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Abstract

To every small category or Grothendieck topos one may associate its isotropy group,
which is an algebraic invariant capturing information about the behaviour of auto-
morphisms. In this thesis, we investigate this invariant in the particular context of
quasi-equational theories, which are multi-sorted equational theories in which opera-
tions may be partially defined. It is known that every such theory T has a classifying
topos, which is a topos that classifies all topos-theoretic models of the theory, and
that this classifying topos is in fact equivalent to the covariant presheaf category
Sets™™™° with fpTmod being the category of all finitely presented, set-based models
of T. We then investigate the isotropy group of this classifying topos of T, which
will therefore be a presheaf of groups on fpTmod, and show that it encodes a notion
of inner automorphism for the theory. The main technical result of this thesis is a
syntactic characterization of the isotropy group of a quasi-equational theory, and we
illustrate the usefulness of this characterization by applying it to various concrete
examples of quasi-equational theories.
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Chapter 1

Introduction and Background

1.1 Categorical Background

In this section, we will introduce the necessary categorical background and motivation
for what follows. We will assume that the reader has familiarity with the basic notions
of category theory and topos theory. We will define the isotropy group of a small
category, and relate this to the notion of the isotropy group of a (Grothendieck)
topos.

Given a category C, the assignment

C'— Aut(C),

where Aut(C') is the group of automorphisms of the object C' in C, is not generally
functorial. More specifically, if f : D — C happens to be an isomorphism in C, then
we can define a canonical group homomorphism

Aut(C) — Aut(D),
given by the rule (conjugation by f)
T flomof

for any 7 € Aut(C). However, if f : D — C'is not an isomorphism, then it is not
possible to define such a canonical group homomorphism in general.
To solve this ‘problem’, we introduce the isotropy group (functor)

Zc : C? — Group
of C. Given C € C, we set
Zc(C) :==Aut(C/C — C),

1



1. INTRODUCTION AND BACKGROUND 2

the group of natural automorphisms of the forgetful functor C/C — C. More con-
cretely, if we let Cod(C) := {f € C : cod(f) = C}, then an element o € Z¢(C) is a
Cod(C)-indexed family of automorphisms

a = (af :dom(f) = dom(f)>

feCod(C)

with the following naturality property: for any f': C"” — C" and f : C' — C in C we
have

floapp =asof

as shown in the following commutative diagram:

ol Yfoy’ ol

7| |7

C,a—f>0/

The explicit group structure on Z¢(C') is given as follows: for any «, 5 € Z¢(C), we
have

o= (g 0 By : dom(f) ™ dom(/))

FE€Cod(C)
and
1= (a;': d % dom(/))
o7 = (o - dom(f) = dom(f))
while the unit element of Z¢(C) is
iddoms) © d % dom(/)) .
(daomis) : dom(f) = dom())

Now, the assignment C' +— Z¢(C) is functorial in C. Explicitly, let h : D — C be
any arrow in C; then

Z@(h) . Zc(C) — Zc(D>
is defined by the rule

a = <af : dom(f) = dom(f)) <ahog : dom(g) = dom(g))

feCod(C) g€Cod(D)

for any o € Z¢(C). Then Z¢(h)(«) € Z¢(D), because if we have arrows ¢’ : D" — D’
and g : D' — D, then

/ / /
9 © Qho(gog’) = 9 © Q(hog)og’ = Xhog © G,
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because o € Z¢(C'). It is then easy to see that Z¢(h) is a group homomorphism, and
that
Zc : C? — Group

is functorial.

The functor Z¢ : C? — Group is referred to as the contravariant isotropy group
(functor) of C. One can also consider the covariant isotropy group of C, which is the
functor

Zeor 1 C = (C) — Group,

i.e. the contravariant isotropy group of C. In fact, in this thesis we will only be
studying covariant isotropy groups; for further details, see Section 2.1.

We have just shown that every category C has an isotropy group (functor) Z¢ :
C — Group, which ‘functorializes’ the assignment C' — Aut(C). Since Z¢ is a
presheaf of groups on C, it follows that Z¢ is an internal group object in the presheaf
category Sets®”. Thus, every presheaf category Sets®” has a canonical internal group
object Z¢.

Now, recalling that presheaf categories are particular examples of Grothendieck
toposes, the preceding result for presheaf categories has in fact been shown to hold for
all Grothendieck toposes ([10, 4.3]). Namely, every Grothendieck topos € has a canon-
ical internal group object Zg € £ called the isotropy group of £, which represents the
isotropy group functor Z¢ : £ — Group of £, in the sense that Z¢(C') = Homg (C, Z¢)
for every object C' € £. This internal group object has the universal property that it
acts canonically on every object of the topos (and on itself by conjugation), and every
morphism of the topos is equivariant with respect to these actions. In particular, if
€ = Sets™™ for a category C, then the internal isotropy group object Zgersco? € Sets™”
is exactly the isotropy group functor

ets

Z

setsc? = Z¢ : CP — Group — Sets.

The isotropy group of a Grothendieck topos £ has been shown to admit several
different descriptions:

e Freyd ([9]) introduced the notion of the core of a category which (informally
speaking), if it exists, is a monoid in the category that represents the polymor-
phic unary operations present in the category. Freyd showed that the core of
a Grothendieck topos £ does exist, and it can then be shown that the isotropy
group of £ is the group of invertible elements of the core. Thus, elements of the
isotropy group can be interpreted as polymorphic automorphisms in the topos.

Proof sketch of the claim that the isotropy group of a Grothendieck topos £ is the
group of invertible elements of the core: the isotropy group of £ is a representing
object for the isotropy group functor Z¢ : £ — Group, while the core of £ is
a representing object for the ‘isotropy monoid’ functor Mg : £ — Mon that
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sends any X € & to the monoid of natural endomorphisms of the forgetful
functor £/X — £. So for any X € &, we have that Z¢(X) is the group of
invertible elements of the monoid Mg(X), which then essentially yields the
result.

e (For more background on this description, see Section 1.2): For any Grothendieck
topos &, there is a geometric theory T such that & is the classifying topos B(T)
of T. It can then be shown that the isotropy group of £ = B(T) is the automor-
phism group of the universal T-model Uy € B(T) (for a proof sketch, see [13,
2.2]).

Spencer Breiner ([5, 4.3.7, 4.3.9]) has also shown that if we represent £ = B(T)
as the topos of sheaves on the (topological) groupoid of T-models, then the
isotropy group of &£ is the sheaf of groups whose stalk at a T-model M is the
group of definable automorphisms of M.

As a final introductory remark, let us connect the (contravariant) isotropy group
functor Z¢ : C? — Group of a category C with the centre of C, which is (by definition)
the monoid End(ld¢) of natural endomorphisms of the identity functor Id¢ : C —
C. Note that if Aut(ldc) denotes the group of natural automorphisms of Idc, then
Aut(ld¢) = Inv(End(ld¢)), the group of invertible elements of the monoid End(ld¢). In
Chapter 5, we will refer to Aut(ldc) as the global isotropy group of the category C.
We now remark that if the category C happens to have a terminal object 1€, then it
is easy to see that
Z¢ (1%) = Aut(ldc),

i.e. the (contravariant) isotropy group of the terminal object of C is equal to the
global isotropy group of C. Dually, if C has an initial object 0%, then the covariant
isotropy group of 0 is equal to the global isotropy group of C.

1.2 Logical Background

We will now review some background from categorical logic that we will need in what
follows; in particular, the notions of first-order geometric and cartesian theories, and
models of such theories. First, we define the notion of a first-order signature:

Definition 1.2.1 (Signatures). A first-order signature ¥ is a triple of sets ¥ =
(ESorty EFun, Z:Re|) SuCh that

® Yis.t is the set of sorts of 2.

® Xr., is the set of function symbols of 3. Each element f € Yg,, comes equipped
with a tuple of sorts (A;,..., A,, A), and we write

frA x...x A, = A
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In case n = 0, we write f : A.

® Yre is the set of relation symbols of 3. Each element R € ¥ge comes equipped
with a tuple of sorts (A;,..., A,), and we write

R:A x...xA,.

Next, we define the class of terms over a given first-order signature:

Definition 1.2.2 (Terms). Let X be a first-order signature. For every sort A € Ygq,
we assume that we have a countably infinite set V4 of variables of sort A. We now
define the class Term(X) of terms of ¥ recursively as follows, while simultaneously
defining the sort and the set FV(t) of free variables of a term t € Term(X):

o If A€ Yson and z € Vy, then x € Term(X) is of sort A, with FV(z) := {z}.

o If f: A x...x A, — Ais a function symbol of ¥ and t,,...,t, € Term(X)
with t; : A; for each 1 <1i <mn, then f(¢,...,t,) € Term(X) is of sort A, and

FV(f(tr,... tn)) == FV(t1) U... UFV(t,).

In particular, if ¢ is a constant symbol of sort A, then ¢ is a term of sort A, and
FV(c) = 0.

If t € Term(X) and FV(¢t) = 0, then we will refer to ¢ as a closed term. If t € Term(2),
then we write ¢(z1,...,x,) to mean that FV(¢) C {z1,...,2,}. i

Now we define the class of geometric formulas over a given first-order signature:

Definition 1.2.3 (Geometric Formulas). Let ¥ be a first-order signature. We de-
fine the class GeomForm(X) of geometric formulas over X recursively as follows, while
simultaneously defining the set FV(y) of free variables of a formula ¢ € GeomForm(X%):

o If t1,t5 € Term(X) are terms of the same sort, then ¢t; = t, € GeomForm(3),
and FV(tl = tg) = FV(tl) U FV(tQ)

e If R € Ygq is a relation symbol with R: A; X ... X A, and t;,...,t, € Term(X)
with ¢; : A; for each 1 < i < n, then R(t1,...,t,) € GeomForm(X), and
FV(R(t1,...,t,)) :=FV(t;) U...UFV(t,).
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e T, 1 € GeomForm(X) (the ‘true’ and ‘false’ formulas, respectively), and FV(T) =
FV(L) :=0.

o If v, 1) € GeomForm(X), then
@ A € GeomForm(X),
and FV(p A¢) := FV(p) UFV(¥).

o If / is a set and ¢; € GeomForm(X) is a formula for each ¢ € I such that
U,c; FV() is finite, then

\/ ©; € GeomForm(X),

iel
and FV(V;c; @) := Ui, FV(0).
o If ) € GeomForm(X) and = € V4 for some A € Ysopn, then
dx1) € GeomForm(Y),
and FV(3z¢) := FV(y) \ {z}.

If ¢ € GeomForm(X) and FV(¢) = 0, then we will usually refer to ¢ as a (geomet-
ric) sentence. If ¢ € GeomForm(X), then we will write ¢(z1,...,z,) to mean that

FV(e) C{z1,..., 2.} |

Now we define the notions of an interpretation of a first-order signature in a category
with finite products, and a homomorphism between such interpretations:

Definition 1.2.4 (Interpretations). Let X be any first-order signature and C any

category with finite products. An interpretation M of ¥ in C is given by the following
data:

e For any sort A € Y., an object My € C.
e For any function symbol f € Yg,, with f: A; x ... x A, = A, an arrow
MMy, x o< My, — My
in C. In particular, if ¢ : A is a constant, then
AM1% = My

is a point of M, (i.e. 1€ is the terminal object of C).
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e For any relation symbol R € Yge with R: A; X ... X A,, a subobject

RM>—>MA1><...><MAH.

Definition 1.2.5 (Homomorphisms). Let M, M’ be interpretations of a first-order
signature ¥ in a category C with finite products. A homomorphism H : M — M’ is
a Ysere-indexed collection of morphisms in C

H = (HA : MA — Mz/‘\)AGESO,t

that commutes with the interpretations of the function and relation symbols of X, in
the following sense:

o If f: A x...x A, — Ais a function symbol of ¥ withn > 1 and c¢: A is a
constant symbol of ¥, then the following diagrams must commute:

fIVI
My % oo X My, ———— Ma
1Y —— My
HAIX...XHA,” Hy , lHA
M
/ / / MA
Miy o x My, o My

o If R: Ay x ... x A, is a relation symbol of 3, then there must be a morphism
RM — RM" making the following diagram commute:

RM >—>MA1X...XMAn

l lHAIX"'XHAn

M’ ! /
R M, % . ox MY

If C is a category with finite products, then interpretations of > in C and homomor-
phisms between them form a category, which we denote by XStr(C) . Compositions
of homomorphisms are defined componentwise, as are the identity homomorphisms. i

We can interpret the elements of Term(X) in any interpretation of ¥, as follows:
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Definition 1.2.6 (Interpretation of Terms). Let X be a first-order signature, let
C be a category with finite products, and let M be an interpretation of ¥ in C. For
any term t(xy,...,x,) € Term(X) with ¢ : A and x; : A; for each 1 < i < n, we define
an arrow

t(l’l,...,l’n)M : MA1 X ... X MAn %MA

in C as follows:
o Ift(zy,...,x,) =x; : A; for some 1 < i <n, then
t(wy, ..M = Mg, X ... x My, — My,
the projection onto the ith factor.

o Ift(zy,...,2,) = c: A for some constant symbol ¢, then
t(.’El,...,.iEn)M Z:CJMO!Z]\/[A1 X...XMAn—)l(C—)MA,

where ! : My, X ... x My, — 1% is the unique arrow from My, x ... X M, to
the terminal object 1.

o Ift(xy,...,x,) = f(t1,..., 1) : B for some function symbol f : By X...x B, —
B of ¥ with m > 1 and terms ¢ (21, ...,%n), ..., tm(21, ..., 2,) € Term(X) with
t; : B; for each 1 <7 < m, then

t(xl,...,xn)M = fMo<tiw,...,t%>

My, X oo X My, = Mp, X ... x Mp, — Mp.

Before we can define how to interpret geometric formulas in interpretations of signa-
tures, we must recall the following types of categories:

Definition 1.2.7. Let C be a category.
o C is a cartesian category if C has finite limits.

e Cisa regular category if C is cartesian and every morphism in C has a unique (up
to isomorphism) pullback-stable image factorization (recall that if f : X — Y is
a morphism in C, then an image factorization of f is a factorization f =moe,
where e : X — Im(f) is a regular epimorphism, and m : Im(f) — Y is a
monomorphism).
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o C is a geometric category if C is regular and for every object X € C, the
subobject poset Sub(X) has all small, pullback-stable unions.

We can now interpret the elements of GeomForm(X) in any interpretation of 3 in any
geometric category:

Definition 1.2.8 (Interpretation of Geometric Formulas). Let ¥ be a first-
order signature, let C be a geometric category, and let M be an interpretation of X
in C. For any formula ¢(x1,...,z,) € GecomForm(X) with x; : A; for each 1 < i < n,
we define a subobject

o1, ..., x)M = My, X ... X My,
as follows:

o If p(xy1,...,2,) = ti(x1,...,2,) = to(x1,...,2,) for terms ¢,y € Term(X) of
the same sort A, then ¢(z1,...,2,)M = (t; = t5)™ is defined to be the equalizer
of the following pair of arrows:

tM

(tlztz)M>—>MA1X...XMA MA

n
M
t2

o If p(xy,...,2,) = R(ty,...,t,) for some relation symbol R € Yge with R :
By X ... X B, and terms ti,...t, € Term(X) with ¢; : B; for each 1 <1i < m,
then o(z1,...,2,)™ = R(t1,...,tn)™ is defined to be the lefthand subobject
of the following pullback:

R(tl,...,tm)M > RM

My, x ... xX My, ——— Mp, X...x Mp,

1 (MM

o Ifp(xy,...,2,) =T, then p(xy,...,2,)M = T is defined to be the maximum
element of Sub(My, X ... x My,).

o If (z1,...,7,) = L, then p(x1,...,2,) = 1M is defined to be the minimum
element of Sub(Ma, X ... x My,).
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o If p(xy,...,x,) =1 Athy for some ¢y, 10y € GeomForm(X), then

(1, ... ,ﬂﬁn)M = (Y1 A %)M

is defined to be the intersection of the subobjects

’¢f4,¢€4 — A4A1 X ... X AIAn-

o Ifo(x1,...,2,) = Ve @i(@1, ..., 2p) for some set I and I-indexed set {@;(@1,...,2,) :
i € I} C GeomForm(Y), then since the subobject poset Sub(Ma, X ... x My,)
has all small unions, we define @™ = (Viel gpi)M to be

M
<\v/90i> = LngQ?I *—>]V[41 X ... X ]V[An-

el il

e Finally, let (x1,...,x,) = Jzp(2y,. .., 2, x) for some 1) € GeomForm(X), and
let  : A. Since C is a geometric and hence regular category, we then define
oM = (Fz(1, ..., 70, 7)) to be the image of the following arrow:

M s Mg, X o X My, X My — My, X ... x My,

with the latter arrow being the projection.

Definition 1.2.9 (Geometric Sequents). Let X be a first-order signature. By a
geometric sequent over Y, we mean an expression of the form ¢ F*1%» ) where
©, 1 € GeomForm(X) and FV(p), FV(¢¥) C {xy,...,z,}.

If M is an interpretation of ¥ in some geometric category C, then we say that
M is a model of the geometric sequent  H*1-%" 1) over X if

o(xy, ..., o) Cop(ay,...,2,)Y

in the subobject poset Sub(Ma, x ... x M,,) (assuming that x; : A; for each
1<i<n). |

Finally, we can define the notion of a first-order geometric theory:
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Definition 1.2.10 (Geometric Theories and Models). Let ¥ be a first-order
signature. A (first-order) geometric theory over X is a set T of geometric sequents
over X, called the (non-logical) azioms of T.

If M is an interpretation of ¥ in some geometric category C, then we say that
M is a model of the geometric theory T if M is a model of every axiom of T.

If C is a geometric category, we let Mod(T, C) be the full subcategory of ¥Str(C)
consisting of the models of T. |

One can set up a deduction system for geometric sequents, wherein certain geo-
metric sequents are designated as logical axioms, and there are logical inference rules
for deriving geometric sequents from other geometric sequents. The actual logical ax-
ioms and inference rules for geometric sequents will not concern us in this thesis, so
we will not exhibit them. If T is a geometric theory over ¥ and ¢ ¥ 1) is a geometric
sequent over ¥ (with # being an abbreviation for the list of free variables occurring
in ¢ or ¢), then we say that T proves the sequent ¢ - 1), or that this sequent is
provable in T, if this sequent can be deduced from the (non-logical) axioms of T by
means of the logical axioms and inference rules just mentioned. This deduction sys-
tem for geometric sequents is then sound and complete for categorical semantics in
geometric categories, in the sense that if T is any geometric theory over ¥ and ¢ F* 1)
is any geometric sequent, then T proves the sequent ¢ F* 1 iff every T-model M in
every geometric category models this sequent (cf. e.g. [6, 1.4.15, 1.4.16]).

Having defined geometric theories and models of geometric theories in geometric
categories, we now review the notion of a classifying topos for a geometric theory.
So let ¥ be a first-order signature and T a geometric theory over ¥. If £ is any
cocomplete topos (e.g. any Grothendieck topos), then £ is in particular a geometric
category (cf. e.g. [4, 3.4.3, 3.4.14]), so it is possible to interpret all geometric formulas
over X in €. Then it is well-known (cf. e.g. [15, 10.6.1]) that T has a classifying topos,
which is a cocomplete topos B(T) with the following (universal) property: for any
cocomplete topos &, there is an equivalence of categories

Hom(&, B(T)) ~ Mod(T, &)

between Mod(T, £) and the category of geometric morphisms from & to B(T) (natural
in ). Specifically, it is known (cf. e.g. [15, 10.6.1]) that B(T) can be constructed as
the category of sheaves on the syntactic category Cr of T, with respect to a certain
Grothendieck topology Jr on Cr.

The geometric theory T also has a wuniversal model, which is a model Ur €
Mod(T, B(T)) with the following universal property: for any cocomplete topos &
and any M € Mod(T,E), there is a unique (up to natural isomorphism) geometric
morphism

CM€—>B(T)
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with the property that
M= C*M<UT)a

where

¢y B(T) — &

is the left exact inverse image functor of the geometric morphism c,,;. Briefly: if M
is a model of T in a cocomplete topos &, then M is the inverse image of Ur under
a unique geometric morphism & — B(T). The universal T-model Uy then has the
following ‘minimality’ property ([15, 10.7.1]): if ¢ ¥ 4 is any geometric sequent over
Y2, then Ur is a model of this sequent iff every T-model M in every cocomplete topos
£ is a model of this sequent.

Having given a general overview of first-order geometric theories and classifying
toposes of such theories, we now wish to focus more specifically on the subclass of
geometric theories that we will be studying for the majority of this thesis: the class
of first-order cartesian theories (which will turn out to be equivalent to the class of
quasi-equational theories, to be defined in the next section). To introduce this class
of geometric theories, we first need the following definition:

Definition 1.2.11 (Regular Formulas). Let ¥ be a first-order signature.

e The class AtomForm(X) of atomic formulas is the subclass of GeomForm(Y)
consisting of the formulas of the form ¢; = t5 and R(ty,...,t,), where t1,t5 €
Term(X) are terms of the same sort, R € Yge, and t1,...,t, € Term(X) are
terms of the appropriate sorts.

e If S C GeomForm(X) is a subclass of GeomForm(X), then we say that S is closed
under binary conjunction if ¢, € S implies p Ay € S, and we say that S is
closed under existential quantification if ¢ € S implies a1y € S for any variable
x of any sort.

e The class RegForm(X) of regular formulas over ¥ is the smallest subclass of
GeomForm(X) that contains AtomForm(X) and T and is closed under binary
conjunction and existential quantification.

e A geometric sequent ¢ ¥ 1 over ¥ is called a regular sequent if ¢, €
RegForm(X).

e A geometric theory T over X is called a regular theory if all of its axioms are
regular sequents.

e Let T be a regular theory over ¥, and let ¢ F¥ 9 be a regular sequent. Then we
say that this regular sequent is cartesian relative to T if the following property
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holds: for any existential subformula Jzx (&, z) of ¢ or ¥, the following sequent
is provable in T:
X(Z, ) A x(Z,2)) Foo o = o

where 2’ is a variable distinct from x of the same sort.

Briefly: the regular sequent ¢ -7 1) is cartesian relative to T if every existential
quantification occurring in ¢ % 1) is provably unique in T. |

We can now define the class of first-order cartesian theories:

Definition 1.2.12 (Cartesian Theories). Let 3 be a first-order signature. A geo-
metric theory T over X is a cartesian theory if it is a regular theory with the following
property: the axioms of T can be well-ordered in such a way that if ¢ F¥ ¢ is any
axiom of T and T is the regular theory consisting of all the axioms of T that precede
¢ % 1) in this well-ordering, then the regular sequent ¢ -7 1) is cartesian relative to
the regular theory T’.

More briefly: a regular theory T is cartesian if there is a well-ordering on the
axioms of T such that any existential quantification occurring in an axiom of T is prov-
ably unique in the subtheory of T consisting of all prior axioms in the well-ordering. i

Example 1.2.13 (Examples of Cartesian Theories). Let ¥ be a first-order sig-
nature.

e A regular theory T over X is called a (multi-sorted) algebraic theory over % if
its axioms are all of the form T ¥ t,(Z) = t,(Z), with t;,t, € Term(Z) of the
same sort. Thus, every algebraic theory over X is certainly a cartesian theory
over .

e The class HornForm(X) of Horn formulas over ¥ is the smallest subclass of
GeomForm(X) that contains AtomForm(X) and T and is closed under binary
conjunction. We say that a geometric sequent o =% 1) over X is a Horn sequent
if ¢,1 € HornForm(X). Then, we say that a regular theory T over X is a Horn
theory if every axiom of T is a Horn sequent. Thus, every Horn theory over X
is in particular a cartesian theory over ..

o It is well-known (cf. e.g. [6, 1.2.7]) that the theory of (small) categories can
be presented as a first-order cartesian theory over the signature 3 that has two
sorts O, A, three function symbols id : O — A and dom,cod : A — O, and one
relation symbol Comp : A x A x A. In particular, provably unique existential
quantification is needed to axiomatize the fact that Comp must be a functional
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relation (i.e. any two composable arrows have exactly one composite). i

We will now review the description of the classifying topos of a cartesian theory T,
which can be presented as a full presheaf topos, rather than as a sheaf topos (as is
the case for an arbitrary geometric theory). First, we require the following definition
(1.2.14). If T is a first-order cartesian theory over a first-order signature 3, then by a
T-cartesian formula ¢ over X we mean a regular formula ¢ over > with the property
that if Jrx (7, x) is any existential subformula of ¢, the following sequent is provable
in T:
X(Z,2) A x (T, ') Foo g = o

where 2’ is a variable distinct from x of the same sort.

