1.31)
All Bessel functions with argument x can be
expanded in a Taylor series around y. If only the first

order terms are retainegd We can write:

Kolx) = ko(‘j)* ‘}'9'.‘59 Ka(y)
Kat) 2 Kal) - £ Tt + & Katy]

By substituting these expressions for Ko(x) and X, (x) in

(1.32)

the general expression (1.28) ana taking advantage of the
Wronskiang % =K(y) I oly) + K(y) I (y) we obtain a first

order approx1mat10n°

AZ _4hsh zJ Ilj(zhj)

" .[K,(g)kl(g%Ki(s)}-[““’“‘wi”]dj (1.33)

which is real. Hence a purely resistive change of the coil

impedance will result from this expression. The integrand
is strictly a function of the geometric parameters h and w
only, and the numerical solution of the integral in (1.33)
as a function of these two parameters is presented in Pig. 6

from which the relative importance of the filling factor h
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and the length ratio w on the probe sensitivity can be

estimated,

An approximate analytical solution for this small
8 approximation can be obtained by using series expansions
for the modified Bessel function I, (hy) and cos(wy). Usikg
two Mellin transforms, expression (1.33) can be expressed
as an infinite series which can be written as follows by
including the first three terms in the expansion:

AR 3 2 ¢y T2 | 3 i(h}__\_n_’-)
Gpa Shw"“’? e 35 \b Tt

315 ( w5t h‘w‘) ]
+ + -_— — |+ ...
9048 \ 3c0 192 i (1.34)

For better comparison between the approximate

numerical solution and the approximate analytical solution
of (1.3l4), the following expressions are plotted in Fig. 7
for a filling factor h = 0.554.

F;{= T (h,w)

w2

.2

MRt |2 15 (h wi) . 315 [wH  sht kw)]
Fao.— ! k [_+_( __)+ (

- 3 I 356 Hi 12 2043

360 T 192 u3
. WZL‘I 3 15 (_h_z -V_\f_f)]
F‘Lb -— g [lé + 356 4 12 (1.35)

y
Owing to the discrepancy between Fl and Fo’ this series

for the numerical solution,

expansion solution can 5nly be used for very short coils
(w < 1). PFor longer coils, further terms of the cosine

expansion are needed. A more accurate analytical solution
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for longer coils can be obtained by using hypergeometric

functions,

Expression (1.33) can also be written:

AT h b lef(hto)

wl&a 0 ‘jz

. 2 Zko(‘ﬂ) Kl((j) - 2 . —
[ko(*jh ___-:) Ka(\g)] [1 (B’)(wg\] oLj

Applying a series expansion for Il(hy) together with a cosine

integral transform, this can be transformed to:

hS 1|99.
AZ — 3 :‘ ) [Ygo + 2Y|o - Yzo] (1.36)

Lut«a
where:

Vo K ] atg = T[]

Yzo-[ 2(y) [\ wsc“’fﬂ% —-‘LT [P'/z (H ) ] (1.37)
Y%o* f K (y) [‘ Los(w‘j)]o\)j T [ _’72 (H!:—z)]

wheleln P J are associated Legendre functions and are tabu-
lated in Ref. 53. These functions can be converted to the

more popular elliptic integrals. Again for comparison with
the approximate numerical solution, the following expression

is plotted in Pig. 7:

F = [\(30 + 1Yto "\(zo] for h= 0.554 (1.38)
HW‘ .

The agreement between Eg. (1.38) and the numerical solution

for lﬁhéﬂl- is very good for coil parameters up to w = 5.

W
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Finally, if the datsa obtained by solving expression

(1.33) are plotted on a log=-log scale, it turns out that the

curves are linear over a wide range, resulting in a convenient

empirical expression for the small s regime (s < 0,1). The

following expression correlates the coil resistance change

as a function of the conductivity of the medium:

o ) -
AR s shw"™m2tt 2 047 s W N*w (1.39)
(urla

This expression gives an error bracket of less than 5 per-
cent if it is applied to coils with parameters:
0.2 <h <'0,9
l<w<ggs

This empirical expression can be used in approximate design
estimates for = conductivity probe for the small s reginme.,
Since s = ouwbz, this low regime can be obtained by suitable
choice of variables. It also indicates to what degree the
different coil parameters influence the sensitivity of the

immersed conductivity probe and confirm the conclusions

made for the exact solutions.

1.5 Effect of Small Number of Turns on the Exact Solution
For coils with small number of turns, integration
over the total number of turns (1.6) may over-—estimate the
value of the impedance change. In this case, a summation
of the value for the reflected magnetic vector potential
AmR over the total number of turns should replace the inte-

gral. The summation for a cosine can be expressed as:

(Ref. 5l)
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Z o (kt) =
4

Substituting above expression for the double integral per-—

formed over the cos kz term in the expression for A R (1.2),
o

the following expression could be used for coils with a

discrete number of turns:

A Z ;1 (h‘j) ] ‘j ko(‘j) - Eo K‘l(‘ﬂ)

== = zéh
Wie . Y Toly) + Eo Taly)
- . [ow 2
-2 (w(r‘%(ﬂ)'sm(?u:“j)_1 dy )
g@,(%%) : | (1.40) ;

wherein: p = nb = N/w

- e
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n = number of turns per unit length.

Numerical solutions of expression (1.4,0) were

BIeerme AN,

compared with those obtained from expression (1.28) for

different coil geometries and for varying number of turns.
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The results show that the error is negligible (< 1 percent)
even down to coils with only a small number of turns.,

1.6 Effect of Displacement Currents

So far we have neglected the displacement current
in the Maxwell's equation on the grounds that g >> eu.
Since the experimental data obtained with electrolytic
solutions of HNO3 will beAcompared with theoretical values,
we have to verify the above inequality.

Expression (1.10) is the exact differential equation
including displacement currents. This vector Helmholtz

€d. can also be written:
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Zm o (k) Con(452) sim (1 2220 )
Enpy

Substituting above expression for the double integral per-~
formed over the cos kz term in the expression for A oR (1.2l),

the following expression could be used for coils with a

discrete number of turns:

g — 23 h -I:. (h‘j) . ‘j ko(‘ﬁ) - Eo K‘l(‘ﬂ)

Wie 0 Y Loly) + Eo T4 ly)
2
2 u’O(P:IP ‘5) (Pt:‘ﬁ) _4]d
. Sim (_‘i) : | j (1.40)

P

wherein: p = nb = N/w

n = number of turns per unit length.

Numerical solutions of expression (1.40) were
compared with those obtained from expression (1.28) for
different coil geometries and for varying number of turns.
The results show that the error is negligible (< 1 percent)

even down to coils with only a small number of turns.,

1.6 Effect of Displacement Currents

So far we have neglected the displacement current
in the Haxwell's equation on the grounds that g s> cw.
Since the experimental data obtained with electrolytic
solutions of HNO3 will be'compared with theoretical values,
we have to verify the above inequality.

Expression (1.10) is the exact differential equation
including displacement currents. This vector Helmholtz

eqd. can also be written:
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VA, =JS(1+J )AP
G
(1. l+1)
Obviously, this correction is only needed for very low
conductivities, since the relative dielectric constant for
water is of the order of 80, and ——-approaches unity for
electrical conductivities lower than 0.1 mho/m, for which
the small s approximation can be applied.
According to (1.41), the expression (1.27) can be

modified as follows to include displacement currents:
2 . cEW L X
= 1+ ___) = + |S - S
ﬂ-f }S(‘ ) = j J &

212
wherein: S4 = ERwW b
Since s and Sq are very small compared to unity, we can

approximate

yv/i+ e
- ) ’
X x tj{l + -————‘lsz;f —qlg(- S‘-zjssd+sd)....] 2o12)
The expression for the impedance change (1.33)
for the small s regime indicates that only the resistive
component of the impedance changes proportional to s or:
AZ, = a s‘ wherein o 1is a constant.
Expression (1l.42) indicates that, in the absence
of displacement currents (sd = 0), a second order term in
the expansion for x would have resulted in a reactive change

of the coil impedance, so that in the small s regime without

displacement currents the impedance change can conveniently
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be expressed as:
AZ, = ds - jﬁs‘

wherein B again is a proportionality factor.

(1.43)

The subscript o in AZo indicates an impedance change without
correction for displacement currents,

Including displacement currents, the impedance
change can be exﬁressed, according to Eq. (1l.42) in the " -
small s regime as follows:

AZ = 0‘(5*‘)5&3-(;'/3(51“4'53*) (1o4h)

Separating real and ;maginary parts and using the
real and imaginary part from (1.43) in the form:

AR_ = gs and AXO = -Bs2

()
we obtain from (1l.4l)

AR = 0(3 +2/’55¢ = ARo" leosd/$

= _ A -
AX = ﬁs +o.(.'50\, = AXo+ AR, s4/5 (1.15)

The effect of the displacement current is to increase the
coil series resistance by ZwALo sd/s » Which is very smaii
considering that the inductance change AL is a second order
effect at small conductivities. However, the coil inductance
drop AXO, is reduced by an amount proportional to ARO sd/s
which is a first order correction.,

To substantiate these findings, an exact numerical
solution was obtained by solving expression (1.28) which was

modified by using the vector Helmholtz Eq. (1l.41) with

correction for displacement currents. A relative dielectric

axre tw s w » -n -
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constant of 60 was used, instead of 80 for water, to account
for substitution of some HZO molecules by electrolyte in
strong electrolytic solutions.

The table shows the exact impedance changes with

and without displacement correction for a particular probe.,

s o AR, AL | AR AL
(mho/m) - (ohm) (nH) (ohm) (nH)
0.005 8.6 0.013305 -0.011851 0.013310 -0.011057
0.011 21 0.031529  -0.04353)  0.031536  -0.042786

0.027 52 0.073014  -0.155Y, 0.073024  -0.018476
0.050 95 0.12529 -0.35)62 0.012530  -0.038400

We conclude that the resistance correction is
negligible in this range of electrolytic conductivities.
However, the drop in inductance is decreased by 7 percent
at the low conductivity of 8.6 mho/m due to displacement
currents, while this effect is only of the order of 1 per—
cent at 50 mho/m.

In polar liquids, the dielectric constant €n
includes a large contribution due to the orientation of the
permanent molecular dipoles in an R.F. field. Since the
orientation process requires a finite time, the dielectric
constant decreases as the frequency of the applied field
increases. The available data (Ref. 55) would indicate
that the dielectric relaxation.time for H50 is of the order
of picoseconds in comparison with which a carrier frequency
of 10 mHZ is almost a D.C. However, orientation of the

molecules against viscous forces leads to an energy dissipa-
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tion in R.F. fields, indicating that the dielectric constant
becomes complex and of the form: ¢ = (er + ed)eo ﬁherein
€5 is the dielectric constant for vacuum, €4+ Which is a
function of frequency, contains the dissipative part of the

dielectric constant, Inserting this expression of e¢ in the

fourth Maxwell equaE}on:

V*E = Vg[ow-jweo(em)'ed)]
shows that the dissipative part of the dielectric constant
has the same effect as modifying the électrical conductivity.
The lack of data concerning dispersion effects does not allow
us to verify this, but it seems possible that our probe coulgd

be used to investigate this effect in liquids with very small
conductivities,

1.7 Double Layer Coils

In order to bring the response of the probe within
detectable levels for experiments with electrolytes, it was
decided to use double layer coils. The empirical expression
(1.39) suggests that the sensitivity of the probe being
proportional to n2, will quadruple, by using two identicsal
layers of wire, Improving the filling fsctor was impossible
from a material point of ¥view while increasing the coil
length would indeed increase the sensitivity. However, a
short coil is important to reduce the response time of the
probe in shock tubes, ﬁoreover, the sensitivity of the
probe to detect Hall effect varies inversely with the coil
length as will be shown in Chapter III. Although this

design violates even more the first assumption made for the
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theoretical treatment, it also has the_beneficiai effect
that the alternating current in the coil is now distributed
more uniformly along the coil length which is implicitly
assumed in the analysis. Due to the finite size of the wire
diameter, an adjustment to the treatment of the first part
is needed, to account for the two different radii of the
layers which we will denote with subscripts 1 and 2 res-—
Pectively.

Ir 83 is the coil radius of the inner layer,

85 the coil radius of the outer layer,

the total reflected vector potential can be expressed in

terms of the potentials at the two radii, and Eq. (l.2l)

becomes: . _ . 3
A‘{’R(I’z) = [ v:r,L T,(a, k) + }w;_L T,(a, k):l
. F(K) cos(kz) dk (1.16)

kb Ko (xb) ~ £ Ka(xb)

wherein F ( k ) = kao(l‘b]-rEoIi(kb)‘

E, has the same meaning as in Eq. (1.28).
The total voltage induced in a double layer coil

with identical turn densi%y n is:

(1.47)

By substituting expression (1l.46)} into (1.47) and non-

. . - L.
Ve Vel < aman jo Ay, + 21000 Ao
/

dimensionalising one obtains:

AZ AZn g AYAR i N7,

°~.’F‘b= Wpb + wpb Wpb

wherein:

(1.48)
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This expression was used exclusively to predict the probe

response for the-experiments. Since the sensitivity of ;the
probe is a very strong function of the filling factor

(Fig. 3, L), the contribution from the outer layer is much
larger than the contribution from the inner layer and for
the type of coil used in the experiments, the response is
equivalent to that of g single layer coil with double the

turn density and filling factor h o 0.7 (h2 - hl) + hy.
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Chapter 11

CALCULATION OF TRANSPORT PROPERTIES OF
SHOCK-~HEATED ARGON
Argon is frequently used as a working fluid in
shock tube experiments; being a monatomic gas; it cen only
absorb energy in its translational mode. At higher energy
1evels,_excitation and ionisation are the only departures
from the ideal gas conditions. The choice of argon is based
on the fact that a great deal of physical data are available
for this gas and also because of its relatively low ionisa-
tion potential which makes it an attractive working fluid
for plasma physicists. This chapter is divided into two
parts, the first dealing with’ the shock tube relations for _
calculating the thermodynamic parameters of the shocked gas,
the second part deals with the calculation of the electrical
conductivity using shkarofsky's method.
2.1 Calculation of the Thermodynamic Argon Plasma

Parameters Behind an Ihcident Shock

The conservation equations can be found in any
textbook dealing with shogk waves, e.g. Ref. 56, and will be
presented here with the familiar shock tube symbolism in

stationary coordinates:

continuity equation:’ P1Va = @, V2 (2.1)
2
momentum equation: . Py piVe = Pat O Ve (2.2)
L3
energy equation: vi/s + ha = Vi/h + b, (2.3)

equation of state: x.p/e = Qsz, = X,RT (2.4)
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Combining equations 2.1, 2.2 and 2.4, we obtain:

%““‘XM (l- '/e) - (2.5)

When jonisation occurs, the enthalpy can be expressed as:

hy = ()T + o & (2.6)
. S n,
a degree of ionisation = T

e A
Qi: ionisation energy per molecule (= qi RT)

95 ionlsatlon potent1a1 for argon (in volt).

Excitation energy of the shock:hgat_;ed_ga_g can conveniently be

neglected because the energy levels for excitation are very
close to the'ipnigatiqn_potentig;.and at the experimental
conditions, the degree of.;onisation‘is.gu;te_bighwsq'that

the excitation energy is very small compared to the total

enthalpy of the shock-heated gas. Yy = 5/3 for argon.
Combining expressions (2.3, 2.4, 2.6) we obtain:
T I 2(- -\ g .
2 - - My ( e )“ © 'fg' (2.7)
' Ta 1+ o, Cz_ . ()' RTa
The equation of state can be written as:
B8 (4w (2.8)

The only remaining equation to solve for the four unknown

(P2, P, T, and a) is the Saha equation which for singly

ionised argon plasma reduces to: See refer;pce 56.
it}
6 . _ oo .
ol =[3.04 10 f G/xla(qi/k l,) ZA +1 (2.9)
. . ..,Tf/" ' : .,AAZi.Ze ;

for P, in atmospheres and T, in degrees Kelvin,
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In order to obtain the highest accuracy in the
théoretical calculation of the plasma composition, a few
corrections have to be considered. These are: lowering of
the ionlsation potential due to the bresence of ions, cut—off
of the partition function and Debye polarisation contribution
to the totsal pressuree ‘ 3

- HeN. Olsen in Ref., (57) claims that the ¢ower1ng of the
1onlsatlon potentlal when applled to a plasma of 1 atm. and
10,000°k amounts to a change of 0,2 percent. .
Since'thls effect“bepomeg sma}ler_at 1ower temperatures we
can neglect this effect eptirely and assume an ionisation
potential q, = 15.755_vol§s. ‘ o N .

The values of the partition functions ZA, Zi'and
Z, are obtained from Ref. (58) which includes the corrections

mentioned above. A plot of the ratio of the'partitiqn func~-

Zy
2524 A
an average value of 1ll.2 gives an error in 72 of less.ﬁhan_

tions

versus temperature at 1 atmosphere indicates that

1l percent over the temperature range of interest. Hence, the

Saha equation used in this calculation becomes:

A )

§

od = I:Sﬂm f2 exp (1929 10 /T2) 1] (2.10)
Tz5/z _

wherein P2 is expressed in Torr,

2,2 Calculation of Thermodynamic Argon Plasma Parameters

Behind a Reflected Shock

The gas conditions behind the reflected shock are
indicated by a subscript 5 and the following conservation_

equations.can be written in stationary coordinates (Ref.,
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(56): |
continuity equation: Psvs = o, (Vz’V1 + Vs) (2.11)
momentum equation: p, Yes%'=s Pty (Va-va +Vs)1 (2.12)
energy equation: v 4 hS = (vg,-_v.-er)z/z t+h, (2.13)

By combining these expressions with the incident shock rela-

tions (2.5, 2.7 and 2.8) we obtain the following ratios across

the reflec_ted shock_ as a function of the known ratios across

the incident shock.

Ps EE + M es [e,/e.-n ] [65/91 i ] |

s S Pyl N i (2.14)
s _l__ 1 .E:_. M’ [1- € 2]

T 1+ [ Ty ; (el)

+ Yl"' M! [C'-/&*i ' ]1 [(Cs/e.) 1]-14( e; :
2 P lesloi- esf e /e, 5 RTa| (2.15)

~ '/z

Ps )
of = | 35714 0 exp (192310 /75) + 1 (2.16)
Eq'uation of state:
: T
PS = e5 5 (|+ d) (2.17)
P1 ei T‘l '

The two sets of four implicit equations (2.5, 2.7,
2.8, 2.10) and (2.1L|..., 2.15, 2.16, 2.17) are solved numeric-
ally using a non-linear regression subroutine and the resul-
ting values of temperature, pressure, density and degree of
ionisation; which are obtained as a function of the initial

Pressure and shock Mach number, are used to calculate the

FNRNATUNY s scaatrTaca sy e

TATRNANS M~

A0 Alsadasasariin

S s 3

NN

BT TREASANTY,

Sdeeme L



- 42, -

electrical conductiv;ty as shown in the next section.
N Solgtions.are.prgseptgd_in Table I for an initial
argon pressure of»lO_Torr.at various incident shock Mach

numbers between 5.5 and 9.

2.3 Electronic Conductivity of Shock Ionised Argon

*Among the transport properties of»iopiseq gases,
the electeical conduptivityuhgs“probably received the greatest
attention. Therefore, different theg;igs‘hgvg been proposed
in the past and}a;e“generglly_ip agreement withvtheipxperi;
mental data if one applies the expression in the proper

regime. o . o
12 on3 ana

In weékly ionised gases, i.e. n; < 107° cm
a < 19_5 electron-atom epcquptgrs fprm thg main“contribgtion
to the 91ect;igal conductivity. Chapman”and‘Cowlipg (Ref.29)
developed a theory on the assumption that the gas qanlbg
treated as a neutral and the electricel conductivity for small
degree of ioniqation becomes:
-2 , . . "

¢ = 33410 « /(QWT/Z) mho/cm, (2.18)
whérein Q;n is the eleqtronfneutrgl momentgm; transfep. |
cross—section_for argon. Allis (Ref, 6O)HQevel9ps the.expres-
sion for the tensor conductivity in tpis.regime.

For strongly ionised gases, i.e. n; > 1016/cc.and
a > 10-3; thé effective electron—ion coll@sionwfrgquency
< Véi > exceeds thevglectronéatom gqlligion fre@uency by at
least a factor of 10. In this”case,”the majqrity_o?uthe

collisions are distant encounters due to Coulomb interactions

AR T AN e merava 9 e YT S e e

ASEIAAMN
o~

A ALY

PARACANS

)
-hue Y

.y ]

L NN MDD
T, p %




s

between charged particles and this completely changes the
transport mechanism. The scalar eleqtron-ion conductivity
has been calculated by Spitzer and Hérm (Ref. 61) and the
tensor conductivity by Landshoff (Ref. 62) and Shkarofsky
(Ref. 63).

A convenient form of the Spitzer-Hirm equation for

argon can be written as:

-4y __3/2
i T '
G = .56 1o in mho/cm. (2.16)

AR

~For the present experiments, the electrical conduc-

tivities fall in the intermgdiate_rgnge wherein long distance

Coulomb encounters and short range electron-atom encounters

equally affect the conductivity. A common approach proposed ]

by Lin et al. (Ref. 35) consists in calculating the effective

plasma resistivity by adding the reciprocals of the electron- )

atom and electron—-ion conductivities. However, Frost (Ref.

6ly) points out that, instead of adding the reciprocals of the

conductivities, one should add the two collision frequencies

to arrive at a better estimate of the conductivity in the

intermediate region. He %ives an empirical rule for com-

bining the effects of electron scattering by neutrals and

by ions. _ , .
To date, the most general method for calculating the

electrical cpnduqtivityiof gases in any state of ionisation

has been developed by Shkarofsky (Ref.65). The effective

electrical conductivity for any degree of ionisation was
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calculated by taking the Laguerre polynomial series expansion
and substituting it into the Boltzmann equation terms des-
cribing the electron-neutral collisions and the Fokker-Planck
equation terms dealing with the long range Coulomb encounters,
This method is useful only when the collision freduency can
be expressed by a simple exponent of tHe electron velocity.

In a recent paper (Ref. 67), W.L. Nighan calculates
the eleotrical conductivity of several noble gases for arbi-
trary degree of ionisation for electron temperatures in the
300°K to 30, 000 K range. He employs a variational method to
calculate the conductivity, rather than determining the
electron velocity distribution function by direct integration
of the Boltzmann—Fokker-Planck equation, _

The latest available data concerning the electron-
neutral momentum transfer cross-section for argon are prob-
ably the data calculated by Frost and Phelps (Ref. 66), which
are reproduced in Figure 8. ‘

The argon plasme created behind the reflected shock\
can be assumed to be in a state of local thermodynamic equi-
librium. Using a Maxwellian distribution function, the
electron energies of the plasma can be expected to range
between 0.35 ev and 1 ev; for plasma temperatures varying
between 6000 and 12;OOO°K; except for the electron energies
in the tail of the distribution function. In this range,
the momentum transfer cross-—section for the electron-neutral
interactions can conveniently be expressed by a simple power

‘ r . .
r§m: = h is the
of the electron energy of the form: Ven C V', whie
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form rquired for applying the Shkarofsky method., For this

interval, the best fitting curve is shown on Fig.

8 with the
resulting expression for the cross-sections;
o 1.64 | ‘
Qen = 1.1 x 10 20 (él) in m2, wherein U = —z—-ln ev,
From vb

AQenv follows the expr6331on of the electron-

neutral colllsion cross—-section: Ven = C V wherein

o Lo 6L

¢ =1.1 x 10720 , (m) (2.20)
. A ‘\Ze *

r =}4.28 N  (2.21)
for electron energies varying between 0.35 and 1 ev.
Shkarofsky (Ref. 65) shows that the D.C. electronic
conductivity matrix for a plasma in any state of ionisation,
with a magnetic field aligned along the zjﬁxis of an orthogo-

nel coordinate system, without applied electric field can be

presented in the form:

(T - (rll 0-17. o (2'22)
o o) 033
wherein:
= Ty, = Mee’ - + (2.23)
M, g<\)37,+‘}'wbg Vy> (} {l
G Mee* 1 (2.2 )
W= 3 1M 9 <\737 + }w\,% %41)37 A“’b %
’Vl 62 (2025)
()35 = ¢

M, g, 4\7.37'
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n = electron number density

m = electron mass

< v%> =< vgp > t+< Vei > ¢ Total collision frequencies
averaged over o Maxwellian
distribution function.

g, £ : Shkarofsky correction coefficients.

