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ABSTRACT

This thesis presents a comparative and experimental study of computational methods for dis-
crete optimal transport under the squared-Euclidean cost. We benchmark the exact simplex
method, the Sinkhorn algorithm, first-order and quasi-Newton dual ascent, a chi-square-regularized
primal-dual hybrid gradient (PDHG) method, and the Back-and-Forth method, across dimensions
d € {1,2,3}, a range of grid resolutions and regularization levels, and a family of distributions
varying in modality, tail thickness, skewness, and anisotropy. Solvers are assessed against three cri-
teria — stability, runtime, and accuracy — and the conclusions are validated on a colour-transfer
application. There we find that in RGB colour space the exact solver is not always preferable
to a smoother, slightly biased map, which scores better on the structure-preservation metrics of
SSIM, gradient correlation, and Laplacian sharpness. Beyond the comparison, we introduce a new
method for the outer-regularized 2-Wasserstein barycenter based on Sobolev gradient ascent on
the dual functionals combined with the Back-and-Forth c-transform, the simplest case of a broader
Back-and-Forth Flow framework.
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AUTHOR CONTRIBUTIONS

This thesis combines a review of established optimal-transport theory and algorithms with the
two original contributions described below.

1. The comparative benchmarking study of optimal-transport solvers (Sections 4.1
to 4.3 and 4.5), which is entirely my own work. It comprises:

(a) the uot-bench benchmarking framework and the solver implementations it contains;

(b) the implementation of the Back-and-Forth method for arbitrary dimension d > 1, in-
cluding the CIC and adaptive pushforward schemes (Appendices B.2 and B.3);

(c) the derivation of the discretization floor of the Monge-Ampere residual (Appendix A.4),
which is what makes the residual usable as a comparative measure of structural accuracy;

(d) the design and execution of the experiments across dimensions d € {1,2,3}, grid res-
olutions, regularization levels and distribution families, and the stability, runtime and
accuracy analysis drawn from them:;

(e) the colour-transfer study (Section 4.5), including its evaluation protocol and metric
analysis.

2. The outer-regularized Back-and-Forth method for 2-Wasserstein barycenters (Sec-
tion 4.4), the simplest case of the more general Back-and-Forth Flow (BaFFO) framework
developed jointly with Denys Ruban and Prof. Augusto Gerolin; a manuscript based on that
framework is currently under review (Zhytkevych et al., 2026). The theory presented in this
section — the duality result (Theorem 4.4.2) and the first variation of the dual functionals
(Proposition 4.4.4) — was developed jointly with Denys Ruban. The implementation of the
method for 2-Wasserstein barycenters and the numerical study reported here are my own
work. The general framework of Section 4.4.3 is likewise joint work with Denys Ruban: I
formulated the framework on a graph of measures, Ruban developed the theory for its appli-
cations to mean-field games and trajectory inference, and the implementations were carried
out together. The duality and first-variation derivations are given at a formal level; making
them rigorous is part of the ongoing collaborative work.
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NOTATION AND CONVENTIONS

The following symbols and conventions are used consistently throughout the thesis.

Definitions. The symbol := marks a definition: the object on its left is introduced by the expres-
sion on its right. A plain = states an identity between objects that are already defined.

Star convention. For every variational objective F', the starred symbol F* denotes its optimal
value (infimum or supremum); the unstarred symbol F' always denotes the objective functional
evaluated at a specific argument. For example, K(7) is the transport cost of a given plan 7, while
K*(p, v) == inf rerpu,) K() is its infimum.

Spaces and measures.
d > 1 Dimension of the ambient space R.

Q C R% Compact domain of the transport problem. Convexity of € is imposed only where explicitly
stated.

B(Q2) Borel o-algebra of .
MT(Q) Space of non-negative Borel measures on §2.
P(2) Space of Borel probability measures on 2: P(Q) := {u € MT(Q) : u(Q) = 1}.

0z, Dirac mass at zg € Q: 65,(A) = 1{zg € A} for A € B(£2). Not to be confused with the
variation dF'(p)[h] below.

Pp(R?) Wasserstein space of probability measures on R? with finite p-th moment: {u € P(R9) :
J I[P dp < oo}

i, v Source and target probability measures in P(2), respectively.
C(92) Space of real-valued continuous functions on 2.

Cy(2), Cp(Q x ) Spaces of bounded continuous real-valued functions on € and on € x §2; the cost
c lives in the latter.

£4 d-dimensional Lebesgue measure.

Transport plans, maps, and objectives.

Typ Pushforward of p under a Borel map T': Q — Q: Tiuu(A) := u(T~1(A)) for every A € B(R).
p1, p2 Coordinate projections on 2 x : p1(z,y) := z, p2(z,y) :=y.

II(p,v) Set of admissible transport plans (couplings): II(p,v) = {7 € P(Q x Q) : (p1)pgm =
ps (p2)ym = v}

X1



c(z,y) Transport cost function. The default throughout the numerical experiments is the squared
Euclidean cost c(z,y) = ||z — y||*

K(7) Kantorovich transport cost of a plan m: () := [, o c(@,y) dn(z,y).
K*(u,v) Optimal Kantorovich value: K*(u,v) = inf cpi,,) K(7).

T (1, v) Set of admissible Monge maps: {1 : @ — Q Borel : Ty = v}.
M(T) Monge transport cost of a map T: M(T) := [, c¢(z, T (x))du(x).

M*(u,v) Optimal Monge value: M*(u,v) := infrer(,,,) M(T), with the convention inf & = +oo.

v
Dual potentials and the c-transform.

p, Kantorovich dual potentials; by convention ¢ is the source-side potential and 1) the target-side
potential, both in C(9).

» @ Lifted sum: (z,y) — ¢(x)+1(y). The constraint @1 < ¢ abbreviates ¢(x)+v¢(y) < c(z,y)
for all (z,y) € Q x Q.

¢ c-transform of ¢: ¢°(y) := infeq{c(x,y) — ¢(z)}.

c-conc(2) Set of c-concave functions: {p : Q — RU {+00} : ¢ = ¢¢ for some 1 }.
D(p, 1)) Kantorovich dual objective: D(p,v) := [ o du+ [ dv.

D*(p,v) Optimal dual value: D*(u, v) := sup,gy<. D(p, ).

Entropic regularization.

€ > 0 Entropic regularization parameter. Smaller ¢ brings the regularized problem closer to the
unregularized linear program.

H(m | &) Relative entropy (Kullback—Leibler divergence) of 7 with respect to &, equal to
[ log(dmr/d¢) dm when 7 < & and +o0o otherwise.

G Gibbs kernel with density dG(z,y) := e~ ¢@¥)/¢ du(z) dv(y) against p @ v.

Ke(m) Entropic transport objective: KCo(m) := K(m) + e H(m || p @ v).

Kz(u,v) Optimal entropic value: KZ(u,v) = min ey, Ke (7).

7¢ Unique minimiser of K. over II(u,v).

D:(¢,%) Entropic dual objective (unconstrained in ¢, v); see (3.0.5) for the discrete form.
Dz Optimal entropic dual value: D := sup,, ;, De(p, ).

Wasserstein distance.

Woy(p,v) p-Wasserstein distance, p > 1: Wy (i, v) := (inf e,y [ lz — y||P dr) Y The default in
the experiments is p = 2.
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Sobolev spaces and the Back-and-Forth method.

H 1(Q) Homogeneous Sobolev space of zero-mean functions with square-integrable gradient: {i :
Jopdz =0, Vo € L*(Q)}, with inner product (1, 2) g1 == [, Vi1 - Vipa da.

H~Y(Q) Dual of H(Q).

H'(Q) Inhomogeneous Sobolev space {u € L?(Q) : Vu € L*(Q)}, with inner product (u,v) 1 :=
Jo(uv 4+ Vu - Vo) dz; used in the barycenter section.

(-,*) g1 Inner product on HY(Q): (g1, ©2) i1 = Jo Vi (x) - Vo(z) da.
(-,-)z1 Inner product on H'(Q) (used in the barycenter section): (u,v) g := [o(uv+ Vu-Vv) dz.

J(¢), 1(¢) Back-and-Forth dual functionals: J(¢) = [ edu+ [o¢¢dv; I(¥) = [ dv +
Jo ¥ dp.

dF (p)[h] Gateaux (first-variation) derivative of F' at ¢ in direction h.

Vind () H'-gradient of J: the unique Riesz representative of §.J () in H(Q); equals (—A) = (u—
(Sp)4)-

(—A)~!p Zero-mean solution of the Neumann-Poisson problem —Ag = p on €, 0,9 = 0 on 09,
Jo gdx = 0; computed spectrally via DCT at cost O(N log N), N = nd.

o Step size at iteration k of the Back-and-Forth scheme; chosen by Armijo—Goldstein line search.
smine{z;} Soft (entropic) minimum: —eln 3~ exp(—z;/e) — min; z; as € — 07.
Wasserstein barycenter and outer regularization.

~ > 0 Outer regularization parameter in the barycenter problem; distinct from the entropic pa-
rameter €.
A1, ..., An Barycenter weights: A; > 0, Zf\il A =1.
*

v*, v Wasserstein barycenter and its outer-regularized counterpart.

R(v) Entropy functional: R(v) := [, v(y)(Inv(y) — 1) dy for absolutely continuous v, 400 other-
wise.

Bar, (v; p1, ..., un) Regularized barycenter objective: Ziil N W2 (i, v) +YR(v).
Discrete setting.

n, m Numbers of support points of the discrete source and target, respectively.

X ={z;}l, V= {yj};-”:l Discrete support sets of the source and target.

a € R, be R} Probability weight vectors: a;,b; >0, >, a; = Zj bj =1.

m € Ry\™ Discrete transport matrix (plan).

C € R*™™m (Cost matrix: Cij = C(xhyj)'

xiil



K € R™™ Gibbs kernel matrix: K;; := exp(—Cj;/e).

[n] Index set {1,2,...,n}.

1,, Column vector of m ones; 17Tn denotes its transpose.

I, n x n identity matrix.

A(p) Submatrix of A formed by the columns indexed by B C N.
vec(m) Row-major vectorisation of m € R™ ™ into a vector in R"".
Operators and shorthand.

f@gFor f: X >Randg:Y — R: (f®g)(x,y) := f(z)+ g(y). Used for both continuous
potentials and their discrete counterparts.

u ® v Product measure of y and v; ® also denotes the Kronecker product when applied to matrices.

(C,m) Frobenius inner product of two matrices of the same size: (C,m) := 3, . Cjjm;;. it denotes
the corresponding Hilbert-space inner product.

T Barycentric projection of a transport plan m: Tr(z;) := a; Y ; ijy;- Used to extract a Monge-
type map from a Kantorovich plan.

T,, Displacement interpolation at level o € [0,1]: Ty (z) := (1 — a)x + oT'(z). Used in the colour-
transfer experiments.
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PART 1

INTRODUCTION AND PRELIMINARIES



Optimal transport has become a standard computational tool, but the choice of algorithm used
to compute it is rarely examined: solvers are usually adopted from a library and compared, if at
all, only against the one they were designed to replace. This chapter states the question the thesis
sets out to answer and summarizes what it contributes.

1.1 Motivation

Optimal transport (OT) is, in its Kantorovich form, an infinite-dimensional linear program
(LP) (Santambrogio, 2015). Its discretization on a grid of n points turns it into an LP with
n? variables (Peyré and Cuturi, 2019, Chapter 3), whose exact solution by simplex or interior-point
methods scales poorly and becomes impractical in higher dimensions (Altschuler et al., 2017). The
entropic regularization approach popularized by Cuturi (2013), solved by the Sinkhorn algorithm,
changed this. By turning the problem into a sequence of cheap matrix—vector products well suited
to graphics processing units (GPUs), it became the default tool across computer vision (Solomon
et al., 2015), statistics (Panaretos and Zemel, 2020), economics (Galichon, 2016) and machine
learning applications (Arjovsky et al., 2017).

The robustness of the method comes at a price: the entropic term in the objective implies a bias
that blurs the transport plan and does not vanish under grid refinement at fixed regularization.
A range of alternative methods were developed to avoid this, among them the Back-and-Forth
method of Jacobs and Léger (2020) and primal-dual splitting such as the primal-dual hybrid
gradient (PDHG) method of Ruban and Gerolin (2025). Each makes a different trade-off between
accuracy, stability and cost. Yet these solvers are rarely compared on a common footing.

Benchmarking is not new to optimal transport, but the existing studies cover a narrow slice of the
solver landscape. The closest precedent is DOTmark (Schrieber et al., 2017): a neutral collection of
two-dimensional image histograms, used to compare transportation simplex, shielding and power-
diagram methods against general-purpose LP solvers. Its conclusion is that no single method
dominates across instance types and resolutions. Only exact solvers of the linear-programming
family are considered, however, and neither entropic nor map-based methods appear. Dong et al.
(2020) go a step further and compare combinatorial solvers against matrix-scaling ones, on point
clouds, document embeddings and image pixels. The combinatorial methods come out faster at
comparable accuracy. Their instances are not grids, though, and the regularization parameter is
never varied. Their experiments are also single-threaded and run on CPU, and GPU parallelization
is not discussed. That bears directly on the conclusion: matrix-scaling methods are the ones a
GPU accelerates, whereas network-simplex-type solvers are not readily parallelized. Benchmarks
built on problems with analytically known solutions do exist, but they cover only neural solvers in
high dimension (Korotin et al., 2021).

The surveys are of little help here. They compare algorithms through complexity bounds rather
than through runtime and accuracy measured on shared instances (Peyré and Cuturi, 2019; Mérigot
and Thibert, 2021), and the most recent one is no exception (Moradi, 2025). The libraries do not
fill the gap either: the reference implementation of the field reports no performance comparison
at all, only a table of which algorithms each package provides (Flamary et al., 2021). The Back-
and-Forth method is the clearest case. The paper that introduces it (Jacobs and Léger, 2020)
validates it on examples with known solutions and dismisses the alternatives in prose, without a
single head-to-head experiment. We are not aware of a study that places exact linear programming,
entropic, dual first-order, primal-dual and map-based solvers on a common testbed. Nor of one
that varies the ambient dimension, the grid resolution, the regularization level and the distribution
family together. That is the gap this thesis addresses.



This thesis therefore asks a single question: across dimensions, grid resolutions, regularization
levels and distribution families, how do the main families of OT solvers trade accuracy against
runtime and stability, and under what conditions is the exact solver not the one to choose? This
thesis is motivated by that gap: a controlled, reproducible comparison of the main computational
approaches to OT, and, growing out of it, a new method for the regularized Wasserstein barycenter
problem.

1.2 Main contributions

This thesis makes three contributions.

The first is an open, reproducible benchmarking framework, uwot-bench, implemented in JAX
with GPU support and configuration-driven experiments!, which is the main software artifact of
this work. Two of the solvers are implemented here rather than taken from a library. The reference
implementation released with the Back-and-Forth method is two-dimensional and runs on CPU;
the one used here covers arbitrary dimension d > 1 and runs on GPU. Log-domain Sinkhorn
is implemented in the same framework, so the entropic and the map-based solvers are exercised
through one code path and one hardware setup.

The second is a systematic comparison of the principal families of OT solvers — log-domain
Sinkhorn, exact simplex, first-order and L-BFGS dual methods (Genevay et al., 2016), chi-square-
regularized PDHG (Ruban and Gerolin, 2025), and the Back-and-Forth method (Jacobs and Léger,
2020) — assessed along stability, runtime, and accuracy across dimensions d € {1, 2,3}, grid resolu-
tions, regularization levels, and a range of distribution families, and validated on a real application
(colour transfer).

The third is a new computational method for the outer-reqularized 2- Wasserstein barycenter. It
carries the Back-and-Forth scheme over from a pair of measures to N marginals, with the regular-
ization acting on the barycenter rather than on the transport plans. The method is the simplest
instance of a more general framework, Back-and-Forth Flow (BaFFO), developed with Denys Ruban
and Prof. Augusto Gerolin for transportation problems on a graph of measures (Zhytkevych et al.,
2026). Within it, the formulation on a graph of measures is my own, while the duality and first-
variation derivations are joint work with Denys Ruban and are carried out at a formal level. The
implementation and the analysis reported here are mine. The Author Contributions statement sets
out the division of work in full.

1.3 Outline of the thesis

Part 2 recalls the mathematical background on which the rest of the thesis rests: the Kantorovich
and Monge problems, Kantorovich duality and the c-transform, Brenier’s theorem, and the Wasser-
stein distances. Part 3 then derives the solvers that are compared, each from its own formulation.
It also fixes what each solver returns, a coupling or a map, which makes some later comparisons
possible and others meaningless. The numerical study follows in Part 4. It opens with the ex-
perimental protocol and the distribution families, then reports stability, runtime and accuracy on
the synthetic benchmark. Colour transfer then tests whether the ranking obtained on synthetic
instances survives on a real task. Section 4.4 introduces the outer-regularized barycenter method.
Part 5 collects the findings, the limitations, and directions for future work.

"https://github. com/AI-Quantum-Research-Group/uot-bench
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PART 2

OPTIMAL TRANSPORT



This part states the transport problem in the forms that the rest of the thesis computes. The
Kantorovich problem comes first, and its unknown is a transport plan. The Monge problem asks
instead for a map, and the dual problem for a pair of potentials. The Kantorovich problem and
its dual always have the same value. The Monge problem can have a larger one, and sometimes
no solution at all. The c-transform then cuts the dual down to a single potential. Entropic
regularization makes the problem strictly convex, which buys a unique solution and a cheap iteration
at the price of a bias. Each solver in Part 3 works on one of these objects, and that is what decides
what the solver returns and how it can be compared in Part 4.

Symbols follow the list in Notation and Conventions (p. xi): there P(2) is the set of Borel prob-
ability measures on 2, and Cy(2 x Q) the space of bounded continuous real-valued functions on
Q x Q. Let © C R? be a compact set, let u, v € P(Q), and let ¢ € Cy(2 x Q) be the cost function.

2.1 Kantorovich primal problem

Definition 2.1.1 (Pushforward (Santambrogio, 2015)). Let T : 2 — 2 be Borel measurable and
p € P(Q). The pushforward Typ € P(Q) is Tyu(A) := p(T~'(A)) for every Borel A C Q,
equivalently Tlyu = po T

The corresponding integral characterization of the pushforward is standard (Santambrogio, 2015,
Section 1.1). Specifically, T is the unique measure with

/ fd(Typ) = / foTdu for all bounded Borel f.
Q Q

Example 2.1.2 (Dirac mass). For the Dirac mass d,, defined by 0,,(A) := 1{zg € A}, the
pushforward is Tigdz, = d7(s,): all the mass at zo is moved to T'(w). Indeed

Tpdag (A) = 620 (T7H(A)) = Lo € T~ (A)} = L{T(w0) € A} = (s (A).
Since the pushforward is additive, a discrete measure = » 1" | a;0y, pushes to Typp = Y " | a;d7(s,)-

The weights stay put and only the support points move.

Definition 2.1.3 (Transport plans). A transport plan, or coupling, between p and v is a probability
measure on 2 x ) with first marginal p and second marginal v. The set of all such plans is

M(,v) = {r € P2 x Q) : (p1)ym = 1 (p2)gm = v},

where pi(x,y) := = and pe(x,y) := y are the coordinate projections.

The two constraints read m(A x Q) = p(A) and 7(Q x B) = v(B) for all Borel A, B C Q: all of p
leaves and all of v arrives. The number 7(A x B) is then the mass taken from A and delivered to
B. Unlike a map, a plan may split the mass sitting at a point between several destinations. The
set IT(u, v) is never empty, since the product measure p ® v always belongs to it.

Definition 2.1.4 (Kantorovich primal problem). The transport cost of a plan 7 € II(u, v) and its
optimal value are, respectively,

K(r) = /Q _cewdneg), Kr)= K (2.1.1)

Here the infimum defining £* in (2.1.1) is taken over the set II(y, ) of admissible transport plans,
that is, the probability measures m € P(Q x Q) whose first and second marginals are p and v,
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respectively. The existence of a minimizer (which we will call the optimal transport plan) for this
problem is guaranteed under our assumptions. We refer to Santambrogio (2015, Theorem 1.4) for
a complete proof.

Remark 2.1.5 (Probabilistic formulation (Peyré and Cuturi, 2019)). The Kantorovich problem ad-
mits a probabilistic reading. Any coupling 7 € II(u, v) is the joint law of a pair of random variables
(X,Y) taking values in ©Q x Q whose marginals are X ~ p and Y ~ v, and conversely every
such pair induces a coupling 7 = Law(X,Y’), where Law(X,Y)(A) := P((X,Y) € A) for every
Borel A C Q2 x €. Under this identification the transport cost KC(m) of (2.1.1) is the expected cost
Ex,y)~r [C(X , Y)], so the Kantorovich problem becomes the minimization of this expectation over
all admissible laws r,
X .
K (:U’? V) - ﬂ'Gll_IIgL,V) IE(X,Y)rwr [C(Xa Y)] .

2.2 Dual problem

The dual problem arises from the primal by Lagrangian duality; we give the derivation formally,
the rigorous identity being Theorem 2.2.3.2 Relax the two marginal constraints defining IT(y, v) by
introducing multipliers — the potentials ¢, 9 € C(£2) — and form the Lagrangian, for nonnegative
measures 7 > 0 on 2 x €,

L(m 1) = / () dm(z, y)

QxQ

t (/Q p(z) dﬂ(x)—/ﬂmgo(a:) dﬂ'(x,y))
+ (/Q P(y) dv(y) — ¥ (y) dﬂ'(:ﬂ,y)),

QxQ

Maximizing over ¢, enforces the marginal constraints. If (pi)gm # p, the first parenthesis is a
nonzero linear functional of ¢, so its supremum over ¢ is 400, and the second parenthesis behaves
the same way in ¢ when (p2)xm # v. If both marginals are correct, the two parentheses vanish
and L(m, p,1) = K(m). Hence the primal value is the inf-sup

K*(u,v) = inf sup L(7, ¢, 9).
= ‘p7/¢

Exchanging the order and regrouping L(m,¢,1) = [ edu+ [ dv + [, o(c — ¢ @ 1) dm, the
inner minimization is

0, @Y <ec
inf/ (c— o @) dr = Py
>0 Jaxq —00, otherwise.

If c— @1 were negative at some point, concentrating ever more mass there would drive the integral
to —oo. If it is nonnegative everywhere, the integral is nonnegative for every 7w and vanishes at
7 = 0, so the infimum is attained there. The value —oo discards exactly the pairs violating
@Y < ¢, so the surviving supremum runs over the admissible potentials and leaves the objective
fQ pdu + fQ 1 dv. This motivates the following definition.

20Only one step below is formal: the exchange of the infimum and the supremum. A minimax theorem can
justify such an exchange (Sion, 1958), but we do not verify its hypotheses here. The rigorous identity is stated in
Theorem 2.2.3, and Santambrogio (2015, Section 1.6) gives a proof.
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Definition 2.2.1 (Kantorovich dual problem). The dual objective and its optimal value (the
Kantorovich dual problem associated with (2.1.1)) are, respectively,

D(p,v) :=/Q<Pdu+/ﬂ¢dv, D*(p,v) == sup D(p,1), (2.2.1)

pdP<c
where ¢, € C(£2) and ¢ @ ¢ < c abbreviates p(z) + ¥ (y) < c¢(x,y) for all (z,y) € Q@ x Q. A pair
(¢, 1) satisfying this constraint is called admissible.

