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ABSTRACT

In the past, the design of predetection filters for linear receivers has been carried
out using nominal signal waveforms to approximate the actual received waveforms,
possibly with imposed constraints to make the problem of finding the optimal filter
tractable. Studies involving interference in such systems have often focused on cal-
culating the performance degradation that interference and other devations from the
nominal signal cause for such a filter. In this thesis, it is argued that if an interference
source is sufficiently well-understood it should be included in the process of optimiz-
ing the predetection filter. The recently developed AOLFP algorithm provides the
means for determining the optimal filter for many communication signals and sources
of interference, with no significant constraints.

When applied to cases involving interference, however, the memory space and
computing time required during processing can quickly be extreme. An extension to
the algorithm is developed that overcomes this problem, and the extended algorithm
is illustrated by application to three cases of a duobinary MSK signal suffering from
some form of interference.

First studied is the effect of phase errors in carrier recovery, in which the optimal
filter is seen to provide little performance improvement over the nominally optimal
filter. It is concluded that the degradation in performance is a result of the structure
of the linear receiver. In addition, the nominal filter is shown to be robust with respect
to carrier recovery phase errors. Second, the optimal filter for duobinary MSK in the
presence of adjacent channel interference is determined. Asymptotic performance gains
ranging from 1 dB to 4 dB are achieved, depending on the level of distortion. Finally,
the duobinary MSK signal is bandﬁmited at the transmitter, intro&ucing intersymbol
interference. Here, the optimal ﬁlter is seen to provide asymptotic gains on the order

of 1 dB over the nominal filter.
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CHAPTER 1

INTRODUCTION

1.1 A New Approach to Filter Design

In many digital communication systems, signal detection is accomplished by shifting
the received signal to baseband, applying the baseband signal to a linear time-invariant
predetection filter, and sampling the filter output at the baud rate. Decisions for succes-
sively transmitted data symbols are then based on each successive sample value. Often,
the input signal to the filter excluding noise is such that many different waveforms are
possible over single baud intervals for the same transmitted data symbol. This situation
results when the received signal on one baud interval is a function of several transmitted
symbols, in other words, when the signal contains “memory”. In some cases this memory
is intrinsic to the modulation process, such as in generalized minimum shift keying (MSK)
[1] and partial response continuous phase modulation (CPM) [2], where smoother phase
trajectories are achieved through overlapping frequency pulses. Even for signals without
such intrinsic memory in the modulation process, effects such as phase errors in carrier
recovery, intersymbol interference (ISI), adjacent channel interference (ACI), and varia-
tions in channel characteristics such as fading will produce the same behaviour of several
possible received signals for a single data symbol in the signal appearing at the input to

" the predetection filter.

.Since the problem of predetection filter design is usually carried out analytically,
including this type of behaviour in the process of optimizing the impulse response can be
extremely difficult, especially when the behaviour results from or is augmented by some
form of ‘interference. In such cases, the typical approach has been i'.o simplify the problem
by assuming that the nominel signal waveforms are received in the presence of additive

white Gaussian noise (AWGN) and impose additional constraints that, although resulting
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in a suboptimal filter, make the problem tractable. For example, filter design for pulse
amplitude modulation (PAM) systems typically involve the constraint that there be no ISI
at the sampling point, or alternatively, that the mean squared error (MSE) be minimized
[3,Ch.8]. Results from this approach for PAM have also been applied to predetection filter
design for various partial response CPM signals by approximating these signals as PAM
signals [1] [4]. Although the solution is suboptimal, it is desireable as it allows nonlinearly
modulated signals such as TFM and duobinary MSK to be detected with simple linear
Teceivers.

An alternate approach to the design of the predetection filter has been suggested
[5] involving simple Butterworth and Chebyshev impulse responses. This approach was
investigated for duobinary MSK and TFM and while good results were obtained for these
two signals, the approach is cleary suboptimal and may not provide good results in general.

Recently a new approach [6] to the design of the predetection filter has been devel-
oped that allows the above behaviour to be considered for binary communication signals.
The approach considers the problem of finding the impulse response that maximizes the
absolute minimum opening of the noiseless post-filter decision eye. This problem has been
termed the “Asymptotically Optimal Linear Filiering Problem” (AOLFP) and the solution
is a filter referred to as the“ Asymptotically Optimal Filter” (AOF). The discussion in [6]
demonstrates that the optimal filter response converges to the AQOF impulse response for
a signal corrupted by AWGN in the limit of infinitely large signal to noise ratio (SNR).
That is, the AOF minimizes the probability of a decision error in the asymptotic limit of
infinite SNR. The discussion also develops an efficient algorithm, involving no significant
constraints, for determining the AOF and demonstrates that the AOF can be expected to
be near optimal at practical SNR’s. o |

The algorithm was originally developed to compute the impulse responses for predetec-
tion filters for the genera.lized' MSK signals which include among others: MSK, duobinary
MSK and TFM. It is based on a geometric interpretation of the various waveforms that

2



can possibly occur at the input to the predetection filter. These waveforms are viewed
as unique vectors in signal spa.ce‘ and the algorithm operates on a matrix of inner prod-
ucts calculated from the vector representations of these waveforms. The set of possible
received waveforms and resulting inner products are determined directly from the model
of the received signal and are completely independent of the form of modulation. Thus the
so-called AOLFP algorithm can be used to determine the best possible predetection filter
for use in virtually any binary communication system employing 2 linear receiver.

A necessary constraint involved in the application of the AOLFP algorithm is that
the impulse response of the predetection filter be of finite duration. This is not a partic-
ularily limiting constraint however because any duration may be chosen. This freedom is
especially useful when applying the algorithm to signals possessing memory, as it is reason-
able to expect that a receiver that bases symbol rate decisions on the received signal over
several baud intervals would provide better performance than a receiver that is limited
in its observation of the received signal to & single baud interval. Since the number of
received waveforms that can be processed by the algorithm is limited only by the available
computing resources, the algorithm is ideally suited to finding the impulse response of the
AOF for any signal possessing memory. An obvious application is therefore the use of the
AOF in serial [2] or parallel MSK-type detection of generalized MSK signals, providing
the best possible performance for a class of signals already important due to a constant
envelope and spectral efficiency.

The AQLFP algorithm has previously been applied {1] to two such signals, specifically
duobinary MSK and TFM, under the assumption that the nominal signals are received
corrupted only by AWGN.- The impulse response and error performance of the resulting
nominal predetection filters are given in [1]. The results give the best possible performance
that could be achieved with a linear filter in practice, since ISI anci other effects will always
cause some degra.dai;iqn from the nominal performance. However, if interference is present

in a system and understood, one might question the use of the nominal waveforms plus
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noise model for the received waveforms. If the interference is sufficiently well-understood
that it can be introduced mathematically into the model of the received signal, why not
exploit this knowledge by including the effect of the interference in the calculation of the
inner product matrix? Since the inner products are calculated directly from the received
signal model, the effect of any source of interference or distortion can be included in the
model and the AOLFP algorithm can be applied to determine the impulse response of
the AOF. This AOF response, to some degree, will equalize the effects of the interference
included in the signal model. Provided the signal model closely approximates the actual
received signal, the error performance observed in practice will closely approximate the
calculated performance of the AOF when the SNR is moderately high.

This thesis will investigate the use of the AOLFP algorithm for finding optimal filters
in practical signalling problems where a known perturbation affects a transmitted signal.
Unfortunately this situation typically leads to cases involving very large numbers of possible
received waveforms. In some cases, the memory space required to store the inner product
matrix is beyond practical limits, making it impossible to apply the algorithm directly.
To handle these cases, a modification to the algorithm is developed which overcomes this
problem, enabling the AOF to be found regardless of the number of possible received
waveforms.

The practical signalling problems considered here involve three sources of interference
independently applied to a duobinary MSK signal. The AQLFP algorithm is applied to
determine the best possible linear filter (AOF') for use in MSK-type detection of each result-
ing signal, and the corresponding error performance is calculated. The error performa:nce
that would result if the signal were detected by the AOF calculated only on the basis of
the nominal waveforms, referred to as the nominal filier, is also calculated. From these two
performance calculations it is determined whether any performance gains result from the
inclusion of the interference in the signal model. Specifically, perturbations resulting from
phase errors in carrier recovery, adjacent channel iqterferénce, and ISI due to bandlimiting

at the transmitter are considered.



1.2 Thesis Organization

Central to this thesis is a clear understanding of the AOLFP algorithm. Consequently,
Chapter 2 gives a complete development of the algorithm, including a formal statement.
Chapter 3 describes the modification needed to apply the algorithm to problems involving
a large set of possible received waveforms.

Since the original focus for the algorithm was the application to generalized MSK
signals, it was decided to use one of these same signals to investigate the new use of the
algorithm. As each case studied in this thesis pertains to MSK-type detection of duobinary
MSK, Chapter 4 describes duobinary MSK and indicates how MSK-type detection of the
signal is acheived. Application of the AOLFP algorithm to nominal duobinary MSK is also
discussed in Chapter 4, and the impulse response and corresponding error performance of
the nominal filter for three different durations is given.

Application of the AOLFP algorithm to distorted ducbinary MSK is described in
Chapter 5 for three types of distortion. Each case is treated independently, with Section
5.2 investigating phase errors in carrier recovery, Section 5.3 investigating ACI, and finally

Section 5.4 investigating ISI caused by bandlimiting at the transmitter.



CHAPTER 2

CALCULATING THE AOF - THE AOLFP ALGORITHM

In this chapter the AOF is described and the AOLFP algorithm is developed and

stated.

2.1 Preliminaries
The general form of a linear receiver used to detect a baseband signal is shown
in Fig. 2.1, where hy(t) is the impulse response of the predetection filter. For binary

signals, the decision device is a simple threshold detector.

Received hy(t) Decision Output
maanrmey —— p——r—ii
Signal ! ° Device Data
Sampler

Fig. 2.1 Linear receiver structure.

The interval over which the received signal is observed for the purpose of making a
single symbol decision is determined by the duration of hs(%). If this interval is referred
to as the observation interval (I p,), it is clear that memory in the signal, or an I,
exceeding one symbol interval results in a situation where many distinct waveforms a.fe
possible on I3, for a single symbol value. Each waveform that may occur on I, for
a given data symbol (exclusive of noise) is referred to as a data signaiure of the data
symbol.  Notice that while increasing I3, may or may not result in improved error
performance for a gi_fren signal, it will result in an increased number of data signatures

for each symbol.
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Typically the predetection filter is restricted to have an impulse reponse of finite
duration so that each sample value will depend on the received signal over some finite
interval. In particular, if the filter is also causal so that the response hg(t} is nonzero
only on the interval ¢ € [0,L] (L > 0), then the observation interval for the general
sampling instant T} is I, = {t | t € [T, — L, T,}}. I yi(t) is the filter output for the
input data signature s;(t), then the output sample y;(T,) (on which a symbol decision
is based) exclusive of noise is given by

¥i(Ts) = si(t) * hy(t)le=T.
Ty

- / si(t) hy(T, — t) dt

T.,—L

~ f si(t) hy(Ty — 1) dt,

Ioh

(2.1.1)

where * denotes convolution. By defining the correlating waveform r(t) of the filter as
r(t) = h (T, — t), (2.1.2)

the output sample can be expressed as the correlation over I3, between the input data

signature and the correlating waveform, given by

f si(t) r(t) dt. (2.1.3)

Tons
Thus the linear receiver of Fig. 2.1 can also be viewed as a correlator as shown in
Fig. 2.2
An alternate interpretation results when s;(t) and r(¢) are viewed as vectors in

signal space over the interval I,. If 3; and T represent the vectors, the output sample

can be expressed as the inner product

(i) = f silt) r(2) dt. (214)

-rah
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Received f o dt | Decision Output
Signal ? I, Device Data

r(t)

Fig. 2.2 Linear receiver structure using a correlator.

In this thesis the term signal vector will be used to refer to the vector form of a
data signature, and the term receiver vector will be used to refer to the vector form
of a correlating waveform. With respect to the receiver then, the received signal is
simply a sequence of vector sums of signal vectors and noise vectors on successive
observation intervals, and the output samples are a sequence of inner products between
data signatures and the AOF vector, plus noise.

In the next Section it will be shown that for the situation discussed here (i.e.,
where one of a set of possible signal vectors occurs on a given observation interval for a
specific symbol value), the error probability is a function of inner products of the type

in equation (2.1.4), and that minimization of this function leads quite naturally to the

AQF.

2.2 The Origin of the AOF

Attention is now restricted to binary communication signals with an alphabet of
+1 and —1 where for some I, ST = {5F,3F,...5% ]} is the set of signal vectors for
the +1 symbol, $~ = {57,5;,...5y} is the set of signal vectors for the —1 symbol,
and 57 = -3} foralli = 1... N. Since most binary signals that occur in practice can
be described in this manner, this is not a particularily limiting restriction. The sets S+
and S~ will be referred fo as the signal sets for the 41 and —1 symbols respectively.
With these sigﬂal sets, the received vector on each observation interval is a signal vecﬁor

. 3; € ST plus noise when a +1 is transmitted and a signal vector —3; € 5~ plus noise
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when a —1 symbol is transmitted. The output sample ¥; due to the data signature

si(t) including noise is the decision variable of the receiver and is given by
Yi =@ +7,7) = (5,7) + (7,7 (2.2.1)

where 7@ denotes the noise vector. The noise process n(t) is modelled as a zero
mean, stationary, white Gaussian random process with two-sided power spectral den-
sity %’9- ‘W /Hz. Since the filter described by T is linear time-invariant, the output noise
sample (7, 7) in (2.2.1) is a zero mean Gaussian random variable. Denoting this random

variable by X, the variance of X is

Var(X):E{X’}:E{ / n() r(}) dA f n(a) () da}, (2.2.2)
Tads

Tosa
where E is the expectation operator. Interchanging the order of the expectation and

the integration operations and noting that r(t) is a deterministic function,

Var(X) = ] f r()) () E{n(,\) n(a)} da d\. (2.2.3)

Iose Iobs
Since n(t) is a stationary process, the expectation term in (2.2.3) can be replaced by
the autocorrelation function Rppn(A — &), which for the white Gaussian noise process is

H25(X — a). Substituting this in (2.2.3) we find

Var(X) = 5 f / (@) 6A-a)drda=T2 72 (224)

Ioh Ich

where the notation || - || = (-,-)}/2 is the norm of a vector. Since (5;,7) is a constant,
the decision variable Y; is a Gaussian random variable with mean (3;,7) and variance
-1%9-"?[]2 Assuming equally likely data symbols, equally likely data signatures for each
symbol, and a zero threshold for decisions, the probability of making a decision error
is '

PF)=% ZIQ{ TI",I? } for 3; € S+, (2.2.5)

._9—



where Q(z) = 5= Te—:’/z dt.

Since cha.nginzg T by a scale factor changes both the inner products in (2.2.5) and
|7]| by the same factor, the receiver vector is constrained to have unit norm. With
this constraint, a unique optimal impulse reponse can be found for the predetection
filter by finding the unique unit vector that minimizes the error probability in (2.2.5).
It is clear that any such optimal vector must lie in the span of the signal vectors,
since any component orthogonal to the spanning set will always contributz zero to the
inner product terms in (2.2.5). As a result, it is not necessary to explicitly determine
a spanning set for the signal vectors to obtain an expression for the optimal vector,
because any vector in the span can always be expressed as a linear combination of all
the vectors in the signal set. Thus, the optimal vector can always be expressed in the
form

Z o;3; fors; e St (2.2.6)

for some set of coefficients {e;}.

Finding the coefficients {a;} that minimize the error probability for a particular
SNR requires setting the gradient of P, with respect to each coefficient a; to zero.
Unfortunately, this results in a system of transcendental equations and the truly optimal
receiver vector is difficult to find in general, even for a small number of data signatures.
When N is large the problem is extremely difficult, if not impossible, and a simpler
solution method that is easily applicable even when N is large is desireable.

The minimization of P, is simpler in the limiting case of infinitely small Ny,
or equivalently, infinitely large SNR. Since Q(xz) for large z is well approximated by
exp(—z?/2)/v/27z, the summation of (2.2.5) in this limiting case is dominated by the
term with the smallest inner product between the receiver vector and any signal vector.
Thus to minimize the error probability the 6ptimal vector must be the unit vector that
maximizes |

m@{(&ﬁ)}. 5; €8T, (2.2.7)

-10-



As stated in Section 2.1, an inner product is in reality the noiseless sampled output
of the predetection filter when a specific data signature is the input. Consequently the
requirement in (2.2.7) can be interpreted as finding the filter response that maximizes
the eye opening of the filter output at the sampling instant. As this filter provides
optimum error performance in the limiting case of infinitely large SNR, it is called the
asymptotically optimal filter (AOF) and will be denoted as 7;. In addition, because
symbol decisions are based entirely on the sample values in the presence of noise, the
AOQOF will provide the best possible performance at practical SNR’s, simply because it
maximizes the decision eye opening. Furthermore, the fact that the AOF maximizes the
eye opening removes any importance on the assumption of equally likely data symbols
and data signatures (except where equation (2.2.5) is concerned), and the AOF is the
optimum filter for infinitely large SNR, independent of this assumption.

The AOLFP algorithm is an efficient method for finding the AOF vector for a
given signal set St and is presented fully in [6]. As the purpose of this thesis is to
demonstrate the application of the AOLFP algorithm in practical cases of interest, the
remainder of this Chapter is devoted to a discussion of the algorithm, and parallels the

discussion given in [6].

2.3 Properties of the AOF Vector

For any receiver vector T, let
dmin(T) = min (3;,F)  for 5; € S*. (2.3.1a)
' .

With this definition, the AOF vector 7; is the unit vector that maximizes dp,in(7). In
general for a vector T there will be at least one and perhaps several vectors in the signal
set whose inner products with ¥ are equal to dm,-,.(F). These vectors are referred to

as the active vectors of 7. In particular the active vectors of the AQF vector ¥; are

-11-



indexed by the set I,. Thus for any signal set ST with AOF vector 7., there exists a
unique active vector set I; C {1,2... N} such that

(5i,Tz) =dmin(Fz) foriel;
(2.3.1b)
('5},?,) > dmin(Fz) fOI'j ¢ I,.

This is the fundamental property that, in conjunction with the following result from
[6], will be used to find the AOF vector.

Theorem 1: Let {S;}ier be a set of vectors. Let W be a unit vector with the properties
that (0,3;) is the same positive value for all i € I and that the value of the inner product
is maximized subject to this constraint. Then © is unique and is given by
W= Z a:-§.-, (2.3.2a)
el
with the column vector @; = [a;)ic; given by & = @1/ | ai, where for Ay the

iel
matrix of inner products (3;,3;), t,j € I, and T = [1,...,1], @1 = [a;]}¢; satisfies

Arar=1. (2.3.2b)

If the active vector set {3;}ies, of the AOF vector is known, the vector W given by
the solution to the system of equations in (2.3.2b) with I replaced by I., will maximize
the quantity {3;, @) for i € I, and will also guarantee (3;, @) = (3;, D) for any i,j € I.
The vector W is therefore the AQF vector F..

Since the active vectors are the signal vectors that result in the minimum inner
product with the AOF vector, the corresponding data signatures result in the minimum
sample values of the predetection filter output. Physically then, these waveforms form
the inner eye of the signal at the filter output and can therefore be thought of as
the “worst case” waveforms in terms of making symbol decisioné. with minimum error
probability. Consequently, the correlating waveform of the AOF is always .expressed as

a linear combination of the worst case data signatures; the coefficients being determined
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from (2.3.2h). The problem of finding the AOF vector can therefore be equated with

finding its active vectors.
A crude procedure for finding the AOF vector is then to first determine the vector
w; from Theorem 1 for all possible index sets I C {1,2,... N}, then isolate the subset

{®W}icr with their corresponding index sets {I;};er such that

(85, Wi) = dmin(®;) forj€l;

(2.3.3)
and (3;,%;) > dmin(W;) forj ¢ I;
Finally, from the set F, find the one vector W; such that
Amin(W;) > dmin(®;) fori,j € F, i#j. (2.3.4)

The vector w; is then the AOF vector. The vectors in the set {w;}icr are referred to
as feasible vectors, and the corresponding index sets {I;};er are the active vector sets
of the feasible vectors. In general, a number of feasible vectors exist for a given signal
set S, but only the feasible vector w; satisfying (2.3.4) is the AOF vector.

The approach to finding the AOF vector suggested above is clearly inadequate,
especially when the number of signal vectors N is large, as the number of possible
index sets I increases exponentially with N. The AOLFP algorithm, which makes use
of the feasible vectors that exist for each signal set, can be used to find the AOF vector

easily even when N is large.

2.4 Development of the AOLFP Algorithm
The AOLFP algorithm is essentially an intelligent search of the signal set for the
active vectors of the AOF vector. This is accomplished by generating a sequence of
feasible veciors {Fy}, each with a greater value of dimin(Tf) than the previous feasible
vector, until the feasible vector with maximal dpin(7) is found. To find the AOF in

- this way the algorithm repeatedly performs two fundamental tasks:
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(1) Generate a feasible vector.
(2) Test to see if the feasible vector is optimal.

Before describing how (1) and (2) are done, it is noted that the AOF vector exists for a

given signal set S and is unique. The proofs of these statements can be found in [6).

2.4.1 Generating a Feasible Receiver Vector

The method of finding a feasible vector is based on the following theorem [6].

Theorem 2: Let T be a receiver vector with unit norm and active vector set {3;}ier.

Let ¥ be a distinct unit vector with the property that
(3:,7 ) 2 dmin(F)  foriel (2.4.1a)
Then there exists a unit vector ¥, expressable in the form
=) Bisi (2.4.1b)

icl

for some non-negative set of coefficients {8;}, for which
dmin(%) > dmin(F)- (2.4.1c)

Any vector ¥ satisfying (2.4.1a) is referred to as an improvement vector of the receiver
vector F, since by way of Theorem 2, ¥ guarantees the existence of a receiver vector
with dps strictly larger than dpin(F).