8o ¢ Shkarofsky correction coefficient for an isotropic
plasma,

oy, = cyclotron frequency = eB

. S me

e - = electron charge. o

These formulae can also be expressed as:

2 .
Tay = e®& (2.26)
mcao<va>
-1
] wbg' b
Gy = T2, =A Ta3 %- [1 + (W) :l (2.27)

2 -4
(]',:L :—-6-2| - - 6.-33 Eﬂ-&j_o_ -[1 +(—&i) (2.28)
9*<Vq7 q <Vq7

These expressions should be compared with the simple equa-
. l )

tions for the tensor conductivities as given,for example in

Ref. 68. .
—. Me

| 2711
v = G [1 + (32\) ] (2.30)
d
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G, = _Go(%).l:1+fg |
Vo \Jg* (2.31)
wherein:
v* X \)* 2‘("—2 '/2. - .
g = Vi« Ve, =(TW (n,G Gy, ) e

These expressions are based on Spitzep's free path theory
which ignores the_inter-pgrticle forces and assumes a con-
stant collision frequency. ~For a Maxwellian distribution;
Eq. (2.32) follows 1mmed1ately. ‘ )
Comparing expressions 2.27, 2. 28 2. 30 and 2. 31 we
note that the g and f coefflclents introduced by Shkarofsky
are in fact correction factors, whlch for a single 1onised

argon plasma are functions of the effective collision fre—
< v >
—22__ and the Hall coefficient w, /< v_ > .
<Vei> b g

They can be interpreted as correction factors to the averaged

quency ratio

collision frequency to obtain the effective collision freT.
quency for conductivity as: Verr — 8 < vg > and an effective
cyclotron frequency Wy, éff = f-wb.

We also note that the usual relationship between the
tensor components for the electrical conductivity for a

Lorentzian gas is no longer valid.

Ty . Gp
Por Lorentzian plasma we have: = 1
()—c + G-HL
. ag.
Por Shkarofsky plasma we obtain: Q11 T35 -3 (2.33)
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2.4 Numerical Calculation of Electrical Conductivity Tensor

(a) Calculation of the averaged electron-neutral and

e}ectron—ion collision frequency:

Z. Al-Attar et al, (Rer, 69) discuss the criteria
for averaging the collision freqUencies either over a
Druyvenstein dlstrlbution function or a Maxwellian distrl-
bution function for the electrons. The ratio g/p should be
less than 1 V/ecm, Torr in order to allow a Maxwellian dlstrl-
bution function for the electrons to be assumed. However,
it.turns out that for argon, a Maxwellian-averaged curve for
the collision frequencies follows very closely a Druyvenstein-
averaged curve, so that no significant error is introduced
by using a Maxwellian-averaging technique, even for moderate
values of E/p. By definition of the average we have for a

Maxwellian distribution function:

Vo> = [0 & v‘VeM)
{ Ve, ijvz al,v(_—_3 —

o0
- ! uTn_(va>gvzow
M o vtdv) 3

wherein fo = Maxwellian distribution function for electrons =

me mev?t
mc U)(.F —_

ek Te o 1 kTe
Vgy = C V' as determined in (2.20) and (2.21).
e

After substitution and evaluation of the integral, one

obtains:

o~
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G = 26 2T piss)
o 3Wn M ¢ ' t

wherein r'denotes & gamma function.

(2.34)

For the electron-ion collision frequency, the same could be

repeated knowing that thg electron-ion collision frequency

varies inversely with the cube of the electron velocity.

The following expressions are taken from Ref. (65):

LT Ne QZ t
Vei = A N\ (2.35)
v3 Y1 EgMe
‘ 3/,
um € kT
wherein JN- = 2 ( )

= = : (2.36)
g (ﬂ”k)’z

When averaged over a Maxwellian distribution function, one

' obtains:

. ) — N
(Vei” = ;1\/;5? e e (wieokT) L (5%) oA (2.37)

Finally; we definé the total averaged collision frequency:
4\)37: (Ve > + <v\)u> o | (2.38)
Expressions (2.3&) and (2.37) can be evaluated with
the aid of the argon plasma parameters behind the reflected
shock, . |
The electron density and the neutral particle den-~
sity for a single ionised plasma follow directly from the

definition of the degree of ionisation or:

Me =My = e« | (2.39)
Ma
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wherein m, is the mass of an argon atom or 6.63 x 10-26 kgr.

m, = \-x).fi
A ( P (2.40)
Relevant data are listed in Table I for an argon
rlasma behind the reflected shock created at initial condi-
tions of a 10 Torr initial pressure and incident shock Mach

numbers ranging from 5.5 up to 9. The data listed are

respectively: _
Electron density (EN) in #/m3.
Neutral particle density (FN) in “/QB.
Averaged electron—ion collision frequency (< NUEI >)
Averaged electron-neutral cé;lision frquency (< NUEN >)
Total averaged collision frequency (< NUG >)

The ratio < Ven s/< Voi > (< NUEN s/< NUEI )

1 ?,t"le
The plasma frequency (LQP = 7ﬁii§)
. - kT
The Debye length in m. ( = e;"'o,

(b) Calculation of the Shkarofsky Correction
Coefficients g and f: _ - o
As in the calculation by Al Attar et al. (Ref. 69),
wé solve for the quantitiés g and f for the power law

r = };.28 using a L4 x l matrix scheme; the correction factors

can be expressed as: ,

A1) _<Vs> (2.41)
3= QR (hoo| | <Vei” 2
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‘[&ool {Ve? (2.42)

wherein [A] is ﬁpe determinant of & composite matrix A given
in Ref. (65), Eq. (55c). Each element of this matrix is the
sum of three contributions: from the electron-neutral inter-—
actions (wherein the power.law r enters), from the electron—
ion interaction and the electron-electron interaction. These
three matrices are given respectively in Ref. (65), Ega. (L8,
49 and 53). | |
‘Aoo‘is the 00 minor ofl AJ. B

Knowing the velocity_exponent for the collision
frequencies, the determinants can be calculated. For every
plasma condition the ratios < V;n>/< ”éi > and w, /< Vg > are
obtained and the correction factors g and f are calculated.

A note of caution should be vqicgd'about this
procedure. As pointed out by Al Attar et al, (Ref. 69)? the
convergence of the Laguerre expansion has to be checked,
especially when using a velocity power law larger than 3.

In our case; a power law r = [}.28 could result in
an overestimation of g and an underestimatign of f particularly

for large < Ven >/< v_; > ratios. Al Attar, using the same

el
power law, states that these numerical results should not be
extrapolated below M, = 8 for which a ratio <vg >/<vg 3> =5
exists at initial pressure of 5 Torr. The same ratio for the
reflected shock experiments is obtained for an incident shock

Mach number of 5.5 at 5 Torr initial pressure, indicating
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(c) Calculation of the Tensor Components of the

Plasma Conductivity:

Knowing the Shkarofsky correction factors; which
agree with the g and f factors given in Ref, (69); it is
straightforward to calculate the tensor components from Eés.
(2.26, 2,27 and 2.28).

Figure 9 shows the calculated values of the scalar
electrical conductivity for an argon plasma at 1 atmosphere
versus temperature for a power law r = },28, |

E.H. Dudgeon (Ref. 70) and J. Lau (Ref. 71)
evaluated the electrical conductivity for an argon plasma
- using Shkarofsky's method for a velocity power law r = 3,7,
This power law results from a best fit of the electron-
neutral momentum transfer cross—sections for argon from
Frost (Ref. 66) over an intérval of electron}epergy between
0.3 and 10 ev. To show the effect of a different“power law
on the resulting conductivity, the data.for r = 3,7 are
plotted ih Fig. 9. Also shown are the data for conductivi-
ties using Lin's method (Ref. 35) with Frost's cross-sections.
R. J; Arave et al. (Ref. 72) compiled_extensive data about
argon, including the electrical conductivities which are also
shown in Fig. 9. ’

It is interesting to observe that, as Frost pointed
out (Ref. 6li), the conductivities calculated with Lin's method

show a discrepancy in the intermediate range {7000°K) for which
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Frost applied a correction factor. ~Agreement between the
curves improves on approaching either the low conductivity
or the high conductivity regime as expected. Comparing the
two curves for the different exponents indicates that the
conductivity.is not a sensitive function of the exponent r.
Figure 10 shows the three components of the con-~
ductivity tensor versus incident shock Mach number for an
argon plasma behind the reflected shock. They are presented
for a shock tube initial pressure of 10 Torg apd three values

of the external applied magnetic field of 2, L, 6 Tesla
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Chapter III
THEORY OF HALL CONDUCTIVITY PROBE

In the field of plasma physics, one often encounters
situations whereby large magnetic fields are used;beither to
confine a plasma or to extract energy from a plasma such as
in MHD generators. In many cases, the plasma loses its iso-
tropic nature and the electrical conductivity becomes tensorial,
The design of MHD generators is often-based on the magnitude
of the Hall effect; in the extreme case one talks about Hall
generators. A

The Hall effect can also be a powerful plasma
diagnostic tool in measuring tensor conductivities, electron
densities and collision frequency as was observed by Zauderer
(Ref. 73) and M. Nagata (Ref. 74). Here also, inductive
probes have a clear advantage over electrodes since no sheath
effects have to be taken into account. ‘ '

Reference (L46) lists a few attempts that have been
made to include Hall effect; in determining the response of
an inductive probe. Selamoglu and Maeder (Ref. 43) consider
the response of a short coil immersed in a conducting medium
and give an exact treatment of the problem for unit filling
factorvonly; which limits the usefulress of the device.
Savic and Stock (Ref. ﬁﬁ) give an exact treatment for a
filamentary coil cutsid? a conducting core. The nature of
the Hall effect implies a second order effecp on the coil

and often, very large magnetic fields are required to detect
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any anisotropy. The present probe configuration relies on
the stray field of the coil and it will be shown that this
provides larger sensitivity to detect Hall effects.

The objective of this study is to establish a
relationship between the tensor conductivity and the resis-
tive and reactive changes of the coil impedance. This,
combined with a proper calibration of the probe and the
detection circuit makes it feasible to measure the Hall
effect in plasmas. After presenting a mathematical model of
the probe, the analysis is worked out for the immersed coil,
The presentation of the numerical results follows in the form
of a parametric study and this chapter concludes with some
observations and comparisons with other probe configurations.

3.1 Presentation of the Problem

A coil of finite length is immersed in an electri—
cally conducting medium. A D.C. external magnetic field,
aligned with the axis of the probe coill, makes the medium
anisotropic and modifies the electric and magnetic fields
generated by the coil in the plasma. Since the resulting
vector potential in the plasma (K}), contains an axial com-
ponent, the analysis will be done in terms of the magnetic
field components themselves.

The following assumptions are made to render the
mathematical model manageable.

(a) The coil consisté of an infinitely thin circular
cylindrical sheath with radius a, length £, and consists of

N ribbons of wire with resulting turn density n = N/f. The
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outside radius of the probe is b. Each turn is circular
(zero pitch).

(v) The alternating current in the coil; at 10.7 MHz,
is distributed uniformly along the coil. The current is
small enough to allow Joule heating of the plasma to be
neglected. - ]

(c) The medium in which the probe is immersed extends
to infinity in all directions, 1is homogeneous and at rest.
(a) Dielectric constant and magnetic permeability of
the medium are scalar constants and were assigned the value
for vacuum. _ S

(e) The electrical conductivity of the medium is finite
and is different for different directions (i.e. a’tensor).
() The external magnetic field is constant, parallel
to the probe axis and uniform over the probing volume.

(g) Displacement currents are ignored.

A éualitative picture of the phenomena follows
closely the description given for the probe in an isotropic
plasma. However, due to the presence of a strgng axial
magnetic field, the azimuthal induced field é’m, will produce
a current in the plasma which is no longer purely azimuthal
but has three space components. The component of the current
in the radial direction is the Hall current. Since the probe
wall is non—conducting; the Hall voltage driven currents must

form closed loops. Since the coil has a finite length, the

radial Hall voltage will be strongest in the centre of the
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coil and is zero past the coil ends. Under this axial
gradient, the Hall currents will close with a return path
past the coil end. If we freeze, for a moment, the azimuthal
component of these eddy currents, we notice two current loops,
in meridian planes going through the coil axis, which modify
the impedence of the probe coil. From this description, it

follows that the Hall effect will show up as a second order
effect.

3.2 Analysis of Hall Probe

Shkarofsky shows that the electricel conductivity
matrix for a plasma which is under the influence of a magnetic
field along the z—axis of a cylindrical coordinate framework

for a zero applied electric field is:

The components gp(= g17),

G (rH o O’H(= 012); and CP(= 0‘33) are
— calculated in Chapter II. The
T=|% o o subscripts T, H and P stand for
o o @ transverse, Hall and parallel
respectively. (3.1)

According to Ohm's law J = § §, the components of
the current density in the r, o, z direction are:
}t = Q7 8¢ + Oy SY
(H = -Gq €a + Oq gtf (3.2)

-Xz = ¢P gz
which can be solved explicitly for the electric field:
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gq_ Sy .3'1- S"(}’f
S‘f = Sy ‘}'L t STJ(f

(3.3)
Sz = jz.sr
wherein: o G |
ST= .-..l—T_z ) SH I _1_7: ) SP,: —_—
d} +Q—H G-‘T’L*G-H G_P

This analysis follows closely the analysis done by
P. Savic et al. (Ref. L}y) for the external filamentary coil.
While, in that paper, thé assumption was introduced that
ST/SP = 1, which is true for the classical Lorentz plasma,
as pointed out by P. Savic, we did not use this assumption
since we mentioned in Chapter Ii, BEq. (2.33), that this
simplification is not strictly'valid for a Shkarofsky plasma,
e.g. at an incident shock Mach number of 6, and a magnetic
field of 5 Tesla, this ratio is approximately 1.l.

In order to determine the magnetic field from the
plasma current, we use the fourth Maxwell equation without
displacement current:

VxB=ud
which can be expressed in cylindrical coordinates using

azimuthal symmetry:

1 "0Bg

"= "% %z
. B'g /aBz
d‘f = JF‘ (?az - R ) (30’-]-)

. | ’a(,lg
Xz = o 9n ?)
In order to eliminate the electric field from Egs. (3.3) and

(3.4), the third Maxwell equation can be used:




& ERTINE

FTTY MACTEYRN (SR B AL B [T N B RO

..59..

gl

F V; .é =—‘a
rom \/ X 5

we obtain in cylindrical coordinates:

o

Ier _
ot Dz

0By 38, &
9t T 92 D=z

[

(3.5)

£ 9
“«TL’E = _% In ('l&f)

Solving for the components of the magnetic field
generated by the coil currents (Eb), the plasma currents
(ﬁb), and the reflected magnetic field (Eﬁ), it is convenient

to postulate the functional form of these fields. The expres-

sions developed in Chapter I can serve as a useful guide in

' finding the proper functional form,

The expressions for the vector potential derived
in Chapter I can be transformed into equations for the magnetic
field by using the vector relationship: B =Vx X and per-
forming the curl operations in cylindrical coordinates.

Again, we distinguish three regions and use the
same subscripts as in Chapter I.

Subscript D: Driving magnetic field (a < r < b)

P: Magnetic field in the plasma (r > b)
R: Reflected magnetic field (r < b)

By including the

time dependence of the magnetic field, one

can write Eq (1.9) as follows:

A‘i’u =

o™

pot

———

oD
T k) Ka (kn) oo (y,ot-\—"}kz) ok

0
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from which we obtain the magnetic field components:

0 _
- _ oA oIl __
B'cp = 57 = - b;r-— Ak L4 (ak) det)wr(awt-‘-(}kz)d,k
° (3.6)
B?D =0
D 20
Bzp = %:_’L ’LA(P) =- h%g[k—_[‘;(ak) l(o(h)W(&WthkZ)dk.

For the case with Hall effe-ct, the reflected mag—
netic field has three components due to the presence of Hall
curreggs in the plasma. Again, the functional form of the
z com%énent of the reflected megnetic field can be derived
from the vector potential in the case without Hall effect
(Eq. 1.19): 2 |
A‘W\ = S Fr() T4 (k) enp (Swh&kz) d.k

°

The radial component of the magnetic field must
vanish at r = 0, because v e B = O; the same is true for the
azimuthal component, so it is reasonable to postulate a

I, (kr) relationship. Hence:

BTK r R, T, (k) '”‘f’( awh- '}kz)dk

J
0

rOD
Ben - [TaWTal exp (ubajindetk

J /o

(3.7)

Bza :.rlc. ?.. (’lA‘fR)

on

»
5, 7,409 T (1) esp (ot i) ki

0

wherein RR, TR and ZR are unknown functions of the parameter k.

A
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To postulate the expressions for the magnetic field
in the plasma, it is convenient to derive the z component from
the expression (1.18) of the magnetic vector potential for g

plasma without Hsll current:

ob
A(‘;P = ( FPCB) Kd.(,dﬂ-) W)cf(,'awt+3kz) dk
0
The radial and szimuthal components of the magnetic field

in the plasma should vanish at infinity, which indicates the

need for a.Kl(dr) relationship. Hence:

[ o0
Bep = | Rp (@) Ka (dn) exp (fut + jk2)d k
Byp = JP(OL) IKa (dn) epep (juot+ ) Lk .5)

D
0 - it kz) d k
0
In order to obtein a relationship for the unknowns RP’ T, ZP’

we first celculate the current density in the plasma by sub-

stituting expressions (3.8) in (3.4): \

0 .
Jo = ——;: J a.kTp(d) Ka(n) w'f(}"wk”kz} ck
Jo = -r“- r(&k R,,(at)+d2p(a\) Ka (dn) encp (éwhjkz\dk (5.9)
G T \ + 1kz) dk
Y, = —."; S d \P(A)Ko(d:d wr(aw& J“ ) dl

0
Next, the electric field can be calculated from

expressions (3.3):
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€. = _1 wg ke Toe) + Sy (ik Ry (d) Zo ()
R = I"[T‘}(P +H}<pd+dp]
: ki(o\n)%c]a(a'wt—v}kz)dk

8‘(’ = __‘F g[SHJ“TP“”‘ST(ijP“‘)*dZP(d))]

y K»l (dn) ep (&wt + (')kz) ok

| : : ¢

gz - _ 2 SPOLTP(GOMCF(&(M%*-(}‘(Z)d’k o
r i

0 oy

9}

(3.10) ﬁ

from which the following relationships result by substituting
\
(3.10) and (3.8) in (3.5) and cancelling the common integrasls

on both sides

é fw Rpld) = -5rk Rp@) + Sy K Tp(d) + Spjkd Zpcal)
('”tw TP () = ;sH k"RP(d) +SPoL‘TP(d)-ST|<°‘Tp(d3+ (}SH&kZP(ol)
J [ Zp () = JST kel RP(dLJSHkoLTpus + SrdlZpla) .

(3.11)
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This is a system of three homogeneous linear

algebraic equations for the functions RP(d), TP(d) and ZP(d)

which have solutions only if they are compatible, i.e. the
determinant of the coefficients mush venish. The three

equations do not contagin any eigen functions which follows
from the judicial choice of the functional relstionships in
expressions (3.8).

This system of three homogeneous equations can be
simplified by using the second Maxwell law:‘7°§ = 0 which,
applied to equations (3.8), reduces to:

dRp(d) - jkZp)=o (3.12)

By elimineting 2;(d) from (3.1la) and 3.1lc) using (3.12),

it turns out that two equations are identicsl. Hence the

set of equations (3.11) is identical to a set of equations

(3¢12, 3.11a end 3.11lb) from which ZP(d) cen be eliminated.

This reduces the set to two homogeneous linear algebraic

equations for which the determinent has to vanish, or:
jpoo « S; ) - syw

| — o
Sy (K:-dt) “wu +37k}-Spd* (3.13)

At this point it is useful to introduce the following non-
dimensional quantities:
S,= STG—P ) SL: SHQ—P ) Sa= SPCFP

3
Se=Tpprwhb

‘ h
q=kb = b= (e o)

e,y
1Ak

IBSHZAL
VI A

=

X « vyman
A8 -Add

RN NIAM
F S gd-0-4

AN
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H= 3t = gy ter =
T2 parasmecer = wr
G- &
Sa
F= 3o
Sa
S
U = Y - aF
The compatibility equation reduces to:
[
( % P
+ G H y? < ¢
Xe,2 = U )\)+ 1Y EE;
. 0 £
L ' /i I :‘)
— 1 1 2.y e
 [[0+&u + HyH\E [ U+ HTY o
2 6 G iﬁﬂ

[
g
hd

(3e1l1)

This gives two values for x from which follows that each of
the constants RP(x), TP(x) and ZP(x) have two values fopr
which the set of equations (3.11) has a solution.

This means then that we have nine unknown constants:
Rp(xs) | Rplxa) | Rely)
Tp(xa) , Tpxy) , Triy)
Zo(xs) ) Zpa)y Zply)
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for which nine equations are required. These rémaining

equations are given by the following boundary conditions:
(a) At infinity: The choice of K as the modified Bessel
function satisfies the condition that the magnetic field
vanishes at infinity.,

(b) At the surface of the conductor: (r = b}, both the
tangential and normal magnetic field components must be

continuous since the magnetic permeabilities on both sides

of the probe boundary are equal.

Fronm: [ED"' BR]'&:‘) = [§P]z=b

we obtain the following three boundary conditions:

l" I iy Tolhg)Kaly) + Re@)Taly)
= Rp()(t) Kﬁ.(.X;\) + RP (x:) k'l()h.)

Tn(tg)I¢(\j) = Tp () Ka () + Tpxa) Ka ()

(3.15)
p hT

Y J-o.(hn) Ko ('j) + Lply) Loly)

= Zp()ﬂn) Ko(Xn) +Zp(xl) l(o(Xz)

(c) At the probe wall no radial current can exist or
Jpo =0 at r = b, Applylng equation (3.La) for B R’ mP’

two more boundary conditions result:
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M TR(‘M I'.L(‘{Q =0 or Tk(tj) =0

and (3.16)

H Tp (Re) Kalx) + j\jTP (xa) Kalxa) =0

or  Tpa) Kalx) + TpUy Kalha) = 0

(d) Since the magnetic field is source free we can write for

the three magnetic fields: Y *E, = 0

V.§D=O

VB =0
The first is already made use of (Eq. 3.12), the second
equation is automatically satisfied by the postulated expres-

sion for the driving field and there remains one extra condi-

- tion concerning the reflected magnetic field which results in:

Retly) + §} Zrly)=o (3.17)
This gives the nine required equations to solve for the nine
unknowns. The compatibility requirement for the set of equa-
tions (3.11) reduces it to two pairs of independent equations,
one pair of which can be replaced by the pair of equations

(3.12) for convenience. The nine independent equations ere:

from (3.1la): (3304- Ca 32_ $, xf)Rp(x.) - Suj‘TP (x.) =0

(igo + Syt -3 X2 ) RP(XJ - Sy’ Tp (x)=o0
from (3.12): Xy Ry () - 3 ZP (x) =0

i

o

xu Rp () - jy Zp (k1)

MY
13

a3 A Ln
b\'_‘\"i:‘\{?\\

-

s
]
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3.15a: R (Xt\ \M(x.) + RP (X1) K'L(Xv\ - RR (tj) 4(‘3}
il h (3 T, (hg\ \‘\1(\3)

3¢15c: ZP () Ko(m\ *ZP () Ko (e) — Z R (4) To (\j)
- . __‘A'h_l L‘,] Ig(.\'\:']) ko(&j)
m

3.16a: TR (4y)= o (3.18)
3.16b:  To (x0) Kalx)) + Tplxa) Kalxe) =0
3.17: Rp (Y + j Zaly) =

Any change of the voltage measured across the coil

is attributed to the temporal change of the reflected mag-

. netic field across each wire loop of the coil. Since each

loop of the coil lies in a plane whose normal is parallel to

the z—axis of the coil, only the z component of the reflected

magnetic field can modify the voltage across the coil. Hence

we have to solve the set of equations (3.18) for ZR‘ After

repeated substitutions and eliminations the following expres-—

sion emerges: \
Zrly)=y -b—— Lalhy ‘jk"w E kaly) (3.19)
\j Io(.lo) t+E I/.L U{]S
wherein:

Cy | \(o(x,) X Ce . ko(xt\.

E=x
* CQ_“Cﬁ ‘(4 (xl) : Cg_"Ci l{ﬁ,(,xt)

C(\_ = é S0 + Si(.'jz"x'z)

Cy = 330 + 4 (.\Jz'xtz)
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The voltage induced in a single turn coil with

radius a, due to the presence of a conducting medium can be

calculated from Maxwell's third law,.