Definition 1.2.14 (Finitely Presented Models). Let T be a first-order cartesian
theory over a first-order signature X, and let M be a model of T in the geometric
category Sets. We say that M is a finitely presented model of T if it has the following
(universal) property: there is a T-cartesian formula ¢(xy, ..., z,) over X, with x; : A;
for each 1 <i < n, and an n-tuple

(ar, ... an) € @(x1,. .., 20)" C My, x ... x My,

(the generators of M) such that for any T-model N in Sets and any n-tuple (by,...,b,) €

o(x1,...,2,)Y C Ny, x ... x Ny, there is a unique ¥-homomorphism f : M — N
such that

fAi(ai) = b;
for each 1 <7 < n. |

For a cartesian theory T, let fpTmod be the full subcategory of Mod(T, Sets) on the
finitely presented T-models. It is then well-known (cf. e.g. [6, 2.1.21]) that the
classifying topos of T is (equivalent to) the covariant presheaf category Sets™ ™ed.
We sketch the proof of this now. Let £ be any cocomplete topos; we must show that
there is an equivalence of categories

Hom (&, Sets™"™9) ~ Mod(T, £).

Let Cr be the syntactic category of T, which is a cartesian category with the property
that Lex(Cr, D) ~ Mod(T, D) for any cartesian category D (where Lex(Cr, D) is the
category of finite-limit-preserving functors from Cr to D). In particular, since Sets is
a cartesian category, we have Lex(Cr, Sets) ~ Mod(T, Sets). Then by Gabriel-Ulmer
duality ([11], [1]), it follows that the cartesian category Cr is equivalent to the dual
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of the full subcategory of finitely presentable objects of Lex(Cr, Sets) ~ Mod(T, Sets),
which is fpTmod®. So C7’ ~ fpTmod. Next, since £ is a cocomplete topos and hence
a cartesian category, we have Lex(Cr, &) ~ Mod(T, £) by the defining property of Cr.
By Diaconescu’s Theorem ([8]), we also know that

Lex(Cr, ) ~ Hom (8, Sets(c%p> :
Altogether, we obtain

Hom (&, Sets™"™9) ~ Hom <5, Setscﬁorp> ~ Lex(Cr, &) ~ Mod(T, &),

fpTmod

as required. So Sets is indeed the classifying topos of T.

Definition 1.2.15 (Isotropy Group of Cartesian Theory). Let T be a first-order
cartesian theory, with classifying topos Sets®'™. The isotropy group of T is defined
to be the covariant isotropy group of fpTmod (i.e. the contravariant isotropy group
of fpTmod), or equivalently the (internal) isotropy group object of the covariant
presheaf topos SetsPT™¢. We denote the isotropy group of T as

Zr : fpTmod — Group.

The main purpose of this thesis will then be to investigate the isotropy group
Zr : fpTmod — Group of an arbitrary first-order cartesian theory T. In fact, in
the next chapter we will investigate the covariant isotropy group of the full category
Mod (T, Sets), i.e. the (internal) isotropy group object of the covariant presheaf topos
SetsMod(TSets) and we will show that the characterization that we give of this isotropy
group also applies to the covariant isotropy group of the subcategory fpTmod, i.e. to
the isotropy group of T.

To facilitate our investigation of the isotropy group of a first-order cartesian
theory T, we will actually study a class of logical theories that is ‘equivalent’” to the
class of first-order cartesian theories, namely the class of quasi-equational theories.
This class of theories is easier to work with than the class of cartesian theories, because
the quasi-equational theories do not involve the awkward notion of provably unique
existential quantification, and they (unlike cartesian theories) also have explicit free
model constructions, which we will need. It is to the definition of quasi-equational
theories and the exposition of their needed properties that we now turn.
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1.3 Quasi-Equational Theories

The background material in this section follows [19]. We begin with a definition:

Definition 1.3.1 (Quasi-Equational Theory). If ¥ is a first-order signature in
which Yre = 0, then we say that X is a relation-free signature. A quasi-equational
theory T is then a set of Horn sequents over a relation-free signature . i

In other words, a quasi-equational theory T is a set of sequents ¢ F* 9 over a
relation-free signature ¥ such that ¢, ¥ are both finite (possibly empty) conjunctions
of equations between Y-terms. Although quasi-equational theories have thus been
defined as certain kinds of geometric theories (over relation-free signatures), the se-
mantics and deduction system of quasi-equational theories will differ from those given
for geometric theories in Section 1.2. Namely, function symbols will only need to be
partially defined in interpretations, and the logical axioms and inference rules of the
deduction system for quasi-equational theories (referred to as partial Horn logic) will
reflect this.

Specifically, one can set up a deduction system of partial Horn logic for quasi-
equational theories, wherein certain Horn sequents are designated as logical axioms,
and there are logical inference rules allowing one to deduce certain Horn sequents
from other Horn sequents. We refer the reader to [19] for a list of all the specific
logical axioms and inference rules of partial Horn logic. The main novel feature of
this deduction system is that equality of terms is not assumed to be reflexive, i.e.
if ¢(7) is a term over a given relation-free signature, then T F¥ (%) = t(Z) is not
a logical axiom of partial Horn logic, unless t is a variable. In other words, if we
abbreviate the equation ¢t = ¢ by t | (read: t is defined), then unless t is a variable,
the sequent T ¥ t | is not a logical axiom of partial Horn logic. Two specific logical
axioms that we will make frequent (implicit) use of are the following:

o (Strictness of equality axiom) If t;(Z),to(Z) are terms of the same sort over a
given relation-free signature, then
b=t Fot; |
is a logical axiom for i =1, 2.
o (Strictness of functions axiom) If f: A; x ... x A, — A is a function symbol

of a given relation-free signature, and ¢;(Z) : A; is a term over this signature for
each 1 < i < n, then

is a logical axiom for each 1 < i < n. |
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If T is a quasi-equational theory over a relation-free signature ¥, and ¢ F* 1) is
a Horn sequent over ¥, then we say that the sequent ¢ -7 1) is (PHL-)provable in T
(‘PHL’ being an acronym for ‘partial Horn logic’) if there is a finite sequence of Horn
sequents whose last member is ¢ F* 1, and each member of the sequence is either
a logical axiom of partial Horn logic, an axiom of T, or is obtained from previous
members of the sequence by an inference rule of partial Horn logic. We also say that
T proves the sequent o ¥ ¢ (in PHL), or that this sequent is a (PHL-)theorem of T.
If T proves a Horn sequent of the form T F* ¢ in PHL, then we usually write this as
T ¥ .

We now review the set-theoretic semantics of partial Horn logic. We recall that
if A and B are any sets, then a partial function f : A — B is a total function
f :dom(f) — B, where dom(f) C A.

Definition 1.3.2 (Partial X-Structure). Let 3 be a relation-free signature. A
(set-based) partial 3-structure M is given by the following data:

1. For every sort A € 3, a set M 4.

2. For every function symbol f: A; x ... x A, = A of X, a partial function
MMy, XX My, — My,

In case n = 0 and f : A is a constant symbol, then f™ : {x} — My, is a partial
function. |

For a partial Y-structure M, a function symbol f : A} x ... x A, — A in 3,
and (a1,...,a,) € Mg, X ... x My, , we will sometimes say that fM is defined on
(ai,...,a,) if (ai,...,a,) € dom(fM). Similarly, if ¢ : A is a constant symbol of ¥,
we will sometimes say that ¢ is defined if * € dom(c™).

Definition 1.3.3 (X-Morphism). Let ¥ be a relation-free signature, and let M and
N be (set-based) partial X-structures. A X-morphism h: M — N is a Ygor-indexed
sequence of total functions h = (hy : My — Ny4)4 satisfying the following condition:

e For any function symbol f: A; x ... x A, = A in ¥ and any
(al,...,an) EMAl X ... XMAn,
if (a1,...,a,) € dom(fM), then (ha,(a1),...,ha,(a,)) € dom(fV) and

ha(fM(ay,...,a,)) = fN(ha,(a1),..., ha,(a,)) € Ny
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To improve readability, we will sometimes write the sort indices on Y-morphisms as
superscripts rather than subscripts.

It is easy to verify that the (componentwise) composition of ¥-morphisms is a
Y-morphism, and that the sequence of identity functions (idy : My — Ma)a is a
Y-morphism id : M — M that is an identity for composition. So we can form the
category PXStr of partial ¥-structures and »-morphisms.

Before we can define the notion of a (set-based) model of a quasi-equational
theory, we must first define the interpretations of terms and Horn formulas in partial
(set-based) structures.

Definition 1.3.4 (Interpretation of Terms in 3-Structures). Let X be a relation-
free signature. Let t(xy,...,x;) : A be an element of Term(X) with free variables
among z1 : Ay, ...,z : Ag. Let M be a (set-based) partial X-structure. We define
the partial function

t(zr, )™ May X oo X My, — My
by induction on t:
o Ift=ux;:A; for some 1 < j <k, then we set
t(xy, ..., o)M= i Ma, X oo X My, — My,
the (total) projection onto the j* factor.
e If t = ¢ for some constant ¢ : A, then if ¢™ is defined, we define
t(zr, o)™ May X oo X My, — Ma

to be the total, constant function with value ¢ (x) € M4, and otherwise we let
t(x1, ..., 2,)™ be everywhere undefined (i.e. dom (t(z1,...,zx)") = 0).

o Ift = f(ty,...,t,) : B for some function symbol f: By X ... x B, — B of &
with n > 1 and ty,...,t, € Term(X) with ¢;(z1,...,xx) : B; for each 1 < i < n,
we first set

dom (t) := {66 ﬂ dom (1) : (1/(@), ..., t)"(@)) € dom (fM)}

1<i<n
CMA1 XL, XMAk,
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and for any @ € dom (tM), we set
tM(@) = M (1(@),...,t)' (@) € Mg,
which defines

tM = f(ty, . t)M My, x ..o x My, — Mp.

Definition 1.3.5 (Interpretation of Horn Formulas in ¥-Structures). Let ¥

be a relation-free signature, and let ¢(z1, ..., x,) be a Horn formula over ¥ whose free
variables are among x; : Ay, ..., z, : A,. Let M be a (set-based) partial X-structure.
We define

w(xl,...,xn)MgMAl X...XMAn

by induction on :

e If ¢ is atomic, i.e. if ¢ = t; = ty for some Y-terms t1(x1, ..., x,), ta(T1, ..., 2,)
A (for some sort A), then

(a1, ..., x)M = (ty = o)™ 1= {@ € dom (¢}') Ndom (¢37) : 17/ (a@) = t3"(@) } .

o If o =T, then
T(z1,. .., zn)™ = My, x ... x My,

o If o = 1 Ay for Horn formulas ¢1(x1, ..., 2,), p2(x1, ..., z,) over 3, then

(o1 Ap)M =M N C My, x ... x My,.

In particular, if p =t | for some ¥-term t(z1,...,x,) : A, then
= {@ € dom (t") Ndom (t") : t" (@) = t" (@)}
= dom (tM).
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Definition 1.3.6 (Model of Horn Sequent). Let 3 be a relation-free signature,
let M be a partial X-structure, and let ¢(Z), ¢ (%) be Horn formulas over ¥. Then
we say that M models or satisfies the Horn sequent ¢ F¥ o if p(xy,...,2,)" C

(xy, ..., x)M. |

Definition 1.3.7 (Model of Quasi-Equational Theory). Let T be a quasi-equational
theory over a relation-free signature ¥, and let M be a (set-based) partial 3-structure.
Then M is a (set-based) model of T if M satisfies every axiom of T. i

For a quasi-equational theory T over a relation-free signature 2, we now let PTmod
be the full subcategory of PXStr on the models of T.

In order to sketch the details of the Initial Model Theorem for quasi-equational
theories ([19]), we first require the following definitions.

Definition 1.3.8 (Partial Congruence). Let ¥ be a relation-free signature and
M a partial Y-structure. For every sort A, let ~4 be a relation on M,4. Then the
Ysorr-indexed family of relations (~4)4 is a partial congruence on M if the following
conditions are satisfied:

e For every sort A, the relation ~ 4 is an equivalence relation on My.

e For every function symbol f : A; x ... x A, — A in ¥ with n > 1 and all
(al,...,&n),(bl,...,bn)GMAIX...XMAn,if

a; ~4, b forall 1 <i <n,
then
(ar,...,a,) € dom(fM)iff (by,...,b,) € dom(f™)

and

(a1,...,an), (b1,...,by) € dom(f*) = fM(ay,...,a,) ~a fM(by,...,b,).

Definition 1.3.9 (Partial Quotient Structure). Let ¥ be a relation-free signature
and M a partial X-structure. Let ~ = (~4)a be a partial congruence on M. We
define the partial quotient 3-structure M/~ as follows:
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e For every sort A € X, we set
(M/r~)a = Ma/r~a,
the set of equivalence classes of M, modulo the equivalence relation ~ 4.
e For any constant ¢ : A, we define
M~ k) — My/~oa.
If ¢M is defined, then we set dom (c™/~) := {x} and
M~ (%) = [cM(*)}NA € My/~ 4,

the equivalence class of ¢ (x) € M, modulo ~ 4. Otherwise, we set dom (CM / N) =

0.

e For any function symbol f: A; x ... x A, =& A with n > 1, we set

dom (fM/N)
= {([al],...,[an]) < MAl/NAl X ... X MAn/NAn : (al,...,an) € dom (fM)} .
Then for any ([a1],...,[a,]) € dom (fM/~), we set

M~ ([a1], .., [an]) = [fM(al, . ,an)] )

Because ~ is a partial congruence on M, it easily follows that M/~ is a well-defined
partial Y-structure. |

Now we sketch the details of the Initial Model Theorem from [19] that we will need for
our purposes. First, given a quasi-equational theory T over a relation-free signature
¥, we define a specific partial Y-structure MT.

Definition 1.3.10. Let X be a relation-free signature. First, let
Term®(X) := {t € Term(X) : FV(t) = 0}
be the set of closed terms of Term(X). For any A € Ygop, let
Term®(X) 4 := {t € Term(X) : tis of sort A}

be the set of closed Y-terms of sort A.
Now let T be a quasi-equational theory over Y. We define a partial »-structure
MT as follows:
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e For any sort A € X, we set

My :={te Term‘(X),: THt|}

e For any constant symbol ¢ : A of 3, we let dom (cMT) = {x} and M (%) :=
ce M} if TF cl, and otherwise dom (cMT> = 0.

e For any function symbol f: A; x ... x A, = A of X with n > 1, we set
dom (fMT> = {(t ) €ME X x MY T f(ty,. k) L

and if (t1,...,t,) € dom (fMT>, we set

Pty ) = [t b)) € MO

Now we define a partial congruence ~* on M. For any sort A € 3, we set
~= () € My x My Tt =t}

Using the rules of partial Horn logic, it is then straightforward to verify that ~* is in
fact a partial congruence on M*. We now make the following definition:

Definition 1.3.11. Let T be a quasi-equational theory over a relation-free signature
¥, and let MT be the partial Y-structure and ~" the partial congruence on M" just
defined. Then, applying Definition 1.3.9, we define the following partial ¥-structure:

Free(T) := M"/~T.

The following theorem is then proven in [19, Theorem 22]:

Theorem 1.3.12 (Initial Model Theorem). Let T be a quasi-equational theory
over a relation-free signature ¥. Then the partial 3-structure Free(T) is an initial
model of T, u.e. is an wnitial object of the category PTmod.

Ezxplicitly, this means that Free(T) is a model of T, and that if N € PTmod, then
there is a unique X-morphism h : Free(T) — N. i



1. INTRODUCTION AND BACKGROUND 23

Remark 1.3.13 (Explicit Description of Initial Model). For concreteness and
future purposes, we now give the explicit description of Free(T), for a quasi-equational
theory T over a relation-free signature .

e For any sort A € 3, we have
Free(T)  := My /~% = {[t] : t € Term“(S)4 ATt ]},

where [t] is the ~%-congruence class of t € M7 (so for any s,t € M7, we have
[s]=[t] it Tt s=t).

e For any constant ¢ : A of £, if T F ¢ |, then dom (cF*e(M) = {4} and (D (x) =
[c] 4, and otherwise dom (cFree(M) = ().

o If f: Ay x...x A, — Ais a function symbol of 3 with n > 1, then

dom (fFree(T)) — {([tl], RN [tn]) € H Free(']I‘)Ai T f(tl, o ,tn) i} ,

and for any ([t1],...,[t,]) € dom (")) we have
Free ([t fta]) = [f(t - )]

The following notion will be used heavily in what follows:

Definition 1.3.14 (Defined in M). Let ¥ be a relation-free signature, let t €
Term®(X) be a closed X-term, and let M be a partial X-structure. Since FV(t) = 0,
we have

M %} — My,
Then we say that t is defined in M if dom(t™) = {x}, and in this case we write
tM € My, instead of t™(x) € My.
It is then easily seen that if f(t1,...,t,) € Term®(X)4 for some function symbol

f:A x...x A, - Aof ¥ and closed terms t; € Term®(X)4,, then f(t1,...,t,)
defined in M implies that (each ¢; is defined in M and)

flty, . t)M =M@, M) € My,
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We conclude this background section with the following two theorems from [19].
First, if s, ¢ are closed X-terms of sort A and M is a partial 3-structure, we say that
M = s =t if M satisfies the sequent T s =¢. Then we have:

Lemma 1.3.15. Let X be a relation-free signature. If M is a partial 3-structure and
s,t € Term®(X) 4, then M |= s =t iff s and t are defined in M and s =tM € My.
In particular, M = s | iff s is defined in M.

Proof:  First suppose that M |= s =t, i.e. that M satisfies the sequent T F s = ¢.
Then TM C (s = t) C {x}. Since TM = {x}, this implies that (s = t)M = {x},
which means that * € dom(s™), dom(t) and s () = t™(x). So then s and ¢ are
defined in M and s™ = tM as desired. To prove the converse implication, one just
reverses this reasoning. The last statement in the lemma follows because s | is an
abbreviation for s = s. |

In what follows, we will use the preceding lemma without explicitly referring to it.
Now we have ([19, Theorems 23, 24]):

Theorem 1.3.16 (Soundness and Completeness). Let T be a quasi-equational
theory over a relation-free signature 3.

o [For any closed terms s,t € Term®(X) of the same sort, we have
Free(T) =s=t iff THs=t.
e For any Horn formulas ¢(T), ¥ (Z) over X, we have:

the sequent ¢ % 1 holds in all (set-based) models of T
iff
¢ F¥ 1) is a PHL-theorem of T.

In what follows, we will frequently refer to (the second part of) Theorem 1.3.16 as
the soundness/completeness of partial Horn logic.

Remark 1.3.17 (Deduction Theorem and Theorem on Constants). Two re-
sults about partial Horn logic from [19] that we will frequently use are the deduction
theorem and the theorem on constants:



1. INTRODUCTION AND BACKGROUND 25

e Deduction Theorem [19, Theorem 11]: Let T be a quasi-equational theory over
a relation-free signature 32, and let 8 be a Horn sentence over Y. For any Horn
formulas ¢, 1 over X,

@ ¥ 1) is a PHL-theorem of TU {T I 6}
iff
O A @ ¥ 1) is a PHL-theorem of T.

e Theorem on Constants [19, Theorem 10]: Let T be a quasi-equational theory
over a relation-free signature ¥, and let ¢ ¢ ¥ be a constant symbol. For any
Horn formulas ¢, 1) over ¥,

¢ F¥ 1) is a PHL-theorem of TU{T I~ ¢ |}
iff

oly/c] F¥¥ ly/c] is a PHL-theorem of T, for any variable y ¢ 7 of the same
sort as c.

We close this introductory chapter by relating this section to the preceding one.
In the previous section, we defined a first-order cartesian theory to be (roughly) a
regular theory (over an arbitrary signature) in which every existential quantification is
provably unique, and for which the appropriate deduction system is that of geometric
logic. In this section, we defined a quasi-equational theory to be a Horn theory over a
relation-free signature, for which the appropriate deduction system is that of partial
Horn logic. Now, it is a result of [19, Theorem 62| that if T is any first-order cartesian
theory over a signature Y, then there is an ‘equivalent’ quasi-equational theory T’ over
a relation-free signature ¥’ with the property that

Mod(T, Sets) ~ PT'mod

(and in fact, T and T’ have equivalent categories of models in any cartesian category
whatsoever). Conversely (cf. [19, Section 9]), if T is a quasi-equational theory over
a relation-free signature Y, then there is an ‘equivalent’ cartesian theory T’ over a
signature >’ with the property that

Mod(T’, Sets) ~ PTmod
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(with a similar generalization to arbitrary cartesian categories). Therefore, the no-
tions of first-order cartesian theory and quasi-equational theory are essentially equiv-
alent.

Thus, instead of studying the isotropy groups of first-order cartesian theories, we
will instead study the isotropy groups of quasi-equational theories. More specifically,
in the next chapter we will characterize the (internal) isotropy group object of the
covariant presheaf topos Sets” ™ i.e. the covariant isotropy group (functor)

Zr : PTmod — Group,

for a given quasi-equational theory T, and we will show that this characterization also
applies to the (internal) isotropy group object of Sets™ ™9 with fpTmod being the
full subcategory of PTmod on the finitely presentable models (for a suitable notion of
finitely presented model of a quasi-equational theory, cf. Definition 2.4.1).



Chapter 2

Isotropy Groups of
Quasi-Equational Theories

2.1 Motivation

In this chapter, we will give a syntactic (or proof-theoretic) characterization of the
covariant isotropy group (functor)

Zr : PTmod — Group

of an arbitrary quasi-equational theory T. This is the contravariant isotropy group
of the dual category PTmod”, so for any M € PTmod, we have that Zp(M) is the
group of all natural automorphisms of the projection functor

PTmod” /M — PTmod”,
i.e. of the projection functor
M/PTmod — PTmod.

So for any M € PTmod, if Dom(M) := {f € PTmod : dom(f) = M}, then the
elements o € Zp(M) are Dom(M)-indexed families of automorphisms

a= (af :cod(f) = COd(f))

feDom(M)

in PTmod with the following naturality property: for any Y-morphisms f : M — M’
and f': M’ — M" in PTmod, we have

&f’of o} f/ = f/ (¢] af . M/ — M”,
as in the following commutative diagram:

27
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oF

M — M

Ll

M" ——— M"
Cflof

Moreover, if h: M — N is a Y-morphism in PTmod, then Z¢(h) : Z3(M) — Z¢(N)
is the group homomorphism given as follows: for any o € Z3(M) as above,

Ze(h)(a) = (agoh . cod(g) 5 cod(g)) e Zr(N).
geDom(N)

In order to motivate our characterization of the isotropy group Zr : PTmod —
Group, we first review a result proven by George Bergman in [3, Theorems 1, 2].
Bergman considered the covariant isotropy group Zgroup : Group — Group of the
category Group, and proved that if G is any group, then Zg,oup(G) = G. (Technically,
Bergman did not use the terminology of covariant isotropy, and instead just referred
t0 Zgroup(G) as the automorphism group of the forgetful functor G//Group — Group).
To do this, Bergman showed that if

o = (Cl/f : COd(f) - COd(f))fEDom(G)

is a Dom(G)-indexed family of group endomorphisms (not necessarily satisfying the
above naturality property), then a € Zg.oup(G) iff there is a (uniquely determined)
element g € GG such that

ap = conjy,) : cod(f) = cod(f)

for each f € Dom(G), where conjy(,) is the automorphism of cod(f) given by conju-
gation by f(g) (i.e. conjs,(a) = f(g)af(g)~" for a € cod(f)).

If ¢ € G has this latter property, then it is easy to verify that o € Zguoup(G)
(because then each oy is a group automorphism, and it is easily seen that

conjpi(f(g) © f* = f" o conjyy

forall f: G — G, f' : G — G"). To prove the other implication, Bergman reasoned
as follows. Suppose that o € Zgoup(G). We will then consider the free product group
G(x), i.e. the free product (or coproduct) of G with the free group on one generator x.
Elements of G(z) are reduced words over the alphabet G U {z}. There is an obvious
inclusion homomorphism 7 : G — G(x), sending each g € G to the one letter reduced
word g. Because o € Zgroup(G), we then have a group automorphism

a, : G{z) = G(z)



2. ISOTROPY GROUPS OF QUASI-EQUATIONAL THEORIES 29

with the property that if f: G(x) — H is any group homomorphism, then
Qfopo f=foa,:Gx) — H.

