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Abstract

Heterogeneity is a pervasive and ubiquitous aspect of physical and biological systems. This
is especially true in the brain, where heterogeneity exists across all scales, from genetics
and ion channel distribution to cell types and patterns of neuron connectivity. This hetero-
geneity has been linked to stable, persistent behaviour, increased information transmission,
and effective neural encoding. Importantly, although neural heterogeneity is often regarded
as a static property and modelled as a fixed meta-parameter, this is not the case in the
brain. Rather, heterogeneity is, in many instances, a dynamic property of the brain that
alters in response to persistent activity and brain state which has been associated with
increased stability and robustness. However, the importance of specific manifestations of
heterogeneity, in static or dynamic forms, is less clear. That is, recent research has shown
that, despite many decades of research exploring animal-to-animal and cell-to-cell hetero-
geneity, it may have no bearing on the net electrical output of the cells and that neurons
possess considerable electrophysiological overlap despite their heterogeneous composition.

In this thesis, we explore heterogeneity in both its malleable and static forms. We first
propose a model for a firing rate-based homeostatic adaptation of neural excitability (e.g.
gain). Endowing a simple network model of excitatory neurons with this candidate mecha-
nism and heterogeneous excitability. Measuring the net heterogeneity as a function of the
average pairwise difference between neurons, we explore how this heterogeneity may be up-
or down-regulated in response to external stimulation and network-related factors such as
degree of connectivity, and presynaptic firing rate and weights. Maintaining heterogeneity
in neural excitability has been experimentally and computationally demonstrated to be
crucial to having persistently stable network dynamics. Notably, these observations have
been made in very generalized frameworks, where the heterogeneity in neural excitability
is assumed to arise from similar distributions for all cell types. However, highly detailed
datasets of human cortical neurons have demonstrated this to be inaccurate. Rather, sub-
types of cells have characteristic groupings of responsiveness and input sensitivity (e.g.
excitability). Leveraging one such dataset made freely available by the Allen Institute for
Brain Science, we investigate the effects of distinct excitabilities between the excitatory
and inhibitory neurons on network dynamics.

Beyond excitability, we consider the effects of morphological (e.g. neuron architecture)
heterogeneity on neurons’ responses to external stimulation. Using biophysically accurate,
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freely available models of mouse primary visual cortex neurons, we do a detailed charac-
terization of their whole cell (e.g. length, volume, etc.) and compartmental (e.g. branch
thickness and length, etc.) traits. Simulating the neuron models under a uniform elec-
tric field, we record the somatic membrane potential response and link it to the strength
of the applied field to define the susceptibility of each neuron to simulation. Thereafter,
correlation and partial correlation analyses are performed to explore the importance of
morphological traits to neuron susceptibility. The null results of these efforts then sug-
gest that the high degree of heterogeneity in neuron morphology may limit the selectivity
with which they can be targeted, and support the notion that neurons demonstrate high
electrophysiological overlap.
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4.1 A) The activity of a single point neuron is simulated for increasing ampli-
tudes of fixed current, Iinj. The average number of spikes evoked for each
current amplitude is plotted under three different excitability conditions:
hyperexcitable (0), midrange excitable (1), and hypoexcitable (2). B) The
mean rheobase of a neuron with the excitabilities shown in (A) across 10
trials. Error bars are SEM. C) The average number of spikes evoked per
injected current strength as a function of the excitability of the neuron as
shown in (A). D) The linear-rescaled (see Methods) slopes, β, and thresh-
olds, h, for the excitatory (blue) and inhibitory (red) neurons in the Allen
Institute for Brain Science dataset [58, 182]; E) the excitability curves for
each {β, h} pair in (D). A network of N = 1000 neurons is parameterized
with {β, h} per (D), and randomly connected with probability ρ = 0.133.
F) the probability distributions of (left) the β and (right) h values for the
excitatory (blue) and inhibitory (red) neurons. Simulating this network
with low-amplitude, uncorrelated noise (DE = DI = 0.01; c = 0) yields G)
histograms of the excitatory (blue) and inhibitory (red) temporal-average
population firing rates. A subset of the activity (∆t = 250 ms) is shown in
H) a raster plot. The black line is the population-average firing rate (⟨r⟩N). 137

4.2 Network simulations are performed such that each excitatory (E) and in-
hibitory (I) neuron is endowed with the effective excitability of that pop-
ulation. This is considered under three conditions: A) the control (i.e.
true dataset), a mixed case (i.e. E and I are considered to have one dis-
tribution), and a reversed case (i.e. switching the distributions of the true
dataset). Simulating each network of N = 1000 neurons for Ntrials = 5
with low correlation, low amplitude noise (c = 0.2; DE = DI = 0.01), B)
the population mean firing rates (in ms−1) for the excitatory (left) and in-
hibitory (right) neurons are shown. C) The average correlation of the firing
rates is calculated as the average Pearson correlation, ⟨Rc⟩N , for each type
of connectivity. Asterisks above the bars for the reversed condition indi-
cate a significant difference from the control and mixed cases, calculated by
a Mann-Whitney U test. Asterisks indicate that p < 0.05. Error bars are
SEM. D) An example raster for one simulation of each condition. The black
line indicates the average firing rate. . . . . . . . . . . . . . . . . . . . . . 140
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4.3 The A) mean population firing rates of the excitatory (left) and inhibitory
(right) neurons in a heterogeneous (dotted bars) and homogeneous (solid
bars) network receiving varying levels of noise correlation, c (DE = DI =
0.01). Each simulation is carried out for Ntrials = 5. Error bars are variance
and asterisks indicate p < 0.01 for a MannWhitney-U test. B) The tempo-
ral average firing rate of the excitatory (blues) and inhibitory (red) neurons
in a network with heterogeneous (left) and homogeneous (right) excitability.
Lighter shades are higher levels of noise correlation. C) The correlation of
the neurons’ firing rates, ⟨Rc⟩N , is measured as the average Pearson corre-
lation coefficient across each type of connectivity in a heterogeneous (left;
dotted bars) and homogeneous (right; solid bars) network across varied input
correlation levels, c. D) The difference, ∆⟨Rc⟩N = ⟨Rc⟩Homo

N − ⟨Rc⟩Hetero
N ,

in the firing rate correlations measure between the two networks as a func-
tion of increasing noise correlation. Asterisks indicate the p-value (∗ : p <
0.01; ∗∗ : p < 0.001) for a MannWhitney-U test of the type of connectiv-
ity between the heterogeneous and homogeneous cases. E) Example raster
plots of a heterogeneous (upper) and homogeneous (lower) network receiv-
ing completely correlated noise (c = 1.0) and completely uncorrelated noise
(c = 0.0). Black lines are the average firing rate. . . . . . . . . . . . . . . . 143

4.4 The network is simulated with a partially correlated additive noise (c = 0.2)
for Ntrials = 5. A) The average firing rate in ms−1 of the E and I cells is
plotted for various levels of baseline current (IE, II) are plotted for changing
the magnitude of the excitatory to excitatory weights (left), excitatory to
inhibitory weights (mid-left), inhibitory to excitatory weights (mid-right)
and inhibitory to inhibitory weights (right). Keeping the network in the
regime used for the Figures (4.2 and 4.3) (e.g. IE = II = −0.55), we plot
B) the average firing rate correlation, ⟨Rc⟩N , is calculated for each of the
weight changes and types of connectivity. . . . . . . . . . . . . . . . . . . . 145

4.5 Normalized threshold and slope values for all human cortical neurons in the
dataset from the Allen Institute for Brain Science coloured according to:
patient condition (left), brain region (center), and cortical layer (right). . . 149
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4.6 A) The excitability curves of the rescaled (see Methods) dataset for neu-
rons in each cortical layer. Shades of blue are excitatory, shades of red are
inhibitory. B) The average slope, β, of the excitatory and inhibitory ex-
citabilities by layer. C) The average threshold, ⟨h⟩, of the excitatory and
inhibitory excitabilities by layer. Error bars in (B) and (C) are standard
deviation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

5.1 Whole-cell morphological characterization. A) Example morpholo-
gies of one model neuron each for pyramidal (left) and parvalbumin (right)
neurons in layers (L) 23, 4, and 5. B) (top) Vector magnitudes of all neu-
ron models split by layer and type; (middle) Length in the z-direction of
all neuron models; (bottom) ellipsoid volume occupied by neuron models.
Error bars are standard deviations. All bars are colour-matched to the mor-
phologies shown in the example column of panel A). Significance determined
using Mann Whitney U tests; single star represents p < 0.05. C) Example
morphologies and schematic for a PC and a PV neuron model with repre-
sentative myelination on their axons. In (C), Ci, i = 1, 2, 3 represent the
axonal compartment and the blue sheet over C2 is myelin. . . . . . . . . . 157

5.2 Dendritic and axonal compartment characterizations. Compartmen-
tal properties averaged across neuron cell-subtypes of dendrites (top row)
and axons (bottom row). Individual points plotted on/above the bars are the
compartmental quantity average for individual models; bars are the mean
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are standard deviations. Significance determined using Mann Whitney U
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5.3 Uniform electric fields impact on somatic membrane potential po-
larization. A) Schematic of a uniform electric field, E, being applied to a
neuron model; B) Example single trial responses of the somatic compart-
ment of a PV layer 5 neuron model to a uniform field for E = −50 mV/mm
(dark red), and E = +50 mV/mm (light red). The black dashed line is the
average response to noise (E = 0 mV/mm) over ten trials. C) Top: Average
polarization of the somatic membrane potential (⟨V ⟩) across trials pooled
by layer. Error bars are the standard deviation measured across trials. Bot-
tom: average coefficient of variation ( ⟨CVV ⟩) of the membrane potential
at different E-field strengths, pooled by layer. Error bars are the standard
deviations across trials. D) Top: Average membrane potential across trials
pooled by neuron sub-type. Bottom: average ⟨CVV ⟩ of neurons at differ-
ent E-field strengths pooled by neuron sub-type. Solid lines are myelinated;
dashed lines are unmyelinated. Error bars are the standard deviation. . . . 160
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Susceptibility of average somatic membrane potential polarization (see Fig-
ure (5.3C-D)) per neuron as a function of their A) vector magnitude, B)
neuron length, and C) volume occupied. At the level of dendritic (upper)
and axonal (lower) compartment properties (see Figure (5.2)), the suscep-
tibility of the average somatic membrane potential polarization is shown
as a function of D) average compartment length, E) average compartment
diameters, and F) number of branches. All susceptibilities are calculated
from response in the upright (0◦) orientation. Schematics to the right of
each plot correspond to the quantity on their x-axis. The Pearson correla-
tion coefficients, R, their significance, p, and the line of best fit are found
using SciPy’s linear regression package [340].In line with the scheme used
in Figures (5.1) and (5.2), the colours of the points correspond to the layer
and cell type of each neuron (red = PC L5, orange = PV L5, yellow = PC
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5.5 Lack of morphological specificity holds even with fixed ionic prop-
erties. A) For a subsample of neuron models (i.e., PC L2/3 models), ionic
conductance were set to the same fixed value across all dendritic and axonal
compartments (see Methods). Change in polarization to a uniform electric
field was measured from the somatic compartment. Different shades of blue
denote individual models. Replotting the susceptibility-morphological prop-
erty scatter plots from Figure (5.4A-C) for B) vector magnitude, C) length
and D) volume. The susceptibility of the controlled models from panel A)
are added to the scatter plots as black stars. . . . . . . . . . . . . . . . . . 166

5.6 Orientation effects on the polarization profile of neurons. A) Av-
erage membrane potential per compartment for E = −50mV/mm applied
to an example L5 PV neuron model as it is rotated 0o, 90o and 180o (left to
right) with respect to the y-axis. Orientation is indicated in upper right of
each plot by the arrows on the circles. The lightness of blue on the arrow
corresponds to the curves on plots in (B). B) The relationship between the
example neuron model orientation and average membrane potential with
respect to the applied E-field, error bars are standard deviation. The sim-
plified neuron schematic in the bottom right of each plot indicates which
compartment type is being plotted (left to right: somatic, axonal, den-
dritic). The exact section of the neuron being recorded from is indicated by
the colour-matched triangles in the rightmost panel of (A). In the left panel
of (B) the average membrane potential at 0o orientation from the somatic
compartment of all models is indicated by the grey line with the error bars
as their standard deviation. The inter-model mean was compared with the
single model mean using a MannWhitneyU Test and no significant difference
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5.7 Partial correlation analysis shows no significant correlation be-
tween susceptibility and morphology traits. A) Heat map of the
spearman correlation coefficient between each of the morphology traits con-
sidered in this work. Significance (p-values) for these correlations are written
on each block rounded to two decimal places. Cases with p < 0.01 (shown
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Introduction

Diversity, or heterogeneity, is found across scales throughout physical and biological sys-

tems. Specifically, in the context of complex systems, heterogeneity refers to the idea that

individual instances of a specific type of system are not identical in composition. Impor-

tantly, this is a scale-dependent concept and can refer to characteristics as large as the

number of stars within different galaxies to details as small as the expression of one differ-

ent base pair on the same DNA strand between siblings. Having such widespread breadth,
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it is perhaps unsurprising that heterogeneity is found in a multitude of systems in our

world, ranging from the different species of animals and plants in food webs and ecosys-

tems, differential gene expression between members of the same species, and the multitude

of configurations of chemical elements that comprise the various molecules of our world

[215, 168, 12, 178]. Despite its pervasiveness, heterogeneity was long treated as an insignif-

icant confound or noise to be reduced or neglected while studying the underlying signal

patterns [137]. Nevertheless, the question has remained: Given its ubiquity, what, if any,

functional role(s) does heterogeneity have? The answer to this remains poorly understood.

Early intuition, based largely on qualitative observation in ecosystems, speculated that

maximal levels of heterogeneity were the most stabilizing for any complex system [200,

178]. However, the mathematical interrogations of this relationship by numerical [110] and

rigorous analytical [212, 213] approaches found network stability to decrease with increased

diversity and complexity. These perplexing theoretical works were subsequently challenged

as over-simplifications in comparison to real-world systems (e.g. ecosystems, the internet,

etc.), which began the long-standing debate on the true relationship between complexity

and stability [178]. In line with the initial qualitative observations, an increasing body of

theoretical and numerical studies across many different complex systems [9, 168, 12, 312,

60, 23, 275, 218, 153, 152] have found that heterogeneity plays a role in determining their

stability, resilience, and robustness. Understanding this relationship and what source(s)

of heterogeneity contribute to it [243, 105] is of great interest for predicting the long-term

dynamics and sustainability of a given system. Indeed, studies of this exact relationship

have canvased a variety of fields over the past century, from ecosystems [200, 110, 212,
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213], to immune response [25, 244, 89, 294] and disease [289, 137], and more recently the

brain [248, 335, 324, 275, 153, 149, 152, 112].

The same principles that were applied to ecosystems can, and have been, extended to

other complex systems such as communication networks [9, 116], social interaction [190,

218], and neural networks [343, 154, 153, 152]. Within this thesis, we consider heterogene-

ity in the context of the brain at the cell-to-cell level. In recent years, the accumulation

of datasets with unparalleled resolution [182, 44] has made it increasingly evident that the

brain is rife with diversity. Across scales from genomics [314, 295, 298, 161] and electro-

physiological properties of individual cells [205, 204, 226, 182] to the cellular architecture

(e.g. morphology) [259, 42, 129], types [122, 58] and connectivity [159, 93]. Moreover,

cell-to-cell heterogeneity has been linked to the functional specialization of neurons in dif-

ferent regions of the brain [98, 167], and differs across species [26, 210]. Cumulatively, this

marks heterogeneity as an unavoidable feature of neural circuits, whose functional role(s)

are poorly understood.

Importantly, though often described and considered as a static meta-parameter [137]

that results solely from genetic disposition, recent work [205, 204, 226, 275, 227] has shown

that heterogeneity is a highly dynamic property of neural circuits. This is, in part, due to

the neurons’ own ability to change through time via adaptation. In the brain, adaptation

refers to a variety of activity-dependent mechanisms that give neurons the flexibility needed

to respond to the range of input they receive while maintaining stable neuronal dynamics.

Like heterogeneity, these mechanisms occur on different scales, from ionic currents and

synaptic connection strengths to the overall sensitivity of a neuron (i.e. excitability) [332,
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364, 77, 78, 94, 31]. The ability of neurons to adapt is crucial for neural encoding [347,

346], information transmission [117], development and learning [332, 333]. However, at

odds with this continual change is the brain’s need for stability. An ever-growing body of

literature [332, 83, 77, 333, 205, 78, 204, 246, 97, 31, 14, 208] supports that the brain’s

dynamical stability is maintained through engaging several types of homeostatic adaptation

(i.e. adaptation returning a neuron, or network of neurons, to an equilibrium state following

a perturbation). Moreover, in line with ecological research, neural heterogeneity has been

linked to stability, robustness, and increased computational potential [248, 153, 112, 152].

Conversely, loss of heterogeneity between neurons was found to be conducive to the onset

of pathologies, including tinnitus [192, 138], neuropathic pain [69], and epilepsy [275, 153,

227], suggesting an important functional role.

In this thesis, we are interested in exploring the heterogeneity of neurons at a cell-to-cell

level within a few different contexts. First, we investigate the malleability of electrophys-

iological heterogeneity in terms of neural excitability. Second, the role(s) of the diversity

found in the neural excitability of human cortical neurons are interrogated for their con-

tributions to circuit-level dynamics. Finally, at the level of single cells, we explore the

role of heterogeneity in neuron morphology (e.g. cell structure) in the response variability

observed under stimulation conditions.

Neural excitability is a measure of the gain of a given neuron as an input-output (IO)

function, often experimentally recorded in terms of the response frequency to different

strengths of fixed current input (e.g. a frequency-current, or fI, curve) [155, 305, 193,

97]. These relationships define the type of excitability a neuron has, as established by
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Hodgkin in early work on squid axons [143], whether it is continuous and able to respond

to arbitrarily low frequencies of input (Type I), or discontinuous and requires a certain

strength of input to evoke response (Type II) [155, 305]. From a physical standpoint, these

different classifications are of great importance to the dynamical behaviour of a network as

they capture the spiking response and bifurcations that occur for a given neuron [281, 307].

Beyond such considerations, the heterogeneity observed in neural excitability neuron-to-

neuron even within a single class [226] is of particular interest, as excitability is known

to be dynamically modulated by network activity [331, 77, 193], and its heterogeneity

has been found important in maintaining healthy, stable brain activity and information

optimization [165, 275, 153, 152, 112].

Despite its commonality as a measure in classifying the electrophysiological properties

of neurons, much remains unknown about neural excitability in the brain. Specifically,

though homeostatic adaptation of neural excitability is known to occur [331, 77, 193,

97, 31], the exact mechanism by which it occurs is less clear, although phenomenological

models and experimental works have supported intracellular calcium as a key regulator

[188, 2, 239, 246, 245]. Despite this, many questions remain around the heterogeneity

observed in neural excitability, how it is maintained, and what effects it has on network

dynamics. This is especially true as the curation of evermore precise electrophysiological

datasets [237, 58, 182, 67, 210] has made clear that subclasses of cortical neurons (e.g.

pyramidal excitatory neurons, parvalbumin interneurons, somatostatin interneurons, etc.)

have distinct groupings of excitability profiles. The importance of these groupings to

maintaining stable network dynamics is further unknown.
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Beyond neural excitability, widespread heterogeneity is also observed within and be-

tween the morphologies of neurons of various subtypes and layers [362, 122, 123, 226, 58,

182, 67]. Indeed, many neurons have been classified into subtypes based in part on stereo-

typical architectures [56, 173, 362, 42, 122], and morphology has been known to contribute

to neuron response due to its influence on synapse location and density, and hence dendritic

integration [140, 286, 325]. Moreover, recent research has associated specific morphological

arbours with functional role in object-related memory formation [167]. Such stereotypical

architectures and functions have been of increasing interest in the last three decades as

targets for selective activation for therapeutic purposes [263, 359, 194, 4]. However, the

tractability of such an approach remains unclear. Moreover, recent results have demon-

strated morphological heterogeneity alone to be insufficient [17] or unnecessary [243] in

replicating the electrical responses of neurons.

To this end, in the context of neural heterogeneity, we ask three fundamental ques-

tions: 1) Which feature(s) of neural activity contribute to the homeostatic adaptation of

neural excitability, and is there an impact on heterogeneity? 2) What are the dynamical

consequences of physiological, heterogeneous excitability profiles? and 3) To what extent

does morphological heterogeneity help or hinder the specificity with which neurons can be

activated? Each of these questions is answered in a different chapter of this thesis.

Previous studies have made their own forays into investigating the questions of this

thesis. In terms of neural excitability, many studies have noted the wide variety of ion

channels that endow neurons, controlling their excitability and contributing to their activ-

ity [78, 246, 63, 119], the most well known of which are sodium (Na+) and potassium (K+)
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that were described in the seminal work of Hodgkin and Huxley [143, 144]. The exact dis-

tribution of these ion channels, and hence neural excitability, varies between brain regions,

across cell types, and throughout the parts of individual neurons [119, 208]. Importantly,

as has been of increasing interest in the last thirty years, the expression of these channels

is flexible and, as has been observed under a variety of experimental conditions, can mod-

ulate neural excitability by up and down regulating expression [188, 2, 331, 83, 332, 205,

204, 193, 354, 10, 247]. Specifically, separate from the dynamical questions of interest in

this thesis, it has been shown that the expression of the genes that regulate ion channels,

and hence their distribution, can change through time and in response to altered activity

[78, 119, 208]. An example of this comes from a study in which rat cortical neurons were

cultured with tetrodotoxin (TTX), a voltage-gated Na + channel blocker, for 2 days before

being washed out [83]. Although the kinetics of the Na+ channels were unaffected, the

current densities of both the inward Na+ and outward K+ had changed in compensatory

fashion. That is, it was not the Na+ conductance itself that mattered, but the dynamic

ratio of all the involved conductances. A similar work, [309], furthered this result by study-

ing the effect of acute (TTX, similar to [83]) and long-term changes (genetic knockout of

Na+ channels) in mouse Purkinje neurons. Recording the relative contributions of other

conductances, it was found in both conditions that, despite variability between cells, the

spiking behaviour was made resilient to changes in Na+ via compensatory feedback mech-

anisms by altering the availability for action and expression levels of other ion channels.

The feedback control of these ion channel expressions has been phenomenologically linked

to calcium expression as a monitor of cellular excitability [188, 2, 78]. More recent models
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[239, 246, 245] have built on this to better reflect the biophysics of different ion channel

types (e.g. turnover rate, channel correlations, multiple solutions, etc) and improve under-

standing of the homeostatic mechanisms underlying excitability adaptation. Despite this

increasingly improved understanding of the biological mechanisms involved in excitability

homeostasis, the heterogeneity involved between neurons makes it challenging to resolve

and much remains unknown about it.

Importantly, the cell-to-cell heterogeneity of excitability has also been modelled and

shown both numerically and analytically to increase the stability of network-level activity

[153, 152, 112] and improve information encoding of sensory information when subpopula-

tions have different excitabilities in low noise regimes [165]. From a dynamics perspective,

the increased heterogeneity of the excitability has a linearizing effect on the mean excitabil-

ity of the population [187, 275, 153]. That is, broadening the distribution of excitabilities

leads to lower variance and reduced correlation in the population dynamics. This has ad-

ditionally been shown theoretically to reduce the number of stationary states [152] and

hence increase the resilience of the network.

What has remained unaddressed is the assemblage of these ideas. That is, an explo-

ration into the relationship of homeostatic adaptation in excitability to the heterogeneity

observed between cells and the increased stability it provides. Here, we aim to shed light

on this by introducing a candidate mechanism for the homeostatic adaptation of excitabil-

ity and exploring how it may drive heterogeneity up and down. Thereafter, we endow a

network model of excitatory and inhibitory neurons with physiological excitabilities and

explore the effects of their subpopulation differences and heterogeneity on the asynchronous
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state of the network.

Finally, we interrogate the importance of morphological heterogeneity. Leveraging bio-

physically detailed models with accurate morphologies of real cells, we characterize, in de-

tail, the physical traits of each model. The models are then subjected to various strengths

of electrical field stimulation, and their response is recorded. The relative response to each

stimulation strength is then related to the various morphological features, and correlation

analyses are performed to interrogate the influence of each feature on the neuron response.

The thesis is organized as follows. In Chapter 2, we present the essential notions and

concepts from both physics and neuroscience necessary to understand the rest of the the-

sis. We review neural heterogeneity starting at the macroscopic scale of the brain and

leading to increasingly smaller scales before concluding with a more in-depth description

of the electrophyisological and morphological scales of cell-to-cell heterogeneity that are

the focus of this work. Thereafter, we review descriptions of neurons themselves including

examples of how they have been modelled in both single-neuron and circuit-level networks.

Special attention is paid to neural excitability which is the heterogeneity source of in-

terest in Chapters 3 and 4. Several mechanisms of neural adaptation are subsequently

overviewed in both their neurological and modelling frameworks, including descriptions of

how adaptation has been implemented in different model frameworks. Within this, we pay

particular attention to homeostatic gain modulation as a mechanism of adaption for neural

excitability, a major theme of Chapter 3. In this we additionally introduce maladaptive

versions of this modulation and subsequently describe non-invasive brain stimulation tech-

niques, which have been used as neuromodulatory interventions in such circumstances. In
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this, focus is placed on transcranial electric stimulation, which is utilized in Chapter 5.

The chapter closes by revising key concepts from dynamical systems and describing the

numerical methods used for the simulations throughout this thesis.

Chapter 3 presents a model of a simple network of excitatory neurons endowed with

heterogeneous excitability that is modulated by an activity-dependent homeostatic mech-

anism. We define the model and homeostatic mechanism of neural excitability in detail,

deriving the underlying factors that modulate the amount of heterogeneity in the neuron-

to-neuron excitability. The response of the network heterogeneity level to perturbations of

in-network (e.g. connectivity) and external (e.g. stimulation) factors is computed. Finally,

the persistence of induced heterogeneity within the model network is assessed.

Chapter 4 leverages a recent dataset of human cortical neuron excitabilities [58, 182] for

both excitatory (E) and inhibitory (I) cells. These excitabilities are randomly assigned to

neurons within a simple EI network model to perform an exploratory study into how their

between- and within-cell-type heterogeneity influences the network dynamics. We begin

by characterizing the excitabilities and parameterizing the baseline state of the network,

in one which shows largely asynchronous irregular spiking [49]. Beginning with the mean

excitabilities of the two populations, we explore the role of between-cell-type heterogeneity

on the firing rate and synchrony of the networks. Thereafter, expanding into the within-

cell-type heterogeneity, we continue our investigation into the effects on the firing rates and

synchrony, as well as considering sensitivity to presynaptic weight changes and additive

noise correlations. From this, we find that the between- and within-cell-type heterogeneity

of the excitabilities both contribute to network firing rates and synchrony, and that the
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more homogeneous, hyperexcitable inhibitory excitabilities may contribute to insensitivity

to changes in presynaptic inhibitory, but not excitatory, weights.

Finally, in Chapter 5, we interrogate the relationship between heterogeneous neuron

morphology and response variability to transcranial direct current stimulation. Using

open-source, biophysically detailed models of real mouse neurons, we characterize the mor-

phological properties of pyramidal neurons and parvalbumin interneurons from layers 2/3,

4 and 5 at both the whole-cell level (e.g. neuron length, volume, etc.) and microscopic level

(e.g. number of branch, branch width, etc.). The models are simulated under conditions

of variable uniform electric field strengths, with the somatic membrane potential recorded

and their relationship quantified by a metric of susceptibility, which relates relative respon-

siveness to stimulus strength. Thereafter, the susceptibility of each model is interrogated

with respect to its morphological properties to identify any correlations between neuron

morphology and response. The chapter closes with correlation and partial correlation anal-

yses, as well as dimensionality reduction, which find no significant correlation between any

singular morphological feature and neuron responsiveness.
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2

Background

In this thesis, we are interested in exploring the neural heterogeneity at the cell-to-cell level

in a few different contexts. In this chapter, to understand the language and properties

of the models herein, we will outline the most relevant aspects of neuroscience and the

fundamental properties of dynamical processes for modelling and analyzing such systems.

To this end, while this review is by no means exhaustive, we begin in Section (2.1) where
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2.1. THE NEURON

we describe the neuron and review some classical models of single neurons and networks.

We then introduce neural heterogeneity first in its broad presence across multiple scales and

review in detail the cell-to-cell scale differences, and their inclusion in model frameworks,

as the area of interest to this thesis (Sections (2.1.3) and (2.1.3)). Thereafter, in Section

(2.2), we introduce mechanisms and models of neural adaptation, followed by a brief review

of neuromodulation via stimulation in the lens of the non-invasive variety relevant to this

work. Section (2.4) overviews neural networks and the analysis in the context of dynamical

systems. Finally, Section (2.5) briefly reviews the numerical methods used in this work.

Explicit references will follow in the text.

2.1 The Neuron

The cells that mediate all neural interactions are called neurons, and are themselves respon-

sible for the transmission of electrical pulses in the form of propagating chemical gradients

of electrically charged molecules known as action potentials [232, 183]. Neurons are com-

prised of three major, functionally distinct, sections: the dendrites, soma and axons [115].

In broad terms, the dendrites can be thought of functionally as the input device, collecting

and integrating all of the transmissions received by the neuron; the soma is the central

processing unit, performing important nonlinear steps whereby an output is created af-

ter sufficiently large input is received; and the axons are the output device, transmitting

the electrical signal on to other neurons (Fig (2.1)). This oversimplified representation

of the complex biophysical processes involved in neuron activity can be traced back to
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2.1. THE NEURON

the McCulloch-Pitts model [216], which reduced action potential transmission to a simple

logic operation. Such simplified approaches have been widely utilized in neural network

models, such as the Hopfield model of associative memory [145], and made significant con-

tributions to scientific advancement in the artificial intelligence and statistical mechanics

communities.

In their less simplified form, the exact shape, size and arrangement of neuron archi-

tectures vary immensely throughout the brain [42, 226, 182, 64], as described in Section

(2.1.3). Despite this widespread heterogeneity, some populations of neurons have been

found to be remarkably electronically compact [243] and, more generally, neurons demon-

strate a startling amount of electrophysiological overlap [226]. Moreover, irrespective of

their shape, size, location, or functional role, neurons relay their electrical signals via the

sequential polarization and depolarization of their membranes via sudden discharges of

electrically charged particles from the starting region of the axon (e.g. axon hillock -

where the axon attaches to the soma) [232]. For modelling purposes, where biophysical

detail is simplified, this discharge event is often attributed to the soma.

When neurons are at rest, the various charged particles are separated into their re-

spective groups on either side of the membrane, creating a chemical gradient that yields a

baseline or resting membrane potential of, on average, between −70 and −80mV at equi-

librium [71]. When this equilibriated state is perturbed by impinging chemical or electrical

signals, the transmembrane voltage increases. In the event that this increased voltage

surpasses a threshold level, usually around −50 to −40mV [232, 183, 305, 115], a charac-

teristic depolarization and repolarization event occurs. While various cations and anions
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2.1. THE NEURON

Figure 2.1: An example neuron (image from [344]) labelled to indicate the stages of pro-
cessing in relation to McCulloch-Pitts like neuron models [216, 145].
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2.1. THE NEURON

(Ca2+, Na+, K+, Cl-, etc.) are involved in the overall process, the canonical conduc-

tances underlying the action potential are Na+ and K+ [231]. Specifically, when the local

potential increases to the threshold level, the voltage-gated Na+ channels open, allowing

an influx of Na+ ions (depolarization). This sharp, stereotyped jump in voltage is often

called a spike. At the peak depolarization, the voltage-gated Na+ channels close, and the

voltage-gated K+ channels open, allowing K+ ions to flow out (repolarization). The whole

of this interaction forms an action potential, whose electrical pulse is propagated down to

the axon terminals (connecting junction(s) with recipient neurons) where the post-synaptic

cell(s) receive the activity as new input.

