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Abstract

This thesis is concerned with the (restric;ed) star
height of regular events, as defined by Eggan. Eggan has established
the existence of events of arbitrary star height and has shown that
the star height of a given event eduals the minimum cycle rank of all
transition graphsrecognizing the event. The problem of establishing

.the star héight of‘regular events was further investigated by
McNaughton and by Dejean and Schlitzenberger.

In this thesis séme new approaches to the star height problem
are taken, and the relationship betweeﬁ the star height of a given eveﬁt
and the structure of its reduced state graph is further explored. First
a summary of previous results is oﬁtlined and some general properties
of star height are studied. The notions of confinal sets of trails and
simple regular expressions are then introduced. Necessary conditions .
for the star height of an event to be mno less than some integer k > 0 are
developed and a family of events whose star height equals the rank of
the corresponding reduced state graph is exhibited.

Rank-non-increasing transformations on transition graphs are
investigated, providing a stronger version of Eggan's theorem. By this
version, the star height of a regular event equals the smallest rank of
all non-deterministic reduced state graphs representing the event. This
result makes possible the introduction of some new concepts, such as the-
R-projection functions and covering.of state graphs, by means of which
a number of auxiliary results on star height is obtained. A technique
for establishing the star height of an event is developed, as well as

necessary conditions for the star height of an event defined by a reset-



- iv -~

free state graph G to be no less than the rank of some subgraph of

G. The thesis concludes with a discussion of remaining problems.
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Introduction:

Since 1956, when regular expressions were first introduced
by Kléene [K1], a great deal of research has been centered arcund
them. Their structural properties were investigated and their relatlon
to finlte automata has been thoroughly studled As it turns out, most
interesting problems concerning regular expre551ons arise due to the
fact, that there exist infinitely many regular expressions denoting each
event, varying in size and structure. Although for some'special families
of events unique canonical regular expressions have been found ([Br 3],
Yol). no canonical form‘for regular expressions 1s known for the
general case. In spite of the fact that ﬁethods for che;king equivalence
of regular expressions are well-known, relatively little is known about
the infinite family of all regular expressions denoting a given event.
One of the problems requiring the study of this infinite family is the
star height problem, namely the problem of determining the star height
of a regular event. This problem is of importance because the star
height represents a measure of complexity of regular events and the
minimum star height would be very desirable in any canonical form for
regular expressioms.

The notion of star height was first introduced by Eggan [E]
who showed that there exist regular events of arbitrary star height. This
was done by exhibiting, for each n, events of star height n. A disadvantage
in Eggan's examples is the fact that the size of the input alphabet

increases with m. Dejean and Schlitzenberger [DS] have shown that for each
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‘n there exists an event over the two-letter alphabet that has star
height n (it is easy to show that every event over. the one-letter
alphabet has star height 0 or 1). .Eggan has also introduced the

notion of (cycle) rank of a digraph aﬁd has established a fuhdamental
theorem, by which the star height of a regular event equals the smallest
rank of all transition graphs recognizing the event.

Eggan's theorem was uséd by McNaughton in [Mc 3] for developing
graph-theoretical methods for establishing the star height of regular
events. It was also proved in that paper, that every regular event of
star height n can be mapped by a homomorphism onto an event of star
height n over the two-letter alphabet. Pathwise homomorphisms between
transition graphs were introduced in [Mc 43. Such homomorphisms were
shown to be rank-non-increasing and were utilized for establishing the
existence of an algorithm for determining the star height of pure-group
events.

There still remains, however, the difficult open problem of
how to determine the star height of a regular event in the general case.
In this thesis some new concepts are introduced and some new tools
developed for attacking this problem. A number of results on star height
of certain families of events is obtained, and some techniques for
determining star height are presented.

In Chapters 1, 2 the fundamental definitions of automata,
regular expressions, transition graphs and related notions are given

and some basic results summarized. The star height problem is introduced



lin Chapter 3 and a survey of previous results is outlined. A study
of generaltproperties of star height'is made in Section 3.3, and some
results-concerning the'changes in star height caused by various
operations on events are presented.

In Chapter 4 the notions of trails,; cofinal sets of trails
in a state graph and simple regular expressions are introduced. The
main Lemma is then proved in Section 4.3, relating the apparent star
height of a regular eipression to the rank of its corresponding set of
trails in a given state graph. In Section 4.4 sufficient conditions are
found for the star height of an event to be no less than some k > 0 and
a family of events whose star height equals the rank of the corresponding
reduced state graph is exhibited. Section 4.5 deals with the star height
of events defined by digraphs. Each such event consists of the set of all
paths in a_digraph connecting two sets of nodes. A full characterization
of the star height of such events is obtained and two questions raised
by Eggan in [E] are answered.

Chapter 5 is concerned with rank-non~increasing transformations
on transition graphs. In Section 5.1 some elementary modifications on
digraphs are introduced and their effect on the rank of the digraph is
studied. In Section 5.2 a reduced transition graph is defined and a rank-

non-increasing reduction procedure of transition graphs, based on the

results of the previous section, is developed. A process of elimination
of all empty—word—transitions in a transition graph G is described in

Section 5.3. The resulting transition graph is equivalent to G, has no



more nodes than G and no greafer rank. It follows that every

transition graph can be replaced by an equivalent non~-deterministic
reduced state graph with no more nodes and of no higher rank. As a
result, a stronger version of Eggan's theorem is obtained: The star
height of a regular event R equals the smallest rank of all non-
deteiministic reduced state graphs recqgnizingAR. It follows as a by~
product, that the minimum number of nodes in any transition graph |
recognizing R equals the minimum number of nodes in any non-deterministic
state graph recognizing R.

Chapter 6 opens with the definition of the R-projection
functions and of covering a state graph By another one, two notions
which help relate an arbitrary non-deterministic state graph to the
given reduced deterministic state graph recognizing R. These notions,
as well as the notion of pathwise homomorphism, are utilized for
establis@ing two funadmental lemmas, by which most results of this
chapter are proved. A technique for establishing star height of regular
events is developed and some lower bounds to the star height of events
recognized by reset-free state graphs are obtained. _The star height of

any group-free event recognized by a reset-free state graph G is shown to

equal the rank of G.

The thesis concludes with a short summary on existing methods
for determining star height, and some conjectures concerning the existence
of a general algorithm for determining the star height of regular events

are discussed. Some other open problems are also mentioned,



Chapter 1

Regular Events and Automata

In this chapter the basic material that is common to all
chapters is presented. The reader is referred to [Bo], [Hal] and [Gs]

for additional details.

1.1. Repular Expressions and Regular Events

Definition 1.1: Let A be a finite non-empty set of symbels, called

letters, and let A* be the free monoid (i.e. semigroup with identity)

generated by A, Where the operation is called product or concatenation

and is deﬁoted by juxtaposition. The elements of A* are finite sequences
of letters from A and are called words on the alphabet A. The identity
element of A* is the empty word and is denoted by A. Thus for every

w e A*, Aw = wA = w. The length of a word w = alaz...ak, a; € A for ;11
i=1, ..., k, is the number k of letters in it and is denoted by 2(w).
Clearly 2(A) = 0 and for any two words Wis Wy € A*, 2(wlw2) = l(wl) + Z(wz).
Any subset of A* is called an event (or a language). The empty event is
denoted by ¢, and A = {A}. Let U and V be events; then Uu V, UnV and UV
are the union, intersection and concatenation (product) respectively of

U and V, where

uv

{w | w=uv, uelU, veVk
The difference U — V is defined by:

U—-V={w]weU,w¢V}
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and the complement of U is defined.by U. = A% - U.

Define for any event U, U0 = A, U1 = U and for any n > 1,
n+l n . .
U = UU . Define the star operator (abbreviated star) on any event A
U by:
. Uk =AuUUUU U ...vlPu.o=u U

Clearly for any event U, U* is a monoid contained in A*; in fact, it

is the submonoid of A* generated by U.

For any word w = 3j85. 048 € A*, the reverse of w is the
< : <
word w = 8y eeryags and for the empty word A, A = A. The reverse of

an event U is defined by
< “«
‘U ={u | u=w for some w € U}

Definition 1.2: Let U ¢ A* and let x, y € A*, Define the two-sided

_gquotient of U by the pair (x,y) by:

x\U/y={w]| xwy e U}

The left quotient of Uby x is x\ U =x \ U / A and the right quotient

A\NU/ vy

of Uby yis U / ¥y

Definition 1.3 [Kl]: Let A be a finite non-empty alphabet and let A and

4 be two distinct symbols not in A. Let u, n and . be associative

A regular expression

_binary operators and let * and ~ be unary operators.
(on A) is defined inauétively as follows:
(1) a € A, A and ¢ are regular expreséions.
(2) 1If P and Q are regular expressions then so are PuAqQ,

P n Q, PQ (the dot is usually omitted ) P* and P.
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(3) Nothing else is a regular expression unless its being
so follows from a finite number of applications of

Rules (1) and (2).

Definition 1.4: Define a mapping || from the set of all regular

expressions (over the alphabet A) into the set of all subsets of A%
inductively as follows:
(1) For all a € 4, |a] = {a}, [A] = A, 8] = 4.

(ii) If P and Q are regular expressions then

| vl =]|p]ulq]
| nq| = [P] n [q]
lee| = |2|lq]
lp=| = [p]*

5] =Tl

An event R is regular iff there exists a regular expression

E such that IEI = R, We say that E denotes the regular event R. Thus
the class of regular events is the range of the function ll just defined.

For example, the regular expression E = (0 u 10%1)* over the
alphabet A = {0,1} denotes the set of all words over A with an even

number of appearanées of the letter 1.

Theorem 1.1: The class of regular events is a Boolean algebra of sets.

Definition 1.5: Regular expressions with no occurences of the operators

n and — are called restricted regular expressions. Thus every restricted

regular expression is obtained from the letters of the alphabet A, A and

¢ by a finite number of applications of the operators U, -, * only.
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Theorem 1.2 [M Y]: Every regular event can be denoted by a restricted

regular expression.

Theorem 1.3: - The family of regular events

is the smallest family of events containing all finite events and closed
under the formation of union, concatenation and star.

I In the sequel, by a "regular expression' we shall mean only a

restricted regular égpression. Regular expressions with the operators n

and — will be referred to as extended regular expressionms.

Notation 1.1: Throughout this paper there will be an ambiguity in

notation. ‘When no confusion arises, the brackeﬁs I | will be omittéd

and a regular expression E will be understood as the corresponding event

[EI. .Thus the notation E =F, ECF, we E for E and F regular expressions
and a word w is to be interpreted lg] = I7l, |E| E_IFI, w e ]E[ respectively.
_For any function £ defined on the domain of regular events, f(E) will mean
f(|E|), etc. Another ambiguity is that a word on the alphabet and the
singleton set of words containing only that word will be represented by

the samé symbol. There will be no difference in the symbol for a letter

of the alphabet and a word of length one. In each case it should be clear

from context what meaning is being used at a given time.

P
Definition 1.6: The reverse of a regular expression E is denoted by E

and is defined recursively as follows:
-
a

= a for all a € A, z = ¢ and T =2 »m

For all regular expressions El’ EZ’



EE = EE
172 I |
o <

* = *
B (E;)

Definition 1.7: The unary operator § is defined for any regular

event R by:
Aif A e R

S(R) =
‘ d otherwise

For a regular expression E, §(E) = 6(|E]).

1.2. Finite Automata

Definition 1.8: A finite non-deterministic automaton (or simply automaton)

Jl over the (finite) alphabet A is a quadruple fi= Q, M, Ql’ F), where Q

is a finite non-empty set of states, Q1 < Q is the set of initial states,

F ¢ Q is the set of final states (or output states) and M is the

transition function: M: Q X A - 2Q. If #Ql = 1 and for every q € 0,

a e A, #M(q,3)) = 1, then,ﬂ is said to be a deterministic automaton.

If #Q1 =1 and for all q € Q, a € A, #(M(qg,a)) < 1, then A is called an

incomplete automaton. Thus an incomplete automaton is a special case of

a non-deterministic automaton, and a deterministic automaton is a special ‘

case of an incomplete automaton.

Usually A is referred to as the input alphabet of the automaton. -
All automata as well as all events considered from now on will be assumed

to be over a fixed alphabet A, unless otherwise specified.
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Extend the transition function to subsets of Q. If Q' c Q

then for each a € A,
l -
M(Q ’a) qng M(q’a)
Next extend M to words w € A* as follows: - for every a € A, x € A%,
Q' £ Q |
M(Q',xa) = MM(Q',x),a)
and for the empty word A
M(@Q',2) = Q'

Notation 1.2: When no confusion arises, a singleton subset of Q, namely

Q' = {q}, q € Q, will be denoted by q (wifh brackets omitted).

Definition 1.9: The automaton Jl accepts a word X € A* iff

M(Ql,x) nF# d. The set of all words accepted by A is called the

event accepted by J% and is denoted by T(A) (sometimes the word

'accepted' is replaced by 'recognized' or 'defined').

Theorem 1.4 [Kl, RS]: The event accepted by any automaton is regular.

Definition 1.10: Two automata are called equivalent iff they accept

the same event,

Definition 1.11: A state q of an automaton A= (@, M, Q> F) is said

tp be accessible iff there exist q; € Ql and x € A¥* such that q € M(ql,x).
The automaton JL is called connected iff all of its states are accessible.
For any automaton A = (Q, M, Ql’ F), let JQC = (Q', M', Ql’ F'), where
Q' © Q is the set of all accessible states in A, M' is the restriction

of Mto Q" and F' = F n Q'. Clearly j%c is a connected automaton.
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Theorem 1.5: For any automatdn‘ft, JLC is equivalent to~FL.

From now on, all automata considered are assumed to be connected

and incomplete, unless otherwise specified. The (single) initial state

of the automaton will be denoted by qi, unless otherwise specified.

Definition 1.12 [KW]: Let A = (Q, M, q; 5 F) be an automaton and let

q € Q. The accepted event of q in A, A;JL(q), or Ac(q), when A is

understood, is defined by:
Ac(q) = {x I x € A% A M(q,x) € F}

Theorem 1.6 [Br 2]: Let A = (@, M, qi, F) be a deterministic automaton

and let T(R) = R. Then:

(a) for every state q € Q there exists a word x € A* such
that Ac(q) = x\ R (Definition 1.2)

and

(b) for every x € A* there exists at least one state q € Q
such that x \ R = Ac(q).
1f A, is only an incomplete automaton, then part (a) of

Theorem 1.6 still holds but part (b) has to be modified as follows:

(b) for every x € A* such that x \ R # 4, there exists q € Q

such that x\ R = Ac(q).

Corollary 1l.1: If R = T(A.) for some automaton A then R has a finite

number of distinct left quotients.

Definition 1.13: An automaton A= (q, M, dys F) is called reduced iff

for every pair of states q, q' € Q, Ac(q) # Ac(q').



- 8 -

Theorem l.7: For every automaton~R, there exists a unique

reduced deterministic automaton equivalent to A.

Theorem 1.8 [Br 2]: For every event R with a finite number of distinct

left quotients, there can be effectively constructed a reduced
deterministic automaton accepting R, provided that it is possible to

ascertain, for each a € A and for each left quotient Ri’ which left

quotient equals a \ ki'

Outline of Proof: Let R = Rl’ R2, erey Rn be the set of all distinct left
quotients of R. Construct the automaton~ﬂ0(R) = ({Rl; cees Rn} » M, Ry, F),
where

l1<is<n, Ae Ri}

and the transition function M is defined by M(Ri’ a) = Rj’ a €A,

1 <i, j<nand R, = a\ Ri' One can easiiy verify that in the automaton
flO(R), for every state Ri’ 1<1i<n, Ac(Ri) = Ri' Hence fLO(R) is

reduced and accepts R.

_—

Theorem 1.9 [Br 2]: Every regular event has a finite number of distinct

left quotients.

Qutline of proof: Let E be a regular expression denoting the given event

R. Then for each word x € A*, a regular expression DxE denoting the left

quotient x \ R, can be obtained from E by recursive application of the

following rules:

(1) For a € A, Daa = A, Dab = ¢ for b =X, dorbel

. and b # a.
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For any regular expressions P and Q,

(2) D(PuQ =DP uDLQ

(3) D_(BQ) = (0_P)Q u 8(P)D,Q
4) D_(p%) = (p_P)P*
(5) 'D)\p - p

(6) DuaP = Da(DuP), u € A*

It can bevverified that for any x € A% and R = lEl, IDXEI =x\ R.
The ;egular expression DkE obtained from E in the abovelfashion is
called a derivative of E with respect to the word x.

Thus in order to obtain all left quotients of R, one
computes the derivatives DxE for words x taken in a lexicographic order.
It_is.shown in [Br 2] that after a finite number of steps no new

_derivatives are found, and it follows that R has a finite number of

distinct left quotients.

b ———23

Example 1.1: Let A = {0,1} and let R = 10%11. The derivatives of R are:

DXR = R

DOR =g = DOxR’ ali X € A%
DlR = 0*11

DlOR = DlR

DR =1

DllOR = DOR

DlllR = A

Dyy10R = Do
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Thus no new derivatives of R can be obtained and the set of distinct
left quotients of R is: Rl = R, R2 =0\R=¢g, R3 =1\ R = 0*11,

R, =11\ R=1and R, = 111\ R = A, Using the construction of

4 S5
Theorem 1.8, we obtain the reduced deterministic automaton accepting
R: ﬁ,O(R) = ({Rl, cees RS}, M, R;, F) where F = {RS} and M is given by

the table in Fig. 1.1 (such a table is called the transition table of

the automaton JXO(R).)

Corollary 1.2: Let W c A%, The following conditions are equivalent:

(a) W is regular.
(b) There exists an automaton A such that T(AR) = W.

(¢) W has a finite number of distinct left quotients.

From Theorem 1.7 and Theorem 1.8 we get:

Corollary 1.3: The automaton A 0(R) defined in Theorem 1.8 is the

unique reduced deterministic automaton accepting the regular event R.

Definition 1.14: Let q be a state in an automaton A= (Q, M, ql,'F).

q is called a dead state (or trap state) iff Ac(q) = @.

Clearly if A is reduced then there can be at most one dead

state qé in M, and there is one only if the event R = T(A) has a left-

quotient equal to ¢. One can easily verify that by removing from A the

leading to it and from it, one obtains
N -
an incomplete reduced automaton~fL0(R) which is equivalent to

dead state a4 and all transitions

A and has

no dead state. Furthermore, for any reduced incomplete automaton

A =@, M, 4, F) there can be constructed an equivalent reduced

deterministic automaton ‘fl=.flo(R) = (Q, M, qy>» F), where
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M(q,2)

Fig. 1.1
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Q' if A' has a dead state qy

Q' v {q¢}, where a £ Q'

and for all a € A, q € Q', M(q,a) = M'(q,a) iff #(M'(q,a)) 1,

M(q,a) = qd otherwise, and M(qé,a)-= 4y for all a € A. By Theorem 1.6

and the above argument, we obtain the following:

Proposition 1.1: For every regular event R there exists a unique reduced
N . .
incomplete automatongfbo(R) having minimal number of states and accepting
’b .
R. J{,O(R) can be obtained from fio(R) by removing from the latter the

dead state together with all transitioms leading to and from it.

" )
Notation 1. 3: Jl, (R) will be called the minimal 1ncomplete automaton

accepting the event R. Let q be any state in A = Jq, (R) (or f1 (R)).

Denote by Dq the corresponding left quotient of R, i.e.

Dq = chh(q) =x \R for some x € A%

\
Thus in JQ,O(R) (flo(R)) the set {Dq [ q € Q} coincides with the set

of all non-empty (possibly empty) distinct left quotients of R.

Definition 1.15: Let A= (Q, M, a5 F), where Q = {ql’ Qs wees qn}.

Extend further the transition function M as follows:
%
M: 2? x 2A > 2Q, where for every Q' < Q, W c A%,
M@Q', W) = {q | q e QAagq= M(qi, w) for some q, e_Q', we W}

A%
For each i, 1 < i < n, define the function Mi: 27 - 2Q by:

Mi(w) = M(qi, W), all W c A*
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Lemma 1.1l: Let A = (Q, M, qy5 F) and let R, P, Q be events such
that R = PQ. Then

M.(R) = u M, (Q), : i=1, 2, «v., 0
* qjeMi(P) 3

Proof: Follows immediately from the above definition..

Definition 1.16: A regular expression E of the form E = P*, is called

a star expression. An event W € A* is a star event iff W = V* for

some event V. V is called the root of W. 1In [Br 4] it was shown that
for every star event W there exists a unique minimal root Vm such that

W= Vm* and v is contained in all other roots of W.

Theorem 1.10 [Br 4]: The following equivalent conditions are necessar};

and sufficient for W c A* to be a star event:

(a) W= W=

2

(b) W=W

(c) )\eWandforeachueA*,Aeu\WiffW_C_u\W

Definition 1.17: Let R be a regular event and let A= (Q, M, q;5 F)

be an automaton accepting R. Define for any subset B £ Q,

str B = {x | x € A% A M(B,x) < B}

Proposition 1.2: str B is a regular star event. Moreover, if

qleB_C_FthenstrB_C_R.

Proof: Clearly str B = n T(A(q,B)), where Alq,B) = (Q, M, q, B).
qeB

Hence str B is regular. Now obviously A € str B, and for any

x, y € str B, q € Q we have: M(q,xy) = M(M(q,x),y) € B, which shows
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that also xy € str B. Hence str B = (str B)2 and by Theorem 1.10(b)
str B is a star event. If q € B < F then M(ql,x) € Bc F for all

x € str B and therefore str B ¢ R.

Definition 1.18 ([RS], [Me]): Let A= (@, M, ;s F) be an automaton.

i

Define a mapping n from A* into the set of all transformations of Q

4nto itself as follows: for every w € A%, nw) = m : Q - Q, where
mw(q) = M(q,w) for all q € Q. One can easily verify that n is a
homomorphism from the frée monoid A* onto a finite monoid 7nﬁ,°f

transformations of Q into itself, with the operation of composition of

transformations. 7IQQ, is called the syntactic monoid of the automaton \fL.

The syntactic monoid of a regular event R is the syntactic monoid of its

reduced automatonl\fio(R).

" Example 1.2: Let A = {0,1} and let R = (0 u 1)*00(0 u 1)*. The transition

table of the automaton A = f{O(R) is shown in Fig. 1.2, where p is the

{nitial state and F = {r} is the set of final states. The syntactic

monoid of R consists of the following transformations:

. _ (/P ar\_
* (p q r) oy
(P ary._ _
2 (q r r) oy T510
_ /M ary_ _ _ _
b = (p P r> my = myy T Mg T M1l
¢ - Cr) r r) = Moo )00 Th01 100
= (P 9Ty = =
d P T r) o1 o011
qQqr 10 110
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e

Fig. 1.3
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The multiplication table of 7Qﬁﬁs showﬁ in Fig. 1.3.

Definition 1.19: A regular event R is group-free [pM] iff its syntactic

monoid contains no non-trivial subgroups. The automaton Jlo(R) is

group—free iff R is group—free.

Defipition 1.20: An automaton A= .(Q, M, dq> F) is called permutation-
free iff for any subset Q' £ Q with at least two elements, and for any
word w € A*, the restriction of m to Q' is not a cyclic permutation of

Q' onto itself. The regular event R is permutation-free iff JQO(R) is

permutation-free.

Theorem 1.11 [PM]): A regular event R is group-free iff it is permutation-

free.

Theorem 1.12 (Schlitzenberger [Sch], Papert and McNaughton [PM]): The

family of group-free events over the alphabet A is a boolean algebra
of sets, and a monoid under the operation of concatenation.

Theorem 1.12 is proved by showing that the family of group-free
events coincides with the family of all events that can be denoted by an

extended regular expression without the star operator, i.e. a regular

expression using only the operators U, N, - and .

Definition 1.21: An automaton Ais a pure-grodp automaton iff TQV%

is a group. A regular event R is a pure-group event iff JIO(R) is a

pure-group automaton.

Apparently A is a pure-group automaton iff all transformations

in‘n%Qare permutations of Q onto itself.
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Definition 1.22 [RS}: Let A= (@, N, q;» G) and B = P, M, Py> F)

be two deterministic automata.. Define their direct product

A xB =(QxP, NxM, (q;5p;)5 ¢ X F)
where the transition function N X M is defined by:

@ x M) ((q,),3) = (N(g,a); M(p,a))
for all pairs (q,p) € Q X P and a € A.

Theorem 1.13 [RS]: th"jB accepts the event T(}l) n T(R).

Lemma 1.2: If A and 53 are pure-group automata then so is A xD,

Proof: Apparently the syntactic monoid of the direct product of two
automata, Il g ¢ , equals the direct product of the two syntactic

monois, 7n31><7n18 (L]. The result now follows immediately.

