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Abstract   ii 

Abstract 

 

Prestressed girder bridges are a very common type of bridges constructed all over the 

world. The girder bridges are ideal as short to medium spans (15 m to 60 m) structures, 

due to their moderate self-weight, structural efficiency, ease of fabrication, fast 

construction, low initial cost, long life expectancy, low maintenance, simple deck 

removal, and replacement process. Thus, the vast applicability of prestressed girder 

bridges provides the motivation to develop optimization methodologies, techniques, and 

models to optimize the design of these widely-used types of bridges, in order to achieve 

cost-effective design solutions. 

Most real-world structural engineering problems involve several elements of uncertainty 

(e.g. uncertainty in loading conditions, in material characteristics, in analysis/simulation 

model accuracy, in geometric properties, in manufacturing precision, etc). Such 

uncertainties need to be taken into consideration in the design process in order to 

achieve uniform levels of safety and consistent reliability in the structural systems. 

Consideration of uncertainties and variation of design parameters is made through 

probabilistic calibration of the design codes and specifications. For all current bridge 

design codes (e.g. AASHTO LRFD, CHBDC, or European code) no calibration is yet 

made to the Serviceability Limit State or Fatigue Limit State. Eventually, to date only 

Strength I limit state has been formally calibrated with reliability basis.  

Optimum designs developed without consideration of uncertainty associated with the 

design parameters can lead to non-robust designs, ones for which even slight changes 

in design variables and uncertain parameters can result in substantial performance 

degradation and localized damages. The accumulated damage may result in 

serviceability limitations or even collapse, although the structural design meets all code 

requirements for ultimate flexural and shear capacity.  

In order to search for the best optimization solution between cost reduction and 

satisfactory safety levels, probabilistic approaches of design optimization were applied to 

control the structural uncertainties throughout the design process, which cannot be 

achieved by deterministic optimization. To perform probabilistic design optimization, the 

basic design parameters were treated as random variables. For each random variable, 

the statistical distribution type was properly defined and the statistical parameters were 

accurately derived. After characterizing the random variables, in the current research, all 
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the limit state functions were formulated and a comprehensive reliability analysis has 

been conducted to evaluate the bridge’s safely level (reliability index) with respect to 

every design limit state. For that purpose, a computer-aided model has been developed 

using Visual Basic Application (VBA). The probabilities of failure and corresponding 

reliability indexes determined by using the newly developed model, with respect to limit 

state functions considered, were obtained by the First-Order Reliability Method (FORM) 

and/or by Monte Carlo Simulation MCS technique. For the overall structural system 

reliability, a comprehensive Failure Mode Analysis (FMA) has been conducted to 

determine the failure probability with respect to each possible mode of failure. The 

Improved Reliability Bounds (IRB) method was applied to obtain the upper and lower 

bounds of the system reliability. 

The proposed model also provides two methods of probabilistic design optimization. In 

the first method, a reliability-based design optimization of prestressed girder bridges has 

been formulated and developed, in which the calculated failure probabilities and 

corresponding reliability indexes have been treated as probabilistic constraints. The 

second method provides a quality-controlled optimization approach applied to the design 

of prestressed girder bridges where the Six Sigma quality concept has been utilized. For 

both methods, the proposed model conducts simulation-based optimization technique. 

The simulation engine performs Monte Carlo Simulation while the optimization engine 

performs metaheuristic scatter search with neural network accelerator.  

The feasibility of any bridge design is very sensitive to the bridge superstructure type. 

Failing to choose the most suitable bridge type will never help achieving cost-effective 

design alternatives. In addition to the span length, many other factors (e.g. client’s 

requirements, design requirements, project’s conditions, etc.) affect the selection of 

bridge type.  The current research focusses on prestressed girder bridge type. However, 

in order to verify whether selecting the prestressed girder bridge type, in a specific 

project, is the right choice, a tool for selecting the optimum bridge type was needed. 

Hence, the current research provides a new model for selecting the most suitable bridge 

type, by integrating the experts’ decision analysis, decision tree analysis and sensitivity 

analysis. Experts’ opinions and decisions form essential tool in developing decision-

making models. However the uncertainties associated with expert’s decisions need to be 

properly incorporated and statistically modelled. This was uniquely addressed in the 

current study.  
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Chapter 1 

Introduction 

 

1.1 Background 

 
 
Prestressed girder bridges are very common types of bridges constructed all over the 

world. According to the Federal Highway Administration (FHWA 2000), almost one-

quarter of the bridges in United States, which total more than half a million, are designed 

as a prestressed girder bridge system (Sirca and Adeli, 2005). This bridge system also 

represents 40% of the short and medium span bridges built in the United States and 

Canada (Lounis and Cohn, 1993). As an efficient structural system with moderate self- 

weight and low initial cost, prestressed girder bridges are ideal for short to medium 

spans (15 m to 60 m).  Prestressed girder bridges are also attractive for their ease of 

fabrication, fast construction, high sustainability, low maintenance, simple deck removal, 

and replacement process (Precast/Prestressed Concrete Institute PCI, 2003).  

Unlike steel bridges or reinforced concrete bridges, the design of prestressed girder 

bridges is usually governed by serviceability limit states SLS. In other words, 

prestressed girder bridges are designed to satisfy the requirements of SLS and fatigue; 

then, the design adequacy with respect to ultimate limit state ULS is checked.  

As a matter of fact, most of the structural engineering problems involve several elements 

of uncertainty, such as: uncertainties in loading conditions, in material characteristics, in 

analysis/simulation model accuracy, in geometric properties, in manufacturing precision, 

etc. (Nowak and Collins 2000). These uncertainties need to be taken into consideration 

in the design process if uniform levels of safety and consistent reliability indexes in the 

structural systems are required. Estimation of uncertainties and their effect on the design 

parameters is performed through probabilistic calibration of the design codes and 

specifications. For all current bridge design codes (e.g. AASHTO LRFD 7th Edition 2014, 

CHBDC 2010, or Eurocode EN1999) no calibration was made until today for the 

Serviceability Limit State or for the Fatigue Limit State. Eventually, to date only Strength 

I limit state has been formally calibrated with reliability analysis basis (Barker R. M. and 
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Puckett 2013). In other words, all limit states, other than Strength I, are still 

deterministically formulated in the current bridge design codes. 

During the last three decades, much work has been done in structural optimization, as a 

result of considerable developments in mathematical optimization techniques, advances 

in computer’s technologies, and the need to perform cost-effective designs (Ahsan et al, 

2012). This motivated researchers worldwide to apply optimization processes to the 

design of bridge structures, and to develop cost-effective design alternatives. A number 

of researchers contributed in performing deterministic design optimization of prestressed 

girder bridges, revealing smaller sections, longer spans, and higher slenderness ratios. 

As a result of such optimization solutions, bridge structural systems have become highly 

sensitive, due to repeated applications of heavy loads (trucks), to cracks, deflections, 

vibrations, or fatigue failure at service load levels (Beck and Gomes 2012). Eventually, 

the optimum bridge designs developed without considering the uncertainty associated 

with the design parameters, can lead to non-robust designs of bridges, for which even 

slight changes in design variables and uncertain parameters can result in substantial 

performance degradation and localized damages (Ahsan et al. 2012). The accumulated 

damage may result in serviceability limitations or even collapse, although the structural 

design meets all code requirements for ultimate flexural and shear capacity (Nilson et al. 

2010). Every year significant investments of the order of millions of dollars are spent for 

maintenance of girder bridges. Such maintenance procedures are conducted to rectify 

problems, most of which are serviceability and/or fatigue consequent (Hassanain and 

Loov 2003).   

In order to achieve the best compromise between cost reduction and satisfactory safety 

levels, probabilistic approaches for bridge design optimization should be applied to 

control the structural uncertainties throughout the design process, which cannot be 

achieved by performing deterministic design optimization (Chateauneuf, 2007). Hence, 

safety constraints with respect to every possible mode of failure need to be imposed on 

the design optimization process.  

Until present, no probabilistic design optimization approach, methodology or model has 

been applied to prestressed girder bridges. Therefore, as a new contribution, the main 

aim of the current research is to develop a unique and efficient computer-aided model 

that performs probabilistic multi-objective design optimization of prestressed girder 

bridges. The application of the proposed model will reveal cost-effective design solutions 
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of prestressed girder bridges that guarantee satisfactory safety levels reserved in the 

optimized structural configuration. 

 

1.2 Problem Statement and Research Significance 

In bridge engineering, many design factors play an essential role in deciding the 

members’ dimensions, geometry, weight, and cost. This reflects the importance of 

developing optimization tools that provide cost-effective design by determining certain 

design variables to achieve the best measurable objective function under given 

constraints (Rana and Ihsan 2010). From the studied literature, attempts have been 

made to perform design optimization applied to prestressed girder bridges. However, 

such attempts were made deterministically, i.e., they did not consider the variability and 

uncertainties involved with the basic design variables.  

Deterministic design optimization could achieve considerable cost saving but, very 

possibly, could lead to unsafe structural configuration. In order to maintain satisfactory 

safety levels while performing the optimization process, it becomes necessary to adopt a 

probabilistic approach that consider the uncertainties associated with the basic design 

variables. This can only be achieved through reliability analysis and probabilistic 

assessment of the bridge performance. In other words, the optimization process should 

be controlled by imposing probabilistic constraints in addition to the deterministic ones.  

As a new contribution, the current research provides a model that performs probabilistic 

design optimization of prestressed girder bridges in order to minimize the bridge cost 

and, at the same time, to guarantee satisfactory safety levels reserved in the optimized 

bridge configuration. Two different probabilistic methods have been implemented in the 

proposed model. The first method is the reliability-based design optimization, where the 

failure probabilities with respect to all possible limit states are incorporated as 

optimization constraints. In the second method, a quality-controlled optimization 

approach is developed by applying the six sigma quality concept to achieve robust 

design solutions. Such approach ensures not only that the design performs as desired 

but also that the design consistently performs as desired.    

The cornerstone in the probabilistic optimization model is its ability to perform reliability 

(probabilistic) analysis with respect to every limit state function (individual component 

reliability) as well as with respect to the overall structural performance (system 

reliability). Previous researches mainly focused on performing reliability analysis with 

respect to ultimate strength (load carrying capacity) of the bridge (Nowak et al., 1991; 
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Nowak and Szersszen, 2000; Nowak et al. 2001; Du and Au 2004).  Such reliability 

analysis could help in evaluating the load carrying capacity of existing bridges. However, 

for the sake of reliability-based design and design optimization of a new bridge, the 

reliability of the structure with respect to all limit states (Serviciability Limit States, 

Fatigue Limit States, and Ultimate Limit States); besides, the system redundancy need 

to be investigated and evaluated. Having such comprehensive analyses incorporated in 

the proposed optimization model forms another target of the current research. 

In addition to the above, another important and sensitive issue related to the optimization 

of bridge design exists. As there are many different types of bridge superstructures, the 

bridge designer should pay careful attention and effort to successfully select the most 

appropriate bridge type with respect to the specific project’s conditions, data and 

information. If the designer failed to choose the most suitable bridge superstructure type, 

then no efficient optimization solution could ever be achieved, no matter how efficient 

optimization model has been used. In other words, efficient optimization solution can 

only be achieved when an efficient methodology is applied on properly selecting the 

bridge type. For that reason, the current research provide a new model for bridge type 

selection. This model will be used to verify whether prestressed girder bridge type is the 

most suitable bridge type, with respect to a specific project, before starting the design 

optimization process. It was noticed from the thoroughly reviewed literature that some 

models and methods were proposed by a number of researchers to help selecting the 

most appropriate bridge superstructure type. These models and methods mainly depend 

on the subjective judgement of the experts. However, the uncertainties associated with 

experts’ judgments were not considered in the previous researches. This is a drawback 

because an engineering decision which accounts for experts’ judgement with high level 

of uncertainty should be treated probabilistically rather than deterministically. The 

proposed model, of the current research, uniquely, incorporates the uncertainties 

associated with experts’ decisions and integrates them to a decision tree analysis and 

sensitivity analysis (Al-Delaimi and Dragomirescu 2015). 

 

1.3 Research Objectives 

The current research proposes an efficient computer-aided multi-objective model that 

performs probabilistic-based design optimization of prestressed girder bridges. The 

proposed model aims to provide cost-effective design alternatives with guaranteed 

safety levels in the optimized bridge configuration. Two different probabilistic 
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optimization methodologies are suggested: 1- reliability-based design optimization, and 

2- six sigma robust design optimization. The proposed model is capable of performing 

comprehensive reliability analysis both on the individual component level and the entire 

structural system level. Different reliability methods have been incorporated. As another 

important objective, the current research also proposes a new method (as part of the 

integrated model) for choosing the optimum bridge superstructure type by modelling the 

experts’ decisions probabilistically and integrating them with decision tree analysis and 

sensitivity analysis.  

 

1.4 Scope 

To achieve the proposed objectives, the following tasks were completed: 

• Thorough review of the broader literature to identify the propagation of 

uncertainties and associated statistical parameters, statistical distribution type, 

load models, resistance model, reliability investigation and assessment, design 

advances and design optimization of prestressed girder bridges. 

• Review of developments of reliability computational methods corresponding to 

individual structural components (elements) and overall structural system. 

• Review of developments of calibration of LRFD Bridge Design Codes (AASHTO, 

Ontario Bridge Design code, and CHBDC).  

• Deriving new statistical parameters of the random variables related to the load 

effects (bending, shear, fatigue stress range) and resistance (section properties, 

allowable stresses, flexural resistance, and shear resistance). 

• Conducting deterministic analysis and design of prestressed girder bridges, 

according to AASHTO LRFD 7th Edition 2014, in order to determine the baseline 

of bridge configuration with nominal values of the basic design variables and 

parameters.  

• Using Visual Basic Application VBA integrated with Spreadsheets, developing an 

integrated model BREL (Bridge RELiability) that: (1) estimates the component’s 

failure probabilities and corresponding reliability indexes by the First-Order 

Reliability Method FORM, (2) estimates the overall system’s reliability by 

conducting nonlinear failure mode analysis FMA and, then, utilizing the method 

of Improved Reliability Bounds IRB. For that purpose, a 2-D nonlinear grillage 

analogy GRANAL (Grillage ANALogy) algorithm has been coded with VBA,  (3) 

alternatively, evaluates the probability of failure and corresponding reliability 
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indexes by the Monte Carlo Simulation MCS technique, (4) performs probabilistic 

design optimization of prestressed girder bridges with reliability-based design 

optimization approach in which the failure probabilities are utilized as probabilistic 

constraints, (5) conducts a quality-control design optimization through 

implementing the six sigma quality concept in order to achieve robust structural 

configuration, (6) as a new contribution, the proposed model incorporates the 

Copula method in order to precisely quantify the dependency (correlation) among 

random variables and investigate its effect on the reliability indexes, and (7) 

provides a decision-making tool to select the most appropriate bridge 

superstructure type by integrating expert decision analysis, decision tree 

analysis, and sensitivity analysis. 

• Developing a cost model and integrating it to the optimization engine in order to 

evaluate the objective function (bridge cost) in every optimization cycle. For that 

purpose, the proposed model performs work breakdown structure WBS to 

classify, in detail, the bridge elements according to ASTM UNIFORMAT II 

Standard. A unit cost database has been developed and added to the model. 

The unit cost would, then, be adjusted according to location and inflation rates.  

• The proposed probabilistic model incorporates the most popular and common 

types of standard precast girders; namely: AASHTO Girders, CPCI Girders, Bulb-

T Girders, and NU Girders. However the user can use any other shape/type of 

girders provided that he/she stores the dimensions of the girder in the database 

of the model. 

• Performing model validation to investigate the applicability and accuracy of the 

proposed model. 

Figure 1.1 illustrates the flowchart of the proposed research methodology. 

 

1.5 Manuscript Organization 

This thesis is organized in eight chapters and six appendices. Chapter 1 states the 

background, problem statement, objectives, and scope. Chapter 2 highlights key 

research efforts conducted with respect to: (i) load and resistance models (ii) reliability 

assessment of prestressed girder bridges, (iii) design optimization of prestressed girder 

bridges, (iv) cost model, and (v) selecting the most appropriate bridge type. In Chapter 3, 

the derivation of current (new) statistical parameters of random variables associated with 

load effects and resistance is presented. Chapter 4 demonstrates the reliability analysis 
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and assessment of prestressed girder bridges. Both the components’ and system’s 

reliability indexes have been estimated. Different reliability methods have been utilized. 

In Chapter 5, the methodology of performing the reliability-based design optimization of 

prestressed girder bridges is defined, formulated and applied. In Chapter 6, the 

methodology of performing the six sigma-based robust design optimization of 

prestressed girder bridges is defined, formulated and applied. Chapter 7 proposes a new 

method, as a decision-making tool, to help choosing the most appropriate bridge 

superstructure type. The final summary, conclusions and recommendations for future 

work are presented in Chapter 8. Appendix A illustrates the development of the reliability 

methods used in the current research. Appendix B demonstrates the Simplified Modified 

Compression Field Theory that was utilised in deriving the statistical parameters of the 

shear resistance. Appendix C presents the detailed design calculations of the bridge 

related to the case study adopted in Chapters 5 and 6. Appendix D provides a sample of 

the VBA macro of the proposed model for the components’ reliability assessment. A 

sample of The VBA code for evaluating the system reliability is presented in Appendix E. 

Appendix F presents the mathematical formulations and details of the Copula functions 

used in Chapter 4 to quantify the dependency (correlation) among random variables. 

 

1.6 Novelty and new contributions of the current research  

In this section the new contributions of the current research are listed, as follows: 

• Derivation of new statistical parameters of random variables related to the load 

effects and resistance with respect to the most popular and common standard 

precast girders (AASHTO Girders, CPCI Girders, Bulb-T Girders, and NU 

Girders). 

• A new model for comprehensive reliability analysis of prestressed girder bridges 

to evaluate the probability of failure and corresponding reliability index with 

respect to every possible limit state function as well as the overall structural 

system (bridge redundancy). The analyses are performed with different reliability 

methods. 

•  For the first time, the Copula method is applied to precisely quantify the 

dependency (correlation) among the random variables and to investigate its 

effect on reliability index. 
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• A new 2-D grillage analogy model for 2-D linear and nonlinear bridge analysis. 

This model was utilized to evaluate the redundancy (system reliability) of 

prestressed girder bridges.  

• A new model to define, formulate and apply the reliability-based optimization 

approach on the design of prestressed girder bridges. 

• A new model to define, formulate and apply the six sigma-based robust design 

optimization of prestressed girder bridges. 

• A new model to select the optimum bridge type by integrating expert decision 

analysis, decision tress analysis, and sensitivity analysis. 
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Chapter 2 

Literature Review 

 

2.1 Load and Resistance Models 

2.1.1 Load Models 

Bridges are subjected to different types of loads (e.g. permanent loads, transient loads, 

and special loads). Permanent loads include dead load of structural components (DC), 

wearing service (DW), and earth pressure. Transient loads include vehicle live load (LL), 

vehicular dynamic load allowance (IM), friction (FR) and environmental loads such as 

earthquake (EQ), ice load (IC), wind loads on structure (WS), and temperature. Special 

loads include collision and breaking force (AASHTO LRFD 2010).  

 

The critical loads mainly depend on the bridge span length. For long span bridges, the 

critical loads are winds, earthquakes, and dead load while in short and medium spans (up 

to 60 m), the most significant loads are live load and dead load (Czarnecki 2006). Also the 

truck weight and truck configuration (number of axels, distance between axles, and weight 

of each axle) have considerable effects on the analysis and design of bridges.  

 

In probabilistic analysis, load models are usually developed to define different load 

components as random variables by considering the uncertainties associated with these 

variables. In order to quantify such uncertainties, the statistical distribution type and the 

statistical parameters of the random variables should be properly defined and evaluated.  

The main components, that need to be statistically defined, in any load model are: dead 

load, live load, dynamic (impact) factor, distribution of load to individual members, the 

transverse position of the trucks on the bridge, and the probability of occurrence of one 

truck or two trucks side by side in one lane.  

 

In reliability analysis, the general model of load (��) can be expressed as per Equation 2.1 

(Nowak and Collin 2013). 

 

[2.1]   �� = �� �� ��           
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where, 

  �� = the load itself (nominal value). 

�� = a variation results from the mode in which the load is assumed to act (such as   

idealization with perfectly uniformly distributed load) 

�� = variation due to the method of analysis (such as two-dimensional idealization 

of three dimensional modelling). 

 

2.1.1.1 Dead Load Model 

Dead load is the weight of structural and non-structural members. Because of the 

differences in the statistical parameters, Tabsh and Nowak (1991) advised to distinguish 

between factory-made members (e.g. precast girders), cast-in-situ members (e.g. deck 

slab), and wearing surface (asphalt).  

The variability in the dead load of factory-made members (precast girders) are given in 

Table 2.1. While, Table 2.2 summarizes the variability of cast-in-situ dead load considered 

by several researchers. The variability is represented by the bias factor (mean to nominal 

dead load) and the coefficient of variation (standard deviation to mean).  

For asphalt surface, Tabsh and Nowak (1991) considered the mean thickness equals 3.5 

in (90 mm) and coefficient of variation as 0.25. While, Nowak (1993) considered the mean 

asphalt thickness equals 3.0 in (75 mm) and coefficient of variation as 0.25. 

In the current research, the mean-to-nominal ratio is taken to be 1.03 for factory-made 

members and 1.05 for cast-in-situ members, with coefficient of variation equal to 0.08 and 

0.10, respectively. This study also considered the mean thickness of asphalt equals 3.0 in 

(75 mm) and coefficient of variation as 0.25. 

Table 2.1: Statistical parameters of dead load for factory-made members 

Bias Facor Coefficient of Variation Reference 

1.03 

1.03 

 

0.08 

0.08 

 

Tabsh and Nowak (1991) 

Nowak (1995) 
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Table 2.2: Statistical parameters of dead load for cast-in-situ members 

Bias Factor Coefficient of Variation Reference 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.05 

1.05 

1.05 

1.05 

0.08 

0.108 

0.13 

0.07 

0.10 

0.10 

0.07 

0.10 

0.10 

0.10 

0.10 

Galambos and Ravindra (1973) 

Ravindra, Lind and Siu (1974) 

Ellingwood and Ang (1974) 

Siuet. Al., (1975) 

Allen (1976) 

Ellingwood (1977, 1978, 1979) 

MacGregor (1976) 

Ellingwood et al., (1980) 

Galambos, et al., (1982) 

Tabsh and Nowak (1991) 

Nowak (1995) 

 

2.1.1.2 Live Load Model 

Bridges are subjected to a variety of movable loads, including those due to vehicles, 

motorcycles, bicycles, and pedestrians. Live loads refer to loads due to moving vehicles 

that change their positions with respect to time. The live load on bridges is divided into two 

categories: static load (truck weight, braking force, etc.) and dynamic load (impact). Due 

to the variation of vehicles on bridges, defined by the Federal Highway Administration 

(FHWA 2013), presented in Figure 2.1, live load effect is different. Live load effect depends 

on truck weight, axel configuration, wheel force, wheel geometry, transverse and 

longitudinal position of vehicle, multiple presence of vehicles, deck stiffness, girders 

stiffness, and road surface roughness.  

Design codes define and formulate live load based on truck survey and calibration. The 

first calibration of AASHTO LRFD Code was based on the truck survey conducted by the 

Ontario Ministry of Transportation in 1975 as there was lack of reliable data for the United 

States (Kozikowski 2009). The data collected in the mid-1970s at different locations in the 

Province of Ontario, Canada, include 9,250 vehicles. The average age of 75 years for 

bridges was considered in load calculations. The estimated average daily truck traffic 

(ADTT) was 1,000 trucks in one direction. For longer spans, three cases of correlated 

multiple presence of trucks in one lane was considered. These cases are: i- no correlation, 

ii- partial correlation, and iii- full correlation. 
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Figure 2.1: FHWA Vehicle Categories (2013) 

 

The live load calibration for AASHTO LRFD revealed the HL-93 (Design Live Load) shown  

in Figure 2.2. Figures 2.2a and 2.2b present the HL93, HS20 + LL or tandem + LL for 

simple beam, which give the extreme bending moment. Figure 2.2c presents the HL93 for 

continuous beam. 
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Figure 2.2: HL93 a, b for Simple Beam and c for Continuous Beam 

 

The collected number of 9,250 vehicles in the Ontario data survey was assumed to 

represent two weeks of heavy traffic illustrated in Figure 2.3. This amount of data 

corresponds to the probability of 1/9250, which corresponds to inverse normal standard 

distribution function (�	
) equal to 3.71. Similarly the probability and corresponding 

inverse normal standard distribution function (�	
) for other truck volume over various 

time periods is calculated as presented in Table 2.3. 
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Figure 2.3: Extrapolated Moments for Simple Spans by: Nowak (1999) 

 
The HL-93 live load model was based on following assumptions (Nowak 1999): 

• multiple lane - every 500th truck is fully correlated, 

• one lane - every 100th truck is fully correlated, 

• two trucks have to have the same number of axles, 

• gross vehicle weight (GVW) of the trucks has to be within the ± 5% limit, 

• spacing between each axle has to be within the 10% limit. 
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Table 2.3: Number of Trucks versus Time Period and Probability 

Time Period (T) Number of Trucks (N) Probability (1/N) Inverse Normal (z) 

75 years 20,000,000 5.00E-08 5.33 

50 years 15,000,000 6.67E-08 5.27 

5 years 1,500,000 6.67E-07 4.83 

1 year 300,000 3.33E-06 4.50 

6 months 150,000 6.67E-06 4.35 

2 months 50,000 2.00E-05 4.11 

1 month 30,000 3.33E-05 3.99 

2 weeks 10,000 1.00E-04 3.27 

1 day 1,000 1.00E-03 3.09 

 

Due to different categories of real live load, several live load models were developed by 

researchers (Nowak and Zhou 1985, Elingwood 1982, Ghosn and Moses 1984, Nowak 

and Hong 1991, Nowak 1999). 

HL93 design truck loading, specified by the SSHTO LRFD code is a combination of the 

HS20 design truck and uniformly distributed load of 9.3 kN/m (0.64 kip/ft). For each design 

lane, the live load model, consisting of either a truck or tandem coincident with lane load, 

was developed as a notional representation of shear and moment produced by a group of 

vehicles routinely permitted on highways of various states. 

The design truck HS20, weights and spacing are shown in Figure 2.4, where the spacing 

between the two 32.0 kips axles shall be varied between 14.0 ft. and 30 ft. to produce 

extreme force effects. The design tandem consists of a pair of 25.0 kip axles spaced 4.0 

ft. apart as specified in Figure 2.5. Transverse spacing between wheels is 6.0 ft. The 

design lane load consists of a uniformly distributed load (0.64 k/ft.) in the longitudinal 

direction. Transversely, the design lane load is assumed to be uniformly distributed over 

a 10.0 ft. width as presented in Figure 2.5. 

For simply supported bridge, 14' spacing produces greatest design truck load moment, 

shear and deflection as per AASHTO LRFD clause (S3.6.1.2.2). 

A dynamic load effect is considered as an equivalent static load added to design truck 

HS20 or tandem as specified in AASHTO LRFD cluase (3.6.2). The lane load is not subject 

to a dynamic load allowance. 
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Figure 2.4: Characteristic of the Design Truck, HS20 

 

 

Figure 2.5: Characteristics of Tandem and Lane Load 

 

                 8k     32k   32k 

                      14 ft        14 ft 

 

  

               8K                      32K      R=72K                     32K 

 

 

   2.34 ft  2.34 ft       

 

Figure 2.6: Position of HL93 that provide maximum moment in simple span  
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For simple span bridges, a maximum live load moment occurred in the mid-span. The 

critical section should be placed bisecting the distance between the truck loading resultant 

and middle load and calculated as indicated in Figure 2.6. 

Rakoczy (2011) developed the statistical parameters (mean, coefficient of variation, and 

bias factor) of live load for highway bridges using the available weight-in motion (WIM) 

data. The WIM data includes about 35 million trucks (32 WIM locations) were considered 

as representative for the truck traffic in the United States. The cumulative distribution 

functions were plotted on the normal probability paper for both growth vehicle weight 

(GVW), and moment (Figure 2.7). The WIM truck moments were calculated for spans from 

30 to 300 for time periods from 1 day to 10 years. CDF’s plotted on the normal probability 

paper and the bias factors were obtained (Figure 2.8). The cumulative distribution 

functions indicate a complex shape for both gross vehicle weight and load effects 

(moments). A range of records for average daily truck traffic (ADTT) from 100 to 10,000 

can be obtained from Nowak and Rakocy (2012). 

 

 

Figure 2.7: Moment Ratio, Span=90 ft. by: Rakoczy (2011) 
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Figure 2.8: CDF of Gross Vehicle Weight (GVW) (Rakoczy 2011) 
 

Depending on the ADTT, the span, and time, Tables 2.4 and 2.5 (Rakoczy 2011) show 

the statistical parameters for live considering 5000 and 10000 ADTT, respectively. The 

statistical parameters for a specific span, ADTT and time can be obtained by extrapolation. 

The statistical parameters for reliability analysis of AASHTO Girders at design are 

extrapolated from Tables 2.4 and 2.5 (Rakoczy 2011). 



Ch.2: Literature Review   21 

Table 2.4: Statistical Parameters for Live Load for ADDT 5000 by: Rakozy (2011) 

Span 

(ft) 

Statistical 

Parameter 

Time Period (T), where: D= Day, Mn=Month, Yr=Year 

1    
Day 

2 
Week 

1 
Month 

2  
Month 

6 
Month 

1  
Year 

5  
Year 

50 
Year 

75 
Year 

100 
Year 

30 

+1.5� 1.25 1.42 1.46 1.48 1.51 1.54 1.58 1.62 1.63 1.63 


 1.05 1.19 1.22 1.24 1.27 1.28 1.32 1.36 1.37 1.38 

� 0.12 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.12 0.12 

60 


+1.5� 1.09 1.30 1.34 1.36 1.39 1.41 1.48 1.53 1.54 1.55 


 0.94 1.10 1.13 1.15 1.18 1.20 1.25 1.29 1.30 1.31 

� 0.11 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 

90 


+1.5� 1.14 1.36 1.39 1.43 1.47 1.50 1.54 1.59 1.60 1.61 


 0.96 1.13 1.16 1.20 1.23 1.26 1.30 1.35 1.36 1.37 

� 0.13 0.13 0.13 0.13 0.13 0.13 0.12 0.12 0.12 0.12 

120 


+1.5� 1.12 1.36 1.40 1.44 1.48 1.51 1.56 1.61 1.62 1.62 


 0.94 1.13 1.17 1.20 1.24 1.27 1.30 1.35 1.36 1.37 

� 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 

200 


+1.5� 1.02 1.26 1.30 1.33 1.39 1.41 1.46 1.52 1.53 1.53 


 0.84 1.03 1.06 1.09 1.13 1.15 1.19 1.23 1.24 1.25 

� 0.14 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 

 
 
 

Table 2.5: Statistical Parameters for Live Load for ADDT 10000 by: Rakozy (2011) 

Span 

(ft) 

Statistical 

Parameter 

Time Period (T)  

1    
Day 

2 
Weak 

1 
Month 

2  
Month 

6 
Month 

1  
Year 

5  
Year 

50 
Year 

75 
Year 

100 
Year 

30 

+1.5� 1.31 1.45 1.48 1.50 1.52 1.55 1.60 1.64 1.65 1.66 


 1.10 1.21 1.24 1.26 1.28 1.29 1.34 1.37 1.38 1.39 

� 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 

60 


+1.5� 1.20 1.35 1.39 1.42 1.45 1.46 1.50 1.56 1.57 1.57 


 1.00 1.12 1.16 1.19 1.21 1.22 1.26 1.30 1.31 1.32 

� 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 

90 


+1.5� 1.23 1.40 1.43 1.46 1.48 1.51 1.55 1.62 1.63 1.63 


 1.03 1.17 1.20 1.23 1.25 1.28 1.31 1.36 1.37 1.38 

� 0.13 0.13 0.13 0.12 0.12 0.12 0.12 0.13 0.12 0.12 

120 


+1.5� 1.21 1.41 1.45 1.48 1.52 1.54 1.59 1.62 1.63 1.64 


 1.01 1.18 1.21 1.24 1.26 1.28 1.33 1.35 1.36 1.37 

� 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 

200 


+1.5� 1.11 1.31 1.36 1.39 1.41 1.44 1.49 1.54 1.55 1.55 


 0.91 1.07 1.10 1.13 1.15 1.17 1.22 1.25 1.26 1.27 

� 0.14 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 
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As a continuation to their work, Nowak and Rackoczy (2013) made a comprehensive 

review and analysis of the available data obtained from the Weigh-In-Motion (WIM) 

technology. About 32 WIM locations have been considered to represent the truck traffic in 

the United States. Data obtained from 35 million trucks were utilized to determine the 

statistical parameters of an updated live load model. The statistical parameters 

calculations were carried out for all considered cases of ADTT (Average Daily Total 

Traffic) and span length. A value of 0.12 is recommended for the coefficient of variation. 

The variation of the bias factor with span length considering different ADTT is presented 

in Table 2.6. 

 

Table 2.6: Bias factor of maximum moment due to live load in 75 years (Nowak and 

Rakoczy, 2013) 

Span 

(ft) 

Bias factor, λ 

ADTT 250 ADTT 1000 ADTT 2500 ADTT 5000 ADTT 10,000 

200 1.34 1.36 1.37 1.4 1.4 

190 1.35 1.37 1.38 1.41 1.41 

180 1.35 1.37 1.39 1.42 1.42 

170 1.36 1.38 1.4 1.42 1.43 

160 1.37 1.39 1.41 1.43 1.44 

150 1.37 1.39 1.41 1.44 1.44 

140 1.38 1.4 1.42 1.45 1.45 

130 1.38 1.4 1.43 1.45 1.46 

120 1.39 1.41 1.44 1.46 1.47 

110 1.4 1.41 1.44 1.46 1.47 

100 1.4 1.42 1.43 1.45 1.47 

90 1.41 1.42 1.43 1.45 1.47 

80 1.41 1.42 1.43 1.45 1.47 

 

2.1.1.2.1 Statistical parameters of live load effect 

The statistical parameters of the live load effect (moment and shear) were first investigated 

by Nowak (1993) according to both AASHTO LRFD and the previous methodology of 

AASHTO (allowable stress method) as illustrated in Figures 2.9, 2.10, and 2.11 for simple 
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span moment, shear and for continuous negative moment, respectively. Those figures 

clearly show uniform distribution of the bias factor when calculated based on AASHTO 

LRFD procedure as a result of the calibration process. A value of 0.12 for the 

corresponding coefficient of variation was also recommended.  

 

Figure 2.9: Bias factors for simple span moments: HS20 and LRFD (Nowak, 1993) 

 

 

 

Figure 2.10: Bias factors for shears: HS20 and LRFD (Nowak, 1993) 
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Figure 2.11: Bias factors for negative moments : HS20 and LRFD (Nowak, 1993) 

 

This work was further continued by Nowak and Szerszen (1998) considering the truck 

survey already conducted, in Ontario, by the Ministry of Transportation MTO. The study 

covered about 10,000 selected trucks (only trucks which appeared to be heavily loaded 

were measured and included in the database). Different cases of truck positioning with 

different level of correlation between trucks were investigated. For different span lengths, 

the bias factor for moment and shear is shown in Figure 2.12; while, the coefficient of 

variation was considered as constant value of 0.12.  

 

 

  Figure 2.12: Bias factors for live load effects (Nowak and Szerszen 1998). 
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However, the statistical parameters of the load effects (moment and shear) have not been 

updated based on the new statistical parameters, of the live load itself, as developed by 

Nowak and Rakoczy (2011 and 2013). This will be addressed in Chapter Three of the 

current research. 

 
2.1.1.2.2 Statistical parameters of live load distribution factor 

The transverse distribution of live load among girders can be obtained using the girder 

distribution factors GDFs. As illustrated in Figure 2.13, the GDFs in old AASHTO 

(allowable stress approach) are too conservative in comparison with those derived from 

the LRFD methodology (Nowak, 1993). However, Nowak et al., (2001) investigated the 

effect of analysis method on the statistical parameters of the GDFs. The results, based on 

simplified methods, indicated that the bias factor λ=0.93 and the coefficient of variation 

V=0.15 while using sophisticated methods (e.g., finite element analysis), the bias factor 

λ=0.98 and the coefficient of variation V=0.07. 

  

Figure 2.13: Girders distribution factors (Nowak, 1993)  

 
2.1.1.2.3 Dynamic Load Effect 

There are analytical and experimental field studies presented to provide a general outline 

for the study of dynamic load effect (DLF), but do not provide uniform conclusions 

concerning the value of DLF or the variables influencing this value. 
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The derivation of the statistical model for the dynamic behavior of bridges was presented 

by Hwang and Nowak (1991). For all spans, the simulations indicated that the mean 

dynamic load is less than 0.17 for a single truck and less than 0.12 for two trucks. The 

coefficient of variation of a joint effect of the live load and dynamic load is 0.18. This was 

further verified by Kim and Nowak (1997). 

The dynamic load is time-variant, random in nature, and it depends on the vehicle type, 

vehicle weight, axle configuration, bridge span length, road roughness, and transverse 

position of the truck on the bridge as defined by Nassif and Nowak (1995). The dynamic 

impact, IM, is essentially the percent difference between the maximum dynamic and static 

responses as defined by Billing (1984), Paultre (1991), Laman (1999), Ashebo (2006), 

and Moghimi (2007). 

Some measurements of dynamic loads were taken from the Ontario Ministry of 

Transportation. Billing (1984) and Billing and Green (1984) conducted a test on 27 bridges 

(prestressed and steel girders, trusses, and rigid frames) to obtain data to support the 

Ontario Highway Bridge Design (OHBDC 1979). Mean values are about 0.05 to 0.1 for 

prestressed AASHTO Girders and about 0.08 to 0.2. Cantienti (1983) tested 226 bridges 

(205 were prestressed concrete) in Switzerland. All bridges were loaded with the same 

vehicle and with the same tire pressure to minimize the variability due to truck dynamics. 

The results indicated that the dynamic fraction of the load was as high as 0.7 for bridges 

with fundamental natural frequency between 2 and 4 Hz. O'Connor and Pritchard (1985) 

tested short span composite steel and concrete bridges in Australia. The results indicated 

that the dynamic load is vehicle dependent and it varies with the suspension geometry. 

Also, the results indicated that the dynamic load decreases as the weight of the vehicle 

increases. O'Connor and Chan (1988) collected strain data and found that the extreme 

values are associated with light trucks. 

Field measurements were performed to determine the actual variation of the dynamic load 

factor (DLF). The results indicated that the dynamic deflection was almost constant and 

does not depend on the vehicle weight, and then DLF was smaller for heavier trucks, 

because static deflection increases. 

Dynamic force effect acting on the bridge can be estimated by a difference between the 

dynamic strain or deflection (at normal speed) and static strain or deflection (at crawling 

speed). The dynamic load factor (DLF) is defined as the ratio of the dynamic load effect 

to the static load effect. Hwang and Nowak (1989, 1991) and Nowak et al. (1990) 

developed procedures for calculating the statistical parameters for dynamic loads on 
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highway bridges, and the results indicated that a uniform dynamic load factor of 0.25 was 

recommended for all spans greater than 6 m. 

Kim and Nowak (1997) conducted load distribution and impact factor testing on two simply 

supported I-girder bridges in Michigan to assess impact factors. The findings of this test 

that, the impact factor decreases as the peak static strain increases. The results obtained 

for statistical parameters for dynamic impact are: mean of 0.12, standard deviation of 0.15, 

and a maximum value of 0.6 obtained from loading corresponding to low static strain. 

These values result in DLFs of 1.12, 1.15, and 1.6, respectively. Test results that DLF is 

less than 0.10 for two trucks traveling side-by-side and is less than 0.15 of the mean live 

load for a single truck. Therefore, the mean DLF is taken as 0.10, and the coefficient of 

variation is 0.80.The authors noted that the average values are lower than the AASHTO 

values. 

AASHTO LRFD (2010) simplified the DLF as a constant factor that can be applied to all 

bridges of all makes, lengths, and materials. AASHTO LRFD, Article (3.6.2.1) simply sets 

three constant impact factors (IM) as shown in Table 2.7. These values were obtained 

through field testing, resulted in a maximum IM factor of 25% for most highway bridges 

applied to the design truck only, and were reported to be 33% as indicated below. 

 

Table 2.7: Dynamic Load Allowance, IM (Table 3.6.2.1-1 AASHTO LRFD 2012). 

Component IM 

Deck Joints – All Limit States 75 % 

All Other Components 

• Fatigue and Fracture Limit State 

• All Other Limit States 

 

15 % 

33 % 

 

The Total Live load is calculated as defined by Equation 2.2. 

 

[2.2]   ��� = �. �. (���� + "� �#$%&')       

 

where, D.F. is AASHTO live load distribution factor. 

 

2.1.1.2.4 Fatigue Model 

Jeffrey et al. (1996) developed fatigue live load model in order to establish an equivalent 

fatigue truck that will cause the same cumulative fatigue damage as the normal traffic 
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distribution. This fatigue-load model has been developed from the weigh-in-motion (WIM) 

measurements (Laman, 1995). The developed fatigue live load model has been verified 

using fatigue-damage analysis to compare the model with the measured results. A smooth 

curve has been fit to the data relating average number of cycles per truck )�*+.The 

calculated and measured average stress cycles per vehicle are presented in Figure 2.14. 

 

 
 

Figure 2.14: Calculated and measured average stress cycles per truck (Jeffrey et al., 

1996). 

 

2.1.1.2.5 Live load model for system reliability: 

Traditionally, structural design is based on design of individual components (e.g. beams, 

columns, connections, etc.). The design codes specify nominal values of loads, and the 

objective of the design is to determine the required value of nominal resistance with 

predetermined safety factors. The resistance of a component is expressed in terms of 

geometry and materials characteristics. In most cases, component-based design is 
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conservative because of redundancy and ductility. In a redundant structure, when an 

individual component reaches its ultimate load carrying capacity, other components can 

take additional loads to prevent a failure. However, the quantification of this load sharing 

requires a special approach using the system reliability models.  

Nowak (2004) developed a load model for system reliability assessment. This model 

consists of a 3-axle vehicle (denoted by S) and a 5-axle vehicle (denoted by T), as shown 

in Figure 2.15. The gross vehicle weight (GVW) was considered as a random variable. 

The transverse position of the truck within the roadway (curb distance) is also a random 

variable. The probability density functions (PDF) of the curb distance are shown in Figure 

2.16, for two traffic lanes. Each PDF represents a curb distance for a line of wheels, 

spaced at 1.80 m for a truck. Different possible load cases and probabilities of occurrence, 

including simultaneous presence with two trucks (side-by-side) in the same lane, are 

shown in Figure 2.17. 

 

 

 

Figure 2.15: Truck configurations considered in the project (Nowak 2004). 

 

 

Figure 2.16: Example of the Probability Density Functions (PDF) of the Curb Distance. 

Each PDF Represents a Line of Truck Wheels (Nowak 2004). 
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Figure 2.17: Considered Truck Positions and Probabilities of Occurrence (Nowak 2004). 

 

In his study, Nowak (2004) investigated two extreme cases of correlation between the two 

trucks (side-by-side): no correlation, with the coefficient of correlation, , = 0, and full 

correlation, with the coefficient of correlation, , = 1. 

For traffic with three lanes, Khorasani (2010) suggested a truck positioning patters with 

seven possible load cases as shown in Figure 2.18.  

 

 

 

 

Figure 2.18: Possible truck positions on a bridge with three lanes of traffic (Khorasani 

2010). 
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2.1.2 Resistance Model 

The capacity of a bridge depends on the resistance of its components and connections. 

The resistance (R) of the structural system or its components is determined mostly by 

material strength and dimensions. In design, the resistance of structure elements is often 

considered deterministic; in reality, there is some uncertainty associated with each 

element. Because of the uncertainty of the resistance components, the resistance is 

treated as random variables in reliability analysis. The uncertainty in resistance may 

depend on many factors, which can be categorized with three major parameters: material, 

fabrication, and analysis (Nowak and Szerszen 2003). 

The major parameters of resistance that affect the nature of the element strength are: 

• Material properties: The material parameter reflects the uncertainty in the strength 

of material which is presented in the modulus of elasticity, cracking stresses, and 

chemical composition. 

• Fabrication: The fabrication parameter reflects the uncertainty in the overall 

dimensions of the component that can affect the cross-section area, moment of 

inertia, and section modulus. 

• Analysis: The analysis parameter presents the uncertainty resulting from 

approximate methods of analysis, idealized stress/strain distribution models, and 

the engineering judgment. 

The variability in resistance has been modeled by tests and observation of existing 

structures by engineering judgment. The resistance models can be developed based on 

the available test data that was collected for basic and common materials. However, 

structural systems are more complicated and consist of composite members which are 

often made of several materials. Therefore, special methods of analysis are required to 

obtain the resistance variability for composite members combined of several materials. 

Since information on the variability of the resistance of such members is not always 

available, it is often necessary to develop resistance models using the available material 

test data and numerical simulations (Nowak 1993 and Tabsh and Nowak 1991). The 

resistance (-) can be modeled in the analysis using the model presented by Nowak and 

Szerszen (2003). This model considers R as a product of the nominal resistance (-�) used 

in the design and three parameters that account for some of the sources of uncertainty 

mentioned above as expressed in Equation [2.3]. 

 

[2.3]   - = -� � � .          
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where, 

-� = nominal value of resistance specified in the code, usually in the form of 

design equation. 

 � = materials property factor. 

� = fabrication factor. 

. = professional factor. 

The mean value of resistance (
/ ), coefficient of variation (�/), and bias factor (0/) can 

be calculated by Equations 2.4, 2.5, and 2.6: 

 

[2.4]   
/ = -� 
1  
2  
2               

 

[2.5]   �/ = 3(�1)4(�2)4(�5)4        

 

[2.6]   0/ =  01  02  05          

 

The statistical parameters for - can also be calculated as presented in Equations 2.7 and 

2.8.  

 

[2.7]   0/ =  021 05          

[2.8]   �/ = 3(�21)4(�5)4         

where, 

021 = the bias factor of �� 

05  = the bias factor of . 

�21 = the coefficient of variation of �� 

�5 = the coefficient of variation of professional factor .. 

Resistance is treated as random variables and is described by bias factors (ratio of mean 

to nominal), denoted by 0, and by coefficient of variation denoted by � (Nowak 1993). 

 

2.1.2.1 Statistical Parameters of Materials 

2.1.2.1.1 Statistical Parameters of Compressive Strength of Concrete 

Concrete properties usually show the highest variability due to various sources of 

uncertainties, like material properties, curing and placing methods (Nowak and Szerszen 
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2008). Many factors like the strain rate and duration of loading, casting direction, and effect 

of creep, shrinkage and confinement affect the mean strength in the actual structure 

(Ahmed et al. 2014). The variability of concrete strength depends also on the quality 

control of concreting operation (Al-Harthy and Fragopol 1994).                                           

From field-cast laboratory-cured cylinders using exponential quality control method, 0.07 

to 0.1 coefficients of variation were obtained, and a reasonable maximum value of 0.20 

for average control (Mirza et al. 1996). 

Grant et al. (1978) suggested a number of equations for the statistical parameters of 

concrete compressive strength. For loading rate R in psi/sec, the mean value of 

compressive strength for in-situ-cast concrete ?′&A#$/BBBBBBBBB and its coefficient of variation �&A#$/ 

can be determined as follows: 

 

[2.9]   ?′&A#$/BBBBBBBBB = ?′&A#$CDBBBBBBBBBB [0.89(1+0.08EFG -)]       

[2.10]   �&A#$/ = H�&I� 4 + 0.084       

  

Where ?′&A#$CDBBBBBBBBBB is the mean compressive strength corresponding to loading rate of 35 

psi/sec.  �&A#$/ denotes the coefficient of variation of cylinder compressive strength. 

Some researchers investigated the effect of method of curing and quality of workmanship 

on the statistical parameters of concrete compressive strength. Table 2.8 summarizes 

their results (Al-Harthy and Frangopol 1994). 

It was observed that the quality of materials has been improved over the last 3 decades 

and this was reflected in reduced coefficients of variation and increased bias factors 

(Nowak and Szerszen 2003). The statistical parameters have been updated based on new 

material test data including compressive strength of concrete (Nowak and Racoczy 2010).  

It is a convenient way to present cumulative distribution functions (CDFs) as it allows for 

an easy evaluation of the most important statistical parameters as well as type of the 

distribution function (Nowak et al. 2011). 

As part of the probabilistic calibration process of the Design Code for Concrete Structures 

(ACI 318), Nowak and Rakoczy (2012) obtained compressive strength tests data and 
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plotted them on the normal probability paper. The construction and use of the normal 

probability paper is described in the textbook (Nowak and Collins 2000). The CDFs of 

concrete compressive strength, ?′& , of normal weight concrete, high strength concrete, 

and lightweight concrete are shown in Figures 2.19, 2.20, and 2.21, respectively. The 

values of bias factor and coefficient of variation of compressive strength corresponding to 

different nominal values are presented in Table 2.9 (Nowak and Rakoczy 2012).  

 

Table 2.8: Statistical properties of concrete compressive strength ?′& (Al-Harthy and 

Frangopol 1994). 

Nominal 

f'c 

(ksi) 

Distribution  

Type 

Mean 

  

Coefficient 

of variation 

(c.o.v) 

Remarks 

  

    K ?′& 

0.174-

0.207 Ellingwood (1978) 

        K =0.8 for poor field cure 

        K =1.01 for good field cure 

 3.0    1.17?′&   Ellingwood and Ang (1974) 

       0.10 Ellingwood (1977) 

 3.0  Normal  1.17?′&  0.15 The 3 c.o.v, are for good,  

       0.25 average, and poor workmanship 

   Normal  K?′& +KL   Allen (1970) 

        

K =0.74, KL = 0.64(ksi) for 4 hours 

duration of loading 

K =0.94, KL = 0.80(ksi) for 1 

second duration of loading 

For good workmanship ?′&BBBB 

increases by 10% and � 

decreases to 0.15 

 

As an alternative to the conventional direct experemental testing, often performed as 

compression test on cub or cylider specimens, Lehky et al. (2012) suggested a new 

methodology to obtain the statistical parameters of concrete using experimental data of 
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three-point bending tests used in inverse analysis based on combination of artificial 

networks and stochastic analysis (Novak and Lehky 2006). 

 

 

 
Figure 2.19: CDFs of ?′& for normal weight concrete (Rakoczy and Nowak, 2012). 
 
 

  

 

Figure 4.20: CDFs of ?′& for high strength concrete (Rakoczy and Nowak, 2012) 
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Figure 4.21: CDFs of ?′& for light weight concrete (Rakoczy and Nowak, 2012) 

 

Table 2.9: Statistical parameters for compressive strength of concrete (Nowak and 

Rakoczy, 2012). 

Compressive 

strength 

of concrete ?′& (psi) 

Statistical parameters 

Bias factor Coefficient of variation V 

4000 1.24 0.15 

5000 1.19 0.135 

6000 1.15 0.125 

7000 1.13 0.115 

8000 1.11 0.110 

9000 1.1 0.110 

10,000 1.09 0.110 

12,000 1.08 0.110 
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Accordingly, the obtained results of statistical parameter of concrete compressive strength 

for different types of concrete, comforming to Eurocode, are presented in Table 2.10. 

 

Table 2.10: Statistical parameters of compressive strength (Lehky et al., 2012) 

Concrete 

Type 

Statistical Parameters 

Mean "Mpa" COV % 

C30/37 H 58.5 8.0 

C25/30 B3 47.3 5.4 

C25/30 XCI 

GK16 
53.4 5.2 

C20/25 XCI 

GK16 
39.8 5.4 

 

The statistical parameters for compressive strength of concrete were obtained from the 

data provided by ready mix companies and precasting plants. The cumulative distribution 

functions (CDF) of compressive strength of concrete (ordinary, highstrength, and light-

weight) were plotted on the normal probability paper (Nowak and Szerszen 2001). CDFs 

for ordinary ready-mix concrete are presented in Figure 2.22. Statistical parameters for 

ordinary and high-performance concrete are presented in Table 2.11. 

 

2.1.2.1.2 Statistical Parameters of Tensile Strength of Concrete  

It has long been known that concrete has a low tensile strength compared to its 

compressive strength. Although concrete has been used as compressive member 

material, its tensile behavior has been carefully investigated by many researchers; Raphel 

(1984), Nonaka et al. (1996), Lorifice et al. (2008), and Wu (2012).  

Many test results were analyzed (Mirza et al, 1996) to develop equations for the strength 

of concrete in flexural tension (?$) and compared with other developed equations. The 

following equation was found appropriate to represent the data: 

[2.11]   ?$ N8.3 3?′&  

 

Like the compressive strength, tensile strength is also affected by the rate of loading. Mirza 

et al. (1996) derived Equations 2.12, 2.13, and 2.14 for the mean and the coefficient of 

variation of the flexural tension strength of in-situ concrete: 
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Table 2.11: Recommended Statisticals Parameters for Ordinary Ready-mix Concrete by: 

Nowak and Szerszen (2001) 

 

f'c 

(psi) 

Compressive Strength Shear Strength 

λ CoV λ CoV 

3000 1.31 0.17 1.31 0.205 

3500 1.27 0.16 1.27 0.19 

4000 1.24 0.15 1.24 0.18 

4500 1.21 0.14 1.21 0.17 

5000 1.19 0.135 1.19 0.16 

5500 1.17 0.13 1.17 0.155 

6000 1.15 0.125 1.15 0.15 

6500 1.14 0.12 1.14 0.145 

7000 1.13 0.115 1.13 0.14 

8000 1.11 0.11 1.11 0.135 

9000 1.1 0.11 1.1 0.135 

10000 1.09 0.11 1.09 0.135 

12000 1.08 0.11 1.08 0.135 

 

 

 

 
 
Figure 2.22: CDFs for Ordinary Ready-Mix Concrete by: Nowak and Szerszen (2001) 
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[2.12]   ?′$A#$/BBBBBBBBB = 8.3 H?′&BBBB [0.96(1+0.11EFG -)]      

  

[2.13]   �OPQ = H(�&I� 4/4) + 0.0421       

Where;  

  

[2.14]   ?′&BBBB = (0.675 ?′& + 1100)  STU ≤ 1.15 ?′&      

 

It was also observed that the dispersion of tensile strength tests tend to be slightly higher 

than the dispersion in compressive strength tests. Ellingwood (1978) suggested a 

coefficient of variation for the tensile strength ranging from 0.174 to 0.207. 

In their study, Mirza et al. (1996) used a mean value for the modulus of rupture ?$ equal 

to 485 STU for a nominal concrete strength of 5000 STU and a standard deviation of 105 STU 
for average control and 100 STU for excellent control of concrete. MacGregor et al. (1983) 

used the statistical parameters shown in Table 2.12. 

Table 2.12: Uncertainty in concrete tensile strength (MacGregor et al 1983)  

Property Mean (Ksi) 
Coefficient of 

Variation 

Concrete under normal 

control 

Tensile strength in structure 

loaded to failure in one hour: 

  

  

  

f= 3.0 ksi 0.306 0.18 

f= 4.0 ksi 0.339 0.18 

f= 5.0 ksi 0.366 0.18 
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Using experimental data of three-point bending tests used in inverse analysis based on 

combination of artificial networks and stochastic analysis (Novak and Lehky 2006), Lehky 

et al. (2012) suggested the statistical parameters presented in Table 2.13 for the tensile 

strength of different types of concrete comforming to Eurocode.  

 

Table 2.13: Statistical parameters of tensile strength (Lehky et al. 2012) 

Concrete 

Type 

Statistical Parameters 

Mean "MPa" COV % 

C30/37 H 5.0 14.3 

C25/30 B3 4.1 17.2 

C25/30 XCI GK16 4.2 12.1 

C20/25 XCI GK16 3.1 15.6 

 

 

2.1.2.1.3 Statistical Parameters of Prestressing Steel 

Mirza et al. (1980) have analyzed data from 200 samples of grade 270 strands of 7/16 

and 1/2 in. diameter, half of them stress relieved and the other half stabilized. The elastic 

limit stress ? � and the stress at 1% strain were taken as 0.7?W% and 0.89?W% for stress 

relieved strands, and 0.75?W% and 0.90?W% for stabilized strands. The probability distribution 

of modulus of elasticity, ultimate tensile strength and ultimate tensile strain of grade 270 

strands were assumed to be Gaussian with mean values equal to 28,400 ksi, 281 ksi, and 

0.05, respectively. Very little difference was observed between the statistical values for 

the stress relieved strands and stabilized strands. It was assumed that the mean stress at 

transfer was equal to its nominal value (189 ksi for grade 270 strands) with over-tensioning 

of strands to jacking force to account for losses that occur before transfer.  The standard 

deviation of stress at transfer was taken as 2.8 ksi and 3.8 ksi for pre-tensioned and post-

tensioned beams, respectively. A comparison of post-transfer losses showed that there 

was essentially no difference between the losses for pre-tensioned and post-tensioned 

beams (Al-Harthy and Frangopol 1994). The mean values of these losses for grade 270 

strands were taken as 36 ksi and 26.5 ksi for stress relieved and stabilized strands, 
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respectively, and the corresponding standard deviation equal to 5.75 ksi and 5.3 ksi. The 

probability models of the stress at transfer and post-transfer losses were arbitrarily 

assumed to follow normal distribution (Al-Harthy and Frangopol 1994). These results were 

used by Elligwood et al. (1980) in their development of a probability-based load criteria for 

the American National Standard A58. Similar values reported by Al-Harthy and Frangopol 

(1994) are shown in Table 2.14. 

 

Table 2.14: Uncertainty in Prestressing steel properties (Al-Harthy and Frangopol 1994) 

 

Variable 

 

 

Nominal 

 

 

Maximum 

 

 

Minimum 

 

 

Mean 

 

Coefficient 

of Variation 

�WA U)4 0.153 0.158 0.153 0.1548 0.0125 

?W% XTU 270 284.6 276.9 280.46 0.0142 

?WI XTU  252.1 237.5 246.5 0.022 

YWA XTU 29000 29800 28500 29320 0.01 

 

 

Based on reliability-based sensitivity, Rakoczy and Nowak (2012), suggested a bias factor 

of 1.04 and coefficient of variation of 0.017 for the statistical parameters of 0.5 in. diameter 

strands, while for 0.6 in diameter strands, the values of bias factor and coefficient of 

variation are 1.02 and 0.015, respectively. 