The important result of Theorem 2 is that a “better” receiver vector (i.e, one
with a larger dmin) can be obtained by rotating an initial receiver vector ¥ toward an
improvement vector ¥. Note that ¥ and F'. are constrained to be of unit norm lé.nd
that this unity _ﬁorm constraint is maintained during rotation. Since the unit vector W

having the largest inner proc_iixct with the active vectors {3;}ier of any receiver vector
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¥ can be found by applying Theorem 1, if (3;,W} > dmin(F) for ¢ € I, then W is an
improvement vector for T provided W # 7. f @ is not distinct from 7, then 7 is in fact
a feasible vector. Therefore the process of generating ¥ (using Theorem 1) followed
by a suitable rotation of ¥ toward ¥ can be repeated until ¥ is allso a feasible vector.
When this occurs 7 is rotated until it is equal to ¥ and tested for optimality.

The method of rotating T towards ¥ is essential to the algorithm, as it determines
the sequence of receiver vectors that ultimately ends with the AOF vector. To see how
a suitable rotation is determined, first note that the line joining the two vectors ¥ and

7 can be expressed by the vector
FA) =M +(1=XNF for Ae[0,1], (2.4.2)

where A increasing from 0 to 1 corresponds to a movement of 7 along a straight line to-
wards 7 for which the unity norm constraint is not maintained. Next, let the trajectory

of any signal vector 3; be defined as
Ti(A\) = (3:, F(A)) = MG, 7 )+ {1 — A)s:,, 7)) for A€ 0,1 (2.4.3)

When 7 is nonfeasible, the calculation of ¥ from Theorem 1 ensures that (3;,?"') is
constant for 3; any active vector of ¥, and the definition of the active vectors ensures
that (3;,7) is also constant. As a result the trajectories of all active vectors of ¥ are
identical, and reach a maximum value of (3,-,'1") at A = 1. This along with the fact that
trajectories are linear functions of A implies that any two trajectories will intersect for
either a single value of A, no value of A, or all values of A. Since T;(0) > T;(0) for
3 Ia.ny active vector of ¥ and 3; a nonactive vector, Tj()\) and T3(A) will intersect for
some 0 < A < 1 only if T;(1) < Ti(1). The intersection point in this case occurs when
(3:,7(X)) = (3;,7(})), from which the value of A is

A= (-5.1' "'El',F)
(31'—-5!'1?'—?3)

(2.4.4)
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The rotation of ¥ toward 7 is determined by the rotation factor \*, defined to
be that value of A corresponding to the fixst intersection of T;(A) and Tj(A). Thus A*
is given by the minimum value of A satisfying (2.4.4). When Tj(1) > Ti(1) for all
nonactive vectors 5;, then A* = 1 and the new receiver vector becomes 7 , which is a
feasible vector with the same active vectors as 7. Combining the two possible cases for
A* and noting that (2.4.4) can be written as

1
= 2
A= ——am (245)

- (F—3:,77)

the rotation factor A* for 5; any active vector of ¥ and §; a nonactive vector, is

= [1 _mn{{%:%:i))}

These two possible cases for A* are illustrated in Fig. 2.3(a) and Fig. 2.3(b). Each

(5; —5i,7) < 0} u 0] _1. (2.4.6)

figure shows the trajectories of 3 nonactive vectors T3, T; and T3, and the trajectory
of the active vectors Tpctive. In Fig. 2.3(a), A* is determined by the intersection of
T3 and Tactive, since the intersection of T2 and Tyetive Occurs for a larger value of A,
In Fig. 2.3(b), no trajectories intersect Tyerive S0 that A* = 1, resulting in a feasible
vector,

Upon rotation, the new receiver vector is -";K—:g-n (so as to have unity norm), with an
active vector set consisting of the active vectors of 7, plus the nonactive vector(s) whose
trajectory first intersects the trajectory of active vectors. For example, in Fig. 2.3(a)
the new set of active vectors would be the active vectors of ¥ plus 33.

In determining the sequence of rotation factors that lead to the feasible vector, the
algorithm essentially pérforms an intelligent search for the active vectors of the AOF
vector. The active vector set grows and dp,;, increases for each new nonfeasible vector
until a feasible vector is found when A* = 1. Since the number of signal vectors is
finite, a feasible vector iz always found after a finite number of rotations.

| The algorithm can be simplified slightly by aoting that a change in scale of 7, 7
or 7(A*) has no effect on the calculation of A*, the active vectors of T';, or the fact
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Fig. 2.3 Possible trajectories for: (a) a nonfeasible vector, and (b) a feasible vector.

that ¥(A) represents the family of’ vectors between 7 and 7 . Therefore, the unity norm
constraint can be dropped for intermediate receiver vectors. This means that when
solving (2.3.2b) to find ¥, only the column vector &; is needed and 7(A*) need not be
normalized after each rotation. The only receiver vector that must be normalized is

the AQF vector ¥;.
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2.4.2 Testing Feasible Vectors for Optimality
As previously stated, the optimal receiver vector is the feasible vector with maximal
dmin. Once a feasible vector is found, it is tested for optimality by Theorem 3 which

is proved in [6].

Theorem 3 (The First Optimality Criterion): Let ¥ be a feasible vector with
dmin(F) > 0. Then T is the AOF vector if and only if it can be expressed as a linear:
combination of its active vectors with non-negative coefficients.

Since a feasible vector is always ultimately produced by Theorem 1, it can always be
expressed as a linear combination of its active vectors. If all of the coefficients are non-
negative, then the vector is the AOF vector by the statement of Theorem 3. There is
no guarantee however that application of Theorem 1 will produce a set of non-negative
coefficients, even when such a set is possible, and thus a more general optimality test
is required. Fortunately, a result proved in [6] and referred to here as Corollary 1 can
be used to generate an improvement vector for suboptimal feasible vectors, and in so

doing test any feasible vector for optimality.

Corollary 1: If 7; is a suboptimal feasible vector, then an improvement vector is the
closest vector F} that can be expressed as a linear combination of the active vectors of
¥y with non-negative coefficients.

To find 7, the set of coefficients {8i|8; > 0}er are required such that -
=Y BT | (2.4.7)
tel

for {3;}ier the active vectors of Ty, The set {#;} is found by minimizing the Euclidean
distance between ¥; and ‘F}, subject to the constraint that 8; > O foralli € I. An

expression for ¥s in the form

iel

Fr=3 a5 (248)
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is known from Theorem 1, so that the distance z between 7y and ?} is

z= (TG} — -&])!AI(-EI —ar) (2.4.9)

where A and @ are as defined in Theorem 1 and F; is the column vector [8;]ic;. (Note
that A is in general a positive semi-definite matrix.) This is a quadratic programming
problem and can be solved by a variety of well-known methods. If the minimum value
of z is zero, the vector 75 is the AOF vector.

When 2,4, is nonzero, a new receiver vector must be obtained by rotating 7y
towards F}. The situation for this rotation is somewhat different because in finding
F} there is no restriction that (3,-,'1"}) be equal for all 1 € I, as is required for an
improvement vector for a nonfeasible vector. As a result, the trajectories of the active
vectors no longer coincide for all A € [0,1]. However since trajectories are linear, any
active vector of 75 that is not also an active vector of F} must have a trajectory above
the trajectory of active vectors of F} and hence will not determine the rotation factor A*.
Therefore, the rotation technique previously discussed can also be used here, provided
the trajectory of active vectors of F} is used and not the trajectory of the active vectors
of ¥y. The active vectors of F} can be found by directly calculating (3,-,?}) for all
3:; € St and choosing the vectors that minimize these inner products. It is important
to note that the vector resulting from the rotation of ¥; towards F} is not necessarily
a feasible vector. In this case the algorithm begins again with this new starting vector.

All of the information needed to find the AOF vector is contained in the inner
products. Therefore, although the algorithm is most easily understood through a ge-
ometric interpretation (i.e, vectors in signal space), it is never necessary to express
the signal vectors in terms of basis vectors. All that is needed is the matrix of inner

products A with elments
a;; = (3i,3;) for all 5;,3; € S*, (2.4.1’0)
and this must be calculated before the algorithm can be applied.
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2.4.3 Algorithm Statement

The AOLFP algorithm can be summarized as follows. First, a starting vector equal
to one of the signal vectors is selected, its active vectors are found, and Theorem 1 is
applied to find the improvement vector. The vector is then moved toward the im-
provement vector and the active vector set is updated. These steps are repeated until
a feasible vector is found. H the expression for the feasible vector involves positive
coefficients only then it is the AOF, otherwise the quadratic programming problem is
solved, either proving the feasible vector to be optimal or generating an improvement
vector. This process of rotation and generating an improvement vector repeats until
some feasible vector satisfying the optimality criterion is found. That feasible vector is
then normalized.

The AOLFP algorithm is formally stated below. In step 1, a nonfeasible vector is
represented by ¥ and improvement vectors for nonfeasible vectors are represented by
F o= E «;3;. In step 2, the improvement vectors for feasible vectors are represented by
F =‘EZI B:3;. The terms @y, Ay and 1 are as defined in Theorem 1. The AOF vector

ier
is represented by T..

Step 0: Initialization.
Set 7 = 3; for some j = {1... N}, and set p; = (5;,3;) for all <.
Find dyin = m'_in pi and the set of indices I where p; = dpip-
If dmin = pj, set Tz = 5;/[|5;.
Stop.
Step 1: Find a Feasible Vector.
A. Find an Improvement Vector.
Solve Ajay =1.

Compute p;- = (Ej,?') = 3 @;(3;,3;) for all j, and set din = p;- forany j € I.
i€l ‘ :
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B.

Step 2:

Step 3:

Rotation of ¥ Towards 7 .
Set A* = 0.
Forj=1,2...,N j ¢ I, compute Aj = p; — d,,,;, and if Aj <0, set
AT =min{}*, A;/(p; — dmin)}-
Add to the set I the indices j for which A* = A;/(pj — dmin)-
Set A*=1/(1 —A*),and 7 = (1 — A*)F + A*F
Compute p; = (3;,7) = (1 — A*)pi + A*p; foralli=1...N.
Find dpin = m,_in pi.
If A* =1, go to Step 2.
Go to Step 1.
Generating an Improvement Vector for a Feasible Vector.
If all coefficients describing 7 (& or ;) are positive, go to Step 3.
Solve the quadratic program
minimize z = (B; — @r)'4;(8; — @), subject to §; > 0.
If 2pmin = 0 go to step 3.
Compute ,oJ (SJ’T!) E Bi(3;,5;) for all 7, and set dopin = mmpJ.
Reduce the set I so that for jel, pJ =d_,..
Set ¥ =F/.
Go to B in Step 1.

Normalize the AQF Vector.
Set 7, =7/||F||.
Stop.

Note that Step 0 includes the unlikely situation that the AOF vector is the starting

vector, chosen arbitrarily as one of the signal vectors. As discussed in [6], this can only

occur if the siarting vector corresponds to a data signature that forms the inner eye

and would not ‘be expected to occur in practice.
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2.5 Implications of the AOLFP Algorithm

The AOLFP algorithm presented in this chapter can be applied any time a received
binary communication sigpal has the property that many possible waveforms may occur
for a single data symbol on each observation interval. As discussed in Chapter 1, this
can be a property of the modulated signal itself, or can arise from interference acting
on the signal during transmission.

In cases where the various sources of interference acting on the transmitted signal
are well-understood, it is possible to formulate a signal model that accurately describes
the received signal at the input to the predetection filter. From the signal model,
accurate inner product calculations can then be made for the data signatures that
occur for each symbol value. . By including the effect of known interference sources
in the calculation of the inner product matrix, the AOLFP algorithm can be applied
to determine the impulse response of the predetection filter that optimizes the error
performance. Moreover, since only the inner product matrix is required, the algorithm
can be applied to a sufficiently accurate signal model for any modulation technique
combined with any number of different interference sources.

Essentially then, the AOLFP algorithm can be used to determine a linear filter re-
sponse that provides some measure of equalization and optimizes the error performance
when interference corrupts the transmitted signal. It can also be used to determine the

best error performance that can be achieved with a linear receiver.
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CHAPTER 3

PRACTICAL CONSIDERATIONS
IN USING THE AOLFP ALGORITHM

The first Section of this chapter discusses the need to manage the available memory
space in a software implementation of the AOLFP algorithm and gives details for a
solution to the quadratic programming problem. In the second Section, a technique is
presented for applying the algorithm when the signal set contains a large number of

signal vectors.

3.1 Implementing the AOLFP Algorithm
3.1.1 Memory Space Considerations

A software implementation of the AOLFP algorithm must make efficient use of the
available memory space. Since the algorithm cannot begin without the inner product
matrix A containing the elements a;; in (2.4.10), these values must be calculated and
stored first. An important, albeit obvious point with respect to storing these inner
products is that a;; = a;; so that A is a symmetric matrix and only the upper triangular
portion need be stored. As the number of signal vectors N increases, the memory
required to store the $(N? + N) elements of the upper triangle can quickly become
extreme. In addition to these inner products, as the algorithm proceeds the values
(3;,7) and (3;,7) (p; and p;o in Section 2.4.3) must be stored for every signal vector.
Moreover, once the AOF vector is fouﬁd, calculation of the performance (using equation
2.2.5) requires that (3;,7:) be calculated and stored for every signal vector. Additional
memory is required each time ¥ is found, as this requires the solution to a system

of linear equations whose dimension increases until 75 is found. These considerations
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demand the use of dynamic memory allocation in a software implementation of the
algorithm.

Since the number of signal vectors in a signal set changes from application to
application, the dimension of the inner product matrix changes as well. One approach
to storing the upper triangular portion of A is to define several groups of dynamic
memory, allocating enough memory for the top row of the matrix to the first group,
enough memory for the second row (one less memory location) to the second group and
so on, until the last group is allocated a single location to store the element a,,. The
elements of A can then be stored row by row in each group of memory locations. In
this way, a change in the number of signal vectors simply requires changing the number
of groups of memory locations. This type of approach is also convenient when finding a
feasible vector. As discussed in Section 2.3, the number of simultaneous equations that
must be solved in finding an improvement vector is equal to the number of active vectors
of the nonfeasible vector. Since this number steadily increases until a feasible vector
is found, new rows and columns are constantly added to the matrix A; in (2.3.2b). As
ther;a is no way of knowing beforehand how many active vectors exist for each feasible
vector, it is once again convenient to dynamically allocate memory space for each new
row of A as it occurs, as well as increasing the memory space for the existing rows.
Once the coefficients of the feasible vector are found, all the memory space allocated
for the matrix A; can be freed for other use.

The greatest benefit of using dynamic memory allocation is that it allows efficient
management of the available memory space. For example, by dynamically allocating
memory space for the sets of inner products {p;} and {p;} mentioned above, this
memory can be used again after ¥, is found, to store the set of inner products {(3;,7:)}
for all signal vectors needed to calculate the error performance. This managing of the
available memory space is important when computing on personal computers with
limited memofy space, and becomes important even for mainframe computers. when

the number of signal vectors is large.
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3.1.2 Solving the Quadratic Programming Problem

As mentioned in Section 2.4.2, a variety of methods exist for solving the quadratic
programming problem. The method used in this thesis is the simplex algorithm taken
from {7], for which the problem is stated in the following form. Maximize with respect

to the vector T the function:
NP
F(z)=7p'T - e Cz (3.1.1)
subject to the linear constraint equations
AT =D, (3.1.2a)

and the inequalities
T2>0. (3.1.2b)
The vector T is a column of n variables z; ... z,, A is an m X n matrix such that m < n,

P is a known column vector of m elements, and C is assumed to be an n X n symmetric

positive semi-definite matrix. The problem stated in Section 2.4.2 can be restated as:
maximize z = —(B; —&r)* 41(B; — @r)

- - 3.13
= —{3}:‘1151 — @Ay — ﬁ}AIﬁI + a'ﬂ‘lfﬁ.r}- (3:1.3)

Since the objective is to find the vector §; that maximizes z, the constant @} A @ can

be removed so that the problem becomes
maximize z = By Asa; + @ A8, — BrArB;. (3.14)

Now the optimality test is no longer zmin = 0 but zpme, — @5A;a; = 0, and the
constant term must be evaluated before testing for optimality. Since F}A 7a1 evaluates

to a constant,
'B",A.rﬁr =ajArB;, (3.1.5)
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and as the vector §; that maximizes z also maximizes £, the problem can be stated in

the form of (3.1.1) as

maximize

Wt

= EIAIFI _— %F}AIEI (3.1.6)

subject to B; > 0. By comparison to (3.1.1)

7= Arag,
C=A4y, (3.1.7)
and T = -ﬁf.

The matrix C = Ay is positive semi-definite as required. Note that there are no linear
constraint equations in this problem so that A =0 and & = 0 in (3.1.24), and only the
constraints in (3.1.2b) apply. The quadratic programming problems encountered in this
thesis have been solves by applying (3.1.6) to the method in [7], where the dimension

n is the number of active vectors of the feasible vector.

3.2 Modifying the AOLFP Algorithm for Large Signal Sets
3.2.1 Development of the Extended AOLFP Algorithm

It was mentioned in Section 3.1 that before the AOLFP algorithm can begin, the
inner product matrix A for the entire signal set S+ must be calculated and stored. Since
the upper triangular part of this N x N matrix contains -%(N 24+ N) elenients, it becomes
problematic, with respect to available memory space, to deal with signal sets for which
Nis Iarge; However, many cases of interest, and indeed the cases studied in this thesis,
involve signal sets that are so large, calculating the necessary inner products would
require an unreasonable amount of time and memory space. It is therefore desireable
to‘reduce the number of signal vectors the algorithm must deal with. This issue was
pextly addressed in [1] where the number of signal vectors was reduced by exploiting
both symmetry in the received signal about the center of the observation interval and
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linear dependencies among the data signatures. Such approaches are useful for filter
design involving a limited number of data signatures, but in general cannot be used in
cases where interference effects destroy the symmetry and result in signal sets that are
so large that linear dependencies would be too time consuming and difficult to find.
A new approach allowing the AOLFP to be solved regardless of the number of signal
vectors is clearly needed for such cases.

Recall from Chapter 2 that the problem of finding the AOF vector is equivalent
to the problem of finding its active vector set I, since the AOF vector can then be
found simply by applying Theorem 1. This is true regardless of the size of the signal
set. This simple fact makes it possible to extend the search method for I, provided by
the AOLFP algorithm so that I, (which is typically a much smaller set than the signal
set) and hence the AOF vector can be found even when the signal set is large.

In this extended search method, the AOLFP algorithm is applied to a sequence of
subsets of the signal set {G)|G) C §+}, each subset small enough that the AOLFP
algorithm can be applied to it with the computing resources available. The key to this
search method is that each successive subset G(¥) contains at least as many members
of the active vector set I as the 'previous subset G¢~1), In this way, the AOF vector
calculated for each subset GU), referred to as 79, is a better approximation to the AOF
vector of the signal set 7, than the previous solution #(—1) | This is becanse each 7V
is expressed as a linear combination of more members of I, than the previous vector
7—1)_ After a finite number of iterations, some subset G® is identified that includes
the entire active vector set I,. Application of the AOLFP algorithm to G*) produces
the vector 7*) which must be identical to the AOF vector 7, because ¥, is expressed
in terms of the vectors in I, and the AOLFP algorithm will always identify the active
vectors of the given signal set and determine the linear combination that defines 7,
regardless of how many nonactive vectors are included. N

As a general and completely arbitrary example of how a typical solution might

proceed, consider a case where the active vector set I consists of 10 vectors. Finding 7
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could take 4 iterations, with G() containing 2 of the active vectors, G2} also containing
2 of the active vectors, G(®) containing 6 active vectors, and G*) finally containing all
10 members of I;.

Instead of choosing the initial set G) at random, it is logical to choose G1) in
such a way that it is representative of the signal set as a whole. If no signal vectors
are completely omitted in finding ), then ¥ will be an approximation to the AOF
vector of the entire signal set, and not an approximation to the AOF vector of a subset
of the entire signal set. Essentially, this means that every signal vector in the signal
set must be included in some way in the process of finding G(). Toward this end, the
subset G(?) is found by comparing the distance between various pairs of signal vectors.
From the magnitudes of various difference vectors, the signal set is partitioned into
many subsets, such that all signal vectors in a particular subset are at most a distance
2¢ from any other signal vector in the subset. The initial subset G{1) is then comprised
of one signal vector from each subset of the partition. In this way a smaller signal set
can be identified that is representative of the entire signal set. How “close” the vectors
in a particular subset are to one another depends on the parameter e.

Consider the difference between (33,7} and {33, 7) for any signal vectors 5; and 33,

and any receiver vector ¥ with ||F|| = 1. From the Cauchy-Schwarz inequality
151,7) — (52,7 < IFllss — 5all = 51 = 5all (321)

If the norm of the difference vector 5; — 32 is known to bé less than some positive value
€, then [(31,7) — (32,7}| < e. Since the two inner products involved can be viewed as
samples of the output of the predetection filter defined by 7, the difference bt_atween
these two sample values is less than e. In tlﬁs case the receiver sees 5; and 35, as
essentially the same signal vector. If 5 is not an a;:tive. vector and ¢ is small, then it
is likely that 3, is not an active vector, and only one of the pair of vectors needs to be
included in Gm. An initial signal set of any. size can therefore be determined simply
by changing the precise definition of “close”, i.e., by changing the value of e.
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The process of constructing G{!) begins with adding the first signal vector 3; to
GM) and choosing a value for €. If |[s; — S;f| > ¢, then 3; is also added to G(®), The
magnitude of the difference vector 3; — 3; is then calculated for each remaining signal
vector 3; € ST for every 5; € G, If II3: —=3j|| > efor all 3; € G then 3; is included
in G, otherwise it is neglected. This process continues until all signal vectors 3; € St
have been tested in this way. Since there is no way to determine in advance how many
signal vectors G() will contain, and the overall objective is to reduce the number of
signal vectors the AOLFP algorithm must deal with, the maximum number of signal
vectors in any subset G(? is limited to some integer npmgz. The value for n,,.. is
chosen in accordance with the available computing resources. The process for finding
G() therefore stops either when G() contains nma:z vectors, or when all signal vectors
3; have been tested.