Theorem 1.14: The family of pure-group events is closed under

intersection.
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Chapter 2

Digraphs, Transition Graphs and State Graﬁhs

2.1. Finite Digraphs and Cycle Rank

Definition 2.1: A finite directed graph (or simply digraph) is an
ordered pair D = (N,B), where N is a finite set of nodes and B, the

set of branches of D, is a subset of N X N. An element (m,n) e N XN

of B will be called a branch from m to n and will be denoted by bmn'

We call m the initial node and n the terminal node of the branch bmn'

Definition 2.2: A path p in a digraph D = (N,B) is any finite sequence

b1b2f°'bk of branches bi €eB,i=1, ..., k, k 20, such_thaf the

terminal node of b. is the initial node of b, ., i =1, 2, ..., k - 1,
i i+l

p is a péth fromm to n (ﬁ,n € N) if m is the initial node of bl and n

is the terminal node of bk' The nodes m and n are the initial and

terminal nodes, respectively, of the path p. If k = 0 then the path is

null. If a non-null path p has the same initial and terminal node, then

p is called a loop.
Let P, and Py be two paths in D such that the terminal node

eseb and

of p, is the initial node of p i.e. p, =Db b
1 2? 1 n,n, nyn, ny

Py, = b P , where £ =2 k 2 0. Then their concatenation is
MMz TR
esob

the path p.,p, = b b ces b
172 nyfy Mol mO i D12 Pt

Definition 2.3: Let D = (N,B) and let n € N. Denote by B(n) the set of

all branches in B which contain n as either a terminal node or as an
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‘initial node. For any N' c N define

D-[N']=((N-N,B~- u B())
neN'

thus D - [N'] is simply the graph obtained from D by eliminating

the nodes of N' together with all branches incident to them.

Definition 2.4: Let D = (N,B) be a digraph and let n € N. Define

ﬂD(p)*, the set of predecessors of n iﬁ D, By:

ﬂD(n) = {n' e N | (@",n) € B}

and OD(nfT, the set of successors of n in D, by

UD(n) = {n' ¢ N | (n,n') € B}

‘Definition 2.5: Two digraphs,D = (N,B) and D' = (N',B') are called

isomorphic iff there exists a 1 - 1 mapping ¢ of N onto N' such that

B' = {(¢(@), ¢(@")) | (m,n") € Bl.

Definition 2.6: A digraph D' = (N',B') will be called a subgraph*f

of D= (N,B) iff § # N' <« Nand D' =D - [N - N'].

Definition 2.7: A digraph D = (N,B) is strongly connected (s.c.) iff

for any pair of nodes, m, n € N, there exists a path in D from m to n.
A section of D is any s.c. subgraph of D which is not properly

contained in any other s.c. subgraph of D. It follows that the sections

in any digraph D are disjoint, and a node n of D is contained in a section

iff there exists in D anon-null loop from n to n (i.e. a loop on n).

+ When no confusion arises, we shall omit the superscript

++ The word “'subgraph" has restricted use here.
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Definition 2.8: The (cycle) rank of a digraph (after Eggam [E]):

(a) Let D = (N,B) be a strongly connected digraph. The (cycle) rank,
r(D), of ﬁ is defined inductively as follows:
(i) r(D) = 1 iff there exists a node n € N such that D - [n]
.contains no s.c. subgraph.
g(ii) r(D) = k iff r(D) is not less than k and for some n € N all

. gsections of D - [n] have rank at most-k - 1.

(b) Let D = (N,B) be any digraph. Define r(D) = 0 iff D has no

sections and

r(D) = max {r(D') | D' a section of D}

otherwise.

Thus the rank of a digraph is a measure of the complexity of

its loops.

Example 2.1: Let D = (N,B) be the digraph shown in Fig. 2.1. The

sections of D are D1 =D - [n3] and D, = D - [{nl,nz}]. It is easily
verified by inspection that r(D2) = 1 and r(Dl) = 2. Hence
r(D) = max {;(Dl), r(Dz)} = 2.

The following lemma is an immediate consequence of the above
definition.

Lemma 2.1: Let D = (N,B) and D' = (¥',B') be two digraphs such that

N' ¢ N and B' ¢ B. Then r(D') < r(D).

(N,B), define 6, the dual of D,

I

Definition 2.9: For any digraph D

to be the digraph D = (N,ﬁ), where ={(n',n) e NxN I (n,n') € B}.



- 21 -~

Fig. 2.1
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The following lemma is easily verified:

’ <
Lemma 2.2: For any digraph D, r(D) = r(D), and for every section

~+ <+
S of D, S is a section of D.

Definition 2.10: Let D = (N,B) be a s.c. digraph. A node n € N is

called a cycle center of D-iff r(D - [n]) < (D). Now let D be any

i .
digraph. Then n is a cycle center of D iff n is contained in a section

S of D such that r(S) = r(D) and n is a cycle center of S.

The next two propositions are direct consequences of the

above definitions.

Proposition 2.1: Let n be a cycle center of a s.c. digraph D. Then

r(® - [n]) = (D) - 1.

Proposition 2.2: Let D = (N,B) be a s.c. digraph. Then r(D) =k =21

iff (a) there exists a node n in D such that r(D - [n]) = k - 1,

" and (b) for allm e N, r(D - [m]) 2k - 1.

Definition 2.11: Let N be a set of nodes with #N = k. The digraph

Dk = (N,N x N) is called the complete digraph on k nodes. ‘

Proposition 2.3: The complete digraph on k(>0) nodes has rank k.

Proof: Let k = 1. Then Dl = ({n}, {(n,n)}) clearly has rank 1.

The proof proceeds by induction on k: suppose r(Dk_l) =k -1

and let D_ = (N,N X N). Then for any n € N, D} - [n] = N-{n}, ¥-{n}) x (N-{n})),

k
which is clearly isomorphic with D, _,-. Thus r(Dk - [0]) =k - 1 for all

n € N and hence r(Dk) = k.
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2.2 Transition Graphs and State Graphs

Definition 2.12: Let L be any finite non-void set of symbols, called

labels. A finite labelled digraph over L is an ordered pair G = (N, By),

where N is a finite non-void set of nodes and B s the set of labelled

branches (or simply branches) of GL’ is a subset of N x L x N. An

element (nl,a,n ) e NxL xN of BL is called a branch from n, to n,

Jabelled by a.

A finite transition graph (or simply transition graph) over a

finite alphabet A is a quadruple G = (N,BL,Nl,NZ), where GL = (N, BL) is
a finite labelled digraph over the set of labels L = A u {A}, and Nl’NZ

are subsets -of N. Nl is called the set of initial nodes and N2 ~ the

set of terminal (or final) nodes, of G.

A branch (nl,a,nz) e Nx Ax N in a transition graph G will

be called an a~transition (or a transition labelled by a) from n, to n,

in G. A branch (nl,l,nz) e N x {A} x N will be called a A-transition

from ny to n,. For any branch b = (nl,x,nz) € BL’ nl(nz) is the initial

node (terminal node) of b. If (nl,x,nz) € BL then n, is an x—successor

of n, and n is an x-predecessor of n, in G. For each node n € N in G

and for each x € A u {A}, define oxG(n)+ to be the set of all x—successors

of n in G, and ﬂxG(n)+to-be the set of all x—predecessors.of n in G.

Convention: All transition graphs, as well as all automata, regular

expressions and regular events considered in this text are assumed to

be over some fixed finite alphabet A, unless otherwise indicated.

. G . .q5 %
+ When no confusion arises, the superscript will be omitted.
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Notation 2.1: 1In the figures, a terminal node of a transition graph

2By l’NZ) is denoted by a double circle, a non-terminal node

is indicated by a single circle, a branch (nl,x,nz) € BL is represented

G = (N,B

by an arrow from n, ton, labelled by x and an initial node has a short

unlabelled arrow (which is not a branch) pointing to the node.

! ‘
Example 2.2: The transition graph over the alphabet A = {0,1} shown in

Fig. 2.2 is G = (N,B Nz), where N = {nl,nz,n3},

’L’ l’

B, = (G, hinp)s (a,0,m0), (yuLung), (agohnp), (3,083, (g,0.m),

N, = {nl,qz} and N, = {nz}.

Definition 2.13: A path p in a transition graph G = (N’BL’Nl’NZ) is

any finite sequence of branches b1b2"°bk’ bi € BL, i=1, «.., k, K20,

such that the terminal node of bi is the initial node of bi+l’ i=1, ..., k- 1.
The number of branches in the path, k, is called the length of p and denoted ;
- by 2(p). 1If 2(p) = O then p is the null path, and is denoted by E. If

m e N is the initial node of bl and n € N is the final node of bk then p

is called a path from m to n, m is called the initial node, and n - the

final node, of p. A path from a node n to itself is called a loop on n. ‘

A loop of length 1 is called a self-loop. If p is a loop all of whose

branches are labelled by A, then p is a A-loop.

Definition 2.14: Let Py and P, be two non-null paths in G such that the

final node of'p:L coincides with the initial node of p,, i.e.

) ...
1-

where 2 = k = 0. Define their concatenation P;-Py to

py = (@ps X5 ) wee (B, m ) and Py = (s Fepo T2

(gs %ps Pgyy)>

be the path (nl, X5 nz) . (nk, X k+l k+l’ X nk+2) cee (nz, Xps n2+1).

+ Usually the dot will be omitted.
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For any path p, define p.€ = €.p = p.

Denote the set of all paths of G by P(G).
.i-

Let Pl’ P, € P(G). Define P1°P2 , the concatenation of Pl
by P2’ by:
- = A~ = .
P,.P, {p| peP®@ Ap P;-Py for some p, € Py, p, € P2}
It should be noted that Pl.P2 may be empty even if both P1
and P2 are non-empty sets.
Let p = byb,...b, € P(6), k > 0. Then any path
p' = bibi+l...bj, 1 <iz<3js<k, is called a subpath of p. If j =k
then p' is a guffix of p, and if 1 = 1 then p' is a prefix of p. | »
Definition 2.15: Let w = alaz...am be a word over the alphabet A, E
&«
and let p = blb2'°'bk be a path in a transition graph G = (N’BL’Nl’NZ) N
J
(over A). We say that w is spelled out by p iff k 2 m and there exists }
a sequence 1 € j, < j, < ... < j_ <k such that for all i =1, ..., m, b, 3
1 2 m I i
2
2

is a branch labelled by ass and all other branches bt’ t # jl’ ceey jm’

are labelled by A. The empty word w = A is spelled out by all paths all

of whose branches are labelled by A, and by the null path €.

Definition 2,16: A path p in G = (N,B ,N;,N)) is an admissible path iff

the initial node of p belongs to Nl and the final node of p is in N2,

i.e. p is a path from an initial node of G to a final node of G.

Definition 2.,17: Let G = (N’BL’Nl’NZ) be a transition graph. Define

G .
for every node n e N, the accepted event, Ac (n)TT, of n in G, as the

+ Usually the dot will be omitted.

. . G . .
++ When no confusion arises, the subscript will be omitted.
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‘set of all words w spelled out by at least one path p from n to a

terminal node of G. The preceding event'PrG(n)+ of node n in G, is

the set of dll words w spelled out by at least one path from an initial

node 6f_G to n.

The event R(G) accepted (recognized, or defined) by the

transition graph G is defined by:

R(G) = U AcG(n) = u- PrG(ﬁ)
neNl' neNZA

Thus R(G) is the set of all words w € A* spelled out by at
least one admissible path of G.

Example 2.3: Consider again the transition graph in Fig. 2.2. 1In this

case R(G) = PrG(nZ)’ thus R(G) consists of all words w € (0 u 1)* spelled

o

out by at least one path from either n, or m, to n,. For instance,

w = 010 ¢ R(G) since w is spelled out by the admissible path

-~
I
&
b
N
-
-
I
~

P = (ny,0,n,) (n,,1,0,) (ng,4,0,)(ny,0,0,)
Remark 2.1: Sometimes sets of paths in a transition graph (or a digraph)

will be treated as events over the alphabet of branches B (or B resp.).

Thus the regular operators u, +, * defined for events, will be used for

sets of paths as well. For instance, in the last example, the expression

(nl,l,nl) *(nl,osnz) (nz’l’n3) [ (n3 ’A’nl) (nl,l’nl)*(nl’o’nz)U(n3’0’n )]

indicates the set of all admissible paths in G spelling out the word 010.

The following proposition is a direct consequence of the above

definitions.

. G . .
+ When no confusion arises, the superscript will be omitted.
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Proposition 2.4: Let G = (N’BL’Nl’NZ) and let (m, A, n) e-BL. Then:

@ A°m A’

@ 2@ <? @

Definition 2.18: A node n in a transition graph G is called admissible
[Mc 3] iff there exists in G an admissible path touching n. A branch
b in G is admissible iff there is an admissible path in G one of whose

branches is b. G is called an all-admissible trahsition graph iff all

branches and nodes of G are admissible.

Clearly, all inadmissible branches and nodes of a transition
graph G can be removed from it without modifying the event accepted by

G. In the sequel, all transition graphs dealt with will be assumed to

be all-admissible.

_Definition 2.19: Two transition graphs G and G' are called equivalent

iff R(G) = R(G").

Definition 2.20: A transition graph G without any A-transition (i.e.

no branch is labelled by A) is called a non-deterministic state graph.

A non-deterministic state graph G = (N’BL’Nl’NZ) with #Nl = 1 and with

G .
the property that for every n € N and for every a ¢ A, #(ca (n)) £ 1, is

. ‘ el .
called an incomplete state graph, and if for each n € N, a € A, #(Ga (n)) =1,

then G is a deterministic state graph. The nodes of a state graph are

usually called states.

Definition 2.21: Let A= (Q, M, Ql’ F) be a non-deterministic automaton

(over alphabet A). Define a non-deterministic state graph, GfL , called

O T R R P

s F ¢

Cota
L
Poal
N
P
~
d
3
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the state graph of fl, as follows:

G = @ B, Qs F)

where

By,

{(q, a, ¢') e Qx A X Q| q' € M(q, a)}

Thus for every transition in\FL from a state q to a state q' by input

a, there corresponds in GfL a branch (q, a, q').

Obviously the co;respondence between an automaton A and its
state graph th is 1 - 1; 'in fact a state graph can be considered as
merely a convenient way of describing a finite automgton. Clearly the
automaton is deterministic (incomplete) iff its corresponding state

graph is deterministic (incomplete). Moreover, the event T(A) accepted

by A coincides with the event R(G g, ).

Notation 2.2: If J{,='JQ,O(R) is the reduced deterministic automaton

recognizing R, then qu‘ will be denoted by GO(R) and will be called the

reduced deterministic state graph recognizing R. In a similar way, the

ny . .
minimal incomplete state graph GO(R) recognizing R will be defined by:

n
GO(R) = GJE (®) (Definition 1.14).
ny . . e
Remark: For convenience, GO(R)(GO(R)) will sometimes be identified
WithaRO(R)(jto(R)), and automaton notation will be used for it rather

than graph notation.

Theorem 2.1([RS], [OF]): For every transition graph G there can be

constructed a deterministic state graph equivalent to G.
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‘Corollary 2.1: (a) The event recognized by any transition graph is .

regular. (b) The accepted events and the preceding events of the nodes

in a transition graph are regular.

Notation 2.3: Let A = (Q, M, q;, F) where Q = {ql, Ay eevs qn}
and let G = Gp, + Denote by Pi(G)’ i=1, ..., n, the set of all paths

in G with initial node q,-

Definition 2.22: Let G = (N’BL’Nl’NZ) be any transition graph. Associate

with G a digraph DG = (N,B), where B is the set of all pairs (nl,nz) e NXN

such that (nl, X, n2),e BL for some x € AU {)\}. DG is called the digraph

associated with G.

Definition 2.23: . The (cycle) rank, r(G), of a transition graph N

Corsm o

G = (N’BL’NI’NZ) is defined to be the rank of the digraph DG associated

with G. The rank r(}{)'of an automaton 2. is the rank of its state graph

Vil Y

QR,'

Definition 2.24: Let G = (N’BL’Nl’NZ) and let N' ¢ N. Define |

UINIVET

- 11 = (N-N' ~nt N1t -N'
G [N'] (N-N', BL BL’ Nl NT, N2 N')
where

Bi ={(@, x,n) | xeAu{d}, me N ornmne N'}

Definition 2.25: A transition graph G' = (N',Bi,Ni,Né) is called a

subgraph of G = (N,BL,Nl,NZ) iff N' < N and G' =G - [N-N']. .

Definition 2.26: A transition graph G = (N’BL’Nl’NZ) is strongly

connected (s.c.) iff for every m, n € N there exists in G a path from

m to n. A section of G is any maximal s.c. subgraph of G.
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Definition 2.27: Let G = (N,B N ) be a transition graph. Define

- L, l’

<
the dual of G, G, to be: + = (N, B 2,N ), where

ﬁi = {(m, x, n) | (n, x, m) € BL}

<~ .
- .
Clearly G = G. The next lemma follows directly from the definitioms:

Lemma 2.3: For every transition graph G = (N’BL’Nl’NZ)’ _

(a) (@) = r(®)
=

(b) R(G) = R(G)

[ S
(c) S = [ 2 Cm for alln € N
c o (B = Py n i , .for a €

ottt ca s
d P G = F—A E ;— f 11 N
(d) r(n)—;c(n—‘ , for alln €

2.3. Homomorphisms of Transition Graphs

The next definitions as well as Theorem 2.2 are due to

McNaughton and appear in [Mc 4].

Definition 2.28: A homomorphism from a transition graph G = (N,B L? l’ )

onto
onto a transition graph G' = (N', B' l,N') is a mapping ¢: N U BL-*~» u B!

which satisfies the following conditions:

(a) for every n € N, ¢(n) e N'.
(b) for every (m, x, n) € BL, either

(¢(m)’ X ¢(n)) € B!’ or

¢(m, x, n)

¢(m9 X, n) ¢(m) = ¢(n) € N'

RN R AN R

\
t

'
4
N
>
S
-~
'y

4
fa
ey
i

i
AY
-
-~
>
3
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G' = ¢$(G) is called a homomogphic image of G. The homomorphism ¢

~ is called full iff for every (m, %, n) elBL, ¢(m, x, n) = ($(m), x, ¢(n))
(i.e. no branch of G is mapped onto a node of G'). 1If ¢ is a full l;l
homomorphism and if ¢(Ni) = Ni for 1 = 1, 2, then ¢ is called an

isomorphism.

Let ¢ be a homomorphism from G onto G' as above. Extend ¢

to a mapping from P(G) into P(G') as follows: for every path

)¢(biz)...¢(bi ), where

p=Dbb,...b in G (bi € BL), let ¢(p) = p' = ¢(bi _

172 k 1

1< il < 12 < wes < ir <k, for each t, 1 =t <, q>(bi ) is a branch in G'
. t

and for all j, 1 < j <k and j # it fort =1, ..., f, ¢(bj) is a node in

G'. Clearly ¢(p) is a path in G'. Thus for every path in G there corresponds ol

uniquely a path in G'. The converse, however, is not always true. n

Definition 2.29: A homomorphism ¢ from G to G' is a pathwise homomorphism

iff for every path p' in G' there exists a path p in G such that ¢(p) = p'.

J
|
M
~
N
i
fa
by
%]
N
-
-~
o
~

Theorem 2.2 (McNaughton's Pathwise Homomorphism Theorem): If there exists.

a pathwise homomorphism from G onto G', then r(G') < r(G).

Next we consider two types of homomorphisms of a transition graph

G which leave the event accepted by G unchanged.

Ibeorgm 2:3: Let ¢ be a full homomorphism from G = (N’BL’Nl’NZ) onto
G' = (N’,Bi,Ni,Né), such that ¢(Ni) = N;, i =1, 2, and such Fhat for
all m, n € N, ¢$(m) = ¢(n) implies ACG(m) = ACG(n) [alternatively, for all

m, n € N, ¢(m) = ¢$(n) implies PrG(m) = PrG(n)] . Then G' is equivalent

to G.
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Proof: Every homomorphism ¢ of the above type can be decomposed into

of full homomorphisms such that each ¢i,

17 ¢ifl¢i—2"°¢1(c)

a product ¢k¢k—1"'¢2¢1
1 £ i £ k, merges a pair of nodes n, s ni of Gi-

(i.e. maps them onto some new node mi) for which

G, G.
Ac 1 1(n ) = Aé 1 1(ni), maps all other nodes of Gi—l onto themselves

i
and each branch (n, %, n') of Gi—l onto the corresponding branch
(¢i(n), X, ¢i(n')) in Gi' Now it can be easily verified that for every
G G.
i, 1 £1i £k, and for every node n of Gi—l’ Ac i_l(n) = Ac 1(¢i(n)). It

follows that Gi is equivalent to Gi—l for all i =1, ...; k and hence

' = = = i
G $(G) ¢k¢k_1...¢l(G) Gk is equivalent to G.
) G
By replacing in the above proof each accepted event Ac i(n)
G,
(14=1, ..., k) by the corresponding preceding event Pr l(n), one can

obtain a proof for the second part of the theorem.

Theorem 2.4: Let ¢ be a pathwise homomorphism from G = (N,BL,Nl,NZ) onto

G' = (N',Bi,Ni,Né) such that (1) for each branch (m, X, n) € BL’
é(m, x, n) € N' implies x = A, and (2) for all n', n" € N, ¢(n') = o(n")

1, 2. Then G' is equivalent to G.

implies n' € N, iff n" € Ni’ i

Proof: Let w be any word accepted by G. Then there exists a path

R = (nl’ X5 hz) ves (hk, X, s nk+l) admissible in G and spelling out w.

Now if X; # A then by assumption, ¢(ni, X5 ni+l) = (¢(ni), X5 ¢(ni+l)).
Thus the path p' = ¢(p) also spells out the same word w. Moreover,

because of condition (2) of the  theorem, . . p' is also an admissible

path in G' and it follows that G' accepts w.

LI i

N

VIV IVLY



- 34 -

Now let w' be any word spelled out by some admissible path
p' in G'. Then since ¢ is a pathwise homomorphism, there exists a
path p in G such that é(p) = p'. By the same argument as above, and
condition (2) of the theorem, p spells out the same word w and is
an admissible path in G. Hence w' is accepted by G as well. It follows

that G and G' are equivalent.

v
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Chapter 3

The Star Height Problem

3.1. The Star Height of a Regular Event

Definition 3.1: The apparent star height h of a regular expression
. ol

E is defined inductively:

]
o

ha(a) =0 for a € A, ha(k) = ha(¢)

h (E, U E,) = max {n (E)), ha(Ez)}
ha(ElEz) = max {ha(El), ha(EZ)}
h (E%) = b (E) + 1

Definition 3.2: The star height h(R) of a regular event R is defined

by

h(R) = min {ha(E) | E is a regular expression and |E| = R}

Thus for any regular expression E, ha(E) is the maximum length
of a sequence of stars in the expression E, such that each star is in the
scope of the star that follows it. h(E), however, indicates the star
height of the event |E| denoted by E (see Notation 1.1) as defined above.

The next proposition is obvious.

" Proposition 3.1: Let R be a regular event. Then h(R) = 1 iff R is

infinite.

Example 3.1: Let E = (10%1)%*., Then hd(E) = 2 is the apparent star height

of E. However, h(E) = 1 because El =\ u 1(0 v 11)*1 is an expre. lon

UMIVERZT Y

NN

(
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equivalent to E, i.e. |E1| = |E].

Example 3.2: Let E = (0 u 10*%1)*. Here again ha(E) = 2, Moreover,

this event can be shown to be of star height 2 by using Theorem 4.1
of Chapter 4 (the reduced automaton f%O(R), R = IEI, is shown in

Fig. 3.1). We present here an outline of a relatively simple algebraic

.i.

proof to the same effect.

Suppose, b& contradiction, that there exists a regular
expression E' of apparént star height 1 such that |E'| = |E|. Let
Hi*, i=1, ..., n, n = 1, be the set of all star expressions appearing
in E'. Tﬁen the rootsHi (Definition 1.16) of these star expressions

must be finite events. Thus let

k

[N

i wij’ i=1, ..., 0

| =

I c

where each wij is a word. It can be easily seen that each wij must
contain an even number of 1's (otherwise there would be in IE'I words

with an odd number of 1's). Let r be the maximal length of a sequence

of consecutive 0's appearing in any Wij’ i=1, «..omn, J=1, oo, ki,

and let t be the total number of letters 0,1 appearing in E' outside the

m
scope of any star operator. Then a word of the form u = 0™10"1, where

m > r, cannot be a subword of any wij’ nor of any product of words wij’

i.e. um, m > r, is not a subword of any word. in ]Hi*l, i=1l, «¢., N

It follows that a word (um)k,

by the regular expression E'. But this contradicts the fact, that

k
(um)

¢ |E'| for all integers m,k.

+ Unfortunately, such algebraic proofs can be obtained only for some
special cases ([E],[DS]) and do not seem to be axtensible to general
families of events.

where m > r and k >n + t cannot be denoted

|
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3.2. A Survey of Previous Results

The notion of star height of regular events was first
introduced by Eggan in [E]. In that paper it is established that there
exist regular events of arbitrarily large star height. This result is
proved by exhibiting for each integgr‘k > 0, an event Rk 6f star height
k. Eggan's proof is purely algebraic and quite cumbersome. Moreover,
.the number_of 1ett§fs in the alphabet Ak'over which Rk is constructed
grows together with k. Thus Eggan has raised the question of whether or
not there exist evenﬁs of ﬁrbitrarily large star height over the two-letter
alphabet.T In [DS] Dejean and Schuzenberger have come up with a positive
answer to this question, constructing for each k > 0,.an event Fk over
the aléhabet {0,1} of star height k. F_ (k =1, 2, ...) is defined to

be the event accepted by the automaton uﬂ,k = (Q, M, P {qo}), where

} and the transition function M is defined by:

Q={q0’ ql’ ""q 1

2k

M(qi, 0) = qi+l(mod zk) [l i = o’ s v ey 2 - l

M(a 1) = 94 30noq 25y » 1T 0, veey 20 = 1.