Statistical parameters for prestressing steel were obtained based on test data collected 

for prestressing steel Grades 250 ksi and 270 ksi. The cumulative distribution functions 

(CDF) of prestressing steel strengths were plotted on the normal probability paper for 

tested steel. The statistical parameters of prestressing steel (7-wire strands) strengths 

were obtained (Nowak and Szerszen 2001). CDF for prestressing steel (0.6-in Grade270 

ksi strands), is shown in Figure 2.23. Statistical parameters recommended for prestressing 

steel are presented in Table 2.15. 
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Figure 2.23: CDF for Prestressing Steel (7-Wire Strands) – 270 ksi by: Nowak and 

Szerszen (2001). 

 

Table 2.15: Statistical Parameters of Prestressing Steel (7-WIRE STRAND) by: Nowak 

and Szerszen (2001) 

 

Grade Size 
Number of 

Samples 
λ CoV 

250 Ksi 

1/4 in (6.25 mm) 22 1.07 0.01 

3/8 in (9.5 mm) 83 1.11 0.025 

7/16 in (11 mm) 114 1.11 0.01 

1/2 in (12.5 mm) 66 1.12 0.02 

270 Ksi 

3/8 in (9.5 mm) 54 1.04 0.02 

7/16 in (11 mm) 16 1.07 0.02 

1/2 in (12.5 mm) 33570 1.04 0.015 

0.6 in (15 mm) 14028 1.02 0.015 

 

2.1.2.1.4 Statistical Parameters of Reinforcing Steel (Rebars) 

Tests were performed by the industry to determine the variation in yield strength for 

reinforcing steel (grade 60). The CDFs of yield strength (fy) for different numbers of bar 

diameters were plotted on the normal probability paper. The results showed that there was 

no substational difference in distributions between diameters of a rebar and fy (Nowak 

and Szerszen 2001). CDFs for reinforcing steel (grade 60) are presented in Figure 2.24. 

Statistical parameters, λ and V, recommended for reinforcing steel (grade 60) are 

presented in Table 2.16. 
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Figure 2.24: CDF for Reinforcing Steel (Grade 60) by: Nowak and Szerszen (2001) 
 

 

Table 2.16: Statistical Parameters for the Reinforcing Steel (Grade 60) by: Nowak and 

Szerszen (2001) 

Size 
Number of 

Samples 

Mean Yeild 

Strength, ?I (Ksi) 
λ CoV 

No. 3 (9.5 mm) 864 71 1.18 0.04 

No. 4 (12.5 mm) 2685 67.5 1.13 0.03 

No. 5 (15.5 mm) 3722 67 1.12 0.02 

No. 6 (19.0 mm) 1455 67 1.12 0.02 

No. 7 (22.0 mm) 1607 68.5 1.14 0.03 

No. 8 (25.0 mm) 1446 68 1.13 0.025 

No. 9 (28.0 mm) 1573 68.5 1.14 0.02 

No. 10 (31 mm) 1080 68 1.13 0.02 

No. 11 (34.5 mm) 1318 68 1.13 0.02 

No. 14 (44.5 mm) 12 68.5 1.14 0.02 

 

2.1.2.2 Statistical Parameters of Fabrication Factor 
 

The second factor affects the resistance is the fabrication factor (F) as explained by Nowak 

and Szerszen (2003). The fabrication factor reflects the variation in geometry and 
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dimensions of cross section and section properties (area, cover of reinforcement, and 

moment of inertia).  

Al-Harthy and Frangopol (1994) have compiled measurements of concrete member 

dimensions by other researchers. Much of the data reported come From Mirza and 

Macgregor (1979a). Their recommended statistical parameters for beams are shown in 

Table 2.17. Table 2.18 summarizes some of the statistical parameters for slab dimensions. 

Table 2.17: Uncertainty in dimensions for beams (Al-Harthy and Frangopol 1994) 

  

Dimension 

Description 

  

  

In-Situ (in) 

  

  

Precast (in) 

  

Nominal 

Range 

  

Mean  

Deviation 

from Nominal 

Standard  

Deviation 

  

Nominal 

Range 

  

Mean  

Deviation 

from 

Nominal 

Standard 

Deviation 

  

Width: 
      

Rib Z[ 11-12 +3/32 3/16 14 0 3/16 

Flane Z 
   

19-24 +5/32 1/4 

Overall Depth 18-27 -1/8 1/4 21-39 +1/8 5/32 

Concrete 

Cover: 
      

Top reinf. 1-1/2 +1/8 5/8 2-2 1/2 0 5/16 

Bottom reinf. 3/4 -1 +1/16 7/16 3/4 0 5/16 

Effective 

Depth: 
      

 Top reinf. 
 

-1/4 11/16 
 

+1/8 11/32 

 Bottom reinf. 
 

-3/16 1/2 
 

+1/8 11/32 

Beam spacing  
 

0 11/16 
 

0 11/32 

Span 
 

0 11/16 
 

0 11/32 

Note: All distributions assumed normal         
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Siriakson (1980) assumed means and coefficient of variation for dimensions of partially 

prestressed concrete beams in Table 2.19. Tabsh and Nowak (1991) suggested a bias 

factor of 1.0 and coefficient of variation of 0.028 for dimensions of concrete members. 

Table 2.18: Uncertainty in dimensions of slabs (Al-Harthy and Frangopol 1994) 

 

Variable 

 

 

Nominal 

Value (in) 

Mean Deviation from 

Nominal    (in) 
Standard Deviation (in) 

h 5-8 +0.05 0.30 

d (pos. 

region) 
 -0.25 0.30 

d (neg. 

region) 
 -0.75 0.50 

h, d (precast)  0.00 0.15 

h (in-situ) 3.94-7.87 +0.04 0.458 

h (precast) 5.98-8.66 0.00 0.178 

d (pos. 

region) 
4.80-7.17 -0.31 0.594 

d (neg. 

region) 
4.96-7.28 -0.77 0.630 

 

Table 2.19: Statistical properties of dimensions for beams (Siriakson, 1983) 

Variable 
Distribution 

Type 

Mean Deviation 

from Nominal 

(in) 

Coefficient of 

Variation 

Beam width b Normal 0 to 5/32 0.0 to 0.045 

Web width Z\    

Overall depth h Normal -1/8 to +1/8 (1/6.4
) to 0.045 

Flange thickness ℎO    

Depth to reinf. ^W Normal 0 to 1/16 0.04 to (0.64/ℎ� ) 

Cable eccent. e    

Span Normal 0 
( 11/32
) to 

(11/16
) 

 

Nowak and Szerszen (2001) recommended values of statistical parameters, λ and V, for 

geometry and dimensions of cross section which are based on previous studies by 
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Ellingwood (1980). The statistical parameters, λ and V, for fabrication are presented in 

Table 2.20. 

 

Table 2.20: Statistical Parameters for Fabrication by: Nowak and Szerszen (2001). 
 

Item λ CoV 

Width of beam, cast - in - place 1.01 0.04 

Effective depth of a reinforced concrete beam 0.99 0.04 

Effective depth of prestressed concrete beam 1.00 0.025 

Effective depth of slab, cast-in-place 0.92 0.12 

Effective depth of slab, plant cast 1.00 0.06 

Effective depth of slab, post-tensioned 0.96 0.08 

Column width and breadth 1.005 0.4 

 

 

2.1.2.3 Statistical Parameters of Professional Factor 

The third factor that affects the resistance is the professional factor (P) (Nowak and 

Szerszen 2003). The professional factor accounts for the variation between the actual in 

situ performances compared to the value predicted by used model. The data comes from 

the previous study by Ellingwood (1980), and confirmed recently by Nowak and Szeszen 

(2001); while the data for shear in slabs without reinforcement was obtained from Reineck 

(2003). The recommended values of statistical parameters for professional factor are 

presented in Table 2.21. 

 

 

Table 2.21: Statistical Parameters for Professional Factor by: Nowak and Szerszen (2011) 

Item λ CoV 

Beam, flexure 1.02 0.06 

Beam, shear 1.075 0.1 

Slab, flexure and shear with shear reinforcement 1.02 0.06 

Column, tied 1.00 0.08 

Column, spiral 1.02 0.06 

Plain concrete 1.02 0.06 
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2.1.2.4 Statistical Parameters of Resistance 

The statistical parameters for resistance were obtained by implementing Monte Carlo 

simulation in the resistance model defined in Equation 2.3 and applying the statistical 

parameters of its components (�, �, .). The statistical parameters (0, �) for resistance 

were developed in Chapter 3 using the explained procedures for resistance. 

 

2.2 Reliability Assessment of Prestressed Girder Bridges 

Structural reliability is employed for estimating the safety levels of a structure, in the design 

or maintenance phase, considering the probabilistic description of the variables 

composing the respective limit states. Reliability analysis has received the attention of 

several researchers and, consequently, it has been introduced into almost all recent 

structural codes worldwide. For any structure, two types of reliability exist: 

• The individual (component) reliability index related to every limit state function. The 

component reliability index depends on different factors, such as the number of 

basic random variables, their statistical parameters, the statistical distribution type, 

the probability of failure, the correlation between random variables, and the 

reliability prediction method. 

• The overall system reliability which depends on the individual component’s 

reliabilities, the sequence of failure occurrence, the dependency (correlation) 

between different modes of failure, and the method of estimating the system 

reliability. 

Different methods are available for determining the individual components’ reliability 

indices such as the First-Order Reliability Method FORM, the Second-Order Reliability 

Method SORM, Direct integration method, and Monte Carlo Simulation technique. The 

overall system’s reliability can be obtained using different methods such as the narrow 

bounds approach, linear programming, or the Monte Carlo simulation.  

A number of researchers performed probabilistic (reliability) analysis for the purpose of 

code calibration (Nowak and Zhou 1990), evaluation of design codes (Bartlett et al. 1992), 

or evaluation of existing bridges (Panesar and Bartlett 2006). The reliability of prestressed 

girder bridges has been investigated by a number of researchers. Nowak and Zhou (1990) 

investigated the reliability of girder bridges (steel and prestressed girders). They used the 
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old approach of AAHSTO code (allowable stress design approach). For prestressed girder 

bridges, they did not consider the serviceability limit states corresponding to the tensile 

and compressive stresses in the initial and final stages. The overall system reliability was 

estimated considering the ultimate flexure limit state. For the girder reliability, Nowak and 

Zhou (1990) used incremental load approach to develop the moment-curvature relations, 

while for the system reliability, they developed load-deflection curves and determined the 

formation of plastic hinges till the total failure of the bridge (mechanism). As a case study, 

Nowak and Zhou investigated the girder and system reliabilities of a 27 ft simple span 

bridge with the cross section shown in Figure 2.25. As no accurate data on correlation, of 

random variables, was available, an assumption was made to consider either no 

correlation or full correlation exist. Such assumption reflects a lack of accuracy of the 

calculated reliability indices. The overall system reliability index varied from 5.00 (perfect 

correlation) to 5.25 (no correlation). While the reliability index for individual girder was 

4.85.  

Nowak et al.(2001) performed reliability analysis for prestressed concrete bridge girders 

design according to three codes: Spanish Norma IAP-98, Eurocode, and AASHTO LRFD. 

Typical Spanish precast girders were considered. Five prestressed girder bridges were 

selected with spans varying from 20 to 40m and girder spacing varied from 1.3 to 3.4m. 

The reliability analysis considered only the ultimate strength limit state despite the fact that 

the serviceability limit state (tension stress in concrete) governs the design. The 

correlation (dependency) of random variables was considered. It was concluded that the 

Eurocode is the most conservative and AAHSTO LRFD is the most permissive code.  

The first-order reliability method (FORM) was used to estimate the reliability index. The 

calculated reliability index _ = 5.1-6.8 for Eurocode, _ = 5.1-6.8 for Spanish code, and _ 
= 4.5-4.9 for AASHTO. For the Eurocode and Spanish code, the largest value of _ are for 

span of 35 m, and _ decreases for shorter span lengths. It was also concluded that 

AASHTO LRFD provides the most uniform reliability level. However, the behaviour of a 

prestressed girder bridge is governed by different limit state functions both at initial (at 

transfer) phase and final phase (after losses). A comprehensive reliability assessment 

needs to take those limit state functions into consideration as will be addressed in Chapter 

Four.  
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Figure 2.25: Prestressed girder bridge considered (Nowak and Zhou 1990) 

 

Another comparison made by Du and Au (2005) for the deterministic and reliability 

analysis of prestressed girder bridges using three codes: the Chinese code, the Hong 

Kong code, and the AASHTO LRFD code. Post-tensioned concrete girders of spans 

ranging from 25 to 40m were considered. The First-Order Reliability Method (FORM) was 

used to estimate the reliability index. The comparison between the three codes was made 

by evaluating the capacity of sections with the amount of prestressing strands. The results 

obtained from the three different codes revealed that the AASHTO LRFD provides the 

most consistent level of reliability. Figure 2.26 shows the required number of strands with 

respect to different span length. Figure 2.27 shows the variability of reliability index with 

span length. 
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Figure 2.26: Reliability index for flexural capacity in strength limit state (Du and AU, 

2005). 

 

  

Figure 2.27: Reliability index for flexural capacity in serviceability limit state in the three 

codes (Du and AU 2005). 
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The reliability of the standard NU-Girder (sometimes known as the University of 

Nebraska’s I-girders) has been investigated by Morcous et al. (2007). The NU girder type 

is unique and its shape and dimensions are shown in Figure 2.28. The reliability analysis 

was performed for the flexural and shear capacity considering Strength I limit state of the 

AASHTO LRFD code. Other limit states have not been considered. The overall bridge 

system reliability was not considered too. Out of the six types of NU girders, only three 

types were considered (NU1600, NU1800, and NU2000) with span lengths varying from 

120 to 200 ft. No correlation (dependency) of random variables was considered. Figures 

2.29 and 2.30 show the variation of the calculated flexural reliability index of different NU 

girders with span and girder spacing, respectively. Similarly, Figures 2.31 and 2.32 show 

the variation of the calculated shear reliability index of different NU girders with span and 

girder spacing, respectively. Although the area of prestreesing steel is one of the most 

sensitive and decisive variable in the design of prestressed girders and has its own 

statistical parameters, Mocous et al. (2007) considered it as a deterministic variable; and 

this will affect the accuracy of the results.  

 

  

Figure 2.28: the cross section of NU girder (Morcous et al., 2007). 
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Figure 2.29: Flexural reliability index of NU girder at different spans (Morcous et al, 2007). 

 

 

Figure 2.30: Flexural reliability index of NU girder at different girder spacing (Morcous et 

al., 2007). 
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Figure 2.31: Shear reliability index of NU girder at different spans (Morcous et al. 2007). 

            

Figure 2.32: Shear reliability index of NU girder at different girder spacing (Morcous, et al. 

2007). 

The reliability of girder bridges using special type of concrete (ultra performance concrete 

UHPC) was investigated by some researches, like Stienberg (2010), Graybeal (2006), 
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Imani and Frangopol (2002), and Reeves (2004). The results of reliability analyses show 

that the AASHTO LRFD code provides the most consistent level of reliability.  

Cheng (2013) presented a new methodology for serviceability reliability analysis of 

prestressed concrete bridges. The method integrates the advantages of the Artificial 

Neural Network (ANN) method, First Order Reliability Method (FORM) and the importance 

sampling updating method. As a new feature included in the method was the introduction 

of an explicit approximate limit state function. The explicit formulation of the approximate 

limit state function is derived by using the parameters of the developed ANN model. Once 

the explicit limit state function is obtained, the failure probability can be easily estimated 

by using a hybrid reliability method consisting of the FORM and the importance sampling 

updating method. However, the method focused only on the serviceability performance of 

the prestressed girder bridges, specifically deflection and cracking control. Their results 

highlighted that the reliability indices are very sensitivity to live load and initial stress in 

prestressing tendon. As shown in Figure 2.33, the method converges quickly since, with 

2,000 samples, the coefficient of variation of the probability of failure is less than 5%. It 

can be learned from Figure 2.34 that the reliability of the prestresed girder bridges bridges 

is highly influenced by the initial stress in prestressing tendon. As the initial stress in 

prestressing tendon increases, the estimated reliability index increase. This means that 

accurate determination of the initial stress in prestressing tendon is very important in 

obtaining reliable probabilistic results. 

  

Figure 2.33: Coefficient of Variation of Probability of Failure versus Number of 

Simulations (Cheng 2013) 
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Figure 2.34: Reliability index for various initial stress in prestressing tendon (Cheng, 

2013). 

 

2.3 Design Optimization of Prestressed Girder Bridges 

Traditionally, the process of design in structural engineering has relied mainly on the 

designer’s experience, intuition, and ingenuity. Although this process has worked well, as 

evidenced by the existence of many fine structures, it has led to a less than rigorous 

approach to design optimization. It has generally revealed conservative designs that were 

not the best possible (Hassanain and Loov 2003). 

 

As the prestressed girder bridges are very popular and widely used all over the world, 

particularly in the North America, much work has been done during the last three decades 

in optimizing the design of this type of bridges (Sirca and Adeli, 2005). 

Yu et al. (1986) utilized the generalized geometric programming to the optimal design of 

a prestressed concrete bridge girder. The actual cost of construction consisting of 

prestressing, formwork and concrete was minimized. Constraints were formulated as 

stipulated by the British Code of Practice CP110. The constraints of the geometric 

program related to bending and shear stresses. A sample design was presented and 

sensitivity studies were performed to test the influence of major design parameters on cost 

factors. All design variables were deterministic. The uncertainty involved in the design 

variables, loads, and resistance has not been considered. Such optimization process 

could achieve cost saving but may, very possibly, be unsafe. 
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Lounis and Cohn (1993) presented a methodology to transform the multi-objective 

optimization into equivalent single-objective optimization problem by applying the `-

constraint (trade-off) approach. As case studies, Lounis and Chon applied their 

methodology to optimize the prestressed girder bridge with different span length and 

bridge width. Figure 2.35 shows the bridge cross section used in one of the case studies 

considered. The constraints included in the serviceability and ultimate limit states 

requirements of the Ontario Highway Bridge Design Code OHBDC: Ontario 1983) were 

adopted. Some of the case studies were made according to AASHTO specifications. The 

design variables were the girder spacing S, deck overhang b/, prestressing force P , and 

tendon eccentricities d  and d& at end and midspan, respectively. The optimization process 

performed deterministically.  

 

The application of discretized continuum-type optimality criteria (DCOC) has been 

presented by Adamu and Karihaloo (1995) to obtain the minimum cost design of 

prestressed concrete girders. The design variables included the cross sectional area of 

the girder, the area of prestressing strands, the area of the normal reinforcements, and 

the surface area of the formwork. The constraints were those included in the Australian 

Standards AS 3600-1986. No uncertainty consideration was made to control the safety 

level reserved in the final optimized configuration. 

 

  

Figure 2.35: Case study considered by Lounis and Chon, (1993) : (a) Bridge cross section; 

(b) Girder cross section; (c) Tendon Layout.  



Ch.2: Literature Review   57 

A methodology for deterministic design optimization of simply supported prestressed 

girder bridges has been presented by Barakat et al.(2002). As an optimization technique, 

the method of Feasible Directions (FD) was adopted. This method finds the minimum of a 

constrained function by first finding bound on the solution and then using polynomial 

interpolation. The old AASHTO Standard (allowable stress design approach 1989) was 

used to define the constraint functions. 

 

Sirca and Adeli (2005) presented an optimization method for minimizing the total cost of 

the prestressed girder bridge system. The problem was deterministically characterized by 

both discrete real and integer variables. A total cost function is defined to include the cost 

of deck concrete, prestressed concrete, normal reinforcement, prestressing strands, and 

formwork. The design variables considered included the number of beams, the cross-

sectional area of the precast girder, the area of prestressing strands, the deck thickness, 

the area of normal reinforcement, and the surface area of the formwork. The constraints 

were derived from the requirement of the AASHTO specifications. In order to generate the 

parameters used in the constraint equations, a counterpropagation neural CPN network 

was developed to obtain the average flange thickness, the distance from the top of the 

member to the centroids of the pre stressing steel, the thickness of the web, and the width 

of the flange of the I-beams used in the bridge design for a given cross-sectional area. 

The topology of the CPN network, presented in Fig.2.36, consists of an input layer with 

one node, a competition layer with six layers (equal to the number of standard I-beam 

shapes), an interpolation layer, and an output layer, each with four nodes. The prestress 

losses were not considered which can be considered as a serious drawback. 

 

By integrating the genetic algorithm (GA) technique and the artificial neural networks 

(ANN), Srinivas and Ramanjaneyulu (2007) developed a model for cost optimization of 

bridge deck configuration. Their method utilized ANN to evaluate the fitness and constraint 

violations in GA optimization process. Grillage analysis was used to model the bridge deck 

configurations. The study also considered the correlation between sectional parameters 

and design responses.  

 

Rana and Ihsan (2010) studied the optimization of the total cost, in the design process, of 

prestressed I-Girders for bridges with span lengths varies from 20 to 50m. An optimization 

algorithm called Evolutionary Operation (EVOP) was used. The objective was to minimize 
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the total cost in the design process of the bridge system considering the cost of materials, 

fabrication and installation. The design variables considered were girder spacing, various 

cross sectional dimensions of the girder, number of strands per tendon, number of 

tendons, tendons configuration, slab thickness and ordinary reinforcement for deck slab 

and girder. Design constraints for the optimization are considered according to AASHTO 

Standard Specifications. The method was applied to a real life project and the optimized 

design revealed a total cost saving around 35%.  

 

A topology and shape optimization of prestressed girder bridges was presented by Aydin 

and Ayvas (2010). An optimization design approach that uses a genetic algorithm GA has 

been utilized. The objective function was to minimize the cost of the girder. The design 

variables considered were the cross-sectional dimensions of the prestressed girders, the 

cross-sectional area of the prestressing steel and the number of beams in the bridge 

cross-section. The constraints considered were the limitations provided by AASHTO 

LRFD with respect to stresses and displacements. The solution obtained by the GA was 

up to 28% more economical than the real life project. Figure 2.37 illustrates the difference 

in cross section between the real life project and the optimized one 

 

 

Figure 2.36:  Counterpropagating neural model to determine precast prestressed concrete 

I-beam design parameters (Sirca and Adeli, 2005). 
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Figure 2.37 : Cross section before and after optimization (Aydin and Ayvas, 2010). 

 

Ahsan et al., (2012) suggested a methodology for the cost optimization of prestressed I-

girder bridges. The optimization problem was characterized by a combination of 

continuous, discrete and integer sets of design variables and multiple local minima. Their 

method was a continuation to the work done by Rana and Ahsan (2010).  An optimization 

engine, based on updated evolutionary operation (EVOP) (Ghani, 2008), was utilized. The 

general outline of EVOP algorithm is illustrated in Figure 2.38.  Different explicit and 

implicit constraints where considered. The requirements of AASHTO LRFD (2002) have 

been utilized. The methodology was used for a real-life bridge project and resulted in 

around 35% savings in cost per square meter of the deck area (Ahsan et al., 2012). 

Similarly, Rana et al. (2013) applied the EVOP algorithm for the design optimization of two 

span continuous prestressed girder bridge. A cost saving of 36% per square meter of the 

deck area has been achieved. As shown in Figure 2.39, the minimum cost design problem 

is subjected to highly nonlinear, implicit and discontinuous constraints that have multiple 

local minima requiring an optimization method that seeks the global optimum. 

A simulation-based design optimization method was suggested by Marti et al., (2013) and 

applied on the design of prestressed girder bridges. First, a cost sensitivity analysis has 

been performed. Then, a hybrid simulated annealing SA algorithm with a mutation 

operator (SAMO) was applied. Figure 2.40 illustrate the flowchart of the SA algorithm. SA 

was developed by Kirkpatrick et al. (1983) to find the best solution of a combinatorial 

optimization problem. The practical application of the algorithm is thoroughly described by 
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Dreo et al. (2006). The design was performed in accordance to the Spanish Code 

requirements. The parametric study showed a good correlation for the cost, geometric and 

reinforcement characteristics with the beam span length. 

 

 

  
 

Figure 2.38: General outline of EVOP algorithm (Ghani, 2008) 

 

  

Figure 2.39: Global and local optima of a 2-D function (Rana et al., 2013) 
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In order to determine the optimum span number and optimum cross-sectional properties 

of multi-span bridges, the Genetic Algorithm (GA) approach was adopted by Aydin and 

Ayvaz (2013). The overall cost optimization of simply supported pre-tensioned I-girder 

bridges was investigated. Span number, cross-section dimensions of prestressed girders 

and the area of prestressing steel were considered as design variables. The bridge was 

designed according to AASHTO LRFD Standard Specifications for Highway Bridges. 

Working stress, ultimate strength, ductility limits, deflection, and geometry constraints are 

considered. Total cost of the bridge is taken as an objective function. The change of 

average of the penalized objective functions according to iteration number is 

demonstrated for the 10#e design in Figure 2.41 .The solution obtained by the proposed 

GA is up to 12.6% more economical than the considered application project.  

 

 

Figure 2.40: Flowchart of the hybrid simulated annealing process (Marti et al., 2013). 
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Figure 2.41 : Variation of Average of the Penalized Objective Functions for the10th Design 

(Aydin and Ayvaz, 2013). 

 

The Feasible Direction (FD) method has been utilized by Madhkhan et al. (2013) to 

determine the optimum values of the design variables of simple and spliced pre-tensioned 

girder bridges. The life cycle cost of the whole structure was considered as the 

optimization objective function. AASHTO LRFD principles were used, assuming initial 

values for the design variables such as the dimensions of the girders and the deck, and 

the strands number. Then, using the analysis outcomes and considering the design 

criteria, the total cost of the structure, including that of the girders and slabs concreting, 

pre-tensioning cables performance, reinforcement and frameworks, were minimized as 

functions of the design variables.  

 

2.4 Cost Estimation 

2.4.1 Definition and purpose  

Cost estimation is one of the most crucial and difficult tasks in project management. Cost 

estimating has influence on maintaining a contractor's success in insuring his/her profit. 

Cost estimating can be defined as a report of the approximate quantity of material, time 

and cost required to complete the construction of a project (Carr 1989).  Rad (2001) define 
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cost estimating as the art and science of using historical data and experience to forecast 

the duration total cost of a project. 

Cost-estimating task is affected by different factors such as project site and environmental 

risk.  The methods used to do cost estimates depend on the project stage; this is due to 

the change in the amount of information available from one stage to another. The main 

purpose of cost estimating is to provide detailed information that helps stakeholders to 

make major decisions related to the profitability of the project within a specified budget 

and the required time. The purposes of cost estimation summarized by Westeny (1997) 

as follows: 

− Provides an evaluation and assessment of the capital cost for a specific work. 

− Creates the basis for planning and monitoring project progress. 

− Provides necessary information required for the preparation of project schedule 

such as durations, resources and tasks. 

− Gives financial input necessary to prepare cash flow.  

2.4.2 Cost Estimation Types 

According to Stewart (1982), cost estimates are divided into two major types, which are 

the approximate and the detailed estimates. Butcher and Demmers (2003) also divided 

project cost estimates into two types: approximated conceptual cost estimates, which are 

conducted in the predesign stage, as well as the detailed estimates, which are performed 

during the post-design stage. Peurifoy et al (2002), however, categorized project cost 

estimates into three types: back of the envelope estimates, preliminary or conceptual 

estimates, and full funding estimates.  On the other hand, Halpin (1985) categorized cost 

estimates into four types, which are: the conceptual estimate, preliminary estimate, 

engineer’s estimate, and bid estimate.  Cost estimates were also classified by Holm et al 

(2005) into four types as follows: preliminary cost estimate, elemental cost estimate, unit 

price estimate, and detailed cost estimation. These four types represent the estimating 

process, which starts with the conceptual and ends with the bid estimate.  

AACE International in 2005 classified cost estimates into five classes. Each estimate class 

is identified by the project stage, purpose, preparation effort and level of accuracy. Table 

2.22 illustrates the five classes of estimate. 
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Table 2.22: Cost Estimation Matrix for Process Industries (AACE International 2005) 

 

 

As shown in Figure 2.38, the accuracy of conceptual cost estimate ranges between 3 to 

12. Expected accuracy range of 1 means the estimate has the highest level of accuracy, 

while expected accuracy range of 20 means the estimate has the lowest level of accuracy. 

Preparation effort value of 1 represents the typical degree of effort relative to the lowest 

effort needed in preparing the cost estimate, while preparation effort of 100 represents the 

highest degree of effort required to prepare the estimate.    

2.4.3 Definition and Importance of the Conceptual Cost Estimation 

Usually, the amount of information available prior to any design is limited. However, it is 

very important to the owner to assess the economic feasibility of proposed project before 

continuing with it. Thus it is crucial to prepare and use an approximate cost estimate during 

the feasibility study. The first effort made to predict the cost of the project is a conceptual 

cost estimate. It is always performed at the beginning of the project, where significant 

experience and judgment are required to prepare a reliable conceptual cost estimate. 

Conceptual cost estimation is defined as the prediction of project costs that is performed 

before the availability of a significant amount of information and the completion of the work 

scope definition with the purpose of using it as the basis for important project decisions 

such as budget setting, allotment of funds and project continuity decisions. The 
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importance of the conceptual cost estimate is that it helps controlling the project cost by 

providing the first check against the budget (Pratt, 2004). It also indicates cost overruns 

at the early stages of the project, which assists in reviewing the design for different 

alternatives. Adrian (1993) listed the purposes of conceptual cost estimates as follows: 

• Provides help to owners during the economic feasibility study, 

• Assists designers in controlling the budget of the design, and 

• Helps the owner in establishing the funding of the project. 

 

2.4.4 Characteristics of the Conceptual Cost Estimation 

Each type of cost estimate has some unique characteristics due to the time needed in 

process, data available and time required by the process. Peurifoy et al (2002) identified 

three characteristics of the conceptual cost estimate. The first characteristic is that 

conceptual cost estimation is a mixture of art, visualizing the project and the construction 

detailed sequence and adjusting them into new conditions, and science, making use of 

the costs of past works. The second characteristic is that the accuracy of the estimate is 

highly related to the level of the information available by the scope of the project.   The 

third characteristic is that it is limited to its resources, which are available information, time 

and cost. The information is restricted in detail and precision due to the fact that the 

estimate is developed in the early stage of the project. Time and cost are also restricted 

due to the need to screen several alternative designs and to define the feasibility of the 

project as quickly as possible. 

2.4.5 Preparation of the Conceptual Cost Estimate 

Generally, preparation of a conceptual cost estimate involves a sequence of activities 

(Peurifoy et al, 2002). The first activity that needs to be achieved is to study the scope of 

the project and to produce an estimating plan. The estimating plan contains information 

about cost analysis of previous similar projects, sketch plans of the proposed project and 

brief specifications of services for the proposed project. Next, historical data of similar past 

projects is to be collected. This activity is very critical because availability of any unsuitable 

selected data will undesirably affect the estimate. After that, adjustments are applied to 

the selected data to be suitable and compatible to the scope of the project. The 

consequential cost estimate is then submitted, describing in detail all the information, 
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assumptions, procedures, and adjustments to management for decision-making. Figure 

2.42 illustrates the conceptual cost estimation process. 

 

Figure 2.42 Conceptual Cost Estimation Process (Peurifoy et al 2002). 

 

2.4.6 Conceptual Cost Estimate Adjustments  

It is important to adjust the cost of similar previous projects to be suitable for the proposed 

project. There are two types of cost adjustments: time adjustment and location adjustment. 

To have a reliable cost estimate it is important to have no difference in time between the 

historical project data and the proposed project. In the case of a time difference, it is 

necessary to adjust the cost data in order to have no time difference between the two 

projects. The time adjustment should represent the inflation or deflation of cost with 

respect to time. The inflation and deflation are due to differences in labor rates, material 

costs and interest rates (Peurifoy et al, 2002). In order to measure the difference, data 

index numbers are used as a means of expressing the difference. The index can be used 

to adjust previous cost information, calculate an equivalent compound interest rate and to 

forecast future projects. Various organizations publish indices that show the economic 

trends of the construction industry with respect to time. Using time adjustment indices, 
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similar types of work from the past to the present or future period can be forecasted 

(Adrian, 1993).  

Similarly to the time adjustment, cost estimation reliability will not be available if there is a 

difference in location between the past project and the proposed project, unless location 

adjustment is applied.  The reason is that price levels differ from one region of the country 

to another. The factors affecting the variation in construction cost according to location are 

the construction cost of labor, material, and equipment in addition to other factors such as 

weather, climate, mobilization, labor availability, and productivity.  Indices that measure 

the difference in cost with respect to geographical location are published by many 

organizations (Migiliaccio et al, 2013).   

 

2.5 Selecting the Optimum Bridge Superstructure Type 

The disposition of bridges involves obvious economical and safety implications (Nowak 

2004). Several researchers invested valuable efforts towards optimizing the bridge design 

processes (Hong, 2002, Siriniva and Ramanjaneyulu, 2007). From their investigations it 

can be concluded that planning and designing bridges are partly art and partly 

compromise for the most significant aspects of structural engineering (Malekly  et al, 

2010).  

 

Selecting the bridge superstructure type is a sensitive and important step in the conceptual 

phase of bridge planning and design process particularly for short and medium span 

bridges. Although it takes up to 10-15% of the design process, the conceptual phase 

influences the entire design output and quality (Wood and Agogino, 1996). Inefficient 

conceptual design concept will lead to design shortcomings that will be difficult to rectify 

in the detailed design stage (Xu et al , 2005).  

 

The superstructure represents about 70% of the total bridge cost (Menn, 1990); therefore, 

an improper superstructure selection may lead to uneconomical project results besides 

reducing the quality of the structure.  

Many factors must be considered and evaluated in terms of different conflicting criteria in 

the conceptual design of a bridge, leading to a large set of subjective or ambiguous data. 

Subjectivity can be considered as the main factor that affects the selection process of a 

bridge type at the conceptual design stage (Malekly, 2010). 
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A knowledge-based expert system was utilized by Burgoyne and Sham (1987) to develop 

a model for selecting the appropriate type of bridge structure. A backward chaining 

strategy, first suggested by Winston (1984), was adopted as a selection technique.  

Choi and Choi (1993) developed an expert system SUPEREX that serves to select the 

best type of bridge superstructure based on experience and knowledge of the domain 

experts. The system was mainly composed of a working memory, knowledge base, and a 

database as shown in Figure 2.43. Different types of reinforced concrete, prestressed 

concrete, and steel bridges were considered. Five main stages govern the selection of 

bridge superstructure type by SUPEREX system as illustrated in Figure 2.44. 

 

                                   

Figure 2.43: Model of SUPEREX (Choi and Choi, 1993). 

 

Hammad and Itoh (1993) applied the object-oriented approach to develop an expert 

system model to help selecting the most appropriate bridge type. The bridge was broken 

down into group types: Section_Type, Deck_Type, Deck_Material, Structural_Type, etc. 

as shown in Figure 2.45. A number of sub-classes might be generated automatically. This 

action of generating new classes is called expanding a class according to a classifier. 

 

Based on genetic algorithm (GA) optimization technique and computer graphics (CG), 

Furuta et al. (1995) developed a decision making support system to select the best bridge 

type from the aesthetic point of view. Different alternatives of bridge types were 

investigated. In order to evaluate the alternatives, the concept of psychovector is used to 

quantify the aesthetic factors of bridge structures. It was considered that the aesthetic of 

bridge structures consist of three basic items: 1) the structural configuration, 2) the 



Ch.2: Literature Review   69 

functional factors, and 3) the harmony with surrounding environment. The methodology is 

illustrated in Figure 2.46.  

 

 

Figure 2.44: Selecting stages of SUPEREX (Choi and Choi, 1993) 
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Figure 2.45: Usage of classifiers and decomposers (Hammad and Itoh 1993). 

 

An integrated optimization-based methodology to select the best type of bridge 

superstructure was proposed by Malekly et al. (2010). The projects requirements were 

transformed to design requirements by the application of Quality Function Deployment 

(QFD). Then, Technique for Order Performance by Similarity to Ideal Solution (TOPSIS) 

was utilized to select the best superstructure. Fuzzy linguistic variables were applied to 

evaluate each alternative. The flowchart shown in Figure 2.47 illustrates that methodology. 
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Figure 2.46: Flowchart of GA optimization of bridge type ( Furuta et al. 1995) 

 

A hierarchy process (AHP) integrated with a specific mathematical simulation software, 

originally called Kane simulation (KSIM), was utilized by Farkas (2011) to develop a model 

to select the most appropriate bridge type. The AHP consists usually of three levels: the 

goal of the decision at the top level, followed by a second level containing the criteria by 

which the alternatives, located in the third level, will be evaluated. The relevant variables 

governing the bridge type selection were, first, defined and listed. Then the evaluation of 

those variables was made by a team of a decision makers (experts). After that, a matrix 

� = [g�h]  was developed, called a cross-impact matrix. The entries g�h of this matrix � 

were elicited from subjective judgements made by the group of experts. � Summarized 
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Figure 2.47: The methodology proposed by Malekly et al., (2010). 

 

the interaction (correlation) between the variables. The variables considered were: 

Engineering Feasibility (EF), Capital Cost (CC), Maintenance (MA), Aesthetic (AE), 

Environmental Impact (EI), and Durability (DU). Different types of bridge superstructure 

have been investigated. Once the model’s configuration has been agreed upon, the 

simulation engine will function to revel the best bridge type. 

 

Bitarafan et al.,(2013) developed a methodology for selecting the best design scenario for 

bridges including most appropriate type of bridge structure. Their methodology integrated 
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the analytical hierarchy process (AHP) with decisions from a team of experts. In order to 

determine the best-case alternative, the following criteria were considered: casualty and 

vulnerability reduction, possibility of localization of sensor technology, performance costs, 

performance speed and maintenance. Pairwise comparison technique was adopted. 

 

As presented above, the experts’ judgments have been utilized by almost all the research 

efforts to choose the most appropriate type of bridge structure. However, no researcher 

has considered or incorporated the uncertainty associated with the expert judgement. This 

would, with high possibility, lead to erroneous results. Based on that and as a new 

contribution, Al-Delaimi and Dragomirescu (2015) developed a new methodology for 

choosing the optimum type of bridge superstructure. The methodology, which is presented 

in detail in chapter seven of this proposal, probabilistically models the experts’ decisions 

by appropriate statistical distributions, then, combines the experts’ decisions with, decision 

tree analysis and sensitivity analysis to reveal the most appropriate type of bridge 

superstructure. Both the design requirements and the client’s requirements are defined 

and treated as variables. Due to different sources of uncertainties, the expert’s decision is 

treated as a random variable with PERT statistical distribution. Then, a combined 

probability distribution function representing the expert team is allocated to each variable 

used in the model. The possible dependency (correlation) between the statistical 

distributions related to design requirements and the client’s requirements is also 

considered. For that purpose, a Monte Carlo simulation is utilized to generate random 

numbers from the combined distributions. Using those random numbers, a correlation 

matrix can be built. A decision tree analysis is then performed to obtain the best type of 

bridge superstructure. In order to investigate the influence of the independent variables 

on the dependent variables, a sensitivity analysis is suggested.       

              

2.6 Summary 

A comprehensive literature review was conducted to investigate the available literature 

and the contribution of previous researches on reliability analysis and design optimization 

of prestressed girder bridges.  

The literature on bridge reliability focused on derivation of the statistical parameters of the 

load and resistance models as well as on the assessment of the reliability of prestressed 

girder bridges.  



Ch.2: Literature Review   74 

The derivation of the statistical parameters of load and resistance models started in the 

mid 1970s. The LRFD bridge design codes’ calibration (AASHTO and OBDC) was made 

based on the load and resistance models developed in early 1990s. Based on those 

models, the reliability evaluation of prestressed girder bridge was made accordingly. 

However, due to recent experimental and analytical work, the statistical parameters of 

Live load model was updated (Rakoczy 2011, Nowak and Rakoczy 2012, and Nowak and 

Rakoczy 2013). Based on these updates, the statistical parameters of the load effects 

(bending, shear, and fatigue) need to be derived. This will be made in the next chapter. 

Also, both the statistical parameters of the material coefficient � and fabrication coefficient 

� were recently updated (Nowak and Szerszen 2011, and Nowak and Rakoczy 2012). 

Based on the updated M and F factors, the statistical parameters of the random variables 

corresponding to resistance (allowable stresses, flexural resistance, and shear resistance) 

need to be derived. This will be addressed in Chapter Three. 

The reliability of prestressed girder bridges was assessed by some researchers focusing, 

mainly, on the ultimate strength (load carrying capacity) of the bridge. Based on the above 

mentioned updates in load and resistance models, the reliability of prestressed girder 

bridges need to be re-evaluated and updated. This will be made in Chapter Four using the 

statistical parameters derived in Chapter Three. Focusing on ultimate strength limit state, 

in evaluating bridge reliability, helps in rating existing bridges. However, for the sake of 

reliability-based design and/or design optimization, an all-in-one reliability model is 

required to estimate the reliability index with respect to all limit state functions as well as 

the overall system reliability. A comprehensive bridge reliability model (BREL) is provided 

by the current research.  

Several researchers invested efforts and made contributions, during the last three 

decades, in the area of Deterministic Design Optimization (DDO) of prestressed girder 

bridges. The DDO treats the basic variables involved in the optimization problem as fixed 

values (uncertainty-free variables) (Beck and Gomes 2012). DDO could reveal 

considerable cost savings, however, the optimized structural configuration might not be 

safe, particularly with respect with serviceability and fatigue limit states. Alternatively, 

probabilistic approaches for design optimization aim at searching cost-effective solutions 

with assuring satisfactory safety levels by properly modelling and incorporating the 

uncertainties associated with the basic design variables (Chteauneuf, 2008). Such 

probabilistic approaches have not yet been applied to the design optimization of 
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prestressed girder bridges. To bridge this gap, the current research provides, as a new 

contribution, two methodologies. The first one is the reliability-based design optimization 

which incorporates the failure probability and corresponding reliability index, with respect 

to every limit state function and mode of failure, as constraints in the optimization process. 

The details, formulation and application of this method are presented in Chapter Five. The 

second methodology of probabilistic optimization is the six sigma-based robust design 

optimization which is a quality approach that intends to ensure not only that the design 

performs as desired but also that the design consistently performs as desired. The details, 

formulation, and application of this methodology are illustrated in Chapter Six.   

 

As presented in the previous section, the experts’ judgments have been utilized by almost 

all the research efforts in choosing the most appropriate type of bridge structure. However, 

no researcher has considered or incorporated the uncertainty associated with the expert 

judgement. Based on that, the current research will continue the approach and 

methodology suggested by Al-Delaimi and Dragomirescu (2015) to develop a model that 

serves choosing the optimum type of bridge superstructure. 
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Chapter 3 

Current Statistical Parameters of Random Variables 

Related to Load Effects and Resistance 

 

3.1 Background 

In structural reliability analysis, any limit state function, �(�, �), consists of two main parts: 

the resistance, �, and the load effect, �, which are treated as random variables. The 

determination of the load effect is usually made according to pre-defined load model. 

Similarly, the resistance is obtained using pre-defined resistance model.   

As explained in Chapter Two, most of the statistical parameters of the load models and 

resistance models were derived in the 1980s and 1990s (e.g. Ellingwood et al. 1980, 

Galambos, et al. 1982, Nowak 1995, and Nowak 1999). Then, those models were used to 

evaluate the reliability of prestressed girder bridges (e.g. Nowak and Zhou 1990, and 

Nowak et al.2001). However, new statistical parameters were derived for the live load 

models (Rakoczy 2011, and Nowak and Rakoczy, 2013). Also, new statistical parameters 

for material factors and fabrication factors have been derived (Rakoczy 2011, and 

Rakoczy and Nowak  2012). This means that the old load models and resistance models 

are no longer valid to provide accurate reliability analysis. Based on that, it becomes 

necessary to derive new statistical parameters for the random variables related to the load 

effects and to the resistance. This will be addressed in this Chapter. Also, the reliability 

analysis of prestressed girder bridges should be revised and updated, accordingly; this  

will be conducted in Chapter Four. 

The reliability analysis of prestressed girder bridges is highly dependant to the type of the 

prestressed girders used in the design. Different types of standard prestressed girders 

exist all over the world. However, The most popular and comon types (families) of standard 

prestressed girders, used in the design of prestressed bridges, particularly in North 

America, are: 

• AASHTO Girders: Type I, Type II, Type III, Type IV, Type V, and Type VI. 
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• CPCI Girders: CPCI 900, CPCI 1200, CPCI 1400, CPCI 1500, CPCI 1600, CPCI 

1900, and CPCI 2300. 

• Bulb T-Girders: NEBT1000, NEBT1200, NEBT1400, NEBT1600, and NEBT1800. 

• NU Girders: NU 900, NU 1100, NU 1350, NU 1600, NU 1800, and NU 2000. 

The current research proposes a probabilistic-based optimization model that utilizes the 

above mentioned types of standard girders. In the following sections, the nominal 

properties of those girders and their statistical parameters with respect to load and 

resistance models are presented. However, the proposed model is also flexible to utilize 

any other type/shape of girder that might be suggested by the user. To do so, the nominal 

dimensions of the new girder type/shape need to be added to the database spreadsheet 

of the proposed model; then the statistical parameters of the random variables related to 

the load and resistance models can be obtained as explained in following sections.  

3.2 Nominal dimensions and properties of the standard girders 

In this section, the shape, nominal dimensions, and nominal properties of AASHTO 

Girders, CPCI Girders, Bulb-T Girders, and NU Girders are presented.  

 

3.2.1 AASHTO Girders 

The AASHTO Standard girders have the shapes and nominal dimensions illustrated in 

figure 3.1. The nominal properties are shown in Table 3.1.  

Table: 3.1 Nominal properties of AASHTO Girders. 

Girder Type Area (���) 	 (���) �
(���) �� (���) 

AASHTO I 214193 11028231598 33848279 28616041 

AASHTO II 238064 21218955250 52775146 41416045 

AASHTO III 360967 52191403453 101353189 83100164 

AASHTO IV 509031 108528434340 172750085 145997051 

AASHTO V 653547 216924247324 267247897 275108879 

AASHTO VI 699999 305230951205 330312080 337371820 
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Figure 3.1: Shapes and nominal dimensions of AASHTO Girders. 

3.2.2 CPCI Girders 

The Canadian Precast Institute CPCI developed the CPCI Standard girders that have the 

shapes and nominal dimensions illustrated in figure 3.2. The nominal properties are shown 

in Table 3.2. 

Table 3.2: Nominal properties of CPCI Girders. 

Girder Type Area (���) 	 (���) �
(���) �� (���) 

CPCI 900 227,250 19,943,417,450 49,895,595 3,986,3154 

CPCI 1200 331,750 55,370,372,721 104,604,277 82,560,012 

CPCI 1400 427,500 104,925,478,015 164,548,482 137,635,509 

CPCI 1500 499,375 151,383,499,801 203,243,716 200,464,746 

CPCI 1600 515,375 178,128,870,775 224,490,210 220,861,533 

CPCI 1900 563,375 274,136,159,686 291,672,422 285,521,875 

CPCI 2300 627,375 441,936,751,353 389,053,327 379,647,419 



Ch.3: Current Statistical Parameters of Random Variable Related to Load Effects and 
Resistance  79 

 

 

 

Figure 3.2: Shapes and nominal dimensions of CPCI Girders. 

3.2.3 Bulb-T (NEBT) Girders 

The Bulb T-Girders (sometimes referred to as New England Bulb-Tee NEBT Girders) have 

the shapes and nominal dimensions illustrated in figure 3.3. The nominal properties are 

shown in Table 3.3. 

 

Figure 3.3: Shape and nominal dimensions of Bulb-T (NEBT) Girders. 
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Table 3.3: Nominal properties of Bulb-T (NEBT) Girders. 

Girder Type Area (���) 	 (���) �
(���) �� (���) 

NEBT 1000 462300 60511294056 593574 534980 

NEBT 1200 498300 96259978109 793218 704117 

NEBT 1400  534300 141892790084 1006004 886671 

NEBT 1600  570300 198145234424 1230967 1082062 

NEBT 1800  606300 265749133172 1467608 1289921 

 

3.2.4 NU Girders 

The NU Girders (sometimes referred to as the University of Nebraska Girders) have the 

shapes and nominal dimensions illustrated in figure 3.4. The wide top flange of this type 

of girders offers excellent work platform and, also, helps reducing the required structural 

thickness of the deck. The nominal properties are shown in Table 3.4. 

 

 

Figure 3.4: Shape and nominal dimensions of NU Girders. 
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Table 3.4: Nominal properties of NU Girders. 

Girder Type Area (���) 	 (���) �
(���) �� (���) 

NU 900 397280 44139954792 110553917 88297885 

NU 1100 427351 72799662035 149943693 118507036 

NU 1350 464654 120174530183 201960005 159446366 

NU 1600 502338 182474168505 257754264 204507501 

NU 1800 532409 243420209564 304529760 243048694 

NU 2000 562099 314033620666 352646418 283302555 

 

The statistical parameters of the random variables related to the load effects and 

resistance models will be obtained in the following sections.  

 

3.3 Statistical parameters of the random variables with respect to the load effects 

In this section the statistical parameters (bias factor and coefficient of variation) of the load 

effects (bending moment, shear, cracking moment, and fatigue stress range) are derived. 

The following steps have been followed, in the current study, in order to determine the 

statistical parameters of the random variables related to the load effects: 

• For different span lengths (from 15 m to 60 m) and different girder spacing (from 

1m to 3.25m), the nominal values of load effect were calculated, at critical sections, 

as per AASHTO LTFD (7th Edition 2014) code. Bending moment and shear were 

calculated for Strength I Limit State. Service I Limit State was considered for 

cracking moment, while Fatigue I Limit state has been followed to calculate the 

fatigue stress range. 

 

• The bias factors and coefficients of variation of each load (dead load, live load, 

and dynamic impact load) were, then, applied to calculate the mean and standard 

deviation of the load effects using the Central Limit Theorem CLT, assuming that 

the probability density function PDF of each load has a normal distribution (Nowak 
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and Collins 2000). According to the CLT, the sum of � independent random 

variables ��, will asymptotically approach a normal distribution with known mean 

and standard deviation (Vose 2009): 

 

[3.1]   ∑ ��
�
��� ≈ ������(�� , �√� )        

 

where, � and �  are, respectively, the mean and standard deviation of the 

distribution from which the � samples are drawn. 

      For that purpose, Monte Carlo Simulation was performed with 25,000 cycles.  

• Then, the bias factor and coefficient of variation of the load effect (bending, shear, 

cracking moment, and fatigue) are calculated using Equations 3.2 and 3.3, 

respectively. 

 

 

[3.2]   !"�# $�%&�� =  
()*� +*,-) ./ ,.*0 )//)1�

2.3��*, +*,-) ./ ,.*0 )//)1�
     

 

[3.3]   4�5 =  
6�*�0*70 0)+�*��.� ./ �8) ,.*0 )//)1�

()*� +*,-) ./ �8) ,.*0 )//)1�
     

 

Table 3.5 shows the obtained statistical parameters related to AASHTO Girders, with 

respect to the load effects (i.e. ultimate bending moment, ultimate shear force, cracking 

moment, and fatigue stress range). Similarly, for CPCI Girders, the statistical parameters 

of load effects are shown in Table 3.6.  While, Table 3.7 and Table 3.8 demonstrate the 

statistical parameters of the load effects with respect to Bulb-T (NEBT) Girders and NU 

Girders, respectively. As shown in those Tables, different span lengths were considered. 

These statistical parameters will be used to perform the reliability analysis of prestressed 

girder bridges in Chapter Four. However, to perform such reliability analysis, the statistical 

parameters of the random variables related to resistance model need to be derived. This 

will be conducted in the following section. 
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Table 3.5: Statistical parameters of load effects for AASHTO Girders. 

Girder 

Type 

Span 

(m) 

Mu Vu Mcr 
Stress Range 

Fatigue I 

λ CoV λ CoV Λ CoV λ CoV 

AASHTO 

I 

10 1.246 0.080 1.196 0.100 1.056 0.067 1.156 0.108 

15 1.242 0.080 1.196 0.100 1.055 0.067 1.156 0.108 

Average 1.244 0.080 1.196 0.100 1.056 0.067 1.156 0.108 

AASHTO 

II 

15 1.240 0.080 1.194 0.090 1.054 0.059 1.155 0.108 

20 1.242 0.090 1.192 0.090 1.082 0.066 1.157 0.108 

25 1.240 0.090 1.194 0.090 1.083 0.078 1.157 0.108 

Average 1.241 0.087 1.193 0.090 1.073 0.068 1.156 0.108 

AASHTO 

III 

15 1.242 0.080 1.194 0.090 1.049 0.055 1.155 0.107 

20 1.238 0.080 1.192 0.090 1.072 0.059 1.153 0.110 

25 1.240 0.080 1.190 0.090 1.079 0.061 1.154 0.108 

Average 1.240 0.080 1.192 0.090 1.067 0.058 1.154 0.108 

AASHTO 

IV 

20 1.238 0.080 1.190 0.090 1.067 0.054 1.152 0.109 

25 1.238 0.0.80 1.192 0.090 1.072 0.059 1.152 0.109 

30 1.236 0.080 1.190 0.090 1.078 0.060 1.152 0.109 

35 1.220 0.090 1.190 0.090 1.086 0.061 1.152 0.109 

Average 1.233 0.083 1.191 0.090 1.076 0.059 1.152 0.109 

AASHTO 

V 

20 1.224 0.090 1.192 0.090 1.061 0.052 1.153 0.109 

25 1.222 0.090 1.192 0.090 1.067 0.052 1.152 0.109 

30 1.220 0.090 1.190 0.090 1.072 0.053 1.150 0.109 

35 1.222 0.090 1.190 0.088 1.079 0.053 1.150 0.109 

40 1.220 0.090 1.188 0.088 1.083 0.055 1.152 0.109 

Average 1.222 0.090 1.190 0.089 1.072 0.053 1.151 0.109 

AASHTO 

VI 

25 1.220 0.090 1.188 0.082 1.064 0.052 1.152 0.109 

30 1.186 0.090 1.187 0.080 1.069 0.052 1.150 0.109 

35 1.188 0.090 1.187 0.080 1.076 0.052 1.150 0.110 

40 1.188 0.090 1.186 0.080 1.080 0.053 1.150 0.109 

45 1.188 0.090 1.186 0.080 1.083 0.054 1.150 0.109 

Average 1.198 0.090 1.187 0.081 1.072 0.053 1.151 0.109 
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Table 3.6: Statistical parameters load effects for CPCI Girders 

Girder 

Type 

Span 

“m” 

Mu Vu Mcr 
Stress Range 

Fatigue I 

λ CoV λ CoV λ CoV λ CoV 

CPCI 

900 

15 1.240 0.090 1.190 0.080 1.054 0.067 1.154 0.109 

20 1.240 0.090 1.190 0.080 1.054 0.067 1.154 0.109 

Average 1.240 0.090 1.190 0.080 1.054 0.067 1.154 0.109 

CPCI 

1200 

15 1.238 0.090 1.190 0.080 1.054 0.059 1.154 0.108 

20 1.238 0.090 1.192 0.080 1.052 0.066 1.154 0.109 

25 1.238 0.090 1.190 0.080 1.052 0.078 1.153 0.108 

Average 1.238 0.090 1.191 0.080 1.053 0.068 1.154 0.108 

CPCI 

1400 

15 1.238 0.090 1.190 0.080 1.048 0.055 1.153 0.106 

20 1.238 0.090 1.192 0.080 1.048 0.059 1.153 0.110 

25 1.238 0.090 1.190 0.080 1.043 0.061 1.153 0.109 

Average 1.238 0.090 1.191 0.080 1.046 0.058 1.153 0.108 

CPCI 

1500 

20 1.238 0.090 1.190 0.080 1.056 0.054 1.152 0.109 

25 1.238 0.0.90 1.192 0.080 1.056 0.059 1.152 0.109 

30 1.236 0.090 1.190 0.080 1.050 0.0600 1.152 0.108 

35 1.218 0.090 1.190 0.080 1.048 0.061 1.152 0.108 

Average 1.233 0.090 1.190 0.080 1.053 0.059 1.152 0.109 

CPCI 

1600 

20 1.218 0.090 1.190 0.080 1.048 0.052 1.155 0.109 

25 1.218 0.090 1.119 0.080 1.048 0.052 1.152 0.109 

30 1.218 0.090 1.119 0.080 1.050 0.053 1.152 0.109 

35 1.218 0.090 1.119 0.080 1.050 0.053 1.152 0.109 

40 1.218 0.090 1.188 0.080 1.050 0.055 1.152 0.109 

Average 1.218 0.090 1.147 0.080 1.049 0.053 1.153 0.109 

CPCI 

1900 

25 1.218 0.090 1.188 0.080 1.050 0.052 1.152 0.109 

30 1.180 0.090 1.187 0.080 1.050 0.052 1.150 0.108 

35 1.180 0.090 1.186 0.080 1.050 0.052 1.150 0.111 

40 1.180 0.090 1.186 0.080 1.050 0.053 1.150 0.109 

45 1.180 0.090 1.182 0.080 1.050 0.054 1.150 0.109 

Average 1.188 0.090 1.189 0.080 1.050 0.053 1.150 0.109 

CPCI 

2300 

35 1.180 0.090 1.180 0.080 1.050 0.053 1.150 0.109 

40 1.180 0.090 1.180 0.080 1.050 0.053 1.150 0.109 

45 1.180 0.090 1.180 0.080 1.050 0.053 1.150 0.108 

50 1.180 0.090 1.180 0.080 1.050 0.053 1.150 0.109 

55 1.180 0.090 1.180 0.080 1.050 0.052 1.150 0.108 

60 1.180 0.090 1.180 0.080 1.050 0.052 1.150 0.108 

Average 1.180 0.090 1.180 0.080 1.050 0.053 1.150 0.108 
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Table 3.7: Statistical parameters of load effects for Bulb-T (NEBT) Girders 

Girder 
Type 

Span 
“m” 

Mu Vu Mcr 
Stress Range 

Fatigue I 

λ CoV λ CoV λ CoV λ CoV 

NEBT 

1000 

10 1.242 0.080 1.198 0.090 1.049 0.055 1.155 0.106 

15 1.238 0.080 1.198 0.090 1.072 0.059 1.154 0.106 

Average 1.240 0.080 1.198 0.090 1.061 0.057 1.155 0.106 

NEBT 

1200 

10 1.240 0.080 1.198 0.090 1.079 0.061 1.154 0.106 

15 1.238 0.080 1.198 0.090 1.067 0.054 1.154 0.106 

20 1.238 0.0.80 1.196 0.090 1.072 0.059 1.152 0.106 

Average 1.239 0.080 1.197 0.090 1.073 0.058 1.153 0.106 

NEBT 

1400 

10 1.236 0.080 1.196 0.090 1.078 0.060 1.152 0.106 

15 1.220 0.090 1.196 0.090 1.086 0.061 1.152 0.106 

20 1.224 0.090 1.196 0.090 1.061 0.052 1.153 0.106 

Average 1.227 0.090 1.196 0.090 1.075 0.058 1.152 0.106 

NEBT 

1600 

20 1.222 0.090 1.196 0.090 1.067 0.052 1.152 0.105 

25 1.220 0.090 1.196 0.090 1.072 0.053 1.150 0.105 

30 1.222 0.090 1.195 0.090 1.079 0.053 1.150 0.106 

35 1.220 0.090 1.192 0.090 1.083 0.055 1.152 0.104 

Average 1.221 0.090 1.195 0.090 1.075 0.053 1.151 0.105 

NEBT 

1800 

20 1.220 0.090 1.192 0.090 1.058 0.052 1.152 0.104 

25 1.220 0.090 1.92 0.090 1.064 0.052 1.152 0.104 

30 1.186 0.090 1.192 0.090 1.069 0.052 1.150 0.105 

35 1.188 0.090 1.191 0.090 1.076 0.052 1.150 0.104 

40 1.188 0.090 1.191 0.090 1.080 0.053 1.150 0.104 

Average 1.200 0.090 1.192 0.090 1.069 0.052 1.151 0.104 
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Table 3.8: Statistical parameters of load effects for NU Girders 

Girder 
Type 

Span 
“m” 

Mu Vu Mcr 
Stress Range 

Fatigue I 

λ CoV λ CoV λ CoV λ CoV 

NU 900 

15 1.238 0.090 1.190 0.080 1.043 0.061 1.153 0.109 

20 1.238 0.090 1.190 0.080 1.056 0.054 1.152 0.109 

Average 1.238 0.090 1.190 0.080 1.050 0.058 1.153 0.109 

NU 

1100 

15 1.238 0.0.90 1.192 0.080 1.056 0.059 1.152 0.109 

20 1.236 0.090 1.190 0.080 1.050 0.060 1.152 0.108 

25 1.218 0.090 1.190 0.080 1.048 0.061 1.152 0.108 

Average 1.231 0.090 1.191 0.080 1.051 0.060 1.152 0.108 

NU 

1350 

15 1.218 0.090 1.190 0.080 1.048 0.052 1.155 0.109 

20 1.218 0.090 1.119 0.080 1.048 0.052 1.152 0.109 

25 1.218 0.090 1.119 0.080 1.050 0.053 1.152 0.109 

Average 1.218 0.090 1.143 0.080 1.049 0.052 1.153 0.109 

NU 

1600 

20 1.218 0.090 1.119 0.080 1.050 0.053 1.152 0.109 

25 1.218 0.090 1.188 0.080 1.050 0.055 1.152 0.109 

30 1.218 0.090 1.186 0.080 1.050 0.052 1.152 0.109 

35 1.218 0.090 1.188 0.080 1.050 0.052 1.152 0.109 

Average 1.218 0.090 1.170 0.080 1.050 0.053 1.152 0.109 

NU 

1800 

20 1.222 0.090 1.195 0.090 1.079 0.053 1.150 0.106 

25 1.220 0.090 1.192 0.090 1.083 0.055 1.152 0.104 

30 1.220 0.090 1.192 0.090 1.058 0.052 1.152 0.104 

35 1.220 0.090 1.92 0.090 1.064 0.052 1.152 0.104 

40 1.189 0.090 1.187 0.080 1.069 0.052 1.150 0.109 

Average 1.214 0.090 1.337 0.090 1.071 0.053 1.151 0.105 

NU 

2000 

20 1.189 0.090 1.187 0.080 1.076 0.052 1.150 0.110 

25 1.189 0.090 1.186 0.080 1.080 0.053 1.150 0.109 

30 1.189 0.090 1.186 0.080 1.083 0.054 1.150 0.109 

35 1.189 0.090 1.187 0.080 1.076 0.052 1.150 0.110 

40 1.188 0.090 1.186 0.080 1.080 0.053 1.150 0.109 

45 1.186 0.090 1.186 0.080 1.083 0.054 1.150 0.109 

Average 1.188 0.090 1.186 0.080 1.080 0.053 1.150 0.109 
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3.4 Statistical parameters of the random variables corresponding to the resistance 

model 

3.4.1 Statistical parameters of section properties 

As already mentioned in Chapter Two (clause 2.1.2.2), the statistical parameters (;, 4�5) 

of section properties are available as developed by some researchers; however, those 

parameters for area, inertia, and section modulus do not exist. In this section, the Monte 

Carlo Simulation (MCS) is utilized to develop the statistical parameters for girder 

properties by implementing the data available in Table 2.20. For this purpose, Monte Carlo 

Simulation was performed with 25,000 cycles.  