Weak duality states that the dual value can never exceed the primal one. Strong duality states
that the two values are equal.

Lemma 2.2.2 (Weak duality (Santambrogio, 2015)). For every m € Il(u,v) and every admissible
pair (¢, 9),

D(p, ) Z/Qsod/H/dev < /QXQC(%y)dW(:E,y) = K(m). (2.2.2)

Taking the supremum over admissible (p,1) and the infimum over w € Il(u,v) yields
D) < K*(ov).

Proof. The marginal conditions (p1)xm = p, (p2)xm = v give o, o(¢(x) + ¥(y))dr = [, edu +
Jo¥dv = D(p,9). Admissibility ¢ @1 < ¢ and 7 > 0 then give D(p,9) = [, (¢ ® ¢)dr <
Jaxo cdm = K(m), which is (2.2.2). The bound holds for all admissible pairs and all , so the left
side’s supremum is < the right side’s infimum. O

Theorem 2.2.3 (Kantorovich strong duality (Santambrogio, 2015, Theorem 1.39)). The pri-
mal (2.1.1) and dual (2.2.1) values coincide,

K*(u,v) = D*(p,v).

Remark 2.2.4 (Nonuniqueness of dual maximizers). Dual maximizers need not be unique. In par-
ticular, if (p*,4*) is a dual maximizing pair, then (¢p* +a,y* — a) is also dual maximizing for every
a € R. This invariance shows that dual potentials are determined only up to an additive constant.
See Santambrogio (2015, Section 1.6) for a discussion.

In linear programming, complementary slackness says that an optimal solution puts weight only
where the corresponding constraint is tight. In transport terms, the optimal transport plan lives
where the dual constraint holds with equality.

Proposition 2.2.5 (Complementary slackness (Santambrogio, 2015)). Let ©* solve the primal
problem in (2.1.1) and let (¢*,1*) solve the dual problem in (2.2.1). Then

¢*(z) +¢*(y) = ez, y) (2.2.3)

holds 7 -almost everywhere on Q x €, and consequently

spt(m*) C {(z,9) € A x Q: p*(x) +¢*(y) = c(z,9) }.

Proof. The marginal conditions and strong duality (Theorem 2.2.3) give
| = ¢t @) dn = K(r) = Dl 0) = K*(1.0) = D' () = 0.
X
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The integrand is nonnegative by admissibility, so it vanishes m*-almost everywhere, which is (2.2.3).
Since ¢, p*,¥* are continuous, the set where the equality holds is closed, and by (2.2.3) it has full
m*-measure. The support — the smallest closed set of full measure — is therefore contained in that
set. O

2.3 Monge problem

The Monge problem asks for a map instead of a plan. A map sends each point to a single destination,
so the mass sitting at a point travels together and cannot be divided. Historically this is the original
formulation of the transport problem, and the Kantorovich problem of Section 2.1 is its relaxation.
The two formulations are compared in Theorem 2.3.2 below.

Definition 2.3.1 (Monge problem). The set of admissible transport maps is
T (p,v) :={T : Q — Q Borel measurable such that Tuu =v}.

The Monge cost of a map T € T (u,v) and its optimal value are, respectively,

MT) = [ o T@) dulo). M uv)i= | inf M) (23.1)

with the convention inf & = +o00.

Remark 2.3.2. The Kantorovich formulation extends the Monge formulation by allowing mass
splitting. The Monge admissible maps form a nonconvex class and may fail to exist, whereas II(u, /)
is always nonempty. Therefore, the Kantorovich dual problem is associated with the Kantorovich
formulation, rather than a dual formulation of the Monge problem in full generality.

The dual problem in (2.2.1) is not, in general, a value-preserving dual of the Monge problem,
since K* and M* can differ. They coincide when an optimal map exists, e.g. under the hypotheses
of Theorem 2.3.4 below. In general

K*(u,v) < M*(p,v),

and the inequality can be strict. In Example 2.3.3 the optimal plan splits the mass of an atom —
a point carrying positive mass — between two destinations, which no map can do, and the two
values differ.

Example 2.3.3 (Inequality between the Kantorovich and Monge costs). Consider the cost ¢(z,y) =

|z — y|? and let

2 3 3 2
= —0_ ) = —0_ —41.
1 5 1+51, v 5 1+51

Then the only admissible map sends —1 +— 1 and 1 — —1, so that M*(u,v) = 4. However,
the transport plan m = %5(,1,,1) + %5(1,,1) + %5(171), where d(, ) is the Dirac mass at the point
(z,y) € Q x Q, is admissible and has cost 4/5. So the dual problem cannot serve as a strong dual
of the Monge problem in general:

* * 4 *
D (”7V)ZK (/,L,I/):g<4:./\/l (M)V)'

Now we explain how complementary slackness leads to a deterministic optimal coupling under
the structural assumption ¢(z,y) = h(z —y), where h € C'(R?) and strictly convex. Let (p*,1*) be
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an optimal Kantorovich pair. Proposition 2.2.5 concentrates 7* on the contact set {¢@* @ * = c}.
Fix (x,y) on the contact set; then dual feasibility gives, for every £ € Q, ¢(&,y) — ¢*(&) > ¥*(y).
Hence x is a global minimizer of the mapping & — ¢(§,y) — ¢*(€). Assuming the differentiability
of ¢*, the first-order condition is Vy*(x) = V,c(z,y) = Vh(x — y). Since h is strictly convex, Vh
is invertible, and this relation determines y uniquely from z:

y=x— (Vh)fl(Vgo*(x)) =:T"(x).

This computation is formal. The rigorous statement is Theorem 2.3.4, and the proof can be found
in Santambrogio (2015).

Theorem 2.3.4 (Existence and uniqueness of an optimal map (Santambrogio, 2015, Theo-
rem 1.17)). Let Q@ C RY be compact with L1(09) = 0, where L2 is the d-dimensional Lebesgue mea-
sure, let i be absolutely continuous with respect to Lebesque measure, and let c(x,y) = h(x—y) with
h € CY(RY) strictly convex. Then the OT plan is unique and induced by a map, T = (id, T™)up,
where id(x) := x is the identity map. Moreover, if ©* is optimal for the Kantorovich dual problem
in (2.2.1), then

T*(z) = z — (Vh) " (Vy*(z)) p-a.e. (2.3.2)

Remark 2.3.5 (Monge as a deterministic coupling). A map T € T (u,v) induces the coupling
7 = (id,T)4p, i.e. the law of (X,T(X)) with X ~ u. Note that all the mass sits on the graph
{(z,T(x)) : x € Q}, a d—dimensional set inside the product © x Q; such a set has zero 2d-volume,
so mr is singular with respect to Lebesgue measure. This is the special case of Remark 2.1.5 in
which the conditional law 7, = dp(;) is a Dirac mass, so that Y is a deterministic function of X.
The Monge problem (2.3.1) is therefore the restriction of the Kantorovich problem to deterministic
couplings.

Corollary 2.3.6 (Brenier’s theorem (Santambrogio, 2015)). Specialise Theorem 2.3.4 to the
quadratic cost c(z,y) = ||z — y||, so h(z) = §|2[|* and Vh = id. Writing u(z) := 3|z|* — ¢*(z)
for a Kantorovich potential ©*, the function u is convexr and

T*(z) = Vu(z) = 2 — Vo (x) p-a.e., (2.3.3)

and this T* is the unique solution of the Monge problem (2.3.1). Brenier’s theorem is precisely the
statement that the optimal map for the quadratic cost is the gradient of a convex function (Brenier,
1991). The unscaled squared Euclidean cost ||z — y||* has the same optimal plan and map and only
doubles the transport value.

Proposition 2.3.7 (Monge-Ampere equation). In the setting of Corollary 2.3.6, assume in ad-
dition that p and v are absolutely continuous with respect to Lebesque measure, with positive con-
tinuous densities p,, and p,, so that du(z) = p,(x)dz and dv(y) = p,(y) dy. Let T* = Vu be the
Brenier map with u convex. Then TQM = v is equivalent to the Monge—Ampére system

det(D?u(z)) py (Vu(z)) = pu(z), z € Q,
Vu(2) = Q,
the first equation holding for a.e. x € Q2.
Proof. See Santambrogio (2015, Section 1.7.6). O



Remark 2.3.8. The first equation is the change-of-variables formula for the pushforward: under the
substitution y = Vu(z) a volume element is rescaled by dy = det(D?u(x)) dz, so mass conserva-
tion p,(z)dz = pu(y) dy gives exactly p, = p,(Vu) det(D?*u). The second equation is its global
counterpart: it forces the gradient to map the source domain onto the target domain, so that Vu
reaches all of v’s mass rather than merely matching densities locally (Santambrogio, 2015).

2.4 Semi-dual formulation and c-transform

This section removes one of the two unknowns from the dual problem. For a potential ¢, its c-
transform is the largest 1 that keeps the pair (¢, 1) admissible, so the dual becomes a maximisation
over a single function. The constraint disappears in the process, since the pair (p, ¢°) is admissible
by construction. The dual-ascent solvers of Part 3 discretize this single-potential form, and the
transform itself is the basic operation inside the Back-and-Forth method (Jacobs and Léger, 2020).

Definition 2.4.1 (c-transform (Santambrogio, 2015, Definition 1.10)). The c-transform of ¢ : Q —
R U {+o0} is the function, denoted by ¢, defined by

©°(y) = xlfelé{c(a:,y) —p(z)} Yye.

Definition 2.4.2 (c-concave (Santambrogio, 2015, Definition 1.10)). A function ¢ :  — RU{+o0}
is called c-concave if there exist a function ¢ : Q@ — R U {400} such that

p=1y°.
We denote by c-conc(€2) the set of all c-concave functions on €.

The c-transform reduces the two-function dual problem (2.2.1) to a maximization over a single
potential.

Proposition 2.4.3 (Improvement and idempotence (Santambrogio, 2015)). For any ¢ one has
0% > and p°° = °, where P = ()¢ with (¢°)%(x) = infyco{ c(z,y) —¢°(y) }. Consequently,
@ s c-concave if and only if ¢ = @°°. Moreover, given any admissible pair (p,1)) for the dual
problem (2.2.1), the pair (¢, ¢°) is admissible and does not decrease the dual objective.

Proof. See Santambrogio (2015, Proposition 1.34 and Theorem 1.39) or Peyré and Cuturi (2019,
Section 3.2). O

Proposition 2.4.4 (Existence and semi-dual formulation (Santambrogio, 2015; Peyré and Cuturi,
2019)). Let Q be compact and ¢ continuous. Then the dual problem (2.2.1) admits a maximiser of
the form (v, ) with ¢ € c-conc(Y), and the Kantorovich value reduces to a mazimisation over a
single potential,

K*(u,v) = D*(u,v) =  sup (Q){/Qgpdm/ﬂgfdu}. (2.4.1)

@pEc-conc
Proof. See Santambrogio (2015, Proposition 1.11). O

Definition 2.4.5 (Kantorovich potential). A maximiser ¢ in Proposition 2.4.4 is a Kantorovich
potential for the transport from p to v (Santambrogio, 2015).
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2.5 Shannon-entropy regularization of OT

The optimal plans of the previous sections are hard to compute directly. Discretized on n points,
the Kantorovich problem is a linear program with n? unknowns. When an optimal map exists
(Theorem 2.3.4), the optimal plan 7% = (id, T*)4p is singular (Remark 2.3.5). For the quadratic
cost recovering the optimal map from a transport plan 7 amounts to solving the Monge-Ampere
equation (Proposition 2.3.7), a fully nonlinear second-order equation. Entropic regularization adds
a penalty that forbids singular plans: it replaces 7 by a nearby plan 7¢ that carries a density and
is uniquely and stably computable, with 7° returning to the optimal plan as ¢ — 0.

Definition 2.5.1 (Relative entropy). For two probability measures 7,& € P(Q x Q), the relative
entropy (Kullback—Leibler divergence) of 7 with respect to & is

H(m || §) == /QXQlog<‘cil7€r) dm

when 7 is absolutely continuous with respect to £, and +o0o otherwise (Peyré and Cuturi, 2019,
Rem. 4.2). Here dr/d¢ is the Radon—Nikodym density of 7w with respect to &.

The regularization is built from the Shannon entropy. For m with density p = dn/d¢, the
relative entropy of Definition 2.5.1 is H(7[|§) = [, o plogpdE. The integral is nonnegative by
Jensen’s inequality, and it vanishes if and only if 7 = £. It measures how far 7 is from the reference
&, growing without bound as 7 concentrates onto a £-null set (a set of £-measure zero). Penalising
by H therefore rewards spread-out plans and drives the solution away from the singular plans of
Theorem 2.3.5, which carry no density. The choice is right on three counts. The function plog p is
strictly convex, which gives a unique minimiser (Theorem 2.5.3 below). Its logarithmic structure
turns the optimality conditions into the explicit Gibbs form of Theorem 2.5.3 and the Sinkhorn
method of Section 3.2. And it carries the information-theoretic meaning of Theorem 2.5.5.

Definition 2.5.2 (Entropic optimal transport). For a regularization strength € > 0, the entropic
transport objective and its optimal value are

Ke(m) = / cdr +eH(m || p@v), Ki(p,v):= min K. (m), (2.5.1)
QxQ well(p,v)

the Kantorovich cost penalised by the relative entropy of the plan against the independent product
u®@ v (Peyré and Cuturi, 2019, Eq. 4.9).

Proposition 2.5.3 (Uniqueness and Gibbs form). For every ¢ > 0 the objective K is strictly
convex, so the problem has a unique solution w¢. It is the relative-entropy projection onto II(u, )
of the Gibbs kernel G, defined through its density against yu Q v,

dG(z,y) == e @¥)/e du(z) dv(y), ¢ = argmin H(7 || G),
well(p,v)

and admits the form dn®(z,y) = eP@HW—c@v)/e dy(x) dv(y) for potentials (¢,1)) (Peyré and
Cuturi, 2019, Eqs. 4.7, 4.11).

Proposition 2.5.4 (Limits in €). Ase — 0, KX(p,v) — K*(,v) and 7 converges to the optimal
plan of mazimal entropy; as € — oo, 7 — p @ v (Peyré and Cuturi, 2019, Prop. 4.1).
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Remark 2.5.5 (Mutual-information reading). Read 7 € II(u, v) as the joint law of (X,Y), X ~ pu,
Y ~ v (Remark 2.1.5). The product p ® v is the law of an independent pair, and the (Shannon)
mutual information of the pair (X,Y") is defined as

I(XY):=H(r|pev),

so the entropy penalty is exactly the mutual information, which measures how far the coupling
is from independence — how much knowing X constrains Y. The entropic problem is then

Ki(p,v)= min  Exy)ulce(X,Y)] +eI(X,Y).
well(p,v)

Here I(X,Y) > 0, with I(X,Y) = 0 exactly when 7 = p ® v (independence: X says nothing
about Y'). At the other extreme a deterministic coupling ¥ = T(X) is singular against u ® v,
so I(X,Y) = 400 (Definition 2.5.1). The penalty €I(X,Y) thus penalises a coupling for the
dependence it carries — infinitely so for the singular optimal plans of Remark 2.3.5 — which is
what forces 7° to spread into a density, and, as ¢ — oo, all the way to the independent product
(Proposition 2.5.4).

Proposition 2.5.6 (Entropic Kantorovich duality (Peyré and Cuturi, 2019)). Let ¢ > 0. The
entropic optimal transport problem (2.5.1) admits the dual formulation

IC;(M’ V) = sup DE(QO, 1/)),
P peC(Q)

(2.5.2)
D-(p, ) == / godu+/ Ydv — 6/ exp(—“"(x)ﬂp(g)*c(m’y)) dp(x)dv(y) + e.
Q Q Ox0

The constant € comes from the convention of Theorem 2.5.1: at any optimal pair the exponential
integrates to one, so the last two terms cancel and the supremum equals Kz (1, v) exactly. In contrast
to the unregularized dual, the hard constraint p® < c is replaced by the smooth exponential penalty,
so the entropic dual is unconstrained, and the optimal potentials are unique up to the additive shift

(0, 0) — (p+t,9 —t), t €ER.

2.6 Wasserstein distance

Fixing the cost ¢(z,y) = ||z —y||P and letting the pair (u,v) vary turns the transport value *(pu, v)
into a distance on the space of measures, making OT a tool for comparing distributions geometri-
cally rather than pointwise.

Definition 2.6.1 (p-Wasserstein distance). Let p > 1 and ¢(z,y) = ||z — y|[P. The p-Wasserstein
distance between u,v € P(Q) is

1
Wy(u,v) = ( inf / |z —yl[? dﬂ(x,y)) /p. (2.6.1)
mell(pv) Jaxa

For p = 2, W5 is also known in statistics as the Mallows distance. On compact €2 every probability
measure has finite p-th moment, so W), is defined on all of P(€2). On unbounded domains one
restricts to the finite-moment Wasserstein space

PyRY) = {n e PERY: [ ol duta) < o0},
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needed for W), < oo. The exponent p selects the geometry: larger p penalises long-distance dis-
placement more heavily. The infimum is attained and W), is finite (Santambrogio, 2015, Sec. 5.1),
so Wy(u,v) is well defined.

Proposition 2.6.2 (Metric axioms (Peyré and Cuturi, 2019, Prop. 2.3)). On a compact Q, W), is
a metric on P(Q): it is symmetric, nonnegative, vanishes if and only if p = v, and satisfies the
triangle inequality

WP(N’V) < Wp(,u, V) + Wp(Vv ’Y)'

Computing W), exactly requires solving the transport problem and is costly at scale, as quantified
in Part 3. The entropic value KCX(u,v) of (2.5.1) is cheap to compute, but it carries a systematic
offset, known in the literature as the entropic bias. The entropy penalty pulls the optimal coupling
toward the independent product, so Kf(u, ) # 0 and K} is not minimised at coinciding arguments
(Feydy et al., 2019). The Sinkhorn divergence removes this offset by subtracting the self-terms,

Sg(ﬂ’ V) = ,C;(Mv ’/) - %K:;(/j,7 M) - %’C:(Vv V)a (262)

so that Sc(p, ) = 0 by construction, which removes the bias. For the costs ¢(z,y) = ||z — y||P with
0 < p < 2, the divergence S. behaves like a distance: it is nonnegative and vanishes only when
w = v (Feydy et al., 2019).
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PART 3

COMPUTATIONAL ALGORITHMS
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This part presents the solvers that the comparison of Part 4 runs. The selection follows the
formulations of Part 2, with at least one solver for the exact problem, one for the entropic dual, and
one that produces a map. The simplex method solves the discrete problem exactly. The Sinkhorn
algorithm and dual ascent maximize the entropic dual. The Back-and-Forth method maximizes the
unregularized semi-dual and returns a map. A stochastic method closes the chapter. The material
in this part is a review and follows the sources cited with each method. The contributions of the
thesis — the implementations, the comparison built on them, and the barycenter method — are
the subject of Part 4.

The solvers operate on discretized measures, so we fix the discrete setting first. We discretize
the common domain Q2 C R? with a finite set of source nodes X = {x;}"; C Q and a finite set of
target nodes Y = {y;}7L; C 2, and approximate u,v € P(£2) by

n = Zn:ai 59[»‘1'7 V= ibj 5yj, (301)
i=1 j=1

with a;,b; > 0 and > iL a; = > 7L, b; = 1. Here n and m are finite; the discrete measures (3.0.1)
are finitely supported approximations of u,v, and all sums below are finite. Let m € Rgﬁm denote
the transport matrix representing the plan, and let C' € R™*™ be the cost matrix associated with
c e Cb(Q X Q), given by C = (Cij)ie[n],je[m} with Cij = c(xi,yj) fori e [n], j e [m]

The admissible transport matrices are the nonnegative matrices with the prescribed marginals,

H(a, b) = {71’ S Rg’im : Z?Tij =a; Vi€ [n], Zﬂ’,’j = bj Vj e [m] }, (3.0.2)
j=1 i=1

the matrix form of Theorem 2.1.3 for the measures (3.0.1). The discrete transport objective and
its optimal value are

K(m) =YY m;Cyj, K'= min K(n), (3.0.3)

=1 j=1 w€ll(a,b)

the special case of (2.1.1) for the same measures.
Similarly, the Shannon-entropy reqularized discrete optimal transport problem has objective and
value

Ke(m) := Z ijCij + 52 ij (10g Tij — 1)7 K::= min K.(m). (3.0.4)

1l
i=1 j=1 i=1 j=1 mell(ab)

On II(a, b) this penalty differs from the relative entropy H(w || a ® b) of (2.5.1) by a constant fixed
by the marginals, so both have the same minimiser 7¢; the shifted form log m;; — 1 is kept because
it gives ij [mj(log Tij — 1)] = log m;; and hence a cleaner dual derivation.
The problems (3.0.3) and (3.0.4) admit dual formulations. Introducing dual potentials (Lagrange
multipliers) ¢ € R™ and ¢ € R™ for the source and target constraints, the dual objective and value
of (3.0.3) are

n m

D(p,¥) =Y @i+ »_jbj, D= max D(p,1),
i=1 j=1

pdY<C

where ¢ @ 1) < C abbreviates ¢; +¢; < Cy; for all i € [n], j € [m].
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For the regularized problem (3.0.4) the dual objective and value are

Z%aﬂrzl%b oYY ep(EtCn), pr = max Depv). (30.5)

=1 j=1

Note that the hard constraint ¢ @1 < C of the unregularized dual is replaced here by the smooth
exponential penalty, so the entropic dual is unconstrained.

3.1 Linear programming

The primal problem (3.0.3) is an instance of a linear program. To recast it in canonical LP form
we vectorize the matrices, using the same (row-major) ordering for both so that

v = vec(m) € Rg™Y, c=vec(C) € Ry}, cly= ZCijﬂ'ij = (C, ),

i,J
i.e., the LP objective is exactly the transport cost. The discrete OT problem then reads, in standard
form,

a
t. Ay =p =
Vgﬁm ¢’y s v=p <b>

where A = [I ®1): 1] ® I, ] is the (n 4+ m) X nm constraint matrix whose top block sums
each row of m and whose bottom block sums each column. The generic two-phase simplex method
of Appendix A.1 is stated for a maximisation; the minimisation above is the same problem under
c— —c.

The n+m marginal equations are not independent: summing the n row equations and summing
the m column equations both give the total-mass equation Z ;7 = 1, so one equation is redundant
and, for positive marginals, rank(A) =n+m —1=:r. We drop one redundant equation, leaving
a system of full row rank r. By the rank-—nullity theorem, since Ay = p is consistent there is an
index set B = {ji1,...,jr} C [nm] whose columns A(;),..., Aj;,) are linearly independent, so the
corresponding basic solution has at most r nonzero entries. This partitions the variable indices into

the basic set B and the non-basic set N := [nm] \ B:
[nm|=BUN, BNN =g, V1B GRS,—H VN GRgﬁfT.