Neural excitability

Neurons receive a vast array of electrical and chemical inputs via their synapses over

time. The strength with which an individual neuron responds to such incoming signals, its

propensity to fire action potentials [363], is referred to as the excitability of the neuron. The

excitability depends on an ensemble of intrinsic properties, including resting potential, in-

put resistance, membrane capacitance, membrane pumps, and time- and voltage-dependent

membrane conductances [229]. How excitable a given neuron is comes from the expression,

localization and kinetics of the voltage- and calcium-gated ion channels that populate the

neuron’s surface [102], as well as those transmitting potassium, sodium and chloride [99]. In

addition to active control by the ion channels, neural excitability is also passively regulated

by the architecture or morphology of the neurons. This then contributes to type-specific

excitabilities throughout the brain [237, 58], including differences for neurons across layers
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2.1. THE NEURON

for neurons of the same type [226].

Experimentally, the excitability is characterized by a form of input-output relationship

of a neuron, usually obtained by application of fixed-time current pulses and measuring the

frequency of action potentials evoked [229, 226]. The excitability then reflects the amount

of action potentials evoked and what amplitude of current is required to generate them

(e.g. the neuron’s rheobase, or threshold of activation) (see Fig (2.2)). Specifically, neurons

that receive low levels of average activity tend to be more excitable, such that they can

respond strongly when a stimulus arrives. This manifests as producing high numbers of

action potentials from lower stimulus strengths than less excitable neurons. Conversely,

neurons that receive high levels of input on average need to be less responsive (e.g. only

respond to strong input) and so tend to be less excitable and have a higher rheobase. This

relationship can then be modelled by a number of different mathematical functions (see

Section (2.1.1)).

The excitability of a neuron reflects its sensitivity to any incoming input. From a

physical standpoint, it can be described as a reflection of the proximity a given neuron is

to a bifurcation point [155]. That is, where a slight increase (or decrease) in input will

move the neuron from quiescent to spiking behaviour (or from spiking to quiescent). The

excitability, itself, can additionally be subdivided into two major classes: Type I, in which

the excitability curve is continuous and has a non-zero response to even low amplitude

input, and Type II, where below some critical current value there is no response, and

above which an abruptly strong response is evoked [143, 155, 305].
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Figure 2.2: The excitability of a neuron describes the sensitivity, or responsiveness, of a
neuron to a given incoming current. This is demonstrated here in three example cases
of (i) hyperexcitability, (ii) mid-range (or control) excitability and (iii) hypoexcitability.
When the three cases are simulated with a step current of fixed amplitude, we see that
A) the firing rate of the hyperexcitable neuron is much higher than either the control
of hypoexcitable cases. When measured experimentally, excitability describes the curve
of a neuron’s output (e.g. firing rate) as a function of the strength of input it receives
(e.g. current amplitude). For the three cases here, B) examples of the excitability curve
expected of the excitability levels in cases (i), (ii) and (iii) of (A) are shown. In a rate-based
homeostatic framework (see Chapter 3), the hyperexcitable neuron results from adaptation
to receiving low-strength input, and the hypoexcitable neuron results from receiving high-
strength input.
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2.1.1 Single neuron models

The long-studied [143, 144, 163, 231] sequence of events involved in depolarization and

action potential generation are highly complex, with underlying molecular details that far

exceed the scope of this thesis. However, since Lapique’s efforts in the early 20th century

([50] and references therein), many efforts have been made to represent these complex

actions of neurons in more simplistic ways by leveraging mathematical and computational

tools [216, 144, 145, 114, 155, 115]. Herein, we will briefly describe a few such models,

focusing on those salient to the work in this thesis.

Leaky-integrate and fire neuron model

Theorized in the early 20th century, the leaky-integrate and fire (LIF) model is the

oldest and simplest neuron model. It captures the change in membrane voltage during the

initial depolarization stage up to the threshold value where, biologically, the sharp voltage

change of the spike occurs [305]. In simple terms, this model can be thought of as an RC

circuit model, wherein a small patch of passive membrane is modelled up to the threshold

and, upon reaching that threshold, a spike generation and reset mechanism is implemented.

The standard equation for an LIF below the threshold, although many variations have

seen been developed [155, 305, 115], is given by:

C
dV

dt
= −gleakV + I (2.1)
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2.1. THE NEURON

where V is the membrane potential, C is the membrane capacitance, gleak is the con-

ductance, and I is the total current flowing through the cell. Whenever the artificial

threshold membrane potential value, Vth, is reached (e.g. V = Vth), the neuron fires a spike

and V is reset to some chosen resting membrane potential value, Vr (see Fig (2.3A)). The

LIF model is an early example of a conductance-based model where, representing passive

phase of somatic activity, the incoming currents, I, determine the neuron’s subthreshold

dynamics.

This simple model represents a case of a single compartment model, neglecting den-

dritic and axonal considerations. Nevertheless, LIF models have persisted in use due to

their ability to simplistically mimic membrane potential dynamics sub-threshold. This is

of great computational benefit, as it allows for modelling of populations in a simplified

manner without losing all the relevant dynamics. Moreover, when somewhat more accu-

racy has been desired, LIF models have been modified in a number of ways to incorporate

noise, specific ion-currents, adaptation currents, and synaptic currents due to recurrent

connections [114, 115].

Hodgkin-Huxley neuron model

In their seminal research in 1952, Andrew Hodgkin and Alan Huxley created the first

detailed mathematical and computational model of the ionic currents involved in action

potential formation [144]. In contrast to the LIF, this model (hereafter referred to as the

HH model), was created based on their recordings from squid giant axons, where they

subsequently modelled the activity of three major ion types: K+, Na+, and a leak current
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Figure 2.3: A) An example trace of the membrane potential from the simulation of a
LIF neuron model. Threshold Vth = −55mV and reset potential, Vr = −75mV . B) A
schematic of the circuit for a Hodgkin-Huxley model (left) and an example action potential
generated by the model (right). The action potential has five stages indicated by the
numbers: 1) stimulation, 2) depolarization (e.g. Na+ ions in), 3) repolarization (e.g. K+
ions out), 4) hyperpolarization, and 5) return to the resting state voltage.
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that consisted primarily of Cl- ions (Fig (2.3B)). Specifically, they were able to relate

the membrane potential dynamics to the interplay in timing of multiple voltage-gated

ion channels, with their activation and deactivation acting based on membrane current

dynamics (Fig (2.3B)). This led to quite a realistic description of action potentials, for

which Hodgkin and Huxley later won the Nobel Prize.

The concentration of inside and outside the soma of a given ion species, i, responsible

for their equilibrium potentials, Ei (also called Nernst potentials) is related by:

Ei =
RT

zF
ln
Ci,out

Ci,in

where Ci,out, Ci,in are the respective outside and inside ion concentrations, z is the

valence of the ion, R is the ideal gas constant, T is the temperature, and F is the Faraday

constant. The Nernst potentials indicate the equilibrium voltage for a given neuron. When

electrical perturbations are induced, the ion-species dependent currents that result are a

function of the instantaneous voltage, V , the conductance of ion-type i, gi, and the Nernst

potential of that ion type. The relationship for this interaction is given by:

Ii = gi(V − Ei).

According to Kirchoff’s laws, the sum of the currents across a given patch of membrane

must equal to zero. Hence, we can write,
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2.1. THE NEURON

0 =
∑
i

Ii + C
dV

dt
− I

where I is the presynaptic input to the neuron, C is the capacitance equal to the

inverse resistance (R−1), and C dV
dt

is the capacitive current of the membrane potential and

i are the sum over the various ionic currents. If we substitute in Eq 2.1.1 and expand

the summation, this can be rewritten such that the dynamics of the membrane potential

arises,

C
dV

dt
= −gCa(V − ECa)− gK(V − EK)− gNa(V − ENa)− gCl(V − ECl) + I (2.2)

where gi and Ei are the conductance and Nernst potential, respectively for ion i =

{Ca2+, Na+, K+, Cl−}. The exact structure of a given conductance function, gi(V ), has

been omitted here. However, it can be found in any of [232, 305, 115]. Although the original

HH model described a three-current system, later iterations expanded this initial trio to

include other ion channel dynamics [163, 114, 1, 115]. In addition to its expansion to include

other ion species, the HH model remains foundational to computational neuroscience and is

still frequently used, particularly for detailed, multi-compartment models of neurons [140,

141, 316, 317], used in Chapter 5.

Other conductance-based models

The HH model and LIF model, represents only two of the more famous types of single
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neuron models. However, between them, a variety of neuron models at similar or interme-

diate levels of detail exist. Generally, these conductance-based models follow a standard

formulation written as,

C
dV

dt
= −

∑
j

gj(V − Ej) + Iext

where gj = ḡja
x
j b

y
j , such that aj and bj are activation and inactivation gating variables

for ion channel, j, raised to integer powers x, y and described by equations with first-

order kinetics [300, 155]. ḡj is the maximal conductance for ion channel j. That is,

conductance-based models consist of sets of ordinary differential equations (ODEs), as

derived from current flow in a circuit representation following Kirchoff’s law. Indeed,

generally, any conductance-based model is based on four assumptions: i) different ion

channels in the cell membrane are independent from each other, ii) gating variables for

the (in)activation of these voltage-dependent channels are independent of each other for

a given ion channel type, iii) every gating variable follows first-order kinetics and iv) the

model cell compartment is isopotential [300].

Many examples of such models exist, such as the Morris-Lecar model [228], where a

calcium current with instantaneous activation is paired with a slower activation potassium

current and a leak current; and the FitzHugh-Nagumo model [100], a two-dimensional

equivalent to the HH model with the detailed conductance dynamics replaced with an

artificial recovery variable. These models, in particular, leverage their comparative math-

ematical simplicity to the HH model, and have been studied in detail using dynamical
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system and bifurcation analyses. Further details on these models can be found in [155,

305, 115].

Compared to simplified cases like the LIF or McCulloch-Pitts models, when biophysical

detail is required, many dendritic and axonal compartments must be modelled to repre-

sent the neurons’ features [316, 317, 359, 3, 4]. With this increase in compartment number

comes an increase in degrees of freedom and mathematical complexity. For computational

efficiency, such models are often solved using the NEURON simulation environment [140,

141], which leverages a number of simplifications and assumptions to allow reasonably

timed simulations (see Section (2.5)). As a result, computational representation of hun-

dreds of physiological and chemical variables can be allowed to evolve in real time while

complying with the constraints of the neuron’s design.

Rate based models

The conductance based models described thus far have great utility in understanding

the dynamics of individual neurons through time with respect to their more biophysical

underpinings, if somewhat coarsely. However, from the perspective of theoretical and

computational neuroscience, such detail is not always necessary and can, indeed, be further

simplified even beyond what is done for single-compartment LIF neurons. That is, while for

some cases, such as information encoding in the fly visual system [279, 202] and the phase

of low-frequency oscillations when rat place cells fire to encode position [156], the specific

timing of a given action potential is crucial, this is not always the case. In fact, early

experiments in the cutaneous receptors of frogs [6, 305] found that the firing frequency was
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proportional to the input intensity. If we ignore the different phases of the action potential

(Fig (2.3B)), one can represent the spiking activity of a neuron as a spike train, S(t). This

is used in rate based models, with a cell’s spiking activity given by,

S(t) =
∑
k

δ(t− tk) (2.3)

where tk are the moments at which the cell fired and δ is a Dirac delta function. This

description is very well suited to the statistical and probabilistic way neurons are often

modelled for theoretical frameworks.

The firing rate of such a neuron can then be calculated by analyzing the time course of

the spike train over a sliding window of time, τ . That is, the firing rate, r(t), is given by,

r(t) =
1

T

∫ t+T

t

S(τ)dτ (2.4)

where T is an averaging period. This may subsequently be further averaged over

some number of neurons, N , to obtain a population average firing rate, ⟨r(t)⟩N . The

most straightforward way to arrive at the firing rate a neuron is to use the output of a

conductance-based model like Eq 2.1 or 2.2, and find the rate of the resulting spike train

from Eq. 2.4.

Model excitability functions

Biophysically, neuron excitability represents the instantaneous sensitivity of a given
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neuron to any input it receives by mapping the frequency of the output firing rate to the

continuous input injection over a range of increasing amplitudes (see Section (2.1) and Fig

(2.2)). The excitability itself can be thought of as an input-output function, whereby the

input collected and integrated throughout the dendritic arbor is filtered and transformed to

the resultant firing rate [350]. In computational and theoretical works, this transformation

is modelled as a nonlinear input-output function (i.e. neural gain), [72, 66, 299] hereafter

referred to as the excitability curve. Experimentally, the excitability curve is measurable

as the output firing rate of a neuron in response to injections of continuous input current.

However, many cortical neurons do not receive continuous input in vivo.

The excitability curve, f , although experimentally shaped by the temporal fluctuations

of the input currents to a given neuron, is commonly formulated as a sigmoid [183, 185, 276,

275, 311] as a shape close to that seen from experiments [226]. However, other nonlinear

functions (e.g. Heaviside functions [216, 305] and error functions [153, 152]) have also been

used. The parameterization of these functions typically involves a threshold, h, around

which firing rate increases significantly, and its slope, β, at the inflection point. The

parameters used, and hence shape, of the excitability curve determines the dynamics of

each neuron [183, 90]. An example of this was shown in network simulations [90], where

instances of more linear excitability are less selective and allow both weak and strong inputs

to propagate to the output. Conversely, very nonlinear excitabilities respond only to strong

streams of input. Moreover, endowing network models with heterogeneous excitability

curves has been shown to reduce the probability of the network entering hypersynchronous

regimes, stabilizing the dynamics [275, 153].
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When the net input to a neuron, u, is sufficiently high, the excitability curve will yield

sustained firing activity, and eventually saturate to the refractory period. However, for

cases where the input is time dependent (e.g. u −→ u(t)), the firing rate, r, can be thought

of as a linear activity around the steady-state solution such that,

dr

dt
= −r + f(u(t)) (2.5)

This approximation of the firing rate works only under specific conditions. Notably, it

assumes that each neuron is integrating a large number of inputs and its ability to predict

the spiking behaviour accurately is heavily dependent on the averaging time, T , over which

the rate is computed. Further details can be found in [305, 115].

Beyond the rate, provided the timescale of action potential duration is small relative

to the synaptic time scale, it may also be shown [45, 183] that these smooth excitability

curves characterize the spike train (Eq (2.3)). That is,

S(t) =
∑
k

δ(t− tk) ≈ f(u) (2.6)

These excitability curves are particularly important as they enable neurons to integrate

information from different sources nonlinearly [293], crucial for its applications in encoding,

attention, perception and cognition [72, 293, 66, 299, 97].

Importantly, although excitability is frequently included in models as a form of static

heterogeneity [220, 275, 112] (see Section (2.1.4)), the exact features made heterogeneous
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are not ubiquitous across models. That is, the excitability may be modelled as a threshold,

a slope, a maximum amplitude of response, or a combination of these features [229, 299,

220, 97, 153]. Often, models tend to use thresholds as the most easily accessible value.

However, leveraging only one aspect of the excitability does represent a limitation - one

that is often shared with experimental analyses, which, similarly, often consider only the

threshold [220, 275, 153, 152] - as it neglects to explore the full parameter space [229]. It

may be, if more fully explored, that the excitabilities across neurons or within a certain

subpopulation are more ubiquitous than they initially appear. However, the stimuli used to

experimentally generate excitabilities are often somewhat arbitrary. This can support the

use of less detailed models of excitability as the excitability itself can be directly influenced

by the duration of stimuli [229].

2.1.2 Network models

Beyond single neurons, it is a natural progression to model the interaction of groups, or

networks, of neurons. For computational efficiency, these models are commonly designed

so each neuron in the network is represented by a simplistic model along the lines of LIF or

rate-based units rather than a more detailed HH model. Network scale models represent an

important contribution to the study of neural systems as, in the brain, neurons do not act

in isolation. Rather, each neuron has along its dendrites (Fig (2.1)) a series of connection

points, called synapses, that allow electrical impulses and chemical signals to propagate

in from the axons of other cells. It is, thus, incredibly rare for neurons to act without at
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least some input from other connected cells in the same ensemble. Indeed, far from the

complexities of ion channel activity described in the neuron models discussed above, at the

network level, the dynamics are a function of the connectivity scheme of the network and

the strength or weight of those connections [115].

The connections between any two neurons can be excitatory, wherein the input from the

pre-synaptic cell promotes more activity in the recipient post-synaptic cell, or inhibitory,

where the input pushes the post-synaptic cell toward quiescence. Physiologically, these

interactions are determined by the type of neurotransmitters (e.g. molecules) released from

the presynaptic cell and taken up by the postsynaptic cell [163]. The timing, strength and

frequency of these interactions lead to a whole host of dynamics within a given ensemble

of neurons [92, 115]. As will be elaborated on in Section (2.2), these interactions are,

themselves, adaptable in time. Physiologically, this occurs through biological pressures

and shapes the function and dynamics of different circuit ensembles.

Collectively, the study of connected ensembles of neurons in networks represents a cor-

nerstone in understanding the brain. However, as was the case with single neuron models,

there have been and continue to be a variety of models and approaches taken to such a

study [92]. Broadly, network models are often classified as those that are spiking and those

that are rate-based. In both cases, the dynamics observed in the network will be affected

by the scale, connectivity, synaptic weights, and delays (if present) in the network [92,

155, 115]. The inclusion of realistic network synaptic connectivities, for example, has been

shown to have nontrivial effects on phase transitions of neural networks [154]. Moreover,

increased variability in the in-degree (e.g. pre-synaptic connections) has been computa-
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tionally shown in a rate-model to drive transitions between asynchronous and oscillatory

regimes [287]. Meanwhile, the same study showed that increasing the variability of the

out-degree (e.g. post-synaptic projections) increased the amplitude of cross-correlations

between neurons by elevating the number of common inputs between neurons. The choices

for such parameterization depend on multiple factors, including the scale of interaction of

interest (e.g. a localized region versus whole brain dynamics), computational efficiency, the

dynamics of interest, and what level of detail is necessary for the question(s) being asked.

Although a wide range of classes of network models exist, the network-level modelling

done in this thesis primarily leverages a generic network of spiking neurons [151]. In this

network, the membrane potential, ui(t), of the neurons i = 1, ..., N , evolves according to a

set of nonlinear equations given by

τ
dui

dt
= −ui +

1

N

N∑
j=1

wijSj(t) + Ii(t) (2.7)

where τ is the membrane time constant, wij are the synaptic weights between neurons

i and j, Ii(t) is a baseline current and Sj(t) is the spike train of neuron j (see Eq (2.3)).

In line with Section (2.1.1), this spike train can be characterized by the excitabilities of

the neurons (Eq (2.6)), thus allowing the excitability of the neurons to be included in the

model.

The dynamics of this network are similar to a modified version [151, 275, 153] of the

Wilson-Cowan model, which we will briefly review below. For an expansive review of

different types of network models, see [92, 155, 115].
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Wilson-Cowan network models

For studies in which it is of interest to understand the interplay between excitatory (E)

and inhibitory (I) cell populations, the phenomenological model developed in the 1970s

by Hugh Wilson and Jack Cowan [353, 352] is widely used, having been cited over 1000

times [84, 276, 275]. Their model focuses not on the microscopic properties of neurons,

but was instead formulated to capture the large-scale dynamics of populations of neurons,

modelling them as very simple cells. Their approach leverages mean-field theory from

statistical mechanics to describe the mean activity level in a population of neurons over time

through a set of ordinary differential equations and uses a nonlinear readout function (most

commonly a sigmoid) to represent the interaction between populations [352]. Owing to its

widespread use, many formalisms of the Wilson-Cowan model exist; we briefly describe

one such formalism (see [87]).

For two populations of neurons, one excitatory (E) and the other inhibitory (I), the

model can be expressed as,

drE

dt
= −αErE + (1− rE)pEf(sE) (2.8)

and

drI

dt
= −αIrI + (1− rI)pIf(sI) (2.9)

where rE,I are the firing rates of the E and I neurons, pE,I is the probability of an
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excitatory or inhibitory neuron going from quiescent to active in a given time step, αE,I

are the time constants, f is a sigmoidal excitability curve (see Section (2.1.1)), and sE,I

are the activity of the two neuron types given by,

sE = (wEEm)/KE − (wIEn/KI + IE) (2.10)

and

sI = (wEIm)/KE − (wIIn)/KI + II (2.11)

where the w’s are the synaptic weights, IE,I are applied stimulus to each population,

KE,I are the number of excitatory and inhibitory neurons total, and m and n are, respec-

tively, the number of active excitatory and inhibitory neurons in a given time step.

Owing to its relative mathematical simplicity, these types of Wilson-Cowan models have

been extensively studied in their dynamical properties, including the ability to generate

limit cycle (e.g. neural oscillation) dynamics, hysteresis and stable states [84]. Moreover,

the Wilson-Cowan model has since been adapted to model a number of different frameworks

and served as a starting point for many extensions. A non-exhaustive listing of examples of

its usage includes explorations into balanced networks (where the excitatory and inhibitory

inputs cancel on average) [271], response robustness of networks to stimulation [151, 276],

and epilepsy [275, 153].
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2.1.3 Neuronal Heterogeneity

As described in Chapter 1, heterogeneity is a widespread property of many biological

and physical systems. This includes the brain, where heterogeneity is pervasive across

scales [42, 62, 226, 227]. At the macroscopic level, the brain is comprised of functionally

distinct regions (e.g. cerebral cortex, brain stem etc.) [163, 252]. While the presence of

these high-level structures is ubiquitous within species, their size has been observed to be

heterogeneous between individuals as a function of age, sex, and head size [328, 256, 355,

198, 16]. These heterogeneities have functional outcomes, such as sex-specific latencies

in auditory brain stem response [157, 328] and correlations between cortical volume and

memory [283, 158].

The focus of much research in the mammalian, and especially human brain, has been

on the cortex. This structure is comprised of many sub-regions (e.g. visual cortex, motor

cortex, etc.) [163, 252]. Importantly, despite these regions being populated by many of the

same neuronal subtypes [58], each has its own functional role(s). Indeed, the identification

of these regions was a crucial part of historical neuroscience, starting in the late 18th

century, when observational descriptions of the brain were being regularly updated as

new autopsies and experimentation elucidated evidence that moved science away from the

original notion of the cortex as one uniform entity without substructure [118]. As time

went on and experimentation improved, mappings of the different cortical areas began to

arise, including famous examples such as Broca’s 1861 classification of the speech-language

center in the left hemisphere [47], and Penfield’s homunculus description of the motor

34



2.1. THE NEURON

cortex [254]. Importantly, similar to the macroscopic scale, though the subregions are

present across individuals in a given species, their volume and density are heterogeneous

across individuals and may change with age and development [126, 125, 16, 113]. The

exact extent of inter-individual heterogeneity of these regions remains unknown, and has

made their identification a complex task despite advancements in imaging techniques such

as magnetic resonance imaging (MRI) [113]. Nevertheless, their identification represents

many important applications to the study of aging [355], pathologies [132, 280, 158] and

linking structure and cognition [113]. Moreover, recent research in macaque monkeys has

found the neurons in different cortical regions have different biophysical properties that

support the functional outcomes of the region [98].

Many of the functional differences at the microscopic level of the brain are attributed to

the respective patterns and strengths of connectivity within the microcircuits that comprise

them [159, 58]. Within the cortex, different layers and cell types have stereotypical motifs

of connectivity [159, 93, 58]. However, the exact connectivity of any given cortical circuit is

heterogeneous with respect to other circuits, and between individual brains [125, 113, 58].

These heterogeneous connectivities are of interest for how they influence the computational

properties and dynamics of local microcircuits [273, 40, 179, 207, 93]. The inter-individual

heterogeneities in connectivity have further contributed to large response variability in

neuromodulatory interventions [198, 16, 126]. Abnormal connectivities have been linked

to a variety of pathologies, including major depression, schizophrenia and autism [233, 237,

322].

Beyond these more macroscopic heterogeneities, the heterogeneity of interest for this
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thesis is that of the neurons themselves. The observed heterogeneity at the neuron level

can, broadly, be broken down into two major contributing groups, which will be discussed

more thoroughly below: the morphology (e.g. architecture) of the neurons and their elec-

trophysiological (e.g. biophysical) properties. These intercellular heterogeneities have been

shown to be important to neural coding [324, 220], dynamical stability [153, 152], decor-

relation [149] and maximizing information optimization [335]. That is, the underlying

heterogeneity of the neurons contributes to the observed network dynamics, which can, in

itself, be heterogeneous (e.g. asynchronous) or not (e.g. synchronous). Importantly, the

heterogeneities observed intercellularly also exist between cells of the same type [42, 226],

and we are thus interested in exploring the consequences of underlying heterogeneity both

between and within cell types.

Neuron morphology

The arrangement of cellular projections (e.g. dendrites and axons) about the somatic

body of a neuron is called the cellular architecture or morphology. Among the vast number

of neuron types [295, 182], many morphologies exist both between and within neuron

types. Classifying neuron morphologies has long been of interest [173], and attempts to

define distinct groups based on these properties continue to be of interest [56, 42, 122].

In more recent works, morphological features including dendritic and axonal shapes, and

branching patterns have been found to be particularly informative in creating appropriate

classifications [362]; however, more detailed features such as soma size, spine density, cell

size, and dendtric and axonal length have also been considered [359, 182, 67, 327].
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From early explorations, one of the primary interests in studying the architectures of

neurons, beyond classification, was to understand their potential contribution to dendritic

integration [222]. Specifically, neuron morphologies are directly related to the number and

position of the synapses along any given dendrite. This is related both to the connectivity

available to a given neuron [58] and, based on the impinging pre-synaptic activity it receives,

the net integration of input that reaches the soma [286].

As methodologies and our ability to fully visualize the morphologies of neurons im-

proved, it became apparent that, while some groups of neurons share similar morpholog-

ical features [362], there is considerable heterogeneity within cell types [226, 182, 67]. As

a result, in addition to renewed efforts to define specific classes, interest grew in under-

standing the role of morphology in a larger context. Owing to the experimental difficulty

of this task, computational approaches have been leveraged to build detailed models [316,

317], which have been used to explore the effect of morphology on neuron response [226],

circuit-level dynamics [207], and stimulation [359, 327].

Recent work has demonstrated further potential for a functional role of morphology,

with a class of excitatory hippocampal neurons being found morphologically distinct from

their pyramidal counterparts and having specialized dendritic architecture associated with

object memory [167].

Electrophysiology

As with morphology, the heterogeneity in the electrophysiological properties within

and between cell types has become increasingly apparent as databases have reached new
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heights of precision [226, 58, 182, 67, 227]. Examples of such traits include input resistance,

rheobase, sag voltage, action potential width, resting potential, average firing rate, average

interspike intervals, myelination patterns, and neural excitability [226, 58, 182, 67, 57, 227],

the latter of which is the primary source of heterogeneity considered in much of the work

in this thesis.

These properties have long been targeted as traits of interest for classification [182, 67,

44] in how they influence neuron response to input (e.g. stimulation, noise, etc.). Moreover,

recent work has demonstrated the importance of such heterogeneity to maintaining stability

in the dynamics of networks of neurons [152, 5] and avoiding pathological states [275,

153]. Additionally, electrophysiological heterogeneity has been implicated in improved

information encoding [219, 112], signal decorrelation [248], and synchronization [121, 120,

349, 46]. Although there are many contributing factors to the net heterogeneity in the

electrophysiological properties of neurons, for the purposes of this thesis, we will focus on

the neural excitability.

2.1.4 Including heterogeneity in neuron models

As the pervasive nature of heterogeneity in neural systems has become increasingly clear,

the question has arisen of how much and what kind(s) of heterogeneity should be included

in model systems for the replication of experimental data [243, 17] and to appropriately

investigate neural dynamics [248, 220, 275]. The answer to this question remains unknown.

Despite this relative uncertainty, over the last three decades, heterogeneity has been
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increasingly of interest for study within computational and theoretical studies. Among

the aspects heterogeneity has been found to affect are synchronization [121, 349, 120,

287, 219, 46], phase transition [11, 154, 22], encoding and decoding [219, 112], neuronal

correlations [287, 360] and stability [275, 23, 153, 152]. The source of heterogeneity in

these studies varies, although common choices include the connectivity and threshold (see

Section (2.1.1)).

In many cases, when heterogeneity is incorporated in neural models, it is included as

a static metaparameter, or assumed to be accounted for by additive noise [137]. However,

it is well known that many of the heterogeneous properties of neurons are non-static [205,

204, 246, 245, 208]. In fact, many of the properties of neurons undergo forms of adaptation

in response to past activity.

2.2 Mechanisms and models of neural adaptation

Neural activity exists in a state of constant fluctuation as it contends with an unending

stream of sensory input and noise. These inputs span a wide range of time scales, frequency,

and strength [92, 81, 305, 115]. The relationship between this incoming information and the

neuron response is often referred to as the neural code, wherein the output firing activity of

neurons is presumed to be directly reflective of the parsed input they received. Specifically,

the neurons are presumed to selectively encode and propagate the pertinent information

extracted from the net sensory input [90, 94, 347]. To contend with these vast sources of

input, the neural input-output relationship must be history and context-dependent. Many
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time- and activity-dependent mechanisms act to ensure this at the synaptic, neuronal and

network levels. This is broadly classed as adaptation and is critical for continued brain

function.

At its core, neural adaptation is a dynamic process. That is, it is the combination of

the fast response of neurons to abrupt changes in the input they receive and the slow,

inhibitory effect that gradually decreases the responsiveness of the neuron to persistent ac-

tivity [347, 31] (see Fig (2.4)). The decrease in response to constant stimulus is seen in the

majority of neurons, which demonstrate phasic-tonic responses [31], indicating inhibitory

contribution. Indeed, an example mechanism for adaptation is seen in voltage-gated cal-

cium channels, which open during action potentials to allow calcium influx into the neuron.

The calcium-activated potassium currents subsequently act subtractively on the input cur-

rent and inhibit the generation of action potentials [163]. Said otherwise, the inhibitory

effects recruited during adaptation gradually shift the threshold of input required for high-

frequency output to persist. This decay in response acts as a high-pass filter, suppressing

the response of the neuron to low-frequency stimulus components [32, 31].

Biologically, this adaptation represents a response by output-driven mechanisms to self-

inhibit neuron response. This is an important distinction from input-driven mechanisms,

such as synaptic plasticity, where the changes occur to inhibit the pre-synaptic input be-

fore it is translated into neuron response. Examples of this inhibition include mechanisms

such as short-term depression and synaptic pruning (see [163]), wherein the strength or

number of pre-synaptic connections are modulated (Fig (2.5A)). This synaptic plasticity,

being input-driven, is far more specific in its modulation. That is, unlike the adaptation
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Figure 2.4: A schematic and simulation of neural adaptation. For a given neuron, the
response to increased input via stimulation can be attenuated through adaptation mecha-
nisms. The cessation of external input then results in a reversal of this adaptation. Here,
this is simulated for a single neuron with activity, x, receiving an external input, I, with
dynamics following dx/dt = τ−1

x (−x + I − bη), where τx = 5ms is the membrane time
constant, b = 2 is the amplitude of adaptation, and η is the adaptation. The adaptation
dynamics are given by, dη/dt = (x − η)τ−1

η , where τη = 30ms is the adaptation time con-
stant.
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Figure 2.5: A) Schematic of the difference between synaptic (middle) and intrinsic (right)
plasticity. In response to receiving continuous excitatory input, a neuron (left) may adjust
its firing rate through synaptic mechanisms (middle) such as increasing or decreasing spe-
cific synaptic strengths, or the neuron may instead modulate its firing rate by changing its
excitability via intrinsic plasticity (right). B) Intrinsic plasticity can be performed multi-
plicatively (right and mid-right) or additively (left and mid-left).

being discussed here, synaptic plasticity regulates the response of a neuron to input from

a specific connection. Neural adaptation via output-driven mechanisms, as is the adapta-

tion of interest in this thesis, pertains instead to the modulation of the neurons’ intrinsic

excitability (e.g. intrinsic plasticity) (Fig (2.5B)). This type of activity modulation alters

the sensitivity of the neuron to any incoming input. As such, synaptic plasticity will not

be discussed further in this work (for reviews of synaptic plasticity see [364, 95, 96, 106]).
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Phenomenologically, neural adaptation varies considerably between brain regions, both

in exact biological contributions (see Section (2.1)) and timescale. This is necessary to

accommodate the diverse functionality of those regions, such as the ’slower’ adaptation

required by the visual system, on the order of hundreds of milliseconds to seconds, com-

pared to the more rapid auditory adaptation that occurs in the milliseconds range [31]. A

contributing factor to this stems from the type of input the neurons in different regions

receive. Natural stimuli, unlike the rigorously controlled timing of experimental work, are

not switched on and off at steady intervals. Rather, they change gradually with time, such

as the visual system adapting to the onset of night or the coming dawn. Faster timescales,

however, are also necessary as the mean light intensity rapidly changes with, for example,

fluorescent lights being switched on and off inside a building. To contend with this variety

of timescales, many neurons both gradually and continuously adapt [94]. That is, many

neurons first adapt to the slower changes in stimulus mean, filtering out low-frequency con-

tributions, which converts variance changes to changing mean values [31], before adapting

again to the resultant mean value, this time by scaling the excitability along the input

axis. This two-step system has been observed in both auditory and visual systems [164,

74].