In particular, if f : G — H is a group homomorphism and h € H, then by the
universal property of G(x), there is a unique group homomorphism f;, : G(z) — H
such that f, on = f and f,(x) = h, and hence we have

ajo fpr=0apon0 fo=faoa,: G(x) = H,

so that
ap(h) = ap(fr(z)) = falay(z)) € H
holds for each h € H.

Now, consider the element
a,(z) € G(x).

Bergman showed ([3, Theorem 1]) that a,(z) = gzg™' for some element g € G (if
g = e (the identity element of G), then o, (x) = z, because exe™' is not reduced).
Now, we show that this element g € GG has the desired property. So let f: G — H
be any group homomorphism with domain G; we must show that

ap = conjy, : H = H.

So let h € H. Then it is easy to see that the induced group homomorphism f; :
G(r) — H acts as follows: if w is a reduced word over G U {z}, let w; be the
(not necessarily reduced) word over H obtained from w by replacing each occurrence
of by h, and by replacing each occurrence of an element ¢ € G by f(¢') € H.
Then f,(w) € H is the element of H obtained by ‘evaluating’ the word w; in H. In
particular, we have

frlan(®)) = fulgzg™) = f(g)hf(g)~' € H.

Thus, we have

ar(h) = frlon(z)) = f(9)hf(g)™" = conjyy(h) € H

for every h € H, so that ay = conj(,, as desired. Finally, such an element g € G
is uniquely determined, for suppose that we also had g; € G with the property that
ay = conjy, for every f € Dom(G). Then, considering the inclusion morphism
n: G — G(x), we have

1

grg ' = an(x) = conjn(gl)({[) = conjgl (ﬁ) = 919091_17
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Uand gixg; ' are identical, which forces g = ¢y, as

so that the reduced words gxrg~
desired.

It is easy to verify that the bijective function

g (COnjf(g) . COd(f) 1> COd(f)>feDom(G)

G = ZGroup(G>

is a group homomorphism, so that we indeed have a group isomorphism
G = ZGroup<G)

for every group G, as claimed. Moreover, these isomorphisms are natural in G €
Group, so that the isotropy group Zgroup : Group — Group is naturally isomorphic to
the identity functor on Group.

Now we will indicate the aspects of the above reasoning that we will generalize
in this chapter, in order to give our syntactic characterization of the isotropy group
of an arbitrary quasi-equational theory (of which the theory of groups, being a quasi-
equational theory T with PTmod = Group, is an example). First, we observe that the
preceding arguments of Bergman also show that for any group G,

Zeroup(G) = {gxg_l e€Glx): g€ G},

with the righthand set having the following group structure: for any g¢;,¢. € G, we
have (g1297 ") (92795 ") = g1922(g192)", the unit element is 2 (the reduction of the
non-reduced word ezxe™!), and for any g € G, we have (grg™')™! = g 'ug.

Next, we claim that the set {grg™' € G(z) : g € G} is the set of all and only
those reduced words w € G(z) that satisfy the following properties:

e w is invertible, in the sense that there is some reduced word w* € G(z) such
that the reduced word obtained from wlw*/z] is , and similarly for w*[w/z].

e w commutes generically with every function symbol of the theory of groups, in
the following sense:

— The reduced word over GU{zq, z1 } obtained from w{zo/x|w|x; /x] is w|xozy /).

— The reduced word over G U {z} obtained from w™! is w[z~!/z].
— The element of G obtained by ‘evaluating’ the word wle/z] in G is €.
Indeed, if g € G, then every reduced word of the form gzg™! easily satisfies the
above properties: for the first property, it is easily seen that we can take (grg=1)* :=
g 'xg. For the second property, the reduced word obtained from gzog lgzig~' is

clearly gror19~', the reduced word obtained from (grg=')™! = (¢ Y la~lg7! is
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1 1

clearly gz~'g™!, and the element of G obtained by evaluating the word geg™! in G is
clearly e©.

Now let w € G(z) be any reduced word satisfying both of the above properties;
we must show that w = grg~! for some g € G. First, w must contain at least one
occurrence of x, for otherwise w would not satisfy the invertibility property. Also,
w contains at most one, and hence exactly one, occurrence of x, by the following
argument of Bergman: if w had at least two occurrences of x, then the second prop-
erty would fail, because w[zoz;/z] would then have an occurrence of x; preceding
an occurrence of xg, while it is easy to see that the reduced word obtained from
wlxo/x|w[xy /x] would have all occurrences of z1 following all occurrences of xg, and
hence these reduced words could not be equal. So w has exactly one occurrence of x,

and hence (being reduced) must have one of the following forms:

x,gr,xg, gixgsz,

for some ¢, 1,9, # ¢¢ € G. If w = x, then we are done, because z is the reduced
word obtained from exe™!. If w = gz for some g # e € G, then the second property
would fail, because the reduced word gxggx; is not equal to grox,. Similar reasoning
shows that w # zg, and hence we must have w = g12g, for some g1, g, # e € G.
By the second property, we know that the element of G obtained by evaluating the
word wle/x] = giegy is €©, i.e. €€ = g1e%gs = g19s, so that go = g;', and hence
w= 179y = g17g; , as desired.

Thus, Bergman essentially proved that for any group G, the isotropy group
Z6roup(G) 1s isomorphic to the group of all reduced words w € G(z) that are invertible
and commute generically with all function symbols of the theory of groups, in the
above senses. It is this (syntactic) description of the isotropy group of the theory of
groups that we will generalize to the isotropy group of any arbitrary quasi-equational
theory. More specifically, given any model M € PTmod of a single-sorted quasi-
equational theory T over a relation-free signature %, we will show that Zp(M) is
isomorphic to the group of all elements of M (z) (the coproduct of M with the free
T-model on one generator x) that are invertible and commute generically with all
function symbols of ¥ (and satisfy one further condition), in a manner similar to the
above. This characterization will also be suitably extended to theories over multi-
sorted signatures.

2.2 The Isotropy Group of a Quasi-Equational The-
ory

For the remainder of this section, we fix a quasi-equational theory T over a relation-
free signature >. Our ultimate goal in this section is to give a syntactic characteriza-
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tion of the covariant isotropy group
Zr : PTmod — Group.

Our first step towards this goal is to give an explicit description of the process of
‘adjoining an indeterminate element’ (of a given sort) to a T-model M. More precisely,
given M € PTmod and A € g, we will give an explicit description/construction
of the T-model M(x4), which will be the coproduct in PTmod of M and the free
T-model on one generator x4 of sort A. (cf. the universal property in Proposition
2.2.10).

First, given M € PTmod, we need to define new signatures (M), X (M, x4)
extending ¥ and taking into account the elements of M, and new quasi-equational
theories T(M), T(M,x4) extending T and axiomatizing the specific properties of the
model M.

Definition 2.2.1 (Diagram Signature). Let M € PTmod. For any B € Ygon
and s € Mp, we introduce a new constant symbol cAB/{S ¢ Ygun of sort B, so that
s# s € Mp = ¢y, # cif 4. (i.e. these new constants are pairwise distinct).

1. Let X(M), the diagram signature of M, be the relation-free signature defined
as follows:

° E(M)Fun ‘= YFun U {Cg{s B € Yo, s € MB}

2. If A € Ygon, let x4 ¢ (M) be a new constant of sort A, and let 3(M,x4) be
the signature defined as follows:

4 E(Ma XA)Sort = ESort~
o X(M,xa)Fun := 2(M)pyn U {xa}. |

To increase readability, we will try to omit the sort subscripts and model superscripts
from new constants of the diagram signature when no ambiguity can arise (i.e. we

. . M . M
will write ¢, or ¢j' instead of cy ).

If X! and X2 are relation-free signatures, then we say that X! C ¥2if ¥L  C Y2

Sort Sort
and Zéun C 2 . If 3 C ¥y and N is a partial X%-structure, then by N|s1, or the

Fun*
Y!-reduct of N, we mean the partial X!-structure obtained from N in the expected
way.

If M € PTmod and A € Ygon, then we clearly have ¥ C (M) C X(M, x4).
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Remark 2.2.2 (Canonical Diagram Structure). If M € PTmod, then M can
be expanded to a canonical partial (M )-structure M such that M|y = M in the
following way:

e For any sort B € Y, we set ]\/4\3 = Mp.

e For any function symbol f € X, we set f]\A/[ = fM,

e For any sort B € ¥ and s € Mp, we set (C%S)M = s. i

Definition 2.2.3 (Diagram Theory). Let M € PTmod.

1. We define T(M), the diagram theory of M, to be the quasi-equational theory
over the diagram signature (M) whose axioms are the following Horn sequents
over L(M):

e All axioms of T.
e For any sort B € ¥ and s € Mp, the axiom T F ¢, |.
e For any function symbol f : By X ... x B, — B in ¥ and any s; €

Mp,,...,8, € Mp, with (sy,...,s,) € dom(f™), the axiom

Tl—f(cM cM) 20%4(51

S1? ? 7 Snp

In particular, if n = 0 and f : B is a constant symbol that is defined in
M, then T(M) has the axiom

Tl—f:c%l.

2. For any sort A € X, we define T(M,x4) to be the quasi-equational theory over
the signature (M, x4) whose axioms are those of T(M), together with the ax-
iom T F x4 . |

Now we have the following result connecting models of T(M) to X-morphisms with
domain M: essentially, every morphism with domain M gives rise to a model of T(M)
on its codomain, and every model of T(M) induces a morphism from M.

Lemma 2.2.4. Let M € PTmod.

1. If h : M — N is any morphism in PTmod, then there is a partial X (M)-
structure N such that N"|y = N and N" = T(M), with the following descrip-
tion:
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o [or any sort B € X(M)son = Xsort,
N} = Np.

e For any function symbol f € X3,

o For any A € Ysorx and a € My,
Nh
(C%a> = hA(CL) € Ny= Nz

2. If N' is a partial X(M)-structure with N’ |= T(M), then there is a unique
S-morphism h : M — N'|s such that (N'|s)" = N'.

Proof:  See Appendix A. |

Remark 2.2.5. It is easy to see that the canonical ¥(M)-structure M is a model of
T(M). 1

Definition 2.2.6. For any M € PTmod and A € s, we define the partial -
structure
M (x4) = Free(T(M,x4))|s,

the Y-reduct of the ¥ (M,x4)-structure Free(T(M,x4)) (which itself is the initial
model of T(M,x4)).

Since Free(T(M,x4)) is a model of T(M,x4) 2D T, it follows that M(x4) is a
model of T. i

We will show in Proposition 2.2.10 below that M (x4) has the universal property
previously alluded to, i.e. M(x4) will be the coproduct in PTmod of M with the
initial T-model on one generator x4 of sort A.

Remark 2.2.7. Recall from Remark 1.3.13 that the partial Y-structure M (x4) has
the following explicit description:

e For any sort B € 3,
M(xa)p = {[t] : t € Term“(X(M,x4))g ANT(M,xa) Ft ]},

where Term®(X(M,x4))p is the set of closed (M, x4)-terms of sort B, and
[s] = [t] iff T(M,x4) Fs=t.
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e For any constant ¢ : B of 5, if T(M, x4) I ¢ |, then dom (¢™*4?) = {x} and
M) (x) =[] € M(x4)p,
and otherwise dom (cM®a)) = 0.

o If f: By x...x B, — B is a function symbol in ¥ with n > 1, then
dom (fM<XA>) = {([tl H M XA M XA) F f(tl,. .. 7tn) \L} ,

and for any ([t1],...,[t,]) € dom (f4)), we have

U (], [t]) = [f(t, - te)] € M(X4) B

Before we can state the universal property of M(x4), we need to define a canonical
Y-morphism ™4 1 M — M(x4) as follows.

Definition 2.2.8. For any M € PTmod and B € Ygq, let
A Mp — M{xa)p
be the (total) function given by the following rule: for any s € Mp,
s [cM] € M{xa)p.

Since T(M,x4) = ¢ | for any s € Mp, this function is well-defined. i

If M, N € PTmod and h = (hs : Mg — Na)aex is a X-morphism, then we say that
h is (sortwise) injective if each (total) function hy : M4 — Ny is injective.

Lemma 2.2.9. If M € PTmod, then the family of total functions

UM’A = (ﬁg’A Mo — M<XA>0>
cex

is a Y-morphism from M to M(xa). If My # 0, then n4 is moreover sortwise
mjective.
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Proof:  See Appendix A. |

We can now state the universal property of the T-model M (x4). Note that [x4] €
M (xa) 4 because T(M,x4) I x4 .

Proposition 2.2.10. Let M € PTmod and A € Ysor. For any N € PTmod, any
Y-morphism h : M — N, and any a € N4, there is a unique X-morphism

h® - M<XA> — N
such that h® o ™4 = h and h%([xa]) = a € Ny.
Proof:  See Appendix A. |

We will now show how to interpret (provably defined) closed terms t € Term®(X(M,x4))
as total functions given by substitution into the indeterminate x4.

Definition 2.2.11 (Term-Induced Function). Let M € PTmod and A € Ygop.
Let t € Term“(X(M,x4)) be a closed term of some sort B € ¥ such that T(M,x4) -
t |. We define a total function

t*ZMA—>MB

as follows.

Let a € My. Then (]\/4\, a) is a partial (M, x4)-structure that is a model of
T(M,x4), because M is a model of T(M) and (]\/4\, a) = xa J. Since T(M,x4) F t |,
it follows by soundness of partial Horn logic that (Z\//? ,a) =t ]. Sot is defined in
(]\7, a), and we set

t*(a) = tM9) € Mp,.

Remark 2.2.12. One can also define the total function ¢t* by induction on the form
of t € Term®(3(M,x4)) with T(M,x4) F t | as follows:

o Ift =xy4: A, then T(M,x4) Ft] and
t*:Xj‘:MA—)MA

is just the identity function.
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o Ift=c,: B for some s € Mp and B € Ygopn, then T(M,x4) F ¢ | and
t"=c,: My — Mp
is the constant function on s € Mp.

o Ift = f(ty,...,t,) : B for some function symbol f : By X ... x B, — B of ¥
and terms t; € Term®(X(M,x4))p, for each 1 <i < n and T(M,x4) -t |, then
T(M,x4) - t; | for each 1 < i < n by the rules of partial Horn logic, and hence
we have a well-defined total function

t: : MA — MBi
for each 1 <7 < n. We then have
tr = f(tl,,tn)* My — Mp

given by the rule
a— fM(t5(a),... t(a)) € Mp

’'n

for a € My4. |

The following lemma now says that provably equal terms induce the same function:

Lemma 2.2.13. Let M € PTmod and A € Yson. Let s,t € Term®(X(M,x4)) be of
the same sort B € 3 with T(M,x4) - s =t (and hence T(M,xa) F s At |, by the
rules of partial Horn logic). Then

s =t My — Mg.

Proof:  Assume the hypotheses, and let a € M4. We must show s*(a) = t*(a) €
Mg, ie. s = () We know that (]\/4\, a) is a X(M,x4)-structure that is a
model of T(M,x,4). By soundness of partial Horn logic and the assumption that
T(M,x4) b s =1, it follows that (]\/4\, a) = s = t. Hence, we obtain sa) — (M.a) ag
desired. i

We will now show how these term-induced functions can be ‘transferred’ along -
morphisms with domain M. First, we require some additional background definitions
on signature morphisms from Section 5 of [19].

Definition 2.2.14 (Signature Morphism). Let 3; and ¥, be relation-free signa-
tures. A signature morphism p : 31 — g is given by the following data:

e For any sort B of ¥4, a sort p(B) of .



2. ISOTROPY GROUPS OF QUASI-EQUATIONAL THEORIES 38

e For any function symbol f : B; X ... x B, — B of ¥;, a function symbol
p(f) 2 p(B1) X ... x p(By) = p(B) of . i

If p: ¥ — X5 is a signature morphism, then any Horn formula ¢ over >; has
a translation p(y) over 3, obtained by applying p to the sorts and function sym-
bols occurring in ¢. If ¥ is a sequence of variables of sorts in ¥, then p(¥) is the
corresponding sequence of variables of sorts in 3.

Definition 2.2.15 (Theory Morphism). Let T, Ty be quasi-equational theories
over respective relation-free signatures >, Y. Then a signature morphism p : 3; —
Yy is a theory morphism from T; to Ty if for every axiom ¢ ¥ 9 of Ty, the p-
translation p(¢) F7 p(v)) is a theorem of T,. i

One can then prove the following lemma by induction on the length of PHL-deductions.

Lemma 2.2.16. Let Ty, Ty be quasi-equational theories over respective relation-free
signatures X1,%s. If p : Ty — Ty is a theory morphism and ¢ =% 1 is any Horn
sequent over Y1, then

© F7 4 is a theorem of Ty implies p(p) F@) p(a)) is a theorem of Ts.

We now show that any »-morphism i : M — N in PTmod induces a corresponding
signature morphism on the diagram signatures:

Definition 2.2.17. Let h : M — N be a X-morphism in PTmod, and let A € YXgq.
We define a signature morphism p#' : X(M, x4) — (N, x4) as follows:

e pilis the identity on ¥ C X(M, x4).
e For any sort B € ¥ and s € Mp, we set pj (¢)) := Ches(s):

o We set pi(xa) := x4. i

Lemma 2.2.18. Let h: M — N be a X-morphism in PTmod, and let A € Ysore. The
signature morphism pj : S(M,x4) — (N, x4) is a theory morphism from T(M,x,)
to T(N,x4).
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Proof:  See Appendix A. |

From Lemmas 2.2.16 and 2.2.18, we then obtain:
Lemma 2.2.19. Let h: M — N be a X-morphism in PTmod, and let A, B € Ysor.
o [ft e Term(S(M,x4))p and T(M,x4) -t ], then T(N,xa) b pi(t) {.

o If s,t € Term®(S(M,x4))p with T(M,x4) = s = t, then T(N,xa) F pi(s)
A
pi (1)

As our next step, we define for any M € PTmod and any B € Yo a partial, one-
sided monoid structure on the set Term“(3 (M, xp)), which will capture the behaviour
of (syntactic) substitution into the indeterminate xg. If S is any set, then a partial,
one-sided monoid structure on S is a triple (S, -, e) with the following properties:

e - is a partial binary operation on S, ie. -: S xS — S.

e - is associative, in the sense that for any w,v,w € S, u - (v - w) is defined iff
(u-v) - w is defined, and if both are defined, then they are equal.

e ¢ € S is a one-sided unit element for -, in the sense that u - e is defined for every
u€S,and u-e=u.

Definition 2.2.20. Let M € PTmod and B € Yso:. We define a partial, one-sided
monoid structure on the set Term®(X(M, xp)) as follows:

o We set
dom(-) := {(u,v) € Term“(%(M,xp))* |v: B}.

For any (u,v) € dom(-), we then set

u-v:=ufv/xg| € Term“(X(M,x5g)).

e For the unit, we choose xg € Term®(X (M, xg)). i

Remark 2.2.21 (Substitution). In the previous definition we invoked a notion
of substitution, which we now explicitly define. If M € PTmod and B € Yso and
v € Term®(X(M,xp)) is of sort B, then we define the term u[v/xg] € Term®(X (M, x3))
for any u € Term“(X(M,xg)) in the expected way, as follows:

o If u = xg, then ulv/xg| :==v.
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e If u # xg is a constant symbol of (M, xg), then u[v/xp] := u.

o Ifu= f(uy,...,u,) for some function symbol f: A; x...x A, — A and terms
u; € Term®(X(M,xp))a, for each 1 <i <n, then

ulv/xg] == f(ur[v/xgl, ..., unv/xg]) .

We then clearly have:

Lemma 2.2.22. Let M € PTmod and B € Yso. Then (Term®(X(M,xp)), -, xg) is a
partial, one-sided monoid structure on Term®(X(M,xg)). i

Remark 2.2.23. If we restrict - to Term®(X(M,xp))p, i.e. to the set of closed
Y (M, xp)-terms of sort B, then

- Term®(3(M,xg))g X Term®(X(M,xg))p — Term®(X(M,xp))s
is total, and we obtain a total, two-sided (i.e. ordinary) monoid

(Term®(X(M,x5))B, , XB)-

We will shortly show that the (ordinary) monoid structure on Term®(3(M,xp))p can
be extended to

M(xp)p = {[t] : t € Term“(X(M,xp))p AN T(M,xg) Ftl}.

Before we can do this, we need the following technical lemma, which essentially says
(cf. the third statement) that we can substitute a provably defined term into a
provably defined term and still obtain a provably defined term:

Lemma 2.2.24. Let M € PTmod and B € Ygort.

1. Lets,t € Term®(X(M,xg)) with T(M,xg) F s =t, and letuw € Term“(X(M,xg))5
with T(M,xg) - u . Then

T(M,xp) F s[u/xg] = t{u/xp].
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2. Conversely, if u € Term®(X(M,xg)) with T(M,xp) - u | and s,t € Term®(X(M,xp))p

with T(M,xp) b s =t, then
T(M,xg) F u[s/xp] = u[t/xs].
3. In particular, ift € Term®(3(M,xp)) andu € Term®(X(M,xp))p and T(M,xp)
tl Aul, then T(M,xg) F t{u/xg] |
Proof:  See Appendix A. |

Lemma 2.2.25. Let M € PTmod and B € Yso:. The following data give a well-
defined (ordinary) monoid structure on M (xp)p:

e For any [s], [t]| € M(xp)p, we set
[s] - [t] == [s - t] = [s[t/xz]] € M(xp)s.
o The unit is [xg] € M(xg)p.

Proof:  See Appendix A. |

Remark 2.2.26. Let M € PTmod and B € Ygo:. We show how the monoid struc-
ture on M (xp)p is related to the term-induced functions of Definition 2.2.11. Let
Sets(Mp, Mp) be the monoid of (total) endofunctions on the set Mp. Then we have
a function

e M<XB>B — Sets(MB,MB)

given by the rule
[t]* =t MB — MB;

which is well-defined by Lemma 2.2.13 and the fact that [t] € M(xg)p implies
T(M,xg) F t |, so that t* is a well-defined (total) function by Definition 2.2.11.
This function is also a monoid homomorphism, because [s], [t] € M (xg)p implies

s[t/xg]" = s"ot*: Mp — Mp,

as we will show below in Lemma 2.2.29. |

We now come to our first central definition of this section:
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Definition 2.2.27. For any M € PTmod, we define Gp(M) to be the set of all
Ysor-indexed sequences

([sc])cesso

with the following properties:
e For any sort C' € ¥,

[sc] € M{xc)o ={[t] : t € Term“(X(M,xc))c ANT(M,xc) Ftl}.

e For any X-morphism h : M — N in PTmod, the induced family of total func-
tions

(Pg(sc)* : Ne — NC)CGZ

is a Y-automorphism of N.

Note that if [sc] € M{xc)¢c, then T(N,xc) = p%(s¢) | by Lemma 2.2.19, so that
05 (sc)* : No — Ng is indeed a well-defined total function by Definition 2.2.11. |

Our first main goal of this section will be to show that G'r(M) carries a group struc-
ture, and is in fact isomorphic to the isotropy group Zr(M) of M. Before we can
accomplish the former goal, we require the following lemmas. The first lemma says
that the signature morphism induced by a »-morphism interacts properly with sub-
stitution.

Lemma 2.2.28. Let h : M — N be any X-morphism in PTmod. Then for any
C € Ysort, any s € Term®(X(M, x¢)) and t € Term“(X(M,x¢))c,

P (slt/xcl) = pi, ()} () /xc] € Term®(S(N, xc)).

Proof:  Straightforward induction on the structure of s € Term®(3X(M, x¢)). i

The next lemma was mentioned in Remark 2.2.26 and essentially says that substitu-
tion interacts properly with term-induced functions:

Lemma 2.2.29. Let M € PTmod, let B,C € Yson, and let s € Term®(X(M,x¢))p
and t € Term®(X(M,xc))c with T(M,xc) F s L At ]. Then (cf. Definition 2.2.11)
we have total functions

s*: Mo — Mg and t* : Mc — Mg,
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as well as the total function
(s-t)" = (s[t/xc])" : Mc — Mp
(since T(M,xc) = s[t/xc] L, by Lemma 2.2.24). Then
(s-t)"=s"ot": Mc — Mp.

Proof:  See Appendix A. |

The following technical lemma shows that a term-induced function can also be defined
by substituting constants of the diagram signature into the indeterminate of the term,
and then evaluating the resulting term in the canonical diagram structure:

Lemma 2.2.30. Let M € PTmod, let A, B € Yson, and let t € Term®(X(M,x4))p
with T(M,x4) Ft ]. Then (cf. Definition 2.2.11) we have a total function

t*:MA—>MB.