Each time the AOLFP algorithm is applied to a subset G{) a receiver vector 7(¥)

results with active vectors I, It is clear that if
(55,7 > (1, 7)  forall j ¢ I'Y and k € 19, (3.2.2)

then 7 must be the AOF vector for the entire signal set. This fact is an obvious result
of the fundamental property of the AOF stated in (2.3.1), however since this provides
the optimality test for each intermediate solution it is stated as a formal Theorem, the
proof of which is trivial.

Theorem 4. (The Second Optimality Criterion:) Let G be a set of vectors
that is a subset of a larger set S*, and let T be the AOF vector of G. If {S;}ier C G
are the active vectors of ¥, then T is the AOF vector of the set ST if and only if

(35,F) > dmin(F) forall {35;5; € S* N 3; ¢ G}, - (3.23)

where dyin(F) = (5;,7) fori € I.
In most cases 7!} will not be the AOF vector. This results when some or all of
the active vectors of 7, are discarded in forming the set G®). If 7 is not the AOF
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vector, then at least one vector {Sx|k ¢ I, k € I} will cause the optimality test
for 71 to fail. As a result, any vector that does not satisfy (3.2.8) is a good candidate
for an active vector of ¥,. Therefore, the second subset G(?) is formed by the set
IM, plus all such vectors 3x up to the maximum allowable number of signal vectors
Nmaz. I the number of signal vectors in G ig less than Nmaz, then G¢2 will almost
always contain more members of I, than G(). (See Tables 3.1-3.6). If G(® contains
Nimaz Signal vectors, then G(?) contains at least the same number of members of I, as
GO, but a different vector r(?) will result with a different active vector set I(?). By
continuing the procedure, eventually a subset is found containing the entire set I, so
that the resulting vector satisfies the second optimality criterion and is in fact the AQOF
vector.

In any application where the extended version of the AOLFP algorithm must be
used, the choice of ny,, is more important than the choice of €. The purpose of ¢
is mainly to obtain a subset of the signal set that is small enough to be handled by
the algorithm, and at the same time is representative of the signal set as a whole. It
is impossible to know for a given signal set what a good choice for € would be. A
value for e that is too large will result in & small signal set for G}, and reduce the
number of active vectors of the AOF vector in G, In this case, more iterations
will likely be required to find a subset {G)|I, C GV}, and the size of G®) is often
greater than the size of G(). Conversely, setting a small value for ¢ produces a better
approximation to the signal set and hence a better starting point for the algorithm, but
unfortunately this generally requires that G!) contain more than nmax signal vectors,
defeating the purpose of using small subsets. Restricting the size of each subset to
Nmaz compensates for poor choices for ¢, allowing the algorithm to proceed within the
limits of the available memory space. |

Tradeoffs exist for the choice of npaz as well. Making Nmaz 8S large as possible
will definitely result in fewer iterations, however the overall process of finding the AOF
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vector is likely to be slower, as larger inner product matrices must be calculated and
stored for each iteration, and each application of the AOLFP algorithm must search
through more signal vectors. A smaller value of ny,,, Will result in more iterations,
however since the AOLFP algorithm itself runs very quickly, a small value for n,;q, may
result in a quicker convergence to the AOF vector because the inner product matrices
. are smaller for each iteration, requiring less time for calculation and storing, and each
application of the AOLFP algorithm has a smaller signal set to deal with. It turns out
that many of these valid considerations are merely academic, as the extended algorithm
typically converges quickly for various combinations of nma: and € in practice, some
typical cases being given in Tables 3.1 to 3.6. The only requirement is that ny,.. be
greater than the number of active vectors of the AOF vector, otherwise no subset G®»
will ever contain the entire set I.., and the algorithm will never converge. Unfortunately,
the number of vectors in I, cannot be predicted, however during the course of this thesis
I was rarely found to contain more than 100 signal vectors.

The extended AOLFP algorithm discussed in this Section can be seen to be similar
to the crude method of finding the AOF vector described in Section 2.3. In the crude
approach, subsets of vectors are chosen at random until the set I; is found. In the
extended AOLFP algorithm, intelligent guesses are made for vectors that are likely to
be active vectors. This approach, combined with the AOLFP algorithm, allows the

AOF vector to be found for any size signal set, given sufficient computing time.

3.2.2 Some Typical Examples

In this Section, details of the convergence of the extended AOLFP algorithm are
considered for a few of the practical cases to be presented later.. The results in Tables 3.1
" $0 3.3 correspond to the solution for a duobinary MSK signal corrupted By an adjacent
channel interference signal with spectral separation given by AfT, observed over 3 bit
intervals. The number of data signatures for this case is 2816. Direct application of
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the AOLFP algorithm would require more than 31 Mb of memory to store the inner
product matrix (using double precision), a rather extreme requirement. In addition
to the memory space, excessive computing time would also be required to calculate
the 3,996,336 inner products that comprise the upper triangular portion of the inner
product matrix. The extended AOLFP algorithm has been used to solve this problem
for three cases of € and nmqz. In each Table, n represents the number of vectors in
each subset G(") and m represents the number of active vectors of the AOF (members
of I.) included in I () for i the iteration index. From the results in Table 3.1 for € = .15
and npme. = 1000, the largest intermediate signal set is one of 936 signal vectors for
AfT = .862, requiring roughly 3.4 Mb of memory for the inner product matrix. Note
that the number of members of I, increases with each iteration. It appears that € = .15
is a good choice, as the initial subset in each case contains two members of I, and
successive subsets rapidly decrease in size allowing the AQLFP algorithm to run more

quickly with each iteration.

iteration AFT = 554 AfT = 654 AST = 362
index n m n m n m
1 780 2 802 2 936 2
2 11 4 11 4 14 5
3 6 5 8 6 9 6
4 6
5 7 T

Table 3.1 Parameters of intermediate signal sets for € = .15 and n,,,,=1000.

In Table 3.2, similar results are given for n,,q; = 500. Here, less than 1 Mb is
required to store the inner product matrix, but the initial subsets G(1) in each case

are no longer representative of the signal set, because the algorithm stoppéd looking at
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iteration AfT = 554 AfT = 654 AfT = 862
index n m n m n m
1 500 1 500 0 500 1
2 12 6 31 2 34 ]
3 7 7 15 2 7 6
4 7 3
5 8 6

Table 3.2 Parameters of intermediate signal sets for € = .15 and nma. = 500.

difference vectors once 500 signal vectors had accumulated. From the results however,
it can be seen that this does not result in an increase in the number of iterations, except
when G(V) contains no members of I, as for AfT = .654. In fact, two fewer iterations
are required for A fT = .554 than previously. Most importantly though, the computing
time for each case was reduced by approximately one third due to the smaller size of
the initial subsets. Since each G() in Table 3.2 contains nm,qz vectors, it is impossible
to increase the number of members of I, in G (and thereby reduce the number of
iterations) by decreasing €. Therefore gaining the benefit of a small value of € in general
requires a large value of nm,4, so that all signal vectors are considered in finding GO,
Unfortunately, this increases the memory space required to store the inner product
matrix for each subset, and increases the time required for each iteration.

The problem was solved again for € = 1.0 and ny,q; = 500. The results are given
in Table 3.3 and indicate that the large value of € has little effect on both the number of
iterations in each case and how many members of I, are contained in G(), The most
important result here is that the computing time required for these cases was rough.l.y
one tenth of the time required for the cases in Table 3.1. Tpis results from the fact that
the large value of € produced a small subset G() representative of the entire signal set,

and the subsequent subsets each contained successively fewer signal vectors. Note also
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from Table 3.3 that despite the fact that the signal set involves 2816 signal vectors, the

extended algorithm is only concerned with & maximum of 89 signal vectors at any one

time.
iteration AfT = 554 AfT = 654 AfT = 862
index n m n m n m
1 76 1 85 1 89 2
2 42 4 52 6 60 6
3 15 5
4 6 6
5 7 7

Table 3.3 Parameters of intermediate signal sets for € = 1.00 and n,,, = 500.

From the results of Table 3.1 to 3.3, it appears that the best approach is to set ¢
to a large value € = 1, and select a value for npe- based primarily on available memory
space, but also on available computing time. Note that since the value of (3;,7;) for
any 5; depends on the maximum value of s;(t) and the symbol time T, an appropriate
value for ¢ depends on these values. The value of € = 1 stated here refers to inner
products calculated for T = 1 and the components comprising each data signature (see
Section §.3) scaled to have a maximum value of 1.

This approach was applied to the same signal as the above cases, but for observa-
tion intervals lasting 4 and 5 bit intervals. These cases involve 45,056 data signa.tum,
and the inner product matrix contains over one billion entries. This would require
almost 8 Gb to store and could not even be attempted without the extended versidn
of the AOLFP algorithm. The solutions were found with € = 1.05 and ¢ = .95, and

are given in Table 3.4 and Table 3.5 respectively. In each case npmqe: = 1000 so that a

maximum of 4 Mb are required to store an inner product matrix.
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iteration AfT = .554 AfT = .654 AfT = 862 AfT = 3.620
index
n m n m n m n m
1 336 0 357 1 363 1 350 0
2 346 20 204 12 722 29 1000 3
3 108 24 944 62
4 32 28

Table 3.4 Parameters of intermediate signal sets for € = 1.05 and nm,q, = 1000.

iteration AfT = 554 AfT = .654 AfT = .862
index n m n m n m
1 906 0 890 2 868 1
2 280 22 464 30 301 41

Table 3.5 Parameters of intermediate signal sets for € = .95 and n,4; = 1000.

In Table 3.4, even though ¢ = 1.05 is sufficient to ensure for each case that all signal
vectors are considered when finding G(V), G(?) contains more signal vectors than G\
in three of the four cases. In contrast, the similar value for € used in Table 3.5 results
in successively smaller subsets and few iterations. It therefore appears to be impossible
to predict how the solution will proceed for a given value of ¢, and 1,4, must be used
as a “safety feature” to limit the size of each intermediate subset, as seen by the second
iteration for AfT = 3.62 in Table 3.4.

~ From the typical cases presented it appears that when aﬁplyiﬁg the extended
AQLFP algorithm it is best to use a value for € large enough that all signal vectors
are considered in finding G, that is, so that G() contains fewer than n,,; signal
vectors. This ensures that G(!) is representative of the entire signal set. It also appears

that n,,,. should be made small so as to reduce the memory space and computing
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time requirements, however it must be greater than the number of active vectors of
the AOF vector. In each case presented here, this number was less than 100. When
computing on a mainframe computer, the choice of ¢ and n,,,. are less important as
there is generally sufficient memory available for nmax > 500, and computing time is
not generally excessive even when several iterations are required due to a poor choice
of e. When computing on a personal computer however, some trial and error may be
necessary before the AOF vector can be found. As a ge.neral rule of thumb, € =~ 1 and

Nmar = 100 can be used.
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CHAPTER 4

APPLYING THE AOLFP ALGORITHM TO DUOBINARY MSK

In this and the remaining chapters, the AOLFP algorithm is applied to examples
that demonstrate its use as 2 method of filter design for practical signalling problems.
The examples in Chapter 5 deal with MSK-type detection of duobinary MSK corrupted
by AWGN and a specific source of distortion that increases the number of data signa-
tures at the receiver. This chapter introduces the duobinary MSK signal and explains
why MSK-type detection is possible and useful. The AQLFP algorithm is applied to
the “nominal” (undistorted) duobinary MSK data signatures over three different ob-
servation intervals and the error performance of each nominal AOF is calculated for

comparison with the results for distorted duobinary MSK in Chapter 5.

4.1 Duobinary MSK and MSK-Type Detection

Duobinary MSK is a specific instance of the class of signals referred to as partial
response continuous-phase modulated (CPM) signals [2]. This class of signals has
received a great amount of attention in recent years, mainly due to the properties of
constant envelope, efficient power spectrum, and good error performance. These signals

can be expressed as in [2], or alternatively as given in [1] as

s(t) = Ac cos(wet + ¢(t) + do), (4.11)

where ¢(t) is the “excess-phase” given by

é(t) = ”T"' > an f g(r — nT) dr, (4.1.2)
o

we is the angular carrier frequency, ¢¢ is the initial carrier phase, k is the modula-

tion index, and T is the symbol time. The digital information is transmitted by the
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uncorrelated M-ary date symbols {a;}, occurring every T seconds and taking values
+1,%3,... & (M —1). The pulse g(#) is nonzero only on the interval ¢ € [0, aT}], and
determines the instantaneous frequency of the transmitted signal s(t). Typically a is an
integer. The slope of g(t) determines how the data symbols modulate the excess-phase,
and therefore has a direct impact on the power spectrum of s(t). By varying the shape
and duration of g(t), as well as the parameters h and M, many modulated signals are
possible, each with different spectral characteristics. Forexample,a =1, M =2, h =1
and the pulse

_ 1, te0,T],
gmsk(t) = {0, otherwise, (4'1'3)

produce the signal commonly known as minimum shift keying (MSK). Signals such as
these for which a = 1 are referred to as “full response” CPM [2] and result in each
data symbol contributing £wh to the excess-phase over a single symbol interval. From
equation (4.1.2) the excess-phase for MSK at any time ¢t = mT is
o m=1)
Pmsk(mT) = 3 ¥ ey, (4.1.4)

n=>0

where m may be negative and the notation ¥’ is defined as

J. s, iz,
Y= {0, i=i-1, (4.1.5)
n=

i i-1
- 2 ) JSi-2,
n=j+1
As discussed in [1][8], MSK is equivalent to OQPSK so that this nonlinearly mod-
- ulated signal can be optimally demodulated by the IQ receiver in Fig. 4.1, with a

predetection filter having impulse response

hy(t) = {STSﬁ(t-T), te [0,21], (416)

otherwise.

When MSK is processed by the IQ receiver with perfect carrier recovery, the signal

—‘%ﬂ cos ¢ppmsk(t) appears at the input to thg prédetection filter in the upper arm, and
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hy(t) -~
t=
(2m +1)T Level Slicer
A
Received cos(tet + do) Output
Signal . * E Data
sin{wet + ¢o)

Level Slicer

het) N o—

t=2mT

Fig. 4.1 IQ receiver.

%ﬂ sin ¢arsk(t) appears in the lower arm. The polarity of the samples of the filtered
versions of these signals determines the received data symbols {+a;}.

Since each arm of the IQ receiver is in fact a linear receiver of the type shown
in Fig. 2.1, the AOF for each arm of the IQ receiver can be found by applying the
AOLFP algorithm to the signals appearing at the input to the predetection filters. For
MSK, the AOF for each arm is identical to hg(t) in (4.1.6).

It is well-known [9] that by extending the duration @ of the pulse g(t), while

preserving the property that

o0

f g(t) dt =T, (4.1.7)

—o0
the spectral characteristics of s(t) can be greatly improved. The resulting signals are
referred to as “partial response” CPM and each data symbol contributes t7h rad to the

excess-phase over a symbol intervals. Duobinary MSK occursfora =2, M =2, h = %
and the pulse

g(t) = { %! te [012T]s : (4.1.8)

0, otherwise.
At any time ¢ = mT, the excess-phase of duobinary MSK from (4.1.2) can be expressed
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m~1

. w ™
#mT) =3 X' an = gam-1+ga- 1o
n= - -
T
= ¢pmsk(mT) — Zom-1 + %a-l.

As discussed in [1][2], partial response CPM signals such as duobinary MSK can not
be optimally demodulated by a linear receiver, and the truly optimal receiver for these
signals is the highly complex and nonlinear Viterbi receiver. Fortunately, it is possible,
under certain conditions, to suboptimally demodulate these signals with the linear IQ
receiver. To see how this is possible for duobinary MSK, note that the last term in
(4.1.9) is independent of the general time instant mT and hence can be incorporated

into the carrier phase ¢o. The transmitted signal s(¢) can then be viewed as

s(t) = A cos(wet + B(t) + o) (4.1.10)
where
$(mT) = $psk(mT) - %am—l (4.1.11)
and
do = do + Fa-1. (4.1.12)

Since all data symbkols are either +1 or —1,

|[6(mT) — darsi(mT)| = Z—. (4.1.13)

T

Thus cos §(t) and cos sk (t) are simply offset by % and the two signals have the
same polarity at the sampling instants. (Similarly for sin ¢(£) and sin dmsk(t)). Asa
result, data transmitted by a duobinary MSK signal can aiso be recovered by the linear
IQ receiver, provided ¢, in Fig. 4.1 is replaced‘by $o. This will result in 555 cos ¢(t)
and -‘%ﬂ sin &(t) appearing at the input to the predetection filters so that the polarity
of the outp‘ut samples (which determine thé data symbols) is unchanged compa.‘redl to
MSK. Thus, linear detection of the spectrally superior duobinary MSK signal is also
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possible (although clearly with degraded performance). This type of linear detection of
nonlinear modulation signals is possible for many other partial response CPM signals
with modulation index b = 1 and is commonly called “MSK-type detection”. A general
criterion for when MSK-type detection is possible for a given partial response CPM
signal can be found in {1].

It is clear that MSK-type detection is suboptimal for any partial response CPM
signal, however, the question arises as to the choice of predetection filter that will
provide the best suboptimal error performance. Since each arm of the IQ receiver is
comprised of a linear filter, sampler, and level slicer; and partial response CPM signals
possess memory, the problem of predetection filter design for MSK-type detection of
partial response CPM signals readily lends itself to the AOLFP algorithm. Therefore
by applying the algorithm to the signals that appear at the predetection filter input for
various CPM schemes, the impulse response that maximizes the post filter eye opening
can be found. The error performance of this filter will be the best attainable with the
linear IQ) receiver.

In the next Section, the AOF for duobinary MSK is determined for three observa-

tion intervals from the nominal data signatures, that is, for ideal transmission except

for AWGN.

4.2 Nominal Filter Design

To find the impulse response of the nominal AOF, we assume that undistorted
duobinary MSK affected only by AWGN is received, and ideal carrier recovery exists
for coherent detection. In this case cos{wct + o) and sin(w.t + o) are available at
the receiver so that %‘- cos ¢(t) appears at the input to the predetection filter in the
upper (I) arm of the IQ receiver, and 4 sin ¢(t) appears at the filter input in the
lower (Q) arm. (Note that due to the lowpéss nature of the predetection filters, the
high frequency components that also appear at the filter input have been neglected.)
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Finding the AQOF for each arm of the receiver requires the set of data signatures that
result from these signals on some observation interval I,;,. These data signatures can
be constructed from the eye diagram of each signal, which is derived from the excess-
phase function §(t). Since g(t) for duobinary MSK (equation (4.1.8)) is flat, the phase
trajectory of (t) on any bit interval ¢ € [mT, mT+ T] between the phase states $(mT)
and $(mT + T') is linear. This fact coupled with equation (4.1.11) results in the phase
iree for duobinary MSK shown in Fig. 4.2.

For simplicity, the phase tree shown corresponds to:
a, =0 forn< -1, ¢MSK(0) =0, and oy = —1. (4.2.1)

That is, the time origin is chosen as some instant ¢ = kT such that ¢prsx(kT) = 0, with
a —1 symbol occurring on the interval [T — T, ¥T). After five bit intervals, some phase
states begin to repeat modulo 2, and the phase tree provides enough information to
determine the eye diagram for cos ¢(¢) and sin §(t). The eye diagram for cos ¢(t) is
given in Fig. 4.3 over a generic 37 interval. This eye is found by plotting cos q‘;(t) for
all possible paths through the phase tree over any interval ¢ € [nT,nT + 3T} centered
at the maximum eye opening. It is easy to see from Fig. 4.2 that a phase shift in ¢(2)
of =% translates into a time shift of £T in the eye digram. This means that the eye
diagrams for cos ¢(t) and sin §(¢ + T') are identical, Since the data signatures for each
signal are derived from the eye diagram, these two signals have identical signal sets and
identical AOF’s. It is thercfore sufficient to find the AOF for cos §(¢) only, and use two
identical filters in the IQ receiver.

At the transmitter, the # rate data signal is demultiplexed into two i rate bit
streams, each modulating the signal in either the I or Q channel. The eye diagram
has periodicity 2T and all possible realizations of cos q?;(t), superimposed on each other,
appear as a sequence of concatenated eye diagrams. Data symbols are transmitted on

specific 2T" intervals corresponding to an open eye, and the value of the data symbol
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Fig. 4.2 Phase tree for duobinary MSK.
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Fig. 4.3 Nominal eye diagram for duobinary MSK.

transmitted (+1) determines the polarity at the center of the eye opening. The 27T
periodicity of cos &(t) implies that the detection problem on a specific 2T interval
when the eye is open is identical to the detection problem on any other such 27 interval.
Therefore, the calculation of the AOF can be based on a 41 symbol being transmitted
on any specific 2T interval. Since in the nominal case this same signal (multiplied by
%ﬂ) appears at the input to the predetection filter in the I channel, the received data
signatures corresponding to a +1 symbol can be found directly from the phase tree
in Fig. 4.2. However, as many of the paths through the phase tree result in the same
waveform, it is easiest to determine the data signatures directly from the eye diagram
for cos §(t). For observation intervals of duration greater than 2T, the data signatures
can be found using the 2T periodicity of the eye diagram.