Q
—_ - d .
§8Rde ="€t S(BZR OLS = - 21 aw rLBz_Rd"q’ (3.20)

By substituting the expression for B,n from (3.7¢c) and (3.19)
into (3.20), and carrying out the integration over the radius,

the following expression results for the induced impedance in

a single turn coil situated at z = O:

AZ = 20 jw ph e/.\oP(J'wb)

¢

J Ting) SR (2 yay a5

o YToly)+ ET4(y) ,? 4

From this expression, the change of impedance for a multi- %Ef

| turn single-layer coil, situated between -e/a and +€/2, with égé
a turn density n(=N/{) can be calculated by integrating the ﬁ

single z dependent term in (3.21) twice between the coil

boundaries —(/2 and +£/2.
+th  +%

g bt
Since (‘gdzdh::_.0~wwm)
1
-'zll - 1/14 U
wherein w = {/b,
The final expression for the impedance change for the immersed

coil after the time dependent term exp(jwt) is omitted can be

written as:

, |
Az =ujhba Tl _9Kold) -Ekaly) \-oos(w%»df}(

wha y? YToly) + ELaly)

3.22)

-
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This expression is identical in form with the expression
derived in the first chapter except for the E factor which
éxpresses the anisotropy of the plasma., Since E is conplex,

the impedance change again will contain both a resistive and

a reactive component.

3.3 Numerical Solution

Numerical solution of equation (3.22) follows the
Same pattern as in the case without Hall effect except for
the added compatibility requirement.

In order to present a parametric study of a single
layer coil, a classical Lorentz plasma was considered in
order to avoid the problem of calculating the ratio 8,/8 of \
the Shkarofsky correction coefficients. The error, however,
- 1s very small as noted in Chapter II.

The controlling parameters for a Hall plasma probe
are:

(a) s number (=yOwb2) or the square of the ratio of probe
radius to the electromagnetic skin depth.

(b) h (= a/b) the filling factor of the probe.

(c) w (=2/b) length ratilo of the coil.

(d) H: The Hall parameter defined earlier as s,/s, which

reduces to H = w/< v. > by using the expression for the

g
tensor components of thg conductivity defined in Chgpter II.

Defining ¢ = 1/< V> the Hall parameter is often written as

|
H":wo[.

In order to illustrate the sensitivity of the probe

response to Hall effect, the following study concerning a

» 1
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single layer coil with a fixed length ratio (w = 6.3), vari-
eble s number, variable filling factor h and variable Hall
parameter for a Lorentzian plasma was carried out,

Figure 11 illustrates the variation of the normal-
ised probe response for both channels (AR/wpa, AL/pa), as a
function of the s parameter for filling factor h = 1/3 and
fixed length ratio (w = 6.3) which is close to the geometry
of a practical coil., Each family consists of five curves
for corresponding values of the Hall parsmeter.

These curves should be compared with Figure 5 of
Ref. (4) which corresponds with a filling factor h = 3 for
the external coil.

In Figure 12 the normalised inductance change (AL/pa)
- has been plotted against the normalised resistance change
(AR/wpa) for three different filling factors, h =1/3, 1/2,
2/3, which constitute the three distinct families of curves.

In each family, each of the curves corresponds to
a different value of the Hall parameter, H = 0, 5, 10, 15
and 20, respectively. Each curve in this family traces out
all possible values of s. The transverse lines crossing the
upward going curves describe a path at constant conductivity
for various Hall coefficients. The radial dashed lines
centred at origin join the points at the three femilies of
curves with identical s number and Hall paremeter; in this

case, the radial lines are shown for s = 11,
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3.4t Discussion of the Numericesl Results

First, we consider the operating region which, for
shock tube plasmas, is centered around s = 0.3 (Pig. 11). 1In
this region, the dependence of the inductance on the Hall
parameter H is much stronger than that of the resistance,
which is confirmed by experiments. While the sensitivity of
the impedance change in the measurement of scalar electrical
conductivity increases strongly for increasing filling factor
(Fig. 3, L), the relative sensitivity to Hall effect is
practically independent of the filling factor in the oper-
ating region around s = 0.3.

By comparing Fig. 11 with the equivalent graph in
Ref. (4li), Fig. 5, for the external coil in the same oper—

- ating region s = 0.3, one concludes that the relative sensi-

tivity to Hall effect for the immersed probe is more than
double the sensitivity for the extermal coil. As pointed out
in Ref. (4L}, Hall currenté‘can only flow in the fringe field
of the external coil while the immersed coil senses the plasma
only by way of the return flux which has a larger radial field
component. However, one cannot extrapolate this conclusion

to different s regimes. Figure 1l indicates clearly that

the resistive channel will give ambiguous results for

1 <« s « 10. Beyond that region, the change in resistance due
to Hall effect is reversed and sensitivity is not very good.
As indicsted already, for s < 1 the inductance cheange is

very sensitive to Hall effect while the sensitivity is
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reduced for increasing s. For s 10, the reactive chernel
becomes unsuitable to detect Hali effect. The impedance
diagram of Fig., 12 illustrates the same conclusion and shows
that this is true for any filling factor. This figure also
illustrates that the points in each family corresponding to
the same s number are colinear not only for the scalar
conductivity but also for the case with Hall effect.

The last parameter to be di;cussed is the lergth
ratio parasmeter w. We recall from Chapter I that the sensi-
tivity for measuring scalar conductivities increases as
wl'82 (Eq. 1.39) in the small s regime when all other para—
meters are constant. However, the sensitivity for detecting
Hall effect decreases for increasing length ratios. This is
~shown in the table below for a case where the £illing fzctor
h = 0.5, at s = 0.3 which corresponds to shock tube plssma
conductivities, for four different length ratios. The rela-—
tive sensitivity is calculated for a Hall coefficient of 5

T\ﬁo - ms and Kro - ES

and expressed as in percentesge. The

Kﬁﬁ KE;
bars over the symbols indicate non—dimensionalised units.
W AR Kﬁ;’ o/d AL, KEB o/o
2 3.89 2.62 33 1.61 0.63 61
I 12.19 9,07 26 5.77 2.49 57
6 | 2180 17.70 1o 11y 553 52
8 31.78 27.59 13 17.87 9.65  Lb
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This reduction in sensitivity in detecting Hall
effect by increasing length ratios indicates again that Hall
currents flow only in the fringe field of the coil, 1In theory,
an infinitely long coil would be very sensitive to measuring

conductivities but would not detect Hall effect in plasmas,
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Chapter IV

IMMERSION PROBE RESPONSE IN NON-UNIFORM PLASMAS

The small size and simplicity in handling is the
main advantage of the immersed conductivity probe. The
small probe acts as a local detector and measures the
conductivity in a very small volume thus resulting in a
high spatial resolution. But, as Poberezhskii points out
in Ref. (41), this method does not completely eliminate the

problem of nonuniformity of the conductivity profile} since

AL B

a boundary layer is formed around the surface of the probe,

-.'-‘r;n

2«

and its relative influence is greater, the smaller the ‘i Z
Rt

dimension of the detector. This then is the main drawback ﬁ!;
S g

 of such a system, and it suggests that there is a limit to £y 5
1

the spatiasl resolution which is dictated by the dimension

S AR
9 ANE

of the boundary layer.
Some sttempts are cited in the literature
to determine the probe respénse in a nonuniform medium
with arbitrary conductivity profiles. In a recent paper
by M. Ciambi and N. Talinj (Ref. [j2) an attempt is made
to determine numerically the probe impedance for nonuniform
plasmas with conductivity profiles of the type g(r) = omax(l—mrn)
and concludes that a weighted conductivity average can be

defined, but that a use{ul average conductivity can only be

obtained at low frequencies.
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For an immersed conductivity probe, tﬁe effect
of a thermal boundary layer can easily be calculated,
assuming the conductivity profile spproximates to a step
profile, simply by changing the effective probe radius,
This is not an unreasonable assumption! as Emmons and Land
(Ref. 75) have shown that plasma conductivity is such a
strong function of temperature (cf fig. 9), that cooling
by the probe has roughly the effect of moving the (almost
discontinuous) plasma boundary further.away from the probe?
However, this assumption presupposes that the inverse ﬂ
logarithmic space derivative of conductivity is small
compared with the characteristic probe diménsion.

Figure‘13 shows the sensitivity curves for both
the fesistance and reacténce change of thé probe coil for
various effective probe radii. As was‘mentioned in Ref. (L46),
a measurement of both impedance components can give some
information about the conductivity profile and boundary layer
thickness, becguse of the different sensitivities for the
impedance components. This technique could be useful in the
range around unity s parqmeter, whére resistance and reactance
variations are sensitivelto changes in the conductivity préofile
and boundary layer thickness.

In this chapter, a study is made of the thermal
boundary layer in a sta%nant hot éas behind the reflected
shock in a shock tube. This temperature profile can be

trensformed into an electrical conductivity profile using
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the Shkarofsky approach, and one calculates the probe
response for such conductivity profile.

This chapter consists of two parts. The temperature
profile is evaluated on the basis of conductive and convective
heat transfer, this then is converted to a conductivity
profile which is cast into an analytical form using a least
square fitting technique. In the second part, the probe
response is analysed on:the basis of a conductivity profile

of the form g = 0o *+ p2/r2 + p3/r3.

4.1 Study of the Temperature Profile in Thermal Boundary Layers

Throughout this analysis, we assume ideal shock
tube condition behind the reflected shock, i.e. the gas is
stegnant and no interaction occurs between the reflected
shock and the viscous boundary layer formed around the probe
by the passage of the incident shock.

Carslaw and Jaeger (Ref. 77) treat the problem
of the transient heat conduction in cylindrical solids
after a sudden change of tﬁé inner surface temperature,
assuming that the characteristic parameters of the medium

are independent of‘tempenature. The solution for a sudden

cooling of a hot gas surrounding a cold probe can be written:

Y
ToTw o 2| oep(- wot)
Tw T |
To-Tw o | (4o1)

. To (1) Ya(ob) = Yolur) Jo(ub) o
jol (Ub) -+ YoL(Ub)

L
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wherein: J zero order Bessel function of first.kind

o
Yb ¢ zero order Bessel function of second kind
T{r.t) = temperature profile
Tw : wall temperature of probe
T, : ambient gas temperature
t = time | _
‘u = integrgtion variable (dimension 1/L)

% : diffusivity of gas (_=x/pCb)

[N

A calculation of the initial jump in the probe

3
T

wall temperature for a quartz probe shows that the wall

temperature remains approximately unchanged due to the very gia
poor heat conductivity of quartz. This is verified by ﬁiﬁ
expefimental data obtained frpm a thermocouple iﬁserted in 32%
the probe. The temperaturé rise &uring testing time was less géﬁ
than 5°C which is negligible qgmpared to the plasma temperature. %

The tempéréture prcfiles resulting from (L.1) must
be modified due to the highly non-linear nature of the plasma
parametefs, wﬁich is 6aua§d mainly by the occurrence of
jonisation. In order to obtain more realistic temperature
profiles, the thermodyna&ic parametersifor argon are needed,

such as the temperature dépendence of heat conductivity, heat

capacity, and density.
’ /

The differential equation for unsteady heat
conduction can be derided from the principle of conservation

of energy, which, after insertion of Fourier's law of heat

conduction, becomes:




S (ol et
V.(APT) eCr 2T =0 -

wherein: 3 (T) : thermal conductivity in Kcal/sec,m,®K
p(T) : density in Kgr/m3
CP(T) ! specific heat at constant pressure

(Kcal/gr,°K)

All these parameters are a function of temperature.

In cylindrical coordinates, expression (l.2) takes the form:

i 27
n QQ(AR ——5-6 PY?

Non—dimensionalising this expression, we introduce the

[NSFAR TN}

TSNAtD
SRR A

(L4.3)

1]
Q

AN

i

o)
e
o
<

P

following quantities:

r_ : radius of the probe

o
To : temperature of plasma behind reflected shocg
PO,XO,CPO : respectively density, thermal conductivity and

specific heat at temperature T .

We define:

A=A /A
r* = r/r
¥ = /T,
o™ = p/p,
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Po po

Inserting these nondimensional quantities in (4e3) we

obtain
\ * T
N'2* 9T | _ o*cr 97" (o)
'L* g'z ( 3’{* e- P Q y 0

In the following, the asterisks will be omitted -

for convenience. A possible waj to solve this nonlinear é.
second order partial differential equation, is to convert f%}%
it to é difference equation and solve numerically. | %.?f
Judging from the results obtained from the 3?%
analytical solution of'eq. (4.1),.the temperature profile g?%
>

will change rapidly at the time of the passage of the
reflected shock over the probe-doil, also very steep spatial
gradients occur close to the probe wall so that some
stretching of the spatial and time coordinates is needed.
Stretching of the spatial coordinate is effected
by r = e® while stretching of the time close to the origin

is done by & =‘Qﬂ\%u This transforms expression (L.l) into:

) — '
? o7 o7
_A. _a T_{ ._:c :a._i\—r (5:\ e eCP P :)TI; = U—I-og)
C c e
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In order to calculate the temperature profile,
we construct a two dimensional grid whereby the spatial
coordinate c[%(n-l)%~£]is divided into n equal segments of
length { and the time coordinate is divided in k equal
sections of duration q such that the stretched time coordinate
p = 1-(k-1l)q (Fig. 14). In order to address a cell in this
grid we use a subscript n to locate the distance and a
superscript k to indicate the time. When a centered
difference scheme is used for the spatial coordinate and
a forward difference scheme for the time coordinate, we
can express eq. (l4.5) as follows:

k - K

. . _ 2
}\:\ ) T'\:ﬂ + I‘V:l "'ZT‘:_*_ _‘ ) A . Ym+y - l'h-l —l
o2¢ | 4@‘ o AT 9 ¢ J
k K . (4.6)

which is an explicit expression to calculate the temperature
k+1 |
Ta

when the temperature is known at time interval k at tPe

three positions n-l1, n, and n+l,

k k ’
—rﬁ;ﬂ = me + -——fl———-

k 13 .
Cw Cpa P | (e 7)

_—k ~k =k kK _k \2
A’J: \‘n-‘-] 4+ Im-l - QTM + I ‘aA TM-"\ - Im-| \

nt Lt it 2T 2 ¢ }
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Boundary conditions:

& — At time t=0 (or k=1), the temperature is the reservoir

temperature everywhere except at the probe wall or:

1
Tn =1 fornsl

b - At all times,'the'témperature of the probe wall remains
quasi steady at room temperature which is justified

during the short duration of the experiment, or:
T{ = égg- for all values of k

c - The_teﬁperature faf'awéy frbm the probe has not been
perturbed by the prgsenéé of a cold probe during the

short time interval of the experiment, or:

TNEl =1 wherein N is g ?

-

uitable large value of n

Once_the temperature is calculated in a cell;
we have to evaluate the value of the parameters A, p, Cp \

and also %%-before proceeding to the next cell.

a -~ Calculation of_x(T):

Extensive data sbout thermal conductivity of argon
Plasma are contained in Boeing report (Ref. 72). Since the
thermal conductivity for argon plasma is virtually independent
of pressure, a curve fitting (using a least'square method)

procedure of the thermal conductivity versus temperature in
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the range of interest (i.e. up to 12000°K) was carried out.
The following third degree polynomial in T gave errors not

exceeding 5 percent:

>\(T\ = aTa + le ycT+d @Yom, 5, (4. 8)

wherein: a = 0,231935 1071l
=10

-6

o’
]

-0.22120Y4 10
c = 0.122202 10
d = ~0,29876L 1070

b = Calculation of p, Cp: 235
The assumption of constant pressure during the % %
cooling in the thermal boundary layer'is generally accepted g}ﬁ
in boundary layer work. In this case, thé Saha equation can gia
be used to calculate the degree of ionisation for temperatures %

below 12000°K. Using the temperature T and pressure Po

behind the reflected shock, as calculated from the shock
' \

equation, the Saha equation
-
oxp (d¢/1) +1

§
ol = 2.72 10

.rih

gives the degree of ionisation for a gas in thermal

equilibrium, ' ‘

From Ref. (56) the specific heat at constant pressure

can be expressed as:

-
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C, = 3 ol R ¢ ot & _8_".)‘ .
P S R(1+a) + = (1= « )£+ = (4 9)
For argon: 0; = 182900°K

R = 4974 1072 cal/gr,’K

The density can then be calculated from the equation of
state _ Po
¢= (1+«) RT

Results:

The accuracy of such difference schemesto solve
the partial differential equation was checked by using
constant parameters and comparing this temperature profile
with the analytical solutions according to eq. (L4.1). The
agreement was good, which is an indication that the step size
was properly chosen and the truncation error was negligible.

The real gas effect on the thermal boundary layer
cooling resulting from conduction only is to steepen the
temperature gradient close to the wall. This is due to the
latent heat of ionisation which tends to keep the temperature
up in the range where the degree of ionisation decreases
(above 6000°K).

A further refinement of the temperature profile
study is achieved by introéducing convective heat transfer

mechanisms,
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It is customary to assume constant gas pressure.
T.A. Thomson (Ref. 78) uses an order of magnitude reasoning
to show that the pressure change is negligible and concludes
that only the continuity equation and the energy equation
| are required to solve the problem., Bunting et al (Ref. 79)
solve the problem in plane geometry assuming negligible
viscous dissipation and constant gas pressure, by applying
a similarity transformation.

Such a transformation cannot be readily applied
in cylindrical geometry, which is the reason why we solve |
the problem by transforming the differential equations into
a set of finite difference equations for the conservation
of mass snd the conservation of energy. The density can be
calculated from the equation of state, based on a constant
pressure assumption.

By neglecting the momentum equation, one assumes
that the gas has no inertia and hence can attain very high
velocities. | )

The following set of equations was solved in

cylindrical coordinates.‘

Conservation of mass:

QJIQ.‘J
~

+ 2.(Q«v)
'19

/
Conservation of enfrgy:

| 2T 3T AT
QQC], o1 +QLQV)C‘,3_ 'M(n)\ ) 0
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Together wifh the equation of state we can determine the
quantities T, p, V. .

Using the same coordinate stretching technique
to expand the regions close to the origin we arrive at the

following set of explicit finite difference equations.

b+ + +
QM ‘ "(M Vo\: - em ) M-I Mk |‘ - - T_;:. ? (cf\ - e"\ )
L 9
T\H-l T k V: T ‘:‘ _TM':'

g T " 2 ¢

2

. —k
‘ | [ \ma;\ -(-T-:.. -LT: N 3/\ Twn - \4« -1
1lem : o L %T 20

(4o10)

The additional boundary conditions for the

velocity can simply be written ag:

velocity is zero everywhere at t = o

<
Y
i}

o

Vg = 0 : velocity is zero at all times at the probe wall
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The calculation proceeds as follows:

Starting from known conditions at time k, at all
positions n, we first calculate the temperature Tﬁ+l using
the explicit difference expression for the conservation of
energy. Since we assume constant pressure, the density
pﬁ+l can be calculated from the equation of state using the

k k+l
n and Ph

Saha equation. Knowing p we calculate Vi+l from
the difference expression for the conservation of mass using
a forward marching scheme., Since such an extrapolation
scheme is very sensitive to accumulating errors, an iteration
procedure was adopted together with an averaging technique

for the gas parameters A, C V. The iteration is repeated

p’
until the difference in the temperatures calculated becomes
negligibly small.

This procedure was tested against the analytical
method used by Bunting (Ref. 79) for a planar case and the
agreement was very good. Including the effect of convection,
this results in an increasé in the temperature gradient at
the probe wall and at some distance the profiles including
convection differ by as much as 15 percent from the profiles
resulting from conduction onlye.

Using the expressions developed in Chapter 2

correlating the electrital conductivity and the tempersture

and pressure, the electFical conductivity profiles can easily

be calculated numericallye.

Figure 15 shows the results for a conductivity
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profile obtained behind a reflected shock with entry
conditions ES = 7.75, P, = 5 Torr. The data are shown
for time intervals at 25, 50, 100, 150, 200 and 300 psec.

On this figure is also shoun the percentage drop
in the probe response, resistive and reactive, assuming a
step-profile for an electrical conducting medium of
2500 mho/m. The data have been normalised versus the
stagnant reservoir conditions. In abscissa are given the
radial distances as {n(r/b).

In order to evaluate the probe response for such
conductivity profiles, it is necessary to express the profile
data in analytical form. Using a least square method, a
curve fitting procedure was applied for each calculated

profile to obtain a matching profile of the form:

T _ AL) . BW el (o11)
Jo e "(.3

whereby the coefficients A(t), B(t) and C(t), which are
a function of time, can be evaluated numerically.

Such a profile was chosen because it gives fairly
good matching for the numerically calculated conductivity
profiles (Fig. 15), while at the same time, an approximate
solution, using a Matthieu—-Bessel expansion, for the vector
Helmholtz equation is not'too coriplexe.

The slope of the conductivity profile at the

probe radius is zero, hence the profiles show an inflection
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point for °/°o < 10 percent, An analytical expréssiqn for
U/Go of the form given in eq. lt.11 cannot accommodate the

real profiles at low conductivity and the curve fitting was

- carried out only for values of g/g, > 5 percent. The matchirg

conductivities resulting from eq. Li.11 become negative
close to the material probe radius. This problem was avoided
by calculating a new fictitious probe radius, determined by
the solution of the cubic A(t)r> + B(t)r? + C(t) = 0. Since
the penetration of the R.F. field in the plasma is of the
order of the skindepth § (cf. Chapter 1), the fitting pfocédure
can be cut off at a distance § beyond the radius where a
conductivity ratio of 99 percent exists.

The esnalytical conductivity profiles resulting from

such a fitting technique are shown in fig. 15 as solid lines

for time intervals of 25, 50, 100, 150, 200 and 300 psec

respectively, correspondiﬁg with the actual profile data
obtained at each mesh point. for the same time intervals.

- On the same grapﬁ are shown the percentage
responses for AR and AL to a conductivity of 2500 mho/m
with a step profile at the radius indicated in abscissa.

The profile coefficients A(t), B(t), and C(t) can
be non-dimensionalised with respect to the physical probe
radius and are listed in table II for the corresponding time

intervals shown in fig.QIS. Also listed is the fictitious

probe radius b'.
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L.2 Calculation of the Probe Response for a Conductivity

Profile of the Form:

T=Go+ S2 4 B (4.12)
v

The procedure is quite analogous to the study done
in the first chapter dealing with a step profile of the
electrical conductivity. Again, we solve for the vector
Laplacian to obtain the vector potentials for the driving
current, the plasma vector potential and the reflected
vector potential. This treatment deviates from Chapter I
in the calculation of the plasma vector potential by solving
for the vector Helmholtz equation.

| Starting from expression (l1.12) and substituting
the expression (L4.12) for the actﬁal conductivity profile,

'we obtain the following equations after separation of the

variables: " 1 Z &) _k

_Z_(t) 0 z? | \

Yn? ’?f" n
whereby App = R(r)2(z).
By introducing the following non—dimensional quantities

= (‘df(-)?- = (kt*‘ }G—okW)’L

’y;" = 1+ (}fx"‘w (-2

M = 3‘?3 r\oo A

(AR 25
T e 14T A
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and dividing expression (4.13) by V2 we obtain:

v)
'D Rv "-"BR('V) —-R(V) \+T_z.-‘—:v.“_ =0
’aV" V Vv vt y3 (Le15)

This expression does not lead to a Bessel function for R.
Since we try to obtain a Bessel function as a solution in
order to facilitate the matching of the boundary conditions =zt the

probe wall, we attempt to solve expression (L.15) by successive

approximation,
1) Pirst term approximation (m = o)

Solution of

0'RW) + L ORW R(V)}-\'t- 2’—1-]:0
Vv vt

"avi a (4.16)

is the sum of two modified Bessel functions of order n.
R(V) = AIn(V) + BKn(V)

However, since the potential cannot be infinite for r—ew,

A must be zero, and the solution is:

R(V) = BK_ (V) (4e17)
|
which is a modified Bessel function of second kind with

complex argument V ('-'-' T \/ Kb+ 3“—0}“’;)

/
and complex order M (': \/H- “),_ ‘Aw )
i
2) Second term correction (n =1, m # o)

The following equations will be solved:

ot

!
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3
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1
O RM 1 R py e :”_] =0
(4+18)

’()V’- v aV VL V5
N 'DQZ(Z) . K?
Z(= 2z¢

wherein the non-dimensioral quantities are given by (lL.1h).

This can be solved spproximately by a Matthieu-Bessel expansion

(Refo 80). N._..'.w ’
Assume R) = Z_ A K1+N (V) , (4.19)
Nz - '

to be a solution.