The section properties are calculated in two different phases: 

 

• At initial phase (at transfer) 

In this phase, the girder gross section properties are used in calculating the stresses due 

to dead load and prestressing force. The stresses are calculated with respect to the top 

and bottom fibers of the girder. The section properties are: the girder’s area, moment of 

inertia, and section modulus with respect to the top and bottom fibers. These properties 

are treated as random variables in calculating the reliability indices at this phase.  

The procedure to calculate the statistical parameters of section properties is illustrated in 

the flow chart shown in Figure 3.1.  The statistical parameters of the section properties, at 

initial phase, with respect to AASHTO Girders are shown in Figure 3.9. Similarly, Figure 

3.10 shows the statistical parameters of CPCI Girders. The statistical parameters with 

respect to Bulb-T Girders and NU Girders are, respectively, shown in Tables 3.11 and 

3.12. 

• At service phase (after losses) 

In this phase, the girder and the deck will be in composite action. The dead load, live load, 

dynamic (impact) allowance, and prestressing force will be applied to calculate the load 

effects. These load effects are: stress at the top fiber of the deck, stress at top fiber of the 

girder, stress at bottom fiber of the girder, fatigue stress range, cracking moment, and 

ultimate bending and shear. The properties of the composite section are treated as 

random variables in estimating the reliability indices at this phase.  The procedure 

illustrated in Figure 3.5 is used to calculate the statistical parameters of the section 

properties at the service phase. The statistical parameters of the section properties, at 
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service phase, with respect to AASHTO Girders are shown in Table 3.13. Similarly, Table 

3.14 shows the statistical parameters of CPCI Girders. The statistical parameters with 

respect to Bulb-T Girders and NU Girders are, respectively, shown in Tables 3.15 and 

3.16. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.5: Procedure to determine the statistical parameters of variation of geometrical 

properties of standard girders. 

Calculate deck equivalent width 

Select type of girder 

Calculate nominal values of non-

composite properties: 

• Girder area, <= 

• Moment of inertia, 	 

• Section modulus with 

respect to top fiber, �� 

• Section modulus with 

respect to bottom fiber, �
 

 

Apply statistical parameters (; ��> 4�5) of the 

appropriate fabrication factor (Table 2.20) 

MCS (25000 Cycles) following 

central limit theorem (Eq. 3.1) 

Initial phase (at transfer) Service phase (after losses) 

Calculate nominal values of 

composite properties: 

• Moment of inertia, 	1 

• Section modulus with 

respect to top fiber, ��1 

• Section modulus with 

respect to bottom fiber, �
1 

 

mean and standard deviation of:  

<=, 	, 	1 , ��, �
, ��1, and �
1 

Using Eqs. 3.2 and 3.3, calculate (; ��> 4�5) of:  

<=, 	, 	1 , ��, �
, �
, ��1,and �
1 
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Table 3.9: Statistical parameter of girder properties at transfer for AASHTO Girders. 

Girder 

Type 

Span 

“m” 

Ag Ig Zb Zt 

λ CoV λ CoV λ CoV λ CoV 

AASHTO 

I 

10 1.010 0.025 1.000 0.045 1.000 0.034 1.003 0.078 

15 1.010 0.026 1.000 0.045 0.999 0.035 1.003 0.077 

Average 1.010 0.026 1.000 0.045 1.000 0.035 1.003 0.078 

AASHTO 

II 

15 1.010 0.024 1.000 0.046 1.000 0.035 1.002 0.076 

20 1.010 0.024 0.999 0.047 0.999 0.036 1.003 0.077 

25 1.008 0.025 1.000 0.045 1.000 0.035 1.004 0.077 

Average 1.009 0.024 1.000 0.046 1.000 0.035 1.003 0.077 

AASHTO 

III 

15 1.008 0.024 1.001 0.045 1.000 0.034 1.004 0.076 

20 1.008 0.024 1.000 0.046 1.000 0.035 1.004 0.076 

25 1.006 0.023 1.001 0.045 1.000 0.035 1.005 0.078 

Average 1.007 0.024 1.001 0.045 1.000 0.035 1.004 0.077 

AASHTO 

IV 

20 1.010 0.023 1.000 0.045 1.000 0.035 1.003 0.078 

25 1.010 0.024 1.000 0.046 1.000 0.035 1.005 0.078 

30 1.011 0.023 1.000 0.046 1.000 0.035 1.005 0.077 

35 1.010 0.024 1.000 0.045 1.000 0.035 1.003 0.076 

Average 1.010 0.024 1.000 0.046 1.000 0.035 1.004 0.077 

AASHTO 

V 

20 1.007 0.023 1.000 0.047 1.000 0.036 1.004 0.077 

25 1.006 0.023 1.000 0.047 1.000 0.036 1.004 0.077 

30 1.008 0.023 1.000 0.048 1.008 0.036 1.004 0.078 

35 1.006 0.023 1.000 0.047 1.006 0.036 1.004 0.077 

40 1.005 0.023 1.000 0.048 1.008 0.036 1.004 0.076 

Average 1.006 0.023 1.000 0.047 1.004 0.036 1.004 0.077 

AASHTO 

VI 

25 1.011 0.023 1.000 0.050 1.008 0.037 1.003 0.077 

30 1.010 0.023 1.000 0.050 1.008 0.037 1.005 0.076 

35 1.009 0.023 0.998 0.048 1.002 0.038 1.005 0.076 

40 1.008 0.023 1.000 0.049 1.002 0.036 1.003 0.078 

45 1.004 0.023 1.000 0.049 1.002 0.036 1.001 0.078 

Average 1.009 0.023 1.000 0.049 1.005 0.037 1.004 0.077 
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Table 3.10: Statistical parameter of girder properties at transfer for CPCI Girders. 

Girder 

Type 

Span 

(m) 

Ag Ig Zb Zt 

λ CoV λ CoV λ CoV λ CoV 

CPCI 

900 

15 1.020 0.025 1.010 0.050 1.014 0.037 1.002 0.081 

20 1.020 0.025 1.010 0.050 1.014 0.037 1.002 0.082 

Average 1.020 0.025 1.010 0.050 1.014 0.037 1.002 0.082 

CPCI 

1200 

15 1.020 0.025 1.010 0.052 1.014 0.038 1.005 0.082 

10 1.020 0.024 1.010 0.052 1.014 0.038 1.006 0.083 

15 1.018 0.024 1.010 0.052 1.014 0.038 1.004 0.084 

Average 1.019 0.024 1.010 0.052 1.014 0.038 1.005 0.083 

CPCI 

1400 

15 1.018 0.024 1.010 0.052 1.014 0.038 1.004 0.084 

20 1.020 0.023 1.010 0.051 1.013 0.037 1.003 0.084 

25 1.020 0.023 1.010 0.051 1.013 0.037 1.003 0.084 

Average 1.019 0.023 1.010 0.051 1.013 0.037 1.003 0.084 

CPCI 

1500 

20 1.020 0.023 1.010 0.051 1.013 0.037 1.003 0.084 

25 1.020 0.023 1.010 0.051 1.013 0.037 1.003 0.084 

30 1.020 0.023 1.010 0.051 1.014 0.037 1.003 0.084 

35 1.020 0.023 1.010 0.051 1.014 0.037 1.003 0.084 

Average 1.020 0.023 1.010 0.051 1.014 0.037 1.003 0.084 

CPCI 

1600 

20 1.018 0.023 1.010 0.052 1.013 0.038 1.002 0.088 

25 1.018 0.023 1.010 0.051 1.013 0.037 1.002 0.088 

30 1.016 0.023 1.010 0.052 1.013 0.038 1.005 0.088 

35 1.016 0.023 1.010 0.051 1.013 0.037 1.004 0.088 

40 1.016 0.023 1.009 0.051 1.014 0.037 1.003 0.088 

Average 1.017 0.023 1.010 0.051 1.013 0.037 1.003 0.088 

CPCI 

1900 

20 1.016 0.023 1.009 0.056 1.014 0.039 1.003 0.093 

25 1.016 0.023 1.009 0.056 1.012 0.038 1.003 0.093 

30 1.016 0.023 1.009 0.056 1.012 0.039 1.003 0.093 

35 1.016 0.023 1.009 0.056 1.012 0.038 1.003 0.093 

40 1.015 0.023 1.009 0.055 1.012 0.039 1.003 0.091 

45 1.015 0.023 1.009 0.056 1.012 0.039 1.003 0.093 

Average 1.016 0.023 1.009 0.056 1.012 0.039 1.003 0.093 

CPCI 

2300 

35 1.015 0.023 1.008 0.057 1.012 0.038 1.003 0.094 

40 1.015 0.023 1.009 0.057 1.012 0.039 1.003 0.093 

45 1.014 0.023 1.009 0.057 1.012 0.038 1.003 0.094 

50 1.014 0.023 1.008 0.057 1.012 0.039 1.003 0.094 

55 1.014 0.023 1.008 0.057 1.012 0.038 1.002 0.093 

60 1.014 0.023 1.007 0.058 1.012 0.039 1.002 0.093 

Average 1.014 0.023 1.008 0.057 0.012 0.039 1.003 0.094 
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Table 3.11: Statistical parameter of girder properties at transfer for Bulb-T (NEBT) Girders. 

Girder 

Type 

Span 

“m” 

Ag Ig Zb Zt 

λ CoV λ CoV λ CoV λ CoV 

NEBT 

1000 

15 1.020 0.023 1.010 0.051 1.013 0.037 1.003 0.084 

20 1.020 0.023 1.010 0.051 1.013 0.037 1.003 0.084 

Average 1.020 0.023 1.010 0.051 1.013 0.037 1.003 0.084 

NEBT 

1200 

15 1.020 0.023 1.010 0.051 1.013 0.037 1.003 0.084 

20 1.020 0.023 1.010 0.051 1.013 0.037 1.003 0.084 

25 1.020 0.023 1.010 0.051 1.014 0.037 1.003 0.084 

Average 1.020 0.023 1.010 0.051 1.013 0.037 1.003 0.084 

NEBT 

1400 

15 1.020 0.023 1.010 0.051 1.014 0.037 1.003 0.084 

20 1.018 0.023 1.010 0.052 1.013 0.038 1.002 0.088 

25 1.018 0.023 1.010 0.051 1.013 0.037 1.002 0.088 

Average 1.019 0.023 1.010 0.051 1.031 0.037 1.002 0.087 

NEBT 

1600 

20 1.016 0.023 1.010 0.052 1.013 0.038 1.005 0.088 

25 1.016 0.023 1.010 0.051 1.013 0.037 1.004 0.088 

30 1.016 0.023 1.009 0.051 1.014 0.037 1.003 0.088 

35 1.016 0.023 1.009 0.056 1.014 0.039 1.003 0.093 

Average 1.016 0.023 1.010 0.053 1.014 0.038 1.004 0.089 

25 1.016 0.023 1.009 0.056 1.013 0.039 1.003 0.093 

30 1.016 0.023 1.009 0.056 1.012 0.038 1.003 0.093 

35 1.014 0.023 1.009 0.055 1.012 0.039 1.003 0.091 

40 1.014 0.023 1.009 0.056 1.012 0.039 1.003 0.093 

Average 1.015 0.023 1.009 0.056 1.012 0.039 1.003 0.093 
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Table 3.12: Statistical parameter of girder properties at transfer for NU Girders. 

Girder 

Type 

Span 

“m” 

Ag Ig Zb Zt 

λ CoV λ CoV λ CoV λ CoV 

NU 900 

15 1.000 0.022 0.999 0.051 1.000 0.038 1.001 0.082 

20 1.000 0.022 0.999 0.046 0.999 0.036 1.002 0.077 

average 1.000 0.022 0.999 0.049 1.000 0.037 1.002 0.080 

NU 

1100 

15 1.000 0.022 1.000 0.052 1.000 0.038 1.003 0.083 

20 1.000 0.22 1.002 0.053 1.001 0.039 1.006 0.083 

25 1.000 0.022 0.999 0.053 0.999 0.039 1.003 0.085 

Average 1.000 0.022 1.000 0.053 1.000 0.039 1.004 0.084 

NU 

1350 

15 1.001 0.022 1.001 0.055 1.001 0.039 1.005 0.087 

20 1.000 0.022 1.001 0.055 1.000 0.040 1.005 0.089 

25 1.000 0.023 1.000 0.055 1.000 0.040 1.004 0.089 

Average 1.000 0.022 1.001 0.055 1.000 0.040 1.005 0.088 

NU 

1600 

20 1.000 0.023 0.999 0.056 0.999 0.039 1.001 0.089 

25 1.000 0.023 1.001 0.058 1.000 0.040 1.006 0.090 

30 1.000 0.023 1.000 0.058 0.999 0.040 1.004 0.091 

35 1.000 0.023 1.001 0.057 1.000 0.040 1.005 0.089 

Average 1.000 0.023 1.000 0.057 1.000 0.040 1.004 0.090 

NU 

1800 

20 1.000 0.024 0.999 0.058 0.999 0.040 1.002 0.091 

25 1.000 0.023 1.000 0.058 1.000 0.040 1.004 0.090 

30 1.001 0.024 1.001 0.058 1.000 0.040 1.004 0.092 

35 1.000 0.024 1.001 0.059 1.000 0.040 1.006 0.092 

40 1.000 0.023 1.000 0.059 1.000 0.040 1.004 0.093 

Average 1.000 0.024 1.000 0.058 1.000 0.040 1.004 0.092 

NU 

2000 

20 1.000 0.024 1.000 0.060 1.000 0.040 1.005 0.093 

25 1.000 0.024 1.002 0.059 1.001 0.040 1.006 0.094 

30 1.000 0.024 1.000 0.059 1.000 0.040 1.003 0.093 

35 1.000 0.024 1.001 0.059 1.000 0.040 1.005 0.092 

40 1.000 0.024 1.000 0.060 0.999 0.041 1.004 0.095 

45 1.000 0.024 1.001 0.059 1.000 0.040 1.006 0.092 

Average 1.000 0.024 1.001 0.059 1.000 0.040 1.005 0.093 
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Table 3.13: Statistical parameter of girder properties at service phase for AASHTO 

Girders. 

Girder 

Type 

Span 

(m) 

Ic Zbc Ztc 

λ CoV λ CoV λ CoV 

AASHTO I 

10 1.057 0.070 1.058 0.078 1.073 0.100 

15 1.058 0.070 1.059 0.079 1.073 0.104 

Average 1.058 0.070 1.059 0.079 1.073 0.102 

AASHTO II 

15 1.060 0.067 1.061 0.076 1.070 0.102 

20 1.059 0.069 1.060 0.079 1.070 0.102 

25 1.058 0.069 1.059 0.078 1.069 0.100 

Average 1.059 0.068 1.060 0.078 1.070 0.101 

AASHTO III 

15 1.065 0.067 1.066 0.076 1.072 0.100 

20 1.063 0.065 1.064 0.073 1.072 0.099 

25 1.063 0.064 1.064 0.073 1.069 0.101 

Average 1.064 0.065 1.065 0.074 1.071 0.100 

AASHTO IV 

20 1.065 0.059 1.067 0.069 1.073 0.100 

25 1.063 0.060 1.065 0.067 1.071 0.100 

30 1.063 0.059 1.064 0.067 1.073 0.102 

35 1.064 0.060 1.065 0.069 1.069 0.102 

Average 1.064 0.060 1.065 0.068 1.072 0.101 

AASHTO V 

20 1.057 0.054 1.057 0.063 1.063 0.100 

25 1.056 0.054 1.057 0.062 1.064 0.100 

30 1.057 0.053 1.058 0.061 1.066 0.099 

35 1.056 0.053 1.057 0.062 1.064 0.101 

40 1.056 0.054 1.057 0.062 1.062 0.100 

Average 1.056 0.054 1.057 0.062 1.064 0.100 

AASHTO VI 

25 1.057 0.053 1.058 0.061 1.065 0.100 

30 1.057 0.051 1.058 0.060 1.064 0.099 

35 1.056 0.052 1.057 0.061 1.062 0.099 

40 1.056 0.052 1.057 0.061 1.062 0.099 

45 1.058 0.052 1.058 0.061 1.064 0.099 

Average 1.057 0.052 1.058 0.061 1.064 0.099 
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Table 3.14: Statistical parameter of girder properties at service phase for CPCI Girders. 

Girder 

Type 

Span 

(m) 

Ic Zbc Ztc 

λ CoV λ CoV λ CoV 

CPCI 900 

15 1.064 0.070 1.058 0.078 1.082 0.100 

20 1.064 0.070 1.059 0.079 1.083 0.104 

Average 1.064 0.070 1.059 0.079 1.083 0.102 

CPCI 1200 

15 1.063 0.067 1.061 0.076 1.082 0.102 

20 1.064 0.069 1.060 0.079 1.082 0.102 

25 1.062 0.069 1.059 0.078 1.082 0.100 

Average 1.063 0.068 1.060 0.078 1.082 0.101 

CPCI 1400 

15 1.065 0.067 1.066 0.076 1.082 0.100 

20 1.063 0.065 1.064 0.073 1.082 0.099 

25 1.060 0.070 1.058 0.078 1.082 0.100 

Average 1.063 0.067 1.063 0.076 1.082 0.100 

CPCI 1500 

20 1.060 0.070 1.059 0.079 1.082 0.104 

25 1.060 0.067 1.061 0.076 1.084 0.102 

30 1.059 0.069 1.060 0.079 1.082 0.102 

35 1.058 0.069 1.059 0.078 1.084 0.100 

Average 1.059 0.069 1.060 0.078 1.083 0.102 

CPCI 1600 

20 1.058 0.067 1.066 0.076 1.082 0.100 

25 1.058 0.065 1.064 0.073 1.083 0.099 

30 1.058 0.064 1.064 0.073 1.082 0.101 

35 1.058 0.059 1.067 0.069 1.082 0.100 

40 1.059 0.060 1.065 0.067 1.082 0.100 

Average 1.058 0.063 1.065 0.072 1.082 0.100 

CPCI 1900 

20 1.063 0.059 1.064 0.067 1.082 0.102 

25 1.064 0.060 1.065 0.069 1.082 0.102 

30 1.057 0.054 1.057 0.063 1.082 0.100 

35 1.056 0.054 1.057 0.062 1.082 0.100 

40 1.057 0.053 1.058 0.061 1.084 0.099 

45 1.056 0.053 1.057 0.062 1.082 0.101 

Average 1.059 0.056 1.060 0.064 1.082 0.101 

CPCI 2300 

35 1.056 0.054 1.057 0.062 1.084 0.100 

40 1.057 0.052 1.058 0.061 1.078 0.100 

45 1.057 0.053 1.058 0.061 1.078 0.100 

50 1.057 0.051 1.058 0.060 1.079 0.099 

55 1.056 0.052 1.057 0.061 1.079 0.099 

60 1.056 0.052 1.057 0.061 1.070 0.099 

Average 1.057 0.052 1.058 0.061 1.078 0.100 
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Table 3.15: Statistical parameter of girder properties at service phase for Bulb-T Girders. 

Girder 

Type 

Span 

“m” 

Ic Zbc Ztc 

λ CoV λ CoV λ CoV 

NEBT 1000 

15 1.060 0.068 1.108 0.141 1.067 0.100 

20 1.063 0.068 1.106 0.144 1.067 0.100 

Average 1.062 0.068 1.107 0.143 1.067 0.100 

NEBT 1200 

15 1.061 0.069 1.106 0.140 1.068 1.020 

20 1.061 0.069 1.106 0.140 1.066 0.100 

25 1.063 0.068 1.113 0.141 1.064 0.100 

Average 1.062 0.069 1.115 0.140 1.066 0.101 

NEBT 1400 

15 1.063 0.068 1.113 0.141 1.065 0.100 

20 1.061 0.068 1.112 0.141 1.064 0.099 

25 1.062 0.068 1.112 0.141 1.064 0.098 

Average 1.062 0.068 1.112 0.141 1.064 0.099 

NEBT 1600 

20 1.064 0.068 1.112 0.140 1.064 0.098 

25 1.067 0.068 1.111 0.140 1.066 0.099 

30 1.067 0.068 1.110 0.140 1.063 0.098 

35 1.063 0.067 1.110 0.138 1.065 0.100 

Average 1.065 0.068 0.111 0.140 1.065 0.099 

25 1.063 0.067 1.110 0.138 1.066 0.098 

30 1.063 0.067 1.110 0.138 1.063 0.099 

35 1.063 0.068 1.114 0.141 1.065 0.097 

40 1.064 0.068 1.114 0.141 1.063 0.097 

Average 1.063 0.067 1.112 0.139 1.064 0.097 
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Table 3.16: Statistical parameter of girder properties at service phase for NU Girders. 

Girder 

Type 

Span 

“m” 

Ic Zbc Ztc 

λ CoV λ CoV λ CoV 

NU 900 

15 1.058 0.055 1.061 0.065 1.065 0.099 

20 1.059 0.056 1.061 0.065 1.065 0.099 

Average 1.059 0.056 1.061 0.065 1.065 0.099 

NU 1100 

15 1.059 0.054 1.060 0.065 1.066 0.098 

20 1.059 0.056 1.061 0.065 1.065 0.098 

25 1.058 0.054 1.062 0.065 1.065 0.099 

Average 1.059 0.055 1.061 0.065 1.065 0.098 

NU 1350 

15 1.059 0.056 1.061 0.065 1.065 0.099 

20 1.060 0.057 1.061 0.066 1.066 0.100 

25 1.060 0.058 1.062 0.066 1.067 0.102 

Average 1.060 0.057 1.061 0.066 1.066 0.100 

NU 1600 

20 1.059 0.055 1.059 0.064 1.069 0.098 

25 1.058 0.056 1.058 0.065 1.064 0.101 

30 1.058 0.056 1.059 0.065 1.065 0.098 

35 1.059 0.056 1.059 0.066 1.068 0.100 

Average 1.059 0.056 1.059 0.065 1.067 0.099 

NU 1800 

20 1.059 0.056 1.060 0.065 1.066 0.100 

25 1.059 0.055 1.061 0.065 1.065 0.099 

30 1.060 0.055 1.062 0.064 1.068 0.101 

35 1.057 0.055 1.058 0.064 1.065 0.099 

40 1.059 0.059 1.060 0.064 1.064 0.098 

Average 1.059 0.056 1.060 0.064 1.066 0.099 

NU 2000 

20 1.057 0.055 1.059 0.064 1.063 0.097 

25 1.059 0.055 1.060 0.064 1.064 0.096 

30 1.058 0.055 1.060 0.065 1.064 0.097 

35 1.058 0.055 1.059 0.063 1.066 0.099 

40 1.058 0.055 1.058 0.064 1.066 0.097 

45 1.057 0.055 1.059 0.063 1.062 0.096 

Average 1.058 0.055 1.059 0.064 1.064 0.097 
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3.4.2 Statistical parameters of allowable stresses 

According to AASHTO LRFD, clause [A5.9.4], both the allowable tensile and compressive 

stresses are functions of the 28-day concrete compressive strength $’1. In reliability 

analyses, these allowable stresses are treated as random variables. To obtain the 

statistical parameters of those random variables, Monte Carlo Simulation technique has 

been applied (25000 cycles). Table 3.17 shows the calculated statistical parameters of the 

allowable stresses both at initial and service phases. 

Table 3.17: Statistical parameter of allowable stresses. 

Concrete 

Compressive 

Strength 

(MPa) 

Initial Phase (at transfer) Service phase (after losses) 

Allowable 

tensile stress 

Allowable 

compressive 

stress 

Allowable 

tensile stress 

Allowable 

compressive 

stress 

λ 4�5 λ 4�5 λ 4�5 λ 4�5 

20 1.139 0.087 1.307 0.172 1.139 0.087 1.307 0.172 

25 1.125 0.080 1.27 0.158 1.125 0.080 1.27 0.158 

27 1.110 0.077 1.24 0.151 1.112 0.077 1.24 0.151 

30 1.097 0.071 1.208 0.139 1.097 0.071 1.208 0.139 

35 1.090 0.067 1.193 0.133 1.090 0.067 1.193 0.133 

38 1.078 0.067 1.167 0.133 1.078 0.067 1.167 0.133 

40 1.070 0.063 1.150 0.125 1.071 0.063 1.150 0.125 

45 1.065 0.059 1.137 0.117 1.065 0.059 1.137 0.117 

50 1.061 0.058 1.129 0.115 1.061 0.058 1.129 0.115 

55 1.051 0.056 1.107 0.112 1.051 0.056 1.107 0.112 

60 1.049 0.055 1.104 0.109 1.050 0.055 1.104 0.109 

70 1.043 0.054 1.092 0.108 1.04 0.054 1.092 0.108 

80 1.039 0.055 1.082 0.108 1.039 0.055 1.082 0.108 

 

 

3.4.3 Statistical parameters of flexural and shear resistance 

Using strain incremental approach, the flexural capacity of prestressed girders can be 

evaluated by developing moment-curvature relationship. To avoid the complexity of the 
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actual section, an equivalent simplified section, with the same properties, is generated by 

a set of uniform layers as illustrated in Figure 3.6 (PCI Design Manual 2003). 

 

 

Figure 3.6: Schematic Present the Actual Section and Equivalent Section (PCI Design 

Manual 2003). 

 

The following steps illustrate the application of the incremental strain compatibility 

approach to evaluate the flexural capacity of precast girders: 

Step 1: Assume a neutral axis location with depth c. 

Step 2: For an applied strain level, generate stress diagram using the nonlinear stress-

strain relationships for the materials. Figures 3.7 to 3.9 show the stress-strain curves for 

concrete, reinforcement, and prestressing strands, respectively. 

Step 3: Check the neutral axis depth using equilibrium of forces. Neglect tensile strength 

of concrete (below neutral axis). 

Step 4: Increase strain incrementally and repeat steps 2, 3 and 4 until a maximum strain 

of 0.0035 is reached at the top fiber. 
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Figure 3.7: Stress-Strain curve for concrete (Ellingwood et al. 1980).   

                                 

 

Figure 3.8: Stress-Strain curve for steel (Manzoor and Ahmed 2013).                                   
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Figure 3.9: Typical Stress-Strain Curve for 0.5 inch (12.70 mm) 270 ksi (1860 MPa) 
Strand (Barker and Puckett 2013). 
 

The development of moment versus curvature depends on geometry and material 

properties. Moment-curvature relationships were generated for the considered types of 

girders. Twenty five thousand cycles of Monte Carlo Simulation MCS were performed 

using the statistical parameters for material factor @, fabrication factor A, and professional 

factor B. (Table 1) (Tabsh 1990). The nominal moment carrying capacities are obtained 

from the AASHTO LRFD specifications (Sixth Edition 202). Different span lengths and 

girder spacing were considered to calculate the bias factor ;, and the coefficient of 

variation, 4�5. 



Ch.3: Current Statistical Parameters of Random Variable Related to Load Effects and 
Resistance  101 

In order to evaluate the shear capacity (resistance) of prestressed girders, the Simplified 

Modified Compression Field Theory (Bentz et al. 2006) has been utilized assuming that 

the shear force is resisted only by the girder concrete and reinforcing steel (stirrups). The 

detailed procedure is illustrated in Appendix- A. Also, Monte Carlo Simulation technique, 

with 25000 cycles, has been applied considering different span lengths and girder spacing.  

Tables 3.18 to 3.21 show the statistical parameters for flexural resistance and shear for 

AASHTO Girders, CPCI Girders, Bulb-T (NEBT) Girders, and NU Girders, respectively.  

 

Table 3.18: Statistical parameters of ultimate flexural resistance of AASHTO Girders. 

Girder 

Type 
Span (m) 

Mr Vr 

λ CoV λ CoV 

AASHTO I 

10 1.062 0.068 1.110 0.140 

15 1.063 0.068 1.111 0.142 

Average 1.063 0.068 0.111 0.141 

AASHTO II 

15 1.061 0.068 1.107 0.141 

20 1.064 0.069 1.112 0.140 

25 1.065 0.068 1.109 0.138 

Average 1.063 0.068 1.109 0.140 

AASHTO III 

15 1.062 0.066 1.109 0.142 

20 1.062 0.069 1.111 0.140 

25 1.064 0.067 1.108 0.142 

Average 1.063 0.067 1.109 0.141 

AASHTO IV 

20 1.065 0.068 1.109 0.138 

25 1.062 0.069 1.111 0.140 

30 1.063 0.068 1.111 0.142 

35 1.064 0.069 1.112 0.140 

Average 1.064 0.069 1.111 0.140 

AASHTO V 

20 1.064 0.069 1.112 0.140 

25 1.062 0.069 1.110 0.142 

30 1.064 0.069 1.112 0.140 

35 1.065 0.068 1.109 0.138 

40 1.062 0.066 1.111 0.142 

Average 1.063 0.068 1.111 0.140 

AASHTO VI 

20 1.061 0.067 1.110 0.141 

25 1.065 0.066 1.108 0.138 

30 1.064 0.069 1.112 0.140 

35 1.062 0.069 1.111 0.140 

40 1.061 0.068 1.107 0.141 

45 1.065 0.068 1.110 0.142 

Average 1.063 0.068 1.110 0.140 
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Table 3.19: Statistical parameters of ultimate resistance of CPCI Girders. 

Girder 

Type 
Span “m” 

Mr Vr 

λ CoV λ CoV 

CPCI 900 

15 1.063 0.069 1.112 0.143 

20 1.064 0.067 1.109 0.141 

Average 1.064 0.068 1.111 0.142 

CPCI 1200 

15 1.061 0.068 1.107 0.139 

20 1.062 0.069 1.111 0.141 

25 1.063 0.069 1.111 0.141 

Average 1.062 0.069 1.110 0.140 

CPCI 1400 

15 1.060 0.068 1.108 0.141 

20 1.060 0.068 1.108 0.141 

25 1.063 0.068 1.106 0.144 

Average 1.061 0.068 1.107 0.142 

CPCI 1500 

20 1.061 0.069 1.106 0.140 

25 1.061 0.069 1.106 0.140 

30 1.063 0.068 1.113 0.141 

35 1.063 0.068 1.113 0.141 

Average 1.062 0.069 1.110 0.140 

CPCI 1600 

20 1.061 0.068 1.112 0.141 

25 1.062 0.068 1.112 0.141 

30 1.064 0.068 1.112 0.140 

35 1.067 0.068 1.111 0.140 

40 1.067 0.068 1.110 0.140 

Average 1.064 0.068 1.111 0.140 

CPCI 1900 

20 1.063 0.067 1.110 0.138 

25 1.063 0.067 1.110 0.138 

30 1.063 0.067 1.110 0.138 

35 1.063 0.067 1.110 0.138 

40 1.063 0.068 1.114 0.141 

45 1.064 0.068 1.114 0.141 

Average 1.063 0.067 1.111 0.139 

CPCI 2300 

35 1.061 0.068 1.110 0.139 

40 1.064 0.068 1.110 0.139 

45 1.066 0.068 1.110 0.140 

50 1.066 0.068 1.110 0.140 

55 1.066 0.068 1.110 0.140 

60 1.066 0.068 1.110 0.140 

Average 1.065 0.068 1.110 0.140 
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Table 3.20: Statistical parameters of ultimate flexural resistance of Bulb-T (NEBT) Girders. 

Girder 

Type 
Span “m” 

Mr Vr 

λ CoV λ CoV 

NEBT 1000 

15 1.062 0.068 1.112 0.142 

20 1.063 0.068 1.110 0.142 

Average 1.063 0.068 1.111 0.142 

NEBT 1200 

15 1.063 0.067 1.105 0.140 

20 1.063 0.068 1.110 0.140 

25 1.064 0.069 1.111 0.142 

Average 1.063 0.068 1.109 0.141 

NEBT 1400 

15 1.061 0.068 1.109 0.140 

20 1.064 0.067 1.108 0.143 

25 1.065 0.068 1.114 0.140 

Average 1.063 0.068 1.110 0.141 

NEBT 1600 

20 1.062 0.068 1.112 0.141 

25 1.062 0.067 1.110 0.142 

30 1.063 0.068 1.111 0.140 

35 1.066 0.068 1.114 0.139 

Average 1.063 0.068 1.112 0.141 

25 1.060 0.068 1.111 0.141 

30 1.062 0.068 1.111 0.140 

35 1.064 0.068 1.107 0.141 

40 1.065 0.067 1.113 0.139 

Average 1.063 0.068 1.110 0.140 
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Table 3.21: Statistical parameters of ultimate resistance of NU Girders. 

Girder 

Type 
Span “m” 

Mr Vr 

λ CoV λ CoV 

NU 900 

15 1.062 0.068 1.109 0.139 

20 1.062 0.069 1.112 0.146 

Average 1.062 0.069 1.111 0.143 

NU 1100 

15 1.062 0.067 1.110 0.141 

20 1.063 0.068 1.107 0.138 

25 1.064 0.069 1.110 0.140 

Average 1.063 0.068 1.109 0.140 

NU 1350 

15 1.061 0.068 1.105 0.143 

20 1.061 0.068 1.105 0.141 

25 1.063 0.067 1.107 0.144 

Average 1.062 0.068 1.106 0.143 

NU 1600 

20 1.062 0.068 1.111 0.141 

25 1.062 0.068 1.109 0.139 

30 1.062 0.068 1.109 0.142 

35 1.064 0.068 1.110 0.141 

Average 1.063 0.068 1.110 0.141 

NU 1800 

20 1.062 0.068 1.112 0.141 

25 1.062 0.067 1.113 0.139 

30 1.062 0.068 1.113 0.141 

35 1.062 0.068 1.109 0.140 

40 1.064 0.069 1.109 0.140 

Average 1.062 0.068 1.111 0.140 

NU 2000 

20 1.062 0.068 1.117 0.141 

25 1.062 0.068 1.117 0.141 

30 1.062 0.067 1.111 0.142 

35 1.063 0.066 1.108 0.143 

40 1.063 0.068 1.111 0.139 

45 1.065 0.068 1.107 0.141 

Average 1.063 0.068 1.112 0.141 
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3.5 Summary 

In this chapter, new statistical parameters (bias factor and coefficient of variation) of 

random variables related to the load effects (ultimate bending, ultimate shear, cracking 

moment, and fatigue stress range) were derived. These statistical parameters were 

derived for the most popular precast girders namely: AASHTO Girders, CPCI Girders, 

Bulb-T (NEBT) Girders, and NU Girders. 

The Central Limit Theorem CLT has been applied in association with Monte Carlo 

Simulation MCS to derive the statistical parameters of sectional properties. To derive the 

statistical parameters of the ultimate flexural capacity, strain compatibility (incremental 

approach) was utilized. For shear resistance, the simplified equivalent compression field 

was applied (as detailed in Appendix B). 

From large number of trials, it was found that 25000 cycles of MCS are sufficient to have 

satisfactory convergence for accurate results. 

The statistical parameters derived in this chapter will be used to conduct comprehensive 

reliability analysis, of prestressed girder bridges, in the next chapter. 
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Chapter 4  

Reliability Analysis and Assessment of Prestressed 

Girder Bridges 

 

4.1 Introduction  

When performing reliability-based structural design and/or design optimization, it 

becomes essential to consider the structural reliability with respect to all limit state 

functions, every possible mode of failure, and the overall structural system reliability.  

In this Chapter, the reliability of prestressed girder bridges is investigated and estimated. 

The limit states were considered as per the AASHTO LRFD (Seventh Edition, 2014) 

code requirements. The individual components’ reliabilities have been calculated using 

two different methods; namely: the First-Order Reliability Method, FORM and the Monte 

Carlo Simulation, MCS technique. Failure Mode Analysis, FMA and Improved Reliability 

Bounds, IRB method were utilized to evaluate the overall system reliability. The 

development of these reliability computational methods is demonstrated in Appendix A. 

A computer algorithm, BREL (Bridge RELiability), has been coded, by Visual Basic 

Application VBA and Excel Worksheets, to calculate the components’ and system’s 

probability of failure and the corresponding reliability indices. To validate the proposed 

reliability model, the results were compared with those obtained from the finite element 

reliability analysis, performed using COSSAN-X Software (a comprehensive 

sophisticated Finite Element Probabilistic software) from the University of Liverpool-UK 

(2014). The results from the two models revealed a very good agreement. 

4.2 Limit States and Limit State Functions Considered in the Current Research 

Following the AASHTO LRFD requirements, the limit states considered for the design of 

prestressed girder bridges are as summarized in Table 4.1. These limit states have been 

investigated in different locations of the bridge as illustrated in Figure 4.1.  

In general, any limit state function can be expressed as follows: 
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[4.1]    �(�, �)  =  � –  �         

where, � = Load effect 

 � = Resistance 

 

Table 4.1 Limit states considered in the design of prestressed girder bridges  

Phase Limit State Description 

In
it
ia

l 
P

h
a
s
e
 (

a
t 
tr

a
n
s
fe

r)
 

Service I 

Tensile stress at top fiber at end section 

Compressive stress at bottom fiber at end section 

Tensile stress at top fiber at transfer length section 

Compressive stress at bottom fiber at transfer length section 

Tensile stress at top fiber at harp point section 

Compressive stress at bottom fiber at harp point section 

Tensile stress at top fiber at midspan 

Compressive stress at bottom fiber at midspan 

S
e
rv

ic
e
 P

h
a
s
e
 (

a
ft
e
r 

lo
s
s
e
s
) 

Service I 

Compressive stress at top fiber of girder at midspan, case 1: 

under effective prestress + permanent loads 

Compressive stress at top fiber of girder at midspan, case 2: 

under ½(Effective prestress + permanent loads) + transient 

loads. 

Compressive stress at top fiber of girder at midspan, case 3: 

under effective prestressing, permanent and transient loads 

Compressive stress at top fiber of deck at midspan, case 1: 

under permanent loads 

Compressive stress at top fiber of deck at midspan, case 2: 

under permanent and transient loads 

Service III Tensile stress at bottom fiber of the girder at midspan 

Fatigue I Fatigue limit state 

Service I Cracking limit state 

Strength I Ultimate strength limit state (flexure) 

Strength I Ultimate strength limit state (shear) 
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           Girder  CL 


 / 2                    harp-point section 
                    

    
��
�          midspan section  

  

 

  

   
�
�����
 = 60 ∗ ������ ���.    

  end section   transfer-length section 

  

 Figure 4.1: Locations considered for the possible modes of failure. 

 

4.2.1 Limit State Functions at Initial Phase (at transfer) 

The girder is subjected to selfweight and initial jacking force (prestressing) before time-

dependent losses occur. The limit state functions at the top and bottom fibers of the 

girder are investigated at the considered locations shown in Figure 4.1. The tension at 

the top fiber at the end section is expressed by limit state function, ��,  formulated in 

Equation 4.2, while, the compression at the bottom fiber at the end section is governed 

by limit state function, �  , as in Equation 4.3. At the transfer length section, the limit 

state functions for tension at top fiber (�!) and compression at the bottom fiber (�") are 

expressed by Equations 4.4 and 4.5, respectively. Similarly, Equations 4.6 and 4.7 

express the limit state functions of the tension (�#) and compression (�$) at the harp-

point section, respectively. For the midspan section, the tension at top fiber and the 

compression at bottom fiber are defined by the limit state functions (�% and �&) as 

formulated in Equations 4.8 and 4.9, respectively.  
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+   +  

,-
./

 -  
,-  �2-  

12
 + 

4256789:5   
12

      



Ch.4: Reliability Analysis and Assessment of Prestressed Girder Bridges 109 

where, ;�
�����
   is the moment due to dead load, DC at transfer length section. 

 

[4.5]   �" = 0.60 ()*
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where, ;��
�   is the moment due to dead load, DC at harp-point section. 
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where, ;A*B   is the moment due to dead load, DC at midspan section. 

 

[4.9]   �& = 0.60 ()*
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13
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where, CD = cross sectional area of a girder (EE ). 

FG* = eccentricity of strand at end section (at initial stage) (EE). 

F�* = eccentricity of strand at transfer length section (at initial stage) (EE). 

F�* = eccentricity of strand at harp point section (at initial stage) (EE). 

F)* = eccentricity of strand at centerline section (at initial stage) (EE). 

()*
+     = compressive strength of concrete (at initial stage) (;H�). 

IJ = section modulus at bottom fiber (noncomposite section) (EE!). 

I� = section modulus at top fiber (noncomposite section) (EE ). 

H* = jacking stress before time-dependent losses (;H�). 

 

4.2.2 Limit State Functions at Service Phase (after losses) 

In the service phase, after losses occur, the girder acts compositely with the deck. 

Hence, the properties of the composite section were applied.  
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For short and medium spans, the combination of dead load, live load, and dynamic 

(impact) effect of live load dominates the design of prestressed girder bridges (Nowak 

2004 and Barker and Puckett 2013). For simply supported bridges, the midspan section 

is usually the critical section in final stage (service phase). 

4.2.2.1 Compressive and Tensile Stresses at Top and Bottom Fibers 

According to AASHTO LRFD [A.5.9.4.2.1-1], the compression at top fiber of girder is 

investigated under three load conditions (referred to, in Table 4.1, as load case1, load 

case2, and load case3). Hence, three limit state functions exist. Equation 4.10 defines 

the limit state function for the compression at the top fiber of the girder under effective 

prestress and permanent loads (Service I). For the same limit state function, but 

considering only half of the summation of effective prestress and permanent loads, plus 

the transient loads (Service I), Equation 4.11 is applied. Equation 4.12 expresses the 

same limit state function but for transient loads (Service I).  

The compression at the top fiber of deck slab is investigated under two load conditions. 

Hence, two limit state functions exist Equation 4.13 applies for the compression at the 

top fiber of the deck under permanent loads (Service I). For the same limit state function 

but under permanent and transient loads (Service I), Equation 4.14 is applied.  

The tension at the bottom fiber of the girder subjected to effective prestress, permanent 

and transient loads (Service III) is investigated by applying the limit state function 

formulated in Equation 4.15.  
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where, F) = eccentricity of strand at midspan section (EE).  



Ch.4: Reliability Analysis and Assessment of Prestressed Girder Bridges 111 

;PQ  = moment due to dead load (RS E). 

;PT  = moment due to wearing surface and utilities (RS E). 

;U  = moment due to live load (RS E). 

I�D    = section modulus of transformed section at top fiber of girder (EE!). 

I�)    = section modulus of composite section at top fiber of girder (EE!). 

IJ)    = section modulus of composite section at bottom fiber of girder (EE!). 

�    = VB /VD  (i.e. modulus of elasticity of deck / modulus of elasticity of girder). 

H� = effective jacking stress (after losses) (;H�). 

 

4.2.2.2 Fatigue limit state  

AASHTO LRFD [A.3.4.1] defines two limit states for load-induced fatigue. However, only 

Fatigue I is related to infinite load-induced fatigue life, which is applicable to concrete 

elements (Barker and Puckett, 2013). For fatigue considerations, concrete members 

shall satisfy the requirements of AASHTO LRFD [A.5.5.3.1], that is: W(∆() ≤ (∆Z)[\. 

Thus, the limit state function can be expressed as in Equation 4.16. 

 

(4.16)   ��# = (∆Z)[\ − W(∆()       

  

[4.17]   ∆( = (A�^ −  (A*�         

  

where 

W = load factor (AASHTO LRFD 5.5.3.1, Table 5.1, for the fatigue I load 

combination). 

∆( = force effect, live-load stress range due to the passage of the fatigue load 

(AASHTO LRFD A3.6.1.4).      

(∆Z)[\ =fatigue-amplitude threshold (AASHTO LRFD A5.5.3.2, A5.5.3.3, or 

A5.5.3.4, as appropriate). The nominal value of (∆Z)[\, varies with the radius of 

curvature of the tendon and shall not exceed: 

 

• 125 MPa for radii of curvature in excess of 9000 mm. 

• 70 MPa for radii of curvature not exceeding 3600 mm. 
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 (A*� = minimum stress due to permanent load which can be obtained as follows: 

 

[4.18]   (A*�= 
_=
_>

 (()D� +  ())�,A*�)        

where, 

())�= concrete stress at centre of gravity of prestress tendons due to fatigue 

moment. This stress can be calculated as follows: 

 

[4.19]   ())�= 
4962-/a:  �=>

b>
         

 

and  

()D� = concrete stress at centre of gravity of prestress tendons due to permanent 

load and prestress. This stress can be obtained as follows: 

 

[4.20]   ()D�= - 
c:99

./
−  c:99  �?  �=/

b/
 + 

4KLd  �=/
b/

 + 
( 4KLef 4KM )�=>

b>
     

where, 

 FA  = eccentricity of prestress tendon with respect to midspan section, EE. 

 F�) = eccentricity of prestress tendon in composite section, EE. 

 F�D= eccentricity of prestress tendon in girder, EE. 

 g)= second moment of area (moment of inertia) of composite section, EE". 

 gD= second moment of area (moment of inertia) of girder, EE". 

 ;PQ� = moment due to self weight of girder, deck and diaphragm, RS E. 

 ;PQ  = moment due to self weight of barriers and utilities, RS E. 

 ;PT= moment due to wearing surface (asphalt), RS E. 

 

(A�^ = maximum stress due to permanent load plus transitory fatigue load. This 

maximum stress can be obtained as follows: 

 

[4.21]   (A�^= 
_=
_>

 (()D� +  ())�,A�^)        

where 

 V�= modulus of elasticity of prestress steel, ksi. 

 V) = modulus of elasticity of concrete, ksi. 
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According to AASHTO LRFD [A5.3.3.1], cracked section properties should be used for 

fatigue calculation, if the sum of stresses in concrete at the bottom fiber due to factored 

permanent loads and prestress plus ;hijklmnop, exceeds 0.095'(′). 

However, according to AASHTO LRFD [A5.3.3.1], if the section is in compression under 

dead load DL and fatigue I load, then verification for fatigue does not need to be 

performed.  The fatigue load is the AASHTO LRFD design truck (HS20-44truck) but with 

a fixed rear-axle spacing of 30 feet. 

 

4.2.2.3 Ultimate Strength Limit State Function - Flexure  

The AASHTO LRFD bridge specifications provide unified design provisions that are 

applicable to concrete members reinforced with a combination of conventional 

reinforcement and prestressing strands (Barker and Pukett, 2013).  

In general, the limit state function with respect to the ultimate flexural strength is 

expressed as follows: 

 

[4.22]   ��$ = ;t – ;u          

 

The factored flexural resistance, ;
, is expressed as follows: 

 

[4.23]   ;
= ∅ ;�          

where, 

 ∅ = resistance factor for flexure ; ∅ = 1.0. 

As per AASHTO LRFD [A5.7.3.1.1], the stress in prestressing Steel-Bonded Tendons is 

determined as: 

 

[4.24]   (�� =  (�u(1 − R )
B=

)         

where, 

[4.25]   R = 2(1.04 − �=z
�=a

)         

 �� =effective depth to the centroid of the prestressing strands. 

 { =depth of compression stress block. From AASHTO LRFD (A.5.7.2.2); 
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[4.26]  { =  .=8 �=af .8 �zo .|8 �|
zoG.&# �|

> (Jo J})�9
G.&#~d�+>J}f� .=8 �=a/B=

 ≥  ℎ�      

where, 

 �� = 0.85    for (+
)  ≤ 27.6  ;H� 

 �� = 0.65    for (+
)  ≥ 55  ;H� 

 �� = 0.85 − 0.05((+
) − 4)  for 27.6 ≤ (+

) ≤ 55  ;H� 

 � = width of flange, EE. 
 ���width of web, EE. 
 ℎ� = compression flange thickness, EE. 
 C�� =area of prestressing steel, EE . 
 C� = area on nonprestressed tension reinforcement, EE . 
 C+� = area of compression nonprestressed reinforcement, EE .  

(�� =average stress in prestressing steel at nominal bending resistance of 

member, ;H�. 
 (� = specified minimum yield strength of tension reinforcement, ;H�. 

(+
� = absolute value of specified strength of nonprestressed compression 

reinforcement, ;H�. 
 

When � = ��{ is greater than the compression flange thickness ℎ�, then: 

 

[4.27]   ;� = C��(�� ��� − �
 �+ C�(�(�� − �

 ) + C′�(′� ��
 − �′�� + 0.85(′�(� −

                                                                                                                                                   ��)ℎ�(�
 − �9

 ) 

            

If � ≤ ℎ�, or if the beam has no compression flange, then, by setting �� equal �, the 

nominal flexural strength can be obtained as follows: 

 

[4.28]   ∅;� = ∅[C��(�� ��� − �
 � + C�(�(�� − �

 )]      

 

The ultimate factored moment, for Strength I limit state, is calculated as follows: 

 

[4.29]   ;u  = 1.25 ;PQ + 1.50 ;PT  + 1.75;U     
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where; 

;PQ = moment due to dead load (structural and non-structural components), RS E. 

;PT = moment due to wearing surface (asphalt), RS E. 


= moment due to live load effect, RS E. 

However, AASHTO LRFD [A5.7.3.3.2] requires that the amount of prestressed and 

nonprestressed tensile reinforcement shall, at any section, be adequate to develop a 

factored flexural resistance ;
 at least equal to the least of: 

• 1.2 times the cracking moment ;)
 determined on the basis of elastic stress 

distribution and the modulus of rupture (
 of concrete ((
 = 0.37 '(′)) , or 

• 1.33 times the factored moment required by the applicable strength load 

combination. 

This reveals another limit state function considered in this current research: 

 

[4.30]   ��% = ;t – (1.2 �� 1.3) ;)
         

 

The cracking moment can be obtained according to AASHTO LRFD [A5.7.3.3.3-1] as 

follows: 

[4.31]    ;)
 = IQ((
 +  ()��) − ;B�)( 1>
17>

− 1) ≥ I)(
      

where 

()��= compressive stress in concrete due to effective prestress force Z��� only 

(after allowance for all prestress losses) at the extreme fiber of the section where 

tensile stress is caused by externally applied loads. This stress can be obtained 

as follows: 

[4.32]   ()�� = - 
c:99

./
− c:99 �?

13/
         

;B�) =total unfactored dead load moment acting on the noncomposite section, 

RS E.  
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I�)= section modulus for the extreme fiber of the noncomposite section where 

tensile stress is caused by externally applied loads, EE!. 

 

4.2.2.4 Ultimate Strength Limit State – Shear 

The limit state function with respect to the ultimate shear, ��&, requires that the ultimate 

shear force �u  should not exceed the factored shear resistance �t : 

 

[4.33]   ��& = �t – �u           

 

[4.34]   �t = ∅ ��           

 

 ∅ = resistance factor for shear ; ∅ = 0.90. 

   

As per AASHTO LRFD [A.5.8.3.3], the nominal shear resistance �� shall be the lesser of: 

 

[4.35]   �� = �) + �� + ��        

  

and 

 

[4.36]   �� = 0.25(′)���� + ��        

  

where 

 �) =nominal concrete shear resistance: 

 

[4.37]   �) = 0.0316�'(′)����       

  

 �� =nominal transverse reinforcement shear resistance: 

 

[4.38]   �� = .� �z B� (��j �f��j �) �*��
�         
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However, for vertical stirrups (� = 90°), then: 

 

[4.39]   �� = .� �z B�  ��j �
�          

where, 

�� = minimum web width, measured parallel to the neutral axis, between the 

resultants of the tensile and compressive forces due to flexure, modified for the 

presence of the ducts (EE). 

 

�� = effective shear depth taken as the distance, measured perpendicular to the 

neutral axis, between the resultants of the tensile and compressive forces due to 

flexure; it need not be taken less than the greater of 0.9�) or 0.72ℎ (EE). 
 

 � = spacing of stirrups (EE). 

 

 � = factor indicating ability of diagonally cracked concrete to transmit tension;  

 

According to AASHTO LRFD [A5.8.3.4.1]: 

 

 � = 2.0         

 � =angle of inclination of diagonal compressive stresses; traditionally: 

 � = 45°        

 C� =area of shear reinforcement within a distance  � (EE ) 

�� =component in the direction of the applied shear of the effective prestressing 

force; (positive if resisting the applied  shear force) (RS). 
 

The ultimate shear force, according to Strength I limit state, is obtained as follows: 

 

[4.40]   �u  = 1.25 �PQ + 1.50 �PT  + 1.75�U        

where; 

�PQ = shear due to dead load (structural and non-structural components), (RS). 

�PT = shear due to wearing surface and utilities, (RS). 
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�U = shear due to live load effect, (RS). 

 

4.3 Reliability Analysis and Prediction  

4.3.1 Components Reliability Indexes 

When applying the FORM method to evaluate the reliability indices corresponding to the 

limit state functions described above, only the first two statistical moments (mean and 

standard deviation) of each random variable are sufficient to calculate the probability of 

failure. In general, the basic variables are not normally distributed. All random variables 

are transformed into uncorrelated standard normal variables and the limit state function 

is then transformed into a corresponding limit state function in the reduced coordinates. 

Then, the gradients of the limit state function with respect to each variable in the reduced 

coordinates are derived. An initial failure point is assumed and the reliability index � is 

estimated. The reliability index � represents the distance from the origin, in the reduced 

coordinate space, to the failure point. By successive iterations, the failure point is 

calculated and a new value of reliability index is obtained. The process is repeated until 

convergence is achieved. As the probability of failure is well approximated in a 

standardized normal space, it becomes necessary to transform those non-normal 

random variables to equivalent normally distributed variables. The space transformation 

procedure is presented in details in Appendix A. 

 

4.3.2 System Reliability 

In a redundant structure, when an individual component reaches its ultimate load 

carrying capacity, other components can take additional loads to prevent a failure 

(Mahadevan and Halder 2000). However, the quantification of such redundancy requires 

a special approach using the system reliability models (Bhattacharya et al. 2009).  

For two-lane bridges, the load patterns described in Section 2.1.1.2.5 are considered. 

For single truck loading events, 80% of trucks are assumed to drive in the right lane and 

20% move in the left lane (Ressler 1991). Probability values for the multiple truck loading 

events are based on the study reported by Nowak (1999) and the assumptions 

described are summarized below and are illustrated in Figure 4.2. 