In the analysis, the time origin was chosen as the beginning of some 27T interval on
which a 41 symbol was transmitted. The data signatures that exist for the +1 symbol
are shown superimposed in Fig. 4.4 over a 3T duration. Note that the time scale in
Fig. 4.4 is arbitrary and is not the same as the time scale in FJg 4.2. Since the AOLFP
a.léorithm operates only on inner products, the time scale used to calculate the inner

products is irrelevant and is chosen simply for convenience. |
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Fig. 4.4 Superimposed data signatures for nominal duobinary MSK.

Distinct paths through the phase tree are reflected by distinct pieces of the wave-
form in Fig. 4.4 on each T interval. Therefore, any waveform in Fig. 4.4 that is con-
tinuous except at t = mT (for m an integer) is a data signature transmitting the +1
symbol and is used to find the nominal AQF. Each data signature can be viewed as
being comprised of a sum of pulses on successive T intervals, each pulse being a time
shifted and possibly inverted replica of one of the three basic pulses p;(t), p2(2), and
pa(t) shown in Fig. 4.5.

With these pulse definitions, the behaviour of the sigral can be fully described by four

properties:

(1) a % pi(t) pulse can be followed by a =+ pa(t) or % p3(t) pulse.

(2) 2 =+ p2(t) pulse can be followed by a =+ p;(t), £p2(t) or & ps(t) pulse.
(3) a % pa(t) pulse can be followed by & F p;i(2) or F p2(t) pulse.

(4) if £ pi(t) (£ps(t)) occurs on a particular T interval in a particular data

signature then =+ p3(?) (£p1(¢)) cannot occur on the same interval in any other
data signature.

Since the possibilities for the pulse occurring on a particular interval depend only
on the pulse occurring on the previous interval, this signal can be described by a Markov

chain and can be easily simulated in software. Each data signature can be generated
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p(t) p2(t)
11 17

—-1"

Fig. 4.5 Basic pulses comprising the nominal data signatures.

as a sequence of integers from the set {+1,+2,43}, indicating the sequence of pulses
that form the waveform on the observation interval. The number of pulses depends on
the number of T intervals, in whole or in part, contained in the observation interval.
Each integer indicates the pulse and polarity that describe the data signature on one
T interval. This type of approach can be applied to any CPM signal, and was exactly
the technique used in [5]. The number and shape of the pulses {p;(t)} that can occur
for a specific CPM signal varies with the choice of g(#) in (4.1.2).

To calculate the inner products, an observation interval of arbitrary length I was
symmetrically chosen about the center of the eye opening at ¢t = 3T. This was the
most obvious choice for the observation interval as this is where the signal contains the
information about the 41 data syrﬁbol. Therefore, it will enable the calculation of the
|  best possible error performa.nce. With this orientation of the 6bservation interval, the

data signatures for L = 3T ere exactly those superimposed'inl Fig. 4.4.
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A point of clarification is necessary with regards to the impulse response of the
AQF. Since the correlating waveform is expressed as a linear combination of specific
data signatures, it will be described on the chosen observation interval. The impulse
response however is always derived from r. () by reflecting it about the right end point
of the observation interval and time shifting it so as to be nonzero only for ¢ € [0, L].
As a result, the arbitrary interval ¢ € [0,27] chosen to transmit a +1 symbol and the

arbitrary selection of the observation interval will have no effect on the causality of the
AQF.

Since any data signature for L = 37T is comprised of a sequence of three basic pulses,
the easiest method of finding the inner product between any two data signatures is to
first calculate the inner products amongst the three basic pulses that can occur on the
same T interval. Then from the sequence of pulses that comprise the data signatures
on each T interval, add the appropriate inner products on successive T intervals to
form the entire inner product. In this way, extending the observation interval merely
requires more additions of known values. Stated explicitly, each data signature s,(t)
can be expressed as:

1+L/2

at)= Y aup(t—il) (4.2.2)

i=1-LJ2

where L is the duration of the observation interval, p,; is the basic pulse describing
s1(2) on the i** T interval ¢ € [iT,iT + T}, a;, € {1} defines the polarity of the pulse,
and L/2 refers to integer division. The inner product between 5; and 32 can therefore

be expressed as:

1+L/2
(31 ) 32) = z a),az; (-P-l.' ,1_32‘)- (4.2.3)
i=1-LJ2

Note that wk2n the duration of the observation interval L is even, the (1~ L/2)** and
(1 + L/2)* iniervals involve integrations over 1T intervals. For the basic pulses in
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Fig. 4.5 the relevant inner products for L an odd integer are:

PrsFu) = (% + %)T FoFa) = 2T (FB) = 5T "
o . (%—%)T, (4.2.4a)
and for L even are:
{P1,P1) = %(% + %)T (P1,5,) = %T
(P2.P2} = '}T (P3:P3) = %(% - %)T
(P2, Pa) = (1 "W‘/E)T fort € [(%’ - %)T, @- %)T] y
4,24
(P2,P3) = (ﬁﬂ_— 1)T forte [(1 + %)T,(g + %)T] ( )

Consider the observation interval for L = 3T specified by t € [0,37T]. In this case,
eight data signatures exist that satisfy the requirement of positive polarity for ¢ € [0, 2T
and are shown in Fig. 4.6. These data signatures form the signal set S* for nominal
duobinary MSK on this observation interval.

After calculating the inner product matrix for these data signatures from the
component inner products in (4.2.4a), the nominal AOF for L = 3T was calculated.
The correlating waveform of the AOF is shown in Fig. 4.7, and the corresponding error
curve is given in Fig. 4.8. These curves were originally given in [1]. The two cases of
L = 4T and L = 5T each involve 32 data signatures similar to those in Fig. 4.6, but
with longer duration. The AOF’s and error curves for these cases are also shown in
Fig. 4.7 and Fig. 4.8. For comparison, the error curve for MSK is included as well.

- The filters can be compared on the basis of their asymptotic degradation from the
MSK curve, given by —20log(dn:.(7:)) dB. The values are 1.15471 dB, .99923 dB, and
.961120 dB for the AOF on L = 3T, L = 4T, and L = 5T respectively. Notice that
the differential in the a.symi)totic degra.dafion for L = 3T and L = 4T is larger than

that of L = 4T and L = 51'. This differential continues to diminish as L increases so
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. Fig. 4.6 Data signatures for nominal duobinary MSK.
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that there is a point after which increasing L does not improve the error performance
appreciably. This is typical of signals involving memory.

Nominally speaking then, there is roughly a 1 dB penalty in SNR for duobinary
MSK as compared to MSK, which is of course the tradeoff for the spectrally superior
duobinary signal. Note that for the L = 3T case, the sampling point is at ¢t = 3T,
making the impulse response of the nominal AOF from equation (2.1.2) identical to
the correlating waveform in Fig. 4.7. To obtain the impulse response of the AOF for
L =4T and L = 5T, the correlating waveforms must be shifted so as to be nonzero for
t € [0,4T] and ¢ € [0, 5T) respectively.

The error curves presented in Fig. 4.8 give the best possible performance for MSK-
type detection of duobinary MSK. In practice, this performance could never be achieved
due to the many sources of distortion that inevitably occur during transmission. The
remainder of this thesis considers the presence of three such sources of distortion, and
determines their effect on the detection of the +1 symbol. In each case, a new AQF is
determined by taking into consideration the effect of the distortion. The performance
of the new AQF is calculated as well as the performance that would be achieved by the
nominal AOF’s in Fig. 4.7. These are then compared with the “ideal” performance in
Fig. 4.8. To make clear the distinction between the two filters, the nominal AOF’s in
Fig. 4.7 will be referred to as nominal fillers in the remainder of this thesis, and the
new AOF will be referred to simply as the AQF.
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CHAPTER 5

PRACTICAL APPLICATIONS OF THE AOLFP ALGORITHM

In this chapter the ability of the AOF to compensate for known signal pertur-
bations is investigated. Three different cases are studied in which the signal model
includes a specific source of distortion common in practical communication systems.
The distortion significantly increases the number of signals in each signal set and affects
the values in the inner product matrix. Due to the size of the signal sets, each solution
requires that the method discussed in Chapter 3 be employed. In addition, the size of
the signal sets requires that the process of calculating the inner product matrix in each
case be automated. As this is the case in any nontrivial application of the algorithm,
the same basic approach is taken in each signalling problem and is discussed briefly in
Section 5.1.

The specific problems considered deal independently with phase errors in carrier
recovery, adjacent channel interference from a second duobinary MSK signal, and inter-
symbol interference resulting from bandlimiting at the transmitter. Since the process
for finding the AOF is the same for both the I-channel and the Q-channel, only the

design problem for the I-channel is considered in each case.

5.1 A General Approach to Calculating the Inner Product Matrix'

In any application of the AOLFP algorithm, a signal model of the received signal
is required from which the received data signatures can be determined and the inner
product matrix calculated. In the nominal case, the signal model was quite simple as
it was assnmed that an undistorted signal was received. The number of parameters
needed to deacribe a data signature was equal to the number of symbol intervals in the
observation interval. When the signal model includes interference effects, information
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about the interference must be added, increasing the number of parameters needed to
fully describe a data signature. From the allowable values of each parameter, the size of
the signal set can be determined. In software, a data structure must be defined whose
members are these parameters, for the purpose of storing information that describes
a data signature. In addition, each data signature must be assigned a distinct index,
and some means (subroutine) for generating the appropriate set of parameters given a
specific index must be provided.

In addition to describing the daia signatures, it is also necessary to calculate the
inner product between any two data signatures given the parameters that describe
them. Typically, the inner products are calculated numerically and there are two ap-
proaches to finding the inner product matrix. The simplest way is to directly calculate
each element of the inner product matrix by evaluating numerical integrals over the
entire observation interval for every pair of data signatures. Although this method
is easily achieved in software it is inefficient. While no two data signatures have the
same description over the entire observation interval, many have identical descriptions
on various symbol intervals within the observation interval. Therefore, in the course
of numerically calculating every inner product, many integrations are cepeated. When
the signal set contains a large number of signal vectors, this approach needlessly and
severely increases the required computing time and is unacceptable in general.

A superior approach is to use the signal model to break up a general inner product
into a summation of integrations done on successive symbol intervals. These integra-
tions are referred to as component inner products. Since various data signatures have
identical descriptions oﬁ various symbol intervals, each inner product can be found
through some suitable combination of the component inner products. The required
combination can be determined from the parameters describing the two data signatures
involved. Therefore it is more gfﬁcient to numerically evaluate only the component in-

ner products and develop rules that, from the description of any two data signatures,
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combine the component inner products in an appropriate manner to form the overail
inner product.

The component inner products are the minimum number of numerical integrations
that must be evaluated to enable any inner product to be found. These integrations
can be ascertained from the signal model, as can the rules needed to combine them
into inner products. Although these two steps are conceptually quite simple, they
often require a fair amount of ingenuity and time to accomplish in software for any
reasonably complex signal model. Since practical applications typically involve very
large signal sets, the need to keep the time spent computing the inner product matrix
within reasonable limits means that this approach is essential.

To summarize, any application of the AQLFP algorithm requires five essential
steps. They are:

(1) Determine the parameters needed to describe each data signature.
(2) (a) Assign an index to each data signature and,

(b) provide some means for generating the parameter values for a given index.
(3) Calculate and store the component inner products.
(4) Develop rules to calculate overall inner products from component inner products.
(5) Calculate the inner product matrix.

This is one of the reasons duobinary MSK was repeatedly chosen as the transmitted
signal in each case studied. The software used to generate the nominal data signatures

was reused in step (2b) for each case involving interference.



5.2 Filter Design for Nonideal Carrier Recovery

The first signalling problem considered involves relaxing the previous restriction of
ideal carrier recovery at the receiver. Recall that with ideal carrier recovery cos{w i+ (;0)
is available at the receiver so that %ﬂ cos q@(t) is the input to the predetection filter in
the I channel. It is now assumed that some phase error # results from the carrier
recovery process so that the waveform used for carrier recovery is cos(wct + go + 6).
The objective is to determine whether an AQF that outperforms the iiominal filter can

be found by including the effect of ¢ in the received data signatures.

5.2.1 Signal Model and Calculation of the Inner Products

It is assumed that the transmitted signal

A cos{w t + qﬁ(t) + ¢o) (5.2.1)

reaches the receiver, accompanied by n{t) an AWGN process with two-sided power
spectral density ﬂzﬁ The distortion occurs due to the phase error in the carrier recovery,

resulting in the signal
Ac 7 . . % Ac
—2-(cos 6 cos ¢(t) + sin 8sin ¢(t)) = > r(t) (5.2.2)

appearing at the input to the predetection filter, plus some higher frequency signals
and noise. As in the nominal filter case in Chapter 4, the AOF’s are low pass type
filters which essentially filter away the high frequency components, and they need not
be considered in ﬁnding- the AOF. Hence, the AOF is found from the aata signatures
of r(?) in (5.2.2). (Since the correlatiﬁg waveform describing the AOF is normalized,
the scale factor %‘ can be neglected provided it -is included in calculating the error
performance). Note that for 8 = 0 (perfect synchronization), the orthogonality of the
I and Q channel signals cos §() and sin §() is preserved, and the AOF is the nominal

filter from Chapter 4 since r(t) = cos §(t). However, when 8 5 0 cross coupling occurs
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between the channels, destroying the orthogonality of the signals, and the AOF is no
longer identical to the nominal filier.

The effect of the phase error 8 on the pre-filter eye diagram as compared to the
nominal eye diagram is illustraied in Fig. 5.1 for § = £10°, Fig. 5.2 for § = +20° and
Fig. 5.3 for 8 = £45°. These plots indicate that both the eye opening and the eye
width decrease as || increases. Note that the two nominal data signatures that are
DC waveforms at i715 are seen to split into two DC waveforms above and below the
nominal level. As |§]| increases, the two smaller megnitude waveforms approach each
other, reaching a level of zero when || = 45°. At this point the eye closes and the
transmitted data cannot be recovered.

Recall from Chapter 4 that the time axis used to determine the inner products
is ynimportant. It is only required that the data signatures on a specific observation
interval be valid on any similar observation interval. Then the detection problem for
a +1 symbol transmitted on a particular 27 interval is identical for any other siinilar
2T interval on which a +1 symbol is transmitted. Therefore as in the nominal case it
is assumed here that a +1 symbol is transmitted on the interval ¢ € [0,2T}, and the
AOF is found from the data signatures of r(¢) on observation intervals centered at the
maximum eye opening,.

To describe the data signatures on a generic observation interval requires some
consideration of the phase-error angle . While it is theoretically possible for 8 to take
on any value from [—m, 7], the probability of large phase errors occurring is very small
for any practical synchronizer. Most phase errurs that occur will lie within certain
limits so that 8 can be viewed as a continuous random variable uniformly distributed
over soine smaller interval. Although 6 is in fact a slowly varying function of time, it
was assumed in this analysis that %% < 2y S0 thgt 0 can be treated as a constant on any
observation interval, as was done in [10]. Unfortunately, the faét that & may take on any

constant value in a gfven range presents a severe problem from the point of view of the
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AOLFP algorithm because this translates into an infinite number of data signatures for
r(t). To handle this problem, § was modelled as a discrete random variable uniformly
distributed over the range # € [~Omaz,Omaz], taking on n, values equally spaced over
the entire range. The signal set was formed by repeating the data signatures that result
for a specific value of 8 a total of n, times, each group identical to the next except for
distinct values of 8. The AOF’s and resulting error performance were calculated for
steadily increasing values for n, until there was no significant change in the results.
In this way the signal set represents a generic observation interval by including many
values of §. Note that in calculating the error performance it was assumed that all
values of & were equally probable. In reali*- this is not the case since phase errors of
8 = £0,,, are less likely to 6ccur than phase errors of # = 0. Since the former degrades
the overall performance more than the latter, the error curves presented in this Section
are for a worst case situation, and better performance would be expected in practice.
In addition to the parameter §, the sin ¢(£) term in (5.2.2) must be considered
in determining each data signature. To see what happens to the Q-channel signal
sin ¢() when cos tﬁ(t) changes, consider a T interval on which cos #(t) is described by
the pulse preceeding p;(t) in Fig. 4.5. This pulse corresponds to a linear phase change
in §(t) either from —Z to T or from I to —Z. As a result, the signal sin ¢(t) can
be described by either p3(t) or —ps(t) depending on the pulse that occurred on the
preceeding T interval. Similarly, if cos qi(t) is described by p2(t) on a particular T
interval, corresponding to ¢(t) remaining constant ai either Z or -, theu sin é(t) can
be described by £p,(¢) on the same T interval. Thus in general, for each realization
of cos ¢(t) on an observation interval there are two possible realizations for sin ¢(t) on
the same observation interval. For a specific value of 8, the number of possible data
signatures for r(t) is therefore twice the number of data signatures for cos é(t)'. If this

number is n,, then the total number of data signatures in the signal set is 2n,n,. The

parameters required to describe a single data signature are: a value for 6, a sequence
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of pulses describing the cos qE(t) waveform, and a similar sequence of pulses describing
the sin §(t) waveform. Note that the cos ¢(t) waveforms are the nominal waveforms in
Chapter 4 and the sin (t) waveforms are found directly from the cos #(t) waveforms in
the manner described above. These same signal descriptions are then simply repeated
in groups, with a different value of # assigned to each group, to form the signal set.
The calculation of the inner products for the signal model just described is fairly
straightforward and can be done using the method (and software routines) from the

nominal case. Consider two data signatures

r1(t) = cos §, cos JS;(t) + sin 6; sin ¢, (¢)
. . (5.2.3)
r2(t) = cos 8z cos ¢, (1) + sin 6, sin g2 (2).

The inner products that form the matrix are of the form

(r1(2),72(t)) = cos 8 cos bz (cos ¢; (t), cos $o(t)} + cos b sin 82{cos $1(2), sin o (2))

+ sin 8 cos 8y {sin ¢, (2), cos ¢2(t)) + sin 5, sin b, (sin §, (t),sin d(2))
(5.2.4)

where the notation {ry(t),r2(t)} is equivalent to (7y,72).

The four inner product terms in (5.2.4) indicate the component inner products
needed to determine the overall inner product between two data signatures. Each of
the four inner products are identical to the inner products required in the nominal
case, with a minor adjustment to allow the pulses p,{t) and p3(?) to occur on the same
interval (this is necessary to evaluate the (cos ¢ (t), sin $2(t)) and (sin §,(t), cos $2(1))
terms). Clearly then, since 8, and 6, are constants, {r;(t), r2(t)) can easily be calculated
by finding the four compbnent inner products in (5.2.4) first, then evaluating (5.2.4)
directly.
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5.2.2 Results

The observation interval was centered at ¢t = %T and the AOF was found for

several values of 0,4, over a duration of L = 3T. A useful measure for comparing the

AOF and nominal filters for each value of 0, is the asymptotic degradation of the bit

error rate (BER) of each filter from the BER of MSK. The performance improvement

provided by each AOF over its nominal counterpart is therefore given by the difference

between the degradation of each filter from the MSK curve. These results are given

in Table 5.1 and indicate that the performance improvement afforded by the AOF as

compared to the nominal filter is negligible for fpmqer < 10°. To see if the AOF can

provide significant performance gains when severe distortion results from a large phase

error, fpmer = 10°, 20° and 30° were considered.

Omax AOF (dB) Nominal Filter (dB)
0° 1,15 115
1° 1.32 1.32
2.5° 1.57 1.59
59 2.03 2.06
10° 3.07 3.15
20° 9.32 6.11
30° 10.18 11.09

Table. 5.1 Asymptotic degradation of the AOF and nominal filter from the BER of
MSK for several values of 6,5z,

To calculate the BER of each AOF, the bandpass AWGN process n(t) at the
receiver is expressed in terms of the quadrature component processes n.(t) and n,(t)

n(t) = ne(t) cos(wet + 1) + n,(2) sin(wct + P) - {5.2.5)
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where n.(t) and n,(t) are independent baseband noise processes with power spectral
density Ng. Since the expression is valid for any value of 3 {11,pg.433] choosing 1 = o

results in the baseband Gaussian noise process ny(t) at the input to the AQF given by:

ny(t) = %(cosﬂ n.(t) —siné n,(t)) . (5.2.6)

Repeating the analysis in Section 2.2 with n(t) and r(i) replaced by ni(t) and r.(2) re-
spectively, the decision variable of the AOF when the data signature 4r;() is received

iz a Gaussian random variable with mean

p= %—C-(F.-,F,,) = % / ri(t) ro(t) dt (5.2.7)

Inba
and variance

o = %. (5.2.8)

Therefore the conditional probability of a bit error when ry(2) is received is

P, = Q{g} = Q{%;(F;,F,)}. (5.2.9)

Since each of the N data signatures are equally likely, and the received energy per bit

is By = %—t, the bit error probability becomes

P.= %f: Q{\/%Tf'ﬁ}, (5.2.10)

i=1
where
o — (F,‘,F,)
T= \/T

is indeperdent of T. With this definition, the asymptotic dugradation from the BER

(5.2.11)

of MSK in Table 5.1 is given by —20log ¥min, where ¥min = vi for ¥; any active vector.
The correlating waveforms and resulting BER. curves for 6,4, = 10°, 20°and 30° are
~-shown in Fig. 5.4 and Fig. 5.5. Note that the “idea.l”‘ curve in Fig. 5.5 is the BER
curve for the nominal filter of Chapter 4, or equivalently, the AOF for 8,0 = 0°.
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From the BER curves for 0ma; = 10° and 6, = 20° the AOF and nominal
filter performsnce are scen to be identical for all practical error rates, and show a
significant degradation from the ideal performance. The AOF for 8,0z = 20° provides
an asymptotic gain of only .29 dB over the nominal filter. For Oy4; = 30° the error
curve shows a noticeable improvement over the nominal filter with the improvement
in asymptotic performance increasing to .91 dB. Clearly though, carrier recovery with
phase errors as high as 20° could never be tolerated. Since the AOF is the best filter that
can be used in a linear receiver it can be concluded that the performance degradation
that occurs due to nonideal carrier recovery is a result of the structure of the linear
receiver. Therefore, simply optimizing the predetection filter impulse response, as has
been done here, will not provide satisfactory protection from phase errors in carrier
recovery. This explains the near equivalent perfermance of the AOF and nominal filter
for reasonable values of 84 .

