
NOTE TO USERS 

Page(s) missing in number only; text follows. Page(s) were 

scanned as received. 

15-16,51,68-69,82,101 

This reproduction is the best copy available. 

® 

UMI 





iff****. 

M 
u Ottawa 

1,'l.Jniwrsilp cniwriicnne 
Canada's university 



FACULTE DES ETUDES SUPERIEURES 

ET POSTOCTORALES 

nm 
u Ottawa 

FACULTY OF GRADUATE AND 

POSDOCTORAL STUDIES 

L'UmversitO conadienne 
Canada's university 

Eid Alatawi 

M.A.Sc. (Mechanical Engineering) 
„ . _ „ „ „ „ „ „ _ „ „ 

Department of Mechanical Engineering 

Simulation of Axisymmetric Round Jet with and without Coflow Using Vortex-In-Cell Method 

TITRE DE LA THESE / TITLE OF THESIS 

Roger Milane 

EXAMINATEURS (EXAMINATRICES) DE LA THESE / THESIS EXAMINERS 

Edgar Ma t i da 

Bertrand Jodoin 

Gary W. Slater 
lie Doyen de la FacuTtedes etudes superieures et postdoctorales / Dean of the Faculty of Graduate and Postdoctoral Studies 



Simulation of Axisymmetric Round Jet with and without 
Coflow Using Vortex-In-Cell Method 

Eid Alatawi 

A thesis submitted to the Faculty of Graduate and Postdoctoral Studies 
in partial fulfilment of the requirements for the degree of 

MASTER OF APPLIED SCIENCE 

in Mechanical Engineering 

Ottawa-Carleton Institute for Mechanical and Aerospace Engineering 
University of Ottawa 

Ottawa, Canada 

April 2008 

©2008 Eid Alatawi 



1*1 Library and 
Archives Canada 

Published Heritage 
Branch 

395 Wellington Street 
Ottawa ON K1A0N4 
Canada 

Bibliotheque et 
Archives Canada 

Direction du 
Patrimoine de I'edition 

395, rue Wellington 
Ottawa ON K1A0N4 
Canada 

Your file Votre reference 
ISBN: 978-0-494-48431-9 
Our file Notre reference 
ISBN: 978-0-494-48431-9 

NOTICE: 
The author has granted a non­
exclusive license allowing Library 
and Archives Canada to reproduce, 
publish, archive, preserve, conserve, 
communicate to the public by 
telecommunication or on the Internet, 
loan, distribute and sell theses 
worldwide, for commercial or non­
commercial purposes, in microform, 
paper, electronic and/or any other 
formats. 

AVIS: 
L'auteur a accorde une licence non exclusive 
permettant a la Bibliotheque et Archives 
Canada de reproduire, publier, archiver, 
sauvegarder, conserver, transmettre au public 
par telecommunication ou par Plntemet, prefer, 
distribuer et vendre des theses partout dans 
le monde, a des fins commerciales ou autres, 
sur support microforme, papier, electronique 
et/ou autres formats. 

The author retains copyright 
ownership and moral rights in 
this thesis. Neither the thesis 
nor substantial extracts from it 
may be printed or otherwise 
reproduced without the author's 
permission. 

L'auteur conserve la propriete du droit d'auteur 
et des droits moraux qui protege cette these. 
Ni la these ni des extraits substantiels de 
celle-ci ne doivent etre imprimes ou autrement 
reproduits sans son autorisation. 

In compliance with the Canadian 
Privacy Act some supporting 
forms may have been removed 
from this thesis. 

Conformement a la loi canadienne 
sur la protection de la vie privee, 
quelques formulaires secondaires 
ont ete enleves de cette these. 

While these forms may be included 
in the document page count, 
their removal does not represent 
any loss of content from the 
thesis. 

Canada 

Bien que ces formulaires 
aient inclus dans la pagination, 
il n'y aura aucun contenu manquant. 



Abstract 

The vortex-in-cell is developed to simulate an axisymmetric round jet with and 

without coflow. For an incompressible and viscous jet, the method consists in three 

fractional steps. The first fractional step describes the convection of interacting vortex 

elements. The second and third fractional steps simulate the diffusion of vorticity using 

the diffusion velocity method and the deterministic diffusion, respectively. 

For the jet with no coflow, the methodology is tested by initializing the vorticity 

field with one vortex sheet, multiple vortex sheets and with the Stokes stream function 

using one and multiple vortex sheets. Two inflow profiles are tested, the top hat profile 

and the jet self similar profiles. The sensitivity of the results to the number of vortex 

elements and grid size are presented and compared. Also, the effect of perturbing the top 

hat inflow velocity profile is investigated. The jet with coflow is investigated using top 

hat inflow velocity profile with one and multiple vortex sheets. The mean centerline 

velocity, streamwise mean velocity profile, vorticity contour, instantaneous distribution 

of vortex elements, root-mean-square longitudinal and lateral velocity fluctuations, cross-

stream correlation are presented. The results are compared with previous experimental 

measurements and numerical simulation using vortex method. 
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Chapter 1 

Introduction 

1.1 Turbulent Flow 

Turbulent flows have highly irregular motion in which the various quantities such 

as velocity, pressure and temperature demonstrate a random variation with time and 

space coordinates. Actually, the turbulence is a superposition of an irregular eddying 

motion on a mean stream, whose detailed configuration is neither reproducible from one 

experiment to the next nor predictable theoretically, but whose statistical properties are 

significant (Philips, 1969). The turbulence can be produced by friction forces at fixed 

walls such as flow through conduits and flow past bodies. Also, it might be generated by 

the flow of layers of fluids with different velocities over one another. Turbulence can be 

defined by common characteristics. The turbulent flow can be three dimensional and two 

dimensional as in the turbulent motion. The main feature of turbulence is the ability to 

transport and mix more efficiently than the laminar flow (Pope, 2000). Another essential 

feature of the turbulent flow is the presence of vortices, which result from the eddies in 
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turbulent flow. These eddies are of different sizes. The largest eddies, which are produced 

by the forces driving the flow, are unstable. The instability of these eddies leads to the 

brake up of these eddies into smaller eddy size. In turn, the small eddies become unstable 

and produce eddies of even smaller size. This mechanism continues until the eddies are 

suppressed by viscosity. 

The viscosity has significant effect in real viscous fluids. The viscosity transforms 

the kinetic energy of the flow into heat and this will lead to the dissipation of the kinetic 

energy. Therefore, the motion of the turbulent flow will decay if there is no external 

source. Another effect of viscosity is to render the turbulence homogeneous and to 

become less dependant on direction. Flows that are not in contact with a solid boundary 

can be categorized into three basic flows: jets, plane wakes and mixing layers. In this 

study jet flow is simulated. More information about the jet flow mechanism is provided 

in the next section. 

1.2 Jet Flow 

Although the mechanics of jet flows have been studied for more than fifty years, 

they have recently received more attention. Turbulent jets are fluid flows generated due 

to a pressure drop through a nozzle or an orifice. The dynamics of the jet flow is 

completely controlled by the vorticity, which determines a local measure of fluid rotation 

(Grinstein et al, 1995). The generation of vorticity near the jet exit and its convection and 

diffusion into a portion of space defines the jet's appearance. The initial flow instability 

and the resulting fluctuating vorticity cause further generation of vorticity. For high 
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Reynolds numbers, the jet starts with unstable laminar shear layer and then rapidly 

develops into folly turbulent flow (Tennekes and Lumley, 1972). The process of mixing 

between a turbulent jet and its surroundings can be divided into two steps. The first step 

is the entrainment process. The second step is accomplished by the small scale velocity 

fluctuations which accelerate mixing at the molecular level. One important factor for the 

propagation of the interface between rotational and irrotational fluid is the entrainment 

rate. The entrainment rate of the jet is the rate at which fluid from the jet and from its 

surroundings become mixed as they join at the mixing layers. This rate is controlled by 

the speed of large scale vortices that move into the surrounding fluid (Tennekes and 

Lumley, 1972). Therefore, the control of the jet development is dependent on how the jet 

properties can be affected by the dynamics of large scale vortices i.e., the formation, 

interaction, merging and breakdown of vortices. 

In combustion applications, the jet flow consists of fuel flows into an infinite 

reservoir of a quiescent fluid (oxidizer). The turbulence mixing, as described above, plays 

an important role in the initial flow pattern of jets in combustion devices, because the 

efficiency of these devices depends on the rate of mixing. It is known that most of the 

noise associated with jet propulsion originates in the turbulent mixing. 

The governing equations of turbulent flows are those of conservation of mass, 

momentum and energy. Because of complexity of turbulent flows including jets, many 

experiments are carried out to investigate the jet flow behaviour. Recently, it has become 

possible to study turbulent jet flow by means of numerical simulation. Round jets have 

been studied using different methods such as direct numerical simulation (DNS) and 

Large Eddy Simulation (LES). One of the methods that have been used in the numerical 
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simulation of round jet is the vortex method. This method is described briefly in the 

following section. 

1.3 Vortex Methods 

Vortex methods are based on the discretization of the vorticity field into a finite 

number of vortex points or blobs which are traced at each time using a Lagrangian 

approach. The point vortex method was used by Rosenhead (1931) to trace the path line 

of fluid particles with concentrated vorticity (vortex points or blobs) and at each time-

step the vorticity transport equation controls the change of vorticity distribution within a 

blob. Aberaathy and Kronauer (1962) applied the point vortex method to simulate vortex 

streets. Chorin (1973) used vortex blobs method in order to solve the two-dimensional 

problem. Ashurst (1979) applied Chorin's method in a two-dimensional mixing layer and 

there was good agreement between simulation results of the downstream evolution of the 

large scale structures and experiment of Brown and Roshko (1974). 

In order to reduce the computational time of the full Lagrangian method, Vortex-

in-cell (VIC) method has been developed to solve the vorticity equation. In this method, 

Eulerian Scheme is used to calculate the velocity field by solving Poisson's equation and 

the Lagrangian scheme is used to track the vortices obtained from the Laplacian of the 

stream function. Baker (1979) and Aref and Siggia (1980) applied the VIC method for 

their research. 

Leonard (1980) used three dimensional vortex methods to simulate the interaction 

of aircraft-trailing vortices and also applied the vortex method to simulate two 
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dimensional mixing layer. Inoue and Leonard (1987) used two dimensional vortex 

methods in their research to simulate a spatially growing turbulent mixing layer. Baig and 

Milane (2004) applied the Reynolds Averaged Navier-Stokes (RANS) with vortex 

methods. Lin and Pratt (1987), Milane and Nourazar (1995, 1997) and Mansfield et al. 

(1998) applied large eddy simulation (LES) using vortex methods for their research. 

1.4 Objectives 

The objectives of this thesis is concerned with the application of the vortex-in-cell 

method (VIC) for simulating the upper half of axisymmetric round jet using diffusion 

velocity method and deterministic diffusion to simulate diffusion. In this study, the 

relevant literature of jet flow using vortex method is reviewed. In addition, a new code 

for jet flow using VIC, diffusion velocity method and deterministic diffusion is 

developed. 

In the first part of this study, a jet flow issuing into still environment is 

investigated. Two inflow velocity profiles are tested and compared. One of them is the 

top hat velocity profile and the other is self similar velocity profile. Several initializations 

are conducted in this study including one sheet of vortex elements for the top hat and self 

similar inflow velocity profiles, several sheets of vortex elements for the top hat profile 

and initializing using the analytical Stokes stream function expression. Flow field results 

including the centerline decay, the mean streamwise velocity, longitudinal and lateral 

root mean square fluctuations, cross-stream correlation and vortices distribution are 
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predicted. The results of the simulation are validated by comparing with the results of 

two and three dimensional simulation and with experimental measurements. 