Thus F is the set of all sequences of O's and 1's, in which the difference

between the number of occurences of O and the number of occurences of 1 is
. k
a multiple of 2.

The second part of Eggan's paper introduces the important

notion of (cycle) rank of digraphs and the following fundamental theorem

is established.

+ It is not difficult to show, that a regular event over the single-

letter alphabet is of star height at most 1.
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Theorem 3.1: The star height of a regular event R does not exceed

the rank of any transition graph recognizing R.

Theorem 3.1 is proved by constructing, for every transition
graph G, a regular expression of apparent star height r(G) denoting
the eveﬁt R(G) recognized by G. |

Thus for any regular event R, r(GO(R)) is an uéber bound to
the star height of R. Unfortunately, there exist many cases in which
h(R) < r(GO(R)). For instance, let R = (0 u 1)*1 over the alphabet
{0,1}. Then the reduced state graph (shown in Fig. 3.2) has rank 2,
whereas R is clearly of star height 1. In the next section it is shown
that r(G (R)) - h(R) can be arbitrarily large (Corollary 3. 4). Thus
examining merely the reduced state graph of R does not generally sufflce
for determining the star height of R. Eggan has shown, however, that
the star height of R can be determined by studying the family of all

transition graphs recognizing R. This result follows from the next

lemma.

Lemma 3.1: For any reguiar event R there exists a transition graph G
recognizing R such that r(G) = h(R).
Lemma 3.1 is proved by constructing, for any given regular

graph GE with a‘single initial node and a

ank r(GE) = ha(E).

expression E, a transition

single terminal node, accepting the event ]EI and having r

- The construction is based on the method of Ott and Feinstein'[OT], and
induction on the shape of the regular expression E is used.

(1) If.E=¢, A or E=2a, a ¢ A, then the problem is

trivial.
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(2) If there is a transition graph G, recognizing IEI, then

E

the transition graph G_, recognizing E* is shown in

E
. ' t
Fig. 3.3(a).
(3) If transition graphs G and G_, recognizing IE I and [E l
El' E2 1 -T2

resp. have been constructed, the transition graph GE U E
“1 2

recognizing IEl u Ezl is obtained as shown in Fig. 3.3.(b).
(4) The transition graph G recognizing IE E | is constructed
: ElEZ 172

and G as shown in Fig. 3.3.(c).
1 E) .

from GE

VOne can see, -that the only time a loop is created in GE is
when one encounters a star in E. Hence r(GE) = ha(E) and Lemma 3.1 is

proved. Combining this lemma with Theorem 3.1, Eggan's Star Height

Theorem is achieved.

Eggan's Star Height Theorem: The star height of a regular event R equals

min {r(G)l, where 35k is the family of all tramsiticmn graphs recognizing R.

Ge$$R : “.'

It will be shown in Chapter 5 that a proper subfamily of %R is

sufficient for determining h(R).
A new technique for establishing the star height of regular

events, based on Eggan's Theorem, has -been introduced by McNaughton in [Mc 33.

The following fundamental theorem constitutes the essence of the graph-

theoretic methods developed in that paper.

t+ 1In Fig. 3.3, a A-transition entering (leaving) the square representing

GE should be interpreted as a A-transition entering (leaving) the

initial (terminal) node of GE.



N

Y >
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‘Theorem 3.2: If Sl’ ey Sm are strongly connected subgraphs of a
strongly connected subgraph of a transition graph G, and if there is
no node common to more than m — 1 of the Si's then the rank of G is
at least one more than the minimum rank of all the Si's.
McNaughton's technique will now be.illustrated by the

following example, which appears in [Mc 3].

Example 3.4: Let R = (0%10%1)* and let G = (N’BL’Nl’NZ) be an arbitrary

transition graph recognizing'R. Let N'") be the set of all nodes n in

G such that there exists a path to a terminal node from n spelling out a
word with an odd number of 1's (an even number of 1's), and any number

of 0's interspersed. Clearly N' and N" are disjoint and so are the
corresponding subéraphs G' =G - [N - N'] and G" =G - [N-0N"]. Now suppose
G has k nodes. Then any path starting at a node of N' (N") and spelling

out the word Ok-'r‘1 must be contained in G'(G") and must repeat a node.

Hence G'(G") has at least one section. Thus let Al’ cens A.m and

B Bn be all sections of G' and G" respectively. The word

l, e e o 3
w = (Ok+110k+1l)k+1 is contained in R. Let p be an admissible path in , |
G spelling out w. p must intersect some Ai (1 £ i £ m) more than once ‘

and between times some Bj (1 <3 <mn). Ai and Bj are disjoint, each is

s.c. and there is a path from each to the other, i.e. both are contained

in a s.c. subgraph of G. It follows by Theorem 3.2 that G is of rank 2 2,

Since G was arbitrarily chosen,.the star height of R cannot be less than
2 by Eggan's Theorem. Hence h(R) = 2.

McNaughton's proof technique; are applicable to a great variety
of events. The éxamples of events Fk of star height k constructed in [DS]

are re-established in [Mc 3] by means of these methods, as well as a new
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way of creating events of arbitrarily large star height, as indicated

by the next theorem.

Theorem 3.3: Let R, and R2 be regular events of star height h whose

1
respeétive alphabets Al and A2 are disjoint, and suppose neither a nor
b is in Al u AZ' Then the regular event R = (aRlez)* over the alphabet
A, u'A) u {a,b} has star height h + 1.

1 2

. Another significant result in [Mc 3] is that for any alphabet
A= {al, ooy an}, there exists a homomorphismT ¢: A% - (0 u 1)* which
preserves star height, i.e. for any R < A%, h(¢(R)) = h(R). ¢ is

determined by the n equations

#(a,) = 1of107 Y, 1 =1, .., n

Thus every event R over the n-letter alphabet can be coded down to an
event $(R) over the 2-letter alphébet having the same star height.
In the last section of [Mc 31, techniques for reducing the
apparent star height of é gi&en regular expression are described. A
few isolated principles are obtained (for instance, (aB*Y)* = XA u a(B U yo)*y
for all regular.events o, B and Y) and 2 number of illuminating examples
are presented, in which such reduction is obtained by looking at the
reduced state graph of the event. _ ‘

Another method for reducing the apparent star height of a given

regular expression E is discussed in [Mc 2]. This reduction technique

involves a series of transformations on a transition graph GE representing

+ An ordinary homomorphism between two free monoids, which 1s extended

to subsets of the monoids in the natural way.
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E, leading to an equivalent transition graph G' of smaller rank,

from which a regular expression E' of smaller apparent star height

can be derived. However, these transformations are carried out on

an intuitive basis and are helpful mainly when the regula; expression

E' is known beforehand. In Chapter 5 .of this thesis a similar approach
has been adopted, sevéfal basic types of rank-non-increasing transformations
on transition graphs have been introduced, by means of which any arbitrary
transition graph can be converted into an equivalent one with some special
properties. The author strongly believes that a more inclusive and
powerful set of transformations on transition graphs'could be defined,’

by means of which any arbitrary transition graph recognizing the event R
can be modified into an equivalent one of no greater'rank, whose number

of nodes is bounded by some fixed number kR’ which is a function of the
number of states in the reduced automaton Jlo(R).. This would yield a
finite algorithm for f@nding the star height of any arbitrary regular

event R. Such an algorithm, to the best of the author's knowledge, has

not yet been established.

There has been found, however, an algorithm for determining the
star height of the members of some subfamily of the family of regular

events, namely the family of all pure-group events (Definition 1.21).

This algorithm is presented in McNaughton's paper [Mc 4]. The algorithm

involves constructing a certain finite family of transition graphs, called

u-graphs, for the given pure-group event R. These p-graphs are derived in

a certain manner from the syntactic monoid of R. It is shown that if

h(R) = k then there exists a subset of this family of u—graphs whose

e
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‘union graph+ has rank k and recognizes the event R. Thus in order to
verify that the star height of Ris < i (i =1, 2, ...), one constructs
the qnion graph of all.u—graphs of rank < i and checks whether this
graph acéepts the whole event R.

Another result in [Mc 4] is the following.

Theorem 3.4: If the reduced state graph GO(R) of a pure-group event R

has exactly one terminal node, then the star height of R equals the rank
of GO(R). .

This theorem will be obtained in Chapter 4 as a special case
of a more general result (Theorem 4.1) which is proved in a totally
different way. Note that the class of events Fk‘of star height k
mentioned before:[DS] happens to be a special case of Theorem 3.4.

In [D] Dejean proves, that all pure—grodp events of star height

1 over an alphabet A are of the form:

i i i
(Ak)*(A 1 U A 2 U ... UA n)

where for each j, j =1, «.., n, 0 <1 = k - 1.

3.3 Some General Properties of Star Height

In this section the effect of various operations on the star
height of regular events is examined.
due to Brzozowski, showing that

We first state some results,

star height is preserved by quotients.

f several graphs is meant the result of considering

+ By a union graph o
A node is initial, ox

these graphs together as a single graph.
terminal, iff it was so before.
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Theorem 3.5: Let R be a regular event and let w € A%, Then

h(w \ R) < h(R). Furthermore, for all integers n = 0, there exists
a word x of length n such that h(x \ R) = h(R).

Clearly Theorem 3.5 holdé fqr right quotients as well, and
since x\ R/ y=(x\ R) /y=x\ (R/y) for all events R and

x, y € A*, we have:

Corollary 3.1: For any regular event R and for any x, y € A%,
h(x\ R/ y) < h(R).

Corollary 3.2: Let R be a regular event and let G = GO(R). Then if

G is strongly connected, h(x\ R) = h(R) for all x e A*.

Next we examine the following problem. Let Tl and T2 be
regular events and let R be an event’obtained from Tl? T2 by a finite
number of applications of the operators U, 0, ~, . and *, How is the
star height of R related to those of Tl and T2? - The answer is rather
disappointing because in most cases very little connection appears to
exist between h(Tl), h(Tz) and h(R). We now proceed to examine specific

cases.

Proposition 3.2: For any regular events T,, T,, h(T; U T,) < max {h(Tl)’ h(Tz)}-

Moreover, for every integer n 2 0 there exist events T, and T, such that

h(Tl) = n and h(Tl U T2) = 1, ) | ‘

Proof: The first assertion is trivial. As for the second, simply take

of star height n and T, = T.. Then h(Tl U T2) = h(A*) = 1.

any event T 1

1

Proposition 3.3: For any regular events Tl? T,, h(Tsz) < max {h(Tl)’ h(Tz)},

and for any integer n = O there exist T,, T, such that h(T;) = n and
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h(Tsz) = 1.
Proof: The first assertion is obvious. As for the second, let Tl be -

any event of star height n containing the empty word A and let T2 = A%,

Then h(Tsz) = 1.

Proposition 3.4: Let T be a regular event. Then h(T#*) < h(T) + 1 and
i ,
for any integer n = 0O there exists an event T of star height n such that

h(T*) = 1.

Proof: Let A = {0,1} and let T = OT, u 1, where h(T;) =n and A T

1 1°

Now O \ T = T, showing that h(T) = h(Tl) = n (Theorem 3.5). HoWever?

1
T* = (0 v 1)* is of star height 1.

Proposition 3.5: For every integer m = 0, there exists a regular event

R such that h(R) ~ h(R) = m.

Proof: Let A = {al, ays +ees an} be the alphabet, where n = m + 2 2 2, and let
JQi ='(Qi, M, qi, {qi}), i=1, 2, ..., n, be the reduced deterministic
automaton recognizing the event Ri’ consisting of all words over A with

an even number of occurences of the letter a; (see Example 3.2). Let

-R,=-.Ql x A, x .. x A =(Q M, q, ) (Pefinition 1.22), where

1 n . s
Q=0Q; X ... X Q. 9y = (ql, e ql) agd F = {ql}. Since each jli is

a pure-group automaton, so is A (Theorem 1.14) -and by Theorem 3.4,

h(R) = r(GJl ), where R is the event recognized by A.. If we show that

r(GJL ) 2 n then we have h(R) > n. Furthermore, since R = Rl n R2 N oees N Rh’

by DeMorgan's iaw, R = il U §2 U ... U §h’ and since each ii is of star

height 2 (again by Theorem 3.4), we get h(R) < 2. Hence h(R) - h(R) 2n-2=m

as desired.

b
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Thus it remains to show that r(éjL) 2 n, We shall prove
this by induction on n. For n = 2, Jll X\HQ is shown in Fig. 3.4 and
apparently has rank 2. Now suppose the assertion holds for n- 1 and
let Jq.= \fll X eee X,an. Then for any node q = (él, ooy qn) of G ,

the graph GJQ - [q] certainly contains the subgraph quf - [N'], where
N' = {(pl, oo pn) I p; € Qi’ i=1, «.., 10, and-pn = qn}

But since Qn (as well as the other Qi's) consists of only two states,
this graph G p - [N'] can be easily seen to be isomorphic with
(W% -

G Hence by the induction hypothesis ‘and Lemma 2.1,

A X eee XA T
;tGJL - [q]) = r(GJL - [N']) 2 n -1 for any state q of A, and therefore

r(GJi ) 2 n. This completes the proof.

Corollary 3.3: For every integer n 2 0, there exist regular events ‘

R

R ey R.n such that

1’ 72

N eee N th - max {h(Ri)} >n - 2.

h(R, n R
1 2 : 1<i<n

Corollary 3.4: For any integer k > 0 there exists a regular event R

~ such that
r(6y(R)) ~ h(R) >k . : - ‘

Proof: The event R = il U ﬁz U ees U ﬁh defined in the proof of Proposition

3.5 can be easily shown to be accepted by the automaton A, obtained from

.fL==fll X ees X\an by interchanging the set F of final states with the
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set Q - F. Obviously \Fi is also reduced and the result follows.

The next proposition is obvious.

Proposition 3.6: For every regular event R, h(ﬁ) = h(R).

j .
The next two propositions are due to Brzozowski.

Proposition 3.7: Let R and T be two regular events such that h(T) = 0.

Then h(R) = h(R - T) = h(R v T).

Proposition 3.8: Let A be an alphabet with at least two letters and,

let R be a regular event over A. If the automaton flo(R) is strongly

connected then for any a € A,
h(R - aA*) = h(R).

In Proposition 3.7 it was shown that removing from R an event
T of star height O does not affect star height. The question naturally

arises, whether the star height of R can be affected by subtracting from

it any subevent T < R of star height h(T) < h(R).

Proposition 3.9: Let R and T be any regular events such that T < R and

h(T) < h(R). Then h(R - T) 2 h(R).
Proof: If h(R - T) < h(R) then R = (R - T) v T would imply

h(R) < max {h(R - T), h(T)} < h(R).

We conjecture:

Then h(R —= T) = h(R).

Conjecture 3.1:+ Let R and T be as in Proposition 3.9.

We have been able to prove only the following special case of

+ Recently R. McNaughton has disproved this conjecture by a counter

~ example (see Appendix A).



Conjecture 3.1.

Theorem 3.6: Let R be a regular event of star height k > 1 such that"

for any two words x, y € A%, either x \.R = y‘\ Ror x \Rny\ R=4g.
Then for every subset T < R such that h(T) < k and r(GO(T)) < k,

h(R - T) = h(R).

{ .
Proof: By Proposition 3.9, h(R - T) 2 h(R). Consider the reduced

automaton &FL = JQ,O(R)gj Q, M, ;s F). As shbwn in Chapter 4,
Theorem 4.1, r(A) = r(J{O(R)) = k. Let A' = JlO(T) = (P, N, Py> G)

be the reduced deterministic automaton recognizing T, and let

55 = AxA'=(QxP, MXN, (ql, pl), F x G) (Definition 1.22). Let
'35' be the automaton obtained fromﬁ%-by éhanging the set of final states
from F X G to F.x(P - G), and then removing all inaccessible states
(Definition 1.11). Let the set of states of J3' be S.

It can be easily verified that the automaton 92 ' thus obtained
accepts the event R — T. We claim that r( ') < k. To see this, let
G, p).e S be any state of 32 '. Then there exists a word w such that
M x M) ((qy5 py)s W) = (Mlqy, w), N(p;, w)) = (q, p). Now since T c R,

wx ¢ T implies wx ¢ R for any word X. Hence all words x taking p to a

A A
final state in £.', also take g to a final state in f{, i.e. A Q"(p) < A (q).
s q c e

a A
But since for every two states q', q" in Q, Ac (@a') n Ac (@") = 4 (see

Theorem 1.6 and Definition 1.13), it follows that for every state p in A!

' .
such that A;R'(p) # #, there exists at most one state q € Q such that

(q, p) € S. The only state p in P which may appear in more than one pair

(¢, p) of S is the dead state py, if such a state exists in A'. Thus

decompose S into two disjoint subsets: S = §' y 8", where S' is the set

IR R
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of all pairs (q% p) € S such that p # Py> and S" is the set-of all
pairs of the form (q, pé) appearing in S. We claim:
(1) There does not exist in B’ any transition from a
4stéte of 8" to a state of S'. |
@~ [S"] of G~7?>’ is isomorphic with
; some subgraph of G AT

(2) The subgraph G

~(3) The subgraph G_, - [S'] of 93, is isomorphic with some

~subgraph of G, .

The first assertion follows from the fact, that for any word

b=

X, N(p¢, x) = Py As for (2), let (g, p) € S'. Then for any a € A,~

M x N)((q, p), a) = (M(q, a), N(p, a)). .If N(p, a) = py then this
transition is not contained in GCB’ - [S"]. Thus suppose N(p, a) # Py
Defige a mappiqg $: S' » P - {p¢} by ¢(q, p) = p for all (g, p) € S'.
Then by the above remark, ¢ is a 1 - 1 mapping. Moreover, if for some
(g, p) € S' and a € A, (M x M ((q, p), @) = (q¢', p'), then by definition,
p' = N(p, a). Hence ¢ is an isomorphism of G‘.B; - [S"] onto some subgraph
of G A as required.

| To show (3), let Q' = {q € Q | (a, pé) ¢ S"}. Define a mapping
y: S" » Q' by y(q, pi‘) = q for all (q, pé) e S". Obviously Y is an

isomorphism of GfB’ - [s'] onto the subgraph Gﬂ.' - [Q - Q'], which proves

(3).

Now by (1), the set of states of any section in GZB) must be

contained in either S' or S". Thus:

r(Gg, ) = max {r(G:B, - [s'D), r(G,j, - [$"D} < max {r(Gﬁ), r(Gﬁ.)} < k.

Hence by Theorem 3.1, h(R - T) < k. This completes the proof.
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In connection with Conjecture 3.1 we would like to mention -

another open problem suggested by Brzozowski.

Let R be a régular event of star height 2 1, and let T be a

finite event. 1Is it always true that h(TR) = h(R) = h(RT)?

Although it seems rather plausible.that this equality always

holds, so far we have been unable to give it a formal proof.

Definition 3.3: Let A and B be two finite alphabets. A mapping

¢ 2A* > ZB* is calléd a generalized homomorphism iff
(1) o) = A
(2) for any.letter a € A, ¢(a) is a finite event over B.
(3) fqr any word w = aj8y...2, € A%,
60 = (8(a)) ((a,)) -+ (B(a))

(4) for any W c A%, ¢(W) = u (W)
weW

An event R' c B* is called a homomorphic image of an event
B*

' %*
R c A% iff there exists a generalized homorphism ¢ from 2~ into 2

such that R' = ¢(R).

The following proposition can be easily verified.

Proposition 3.10: If R' is a homomorphic image of R then h(R') < h(R).

+ R. McNaughton has provided an example of events R, T with the above

properties for which this equality does not hold (see Appendix B).
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Chapter 4 -

Star Height of Certain Families of Events

Introduction

In this chapter the relationships between the apparent star
heigit of a given regular expression and the structure of its reduced
state graph are investigated;

Sections 4.1 and 4.2 introduce the notions of trails (i.e.
state sequences) in a state graph, and simple regular expressions with
respect to a given state graph. In section 4.3 the definition of coflnal
sets of trails is given, and the Main Lemﬁa, relating the apparent star
height of a given regulaf expression with some properties of its
corresponding set of trails in some state graph, is obtained. By means
of the Main Lemma, in section 4.4 sufficient conditions are found for
the star height of an event R to equal the rank of its reduced state
graph BO(R). Thus families of events of arbitrarily large star heigﬁt
can be easily constructed. Moreover, the rank of BO(R) is shown to be
a lower bound to the star height of certain subsets of R.

Section 4.5 deals with the class of events defined by digraphs.

Each member of this class consists of all paths connecting two sets of

nodes in some digraph D. It is shown that the star height of each such

event R equals the rank of the smallest subgraph of D containing all paths

of R. As a by-product, it is shown that every regular event R 1s a

homomorphic image of a group-free event whose star height equals the rank




- 55 -
of EO(R)"-

4.1. Trails in a State Graph

Throughout this section and the next two sections let G
denote an incomplete state graph without a dead state (Definition 1.14)

whose corresponding automaton is A= (Q, M, 9y F), where

Q= {ql’ q2’ ceey qn}-

Definition 4.1: A trail (state sequence) ir G is any sequence of states,

t = (q. 5 Q. » e+2> q ), where q; € Q, m > 1 and for each 1 < j < m - 1,

1 2 m 3

there exists in G a transition from q, to q . q; 1is called the
i i, i
j j+1 1

initial node of t and q is the terminal node. A subtrail of t is any

m
trail t' = (qi > Q4 s eesy qi)wherelskSR,Sm.
k kt+l 2

Given two trails, t, = (q, » Q; » «+-» 4, ) and
) 1 11 i, i
tz = (q. , 4. ' s seey qi ), where 1 < k < &, define their concatenation:
otk 2

.f-
t -.t . =(qi’qi’ sy qi,qi 9 ooy qi )-

1 2 1 2 k k+1 2
Let t be a trail of the form: (q. >, 9; 5 <+s 4 ). Then t is called a
ll 12 11

i . k k-1
loop in G. Define: to = (qi ) t1 = t, and inductively, t =1t ¢ t
' 1

for all k=1, 2, ... . A trail of unit length (qi) is called a trivial

trail or a trivial loop.

Denote the set of all trails in G by T(G).

+ The dot will sometimes be omitted.
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Let T, T' c T(G) such that all trails of T have a common
terminal node, which.also coincides with the common initial node of all

trails of T'. Define the concatenation (or product)
T +T" ={tet' | teT, t' eT'}

Let L c T(G) be a set of loops in G from state qy to itself.

I

Define L0 = (qi) and by induction: Lk =1L Lk—l

. . m k "

is defined by L* = u L.
' k=0

Denote the set of all trails in T(G) with initial node q by

. The star operation

Ti(G).

Definition 4.2: For each i, 1 < i £ n, define the event

W (@) = {w e a* | MM(qy, w) = 1}
Thus Wi(G) is the set of all input words w applicable to the -

" automaton when started at state q;- : 3

The following properties of Wi(G) can easily be verified: g

for each i, 1 £ i < n,

1. Wi(G) is regular.

2. A€ Wi(G). ”
3. Ifwe Wi(G) then all prefixes of w also belong to Wi(G).
4., If G is a deterministic state graph then Wi(G) = A*,

5. Let R be the event recognized by G. Then R < Wl(G).

Definition 4.3: For every i, 1 < i < n, define a mapping Ty Wi(G) - Ti(G)

= «ad

as follows: Ti(k) = (qi) and for every non-A word w = aja,- K € Wi(G)’
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Ti(w) = (qi’ qjl’ q-

32’ ey qj ), where qj = Mi(alaZ"°ar) for all

k r

1 <r < k. Thus Ti maps each word w of Wi(G) into the trail of states
the automaton passes through when started at state 9 and scanning w.

Extend the mapping T, to any event V'E.Wi(G):
Ti(V) = {Ti(w) | we v} < Ti(G)'

The following three lemmas are direct consequences of the

above definitions:

Lemma 4.1: The mapping Tt Wi(G) -+ Ti(G) is onto for all i = 1, ..., n.

_ Lemma 4.2: Let R ¢ Wi(G) and R Rl U RZ' Then Ti(R) = Ti(Rl) U Ti(Rz).

Lemma 4.3: Let R ¢ Wi(G) and R = RyR, such that Mi(Rl) = {qj} for some

ook

qj € Q. Then 'ri(R) = 'ri(Rl) . Tj (Rz)

i T

NIV D iNZe

4,2. Simple Regular Expressions

Definition 4.4: The string form Es of a regular expression E is defined 3

inductively as follows:

1Y%

., %, 220.

|
£

(1) 1If hofE) = 0 then ES U oo U Wy

!
-
-
.

where wj are words, j

= = s 00 F >o
(2) If.ha(E) k then Es Fl U F2 U U D’ P

where each Fi is of the form

% % ’ >0
wlﬂfwsz .o WmHm LA m

where w, are words, Hj are in string form and

h (H) <k -1, 3= 1, oues me
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Thus Es is formed by a finite number of strings of words
and star gxpressions, that latter having roots which are again made
up from a finite number 6f strings of words and star expressions, and
so on. In other words, E and all roots of star expressions appearing
in E are represented as a finite union of strings of words and star

expréssions. The strings Fi’ i=1, ..., p, will be called first level

strings of E.