Substitution into (L4.18) gives
N=+2

2 A [ LK = K21 B B) =0

(4.20)

Y,

. l),
or i
Rzt 1 t :

I VREEPEY (4N)  aN+N m [

Z AN[ 1+N *;kw(")'kw L‘* yrul +;/;) =0 (L4.21)
Nz=-2 -

\

whereby the argument of K., is in such form that the first

term solution is a K’N+l Bessel function. The notation

Klf;N(V) stands for B?. K|+N (v)
ovZ

Consider three tér'ms in the infinite series (ho21)

for N-1, N, N+1, and use the following relationship between
the order of the K Bessel functions in order to reduce gll

terms to a common denominator:
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Kv-‘(.z) = KV'!'I(Z) = - 3'_2\2 kv(,z)

The following three expressions can be picked up

from this series:

A [KN 2(N'l)‘\*/?(.N-l)2 ) %‘: ( ;._":l (‘km, -~ KN_\))]

LT L T ) S

v? vil 2(N+)

—

o Al Kis 2(t\l+l‘)+(N+|)z _m ( I (KNH'kN«H)) .

v? v\ 2(N+2)

For these terms to veanish, we obtain the following

recurrence formula for the coefficients:

IN+ N 2 AN-')* ™ Awa Lo (Le23)
N An 2 (N+2) Aw
which can be solved either for % or A:‘fil and we get:
{
Ay _ —m /(2N+h) ‘ (h.2l)
Ay 2N+N2~/1"‘-(AN—')
2N An
|
A m /2N (L++25)

]

An-1 oN + N*+ (AN-H)
I(N*Z) Awn
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If the profile constant m is much smaller than
unity, the above expressions are decoupled. Recalling that
we are looking for some perturbations around the Bessel
function K of first order, we put N=0 and obtain the following

recurrence formula for the coefficients:

RE - —
FoA (-26)
‘%‘.‘.‘ = —
Ao € |
and %E*e solution (4.19) becomes
.-iri*'

‘ 3

SRV = Ao__ ko(v) + Ao Katv) « & Ag K (v) (L. 28)

The final solution, resulting from the contributions of the
first term approximation (eq. 4.17) and second term approxima-

tion (L|..‘28) added together can be written as:

R(Y) = A[Km(vh ko) + kz(v)] (Le29)

t th ith
ogether wi | BQZ(z)

L - -kt
Z @ 2zt

The complete solution for the plasma vector
potential becomes:

L)

A Fp(l«) [Km(v) + '“.2‘. Kolv) + ”_6!‘. \<z(\')] G (k2) dk (4. 30)

¢p °
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From here on we again follow the proce'du:c-e as in
Chapter I and solve for the unknown coefficients fP(K) and
fR(K) by introducing the two boundary conditions (1.20) and
(L.21). The solution for fR(K) can be written:

() - U Ka
Fr) = BaL T (hy) gXols) - U Ka (o) (4 30)
b ‘31_0('3) +UTs (y)

wherein

U - XK,'n(X)"'Km[x)"?gi(‘x) (4e32)
Km(x) ‘\'M—z— ‘30 (7{)

go(x)

Ko (%) + 3l Kk, (x) (l433)

Ko (x) - %‘- x Kalx) —3‘— K. (1) (Le3k)

%« (x)

and the final expression for the impedance change for a coil

immersed in an electrical conducting medium with profile

T = Tt _P_': + .fi.
YA A
becomes
{,%0 ,
AZ L h bra? T, (hy) (4.35)
(A)(A& - 3 :,z
o]

Y Ko (0) = U Ka (4) (l-OOS(WfO)> O":S
Y Lo ((3)' + U Ta(y)
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3) Approximate solution for first term correction if n2
is close to unity
The exact solution gave rise to a Bessel function
with complex argument and complex order. However, if the
term jp jw in (4e1lt) is smaller than unity, the following

expansion for the square root is possible:

2 3
mefi+2E = 1w € - = e e (4a36)
wherein € = yhtw | (L|..37:)

2

Since Bessel functions are continuous functions
of their order, we can expand the first order Bessel function

in a Taylor series with respect to the order or:

Kie@) = K A )+ eﬁ‘)l;'jh(") (Lo 38)
Since 0 k-nlv) = __|_ ko(-V) \
BM M= 4 V

we obtain

Km) = Kipe) = Ki) .v": Ko(v)
| (4039)
for =1 <« 2¢ g * 1

This condition is satisfied during most of the testing time

except during the first 75 psecs
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The complete solution for the plasma vector

potential, including second term correction becomes now

(GQo )-l-.30): A(fp - g Fp(k) :

0

[ (4.40)

Kalv) + _\E; Kolv) + Nz—v' Kolv) + ";_"‘ Ka(v) |teokz dk

and the final expression for the impedance change now is:

0
A . TiHhy) yKelw)- ' Kilw) |
(:—Z—a =4 hbz,“?. 15 i Y ‘ﬁ) U. 184} |- U (WH)) dlg . (h‘.hl)
t P 4TV
wherein i‘ﬁq
' X Kol + € Ky () + %‘:" 9, (x) il
V- ' (Lols2)

Ki () + 2 ko lx) + 2 g ()
X 2

PR QA S R )

wherein g,(x) and g, (x) are defined in egs. 33 and L3l
respectively.

Since the expression L.l is identicel in form
with the expressions 1,28 and 3.22, dealing respectively \
with the probe response in an jsotropic and an anisotropic
plasma for a conductivity profile with a step function at
the probe wall, it was possible to incorporate the thermal
effects on the probe response into a general computer program,
provided the coefficients of the{conductivity profile
o/oo = A + i% +~f% are known. A complete listing is included
at the end of this worke

The expression (4.41) was solved for the conductivity

‘
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profiles shown in fig. 15. The resulting data for AR and
AL are plotted on fig. 16 in percent of the data obtained
at time zero. On the same figure is plotted the percentage
probe response to a conducﬁivity of 2500 mho/cm with a step
profile at the fictitious probe radius corresponding to the

time intervsl indiceted in the abscissa.

1.3 Discussion of the Numerical Results

The enalytical conductivity profiles (fig. 15)
show a noticesble overshoot for time intervals smaller
than 100 psec at a radius roughly twice the probe radius,
while the conductivity levels off to a value of 80 percent
at largé distance. Fufthefmore, the approximate solution
(eqe Li.l41) is not strictly valid for time intervals shorter
| than 100 psec after the paséage of the reflected shock
since the condition for a seriqs expansion of the square
root, i.e. Ij?&?“ﬁ < 1l is not"met. Hence the results for
this time interval are questionable and often lead to

excessive data for the probe impedance. Judging from the

data listed in table II which apply to fig. 16, the accuracy

of the numerical solutioﬁ% should improve for larger time

intervals.

This study was repeated for a few different
/

- &, ~ry 1 2 wm
combinations of initial pressures and shock Mach numbers resulting

from a constant shock tube driver pressure of 300 psi of Hz.

The resulting cooling decay curves for the probe impe@ance

RTP-TR

3 EFT xiE R

WETatE Y
S TAL RV N LY

Py S A




differ slightly at earlier times but practically coincide
at later times. This enables us to use these two curves

to apply the corrections to the shock tube results obtained
at the various initial pressures and shock Mach numbers as

will be shown in section 6.3.

To refine this study, several improvements could
be implemented:
~ At temperatures in excess of 10000°K, the radiation

heat transfer cannot be neglected. If the gas in the %

cold boundary layer can be assumed to be optically

thick, the energy input in this region due to continuum

A
i

radiation from the surrounding hot gases, should increase

TTana ¥af

the temperature gradients thereby reducing the cooling

effect on the probe response.

PRI Pe T I
FER AT v iR S
Aaml T =l

— A better matching between the nﬁmerical and analytical
conductivity profiles can be obtaingd by including higher " . ;
order terms in the matching polynomial. However, the |
vector Helmholtz equation can no longer be solved in terms

of a series of Bessel functions which complicates the analysis

considerably.
‘ B C .
- With the present profile g/g, = A * -+ ;3-, a solution
r

of the exact equation L.17, which involves modified Bessel
functions with complex order and complex argument, should
improve the results during the first 100 psec of the

testing time. Furthermore, the recurrence formulas (l4.26)

end (4.27) are strictly valid only if the profile
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coefficient m(=jp3umd) is much smaller than unity.
Since this coefficient depends on the integration |
variable, this condition is satisfied except close to
the upper limit of the integration interval. ‘:
Notwithstanding these approximations to the

real problem, the following mein conclusions can be drawn

from this study: any non-uniformity in the plasma around
the probe effects the resistive probe response more than

the reactive probe response. This feature can successfully

be exploited to measure simultaneously the electrical
conductivity of the plasma and the effective probe radius,

which is a measure of the thermal boundary layer thickness.

While P. Savic (Ref. L6) uses two external coils

- with different coil diameters to obtain the information for

the electrical conductivity and the effective external
plasma diameter, the output from the two channels in this
experiment enables us to obtain the same information as
follows: One prepares a greaph with the theoretical values
of the resistance and inductance change plotted versus the
effective probe radius r (r > b) for several values of the
electrical conductivity Eor s uniform plasma. In order to j
estimate the electrical conductivity and the effective | i
boundary layer thickness, one enters the readings for AR |
and AL measured at a certain time interval. One draws two

l .
horizontal lines through these data points and observes at

what unique radius these horizontal lines intersgct a : :
NERS/ ' ;
g o : i

( SCIENTIAE

o)
N
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corresponding curve from each family corresponding to the
seme electrical conductivity. The radius obtained in this
way is the inner radius of a uniform cylindrical plasma at

the specified time interval which gives an identical probe

response as the real non-uniform plasma. The resulting

value of the electrical conductivity then corresponds to

the ideal conductivity for a uniform plasma.
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Chapter V

EXPERTMENTAL APPARATUS AND INSTRUMENTATION

The first part of this chepter deals with the
construction and calibration of the probe and associated
equipment needed to monifor the conductivity. Next follows
s short description of the shock tube, the magnetic field
coil and the capacitor bank., This chapter concludes by
a description of the synchromisation and the display

techniques.

5,1 Electrical Conductivity Probe

5.1.1 Design pﬁrameters and construction of the probe

The immersed coil geometry is mainly dictated by
the proposed application and is optimised to obtain maximum
sensitivity. In order to teke full advantage of the very
good spatial resolution of such a probe, it is imperative

to choose a minimum probe radius b. Since the experiments

are done with a 1 1/2" shock tube in the presence of a strong

magnetic field, it is advisable to minimi
by the probe. Furthermore, as de Leeuw indicated in Ref.

(81), magnetic interaction could occur if a strong cross

' . ]
flow is introduced in the plasma. A probe diameter of 1/8

was selected with a very sharp-nosed conical point facing

the oncoming flow. The p

gblation cooling at the tip. gince the sensitivity of the

device to monitor the electrical conductiv

gse shock distortion

robe material was quartz to prevent

ity depends strongly

|
i
I
i
\
o
0
i
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on the filling factor (figs. 3 and L), the coil diameter
was maximized within the available space.

The length of the coil is determined by considera-
tions of the sensitivity of the probe to monitor the
electrical conductivity zwl's), the sensitivity of the
probe to detect Hall effect ,which decreases for increasing
coil length,and the need for a fast probe response which
is required because of the cooling problem. A typical coil
length is 6 mm., A small wire diameter enhances thne
sensitivity since the impedance change is proportional to
the square of the turn density. This however is partly
offset by the decrease of the gquality factor of the coil
if the resistance of the coil becomes too Iarge.

The probe sensitivity is an increasing function
of the carrier.frequency, however, plasma properties limit
the carrier frequency. In order to measure D.C. conductivity,
the frequency should be orders of magnitude smaller than the
collision frequency of the plasmas Since the plasma 1is
crested in the presence of a strong magnetic field, the
carrier frequency shouid be smaller than the electron
cyclotron frequency; moreover one must avoid any frequency
characferistic of the plasma under test (e.ge plasma
frequency). Another serious 1imitation on the upper
frequency level is governed by the resonance characteristic
of the probe coil. In order to avoid critical phase and

amplitude variations, one must work well below the resonance
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frequency. Another consideration is the skin effect which
should be minimized, and this ties in with the choice of the
wire material. Manganine wire was chosen because it has a
negligible temperature coefficient in the temperature range
between 15 and 35°C, which is an important factor when
measuring electrolytic conductivities. Because of its high d
resistivity, skin effect is drastically reduced. A carrier
frequency of 10.7 MHz did satisfy the conditions mentioned

sbove end a manganine wire diameter of 0.005" has a skin

effect ratio less than 1 percent at this frequency.
Furthermore, electronic components such as crystals eand
tuners are readily availéble for this frequencye

A double layer coil is wound on a ceramic tube

(1 mm OD). This coil former fits over the central
conductor of a miniature coaxial cable (Microdot 250-3919).
Some anomalous behaviour of the probe could result from the
presence of a highly conducting wire through the center of
the coil and for this reason, a short piece of central
conductor was inserted in the ceramic former only to align
the coil with the cable, but the_coil ends are soldered
respectively to the central conductor and the braid at the
same side of the coil.

This assembly is inserted into a quartz tube
of 2 mm ID and 3 mm OD. The microdot cable, 1 ft. long,
connects the coil to the parallel-T bridge. In the following,
this assembly 1is yeferred to as the probe. Figure 17 gives

an enlarged view of the coil, the cornector and the quartz

N
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tube.

Typical probe parsmeters for probe H are:

Mangeanine wire gauge 36, formel insulation

a; = 0.6 mn b, = 0.382 @%
a, = 0,77 ma h, = 0.49 | ,gg
£ =6.40 mm w =1.08 B

4
X = 80 turns n, =n, = 6.25 turns/mm T

b =1.57 mm

For symbols, see fig. 2. | : é

At 10.7 MHz: the following data are obtained with a B

Boonton R-X bridge Model 250.

ERS TR

P

738 Ohm

o
it

Q
1

-60. 88 Pfo

Q
!

= 60 pf. o

Q=6 N
Lg = 1.78 pH

19.9 Ohm

U?U

5,1.2 Description of the two phase impedance measuring
System
The results of the theoretical analysis indicate
both a resistive and reactive ch;nge for the probe coil
impedance when immersed in an electrically conducting

medium. Since information from both channels is very
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useful in diagnosing the state of the plasma, a two-phsase
system was developed to extract the resistance and the
reactance changes separately.

A block diagrem of the system is shown in fig. 18.

A 10.7 MHz crystal controlled oscillator generates |
a stable frequency for the system by feeding btwo buffer ,9?
stages (fige. 19) which separate the load from the oscillator.
These buffer smplifiers are of the FET cascode design which
has a very high input impedance, a very low reverse transfer

conductance due to the heavy mismatch between the common

source FET snd the common gate FET, a varisble gain to

adjust the output level and a very low output impedance R

achieved by the use of a complementary emitter—follower &j

circuit which gives symmetric waveforms to feed a 50 L1

system. | ﬁp‘
The heart of the system is a parallel-T bridge

which is shown in fig. 20 and has attracted much attention

in the technical literature because of its ability to

produce an infinite attenuation at a specified frequencys.

When balanced, the network 1s capable of detecting very

small changes in the inductance or the resistance of a coll

which forms part of the parallel-T bridge. The bridge is

balanced for null transmission by means of two coarse dials

and two fine dials which independently control the resistive

end reactive balance. From this pre-set null condition, any

e s e
minute variation in the coil impedance produces an out of balanc
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R.F. signal which is amplitude modulated in proportion with
the degree of unbalance, and with a phase shift controlled
by relative magnitudes of unbalance due to resistive and
reactive change of the coilimpedance. Since higher harmonics
of the carrier, generated by the oscillator, pass through
the parallel-T bridge almost unattenuated, the useful R.F.
signal is often buried under these higher harmonics and a
double tuned amplifier (fig. 21) is used to filter out the
wanted signal. Demodulation of the carrier can now be
accomplished since the proper reference signal is provided
by the second buffer stage which feeds a phase shifter
(Model PS-3-10.7 Merrimac Research and Development, Inc.).
This is needed to phase align the reference signal with the
R.F. signal and compensates for any steady phase shift
occurring in the parallel-T bridge. In order to extract

the in-phase component (resistive change) and the quadrature
phase component (reactive change) from the R.F. signal, two
reference signals are required which are precisely 90° out
of phase. This is achieved by using a quadrature hybrid
(model QH-3-10.7 Merrimac Research and Development, Inc.)
following the ﬁhase shifter, which provides two signals at
the standard frequency, equal in emplitude and exactly 50°
out of phase which feed the two phase detectors. Following
the double tuned amplifier is a power splitter (model PD-20-17
Merrimac Research and Development, Inc.) to produce two R. i

signals, equal in phase and in amplitude, which are highly
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jsolated and then fed into the two mixers (type 1051L
Heéwlett-Packard Co.). The output signal obtained from the
mixer with reference signal in phase with an R.F. signal
originating from a purely resistive.change of the coil
impedance, is a D.C. signal proportional to the magnitude
of the resistive unbalance. Similarly, the D.C. signal
obtained from a second mixer will be proportional only to
the reactive change of the coil impedance. (It is assumed
that the changes are small compared with the initial
jmpedance values.)

Since these D.C. voltage levels are Very small
and often contain higher'harmonics, D.C. amplification is T
required, in both channels, especially for-measuring
electrical conductivity of electrolytes. Proper amplifica— i
tion is aschieved by using an integrated circuit with feedback
controlled gain (fig. 22). Unwanted harmonics are excluded
by using a rejection filter following the operational
amplifier,.

Typical voltage levels are of the order of

10 mV/mho/cm and the rise time is of the order of 1 psec.

5.1.3 Study of the transfer function of a parallel-T bridge
Application of the Npyin-T" networks for measuring

impedance is well known (Ref. 82). 1t eliminates most

shielding and grounding problems due to a common ground

connection for input, output, the probe and the two

balancing capacitors. Such a network has & very sharp

-
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rejection notch at the balance point and hence, is well
suited for measuring minute changes of the probe impedance.

However, in order to detect changes in the coil
resistance and coil reactance separately, it is important
to obtain two independent signals. Under such condition
only will a pure change in the coil resistance give rise to
a signal detected at the R-mixer only, while no signal
sppears at the X-mixer and vice versa.

In order to minimise the cross talk between the {
two channels, a full analysis of the transfer functions was
carried out.

By using a "star" to "gelta" transformation, the
two branches of the parallél-T bridge.(fig. 20) can be
converted to two m sections which. can be combined to a
single m section from which the transfer function can be
derived. Using the notation from fig. 20, the following

exact expression results:

A + Bs + Cs® + Ds> | (5.1)
°A + FBs + FCs2 + FDs>

P(s) =

wherein: s = jw, w being the carrier frequency in radians/sec.

A=1
=L

B p/Rp

¢c =L_(c.+2C +C 2/c )
T Up'p o o ‘71

2

o
]

L1 + ¢,/Cy) RC,
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FA =1 + 02/0l + co/Cl
FB = (Lp/Rp)FA + RCo(l + CZ/Cl)
FC = LP[FA(Cp + Co) + Co(Cz/Cl + 1)(1 + R/%)]

FD = RCoLp(CZ/Cl + 1)(Cp + Co)

A crude representation of tbe probe impedance
consists of a coil resistance Ry in series with the coil
inductence L ge This impedasnce is paralleled by the probe
capacitance Cge In order to calculate the impedance, a
series to parallel transformation is needed whereby the
new probe impedance now cbnsists of a probe resistance Rp,
~ in parallel with a probe inductance Lp. The symbol pp in
this transfer function combines the actual parallel probe
inductance L.p in parallel with the inductance ofrthe booster
coil, denoted as Lp in fig. 20,

For a particular probe impedance, the values of
the dial cgpacitances Cp and C, were calculated from the
gbove expression for F(s) = O. Next, the transfer function
was repeatedly solved eit;er for variations in the series
resistance or variations in the series inductance of the
probe coil about its orjginal values Rgo and Lgoo and the
resulting complex values are plotted in a complex plane

| - -
(fig. 23). This results in two families of curves which

are orthogonal and correspond respectively to the solution
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of the transfer function obﬁéined for varying series
resistance at constant inductance, or varying inductance

at constant resistance. By rotating the coordinates of the
complex plane (which is actually accomplished by shifting
the phase of the reference signal), such that the curve for
constant RO, going through the origin, is tangential to the
imaginary axis at the origin, then the curve for L, = cte
going through the origin, will be tangential to the real
axis due ko the orthogonality of the two families. How-—
ever, due to the curvabure of the charachteristics, it is
impossible to avoid cross—talk between the two channels for

larger variations of the coil jmpedance. This means that e

a change in the coil resistance alone will not only vary the N

real part of the %transfer function, but to a small degree

will also change the imaginary component of the transfer
funchtion. A possible way %o oliminate such interference is
o optimise the components of the circuit such that the
characteristics become straight. A numerical study indicates
that linearisatioﬁ is possible %o a certain degree and %the
most effective way is by trimming the Co capacitors. TFigure

2 shows the net of charackeristics for ophimum value of the

. N .
Co capacitors, which are linear within 1 degree around the

balance condition in an area in the complex plane which

2 t
covers kthe experimental range for shock tube resulfs, as

shown in this figure. .
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Using a Hewlett—Packard vector voltmeter, the
adjustment of the Co capacitors was easily achieved and

good decoupling was obtained with such an optimised network.

5.1, Calibration of probe and circuitry
Since the range of electrical conductivities most
often encountered in dense laboratory plasmas (between 100 and

10000 mho/ m falls outside the readily available range of

calibrating materials, particular emphasis is placed on the

development of an alternative method to make this, as far as
possible, an absolute sensing instrument independent of
available calibration standard materials.

It should be mentioned that some materials

exist with suiteble conductivities, but most present some

difficulties. Examples include the following:

1) Fused salts fall in the proper range only at elevated
temperaturese.

2) Semiconductors are enisotropic or contain grain
boundaries, and hence are frequency dependent.

3) Metal-ammonia solutions ab subzero temperatures have
electrical conductivities varying from 10-'1 to lO5 mho/ m.
However special cryogenic techniques must be used to
préduce and conserve these solutions.

Since the presence of an electrically conducting
medium manifests itself by changing the series resistance
end series inductance of the probe coil, a calibration can

be achieved by artifically changing the coil impedance. Since
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it is very difficult to change the coil series resistance
and coil inductance due to the inevitable introduction of
additional stray capacitance, a parallel calibration b
technique was used instead. A simple crude model of the
probe impedance is sketched in fig. 25 whereby C_ lumps
together the stray capacitance of the coil, the cable
capacitance and the capacitance of the connectors. Since
the coaxial cable from coil to the parallel-T bridge'is
approximately LO cm long, this can be considered a short
transmission line at 10,7 MHz with negligible loss

resistance. This representation of the actual coil

impedance can be transformed into an equivalent parallel

circuit for which the following relations hold:

R = —P (5.2)

) 1+ Q2
2
c_-0C)
S 1 +Q .

wherein Q is the gquality factor of the probe cgél without
stray capacitance and cen be expressed as Q = Rgg-for the
series representation or Q = Rp(Cp-Cs)m for the equivalent
parallel representation. From these expressions, it is
obvious that shunting the probe with a parallel calibrating
resistor will change both the equivelent series resistance
end inductance of the coil; the same is true for a pure

parallel calibrating capacitor. Also, varying the resisbtive
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dial of the parallel-T bridge, being an effective parallel
capacitor, is equivalent to a change in both the series
resistance and series inductance of the probe sc that
glternate means must be used to find the proper phase
setting for which a pure change in coil series resistance
results in a voltage change in the resistive channel only
and similarly for the coil inductance. An snalog lumped
model of the probe coil was built with controls for varying
the components Cg, Lg and Rg (fig. 26). Part of the series
resistance was substituted by a thermistor with a negative:
temperature coefficient end it was verified with an R-X
meter that cooling of the thermistor increased the series
resistance of the anslog ﬁhiie the series inductance or
stray capacitance was not affected.

The procedure for finding the proper phase
setting was as follows:

The parallel-T bridge was balanced with the
probe to be caiibrated in circuit. The probe was next \
replaced by the analog which was adjusted to obtain again
a balance., Using liquid nitrogen, the thermistor was
cooled and the phase shifter was adjusted so that only the
resistive channel responded to the effective change in the
series resistance of the enalog.’ Invoking the principle
of orthogonality in the tpansfer function for the parallel-T
‘bridge, this phase setting automatically satisfies the

condition that a change in pure series inductance of the
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coil would effect only the reactance channel output.