Further justification for why the AOF does not provide significant performance
gains over the nominal filter is the fact that all of the active vectors of the AOF vector
have a parameter 8§ = 18,,,,. All other signal vectors are completely disregarded by
the algorithm. Therefore the AOF would only be expected to outperform the nominal
filter when 8 = +8,,4;. Since the BER curves in Fig. 5.5 were calculated by averaging
the condifional error probability of each data signature, the differences between the
two filters in terms of error performance is masked. The true behaviour of the filters
is shown in Fig. 5.6 which shows the error performance of the AOF calculated for
Omaz = 20° and the nominal filter, when  is fixed at 0°, 10° and 20°. The nominal
filter is seen to outperform the AOF when § = 0°, while the AOF provides slightly
superior performance when 8 = 20°. For the intermediate value of 8 = 10° the filter’s
perform identically. These results are more clearly seen by the asymptotic degradation
of each error curvz from the BER of MSK|, given in Table 5.2.

Since the performahce gain provided by the AOF under the best circumstances
(when 8 = 20°) amounts to only .29 dB, there appears to be little motivation for
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8 AQOF (dB) Nominal Filter (dB)
0° 1.36 1.15

+10° 3.18 3.15

+20° 0.82 6.11

Table. 5.2 Asymptotic degradation of the AOF for 8,,,: = 20° and the nominal
filter from the BER of MSK for fixed phase errors.

including the effect of phase errors in the calculation of the predetection filter. This
is further emphasized by the fact that the data signatures with a 6 parameter of 8,4,
are least likely to occur in practice.

As a final observation, note that the nominal filter from Chapter 4 provides near
optimal performance for small phase errors. When 8 € [-1°,1°], the asymptotic per-
formance of the nominal filter is degraded by only .17 dB compared to the ideal BER,
as seen ip Table 5.1. For § € [—2.5%,2.5°] this degradation increases only slightly to
.44 dB and reaches only .91 dB for @ € [—5°,5°). It can therefore be stated that the

nominal filter is robust with respect to phase errors in carrier recovery.
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5.3 Filter Design for Adjacent Channel Interference

A second source of distortion common in digital communication is adjacent chan-
nel interference (ACI). This type of interference is inherent in frequency division mul-
tiple access (FDMA) systems where the available bandwidth is divided into separate
transmission channels at different carrier frequencies. Since compact spectra enables
more efficient use of the available bandwidth, CPM signals such as MSK, TFM, and
duobinary MSK are good candidates for use in these systems. Consequently, there
has been much interest in the error performance of various CPM schemes, as well as
various filters used in MSK-type detection of these schemes, in the presence of ACI
[12}[13][14]. However, the approach has typically been to calculate the performance of
specific predetection filters, designed either on the basis of nominal received signals or
simple approximations to such filters.

Regardless of the spectral separation between adjacent carriers, some degree of
interference always exists between channels. In this section the potential for perfor-
mance gains resulting from the inclusion of ACI in the signal model is investigated
using the AOLFP algorithm. The effect of ACI, no matter how minute, is included in
the calculation of the inner product matrix, and the truly optimal filter (AOF) is then
calculated. Since ACI dominates over noise at moderate to high SNR’s, asymptotically
optimal filters would normally be of interest in cases where ACI is present, because
they are near optimal at practical SNR. Therefore, if significant gains are possible the
approach could find widespread application. | _

The problem considered here is the transmission of a duobinary MSK signal with
a second duobinary signal transmitted on the same medium in an adjacent channel
above the desired signal. The spectral separation of the two carrier frequencies AfT' is
.varied, and the AOF is calculated for each case.
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5.3.1 Signal Model and Calculation of the Inner Products

As with any application of the AOLFP algorithm, the first step is to obiain a
suitable signal model from which the information necessary to describe a single data
signature on a generic observation interval can be determined. Since nonideal carrier
recovery was studied in the previous section, it is assumed here that parfect carrier
phase recovery exists for coherent detection at the receiver. Additionally, it is assumed
that no other channel impairments exist other than AWGN.

The received signal consisting of a transmitted signal, interference signal, and noise

is expressed as:
s(t) = Ac cos(wet+@a(t)+do )+ ANVIC cos((we+Aw M +di(t—7)+do+0)+n(t) (5.3.1)

where ¢4 is the excess-phase function of the desired signal derived from the data. se-
quence that is to be recovered, Aw defines the spectral separation between the desired
and the interfering carriers, 4 is the random phase offset between the two carriers, IC
is the ratio of the received power in the interferer to the received power in the desired
signal, &.-(t — 1) is the excess-phase function of the interferer derived from some irrele-
vant data sequence whose bit intervals are offset in time by 7 from the bit intervals of
the desired data sequence, and n(t) is a bandpass AWGN process with power spectral
density ﬁzﬂ Upon multiplication by cos(w.t + qgo) and neglecting the high frequency
components that result, the signal model for the input to the I channel predetection
filter is

%5 cos $a(t) + VIC cos(Awt + gi(t — 7) + 6)] + %nc(t). (5.3.2)

The problem to be studied is the detection of 2 +1 symbol transmitted by the cos ¢a(t)
signal on a particular interval of duration 2T. The inner product matrix is calculated
from the data signatures of the expression in (5.3.2) (excluding noise) on some obser-
vation interval. The constant %‘- can be inqorpora.ted into the error performance so

that for IC =1 (equal strength carriers) the data signatures are found from

r(t) = cos gf;d(t) -+ cos a(t) cos &.-(t - 7) — sin a(t) siné;(t -T)
(5.3.3)
= rd(t) +ri(t)
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where a(t) = (Awt + 6), rg(t) represents the component of r(t) due to the desired
signal, and r;(¢) represents the component due to the interferer.

From the expression for r(t), the information needed to fully describe a data sig-
nature can be ascertained. In fact, the signal in (5.3.3) is very similar to the signal in
(5.2.2), except that the parameter 8 in (5.2.2) is replaced by the time varying function
~a(t), and the cos §;(t) and sin §;(t) signals in (5.2.2) have been time shifted by r.
These two changes, however, drastically increase the difficulty involved in calculating
the inner product matrix, in addition to increasing the size of the signal set.

As a first step toward identifying the parameters that determine ~ach data signa-
ture, consider the eye diagrams of the signals cos ¢a(t), cos ¢;(t — ) und sin cf:,-(t -7)
shown in Fig. 5.7. On any specific T interval [nT,nT + T], the cos $4(t) component of
a specific data signature is equivalent to one of the nominal data signatures from Chap-
ter 4, and can therefore be described by a sequence of basic pulses p; € {%p;, £p2,£ps}
in Fig. 4.5. However, due to the time shift 7, two such pulses are required to describe
each of cos 5;(:& —7) and sin ¢;(t — 7} on each T interval, one pulse on ¢ € [nT, (nT + 7))
and a second on ¢ € [nT 4 7,nT + T]. As a result, many more data signatures exist as
compared to the case when T = 0, which requires only a single pulse on each T interval.
Although this does not present a problem in terms of a larger signal set because of
the approach discussed in Chapter 3, many more component integrations must be cal-
culated and stored. Moreover, the rules for combining the component inner products
to form the inner product for a specific pair of data signatures becomes much more
complex. To make this step as painless as possible, it has been assumed that 7 = 0 so
that the phase transitions in the desired signal and the interferer occur simultaneously.
This simplifies the application of the algorithm by essentially eliminatiﬁg T from the
discussion. The cos $g(t) and sin &,-(t) components of each data signature can then be .
described by a single pulse for ea,ch T interval in the observation interval. Thﬁs €ases
the task of calculating the component inner products and simplifies the rules for com-

bining them into the inner product between data signatures. The assumption itself is
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Fig. 5.7 Eye diagrams of the data signature components for = .57
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valid in practice as it is reasonable in FDMA systems for the input data streams to be
clocked by a common clock (given that the data streams operate at the same rate).

Having addressed the parameter 7 in (5.3.3), the remaining parameters that de-
scribe a data signature are now considered. The cos ¢;(t) and sin $(t) components
of a data signature are each duobinary MSK signals and hence can be described by
a set of pulses generated in the same manner as the cos ¢(t) component. In addi-
tion, the two possible sin q@,—(t) components that exist for each cos 93,-(1‘) component
can be found as described in section 5.2.1. Thus the description of each data signa-
ture involves three sets of integers, each describing one of the three signal components
cos $4(t), cos i(t), and sin$;(t) on the observation interval. Since the spectral sepa-
ration Aw is a fixed parameter, only 9 remains to be considered in the description of a
data signature.

The parameter # is the random phase offsci of the interferer’s carrier waveform
with respect to the desired signal’s carrier waveform, and may therefore take on any
value between ¢ and 27. Once again this situation presents a problem for the AOLFP
algorithm as it results in an infinite number of received data signatures for any observa-
tion interv.l. Asin the previous case, this situation requires that the AOLFP algorithm
be applied to an approximzte signal set. As beiore, the.a.pproa.ch was to model 8 as
a uniformly distributed discrete random variable, taking on ng values equally spaced
from 0 to 2r. The signal set is then formed in the same manner as in section 5.2,
by repeating the set of data signatures that may occur for a specific value of 8 in n,
groups, each group corresponding to a different value for 8. A suitable value for n, was
determined by finding the AOF and corresponding BER curv'e- for successively increas-
ing values of n,. It was observed that. the difference between the results for ny = 11
and n, = 15 were insignificant, and n; = 11 was deemed to be satisfactory. 'I‘his result
agrees with a similar finding in [12]. |

To determine the number of data signatures that comprise the signal set for a

given observation interval, let n4 te the number of possible waveforms for cos ¢4(t) on
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the observation interval for a +1 symbol being transmitted. (Note that this is exactly
the number of data signatures in the signal set for the nominal filters in Chapter 4.)
Since the interferer is not restricted to traasmitting a +1 on the observation interval,
the possible cos $;(t) waveforms consist of the same waveforms as cos ¢4(t), plus the
negatives, for a total of 2ny waveforms. Since there are two sin qs,-(t) waveforms pos-
sible for every cos ¢;(t) waveform there are a total of 4ny possible waveforms for the
interferer. Thus there are 4n? received data signatures for each value of 4 and hence
4n2n, data signatures in the signal set for any observation interval.

The calculation of the inner products for these data signatures is more difficult
than the previous case due to the time varying function a(t) in (5.3.3). To find the set
of component inner products, note that the inner product for two data signatures ry(t)

and rz(t) can be expressed as:
(F1,72) = (Fay, Taa) + (Tay» Tiy ) + (Tiy s Tda) + (Firy Tin ) (5.3.4)

The first term in (5.3.4) is merely an inner product between two realizations of the
cos qﬁd(t) signal (nominal data signatures) and hence are simply elements of the inner
product matrix calculated for the nominal case. The remaining three terms involve
@ and the time varying function a(t), and therefore the component inner products
for these terms must be found numerically. To perform these integrations the time
origin was chosen (as usual) to be the beginning of a 2T interval corresponding to the
transmission of a +1 symbol by cos q@d(t), and the observation interval was centered
at t = 3T. The second and third terms in (5.3.4) involve the inner product between
a cos J’d(f) waveform (described completely by a sequence of pulses), and an interferer
defined by a velue for 8, one sequence of pulses for cos $;(t), and a second sequence
for sin $i(t). In similar fashion to the phase error case, the set of cémponent inner
products must be found for all possible combinations of pulses that can occur, and

then repeated for all possible values of #. Furthermore, due to the time varying nature
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of a(t), the component inner products differ from T interval to T interval and must
be evaluated and stored for each such interval in the observation interval. The last
term in (5.3.4) is an inner product between two interferers and hence involves four
sets of pulses and two values of 6. Here considerably more cormponent inner products
must be computed compared to the second and third terms since more combinations
of pulses exist, as well as more combinations of # values. Again, the presence of the
time varying function a(t) requires that these values be computed for all T intervals in
the observation interval. Finally, rules must be developed that, from the description of
any two data signatures, allow the overall inner product to be found by appropriately
combining specific component inner products. The reader is spared these details.

The component inner products were calculated numerically using the Romberg
integration technique. In this method, the number of subintervals in the range of inte-
gration is increased in a nonlinear fashion until the change in successive approximations
to the integral is less than some predetermined amount. For the integrations calcu-
lated here, an accuracy of 10~¢ was required, typically being achieved in less than 8
iterations, and never more than 12 iterations.

One final but important note must be made with regards to the parameter 6.
Recall that the signal set must be comprised of all possible data signatures that may
occur on a generic observation interval. In other words, the same signal set must result
regardless of a shift of 2kT" in both the observation interval and the interval assumed to
transmit a +1, for k any integer. In the two previous cases studied, there was no time
varying function similar to a(t) involved in the description of the data signatures and
as a result, the signal set could be found from the eye diagram on any arbitrary interval
on which a +1 was assumed to be transmitted. The time origin was not important as
the same signal set would be constructed if the observation interval was shifted by an
| arbitrary number of 27T intecvals to some other interval on which a +1 was transmitted.
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In the ACI case however, the time varying function a(¢) prevents this from being the

case. To see why, recall that any interferer r;(t) in (5.3.3) can be expressed as
ri(t) = cos(Awt -+ $i(2) + 6)
A A (5.3.5)
= cosa(t) cos$;(t) — sina(t) sin ¢;(t).
The waveforms cosa{t) and sina{t) are shown in Fig. 5.8 for Aw = % and § = O on

the observation interval of duration L = 37.

1 7'\
sin a(t)

=
T 2T /3:1"
cos a(t)

- L =3T -

Fig. 5.8 Tiiue varying portion of r;(t).

Since the cos ¢;(t) and sin $;(t) descriptions for each data signature are derived
from the nominal eye diagrams, the time origin has no effect on these descriptions and
they are found simply by centering an open eye diagram at ¢t = %T and constructing
all possible waveforms over the observation interval ¢ € [0,3T]. If the +1 symbol was
assumed to be transmitted on the next signalling interval ¢ € [2T,4T) in Fig. 5.8, then
the observation interval would be t € [2T,57] and the cos $;(t) and sin §;(%) corﬁponents
of the data signatures would become the possible waveforms for an open eye centered
at t = 1T, resulting in exactly the same descriptions. However, as seen in Fig. 5.9,

the cos a(t) and sin a(t) portions of the data signatures on this observation interval are
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phase shifted by 7 as compared to the observation interval in Fig. 5.8. Therefore, the
group of data signatures having € = 0 in the signal set constructed on the observation
interval in Fig. 5.8 are mapped to the group of data signatures having § = 7 in the

signal set constructed on the observation intervel in Fig. 5.9.

1-

le— 1 = 37—

Fig. 5.9 Time varying portion of ri(t) on a time shifted observation interval.

‘This situation is a direct result of the need to have a definite time origin to compute
the component inner products nunerically. Only when Aw = 7 would each interferer
" appear without a phase shift on successive observation intervals. Thus for any other
value of Aw, a specific interferer described by (5.3.5) would appear to correspond to one
value of 6 on one observation interval and another value of 8 on a different observation
interval. However, by expanding the signa.l-set to allow several values of 8, essentially
the same signa! set would be constructed on any observation interval regardless of the
choice of time origin. There always exists a one to one mapping of the data signatures
- having one value of § cn one observation interval to the data signatures having another

value of § on a second observation interval. In effect, the signal vectors in the two signal .
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sets are simply reordered and both sets describe the signal for a generic observation
intervél, as required by the AOLFP algorithm. Note that for an arbitrary value of Aw,
mappings that exactly reproduce the interferer (like Aw = % in Fig. 5.8 and Fig. 5.9)
do not always exist because only a finitz number of 6 values are considered. This
will not affect the results however, as 11 values for  were found to provide suffcient
accuracy. Increasing the number of 8 values to make the mappings more exact would

have no significant effect on the results.

5.3.2 Results

Specific values were chosen for the spectral szparation A fT, each value correspond-
ing to a specific fractional power bandwidth of duobinary MSK. Since the desired signal
and interferer have identical power spectra, the spectral separation needed for a specific
percentage of spectral overlap can be easily found from the power spectra of duobinary
MSK given in [15]. For example, from [15] 90% of the total power in the duobinary
MSK signal lies in the range f € [f, — .554/2T, f. + .554/2T]. Therefore alignment of
the 90% fractional power bandwidths of the two spectra requires AfT = .554. Simi-
larly, spectral separations equal to the 95%, 99%, 99.9%, and 99.99% fractional power
bandwidths require A fT' = .654, .862, 1.80, and 3.62 respectively. The very poor error
performance that results for A fT = .554 limits this to the minimum value considered.

The first calculations were done for an observation interval of duration L = 3T,
resulting in a signal set containing 2816 signal vectors. The correlating waveforms
describing the AOF calculated on this interval for each of the above values of AfT are
shown in Fig. 5.10. These curves illustrate clearly how the calculated AQOF approaches
the nominal filter as A fT increases, i.e, as the received signal approaches the nominal
signal. _

Since the baseband noise process n.(t) at the input to the predetection filter has

a power spectral density of Ny, the error probability is given by equation (5.2.10).
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In this case however, the factor F; represents the received energy in only the desired
duobinary MSK signal during one bit interval. The performance of each AOF and the
performance that would be achieved by the nominal filter is given in Fig. 5.11. By
comparing these results it is evident that a significant improvement in performance is
possible when the effect of ACI is included in the calculation of the AOF. The largest
performance gains result for smaller values of A fT where the distortion due to ACI is
greatest.

To see what gains are possible at practical SNR's, consider the curves in Fig. 5.11
for AfT = .654. At a BER of 1075, the AOF requires a SNR that is 3.6 dB below
that required by the nominal filter, a significant improvement in performance. This
improvement increases as SNR increases, reaching 4.6 dB in the asymptotic limit of
infinitely large SNR. For the larger spectral separation of AfT = .862 and an error
probability of 107%, the AOF is seen to provide a gain of 1.5 dB over the nominal
filter. This increases to 2.4 dB asymptotically. Thus, even for a fairly large spectral
separation, in this case equal to the 99% fractional power bandwidth of MSK, significant
performance gains are possible when the effect of the ACI is included in the calculation
of the AOF. These gains are also possible when the spectral separation is increased,
further diminishing the amount of distortion due to ACIL. For example, with AfT" = 3.62
the calculated AQF still provides an asymptotic gain of .3 dB over the nominal filter.
This fact is further illustrated by comparing the error curves for the AOF calculated
for AfT = 1.8 and the nominal filter for AfT = 2.62. Although the nominal filter
sees a signal suffering a smaller degree of distortion, the AOLFP algorithm is able to
exploit the information about the ACI present when AfT = 1.8 and calculate an AOF
that provides virtually equivalent performance, despite a larger level of distortion. This
is demonstrated by the slightly smallef degradation from the ideal curve for the AOF
for AfT = 1.8 as compared to the degradation of the nominal filter for AfT' = 3.62.
Asymptotically, the calculated AOF results in a.2dB improvement over the nominal

-81-



'OV PUD {¢ = ] 10} Ja{l} JoUrLIOU PUD S, 40V BU} 4O ¥3g LG “Bid

(ap) oN/4g3 . ‘
gl ol ¥l Zl Ol 8 9 14 Z O
| } " I 1 ] N 1 " | 4 1 L 1 M 1 " | O—.
—ll
. Ol
(Y
\]
- N o
\ 3 I¥3di
\ \ o
N _I9°E = LIV IVRIRON 0L
\ 08°T = LIV 40V
/ . 798°0 = 1)V 1YNINON , 0L
N / / " T %@0=10v 3o
< < n #6970 = L)V TYNINON 0L
\ N N "7 ys9°0 = 1iV 30V
S > Y ¥55°0 = L)V TYNINON Ol
. ./ N /
N . ¥55°0 = LUV 40V
f/ ./ // / OIO_‘
‘e // —X Lol
NN \ //
. N
JII /' ~ / hloﬁ.
/ /;/ / O—.
JIII /a/ /Il o=
T~ - N~ ///
/ ..I.f 4.../ ~ N nIOF
e T T~ N ol
./ _ A...l/; oy ,
.I/ - lﬂaf“ b~ ) .
—~ . Ol
== _
—_— L0l

0L

°d



filter, despite the smaller spectral separation. While these smaller gains would not likely
be pursued in practice, the results clearly indicate that gains are possible through the
use of the AOLFP algorithm and the method for applying it discussed in Chapter 3.

Similar calculations were made for observation intervals of duration L = 4T and
L = 5T, The signal sets that result in these cases are quite large, consisting of 45,056
signal vectors. Note that had the assumption that 7 = 0 not been made, enormous
signal sets would result. Although the method of Chapter 3 provides the means for
finding the AOF in this case, the required computing time would be far too extreme
for the purpose of this study.