Obviously, because of the distributivity of concatenation

over union, every regular expression E may be transformed into its
string form ES,

Example 4.1: Let E = (1*(1 v O0) v 2)*(2*1 u (0 u 2)*(22 v 2)1) v 00.

then E_ = (1*¥1 v 1%¥0 u 2)*2*1 v (1%L u 1*0 u 2)*(0 u 2)*221 v (1*1 u 1*0 u 2)% !
(0 u 2)*21 u 00,
Clearly the transformation of E into ES does not involve any
change in the apparent star height. Thus we have:
Lemma 4.4: TFor any regular expression E (a) IES! = IEI
(b) b (E) = h,(E)
Therefore, as far as the apparent star height is concerned,

we can assume without loss of generality that all regular expressions

In the sequel, let E always denoie a

dealt with are in string form.

regular expression in string from, unless otherwise specified.

Let E be a regular expression and H* a star expression appearing

in E. H* may occur in E more than once. In the following, we make a

distinction among all appearances of H* in E, and refer to H*¥ as a

p-star (position-star) in E when a certain appearance of it is considered.
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Thus the number of p-stars in E is the number of symbols * appearing in
it, whereas the number of distinct star expressions in E may be smaller.
For example, if E = (1*%1 v 1*0 u 2)*, the p-stars in E are ‘1*, 1% and E
itself.

We shall call the p-stars Hi appearing as factors in the first-

level strings of E p-stars of level 1 in E. Inductively, a p-star in E

is of level k iff it occurs as a factor in one of the strings forming the
root of a p-star of level k — 1 in E. Thus in Example 4.1 all appearances

of (1%¥1 v 1%0 u 2)*%, (0 u 2)* and 2* are of level 1 whereas 1% appears

always in level 2.

Definition 4.5: Let E be a regular expression and H* a p-star of level

k in E. Define the predecessor of H* in E, ﬂE(H*), by induction on k:

(1) k=1. Then H* = H; appears as a factor in-a string ' .

* i H

lefw2 . wiHi cee W_q of E. Define ﬁ
-(H*) = % =
ﬂE(H ) wlﬁfwz ce e WiHi :
J

(2) k > 1 and assume the predecessor is defined for all
p-stars of level less than k. H* appears in E within

the scope of a p-star of lower level, say Hf. Define:

ﬂE(H*) = nE(Hf).le(H*)
U

e
Define the successor of H* in E, GE(H*), by: GE(H*) = 5 (H*)

Lemma 4.5: Let G be a state graph recognizing the event R and let E be

a regular expression denoting a subset of R. Then for every p-star H* in

E:
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(a) Both events IﬂE(H*)I and-lcE(H*)l.are infinite.
[ORNLNCOREMCOIER

(c) |GE(H*)|_5 n ’ Dq (See Notation 1.3)
B &
qeM, (m (HH))

Proof: (a) Obviously ﬂE(H*) is not empty and by definition
nE(H%) = m (H¥) - H¥, thus |mg(8%) | is infinite. The same proof
applies to |o(H¥)|. |
(b) Follows directly from the definitions.
(c) By (b), Mi(ﬂE(H*) . GE(H*)) is contained in the set F
of final states of G. We have:
* . * = * *

The last equation shows that for every state q in Ml(nE(H*)), IUE(H*)I

o

is contained in the Corresponding derivative Dq and hence the result

follows.

-
P
.
4
P

Definition 4.6: Let G be a state graph and let E be a regular expression.

A p-star H* of E is called simple with respect to G iff Ml(ﬂE(H*)) is

a singleton subset of Q. E is a simple regular expression with

respect to G iff |E[ c Wl(G) and every p-star of E is simple w.r.t. G.

Thus if E is simple w.r.t. G then every position [MY] in E

corresponds to a single state of G.

Example 4.2: Let G be the state graph in Fig. 4.1l. and let

E = (0%2 u 01)%0 u (0 u 2)%02. We have T ((0%2 uy 01)%) = (0%2 U 01)*;

NE((O u 2)*¥) = (0 v 2)* and ﬂE(O*) = (0%2 y 01)*0%*. By inspection,
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M, ((0%2 v 01)%) = {al}, M (€0 U 2)%) = {A,B} and M, ((0%2 u01)*0%) = {A,B}. '
Thus (0%*2 v 01)* is a simple star w.r.t. G, while (0 v 2)* and 0% are . '
not. Henée E is not a simple regular expression w.r.t. G. However, one
can easily show that E' = (00%2 u 01)*, for instance, is simple w.r;t. G.

.The following lemma can be easily verified:

Lemm; 4.6: Let E be a regular expreésion‘and let H* be a p-star in E
simple w.r.t. the state graph G, such that Mi(ﬂé(H*)) = {qr}, q. €Q
and wE(H*).S_Wi(G). Then:_i

(a) Tr(H*) is .a set of loops from qi to itself.

() T (BF) = (T (E)*
Lemma 4.7: Let E be a regular expressionhsimple w.r.t. G and let H*
be a p-star of E such that Ml(ﬁE(H*)) = {qr},‘qr € Q. Then H is a
simple regular expression w.r.t. Gr’ where-Gr is the state graph derived -

- from G by changing the initial state from q; to q.. |

£ s - { inition: %) o %) = %)
Proof: Let Hi be any p-star in H. By definition: ﬂE(H ) ﬂH(Hl) ﬂE(Hl)

Applying the function Ml we get:

MQM (m (59), Ty (H) = Mla,, (D) =

M, (m (H5) = M, (mp(H%) + Ty (HE))

= Mr(ﬁH(Hf))'

Since E is a simple regular expression w.r.t. G, Ml(ﬂE(Hf)) is a
singleton. Hence so is Mr(ﬂH(Hf)), which shows that Hf is a simple

p-star in H w.r.t. Gr' It follows that H is a simple regular expression

w.r.t. G
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4.3. Cofinal Sets of Trails and Star Height of Simple.Regular

Expressions

Definition 4.7: Let G be a state graph and G' a s.c. subgraph of G.

For gvery'positive integer m define in G an m~trail w.r.t. G' and a

trail of exponent m w.r.t. G' by induction on the rank of G':

(a) Let r(G') = 1. Then a trail in G is an m-trail w.r.t. G'
iff it contains a subtrail which is a non-trivial loop
in G'.+ A trail t € T(G) is of exponent m w.r.t. G'
iff t = tlt2 eee 5 where each tj(j =1, 2, «o., m)

is an m-trail w.r.t. G'.

~

(b) Let r(G') =k > 1. Then t' € T(G) is an m-trail w.r.t. G'
iff for every state q in G' there exists a subtrail

g, a. » eses 4y q) of t' such that (qi s Gy 5 e qiz)

M1 L 1 *2
is a trail in G' - [ql and is of exponent m w.T.t. some s.c.
subgraph of G' - [q] of rank k - 1. A trail t € T(G) 1is

of exponent m w.r.t. G' iff t = Eitgeeesty where each

t.(j =1, 2, «.., m) is an m-trail w.r.t. G'.

3
Example 4.3: Let G be the graph in Fig. 4.1. Obviously G has rank 2.

Let m = 3 and consider the subgraph G, =6 - EB]. Clearly r(Gl) = 1 and

two of the loops in it are (A,A) and (A,C,A). Thus every trail containing

one of these as subtrail will be a 3-trail w.r.t. Gl' In particular, (A,A)

and (A,C,A) are themselves 3-trails w.r.t. Gl. A trail of exponent 3

w.r.t. G, is any trail which is the product of 3 3-trails; for instance,

1
(AALALA,) = (A,A)(A,A)(A,A) or (C,A’C’A,AsB,BsA:A) = (C,A,C,A)(A,A,B,B,A)(A,A)-

+ The definition of an m-trail in the case of r(G') = 1 does not depend

on m. The name m-trail is introduced here merely for the sake of
uniformity of notation. '
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Fig. 4.1
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Now consider the s.c. subgraph G2 = G - [C] which is cleariy of rank 2.
In order to construct a 3-trail t w.r.t. G2 we first construct for
every stafe q of G2 a trail in G, - [q] which is of exponent 3 w.r.t.

a s.c. subgraph of rank 1 of G2 - [q]. Thy; tl = (A,A,A,A) is of

G - [{B,C}], whereas t, = (B,B,B,B) is of

expo?ent 3 w.r.t. G2 - [B] 9

G - [{A,C}]. Now, by definition, t, must

expoﬁent 3 W.T.t. G2 - [A]
appear in t between two occurences of B and t2 must appear in T between
two occurences of A. Thus, for instance, t = (A,B,B,B,B,A,A,A,A,B) is

a 3-trail w.r.t. Gz.(in ﬁact, this is the shortest possible one). Another
such trail is t' = (A,B,B,B,B,A,C,B,A,A,A,A,B,A). A trail of exponent 3

w.r.t. G, is a multiple of 3 3-trails w.r,t.-Gz; for instance, (t')3 is

2
one such trail, or [t - (B,A)]3 is another ome. .
The next lemma follows directly from the above definition. J

Assume all m-trails as well as all trails of exponent m are w.r.t. some

fixed s.c. subgraph of G.
Lemma 4.8: (a) If t is an m—trail then t is also an n—-trail for all

n < m.

(b) If t is of exponent m then t is also of exponent n for -

all n € m.

(c) If t' is a subtrail of t and t' is an m-trail then t is

also an m~trail.

(d). If t' is a subtrail of t and t' is a trail of exponent m

then also t is of exponent m.

Lemma 4.9: TFor every s.c. subgraph G' of a state graph G, and for every

. . . 1
positive integer m, there exists in G a trail of exponent m w.r.t. G'.
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Proof: Let r(G') = 1. Then G' has at least one non-trivial loop

and a trail of exponent m w.r.t. G' can be easily constructed. Assume
the lemma is true for r(G') < k. Let r(G') = k. Then for every state
q of G', G' - [q] has rank at least k - 1, and by assumption there Ean
be constructed in it a trail t of exponent m w.r.t. some s.c. subgraph
of rénk k - 1. Since G' is s.c., one can find a trail tl’ from q to
the initial node of t, and another one from the terminal node of t back
to q, and form their product: t1 L t2‘ By construqting such trails
for all nodes q in G' and then by concateﬁating them all one after the
other (by adding subtraiis connecting the terminal node of the one to
the initial node of the next one), an m-trail w.r.t. G' is obtained.

Hence a trail of expoment m w.r.t. G' can be constructed.

Definition 4.8: A set of trails T' ¢ T(G) is called cofinal w.r.t. G

iff T' contains trails of exponent m w.r.t. G' for all integers m. A

cofinal set of trails in G w.r.t. a s.c. subgraph of rank k will be called

a set of trails of rank k in G.

Lemma 4.10: If.a = BO(R) then Tl(R) is cofinal w.r.t. every s.c.
n,
subgraph G' of G.

uY .
Proof: Let G' be any s.c. subgraph of G. By Lemma 4.9 there exists

for every integer m a trail t of exponent m w.T.t. G'. Let the initial

node of t be qi and the terminal node qj. Then by Lemma 4.1 there exists

a word w ¢ A* such that Ti(w) = t. Now let w; be a word such that

. = that M, is a final state. Then
Ml(wl) q and w, a word such tha J(WZ)
w, * w e w, € R and since Tl(wl .« w e w2) = Tl(Wl) . Ti(W) . Tj(WZ) by

1 2
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-Lemma 4.3, t is a subtrail of Tl(wl *cw * wz) and thereéfore the
latter is also a trail of exponent m w.r.t. G' (Lemma 4.8). Hence

Tl(R) contains trails of exponent m w.r.t. G' for every integer m and

is cofinal w.r.t. G'.

Lemma 4.11: Let G be a state graph and let E be a regular expression
simple w.r.t. G such that Tl(E) is df rank k > 0 in G. Then there

exists a p-star of level 1, H*, of E such that Tr(H*) is of rank k in

G, where r is defined by: {qr} = Ml(TrE(H*) ).

Proof: By Lemma 4.4 we may assume E is given in string form. Thus

P : P
E= u F, and by Lemma 4.2, Tl(E) = U
j=l J j=l

is cofinal w.r.t. some s.c. subgraph G' of G of rank k and from the ;

Tl(Fj). By assumption Tl(E)

definition of a cofinal set it follows that one of the sets Tl(Fj) is X

also cofinal w.r.t. G'.

. = %
Fj 'w H*W, «a. wsz w2+l.

112
each of the sets: Ml(lef cee wi), Ml(lef eee wiHi), i=1, 2, ..., &, ;

Now Fj is a string of words and stars,

By assumption E is simple w.r.t. G. Hence

consists of a single state. Let these states be:

= % ... %) = . }. By Lemma 4.3 we get:
- wi) Ml(le1 . wiHl) {qJ } V4 g

*
M, (w HE - ;

(wo) ety (B 'sz(wzﬂ) .

= . x) e ..ot.T.
Tl(Fj) Tl(wl) le(Hl) le(wz) g1 .

Now T, (F.) contains trails G' for arbitrarily large
137~ =T :

m, i.e. it contains for any m a trail t which is the multiple of m

m—-trails w.r.t. G'. Let c be the total length of all words

1, 2, ..., 2+ 1). Then out of the m m—-trails in t at least

w, (i =
i (

m - ¢ m~trails must be contained in the loops Tj (Hi), i=1,2, «.., .
i
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Thus for some h, 1 £h = &, T, (Hﬁ) contains at least [E§5]+ =m'

Jh

m-trails w.r.t. G'. But since m grows arbitrarily, so does m', and
recalling than an m-trail is also an m'-trail (Lemma 4.8) we conclude

that T, (Hﬁ) contains trails of exponent m' w.r.t. G' for arbitrarily
h
large m'. Hence T, (Hg) is a set of trails of rank k in G, where

, h )
A = = * L i - p-
{qjh} {qr} Ml(ﬂE(Hh)) and Hh is the required p-star of level 1 of

E'

.
==

Main Lemma: Let G be any state graph and let E be a regular expression

simple w.r.t. G such that Tl(E) has rank k > 0 in G. Then ha(E) 2 k.

Proof: The proof will proceed by induction on k.

Let k = 1. Then there exists a s.c. subgraph G' of G with

r(G') = 1 such that Tl(E) is cofinal w.r.t. G'. This implies that |E|

is iﬁfinite and hence ha(E) > 1.

Now let k > 1 and assume the lemma holds for k - 1. Let E

be an expression simple w.r.t. G such that Tl(E) is of rank k in G. By

Lemma 4.11 there exists in E a p-star H¥ of level 1 such that Tr(H*) is

of rank k, where r is given by: {qr} = Ml(ﬂE(H*))~ Clearly Tr(H*) is

a set of loops from q. to itself and by Lemma 4.6, Tr(H*) = (Tr(H))*.
Consider the state graph Gr obtained from G by changing

the initial state from q; to q . 1t follows from Lemma 4.7 that H is

a simple regular expression w.r.t.‘Gr. It will next be shown that Tr(H)

has rank k - 1 in Gr'

So far we have seen that (Tr(H))* has rank k in G. This

implies the existence of a s.c. subgraph G' of G which has rank k such

+ [r] denotes the largest integer contained in the number r.

et
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that (Tr(H))* is cofinal w.r.t. G'. -Thus for every integer m, (Tr(H))*

1

is an m-trail w.r.t. G'. It follows from the definition of an m~trail .

contains a trail t of the form: ¢t = t, -° t2 * ... * t , where edch t,
) m j

that for every tj, 1l £ j £ m, there exists a subtrail of the form:

t' = (qr, qjl, qu, cens qu, qr) such that (qjl, qu, cees qu) is a
trail in G' - [qr] and is of expoment m w.r.t. some s.c. subgraph of
rank k - 1 of G —'[qr]. Now since Tr(H*) is a set'of loops from q_

to itself, so is Tr(H), anq since qji # q, (1=1, ..., %), the above
subtrail t' must be contained in a trail of Tr(H). Thus Tr(H) contains,
for arbitrarily large m, a trail of exﬁonent m w.r.t. some s.cC. subgraéh
of rank k = 1 of G. But since the number of such subgraphs is finite,
Tr(H) aléo contains, for‘infinitely many m, trails of exponent m w.r.t.
one of these subgraphs. Hence Tr(H) is a set of trails of rank k - 1

in G, and also in Gr' Recalling that q. is the initial state of Gr and :

that H is simple w.r.t. Gr’ we épply the induction hypothesis to H and

deduce that ha(H) >k - 1. Hence ha(E) = k.

4.4, Star Height of Events with the Finite Intersection Property

R has the finite intersection

Definition 4.9: Let R be a regular event.

property (f.i.p.) iff the intersection of every pair of distinct left

quotients of R is finite, i.e. for.any pair of words x, y, either _ ‘

x \R=y\Ror (x\R) n(y\R)is finite.
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Example 4.4: Let R = 012% u 2 u A, The left quotients of R (other

than R) are:

0\ R = 12%

1\R=¢=0\R=02\ R=20\R=21\ R=22\R
2\ R=A

0L\ R = 2% = 012\ R

Thus:
Rn(2\R)=Xx=(01\ R) n(2\R)

Rn (OL\ R) =2 uA

and all other intersections of pairs of left quotients are empty.

Hence R has the f£.i.p.

SV, V
Lemma 4.12: Let R be a regular event with the f.i.p. and let G = Go(R).

Then every regular expression E denoting a subset of R is simple w.r.t.
n,

- G.

Proof: Let E be a regular expression denoting a subset of R and let H#*

be a p-star in E. Suppose Ml(ﬂE(H*)) contains two distinct states q, q'.

Then by Lemma 4.5 IGE(H*)I is contained in Dq n Dq, and it follows that

Dq n D, is infinite. But this contradicts the f.i.p. of R. Hence for

every p-star H* of E, Ml(WE(H*)) is a singleton and therefore E is a

"\
simple regular expression w.r.t. G.

Theorem 4.1: Let R be a regular event with the f.i.p. and let

Ny
G = GO(R).
LN,

Then every regular event R' < R such that Tl(R') has rank k in G is of

star height at least k. In particular, the star height of R equals the

n
rank of G.
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Proof: By Lemma 4.12 every regular expression denoting a subset R'
of R is simple w.r.t. B. Now, using the Main Lemma, we deduce that
ip case Tl(R') has rank k, every regular expression denoting R' must be
of apparent star height at least k. Hence h(R') 2 k.

Concerning R itself, Lemma 4.10 implies that Tl(R) has rank
equal to r(ES and therefore h(R) = r(&). But by Eggan's theorem the
star height of R cannot exceed the rank of any state graph recognizing

R. Hence h{R) = r(E).

We next consider a special case of Theorem 4.1, which was

also proved in [Mc 41.

Definition 4.10: Let A = (Q, M; q 5 F) be an automaton. JL is called

reset—free iff for every a € A, q, q' € Q, q # q' implies M(q, a) # M(q', a)

or M(q, a) M(q', a) = 4. A state graph is reset—-free iff its corresponding

automaton is reset-free.
The automaton shown in Fig. 4.2 is reset-free, whereas the

Example 4.5:
one in Fig. 4.3 is not. | ‘

free automaton with a

Lemma 4.13: Every event recognized by a reset-

single output state has the f.i.p.

Proof: Let R be recognized by the reset-free automaton A= (Q, M, 455 F),

where F = {qf}. By Theorem 1.6, for every q € Q, Ac(q) = x \ R for some

word x, and for every y € A*, y \ R = AC(Q) for some q € Q, or y\ R = §.

We now show that for every pair of states ¢, q' € Q, Ac(q) n Ac(q') = 4.

To see this, suppose for some word w = a,a,...8,, W ¢ Ac(q) n Ac(q'). Then
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M(q,w) = M(q',w) = g But since U is reset-free, M(q,al)'# M(q',al),
M(q,alaz) # M(qf,alaz) and by induction M(q,w) # M(q',w), which is a
contradiction. Also A cannot be included in the intersection of the
two accepted events since there is only a single output state. It

follows that R has the f.i.p.

Theorem 4.2: Let G be a reset-free state graph with a single output

state, and let G recognize an infinite event R. Then h(R) = r(G).

Proof: By the proof of the previous lemma, distinct states of G
correspond to distinct left quotients of R, and hence G is reduced.
Moreover, G cannot have a dead state qé For the existence of q¢ o~

implies the existence of two transitions in G, one from a state ¢ # q¢

o S ERN
SWA, CNTOE

- to q and the other from q to itself, both labelled by the same input }
letter. But this contradicts the fact that G is reset—free. Hence G
coincides with the incomplete reduced state graph EO(R) recognizing R. g

Also, by the last lemma, R has the f.i.p., and it follows from Theorem

4.1 that h(R) = r(G).

Clearly every pure-group automaton is also reset—free.. Thus

Theorem 3.4 (Section 3.2) is a special case of the above theorem.

Example 4.6: Let G = G (R) be the state graph shown in Fig. 4.3. It

can be easily verified that R has the f.i.p. and hence h(R) = r(G)

by Theorem 4.1.
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Example 4.7: The event R recognized by the state graph E in Fig. 4.2

~N
has star height h(R) r(G) = 3 by Theorem 4.2.

]

Example 4.8: Let R' (111%02*%0 y 00)*,. 1In order to determine the

star-height of R' we first find the quotients of R':

O\ R' = 0OR' = A

LI\ R =1%102%0R' = B

2\ R' =g

00 \ R' =R' =¢C

01 \ R’ =10 \R' = ¢ : o |
11 \ R' = 1%02%CR' = D = 111\ R' .
110 \ R' = 2%0R' = E k

1100 \ R' = R'

1101 \ R' é

1102 \ R' 110 \ R’

The reduced state graph ¢ = EO(R') is shown in Fig. 4.4. Clearly
r(Bf) = 2 and hence h(R') < 2. But R' does not have the f.i.p.; in fact,

(0 \R') n (110 \ R') = 0 \ R' = OR', which is infinite. Thus we cannot

determine the star height of R' just by observing G' and using Theorem

. Ny
4.1. However, let us now focus our attention to the state graph G = GO(R)

shown in Fig. 4.5. Obviously R = (02%0 u 1)* and Theorem 4.2 h(R) = 2

. - X - r\l
because ¢ is reset-free with a single output state and r(G) = 2. It can

be easily verified that R' < R, and furthermore, since R' contains all

words (1m02m0)m for m =2 2, T1G(R') contains the set of trails

{[(A,A)m(A,B)(B,B)m(B,A)]m [ m = 2} which is clearly of rank 2 in G.

Hence by Theorem 4.1 and Lemma 4.13 h(R") = r(g) = 2 and therefore h(R') = 2.
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Disappointingly, Theorem 4.2 cannot be extended to the
case of more than one output state. This is illustrated by the

following example:

Example 4.9: Let G be the state graph in Fig. 4.6. Clearly G

represents a pure-group automaton and r(G) = 3. Yet the event R

recognized by G can be denoted by:
E= (1u2u0(lu2*)%u (0u2ul(0u2)*)*

which is of apparent star height 2. Hence h(R) < r(G).
However, some ﬁartial extensions of Theorem 4.2 to reset-

free state graphs with more than one terminal node are possible, as

will be shown in Chapter 6.

4.5. Star-Height of Events Defined by Digraphs

In [E] Eggan considers a class of events defined by digraphs

in the following way: 1let D = (N,B) be a digraph; then any path

b eeeD in D can be considered as a word over the
nymy nyfg My g%

alphabet B, and for any m, T € N, the s

p=Db
et of all paths from m ton

constitutes an event over B. Clearly such an cvent is regular; in

fact, every digraph can be regarded as an incomplete state graph (without

initial and final states specified), where for every branch (m,n) € B,

there exists'a transition from m to n labelled by bmn' Obviously no

two transitions are labelled by the same letter; hence such a state

graph is always reset-free.

The following two questions were raised by Eggan in [E]:
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(1) Is the set of paths from a node to itself in
a complete digraph on k nodes of star height k?
(2) For a digraph of rank k, @o there necessarily exist
nodes m and n such that the set of paths from m to

n is an event of star height k?

A positive answer to both questions is provided by the next

corollary, which is an immediate consequence of Theorem 4.2,

Corollary 4.1: Let D = (N,B) be a digraph of rank k. Then:

~(a) For any n € N contained in a section of-D of rank k,
the set'of all paths from n to itself is of star
~ height k.
(b) For any m, n € N such that there exists a path from m
‘to n passing through a section of D of rank k, the set

of all paths from m to n is of star height k.

Now since the complete digraph on k nodes 1is strongly

connected and has rank k (Proposition 2.3), it follows that for any

pair of nodes m, n (not necessarily distinct) in it, the set of all

paths from m to n has star height k.
Thus the complete digraph on k nodes can be considered as an

incomplete automaton with k states recognizing an event of star height k

over an alphabet of kz letters. Furthermore, by appropriate labelling

of the branches of the complete digraph, one can reduce the number of

alphabet letters to k without decreasing the star height of the

corresponding event, and moreover, the resulting automaton will be a
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pure-group automaton. This is shown in the next corollary.

Corollary 4.2: For every integer k there exists a pure-group automaton

with k states recognizing an event of star height k over the k-letter
alphabet.

Proof: Let LRJk = (Q, M,'qo, F) be an automaton over the alphabet
A= {0{ ey seey k= 1}, where Q = {qo, Qs oo qkfl}’ F = {qo} and
the tran31t10n_f?nction M is defined by: M(qi, j) = qi+j(mod K)? for
alli, j=0,1, ..., k- 1. Clearly ‘flk’is a pure-—group automaton
of rank k with a single output state, and Theorem 4.2 yields the

result.

For example, the automaton fl3 is as shown in Fig. 4.7.