 

a) Single truck – right lane: 0.8, 
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b) Single truck – left lane: 0.2, 

c) Two trucks – every 15th truck passing on the bridge is simultaneous with another 

truck, 

d) Two trucks – For each such occurrence it is assumed that every 10th  time 

(correlation factor� =0.5), and 

e) Two trucks – For each such occurrence it is assumed that every 30th time (full 

correlation  � =1.0). 

 

 

   1000 

 

 

 Single     Double 

 

 933        67 ( * ) 

 

R.L  L.L   � = 0.0      � = 0.5 � = 1.0               

 

747  187   58  7     2    ( ** ) 

 

74.7  18.7   5.8  0.7     0.2  (% Probability) 

 

 

( * ): assumption c mentioned above. 

( ** ): assumption a, b, d, and e. 

 

Figure 4.2: Different scenarios for truck positioning. 

 

The model BREL, developed in the current study, provides an algorithm that performs 

Failure Mode Analysis FMA using 2-D nonlinear grillage analogy. The macro of this 

algorithm, named GRALAL (GRillage ANALogy), is presented in Appendix E. The 

following steps are followed to estimate the structural redundancy (system reliability): 
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Step 1: Generate a mesh that best represents the actual bridge configuration. Figure 4.3 

gives an example of such idealization (Hambly 1991). While Figure 4.4 shows a 

snapshot from the proposed model to define the grillage configuration. 

 

Figure 4.3: A grillage mesh to represent the actual bridge configuration (Hambly 1991). 

 

 

 

Figure 4.4: A snapshot from the proposed model to define the grillage configuration. 
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Step 2: Classify the grillage members into the following groups:  

• Group A: External girders. 

• Group B: Internal girders. 

• Group C: Diaphragms. 

• Group D: Deck slab. 

 

Step 3: Calculate the member properties. In the grillage analysis, three member 

properties are required; the cross sectional area, the moment of inertia, and the torsional 

constant. To simplify the calculations, the actual section could be converted to an 

equivalent section that has the same properties of the original (actual) one, as illustrated 

in Figure 4.5. Then, the section properties are determined as follows: 

 

 

Figure 4.5: Converting actual composite section to equivalent section 

 

[4.41]   Area, C = C� + C + C! + C"         

[4.42]               g) = [�����B
!/12 + CB(�B − �)) � + ∑[g* + C*(�) − �*) �    
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For torsional constant �, the Saint-Venant expression (Equation 4.43), (Hambly 1991),  

was considered.  

 

[4.43]                       � = .�

"Gb=
          

 

where, g� is the polar moment of inertia. Equation 4.43 can be reduced, for rectangular 

sections of � width and � depth, as follows:      

 

[4.44]                    � = !J�B�

�G(JefBe)            

  

However, when � is greater than 5�, the section is considered thin. Thus: 

 

[4.45]                  � = JB�

!            

 

Therefore, for the section shown in figure 4.3, the torsional constant can be calculated 

as follows: 

 

[4.46]                � = �� + (� + �! + �") _/
_@

        

 

[4.47]               �� = �
 ( �! �����B

! )         

  

 

where, ���� is the deck effective width and �B is the deck thickness. 

 

[4.48]               � = �
! ��

!��            
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where, �� is the web width and �� is the web thickness. 

 

[4.49]             �! = !J92�B92�

�G(J92eB92e)          

 

where, ��� is the top flange width and ���  is the top flange thickness. 

 

[4.50]              �" = !J93�B93�

�G(J93eB93e)        

   

 

where, ��� is the bottom flange width and ���  is the bottom flange thickness. 

Figure 4.6 shows a snapshot from the BREL model employed for defining the properties 

of the grillage members. 

 

 

Figure 4.6: A snapshot from the proposed model defining the properties of the grillage 

members. 
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Step 4: Perform deterministic analysis using the proposed algorithm to obtain the 

nominal values of the basic variables. 

Step 5: Apply the statistical parameters of dead load (Table 2.1). 

Step 6: Utilize the live load model defined in section 2.1.1.2.5. To apply the live load, the 

user shall identify the number of loaded lanes and also shall consider the scenarios of 

the truck placement. This information needs to be provided as input data in the proposed 

model as illustrated in Figure 4.7.  

 

 

Figure 4.7: A snapshot from the proposed model to define the live load model. 

 

Step 7: Calculate the load effects at the critical sections. 

Step 8: Incrementally, increase the live load and calculate the bridge response. Record 

the load just before the formation of the first plastic hinge. 

Step 9: Continue increasing the live load until the bridge is no more able to bear more 

load (mechanism or excessive deflection). 

Step 10: Just before collapse, record the load (number of standard trucks) applied to the 

bridge. The difference between the two loads recorded in steps 8 and 10 indicates the 

structural redundancy for a specific truck positioning. 

Step 11: calculate the probability of failure and the corresponding reliability index 

associated with every mode of failure (related to the load positioning scenario). 
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Step 12: Apply the Improved Reliability Bounds IRB approach to calculate the upper and 

lower bounds of the system reliability. The IRB approach assures providing the 

narrowest possible bounds of system reliability. The IRB method can be illustrated as 

follows: 

A limit state function, Z�,with respect to a mode of failure, R , can be formulated as: 

 

[4.51]   Z� = ∑ ;�*�* − ∑  �¡�¡
A
¡��

�
*��        

    

where,  

 ;�* = Resistance coefficient related to the R�� mode. 

  �¡ = Load coefficient related to the R�� mode. 

�* = Resistance considered as independent continuous random variable of at the 

��� point in the system. 

�¡ = Load effect considered as independent continuous random variable of at the 

¢�� point in the system. 

� = Number of random variables related to the resistance. 

E = Number of random variables related to the load effect. 

Assuming that the Central Limit Theorem is applicable, then Z� will have a normal 

distribution. 

Equation 4.51 can be re-written in a compact form as follows: 

 

[4.52]   Z� = ∑ £�*


*�� ¤*            ¥> 0       §�¨��¨�© E��F

≤ 0          Z��©§�F E��F         

 

where £�* replaces ;�* and  �¡; ¤* replaces �* and �¡; and � is the sum of E and �. 

The failure probability of the R�� mode can be obtained as follows: 

 

[4.53]   H(Z� ≤ 0) = ª(−��)          
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in which ª denotes the cumulative distribution function, and �� is the reliability index with 

corresponding to the R�� mode.  

For any dependent (correlated) modes of failure (R and ©), the conditional mean, 

«(I�|I­),and the standard deviation, ®(I�|I­), can be calculated as per Equations 4.54 

and 4.55, respectively (Stevenson 1968): 

 

[4.54]   «(I�|I­) = «¯� + ��­(°±²
°±³

)(I­ − «¯¡)          

[4.55]   ®(I�|I­) = ®¯�'(1 − ��­ )           

 

where, ��­ is the correlation coefficient between I� and I­. 

The probability of failure of the first and second modes can be expressed as: 

 

[4.56]   P(I� < 0, I  < 0) = µ µ H (I��¶·I �¸ 
¶�G

¶�o¹
¸�G

¸�o¹ ). H(I �¸ ) �¶�¸  

  

[4.57]   P(I� < 0, I  < 0) = µ µ H(I �¶·I��¸ 
¶�G

¶�o¹
¸�G

¸�o¹ ). H(I �¸ ) �¸�¶  

  

If a polynomial expression is used, then the double integration in Equations (4.56 and 

4.57) can equivalently be replaced by a single integration (Abramowitz and Stegun 

1970). The joint failure probability can be calculated by selecting a suitable range of 

integration, e.g. -5®¯  to 0. For almost all practical applications, the lower limit of -5®¯  

would yield nearly same results (Ahmed and Koo 1990). By substituting I� =  º in Eq. 

(4.54), μ(1d·1e)  is obtained. Then from Eq. (4.55), σ(1d·1e) can be calculated. Having the 

mean and standard deviation detarmined, the joint reliability can be estimated as per 

Equation 4.58 and the cumulative distribution function as in Equation 4.59: 

 

[4.58]   �(1d·1e) = μ(1d·1e) /σ(1d·1e)         
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[4.59]   ɸ^(x) = µ �
√ ¿

^
o¹  exp(

je

 ) dt        

 

Now, the probability density function fÁ (º) can be calculated as follows: 

 

[4.60]  fÁ (º)=[ �
°√ ¿] exp(

od
e (^oÂ)e

Ãe  )          

The joint probability can be obtained by applying a suitable numerical integration 

technique to integrate function  ɸ(-�). fÁ (º) with respect to º : 

 

[4.61]   P(E, �)= µ �
°7√ ¿

G
o#°7

 exp[
o(¸oÄ7e)

 °7e ][ µ �
√ ¿

~
o¹  exp(

je

 ) dt] d º  

    

where,  

[4.62]  �= 
Ä?f
?7(Å?

Å7
) (¸oÄ?)

°?'�o
?e    

        

For a general solution with multiple failure modes, the probability of failure corresponding 

to a specific mode, with consideration to the dependency (correlation) among different 

modes, can be obtained as follows: 

 

[4.63]   £� = H(Z�) − ∑ H(�o�
*�� Z�Z*) + ∑ H(AÆ�

A��,�o 
�� ,�o�

Z�ZA ∩ Z�Z�),               R > 2  

 

As explained above, every scenario of live load (truck) positioning would reveal a 

possible failure mode. From Figure 4.2, five possible modes of failure were estimated as 

follows:  

 

[4.64]   £# = H(Z#) − ∑ H(Z#Z*
"
*o� ) + ∑ H(A��, ,!   �� ,!,"

�ÈA
Z#ZA ∩  Z#Z�)     
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[4.65]   £" = H(Z") − ∑ H(Z"Z*
!
*o� ) + ∑ H(A��,    �� ,!

�ÈA
Z"ZA ∩  Z"Z�)      

[4.66]   £! = H(Z!) − ∑ H(Z!Z*
 
*o� ) + H(Z#Z� ∩ Z!Z )        

[4.67]   £ = H(Z ) − H(Z Z�)           

[4.68]   £� = H(Z�)   

          

From the basics of conditional probability, the following expression can be written as: 

[4.69]   H(C). H(É) ≤ H(C ∩ É) ≤ min [H(C), H(É)�  

       

The limits refer to complete dependence or independence of C and É. Therefor, 

 

[4.70]   
� ≤ £� ≤ Í�   

          

Where, 
� and Í� are the lower and upper bounds of the probability of failure with 

respect to the R�� mode. For the first and second modes: 

 

[4.71]   
� = Í� = £�            

[4.72]   
 = Í = £             

 

The lower bound’s general formula is described by Equation 4.73: 

 

[4.73]   
� = H(Z�) − ∑ H(Z�Z*) + ∑ [H(Z�ZA) ∑ H(Z�Z�)�Ao�
���

�o�
A� 

�o�
*��  , 

   Î > 2, 
� ≥ 0     

The upper bound formula is described by Equation 4.74: 
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[4.74]   Í� = max[E��(��, Ñ�) , 0�             R > 2, in which: 

[4.75]   �� = H(Z�) − ∑ H(Z�Z*) + ∑ max [H(Z�ZA), H(Z�Z�)��ÈA
A��,�o   
�� ,�o�

�o�
*��    

and 

[4.76]   Ñ� = H(Z�) − max[H(Z�Z*)� ,    � = 1, R − 1        

Thus, Equation 4.70 can be re-written as: 

 

[4.77]   ∑ 
*
�
*�� ≤ H(Z) ≤ ∑ Í*

�
*��   

      

4.4 Bridge Reliability and Optimization Algorithm (BREL)  

In the current research, a new and unique computer-aided algorithm for Bridge reliability 

analysis and design optimization is proposed (Figure 4.8). The required data, 

information, type of analysis, design and optimization can easily be provided through the 

main menu (Figure 4.9). As examples of the user-friendly entry of the input data, Figure 

4.10 and Figure 4.11 show the interface for geometry and material input data, 

respectively. The model performs different methods of reliability analysis to obtain the 

failure probability and the corresponding reliability index with respect to every limit state 

function as well as the entire structural system. As will be demonstrated in the next 

chapter, the proposed model also performs different probabilistic optimization 

approaches.  

               

Figure 4.8: A snapshot showing the start interface of the proposed model. 
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Figure 4.9: A snapshot demonstrates the main menu of the proposed model. 

 

 

Figure 4.10: A snapshot for the geometry interface of the proposed model.  
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Figure 4.11: A snapshot for the material interface of the proposed model.  

In addition to the deterministic analysis, the model performs probabilistic analysis using 

different approaches; the First-Order Reliability Method (FORM), the Monte Carlo 

Simulation (MCS) technique, and the Improved Reliability Bounds IRB (Figure 4.12).  

BREL has been programmed with Visual Basic Application (VBA) code. This coded is 

presented in Appendix D. Different types of girder can be utilized by the proposed model 

(Figure 4.13). As illustrated in Figure 4.14, the proposed model defines all the random 

variables along with their statistical parameters and statistical distribution type. 

 

Figure 4.12: A snapshot from the proposed model showing types of analysis. 
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Figure 4.13: A snapshot from the proposed model showing different girder types. 

 

Figure 4.14: A snapshot from the proposed model defining the random variables, their 

statistical parameters and distribution type. 
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BREL has been programmed with Visual Basic Application (VBA) code. This code is 

presented in Appendix D. Different types of girders can be utilized by the proposed 

model (Figure 4.13). 

As illustrated in Figure 4.14, the proposed model defines all the random variables along 

with their statistical parameters and statistical distribution type. 

The applicability and accuracy of the proposed model will be exemplified  in the following 

sections. 

4.5 Case Study 

In this section, the components’ reliabilities and the overall system’s reliability of a simple 

span prestressed girder bridge are investigated. The bridge has the cross section shown 

in Figure 4.15. Standard AASHTO IV precast girder type is used. Table 4.2 illustrates the 

random variables and the type of their statistical distributions. The statistical parameters 

of these random variables are as derived in Chapter Three. 

   

    14 180 EE                        

 

840mm 2500mm 

    

Figure 4.15: Cross section of prestressed girder bridge  

 

The deck thickness is 205 mm and the barrier width is 380 mm. The concrete nominal 

strength of deck, (′) =40 MPa. Initial and final nominal concrete strength of girder are 

(′)*=40 MPa and (′) =55 MPa, respectively. Low-relaxation 12.70 mm, seven wires 

strands are used. The yield strength of non-prestressing reinforcement, (� =400 ;H�. 

The thickness of asphalt layer is 75 mm.  
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Table 4.2:  List of random variables.  

Description Distribution 

Allowable compressive stress at service, ;H� Normal 

Allowable compressive stress at transfer, ;H� Normal 

Allowable tensile stress at service, ;H� Normal 

Allowable tensile stress at transfer, ;H� Normal 

Area of asphalt , EE  Normal 

Area of barrier,  EE  Normal 

Area of deck,  EE  Normal 

Area of diaphragm,  EE  Normal 

Area of girder, EE  Normal 

Area of prestressing strand area, EE  Normal 

Asphalt unit weight,  RS/E! Normal 

Concrete strength of deck, (′) , ;H� Normal 

Concrete unit weight , RS/E! Normal 

Dynamic load factor (Impact) Normal 

Eccentricity of strand at service, EE Normal 

Eccentricity of strand at transfer, EE Normal 

Fatigue truck bending moment , RS E Normal 

Final concrete strength of girder, (′)   ;H� Normal 

Girder distribution factor  Normal 

Initial concrete strength of girder, (′)*  ;H� Normal 

Jacking stress at service, RS Normal 

Jacking stress at transfer, RS Normal 

Lane load bending moment, RS E Normal 

Lane load shear, RS Normal 

Moment resistance, RS E Lognormal 

Second moment of area (composite), g), EE" Normal 

Second moment of area (noncomposite), g, EE" Normal 

Section modulus (composite) bottom fiber,IJ), EE! Normal 

Section modulus (composite) top fiber, I�), EE! Normal 

Section modulus (noncomposite) bottom fiber, IJ, EE! Normal 

Section modulus (noncomposite) top fiber, I�, EE! Normal 

Shear resistance, RS Lognormal 

Truck load bending moment, RS E Normal 

Truck load shear, RS Normal 

Ultimate strength of prestressing strands, ;H� Normal 

 

The variability of the components’ and system’s reliabilities with different values of span 

length are investigated. 
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Initially, deterministic analysis is performed to obtain the nominal values of the basic 

variables. Then, the probabilistic analysis was conducted by the proposed reliability 

model, BREL. The reliability analysis was conducted using the First-Order Reliability 

Method FORM at first. The results obtained by FORM will be presented and discussed 

herewith. Then, the Monte Carlo Simulation MCS analysis was also performed and the 

results comparison demonstrated the good agreement (convergence) between the 

reliability indexes obtained by FORM and MCS methods.  

To obtain the system reliability, failure mode analysis FMA was performed to determine 

the probability of failure and corresponding reliability index with respect to every possible 

mode of failure. Thereafter, the Improved Reliability Bounds IRB approach will be 

applied to obtain the lower and upper bounds of the system reliability. 

 

4.6 Results and Discussion 

In this section, the results of the reliability analysis are demonstrated and discussed. 

First the components’ reliability indexes will be presented. 

 

4.6.1 At Initial Phase (at transfer) 

4.6.1.1 Reliability with Respect to the Stress at Top Fiber of Girder 

The stress at the top fiber of girder should not exceed the allowable tensile stress as 

defined by AASHTO LRFD code. Figure 4.16 shows the variation of reliability indexes, 

with different span lengths, with respect to the stress at the top fiber of girder. Usually, 

the top fibers are in tension; however due to the increase in number of strands (as a 

result of increase in span length), the full section could be in compression. The reliability 

index with respect to the allowable stress at the top fiber, usually, has a lower value (less 

than 3). The change in the stress at the top fiber from tension to compression explains 

the abrupt discontinuity (kinks) in the curves of the reliability indices shown in Figure 4.2.  

The moment due to girder self-weight causes compressive stress at the top fiber of the 

girder. This moment has zero value at the end section and has maximum value at 

midspan section. Therefore, for different span lengths, the reliability indexes at mid span 

���_A*Band harp point, ���_�
�, were higher than those at end section, ���_��B, and transfer 

length section, ���_�
��.                                       
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Figure 4.16: Variation of reliability indices (at transfer) related to stress at top fiber with 

span length. 

          

Figure 4.17: Variation of reliability indices (at transfer) related to stress at bottom fiber 

with span length. 
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4.6.1.2 Reliability with Respect to Stress at Bottom Fiber of Girder 

The variability of the reliability indexes, related to the bottom fiber of the girder, with 

different span lengths is shown in Figure 4.17. The reliability index is evaluated at end 

section �J�_��B, at transfer length section �J�_�
��, at harp point �J�_�
�, and at midspan 

section �J�_A*B. 

At initial phase (at transfer), the bottom fibers are in compression and, usually, the 

reliability with respect to permissible stress takes high values (higher than 5) for shorter 

spans. With increased span lengths, the number of required strands increases; this 

would produce higher compressive stresses at the bottom fiber of the girder. This 

explains the gradual decrease in reliability index with the increase of the span length as 

shown in Figure 4.17.   

 

4.6.2 At Service (after losses) 

4.6.2.1 Reliability with Respect to Stress at Top Fiber of Deck 

According to the AASHTO LRFD design code requirements, the limit state with respect 

to the stress at the top fiber of the deck was investigated under two load cases, Service 

I: (1) under permanent load, and (2) permanent and transient loads. The variability of the 

reliability indexes, related to the stress at top fiber of the deck, with span length is shown 

in Figure 4.18. The reliability index with respect to the first load case is denoted as 

���_�1 and that for the second load case as ���_�2.  

The top fiber of the deck is in compression at the final stage and has higher values of 

reliability (greater than 5.5) for shorter span lengths. However the reliability index 

decreases with longer span lengths. It can be seen that the reliability index 

corresponding to the second load case, ���_�2, is lower than that related to the first load 

case, ���_�1 . This is because of the effect of the transient loads. 

4.6.2.2 Reliability with Respect to Stress at Top Fiber of Girder 

As per AASHTO LRFD requirements, the limit state function with respect to the stress at 

the top fiber of the girder was investigated under three load cases: (1) under effective 

prestress plus permanent loads, and (2) under half the summation of the effective 
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prestress and permanent loads plus transient loads, and (3) under effective prestress, 

permanent and transient loads.  

 

Figure 4.18: Variation of reliability indices (at service) related to stress at top fiber of 

deck with span length. 

 

 

Figure 4.19: Variation of reliability indices (at service) related to stress at top fiber of 

girder with span length. 
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The reliability index corresponding to the first load case is denoted as ���_�1 and that 

related to the second load case is denoted as ���_�2; while, ���_�3 denotes the 

reliability index corresponding to the third load case. 

The variation of reliability indexes, determined for the top fiber of girder, with different 

span length is shown in Figure 4.19. 

The top fiber of girder, at service phase, is in compression, thus registering high values 

of reliability index (greater than 5.0) for shorter span lengths and gradually decreases for 

longer spans. This decrease is caused by the compressive stresses at the top fiber 

increases (with the increase in span length) occurring due to the effect of permanent and 

transient loads.  

 

4.6.2.3 Reliability with Respect to Other Service I Limit State Functions and 

Fatigue I Limit State Function 

In this section, three different reliability indexes are presented: the reliability with respect 

to the stress at the bottom fiber of the girder, ��� (Service III), the reliability with respect 

to the cracking moment, �{� (Service I), and the reliability with espect to Fatigue I Limit 

State �(��. The variation of these reliability indices with different span length is shown in 

Figure 4.20.  

The stress at the bottom fiber should not exceed the allowable tensile stress, according 

to AASHTO LRFD. When the span length increases the load effect (mainly the dead 

load) increases the tensile stress and, thus, it reduces the reliability index.  

From Figure 4.20, it can be noticed that the reliability index, �{�, increases with the 

increase in span length. To explain this increase, reference is made to Equations 4.27, 

4.30 and 4.31. When the span increases the dead load increases as well and, 

consequently, the required number of prestressing strands will increase, accordingly. 

The increase in dead load has no effect on the resisting moment, ;
, but will reduce the 

cracking moment, ;)
 as per Equation 4.31. The increase in the prestressing strands 

will increase both ;
 and ;)
, as per Equations 4.27 and 4.31, respectively; but the rate 

of the increment in ;
 is higher than that for ;)
. As a result, �{� will take higher values 

for longer spans (higher reliability) than for shorter spans. 
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Figure 4.20: Variation of reliability indices (at service) related to stress at bottom fiber of 

girder, cracking moment, and fatigue vs. span length. 

 

Usually, fatigue is not critical in prestressed girder bridges (Barker and Puckett 2013). 

However, the fatigue reliability index should always be maintained higher than a target 

reliability, which ranges between 1.00 and 2.00 (Nowak and Szerszen 2000). For the 

current case study, as shown in Figure 4.8, the fatigue reliability index varies between 

3.20 and 3.70. 

4.6.2.4 Ultimate Strength Limit State Functions 

Ultimate bending moments and shear forces are calculated according to AASHTO 

LRFD, Strength I Limit State. Until Present, AASHTO LRFD code, has only been 

formally calibrated for Strength I Limit State (Nowak and Szerszen 2000, and Barker and 

Puckett 2013). This calibration, revealed consistency (uniform level) in reliability indexes 

with respect to ultimate bending moments and shear forces by imposing the load factors 

associated with Strength I Limit State.  

Figures 4.21 to 4.24 show the variability of the reliability index related to ultimate 

bending, �u­� ,with span length for all types of AAHTO Girders, CPCI Girders, Bulb-T 
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(NEBT) Girders, and NU Girders, respectively. These reliability indices vary between 

3.60 and 3.90 for the different types of precast girders considered in this study. 

 

Figure 4.21: Variation of reliability indices related to ultimate bending with span length for 

AASHTO Girders. 

 

Figure 4.22: Variation of reliability indices related to ultimate bending with span length for 

CPCI Girders. 
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Figure 4.23: Variation of reliability indices related to ultimate bending with span length for 

Bulb-T (NEBT) Girders. 

 

 

Figure 4.24: Variation of reliability indices related to ultimate bending with span length for 

NU Girders. 
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Figure 4.25: Variation of reliability indices related to ultimate shear with span length for 

AASHTO Girders. 

Figures 4.25 to 4.28 show the variability of the reliability index related to ultimate shear, 

���
 ,with span length for all types of AAHTO Girders, CPCI Girders, Bulb-T (NEBT) 

Girders, and NU Girders, respectively. These reliability indices vary between 4.00 and 

4.90 for the different types of precast girders considered in this study. 

 

Figure 4.26: Variation of reliability indices related to ultimate shear with span length for 

CPCI Girders. 
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Figure 4.27: Variation of reliability indices related to ultimate shear with span length for 

Bulb-T (NEBT) Girders. 

 

 

Figure 4.28: Variation of reliability indices related to ultimate shear with span length for 

NU Girders. 
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4.6.3 Effect of Correlation Among Random Variables on Reliability Indexes 

Quantifying the dependency (correlation) between random variables has long been a 

major topic in risk analysis (Jiang et al. 2014). The conventional Rank Order Correlation 

employed by most probabilistic analysis is certainly a meaningful measure of 

dependence but is very limited in the patterns it can produce (Vose 2009). 

In order to quantify precisely the dependency (correlation) between random variables 

and to assess its effect on the reliability index, the Copula approach offers a more 

flexible and accurate method to utilize. As a new contribution in this research, the 

Copula functions are applied, for the first time, to bridge reliability analysis. The word 

‘‘copula’’ derives from the Latin term for a ‘‘link’’ or a ‘‘tie’’ that connects two different 

things (Jiang et al. 2014). The copula function is currently the most effective 

mathematical tool in correlation analyses of probabilistic methods (Vose 2009). Copula 

functions are capable of connecting the joint distribution Z(¤�, ¤ , . . . , ¤�) of multiple 

random variables ¤�, ¤ , . . . , ¤� and their respective marginal distributions 

Z(¤�), Z(¤ ), . . . , Z(¤�) (Salvadori and Michele 2007). 

In probability theory and statistics, copula is a multivariate probability distribution for 

which the marginal probability distribution of each variable is uniform (Jiang et al. 2014).  

Two main categories of copulas exist (Tang et. al. 2013): 

• Archimedean copulas: this category has three copula types; namely: Clayton, 

Frank and Gumbel. 

• Elliptical Copulas: this category has two types of copula: Normal and T. 

In this section, the effect of the correlation between some of the random variables on 

reliability indexes has been investigated using these types of copulas mentioned above. 

The mathematical formulation and physical characteristics of every copula type is 

illustrated and well explained in Appendix F. 

The following steps are employed to evaluate the level of correlation (dependency) 

among the random variables. 

Step 1: Select the random variables that need to be correlated.  
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Step 2: Using the statistical parameters and the statistical distribution type, determine 

the probability density function PDF of each random variable. 

Step 3: Using Monte Carlo Simulation MCS, generate a set of � random numbers from 

every PDF. 

Step 4: Select a Copula Type (Figure 4.29). 

Step 5: Calculate Kendall’s Tau Coefficient, τ, (refer to Appendix F). Kendall’s Tau τ is 

carried out on the ranks of the data. That is, for each variable separately the values are 

placed in order and numbered. An estimate of Kendall's tau for a sample of � 

observations is given by: 

[4.78]   τ = QoP
QfP = QoP

Ô7
eÕ          

      

where, £ is the number of concordant pairs and Ö the number of discordant pairs. This 

can also be written as: 

[4.79]   τ = Ô 
�Õo� ∑ sin [ÔØ* − Ø¡ÕÔÙ* − Ù¡Õ]*È¡        

 

 

Figure 4.29: A snapshot from the proposed model showing the selection of Copula type. 
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Step 6: Use τ calculated in Step 5 to obtain the Copula parameter (alpha), �, (refer to 

Appendix F).  

• For Multivariate Clayton copula: 

 

[4.80]   ∝=  Û
�oÛ           

 

• For Multivariate Frank copula: 

 

[4.81]   
[Pd (∝)o�]

∝ = �oÛ
"   where,  

          

[4.82]   Ö� (∝) = �
∝ µ �

�2o�
¹

G ��          

 

• For Multivariate Gumbel copula: 

[4.83]   ∝ = �
�oÛ           

• For Multivariate Normal copula: 

 

[4.84]   �(Ø, Ù) = ���(¿
 τ) ,      where, �(Ø, Ù) is the linear correlation coefficient. 

      

• For Multivariate T- copula: 

 

[4.85]   �(Ø, Ù) = ���(¿
 τ)          

Step 7: Use the copula parameter obtained in step 6 to determine the Multivariate 

Copula: 

• For Multivariate Clayton copula: 
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[4.86]    £∝ (§, ¨) = max ([§o∝ + ¨o − 1]o∝, 0)     
   

 

• For Multivariate Frank copula: 

[4.87]   £∝ (§, ¨) = − �
∝ ©� �1 + (�Ü∝ao�)(�Ü∝�o�)

�Ü∝o�  �      

 

• For Multivariate Gumbel copula: 

 

[4.88]   £∝(§, ¨) = exp {−[(− ln § )∝ + (− ln ¨ )∝ ]
d
∝ }       

 
 

• For Multivariate Normal copula: 

 

[4.89]   £â(§, ¨) = µ µ �
 ¿(âe)d/e exp {− ^eo â^�f�e

 (�oâe
ãÜd(�)

o¹
ãÜd(u)

o¹ }�¤��   

   

• For Multivariate T- copula: 

 

[4.90]   £â(§, ¨) = µ µ �
 ¿(âe)d/e exp {1 + ^eo â^�f�e

ä(�oâe
(2å

Üd �)
o¹

(2å
Üd u)

o¹ }o(äf )/ �¤��    

 

To solve these equations, BREL model is interactively linked to an Excel Add-Inn 

ModelRisk (Figure 4.30). 

In the current research, the correlation among the following random variables has been 

estimated: 

• The jacking stress, 

• The area of prestressing steel (strands), 
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• The eccentricity of strands,  

• The cross sectional area of precast girder, and 

• Span length. 

 

 

Figure 4.30: Snapshot for Multivariate Copula interface. 

 

Different types of copulas were applied and the effect of these copulas on the reliability 

indexes has been investigated. For the same bridge configuration as presented in Figure 

4.15 with 25 m span length and AASHTO IV standard girder, Table 4.3 shows the values 

of Kendall’s Tau coefficient and the equivalent rank order coefficient with respect to 

every type of copula. 

The effect of different copula types on some reliability indexes is illustrated in Table 4.4. 

It can be seen that the elliptical copulas (Normal and T) have higher effect on reliability 

indexes than the Archimedean copulas (Clayton, Frank, and Gumbel). It is also obvious 

that, in general, the correlation reduces the reliability index. However, for tensile 

stresses, the Archimedean copulas slightly increases the value of the reliability index. 
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Table 4.3: Value of Kendall’s tau coefficient and equivalent rank order coefficient. 

Copula Type 
Kendalls Tao 

Coefficient 

Equivalent Rank 

Order Coefficient 

Archimedean 

Copulas 

Multivariate Clayton 

Copula 
0.298 0.431 

Multivariate Frank 

Copula 
0.327 0.475 

Multivariate Gumbel 

Copula 
0.282 0.408 

Elliptical Copulas 

Multivariate Normal 

Copula 
0.224 0.331 

Multivariate-T Copula 0.226 0.29 

 

4.6.4 Results comparison (FORM vs. MCS)  

The reliability analysis of the case study presented in Section 4.5 has been performed 

using also the Monte Carlo Simulation MCS. The MCS was performed with 100,000 

cycles. The results are presented in Table 4.5 and are compared with those obtained 

earlier by using the FORM method. The agreement between the two methods, is 

investigated by measuring the percentile difference: 

 

[ .4 91]  Percentile difference = ABS [(result of MCS) – (result of IRB)] /(results of        

MCS) x 100          

  

It has been found that the percentile difference between IRB and MCS ranges from 6% 

to 9.8% which reflects a good agreement between the two probabilistic methods. 

However MCS requires more computational efforts and longer execution time comparing 

to the First-Order Reliability Method (FORM).  

Figure 4.31 shows a snapshot, from the developed model, related to the Monte Carlo 

Simulation MCS analysis. 

 



Ch.4: Reliability Analysis and Assessment of Prestressed Girder Bridges 151 

Table 4.4: Effect of copula type on different reliability indices. 

Reliability index type Correlation condition 
Reliability 

index value 

��*_E�� 

No Correlation 5.020 

Estimated correlation 

by Copula method 

with different Copula 

types: 

Multivariate Clayton 5.165 

Multivariate  Frank 5.089 

Multivariate Gumbel 5.085 

Multivariate Normal 4.656 

Multivariate-T 4.564 

�J*_E�� 

No Correlation 4.108 

Estimated correlation 

by Copula method 

with different Copula 

types: 

Multivariate Clayton 3.982 

Multivariate  Frank 4.023 

Multivariate Gumbel 4.053 

Multivariate Normal 4.013 

Multivariate-T 4.071 

�J� 

No Correlation 1.630 

Estimated correlation 

by Copula method 

with different Copula 

types 

Multivariate Clayton 1.687 

Multivariate  Frank 1.635 

Multivariate Gumbel 1.634 

Multivariate Normal 1.337 

Multivariate-T 1.382 

�u­� 

No Correlation 3.953 

Estimated correlation 

by Copula method 

with different Copula 

types: 

Multivariate Clayton 3.756 

Multivariate  Frank 3.832 

Multivariate Gumbel 3.877 

Multivariate Normal 3.806 

Multivariate-T 3.746 

�)
 

No Correlation 2.723 

Estimated correlation 

by Copula method 

with different Copula 

types: 

Multivariate Clayton 2.823 

Multivariate  Frank 2.870 

Multivariate Gumbel 2.841 

Multivariate Normal 2.663 

Multivariate-T 2.702 
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Figure 4.31: Snapshot from BREL model demonstrating the MCS analysis. 

 

4.6.5 System Reliability 

Applying the procedure detailed in Section 4.3.2, a failure mode analysis FMA has been 

performed using the proposed 2-D nonlinear grillage analogy algorithm GRANAL. The 

same case study as employed in Section 4.5 has been used with the bridge 

configuration modeled with a grillage mesh as illustrated in Figure 4.32. 

The grillage members were classified into four groups to represent the exterior girders, 

interior girders, diaphragms, and deck slab. The properties of the grillage members are 

summarized in Table 4.6. The failure probabilities and associated reliability indexes 

obtained from the failure mode analysis FMA , with respect to 35 m span length, are 

summarized in Table 4.7.  
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Table 4.5: Components reliability (FORM vs. MCS) 

 

       5 @ 2500 = 12500 

 

 

 

 

 

 

  

 4375 @ 8 = 35000  

 

Figure 4.32 : 2-D Grillage mesh that idealizes the actual bridge configuration. 

Reliability 
Index 

Span (m) 

20 25 30 35 40 

FORM MCS FORM MCS FORM MCS FORM MCS FORM MCS 

�tt_end 5.48 5.81 5.47 5.94 5.87 5.24 6.16 6.60 6.12 6.66 

�bt_end 5.28 5.62 5.02 5.46 3.86 3.92 2.46 2.64 0.8 0.74 

�tt_trns 5.36 5.64 5.68 6.23 5.71 5.78 6.11 6.55 5.85 5.72 

�bt_trns 5.4 5.74 5.12 5.43 4.02 3.68 2.6 2.79 0.97 1.06 

�tt_hrp 6.07 6.00 5.84 6.32 6.13 5.52 5.9 6.32 4.65 5.08 

�bt_hrp 5.13 5.44 4.29 4.60 3.56 3.68 2.51 2.69 0.74 0.81 

�tt_mid 5.97 6.23 6.12 6.58 6.16 5.54 5.8 6.22 5.24 5.14 

�bt_mid 5.16 5.47 4.47 4.78 3.73 3.40 2.65 2.84 0.89 0.97 

�ts_g1 5.54 5.88 4.98 5.38 3.86 3.47 3.07 3.29 2.13 2.08 

�ts_g2 5.54 5.67 4.87 5.26 4.16 3.74 3.62 3.88 2.82 3.08 

�ts_g3 5.52 5.85 4.79 5.17 3.98 3.62 3.31 3.55 2.35 2.57 

�ts_d1 6.5 6.89 6.21 6.74 6.17 5.58 6.29 6.74 5.93 6.48 

�ts_d2 5.79 6.14 5.35 5.80 5.01 5.12 4.73 5.07 4.39 4.24 

�bs 4.47 4.64 2.87 3.08 1.76 1.58 1.14 1.22 1.23 1.34 

�ftg 3.66 3.88 3.63 3.88 3.43 3.48 3.30 3.54 3.07 3.36 

�ult 3.70 3.92 3.72 3.89 3.76 3.38 3.72 3.99 3.74 4.09 

�cr 0.98 1.06 1.30 1.40 2.00 2.08 2.23 2.39 2.06 2.25 

�shr 4.08 4.32 4.00 4.32 4.20 3.78 4.24 4.55 4.18 4.57 
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Table 4.6: Properties of grillage members 

Member Group 
Area 

(EE ) 

Moment of Inertia 

(EE") 

Torsional Constant 

(EE") 

Group A    

Group B 830654 2.57288E+11 4.77662E+09 

Group C    

Group D    

 

Table 4.7: Probability of failure and reliability index of different modes of failure  

Live load case 
Failure 
Mode 

Correlation 
Level 

H� Reliability 
index, � 

One truck, left lane FM1  1.37E-07 5.14 

One truck – right lane FM2  9.44E-08 5.21 

Two trucks – side by side 

FM3 � = 0.0 3.73E-06 4.48 

FM4 � = 0.5 5.67E-05 3.86 

FM5 � = 1.0 0.000147 3.62 

 

Using the improved reliability bounds IRB approach (Appendix A), the joint failure 

probabilities were determined, as shown in Table 4.8. The system’s upper and lower 

bounds of probability of failure and the associated reliability indices are shown in Table 

4.9. 

 

Table 4.8: Joint failure probabilities. 

 

Table 4.9: System’s probability of failure and reliability index 

 Failure probability, H� Reliability index, ���� 

Lower bound 8.03E-08 5.24 

Upper bound 1.11E-07 5.18 

 

 FM1 FM2 FM3 FM4 FM5 

FM1 1.00 2.22E-09 6.08E-08 6.08E-09 2.02E-09 

FM2  1.00 4.26E-08 2.66E-08 6.28E-09 

FM3  1.00 8.02E-09 2.44E-08 

FM4         Symmetric 1.00 4.88E-09 

FM5  1.00 
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Figure 4.33 presents a snapshot, taken from the proposed model, showing the reliability 

results. 

 

Figure 4.33: A snapshot from the proposed model showing the reliability results. 

 

4.7 Model Validation                                                                                               

In this section, the accuracy of the proposed reliability model is investigated, both at the 

individual components’ level and the overall structural system’s level. 

4.7.1 Component reliability indices 

To validate the proposed reliability model for the individual components reliability 

indexes, COSSAN-X software has been employed. COSSAN-X is a comprehensive 

Finite Element probabilistic analysis software developed by the Institute for Risk and 

Uncertainty at the University of Liverpool-UK (Figure 4.34).  

The bridge configuration used in the case study of Section 4.5, has been analyzed with a 

3-D FE model and was probabilistically analyzed with COSSAN-X (Figure 4.35). A span 

length of 30 m was used. The same random variables and their statistical parameters, 

as shown in Table 4.2, were used and the Monte Carlo analysis with 100,000 samples 
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has been performed. The probability of failure H� and the corresponding reliability index 

�, of every limit state function, obtained from COSSAN-X software were compared with 

those obtained from the BREL proposed model. Table 4.10 show the results obtained 

from the two models. The close agreement of the results of the two models reflects the 

satisfactory accuracy of the proposed BREL model. However, the reliability index with 

respect to stress at the bottom fiber measured at end section and transfer section shows 

higher values measured by Cossan-X in comparison with BREL. This is due to the 

modeling of the boundary conditions (supports) at the nodes of the bottom fiber in the 

finite element model (Cossan-X). The translational displacements at these nodes were 

restrained while the rotational displacements were released. When the girder deflects, it 

tends to pull the supports. The supports resist this pulling by inducing tensile stress at 

the nodal support. Such tensile stress decreases the compression at the bottom fiber 

and, hence, increases the reliability index (Table 4.10).  

4.7.2 System reliability 

To examine the accuracy of the proposed algorithm for system reliability, a nonlinear FE 

analysis was performed with ANSYS R.16 software (Figures 4.36 and 4.37). The same 

bridge configuration used in the case study of Section 4.5.6, has been used. The live 

truck positioning followed the scenarios explained in Section 4.3.2 and for each scenario 

a corresponding mode of failure was assigned. Table 4.11 compares the results of the 

failure mode analysis FMA obtained from the proposed model GRANAL and from the 

ANSYS R16.0 software. Having the results of the FMA, reliability analysis with the 

Improved Bounds Reliability IBR analysis was conducted to obtain the lower and upper 

bounds of failure probabilities and the corresponding reliability indices. Comparison of 

these results are illustrated in Table 4.12. 

Figure 4.34: COSSAN-X software from the University of Liverpool. 
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Table 4.10: Components reliability indices (BREL vs. COSSAN-X) 

 

 

Phase Case 
BREL COSSAN-X 

H� � H� � 
In

it
ia

l 
(t

ra
n
s
fe

r)
 p

h
a
s
e
 

Stress at top fiber at end section 8.03E-08 2.35 9.96E-08 2.31 

Stress at bottom fiber at end 

section 
4.43E-05 3.92 1.26E-09 4.80 

Stress at top  fiber at transfer 

section 
3.74E-09 2.27 3.12E-09 2.22 

Stress  at bottom fiber at transfer 

section 
0.000117 4.05 9.01E-09 4.84 

Stress at  top fiber at harp point 

section 
1.69E-08 2.65 1.27E-08 2.62 

Stress  at bottom fiber at harp point 

section 
0.000117 3.68 0.000153 3.62 

Stress at top fiber at midspan 

section 
1.51E-08 2.68 1.14E-08 2.62 

Stress at bottom fiber at midspan 

section 
0.000337 3.75 0.00027 3.71 

S
e
rv

ic
e
 p

h
a
s
e
 (

a
ft

e
r 

lo
s
s
e
s
) 

Stress at top fiber of girder; Case I 0.00026 3.80 0.000313 3.76 

Stress at top fiber of girder; Case II 9.2E-05 4.20 0.000108 4.18 

Stress at top fiber of girder; Case 

III 
0.000147 3.96 0.000165 3.98 

Stress at top fiber of deck; Case I 1.2E-08 6.20 1.07E-08 6.18 

Stress at top fiber of deck; Case II 1.53E-07 5.0 4.13E-10 4.96 

Stress at bottom fiber of girder 0.057053 2.20 0.06178 2.24 

Fatigue 0.000251 3.48 0.000313 3.44 

Ultimate bending 0.000362 3.38 0.000325 3.40 

Cracking moment 0.018763 2.08 0.017003 2.12 

Ultimate shear 7.84E-05 4.35 9.96E-05 4.32 
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Figure 4.35: FE analysis for the bridge under study (COSSAN-X). 

 

 

Figure 4.36: Finite element mesh (ANSYS R16.0). 
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Figure 4.37: FE analysis with ANSYS R16.0 software 

 

Table 4.11: Probability of failure and reliability index of different modes of failure  

Live load case 
Failure 

Mode 

Correlation 

Level 

GRANAL ANSYS 

H� � H� � 

One truck, left 

lane 
FM1  1.37E-07 5.14 2.58E-07 5.02 

One truck – 

right lane 
FM2  9.44E-08 5.21 5.79E-08 5.30 

Two trucks – 

side by side 

FM3 � = 0.0 3.73E-06 4.48 6.5E-06 4.36 

FM4 � = 0.5 5.67E-05 3.86 7.23E-05 3.80 

FM5 � = 1.0 0.000147 3.62 0.000185 3.56 
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Table 4.12: System’s probability of failure and reliability index 

Bound 
GRANAL ANSYS 

 H� ���� H�  ���� 

Lower bound 8.03E-08 5.24 1.23E-07 5.16 

Upper bound 1.11E-07 5.18 2.58E-07 5.02 

 

 

4.8 Summary 

In this chapter, the reliability of prestressed girder bridges was investigated and 

estimated. The new statistical parameters of the random variables derived in Chapter 3 

were used to obtain the updated failure probabilities and the corresponding reliability 

indexes. The reliability analysis considered all the limit state functions involved in the 

design of prestressed girder bridges, as defined by AASHTO LRFD 7th Edition 2014 

code. The reliability indexes of different types of girders have been evaluated using 

different span lengths.  

The individual components’ reliability indexes were estimated using two different 

methods; namely, the First-Order Reliability Method FORM and the Monte Carlo 

Simulation MCS technique. A Visual Basic Application VBA algorithm was coded for this 

purpose, for which, a sample of the code is available in Appendix D. The results showed 

good agreement between the reliability indices obtained from FORM and MCS. The 

difference ranges between 6% and 9.8%.To obtain the system reliability, failure mode 

analysis MFA was performed using different scenarios for live load (truck) positioning for 

different number of loaded lanes. For this purpose, a nonlinear 2-D grillage analogy 

algorithm was coded with VBA. The code is presented in Appendix E. Every scenario of 

live load placement revealed a mode of failure with certain probability of failure and 

reliability index. The joint probabilities of failure modes were, then, calculated and the 

overall system reliability was estimated using the Improved Reliability Bounds IRB 

method.  

In order to validate the accuracy of the proposed model, a finite element FE probabilistic 

analysis was conducted using COSSAN-X (developed by the University of Liverpool-

UK). A shown in Table 4.10, good agreement between the results of the two models was 

achieved. To validate the result of the system reliability, a nonlinear progressive plastic 
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hinge approach was required to be utilized. Therefore, a nonlinear FE analysis was 

conducted with ANSYS R16 software and, as shown in Tables 4.11 and 4.12, 

satisfactory convergence among the results obtained from the two different models was 

achieved. 

The reliability analysis presented in this Chapter forms the basis for conducting the 

probabilistic design optimization of prestressed girder bridges as demonstrated in the 

next two Chapters. 
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Chapter 5 

Reliability-based Design Optimization of Prestressed 

Girder Bridges 

 

5.1 Introduction 

During the last three decades, structural optimization has become a very inviting research 

field due to the advances in computational methods, availability of high-speed processors, 

and the need to perform cost-effective designs (Noh et al. 2011). Minimizing the weight of 

the structure through deterministic design optimization can reveal cost-effective solutions; 

however, such solutions may not be entirely safe or durable. In order to search for the best 

compromise between cost reduction and satisfactory safety levels, reliability-based design 

optimization is applied to control the structural uncertainties throughout the design 

process, which cannot be achieved by deterministic optimization (Chateauneuf 2007). 

Thus, the reliability-based optimization implements the failure probability ��, obtained from 

reliability analysis, as probabilistic constraints (Thanedar and Kodiyalam 1991, Belegundu 

1988, Choi et al. 1996, Chen et al. 1997, Xiao et al. 1999, Koch and Kodiyalam 1999, and 

Koch et al. 2000). 

As explained in Chapter 2, the reliability-based design optimization approach has not been 

applied to prestressed girder bridges yet (Al-Delaimi and Dragomirescu 2016). As one of 

the novel contributions of the current research, a model was developed to perform 

reliability-based design optimization of prestressed girder bridges.  

 

5.2 Formulation of Optimization Problem 

In this section, the objective function, decision variables, and design constraints, related 

to the optimization process, are demonstrated and discussed. 

5.2.1 Objective Function 

In the current research, the cost of the bridge superstructure is considered as the objective 

function of the optimization process. For an optimal design scenario, the values of the 

design variables will minimize the objective function without violating the design 
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constraints nor the target reliabilities. The proposed objective function is defined as follows 

(Figure 5.1): 

[5.1]   ���� = 	
 �
 � +  �
�
 + ������ + ���� + ����������  

where,  	
 = number of girders. 

 �
 = unit cost of precast girder ($ per meter).  

�
= unit cost of concrete in deck and diaphragms ($ per cubic meter). 

���= unit cost of prestressing strands ($ per kilogram). 

��= unit cost of conventional reinforcement ($ per kilogram). 

�����=  unit cost of asphalt wearing layer ($ per square meter). 

�
= volume of concrete in deck and diaphragms (cubic meter). 

���= weight of prestressing strands (kilogram). 

��= weight of conventional reinforcements (kilogram). 

����� = area of asphalt wearing layer (square meter). 

 

Figure 5.1: Definition of the objective function in the proposed optimization model. 
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5.2.2 Decision Variables (Design Variables) 

The target of the design optimization process is to assign the best combination of values 

to the design variables in order to minimize the objective function within the constraints 

limits. The design variables considered in the current research are:       

• Deck slab thickness. 

• Number of girders. 

• Girder spacing. 

• Amount of prestressing steel (strands). 

• Amount of non-prestressing steel (reinforcement). 

• Size of diaphragm (width and depth). 

• Overhang length (distance from edge of deck to the centerline of exterior girder). 

• Overhang thickness. 

Figure 5.2 shows a snapshot, from the proposed model, for defining the decision variables 

involved in the optimization process. 

 

Figure 5.2: Snapshot showing the decision variables in the proposed optimization model. 
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5.2.3 Optimization Constraints 

The optimization process aims to assign the best values of decision variables in order to 

minimize the objective function within certain constraints. In addition to the AASHTO LRFD 

code’s requirements (which are considered as design constraints), the optimization 

process will be, probabilistically, controlled by a certain reliability limits which are referred 

to as target reliabilities. The component’s reliability and the system’s reliability should not 

be less than specific target reliabilities. Thus: 

[5.2]   �� ≥ ��_�      

[5.3]   ���� ≥ �����      

where, 

��= computed component reliability. 

��_�= target component reliability. 

����= computed system reliability. 

����_�= target system reliability. 

As recommended by Nowak and Szerszen (2000), the following target reliabilities are 

recommended for 50-75 year bridge service life: 

• For tensile stress, Service I Limit State, ����
��= 1.25 (i.e. ��=0.10565). 

• For compressive stress, Service I Limit State, ����
��= 3.00 (i.e. ��=0.00135). 

• For cracking moment, Stress I Limit State, ����
��= 3.10 (i.e. ��=0.000968). 

• For tensile stress, Service III Limit State, ����
��= 1.25 (i.e. ��=0.10565). 

• For fatigue I Limit State, ����
��= 1.0 - 2.0 (conservatively, the upper limit will be 

considered in this current study, i.e. ��=0.02275). 

• For ultimate bending, Strength I Limit State, ����
��= 3.50 (i.e. ��=0.000233). 

• For ultimate shear, Strength I Limit State, ����
��= 3.50 – 4.0 (conservatively, the 

upper limit will be considered in this current study, i.e. ��= 3.17E-05). 

• For overall structural system reliability, ����_���
��= 4.5 (i.e. ��=3.4E-06). 
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Table 5.1: Probabilistic constraints formulation related to RBDO  

Phase Load effect 
Limit 

State 

Reliability 

index 
Optimization constraint 

Initial 

phase 

(at 

transfer) 

Stress at 

top fiber 
Service I 

�� _!"# 
��[%&' ()*, , ()*- >
0.243�′�  ] ≤0.10565 

�� _�78"� 

�� _ℎ87: 

�� _;<# 

Stress at 

bottom 

fiber 

Service I 

�= _!"# 

�� [%&' ()*, , ()*- > 0.60�?
� ] ≤ 0.00135 

�= _�78"� 

�= _ℎ87: 

�= _;<# 

 Service 

phase 

(after 

losses) 

Stress at 

top fiber of 

girder – 

load case 1 

Service I �=�_%1 ��A%&' ()*, , ()*- > 0.45�?
�C ≤ 0.00135 

Stress at 

top fiber of 

girder – 

load case 2 

Service I �=�_%2 ��[%&' ()*, , ()*- > 0.40�?
�] ≤ 0.00135 

Stress at 

top fiber of 

girder – 

load case 3 

Service I �=�_%3 ��[%&' ()*, , ()*- > 0.60�?
�] ≤ 0.00135 

Stress at 

top fiber of 

deck – load 

case 1 

Service I �=�_#1 ��[%&' ()*, , ()*- > 0.45�?
�] ≤0.00135 

Stress at 

top fiber of 

deck – load 

case 2 

Service I �=�_#2 ��[%&' ()*, , ()*- > 0.60�?
�] ≤0.00135 

Stress at 

bottom 

fiber of 

girder 

Service 

III 
�=� ��A%' ()*, , ()*- > 0.193�?

�] ≤0.10565 

Fatigue at 

centre of 

gravity of 

prestressing 

strands  

Fatigue I ���
 
��A%&' ()*, , ()*- > (∆G*�HC ≤ 0.02275 

 

Bending 

moment 

Strength 

I 
�IJ� 

��[%&' ()*, , ()*- > K7] ≤ 0.000233 

 

Cracking 

moment 

Strength 

I 
��� 

��[%&' ()*, , ()*- > KL7] ≤ 0.000968 

 

Shear 
Strength 

I 
���� 

��[%&' ()*, , ()*- > �7] ≤  3.17E-05 
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Considering the failure probabilities corresponding to these reliability indices, the 

probabilistic constraints considered in the current research are formulated as shown in 

Table 5.1. A snapshot from the proposed model for defining the optimization constraints 

is shown in Figure 5.3 

 

 

Figure 5.3: Snapshot showing the optimization constraints in the proposed optimization 

model. 

5.3 Simulation-based Optimization 

Simulation is a powerful tool that can be utilized to mimic the performance of real-world 

systems over time (Law and McComas, 2002). Simulation can produce the output of a 

system based on the variations in the input to a system (Gosavi 2015). 

In order to obtain optimal or best-scenario results, using simulation, requires performing a 

vast number of replications of experiments to try different input values or alternatives 

(Mawlana and Hammad, 2013). Simulation-based optimization can be defined as the 

process of using a heuristic (or metaheuristic) algorithm to guide the simulation analysis 
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without the need to perform an exhaustive analysis of all the possible combinations of 

input variables (Carson and Maria, 1997). 

The current research proposes a computer-aided model that interactively links the 

reliability analysis to the optimization engine. The proposed reliability and optimization 

model (BREL) is interactively integrated to OptQuest optimizer (OPTTEK 2012) to perform 

simulation-based design optimization for prestressed girder bridges. The optimization 

methodology consists of metaheuristic scatter search assisted by neural network 

accelerator. Monte Carlo Simulation MCS has been applied as a simulation technique. 

The flowchart, shown in Figure 5.4, illustrates how the proposed reliability-based 

optimization RBDO model works.  

As already detailed in Chapter Four (Figure 4.13), the proposed model can utilize different 

types of prestressed girders in the simulation-optimization process in order to determine 

the optimum design scenario.  

5.4 Metaheuristic optimization 

When dealing with the optimization of complex systems, such as bridge structures, a 

course of action taking for many years has been to develop specialized heuristic 

procedures which, in general, do not require a mathematical formulation of the problem 

(Marti et al., 2013). The search strategies proposed by metaheuristic methodologies result 

in iterative-procedures. 

During the last three decades, successful applications have been achieved through four 

metaheuristics approaches: (1) simulated annealing, (2) genetic algorithms, (3) tabu 

search and (4) scatter search. Of these, tabu search and scatter search have proved to 

be by far the most effective, and are at the core of the simulation optimization approach 

(Ólaffson (2005). When supplemented by algorithms such as neural networks in a 

predicting or curve fitting role, the scatter search technique has proved its efficiency and 

flexibility in multi-objective optimization of complex systems (Gosavi 2015).  

The macros of the current model (BREL and GRANAL) are interactively integrated with 

the optimization engine as illustrated in Figure 5.5.  

 

5.5 Scatter search  

Scatter search aims to obtain a best-case solution for a problem that contains a set of 

variables particularly in multiobjective optimization problems (Nebro et al. 2008).  
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  Figure 5.4: Flowchart of the current RBDO model 
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Let: 

P = set of variables that are bounded with upper and lower limits,  

Q	= set of lower bounds corresponding to the vector of variables  , and  

R = set of upper bounds corresponding to the vector of variables P.  

Hence: 

 

[5.4]   S 6 T 6 U           

 

[5.5]   T =  
IVW	JV

X
  + 	S           

 

for < � 1, 2, . ..,",  T  ∈ P. 

 

If the elements of the population are considerably different from each another, then that 

population is considered divers (Nebro et al. 2008). The optimizer uses a Euclidean 

distance measure to determine how “close” a potential new point is from the points already 

in the population, in order to decide whether the point is considered or discarded (Laguna, 

1997). 

Scatter search imposes linear constraints on every new solution P. This allows testing the 

feasibility of the newly generated population prior to calculating the objective function. The 

linear constraints can be expressed as follows: 

 

[5.6]   ZP	 6 	[         

 

For each point, the feasibility test will examine whether the linear constraints considered 

by the user are satisfied. An infeasible point P is made feasible by formulating and solving 

a linear programming (LP) problem (Laguna, 1997). The LP aims to discover a feasible P∗ 

that minimizes the absolute deviation between P and P∗. This can be formulated as 

follows: 

[5.7]   Minimize ]W �	]^        

 

[5.8]   Subject to ZP∗ 6 [        

 

[5.9]   P - P∗+]W �	]^=0         
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[5.10]   Q 6 P∗ 6 R          

 

where ]W and ]^ are negative and positive deviations from the feasible point P∗ to the 

infeasible reference point P. When constraints are not specified, infeasible points are 

made feasible by simply adjusting variable values to their closest bound. That is,  

 

If  T  >U ,   then   T 
∗ � U    for all <	= 1, .., ".  

 

Similarly,  

 

If  T  < S  ,  then    T 
∗ � S     for < = 1, .., ". 

 

 

 

 

 

 

Figure 5.5: Integrating optimization engine with macros of reliability algorithms 

Connect optimization 

engine to  “BREL” 

macro 

Connect optimization 

engine to “GRANAL” 

macro 
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The scatter search will apply iteration process to select the improved results. At every 

iteration, two reference points are chosen to generate four offspring (Glover and Laguna, 

1997). Let the parent-reference points be P_ and P`, then the offspring Pa to Pb are 

generated as follows: 

 

[5.11]   Pa = P_ + #         

 

[5.12]   Pc = P_ – #         

 

[5.13]   Pd = P` + #         

 

[5.14]   Pb = P` – #         

 

[5.15]    # = (P_  - P`) / 3        

          

The selection of the parent-reference points  P_  and P`  is biased by the evaluation of the 

objective function �(P_) and �(P`) as well as the previous search results. 