In the second part of this study, the jet flow issuing into the same fluid with 

coflowing velocity is considered. The diffusion part in the vorticity equation is modelled 

as in the first part, i.e., using diffusion velocity method and deterministic diffusion. The 

center line decay, mean velocity, longitudinal and lateral root mean square fluctuations 

are reported. The results of the simulation are validated by comparing with the results of 

3D simulations and with experimental measurements. 
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Chapter 2 

Literature Survey 

In this chapter, the literature related to the topics that handled numerical 

simulation of jet flow will be reviewed. The studies that apply vortex methods to simulate 

the round jet flow are introduced in section (2.1). Also, the relevant literature of the 

techniques used for simulating the diffusion of vorticity is reviewed in section (2.2). 

Because the vorticity equation for axisymmetric flow in the present study includes two 

types of diffusion; the first one will be simulated using diffusion velocity method and the 

second one will be simulated using the deterministic diffusion. In addition, other studies 

that implement other methods such as Reynolds Averaged Navier Stokes (RANS), Direct 

Numerical Simulation (DNS) and Large Eddy Simulation (LES) are introduced in section 

(2.3) because they have some interesting results such as turbulent characteristics and 

vorticity contour. 
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2.1 Vortex Methods in Round Jets 

Recently, vortex method has been usefully applied to a wide variety of flow 

field. Vortex method has been developed in context of discrete vortex numerical methods. 

Discrete vortex methods provide a numerical computation approach for solutions to 

general incompressible flows. The main purpose of these methods is to have vorticity on 

a set of Lagrangian computational points by solving the vorticity equation and to get the 

velocity field by solving the Biot-Savart law. The vorticity field based on the vorticity 

value should be represented by either singular or continuous representation in order to 

apply Biot-Savart law. Singular vortex method has concentrated vorticity representation 

of singular points as the point vortices. The continuous vortex methods have continuous 

vorticity represented by overlapping elements. Every element can have Gaussian or 

smooth variation of vorticity in its core. The vortex methods have been used for solution 

of two and three dimensional problems of both inviscid and viscous flows (Leonard, 1985; 

Cottet and Koumoutsakos, 2000). 

Discrete vortex method was implemented early by Davies and Hardin (1973) in 

modeling the jet flow. Their results for the starting vortex, i.e., the position of the vortex 

elements, are qualitatively in agreement with the experiments. Acton (1976) and Acton 

(1980) modelled the 2D jet flow by vortex ring elements using a fully Lagrangian 

simulation. The vortex ring element is one form of the vortex elements which is 

characterized by a circulation T, a ring radius and a circular core that has finite radius 

(Marshall, 2001). The author simulated the jet shear layer and the nozzle surface using a 

sheet of vortex rings. He used an analytical expression called Stokes Stream Function 

obtained by Lamb (1932) in order to compute the velocities induced by vortex ring 
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elements. This expression involves complete elliptic integral of first and second kind, 

respectively, defined by Abramowitz and Stegun (1972). In his approach, the author 

accounted for the self induced velocity (Saffman, 1970) in addition to the induced one 

obtained from the analytical expression. The Stokes stream function has a singularity at 

the origin, which will cause infinite self induced velocity of the vortex rings. This result 

is due to the fact that the induced velocity is affected by the circular core of the vortex 

ring (Batchelor, 1970). The author remedied this problem by assigning finite core radius 

equal to one fifth the ring radius. Each vortex ring is convected using the total velocity of 

the self induced and the velocity induced by other vortex rings on each vortex ring. His 

results for the mean velocity profiles were nearly in agreement with the measurements of 

Crow and Champagne (1971). But the root mean square velocity fluctuations were in 

disagreement with the experiment. The author explained that the difference between the 

simulation results and the experiment is due to the complexity in the representation of the 

nozzle surface. Also, he reported that the axisymmetric model and the absence of 

viscosity led to some turbulence quantities such as velocity fluctuations not well 

represented. 

Some theoretical models for simulating jet flow, as in Acton's approach (1980), 

are based on the self induced velocity of the vortex ring (Pullin, 1978, 1979; Saffman, 

1978). However, Didden (1979, 1982) showed that these models could not simulate 

exactly the experimental observation of the flow shedding from the jet nozzle. This is due 

to the failure of the similarity theory to account for the self induced velocity of the vortex 

ring. Nitsche and Krasny (1994) modelled, using the fully Lagrangian 2D vortex method, 

the experiment of Didden (1979) in which a jet issuing from a nozzle was generated by 
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the motion of a piston in a circular tube. The authors simulated the jet shear layer and the 

nozzle surface by using continuous and bound vortex sheets, respectively, as in Acton 

(1980). However, they used the vortex blob technique (Chorin and Bernard, 1973) in 

which a parameter, corresponding to a finite thickness of the vortex ring core radius, was 

inserted into the Stokes stream function in order to remove the singularity in the stream 

function. They reported flow visualization, eddies formation and circulation shedding but 

the mean velocity and turbulence quantities were not reported. In another development, 

Langthiem and Nakano (2005) simulated a Lagrangian 2D axisymmetric jet impinged on 

a circular hole in a plate. They modelled the nozzle surface and the plate by bound vortex 

sheet whereas the shear layer by continuous vortex sheet. Their approach was a 

combination of the approach used by Acton (1980) and the one used by Nitsche and 

Krasny (1994). The authors discretized the vortex sheets as Acton's approach (1980) but 

they utilized the vortex blob technique as in Nitsche and Krasny (1994). 

In the literature, there are few studies that use the vortex methods to simulate jet 

with coflow. Uchiyama (2003) applied 3D vortex method using a Lagrangian approach to 

simulate an incompressible round jet flow issuing into a coflowing stream. The author 

simulated the flow inside the nozzle by the panel method (Kiya et al, 1997). The jet 

nozzle had a circular panel at the bottom with 168 source points distributed on six 

concentric circles and the panel center to provide the fluid flow. The surface of the nozzle 

was represented by 32 square panels in the axial and circumferential directions. The flow 

leaving from the nozzle was simulated by vortex rings as in Acton (1980) and Nitsche 

and Krasny (1994). The vortex rings were convected with the velocity computed from the 

Biot-Savart law in which core distribution functions were used (Leonard, 1985; 
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Winckelmans and Leonard, 1993). His results, including the mean centerline decay and 

the streamwise mean velocity profiles, were in agreement with the experiment. Recently, 

Uchiyama and Fukase (2006) applied the 3D methodology following Uchiyama (2003) to 

simulate gas particle two phase jet flowing from round nozzle into coflowing air stream. 

Their results showed that the axial turbulent intensity and shear stress were well captured. 

2.2 Diffusion-Velocity Method and Deterministic 
Diffusion 

The diffusion-velocity method was introduced by Ogami and Akamatsu (1991) as 

an alternative technique to the random walk solution of the diffusion equation in order to 

extend the solution to Reynolds number values below the lower limit of applicability of 

the random walk. In diffusion-velocity method, the viscous diffusion is generated by the 

vortices' movement induced by the diffusion velocities which can be accounted as the 

summary of the contribution from each vortex and are added to the velocities at which 

the vortices are carried following the procedure of vortex method. Ogami and Akamatsu 

(1991) found that the diffusion velocity method can simulate problems such as separation 

and reattachment of the boundary layer without the boundary layer theory. The results for 

one-dimensional diffusion equation were in agreement with analytical solution. Clarke 

and Tutty (1994) used the discrete vortex method and applied both the diffusion velocity 

method and the random walk technique in order to simulate the viscous effect of the two-

dimensional Navier-Stokes equations. In this method, the diffusion is limited to regions 

where the circulation of a single vortex is much larger than a region of low vorticity. The 
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results were validated in the flow translating circular cylinder and rotating translating 

circular cylinder. Ogami (1999) used a regridding technique in order to keep the number 

of vortices from becoming too many and also to position vortices in regions where they 

are sparse. Lacombe and Mas -Gallic (1999) showed the existence and uniqueness result 

from diffusion velocity method by solving the one-dimensional, two-dimensional and 

three-dimensional Navier-Stokes equations. Beaudoin et al. (2003), using the diffusion-

velocity method as an alternative to the particle strength exchange (PSE) method, 

concluded that for anisotropic diffusion problems it is by far easier to derive than that of 

the PSE method. 

The axisymmetric flows include another substep of diffusion called deterministic 

diffusion. The deterministic diffusion equation is equivalent to the radial movement of 

the vortex elements. Sod (1978) used the deterministic diffusion as a substep equation in 

a study for solving equations of gas dynamics for axisymmetric flows. He solved the 

deterministic diffusion equation analytically by finding the characteristic lines of the 

equation. In another work concerned with the flow field inside circular geometries, 

Giovannini (1995) developed the same approach of Sod (1978) in solving the 

deterministic diffusion equation. The present work simulates the round axisymmetric jet 

using vortex-in-cell (VIC) method in conjunction with diffusion velocity method that 

handles the first substep of diffusion in the vorticity equation. The second substep of 

diffusion is the deterministic diffusion. The Lagrangian-Eulerian vortex-in-cell (VIC) 

method is used because it combines the best features of Lagrangian and Eulerian methods, 

i.e., the numerical dissipation is reduced relative to the pure Eulerian method (Sarpkaya, 

1994; Ghoneim and Givi, 1987; Leonard, 1980; Chorin and Marsden, 1979) and the 
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computational time is reduced relative to the Lagrangian method. In the VIC method, an 

Eulerian scheme is used to calculate the velocity field and a Lagrangian scheme is used to 

track the vortices. The vortices that represent fluid particles with concentrated vorticity 

(vortex points or blobs) are tagged and traced in time. As time proceeds, the change of 

vorticity distribution within a blob is governed by the vorticity transport equation. The 

justification for this method stems from the fact that, in turbulent flows, vorticity is often 

very large in thin thread like fluid, while the remaining fluid is virtual without vorticity. 

Therefore, the vorticity can be lumped into concentrated vortex blobs around which the 

fluid spins. 

2.3 Other Methods Applied in Jets 

The jet flow has been simulated extensively in methods different from the vortex 

methods. These methods involve large eddy simulation (LES), direct numerical 

simulation (DNS) and Reynolds Averaged Navier Stokes (RANS). Chen et al. (1993) 

used a LES in conjunction with the Smagorinsky Subgrid scale (SGS) to simulate the 

proximal region of a round jet flow. The authors reported that the mean velocity was 

nearly self similar, whereas turbulence statistics were still not fully developed. Verzicco 

and Orlandi (1994) conducted a DNS and a LES to model 3D round jet flow using both 

Smagorinsky and dynamic SGS models. They reported that the dynamic SGS model gave 

better results than the Smagorinsky SGS model. In another simulation, Olsson and Fuchs 

(1996) performed a LES to simulate the first twelve diameters from the nozzle of a round 

jet using dynamic SGS model. Their results for the mean flow, the mean centerline decay 

and vorticity contour were in reasonable agreement with the experiment. 
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DNS has been applied widely in jet flow simulation. Abid and Brachet (1993) 

reproduced the rotating streamwise eddies in jet flow. They showed that these eddies play 

an important role in the transition process of the flow into turbulence. Danaila et al. (1997) 

used DNS to simulate jet flow at low Reynolds number. Their study was concentrated on 

the transition from laminar to fully developed turbulent jet flow. They reported that the 

coherent structures of the flow field in the proximal region were different for low 

Reynolds numbers. Boersma et al. (1998) conducted full DNS simulation of developing 

jet flow. Their simulation covered the first forty diameters and was focused on the fully 

developed region. Their results for mean velocity profile using inflow top hat velocity 

profile showed good agreement with the experiment but the rms velocity and shear stress 

were slightly lower than the experiment of Hussein et al. (1994). Sidahmed and Brown 

(2001) simulated round jet flow using 2D and 3D RANS in FLUENT® code. The authors 

reported that the 3D scheme results for the mean velocity profiles and the centerline 

decay agreed well with the experiment. But the results of 2D round jet for the centerline 

decay overestimated the measured velocities. Gazzah et al. (2004) investigated the 

influence of a coflow on a turbulent binary gas mixing round jet numerically using first 

and second order turbulence models. The results of their simulation for the mean flow 

and the turbulent fluctuations showed that both models were in reasonable agreement 

with the experimental results. 
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3.2 Axisymmetric Vorticity Equation without Swirl 