Then for any s € My, we have
t*(s) = t s /xa)" € Mp,

where the righthand side is the interpretation of the closed X(M)p-term t[cs/xa| in
the % (M)-structure M.

Proof:  Straightforward induction on the structure of terms ¢ € Term“(3(M,x4))
with T(M,x4) Ft . i

We will also require the following technical lemma that analyzes the behaviour of

the term-induced function obtained by transporting along the canonical morphism
n: M — M(xa).

Lemma 2.2.31. Let M € PTmod, let A, B € Yson, and let t € Term®(X(M,x4))p
with T(M,xa) =t . Let n = M4 1 M — M(x,) be the canonical morphism from
Definition 2.2.8. Then

p?(t) € Term®(X(M(xa),x4))5-

1. Let ]\m> be the (M (xa))-structure expanding the 3-structure M(xa) (cf.
Remark 2.2.2). Let [u] = [ula € M(xa)a be arbitrary. Then cp) @ A is a
constant symbol of S(M(x)), and pi(t) [cjy/xa] is a closed S(M (x4))-term of
sort B. Then
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—
—

pg‘(t) [c[u]/xA]M<XA> € M(xa)z = M(xa)p is defined

and

o2 (0) epa/xa] ™™ = [tufxally € Mixa)s.

2. By Lemma 2.2.19, we have T(M(x4),x4) - p;‘(t) L. Then by Definition 2.2.11,
we have a total function

p;?(t)* : M<XA>A — M<XA>B.
Then for any [u] € M (xa)a, we have
Py () ([u]) = [tlu/xa]] € M{xa)5.

Proof:  See Appendix A. |

The following concept will be required to characterize the isomorphisms between
partial Y-structures, as in Lemma 2.2.33 below.

Definition 2.2.32 (Reflects Definedness). Let h : M — N be any morphism of
partial Y-structures. We say that h reflects definedness if h satisfies the following
condition:

e For any function symbol f : Ay x ... x A, = Ain ¥ and a; € My, for each
1 <1< n,

(hay(ar), ..., ha,(ay)) € dom (fY) = (a1,...,a,) € dom (fM).

Lemma 2.2.33. The isomorphisms of PXStr are exactly the (sortwise) bijective Y-
morphisms that reflect definedness.

Proof:  See Appendix A. i

Finally, we will also require the following lemma, which provides a sufficient condition
for a family of total functions to be an isomorphism in PTmod:
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Lemma 2.2.34. Let h: M = N be an isomorphism in PTmod, and let
(ka: Na— Ma)aess,,

be a Ysor-indezed family of total functions that is sortwise inverse to h = (ha : Ma —
Na)a (i-e. ha and ka are mutually inverse for every sort A € ¥2). Then

kJI:UfAINA—)MA)AZN—)M
is an isomorphism in PTmod (with inverse h).

Proof:  See Appendix A. |

We can now prove that the set Gp(M) of Definition 2.2.27 has a group structure,
given by substitution:

Proposition 2.2.35. For any M € PTmod, the set Gp(M) has a group structure.

Proof: To define the group multiplication * on Gp(M), let ([sc])c, ([tc])c €
Gr(M). We set

([sc])e = ([te))e = ([sc - tel)e = ([sc [te/xcl)) e -

By Lemma 2.2.25, given [sc], [tc] € M (xc)c, we know that [sc - tc] € M(xc)e. Now
let h: M — N be a X-morphism in PTmod with domain M. We must show that the
family of total functions

(p5 (sc-te)* : No — N¢)oes

is a Y-automorphism of N. By Lemmas 2.2.28 and 2.2.29, we have for any sort C' € 3
that

o5 (sc - te)™ = (o (sc)lpy (te) /xc])” = pf (s¢)* o pf (te)* : N — Ne.
So the family of functions
(ph (sc - te)* : No = Ne)ces
is equal to the composition
(05, (s0)* : No = Nodoes © (py, (te)* : No = No)oes.

But since ([sc])c, ([tc])e € Gr(M), we know that the two families in the above
composition are Y-automorphisms, and hence their composite is a Y-automorphism.

This proves that ([sc])c * ([te])e == ([s¢ - te])e € Gr(M). And x is well-defined
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and associative, because the monoid multiplication on M (xc)¢ is well-defined and
associative for every sort C' € X (by Lemma 2.2.25).

We define the unit element of the group structure on Gp(M) to be ([x¢])e. To
see that this is in fact in Gp(M), let h : M — N be a Y-morphism in PTmod with
domain M. We must show that the family of functions

(p% (xc)* : No = N¢)oes

is a Y-automorphism of N. For any sort C' € ¥ we have pf(xc) = x¢, so we must
show that the family
(x¢ : No = Ne)ces

is a Y-automorphism of N. But for any sort C' € ¥ we have x5, = id : No — Ng¢,

because for any ¢ € N¢ we have x%(¢) = ng,c) = c. So the above family of functions is

just the identity Y-morphism on N, which is a X-automorphism. So ([x¢])c € Gr(M)
and ([x¢|)c is the unit element for *, because for every sort C' € 3 we have by Lemma
2.2.25 that [x¢] is the unit element of the monoid structure on M (x¢)c.

Lastly, we show that this monoid structure on Gp(M) admits an inverse opera-
tion. So let ([s¢])c € Gr(M). We define

([sc)e' € Gr(M)

as follows. Fix A € Ysor. We have the canonical ¥-morphism n = ™4 : M —
M(x4). Because ([s¢])c € Gr(M), it follows that the family of functions

(5 (s¢)™ : M{xa)e = M{xa)c)cex
is a YX-automorphism of M (x4). In particular, the function
p;;‘(SA)* : M(XA>A — M(XA>A

is bijective. Since [x4] € M(x4) 4, it follows that there is a unique element in M (x4) 4,
suggestively written [321], such that

po(sa) ([s3']) = [xal.

By Lemma 2.2.31, we then have

xal = py(sa)" ([s2']) = [sa [s2"/xa]] = lsal - [53']

with the latter multiplication in the monoid structure on M (x4)4. So [s5'] is a right
inverse for [s4] in the monoid M (x4)4. To show that [s;'] is also a left inverse for
[s4] in this monoid, we argue as follows. We have

P?(SA)* ([sa2'] - [s4]) = P;‘(SA)* ([sa'[sa/x4]])
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(54 [54'[54/%a]/xa]]
[(salsa'/xal) [sa/xa]

The second equality holds by Lemma 2.2.31; the fourth equality holds because

[sa [s2!/xa]] = [xa]

and the monoid multiplication in M (x4) 4 is well-defined; the last equality holds by
Lemma 2.2.31 once again. Since p;!(s4)* is injective, it follows that

[sa'] - [sa] = [xa],

as desired.
Now we set

(Ische' = ([sc']) e
To show that this inverse operation is well-defined, let ([tc])e € Gr(M) as well, and
suppose that ([s¢])e = ([tc])o. If A € Yso, we must show that

[sa'] = [ta']-

But this follows because [s;'] and [t;'] are both left and right inverses of [s4] = [t4]
in the monoid M (x4)4 (as shown above), and hence must be equal.

It follows that ([sg']) o 1s an inverse of ([s¢])c, because we have

(Ische * (Ise') e = ([se - s¢']) e = (keDe

and similarly ([551])0 x ([sc])e = ([x¢])e. So it remains to show that ([sal})c €
Gr(M). Let h : M — N be an arbitrary -morphism in PTmod with domain M. We
must show that the family of functions

(o5, (sc")" : No = Ne)ces

is a X-automorphism of N. Since ([s¢])c € Gr(M), we know that the family of
functions

(5 (sc)* : No = No)o
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is a Y-automorphism of N. By Lemma 2.2.34, it suffices to show for every sort A € 3
that the functions pf(sA)*, pf} (3;‘1)* : Ny — N4 are mutually inverse. We have

pin(sa) o pi (s3') = pp (sa-sx")
= pp (xa)’
_—
= id.

The first equality follows by Lemmas 2.2.28 and 2.2.29, and the second equality
follows by Lemmas 2.2.19 and 2.2.13, using the fact that [s4-s;'] = [xa]. That
s (321)* o pi(sa)* = id can be shown similarly. This completes the proof that
(p§ (351)* : No¢ — N¢)c¢ is a Y-automorphism of N, and hence that ([SEID €
Gt(M). This completes the proof that Gp(M) has a group structure.

C

We now extend the assignment M +— G (M) to a functor
Gt : PTmod — Group,

which we will show (in Theorem 2.2.41 below) is naturally isomorphic to the isotropy
group Zt : PTmod — Group.

Definition 2.2.36. We define a functor Gt : PTmod — Group as follows:

e On objects, G acts by

e For morphisms, let h : M — M’ be an arbitrary Y-morphism in PTmod. We
define
Gr(h) : Gp(M) — Gp(M")
by

([sc)e € Ge(M) — ([p5 (s¢)]) - € Gr(M).

Before we can verify that Gt is a well-defined functor, we require the following lemma,
which is easily proved by induction on terms.

Lemma 2.2.37. Let C € Ygor.
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e [fhy: M — M and hy : M' — M" are morphisms in PTmod, then for any
u € Term®(X(M,xc)) we have

Pho (P () = plyyon, (1) € Term(S(M”, xc)).
e [f M € PTmod, then for any u € Term“(3(M,x¢c)) we have

pﬁ]\/[ (u> = u.

i
We can now prove:
Proposition 2.2.38. Gt : PTmod — Group is a well-defined functor.
Proof:  See Appendix A. i

Before we can prove that Gt is naturally isomorphic to the isotropy group Zr :
PTmod — Group, we also require the following two technical lemmas, whose proofs
may be found in Appendix A.

Lemma 2.2.39. Let h : M — N be any X-morphism in PTmod, and let B,/C\e Ysort -
Let uw € Term®(X(M,x¢))p with T(M,xc) b w |. Let z € Mg, so that (M,z) is a
Y(M,xc)-structure and (N,hc(z)) is a 3(N,xc)-structure.  Then w is defined in

~

(]/\/[\, z) and p$ (u) is defined in (N, hc(z)) and

hi (um?,z)) — o€ () Fhel@) e N,

Lemma 2.2.40. Let h : M — N be any morphism in PTmod, let A, B € Yo, and
lett € Term®(S(M,x4))p with T(M,x) Ft |. Then [t] € M{xa)p and pi(t)* : Na —
Np is a well-defined, total function by Lemma 2.2.19 and Definition 2.2.11.

If a € Ny, then by Proposition 2.2.10 there is a unique X-morphism h® :
M{x4) = N such that h® o nM4 = h and h%([x4]) = a € Nao. Then we have

h([t]) = pi(8)"(a) € N.
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We can now prove:

Theorem 2.2.41. The functor Gt : PTmod — Group of Definition 2.2.36 is naturally
isomorphic to the isotropy group Zr : PTmod — Group.

Proof: We construct a natural isomorphism
ar : G = 2.
So let M € PTmod; we will define a group isomorphism
ay : Gr(M) = Zp(M).
Let ([sc])c € Gr(M). We define
a7’ [([sc])c] € Ze(M).

So let h : M — N be an arbitrary morphism in PTmod with domain M. We must
define a S-automorphism o [([sc])c]” : N =5 N of N. Since ([s¢])c € Gr(M), we
know that the family of total functions

(py (s¢)* : No = No)oes
is a X-automorphism of N. So we set
ay' [([se])e]™ = (o (s¢)* : No = No)ees:

To verify the naturality condition that elements of Zr(M ) must satisfy, let h : M — N
and ' : N — N’ be arbitrary morphisms in PTmod. We must show that

ar'[([sel)e]” " o b =1 o aq'[([sc])c)" : N — N'.
So let C' € Ygore; we must show that
Phron(sc)” o he = hig o pf (s¢)* : No — Ne.
If 2 € N¢, then we have

Pon(50) (he(2)) = pGop(sc) Vo)

= 053 (6 () )
= s (4 (50) ™)
— W (0 (s0)"(2),

as desired. The second equality holds by Lemma 2.2.37, and the third by Lemma
2.2.39. This proves that o [([sc])c] € Zr(M).
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Now we show that the function o : Gp(M) — Zp(M) is a group isomorphism.
To show that o preserves the group multiplication, let ([s¢])c, ([tc])e € Gr(M).
We must show that

o [([sc])e * ([te))c] = o' [(Ise])c] = ax'[([tc])c] € Zo(M).

So let h : M — N be an arbitrary morphism in PTmod with domain M. Then we
have

ar' [([scl)e * ([te])e]” = ax'[([sc - tel)el”
= (p}, (sc - tc)* : No = N¢)ces
= ((pf, (sc) - P}, (tc))* - No = Ne)ees
= (p§ (sc)" o pf, (te)" : No = Ne)ces
= (p}, (sc¢)* : No — Ne)ees o (pf; (te)* : No — Ne)ces
= ar'[([sc])el" o ag'[([te))e]"
= ar'[([sc])e] * a7’ [([te])e]",

as required. The third equality follows by Lemma 2.2.28, and the fourth by Lemma
2.2.29.
To show that o is injective, let ([sc])c, ([tc])c € Gr(M) and assume that

ot [([sc]c] = az'[([tc])cl:

we must show that ([sc])c = ([tc])c. Solet B € ¥ be an arbitrary sort; we must show
that [sp] = [tp]. We have the canonical morphism 7 : M — M (xg) in PTmod. Then

bezau;e aM([sc])e] = o [([tc])e] € Zr(M), we obtain equal Y-automorphisms of
M{xp):
ar [([sc])el” = ax'[([tc])el” : M(xp) = M(xp).

So by definition of a4!, we have
(b (sc)* + M{xg)e — M{xg)c)ces = (p5 (tc)* : M{xp)c — M(xp)c)ces
: M{xp) = M(xz).
In particular, we have
Py (s8)" = py (te)" : M{xg)p — M(xp)p.
Applying Lemma 2.2.31, we then obtain

[sB] = [sBlxB/x5]]

= py (sB)"([x5))
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= pP(ts)"([xs])
= [tg[x5/xs]]
= [tB]a

as desired. This proves that o is injective.
To show that o : Gp(M) — Zp(M) is surjective, let

5= <5h : cod(h) = cod(h))heDom(M) e Zr(M).

We must show that there is some ([s¢])c € Gp(M) with

o' [([sc])c] = 8.

So let B € Yson; we define [sg] € M(xg)p. Consider the canonical morphism 7g :
M — M({xg). Then we have the ¥-automorphism

BTIB : M<XB> :> M<XB>,
and hence we have the bijective function
5 M{x)p = M(xp)p.

Now we set
[sB] = BE ([xB]) € M(xs) 5.

We must now show that ([s¢|)c € Gr(M) and o [([sc])c] = 8. We accomplish both
goals at once by showing for any morphism A : M — N in PTmod with domain M
that

B" = (pi (sc)* : No = Ne)e =: oq'[([sc]) ).

So let B € ¥ be any sort. We must show that

B = pr, (s8)" : Ng — Np.
For any b € Ng, we show that

Bi(b) = pi, (s8)*(b) € Na.

By Proposition 2.2.10 there is a unique ¥-morphism h® : M (xg) — N with hPong = h
and h%([xg]) = b € Np. Since 3 € Z¢(M), it follows that

B o kb = BM"18 o b = h o 875« M{xp) — N.
In particular, we have

hS, 0 818 = B o bl M{xp)p — Np.
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So we obtain

as desired. The third equality follows by definition of [sg], while the last equality
follows by Lemma 2.2.40. This completes the proof that od! is surjective, and hence
a group isomorphism.

To complete the proof of the theorem, we must verify that the collection of
group isomorphisms (ol : Gp(M) = Z¢(M))y is natural in M € PTmod. So let
h: M — N be a morphism in PTmod. We must show that

Zr(h) ooy’ = o o Gp(h) : Gp(M) — Z¢(N).
So let ([s¢])c € Gr(M) and k: N — N’ in PTmod. We must show that
Zr(h)(aq'[([se)e])® = ap (Ge(M)[([scl)e])* : N' = N
We have
Zr(h)(ar'[([se])e])* = aq'[([sc)c]*"
= (Pon(50)" : N& = Ng)oes
= (pk (P (s¢))" + Noo = N)oes
= a7 [([pF (s¢)])e]*

= ozfrv(GT(h)K[SC])CDk:

as required. The first equality follows by definition of Zr(h), the second by definition
of o, the third by Lemma 2.2.37, the fourth by definition of of, and the last by
definition of Gp(h). This completes the proof that

aT:GT=N>ZT

is a natural isomorphism. |

The following corollary will prove useful in subsequent chapters:

Corollary 2.2.42. Let M € PTmod and let

m = (my:cod(f) — COd(f))feDom(M)
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be a Dom(M)-indezxed family of 3X-endomorphisms in PTmod. Then m € Zp(M) iff
there is a unique element ([sc|)c € Gr(M) such that

Ty = (P?(Sc)* s cod(f)e — COd(f)C)CeE
for each f € Dom(M).

Proof: This follows immediately from the definition of the group isomorphism
o . Gp(M) = Z3(M) in the proof of Theorem 2.2.41. 1

Let us pause to take stock of what we have shown so far, and what we will
show next. We have shown for any M € PTmod that Zp(M) is isomorphic to the
group Gr(M) consisting of all sequences ([s¢])c of (congruence classes of) provably
defined terms (in the diagram theory of M) whose extensions along any Y-morphism
with domain M induce an automorphism of the codomain. This is essentially an
intermediate result, which we will use to characterize Zr(M) in the way that was
described at the end of Section 1.

First, we extend the definitions of (M, x,4) and T(M,x4) to allow for the addi-
tion of finitely many indeterminates, rather than just one.

Definition 2.2.43 (Extended Diagram Signature). Let M € PTmod. Given
a non-empty, finite sequence of (not necessarily distinct) sorts Ay,..., A4, € X, let
X1, .-+, X, & X(M) be pairwise distinct constants with x; : A; for each 1 < i < n.

We then define X(M, xy,...,%,) to be the following relation-free signature:

L4 Z(M7 X1y 7Xn>Sort = ZSort'
® 2(M7X17 s 7Xn)Fun = E(A]\j)Fun U {Xl : Ala sy Xl An}
Thus, we have (M) C X(M,xq, ..., Xy,). i

Definition 2.2.44 (Extended Diagram Theory). For any non-empty, finite se-
quence of sorts Ay, ..., A, € X, we define T(M,xy,...,x,) to be the quasi-equational
theory over the relation-free signature (M, xq,...,x,) whose axioms are those of
T(M), together with the Horn sequents T F x; | for each 1 <i < n. |

Definition 2.2.45. Let M € PTmod, and let A,..., A, € ¥ be a non-empty, finite
sequence of sorts. We then define

M(xq,...,%n) = Free(T(M,xq,...,%,))|s,
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the Y-reduct of the initial model Free(T(M,xq,...,x,)) of T(M,xq,...,X,).
We may also define a canonical Y-morphism n*At-A4n o M — M{x;, ... x,) as
in Definition 2.2.8. |

We can then straightforwardly generalize Proposition 2.2.10 as follows:

Proposition 2.2.46. Let M € PTmod and let Ay, ..., A, € 3 be a non-empty, finite
sequence of sorts. For any X-morphism h : M — N in PTmod and any (a4, ..., a,) €
Na, X ... %X Ny, there is a unique X-morphism

ROt MA(Xy, .oy %) = N

such that h*- o pMAtAn = b and B " ([x]) = a; € Na, for all1 < i < n
(note that [x;] € M(xq,...,Xn)a, because T(M,xq,...,%,) Fx; ). i

We now arrive at the central definition of this section, which formalizes and gener-
alizes the syntactic concepts of ‘invertibility’ and ‘commuting generically’ that were
discussed in Section 1 in the context of group theory. We also need to add the
additional (syntactic) concept of ‘reflecting definedness’, to capture the fact that iso-
morphisms of Y-structures are sortwise bijective X-morphisms that reflect definedness
(cf. Lemma 2.2.33).

Definition 2.2.47. Let M € PTmod and ([s¢])c € [[oex M (xc)c-

e Let f: A3 x...x A, — A be a function symbol of ¥. We say that ([sc])c
commutes generically with f if the Horn sequent

FOXa, o) b Esalf(x1, oo xn) /xa] = f(sa, [X1/Xa,]s - 84, [Xn/Xa,])
is provable in T(M,xq,...,Xy).

In particular, if ¢ : A is a constant symbol, then ([s¢])c commutes generically
with c¢ if the Horn sequent

clt sale/xa] =c¢
is provable in T(M).

e We say that ([sc])c is invertible if for every sort B € X, there is some [sj'] €
M (xp)p such that

[sB [s5' /xB]] = [xs] = [s5" [sB/x8]] € M(xz)s,
i.e. such that

T(M,XB) H SB [SEI/XB] = XB = Sgl[SB/XB].
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e We say that ([s¢])c reflects definedness if for every function symbol f : Ay x
...x A, = Ain X with n > 1, the sequent

f(3A1 [Xl/XA1]> -5 84, [Xn/XAn]) i - f(xh cee vXN) J,
is provable in T(M,xq,...,X,). i

Remark 2.2.48. Let us see how the above definitions specialize to the theory of
groups, which can be expressed as a quasi-equational theory Tgoup OVer a single-sorted
signature Ygroup containing a binary function symbol -, a unary function symbol
(written in infix notation), and a constant symbol e (see Example 2.3.2 below).

So let G be a group, i.e. a model of Tgroup, and let [t] € G(x), so that ¢t €
Term®(Xcroup(G, x)) is a closed term of the theory of groups that may contain the
indeterminate x and constants from G, and moreover Teoup (G, %) F ¢ | (although this
latter condition is redundant, because Tgoup(G, x) actually proves that all terms are
defined; see Section 1.3 below). It is then a fact of group theory that ¢ is congruent
to a reduced multiplicative word over x and constants from G (and their inverses), as
mentioned in Section 1.

By the preceding definition, we say that [t] commutes generically with the mul-
tiplication symbol - of Xgoup if the sequent

X1 - Xg L t[xq - Xo/X] = t[x1/x] - t[x2/X]

is provable in the extended diagram theory Tgroup(G,X1,%2). This essentially for-
malizes the definition of ‘commuting generically with -’ that we gave in Section 1.
Similarly, we say that [f] commutes generically with the inverse symbol ~! if the
sequent

x P LFtx X =t
is provable in the diagram theory Tgroup(G,x), and we say that [t] commutes generi-
cally with the constant symbol e if the sequent

elbtle/x]=e

is provable in the diagram theory Tgroup, Which means that t*(e“) = e“ € G. The
definition of invertibility given in Definition 2.2.47 also formalizes the notion of in-
vertibility from Section 1. |

As we foreshadowed in Section 1, our next goal (cf. Theorem 2.2.53 below) is to prove
that Zp(M) = Gr(M) consists of exactly those sequences ([sc])c € [[o M (xc)e
that are invertible, commute generically with all function symbols of ¥, and reflect
definedness, in the sense of Definition 2.2.47. To achieve this, we will require the
following technical definition:
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Definition 2.2.49. Let M € PTmod, let f : A; x ... x A, — A be any function
symbol in 3, and let xq : Ay,...,x, : A, & X(M) be pairwise distinct constants.

e We define T(M,x,...,X,, f) to be the quasi-equational theory
T(M,x1,. .. %) U{T F f(xq,..0, %) b}
over the signature X(M,xy,...,Xy).
e We define the T-model

M(xy,...,Xp, f) = Free(T(M,x1,...,Xn, f))|s-

o We define the canonical »-morphism
™I M — M{xq, ... %, f)

as in Definition 2.2.8. |

We then have the following universal property, with a proof analogous to that of
Proposition 2.2.10, which essentially expresses that M(xy,...,x,, f) is the coproduct
in PTmod of M with the initial T-model in which f is defined:

Proposition 2.2.50. Let M € PTmod, let f: Ay x ... x A, — A be any function

symbol in 2, and let xy : Ay, ..., X, : Ay, be pairwise distinct constants not in X(M).
For any ¥-morphism h : M — N in PTmod and any (ay,...,a,) € Na, X ... X Ny,
such that (ay,...,a,) € dom (fN), there is a unique X-morphism

h,al ..... an:M<X1’..-7Xn7f>%N

%] € M(x1,...,Xpn, f)a, because T(M,x1,... %, [) Fx; 1) |

Now we prove, in the next two lemmas, that every element of G(M) is invertible,
commutes generically with all function symbols of ¥, and reflects definedness.

Lemma 2.2.51. For any M € PTmod, if ([sc])c € Gr(M), then ([sc])c is invertible
(in the sense of Definition 2.2.47).