Beyond sensory input, for which it is also critical, flexibility in neurons via adaptation

has been implicated in a number of other functions, including more effective information

encoding [299, 90, 347], predictive coding [346, 31], feature selectivity [183, 185], and

attention and learning [97].

The breadth of biological mechanisms involved in, and models there of, adaptation
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far exceeds this thesis (for more comprehensive reviews see [299, 94, 347, 31]). Rather,

here we focus on excitability modulation, or intrinsic plasticity, and review two models

of adaptation that adhere to the general principles used to model adaptation in neuron

models.

2.2.1 Intrinsic plasticity

Intrinsic plasticity is an activity-dependent form of modulation of neural excitability (e.g.

gain modulation) [331, 83, 77, 193, 97, 326], at the neuronal level. That is, it modulates

the neuron’s excitability on the basis of the past activity the neuron received. Unlike

the synaptic plasticity described previously, this type of adaptation affects the neuron’s

sensitivity to any incoming input [350] (Fig (2.5A)). Thus, intrinsic adaptation represents

a trade-off between the neuron’s responsiveness and its selectivity to specific signals. The

modulation of excitability directly regulates the input-output function of the neuron, by

changing the slope of the gain or by shifting its rheobase (the minimum amount of current

required to evoke an output response) [299, 97]. The adaptations that occur can modulate

the input or the output of the excitability (see Fig (2.5B)).

In the case of the input being modulated, the neuron’s response can be changed in an

additive manner, equivalent to a shift in the rheobase of the neuron. Alternatively, the

modulation can be multiplicative, wherein the slope of the excitability is tuned.

If the output is modulated instead, the additive adaptation will manipulate the am-

plitude of the excitability (e.g. the maximum and minimum output). The mulitiplicative
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output adaptation then modulates the slope, as occurred for input adaptation. However, in

this case, the altered slope may also yield a higher maximum output. Although formulated

here as independent operations, it is important to note that neurons have the ability to

perform such adaptations concurrently [299, 97].

The ability of neurons to adapt their excitabilities is crucial for the dynamical range of

the brain, as, in the absence of such adaptation, neurons would be capable of responding the

same to any incoming stimulus. This would subsequently reduce the maximum encoding

capability of the brain, diminishing its overall information. In line with this, intrinsic

plasticity has been associated with learning and memory formation [363, 229, 82].

Many contributing factors may trigger intrinsic plasticity, including both input factors

such as the excitatory/inhibitory balance, synaptic dynamics, timing/synchrony of inputs,

shunting inhibition, and the input amplitude and position (e.g. along the dendrite), and

properties of the neuron itself such as its total conductance, depolarization state and

fluctuations in the membrane potential. Indeed, the excitability itself can be thought of

as an input-output function whereby the input collected and integrated throughout the

dendritic arbor is filtered and transformed to the resultant firing rate [350]. As such, any

alterations to the input received need to be integrated and, to cope with the wide range of

input, neurons must successfully adapt their responsiveness on relatively short time scales.

The availability of this adaptation is of particular importance at the network level,

where it has been hypothesized that intrinsic plasticity could modulate cell-to-cell hetero-

geneity in excitability (Fig (2.6)). Specifically, when receiving statistically different inputs,
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Figure 2.6: Schematic of a candidate hypothesis for the relationship between intrinsic
plasticity and heterogeneity. When a network of neurons with heterogeneous excitability
(shades of grey; top) is exposed to diverse (the same) inputs will undergo intrinsic plasticity
to become heterogeneous (homogeneous) in its cell-to-cell excitability. The heterogeneous
(homogeneous) network will display asynchronous (synchronous) output firing activity.

intrinsic plasticity would support individual neuron responsiveness being heterogeneous

(and conversely homogenizing if the inputs are statistically similar). This heterogeneity

(homogeneity) via intrinsic plasticity then maintains the asynchronous (synchronous) dy-

namics of the network. A candidate model for this hypothesis is introduced and tested in

Chapter 3.

In addition to adapting for the encoding of information, the excitabilities of the neu-
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rons must be very precisely tuned moment-to-moment to respond appropriately. This is

particularly true in the framework of excitatory and inhibitory cells. For a collection of

neurons to respond only for a desired window of time, the excitabilities of both populations

of cells must be correctly sensitized.

2.2.2 Models of adaptation

Adaptation has been implemented in models in a variety of ways [188, 2, 185, 246, 31], the

extent of which is beyond the scope of this thesis. However, here we review a generalized

model of adaptation in a network that is defined completely by the neuron’s excitability

and the adaptation time constant [33], and describe how the principles used therein are

applicable to general adaptation frameworks.

Benda and Herz sought to create a universal model that could describe firing-frequency

dynamics of an adapting neuron independently of the specific spike generator or adaptation

process involved [33]. To this end, they began by formulating two ordinary differential

equations that represent an effective adaptation current, IA, and its gating variable, a. This

effective adaptation current was formulated to encapsulate three primary adapting current

sources: i) M-type currents, caused by voltage-dependent, high-threshold K+ channels; ii)

afterhyperpolarization (AHP) type currents that are mediated by calcium-dependent K+

channels; and iii) the slow recovery that follows inactivation of fast Na+ channels. The

equation for the effective adaptation current is given by,
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IA = ḡAm
phqca(V − EA)

where ḡA is the maximum conductance of the current, and EA is the reversal potential.

The gating variable, a, is given by,

τa(V )
da

dt
= a∞(V )− a

where τa(V ) is a voltage-dependent time-constant, and a∞(V ) is a voltage-dependent

steady-state. m and h are possible voltage-gated variables raised, respectively, to integer

powers p and q. If present, both variables must be much faster than the adaptation variable,

a. Finally, c is a proportionality factor for a. Together, these two equations are, in essence,

the well-known voltage-gated current equations introduced by Hodgkin and Huxley [144]

(see Section (2.1.1)). Indeed, though it is beyond the scope of this thesis, the dynamics of

each of the three primary current sources can be written in terms of this effective formalism

(see [33]).

By taking a suitable time average of the effective adaptation current and its gating

variable (Equations (2.2.2) and (2.2.2)), a phenomenological model of the adapting firing

frequency can be written as,

fr = f(I − A[1 + γ(fr)])

with an adaptation state, A (e.g. averaged adaptation gating variable, a), and a non-
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linear function, γ, to give f an influence on the adaptation state, given by,

τ [1 + ϵ(fr)]
dA

dt
= A∞(fr)− A

where ϵ is a term to cover a potential dependence of τ on fr.

In this formulation, all of the dependencies on the membrane potential are replaced by

the firing frequency, fr, f is the excitability, and A∞ is the steady-state firing rate. By

writing the model this way, the model maps the input current, I, minus its averaged adap-

tive current, to the excitability to obtain the firing frequency. By linking these properties

in such a generalized fashion, Benda and Herz’s model can be easily used in a number of

different frameworks with little to no modification. Importantly, although this model lever-

ages the excitability for relating the adapted current to the output firing frequency, this

is not a model of intrinsic plasticity (Section (2.2.1)). Rather, the utilized excitability is

assumed to be unchanged, and the firing rate changes to derive solely from the adaptation

of the input current.

2.2.3 Maladaptive adaptation

Adaptation can also lead to undesirable states, such as those observed in pathological states

[348]. These changes can result from a failure in the adaptation mechanism itself, that is,

where the neuron does not adapt in response to a change in input. Or, the adaptation may

serve as the pathway by which a population of neurons reaches an unstable state [28, 69,
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275, 153].

In the context of neural excitability and intrinsic plasticity, examples of maladaptations

include tinnitus [138], chronic pain [69], and epilepsy [275, 153]. Importantly, unlike in tin-

nitus and chronic pain, where the malaptation is related only to the incorrect excitability in

some subset of neurons, it has been found in epilepsy that the heterogeneity of excitability

cell-to-cell is reduced, which has been associated with instability [275, 153].

Example case: Epilepsy

Among the most prevalent neurological pathologies in the world [29], epilepsy is a

condition characterized by repeated instances of seizures [214], which present as short

(seconds to minutes) intervals of highly synchronous activity. These seizures, despite the

variety of pathways through which they can arise [214, 160, 306], have been shown to

share many common onset features across different lesions [255]. The frequencies at which

seizure activity has been observed, via electroencephalogram (EEG), spans all of the major

neural bands (e.g. delta (1-4 Hz), theta (4-8 Hz), alpha (8-12 Hz), beta (12-30 Hz), and

gamma (above 30 Hz)) [86]. Recordings of these bands have given insight into the specific

types of dysfunctions involved in seizure events, such as the implication of slower delta

activity in the post-seizure period and fast, gamma activity in the pre-seizure period that

may indicate seizure onset [162, 303, 214]. Moreover, the frequencies can help indicate

the type and origin of seizure events, such as the high-frequency activity common to focal

seizures (e.g. those originating from a specific cortical area), and generalized seizures (e.g.

involving a widespread area or the whole brain) which tend to evoke a greater variety of

50



2.2. MECHANISMS AND MODELS OF NEURAL ADAPTATION

frequency bands [303, 214, 86].

Regardless of their type, the dynamics of these seizures are the result of a combination of

abnormal membrane potential fluctuations in individual neurons and complex physiological

disturbances across populations. Though pre-seizure activity is often indistinct, and hence

difficult to identify clinically, patterns emerge with seizure-onset as low-amplitude, fast

gamma oscillations (typically > 80 Hz) occur [214, 255]. Alternatively, hypersynchronous

patterns are characterized by initially high amplitude spikes oscillating at low frequencies

[86]. However, as the seizure progresses, hypersynchrony is also associated with high

frequency oscillations. Both types of described patterns can become consistent oscillatory

activity as the seizure changes phases (e.g. transition from tonic to clonic) to where

the frequency of oscillations decreases and the hypersynchronous dynamics are no longer

present [20]. Along with these neurological effects are corresponding bodily outcomes,

such as collapse, muscle rigidity, and spasming [214, 29], which have been documented

extensively throughout history, with the earliest records appearing around 2500 BC [251].

Importantly, despite its long-standing history, epilepsy is a condition that arises from

a number of different pathways [306, 8]. The multifaceted nature of epilepsy thus makes it

difficult to treat, as not all patients respond to the same approach(es), and identifying which

one is best suited is not easily accomplished. Recent work has shown that heterogeneity

in neural excitability is reduced in human and mouse neurons compared to their healthy

counterparts [275]. Such changes in excitability could, themselves, arise from a number of

pathways. Epilepsy is well documented to involve changes in one or more ion channels [28,

214, 176, 18, 119], as well as morphological changes to dendritic branches [306].
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Despite its varied pathological onsets, epilepsy further represents an example of degen-

eracy in a biological system. That is, it is a condition in which multiple combinations of

maladaptation can result in the same qualitative effects.

2.3 Neuromodulation

Interest in probing and controlling brain activity, particularly for medical intervention

(e.g. to oppose maladaptive adaptation that yield pathology), through the use of external,

or non-invasive, force has a long history. Indeed, the first recorded attempts of using

electricity for medical purposes date back to the Greco-Roman period (800 BC - 600 AD)

when electric fish were placed on the skull to treat headaches [51]. Though far removed from

modern approaches, these attempts leveraged the same overarching principles. That is, a

scalar electric potential exists at each point in the brain and can be measured relative to an

arbitrary reference and expressed in Volts. An electric field (E-field) is the gradient of this

voltage, where all transmembrane currents from nearby neuronal activity contribute to the

generation of the E-field [194, 51]. By applying a current to brain tissue, the polarization of

the neuron’s membrane can be manipulated to alter neuronal excitability. This observation

led to the advent of more abrasive techniques, such as the electroconvulsive therapies

common in the mid-20th century [51, 308], and ultimately modern approaches collectively

referred to as non-invasive brain stimulation.

Non-invasive brain stimulation (NIBS) is a general term used to refer to the group of

techniques in which localized regions of the brain are exposed to a low-strength electric or
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magnetic field applied at the surface of the skull [263, 73, 341, 260, 322]. Common examples

of such techniques include transcranial magnetic stimulation (TMS) [128], transcranial di-

rect current stimulation (tDCS) [236], transcranial alternating current stimulation (tACS)

[139], transcranial random noise stimulation (tRNS) [319] and transcranial focused ul-

trasound stimulation (tFUS) [330], each of which operates over a mesoscopic spatial area,

although the timescales between different techniques varies widely [260]. Collectively, NIBS

affects neural excitability and allows for widespread, spatially diffuse modulation of super-

ficial cortical activity [253, 267, 341, 277]. This has led to NIBS being of great interest

for therapeutic and clinical interventions (e.g. major depressive disorder, schizophrenia,

bipolar disorder) [322, 107, 37] as well as for studying the physiology of the central nervous

system [80, 73], and brain dynamics [253, 260, 148, 146].

For this thesis, we focus on the transcranial electrical stimulation (TES) subset of

these techniques (i.e. not TMS or tFUS) with particular attention to tDCS. TES methods

involve applying a weak electric current to the scalp to modulate local, ongoing neural

oscillations or influence the excitability of the network [341, 277, 253]. Depending on the

exact TES method being used, the waveform of the applied current varies. Examples of this

include sinusoids, as in tACS [139, 267], a constant current as in tDCS [236, 39], or noise

as in tRNS [319, 253]. Depending on the research objective, and resources available, one

technique may be preferable to the others (for a comparative review of these techniques,

see [37]). However, all of these methods ultimately allow brain activity manipulation and

are generally well tolerated by healthy humans.

Despite increasing popularity over the last three decades [73, 260], there remain many
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unknowns and challenges to these techniques. One of the most prominent of these chal-

lenges comes from the high dimensionality of available parameters in TES [201, 147] from

controllable (e.g. stimulation frequency [230], strength [24], location [225], etc.) and im-

mutable (e.g. age [180], individual cortical geometry [290], attentional state [184], etc.)

factors. The dependency of response on such high dimensional space contributes to great

patient-to-patient variability [198, 282, 126, 125]. Moreover, many of the initial studies

with these techniques were applied to the motor cortex [37] and their efficacy cannot nec-

essarily be extrapolated to other cortical regions. This drastically complicates determining

the most influential variables experimentally, leading to the development of a variety of

computational models for these frameworks [146, 201] to address these gaps.

2.4 Dynamical systems

The neural activity described in this thesis is an example of a dynamical system. Over

the years, a litany of mathematical and computational techniques have been developed

and leveraged to study such systems. In their most general deterministic form, dynamical

systems are often written as a set of ordinary differential equations. In some instances,

these systems of equations can be analytically resolved or analyzed for their properties, such

as the mean, variance, and auto- and co-variances. The distribution of these properties

across the system (e.g. a population of neurons) and through time can provide insight

into the dynamics of the system and its sensitivity to changes in parameters. However, in

complex systems, these equations frequently involve nonlinearities that can make resolution
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by analytical methods challenging and necessitate the use of computational tools [315].

Indeed, in the last 60 years, much work has gone into understanding the ability of small

nonlinearities to induce complex dynamical behaviours [195, 307].

Simulation is one of the most readily accessible ways to study dynamical systems,

allowing the progression of the variables to be tracked through time and their dependency

on individual parameters assessed. Moreover, many dynamical systems exhibit fixed points,

which are asymptotic solutions to the associated differential equations (e.g. equilibria)

[307]. The location of these fixed points is dependent on the parameters in the system. If

the parameters change through the evolution of time, the system may additionally undergo

bifurcations, which represent qualitative changes to the phase space trajectory of the system

[195, 261, 315]. The fixed points themselves may be stable, unstable or semi-stable [307].

When the fixed points are stable, they are attracting trajectories where the system will stay

at rest upon reaching, unless otherwise perturbed. Unstable fixed points, contrastingly, are

repellers. That is, the trajectory of the system will be pushed away. Finally, semi-stable

fixed points may have trajectories from some directions that are attracted and others that

are repelled. Changes in the parameterization of the system may additionally contribute to

stabilization or destabilization by altering the fixed points, which can contribute to drastic

changes in the system’s dynamics.

Analyzing the fixed points of dynamical systems is a key tool for insight into the be-

haviour and stability of the systems therein. Indeed, these techniques have been leveraged

extensively [81, 155, 307] in the study of neural systems to determine their stability. In

particular, techniques from the mathematical field of random matrix theory, such as cir-
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cular and elliptical law, have been used extensively to assess the stability of heterogeneous

dynamical frameworks. These techniques, although not applied directly in this thesis, serve

to determine the stability of the whole network based the lead, or largest, real-component

of the eigenvalues for the fixed points in the network (for a more thorough review of random

matrix theory see [313]).

In neural systems, these techniques have been applied to probe the relationship between

heterogeneity and the long-term persistence and stability of the dynamics. In terms of

the excitability (e.g neural excitability; see Section (2.1) and (2.1.1)) of interest to this

thesis, it has been theoretically shown to reduce the number of equilibria [152], reduce

network volatility [275], linearize the dynamics [153], improve encoding [112] and stabilize

against external inputs [5]. Moreover, when cell-type specific connectivity is implemented

in a neural network, theoretical work has shown heterogeneous excitability to influence

computational capacity [11]. Likewise, the inclusion of heterogeneous connectivity in line

with what is anatomically observed was found to non-trivially affect the phase transitions

of a network [154]. Together, this strongly supports that, at a minimum, some forms of

electrophysiological heterogeneity plays a critical role in supporting healthy dynamics.

2.5 Numerical methods

The brain evolves through many stochastic processes. Not all of these can be appropriately

modelled into an analytically tractable form. As such, numerical approaches are utilized

to resolve them. Depending on the scale of model, these may take different forms. A
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summary of the primary numerical approaches used in this thesis follows.

2.5.1 The Euler-Maruyama Method

One of the methods most commonly used for numerical integration, Euler-Maruyama’s

method is used to evaluate the majority of systems of stochastic differential equations in

this thesis. Given functions g1 and g2, Xt is the solution to the stochastic differential

equation,

dX(t) = g1(X(t))dt+ g2(X(t))dW (t) (2.12)

if X(t) solves the integral equation,

X(t)−X(0) =

∫ t

0

g1(X(s))ds+

∫ t

0

g2(X(s))dW (s) (2.13)

where W (t) is a Wiener process used to model white noise; dW/dt = ξ(t) (for a review

see [196]).

In the framework of Euler-Maruyama’s method, this can, given the initial condition

Xo, be resolved over a time interval [0, T ]. Specifically, it is resolved incrementally for

time steps of size dt, such that the total number of steps, n = T/dt, where T is the total

simulation time [79, 53, 261]. The simulation proceeds in the form,
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Xn+1 = Xn + dtg1(Xn) + ∆Wng2(Xn) (2.14)

for the n steps of the simulation where tn = t0+ndt. Here, ∆Wn = W (tn+1)−W (tn) =
√
dtN(0, 1), where N(0, 1) is a Gaussian distribution with mean zero and variance one.

This approach can be expanded to systems of codependent or concurrent differential

equations, updating each variable sequentially through time.

2.5.2 Measures of heterogeneity in adaptive models

Including heterogeneity as an adaptable aspect of models poses a considerable challenge.

However, along with this comes the question of how to quantify the heterogeneity itself.

The choice of metric used to address this issue is, in part, dependent on the scale and type(s)

of heterogeneity under consideration. If multiple sources of heterogeneity are present, the

contributions of each must be accounted for in the measure. A wide range of similarity

metrics exist that can be leveraged to calculate the heterogeneity among a population.

The choice of metric may influence the magnitude of heterogeneity that is observed. Here

we briefly describe two: i) the Kullback-Leibler divergence, and ii) the Hellinger distance.

Kullback-Leibler divergence

One of the most common similarity metrics is the Kullback-Leibler divergence (KL-

divergence), proposed by Solomon Kullback and Richard Leibler in 1951 [175]. Also referred

to as the relative entropy or I-divergence, this metric is a statistical distance that measures
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the difference between a model probability distribution, Q, and the true one, P . In terms

of heterogeneity, particularly in the context of adapting networks, this can be used to

compare how the distribution of a given heterogeneous property (e.g. excitability) changes

through time or in response to altered network activity. The KL divergence is especially

favoured because it has been analytically derived for a number of different distributions,

including normal distributions, uniform distributions, and exponential distributions [301].

This then allows for the heterogeneity itself to be considered in terms of relating the changes

in distribution mean and variance to what drive them.

The KL-divergence, DKL(P ||Q), between two discrete probability distributions P and

Q on the same sample space X is defined as,

DKL(P ||Q) =
∑
x∈X

P (x)log
P (x)

Q(x)

Hellinger distance

The Hellinger distance, introduced by Ernst Hellinger in 1909 [136, 235], is a type of

f-divergence used to define the difference between two probability distributions, P , and Q

[75]. Unlike the KL-divergence, the Hellinger distance is bounded between 0 and 1, and

is thus a readily interpretable measure of the network heterogeneity where 0 corresponds

to full homogeneity and 1 would indicate heterogeneity with no overlap. In addition to

this bounding, similar to the KL-divergence, it has been analytically resolved for normal

distributions, thus affording the ability to relate changes in the metric to the heterogeneous
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properties underlying it.

For two discrete distributions, P = (p1, ..., pk) and Q = (q1, ..., qk), the Hellinger dis-

tance, H(P,Q), is defined as,

H(P,Q) =
1√
2

√√√√ k∑
i=1

(
√
pi −

√
qi)2

2.5.3 NEURON Coding Environment

For detailed biophysical models of neurons (e.g. those with comprehensive morphologi-

cal and electrophysiological properties) where there is spatial inhomogeneity and complex

membrane currents, the NEURON simulation environment is often the most flexible, effi-

cient and utilized framework [140, 141]. This coding environment was designed explicitly

to maximize the efficiency of integrating the branched nerve equations, leveraging various

mathematical simplifications and tricks. Specifically, the environment seeks to resolve the

cable equation,

∂V

∂t
+ I(V, t) =

∂2V

∂x2
(2.15)

where V is a membrane potential, and I is a current. When spatially discretized [140,

141, 232], this can be rewritten as a family of ordinary differential equations in a statement

of Kirchoff’s current law,
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cj
dvj
dt

+ iionj
=
∑
k

vk − vj
rjk

(2.16)

where j is a compartment index, c is the membrane capacitance, iion is all currents

through ionic channel conductances, and the right hand side of the equation represents

all axial currents that enter the compartment. Equation 5.3 involves two approximations:

first, that the axial current is specified by a voltage drop between adjacent compartments

and second, that the spatially varying membrane current can be represented by its value at

the center of a given compartment. These approximations are relatively straightforward in

linear cables where all compartments are of identical size, as a Taylor series expansion can

demonstrate the error scales proportionally as the square of the compartment size [140,

141]. However, to model biophysically detailed neurons, different compartment sizes and

branching must be accounted for. This, in particular, is where NEURON leverages its

designs for numerical efficiency.

Indeed, a common dilemma with branched structures in such simulations is that it

is often unclear how many compartments should be used for a given branch. This is

particularly important as computational accuracy and efficiency are directly related to the

number of compartments in a given cable. Additionally, as the number of compartments

increases, it then becomes challenging to deal with all of the parameters associated with

the many compartments. NEURON, however, addresses this by separating the biophysical

properties (e.g. morphology and electrophysiology) from the numerical issues associated

with compartment size [141]. This is done through the creation of sections, unbranched
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portions of cable, that are discretized within themselves. That is, within a given section,

many or few compartments, called segments and allocated by a parameter nseg, can exist

and are specified by a normalized distance, x ∈ [0, 1], along the section.

The internal voltage of each segment is crucially defined at its center, that is, at its

node [141], which is the discretization method employed by NEURON. With this, the

transmembrane currents over the entire surface area of a given segment are associated

with its node, and the nodes of adjacent segments are connected by resistors. Based on the

segment position, x, along the section, NEURON specifies internal model parameters (e.g.

axial resistance, compartment area, etc) and retrieves state variables as a function of their

location. This significantly reduces the amount of tracking required for lower-level details

in the model on the part of the user, and allows resolution of section properties without

regard for the number of segments that comprise it.

Finally, the sections themselves are then joined to comprise any branched architecture.

To allow this, and injection of current, at the precise ends of sections, extra voltage nodes of

zero area are defined at the section ends. NEURON then, in its default setting, evaluates

the integration using backward Euler approach [81]. This approach is leveraged for its

robust numerical stability and availability of extremely large time steps to find the steady-

state solution for linear (e.g. passive) systems. Moreover, the backward Euler approach

has been previously shown to be well suited to the integration of nerve equations [211],

and produces qualitatively good results even with large time steps.
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3.1. ABSTRACT

3.1 Abstract

Diversity exists throughout biology, playing an important role in maintaining robustness

and stability. The same is true of the brain, as has become increasingly apparent in recent

years with the accumulation of datasets of unparalleled resolution. These datasets show

widespread neural heterogeneity, spanning cells, circuits and system dynamics, marking

it as an unavoidable component of the brain’s composition. Recent experiments found

declines in heterogeneity amongst neurons may accompany pathological states. While het-

erogeneity has been linked to stability, robustness and increased computational potential,

the loss of biophysical diversity was found conducive to the onset of seizure-like activity,

suggesting an important functional role. Despite this, how changes in heterogeneity arise

remains unknown. Oftentimes considered a static metaparameter resulting from solely ge-

netic disposition, heterogeneity is, in fact, a highly dynamic property of biological networks

arising from various sources. Here, we consider this through the lens of intrinsic plasticity,

the activity-dependent modulation of neuron biophysical properties, which we propose al-

lows the degree of biophysical diversity to fluctuate in time. Using a network of Poisson

neurons endowed with intrinsic plasticity, we combine analytical and numerical approaches

to measure the effect of input statistics on the excitability of individual cells, and how this

translates into changes in network heterogeneity at the population scale. Our results indi-

cate that, through intrinsic plasticity, diversity in synaptic inputs promotes heterogeneity

in cell-to-cell excitability due to changes in the statistics of presynaptic firing rates, and

network topology. In contrast, whenever the statistics of synaptic input between cells
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were too similar, intrinsic plasticity promoted the decline in heterogeneity. Further, we

show that changes in heterogeneity can coexist with degeneracy in the firing rate between

neurons. Taken together, understanding how input statistics affect neuronal network het-

erogeneity may provide key insights into brain function, resilience and the manipulability

of neural diversity through intrinsic plasticity.

3.2 Introduction

A common feature of many complex systems’ constitution is the presence of disorder or

heterogeneity [110, 213, 12, 312, 338, 203, 168, 189]. This is especially true for the brain,

where the sources of heterogeneity are widespread [182, 44], with important consequences

on neural circuits dynamics and function[324, 62, 275, 112]. One of the most salient, and

studied, forms of heterogeneity arises through diversity in neuronal excitability [226, 58,

220], manifested through neuron-specific, cell-to-cell variations in both the minimal inten-

sity of a stimulus required to elicit a response (i.e., threshold), as well as in the magnitude

of this response (i.e., gain) [97]. A confluence of both experimental and theoretical stud-

ies have demonstrated that excitability heterogeneity plays multiple important functional

roles, such as optimizing coding capacity, promoting efficient learning and information flow,

as well as reinforcing the resilience of neural circuits by stabilizing their dynamics away

from pathological states [220, 117, 97, 274, 238, 275, 223].

In all likelihood, because neuronal excitability is not static, excitability heterogeneity

is also not static and modulated by intrinsic plasticity mechanisms that play an important
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role in learning and memory [363, 77]. Intrinsic plasticity is the post-synaptic counterpart

to synaptic plasticity, whereby a neuron’s excitability (e.g. gain) is modulated by its past

activity profile [331, 83, 363, 130, 82], including background fluctuations and/or persistent

changes in the input statistics (hereafter referred to as the ”milieu”). Such modulation

of excitability in an activity-dependent manner was first shown by blocking voltage-gated

sodium channels to silence neocortical neurons, which triggered an increase in excitability

via the upregulation of voltage-gated sodium channels and downregulation of potassium

channels [83, 363, 111]. Experimentally, this malleability of excitability not only plays a key

role in memory and learning [48, 202, 323, 363, 292], but also in several pathological states

of the nervous system [28] including epilepsy [363, 28], tinnitus [192, 138, 69], neuropathic

pain [209, 69], and a whole host of neurodegenerative and neuropsychiatric conditions [65,

52, 43, 193, 329, 342, 233, 101].

At a network level, the changes in excitability in pathological states like epilepsy can

be seen to alter the diversity of excitability across the population. Indeed, our recent

work shows that a loss of excitability diversity accompanies human [275] and rodent [227]

epilepsy, and results in network instability that predisposes the brain to slipping into a

seizure-like state [275, 153, 152]. However, how such a decline in heterogeneity arises re-

mains unknown, and even of wider important is that how is the excitability diversity we see

in the brain [248, 324, 61, 62, 295] maintained for the “healthy” function of the nervous sys-

tem. Therefore, we pursue the hypothesis that intrinsic plasticity modulates neural circuit

heterogeneity, through the regulation of the excitability of individual neurons. We con-

sider this mechanism of particular candidacy as it aligns with recent research highlighting
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the importance of degeneracy in explaining the multiple pathways through which epilepsy

occurs [306]. Indeed, if intrinsic plasticity enhances variability between neurons, either by

diversifying their excitability profiles between each other or by accentuating pre-existing

differences, the network’s heterogeneity will increase. In contrast, if intrinsic plasticity

instead drives a convergence of excitability profiles between cells, this will manifest as a

decline in excitability heterogeneity. Given the close relationship between diversity and

stability [275, 153, 152], the ability of intrinsic plasticity to promote (or hinder) excitabil-

ity heterogeneity might provoke important changes in dynamic stability, which may be

both physiologically beneficial, or in the extreme predispose neural circuits to pathological

states, such as those seen in epilepsy [275, 153, 152].

Inspired by our recent experimental work [227], we here pursue the novel hypothesis that

intrinsic plasticity is a critical modulator of neural circuit excitability heterogeneity. This

novel perspective is in stark contrast with the pre-existing notions that excitability hetero-

geneity is a static meta-parameter resulting mainly from genetic predisposition [220, 314,

61, 62, 142, 295, 356, 112]. Herein we propose intrinsic plasticity as a candidate mechanism

for time-dependent changes in the heterogeneity expressed by neural populations, thereby

influencing the stability of neural circuits. To explore these hypotheses, we use a widely

used recurrent neural network of excitatory Poisson neurons with sparse, random connec-

tivity, endowed with intrinsic plasticity. We characterize the dynamics of this model under

varying stimulation conditions (e.g. step current, spike trains) and network architecture

(e.g. topology and weights). We found that heterogeneity arises naturally among neurons

from changes in input statistics, resulting from cell-to-cell variations in connectivity pro-
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files. Most importantly, our result indicates that stimuli can be used to manipulate the

level of heterogeneity in the network. The increase in heterogeneity was found to enhance

network stability. In contrast, diversity decline was alternatively found to promote multi-

stability. Importantly, we found that heterogeneity can coexist with degeneracy: networks

of neurons exhibiting similar firing rates can still demonstrate excitability heterogeneity.