In axisymmetric vortex flows the problem is simplified because the velocity 

1 dw 
components along r and xonly are considered. Therefore, the term in Eq.(3) is nil 

r da 

and the continuity equation becomes 

*L + U^ = 0 (7) 
dr r dx 

For axisymmetric vortex flows with no swirl (w = 0) , the vorticity vector is directed 

along the azimuthal direction only (Marshall, 2001). Therefore, the vorticity equations 

along r [Eq.(4)] and x [Eq.(6)] vanish and Eq.(5) is reduced to 

ot r r 

V co„ = 
a rdr 

( do„\ I a V aV, 
r—2L| + 

dr r1 da2 dx2 

Expanding Eq.(8), the vorticity equation along a takes the following form 

deo„ dco„ dm„ co„ ,d ca„ d o>„ 1 dct)„ CD 
a + U 2-+V 2L-V—*-=V( f-+ f-+ 2 2_) (9) 

dt dx dr r dx dr r dr 
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Eq.(9) can be rearranged as 

do>a ducoa du dvcoa dv coa ,d2ct)a d2o>a d ,o>a.. 
—2- + --o>a— + -~coa v—£- = v(—f- +—r^- +—(—^)) (10) 

dt dx dx dr dr r dx dr dr r 

and by using continuity equation [Eq.(7)] some terms will vanish and Eq.(10) is reduced 

to 

dco duo) dvo) d2o) d2a> d a> 
-ZSL + —^2- + —^SL = V ( r ^ L + r - ^ L + Ji (pL)) (H) 

dt dx dr dx dr dr r 

Rearranging Equation (11) by combining the second order derivatives on the R.H.S. with 

the convective terms on the L.H.S., the following form can be obtained 

d<Q„ dT v dcon^ dr v d<oa^ ,d,a>„^. .,_. 
—2- + —[u ~]coa+—[v -]a>a =v(— (—)) (12) 

dt dx o„ dx dr a>„ dr dr r 

The vorticity vector reduces to one component in the azimuthal a direction, 

dv du 

ox or 

Also the velocity can be expressed along x and r in terms of the stream function y/ such 

that 

18 



!/ = - -£- , v = — £ • (14) 
r fir r fix 

Substituting the velocity components given by Eq.(14) into Eq.(13), the Poisson's 

equation is obtained as 

fiV 5 V 1 dy/ 
-Z- + -Z-—-^- = -r(0a (15) 
dx drl r dr 

Equations (14) and (15) can be used to determine the velocity field, in which the vorticity 

distribution is given by the R.H.S. of Eq. (15). 

3.3 Numerical Method and Approximation 

In this work the method of fractional steps is used to solve the vorticity equation 

(Eq.(12)). This method is helpful for multidimensional problems and higher order partial 

differential equations, because it usually reduces the dimensions and order of the 

equations to a series of steps, each of which involves only one part of the equation. An 

extensive description of this method may be found in Yanenko (1971). 

In vortex method, the solution of the vorticity equation Eq. [(12)] can be split into 

three fractional steps similar to the procedure followed by Sod (1978); the convection 

fractional step that describes the convection of the interacting vortices and two diffusion 

fractional steps. 

The equation governing the convection fractional step is 
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^s_+du^s_+&ms_gs0 (16) 

dt dx dr 

The equation governing the first diffusion step, which is based on the diffusion velocity 

method, is given by 

« 5 L + A ( . J L « 1 . K + ± ( . J L * k ) . . =o (17) 
dt ox eoa ox or aa or 

and the equation governing the second diffusion fractional step is given by the 

deterministic diffusion 

^=4<-> <18> 
ot or r 

The numerical approximation for the three fractional steps is described in the following 

subsections. 

3.3.1 Numerical Approximation for Poisson's Equation 

The first fractional equation Eq.(16) corresponds to the motion of an 

incompressible, inviscid and axisymmetric fluid flow. It governs the evolution of 

vorticity that is transported solely by the convection of the fluid. In a vorticity-stream 

function formulation, the solution of Equation (16) is equivalent to the solution of the 
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Poisson equation Eq.(15). The Poisson equation is discretized by approximating the 

derivatives using the second order central finite difference scheme such that 

V(i + ̂  J) ~ ty(j> J) + V(i-hj) + y(i,j + l) ~ tyO, J) + viU j -1) 

1 y/(i,j + \)-y/(i,j-\) 
(Ar)y 2(Ar) 

(ArY 

= -(Ar)ja)a(i,j) (19) 

where Ax and Ar are the grid sizes in the axial and radial directions, respectively, / and 

j are subscripts along the axial and radial directions, respectively, and j = 1 corresponds 

to the centerline axis r = 0 as shown in Figure (2). 

By rearranging Eq.(19) and solving for if/(i,j), it becomes 

tKU)= 

r (A*)2 ltKJ" 
\ 2/ 

+^,y-l)[^+(Av)2j+y(Ar)3(Ax)2
e)a(/,y) 

^ /2(Ar)2+2(Ac)2 (20) 

Equation (20) is solved in order to get y/(i,j)at each node (i,j) of the computational 

domain. Then, using Equation (14), the velocity components at the nodes are 

approximated using central difference scheme for the first derivative as 

„(/,;) =
 l r(iJ + l)-MJ-l) v ( u ) = _ * wQ + lfi-rti-hj) (21) 

7(Ar) 2(Ar) j(Ar) 2(Ax) 
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The velocity u(i,j) and v(i,j) are used to convect the vortices, vortex-in-cell (VIC) 

method is used in this work. Details of the numerical scheme using the VIC method are 

discussed in chapter 4. 

3.3.2 Numerical Approximation of the First Diffusion 
Fractional Step 

The second fractional step [Eq.(17)] governs the effect of diffusion on the 

transport of vorticity but has no effect on the circulation of vortices. Equation (17) can be 

simulated using either the random-walk method (Chorin, 1973), diffusion velocity 

method (Ogami and Akamatsu, 1991), the core spreading technique or the particle 

strength exchange (PSE). The diffusion velocity technique is used in this work. The 

diffusion velocities are calculated at the nodes as 

u<w = ^r » vm = r— (22) 
coa ax aa dr 

Then, Eq. (22) is discretized using central difference scheme for the first derivative as, 

aa(i,j) 2(Ax) 

(23) 

v a v o>a(i,j + l)-G)a(i,j-l) 
coa(i,j) 2(Ar) 

The diffusion velocities are then transferred to the vortex elements using the interpolation 

techniques. Further details about this method will be presented in section (4.3). 
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3.3.3 Numerical Approximation of the Second Diffusion 
Fractional Step 

The third step, Eq.(18), handles the deterministic diffusion (Sod, 1978). 

Giovannini et al (1995) solved the deterministic diffusion by using an analytical 

expression. However, in this study the deterministic diffusion Eq. (18) is solved to obtain 

the change of vorticity Aa>a(i,j)at the nodes (Liu and Doorly, 1999). The deterministic 

diffusion, Eq.(18), is approximated using central difference scheme for the first 

derivative such that 

At 

and by rearranging, the change in vorticity Acoa (i,j) is given as 

Ao)„(i,j) = v 
a 2(Ar) 

a>a(ij + l) a>a(i,j-l) 

^ r(i,j + l) rjij-l) ) 

2(Ar) 
(24) 

a>a(hj + l) a>a(i,j-l) 

k r(ij + l) r(ij-l) j 
(25) 
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Chapter 4 

Vortex-In-Cell 

The vorticity field is discretized into a set of vortex rings which are then lumped 

into vortex particles. The motion of the vortex particles is governed by the vorticity 

transport equation [Eq.(12)]. The discretization of the field into vortex particles will be 

discussed in section (4.1). In the vortex-in-cell method, the vorticity is transferred from 

the vortex particles to the nodes of a grid, using an interpolation technique which will be 

discussed in section (4.2). The motion of the vortex particles is traced by splitting the 

vorticity transport equation into several substeps. In the first substep, the convection of 

the interacting vortex particles is obtained by first calculating the components of the 

velocity u=(U,V) at the nodes by solving the Poisson's equation Eq.(15). Then the 

components of the diffusion velocities are calculated at the nodes as 

( v dtoa v dci)a 
\ 

v <oa dx a>a dr 
The velocity components «=( U,V ) and the diffusion 

velocities at the nodes are transferred to the location of each vortex particle, using an 
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interpolation technique. Then the vortex particles are converted using the equation of 

motion of a material point. This step will be discussed in section (4.3). For the 

deterministic diffusion, a change in the circulation of the vortex particle, due to the 

change in vorticity, is added to the old circulation of the particle. Therefore, the vortex 

particle is converted with the sum of the change and old circulation. This step will be 

discussed at the end of section (4.3). 

4.1 Vortex Particles 

In vortex methods, the vorticity field is discretized into Np vortex elements with 

circulation Ti for each, the vorticity field is given as 

fflCx) = l £ r , * ( x - x , ) (26) 

where S(x) is the Dirac delta function, x represents the coordinates at which the 

vorticity is calculated and ^ is the coordinates position of the vortex elements. The 

vortex elements are vortex blobs rather than vortex points because the Biot-Savart law, 

i.e., the Green's function, has a singularity at the origin. It creates large velocities in its 

neighbourhood, which causes numerical as well as theoretical instabilities. To remove 

this difficulty, finite core size vortices or blob vortices may be used (Chorin, 1973). Thus, 

inside the core, velocity is smooth and finite at the centre of the core. Although this trick 

creates some errors, it is very effective in removing the singularities from the flow field. 

With this technique, the velocity field induced by each vortex is quantitatively correct, 

only away from the centre of the vortices. In the vortex blob approach, the particles have 
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a core radius a (in VIC a is equal the grid size), a volume 8UJ and a vorticity vector of 

magnitude a>i smoothened within the volume SVJ. For a given vortex particle, the 

circulation i~j is identical to the product of the vorticity and the volume of the vortex 

particle, cot Svh which also represents the contribution of the vortex particle to the 

vorticity field. Therefore, each vortex particle is completely characterized by (x , r,) and 

the vorticity field is given as 

ffl(x) = l 2 r ^ ( x - x ( ) (27) 

where the smoothing function £a (x - x () is expressed as 

C(x-x,) = ̂ ^ ^ ] (28) 

with \£(x) cbc = \. For the present formulation, the vorticity field is given as 

1 ^ < 
co{x) = -^-X£ r,£| =-=*- 14Z-p-1 (29) 

X-Xi 

V 0" 

where [ (x - x, )/cr, (r - r, )/cr ] are the coordinates distance in units of core size 

4.2 Interpolation Scheme 

The smoothing function used is the area-weighing scheme (Baker, 1979), 

£07) = (1-M) H<1 (30) 

The interpolation scheme [Eqs.(29) and (30)] is used to transfer the vorticity from the 

vortex blobs to the nodes of the grid. A vortex blob contributes to the nearest 4 nodes as 
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shown in Figure (la) in the area-weighing scheme. The total vorticity at each node is 

obtained by summing the vorticity contributions of all the vortex particles which are 

within one grid from that node for the area-weighing scheme. Also since there is at least 

one vortex blob per grid, therefore the vortex blobs will always overlap. The position 

vector of the vortex blob center is determined by (x/, rt) and is discussed in the next 

section. 

4.3 Convection and Diffusion Velocity 

The Poisson's equation Eq.(15) is solved in order to obtain the velocity 

components at each node by using the central difference approximation for the 

derivatives. The method is also called the extrapolated Liebmann's method 

(Abdolhosseini and Milane, 2000). Once the components of the velocity at the nodes u„ 

=(U„, V„) are calculated, the components of the velocity ui =(£/,, V,) acting on the center 

of a vortex blob can be calculated with the interpolation technique as 

• * * " ^ w I * - * » ' • • 

v,-I,.ume*-*-k 
\ <r 

(r —r i (r — r i 

(31a) 

x.-x, K - r„ vt = YjnC -—- d -±-JL (3ib) 

where n is the representation of the nearest 4 nodes surrounding the vortex blob in the 

area-weighing scheme. The position vector of the vortex blob centre x=( *< > r
t ) is 

calculated by integrating the equation of motion of a material point 

dx/dt = u(x(r,a,x,t)) (32) 
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using the improved Euler's method where the predictor is 

X(t+At)=x(t)+uAt (33) 

At is the time-step and the velocity u = «;. To implement Eq.(33), the calculations are 

carried out in one step within each time step. In this step, the algorithm is executed using 

the predictor Eq.(33). 