 

5.6 Neural Network accelerator 

In order to increase the efficiency and speed of the scatter search process, a neural 

network is embedded into the optimizer. The neural network role is to “screen out” 

reference points that are likely to have inferior objective function values as compared to 

the best known objective function value (Laguna, 1997). In other words, the neural network 

would act as a filter to eliminate solutions that can be predicted with certain accuracy to 

be inferior to the best known solution (Laguna and Marti 2002). Such filter will avoid 

estimating �(P) value (corresponding to a newly generated reference point P), in cases of 

low quality results . From successive iterations, the values of reference points P and 

objective functions �(P) are collected. During the search process, the collected data points 

are then used to train the neural network. The system automatically determines how many 

data points to collect and how much training is done (Glover and Laguna, 1997).  

Neural Network performs according to the following formulation: 

 

Let: 
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T = a solution revealed from simulation-based optimization process. This solution   

will be used as input set in the simulation process (simulation engine). 

 �(T)= output obtained from the simulation engine. 

:(T, e)=  the output of the simulation as predicted by the neural network with 

weights e when the solution z is used as the inputs. 

T∗= best-case solution revealed from the simulation-based optimization process. 

Thus, 

 

[5.16]   �(T∗) < 	�(T)	∀	T          

 

S= lower bounds set for decision variables	T, 

U= upper bounds set for decision variables T.  

 

The optimization process is to minimize the objective function: 

 

  Min (T) ,  subject to: 

 

[5.17]   S	 6 		T 6 	U          

 

Parallel to the optimization-simulation problem, there is a training problem. The objective 

of the training problem is to determine the set of weights e and to minimize an aggregate 

error. The training process is utilized to a feed-forward network with a single hidden layer. 

Figure 5.6 shows a schematic representation of the network. 

Let: 

 "= number of decision variables in the simulation-based optimization problem, 

 ;= number of hidden neurons per layer, 

and eh to ei are the weights for all the inputs to the first hidden neuron. 

 

Then, two activation functions for the hidden neurons shall be tested as follows: 

 

[5.18]   8j � tanh	[1.5 oej(i^h* + ∑ e(jWh*(i^h*^qrs
i
qth u]     

[5.19]   8j = h
h^vwx	(WyzW∑ y(z{|)(}~|)~s�s

)}
s�|
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where,  � = 1, . . . , ;. 

 

Now, for the output layer, the activation function is formulated as follows: 

 

[5.20]   :(e, T* = e�(i^h*^h + ∑ e�(i^h*^j�z
i
jth        

 

 

 

Figure 5.6: Neural network with one hidden layer and one output (Laguna and Marti 2002). 

 

 

In optimization problems, specifically simulation-optimization approach, the most popular 

(common) error is Mean Squared Errors , MSE (Laguna and Marti 2002).  

Now, Let: 
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ALL = a set of solution, generated from simulation-optimization, containts all 

feasible solutions T.  

and: 

 TRAIN = a random sample of solutions in ALL. 

Then,  

the best-known (optimum) solution T∗ 	 ∈	ALL. 

And: 

 

[5.21]  |TRAIN |	6	|	ALLALLALLALL	|	 	 	 	 	 	 	 	 	

	

Accordingly, the training problem can be formulated as follows: 

 

[5.22]   Min %(e) �
h

|�����|
	∑ (�(T) − :(T, e))X

r∈�����      

 

As a filter, the neural network will perform the following test, before evaluating	�(T): 

 

[5.23]   if  :(T, e) > �(T∗)�∝  then discard T.       

 
where, ∝ accounts for the variability of the objective function values and can be calculated 

as follows: 

 
[5.24]   ∝� 2,�(r) 

          
 
in which, ,�(r) is the standard deviation of �(T) for T ∈ TRAIN. 

 
In the current research, Equation 5.24 was considered a rejection criterion as 

recommended by Laguna and Marti (2002). Some researchers (e.g. Sharda and Rampal 

1995) considered Equation 5.24 as moderate rejection criterion; and they went for a 

conservative definition by reducing ∝ from two to one standard deviation(s). 

 

5.7 Cost model 

To calculate the bridge cost (objective function) associated with every optimization 

solution (configuration), a cost model is developed, in the current study, and linked to the 

simulation-optimization model as shown in Figure 5.4. Following the ASTM UNIFORMAT 

II Standard (ASTM E2103), the bridge configuration has been divided into standard 
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elements and work breakdown structure WBS.  A thorough investigation and search have 

been made to collect unit prices, of the bridge elements, from previous projects and 

contracts. These unit prices were installed in a database developed for that purpose. For 

any new project, these unit prices need to be adjusted for locations and inflation rates. 

Figure 5.7 show the flowchart of the proposed cost model. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.7: Cost model developed in the current study 
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5.7.1 Cost Data 

Preparing a cost estimate greatly depends on the accuracy of the collected data. Thus, 

data collection has to be carried out prior to developing the cost model. So far no published 

cost data is available for bridges. Alternatively, cost data were collected from previously 

constructed bridge projects. The resources of the collected data were from different 

previously constructed bridge projects in North America. Samples of the collected cost 

data are illustrated in Appendix D. Using the ASTM (E2103) standards and the collected 

cost data, a bridge elements and components Excel spreadsheet for each type of bridge 

is created. These Excel spreadsheets are used to calculate the estimated conceptual cost 

for the project by entering the dimensions and parameters obtained from the KBS.  

5.7.2 Cost adjustment 

It is necessary to adjust the cost of previous similar projects for inflation rate and location 

so that they are suitable for the new project. 

5.7.2.1 Adjustment for Location  

In order to adjust the cost according to the location, R. S. Means (2012) cities indices are 

used for this purpose. R.S. Means adjustment for location Equation 5.25 is used as 

follows: 

[5.25]   �� = �� o��
��

u  

where, 

 ��  = cost of proposed project 

 �� = cost of previous project 

 ��  = city index for the current project 

 ��  = city index of the previous project. 

5.7.2.2 Adjustment for Inflation Rate 

After adjusting the unit cost for location, inflation adjustment can easily be conducted by 

applying the inflation rate and the number of the years for which the project cost is needed. 
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R.S. Means adjustment for time Equation 5.26 is used to calculate the inflation adjustment 

as follows: 

[5.26]     G = � × (1 + <*i         

Where, G = Future or present total project cost 

 � = past total project cost, taken from the location adjustment equation 

 < = inflation rate 

 " = number of years between the proposed project and the previous project 

Figure 5.8 shows a snapshot from the proposed model. 

 

 

Figure 5.8: Snapshot, from the proposed model, for cost summary  

5.8 Case study 

In this Section, the applicability of the proposed model to perform reliability-based design 

optimization is demonstrated. 
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A single span, simply supported prestressed girder bridge is to be designed according to 

AASHTO LRFD 7th  Edition (2014) code. The longitudinal profile of the bridge is shown in 

Figure 5.9, while, the bridge cross section is illustrated in Figure 5.10. The available 

information and data are as follows: 

• Span (from center of bearing to center of bearing) = 30 m. 

• Bridge total width = 14.20 m 

• Asphalt thickness = 75 mm. 

• Concrete strength (�′� ) for deck = 40 MPa. 

• Concrete initial strength (�′�) for girder = 41.25 MPa. 

• Concrete strength (�′�) for girder = 55 MPa. 

• Strand type: Low-relaxation, 12.70 mm, seven-wire strands. 

• Ultimate strength(�I) for strand = 1860 MPa. 

• Yield strength(��) for strand = 1660 MPa. 

• Yield strength(��) for reinforcement = 400 MPa. 

• Modulus of elasticity of reinforcement = 200,000 MPa 

• Precast standard girder: NU 1350 Girder (Nebraska University girder). 

First, initial design is performed. The detailed design calculations are presented and 

discussed in Appendix C. This design will be referred to as “initial design” in the following 

sections. 

 

        Brg centreline       Brg centreline 

     30 000 mm 

 

       

             7000mm Min Vertical Clearance 

 

Figure 5.9: Bridge longitudinal profile. 
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                                                          14 180 mm 

    205 mm   variable depth haunch to allow for camber  

 

   380mm           380 mm 

    990mm                            5@2440 = 12 200mm                                 990mm 

 

Figure 5.10: Bridge cross section. 

 

Then, using the formulation of the optimization problem demonstrated in Section 5.2, 

reliability-based design optimization RBDO is performed.   

In order to illustrate the importance and necessity of adopting such probabilistic 

optimization approach, a deterministic design optimization DDO has also been performed 

by removing (deactivating) the probabilistic constraints. Then, the safety levels in the 

optimized structure revealed from DDO was assessed by conducting reliability analysis. 

 

Table 5.2 summarizes, the design output obtained from the initial design, deterministic 

design optimization DDO, and reliability-based design optimization RBDO. The bridge cost 

related to the initial design, DDO, and RBDO are summarized in Table 5.3. Apparently, 

the DDO revealed a considerable cost saving (around 28.3%), while the RBDO reduced 

the cost by about 15%.  

Due to imposing the probabilistic constraints on RBDO, all the reliability indices are greater 

than the specified target reliabilities, which means that reserved safety levels in the final 

optimized configuration are guaranteed.  

In order to evaluate the safety levels in the optimized configuration revealed from the DDO, 

a reliability analysis has been performed. The results of this analysis are summarized in 

Table 5.4, which shows some of the reliability indices (written in red) are less than the 

target reliabilities. This clearly indicates that the optimized structural configuration 

obtained from DDO failed to satisfy the target safety levels. This demonstrates the 
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importance and necessity to adopt a probabilistic approach, rather than a deterministic 

approach, when performing design optimization of prestressed girder bridges. 

Figure 5.11 illustrates the details of girder’s non-prestressing steel (reinforcement) as 

referred to in Table 5.2. Figure 5.12 shows a histogram plot of the objective function (cost) 

related to the reliability-based design optimization RBDO of the bridge under 

consideration. 

 

Table 5.2: Results of Initial Design, DDO, and RBDO 

Design variable 
Initial 

Design 
DDO RBDO 

Number of girders 6 4 5 

Girder spacing 2440 3600 2900 

Deck slab thickness, ;; 205 215 210 

Number of strand per girder 52 64 58 

Area of deck 

reinforcement, 

;;X
;�  

Top layer 
Longitudinal 615 1340 1005 

Transverse 450 450 450 

Bottom 

layer 

Longitudinal 615 1340 1005 

Transverse 646 646 646 

Area of girder 

non-prestressing 

reinforcement  

Stirrups (bar # 1 in Figure 

5.11) 

No. 3 @ 

300 mm 

No. 3 

@175mm 

No.3 @ 

200mm 

Transverse reinforcement (bar 

# 2 & 3 in Figure 5.11) 

No. 3 @ 

300 mm 

No. 3 

@175mm 

No.3 @ 

200mm 

Shear connectors (bar # 4 in 

Figure 5.11) 

No. 3 @ 

300 mm 

No. 3 

@175mm 

No.3 @ 

200mm 

Longitudinal reinforcement 

(bar # 5 & 6 in Figure 5.11) 
10 No. 4 12 No. 14 12 No. 4 

Longitudinal reinforcement 

(bar # 7 in Figure 5.11) 

2 x 7 

No. 4 

2 x 7 No. 

4 

2 x 7 No. 

4 

Intermediate 

diaphragm 

Width, ;; 300 200 250 

Depth, ;; 1400 1000 1100 

Overhang length, ;; 990 1690 1290 

Overhang thickness, ;; 230 215 210 
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Figure 5.11: Details of girder’s non-prestressing reinforcement as referred to in Table 5.2. 

 

 

 

Figure 5.12: Histogram plot for the objective function (Cost $) related to RBDO. 

 

Table 5.3: Bridge Cost as per initial design, DDO, and RBDO 

 Type 

 
Cost $ 

Cost saving 

Original Design 303640  

Deterministic Design Optimization, DDO 217835 28.3 % 

Reliability-based Design Optimization, RBDO 258250 15.0 % 
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Table 5.4: Reliability assessment of the bridge configuration revealed from DDO  

Phase Load effect 
Limit 

State 

Reliability index 

Symbol DDO RBDO ����
�� 

Initial phase 

(at transfer) 

Stress at top fiber 
Service 

I 

�� _!"# 0.78 1.48 1.25 

�� _�78"� 0.80 1.50 1.25 

�� _ℎ87: 1.20 1.54 1.25 

�� _;<# 1.28 1.56 1.25 

Stress at bottom fiber 
Service 

I 

�= _!"# 3.00 3.24 3.00 

�= _�78"� 3.10 3.28 3.00 

�= _ℎ87: 2.80 3.34 3.00 

�= _;<# 2.92 3.32 3.00 

Final phase 

(Service 

stage, i.e. 

after losses) 

Stress at top fiber of 

girder – load case 1 

Service 

I 
�=�_%1 3.06 3.40 3.00 

Stress at top fiber of 

girder – load case 2 

Service 

I 
�=�_%2 3.27 3.44 3.00 

Stress at top fiber of 

girder – load case 3 

Service 

I 
�=�_%3 3.04 3.32 3.00 

Stress at top fiber of 

deck – load case 1 

Service 

I 
�=�_#1 4.08 5.00 3.00 

Stress at top fiber of 

deck – load case 2 

Service 

I 
�=�_#2 3.88 4.12 3.00 

Stress at bottom fiber 

of girder 

Service 

III 
�=� 0.98 1.26 1.25 

Fatigue at strand 

level 

Fatigue 

I 
���
 2.78 2.84 2.00 

Bending moment 
Strengt

h I 
�IJ� 3.44 3.58 3.50 

Cracking moment 
Service 

I 
��� 2.68 3.24 3.10 

Shear 
Strengt

h I 
���� 3.62 4.12 4.00 

Redundancy (System 

Reliability) 
���� 

Upper 

bound 
4.12 4.84 4.50 

Lower 

bound 
4.17 4.78 4.50 

 

Figures 5.13 and 5.14 show the Pareto set of optimum solutions revealed from DDO and 

RBDO, respectively. 
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Figure 5.13: Pareto set of optimum solutions revealed from DDO 
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Figure 5.14: Pareto set of optimum solutions revealed from RBDO 

 

 

6.8 Summary 

In this chapter the details, formulation and application of the newly developed model for 

reliability-based design optimization of prestressed girder bridges has been presented. To 

cope with the complexity of structural systems like prestressed girder bridges, the 

simulation-based optimization approach forms a very efficient technique. An algorithm with 

VBA and spreadsheets was developed to integrate the world’s most efficient optimization 

engine, OptQuest, with the proposed reliability and cost models. The simulation was 
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performed using Monte Carlo analysis, while the optimization utilized metaheuristic scatter 

search with Neural Network Accelerator.  

The failure probabilities corresponding to the target reliability indexes of the individual 

components and the entire system, were imposed as probabilistic constraints in the 

simulation-optimization procedure.  

To precisely calculate the object function (bridge cost), a cost model was developed. For 

that purpose, the bridge configuration was decomposed, according to ASTM UNIFORMAT 

II, and list of work-breakdown-structure (WBS) was developed. Also, a comprehensive 

database for the unit cost for all bridge components was developed. The cost model was 

interactively integrated with the simulation-optimization procedure. 

The applicability of the proposed model was demonstrated through a case study where a 

simple span prestressed girder bridge was designed according to the AASHTO LRFD 7th 

edition (2014). Then, using the newly developed model, the bridge design was optimized. 

The optimization was, first, deterministically performed (without considering the 

uncertainties associated with the design parameters. This deterministic design 

optimization (DDO) revealed 28.3 % cost saving. However, the safety levels, which have 

been assessed with reliability analysis, were less than the target levels for different limit 

states (i.e., unsafe configuration from the reliability-basis) 

Then, a reliability based design optimization (RBDO) was performed. A cost saving of 15% 

was achieved with all reliability indexes higher than the target reliabilities (i.e., safe 

configuration). 

The reliability-based design optimization approach imposes specific target reliabilities, as 

probabilistic constraints, to ensure that the design solutions perform as desired. As will be 

explained in the next Chapter, this approach could be further improved, from the quality 

point of view, by applying the Six Sigma quality concept.   
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Chapter 6 

Six Sigma Quality with Robust Design Optimization of 

Prestressed Girder Bridges 

 

6.1 Introduction 

The most recent quality philosophy, also originating in a manufacturing setting, is the six 

sigma concept (Stamatis, 2015). The concepts of six sigma quality can be defined in an 

engineering design context through the relation between the concepts of design, reliability 

and robustness – as probabilistic design approaches (Koch et al., 2004). Within this 

context, design quality is measured with respect to the probability of constraint satisfaction 

and sensitivity of performance objectives, both of which can be related to a design “sigma 

level” (Vlahinos and Kelkar, 2002). 

Six sigma is a quality philosophy at the highest level relating to all processes (Li et al. 

2006). The term “sigma” refers to standard deviation, σ, which is a measure of dispersion 

of a set of data around the mean value, μ, for the respective data. This approach can be 

used both to describe the known variability of parameters that influence a system and as 

a measure of performance variability, and thus quality (Koch et al. 2004). The concepts of 

six sigma quality, measurement, and improvement can be related to two probabilistic 

design measures: reliability and robustness. The two goals in designing for quality are: (1) 

striving to consistently maintain performance within acceptable limits (reliability), and (2) 

striving to reduce performance variation and thus increase robustness (Koch 2002). 

Performance variation can be characterized as a number of standard deviations from the 

mean performance, as shown in Figure 6.1. The areas under the normal distribution in 

Figure 6.1 associated with each σ-level relate directly to the probability of performance 

falling in that particular range (for example, ∓1σ is equivalent to a probability of 0.683). As 

illustrated in Table 6.1, quality can be measured using any “sigma level”, percent variation 

or probability (equivalent to reliability), or number of defects per million parts (Kumar et 

al., 2006). In Figure 6.1, the lower and upper specification limits that define the desired 

performance range are shown to coincide with ∓3σ measured from the mean (Vlahinos 
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and Kelkar 2002). The design associated with this level of performance variance would be 

considered a “3σ” design.  

 

Figure 6.1: Normal Distribution, 3-σ Design (Vlahinos and Kelkar, 2002). 

 

Table 6.1: Sigma Level as Percent Variation and Defects per Million (Koch, 2002) 

 

 

To design for six sigma (DFSS), in engineering applications, performance variability is 

measured and, if needed, this is improved with respect to two quality goals: i) - by shifting 

the performance distribution relative to the constraints or specification limits (thus 

improving reliability) and ii) - by shrinking the performance distribution to reduce the 

variability and sensitivity of the design (thus improving robustness) (Banuelas and Antony 

2004).These concepts of “shift” and “shrink” are illustrated in Figure 6.2. In Figure 6.2a, 

where the performance distribution is shifted until an acceptable level of reliability (area of 

distribution inside the constraint) is achieved. In Figure 6.2b, the spread of the 
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performance distribution is shrunk to reduce the potential performance loss associated 

with the tails of the distribution and thus to reduce the sensitivity and improve the 

robustness (Banuelas and Antony 2004). 

. 

 

  

Figure 6.2: Design for six sigma: reliability “shift” and robust “shrink” (Stamatis 2015) 
 

The ideal case in improving design quality in designing for six sigma (DFSS) is to both 

shift and shrink a performance distribution, as illustrated in Figure 6.2c. As shown in Figure 

6.2a, while the loss of mean performance associated with the shifted distribution may be 

acceptable, given the increased reliability, the potential worst-case performance 

associated with the left tail may be undesirable. With the shrunken distribution of Figure 

6.2b, the level of reduced spread possible may not be sufficient to achieve an acceptable 

reliability level without shifting the mean performance (Schroeder et al. 2008). In Figure 

6.2c, with both shift and shrink, the reliability level is achieved, the robustness improved, 

and the worst-case performance was not significantly affected. This is the desired goal in 

implementing the design for six sigma DFSS. 

As a unique contribution of the current research, this chapter applies the design for six 

sigma (DFSS) philosophy to the optimization of prestressed girder bridge design (Al-

Delaimi and Dragomirescu 2016). This methodology has been utilized by formulating a six 

sigma-based robust design optimization that combines probabilistic concepts of structural 
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reliability and robust design with the six sigma quality concept. The optimization model 

incorporates robust objective formulation, variability of input design parameters 

formulation, and output constraint formulation. Such approach ensures not only that the 

design performs as desired but also that the design consistently performs as desired.  

 

6.2 Formulation of Optimization Problem 

The robust optimization formulation combines the probabilistic elements of reliability, 

robust design, and six sigma quality concept. This incorporates formulation of objective 

robustness (minimize variation in addition to mean performance on target), defining 

random variables, formulation of reliable input constraints (random design variable 

bounds), and determining the output constraints (sigma level quality constraints or 

reliability constraints). In this section, the formulation for implementing six sigma-based 

robust optimization is discussed.  

In general, the formulation for implementing six sigma-based robust optimization is given 

as follows:  

Find the set of design variables � that: 

 

[6.1]   Minimizes: �(��(�), 	�(�))        

 

[6.2]   subject to: 
�(��(�), 	�(�))  ≤  0       

 

[6.3]   �� + �	� ≤  �� ≤  �� − �	�.        

 

where, �(�) is the objective function, 
�(�) is the limit state function related to limit state 

�, and � includes input parameters that are bounded with lower limit �� and upper limit 

��. Both input and output constraints are formulated to include mean performance and a 

desired “sigma level” (number of standard deviations, �	), as follows: 

 

[6.4]   �� − �	� ≥ Lower specification limit       

 

[6.5]   �� + �	� ≤ Upper specification limit.        
[6.6]   � =  ∑ [ ∓ 

���
���

 ���
�
� ! +  

�"�
�"�

 	#��]         
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where, 

∓ : the “+” sign is used before the first term when the response mean is to be 

minimized and the “−” sign is to be used when the response mean is to be 

maximized (Banuelas and Antony 2004). 

$!� and $#�: are, respectively, the weights for the mean and variance of 

performance response �. 

%!� and %#�: are, respectively, the scale factors for the mean and variance of 

performance response �. 

&: is the number of performance responses included in the objective function. 
 

Here, “�	” refers to the desired quality level (sigma level). The “six” in “six sigma” does 

not imply that only 6σ solutions are sought in a six sigma concept (6	 is a quality measure, 

six sigma is a quality improvement philosophy). A six sigma process seeks to explore the 

tradeoff between performance and quality and to investigate the quality levels achievable 

for a given design. In many cases, 6σ quality is not achievable for a given design concept, 

configuration, and/or set of requirements because, in many cases, the cost of achieving 

6σ quality is very expensive (Schroeder et al. 2008).    

The key to implementing this six sigma-based robust optimization formulation is the ability 

to evaluate performance variability statistics which allow the reformulation of constraints 

and objectives as defined in Eqs. 6.1 to 6.6 (Koch et al. 2004). Applying such optimization 

formulation on the design of prestressed girder bridges makes it feasible to define the 

objective function, decision variables, and optimization constraints. 

                                                          

6.2.1 Objective Function 

The proposed objective function is to minimize the cost of the bridge superstructure. This 

objective function is treated as a random variable. Hence, the objective function is defined 

as follows: 

[6.7]   Minimize  �['()*]  +  	['()*]       

 

[6.8]   '()* = ,- '- � +  './. + '01201 + '323 + '410564105   

where, 
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 ,- = number of girders. 

 '- = unit cost of precast girder ($ per meter).  

'.= unit cost of concrete in deck and diaphragms ($ per cubic meter). 

'01= unit cost of prestressing strands ($ per kilogram). 

'3= unit cost of conventional reinforcement ($ per kilogram). 

'4105=  unit cost of asphalt wearing layer ($ per square meter). 

/.= volume of concrete in deck and diaphragms (cubic meter). 

201= weight of prestressing strands (kilogram). 

23= weight of conventional reinforcements (kilogram). 

64105 = area of asphalt wearing layer (square meter). 

As shown in Figure 6.3, the bridge cost, which was considered as the objective function 

in the current model, should be minimized.  

Figure 6.3: Snapshot showing the objective function (Cost $) treated as random variable. 
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The model interactively integrates the reliability model, the cost model, the simulation 

engine, and the optimization engine. The model was developed using Visual Basic 

Applications VBA. The details of the cost model was already demonstrated in Section 5.7.  

6.2.2 Decision Variables (Design Variables) 

The design optimization process aims at obtaining best combination of design variables 

in order to minimize the objective function within the constraints limits. As detailed in 

Chapter 5, the design variable variables considered in the current research are:  

• Deck slab thickness. 

• Number of girder. 

• Girder spacing. 

• Amount of prestressing steel (strands). 

• Amount of non-prestressing steel (reinforcement). 

• Size of diaphragm (width and depth). 

• Overhang length (distance from edge of deck to the centerline of exterior girder). 

• Overhang thickness. 

 

6.2.3 Optimization Constraints 

In order to formulate the optimization constraints, all limit state functions related to the 

design of prestressed girder bridges at the initial and final phases need, first, to be defined 

and formulated. Then, quality level (number of sigma) is imposed.  

Table 6.2 illustrates, in detail, the formulation of the constraints of the six sigma-based 

robust design optimization of prestressed girder bridges. A snapshot from the developed 

model, is shown in Figure 6.4 presenting the optimization constraints. These constraints 

represents the limit state functions as defined by the AASHTO LRFD 7th Edition (2014). 

As already explained in Chapter 4, the current research comprehensively considered 18 

limit state functions that governs the design of prestressed girder bridges. 

However, it is important to decide on the desired quality level (number of sigma) prior to 

starting the optimization process. Figure 6.5 shows a snapshot, taken from the model, for 

the window from which the user can define his/her preferred quality level.  
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Table 6.2: Optimization constraints formulation related to DFSS 

Phase Load effect 
Limit 

State 
Optimization constraint 

Initial phase 

(at transfer) 

Stress at top fiber Service I 
(��(�) + � 	�(�)) ≤ 0.249:′<� 

Stress at bottom fiber Service I 
(��(�) + � 	�(�)) ≤ 0.60:′<� 

Final phase 

(Service stage, 

i.e. after 

losses) 

Stress at top fiber of 

girder – load case 1 * 
Service I 
(��(�) + � 	�(�)) ≤ 0.45:′< 

Stress at top fiber of 

girder – load case 2 
Service I 
(��(�) + � 	�(�)) ≤ 0.40:′< 

Stress at top fiber of 

girder – load case 3 
Service I 
(��(�) + � 	�(�)) ≤ 0.60:′< 

Stress at top fiber of 

deck – load case 1 
Service I 
(��(�) + � 	�(�)) ≤ 0.45:′< 

Stress at top fiber of 

deck – load case 2 
Service I 
(��(�) + � 	�(�)) ≤ 0.60:′< 

Stress at bottom fiber 

of girder 
Service III 
��(�) + � 	�(�) ≤ 0.199:′< 

Fatigue at strand level Fatigue I 
(��(�) + � 	�(�)) ≤ (70 (B 125) 

Bending moment Strength I 
(��(�) + � 	�(�)) ≤ CB 

Cracking moment Strength I 
(��(�) + � 	�(�)) ≤ CDB 

Shear Strength I 
(��(�) + � 	�(�)) ≤ /B 

 

*Note: for the definition of load cas1, load case2, and load case3, please refer to Table 

4.1. 
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Figure 6.4: Snapshot showing the optimization constraints.  

 

 

 

Figure 6.5: A snapshot from the proposed model for selecting quality level 
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6.3 Optimization Technique 

Similar to the technique adopted for the Reliability-based Design Optimization RBDO 

(explained in Section 5.3), Simulation-optimization was applied to perform design for six 

sigma DFSS optimization following the formulations in Section 6.2. The simulation-

optimization technique conducts iterative process.  

The flowchart shown in Figure 6.6 demonstrates the proposed methodology for DFSS. 

This flowchart shows the interaction among the deterministic analysis, reliability model, 

simulation engine, and the optimization engine. The simulation engine performs Monte 

Carlo Analysis, while the optimization engine conducts metaheuristic scatter search with 

neural network accelerator (filter).  

Any solution revealed from the simulation-optimization process is sent to the cost model 

if and only if it satisfies the probabilistic constraints. At the end of the simulation-

optimization process, the model produces a report to present the details of all feasible 

solutions (pareto set). 

6.4 Case study 

For better comparison between the two different probabilistic optimization approaches 

developed in the current research (RBDO of Chapter Five and DFSS of the current 

Chapter), the same bridge example considered in Section 5.8 was utilized here. The initial 

design calculations are illustrated in Appendix C. The six sigma-based design optimization 

has been performed according the formulation presented in Section 6.2. 

 

In this case study, different quality levels (�	) were considered ($ℎFBF, � = 1, 2, … ,6). 

For each quality level, simulation-based optimization was performed. A pareto of 

feasible solutions were obtained with respect to each quality level. In the current 

study, the solution that revealed the minimum objective function (bridge cost), out 

of the pareto set, was considered  

 

Table 6.3 summarizes the results of the design optimization with respect to every quality 

level (sigma level), while Table 6.4 illustrates the value of the objective function (Cost $). 

As shown in Table 6.4, when the quality level increases the corresponding objective 

function (bridge cost) takes higher value (more expensive). 
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  Figure 6.6: Flowchart of the DFSS model developed in the Current Study 
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Table 6.3: Summary of design optimization results considering different quality levels 

Design variable 
Quality Level (Number of Sigma) 

1-U 2-U 3-U 4-U 5-U 6-U 

Number of girders 4 5 5 6 6 7 

Girder type NU 1350 NU 1350 NU 1600 NU1350 NU1600 NU1350 

Girder spacing, VV 3730 3080 2900 2490 2400 1490 

Deck slab thickness, VV 225 190 225 175 200 175 

Number of strand per girder 62 58 61 59 61 59 

Area of deck 

reinforcement, 

VV#
VW  

Top 

layer 

Longitudinal 1340 2010 1005 895 895 670 

Transverse 450 600 450 450 450 450 

Bottom 

layer 

Longitudinal 1340 2010 1005 895 895 670 

Transverse 646 646 646 646 646 646 

Area of girder 

non-

prestressing 

reinforcement, 

VV#
VW  

Stirrups (bar # 1 in 

Figure 5.8) 

No.3 

@175mm 

No.3 @ 

200mm 

No. 3 

@200mm 

No.3 @ 

300mm 

No. 3 

@300mm 

No.3 @ 

300mm 

Transverse 

reinforcement (bar # 2 

& 3 in Figure 5.8) 

No. 3 

@175mm 

No.3 @ 

200mm 

No. 3 

@200mm 

No.3 @ 

300mm 

No. 3 

@300mm 

No.3 @ 

300mm 

Shear connectors (bar 

# 4 in Figure 5.8) 

No. 3 

@175mm 

No.3 @ 

200mm 

No. 3 

@200mm 

No.3 @ 

300mm 

No. 3 

@300mm 

No.3 @ 

300mm 

Longitudinal 

reinforcement (bar # 5 

& 6 in Figure 5.8) 

12 No. 14 12 No. 4 12 No. 4 
12 No. 

4 
12 No. 4 

12 No. 

4 

Longitudinal 

reinforcement (bar # 7 

in Figure 5.8) 

2 x 7 No. 

4 

2 x 7 

No. 4 

2 x 7 No. 

4 

2 x 7 

No. 4 

2 x 7 No. 

4 

2 x 7 

No. 4 

Intermediate 

diaphragm 

Width, VV 300 300 300 200 200 100 

Depth, VV 1200 1000 1000 1000 1000 800 

Overhang length, VV 1495 930 1290 865 1090 745 

Overhang thickness, VV 225 200 225 175 200 175 
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Figures 6.7 to 6.12 show the histogram plot for the objective function with respect to the 

quality levels from 1 to 6, respectively. The Pareto data sets related to the feasible 

optimum solutions, with respect to each quality level, are demonstrated in Figures 6.13 to 

6.18. 

 

Table 6.4: Objective function (Cost $) with respect to different quality levels 

 

 

 

 

Figure 6.7: Histogram plot for objective function (Cost $) with respect to 1-	 quality level. 

Quality Level Cost, ($) 

1-U Level 218020 

2-U Level 253335 

3-U Level 268604 

4-U Level 296450 

5-U Level 313460 

6-U Level 347520 
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Figure 6.8: Histogram plot for objective function (Cost $) with respect to 2-	 quality level 

 

 

Figure 6.9: Histogram plot for objective function (Cost $) with respect to 3-	 quality level 
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Figure 6.10: Histogram plot for objective function (Cost $) with respect to 4-	 quality 

level. 

 

Figure 6.11: Histogram plot for objective function (Cost $) with respect to 5-	 quality 

level. 
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Figure 6.12: Histogram plot for objective function (Cost $) with respect to 6-	 quality 

level. 
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Figure 6.13: Pareto set of optimum solutions related to 1-	 quality level.  
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Figure 6.14: Pareto set of optimum solutions related to 2-	 quality level.  
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Figure 6.15: Pareto set of optimum solutions related to 3-	 quality level.  
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Figure 6.16: Pareto set of optimum solutions related to 4-	 quality level.  
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Figure 6.17 Pareto set of optimum solutions related to 5-	 quality level.  
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Figure 6.18: Pareto set of optimum solutions related to 6-	 quality level.  

 

Figure 6.19 compares the value of the objective function (cost $) as obtained by the 

deterministic design optimization DDO, reliability-based design optimization RBDO, and 

the design-for-six sigma DFSS optimization. As shown in Figure 6.19, an analogy exists 

between DFSS and RBDO at a quality level of 2.35	. However, such analogy might exist 

at different quality levels for different structural configurations. As shown in Figure 6.19, 

the deterministic design optimization DDO has a quality level slightly less than 1U. This is 

mainly because of not considering the uncertainties and variation associated with the 

design variables. However, DDO usually reveals considerable cost saving. 

Figure 6.20 compares the value of the objective function (cost) as obtained from the 

original (initial) design, from the reliability-based design optimization RBDO, and from the 

six sigma design optimization. Hence, the DDO might not be entirely safe during the 

expected life of the structure, although it could reveal considerable cost saving. Figure 

6.20 also tells that the more quality desired the more costly the bridge will be. Based on 

that, it is not necessary to go to the highest levels of quality as they might be very 

expensive. 
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Figure 6.19: Objective function (Cost $) related to DDO, RBDO, and DFSS  

 

Figure 6.20: Comparing bridge cost resulted from original design and different optimization 

techniques.  
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6.5 Summary 

A unique methodology was developed, in the current research, as new contribution. A 

design quality concept (referred to as design-for-six sigma DFSS) has been applied to 

produce a quality-controlled probabilistic design optimization of prestressed girder 

bridges. In this optimization approach, the six sigma quality concept was utilized to 

achieve robust design solutions. Such approach ensures not only that the design performs 

as desired but also that the design consistently performs as desired.    

As for reliability-based design optimization RBDO (Chapter 5), simulation-optimization 

technique was used in for DFFS optimization. Different quality levels (number of sigmas) 

were used and the associated results were tabulated and compared with those revealed 

from the original design, deterministic optimization DDO, and RBDO. The results 

showed increasing cost with increasing number of sigma (quality level). DDO gives 

quality level slightly less than 1	. There was an analogy between RBDO and DFSS 

around a quality level of 2.35	. 
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Chapter 7 

New Method to Select the Optimum Type of Bridge 

Superstructure 

 

7.1 Introduction 

The current research provides a probabilistic approach for the design optimization of 

prestressed girder bridges. However, the first essential step for such optimization process 

is to verify that a prestressed girder bridge system is the most appropriate bridge type for 

specific project conditions. For this purpose, a new model for deciding about the optimum 

bridge type is developed in the current research. The model is based on experts’ decisions 

analysis integrated with decision tree analysis and sensitivity analysis. The client’s 

requirements (CRs) and the design requirements (DRs) form the main variables in the 

optimization process. The uncertainty involved in the expert’s opinion is considered and 

represented by an appropriate statistical distribution. The possible dependence 

(correlation) among the CRs and DRs is also considered. 

The proposed methodology is new and original as it, for the first time, takes the 

uncertainties involved with the experts’ opinions into consideration and models such 

uncertainties with an appropriate statistical distributions. Also, the proposed computer-

aided model incorporates, for the first time, the decision tree analysis in selecting the 

optimum bridge superstructure type after performing sensitivity analysis. The sensitivity 

analysis investigates the influence of the independent variables (CRs and DRs) on the 

dependent variable (bridge type). 

 

7.2 Client’s Requirements CRs 

It is the responsibility of the designer to provide a structural solution that maintains the 

client’s requirements. In bridge design projects, the client’s requirements can generally be 

defined as follows (Raina, 2012): 

• Cost: for every project, the client has a specific allocated budget. The design 

drawings and specification of the bridge structure should be determined in such a 
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way that it would ensure that the project can successfully be completed within the 

budget limits. A general rule is that the bridge with the minimum number of spans, 

fewest deck joints, and widest spacing of girders will reveal the most economical 

structure for the given project (Barker & Puckett, 2013). 

• Time: Putting a new bridge into service and opening it to traffic are usually made 

according to the client’s pre-planned schedule. The designer should consider this 

time requirement when selecting the bridge type, deciding on the design detailing, 

and agreeing on the project specifications. 

• Quality: it is important that the project deliverables meet the aims and objectives 

for which it was undertaken. Also, the project output shall meet the durability and 

sustainability requirements. 

• Availability: the project should be planed and managed, through its various phases, 

to assure and maintain proper accessibility to its various elements (Malekley, 

2010). 

 

7.3 Design Requirements DRs 

 The design processes are directly influenced by the following design requirements 

(Barker & Puckett, 2013): 

• Geometric Conditions: the horizontal and vertical profiles of the road and the 

vertical clearance requirements form the essential geometric parameters to decide 

about the suitable bridge type. 

• Functional Requirements: A properly designed bridge will reveal a structure which 

would function efficiently to carry present and future volumes of traffic. To maintain 

this requirement, decisions must be made on the number of lanes, inclusion of 

sidewalks and/or bike paths, provision of medians, drainage of surface water, and 

future wearing surface. 

• Aesthetics: As a grade-separation structure, every bridge has a visual effect and 

appearance impact on the area where it exists. Bridges are long lasting structures 

which can stay for decades and can be viewed by thousands of people every day. 

An important objective, a bridge designer should consider, is to obtain a positive 

aesthetic response to the bridge type selected. An aesthetically-designed bridge 

can be achieved when uninterrupted lines, clean lines, and uncluttered 

appearance are provided for the bridge shape (Malekly, H. et al, 2010). 
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• Constructability: the construction and erection considerations have a great 

influence when choosing a bridge type. For example, the project duration and 

economy for precast girder bride is totally different from those of segmental box 

girder bridge. 

• Legal and Environmental Conditions: Federal, governmental, provincial, and 

municipal regulations always exist. These regulations are usually beyond the 

designer control but they are real and should be taken into consideration. Among 

those regulations, environmental-impact limitations are usually specified by the 

authorities and should always be considered (FAHWA 2012). 

 

7.4 Expert’s Opinion 

When insufficient data are available to describe and identify the uncertainty of a variable, 

one or more experts will be usually consulted to obtain their opinion with respect to such 

uncertainty (O’Hagan, 2006).  

As explained in Chapter 2, various researchers have benefited from experts’ decisions in 

choosing the most appropriate bridge type; Bitarafan et al.,(2013), Farkas (2011), Malekly 

et al., (2010), Furuta et al. (1995), Choi and Choi (1993), Hammad and Itoh (1993), and 

Burgoyne and Sham (1987). However, in all of those efforts, the experts’ opinions were 

treated deterministically. In other words, the uncertainty involved in the expert opinion was 

not considered in the previously mention contributions. The modeller (analyst) should bear 

in mind the following heuristics, the expert may employ when attempting to provide 

subjective estimates, which are potential sources of systematic bias and errors (Vose 

2008). These biases are explained in considerably more detail in Hertz and Thomas 

(1983) and Morgan and Henrion (1990): 

 

• Availability: this is where experts use their recollection of past occurrences of an 

event to provide an estimate. It can produce poor estimates if all or part of the data 

are not still available. 

• Representativeness: this is where the analyst focuses on an enticing detail of the 

problem and forget (or sometimes ignore) the overall picture. 

• Adjustment and anchoring: this is probably one of the most important heuristics. 

Individuals will usually begin their estimate with a single value (usually the most 

likely value) and then make adjustments for its minimum and maximum from that 

first value. The estimators appear to be “anchored” to their first estimated value. 
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This is certainly one source of overconfidence and can have a dramatic impact on 

the validity of the model. 

• Unwillingness to consider extremes: the expert will often find it difficult or be 

unwilling to consider conditions that would yield a variable to be extremely low or 

high. However, the analyst in encouraged to request opinions on such extremes in 

order to cover the entire range.  

• Eagerness to say the right thing: sometimes, interviewees intend to provide the 

answer they think the interviewer wants to hear. Accordingly, it is important to avoid 

asking questions that are leading and never to offer a value for the expert to 

comment on. 

 

From the above, it becomes obvious that the expert’s opinion involve a level of uncertainty. 

Hence, the experts’ decisions should be treated probabilistically rather than 

deterministically. This approach is adopted in the current research.  

The variability in expert’s opinion is treated, in this research, by determining a statistical 

distribution than can best model the expert decision. A PERT distribution is frequently 

used to model an expert’s opinion (Vose, 2008 and O’Hagan, 2006). PERT has been 

adapted so that the expert need only to provide estimates of the minimum, most likely and 

maximum values of the variable. In this proposed model, PERT distribution has been 

applied to model the expert’s opinion. 

 

7.5 PERT Distribution for Modelling Expert Opinion 

The PERT distribution is a version of the beta distribution and requires three parameters: 

minimum (a), most likely (b), and maximum (c) (these three parameters are, sometimes, 

referred to as pessimistic, most likely, and optimistic). For illustration, Figure 7.1 gives 

examples of different PERT distributions. The formulation of a PERT distribution can be 

demonstrated as follows (Vose, 2009): 

 

[7.1]  PERT(�, �, �) = Beta(∝�, ∝�)* (� − �) + �    

 

where, 

[7.2] ∝�= 
��
�)∗���
�
�)

��
 �)∗��
�)       
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[7.3] ∝�= 
∝�∗��
 �)

���
�)        

The mean (�): 

[7.4] � =  ���∗���
�        

The variance (�):  

[7.5] � = ��
�)∗��
�)
�        

 

The probability density function ���):  

 

[7.6] ���) = ��
�)∝��� ��
�)∝���
 �∝�,∝�)��
�)∝�!∝���      

 

The cumulative distribution function "��):  

 

[7.7] "��) =   $�∝�,∝�) 
 �∝�,∝�)       

 

where, 

[7.8] % = �
�
�
�        

 

and &'�∝�, ∝�) is an incomplete beta function. 

The skewness: 

 

[7.9]  ()*+,*(( =  ���
��
�  - �

��
�)��
�)     

and 

 

[7.10] ./012(3( = 3 �∝��∝���)[��∝1+∝2)��∝1∝28 ∝1+∝2−6:]
∝1∝28 ∝1+∝2+2:8 ∝1+∝2+3:   

 

 

It is obvious that the mean in Eq. (7.4) is a restriction that is assumed in order to be able 

to determine values for ∝� and ∝�. It also shows how the mean for the PERT distribution 
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is 4 times more sensitive to the most likely value than to the minimum and maximum 

values. 

 

 

Figure 7.1: Examples of PERT distributions (Vose, 2009). 

 

7.6 Proposed Methodology 

In this section, the steps to select the optimum type of bridge superstructure, according to 

the proposed model, are discussed. Those steps are illustrated by the flowchart shown in 

Figure (7.2).  

 

7.6.1 Define possible types of bridge superstructure 

The analyst (modeler) will, first, define and list the available (possible) types of bridge 

superstructure from which the most appropriate type will be obtained according to the 

proposed optimization model. The span length plays the key role in deciding about the 

possible alternatives. Table 7.1 illustrates the maximum span up to which a particular type 

of bridge can be recommended (Raina, 2007). 
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Figure 7.2: Flow chart of the proposed model 
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Table 7.1: Maximum span corresponding to bridge type (Raina, 2007). 

Bridge Type Maximum span (m) 

Steel rolled beam bridge 10 

RC portal frame bridge 15 

RC Monolothic T-girder bridge 20 

RC cantilever bridges with balanced type 30 

Steel plate girder 30 

RC filled spandrel fixed arch bridge 35 

RC continuous bridge 45 

RC bow-string girder bridge 45 

Prestressed girder bridge 55 

RC box girder bridge 65 

Post-tension box girder bridge 110 

RC concrete arch bridge 150 

Steel truss bridge 180 

Prestressed arch bridge  200 

Suspension bridges 1200 

 

7.6.2 Collect available information 

The analyst shall collect all the available technical data (geometrical and geotechnical), 

site conditions, and information of existing structures and utilities. The longitudinal and 

transverse road profile should be studied carefully in order to properly decide about the 

vertical and horizontal clearances. All this information will be necessary for the experts to 

build their assessments.  

7.6.3 Define CRs and DRs 

The analyst will, then, define and list the client’s requirements (CRs) and the design 

requirements (DRs) as explained earlier in sections 7.2 and 7.3, respectively. 

However, although the client’s requirements (CRs) are of essential importance to the 

client, it is still valid to ask the following question: “Are those requirements of equal priority 

and importance to the client in every project?”. According to numerous previous projects, 

the answer is “No”. Love and Earl (1998) conducted surveys of 41 clients and 35 

consultants to obtain the experience data to be implemented in the methods and criteria 

for project selection. Their findings indicated that, contrary to the expectations, similar 

clients generally do not have similar procurements needs. Also the findings show different 
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appropriate weighting for different needs. For this reason, Al-Delaimi and Dragomirescu 

(2015) suggested an Importance Level (IL) to scale the strength of each of the client’s 

requirements, as illustrated in Table (7.2). In this table, linguistic terms associated with 

fuzzy scale (from 1 to 5) are provided to define the strength of those client’s requirements. 

For that purpose, the analyst shall have a session of discussion with the client to define 

the importance of his/her requirements, accordingly. This approach is adopted in the 

current model. 

Table 7.2: Importance levels associated with client’s requirements (Al-Delaimi and 

Dragomeriscu, 2015) 

Importance Level (IL) Weight 

Very Low 1 

Low 2 

Fair 3 

High 4 

Very high 5 

 

The analyst will ask the client to rate the importance and priority of every client’s 

requirement (CR) by assigning an importance level (IL) corresponding to each CR. 

7.6.4 Select a team of experts 

A team of experts shall carefully be selected. Every expert must have a recognized 

knowledge with proven professional records and achievements in the field of bridge 

engineering.  

A one-to-one interview shall be held between the relevant expert and the analyst 

(modeller). In preparing for such interviews, analysts should make themselves familiar 

with various sources of biases and errors involved in subjective estimations. The experts, 

in their turn, having been informed of the interviews well in advance, should have 

evaluated any relevant information either on their own or in a brainstorming session prior 

to the interview (Vose, 2009). During the interview, the expert will be provided with a 

questionnaire form to fill out. The questionnaire form is that shown in Figure (7.3). The 

expert will treat the design requirements (DRs) and the client’s requirements (CRs) as 

variables. The expert shall rate the suitability of every bridge type with respect to each of 

(DRs) and (CRs). 
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Bridge Type Questionnaire Form 

Client’s Name …………………………………………………..                                        Reference:                           

Project ………………………………………………………………                                        Date:   

Bridge Ref. ……………………………………………………….. 

Expert Name ……………………………………………………. 

Company …………………………………………………………. 

Position ……………………………………………………………. 

 

 

Please rate the suitability of the referenced bridge type with respect to the following 

requirements by ticking √ the appropriate score : 

Requirement Description * 

0   
(Not 

suitable 

at all) 

1 2 3 4 5 6 7 8 9 
10 

Perfectly 

suitable  

C
lie

n
t 

R
e
q
u
ir
e
m

e
n
ts

 (
C

R
s
) Cost 

Max            

Min            

M.L.            

Time 

Max            

Min            

M.L.            

Quality 

Max            

Min            

M.L.            

Availability 

Max            

Min            

M.L.            

D
e
s
ig

n
 R

e
q
u
ir
e
m

e
n
ts

 (
C

R
s
) 

Geometric 

Max            

Min            

M.L.            

Functional 

Max            

Min            

M.L.            

Aesthetic 

Max            

Min            

M.L.            

Constructability 

Max            

Min            

M.L.            

Legal and 

Environmental 

Max            

Min            

M.L.            

* Max= maximum, Min= Minimum, M.L. = Most Likely. 

 

Figure 7.3: Bridge type questionnaire form. 
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As recommended by Karsak (2004), the expert opinion will be expressed in three scores 

(levels): lowest, most plausible and highest. Such three scores are in harmony to those 

required to build a PERT distribution (minimum, most likely, and maximum). Hence, every 

expert will evaluate the suitability of a bridge type to satisfy each of the DRs and CRs by 

providing such three levels. 

As recommended by Vose (2009), the analyst should attempt to determine the expert’s 

opinion of the maximum value first and then the minimum, by considering scenarios that 

could produce such extremes. Then, the expert should be asked for his/her opinion of the 

most likely value within that range. Determining the parameters in the order (1) maximum, 

(2) minimum, and (3) most likely will go some way to removing the “anchoring” error 

described in Section 7.4. 

 

Figure: 7.4: A snapshot from the proposed model showing experts’ opinions (evaluations). 
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The experts’ evaluations (opinions) will, then, be extracted from the questionnaire form 

and sent to the model as shown in Figure 7.4. 

7.6.5 Eliciting from expert’s opinion 

Once the expert has given his/her assessments as scores against the client’s 

requirements (CRs) and design requirements (DRs), the analyst would be able to start 

analysing the expert’s output.  From the three-point estimates, a PERT distribution can be 

made as a statistical representation of the expert’s opinion. As explained in Sections 7.2 

and 7.3, four CRs requirements and five DRs exist. Hence, for each bridge type under 

consideration, every expert shall provide nine assessments (each with three scores: 

minimum, most likely, and maximum). In other words, this will result in developing nine 

PERT distributions per expert per bridge type. 

An Excel Add-Inn, ModelRisk (Vose, 2009), has been integrated with the developed model 

(BREL), to model the statistical distribution of each expert. As a unique feature, though 

optional, the model allows appointing weights that represent the confidence level 

associated with each expert opinion. Figure (7.5) shows an example of the PERT 

distribution for the decisions of a team of four experts. The horizontal axis represents the 

range of values of the experts’ assessments (minimum, most-likely and maximum). The 

vertical axis refers to the corresponding probability density function. 

 

 

 

  

 

 

 

 
 
 
 
 

Figure 7.5: PERT distribution of the opinions of four experts 
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When requesting experts to model a variable with uncertainty, it can often happen 

that different experts independently provide different estimates. As result of that, the 

analyst will get a number of recognizably different distributions, one for each expert's 

opinion. The difference in opinion is another source of uncertainty (Jutte, 2012). This 

should not be discounted by, for example, taking the average of the opinions, or the 

largest (or smallest). Instead, the analyst needs to develop a combined distribution 

that reflects the range and emphasis of each opinion and the confidence in the 

estimators (Albert et al., 2012). Combined distribution combines these "individual” 

distributions into one final distribution that incorporates all the information. So, if there 

were four experts A, B, C and D, the density function ���) and the cumulative function 

"��) of the combined distribution at � are determined as follows: 

 

[7.11]   ���) =  [@A�B)∗CA � @D�B)∗CD  � @E�B)∗CE �@F�B)∗CF]
CA� CD�CE�CF       

 
 

[7.12]   "��) =  [GA�B)∗CA � GD�B)∗CD  � GE�B)∗CE �GF�B)∗CF]
CA� CD�CE�CF       

 
 

where, fI is the probability density of expert A’s estimate, FI is the cumulative function 

of expert A’s estimate, and wI is the weight assigned to this expert’s opinion. 

This technique has been adopted in the current research.  Figure (7.6) shows combining 

three differing opinions but where expert A is given twice the emphasis of the others due 

to her greater experience. 

 

Figure 7.6: Combining opinions of three experts (Vose, 2009). 
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After combining the idividual distributions into one combined distribution, the model will 

calculate the four main statistical moments (parameters), namely: the mean, standard 

deviation, skweness, and kurtosis as shown in Figure (7.7) .  

 

Figure 7.7: Combined distribution and its statistical parameters. 

From the combined distribution related to every CR and DR, the 99% percentile LMM 

value will, then, be calculated as follows: 

 [7.13]  LMM = ["��)]
�         �1 � = 0.99     

  

7.6.6 Correlation between CRs and DRs 

As explained in the previous sections, the CRs and DRs have been treated as variables. 

The experts’ opinions on these variables have been represented by statistical 

distributions. The possible dependency (correlation) between such distributions has also 

been considered in this proposed model.  

Statistical distributions in a model should often be correlated to ensure that only 

meaningful scenarios are generated for each iteration of the model (Vose 2009). In the 

current model, the possible correlation between CRs and DRs has been investigated and 

represented in the form of a correlation matrix.  
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In order to develop a correlation matrix, random numbers need first to be generated. For 

this purpose, the Monte Carlo Simulation technique has been used to generate the 

random numbers.  

The technique developed by Iman and Conover (1982) to generate rank order correlated 

input distributions has been adopted in the current model. The coefficients of the 

correlation matrix are called Spearman’s rank correlation coefficient (also referred to as 

Spearman's rho). The correlation process is carried out on the ranks of the data by 

considering what position (rank) the data point takes in an ordered list from the minimum 

to maximum values, rather than the actual data values themselves (Vose 2009). Hence, 

it is independent of the distribution shapes of the data sets and allows the integrity of the 

input distributions to be maintained. Based on that, the analyst is therefore assured that 

the distribution used to model the correlated variables will still be replicated (Vose 2009).  

The correlation coefficient Q between two variables, R< and S< , can be calculated as 

follows::  

 

[7.14]   Q = ��
T�T�
�) U [ 0�,)�R<  ) − T��

�  T
<V�

] [0�,)�S<  ) − T��
�   ]    

 

in which , is the number of data pairs. The resulting correlation matrix is a symmetrical 

diagonal one. 

As recommended by Carnevalli and Miguel (2008), the correlation between CRs and DRs 

as well as among the DRs must be considered. Hence, two classes of correlation 

coefficients exisit:  

• QW= : correlation coefficient between the (XY CR and ZXYDR. 

• Q=[ : correlation coefficient between the ZXY and \XYDR. 

 

7.6.7 Decision tree analysis 

Several researchers, from different engineering fields, utilized the decision tree analysis 

in developing decision-making tools (McCloud et al. 1992). The current model proposes a 

new method to select the optimal bridge type by integrating the experts’ opinions with the 

decision tree analysis.  



Ch.7: New Method to select the Optimum Type of Bridge Superstructure 
  222 

The decision tree of the current model consists of a trunk, main branches, secondary 

branches, and twigs. The trunk represents the optimal bridge type that will be revealed as 

an output. Each main branch represents a bridge type. Therefore, if ten bridge types are 

investigated, then the model should have ten main branches. From each main (parent) 

branch, two secondary (baby) branches will be developed, one for the Client’s 

Requirements (CRs) and one for the Design Requirements (DRs). From every secondary 

branch, a number of twigs will form out. The number of twigs represents the number of 

variables under consideration. As we stated earlier, we have four CRs as variables, so 

four twigs should fork out from the secondary branch related to the Client’s Requirements. 

Similarly, five twigs for the DRs exist. Figure (7.8) shows a snapshot containing three main 

branches (every one corresponds to a bridge type). For more clarity, Figure (7.9) shows 

a specific main branch which represents a specific bridge type. This main (parent) branch 

has two secondary (baby) branches (one for the client’s requirements CR which consists 

of four twigs and one for the design requirements DR which consists of five twigs).   

 

The value shown on the top of the each twig of the CR represents the 99 percentile of the 

experts’ combined distribution related to that CR (LMM)]^. The value shown at the bottom 

of that twig represent the importance level �_`)< assigned to that CR multiplied by the 

correlation coefficient QW=. On the top of each twig of the DR, the 99 percentile of the 

expert’s combined distribution related to that DR (LMM)a^, is shown. While, the value shown 

at the bottom of the twig of DR represents the correlation coefficient, Q=[, taken from the 

correlation matrix, is allocated.   

The decision tree will, then, calculate the Expected Monitory Value (EMV) with respect to 

client’s requirements, design requirements, and with respect to the main branch (i.e. a 

bridge type). The EMV with respect to �CR)< is calculated as follows: 

 
[7.15]   �bc�)]^ =  �L99)]^ ∗ �_`)<*QW=      

   
 
 
 

The EMV with respect to (DR) is obtained as follows: 
 
  

[7.16]   �bc�)a^ =  �L99)a^ ∗ Q=[        

 
 

Then, the EMV with respect to every bridge type is obtained as: 
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[7.17]   �bc�)]^ + �bc�)a^ =  ∑  �L99)]^
�<V� ∗ �_`)< ∗ QW= + ∑  �L99)a^

e=V� ∗ Q=[    

  
 

Finally, from all the bridge types under consideration, the model will chose the optimum 

type, which has the maximum EMV:  

 

  

[7.18]   �bc�)[�� = [ ∑  �L99)]^
�<V� ∗ �_`)< ∗  QW=  + ∑  �L99)a^

e=V� ∗ Q=[][�� 

    
 
 
The bridge type with �bc�)[�� is the optimum type and the main branch, corresponding 

to that branch, will be shown highlighted with a blue color.    

 
7.6.8 Sensitivity analysis 

In order to investigate the influence of independent variables (CDs and/or DRs) on the 

dependent variables (bridge types), sensitivity analysis has been conducted. The output 

of such analysis will produce Tornado chart and Spider chart. These charts measure the 

relative sensitivities of multiple dependent variables (CRs and DRs) against a single 

dependent variable (bridge type).   

 

7.7 Case Study I 

In order to investigate the applicability and validity of the proposed methodology, a case 

study has been carried out: 

The Roads and Transportation Authority, RTA, of the Government of Dubai announced a 

bridge project, in 2007. The project is to build a bridge crossing over the Sheikh Zayed 

Road in order to link Al-Barsha Quarter (East) with Al-Safouh area (West) as shown in 

Figure 7.10. The bridge type was selected based on a detailed, comprehensive and time-

consuming Value Engineering Analysis (VEA) conducted by a well reputed consultant, 

PARSONS International. The design criteria, developed by the Consultant, carefully 

considered the client’s requirements. The maximum span length was 30m (98.5 ft). The 

bridge has a dual-carriage way with two lanes in each direction. The two traffic directions 

were separated by a New-Jersey-type central median. Seven types of bridge 

superstructures were examined:  
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Figure 7.8: A three-branch part of a decision tree (Al-Delaimi and Dragomirescu, 2015) 
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Figure 7.9: A main branch of a decision tree (Al-Delaimi and Dragomirescu, 2015) 

 

 

Figure 7.10: The bridge considered for the case study (areal photo for Sheik Zayed Road, 

Dubai-UAE, Google map). 

Al-Safouh 

Al-Barsha 

The bridge considered 
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• Reinforced Concrete Slab Bridge (RCSB). 