- Definition 4.11: Let D = (N,B) be a digraph and let Nl’ N2 be two

non-empty subsets of N. Define P(Nl, NZ) to be the set of all paths

Let DN N denote

in D with initial node in Nl and terminal node in N2.
172

the smallest subgraph of D containing all paths of P(Nl’ Ni). Thus

D = D - [N"], where N" consists of all nodes n' e N such that no

NN,

path of P(Nl, N2) passes through n'.

We now generalize the result of Corollary 4.2 to all events

P(Nl, Nz).
Lemma 4.14: Let D = (N,B) and let n, € N and ¢ # N, < N. Then
h(P(n,, NZ))= (D y ).

12




- 78 -

Fig. 4.7
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Proof: As has been stated above, any digraph can be regarded as
an incomplete state graph, in which the branch from node m to node

o is labelled by b__. Now consider the digraph D' =D = (N', B")
. , mn nlN2

as an incomplete state graph with initigl state ny and a set of final
states NZ' Clearly the event accepted by D' is P = P(nl,.Nz). Now

by Theorem 1.6, the accepted event Ab(n) of any node n ¢ N' in D' equals
one of the left quotients of P, and for every non-empty left quotient

x\ P, x e (B")%, thefe exists n € N' such that Ac(n') = x \ P. Thus

-1

let my, M, € N', m 7 m, . Then for i = 1, 2, all branches leaving m,

are labelled by letters bm a0 € N'. Thus two branches, one leaving

m, and the other leaving m, cannot be labelled by the same letter and

1
hence Ac(ml) n Ac(mz) < A. This implies that thecsvent P has the f.i.p:
Let D' = ﬁn N be the digraph obtained from D' by merging all nodes
12

whose accepted events equal A. Apparently D' is a reduced state graph

without a dead state recognizing P and r(d') = r(D'). Hence D' coincides

with Eb(P) and the result then follows from Theorem 4.1.

Lemma 4.15: Let D = (N,B) and let Nl’ N2 be two non—empty subsets of

N. Then

h(P(N,, Np)) = max {h(P(n, N,)) |30y e Nps bnln e B}

Proof: We first claim that for any n, e'Nl,
P(n, N2), bnln € B

bnln\ P(Nl’ NZ) -
é otherwise
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This follows easily from the fact that for all n € N, there can be
at most one branch (namely bn n) leaving some node of Nl and labelled

by bnln' Now ?y Theorem 3.5,

n

h(P(N;, N,))= max {h(bnln\ P(N;, N,)) [ n, € N, bnl e B} =

! = max {b(2(n, N,)) | ny €Ny, bnln e B}.

Theorem 4.3: Let D = (N, B) be a digraph. Then for any two non-—empty <t

subsets Nl’ N2 of N, #(P(Nl, Nz)) = r(DNlNz). R,

Proof: By Lemmas 4.15 and 4,14,

n

max {r(DnNz) Ianl € Nl’ bnl € B}

R, Ny)
Thus it remains to show that

(*) r(DN N ) = max {r(DnN y |3 n, € N, b€ B}

172 2 1
Obviously every graph D . for which bnln ¢ B for some m, € Ny must
. . ' v h hs
be contained in DNlNZ. Thus r(DnNz) < r(DNlNz) for all such grap

D . Moreover, we claim that every section S of DN N is contained in

nN 172

2
at least one such graph D N To see this, let S be any section contained
Y2
in Dy - By Definition 4.12, there exists in D a path
12

with m € Nl’ m o € N2 and with at least one

p=>b n b o «eeb
mym, My Me—1"k
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node m s 1 <i<k, in S. Without loss of generality we may assume

i > 1; for if m, is the only node of p contained in S, we may

1

concatenate p on the left by some non-trivial loop £ from m; to itself

(which certainly exists since S is strongly connected), thus obtaining

another path p from my to m, satisfying the above requirement. Noﬁ

the path b cesb must be contained in D , and since one of
M3 M1k N

its nodes belongs to the strongly connected subgraph S, there exist

in D paths from m, to m touching any node of S. This implies that the

whole section S must be contained in D . But since b € B and
m, N m, m
22 12
m, € N., D is one of the graphs appearing in (¥*), and hence
1 1 mzN2
< *
r(DNlNz) < max {r(DnNZ)IE]nl € Nl’ bnln e B} and the result follows

(N, B) be the digraph shown in Fig. 4.8. Let - {

Example 4.10: Let D'

. _ - 1y —
9 {B,H}. Then D&lNz = D' and hence h(P(Nl, NZ)) r(d') = 3.

Now consider N, = {A, B}, N, = {A, C}; then clearly DﬁlNz =p' - [{D,E,F,G,H}] {

N, = {A, C, G} and N

Vi Yt

and h(P(Nl, NZ)) = 1; in fact,

P({A, B}, {A, C}) = (by, U M) (bygby, U b, begPpa) ¥ A Y LA

Lemma 4.16: TFor any digraph D = (N, B) and for any Ny, N, =X, P(N;, Ny

is a group-free event.

Proof: Clearly P(Nl, N2) = u P(n, Nz). By Theorem 1.12 every event

neN1

which is a finite union of group-free events is itself group-free. Thus

it suffices to show that each event P(nm, N2) is group-free. Now by
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Theorem 1.1l an event R is group-free iff it is permutation-free,

i.e.; in the reduced state graph for R, no word w induces a non-trivial
permutation on any subset of the set of states. Now it has been proved
in Lemma 4.14 that for any n € N, Nz_s N, ﬁﬁN can be regarded as the

2
reduced (incomplete) state graph recognizing P(n, N2), with initial
statg n and the set of final states ﬁz. Thus suppose there exists a
word w =.b1b2...bk over the alphabet B,iand a subset N' c N with #N' 2 2

such that w induces a permutation on N'. Then there exist two nodes

J

n,, 0, € N' such that there are in D two branches labelled by bl

leaving n, and n, respectively. But this is impossible since mno two

branches are labelled by the same letter.

_

An important result of Lemmas 4.14 and 4.16 is the following:

Theorem 4.4: -Every regular event R is a homomorphic image of a group- - {

- free event R' such that h(R') = r(EO(R))-

D~ = (Q, B) be the
>

Since EB(R) is the reduced

: u
Proof: Let G = GO(R) = (Q, M, 4;» F) and let D =

digraph corresponding tore (Definition 2.22).

(incomplete) state graph recognizing R, we have Dq =D (Definition 4.12).
1

Hence by Lemma &4.14, h(P(ql, F)) = r(D) and moreover, by Lemma 4.16,
P(ql, F) is a group—free event. Now define a mapping ¢ from the set

of branches B of D to the set of all non—-empty subsets of the alphabet

¢ :‘ B ~» 2A -4

) = {acA | My, 2= q)
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Clearly ¢(b ) # ¢ for any b € B, Now extend ¢ to a
qiq. q.9.
] 13
A B* A%
generalized homomorphism from 2 into 2° . It is easily seen that

¢(P(ql’ F)) = R. Hence R' = P(ql, F) is the required group-free

event.
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Chapter 5

"Rank Non-Increasing Transformations on Transition Graphs

Introduction:

As was shown in Chapter 4, in some cases the star height
of a regular event R can be determined merely by studying the structure : i
of its reduced state graph BO(R)' However, as Eggan's Star Height
Theorem indicates, in order to determine the star height of R in the
geperal case, one has to examine the vast family of all tramsition ’ "
graphs recognizing R. Our aim in this chapter is to sﬁow that it
suffices to consider only a proper subset of this family, namely the

family of all reduced non-deterministic state graphs accepting R

(roughly speaking, a transition grapﬁ G is reduced if every two accepted

events, or preceding events, of G are distinct)}.

In section 5.1 some elementary modifications of a digraph

are introduced and their effect on the rank of the digraph is inyestigated.

These transformations form the foundation for the constructions presented

in the rest of the chapter.

In section 5.2 a reduced transition graph is defined and a

reduction procedure for an arbitrary transition graph is presented, in

which the rank of the graph cannot be incrgased.

A rank-preserving process of elimination of all A-transitions

in a transition graph 1s described in section 5.3. This process is based

on successive application of basic rank-non-increasing transformations
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to the given transition graph G; in which all A-transitions are
eventually replaced by some other non-A transitions. Thus every
transitioﬁ graph G can be replaced by an equivalent non-deterministic
reduced state géaph G', whose rank does not exceed the rank of G. As
a result, Eggan's Star Height Theorem can be strengthened as mentioned
aboyé. Another consequence is, that for any regular event R, the
smallest number of nodes of any transition graph accepting R equals

the number of states in a minimal non-deterministic autcmaton

recognizing R [KWI.

5.1. Elementary Modifications of Digraphs

In this section two elementary modifications of digraphs

are defined and some results concerning the changes in rank caused

. by these modifications are obtained. These results will be used in

the next two paragraphs, when similar modifications of transition

graphs will serve as the main tools for proving the end results of 1
this chapter.

(N, B) be a digraph and let m, n € N. Define

1

Definition 5.1: Let D

2
two digraphs, Dl(m, n) and D" (m, n), as follows:

Dl(m, n) = (N, B U {(m, n') | n'" € a(n)})

Dz(m, n) = (N, B u {(m', n) | m' € m(m) })

Thus Dl(m, n) is obtained from D by adding all branches

i D2 ) i btained
leaving m and entering successors of n, whereas (m, n) is obtaine

from D by adding all branches leaving predecessors of m and entering n.
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Example 5.1: Let D be the digraph in Fig. 5.1 a. Dl (m, n) and

2, - . .

D" (m, n) are shown in Fig. 5.1 b and Fig. 5.1 c respectively.
Lemma 5.1: x(D) < r(@*(m,n)) €@ +1, i =1, 2.
Proof: When a node and all branches touching it are removed, the

rank is decreased by at most one.

f g—

Lemma 5.2: Di(m, n) = (D) (a, m)]
In the following lemmas, let D = (N, B) be a digraph and
let n;s n, € N.

Lemma 5.3: (a) If there does not exist any path in D from n, to nlh

then all sections.of Di(nl, n2) are identical with those of D, 1 = 1, 2.

(b) If n, and n, belong to the same section S of D, then

1 2

i \ . . - . i
S (nl, nz), where Ti is the section containing 1, and n, in D (nl, nz)

Ty

- (4

1, 2), and all other sections of Di(nl, n2) are identical with those

of D.

Proof: By definition of D1 (nl, n2), the set of branches added to D to

obtain Dl(nl, n2) is: Bl = {(nl, n') | n' € G(nz)}. Since all branches

in B, are incident to ny none of them can be contained in a sectiom of

1

Dl(nl, nz) which does not contain n,. Hence all sections not containing

n, remain unchanged when Dl(nl,

which can possibly bé extended is the one containing n,.

n2) is constructed, and the only section

Thus let S and

in D and Dl(nl, nz) respectively, or

n.)).

T be the sections containing n,
S = ¢+(T = ¢) if n, does not belong to any section of D (D (nl, 2

+ ¢ denotes here the empty digraph with no nodes and no branches.

i
i
!
<
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Fig. 5.1
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Clearly S < T. Now supp;se S # T. Then either (i) there exists

in T a node n, which is not contained in S, or (ii) S and T have

the same set of nodes but T has a branch which is not contained in S.
In case (i), sincg ng, belongs to T, there exists in T a

loop-p on n, passing through nge Sincé this loop cannot possibly be

contained in S, at least one of its branches must belong to Bl. Thus
let p = Py ° Py where P, = bnln' - p', and bnln' is the last branch
Since n' € OD(nZ), the path p" = b , * p' is

n,n

in p contained in B
2

lo

1

no such path exists, and hence case (1) is impossible.

a path in D from n, to n.,. But this contradicts our assumption that

As for case (ii), since S and T have the same set of nodes,
any branch in T which is not contained in S must clearly belong to Bl'
Thus suppose bn a' € Bl is contained in T and not in S. Then n', which

i

is a successor of n, in D, is contained in T, and hence in S. But then

there is in S a path p from n' to 0y, and thus the path bn ot © P is a
. 2

path in D from n, to 5, which is again a contradiction.

2
We conclude that S = T and therefore D and Dl(nl, n2) have

identical sections. The prooflfor Dz(nl, nz) is obtained in a dual

way (Lemma 5.2).

(b) Since nl and n2 are in the same section S of D, there

exists in D a path p from n, to n,.
n,n, 1

Starting with i = 1, we first show that Tl and S have a

common set of nodes. Obviously every node of S is also contained in

o . . 1
Then there exists in D (nl, nz) a

T

Thus let n. be any node in Tl.

1 0

loop on n, passing through n,. Replacing in this loop each branch




- 90 -

bn q' of Bl by the path P, n . bn a'? e obtain a new loop on ny,
1 172 2
which 2lso passes through n, and is contained in D. Hence o, also

belongs to §, and T, and S have a common set of nodes. Thus T, is

obtained from S by adding all branches bn o' such that n' € GD(nz)
1

and n' is also contained in S, namely n' € Gs(nz). It follows that

1
T1 =8 (nl, nz).

Dl(nl, nz) are incident to ngs all sections of D other than § remain

Since all branches added to D in constructing

unchanged in Dl(nl, n2).

The proof for i = 2 is obtained in a dual way.

_

Lemma 5.4: 1If there does not exist in D any.path from n, to n,; then

1 _ 2 _
(D (ny, ny)) = r(@ (ny, my)) = r(D).
Proof: This is a direct consequence of Lemma 5.3(a) and the definition

of the rank.

Lemma 5.5: If n, and n2_belong to the same section S of D and r(s) < r(d

1
then:

o |
r(@'(ay, 1,)) = r@? (@, v)) = r(@t(ny, n))) = (0 Ay By)) = r(D)

i . .
Proof: By Lemma 5.3(b), T, = S (nl’ nz), where T, 18 the section of

Di(nl, n2) containing ny and n2(i =1, 2). By Lemma 5.1, r(Ti) <r(s) +1

SYRITTS I
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and hence r(Ti) < r(D). Since all other sections of Dl(nl, nz) are

il

jdentical with those of D, r(Dl(nl, nz)) r(D). By interchanging

. 1, 2.

i, _ .
1 and n, we get r(D (nz, nl)) =r(D), i

Lemma 5.6: If n, and n, belong to the same section of D and if

n, is a cycle center of D then:

1

r@orm,, n) = x@(ny, n)) = 0.

. s RS .
Proof: Let S and T be the sectlomns containing n; in D and D (nl, n2)

(Dz(nz, nl)) respectively. Then by assumption r(s) = r(D) and
(s - [nll) = r(S) - 1. - But by Lemma 5.3, S and T have a common set

of nodes, and since Dl(nl, nz)(Dz(nz, nl)) is obtained from D by

adding only branches incident to n,, S - [nl] =T - [nl]. Hence ;

(T - [nl]) = r(S) - 1 and x(T) = x(8). Since, by Lemma 5.3, all
other sections of Dl(nl, nz)(Dz(nz, nl)) are identical with those

of D, we get r(Dl(nl, n2)) = r(D)(r(Dz(nz, nl)) = r(D)).

Lemma 5.7: Let nj, be a node of D, 1y # ny, Nye Then:

(® - [nOJ)i(nl’ n2) ='D1(n1, n2).— [noj,'i =1, 2.

Proof: This follows directly from Definition 5.1 and Definition 2.24.
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Theorem 5.1: Let D = (N, B) be a digraph and let n,, 0, € N. Then

at least one of the following conditions must hold:

(1) r(Di(nl, n,)) = (D), i=1and 2

(ii) r(pi(nz, nl)) = r(D), i=1and 2

| (44d) r(Dl(nl, n,)) rcnzcnz; n)) = x(D).

(i) r(Dz(nl, n,)) = r(Dl(nz, n)) = x().

Proof: We consider several cases:
Case (a): There does not exist a path from n, to m, (from n, to nz),

Then by Lemma 5.4 condition (1) ((ii)) must be satisfied.

Case (b): nl and n2 are both contained in a section S of D and

r(S) < r(b). By Lemma 5.5 all the above conditions (i) - (iv) are
satisfied.

Case (c): nl(nz) is a cycle center of D. Then by Lemma 5.6 condition

(iii) ((iv)) holds.

Case (d): n, and n, are contained in a section S of D, and there exists

1 2

a cycle center ng # n;, 0, of S such that every path in S from n, to ng

(from n. to n2) passes through ng.

1

. i .
Let Ti be the section containing n, in D (nl, nz), i=1, 2.

By Lemma 5.3(b), Ti Si(nl, n2). Now consider the graph S - [nO].

r(s) - 1. By Lemma 5.7 we have:

I

Clearly r(S - [no])

si(a,, n,) - (agl = T, - [mg) = (5 - (ng)’ (ay, By
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Furthermore, since all paths of S from n, to n, go through ng» in

S - [nO] there is no path from n, to mn,. Applying Lemma 5.4 to

S - [no] we get:

£(s - [no])i(nl, n,) = £(s - [ng)), 1 =1, 2
and hence

I

(1, - [ng) = x( - [nOJ)'= r(s) - 1.

But then r(Ti) < r(S), and since all other sections of Di(nl, nz) are
identical with those of D, condition (1) holds.
By interchanging ny and n, in the above proof , we get condition

(ii) for the symmetric case.

Case (e): nl and n2 are contained in the same section S of D such

that r(S) = r(D), neither ny nor n, is a cycle center of S, and for

évery cycle‘center ng of S there exists in S - [nO] a loop going through

nl and nz.

The proof is by induction on r(D).

Basis: (D) = 1. Then r(s) = 1 and if n, js a cycle center of S then

r(s - [no]) - 0. Hence there cannot be any loop in S - [no] and the

above condition never holds. Thus the theorem is vacuously satisfiec.

Induction step: Suppose the theorem holds for all graphs of rank k - 1

and let r(D) = k. Let.n, be any cycle center of S; then r(S - [nO]) =k - 1.

Now if S - [noj belongs also to Case (e), then by induction hypothesis

one of the conditions (i) - (iv) holds for it.

Q

1f, on the other hand, the graph S - [nOJ belongs to one of

the cases (a) - (d), then it has been proved that one of the conditions

(i) - (iv) must be satisfied for it. Now by an argument similar to the
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one in the proof for Case (d), with the aid of Lemmas 5.3 and 5.7,

it follows that the same condition out of (i) - (iv) must also hold
for S. For instance, if condition_(i) holds for S —'[no], then it
will also hold for S, i.e. r(Si(nl, nz)) = r(Ti) = r(S),vi =1, 2.
Thus the rank of the new section Ti replacing S in Di(nl, nz) is also
k, and since by Lemma 5.3 the other sections of Di(nl, n2) remained
unchanged, (i) will also hold for D. The proof for the other cases

(ii) - (iv) is the same.

Example 5.2: Let D be the digraph on Fig. 5.2 (a). The graphs

1 2, 1l 2
D (nl, n2), D (nl, nz), D (n2, nl) and D (n2, nl) are shown on
Fig. 5.2 (b), (¢) (d) and (e) respectively. It is easily seen that
1 _ 2 _ 1 _ 2 _
r(D (nl, n2)) = r(D (nl, n2)) = 2 whereas r(D (nz, nl)) = r(D (nz, nl))
=1 = r(D). Thus condition (ii) is satisfied whereas conditions (i),

(iii) and (iv) are not.

Corollary 5.1: Let D = (N,.B) and n;, o, € N such that (nl, n2) € B.

Then either

@ @@, n,)) = D

® 0@y, n,)) = (D)

Proof: By Theorem 5.1,’at jeast one of the equalities (i) - (iv) must

hold. Out of these, the only one which does not imply (A) or (B) is

(ii). Recalling the proof of Theorem 5.1, one can see that,
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(a)

(b ©

(d)

Fig. 5.2
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with the additional assumption (nl, n2) € B, one of conditions
(i) (iii) or (iv) must be obtained, and hence either (A) or (B)

holds.

The second corollary follows immediately from Theorem 5.1:

Corollary 5.2: Let D = (N, B) and n, n, € N. Then for i = 1 and

i= 2:

r( (ny, n,)) = T(@) or r(@(n,, ) = £

5.2. Rank Non-Increasing Reduction of Transition Graphs

Definition 5.2: A transition graph G = (N, B s N, NZ) is called

reduced iff

) e G -
(1) Ac (nl) # Ac (n2) for all Ny, M, € N
(ii) P G(n ) # P G(n ) for all n,, n, € N
r 1 T 2 1> 2

(iii) (m, A, n) £ By for alln € N
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Note that (i) of the above definition corresponds to the
notion of reduced dete;ministic automaton (Definition 1.13), whereas
condition (ii) is always satisfied for deterministic automata, but
not necessarily for transition graphs. . Condition (iii), not allowing
the éppearance of self-loops labelled by A, has been added for
convenience. Obviously such self-loops are unnecessary and can be
removed from any transition graph without affecting its behaviour.

A reduction procedure for an arbitrary transition graph

G= (N, B N2) can be easily obtained by applying-successively

L, Nl’
the following basic comstruction:

let K © N be a set of nodes of G, all having the same
accepted event (preceding event). Define a mapping ¢ from N onto

aset N' = (N -K) v {nK}, where ng ¢ N, by:

n ifneN-K

$(n)

nk if n € K

¢(n)

Extend ¢ to a full homomorphism (Definition 2.28) from G onto the

graph G' = (N', Bi, ¢(Nl), ¢(N2)), where for every (n, x, n') € BL’

#(n, x, n') = (p(n), x, $(n')) and Bi = ¢(BL). By Theorem 2.3, G' is

equivalent to G. Thus we may repeat this procedure until a graph G"

is obtained which is equivalent to G and in which every pair of nodes

have distinct preceding events and distinct accepted events. Removing

all A-self-loops from c" yields a reduced transition graph GR equivalent

to G as required.

The only disadvantage in this method is in that the graph GR
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might have greater rank than G. Such a case is shown in the

following example.

Example 5.3: Let G be the graph in Fig. 5.3(a). Clearly r(G) =1,

_ . . . G G
and it can be easily verified that Ac (nl) = A, (n2). Thus merging
these two nodes yields the equivalent graph G' (Fig. 5.3(b)) which
has rank 2.

Our aim in this section is to develop a reduction procedure
of transition graphs, in which the rank of the graph cannot be

increased.

Definition 5.33 Let G = (N, BL, Nl’ N2) be a transition graph and

.t.
let m, n € N. Define two transition graphs Gl(m, n) and Gz(m, n)

as follows:
G (my, n) = (N, B N N.) i=1, 2

where

1 _ ' ' o=
B, = B, U {(m, x, n') | (n, x, n") € B, x¢€ Au {A}}

—

i B, U {@', x, n) | (@', x, m) € B, X € Au {A}}

B

Thus Gl(m, n) is obtained from G by adding, for all x € A u {Al},

. G .. 2
x-transitions from m to all nodes n' in O (n). Similarly, G (m, n)

is obtained from G by adding, for all x € A U {1}, x-transitions from

all x-predecessors of m to n.

’ ‘ 1 2
Example 5.4: Let G be the graph on Fig. 5.4(a). G (m, n) and G (m, n)

are shown in Fig. 5.4(b) and (c) respectively.

The next two lemmas follow directly from Definition 5.3.

of this chapter, whenever two nodes m, n € N of

T Throughout the rest
lways assumed that m 4 n.

G are given, it is a
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(a)

Fig. 5.3
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Fig. 5.4
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. .
2 <. 1
Lemma 5.8: G (m, n) = (G) (n, m)

Lemma 5.9: Let G = (N, BL’ Nl’ NZ)’ m, n € N and let:

G1 = Gl(m, n) s G2 = Gz(m, n)
B o S CHE R M CORICHE
| @ = @ tm, w, ¢t = (Him, m

Then for all x € A u {\}:

@ oxGl<n> < cxclon)

(2) TrxGZ(m) < TrxGZ (n)

€) oxG3<n> - oxG3 @)

@ vr'xG4<n) - wxG4<m>
(5) ch5<m> < ch5<n>

'nxGS (m) < TTXGS (n)

(6) ch6<n> < oxG6 (@)

1TXG6 (n) < TrxG6 (m)

Lemma 5.10: Let G = (N, BL’ Nl, N2) and let m, n € N such that

GXG(m) S_OXG(n) and ﬂxG(m).g nxG(n) for all x € A u {A}. Then G - [m]

is equivalent to G.
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Proof: Let p be any admissible path in G spelling out a word w.
Replace in p every branch of the form (m', x, m) by (m', x, n) and
any branch of the form (m, y, m") by (n, y, m"). The new path thus

obtained is also admissible and spells out w in G - [ml.

Lemma 5.11: Let G = (N, BL’ Nl’ N2) and let m, n € N. Then:

(a) either r(Gl(m, n)) = r(G) or r(Gi(n, m)) = r(G)
for i = 1, 2.
(b) If for some x € A'U {1}, (m, x, m) € B, then either

r(Gl(n, m)) = r(G) or r(Gz(n, m)) = r(G).

Proof: It can be easily verified. that the directed graph D i
G (m, n)

associated with Gi(m, n) [Definition 2,227 is (DG)l(m, n) [Definition

5.1]. Hence the result follows directly from Corollary 5.2 and

Corollary 5.1.