Geometrically, the feasible set {vy € oyt Ay = p} is bounded: every entry obeys 0 < m;; <
min(a;, bj), so no coordinate escapes to infinity. It is a polytope of dimension nm—r = (n—1)(m—1),
with infinitely many points but finitely many extreme points, and these extreme points form the
search space of the simplex method (Peyré and Cuturi, 2019, Chapter 3). An extreme point is a
basic feasible solution (BFS): it has at most » = n +m — 1 positive entries (nm — r zeros), exactly
r in the nondegenerate case.

The simplex method walks from one BFS to an adjacent one, each step strictly decreasing
¢, and stops once no adjacent BFS lowers the cost. The plan 7* it returns is therefore both
exact (unregularized) and sparse, with at most n + m — 1 nonzero entries. The generic two-phase
construction is recalled in Appendix A.1.
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3.2 Sinkhorn algorithm

The Sinkhorn algorithm provides an efficient and stable way to solve the Shannon-entropy regular-
ized OT problem (3.0.4). The procedure was introduced by Cuturi (2013) in the context of OT,
while the convergence proof is attributed to Sinkhorn and Knopp (1967).

The Sinkhorn algorithm exploits the shape of the solution 7€ of the Shannon-entropy regularized
OT problem (3.0.4),

= (ij)ie[n},je[m]v with T4 c

< :exp{w},V(i,j) € [n] x [m], e >0,

where ¢; and 1; are the i-th and j-th components of the dual potentials ¢ and v of (3.0.5). The
potentials depend on &, and we write ¢, 1) instead of ¢°,19° to keep the notation light. The solution
¢ must also satisfy the marginal constraints of (3.0.2), which forces

S pi + % — Cij - pi +%; — Cij
a ;exp{ : and by =Y exp{ S

i=1

Solving the first equation for ¢; and the second for 9, gives

i =¢cln(a;) —eln Zexp{%_gci]}
j=1

and
- i —Cij
Y =¢eln(bj) —eln (Zlexp{(pg]}) .

The Sinkhorn algorithm iterates these two equations. Initialize 1)) = 0 and define the iterative
sequences (p*))>o and (7)) as follows

€

" w(-k) - Cjj
(pz(k+1) =eln(a;) —eln Zexp {]j} ) (3.2.1)

j=1
(k+1)

k41 o ©; - Cjj
1/}]( ) _ eln(b;) —eln (;exp {J}) , (3.2.2)

where the superscript (k) denotes the values of the dual variables at the k-th iteration. The
iteration stops once the marginal error of the induced plan falls below a tolerance 7, as summarized
in Algorithm 1 and discussed in Remark 3.2.1.

Remark 3.2.1. For monitoring the convergence, the marginal errors ||7°1,, — a2 and ||(7%) " 1,, —b||
are a useful stopping criterion (Cuturi, 2013). Algorithm 1 stops when the larger of the two falls
below the tolerance .

Sinkhorn admits local convergence with rate k ~ € near the optimum (Peyré and Cuturi, 2019,
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Algorithm 1 Sinkhorn Algorithm

Input: Cost matrix C' €
€ > 0, marginal tolerance T
1: Initialize: ©(© « (0,...,0),, ¥ « (0,...,0)m
2: repeat
.
3: et ¢ (ln(a) — logsumexp {M})

4 ¢(k+1) — ¢ <ln(b) — logsumexp {M})

3
w““’l?ﬁln(tﬂ"““))T_C)
3

R*™, probability vectors a € R’ and b € R, regularization parameter

T < exp

k+—k+1
until max { |71, —allz, [|(7)T1, —b|2 } <7
return ¢, w°

Remark 4.15). Reaching a tolerance ¢ requires O(log(1/)/e) iterations:

l¢®—*)| < (1=r)* @ 4" = k = O (_féii/ f%) e (1°g<;/ ‘”) e <1°g<€1/ 5>) |

3.3 Sinkhorn algorithm as an alternate maximization of the dual problem

The entropic dual (3.0.5) is smooth and unconstrained, so it can be maximized by plain gradient
ascent, and the Sinkhorn algorithm turns out to be the implicit version of that ascent. The deriva-
tive of the dual objective (3.0.5) with respect to the dual variables ¢; and ; for all i € [n] and
Jj € [m] is given by

Ge i 1= <p V) =a; — Zex {%—i_%”} e R, (3.3.1)
oD* i + i
e j = o0, (o) =b; — Zexp{@dz]} eR. (3.3.2)

Let cp( ) = 0, Vi € [n] and wj =0, Vj € [m], then the gradient ascent algorithm is defined as
follows:

Pt = o 1 g®) i n], (3.3.3)
wj(]wl) — ¢( +1n gaW, Vj € [m], (3.3.4)

where 7 > 0 is the step size (learning rate) and the superscript (k) on G. ,; and G, ,, ; means that
the gradients of (3.3.1) and (3.3.2) are evaluated at the current iterates ¢(¥) and %), Maximizing
the smoothed entropic dual with first-order and quasi-Newton methods was proposed by Cuturi
and Peyré (2016).

Notice that the system of equations defined in (3.3.1) and (3.3.2) is equivalent to the Sinkhorn
algorithm defined in (3.2.1). Setting the gradient (3.3.1) to zero gives

Z exp {%—H/)J”} , that is, exp { pi
€

a;

S =
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and therefore

m
Y — Cyj
—elna —el
w; =¢lna; EnZexp{ 5 )
7=1
which is the update operation for ¢; in the Sinkhorn algorithm (3.2.1). Hence, the Sinkhorn
algorithm can be interpreted as the fixed-point or implicit version of the gradient ascent, where

instead of using the finite step n one sets the gradient to zero at each iteration.
Remark 3.3.1. Notice that the Sinkhorn algorithm could be defined more abstractly as

P € argmax{D*(p, )}, p*t e afggaX{Da(so(k“)wb) 2 (3.3.5)
©

where each block maximiser is given in closed form by the entropic (soft) c-transform. Solving
0,,D° = 0 yields

m F) _ . .
goz(kﬂ) = (w(k))gc’s) =¢elna; — alnz exp{L - Gy } = elna; + smin/ {Cl-j — wj(.k)},
j=1

and analogously @bj(.kﬂ) = elnb;+smin! { Cyj *SOZ(kH) } ’

where smin?{z;} := —eln >_jexp{—z;/e} —
min; z; as € — 0F. Thus (3.3.5) is the alternating application of soft (entropic) c-transforms, that
is, the e-smoothed analogue of the Kantorovich c-transform. This is the viewpoint adopted by

Di Marino and Gerolin (2020).
Remark 3.3.2 (Adaptive first-order methods). The simple gradient ascent described above can be

improved using adaptive first-order methods such as Adam (Kingma and Ba, 2015), which maintains
exponential moving averages of the gradients and their squares used to estimate the momentum and
for coordinatewise normalization respectively. We present Adam’s update rule for one variable ¢,
the other variable 9 is updated analogously (Kingma and Ba, 2015). Let m®) be the exponentially
weighted average of the gradient (the first moment) for potential ¢*) and v*) the exponentially
weighted a\(ferage of its square (the second moment), with the bias corrections m®*) and %) where
m© = 0,00 = 0:

g8 €,

_ _ 2
m{ = g™+ (1) 60 o = g™ k-8 (61)

) mi?
1-pk

(k) _ Uz( Y

I
[ k’
1— 2

. (k
m,;

where (1, B2 € (0,1) are the decay coefficients. Then the update step is formulated as

- (k)
D — B mk : (3.3.6)
o™ 4k

)

where x > 0 is the small positive scalar constant for numerical stability and n > 0 is the step size.
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3.4 Back-and-Forth method

The main idea of the Back-and-Forth method introduced by Jacobs and Léger (2020) is to compute
a solution of the dual problem (2.2.1) via the two alternate maximizations

¢ € argmax D(p, ), Y € argmax D(p, ). (3.4.1)
® Y

In this sense, the Back-and-Forth method can be interpreted as the analogue of the Sinkhorn
algorithm in the limit when € — 0 (see Remark 3.3.1). The main limitation of this approach
lies in the property of the c-transform procedure. If ¢ is a c-concave function, then one has
(¢°)¢ = ¢, which prevents the procedure (3.4.1) from increasing the value of the dual D(¢p, ) after
two iterations.

Thus one may introduce the dual functionals J : C(2) — R and [ : C(2) — R depending on
either of the Kantorovich potentials ¢ or :

J(go)z/ﬂcpd,u—k/ggocdl/, I(z/z):/del/—i-/ﬂwcd,u, (3.4.2)

where ()¢ is the c-transform operation (see Definition 2.4.1), so that J is exactly the semi-dual
objective of (2.4.1), which allows to rephrase the equations (3.4.1) as

@ € argmax J(p) Y € argmax I (1)) .
% P

As shown in Theorem 1 of Jacobs and Léger (2020), J(¢) is concave in ¢ and is maximized by a
c-concave function ¢°; the same holds for I(¢)), maximized by a c-concave ¥°. One may therefore
perturb the potentials in the direction that increases the dual, i.e., along its gradient:

—p+n V' J(p).

3.4.1 Sobolev gradient step

As observed by Jacobs and Léger (2020), the L2-gradient of J (respectively of I) is the raw marginal
residual, whose high-frequency content makes plain L? ascent unstable; measuring the gradient in
the H' metric instead applies (—A)~! to that residual, damping high frequencies and yielding a
smoother, more stable ascent direction.

Definition 3.4.1 (H'-space). Let Q C R? be a convex and compact set. The homogeneous Sobolev
space of zero-mean functions with square-integrable gradient on 2 is defined as

@ ={e:0r: [e@ar=0 Voe @), (oo = [ Vorlo) Vol do.
Q Q
The space HI(Q) is a Hilbert space; we denote its dual by H*I(Q) = (Hl(Q))*, the space of

continuous linear functionals on H L(Q). By the Riesz representation theorem (Brezis, 2011, Theo-
rem 5.5), every p € H~'(2) has a unique representative p, € H*(Q) with

o) = (s = [ Vigyla) - Vhia)de  vhe HY(@),
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In weak form, ¢, is the unique zero-mean solution of the Neumann—Poisson problem

—Ap, =p in, Onpp =0 on 09, / ppdx = 0.
Q

The first two conditions determine ¢, up to an additive constant. The zero-mean condition fixes
that constant.

Definition 3.4.2 (Géateaux and Fréchet differentiability). Let F': HY(Q) — R.
1. Fis Gateaux differentiable at o € H () if the directional derivative

F(p+eh) = F(p)

SF () :

= — F = 1'
de le=0 <SO + €h) 61—I>I(1)

exists for every h € H(Q2) and h — 0F(p)[h] is a bounded linear functional on H!(£2). We
call 0F (p)[h] the first variation of F at ¢ in the direction h.

2. Fis Fréchet differentiable at ¢ if there is a bounded linear functional DF () on H'(Q2) with

F(p+h) =F(e)+ DF(@)[h] + o(llhllzn), — hllm — 0.

Fréchet differentiability implies Gateaux differentiability, and then DF(p)[h] = 6F(p)[h] (Luen-
berger, 1969, Section 7.2, Proposition 2).

Definition 3.4.3. For a Fréchet-differentiable functional F : H'(Q) — R, its H'-gradient is the
unique element V ;1 F(p) € H'(Q) such that

OF(@)[h] = (Vi Fp), hyn  Vhe HY(Q).

Proposition 3.4.4 (First variation of the dual functionals Jacobs and Léger (2020, Lemma 3)).
Let Q € R be convex and compact and let p, v € P(Q). Then the dual functionals J, I : HY(Q) - R
of (3.4.2) are Gateaux differentiable, and for every direction h € H'(£2)

5. (¢)[H] = /Q (- (Sp)4v),  OT()[A] = /Q By — (Ty)ah),

where S, and Ty are the transport maps associated with ¢ and 1, respectively. Equivalently, as
elements of the dual space H (1),

0J(p) =p— (Sp)uv € H'(Q),  6I() =v— (Ty)pp € H (),

and the corresponding Hl—gmdz’ents (their Riesz representatives) solve the Neumann—Poisson prob-
lems

Vind(p) = (=) (u=(Sp)pv),  Vipl(®) = (=A)"" (v = (Ty)pn).

In particular, the first variations are independent of the costs. The costs enter only through the
maps Sy, Ty, made explicit in Section 3.4.3.
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3.4.2 Computational algorithm

Consider the sequences of potentials {p*)};>¢ and {1)(")};5¢. Then the Back-and-Forth scheme is
defined as

e+ ) 4 5y VHIJ(¢(k)); (3.4.3a)
PEF2) (k12 (3.4.3b)
R P Y (L) P (3.4.3¢c)
S0(k»+1) « (w(k—&—l))c' (3.4.3d)

Remark 3.4.5 (Well-definedness of the H'-gradients). A gradient-ascent step taken in ¢ alone (or
in 1) alone) does not, in general, keep the iterate c-concave. If c-concavity is lost, the induced maps
Sy, Ty need not be well-defined, and consequently the gradients V ;1 .J (@) and V 1 1(3)) may fail to
be well-defined as well (Jacobs and Léger, 2020). The Back-and-Forth scheme avoids this: at every
step where a gradient is taken, the active potential has just been produced as the c-transform of
the previous iterate (steps (3.4.3a), (3.4.3¢c)). Being a c-transform, it is c-concave, so the associated
map and Sobolev gradient are well-defined.

Theorem 3.4.6 (Conditional monotonicity of Back-and-Forth, Jacobs and Léger (2020, Proposi-
tions 1 and 2)). Let c(z,y) = 3|lz—y||> and suppose every c-concave iterate produced by the scheme
(3.4.3a)(3.4.3d) remains in the uniformly Hessian-bounded class

Sy = {90 e HYQ): (1 — A1) < D*p(z) < (1 - )\)I}

for some A € (0,1). Then each Hl—gmdient—ascent step is an ascent step for the dual functional;

together with the c-transform steps, which can only increase the dual value, the scheme is monotone:
D(cp(k+1),¢(k+1)) > D((p(kﬂ/?)’ ¢(k+1/2)) > D(cp(k), Q,Z)(k)).

Remark 3.4.7 (Convergence). The monotonicity of Theorem 3.4.6 is conditional on the curvature

control ¥ (*) e §5. A convergence proof of the Back-and-Forth scheme without such a Hessian-

bound assumption on the iterates is, to our knowledge, not currently available; we refer the reader

to Jacobs and Léger (2020) for a detailed discussion.

3.4.3 Practical implementation

Although the scheme is conceptually simple, each iteration relies on three numerical primitives:
(i) a c-transform, (ii) the induced pushforward (Monge) map, and (iii) the H'-gradient, i.e., a
Poisson solve. Algorithm 2 states the scheme in terms of these primitives, which we describe in
turn. Lines 3 and 7 of Algorithm 2 build the pushforward maps, lines 4 and 8 assemble the Sobolev
gradients through a Poisson solve, and the remaining lines carry out the ascent and c-transform
steps of (3.4.3). Throughout we restrict to separable costs

ISH

c(z,y) = Z hi(yx — 1), hi : R — R strictly convex and even, (3.4.4)
k=1

which includes the quadratic cost c(z,y) = || — y||? and makes all three primitives cheap.
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Algorithm 2 Back-and-Forth Algorithm

Input: densities p, v; step sizes {0y }x=0,... k—1; number of iterations K
1: Initialize: 0@ 0, »© 0
2: for k=0,1,..., K —1do

3: Sy« id — (Vh)~to V[(p*))°] > pushes v
4: Vi J(e®) < (=A) 7 (u — (Sp)pv) > ascent in J(p)
6: P12 o (pk+1/2))

7. Ty <+ id — (Vh) Lo V[(pE+1/2))e] > pushes
8: Vo I(pFH1/2)) (=A) (v = (Typ)gp) > ascent in I(1))
9: w(k—&-l) . w(k-{-l/Q) + o VH1[(¢(k+1/2))

10: P+ (w(kﬂ))c
11: end for
12: return go(K),@Z)(K)

The pushforward map
For a c-concave potential, the envelope condition for the c-transform yields the induced maps

Se(W) =y — (VR) ' (Vei(y),  Tyla) =z — (Vh)" (Vi()), (3.4.5)

pushing v — g and p — v respectively. Under (3.4.4) the inverse (Vh)™! acts coordinatewise,
(Vh)"Y(2)r, = (k) '(2k), so the maps are available in closed form whenever the (h})~! are; the
method is most efficient on such costs. For the quadratic cost ¢(z,y) = %||z — y||* one has Vh = id,
and (3.4.5) collapses to

Se(y) =y —Ve(y),  Ty(z)=z—Vy(z).

Computing the c-transform
The separable structure of (3.4.4) reduces the d-dimensional c-transform

d
©°(y) = ;:ggf){z P (Y — k) — so(év)}
k=1

to d one-dimensional transforms applied along the axes in turn. Denote the one-dimensional c-
transform along axis k (all other coordinates held fixed) by

Celg)(- - Yk, ) = igcf{hk(yk —a5) —g(- . T, ) )
Peeling off one axis at a time gives the recursion
Ug = @, up—1 := —Cglug] (k=d,...,2), ©¢ = Cyluql,

i.e., d successive one-dimensional sweeps, the partial result being negated between consecutive
axes. Each sweep is a discrete Legendre-type transform and can be computed in O(n) per line
by a lower-envelope algorithm (Jacobs and Léger, 2020; Lucet, 1997), so a full c-transform on an
n grid costs O(dn?). This axis-by-axis evaluation mirrors the separable structure exploited by
multidimensional fast transforms.
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The H'-gradient and the Poisson solve

By Proposition 3.4.4, the ascent direction is the Riesz representative (—A)~! of the marginal
residual: V1 J(¢p) is the zero-mean solution g of the Neumann-Poisson problem

—Ag=p inQ, Ong =0 on 09, / gdr =0, p = p— (Sp)4v, (3.4.6)
Q

and analogously for I with p = v — (Ty)4pu. We solve (3.4.6) spectrally.

The point is to diagonalize —A: in a suitable basis it acts by multiplication, and inversion
becomes a division. The Neumann (no-flux) condition fixes the basis to be cosines. On the box
Q = [0, L]? the Neumann Laplacian is diagonalized by

d ijxj d 7Tk‘j 2 d
ex(x) = HCOS<T)’ —Aex = Ak ek, Ak = Z (—) , k € Ng,
j=1

each ey satisfying J,ex = 0 on 0f2. Expanding g = >, gkex and p = >, pxek, (3.4.6) becomes
diagonal,
A « A Pk A
Ak Ik = P = k=5 (k#0),  go=0. (3.4.7)

The mode k = 0 has Ag = 0, so the equation reads pg = 0, i.e., fﬂ pdx = 0, which holds because p
is a difference of probability measures. A Neumann solution is unique only up to a constant, and
setting go = O selects the zero-mean H'-representative.

In practice the cosine coefficients are computed by the discrete cosine transform (DCT), the
FFT-family transform adapted to Neumann boundaries, so the gradient is obtained as

g= DCTﬁl()F1 DCT(p)), at cost O(NlogN), N =n<.

Here DCT(p) collects the coefficients py, and A~ acts mode by mode, dividing the k-th coefficient
by Ak as in (3.4.7). On the n-point grid with spacing h = L/n, inverting the standard three-point
Laplacian ezactly amounts to replacing A\ by the discrete eigenvalue A\ = 7 A sin2(7;—]fj), which

Jh
agrees with Ay at low frequencies.

Step size

The step sizes oy are chosen by an Armijo—Goldstein line search (Armijo, 1966; Goldstein, 1965),
adapted to the ascent of J (and analogously I). With ascent direction p = V ;1. J(p*)), the first-
order predicted gain along p is

3T () [p] = (Vi1 T (™), D) 1 = ||V g I (08|50 =2 i > 0,

which is exactly the squared H'-norm of the gradient. A step o is accepted when the realized gain
is a controlled fraction of this prediction,

Comg < J(eW +op) — J(e®) < womy, 0<l<u<l,

the lower (Armijo) bound discarding steps that gain too little and the upper (Goldstein) bound
discarding overshoot. We enlarge o when the realized gain exceeds uomy and shrink it when the
gain falls below £ omy. The same rule governs the I-ascent with my = ||VHII(¢(]“+1/2))||12L-11.
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3.5 Stochastic method

Stochastic gradient ascent replaces the full dual gradients (3.3.1) and (3.3.2) by a random unbi-
ased estimator obtained from sampled entries (or mini-batches) I*) ~ Unif{1,...,n} and J*) ~
Unif{1,...,m}. Thus instead of evaluating the full sums of partial derivatives G. ,; and G, , ; one

adgew].

(k) (k)
g(k — a; — mexp { @i+ — Ci g } QU?Z — b, — nexp { 901<k) + w — C](k)j}
’ W.J - )

updates the dual potentials using sampled approximations QE i

790’ £

then

B[00 =d.  B[A] =90,

To reduce the variance in comparison to the single-sample updates one can consider the mini-
batch version. Take B](-k) C [m] and Bi(k) C [n] and consider the following approximation

)
~ m SOZ +¢ -G
S T e

(k) (k)
(k) g n v, + ¢j - Cz‘j
Ge g =i = B(k‘)‘ Z eXp{ B :

|B;

ieB®
Then the potential updates follow
) =M 4™ viem), and PV =9 40 d" o viem). (3.5.1)

Remark 3.5.1. A common practice in optimization is to use Nesterov acceleration to improve the
basic gradient method’s sublinear rate of convergence from O(1/K) to O(1/K?) in the convex

smooth case (Nesterov, 2004). One chooses to extrapolate the point gpl(-k) with the momentum

coefficient 3 € [0,1)
W = o0 4 g (g)(k) _ w(k‘”) ,

followed by the update
~ k

Chapter summary

This closes the review part of the thesis. Five solvers were derived, each from its own formulation.
The simplex method solves the discrete problem (3.0.3) exactly. The Sinkhorn algorithm maximizes
the entropic dual (3.0.5), the gradient methods, from plain ascent to Adam, maximize the same
dual directly, and the stochastic method replaces their full gradients with sampled ones. The Back-
and-Forth method maximizes the semi-dual by alternating Sobolev gradient ascent steps in the two
potentials with c-transforms between them. Every solver returns a transport plan, except Back-
and-Forth, which returns a map. This difference decides which comparisons are meaningful. Part 4
implements all five in one framework and compares them on one testbed for accuracy, runtime and
stability.
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PART 4

COMPARISON STUDY



This part provides a comparative analysis of the performance of different OT methods. We
benchmark the numerical methods for discrete OT under the squared Euclidean cost, first in the
two-marginal setting and then in the multi-marginal setting. As seen in practice, it may be hard
to obtain an ideal solver, which suggests to study accuracy-stability-efficiency trade-offs across
dimension, problem sizes and distributions. Throughout, accuracy refers to the quality of the
transport cost approximation relative to the exact solver, stability to whether a run produces finite
iterates and reaches its stopping criterion within the iteration limit, and efficiency to the runtime
needed to do so. Section 4.3 makes these notions precise. As for distributions, two origins of
data are considered: synthetic as a probability distributions in one, two and three dimensions, and
real-world ones (e.g., images). The solvers include linear programming, Sinkhorn variants, gradient
ascent variants, L-BFGS, and the Back-and-Forth method, all specialized to the squared Euclidean
cost. Real-data validation is done via colour transfer.