• Pre-Stressed Concrete Slab Bridge (PSSB) 

• Monolithic T-Beam Bridge (MTBB) 

• Reinforced Concrete Multi-Cell Box Girder Bridge (RCMCBGB) 

• Pre-Stressed Concrete Multi-Cell Box Girder Bridge (PSMCBGB) 

• Precast Prestressed Concrete Girder Bridge (PCGB) 

• Steel Plate Girder Bridge (PGB) 

 

The value engineering analysis (VEA) revealed the PSMCBGB as being the most 

appropriate type of bridge superstructure. The bridge was designed according to AASHTO 

LRFD design code. The construction of the bridge was completed in September 2009 and 

was opened to traffic in October 2009. The client’s requirements for this specific project 

got the weights shown in Table 7.3. 

Table 7.3: Importance levels of client’s requirements related to case study I 

Client’s Requirements (CR) Importance Level (IL) Weight 

Cost  Very High 5 

Time Fair 3 

Quality  Very High 5 

Availability Fair 3 

 

In order to check the validity of the proposed methodology, an assumed bridge with exactly 

the same conditions has been examined. With the client’s consent, all the relative 

information have been gathered and collected. A team of four experts was consulted. This 

team consists of a senior Bridge designer from AECOM Consultant (Dubai office), the 

Head of Bridge Design Section in Hyder Consultant (Dubai office), a professor in the 

American University in Dubai, (AUD), who has a strong experience in bridge engineering, 

and the Senior Design Manager of Al-Nabooda Liang Contracting Company in Dubai. A 

one-to-one interview session was held with each expert separately. The questionnaire 

forms were filled out (one form for each type of bridge). The total numbers of forms: 

(1 form per bridge type per expert) * (7 bridge types) * (4 experts) = 28 forms 

The experts’ score assessments were statistically analyzed and corresponding PERT 

distributions were developed. Combined distributions have been determined and the 99 
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percentile LMM  values were obtained. Then, the correlation coefficients were calculated. 

After that, the model conducted the decision tree analysis. For every bridge type, the 

decision tree analysis revealed the corresponding Expected Monitory Value, EMV. The 

Maximum EMV was given to the type of prestressed concrete multi-cell box girder bridge 

(PSMCBGB) which is in total agreement with the findings of the value engineering analysis 

VEA. For the seven types of bridges under considerations, Tables (7.4) to (7.10) 

summarize the experts’ assessments with respect to the CRs and DRs (CR1= Cost, CR2 

= Time, CR3 = Quality, CR4 = Availability, DR1= Geometric conditions, DR2 = Functional 

requirements, DR3 = Aesthetic, DR4 = Constructability, and DR5 = Legal and 

environmental conditions). A PERT distribution was developed from each expert’s opinion. 

Then the four experts’ opinions were composed in one combined distribution from which 

the mean value would be obtained. For example, probability density function of PERT 

distribution for (CR1) related to RCSB type is as shown in Figure 7.11 and the combined 

distribution is illustrated in Figure 7.12. Similarly, the cumulative distribution and 

corresponding combined distribution are shown in Figures 7.13 and 7.14, respectively. 

Table 7.4: Experts’ scores for reinforced concrete slab bridge RCSB 

 Bridge Type: RCSB 

 Expert 1 Expert 2 Expert 3 Expert 4 

Min. M.L. Max. Min. M.L. Max. Min. M.L. Max. Min. M.L. Max. 

CR1 2 3 4 1 2 3 1 3 4 3 4 5 

CR2 2 4 5 1 3 5 1 2 3 2 4 5 

CR3 2 3 5 1 3 4 1 3 5 2 3 4 

CR4 1 2 3 2 3 4 2 4 5 1 3 4 

DR1 1 2 3 2 3 4 1 3 5 1 2 3 

DR2 2 3 4 2 3 5 2 3 4 1 3 4 

DR3 1 2 3 1 2 4 1 2 3 2 3 4 

DR4 3 4 5 2 3 4 1 3 4 2 4 5 

DR5 4 5 6 3 5 6 2 4 5 3 5 6 
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Figure 7.11: The probability density function of PERT distribution related to CD1 

  

 

 

Figure 7.12: The probability density function of the combined distribution related to CD1. 
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Figure 7.13: The cumulative distribution functions related to CD1. 

 

 

 

Figure 7.14: The combined cumulative distribution function related to CD1. 
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Table 7.5: Experts’ scores for prestressed concrete slab bridge PSSB 

 Bridge Type: PSSB 

 Expert 1 Expert 2 Expert 3 Expert 4 

Min. M.L. Max. Min. M.L. Max. Min. M.L. Max. Min. M.L. Max. 

CR1 3 4 5 1 3 5 2 4 5 2 5 6 

CR2 1 3 4 2 3 4 1 3 4 2 4 5 

CR3 2 4 5 2 3 4 2 3 4 1 3 4 

CR4 3 5 6 2 4 5 1 3 5 2 4 5 

DR1 3 4 5 2 4 5 1 3 4 1 3 4 

DR2 2 3 6 1 2 4 2 3 4 2 4 6 

DR3 1 2 3 2 4 5 1 2 4 2 3 4 

DR4 2 3 4 1 3 5 1 4 5 2 5 6 

DR5 1 2 3 2 3 4 1 3 4 1 3 4 

 

 

 

Table 7.6: Experts’ scores for monolithic T-beam bridge MTBB 

 Bridge Type: MTBB 

 Expert 1 Expert 2 Expert 3 Expert 4 

Min. M.L. Max. Min. M.L. Max. Min. M.L. Max. Min. M.L. Max. 

CR1 1 2 3 2 3 4 1 2 3 1 2 3 

CR2 1 3 4 2 3 4 2 4 5 2 3 5 

CR3 2 4 5 1 3 4 1 3 5 1 2 3 

CR4 2 3 4 2 3 5 1 2 3 2 3 4 

DR1 1 2 4 1 3 5 1 2 4 2 4 6 

DR2 1 3 4 2 4 5 1 3 4 1 2 3 

DR3 2 4 5 2 3 4 2 3 4 2 3 4 

DR4 1 2 4 1 2 4 2 3 5 1 2 4 

DR5 2 4 6 1 3 5 2 3 5 2 3 5 
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Table 7.7: Experts’ scores for reinforced concrete multicell concrete box girder bridge 

RCMCBGB 

 Bridge Type: RCMCBGB 

 Expert 1 Expert 2 Expert 3 Expert 4 

Min. M.L. Max. Min. M.L. Max. Min. M.L. Max. Min. M.L. Max. 

CR1 4 5 6 4 6 7 3 5 6 2 5 7 

CR2 3 6 7 2 4 6 2 3 4 2 5 6 

CR3 2 3 5 2 4 6 3 4 5 4 5 7 

CR4 3 5 6 3 5 6 2 4 5 5 6 7 

DR1 5 6 7 4 5 6 3 5 6 3 5 6 

DR2 3 4 5 5 6 7 2 5 6 2 5 7 

DR3 2 4 5 5 6 7 1 3 5 2 4 5 

DR4 4 5 6 4 5 6 3 5 7 3 5 7 

DR5 5 6 7 4 5 6 3 6 7 2 5 6 

 

 

Table 7.8: Experts’ scores for reinforced concrete multicell concrete box girder bridge 

PSMCBGB 

 Bridge Type: PSMCBGB 

 Expert 1 Expert 2 Expert 3 Expert 4 

Min. M.L. Max. Min. M.L. Max. Min. M.L. Max. Min. M.L. Max. 

CR1 7 8 9 6 8 9 6 7 8 7 8 9 

CR2 3 4 6 3 5 6 4 5 6 3 4 6 

CR3 2 5 6 5 6 7 5 6 7 7 8 9 

CR4 4 5 7 4 5 6 5 7 8 5 6 7 

DR1 6 7 8 5 6 7 5 6 8 4 5 6 

DR2 4 6 7 4 6 7 5 6 8 7 8 9 

DR3 7 8 9 6 8 9 5 7 8 5 7 8 

DR4 4 5 7 4 5 7 5 6 7 4 6 7 

DR5 7 8 9 6 8 9 6 8 9 5 6 7 
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Table 7.9: Experts’ scores for precast prestressed girder concrete slab bridge PCGB 

 Bridge Type: PCGB 

 Expert 1 Expert 2 Expert 3 Expert 4 

Min. M.L. Max. Min. M.L. Max. Min. M.L. Max. Min. M.L. Max. 

CR1 4 5 6 1 2 3 2 3 4 2 3 4 

CR2 7 8 9 6 7 9 5 7 8 6 8 9 

CR3 6 8 9 6 7 8 6 7 9 5 7 8 

CR4 7 8 9 6 8 9 5 7 9 6 7 9 

DR1 2 3 4 3 4 5 5 6 7 2 5 7 

DR2 2 5 6 1 3 4 1 2 3 2 3 4 

DR3 2 3 5 3 4 5 3 4 5 1 3 4 

DR4 6 7 9 6 8 9 6 7 9 5 7 8 

DR5 2 3 4 3 4 5 2 4 5 2 4 5 

 

 

Table 7.10: Experts’ scores for steel plate girder bridge PGB 

 Bridge Type: PGB 

 Expert 1 Expert 2 Expert 3 Expert 4 

Min. M.L. Max. Min. M.L. Max. Min. M.L. Max. Min. M.L. Max. 

CR1 4 5 6 4 5 7 4 5 7 3 4 5 

CR2 3 4 5 3 5 7 3 5 6 4 5 6 

CR3 4 7 8 7 8 9 2 4 5 2 6 7 

CR4 5 6 7 6 7 8 5 6 8 4 5 7 

DR1 3 5 6 4 5 6 2 3 4 5 7 8 

DR2 3 5 6 4 5 6 3 5 7 2 5 6 

DR3 2 3 4 5 6 7 5 7 8 6 7 8 

DR4 7 8 9 4 5 6 2 4 5 3 5 6 

DR5 4 5 6 3 5 6 7 8 9 5 6 7 
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The values of the mean  � , standard deviation >, and the 99 percentile LMM of the combined 

distribution corresponding to every bridge type is summarized in Table 7.11. 

Table 7.11: The mean value � of the combined distribution 

Bridge 

Type 
 

Client’s Requirement Design Requirements 

CR1 CR2 CR3 CR4 DR1 DR2 DR3 DR4 DR5 

RCSB 

� 2.958 3.167 3.000 2.917 2.500 3.000 2.500 3.417 4.625 

> 0.830 0.949 0.588 0.805 0.707 0.488 0.906 0.694 0.692 

LMM 0.496 0.539 0.5 0.497 0.457 0.5 0.369 0.503 0.548 

PSSB 

� 3.875 3.125 3.167 3.875 3.375 3.125 2.750 3.583 2.667 

> 0.857 0.661 0.614 0.891 0.750 0.904 0.871 0.948 0.614 

LMM 0.526 0.484 0.467 0.521 0.525 0.466 0.468 0.45 0.52 

MTBB 

� 2.250 3.208 2.917 2.792 2.833 2.875 3.208 2.417 3.333 

> 0.575 0.640 0.869 0.630 1.004 0.829 0.560 0.702 0.769 

LMM 0.337 0.473 0.487 0.527 0.444 0.487 0.446 0.472 0.47 

RCMCBGB 

� 5.125 4.083 4.083 4.875 5.167 4.542 6.458 5.000 5.333 

> 0.761 1.316 0.916 0.924 0.679 1.125 0.947 0.598 0.777 

LMM 0.501 0.462 0.486 0.501 0.49 0.454 0.644 0.5 0.515 

PSMCBGB 

� 6.458 7.667 6.167 7.708 7.750 7.708 7.375 6.875 7.417 

> 0.947 0.679 1.285 0.596 0.643 0.596 0.750 1.838 0.948 

LMM 0.644 0.565 0.423 0.536 0.537 0.536 0.525 0.718 0.616 

PCGB 

� 3.250 3.417 2.500 2.917 4.458 3.125 3.500 4.083 3.667 

> 1.153 1.003 0.627 0.481 1.241 1.100 6.990 1.172 0.614 

LMM 0.388 0.405 0.5 0.525 0.445 0.424 0.548 0.447 0.52 

PGB 

� 4.833 4.708 6.000 6.083 4.917 4.875 5.708 5.417 5.958 

> 0.679 0.680 1.666 0.805 1.437 0.633 1.665 1.627 1.331 

LMM 0.51 0.505 0.536 0.503 0.512 0.526 0.683 0.328 0.395 

 

The correlation coefficients between the statistical distributions related to CRs and DRs 

for the different types of bridges are summarized in Tables 7.12 to 7.18.  

The decision tree for the seven bridge types under consideration is shown in Figure 7.15. 

For clarity, the main branches are separately shown in Figures 7.16 To 7.22. The main 

branch related to the optimum bridge type (prestressed multi-cell box girder bridge 

PCMCBGB) is distinguished by a blue color. 

The expected monitory value EMV resulted from the decision tree analysis corresponding 

to the every bridge type is shown in Table 7.19. The maximum EMV was that 

corresponding to the prestressed multi-cell box girder bridge PSMCBGB. This is the same 

bridge type obtained from the value engineering analysis VEA conducted by the consultant 

(Parsons International). 
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Table 7.12: Correlation matrix related to RCSB. 

 Correlation matrix for RCSB 

 CR1 CR2 CR3 CR4 DR1 DR2 DR3 DR4 DR5 

CR1 1.000 0.167 0.050 0.017 0.233 0.217 0.350 0.067 0.017 

CR2 0.167 1.000 0.100 0.367 0.450 0.167 0.217 0.367 0.417 

CR3 0.050 0.100 1.000 0.383 0.633 0.567 0.217 0.050 0.217 

CR4 0.017 0.367 0.383 1.000 0.083 0.233 0.300 0.383 0.367 

DR1 0.233 0.450 0.633 0.083 1.000 0.833 0.083 0.083 0.017 

DR2 0.217 0.167 0.567 0.233 0.833 1.000 0.133 0.517 0.083 

DR3 0.350 0.217 0.217 0.300 0.083 0.133 1.000 0.417 0.850 

DR4 0.067 0.367 0.050 0.383 0.083 0.517 0.417 1.000 0.400 

DR5 0.017 0.417 0.217 0.367 0.017 0.083 0.850 0.400 1.000 

 

Table 7.13: Correlation matrix related to PSSB. 

 Correlation matrix for PSSB 

 CR1 CR2 CR3 CR4 DR1 DR2 DR3 DR4 DR5 

CR1 1.000 0.667 0.117 0.083 0.100 0.417 0.583 0.100 0.067 

CR2 0.667 1.000 0.300 0.300 0.317 0.033 0.150 0.017 0.250 

CR3 0.117 0.300 1.000 0.367 0.067 0.183 0.033 0.433 0.383 

CR4 0.083 0.300 0.367 1.000 0.350 0.417 0.250 0.283 0.100 

DR1 0.100 0.317 0.067 0.350 1.000 0.100 0.667 0.467 0.467 

DR2 0.417 0.033 0.183 0.417 0.100 1.000 0.567 0.050 0.183 

DR3 0.583 0.150 0.033 0.250 0.667 0.567 1.000 0.417 0.217 

DR4 0.100 0.017 0.433 0.283 0.467 0.050 0.417 1.000 0.167 

DR5 0.067 0.250 0.383 0.100 0.467 0.183 0.217 0.167 1.000 

 

 

Table 7.14: Correlation matrix related to MTBB. 

 Correlation matrix for MTBB 

 CR1 CR2 CR3 CR4 DR1 DR2 DR3 DR4 DR5 

CR1 1.000 0.167 0.483 0.383 0.467 0.383 0.033 0.367 0.050 

CR2 0.167 1.000 0.050 0.600 0.167 0.600 0.150 0.000 0.017 

CR3 0.483 0.050 1.000 0.350 0.167 0.317 0.100 0.883 0.452 

CR4 0.383 0.600 0.350 1.000 0.050 0.067 0.150 0.600 0.075 

DR1 0.467 0.167 0.167 0.050 1.000 0.200 0.633 0.017 0.109 

DR2 0.383 0.600 0.317 0.067 0.200 1.000 0.383 0.217 0.176 

DR3 0.033 0.150 0.100 0.150 0.633 0.383 1.000 0.100 0.293 

DR4 0.367 0.000 0.883 0.600 0.017 0.217 0.100 1.000 0.427 

DR5 0.050 0.017 0.452 0.075 0.109 0.176 0.293 0.427 1.000 
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Table 7.15: Correlation matrix related to RCMCBGB. 

 Correlation matrix for RCMCBGB 

 CR1 CR2 CR3 CR4 DR1 DR2 DR3 DR4 DR5 

CR1 1.000 0.417 0.400 0.383 0.100 0.000 0.117 0.500 0.500 

CR2 0.417 1.000 0.617 0.150 0.367 0.100 0.367 0.633 0.450 

CR3 0.400 0.617 1.000 0.100 0.400 0.100 0.783 0.583 0.033 

CR4 0.383 0.150 0.100 1.000 0.300 0.133 0.267 0.117 0.217 

DR1 0.100 0.367 0.400 0.300 1.000 0.500 0.133 0.233 0.317 

DR2 0.000 0.100 0.100 0.133 0.500 1.000 0.317 0.167 0.000 

DR3 0.117 0.367 0.783 0.267 0.133 0.317 1.000 0.333 0.017 

DR4 0.500 0.633 0.583 0.117 0.233 0.167 0.333 1.000 0.417 

DR5 0.500 0.450 0.033 0.217 0.317 0.000 0.017 0.417 1.000 

 

 

Table 7.16: Correlation matrix related to PSMVBGB. 

 Correlation matrix for PSMCBGB 

 CR1 CR2 CR3 CR4 DR1 DR2 DR3 DR4 DR5 

CR1 1.000 0.250 0.067 0.150 0.217 0.133 0.217 0.150 0.033 

CR2 0.250 1.000 0.250 0.383 0.783 0.067 0.700 0.433 0.567 

CR3 0.067 0.250 1.000 0.383 0.167 0.133 0.383 0.383 0.133 

CR4 0.150 0.383 0.383 1.000 0.183 0.050 0.633 0.117 0.100 

DR1 0.217 0.783 0.167 0.183 1.000 0.167 0.817 0.300 0.883 

DR2 0.133 0.067 0.133 0.050 0.167 1.000 0.000 0.200 0.400 

DR3 0.217 0.700 0.383 0.633 0.817 0.000 1.000 0.133 0.500 

DR4 0.150 0.433 0.383 0.117 0.300 0.200 0.133 1.000 0.233 

DR5 0.033 0.567 0.133 0.100 0.883 0.400 0.500 0.233 1.000 

 

 

Table 7.17: Correlation matrix related to PCGB. 

 Correlation matrix for PCGB 

 CR1 CR2 CR3 CR4 DR1 DR2 DR3 DR4 DR5 

CR1 1.000 0.317 0.483 0.033 0.467 0.400 0.250 0.167 0.383 

CR2 0.317 1.000 0.033 0.383 0.083 0.050 0.517 0.083 0.067 

CR3 0.483 0.033 1.000 0.650 0.117 0.583 0.433 0.667 0.467 

CR4 0.033 0.383 0.650 1.000 0.000 0.767 0.167 0.550 0.250 

DR1 0.467 0.083 0.117 0.000 1.000 0.083 0.017 0.483 0.217 

DR2 0.400 0.050 0.583 0.767 0.083 1.000 0.167 0.450 0.283 

DR3 0.250 0.517 0.433 0.167 0.017 0.167 1.000 0.300 0.033 

DR4 0.167 0.083 0.667 0.550 0.483 0.450 0.300 1.000 0.100 

DR5 0.383 0.067 0.467 0.250 0.217 0.283 0.033 0.100 1.000 
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Figure 7.15 : Decision tree for seven bridge types. 
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Table 7.18: Correlation matrix related to PGB. 

 Correlation matrix for PGB 

 CR1 CR2 CR3 CR4 DR1 DR2 DR3 DR4 DR5 

CR1 1.000 0.300 0.133 0.500 0.183 0.450 0.667 0.283 0.533 

CR2 0.300 1.000 0.483 0.217 0.283 0.267 0.317 0.817 0.250 

CR3 0.133 0.483 1.000 0.067 0.333 0.317 0.317 0.150 0.050 

CR4 0.500 0.217 0.067 1.000 0.050 0.033 0.317 0.200 0.967 

DR1 0.183 0.283 0.333 0.050 1.000 0.200 0.133 0.233 0.017 

DR2 0.450 0.267 0.317 0.033 0.200 1.000 0.300 0.000 0.150 

DR3 0.667 0.317 0.317 0.317 0.133 0.300 1.000 0.367 0.333 

DR4 0.283 0.817 0.150 0.200 0.233 0.000 0.367 1.000 0.150 

DR5 0.533 0.250 0.050 0.967 0.017 0.150 0.333 0.150 1.000 

 

 

 

Figure 7.16: Main branch corresponding to bride type (RCSB) – Case study I 
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Figure 7.17: Main branch corresponding to bride type (PCSB) – Case study I 

 

 

Figure 7.18: Main branch corresponding to bride type (MTBB) – Case study I 
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Figure 7.19: Main branch corresponding to bride type (RCMCBGB) – Case study I 

 

 

Figure 7.20: Main branch corresponding to the optimum bride type (PSMCBGB). – Case 

study I 
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Figure 7.21: Main branch corresponding to bride type (PCGB) – Case study I 

 

 

Figure 7.22: Main branch corresponding to bride type (PGB) – Case study I 
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Table 7.19: EMV resulted from the decision tree analysis – Case Study I. 

Bridge Type Expected Monitory Value EMV 

RCSB 156.4 

PSSB 153.2 

MTBB 135.0 

RCMCBGB 224.5 

PSMCBGB 341.8 

PCGB 276.6 

PGB 243.5 

 

Now, in order to investigate the influence of the independent variables (client’s 

requirements CRs and design requirements DRs) on the dependent variable (bridge type), 

sensitivity analysis was conducted considering the optimum path.  

 

 

Figure 7.23: Tornado chart revealed from sensitivity analysis. 
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To perform such analysis, a large number of model executions (analyses) have been 

performed. In every time of analysis, only one variable was considered and all other 

variables were kept constant. The results of the sensitivity analysis were represented by 

a Tornado chart as illustrated in Figure 7.23 and Table 7.20.  

The results of the sensitivity analysis show that the bridge type is highly sensitive to the 

project budget (cost), project duration (time) and constructability; eventually, this is in line 

with the logics of projects management.  

Table 7.20: Summary of the results of sensitivity analysis 

Chart Data 

Rank Input Variable 
Total 

Variance 

Minimum Maximum 

Output 
Input 

Value 

Output 
Input 

Value Value 
Change 

% 
Value 

Change 

% 

1 Cost 92 261 -23.64 0.0 353 3.17 10.0 

2 Time 85 276 -19.25 0.0 361 5.32 10.0 

3 Constructability 74 299 -12.52 0.0 373 8.36 10.0 

4 Quality 60 290 -15.16 0.0 350 2.34 10.0 

5 
Geometric 

Conditions 
31 318 -6.96 0.0 349 2.11 10.0 

6 
Functional 

Requirements 
30 315 -7.84 0.0 345 0.93 10.0 

7 Aesthetic 24 320 -6.38 0.0 344 0.64 10.0 

8 Availability 19 329 -3.74 0.0 348 1.81 10.0 

9 
Legal & 

Environmental 
17 327 -4.33 0.0 344 0.64 10.0 
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7.8 Case Study II 

In this section another case study will be considered in order to verify the applicability of 

the proposed model. 

The results of the sensitivity analysis, performed in Section 7.7 (for case study I), gave the 

motivation to further investigate the effect project budget and project duration on the type 

of bridge superstructure. However, all the parameters of Case Study I will be kept intact; 

the only change will be made on the importance level of the client’s requirements 

(specifically, cost and time). Table 7.21 shows the modified importance levels of the CRs. 

From this table, it is obvious that the time was given a very high priority. This means that 

the client’s priority is to complete the project as fast as possible. 

Table 7.21: Importance levels (priority) of client’s requirements related to case study II 

Client’s Requirements 

(CR) 

Importance Level 

(IL) 
Weight 

Cost Very High 3 

Time Fair 5 

Quality Very High 5 

Availability Fair 3 

 

The same steps and procedure used in Case Study I will be followed here. Figures 7.24 

to 7.30 illustrate the results of the decision tree analysis related to the different bridge 

types. The main branch related to the optimum bridge type (prestressed girder bridge) is 

distinguished by a blue color.  

The expected monitory value EMV resulted from the decision tree analysis corresponding 

to the every bridge type is shown in Table 7.22. The maximum EMV was that 

corresponding to the precast prestressed girder bridge PCGB. This reflects the logical fact 

that prestressed girder bridges are fast in construction (required less construction time 

compared to other bridge types).   
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Figure 7.24: Main branch corresponding to bride type (RCSB) – Case study II 

 

 

Figure 7.25: Main branch corresponding to bride type (PCSB) – Case study II 
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Figure 7.26: Main branch corresponding to bride type (MTBB) – Case study II 

 

 

Figure 7.27: Main branch corresponding to bride type (RCMCBGB) – Case study II 
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Figure 7.28: Main branch corresponding to the optimum bride type (PSMCBGB) – Case 

study II 

 

 

Figure 7.29: Main branch corresponding to bride type (PCGB) – Case study II 
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Figure 7.30: Main branch corresponding to bride type (PGB) – Case study II 

 

Table 7.22: EMV resulted from the decision tree analysis - Case Study II. 

Bridge Type Expected Monitory Value EMV 

RCSB 163.7 

PSSB 145.9 

MTBB 134.3 

RCMCBGB 233.9 

PSMCBGB 337.9 

PCGB 360.0 

PGB 241 
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7.9 Summary 

The current research provides a probabilistic approach for the design optimization of 

prestressed girder bridges. Eventually, bridge design optimization process will only be 

efficient when it is applied on a properly-selected bridge type. Hence, for the current 

optimization model, the first essential step is to verify that a prestressed girder bridge 

system is the most appropriate bridge type with respect to the project conditions, 

requirements, and limitations. For this purpose, a new model for deciding about the 

optimum bridge type is developed in the current research. 

The model integrates the experts’ decisions with decision tree analysis and sensitivity 

analysis. The uncertainty associated with every expert’s opinion has been statistically 

modeled using PERT distribution. The different opinions of different experts have been 

composed using a combined distribution. The client’s requirements (CRs) and design 

requirements (DRs) were treated as the main optimization variables. The correlation 

between the CRs and design requirements DRs as well as among the DRs have been 

considered and incorporated. The statistical model is interactively linked with a decision 

tree that calculates an equivalent expected monitory value EMV with respect to every 

possible alternative. The alternative that reveals the maximum EMV represents the 

optimum bridge type. For the optimum solution, a sensitivity analysis was also conducted 

to investigate the influence of the independent variables (client’s and design requirements) 

on the dependent variable (bridge type).The applicability of the proposed model was 

investigated through two case studies. The proposed model showed satisfactory 

performance; and the case studies revealed logical results. 
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Chapter 8 

Summary, Conclusions, and Recommendations 

 

8.1 Summary 

The current research proposes a new efficient model that uniquely performs 

probabilistic-based design optimization for prestressed girder bridges. The proposed 

model aims to provide cost-effective design solutions with guaranteed safety levels in 

the optimized bridge configuration. Two different probabilistic optimization 

methodologies were developed: i- reliability-based design optimization, and ii- six sigma 

robust design optimization. The proposed model is capable of performing 

comprehensive reliability analysis both on the individual components level and the 

overall structural system level. Different reliability methods have been incorporated. The 

current research also proposes a new method (as part of the integrated model) for 

choosing the optimum bridge superstructure type by modelling probabilistically the 

experts’ decisions and by integrating them within the decision tree analysis and 

sensitivity analysis.  

The new friendly-user model, developed in the current research, was coded with Visual 

Basic Applications VBA in order to:  

• derive new statistical parameters for the random variables related to the load 

effects and resistance, 

• conduct comprehensive reliability analysis to estimate the component’s failure 

probabilities and corresponding reliability indices by the Firs-Order Reliability 

Method FORM,  

• estimate the overall system’s reliability by conducting nonlinear failure mode 

analysis FMA and, by utilizing the method of Improved Reliability Bounds IRB. 

For this purpose, a 2-D nonlinear grillage analogy GRANAL (Grillage ANALogy) 

algorithm has been coded with Visual Basic Applications VBA,   

• alternatively, evaluate the probability of failure and corresponding reliability 

indexes by Monte Carlo Simulation MCS technique,  
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• perform probabilistic design optimization of prestressed girder bridges with 

reliability-based design optimization approach, in which the failure probabilities 

are utilized as probabilistic constraints,  

• conduct a quality-control design optimization through implementing the six sigma 

quality concept in order to achieve robust structural configuration,  

• incorporate the Copula method in quantifying the dependency (correlation) 

between random variables and investigate its effect on the reliability indices, and  

• to provide a decision-making tool to select the most appropriate bridge 

superstructure type by integrating expert decision analysis, decision tree 

analysis, and sensitivity analysis. 

 

8.2 Conclusions 

The following main conclusions can be drawn based on the applicability, the results and 

the validation of the probabilistic model developed in the current research: 

1. Deterministic optimization of prestressed girder bridges could considerably 

reduce the cost of the bridge. However, the optimized structural configuration 

might not be considered as entirely safe, particularly from the serviceability point 

of view, as a result of not considering the uncertainties associated with the basic 

design variables. 

2. Probabilistic optimization approaches can efficiently provide the best compromise 

between achieving a cost-effective design solution and guaranteeing satisfactory 

safety levels for the final optimized structural configuration. 

3. The existing statistical parameters for the random variables related to the load 

effects (stresses, bending moment, shear, fatigue stress range) and resistance 

are no longer valid because new live load models, material coefficients, and 

fabrication coefficients were derived. Hence, new statistical parameters, 

characterizing the load effects and resistance, have been derived in the current 

research.  

4. The available reliability analysis of prestressed girder bridges focusses only on 

the ultimate flexural capacity of the bridge. This can help evaluating the capacity 

of existing bridges. However, for the sake of reliability-based design optimization, 

the available reliability analysis is not enough as it should consider all limit state 

functions related to the design of prestressed girder bridges. On the other hand, 

these available reliability analyses are no longer valid as they were obtained 
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based on old models of load and resistance. New comprehensive reliability 

analysis is necessary and essential for realistically describing the safety levels of 

the girder bridges. The new analysis must consider all possible limit state 

functions based on the new statistical parameters of the load effects and 

resistance. This was thoroughly addressed in the current research by developing 

a new comprehensive reliability model that considers all limit state functions, 

correlation between random variables, and all possible modes of failure that 

could lead to system collapse (mechanism). The improved reliability bounds IRB 

method was employed, in the current study, to obtain the narrowest possible 

bounds (lower and upper bounds) for the system reliability.  

5. The previous researchers focused mainly on AASHTO Girders in evaluating the 

reliability analysis of girder bridges. However, there are other numerous very 

common types of girders. In the current research, a computerized model was 

developed to perform comprehensive reliability analysis for any type of girder, 

particularly the most popular types, such as AASHTO Girders, CPCI Girders, 

Bulb Tee Girders, and NU Girders.  

6. First-Order Reliability Method FORM provides satisfactorily accurate results for 

structural engineering applications. Its simple computational effort and fast 

processing makes it very attractive for end users and designers. However, the 

Monte Carlo Simulation MCS technique is still the most accurate approach for 

performing the reliability analysis. The new model, developed in the current 

research, employs both FORM and MSC methods. 

7. Copulas method offers a much more flexible approach for precisely quantifying 

the correlation (dependency) between random variables by combining marginal 

distributions into multivariate distributions and offer an enormous improvement in 

capturing the real correlation pattern. Thus, correlation with copula is more 

advanced and accurate than the conventional rank-order correlation methods. As 

a novel contribution, the current study employed the copula functions in 

correlating different random variables envolved in the reliability analysis of 

prestressed girder bridges. Two main categories of copula functions exist; 

namely: Elliptical copulas (normal and T) and Archimedean copulas (Clayton, 

Frank, and Gumbel). Elliptical copulas, due to their mathematical formulation, 

have higher impact on reliability analysis than Archimedean copulas. 
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8. The simulation-based optimization technique offers an effective approach that 

efficiently copes with the complexity of structures like bridges. This technique 

employs a heuristic (or metaheuristic) algorithm to guide the simulation without 

the need to perform an exhaustive analysis of all the possible combinations of 

input variables. As a novel contribution, the current research developed a new 

model that performs probabilistic simulation-based design optimization for 

prestressed girder bridges. The simulation engine conducts Monte Carlo 

Simulation MCS while the optimization engine performs metaheuristic scatter 

search with neural network accelerator (filter). Both, the simulator and the 

optimizer are interactively integrated with a comprehensive reliability model and 

cost model. 

9. Reliability-based design optimization provides the best compromise between 

achieving cost-effective solutions with guaranteed safety levels. In this approach 

the failure probabilities, corresponding to the target reliability indexes (both the 

individual components’ reliability and the entire system’s reliability), should be 

treated as probabilistic constraints in the optimization process. Employing this 

approach in the new model, developed in the current study forms an important 

contribution to the field of bridge design optimization. The reliability analysis, 

performed in conjunction with the design optimization procedure, represent an 

important advance of knowledge for the bridge engineers. The new statistical 

parameters for the load and resistance models were efficiently implemented in 

the process of selecting the appropriate safety levels of the prestressed girder 

bridges. 

10. The six sigma quality concept can be integrated with reliability analysis and 

robust design. Such quality-controlled approach helps achieving design solutions 

which ensure not only that a structure performs as designed, but also that the 

structure consistently performs as designed. However, it is not necessarily to 

apply higher number of sigmas (e.g. 6�) as it might be too expensive. As a new 

contribution, the current study uniquely employed, formulated and applied the 

six-sigma based robust design optimization of prestressed girder bridges. 

11. The feasibility of any bridge design is very sensitive to the bridge superstructure 

type. Failing to choose the most suitable bridge type will never help achieving 

cost-effective design alternatives. In addition to the span length, many other 

factors (e.g. client’s requirements, design requirements, project’s conditions, etc.) 
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affect the selection of bridge type.  The current research focusses on prestressed 

girder bridge type. However, in order to verify whether selecting the prestressed 

girder bridge type, in a specific project, is the right choice, a tool for selecting the 

optimum bridge type was needed. Hence, the current research provides a new 

model for selecting the most suitable bridge type, by integrating the experts’ 

decision analysis, decision tree analysis and sensitivity analysis. Experts’ 

opinions and decisions form an essential tool in developing decision-making 

models. However the uncertainties associated with expert’s decisions need to be 

properly incorporated and statistically modelled. This was uniquely addressed in 

the current study. 

 

 

8.3 Recommendations for future research 

The following recommendations can be considered for future research work: 

 

1. In order to have consistent safety levels (reliability), current design codes need to 

be calibrated with respect to Serviceability Limit States SLS and Fatigue Limit 

State FLS. This required developing Live load models that represents the actual 

traffic, with a high degree of accuracy, by using weigh-in-motion stations. Such 

stations need to be installed in different provinces/states in order to have a 

comprehensive traffic data. 

2. The probabilistic analysis performed for prestressed girder bridges can be further 

extended and developed to involve time-dependent reliability analysis that 

implements the effect of the age-related deterioration, which was beyond the 

scope of the current research. 

3. The applicability of the probabilistic optimization approach can be further applied 

to other types of bridges (e.g. box girder bridges, plate girder bridges, etc.). 

4. The design optimization can be further developed to involve the bridge 

substructure components (i.e. abutment, piers, and foundations) as considerable 

part of the budget is usually allocated to these components. 
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Appendix A 

Development of Reliability Computational Methods 

 

A.1 Background 

In the current research, different reliability methods are applied to assess the probability 

of failure and corresponding reliability index with respect to structural components as well 

as the overall structural system. For individual component’s reliability, the First-Order 

Reliability method FORM is utilized, while for system reliability, the method of Improved 

Reliability Bounds of Structural System is adopted. Alternatively, the Monte Carlo 

Simulation MCS technique is also applied. In this Chapter, the development of these 

reliability methods is demonstrated. 

 

A.2 First-Order Reliability Method (FORM) 

In general, the limit state function can be expressed as follows (Melchers, 1987): 

 

 g (X) = g(��, �
 , … … . , �
)       (A.1) 

 

where �� denote the resistance and load parameters considered as random variables, and 

g (.) is a function that relates these variables for the limit state under consideration. The 

limit state (serviceability or ultimate state) is reached when: 

 

  g(��, �
 , … … . , �
) ≤ 0       (A.2) 

 

Using Taylor’s series, the limit state function can be expanded provided that the first order 

terms are maintained. Hence, Eq. (A.2) can be rewritten as follows: 

 

 g(��, �
 , … … . , �
) ≈ g(��∗, �
∗ , … … . , �
∗)+ ∑ (�� − ��∗)
��� (
��
���)�∗  (A.3) 

 

where, ��∗ is the linearization point at which the partial derivatives (
��
���) are evaluated.  
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When the linearization point is set at the mean value, this reliability method is, sometimes, 

referred to as Mean-Value First-Order Second-Moment (MVFOSM) method (Hao et al., 

2013). The mean and variance of the limit state function, respectively denoted as �� and 

��, are approximated by  

 

 �� ≈ g(��, �
 , … … . , �
)         (A.4) 

 

 �� ≈ ∑�∑�(�� − ��∗) (
��
���)�∗��� (��

���)�����  ��,�! ���  ��!       (A.5) 

 

where  ��,�! is the correlation coefficient and the (
��
���)�∗��� , (��

���)����� are the partial derivatives 

at the mean point, �
 = "(��) = �#$ . 

   

The accuracy of Eqs. (A.4 and A.5) depends on the effect of neglecting the higher-order 

terms in Eq. (A.3). 

 

For a limit state function (%), the standardized margin &' (which has a zero mean and a 

unit standard deviation) can be calculated as 

 

 &'= 
'( )* 

+*             (A.6) 

 

Failure occurs when % ≤ 0 ; hence, the probability of failure is 

 

 ,- = ,(% ≤ 0) = .'(0) = ./'(
( )* 

+* )         (A.7) 

 

Since the reliability index = )* 
+*  , then 

 

 ,-= ./' (- 0)            (A.8) 

 

Three shortcomings are associated with the MVFSOM:  

First, if the limit state function g(.), inaccurate results may exist at increasing distance from 

the linearization point by neglecting higher-order. Secondly, the method fails to be 

invariant to different equivalent formation of the same problem. By other words, the 
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reliability index 0 depends on the formulation of the limit state equation. The third 

shortcoming is that the probability of failure is approximated in a standardized normal 

space while some of the random variables have non-normal distribution.  

 

To solve the first two drawbacks, Hasofer and Lind (1974) suggested considering the 

linearization problem at some point on the failure surface, as an alternative to expanding 

Taylor’s series about the mean point. The resistance and load variables, �� , are 

transformed to standardized variables with zero mean and unit variance by 

 

 1�= 
��()�

+2�
         (A.9) 

 

The reliability index 3 (referred to as Hasofer-Lind reliability index) represents the shortest 

distance from the origin to the reduced (standardized) space. Let 4�∗ be the linearized unit 

vector normal to the limit state surface at the design point and directed towards the failure 

set. This unit vector can be obtained as follows: 

 

4�∗= (
��
�5�)5�∗  / 6∑ ( ��

�5�)5�∗
�        (A.10) 

 

All the derivatives in Eq. (A.12) are evaluated at the origin (design point). The reliability 

index can, then, be obtained as follows: 

 

 &(1�∗, 1
∗, … . . , 1
∗) = 0       (A.11) 

 

 0 = - 
5�∗
7�∗          (A.12) 

 

 

The design point (or the most probable failure point) is obtained by an iterative search 

approach as a sequence of projected Newton steps. The design point �∗ is obtained as 

the limit of sequence �8, ��,…. . This sequence is calculated as follows: 

 

 �(�9�) = [�(�)4(�) + 
�2(�(*))

|;�2(�(*))| ]4(=)       (A.13)  
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where, >?�(�) is the gradient vector of ?�(�) and can be obtained as follows 

 

 >?�(�) = (
��

��@,…., 
��

��A)B       (A.14) 

 

The iteration method to find the design point is illustrated in Figure A.1. 

 

 

Figure A.1: Illustration of the methodology to find the design point (Rackwitz and Fiessler 

1978). 

 

The third shortcoming was overcome when Rackwitz and Fiessler (1978) suggested 

transforming the non-normal random variables into equivalent normal. By equating the 

cumulative distributions and the probability density functions of the actual distribution and 

the normal distribution, one can obtain the mean ��C and standard deviation ��C of the 

equivalent normal variable: 

   

 .�(�∗) = Φ(
�∗()2D

+2D )        (A.15) 

 

 E�(�∗) = 
�

+2D√
G exp[-0.5 (�∗()2D
+2D )
]= �

+2D  φ{Φ(�[ .�(�∗)]}    (A.16) 
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where, φ(.) denotes the standard normal probability density. Then ��C and ��C can be 

calculated as follows: 

 

 ��C= 
R{ST@[U2(�∗)]}

-2(�∗)         (A.17) 

 

 ��C= �∗ - Φ(�[.�(�∗)] ��C       (A.18) 

 

Eqs. (A.15) and (A.16) are only valid when the random variables are mutually 

independent. However, for cases were the variables are not mutually independent, 

Hohenbichler and Rackwitz (1983) recommended the application of Rosenblatt 

Transformation (Rosenblatt 1952): 

 

 ��= Φ(�[.�(W�)]        (A.19) 

  

 �
= Φ(�[.
(W
|W�)]        (A.20) 

 

  

T :T :T :T :                                         
 
�
= Φ(�[.
(W
|W�, W
, … ., W
(�)]      (A.21) 

 

where .�(W�|W�, W
, … ., W�(�) denotes the distribution function of Z� conditional on (Z� =
W� ,  Z
=W
 , ….., Z�(� =W�(� ) and can be calculated as: 

 

 .�(W�|W�, W
, … ., W�(�) = 
[ -\@ ,…,]�T@(^@,…,^�T@,_)`a 2�Tb

-\@ ,…,]�T@(^@,…,^�T@)     (A.22) 

 

Similarly, the inverse transformation can be calculated as 

 

 W� = .�(�((��))         (A.23) 

  

W
 = .
(�((��|�
))        (A.24) 
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 c(�:           

 

W�= .�(�[d(��|W�, W
, … ., W�(�)]       (A.25) 

 

        

W
= .
(�[d(�
|W�, W
, … ., W�(�)]      (A.26) 

 

Practically, the transformation TTTT    and    c(� should be calculated numerically. However, Ang 

and Tang (1984) suggested an approximate solution by conducting orthogonal 

transformation of the dependent variables into uncorrelated variables. 
 

Let Z be a correlated vector of random variables with mean 

 
 E(Z)=[E(Z�), E(Z
), …., E(Z
) ]B      (A.27) 

  
 
and covariance matrix 

 
 j]=cov(Z� , Z�)��
 = [ ������]��
      (A.28) 
 
When Z are uncorrelated, the covariance matrix will be strictly diagonal. An uncorrelated 

vector n and a linear transformation matrix o are now sought such that 

 

 n = oZ          (A.29) 

or 

 

 A(� n = Z         (A.30) 

 

In the case of orthogonal transformation, this implies that A(� = AB and n are uncorrelated 

 

 j�= cov(n� , n�)        (A.31) 
 
      = cov(n, XB)        (A.32) 
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      = cov(oZ, ZBAB)         (A.33) 
 
      = Acov(Z, ZB)AB        (A.34) 
 
         = Aj]AB         (A.35) 
 
To determine n as an uncorrelated vector, the matrix o which makes j� diagonal is sought. 

Using standard techniques from linear algebra (e.g., based on eigenvalues and 

eigenvectors of j]), the matrix o can be obtained. 

 
Now, the main steps to calculate structural reliabilities by the Firs-Order Reliability Method, 

FORM can be summarized as follows: 

1. Define the limit state function. 

2. Transform the random variables Z into uncorrelated and standardized normal 

variables n.  

3. For random variables with non-normal distribution, determine equivalent normal 

mean �^�
q  and standard deviation �^�

q . 

4. Transform the limit state surface in W −space, ?(Z) , into the corresponding limit 

state surface in � −space, ?(n). 

5. Determine the gradient >?�(n). 

6. Determine the unit normal vector 4(�) 
7. Select initial design point, e.g., by setting= = 0 , r = 0 

8. Find ?�(n(�)),>?�(n(�)), and 4(�). 
9. Evaluate 3(�)= (n(�)s

, n(�))8.t 

10. Determine next design point in � −space, n(�9�) as per Eq. (A.13) 

11. Repeat steps 8 -10 until  n and/or 0 stabilized. 

12. A new iteration point to be calculated in W −space, Z(
9�) 
 

Z(
9�) = n(�)�](
)u  + �](
)u       (A.36) 

 
13. Calculate new values of equivalent normal mean �](
)u

and standard 

deviation�](
)u
  . 
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14. Repeat steps 8 – 12 until convergence. 

15. Repeat steps 7 – 14 with using other estimation of failure point. 

16. Compare 0 and select minimum 0. 

 

The First Order Reliability, FORM, method is adopted in this current research to estimate 

the reliability index of the different modes of failure related to prestressed girder bridges. 

 
 

A.3 Monte Carlo Simulation (MCS) 

The Monte Carlo Simulation (MCS) method is, currently, considered as one of the most 

powerful techniques for analyzing complex systems (Ismail et al., 2009). 

 

Monte Carlo simulation (MCS) techniques are implemented by randomly simulating a 

design or process, given the stochastic properties of one or more random variables, with 

a focus on characterizing the statistical nature (mean, variance, range, distribution type, 

etc.) of the responses (outputs) of interest (Koch 2004). Monte Carlo methods have long 

been recognized as the most equate technique for all estimations that need knowledge of 

the probability distribution of responses of uncertain systems to uncertain inputs. To utilize 

a MCS, a number of simulations cycles are generated by sampling values of random 

variables (uncertain inputs) using the probabilistic distributions and corresponding 

properties defined for each. 

To apply the Monte Carlo simulation (MCS), the set of basic variables should have known 

or assumed probability distributions (Schueller, 2004). According to those probability 

distributions, a set of values of the basic random variables is generated using statistical 

sampling techniques. This process is repeated to generate several sets of sample data 

and, hence, many sample solutions can be obtained. Statistical analysis of the sample 

solutions is then performed (Miao and Ghosn, 2011).  

 

Four main steps are involved in the Monte Carlo Simulation (MCS): 

• Simulation of random variables. 

• Using statistical sampling techniques to generate several sample data sets. 

• Using the sampled data to generate solutions. 

• Perform statistical analysis of the results. 
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The accuracy of the results obtained from the Monte Carlo simulation depends on the 

number of samples used. Hence, the results are not exact and are subject to sampling 

errors. Generally, the accuracy of the results increase as the sample size increases 

(Rackwitz, 2000).  

 

Generating samples from a particular probability distribution is usually done by generating 

random numbers. These random numbers are treated as random variables uniformly 

distributed over the unit interval [0,1]. The generation of random numbers plays a key role 

in the generation of a set of values (realizations) of a random variable that has a probability 

distribution other than uniform probability law (Zuev et al., 2012). 

 

To apply the Monte Carlo approach to structural reliability problems, the following tasks 

should be utilized (Svandal, 2014): 

i. develop systematic methods for numerical ‘sampling’ of the basic random 

variables n. 

ii. choose a suitable economical and reliable simulation technique or ‘sampling 

strategy’.  

iii. consider the effect of the complexity of calculating the limit state function ?(n) and 

the number of random variables on the simulation technique used. 

iv. evaluate the number of ‘sampling’ required to obtain a reasonable estimate of 

failure probability ,-. 

v. investigate the dependence between all or some of the random variables and 

decide how to deal with such dependency.  

 

Let the limit state function be ?(n) = ?(��,�
, … . , �
 ), where n is a vector of the basic 

design random variables. Then the failure state belongs to the region where (n)  ≤ 0 , 

while ?(n) > 0 represents the safe region. For every basic variable, a random sample, of 

values �� , is generated numerically in accordance with its probability distribution using a 

random number generator. The generated sample values are then substituted in the limit 

state function. Then, a negative value of the limit state function means failure while a 

positive value means no failure. This process is repeated many times (large number of 

samples) in order to simulate the probability distribution of the limit state function  ?(n). 
Then, the failure probability ,- can be evaluated from either of the following two methods: 
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• First method: the probability of failure is obtained by 

 

,- =  ,[?(n) ≤ 0] = limq→{
q|
q        (A.37) 

 

where } is the total number of simulations (trials) and }- is the number of trials in 

which ?(n)  ≤ 0.  

 

The ratio  }-/} is usually very small and the estimated probability of failure is 

subjected to considerable uncertainty. As the variance of }-/} depends, in 

particular, on the total number of simulations }, the uncertainty in estimating ,- 

decreases when } increases. The accuracy of Eq. (A.37) can be estimated in 

terms of its variance ,-� . To determine the variance, assume that each simulation 

cycle is a Bernoulli trial with failure probability ,-. Therefore, the number of failed 

samples in } tests can be considered to follow a binomial distribution, which 

reveals the variance of the Monte Carlo method (Hurtado and Barbat, 1997), 

 

 Var(,-�) = Var(}-/}) =(
�

q�) Var(}-)= 
q�|(�(�|)

q�  = �|(�(�|)
q   (A.38) 

 

As is well known, the MCS estimator ,-� is considered unbiased (Hurtado and 

Barbat, 1997). Hence, the accuracy of the estimator is given by the coefficient of 

variation of ,-� (c.o.v. or ẟ), defined as the ratio of the standard deviation to the 

mean of ,-� , given by,  

 

 ẟ = 
6���(�|� )

�|�  = 6�(�|�
�|� q        (A.39) 

 

• Second method: estimating the probability of failure, Thoft-Christensen and Baker 

(1982) suggested to start first with fitting an approximated probability distribution 

for ?(n) using the trial values. The estimated statistical moments (parameters) 

may be used in the fitting process. Elderton and Johnson (1969) suggested some 

distributions that are suitable for fitting the ?(n) data. The probability of failure is 

then obtained from 
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,- = [ E'(=) 8
({  �=       (A.40) 

 

where %= ?(n) is a random variable representing the margin and E'(=) is its 

probability density function as estimated from the fitting process. 

 

In reliability analysis and prediction, the Monte Carlo simulation method is excessively 

costly despite being robust to the type and dimension of the problem. In order to produce 

one sample in the failure domain it is necessary to generate a large number of samples 

lying in the safe domain. Moreover, MCS is time-consuming technique, particularly in 

problems with small probabilities (,- ≤ 10(�), since it requires a large number of samples 

and evaluations of the systems to achieve a reasonable accuracy (Zuev et al., 2012). 

However, this was overcome with the development of high-speed processors, which 

reveal the Monte Carlo Simulation MCS technique as an attractive tool for probabilistic 

analysis. In this proposed research, the MCS is also adopted and utilized. 
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Appendix B 

Simplified Modified Compression Field Theory for Shear 

Strength Prediction 

 

The simplified version of the Modified Compression Field Theory MCFT is a methodology 

by which the shear strength of a reinforced concrete section can be conveniently 

estimated. This method was utilized, in Chapter Three, to derive the statistical parameters 

of the shear strength. For more details reference is made to Bentz et al. (2006). The shear 

resistance of a prestressed girder bridge is calculated assuming that the shear force is 

resisted only by the girder concrete and reinforcing steel (stirrups) due to the absence of 

draped strands. 

As the section is in the flexural region of a beam, it is assumed that the clamping stresses 

�� will be negligibly small, as illustrated in Figure B.1. In order for the transverse 

reinforcement to yield at failure, the transverse strain �� will need to be more than 

approximately 0.002, while to crush the concrete, �� will need to be approximately 0.002. 

If �� is also equal to 0.002 at failure, then the maximum shear stress will be approximately 

0.28�′ �, whereas for very low values of ��, the shear stress at failure is determined to be 

approximately 0.32�′�.  

 

Figure B.1: AASHTO LRFD model of section of beam (AASHTO LRFD 7th Edition 2014). 
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For simplification, if failure occurs before yielding of the transverse reinforcement, it can 

conservatively be assumed that the failure shear stress be 0.25�′ �. For failures occurring 

below this shear stress level, it will be assumed that at failure both �	� and �	��
 are equal 

to the yield stress �� of the transverse reinforcement (Bentz et al. 2006). 

From the field theory, considering the concrete stress-strain relationship, the average 

principal tensile stresses in the cracked concrete �� can be obtained as follows (Bentz et 

al. 2006): 

 

�� = 0.33��′�  /(1 + �500��)   Mpa      (B.1) 

And the shear stress on crack: 

��� ≤ �.������

�. �! "#$
%&'()

         (B.2) 

 

Considering the free body diagram shown in Figure B.2, sum of forces in z-direction: 

 

For ∑ �� = 0          (B.3) 

 

 and �	��
 = ��          (B.4) 

Thus, 

� = ��� + +���,-./         (B.5) 

 

Equation B.5 can be re-written as follows: 

 

� = ��,-./ + +���,-./        (B.6) 
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where, +� = 01�

23 4
54 
657 4
54

= 89

7$ 0
       (B.7) 

in which :; is the web width and  < is the spacing of the stirrups. 

 

 

Figure B.2: Transmission of forces across cracks (Bentz et al. 2006). 

 

Shear resistance is gained from the resistance contribution of concrete and stirrups: 

� = �� + �	         (B.8)  

 

� = =��′� + +���,-./         (B.9) 
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From Equation, B.1, B.6, and B.9, the value of = can be obtained as follows: 

 

= = �.   �>1? 
�!�@��A(

          (B.10) 

 

Similarly, from Equation B.2, B.5, and B.9,  the value of = should satisfy 

 

= ≤ �.��
�. �!�B;(4&!�C)

         (B.11) 

where,  

D = crack width which is obtained as the product of crack spacing E? and the   

principal tensile strain ��. 

FG =maximum coarse aggregate size in mm. 

For members with no transverse reinforcements, Equation B.11 can be written as 

follows: 

= ≤ �.��
�. �!�.C�C 0HIA(/	�J?

        (B.12) 

where, 

<�5 =  @0H

4&!�C
          (B.13) 

In which <� denotes the crack spacing controlled by the reinforcement in the x-direction. 

The angle  

.FK/ = �.@C�!�.�@�0HIA(/	�J?
�!�@��A(

        (B.14) 
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Figure B.3 illustrates how Equation B.14 relates the inclination / of the diagonal 

compressive stresses to the principal tensile strain �� for different values of the crack 

spacing parameter E�5 (Bentz et al 2006). 

 

Figure B.3: Determination of beta and theta values for elements not containing transverse 

reinforcement (Bentz 2006). 

 

In order to relate the longitudinal strain �� to ��: 

�� = ��(1 + ,-.�/) + ��,-.�/       (B.15) 
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When both �� and +� equal zero, then 

�� = ��,-.�/          (B.16) 

 

As the compressive stresses for these elements is small, it is resonably accurate to 

assume that 

 

 �� = ��/L�         (B.17) 

 

In which  L� is the modulus of elasticity of concrete and can be taken as 4950��′� in MPa. 

Thus, Equation B.15 can be re-written as 

 

�� = ��(1 + ,-.�/) + �>1#? 
�@,���(�!�@��A()

       (B.18) 

 

It can be seen that for all but very small values of �� combined with small values of E�5, 

the simple equation gives values that are somewhat conservative.  

Finally, Bentz et al. 2006 suggest Equation B.19 to calculate = and Equation B.20 to obtain 

the angle /. 

 

= = �.B 
�!�@��AH

 . 
� �� 

����!0HI
        (B.19) 

 

/ = (29 deg +7000��)(0.88 + 0HI

�@��
) ≤ 75UVW      (B.20) 
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Appendix C 

Design of Prestressed Girder Bridge 

This appendix presents the structural design of a simply supported single span 

prestressed girder bridge. The longitudinal profile of the bridge is shown in Figure C.1 and 

the bridge cross section is illustrated in Figure C.2. 

 

        Brg centreline       Brg centreline 

     30 480 mm 

 

       

             7000mm Min Vertical Clearance 

 

Figure C.1: Bridge longitudinal profile. 

 

                                                          14 180 mm 

    205 mm   variable depth haunch to allow for camber  

 

   380mm           380 mm 

    990mm                            5@2440 = 12 200mm                                 990mm 

 

Figure C.2: Bridge cross section. 
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The following information is given: 

• Span (from center of bearing to center of bearing) = 30 m. 

• Bridge total width = 14.20 m 

• Asphalt thickness = 75 mm. 

• Concrete strength (�′��) for deck = 40 Mpa. 

• Concrete initial strength (�′�) for girder = 41.25 Mpa. 

• Concrete strength (�′�) for girder = 55 Mpa. 

• Strand type: Low-relaxation, 12.70 mm, seven-wire strands. 

• Ultimate strength(��) for strand = 1860 Mpa. 

• Yield strength(��) for strand = 1660 Mpa. 

• Yield strength(��) for reinforcement = 400 Mpa. 

• Modulus of elasticity of reinforcement = 200 000 MPa 

• Precast standard girder: NU 1350 Girder (Nebraska University girder). 

• Design code: AASHTO LRFD 6th Edition 2012. 

C.1 Check conformity of the proposed cross section to AASHTO LRFD 2012. 

1.1 Check minimum thickness [A5.14.1.2.2] 

Thickness of top flange (65 mm) ≥ 50 mm,  OK 

Thickness of web (150 mm) ≥ 125 mm,    OK 

Thickness of bottom flange (135 mm) ≥ 125 mm, OK 

    1.2 Check minimum depth (including deck)     [A2.5.26.3] 

ℎ
��=0.045 (30 000) = 1350 mm 

 < ℎ= 1800 + 200 = 2000 mm    OK 

   1.3 Check effective flange widths       [A.4.6.2.6.1] 

The effective flange width with respect to exterior and interior girders is calculated as 

follows: 

Effective span length = 30 000 mm. 
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1.3.1 Interior girders: 

 


� ≤ �
��  ��������� ���� = ��  (30 000� = 7500 ""12�%  + �'  
( = 12 (200� + �'  (1225� = 3012.5 ""����*� − �, − ����*� ,� -�*.�*� = 2440 "",   1234567  

1.3.2 Exterior girders: 


8 −  9:' ≤ �
�;  ��������� ���� = �;  (30 000� = 3750 ""6�%  + ��  
( = 6 (200� + ��  (1225� = 1506.25 ""=�.�ℎ ,� ,��*ℎ��- = 975 "",   1234567   


8 = 24402 + 975 = 2 195 "" 

 

C.2 Design of Reinforced Concrete Deck 

C.2.1 Dead load 

 

ℎ
�� = ?@ABBBAB  > 175 ""       [A9.7.1.1] 

ℎ
�� = ?@ABBBAB = 181 "" > 175 ""  

Actual deck thickness: ℎ = 205 "" > ℎ
��                                                 EF 

Weight of slab: 

  =% = 2400 ∗ 10HI J-/""A (9.81 L/J-�(205""� = 4.83 ∗ 10HA L/""' 

Weight of barrier:  

M9 = 2400 ∗ 10HI(9.81�(197 325 ""'� = 4.83 ∗ 10HA L/""  

Weight of cantilever overhang 230 mm thick:  
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=N = 2400 ∗ 10HI J-/""A  O9.81 PQRS (230""� = 5.42 ∗ 10HA L/""'  

Asphalt wearing surface: 

=TU = 2250 ∗ 10HI J-/""A  O9.81 PQRS (230""� = 5.42 ∗ 10HA L/""'  

Dead load analysis for deck: 

ℎ = 205"", =% = 4.83 ∗ 10HA P

V  , W = 2440 "".  