Taken together, these results imply that heterogeneity is a malleable property of neural

networks, supported by the topology of the network and imperative for maintaining stable

neural network operation.

3.3 Methods

3.3.1 Network model

We consider an excitatory network of Poisson point neurons with random connectivity.

The neurons have a membrane potential, ui, where i = 1, ..., N is the neuron index. The

dynamics of the membrane potential for neurons in this network obey the following system

of evolution equations,

τ
dui

dt
= −ui +

1

N

N∑
j=1

wijXj, (3.1)

where Xj =
∑

{tk} δ(t − tk) are Poisson spike trains, τ is the membrane time constant,

and wij are synaptic weights. Spiking activity follows a non-homogeneous Poisson process,

that is Xj −→ Poisson(rj), where rj corresponds to the instantaneous firing rate of neuron
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j. This firing rate depends directly on the membrane potential through the excitability

curve of that same neuron, that is rj = f(uj) where f is defined by the sigmoid [153, 152],

f(ui, βi, hi) =
1

2
(1 + erf(βi(ui − hi))), (3.2)

where i is the neuron index, and {βi, hi} are the slope and midpoint (or rheobase), respec-

tively. A Poisson spike occurs if pspike = 1−exp(−f(ui, βi, hi)) is greater than a randomly

generated uniform probability. The excitability curve hence sets the firing rate, ri, of

neuron i.

3.3.2 Model assumption

The model in Eq. (3.1) and associated analyses below rely on a set of assumptions, vali-

dated in previous work [187, 275, 311, 186], and whose purpose is to balance physiological

relevance and mathematical tractability. Specifically,

• Neuronal spiking is Poisson, uncorrelated and resides in the high firing rate limit;

• Connectivity is random with probability ρ = 0.15, and the network topology is

constructed to accommodate any in- and out-degree distributions. To do so, we

follow the steps described [166]. In summary, the degree of connectivity to a given

neuron, i = 1, ..., N , is drawn from a uniform distribution. The connections are then

made randomly with the neurons in the network.
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• Synaptic weights are positive (purely excitatory network) and uniform across all

realized connections: wij = wo > 0 if a connection exists between neurons i and j

and 0 otherwise. This choice is made for convenience, so that the expectation value

of the weights across all neurons is EN×N [wij] = wo.

• Intrinsic plasticity is slow compared to membrane potential dynamics. We have

assumed that the intrinsic plasticity equations have reached an equilibrium, for which

the firing rate of individual neurons has been homeostatically normalized to a set

value ro (see below).

These assumptions play an instrumental role in the analysis that follows. Notably, they

set the network in a dynamical regime in which individual membrane potentials can be

assumed to be Gaussian, a key requirement in the mean field analysis pursued below. These

assumptions also enable the use of adiabatic approximations, in which intrinsic plasticity

has reached an equilibrium, where firing rates remain constant on the shorter time scales

defined by the membrane time constant (i.e., τIP ≫ τ). While seemingly restrictive,

analyses relying on these assumptions have been shown to agree well with simulations,

both here and in our previous work[187, 275, 311, 186].

3.3.3 Regulation of excitability via intrinsic plasticity

Thus far, the excitability described for each neuron in the network is static. To introduce

intrinsic plasticity in this framework, we allow the parameters βi and hi in Eq. (3.2) to
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fluctuate in time to normalize the firing rate of individual neurons in an activity-dependent

manner. Specifically, we allow the excitability curve of each neuron to adapt so that, over

long time scales, its firing rate is drawn towards a value ro, hereafter referred to as the

homeostatic target rate. For simplicity, this target rate is chosen to be equal for each neuron

in the network. To implement intrinsic plasticity, Eq. (3.1) and (3.2) are complemented by

an additional set of differential equations accounting for the dynamics of the parameters

βi and hi,

τIP
dβi

dt
= ϵβ(f(ui, βi, hi)− ro)Θ(βi), (3.3)

and

τIP
dhj

dt
= ϵh(f(ui, βi, hi)− ro), (3.4)

respectively. Combined, Eqs. (3.1), (3.3) and (3.4) form a system of 3N differential

equations, in which the parameters defining the excitability of individual neurons adapts

to fluctuations in its membrane potential. The constant τIP refers to the time constant of

intrinsic plasticity, and is assumed to be slow compared to the dynamics of the membrane

potential in Eq. (3.2) i.e. τIP ≪ τ . The parameters ϵβ and ϵh correspond to learning rates

(ϵβ < 0 and ϵh > 0), scaling the direction of the rate of change, while compensating for

the vastly different range of values the parameters βi and hi can take. The function Θ

in Eq. (3.3) is defined by Θ(βi) = 1 whenever 0 < βi < βmax and zero otherwise, and is

included to ensure that the slopes βi remain positive, and bounded within a physiologically

plausible range, where βmax = 50.
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3.3.4 Excitability and cellular milieus

To characterize how intrinsic plasticity influences the activity of individual cells in Eq.

(3.1), one can examine the asymptotic dynamics of the parameters βi and hi for an arbitrary

neuron i. Since the membrane potential ui is a stochastic state variable (due to Poisson

spiking), it is more appropriate to consider the temporal averages of Eq. (3.3) and (3.4),

that is

τIP
⟨dβi⟩T
dt

= ϵβ⟨(f(ui, βi, hi)− ro)⟩T , (3.5)

τIP
⟨dhi⟩T
dt

= ϵhi
⟨(f(ui, βi, hi)− ro)⟩T , (3.6)

where ⟨·⟩T represents an average over a long time window i.e., T ≫ τIP and T ≫ τ and

where we assumed Θ(βi) = 1. At equilibrium, these equations possess steady states β∗
i and

h∗
i that satisfy the same implicit expression

⟨f(ui, β
∗
i , h

∗
i )⟩T − ro = 0, (3.7)

which simply indicates that asymptotically, the average individual firing rate of a neuron i

will converge towards the homeostatic target rate ro. This can equivalently be written for

T → ∞ as, ∫
f(ui, β

∗
i , h

∗
i )p(ui)dui = ro. (3.8)

Note that one obtains an identical expression for each neuron in the network, although

the values of β∗
i and h∗

i may differ. The above expression depends directly on the a priori
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unknown probability density function p(ui) for the membrane potential of neuron i, as

defined in Eq. (3.1). Determining this distribution exactly represents a challenge, but

approximations are possible. Indeed, in the limit of high firing rates, and assuming that

spiking activity in the network is uncorrelated, one may replace the spike trains, Xj, in

Eq (3.1) by Xj ≈ rj +
√
rjξj, where rj is the firing rate of neuron j, and ξj is a Gaussian

white noise process such that ⟨ξj(t)ξk(s)⟩T = δjk(t− s) [310]. Using these approximations,

Eq. (3.1) becomes,

τ
dui

dt
= −ui +

1

N

N∑
j=1

wij(rj +
√
rjξj) (3.9)

As per the steady state analysis of the intrinsic plasticity equations performed above, we

now examine the adiabatic regime in which the individual firing rates rj asymptotically

converge towards their homeostatic target rate ro (i.e., Eq. (3.7)) and remain constant

within the time window T . Hence, at equilibrium, one obtains [311, 186]

τ
dui

dt
≈ −ui +

1

N

N∑
j=1

wijr
o +

1

N

N∑
j=1

wij

√
roξj. (3.10)

One may simplify this expression further, recalling synaptic weights are assumed to be

random and the same for all connections i.e., wi,j = wo with probability ρ, and zero

otherwise. Note that we will break this assumption later on. In this case, the degree

distribution P (k) of the network connectivity adopts a Binomial distribution i.e., P (k) =(
N−1
k

)
pk(1− p)N−1−k. Both in-degree (i.e., kIN) and out-degree (i.e., kOUT ) are identically

distributed, with EN [k
IN
i ] = EN [k

OUT
i ] = ρ(N − 1). As such, one may rewrite Eq. (3.10)
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as

τ
dui

dt
≈ −ui +

1

N
kIN
i wor

o +
1

N
kIN
i wo

√
roζi (3.11)

where kIN
i corresponds to the in-degree associated with neuron i. By independence, the

second sum on the right hand side of Eq. (3.10) also conforms to a zero mean Gaussian

white noise process [109], and has thus been replaced by independent, identically dis-

tributed Gaussian white noise processes ζi, also satisfying ⟨ζj(t)ζk(s)⟩T = δjk(t− s) [310].

Following these approximnations, Eq. (3.11) is fully decoupled from the dynamics of other

neurons in the network. It further shows that the dynamics of the membrane potential of

individual cells depend directly on the neuron’s milieu - here defined as the environment

or local conditions that impact a neuron’s membrane dynamics [336] - resulting from the

combination of passive properties, synaptic inputs (i.e., via the in-degree, and also external

stimuli (see below). Following the assumptions highlighted above, the membrane potential

ui in Eq. (3.11) of each neuron can be approximated by an Ornstein-Uhlenbeck process

whose probability density function p(ui) has the shape of a normal density with mean

µui
=

1

N
kIN
i wor

o, (3.12)

and variance

σ2
ui
=

1

2N2
(kIN

i wo)
2ro, (3.13)

where we assume τ = 1. We highlight that the mean and variance differ between between

cells within the network, here as a result of variability in synaptic connectivity.
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With an approximation for the probability density function p(ui) = N(µui
, σ2

ui
) in hand, we

can now return to Eq. (3.8) and determine the conditions on the excitability parameters

β∗
i and h∗

i by computing the integral on the right hand side, that is

∫
f(ui, β

∗
i , h

∗
i )p(ui)dui =

1

2
√

2πσ2
ui

∫ ∞

−∞
(1 + erf(β∗

i (ui − h∗
i )))e

−(ui−µui )
2

2σ2
ui dui, (3.14)

which can be separated into two integral terms,

∫
f(ui, β

∗
i , h

∗
i )p(ui)dui =

1

2
√
2πσ2

ui

∫ ∞

−∞
e

−(ui−µui )
2

2σ2
ui du+

1

2
√

2πσ2
ui

∫ ∞

−∞
erf(β∗

i (ui − h∗
i )))e

−(u−µui )
2

2σ2
ui dui. (3.15)

The first term of this equation resolves to 1/2. The second term can be solved using the

known integral solution of a normal distribution with an error function [234], yielding

∫
f(ui, β

∗
i , h

∗
i )p(ui)dui =

1

2
+

1

2
√

2πσ2
ui

√
π

(1/2σ2
ui
)
erf

(
−β∗

i (µui
− h∗

i )√
2σ2

ui

√
β∗2
i + (1/2σ2

ui
)

)
. (3.16)
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∫
f(ui, β

∗
i , h

∗
i )p(ui)dui =

1

2
+

1

2
erf

(
−β∗

i (µui
− h∗

i )√
2σ2

ui

√
β∗2
i + (1/2σ2

ui
)

)
. (3.17)

Simplifying this equation, we obtain an expression for the average firing rate of individual

neurons, which at equilibrium must correspond to the homeostatic rate as per Eq. (3.7),

that is,

F (µui
, β∗

i , h
∗
i ) ≡

1

2

(
1 + erf

(
−β∗

i (µui
− h∗

i )√
1 + 2β∗2

i σ2
ui

))
= ro. (3.18)

Equation 3.18 shows that the excitability of individual neurons changes in an activity-

dependent manner to normalize the neuron(s) firing rate: it defines a self consistent, yet

implicit expression for values of β∗
i and h∗

i reached at equilibrium, which result from Eqs.

(3.3) and (3.4). It further confirms that the shape of the excitability curve (which is

parametrized by the parameters β∗
i and h∗

i ) depends directly on the statistics of the mem-

brane potential of individual cells. Variability in membrane potential statistics result in

different excitability profiles, reflected as heterogeneity in the network.
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3.3.5 Excitability degeneracy

As defined, the equilibrium of Eqs. (3.5)-(3.6) both satisfy Eq. (3.7): these form an

underdetermined system and, by extension, the model displays degeneracy. That is, Eq.

(3.18) admits multiple equivalent solutions, where multiple combinations of β∗
i and h∗

i

satisfy the equilibrium conditions of the intrinsic plasticity equations. That is, within the

available h − β parameter space there exists a set of equivalent pairs of β∗
i and h∗

i that

parameterize an excitability curve with the same qualitative excitability profile. These

define a curve, which we call the degeneracy curve h∗(β∗), towards which values of β and

h will converge to maintain the neuron at a set homeostatic target firing rate (see Fig

(3.1C)).

The degeneracy curve arises directly from Eq (3.18), where F (µui
, β∗

i , h
∗
i ) = ro. Assuming

that σ2
ui
> 0 and performing the appropriate rearrangement to isolate hi, we hence obtain

an expression for the degeneracy curve,

h∗
i (βi)

∗ = µui
− 1

β∗
i

(√
1 + 2β2

i σ
2
ui
erf−1(2ro − 1)

)
(3.19)

The degeneracy curve depends on the homeostatic target firing rate, as well as the

mean and variance of the membrane potential of individual neurons, which themselves

depend on the weights and firing rates within the network (i.e., Eq. (3.12 and (3.13)). The

presence of degeneracy in the plasticity of our model differentiates it from other adaptation

models [115, 34, 31, 347, 346, 174, 270] as there are equivalent parametric pairs that can
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arise from inputs with the same statistics. Further, in cases where the neurons have non-

identical input statistics (from e.g. degree distribution, connections weights) the presence

of degeneracy allows for elevated levels of heterogeneity in the network. This degeneracy

allows neurons to have different parameterizations, increasing the available parameter space

beyond what a non-degenerate model can access. This is particularly important, as it is

consistent with neuronal adaptations that occur via the complex interaction of multiple

biophysical properties [266, 8].

3.3.6 Network simulations

Manipulating network heterogeneity: stimulation

The input statistics of each neuron regulate the network’s level of heterogeneity by way

of the membrane potential mean and variance (Eq (3.12) and (3.13)). As such, we would

expect that heterogeneity will be modulated by exogenous stimulation. To explore how

different types of stimulation affect network heterogeneity, we apply stimulation, Si, to

every neuron in the network such that Eq (3.1) becomes,

dui

dt
= −ui +

N∑
j=1

wijXj + Si(t) (3.20)

where Si is representative of different kinds of stimulation:
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Si(t) =


Io Fixed input

η(t) Ornstein-Uhlenbeck process

Yi(t) Spike trains

(3.21)

These correspond to different stimulus types regularly observed in experimental proto-

cols and in vivo [169].

Starting with the case of fixed input, Si corresponds to regimes of persistent high or low

activity whereupon every neuron receives the same injected input. This kind of persistent

stimulation is modelled in Section 3.4.2, where three different simulations are performed:

one with persistently high activity where Io > 0, one with persistently low activity where

Io < 0, and a baseline case where Io = 0 ∀t. The networks are initialized with random

values of βi,o, hi,o from uniform distributions of β and h for neurons i = 0, ..., N .

At the end of these simulations, the obtained parameterizations of the excitability

curves (e.g. βi,f , hi,f ) for each of the three networks are kept to investigate the dynamics

these curves would evoke in a static network. That is, without intrinsic plasticity to adjust

the excitability curves, what dynamics may result from the new levels of excitability and

homogeneity. This no-plasticity version of the network is then simulated with an Ornstein-

Uhlenbeck process, η, such that every neuron receives the same slow-varying signal. This

variety of stimulation allows us to investigate the influence of heterogeneity on the stability

of the network dynamics.

Finally, in the case where the network is stimulated by impinging spike trains each
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train, Yi, i = 1, ..., N , is independent of the N − 1 other trains and has a rate, ri,s, drawn

from a uniform distribution of rates. The rates are non-identical between neurons with the

objective of increasing the heterogeneity in the population. Simulations using this kind of

stimulation are initialized with random βi,o, hi,o, the spike trains are applied over a window

∆t, to induce heterogeneity in the network.

Manipulating network heterogeneity: In-network proper-

ties

In addition to exploring the effect of stimulation, we sought to investigate the effect

of the network’s properties on excitability and heterogeneity. Specifically, we consider the

impact of i) the topology and ii) the connectivity weights. These quantities are of particular

interest due to their role in setting the mean (see Eq(3.12)) and variance (Eq(3.13)) of the

membrane potential. To do this, rather than stimulating, we alter the input statistics of

the neurons by changing i) the degree distribution of the topology or ii) the weights.

Specifically, to explore the effect of the topology on the network heterogeneity, we fix

the mean connectivity to 15%, but replace the distribution the number of connections is

drawn from (see Methods - Section (3.3.1)) with a uniform one. In subsequent simulations,

the variance of the uniform distribution is increased to observe the effect on network

heterogeneity. For all of these simulations, the weights are maintained at a constant value,

wi,j = wo.

For the contribution of the weights, the topology is kept to the initial degree distribution

with 15% random connectivity. However, the weights are no longer constant (wi,j ̸=
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wo). Instead, the weights are drawn from uniform distributions and multiplied by the

connections (Cij = 0 or 1), to obtain the realized weight matrix W . As the network is all

excitatory, the weights are all chosen to be wij ≥ 0.

In both cases, it is of interest to know what level of heterogeneity these in-network

properties create and their ability to retain any induced heterogeneity. Thus the simulations

for each case are first allowed to run until a baseline level of heterogeneity is achieved, after

which spike trains of different rates (Yi in Eq (3.20)) are applied for an interval t = 3000 to

induce elevated heterogeneity in the network. When the stimulation ends, it can then be

observed in each framework if, and to what extent, the induced heterogeneity is successfully

retained.

3.4 Results

3.4.1 Intrinsic plasticity and neural excitability

To explore the relationship between intrinsic plasticity and heterogeneity, we considered

a simple and well-studied [115, 305] excitatory network endowed with a phenomenological

model of intrinsic plasticity, whereby the excitability of individual neurons changes in an

activity-dependent manner. Similar to other forms of adaptation [34, 35, 31, 115, 347, 346],

homeostatic intrinsic plasticity was implemented by allowing the slope, β, and rheobase,

h, of each neuron’s excitability curves to change as a function of membrane potential

fluctuations (see Fig ( 3.1A,B)), while preserving a target homeostatic firing rate.
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A key difference between the myriad of other models of neural adaptation [115, 305, 174,

347, 346, 34, 35, 31, 270] and ours stems from the presence of degeneracy, a phenomenon

where multiple unique sets of solutions can produce a highly similar performance. Im-

portantly, this differs from redundancy, where multiple sets of the same elements perform

the same function [262, 119, 306]. While long understood in theory, it is only more re-

cently that degeneracy has been understood as a pervasive property of biological systems,

including in the brain where neurons with widely varying ion channel conductances can

nonetheless exhibit remarkably similar electrophysiological properties [246, 13, 266, 104,

8]. This is particularly true for excitability, as multiple forms of contextual, environmental,

and neuromodulatory perturbations may cause changes in input statistics to trigger intrin-

sic plasticity, ranging from variations in synaptic dynamics, synchrony, input amplitude

and position, shunting inhibition, total conductance, depolarization state, and fluctuations

in the membrane potential [97]. Leveraging this in our model, we implement degeneracy

by allowing the neurons to possess different excitability profiles while sharing a common

target firing rate (see Methods). By this, numerous combinations of β and h satisfy the

equilibrium conditions of the intrinsic plasticity equations, which define a curve which we

call the degeneracy curve, h(β). Over time β and h converge to the degeneracy curve

maintaining the cell at a set target firing rate (see Fig (3.1C)). As the statistics of the

neuron’s membrane potential change, the combinations of β and h required to preserve the

target firing rate change too, repositioning the degeneracy curve in parameter space.

To demonstrate how intrinsic plasticity shapes the excitability profile of neurons (Fig

(3.1)), simulations were performed in which individual neurons were exposed to different
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inputs (resulting from both connectivity and external stimuli). From these simulations,

three categories (classed by ad hoc thresholds of impinging firing rate to each neuron)

of excitability emerged as a result of neuron exposure to persistent high-, mid- or low-

amplitude activity (Fig (3.1D)). For those neurons receiving high-amplitude activity, com-

pared to baseline, the intrinsic plasticity-driven excitability changes in h (Fig (3.1E)) and β

(Fig (3.1F)), yielded hypoexcitability. In contrast, low-amplitude activity did the opposite

and yielded hyperexcitability. Despite displaying the same target firing rate, such changes

in excitability result in an important difference in the neuron’s response to forthcoming

stimuli, as both the rheobase (i.e., h) and slope (i.e., β) of the resulting excitability curve

had changed significantly. These results echo the experimentally observed homeostatic

responses of neurons to low and high activity [331, 83, 111], supporting the qualitative

behavior of this model of intrinsic plasticity.

3.4.2 Intrinsic plasticity supports changes in cell-to-cell het-

erogeneity and network dynamics

Our central hypothesis is that, within an active network, the tuning of cellular excitability

through intrinsic plasticity will modulate population diversity. To investigate this potential

relationship between diversity and activity, we placed our network of neurons into three

distinct activity level regimes by applying a constant input equally to all neurons (i.e.,

+/−Io) reflective of three different physiological/experimental states (see Fig (3.2A)): 1)

a baseline state, where the network receives no external stimulation, and thus the activity
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Figure 3.1: Intrinsic plasticity regulates neuron excitability in response to input
statistics. Caption continued on next page.
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Figure 3.1: A) For a given neuron, its excitability is altered by the input statistics it re-
ceives via intrinsic plasticity. Changes in input statistics can result from multiple factors,
including connectivity and weights. In response to an increase in activity (such as from a
high amount of input; blue), a neuron becomes hypoexcitable. Conversely, a low activity
(red) will yield hyperexcitability. Both of these directions of change are facilitated by in-
trinsic plasticity. B) Intrinsic plasticity adapts the slope, β (left) and rheobase, h (right) of
the excitability in response to high (blue) and low (red) input activity. C) The slope and
rheobase the excitability adopts are directly influenced by the intensity of input received,
where high (blue) intensity yields hypoexcitable low slopes and high rheobase values, and
low (red) intensity the opposite. The black line is the degeneracy curve, and the black
circle acts as an exemplar initial parameter set for a given neuron. When the input inten-
sity changes to lower or high activity, the neuron will adopt new parameters via intrinsic
plasticity that are more hyperexcitable (low activity) or hypoexcitable (high activity), the
relative parameter spaces for which are demonstratively shown as a heat map. In a sim-
ulated network of N = 100 excitatory neurons, the varied statistics of their presynaptic
firing rates will cause a heterogeneous population of excitabilities to emerge. By assigning
thresholds, these excitabilities can be grouped into three broad categories of the amount
of activity the neurons receive (low (red), mid (grey), and high (blue)). Correspondingly,
this results in neurons that are hyperexcitable (red) and hypoexcitable (blue) with the mid
group having excitability between these extremes. D) This excitability is shown as the
average number of spikes produced by neurons in each grouping when stimulated by step
currents, Iinj, for t = 700 ms intervals with increasing current amplitude (see Methods).
Error bars are SEM. The spikes evoked by the step current are recorded and reflect the
rheobase, h, E) and gain, β, F).
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of the population is entirely dictated by the recurrent connectivity of the network; 2) a

high activity state similar to what is observed in the upstate of the cortex [304, 320] or

in a region receiving feed-forward drive [76]; and 3) a low activity state similar to what

is found in slice culture [108], or deafferented cortex [21] where the population receives a

scarcity of excitatory drive. Thereafter, a second stimulation protocol, without plasticity,

is leveraged to demonstrate the dynamical differences between the three excitability levels

obtained (see Fig (3.3A)).

The top row of Fig (3.2E) shows that persistent high and low activity states cause

shifts in excitability compared to baseline, Fig (3.1), that one would expect experimentally

[331, 83]. In the network, these changes are reflected in the shape of the mean network

response function, ⟨f(u, βeff , heff )⟩N . This mean network response function was computed

by assuming that intrinsic plasticity operates over long time scales compared to ongoing

membrane potential fluctuations, rendering the excitability profile of individual neurons

essentially constant on shorter time scales. The mean response function is characterized

by an effective parameterization (βeff and heff ) of the network excitability, where the

effective rheobase, heff is the midpoint of the population-average excitability curve (e.g.

⟨f(uj, βj, hj)⟩N = 1/2) and the effective slope, βeff , can be determined from the derivative

of this curve (see Methods). The value of these parameters reflects the heterogeneity in

excitability found in the network and was determined numerically. We found that receiving

persistent high-level input activity caused the excitability to be suppressed homeostatically

(Fig (3.2Ei)), whereas receiving persistent low level input activity caused the neurons to

become more excitable (Fig (3.2Eiii)) [83] before returning to baseline after the persistent
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high and low activity stops (bottom row of Fig (3.2Ei-iii)).

The parameterizations of the excitability, expectedly, change in opposing ways to adapt

to the strength of the persistent activity they receive (Fig (3.2F)). In line with Fig (3.1A-

C), the neurons exposed to high activity (and hence requiring to become less sensitive

to maintain their target firing rate) adopt more hypo-excitable curves, characterized by

lower β and high h values, and the neurons exposed to low activity (and hence requiring

to become more sensitive to maintain their target firing rate) adopt more hyper-excitable

curves, with higher β and lower h values (Fig (3.2F)). Concurrent with these excitability

changes, the population firing rate also rose or dropped in response to high and low drive,

respectively, but normalized over time back towards their homeostatic target via intrinsic

plasticity (see Methods; Fig (3.2B,C)). Likewise, when the induced activity was turned off,

the networks experienced opposing deviations in their firing rate before being driven back

toward their homeostatic target again. The amount of time required for a given neuron in

the network to regain the target firing rate is dependent on the excitability it possessed at

the onset of high- or low-activity (Fig (3.2B)).

Beyond these predictable network-level excitability changes, surprisingly, these shifts in

excitability were accompanied by a remarkable amount of malleability in heterogeneity (Fig

(3.2Ei-iii)). Heterogeneity was quantified by computing the population-averaged Hellinger

distance, ⟨H2⟩N , (a similarity metric; see Methods) to track the variability in excitability

profiles among cells. Using this metric, the network demonstrated a decline in heterogeneity

for both activity states. However, in the high-activity state, this initial loss recovers to an

overall increase in heterogeneity as the activity persists (Fig (3.2D)). The initial nominal
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drop in heterogeneity in the hypo-excitable case occurs as the sudden increase in activity

induces intrinsic plasticity, and all the neurons start moving toward more hypo-excitable

parameterizations. However, as the high activity persists, the inter-neuron variance in

activity (e.g. from differing connectivity degree) brings the recovery and eventual overtake

of the baseline heterogeneity. Moreover, the cessation of the high-activity state induces

further heterogeneity. This differs from the hyper-excitable case, which experiences a

profound decline in diversity, where the inter-neuron variability in activity becomes small

owing to the suppressing nature of the applied input (see Methods). Interestingly, this lost

heterogeneity is readily recovered when the low activity stops.

In the hyper-excitable case modelled here, and paralleled by our recent human slice cul-

ture experiments [227], a substantial reduction in diversity is accompanied by shifts in mean

excitability. These features are similarly reproduced in our simulations (Fig (3.2Eiii)).

While a simplified representation, our model effectively captures the adaptive regulation

of diversity and its relationship to excitability through intrinsic plasticity mechanisms

observed in biological neural networks, thus highlighting how diversity is maintained by

activity, declining without it.

Recent experimental evidence, corroborated by numerical and analytical work, has

associated reduced heterogeneity in neuron excitability with pathological states [275], and

found it broadly destabilizing for brain activity [153, 152]. The results presented in Fig

(3.2) support these findings, showing that stimulation can be used to manipulate the

excitability (i.e., Fig (3.2E)) and level of heterogeneity (i.e., Fig (3.2D)) of a population

of neurons. It remains to explore the consequences of these heterogeneity changes on the
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Figure 3.2: Persistent high and low activity states modulate both excitability
and heterogeneity via intrinsic plasticity. Caption continued on next page.
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Figure 3.2: A) To explore our network we initialized it to have heterogeneous excitability
by randomly sampling {βo,i, ho,i} for each neuron i = 1, ..., N from independent uniform
distributions. For this protocol, the simulation proceeds as follows: after a transient pe-
riod to allow the randomized excitability parameters to adapt their equilibrium values via
intrinsic plasticity (e.g. ri = ro ∀ i = 1, ..., N), the neurons are all stimulated with a
fixed current, Io. This is considered in three independent simulations, i) Io > 0 (high
activity), ii) Io = 0 (baseline), and iii) Io < 0 (low activity). After a time, the stimulation
is stopped. Intrinsic plasticity adapts the excitabilities in response to the stimulus’s on-
and off-sets. B) A raster of the firing rate of a random sample of n = 5 neurons from
the network stimulated with persistent high activity (blue), baseline activity (grey) and
persistent low activity (red). The heatmaps are schematic representations of the hetero-
geneity in excitability obtained in the simulated networks. C) The population average
firing rate, ⟨r⟩, throughout the simulations. The black bar indicates when stimulation is
applied to provide persistent high (blue) and low (red) activity. The horizontal dashed line
is the target rate, ro = 0.05. D) The heterogeneity level in the network, calculated as the
population average Hellinger distance, ⟨H2⟩N , (see Methods) is calculated as the pairwise
average across all neurons. The black bar indicates exposure to stimulation. A window
of transient behaviour, indicated by the arrow on the plot, occurs with the onset of high
activity (blue) resulting in a temporary decline in heterogeneity as intrinsic plasticity is
induced. E) Top: The coloured curves represent the excitabilities obtained by the N = 100
individual neurons connected with mean degree 15, and the black curve is the mean net-
work response function, ⟨f(u, βeff , heff )⟩N , from simulations of a network initialized with
random βo,i and ho,i at Top: t = 19900 ms following 9900 ms of exposure to stimulation of
(i) persistent high activity, +Io (blue), (ii) continued baseline activity, Io = 0 (grey), and
(iii) persistent low activity, −Io (red). Bottom: plots of the excitabilities at t = 30000 ms,
10000 ms after exposure to persistent high (i) and low (iii) activity has stopped. F) The
average population value of β (left) and h (right) before (t = 9000), during (t = 19900)
and after (t = 30000) persistent activity. The error bars are SEM.
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network’s dynamics. To do this, we exposed networks endowed with the hypo-, hyper-

and baseline excitabilities as a result from exposure to different activity levels (Fig (3.3A)

and Fig (3.2E), top row) to a slow, time-varying stimulus (i.e., η(t)) in the form of an

Ornstein-Uhlenbeck process selected to interrogate the system’s dynamics (see Methods,

Section 3.3.6). To avoid confounds, and because it occurred on a much slower time scale,

intrinsic plasticity was temporarily turned off for this analysis.

The network response to the applied stimulus is shown in Fig (3.3B). In the baseline

case, the neurons’ responses varied smoothly, mirroring the stimulation applied. Variability

in spiking was observed amongst neurons, as a direct consequence of high excitability het-

erogeneity (Fig (3.2E)). However, both other regimes had stereotyped network responses:

In the hypoexcitable case, the network remained mostly silent and unresponsive, revealing

reduced heterogeneity. In the hyperexcitable case, the network dynamics were character-

ized by sharp, network-wide (i.e., identical between cells) fluctuation alternating between

states of full quiescence and states of saturation. This is the signature of heterogene-

ity decline depicted in Fig (3.2E). Such transitions emerged as the direct consequence of

the increased non-linearity of the network mean response function. This homogenization-

induced nonlinearity was especially important when the network was in the hyperexcitable

regime, wherein bursts of intense activity resulted from small perturbations, suggestive of

multistability. That is, in line with what has been observed in previous studies of patholog-

ical states [275], reduced heterogeneity results in network dynamics with sharp transitions

between alternate states, displaying highly nonlinear behavior. Conversely, heterogeneity

prevents such dynamics and replaces them with smooth, more linear responses. To further

91



3.4. RESULTS

Figure 3.3: High- and low- activity induced excitability alterations yield aber-
rant network dynamics. To explore the dynamics of the different regimes of excitability
that are obtained during persistent stimulation in Fig (3.2), we consider a separate stimu-
lation protocol. A) In this case, three separate networks are considered. Each is endowed
with the excitabilities obtained during the persistent stimulation (e.g. +/−Io)) of Fig (3.2).
Importantly, for this protocol, the plasticity is off. Instead, the neurons of each network
are exposed to a low amplitude, slow Ornstein-Uhlenback input, η(t), to demonstrate the
differences in network activity for each level of excitability. B) Raster of a subset of the
neuron responses to the new slow stimulus η (see Eq (3.20)). C) Distribution of the firing
rates of the N = 100 neurons simulated in each network in (B).
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interrogate this result, we performed linear stability analysis on the network (see Methods

and Supplementary Fig (1)).