After completing the above operation, the components of the diffusion velocities 

v d(o„ „ v d(o„ 
are calculated at the nodes, a TJ = 1— a V = — 

V o)a dx CDa dr j 
, and transferred to the 

centre of the vortex blob using Eqs.(31a) and (31b). The position vector of the vortex 

blob is calculated using Eq.(33) in which u = u<n. The diffusion velocity could be 

unreasonably high in regions of small vorticity and non-zero vorticity gradient because it 

is inversely proportional to the vorticity. This problem is remedied by setting the 

components of the diffusion velocity to zero whenever the vorticity at the nodes is less 

than 0.1% of the vorticity associated with vortex particles. Here it is noted that the 

solution of the Poisson's equation together with the Lagrangian movement of the vortex 

particles is equivalent to the solution of the convective term u =(U„, V„ ) in Eq.(12). 

After calculating the components of the diffusion velocities at the nodes, the 

change in vorticity at the nodes Aa>a(i,j)is obtained from Eq. (18). The change in 

vorticity at the nodes is projected back onto the particle to change its vorticity and 

subsequently its circulation. The area weighting scheme is used to transfer the change of 
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vorticity Acoa onto the particles within a grid. By using this technique the new 

circulation of the particle will be 

r, (/ + At) = r, ( 0 + £ Aoa ^-h2 (34) 

where h is the grid size and A, is the total shaded area or the summation of the shaded 

area contributed by all particles related with the node (/,/) as shown in Figure (lb) 

mdAz is the shaded area contributed by each particle related with the node (J,j) (See 

Figure (lb)). Then the vorticity from the vortex particles is transferred to the nodes using 

the interpolating scheme [Eqs.(29) and (30)] as mentioned in section (4.2). 

4.4 Jet with No Coflow 

4.4.1 Boundary and Initial Conditions 

The problem to be simulated in the first part of the present work is described as 

the jet flow issuing into still environment. The jet flow geometry has an axial symmetry. 

Therefore, the upper half of the jet is taken for the numerical simulation. The 

computational domain consists of a rectangular grid system with uniform grid size in 

axial and radial direction Ax^Ar, respectively. The grid system is shifted one unit in 

axial and radial direction such that the centerliner = 0, with respect to the jet flow, is 

located along subscript j = 1 as shown in Figure (2). The Neumann condition is applied to 
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the inflow boundary. At the inflow, the velocity is uniform which is known as the top hat 

velocity profile such that 

(dytldrX t=rU U = U, r<R 
nj ( 3 5 ) 

U = Ua=0 r>R 

where subscript j corresponds to the node in the radial direction, R is the radius of the 

nozzle, Uj and Ua are the velocities of the jet exit flow and the coflowing, respectively. 

The outflow boundary condition corresponds to the convective outflow boundary as 

terMuj+u^dr/ati-o (36) 

where the subscript M corresponds to the last node in the axial direction at the outflow. 

In convective outflow boundary condition Uctm = Uj in this work. Because of symmetry 

about r = 0, the axisymmetric boundary conditions can be applied at r = 0 as 

F<4 = 0 (37) 

(a^/a*)u=o 

Therefore, since ViX = 0 this will lead to (diy/dx)il = 0 because the lateral velocity V is 

related to the (dy/dx) through Eq. (14). The top boundary condition can be obtained by 

integrating Eq. (35) such that 
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VI,N=Y- r*N + 
(Uj-Ua 

V 
R2 (38) 

where N corresponds to the last node in the radial direction. The jet shear layer issued 

from the nozzle is simulated using a continuous vortex sheet discretized into vortex rings. 

Then, the vortex rings are lumped into a row of vortex particles or blobs located at the 

level of the upper half of the nozzle. Initially, the vortex particles are equidistant, and are 

separated by a distanced = H/Nv, where Nv is the number of vortices and H = AxM is 

the length of the computational domain. At timet = 0, the vortex closest to the edge of 

the nozzle is moved vertically a small distance 0.5</to initialize the Kelvin-Helmholtz 

instability. The circulation is distributed equally among the vortices Nv as T, =dAU 

where A U = Uj - Ua. If at the end of each time step At, defined as the characteristic time 

At = d/Uc where Uc = (Uj + Ua )/2, a vortex element with circulation T, is generated at 

the edge of the nozzle at x = land r = R, the vorticity generation rate is TjAt = AUUC 

and therefore the Kutta condition is satisfied. When the vortex element is generated at the 

edge of the nozzle, the vortex element with the largest residence time is discarded. The 

vortex elements can move freely in and out through the outflow boundary to avoid the 

collection of vortices at the end of the computational domain. The motion of the vortices 

outside the computational domain is assumed to be governed by the velocity at the 

outflow boundary. 

Another inflow boundary condition will be tested in the present simulation. This 

boundary condition is of Neumann type which is applied at the inflow of the 

computational domain beyond the potential core such that 
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(dy/drlj = rUUJ UXJ for 0 < r < rN (39) 

where rN is the radial distance up to the last node in the radial direction, and UXJ is given 

by the self similar profile as 

lj (l + arj2)2 

where a = (v2 - IJ/S2, S = 0.094 is the spreading rate from the experiment of Hussein et 

al (1994), rj = r/(x-x0) is the similarity variable where, x0 =4D is the virtual origin 

(Hussein et al, 1994); the velocity U in the numerator of self similar profile is obtained 

from the following equation 

B U, 
U = -

x xQ 

{D D) 

where Bu = 5.8 is an experimental constant. The top boundary condition is represented 

by 

(dy//dr\N = rUUN UlN forr = rN (40) 

where UlN is the velocity at the last node in the radial direction obtained from the self 

similar profile. The outflow and bottom boundary conditions are as Equations (36) and 

(37), respectively. 

In this work, the initialization of the vorticity field using the Stokes stream 

function y/(x,r) is tested. The Stokes stream function is given as 
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¥{x,r) = ^-{rjx +TJ2)(K(A)-E(A)) (41) 

where A = (TJ2- rjx )/(TJ2 +IJX), 

7 l=[(x-x,)2
+(r-r ,)2

+^f / 2 , 

and rf2 = [(x-x()
2 +(r + ri)

2 +e2\ 

e is the vortex blob smoothing parameter corresponds to finite thickness equal to 0.01, 

K(A) and E(X) are the complete elliptic integrals of the first and second kind, 

»/2 -V2 */2 V2 

respectively, given as K(A) = J(l-A2sin2^) dO, E(A)= J(l-A2sin26>) d0. 

4.4.2 Solution Procedure 

The solution procedure to solve the velocity and vorticity fields consists in the following 

steps: 

(a) Initializing by placing the equidistant vortices at the level of the nozzle edge and by 

assuming arbitrary values for \|/ at the internal nodes together with the boundary 

conditions [Eqs.(35)-(38)]. 

(b) Distributing the vorticity from the vortex particles to the nodes using the interpolation 

scheme [ Eqs.(29) and (30) ]. 
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(c) Solving the Poisson's equation [Eq.(15)]5 using a Gauss-Seidel iteration with a left-to-

right sweep of the nodes and bottom-up sweep of the lines. Iteration convergence is 

obtained when the percent difference between consecutive \\t is less than 0.001%. 

(d) Computing the velocities [/and Fat the nodes using Eq.(14). 

(e) Calculating the velocities at the location of each vortex (U„ , V„ ) using the 

interpolation scheme [Eqs.(31a) and (31b)]. 

(f) Updating the co-ordinates of the vortices using Eq.(33). 

(g) Computing the component of diffusion velocity 

nodes. 

v da>„ v dmn \ 
, 2- at the 

K (oa 8x <oa dr ) 

(h) Computing the change of vorticity A{oa(i,j)&t the nodes vising Eq.(18) and then 

projecting the change Acoa to the particle using Eq.(34). 

(i) Calculating the diffusion velocity at the location of each vortex using the interpolation 

scheme [Eqs.(31a) and (31b)] where (U„, V„ ) is replaced by the component of diffusion 

velocity. 

(j) Updating the coordinates of the vortices using Eq.(33). 
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(k) Introducing a new vortex at the edge of the nozzle and discarding the oldest one. 

(1) Marching in time by repeating the calculations from step (b) through (k). 

4.5 Jet with Coflow 

4.5.1 Boundary and Initial Conditions 

The problem to be simulated in the second part of the present work is described as the jet 

flow issuing into the same fluid. The computational domain consists of a rectangular grid 

system with uniform grid size in axial and radial directions Ax * Ar, respectively. The 

grid system is shifted one unit in axial and radial directions such that the centerline r = 0, 

with respect to the jet flow, is located along subscript j = las shown in Figure (3). The 

Neumann condition is applied to the inflow boundary. At the inflow, i.e., the nozzle exit, 

the velocity is top hat (uniform velocity) profile and the coflow velocity is uniform such 

that 

(dr/dr\t=rU U = U, r<R 

U = Ua r>R 

where subscript j corresponds to the grids in the radial direction, Uj and Ua are the 

velocities of the jet exit flow and the coflowing, respectively. The outflow boundary 

condition corresponds to the convective outflow boundary as 
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{dV,/dt)Mj+Uco„{dV,/ck) = 0 (43) 

where the subscript M corresponds to the last node in the axial direction at the outflow, 

j corresponds to the node in the radial direction. Also, Ucon = U 3 is used in the 

convective outflow boundary condition. Due to the symmetry about r = 0, the 

axisymmetric boundary conditions can be applied at r = 0 as 

(dU/drl, = 0 

V* = 0 . (44) 

Therefore, since ViX = 0 this will lead to {dif//dx\x = 0 because the lateral velocity V is 

related to the {dyz/dx) through Eq. (14). By integrating Eq.(42), the top boundary 

condition can be obtained as 

U. 
V\,N=^r rx,N 

r2 + 
' 1 XT ' 

(Uj-uA 

V 
Rl (45) 

The same approach used in discretizing the vortex elements for jet with no coflow is also 

applied to jet with coflow. 
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4.5.2 Solution Procedure 

The solution procedure to solve the velocity and vorticity fields consists in the following 

steps: 

(a) Initializing by placing the equidistant vortices at the level of the nozzle edge and by 

assuming arbitrary values for v|/ at the internal nodes together with the boundary 

conditions [Eqs.(42)-(45)]. 

(b) Distributing the vorticity from the vortex particles to the nodes using the interpolation 

scheme [ Eqs.(29) and (30) ]. 

(c) Solving the Poisson's equation [Eq.(15)], using a Gauss-Seidel iteration with a left-to-

right sweep of the nodes and bottom-to-top sweep of the lines. Iteration convergence is 

obtained when the percent difference between consecutive \|/ is less than 0.001%. 

(d) Computing the velocities [/and Vat the nodes using Eq.(14). 

(e) Calculating the velocities at the location of each vortex (U„ , V„ ) using the 

interpolation scheme [Eqs.(31a) and (31b)]. 

(f) Updating the co-ordinates of the vortices using Eq (33). 
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(g) Computing the component of diffusion velocity 

nodes. 

v do>a v da>a 

K aa dx aa dr J 

at the 

(h) Computing the change of vorticity Ao)a(i,j')at the nodes using Eq.(18) and then 

projecting the change Ao>a to the particle using Eq.(34). 

(i) Calculating the diffusion velocity at the location of each vortex using the interpolation 

scheme [Eqs.(31a) and (31b)] where (U„ ,V„ ) is replaced by the component of diffusion 

velocity. 

(j) Updating the coordinates of the vortices using Eq. (33). 

(k) Introducing a new vortex at the edge of the nozzle and discarding the oldest one. 