The calibrstion of the probe can now be carried
out as follows:

a — The value of the total parallel capacitance Cs is
determined by measuring the capacitance on the R-X
meter at various frequencies. These data plotted
versus l/m2 are colinear and the extrapolated value for
l/mz = O gives the stray capacitance Cge

b - The frequency of the R-X meter is set at the carrier
frequency (10.7 MHz) end the values of Rp and Cj are
recorded for a set of high-éuality resistors shunting
the probe. The equivalent series resistance change can
be calculated from eq. (5.2)e

¢ - The probe now 1s connected to the parallel-T bridge and
the output voltage oOn the resistive channel is now
recorded for the sameé set of calibrating resistors, and
plotted versus ARy, the equivalent series resistance
change calculated above. |

These points are shown in fige 27e These points
lie on a straight line with a slope equal to the sensitivity
of the resistive channel. This calibration curve is linear
in the region of interest but does not pass through the

- . s trs
origin, because of tne presence of some additional stray

capacitance in the shunting resistor which affects the

equivalent series resistance. ToO avoid this, two calibrating

resistors were made whose stray capacitance was tuned oub

“:"
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with a coil resonating at the carrier frequency. The data
of these two calibrations are also shown in fig. 27.
The same procedure is repeated for calibrating
the reactive channel by using parallel capacitors, shunting
the probe coil. Such a calibration curve is shown on fig. 28.
From the theory we establish a relationship between
the electrical conductivity end the change in the coll
resistance and coil inductance.. This calibration gives a
relationship between the output voltage on both channels
in terms of the change in coil series resistance and inductance
respectively., Cross correlation allows us to measure the

conductivity using both output channels.

5.2 Shock Tube

The shock tube was built by J. Lau who used it %1
to verify Shkarofsky's method for calculating the electrical
conductivity in plasmas (Ref. 71), using an external coll.
The shock tube used for this experiment consists of a driver
section, sbout 6 feet long, and a cylindrical driven sectibn
gbout 25 ft. long and inside diameter of 2.5" and is made of
stainless steel. The test section is a 1 ft. long perspex
tube with a precisely machined jnside surface of 1.5"
diameter. Upstream of this test section was a stainless
steel tube sbout 4 ft. long whicé sjnserts into the driven
section and proved to be Very offoctive in trapping any

debris coming from the disphragh, thereby avoiding damage
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to the conductivity probe which was inserted into the
shock tube test section at the center of the shock tuﬁe
end wall. Another function of this insert is to trap the
turbulent boundary layer gases ijnduced behind the shock. |
The lower limit for the shock tube length was i
dictated by the discharge period of the capacitor bank : W
into the coil which was about 10 msec. IHence, the time of ﬂ
arrivel of the shock at the test sect;on should not be less

than a quarter period when the bank 1s triggered without

delay at the rupture of the diaphragm.
In ideal shock tube performance, there is no
upper limit to the shock.tube Jength. Roshko (Ref. 8L), gﬁ
states, however, that due.to the shock attenuation caused
by boundary layer drag, there is an optimum length beyond %ﬁ
which no gain in shock tube testing time can be gchieved. -
Mylar sheets were used as diaphragms and very
consistent runs were obtained by increasing the hydrogen

pressure untilkspontaneous rupture of the diaphregm occurrede.

In this mode, with argon &s the test gas, incident shock

Mach numbers between 5,5 and 8 were achieved for initial

channel pressures between 12 and 3 Torr of argon. Before

each run the shock tube was pumped down to a pressure of

102 Torr at which a small legkage rate was observed.

Next, the shock tube was flushed with argon to reduce the

|
impurity level and pumped down again before setting the

initial argon pressuree
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The shock tube was equipped with a breaking wire

trigger close ©o the diaphragm,

to trigger the capacitor

bank and the oscilloscopes. Two piezoelectric pressure

transducers were installed at each end of the test section

sn order to monitor the speed of the incident shocke

Figure 29 shows a complete block disgram of the

instrumentation. Figure 30 gives a Vview of the equipment

used at the test section.

5.3 The Magnetic Field Coil an

d Capacitor Bank

in order to measure H
plasmas, it is essential to cre
is steady during the available
magnitude such that the Hall pa
possible.

The capacitor bank av

all effect in shock tube
ate a magnetic field which
testing time and of a

rameter 1is as large as

ailable for this experiment

consists of 132 high—voltage energy storsge capacitors in

parallel, with a nominal rating

of 3.75 pf end 10 KV each.

Hence the total capacitance was L95 pf with total stored

energy of 25 KJ. However, due

to the age of these units,

the voltage was never allowed to exceed 6 KV so that the

available energy was of the order of 9 KJ.

The coil design was based on the following

considerations:

a) A quasi-steady axial magnetic fie

exist with less than 2 percent variatio

time of Jj00 psece.

14 of 6 Tesla should

n during a testing
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b) Since the electrical conductivity probe was about 7.5
cm from the end wall, the totel length of the coil
should be at least 15 cm with an inside diameter egual
to the test section outside dismeter of 5 cm.
¢) The coil thickness should be such that the axial
component of the magnetic field variation should be
less then 1 percent over the control volume, and the
radial magnetic field at the coil ends should be small
enough to avoid magnetic interaction with the test
plasma at the coil entrence (see Ref, 81). This last
is not a very stringent requirement. The magnetic
interaction parameter, being proportional to incident Eﬂ
gas velocity and electrical conductivities, is very small
for the incident shock because the conductivity behind
it is very low, while behind the reflected shock, the SR
gas is almost stagnant. |
The actual calculation of the coil configuration
based on the data of Ref. 85 is given 1in detail in Appendix B.
The coil material is single coated FORMSET magnetic
wire, gauge 13, with square cross section to optimise the
filling factore. The coil consists of 6 layers of 75 turns
each with insulating paper petween the layers. Physical coil

dimensions are:
inside radius : 2.5 cm
outside radius: 3,75 cm

length: 15 cm
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The axial and radial field distribution along
the coil is shown in fig. 31, and gatisfies the above
mentioned requirements, assuming a probe control volume
to be a cylinder with 1 em diameter and 3 cm length. Also
shown in this figure is the axial and radial field component
et the shock tube wall (r/a) = 0.75) for estimating the
magnetic interaction between plasma and magnetic field.

A special current measuring resistor was installed
in series with the coil to monitor the current (proportional
to the magnetic field) during each discharge. This resistor
was made from a short length of Inconel tubing with the

voltage pick-off connected on the inside to eliminate the

effect of self inductance. The resistance between the two

points measured 1.536 £ 0.01 m{l.
Inconel was chosen for its high specific

resistance (98.1 pQ—cm) and very low temperabure coefficient

(7"10'-5 pnrcm/oK). The total LCR circuit had the following

parameters: | \
R = 0.617 fL
L = L.613 mH
¢ = 0.496 mF

proximately 10 msece

This results in a discharge period of ap

The calibration of the discharge system was achieved using

the immersed conductivity probe as & magnetic pick-up coil

and integrating the output signal. Figure 32 shows the

relationship between the bank VvOltage, the peak magnetic
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field and the peak current.

Figure 33 shows a lay-—out of the power supply

for the capacitor bank, which was designed around an oil
filled power pack (HV300-502) with an automatic reset
controlled by a flash detector and a manual reset in case

of emergency. With the three way switch in OFF or FILAMENTS,

pleed resistors are connected across the capacitor bank for
Safetyo

Figure 3L shows the circuit diagram of the LRC i

circuit including the monitoring devices for current and
voltage, the bleed resistors and the three—electrode spark
gap switch.

To avoid premature breakdown of the spark gap l '%
switch either due to uncontrollable gbmospheric conditions %ﬁi |
or varying voltages across the eléctrodes, argon was supplied T
to the enclosed switch and the'pressure was increased in
proportion with the bank voltage.

A premature discharge, while the bank is still
charging, could produce surge currents through the high
voltage rectifier (HVC-10) far in excess of its rated surge
current., A flash detector was therefore installed using
a light activated 3CR mounted in front of a window of the
spark—gap switch which activates: the automatic reset during
each discharge, thereby cutting off the power to the power

supply and connecting the bleed resistors across the capacitor !
bank. ‘
l
1
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5., Synchronisation and Display

The instrumentation falls mainly into two
categories: piezoelectric pressure transducers to determine
the shock Mach number and the circuitry to synchronise and

trigger the capacitor bank spark gap switche.

S,4.1 Shock speed measuring technique

Piezoelectric pressure gauges (Kistler model 603)
were installed at both ends of the test section. The charge
output, converted to volts in a pressure transducer, was
fed into an oscilloscope (Tektronic model 551) for recordihg
the pressure history. It also feeds a pulse shaping netwo?k.
The circuit diégram of such a network is shown in fig. 35
and served mainly the purpose to obtain a noise-free, fast-—
rise trigger pulse of fixed amplitu@e with adjustable trigger
level., Tt also has a manual pushbutton to test the proper |
triggering of the instrumentation. Such pulse shaping network
consists of a non—invertingifeedback emplifier followed by
a comparator with fast rise time and an emitter §ollower \
as output stagee. .

The triggering level was adjustable between 20 mv
and 2 volt. The rise time is of the order of 200 nsec,
independent of the shape of the input signal. The output
amplitude is typically —6 volt for positive inpub signale
Two such networks feed respectively the start and stop inputs
eneral Radio type 1191) from

of a submicrosecond counter (G

which the shock lMach number could be determined.
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5.4.2 Synchronisation network

Because of the rather long quarter periocd of the
current discharge ( 2.5 msec), triggering of the capacitor
bank must be accomplished close to the diaphragm. A fine
wire was connected across the shock tube 2" downstream of
the disphragm. Rupture of the wire produced a voltage pulse
which was fed into the pulse transmitter for impedance
conversion mainly to be able to feed the output signal through
a long coaxial cable with negligible reduction in rise time.
A pulse shaping network of identical design as that shown
in fig. 35 detects the rupture of the diaphragm and triggers
the upper beam of an oscilloscope (Tektronix model 555) .
The output is also fed into a pulse delay ¢ircuit with
adjustable delay time to synchronise the peak current through
the coil with the arrival of the incident shock at the test
section. This delayed pulse was amplified in a trigger
emplifier, to about 10 KV, and applied to the trigger
electrode of the three—electrode spark gap switch to

break down the gap between the two main electrodes.

5.4.3 Description of the displayed features on the

oscilloscope records

Since it was physically impossible to remove the

instrumentation far enough away rrom the test section, the

presence of a very strong AC magnetic field did require

special attention to re ject any pick-up volbage.

.....
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To reduce the pick—up noise from stray flux,
a magnetic shield was built around the coil to confine the
magnetic return flux. The shield was made of 1010 cold b
rolled steel and consists of 3 concentric cylindrical boxes
with wall”thlckness of 1/8" A longitudinal cut in the
shield p@bvented azimuthal eddy currents.

: Although the immersed conductivity probe also acts
as a magnetic pick-up, the induced voltage does not propagate
througﬁithe system because of the selectivity of the
ampllﬁaers, which have a rather narrow pass band centered

at tﬁe carrier frequency. However, multiple grounds between .

the system and scopes are susceptible to magnetic pick—-up

since the induced currents in the ground loops produce

noticeable modulation of the carrier. This pick-up was

e
Te
B
N
'
o
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I

avoided by cutting the braid off one end of all coaxial
cables feeding the scopés, except one, and removing the
groundlines from the power supply of the scopesSs This
removed the magnetic pick—=up but the resulting penalty 1is an
increase in the noise level.

The scope records shown later were recorded in
the following sequence: The upper channel of a Tektronix
oscilloscope was triggered by the rupture of the disphragm
wire and displays the modulated carrier from the conductivity
probe response, superimposed on the voltage drop obtained
across the small inconel presistor in series with the field-—

coil. In order to display both signals with equal sensitivity,
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attenuation of this current signal is required. This
superposition allows a direct check on the synchronisation
between the peak magnetic field and the arrival of the
reflected shock at the smmersed conductivity probe coil.
The second channel of the oscilloscope was btriggered
internally after a preset delay time and displays the
modulation voltages from the resistance and reactance
channels of the probe system, with faster sweep rabte.
The second oscilloscope was triggered externally
from the gating signal on the second channel of the first‘oscillo—
scope, and displays the pressure history at the two stations
across the test sectiomn. The pressure records are needed f?"
to detect any anomalous runs (e.g. due to faulty diaphragn
rupture) and to celculate the shock Mach number in the Hall
effect experiments, since, in this case, the counter did

not trigger properly due to excessive magnebic pick-up.
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Chapter VI

EXPLRIMENTAL RESULTS

All experimental results presented here were
obtained with the same probe, labeled H, whose dimensions
end electrical parsmeters were 1isted in Chapter V. The
probe response on both channels was first compared with the
theory for an isotropic, uniform, conducting medium. The
Hall effect runs are discussed next and finally, the effect
of probe cooling as observed in shock tube plasmas is
compared with the calculated drop in probe response for a

plasma conductivity profile as discussed in Chapter IV. %

6.1 Comparison between Numerical and Experimental Data for

the Probe Response in an Isotropic, Uniform, Conducting g

Medium
Figure 36 presenté the probe response as
calculated numérically for the resistance and inductance \
change versus electrical conductivity for probe H. The

calibration constants for the two channels are
o = 77 mv/0tm (Fig. 57) end g = 5.4 mV/nH (Fig. 28)

On the same graph are shown the experimental points for

three conductivity ranges: electrolytes, shock tube plasmas

and mercurye
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6.,1.1 Experiments with electrolytic solutions

Electrolytic solutions of HNO3 provide a range
of electrical conductivities depending on concentration.
A maximum conductivity of 85 mho/m is obtained for a
concentration of 5.5 mole/lit at 22°¢.

The data measured on the resistive channel are '?
shown in fig. 37 and compare favorably with the theoretical
values. These data were obtained from & balanced reference

level in distilled water. A constant off-set voltage of

about l mV exists between the reference in distilled water %
and the reference in air. This is mainly due to the high

dielectric constant of water. While conductivity is iﬁﬁ
practically negligible, the displacement currents cannot
be neglected and cause a drop in the Q factor of the coil. i

The reactance channel can hardly be used mainly
because of the very small inductance change resulting from
a low conductivity (see fig. 36) and also because of the
effective parailel capacitance due to capacitive coupling \
between coil and the conducting medium.

Most experimental data are obtained without an
electrostatic shield between the probe coil and the
electrically conducting medium., Moulin and Massé (Ref. 86)
analyse an equivalent cireuit including the effect of
coupling cepacitance., A bypass for the R.F. current in the
coil exists through the cylindrical coupling capacitance

between the coil and the plasma, in series with 2 leckage
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resistance in the conducting medium. The phase of this
bypass current referred to the driving current can be

obtained from:
tge = 2 (6.1)
RQ C cm *

wherein R£ is the resistance of a plasma cylinder with
outer radius = 2b and length equal bto the coil length.

C, = cylindrical coupling capacitance.

For a plasma with electrical conductivity of
2500 mho/m, the following estimates of Ry and C, were
arrived at:

7.5 1072 Ohm i

R

C
c

|

1 pfe

For these values, the expression 6.1 shows that the bypass
cuppent is almost 90° out of phase with the driving current
and hence this coupling effect appears only on the reactive
channel and should not influence the readings on the resistive
channel.,

These effects could be removed by coating the probe,
such as with a platinum conducting film. gince the probe was
used also for detecting Hall effects 1in plasma, such a
coating could short—circuib the axial Hall voltage component

and could result in an apparent excessive Hall effecte.
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6.1.2 Shock tube experiments

Figure 38 shows the records obtained for a
typical run with initial argon pressure of 5 Torr and
driver pressure of 300 psi of hydrogen. The first record
shows the modulated carrier with a sweep of 1 msec/cm at
10 mV/cm sensitivity. The output from the resistive and
reactive channels respectively are recorded at a sweep of
200 psec/cm and sensitivity of 100 mV/cm and correspond to
the time interval of the upper beam which shows up with
higher intensity.

The second record shows the pressures at two
locations end the reactive output of the system at a
sweep of 100 psec/cme. The upper trace displays the pressure
at the end plate of the shock tube. The middle trace shows . %g
the pressure at a locabion 586 mm upstream of the end plate.
The lower trace shows the detailed features of the reactive
response with the same gensitivity of 100 mV/cm.

| Since the probe i; uncoated, the effect of

capacitive coupling shows up mainly in the reactive response
in the time interval between passage of incident shock and
reflected shock. The resistive signal shows also a small
jump which is due to the fact that a parallel capacitance
shows up in both channels when the phase 18 adjusted with
the probe analog circuite This capacitive jump in the
resistance is asbsent if the phase was aligned with the

parallel-T bridge but this setting does not decouple the
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two channels when the series coil elements are changed.

At the time the reflected shock sweeps over the probe, the
electrical conductivity increases at a rate limited by the
phenomenon of jonisation relaxation. Due to the rapid
growth of a thermal boundary layer around the probe, the
conductivity decreases until the shock is reflected off the
advancing contact surface. In this process the plasma is
hested again resulting in an increase in conductivity. This
process of multiple reflection continues until the contact
surface reaches the probe coil and reduces the plasma
conductivity to negligible values. The sudden increase in
conductivity behind the reflected shock produces a positive
going signal in the resistance channel, and a negative going
signal in the reactance channel due to the sudden decrease
in the coil series inductance as predicted by theorye.

The electrical conductivity behind the incident
shock, for the record shown at initial pressure of 5 Torr
and shéck Mach number of 7.7, is about 80 mho/m. This \
corresponds to a resistance changé of 0.17 Ohm which would
show up as a positive jump of 13 mvV. However, since
equilibrium jonisation is not attained within the time
interval between incident sand reflected shock for such

low temperatures (5000°K), no conductivity can be detected

on the record.

The lower limiﬁ for the experiments js determined

by the ionisation relaxation time which should be small
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compared to the time at which appreciable cooling shows
up.

With mylar diaphragm the driver pressure is
limited to 300 psi. This limits the maximum attainable
incident shock Mach number to about 8.

Figure 39 shows the experimental data for both
channels and is compared with the ideal conductivities for
argon. The electrical conductivities for argon behind a
single reflected shock are not very gsensitive to variations
in the iritial argon pressure., Since these data are
obtained with constant driver pressure and with initial
pressures ranging from 2 Torr at high shock Mach numbers
to 13 Torr at low shock Mach numbers, the theoretical
conductivity curve is adjusted over the full range to
coincide with the ideal values at every shock Mach number.

The data shown on fig. 39 are obtained from

measuring the pesks in the recorded changes for the resistance

and reéctance respectively. The presence of a growing
thermal boundary layer and a finite ionisation relaxation
time vitiates monitoring the actual conductivity for a
uniform plasma behind the reflected shock.

However, even without any corrections for

cooling, the average error is of the order of 15 percent for

both channels which can be considered acceptable in view of

the experimental errors and the absence of a complete theory

for estimating the electrical conductivitye
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The persistent discrepancy between the outputs
from the two channels can either arise from a calibration
error, or from the different sensitivites to thermal
effects for the two channels. As will be shown in section
6.3, attempts are made to include correction factors for
this thermal effect of the probe on the plasma, and the
corrected readings will result in an apparent electrical
conductivity which is larger than the ideal calculated

value,

6.1.3 Experiments with mercury
. To verify the agreement between theory and
experiments at very high conductivities, some data are @

presented whereby the probe with variagble outside radius

is immersed in mercurye. - i

Figure LO shows the measured and calculated -
values of the probe response versus & varigble probe
radius. In this regime of high s numbers, the phase of
the eddy currents is close to 900 and a slight misalignmeﬁt
in the phase setting does not influence the amplitude from
the reactance channel whose response is completely predicted
by theory, but effects strongly the gmplitude from the
resistance chammel, which shows a growing discrepancy for
increasing radius. This can be Qerified by changing the
phase setting by approximately 1° such that the resistive
channel data, slso plotted in fig. 4O now agree very well

with the calculated responsée over the complete range,
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except for very small values of the probe radius. The

reactive channel response is n&t changed by this process.

Two possible explanations can be given for the persistent

discrepancy at very small radius:

1. Since the inductance change for these high conductivities
is of the order of 0.1 pH, we are exceeding the linear
renge of the parallel-T bridge characteristics (fige 2lt),
thereby losing the complete decoupling effect of the two
channels. This shows up preferably in the channel with
the smallest response, i.e. the resistive channel.

2, The skin depth for mercury at the carrier frequency 1is
about 0.15 mm. The probe response becomes very sensitive
to minute errors in the exact probe dimensions for
determining the f£illing factor h. A change in the
effective coil radius could be due to proximity effect.
This effect manifests jtself by attracting opposing
currents (Ref. 86) resulting sn an effective increase in
the probe filling factor resulting in a larger probe

reéponse. Dwight (Ref. 87) calculates the proximity

effect in a return circuit of two adjacent strap
conductors, Based on such a model, the effective
increase in the resistance ratio Fég-due to the driver

: DC ]
currents in the coil winding and the eddy currents 1n

mercury in the proximity of the driver current, amounts

to 16 percent which could partly explain the discrepancye.
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We conclude the experiments on isotropic uniform
conducting media by observing that the theory developed in
Chapter I can effectively be used to predict the immersed
probe response (fig. 36). The choice of the channel depends
on the range of s number involved. For s « 10 the resistive
channel, showing the largest response should be used. For
higher values of the s parameter, both channels can
effectively be used as is demonstrated for shock tube
plasmas, Finally, in the range of very high s parameters
(s o 103), the sensitivity of the reactive channel decreases

rapidly so that only the resistive channel can be used.

6.2 Hall Effect leasurements in a Uniform Plasma

Figures L4l and 42 show the resistive and reactive
probe response respectively for probe H. The probe response
is plotted versus jncident shock Mach number for an initial
argon pressure of 3 Torr and various magnetic field strengths
up to 6 Tesla. The drastic decrease in Hall effect for
increésing shock Mech numbers, dué to the increase in the
effesbive collision frequency, places a ceiling on the Mach
number range of interest. This combined with a lower limit
due to the effect of nonequilibrium jonisation gives a

rasther narrow working range.

Comparison between the probe sensitivity to Hall
effect of the two channels shows clearly the advantage of
the reactive channel for'detecting any anisotropy in the

plasma.
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Figure 43 shows the variation of the Hall parameter
as a function of the shock Mach number for various initial
argon pressures for a fixed magnetic field of 5 Tesla. On
this graph is also shown the operating area for the shock
tube, operating with a fixed driver pressure of 300 psi of
hydrogen and a double mylar disphragm of 0.2 mm thicknesse.
One can observe that the Hall paremeter is only moderately
affected and is of the order of 2. The.beneficial effect
of the low initial pressure on the magnitude of the Hall
parameter is offset by the resulting higher shock Mach
numbers and vice versa for high initial pressures. Any
attempt to decrease the shock_Mach number results in an
increase of the ionisaﬁion relaxation time.

The discrepancies in the experimental data for
an isotropic plasma could obscure the effect under study.
Since we are interested only in the relative drop in response
on both channels due to Hall effect, it is possible to ad just
the dafa obtained for an isotropic plasma to agree with the
jdeal velues. This eliminates possible errors due to

calibration of the equipment. The measured experimental

results for an ssotropic plasma agree with the theoretical

caleculated data if the baseline on the records is taken as

a reference and the effect of capacitive coupling 1is ignored.

A typical shock tube record for an anisotropic

plasma is shown on fig. Ll for the following conditions:

p, = 3 Torr, Mg = 8.05, ‘ B, = 5 Tesla
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and the resulting data are included in figs. hl'and L2,
The display conditions in the records are identical with
records of fige. 38. The first trace has the modulated
carrier added to the discharge current signal. This
verifies the synchronisation between the arrival of the
reflected shoek with the peak intensity of the magnetic
field.

It is of interest to observe that the
conductivity of the plasma increases toﬁards the end of
the testing time which is most probably due to the multiple
reflections. In most records without magnetic field, the
amplitude of the probe response at the end.of the testing
time is very close to the response obtained at the beginning
of the testing time. With a magnetic field, this amplitude
remains practically unchanged. This could be explained by
the increase in the collision frequency due to multiple
reflections whereby the Hall parsmeter becomes sufficiently
small and the élasma becomes isotropic. This feature could
be exploited in certain conditions to estimate the Hall
effect in a single run by, taking the ratios of the signal
amplitudes at the beginning end at the end of the testing
time respectively, thereby avoiding possible calibration
errors of the channels./

The experimental data for an initial pressure of
3 Torr are plotted in figs. L2 and L3. While the data for

the resistive change are ambiguous, due to the relative

Tl T e m
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insensitivity to Hall effect, the data obtained from the
inductance change agree well with the predicted data.

Indeed, for a Hall parameter of 2.5, the effect shows up

as a drop of 30 percent for the reactive channel outputb and far
exceeds the scatter in the experimental data. This confirms
the usefulness of such a probe to detect Hall effects.

Further experiments were analysed for two initial
pressures of 3 and 5 Torr respectively and the measured
results are compered with the ideal values ARi and AL:.L in
table III.