The correlating waveforms describing the AOF for AfT = .554, .654, and .862 are
shown for L = 4T and L = 5T in Fig. 5.12 and Fig. 5.13 respectively. The performance
of the calculated AOF’s and the nominal filters on these observation intervals are given
in Fig. 5.14 and Fig. 5.15. These results indicate that the performance improvement
provided by the calculated AOY over the nominal filter decreases as the observation
interval becomes longer. For example, for AfT = .654 and a BER of 10~® the AOF
of duration 47 provides a .8 dB improvement over the nominal filter while the AOF of
duration 5T provides an improvement of .4 dB. This trend is reflected in the asymptotic
gains as well, decreasing from 4.6 dB for the AOF of duration 37T to 1.9 dB and 1.1 dB
for the AOF’s having duration 4T and 5T respectively. This behaviour is also reflected
in the curves for other values of AfT in Fig. 5.14 and Fig. 5.15. These results suggest
that for duobinary MSK and perhaps other signals as well, filter design based only on
nominal signals may be acceptable when ACI is present, provided the impulse response
duration exceeds 5T. If however it is desireable to have a short duration impulse
response, it is definitely advantageous to apply the extended AOLFP algorithm to a
more accurate signal model. - |

One can also see from Fig. 5.14 and Fig. 5.15 that the incremental perfbrmance

improvement between AOF’s calculated on various observation intervals decresses as
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longer observation intervals are chosen. This is seen for example by the AQF for
AfT = .862. Increasing the observation interval duration from 3T to 4T resultsin a
.61 dB performance gain asymptotically, while increasing the observation interval from
4T to 5T results in only a .28 dB gain. This was the case for the nominal signals in
Chapter 4 and is always the case, regardless of the complexity of the signal model.

One final fact to note is that the correlating waveforms for A fT' = .554, .654, and
.862 do not tend to zero at the edges of the observation interval. This indicates that
further gains are possible if the observation interval is extended. This analysis was not
done due to the already small performance gains provided for L = 5T and the large
computation time required for durations of 47' and 57. Extending the observation
interval to 6T alone would result in an enormous signal set, although it could be handled
by the extended algorithm. Consequently only observation intervals for L < 6T were
considered in this analysis, as was the case in [13]. Furthermore, the main objective of
this thesis has been to demonstrate the ability of the AOLFP algorithm to calculate
predetection filters that provide improved performance when accurate signal models
are used, which has been amply demonstrated for L = 37, L = 4T, and L = 5T.

To summarize, it has been shown that by providing the AOLFP algorithm with
accurate inner products, an AOF capable of significant performance gains over the nom-
inal filter can be calculated. In fact, for every combination of AfT and L considered,
the error curve of the AOF lies below the corresponding error curve for the nominal

filter at practical and high SNR's, indicating a performance gain of some degree.



5.4 Filter Design for a Bandlimited Signal

In the final problem studied, the transmitted duobinary MSK signal is bandlim-
ited prior to transmission over the channel. This is done in practice to reduce out of
band emissions that would interfere with the bandwidth allocated to nearby signalling
channels, for example on a microwave link. If the details of the bandpass filter acting

on the transmitted signal

s(t) = A cos(we + $(2) + Bo)

A ) A A (5.4.1)
= A, cos(wct + ¢, ) cos §(t) — sin{wt + @,) sin ¢(t)

are known, then the equivalent lowpass fltering effect on the baseband signals cos (%)
and sin @(t) can be determined. Due to the fundamental relationship between time
and frequency, the bandlimiting process results in a “spreading out” of each signal in
time, causing the effect of a single data symbol to extend beyond one symbol interval.
This additional intersymbol interference (ISI) augments the memory already inherent
in the modulation process and increases the number of data signatures that may be
received on a given observation interval. In this final section the effect of the additional
ISI is included in the calculation of the inner product matrix in the hope achieving

performance gains over the nominal filter.

5.4.1 Signal Model and Calculation of the Inner Products
Conceptually, the signalling problem under consideration can be thought of as
shown in Fig. 5.16(a) where the transmitted signal s(¢) passes through a bandpass
filter prior to being applied to the channel. The channel adds only AWGN noise to
the sigaal as in previous cases and it is assumed that ideal carrier recovery exists at
the receiver. An equivalent view of the problem is shown in Fig. 5.16.(b) where the
filtering process has been shifted to baseband so that cos $(t) and sin §(t) are filtered
| directly. Since the cos 'q‘;(t) and sin §(t) signals are filtered in exactly the same way, the |
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sin §(t) ——m
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(b)

AWGN
Channel

Fig. 5. 16 Equivalent views of the transmitter for a bandlimited signal: (a) with a

bandpass ﬁlter, and (b) with lowpass filters.
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same AQF results in both channels, therefore only the I channel is considered in the
analysis.

As in previous cases, the waveforms that can occur for the nominal signal cos ¢(t)
can be described by a sequence of integers indicating which of the three basic pulses in
Fig. 4.5 describes the waveform on successive symbol intervals. In this way, all possible
inputs to the lowpass filter H;p(w) can be expressed as

i amp'™ (t — mT), (5.4.2)

m=—0o0
where p(™ is the basic pulse occurring on the interval ¢t € [mT,mT + T] and each
am € {*1} indicates the polarity of the pulse. I y;(t) for j € {1,2,3} are the filter
responses to the basic pulses p;(t), then the output signal r(t) in Fig. 5.16(b) can be

expressed as

r(t) = i amy™(t — mT) (5.4.3)

m=-00

where y{™)(t) is the response to the basic pulse occurring in the input on the interval
t € [mT,mT + T|. With ideal carrier recovery at the receiver, r(t) is the signal,
exclusive of noise, appearing at the input to the predetection filter. Therefore the AOF
is determined from the data signatures of this signal.

As in previous cases, the time origin was chosen such that a +1 symbol was trans-
mitted on the interval ¢ € [0, 2T']. To see what information is needed to describe a single
data signature of r(), consider the case of Hp(w) = 1 for all w. In this case, the three
output pulses {y;(t)} are identical to the three pulses {p;(t)}, making r(%) equivalent
to cos §(t). As a result, describing a data signature simply requires one integer giving
the basic pulse and its pclarity for each symbol interval in the observation interval.
For any practical filter however, the three output pulses {y;(t)} have infinite duration
due to the discontinuities in the pulses {p;(t)}. As a result, an infinite number of
symbol intervals prior to the observation interval must be considered’ in calculating the

inner product matrix. Thus it appears, as in the previous cases involving interference,

—01-



that the signal set involves an infinite number of data signatures and some form of
approximation is necessary to apply the AOLFP algorithm. Fortumately, in this case
the approximation is straightforward since, for any practical filter Hy p(w), each pulse
can realistically be considered zero after some finite duration. It is therefore sufficient
to consider only a finite number of symbol intervals prior to the observation interval.
If N, is large enough that it can be assumed that
vi(t)#£0 0<t<N,T
(5.4.4)
yi(t) =0 t>NT
without affecting the inner product matrix significantly, then the number of pulses
required to describe a data signature is Ny + N,, where N; is the number of symbol
intervals in the observation interval. The signal set is therefore described by all possible
sequences of (N; + N;) pulses having positive polarity on ¢ € [T, 2T], where the pulses
belong to the set {+y;(t)}jeq1,2,5). If N1 is such that the sequence of pulses for each
data signature span the interval ¢ € [—pT, kT), then each data signature r;(t) can be
‘expressed as
ri(t) = i am..ysm)(t - mT). (5.4.5)

m=-=p

The expression in (5.4.5) constitutes the signal model for each received data signature.
The pulses {ysm)(t)} for m = —p... — 1 are transmitted prior to the +1 symbol at
t = 0 and contribute significant ISI on the observation interval. The appropriate value
of k is determined by the observation interval duration. The value of p required in each
application is found by increasing p until there is no significant change in the results
for further increases. This amounts to improving the accuracy of the approximation in
(5.4.5) with respect to the actual description in (5.4.3) until the discrepency is negligible
for finding the inner products. |

- Given the description of a data signature in (5.4.5), the inner product between any
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two data signatures ry(t) and rz(¢) can be expressed as

& k
)2 @ = D Y cmyany (Wi — mT), i (E — nT)). (5.4.6)

m=—p n=—p
The component inner products needed to calculate the inner product matrix can be
determined from the inner product term in (5.4.6). For m and n fixed, the term
represents an integration over the entire observation interval of the product of two
pulses at different (possibly) offsets from the origin. Therefore, the set of component
inner products is found by calculating this integral for the set of integrands arising
(m)

from all possible combinations of m and n and for all possible pulse shapes y;

i  and

yf: ) that can occur on the intervals [mT,mT + T) and [nT,nT + T).

Since the polarity information (ay,, and ay,, in (5.4.6)) can be considered when
the summation in (5.4.6) is taken, only integrands involving positive pulses are required
for finding the component inner products. Therefore the integrands necessary to find
the component inner products for the interval [-pT, —pT + T'] involve all combinations
of the positive pulses on this interval and all successive intervals up to and including
(AT, ¥T+T). The component inner products for the next interval [-pT" + T, —pT + 27
are found in the same way and the procedure continues for the next k4 p —1 intervals,
culminating in the component inner products for the interval [kT, kT + T']. Note that
the number of possible integrands decreases with each step, with only three possible
integrands for the component inner products on the final interval [kT, kT + T]. Having
integrated each of these integrands over the observation interval, the value of every inner
product in (5.4.6) can be calculated given the actual pulses and associated polarities
that describe any two data signaturé. This approach enables the inner product matrix

to be calculated while performing a mirimum number of numerical integrations.
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Fig. 5.17 Third order Butterworth phase characteristic.

Since the component inner products are found numerically the expressions for
%1(t), y2(t) and y;(2) are required. Therefore the responses to p;(t), p2(t) and p;(t)
must be calculated for each filter response Hy p(w) of interest. In this analysis, a third

order Butterworth frequency response was chosen so that

W

(s +we)(s? + swe +w?) ’

HLp(w) = (5.4.7)

where w, is the 3 dB cutoff frequency of the filter. The phase characteristic for the
filter is given in Fig. 5.17 and indicates that the phase is approximafely linear over the
frequency range &~ € [0, 1.5]. This property is desireable because the filter tends not to
aﬁgment the ISI it produces in the output with additional distortion due to a nonlinear
phase characteristic. As the group delay 7 of the filter is given by

T= _‘_. s | (5.4.8)



the filter will simply introduce a constant delay in the output, provided a large per-
centage of the power spectrum of the duobinary MSK input is contained in the linear
region. This constant delay is also important with respect to recovery of the 'i'lT clock
in the receiver. Since the clock is recovered from a difference of the received I and
Q channel signals, the constant delay in the signals will be reflected in the recovered
clock. It is therefore necessary to shift the observation interval used to calculate the
inner products so as to be centered at the center of the eye opening at ¢ = 3T + 7.
From Fig. 5.17, the group delay over the linear region is found to be approximately

given by
_.369
fe

Using this result and the calculated responses y;(t), y2(t) and y3(t) for a given cutoff

T

T. (5.4.9)

frequency f, the inner product matrix can be calculated and the AOLFP algorithm
applied.

5.4.2 Results

The AOLFP algorithm has been applied for two values of f.. The first value
considered was f. = -%i which results in 4.8% of the power in the duobinary MSK input
signal being filtered out. The eye diagram for the resulting 95.2% power bandwidth
signal is shown in Fig. 5.18, indicating the ISI that results from the bandlimiting. The
eye diagram was generated by plotting the possible data signatures for a +1 or ~1
symbol occurring in the transmitted duobinary MSK signal on ¢ € {0,27]. In the
nominal case, the eye opening would be centered at ¢ = 7. In Fig. 5.18 however, the
eye opening is centered at ¢ = 2.48T which is consistent with a group delay of .987 as
predicted by equatidn (5.4.9). The data signatures themselves are simfaly summations
of shifted (and possibly inverted) versions of the responses y,(t), y2(¢) and ys(t) shown

in Fig. 5.19.
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The observation interval was centered at t = 2.48T, which is optimum for the de-
tection of the +1 symbol transmitted on [0,2T]. With a duration of L = 3T, the
observation interval is ¢t € [.98T,3.987]. From Fig. 5.19 the effective duration of the
pulses y;(t) is 5T. Therefore, pulses occurring on t € [—3T, —2T| are required to ac-
curately describe the received data signatures, requiring that p = 3 in (5.4.5). Since
the pulse occurring for ¢ € [4T, 5T does not fall in the observation interval, the proper
value for k is 3. Thus each data signature is described as a summation of seven pulses
occurring on the T intervals [-3T, —2T] to [3T,4T], resulting in a signal set of 128
signal vectors. The signal sets for L = 4T and L = 5T were found similarily.

To increase the distortion due to ISI, the cutoff frequency of the lowpass filter was
decreased to f. = -%.5- This results in 15.9% of the power in the input duobinary MSK
signal being removed. The narrower filter bandwidth increases the spreading effect
that causes the ISI, as seen by the increased duration of the responses y;(t), y2(t) and
y3(t) to 6T as shown in Fig. 5.20. The increased amount of 151 that results is evident
in the eye diagram for f, = % shown in Fig. 5.21. The eye is seen to be centered at
approximately ¢ = 3T, corresponding to a group delay of 7 = 1.5T. Although 13%
of the input signal power is outside the linear range of the filter phase characteristic,
the observed delay agrees well with the value 7 = 1.47T predicted by equation (5.4.9).
The observation intervals considered for this case were centered at ¢ = 3T and covered
durations of L = 3T, L =4T and L = 5T. For the cases of L = 3T and L = 4T, four
symbol intervals prior to ¢t = 0 were sufficient to accurately describe the resulting data
signatures. One additional symbol interval was required for the case of L = 5T

The cbrrelating waveforms for each value of f, are shown in Figs. 5.22-5.24,. Al-
though the correlating waveforms were calculatéd on time shifted observation intervals, |
this has no effect on the impulse respo.nse of the AOF which is always found by re-
flecting the correlé.ting waveform about the sampling point a.ﬁd shifting it so as to be
nonzero only on t € [0,L]. The delay involved in calculating the inner products is
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incorporated into a constant delay in the sampling instants at the receiver. Thus the
time axis on which the correlating waveform is calculated is irrelevant and the corre-
lating waveforms are plotted on the observation interval over which the nominal filter
of equal duration is found.

Upon comparison of the calculated and nominal correlating waveforms, one fact
is immediately apparent. The correlating waveforms (and therefore the impulse re-
sponses) are not symmetric about the center of the observation interval, unlike the
nominal filter which is symmetric. This result is due to the fact that the eye diagrams
in Fig. 5.18 and Fig. 5.21 are not symmetric about the center of the eye opening, a
property resulting from the filtering process.

To calculate the error performance of the AOF’s, recall from equation (5.2.9) that
for any signal r;i(t) at the input to the predetection filter, the BER is given by

P. NZ;Q{ j}_;o (F,-,F,)}. (5.4.10)
To obtain a more useful expression for P,, let P’ be the average power in the signal
r(t) at the input to the multipliers in Fig. 5.16(b). The average power at the output of
the multipliers in each channel is ﬁ:;i and hence the average power in the transmitted
signal is A2P’. Since the channel is assumed ideal, this is also the average power in the
received signal, making the average received energy in one bit time Ej, = A2P'T. Thus
in general, the BER is given by

P, N,Z;Q{\/;;: r:}%‘)}. (5.4.11)

In the context of the bandlimiting problem, the problems Qtudied in Section 5.2
and Section 5.3 correspond to a filter response Hpp(w) = 1 for all w, so that P' is
the average power in the cos §(t) signal. Recall from the Markov nature of ‘duobinary
MSK that cos $(t) ma} be described on two successive T' intervals by two pulses p;
and p; ‘where, if pi € {£p1,+p2} then p_," € {tps,+ps}. This pattern repeats on
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successive pairs of T intervals so that the possible behaviour of the signal over any two
T intervals is given by the eight pairs of pulses {p1,p2}, {p1,03}, {p2, 92}, {P2, 3}, plus
the negatives of these pairs. The average power can therefore be found by calculating
the average power for these pairs of pulses. The result is P = % for the nominal
signal cos @() so that Ey = 45T and (5.4.11) reduces to (5.2.10) when Hyp(w) = 1.
When Hpp(w) # 1, P’ can be found by substituting the output pulses y; in place
of the pulses p;, and calculating the average energy over any 2T interval numerically.
Naturally, to obtain an accurate calculation of P’ it is necessary, as with the integrations
for the component inner products, to consider pulses on several T intervals prior to the
integration interval. The result for fo = <32 is P' = .476, while P' = .4205 results
for f. = ‘3. Using these values, the BER for the AOF’s in Figs. 5.22-5.24 have been
calculated and are given in Figs, 5.25-5.27. To see if the inclusion of ISI in the inner
products provides improved performance, the Figures include the BER that results
when each bandlimited signal is detected by the nominal filter. The “ideal” curve is

the BER that results when the nominal signal is detected by the nominal filter.

Consider first the results in Fig. 5.25 for the observation interval L = 3T. At
a BER of 1073, the AOF for the 95.2% power bandwidth (PBW) signal (f. = %)
provides an improvement of only .25 dB over the nominal filler. The AOF for the
84.1% PBW signal provides no improvement. As the BER decreases however, the
improvement provided by each AOF as compared to the nominal filter increases. At a
BER of 10~7 the gain provided by the AOF for the 95.2% PBW signal increases to .32
dB and reaches .74 dB in the asymptotic limit of infinitely large SNR. The AOF for the
84.1% PBW signal begins to show an improvemernt over the nominal filter at a BER of
10~7, with a .l‘dB performance gain. This gain increases to .42 dB asymptotically.

Due to the spreading effect of the signal in the time domain, it is reasonable to
expect that the performance gain provided by the AOF for a particular bandlimited .
signal would increase as the duration of the observation interval is increlased. The
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results in Fig. 5.26 for L = 47T illustrate that this is in fact correct. At a BER of 10~°
the AOF for the 95.2% PBW signal provides a .35 dB improvement over the nominal
filter, while the AOF for the 84.1% PBW signal provides a .55 dB improvement. These
performance gains increase to .88 dB and 1.12 dB respectively as SNR becomes infinitely
large, compared to the asymptotic gains of .74 dB and .42 dB provided by the AOF’s
calculated on I = 3T. Increasing the observation interval further to L = 5T shows
a continuation of the trend. At a BER of 10~ the AOF for the 95.2% PBW signal
provides a .39 dB gain over the nominal filter and the AOF for the 84.1% PBW signal
provides a gain of .78 dB. Asymptotically, the improvement of these filters increases to
.91 dB and 1.28 dB respectively, as seen in Table 5.3 which gives the degradation in
performance of each filter compared to the BER of MSK in the limit as SNR becomes
infinite.

fe=.375/T fe=.25/T
L AOF (dB) |Nominal (dB) || AOF (dB) |Nominal (dB)
3T 1.66 241 3.34 3.76
47T 1.30 2.16 2.38 3.50
5T 1.19 2.10 2.18 3.46

Table. 5.3 Asymptotic degradation of the AOF and nominal filters for bandlimited
duobinary MSK from the BER of MSK.

The mpeﬁoﬂty'of the AOF’s over the nominal filters is also illustrated by the
performance degradation of each filter as compared to the ideal curve, which is the
best possible performance attainable for duobiﬁary MSK using any filter under any
circumstance. For each bandlimited signal considered, the BER curve of the calculated -
AOF’s approach the ideal performance much more quickly than the nominal filters as L
increases. For example, for the 84.1% PBW signal é.f 2 BER of 10~8, the performance
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of both the nominal filter and AOF on L = 3T are degraded by 1.8 dB from the ideal
BER curve. When L is increased to 4T, the AOF performance degradation is reduced
to 1.0 dB, while the degradation of the nominal filter remains virtually unchanged
at 1.7 dB. A further increase to L = 5T results in reducing the degradation in the
AOF performance to .7 dB, while the degradation for the nominal filter again falls only
slightly to 1.6 dB. The same behaviour is observed for the 95.2% PBW signal, with
the AOF for L = 5T actually matching the ideal performance for BER’s down to 10~8
with negligible degradation for smaller BER’s as seen in Fig. 5.27. Thus, although the
performance of the nominal filter for L = 5T degrades from the ideal BER, it is still
possible to achieve virtually ideal performance by including the known behaviour of

the ISI in the calculation of the inner product matrix.

From the results presented in this Section it is clear that at practical error rates,
if the effect of ISI caused by a known source of bandlimiting is included in the appli-
cation of the AOLFP algorithm, some performance improvement over the more easily
calculated nominal filter can be achieved. Thus, the AOLFP algorithm is capable of
providing some measure of equalization against bandlimiting, providing the details of
the bandlimiting are sufficiently well-understood. This claim is substantiated by the
fact that the AQF performance exceeded the nominal flter performance at practical
error rates (or less) for every case studied, as was the case when ACI was the source of

the distortion.

Although the results have been calculated assuming a third order Butterworth
‘bandlimiting characteristic, the same analysis can be performed with the known ban-
dlimiting characteristics of any practical signalling channel. The problem can be viewed
as a cascade of a bandlimiting filter H(w) and an ideal AWGN channel where H{(w)
models the bandlimiting effect of the channel. In cases where the channel characteristic
is closely approximated by a third order Butterworth filter, the results in this Section
~ are diféctly applicable. |
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As a final note, although the performance improvements provided by the AOF
filters in this Section are sometimes small, the intent has been to demonstrate that the
AOLFP algorithm can use information that describes distortion in a received signal to
achieve improved error performance. Whether that performance gain is large enough to
warrant choosing the AQOF over the nominal filter in practice is not the primary issue.
In any case, the results provided in this Section can always be used as performance
benchmarks for systems involving duobinary MSK, as the error curves give the best

performance attainable with a linear receiver when the signal is bandlimited.
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CHAPTER 6

CONCLUSIONS

6.1 Summary

Since the entire thesis involves the use of the AOLFP algorithm, a thorough discus-
sion of the algorithm was given in Chapter 2. It was noted that due to the completely
general nature of the inner product matrix, the algorithm can be applied to many binary
communication signals, but is most suited to signals with the property that many distinct
waveforms may be received for a single transmitted symbol. Since various sources of in-
terference can produce this behaviour, it was suggested that improved error performance
may result when interference effects are included in the inner product matrix.