Proof:  This is immediate from the definition of the inverse operation in the group

Gr(M). |
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Lemma 2.2.52. For any M € PTmod, if ([sc])c € Gr(M), then ([sc])c commutes
generically with every function symbol of ¥ and reflects definedness.

Proof:  Assume the hypothesis, and let f : A; x...x A, — A be a function symbol
of ¥. We show that ([s¢])c commutes generically with f and reflects definedness of
f. So we must show that the sequents

FXa, o) S Esalf(x1, oo x0) /xa] = f(sa, [X1/Xa,]s -5 84, [Xn/Xa,])

and
flsaxa/xay]s - oysa, X /x4, ) 4 F f(xa,. 00 0%x0) 4

are provable in T(M, xq, . .., x,). Consider the first sequent. By the deduction theorem
of partial Horn logic (cf. Remark 1.3.17), it suffices to show that the sequent

TEsalf(x1,. ., %) /xa]l = f(sa,[x1/Xa,]s -+ -5 84, [Xn/Xa,])

is provable in the expanded theory T(M, xy,...,%,, f). Consider the canonical -
morphism
77:77M’f : M—)M(xl,...,xn,f).

Since ([s¢])c € Gr(M), it follows that the induced family of total functions
(pg(sc)* P MAXqy o Xy [l = M (X1, .. Xy, f>C>CeE
is a Y-automorphism of M (xy,...,x,, f). We have
([x1],- -+, [xn]) € dom (fM<X1 """ X”’f>) ,
because T(M,Xq, ..., %n, f) F f(x1,...,%,) {. Then it follows that

(02 (52, (B1)s - - 17 (5.0, ) ([a])) € dom ((fMGnsf))

and
Py (sa)* (fH1o el (], Ixa))) = fA00 D (ol (s.,)* (bal)s - 0™ (54,)" (%))
€ M(xq,...,%n, [)a-
By a result analogous to Lemma 2.2.31, the following equalities now hold in M (xy, ..., X,, f)a:
Salf(x1,. .., %n) /X4l

= p?(SA)* ([f(xh s 7Xn)])

= pj (sa)" (SO0 I (xa], xa)))

= fMla ) (o8 (5.4, )" (xa]), -5 o (s4,) " ([xa)))
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SO T[54, I /%, )]s [54, [Xa /%4, ]])

= [f (SAl [Xl/XA1]7 s 54, [Xn/xAn])] :

But this means that

TEsalf(x1,. ., %) /xa]l = f(sa,[X1/Xa,]s -+ -5 84, [Xn/Xa,])

is provable in T(M,xy,...,X,, f), as desired.
To show that T(M,xy,...,x,) proves the second sequent involving f, it suffices
by the deduction theorem (Remark 1.3.17) to show that the sequent

TE (X, Xn) 4

is provable in the expanded theory

T(M,x1, ..., %) U{T F f(sa,[x1/Xa,]s- -84, [Xn/xa,]) 4} -

One then considers the X-reduct of the initial model of this theory, and uses a similar
argument to the one used for the first sequent involving f (with this initial model
playing the role of the T-model M {(xy,...,X,, f)). |

We now show that an element of [[, M (x¢)c belongs to Gp(M) if and only if it is
invertible, commutes generically with all function symbols, and reflects definedness:

Theorem 2.2.53. Let M € PTmod. If ([sc])c € [[oes M{xc)e. then ([sc])c €
Gr(M) iff ([sc])c is invertible, commutes generically with all function symbols of ¥,
and reflects definedness (in the sense of Definition 2.2.47).

Proof: Assume the hypotheses. The ‘only if’ direction is provided by Lemmas
2.2.51 and 2.2.52. For the ‘if” direction, suppose that ([s¢])c € [[oex M (xc)c is in-
vertible, commutes generically with all function symbols of ¥, and reflects definedness.
We must show that ([s¢])c € Gr(M). So let h : M — N be an arbitrary morphism
in PTmod with domain M. We must show that the family of total functions

(p5, (sc)* : No = No)ces

is a X-automorphism of N. By Lemma 2.2.33, it is equivalent to show that this family
is a sortwise bijective Y-endomorphism that reflects definedness.

First, since ([s¢])c is invertible, it follows from the proof that Gp(M) is a group
that each function p¢(sc)* : No — N is bijective.

To show that (¢ (s¢)* : No — N¢)oes is a S-morphism, let f : A;x...x A, — A
be a function symbol of ¥, let a; € Ny, for all 1 <17 < n, and suppose that

(a1,...,a,) € dom ().
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We must show that

(o (54,)"(ar), ., g1 (54,)"(an)) € dom (%)
and
P (s4)" (fN¥(ar, o van)) = Y (3" (5a0) (@) o (54,) " (an)) € Naa.
By Proposition 2.2.50, there is a unique »-morphism
h': M{x1,..., %, f) = N

with 7' o n™/ = h and W, ([x;]) = a; € Ny, for each 1 < i < n. Since ([sc])c
commutes generically with f, it follows that the sequent

f(Xh s 7Xn) s SA[f<X17 s 7Xn)/XA] = f(SA1[X1/XA1]7 SR 78An[xn/XAn])

is provable in T(M,xy,...,x,), and hence (by the cut rule of partial Horn logic, cf.
[19]) that the sequent

TEsalf(x1,. ., %n)/xa]l = f(sa,[X1/%Xa,]s - - -5 84, [Xn/Xa,])

is provable in the expanded theory T(M,x, ..., Xy, f). This implies in particular that
T(M,x1,...,%n, f) proves the sequent

T flsaxa/xal, - 8a,%/xa,]) 4,

so that
([5a, Da/xa )]s [sa, [xa/xa,]]) € dom (fHbassndl)
Since b’ : M(xy,...,Xn, f) = N is a X-morphism, we then obtain
dom (fN)
> (W (s, Dxa/xa]) s Py, ([54, [ /x4,]])

= (pi" (s4)" (a1), -, " (54,)" (an))

as desired (the equality follows by a lemma analogous to Lemma 2.2.40).
In M(xy,...,%n, f)a we have the equality

[SA [f(Xb SR 7Xn>/XA]] = [f (3141 [Xl/XA1]7 s 54, [Xn/xAn])] :

Since b/ : M(xy,...,Xn, f) = N is a X-morphism, we then obtain

pi(s4)*(fN(ar, ..., an))
= Py ([sa[f(x1; -5 %a) /xal])
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= Ny ([f (54, xa/xa] -5 54, Xa/%a,])])

L (Mo ([say afxaglls - 54, X /Xa,]]))
(W, (s, ba/xal) s Wy, ([sa, a/xa,]]))

(" (sa)" (ar), .- ™ (54,)" (an)) |

with the first and last equalities again holding by a lemma analogous to Lemma 2.2.40.
This completes the argument that (p$ (sc)* : No — N¢)ces is a X-morphism.

To prove that (p(sc)* : No — N¢)oes reflects definedness, one modifies the
above argument in the same way as at the end of the proof of Lemma 2.2.52.

We have now shown for each h : M — N in PTmod that (p$(s¢)* : No —
N¢)ces is a sortwise bijective Y-endomorphism that reflects definedness, and hence
it is a X-automorphism of N by Lemma 2.2.33. This finishes the proof that ([s¢])c €
Gt(M), and completes the proof of the theorem. |

To summarize the results of this section, we have now shown by Theorems 2.2.41
and 2.2.53 that if T is any quasi-equational theory over a relation-free signature X,
then the covariant isotropy group

Zr : PTmod — Group
is naturally isomorphic to the functor

Gt : PTmod — Group

that sends any M € PTmod to the group of all elements ([s¢])c € [[oes M{xc)c
that are invertible, commute generically with every function symbol of 3, and reflect
definedness (in the sense of Definition 2.2.47). Thus, for any M € PTmod, we have
characterized the elements of the isotropy group of M solely in terms of syntactic
conditions on the diagram theory T(M) of M.

We finish this section with a few technical lemmas that will be useful in what
follows; their proofs may be found in Appendix A.

Lemma 2.2.54. Let M € PTmod and A € Ysor, and suppose that My # (0. For any
term t € Term®(X(M,x4)) with T(M,xa) =t ] and t : B, if x4 does not occur in t,
then

T(M,XA) Ht= Cp

for some b € Mp. i
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Lemma 2.2.55. Let M € PTmod and let A € Yson have the property that T(M) Fv+v2
Y1 = Yo for distinct variables y1,ys : A. Then for every a € My,

T(M,x4) ¥ x4 = c,.

Lemma 2.2.56. Let M € PTmod, let ([sc])c € Gr(M), and let A € Sson have the
property that Ma # 0 and T(M) ¥¥¥%2 y, = yy for distinct variables yy,ys : A. If
t € Term®(X(M,xa))a and T(M,x4) F sa =t, then x4 occurs in t. i

2.3 Totally Defined Theories

We now give a brief discussion and application of the results of the preceding section
to the class of totally defined quasi-equational theories.

Definition 2.3.1 (Totally Defined Theories). Let ¥ be a relation-free signa-
ture. Let Tot(X) be the quasi-equational theory over ¥ whose axioms are T F¥1-¥n
f(1,.--,yn) {4 for every function symbol f : A; x ... x A, — A of X, where
y1: A, ...,y o A, are pairwise distinct variables. In particular, if ¢ : A is a constant
symbol of ¥, then T F ¢ | is an axiom of Tot(X).

If T is a quasi-equational theory over X, then we say that T is totally defined if
all axioms of Tot(X) are axioms of T.

If T is a totally defined quasi-equational theory over a single-sorted relation-free
signature Y whose axioms all have the form T F% ¢, = t, for t1,ts € Term(X), we say
that T is a totally defined algebraic theory (note that every axiom in Tot(X) has this
form, because t | is short for t = t). |

Example 2.3.2. The totally defined (algebraic) theory of groups, over the single-
sorted relation-free signature ¥ := {-, 7! ¢}, has the axioms

THEY z-(y-2)=(x-y)- 2

TH 22 t=e=z""1 2
)
ThrRrx-e=x=¢-z,

THY gy,
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TH 27t |,
Trel.

Similarly, we have the totally defined (algebraic) theories of monoids, abelian groups,
(commutative) rings with unit, etc. i

One can easily prove ([19, Section 2|) that if ¥ is a relation-free signature and
t(Z) € Term(X) is arbitrary, then Tot(X) % ¢ |. In particular, if T is any totally
defined quasi-equational theory over %, then T % ¢ | for any ¢(Z) € Term(%).

Let us now simplify some of the definitions and results of the previous sec-
tion for totally defined algebraic theories, which will comprise many of our exam-
ples in the next chapter. So let > be any single-sorted relation-free signature, and
let T be any totally defined algebraic theory over . First, if M € PTmod and
n > 1 and xq,...,x, ¢ X(M) are pairwise distinct constants of the unique sort
of ¥, then it is trivial to see that T(M, xi,...,x,) is a totally defined algebraic
theory over (M, xq,...,x%,), and hence T(M,xq,...,x,) F t | for any closed term
t € Term®(X(M,xq,...,%,)). In particular, if x ¢ ¥(M) is a constant of the unique
sort of ¥, then we have the following simplified description of the T-model M (x):

o M(x)={[t] : t € Term®(X(M,x))}, with [s] = [t] iff T(M,x) F s =t.
e For any constant ¢ of ¥, dom (¢™*) = {x} and

M (x) =[] € M(x).

e If f is an n-ary function symbol of ¥ with n > 1, then dom (fM<X>) = M{x)"
and
PR ) = [y t)] € M)

for any [t1],...,[tn] € M(x). i

We can also simplify part of Definition 2.2.47 as follows: if M € PTmod and [s] €
M (x) and f is an n-ary function symbol of 3, then [s] commutes generically with f if

T(M,x1, ..., %) Fs[f(x1,. .. %) /X = f(s[x1/%], ..., s[x./X]).

Also, since T(M, xq, . .., X,) is totally defined, it follows that [s] € M (x) automatically
reflects definedness of f. Hence, we have the following simplification of Theorem
2.2.53 for totally defined algebraic theories:
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Corollary 2.3.3. Let T be a totally defined algebraic theory over a single-sorted
relation-free signature 3. Then the isotropy group

Zr : PTmod — Group
s naturally isomorphic to the functor
Gt : PTmod — Group

that sends any M € PTmod to the group of all elements [s] € M(x) that are invert-
ible and commute generically with all function symbols of ¥ (in the above simplified
sense). i

2.4 Finitely Presented Models

In the final section of this chapter, we discuss the results of Section 2.2 in the context
of finitely presented models of a quasi-equational theory.

Definition 2.4.1 (Finitely Presented Models). Let T be a quasi-equational the-
ory over a relation-free signature Y.

e For any n > 0 and pairwise distinct constant symbols c¢i,...,¢, € X of re-
spective sorts Ay,..., A, € Ysor, let X(cq, ..., ¢,) be the signature defined as
follows:

- E(Cla cee 7cn)50rt = ESort'

— 3(c1, .y Cn)Run = SR U{c1, o e )

e For any n > 0 and pairwise distinct constant symbols ¢y, ..., ¢, ¢ X of sorts
belonging to ¥, and any Horn sentence ¢ over the signature X(cy,...,c,), we
define

T(ci, ...y Cn, )

to be the quasi-equational theory over ¥(cy, . .., ¢,) whose axioms are as follows:
— All axioms of T.

— For each 1 <17 < n, the axiom T I ¢; |.

— The axiom T F ¢.

If ¢ is just the sentence ¢; | A... A ¢, |, then we write T(cy,...,¢c,) instead of
T(ciy---yCn, ).
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o If M € PTmod, then we say that M is finitely presented if there are some n > 0,
some pairwise distinct constant symbols ¢y, ..., ¢, ¢ ¥ of sorts belonging to X,
and some Horn sentence ¢ over X(cy, ..., ¢,) such that

M = Free(T(cy, ..., cn )5,

i.e. such that M is isomorphic to the ¥-reduct of the initial model of T(cy, .. ., ¢y, ).

Ifep: Ay, yen s Ayand ¢ =1 L AL A ¢y, {, then we say that M is free on
n generators of sorts A, ..., A,. |

We can then convert Definition 1.2.14 into a proposition, whose proof may be found
in Appendix A:

Proposition 2.4.2. If M € PTmod, then M 1is finitely presented iff there is a Horn
formula (x4, ..., x,) over X with x; : A; for each 1 < i <n, and an n-tuple

(ar, ... an) € @(x1,. .., 20)M C My, X ... x My,
such that if N € PTmod and

(bi,...,by) € p(z1,...,2,)Y C Ny X ...x Ny

n?

then there is a unique Y-morphism h : M — N with ha,(a;) = b; for all1 <i <n. 1

Corollary 2.4.3. If M € PTmod, then M is free on n generators of sorts Ay, ..., A,
iff there is an n-tuple (aq,...,a,) € Ma, X ... X My, such that if N € PTmod and
(b1,...,by) € Na, X ... X Ny, then there is a unique S-morphism h : M — N with
ha,(a;) =b; for all 1 <i <n. |

We now define fpTmod to be the full subcategory of PTmod on the finitely presented
T-models. Before we can show that the main results of Section 2.2 restrict to fpTmod,
we require the following easy observation, which follows from Proposition 2.4.2 and
Propositions 2.2.10 and 2.2.50.

Lemma 2.4.4. If M € fpTmod and f : By X ... x B, — B is a function sym-
bol of ¥ and x; : Bi,..., Xy : By & (M) are pairwise distinct constants, then
M{(x1,...,%m) € fpTmod and M{(xy,...,Xm, f) € fpTmod. i
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We now relativize the functors Zr and Gt to the subcategory fpTmod.
Definition 2.4.5.
o Let qurp : fpTmod — Group be the covariant isotropy group of fpTmod.

e Let G%’ : fpTmod — Group be the ‘restriction’ of Gt : PTmod — Group to the
full subcategory fpTmod. In other words, for any M € fpTmod, define

G™ (M) € Group

to be the group consisting of all elements ([sc])c € [[oex M (Xc)c with the
property that if h : M — N is any morphism in fpTmod, then the induced
family of total functions

(6 (sc)" - Ne = No) oo,

is a Y-automorphism of N. Define G%’ on morphisms in fpTmod in the same
way as for Gr (cf. Definition 2.2.36).

Justification. We must verify that GI(M) is in fact a group (for M € fpTmod),
and that G is a well-defined functor. The group structure of G®(M) is the same
as that of Gp(M) (cf. the proof of Proposition 2.2.35): the definition of the in-
verse operation in Gp(M) still makes sense for GI°(M), because M € fpTmod implies
M(x4) € fpTmod for any sort A € ¥ by Lemma 2.4.4. The proof of Proposition
2.2.38 carries over exactly as it is to show that G%’ is functorial. i

Theorem 2.4.6. The functor G%’ : fpTmod — Group is naturally isomorphic to
qurp : fpTmod — Group.

Proof: For any M € fpTmod, we define the same isomorphism (relativized to
fpTmod) as we did in the proof of Theorem 2.2.41. The proof that it is bijective still
works in this context because of Lemma 2.4.4. i

We also have an analogous version of Corollary 2.2.42 for fpTmod, as well as:

Theorem 2.4.7. Let M € fpTmod and ([sc])c € [Io M(xc)c. Then ([sc])c €

GP®(M) iff ([sc])c is invertible, commutes generically with all function symbols of 2,
and reflects definedness.
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Proof: The ‘only if” direction is still true because Lemmas 2.2.51 and 2.2.52 hold
for M € fpTmod, since M(xq,...,%n, f) € fpTmod by Lemma 2.4.4. The proof of the
‘if” direction is the same as the proof of the ‘if” direction in Theorem 2.2.53. i

We now wish to show that if M is a finitely presented model of T, then one may
somewhat simplify the calculation of the isotropy group Zr(M) = Gr(M). The ele-
ments of Gp(M) are sequences ([s¢])c € [[o M (xc)c. In particular, if C' € Ysor, then
sc € Term®(3(M,x¢)) is a closed term of sort C' with T(M,x¢) F s¢ J. Hence, s¢
may contain the indeterminate xo, as well as constants from the diagram signature of
M. However, if M is finitely presented, then we know that M is isomorphic to the (%-
reduct of the) initial model of T(cy, ..., ¢, ), for some new constants ¢y, ..., ¢, ¢ X
and Horn sentence ¢ over X(cq,...,c,). Consequently, s¢ € Term®(X(M,x¢)) may
contain constants from M = Free(T(cy,...,cn,p)), whose objects are congruence
classes of closed terms over X(cq,...,c,). We now want to show that we can re-
gard s¢ as being a closed term over X(cq, ..., ¢y, Xc), rather than over the diagram
signature (M, x¢), and we also want to show that we can express the notions of
invertibility, commuting generically, and reflecting definedness in terms of the theory
T(cy, ..., cCn, ), rather than in terms of the diagram theory T(M).

Definition 2.4.8. Let ¢; : Ay,..., ¢, 1 A, ¢ X be pairwise distinct constants and let
¢ be a Horn sentence over X(cq, ..., ¢,). Write T(p) for T(cy,. .., cn, @) and M? for
Free(T(p))|x. We define

Gr (M?)

to be the set of all gy -indexed sequences ([s¢])c with the following properties:

e For any C € Yo,
[sc] € {[t] : t € Term®(X(eq, ... en,%x0))e AT (o, xc) 1}
e For any C € Ygqpt, there is some

[sc'] € {[t] : t € Term®(X(cy, ..., cn, %)) AT(p,xc) Ft 1}

with
T(p,xc) b sc [sa' /xc] = xc = sg'[se/xc)-

e For any function symbol f : By X ... X B,, — B in 3, T(¢,%1,...,Xm) proves
the sequents

FOxayoxm) b sBf (X, xm) /xB] = (s [X1/%B, )5 - - -5 8B, [Xm/XB,,])

and

F(sg, [x1/xBy)s -y 8B, [Xm/%B,,]) 4 F f(X1, .o %m) 4 -
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Our goal is now to show that the underlying set of Gp(M?) is in bijection with the set
GL(M?) (and we will then use this bijection to induce a group structure on G/ (M¥?),
which will then make Gp(M¥) and G%(M¥) isomorphic as groups). To do this,
we require following the definition, which gives translations between the signatures
Y(c1,. .., ¢p) and X(M?).

Definition 2.4.9. Let ¢; : Ay,..., ¢, : A, ¢ X be pairwise distinct constants and let
¢ be a Horn sentence over X(cy, ..., ¢y,).

e For any C € Ygo, we define a signature morphism
pg 23(cty ey Oy Xe) = B(MY ) xo)
as follows:
- pg is the identity on ..
— For any 1 <4 < n, we have [¢;] € M} since T(p) k- ¢; |, so we set

pg(ci) = cf\i“]" € X(My, xc)a,-

— We set pg(xc) = XC.
e For any C € Yo, we define a sort-preserving function
ag : Term®(M?,x¢)) — Term®(3(cq, . .., ¢y Xc))
as follows. First, for any B € Ygq: and

[t] € Mf ={[s] : s € Term®(X(cy,...,¢n))B AT(p) F s},

~

choose a representative [t] € Term®(X(cy, ..., ¢,))B.

— We set 0§ (x¢) := xc.
— Let B € Yso and [t] € MJ. Then we set

ag (c%w) = [t],

and this assignment is well-defined.
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—If f: By x...x B, = B is a function symbol of ¥ and
t; € Term“(X(M%,x¢)) B,
for each 1 <i < m, we set

O'g(f(tl, ceytm)) = f(ag(tl), . ,O'g(tm)).

The following lemma may be proved by straightforward induction on terms.

Lemma 2.4.10. Let ¢y : Ay, ... ¢, Ay € X be pairwise distinct constants and let ¢
be a Horn sentence over X(cy, ..., ¢Cp).

1. For any sort C' € X, the signature morphism pg respects substitution into X¢,
i.e. if s,t € Term®(X(cq, ..., cn,%xc)) and t : C, then

Pl (sltxc]) = pg (9)1pG () /xc)-

c

, respects substitution into xc,

2. For any sort C' € %, the signature morphism o
i.e. if s,t € Term®(X(M¥,x¢)) and t : C, then

o (slt/xc]) = o (s)log () /xc].

The proofs of the following technical lemmas may all be found in Appendix A.
Lemma 2.4.11. Let ¢y : Ay,... ¢, A, & X be pairwise distinct constants.

1. If M € PTmod and t € Term®(X(cy,...,¢n))p with
(M,ay,...,a,) Et]
for some (ay,...,a,) € Ma, X ... X My,, then
ThEtca/c1y -y Ca,/Cn] = Cirray..an)

is provable in T(M).
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2. If M € PTmod and v is a Horn sentence over ¥(cq, ..., ¢,) with

(M, aq,...,a,) E
for some (aq,...,a,) € Ma, X ... X My, , then
TEYle/c1y. -y Ca,/Cn)
is provable in T(M). i

Lemma 2.4.12. Let ¢; : Ay, ... ¢, A, & X be pairwise distinct constants and let ¢
be a Horn sentence over 3(cy,...,¢p).

1. For any sort C € X, the signature morphism pg 15 a theory morphism
S T(p,xc) = T(M?, xc).

2. For any sort C' € X, any terms u,v € Term“(M¥ x¢)) of the same sort and
terms s,t € Term®(M%,x¢)) of the same sort, if

u=wvks=tis provable in T(M¥?,xc),
then

08 (u) = oS (v) - oS(s) = a§(t) is provable in T(p,xc).

® ® ®

Lemma 2.4.13. Let ¢; : Ay,... ¢, A, & X be pairwise distinct constants and let ¢
be a Horn sentence over 3(cy,...,cp).

1. Ift € Term“(X(cq, ..., ¢n)) is of some sort B € ¥ and T(p) Ft | and C € Yson,
then
T(M?*) pg(t) = cﬁ/}m.

2. Ift € Term“(X(M¥,x¢)) and T(M?,xc) =t , then
T(M?,xc) + pg(ag(t)) =t.
3. Ift € Term“(X(cy, ..., cnyxe)) and T(p,xc) Ft ], then

T(p,xc) b og (g (t) = t.
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We can now prove that the sets Gp(M¥) and G(M¥) are in bijective correspondence:

Proposition 2.4.14. Let ¢; : Ay, ...,¢c, : A, & X be pairwise distinct constants and
let p be a Horn sentence over X(cy, ..., c,). Then Gp(M¥) is in bijective correspon-
dence with Gi,(M¥).

Proof: We define a bijection
Gr(M?) = Grp(M?).