(1) Marching in time by repeating the calculations from step (b) through (k). 
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Chapter 5 

Results for Axisymmetric Jet with No Coflow 

Jet flows were investigated in many studies by experimental measurements and 

by numerical simulations. The diffusion velocity method and deterministic diffusion 

simulating molecular diffusion, in conjunction with the vortex-in-cell method for 

simulating axisymmetric round jet has not yet been presented in previous literature. 

Therefore, the method will be validated by comparing with the experimental round jet 

data of Wygnanski & Fiedler (1969) and Hussein et al. (1994), and also by comparing 

with two dimensional simulation of Sidahmed & Brown (2001) and Chung and Troutt 

(1988) and three dimensional numerical simulation of Boersma et al. (1998). Results 

obtained using inflow top hat velocity profile are compared with results using inflow self 

similar profile. Several initializing methods have been conducted using one sheet and 

several sheets of vortex elements. In addition, initializing using the Stokes stream 

function (Lamb, 1932) is conducted. Several flow characteristics are reported and 

compared: the decay of the streamwise mean centerline velocity, streamwise mean 
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velocity, root-mean-square (r.m.s.) longitudinal and lateral velocity fluctuations, cross-

stream correlation, instantaneous distribution of vortex elements and vorticity contours. 

5.1 Numerical Parameters 

The jet exit velocity is Uj = 5620 cm/s and the diameter of the nozzle isD = 2.6 cm, 

similar to the parameters used in the experiment of Wygnanski & Fiedler (1969). The 

reported results are for a viscous flow condition with v = 14.5x10" cm /s (the kinematic 

viscosity of air at 18°C). This leads to Reynolds number ReD = UjD/v - 1.01x10s. The 

jet flow geometry has an axial symmetry. Therefore, the upper half of the jet is taken for 

the numerical simulation. The computational domain for the base run consists in a 

128x128 grid with uniform grid size equals to Ax = 0.4 cm in the x-direction and uniform 

grid equals to Ar = 0.1 cm in r-direction as shown in Figure (2). At the level of the upper 

half of the nozzle, the jet shear layer is discretized into a number of Nv =9900 equidistant 

vortex elements, i.e., one vortex sheet is used. Therefore, the number of vortices per grid 

is 77, the circulation of each vortex element is T, = 2.91 xlO"3 m2/s, and the time step is 

At= d/Uc =1.84 xlO"6 s. The top hat inflow profile with one vortex sheet is used for the 

base run. Sensitivity of the results to the number of vortices and grid size was tested as 

will be discussed in subsections (5.2.5) and (5.2.6), respectively. 

The flow is allowed to develop for 5120 At before the statistical calculations are 

started. Then the mean flow is obtained using time-averaging over the next 15360 At, and 

the rms velocity fluctuations and the cross-stream correlation are calculated using time-

averaging over the next 25600 At. 
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5.2 Flow Field Results 

5.2.1 Streamwise Centerline Velocity Variation 

The streamwise mean centerline velocity Uc along the centerline axis r = 0 is 

normalized by the jet exit velocity£/,, i.e., Uc/Uj and it is plotted in Figures (4a-4b) 

versus x/D where x is the axial location. Figures (4a-4b) show a comparison with the 

2D simulation of Sidahmed & Brown (2001) and 3D simulation of Boersma et al. (1998), 

respectively. The streamwise mean centerline velocity decay in Figure (4a) is 

qualitatively similar to the two dimensional simulation of Sidahmed & Brown (2001), 

although there is a slight difference. Figures (4a-4b) show that Uc /Uj starts to decrease 

earlier than the 2D and 3D simulations as the distance from the nozzle exit increases. 

Then, the decay rate of Uc /Uj in the present simulation is slower than that of the 2D 

and 3D simulations for large value of x/D. In the present simulation Uc/Uj « 0.86 at 

x/D = 15 but in the 2D and 3D simulations Uc/Uj «0.69 and Uc/Uj «0.6 , 

respectively, atx/D = l5. The difference in the results of the present simulation from 

those of the 2D and 3D simulations is probably due to the fact that initializing using one 

sheet of vortex elements is not enough. 

The radial profiles of the streamwise mean velocity normalized with the nozzle 

exit velocity U/Uj is plotted as function of r/D in Figure (5a) for two downstream 
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stations; where r is the radial distance from the centerline axis and U is the mean 

stream wise velocity. This Figure shows that atx/D = 1.8, U/Uj reaches the free stream 

at aboutr/D - 0.75; whereas at downstream position x/D = 13.8, U/Uj reaches the free 

stream at r/D = 1. Therefore, the prediction indicates that the jet flow spreads as the 

downstream position increases. The streamwise mean velocity vectors are plotted for 

three downstream locations in Figure (5b). It can be noted that the streamwise mean 

velocity spreads laterally outward as the jet flows downstream. The Figure shows that the 

streamwise mean velocity is qualitatively representing the shape of the streamwise mean 

velocity of the jet flow. 

5.2.2 Mean flow 

The streamwise mean velocity U/Uc normalized with the streamwise mean 

centerline velocity is plotted in Figure (6a) against the similarity variable £ = r/rl/2 at 

three downstream locations; ry2 is defined as the width at which the mean velocity is 

equal to half of its value on the centerline. The results are presented in the self preserving 

region which corresponds to 3 < x/D < 19.2. Figure (6a) shows that the simulation results 

agree with the experiment of Wygnanski & Fiedler (1969) in the region 0 < £ < 1 and that 

the experimental profiles spread more than the simulated profiles beyond £ = 1. The 

difference between the simulation results and the experiment can be probably due to the 

variations in inflow conditions between experiment and simulation. In addition, 

initializing using one sheet of vortex elements might be inadequate. 
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Figure (6b) shows the streamwise mean velocity normalized with the jet exit 

velocity as U/Uj versus r/D compared with the 2D simulation of Chung and Troutt 

(1988) using vortex method at two downstream locations. It is noted that there is 

agreement between the present simulation and the 2D simulation of Chung and Troutt 

(1988). 

5.2.3 Velocity Fluctuations and Cross Correlation 

The rms longitudinal (u'mis) and lateral (v'nns) velocity fluctuations normalized 

with the mean centerline velocity Uc as function of the similarity variable are shown in 

Figures (7a) and (7b), respectively. The experimental results of Wygnanski & Fiedler 

(1969) are shown as a reference, keeping in mind that the 2D simulation is not expected 

to predict these results as the experiment. The simulated profiles are presented in the self-

preserving region at three downstream locations, which is in the region 3 < x/D < 19.2. 

The u'nns profiles in Figure (7a) show that the simulation profiles have a similar trend as 

the experiment. Moreover, the simulation profiles are not fully similar close to centerline 

where £ < 1.5. The simulated profiles of u'rms have higher values than the experiment at 

the centerline. This is consistent with the 2D simulation of Acton (1980) who reported 

similar results for 
u'nns- Figure (7b) shows that the v'nns profiles are close to the 

experiment in the region of 2.5 < E, < 1. The v'nns profiles start by decreasing at £ = 1 and 

their values are zero at £ = 0 which is different from the experiment. This is due to the 

axisymmetric nature of the simulation in which the boundary condition at the centerline 
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( r = 0 ) is V = 0, i.e., the cross flow is nil. Also, this is consistent with the simulation of 

Acton (1980) in which the v'nns vanishes at r = 0 and therefore the axisymmetric jet is 

less representative of a real jet. Figures (7a) and (7b) exhibit similar behaviour as the 2D 

VIC simulation of Knani et al. (2006) who simulated the upper half of plane jet. 

The normal axial and lateral stresses normalized by the square of streamwise 

mean centerline velocity, i.e., (u'ms)
2/(Uc) and (v 1^) 2 / (U c) , are plotted versus £ 

in Figures (8a) and (8b) for two downstream locations, respectively. The simulation 

results are compared with the experiment of Hussein et al. (1994). The simulation results 

have a similar trend as the experiment except for (v'mj )
2/(Uc) close to the centerline. 

The discrepancy in the results between the present simulation and the experiment is 

probably due to the imposed boundary condition V = 0. 

The cross-stream correlation normalized with the square of streamwise mean 

centerline velocity u'v'/(Uc) plotted versus the similarity variable £ is shown in Figure 

(9a) and the same plot is magnified in Figure (9b). The normalized cross-stream 

correlation is small compared to the experimental results of Wygnanski & Fiedler (1969). 

The reason for this discrepancy is probably due to the nature of axisymmetric simulation. 

The streamwise and radial vorticity components, which play an important role in the 

kinetic energy transfer to the fluctuating velocity field, are absent when axisymmetric 

flow condition is used. As a result the nonlinear effect of turbulence fluctuations 

produces small cross-stream correlation compared to the experiment. The cross-stream 

correlation results in the present simulation are similar to those reported in the 2D VIC 

simulation of Knani et al. (2006) for a plane jet. The authors attributed this result to the 

nonlinear effect of rms velocity fluctuations. 
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5.2.4 Vorticity Contour and Vortex Distribution 

Figure (10a) shows instantaneous distribution of vortex elements. The Figure 

indicates that as the flow develops in the downstream position the initially smaller 

vortices grow and amalgamate with neighbouring vortices to form large structure. The 

instantaneous distribution of vortex elements is indicative of the initial mushroom-type 

vortex normally produced by jet. These results are consistent with the simulation of 

Acton (1980) and Chung and Troutt (1988). Figure (10b) shows the downstream 

evolution of azimuthal vorticity a>a contour for levels 0-20000. As the flow develops 

from the nozzle the vorticity contour spreads. It can be seen from the Figure that the 

vorticity contour initially exhibits roll up at x/D = 0.8 due to Kelvin-Helmholtz 

instability. The rollup is followed by pairing and then breaking up as the flow changes 

into turbulence. This is consistent with the flow visualization. The behaviour of the 

vorticity contour in the azimuthal direction is similar to the vorticity contour of Olsson 

and Fuchs (1996) in their investigation of round jet using 3D LES. 

5.2.5 Sensitivity to the Number of Vortex Elements 

The effect of the number of vortex elements Nv on the centerline decay, the mean 

flow, the rms longitudinal and lateral velocity fluctuations and instantaneous distribution 

of vortex elements, is investigated using 5 values, Nv= 750,2560, 3300, 9900 and 19800. 
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The centerline decay, Uc /Uj , for different numbers of vortex elements Nv is shown in 

Figure (1 la). The sensitivity of the centerline decay to the number of vortex elements is 

small as shown in Figure (11a) whereas the mean velocity profiles, U/Uc , in Figure 

(lib) remain insensitive as the number of vortex elements is increased. The rms 

longitudinal velocity fluctuations, u'^/Uc, are plotted in Figure (lie) for several values 

of Nv as a function of the similarity variable £ . It is noted that u'nns /Uc value at 

centerline increases from 0.18 for Nv =750 to 0.335 for Nv =19800 vortices. As the 

number of vortices is increased, the u'ms/Uc value at centerline is approaching the value 

of 0.335 for Nv =19800 vortices which is close to value of 0.33 for Nv =9900 (base run). 

The rms lateral velocity fluctuations, ^ms/Uc, are shown in Figure (lid). The 

sensitivity of rms lateral velocity fluctuations v'^/Uc to the number of vortices is 

similar to rms longitudinal velocity fluctuationsu'ms/Uc .It can be noted that the peak of 

v'ms/Uc increases from 0.12 for Nv =750 to 0.25 for Nv =19800 vortices. As the number 

of vortices is increased, the peak of v'^/Uc is approaching the value of 0.25 for Nv 

=19800 which is close to value of 0.245 for Nv =9900 (base run). Table I shows the 

u'ms/Uc values at centerline and the peak values ofv'ms/Uc are increasing with number 

of vortices and then become insensitive as Nv =9900 (base run) is doubled to Nv =19800 

vortices. Therefore the results are insensitive to the number of vortices. 
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Table I -Sensitivity of root mean square velocity fluctuations to number of vortices 

Nv 

750 

2560 

3300 

9900 

19800 

WrnsjUc) 

0.18 

0.26 

0.275 

0.33 

0.335 

(y^/uc) 

0.12 

0.195 

0.21 

0.245 

0.25 

Figures (12a-12d) show the instantaneous distribution of vortex elements for 

Nv=750, 2560, 3300 and 19800 vortices, respectively. The Figures show that as the flow 

develops the initial vortex forms, and then smaller vortices or eddies grow to form large 

eddies as the flow develops in the downstream position similar to Figure (10a) for the 

base run with Nv=9900. 