X�Y�. Z�. ","��� XZ[ = ∓ ]^ ?V�'    

= ∓ (�.;A∗�B_`�('��B�V�' =  2396 L. ""/""    

Using influence line design aids: 

Reaction:  a = =%(��� �*�� =��ℎ,b� �����c���*� W 

a = 4.83 ∗ 10HA(0.3928�2440 = 4.63 L/""  

Moment:    [ = =%(��� �*�� =��ℎ,b� �����c���*� W' 

= 4.83 ∗ 10HA(0.0772�2440' = 2220 L ""/""  

[ =  =%(��� �*�� =��ℎ �����c���*� W'  

= 4.83 ∗ 10HA(−0.1071�2440' = −3080 L ""/""  

Dead load analysis for overhang:        

            

  =T = 5.42 ∗ 10HA L/""'                Bridge centreline  

 

990mm W = 2440""  2440 "" 

                                                                                                                                     

Figure C.3: Overhang dead load positioning. 
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The placement of dead load to produce the maximum dead load effect is shown in 

Figure C.3. 

 

ℎN = 230 ""   

=N = 5.42 ∗ 10HA L/""'  

 d = 990 ""   

Reaction:   a = =N(��� �*�� �����c���*�d 

   = 5.42 ∗ 10HA O1.0 + 0.635 IIB'��BS 900 = 6.75 L/"" 

Moment:   

[H = =N(��� �*�� �����c���*�d'  

= 5.42 ∗ 10HA(−0.5000�990' =  −2656 L ""/""    

[@ = =N(��� �*�� �����c���*�d'  

= 5.42 ∗ 10HA(0.1350�990' =  717 L ""/""  

Dead load analysis for overhang barrier: 

The load placement to produce the maximum dead load effect is shown in Figure C.4. 

 863 

M9 = 4.65L/""                                                    Bridge centreline  

 

  990mm W = 2440""  2440 "" 

  

Figure C.4: Barrier dead load positioning. 
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Reaction:  a = M9(���cb���� c���  ,*.������  
a = 4.65 O1 + 1.27 ;eA'��BS = 6.74 L/""  

Moment:    [ = M9(���cb���� c���  ,*.������ d 

[H = 4.65(−0.4920�863 = −1974 L ""/""  

[@ = 4.65(0.2700�863 = 1083 L ""/""  

 

Dead load analysis for asphalt surface: 

The load placement to produce the maximum load effect is shown in Figure C.5. 

  

  380""                              =UT = 4.65 L/""                Bridge centreline  

 

 990mm W = 2440""  2440 "" 

 

Figure C.5: Asphalt wearing surface dead load positioning. 

 

By deducting the barrier width, the loaded cantilever length is: 

d = 990 − 380 = 610 "".  
Reaction: a = =TUf(��� �*�� �����c����d + (��� �*�� =��ℎ,b� �����c���*�Wg  
a = 1.66 ∗ 10HAfO1 + 0.635 e�B'��BS 610 + (0.3928�2440g  
a = 2.76 L/""   
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Moment:    [ = =TU(��� �*�� �����c���*� d' 

[H = 1.66 ∗ 10HAf(0.135�610' + (−0.1071�2440'g  
= −975 L ""/"   

[@ = 1.66 ∗ 10HAf(−0.2460�610' + (0.0772�2440'g  
= 611 L ""/"" . 

  

C.2.2 Live load 

Deck is design according to AASHTO LRFD approximate strip method [A4.6.2.1]. 

Transverse strips are designed for 145 kN axel of AASHTO standard truck [A6.3.1.3.3]. In 

order to produce the maximum load effect, the wheel load will be positioned not closer 

than 300 mm from the curb face [A3.6.1.3.1]. 

Wheel contact area is assumed to be rectangle of 510 mm width and c length: 

c = 2.28 h O1 + ij�BBS M        [A3.6.1.2.5] 

where,  

h = d,�. ����,* = 1.75  

k[ = lm��"�� − c,�. �cc,=���� = 33%  

M = oℎ��c c,�. = 72.5 JL  

Hence, c = 2.28 (1.75� O1 +  AA�BBS 72.5 = 385 "" 

Number of design lanes, Lp: 

Lp = kLq O�A �'BAeBB S = 3        [A3.6.1.1.1] 

Multiple presence factor 
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[bc���c� �*������ ����,* = r 1.20                    �,* ,�� c,�.�. c���1.00                 �,* �=, c,�.�. c����0.85              �,* �ℎ*�� c,�.�. c����   [A3.6.1.1.2]  

The critical position of wheel load is as shown in Figure C.6. 

 

   990 mm       Centreline of exterior girder 

       380 mm         300 mm                 

     72.5 kN                   510 mm 

  

   45N                                               ℎ/2 

 

                                              Flange of exterior girder 

Figure C.6: Wheel load distribution on overhang 

      

Equivalent width of a transverse strip is: 

o8s��tuv8�w = 1140 + 0.833(310� = 1400""    [Table A4.6.2.1.3-1] 

C.2.2.1 Maximum overhang negative live load moment 

[H = H�.'(x'.y∗�B_`�(A�B���BB = −19 260 L ""/"" = -19.26 kN m/m 

 

C.2.2.2 Maximum positive overhang live load moment 

Live load positioning to produce maximum live load positive live load is occurs close to the 

0.40 point of the first interior span, as illustrated in Figure C.7. 
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         W             W=72.5 kN                 

976mm  1800mm                                        

 

                 W         W   W  W         W 

  

      (a) 

 

       W             W=72.5 kN               W             W=72.5 kN  

         976mm  1800mm                     976mm  1800mm                           

 

                    W          W          W   W           W 

  

      (b) 

Figure C.7: position of live load for maximum positive moment. (a) One loaded lane, and 

(b) two loaded lanes. 

 

Equivalent width of transverse strip: 

o8s��tuv8�w = 660 + 0.55(W�      [Table A4.6.2.1.3-1] 

660 + 0.55(2440�  = 2000""     

• For one loaded lane: 

Reaction: a = 1.2(0.5100 − 0.0486� x'.y∗�B_`'BBB = 20.1 L/"" = 20.1JL/"" 
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Moment: [ = 1.2(0.2040 − 0.0195� (2440� x'.y∗�B`'BBB  

= 19 580 L ""/"" = 19.58 JL "/". 

• For two loaded lanes:  

Reaction: a = 1.0(0.5100 − 0.0486 + 0.0214 − 0.0039� x'.y∗�B_`'BBB  

 

= 17.4 L/"" = 17.4JL/"" 

Moment: [ = 1.0(0.5100 − 0.0486 + 0.0214 − 0.0039� (2440� x'.y∗�B`'BBB  

= 16 900 L ""/"" = 16.9 JL "/". 

Thus, the case of one loaded lane will governs the design. 

 

C.2.2.3 Maximum interior negative live load moment 

The maximum negative moment at the first interior girder is usually associated with one 

loaded lane. The critical position of live load to produce that maximum negative moment 

is as illustrated in Figure C.8.  

 

 900mm                   900mm  

                   W                   W=72.5 kN 

 

                 W         W   W  W         W 

  

Figure C.8: Position of live load for maximum negative moment. 
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Equivalent width of transverse strip: 

o8s��tuv8�w = 1220 + 0.25(W�      [Table A4.6.2.1.3-1] 

= 1220 + 0.25(2440�  = 1830""     

Moment: [ = 1.2(−0.1007 − 0.0781� (2440� x'.y∗�B`�;AB  

= −20 740 L ""/"" = −20.74 JL "/". 

 

C.2.2.4 Maximum live load reaction on exterior girder 

Figure C.9 illustrate the live load placement to produce the maximum reaction on the first 

exterior girder. 

    680 mm  

  W 1800mm W=72.5 kN                   

 

                    W          W          W   W           W 

  

Figure C.9: Position of live load for maximum reaction at exterior girder. 

Equivalent width of transverse strip: 

o8s��tuv8�w = 1220 + 0.25(W�      [Table A4.6.2.1.3-1] 

= 1140 + 0.833(310�  = 1400 ""     

Reaction: a = 1.2(1.1614 + 0.2869� x'.y∗�B_`��BB = 90.0 L/"" = 90.0JL/"" 

C2.3 Strength I Limit State:  

Load combination: 
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ƞ ∑ h�|� = ƞfh}l~ + h}lo + 1.75(dd + k[�   [Table A3.4.1-1] 

where,  

  ƞ = ƞTƞ�ƞi  ≥ 0.95      [A1.3.2.1-2] 

  ƞT = 0.95, reinforcement designed to yield   [A1.3.3] 

  ƞ�� 0.95, continuous      [A1.3.4] 

  ƞi� 1.05, operationally important     [A1.3.5] 

 Hence, ƞ = 0.95(0.95�(1.05� = 0.95. 
 k[ = 33% of the live load force effect. 

Critical section for [H : 9�A  < 380 ""  from centreline of girder  [A4.6.2.1.6] 

 
�'yyA = 408 "" > 380""    

Hence, critical section lies at 380 mm from centreline of girder. 

Reaction: 

a = 0.95f1.25(4.63 + 6.75 + 6.74� + 1.50(2.76� + 1.75(1.33�(90.0�g 
  = 224.5 L/"" = 224.5 JL/" 

Moment: 

[H = 0.95f1.25(−2656 − 4013� + 1.50(−309� + 1.75(1.33�(−19 260�g 
= −50 950 L ""/"" = −50.95 JL "/". 

[@ = 0.95f1.25(2220� + +0.9(−1307 − 1974� + 1.50(611� + 1.75(1.33�(19 580�g 
= 44 000L ""/"" = 44.0 JL "/". 
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C.2.3.1 Reduced negative moment: 

For deck on precast I-girder, the design section is positioned at: 

 �c��-� =�.�ℎ/3  < 380""(�*," ����*�c��� ,� -�*.�*�  [A4.6.2.1.6] 

= 1225/3 = 408""   > 380""  

Thus, design section lies at Y = 380"" from centreline of support. 

As illustrated in Figure C.10, the concentrated wheel load relates to one loaded lane, 

while, the uniformly distributed loads are for a 1 mm wide strip. 

Hence, equivalent wheel load, o = 1.2(72 500�/1400 = 62.14 L/"" 

 

                   380mm                     300mm          690mm 

     127mm  4.65N       62.14N 

                                                                        =UT + =% 

     =T            M 

                                   L= 990mm                            380mm     

        R 

Figure C.10: Reduced negative moment at design section. 

Deck: 

[� = − �'  =% Y' + a Y  

= − �'  (4.83 ∗ 10HA �(380�' + 4.63 (380� =  1 411 L ""/""  

Overhang: 

[N = −=Nd Op' +  YS + a Y  
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−(5.42 ∗ 10HA�(990� OIBB' +  380S + 6.75(380� =  −2 130 L ""/""  

Barrier: 

 [9 = −M9(d + Y − 127� + a Y  

= −4.65(1165 − 127� + 6.74 (380�  
= −2 266 L ""/""  

Asphalt: 

[TU = − �' =UT(d + Y − 380�' + a Y  

= − �' (0.00166�(1165 − 380�' + 2.76 (380�  
= 537 L ""/""  

Live load: 

[pp = −o(690� + a Y  

= −62.14(690� + 90.0(380�  
= −8 677 L ""/""  

Hence, ultimate moment is: 

[� = 0.95f0.9(1411� + 1.25(−2130 − 2266� + 1.50(53 + 7� + 1.75(1.33�(−8677�g 
= −22 435 L ""/"" = −22.435 JL "/" 

C.2.4 Calculate amount of reinforcement 

Try bar diameter, .9 = 14 "", then area of bar, �9 = 154 ""' 

Try bar spacing at 250mm. 

Clear concrete cover to bottom surface = 25 mm (for positive moment) 
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Clear concrete cover to top surface = 60 mm (for negative moment). 

Effective depth: 

.}N% = 205 − 25 − 14/2  = 173"" 

.�8R = 205 − 60 − 14/2  = 138"" 

Moment of resistance, [�: 

[� = ∅[�    
∅[�  = ∅�%��(. − u'�  

� = �^(�B.;y(��9  

�% ≈  (j�/∅�(�(���   

trial �% ≈ j�AAB�  

As per AASHTO LRFD [A5.7.2.2], maximum area of reinforcement is limited by the 

ductility requirement of: 

� ≤ 0.42.  , or 

� ≤ 0.42��.  

In this example: 

�� = 0.85 − 0.05 O'xS = 0.836       [A5.7.2.2] 

� ≤ 0.35.  

As per AASHTO LRFD, minimum reinforcement for reinforced concrete element (with no 

prestressing steel): 

 � =  �^9�  ≥ 0.03 (��(�    
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min �% = 0.03(40�400 (1�. = 0.003. ""'/"" 

Maximum spacing: 

W
u� = min (1.5ℎ, 450�     [A5.10.3.2] 

W
u� = 1.5 ∗ 205 = 308mm  

(a) Reinforcement for positive moment: 

[� = 44 JL "/" , . = 173 ""  

Trial �% ≈ j�AAB� =  �� BBBAAB(�xA� = 0.771 ""'/"" 

"���% = 0.003. = 0.003(173� = 0.519 ""'/"",                  OK 

The suggested amount of reinforcement .��"���* = 14 "", ������- = 250""   

So, reduce spacing to 175 mm, Then: 

�%(�*,��.�.� = 0.880 ""'/"" > 0.771""'/""    OK 

Thus,  

� = �%��0.85�′�
 = 0.88(400�0.85(40�(1� = 10.35 "" 

Check ductility: 

� ≤ 0.35. = 0.35(173� = 60.6 ""     Ok 

Check flexural capacity: 

∅[�  = ∅�%�� O. − �2S 

= 0.9(0.88�(400� �173 − 10.352 � = 53 167 L """" 

= 53.167 JL 

 > 44 JL"/"   OK 
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(b) Reinforcement for negative moment: 

[� = −22.44 JL "/" , . = 138 ""  

Trial �% ≈ j�AAB� =  '' ��BAAB(�A;� = 0.493 ""'/"" 

"���% = 0.003. = 0.003(173� = 0.519 ""'/"",                  OK 

Try amount of reinforcement: .��"���* = 14 "", ������- = 250 ""   

�%(�*,��.�.� = 0.616 ""'/"" > 0.519 ""'/""    OK 

Thus,  

� = �%��0.85�′�
 = 0.616(400�0.85(40�(1� = 7.25 "" 

Check ductility: 

� ≤ 0.35. = 0.35(138� = 48.3 ""     Ok 

Check flexural capacity: 

∅[�  = ∅�%�� O. − �2S 

= 0.9(0.616�(400� �138 − 7.252 � = 29 800 L ""/"" 

= 29.8 JL "/" > 22.44 JL "/"     OK 

 

(c) Distribution reinforcement: 

��*�����-� = A;�B�?�  ≤ 67%     [A9.7.3.2] 

where, W8 is the effective span length      [A9.7.2.3] 

W8 = 2440 − 350 = 2090 ""  
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��*�����-� = A;�B√'BIB = 84%  > 67%  

dist. �% = 0.67(�,�. �%� = 0.67(0.88� = 0.59 ""'/"" 

use dia=12 mm spaced at 175 mm 

Thus, dist.  �% = 0.646 ""'/"" > 0.59""' /""   OK 

(d) Temperature and shrinkage reinforcement: 

��"� �% ≥ 0.75 ��(�         [A5.10.8.2] 

 where, �R: gross area, thus: 

 ��"� �% = 0.75 ('By�(���BB = 0.384 ""'/""   

 Hence, distribution reinforcement governs. 

(e) Cracking control:   �����c� ��*���, �% ≤ �cc�,=�
c� �����c� ��*���, �%u    [A5.7.3.4] �% ≤ �%u = �(�����/`       [A5.7.3.4] 

where, � = 23 000 L/"" for sever exposure conditions .� = depth of concrete from extreme tension fiber to centre of closest bar ≤50 "". � = effective concrete tensile area per bar having the same centroid as the 

reinforcement. 

Service I Limit State:       [A3.4.1] [ = [T� + [TU + 1.33[pp  

The required reinforcement for tensile stress is based on transformed elastic, 

cracked section properties.      [A5.7.1] 

Modulus of elasticity of steel, Z% = 200 000 [M�      [A5.4.3.2] 

Modulus of elasticity of concrete, Z� = 0.043h��.y ��′�     [A5.4.2.4] Z� = 0.043(2400 QR
`��.y √40   = 31 975 [M� 

Modular ratio: � = 'BB BBBA� Ixy = 6.2  ,  Use � = 6 



Appendix C: Design of Prestressed Girder Bridge 
  311 

• Positive moment: [ = [T� + [TU + 1.33[pp  

[@ = (2220� + (−1307 − 1974� + (611� + (1.33�(19 580� = 25 591 L ""/"" 

= 25.591 JL "/"  

Consider a 1-mm wide strip of doubly reinforced section to calculate the 

properties of transformed section. 

0.5 
 Y' = � ��%(.� − Y� + ��%(. − Y� 

0.5 (1� Y' = 7 (0.88�(53 − Y� + 7(0.88�(173 − Y� 

  Y = 47.7 "" 

k�� = 
YA3 + ���%(.� − Y�' + ��%(. − Y�' 

k�� = (1�(47.7�A3 + 6(0.88�(138 − 47.7�' + 6(0.88�(173 − 47.7�' 

= 162 127 ""�/""  

�% = � �[mk�� � = 6 �25 591(173 − 47.7�162 127 � = 118.7 [M� 

.� = 33 "" ≤ 50 ""     OK 

� = 2(33�(225� = 14 850 ""'     

�%u = 'A BBB(AA∗�� ;yB��/` = 292 [M� > 0.6��  

Thus, 

�%u = 0.6 (400� = 240 [M� >  �% = 195 [M�,   OK 

• Negative moment: [ = [T� + [TU + 1.33[pp  
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[H = (−2656 − 4013� + (−309� + (1.33�(−19 260� 

= −32 594 L ""/"" = −32.594 JL "/". 

�% = � Oj�i�  S = 6 O'y yI�(�xAH�x.x��e' �'x S = 118.7 [M�  

� = 2(50�(175� = 17 500 ""'     

�%u = 'A BBB(yB∗�x yBB��/` = 240.5 [M� > 0.6��  

Thus, 

�%u = 0.6 (400� = 240 [M� >  �% = 221 [M�,   OK 

C.2.5 Fatigue Limit State:  

According to AASHTO LRFD [A9.5.3], fatigue need not to be investigated for concrete 

decks on multi-girders. 

C.3 Design of prestressed girder 

Figure C.11 shows the details of NU 1350 standard girder. 

 

               1225 mm                        65mm   

                                                                                  

                            150mm  

      1350 mm 

              140 mm          

      

    975 mm   135 mm 

Figure C.11: Details of NU 1350 Girder 
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C.3.1 Number of lanes and multiple presence factor 

Lp = kLq( ]AeBB�        [A3.6.1.1.1] 

Lp = kLq O�A �'BAeBB S = 3  

 

Multiple presence factor, m, is taken from AASHTO LRFD (Table 4.6) [A3.6.1.1.2] 

  Number of Loaded Lanes  m 

1 1.20 

2 1.00 

3 0.85 

 

 

C.3.2 Dynamic load allowance (Impact) 

The dynamic (impact) factor is taken from AASHTO LRFD (Table4.7): [A3.6.2.1] 

   Component  IM (%) 

   Deck joints  75 

   Fatigue  15 

   All other  33 

C.3.4 Live load distribution factor 

C.3.4.1 Distribution factor for moment:     [A4.6.2.2.2] 

The girder stiffness factor, JR, is calculated using AASHTO LRFD (Table 2.2). 

Concrete compressive strength,�′�, of girder = 55 MPa 
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Concrete compressive strength, �′�, of girder = 40 MPa 

Thus, modular ration:  � = ¡yy�B = 1.173     

�R = mwR + ℎ�b��ℎ +  ¢'  

 = 742 + 50 + 'By' = 895 ""  

  

JR = �(kR + ��R'�        [Table A4.6.2.2.1-1] 

= 1.173f126 011 + (486 051�(895�'g  
= 456.7 ∗ 10I ""�  

£�pw^` = �ye.x∗�B¤(AB �;B�('By�` = 1.739  

(a) Interior girders: 

Using AASHTO LRFD (Table 6.5) [A4.6.2.2.2b and Table A4.6.2.2.2b-1]: 

• One loaded design lane: 

Girder Distribution Factor for moment: 

 lX[ = 0.06 + ( ?�ABB�B.� (?p�B.A ( £�pw`�B.�  

= 0.06 + ('�BB�ABB�B.�  ( '�BBAB�;B�B.A (1.739�B.� = 0.450  

 

• Two loaded design lanes: 

 lX[ = 0.075 + ( ?�ABB�B.e (?p�B.' ( £�pw`�B.�  

= 0.075 + ('�BB�ABB�B.e  ( '�BBAB�;B�B.' (1.739�B.� = 0.523   

 

(b) Exterior girders:  
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  Using AASHTO LRFD (Table 6.5) [A4.6.2.2.2d and Table A4.6.2.2.2d-1]: 

• One loaded design lane: 

Use Lever Rule as illustrated in Figure C.12 

 a = ¥' OeyB@'�yB'��B S = 0.635M  lX[ = 1.2(0.635� = 0.762   
 

• Two or more design lanes loaded: 

 .8 = 990 − 380 = 610 ""  � = 0.77 + ��';BB = 0.77 + e�B';BB = 0.988 < 1.0  

Use � = 1.0 lX[ = 0.671   
 

 

 

                  0.6 m                1.8 m                    0.65 m 

       Assumed hinge 

        P/2                                   P/2 

 

 

 

 

 

 

 

 

     R                      2.44 m       

 

Figure C.12: definition of lever rule for an exterior girder. 
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C.3.4.2 Distribution factor for shear:     [A4.6.2.2.3] 

(a) Interior girders: 

Using AASHTO LRFD (Table 6.5) [A4.6.2.2.2a and Table A4.6.2.2.2a-1]: 

• One loaded design lane: 

Girder Distribution Factor for moment: 

 lXW = 0.36 + ?xeBB   
= 0.36 + '��BxeBB = 0.68  

 

• Two loaded design lanes: 

 lXW = 0.2 + ?AeBB − ( ?�B xBB�B.'   
= 0.2 + '��BAeBB − ( '��B�B xBB�B.' = 0.826,  governs. 

(b) Exterior girders:  

  Using AASHTO LRFD (Table 6.5) [A4.6.2.2.2b and Table A4.6.2.2.2b-1]: 

• One loaded design lane: 

Use Lever Rule as illustrated in Figure C.12 

 a = ¥' OeyB@'�yB'��B S = 0.635M  lXW = 1.2(0.635� = 0.762,  governs 

 

• Two or more design lanes loaded: 

 .8 = 990 − 380 = 610 ""  � = 0.6 + ��ABBB = 0.77 + e�BABBB = 0.803 < 1.0  lXW = (0.803�(0.826� = 0.663   
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C.3.4.3 Calculate moments and shears  

Tables C.1 and C.2 summarize the force effects for interior girder and exterior girder, 

respectively. 

Table C.1: Summary of force effects for interior girder 

Force 

Effect 

Load Type 

Distance from support 

0 0.1 L 0.2 L 0.3 L 0.4 L 0.5 L 

Service I Loads       

M         

(kN m) 

Girder 0 478 850 1115 1276 1328 

DC1 (including diaphragm) 0 1090 1951 2582 2947 3060 

DFM(LL+IM) 0 974 1714 2216 2518 2590 

V (kN) 

DC1 (including diaphragm) 395 320 245 170 75 0 

DW on composite section 62 49 37 25 12 0 

DFS(LL+IM) 441 383 327 274 223 175 

Strength I Loads       

Mu      

(kN m) 

ƞf1.25l~ + 1.5lo +1.75(dd + k[�] 
0 3154 5594 7312 8328 8608 

Vu (kN) 
ƞf1.25l~ + 1.5lo +1.75(dd + k[�] 

1291 1087 887 693 477 290 
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Table C.2: Summary of force effects for exterior girder 

Force 

Effect 

Load Type 

Distance from support 

0 0.1 L 0.2 L 0.3 L 0.4 L 0.5 L 

Service I Loads       

M         

(kN m) 

Girder self-weight 0 478 850 1115 1276 1328 

DC1 (including diaphragm) 0 1038 1852 2441 2789 2900 

DC2 (barrier) on composite 

section 
0 194 346 453 519 540 

DW on composite section 0 127 226 296 339 353 

DFM(LL+IM) 0 1106 1946 2516 2860 2941 

V (kN) 

DC1 (including diaphragm) 377 304 230 157 74 0 

DC2 (barrier) on composite 

section 
71 57 43 28 14 0 

DW on composite section 46 37 28 19 9 0 

DFS(LL+IM) 407 353 302 253 206 161 

Strength I Loads       

Mu      

(kN m) 

ƞf1.25l~ + 1.5lo +1.75(dd + k[�] 
0 3483 6167 8041 9166 9477 

Vu (kN) 
ƞf1.25l~ + 1.5lo +1.75(dd + k[�] 

1274 1068 866 667 460 268 
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C.3.4.4 Investigate service limit state 

C.3.4.4.1 Stress limits for prestressing tendons:  

�}� = 1860 [M�, Low-relaxation 12.70mm, seven-wires strands. 

� = 98.1 ""' (Table B.2)       [A5.9.3] 

Z} = 197 000 [M�        [A5.4.4.2] 

Using AASHTO LRFD (Table 7.8):       [A5.9.3] 

At Jacking (immediately prior to transfer) 0.75�}� = 0.75(1860� = 1395 [M�  
�}� = 0.9�}� = 0.9(1860� = 1675 [M�   [AASHTO LRFD Table A5.4.4.1-1] 

At service (after losses)  

�}8 = 0.8 �}� = 0.8(1674� = 1339 [M�  

C.3.4.4.2 Stress limits for concrete: 

�′� = 55 [M�, 28-days 

�′�� = 0.75 �′�� = 40 [M�  

Temporary stresses before losses-fully prestressed components: 

Allowable compressive stresses ��� = 0.6���� = (0.6�40 

= 24 [M� [A.5.9.4.1.1] 

Allowable tensile stresses  �w� = 0.24����� = 0.24√40 

= 1.52 [M� [Table A.5.9.4.1.2-1] 

Stresses at service (after losses)-fully prestressed components: 

Allowable compressive stresses, Service I Limit State     �� = 0.45��� = (0.45�55 
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= 24.75 [M� [A.5.9.4.2] 

Allowable tensile stresses, Service III limit state �w� = 0.19���� = 0.19√55 

= 1.41 [M� [Table A.5.9.4.1.2-1] 

Modulus of Elasticity:       [C.5.4.2.4] 

Z�� = 4800 ��′�� = 4800√40 = 30 360 [M� 

  Z� = 4800 ��′� = 4800√55 = 35 600 [M� 

 

C.3.4.4.3 Preliminary choices of prestressing tendons: 

Modular ratio �� = �40/55 = 0.85 

�R = 486 051 ""'  

kR = 126 011 ∗ 10e ""�  

WwR = i��¦� = �'eB��∗�B§x�' = 169 ∗ 10e ""A  

W9R = i��¨� = �'eB��∗�B§eBy = 207.3 ∗ 10e ""A  

m © = (A�B x'e�(Iy�@(�yA'y�('�y�@(�;e By��(I;'�A�B x'e@�y A'y@�;e By� = 613 ""  

k� = (126 011 ∗ 10e� + (486 051�(369�' + (906.5�(50�A/12 + (45 325�(398�'
+ (1635.4�(398�' + (1635.4�(190�A/12 + (310 726�(518�' 

= 283.7 ∗ 10I""�  

 Ww� = i��¦� = ';A.x∗�B¤e�A = 462.8 ∗ 10e ""A (Top of deck) 

W�� = i��:� = ';A.x∗�B¤AxA = 760.6 ∗ 10e ""A  (Top of girder) 
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W9� = i��¦� = ';A.x∗�B¤Ixx = 290.4 ∗ 10e ""A  (Bottom of girder) 

Preliminary analysis – Exterior girder at midspan: 

�9 = − ª��� − ª� 8�?¨� + j«�@j«^?¨� + j«¬@j­?¨�  ≤ 3.71 [M�  

where,  

 [�R =moment due to self-weight of girder = 1328 kN m 

[�% = moment due to dead load of wet concrete + diaphragm = 1572 kN m 

[�u = moment due to additional dead load after concrete hardens = 893 kN m 

[p = moment due to live load + impact (Service III) = 0.8(2941) = 2353 kN m 

�R =distance from �- of girder to centroid of pretensioned strands  

=608-100 =508 mm. 

�9 = − ª��;e By� − ª�(yB;�'Bx.A∗�B§ + 'IBB∗�B§'Bx.A∗�B§ + A'�e∗�B§'IB.�∗�B§  ≤ 3.71 [M�  

 X( = 4.75 ∗ 10e P = 4750 JL 

Assume stress in strands after all losses is 0.6�}� = 0.6(1860� = 1116 [M� 

�}% ≥ ª�B.e(®� = �.xy∗�B§���e = 4250 ""'  

∅[� = ∅¯°�}% ∗ 0.95�}�± + �%��²(0.9ℎ� ≥ [�   (Collins and Mitchell 1991) 

where,  

 ∅ = 1.0 

 MMa = 1.0 (prestress ratio)      [A5.5.4.2.1] 

ℎ = overall depth of composite section = 1590 mm 
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[� = Strength I factored moment = 9477 kN m 

�}% ≥ j�∅B.Iy(®�(B.I¢� = I�xx∗�B§�.B(B.Iy�(�;eB�(B.I�(�yIB�  
�}% ≥ 3748 ""'  < 4250 ""' , Strength limit is not critical. 

Try 52-12.70 mm strands. (Figure C.13) 

�}% = 52(98.71� = 5133 ""'   
 

              6 @ 50mm 

        

 

          4 @50 mm 

6 @ 50mm          

            

(a)                                                           (b)  

Figure C.13: Strand patterns at (a) midspan and (b) support.  

 

 At midspan section     At end section 

m³ = e'BBy' = 119 ""      m³ = �; 'BBy' = 350 ""  

��p = 608 − 119 = 489 ""     ��p = 608 − 350 = 258 ""  

 

C.3.4.4.4 Calculate prestress losses     [A5.9.5] 
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C.3.4.4.4.1 Elastic shortening, ∆µ¶·¸    [A5.9.5.2.3a] 

             ∆�}¹? = ¹®¹�: ��R}     

where,  

            Z} = 197 000 [M�    

Z�� = 4800√40  

��R} =sum of concrete stresses at �- of �}% due to X� and [�R at centerline 

X� = 0.70�}��}% = 0.70(1860�(52�(98.71 ∗ 10HA�  

X� = 6683 JL  

[�R = 1328 JL "  

��R} = − ª:�� − ª:8º­Vi� + j«�8º­i�   

= − e.e;A∗�B§�;e By� − (e.e;A∗�B§�(�;I�V�'eB��∗�BV + °�A';∗�B§±(�;I��'e B��∗�B§    
= −21.3 [M�  

Thus, 

∆�}¹? = �IxBBBABAeB (21.3� = 138.1 [M�     

Relaxation at transfer,  ∆�}�� = »¼½('�w��B ((®:(®� − 0.55��}�   [A5.9.5.4.4] 

� = 4 days (estimated from jacking to transfer) 

• 1
st
 Iteration: 

�}� = �}w − ∆�}¹? = 0.74(1860� − 138.1 = 1238.3 [M�  

∆�}�� = »¼½°'�(��±�B O�'A;.A�ex� − 0.55S (1238.3� = 11.6 [M�  
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• 2
nd

 Iteration: 

�}� = 0.74(1860� − (138.1 + 11.1� = 1227.2 [M�  

X� = (52�(98.71�(1.2272� = 6299.1 JL   

��R} = − 6.2291 ∗ 10e486 051 − (6.2291 ∗ 10e�(489�'126011 ∗ 10e + (1328.6 ∗ 10e�(489�126011 ∗ 10e = −19.8 [M� 

∆�}¹? = �IxBBBABAeB (19.8�128.5 [��   
∆�}�� = »¼½f'�(��g�B O�'Ae.;�ex� − 0.55S 1236.8 = 11.57 [M�  

• 3rd Iteration:  

�}� = 0.74(1860� − (128.5 + 11.57� = 1236.3 [M�  

X� = (52�(98.71�(1.2363� = 6346 JL   

��R} = − 6.346 ∗ 10e486 051 − (6.346 ∗ 10e�(489�'126011 ∗ 10e + (1328.6 ∗ 10e�(489�126011 ∗ 10e = −19.9 [M� 

∆�}¹? = �IxBBBABAeB (19.9� = 129.1 [��   
�}� = 0.74(1860� − (129.1 + 11.57� = 1235.7 [M�     OK 

 

C.3.4.4.4.2 Shrinkage, ∆µ¶¸¾      [A5.9.5.4.2] 

∆�}?� = 117 − 1.03¿  

where,  

¿ = relative humidity; assume a value of 70% 

∆�}?� = 117 − 1.03(70� = 44.9 [M�     

C.3.4.4.4.3 Creep, ∆µ¶À¾       [A5.9.5.4.3] 
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∆�}�� = 12.0��R} − 7.0∆���} ≥ 0   

where,  

��R} =concrete stress at �- of �}% at transfer = 19.9 MPa 

∆���} = change in concrete stress at �- of �}%  due to permanent loads except the 

load acting when X� is applied, that is subtract [�R 

∆���} = (2900 − 1328� ∗ 10e(489�126011 ∗ 10e − (540 + 353� ∗ 10e(977 − 119�283.7 ∗ 10I = −8.8 [M� 

Thus,  

 ∆�}�� = 12.0(19.9� − 7.0∆(8.8� = 177.2 [M�  

   

C.3.4.4.4.4 Relaxation, ∆µ¶¾       [A5.9.5.4.4] 

  ∆�}� = ∆�}�� + ∆�}�' 

∆�}�� = relaxation loss at transfer = 11.57 MPa 

∆�}�' = 0.3f138 ∗ 0.4∆�}¹? − 0.2°∆�}?� + ∆�}��±g 
∆�}�' = 0.3f138 ∗ 0.4(129.1� − 0.2(44.9 + 177.2�g 

∆�}�' = 12.6 [M�  

Thus,   ∆�}� = 11.57 + 12.6 = 24.17 [M�  

C.3.4.4.4.5 Total losses 

∆�}Á = (������c c,����� + (c,�- − ��*" c,�����  

= °∆�}¹? + ∆�}��± + °∆�}?� + ∆�}�� + ∆�}�'± = (129.1 + 11.57� + (44.9 + 177.2 + 12.6� 
∆�}Á = 375.4 [M�  
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C.3.4.4.5 Calculate girder stresses at transfer 

X� = 6346 JL  

��p = 489 ""  , ��p = 489 "" 

• At midspan 

�w� = − ª:�� + ª:8º­?¦� − j«�?¦�   

= − e.A�e∗�B§�;eBy� + °e.A�e∗�B§±(�;I��eI.;∗�B§ − �A';∗�B§�eI.;∗�B§   
= −2.5 [M� < 1.38 [M�   OK 

�9� = − ª:�� − ª:8º­?¦� + j«�?¦�   

= − e.A�e∗�B§�;eBy� − °e.A�e∗�B§±(�;I�'Bx.A∗�B§ + �A';∗�B§'Bx.A∗�B§   
= −21.6 [M� < −24 [M�   OK 

• At end section (support) 

�w� = − ª:�� + ª:8º­?¦�   

= − e.A�e∗�B§�;eBy� + °e.A�e∗�B§±(�;I��eI.;∗�B§   

= −3.4 [M� < 1.38 [M�   OK 

�9� = − ª:�� − ª:8º­?¦�   

= − e.A�e∗�B§�;eBy� − °e.A�e∗�B§±(�;I�'Bx.A∗�B§   

= −21.0 [M� < −24 [M�   OK 
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C.3.4.4.6 Calculate girder stresses at service (after total losses) 

�}( = 0.74�}� − ∆�}Á = 1376.4 − 375.4 = 1001.0 [M�  

X( = (y�AA�(�BB���B`   

At mid span: 

�w� = − ª:�� + ª:8º­?¦� − j«�@j«^?¦� − j«¬@j­?:�   

= − y.��∗�B§�;eBy� + °y.��∗�B§±(�;I��eI.;∗�B§ − (�A';@�yx'�∗�B§�eI.;∗�B§ − (;IA@'I���∗�B§xeB.e∗�B§ ,   Service I 

=  −17.9 [M� < 0.45��� = 24.75 [M�,  OK 

�9� = − ª:�� + ª:8º­?¦� − j«�@j«^?¦� − j«¬@j­?:�   

= − y.��∗�B§�;eBy� − °y.��∗�B§±(�;I�'Bx.A∗�B§ + (�A';@�yx'�∗�B§'Bx.A∗�B§ + (;IA@'I���∗�B§'IB.�∗�B§ ,   Service I 

=  2.44 [M� < 0.45��� = 3.71 [M�,  OK 

Hence, 52-12.70mm low-relaxation strands satisfy Service Limit State. 

 

C.3.4.4.7 Fatigue Limit State      [A5.5.3] 

a) Live load moment due to fatigue truck (Xq*) at mid span (Figure C.14). 

au = 145 Oe.'y@�y.'�AB.�; S + 35 O�I.y�AB.�;S  

= 124.6 JL  

[ªÁ� = f(124.6�(15.24� − (35�(4.3�g  
= 1748.4 JL"  

Exterior girder DF: remove 1.2 multiple presence for fatigue 
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                                              35 kN        145 kN        145 kN                   

 

 10.94 m  4.3 m      9 m   6.24 m 

 

             135 kN      145kN 

a        [ªÁ� 

         15.24 m 

au  

Figure C.14: Position of Fatigue truck for maximum positive moment at midspan. 

 

DFM-fatigue = B.xe'�.' = 0.635   

[(uw�R�8 = 0.75(0.635�(1748.4�(1.15� = 957.6 JL "  

 

b) Dead load moments at midspan 

Exterior girder (Table C.2) 

Noncomposite  [T�� = 2900 JL " 

Composite  [T�' + [TU = 540 + 353 = 2893 JL " 

According to AASHTO LRFD [A5.5.3.1], fatigue does not need to be investigated if 

section is in compression under ld and two times fatigue load. 

�9 = − ª��� − ª¦8º­?¨� + jÂº�?¨� + jÂºV@jÂÃ@'j�¬¦:���?¨�   
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= − y.��∗�B§�;eBy� − (y.��∗�B§�(�;I�'Bx.A∗�B§ + 'IBB∗�B§'Bx.A∗�B§ + f;IA@'(Iyx.eg∗�B§'IB.�∗�B§     

= 0.94 [M� , (tension) 

Hence, fatigue needs to be considered. 

Stress range = 957.6 JL "  

According to AASHTO LRFD [A5.5.3.1], cracked section properties will be used if 1.5[(uw�R�8 and tensile stress exceeds 0.25��′�  

= 0.25√55 = 1.85 [M�  

�9 = − 5.14 ∗ 10e486051 − (5.14 ∗ 10e�(489�207.3 ∗ 10e + 2900 ∗ 10e207.3 ∗ 10e + f893 + 1.5(975.6�g ∗ 10e290.4 ∗ 10e    
= −0.71 [M� < 1.85 [M� ; thus: 

Gross section properties will be used. 

Concrete stress at �- of prestress tendons due to fatigue load 

��R} = j�¬¦:���(IxxH��I�';A.x∗�B¤ = Iyx.e∗�§AAB.x∗�B§ = 2.9 [M�  

Now, calculate the stress in tension due to fatigue load (Xd� 

�}ªp = ��R} ¹®¹� = (2.9� �IxBBBAyeBB = 16.0 [M�  

W�*��� *��-� ≤ Ä125 [M�   �,* *�.�� ,� �b*���b*� -*����* �ℎ�� 9000 ""70 [M�   �,* *�.�� ,� �b*���b*� c��� �ℎ�� 3600 ""                [A5.5.3.3] 

The harped tendons are illustrated in Figure C.15  

 �8�� = 258 ""  

��p = 489 ""  

�}ªp = 16.0 [M� < 70 [M�  OK. 
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                     Bridge centreline  

231 mm 

                                 10.16 m                                           5.08 m     

 

Figure C.15: Pattern of harped tendons. 

 

C.3.4.4.8 Deflection and camber 

C.3.4.4.8.1 Immediate deflection due to live load and impact 

 ∆(Y < ��Y =  ¥9�e¹ip (d' − 
'Y'�, 
 = d − �  

  ∆Y OY = p'S = ¥p`�;¹i  
Z� = 35600 [M�, k� = 283.7 ∗ 10'""�   
Z�k� = 10.1 ∗ 10�y L ""' = 10.1 ∗ 10e JL "'  

M = 35 JL,    Y = 15.240 ",    � = 19.54 ",   
 = 10.94 "   
∆�Ay= (Ay�(�B.I��(�y.'��e(¹i�(AB.�;� (30.480' − 10.940' − 15.240'�  

= �;.�∗�B`¹i = �;.�∗�B`�B.�∗�B§ = 0.002 " = 2 ""  

M = 145 JL,    Y =  � = 15.24 "     
∆���y= (��y�(AB.�;�`�;(¹i�   

= ;y.y∗�B`¹i = ;y.y∗�B`�B.�∗�B§ = 0.008 " = 8 ""  

M = 145JL,    Y = 15.240 ",    � = 19.54 ",   
 = 10.94 "   
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∆�Ay= (��y�(�B.I��(�y.'��e(¹i�(AB.�;� (30.480' − 10.940' − 15.240'�  

= xe.A∗�B`¹i = xe.A∗�B`�B.�∗�B§ = 0.008 " = 8 ""  

Total deflection:- 

∆�ByÁ� = (�;.�@;y.y@xe.A�∗�B`¹i =  �;B.'∗�B`�B.�∗�B§    
= 0.018 " = 18 ""  

 

b) Long-term deflection ( Collins and Mitchell 1991) 

• Due to self weight of girder at transfer Z�� = 30 360 [M�,    kR = 126 011 ∗ 10e""',    Z��kR = 3.83 ∗ 10e JL "'  

∆R�= yA;� ]pÅ¹i = yA;� (��.���(AB.�;B�ÅA.;A∗�B§     
= 0.034 " = 34 ""   

• Due to prestress at transfer for double harping point ( Collins and Mitchell 

1991) �d = 0.333d   ∆}�= f8�; − ÆVe (�� − �8�g ª:pV¹i   

∆}�= f�;I; − (B.AAA�Ve (489 − 258�g (eA�e�(AB.�;B�VA.;A∗�B§   = 88 ""  

 

Net upward deflection (at transfer) = 88 − 34 = 54 ""  

 

• Due to deck and diaphragm on exterior girder: l~1 − =R = 24.13 − 11.44 = 12.69 L/"" = 12.69 JL/"  

From diaphragm = 9.705 JL  

∆T�= yA;� ]pÅ¹i + ¥9'�¹i (3d' − 4
'�  
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= yA;� (�'.eI�(AB.�;B�Å�.�I∗�B§ + (I.xBy�(�B.�eB�'�(�.�I∗�B§� f3(30.480�' − 4(10.160�'g  
= 0.032 + 0.002 = 0.034 " = 34 ""  

  

• Due to asphalt and barrier  lo + Ç�**��* = 3.04 + 4.65 = 7.69 P

 = 7.69 JL/"  

∆�= yA;� ]pÅ¹i = yA;� (x.eI�(AB.;��Å�B.�∗�B§ = 0.009 " = 9""  

 

C.3.4.4.8.2 Long-term deflection 

Table C.3, which is taken from PCI (1992), provides multipliers to approximate the creep 

effect. Net upward deflection: 

∆�= 1.80(88� − 1.85(34� = 96 ""  

The net long-term upward deflection is: 

∆pÁ= 2.20(88� − 2.40(34� − 2.30(34� − 3.00(9�  
= 7 ""  

It can be seen that, when the construction is completed, the deflection of the centre of 

the bridge will change. It is estimated to deflect downward from an initial upward 

deflection of 96 mm to a final upward value of 7 mm. 

 

C.3.4.4.9 Check Strength Limit State 

C.3.4.4.9.1 Flexure 

• Stress in prestressing steel bonded tendons   [A5.7.3.1.1] �}% = �}�(1 − J ��®�  

J = 2 �1.04 − (®�(®�� = 2 O1.04 − �ex��;eBS  

= 0.28  
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Table C.3: suggested multipliers to be used as a guide in estimating Long-term cambers 

and deflections for typical members (PCI 1992) 

Phase Type 

Without 

Composite 

Topping 

With 

Composite 

Topping 

At erection 

Deflection (downward) 

component- apply to the elastic 

deflection due to the member 

weight at release of prestress 

1.85 1.85 

Camber (upward) component-

apply to the elastic camber due 

to prestress at the time of 

release of prestress 

1.80 1.80 

Final 

Deflection (downward) 

component- apply to the elastic 

deflection due to the member 

weight at release of prestress 

2.70 2.40 

Camber (upward) component- 

apply to the elastic camber due 

to prestress at the time of 

release of prestress 

2.45 2.20 

Prestress 

Deflection (downward) – apply 

to elastic deflection due to 

superimpose dead load only 

3.00 3.00 

Deflection (download) – apply to 

elastic deflection caused by the 

composite topping 

 2.30 
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Transformed section is used: 


 = 1635.4 "",          .} = (1350 + 50 + 190� − 119 = 1471 ""  

�′� = 55 [M�,     �% = �′% = 0  

�� = 0.85 − yyH';x (0.05� = 0.657  

� = �®^(®�@�^(�@��^(��HB.;yÆ�(��(9H9È�¢�B.;y(��Æ�9È@Q�®^((®�/�®�   

= (y�AA�(�;eB�HB.;y(B.eyx�(yy�(�eAy.�H�yB�(�IB�B.;y(yy�(B.eyx�(�yB�@B.';(y�AA�(�;eB/��x��   

= 136.8 ""  

�}% = 1860 É1 − 0.28 O�Ae.;��x�SÊ = 1812 [M�  

q} = �}%�}% = (y�AA�(�;�'��B` = 9300 JL  

 

• Factored flexural resistance – Flanged section  [A5.7.3.2.2] 

� = �� � = (0.657�(136.8""� = 89.9 ""  

∅ = 1.00  

∅[� = ∅f�}%�}% O.} − u'S + �%�� O.% − u'S − �′%�′� O.′% − u'S + 0.85���′�(
 −

]�ℎ( Ou' − ¢�' Sg  

= 1.0f(5133�(1812� �1471 − 89.92 � + 0.85(0.657�(55�(1635.4 − 150�(190� �89.92 − 1902 �g 
∅[� = 12.8 ∗ 10I L "" = 12 800 JL "  

[� = 9477 JL " < 12 800 JL "   OK 
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C.3.4.4.9.2 Limits for reinforcement     [A5.7.3.3] 

• Limit of maximum reinforcement  

��® ≤ 0.42   for  .8 = .} 

��® = �Ae.;��x� = 0.093  < 0.42   OK 

• Limit for minimum reinforcement 

∅[� ≥ Ä1.2[�� 
���. ,� �c����� ��*��� .���*�
b��,� ��. ",.bcb� ,� *b��b*� 1.33[�  W�*��-�ℎ k d�"�� W����                                                                            

[�� = W�°�� + ��}8± − [��� O ?�?Ë� − 1S  ≥  W���   

�� = 0.37��′� = 0.37√55 = 2.744 [M�   
[�� = (2900 + 893 + 2353 + 648� = 6794 JL "  

1.2[�� = 1.2(6794� = 8 153 JL "  

1.33[� = 1.33(9477� = 12 604   
 ∅[� = 12 800 JL " > 1.2[��   OK,     also: 

∅[� = 12 800 JL " > 1.33[�   OK 

 

C.3.4.4.9.3 Check shear        [A5.8] 

• General: 

Ìt = 0.9              [A5.5.4.2.1] 

ƞ = 0.95  

Í� = Í� + Í% + Í} ≤ 0.25���
t.t               [A5.8.3.3] 
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.8 = 1471 ""  

At centre of the girder 

.t = .8 − u'  ≥ "�Y Ä0.9.8 = 0.9(1471� = 1324"", -,��*�� 0.72ℎ = 0.72(1590� = 1145 ""                          [A5.8.2.7] 

.t = 1471 − ;I.I' = 1426 "" > 1324"",   OK 

At the end of the girder 

.8 = 1590 − 350 = 1240 ""  

.t = "�Y Ä 0.9.8 = 0.9(1240� = 1116"" 0.72ℎ = 0.72(1590� = 1145 "", -,��*��                          [A5.8.2.7] 


t = minimum web width within .t = 150""  

• Contribution of prestressing strands to shear resistance: 

Í} = ��*����c �,"�,���� ,� �*���*�����- �,*��  

Transfer length = 60 strand diameters            [A5.8.2.3] 

= 60(12.70) = 762 mm 

Critical section for shear ≥ 0.5.t�,�Î    ,*  .t = 1145""          [A5.8.3.2] 

.t > transfer length, hence, full value of Í} can be used. 

�- of harped strands (12� = 1350 − 175 = 1175 "" from bottom of girder 

= 1175 − 119 = 1056"" �*,� �- �}% at centreline (Figure C.16) 

h = ���H� �Bye�B �eB = 5.934N  

X( = 5140 JL  

Í} = �'y' X(���h = �'y' (5140����5.934 = 122.6 JL  
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  h            Bridge centreline  

                       10.16 m       5.08 m 

 

Figure C.16: Harped tendon profile 

 

• Check shear design at distance at a distance of .t from the support and 

at tenth point along the span. 

Below are the calculations with respect to a distance .t from support (Figure 

C.17). The results of the remaining points are shown in Table C.4.  

.t = 1145 "",    Ï = �Ðp = ���yAB �;B = 0.0376  

 = = b��� c,�. = 1.0 P

 = 1.0 JL/" 

 Í� = =d(0.5 − Ï� = =(30.480�(0.5 − 0.00376� = 14.094 =  JL 

 [� = 0.5=d'(Ï − Ï'� = 0.5=(30.48�'(0.0376 − 0.0376'� 

= 16.8= JL "  

l~� = 24.13 L/""  

l~' = 4.65 L/""  

lo = 3.04 L/""  

l.���ℎ. = 9.705 L/""  

k[ = 0.33 %    

Í%�}}N�wÁ� = f145 O'y.BAy@'I.AAyAB.�;B S + 35 O'B.xAyAB.�; Sg = 282.5 JL  
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       1.145m 

      145kN   145kN  35 kN        

 

      4.3         4.3 m                                       20.735 m  

 

    9.3 kN/m 

 

           30.480 m  

 

Figure C.17: Live load placement for maximum shear  

 

[%�}}N�wÁ� = 1.145(282.5� = 323.5 JL "  

Í%�}}N�wp� = �' (9.3�('I.AAyAB.�;B�' = 131.3 JL  

[%�}}N�wp� = �' (1.145�(29.335�(9.3� = 156.2 JL "  

Í� = 0.95Ñ1.25f(24.13 + 4.65�(14.09� + 9.705g + 1.50f(3.04�(14.094�+ 1.75(0.762�f(282.5�(1.33� + 131.3gÒ 
= 1197 JL  

[� = 0.95Ñf1.25f(24.13 + 4.65�(16.8� + 9.705(1.145�g + 1.50f(3.04�(16.8�g+ 1.75(0.762�f(323.5�(1.33� + 131.3gÒ 
= 1403 JL "  

� = Ó�H∅Ó®∅9Ð�Ð   
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= °�.�Ix∗�B§±HB.I(�''.e∗�B`�B.I(�yB�(���y�    
= 7.02 [M�  

t(�� = x.B'yy = 0.128 > 0.100  

W
u� = "�� Ä0.4.t = 0.4(1145� = 458 ""300 "", -,��*��            [A5.8.2.7] 

.8 = .t = 1590 − 350 + ���y�B �eB (489 − 258� = 1266""  

• 1�� k��*���,�: 
Let = 30N , �}B ≈ �%8 = 1001 [M� 

.8 = 1266 ""  

 

.t = "�Y r .8 − u' = 122 − ;I.I' = 1221 "", -,��*��0.9.8 = 0.9(1266� = 1139 ""                       0.72ℎ = 0.72(1590� = 1145 ""                    

 So,  .t = 1221 ""  

Ô� = OÕ�«Ð S@B.yP�@B.yÓ��NwÖH�®^(®×¹^�^@¹®�®^             [A5.8.34.2] 

= ��.�B'∗ �Ø¤�VV��@B.y°�.�Ix∗�B§±�NwABH(y�AA�(�BB��(�IxBBB�(y�AA�   

= −2.9 ∗ 10HA (compression) 

As the strain Ô� is negative, it shall be reduced by XÙ       [A5.8.3.4.2] 

XÙ = ¹^�^@¹®�®^¹���@¹^�^@¹®�®^ = ¹®�®^¹���@¹®�®^  

where,  
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�� is the area of concrete on flexural tension side of member defined as concrete below ℎ/2 of member.           [Fig. A5.8.3.4.2-3] 

ℎ = 1350 + 50 + 190 = 1590 ""  

¢' = 795 ""  

�� ≅ (135�(975� + 2 O�'S (140�(412.5� + (600�(150�  
≈ 288 375 ""'  XÙ = (�IxBBB�(y�AA�(AyeBB�(';;Axy�@(�IxBBB�(y�AA� = 0.0897 

Ô� = (−0.0029�(0.0897� = −0.26 ∗ 10HA  

Having  
t(Û� = 0.128, Î = 20B  

�,�Î = 2.747, � = 2.75  

• 2nd Iteration 

Î = 20N  

[T�� = (24.13�(16.8 ∗ 10e� + (9705�(1221�  
= 416.4 ∗ 10e L ""  

� = .} − (mwR + �% + 50�  

= 1221 − (742 + 190 + 50� = 239 ""  

�}% = − ª��� + ª� 8°�¨�H�¨�±i� − jÂº�(�¨�H�¨��i�   

 = − y.��∗�B§�;eBy� + °y.��∗�B§±('AI�(IxxHeB;��'eB�� − (��e.�∗�B§�(IxxHeB;��'eB��∗�B§   

= −8.20 [M�  

 �}N = �%8 + �}� ¹®¹� = 1001 + 8.2 �IxBBBAyeBB = 1046.5 [M�   
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Ô� = �.ÅØV∗�Ø¤�VV� @B.y°�.�Ie∗�B§±('.x�x�H(y�AA�(�B�e.y�(�IxBBB�(y�AA�   

= −0.0026  

XÙÔ� = 0.0897(−0.0026� = −0.23 ∗ 10HA  

Í� = 0.083���′�
t.t  

= 0.083(2.75�√55(150�(1221� = 310 ∗ 10A L  

Í% = Ó�∅ − Í� = �.�Ie∗�B§B.I − 310 ∗ 10A = 1.019 ∗ 10e L  

Use stirrups with diameter = 16 "" �t = 2(200 ""'� = 400 ""' ,  

Spacing of stirrups: 

� ≤  �Ð(��Ð�NwÖÓ̂ = (�BB�(�BB�(�''��('.x�x��.B�I∗�B§    
� = 526 "" >  �
u� = 300""  

Check longitudinal reinforcement              [A5.8.3.5] 

�%�� ≥ f j��Ð∅� + 0.5 P�∅¬ + OÓ�∅Ð − 0.5Í% − Í}S �,�Îg  
Í% = 1.019 ∗ 10e  Éy'eABBÊ = 1.787 ∗ 10e L  

(5133�(1812� ≥ �.�B'∗�B¤(�''��(�.B� + É�.�Ie∗�B§B.I − 0.5(1.1787 ∗ 10e� − 122.6 ∗ 10eÊ 2.747  

9.301 ∗ 10e L > 2.007 ∗ 10e L    OK 

Ü�� � = �
u� = 300 ""  

• Summary of shear design: 

Table C.4 summarizes the results of the shear design. 
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Table C.4: Summary of shear design 

Parameter 

Location 

100.38 101 102 103 104 105 

Í� (JL� 1196 1068 865 666 459 268 

[� (JL "� 1.4 3481 6162 8036 9159 9470 

Í} (JL� 122.6 122.6 122.6 122.6 0 0 

.} (""� 1221 1204 1334 1403 1426 1426 

�/�′� 0.128 0.102 0.0762 0.0533 0.043 0.0253 

�}N ([M�� 1047 1049 1056 1060 1064 1066 

Ô� ∗ 10A -0.23 -0.124 0.0469 0.781 1.236 1.320 

Î, .�-*�� 20 23.5 27 34 38.5 39 

� 2.75 5 4.4 2.3 2.1 2.1 

Í�  (JL� 310 584 296 246 230 230 

a�Ý�.. Í% 1019 603 420 442 224 209 

� (""� 526 771 999 752 1281 13482 

�}%�}% (∗ 10e� 2.007 3.419 5.580 6.233 6.764 6.719 

�*,��. � (""� 300 300 600 600 600 600 

 

C.3.4.4.9.4 Horizontal shear                  [A5.8.4] 

Í�¢ = ���t + Þ°�t(�� + M�± ≤ Ä0.25�′���t5.5��t                          [A5.8.4] 

where,  

��t = area of concrete engaged in shear transfer = 1225 ""'   
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�t( = area of shear reinforcement crossing the shear plane = 2(200� = 400""'  

�� = yield strength of reinforcement = 400 [�� 

Ä� = �,ℎ���,� ����,* = 0.7Þ = �*����,� ����,* = 1.0   (intentionally roughened)         [A5.8.4.2] 

M� = ��*"����� ��� �,"�*�ℎ������� �,*�� �,*"�c �, �ℎ��* �c��� = ,��*ℎ��- + �c�
 +ℎ�b��ℎ + 
�**��*  

= f5.37 + 5.83 + 0.61 + 4.65g = 16.46 L/""  

Í�¢ = 0.70(1225� + 1.0fO�BB% S (400� + 16.46g  
= 873.96 + �eBBBB%  L/""  

Í�¢ ≤  "�� ß0.2�′���t = 0.2(40�(1225� = 9800 L/""5.5��t = 5.5(1225� = 6740 P

 , -,��*��   

∅tÍ�¢ ≥  ƞÍ�¢  

where,  

Í�¢ = horizontal shear due to barrier, FWS, and LL+IM 

= Ó�ài�   

k� = 283.7 ∗ 10I""'  

| = �m³ = (1635.4�(190�(1590 − 977 − �IB' �  

= 160.96 ∗ 10e""A  

Strength I load combination: 

Í� = 1.25 l~2 + 1.5 lo + 1.75(dd + k[�  

Í� = 1.25(71� + 1.5(46� + 1.75(407� = 870 JL  
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ƞÓ�á∅Ð = B.Iy(�IA.��B.I = 520.8 P

 < 6740 L/""  

Thus, 

873.96 + �eBBBB% ≥ 520.8   
� ≤ �eBBBB;xA.IeHy'B.;  453 ""  

Ü��      �
u� = 300 ""  

 

C.3.4.4.9.5 Check details  

• Anchorage zone             [A5.10.10] 

Let M� = Factored resistance provided by transverse reinforcement 

 M� = ∅�u���%  ≥ 4% X���,*�. �*���*�����- �,*�� (X���              [A3.4.3] 

∅�u���% ≥ 0.04X�� = 0.04(8.24 ∗ 10e� = 329.6 ∗ 10A L  

�% ≥ A'I.e∗�B`B.;(�BB� = 1030 ""'  

Within 
�� = �AyB' = 337.5 "" 

Use U-stirrups with diameter 16mm: 
�BAB�BB = 2.6  

Use 3 No. dia. 16mm stirrups at 130 mm. 