So let ([s¢])c € Gr(M?). For each C' € Yo, we thus have s¢ € Term®(X(M,,xc))c
with T(My,xc) b s¢ J. Then by Lemma 2.4.12, it follows that

oC(sc) € Term* (S, .., ey x0))o

and

T(p,xc) F ag(sc) 1.
Now we show that ([05 (s¢)])c € GL(M?). Since ([s¢])c is invertible, for each C' €
Ysort there is some [sal} € M¥%(x¢)c such that

T(M?,xc) b sclsg' /xc] = xc = sg' [sc/xc].

Then we have [0 (s5')] € ME by Lemma 2.4.12 and, using Lemma 2.4.10, the fol-
lowing equations are provable in T(p,x¢), as desired:

ag(sc) [05 (351) /xc} = O'g (sc [sal/xc]) = ag(xc) = X0 = ag (351) [ag(sc)/x(;] )

Now let f: By X ... x B,, — B be a function symbol of . We must show that
T(p, %1, - .. ,Xmn) proves the sequents

fxa,ooooxm) 4
- 05(33)[f(x1, e Xm)/xB] = f (051(331)[x1/x31], . ,ofm(sBm)[xm/me])
and
f (051(331)[x1/x31], o ,af’"(sBm)[xm/me]) IEflxt, e oixm) 4

Since ([s¢])c € Gr(M?), we know that the following sequents are provable in T(M¥, x4, . ..

f(xh SR 7Xm) s SB[f(Xl’ s 7Xm)/XB] = f(SB1 [Xl/XBl]7 SRR SBm[Xm/XBm])

f(sBx1/xBy)s - o8B, X /X8, ]) S F(X1y ooy %m) 4.
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By applying (obvious extensions of) Lemmas 2.4.12 and 2.4.10, we then obtain our
desired result. This proves that ([O'g (sc)])e € Gp(M¥?). So we define a function

Gr(M?) = Gr(M?)

by the assignment

(Isc))e — ([0S (sc)])es

which is well-defined by Lemma 2.4.12.
To show that this function is injective, let ([s¢])c, ([tc])c € Gr(M¥?) with

(log (se))e = (log (te)]) e

we must show ([s¢])e = ([te])e. So let C' € Esoe. We are given that
T(e,xc) b ol (sc) = oS (te),

and we want to show that
T(MW,Xc) F S — tc.

Since pg is a theory morphism by Lemma 2.4.12, we obtain that

T(M?,xc) b pS (05 (sc)) = pS (oS (tc)) -

Then our desired result follows by Lemma 2.4.13.
To show that this function is surjective, let ([tc])e € G (M?). We must show
that there is some ([s¢])c € Gr(M¥) with

([oS(sc)])e = (te])e-

For any C' € Ygq, we have to € Term(X(cy, ..., cnyXo))e with T(p,x¢) F te |. Then
by Lemma 2.4.12, we have pf(tc) € Term(X(M?,x¢)) with T(M?,x¢) F pS(te) |-
We can now argue as in the first part of the proof that ([tc])c € Gp(M¥?) implies
([S(te)]))e € Gr(M?). And for any C' € Xsor, we have

T(e,xc) o8 (S (te)) = to

by Lemma 2.4.13, which completes the proof of surjectivity. So we have indeed defined
a bijection
Gr(M?) = Grp(M?).
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Corollary 2.4.15. Let ¢ : Ay,...,c, 1 Ay & X be pairwise distinct constants and
let ¢ be a Horn sentence over ¥(cy, ..., ¢,). If we give GL(M¥) the group structure
induced by the bijection

Gr(M?) — G (M?)

of Proposition 2.4.14, then we have a group isomorphism

Gr(M?) =2 G (M?).

Remark 2.4.16. It is easy to verify (using Lemmas 2.4.10 and 2.4.13) that the group
structure on G%(M¥) is essentially the same as the group structure on Gp(M*?): the
unit element is ([x¢])e, and if ([s¢])c, ([te])e € G (M?), then

([sc])e - ([te))e = ([sclte/xc))e

and

To conclude this section, we connect the notion of finitely presented model of a
quasi-equational theory (Definition 2.4.1) with the notion of finitely presented model
of a cartesian theory (Definition 1.2.14). We have seen at the end of Chapter 1 that
the notions of quasi-equational theory and cartesian theory are equivalent. Hence, if
T is any quasi-equational theory with equivalent cartesian theory T’, then PTmod ~
Mod(T’, Sets), and thus fpTmod ~ fpT'mod, with fpTmod being the full subcategory
of PTmod on the finitely presented models of T in the sense of Definition 2.4.1, and
fpT’mod being the full subcategory of Mod(T’, Sets) on the finitely presented models
of T” in the sense of Definition 1.2.14. Thus, the covariant isotropy group of fpTmod
is essentially equivalent to the covariant isotropy group of fpT’mod, which is the same
thing as the internal isotropy group object of the classifying topos Sets™T ™m¢ of T
Thus, when we compute the covariant isotropy group of fpTmod, i.e. the internal
isotropy group object of the presheaf topos Sets®'™ we are indeed (indirectly)
computing the isotropy group of the classifying topos of the cartesian theory T’ (as
defined in Chapter 1).



Chapter 3

Examples

In this chapter we will apply the results of the preceding chapter to characterize the
isotropy groups of many examples of quasi-equational theories. In the first few sec-
tions, we will begin by characterizing the isotropy groups of specific (totally defined)
algebraic theories, and then we will study some theories with more logical complexity
towards the end of the chapter. We will say that a quasi-equational theory T has
trivial isotropy (group) if Gp = Zt : PTmod — Group is the constant functor on the
trivial group, and has non-trivial isotropy (group) otherwise.

In many of the examples, the reader will notice that the ability to compute the
isotropy group of a theory T (using the methods developed in Chapter 2) depends
heavily on whether there is a solution to the word problem for T; more specifically,
on whether there is a decidable method for determining whether two closed terms
s,t € Term®(X(M, x¢))c are equal (for M € PTmod and C' € Ysqp ).

3.1 Empty Theories

As our first (easy) example, we will show that any ‘empty’ quasi-equational theory
has trivial isotropy.

Definition 3.1.1 (Empty Theories). Let X be any relation-free signature.

e Recall from Definition 2.3.1 that Tot(X) is the quasi-equational theory over ¥
with axioms T F¥ f(Z) | for each function symbol f € 3. We will refer to
Tot(X) as the totally defined empty theory over 3.

o If T is a quasi-equational theory over ¥, then we say that T is an empty theory
over Y if every axiom of T is an axiom of Tot(X). In other words, T is an empty
theory over X if every axiom of T has the form T F¥ f(Z) | for some function
symbol f € . |

74
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The following lemma will be useful in what follows:

Lemma 3.1.2. Let T be an arbitrary quasi-equational theory over a relation-free
signature 2.

e Let M € PTmod, let A € Yson, and let s,t € Term®(3X(M,x4))p for some
B € Yo with T(M,xa) F sl At]. Then

T(M, XA) Fs=t
uf
P (s)" = py(t)" : Na — Np
for every ¥X-morphism h : M — N in PTmod.

o [f M € PTmod and A € Ysox and y1,ys : A are distinct variables, then
T(M) K92 gy = y,
uf

there are a T-model N, a YX-morphism h : M — N, and distinct elements
ay # as € Ny.

Proof:  See Appendix B. |

We now require the following technical lemma.

Lemma 3.1.3. Let X be any relation-free signature, let T be an empty theory over
Y, and let M € PTmod. For any C € Yson and t € Term®(X(M,xc))c,

T(M,xc) Ft=xc = t =x¢.

Proof:  See Appendix B. |

Proposition 3.1.4. Let 3 be any relation-free signature, and let T be an empty theory
over Y. Then T has trivial isotropy. More precisely, if M € PTmod, then

Gr(M) ={([xc])c} € [] Mxc)e-

cex
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Proof: The result is almost immediate from Lemma 3.1.3. Let M € PTmod and
([sc])e € Gp(M); we must show that ([s¢])e = ([x¢])e, i.e. we must show for each
B € Yo that

T(M, XB) H Sp = XB.

Since ([sc])c is invertible, there is some [s5'] € M(xp)p such that
T(M, XB) H SB[SE}/XB] = XB.

By Lemma 3.1.3, it follows that sg [sgl/xB] = xp, which forces sg = sg,l = xp. Since
T(M,xg) - s |, we then obtain our desired result. |

Corollary 3.1.5. Let ¥ be any relation-free signature and T any empty theory over
Y. If M € PTmod, then Zr(M) is the trivial group consisting of only the identity

element <idcod(f) :cod(f) = cod(f))feD an € Zp(M). i

Corollary 3.1.6. Let X be any relation-free signature and T an empty theory over
Y. Then Zr : PTmod — Group is (naturally isomorphic to) the constant functor on
the trivial group. i

An obvious consequence of Proposition 3.1.4 is that if ¥ is the single-sorted
signature with g, := (), so that Tot(X) is the theory of sets and PTmod is just the
usual category Sets of sets and (total) functions, then this theory has trivial isotropy.

3.2 Monoids and Groups

In this section, we will compute the (non-trivial) isotropy groups of the totally defined
algebraic theories of monoids and groups. First, we will consider the totally defined
theory Twmon of monoids. We recall that Ty, is the totally defined algebraic theory
over the single-sorted signature Yyon := {-, ¢} whose axioms are:

TE - (y-2)=(z-y)- 2

TH rz-e=x=¢-u,
Tl_l“,yw_yi/,
Treld.
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Since - is associative in any monoid, we will generally not use parentheses when
writing iterated products. Also, we have PTy.,mod = Mon, the usual category of
monoids and monoid homomorphisms. If M is any monoid, then for any n > 1, there
is a well-known description of the monoid M(xy,...,X,), whose needed properties we
now record.

Definition 3.2.1 (Multiplicative Words). Let M be any monoid, let n > 1, and
let xq,...,%, & Ymon(M) be pairwise distinct constants of the unique sort of Xpon-

o A multiplicative word over M U {xi,...,x,} is a non-empty finite string over
the alphabet {c% tm e M} U{x1,..., %, }. If w=w;...w, is a multiplicative
word over M U {xq,...,X,}, we write {(w) := r.

e A multiplicative word over M U {xy,...,x,} is said to be reduced if either
{(w) =1, or {(w) > 2 and w does not contain ¢, and contains no substring
consisting of two consecutive elements of {c} : m € M}. i

Lemma 3.2.2. Let M be any monoid, let n > 1, and let xi,...,%x, ¢ S(M) be

pairwise distinct constants of the unique sort of Ymon. Note that (because Tyon(M) -
M
chr =¢e)

M{(xy,...,xn) = {[w] : wis a multiplicative word over M U {xy,...,X,}},

with [w] = [W'] iff Tpmon(M, X1, ... %p) Fw =1w'.

o If w is a multiplicative word over M U {xy,...,x,}, then there is a (unique)
reduced multiplicative word w™ over M U {xy,...,%,} such that [w] = [w"].
o [fw,w are reduced multiplicative words over M U {xy,...,x,} with [w] = [w],

then w = w'.

Lemma 3.2.3. If M is any monoid and y,,ys are distinct variables of the unique
sort of Xmon, then Ton (M) FVY2 4y = 1.

Proof: By Lemma 3.1.2, it suffices to show that there is a monoid N with at
least two elements and a monoid homomorphism h : M — N. If M itself already
contains at least two elements, then we set N := M and h := idy;. Otherwise, we
have M = {eM}, and then M can be embedded into any of the many monoids with
at least two elements. i
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If M is any monoid, we say that an element m € M is invertible if there is a (nec-
essarily unique) element m~! € M with mm™ = e™ = m~'m. We write Inv(M)
for the group of all invertible elements of M. We can now characterize the isotropy
group of Twmon-

Proposition 3.2.4. If M is any monoid, then
Gy, (M) = {[emxcm-1] € M(x) : m € Inv(M)}
(where we have omitted the superscripts from the object constants of M ).

Proof:  First, we prove the easier right-to-left inclusion. So let m € Inv(M) with
inverse m~! € M. We must show that [c,,xcp—1] € Gr,,,, (M), i.e. (by Corollary
2.3.3) we must show that [¢,,x¢,,-1] is invertible and commutes generically with the
function symbols - and e of Yyen. It is immediate that [¢,,xc,,-1] is invertible, because
we have [cp,-1xcp,| € M (x) with

[CmXCm=1 [Cm-1XCim [X]] = [CmCm-1XCm-161] = [exe] = [X],
and similarly [c,,-1x¢p, [emxcpm-1/X]] = [x]. To show that [c,,xc,,—1] commutes generi-
cally with -, we must show that [¢,,x1X2Cp-1] = [CmX1Cm-1CmXaCp-1] holds in M (xy, xa),

which is clear. Finally, it is obvious that [¢;,x¢,,-1] commutes generically with e, be-
cause in M we have

M 1

me - m 1 M

=mm  =e€
This proves that m € Inv(M) = [¢xCp-1] € G, (M).

For the converse inclusion, let w be a multiplicative word over M U {x} with
[w] € Gr,,,, (M) C M(x). By Lemma 3.2.2, we may suppose that w is reduced. The
argument now echoes the argument of Bergman ([3, Theorem 1]) given in Section
2.1. First, we show that w contains at most one occurrence of x. Suppose towards
a contradiction that w contained at least two occurrences of x. Since [w] commutes
generically with -, we obtain

[whaxz/X]] = [wlx /XJwlxs/x]]

in M (x1,x2). Since w is reduced, it is clear that wx;xy/x| is reduced. By Lemma
3.2.2, we have

[wixixe/x]] = [whxi /XJwxe /x| = [(wlxi /X]wlxa/X])']
and hence
wxixe /x| = (wxq /X]wxa/x])" .

But since w contains at least two occurrences of x, it is clear that w[x;xs /x] will contain
an occurrence of xo to the left of an occurrence of x;, while all occurrences of xy will
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occur to the right of all occurrences of x; in (w[xy /xJw[xz/x])". This is impossible if
these words are syntactically identical, so we conclude that w must have at most one
occurrence of x.

To show that w must have at least one occurrence of x, it suffices by Lemma
2.2.56 (since M # ) to show that Tyon (M) Y12 y; = ys for distinct variables yy, ys
of the unique sort of Xon, but this follows by Lemma 3.2.3.

So w contains exactly one occurrence of x and hence, being reduced, must have
one of the following forms:

X,y CrnXs XCrryy Cony XCis

(with m,my,my # eM). If w = x, then since eM € Inv(M) with (eM)™! = M we
have
[w] = [x] = [exe] = [comxcenr] = [corrxcierry—1]

as desired. Suppose we had w = ¢,,,x for some m # e € M: then since [w] commutes
generically with -, we would have

[emX1Xa] = [emX1CmXa]

in M (xy,x2). But since both words are reduced, we would obtain ¢,;,x;xa = ¢pX1CmX2
by Lemma 3.2.2, which is clearly false. Similarly, we cannot have w = xc,, for
m # eM € M. The last possibility is that w = ¢,,,x¢,,, for some my, my # e € M.
So [w] = [Cm,XCm,), and it just remains to show that m; is invertible with m; ! = ms.
Since [w] commutes generically with -, we have

[Cm1X1X20m2] - [lexlcmzcml)(Qcmg] - [lexlcmzml)(QCmg]

in M(xq,x2). The leftmost word is clearly reduced, and if the rightmost word were
reduced, then these two clearly syntactically distinct words would be syntactically
identical by Lemma 3.2.2. Hence, the rightmost word must be not reduced, which
implies that mym; = eM. Also, since [w] commutes generically with e, it follows that
in M we have

mimeo = mleMmz = GM.

So we have mymy = e = mym;, and hence ml_1 = ms, as claimed. This proves
that [w] € G, (M) = [w] = [¢mXxcy,—1] for some m € Inv(M), which completes the
proof of the proposition. |

Corollary 3.2.5. If M is any monoid and

= (g : cod(f) = COd(f))feDom(M)
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is any Dom(M)-indexed family of monoid endomorphisms, then = € Zr,, (M) iff
there is a (uniquely determined) element m € Inv(M) such that

Ty = CONjf( : cod(f) = cod(f)

for every f € Dom(M), where CONjf(,y 1S the monoid automorphism giwen by conju-

gation by f(m) € Inv(cod(f)).

Proof: By Proposition 3.2.4 and Corollary 2.2.42, it suffices to show for m &
Inv(M) and f: M — N a monoid homomorphism that

Pr (CmXCny—1)" = cONjs(y : N = N,

and that my, ms € Inv(M) and [cmlxcm;1] = [cmxcm;l} imply m; = my. First, for

any n € N we have

ps (CmxCm-1)" (n) = (cramxcrmy-1) (n)

= (CramXCsm)1) e

= f(m)nf(m)!

= co an( )( )7

as desired.
Now suppose my, ms € Inv(M) and |:Cm1XCm1—1] = |:Cm2XCm2—1:|. If m; = eM, then

we have [x] = [lexcml—l] = |:Cm2XCm2—1:|, which forces my, = e by Lemma 3.2.2.

Otherwise, if m; # e, then for similar reasons we must have my # €™, so that the
two words are reduced and hence

Comy XCppy =1 = oy XCppp-

by Lemma 3.2.2, which forces ¢,,,, = ¢, and hence m; = mo. i

Let Inv : Mon — Group be the functor that sends any monoid to its group Inv(M) of
invertible elements, and sends any monoid homomorphism f : M — N to the group
homomorphism Inv(f) := f [ Inv(M) : Inv(M) — Inv(N). Then we also have:

Corollary 3.2.6. Zg,, = Inv: Mon — Group.

Proof: By Theorem 2.2.41, it suffices to show that there is a natural isomorphism
Gr,,., = Inv : Mon — Group. For any monoid M, we define a group isomorphism

Bur : Gy, (M) = Inv(M)
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by appealing to Proposition 3.2.4 and setting

Bar ([emXCm-1]) :=m € Inv(M)
for each m € Inv(M). This is well-defined, by the argument given in the proof
of Corollary 3.2.5. It is clearly injective, and it is surjective by Proposition 3.2.4.
Finally, it is a group homomorphism, because my, ms € Inv(M) implies

[lexcml—li| * |:Cm2XCm2—1:| = [Cm1m2XC(mlm2)—1] .

If we set 5 := (Bam)memon, then 5 is natural, because for f : M — N € Mon and
m € Inv(M) we have

Inv(f) (Bar ([emxcm1])) = Inv(f)(m)

So 3 : Gr,,, = Inv. |

This completes our investigation of the isotropy group of the totally defined
algebraic theory of monoids. By making some minor adjustments, the above results
carry over almost verbatim to the totally defined theory Tgrou, of groups, whose
axioms were given in Example 2.3.2 (cf. also Bergman’s argument from [3, Theorem
1] in Section 2.1):

Proposition 3.2.7. If G is any group, then
G, (G) = {[cgxcg—1] € G(x) : g € G} .
Corollary 3.2.8. If G is any group and
7= (mp: cod(f) — cod(f)) tepom(a)

is any Dom(G)-indexed family of group endomorphisms, then © € 2y (G) iff there
is a (uniquely determined) element g € G such that

Ty = conjy(, : cod(f) = cod(f)

for every f € Dom(G), where conj(g) s the group automorphism given by conjugation

by f(g) € cod(f).
Corollary 3.2.9. 2 = Lgroup : Group — Group. |
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3.3 Commutative Monoids and Abelian Groups

In this section, we show that the theory Tcpmon of totally defined commutative monoids
has trivial isotropy, and that the isotropy group of the theory Ta, of totally defined
abelian groups is (naturally isomorphic to) the constant functor on the two-element
group Zs.

First, we consider the theory Tap over the single-sorted signature Xap, := {+, —, 0},
with binary +, unary —, and constant symbol 0. The axioms of Ty are those of Tgroup
(replacing -,~! e respectively by +, —, 0) together with the axiom

THFHYr24+y=y+uz.

Note that PTa,mod = Ab, the category of abelian groups and homomorphisms. We
now have analogues of Definition 3.2.1 and Lemma 3.2.2:

Definition 3.3.1 (Reduced Additive Words). Let G be any abelian group, and
let x ¢ Yap(G) be a constant of the unique sort of Yap. A reduced additive word over
G U {x} is an expression of one of the following forms:

e nx, forn € Z\ {0}.
o ¢, forgeG.

e nx+c,, forn € Z\ {0} and g # 0¢ € G. i

Lemma 3.3.2. Let G be any abelian group, and let x ¢ Yap(G) be a constant of the
unique sort of Xap.

o [ft € Term®(Xap(G, X)), then there is a (unique) reduced additive word t" over
G U {x} such that [t] = [t"] in G(x).

o Ifw,w are reduced additive words over G U{x} with [w] = [w'], then w = w'.

Lemma 3.3.3. If G is any abelian group and y1,y» are distinct variables of the unique
sort of Xap, then Tap(G) FY¥2 4y = 1. 1

Proposition 3.3.4. If G is any abelian group, then

GTAb(G) = {[X]7 [_X]} C G<X>
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Proof:  First we show the easy right-to-left inclusion. Of course [x] € Gr, (G). To
show that [—x| € Gr,,(G), we must show (by Corollary 2.3.3) that [—x] is invertible
and commutes generically with the function symbols 4+, —, 0 of Xa,. The inverse of
[—x] is itself, because we clearly have

[=x[=x/X] = [= (=] = [x].

That [—x] commutes generically with — is trivial. That [—x] commutes generically
with + follows because we have

[—(x1 +x2)] = [(=x1) + (—x2)] € G{x1,%2).

And that [—x] commutes generically with 0 follows because in G we have —0% = 0¢.
So [—x] € Gr,,(G).

For the converse inclusion, let ¢ € Term®(Xa,(G,x)) with [¢{] € Gr,, (G), and
suppose without loss of generality by Lemma 3.3.2 that ¢ is a reduced additive word
over G U {x}. First, we show that we must have ¢ = nx for some n € Z \ {0}.
For suppose otherwise: then (by Definition 3.3.1) either ¢ = ¢, for some g € G, or
t =nx+ ¢, for some n € Z\ {0} and g # 0 € G. Since [t] € Gr,,(G), the first case
is impossible by Lemmas 2.2.56 and 3.3.3 (since G # (). So suppose we are in the
second case. Since [t] commutes generically with 0, we easily obtain (in G)

09 =n0%+g=0%+g=g,

which contradicts the assumption on g. So we must have [t] = [nx] for some n €
Z \ {0}. To complete the proof, it thus remains to show that n € {1, —1}. Since
[t] € Gr,,(G), there is some [s] € Gr,,(G) with [t[s/x]] = [x]. By the argument just
used for [t] € Gr,, (G), we know that [s] = [mx] for some m € Z \ {0}. So we have

x| = [t[s/x]] = [nx[mx/x]] = [(nm)x]. Since n,m # 0, we have nm # 0, and hence
(nm)x is a reduced additive word over G U {x}. So by Lemma 3.3.2, it follows that
x = (nm)x, so that we must have nm = 1, and hence n € {1, —1}, as desired. i

Corollary 3.3.5. If G is any abelian group and

= (mp: cod(f) — COd(f))feDom(G)

is any Dom(G)-indexed family of abelian group endomorphisms, then m € Zr,, (G) iff
either

7y = ideoa(s) for each f € Dom(G)

or



3. EXAMPLES 84

mp = —<4) for each f € Dom(G),

where —<°4) - cod(f) = cod(f) is the abelian group automorphism given by a — —a.

Corollary 3.3.6. Zr,, : Ab — Group is (naturally isomorphic to) the constant func-
tor on the two-element group Zs.

This completes our investigation of the isotropy group of the totally defined
theory of abelian groups. Let us now consider the theory Tcmon of totally defined
commutative monoids over the single-sorted signature Ycpon := {+,0}, with binary
+ and constant 0. The axioms of Tcmon are those of Tyon (replacing -, e respectively
by +,0) together with the axiom T F*¥ x +y = y+x. We modify Definition 3.3.1 by
stipulating that in the first and third forms, n must be a positive integer. Lemmas
3.3.2 and 3.3.3 then hold for Tcpmon. By making the appropriate adjustments to the
proof of Proposition 3.3.4, we then have:

Proposition 3.3.7. If M is any commutative monoid, then
G (M) = {[x]} € M(x).