Further in line with the spiking behaviour exhibited by the different networks, the hy-

poexcitable neurons had the lowest firing rates, and the mean of the hyperexcitable neurons

was highest (Fig (3.3)C)). The differences in these excitabilities is reflected in the firing

rates, showing the high (red) through low (blue) firing rates that result when such hyper-

excitable or hypoexcitable populations receive input different from the persistent activity.

In addition to the OU process applied here, we further verified the response patterns of

the three levels of excitability were robust to more complex stimulation by applying: i)

sine waves with uncorrelated noise and ii) partially correlated noise (see Supplementary

Fig (2)).

Beyond promoting dynamical stability, our results further demonstrate that hetero-

geneity enhances the network’s computational capabilities. Specifically, in agreement with

an extensive number of existing works on the subject [68, 248, 219, 324, 199, 85, 361, 153,

152], mutual information between stimuli and network response is amplified in heteroge-

neous networks compared to homogeneous networks (see Supplementary Fig (3)), scaling

with stimulation amplitude. The mutual information is found to be maximal when the

stimulus amplitude is close to the population effective excitability threshold. These results

confirm that heterogeneity promotes the encoding of stimuli.
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3.4.3 Network heterogeneity reflects variability in cellu-

lar milieus

Our results indicate that excitability heterogeneity is an activity-dependent, malleable

property of our network model. This malleability arises directly from the intrinsic plasticity

equations through an implicit dependence on the membrane potential of individual cells.

The impetus for any alteration in the heterogeneity is thus supported by changes to its

membrane potential statistics (e.g. ⟨ui⟩T and σ2
u,i - Eqs (3.12,3.13)) that define the neuron’s

milieu - here defined as the environment or local conditions that impact a neuron’s response

[336] - resulting from the combination of passive properties (e.g., membrane time constant,

leak term), synaptic inputs, and external stimuli. Thus, as has been hypothesized for

cells in organ tissue [250, 88], we postulate that heterogeneity is a direct consequence

of variability in cellular milieu wherein the neurons adapt to their local conditions. In

our model, this is then obtained through intrinsic plasticity. To challenge this claim,

we first considered factors that influence the firing rate, ri, and connectivity weights,

wij. Specifically, we consider these factors as they directly influence the neuron’s milieu

via the membrane potential statistics to individual neurons (see Eqs (3.12) and (3.13)).

Importantly, the inputs to a given neuron are dictated by the excitability (i.e. βi, hi) of the

presynaptic neurons as well. That is, the milieu is not easily de-tangled from excitability

and its heterogeneity itself. However, owing to the regularized firing rates across the

network in the steady state (e.g. ro), we here quantify the heterogeneity (see Methods)

in the network and its relationship with the milieu. This analysis, and all hereafter, have
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the intrinsic plasticity once more engaged and, unless otherwise stated, have membrane

potential dynamics obeying Eq (3.1).

To highlight the effects of different milieu, we simulate a network of neurons each re-

ceiving stimulation via a spike train whose rate is drawn from a uniform distribution. The

steady-state excitability parameters (βi, hi) of each neuron, i, will be at a point along its

degeneracy curves (Fig (3.4A; see inset for corresponding excitability curves). To charac-

terize how unique each neuron is from the population, we calculated its Hellinger distance

(⟨H2
ij⟩, i ̸= j = 1, ..., N), which represents the difference of neuron i’s excitability profile

from those of the N − 1 other neurons in the network. This was performed on the net-

work in its baseline regime (one where no stimulation is present; Io = 0). This resultant

”uniqueness” metric was plotted with respect to the first two moments of the membrane

potential of individual cells, that is the temporal mean, ⟨ui⟩T (Fig (3.4B)), and variance,

⟨σ2
u,i⟩T (Fig (3.4C)).

We found that the neurons with the most unique excitability profiles were those with the

most unique milieus - characterized by statistics far from the population average (dashed

lines in Figs (3.4B,C)). This was also reflected in their degeneracy curves (Fig (3.4A)),

where those of high ⟨ui⟩T and σ2
u,i were positioned far from the population average curve

(dashed line). The separation of these degeneracy curves from those around the popula-

tion average will, via intrinsic plasticity, lead to very different parameterizations of their

excitability (Fig (3.1A)) and hence contribute to amplify heterogeneity in the network.

These results indicate that factors which increase the variability of membrane potential

statistics between cells - i.e., diversify the milieus - promote heterogeneity.
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Figure 3.4: Network properties affecting membrane potential statistics regulate
population diversity Caption continued on next page.
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Figure 3.4: For a network simulated with each neuron, i = 1, ..., N , receiving stimulation
via a Poisson spike train of rate, ri, drawn from a uniform distribution of rates (see Meth-
ods), we plot A) the degeneracy curve (Eq. (3.19)) of each neuron using its membrane
potential mean, ⟨ui⟩ and variance, σ2

ui
, colouring the curves such that darker (e.g. more

purple-blue) curves correspond to lower membrane potential mean and variance. The cor-
responding excitability curves (Eq (3.2)) are plotted in the inset. The dashed degeneracy
curve is found using the population mean and variance (⟨u⟩N and ⟨σ2

u⟩N). The average of
the pairwise Hellinger distance for each neuron, ⟨H2

ij⟩, i ̸= j, j = 1, ..., N as a function of
the membrane potential B) mean, ⟨ui⟩T , and C) variance, σ2

u, of each neuron, i = 1, ..., N .
The colour of a given point matches its degeneracy curve in (A). The population mem-
brane potential mean, ⟨u⟩N and variance, ⟨σ2

u⟩N are shown as dashed vertical lines in each
plot. In subsequent simulations, the mean (top) and variance (bottom) of the membrane
potential of neurons for varying D) in-degree, E) sum of the realized weight, W , and F)
rate of stimulation is calculated for 10 trials each. Error bars are SEM across trials.

To understand the underpinning factors that influence the mean and variance of the

membrane potential, which define the milieu, we considered three factors that have major

influence on single cell milieus as per Eq. (3.12) and (3.13): the network topology via

input degree (Fig (3.4D)), the connectivity weight (Fig (3.4E)), and the presynaptic firing

rate, rs, (Fig (3.4F)). The latter acts as a proxy for a case where the impinging firing

rates could be directly manipulated. In line with their theoretical relationship, the mean

of the membrane potential was found to scale linearly with the degree of connectivity,

synaptic weights and presynaptic firing rate, and scaled non-linearly with the variance of

the synaptic weights and connectivity.

Having characterized a relationship between milieu features and the excitability of

individual neurons, we sought to elucidate the contributions of these features to network

heterogeneity. To do this, we performed a series of simulations where the variances of

each trait were systematically increased for different distribution means. At the end of
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the simulation, the network’s effective excitability (Fig (3.5), top row) and heterogeneity

(Fig (3.5), bottom row) were calculated as the population-average Hellinger distance (see

Methods).

Beginning with the degree of connectivity (Fig (3.5A)), we found that regardless of the

mean degree, increasing the variance of the degree distribution increased the heterogeneity

of the network. Specifically, because the presynpatic weights are not scaled with respect to

the degree, increasing the variance of the degree distribution results in a perturbation to the

milieu of the postsynaptic neurons, driving intrinsic plasticity. As the distribution of the

degrees widens, and hence the cell-to-cell degree becomes more heterogeneous, the milieus

of individual neurons become correspondingly different (Fig (3.4D)), and the excitability

heterogeneity increases. The observed increase in heterogeneity from high ⟨Degree⟩ and

σ2
Degree was in agreement with our analytical predictions, where ⟨ui⟩T (Eq (3.12)) and σ2

u,i

(Eq (3.13)), and hence the milieu, were related to degree as it controls the number of local

synaptic connections. In contrast, Fig (3.5B) showed that changes in effective excitability

scaled mostly with the mean synaptic weight, ⟨w⟩, but did not vary significantly with

the distribution’s variance, σ2
Weights. Not unexpectedly increasing the mean of the degree

distribution, ⟨Degree⟩, produced a more hypoexcitable effective excitability. Increasing the

mean of the weight distribution similarly increased the network heterogeneity. However,

increasing the variance of the weight distribution had no such effect (Fig (3.5B)). Finally, we

investigated the influence of the presynpatic firing rate on excitability and heterogeneity.

As with degree, the heterogeneity of the network increased with higher variance in the

distribution of presynpatic firing rates (Fig (3.5C)). Taken together, these results suggest
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Figure 3.5: Increased variance of degree distributions and stimulation rate but
not weights yields elevated heterogeneity. For networks of increasing variance in
A) the degree distribution, σ2

Degree, B) the weight distribution, σ2
Weights, and C) the rates

of Poisson spike trains that act as surrogates for presynatpic firing rate (see Methods),
σ2
Rates, population-average heterogeneity, ⟨H2⟩N (top), and the effective excitability profiles

(bottom) are plotted for three different means. For the effective excitability profiles, the
dashed lines correspond to the lowest variance cases and the solid lines to the highest
variance cases. Error bars are the standard deviation across ten independent simulations at
each variance level. When not otherwise stated, the network for all subsequent simulations
has a degree distribution with mean 15 connections and fixed weight, wij = wo, for all
connections. The network is simulated for T = 20000 ms, during which intrinsic plasticity
allows the evolution of each neuron’s excitability in response to the neuron’s milieus.
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that degree and presynaptic firing rate are the most influential on the neurons’ milieus,

and hence the heterogeneity of the network.

3.4.4 Application: external stimulation as a candidate for

stabilizing changes in heterogeneity

Collectively, the previous results indicated that: 1) intrinsic plasticity makes heterogeneity

malleable; 2) variability in milieu features promotes increased diversity in the network;

and 3) such increased diversity is activity-dependent. We therefore sought to explore the

malleability of heterogeneity in the context of neuromodulation, where exogenous stim-

ulation may be a potential therapeutic intervention. Specifically, we wished to verify 1)

whether external stimulation may be used to modulate the heterogeneity of our network

model and 2) if such induced changes in heterogeneity might persist in time (i.e., whether

networks can retain such stimulation-induced heterogeneity). To this end, we repeated the

simulations of networks with different variances in the degree distribution (Fig (3.5A)),

but included a fixed input, Io, injection for an epoch of duration ∆t = 10000 ms in the

middle of the stimulation. From these simulations, we compare the heterogeneity in the

network in three epochs: before (pre; ∆t = 15000 ms), during (stimulation; ∆t = 10000

ms), and after (post; ∆t = 10000 ms). The pre-stimulation duration is longer to allow

the network excitabilities to reach a steady state from their randomized initialization. The

heterogeneity of each of these epochs is measured by calculating ⟨H2⟩N for the network at

a time point near the end of each epoch (t = 14000, 24500 and 34000 ms, respectively).
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This process was repeated for injections of input with increasing amplitude.

As can be seen in Fig (3.6A), heterogeneity increases with stimulation, Io, of sufficiently

high amplitudes. This was true across a range of degree distribution variances. However,

increasing variance of the degree itself had only limited effect, contributing only when

stimulation was a moderate amplitude (Fig (3.6B)). This suggests, in agreement with

Fig (3.5A,C), that more heterogeneity is recruited by the manipulation of presynaptic

input than the variance of degree. Interestingly, the induced heterogeneity was found to

persist after stimulation offset when the amplitude of stimulation was sufficiently large (Fig

(3.6B)). In line with Fig (3.2), this suggests that the network, perhaps by recruiting the pre-

existing heterogeneity from the distributed degree of connectivity, has enough variability

to sustain the heterogeneity induced by stimulation.

In fact, for stronger stimuli, there is a net increase in the mean population membrane

potential, ⟨u⟩N (Fig (3.6C)) that results in a more hypoexcitable effective excitability post-

stimulation (Fig (3.6D)). This occurs because, as the stimulation amplitude increases,

neurons in the network that were quiescent pre-stimulation are induced to fire. When

this occurs for sufficient neurons (e.g. the majority or all of the neurons in the network),

the baseline activity of the network increases. However, while the population’s effective

excitability becomes more hypoexcitable, some of the neurons with a low degree of con-

nectivity maintain relatively similar excitabilities to their initializations and thus alters

the heterogeneity. When the pre- (and hence post-) stimulation excitabilities of the lower

degree neurons are more excitable, they fire at a high rate whenever the limited neurons

connected to these neurons are active, which is more frequent with the elevated network
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Figure 3.6: High amplitude stimulation induces heterogeneity across multiple
variances in degree distributions. A) Three networks with increasing variances in
their degree distributions and a mean ⟨Degree⟩ = 15, were simulated for T = 35000 ms.
Each network received fixed-input injections, Io, at four different amplitudes (indicated by
colour) for ∆t = 10000 ms (t = 15000 ms to t = 25000 ms). This was repeated 10 times,
with the connectivity randomly drawn at the start of each trial. The heterogeneity of each
simulation was calculated at three different time points: t = 14000 ms (pre-stimulation),
t = 24500 ms (during), and t = 34000 ms (post-stimulation), as the population-average
Hellinger distance, ⟨H2⟩N . Error bars are SEM. B) The difference in the population-
average Hellinger distance pre- and post- stimulation obtained in (A). C) The difference in
the average membrane potential before, ⟨u⟩pre, and after, ⟨u⟩post, stimulation is calculated
for the different degrees of connectivity and strengths of stimulation. D) The effective
excitability of the highest variance network (σ2

Degree = 70) under the strongest stimulation
(Io = 0.15) is plotted before (pre), during (stim), and after (post) stimulation. E) A
raster plot showing one simulation of each of the degrees of network receiving stimulation
Io = 0.1.
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activity (Fig (3.6E)). This subsequently supports the continuation of the post-stimulation

elevated population mean membrane potential, and hence the maintenance of the attained

heterogeneity.

3.5 Discussion

Our computational modelling and mathematical analyses reveal that neuronal activity

”milieus” interacting with degenerate homeostatic intrinsic plasticity rules can actively

modulate neuronal diversity. Herein, our work animates the conceptually static image of

transcriptomic and electrophysiological diversity [61, 314, 62, 147, 226, 295, 58, 298], to-

wards understanding within cell-type diversity as a homeodynamic process. In this light,

rather than a fixed monolithic property of neuronal populations, within-cell-type diversity

takes on an adaptive property of networks dependent on activity statistics, connectivity,

and intrinsic plasticity rules. This has particularly salient implications, as recent genet-

ics research has found that neurons receiving different inputs (e.g. baroreceptor versus

catecholaminergic) form unique clusters in reduced dimensional anaylsis [250]. That is,

differential inputs to individual cells drive population variability at the phenotypic level.

Crucially, in our network model, this occurred in neurons endowed with a degenerate

intrinsic plasticity mechanism, wherein qualitative similarity of their dynamics (e.g. fir-

ing rate) is achieved with diverse excitability curves. Such degeneracy has been observed

throughout the nervous system, including at the level of ion channels [8, 266, 208], which

directly relates to the plasticity rule implemented here. Including degeneracy in our frame-
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work distinguishes the approach from existing adaptation models [34, 35, 31, 174, 346, 305,

115, 347], where neurons exposed to the same input statistics reach identical parameteri-

zations. The intrinsic plasticity in the model serves to modulate the level of diversity in

response to the milieus the neurons experience. However, in actual neurons, changes in ex-

citability manifest as biophysical alterations such as upregulation of ion channels [336, 305,

97, 306]. By including the ability to capture these differences in our model, we obtained

a much more biophysically plausible model [119, 357, 208, 8], supporting the candidacy of

intrinsic plasticity as a mechanism by which diversity is actively maintained, and which

can be lost under pathological conditions.

Importantly, here, we were interested in exploring the malleability of excitability het-

erogeneity as a result of intrinsic plasticity in a homeostatic context. This neglects het-

erogeneity that may be observed in more non-equilibrium regimes, such as from firing rate

heterogeneity [288]. Rather, we limit our results to those about an equilibriated firing rate,

in part, due to the simplistic nature of our network model (Eq (3.1)), and all of the neu-

rons being excitatory, which limits the dynamical regimes available to the model. However,

while beyond the scope of this work, there remain many interesting questions about the

role of this mechanism in non-equilibrium states.

Within this framework, our finding that the hyperexcitable state gives rise to seizure-like

dynamics through diversity decline is particularly compelling, as it supports the emerg-

ing view that network ’silence’ may serve as a convergent pathway to seizure generation

across diverse neurological and neurodegenerative disorders [320]. Although such silence

is thought to destabilize network dynamics through homeostatic increases in excitability
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alone [320, 83, 331], our previous work suggests the associated diversity decline is equally

culpable in allowing pathological dynamics to emerge [275, 153, 152].

Aside from its utility for pathological explorations, our model’s relative simplicity al-

lowed us, with analytical motivation, to interrogate what network properties support het-

erogeneity. Specifically, we consider those features that effect the membrane potential

statistics, ⟨ui⟩T and σ2
u,i, (Eq. (3.12) and (3.13) and Fig (3.4)) that comprise each neuron’s

milieu. In our analysis, we found each neuron’s milieu was defined by the presynaptic firing

rate, connectivity, and weights. Increasing the mean of any of the three properties and

increasing the variance of the degree or presynaptic firing rate directly increased network

heterogeneity (see Fig (3.5)). The network weights having less influence on the ability

of the network to induce heterogeneity implies that the local milieu differences between

neurons acquired by varying the weights are small compared to those created by topology

(e.g. degree). This is of particular interest as it has been reported in recent years that

the probability of connectivity within and between different cortical layers and regions is

variable [58, 70]. This may then serve a purpose in bolstering the heterogeneity within

the brain. That is, in line with transcriptomic work [250] and theory in non-neuronal

cells [88], increasing the variability in input to individual neurons shifts the network into

near-subclasses reflective of the milieus the neurons experience (e.g. separation of neurons

with low degree and hence membrane potential mean and variance from those with a high

degree). This separation of milieus begins to cause increased diversity in the excitability

analogous to what is observed under different activity levels as was simulated (see Fig

(3.1D-F)) and aligns with experimental manipulation of presynaptic firing rate [111].

105



3.5. DISCUSSION

In this context, it is well established that the number of synaptic connections a neuron

receives — its degree — is log-normally distributed, reflecting the heavy-tailed structure

of cortical and hippocampal networks[55]. Interestingly, transcriptomic levels of many ion

channel genes also exhibit log-normal distributions. Our work here provides a parsimo-

nious explanation for this convergence via intrinsic plasticity [358]. Neurons with high

synaptic degree tend to fire more frequently and with higher burst probability, engaging

calcium-dependent signalling cascades and transcriptional regulators such as CREB and

Fos, which in turn modulate ion channel gene expression [197]. Because both synaptic in-

put and transcriptional output are shaped by multiplicative, synergistic processes—rather

than linear summation—their resulting distributions naturally follow log-normal statistics

[55]. This link provides a mechanistic bridge from network topology to cellular identity,

suggesting that intrinsic plasticity may serve to reinforce or even amplify the functional

stratification imposed by the log-normal architecture of connectivity.

The malleability of heterogeneity observed in our model shares a remarkable conver-

gence with our previously reported experimental papers [275]. This is particularly true in

the hyperexcitable state (see Fig (3.2Eiii)), which paralleled our recent human slice cul-

ture experiments [227] where a substantial reduction in diversity is accompanied by shifts

in mean excitability. In our computational approach, the hyperexcitable state is induced

by applying a negative fixed input (see Methods). Similar to a slice experiment, wherein

the neurons are deafferented, this pushes the neurons in our network to a ∼ homogenous,

near-zero mean that will move the target parameters of the neurons into the hyperex-

citable regime (see Fig (3.1C) and Methods). That is, the milieus of the neurons become
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aggressively similar. This differs from the hypoexcitable state, where applying a positive

fixed input yields an initial transient decline in heterogeneity (see Fig (3.2D)). However,

ultimately, the baseline variance in the milieus created by the network connectivity is pre-

served (unlike the large quenching experienced in the low activity regime) and pushes the

neurons to new, greater levels of heterogeneity across the hypoexcitable regime. Compared

to physiological regimes, which are constrained by factors such as energy expenditure, our

model has no upper bound in parameteric space.

From a functional perspective, our current work positions the work of Tripathy et al.

[324] in a ”dynamic” light, suggesting that heterogeneity can be tuned by the statistics

of afferent input. Their results show that population coding is optimized not by maxi-

mal heterogeneity, but by an intermediate level tailored to the structure of the stimulus.

This suggests that intrinsic plasticity mechanisms could adapt the diversity of a neuronal

population to match its functional demands. For example, a population exposed to highly

periodic, low-dimensional input — such as a rhythmic oscillation — may converge toward

similar intrinsic properties, effectively homogenizing the population to encode redundant

temporal/spatial features efficiently. In contrast, exposure to more asynchronous, high-

entropy input, rich in temporal or spectral complexity, could diversify the population,

broadening its receptive field space to enhance coding capacity. An excellent example of

this is the visual system that is pluri-potent in the activity it can generate in reponse

to stimuli of varying spatial statistics. We have provided computational evidence of how,

within the same network, visual input of low spatial variance generates gamma oscillations,

whereas stimuli with high spatial variance generate broadband power changes indicative
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of asynchronous (high-entropy) population activity [54]. Thus, stimulus-driven patterns of

activity may shape population heterogeneity through intrinsic plasticity, enabling neural

circuits to flexibly allocate variability in service of efficient coding.

3.5.1 Limitations

Due to the mobile nature of the degeneracy curves in response to increases in ⟨u⟩ and σ2
u,

and the equations which regulate the intrinsic plasticity (Eq (3.3) and (3.4)), the network

is sensitive to its initialization conditions. If the initialization of β and h starts a sizable

portion of the neurons on or near the multistable region (see Fig (3.7C) shaded region) or in

the hyperexcitable regime it may result in initially high activity that will prompt a period

of hypoexcitability in the network by causing a large upward migration of the degeneracy

curves. Further, the lack of inhibitory activity in the model predisposes the network to

bursts of high activity if a sufficient portion of the neurons occupies the hyperexcitable

parameter space at the same time. Such states result in intermittent fluctuations in the

rate, as any sudden burst of high activity induces the network’s plasticity to adapt toward

hypoexcitability. Additionally, as βi are restricted to positive values for all neurons (Eq

(3.3)), initializations placing neurons near the minimum and maximum (e.g. 0 or βmax)

risk neurons reaching those boundaries and becoming stuck.

To quantify the amount of heterogeneity in the networks here, we use the Hellinger

distance as a metric (see Methods). We use this in order to have a metric by which we

can directly, analytically relate the parameters β and h to the heterogeneity, in this case
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via their relationship to the mean and variance of the derivative of the excitability curve.

Importantly, though both parameters contribute to the heterogeneity measured by this

metric, there is a disproportionate weighting to heterogeneity in β compared to h. This is

due to the scale difference in the parameters and the variance of β being accounted for by

a squared term (see Eq (3.38)). As a result of this, if the heterogeneity is increased, for

example, before and after stimulation predominantly in h, it may appear small in ⟨H2⟩ for

such cases. This can be verified, visually, instead by looking at the standard deviations of

the excitability curves when overlaid.

3.6 Conclusion

We have demonstrated that a degenerate intrinsic plasticity rule is a viable mechanism for

dynamically regulating heterogeneity in an excitatory network. Specifically, we showed that

intrinsic plasticity can sustain, increase, or decrease diversity. Such ”dynamic diversity” is

dependent on the milieus experienced by the neurons in the network as a function of the

input statistics to each neuron, which are manipulated by external stimuli, and amount of

diversity itself. These results thus form the framework for future investigation into how the

statistics that arise in more complex networks may influence the heterogeneity and hence

functional capacity [324] and resilience of neuronal networks [275].
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3.7 Appendix

3.7.1 Mean field analysis

To formally relate intrinsic plasticity and heterogeneity at the network scale in Eq. (3.1)

we leverage an approach inspired by mean field theory [153, 152]. Taking the mean of Eq

(3.1) yields 〈
τ
dui

dt

〉
N

= −⟨ui⟩N +

〈
1

N

N∑
j=1

wijXj

〉
N

, (3.22)

where ⟨·⟩N = EN [·] corresponds to the ensemble average taken across all neurons in the

network. Recalling that in a regime of high firing rates and uncorrelated spiking, Xj ≈

rj +
√
rjξj [311], and that rj = f(uj, βj, hj), one may write

τ
dū

dt
= −ū+ ρwo⟨f(uj, βj, hj)⟩N (3.23)

since ⟨ξj⟩N = 0. In the above, we assumed independence between the firing rates and

synaptic weights i.e. EN [wijrj] = EN [wij]EN [rj], which holds whenever the degree distri-

bution is relatively uniform, and introduced the population mean membrane potential (i.e.,

the mean field) defined by

ū ≡ ⟨ui⟩N = EN [ui] (3.24)
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Equation (3.23) warrants further examination of the population-averaged response function

at a given moment in time, defined by

F ≡ ⟨f(uj, βj, hj)⟩N , (3.25)

which for N → ∞ may be written as

F =

∫ ∫ ∫
f(uj, βj, hj)p(uj)p(βj)p(hj)dujdβjdhj. (3.26)

The above expression depends on the priori unknown membrane potential probability

density function p(ui) (which differs between neurons), as well as the distributions for the

slopes p(βi) and rheobases p(hi) found across the network.

To the best of our knowledge, Eq. (3.26) does not possess a well-defined analytical solution

for arbitrary distributions. However, whenever ρ(uα
i ) and ρ(hα,i) are normally distributed,

Eq.(3.26) is also often sigmoidally shaped. The slope and rheobase of this resulting sigmoid

depend on the mean and variance of the distributions p(ui) and p(hi), and hence scales with

network heterogeneity in those parameters [153, 152]. Motivated by these findings as well

as robust numerical observations (i.e., see Figs 3.2,3.5), we assume the population-averaged

response function in Eq. (3.25) is also sigmoidally shaped and write

F ≈ f(ū, βeff , heff ), (3.27)

where βeff and heff are the effective slope and rheobase of the population averaged re-
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sponse. The value of these parameters reflected the heterogeneity in excitability found in

the network, and will be determined numerically. It is indeed known that increased het-

erogeneity will generally decrease the slope βeff of the mean response function [153, 152],

effectively making the system behave more linearly. Combining the steps above, we may

recast Eq. (3.23) and obtain the dynamics of the mean field,

τ
dū

dt
= −ū+ ρwof(ū, βeff , heff ). (3.28)

Steady state. At equilibrium, intrinsic plasticity and network dynamics have both stabi-

lized. There, the parameters β∗
i and h∗

i lie on the degeneracy curve (i.e., Eq. (3.19)) and

one has f(uj, βj, hj) ≈ ro, ∀j as per Eq. (3.7). Hence, Eq. (3.25) reduces to

F ≈ ro. (3.29)

Thus, within the scope of the approximations above, the steady state of Eq. (3.28) is found

to be

ū∗ ≈ ρwor
o. (3.30)

The steady state ū∗ above is furthermore unique. Indeed, since the derivative of Eq. (3.2)

with respect to ui is always positive, Eq. (3.7) possesses a single root. We further highlight

that this steady state does not depend explicitly on the excitability of individual neurons

in the network, and results directly from homeostasis, by which the firing rate of each cell
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is normalized.

Stability. To characterize the effect of excitability heterogeneity on network stability,

we rely on an adiabatic approximation. We first assume that under the action of the

intrinsic plasticity equations, which operate on a slower time scale, the system has reached

equilibrium: neurons adopt their individual excitability profiles (i.e., β∗
i and h∗

i ), leading

the network towards its steady state activity ū∗ defined above. Over short time scales

(≪ τIP ), the excitability profile of individual neurons can be assumed to be constant: the

value of the parameters βi and hi do not change, even the membrane potential of neurons

is perturbed. As such, in this adiabatic regime, the stability of the system depends only

on the membrane potential (i.e., Eq. (3.1)), and we may thus restrict our analysis to the

mean field equation. While approximate, this approach allows us to relate heterogeneity

with stability resulting from the parameters βeff and heff over short time scales.

Systems such as those in Eq. (3.28) are known to exhibit multistability. The following

steady state equation

ū∗ = wof(ū
∗, βeff , heff ), (3.31)

may indeed admit one or three solutions, depending on the values of the parameters βeff

and heff [187, 221, 311]. Linear stability analysis indicates that the stability of these fixed

points is determined by the following characteristic equation for the eigenvalues λ ∈ R,

λ+ 1− wof
′(ū∗, βeff , heff ) = 0, (3.32)

with f ′(ū∗, βeff , heff ) =
βeff√

π
e−β2

eff (ū
∗−heff )

2

> 0. For the fixed point defined in Eq. (3.30),
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this equation becomes

λ = −1 +
woβeff√

π
e−β2

eff (woro−heff )
2

. (3.33)

The above equation indicates that stability of the steady state ū∗ decreases whenever βeff

increases and heff approaches the value wor
o, conditions in which the second term on the

right hand side of Eq. (3.33) becomes large. We note that this analysis is only valid over

short time scales. Over longer time scales, perturbations of the membrane potential will

be compensated for by intrinsic plasticity, driving the system back to its baseline steady

state ū∗ defined above. Thus, strictly speaking, the steady state ū∗ is stable over long time

scales, but allows for brief periods of instability.

3.7.2 Table of parameters

3.7.3 Quantifying heterogeneity

To discuss the heterogeneity of the excitability curves within the network, we first require

a metric to quantify it. In choosing a metric for this, we capitalize on the fact that the

derivative of the excitability curves is normally distributed, for which there exists a number

of established similarity metrics [334, 175, 38]. The derivative of the excitability curve is

given by,

f ′(u, β, h) =
β√
π
e−β2(u−h)2 (3.34)
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Symbol Definition Value
ui Membrane potential of neuron i N/A
βi Slope of the excitability curve 0.1-50
hi Rheobase of neuron i 0-0.7
N Number of neurons in the network 100
τIP Time constant of intrinsic plasticity >> τ
ro The target firing rate of the neurons 0.05
ϵβ The learning rate of β -0.05
ϵh The learning rate of h 0.001
τ Membrane time constant 1
ri Firing rate of neuron i N/A
dt Integration time step 0.1
wij Weight of connection between neuron i and j 0-0.4
wo Fixed connection weight of all wij unless otherwise stated 0.21
ρ Connection probability 0.15
Xi Poisson spike train N/A

Table 3.1: Model parameters.
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where we have dropped the index i for convenience, and further adopts the form of a

normal distribution of mean, µ, and variance, σ2 which can be written in terms of β

and h. Specifically, µ = h and σ2 = 1/(2β2). We use these values to calculate the

Hellinger distance, H2 (Eq (3.38)). The Hellinger distance is a type of f-divergence used

to define the difference between two probability distributions [75]. We chose it as our

heterogeneity metric because, leveraging the normally distributed shape of the derivative

of the excitability (Eq (3.34)), it can be fully resolved in terms of β and h (Eq (3.38))

allowing for a more direct relationship to our excitability. Moreover, the Hellinger distance

is bounded between 0 and 1, and is thus a readily interpretable measure of the network

heterogeneity where 0 corresponds to fully homogeneous and 1 would indicate heterogeneity

with no cell-to-cell overlap. Between any two probability distributions P and Q, the

Hellinger distance is defined on measure space χ as,

H2(P,Q) =
1

2

∫
χ

(
√

P (dx)−
√

Q(dx))2 (3.35)

for a discrete distribution P = (p1, ..., pk) and Q = (q1, ..., qk), this is,

H2(P,Q) =
1√
2

√√√√ k∑
i=1

(
√
pi −

√
qi)2 (3.36)

This measure is bounded between 0 and 1, where the maximum distance 1 is achieved

if there is no positive overlap whatsoever between the two distributions. For the special

case where the distances are calculated between two normal distributions, P ∼ N(µp, σ
2
p)
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and Q ∼ N(µq, σ
2
q ), we can write H2 as,

H2 = 1−
√

2σpσq

σ2
p + σ2

q

e
− 1

4

(µp−µq)
2

σ2
p+σ2

q (3.37)

where µ’s and σ2’s are the mean and variance of the respective distributions, as noted

earlier, these can be written in terms of β and h for the excitability curves. This then

yields,

H2 = 1−

√
2βpβq

β2
p + β2

q

e
− 1

2

β2pβ
2
q (hp−hq)

2

β2p+β2q (3.38)

where βp, βq > 0 ∀ p, q. To quantify the heterogeneity within the network, this value is

calculated pairwise for each neuron, and the result is then averaged.