The experiments were performed on compute nodes equipped with two Intel Xeon Gold 6448Y
processors and 256 GiB of system memory. GPU-accelerated runs were carried out on an NVIDIA
H100 NVL GPU with 94 GB of high-bandwidth memory. All implementations were written in
Python 3.13, using the JAX library (version 0.6) for GPU acceleration via the XLA compilation
backend. The full benchmarking framework, uot-bench, is publicly available.?

4.1 Experimental setup

We set the dimension d € {1,2,3}. The discrete case relies on the discrete representation of
the domain, which in the case of OT can be represented in terms of computations in two main
structures: point cloud and grid. In the point cloud case, the support points {z;}!" ; and {yj};-":l
are sampled with respect to the underlying continuous distributions p and v respectively. This
way the point cloud representation does not differ from the discretization introduced in (3.0.1). In
contrast, the grid discretization employs a strict rule. We choose a regular lattice on the bounded
domain 2 = [~1,1]¢ in the dimension d. This way, with the number of the discretization points n
per axis, the total number of points per each marginal is n9.

Table 1 lists the discretization sizes used for each dimension.

d=1 n,m € {32,64,128, 256,512, 1024, 2048}
d=2 n € {32,64,128, 160,192}
d=3 n € {16,24, 32}

TABLE 1
Discretization sizes for the marginals on the synthetic datasets.

The sampled laws are supported on the finite set X C €2, so all their moments are finite and
Wasserstein costs with polynomial ground metrics are well defined and numerically stable. This
holds even for families whose continuous versions have no finite moments, such as the Cauchy
distribution below.

Across all experiments we employ the squared Euclidean cost c(z,y) = ||x — y||?, which is the
canonical choice in OT (Brenier, 1991; Santambrogio, 2015) and essential for map-based solvers
such as the Back-and-Forth algorithm.

Regularization parameters are varied across several orders of magnitude, e € {1073,1072,107%, 1}.

3https://github.com/AI-Quantum-Research-Group/uot-bench
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Stopping criteria are unified across all solvers to ensure fair comparison, where it is possible.
Specifically, we terminate iterations once either of the following conditions are satisfied:

max {[|71 — al|2, 771 — bll2} < Teas or we hit the maximum number of iterations.

Here Tgeas controls marginal feasibility: set to 107 for entropic solvers and 10~® for LP. The
case of the stopping criteria for the Back-and-Forth method will be discussed separately (see Sec-
tion 4.3.1).

We consider a collection of probability distributions with varying parameters designed to span
different challenges for OT methods: modality, tail thickness, skewness, and anisotropy (i.e.,
direction-dependent variance/covariance).

(a)

Multivariate Exponential. This serves as a representative of light-tailed families, with
density on the d-dimensional space for € X C R? and independent components given by

d
Jexp(x;0) = Hﬁi exp{—0; x;} forxz; >0, 0= (64,.. .,Gd)T S Ri.
i=1

Throughout this list, f(x;#) denotes the density evaluated at the point x, with the parameters
of the family collected after the semicolon. We allow both near-degenerate cases and cases
with light-tailed behaviour, producing anisotropic but uncorrelated marginals. Accordingly,
we sample the rates as 6; ~ Unif[0.1, % max e[, Zj]. The lower bound keeps the rate away
from the degenerate flat regime, and the upper bound keeps the decay length 1/6; of the order
of the domain size, so the sampled density does not collapse into a spike at the origin.

Student’s ¢ Distribution. The Student’s ¢ family interpolates between heavy- and light-
tailed behaviour via the degrees of freedom parameter v > 0. Its density is

v+d
2

(459

L(5)(vm)¥/2]5]1/2

fst(myp, X, v) = [1+i(x—,u)TEl(x—u)}

for z € X C R?, with location parameter ;1 € R? symmetric positive-definite scale matrix
Y e R™4 and v > 0.

When v = 1, the Student’s ¢ reduces to the multivariate Cauchy distribution?:

. 1 Ta—1 —(d+1)/2
Jcauchy (T3 11, 2) = S E Lt (x—p) ¥ (z—p)

For v — oo the density converges pointwise to the Gaussian density, and the Student’s ¢
distribution is itself a Gaussian scale mixture (McNeil et al., 2005).

We consider v € {2,4,6}, which yields heavy-tailed behaviour, with v = 4 and v = 6 closer
to the Gaussian limit above, since the moments of order below v are finite and the tails thin
out as v grows. The Cauchy case (v = 1) is treated separately. We set u ~ Unif(X) and take
Y. diagonal, so the marginals are uncorrelated and the difficulty lies in the tails, not in the
anisotropy.

“The reduction follows from the gamma function identities I'(1) = 1 and I'(1/2) = /7 and direct substitution.
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Gaussian Families. Multivariate normal distributions are fundamental in probability and
statistics. The probability density function fn of the multivariate Gaussian distribution with
the parameters y, € R? and positive definite 3;, € R4*? reads as

1 1 _
I (@5, ) = T4, 1 %XP [—2(1’ - Mk)TEkl(ﬂﬁ — k)
(2m)2 [Z]2

Finite mixtures of M € N such components are formed as weighted sums with weights w =

(Wi, wnr) € [0, 1M, M =1

fonma(@; 1,5) = > wrfn (@ s Sn).-
k=1

We sample the density with M € {1,2,4,6} components with py ~ Unif(X) and ) drawn
from the Wishart prior with diagonal-dominant scale to favour variance over covariance.

Generalized Hyperbolic Mixtures. We give the Generalized Hyperbolic distribution in
the Prause parametrization (Prause, 1999), which is widely adopted in the software packages,
for example, by the SciPy Python library (Virtanen et al., 2020). The probability density
function in the Prause parametrization is given by

(a® = B%)?
V21 ar1/25) K\(8y/a? — 32)

K,\ 1/2(04\/52 (z M)Q) (41.1)
NGEaCEnLY ]

where K, () is the modified Bessel function of the third kind (Abramowitz and Stegun, 1964,
Section 9.6). The parameter p is the location parameter, § > 0 is the scale parameter, a > 0 is
the tail parameter, (3 is the skewness parameter with || < «, A is the index (shape) parameter.
Formula (4.1.1) is the univariate density. In dimension d we build each mixture component as
a product of d independent univariate GH densities, with the location sampled per coordinate
and the parameters A, «a, 5,0 shared within the component. The univariate densities are
evaluated with scipy.stats.genhyperbolic. The Generalized hyperbolic distribution is
extensively used in finance due to the ability to capture asymmetry, heavy tails and volatility
clustering (Prause, 1999; Barndorff-Nielsen and Halgreen, 1977; McNeil et al., 2005; Browne
and McNicholas, 2015). We set the parameters to be A ~ Unif[—2,2] (the index selecting
the subfamily, e.g., A = 1 gives the hyperbolic distribution and A = —1/2 the normal-
inverse Gaussian), o ~ Unif[1, 5], 5 ~ Unif[—-0.9a, 0.9a], 6 ~ Unif[0.05,0.3], M € {2,4,6}
components and p ~ Unif(X). These ranges cover varying tail thickness and kurtosis.

fGH(Z';,LL,é,Oé,IB,A) -

exp{f(z — p)}

Overall, this collection of distributions and parameters provides an informative benchmark for
OT. By adjusting tail thickness, we vary the mass spread and hence the transport distance scales.
By altering skewness, we introduce asymmetric challenges. By changing modality, we test whether
solvers correctly distribute mass across separated modes. Finally, by varying anisotropy, we probe
numerical stability, convergence, and the accuracy of dual potentials.
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4.2 Solver families and implementation details

We use the simplex method as the exact, unregularized baseline against which the regularized
and first-order solvers are measured, since it solves the discrete problem (3.0.3) to optimality and
its output therefore serves as the ground truth. We take the implemented solver from the POT
(Python Optimal Transport) library (Flamary et al., 2021). Specifically, we use the core routine
ot.lp.emd, which formulates the discrete OT problem as a linear program. The routine solves this
linear program with the network-simplex algorithm bundled with the library. In practice, besides
stopping at an optimal vertex of the polytope, the routine caps the number of iterations, and we
set that cap to 10°.

L-BFGS. For the dual problem (3.0.5), we use the L-BFGS optimizer (second-order gradient-
based method) from the jaxopt library. The solver is run with prescribed regularization parameter
g, tolerance 10~%, maximum number of iterations of 100,000 and line-search limit of 100 iterations.

Primal-Dual Hybrid Gradient (PDHG). We use the implementation of the primal-dual hy-
brid algorithm with chi-square regularization implemented by Ruban and Gerolin (2025), a
member of the accelerated primal-dual family studied for OT and barycenter problems by Cham-
bolle and Contreras (2022), which is applied to the saddle-point formulation

2
%

n m e nmo g2
my L m Gt 2 2,

i=1 j=1 i=1 j=1

+3 gila—mln)i+ Y Wi (b—m L)y, (4.2.1)
i=1 j=1

To state the iterations, it is convenient to work with the density of the plan 7 relative to p ® v,
that m;; = m;;/(a; bj). Then for step sizes 7,0 > 0, the PDHG iterations read

~ k k
ey (TR =7(Cy = =)
~(+1) _ ’ (4.2.2)
i 1+7e
+

B O S S0, (2%1(]/&1) _ %7,(;:)) . ieln], (4.2.3)
j=1

B — g0 4 (1 ~ > (275 - %Ef))) . Jeml. (4.2.4)
i=1

The iterations are terminated once the marginal residual falls below a prescribed tolerance:
e

In practice, we use the adaptive restarted PDHG implementation of Ruban and Gerolin, which
combines the primal-dual above with adaptive stepsize and restart strategies for improved numerical
stability and faster convergence (Ruban and Gerolin, 2025).

Sinkhorn Family. The Sinkhorn algorithm admits several practical versions and stabilization
schemes, summarized below:

1. The standard Sinkhorn iterations are often written in terms of scaling vectors u € R™ and
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v € R™, which are related to the dual Kantorovich potentials by

o i o )
ui = exp (), vj=exp ().

With the kernel matrix K;; = exp(—Cj;/e), the regularized transport plan admits the factor-
ization
7° = diag(u) K diag(v),

and thus the updates (3.2.1) in terms of scalings u and v are viewed as

(k+1) _ @ k+1) _ b
u )_Kv<k)’ ol = T (4.2.5)

where the division is taken componentwise.

. Log-Domain Sinkhorn, which avoids numerical underflow when ¢ is small by working in

logarithmic variables Inu = logu and Inv = logv. Using the log-sum-exp trick, the updates
become:

(.t>—Ci'
Inu{™ = log pi — LSE; <97€J> ,

i
(t+1) _ e
lnvj = logv; — LSE; (E’ ,

where the operator LSEy(zx) = log (>~ €**) is computed in a numerically stable way as

LSEg(zk) = Zmax + log (Z ez’“_z“‘a"> ,

k

where zpmax = max zg. This “log-sum-exp trick” ensures that exponentials of large negative
values do not underflow to zero and maintains stability for small €.

Both of the variants are run with the maximum number of iteration of 106.

Gradient Ascent Variants. For the numerical experiments, we consider three first-order variants
of the gradient ascent.

1.

Plain gradient ascent with updates (3.3.3)-(3.3.4), constant stepsize n = 0.001, and maximal
number of iterations 10°.

. SGD with momentum, with updates (3.5.1), stepsize n = 0.002, momentum coefficient § =

0.9, and maximal number of iterations 10°.

. Adam-based gradient ascent, with updates (3.3.6), parameters 41 = 0.9, 32 = 0.999, x = 1078,

stepsize n = 0.001, and maximal number of iterations 10°.

Back-and-Forth. We generalize the implementation of the method introduced in Jacobs and
Léger (2020) to an arbitrary dimension d > 1. We make the following implementation choices:

1.

We use the cell-centered discretization of the domain Q = [0,1]¢ into n cells with the step
h=(1-0)/N
142(:7—-1
{xi:0+Wh:iE [n]} (4.2.6)
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2. Following Jacobs and Léger (2020), the initial step size is chosen based on the maximum of
the two measures p and v:

o = o min {||u]| s IVI1X} = oo/ max {||ulloc, [0}
where o5 > 0 is an adjusting constant. Whereas Jacobs and Léger (2020) sets o5 = 8, we
allow different values and provide additional analysis of the performance of this method for

the considered values of oy.

3. The c-transform can be expressed in terms of the Legendre transform ¢*(y) of ¢:
* : 1 2
¢*(y) =supz -y —(z), with y(z) = Slzf" — ¢(2). (4.2.7)
x
In the discrete setting, where we have {x;}}' ; with 21 <z < --- < @, this becomes

" (y) =max Li(y),  Li(y) :=ziy —v(z).
r,€X
Since the points x; are ordered, the Legendre transform ¢* can be evaluated using the Convex
Hull Trick (the standard method for computing the upper envelope of affine functions). The
pseudocode for the Convex Hull Trick is presented in Appendix B.1.

4. The pushforward T4 p is approximated either by a multilinear (Cloud-in-Cell, CIC) remapping
or by an adaptive sampling-based remapping. Full implementation details are provided in
Appendices B.2 and B.3.

5. Throughout the numerical experiments, we use the relative H'-norm change in 1 as the
stopping criterion, terminating once it falls below 10~%.

TABLE 2
Error metrics available in the implementation of the Back-and-Forth method.

Error metric Definition

TV error on the 1-side 0.5 > cx ‘T¢(k)#u(x) - I/(w)‘

Lo error on the v-side maXgey ’Tv(k)#,u(x) - I/(ZL‘)‘

H' seminorm of the ¥-update IV I N = <T¢(k)#l/ — 1, (—A)_I(TW(M#V —
M)>H—1

IV i1 TN |1 =1V g1 T E=D) || 1 |
IV g1 TN g1

Relative H'-norm change in v

Absolute change in the dual ob-  |D(pn, ¥n) — D(on—1,Un-1)|

jective

D)) —D(ph—1) gy (h—1) |
RIFORION

Relative change in the dual objec-
tive
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4.3 Descriptive analysis

Stability. We distinguish between two notions of stability: numerical stability and convergence
stability. Numerical stability refers to whether the solver produces finite, well-defined iterates
(no NaN/overflow). Convergence stability is measured by whether the solver reaches the stopping
criterion before hitting the iteration limit.
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FIGURE 1. Nal failure rate (numerical instability) for solvers under ¢ = 0.001 across 1D distributions and grid
resolutions (only those with failures are shown). No solver produces NaN iterates on these instances. L-BFGS shows
a few isolated failures, at most one run per cell.
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FIGURE 2. Mazimum-iteration hit rates at € = 0.001 across 1D distributions and grid resolutions. The figure shows
a clear difference in convergence stability of the methods. Log-domain Sinkhorn remains stable throughout the tested
settings. Standard Sinkhorn does not, and reaches the iteration limit on most runs. Plain gradient ascent stalls in
most cases. L-BFGS is generally reliable on smaller grids but loses stability on the finest discretizations, while Adam
and SGD also show convergence difficulties on several of the more challenging distributions.

Figure 1 shows that no solver produces NaN failures on these instances, apart from a few iso-
lated L-BFGS runs. Figure 2 and Figure 3 address convergence stability. Log-domain Sinkhorn
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FIGURE 3. Mazimum-iteration hit rates as a function of the regularization parameter € € {0.001,0.01,0.1,1.0} across
1D distributions. The main trend is that the effect of regularization depends strongly on the solver. Log-domain
Sinkhorn remains stable for all values of €, whereas plain gradient ascent stalls almost uniformly. Adam is least stable
at the smallest € and improves as € increases. Standard Sinkhorn behaves the same way, and is least stable at the
smallest ¢.
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FIGURE 4. Mazimum iteration hit rate across all 2D distributions and grid resolutions (32-192 points per axis) for
log-domain Sinkhorn and simplex. Sinkhorn remains stable across all settings, while simplex loses convergence with
the refinement of the grid.

remains stable across grid sizes and regularization values, while standard Sinkhorn, the gradient-
based methods and L-BFGS show convergence problems at fine grids or small €. This is what
separates the two Sinkhorn variants. The log-domain form updates the potentials ¢ and 1) directly
through (3.2.1), so it still converges at the smallest . The standard form iterates the scalings
u = exp(p/c) against the kernel K = exp(—C/¢) instead, as in (4.2.5). Dividing by ¢ inside the
exponential is what costs precision. At e = 1072 a cost of C;j = 1 gives K = e~ 1090 "which rounds
to zero in double precision. The potentials stay comparable in size to the entries of C', so no such
rounding occurs. This is why the log-domain form is the recommended one at small ¢ (Schmitzer,
2019). Simplex and PDHG are not shown in these plots because they converge in all of the 1D
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FIGURE 5. Mazximum iteration hit rate across all 3D distributions for log-domain Sinkhorn and simpler. As in
2D, log-domain Sinkhorn remains reliably convergent across the tested settings, while simplex reaches the maximum
iteration capacity on a large fraction of runs.

The higher-dimensional results, in 2D and 3D, lead to the same conclusion (Figures 4 and 5): the
log-domain Sinkhorn remains reliably convergent, whereas the simplex method becomes impractical
with refinement of the grid. We also do not report the performance of PDHG in 2D because of its
memory cost: storing the dual potentials with the full transport plan becomes impractical as the
grid grows.
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FIGURE 6. Runtime distributions of simplex, PDHG (¢ = 20) and log-domain Sinkhorn (¢ = 0.001) on 1D Cauchy,
Exponential, Student’s, and Gaussian distributions, including a 6 component Gaussian mizture. The main pattern is
that log-domain Sinkhorn is the most scalable method, while simplex is competitive on small grids.

Runtime efficiency. Figure 6 shows a clear difference in the scalability of the methods. Log-
domain Sinkhorn remains the most scalable method in this comparison. While simplex is compet-
itive on small grids, its runtime increases quickly as the grid size grows. Turning to Figure 7, we
see that gradient-based solvers are not competitive with Sinkhorn in the 1D setting: all of them
show higher variability and moderate to high runtimes. Taken together with the stability results,
this suggests that these methods are less practical than Sinkhorn in terms of both robustness and
runtime. The same behaviour persists in 2D and 3D, where log-domain Sinkhorn attains lower
median runtimes than simplex. See Figure 8. Because of instability and/or higher computational
cost, we do not continue with L-BFGS, gradient-based solvers and PDHG in 2D and 3D.

An interesting feature of log-domain Sinkhorn is that its iteration count slightly decreases as the
problem size grows; see Figure 9. A possible explanation is that finer grids provide smoother
approximations of the underlying distributions so that the marginals become easier to balance and
require fewer correction steps. Thus, although each iteration becomes more expensive on larger
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FIGURE 7. Runtime distributions for gradient-based solvers at € = 0.001 across Gaussian, Cauchy, and Exponential

1D distributions. L-BFGS shows moderate runtimes but poor scalability, SGD suffers from high variability and
consistently large runtimes, while Adam converges more reliably.
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FIGURE 8. Median runtime scaling of log-domain Sinkhorn (e = 1072) and simplex across grid resolutions in higher
dimensions (d = 2,3). In both cases, log-domain Sinkhorn attains lower median runtimes than simplex.

grids, the number of iterations needed to reach the tolerance does not increase and may even
decrease slightly. This is consistent with the good runtime behaviour observed in Figure 6.

Efficiency through performance profiles.
For the 1D benchmark, where many solvers are
compared across many distributions and grid
sizes, it is useful to complement the runtime .

boxplots with a more aggregated view. For T -
this purpose we use the performance profiles of 400

Log Sinkhorn
800

Iterations

Dolan and Moré (2002). : L |
For each problem instance p and solver s, we ‘ ‘ ‘ ‘ - 4‘ ‘ ;
define the normalized time ratio o = = s KT 8§17 BT
tp g 1= Tp,s > 1 (4 3 1) Problem Size (# points)
'R >1, .3.

ming g Tp,s’
FIGURE 9. Iteration counts of log-domain Sinkhorn across
where Tp”g is the runtime of solver s on problem problem sizes on 1D distributions. The number of itera-
tions does not increase with grid size and in fact decreases
slightly. This helps explain why the runtime of log-domain
Sinkhorn remains favourable even on finer grids.

instance p. For failed runs we assign a large
penalty value tp > maxgyes tp o
The performance profile of solver s is the em-
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pirical distribution function:
1
Py(r) = — > Wtps <71}, 121 (4.3.2)
Tp peEP

Thus, Ps(7) is the fraction of instances on which solver s is within a factor 7 of the best observed
runtime. In particular, Ps(1) gives the fraction of wins, while the right plateau reflects the fraction
of instances successfully solved.

n = 256 n = 1024 n = 2048
! Solver
= Simplex
0.8 —— PDHG
Log Sinkhorn
0.6 ~— Sinkhorn
= —— LBFGS
Ej —— Adam (Log)
04 —— sGD
0.2
o]
1 2 s 10 2 5 100 1 2 3 10 2 5 100 1 2 s 10 2 5 100
T T T

FIGURE 10. Performance profiles (empirical distribution functions of normalized time ratios) for all 1D problems at
grid sizes n € {256, 1024, 2048}, with € = 0.001 for Sinkhorn and € = 10 for PDHG. Curves that are higher and closer
to the left indicate better relative runtime performance, while the right plateau reflects robustness. The figure shows
a gradual transition in the best-performing method as the grid is refined: simplex is clearly strongest on the smallest
grids, and on the finest grid log-domain Sinkhorn becomes the strongest method overall. PDHG and gradient-based
methods remain less competitive.
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FIGURE 11. Relative transport cost error (log scale) at grid size n = 512 and € = 1072 grouped by distribution
family. Lower is better. Boxplots summarize variability across instances for Adam (log-domain), L-BFGS, PDHG,
and log-domain Sinkhorn.
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Accuracy. We report accuracy results in 1D, where all six solvers were run. Accuracy in higher
dimensions is omitted for the reasons outlined above: specifically, in 2D and 3D, direct accuracy
comparison becomes uninformative. The convergence issues of simplex observed in Figure 4 and
Figure 5 show that a large fraction of runs hit the iteration cap, so the reference itself becomes
unreliable. Higher-dimensional behaviour is therefore covered by the robustness and runtime results.

We assess the accuracy through the quality of the transport cost approximation. Since the
low cost value is only meaningful when the marginal constraints are satisfied, we first verify that
the solution satisfies those constraints up to a tolerance of 107%. This allows us to focus on the
transport error itself. For the regularized methods, the objective differs from the unregularized
ones. To compare all methods in the same physical quantity we evaluate the transport cost of the
computed plan . through C. .= (C, ) and, because of different scalings of the problem instances,
report the relative error |CA’6 —C*|/C* where C* is the reference cost given by the solution of simplex
method.

Figure 11 shows that the error behaviour across distribution families is not uniform. The three
main methods (Adam, Sinkhorn, PDHG) cannot be clearly ranked from this view: their boxes
overlap within most families, and PDHG is not uniformly best. The one clear message is that
L-BFGS consistently fails to approximate the cost. To see actual trends, Figure 12 shows the error
as a function of problem size and regularization separately. PDHG improves monotonically with
the grid size, while Sinkhorn and Adam remain stuck in the 1072 range — this is the regularization
bias, which does not shrink with finer discretization at fixed €. Figure 12b confirms that the error
of Sinkhorn and Adam grows near-linearly with ¢, while PDHG stays flat. This is expected and
reflects a fundamental difference between the methods. Sinkhorn and Adam optimize the entropy-
regularized problem, so the recovered cost depends on ¢ directly. PDHG solves the chi-square
regularized OT, which remains stable as ¢ — 0 and whose bias approaches the discretization bias
in that limit (Ruban and Gerolin, 2025). This is consistent with the PDHG cost error behaviour
across the tested range.