Corollary 3.3.8. If M is any commutative monoid, then Zr.,, (M) is the trivial
group consisting of only the identity element

(deoacr : c0d(f) > cod(1)) € B, (M),

Since PTcpmonmod = CMon, the category of commutative monoids and homomor-
phisms, we have:

Corollary 3.3.9. Zr,,.. : CMon — Group is (naturally isomorphic to) the constant
functor on the trivial group. i
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3.4 Commutative Unital Rings

In this section, we will show that the isotropy group of the totally defined algebraic
theory of commutative rings with unit. The theory Tcring is the totally defined
algebraic theory over the single-sorted signature Xging := {4, —, 0, -, 1} (with + binary,
— unary, and 0, 1 constants) whose axioms are those of Tap,, together with the axioms
of Temon (replacing +,0 by -, 1), and the distributive axiom

THE 2 (y+2)=(zy)+ (v-2)

Then PTcringmod = CRing, the usual category of commutative unital rings and ring
homomorphisms.

Definition 3.4.1 (Monomials). Let xy, ..., x, ¢ Yging be pairwise distinct constants
of the unique sort of Xring. A monomial over {x;,...,x,} is an expression of the form
xi'...x% for integers ay, ..., a, > 0. If there is some 1 < i < n with a; > 0, then we

say that xJ* ...x% is a non-trivial monomial over {xq,...,x,}. i

We have the following well-known description of the elements of R(xy,...,x,):

Lemma 3.4.2. Let R be any commutative unital ring, let n > 1, and let xq, ... %, ¢
Yring(R) be pairwise distinct constants of the unique sort of Xging.

o Ift € Term®(Zring(R, X1, ...,%,)), then there are m > 1 and pairwise distinct
monomials ti,. .. t, over {xi,...,x,} and elements ry,...,r, € R with

[t] = [Crltl + ...+ Crmtm] S R(Xl, c. 7Xn>.

o Ifj,k>1andsy,...,s;t1,...,t are monomials over {x1,...,x,} (with sy,...,s;
pairwise distinct and tq,. .., t; pairwise distinct) and ay,...,a;,b1,...,by € R
have the property that

[Cay51+ .. 4 Cay55] = [co,t1 + . A ey te] € R{xq, ..., Xn),

then for any 1 < i < j such that a; # 0% and s; is a non-trivial monomial, there
must be some 1 < i < k with by # 0% and s; = ty, and conversely.

Proposition 3.4.3. If R is any commutative unital ring, then

GTCRing (R) = {[X]} - R<X>
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Proof:  Let [t] € Gre,, (R) € R{x), and let us show that we must have [t] = [x].
By Lemma 3.4.2, we have

[t] = [ca, X" + ...+ CoyX + €] € R{X)

for some n > 0 and ay, ..., a, € R. Since [t] € G, (R), we know that [t] commutes
generically with the function symbol + of ¥Xging, which means that

Tering (R, X1, %2) F t[x1 4+ Xo/X] = t[x1/X] + t[xa/x],

so that
[Ca, (X1 4 X2)™ + ...+ Cay (X1 4 X2) + Cap)
= [Ca, XT + Cap Xy + « . F CayX1 + Cay X2 + Cagtap)
in R(x;,x2). Now we show for any 1 < i < n that we must have a; = 0%. If i > 1
and a; # 0%, then (by the binomial theorem for commutative rings) the upper term
is congruent to a term of the canonical form described in Lemma 3.4.2 in which the
monomial x}'x, occurs with non-zero coefficient from R. By Lemma 3.4.2, it then
follows that the lower term must also contain xi 'xy with non-zero coefficient from
R, which is not the case. So if 1 < i < n, then we must have a; = 0%. We must also
have ay = 0%, because otherwise (by Lemma 3.4.2) we would obtain ag = ag + a¢ and
hence ag = 0%, contrary to assumption.
Thus, we have
[t] = [caX] € R(x)
for some a € R. Since [t] € G, (1), we also know that [t] commutes generically
with the function symbol 1 of ¥ging, which entails that

p]FCRing<R) F Co = 1a
and hence that
[1] = [cax] = [1x] = [x] € R(x),
as desired. This completes the proof. i

Corollary 3.4.4. If R is any commutative unital ring, then Zr., (R) is the trivial
group consisting of only the identity element

(idcod(f) - cod(f) = cod( f)) € Zrop (R).

feDom(R)

Corollary 3.4.5. Zg, : CRing — Group is (naturally isomorphic to) the constant
functor on the trivial group. i
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3.5 Modules over a Ring

In this section, we will compute the isotropy group of the totally defined algebraic
theory of (left) R-modules over a fixed commutative unital ring R. So fix a com-
mutative unital ring R. We define a single-sorted signature > gmoq to have function
symbols + (binary), — (unary), and 0 (constant), together with a unary function
symbol f, for each r € R (these latter symbols being pairwise distinct). The totally
defined algebraic theory T gmod OVer the signature Y gmoq then has the axioms of Ty
together with the following axioms for all r,; s € R:

o TH fi(fs(2)) = frs().

o THY filz+y) = firlz) + fr(y).
o TH frps(@) = fr(2) + [s(@).

o TH fin(z) = 1.

From the well-known construction of the free R-module on finitely many generators
and the coproduct of R-modules as their direct sum, we then have:

Lemma 3.5.1. Let M be a left R-module, and let Xq,...,X, & Xrmod(M) be new
constants. For any t € Term®(Xrmod(M,X1,...,Xy)), there are uniquely determined
elements m € M and ry,...,r, € R with

[t] = [em + fry(X1) + <o+ fr, (X0)] € M{(Xq, ..., Xn)-

Let Unit(R) be the group of units of R (i.e. elements of R that have multiplicative
inverses). We now have:

Proposition 3.5.2. If M € Rmod, then
G moa (M) = {[fr(x)] € M(x) : r € Unit(R)} .

Proof: To prove the right-to-left inclusion, it suffices by Corollary 2.3.3 to show
that if » € Unit(R), then [f.(x)] € M(x) is invertible and commutes generically with
the function symbols of Tgrmed. Since r is a unit of R, there is some s € R with
r-fs=1% = s-Br. Then [fi(x)] € M(x) is the inverse of [f,.(x)], because in M (x) we
have

[fr(x) [fS(X)/XH = [fr(fs(x)>] = [frs(x)] = [flR(X)] = [X]a
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and conversely. That [f,.(x)] commutes generically with the function symbols of ¥ gmod
is trivial to verify, using the axioms (and theorems) of T gmoq (for the function symbols
+,—,0) and the commutativity of R (for the function symbols of the form f, for
s € R).

For the less obvious inclusion, let [t] € Gr,, (M) C M(x), and let us show that
there is some r € Unit(R) with [t] = [f.(x)]. By Lemma 3.5.1, there are uniquely
determined elements m € M and r € R with [t] = [¢,, + f.(X)] € M(x). Since [t] is
an element of the isotropy group, it follows that [f] commutes generically with the
function symbol +, which means that in M (x, x2) we will have

[Com + fr(x1) + fr(x2)] = [Cmpm + fr(x1) + fr(x2)].

By Lemma 3.5.1, it then follows that m = m + m, so that m = 0¥, and hence

[t] = [com + fr ()] = [0+ fr(x)] = [fr(¥)] € M(x),

so it remains to show that r is a unit of R. Since [t] is an element of the isotropy
group, we know that [t] is invertible, and so there is some [s] € G, (M) C M(x)

with
[slt/x]] = [x] = [t[s/x]] € M(x).

Since [s] is an element of the isotropy group, it follows by the reasoning used thus far
for [t] that

[s] = [fw ()] € M{x)
for some 7’ € R. Since [s] is the inverse of [t], we then have

[f1r(] = X = [t[s/X]] = [fr(frr (x))] = [frr (X)),

which implies by Lemma 3.5.1 that r - ' = 1%, Similarly, we obtain 7’ - , SO
that r € Unit(R), as desired. This completes the proof. i

RT:]_R

Corollary 3.5.3. If M is any left R-module and

™= <7Tf : COd(f) — COd(f))feDom(M)

is any Dom(M)-indexed family of R-module endomorphisms, then m € Zr, (M) iff
there is a (uniquely determined) element r € Unit(R) such that

7 = fU) : cod(f) = cod(f)

for every f € Dom(M).
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Proof: By Proposition 3.5.2 and Corollary 2.2.42, it remains to show that if
r,s € Unit(R) and [f,(x)] = [fs(x)] € M(x), then r = s, which follows by Lemma
3.5.1. i

Corollary 3.5.4. Zr, ., : Rmod — Group is naturally isomorphic to the constant
functor on Unit(R). i

3.6 Sets with a Bijection

We will now compute the isotropy group of a totally defined algebraic theory whose
models are sets equipped with a (total) bijection. Specifically, we define the single-
sorted signature Yg;; := {f, f~'} with f, f~! unary function symbols, and we define
Tgij to be the totally defined algebraic theory over Ygjj with the following axioms:

TE fla) LA fH () L

THEf(f @) =2 = [ (f(2)).
We will show that the isotropy group of this theory is (naturally isomorphic to) the

constant functor on the additive group Z. If M € PTg;mod and t € Term®(Xg;;(M, X)),
then for any n € Z, we define the term f"(t) € Term®(Xg;;(M, x)) in the obvious way.

First, we require the following preparatory lemmas, whose proofs may be found
in Appendix B.

Lemma 3.6.1. Let M € PTgjmod, and let x ¢ Ygjj(M) be a constant of the unique
sort of Xgjj. Then for any t € Term®(Xg;(M,x)), either there is some m € M such
that [t] = [cm] € M(x), or there is some n € Z such that [t] = [f™(x)] € M (x). i

Lemma 3.6.2. If M € PTgimod and x ¢ Xg;(M) is a constant symbol and for
n,m € Z we have [f"(x)] = [f™(x)] € M(x), then n = m. i

Lemma 3.6.3. If M € PTgymod and yi,y» are distinct variables of the unique sort
of Xgij, then T(M) Fvvz yy = y,. :
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Proposition 3.6.4. If M € PTgjjmod, then
GTBij(M> = {[fn(x)] € M<X> ‘ne Z}'

Proof:  To show the right-to-left inclusion, let n € Z; we must show that [f™(x)] €
Gy (M), ie. (by Corollary 2.3.3) that [f"(x)] is invertible and commutes generically
with the function symbols f, f~*. For invertibility, we have [f~"(x)] € M(x) and

[ OOLF (/] = [ (] = [ (0] = K,

and similarly [f~"(x)[f"(x)/x]] = [x]. We have that [f"(x)] commutes generically with
f, because in M (x) we have

L)/ = [ (FO)] = [ (] = [ (" ()],

and [f"(x)] commutes generically with f~! by similar reasoning. Thus, [f"(x)] €
GTBij (M )

Conversely, suppose that [t] € Gy (M). By Lemma 3.6.1, either there is some
m € M with [t] = [¢,], or there is some n € Z with [t] = [f™(x)]. The first case is
ruled out by Lemmas 2.2.56 and 3.6.3 (since in this case M # (), so we are left with
the second case, as desired. |

Corollary 3.6.5. If M € PTgjmod and
7 = (7, : cod(h) = cod(h)),epom(ar)

is any Dom(M)-indexed family of endomorphisms in PTgymod, then m € Zry, (M) iff
there is a (unique) integer n € Z such that

mh = (f<M)" : cod(h) = cod(h)
for every h € Dom(M).

Proof: By Corollary 2.2.42, Proposition 3.6.4, and Lemma 3.6.2. i

Corollary 3.6.6. Zr, = Gr, : PTgymod — Group is naturally isomorphic to the
constant functor on the additive group Z.

Proof:  If M € PTg;mod, then (using Proposition 3.6.4) we define a group isomor-
phism Gr, (M) = Z by [f"(x)] = n for each n € Z. This is well-defined by Lemma
3.6.2, it is clearly injective, it is surjective by Proposition 3.6.4, and it is easily seen
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to be a group homomorphism, and hence isomorphism. Naturality of these group
isomorphisms is trivial. |

If we define the single-sorted signature ¥y, := {f} with f unary and define T,,
to be the totally defined algebraic theory over ¥, with the axioms

TH f(z) ]

and
T f(f(z)) =z,

then models of T),, are sets with an involution. Then by easy modifications of the
arguments given in this section, we obtain:

Proposition 3.6.7.
e [f M € PT),,mod, then

G, (M) = {[X], [f (]} € M(x).

e If M € PTypymod and 7 = (m, : cod(h) — cod(h)),cpom(ar) @ any Dom(M)-
indexed family of endomorphisms in PT\,mod, then m € Zr, (M) iff either 7
15 the identity element or

7 = [ : cod(h) = cod(h)
for every h € Dom(M).

o Zp =G, : PTinwmod — Group is naturally isomorphic to the constant func-
tor on the group Zs. i

3.7 Free Lattices

In this section, we will show that the isotropy group of any free lattice on finitely
many generators is trivial. We define ¥, to be the single-sorted signature with
two binary function symbols A and V. We then define T, to be the totally defined
algebraic theory over ¥ 5 with the following axioms:

o TH"WaxAyl.

o TH™ g Vyl.
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o THYzAy=yAczx.
o THYaxVy=yVuz.

o TH W (x Ay)yANz=1x A (yA 2).

THEY? (zVy)Vz=xV(yVz).

o THYazA(zxVy) =ux.

o TH"YaV(xAy) =ux.
A well-known consequence of these axioms is that T\, proves
TH 2ANzx=x=zVux.

The category PT ,:mod is then just the usual category Latt of lattices and lattice
homomorphisms. If L is any lattice and a,b € L, then we will write a <; b for
a AFb = a, or equivalently a V¥ b = b, which is known to be a partial order on L (i.e.
reflexive, anti-symmetric, transitive).

Let us denote the free lattice on n generators cy,..., ¢, by L,, i.e.

Ln = Free(TLatt(clu B 7cn))|ELatt‘

By Corollary 2.4.15, computing G, (L,) is the same as computing G7,__(Ly), so we

will do the latter. Recall that G7, (L) is the group of elements [t] € Free(Tiaw(c1, - - -, ¢n, %))
that are invertible and commute generically with the lattice function symbols.

Now, we will require the following fact about free lattices on finitely many generators,
which is due to Whitman ([20], [21]):

Lemma 3.7.1. Let n > 0. If s,t € Term“(Zawn(c1, ..., n, X)) and [x] < [s] V [t], then
x| < [s] or [x] < [t]. i

Towards proving that the isotropy group of L, is trivial, we require:

Lemma 3.7.2. Letn > 0. Ift € Term®(X awe(c, - .., cn, X)) and [t] has a right inverse,
i.e. there is some s € Term®(Xau(c1, ..., Cn, X)) with

[t[s/x]] = [x] € Free(Traw(c1,-- -, cn, X)),

then

Proof: We prove this by induction on t € Term®(Xw(cq, - - -, Cn, X)).
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e [f t = x, then we trivially obtain the result.

e Suppose t = ¢; for some 1 < i < n. We claim that [¢;] cannot have a right
inverse, which yields the result. If [¢;] did have a right inverse, then we would
easily obtain [¢;] = [x], i.e. Traw(ct, ..., ¢n,X) b ¢; = x, and hence Ty HY1- ¥
y; = z for pairwise distinct variables v, ..., y,, 2 by the theorem on constants
(Remark 1.3.17). This easily implies that every lattice would have at most one
element, which is clearly not the case. This proves our claim.

e Suppose t = t; Vi, for some tq,ty € Term®(3(cy, . .., ¢y, %)) for which the desired
result holds, and suppose that [t] has a right inverse. So there is some s €
Term®(XLaw(ct, - - -, Cny X)) With

[t1[s/X]] V [ta]s/X]] = [t1[s/x] V ta[s/x]] = [x] € Free(Taw(c1, - -+, Cn,X)).

From this, we infer
[t1[s/X]] < [x] and [ta[s/x]] < [X]

and
X < [tas/¥] V [t2]s/X]].

From the latter inequality and Lemma 3.7.1 we obtain
X] < [ta]s/X]] or [x] < [t2[s/X]].

Since < is anti-symmetric, we thus have either [x] = [t1[s/x]] or [x] = [ta]s/x]].
Since V is commutative, suppose without loss of generality that [t;[s/x]] = [x].
Then [¢;] has a right inverse, so by the induction hypothesis it follows that
[t1] = [x], which entails that [t;[s/x]] = [s]. Then we have

X = [tals/X] V [tals/x]] = [s] V [ta[s/x]].

So [s] < [x] and [ta[s/x]] < [x], and [x] < [s] V [t2[s/x]]. So by Lemma 3.7.1,
either [x] % [s] or [x] < [ta[s/x]]. So either [x] = [s] or [x] = [t2[s/x]]. In the first
case, we obtain

X = [tals/X]] V tals/X]] = [t x/X]]V [talx/X]] = [0] V [ta] = [ta V 8] = 8],

as desired. And in the second case, it follows that [t5] has a right inverse, so by
the induction hypothesis, we have [ty] = [x]. Then we have

1] = [tr Vo] =[] V [ta] = X V [X] =[],

as desired (since V is idempotent).
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e The induction step for ¢t = t; Aty is handled analogously to the previous induc-
tion step.

We now easily obtain:

Proposition 3.7.3. Let n > 0. Then

Gy (L) = {[X]} € L (%)

Proof: By Corollary 2.4.15, it suffices to show that G7,_(Ln) = {[x]}. So
let [t] € Gy, (Lyn). Then [t] is in particular invertible, so that there is some s €
Term®(Xaw(ca, - - -, n,x)) with [t[s/x]] = [x]. Then by Lemma 3.7.2, it follows that
[t] = [x], as desired. i

Corollary 3.7.4. Let n > 0. Then Zr,_,(Ly) is the trivial group. ]

One can also use arguments similar to the above, together with the solution of
the word problem for finitely presented lattices, to show that the isotropy group of
any finitely presented lattice is trivial. We omit the details.

3.8 Categories and Groupoids

In this section, we now consider quasi-equational theories with slightly more logi-
cal complexity than totally defined algebraic theories. Namely, we will compute the
isotropy groups of the quasi-equational theories of categories, groupoids, and cat-
egories with a terminal object, which are all two-sorted theories in which not all
operations are totally defined. We will in fact show that all of these theories have
trivial isotropy. First, we consider the theory of categories.

To define the theory Tc,: of categories, we first define its signature »c,;. We
stipulate that Yc,: has two sorts, the object sort O and the arrow sort A, and four
function symbols: id : O — A, dom,cod : A — O, and o : A x A — A (the latter
written in infix notation). We then define Tc,, to be the quasi-equational theory over
Ycat Whose axioms are the following sequents (throughout, z is a variable of sort O
and f, g, h are variables of sort A):

o TH*id(z) ), TH dom(f){, and T F cod(f) |.
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e go [ L cod(f) = dom(g) and cod(f) = dom(g) H go f | .
go f LF9 dom(go f) = dom(f) A cod(g o f) = cod(g).
ho(gof)4Hoh ho(go f)=(hog)o .

T F* dom(id(2)) = z A cod(id()) = .

T+ foid(dom(f)) = f Aid(cod(f)) o f = f.

Then PT¢,mod is just the category Cat of all small categories and functors. To show
that G, (C) is trivial for any small category C, we require the following preparatory
lemmas (the proofs of the first three may be found in Appendix B). If C is a small
category, then xp,x4 ¢ Ycat(C) will always be distinct constant symbols of sorts O
and A respectively.

Lemma 3.8.1. Let C be any small category.

1. For any b € Co, we have Tca(C,x0) ¥ xo = cop. For any f € Cy, we have
TCat(CaxA) ¥ XA = CAf-

2. For any b € Cp, we have Tcat(C,x4) ¥ dom(xs) = cop and Tca(C,xa) ¥
cod(x4) = cop-

3. Tcat(C,xa) ¥ dom(x4) = cod(x4). |

Lemma 3.8.2. IfC is any small category and t € Term®(Xcat(C, x0)) with Tcat(C, x0) F
tl, then:

o Ift: O, then either [t] = [xo] € C(xo)o or [t] = [cos] € C(xo)o for some
be Co.

o Ift: A, then either [t] = [id(xo)] € C(xo)a or [t] = [cas] € C{xp)a for some
feCyu. |

Lemma 3.8.3. IfC is any small category and t € Term®(Xca(C, x4)) with Teae(C,x4)
tl, then:

o [ft:O, then [t] = [dom(x4)] or [t] = [cod(x4)] or [t] = [cos] for some b € Cp.

o Ift: A, then [t]| = [x4] or [t] = [id(dom(x4))] or [t] = [id(cod(x4))] or [t] = [caf]
for some f € Cyu. |
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Lemma 3.8.4. Let C be any small category.
1. For any distinct variables yy,ys : O, we have Tcae(C) FVY2 4y = ys.
2. For any distinct variables y1,ys : A, we have Tcae(C) FV1Y2 4y = ys.

Proof: To prove both claims, it suffices by Lemma 3.1.2 to show that there is
a small category D with at least two objects (and hence at least two arrows) and a
functor F': C — . So just let D be the disjoint union of C with the discrete category
on two objects, and let F' be the inclusion functor. i

Proposition 3.8.5. For any small category C,
G, (C) = {([x0], [xa])} € Cx0)o x C(xa)a.
Proof:  Let ([so], [s4]) € Gr.,.(C); we must show that

([sol; [sa]) = (ol [xa])-

By Lemma 3.8.2, either [sp] = [xo] or [so] = [cos] for some b € Cp. But since
([so],[s4]) € Gr.,(C), it follows by Lemmas 2.2.56 and 3.8.4 that we must have
[so] = [xo], as desired.

Now we show [sa] = [x4]. By Lemma 3.8.3, we know [s4] = [xa]| or [sa] =
[id(dom(x4))] or [sa] = [id(cod(x4))] or [sa] = [ca ] for some f € C4. As with [so],
the last case is impossible. Suppose towards a contradiction that [s4] = [id(dom(x4))].

Since ([so], [sa]) = ([xo], [s4]) € G1,(C), it commutes generically with the function
symbol cod : A — O, so that

TCat(C,XA) F SO[COd(XA)/Xo] = COd(SA)
(since Tcat(C,x4) F cod(x4) J). Since Teat(C,x0) F so = xo, we obtain
Tcat(C,x0,%a) = 50 = X0

and
Tcat(C,XO,XA) F So[COd(XA)/Xo] = COd(SA),
which together imply

Tcat(C,XO,XA) H COd(XA) = COd(SA),
and hence (by the theorem on constants in Remark 1.3.17)

Teat(C,xa) F cod(x4) = cod(sa),
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i.e. [cod(xa)] = [cod(sa)] € C(xa)o. So, supposing that [s4] = [id(dom(x4))], we
would obtain

[cod(x4)] = [cod(s4)] = [cod(id(dom(x4)))] = [dom(x4)],

which contradicts Lemma 3.8.1. We reach a similar contradiction if we suppose that
[sa] = [id(cod(x4))] (instead using the assumption that ([sp], [sa]) commutes generi-
cally with dom). So the only remaining possibility is that [sa] = [x4], as desired. 1

Corollary 3.8.6. If C is any small category, then Zr, (C) only consists of the iden-
tity element.

Corollary 3.8.7. Zp., = Gr., : Cat — Group is (naturally isomorphic to) the con-
stant functor on the trivial group. i

Richard Garner [12, Proposition 3] has also independently shown that Tc,; has
trivial isotropy by a relatively short categorical argument. In general, if one suspects
that a theory has trivial isotropy, it is usually not too difficult (and sometimes, may
even be easier) to pursue a purely categorical proof of this, rather than one using the
logical methods that we have developed so far. However, we should add the caveat
that such a proof will likely only be easier if there is an efficient /effective description
of the process of freely adjoining an indeterminate element to a model of such a theory
(e.g. in the case of the theory of categories, the category obtained from a category
C by freely adjoining an indeterminate object is merely the disjoint union of C with
the terminal category).

Next, we show that the isotropy group of Tte,, the quasi-equational theory of
(small) categories with a chosen terminal object, is also trivial. The signature e,
of this theory extends the signature ¢, by adding a new constant 1 : O and a new
function symbol ! : O — A. The quasi-equational theory T, over the signature e,
then contains all the axioms of Tc,; together with the following additional axioms
(where z is a variable of sort O and f a variable of sort A):

o« THI1.
o THI(z) L.

o T dom(I(z)) = A cod(!(z)) = 1.

o dom(f) =z Acod(f) =1+ f =1(x).
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Then PT+e,mod is the category Ter of small categories with chosen terminal objects,
and functors that preserve the terminal objects on the nose.
We now have the following analogues of certain lemmas for Tc,;.

Lemma 3.8.8. Let C be a small category with terminal object 1°.