Chapter 3 discussed the advantage of using dynamic memory allocation in a software
implementation of the algorithm, and provided a solution to the quadratic programming
portion of the algorithm. The problem presented by large signal sets in terms of computing
time and memory space was also addressed. An extension to the algorithm was developed,
resulting in the memory requirements being determined by the number of active vectors of
the AOF vector, as opposed to the number of signal vectors in tue Signa.l set as is the case
with the original statement of the algorithm. This extension vastly increases the number
of signal vectors the algorithm can process.

Since the practical signalling cases studied involve MSK-type detection of duobinary
MSK, these topics were discussed in Chapter 4. Nominal results were obtained by applying
the algorithm to the signal in the absence of interference, for the purpose of judging the
results in Chapter 5. . . o |

Chapter 5 dealt with the application of the extended algorithm to practical signalling
problems and began with a genefa.l approach to applying the algorithm. In Section 5.2,

the effect of a2 random phase error in carrier recovery was included in the inner product
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matrix. The AQF and nominal filter were seen to suffer essentially equivalent performance
degradation from the ideal BER of ducbinary MSK. It was concluded that the degradation
occurs as a result of the structure of the linear receiver and can not be reduced substantially
by simply optimizing the predetection filter. In addition, the performance of the nominal
filter was found to be near optimal, indicating that the nominal filter is robust with respect
to nonideal carrier recovery.

In Section 5.3, the effect of adjacent channel interference was included in the inner
product matrix. The AOF was seen to provide significant performance gains over the
nominal filter at practical error rates for L = 3T. The perforinance gain was seen to
rapidly diminish as the observation interval was extended, suggesting that nominal filter
design with L > 5T may be acceptable in practice.

In Section 5.4, the transmitted signal was bandlimited prior to transmission, introduc-
ing intersymbo} interference at the receiver. This effect was included in the inner product
matrix. The AOF was seen to provide performance gains on the order of 1 dB over the
nominal filter.

This thesis has presented a method for greatly increasing the usefullness of the AOLFP
algorithm by allowing signal models that result in many more data signatures than was
previously possible to be considered in the process of filter design. The algorithm can now
be easily used to find the predetection filter response that provides the best attainable
performance with a linear receiver for many communication signals suffering from a known
source of distortion.

It is recognized that an AOF designed through the use of the extended AOLFP al-
gorithm may not be implemented in practice, either because the filter response can not

be eaéily realized in hardware or the improvement over the nominal filter does not justify
its implementation. However, when the AOF can be easily realized, its iniplementation
is worthwhile regardless of the magnitude of the performance improvemenﬁ. In any case,

' the algdrithm will always provide performance benchmarks that can be used to determine
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whether the effect of a specific source of distortion can be neglected when designing a

filter, and can be used to judge the performance of other filters designed through simpler
approaches.

6.2 Suggestions for Further Work

As the approach to filter design presented in this thesis can be applied to virtually
any binary communication signal, similar analysis could be performed for many other
modulation techniques, for example other CPM signals. Alternate sources of distortion
could also be considered, as well as variations in the channel characteristics such as fading.
In addition, multiple sources of interference could be considered. For example, since FDMA
systems commonly employ bandlimiting in each subchannel, determinig the AOF for the
combined effect of ACI and bandlimiting may be of interest.

The software implementation of the extended algorithm could also be improved by
allowing the value of € in Chapter 3 to vary during the determination of the initial ap-
proximate signal set. A more desireable approach would be to make npmq: the only input
parameter and have the program automatically increase the value of ¢, starting over once
the initial signal set contains nmq, signal vectors. In this way, all intermediate signal sets
are restricted to at most ng,a; vectors, and the initial signal set remains representative
of the entire signal set. The possibility of finding a suitable combination of ¢ and nyq;
through trial and error would be removed.
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APPENDIX

A COMPLETE SOFTWARE EXAMPLE
USING THE AOLFP ALGORITHM

To clarify the approach to using the AOLFP algorithm discussed in Section 5.1, and
to aid those interested in using the algorithm; the software, written in C, used to produce
the results in Section 5.4 is included here. The portion of the program that implements
the AOLFP algorithm begins with the calculation of the inner products on page 130. To
apply the software to any other signal set, two subroutines specific to the application must
be provided. First, “getlsignal”” must return a user defined data structure which contains
the appropriate parameters describing an indexed data signature. Second, “get.ip” must

return the inner product, given the data structures describing any two data signatures.
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/* THIS PROGRAM COMPUTES THE IKKER PRODUCT MATRIX FOR DUOBINARY MSK
BANDLIMITED BY A TEIRD ORDER BUTTERWORTE FILTER PRIOR TO TRANSMISSION,
CALCULATIONS ARE DONE FOR A NORMALIZED BIT INTERVAL OF T=1,

THE AOF IS CALCULATED USINC THE EXTENDED AOLFP ALGORITHE.
‘THE DEGREE OF BANDLIMITING IS DETERMINED BY THE PARAMETER X WHICH
DETERNINES THE 3 dB CUTOFF FREQUEECY OF THE FILTER AS GIVEN BY

CUTOFF FREQ. = (K *= PI)/ (2T) x/

#include <stdio.b>

#include <math.h>

FILE *outfile;

extern double fvscallr();

extern deuble DERFC();

axtern fvsinit();

extern printf(),fprintf(),realloc(),calloc(),free();

#define K 1.6

#define delay 0.97 /* Group delay of the filter */
#define Ebt 0.9519 /* Average power after bandlimiting */
#define I 5.0 /* Observation interval duration 74
#define d 5 /* number of intervals prior to t=0 */
#define I 4 /* number of T intervals after t=0 x/
#define NUMWAVE 1024 /+ total # of data signatures */
#define NSMAX 50 /* max., size of intermediate sets ¥/
#define checklim 6i2

#define epsilon 0.0025

#d1fine runlimit i0 /* max # intermediate solutiomns =/
#detine start_vect 0 /* any integer x: 0 <= x <= N5-1 =/
#define errorlimit 1.0e~6 /# for numerical integration */
#deafine ACTIVELINM 32 /* nax # active vactors =/
#define TR_SIZE 20

#define EVEN 1

#define ODD 0

#define B 1.732050808

#define YES 1

#define N0 0

#define U 1

#define X 2

#define inner_prod(x,y} #*{datalmin(x,y)] + mag(x-(y)))
int *ISET,*ISETF,*prewave,*postwave,row_count=1,K5,feasible=N0;

double *A[ACTIVELINM] ,*data[HSMAX],dmin,dmin_im;
double *rho,*rho_im,*rvect,wm,wc,D;
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double *CIPS[f+d+1];
struct transition
1
int signal;
struct transition *ptr0;
struct transition »ptri;

} ET[41,0T[4];

int intpow{x,y)
int x,y;
{ int i,z=1;
for(i=1; i <=y; ++i)
z *= X
return(z);

}

int min(x,y)
int x,y:
{ int z;
return(z = x<=y ? x:¥);

}

int mag(x)
int x;
{ int z;
return(z = x>0 ? x:-x};

}

int even_or_odd(x)
int x;
{ int z;
z=x% 2;
z = (z == 0) ? EVEX : ODD;
return(z);
}

/% FUSCTION TO FIND Dmin */
double get_dmin(x)
double x[J;
{ int i;
double min = x[0];
for(i=1; i<NS; ++i)
if(x[i] < min)
nin = x[i];
return(min);

}

double get_yi(t)
double ¢; .
{ double y1,y2,y=0.0;

/* Component inner products

iz (£>0.0) || (fabs(t) < 1.0e-8) ) ‘
{ 31 = (1-K)*exp(-west) + (K-1)*cos(wmst) + (K+1)*sin(wmst);
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¥1 /= (E*E+1);
y2 = (KeK+K-1)*coo(wmst) + (E-K+E+1)*sin{wm*t)
+ (1-K-K*K)#exp(-wc*t/2.0)*cos (Bruc*t/2.0)
+ (24K*KsK-K*K-K-1) /Brexp(~wcet/2.0)+sin(Brucst/2.0);
y2 /=D;
y=y1-52; %
if( t >=1.0 )
{t-=1.0;
y1 = =(1+K)*exp(-wcrt) + (K+1)*cos{wm*t) + (1-K)*sin(wmet);
yi /= (K*K + 1);
¥2 = (K-K*K+1)*cos(mmst) + (1-E-K*#K)*sin{wm*t)
= (1+K-K*K)*exp(~wcet/2.0)*cos (Bruc*t/2.0)
+ {2¢K*E*K+K#K-K+1)/Brexp(-uc+t/2.0)*sin(Bruc*t/2.0);

y2 /= D;
y-=(yi-y2); }
return(y*K/sqrt(2.0));

}

double get_y2(t)
double %;
{ doumble y=0.0;
if( (£>0.0) | (fabs(t) < 1.0e-8) )
{y=1.0 - exp(-we*t) ~ 2/Brexp(-wc*t/2.0)+ein(B*wc*t/2.0);
if{ t »>= 1.0 )

{t-=1.0;
y == 1-axp(-wc*t) - 2/Brexp(-wc*t/2.0)*sin(Brwckt/2.0); } }
return(y/sqxt{2.0));

}

double get_y3(t)
double +;
{ double y1,y2,y=0.0;
if( (£>0.0) || (fabs(t) < 1.06-8) )
{ y1 = —(K+1)sexp(-vc#t) + (K+i)*cos(wmet) + (1-K)*sin(wmet);
y1 /= (K*K+1); :
y2 = (K~EK*K+1)*cos{wmet) + (1-K*K-K)*sin(umst)
= (1-K*K+K)*exp(-wc*t/2.0)*cos (B*ucrt/2.0)
+ (2¢K*K+K+KeK-K+1) /Brexp(-wc*t/2.0)*ein(Brucst/2.0);
y2 /= D;
y=yl-y2}
if{ t >=1.0)
{4t -=1.0;
y1 = (1-K)*exp(-wecst) + (K-1)*cos(umet) + (1+K)+sin(wnm*t);
yi /= (K*K+1);
y2 = (KeK+E~1)*cos(umet) + (1+K-K+K)*pin(wm*t)
+ (1-K-K+K)%exp(-wc*t/2.0)%con(Bewc*t/2.0)
+ (2+K#K*K -EK+K-K-1)/Brexp(-wc*t/2.0)*ein(B*ucst/2.0);

y2 /= D;
y+= (y1 - 32); }

return(y*K/sqrt(2.0));
} .
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/* FURCTION TC EVALUATE A DATA SIGKATURE »/

double signal_val(r,t)
int x[J;
double %;
{ int i;
double sum = 0.0;
for(i=0; i<f+d+l; ++i)
switch( mag(r[il) )
{ cane 1:
i?( z[il > 0)
sum += get_yl(t-(i-d));
olna
sum -= get_yi(t-(i-d));
break;
case 2:
ig( il > 0 )
sum += get_y2(t~(i-d));
alse
aum -= get_y2(t-(i-d));
break;
case 3:
if( x[i1 > 0 )
sum += get_y3(t-(i-d)});
else
sum -= get_y3(t-(i-d));
break; }
return(sum);

}
/* FUECTION TO CALCULATE TEE COMPONENT INNER PRODUCTS #/

double integrate(signall,signal2,shifti,shift2,limi,lim2)
int signali,signal2,shifti,shift2;
double limi,lim2;
{ int i,j,n,stop=N0;
double TR[TR_SIZE][2],inc,termi,term2,t,sun;
t = limi;
Talollo]l = 0.0;
for{i=0; i<=1; ++i)
{ switch (signall)
{ cane 1:
terml = get_yl(t-shiftl)};
break;
case 2:
termi = get_y2(t-shiftl);
break;
case 3:
ternl = get_y3(t-shiftil);
break; }
swvitch (signal2)
{ case 1:
term2 = geot_yi{t-shift2);
break;
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case 23
term2 = get_y2(t—-shift2);
break;

case 3:

term2 = get_y3(t-shift2);
break; }
TR[0] (0] += texmi*term2;
t = 1lim2; }
TRLOI[O] *= (1lim2-1imi1}/2;
i= 0;
while( (!stop) &k (i<TR_SIZE) )
{ for(j=0; j<i; ++j)
TR[j100] = TREFI1];
1 = intpow(2,i+1);
inc = (1im2~1im1}/n;
TRIO1[1] = TRL0]L0]/2;
sum = 0.0;
for(j=1; j<m; j=j+2)
{t=1liml + jeine;
switch(signalt)
{ case 1:
termi = get_yil(t-shifti);
break;
case 2:
terml = get_y2(t-shiftl);
break;
casea 3:
terml = get_y3(t-shiftl);
break; }
switch(aignal?)
{ case 1:

term2 = got_yl(t-shift2);
break;

case 2:
term2 = get_y2(t-shift2);
break;

case 3:
texm? = get_y3(t-shift2);
break; }

sum += termi*term2; }

TRI0I[1] 4= inc*sum;
for(j=1; j<=i; ++j)

TR[jI[1] = (intpow(4,j)*TRCj~1] [11-TR[j-1]1[01)/(intpow(4,j)~1);
TR{i+1]1[0] = (intpow(4,i+1)+TR[i][1]1-TR[i]1T0])/(intpou{4,i+1)~1);
stop = (fabs(TR[i+1]100] ~ TR[il[0]) < exrorlimit) ? YES:NO;
it i<5 )

atop =N0;
++i; }

return{TR[i] [0]);
} .

/* FUHCTION-TO GENERATE 1 DATA SIGNATURE #/

‘getiwave(x,a)
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int x,a0;
{ int 4,j,y;
it 4i=0 )
{ y = (x < intpow(2,2+d)) ? x : x - intpow(2,f+d);
for{i=0; i<d; ++i)
alil = *(prevave + y/intpow(2,2)*d + i);
afil = (ali-11 > 0) ? 2 : -3;
for(j=i+l; j<t+d+1; ++j)
aljl = s(postwvave + ylintpouw(2,f)=f + j-i-1);
it( x >= intpow(2,f+d) )
{ for(i=0; i<d; ++i)
ali]l = -alil;
alil = (alil == 2) 7 -3 : 2; } }
elae
{ i1( x < intpow(2,1) )
{ alo] = 2;
y=x;1}
else
{ afo} = -3;
y = x - intpow(2,1); }
for{ i=0; i<f; ++i)
ali+1] = *{postwave + y*f +i); }
return;

}
/* FUNCTION TO PRINT PARAMETERS OF A DATA SIGNATURE */

printsig(index,a)
int index,a[];
{ int i;
fprints(outfile,"r¥4d =",index);
for(i=0; i<f+d+l; ++i)
fprintf{outfile," ¥24",alil);
fprintf{outtile,"\n"};
}

got_waves(num_int,start,vave)
int num_int, atart,*wave;
{ int i,j,stepvalue,num;
struct transition *step_ptr;
num = intpow(2,num_int);
for(i=0; i<num; ++i)
{ stepvalue = ((i & intpow(2,num_int-1)) == 0) 7 0:1;
if( start == EVEN ) .
step_ptr = & ET[atepvalue];
else
step_ptr = & OT[stepvalue];
#(wave + isnum_int) = step_ptr->signal;
for(j=1; j<num_int; ++j)
{ stepvalue = (( i &k intpow(2,num_ int-j-1)) == 0) ? O:1;
step_ptr = (stepvalue == 0) ? step_ptr->ptrO:step_ptr->ptri;
~ #(wave + isnum_int + j) = step_ptr—>signal; } } :
returm;

+
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/* FUNCTION TO CALCULATE THE T¥NER PRODUCT BETWEEK TWO DATA SIGNATURES »/

double get_ip(a,b)
iat B.D pbn;
{ int i,j,m,n;
double term,sum = 0.0;
for(n=-d; n<=f; ++n)
for(m=-d; m<=f; ++m)
if( m<n )
{ term = *(CIPS[m+d] + 9%(n-m) + 3%(mag(blm+d])-1)
+ mag(aln+dl)-1);
if( bim+dl*aln+d] > 0 )
sum += term;
eles
sum ~= term; }
else
{ term = *(CIPS[n+d] + 9*(m-n) + 3*(mag(aln+d]l)-1)
+ mag(blntd])-1);
if{ blntd]*aln+d] > 0 )
sum += term;
elss
sum -= term; }
return(sum);

}

4+ FUNCTION TO FIND AN IMPROVEMENT VECTOR FOR
A NON FEASIBLE RECEIVER VECTOR —- SOLVE THEOREM 1 */

double imvec(n,alpha)
int n;
double *alpha;
{ int 4i,§,k,a,b;
double factor,*q(ACTIVELIM];

/* Allocate memory for each row */
for{i=0; i<n; ++i)
if( (qli] = calloc((n+1),sizecf{double))) == NULL )
print£("N0 MEMORY FOR GAUSSIAN ELIMIEATION\n");

/* LOAD THE MATRIX AI »/
for{i=0; i<m; ++i)
{ a=0;
.while{ ISET[a] != i+1 )
+ia}
for(j=1i; j<a; ++j)
{ b=0;
while{ ISET[b] != j+1 )
++b;
*(qlil + j) = ipner_prod(a,b);
iff it=j ) :
" w(q[§] + i) = inmer_prod(a,b); } }
foxr(i=0; i<n; ++i)
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*(q[i] + n) = 1.0;

/% BEGIN GAUSSIAN ELIMIKATION */
for(i=0; i<n-1; ++i)
if( fabs{*(q[i] + 1)) > 1.0e-9 )
for(j=i+l; j<m; ++j)
{ factor = *(q[j] + i) / =(q[il + i);
for(k=1i; k<=n; ++k)
*(q[3] + x) -= *(gfi] + k) * factor; }

/% SOLVE THE ALPHA VALUES »/
for(i=n~1; i»=0; =--i)
{ if( faba(*(q[i] + 1)) < 1.0e-% )
{ i2( tabs(*(qli]l + n)) > 1.0e-9 )
fprintf(outfile,"zero row has nonzero constant\n");
else
+{alpha + i) = 0.0; }
6l.ue
{ factor = *(qf[i] + n);
for(j=n-1; j>i; --j)
factor -= *(alpha+j) * (x(q[il + j});
*(alphe + i) = factor / #(qli] + i); } }
return(i.0);
}

/* FUNCTION TO CACULATE THE ROTATION FACTOR LAMBDA =/

double rotate(n,alpha)
int n;
double *alpha;
{ int i,nev_av = =1;
double lambda=0.0,delta,check;

/* Calculate the rotation factor lambda %/
for(i=0; i<NS; ++i)
if( (ISET[i] == 0 ) & (fabs(rho[il-dmin) > 1.0e-6) )
if( rho_im[i] < dmin_im )
{ delta = (rho_im[iJ-dmin_im}/(rholi]~dmin};
if{ delta < lambda )
{ lambda = delta;
nev_av = i; } }
delta = lambda;
lambda = 1 / (i-lambda)};

/* Perfornm the rotation --- calculate r = (i1-~lambda)*r + lambda*xr’ =/
- if{ !feasible )
for(i=0; i<NS; ++i)
{ i£( ISET[il 1=0) :
rvect[i] = (1.0-lambda)#rvect[i] + *(alpha+ISET[i]l-1)*lambda;
else .

rvect[i] = (1.0-lambda) * rvectlil; }
else . :
for(i=0; i<HS; ++i)
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{ i£( ISETF[i] 1= 0 )
rvect[i]l = (1.0-lambda)*rvect[i] + #(alpha+ISETF[i]-1)slambda;
else
rvectii] = (1.0-lambda) * rvect[il; }
if( new_av == -1)
return(1.0);
else /+ ADD NEW AV AED LOOK FOR OTHERS =/
{ ISET[nev_av] = +in;
Tor(i=0; i<u5; ++i)
if( (i != new_av) && (ISET[i] == 0) &k (rho_im[i] < dmin_im) )
{ check = (rho_im[i]l-dmin_im)/(rho[i]l-dmin);
if( faba(check-delta) < 1.0e-8 )
ISET[i] = ++n; }
return(lambda); }
}

/* FUNCTIOK TO FIND AN IMPROVEMENT VECTOR FOR
A FEASIBLE RECEIVER VECTOR -- SOLVE QUADRATIC PROGRAM */

double simplex(n,alpha,beta)
int n;
double #*alpha,#*beta;
{ int i,j,k,1,enter,leave,us,stop=N0;
int bsc_pr=0,nonbac_pr=0,stdforn=YES;
double z,ratio,factor,texm,*qlACTIVELIM+1],zfix=0.0,+*top;
struct
{ int atatus;
int index;
} base[ACTIVELINMI;

/% ALLOCATE MEMORY FOR TABLEAUX =/
= 2%intpow((n+1),2);
if( (top = (double *) calloc(i,sizeof(double))) == NULL )
printf(out?ile,"K0 MEMORY FOR SIMPLEX TABLEAUX\n");

/* Set up Pointers for sach row in the Tableau */
tor(i=0; i<=n; ++i)
qli]l = ktopl[iw(2#n+2)]1;

/* Adjust z to represent the true distance from x’ */
for(i=0; i<m; ++i)
{ j=0;
while( ISET[j] != i+1 )
H+i;
zfix += »(alphati) * #(alpha+i) * inner_prod(j,j); }
for(i=1; i<n; ++i)
{ k=0;
while( ISETDK] t= i )
++k;
jfor(j:i-l-l; j<=n; -H-j)
{1=0; -
while{ ISET[2] !'= j )
++l;
zfix += 2.0 * »(alpha+i-1) # *(alpha+j=-1)
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* inner_prod(k,1); } }
/* Set up the Tableaun */

_ /* Initialize all Values to Zero »/
for(i=0; i < 2s(n+i)*(n+1); ++i)
s(top + i) = 0.0;