Solver 2- Solver

@~ PDHG, reg=0.001 10 -@- PDHG

©- Log Sinkhorn, reg=0.001 s ° ©- Log Sinkhorn
2 ©- Adam (Log), reg=0.001 o @~ Adam (Log)

- g
2

0.001 ©° ° o — o ————
s 2-

Median cost relative error
°
e
°
Median cost relative error
°

Problem size Regularization
(A) Error as a function of problem size at fived (B) Error as a function of regularization £ at a
e = 1073. PDHG shows monotone improvement fized grid size n = 512. PDHG does not show de-
with the grid refinement. Sinkhorn, on the other pendence on the regularization, while Sinkhorn and
hand, displays the reqularization bias: with fixed reg- Adam show a near-linear dependence on €.
ularization parameter € the refinement of the grid
does mot improve the accuracy of the method.

FIGURE 12. Median relative transport cost error (vs the LP baseline) for PDHG, log-domain Sinkhorn, and Adam
aggregated on 1D problems. The shaded bands show the interquartile range (25-75%). Lower is better.
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Effect of regularization. The log-sum-exp trick and the stability of log-domain updates in
Sinkhorn allow us to consider smaller values of €. Table 3 reports the maximum iteration hit rate for
Sinkhorn (log-domain) on a Gaussian mixture distribution across a wide range of €. The iteration
demand grows once ¢ drops below the 107° — 1075 range, with the iteration budget set to 10° (as
noted before).

TABLE 3

Maz-iteration hit rates (%) for Sinkhorn (log-domain) solver with Gaussian mizture distribution (6 components, 30
samples) across regularization levels €. Higher values indicate more frequent reaching of the iteration cap.

Regularization ¢ le—7 1le—6 1le—5 1le—4 1le—3 1le—2 1le—1 1
Max-iter hit rate (%) 100.0 91.0 4.3 0.0 0.0 0.0 0.0 0.0

As noted earlier, PDHG and Sinkhorn differ in how the regularization enters the objective. In
Figure 13 compares both methods on runtime and accuracy across €, extending the range to small
values of € for Sinkhorn as in Table 3. Note that the observed plateau in runtime and the erratic
cost error of Sinkhorn at small € (Figures 13a, 13b) reflect the method hitting the iteration cap,
as confirmed by Table 3. Thus, attaining better precision with Sinkhorn requires decreasing ¢ and
increasing the maximum iteration budget together — consistent with the O(log(1/6)/¢) iteration
count discussed in Section 3.2. More generally, the regularization € in PDHG acts as an algorithmic
parameter, while for Sinkhorn, £ defines the problem itself: smaller ¢ means a problem closer to
the LP.
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1.0e-7 1.0e-6 1.0e-5 1.0e-4 1.0e-3 1.0e-2 1.0e-1 1.0e+0 10e-7 10e-6 10e-5 10e-4 1.0e-3 10e-2 1.0e-1  1.0e+0
Regularization Regularization ¢ (reg)

(A) Median relative transport cost error (vs the LP  (B) Median runtime as the function of . Lower is
baseline) as the function of € in log-scale. Lower is faster.
better.

FIGURE 13. Effect of the regularization € on accuracy and runtime for log-domain Sinkhorn and PDHG aggregated
across all 1D datasets on n = 2048 grid. Markers show medians across problem instances and shaded bands show the
interquartile range (25-75%)

The sparsity of the transport plan m — the fraction of zero entries — is a structural property
separating the two solver families. Simplex returns a vertex of the feasible polytope, which has at
most n+m — 1 nonzero entries (Section 3.1); the optimal plan 7* is therefore sparse, with O(n+m)
active cells out of nm. Sinkhorn, in contrast, returns a fully dense plan: the entropic optimality
conditions give 7;; = exp((y; + ¢ — Cj;)/e) > 0 for every (7,7), so no entry can vanish. Ase — 0
the off-support entries decay (exponentially in 1/¢) and the plan becomes approzimately sparse,
recovering the simplex support in the limit without ever attaining exact zeros. Figure 14 shows the
Sinkhorn sparsity approaching the simplex baseline as £ decreases.
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FIGURE 14. Transport plan sparsity (in %) of the Sinkhorn (log-domain) solver as a function of the regularization
parameter €, with the simplex (LP) median sparsity baseline.

This is another manifestation of the same principle: as € — 0, Sinkhorn does not just approxi-
mate the LP cost — it approaches the LP structure, at the price of the increased iteration budget
reported in Table 3.
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4.3.1 Evaluation of the Back-and-Forth method

Unlike Kantorovich-type solvers that return a transport plan, the Back-and-Forth method con-
structs a transport map T : X — ) with potentials ¢ or 1, addressing the Monge formulation.
This suggests benchmarking the Back-and-Forth method against the simplex baseline rather than
biased Sinkhorn or PDHG. In this section we assess the stability of the method, how different con-
figurations affect the stability, the runtime, and the accuracy, by utilizing the metrics applicable to

the Monge map directly.

Throughout this section transport costs are reported under
c(z,y) = ||z — y||?, consistent with the simplex comparisons
of the preceding sections. The Back-and-Forth solver of Jacobs
and Léger (2020) is formulated for ||z —y]||?; since the two costs
differ only by a global factor, the optimal map is identical and
every reported quantity — relative cost error, Monge—Ampere
residuals, and convexity — is unchanged.

Stopping criterion. The absolute seminorm ||V ;11 (¢n)| z1
is dimensional, so its magnitude depends on the scale of each
instance and a single fixed threshold is not consistent across our
benchmark. We therefore stop on its relative change

IV i L) g = IV i L (1) || g |
IV i L(n) |l g ’

a dimensionless criterion that transfers across all instances. We
validate that it yields converged maps through the marginal
error 7 = Wy(Typ,v), reported as the dimensionless ratio
7/VM < 1, where M = [|lz — T(x)||>dp is the transport

0.35 1
X 0.30 A
=
§ 0.25 1
0.20 4 *
~
ﬁ 0.15 1 I
3
Qf 0.10 4 J_
= 0.05 -
0.00 1 g t
Gaussian 1D Gaussian 2D
1 component 3 components
(256 pts/axis) (64 pts/axis)
FiGUuReE 15. Relative discrepancy

Wa(Typ,v)/NM  for the Back-and-
Forth pushforward: the numerator
(marginal error) is computed with sim-
plex, the denominator with the solver’s
own cost M = [ ||z — T(x)||*du. Dots
are individual instances.

cost of the computed map; Figure 15 confirms it stays well below 1 in 1D and 2D, so the H!

criterion yields maps consistent with the Wasserstein metric.

TABLE 4

Maz-iteration hit rate (%) for representative distribution

families in 1D and 2D Back-and-Forth experiments. A(1) and
A(8) denote adaptive scheme with initial stepsize 05 =1 and

os = 8; C(1) and C(8) denote CIC.

Dim.

Configuration A(1) C(1) A(8) C(8)

Stability. We assess the stability of each
configuration — initial stepsize os; and
pushforward procedure — through the
max-iteration hit rate. Large o, already
degrades the pushforward visibly, produc-
ing ring-shaped artifacts and misplaced
mass (Figure 16) and motivating the con-

Gauss%an (2comp.) 205 262 448 362 goryative os = 1; Table 4 reports the hit

1D Gauss1an. 1267 129 300 pate across representative families. The
Exponential 12.9° 238 400 329 g1 tables are given in Appendix D (Ta-
Cauchy — Gaussian 20.7 21.7 85.7 35.5

Gaussian (2 comp.) 0.7 0.0 33 27
Gaussian 0.0 0.0 1.7 0.0

2D dimensions.

Exponential 0.0 0.0 0.7 1.3

ble 9, Table 10, and Table 11).
method is markedly more stable in higher

The

This matches the iteration

Cauchy 3.3 0.7 6.0 8.0

counts in Appendix C Figure 31, where
1D runs show oscillatory behaviour and re-
quire many iterations (Figure 31a), while

2D runs converge cleanly within 30-35 steps (Figure 31b).
The higher 1D hit rates can plausibly be attributed to discretisation effects: in one dimension
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mass can only be redistributed along a single direction, so coarse grid spacing makes local mass
imbalances harder to correct. In higher dimensions the same resolution offers more directions along
which mass can move, giving the method more flexibility to smooth out discretization artifacts.
Consistently with this, heavy tailed Cauchy-type families show larger hit rates than Gaussian and
Exponential ones across both dimensions, indicating that tail mass near the domain boundary
interacts strongly with the stepsize choice.

4 (source) v (target) Typwitho, = 0.5 Typ with o, = 1.0 Typwith o, = 4.0 Typ with o, = 8.0 Ty with 7, = 16.0

sity
lr yyyyy
0002

FIGURE 16. Heatmaps of the pushforward densities in the 2D Gaussian mixture benchmark. From left to right: source
density p, target density v, and the pushforwards Ty obtained by the Back-and-Forth method for o5 € {0.5,1,4,8,16}.
Small stepsizes (o5 € {0.5,1}) reproduce the two-bump structure of v, while larger ones produce ring-shaped artifacts
and misplaced mass, motivating the conservative os = 1.

Runtime. Figure 17 compares median run-

TABLE 5 time against grid resolution: simplex wins in

Pooled total-variation (TV) disw?ance betwecfn the numerical 1D, while the CIC Back-and-Forth scheme
pushforward and target. Entries are median [IQR] over les b 1 2D d 3D I ] 1
converged runs. Bold marks the lowest median TV in each scales best 1n and 3D, where simplex

dimension: Adaptive with o5 = 1 is best throughout. grows steeply and breaks down once the grid
is fine.
Dim. Scheme o, Median TV IQR The per-iteration cost of Back-and-Forth
CIC 1 0.071 [0.042, 0.122] is dominated by two operations: the
1D CIC 8 0.091 [0.055, 0.159] c—transform and the pushforward. The
Adapt?ve 1 0.021 [0.016, 0.030] c—transform is computed in O(n) per di-
Adaptive 8 0.046 [0-028, 0.077] mension via the Convex Hull Trick (see Sec-
CIC 1 0.139 [0.096, 0.196] tion B.1), and the CIC pushforward is a
CIC 8 0.160 0.106, 0.254] . . .
2D ) cheap multilinear remapping; the efficiency
Adaptive 1 0.061 [0.031, 0.081] .
Adaptive 8 0.065 10,039, 0.125] of the overalllmethod therefore hinges on
CIC 1 0.285 0173, 0.355  ‘hese two routines.
ap CIC 8 0.280 [0.187, 0.381] Accuracy. One natural way to assess the
Adaptive 1 0.116 [0.037, 0.178] match of marginals under the computed map
Adaptive 8 0.147 [0.052, 0.277] T is the Total Variation (TV) distance
1 m
TV(Typ,v) = 5 > N Tap)(y;) — v(y))], (4.3.3)
j=1

which vanishes for a perfect Monge solution. This is not an arbitrary divergence: it is the optimal
transport distance for the discrete 0-1 cost c(z,y) = 12, (Villani, 2009), so it stays inside the
OT framework. We prefer it to the Kullback—Leibler divergence, which is not a metric, diverges
under the support mismatch of Figure 15. TV is, however, geometry-blind: with the 0-1 cost a
small local displacement is penalised as heavily as a gross misplacement, so we use it as a cheap
marginal-fidelity diagnostic (Table 5) rather than a primary accuracy metric.
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FIGURE 17. Median runtime with grid resolution for simplex (red line) and Back-and-Forth (adaptive (blue line)
and CIC (green line) pushforward, both os = 1) aggregated over all instances of a given dimension; vertical axis is
logarithmic. Simplex is fastest in 1D but grows steeply and breaks down by 3D, where CIC scheme stays near 1 second.
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FIGURE 18.  Signed relative cost error

(Csolver — Canalytic)/Canalytic on Gaussian in-
stances, where Canalytic 45 the closed-form
cost (Takatsu, 2011); positive is overestima-
tion, negative underestimation. Grids are
512/64/32 points per axis in 1D/2D/3D.
LP (simplex) recovers the analytic cost up
to discretization. Back-and-Forth under-
estimates, increasingly so on the coarser
higher-dimensional grids, a discretization
effect of the map-based cost (Table 6).
Sinkhorn (e 4 x 107*) owverestimates
slightly; the offset is its residual entropic
bias and shrinks with €.

Transportation cost approximation. The Back-and-
Forth method reports its cost through a map. This map is
different in nature from the barycentric map of Remark A.2:
it is returned natively rather than projected from a plan, so
the coupling is deterministic and the cost underestimation
of that remark does not apply here. The remark governs
the plan-derived maps instead, and we return to it in the
structural comparison of Figure 19.

The underestimation that Back-and-Forth does exhibit
(Figure 18) is a discretization effect of the map-based cost
rather than a marginal mismatch. T'wo observations isolate
it. First, the LP cost on the same discretized measures re-
covers the analytic value, so the binning of y and v is not
responsible. Second, per instance the cost gap correlates
with the marginal error 7 = Wa(Typ,v) only on fine grids:
strong in 1D at 512 points (Spearman —0.68), it collapses to
insignificance (—0.21) when 1D is recomputed at 32 points
(Table 6), identifying the dominant effect as grid resolution
rather than dimension or marginal mismatch. The gap does
not vanish over the tested grid range and grows as the grid
coarsens. Sinkhorn (¢ = 4 x 10™%) is included for complete-
ness; its small positive offset is the residual entropic bias of
Section 3.2.

Monotonicity of the map. The Brenier map is the
gradient of a convex potential, equivalently a monotone map,
so its Jacobian VT has a positive semi-definite symmetric

part. We test this pointwise: at each grid point z € X

we form VT (z) by central differences of the map, symmetrise it, and check that the smallest

eigenvalue of sym(VT(z)) is non-negative up to a tolerance of 10719,

We report the convexity

fraction, the proportion of points passing this test. It exceeds 0.99 in every configuration and
dimension (Table 13), so T" is monotone—hence injective, and a bijection onto its image—almost
everywhere, which licenses the change of variables used below, even in the most challenging 3D

setting.
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TABLE 6
Per-instance correlations between the Back-and-Forth cost gap cBFMm — Canalytic and marginal error 7 = Wa(Tup, v)
for Gaussian instances (n = 30 per dimension with closed-form solution (Takatsu, 2011)). The original benchmark
uses 512/64/32 points per azis in 1D/2D/3D, whereas the control uses 32 points per axis in every dimension.

Benchmark Dim. Pearson Spearman OLS slope
1D —0.504 —0.675 —0.0035
Original (512/64/32) 2D —0.061 —0.384 —0.0026
3D —0.051 —0.188 —0.0013
1D 0.274 —0.212 0.0184
Control (32/axis) 2D 0.014 —0.109 0.0003
3D —0.167 —0.250 —0.0050

Monge—Ampeére residuals.

Another useful metric to check the structural correctness of the

resulting map is the Monge—Ampere residual check, which certifies the structural properties of the
optimal Brenier map. To assess the structural quality we compute the Monge—Ampere residual

r(x) = det(VT(z)) pu(T(x)) = pu(),

(4.3.4)

and report its L' norm as a global measure aggregated over all z € X.

This L' norm measures the misallocated mass. Indeed, define the reweighted target density
p(x) = det(VT(x)) p,(T(x)). With the change of variables y = T(z), dz = dy/ det(VT (T~ 1(y)))
— valid since T" is monotone (Table 13), hence a bijection — p integrates to one, so both p and p,

are probability densities on X and

% 7l = % lp— Pu”Ll =TV(p, Pu),

Map
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FIGURE 19. Monge-Ampére residual (L* norm, log scale)
of three maps on Gaussian instances N(m,c2l;). An-
alytic (green) is the exact map (Takatsu, 2011), whose
residual is the pure discretization floor; LP (simplex)
(red) is the barycentric projection of the exact plan; Back-
and-Forth (blue) is the native map. For d > 2 Back-and-
Forth lies below LP; all three sit above the floor in 3D.

(4.3.5)

the fraction of misallocated mass. The same
change of variables identifies this in the contin-
uum with the marginal discrepancy TV (T u,v)
of (4.3.3), so Tables 5 and 7 estimate one quan-
tity by two different discretizations. Table 7 re-
ports the aggregated residuals across all distri-
butions and grids.

Two effects contribute to the measured residual,
and separating them is essential for reading Ta-
ble 7. The first is the error of the map. The
second is a discretization artifact: on a finite
grid the term p,(7T'(z)) must be interpolated at
off-grid points T'(z), which introduces an O(h?)
error even for an exact map. We make this pre-
cise in Appendix A.4, where we derive the dis-
cretization floor ||r||;1 ~ %E[ IX*(d) —d| /o2 ]
for Gaussian targets N(m,021;) and confirm it
numerically to within 5%. Since this floor grows
with d, much of the residual increase from 1D to
3D in Table 7 is discretization, not solver degra-
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TABLE 7
Monge—Ampére residuals (L* norm), pooled over grid sizes and distributions. Entries report the median residual and
interquartile range (IQR) over converged runs. The final column gives the associated misallocated-mass fraction,
||rl|z1. Bold marks the lowest median residual in each dimension. Adaptive with os =1 is lowest throughout.

Dim. Method o, Median residual IQR Misalloc. mass

CIC 1 0.076 [0.041, 0.151] 3.8%
p CIC 8 0.099 [0.049, 0.198] 5.0%
Adaptive 1 0.067 [0.040, 0.129] 3.4%
Adaptive 8 0.120 [0.066, 0.216] 6.0%
CIC 1 0.196 [0.125, 0.319] 9.8%
oD CIC 8 0.235 [0.147, 0.407] 11.8%
Adaptive 1 0.165 [0.092, 0.287] 8.3%
Adaptive 8 0.191 [0.107, 0.364] 9.6%
CIC 1 0.442 [0.290, 0.585] 22.1%
sp CIC 8 0.440 [0.315, 0.620] 22.0%
Adaptive 1 0.349 [0.207, 0.530] 17.5%
Adaptive 8 0.415 [0.236, 0.700] 20.8%

dation; the residuals are therefore read relative to the floor and used to rank configurations rather
than as absolute errors. On Gaussian instances, where the optimal map is known analytically, we
separate the two effects directly (Figure 19). The analytic map’s residual is the pure discretization
floor; that the floor rises with dimension alongside the solver residuals confirms the increase is
discretization, not solver error. The barycentric averaging of the split LP targets (Remark A.2)
compresses that map and inflates its residual, which is why Back-and-Forth lies below LP for d > 2.

Taken together, the Back-and-Forth method occupies a distinct niche in the benchmark. It is
the only solver that returns a transport map directly. Its structural output is sound: the recovered
map is monotone almost everywhere, and on Gaussian instances its Monge—Ampere residuals lie
below those of the barycentric LP projection. The cost underestimation and residual growth with
dimension are discretization artifacts, not algorithmic failures, and shrink under grid refinement.
Throughout, the pushforward procedure is the cornerstone of the method.
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4.4 Application: 2—Wasserstein barycenter for continuous measures
Let Q C R? be a compact subset of R?, p, ..., ux € P(Q) be probability measures and Ay, ..., Ay >
0 be non-negative numbers with Zfil Ai = 1.

Definition 4.4.1. The 2—Wasserstein Barycenter of (1;)X; with weights (\;)Y; is defined as a
minimizer (Agueh and Carlier, 2011)

7S argyénpl(lsl)) Z)\ W3 (i, v (4.4.1)

Outer regularization: In practice, it is common to (outer-)regularize the 2—Wasserstein Barycen-
ter (4.4.1) (see, e.g., Li et al., 2020)

VX € arg min Bar. (v; 1, ..., :=arg min /\W V) + YR(v), 4.4.2
j € arg min Bar,(vipn,... py) i= arg min Z F(uiv) + YR(v) (4.4.2)

(4.4.3)

R() fQ (lnu (y) — 1) dy v is absolutely continuous w.r.t. Lebesgue,
V) =
~+00 otherwise.

The outer-regularization enforces absolute continuity of the minimizer v in (4.4.2), which can,

for instance, improve convergence of our computational algorithms. Indeed, notice that v +—
Bar, (v; ) is strictly convex and the first variation is given by Chizat (2025)

vy oc exp( 1 S vily)).
=1

where 1); are the Kantorovich potentials associated to Wa(pu;, v).

Dual formulation: The following theorem provides a dual formulation for the outer-regularized
2—Wasserstein Barycenter in (4.4.2).

Theorem 4.4.2 (Duality). Let Q C R? be a compact and convex subset, 1, ...,pun € P() be
probability measures, A1,...,An > 0 be non-negative numbers with Zfil Ai=1, andy >0 be a
positive number. Then the outer-reqularized 2— Wasserstein Barycenter admits the dual formulation

min Bary(v;pi, ..., 1) sup {Z)\ /1/JZ ) dpi(x

11673( ) ¢17 ﬂZ)N i=1
| X
—7In (/ exp (— > Aiwi(y)> dy) } :
L 7=

Proof. By Kantorovich duality (Theorem 2.2.3; see also Santambrogio (2015)), each squared dis-
tance admits the dual representation

W3 (i, v) Sup{ / W8() dpi (z / bi(y) du(y } (4.4.4)
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FIGURE 20. Wasserstein barycenters of three landmark silhouettes — Christ the Redeemer, the Eiffel Tower, and
CN Tower — placed at the vertices of the weight simplex. Each interior image is the barycenter whose barycentric
weights are given by its position in the triangle, computed with the barycenter-regularized Back-and-Forth method on
a 1024 x 1024 grid with v = 107%.

Regularized Back-and-Forth Sinkhorn
Marginal uo Marginal u; Marginal u; y=10"* Back-and-Forth (inner reg. £ =3.0 x 107%)

4+ B &

FIGURE 21. Equal-weight barycenter (Ao = A1 = A2 = 1/3) of three shapes: a ring, a cross, and a square. From
left to right: the input marginals po, p1, p2, followed by the barycenter computed by the regularized back-and-forth
method (§B.5) at outer regularization v = 10~%, the plain back-and-forth method, and convolutional Sinkhorn (§B.4)
with inner reqularization € = 3.0 x 10~*. The plain back-and-forth output is noisy, whereas both regularized methods
produce smooth densities.