 

• Confinement reinforcement:         [A5.10.10.2] 

For a distance of 1.5. = 1.5(1350� = 2025 "" from the end of the beam, 

reinforcement shall be placed to confine the prestressing steel in the bottom 

flange. 
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Use 14 L,. .��. 10"" �� 150 "" �ℎ���. �, ���c,�� �ℎ� ��*��.�.   
C.3.4.4.9.5 Design sketch 

Figure C.18 visualizes the design results. 

 

   3 @ 0.13 =0.39 m 

   19@0.3m=5.7 m 15 @0.6 m= 9 m 

  

 

        489 mm 

   15.24 m  Hold down point 

Centreline of bearing     Girder centreline 

 

      Dia. 16 mm stirrups     

        100mm 

                 742 mm 

            258 mm @ end   c.g. of girder 

                489 mm@  midspan  608 mm 

   

Figure C.18: Design sketch for prestressed girder. 
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Appendix D 

Sample of BREL Macro for Component Reliability 

In this Appidex, the codes of two algorithms are presented. The first code is for the 

reliability analysis to obtain the individual component’s failure probabilityis and 

corresponding reliability indices. The second code is for 2-d grillage analysis reuired to 

obtain the system reliability. 

 

Sub Clear() 

 

  Sheets("Control").Range("S7").ClearContents 

  Sheets("Control").Range("S8").ClearContents 

  Sheets("Control").Range("F21").ClearContents 

  Sheets("Control").Range("F22").ClearContents 

  Sheets("Control").Range("D4:F21").ClearContents 

  Sheets("Control").Range("K6:N9").ClearContents 

  Sheets("Control").Range("I12:Z29").ClearContents 

End Sub 

Sub Compute() 

Dim timestarted As Double 

timestarted = Time 

Dim t As Single 

t = Timer 

'code 

linestatus = 10 

    Sheets("Control").Range("S7").Value = "Running ..." 

    '--------------------------------------------------------- 

    'Variable Declaration 

    nv = 300 

    it = 100 
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    ic = 300 

        lineout = 21 

    colout = 6 

    colver = 8 

 Dim grdnt()  As Double, varmn()  As Double, stdevval() As Double, alphx() As Double, X() As Double, z() As Double, 
xinit() As Double, cor() As Double 

    Dim beta() As Double, evarmn() As Double, sigma() As Double, Function() As Double, rind() As Double 

    Dim beta1() As Double, pl2l() As Double, pl2u() As Double, wk1() As Double, wk2() As Double, bf() As Double 

    Dim keyval() As Integer, kj(20) As Integer 

    ReDim grdnt(nv, ic) 

    ReDim varmn(nv, ic) 

    ReDim stdevval(nv, ic) 

    ReDim alphx(nv, ic) 

    ReDim X(nv, ic) 

    ReDim z(nv, ic) 

    ReDim xinit(nv, ic) 

    ReDim cor(ic, ic) 

    ReDim beta(it, ic) 

    ReDim evarmn(nv, ic) 

    ReDim sigma(nv, ic) 

    ReDim Function(ic) 

    ReDim rind(ic, 1) 

    ReDim beta1(it, ic) 

    ReDim pl2l(ic, ic) 

    ReDim pl2u(ic, ic) 

    ReDim keyval(nv, ic) 

    Dim i As Integer, ii As Integer, Lst As Integer, nran As Integer, im As Integer 

    Dim p  As Double, q As Double, a As Double, c As Double, d As Double 

    Dim b As Double, h  As Double, e  As Double, f As Double, eps As Double 

    Dim pcu As Double, pcl As Double, pdu As Double, pdl As Double 

    Dim sumx#, sumgr# 
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       '--------------------------------------------------------- 

colver = colver + 1 

 

colver = colver + 1 

                If Sign < 0# Then 

                    beta(iter, Lst) = -beta(iter, Lst) 

                End If 

colver = colver + 1 

                'c  convergence criteria 

                'c 

                ' 

                If iter > 1 Then 

                    conv = Abs(beta(iter, Lst) - beta(iter - 1, Lst)) 

                     

                    If conv < eps Then 

                        beta1(itb, Lst) = beta(iter, Lst) 

                            Exit Do 

                    End If 

                End If 

            Loop 

             

            If iter = it Then 

                Sheets("Control").Cells(linestatus, 6).Value = "Maximum iteration reached for -iter-" 

' 

            End If 

                        For i = 1 To nran 

            If keyval(i, Lst) <> 0 Then 

                If itb > 1 Then 

                If beta1(itb, Lst) <> 0 Then 

                                    conv1 = Abs(beta1(itb, Lst) - beta1(itb - 1, Lst)) 

                    If conv1 < eps Then 
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End Sub 

'c 

'c   this program calculates equivalent mean and standard deviation for the 

'c  norami distribution from the Type-I asymptotic distribution, 

'c 

Sub gumbel(b As Double, h As Double, a As Double, e As Double, f As Double) 

    Dim alpha As Double, u As Double, pow As Double, ex1 As Double, cum As Double, dens As Double, param As 
Double, phitmp As Double 

    Const MAX_EXP_ARGUMENT As Double = 709.782712893 

    Pi = 3.14159265 

    If b = 0 Then 

    e = 0 

    f = 0 

    Else 

    alpha = Pi / (h * Sqr(6#)) 

    'u = b - 0.577216 / alpha 

    'pow = alpha * (a - u) 

    'If pow < -MAX_EXP_ARGUMENT Then 

      'pow = -MAX_EXP_ARGUMENT 

      'End If 

         'ex1 = Exp(-pow) 

    'cum = Exp(-ex1) 

    'dens = alpha * Exp(-pow - Exp(-pow)) 

    'param = phiinv(cum) 

    'phitmp = 1# / Sqr(2# * Pi) * Exp(-0.5 * param * param) 

'If dens = 0 Then 

'dens = 0.000000000000001 

'End If 

    'f = phitmp / dens 

    f = Sqr(Pi * Pi * alpha / 6) 

    'e = a - f * param 
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    e = b + 0.577216 * f 

    grdnt(17, Lst) = (a * (1 - b) + c) * sigma(17, 3) 

    grdnt(18, Lst) = (c * z(17, 3) / (z(16, 3) * z(18, 3))) * sigma(18, 3) 

    grdnt(19, Lst) = 0# 

    grdnt(20, Lst) = 0# 

    grdnt(21, Lst) = 0# 

    grdnt(22, Lst) = 0# 

    grdnt(23, Lst) = 0# 

    grdnt(24, Lst) = 0# 

    grdnt(25, Lst) = 0# 

    grdnt(26, Lst) = 0# 

     

End If 

'c 

'c At transfer limit state for compressive stress at bottom fiber of girder at transfer length 

'c 

If Lst = 4 Then 

               a = z(6, 4) * z(7, 4) / z(8, 4) 

            b = z(9, 4) * z(8, 4) / z(10, 4) 

            c = 0.00004167 * z(8, 4) * z(15, 4) * Ltr * (Lgir - Ltr) / z(10, 4) 

            Load_Effect = -z(14, 4) * a * (1 + b) + z(14, 4) * c 

    Function(Lst) = z(4, 4) - Abs(Load_Effect) 

    grdnt(1, Lst) = 0# 

    grdnt(2, Lst) = 0# 

    grdnt(3, Lst) = 0# 

    grdnt(4, Lst) = sigma(4, 4) 

    grdnt(12, Lst) = 0# 

     grdnt(6, Lst) = (a * z(14, 4) / z(6, 4) + z(7, 4) * z(9, 4) * z(14, 4) / z(10, 4)) * sigma(6, 4) 

    grdnt(7, Lst) = (a * z(14, 4) / z(7, 4) + z(6, 4) * z(9, 4) * z(14, 4) / z(10, 4)) * sigma(7, 4) 

      grdnt(8, Lst) = (-z(14, 4) / z(8, 4) * (a + c)) * sigma(8, 4) 

    grdnt(9, Lst) = (a * z(8, 4) * z(14, 4) / z(10, 4)) * sigma(9, 4) 
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      grdnt(10, Lst) = (-a * z(8, 4) * z(9, 4) * z(14, 4) / z(10, 4) ^ 2 + c * z(14, 4) / z(10, 4)) * sigma(10, 4) 

    grdnt(11, Lst) = 0# 

    grdnt(12, Lst) = 0# 

    grdnt(13, Lst) = 0# 

    grdnt(14, Lst) = (a * (1 + b) - c) * sigma(14, 4) 

      grdnt(15, Lst) = (-c * z(14, 4) / (z(10, 4) * z(15, 4))) * sigma(15, 4) 

    grdnt(16, Lst) = 0# 

    grdnt(17, Lst) = 0# 

    grdnt(18, Lst) = 0# 

    grdnt(19, Lst) = 0# 

    grdnt(20, Lst) = 0# 

    grdnt(21, Lst) = 0# 

    grdnt(22, Lst) = 0# 

    grdnt(23, Lst) = 0# 

    grdnt(24, Lst) = 0# 

    grdnt(25, Lst) = 0# 

    grdnt(26, Lst) = 0# 

    End If 

'c 

'c   At transfer limit state for tensile stress at top fiber of girder at harp-point section 

'c 

If Lst = 5 Then 

        a = z(8, 5) * z(10, 5) / z(13, 5) 

        b = z(16, 5) * z(13, 5) / z(21, 5) 

        c = 0.00004167 * z(13, 5) * z(23, 5) * Lhrp * (Lgir - Lhrp) / z(21, 5) 

     Load_Effect = -z(22, 5) * a * (1 - b) - z(22, 5) * c 

    Function(Lst) = z(3, 5) - (Load_Effect) 

    grdnt(1, Lst) = 0# 

    grdnt(2, Lst) = 0# 

    grdnt(3, Lst) = sigma(3, 5) 

    grdnt(4, Lst) = 0# 
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    grdnt(5, Lst) = 0# 

    grdnt(6, Lst) = 0# 

    grdnt(7, Lst) = 0# 

    grdnt(8, Lst) = (a * z(22, 5) / z(8, 5) - z(10, 5) * z(16, 5) * z(22, 5) / z(21, 5)) * sigma(8, 5) 

    grdnt(9, Lst) = 0# 

    grdnt(10, Lst) = (a * z(22, 5) / z(10, 5) - z(8, 5) * z(16, 5) * z(22, 5) / z(21, 5)) * sigma(10, 5) 

    grdnt(11, Lst) = 0# 

    grdnt(12, Lst) = 0# 

    grdnt(13, Lst) = (z(22, 5) / z(13, 5) * (a + c)) * sigma(13, 5) 

    grdnt(14, Lst) = 0# 

    grdnt(15, Lst) = 0# 

  grdnt(16, Lst) = (-a * z(13, 5) * z(22, 5) / z(21, 5)) * sigma(16, 5) 

    grdnt(17, Lst) = 0# 

    grdnt(18, Lst) = 0# 

    grdnt(19, Lst) = 0# 

    grdnt(20, Lst) = 0# 

      grdnt(21, Lst) = (a * z(22, 5) * z(13, 5) * z(16, 5) / z(21, 5) ^ 2 - c * z(22, 5) / z(21, 5)) * sigma(21, 5) 

    grdnt(22, Lst) = (a * (1 - b) + c) * sigma(22, 5) 

       grdnt(23, Lst) = (c * z(22, 5) / (z(21, 5) * z(23, 5))) * sigma(23, 5) 

    grdnt(24, Lst) = 0# 

    grdnt(25, Lst) = 0# 

    grdnt(26, Lst) = 0# 

End If 

'c 

'c   At transfer limit state for compressive stress at bottom fiber of girder at harp-point section 

'c 

If Lst = 6 Then 

                a = z(9, 6) * z(11, 6) / z(14, 6) 

            b = z(18, 6) * z(14, 6) / z(22, 6) 

            c = 0.00004167 * z(14, 6) * z(24, 6) * Lhrp * (Lgir - Lhrp) / z(22, 6) 

            Load_Effect = -z(23, 6) * a * (1 + b) + z(23, 6) * c 
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    Function(Lst) = z(6, 6) - Abs(Load_Effect) 

    grdnt(1, Lst) = 0# 

    grdnt(2, Lst) = 0# 

    grdnt(3, Lst) = 0# 

    grdnt(4, Lst) = 0# 

    grdnt(5, Lst) = 0# 

    grdnt(6, Lst) = sigma(6, 6) 

    grdnt(7, Lst) = 0# 

    grdnt(8, Lst) = 0# 

       grdnt(9, Lst) = (a * z(23, 6) / z(9, 6) + z(11, 6) * z(18, 6) * z(23, 6) / z(22, 6)) * sigma(9, 6) 

    grdnt(10, Lst) = 0# 

       grdnt(11, Lst) = (a * z(23, 6) / z(11, 6) + z(9, 6) * z(18, 6) * z(23, 6) / z(22, 6)) * sigma(11, 6) 

    grdnt(12, Lst) = 0# 

    grdnt(13, Lst) = 0# 

    grdnt(14, Lst) = (-z(23, 6) / z(14, 6) * (a + c)) * sigma(14, 6) 

    grdnt(15, Lst) = 0# 

    grdnt(16, Lst) = 0# 

    grdnt(17, Lst) = 0# 

      grdnt(18, Lst) = (a * z(14, 6) * z(23, 6) / z(22, 6)) * sigma(18, 6) 

    grdnt(19, Lst) = 0# 

    grdnt(20, Lst) = 0# 

    grdnt(21, Lst) = 0# 

    grdnt(22, Lst) = (-a * z(14, 6) * z(18, 6) * z(23, 6) / z(22, 6) ^ 2 + c * z(23, 6) / z(22, 6)) * sigma(22, 6) 

    grdnt(23, Lst) = (a * (1 + b) - c) * sigma(23, 6) 

       grdnt(24, Lst) = (-c * z(23, 6) / (z(22, 6) * z(24, 6))) * sigma(24, 6) 

    grdnt(25, Lst) = 0# 

    grdnt(26, Lst) = 0# 

End If 

'c 

'c  At transfer limit state for tensile stress at top fiber of girder at mid span 

'c 
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If Lst = 7 Then 

               a = z(8, 7) * z(10, 7) / z(12, 7) 

            b = z(15, 7) * z(12, 7) / z(18, 7) 

            c = 0.000010417 * z(12, 7) * z(20, 7) * Lgir ^ 2 / z(18, 7) 

            Load_Effect = -z(19, 7) * a * (1 - b) - z(19, 7) * c 

  Function(Lst) = z(4, 7) - (Load_Effect) 

      grdnt(1, Lst) = 0# 

    grdnt(2, Lst) = 0# 

    grdnt(3, Lst) = 0# 

            grdnt(4, Lst) = sigma(4, 7) 

         grdnt(5, Lst) = 0# 

    grdnt(6, Lst) = 0# 

    grdnt(7, Lst) = 0# 

    grdnt(8, Lst) = (a * z(19, 7) / z(8, 7) - z(10, 7) * z(15, 7) * z(19, 7) / z(18, 7)) * sigma(8, 7) 

    grdnt(9, Lst) = 0# 

    grdnt(10, Lst) = (a * z(19, 7) / z(10, 7) - z(8, 7) * z(15, 7) * z(19, 7) / z(18, 7)) * sigma(10, 7) 

    grdnt(11, Lst) = 0# 

      grdnt(12, Lst) = (-z(19, 7) / z(12, 7) * (a - c)) * sigma(12, 7) 

    grdnt(13, Lst) = 0# 

    grdnt(14, Lst) = 0# 

       grdnt(15, Lst) = (-a * z(12, 7) * z(19, 7) / z(18, 7)) * sigma(15, 7) 

    grdnt(16, Lst) = 0# 

    grdnt(17, Lst) = 0# 

      grdnt(18, Lst) = (a * z(12, 7) * z(15, 7) * z(19, 7) / z(18, 7) ^ 2 - c * z(19, 7) / z(18, 7)) * sigma(18, 7) 

       grdnt(19, Lst) = (a * (1 - b) + c) * sigma(19, 7) 

     grdnt(20, Lst) = (c * z(19, 7) / (z(18, 7) * z(20, 7))) * sigma(20, 7) 

    grdnt(21, Lst) = 0# 

    grdnt(22, Lst) = 0# 

    grdnt(23, Lst) = 0# 

    grdnt(24, Lst) = 0# 

    grdnt(25, Lst) = 0# 
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    grdnt(26, Lst) = 0# 

End If 

'c 

'c   At transfer limit state for compressive stress at bottom fiber of girder at mid span 

'c 

If Lst = 8 Then 

        Let a = z(6, 8) * z(9, 8) / z(11, 8) 

            b = z(15, 8) * z(11, 8) / z(17, 8) 

           c = 0.000010417 * z(11, 8) * z(20, 8) * Lgir ^ 2 / z(17, 8) 

   Load_Effect = -z(19, 8) * a * (1 + b) + z(19, 8) * c 

    Function(Lst) = z(2, 8) - Abs(Load_Effect) 

    grdnt(1, Lst) = 0# 

    grdnt(2, Lst) = sigma(2, 8) 

    grdnt(3, Lst) = 0# 

    grdnt(4, Lst) = 0# 

    grdnt(5, Lst) = 0# 

        grdnt(6, Lst) = (a * z(19, 8) / z(6, 8) + z(9, 8) * z(15, 8) * z(19, 8) / z(17, 8)) * sigma(6, 8) 

    grdnt(7, Lst) = 0# 

    grdnt(8, Lst) = 0# 

       grdnt(9, Lst) = (a * z(19, 8) / z(9, 8) + z(6, 8) * z(15, 8) * z(19, 8) / z(17, 8)) * sigma(9, 8) 

    grdnt(10, Lst) = 0# 

       grdnt(11, Lst) = (-z(19, 8) / z(11, 8) * (a + c)) * sigma(11, 8) 

    grdnt(12, Lst) = 0# 

    grdnt(13, Lst) = 0# 

    grdnt(14, Lst) = 0# 

       grdnt(15, Lst) = (a * z(11, 8) * z(19, 8) / z(17, 8)) * sigma(15, 8) 

    grdnt(15, Lst) = 0# 

    grdnt(16, Lst) = 0# 

    grdnt(17, Lst) = (m * z(14, 12) / z(17, 12)) * sigma(17, 12) 

    grdnt(18, Lst) = 0# 

        grdnt(19, Lst) = (m * z(14, 12) / z(19, 12)) * sigma(19, 12) 
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    grdnt(20, Lst) = 0# 

    grdnt(21, Lst) = 0# 

       grdnt(22, Lst) = (n * z(14, 12) / z(22, 12)) * sigma(22, 12) 

       grdnt(23, Lst) = (n * z(14, 12) / z(23, 12)) * sigma(23, 12) 

    grdnt(24, Lst) = 0# 

        grdnt(25, Lst) = (-z(14, 12) * (m + n) / z(25, 12)) * sigma(25, 12) 

    grdnt(26, Lst) = 0# 

    End If 

       'c 

'c   Limit state for top of deck slab under permanent and transient loads, Service I 

'c 

If Lst = 13 Then 

            m = 0.003 / Ng * z(11, 13) * z(13, 13) * Leff_FT ^ 2 / (z(25, 13) * n_c) 

            n = 0.0015 * z(16, 25) * z(17, 13) * Leff_FT ^ 2 / (z(25, 13) * n_c) 

            p = 12 * z(20, 13) * z(21, 13) / z(25, 13) / n_c 

            q = 12 * z(22, 13) * z(21, 13) * (1 + z(24, 13)) / (z(25, 13) * n_c) 

            Load_Effect = -z(8, 13) * (m + n + p + q) 

      Function(Lst) = z(4, 13) - Abs(Load_Effect) 

    grdnt(1, Lst) = 0# 

    grdnt(2, Lst) = 0# 

    grdnt(3, Lst) = 0# 

    grdnt(4, Lst) = sigma(4, 13) 

    grdnt(5, Lst) = 0# 

    grdnt(6, Lst) = 0# 

    grdnt(7, Lst) = 0# 

    grdnt(8, Lst) = (m + n + p + q) * sigma(8, 13) 

    grdnt(9, Lst) = 0# 

    grdnt(10, Lst) = 0# 

        grdnt(11, Lst) = (m * z(8, 13) / z(11, 13)) * sigma(11, 13) 

    grdnt(12, Lst) = 0# 

        grdnt(13, Lst) = (m * z(8, 13) / z(13, 13)) * sigma(13, 13) 
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    grdnt(14, Lst) = 0# 

    grdnt(15, Lst) = 0# 

       grdnt(16, Lst) = (n * z(8, 13) / z(16, 13)) * sigma(16, 13) 

       grdnt(17, Lst) = (n * z(8, 13) / z(17, 13)) * sigma(17, 13) 

    grdnt(18, Lst) = 0# 

    grdnt(19, Lst) = 0# 

        grdnt(20, Lst) = (p * z(8, 13) / z(20, 13)) * sigma(20, 13) 

        grdnt(21, Lst) = ((p + q) * z(8, 13) / z(21, 13)) * sigma(21, 13) 

        grdnt(22, Lst) = (q * z(8, 13) / z(22, 13)) * sigma(22, 13) 

    grdnt(23, Lst) = 0# 

        grdnt(24, Lst) = (q * z(8, 13) / (1 + z(24, 13))) * sigma(24, 13) 

         grdnt(25, Lst) = (-z(8, 13) * (m + n + p + q) / z(25, 13)) * sigma(25, 13) 

    grdnt(26, Lst) = 0# 

    End If 

Next i 

For j1 = 1 To im1 

    For i = 1 To im1 

        If i = j1 Then 

            cor(i, i) = 1# 

        Else 

            cor(i, j1) = cor(j1, i) 

        End If 

     Next i 

For i = 1 To im1 

Sheets("Control").Cells(11 + j1, i + 8).Value = cor(j1, i) 

Next i 

Next j1 

End Sub 

Function GetMeanValueFromMCS(limitstaterequired As Integer) As Double 

Dim myrange As Range 

Dim r As Range 
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Dim limitstates As Integer 

Set myrange = Sheets("MCS").Range("b3").CurrentRegion 

Set myrange = myrange.Offset(1).Resize(, 1) 

For Each r In myrange 

If IsNumeric(r.Value) = True And IsEmpty(r.Value) = False Then 

limitstates = r.Value 

If limitstaterequired = limitstates Then 

GetMeanValueFromMCS = r.Offset(2, 4) 

Exit Function 

End If 

End If 

Next r 

End Function 

Function GetstandarddeviationFromMCS(limitstaterequired As Integer) As Variant 

Dim myrange As Range 

Dim r As Range 

Dim limitstates As Integer 

Set myrange = Sheets("MCS").Range("b3").CurrentRegion 

Set myrange = myrange.Offset(1).Resize(, 1) 

For Each r In myrange 

If IsNumeric(r.Value) = True And IsEmpty(r.Value) = False Then 

limitstates = r.Value 

If limitstaterequired = limitstates Then 

GetstandarddeviationFromMCS = r.Offset(3, 4) 

End If 

End If 

Next r 

End Function 

Function getmeFunction(inputvalue, Function9, Function10, Function11, Function12, Function13, Function16, Function17, 
Function18, Function14) As Double 

If inputvalue = 9 Then 
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getmeFunction = Function9 

 

End If 

If inputvalue = 10 Then 

getmeFunction = Function10 

End If 

If inputvalue = 11 Then 

getmeFunction = Function11 

End If 

If inputvalue = 12 Then 

getmeFunction = Function12 

End If 

If inputvalue = 13 Then 

getmeFunction = Function13 

End If 

If inputvalue = 16 Then 

getmeFunction = Function16 

End If 

If inputvalue = 17 Then 

getmeFunction = Function17 

End If 

If inputvalue = 18 Then 

getmeFunction = Function18 

End If 

If inputvalue = 14 Then 

getmeFunction = Function14 

End If 

End Function 

Function SystemREL(Function9 As Double, Function10 As Double, Function11 As Double, Function12 As Double, 
Function13 As Double, Function16 As Double, Function18 As Double, Function14 As Double, Function17 As Double, pf9 
As Double, pf10, pf11, pf12, pf13, pf16, pf18, pf14, pf17) 

Dim var1(5, 1) As Variant 
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Dim var2() As Variant 

Dim var3() As Variant 

Dim var4() As Variant 

Dim var5() As Variant 

Dim myrange As Range 

Dim mystandarddeviation As String 

ProbabilityOfFailure.Range("B2").Value = pf9 

ProbabilityOfFailure.Range("c2").Value = pf10 

ProbabilityOfFailure.Range("d2").Value = pf11 

ProbabilityOfFailure.Range("b3").Value = pf12 

ProbabilityOfFailure.Range("c3").Value = pf13 

ProbabilityOfFailure.Range("b4").Value = pf16 

ProbabilityOfFailure.Range("c4").Value = pf18 

ProbabilityOfFailure.Range("b5").Value = pf14 

ProbabilityOfFailure.Range("b6").Value = pf17 

ProbabilityOfFailure.Range("e2").Value = pf11 

ProbabilityOfFailure.Range("k2").Value = getmeFunction(ProbabilityOfFailure.Range("h2").Value, Function9, Function10, 
Function11, Function12, Function13, Function16, Function17, Function18, Function14) 

ProbabilityOfFailure.Range("k3").Value = getmeFunction(ProbabilityOfFailure.Range("h3").Value, Function9, Function10, 
Function11, Function12, Function13, Function16, Function17, Function18, Function14) 

ProbabilityOfFailure.Range("k4").Value = getmeFunction(ProbabilityOfFailure.Range("h4").Value, Function9, Function10, 
Function11, Function12, Function13, Function16, Function17, Function18, Function14) 

ProbabilityOfFailure.Range("k5").Value = getmeFunction(ProbabilityOfFailure.Range("h5").Value, Function9, Function10, 
Function11, Function12, Function13, Function16, Function17, Function18, Function14) 

ProbabilityOfFailure.Range("k6").Value = getmeFunction(ProbabilityOfFailure.Range("h6").Value, Function9, Function10, 
Function11, Function12, Function13, Function16, Function17, Function18, Function14) 

Set myrange = ProbabilityOfFailure.Range("a1").CurrentRegion 

myrange.Copy myrange.Offset(7) 

SortProbabilityOfFailure 

GetMeanandStandardDeviation 

 mystandarddeviation = GetstandarddeviationFromMCS(9) 

End Function 

Function GetFunction(limitstaterequired As Integer) As Variant 
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Dim myrange As Range 

Dim r As Range 

Dim limitstates As Integer 

Set myrange = Sheets("MCS").Range("b3").CurrentRegion 

Set myrange = myrange.Offset(1).Resize(, 1) 

For Each r In myrange 

If IsNumeric(r.Value) = True And IsEmpty(r.Value) = False Then 

limitstates = r.Value 

If limitstaterequired = limitstates Then 

GetFunction = r.Offset(2, 2).Value 

Exit Function 

End If 

End If 

Next r 

End Function 

    'f = phitmp / dens 

    f = Sqr(Pi * Pi * alpha / 6) 

    'e = a - f * param 

    e = b + 0.577216 * f 

    grdnt(17, Lst) = (a * (1 - b) + c) * sigma(17, 3) 

    grdnt(18, Lst) = (c * z(17, 3) / (z(16, 3) * z(18, 3))) * sigma(18, 3) 

    grdnt(19, Lst) = 0# 

    grdnt(20, Lst) = 0# 

    grdnt(21, Lst) = 0# 

    grdnt(22, Lst) = 0# 

    grdnt(23, Lst) = 0# 

    grdnt(24, Lst) = 0# 

    grdnt(25, Lst) = 0# 

    grdnt(26, Lst) = 0# 

     

End If 
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                        For i = 1 To nran 

            If keyval(i, Lst) <> 0 Then 

                If itb > 1 Then 

                If beta1(itb, Lst) <> 0 Then 

                                    conv1 = Abs(beta1(itb, Lst) - beta1(itb - 1, Lst)) 

                    If conv1 < eps Then 

End Sub 
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Appendix E 

Sample of GRANAL Macro for System Reliability  

Sub Clear() 

    Application.Calculation = xlManual 

    Application.ScreenUpdating = False 

Sheets("Verif").UsedRange.Delete 

Sheets("Output").UsedRange.Delete 

Sheets("Input").UsedRange.Delete 

Sheets("Main").Range("A1:K10").ClearContents 

Sheets("Main").Range("F1:K150").ClearContents 

    Application.ScreenUpdating = True 

End Sub 

Private Sub UserForm_Initialize() 

Dim i% 

Set rngList = wsLoadComb.Range("LoadList") 

Set rngNLC = wsLoadComb.Range("NLC") 

Set rngLCTitle = wsInput.Range("LCtitle") 

Set rngCombs = wsLoadComb.Range("LoadCombs") 

DoEvents 

NLC = wsLoadComb.Range("NLC") 

Ncomb = wsLoadComb.Range("Ncomb") 

'ListBox1.RowSource = "LoadComb!" & rngList.Address 

For i = 1 To NLC 

    ListBox1.AddItem rngList(i) 

Next i 

tbCurrentLoad.ControlSource = "Input!" & rngLCTitle.Address 

'tbCurrentLoad.Value = rngLCTitle.Value 

' initialize combinations 
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For i = 1 To Ncomb 

    ListBox2.AddItem rngCombs(i) 

    ListBox3.AddItem rngCombs(i) 

Next i 

End Sub 

Sub TestCase() 

Call Clear 

testin = Sheets("Main").Cells(18, 4).Value 

testout = Sheets("Main").Cells(18, 5).Value 

Sheets(testin).Cells.Copy Destination:=Sheets("Input").Cells 

'Sheets(testin).Range("A1:ZZ10000").Copy Sheets("Input").Range("A1:ZZ10000") 

rivate Sub UserForm_Initialize() 

 

Dim i% 

 

wsSetup.Range("AnalysisOption") = 5 

MultiPage1.Pages("PageProgress").Visible = False 

Set rngList = wsTruckList.Range("TruckList") 

Set rngNtrucks = wsTruckList.Range("Ntrucks") 

Set rngTruckTitle = wsTrucks.Range("Trucktitle") 

 

Ntrucks = rngNtrucks.Value 

 

ListBox3.RowSource = "trucklist!" & rngList.Address 

ListBox3.ListIndex = 0 

ListBox3.Selected(0) = True 

TextBoxStep.Value = wsSetup.Range("TruckStep") 

CheckBox1.Value = wsSetup.Range("isBackward") 

 

Label5.Caption = "Travel step (" & wsSetup.Range("units_length") & ") :" 

TextBoxNLanes.Value = wsSetup.Range("NLanes") 



Appendix E: Macro for System Reliability   365 

Label7.Caption = wsSetup.Range("units_length") 

 

TextBox2.Value = wsSetup.Range("TruckStep") 

 

TextBox3.Value = wsStdTruckDB.Range("HL93_truck_impact").Value 

TextBox4.Value = wsStdTruckDB.Range("HL93_lane_impact").Value 

TextBox5.Value = wsSetup.Range("Nlanes").Value 

Private Sub UserForm_Initialize() 

With wsSetup 

    LabelV.Caption = .Range("PrecisionV") 

    LabelM.Caption = .Range("PrecisionM") 

    LabelD.Caption = .Range("PrecisionD") 

    LabelR.Caption = .Range("PrecisionR") 

     

    ScrollBarV.Value = .Range("PrecisionV") 

    ScrollBarM.Value = .Range("PrecisionM") 

    ScrollBarD.Value = .Range("PrecisionD") 

    ScrollBarR.Value = .Range("PrecisionR") 

End With 

  

End Sub 

Call GRANAL 

   

Private Sub SaveLoadIntoDB() 

    Dim N%, LCTitle$, a, i% 

    'On Error Resume Next 

            LCTitle = Trim(Range("LCTitle")) 

        If LCTitle = "" Then 

        LCTitle = Trim(InputBox("Enter load title", "Save load", "New load")) 

        Range("LCTitle") = LCTitle 

    End If 

        If LCTitle = "" Then 
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        MsgBox "Without load title data cannot be saved." & vbCr & "Please try again." 

        Exit Sub 

    End If 

            If WorksheetFunction.CountIf(Range("LoadList"), LCTitle) > 0 Then 

            a = MsgBox("Load < " & LCTitle & " > already exists. " & vbCr & _ 

            "Do you want to overwrite it?", vbOKCancel) 

             If a = vbCancel Then Exit Sub 

        Else 

            ' new load 

            If Range("NLC") >= 20 Then 

                ' protectme 

                Application.ScreenUpdating = True 

                MsgBox "Maximum number of stored loadings (20)" & vbCr & " has been reached." 

                Exit Sub 

            End If 

                    End If 

Function SaveTruck(truckTitle) As Boolean 

' function saves current truck and returns 

' TRUE if Truck is new and FALSE if existing 

Dim n_new%, n_old%, n_start%, i%, vt 

Dim rngDB As Range, rngAxle1 As Range 

Set rngDB = Range("TruckDB") 

Set rngAxle1 = Range("TruckAxle1Weight") 

' verify input and calculate rows 

    i = 1 

    Do Until Not WorksheetFunction.IsNumber(rngAxle1.Cells(i, 1)) 

        i = i + 1 

    Loop 

    n_new = i - 1 

If n_new = 0 Then 

    MsgBox "Enter the weight of first axle" 

    rngAxle1.Select 

    End 
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End If 

SetTruckDB truckTitle, n_old, n_start 

' adjuct number of entries in the database 

Select Case n_new - n_old 

    Case Is > 0 

        For i = 1 To n_new - n_old 

            rngDB(n_start + 1).EntireRow.Insert 

        Next i 

    Case Is < 0 

        For i = 1 To n_old - n_new 

            rngDB(n_start).EntireRow.Delete 

        Next i 

End Select 

With rngDB(n_start) 

    For i = 1 To n_new 

        .Cells(i, 1).Value = Range("TruckTitle") 

        .Cells(i, 2).Value = rngAxle1(i, 1) 

        .Cells(i, 3).Value = rngAxle1(i, 2) 

    Next i 

    .Cells(1, 4).Value = Range("Naxles") 

    .Cells(1, 5).Value = Range("truckComm") 

    .Cells(1, 6).Value = Range("truckUnits") 

    .Cells(1, 7).Value = Range("truckNeglectAxles") 

    .Cells(1, 8).Value = Range("truckVarSpa") 

    .Cells(1, 9).Value = Range("truckMaxSpa") 

    .Cells(1, 10).Value = Range("truckKT") 

    .Cells(1, 11).Value = Range("TruckLaneW") 

    .Cells(1, 12).Value = Range("truckKL") 

    .Cells(1, 13).Value = Range("truckExcludeLane") 

    .Cells(1, 14).Value = IIf(Range("truckExcludeLane") = 1, "", Range("TruckToLaneDist")) 

    End With 

' update load list 

With WorksheetFunction 
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    If .CountIf(Range("truckList"), truckTitle) = 0 Then 

        'new truck 

        'Range("TruckList1")(Range("NTrucks") + 1) = TruckTitle 

        vt = Range("TruckList") 

        Range("TruckList").Offset(1).Value = vt 

        Range("TruckList1") = truckTitle 

        SaveTruck = True 

    End If 

End With 

End Function 

Sub SetTruckDB(TruckName, Nrows_exist%, Nstart%) 

Dim rngDB As Range 

Set rngDB = Range("TruckDB") 

If WorksheetFunction.CountA(rngDB) = 0 Then 

    Nrows_exist = 0 

    Nstart = 1 

    Exit Sub 

End If 

With WorksheetFunction 

    Nrows_exist = .CountIf(rngDB, TruckName) 

    If Nrows_exist > 0 Then 

        Nstart = .Match(TruckName, rngDB, 0) 

    Else 

        Nstart = rngDB.Rows.count + 1 

    End If 

End With 

End Sub 

Sub RestoreTruck(TruckName) 

Dim rngFrom As Range, rngTo As Range, N% 

   N = WorksheetFunction.CountIf(Range("TruckDB"), TruckName) 

    If N > 0 Then 

        Set rngFrom = Range("TruckDB1").Offset(WorksheetFunction.Match(TruckName, Range("TruckDB"), 0), 1).Resize(N, 2) 

        Range("TruckAxle1weight").Resize(1000, 2).ClearContents 
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        Set rngTo = Range("TruckAxle1weight").Resize(N, 2) 

        rngTo = rngFrom.Value 

                Set rngFrom = rngFrom.Offset(0, 3).Resize(1, 10) ' Comment 

        Range("TruckTitle").Value = TruckName 

        Range("truckComm").Value = rngFrom(1) 

        Range("truckUnits").Value = rngFrom(2) 

        Range("truckNeglectAxles").Value = rngFrom(3) 

        Range("truckVarSpa").Value = rngFrom(4) 

        Range("truckMaxSpa").Value = rngFrom(5) 

        Range("truckKT").Value = rngFrom(6) 

        Range("TruckLaneW").Value = rngFrom(7) 

        Range("truckKL").Value = rngFrom(8) 

        Range("truckExcludeLane").Value = rngFrom(9) 

        Range("TruckToLaneDist").Value = IIf(rngFrom(9) = 1, "", rngFrom(10).Value) 

    End If 

End Sub 

Sub PerformPlasticAnalysis() 

Dim i%, Nrows%, iStage%, Nreactions%, rngReactions As Range 

Application.ScreenUpdating = False 

Application.EnableEvents = False 

Range("Envelope") = True 

AnalysisOption = 6 

Range("pa_stage0").Resize(Range("pa_Nstages") + 1, 6).ClearContents 

EraseResultTables 

'Range("pr_x1").Resize(10000, 9).ClearContents 

'Range("pr_x1").Resize(10000, 9).ClearFormats 

Select Case Range("pa_option") 

     PerformProgressiveCollapse 

  End Select 

' restore initial conditions by eliminating all hinges 

Range("PierX").Offset(2, 0).Value = SupportType 

DeleteLoad sLC_incremental 

If Range("pa_option") = 1 Then DeleteLoad sLC_initial 
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AnalysisOption = 6 

Nrows = Range("pa_Nrows") 

iStage = Range("pa_Nstages") 

Nreactions = Range("Nsupports") 

' Clean up the tables 

'EraseResultTables 

EraseEnvelopesResults 

' copy latest results of stage analysis back into 'Results' page 

wsResults.Range("DiagX1").Resize(Nrows, 5) = _ 

wsPlasticResults.Range("pr_x1").Offset((Nrows + 5) * iStage).Resize(Nrows, 5).Value 

wsResults.Range("ReactX1").Resize(Nreactions, 3) = _ 

wsPlasticResults.Range("pr_x1").Offset((Nrows + 5) * iStage, 6).Resize(Nreactions, 3).Value 

' rename the titles on envelope worksheet 

Range("EnvX1").Offset(-2, 2) = "FINAL STAGE RESULTS" 

Range("EnvX1").Offset(-2, 8) = "INITIAL STAGE RESULTS" 

Range("EnvX1").Offset(-4, 0).Resize(2, 1).ClearContents 

' formatting 

InterpolateEnvelopes 

With Range("EnvRX1").Resize(Nreactions, 3) 

    .Borders(xlEdgeBottom).LineStyle = xlContinuous 

    .Borders(xlEdgeRight).LineStyle = xlContinuous 

    .Borders(xlEdgeLeft).LineStyle = xlContinuous 

    .Borders(xlInsideVertical).LineStyle = xlContinuous 

End With 

With Range("EnvX1").Resize(Nrows, 5) 

    .Borders(xlEdgeBottom).LineStyle = xlContinuous 

    .Borders(xlEdgeRight).LineStyle = xlContinuous 

    .Borders(xlEdgeLeft).LineStyle = xlContinuous 

    .Borders(xlInsideVertical).LineStyle = xlContinuous 

End With 

With Range("EnvX1").Offset(0, 6).Resize(Nrows, 5) 

    .Borders(xlEdgeBottom).LineStyle = xlContinuous 

    .Borders(xlEdgeRight).LineStyle = xlContinuous 
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    .Borders(xlEdgeLeft).LineStyle = xlContinuous 

    .Borders(xlInsideVertical).LineStyle = xlContinuous 

End With 

wsEnvelopes.PageSetup.PrintArea = "$A$1:$L$" & Nrows + 9 

' copy initial conditions and last stage into 'Envelopes' page 

wsEnvelopes.Range("EnvX").Offset(0, 0).Resize(Nrows, 5) = _ 

wsPlasticResults.Range("pr_x1").Resize(Nrows, 5).Value 

wsEnvelopes.Range("EnvX").Offset(0, 6).Resize(Nrows, 5) = _ 

wsPlasticResults.Range("pr_x1").Offset((Nrows + 5) * iStage).Resize(Nrows, 5).Value 

wsEnvelopes.Range("EnvRX1").Resize(Nreactions, 2) = _ 

wsPlasticResults.Range("pr_x1").Offset((Nrows + 5) * 0, 6).Resize(Nreactions, 2).Value 

wsEnvelopes.Range("EnvRX1").Offset(0, 2).Resize(Nreactions, 1) = _ 

wsPlasticResults.Range("pr_x1").Offset((Nrows + 5) * iStage, 7).Resize(Nreactions, 1).Value 

' Print reactions into chart worksheet 

    Set rngReactions = Range("EnvRX1").Offset(0, 0).Resize(Nreactions, 3) 

        With wsSetup.Range("chEnvRx1") 

        .Resize(1000, 3).ClearContents 

        For i = 1 To Range("Nsupports") 

            .Cells(3 * i - 2, 1) = rngReactions(i, 1) 

            .Cells(3 * i - 1, 1) = rngReactions(i, 1) 

            .Cells(3 * i - 0, 1) = rngReactions(i, 1) 

            .Cells(3 * i - 2, 2) = 0 

            .Cells(3 * i - 1, 2) = rngReactions(i, 2) 

            .Cells(3 * i - 0, 2) = 0 

            .Cells(3 * i - 2, 3) = 0 

            .Cells(3 * i - 1, 3) = rngReactions(i, 3) 

            .Cells(3 * i - 0, 3) = 0 

        Next i 

    End With 

Format_stages_of_pa_table_new 

wsPlasticAnalysis.Activate 

wsPlasticAnalysis.Spinners("Spinner 10").Max = Range("pa_Nstages").Value 

Application.EnableEvents = True 
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Application.ScreenUpdating = True 

End Sub 

Sub PerformMomentRedistribution() 

Dim i%, Nrows%, iRFmin%, iStage As Integer, Nreactions% 

Dim ph As clsPlasticHinge 

Dim RFmin As Double, RFsum As Double 

Dim Vo, Mo, Displo, Rotationo 

Dim reactR, reactD 

Dim iRedundancy As Integer 

Dim rngResults As Range 

Dim rngReactions As Range 

Dim sTemp As String 

' read plastic analysis data 

ReadMomentRedistributionInput 

' add locations of plastic hinges into Span Table 

wsInput.Activate 

' calculate iRedundancy 

AddPlasticHinges_to_SpanTable 

 ' analyze inital load case and save the results 

RestoreLoad sLC_initial 

PerformStaticAnalysis 

Nrows = UBound(X) 

Nreactions = Range("Reactions").Rows.count 

reactR = Range("Reactions").Value 

reactD = Range("Reactions").Offset(0, 1).Value 

PrintStageResults wsPlasticResults.Range("pr_x1"), "Stage 0 = " & Range("pa_lc1").Value, _ 

X, V, M, displ, Rotation 

PrintStageReactions wsPlasticResults.Range("pr_x1").Offset(0, 6), reactR, reactD 

' Report results of stage 0 

With Range("pa_stage0").Resize(1, 8) 

    .Cells(1).Value = 0 

    .Cells(2).Value = Range("pa_lc1").Value 

    .Cells(4).Value = WorksheetFunction.sum(reactR) 
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    .Cells(5).Value = WorksheetFunction.Max(displ) 

    .Cells(6).Value = WorksheetFunction.Min(displ) 

End With 

i = 0 

For Each ph In gPlasticHinges 

    i = i + 1 

    ph.FindX_icount X             ' find index of plastic hinge locations in array X 

    ph.Mo = M(ph.iCount_in_X) ' Find initial moment in plastic hinges 

        ' remove plastic hinge from the list if initial moment is opposite sign to 

    ' moment specified to reduce 

        If (ph.Mo > 0 And bMneg_reduction) Or (ph.Mo < 0 And (Not bMneg_reduction)) Then 

        gPlasticHinges.Remove (i) 

        i = i - 1 

    Else 

        ph.AssignYieldMoments 

    End If 

Next 

If gPlasticHinges.count = 0 Then 

    sTemp = IIf(bMneg_reduction, "positive", "negative") 

    MsgBox "The load " & Range("pa_LC2") & " produces only " & sTemp & " bending moments in control points sections." & vbCr & _ 

    "Please alter control points location or switch analysis option to Reduce " & sTemp & " moments." 

       wsPlasticAnalysis.Activate 

    Application.EnableEvents = True 

    End 

    End If 

Mo = M 

Vo = V 

Displo = displ 

Rotationo = Rotation 

CleanUpPublicDeclarations 

'RestoreLoad sLC_incremental 

Range("pa_Nrows") = Nrows 

iStage = 0 
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'''''''''''''''''' Start Loop Here '''''''''''''''''''''''''''' 

Do While RedundancyIndex() >= 0 And iStage <= gPlasticHinges.count  ''' ********** MAIN LOOP ********* 

    iStage = iStage + 1 

    PerformStaticAnalysis 

    If Not bStable Then Exit Do 

        RFmin = 10 ^ 9 

    If iStage - 1 < gPlasticHinges.count Then 

        ' add conditions: Initial moment shall not exceed capacity 

         ' check rating factors only for active plastic hinges 

          ' keep track which plastic hinge reached its capacity 

           ' deactivate it 

        i = 0 ' item counter in collection 

        For Each ph In gPlasticHinges 

            i = i + 1 

            If Not ph.Activated Then ' dont calculate RF for activated plastic hinges 

                ph.CalculateRF_mr M, bMneg_reduction  ' RF = (Mp-Mo)/Minc 

                If ph.RF < RFmin Then 

                    RFmin = ph.RF 

                    iRFmin = i 

                End If 

            End If 

        Next 

                If Abs(RFmin - 10 ^ 9) <= 0.1 Then 

                                    Exit Do 

        End If 

                RFsum = RFsum + RFmin 

            gPlasticHinges(iRFmin).MakeHinge 

                Debug.Print "RFmin = " & RFmin 

        Debug.Print "Plastic hinge at stage " & iStage & " is formed at X = " & _ 

            X(gPlasticHinges(iRFmin).iCount_in_X) & ". M = " & Mo(gPlasticHinges(iRFmin).iCount_in_X) + _ 

            RFmin * M(gPlasticHinges(iRFmin).iCount_in_X) 

    Else ' all hinges are formed. Place reminder of the load 

        RFmin = -RFsum 
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        Debug.Print "All plastic hinges formed. Placing last load = " & Round(RFmin, 3) & " of initial" 

    End If 

        ' calculate Mo+Mini*RFmin and print out 

        For i = 1 To UBound(X) 

            Mo(i) = M(i) * RFmin + Mo(i) 

            Displo(i) = displ(i) * RFmin + Displo(i) 

            Rotationo(i) = Rotation(i) * RFmin + Rotationo(i) 

        Next i 

        For Each ph In gPlasticHinges 

            ph.Mo = Mo(ph.iCount_in_X)   ' update moment in plastic hinges 

        Next 

            For i = 1 To Nreactions 

            reactR(i, 1) = reactR(i, 1) + RFmin * Range("Reactions")(i, 1) 

            reactD(i, 1) = reactD(i, 1) + RFmin * Range("Reactions").Offset(0, 1)(i, 1) 

        Next i 

 

        '' ********** print this stage results  ************** 

        PrintStageResults wsPlasticResults.Range("pr_x1").Offset((Nrows + 5) * iStage), _ 

        "Stage " & iStage & " = " & 1 + Round(RFsum, 3) & " " & Range("pa_LC2"), _ 

        X, Vo, Mo, Displo, Rotationo 

    PrintStageReactions wsPlasticResults.Range("pr_x1").Offset((Nrows + 5) * iStage, 6), _ 

        reactR, reactD 

                Range("pa_NStages") = iStage 

                         ' Report stage resulst 

Loop          '''' ********** END OF MAIN LOOP *********************************************** 

    '' ********** print this stage results  ************** 

    PrintStageResults wsPlasticResults.Range("pr_x1").Offset((Nrows + 5) * iStage), _ 

    "Stage " & iStage & " = " & Range("pa_lc1") & " + " & Round(RFsum, 3) & " " & Range("pa_lc1").Offset(1, 0), _ 

     X, Vo, Mo, Displo, Rotationo 

Do While Application.WorksheetFunction.IsNumber(rng(1, 1)) 

bMneg_reduction = (Left(Range("pa_lc2").Offset(1), 1) = "N") 

End Sub 
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Appendix F 

Correlation with Copula 

F.1 Background 

In this appendix the mathematical formulation and physical charachteristic of Copula 

functions are presented. 

Copula C is a multivariate distribution with uniformly distributed marginals U(0,1) on 

[0,1]. Every multivariate distribution F with marginals ��, ��, . . . , ��  can be written as 

(Jiang et al. 2014): 

 ����, ��, . . . , �	
 = ������
, ����
, . . . , ���	

     (F.1) 

The joint probability density function  
���, ��, . . . , �	
 can be determine from: 

 
���, ��, . . . , �	
 = �� ����,��,...,��
 
������,,,,���       (F.2) 

   = �� ������
,����
,...,����

  
������,,,,���      (F.3) 

   = ������
, ����
, . . . , ���	

 x ∏ 
����	��� 
   (F.4) 

where, ������
, ����
, . . . , ���	

 is the density function for ������
, ����
, . . . , ���	

 and 


����
 is the probability density function for ���
.  

 

Also, ����
, ����
, . . . , ���	
 and the copula function ������
, ����
, . . . , ���	

 is a joint 

distribution for the marginal distributions ����
, ����
, . . . , ���	
. 

For �� = �����
, � = 1, 2, … ,   in which � = ��, ��, … . . , �	
! ∈ [0,1]	. 

Thus, 

 ����, ��, … . . , �	
 = ����&����
, ��&����
,  �	&���	

   (F.5) 

 

where, ��&� is the inverse function of ��.  
Having  ����
, ����
, . . . , ���	
 as continuous one-variable distribution functions, Using 

Sklar’s theorem and �� = �����
, � = 1, 2, … ,  , all ��, � = 1, 2, … ,   follow a [0,1] uniform 

distribution, which is ���� ,��, … , �	
 that follow [0,1] uniform distribution. 
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F.2 Properties of Copula '�() ,(*, … , (+
 

Copula ���� ,��, … , �	
 has the following properties: 

• Domain: �� ∈ [0,1], � = 1, 2, … ,   

• For any random variable, �� ∈ [0,1], � = 1, 2, … ,   satisfies: 

 

�,�� ,��, … , ��&�, 0, ��-�, … . , �	. = 0       (F.6) 

 

��1, 1, … . ,1, ��, 1, … . .1
 = ��        (F.7) 

 

• If ��, ��, … . . , �	 are independent, then, 

 

�,�� ,��, … , �	. =  �� ,��, … , �	       (F.8) 

 

• Lower and Upper bounds of a copula function �,�� ,��, … , �	. are deterministic, 

which are called Frechet bounds: 

 

/,�� ,��, … , �	. ≤ �,�� ,��, … , �	. ≤ 1,�� ,��, … , �	.    (F.9) 

2ℎ454,  
 

/,�� ,��, … , �	. = max ���-��+, … + �	 − 1,0
     (F.10) 

 

1,�� ,��, … , �	. = ;� ,�� ,��, … , �	.      (F.11) 

 

F.3 Copula types 

Two main classes of copulas exist; namely: Archimedean copulas and elliptical Copulas. 

 

F.3.1 Archimedean copulas 

An important class of copulas - because of the ease with which they can be constructed 

and the nice properties they possess - are the Archimedean copulas, which are defined 

by: 

���, <
 = =&��=��
, =�<

        (F.12) 

where, =  is the generator of the copula. 



Appendix F: Correlation with Copula   378 

There are three Archimedian copulas in common use: the Clayton, Frank and Gumbel. 

F.3.1.1 Clayton copula 

The Clayton copula is an asymmetric Archimedean copula, exhibiting greater 
dependence in the negative tail than in the positive. 

This copula is given by: 

�∝ ��, <
 = max �[�&∝ + <& − 1]&∝, 0
      (F.13)  

And its generator is: 

=∝ �?
 = �
∝  �?&∝ − 1
         (F.14) 

where, 

∝∈ [−1, ∞
\{0}  
The relationship between Kendall’s tau τ the Clayton copula parameter E is given by: 

∝= �F
�&F          (F.15) 

Figure F.1 gives an example of Clayton copula correlation two variables. 

 

 

Figure F.1: Clayton copula correlation two variables. 
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F.3.1.2 Frank Copula 

The Frank copula is a symmetric Archimedean copula given by: 

�∝ ��, <
 = − �
∝ G H1 + �IJ∝K&�
�IJ∝L&�


IJ∝&�  M     (F.16) 

 And its generator is: 

=∝ �?
 = −G  � NOP�&∝Q
&�
NOP�&∝
&�  
        (F.17) 

where,  

∝∈ [−∞, ∞
\{0}  
The relationship between Kendall’s τ and the Frank copula parameter E is given by: 

[R� �∝
&�]
∝ = �&F

S           (F.18) 

where,  

T� �∝
 = �
∝ U Q

IV&�
W

X Y?         (F.19) 

is a Debye function of the first kind. 

Figure F.2 gives an example of Frank copula correlation two variables. 

 

 

Figure F.2: Frank copula correlation two variables. 
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F.3.1.3 Gumbel 

The Gumbel copula (a.k.a. Gumbel-Hougard copula) is an asymmetric Archimedean 
copula, exhibiting greater dependence in the positive tail than in the negative. This copula 
is given by: 

�∝��, <
 = exp {−[�− ln � 
∝ + �− ln < 
∝ ]�
∝ }      (F.20) 

And its generator is: 

=∝ �?
 = −�G  ? 
∝         (F.21) 

where,  

∝ ∈ [1, ∞
  

The relationship between Kendall’s τ and the Gumbel copula parameter E is given by: 

∝ = �
�&F          (F.22) 

Figure F.3 gives an example of Gumbel copula correlation two variables. 

 

 

Figure F.3: Gumbel copula correlation two variables. 
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F.3.2 Elliptical copulas  

Elliptical copulas are simply the copulas of elliptically contoured (or elliptical) distributions. 

The most commonly used elliptical distributions are the multivariate Normal and Student-

t distributions. The key advantage of elliptical copula is that one can specify different levels 

of correlation between the marginals and the key disadvantages are that elliptical copulas 

do not have closed form expressions and are restricted to have radial symmetry (Vose 

2009). For elliptical copulas the relationship between the linear correlation coefficient ρ 

and Kendall's tau τ is given by: 

^�_, `
 = a� �b
� τ
         (F.23) 

Two types of elliptical copulas exist; namely: The Normal and Student T copulas, which 

are described below. 

F.3.2.1 Normal Copula 

The normal copula is an elliptical copula given by: 

�c��, <
 = U U �
�b�c�
�/� exp {− ��&�c�e-e�

���&c�
fJ��g


&W
fJ��h


&W }Y�Yi    (F.24) 

 

Figure F.4: Normal copula correlation two variables. 
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where, Φ&� is the inverse of the univariate standard Normal distribution function and ^ , 

the linear correlation coefficient, is the copula parameter. 

The relationship between Kendall’s tau τ and the Normal copula parameter ^ is given by: 

^�_, `
 = a� �b
� τ
         (F2.5) 

Figure F.4 gives an example of Normal copula correlation two variables. 

F.3.2.2 T copula 

The Student-t copula is an elliptical copula defined as: 

The normal copula is an elliptical copula given by: 

�c��, <
 = k k 1
2l�^�
�/� exp {1 + �� − 2^�i + i�

m�1 − ^�

�VnJ� g


&W

�VnJ� h


&W
}&�o-�
/�Y�Yi 

where, m (the number of degrees of freedom) and ^ (linear correlation coefficient) are the 

parameters of the copula. 

When the number of degrees of freedom n is large (around 30 or so), the copula converges 

to the Normal copula just as the Student distribution converges to the Normal. But for a 

limited number of degrees of freedom the behavior of the copulas is different: the t-copula 

has more points in the tails than the Gaussian one and a star like shape. A Student-t 

copula with n = 1 is sometimes called a Cauchy copula. 

As in the normal case (and also for all other elliptical copulas), the relationship between 

Kendall’s tau τ and the Normal copula parameter ^ is given by: 

^�_, `
 = a� �l
2 τ
 

Figure F.5 gives an example of T- copula correlation two variables. 
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Figure F.5: T- copula correlation two variables. 
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