5.2.6 Sensitivity to the Grid Size 

The sensitivity of the results to the grid size is tested by comparing results 

obtained using 128x128 grid system with grid sizes Ax = 0.4 cm and Ar = 0.1cmand 

Nv=2560 vortices with results obtained using 256x256 grid system with grid sizes 

Ax = 0.2 and Ar = 0.05 cm and Nv=5120 vortices. In the VIC method, the grid sensitivity 

cannot be tested by just reducing the grid size and keeping other parameters constant, 

such as number of vortices. This is because reducing the grid size and keeping the 

number of vortices constant reduces the density of the vortices per grid. Therefore, the 
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sensitivity of the results to the grid size is obtained by halving the size of the grids and 

doubling the number of vortices, i.e., Nv=5120. The Nv=2560 vortices is used in the grid 

size sensitivity test in order to reduce the computational time. The results are compared 

for the two grid systems in Figures (13a-13d). The centerline decay, Uc/Uj, is plotted 

in Figure (13a). The centerline decay shows similar behaviour for both cases. The 

normalized mean streamwise, U/Uc , is plotted in Figure (13b). It can be noted that the 

profiles of U/Uc for the two cases indicate no significant difference. The normalized 

rms longitudinal velocity fluctuations, «'ms/£/c >
 a r e plotted in Figure (13c). The profiles 

of u'ms/Uc are close for the two cases. The values of u'^/Uc at centerline for 

x/D = 7.9and x/D = 13.3 are 0.26 and 0.23, respectively, for the 128x128 grid system. 

For the 256x256 grid system, the values of u'ms /Uc at centerline for x/D = 7.9 and 

x/D = 13.3 are 0.3 and 0.29, respectively. The normalized rms lateral velocity 

fluctuations, Vms/Uc,ziQ plotted in Figure (13d). The profiles of v'ms/Uc exhibit a 

similar trend in both cases. The peak values of v'ms/Uc for x/D = 7.9 and x/D = 13.3 

are 0.2 and 0.17, respectively, for the 128x128 grid system. For the 256x256 grid system, 

the peak values of v'„„jUc for x/D = 7.9 and x/D = 13.3 are 0.22 and 0.21, 

respectively. Therefore the rms velocity fluctuations have close values in the two grid 

systems. 

5.2.7 Effect of the Convective Outflow Velocity 
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The convective outflow boundary condition is tested by setting Ucon in the 

convective outflow boundary condition [Eq. (36)] equal to UAVG = 733.8 cm/s. The 

velocity UAVG is obtained by integrating the self similar velocity profile 

UJ(1 + arj2)2 over the outflow boundary. The results are presented and compared to the 

case with Ucon = Uj in Figures (14a-14d). The profiles of U/Uc ,tt'„„s/C/c .v'^/C/p and 

u'v'/l/c axe insensitive to the value of Ucon. Therefore, Uco„ =UAVG is used in the 

convective outflow boundary condition in all the runs of this study. 

5.2.8 Effect of Perturbation 

The flow field is investigated by adding some perturbation to the inflow profile. 

The perturbation is applied to the top hat velocity profile at the inlet by adding a 

perturbation to the streamwise velocity. The perturbation is produced by generating 

Gaussian random numbers multiplied by an experimental fraction of the inlet streamwise 

velocity. Several fractions in range Nr=0.01-0.2 have been used but their effect on the 

flow field is not significant, therefore they are not shown. Moreover, a higher value Nr 

=0.25 has been tested where the results are presented in Figure (15) and Figures (16a-

16d). Figure (15) shows a comparison of Uc/Uj for the present simulation between the 

case with and without perturbation. It can be noted that there is no difference in the decay 

rate between the two cases. 

Figures (16a-16d) show U/Uc, u'^JUc, v'ms/Uc and u'v'/U^. , respectively, 

for the case without perturbation (dark symbols) and for the case with perturbation (open 
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symbols). The mean velocity profiles U/Uc are insensitive to the perturbation and 

coincide in the two cases. For all other profiles in Figures (16b-16d) the effect of 

perturbation is quite small. 

5.3 Effect of Inflow Boundary Condition 

Inflow boundary condition is tested by applying the self similar profile 

(j/(l + at}1 )2 at the inflow boundary condition and comparing the results with the top hat 

inflow profile. When the self similar profile is applied to the inflow, a vortex sheet 

consisting of vortex elements is placed at a level where the velocity gradient dU/dr is 

the highest. The vortex elements have equal circulation r , which is calculated as 

CDaAxAr. The vorticity coa is calculated using Eq. (13) where the velocity U is given by 

self similar velocity profile at the inflow boundary and V is nil. The streamwise mean 

centerline velocity Uc/Uj is plotted in Figure (17). The results for U/Uc, 

u'rmslUc-> V'rms/Uc an(^ M'v'/^c a r e presented in Figures (18a-18d), respectively. The 

vorticity contour and the instantaneous distribution of vortex elements are plotted in 

Figures (19a-19b), respectively. Figure (17) shows that Uc /Uj jumps to value higher 

than unity in an unrealistic behaviour. The centerline velocity, which represents the 

spreading of the jet, is sensitive to the self preservation conditions but the mean 

streamwise velocity profiles are self similar (Wygnanski & Fiedler, 1969). Therefore 

when the self similar profile is applied as inflow boundary condition, it may cause an 

unrealistic jump to the centerline velocity while the mean velocity profiles remain self 
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inflow is top hat velocity profile similar to the base run. The streamwise mean centerline 

velocity Uc/Uj is shown in Figure (20). It can be noted that Uc/Uj is increasing to 

value higher than unity. The reason is because initializing using the Stokes stream 

function with one sheet of vortex elements is inadequate. This behaviour of Uc /Uj is 

remedied by using multiple vortex sheets which lead to a better centerline velocity decay 

as will be discussed in subsection (5.5.2). Figures (21a-21d) show the profiles of U/Uc, 

u'rmsl^c-> V'rms/Uc snd u'v'/U^. , respectively, for the Stokes stream function (open 

symbols) compared with the base run (dark symbols). Figure (21a) shows that the profile 

of U/Uc for the base run is close to the run using the Stokes stream function. The 

profiles of u'^JUc, v'rnJUc and t/'v'/C/p obtained using Stokes stream function in 

Figures (21b-21d) are slightly lower than the profiles of the base run. The difference in 

results is due to the difference in the initial circulation between the two cases. In the 

Stokes stream function case the circulation of the vortex elements is higher than the base 

run. It is twice the circulation in the base run, i.e., 2 times T. Therefore, this affects the 

vorticity field and thus the velocity fluctuations become sensitive to this effect which 

results in lower values of axial and radial fluctuations. Figures (22a-22b) show the initial 

vorticity field distribution along the radial direction for the case of one vortex sheet 

without Stokes (base run) and for the case of one vortex sheet with Stokes, respectively. 

It can be noted that the vorticity that results from Stokes in Figure (22b) is twice the 

vorticity that results from one vortex sheet without Stokes (base run) in Figure (22a). 

Therefore, this leads to two different vorticity field distributions which cause the 

difference in the results. 
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Figures (23a-23b) show comparison of vorticity contour for the base run and 

initializing using the Stokes stream function. There is no significant difference between 

the two cases. However, the vorticity structures in the case using Stokes in Figure (23b) 

appear more than the base run in Figure (23a). This is due to the large vorticity that 

results when Stokes stream function is used. For the two cases, the vorticity contour 

exhibits initial development near the edge of the nozzle and then breakup as the flow 

develops in the downstream position due to the effect of the turbulence. 

5.5 Initialization of Vorticity-Multiple Vortex Sheets 

Initializing the computational domain with several sheets of vortex elements 

rather than one sheet is accomplished for the top hat profile which is similar to the base 

run. In addition, the computational domain is initialized with several sheets of vortex 

elements using Stokes stream function in order to test the flow characteristics. The results 

for those cases are discussed in details in the next subsections. 

5.5.1 Top Hat Profile - Several Sheets 

The top hat profile as inflow boundary condition with several vortex sheets of 

vortex elements are used to initialize the computational domain. The vortex sheets consist 

of vortex elements which possess the same circulation r = AUH/Nv. As an 

approximation the circulation of each vortex element is assumed to be the same. Three 

cases with two, five and ten vortex sheets are used. The sheets are parallel and are 
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separated equally by vertical distance which varies in each case. One sheet is placed at 

the level of the upper edge of the nozzle and the next sheet is placed below by a distance 

equal to the vertical distance. For the two sheets the vertical distance is 0.65. For the five 

and ten sheets the vertical distance is 0.26 and 0.13, respectively. The results are 

presented in Figures (24-26). Table II presents a summary of statistic results Figures of 

different rows of vortex elements. 

Table II - Figures for statistic results 

Number of Sheets 

2 sheets 

5 sheets 

10 sheets 

Figure 

Figures (24a-24d) 

Figures (25a-25d) 

Figures (26a-26d) 

Nv 

6400 

6400 

6400 

Figures (24a-24c), Figures (25a-25c) and Figures (26a-26c) compare the base run 

consisting of one sheet and top hat inflow profile with two, five and ten sheets together 

with the experiment of Wygnanski & Fiedler (1969) (dark diamond and circle symbols). 

Figures (24d), (25d) and (26d) compare the one sheet (base run) with two, five and ten 

sheets, respectively. The experiment is not shown in Figures (24d), (25d) and (26d) 

because the range of the cross-stream correlation in the experiment is outside the bound 

used in the Figures. It can be noted from Figures (24a), (25a) and (26a) that the 

streamwise mean velocity profiles are insensitive to the initialization of vorticity for the 

case of two sheets, but there is a slight difference for cases of five and ten sheets; they 

spread further in the free stream close to the experiment of Wygnanski & Fiedler (1969). 

However, the profiles ofu'^/Uc and v'ms/Uc are decreasing as the number of vortex 
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sheets is increasing as shown in Figures (24b-24c), (25b-25c) and (26b-26c), respectively. 

The profiles of ii'v'/U^. in Figures (24d), (25d) and (26d) are reaching zero value as the 

number of sheets is increasing. The difference in results is due to different initializations. 

The present 2D simulation is unexpected to predict the rms velocity fluctuations as the 

3D simulation and experiment because the streamwise and radial vorticity components 

are absent and also at the centerline (r = 0)V = 0, i.e., the cross flow is nil. 

The effect of initialization of vorticity on the decay of Uc is investigated for two, 

five and ten sheets using top hat profile as inflow boundary condition. Figures (27a -27d) 

show a comparison of the present simulation with the 2D simulation of Sidahmed & 

Brown (2001). Figures (27b -27d) show that the decay of Uc/Uj for the present 

simulation is close to the 2D simulation of Sidahmed & Brown (2001). It is noted that 

Uc /Uj in Figures (27b -27d) is initially constant and then starts to decay at a faster rate 

than the decay of Uc jUs in the base run shown in Figure (27a). The reason is because 

initializing with several sheets of vortex elements, several layers of nodes have initially 

non zero vorticity value, unlike the case with one sheet where only one layer of nodes has 

initially non zero value. The case with ten vortex sheets in Figure (27d) shows a faster 

decay rate of Uc fUj because more nodes are influenced by vorticity in the case of ten 

sheets than in other cases. 

Figures (28a-28d) show the vorticity contour for cases of one, two, five and ten 

vortex sheets, respectively. It can be noted that as the number of sheets is increased, the 

flow structure starts to appear in region close to centerline. But for all cases the flow 

starts to develop approximately a t r /D«0 .5 . After the flow develops, the vorticity 
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contour spreads and then breaks up in the downstream position due to the turbulence 

effect. 