Substituting (4.4.4) into (4.4.2) gives

Vg;;(rsl))Barw(v SHL - IN) = Velgf sup ZA (/sz‘c(x>dﬂi+/9¢i(y)d’/>

)i €LN(Q) 12

T / v(y)(Inv(y) — 1) dy

= su inf )\ / ) dpi / i )
Pi€ LP(Q)VGP(Q) ( vile) du vily

y / v(y)(lnv(y) — 1) dy

47



N

= sup /Z)\iwf(w)dﬂi+

wieLL(Q) Jo =
V>01nffy 1/ (Z i (y ) dy+’y/ v(y )(lny(y)—l) dy.

where we have used Sion’s Theorem A.1, to exchange min, with sup,, . >
Now, we claim that

u>0?nff,/:1/ (Z Aibi(y ) dy+’y/Q v(y )(lnu(y) — 1) dy

1 N
=-—yn (/Q exp <—7 ;&w(@) dy) —7. (44.5)

Indeed, taking the first variation of (4.4.5), one has

Z Aivi(y) + vInv(y) = ¢, y € €, (4.4.6)

for some constant ¢ € R. Hence,

N e N
I/(y) = exp <C - 21:; )\Wz(y)) =C exp <_,])./ Z Az@/}z(y)) N (447)

with normalization

ct= / exp (—1 i&%(y)) dy. (4.4.8)
Q it

Plugging (4.4.7) back into (4.4.5) shows that minimizing over v contributes the log-partition term
—’Yln/exp(—i > i),
i

together with the constant —v. The latter is independent of the potentials ¢; (and of v): it shifts
the objective by a fixed amount without affecting either the minimizer v or the supremum below,
so we drop it. (Equivalently, the constant reflects the normalization —1 in (4.4.3); with the choice
R(v) = [ vInv, which differs from (4.4.3) by a constant on P(Q), the identity (4.4.5) holds without

®The exchange of inf, and SUPy, .., 1S carried out at the formal level: we invoke Sion’s minimax theorem
(Theorem A.1) without verifying all of its hypotheses—joint convexity in v and concavity in the ;, compactness of
the v-domain, and the necessary semicontinuity. A fully rigorous treatment would establish these conditions but we
do not pursue it here.
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y=1.6x10"" y=6.3x107° y=2.5x10"* y=1073

DD O O

FIGURE 22. Effect of the outer regularization v on the Back-and-Forth barycenter. As « grows from 1.6 x 107°
to 1073, the grid-scale noise of the weakly reqularized map is progressively suppressed and the barycenter becomes
smoother, at the cost of blurring the sharp features of the shape.

the trailing —v.) Consequently,

N
min Bar,(v;p1,...,pun) = sup {ZAZ/wa(:c)dul(:c)

veP() Y1, UN =1
LN
—v In (/Q exp (—7 ; )\iiﬁi(y)) dy) } . (44.9)

O

Remark 4.4.3. Equivalently, this term couples all potentials {¢;} through a log-partition function,
and can be viewed as a smooth “soft-min” version of the hard constraint/aggregation that would
appear in the unregularized case v — 0.

4.4.1 (Outer-)regularized Back-and-Forth for 2—Wasserstein barycenter

We will use a single convention: @-potentials live on the source (so ¢ = ¢(z)) and ¥-potentials live
on the target (so ¥ = ¥(y)). Let ¥; : @ — R and collect them into the vector @ := (¢1,...,¥N).
Define the corresponding c-transforms

pila) = @) = inf fe(e,y) — i)}, i= LN, (4.4.10)

and write ¢ := (¢1,...,n). In the context of Euclidean cost c¢(z,y) = 3|lz — y||?, by Brenier’s
theorem the associated Monge map (from pu; to v) is T;(x) =  — V;(x). Thus it is natural that
we define that ¢; and v; live in the Sobolev space

H' Q) ={ue L*Q): Vue L*(Q) }, (u,v) g1 = /Q (uv + Vu - Vv) dz. (4.4.11)
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In terms of ¢ and ), we define the dual functionals F : (H)N — R and D : (H)N — R

N N
= Z&/ Yi(z) dpi(x) — v In (/Q exp (-i ;MW@)) dy) :

(4.4.12)
1
ZA / ) dpi(x) — v In </ exp (—Zki%(y)) dy) :
Q it
Whenever ¢; = ¢ (as in (4.4.10)), the two coincide.
Proposition 4.4.4. For every h = (hy,...,hy) € (HY(Q))N
(i) The first variations of the functionals F' and D are given by
N N
=30 [ v = 3N [ n) AT (44.13)
i=1 i=1

Z/\/ ) dp(x Z/\/ y)) dv(y), (4.4.14)

where the measure v is defined as

eXp< CD DARP V(Y )) dy
erXP< Z;VN\J%( )) dy.

dv =

(i) Their Sobolev gradients can be formally written as

Vin F()i = (1= )7 (A = (T ),
Vi D(g)i = (I = 8)7 (Ni(pi = (S)4v) )

Proof. Finding a Sobolev-space derivative. Let h = (hy,...,hy) € (H'(2))" and consider
the perturbation . := ¢ + ch. Our goal is to find

SD(@)[H] = D+ ch)

)

e=0

where

1 N
Z/\/ r)dpi(z) —vInZ(p),  Z(p) :—/Qexp<—7;&<pf(y)> dy. (4.4.15)

Derivative of the linear term. By linearity of the integral,

Z)\ / x) + ehi(x)) dpi(x ZA / ) dpi(z). (4.4.16)

e=0 ;-1

d

de
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Derivative of the log-partition term (chain rule). We first apply the chain rule to —y1In Z(¢.):
d

= [—yInZ(pe)] = — L d

e=0 Z(So) dig e=0

Next, we differentiate Z under the integral sign:

Z(p2). (4.4.17)

(4.4.18)

o)
]
ko)
|
| =
1[~]=
3.’
%
+
™
@
Q“Q \_/

(goi + shi)c(y)> dy.  (4.4.19)
Envelope step for the c-transform. For each ¢ and y € (, let
7i(y) € argmin{c(z,y) — pi(x) }, (4.4.20)

assuming the minimizer x}(y) exists and is unique. Then we can write the envelope step in three
stages:

E )@= g min{den) - e - o)
IR GO Rt R ) B —
= —hi(}(y))-
Substituting (4.4.21) into (4.4.18) and then into (4.4.17) yields
N hi(x} ex 1N Aj d
di [ Z(ee)] == A Jo i) 1p( AR ! (4.4.22)
£lemo = Joexp (=220 Ao (v) ) dy

First variation. Combining the derivative of the linear term with (4.4.22) we obtain the Gateaux
derivative (in the sense of Definition 3.4.2)

ha(wr(v) exp (=2 )0 A5(0) ) dy
Jo exp(—% S dy

_Z)\/ @) dpi(x ZA/ v)) dv(y)

where the measure v is defined as

(4.4.23)

Z)\/ @) dpi(x Z)\

en(- S ve) dy
Ja eXp(‘; Zj:l Aj@j(ﬂ)) dy'
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Now, note that 2} (y) € arg mingeq{c(x,y)—pi(x)} defines, for each i, a (measurable) map S; : Q@ —
Q by S;(y) := z}(y). When the potentials are linked by the c-transform (i.e. when ¢; = ¢ so that
D(p) = F(1) in value), the corresponding optimal Monge maps T; : Q — Q satisfy T;05; = Id and
hence S; = T, * (a.e.). Thus, in this case we can use the change-of-variables formula to substitute
y = T;(z) inside the integral:

Z)\ / ) dyi (x Z)\ / dv(Ti(z)). (4.4.24)

By the definition of pushforward, [, hi(z)dv(T; = Jo hi d((Si)xv), so that

Z Ai / @) dpi(xz Z Ai / ((Si)gv). (4.4.25)

In the same c-transform setting described above, rewriting (4.4.25) in target variables yields the
equivalent first-variation statement used below:

h] = i:vjx/ ) dv — Z Ai / (T3) 1t (4.4.26)

Hence the Sobolev-space gradients (with respect to (-,-) ;1) can be written formally as

VinF($)i = (= 8)7 (M(v = (T)4m)).
Vi D(g)i = (I = )7 (Ni(pi = (S)4v) )

4.4.2 Computational algorithm: (outer-)regularized Back-and-Forth

The Proposition 4.4.4 suggests a novel computational algorithm computing numerical realizations
of (outer-regularized) 2—Wasserstein Barycenters via alternate maximization of the functionals F
and D.

Following the approach of the Back-and-Forth method discussed in Section 3.4, let {1/12-(k)}k20

and {gol(k)}kzo be a (formal) sequence of potentials obtained via Sobolev gradient-ascent iterations
of the functionals F' and D as follows

w§k+1/2) - ¢( )+77k lepw( ))Z — (4.4.27)
6 i (1= 27 (2™ = (1)) ), (4.4.28)

@£k+1/2) - (wi(kH/Q)C’ (4.4.29)
%(kﬂ) - (pl(k+1/2) . VH1D(¢(k+1/2))i = (4.4.30)

A g (1= )7 (N — (ST 172y ), (4.431)

wl(k_,_l) - (90§k+1))cy (4.4.32)
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fori=1,...,N.
Define the associated barycenter iterate v(*) by the Gibbs rule

N o)
V) (dy) = exp<—%zj=1 AjY; (y))

Jo exp (—% ORRPYIDE (y)>

and consider Ti(k)

wzgk—H) _ wz(k:) o (I — A)q()\i(y(k) _ (Ti(k))#ﬂi))7
o = o o (1= 2)7 (i — (ST ®)),

dy.

dy

the Monge maps from p; to v%). Then, with a step size N > 0, we update

where Si(k) (y) := (z¥)*)(y) denotes the corresponding minimizer map in the c-transform.
The pseudo-code and a detailed version of the (outer-)regularized Back-and-Forth algorithms is

provided below 3.

Algorithm 3 (Outer-)Regularized Back-and-Forth Dual Ascent (Sobolev Gradient)

1: Input: measures p1, ..., un, weights A1, ..., Ay, regularization v > 0, step sizes {1y }x>0
2: Initialize: potentials ¥(®) = 0 and ¢(®) = 0 (zero tensors/functions)

3: for k=0,1,2,... do
4: fori=1,...,N do

k E)\e

o — )

5

6: end for i
exp(—% Zjvzl Aj %(' )(?J))

Joexp(=2 2N 3P () dy

fori=1,...,N do
(k)

compute T} k

7: v (dy)

dy

10 oD e o (1= 270 (00 = (1) i)
11: end for

12: fori=1,...,N do

) Cy

14: end for i
exp( =2 3000 (o))

k
Joexp (=2 2N 2 (01)) ) dy
16: fori=1,...,N do

15: vF(dy) « dy

17: compute ka) from the target potential (sz(k))c
SP(y) =y — (V) 1(V(eF)e(y))

18: SOz(k+1) - %(k) o (I — A)A()\i(ui _ (Si(k))#y(k))>

19: end for

20: end for

> F(1)-view (target potentials)

from the source potential go(k) > e.g. Ti(k) () =2 — (Vw)*l(Vgogk)(:E))

> D(¢p)-view (source potentials)

> e.g.
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t=0.00 t=0.17 t=0.33 t=0.50 t=0.67 t=0.83 t=1.00

+
OO0 O ¢ <+ +
OO0 O X<+ +
OO0 O & % 4+ +

FIGURE 23. Barycentric interpolation between two shapes (ring and cross) as the weight Ao = t sweeps from 1 to
0 (with A1 =t — 1). Rows: the (outer-)reqularized Back-and-Forth method, the plain Back-and-Forth method (see
Appendiz B.5), and the convolutional Sinkhorn (see Appendiz B.4) at two inner-regularization levels (¢ = 6 X 1074

and ¢ = 107*). The plain Back-and-Forth output is noisy; convolutional Sinkhorn is overly blurred at the larger e
and develops artifacts at the smaller one. The outer-regularized variant interpolates cleanly without either defect.

7e —05)

Back-and-Forth Back-and-Forth

Regularized
le-04) (reg=6e-04) (v

Conv. Sinkhorn Conv. Sinkhorn

(reg

Convergence criterion (marginal mismatch). To monitor convergence in practice (and, in-
directly, the quality of the computed Monge maps S;), we track a marginal mismatch error de-
fined from the discrepancy between each reference marginal u; and the pushforward of the current

barycenter iterate v(®) under Sl-(k). Given an iterate v*) and maps Si(k), define

k) .— , (k) k
B = max [l — (5], pe L2 (1.4.33)
Here || - ||, denotes a chosen LP-type norm of the difference of densities (when available) or, more
(k)

generally, a discretized norm on the numerical grid. We stop the iteration once Err,” falls below a
prescribed tolerance (we usually set tolerance 7 = 1073, with p = 1).

4.4.3 A general framework

The (outer-)regularized barycenter is the simplest case of a broader family of variational problems
on a graph of measures. Let G = (V, E) be a directed graph with vertex set V' = {0,1,...,N}
and edge set £ C V x V; associate to each node i € V a measure p; € M, () and to each
edge (i,7) € E a cost ¢;5: 2 x & — R. With a proper, convex, lower semicontinuous functional
®: (M ()N — RU {+o0} acting on the nodes, the problem reads

el iev 2 /9 o wg) dmis (i, 25) + @((p)iev), (4.4.34)
”ijéH(Piypj):ki,j)GE (i,j)eE
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FIGURE 24. Pushforward of the barycenter measure v onto each input marginal through the recovered Monge maps
To,T1,T>. Rows correspond to the three marginals (ring, cross, square), columns to increasing outer regularization
v. Each title reports the L' error between the pushforward (Ty)uxv and the target marginal. Pushforward fidelity
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improves markedly as v grows, since a stronger outer regularization yields smoother, better-behaved maps.

where each m;; € II(p;, pj) is a transport plan with marginals p; and p;. The barycenter prob-
lem (4.4.2) is the special case of a star graph: the centre node py = v is free, the leaves p; = p; are
fixed, the edge costs carry the weighted squared distances, and ® collects the outer entropy on the
centre together with the constraints fixing the leaves. We develop a Back-and-Forth Flow for the
general problem (4.4.34) in joint work with D. Ruban and A. Gerolin (Zhytkevych et al., 2026):
the same dual ascent applies, now with one potential per edge. This manuscript is currently under

review, and the duality and variational derivations there are carried out at a formal level.
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4.5 Application: colour transfer

In colour transfer applications, the goal is to recolour an image to match a desired colour palette.
This technique finds use in fields such as computer graphics, video postprocessing, panorama stitch-
ing, medical imaging, data visualization, and more (Faridul et al., 2016; Pitié, 2020). OT is one of
the statistical approaches to colour transfer. Unlike per-channel methods — which can introduce
unnatural visual artifacts — the OT approach aligns the colour histograms jointly in a three-
dimensional space, preserving cross-channel correlations (Frigo et al., 2015). In statistical colour
transfer, the colour distributions of both images are treated as probability distributions, and the
transformation is performed by matching these histograms. Here, the ”source image” refers to the
image being recoloured, while the ”target image” supplies the colour palette to be transferred. We
denote by p the measure associated with the source image and by v the measure associated with
the target image.

To evaluate the performance of optimal transport methods for color transfer, we utilize the

MIT-Adobe FiveK dataset (Bychkovsky et al., 2011) for benchmarking experiments.’
Setting. Let the two empirical colour distributions of the source and target images, pu and v, be
represented as histograms living on the colour space Q C R%  Concretely, u = Yoy a; by, and
v =), bjdy,, where {z;} and {y;} are the colour-bin centres (the support points) and a;,b; >0
are the corresponding normalized bin frequencies, with ), a; = > y b; = 1. The support 2 is the
RGB or CIELAB colour domain, with up to 3 channels.

A colour space is said to be perceptually-uniform if the equal differences in that space correspond
to the equal perceptual differences as perceived by the human vision. This property is particularly
important in tasks of image correction or colour transfer tasks, because the goal is not only to
match the distributions numerically but also to preserve or reproduce the differences meaningfully.
CIELAB decomposes into a lightness component L and two chromatic components A (green-red)
and B (blue-yellow), with ranges [0,100] for L and [—128,127] for A and B. This suggests three
options: d = 1 (the L channel, adjusting only lightness), d = 2 (the A, B channels, transferring
colour without touching lightness), or d = 3 (all channels). We use the 2-channel adjustment of
A and B. CIELAB colour space was designed achieve the perceptual uniformity: the Euclidean
differences between two colours (known as AFE metric) in this space provides approximation of
human-perceived difference. The difference AE between two colours (L1, Ay, B1) and (Le, Ag, Ba)
in CIELAB space is defined as

AE =+/(Ly — L1)2 + (A2 — A1)2 + (B2 — B1)%,

for which AF = 2.3 corresponds to just noticeable difference. As a result, the Euclidean distance
in CIELAB aligns the optimal transport geometry with perceptual similarity.
RGB has 3 channels — red, green and blue, taking integer values from 0 to 255 — so its measure
representation uses all three (d = 3). RGB is not perceptually uniform, as Euclidean differences in
that space do not correspond linearly to perceived colour differences. However, RGB remains the
commongly used representation due to its simplicity, and including RGB-based experiments allow
us to catch the robustness of optimal transport solvers under non-perceptual geometry.

Because the components of RGB and CIELAB have different bounds, we normalize each into the
support [0, 1]%. For both colour spaces we employ the squared Euclidean distance ¢(z, y) = ||z —y||?

5The photographs are copyright (© 2011 Adobe Systems Incorporated and Massachusetts Institute of Technology,
and are reproduced here under the dataset’s Research License, which permits their use for non-commercial research
purposes.
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as the cost.

Brenier’s map estimation: For the OT methods that output a transport plan = € P(Q2 x Q)
(such as simplex and Sinkhorn) with (X,Y’) ~ 7, we use the Barycentric projection Ty : Q — € to
approximate the transport map 7T : Q — ) to be defined as

1 m
Te(wi) =Ba YV | X =] = — > wiy (4.5.1)
1 j=1

With palettes, we perform recolouring procedure via the nearest-pixel assignment
x +— T(x;+) where i* = argmin ||z — x|
(]

For the perceptual reasons, we may use the displacement interpolation T, : £ — £ on the maps
T and T to keep the results closer to the original source:

To(z)=(1—-a)z+aT(z), acl0,1l]. (4.5.2)

In the experiments we evaluate the metrics at each a € {0.4, 0.6, 0.8, 1.0}, so that a = 1.0 is the
full transport T,, = T and smaller values keep the recolouring progressively closer to the source.
Evaluation metrics. To assess the quality of the results we consider the following evaluation
metrics based on visual perception (SSIM, Colourfulness index, Gradient magnitude, Laplacian
sharpness) and based on transport map estimation (Monge-Ampere residual, diffuseness)

1. Structural Similarity Index (SSIM) is a widely used perceptual metric for image quality
assessment. We evaluate it on the L channel of CIELAB, between the recoloured and source
images. Let x and y refer to corresponding local windows (of size w x w with w = 11) of
the L component; the reported SSIM score is the average of the local SSIM over all window
positions across the image:

(2papty + C1)(200y + Co)
(u2 + M%/ +C1) (02 + 05 + C9)’

SSIMlocal(x, y) = (4.5.3)

where the constants C1,Co > 0 stabilize the ratio (C7 = (k1 D)?,Cy = (koD)? with k; =
0.01, k2 = 0.03 and D the dynamic range of the L channel, here D = 1 after normalization),
> and o, are the mean and standard deviation of z, and o, is the covariance between x and
y. The metric combines luminance (similarity of mean intensity), contrast, and structural
similarity (Wang et al., 2004). A high SSIM (up to 1) indicates that the luminance structure
of the source image is preserved.

2. Colourfulness index (Hasler—Siisstrunk) quantifies the perceived colour vividness and is
reported in RGB. Let rg = R — G and yb = %(R + G) — B. The colourfulness of a single

image is
CF = /0% + aib +0.3 y/p2, + uzb, (4.5.4)

where o, and u, are the standard deviation and mean of z. We report the absolute difference
in colourfulness between the recoloured and target images: a large difference means oversat-
uration (increase of colourfulness) or a collapse of saturation (decrease of colourfulness).
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3. Gradient magnitude correlation. Let L(!) and L® be the L components of the recoloured
and source images in CIELAB. Compute the spatial gradient magnitudes g1 (i) = ||[VLM (3)||
and go(i) = |[VL®(i)| at pixel locations 4, and, with g; and gy vectorized, the Pearson
correlation

GradCorr = 21(91(2): gl)(gg(z) — 92) —. (4.5.5)
V2il91() = g1)% /22i(92(0) — 53)
Defined on the luminance component of CIELAB, it probes edge strength and texture con-
trast, complementing SSIM, which relies mostly on local statistics.

4. Laplacian sharpness would allow us to catch the blurring and artificial crispness introduced
by the method. We compute the discrete Laplacian AL, on the luminance component and
report the difference between sharpness score of recoloured and target images, where the

sharpness score we take as
Sharp(z) = Var(AL;). (4.5.6)

5. Monge—Ampere residual was introduced in Section 4.3.1 as a structural-accuracy diag-
nostic of the recovered map:

r(z) = det(VT(z)) pT(x)) — pu(z), (4.5.7)

and we report its L! aggregate ||| 1, half of which equals the fraction of misallocated mass.
We reuse the same metric here, applied to the Monge map for the Back-and-Forth solver and
to the barycentric projection T, otherwise.

6. Diffuseness measures the conditional variance of the target colour around the barycentric
projection (4.5.1). For a coupling 7 and a source point z;,

1 m
Var(Y | X =2) = B[V | X = ] - [BIY | X = @ill> = — 3 gy mig = 1 Tx(e)I,
7 =1

where a; = 2211 mi; is the mass the plan assigns to x; (equivalently the source histogram
weight p;). We summarize a plan by the mass-weighted aggregate

D(r) =) a;Var(Y | X = ;).
=1

This is reported only for the Kantorovich-type solvers. Because their plans are not determin-
istic — the entropic regularization spreads each source colour over several targets — D(m)
quantifies how far the recovered plan is from a Monge map: it vanishes when the plan is
induced by a map (each z; sends all its mass to a single y;) and grows as the plan becomes
more diffuse, e.g. with increasing Sinkhorn regularization ¢.
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Reference e=10"3 e=10"2 e=10"1 =

FIGURE 25. Visual effects of entropic regularization in Sinkhorn colour transfer (log-domain Sinkhorn).
The first row shows the recolouring in CIELAB space and the second row the corresponding results in RGB space;
the leftmost column shows the reference source (top) and target (bottom) images. From left to right, the transferred
images use regularization levels € € {10_3, 10721071, 1}. Increasing € makes the transport plan more diffuse and
the output smoother, but also increases the bias of the entropic barycentric estimator (4.5.1) of the transport map,
which pulls the transferred colours toward the palette mean and washes them out. This is reflected in the growing
colourfulness difference (4.5.4) between the recoloured and target images as € grows (CIELAB: 0.0427, 0.0582, 0.1159,
0.1287; RGB: 0.0107, 0.0149, 0.0286, 0.1031).

CIELAB

RGB

Reference

CIELAB

RGB

FIGURE 26. Displacement interpolation effects for the Back-and-Forth colour transfer map. The first row
shows recolouring results in CIELAB space, while the second row shows the corresponding results in RGB space.
The first-column images are the source and target references, respectively. From left to right, the transferred im-
ages are obtained by applying the displacement interpolation map To(z) with o € {0.4,0.6,0.8,1.0}. Increasing «
strengthens palette matching, reflected by decreasing Sinkhorn divergence in RGB space (0.15, 0.10, 0.07, 0.06 for
a = 0.4,0.6,0.8,1.0, respectively), but may reduce structural similarity, as indicated by lower SSIM values in RGB
space (0.87, 0.80, 0.73, 0.67). This illustrates a trade-off between colour matching and structure preservation.

Finally, to assess the quality of the resulting histogram on the recoloured image we consider the
Sinkhorn divergence (2.6.2) between the (empirical) histogram fi of the recoloured image and the
target histogram v, i.e.