Lemma 5.12: Let G = (N, BL’ Nl’ N2) and let m, n € N such that

ACG(m)'E ACG(n) [PrG(m) E.PrG(n)]. Then:

Gl(m, n)] is equivalent

I

2 1
(a) The graph G2 = G (m, n) [G

te G.
G2 G et C. o\
(b) Aé (n') = Ac (n') [Pr (n') = Pr-(n )] for all nodes

n' ¢ N.
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2
L2 Npo

2 .
By definition BL 2 B, and all branches.in BL2 - B, are of the form

2
Proof: (b) Let G = (N, B N2) and assume ACG(m) E.ACG(n)-

(m', x, n), where x ¢ A u {A} and m' € WXG(m). Let n' be any node of
2 ‘ 2
G. Then clearly ACG(n')_g AcG (n'). Now suppose W € ACG_(n'). Then

there exists in G2 a path p from n' to a final node spelling out w.
Ifp is also a path in G then w ¢ ACG(n'). Otherwise p must have

branches from BL2 - BL. Thus suppose p has k > 0 branches from BL2 —'BL
11

and let (m', x, n) be the rightmost one, i.e. p = p' + (', x, n) - p",

where (m', x, n) ¢ BL2 - BL and p" is a path in G. Let w = w' x w' be

the corresponding decomposition of w. Clearly w' € ACG(n) and hence

also w" € AéG(m); thus there exists in G a path pl" from m to a final

node spelling out w'". Now the path P; = p' + (m', x, m) ° pl" is also

a path in G2 from n' to a final node spelling out Ww. Moreover, p; has
only k - 1 branches which are not contained in G. Thus after repeating

this procedure k - 1 more times we finally obtain a path from n' to a

G
final node, which is contained in G and spells out w. Hence w € Ac (n")

2
and AFG(n') = ACG (n').

(a) Since G2 has the same initial nodes as G, the result

follows directly from (b).

1
The proof for G1 and PrG (n'), PrG(n'), is obtained by duality.

Lemma 5.13: Let G = (N, B;, Nl’ N2) and let & = (nl, X, nz)(nz, As n3)

‘e (nk, A, nl) be a non-trivial A-loop in G. Let ¢ be a homomo;phism

from G onto a graph ¢(G) = G' = (N', Bi, Ni, Né) defined by:

- N' =N - {nl, Dys =oes nk} U Fm}.
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where m ¢ N,
o) = 9(my) = ... = ¢(nk) = m
¢(n)=n, n#ni’ i=1, eesy k

Vi=1, ..., k-1, ¢(ni, A, ni+l) =m

(b(nk’ >\, nl) = m

and for all other branches (n, x, n')‘é'BL,

$(n, x, n') = (@), x, ¢(@"))

and .

]

N; =f¢(Ni)’ i=1,2
Then r(G') < r(G), and G' is equivalent to G.
Proof: Let C = {nl, Doy e nk}. Define two new sets of initial

and terminal nodes in G by:

N if N, nC=¢
i

N. u C otherwise

i=1, 2, and let G" = (N, By s Nl"’ NZ"). One can easily verify that

G" is equivalent to G. Furthermore, the mapping ¢ is a pathwise

homomorphism from G" to G¢' which satisfies the conditions of Theorem 2.4.

To see this, let p' be any path in G'. Replace in-p' any branch bi

-1 . .
entering m by a corresponding branch bi € ¢ (bi) in G entering one of

the nj's, say nt(l < t < k). Then replace the succeeding branch bi+l

-1 .
leaving m by a corresponding branch b, ¢ o) (b£+l) leaving one of the

nj's, say n_, preceded by the A-path from-nt to n_. In this way one
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obtains a path p in G" such that d(p) = p'. Hence ¢ is a pathwise
homomorphism. By McNaughton's Pathwise Homomorphism Theorem,
r(¢') < r(G") = r(G), and by Theorem 2.4 G' is equivalent to G", and

hence to G.

Lemma 5.14: Let G = (N, BL’ Nl’ NZ) and let m, n € ‘N such that:

@ 4%m cafm 2@ cr ™)
(») Ve Av A}, T 0@ < 'rrxG(n) (o, S(m) = 0,51

(c) There does not exist in G a path from n to m spelling
out A [a path from m to n spelling out Al

(d) If m e Nl then also n € Nl [if m € N2 then also n € N2].

Then the graph G' = G - [m] is equivalent to G.

Proof: Obviously the event accepted by G contains the event accepted

by G'. Now let w be a word accepted by G. Then there exists in G an

admissible path p spelling out W. 1f p does not touch m then it is

also a path in G' and then w is accepted also by G'. Thus suppose P ".

passes through m. Then we have two cases: (i) p starts at m.

. G, -G
(ii) p starts at some other node. In Case (i), since A (m). & A, (n),

we may replace p by some other admissible path starting at n and spelling

out w (recall that by (d) if m is an initial node, m € Nl’ then so is n).

Thus we may assume we have Case (ii). So if p touches m, let
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p=p'* (@, x, m) * (m, y, m") * p", where p' is the maximal prefix

of p that doés not touch m, X, y € A U {A\} and m', m" € N. Let

w = W'xyw" be the corresponding decomposition of w. Clearly yw' € AcG(m)
and thué yuw'' € ACG(n). Thgs there exists in G a path pl" fromn to a

final node spelling out yw'. Moreover, since by (b) wxG(m) S.ﬁxG(n)’

we have (m', x, n) € BL' Then the path py = p' « (m', x, n) * pl" is

also an admissible path of G spelling out w. 1f pl" still touches m,-
we repeat the same procedure once more. Thus let

pl" = pé . (mi, x', m) ¢ (m, y', mlv)° p2", where pé is the maximal
prefix of plf not touching m. Let the corresponding decomposition of
w' be: w' = wéx'y'wz". Since by assumption (c) there does not exist
in G any path from n to m spelling out A\, the word Vz'x', which is

spelled out by pé . (mi, x', m), cannot be A. Now by the same argument

as ébove, the suffix (mi, x', m) « (m ¥, ml") . p2" can be replaced

by a path (mi, x', n) ° p3", which also leads to a final node and spells

out x'y'wz". Thus we obtain a new path p, = p' + (m', x, n) * pé .
(mi, x', n) - p3", in which only the suffix p3" may touch m. But this

suffix spells out the word y'wz", which is clearly shorter than the word

yw" spelled out by the corresponding suffix pl" of p,- This shows that

repeating this procedure enough times, we eventually end up with a path

P (k2 1) which is admissible in G and spells out W, in which the

length of the suffix touching m is 0, i.e. p, does not touch m at all.

Hence p, is also an admissible path in G' = G - [m] and w 1is accepted

also by G'. This completes the proof of the first part of the theorem.

. - N G . .
The proof of the second part (with PrG(m)jE Pr (n), etc.) is obtained

in a dual way. .
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Theorem 5.2: For any transition graph G = (N, BL, Nl’ N2) there

exists an equivalent reduced transition graph G' = (N', B> Ni, Né)

such that #N' < {#N and r(G') < r(G).

Proof: The reduction of G will be achieved by recursive application

of the following two basic steps:

Step (A): Let Gi (1 = 0, 1, ...) be the graph obtained from G in this

process after i baéic steps, and let m, n be two nodes of Gi such thaf

G. G. ,
a_ tm) = A, ‘(). Then by Lemna 5.11 (a) either (G, (m, ) = £(G;)
or r(G 2(n, m)) = r(6,). With 1 i
i ’ i’° ithout loss of generality
we may assume the former. By Lemma 5.12, Gi2 = Giz(m, n) is equivalent

to Gi and has the same set of accepted events. Thus we may replace Gi

by G,, and m and n have equal accepted events also in GiZ' Furthermore,

i2
€12 €i2
by Lemma 5.9 (2), T (m) &7 (n) for all x € AU {A}. Now we have

two cases:

Case I: there does not exist any path in Gi2 from n to m spelling out A.

Then all requirements of Lemma 5.14 are satisfied and hence Gi2 - [m] is

equivalent to G ,- In this case define G, ; < Gy ~ (m].

Case II: there exists in Gi2 a path p from n to m spelling out A. If

2(p) = 2, then we have: P = (n, A, ml)(ml, A, m2) e (mk’ A, m) for
some k = 1. By Proposition 2.4:
G G G G

i2, i2 iz
AC (n) > Ac (ml) D ees 2 Ac (mk) =3 Ac

12(m), and since m and n have
equal accepted events, all the above accepted events are equal. In this

case start Step A again, replacing m by m, - Thus we may assume that p has
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length 1, i.e. there exists in Gi2 a A-transition (m, A, m). Then if

there is also a path from m ton spelling out A in GiZ’ then there is

a non—-trivial A-loop in G.,-. In that case define G, , to be the graph

obtained from GiZ by shrinking this A-loop as indicated in Lemma 5.13.

Thus assume that (n, A, m) is in GiZ but that there does not
exist in it any path from m to n spelling out A. Now by Lemma 5.11 (b),
either (1) r(G. l(n, m)) = ¥(G,,)or (2) r (G, 2(n, m)) = r(G: ) If
i2 iz i2 i2
. . e . _ 2 .
(2) is satisfied, we may replace Gi2 by G13 = Gi2 (n, m), which, by
Lemma 5.12 (a), is equivalent to GiZ' Now by Lemma 5.12 (b), mand n

still have equal accepted events in Gi3’ and by Lemma 5.9 2),

G,

ﬁi 13(n) g_ﬂx 13(m) for all x € A U {A}. Moreover, if n ijs an initial
node in GiB’ we can define also m to be an initial node in Gi3 without
affecting the event accepted by Gi3' Now all requirements of Lemma 5.14
are satisfied and hence the graph Gi3 - [n] is equivalent to G, ;- Define
in this case G, ; = G;g (nd.

Now suppose (1) is satisfied. - Since by our assumption, the

A—transition (n, A, m) is in G ;,, W€ have, by Proposition‘2.4 (2)

G. - G.
(page 28), P_ o(m) 2 P 120).

1l . .
Thus by Lemma 5.12 (a), the graph GiS = (GiZ) (n, m) is equivalent

to G, and we may replace the latter by the former. Now by Lemma 5.9 (5),

G, G, G.. . G,
Oy 15(m) cC 15(n) and T 15(m) < T 15(n) and by Lemma 5.10, Gi5 - [ml
£ 9%

is equivalent to GiS' Define .in this case Gi+l = Gi5 1.
G G.

i ; i
Step (B): Let m, n be two nodes 1in Gi'such that P_ (m) = P (m). Gy

is obtained from G, in a way dual to that defined in Step (A) (Lemma 5.8).
1
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Our reduction procedure is as follows:

(1) Set G = G0

(ii) If there exist in Gi (4 =0, 1, ...) any non-trivial
A-loops, shrink them as indicated by Lemma 5.13.

(iii) If there exist in Gi two nodes m, n such that

G, G,
Ac l(m) = Ac T), apply Step (A) to Gi and return

to (ii) with Gi+1'
(iv) 1f there exist nodes m, 1 in Gi such that

. Gy G,
Pr 1(m) = Pr 1(n), apply Step (B) to Gi and return

| to (ii) with Gi+l°

(#) Remove all A-self-loops from G, and define G; = G'.

Obviously each graph Gi obtained in the above process is
equivalent to G, r(Gi) < r(G) and Gi has at least i nodes less than
finite number of steps,

G. Hence the process must terminate after a

yielding the desired reduced graph G'.

5.3. Elimination of A-transitions

We now use the results of the previous sections to obtain

a procedure for replacing all A-transitions in a given transition graph

G by some other non-A transitions. The resulting graph will be a non-

deterministic state graph, equivalent to G and of rank no greater than the
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rank of G.

We first present a construction by which a single A—transition.
in a transition graph can be replaced by a set of some other transitions
(some of which might be again labelled by A) in such a way that the‘rank
of the graph will not be increased. Such a replacement will be called

legitimate.

Definition 5.4: Let G = (N, BL’ Nl, N2) be a transition graph and let

m, n € N such that (m, A, D) € BL. Let G (m, n) = (N, B;, Nl’ Nz),

i =1, 2, (Definition 5.3). We now define two more graphs, Gmn(l) and

Gmn(2) as follows:
i i Ay s
Gmn(i) = (N, B - {(m, A, D)1}, Ny» NZ)’ i=1, 2
where:
1 _
N =N
N§=N2
_!Nlu{n} if me Ny
N2 = {
1 -
lNl otherwise
’NZ u {m} if n € N2
N1 =
2
lNz otherwise
Thus G is obtained from Gl(m, n) by removing the

mn (1)

\-transition (m, A, ™) and possibly adding m to N, or D to Nl.
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Example 5.6: Let G be the graph in Fig. 5.4 (a) (Page 100). Since

there exists in G a A-transition from m to n, G and G can
. mn (1) mn(2)

be constructed, and are shown in Fig. 5.4 (d) and (e) respectively.

Lemma 5.15: For any transition graph G and for any A-transition

(m, A, n) in G,

-« _ L—
@ anc1)-= Cam(2)

Proof: Tﬁi; follows directly from Lemma 5.8 and the above definition.

N N2) is a reduced transition graph, then

Lemma 5.16: If G = (N, BL’ 1°

there does not exist in G any A-loop. -

Proof: Let p = (ml, Ay m2) N (mk, A, ml) be any A-loop of G. Then g
by Proposition 2.4, ACG(ml) = ACG(mz) = .. = ACG(mk) and G cannot be -

reduced. Also a A-self-loop cannot exist in G since G is reduced.

Lemma 5.17: Let G = (N, BL’ Nl’ Nz) be a reduced transition graph and

"let (m, A, n) € BL. Then:

G are reduced and equivalent to G.
1 Gmn(l) and an (2)

(Z) Either r(Gmn(l)) < r(G) or r(Gmn(Z)) < r(G).
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Proof: The second part follows directly from the above definitions
and the appliéation of Corollary 5.1 and Lemma 2.1,

As for (1), let n'-be a node of G and let w be any word
accepted by a'. Then w is spelled out by a path p = ble"'Sk’ leading
from n' to a terminal node. Modify p in the following way: for every
b., i < i £ k, such that bi = (m, k; n) and bi+1 = (n, %, n'") for some
2" e N and x € A u {\}, replace bibi+l by b; = (m, X, n"). Since G is
reducéd, bi+l # (n, A, n); hence bi # (m, A, n), and it_follows from
the definition of G _ (1) ‘that b} is ome of its branches. In addition,

if bk = (m, A, n), then remove bk from p. Since n must be in this case

a terminal node of G, m is a terminal node of Gmn(l)' Hence the modified

pafh p' obtained from p in this manner is a path in Gmn(l) from n' to

G
a terminal node, spelling out the same word W. Hence ACG(n') E'Ac mn(l)(n,).

Now let w be a word accepted by n' in Gmn(l)' Then w is spelled

cut by a path p < ble"'bk in Gmn(l) leading from n' to 2 terminal node.

Replace in p every branch bi = (m, x, n"), which does not belong to G, by

b1 bi = (m, A, n)(n, X, a"), and also in case bk = (m', x, m) for some

i

m' € N, x ¢ A u {A}, concatenate P by b1 = (m, A\, n). The new path thus

obtained is clearly a path in G from n' to a terminal node of G, spelling

out w. Thus we get: ACG(n') = Ac mn(l)(n,) for all n' e N, and hence

G and Gmn(l) have the same set of accepted events. Also, by definition,‘

the set of initial nodes of G is identical with that of Gmn(l)' Furthermore

cannot have any A-self-loop (n', A, n') because G does not have any,

Gmn(l)

and if (', A, n') were one of the new branches added to G in constructing

we would have n' = m, (n, A, M) € BL and hence (m, A, n)(o, A, m)

Gmn(l)’

would be a A-loop contained in G, contradicting the fact that G 1s reduced
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‘(Lemma 5.16). All these imply that Gmn(l) is equivalent to G and is
also reduced.

| The proof for Gmn(Z) is obtained by duality (Lemma 5.15),
and in this case we get coincidence of the preceding events of Gmn(Z)

with those of G.

Thus every A-transition (m, A, n) in a transition graph G
can be replaced by some other transitions so that (after appropriate
changes in the séts of initial and final nodes) the resulting graph is

equivalent to G and has no higher rank.

Definition 5.5: Let G = (N, BL’ Nl’ NZ) and let (m, A, n) € BL. The

is called a replacement of (m, A, 1) -i

construction of either Gmn(l) or Gmn(2)
in G. A replacement is called legitimate iff the corresponding graph G (i) ;

has rank no greater than r(G). The sets of branches replacing (m, A\, n) in

are, respectively; Bl = {(m, %, ") I (n, x, n') € BL}

Gmn(l) and Gmn(2)
and B, = m', x, 1) | (@', %, m) € BL}.

Thus every \-transition in G has two replacements, at least
one of which, by the previous lemma, is legitimate.

_Example 5.7: For the replacements of (m, A, n) shown in Fig. 5.4 (a),

(d) and (e) (page 100), By = {(m, O, P)} and B, = {(p, 0, n), (m, 1, n)}l.

One can easily verify that r(Gmn(l)) = r(G) = 1 and r(Gmn(Z))= 2 > r(G).

Hence the replacement of (m, A, n) be Bl is legitimate whereas the

second replacement, by B2, is not.
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Throughout the rest of this section let G = (N, BL’ Nl, N2)

be a fixed reduced transition graph.

Definition 5.6: Let <G be the relation on the set of nodes N

defined by: \/1n, ne N, m <gh iff there exists in G a non-null path

from m to n spelling out the word A.
. ! '
Lemma 5.18: <G is a (strong) partial order om N.

Proof: TFor any m € N, 1 %Gn by Lemma 5.16. TFor any pair of nodes
m, n € N, m <Gn and n.<Gm implies the existence of a A-loop through

m and n, which is again'impossible by Lemma 5.16. The transitivity

follows directly from the definition.

Define m SGn iff m <Gn or m = N.

Definition 5.7: The felation'<G is defined on the set N X {A} x N

by: (ml’ A nl)'<G (mz, As nz) iff eit?er my SG m, and n, <G ny or

<
m1 <G m2 and n, g nl.

Lemma 5.19: —<G is a strong partial order on N X {A} x N.

gpooff Follows directly from the above definition and Lemma 5.18.

Example 5.8: et G = (N, Bys Ny s NZ) be the transition graph on

Fig. 5.6. The partial order {G is given by:

<G = {(P’ m)’ (P, q.), (qs m) , (Q9 r), (P5 ), (n, m), {1, 1_)’

-~

1

=

i

~s

eyt
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Fig. 5.6.
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The restriction of the partial order <G to the set of all A-transitions

of G is:
.'<G/(N x {A} x N) n B =

=‘{((P, A, r)’ (Ps A, m))s ((P, >\s f)’ (Ps As Q)),
(s 1, 1)y (@ Ay D5 (25 3 W5 (25 N D)

((P, A, m)r (q’ X, m)): ((P: xs r)s.(Q9 Xs m))}

An example of a related pair of A-transitioms, one of which is not

contained in G, is: (ps A T) -<G (ps As M)

Lemma 5.20: Let (m, A, D) € BL and let Bi be the set of branches
replacing (m, A, ) in Gmn(i)’ i=1, 2. Then for any (m', A, n')

in Bi,.(m', k,.n')-<G(m, A, 0.

Proof: By definition, m' =m if (m', A, n') is in By and n' = n
if this branch is in B2. In the former case (n, A\, n') € BL and
hence n <Gn',_and in the latter case (m', A, m) € BL and thus

m' <Gm. In both cases we get” (m', A, n')‘<G(m, A, D).
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Lemma 5.21: If G' is a transition graph obtained from G by a

finite series of replacements then:

(a) For any m', n' € N, m' <G n' implies m' g

(b)

For any two A-tramsitioms b, b' € N x {A} x N, b-<G, b' implies

‘IV b<G b'o

Proof: It suffices to prove (a) and (b) only for the case when

G' is obtained from G by a single replacement. The result then

follows by induction. Thus assume that (m, A\, D) € BL and let

G' =

(a)

Gmn(i) for i = 1 or 2.

For i = 1: Let m' <. o' for some m', n' ¢ N. Then there
exists iﬁ G' a‘ﬁon—nﬁil péth p from m' to n' spelling out the
word A. If p is also a path in G then clearly m' <a n'.

1f, however, P is not a path in G, then p contains branches of
the replacement of (m, k,.n), which are of the form (m, A, 0'))
where (n,‘l, n') e BL. Replacing each such branch (m, A, n")
in p by (m, A, nj(n; A, n'), one obtains a new path p' from m'
to n', which is 2 path in G and spells out A. Hence m' <Gn'

as required. The proof for i = 2 follows by duality (Lemma 5.15).
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(b) for i = 1: Let b= (ml; s nl), b' = (m2, A, nz) and suppose
bh‘G' b . By definition, either'm2 SG' ml‘and ny <G' s or

W, <G' my and n, SG’ n,. By part (a) of this lemma, we get in

: < < s
the former case m, “, My and n g n, and in th?_latter case

B [
- <

Ly <G my and n, SG n,» both of which yield the result.

Theorem 5.3t For any reduced transition graph G, there exists an

equivalent reduced non-deterministic state graph G' with the same

number of nodes and no greater rank.

pProof: We shall first prove the following assertion:

(*¥%) TFor any reduced transition graph G = (N, BL’ Nl’ NZ) and for

any set of A-transitions {bl’ bys +ve> bk} <N X A} x x
C(k =1, 2, .+.), G can be converted by 2 series of legitimate

"k oLk K
replacements into 2 graph Gk = (N, By» N> NZ) such that

bi ¢ Bt for all i =1, ---> k.

The proof will proceed by jnduction on k:
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Basis: k= 1. If bl ¢ BL then Gl = G is the required graph. If

b1 € BL then by Lemma 5.16 there exists a legitimate replacement of

b,. Let the corresponding graph be Gmn(i),'where b, = (m, A, n) and
i=1o0r 2. By definition, G . does not contain b, and hence

> “mn(di) . 1
Gl is the required graph.

= Gmn(i)

Induction Step: Assume (**) holds for k - 1. Let

.{bl, b2, cens bk}_E.N x {A} X N be any set of k A-transitions.

Since this set is finité and partially ordered by the relation q(G,
there exists in it an element which is minimal under this partial
ordering, i.e. for some 1, 1<1i<k, bjA‘G by for all j = 1, ...s ke
Without loss of generality we may assume that bk is such a minimal

element. Now, applying the jnduction hypothesis to {bl, cees bk—l}’b
k-1

convert G by a finite series of legitimate replacements into 2 graph G »
which contains none of the branches bl’ cees bkrl. If also bk is not a

branch of Gk—l then Gk = Gk—1 is the required graph. Otherwise, replace

b, in Gk_-1 by a legitimate replacement, and let B be the set of branches

k
replacing by in this replacement. By Lemma 5.20, b < . 3 b, for any
' G

\-transition b in B. On the other hand it follows from Lemma 5.21 that

b. is a minimal element in the set {bl, cess bk} also with respect to

k

the partial order < w1’ We conclude that B 0 {bl""" bk} = 4. Hence
G

the graph Gk obtained from Gk'--l by a 1egifimate replacement of bk does

not have any of bl’ cees bk améng its branches and is therefore the

required graph.
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Now apply (*%) to {bl, cees bk} = N x {A} x N, where
2 ! k 3
k = (#N)“. Then the graph G' = G does not contain any A-transitions
and is therefore a non-deterministic state graph. Moreover, since G'
has been obtained from G by a series of legitimate replacements, Lemma

5.17: implies that G' is reduced, equivalent to G and r(G') < r(G) as

required.

Example 59: Let G be the reduced graph shown in Fig. 5.7 (a).

First replace the A-transition (n, A, p) by construcing the graph

G1 =.qu(2)-FF?g. 5.7 (b)). Since rgGl).= 2 = r(G) this is a
legitimate replacement. The set of branches replacing (n, A, p) in

G1 is Bl = {(m, A, P)> (25 A5 P> (p, 3, p)}, thus G1 has two new

A-transitions. Go on replacing (a, », p) by the single branch (p, 2, P>
thus obtaining the graph G2 = (Gl)qp(z) (Fig. 5.7 (c)). Now replace

(m, A, n) by construcing G3= (Gz)mn(l) (Fig. 5.7A(d)), in which m is
aiso a terminal node. Proceed by ;eplacing (m, A, p) and then (g, A, 1),
obtaining the graphs G = (G3)mp(2) and G = (G")qn(z) (Fig. 5.7 (&), (£).
The graph G5 = @' is the required non-deterministic state graph equivalent
to G.

The following corollary is an immediate result of Theorem 5.2

and Theorem 5.3.

Corollary 5.3: For any transition graph G, there exists an equivalent

reduced non-deterministic state graph G' having no more nqdes than G and

no higher rank.
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Fig. 5.7
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5.4. Applications

An important application of the results obtained in the
previous sections is the following stronger version df Eggan's Star

Height Theorem.

Theorem 5.4: The star height of a regular event R equals min {r(®},
]

Ge?%

where 35£>is the family of all non-deterministic reduced state graphs

recognizing R.

We next consider an interesting by-product of Corollary 5.3.

Definition 5.8: For any regular event R, let Mﬁda(R) be the smallest
number of states of any non-deterministic automaton recognizing R. Let
Mtg(R) be the smallest number of nodes of any transition graph accepting
R.

An algorithm for fipding Mhda(R) and some of the corresponding
ninimum-state non-deterministic automata accepting the event R is discussed
in [KWw]. As a consequence of Corollary 5.3, the same algorithm applies

also for the more genetal_case of finding minimum-state transition graphs

recognizing R.