To give an indication of the relative magnitude
of the Hall effect, the theoretical pfobe response AR and
AL, for an ssotropic plasma is also 1listed in table II1T.
The overall agreement between predicted and observed values
of the probe impedance change is satisfactorye.

1t is important to reglise that the Hall effect
shows up only as a secondary order effect, a fact which
compounds the experimental errors of both the first order
effect (scalar conductivity) and the second order effect.

Tt is feasible to design a probe which would
detect the degree of anisotropy of a plasma as a first
order effect. Such a probe would consist of two coils on
the same exis but driven with opposing currents. A small

toroidsl coil at the center would only detect the Hall

currents in the plasma.
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6.3 Analysis of the Thermal Effects Observed in Shock Tube

Experiments for an Isotropic Plasma

By combining the results of the analysis for
thermal boundary layer effects (Chapter IV) and the measured
shock tube data plotted in fig. 39, it is possible to apply
a correction to these data. By observing the time at which
the maximum impedance change was recorded, one can obtain
the correction factor from fig. 16 for both channels. Since
the attenuation due to cooling is practicelly identical for
all shock tube experiments carried out with the same driving
conditions, the same correction applies to all shock tube
runs regardless of the jnitial pressure on the shock Mach
number. The results of such correction are summarised in
table 1V,

One concludes immediately that the corrected
readings from the two channels lead to almost identical
values of the electrical coyductivity. The discrepancy
observéd in fig. 39 disappears because of the difference
in sensitivity to thermal effects for the two channels.
However, the electrical conductivity as obtained from these
corrected measurements is well in excess of the calculated
value.

Lacking a rigérous mathematical treatment of
the cooling effect, it 1s difficult to draw conclusions
sbout the exact electricél conductivity or the calibration

technique for the conductivity monitoring system.
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In order to check the rate of decay of the probe |
response due to cooling, and to compare with the estimated ;
sttenuation, some shock tube records were analysed at
various time intervals after the passage of the reflected
shock. To represent the data on a single graph, the
measurements for AR and AL were normalised and fixed %o .ﬂ
the estimated probe response at 100 psec being 72 percent {
and 90 percent for the resistance change and the reactance
change respectively (fige 16). The normalised data are
presented on fig. 16 for 50, 150, 200 and 300 psec.

Concerning the resistive output data, the measurements at

50 psec fall below the ostimated values mainly due to the ;
bsence of full ionisation at this time interval. While |
the dasta obtained at 150 psec and 200 usec agree well with
the theory, the measurements at 300 psec fall well above the
expected values. This is mainly due to the onset of multiple
reflections whereby the conductivity is increased.

| The measured decay of the inductive response dogs

not agree so well with the expected drop in the probe

response, and would suggest that the attenuation is stronger

than expected on the basis of our analysise.
To complete this study, some shock tube records

were obtained at higher initial pressures end moderate

shock Mach numberse. These are obtained in a shock tube

equipped with a copper diaphragm and a driver pressure of

400 psi of hydrogen. Figure 45 shows 2 record obtained at

-
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gn initial argon pressure of 15 Torr and shock Mach number
of 7. A different probe was used for this experiment. The '
sensitivity of the two channels for probe D are: 117 mv/0Ohm
for the resistive channel and 7.8 mv/nH for the reactive
channel. This probe was covered with a platinum coating.

" On the same figure are reproduced the records
for AR and AL respectively on an expanded scale and the
calculated probe response as a function of time for the
two channels calculated for this condition.

One can observe that the cooling rate on both
channels under such conditions'ig much smaller than for
the records analysed gbove. Also clearly visible is the
difference in the attenuation rate for>the“two channels
confirmming the conclusion reached in Chapter IV.

While the slope of the decay in both records agrees
well with the calculated attenuation rate, there is a large
discrepancy in the snductive channel petween the observed
and calculated valuese However, & logical extrapolation of
the record for AL would agree well with the predicted value
at time zero (i.e. for a uniform plasma). while the theory
fails to explain the behaviour for this channel, satisfactory

agreemént exists between the measured and observed time history

for the resistance changee Also the corrected reading for

this channel (at time gero) is very close to the expected

reading of 2.LfL at & plasma conductivity of 1800 mho/m as

calculated from the initial conditions.

"
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One concludes that the theory dealing with the
thermal effects on the probe response explains partly the
actual phenomena and may need some modification to fully
describe the cooling process. Also the assumption of ideal
shock tube conditions behind the reflected shock may not be
quite realistic and needs some further examination.

Discounting any corrections for cooling, the
measured electrical conductivities of the plasma are in
satisfactory agreement with the predicted values for most

practical gpplications.
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CONCLUSION

An immersed, inductive plasma conductivity probe
has been constructed and used in the reflected shock zone
of an argon filled shock tube with and without applied axial
magnetic field.

The resistive and reactive response of the probe
to the presence of a uniform, non—-uniform, isotropic and.
anisotropic plasmas has been calculated by solving
numerically the Maxwell equations exactly and by providing H
useful approximate design formulas for certain circumscribed
regimes. Utilising a two—channel phase—discriminating
circuit, it was possible to measure the in-phase and
quadrature component of the output signal separately.

Conductivity and Hall coefficient of the argon
plasma were calculated through an adaptation of Shkarosfsky's
plasma kinetic theory and used as a basis for comparison with
measurements. AThe 1atter confirmed the theoretical predictions
for conductivity in a satisfactory manner through six orders .
of magnitude from electro}ytes through plasmas right up to

metallic conductivity values.

It is further shown that Hall coefficients can be
satisfactorily measured/with the same device and that -the
non—uniformity in the g?seous plasma caused by the growth
of the thermal boundary layer near the probe can be
adequately accounted for by an asppropriate modification

of the probe theory.
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FIG,16 COMPARISON BETWKEEN CALCULATED AND MEASURED
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FIG.17 ENLARGED VIEW OF A TYPICAL PROBE

ASSEMBLY, QUARTZ TUBE,COIL,BNC CONNECTOR.



FIG.17 ENLARGUED VIEW OF A TYPICAL PROBE

ASSEMBLY, QUARTZ TUBL,COIL,BNC CONMECTOIL,
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FIG.21 CIRCUIT DIAGRAM OF A DOUBLE TUNED AMPLIFIER,
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FIG.30 VIEW OF TEST SECTION AND EQUIPMENT.




F1G,30 VIEW 0 TEST SPCTLON AND BEQUIPMENT,
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FIG,38 OSCILLOSCOPE RECORDS FOR AN ISOTROPIC PLASMA.
EXPERIMENT 155,RUN 6 : P;=5 Torr,M ;= T.7
prace 1 : Conductivity modulated carrier,

10 mv/cm, 1 msec/cm,

Trace 2 : R : 100 mv/cm, 200 Hsec/cm,

Trace 3 : L : 100 mv/em, 200 Usec/cm,

Trace 4 : Pressure record at end plate of shock tube,
Trace 5 : Pressure record ahead of the test section,
frace 6 : L : 100 mv/em, 100 Usec/cm,

-
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FIG.39 EXPERIMENTAL DATA FOR ISUTROPIC SHOCK TUBE
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FIG.41 VARIATIONS OF THE COIL SERIES RESISTANCE,
VERSUS SHOCK MACIH NUMBER,FOR AN ANISOTROPIC

PLASMA, N

~ =T~ THEORY

Tesla

0

A 3 Tesla
4 Tesla
5

Tesla

T

f /[l
/[

o~ l / -
/

1 !

[ [

I [i

v I 6 I, Msil | ? ,




FIG.42 VARIATIONS OF THE COIL SERIES INDUCTANCE,

VERSUS SHOCK MACH NUMBER,FOR AN ANISOTROPIC PLASMA,
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. FiG.43 RELATIONSHIP BETWEEN HALL PARAMETER AND

SHOCK MACH NUMBER,AT VARIOUS INITIAL PRESSURES,
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FIG.44 OSCILLOSCOPE RECORDS FOR AN ANISOTROPIC PLASMA,
EXPERIMENT 156, RUN 4 :P} = 3Torr,My;=8.05,Bp=5 Tesla.
Trace 1 : Conductivity modulated carrier,added to the
discharge current through the field coil,
10 mv/cm,1 msec/cm.

R : 100 mv/cm, 200 Ksec/cm,

L : 100 mv/cm, 200 Msec/cm, =
pPressure record at end plate of shock tube. &
Pressure record ahead of the test section,

L : 100 mv/cm, 100 Hsec/cm.
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FIG.45 RECORDED CONDUCTIVITY HISTURY FOit A SHOCK TUBE
PLASMA,COMPARED WITH ESTIMATED PROBE RESPONSE.

EXP. 122,RUN 15: P,=15 Torr,M =7.03, 6 (=1800 mho/m. PROBE D.
Upper trace:Modulated carrier,100 Msec/cm
Middle trace: AL :200 mv/cm,7.8 mv/nH,100 Hsec/cm,
Lower trace: AR :200 mv/em,117 mv/0hm,100 Hsec/cm,
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FIG.45 RECORDED CONDUCTIVITY HISTORY FORl A SHOCK TUBE

PLASMA ,CUMPARED WITH ESTIMATED PROBE RESPONSE.

EXP. 122,RUN 15: P,=15 Torr,M =7.03, 6 ;=1800 mho/m. PROBE D.
Upper trace:Modulated carrier,100 Hseec/cm
Middle trace: AL :200 mv/em,7.8 mv/ull,100 Hsec/cm.

AR :200 mv/cm,117 mv/0hm,100 Msec/cm.
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TABLE II: Non-dimensional profile coefficients and

Tictitious probe radius versus time (fig. 15)

Time Radius b' A¥(t) B¥(t) c*(t) ;
(usec) (cm) f
0 0.157 1.00 0.00 0.00 |
25 0.16) 0.80 2.95 ;.00 i
50 0.172 0.87 2.51 -3.88
100 0.181 0.91 1.78 -3.1,8
150 0.188 0.97 1.35 -3.28
200 0.191 1.01 0.66 -2.63
300 0.197 1.0k ~0.01 —2,10

i
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) . COMPUTER PROGRAM LISTING

- PROGRAM TU EVALUATE THE RESPONSE OF A DOUBLE LAYER IMMERSED PLASMA = -
C CONDUCTIVITY PRQOBE.
¢ INPUT DATA:- PROBE DIMENSION : -
C — RANGE PAKAMETERS,FOR CONTROL OVER THE PROPER PARAMETERS
C IN A PARAMETRIC STUDY AND T0O SELECT THE PROPER OPERATIONS.
¢ FOR NONUNIFORM PLASMAS,THE PROFILE COEFFICIENTS,FOR A PROFILE OF
“C- " THE FORM SIGO/SIG=APN+BPN/(R%%2)+CPN/ (Rx%x3) "yMUST BE READ "IN, ~—— = — =
C OUTPUT DATA:-PROBE PARAMETERS . (HLyH2,W,S)
c © " —RESISTANCE CHANGE(DELR),REACTANCE CHANGE(DELL).
C THIS PROGRAM CALLS THE SUBROUTINES DBESI,DBESK,ALLHA FOR EVALUATING
C RESPECTIVELY THE I(K) BESSEL FUNCTION,K{K) BESSEL FUNCTION AND THE |
C HANKEL FUNCTIONS FROM WHICH THE K{X) BESSEL FUNCTIONS WITH COMPLEX i
-~ ARGUMENT S~ ARE "DERIVED.™ f
c , _
I C SYSTEM OF UNITS = MyKGR,SEC. = —7 == N T e
i IMPLICIT REAL*8(A-H,0~-2)
[ DIMENSION Y(400),BK0(400),8K1(400),BI0(400),BI1(400),"

18(1000) »SI633(100),SIG11(100),SIGL2(100],TRM2{400),

S = 2ENTALL{400) yENTA12(400) ,ENTA22( 400} ;ENTB11(400) ;ENTB12(400); -~ -~~~
3ENTBZZ(400),BB(ZO).BC(ZO’,CBC(ZO).TIME(ZO),APN(ZO)' PN(20) 5
4CPN120) ‘ " "

COMPLEX*16 UC,QS14QS2+Q53,Q54,2C092C14ZC24X04X14X2,TRM3(400),
1BKOC,BKO1 BKO2 yBK10,8K11,BK12,EE 4EE0YEEL,EE2,RAD RAL 5 RAZ,
2PRO,PR14PR2yBKOSsBK 1S4 PMUEPS 1GOC,G1C, UU, UL, UU2

-C~ PROBE PARAMETERSW™ =~

C  PROBE D EXPERIMENT 122,RUN 15.

'C THERMAL EFFECTS ON PROBE RESPONSE AT3MS = 7,03yP1 = 15" TORR = S
| C COIL RADIT(AL,A2),LENGTHIDL),TURN DENSITY(DNI,DNZ).PROBE RADIUS(BBP)
" Al = 0.585D-03 - e
A2 = 0,735D-03
- ——pL~= 0.756D-02

DNl = 0.648D+04 e -
CDN2 = 0.648D+04 TS
BBP = 0.161D-02

RANGE PARAMETERS.
N CONTROLS HALL PARAMETER.

- L-CONTROLS -CONDUCTIVITY RANGE"
I CONTROLS RANGE FOR FILLING FACTOR.
K CONTROLS THE EFFECTIVE PROBE RADIUS
J CONTROLS CONDUCTIVITY PROFILE. T

NMIN = 1 |

NMAX = 1 o - -
e MAX = ]

IMAX - 1 [ e

JMAX = 13 o

IF(JMAX .EQ.O0) GO TO 8
READ(5) JMAx,SIGap,(J,TI»E(J),CBC(J{L_
C1CPN(J) 5 J= 1, JMAX) -
100 FORMAT { 145D15.5/ (14,5013.5)) - o L
DO 7 J=1,JMAX
7 BB(J) = CBCUJ)
KMAX = JMAX

APN(J),BPN(J):

|
|
|




8 CONT!NUE Coo T ek R
¢ STEPSIZE FOR INDEPENDANT VARIABLE X : DD = 0.05
DD = 0.500D-01
C NUMBER OF STEPS IN THE INTEGRATION: NOST = 350
NOST = 350
FO = 0.1069775D+08
--  PERV = 8.854D-12 - - e e e e e
D = 0.500D-15
PI = 3.14159D+00 S
P02 P1/2.0D00
DMU = 4.0D+00%PI*1,00~-07 e
OM = 2.0D00*PI%FO
DISPL = DMU*OM*OM*BB(1)*BB({1)*PERV*0.60D0+02" R -
C CALCULATION OF MODIFIED BESSEL FUNCTIUNS WITH REAL ARGUMENTS.
DO 1 M=1,NOST ' C
DM = M
- X = DD*{DM-3.,0D+02} T T
Y(M) = DEXP(X)
“~CALL DBESK (Y(M),0,BK,BsIER) ™" T T T
BKO(M) = BK
CALL DBESK (Y(M)s1,4BKyByIER) 7 777 77 m 7
BK1(M) = BK
CALL DBESI (Y(M),0,B8JsDs8,1ER)" R
BiO(M) = BJ '
- e CALL-DBEST (Y(M)y13B8J3DsB,y IER) T T T
1 BIltM) = BJ
' D0 9 -N=NMIN,NMAX -~ -7 cmmrmmmemmmmm e e
HALL = (N-1)%*5.0000
‘ WRITE(3,109) HALL"~ — - S e
109 FORMAT (50X, "HALL COEFFICIENT = '4WF4ely//)
~¢- CALCULATION OF EFFECTIVE PROBE RADIUS. ~-— === 777777770
DO 50 K=1,KMAX o N .
w - DL/BB(K) . N ce e e . PR . - - - - . (
DO 51 M=1,NOST :
- Y(M' *w —— . e - .- - .
51 TRMZ(M) = 1.0000- DCOS(C) L
-G SETUP FOR RANGE OF THE -S PARAMETERG- ==~ == 7=77777 " .
DO 2 L—I,LMAX,Z
DPL = L SRR
SIG33(L) = 0. 25250+04
IF(JMAX .NE.O) SIG33(L) “SIG3P
IF(HALL.EQ.0.0DOO) GO TO 10
~C NON ISOTROPIC PLASMAS. - e
c CALC&EAI?SNISF THE COMPONENTS OF THE CONDUCTIVITY TENSOR.
s = SIG33(L)*DMU*UM*BB(K)*BB(K)
SIGLL{L) = SIG33(L)/ (1. O0DOO+HALL*HALL)
SIGl2(L) = SIG33(L)*HALL/ (1, +ODOO+HALL ¥*HALL)
IF (HALL.EQ.0.0D00) GO TO 10

ST = SIGll(L)/(SIGll(L)**Z+SIGlZ(L)**2) - -
SH = SIGlZ(L)/(SIGll(L)**2+SIGIZ(L)**2)

HC = HALL

GC = 1.0000 |
FC = SO |




L-3
)

7T SOLUTION OF THE COMPATIBILITY EQUATION,  ~ 777 7 7 7mmm mmrmmm s e = e

DO 3 M=1,NGST
uc "= DCMPLX(Y(M)*Y(M),FC) -
({1.0D0+GC) *UC +HC*HC*Y (M) *xY (M) )/ (2. ODOO*GC)

Qsl =
1 QS2 = (UC  *UC  +HCHHC*{Y(M)*%4))/GC
QS3 = QS1*QS1-QS2
e —QS4 = CDSQRTLQS3) - o e -
ZCl = QS1+QS4 _
X1 = CDSQRT(ZC1) . S e e e
XC1A = DREAL(X1)
XC18 = DIMAG(X1) = -~ = = = e e

I1C2 = QS1-QS4

———-—--X2-= CDSQRT(2€2) ~——
XC2A = DREAL(X2)

- XC28 = DIMAG(X2) = — = - == e e — .
ARGUMENTS.

C CALCULATION OF THE MODIFIED BESSEL FUNCTIONS WITH COMPLEX
- ~R1 = CDABS(X1) S T T
FI1 = DATAN(XC1B8/XC1lA)

- IF{R1aGT.0.30D+02) GO TO 20—~ B
THETAL = FI1+P02

"CALL SLITE(1l) T eI em mmmmmmmmmmee e B

CALL ALLHA(RlyTHETAlyHOlAvHOIB HOZAvHOZBlelA H11B8,H12A,H12B,IT)

IR JF{IT.NE.1) WRITE(3,111) M,Y(M), Rl,THETAl,HOlA,HOlB,HllA,HllB,IT C

BKO1 = DCMPLX{(—-PD2%HO018,P02%HO1A)

e ——BK1l--——= DCMPLX{-PO2*H11A,-P02¥H118)
RAL = BKO1/BK1l

20 PR1 = 0. 800+01*X1

B e

- GO TO 2 1 - ——— e e e am e a4 e e a——— e e ¢ mama = mEiea e sim el esio s SIS o omS Tt TS

e —-BK0S=1.000-1. ODO/PR1+9.0DOI(2.0DO*PRI**Z)-0.750+02/(2.0DO*PR1**3)
BK15=1.0DO+3.0DOIPR1—O.150+02/(2.0*PR1**2)+0.IOSD+O3/(2-O*PR1**3)

—-——--~-RAl-=-BKOS/BK1 S
21 R2 = CDABS(X2)

IF (R2.GT.0.30D +02) GO 10 22
- THETAZ = FI2+P02 =~ == o
CALL SLITE(1)

BKO2 = DCMPLX{-P0O2%HO1B,PD2*HO1A) -
BK12 = DCMPLX(- POZ*HllAy-POZ*HllB)

RA2 =BK02/BK12 ) -
GO TO 23

cmeme FI2 = DATAN(XC2B/XC2A) - - wmwms s mmmm e o

22 = PR2-=- 04 8OD+01%X2 o T

RA2 = BKOS/BKLS
C CALCULATION OF THE ENTEGRAND {HALL EFFECT)

#*%3)
BKOS=1.000-1.0D0/PR2+9.0D0/(2. .0DO#PR2%%2) 0. 75D+027( 2. 0DO*PR2
BK1S=1].0D0+3.0D0/PR2-0415D+02/ (2.0%PR2%%2) +0.1050+03/ (2. 0*PR2¥*3)

C ISOTROPIC PLASMAS.

23 EE1l = (X1/(2Cl-2C2))*(UC -7C2)*RA1l ]
e EE2 = AX2/(2C1-2C2) )V ¥(UC - =2C1)Y*%RA2 o —
EE = EE1l-EE2
3 TRM3{(M) = (Y{M)*BKO{M)-EE #BK1{M))/IY(M)*BIO(M)+EE *BI1{M))
GO TO 11

—~ ———— CALLALLHA{R2 y THETA2,HO1A,HO1B, HO2A,HO28,HL11A,H118,H12A,H12B,1T) — ~ ~
IF(IT.NE.1) WRITE(3,111) M:Y(M)7R21THETA2,HOIA9HOIB,H11A HlleIT



=10

=30

31

C CALCULATION OF THE ENTEGRAND(NO HALL EFFECT)

4 TRM3(M) = (Y{M)*BKO(M)-EEO *BKLIM) ) Z(Y{M)*BIO(M)+EED T *BIL(M)) "~ 7

""C NON UNIFORM PLASMAS. ' '

16

111

19

18

"PMU
~ 1C0
“XCOA = DREAL(XO0)

RO = DSQRT(XCOA*XCOA+XCOB*XCOB) ~ ™~

L-4

S0 ="SIG33(L)*DMUXOM*BBIK)*BBIKY — T e

IF (UJMAX.NE.O) GO TO 16
DO 4 M=1,NOST

2C0 = DCMPLX(Y(M)*Y(M),S50)
X0 = CDSQRT(ZCO)

XCOA = DREAL(XO)

RO = DSQRT(XCOA*XCOA+XCOB*XCOB)

FIO = DATAN(XCOB/XCOA) S,
IF (RO.GT.0.30D+02) GO TO 30

THETAO = FIO+P02 o S
CALL SLITE(1)

- CALL ALLHA(RO’THETAO1“01A1H0185H02AvH0281HllAle189H12A1H1281IT)

IF(IT.NE.1) WRITE(3,111} M,Y{M)yROy THETAO,HOLA,HO1BsHL1A,H11B,IT

BKOO = DCMPLX(-P02%*HO18,P02%HO1A) .
BK10 = DCMPLX{-PD2%*H11A,-P02*H118B) ‘
RAD = BKOO/BK1O0 o o T T e
GO 70O 31

PRO = 0.80D+01%XQ ~ =~~~ T = S
BKOS=1.0D0-1.0D0/PRO+9.0D0/ (2,0D0%PRO%*%2) -0, 750402/ (2.0D0*PRO**3]
BK1S=1.0D0+3.0D0/PRO-0.15D+02/ {2.0%PRO*%2) +0.105D+03/ (2. 0%PRO**3)
RAO = BKOS/BK1S

EEOQ = XO0%RAO e -

GO T0 11

SP = SIG3P*DMU*OM%*BB(K)*BB(K)
SO = SIG33(L)*DMU*BBP*BBP*UM
EPS = DCMPLX(0.0DOOyBPN(K)*SO/Z.ODOO)
=”DCMPLX(0°ODOOiCPN(K)*SO*BBP/BB(K))“
Do 17 M=1,NOST
= DCMPLX[Y{M)*Y(M),5P)
X0 = CDSQRT{(ZCO)

XCO0B = DIMAG(XO)

e e et o« o s e S e T S T

FIO = DATAN{XCOB/XCOA)
IF (RO.GT.0.30D402) GO TO 19 °
THETAO = FIO+POZ

CALL SLITE(1) ' ' ) oot o oo ' :
CALL ALLHA(RO,THETAO,HOlAyHOlB.HOZA,HOZB,HIIA1H1189H12A9H1281IT)

~IF(IT.NE.1) WRITE(3,111) M,Y(MivRO,THETAO:HOlAyHOlByHllAyHllB,IT

FORMAT(1X,1497D15.5,14)

BKOO = DCMPLX(—POZ*HOlB,POZ*HOlA)
BK10 = DCMPLX(—PDZ*HllAy—POZ*HllBi
GO TO 18 o

PRO = 0.80D+01*X0
BKOS=1.0DO—1.0DO/PRO+9.000/(2.0DO*PRO**Z)—0.750+02/(2.0DO*PRO**3)

BKIS=1.0DO+3.0DO/PRO—O.150*02/(2.0*PRO**Z)*O.105D+03/(2.0*PRO**3)
4.0DO*BK00/3.0DO+2.0DO*BKIO/(3.0DO*XO)

GoC =
GlC = (4.0DO*X0/3.0DO+2.0DO/(XO*3.0DO))*BKlO—Z.ODO*BKOO/3.0DO
UuUl = XO*BKOO+EPS*BK10+PMU*XO*GIC/Z.ODO

- XCOB = D IMAG( xo) R JR O TUR Uy s SRS PRSP R
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T T UU2 = BK1O+EPS*BKOO/X0+PMUXX0%GOC/ 22,0000 = "= " s e e
Uu = UUI/UUZ

17 TRM3(M) = (Y {M)*BKO (M)~UU*BK1 (M) )/ (Y{M)*BIO(M)+UU*BIL (M)) |
11 CONTINUE : f
© DO 12 I =1, IMAX - T T |

H1 = A1/BB(K) |

oot M2 = A2 /BBIKY) S T e e - ——
DO 13 M=1,NOST |

A= Y{M) *H1 e T o
l

!