. . 1 o 1
SE(#” V) = K:(/% V) - E’C;(:U’v /'L) - §’C;(V7 V)a
with ¢ = 5-107%. In our experiments, the computation uses at most 50,000 Sinkhorn iterations,

tolerance 107°, and batch size 8192.
In CIELAB each solver achieves decent results (Figures 28 and 29): the choice of a perceptually
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Source image Target image

CIELAB RGB

Back-and-Forth

Sinkhorn (e = 0.001)

simplex

FIGURE 27. Comparison of constant cell-like artifacts across solvers. The first row shows the source and
target images. The remaining rows compare recolouring results produced by the Back-and-Forth, Sinkhorn, and simplex
solvers in CIELAB and RGB colour spaces. Visually, the simplex solver, which computes the exact histogram matching
result on the discrete support, produces the strongest piecewise-constant cell-like artifacts. These artifacts are less
visible for Sinkhorn and are reduced most clearly for the Back-and-Forth method, whose outputs appear smoother
overall.

60



o RGB CIELAB

1st: Back-and-Forth (CIC) (0.02753) 1st: Back-and-Forth Adaptive (0.02593)

0.4 2nd: simplex (0.03134) 2nd: Back-and-Forth (CIC) (0.02725)
A =0.00381 (12.2%) A =0.00132 (4.8%)
1st: Sinkhorn (¢ = 0.001) (0.02274) 1st: Back-and-Forth Adaptive (0.01690)
0.6 2nd: simplex (0.02277) 2nd: simplez (0.02296)
A =3.03x105 (0.1%) A = 0.00606 (26.4%)
1st: simplex (0.01542) 1st: Back-and-Forth Adaptive (0.01605)
0.8 2nd: Back-and-Forth Adaptive (0.01616) 2nd: simplex (0.01717)
A = 0.00074 (4.6%) A = 0.00112 (6.5%)
1st: simplex (0.004755) 1st: simplex (0.01215)
1.0 2nd: Sinkhorn (¢ =0.001) (0.01109) 2nd: Sinkhorn (¢ = 0.001) (0.01529)
A =0.00634 (57.1%) A =0.00315 (20.6%)
TABLE 8

Per-configuration winners for the colourfulness metric. Each cell reports the solver with the smallest median

colourfulness error, the second-best solver, and their corresponding median values for the given configuration (colour

space, displacement level o). The reported margin is A = Y9y — Y(1), shown in absolute and relative terms, where Y
denotes the median colourfulness difference for solver s and Y1y < Y(2) are ordered values across all solvers.
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(D) Laplacian Diff RGB. () GradCorr RGB. (r) SSIM RGB.

FIGURE 28. Structure preservation metrics across all solvers and colour spaces. Top: CIELAB. Bottom:
RGB. Across all three metrics, the distribution of CIELAB is generally more concentrated than in RGB, indicating a
more stable structure-preserving behaviour, which is not surprising, since the transfer is applied only to the chromatic
channels A and B, while the luminance channel L is left unchanged. By contrast, RGB is more variable, especially
for Laplacian difference and gradient correlation, since the transfer acts directly on intensity-carrying channels —
simplex method alters edges and introduces artificial sharpness due to the exact histogram matching, while the Back-
and-Forth method shows better statistics in edges preservation overall.

well-behaved space does a large part of the job. Moreover, since in CIELAB we leave the luminance
channel untouched, we can retain the same brightness as the original image while still shifting the
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palette towards that of the target (Figure 26). In RGB, by contrast, the all-channel transfer alters
brightness, which may be undesirable as it can distort the perception of the image.

Turning to RGB reveals more interesting behaviour: even at full transport the metrics trade
off against one another, with stronger colour matching coming at the cost of structure preservation
(Figure 29). Simplex, as a representative of exact Kantorovich solvers, requires a barycentric
projection T (4.5.1) to be used for colour transfer, and this combination produces piecewise-
constant, cell-like artifacts (Figure 27) that are visible in the structure-preservation metrics: the
simplex method alters edges and introduces artificial sharpness due to the exact histogram matching
(Figure 28, Table 8). Simplex may therefore not be the method of choice here. Sinkhorn, by
contrast, does not introduce such strong effects thanks to its regularization, but exhibits a trade-off
between colour preservation and structure preservation; choosing a suitable regularization level can
strike a good balance (Figure 25, Figure 27, Figure 28, and Table 8).

Back-and-Forth may be an alternative to Sinkhorn here: by computing a more accurate, less
diffuse transport map, i.e. a smaller Monge-Ampere residual, it sits on the structure-preserving
side of the trade-off, yielding higher gradient correlation and a smaller Laplacian sharpness differ-
ence, hence fewer oversmoothing and edge artifacts, while losing little in colourfulness (Figure 28,
Figure 29, Table 8).

Overall, both Sinkhorn and Back-and-Forth stand out as the most suitable solvers for colour
transfer in RGB: Sinkhorn offers a tunable colour—structure trade-off through its regularization,
while Back-and-Forth provides a strong, less diffuse alternative that preserves structure well without
losing much in colourfulness.

62



Mapdiﬁuseness- o n o

Laplacian sharpness diff -0.21 -0.22

Correlation
1

0.5
Gradient correlation  -0.02 0.1

Colourfulness diu
SSIM  -0.05

MAresidual (L1) -0.13 -0.22

(A) CIELAB. Colourfulness matching improves together with palette matching — its correlation with
the Sinkhorn divergence is the largest off-diagonal entry — and with a less diffuse transport plan. The
Monge—Ampére residual is uncorrelated with everything except map diffuseness, so for chroma-only
transfer it is not an informative predictor of perceptual quality. SSIM and gradient correlation are
positively correlated, as expected for two descriptors of the same luminance structure.

Map diffuseness Correlation

Laplacian sharpness diff|

Gradient correlation
Colourfulness diff|
SSIM

MA residual (L1))

-0.09

Sinkhorn divergence

53
W&
\45\06\6
»

B

(B) RGB. A colour-versus-structure trade-off appears even at full transport: stronger palette and colour-
fulness matching coincide with weaker edge and sharpness preservation (the colourfulness—Laplacian
and Sinkhorn—gradient-correlation entries are negative). A more accurate transport map, i.e. a smaller
Monge—Ampére residual, goes together with higher gradient correlation and a smaller Laplacian sharp-
ness difference, consistent with fewer oversmoothing and edge artifacts, and the three structure metrics
are mutually positively correlated. Map diffuseness sits on the colour side of this trade-off rather than
the structure side: a more diffuse plan matches the palette and colourfulness worse but preserves edges
and sharpness better. This is consistent with Figure 25, where larger entropic regularization raises both
diffuseness and the colourfulness change, and with Figure 27, where the sharpest (least diffuse) simplex
plan produces the strongest piecewise-constant artifacts.

FIGURE 29. Spearman correlation between the colour transfer metrics computed over all runs with o = 1.0
and regularization € = 107> for Sinkhorn. So that the sign of every entry reads directly as agreement in quality,
the five metrics for which lower is better — Sinkhorn divergence, Monge—Ampére residual (L1), map diffuseness,
colourfulness difference, and Laplacian sharpness difference — are negated before the correlation is computed; for all
seven metrics a larger value then means better performance, as it already does for SSIM and gradient correlation. A
positive entry therefore indicates that the two qualities improve together, a negative entry a trade-off.

63



PART 5

DISCcUSSION AND RESEARCH DIRECTIONS
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Summary. In this thesis we carried out a comparative and experimental study of computational
methods for discrete optimal transport under the squared-Euclidean cost. We benchmarked the
exact simplex method, the entropic Sinkhorn algorithm in its standard and log-domain forms, first-
order dual ascent (plain gradient ascent, SGD with momentum, and Adam), the quasi-Newton L-
BFGS method, the chi-square regularized PDHG of Ruban and Gerolin (Ruban and Gerolin, 2025),
and the Back-and-Forth method of Jacobs and Léger (Jacobs and Léger, 2020). The comparison
spanned dimensions d € {1,2,3}, a range of grid resolutions, several regularization levels, and a
collection of distribution families chosen to cover different modality, tail thickness, skewness, and
anisotropy. We assessed the solvers against three criteria — stability, runtime, and accuracy —
and validated the conclusions on a real application, colour transfer.

Main findings. Across the synthetic benchmark, log-domain Sinkhorn was the most robust and
scalable solver. The price of this robustness is the entropic bias: at a fixed ¢ the recovered cost
does not improve with grid refinement, and driving € — 0 to reduce the bias requires an iteration
budget that grows like O(log(1/9)/e) (Section 3.2, Table 3). The exact simplex solver recovers the
analytic cost up to discretization but does not scale: it increasingly hits the iteration cap as the
grid is refined, and becomes impractical in 2D and 3D. The first-order and L-BFGS dual solvers
were the least competitive, with convergence problems on fine grids and at small e. PDHG with
chi-square regularization behaves differently from the entropic solvers — its bias stays stable as
€ — 0 — but its memory cost made it impractical beyond 1D.

Back-and-Forth. The Back-and-Forth method occupies a distinct niche: it is the only solver in
the comparison that returns a transport map directly, rather than a coupling. Its structural output
is sound. The cost underestimation it exhibits is a discretization artifact of the map-based cost,
not an algorithmic failure, and it shrinks under grid refinement. In 2D and 3D the Cloud-in-Cell
scheme scales better than simplex, which makes Back-and-Forth a practical map-based alternative
once the grid is fine.

The “best” solver is application-dependent. On the synthetic benchmark, accuracy is mea-
sured against a known reference (the LP cost, or the analytic map on Gaussian instances), so the
exact simplex solver is the natural gold standard. Colour transfer shows this is not the whole
story: in RGB the exact histogram matching of simplex produces piecewise-constant artifacts and
artificial sharpness, while a slightly biased but smoother map — from Sinkhorn at a suitable ¢,
or natively from Back-and-Forth — preserves structure better and loses little in colour matching.
When the source and target distributions differ in nature, matching them exactly is not always
desirable. A synthetic benchmark measures fidelity to an exact reference and cannot, on its own,
capture such task-specific criteria, which is why we paired it with a concrete application.

Why Sinkhorn remains the default. Our results also help explain why the Sinkhorn algorithm
has remained the method of choice despite its bias. It is robust — in log-domain form it is numeri-
cally stable down to small € and converges reliably across problem sizes — and it is remarkably easy
to modify and extend. A large body of work builds directly on it: greedy coordinate-descent variants
such as Greenkhorn that reduce its cost (Altschuler et al., 2017); stabilized and e-scaling implemen-
tations that make it usable at small regularization (Schmitzer, 2019); generalizations to unbalanced
transport (Chizat et al., 2018); and debiased variants such as Sinkhorn divergences (Feydy et al.,
2019). This combination of robustness and modifiability, rather than accuracy alone, is a large part
of its popularity.

A new method for Wasserstein barycenters. Beyond the comparison study, the thesis in-
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troduced a new computational method for the (outer-)regularized 2-Wasserstein barycenter (Sec-
tion 4.4). Instead of regularizing the transport plans, the method regularizes the dual objective
and performs a Sobolev gradient ascent on the dual functionals combined with the Back-and-Forth
scheme. The outer regularization enforces absolute continuity of the barycenter and damps the
grid-scale noise of the plain Back-and-Forth map, while keeping the maps sharper than convolu-
tional Sinkhorn. To our knowledge this is a new way to combine the Back-and-Forth idea with an
outer regularization, and it suggests a broader research program, described next.

5.1 Limitations

Our experiments were performed in low dimensions (d < 3), so the conclusions drawn here do not
directly transfer to the high-dimensional, sample-based regime where much of machine-learning
optimal transport lives. Most of the study uses the squared Euclidean cost (or a similar quadratic
cost); other costs are untested, and the BaFFO barycenter is scoped to separable costs. Across
the benchmark the reference is the exact (simplex) LP solution, which is itself reliable only where
simplex converges; the Gaussian closed form (Takatsu, 2011) is used separately, as an independent
sanity check on selected instances. This is a genuine limitation: on fine grids in two and three
dimensions simplex increasingly hits the iteration cap, so the reference against which accuracy is
measured becomes unreliable at exactly the resolutions of interest.

Colour transfer and Wasserstein barycenters are the only real-world examples. A synthetic
benchmark measures fidelity to a known reference and cannot, on its own, capture task-specific
quality criteria (Section 5.2).

Some limitations are practical. The chi-square-regularized PDHG solver could not be run be-
yond one dimension because of its memory cost, so that comparison is limited to 1D. All conclusions
are conditional on the tested hyperparameter ranges and on a fixed iteration budget, which makes
the reported hit-rates budget-relative. Runtimes were measured with a single JAX implementation
on one GPU and are therefore indicative rather than absolute; a different implementation could
reorder the rankings.

Finally, the barycenter method of Section 4.4 is presented at a formal level: the duality and first-
variation computations are not made rigorous, and a convergence analysis of the scheme remains
open. Convergence of the underlying Back-and-Forth iteration is not established even in the classical
case (Jacobs and Léger, 2020).

5.2 Research directions

Analysis of the Back-and-Forth method. The theoretical understanding of Back-and-Forth is
still incomplete. The monotonicity of the scheme is only guaranteed conditionally, under a uniform
Hessian bound on the iterates (Jacobs and Léger, 2020) ; a convergence proof without such an
assumption is, to our knowledge, not available, and the existing analysis of the classical method
does not extend directly to our outer-regularized and barycenter variants. Establishing convergence
for these generalized schemes is the most important open problem raised by this work.

From barycenters to a general framework. The outer-regularized barycenter method is the
simplest case of the more general Back-and-Forth Flow (BaFFO) framework that we are develop-
ing in joint work with D. Ruban and A. Gerolin (Zhytkevych et al., 2026). There one places a
measure at each node of a graph, an optimal-transport cost on each edge, and an outer-regularizing
functional on the nodes, and runs the same dual ascent. This framework covers, besides barycen-
ters, variational mean-field games and trajectory inference. A first version has been submitted to
NeurIPS 2026; we are currently working on a rigorous justification of the duality and convergence
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statements, which are given here only at a formal level.

Faster primitives and higher dimensions. The per-iteration cost of Back-and-Forth is dom-
inated by the c-transform and the pushforward. Our c-transform uses the Convex Hull Trick,
which is O(n) per line but still relies on exact Legendre-type transforms; faster GPU implemen-
tations would improve scalability further. The method is also currently grid-based, which limits
it to low dimensions; extending it to sample-based settings — for instance with neural-network
parameterizations of the dual potentials and the Sobolev gradients — is a natural next step toward
high-dimensional problems.

Application-driven comparison. Finally, as the colour-transfer study showed, the value of a
solver is best judged on a concrete task. A useful direction is to extend the comparison to further
applications — beyond colour transfer and barycenters — where the structure of the problem,
rather than fidelity to an exact reference, decides which method is preferable. Just as the flexibility
of Sinkhorn drove much of its adoption, we expect that reconsidering and modifying the Back-and-
Forth method for new problem classes — as we did for barycenters — is where it can contribute
most.
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APPENDICES

A Theory

A.1 The linear-programming view of OT and the simplex method

The primal problem (3.0.3) is an instance of a linear programming (LP) problem. To recast it in

canonical form we vectorise the matrices: set ¢ = —(C) € R" and v = (7) € R§"}. The primal
then reads
max ¢ 7, (A.1)
vERG
subject to

Ay=p:= (Z) , (A.2)
v >0, (A.3)

where A is the (n+m) x nm matrix whose top block I,, ®1,}, sums each row of 7 and whose bottom
block 1, ® I,, sums each column:
. [In ® 12} '

1, @I,

The n+m marginal equations are not independent: summing the n row equations and summing
the m column equations both give the total-mass equation Z” m;j = 1, so exactly one equation
is redundant and rank(A) = n 4+ m — 1 =: r. We delete one redundant equation, leaving a system
of full row rank r. By the rank—nullity theorem, since Ay = p is consistent there exists an index
set B = {j1,...,jr} C [nm] whose columns Ay;j,..., A are linearly independent and span p, so
the corresponding basic solution has at most r nonzero entries. This partitions the variable indices
into basic and non-basic sets B and N:

[nm]=BUN, BNN =g, (A4)
B = (517 € B) € R 4, (A.5)
Yy = (71 j € N) € I (A.6)

The feasible set {y € Ry™ : Ay = p} is a bounded polyhedron of dimension nm —r = (n —
1)(m —1): every entry obeys 0 < m;; < min(a;, b;), so no coordinate can run to infinity. It contains
infinitely many points but finitely many extreme points, and these form the search space of the
simplex method. The extreme points are the basic feasible solutions (BFS); each has at most
r =n+m — 1 positive entries and at least nm — r zero entries, with exactly r positive entries in
the nondegenerate case.

Iterating over the basic feasible solutions is what defines the simplex method. As an iterative
method it needs a starting point, and since the search space is constrained this point must itself
be a BFS. The method therefore proceeds in two phases: Phase I, which finds an initial BFS (or
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detects infeasibility); and Phase II, which iterates over BFS to reach the optimal one. We stop
once no move to an adjacent BFS lowers the cost.

Pivoting. Pivoting is the mechanism by which the simplex method moves between bases and
updates its working representation of the system (the tableau); the original matrix A is unchanged.
The variable whose column we pivot on enters the basis (entering variable) and a second variable
leaves it (leaving variable), preserving the BF'S structure (r basic and nm — r non-basic variables).
Writing A for the current tableau, the pivot on element a;; produces the tableau A obtained by
the row operation
1
A =% 1<k<r (A7)
k . . ==
Ay — ﬁ Ay itk #4,
ij

After this operation @;; = 1 and every other entry of column j is zero, so with the non-basic
variables set to zero, @;; is the only term contributing to equation ¢, and ~;; is set to p; to satisfy
Apjy = ;- In matrix form this is the left-multiplication of A by

1 falj/aij

L —ajy5/ai;
—ait15/aij 1

—ar,j/aij 1
applied to both sides: PAvy = Pp.

Phase I. This phase concerns only feasibility: finding a BF'S or proving none exists. (For balanced
OT a feasible BFS is in fact available directly, e.g. by the northwest-corner construction, so Phase 1
is needed only in the generic LP setting.)

1. Introduce artificial variables {7{ : i € [r]} to create an obvious initial basis, requiring that in
the final BF'S of this phase they are all non-basic (the basis consists only of original variables):

,
max z = cT’y mmnw = Z%a
’ i=1
st. Ay =p, v>0 add {1¢}icp
st. Ay+ L% =p, v>0, v* > 0.

Replacing minw by maxw’ = —w and using v* = p — Ay to express the objective in the
original variables:

maxw' = —1[p+ (1] A)y st. Ay+La"=p, v>0, y* > 0.

2. Apply the Phase II procedure to this auxiliary problem. There are three outcomes:

(a) w’ = 0 and no artificial variable is basic: delete the artificial columns and start Phase II
from the obtained BFS.

(b) w' < 0 at optimality (so w > 0): the original system is infeasible.
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(c) w’ =0 but some artificial variable remains basic: pivot to exchange each such artificial
variable with an original one, reducing to case (a).

Phase I1.

1. To pivot conveniently, treat the objective as a constraint: with a variable z, the objective row
is —z 4+ c¢'y = —cg. Denote the current (updated) tableau matrices by A,¢ p. The initial
tableau is

-z YB] YN
1 0 (C[ N})T —Co

| A =1 Apn | p

i

where Ay = p is written Agyp + ANy V] = P-

2. If the reduced cost ¢, < 0 for all kK € N, the current BFS is optimal — no non-basic variable
can increase the objective — and we stop.

3. Otherwise find the entering and leaving variables:

(a) Pick a column j with reduced cost ¢; > 0; then ~; is the entering variable. Choosing it
carelessly can cause cycling (revisiting a BFS), so an anti-cycling rule such as Bland’s
rule picks the smallest such index j.

(b) Unboundedness: if a@,; < 0 for all k, the column imposes no upper bound on 7;, so
v; — oo and z — oo; the LP is unbounded and we stop. (This cannot occur for
balanced OT, whose feasible set is bounded.)

(c) Min-ratio test. The basic variables update as
p)(0) =P—a;0,  P=Agp, @=AgAy 0= (A.9)

Increasing 6 = «y; from zero, the first basic variable to reach zero leaves. The pivot row
1 is the one attaining B B

p; . Pk

— = min —

Qj k:ax;>0 Qg ’

and the basic variable «; in that row, with [ = B(7), is the leaving variable. Bland’s rule
breaks ties by smallest index.

4. Pivot on a;;, which updates the basic and non-basic sets,
B+ (B\{lHhu{it, N« (N\{j})u{l},

and corresponds to left-multiplication by P = (Ajp))~':
PA[B} :Z[B] =1, PA[N] :Z[N] :AFBl]A[N], Pp:ﬁ:AfBl]p.

Treating the objective as a constraint, the current and original objective values agree; sub-
stituting ;g = D — A[nyyN) gives

CFJB}'Y[B] + C[TN]’Y[N] =co + EF]—\[}’Y[N]’
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with the updated blocks
_T T T 4- _ T 4-
ov) = v ~ pAp AN, © = pApp.

The updated tableau is

’Y[B] T T[N] T —1
L0 ey —clmApAm | —cpApP |
1 —1
I A A | App

Return to step 2.

The two-phase construction and revised-simplex notation above follow (Goemans, 2015).

A.2 Sion’s minimax theorem

Theorem A.1 (Sion’s minimax theorem). Let X and Y be convex sets in linear topological spaces,
and assume one of them is compact. If f : X XY — R is such that, for every fizred y € Y,
f(-,y) is upper semicontinuous and quasi-concave on X, and for every fired x € X, f(x,-) is lower
semicontinuous and quasi-convex on Y , then

sup inf f(z,y) = inf sup f(z,y).
zeX YEY YeY geXx

This is Corollary 3.3 in (Sion, 1958).

A.3 Cost underestimation by the barycentric map

Remark A.2 (Cost underestimation by the barycentric map). Let 7 be a transport plan with first
marginal u, and let T be the barycentric map it induces, T (z;) := i > ;Tij Yj- Then the cost of
T, does not exceed the cost of =:

ZH&?Z w(@i) | i < ZZH% yill* mij. (A.10)
i=1 j=1

Proof. Fix x; with p; > 0 and set \;; := m;;/p;. The marginal constraint Zj Tij = M gives
Zj Xij = 1 with X\j; > 0, so (\j;); is a probability distribution over the y; and Ty (x;) = Zj Xijyj

is their barycenter. Applying Jensen’s inequality to the convex function f(z) = ||z; — z||?,
i — T () ||* = f(Zj )\ijyj) < 30N Fyg) = 305 g Nl — w1 (A.11)
Multiplying by p; and summing over ¢ yields (A.10). O

A.4 Discretization floor of the Monge—Ampeére residual
Origin of the floor

The residual r(z) = det(VT'(z)) po(T(z)) — pu(x) vanishes identically for the exact map in the
continuum. On a finite grid, however, T'(z) generally does not land on a grid node, so the target
density p,(T(z)) must be interpolated from its values at the surrounding nodes. For multilinear
interpolation of a C? function f, the pointwise error at an off-node location averages, over a cell,
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to
Fw) - ) ~ S A, AF = S0 (A12)

i=1

where the factor 1—12 is the cell-averaged coefficient of the second-order Taylor remainder and A is
the Laplacian. Substituting f = p, at y = T'(z), the computed residual splits as

2
Teomp(¥) = Texact(z) + det(VT(2)) [ — p](T(2)) ~ % det(VT(2)) Apy(T(x)).  (A.13)
—
=0

Aggregating in L' and pushing forward to the target domain via the change of variables y = T'(z),
det(VT) dz = dy,

h2
Il ~ 35 [ 180, d. (A.14)

The floor is therefore set by the total absolute curvature of the target density.