3.7.4 Random walk approach and alternate excitability func-

tions

Prior to the candidate mechanism ultimately used in this work, attempts were made at

other approaches. In particular, for the excitability itself, more mathematically simplistic

functions were considered, including an exponential function,

f(ui, βi, hi) = eβi(ui−hi)

and a standard sigmoid (similar to that used in [275]),

117



3.7. APPENDIX

f(ui, βi, hi) =
1

1 + e−βi(ui−hi)

However, both alternate excitability formulations were discarded due to difficulties

with analytical resolvability (sigmoid) or yielding solutions that diverged toward infinity

(exponential).

In addition to different excitability formulations, we also considered an alternative

adaptation rule for β and h. Specifically, based on the exploratory adaptation model of

Schreier et al.’s work [296], a random walk-like approach was considered. Within this

framework, each neuron in the network has an excitability curve (Eq 3.2) defined by a

randomly assigned slope, βi, and midpoint, hi. The readout of the excitability is, as

always, the instantaneous firing rate, ri, of a given neuron. Within this framework, we

define a tolerance level, ϵro , around the target firing rate, ro. Whenever the value of ri

is greater than ro + ϵro or less than ro − ϵro , a random walk is initiated for βi and hi.

Otherwise, within the tolerance, βi and hi stay constant.

In more detailed terms, we define a function M(ri − ro), where M is called the mis-

match level between the instantaneous firing rate and the target firing rate. The mismatch

function, taken directly from Schreier’s work [296], is given by,

M(ri − ro) =
Mo

2

(
1 + tanh

(
|ri − ro|−ϵro

µ

))

which is a sigmoid centred around the target firing rate, ro. µ is the sigmoid’s steepness,
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and Mo = 2 its maximum value. Whenever a random walk is triggered for the parameters

(e.g. the instantaneous firing rate is outside the tolerance level around the target firing

rate), the walk follows,

dβi(t) =
√
DM(ri − ro)dNt(0, σ

2
ui
)

and

dhi(t) =
√
DM(ri − ro)dNt(0, σ

2
ui
)

where D is the scale parameter, and dNt is the stochastic noise associated with the

walk. Importantly, unlike the Weiner process conventionally used for random walks [232],

here we instead draw from a normal distribution centred around zero with a variance equal

to that of the membrane potential, σ2
ui
. This was done to tie the random walk to the

activity of the neurons.

Ultimately, this approach was unsuccessful as a candidate mechanism, as the network

was poorly behaved, frequently exiting the tolerance region unless the region itself was

made overly broad. Additionally, in instances where the membrane potential variance, σ2
ui
,

was large, there was an increased likelihood of a given step in the walk overshooting the

tolerance region. Conversely, for low variance cases, the steps were often so small that it

would take an exorbitant amount of time for any steady state to be reached.
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3.7.5 Supplementary Figures

Figure 3.7: Linearization and stability analysis. A) The population average excitabil-
ity profile, ⟨f(u, β, h)⟩N , for the network under chronic over- and under-stimulation and at
baseline as simulated in Fig (3.2A). The dotted line is ⟨f(u, β, h)⟩N pre-stimulation. Yellow
circles indicate fixed points of the red excitability curve. The dashed line in these plots
represents the graphical intercept indicating the fixed-point location(s) on each excitability
curve. B) The effective parameterizations of ⟨f(u, β, h)⟩N over the time course of the sim-
ulation. The shaded region is the graphically determined multistable regime. The dashed
line around this region is replicated on (C) and (D) for visualization. C) The eigenvalue of
the network, λ, as calculated from the mean field predictions of the model (see Methods;
Eq (3.33)) for combinations of βeff and heff when the weights of the network are wo = 0.21
and the target firing rate is ro = 0.05. D) Relationship of the heterogeneity level in the
network, measured as ⟨H2⟩ (see Eq (3.38)), to the effective excitability.
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Figure 3.8: Characterization of fixed network dynamics. Building on the simple
OU process dynamics demonstrated in the hypo- (blue), baseline (grey) and hyper-(red)
excitable networks in Fig (3.3), we follow the fixed excitability protocol (Fig (3.3A)) in
the three networks for more complex stimuli. A) The response of a subset of neurons
(i = 1, ..., N) in a network for each excitability type is plotted in response to (i) high
(ωs = π/6) and (ii) low frequency (ωs = 0.1), noisy (D = 0.05) sine waves (Si(t) =
Sosin(ωst)+

√
2Dξi(t)), and (iii) uncorrelated (c = 0) and (iv) partially correlated (c = 0.5)

noise (Si(t) =
√

2D(1− c)ξi(t) +
√
2Dc ξc(t)) stimulations. B) Each network has sparse,

random connectivity with probability ρ = 0.15. The excitabilities for each of the networks
are plotted. We subsequently plot C) the distribution of average membrane potentials and
D) average firing rates for each network type and stimulation (i-iv).
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Figure 3.9: Heterogeneity improves encoding of input signals. Heterogeneous ex-
citability has been linked to improved coding by numerous experimental and computational
works [68, 248, 219, 324, 199, 85, 361, 153, 152]. To validate that this holds in our own
framework, we consider the network without plasticity in three different levels of hetero-
geneity: (i) homogeneous excitability (H2 = 0), (ii) partially heterogeneous excitability
(H2 = 0.24), and (iii) highly heterogeneous excitability (H2 = 0.53). The neurons in the
network are each stimulated with a sine wave, S(t) = Sosin(2πωst), for various ampli-
tudes, So, and frequencies, ωs. A) An example raster for a few neurons from each level
of heterogeneity receiving sine waves (So = 0.25;ωs = 0.0125) are shown. B) The ex-
citabilities of the neurons in each level of heterogeneity are shown. The heterogeneity is
increased by increasing the variance of uniform distributions of β and h about fixed means
(⟨β⟩ = 16, ⟨h⟩ = 0.2). To assess the relationship between heterogeneity and encoding,
we calculate C) the mutual information (MI) between the average firing rate, ⟨r⟩, and
the applied stimulation, S, to reflect how well the stimulus modulates the network activ-
ity. In line with what has been done in previous work ([311]) we calculate the MI as MI
= 1

2
log2(1 + SNR), where SNR is the signal-to-noise ratio, SNR= ω/(1 − ω) and ω is the

zero-lag cross-correlation of ⟨r⟩ and S. Calculating this across simulations of varied stim-
ulus amplitudes and frequencies, we found that for a majority of signal parameterizations,
networks with heterogeneous excitability encoded the stimulus as well or better than the
homogeneous case.
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cell-type-specific human cortical

excitability on network dynamics
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4.1. ABSTRACT

4.1 Abstract

Neural excitability captures the transformation and encoding of neural input to output

firing rate, thus allowing neurons to flexibly and selectively respond to the wide range of

inputs they receive. When experimentally measured, excitability has recently been found

to be heterogeneous both within and between cell types. Indeed, interest in cell-type

heterogeneity has steadily grown as increasingly more detailed datasets have highlighted

the prevalence of heterogeneity throughout the brain. However, most modelling efforts

to explore the dynamical consequences of heterogeneity in neural excitability have used

only the variability in threshold of activation and further assumed similar distributions of

excitability between excitatory and inhibitory populations. Here, leveraging openly avail-

able data from the Allen Institute for Brain Science on the excitability of human cortical

excitatory and inhibitory neurons, we built an augmented Wilson-Cowan model network,

whose connectivity and excitabilities are constrained by human cortical data. We find the

excitatory and inhibitory neurons to have quantifiably different excitabilities. Exploring

both between- and within-cell-type excitability heterogeneity, we find that such sources

of variability contribute to modulating the population firing rates and their correlations.

Further, the within-cell-type excitability heterogeneity promotes network insensitivity to

changes in the inhibitory weights, while retaining excitatory weight sensitivity.
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4.2 Introduction

The human cortex has a complex and heterogeneous organization on multiple scales, from

genes and synapses to cells, neural circuits, and regions [335, 324, 63, 42, 226, 58, 182].

Despite this multiscale heterogeneity, the dynamics of the cortex, which have been ex-

tensively studied in both experimental and theoretical contexts [352, 92, 81, 155, 7], are

surprisingly robust. In fact, heterogeneity has recently been linked to stability [153, 152],

improved encoding [219, 112], the absence of synchrony [349, 120, 22], and avoidance of

pathological states, such as autism, schizophrenia and epilepsy [237, 275, 227].

Many of the rich dynamics observed in the cortex arise from the interactions between

excitatory and inhibitory (E and I) neurons. These two types of cells are, both between

and within themselves, heterogeneous. This includes their physical properties, such as

their morphologies (e.g. branching, cell size, etc.) [42], electrophysiological properties

(e.g. rheobase, sag, input resistance, etc.) [182, 67], connectivity motifs [93, 58], and

genes [295, 298, 44]. In the context of electrophysiological heterogeneity, of particular

interest in recent decades has been the neural gain, or excitability. The excitability of

a given neuron, which reflects its past activity [331, 77], characterizes its sensitivity to

incoming electrical input with respect to the rate of its output firing rate. Within a

population of neurons, the excitability heterogeneity then reflects the variability in features

of those neurons [326]. The excitabilities are often characterized in terms of the threshold

of activation (e.g. rheobase), slope, and amplitude [163, 299, 229, 97]. When measured
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experimentally, in both mice and humans, neural excitability has been shown to differ

both between-cell-type (e.g. E vs I cells) and within-cell-types [237, 226, 58, 182]. What

is less clear from these datasets is what, if any, effect the heterogeneity between- and

within-cell-type excitability heterogeneity has on cortical dynamics. Indeed, in addition

to pathologies associated with aberrant excitability - such as tinnitus [192, 138], chronic

pain [69] and epilepsy [275] - understanding the heterogeneity of excitabilities has been

proposed as an avenue for elucidating the differences underlying pathologies associated

with aberrant excitation [237, 36].

Models of heterogeneity in neural excitability have often focused on the one particular

parameter: the threshold of activation [121, 120, 219, 220, 275, 153, 152, 112]. Studies

of this variety of heterogeneity have shown it to affect synchrony and firing rate and

increase the stability of the dynamics [220, 153, 152]. However, these models often treat

heterogeneity across neurons as similarly distributed in excitatory and inhibitory neurons.

As such, the effects of between- and within-cell-type excitability heterogeneity on network

dynamics are largely unknown. Moreover, this neglects the contributions of the slope and

amplitude of excitability, which have their own contributions to neural excitability [229].

To address this, we implement an augmented Wilson-Cowan network of excitatory and

inhibitory neurons with subtype-specific excitabilities. These excitabilities are taken from

recent datasets of human cortical neurons made freely available by the Allen Institute

for Brain Science. Characterizing these excitabilities, we determine the between-cell-type-

specific differences in effective excitability and explore how this influences the network

dynamics. Thereafter, we incorporate the excitability heterogeneity within cell-types and
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interrogate its influence on the population firing rates and their correlations, finding it to

attenuate the firing rate in comparison with homogeneous frameworks. Finally, we find

that within-cell-type excitability heterogeneity makes the network sensitive to changes

in the excitatory, but not inhibitory, weights. Together, these features suggest that the

heterogeneous, subtype-specific excitability found in cortical neurons impacts the dynamics

of our network model.

4.3 Methods

4.3.1 Model network

The model network, a data-informed adaptation of the Wilson-Cowan network [352, 87],

has N neurons of which KE are excitatory (E) and KI are inhibitory (I). The neurons

are sparsely connected with probability, ρ, based on the average connectivity of human

cortical cells from [58] with synaptic weights (wEE, wEI , wIE, wII) from the same dataset

(see Section (4.3.1)).

Each neuron, i = 1, ..., N , is given an excitability curve, f , with slope, βα
i , and threshold,

hα
i , drawn at random from the distribution for their subtype α = {E, I} (see Section

(4.3.2)). For both populations, f is a sigmoidally shaped function given by,

f(Aα
,i, βi, hi) =

1

2

(
1 + erf(βα

i (A
α
i − hα

i ))

)
(4.1)

127



4.3. METHODS

where the activity, A, is a proxy for the membrane potential of each neuron i.

The dynamics of the neurons’ firing rates, rαi , in the two populations are given by,

τE
drEi
dt

= −rEi +fi

(
1

ρKE

KE∑
j=1

wEE
ij XE

j +
1

ρKI

KI∑
j=1

wIE
ij XI

j + IE +
√
2D(1− c)ξEi +

√
2Dcξc

)
(4.2)

and

τ I
drIi
dt

= −rIi + fi

(
1

ρKE

KE∑
j=1

wEI
ij XE

j +
1

ρKI

KI∑
j=1

wII
ij X

I
j + II +

√
2D(1− c)ξIi +

√
2Dcξc

)
(4.3)

where Iα are the baseline currents for the E and I populations; ξαi and ξc are, respec-

tively, uncorrelated and correlated Gaussian white noise, with both populations receiving

fraction c of their total noise as the same correlated noise; D is the noise amplitude;

Xi =
∑

{tk} δ(t − tk) are Poisson spike trains; and τE,I are the membrane time constants.

Spiking activity follows a non-homogeneous Poisson process, Xα
i −→ Poisson(rαi ), where ri

corresponds to the instantaneous firing rate of neuron i. This firing rate depends directly

on the membrane potential through the excitability curve (Eq (4.1)) of that same neuron,

that is rαi = fi(A
α
i ). The values of the parameters can be found in Section (4.3.3).

Connectivity
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As we wish to explore the role of heterogeneity in human cortical excitability, we sought

to keep our network as data-informed as possible. To this end, we leverage additionally

available human cortical data from the Allen Institute for Brain (see [58]) to determine

the degree of connectivity and synaptic weights in our model. Within the dataset, the

probabilities of connectivity between pre- and post-synaptic connections of human cortical

neurons are given by layer for the excitatory neurons, and as a generalized value for the

inhibitory neurons. The excitatory neuron probabilities include cortical layers 2, 3, 4 and

5. For our purposes, we calculate the average of all of the probabilities together (e.g.

pooling all layers and both excitatory and inhibitory connections) and use the result as

our network connection of probability, ρ. In each initialization, the neurons in the network

are randomly connected with this probability.

For the synaptic weights, we leverage the post-synaptic potential amplitudes from the

same dataset as the connection probabilities [58]. These are likewise organized by pre-

and post-synaptic cell types. Taking the average of each type of connectivity (e.g. EE,

EI, IE, and II), we find that the ratios are such that wEI > wIE ≈ wII > wEE. The

values of these weights from the post-synaptic potential amplitudes are then scaled while

maintaining this ratio in the model. Specifically, we choose a realized weight value for the

largest weight, wEI , and compute the factor, q, required for the dataset weight to equal

this value,

wEI = q

(
wEI

data

ρ

)
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The remaining weights for the IE, II and EE connections are then scaled by the same

factor, q.

4.3.2 Human cortical excitabilities

The Allen Institute for Brain Science has made publicly available an electrophysiology

dataset [317, 58, 182] that includes, among many other properties, the threshold (i.e.

rheobase; h in our model), and excitability curve slope (β in our model; see Eq (4.1)), for

413 human cortical neurons. This includes both excitatory and inhibitory neurons from

layers 1 − 6 across brain regions, including: medial temporal gyrus, frontal lobe, medial

frontal gyrus, angular gyrus, inferior temporal gyrus, inferior frontal gyrus, temporal lobe,

and superior frontal gyrus (see Supplementary Fig (1)). These neurons were obtained from

slices of human cortical tissue of patients with epilepsy or tumors, taking only those far

enough from the affected zone to be considered representative of healthy neurons. The

neurons were subsequently characterized electrophysiologically in slice experiments (see

[58, 182] for details).

To inform our model with these data, we first linearly rescale both the thresholds and

slopes to constrain them to the parameter space of our model. Specifically, we rescale

the thresholds such that hunscaled −→ hmodel ∈ [0, 0.3] and the slopes such that βunscaled −→

βmodel ∈ [3, 15] (Eq (4.7)). We choose these value ranges for our rescaled parameters

(hmodel, βmodel) because of their qualitative similarity to the excitabilities observed in the

unscaled data. To fit the parameters to these ranges, we linearly rescale each parameter
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in the dataset according to,

hmodel,i = mhhunscaled,i + bh (4.4)

and

βmodel,i = mββunscaled,i + bβ (4.5)

where mh and mβ are the slopes needed to rescale h and β to their respective ranges,

and bh and bβ are the intercepts for the rescaling. To determine the values of {mk, bk} for

k = [β, h], we pool the excitatory and inhibitory unscaled data for each parameter and

set the maximum and minimum equal to the bounds of our desired range. From this we

obtain (mβ, bβ) = (12, 3) and (mh, bh) = (9.5 × 10−5, 0.014). The scaling for h and β are

thus, respectively, calculated as,

hmodel,i = 9.5× 10−5(hunscaled,i)− 0.014 (4.6)

and

βmodel,i = 12(βunscaled,i) + 3 (4.7)

In our network, each neuron receives a {hα
model,i, β

α
model,i} pair randomly drawn from the

rescaled dataset to parameterize its excitability curve. Hereafter, we will use βi and hi to
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mean the model parameters.

Mean excitability

In a few instances, it is of interest to consider the mean excitability, ⟨f(Aα
i , β

α
i , h

α
i )⟩Kα ,

taken over a population, α = {E, I}. For Kα → ∞ the mean excitability may be written

as

⟨f(Aα
i , β

α
i , h

α
i )⟩Kα =

∫ ∫ ∫
f(Aα

i , β
α
i , h

α
i )ρ(A

α
i )ρ(β

α
i )ρ(h

α
i )dA

α
i dβ

α
i dh

α
i . (4.8)

The above expression depends on the priori unknown membrane potential probability

density function ρ(Aα
i ) (which may differ between neurons), as well as the distributions for

the slopes ρ(βα
i ) and rheobases ρ(hα

i ) found across the network.

To the best of our knowledge, Eq. (4.8) does not possess a well-defined analytical

solution for arbitrary distributions. However, whenever ρ(Aα
i ) and ρ(hα,i) are normally

distributed, Eq.(4.8) is also often sigmoidally shaped. The slope and rheobase of this

resulting sigmoid depend on the mean and variance of the distributions ρ(Aα
i ) and ρ(hα

i ),

and hence scales with network heterogeneity in those parameters [153, 152]. Motivated by

these findings as well as robust numerical observations (i.e., see Figs (3.2) and (3.5)), we

assume the population-averaged response function in Eq. (4.8) is also sigmoidally shaped

and write

⟨f(Aα
i , β

α
i , h

α
i )⟩Kα ≈ f(Āα, βα

eff , h
α
eff ), (4.9)
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where βα
eff and hα

eff are the effective slope and rheobase of the population-averaged re-

sponse. These parameters reflect the heterogeneity in excitability found in each subtype

population in the network and will be determined numerically.

4.3.3 Table of Parameters

Parameter Name
rαi Firing rate of neuron i in population α
τα Membrane time constant for neurons in population α
βα
i Slope of excitability curve for neuron i in population α

hα
i Threshold (rheobase) of excitability curve for neuron i in population α

Kα Number of neurons in population α
ρ Probability of connectivity

wαα
ij Synaptic weight between two neurons (ij) in populations α

Iα Baseline current to population α
Dα Noise amplitude for population α
ξαi Additive uncorrelated noise to neuron i in population α
ξc Additive correlated noise
c Fraction of total noise that is correlated

Table 4.1: Parameters used in the network model. In all cases α = {E, I}.
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4.4 Results

4.4.1 Characterizing the excitability of excitatory and in-

hibitory cortical neurons

Neuron excitability, which defines the reactivity of a given neuron to the incoming electrical

activity it receives, varies between neurons both within- and between-cell-types. At its

extrema, a neuron’s excitability can range from hyperexcitable (e.g. highly reactive to

even small input) to hypoexcitable (e.g. low reactivity unless very large input is received)

(Fig (4.1A)). In cases of hyperexcitability, this elevated sensitivity can be characterized

by a low rheobase and steep slope (Fig (4.1B,C)). Conversely, more hypoexcitable neurons

will have high rheobases and less steep slopes. Collectively, these properties will influence

the dynamics of both individual neurons and the networks they form. If the average of the

excitabilities of all of the neurons in a network is calculated, the effective excitability is

obtained (see Methods), and will indicate the relative excitability of the overall network.

Populations of neurons with more heterogeneous excitabilities have been shown to have

more linear effective excitabilities and dynamics [275, 153], and, in contrast, the nonlinear

effective excitabilities in homogeneous networks have been shown to promote unstable

dynamics [152, 326].

Data from the Allen Institute for Brain Science [58, 182] show that the excitability of

human cortical neurons is not randomly distributed. Rather, there are distinctive excitabil-
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ities for the excitatory (E) and inhibitory (I) neurons. Here, we sought to characterize the

excitabilities of these subtypes. The dataset includes cortical layers 1− 6 however no sig-

nificant difference was found between the layers (see Supplementary Fig (1,2)): we thus

pool them all and separate only by subtype. Following rescaling to fit the data to our

parameter space (see Section (4.3.2)), we plot the slopes (β) and rheobases (h) of the

excitabilities. We observe that two groups emerge: one for the excitatory neurons and

another for the inhibitory neurons, displaying overall little overlap (Fig (4.1D)). This ar-

rangement of excitabilities is of particular interest as it sets the excitability parameters on

an approximately y = 1/x-shaped curve. That distribution is similar to the degeneracy

curve that arose from our previous modelling of heterogeneous excitability [326], where

different parameterizations yielded the same firing rate. This distribution of excitabilities

suggests that a level of degeneracy is present between the E and I cells. Regardless, the

placement of the cell-types in the parameter space also indicates the type of excitability

they possess. Specifically, the inhibitory population has a wider variance in its slopes and

smaller threshold variance, and the excitatory population demonstrates the opposite.

Whenever the parameters of the excitabilities (i.e., β, h) are plotted according to Eq.

(4.1), a qualitative visualization of the differences in excitability can be observed (Fig

(4.1E)). This qualitative visualization further highlights the difference in shape of the

excitabilities between-cell-types and the heterogeneity within-cell-type, as well as indicating

their relative type (Fig (4.1A)) of excitability. In line with their higher thresholds, we see

that the E cells are mostly between mid-range (Fig (4.1A)) and hypoexcitable, whereas the

I cells are more hyperexcitable: We thus expect E cells to require larger input to respond,
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and I cells to respond strongly whenever they receive input.

To interrogate the dynamics resulting from this particular arrangement of excitabilities,

we use them to inform an adapted Wilson-Cowan model (see Methods). Specifically, each

neuron in the network is assigned a pair of parameters {βα
i , h

α
i } (α = {E, I}), randomly

sampled from the rescaled dataset distribution (Figs (4.1D-F)). We will then use this model

to explore the impact of E and I heterogeneity, both within- and between-cell-types, on

network dynamics.

Before investigating the consequences of the excitability more broadly, we used the

asynchronous state as a baseline for our simulations to observe the difference in activity

between the cell types. As can be seen in Fig (4.1G), the differences in excitability between

the two populations can be seen in the distribution of firing rates evoked from the neurons

through time. While the E population a unimodal one, the I population has a more bimodal

firing rate distribution. Said otherwise, the between-cell-type firing rate differences are

reflective of the larger effective slope (e.g. increased non-linearity) and smaller variance

in threshold of the I cell excitability distribution (Fig (4.1F)). The non-linearity of the

effective I cell excitability makes the cells respond strongly or not at all, which manifests

as the bimodality of firing rates. The distributed thresholds and more linear slopes of the

E cells, conversely, yield a relatively constant, but lower, firing rate.

Despite the differences in the between-cell-type firing rates and largely asynchronous

dynamics, the network displays irregular instances of highly coincident spiking (Fig (4.1H)).

In these brief, irregular instances of synchrony, the sharp increase in excitatory activity

136



4.4. RESULTS

Figure 4.1: A) The activity of a single point neuron is simulated for increasing amplitudes
of fixed current, Iinj. The average number of spikes evoked for each current amplitude is
plotted under three different excitability conditions: hyperexcitable (0), midrange excitable
(1), and hypoexcitable (2). B) The mean rheobase of a neuron with the excitabilities shown
in (A) across 10 trials. Error bars are SEM. C) The average number of spikes evoked per
injected current strength as a function of the excitability of the neuron as shown in (A).
D) The linear-rescaled (see Methods) slopes, β, and thresholds, h, for the excitatory (blue)
and inhibitory (red) neurons in the Allen Institute for Brain Science dataset [58, 182]; E)
the excitability curves for each {β, h} pair in (D). A network of N = 1000 neurons is
parameterized with {β, h} per (D), and randomly connected with probability ρ = 0.133.
F) the probability distributions of (left) the β and (right) h values for the excitatory (blue)
and inhibitory (red) neurons. Simulating this network with low-amplitude, uncorrelated
noise (DE = DI = 0.01; c = 0) yieldsG) histograms of the excitatory (blue) and inhibitory
(red) temporal-average population firing rates. A subset of the activity (∆t = 250 ms) is
shown in H) a raster plot. The black line is the population-average firing rate (⟨r⟩N).
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rapidly recruits inhibition. With the more hyperexcitable profile of the inhibitory popu-

lation, this yields a rapid, strong response, and thus halts the activity before prolonged

coincident activity can emerge. This irregular asynchronous regime is of particular inter-

est as a baseline of activity for the network as it represents a state that is stereotypically

observed in experimental data [49, 291, 272, 199, 191].

4.4.2 Between-cell-type excitability heterogeneity yields higher

firing rates and promotes correlation in excitatory neu-

rons

To explore the dynamical consequences of between-cell-type excitability, we first consider

the effective excitability (see Section (4.3.2)), which differs between the E and I cells (Fig

(4.2Ai)). Specifically, we seek to investigate the consequences of their specific arrangement

on the dynamics of our model network. For simplicity, we exclude the within-cell-type

heterogeneity for this part of our investigation, and instead assign all of the cells in each

subtype the effective excitability (e.g. fE
i = fE

eff for all excitatory neurons i = 1, ..., KE

and likewise for the I cells). We do this under three different conditions: (i) The dataset

effective excitability (Control case) (Fig (4.2Ai)); (ii) all neurons having the same effective

excitability (Mixed case) (Fig (4.2Aii)); and (iii) reversing the effective excitability of the

dataset (Reversed case) (Fig (4.2Aiii)). The mixed case is referred to as such because we

mix the excitabilities of both cell types to find the effective excitability.

We find that the control case (Fig (4.2Ai)) corresponds to the highest average popula-
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tion firing rates, with the reversed case (Fig (4.2Aiii)) having the lowest (Fig 4.2B). The

low firing rate in the reversed case shows that when we have more hyperexcitable excita-

tory neurons and more hypoexcitable inhibitory neurons, we have a regime in which the

inhibitory neuron activity prevents the excitatory neurons from firing easily. In the firing

rates, this manifests as the average inhibitory firing rate for the reversed case becoming

close to the excitatory firing rates of the control and mixed cases. However, the same is

not true for the excitatory population in the reversed case, which yields a near-zero firing

rate. Thus, from the similarities of the control and mixed cases, we find that making E

cells hypoexcitable or I cells hyperexcitable drives an increase in the firing rate.

Beyond the firing rates, we consider the correlation of the firing rates in these net-

works by calculating the average Pearson correlation coefficient between them, ⟨Rc⟩N

(Fig (4.2C)). This was done for each different connection-type within the networks (e.g.

EE,EI, II), as well as for the whole network. From this analysis, we find that the corre-

lation in the EE and EI connections of both the control and mixed cases is significantly

higher than in the reversed case. That is, we find cases where the excitatory population is

has more linear, hypoexcitability promotes more correlation in E cell firing rates. However,

reversing the effective excitabilities led to more correlation in the II connections (reversed

case).

Unlike the reversed case, the control and mixed cases show no significant difference

in their correlation. This aligns with previous literature, which has shown homogeneous

excitability across neuron populations, as is seen in the mixed case, to promote increased

correlation in the firing rate [275, 153]. Thus, we would expect this case to have as much, if
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Figure 4.2: Network simulations are performed such that each excitatory (E) and inhibitory
(I) neuron is endowed with the effective excitability of that population. This is considered
under three conditions: A) the control (i.e. true dataset), a mixed case (i.e. E and I are
considered to have one distribution), and a reversed case (i.e. switching the distributions
of the true dataset). Simulating each network of N = 1000 neurons for Ntrials = 5 with
low correlation, low amplitude noise (c = 0.2; DE = DI = 0.01), B) the population mean
firing rates (in ms−1) for the excitatory (left) and inhibitory (right) neurons are shown. C)
The average correlation of the firing rates is calculated as the average Pearson correlation,
⟨Rc⟩N , for each type of connectivity. Asterisks above the bars for the reversed condition
indicate a significant difference from the control and mixed cases, calculated by a Mann-
Whitney U test. Asterisks indicate that p < 0.05. Error bars are SEM. D) An example
raster for one simulation of each condition. The black line indicates the average firing rate.
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not more, correlated activity as the control case. Moreover, the effective excitability of the

mixed case is qualitatively similar to the excitatory population excitability in the control

case (compare Fig (4.2Ai) and (4.2Aii)), which may further contribute to the similar levels

of correlation they beget.

The effects of the different cases on firing rate and their correlations are likewise observ-

able in the example raster plots for the three cases, where firing rates and irregular, brief

instances of highly correlated activity in the control and mixed cases (Fig (4.2Di,ii)) far

exceed that of the reversed case (Fig (4.2Diii). Together, this suggests that the between-

cell-type heterogeneity observed in the cortex contributes to allowing increased correlation

among excitatory neuron activity and elevates the firing rates.

4.4.3 Within-cell-type heterogeneity decreases population fir-

ing rate

Having examined the effects of between-cell-type excitability on the network dynamics, we

now consider within-cell-type excitability heterogeneity. To do this, we explore two different

networks: one where each neuron in the network is initialized with an excitability from the

relevant E or I distribution (Fig (4.1G)), and the other where all of the excitatory and

inhibitory neurons have the effective excitability of their subtype (analogous to the control

case in Fig (4.2)). We simulate these networks for different values of noise correlation, c,

and probe the firing rates and their correlations.

In doing this, we find that the heterogeneous network consistently yields a significantly
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lower mean firing rate regardless of the noise correlation, c, (Fig (4.3A)). This is true of both

the E and I cell populations. In line with what was observed in Fig (4.2), the I cells have

a higher average firing rate. Although the mean firing rate of the subpopulations remains

constant in both the heterogeneous and homogeneous networks, the noise correlations

do affect the variance of the population firing rate over time (Fig (4.3B)) in both the

heterogeneous and homogeneous networks.

The introduction of within-cell-type heterogeneity additionally influenced the firing

rate correlations of the network (Fig (4.3C,D)). Interestingly, whether the heterogeneous

network firing rates were more or less correlated, particularly in the excitatory (EE) con-

nections, was dependent on the correlation of the additive noise, c. Moreover, although

statistically significant in their difference at low and high noise correlation levels, the dif-

ference between the heterogeneous and homogeneous ⟨Rc⟩N values is small. The stronger

effect on the correlation, instead, being the value of c, with fully correlated input resulting

in the highest firing rate correlations in both the homogeneous and heterogeneous cases.