{

{

CALL DBESI(A'I,BJ,D,ByIER)
BIAl = 8J : I
= Y{M)*H2

““‘*‘““CALt”DBESl(AfI?BJiDFBVIERT‘

BIAZ = BJ

TRM11

TRM12

TRM22

BIAL*BIAL/Y (M) e e e e
BIAL*BIA2/Y (M)

BIAZEBIA2/Y (M)  ~ 7
ENTALL(M) = TRMLL*TRM2(M)*DREAL (TRM3{M))

CTTUTTTTENTAL2 (M) =TTRM1Z2*TRM2 (MI*DREAL (TRM3 (M) ) o
ENTA22(M) = TRM22*TRM2(M)*DREAL (TRM3{M))

h "ENTBL1(M) = TRMLIL*TRM2(M)*DIMAGITRM3(M)) ~  ~— — 7 77— " =77
ENTB12{M) = TRM12%TRM2(M)*DIMAG{TRM3(M))

13 ENTB22(M) TRM22*TRM2 (M) *DIMAGITRM3(MY )~~~ o o e
C INTEGRATION USING SIMSON RULE.

T ARALl =—0.,0D0O - —_
‘ ARAl12 = 0.,0D00
‘ARA22 = 0.0D0O - - - e e e -
ARBll = 0.,0D00 o
T ARBl12 = 0.0D0O e - o e
ARB22 = 0.0D0OO N
T =09 0000
‘ DO 5 M=1, NOST o ]
’“- .- J = J+1 I e e e e e e e e e s B
IF (J- 2) 14,15,14 - )
14 J=1 e e s+ e e
GD TO o
16 =2 -
6 ARAL1l = ARA11+(DD/3.0D00)*(2.0D00*J)*ENTALL(M)
' ARA12 = ‘ARA12+(DD/3.0D00)*(2.,0D00*J)*ENTAL2(M) T
ARA22 = ARA22+(DD/3.0D00) *(2.0D00%J ) *ENTA22(M)
“ARB11 = ARB11+(DD/3.0D00)*(2.0D00*J)*ENTBLLI(M) -
. ARB12 = ARB12+(DD/3.0D00)%*(2.0D00%J)*ENTBL2(M) o
"""5- - ARB22 =~AR822+(DD/3.0DOO)*(2;ODOO*J)*ENTBZZ(M) o e
ALFAl1l = DMU%A1l*4, ODOO*HL*BB(K) *BB{K)*DN1*DN1
ALFA12 = DMU*A2%*8. ODO0*H1%BB(K)*BB(K)*DNL*DN2
ALFA22 = DMU*A2%*4. ODOO*HZ*BB(K)*BB(K)*DNZ*DNZ
BETAl1l = -OM*ALFAll )
» BETA12 = —-OM*ALFAlZ2 o o ) ”
e BETA22 = =0OM*ALFA22 — — o oo oo
DELL11 = ALFAl1*ARAll [
DELL12 = ALFA12*ARA12 ceo T
DELL22 = ALFA22*ARA22
DELR11 = BETAl1*ARBI11

35 AT R R



)
e BELRT2 =T BETALZ®ARBL2 ~ 7 T m e e e
DELR22 = BETA22%ARB22
DELL = DELL114DELLL12+DELL22
DELR = DELR11+DELR12+DELR22
RAND = DELL/(DMU*BB(K))
REND = DELR/ (OMxDMU*BB(K))

12 WRITE(3,107)L,S0,SIG33(L),SiG12(L),DELL11,DELLL2,DELL22,DELL,RAND,
1DELR11,DELR12,4DELR22,yDELR,REND

107 FORMAT(' '41443D15.5/4Xy5D155/4X35015.5) T

2 CONTINUE
WRITE(3,1C8) Al1,A2,08B(K),DLsDN14DN2,H1,H2,SP,EPS,PMU

108 FORMAT('O'ySDlS 5/5015 5///)

50 CONTINUE - - e e et e e i 2 A e+ < e
9 CONTINUE

CALL EXIT e e e

END ‘»;

- S -




APPENDIX A ’

Solution of the vector Laplacian Y2A=0 in cylindrical coordinates

Due to circular cylindrical symmetry we have only
an azimuthal component Km of the magnetic vector potential
and using the symmetry cdndition 385 = 0, we can express the
vector Laplacian in circular cylindrical coordinates as

follows:

1 t '
9 A'_‘f L2 'b_éf _ é_cf DAQ o (A1)
Drr n I n

Separation of variables demands: Am = R(r)Z(z) wherein
R(r) and Z(z) are respectively functions or r and z only.

Substituting this solution into (A-1) we get:

I R@A) L Ry L'DLZ(:Z)
R@} 9nr Rz o*n nt Z@) 2zt

=0 (A‘-Z)

This indicates that the variables R and Z can be separated

and the derivatives must be equal to constants or:

—L BlZLz) - |'<’- \
Z@) 2zr (A-3)
with the )
solution: Z(.Z) = C,C”O"") D g (x2) (A=)
and

,Lz '97:,\_(:-) + Q?_p\iz)- - R(’t) [’\ +(k’(.)l] =0 (A_S)
ot o1

This is a first order modified Bessel equation

and has the solution




A2

R(1)= A Ka(kﬂ + BI«(R&)
Combining the solutiocns we hzve

A (v2) = \'AK () + B_hmﬂ Canlxz) + DS«M(\EZ{K (271

The four constznts i, B, C, D zre functions of the so-—called

ity 11

sepzrstion constant 'k ané are usuglly different for ezch

vzlue of k. The corplete solubtion would be z sum of =11

ingividuzl solution, but since the region is unlimited in

. .
Is zzm iInfeg

the z Girection, the comple
the entire range of k. Thus the generzl solution is:

o

s

Aw (-('7_)= [A K () + BI,LR«)]. {C wixz) + D v x2)  dk (233
‘ /

o

(L} Czleculztion of the magnetic vector potentizl imsicde =
loop of wire of redius z locztbed szt z=o znd eczrryizg
z current I.

The unknown constznts cf ezpression (-8} czn be

!

determined by introducing syrmetbry considerzticor ernd DOURCEIY

conditions.

- From plenzr symmetry sbout z=0 follows D=o

- Irside the coil, the mzgnev tic wector potentizl mmst be

finite or £=C.




Expression (A-8) becomes:
D

A\f(m,z) = f.00 La (k) con(kz) ok (A~9)

o]

— The remaining unknown can be calculated from the knowm
magnetic field strength at the axis of the loop:

Since B =VX& we can write at the axis

Buleow = £ &0A9),

L
=0 n
y E () k 1. (k) wnlez) Ak

n=0
The magnetic field strength at the axis can also

be expressed as:

L)

\ & : falk) K e O y dk
B = = < 4 -
#lee 2 (aH 7.1\)3/2 A (4-10)

This can be solved, using a cosine integral transform (Ref. 88)

with the following relationship:

? W 1
1\
% Kq(ak) onliz) = 5 (a+ 2%) 3/ (A-11)
’ I
which, by multiplying by L’?{—‘-’—— becomes: )
%}
I ez) dk
BZ\&, = lt?_'_l: ‘(1(0 l«).\ﬂ,(’,ef)(_kZ) Ak = &(k\ \4(,00(\ ")
=X -)
] " [o]

al x tion becomes:
Hence f (k)= H;J[—— le(ak) and the soluti




Al

d

Ag‘,(«ﬂh %I' K, (ak) Ta () con (x2) dk
' ] (A-12)

at r=a this reduces to

o0

K1 Cak) 1. (ak) con(k2) Ak

A‘f (a,2) = ot
n (A-13)

0

(2) Calculation of the magnetich;ector potential outside
a loop of wire of radius a, carrying a current I and
located at 2z=0.
Again starting from expression A-7 we can eliminate
one unknown from symmetry consideration: D=0.
At infinite radius, the vector potential must
be zero, and only the Kl(kr) Bessel function satisfies
this condition or B=o. |
At the radius r=a, the value of the vector \
potential must be identical to the value for expression

(A-13). The solution becomes:

D

. | <
Atf (rg_,z) = Y_t__;__ I¢ (ak) \(1_(!<’t) con (2) ckk (A-1L)
: ,

The solutions A-12 and A-1ly are given by
W. Smythe (Ref. 50, po 302) and are ysed repeatedly in

Chapter I and Chapter III.




APPENDIX B

Design procedure for pulsed magnetic field coil

The design is carried out in three steps. The coil

geometry is fixed first, based on the requirements of a
homogeneous magnetic field over a specified control volume.
The wire size and number of turns is calculated next on the
basis of the required magnetic field strength and the
permissible fluctuation of the magnetic field during tne
testing time. This is concluded by a calculation of the
material stresses under the influence of static and dynamic

loading of the coil.

l. Coil geometry

The coil length and inner radius are fixed as

described in Chapter V.

Coil length : 22 15 em

205 cm

Coil inner radius: 8y

Extensive use was made of Ref. 85. This report \
shows that for g = g/al = 3, and a ratio of the outer coil
radius over imner coil radius: o = a,/a) = 1.5, the axial
magnetic field satisfies the conditions for a spatial
homogeneous field over the control volume., In fact, the

axial field varies less than 1 percent over the total length

of the control volume. (Fig. 31)




2. Calculctions of detsiled coil design

Since z high spsace factor is needed to meet the
requirenents, a sguare wire was chosen. We decided on
PORMSET squere magret wire since it combines a high space
factor with thermosetting selif-bonding properties of the
insulation. The dielectric strength for single insulested
FORLSET is guoted to be 2000 volt/mil, Since the total
voltage impressed on the coil does not exceed 6 KV over
several layers, = single insulation would be more than
adeguate to prevent brezskdown.

To determine the total number of turns and the
distribution among several layers, we start with the following
known regquirements:

An axial megnetic flux density of 6 Tesla is

required zt the center. Reference 85 lists the constant
B

O

= for different coil geometries,
1

€

B
For , = 1.5 and g = 3 “52‘1 = 0.161285

from which follow the total current density snd the total

currente.

It is possible to set up a small computer progreatmae
to czlculate the various coil paremeters with the total number
of turns X as independent parameters. This programme steps
through a range of K, from which we selected that coil
configuration satisfying all our conditionse.

Given the total number of turns, the following



data can now be calculated:

(1) Assuming a space factor of 90 percent for squaré wire,
the wire gauge, total wire length and total resistance can
be calculated. Indeed, the catalogue specifies the
resistance of the magnet wire in Ohm/km for the various
wire gauges. For single insulation magnet wire, the

resistance follows very closely the relationship:

R = 19.5/x2* % onm/kn
where X is the square wire side dimension in mm.

(2) The inductance of the coil can now be calculated from:
VA
e n
wherein A is the coil cross—sectional areae
K, is the Nagaoka constant (Ref. 83):

1

km - A0 + 08w/l + 032 /., tO-834 ke
. +a2
wherein T is the mean radius: —

t. coil thickness: a2-a1
L coil length

(3) To meet the requirement that the axial field should

vary less than 2 percent during a time of 1,00 psec, the total

period of the discharge should not be less than 8 pusec. The

' . .
period for an under—damped oscillatory discharge can be

expressed as:



B-ly

T = E%Zf wherein Q% = %éf_ Re

Knowing T, Q can be calculated. From a knowledge of the

resistance, the capacitance is determined.

(4) Knowing the parameters of the coil—-capacitor system,
the voltage can be calculated.
The current—voltage relationship for an under-

damped discharge is:

I{t) = %’- exp (— %LE) sin(%%)

from which we derive the time for peak current:

T = -%'— arctg %—

Imax

and the peak current itself:

_ 2V ' BT Tmax Wimax

Tpax =@ O\~ 7EL | STR\TET

The only unknoﬁn is the voltage V needed to obtain the

required peak current.

A suitable combination of parameters was found

for N = J53 and are:
1.93 mm (gauge 13)

(1]

wire dimension

coil resistance ¢ 0.7 Obm
coil inductance : 3,81 mH
¢ 0.423 mPF

capacitance

peak current s 1,713 K Amp

time of peak current: 1.9 msec



bank voltage 5785 volt

7.077 kJ

total energy

At the moment of peak current, 79 percent of the
energy is stored in the coil while 21 percent is dissipated
in the resistance. The coil consists of 13 gauge single

insulation formset, arranged in 6layers of 75 turns each.

3. Stress calculations

2
The magnetic pressure (Pm = %E) at a field of

6 Tesla smounts to 1.6 10° kg/m® (2080 psi).

The safe limit for the material stress for copper
is quoted ss: M= 6000 psi. Assuming a cross—sectional area
of 6 squére inches, the safe permissible force is 36000 lbs.

The magnetic force perpendigglar to this cross

a12

section can be calculated from: Fﬁ = — is of the order

of 11000 kg (24,000 lbs) and is considered to be safe for

stetic loading.

To investigate the effect ol dynamic loading at

the characteristic discharge freguency of 100 Hz, one |

calcuiates the strain g from Hooke's law m =€ E wherein E |
6 .

is the Young's modulus for copper (16x10° psi). Since

£ = 923 one calculates the veriation in the coil radius

from which we determine the spring constant for the coil

E‘ T being the total magnetic force experienced

being X = 37 »
by the inner coil layer.

Knowing the total mass of the coil (M = 0,254 kem),




B-6

the natural mechanical frequency is:

— e
b L2 0 kN

Since the driving frequency (100 Hz) is considerably
smaller than the resonance frequency of the coil, dynamic

loading will not effect the coil appreciably.
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An Absolute Immersion-Type Electrical
Plasma Conductivity Probe

ELIE J. STUBBE

Abstract—The feasibility of measuring the spatial distribution of the
electrical conductivity in plasmas by means of an immersed plasma probe
has been examined. By solving the Maxwell-Helmholtz equations for the
case of a coil inside a cylinder immersed in an electrically conducting medium,
the change in coil impeda:.ce due to the presence of the medium is predicted.
The exact solution is numerical, but for certain limiting cases analytical and
empirical design formulas are obtained. A bridge and phase-sensitive de-
modulator allows separation of the resistive and reactive signal components;
experiments with electrolytes and with shock-tube plasmas show that the
theoretical predictions are borne out in practice to a good degree of accuracy,
thereby providing an absolute method for which no known electrical conduc-
tivity standards are required. The plasma cooling effect of the probe is con-
sidered and an estimate for corrections is suggested.

NOMENCLATURE

A magnetic vector potential
Ay, magnetic vector potential created by coil currents
Ay, magnetic vector potential at coil created by eddy
currents
A; induced magnetic vector potential in plasma
a radius of coil
B magnetic flux density
b radius of probe
C capacitance
d =[k?+jouw]'?
E electric field
(k) function of k
h =a/b
I current
I, modified Bessel function of first kind (zero order)
I, modified Bessel function of first kind (first order)
J imaginary unit
Jj current density
K, modified Bessel function of second kind (zero order)
K, modified Bessel function of second kind (first order)
K, modified Bessel function of second kind (second
order)
k integration variable
L inductance
I coil length
N total number of turns
n number of turns per unit length
P! associated Legendre functions
p =nb

Manuscript received April 1, 1968. This contributed paper appears
oy in the PROCEEDINGS.— The Editor. This work was submitted to the
b.ectrical Engincering Department, University of Ottawa, Ottawa,
C-nada, in partial fulfiliment of the requirements for the Ph.D. degree.

The author is with the Gas Dynamics Section, National Research
Council, Ottawa, Canada.

quality factor

resistance

radial component in cylindrical coordinates
probe parameter (= ouwb?)

voltage

=l1/b

=db

=kb

impedance

axial component in cylindrical coordinates
=K1/b*

increment

phase angle

thermal diffusivity

magnetic permeability for free space
electrical conduz:tivity

time elapsed since passage of the reflected shock
circular frequency

a Q%R 2SS ulNex T <Xz <« 83O

g

Subscripts

coupling

induced

leakage

without conducting medium present
primary ; parallel

radial

series

axial

azimuthal

[

SN T O

I. INTRODUCTION

r 'l YHE MEASUREMENT of transport properties of a
plasma is an important task of the diagnostic study of
plasma physics in engineering. The large number of

articles published on the subject of plasma conductivity
measurements reflects a special interest in this branch of
plasma diagnostics. Reference [1] presents a survey of the
subject for different probe configurations based on the
electromagnetic coupling between a radio-frequency mag-
netic field and an electrically conducting medium, together
with an extensive review of the literature.

Two references are worth mentioning in connection with
the immersed type of conductivity probe. Olson and Lary
[2] conceived the idea of the immersed probe to measure
the electrical conductivity of flames. Sprouse [3] also uses
an immersed probe coil to measure the electrical conduc-
tivity in an arc heated, low-density supersoni_c plasma. The
results are presented in terms of a nondimensional parame-
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ter Q,, which, for a particular coil, is a function only of the
electrical conductivity of the surrounding medium. Since
the range of electrical conductivities most often encountered
in laboratory plasmas (between | mho/cmand 100 mho/cm)
falls outside the readily available range of calibration stan-
dards. particular emphasis is placed on the development of
an absolute device. It should be mentioned that some ma-
terials exist with suitable conductivities, but most present
some difficulties. Examples include the following.

1) Fused salts fall in the proper range only at elevated
temperatures.

2) Semiconductors are anisotropic or contain grain
boundaries.

3) Metal-ammonia solutions at subzero temperaturcs
have an electrical conductivity continuously variable from
10~* mho/cm to 10° mho/cm. However, special techniques
must be used to produce these solutions and they are difficult
to conserve for useful periods.

In [4], the basic principles of the behavior of this type of
probe were explained on the basis of the transformer equiva-
lent circuit which provides a crude explanation of the ob-
tained results.

The present analysis will present a more rigorous ap-
proach to the problem of correlating a detectable change in
the impedance of the probe coil to the electrical conduc-
tivity of the medium which surrounds the probe. Absolute
calibration can then be performed by artificially changing
the impedance of the probe by external circuit adjustment
and recording the response of the electronic circuit.

It is the purpose of this paper to present experimental
results in agreement with the theoretical solutions, estab-
lishing the basic feasibility of bypassing any tedious direct
calibration procedures. Plasma disturbance and conduction
cooling are two main drawbacks of an immersed probe. It
is shown that this can be overcome or accounted for by
proper probe and circuit design.

11. THEORETICAL TREATMENT

A. Analysis of the Internal Coil Impedance in the Presence
of an Electrically Conducting Medium

The conductivity probe is basically a single-layer, tightly
wound, helical coil excited by a radio-frequency current
produced by an external generator. The coil behaves as the
primary of an RF transformer whereby the plasma can be
considered as a single-turn, short-circuited secondary
wherein eddy currents are induced.

This loading effect of the plasma on the driver coil can
be expressed by evaluating the ratio of the induced voltage
over the driving current. The primary RF current in the coil
I, produces a dipolar magnetic field, the time variation of
which gives rise to an electric field E in the azimuth direc-
tion. Using Maxwell’s equation together with the definition
of a vector potential 4 according to: B=V x 4, the voltage
induced in the plasma can be expressed as

V.= —jw§A-dl. (1)

Due to the azimuthal symmetry of the magnetic vector po-
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tential, the induced voltage at the location of the primary
with radius a is

2n
Vip = ——j(uaJ‘ Ayddp = — 2najwA,. 2)
0

Since the vector potential A4 is related to the current density
j by the Laplacian V24 = 4. a relationship between voltage
and current can be obtained, from which the impedance
can be calculated. If no plasma is present, i.c., with an open
secondary, the coil impedance Z,, is according to Ohm’s law
equal to the ratio of the primary voltage V,, over the
primary current I, or Zy=Vo/I,.

If the medium around the probe becomes electrically con-
ducting, induced eddy currents in the plasma will induce a
voltage in the primary V,;. Also the vector potential 4, at
the coil radius r=a will be changed duc to the cddy currents
in the plasma. Calling 4,, the additional vector potential '
at the coil. set up by the eddy currents, the same relationship
as (2) can be written

Vip = — 2najwAgyy. (3)

Since Ag,, is the only cylindrical component of the vector
Ay, the subscript ¢ will be dropped in the following. The
total current in the primary will be

Vo + ‘/p,' _ l/po hand 2”(1_].(!)/102

1=-£ )
Zy Zy
The input impedance seen at the coil terminals is
7 = Y!’B = ?0 . (5
1 1 — 2najwAg,/Vpo

The change of the coil impedance due to the presence of a
plasma is

1
AZ=2Z-2,=2Z -1
0 0[1 — 2najwAgs/Vyo ]

-7 2najwAg,/Vpo
0 ] - 27taij02/V,,0

(6)

For most of the cases for which this study is intended, the
term 2najwAg,/V,g is very much smaller than unity so that
the impedance change seen at the primary becomes

AZ = 2najwAg,Zo/V,e = 2najodgy/l, (1)

Hereby, the problem is reduced to establishing & relation-
ship between the vector potential A,, and the clectrical
conductivity of the plasma. Calling 4,, the vector petential
in unlimited space (see Fig. 1) produced by a currcen: [, ina
single loop of wire with radius a, Smythe [5] gives tic solu-
tion of the vector Laplacian V?4,,=0 in cylindral co-
ordinates as

(Aoy)y = -’%Ijmll(ak)Kl(kr) cos (kz)dk. ®)
o

In order to calculate the vector potential 4; in ' o0
ducting region (for r>b) one has to include the rduced
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Fig. 1. Sketch of probe coil configuration.

currents and Maxwell’s equation becomes

V24, = jouwA,.
Tlle solution can be written in the following form by includ-
ing the boundary condition at infinity

(4), = j Si(k)K ((dr) cos (kz)dk ©)
0

where

d = [k + jouw]'?

fi(k) = function of k. (19)

The induced eddy currents, flowing in the conducting

medium, in turn produce a magnetic vector potential 4, in

the region for r<b, which is superimposed on the existing

magnetic vector potential 4y, produced by the RF cur-

rents in the coil. This magnetic vector potential 44, contains

~ the required information about the electrical conductivity
' of the plasma.

The calculation of the reflected potential 4y, in the region

! a<r<b can again be calculated by solving the Laplacian

! V24=0:

(Ao2)y = J‘ Jo2(k)(kr) cos (kz)dk
0

(11)
Joa(k) — function of k.

75 Boundary conditions at r=b are as follows.

U 1) The tangential components of A are continuous:
[Aor + Aoz)e-s = [Ade=r (12

2) Since u is constant throughout, the tangential com-
ponents of B are continuous or:

0 0
[E (rAg, + "Aoz):\r=b = [E ("Ai):‘rzb' (13)

Sin.c any surface current causes a jump in the magneti‘c
fiel. or an increase in the magnetic potential Ad=yj, it
shoild be noted that this second boundary condition ap-
plic- only in the absence of a current sheet. Therefore, any
highly conducting coating of the probe, which is used to
pre- ent capacitive coupling with the plasma, should be 'de-
sign-:d to inhibit closed circuit eddy currents in the coating.
A lcagitudinal slit will usually serve this purpese. Combin-
ing houndary conditions (12) and (13) together with (8), (9),

and :11), we can solve for (Ag2)y*

R Y BTt

L

S

R
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[ [«
(Aga)y = -"—;'—f I (ka)l, (kr)
0
kK o(kb)K (db) — dK ,(kb)K o(db)
dl,(kb)K o(db) + klo(kb)K ,(db)

Substituting this expression for Ay, into (7) gives the re-
quired change of impedance AZ experienced by 4 single
loop of wire with radius a, located at z=0 under. the in-
fluence of a conducting medium bounded internally by the
cylinder with radius b.

The change of impedance experienced by a single-layer
multiturn coil located between z= —1/2 and z=1[/2 can be
obtained by integrating (7) twice, as follows:

cos (kz)dk.

27Ej(0u +1/2 *+12
2
-7 n j Aoy,
=12 J-U2
where n=number of turns per unit length.
We introduce the following nondimensional factors:

AZ = (15)

dzdz,

=0

a l 5
— w=~— §=ouwb*.