Corollary 5.4: For every regular event R, Mnda(R) = Mtg(R).
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Chapter 6

Further Methods for Establishing Star Height

Introduction: 'In Chapter 4 the star height of certain families.of
regﬁlar events has been established by relating'the rank of the
correspoﬁding reduced state graphs to tﬁe apparént star height of
regular expressions denoting these events. In this chapter a different
approach, based on Theorem 5.4, is adopted. Instead of investigating
the structure of a regular expression denoting the given event R, wé
study the rank of a non~deterministic stéte graph recognizing R. Thus
h(R) = k will be proved by showing that any arbitrary non-deterministic
state graph accepting R has rank no less than k. .This approach is
. similar to the one employed by McNaughton in [Mc 3,4].

In Section 6.1 two functions, called the R-projection functions,
are inﬁroduced. These functions, relating the nodes and paths of an

arbitrary state graph with sets of nodes and paths in the reduced state

graph EO(R), constitute the foundation for the methods developed in this

chapter. By means of these functions, the concept of one state graph

covered by another is defined, and in Section 6.2 two fundamental lemmas

concerning this concept are proved.
Section 6.3 presents a new proof technique for establishing

the star height of a regular event. In some cases only lower bounds to

the star height can be obtained but in many cases the exact star height
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is found. This technique is illustrated by examples.

In Section 6.4 some results are obtained for the case
when EO(R) is a reset—free state graph. As we have éeen in Chapter 4,
if Gg(R) is reset—-free and has only a single final state, then the star
height of R equals the rank of BO(R). However, this is not always the
case when EO(R) is reset-free with more than one output state. Never-
theless, it is shown that a partial extension of the above result can
be achieved if we consider only state graphs EO(R) which are both reset-
free and permutation~free.’ Some other cases are also considered and

sufficient conditions for the star height of R to be no less than the

n,
rank of some section of GO(R) are found.

Throughout this chapter let R be any fixed regular event,

let G = GO(R) = (Q, M, q;s F) be the reduced deterministic state graph

Ny .
recognizing R and let G = GO(R) = (Q, M, ;> F) be the reduced incomplete

state graph recognizing R. Thus Q = Q U {qé} in case G has a dead state

qé, or 6 = Q (and hence 8 = @) if there is no dead state in G. 1In the

former case, M(q, a) = ¢ iff ﬁ(q, a) = a for all q ¢ Q, a € A and

, q } and assume

M(q, a) = M(q, a) otherwise. Let Q = {ql, Qys -o .

In the sequel, let G' = (N, BL’ Nl’ NZ) be any non-deterministic

all-admissible state graph (not necessarily equivalent to G).
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6.1. The R-Projection Functions and Covering of State Graphs

Definition-6.l: Let R be a_regular event and let E = BO(R) =

= (Q, M, g5 F). For any non-deterministic state graph

1
¢' = (N, BL’ Nl’ N2) define a function~f§ : N - ZQ as follows:+
for each node n of G',

ny
G

Lo - o | acan @@ arS @ 44

! n
Thus fg(n) is the set of all states q in G such that q = M(ql, w) for

|
some word W € PrG (n). Using the function Ml introducéd in Definition

1.15 we obtain:
G_l - Gt‘
£ = Mm@ @)
Gl
Clearly for all initial nodes n, € Nl of G', 9 € fR(nl).

Example 6.1: Let EO(R) and G' be the state graphs shown in Fig. 6.1

and 6.2 respectively. TFor each node n of G', the states of fR(n)
are indicated inside the circle representing n.

The function fR has the following properties.

Lemma 6.1: Let G' = (N, B;, Ny» NZ) as above. 1If there exists in G'

a path from n to a' (n, n' e N) spelling out the word w, then

M(fR(n), w) < fR(n').

Proof: For every q € fR(n) there exists a word u such that Ml(u) = q

G'

and u € P (n). Let q' = M(q, w). If q' = a4 then clearly

' G' .
M(q, w) = & E_fR(n'). Otherwise q' = Ml(uw) and uw € Pr (n'), which

implies q' € fR(h') as required.

I

. ‘ . ] . .
+ When no confusion arises, the superscript G' will be omitted.

A
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Fig. 6.1
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A 0 A
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N
q,T > P-4
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Lemma 6.2: If G' = (N, BL, Nl’ N2) recognizes R then:
(a) _For any terminal node n € NZ’ fR(n) < F.
(b) If there exists in_G' a path starting at a node
m and spelling out the.wérd w, then M(q, w) # ¢ for
all states q € fR(m). Consequently_fR(m) = Ml(PrG'(m)) + &

for all nodes m € N.

Proof: (a) Let n'e€ N2 and let q € fR(n). Then there exists a word u
. .
such that Ml(u) = q and u € PrG (n). The latter implies that u is

accepted by G' and hence MA(u) =q € F.

(b) Suppose M(q, W) = & for some q € fR(m). Then M(q, W) = a
and also M(q, wv) = qd for«any word v. Let n be the terminal node of
the path starting at m and spelling out w, and let v € ACG'(n) (such a
word v exists since G' is all-admissible by assumption). Let

n,

A
u € PrG (m) n PrG(q); then the word uwv is accepted by G' and hence by

¢, a contradiction.

v
G. But Ml(uwv) = M(Ml(u), wv) = M(q, wv)

(N, BL’ Nl’ NZ) be any

G P(&)
g : P(G') » 2 as

LYY
Definition 6.2: let G = GO(R) and let G'

state graph as above. Define a function

follows. For every path p' in G', starting at a node n' and spelling

' . .
out a word w, let gg (p*) (or gR(p'), when the reference to G' is

Y . .
. understood) be the set of all paths p in G spelling out W and starting

at nodes contained in fQ(n'). Define gR(E) = €.

Thus if p' = (@', a, n2) e (nk, a, ., nk+l) and




- 129 -

p= (ql, Cys qz) ces (ql, Cps q2+1), then p € gp(p') 1ff k = 2,

a; = c, for all i = 1, ..., k and ql € fR(n ). Furthermore, by

Lemma 6.1 we also have q € f (n ) for all i = 2, ..., k + 1.
Clearly gR(p ) is always a finite subset of P(G), moreover,

in case no path in GAspells out the word w, which is spelled out by

p's gx(p") = 4

Extend the function 8 to subsets P' of P(G') by:

e (@) = U gk

The following lemma is a direct consequence of the above definitions.
Lemma 6.3: Let p' be é path in G' and let p € gR(p'). If p = P1Py
for some Py, Py € P(E) then there exist pi, pé in P(G') such that
p' = pyp, and py € ge(py)s = 1, 2.

Thus the functions f and gp MaP nodes and paths in G' onto
. they will

the corresponding sets of nodes and paths (resp.) in G (R);

be called the R-proijection functions.

Before proceeding with tﬁe definition of graph covering, we’
generalize the notion of subgraph as follows.

] 1
Definition 6.3: Let Gy = (N, BL, Nl’ N2) and G2 = (', Bis Nl’ Nz)

be two transition graphs. We say that G2 is a partial graph of Gl

iff N' c N, Bi < B and Ni = Ni AN, i=1, 2.
Clearly every subgraph of Gl is also a partial graph of Gl'

Moreover, if G, is a partial graph of Gy then P(Gz) E.P(Gl) and

r(G2) < r(Gl).
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Definition 6.4: A partial graph G" of G' covers a partial graph G
_— . 1

Y . G'
of GO(R) iff P(Gl) < gy (P(G")). 1In other words, every path p in G, .

. N . G
is contained in gr (p') for at least one path p' in G'".

n
Example 6.2: Let G' and G be the graphs in Fig. 6.1 and 6.2 (page 127)

respectively,‘and let p' = (D, 0, A)(A, 1, A)(A, 0, D)(D, 1, C). Then

gR(f?') = {pl, pz}, where

p, = (@ 0, ©(q, 1, 2)(p> O q)(q, 1, p)

p, = (r, 0, 1)(x, 1, A)(d, O, a)(q, 1, P)

The subgraph G" = G' - [{B, C}] of G' can be seen to cover the subgfaph
s =6 - [{p, r}] of G. In fact, every path in (q, O, q)* is contained
in gR(P'), where

P' = [(4, 0, D) (D, 0, A)I*[(A, O, D)1 u €] € P(G").

6.2. Two Fundamental Lemmas

Throughout the rest of this chapter it is assumed that the

functions fR and gp are always those associated with the given non-

deterministic state graph G', and not with any of its partial graphs.

Thus the superscript G' will be omitted.

We now proceed with the two main lemmas of this chapter.

Lemma 6.4: Let G' be a non-deterministic state graph recognizing b3

Ay
and let G = GO(R)' Then:

a,
(a) G' covers G

‘ "
(b) TFor every s.C. subgraph S of G there exists a section s!

of G' such that S' covers S.
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Proof: (a) Let p be any path in E. Since a’is all-admissible
(Definitiqn 2.18), there exists an admissible path Pg in E containing -
p as a subpath. Clearly the initial node of Po is the initial state
94 of B, and the word Vg spelled out by Py is accepted by E, and hence
also‘by G¢'. Thus there is.in G' a path p' from an initial node n, to
a tefminal node spelling out Wn. Since q; € fR(nl) by Lemma 6.1, we

get P, e'gR(p'). But then there must clearly exist a subpath p" of p'

: "y
such that p € gR(p"). Hence G' covers G.

(b) Let Sl’ 82’ ooy Sm be all sections of G' and assume
that for some s.cC. subgraph S of G, none of the Si's covers S. Then

there exist paths Pys Pps =t p, in S such that gR(P(Si)) does not
contain pi for all i =1, ..., M. gince S is strongly connected, one
can construct a loop p in 3 containing all pi's (i=1, ..., m) as
subpaths. Now by part (a) of this lemma, there exists for every

k. .
integer k > 0, a path t; in G', such that the path (p) 1is contained

in gR(tk).
Let r be the total number of nodes in G' and let k > r. By

Lemma 6.3, there exist paths ti, té, e tL in G' such that

= tlt)] ! ! 11 4 = 1, 2, ««-» K- Since k > 1,
tk tltZ"'tk and p € gR(ti) for a i , s

at least one of the paths ti, 1 < i < k, must be contained in a sectlon

(P(Sj)) and since pj is ‘

Sj of G' (1 £j sm. It follows that p € 8p

a subpath of p, also p, € gR(P(Sj)), which contradicts our assumption.
’ J

The proof of the next lemma resembles the proof of Theorem 9

in McNaughton's paper [Mc 41.
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‘Lemma 6.5: Let G' be any non-deterministic state graph and let s!
be a s.c. subgraph of G' which covers some s.C. subgraph S of EO(R)’

If for each node n in S', fR(n) contains at most one node from S, then
;(S') > r(S).

Proof: Let G' = (N,-BL, Nl, N2) and let QS be the set of all nodes
of S. Let N' be the set of all nodes n in S' for which fR(n) n Qg = é.

Since S' covers S, there exist nodes in 8' which are not in N'. Consider

the subgraph G=s8'"-[N'1-+= (N, B, Nl’ ﬁz) of S'. Let Ei be the set

of all branches (n, a, n') in G, such that for the state q defined by:

{a} = fR(n) n Q., M(q, a) is not empty and is also contained in QS. By
o

Lemma 6.1, for every branch (n, a, n') in ﬁi, q' = M(q, a) € fR(n').

Let G' be the partial graph obtained from G by removing all

branches not in-ﬁi, i.e. G' = (N, B!, ﬁl,-Nz). We claim that G' also

2 k k+1
covers S. To see this, let p = (ql, ajys q) ... (@, a, > q ) be any

path in §. Since g' covers S, there exists a path p' = (nl, ays n2) ces

i
(nk, as nk+l) in S' such that p € gR(p'). Thus q~ € fR(ni) for all

i=1,...,k+1 which shows that {qi} = fR(ni)fWQS # ¢ and hence n, € N,

It

i 1,...,k+l. Moreover, for any branch bi = (ni, a;s ni+l) in p’,

= Q {s in B!. the whole path. '
M(qi’ ai) qi+l € Qg and hence bi is in BL Thus e P P

is contained in G' and therefore G' also covers S.

Define a homomorphism ¢ from G' onto S as follows: for every

n in N, ¢(n) = 4, where {q} = fR(n) n QS. ‘For any branch (n, a, n') in

ﬁi, let ¢$((a, a, n')) = (6(n), a, ¢(n')). To see that the latter 1s

jndeed a branch in S, recall that whenever (n, a, n') is in Bi, q' = M(q, a)

is contained in QS’ where q = ¢(n), and q' € fR(n')- But then ¢' = é(n")

and hence the above branch is in S.
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We now show that ¢ is a pathwise homomorphism from G’
to S. Extend ¢ to a mapping from P(G') to P(S) (as indicated in
e e 1l 2

Definition 2.28) and let p = (q, ays 4 ) ... (qk, ays qk+l) be any
path in S. Since G' covers S, there exists a path p' = (nl, a;s nz)

. -t i . '»
.o (nk, a, nk+l) in G spch that q € fR(ni) for all i =1, ..., k+ 1.
But then ql = ¢(ni) for each i =1, ..., k+ 1 and consequéntly p = o(p"),
‘which shows that ¢ is a pathwise homomorphism. . By McNaughton's Pathwise
Homomorphism Theorem, r(S) < r(G') and since r(G') < r(s') we obtain

r(s) < r(s') as required.

6.3. A Proof Technique for Establishing Star Height

i NN
Definition 6.5: Let G = GO(R) and G = GO(R) as above. For any

- '\J - L . 2
state q; in G, 1 <1i<my, define a mapping P;* A% Pi(G)
(notation 2.3) as follows:

(a) pi(k) =€

(b) for any non-empty word w = alaz...ak,

1 1 2, k~1 k
Pi(w) = (qi3 al, q )(q ? 8.2, q) LELE (q b} ak’ q )9

where qJ = M(qi, aj .- aj) for-all j, 1 =3 = k.

Thus Py naps. every word w to the path in G starting at q;

and spelling-out W.
For any event W c A%, let

Pi(W) = {pi(w) ] w e W} E.Pi(G)'
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Definition 6.6: For any subset B of the set of states Q of G, define

n
two sets of paths of G:

LB = U pi(str B)
qieB

(see Definition 1.17) and

D= u p.(n D)
B i q,
qieB q .€B 3

LY
Example 6.3: Let G be the state graph shown in Fig. 6.4 (page 139)

and let B= {q,, q,}. Then str B = 1%# and D n D_ = 1%2(0 v 1 u 2)*.
1’ *2 . 9 q,

Hence:

LB = [eu (qls 1, qz)][(q23 1, q’l)(ql’ 1, _qz)]*EE v (q2’ 1, ql)]

and

DB ={[€ u (ql, 1, qz)][(ng 1, ql) (qls 1, qz)]*[(qzs 2, q3) U (q2’ 1, ql)

(a;s 2, q3] u (4> 2, q3)}E(q3, 0, q3) U (a55 1, q3) Y (445 2, q3)]*

Definition 6.7: Let S be any subgraph of a state graph G' and let

P' < P(G'). We say that P' covers S iff every path p in S is a subpath

of at least one path p' in P'.

Example 6.4: Let G' be the graph in Fig. 6.3 and let S = G - {t]. Then

3 2
the set of paths P' = [((r, 1, D)*(r, 0, 9, 0, ©) 1%(x, 2, ©)(E, 0, t)

covers S.

The following lemma is an immediate consequence of the above

definitions.
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Fig. 6.3
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Lemma 6.6: Let G' be any state graph and let S' be a section of G'.
NN
Then for every section S of G = GO(R), g' covers S iff for any set

of paths P' < P(G') covering s', gR(P') covers S.

Lemma 6.7: Let G' be any state graph recognizing R and let S' be a
section of G'. For any node n in 8', let L(n)(D(n)) denote the set
of all paths in G' from n to itself (from n to a terminal node of G').

Then gR(L(n)) S.L and gR(D(n)) c DB’ where B=f (n).

: 1
Proof: let p = (a°, a;s q ) ces (q » 2o q ) be a path in gR(L(n))
Let p' = (n, a;s n )(nz, ays n3) ees (n a» n) be a loop in L(n)
such that p € gR(p'). Then by definition both q1 and qk +1 belong to
Y
= £ (n) Furthermore, for any state q; € B, the path in G starting
at q; and spelling out the word w = alaz...ak is contained in g (p') and
hence the terminal node of the path must -also be a member of B. This
implies that w € str B, and since ql ¢ B we have p € LB. Hence -
g (L) < Ly
The proof for gR(D(n)) is similar. Let p be any path in
k+1 3
g (D(n)), with initial node ql, terminal node q , spelling out the
word w = aj..-d,. As before, let p' = (B, 25 n,) - (0> 2 nk+l)
1
be a path in G' such that p € gR(p') and p' € D(n). Then q € fR(n) =

kt+l

i i i tat £ G', by Lemma 6.2
and q e £ (nk+l) Since my 4 is a terminal state © , by

r\J -
qk+l is a final state of G. Moreover, for any state 4 € B,_the path in -
G starting at q; and spelling out w is in gR(p') and therefore must
terminate at a final state of G

q1 e B, p € DB as required.

i D and since
This shows that w € qgeB qi

I
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Ny
Theorem 6.1: Let G = GO(R) = (Q, M, dqs F), and let S be a

s
s.c. subgraph of G. If for every subset B ¢ Q with at least two

does not cover S, then h(R) 2 r(S). The theorem

elements, the set LB

remains true if the set L, is replaced by DB'

B

ggggiz We shall prove that, under the above assumptions; every non-

deterministic state graph G' recognizing R has rank no less than r(S).

The result then follows by Theorem 5.4.

| Thus let G'-= (N, BL, Nl’ Nz) be any non-deterministic state

graph recognizing R. By Lemma 6.4, there exists a section S' of G'

’ éovering.S. We claim that for any node n of §', fR(n) is a singleton.
_ Suppose, on the contrary, that for some node n in S', #B > 1,

where B = fR(n);. Let ﬁ(n) an& D(ﬁ) be defined as in the last lemma.

Apparently any path p' of S' is a subpath of some path in L(n), and

since G' is assumed to be an all-admissible state graph, p' is also

a subpath of some path in D(n). Thué each of the sets D(n) and L(n)

covers S', and since S' covers S, Lemma 6.6 implies that both sets

gR(L(n)) and gR(D(n)) cover S. But by Lemma 6.7 the former set is

contained in LB as well as the latter is contained in DB' It follows

that both LB and Dy cover S, which contradicts the assumption of ;he

theorem. Hence fR(n) is a singleton for every node n of S8', and by

Lemma 6.5, r(S') = r(S). Consequently r(G') = r(S), which completes the

proof. ~ w
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NN :
Corollary 6.1: Let G = GO(R) as above and let Sl’ cees Sk be all

L o
sections of G such that r(Si) =r(G), 1 =1, ..., k. "If for some
Si’ 1 i £k, there does not exist a subset B c Q with at least
two elements such that LB(DB) covers Si’ then the star height of R

n,
equals the rank of G. In particular, if for every BcQ, #8 > 1, the

set 'stt B (n D +) is finite, then h(R) = r(E)»
qeB

Theorem 6.1 and Corollary 6.1 provide us with a powerful
technique for establishing the star height of regular events. This

technique will now be illustrated by the following examples.

A v
Example 6.5: Let G = GO(R) be the state graph shown in Fig. 6.4. One

can easily verify that:

0

* 2}k
str {ql, qys q3}_ 1%(A U 2(0 U 1 U 2)%)

1%

str {ql, qz}

(0 u 11)*(A U (2y12)(0u lv 2)%)

str {ql, q3}

str {qz, q3} (10%1)*(A U (2 u 10%2)(0 v 1 U 2)%)

By inspection, none of the sets Lé, where B ='{ql, qz, q3}, {ql, qz}, ii!

n,
{ql, q3} or {qz, q3}, covers the s.c. subgraph § = G - [q3] (no path

of S containing the branch (qz, 3, qz) is included in these sets).

Thus by Corollary 6.1, h(R) = r(8) = 2.

- r\l 3 -
Example 6.6 Consider the state graph G shown 1n Fig. 6.5, and let

}, str B = (0O U 1=

o

S =G - [{q3, qé}]. One can easily see that for B = {ql, q,

and thus LB covers S. However, Dq n Dq = ¢ by inspection and therefore
1 2

+ This is the case when R has the finite intersection property, which

has also been covered by Theorem 4.1,
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Fig. 6.4
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- 140 -

DB does not cover S. Furthermore, for any other subset

B!’ E_{ql, 1y, d3s qé} with #8'> 1, n D _ does not contain any
: qeB’'

word with the. subword 010 and thus D, cannot cover S. Hence Ey

Bl

Corollary 6.1 the event accepted by ¢ has star height 2.

LV VI
Example 6.7: Let G = GO(R) be the state graph shown in Fig. 6.6.

:

By inspection, the section S = E - [{ql, 455 q6}] is the only section
of rank f(S) = r(&) = 3. However, Corollary 6.1 cannot be applied
directly to R since both sets Lp and Dg, where B = {ql’~q2}’ cover S.
Thus consider the event R'=0 \R/ 1 (Definition 1.2). Since the
only branches entering the final states qg, dg and labelled by 1 afe
(q3,.l, q5) and (q4, 1, q6), R; is exactiy the set of all words spelled
out by paths from 9, to either q3 OF G- Thus the state graph S, with
initial state qz-and final states 45 and 9,5 recognizes R', and since

. it is reduced we have S = BO(R'). Now one can easily show that for

any B E,{qz, 445 q4}, with at least two elements, str B = A. Hence by
Corollary 6.1, h(R*) = 3. . But h{(R') = h(0 \ R/ 1) £ h(R) by Corollary

LY
3.1, and since r(G) = 3 we conclude that h(R) = 3.

ny o,
Consider any set of paths P' E.P(G) in G as an event over

oy Y
the alphabet of 1abelled branches of G. Every‘path p in G represents

a word over this alphabet. Thus let P' / p denote the right quotient

(Definition 1.2) of p' over the path p, i.e.

p' /p=1p' ¢ P@G) | p'p € P'}

We now present an extension of Theorem 6.1.
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Fig. 6.6
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Ny ' .
Theorem 6.2: Let G = GO(R) as above, let S be any section of & and
let p be any path jeading from a state of S to a final state of ¥ 1f

for no subset B < Q, #B > 1, the set DB / p covers S, then h(R) = r(S).

Proof: Let QS be the set of states of S, let ¢' = (N, B, N> N2) be

any. qon—deterministic state graph recognizing R and let Sl’ Sz, oo Sm

be all sections of G' covering S (there exists at least ome by Lemma 6.4).
If for one of these sections Si’ #fR(n) = 1 for all nodes n of Si’ then
by Lemma 6.5 r(Si) > r(S) and the result follows. Thus suppose on the

contrary, that every Si,.l < i < m, contains a mode m,; such that #fR(ni > 1,

and let fR(ni) = Bi' By the assumption of the theorem, DB /p does not cover

1

S for all i =1, «¢.5 M Then there exist paths P, in S such that Py is not

the subpath of any path in Dy /p, 1 =1, «.0c, M Let S_,q5 +*+» S +h be

i
all the remaining sections of G'; since none of these covers S, there

- i i ‘= ...’ h.
exist paths Tis ooes L in S such that r ¢ gR(P(Sm+i)) for all i 1,

. 0 .
Thus construct a loop ¢ in S fronm the initial node q of p to itself, such

that each P> i=1, ..., mand each rj, j= 1, «os h, is a subpath of L.

Let Pg be any path in 8 from q; to qo. Then for any integer k > s, where

koL
s denotes the total pumber of nodes in G', the path p* = Pylx/) P is an

admissible path in ¢. Thus there exists an admissible path t' in G'

spelling out the same word as p', and since 4y € fR(n) for any n € N1

By Lemma 6.3, t' = totl...tkt such that p, € gR(tO),

m and p € gR(t). Since k > s, at least one

we have p' € gR(t').-

L e gR(ti) for i = 1, «cee>

t., 1 <j <k, must be contained in someé section S' of G'. Now suppose

s' = 8. for some i, 1 <1 =™ Let n be the initial node of tj and let
i

1 .
t" be a path from n, tO T Then the path t= = t"tjtj+l...tkt is a path
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from ng to a terminal node of G', and hence is contained in D(n.).
i
B hen, by L 6 ! nigyk-itt
ut then, by Lemma 6.7, gR(t ) € DB and hence p" (%) P € DB for
i ‘ i
some path p" € gR(t") terminating at qo. It follows that

k-j+1 c

p" () Dy / p and since p, is a subpath of %, p; is a subpath

i
of the above path, which is contaihed in DB / p. But this contradicts
: i
our assumption.

Thus suppose that S8' = Sm%i for some i = l, «e., h. Then
since % egR(tj), the subpath T, of % is contained in gR(tg) for some
subpath t3 of t.. But t3 is a path in 8_.. and this contradicts our
assumption that rg ¢ gR(P(Sm+1))

Hence #£ (n) 1 for all nodes of at least one section S. i

1 < i < m, and then the result follows by Lemma 6.5 as 1nd1cated above.

Example 6.8: Let éo(R) be the state graph in Fig. 6.7. One can

verify that str {m, n} = strim, p} = strin, p} = strim, 1, pl
0
and hence for all these sets,_LB covers the section g =G - [q]. Also

for any of these sets B, n D =(Ou 1)%2(0 v 2 U 3)*, and hence DB

q,€B 9

also covers S. waever, if we consider the path p = (n, 3, q), then

none of the sets DB /

= (0 u 1)*,

p, B<Q 48 > 1, covers S. Hence h(R) = r(8) = 2.