Gaussian targets
For an isotropic Gaussian p, = N (m,,021;) the Laplacian is available in closed form. Writing

p = Py,
i — My i —myi)® 1
dip=p <—y0_2’) ; dZp=p <(y) - > ; (A.15)

4 2
v Oy g

so that, summing over 1,

Ap(y) = ply) (Hy_m”HQ - d) i) (Hy_m”w = d) . (A.16)

4 2 2
O-l/ UV UV v

The integral in (A.14) is then an expectation under p, itself:

1 Y —m,||?
[ 180l an = UQEM[ 1Y = mu|® —dH | (A17)

2
oy

Under Y ~ N (m,,021,;) the standardized coordinates Z; = (Y; — m,;)/0, are ii.d. N(0,1), so
1Y = my|?/o} = Y25 22 ~ x*(d). Hence

h? E[|x*(d) - d|]
B e (A.18)

Q

[l 2

which is the discretization floor used in the main text.

Growth with dimension

The dimensional dependence enters only through g(d) := E |x?(d) — d|, the mean absolute deviation
of a chi-squared variable from its mean d. Since Var(x?(d)) = 2d, a central-limit argument gives
g(d) ~ V2d-EIN(0,1)| = \/4d/7 for large d: the floor grows only as v/d, sublinearly, not as a
factor of d. Numerically g(1) ~ 0.97, g(2) ~ 1.47, ¢g(3) ~ 1.85, in ratios 1 : 1.52 : 1.91 relative to
d = 1. Combined with the coarser grids used in higher dimension (larger h), this explains the bulk
of the residual increase from 1D to 3D observed in Table 7.

72



Numerical confirmation

Replacing the interpolated p, with the exact continuous density in the residual computation drops
the measured value from ~ 1072 to ~ 10~7 (floating-point noise), confirming that the floor is
entirely an interpolation artifact. Halving h (doubling the grid resolution N — 2N) divides the
measured |71 by 4.00 to two digits, confirming the O(h?) rate of (A.12). Finally, evaluating
(A.18) directly against the measured residual for N'(m,,,021,) targets agrees to within 2-5% across
d = 1,2,3, the small over-prediction being the O(h*) correction and the discrete-sum approximation
of the integral, both vanishing as N — oo.

B Computational algorithms and pseudocode
B.1 Convex hull trick

Algorithm 4 Offline Convex Hull Trick (Upper Envelope of Lines)

L Input: (x1,...,2,), b = f(zi)

2: Helper: intersection of two lines (my,b1), (ma,bs) is z = %
3: Sort LINES by increasing slope m;, breaking ties by b;

4: HULL < empty stack of lines

5: BP < empty stack of breakpoints

6: for each line (Mmpew, bnew) in LINES do

e while HULL not empty and last slope = mpey do

8: if bpew < last intercept of HULL then

9: skip this line (useless)

10: else

11: pop last line from HULL; if BP not empty, pop last breakpoint
12: end if

13: end while

14: while HULL has at least 2 lines do

15: Tprev < last element of BP

16: lprevi < second-to-last line in HULL

17: Lprevo < last line in HULL

18: if intersect({prev2; fprevi) > intersect(Cprev, (Mnew, bnew)) then
19: pop last line from HULL; pop last element from BP
20: else
21: break
22: end if
23: end while
24: if HULL empty then
25: push (Myew, bnew) to HULL
26: else
27: Zstart < intersect(last line of HULL, (mpew, bnew))
28: push (Mpew, bnew) to HULL
29: push Zgtart to BP
30: end if
31: end for
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B.2 Cloud-in-Cell (CIC) pushforward

Each cell centre z; is treated as a “cloud” whose mass is redistributed onto the surrounding 2¢
cell centres with multilinear weights; this is the first-order (cloud-in-cell) particle-mesh assignment
scheme (Deserno and Holm, 1998; Hockney and Eastwood, 1988).

We work on a uniform grid on [0,1]¢, where d is the dimension and n = (ny,...,ng) is the
number of cells along each axis. Cell indices are i = (i1,...,iq) € T := HZZI{O, ...,np — 1}, with
cell-centre positions

1 +1/2 q+1/2
x; = <Z1+ / ,...,Zd+ / > e [0,1]4,
ni ng

step sizes hy = 1/ny, and the source density and potential sampled at centres,

pi = p(z;), Vi = (i), el
The pushforward is computed in several steps. First, we approximate the gradient by central
differences,
oY Vite, — Vi—ex .
~ 1<, <ng—2
<8xk> i 2hp ’ =k =Tk ’

where ey, is the unit vector in direction &, with one-sided differences at the boundaries,

oY\ ige, =i, NN\ i =Yg,
<afﬁk>ZNhk (i, = 0), (aifk)iNhk (ix = nk — 1).

The image y; := T'(z;) = x; + Vpi(x;) corresponds to the continuous cell-centre index

, 0
Sik = U + N ((%wk) (: N Yik — %),
i

which we clamp to the domain,
Sik = min(max(sivk, 0),ng — 1),
and split into a base index and a fractional part,
bik = |8k fik =8 — bij €[0,1).

For each ¢ = (c1,...,cq) € {0,1}¢ define the target index j(i,c) := b; + ¢, with k-th component
Jk(i,¢) = bi , + ck, the per-axis weight

L 1_fi,k7 Ck:()a
wi k(ck) :=

fi,k, Ck = 1a

and the full weight w;(c) := szl w; k(cx). The pushed-forward density is then

pi=. > piwile) Lymjien-

i€T ce{0,1}
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Algorithm 5 CIC pushforward via multilinear interpolation (pseudocode)

1: Input: potential 1, density array

2: Compute V1) using central (and one-sided) differences

3: for each grid index ¢ do

4: s i+ V(i) > displaced cell-centre index

5: Sbase <— | 8] (clamped), f <« {s}

6: for each corner c € {0,1}? do

7 J < Sbase + €

8: w<—]_[2l:1[(1—fg) if ¢p = 0 else f;]
9: tgt_idx < Z?:l je - stridey

10: out[tgt_idx] += density[i] - w

11: end for

12: end for

13: Output: out (pushed-forward density field)

B.3 Adaptive pushforward
The objective is to approximate the pushforward measure T’ p under the potential ¢». We work in
the unit cube [0,1]? with n = (ny,...,nq) cells along each axis and step hy = 1/n;. The discrete
setting uses cell centres (where p and 1) live) and grid vertices (where we parametrise the map T'):
since T'(z) ~ = + Vi (x), we build a continuous approximate map on a vertex backbone, so that
adjacent cells share vertices and the resulting map is continuous. The scheme is thus cell-centred
for densities but vertex-based for the map.

Cell-centre multi-indices are

d
i=(i1,...,ig) € T:= [[{0,...,m — 1},
k=1

with physical coordinates and cells

. . d . .
- Z1—|—1/2 Zd—l—l/Q C'_H 3 1+ 1
T nl AR | nd b z_k::l nk? nk b

and p; =~ p(x;), ¥; = P(z;). The auxiliary vertex grid is the Cartesian mesh of cell corners

d
oz:(al,...,ozd)EV::H{O,...,nk}, Zq = <a1 ...,ad> e [0,1]%.
k=1

ny’ nq
For a fixed cell i its 27 vertices are a(™ (i) =i + ™), ™ € {0,1}4, m = 1,...,2%

Discrete map T construction. Define the multilinear interpolant I1) : [0,1]¢ — R of the
cell-centred values 1; by

d

()= Y welf) Yorer  welf) =[] [erfr + (1 — )1 = fi)],

ce{0,1}4 k=1
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X = npxy — 1/2, b = [ X&], Jro=Xr—br €[0,1).

At each vertex z, we approximate Vi by central differences of I1) (well defined at the vertex even
though I+ is only C?),

(V)20 5= (00 o) Ohaa)), D) o L) 2 T = Pcs),

and set the vertex transport map

Ty(zq) := Projg 1) [za + (Vhw)(za)],

where Projjg 1j¢ is the componentwise clip onto [0, 1].

The pushforward, however, must act on the mass inside cells, p’(y) dy ~ T« (p(z) dz). For each
cell ¢ we therefore define a cellwise map T; by multilinear interpolation of its vertex images. Write
a point z € C; in local coordinates

d
l‘in—FZ(tk—%) hreg, t:(tl,...,td)e [0,1]d,
k=1

so tr = 0 is the “left” side of the cell and ¢ = 1 the “right”. Then

d

2d
() = 3 An® To(zaomy)s  An(®) = [T (ete+ (0= ™)1 =),
m=1 k=1

the same multilinear weights as w, above, associated with the corners ¢(™). Assembling all cells
gives a piecewise multilinear, globally continuous map

T:00,11 = 1[0,1)¢, T(z):=Ti(z)ifzeC;,  T(z)~z+ V().

Stretch-based adaptive sampling per cell. For each cell i and axis k we estimate a local
stretch of the map from the vertex images. Consider the edges of C; parallel to axis k, i.e. vertex
pairs « =i +cand o =i+ c+ e with c € {0,1}4, ¢, =0 (s0 oy = iy, o), =i, + 1), and set

Sik = max Ték) (Zi-l-c-‘rek) - ngk) (ZH-C) )
CE{O,I}d, c=0

where quk) is the k-th component of T;,. A large s;j signals a large displacement of the k-th

coordinate across the edge (a compression corresponds to a small s; ). Since s;/hy = s; 0y is
the number of target cells the stretched edge spans, we take

d
M@k = rnax(l, ’—Si,k nﬂ), Sz = H th
k=1
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samples along axis k, so that each spanned target cell receives at least one sample. We place them
at the sub-interval midpoints: for [ = (1,...,13) with 0 <1, < M;;, — 1,

lk+1/2

My tigi=(tigts-- - tisa) € (0,1), Tig = T+ Z Lk — 3) hier.
2y

tile ==

The mapped point is

Yi = Ti(zig) Z Am(tig) Ty (2o0m i) € [0,1)%,
and each cell i of mass p; is represented by S; samples z;;, each carrying mass m;; := p;/S;.

Building the resulting density p/. We deposit the mapped samples back onto the cell-
centre grid {z;};ez by the CIC assignment (Deserno and Holm, 1998; Hockney and Eastwood,
1988). For a mapped point y € [0, 1]¢ set

Xi = ngyr — 1/2, b, == [ Xk ], O == X — b, € [0,1),
clamped so that by € {0,...,n; — 2}; the two candidate indices along axis k are j,(;)) := b and
j,(:) = b + 1, with weights
0 1
wl (@) =1-6,  w(y) = b

For j = (j1,-..,Jja) with each jj € {Jk ,J,i N,

d
H ), on=0if g =34, ox=1if ji=j",

so each y deposits to at most 24 centres with > ;Wj (y) = 1. A sample y;; of mass m; ; contributes
Ap} = m;; w;(yi1), and summing over all cells and samples gives the un-normalised density

=y > % wi(yig),  JEL

€L 1: OglkSMi’kfl

Because of clipping and out-of-range deposits the total mass may drift, so we renormalise:

P mzp“ = mz

P otherwise, i€ JET

Yl

B.4 Convolutional Sinkhorn

The dense kernel applications Kv and K 'u (4.2.5) are the only expensive step of a Sinkhorn
iteration, and on a regular grid they can be made almost free. With the squared-Euclidean cost
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Cij = 3|lzi — z;||* the Gibbs kernel
Kij = exp( = ) = exp( - lznlt) (B.1)

is, up to a multiplicative constant, the heat kernel Hy(x,y) = (4nt)~4/? exp(—|[lz—y||?/4t) evaluated
at diffusion time ¢t = /2. The constant is irrelevant, as it is absorbed by the Sinkhorn scalings.

Since the squared distance is a sum over coordinates, |z — y||? = Z?:l (:L‘(Z) — y(@)Q, the
exponential factorises into a product of one-dimensional kernels,

x@))?

d x(z)_
K = Hexp(— <27) — (KW g...g K®) (B.2)
(=1

so K is a tensor (Kronecker) product, and applying it to a density stored as a d-dimensional array
reduces to one Gaussian convolution along each axis in turn. Along each axis this is a discrete
convolution with a Gaussian stencil whose width is set by ¢, so the dense kernel application K (-) is
replaced by d cheap one-dimensional passes. We write conv.(-) = K(+) for this operator, summarised
in Algorithm 7.

Algorithm 6 Convolutional Sinkhorn barycenter
J

Input: marginals {yu; weights {a;} with 3, a; = 1, regularization &

=1
L vj« 1 forallyj

2: repeat

3: for j=1,...,J do

4: uj < pj @ conve(vj) > enforce the £1; marginal
5: 5 «— conve (u;)

6: end for

7 UV 4 exp Zj a; log (vj ® s]-)) > weighted geometric mean
8: for j=1,...,J do

9: Vj &~V QDS > enforce the shared marginal v
10: end for

11: until converged
12: return v

Algorithm 7 conv.: separable Gaussian kernel application

Input: array a on a d-dimensional grid with spacing h, regularization e
1: build the one-dimensional Gaussian stencil g, = exp( —m?2h2/ 25), normalised

2: for/=1,...,d do

3: a < convolve a with g along axis £ > 1D pass
4: end for

5: return a

B.5 Back-and-Forth barycenter

We compute the barycenter by a damped fixed-point iteration in measure space, using the back-
and-forth solver (Jacobs and Léger, 2020) as the inner Monge solver. For the quadratic cost, the
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barycenter v* of (uj)]le with weights ();) is characterised (Agueh and Carlier, 2011) by the optimal
Brenier maps T} : v* — p; satisfying the first-order condition

J
DNT; =id  vrae (B.3)
j=1

This motivates the iteration of (Alvarez Esteban et al., 2016): given the current iterate vy, solve
OT (v, pj) for every j and push v, through the A-averaged map. For the quadratic cost the dual
is attained, so the back-and-forth solver returns the maximising Kantorovich potential v; of the
dual problem D(vy, 15), and by 2.3.6 the associated Brenier map is T; = id — V;. Linearity of the
gradient then makes the A-averaged map itself a gradient map,

J
Tp = Y NT; = id=VI;, T = > Ny (B.4)
j=1

This is the one observation that makes the scheme cheap: the J maps are never averaged pointwise;
it suffices to average their potentials and differentiate once. The barycenter is then updated by

V41 = (1 —7') Vi + T(Tk)#ljk, T E€ (O, 1], (B5)

with 7 a relaxation parameter (7 = 1 recovers the plain pushforward iteration). At a fixed point

Voo = (To) #Voo one has Ti, = id, which is exactly the optimality condition (B.3), so the limit is the
desired barycenter. The procedure is well posed because each inner solve returns an unregularized
Brenier map — the back-and-forth step introduces no entropic blur in the transport — while the
relaxation 7 damps the map averaging and stabilises the early iterations, when vy, is still far from

v*.

Algorithm 8 Back-and-Forth barycenter

1: Input: marginals {y;}7_;; weights {)\;} with >_;jAj = 1; relaxation 7 € (0, 1]; iterations M;

I
back-and-forth budget }( , step sizes {ox}

2: Initialize: v + Zj Aj 1 > or any density on £

3: for k=0,1,...,M — 1 do

4: forj=1,...,J do

5: ©;j, ¥j < BACKANDFORTH (v, pij; {0k}, K) > Algorithm 2

6: end for

T: Wy Z‘j]:l AjY; > average the potentials

8: Ty, < id — VUy, > A-averaged map, cf. (B.4)

9: Vi1 < (1= 1) vk + 7 (Tk) gk > damped update (B.5)

10: end for

11: return vy,
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FIGURE 30. Performance profiles by grid size n € {32,64,128,512,1024,2048} (n = 256 is omitter to keep the clarity
of the plot). Left intercept Ps(1) indicates wins; the right plateau shows robustness.
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(A) Convergence of the Back-and-Forth method on
the 1D Gaussian benchmark for different initial
Armijo—Goldstein stepsizes o5 € {0.5,1,4,8,16}.
Top: decay of the relative H' error over iterations.
Bottom left: evolution of the dual objective. Bot-
tom right: adaptive stepsize selected by the Armijo—
Goldstein rule.

FIGURE 31. Convergence plots of the Back-and-Forth meth
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(B) Convergence of the Back-and-Forth method on
the 2D Gaussian mizture benchmark for different ini-
tial stepsizes os € {0.5,1,4,8,16}. Top: decay of the
relative H* error. Bottom left: dual objective. Bot-
tom right: adaptive stepsize chosen by the Armijo—
Goldstein rule. In contrast to the 1D case, the error
decreases regularly and converges within about 30-35
iterations for all tested stepsizes, while the line search
damps overly aggressive initial steps.

od for various initial stepsize scales os € {0.5,1,4,8,16}.
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(A) 1D problems. For all grid sizes and con-
figurations the Back-and-Forth cost lies con-
sistently below the simplex benchmark, with
a median gap of about 3-4 x 1072 and wide
but roughly symmetric variability around this
level. There is no clear trend in the bias with
respect to grid size or configuration.

O T Configuration
- Adaptive (0=1)
- - —&— Adaptive (0=8)

-0.1 Cic (o=1)
3 —0— Cic (0=8)
S ]
8 0.2
o -
£ .
D e
2 .
o
Y -03

-0.4

32 64 128 160 192

Grid Size (# points)

(B) 2D problems. The same systematic underestimation is
present but more pronounced: median gaps are around 2x107!
across all grid sizes. All four configurations behave almost
identically, and the spread across instances is substantially
larger than the differences between them.

FIGURE 32. Transport cost difference between the Back-and-Forth method and the simplex benchmark as a function
of grid size in 1D and 2D. We plot the median and interquartile range of the quantity over all distributions; the
dashed horizontal line corresponds to the simplex cost (0 difference). Negative values indicate that Back-and-Forth

underestimates the optimal transport cost.
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D Tables

TABLE 9
Maz-iteration hit rate (%) by distribution family for 1D experiments of the Back-and-Forth method. Rates are
computed among runs that completed within the wall-clock budget.

Adaptive Adaptive CIC CIC

Distribution s =1 s =8 os=1 0s=28
Gen. Hyperb. Mixt. (6 comp.) 15.7 34.8 21.0 33.8
Gen. Hyperb. Mixt. (4 comp.) 17.6 471 21.4 30.5
Gen. Hyperb. Mixt. (2 comp.) 20.0 46.7 30.5 38.1
Gaussian (6 comp.) 10.5 30.0 14.3 19.5
Gaussian (4 comp.) 12.9 36.2 22.9 28.6
Gaussian (2 comp.) 20.5 44.8 26.2 36.2
Gaussian 7.1 12.9 26.7 30.0
Exponential — Gaussian 134 42.9 12.4 18.0
Exponential — Cauchy 5.5 30.4 3.7 10.6
Exponential 12.9 40.0 23.8 32.9
Cauchy — Gaussian 20.7 85.7 21.7 35.5
TABLE 10

Maaz-iteration hit rate (%) of the Back-and-Forth method by distribution family for 2D experiments.

Adaptive Adaptive CIC CIC

Distribution s =1 s =8 ogs=1 05=28
Students (6 d.o.f.) 0.0 1.3 0.7 0.7
Students (4 d.o.f.) 0.0 1.3 0.7 1.3
Students (2 d.o.f.) 0.0 0.7 0.7 1.3
Gaussian (6 comp.) 0.0 0.0 0.7 1.3
Gaussian (4 comp.) 0.0 1.3 0.0 2.7
Gaussian (2 comp.) 0.7 3.3 0.0 2.7
Gaussian 0.0 1.7 0.0 0.0
Exponential — Gaussian 0.0 1.3 0.0 0.6
Exponential — Cauchy 0.0 5.2 0.0 9.7
Exponential 0.0 0.7 0.7 1.3
Cauchy — Gaussian 0.6 1.3 0.6 1.3
Cauchy 3.3 6.0 0.7 8.0
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TABLE 11
Maz-iteration hit rate (%) of the Back-and-Forth method by distribution family for 3D experiments.

Adaptive Adaptive CIC CIC

Distribution s =1 s =8 ogs=1 o04=28
Students (6 d.o.f.) 0.0 44 0.0 1.1
Students (4 d.o.f.) 0.0 4.4 0.0 1.1
Students (2 d.o.f.) 0.0 4.4 0.0 1.1
Gaussian (6 comp.) 0.0 0.0 0.0 0.0
Gaussian (4 comp.) 0.0 0.0 0.0 0.0
Gaussian (2 comp.) 0.0 0.0 0.0 0.0
Gaussian 0.0 0.0 0.0 0.0
Exponential 2.2 2.2 0.0 0.0
Cauchy 2.2 13.3 0.0 17.8
TABLE 12

Aggregated marginal error between the numerical pushforward and the target distribution for the Back-and-Forth
method, pooled over all grid sizes and distributions. Entries report the median and interquartile range (IQR) over
converged runs for each dimension and configuration.

Dim. Scheme o¢; Median error IQR
CIC 1 0.017 0.0074, 0.038]
1D CIC 8 0.023 [0.0109, 0.0484]
Adaptive 1 0.0053 [0.0024, 0.0122]
Adaptive 8 0.014 [0.0068, 0.0295]
CIC 1 0.0051 [0.0029, 0.0117]
op CIC 8 0.0084 (0.0044, 0.0167]
Adaptive 1 0.0020 [0.0011, 0.0037]
Adaptive 8 0.0040 [0.0016, 0.0105]
CIC 1 0.0125 [0.0058, 0.0242]
sp  CIC 8 0.0142 [0.0065, 0.0283]
Adaptive 1 0.0050 [0.0011, 0.0107]
Adaptive 8 0.0097 (0.0017, 0.0203]
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TABLE 13
Momnotonicity fraction of the Back-and-Forth maps, pooled over all grid sizes and distributions. The monotonicity
fraction is the proportion of grid points where the symmetric part of the discrete Jacobian VT has a non-negative
smallest eigenvalue, up to numerical tolerance; equivalently, where T is locally monotone. Since a Brenier map
satisfies T = Vi for convex @, this is the fraction where the implied Hessian V> = VT is positive semidefinite, so
values close to 1 indicate preservation of the Brenier structure. Entries report the median and IQR over all
converged runs.

Dim. Scheme o, Median IQR

CIC 1 1.0000 1, 1]
D CIC 8  1.0000 1, 1]
Adaptive 1 1.0000 (1, 1]
Adaptive 8  1.0000 1, 1]
CIC 1 0.9998  [0.9956, 1]
oD CIC 8 0.9971 [0.9854, 1]
Adaptive 1 0.9999  [0.9951, 1]
Adaptive 8  0.9983  [0.9886, 1]
CIC 1 0.9982  [0.9817, 1]
D CIC 8 0.9928  [0.9590, 1]
Adaptive 1 0.9993  [0.9729, 1]
Adaptive 8  0.9988  [0.9580, 1]
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