5.5.1.1 Sensitivity to Number of Vortex Elements 

The sensitivity of the centerline decay, mean flow, the root mean square (rms) 

longitudinal and lateral velocity fluctuations to the number of vortex elements using five 

sheets is investigated. Two values of Nv=9900 and Nv=6400 vortices are used. The results 

are plotted and compared in Figures (29a-29d). The centerline decay, Uc/Uj, shows 

similar decay rate in both cases as shown in Figure (29a).The normalized mean velocity 

profiles U/Uc are insensitive to the number of the vortex elements used for the two 

cases as shown in Figure (29b). The normalized rms longitudinal velocity fluctuations, 

u'mJUc' exhibit the same trend in both cases as shown in Figure (29c). The u'ms/Uc 

values at centerline are 0.06 at x/D = 7.9and 0.09 at x/D = 13.3 for Nv=9900 and 0.055 

at x/D = 7.9 and 0.085 at x/D = 13.3 for Nv=6400. Similarly, the normalized rms lateral 

velocity fluctuations, v1^, /Uc, show similar behaviour for both cases as shown in 

Figure (29d). The peak values of v'„„s/(/c are 0.06 at x/D = 7.9 and 13.3 for Nv=9900 

and 0.0575 at x/D = 7.9 and 0.053 at x/D = 13.3 for Nv=6400 vortices. Therefore, the 

rms velocity fluctuations' values are close in both cases. 

5.5.1.2 Sensitivity to Convective Outflow Velocity 
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The sensitivity to the convective outflow velocity is tested using five sheets of 

vortex elements. The convective velocity Ucon in the convective outflow boundary 

condition [Eq. (36)] is set equal XoUAVG = 733.8cm/s similar to subsection (5.2.7). The 

results are presented and compared to the case with Ucon = Uj in Figures (30a-30d). The 

profiles of U/Uc are insensitive to the value of Ucon. The profiles of u'rms /Uc, v'rms fUc 

and u'v'/Uc are close to each other, although they exhibit a slight difference between the 

two cases. 

5.5.2 Stokes Stream Function 

In this test, the Stokes stream function (Lamb, 1932) is used to initialize the 

computational domain with vorticity similar to section (5.4) but the circulation of the 

vortex elements in Eq. (41) isT = AUH/NV. This test is applied for five and ten sheets of 

vortex elements where the inflow is top hat velocity profile similar to the base run. The 

results for five and ten sheets of vortex elements (open symbols) are compared with the 

run using the Stokes stream function with one sheet of vortex elements (dark symbols) 

together with the experiment of Wygnanski & Fiedler (1969) (dark diamond and circle 

symbols) as shown in Figures (31a-31c) and (32a-32c), respectively. Figures (3Id) and 

(32d) show the cross-stream correlation for five and ten sheets of vortex elements (open 

symbols) compared with the run using the Stokes stream function with one sheet of 

vortex elements (dark symbols). Figures (31a) and (32a) show that U/Uc for one sheet 

has similar behaviour when compared with five and ten sheets. The profiles of 
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U/Uc reach the free stream earlier than the experiment. The profiles of u'ms /Uc and 

V'rms/Uc m Figures (31b-31c) and (32b-32c), respectively, are decreasing as the number 

of sheets is increasing. The profiles of ii'v'/lf* in Figures (3 Id) and (32d) are reaching 

zero value as the number of sheets is increasing. The difference in results is due to the 

fact that in Stokes stream function case with several sheets the circulation of the vortex 

elements is higher than the circulation in the case for one sheet. As a result, the velocity 

fluctuations are sensitive to this effect which causes lower values as number of sheets is 

increased. 

Figures (33a-33b) show comparison of the present simulation using five and ten 

sheets of vortex elements, respectively, with the 2D simulation of Sidahmed & Brown 

(2001). Figure (33b) shows that the present simulation decay Uc/Uj for case with ten 

sheets is closer to the 2D simulation of Sidahmed & Brown (2001) than the decay for the 

case with five sheets in Figure (33a). It is noted that Uc /Uj in Figure (33b) is initially 

constant and then starts to decay at a faster rate. 
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Chapter 6 

Results for Axisymmetric Jet with Coflow 

6.1 Numerical Parameters 

The jet issuing with jet exit velocity Uj = 5620 cm/s from a round nozzle of 

diameter £) = 2.6cm into the same fluid coflowing with velocity Ua =1518 cm/s is 

investigated. The velocity ratio is y = Ua /Uj = 0.27 whereas the Reynolds number is 

ReD = UjDJv = 1.01x10s. The study is done on the same 128x128 grid system of the jet 

with no coflow with uniform grid size equals to Ax = 0.4 cm in the x-direction and 

uniform grid size equals to Ar = 0.1 cm in r-direction as shown in Figure (3). The upper 

half of the jet is considered such that at the level of the upper half of the nozzle edge the 

jet shear layer is discretized into a number of vortex elements Nv=9900 vortices each with 

T, =2.12xl0"3 m2/s, and the size of the time step At = d/Uc = 1.45 xlO^s. The run with 

one sheet of vortex elements using top hat inflow velocity profile is chosen as the base 
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run. Initializing the computational domain with ten sheets of vortex elements is tested and 

compared with the base run. Several flow characteristics such as the streamwise mean 

centerline velocity, streamwise mean velocity profiles, root mean square (rms) 

longitudinal and lateral velocity fluctuations, cross-stream correlation, vorticity contour 

and the instantaneous distribution of the vortex elements are reported. The results are 

validated by comparing with the experimental data of Forstall and Shapiro (1950) and 

Antonia and Bilger (1973), and also by comparing with the three dimensional numerical 

simulation of Uchiyama (2003) using vortex method. 

The flow is allowed to develop for 5120 At then the statistical calculations are 

started. The mean flow is obtained using time-averaging over the next 15360 At, and the 

rms velocity fluctuations and the cross-stream correlation are calculated using time-

averaging over the next 25600 At. 

6.2 Flow Field Results 

6.2.1 Streamwise Centerline Velocity Variation 

The streamwise mean centerline velocity normalized with the difference between 

the jet velocity and the cofiowing velocity (Uc ~Ua)/(Uj -Ua) versus the axial location 

x/D is plotted in Figure (34a) and compared with the experiment of Forstall and Shapiro 

(1950). Also, (Uc -Ua)/(Uj -Ua) versus x/D is shown in Figure (34b) with the 3D 

simulation of Uchiyama (2003). The present simulation shows that Uc is approximately 

constant until x/D = 2 and then decreases faster than the experiment and the 3D 
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simulation. The streamwise mean centerline velocity Uc in the present simulation is 

below the experiment in Figure (34a) at 2 < x/D < 6.5 and then continues to decrease 

gradually at x/D>6.5 but at a slower rate, i.e., it is higher than the experiment 

at x/D > 6.5. In Figure (34b), Uc in the present simulation is below the 3D simulation at 

2 < x/D < 8.5 and then continues to decrease slowly at x/D > 8.5 . The difference 

between the present simulation and the experimental results are due to the difference in 

inflow conditions. The difference between the present simulation and the 3D simulation 

is probably due to the initialization of vorticity in the computational domain which is not 

adequate with one sheet of vortex elements. Moreover, in the 3D simulation of Uchiyama 

(2003) the panel method and source points were used to model the nozzle whereas in the 

present simulation the uniform top hat inflow velocity profile and symmetric boundary 

conditions applied at the centerline axis are used. This can make the difference between 

the 3D simulation and the present 2D simulation results. 

Figure (35a) shows the radial profiles of the streamwise mean velocity normalized 

with the difference between the jet velocity and the coflowing velocity versus r/D at two 

downstream locations. The Figure shows that at x/D = 1.8 and 13.8, respectively, the 

velocity reaches the free stream at about r/D = 0.6 and 0.95. Whereas for the no coflow 

case, shown in Figure (35b), and at the same downstream positions x/D = 1.8 and 13.8, 

respectively, the velocity reaches the free stream at r/D = 0.75 and 1.05, respectively. 

Therefore, it can be noted that the spreading of the coflow jet is reduced when compared 

to the jet with no coflow as found by the simulation of Gazzah et al. (2004). 
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6.2.2 Mean Velocity 

The streamwise mean velocity normalized as (U-Ua)/(Uc -Ua) is shown in 

Figures (36a-36b) as a function of similarity variable £at three downstream positions, 

where U is the streamwise mean velocity. The present simulation results are compared 

with the experimental results of Antonia and Bilger (1973) and the 3D simulation of 

Uchiyama (2003) as shown in Figures (36a-36b), respectively. The results are presented 

in the self similar region, which is at 13.3 <*/£>< 19.2. In the Figures, the present 

simulation results are close to the experimental results of Antonia and Bilger (1973) and 

the 3D simulation of Uchiyama (2003) in the region 0 < £, < 1 close to the centerline. The 

simulated mean velocity profiles for £ > 1 slowdown and reach the free stream earlier 

than the experiment and the 3D simulation. The difference between the experimental 

results and the present simulation results can be due to the difference in inflow conditions 

between the experiment and the present simulation. The difference between the 3D 

simulation of Uchiyama (2003) and the present simulation is probably because the nozzle 

exit in the 3D simulation is simulated by panel method whereas in the present simulation 

the simulation of the nozzle exit is not accounted. 

6.2.3 Velocity Fluctuations and Cross Correlation 

The rms longitudinal (u'nns) velocity fluctuation normalized as u,
rms/(Uc -Ua) 

versus £ is shown in Figures (37a-37b). The present simulation results are compared 

with the experimental results of Antonia and Bilger (1973) and the 3D simulation of 

Uchiyama (2003) as shown in Figures (37a-37b), respectively. The u'mJ(yc -Ua) 
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profiles are shown in the self similar region, which corresponds to 13.3 < x/D < 19.2. The 

present simulation results of u'^/(Uc -Ua)exhibit slightly higher values at centerline 

than the experiment and the 3D simulation as shown in Figures (37a-37b). The present 

simulation results exhibit a trend similar to the experiment of Antonia and Bilger (1973) 

as shown in Figure (37a). In the present simulation the value of u'ms/(Uc -Ua)for 

x/D = 13.3 and x/D = 15.6at the centerline is 0.33 which approximately coincides with 

u'nns/(Uc ~Ua) value for x/D = 76 in the experiment of Antonia and Bilger (1973). The 

present simulation results are relatively self similar for 0.85 < % < 3 but for % < 0.85 the 

profiles are not fully self similar and this is consistent with the simulation of Uchiyama 

(2003) in Figure (37b). Also, it is noted that the peak values of u'ms/(Uc -Ua) increase 

with increasing x similar to the 3D simulation of Uchiyama (2003). The rms lateral 

velocity fluctuation normalized as v'„„/(£/<- - Ua)versus £ is plotted in Figure (38). The 

v'ms/(Uc ~Ua) profiles are shown in the self similar region, which corresponds 

to 13.3 <x/D< 19.2. The present simulation results are relatively self similar but for 

0.6 < £ < 1.5 the profiles are not fully self similar. The v'nns profiles start by decreasing 

at £ = 1 and their values are zero at £ = 0 similar to the no coflow case. This is due to 

the axisymmetric nature of the simulation in which the imposed boundary condition at 

the centerline ( r = 0) is F = 0, i.e., the cross flow is nil. Therefore, the present 2D 

simulation results are not expected to predict these results as the experiment and 3D 

simulation. 

Figure (39a) shows the cross-stream correlation normalized as u'v'/(Uc -Ua)
2 

versus the similarity variable £. The data of u'v'/(Uc -Ua)
2 are presented in the region 
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of 13.3 < x/D < 19.2 together with the data from the experiment of Antonia and Bilger 

(1973). The simulation results in Figure (39a) are magnified in Figure (39b). The present 

result at x/D = 13.3 has a trend similar to the experimental one. In addition, the 

simulated profiles are nil at £ > 1.85 in similar behaviour as the experiment. The reason 

for the difference between the present simulation and the experiment can be attributed to 

the nature of axisymmetric simulation. The streamwise and radial vorticity components, 

which have an important role in the kinetic energy transfer to the fluctuating velocity 

field, are absent when the axisymmetric flow condition is used. Therefore, as a result the 

nonlinear effect of turbulence fluctuations produces small cross-stream correlation 

compared to the experiment. 