&5
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Fig. 6.7
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6.4. Results on Reset-Free State Graphs

’ o
In this section the state graph G = EO(R) = (Q, M, gy F)
is always assumed to be reset—free (Definition 4.10), unless otherwise

specified.

N
Lemma 6.8: I1If G = GO(R) as above and if G' is any non-deterministic
state graph recognizing R, then for any pair of nodes n, n' belonging

to one section of G; the following conditions must hold:

- (a) #f (n) = #f (n').
For every section S of G (R) with set of states QS’
By HlE@ 0 Qg = FEg (") 1 Q)

(¢) Ifu 1is a word spelled out by some path from n ton',

then M((fR(n) n QS), u) = fR(n') n QS

Proof: (a) qince n and n' belong to one section of G', there exists
a word u spelled out by some path p from n to n', and 2 word v spelled
out by a path p' from n' to m. By Lemma 6.1, M(f (n), w E_fR(n') and
M(fRﬂn'); v) g_fR(n). Furtherﬁore, since ¥ is reset-free and since, by
Lemma 6.2 (b), M(q, 1) 4 ¢ for any state g in fR(n) and M(q', v) # ¢ for
any q' € fRﬂn'); we have #fR(p) = #M(fR(n), u) < #fR(n') = #M(fR(n'), V)
< #fR(n), and equality follows. ' '

(c) We first claim that for any subset B E_f (n) and for
y a path in G' starting at n, IM(B, w) = #B.

any word W spelled out b

This follows agaln from Lemma 6.2 (b) and the fact that G is reset-free.

y /
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Now let B = fR(n) n QS and B' = fR(n') n QS’ and let u and
v be words spelled out by paths p and p' as above. By Lemma 6.1,
M(B, u) E_fR(n') and M(B', V) E_fR(n). If B' # M(B,.u) then there

are two cases: (i) M(B, u) ¢ B', or (ii) M(B, u) é_B'. In case (i)

#
we get: #B = #M(B u) < #B' = #M(B', v); it follows that M(B', v) ¢ B,

which, by exchanging B and B', u and v, corresponds to case (ii). Thus

we may assume that (ii) M(B, u) i_B'. Then, since M(B, u)'i.fR(n?), we
get M(B, u) i-QS' Thus there exiéts a state ql in ﬁ such that

M(q , u) ¢ Q , and then also q2 = M(ql, uv) ¢ QS Let qi = M(ql, (uv)i—l),
i=1, 2, ... (by Lemma 6.2(b), nomne of the sets M(q . (uv) ) is empty).
Then q # q and we clalm that q # qJ for all 0 < i < j. Clearly for

j >1, qJ ¢ QS and thus q # q . Now suppose, by contradiction, that k
k m

is the smallest integer sugh that for some m > k, ¢ = 4 . Then k > 1
and qk_1 # qm—l; but M(qk_l, uv) = M(qm—l, uv) = qk, which contradicts
the fact that 8 is reset—free. Hence q # qJ for all 0 < i < 3, which
i{s of course impossible. Consequently M(B, u) = B', which proves (c).

(b) Follows immediately from (c) and the above proof.

1f E = EO(R) = (Q, M, 45> F) is reset-free, and if for

U Dq.)] # ¢, then
q#q'€Q

Theorem 6.33

"
some state q in a section s of G, [D_ - (

h(R) = r(S).
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Proof: Let G' = (N, B Nz) be any non-deterministic state graph

L’ Nl’

recognizing R and assume r(G') = h(R). Let S S be all sections
m

l’ s>
of G' which do not cover S. Then there clearly exist paths Pys =" P
in S such that p, ¢ gR(P(S )) for all i =1, ..., m. Now let

. o
eD - ( u D ,), and let p, be the path in G starting at ¢
0 q -y 0 ’
q#q'€Q
terminating at a final state and spelling out w,. Since all paths

P., 1 =1, «ces M, are in the section S, one can construct in S a loop

L ffom q to iﬁself, céntaining each P> i=1, ..., m, as subpath. Let

s be the total number of nodes in G' and let k be any fixed integer
greater than s. Since_a is all—adm1351ble, there exists in it a path p'
from the initial s&ate 9 to q. Now define the path p = P (2) Py Clearly
p is an admissibie path in G. ‘Thus the word u spelled out by p is in R '
and there must ex1st in G' an admissible path t spelling out the same

word u. Let ng (n ) be the initial (terminal) node of t. Then

n e N. and by Lemma 6. 2, qlef (n ) and £ (n ) ¢ F. Hence

0 € Mo 2
P € gR(t). By Lemma 6.3, there exists a decomposition of t into subpaths:

n

t t such that € gR(ti) for all i =1, ..., K p' € gR(t')

and.p0 € gR(tO). But since k > s, at least one of the subpaths

tj(l < j £ k) must be contained in some section of G'. Let this section

be S'. Suppose.S' - g for some i, 1 <1 = m. Then, since % €g (t.) and
i R" 3

there exists a subpath t3 of t. such that

since p; is a subpath of %, j

But this contradicts our assumption that p. ¢ gR(P(Si))'

Py € gR(t:',) .

Hence S' # S, for all i = 1, «o., m and consequently S' covers S.
i

We claim that for all nodes n of S', fR(n) is a singleton.
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Suppose this is not so; then by Lemma 6.8 (a) there exists some fixed
integer h 2 2 such that for each node n in §', £ (n) has cardinality h.
Let n, be the jnitial node of the path tj. Since & € gp (t ) and 2
starts at q, we have q € fR(nl), and since n, is in S', #fR(nl) > 2.
Let nk be the terminal node of tk’ then again g € fR(nk)' Furthermore,
by Lemma 6.1, M(fR(nl), w) c £ (n ), where w is the word spelled out by

the path t. t3+l'“'t But since ¢ is reset-free, fR(nl) cannot be mapped

K
by any such input w into a set of smaller cardinality (see proofvof Lemma
6.8 (c)); thus #fR(nk) z 2. Then there exists in fR(nk)'at least one
more state a' #.q. Now since p spells out the word LATIAL have, again
by Lemma 6.1, M(fR(nk), wo)_g fR(nt). But the latter is contained in F .
and hence M(q', wo) E_M(fR(nk), wo) c F. This shows that ¥, € Dq" which
We conclude

contradicts our assumption that W, ¢ Dq' for any q' # 4.

that £ (n) is a singleton for all nodes n in S'. Combining this with

the fact that g' covers S, we get r({s') = r(S) by Lemma 6.5. Hence

h(R) = r(G") = r(s') = r(S) as regquired.

Examgle 6.9: Let E = B (R) be the state graph in Fig. 6.8. One can

Moreover,

verify that G is reset—free strongly connected of rank 3.

the word w = 21 belongs to Dq , but is net contained in Dq. for

3 1

i=1, 2, 4. Hence by the last theorem and Theorem 3.1, h(R) = 3.
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Fig. 6.8
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N0
Theorem 6.4: Let G = GO(R) be reset-free and let S be a section of

n -
G. 1If for some state ¢ in S and for some word LAY M(q, wo) is in S
but M(q', wo) is not in S for all other states q' of S, then the star

height of R is no less than r(S).

Proof: Let G' be a non-deterministic gtate graph recognizing R and
assume h(R) = r(é'). By Lemmg 6.4 there exists a section S' of G'
such that S§' covers S. We claim that for any node n in S', 7

#(fR(n} n QS) = 1, where QS denotes the set of all states of S. By
Lemma 6.8 (b) all such sets fR(n) n QS (where n is in S') have the

same cardinality, say k. Apparently if k = 0 then g' cannot cover S.
Thus suppose k 2 2. Let p be the path in S starting at q and spelling .
out w,. Then there exists in g' a path p' such that p € gR(p'). Let
n' (n") be the initial (terminal) node of p'. Thgn clearly q € fR(n')
and the sets B'-; fR(h') n QS and B" ='fR(n") n‘Qé have k sz elements
each. Furthermore, by Lemma 6.8 (c), B" = M(B', wo). But this is
impossible since for all states q' in B' except 4, M(q', wo) is not
Hence k = 1 and the

contained in QS by the assumption of the theorem.

result follows jmmediately from Lemma 6.5.

Example 6.10: Let E = EO(R) be the state graph shown in Fig- 6.9 and

let S = E - [{s, t}1. Ome can see that M(p, 2) = T is in S whereas

M(q, 25 = s and M(x, 2) = q are not in S (qé is not shown in the graph).

, ~ .
Hence h(R) = r(s) = 2 and since r(G) = 2, we get h(R) = 2.
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. e - NN .
Definition 6.8: Let G = GO(R), let S be any subgraph of G, and let its

set of states be QS. S is called permutation-free iff for any subset
Q' E_QS with #Q' > 1 and for any word w, the mapping m_: q ~ M(q, W),
q € Q', is not a cyclic permutation of Q' onto itself (see Definition

1.20).

i " o .
Lemma 6.9: Let &’= GO(R) be as above and let S be a permutation-free

section of €. Then there exists a word LA and a state q in S such that

ﬁ(q, wo) is in S whereas ﬂ(q', wo) is not in S for all other states gq'
in S.

Proof: If S consists of a single state then the lemma is trivial. Thus
denote the set of states of S by QS and suppose #QS > 2. We first prove

the following assertion:

(*j For any two states q;, 4, in QS, there exists a word w such that
either ﬁ(ql, w) € QS and M(qz, w) ¢ QS or M(ql, w) ¢ QS and M(qz, W) € QS.
To prove (¥%), assume, oOn the contrary, that for some pair of

states q;, 9, in S, ﬁ(ql, w) € QS iff ﬁ(qz, W) eQS for all words w. Let

x be a word such that ﬁ(ql, x) = q, (such a word clearly exists since q

and q, belong. to the same section S). By assumption, q3 = ﬁ(qz, X) =
M 2y g 1 tained i and inductivel q' = ﬁ(q xi—z) =
M(ql, x~) is also contained 1n QS’ ely, 44 27

l_'I(ql, xl._l) € Qg for all i =1, 2, «e- - ‘

Now we claim that for all i, j, 1 <1 <3 <%, 4y # as- For

suppose q; = d; for some i, j, i < j. Ifj=1+1 then i > 1 and

are both

1

ﬁ(qi_l, X) q; = 9547 = M(qi, x) which shows that q, ; and q;
Since we may assume q;_ 4 # 9y (by taking i to be the

mapped by x to q;.
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smallest integer for which.qi = qi+l)’ it follows that x maps two
distinct .states onto the same state, contrary to the assumption that
o -
G is reset-free.

Thus suppose j — 1 2 2. Then the word x induces on

{qi, Qyp> oo qj—l} the non-trivial cyclic permutation:

X X
q > -> s ecos e o

i 9441
contradicting the fact that S is permutation-free. ‘Thus 9 # q. for
J
all positive integers i, j, i # j, which is clearly impossible. Hence

(*) must hold.

Now let'wl be a word such that for some pair of states

a5 q; € Qs, M(ql, wl) € QS whereas M(ql, Wl) ¢ QS. Define
Q' = {q | q € Qg A F(q, W) € Qg}

and Q1 = ﬁ(Ql, wl). Then 0 < #Q1 < #QS and #Ql = #Ql because S is
reset-free. If #Ql > 1 then there exist'two states q,, qé in Ql and

a word Wy such that ﬁ(qz, WZ) € QS and ﬁ(qé, WZ) ¢ QS' 'Define

Q ={qg | aeq M(q, w,) € Qg}

and Q, = ﬁ(Qz, wz). Then 0 < #Q2 = #Q2 < #Q1 as before. By induction.

for any i = 2, 3, +-> such that #Qi—l > 1, let w, be a word such that

the set
qf = {q | q € Q1 A M, W) € Qg
i
is a non-empty proper subset of Qi—l’ Then 0 < #Q = #Qi < #Qi—l’ where

Q. = ﬁ(Qi, wi). 1t follows that for some positive integer k, #Qk = 1.
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Thus let Qk = {qk}, where qk € QS. By definition of the sets Qi and
Qi’ for every q' € Qi (1 < i £ k) there exists a state q" € Q1 such
that M(q", Wi) = q'. It follows by induction, that for every state
q' in Qi as above, there exists a state ql in Q1 such that =

ﬁ(ql, leZ"'Wi) = q'. Thus let q be a state in Ql such that

- n
- M(q, wlwz...wk) = qk. Since G is reset-free, for all other states ¢

1
= k
L) I | " . - .
in QS’ q M(q', WIWZ"'wk) # q . If q" is contained in QS’ the
definition of the sets Qi and Qi implies that q" should be contained
in Qk’ that is, should coincide with qk. Hence for all states q' of QS

- 4 . . . =
other than q, M(q', Wlwzf"wk) is not contained in QS' Thus L W1W2"'Wk

is the required word and the proof is completed.

N
Theorem 6.5: If G = GO(R) is reset-free, then

A
h(R) = max {x(s) [ S a permutation-free section of G}

Proof: Theorem 6.4 and Lemma 6.9

Corollary 6.2: 1If BO(R) is both reset—free and permutation-free then

h(R) = r(BO(R)).

e g e T LS T
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Chapter 7

Conclusions and Further Problems

In this thesis thé (restricte&) star height of regular
events has been studied. General properties of star height were
investigated as well as some rank-non-increasing transformations
on transition graphs, which led to a stronger version of Eggan's
Star Height Theorem. The problem of determining the star height

of a given event was attacked, both by examining the apparent star

height of an arbitrary regular expression denoting the event, and

by studying the rank of an arbitrary non-deterministic state graph

recognizing the event. The former approach, using the concepts of

cofinal sets of trails and simple regular expressions, led to some

families of events, whose star height equals the rank of the corres-—

ponding reduced deterministic state graphs. The latter approach,

utilizing the R-projection functions and the notion of covering of

state graphs, prbvided a more extensive technique for determining star

height and proved to be quite powerful.

We now summarize the existing methods for determining the
star height of a given regular event R.

(a) If Ris a finite-event, h(R) = 0. Otherwise h(R) = 1.

(b) If R is an event over the single letter alphabet then

h(R) < 1.




()
(d)

(e)

(£)

-(g)

(h)

Unfortunately, the above
the star height of a regular even

best of our knowledge,

the star height of any given event has not yet bee

believe that such an algorithm exists,

If R has the finite intersection property, then h(R) = r(EO(R)) o
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For any event R, h(R) < r(BO(R))[E]
If R is a pure—group event, McNaughton's algorithm

[Mc 4] can be used to determine h(R). If, in addition,

"
GO(R) has a slngle output state, then h(R) = r(EO(R)).

by Theorem 4.1.

If there exists in EO(R) a reset—free section S of rank
greater than 1, then any of the theorems 6.1, 6.2, 6.5
may be applicable to R.

1f EO(R) is itself reset-free with more than one final

state, Theorems 6.3, 6.4 and Corollary 6.2 should be tried. ;

If none of (a) - (g) applies to R, one should try to apply
the graph-theoretical technique introduced in [(Mc 3].

Alternatively, find an event R' > R such that Theorem 4.1

can be applied to EO(R') and R (see Example 4.8). In some

special cases, R might belong to the families of events of

arbitrarily large star height constructed in either [E] or

[Mc 3].

-mentioned techniques for determining
t do not apply to all cases. To the

the existence of a general élgorithm fbr finding
. n established. We do

and would like to present some

further conjectufes.
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L. nooon
Definition 7.1: Let G = GO(R) = (Q, M, a5 F). For any integer

k > 0, define the subset graph gk(R) of order k of R as follows:
n, ok k k
Gk(R) - (N ’ BL ’Nl sNz)
where
k . ' ‘ .
N ={Q(i)|¢¢q cqQ, 1<ic<k}
k | . .
BL = {(in), a, sz)) | 1<i, j<k, aceh, M(Q', 3a) E.Q"}
k _ rgt '
Nl—{Q(i)llSisk,qleQ}
k .
N, = {Qei) | 1<i=<%,Q cF}

Thus Nk consists of k duplicates of each non-empty subset of Q, and
there is a branch labelled by a € A from any duplicate of a set Q' to
any duplicate 6f a set Q" iff Q' is mapped by the input a into Q". The
initial nodes are all duplicétes of subsets Q' containing q; and the

terminal nodes are all duplicates of subsets Q' contained in F.

. ny
One can easily verify, that any partial graph of Gk(R) (k =1, 2, «-)

recognizes a subset of R..
Furthermore, if G¢' = (N, B Nl’ N2) is any non-deterministic

state graph recogniiing R, then the R-projection function fR associates

with each node n of G', a subset fR(n) of Q (which from now on will be

called the R-projection set of n). By Lemma 6.1, M(fR(n); a) g_fR(n')

whenever (n, a, n') is a branch in G', and by Lemma 6.2, for all initial

nodes n € Nl’ fR(n) contains q,

deterministic_state graph recognizing R can be

It follows that every non-

and for all terminal nodes n' € N,» fR(n;) c F.

-
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o
regarded as a partial graph of Gk(R)’ for a large enough k.

Now consider any state graph G' = (N, B N2) recognizing

1 1
R, and suppose that two nodes n and n' of G' have the same R-projection
set, i.e. fR(n) = fR(n'). One can easily verify that the graph

G"= (', B}, Nj,

merges n and n' into some new node, say m, and leaves all other nodes

Né) obtained from G' by a full homomorphism $,- which

fixea, as well as all initial and terminal nodes, is equivalent to G'.
Furthermore, for every node n of G', fRG'(n).= fRG"(¢(n)).

By repeating this procedure for all pairs of nodes with equal
R-projection sets, one finally ebtains an equivalent state graph

G-= (N, BL’ Nl’ ﬁz) in which fR(n) # fR(nf) for all n, n' € N. However,
G might have higher rank than G'. Although in most cases the constructions
presentéd in Chapter 3 enable us to obtain from G' an equivalent graph.E
-of no greafer fank; whose R—projeétion sets are all distinct, this is not
always the case. Two examples will now be presented, one, in which such
a comstruction is possible and another one, in which it is not.

Note that a state graph G' all of whose R-projection sets are

. : r\l
distinct, can be regarded as a partial graph of the subset graph Gl(R)

of order 1 of R.

Example 7.1: Let BO(R) and G' be -the graphs shown in Fig. 7.1 and

Fig. 7.2 respectively. The R-projection sets of the nodes of G' are

jndicated inside the circles representing the nodes. One can easily

Y .
verify that G' is equivalent to GO(R) (in fact both graphs accept the

event (0 u 1)%1). Morecver, fR(nZ) = fR(HB) = {p, gq}. Thus the full
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Fig. 7.3
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homomorphism ¢ merging n, with n, can be carried out, yielding the
equivalent‘graph G shown in Fig. 7.3. One can see that r(G) = r(G') =1
(altgrnatively, one can use Lemma 5.14 toremove node n, from the graph G'
without éffecting its behaviour. The resulting graph would be G' — [nZJ).
G consitutes a state graph of minimum rénk accepting R, in'which all

R-projection sets are distinct. Thus G is a partial graph of El(R).

Example 7.2 (farther-fetched after McNaughton's Far-Fetched Example[Mc 31):

Consider the graphs in Figs. 7.4 and 7.5 respectively. To verify that G'
N
is equivalent to G(=GO(R)), let w € R, and let p = pl(w) be the admissible

ny. :
path in G spelling out w. There are two cases: .

Case (i): P does:not contain the subpath (q, 1, q)z. In that case thefe
exists a path p' in G; = G' - [{nl, nz}] such that p = gR(p'). To see
this, note that G1 resembles E,.except for the missing l1-self-loop on q,
which is replaced by another "duplicate" of ¢ and a l-transition from one

- duplicate to the other. This modification causes the graph Gi to be of

"
rank 1, although G has rank 2.

Case (ii): P contains the subpath (q, 1, q)z. in that case one can

L2 . 2
express p as P = Pjp e (q, 1, @) ° Py> where P, does not contain (4, 1, Q)

as a subpath. Since the graph G, = G' - [{nz, g, By B n6}] obviously

% .
covers G, one can find a path pi in G, such that p; € gR(pi). As for the

path (q, 1, q)z, it is certainly contained.in gR((nl, i, nz)(nz, 1, n3)).

. 2 .
Also Py which starts at g and does not contain (q, 1, qQ) , is clearly

equal to gR(pé) for some path pé in G1 starting at ni. Hence the path

p' = pi - (05 1, “2)(n2’ 1, n3) . pé is an admissible path in G' and
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Fig. 7.4

Psqs

oy

0,1,2

Fig. 7.5
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spells out w.

Tt can be easily verified that G* does not accept any
word not in R. Thus G' is equivalent to ¢ and since r(G') = 1, we
conclude that h(R) = 1. Moreover, one can verify (by exhausting all
cases) that there does not exist any non-deterministic state graph of
rank 1 recognizing R, for which all R-projection sets £ (n) are
distinct. In other words, no partial graph of B (R) of rank 1 accepts
the whole event R.

Furthermore, for any integer t > 0, an example of an event
R of similar nature can be constructed, such that every non-deterministic
state graph of minimum rank recognizing R has t duplicates of at least

one Rt-projection set fR (n), i.e. no partial graph of Gt 1( ) recognizing
t

R has rank h(R ). However in those examples, the number of states in
(R ) grows together with t. It seems that for a given number of states,
say my» in the reduced state graph G (R), there exists an upper bound on

the number of duplicates of a set fR(n; necessary for constructing a

minimum-rank state graph accepting R. This upper bound should be a
function of n, alone.
Conjecture 7.1: 1If EO<R) has m, states, then there exists a partial

m
0
of the subset graph Ek(R) of order k = 2 - 1 such that

graph G'
r(G') = h(R) and G' recognizes R.

"\J -
As for reset-free state graphs GO(R), we conjecture:

Conjecture 7.2: 1If E (R) is reset—-free then there exists & partial

gréph of Bl(R) recognizing R of rank h(R).
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We have been able to establish Conjecture 7.2 only for
reset-free state graphs with no more than two final states.

We would like to mention another interesting open problem
concerning regular events, namely the extended star height problem.
The apparent star height of an extended regular expression (i.e.
using operators U, f, T, v *) is defined in an analogous way to that
of a restricted regular expression. The extended star height hex(R)
of a regular event R is the smallest apparent star height of all extended
regular expressions denoting R. Clearly hex(R) < h(R) for all events R.
In many ceses hex(R) is“iﬁdeed less than h(R) (take, for instance,
R=(Qul)*= B;‘then hex(R) = 0 and h(R) = 1); in fact, the difference
h(R) - hex(R) can-grow arbitrarily. In [Schl Schutzenbetger has proved
that hex(R) = 0 if and only iff R 1is group—free (see Theorem 1.12). This
also establishes the existence of events of extended star height 1. However,

to the best of our knowledge, nobody as yet has been able to prove that

there exists a reguler event of extended star height greater than 1. We

believe that there exist events of arbitrarily large extended star height,
although other people have made contradictory conjectures.

The star height problem could also be extended to certain

families of context—-free languages,'which can be described by some

generalized regular expressions.

+ See (1) Yntema, M. K.z "A generalized regular notation used to
define some families of context-—free languages and to obtain their
closure properties and containment relations" Ph.D. diSEertation,.
University of Illinois, 1965. (2) Brzozowski, J. A Regular—l%ke
expressions for some irregular 1anguages" to appear in the Proceedings
of the 1968 Ninth Annual Symposium on Switching and Automata Theory.
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Appendix A

The following is a counter-example to Conjecture 3.1 (page 50),

suggested by R. McNaughton.

Let A = {al, ays a3 aa}, let Ry be the set of all words over
A having an even number of az's and an even number of a3's, let T be the
set of all words over A having an odd number of al's. Let R = Rl u T,
Note that R - T is the set of all words over A having an even number of

al's, an even number of az's and an even number of ag's. Now h(R) = 3,

h(T) = 2 and h(R - T) = 4.
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'Appendix B -

The following example, due to R. McNaughton, settles the

open problem suggested by Brzozowski (Paée‘53, line 3).

Let A = {al, 2, a3} and let R be the set of all words over
A having an even number of at least two of the three letters. Thus, if

= - * - * * - *
Ey (a {ai}) a, (& {ai}) a,;) (A {ai}) , then
R = (E1 n E2) U (E1 n E3) U (E2 n E3). Now it can be verified (using

the methods,introduced in Mc4) that hR) = 3. LetT =AU ay ua, u ag.

— s .
Then TR = )\ual(E2 U E3) U az(E1 U E3) u a3(E2 U E3). Hence h(TR) 2

]

With a little more effort it can be shown that h(TR) 2. Similarly,

h(RT) = 2.
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ERRATUM

Page 71, lines 10T+ ~ 16T should be replaced by:

"If G has‘a dead state a4 then clearly 9 - [q¢] is identical with
BO(R)’ Moreover, since R is infinite, h(R) =1 and hence r(G - [qé]) =
r(ao(R)) 2 l.. But since 4 cannot be contained in a section of rank

> 1 of G, it follows that r(G - [q 1) = r(6) = r(?;’O(R)). If G has
no dead state then G itself coincides with EOCR). In both cases, since
R has the f.i.p. by the last lemma, we get.h(R) = r(BO(R)) = r(G) by

Theorem 4.1."

Page 92, line 9B+ should be replaced by:

Moase (c): ny and n, are both contained in a section S of D and

nl(nz) is a cycle center of D. Then by Lemma 5.6 condition cel"

page 107, 1ine 4B should be replaced by:

" . some k = 1. We may clearly assume that my # n. By Proposition 2.4:"

+ 10T: 10-th line from top

9B: 9-th line from bottom