= kb = =
y xdbhb 5

Substituting (14) in (15), working out the double integral,
and using the nondimensional parameters above, the gen-
eral solution for the impedance change experienced by a
coil immersed in an electrically conducting medium is as
follows:

AZ o 2
— = + 4jhb2an —ILizlyz
wpua o (16)

yKo (0K (x) — xK;(y)K o(x)
. 1 — cos (wy)]dy.
xI;(p)Kolx) + ylo(»)K(x) [ (wy)]dy
Since the integral involves complex quantities, the change in

impedance will contain both a resistive and a reactive com-
ponent.

B. Numerical Solution

Equation (16) can be solved numerically by using the
subroutines for the modified Bessel functions Ko(x) and
K ,(x) with complex arguments. A coordinate transforma-
tion in the integration variable of the form Y=In y proved
useful to cover the entire range for y wherein the integrand
is finite.

The results of the numerical solution are plotted in Figs. 2
and 3, respectively, for the resistive and reactive changes
of the coil impedance as a function of the nondimensional
parameter s(=ouwb?). The curves represent solutions for
four different values of the coil parameter h.

These curves show the same behavior as indicated in [1].
The change of the series resistance reaches a maximum for s
between 1 and 10, and decays to zero at very large conduc-
tivities due to decreasing skin depth which completely
shields the coil from the plasma. The monotonically increas-
ing value of the series inductance of .the coil, as tl‘le conduc-
tivity increases, indicates an increasing phase Shlft. bethen
primary current and induced eddy currents, reaching 90° at

infinite conductivity.
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Fig. 2. Exact numerical relationship between the change in series
resistance of the probe coil versus parameter s for four probe
geometrics.
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Fig. 3. Exact numerical relationship between the change in series

inductance of the probe coil versus parameter s for four probe
geometries,

Close to the origin, say for values of s smaller than 0.1,
the series resistance varies linearly with s, while the in-
ductance change following a parabolic behavior can be
entirely neglected. Therefore, an approximate solution must
exist for (16), which does not involve complex quantities
and hence is much easier to apply.

C. Approximate Numerical, Analytical, and Empirical Solu-
tions for s<0.1

The definition for d expressed in (10) can be nondimen-

sionalized by using the nondimensional factors introduced
in Section II-B

db = [(kb)* + jouwb®]'? or x = [)? + js]'2. (17)

We introduce the small s approximation :

Js
x:y+§;- (18)

Using a Taylor expansion to evaluate Ko(x) and K,(x) of

(16) in terms of y according to (18), the general expression
(16) can be reduced to:

AZ ® J2(h
o= 2shn2b? L ‘;zy ) [Ko0)K () — K3(y)]

“[1 — cos wy]dy.

(19)
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Fig. 4. Approximate numerical solutions of (/1. w)
for various probe coil geometries,

Since all factors are real. the impedance change will be
purely resistive indicating no phase shift between primary
current and induced eddy currents.

The numerical solutions for the integral

o J2 y
I(h,w) = J ";ﬁ’ ) [KoWK(y) — Ki()]
4]

‘[t = cos wy]dy

(20)

are plotted in Fig. 4 for various values of the parameters h
and w.

An analytic solution for this small s approximation can
be obtained by using a series expansion for the modified
Bessel function I,(hy) and the cos (wy). Using two integral
transforms, (19) can be expressed as an infinite series which
can be written as follows by including only the first three
terms in the series expansion:

AR [ 3 15 /h2  w?
22 s sidwepr T 2 D w
wpa - SrwRh 4[16+356(4 12)

+ 315 [w + 5h*  hPw? + :l
2048\360 192 48
For better comparison between the approximate numerical

solution and approximate analytical solution (21). the fol-

lowing expressions are plotted in Fig. 5 for the value of
h=0.554:

I(th, w ) .
Fy = (wz ) for the numerical solution 22)

F _7r2h2 3 +15 W w?
“T 816 T 356\d T 12

20

i.3)
315 (w5t th2>
2048\360 " 192~ 48 )
PR3 15 (h?2 w?
F,, = =+ —{— -2 24)
=g [16+ 356(4 12)]
Judging from the discrepancy between F , and Fy, this - s

expansion solution can only be used for very shori :ils




STUBBE: IMMERSION-TYPE PLASMA CONDUCTIVITY PROBE

\
Fb \ o

0 1 2 3 2 w5

Fig. 5. Comparison between two analytical solutions and a

numerical solution for small s approximation.

(w< 1). For longer coils further terms of the expansion have
to be included, making it rather cumbersome. A more ac-
curate analytical solution for longer coils can be obtained
by using hypergeometric functions.

Expression (19) can also be written

AZ w J2
— = 2shn®b? j _____I,(I:y)
wua oy 25)

[0+ 2O 1 — coswiy

Applying a series expansion for I;(hy) together with a cosine
integral transformation, (25) can be transformed into

AZ  sh’n?b?
_(1_)712 = ) [Ys0 + 2Y0 — Y] (26)
where
© K
Yo = J FL('%—‘LQ‘)(I — cos wy)dy
0

nlwl w2 + . w2

Y0 = J K2(y)(1 — cos wy)dy
0
2 w?
-5lr(i+5)-1]
Y30 = f K3(y)(1 — cos wy)dy
0

n? w?
Sl 7]

where PJ are associated Legendre functions and are tabu-
luted in [6]. . '
Again, for comparison with the approximate numerical
solution the following expression is plotted in Fig. 5:
hZ

= 4 3 [Y30 + 2Y10 - Yzo] fOI‘ h = 0.554. (27)
w

F,
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Fig. 6. 'l_ielation between the impedance change (exact, approximate, and
emplr.lcal) and the electrical conductivity for the probe D used in the
experiments.

The agreement between (27) and the numerical solution for
I(h, w)/w? is very good for coil parameter w up to 5.

Finally, if the data, resulting from the approximate nu-
merical solution of (19), are plotted on a log-log scale, it
turns our that the following empirical expression can be
used for correlating the coil resistance change and the elec-
trical conductivity of the plasma:

AR
—— = 047 sh®w!-#2n%b*
wua

=047 sh3N2w™ %18 (28)
which gives reasonable accuracy (error smaller than 5 pef-
cent) if applied for the range of the coil parameters:

02< h <09
l<w<b.

Expression (28) can be used to make an approximate design
of an immersed conductivity probe and to obtain readily the
sensitivity of the probe. It also indicates what parameters
influence most the sensitivity of the device.

Fig. 6 presents a plot on a semi-log scale for the change
of the coil impedance (AR and AL) for the probe used
throughout the experiments. A comparison is made be-
tween the exact numerical solution (16) and the approximate
numerical (19) and empirical (28) solutions. From this
graph, an idea can be obtained of the validity of the ap-
proximation at small electrical conductivities.

D. Effect of Small Number of Turns on the Exact Solution

For coils with a small number of turns, integration over
the total number of turns (15) may overestimate the value
of the impedance change. Instead, a summation of the value
for the magnetic vector potential A, over the total number
of turns should replace the integral. The summation for a

cosine can be expressed as [7]

km\ . km+1
CcOS —2— sin )

cos (kt) = K
0 sin <—>
2

(29)

M=

1
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Substituting (29) for the double integral over the factor
cos kz contained in Ay, of (14), the following expression
can be used for coils with a discrete number of turns:

Az r ,ﬁhy)[yxomx.(x) - xK.(y)Ko(x)]

oma =~ T Y 1 0)Ko0) + yIgK (=)

[

-1\ . + 1 2
cos (pw 2 )sm (pw 2 y)
2 p p — 1| dy
where

sin (2%)
p=nb=N/w

n=number of turns per unit length
N =total number of turns.

(30)

X

Numerical solutions of (30) were compared with the numeri-
cal solutions for (16) for a particular coil geometry (h, w) by
varying the number of turns. The results show an error
smaller than 1 percent for coils with two turns.

II1. EXPERIMENTAL APPARATUS
A. Construction and Operation of the Probe

The coil geometry is mainly determined by the proposed
application. The main purpose of the probe is to monitor
the electrical conductivity in a shock tube and a plasma jet.
In order to obtain a good spatial resolution in a plasma jet
with 1-inch nozzle diameter, a probe diameter not exceeding
% inch was chosen, thereby setting an upper limit for the
probe radius b. Since the sensitivity of the device increases
sharply with increasing values of /(= a/b) (Fig. 2), a maxi-
mum value for the coil radius a is chosen within the avail-
able space. The conditions for good sensitivity and high
quality factor give practical values for w between 2 and 5,
depending on the type of coil wire and the turn density.
Manganin coils proved to be successful. At 10.7 MHz, the
ratio R ,c/Rp is approximately 1.01 for AWG 38. Further-
more, the small temperature coefficient of manganin up to
25°C will reduce any thermal effect in the probe in experi-
ments with electrolytic solutions. Since thermal effects also
.increase the series resistance of the coil, it is important to
minimize this effect. In the shock tube and plasma jet,
thermal effects can be filtered out since the thermal time
constant is orders of magnitudes larger than the probing
time.

The frequency is chosen to be considerably lower than
the average collision frequency so that a dc conductivity can
be measured. It is equally important that the measuring
frequency avoids the plasma resonance frequency, electron
cyclotron frequency, and any frequency characteristic of
the flow of the plasma around the probe. This provides an
upper limit for the carrier frequency. Since the sensitivity
increases as the square of the frequency (19), a compro-
mise has to be made; a frequency of 10.7 MHz was chosen,
for which crystals are commercially available.

The data for the coils used in the experiment are:
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a = 0.67 mm / = 7.56 mm
b =161l mm n = 13 turns/mm
resulting in the following parameters:
h =042 w =47,
At 10.7 MHz the electrical data are:
R, = 740 ohm = 2uH
R, = 23 ohm 0 = 5.6l.

The coil is wound on a ceramic tube (0.039 inch OD)
which fits over the center conductor of a miniature coaxial
cable (Microdot 250-3919). The coil ends are soldered to
the center wire and the shield of the cable. This assembly
is inserted into a quartz tube (2 mm ID, 3 mm OD). Such an
arrangement minimizes coupling capacitance between the
coil and the outside medium while the characteristic im-
pedance is the same throughout. A Microdot cable, 2 feet
long, connects the coil to the parallel-T bridge. This asscm-
bly is called the probe in the following.

B. Design and Operation of the Impedance Measuring Circuit

The results of the theoretical analysis indicate both a
resistive and a reactive change for the probe coil impedance
when immersed in an electrical conducting medium. There-
fore, a phase-sensitive detection system is required which
will discriminate between resistance and reactance com-
ponents of the signal. The block diagram of the circuit is
shown in Fig, 7.

Parallel-T Network : A parallel-T-null circuit for plasma
conductivity measurements is described in [8], and is shown
in Fig. 8. When balanced, the circuit is capable of detecting
very small changes in resistance and reactance. The main
advantages for such a bridge are as follows.

1) Independent balancing exists for active and reactive
components of the impedance by using variable air capaci-
tors only.

2) Shielding and grounding problems are eliminated due
to a common ground connection for the input, output,
probe, and the two balancing capacitors.

3) There is very fast response.

A study of the transfer function of this parallel-T bridge
indicates that the amplitude of a small, purely resistive
unbalance signal is linearly proportional to the resistivc un-
balance and the phase of the signal remains unchan:cd.
Similarly, if the small unbalance is produced by a puicly
reactive component, the amplitude of the output izl
again will be proportional to the value of the reactive : -
ponent, and the phase, while remaining unchanged. i "ow
90 degrees out of phase compared to a purely resistiv. 1n-
balance signal. Based on this property, single phase scr: 1ive
detection was possible.

Description of the Block Circuit: The 10.7-MHz, ¢i-<tal-
controlled oscillator is separated from the load by twe igh-
input-impedance, low-output-impedance buffer - :2¢s
which provide gain control (Fig. 7).

One buffer provides the input signal for the para: .-’



STUBBE: IMMERSION-TYPE PLASMA CONDUCTIVITY PROBE

10.7 MHz
buffer —f  crystel L1 pibfar
oscillator
probe
parallel-T
bridge
phase . |double tuned
X ==L mixer* Rb—1
shifter amplifier
L
dc. out modulated signal

to scope to scope

Fig. 7. Block diagram of circuitry.
C3 Cs
1t
it W
<y R
Ot —o
IN c2 C2 our
PROBE Cs iéé
Cy = 30pf
C2 =15pf

C3 = 30 -350 Pt COARSE RESISTANCE DIAL

C4:10-28 Pf  FINE  RESISTANCE DiAL
C5:230-550Pf COARSE REACTANCE DIAL
C6:10-28 pf  FINE  REACTANCE DIAL
L = 2pH Q:154 ot 10.7 MHz
R = 56 Ohms

Fig. 8. Detailed circuit for the parallel-T bridge.

bridge. The output signal is due to any variation of the probe
impedance around a preset balance condition. This signal is
amplified 20 dB in a double-tuned amplifier, the output of
which is applied to port R, or the signal port of a balanced
mixer.

A phase reference signal is obtained from the second
buffer stage by passing it through a variable phase shifter.
This is needed to compensate for any phase shift occurring
in the circuit elements and to provide a phase adjustment of
the reference signal such that it can be phase aligned with
either a resistive or a reactive unbalance signal. This ref-
erence signal is applied to port L of the balanced rpixer.
Output from the mixer is taken at port X which is terminated
in a 50-ohm ac load (or 300 pF at 10.7 MHz).

In this configuration, the mixer acts as a phase discrirr.lina-
tor giving an output signal containing the sum and differ-
ence frequencies of the input signals. In this case, the optpl}t
signal obtained at port X has a dc component which is
proportional to V(R) cos ¢, where V(R) is the voltage of the
signal fed in port R and ¢ is the phase angle between thp
signals applied to ports R and L. The double frequency 1s
filtered out.

The dc voltage output is of the order of 40 r_nV for an
clectrical conductivity of 20 mho/cm, and the rise time 18
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apprpximately 2 ps, which is important for shock-tube work
as will be explained later.

C. Calibration of the Probe and Circuitry

For the range of electrical conductivities of interest
(0.1 <o <40 mho/cm), it is evident from Fig. 6 that the
change in series resistance of the probe coil is greater than
the change of the reactance. Hence, the value of the electri-
cal conductivity will be determined from the series resistance
change in this experiment.

The calibration can be performed by artificially changing
the series resistance of the coil by inserting a small resistor in
series with the probe coil. However, due to the cable capaci-
tance, this series resistance should be inserted at the coil
itself which is rather difficult to achieve. It proved impracti-
cal to insert values of pure resistances of the crder of 0.5
ohm at the probe coil itself. It is equally feasible to insert a
parallel resistor across the prohe coil, whereby the problem
of parallel capacitance can be bypassed, and to determine
equivalent series resistance at the coil using an R-X im-
pedance bridge. Hence, the calibration is done in two steps
as follows.

Step 1) The probe is connected to an R-X impedance
bridge to measure the self-capacitance of the coil, stray
capacitance, and cable capacitance. This capacitance C, can
be determined by making a set of measurements of the
capacitance required to resonate with the probe coil at vari-
ous frequencies. The extrapolated value of the capacitance
obtained at infinite frequency gives C, while the slope of the
line gives the value of the coil inductance.

Next, several high-quality resistors are connected in paral-
lel with the probe. This changes the total parallel resistance
of the probe from which the equivalent series resistance
change can be calculated as follows:

R

= ' -_ Rpo
t+ @

1+ 03

AR, = R, — Ry (31)

where

R, o=parallel resistance of probe without additional
parallel resistance
R, = parallel resistance of probe with additional parallel
resistance :
R, =series resistance of coil itself
R,=total series resistance of coil with additional parallel
resistance
Qo=R,0Cpow, where Cp is the negative capacitance
reading on the C, dial, corrected for the total
capacitance C, described above
0=R,C,o, where C, is again corrected.

In effect this correction means that instead of measuring
the coil properties (inductance and series resistance) through
a cable we measure the coil properties at the terminals pf th.e
coil itself, having no stray capacitance. This correction is
justified because most stray capacitange and parallel ca-
pacitance appears in parallel with the coil, anq the lqsses in
the short cable are negligible. Using (31), it is possible to
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simulate a wide range of series resistances by using several
parallel resistances.

Step 2) The probe is connected to the parallel-T bridge
and the same procedure is repeated for different values of
parallel resistances and the mixer output signal recorded
gives the missing relationship between circuyit response in
volts versus values of equivalent series resistances in ohms,

This then constitutes the calibration curve shown in Fig.9
for a particular probe which is independent of a standard of
electrical conductivity.

IV. EXPERIMENTAL RESULTS
A. Experimental Datq Jor Electrolytic Solutions

Electrolytic solutions of HNO; provide a range of electri-
cal conductivities by varying the concentration, up to 0.85
mho/cm for a concentration of 5.5 mole/l at 22°C.

Before the probe is dipped in the solution, the bridge is

balanced and the phase setting is adjusted for pure resistive

If the same measurement is repeated for 3 phase setting
whereby no response is obtained in distilled water, the data
now agree very well with the theoretical values,

The constant offset voltage (approximately 0.3 mV) arises
from a dissipation occurring in distilled water. This is due to
the displacement currents present in dipolar liquids when
subjected to a high-frequency electric field.

The close agreement with measured and numerically pre-
dicted values indicates that the theory presented in Section

results for electrolytic solutions.

ducting medium. The values for these capacitances and the
leakage resistance in HNO; were calculated from expres-
sions given in [9] and were verified with an R-X impedance
bridge. The phase of this bypass current referred to the coil
circuit can be calculated from

where

R, =leakage resistance through the plasma between the
coil ends
C.=cylindrical coupling capacitance.

For a plasma with electrical conductivity of 25 mho/cm, the
values of R, and C, are approximately :

R, =7.5%x 1072 ohm
C.=1pF.

Substituting these values in the expression above gises a
phase angle close to 90 degrees and the effect will therciore
be completcly rejected by the phase-sensitive detector :tnd
will not influence the results,

B. Sensitivity Curve of the C onductivity Probe

When the probe is immersed into a hot plasma, a thormal
and viscous boundary layer will form around the soreimg
coil. This region close to the coil is also the most scitiiive
area since the power dissipation falls off as r*.

Using the exact numerical program, a set of SCNst LY
curves can be computed for various values of the clec:: .l
conductivity as shown in Fig. 11. These data have ©-en
normalized with respect to the outer radius b=1.61 . m.
this being the materia] boundary of the probe, and assi. +d
100 percent.

These sensitivity curves have been experimentally . “i-
fied in an electrolytic solution of HNO; for 0.8 mhe ..
These data are also plotted in Fig. 11 and again indi- e
excellent agreement between theory and experiment.
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Fig. 11. Sensitivity curves for probe D at various electrical
conductivities, compared with experimental results.

C. Experimental Results with Shock-Tube Plasmas

The plasma is produced in a 14-inch shock tube designed
by Lau and Mills [10], who used it to experimentally verify
lhc theory of Shkarofsky [1 l] relating to transport coeffi-
cients.in an ionized gas.

Cold hydrogen is used as the driver gas, argon as the test
gas.

The plasma conductivity probe was inserted through the
end plate in the shock tube such that the sensing coil was
fully immersed in the plasma about 2 inches from the end
plate.

Neglecting boundary layer effects, the velocity of the
plasma behind the reflected shock is zero. No flow distur-
bance could be detected from Kerr cell pictures, which in-
dicates the absence of a viscous boundary layer. However,
the probe will act as a heat sink for the plasma, and thermal
boundary correction may be needed.

Both the estimate of the interphase temperature between
hot plasma and the initially cold probe and thermocouple
measurements of the probe temperature indicate that the
temperature rise of the probe and coil during the testing time
is negligible compared to the plasma temperature. Assuming
conduction heat transfer only, the temperature in the region
bounded internally by the cylinder with probe radius b can
then be calculated for various times 7 after the passage of the
reflected shock over the coil. These calculations are given by
Carslaw and Jaeger [12]and are shown in Fig. 12 for various
values of the parameter &= kt/b?.

On the same graph is plotted a sensitivity curve for the
probe for an electrical conductivity of 20 mho/cm (Fig. 11)

which is the average electrical conductivity of the plasma.
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Fig. 12. Variation with time of temperature in the plasma bounded

internally by the probe due io conduction cooling.

From this, it appears that correction for cooling may not be
needed if the conductivity reading can be obtained within a
very short time after the passage of the reflected shock.
Working out the above expression for a at 20 mho/cm
(k=24 cm?/s, b=1.6 mm) gives a time of 30 us for «=0.03
for which the drop in temperature is smaller than 10 percent.
Since the circuit has a very small rise time, the reading of the
conductivity can be done within 30 ps if no ionization
relaxation is present.

Fig. 13 is a typical oscilloscope record at low pressures.

This experiment was done with an uncoated probe so
that the capacitive coupling between coil and plasma behind
the incident shock shows up in the carrier as a reactive un-
balance, but not in the output signal of the mixer which is
set in the resistive mode. The rise of the conductivity is slow
due to ionization relaxation. Before full conductivity is
reached, cooling starts to show up as an exponential drop in
conductivity, which roughly follows the curves shown in
Fig. 12. Irregularities in the conductivity trace occur
simultaneously with an increase in pressure (bottom trace)
due to multiple shock reflection off the contact surface and
shock-tube end plate whereby the gas temperature slightly
increases. The electrical conductivity increases slightly until
the contact surface passes over the probe when the con-
ductivity drops to Zero. The remaining unbalance in the
carrier again is due to capacitive coupling.

Fig. 14 1s a typical record at medium pressures for a
platinum-coated probe. Since there is no coupling capaci-
tance, the carrier signal shows no unbalance before and
after testing time. Due to the higher pressures, jonization
relaxation is reduced, resulting in a very short rise time of thg
plasma conductivity followed again by plasma cooling until
multiple reflections take place.

Fig. 15isa record obtained at medium pressures whereby
the reference signal is phase aligned for reactive unbalance.
If the probe is not coated, capacitive coupling between coil
and plasma produces a reactive unbalance from the time t'he
incident shock reaches the coil and shows up as & positive
signal. When the reflected shock reaches the coil, the con-
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Fig. 13. Oscilloscope record for low-pressure, shock-tube plasma.
Upper trace: Mixer output for resistive setting 10 mV/em. Middle
trace: Modulated signal from bridge 100 mViem. Lower rruce:
Pressure at probe 100 mV/em. Sweep of all traces 200 us/cm.

Fig. 14. Oscilloscope record for medium-pressure, shock-tube plasma.
Upper trace: Mixer output for resistive setting 10 mV/cm. Lower
trace: Modulated signal from bridge 50 mV/cm. Sweep 100 us/cm.
Py=10 mm. P,=300 psi. M,=7. 6;,=21 mho/cm.

Fig. 15. Oscillosc.bpe record for medium-pressure, shock;lubc plasma.
Upper trace: Mixer output for reactive setting 10 mV/em, Lower trace:
Modulated ‘signal from bridge 10 mV/cm.
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Fig. 16. Comparison between theoretical and experimental
results for shock-tube plasma.

ductivity behind it increases sharply and the reactive un-

- balance created by the inductance change at these conduc-

tivity levels (Fig. 6) results in a negative signal, which is again
a measure of the electrical conductivity if the system is
calibrated for rcactive settings. This feature can be used to
double check the electrical conductivity in plasmas or to
investigatc other plasma properties such as boundary layer
thickness or Hall effects.

The experimental data are plotted in Fig. 16 and com-
pared with the theoretical results obtained by cross plotting
Figs. 6 and 9 with the clectrical conductivity as abscissa
and the mixer output signal as ordinate. The electrical con-
ductivity for the experiments was based on the incident
shock Mach number and the relationship between the ideal
electrical conductivity in the reflected shock and the inci-
dent shock Mach number from [10].

Since no correction was made for cooling, a discrepancy
of 10 percent was expected for the experiments at medium
pressure where the conductivity reading was made within
30 ps. At low pressures, the error is larger and can be cor-
rected on the basis of the conduction cooling law (Fig. 12)
by extrapolating the conductivity reading down to t=0. The
close relationship between experiment and theory again con-
firms the feasibility of measuring electrical conductivitics

with an immersed probe, thereby allowing measurement of

the spatial distribution of conductivities which is an im-
portant parameter, e.g., in MHD channels.

V. CoNcLUSION

An immersion-type RF plasma conductivity probe nas
been designed, the performance of which can be predicted
accurately by solving the Maxwell equations for the reicy.ant
probe geometry. It is shown how the exact solution is siti!"i1-
fied in the case of low conductivity, from which assumj: 7
a simple design formula is derived. A parallel-T bridge
phase-sensitive demodulator has been devised whicii .is
criminates against unwanted side effects, such as clectro-
static coupling and phase misalignment, making possibl. "«
independent measurement of in-phase and quadraturc. . i-
ponents of the signal. Use of the probe with electrolyte: : !
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