6.2.4 Vorticity Contour and Vortex Distribution 

Figure (40a) shows the instantaneous distribution of the vortex elements. It is 

noted that smaller vortices form at 1.5 < x/D < 4 as the flow develops in the downstream 

position. These smaller vortices grow and amalgamate with neighbouring vortices to 

form large structure vortices in the downstream. This is due to the effect of turbulence 

which acts as the flow develops from the nozzle. The downstream evolution of the 

azimuthal vorticity contour is shown in Figure (40b). As the flow develops in the 

downstream position, the vorticity contour spreads downstream. It can be noted that the 

vorticity contour exhibits initial roll up at l<x/D<5 due to Kelvin Helmholtz 

instability. Then the vorticity structure breaks down into small structures downstream at 

x/D > 5 as the flow changes into turbulence. 
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6.3 Initialization of Vorticity- Multiple Vortex Sheets 
with Top Hat Inflow 

The top hat inflow velocity profile with ten sheets of vortex elements is used to 

initialize the computational domain. Figure (41) shows the streamwise mean centerline 

velocity normalized as (Uc -Ua)/(Uj -Ua) compared with the 3D simulation of 

Uchiyama (2003). The decay of (Uc -Ua)/(Uj -Ua) using ten sheets of vortex 

elements is closer to the 3D simulation of Uchiyama (2003) than the decay using one 

sheet in Figure (34). This is because when the computational domain is initialized with 

several sheets of vortex elements, several layers of nodes have initially non zero vorticity 

value, unlike the cases of less number of sheets where only few layers of nodes have 

initially non zero value. 

Figures (42a-42d) compare the base run consisting of one sheet with ten sheets of 

vortex elements. It can be noted from Figure (42a) that the streamwise mean velocity 

profile (U -Ua)/(UC -Ua)is relatively sensitive to the initialization of vorticity for the 

case with ten sheets. The profiles of w ' ^ / ^ c -Ua)md v'„„5/(17c -Ua) are decreasing 

in the case with ten vortex sheets as shown in Figures (42b-42c). The profiles of 

u'v'/(Uc - Ua)
2 are almost nil when ten sheets are used. The discrepancy in the results is 

due to different initializations of vorticity. Moreover, the behaviour of the results is 

similar to the behaviour in the case with ten sheets in subsection (5.5.1) for jet with no 

coflow. The present 2D simulation is unexpected to predict the rms velocity fluctuations 

65 



as the 3D simulation and experiment because the streamwise and radial vorticity 

components are absent and also at the centerline (r = 0)V = 0, i.e., the cross flow is nil. 
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Chapter 7 

Conclusions and Recommendations 

7.1 Conclusions 

The vortex-in-cell method in conjunction with diffusion velocity method and 

deterministic diffusion has been developed to simulate an axisymmetric round jet. For 

one sheet of vortex elements with top hat inflow profile, the mean centerline velocity 

decay is qualitatively similar to the two dimensional simulation. The streamwise mean 

velocity is close to the experimental measurements and is also in agreement with 

axisymmetric 2D simulation. However, the present simulation over predicts the rms 

longitudinal and lateral fluctuations and leads to lower values of cross-stream correlation 

u'v' compared to the experiment. The instantaneous distribution of vortex elements 

shows that the initial development of the jet is in agreement with previous numerical 

simulation. Moreover, the effect of the inflow boundary conditions is demonstrated by 

comparing the top hat profile with the jet self similar profile. Although the streamwise 

mean centerline velocity jumps to values greater than one, the streamwise mean velocity 
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Figure 1. (a) Two dimensional area-weighting scheme in the VIC method, 
(b) Two-dimensional area-weighting scheme to transfer the change 
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Figure 11. Effect of the number of vortices on (a) streamwise mean centerline decay, 
(b) streamwise mean velocity, (c) rms longitudinal fluctuations, (d) rms lateral fluctuations. 
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Figure 17. Streamwise mean centerline velocity using self similar inflow boundary 
condition 
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Figure 20. Streamwise mean centerline velocity using Stokes stream function with one 
vortex sheet. 
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(c) rms lateral velocity fluctuations, (d) cross-stream correlation. 
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Figure 22. Vorticity field distribution in the radial direction for cases: (a) one vortex sheet without 
Stokes, (b) one vortex sheet with Stokes. 
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Figure 23. Comparison of vorticity contours for one sheet: (a) base run, (b) using Stokes stream 
function, contour level increment is 2000. 
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Figure 24. Comparison one sheet and two sheets with Exp. of W & F at two downstream locations: 
(a) streamwise mean velocity, (b) rms longitudinal velocity fluctuations, (c) rms lateral velocity 
fluctuations, (d) cross-stream correlation. Dark diamond and circle symbols, Exp. of Wygnanski & 
Fiedler (1969); mesh lines connecting dark symbols, one sheet; mesh lines connecting open symbols, 
two sheets. 
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Figure 25. Comparison one sheet and five sheets with Exp. of W & F at two downstream locations: 
(a) streamwise mean velocity, (b) rms longitudinal velocity fluctuations, (c) rms lateral velocity 
fluctuations, (d) cross-stream correlation. Dark diamond and circle symbols, Exp. of Wygnanski & 
Fiedler (1969); mesh lines connecting dark symbols, one sheet; mesh lines connecting open symbols, 
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Figure 26. Comparison one sheet and ten sheets with Exp. of W & F at two downstream locations: 
(a) streamwise mean velocity, (b) rms longitudinal velocity fluctuations, (c) rms lateral velocity 
fluctuations, (d) cross-stream correlation. Dark diamond and circle symbols, Exp. of Wygnanski & 
Fiedler (1969); mesh lines connecting dark symbols, one sheet; mesh lines connecting open symbols, 
ten sheets. 
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Figure 27. Effect of initializing on the streamwise mean centerline decay using: (a) one sheet, 
(b) two sheets, (c) five sheets, and (d) ten sheets. Dark square symbols, present simulation; open 
square symbols, 2D simulation of Sidahmed & Brown (2001). 
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Figure 28. Comparison of vorticity contours for cases: (a) one sheet, (b) two sheets, (c) five 
sheets, (d) ten sheets, contour level increment is 2000. 
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Figure 29. Sensitivity of number of vortex elements N =9900 and 6400 vortices using five 
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(a) streamwise mean velocity, (b) rms longitudinal velocity fluctuations, (c) rms lateral 
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Figure 31. Comparison one sheet and five sheets using Stokes with Exp. of W&F at two 
downstream locations: (a) streamwise mean velocity, (b) rms longitudinal velocity fluctuations, 
(c) rms lateral velocity fluctuations, (d) cross-stream correlation. Dark diamond and circle 
symbols, Exp. of Wygnanski & Fiedler (1969); mesh lines connecting dark symbols, one sheet; 
mesh lines connecting open symbols, five sheets. 
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Figure 33. Effect of initializing using Stokes on the streamwise mean centerline decay using: 
(a) five sheets, (b) ten sheets. Dark square symbols, present simulation; open square symbols, 2D 
simulation of Sidahmed & Brown (2001). 
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Figure 34. Streamwise mean centerline velocity: (a) comparison with experiment 
of Forstall & Shapiro (1950), (b) comparison with 3D simulation of Uchiyama (2003). 
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Figure 35. Radial profiles of the streamwise mean velocity at two downstream locations 
showing the spreading of, (a) coflow jet, and (b) no coflow jet. 
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Figure 36. Streamwise mean velocity normalized with the difference of streamwise mean centerline 
velocity and the coflowing velocity at three downstream locations: (a) present simulation compared 
with the experiment of Antonia & Bilger (1973), (b) present simulation compared with the 3D 
simulation of Uchiyama (2003). 
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Figure 37. longitudinal root mean square fluctuations normalized with the difference of streamwise mean 
centerline velocity and the coflowing velocity at three downstream locations: (a) present simulation 
compared with the experiment of Antonia & Bilger (1973), (b) present simulation compared with the 3D 
simulation of Uchiyama (2003). 
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Figure 38. Lateral root mean square fluctuations normalized with the difference 
of streamwise mean centerline velocity and the coflowing velocity at three downstream 
locations. 
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Figure 39. Cross-stream correlation normalized with the square of the difference of streamwise 
mean centerline velocity and the coflowing velocity at three downstream locations: (a) comparison 
with the experiment of Antonia & Bilger (1973), (b) magnification of the simulated cross-stream 
correlation. The mesh lines connecting the open symbols show the present predicted profiles; 
the dark symbols correspond to the data from the experiment of Antonia & Bilger (1973). 

108 



1.5 

0.5 

(a) 

-\5\&j<* 
A * * , • . • &£>\ ~- .*,**' 

ts® 
10 

x/D 

H i 2 3 4 5 6 7 8 9 10 11 
0 2000 4000 6000 8000 10000 12000 14000 16000 18000 20000 

Figure 40. (a) Instantaneous distribution of vortex elements, (b) Vorticity contour for coflow jet, 
contour level increment is 2000. 
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Figure 41. Streamwise mean centerline velocity decay using ten sheets of vortex 
elements compared with 3D simulation of Uchiyama (2003). 
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Appendix 

Present work uses one main program (eal28_128.f) adopted for the free jet flow and 

coflow jet as described below. 

eal28_128.f: This program calculates the instantaneous velocity and vorticity field using 

the VIC, Diffusion Velocity Method and Deterministic Diffusion. Data files for flow 

fields are the streamwise mean centerline decay (P483024.dat); the streamwise mean 

velocity (P482508.dat); rms of velocity fluctuation and shear stress (P482511.dat); 

vorticity contours (P483023.dat) and the vortices distribution (P482510.dat); with 

variables Uc,—,u',v ,u'u',v'v',uv and will be written at the end of the program. 
v c 

117 



ea!28 128.f: 
The main program is a numerical computation of flow field and vorticity field. 

START 

Initializing 
1.) Initializing by placing the equidistant vortex elements at the level of the 

upper nozzle's edge. 
2.) Assuming arbitrary values for stream function \|/(x,r) at the internal 

nodes; 
3.) Applying the boundary to inflow and outflow stream function \|/(x,r) 

Eqs.(35-36) for no coflow case and Eqs (42-43) for coflow case; 
4.) Applying the axisymmetric conditions for i|/(x,r) and the velocity 

gradient dU/dt at the bottom boundary through Eq.(37) for no coflow 
case and Eq. (44) for coflow case; 

5.) Applying the top boundary condition for stream function vf/(x,r) Eq.(38) 
for no coflow case and Eq. (45) for coflow case. 

Distributing the vorticity from the vortex elements to nodes using 
interpolation scheme [Eqs.(29) and (30)] for coflow and no coflow 

Solving the Poisson Equation for i|/(x,r) by using Gauss Seidel 
iteration with a left-to-right sweep of the nodes and bottom-to-top 
sweep of the lines. Iteration convergence is obtained when the 
difference between consecutive \|/ is less than 0.001%. 
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Computing velocities w(x,r) and v(x,r) at nodes using Eq.(14) 

Computing the velocities at the location of each vortex element 
(wn, vn) using interpolation scheme [Eqs.(31a) and (31b)] 

YES No 

Calculate the components of the diffusion velocities at the 
nodes using Eq. (17) 

Compute the change of vorticity Atoa(i, j) at the nodes using 
Eq.(18) 

Projecting the change of vorticity Acoa(ij) from the nodes to 
the vortex elements using Eq. (34) 

Calculating the diffusion velocity components (wn, vn) at the 
location of the vortex elements using interpolation scheme 

[Eqs.(31a)and(31b)] 

Updating the coordinates of the vortex elements using Eq.(33) 

Introducing a new vortex element at the level of the upper 
nozzle's edge and discarding the oldest one 
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YES 

Writing out data files : 
the streamwise mean centerline decay (P483024.dat); 
the streamwise mean velocity (P482508.dat); 
rms of velocity fluctuation and shear stress (P482511 .dat); 
vorticity contours (P483023.dat) and 
the vortices distribution (P482510.dat) 

C END J 
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