/% Load the -p Values and the -¢ Values »/
for(i=1; i<=n; ++i)
{ »(g[i-11) = -dmin;
k=0;
wvhile( ISETIk] != i)
++k;
tor(j=1; j<=m; ++j)
{ 1=0;
while{ ISET[1] t=j )
++1;
#(qli-1]+n+j) = ~ inner_prod(l,k); } %
for(i=n+1; i<= 2#n; ++i)
*{gfn]+i) = - dmin;
#(q[nJ+2#n+1) = 1.0;
/* Load the Identity Matrix =/
foxr(i=0; i<m; ++i)
#(qlil+i+1) = 1.0;

/* Initialize the base arxay:
all u variablee basic
all x variables nonbasic */
tor{i=0Q; i<n; ++i)
{ vase[il.status = U;
base[il.index = i; }

/* Initiate the SIMPLEX Algorithm */
atart:

/* Determine elsment to enter basis */
enter = -1;
if( stdform )
{ term = 0.0;
for(j=0; j<n; ++j)
if( (baseljl.status == U) &k ( *(qlj]1) < O
&k (fabs(*(qlj1)) > 1.0e-8) )
if( »(q[jl) < term )
{ enter = base[j].index;
term = »(qljl1); }
if( entexr == -1 )
goto optimum_found; }

/* Determine collumn of slement entering basis */
enter = ‘stdform ? ( enter+n+1) : nonbsc_pr+i;
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/% Determine the row of the slement to lsave the basis =/
leave = ~1;
/* Find the first basic x variable with a wvalid ratio =/
i=0;
while( (!stop) &k (i<n) )
{ if( (base[i].status == X) &k (fabe(*x(q[il+enter)) > 1.0e-5) )
{ ratio = *(q[il) / =(qli)+enter);
it{ (ratio > 0.0) || (fabs{ratio) < 1.0e-5) )
{ temm = ratio;

leave = i;
stop = YES; } }
++i; }
stop = NO;

/* Get ratios for other basic x variables and get min */
tor(j=i; j<n; ++j)
if( (basclj].status == X) &k (fabs{*{g[jl+enter}) > 1,0e-5) )
{ ratio = *(q[j1) / *(q[jl+enter);
it{ (ratio > 0.0) &k (ratio < temrm) )
{ term = ratio;
leave = j; } }

/* Find the row corresponding to us */

if(stdform)
us = enter - (n+i);

else
us = bsc_pr;

i=0;

while{ (basae[il.statuas != U) || (base[i].index != us) )
+4+i;

/* Check for a tis with us #*/
if( fabs(x(q[il+enter)) > 1.0e-5 )
{ ratio = *(q[il) / *(glil+enter);
if( leave != =1 )
{ if( (faba(ratio-term) < 1.0e-8) || (ratio<term) &k (ratio>0.0) )
leave = i; }
else
it({ (ratio > 0.0) || (fabs(ratio) < 1.0e-B) )
leave = i; }
if( leave == -1 )
goto optimum_found;

/* Perform the Pivoting »/
factor = *{g[leave] + enter);
for{i=0; i<= 2#n+i; ++i)
" »(qlleavel + i ) /= factor;
i=0;
while( i<=n )
- { if( i'=leave )
{ factor = *(q[i] + enter) / *(qlleavel+enter);
for{j=0; j<=2%n+1; ++j)
*(qlil+j) -= *(q[leave] + j) * factor; }
++i; J '
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/* Determine:
-~ basic and nonbasic paixrs
- if in standard form
-~ adjustments to base */
if{ stdform) /* an x enters basis %/
{ if({(bvase[leave].status == U) &k (bass[leave].index == enter-{n+i)))
stdform = YES;
else
{ stdform = NO;
bsc_pr = enter - {n+l);
nonbsc_pr = base[leave].index; }
base[leave] .status = X;
basef[leave].index = enter - (n+1); }
else /* a u enters basis */
{ if( base[leave].index == bsc_pr )
{ stdform = YES;
base[leave] .index = nombsc_pr; }
elne
{ stdform = NO;
i = nonbsc_pr;
nonbsc_pr = base[leave],index;
base[leave] .index = i; }
base[leave].status = U; }
goto start;

optimun_found:

if( stdform )
z = %{gnl);
else
{ 1=0;
while{ base[i].index != us )
++i;
factor = *(qli++]);
while( base[i].index != us )
++i;
factor *= *{q[il);
z = *(q[n]) - factor; }

/* Determine the beta values */
for(i=0; i<m; ++i)
={beta + i) = 0.0;
for(i=0; i<n; ++i)
if{ vape[i].status == X )
x(betatbase[i].index) = *(q[il):
free(top);
return(z - zfix);
}

main()
{ int post_num,pre_num;
int a,b,i,j,k,1,stop,numset,shift,CSI=YES,rerun=E0, runcount=1;
int rif(f+d+1],r2[1+d+1];
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int *signals,numrx=0,*ptr,gotgamma=¥0;
int numptre=0,load_count=1,active_count=0;
double lambda,z,distance,min_d=100.0,max_d=0.0,Eb¥o,S8R,P,nomm;
double #*alpha,*load_ptr,*bata,*gamma;
double *loader,t,inc,lowlim,upplim,term,texmi,term2,Ilo,Ihi;
struct aof
{ double coaff;
int siglf+d+1];
¥} *rx;

if( (outfile = fopen{"result data","s")) == NULL )

printf("NO DATAFILE");
fvsinit();
fprintf(outtile,"AOF RECEIVER CALCULATIORN FOR K=%.2f I=Y%.1f£T\n"“,K,I);
fprintf{ontfile,"\nparamsters :\n");
Iprinti(out!ile,“ f£=%4 d=1% Ebt = %.4f\n",?¥,d,Ebt);
fprintf(outfile," distance criterion = %f\n",epsilon);
fprintf(outfile,” errorlimit = %.le\n",srrorlimit);
fprintf(outfile," delay = %.3f T\n",delay);
fprintf{outfile,” starting vector = r¥-3d\n",start_vect);

SET UP LINKED LIST DESCRIPTIOR OF STATE TRANSITIOHS */
ET[0].signal = 1; ET[0]).ptr0 = & 0T[0]; ET[0].ptr1 = & OT[1];
ET[1]).signal = 2; ET[1].ptx0 = & OT[0]; ET[il.ptr1 = & OT{1];
ET[2].signal = -2; ET[2].ptx0 = & OT[2]; ET[2].ptx1 = & OT[3];
ET[3].signal = ~1; ET[3].ptx0 = & OT[2]; ET[3].ptri = & OT[3);
OT[0].signal = 2; OT[O].ptr0 = & ET[0); OT[0].ptrl = & ET[1];
OT[1).signal = 3; OT[i].ptr0 = & ET[2]; OT(1].ptr1 = & ET[3];
0T[2].signal = -2; OT[2].ptr0o = & ET[2]; OT[2].ptr1 = & ET[3];
CT{3].signal = -3; OT[3].ptr0 = & ET[0]; OT[3].ptrl = & ET[1];
D = pow(K,4.0) - pow(K,2.0) + 1;

wm = pi/(2); wc = Kéwnm;

GENERATE THE CONPONENT IRNER PRODUCTS =/
Ilo = 1.5 + delay - I/2;
Ihi = 1.5 + delay + I/2;
for(i=0; i<f+d+l; ++i)
{ shift = i-qd;

numset = f+d+l-i;

loader = CIPS[i] = (double*) calloc(9*numset,sizeof(double));

for(j=0; j<numset; ++j)

{ if( (double) (shift+j) < Ihi )
{ upplim = Ihi;
i£( (double) (shift+j) < Ilo )

lowlim = Ilo;
else

lowlim = (double) (shift + j);
if( §1=0 )

for(a=1; a<=3; ++a) .
for(b=1; b<=3; ++b)
*loader++ = integrate(a,b,shift,shift+j,lowlinm,upplin);
else
{ for(b=1; b<=3; ++b)
*loader++ = integrate{i,b,shift,shift,lowlim,upplim);
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*loader++ = *(CIPS{i]l + 1);
for{b=2; b<=3; ++b)
*loader++ = integrate(2,b,shift,shift,lowlim,upplim);

sloader++ = *(CIPS[i] + 2);
#loader++ = *(CIPS[i] + B);
*loader++ = integrate(3,3,shift,shift,lowlim,upplim); } }

else
for(k=0; k<9; ++k)
sloader++ = 0.0;} }

get_signals:
/* GENERATE ALL POSSIBLE SIGNALS OX THE OBSERVATIOR INTERVAL */
signals = (int *) calloc(NSMAX,sizeof({int));
if( signals == NULL )
{ fprintf({outfile,"signals returned NULL\n");
goto finish; }
pre_num = intpow(2,d);
post_num = intpow{2,%);

/% Generate Prewavess/
prewave = (int *) calloc{d*pre_num,sizeof(int));
if( di=0 )
get_waves(d,even_or_odd(d+i),prevave);

/* Generate the Postwaves */
poatwave = (int ) calloc(f*post_num,sizeocf{int));
get_waves(f ,EVEN,postwave);

/+ DETERMINE THE INITIAL APPROXIMATOR TO THE SIGNAL SET */
if( epsilon < 1.0e-7 )
{ BS = NUMWAVE;
if( NSMAX = NUMWAVE )
{ printf{"for epsilon = 0.0 NSMAX must egual NUMWAVE\n");
goto finish; }
Tor{i=0; i<NUMWAVE; ++i)
*(signala+i) = i;
gote innpred; }

§S = 1;
getivave(0,x1);
»gignals = 0;
i=1;
while( (i<NUMWAVE) && (NS<NSMAX) &k (i<checklim) )
{ getivave(i,r2);
term = get_ip(r2,r2);
if2( i%100 == 0 )
printf("checking signal %a NS = %d\n",i,NS);
ij=0;
stop = NO;
while{ (j<NS) &k (!stop) )
{ getivave(*(signals+j),rl);
termi = get_ip(ri,r2);
term2 = get_ip(ri,ri);
distance = term — 2+*terml + term2;
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min d = {distance < min_d) 7 distance : min_d;
max_d = (distance > max_d) 7 distance : max_d;
if( fabs{distance) < epsilon )
{ stop = YES;
it( term<term2 )
*«(mignals+j) = i; }
++j; }
i#( !stop )
*(signals + NS++) = i;
++i; }
if( NS > NSMAX )
{ printf("HSMAX IS TOO SMALL\n");
goto tinish; }
signals = (int *) realloc(signals,HS*sizeof(int));
fprintf{outfile,"mininum aignal separation = ¥f\n",min_d);
fprintf{outfile,"maximum signal separation = %f\n",max_d);

innprod:

if£( rerun )

{ fprintf(outfile,"\nrun #d KS = Y%d\n",runcount,Xs);
feasible = KO;
active_count = 0;
nurrx = 0;
CSI = YES;
free{rx);
Tree(ISET) ;free(rvect);
rerun = KO; }

/* CALCULATE <ri,rj> for all {i,j} »/
for(i=0; i<NS; ++i)
{ gotivave{*(aignals+i),ri);
datalil = (double*)calloc((¥S5-1i),sizeof{double));
if( data[i] == NULL )
{ fprintf(outfile,"data pointer %d returned NULL\n",i);
goto finish; }
for(i=i; j<NS; ++3j)
{ getivave(*(signals+j),r2);
inner_prod(i,j) = get_ip(r1,x2); } }

if({ start_vect > NS )
{ iprintt(ontfile."IlITIlL GUESS > NUMBER DF SIGNALS\n");
goto finish; }

aolfp:

/% BEGIN THE AOLFP ALGORITHM =/
ISET = (int*) calloc(lS,sizeof(int));
rho = (double*) calloc(NS,sizeof(double));
tho_im = (double*) calloc(NS,sizeof(double));
rvect = (double*) calloc(NS,sizeof(double));
printt("Beginning AOLFP\n");

/* Set up initial Rx vector components */

for(i=0; i<ES; ++i)
rvect[i]l 5 (i == start_vect ) 7 1.0 : 0.0;
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/+ Set up initial inner product vector --— rho = <sj,r> for all j %/
for(i=0; i<NS; ++i)
rho[i] = inner_prod(start_vect,i);

/* Initialize the ISET array */
dmin = get_dmin(rho};
for(i=0; i<¥S; ++i)
it(fabs(rholil - dmin) < 1.0e-6 )
ISET[i] = ++active_count;
elge
ISET[i] = 0;

/* Check for Imstant Solution #/

if( fabs(dmin - rholstart_vectl) < 1.0e-6 )

{ fprintf(outfile,"BEBOLD !! AN INSTANT SOLUTION\n");
fprintf(outfile,"THE AOF RECEIVER IS :\n\n");
i = start_vect;
fprintf(outfile," xid “,sqrt(1.0/imner_prod(i,i)),i);
fprintf{outfile," r¥d =",i);
gotivave(*(signala+i),r1);
Tor{j=0; j<E+d+l; ++3)

fprintf(outfile,” %d",r1[j1);

Zprintf{outfile,"\n");
goto finish; }

/% FIND A FEASIBLE RECEIVER VECTOR %/
get_tfeasible_soln:

it( feasible )
feasible = NO;

/* Get an Improvement Vector for the Nonfeasible receiver Vector */
alpha = (double*) calloc(active_count,sizeof{double));
dmin_im = imvec(active_count,alpha);

/* Calculate < 8j,r’ > for all j —— r’ an improvement vector */
for(i=0; i<NS; ++i)
rho_im[i] = 0.0;
for(k=0; k<NS; ++k)
{ if( ISETIX] == 0 )
for(i=0; i<active_count; ++i)
{ j=0;
while{ ISET[jl 1= (i+1) )
+];
rho_im[k] += *(alphati) * inner_prod(j,k); }
else
rho_im[k] = dmin_in; }

do_rotate:

/+* Rotate towards the improvement vector r? »/
lambda = rotate(active_count,alpha);
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/*

Vi)

/%

/=

/%

FL)

/=

/*

if( feasible }
free(ISETF);

Get new value of active_count =/
for(i=0; i<¥S; ++i)

active_count = ISET[i] > active_.count ? ISETL[i] : active_count;

if( active_count > ACTIVELIK )
{ printf(“¥active vectors exceeds ACTIVELIM\n");
goto finish; }

Calculate <pi,r> for all i -- r = receiver vector after rotation */

for(i=0; i<NS; ++i)
rhol[i] = (1.0-lambda) * rhol[i] + lambda * xho_im[i];

Get new dmin */
dmin = get_dmin(rho);

Check Feasibility Criterion : lambda = 1 */
if(fabs(1.0-lambda) > 1.0e-6 )
{ free(alpha);
goto get_feasible_soln; }
feasible = YES;

Check Dptimality Criterionm : r? has Positive Coefficients =/
i=0;
while( ( i<¥S ) x& ({ *(rvect+i) > 0.0 )

11 (fabs( *(xrvect+i}) < 1.0e-5)) )
++i;

if( i ==¥5)
goto solution_found;

Get an Improvement Vector for the Feasible Receiver Vector */

bata = (double *) calloc(active_count,sizeof{(double));
z = pimplex(active_count,alpha,beta);
for(i=0; i<active_count; ++i)
if( ( *(betat+i) < 0 ) &k ( fabs(*(betati)) > 1.0e-6 ) )
{ print£("simplex has produced a negative beta\n");
goto finish; }

Check Optimality Criterion : Minimum z = 0 */
it( fabs(z) < 1.0e-10)
goto solution_found;

Calculate <si,r’> for all i — r? an improvement vector »/
for(j=0; j<HS; ++j)
rho_im[j] = 0.0;
for(j=0; j<ES; ++j)
for(i=0; i<active_count; ++i)
{ *=0;
while{ ISET[X] != (i+1) )
++k; :
rtho_im[j1 += *(betati) * inner_pred{j,k): }

Determine the n&w dmin’ =/
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/*

i=0;
while{ ISET[i] == 0 )
++i;
dmin_im = rho_im[i];
for(j=i+l; j<NS; ++j)
if( (ISET(j] != 0) && (rho_im[j] < dmin_im) )
dmin_im = rho_in[j];

it( (ISETF=(int *) calloc(NS,sizeof(int))) == NULL )
{ fprint?(outfile,"ISETF returned NULL\n");
goto finish; }
for(i=0; i<NS; ++i)
*«(ISETF+i) = *(ISET+i);
for(i=0; i<active_count; ++i)
*(alpha+i) = *(betat+i);
free(beta);

Reset ISET to active vectors of both r’ and rf »/
j=0;
for{i=0; i<NS; ++i)
if( ISBT(i] 1= 0 )
{ i2( fabs(rho_im[i]~dmin_im) < 1.0e-8 )
ISET[i] = ++j;
else
ISET[Eil = 0; }
active_count = j;
goto do_rotate;

solution_found:

/*

free(rho) ;tree(rho_im);
free(alpha);

Hormalize the Receiver Vector */
z=0;
tor{i=0; i<NS; ++i)
Z += rvect[i];
ift( 2<0.0 )
{ tprintt(outfile,"NORMALYIZATION FACTOR IS NEGATIVE\n\n");
fprintf(outfile,"SUMETHING IS SERIOUSLY WRONG\n\n"); }
else '
for(i=0: i<NS; ++i)
rvect[i] /= mqrt(z);
!print!(outtila,"\nTHE OPTINUX RECEIVER VECTOR COMPONENTS ARE :\n\n");
for(i=0; i<dS; ++i)
if( fabs(rvect[il) > 1.0e-D )
{ fprintf(outfile, %102 rx¥%-3d r¥%-3d = ",rvect[il,i,i);
getivave(*(signals+i),r1);
for(j=0; j<Lf+d+1; ++j)
fprintf(outtile," %2d *,r1(j1);
fprintf(outfile,"\n"); }
fprintf{outfile,"\nACTIVE VECTOR SET :\n");
for(i=0; i<WS ; ++i)
§2( ISET[i] '=0 )
{ fprintf(outtile,"r%-3d =*,1);
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FL

/%

Ve
/*

getivavea(»(signals+i),ri);
Lor(j=0; j<f+d+i; ++j)
fprintf(outfile," %2d",r1lj1);
fprintf(outfile,*\n"); }
norm = 1.0/sqrt(z);

STORE RX »/

rx = (struct aof *) calloc(active_count,sizeof({struct act));

it ( rx=c=NULL )
{ fprintf{"rx returned NULL\n");
goto finish; }
for(i=0; i<NS; ++i)
if( fabs(rvect[i]) > 1.0e-6 )

{ (rxinumrx)->coeff = rvect[il;
getivave(*(signala+i),ri);
for(k=0; k<f+d+l; ++k)

(rx+numrx)->siglk] = xi[x];
+inumrx; }

rx = (atruct aof *) realloc(rx,numrx*sizeof(struct aof));

Calculate the AOF Impulse Responge */
fprintf(cutfile,"\nAOF Response :\n");
t = Ilo;
ine = 0.10;
while{ t <= Ihi )
{z=0.0;
for(i=0; i<numrx; ++i)
{ for(k=0; k<f+d+l; ++k)
rilk] = (rx+i)->siglkl;
z += {rx+i)->coeff * signal_val(ri,t); }
fprintf{outfile,"rx(46.3¢ T) = ¥%7.4f\n",t,2);
t +=ine; }

CALCULATE THE AOF PERFORMANCE =/

CALCULATE THE GAMMA VALUES =/
it( lgotganma )
{ gamma = (double *) calloc(NUMWAVE,sizeof({double));
gotgamma = YES; }
if( gomma == NULL )
printf("gamma pointer returned NULL\n");
for(i=0; i<NUMWAVE; ++i)
{ getivave(i,rl);
s(gaxmat+i) = 0.0;
for(j=0; j<numrx; ++j)
{ for(k=0; k<f+d+l; ++k)
r2[k] = (rx+j)->siglkl;
s(gamma+i) += (rx+j)->coeff * get_ip(ri,z2); } }
Z = *gamma; .
for(i=1; i<NUMWAVE; ++i)
it( »(gamma+i) < z )
z » s(gamma + i);
term = Ebt/z/z;

#printf(outfile,"FACTOR TO MATCE MSK = %f dB\n",10%logi0(term));
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fprintf(outfile,"\nERROR RATE PERFORMANCE :\n\n");
1printt(out£ile,“5ln (am) Pe\n");
SHR=0.0;P=0.0;
while{ SER < 19.0 )
{ Eb¥o = pow(10.0,(SNR/10.0));
for(i=0; i<NUMWAVE; ++i)
{ term = *(gomma+i)*sqrt (EbNo/Ebt);
if( term<i13.0 )
P += 0.5*fvacallr(DERFC,1,&term);
else
P +=0.0; }
P /= EUMWAVE;
fprintf(outfile,"%6.2¢ %.4e\n",SKR,P);
P = 0.0;
SHR += 1,0; }

/* TEST IF OPTIMAL FOR ENTIRE SIGHNAL SET */
if( z<norm && fabs(z-norm)>1.0e~6 k& runcount<=runlimit )
{ rerun = YES;
runcount++;
for(i=0; i<NS; ++i)
frea(datalil);
signals = (int *) realloc(signals,NSMAX+sizeof(int));
for(i=0; i<HS; ++i)
if( ISET[i]!=0 )
ISET[i] = #»(signals+i};
ptr = signals;
for{i=0; i<NS; ++i)
if( ISET[i]!=0 )
*ptr++ = ISET[il;
NS = active_count;
for(i=0; i<NUMWAVE; ++i)
i?( *(gapmat+i)<norm &k fabs(*(gamma+i)-nomm)>1.0e-6 &k NS<NSMAX)
{ ++88;
sptr++ = i; }
it( NS!=NSMAX )
signals = (int *) realloc(signals,NS*sizeof(int));
goto imnpred; }
finish:
]

}
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