Example raster plots of the heterogeneous and homogeneous networks further highlight

the completely asynchronous activity when the input is fully uncorrelated as compared to

when the noise is fully correlated (Fig 4.3E).
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Figure 4.3: The A) mean population firing rates of the excitatory (left) and inhibitory
(right) neurons in a heterogeneous (dotted bars) and homogeneous (solid bars) network
receiving varying levels of noise correlation, c (DE = DI = 0.01). Each simulation is
carried out for Ntrials = 5. Error bars are variance and asterisks indicate p < 0.01 for a
MannWhitney-U test. B) The temporal average firing rate of the excitatory (blues) and
inhibitory (red) neurons in a network with heterogeneous (left) and homogeneous (right)
excitability. Lighter shades are higher levels of noise correlation. C) The correlation of
the neurons’ firing rates, ⟨Rc⟩N , is measured as the average Pearson correlation coefficient
across each type of connectivity in a heterogeneous (left; dotted bars) and homogeneous
(right; solid bars) network across varied input correlation levels, c. D) The difference,
∆⟨Rc⟩N = ⟨Rc⟩Homo

N − ⟨Rc⟩Hetero
N , in the firing rate correlations measure between the two

networks as a function of increasing noise correlation. Asterisks indicate the p-value (∗ :
p < 0.01; ∗∗ : p < 0.001) for a MannWhitney-U test of the type of connectivity between
the heterogeneous and homogeneous cases. E) Example raster plots of a heterogeneous
(upper) and homogeneous (lower) network receiving completely correlated noise (c = 1.0)
and completely uncorrelated noise (c = 0.0). Black lines are the average firing rate.
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4.4.4 Within-cell-type heterogeneous excitability increases

network sensitivity to weight changes

Beyond the effects of the correlation of the inputs, we now seek to explore the influence

of within-cell-type excitability heterogeneity on the network’s sensitivity to changes in the

synaptic weights. To do this, we consider again the heterogeneous network described in

Fig (4.3), and simulate it with one of the synaptic weights changed. For each simulation,

the synaptic weights of the connections not being explored are held fixed at their control

values.

From these simulations, we find that when the excitatory weights (wEE, wEI) are

modulated, the firing rates of the E and I cell populations are highly sensitive to the

change across combinations of baseline currents, IE and II (Fig (4.4)Ai,ii). Specifically,

the firing rates in both the E and I populations increase well beyond the physiological range

with increasing wEE. Conversely, both population firing rates decrease with higher wEI .

In line with the sensitivity to wEE, when wEI is very small, the firing rates blow up toward

non-physiological levels. Taken together, these sensitivities to changes in the excitatory

weights show that the network is highly responsive to excitatory weight perturbations

across the full range of weights and at all baseline current strengths.

Unlike the changes to the excitatory weights, when the inhibitory weights (wIE, wII) are

modulated, there is generally low sensitivity of the network firing rates (Fig (4.4Aiii,iv)). In

the case of wIE, firing rates arose only under conditions of high baseline currents, and when
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Figure 4.4: The network is simulated with a partially correlated additive noise (c = 0.2)
for Ntrials = 5. A) The average firing rate in ms−1 of the E and I cells is plotted for
various levels of baseline current (IE, II) are plotted for changing the magnitude of the ex-
citatory to excitatory weights (left), excitatory to inhibitory weights (mid-left), inhibitory
to excitatory weights (mid-right) and inhibitory to inhibitory weights (right). Keeping the
network in the regime used for the Figures (4.2 and 4.3) (e.g. IE = II = −0.55), we plot
B) the average firing rate correlation, ⟨Rc⟩N , is calculated for each of the weight changes
and types of connectivity.

145



4.4. RESULTS

the weight decreased to effectively zero, resulting in an abrupt increase to non-physiological

levels of firing. The network was insensitive to changes in wII across all baseline currents.

That is, based on this and the excitatory-weight results (Fig (4.4A)), we see that inhibitory

control over both excitatory and inhibitory firing rates is preserved across a broader range

of inhibitory weights. The contrast with the more gradual firing rate changes observed

under excitatory weight perturbations may stem from differences in the within–cell-type

heterogeneity between the two populations (Fig (4.1D,E)). Specifically, the inhibitory neu-

rons exhibit less within–cell-type excitability heterogeneity than the excitatory neurons.

Combined with their more hyperexcitable baseline state, this reduced heterogeneity pro-

duces higher firing rates (Fig (4.3A)) and more all-or-none dynamics compared to the

excitatory population

In addition to the firing rates, we also investigated the correlations of the connection

types under changes to the synaptic weights. In line with the effects on the firing rates,

modifications to the excitatory (Fig (4.4Bi,ii)), but not inhibitory (Fig (4.4Biii,iv)), weights

affected the firing rate correlations of the networks. However, as the jumps in firing rate

correlation observed in response to the excitatory weights at which the network blows up

to non-physiological firing rates (Fig (4.4A-Bi,ii)), this increase largely reflects the firing

rate change rather than a more complex change in firing rate correlation, such as would

emerge in oscillatory behaviour.
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4.5 Discussion

Heterogeneity in neural excitability, as the source of interest here, has been found in a

variety of experimental and computational works to contribute to avoiding pathological

onset [275, 153, 152], optimal decoding [219, 112], and synchronization [121, 349, 120, 220,

46]. However, many of these approaches have examined this heterogeneity broadly. That

is, models of heterogeneous excitability have often assumed similar distributions between

neuron subpopulations. Here, we endowed a network with biophysically constrained ex-

citabilities and explored the influence of between- and within-cell-type heterogeneity on

the network dynamics.

From our investigations, we find that between-cell-type (Fig (4.1)) and within-cell-type

excitability heterogeneity (Fig (4.3)) both affect the neuron firing rates and correlation.

In the case of the correlation, previous work has shown that heterogeneity contributes to

increased decorrelation of neural activity [248, 149]. However, in our work, we find that

comparing the heterogeneous network (within-cell-type excitability heterogeneity) with

the homogeneous network (between-cell-type excitability heterogeneity) paints a less clear

picture (Fig (4.3C)). Rather, as the correlation of the additive noise changed, it differed

whether the heterogeneous or homogeneous network was less correlated. Moreover, the

relative difference of correlation between the two networks is small (Fig (4.3D)). This may

be, in part, because our homogeneous case uses the between-cell-type heterogeneity rather

than an arbitrary excitability.
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The modulation of firing rates by human cortical cell-type-specific excitability aligns

with recent research using mouse cortical cell-type-specific excitability, which demonstrated

that excitatory-inhibitory balance alone was insufficient to account for the correlation and

firing rate differences observed in pathologies [237]. Importantly, our exploratory work

here does not further subdivide the neurons into types of excitatory or inhibitory neurons.

This is particularly important as, within the dataset we use to inform our model, there are

fewer inhibitory than excitatory neurons, which may result in an underestimation of the

overall inhibitory excitability heterogeneity.

The fact that inhibitory neurons in the dataset show lower excitability heterogeneity

is particularly important, because it may help explain why our network is less sensitive

to changes in the synaptic inhibitory weights (Fig (4.4A)). Specifically, the insensitivity

we observed may be related to the relative homogeneity of the inhibitory neurons, along

with their hyperexcitability, as compared to the more hypoexcitable and heterogeneous

excitatory neurons. Further investigation into the role of inhibitory neuron excitability in

network dynamics will be of importance to future works, as inhibitory activity has been

found crucial in neural circuits for decorrelation [272, 285, 7], generating oscillations [302],

and learning [106, 115].
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4.6 Appendix

4.6.1 Supplemental Figures

Figure 4.5: Normalized threshold and slope values for all human cortical neurons in the
dataset from the Allen Institute for Brain Science coloured according to: patient condition
(left), brain region (center), and cortical layer (right).
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Figure 4.6: A) The excitability curves of the rescaled (see Methods) dataset for neurons
in each cortical layer. Shades of blue are excitatory, shades of red are inhibitory. B) The
average slope, β, of the excitatory and inhibitory excitabilities by layer. C) The average
threshold, ⟨h⟩, of the excitatory and inhibitory excitabilities by layer. Error bars in (B)
and (C) are standard deviation.
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Morphological variability may

limit single-cell specificity to

electric field stimulation.
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5.1 Introduction

Non-invasive brain stimulation (NIBS) paradigms are used for a variety of purposes, includ-

ing attempted treatment of several psychiatric conditions (e.g. major depressive disorder

[278, 127], schizophrenia [131], bipolar disorder [258]), and investigating neural oscillation

properties and controllability [148, 253, 146]. Despite reported clinical efficacy, many ques-

tions remain about the mechanisms involved [194] as well as how to optimize their use.

The high variability in brain response to NIBS protocols represents a major limitation in

these efforts. Such variability has been attributed to genetic and neurophysiological fac-

tors, but evidence suggests that the brain state during stimulation may further impact the

response [282, 126, 184]. Many contributing factors to response variability are immutable

(e.g. subject age, skull thickness, etc), but others, such as the placement of the apparatus

(e.g. electrodes or coil), are malleable [126, 322]. The immense combination of free param-

eters in these protocols greatly complicates parsing which ones are crucial. This has led to

the development of a variety of computational models in efforts to improve the efficacy of

experimental approaches and our overall understanding of NIBS [146, 201].

Despite widespread utility, comparatively little is known about the effects of NIBS at

the level of single neurons [194]. It is known experimentally, although not widely investi-

gated, that NIBS techniques can modulate the activity of individual cells [172, 171, 322].

Along with this awareness has come an acute interest in parsing the limits of specificity of

these techniques: That is, the extent to which neuron traits (e.g. subtype, morphology)
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govern the ability of a single NIBS protocol to acutely activate or suppress the response

of neurons sharing similar characteristics. Preliminary efforts have been made to eluci-

date a relationship between response variability and neuron morphology via intermediate

morphological models (that is, models with a limited set of stereotyped, structural com-

ponents) with nominal success [359, 19, 170, 4, 17]. One such simplified model examined

the relationship between many physical traits (e.g., branching, compartment widths and

lengths, etc.) of a basic neuron and found that, on a trait-by-trait basis, they alter the

strength of electric field (E-field) necessary for the neuron to fire [359]. Moreover, even for

the most simplified case of a straight-cable neuron model [19], changing a single property,

such as the length of the cable, was found to influence the response. Collectively this

supports the consensus that physical morphology acts as an avenue for layer- and cell-type

NIBS specificity.

However, experimental work in alert non-human primates, at field strengths typically

applied to humans, has shown transcranial electrical stimulation is capable of recruiting

individual neurons and, in some cases, controlling the timing, but not firing rate, of their

spikes [172]. That experimental study found no notable difference in phase locking between

putative interneurons and putative pyramidal cells. This result is at odds with what has

historically been expected of individual neurons, which are long theorized to have subtype-

and layer-specific differences in NIBS response [264, 170, 146]. In light of this, it may then

be purported that other neuron traits (e.g. morphology) that vary widely across neuron

populations may in fact limit layer- and cell-type specificity to NIBS paradigms.

Here, we put these results to the test using detailed morphological multi-compartment
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models from real mouse neurons. The present work employs computational methods to

evaluate the effects of NIBS on membrane potential polarization of neurons of different

types (PV, PC) populating various cortical layers via the application of a uniform E-

field. We specifically examined which, if any, physical characteristics might be involved

in generating cell-type and/or layer-specific responses. To do so, we developed metrics

quantifying various aspects of cellular morphology, both at the level of whole cells and the

compartments they are modelled from, ranging from cell volume to compartment lengths,

diameters, number of branches, cellular orientation as well as interneuron myelination [316,

317, 57]. Using field strengths commensurate with those used in non-invasive experimental

settings, such metrics were used as a benchmark for evaluating how polarization varied

as a function of cellular morphology, linking single-cell morphological characteristics to

response specificity. Axonal, dendritic, and somatic compartments could be modulated

reliably through changes in E-field amplitude and orientation, and both subtype and layer-

specific responses could be observed. Yet, none of these results could be attributed to

morphology: the aforementioned metrics didn’t show any statistically significant influence

in supporting subtype- and/or layer-specific responses. These null results suggest that the

interplay between stimulation parameters and physical neuron characteristics is complex

in its direction of neuron excitability and that other biophysical features, such as ion

channel density and membrane time constant, might be more relevant. Yet, the abundant

variability of these traits both within and between neuron subtypes [249, 226, 62] may limit

layer- and subtype specificity of non-invasive stimulation paradigms. We believe reporting

such null results represents a crucial step for the optimization, scope of applicability, and
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replicability of NIBS studies.

5.2 Results

5.2.1 Characterizing neuron morphology variability

The neuron models created by the Allen Institute are based on the morphologies of pyra-

midal (PC) and parvalbumin (PV) neurons from layers (L) 23, 4, and 5 of mouse primary

visual cortex [316, 317] (see Methods). A collection of example morphologies of these

models from each layer and subtype are shown in Figure (5.1A). Seeking to investigate the

effects of morphology on the response of such neurons to NIBS is a very high-dimensional

problem due to the high variability seen between neurons. We quantified the variabil-

ity in physical properties between neuronal subtypes at the level of 1) whole cells (i.e.,

vector magnitude, length, volume, myelin; see Methods); and 2) compartments (i.e., ax-

onal/dendritic compartment lengths, diameters, branches; see Methods) and evaluated the

contribution of each on membrane potential polarization from uniform electric fields.

At the whole-cell level, vector magnitude refers to the mean of the square root of the

summed squared cartesian coordinates of each compartment. The length refers to the

maximum length of the neuron in the z-direction and volume is the maximal elliptical

volume it occupies. Separating the mean vector magnitude for each neuron subtype and

layer, the PV neurons generally had smaller vector magnitudes, and so were less spatially

spread, than their PC counterparts, with L2/3 having the smallest difference between the
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two subtypes (see Figure (5.1B), top). In line with this, the PV neurons were on average

shorter than their PC counterparts in the same layers, with L2/3 having the minimal differ-

ence between subtypes (see Figure (5.1B), top and middle panels). Similarly to the vector

magnitudes and lengths of these cell models, the volumes occupied by neuron subtypes

in the same layers were similar, with the exception of L4 where the PV neurons occupied

substantially less volume (Figure (5.1B), bottom). Within subtypes, these macroscopic

characterizations were correlated with each other, such that longer neurons tended toward

a larger vector magnitude and by extension elliptical volume.

In addition to these whole-cell characterizations, compartment-level variability may

also be considered (see Methods). These can be separated further into characteristics and

organization of dendritic and/or axonal components for each subtype (see Figure (5.2) top

and bottom rows, respectively). This scale of breakdown for the model properties is im-

portant as it has been demonstrated that, in isolation, each of these features may affect the

field strength required to evoke depolarization [359]. For these models, the compartment

lengths show more variability across the layers and subtypes in the axonal compartments

than in the dendritic ones (Figure (5.2A)). Further, the dendritic compartments are on

average longer than the axonal compartments, however, there are exceptions such as in L5

PC models where axonal and dendritic compartments were around the same length.

By contrast, diameters are relatively similar between the dendritic and axonal compart-

ments (Figure (5.2B)). The diameters observed between subtypes and layers are also, on

average, relatively similar to each other. Branching is, generally, observed to be much more

prevalent in the dendritic compartments than the axonal ones (Figure (5.2C)). However,
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Figure 5.1: Whole-cell morphological characterization. A) Example morphologies
of one model neuron each for pyramidal (left) and parvalbumin (right) neurons in layers
(L) 23, 4, and 5. B) (top) Vector magnitudes of all neuron models split by layer and type;
(middle) Length in the z-direction of all neuron models; (bottom) ellipsoid volume occupied
by neuron models. Error bars are standard deviations. All bars are colour-matched to the
morphologies shown in the example column of panel A). Significance determined using
Mann Whitney U tests; single star represents p < 0.05. C) Example morphologies and
schematic for a PC and a PV neuron model with representative myelination on their
axons. In (C), Ci, i = 1, 2, 3 represent the axonal compartment and the blue sheet over C2

is myelin.
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there are exceptions to this, such as in the L5 and L2/3 PV models where the axons are

very densely branched. Indeed, the PV models generally have more branching than their

PC counterparts in the same layer regardless of whether the branching is considered at an

axonal or dendritic level.

Figure 5.2: Dendritic and axonal compartment characterizations. Compartmental
properties averaged across neuron cell-subtypes of dendrites (top row) and axons (bottom
row). Individual points plotted on/above the bars are the compartmental quantity average
for individual models; bars are the mean values across models. A) average compartment
lengths (Li), B) average compartment diameter (Di). C) average number of branches.
Error bars are standard deviations. Significance determined using Mann Whitney U tests;
single star represents p < 0.05.
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5.2.2 Subtype- and layer-specific membrane potential polar-

ization from uniform electric fields

We first examined the mean membrane potential polarization of these models across layers

and subtypes, independently of their morphological variability. To do this, we apply a

uniform electric field to the neuron models across all its compartments (Figure (5.3A))

(see Methods section). The field sign and strength will influence whether depolarization

or hyperpolarization is observed in the neurons’ somatic compartments, and influence the

neuronal response. We quantified this response through i) the mean membrane potential

polarization (i.e., ⟨V ⟩); and 2) membrane potential polarization variability (i.e., ⟨CVV ⟩)

across independent trials (see Figure (5.3B) and Methods section). The mean membrane

potential polarization quantifies the net effect of field strength on neuronal excitability,

while the variability reflects its impact on spiking activity evoked by the applied field.

In each trial, neurons were exposed to independent noise realizations of low amplitude,

insufficient to cause spontaneous firing.

While not statistically significant (see Methods), differences in mean polarization and

polarization variability could be observed between subtypes and across layers. However,

pooling the neurons by layer (neglecting subtypes), no significant difference between the

mean somatic polarization could be observed. The lowest coefficient of variation of these

membrane potentials, ⟨CVV ⟩, is observed for the L2/3 models, with the highest being

the L4 models (Figure (5.3C)) indicating increased firing in that layer. By comparison,

ignoring layers, and pooling the neuron models based on their subtypes only, there are
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Figure 5.3: Uniform electric fields impact on somatic membrane potential po-
larization. A) Schematic of a uniform electric field, E, being applied to a neuron model;
B) Example single trial responses of the somatic compartment of a PV layer 5 neuron
model to a uniform field for E = −50 mV/mm (dark red), and E = +50 mV/mm (light
red). The black dashed line is the average response to noise (E = 0 mV/mm) over ten
trials. C) Top: Average polarization of the somatic membrane potential (⟨V ⟩) across trials
pooled by layer. Error bars are the standard deviation measured across trials. Bottom:
average coefficient of variation ( ⟨CVV ⟩) of the membrane potential at different E-field
strengths, pooled by layer. Error bars are the standard deviations across trials. D) Top:
Average membrane potential across trials pooled by neuron sub-type. Bottom: average
⟨CVV ⟩ of neurons at different E-field strengths pooled by neuron sub-type. Solid lines are
myelinated; dashed lines are unmyelinated. Error bars are the standard deviation.
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visible differences between the depolarization responses of PC and PV cells (Figure (5.3D)).

Of note, the differences observed between subtypes manifest differently in the cases where

the PV neuron models are myelinated or not. For unmyelinated PV neurons, the same

field strength leads to less depolarization than is observed in the PC models at the same

field strength. However, in the myelinated PV models, the response to the same field

strength eventually catches up with the PC models in terms of depolarization. Interestingly,

the myelinated PV models also hyperpolarize more aggressively than either the PC or

unmyelinated PV models (Figure (5.3D)), suggesting a difference in excitability induced

by the applied field. The lack of statistically significant differences observed in any of these

poolings suggests limitations to the extent of specificity attainable via NIBS techniques for

circuit control. The average CVV for the pooled subtypes suggests that PC cells are more

excitable and experience increased firing. Based on the stronger deviation in this curve

compared to the PV models, as well as the similarly shaped curves in the same plot pooled

by layers, the majority of the variation within the present selection of models comes from

the L4 PC models.

In addition to interrogating the effect of model subtype and/or layer on their contri-

butions to response variability in NIBS, we also verified the impact of neuron orientation

within a uniform field (see Supplemental Figure (5.6)). Considering three orientations

(0◦, 90◦ and 180◦) of an exemplar neuron, in agreement with existing results in transcra-

nial direct current approaches [265, 194, 269], the neuron’s depolarization is influenced

by its position particularly in the dendritic and axonal compartments. However, the net

response to the applied field remains largely conserved at the soma, and does not differ sig-
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nificantly from the somatic membrane potential polarization observed in the other models

(Supplemental Figure (5.6B)). That is, for neurons populating layers 2/3, 4 and 5, uniform

electric fields are unable to achieve sufficient specificity of neuron subtypes based on their

specific orientation in space.

5.2.3 Examining the relationship between morphological vari-

ability and response specificity

In light of the results shown in Fig. 5.3, it becomes of interest to ask: what drives subtype-

and layer-specificity? Specifically, we sought to determine whether any of the character-

ized morphological attributes substantially influence the response of the neurons to uni-

form electric fields. Returning to the physical metrics used earlier to describe the neuron

subtypes and layers (Figure (5.1B) and (5.2A-C)), the relationship of these properties to

response can be investigated by quantifying how morphological characteristics correlate

with observed changes in cellular polarization. To examine the trends of individual model

responses with respect to applied field strength, we here quantified susceptibility, a linear

measure of the slope of the response which represents the cell-specific subthreshold somatic

polarization per unit electric field applied and is analogous to the polarization length used

in prior studies [264, 321] The susceptibility quantifies the predisposition to control by the

applied field and can be linked to various morphological traits to assess specificity.

As with the characterization of physical traits, susceptibility can also be broken down

into considering both whole-cell and compartmental-scale physical characteristics. Looking
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Figure 5.4: Relating field effects to morphological characterization metrics. Sus-
ceptibility of average somatic membrane potential polarization (see Figure (5.3C-D)) per
neuron as a function of their A) vector magnitude, B) neuron length, and C) volume oc-
cupied. At the level of dendritic (upper) and axonal (lower) compartment properties (see
Figure (5.2)), the susceptibility of the average somatic membrane potential polarization is
shown as a function of D) average compartment length, E) average compartment diame-
ters, and F) number of branches. All susceptibilities are calculated from response in the
upright (0◦) orientation. Schematics to the right of each plot correspond to the quantity
on their x-axis. The Pearson correlation coefficients, R, their significance, p, and the line
of best fit are found using SciPy’s linear regression package [340].In line with the scheme
used in Figures (5.1) and (5.2), the colours of the points correspond to the layer and cell
type of each neuron (red = PC L5, orange = PV L5, yellow = PC L4, green = PV L4,
blue = PC L23, and violet = PV L23).
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at the susceptibility agnostically (irrespective of the neuron subtype or layer) with respect

to whole cell metrics (i.e., vector magnitude, length, volume occupied, and the number

of branches), all yielded non-significant correlations, while the occupied volume showing

the highest correlation (Figure (5.4)). At the compartmental level, investigation of the

susceptibility of compartment-level metrics also yielded no significant correlations, with

dendritic and axonal branching showing the highest correlation among their respective

compartmental attributes. These results suggest that controlling individual cell types with

uniform electric fields is limited in its specificity, due to the high variability in cellular mor-

phologies both between cell types and across layers. There was also no notable clustering

among the cell types and layers for any of the morphological properties with respect to

their susceptibility.

To more rigorously interrogate this result, we re-assessed the relationship between the

whole-cell physical metrics (e.g. vector magnitude, volume and length) and susceptibility

for partial correlation when holding the relevant covariable morphology traits constant (see

Methods). From this more detailed assessment, too, there was no significant partial corre-

lation between these measures and the susceptibility (see Supplemental Figure (5.7) and

Table (5.3)). Moreover, we then performed dimensionality reduction on all the morphology

traits and susceptibilities shown in Figure (5.4) to create a uniform manifold approxima-

tion (UMAP) (see Supplemental Figure (5.8)). From the UMAP, we found no noticeable

clustering of any given cell-type and/or layer, suggestive of considerable net morphological

similarity across the models.

Based on a range of whole-cell and compartment-based physical metrics, our null results
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suggest that cellular morphology, on its own, has no significant influence on the specificity

of uniform electric fields. However, an important confound remains: the neuron models

considered exhibit important compartment-to-compartment variability in biophysical prop-

erties (e.g., ion channel conductances)[316, 317]. Such variability may play an important

role in blurring differences in the response of cells across layers and subtypes. To control for

this additional source of variability, ionic conductance values of a subset of neuron models

were fixed and made equal across all cellular compartments. That is, the ionic conductance

values of the L2/3 PC neuron models were extracted from each model and averaged for

each ion channel type. The resulting averaged values were then manually applied across

each compartment of these models (see Methods). These newly constructed neuron mod-

els do not possess any variability in ion channel conductance properties; however, they do

retain variability in other compartment-to-compartment level biophysical properties such

as resistance, capacitance, and the decay rate of the calcium dynamics. Exposing these

biophysically-controlled neuron models to the same uniform E-field protocol as before, our

simulations show that morphology does not contribute significantly to specificity: Changes

in mean somatic polarization (see Figure (5.5A)) could not be differentiated between the

different models. Calculating susceptibility, we also examined the effect of morphological

traits. For comparison purposes, we added those to the existing scatter plots computed be-

fore (see Figure (5.5B-D)) where biophysical variability was not controlled for. Yet again,

we did not find any morphological trait passing the statistical significance threshold, and

thus strengthen our null result that no singular morphological trait drives neuron response

as independent of biophysical properties.
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Figure 5.5: Lack of morphological specificity holds even with fixed ionic proper-
ties. A) For a subsample of neuron models (i.e., PC L2/3 models), ionic conductance were
set to the same fixed value across all dendritic and axonal compartments (see Methods).
Change in polarization to a uniform electric field was measured from the somatic compart-
ment. Different shades of blue denote individual models. Replotting the susceptibility-
morphological property scatter plots from Figure (5.4A-C) for B) vector magnitude, C)
length and D) volume. The susceptibility of the controlled models from panel A) are
added to the scatter plots as black stars.
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5.3 Discussion

Previous NIBS studies have demonstrated that single neurons are affected and entrained by

low field strengths [172, 3, 177, 15, 19]. The extent of specificity for which NIBS holds over

single neurons is less clear. Some experimental studies failed to observe any difference in the

entrainment of excitatory and inhibitory neurons [171, 172], yet identifying the source - if

any - of NIBS specificity between neurons remains experimentally intractable. Our compu-

tational investigation found minimal differences in the acute specificity of neuron subtypes,

echoing previous experimental observations [171, 172]. No significant correlation between

response variability and physical morphology could be identified. These results further

align with experimental work revealing that the highly complex, variable morphologies

observed in neural tissue had no effect on the conservation of physiological waveforms and

circuit functions of neurons [243]. Similarly, recent computational work in L5 pyramidal

cells has shown morphological variance to be insufficient to reproduce electrical variability

observed empirically [17].

Among the morphological sources of variability we considered was myelination, which

is known to influence neuron response to NIBS [297, 284, 257]. The minor differences

in the PV, but not PC, models in the myelinated and unmyelinated versions (see Figure

(5.3D)) suggest that response variability due to myelination is non-uniform and, consistent

with a recent work [3], requires >15% coverage to manifest. This may help reconcile

our observations with previous computational work not considering myelination, which
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found layer-specific differences in the E-field strength required to depolarize neurons in

L2/3 and L5/6 [264]. However, recent studies involving myelination have shown a minimal

difference required to evoke firing from L2/3, L4, and L5 neurons [3, 4]. As the effect of

myelination scales with its abundance, less myelinated brain regions, or shorter axons of

inhibitory neurons may respond more similarly compared to their unmyelinated equivalents

(see Figure (5.3D)), and hence be less depolarized than excitatory neurons. Indeed, such

effects may explain differences in our results and other myelinated models that predicted

specific activation of cells across subtypes and layers. Where those studies use morphologies

from multiple regions of the brain [170], reported differences may hence be attributable to

more salient morphological variability present between different brain regions compared to

those found within the same region, as we have done in our case. We hypothesize that such

region-specific distinctions may also be involved in the discrepancies between those studies

and the lack of significant difference found between subtype responses in experimental

protocols [172].

In addition to layer- and subtype-based neuron groupings, we sought to explore the

influence of physical morphology on evoked polarization (see Figure (5.4)). Previous

compartment-level studies of simplified neuron models identified multiple physical traits

influencing the field strength required to evoke firing [359] (while this study considered

hippocampal neurons overall, we consider the results of the simplified models comparable).

Based on those findings, one could infer that an ”optimally susceptible” neuron (that is,

one with the lowest required field strength to fire) would have long, thick dendrites with

many branches that disperse minimally from the primary axis the applied field lays on.
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Moreover, such a neuron would have long, narrow axons with minimal branching that

disperses widely from the field axis. For the (realistic) models considered here, no class

of or individual neuron(s) possess the collective grouping of traits that would require an

electric field strength lower than that required by the other neurons to evoke depolar-

ization. In line with this, our simulations did not identify any singular physical trait as

the driving source response specificity to the same stimuli between neurons (see Figure

(5.4)), even when accounting for partial correlations (see Supplemental Figure (5.7) and

Table (5.3)) and the possible influence of variability in compartmental ionic conductances

(see Figure (5.5)). These results collectively suggest that the difference between individual

neuron models and their response likely results from a convolution of morphological and

biophysical properties, rather than morphological traits alone.

Further supporting the seeming convolution of physical traits is the lack of clear clus-

tering observed in the UMAP (Supplemental Figure (5.8)) created from the data in Figure

(5.4), which suggests a significant heterogeneity of and overlap in morphological features

and response across the neurons. This aligns with recent work on human neocortical

pyramidal cells that, using dimensionality reduction, found considerable intrinsic electro-

physiological similarity between layers [226]. Having such overlap in physical traits despite

individual morphologies appearing markedly different additionally fits with the ability of

cells of widespread morphological variability to create robust firing patterns [206, 242, 243,

241]. That is, it supports the idea that neurons may possess widespread degeneracy [8],

whereby they can respond in qualitatively similar ways despite being comprised of different

features. Importantly, as is further discussed below in the Limitations section, our null
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results are constrained in their scope and do not encompass all possible factors that may

contribute to neuron-specific responses.

In light of our null results, we feel compelled to mention that we do not claim that mor-

phology does not affect neuron response to electric fields, but rather, we conclude that 1)

there is no singular trait doing so in isolation; and 2) that the high morphological variability

observed across neurons may limit the specificity with which they may be non-invasively

targeted. Indeed, our null results suggest that (realistic) morphology is not, in isolation, a

defining feature responsible for the observed variability in neuron response to uniform elec-

tric field stimulation (see Figure (5.4)). This is in agreement with recent work on detailed

biophysical models of L5 PC neurons found morphological variability to be insufficient

to reproduce electrical variability [17]. Moreover, earlier results in somatogastric neurons

[243], suggest that the electrophysiological properties of neurons can be conserved without

complex, morphological diversity. These results support, then, that the approximations

made in many models of NIBS protocols that use mean-field type approaches, whether for

the whole model population or for subtypes within the population [146]: The assumptions

made in designing such computational models to not include specific morphology in their

frameworks may be sufficient for capturing electrical properties.

We believe reporting null results represents a crucial step in evaluating the scope of

applicability of NIBS and replicability of existing studies. In recent years, the number of

studies pertaining to the use of NIBS has exploded, however, with that momentum, there

has been limited replication or consistency in the stimulation protocols used [148]. Despite

their infrequency in publication, null results are often helpful to researchers in furthering
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research in meaningful directions [124]. This is particularly important for the blooming

NIBS field, given the extremely vast stimulation parameter space: null results may hence

serve to streamline optimizing the framework and scope of NIBS paradigms.

5.3.1 Limitations

The morphology models used in this work come from a relatively small collection of neurons

found in the primary visual cortex of mice. While the small sample size is due to the

experimentally limited number of such detailed models available [317], this does contribute

to lower statistical power in the results, as is common in the majority of neuroscience studies

[41]. Importantly, the models all being based on mouse primary visual cortex morphologies

limit the extrapolation of the results of these simulations to any expectations for human

cells, as it has been shown that a number of neuron properties do not scale from non-human

to human neurons [224, 26, 64]. In line with this, recent results showed that human L5 PC

neurons have unexpected biophysical properties for their size [26], despite the composition

and allometry of the human cortex scaling relative to other species [91, 133, 27]. Further,

as these models are simulated in isolation, they disregard any potential influence from

conductive tissue, distance-to-skull or other cell interactions that may bolster response

through biophysical mechanisms, such as ephaptic coupling [268, 15, 177, 201]. White

noise is added to account for some of these effects, however, the net efficacy may still

be impacted. Additional model-specific limitations can be found in the Allen Institute

technical papers and documentation [316, 317].
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The neuron models were predominantly simulated in one orientation in free space.

However, the overall effects of orientation were considered by rotating the neuron models

0◦, 90◦ and 180◦ about the y-axis and recording from the somatic, axonal and dendritic

compartments in all three orientations (see Methods and Figure (5.6)). The observed

effect of this change is relatively small at the somatic compartment, although the overall

polarization of the model changes. NIBS studies of biophysical models found this minimal

effect results from the axon branching and myelination, which drastically reduces the effects

of orientation on activation threshold [3]. The layers considered may also reduce the

effect of orientation, as L1 and L6 have previously shown more variability in preferential

orientation [4, 194]. The average membrane potential in response to orientation changes is

more attenuated at the soma than the dendrites and axons, which are two to three times

more susceptible to polarization at their terminals than somas [265].

The models considered in the present work are additionally simulated in isolation, and

hence disregard the potential influence of conductive tissue, distance-to-skull, or other

cell interactions. One of the immediate possibilities with this framework is that, for real

neurons, the minimum field strength required to facilitate depolarization may be greater

than in these models where the field is applied uniformly. Alternatively, the synaptic cou-

pling with other neurons may bolster their response and allow for activation at lower field

strengths than reported here. To account for this latter possibility, we have added white

noise of constant amplitude to mimick recurrent input from other neurons (see Methods,

Neuron Models). We acknowledge that this approach neglects the potential effects of net-

work/recurrent correlations, which can bolster response to NIBS far beyond what a single
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neuron can achieve [267, 15]. This is true even in small networks, where ephaptic coupling

can influence the strength of field required to entrain cells [177, 201]. Therefore, the exact

propagation of current through in vivo tissue might differ from what is modelled here.

This may be of particular importance when considering limits where the neurons are at a

greater distance from the current source, or the possibility that connectivity patterns may

contribute to the specificity with which neurons can be non-invasively recruited. These

important questions are left for future work.

Among factors not considered in the present study are membrane time constants, which

vary by multiple orders of magnitude within and between cell types, layers, and brain

regions [226], and reflects cellular excitability and integration of temporally-varying stimuli

in the neuron [103, 181]. This leads to varied responsiveness between neurons to rhythmic

input, and contributes to the resultant dynamics of synaptic plasticity in transcranial

alternating current stimulation frameworks [249]. In addition to synaptic plasticity, by

simulating the neurons in isolation, we also neglect potential influences by synaptic inputs,

and recurrent connections. This is of particular note, as recurrent connections increase the

correlated activity among neurons [351, 135] and their absence may have marked effect

on neuron response to transcanial electrical stimulation. Moreover, recurrent connectivity

influences synaptic low-pass filtering that can introduce slower dynamics in the activity

of individual neurons different than those of adaptive currents [30]. Collectively, these

factors may influence the response variability of individual neurons, and particularly the

selectivity of such neurons in cortical circuit settings.
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5.4 Methods

5.4.1 Neuron models

The models used here were created by the Allen Institute for Brain Science based on

the morphologies and biophysical properties of real neurons found in the primary visual

cortex of mice [316, 317]. That is, these computational mathematical models of single

neurons were created based on slice electrophysiology and morphology reconstruction data

(see below). A primary objective of the Allen Institute in developing these models was

to incorporate active dendritic conductances due to their importance in the input-output

relationship of cortical neurons [316]. This was accomplished by including active, Hodgkin-

Huxley nonlinear conductances in the dendrites. For the excitatory neuron models there are

four separate compartment types incorporated: axonal, somatic, basal dendritic, and apical

dendritic. In contrast, the inhibitory neuron models only use three types of compartments:

axonal, somatic, and dendritic. For both model types active and passive properties are

considered.

The morphologies of each neuron are rendered in 3D using the NEURON coding en-

vironment from imported SWC files. These models feature a singular, spherical somatic

compartment, serving as the initial point from which child branches emerge, extending

outward into their respective branches[316, 317]. As branches are added further from the

somatic compartment, their diameters were made to match the expected decrease in di-

ameter observed with increasing branch order. Only models with an overall decrease in
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dendritic diameter with increased branching order were accepted [316].

Once the morphology of the model is in place, the passive and active properties of each

model were fit on electrophysiological data. In the optimization of the 26 free parameters in

these models (18 active conductance densities, 4 intracellular Ca2+ dynamics parameters

and 4 passive parameters), fitting is assessed based on 11 electrophysiological features

including time to first spike, time to last spike, as well as action potential width and height

(see [316] are references therein). For every o those features, an absolute Z−score was

calculated and the highest score parameter set was retained.

The passive parameters (e.g. specific membrane capacitance, membrane resistance,

intracellular resistivity, etc.) are assumed to be uniformly distributed across all compart-

ments and are, for a given model, set to a singular value. The value itself can be found

using NEURON’s multiple run fitter. As a result, compartment passive parameters were

varied to find the best match to experimental voltage traces, under the assumption the

active properties were absent [317, 318].

In contrast to the passive parameters, the active channel properties are uniformly dis-

tributed in space across compartments [316] in the different compartment types (e.g. so-

matic, axonal, dendritic) such that every type receives an independent set of channels (see

Table 5.1). As with the passive parameters, the numerical values for these active properties

were fitted so that the response of the model to step input current matches electrophysio-

logical data. Specifically, the free active parameters include 18 active conductance densities

(i.e., gbar,j) which corresponds to the maximum conductance density of type j (e.g. Na+)
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in a given compartment [317]. Except for these free active parameters, all other parameters

for the active mechanisms are employed based on those from Hay et al (2011) [134].

These free active parameters are complemented by additional parameters that account

for intracellular Ca2+ dynamics and Ca2+ entry due to transmembrane currents [316].

This model includes a time constant for Ca2+ removal, as well as the binding ratio of the

Ca2+ buffer [317], and is given by

dCai
dt

= −10000
iCaγ

2Fd
− Cai −mCai

τd
, (5.1)

where Cai is the Ca2+ concentration at time t in compartment i, F is the Faraday

constant, d is the depth of the submembrane shell, τd is the removal rate of Ca2+, γ is the

% of free unbuffered Ca2+ , mCai is a constant baseline concentration, and iCai is the ionic

current. With the exception of the calcium dynamics, the active properties of the various

ion channels all evolve according to Hodgkin-Huxley equations. The specific equations and

parameters for a given model can be found in the ”.mod” files downloadable from the Cell

Types Database of the Allen Brain Atlas (https://celltypes.brain-map.org/data).

For the purposes of the simulations done in this work, two types of models were consid-

ered: those based on pyramidal cell (PC) morphologies and those based on parvalbumin

cell (PV) morphologies. A summary of the number of models used from each type and

layer is shown in Table 5.2. All simulations were conducted in a mixed Python - NEURON

environment, with the models having been created in a NEURON environment [141, 339,

316]. Subsequent data analysis was performed using the NumPy, Matplotlib, Seaborn,
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Active properties Axon Soma Dendrites
Ih ✓ ✓
Im ✓
Na ✓ ✓ ✓
Kd ✓

Kv2-like ✓
Kv3-like ✓ ✓ ✓

SK-type potassium ✓ ✓
Low-voltage Ca2+ ✓ ✓
High-voltage Ca2+ ✓ ✓

Ca2+ decay dynamics ✓ ✓
Ca2+ gamma dynamics ✓ ✓

Table 5.1: Active properties morphology models Reproduced table from Allen In-
stitute technical paper [316] listing all active parameters present in the Biophysical - All
Active models. Check marks denote the presence of that property in those compartment
types.

Cell type Cortical layer No. morphs
2/3 3

PC 4 5
5 5
2/3 5

PV 4 4
5 5

Table 5.2: Morphological model types Summary table of the number of morphological
models (No. morphs) for each cell type and cortical layer used in the simulations performed
here. Pyramidal cells are PC and parvalbumin cells are PV.

SciPy, and Pandas Python libraries [240, 150, 345, 340, 217].

In the NEURON environment, the membrane potentials of the models are calculated

using the cable equation:
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∂V

∂t
+ Inet =

∂2V

∂x2
, (5.2)

where Inet and V are the net current (ionic and injected) and membrane potential, respec-

tively. This is then approximated to its spatially discretized form such that the neuron is

reduced to a set of connected compartments, and Eq (5.2) becomes a family of equations,

cj
dvj
dt

+ iion,j =
∑
k

vk − vj
rjk

+ iinj,j, (5.3)

where cj is the membrane capacitance of compartment j, rjk is the resistance between

compartment j and k, iinj,j are the injected currents, and iion,j includes all currents through

ionic channel conductances. The right-hand side of the equation is the sum of the axial

currents that enter the compartment from its adjacent neighbours. The ionic currents, iion,

of the neuron models then evolve according to iion = g(v − eion), where v is the internal

voltage, eion is the Nernst potential, and g relates the active conductances densities, gbar,

to the relevant Hodgkin-Huxley parameters (see individual model ”.mod” mechanism files

for equations [316], and chapters 3 and 4 of the NEURON handbook [59] for detailed

expansion on this derivation of the cable equation).

Within this framework, any spatial variation in the membrane current is approximated

as its value at the center of a given compartment. Within NEURON’s framework, com-

partments of the same size are grouped together as a section which contains all of these

compartments as segments of the section [141, 59]. This is done for computational effi-
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ciency, as Eq (5.3) may then be re-formulated as,

Cm
dvj
dt

+ ij =
d

4Ra

vj+1 − 2vj + vj−1

∆x2
, (5.4)

where ∆x and d are the compartment length and diameter, respectively. If these are

the same between compartments, as is the case for a section, then Ra∆x/π(d/2)2 is the

axial resistance, and Cmπd∆x is the compartment capacitance.

The electric field is applied to all compartments in a cell using NEURON’s extracellular

function [141]. We neglect the distance component of the field, that is the field is scaled to

be connected in series with the conductance of the last extracellular layer of the model and

added in millivolts. For these simulations, we use a uniform electric field with magnitude,

E, in the positive z-direction, such that each compartment receives a field given by:

Ej = Ecosϕ+ ξj, (5.5)

where j is the compartment number, ϕj is the angle between the middle of compartment

j and the z-axis, and ξj is Gaussian white noise added to that compartment to account

for fluctuations and inputs not explicitly modelled, such as synaptic activity or ephaptic

interactions, which may modulate neuronal excitability and facilitate activation at lower

field strengths. To account for the orientation of the individual compartments, we calculate

the angle ϕj based on the a priori known Cartesian coordinates of each compartment [316,

141]. In these calculations, in line with the design of the models detailed previously, the
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somatic compartment is assumed to be located at the origin.

Taking these steps guarantees that field magnitude in a compartment scales with its

orientation (e.g., only compartments in perfect alignment with the field receive its full

magnitude). The scaling of the field per-compartment based on compartment orientation

is particularly important when we consider the effects of model-orientation on the observed

response. When the model is rotated, this is done again using the known Cartesian coor-

dinates of each compartment and a rotation matrix to reorient all compartments to their

new positions. The angles, ϕj, of the new positions are then calculated and again used to

adjust the compartment-wise experienced field strength.

In addition to the applied field, our model also includes background noise ξ, resulting

in voltage fluctuations even when E = 0 mV/mm. This noise was assumed to be Gaussian

white noise (i.e., µξ = 0; σξ = 4) and was added alongside the field to each compartment.

Realizations of this noise are independent across neuron models, compartments and trials.

Ten trials each of subthreshold field strengths E = {−50,−30,−10, 0, 10, 30, 50} mV/mm

were applied, in line with ranges that have been used for similar models [359, 264]. The

cell response was read out from the somatic compartment as a membrane potential and

the average response across trials was taken to quantify the specificity of the cell.

5.4.2 Characterizing neural morphology

In the present framework, the Cartesian coordinates for all compartments in the models

are known. This allows for both whole-cell and compartmental characterizations of the
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morphologies to be made. For macroscopic measures, that is characterizations that en-

compass the whole cell, we take three quantities 1) the vector magnitude, 2) the length in

the z -direction, and 3) the elliptical volume. We define the vector magnitude as the mean

square root of the sum of the squares for the Cartesian coordinates of all compartments

in a given model and calculate it to Rj = ⟨
√
x2 + y2 + z2⟩N , where N is the number of

compartments in model j. For the z -direction length (referred to hereafter as length),

the value L is calculated as simply the difference between the maximum and minimum

z-direction coordinates (this represents the effective length of the neuron as established in

[321]). Finally, the elliptical volume is calculated by halving the length (z ) and equivalent

maximum distances in the x - and y- directions. The ellipsoidal volume is then calculated

as:

V =
4π

3

(
xmax

2

)(
ymax

2

)(
zmax

2

)
=

π

6
(xmaxymaxzmax) (5.6)

Additionally, at the level of whole cells, we sought to investigate the effects of orien-

tation. To do this, the models were rotated about the y-axis using a rotational matrix

within the field at θ = 0◦, 90◦, and 180◦. At each orientation, the models were simulated

with the same E = {−50,−30,−10, 0, 10, 30, 50} mV/mm fields. For these simulations,

recordings of the stimulation responses were taken for all compartment types to create a

more complete polarization profile. Notably, in these simulations the response is recorded

at the center of a given section to approximate the value of all segments within the section.

For the more mesoscopic measures, that is those at the level of the compartments that
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comprise the models, we consider again three quantities: 1) the average compartmental

length, 2) the average compartmental diameter, and 3) the number of branches. For each

of these metrics, we further separate into the dendritic and axonal measures. These metrics

are defined in the model reconstruction files themselves [317, 141], and were subsequently

extracted and averaged across morphologies for the same neuron subtype and/or layer.

5.4.3 Simulations and analysis

For the simulations conducted here, the cells are artificially positioned such that the so-

matic section, a singular section for all models, is at the origin and all other compartment

coordinates are normalized with respect to this compartment. This is done using the a

priori known Cartesian coordinates for every segment in the models. Additionally, the ori-

entations were taken to be in standard depiction format, that is with the dendritic arbour

in the positive z-direction. To improve the biophysical accuracy of the models, myelin was

added to the axonal compartments of the neuron models by randomly selecting a fraction

of the axonal segments and setting their ionic conductances (and by extension their ionic

currents) to be zero. The myelinated segments in a given simulation were chosen from a

Bernoulli trial for each axonal segment with a probability of myelination p = 0.7 in the

PV neuron models and p = 0.15 for PC models (see Figure (5.1C)). These values of myeli-

nation probability were chosen in line with the percentage of the axon length expected to

be myelinated from experimental work on these neuron types [57].

The physical characteristics of the models were separated based on their layers and
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subtypes. As the groupings of neurons are small, and therefore cannot be assumed to

have normally distributed properties, and each neuron’s properties are assumed to be

independent of the other neurons, the differences between groupings were assessed for

significance using a Mann Whitney U Test from SciPy’s statistics library [340]. For the

same reasons, comparisons between the responses of neuron groupings were also assessed

for significance using Mann Whitney U Tests.

To validate that the observed results are not convolved by the ionic properties, a subset

of the neurons were resimulated with their ionic properties manually reset to average values.

That is, the conductances, gcomp
ion , of the ionic channels for each of the PC L2/3 models were

averaged for each compartment type (somatic, dendritic, apical and axonal). The resultant

values, ⟨gcomp
ion ⟩, were manually set for each of the corresponding compartments in those

models. These models were then re-simulated in the same uniform electric field protocol in

the upright (positive z−axis) orientation, with their membrane potentials measured again

at the somatic compartment.

5.4.4 Susceptibility

The curves of membrane potential resulting from the application of various applied field

strengths as recorded at the somatic compartment in the upright (or 0◦) orientation serve

as a representation of the susceptibility of a neuron to the applied field. Here, we measure

susceptibility, a measure analogous to the polarization length [264, 321], using the slope of

the membrane potential polarization curve with respect to applied field strength:
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S =
⟨V ⟩−50 − ⟨V ⟩+50

∆E
(5.7)

where ∆E is the difference between the E-field strengths for the cases (here equal to -100

mV/mm) and ⟨V ⟩i are the average membrane potentials at field strengths i = {−50,+50}

mV/mm. As ∆E < 0 here, the resulting values of S are also negative.

These susceptibility values offer a metric to quantify the influence of the physical mor-

phology characteristics on the response of the neurons to stimulation by looking at their

correlations. Correlations of these susceptibilities are calculated with respect to the dif-

ferent morphological traits using SciPy’s linear regression function, which calculates the

Pearson correlation coefficient, R, and its corresponding p-value using a Wald Test with

t-distribution of the test statistic [340]. These correlations then allow us to discern which

morphological trait (if any) may contribute to the specificity of the NIBS protocol.In ad-

dition to the linear regression analysis, partial correlations were calculated for morphology

traits with their susceptibility using the Pingouin Statistics package in Python [337]. The

morphology traits held constant in each of these analyses were decided based on having a

significant correlation with the other available ones (see Supplemental Figure (5.7A)).

5.5 Appendix

5.5.1 Supplemental Figures and Tables
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Figure 5.6: Orientation effects on the polarization profile of neurons. A) Average
membrane potential per compartment for E = −50mV/mm applied to an example L5 PV
neuron model as it is rotated 0o, 90o and 180o (left to right) with respect to the y-axis. Ori-
entation is indicated in upper right of each plot by the arrows on the circles. The lightness
of blue on the arrow corresponds to the curves on plots in (B). B) The relationship be-
tween the example neuron model orientation and average membrane potential with respect
to the applied E-field, error bars are standard deviation. The simplified neuron schematic
in the bottom right of each plot indicates which compartment type is being plotted (left to
right: somatic, axonal, dendritic). The exact section of the neuron being recorded from is
indicated by the colour-matched triangles in the rightmost panel of (A). In the left panel
of (B) the average membrane potential at 0o orientation from the somatic compartment
of all models is indicated by the grey line with the error bars as their standard deviation.
The inter-model mean was compared with the single model mean using a MannWhitneyU
Test and no significant difference was found (p > 0.05).
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Figure 5.7: Partial correlation analysis shows no significant correlation between
susceptibility and morphology traits. A) Heat map of the spearman correlation coeffi-
cient between each of the morphology traits considered in this work. Significance (p-values)
for these correlations are written on each block rounded to two decimal places. Cases with
p < 0.01 (shown as p = 0.0 in heatmap) are considered correlated and controlled for in the
partial correlation analysis. B) Heatmap of the spearman partial correlation coefficients
between the susceptibility and each morphology trait when controlling for significantly cor-
related traits as determined from (A). The p-values are shown on each block. The exact
values for the correlation coefficients and p-values are reported in Supplemental Table 5.3.
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Figure 5.8: Dimensionality reduction shows no clustering between neuron types
or layers. Performing dimensionality reduction on the nine morphology traits considered
in Figure 5.4 and susceptibilities of the neurons to create a uniform manifold approximation
(UMAP) shows no clear clustering of the neurons in reduced space.
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Morphology trait r p
Length 0.03413 0.87419
Volume -0.24106 0.25648

Vector Mag 0.33154 0.11349
Dend Length 0.17849 0.37305
Dend Branches -0.30075 0.12741
Dend Diameter -0.17740 0.37602
Ax Length -0.39228 0.05795
Ax Branches -0.08573 0.67069
Ax Diameter 0.19463 0.33064

Table 5.3: The numerical values of the spearman partial correlation coefficients, r, and
their significance values, p, for the morphology traits and susceptibilities as plotted in
Supplemental Fig 5.7B.
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6

Summary and Conclusion

In this thesis, we considered heterogeneity in neural systems and the influence of its static

properties as it pertains to circuit-level dynamics and single-neuron activity. We pro-

posed a candidate mechanism for the adaptation of neural excitability that canvases both

the homeostatic response of individual neurons to their input and the circuit-level het-

erogeneity that results. From this, we model neural excitability as a heterogeneous and

homeostatically regulated property of the network and interrogate the influence of past
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activity on increasing and decreasing the heterogeneity in the network. Thereafter, using

recent datasets, we investigate the influence of human cortical excitatory and inhibitory

excitability on the firing rate, correlations, and weight sensitivity in a network model.

Finally, having explored the electrophysiological side of heterogeneity, we turned our at-

tention toward morphological heterogeneity and explored its relationship to the variability

observed in neural response.

6.1 Comments on Chapter 3

Chapter 3 represents the core of this thesis. In it, we begin our exploration of neural

heterogeneity in the context of excitability. Specifically, we build a model to explore this

heterogeneity as a dynamic property of the network. Based on previous work, which

showed homogeneous excitability to promote instability and pathological dynamics [275,

153, 152], we endowed a network of excitatory neurons with a candidate mechanism for

intrinsic plasticity. The main purpose of this article was to use this mechanism to explore

the malleability of excitability heterogeneity, and elucidate the factors that regulate it. As

our candidate mechanism is a rate-based, homeostatic version of intrinsic plasticity, we

leveraged parameters that affected neuron activity to determine the factor(s) regulating

heterogeneity in the network.

Applying a persistent stimulus to every neuron in the network, we found that the

heterogeneity was reduced when the mean input of all of the neurons was close to zero.

For the excitatory neurons in the network, this was accomplished by applying a fixed
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negative input. This is particularly important as the resultant state was hyperexcitable in

addition to its increased homogeneity, which supported the view that network quiescence

may serve as a pathway to pathological dynamics, such as seizure generation [320, 275].

Conversely, when a fixed positive input was applied, the level of heterogeneity in the

network increased. Together, these results indicated that the candidate mechanism was

capable of manipulating the level of heterogeneity in the network in an activity-dependent

manner.

External stimulation, while efficient for testing the limits of malleability, provided little

insight into the network-level factors that may influence heterogeneity. To that end, we

consider the idea of neuronal milieus - that is, the local environment in which each neu-

ron exists. For our network, there were three factors that determined a neuron’s milieu:

the degree of connectivity, the presynaptic weights and the presynaptic firing rate. Ex-

ploring these factors, it was found that increased mean and variance of either the degree

of connectivity or the presynaptic firing rate resulted in an increased level of cell-to-cell

heterogeneity. That is, the variability between the milieu of the neurons supports the

heterogeneity of the overall population. This suggests, then, that factors which contribute

to differentiating neuron milieus in vivo, such as input decorrelation [272, 285, 7], may

help support heterogeneity in the network. How this manifests in networks with inhibitory

as well as excitatory neurons is beyond the scope of the present work, but remains an

additional open question of interest for future works.

Indeed, the role of interneurons in supporting or reducing heterogeneity, poses several

interesting questions. From a modelling perspective, this includes whether inhibitory neu-
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rons should be modelled to obey the same intrinsic plasticity rules. Speculatively, as the

neurons have such distinct excitability profiles (see Chapter (4)), it may indeed be the case

that there are separate rules for their adaptation mechanisms. Investigation into such a

mechanism may also provide insight into the contribution(s) of homeostatic adaptation of

excitability to the robustness of networks to fluctuations in activity. Moreover, as we have

established the milieu as the in-network driver of heterogeneity, it would be pertinent in

future work to investigate how inhibitory neurons enhance or limit the milieu-variability

available. An example of this, in terms of network dynamics, is the presence of inhibitory

cells allows for a much richer landscape of dynamics, such as oscillatory behaviour and

non-equilibrium states to be explored.

6.2 Comments on Chapter 4

Chapter 4 represents a continuation of the exploration of excitability heterogeneity in

Chapter 3 from a different angle. While the heterogeneity explored in Chapter 3 was

malleable, as we were interested in exploring the extent to which heterogeneity could be

manipulated in the network, in Chapter 4 we instead sought to explore the effects of real

cortical between- and within-cell-type heterogeneity. The main purpose of this chapter

was to investigate what effects excitability heterogeneity of cortical neurons had on the

dynamics of a network. We explored this with a data-inspired adaptation of a Wilson-

Cowan network of excitatory and inhibitory neurons whose excitabilities are drawn from

distributions from real human neurons.
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Leveraging the human cortical neuron electrophysiology dataset made publicly available

by the Allen Institute for Brain Science [58, 182], we first characterized the excitabilities

of the neurons. From this, we found that excitatory and inhibitory neurons displayed

quantifiable between- and within-cell-type excitability heterogeneity. These excitabilities

were conserved within the E and I cells across cortical layers and brain regions. Thus, we

limited our groupings of the excitabilities to their cell types. The excitability heterogeneity

in cell types represented a deviation from the assumptions in previous models [220, 275,

153, 152] that the distribution of excitabilities in E and I cells is approximately equal.

Further characterization showed the excitatory population to be more hypoexcitable than

the inhibitory population, with only a small amount of overlap between populations. Thus,

we sought to explore what consequences this between- and within-cell-type heterogeneity

had on the network dynamics.

Informing a Wilson-Cowan network model with the dataset excitabilities, we first ex-

plored the between-cell-type excitability. From our simulations, we found that the between-

cell-type excitability was important in achieving the asynchronous irregular dynamics sim-

ilar to those observed in experimental work [92, 49, 272, 191]. Though here we investigate

this in terms of the broad categories of excitatory and inhibitory neurons, it has interesting

implications for the importance of between-cell-type excitability in more specific subtypes

(e.g. PV, SOM, etc.). This is particularly true as, in mouse data, the subtypes of in-

hibitory neurons have distinct excitability profiles [237]. In future work, a more detailed

grouping of the between-cell-type excitability heterogeneity may provide insight into the

underpinings of more complex range of network dynamics, as well as contributions from
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the circuit motifs of different cell types rather than random connectivity [93, 58].

Beyond the between-cell-type excitability, we were also interested in the influence of

the within-cell-type excitability heterogeneity. Specifically, the presence of within-cell-type

excitability heterogeneity reduced the firing rate of the network compared to a homoge-

neously excitable network. The synchrony of the network in response to different noise

correlations was additionally influenced by the heterogeneity, with networks with low noise

correlation being moderately more decorrelated by heterogeneity. Interestingly, this ef-

fect was reversed in networks receiving high levels of noise correlation. This was somewhat

surprising as previous results have suggested that heterogeneous networks are better decor-

relators than their homogeneous counterparts [248]. Indeed, a growing body of work has

postulated the inhibitory neurons to act as decorrelationary of excitatory input [272, 285,

7]. Importantly, the homogeneous case we consider here is that of the effective excitabilities

in the two cell types considered here. This could then indicate that the between-cell-type

excitability itself plays a role in the decorrelation. Further understanding of what, if any,

decorrelation is improved by heterogeneous excitability is of great interest both for its im-

plications in information encoding, and how it may contribute to the balance of excitatory

and inhibitory cells [7, 112].

Moreover, beyond the effects on the firing rate and synchrony, we also probed whether

human excitability heterogeneity influences the network’s sensitivity to changes in the

presynaptic weights. Altering each type of weight (i.e. wEE, wEI , wIE, wII) in the network

and measuring the effects on the firing rate, we found that the within-cell-type hetero-

geneity led to both populations of neurons being sensitive to changes in the excitatory but
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not inhibitory weights. Our result thus suggests that the heterogeneity observed in cortical

neurons may contribute to robustness in the population to certain synaptic weight changes.

Similarly, the synchrony of the network was insensitive to inhibitory presynaptic weight

changes. This surprising insensitivity seemingly arises due to the hyperexcitability and

lower within-cell-type excitability heterogeneity of the inhibitory cell population, resulting

in a very all-or-none level of firing. This may then suggest, as subtypes of interneurons

have been shown in other work to have unique excitabilities [237], that in a more detailed

network, some inhibitory neurons with higher heterogeneity in their excitabilities may be

more sensitive to presynaptic weight changes than others.

Having this improved understanding of the baseline level of heterogeneity in human

neurons and an understanding of how they influence network dynamics, it would be of fu-

ture interest to continue this work through a lens similar to that used in Chapter 3. That

is, exploration of how adaptation might affect both the dynamics of this data-influenced

network could provide important insight into the robustness of this distribution of ex-

citabilities. Furthermore, in cases where all or some of the neurons are driven into aberrant

excitability, insight into the onset of various pathological states may arise.

6.3 Comments on Chapter 5

Chapter 5 is an expansion of the scope of heterogeneity investigated in this thesis. In

Chapters 3 and 4, we considered heterogeneity through the lens of neural excitability.

However, beyond the electrophysiological aspects, morphology also contributes to cell-to-

195



6.3. COMMENTS ON CHAPTER 5

cell heterogeneity. In Chapter 5, we investigate the relationship between the morphological

characteristics of biophysically detailed models of mouse excitatory and inhibitory neurons

from the Allen Institute for Brain Science to their response to uniform electric field stim-

ulation.

The morphologies of neurons, which are highly variable between- and within- neuron

subtypes [56, 42, 226], were first considered in their individual traits. The characterization

of the neurons subsequently revealed within- and between-cell-type variability in both

whole cell (e.g. length, volume), and compartment level (e.g. dendritic branching, axonal

diameter) morphological features. Sorting the features by cell subtype and layer, as has

often been of interest to classify neurons, we then sought to relate these features to the

variability in response.

Simulating each neuron being exposed to uniform electric field stimulation, we analyzed

the resulting membrane potential response of the neuron models at varied field strengths

with respect to the physical features (e.g. length, branching, etc.) of the neuron models.

The main purpose of this article was to determine if one or more features of the morphol-

ogy could be related to the response strength of a neuron. Previous studies, using less

detailed biophysical models, have suggested that neuron morphology might explain some

of the high variability observed in neuron response to these techniques [263, 264]. Indeed,

this question, although experimentally intractable, has been of great interest in neuromod-

ulation and non-invasive stimulation frameworks as a target for selective recruitment of

neurons. Ultimately, we found the variability in the individual morphological features of

each neuron limited the selectivity with which the neurons could be recruited.
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Each model, when stimulated with increasing strengths of electric field had a differ-

ent membrane potential response. Taking the average of the membrane potential for each

electric field strength, we quantified the slope as the susceptibility of the neuron. Corre-

lation and partial correlation analysis of the morphological features of each neuron with

its susceptibility showed that there was no significant correlation between a neuron’s re-

sponse and any of its morphological traits. These null results align with with what has

been observed in other recent works [243, 226, 17, 8], which show that not all types of

heterogeneity are important to response variability. This is postulated, in part, to be a

version of degeneracy. That is, there exist multiple combinations of morphological features

that may yield the same activity. These results have many implications for heterogeneity

itself. Specifically, they suggest that some versions of heterogeneity are highly influential

on the network dynamics, such as the excitability we investigated in Chapters 3 and 4, and

others, like the morphology we consider here, are less so.

Importantly, owing to the small number of available detailed biophysical neuron models

in the dataset, our results are limited due to their sample size. A more widespread sample

of neurons, or extending into other neuron types, such as SOM or VIP interneurons, could

have features that are more easily correlated with their susceptibility to uniform electric

fields. In addition, we restrict ourselves to the use of uniform electric fields, rather than

time variant currents, such as transcranial alternating current stimulation. Exploring the

effect of time variability to the stimulus applied may result in a stronger correlation to some

of the morphological features, or may further the robustness of our results with uniform

fields. Further exploration of the extent to which different features of heterogeneity are

197



6.3. COMMENTS ON CHAPTER 5

or are not influential on neural response and dynamics would provide a great deal of

meaningful insight for future modelling work.
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