1. For any b € Co, we have Tt1e(C,x0) ¥ X0 = cop. For any f € Ca, we have
TTer((CuxA) Fxq = CA,f-

2. For any b € Cop, we have Tter(C,x4) ¥ dom(xa) = cop and Tre(C,x4) ¥
cod(x4) = cop-

3. We have Trer(C,x4) ¥ dom(x4) = cod(x4).

Proof:  See Appendix B. |

Lemma 3.8.9. IfC is any small category with terminal object 1€ andt € Term®(Y1er(C,%0))
with Trer(C,x0) F t ], then:

o [ft: O, then either [t]| = [xo] or [t| = [cos] for some b € Cop.

o Ift: A, then either [t] = [id(xo)], or [t] = [ca,f o !(x0)] for some f € C4 with
dom®(f) = 1%, or [t] = [cay] for some f € Ca.

Proof: Analogous to the proof of Lemma 3.8.2. |

Lemma 3.8.10. If C is any small category with terminal object 1€ andt € Term®(E1e(C, x4))
with Tre (C,x4) F t ], then:

o Ift: O, then [t] = [dom(x4)] or [t] = [cod(x4)] or [t] = [cos] for some b € Co.

o Ift: A, then [t] = [xa] or [t] = [id(dom(x4))] or [t] = [id(cod(x4))] or [t] =
[cas o !(dom(x))] for some f € C withdom®(f) = 1%, or [t] = [ca; o !(cod(x4))]
for some f € C4 with dom®(f) = 1%, or [t] = [ca ] for some f € Ca.

Proof: Analogous to the proof of Lemma 3.8.3. |

Lemma 3.8.11. Let C be any small category with terminal object.

1. For any distinct variables y1,ys : O, we have Te(C) FV1¥2 4y = ys.
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2. For any distinct variables yi,ys : A, we have Tt (C) FV¥2 yy = 1.

Proof: Analogous to the proof of Lemma 3.8.4. i

Proposition 3.8.12. If C is a small category with terminal object 1, then

G, (C) = {([x0]; [xa])} € C{x0)0 x Clxa)a.

Proof:  Let ([so0],[sa]) € Gy, (C); we must show that

([so], [sa]) = (xol, [xal)-

By Lemma 3.8.9, either [sp] = [xo] or [so] = [co) for some b € Cp. Since ([so], [sa])
is an element of isotropy, it follows by Lemmas 2.2.56 and 3.8.11 that we must have
[so] = [xo], as desired.

Now we show [s4] = [x4] € C(xa)4a. By Lemma 3.8.10, we have one of the
following possibilities:

) [SA] = [XA].
o [s4] € {[id(dom(x4))], [id(cod(x4))]}.

o [18(CA] € {[cas o !(dom(xa))], [ca.s o !(cod(x4))]} for some f € C4 with dom®(f) =

o [sa] = [ca, | for some f € Cyu.

The last case is impossible by Lemmas 2.2.56 and 3.8.11, since ([so], [s4]) is an element
of isotropy. Exactly as in the proof of Proposition 3.8.5, we can also show that the
second case is impossible.

Now suppose towards a contradiction that [s4] = [ca,r o !(dom(x4))] for some
f:1% — a € C. As in the proof of Proposition 3.8.5, we have Tre,(C, x4) - cod(s4) =
cod(xy4), i.e. [cod(sa)] = [cod(xa)] € C(xa)o. Now in C(x4)o we have

[cod(xa)] = [cod(s4)] = [cod (ca,; o [(dom(xa)))] = [cod (ca )] = [co.al s

which contradicts Lemma 3.8.8. In the same way, we cannot have [s4] = [ca,r o [(cod(x4))].
So the only remaining possibility is that [s4] = [xa], as desired. |

Corollary 3.8.13. If C is any small category with terminal object 1%, then Zr.,_(C)
18 the trivial group.
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Corollary 3.8.14. Z¢, = Gr,, : Ter = Group is (naturally isomorphic to) the con-
stant functor on the trivial group. |

As the last example of this section, we remark that the isotropy group of Tgpd,
the quasi-equational theory of small groupoids, is also trivial. The signature ¥gpq
extends the signature Yc, by adding a new unary function symbol ~! : A — A
(written in infix notation). We then define the quasi-equational theory Teg,pq over
the signature X¢pq to have all axioms of Tc,: together with the following additional
axioms (where f is a variable of sort A):

o TH f1.
o T/ dom(f™1) = cod(f) Acod(f~!) = dom(f).
o TH fof t=id(cod(f))A f~'o f=id(dom(f)).

Then PTgpqmod is just the category Grpd of all small groupoids and functors between
them.

To show that the isotropy group of Tg.pq is trivial, we could argue using the
logical methods of Chapter 2, as we did in the last two examples. However, Richard
Garner [12, Proposition 3| has independently shown (as for Tc,) that the isotropy
group of Tgpq is trivial by using a relatively short categorical argument.

3.9 Strict Monoidal Categories

For our last (and most involved) example of this chapter, we will compute the isotropy
group of the quasi-equational theory Ts; of (small) strict monoidal categories, and
will show that it is non-trivial. We define s, to be the signature that extends the
signature Y, by adding three new function symbols: e : O (the (object) unit of
the strict monoidal structure), ®o : O x O — O (the object tensor operation), and
®a: AX A — A (the arrow tensor operation). We will write the tensor operations
in infix notation. We then define the quasi-equational theory Ts, of (small) strict
monoidal categories to be the quasi-equational theory over the signature X that
extends Tc,e by adding the following axioms (where z,y, z are variables of sort O,
and f, g, f',¢', h are variables of sort A):

L. THFY 2®ouy .

2. THY f@491.
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3. Trel.

4. T 9 dom(f @4 g) = dom(f) ®o dom(g) A cod(f @4 g) = cod(f) ®o cod(g).
5. TH*id(z ®o y) = id(z) ®a4 id(y).

froflngoglthlod (flof)@a(d og)=(f®ag)o(f®ag)

T 292 2 @0 (Y ®o 2) = (T ®o y) ®o 2.

THOh f@u(g@ah)=(f®a9) @ah.

TH 2z®pe=1rAe®o = .

10. TH foaid(e) = fAid(e) @4 f = f.

S e B

Because the object and arrow tensor operations are associative, we will omit parenthe-
ses around multiple tensor operations when possible. We have PTs;,mod = StrMonCat,
the category of (small) strict monoidal categories and strict monoidal functors.

If C is a small strict monoidal category, then xo,xp,xa,Xy ¢ st (C) will be
pairwise distinct constants, the first two of sort O and the last two of sort A. In the
next few definitions, we will define the concepts of reduced and semi-reduced words
over these indeterminates xo, X, X4, X, and the constants of the diagram signature of

C.

Definition 3.9.1 (Alphabets). Let C be a small strict monoidal category. We define
the sets of terms, or alphabets

Sg = {x0, Xy, dom(x4), cod(x4),dom(x,), cod(x;)} U{coa : a € Co}
and
ST = {xu,%,,id(x0),id(x},), id(dom(x4)), id(cod(x4)), id(dom(x,)), id(cod(x;))}

U {CA,f : f € CA}
Note that
Sg C Term®(Zse(C, x0, X, X4, X4))o

and
SA g Termc(EStr((Ca X0, Xba XA, Xi4)>A'

Definition 3.9.2 (Words). Let C be a small strict monoidal category. If C' € {O, A},
we define W& to be the smallest set of strings over the alphabet SSU{®¢} such that:
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° Sg - Wg
o If w1, Wy € Wg, then w; ®c wqe € Wg

Informally, W§ is the set of all ®@c-words over the alphabet S§. If C is clear from

the context, then we will generally write W instead of W§.
If C € {O, A} and w € W, we define the length ¢(w) of w and the first and last
‘letters’ first(w) and last(w) as follows:

o If we Se, then {(w) := 1 and first(w) = last(w) := w.
o If wy,wy € We, then
Uy ®c we) := L(wy) + L(wy),

first(w ®c wsy) := first(wy),

last(w; ®c wsy) := last(ws).

Definition 3.9.3 (Reduced and Semi-Reduced Words). Let C be a small strict
monoidal category. We say that a word w € Wy is reduced if one of the following
holds:

o ((w)=1,1ie weS§.

e ((w) > 2 and w does not contain cp .c and does not contain any substring of
the form cp, ®o coy for a,b € Co.

We then set
W5 = {w e WS : wis reduced}.

Again, we will usually write W} if C is clear from the context.
We say that a word w € Wy is semi-reduced if either {(w) =1, or {(w) > 2 and
w does not contain any substring of the form cp , ®o cop for a,b € Co. Then we set

W5 = {w € WS : wis semi-reduced}.

Thus, a semi-reduced word w € Wy may contain cg .c (even if £(w) > 1).
Similarly, we say that a word w € W, is reduced if one of the following holds:

o {(w)=1,ie weST
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e /(w) > 2 and w does not contain c, 4(.cy and does not contain any substring of
the form cq f ®4 ca 4 for f,g € Cy.

We then set
WS = {w e WS : wis reduced}.

We say that a word w € Wy is semi-reduced if either {(w) =1, or {(w) > 2 and
w does not contain any substring of the form c4 s ®4 ca 4 for f,g € C4. We then set

W = {w e W5 : wis semi-reduced}.

Thus, a semi-reduced word w € W, may contain cyjq(.cy (even if £(w) > 1). i

We now define certain reduction or rewrite systems on Wy and Wj4. Recall that a
reduction system on a set S is simply a pair (S, —), with — a binary relation on S.

Definition 3.9.4. Let C be a small strict monoidal category. We define a reduction
system (Wg,—n) as follows. For any wy,ws € Wg, we stipulate that w; —, wq if
either:

there are a,b € Cp with cp , ®o cop a subword of wy, and ws, is obtained from w; by
replacing one occurrence of this subword by the constant cp 4gcs;

or
{(wy) > 2 and ws is obtained from w; by deleting one occurrence of cp .c in wy.

We define a reduction system (W§, —,) analogously. |

Recall that a reduction system (.S, —) is said to be terminating if there is no infinite
reduction sequence s; — sy — ... in S, and that (S, —) is said to be confluent if
for any s, s1,80 € S, s =* s1, o implies that there is some s3 € S with s1, 59 —* s3,
where —* is the reflexive transitive closure of —.

Lemma 3.9.5. For any small strict monoidal category C, the reduction systems
(W§,—,) and (WS, —,) are confluent and terminating.

Proof: We only consider (W5, —,). To show that this reduction system is ter-
minating, we must show that there is no infinite sequence w; —, ws —, ... (with
wy, Wy, ... € W§). But if w —, w', then we clearly have ¢(w') < ¢(w), so termination

follows.
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To show that (WS, —,) is confluent, it suffices by Newman’s Lemma ([2], [17])
to show that (WS, —,) is locally confluent, since it is terminating. That is, we must
show for any w,wq,ws € Wg that if w —, w; and w —, ws, then there is some
ws € W§ with wy, wy —* w3. We may suppose that w; and wy are distinct, because
otherwise we can clearly take w3 := w; = ws. Then the result follows by an easy case
analysis based on the two rules in the definition of (W5, —,.). i

If (S, —) is a reduction system, recall that a normal form (with respect to —) is an
element s € S with the property that there is no t € S such that s — ¢. A normal
form (with respect to —) of an element x € S is then a normal form s € S such
that x —* s. The subsequent corollary now follows from Lemma 3.9.5 by standard
arguments from the theory of reduction systems, cf. e.g. [2].

Corollary 3.9.6. Let C € StrMonCat.

o [fwe W§, then w has a unique normal form w" with respect to —,..

o If w,wy € WE, then w] = w} iff wy <* wy (with <" being the reflexive,
symmelric, transitive closure of —,.).

Analogous results hold for (W§,—.,). i

Lemma 3.9.7. If C is a small strict monoidal category and w € Wo U W4, then w"
is reduced, and w" = w if w is reduced.

Proof: Let w € Wo U W,4. Then w” is reduced, because if not, then by the
definition of ‘reduced’, there would clearly be some w’ with w” — w’, contradicting
the fact that w" is a normal form.

Next, we need to show that the normal form of w with respect to —, is itself, if
w is reduced, i.e. we need to show that if w is reduced, then there is no w' € W§ with
w —, w'. But this immediately follows from the definition of —, and the assumption
that w is reduced. |

Recall that if C is a small strict monoidal category, then Ts, (C, x0, X, X4, X4 ) extends
Tsi(C) by adding the axioms {T F x¢ | Ax | : C € {O,A}}. Then for any
w € Wo U Wy, it follows that

TStr(CaanxlOﬂ(AvaA) Fw \La

because it is trivial to check that Tsy, (C, xo, X, x4, X4 ) I s | for every s € S5USY, and
the tensor operations are totally defined in Ts;, and hence in Ts, (C, x0, X5, X4, X4)-
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So in the following lemma (and in any subsequent result where we prove that words in
Wo UW 4 have certain properties in Tsy, (C, X0, Xp, X4, X)), we do not need to assume
that Ts (C, x0, x5, Xa,X4) Fw | for w € Wo U Way.

Lemma 3.9.8. Let C be any small strict monoidal category. If w € Wo U Wy, then
Tsu(C, %0, X0, Xa,X4) Fw =w".

Proof: If wy,wy € Wp and wy —, ws, then it is trivial to check that
Tstr<c7 X0, X/O7 XA, Xi4) + w1 = Wa,

which easily yields the result. The proof for W, is analogous. i

In Lemma 3.9.34 below, we will prove (for any C € StrMonCat) that any term ¢ €
Term®(Xst (C, %0, X0, X4, X)) with Tsy (C, x0, x5, x4, %) F ¢ | is provably equal to a
word in Wo U Wy, and hence (by Lemma 3.9.8) to a reduced word in Wo U Wy4.

Our next aim is to show that if w,w’ € W U W4 are reduced words of the same
sort with Ts, (C, x0, Xp, X4, X4) Fw = w', then w = w'. To do this, we will construct
a small strict monoidal category C* whose set of objects is WS"" and whose set of
arrows is WE’T, which will have the property that if w,w’ € W§ U WY are reduced
words of the same sort with C* = w = w’, then in fact w = w’. We will also show
that C* |= Tst(C, x0, X, Xa, X ), which will then (by soundness of partial Horn logic)
entail our claim.

Towards this goal, we require the following additional definitions. First, given a
word w € Wo U Wy, we will need (for certain technical reasons, cf. the discussion
following Definition 3.9.29) the concept of inserting cpc (if w : O) or cajq(cy (if
w : A) into w ‘wherever possible’ (so as to still obtain a semi-reduced word).

Definition 3.9.9. Let C be a small strict monoidal category. We define a reduction
system (W, —.) as follows. For any wy,ws € W§, we stipulate that w; —. ws if:

o first(w;) & {coq:a € Co} and wy = cp e ®p wi.
o last(wi) ¢ {co,.:a € Co} and wy = w; ®o o cc.

e There are 51,52 € S5\ {co. : a € Co} with 51 ®0 s2 a subword of wy, and wy is
obtained from w; by replacing one occurrence of this subword by s; ®o ¢ .c ®o
S9.

We define a reduction system (W5, —.) analogously. i
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So if wy —¢ wy, then w, is obtained from w; by inserting cp (c into w; in such a way
that the result will still be a semi-reduced word.

Lemma 3.9.10. For any small strict monoidal category C, the reduction systems
(W&, —¢) and (W, —.) are confluent and terminating.

Proof: We only consider (W', —.). To show that this reduction system is ter-
minating, we must show that there is no infinite sequence wy; —, wy —. ... (with

wy, Wy, ... € W§). To do this, we first define for any w € W§ the concept of a ‘hole’
in w: a hole in w is (an occurrence of) a subword of w of one of the following forms:

o first(w), if first(w) ¢ {co. :a € Cp}.
e last(w), if last(w) ¢ {co. : a € Co}.
® 51 ®0 S, with s1, 59 € {co.:a € Cp}.

It is then clear that if w € W§ and w —. w’, then w’ has strictly fewer holes than w.
Since a word can only have finitely many holes, this proves that —. is terminating.
To show that (W§, —.) is confluent, it suffices by Newman’s Lemma ([2], [17])
to show that (W&, —.) is locally confluent, since it is terminating. That is, we must
show for any w,w;,w, € W§ that if w =, w; and w —. ws, then there is some
wsg € WG with wy, we =7 ws. We may suppose that w; and wq are distinct, because
otherwise we can clearly take w3 := w; = ws. Then the result follows by an easy case
analysis based on the three rules in the definition of (W3, —.). i

Corollary 3.9.11. Let C € StrMonCat.
o Ifwe Wy, then w has a unique normal form w® with respect to —..

o [fwy,wy € W&, then wi = w§ iff w1 <% wy (with <% being the reflexive,
symmetric, transitive closure of —.).

Analogous results apply to (W5, —.). i

The following lemma is proved in the same way as Lemma 3.9.8.

Lemma 3.9.12. If C € StrMonCat and w € W5 UWJ", then

/ /
Tstr(C, x0, X0, Xa, X)) Fw = w°.
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We now define the expansion w*® of a word as the word obtained by first reducing
w and then inserting unit constants wherever possible:

Definition 3.9.13. If C € StrMonCat and w € Wy U Wy, then w®®P := (w")°. i

Combining Lemmas 3.9.8 and 3.9.12, we then have
Tsu (C, x0, X0, X4, X4) Fw = (w")® =: w™®
for any w € Wo U W4. Also, we have:
Lemma 3.9.14. If C € StrMonCat and w € Wg U WY, then
w" =t w,
and hence (w")® = we.

Proof: If w € Wy is semi-reduced, then w" is obtained from w by deleting all
occurrences of cpc in w. Using —., we can then insert these occurrences of ¢ .c
back into w” to obtain w. Then (w")¢ = w® follows by Lemma 3.9.11. i

Lemma 3.9.15. If C € StrMonCat and w € Wo U Wy, then
(wexp)exp = WP,

Proof:  See Appendix B. |

Definition 3.9.16. Let C € StrMonCat. We define the following functions
(=), () W = W,
by induction on the structure of w € W§:

o If w € ST, then:

dom

— If w = x4, then w®™ := dom(x4) and w™? := cod(xa), and similarly if

w = X4.
— If w = id(xp), then w®™ = w9 := xp, and similarly if w = id(x},).

— If w = id(dom(xy)), then w®™ = w*? := dom(x,), and similarly if w €

{id(cod(x4)),id(dom(x,)),id(cod(xX4))}.
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— If w=cay for some f:a— b€ Cy, then w°™ := o, and W™ := co .
o If w = w; ®4 wy for some wy, wsy € WE, then we set
dom dom

R dom
w =Wy ®o Wy

and
wcod = wi:od ®O ’LU;Od.

i
The following lemma is then easy to prove by induction on the structure of words:
Lemma 3.9.17. If C € StrMonCat and w € W, then

Tse(C, %0, Xp, X4, %) F cod(w) = w®? A dom(w) = w™.

i

Lemma 3.9.18. If C € StrMonCat and wy,w, € WS, then
wy — wy implies wO™ —* wdem

and similarly for cod.
Proof: It suffices to show that w; —, wy implies w™ —* wd°™ but this is obvi-
ous from the definition of —,. |

Lemma 3.9.19. If C € StrMonCat and wy,ws € W3, then
wy —F wy implies wO™ —* wdem

and similarly for cod.

Proof: Note first that if wy, wy are semi-reduced, then w{°™ w3°™ are also semi-

reduced. It suffices to show that if wi,wy are semi-reduced and w; —. w,, then
w{o™ —* w3°M but this is obvious from the definition of —.. i
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Definition 3.9.20. Let C € StrMonCat. We define the following function
()% WS = 0§
by induction on the structure of w € W§:

o If w € 5§, then:

— If w = %0, then w'¢ := id(xp), and similarly if w = x},.
— If w = dom(xa), then w' := id(dom(x4)), and similarly if
w € {cod(x4),dom(x,),cod(x4)}.

— If w = co, for some a € Cp, then w'? := CA,idC(a)-

o If w = w; ®p we, then
w = wit @4 wi

The following lemmas are then straightforward (if not trivial) to prove:

Lemma 3.9.21. For any C € StrMonCat and w € W§,
Tser(C, x0, X5, X4, X4) F id(w) = w'.
Lemma 3.9.22. If C € StrMonCat and w € Wg’r, then w'd € W5
Lemma 3.9.23. Let C € StrMonCat.
o [fwy,wy € Wp, then
wy —F wy implies wid —* wid.

o [fwy,wy € WG, then

wy =7 wy implies wid —* wid.

dom — ,,cod

We now describe how to ‘compose’ two words u,v € Wy with u v
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Definition 3.9.24. Let C € StrMonCat and let u,v € S§ with u®™ = v*°d. We
define a ‘letter’ uo’v € S§ as follows. By assumption, one of the following cases must
hold:

o If v = x4, then v°°¢ = cod(x4) = u®™, so that u = id(cod(x4)). Then we set
u o' v = x4. Similarly, if v = x/;, then we must have u = id(cod(x})), and we
set u o' v :=x).

o If v = id(xp), then v°°¢ = x5 = u%°™, so we must have u = id(xp) as well. Then

we set u o’ v :=id(xp). Similarly, if v = id(x},) then we must have u = id(xy,) as

well, and we set u o’ v :=id(xp).

o If v = id(dom(x4)), then v°¢ = dom(x4) = u%®™, so we must have u = x4
or u = id(dom(x4)). In the first case, we set u o' v := x4, and in the sec-
ond case we set u o’ v := id(dom(x4)). The definition is analogous if v €
{id(cod(x4)),id(dom(x)),id(cod(x4))}.

o If v =cyy for some f:a — a € Cy, then v° = o = u®™. So then we

must have u = c4 4 for some g : @’ — a” € C4. Then we set u o' v 1= ¢4 gof-

Now let u,v € W§ with v°¢ = u%°™. We define a word u o’ v € WY as follows.
Since v°d = y%™ it follows that ¢(u) = £(v) = n for some n > 1. So let u =
U XA ... ®au, and v = v; ®4 ... ¥4 v, With u;,v; € SE. By assumption, we have

veed = ydom for all 1 <4 <n. So we set

wo vi=(u o' v) @4 ... D4 (uy o' vy) € WK,

i
The following lemma is then immediate from the definitions:
Lemma 3.9.25. If C € StrMonCat and u,v € W§ with v®°4 = u®™ then
(u o U)dom = Udom
and
(u o ,U)cod = ucod'
i

We also have:
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Lemma 3.9.26. Let C € StrMonCat and u,v € W§ with v°¢ = u®™. Then
Tstr(C7XO7X/O7XAa Xi4) Fuow l/

and
Tsu (C, x0, X0, Xa,X4) Fuov=wuo v.

Proof:  See Appendix B. |

Now we have the following lemma collecting together several useful facts about the
previous definitions. Its proof may be found in Appendix B.

Lemma 3.9.27. Let C € StrMonCat.

1. For any w € Wy, we have ((w’")dom)’" = (wdom)r and ((w’")c"d)’" = (w°°d)T.

2. For any w € Wy, we have (w®P)®d = (w®)™P gnd (wP)dem = (ydom)ep,

3. For any w € Wo UWa, we have (w™P)" = w" and (w")®® = wP.

4. For any u,v € W§ with u®™™ = v, we have (((u o' v)")%m)" = (v™)" and
(((u o' v)7)ed)r = (ucod)r.

5. For any u,v € W§ with v = ydom,

/ /
uo v —. uo v

6. For any u,v € W with u®™ = v, we have (u o' v)*P = u® o’ v°,

7. For any u,v € W7 with u®™ = v, we have

(uexp o ,Uexp)exp = &P o VP = (u o U)exp.

8. For any s,t,u € W5 with s¥™ = t°4 and 1™ = u=?, we have s o' (t o' u) =
(so’'t) o u.

9. For any w c WO, we have (wid)dom == (wid)cod'

10. For any w € Wo, we have (w")4 = (w')" and (w®P)d = (w'?)eP.

11. For any w € Wy, we have w o' (w?™)4 = w and (w°?)d o' w = w.
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12.

15.

14.

15.

16.

For any C € {O, A} and any u,v € We, we have

(ur ®C ,Ur)r = (u ®C ,U)r = (uexp ®C ,Uexp)r.

For any sy, 82, t1,ta € W4 with s9°™ = 529 and t9°™ = t5°4, we have (510’ s9) @4
(tl o tQ) = (81 XA tl) o (82 Xa t2)

r

For any w € Wy, we have (w ®o CQGC)T =w" = (CO,ec ®o w)r, and for any
w € Wa, we have (w ®4 Caiaee)) =W = (Cajgger) ®aw)'

For any C € {O,A}, any s € S¢, and any w € We, we have (s @c w)" =
(s @cw")" and (w ®c $)" = (W" Q¢ s)".

For any sy, 82,11, ty € W4 with s8°™ = s5°4 and t{o™ = t5°¢, we have

(51 @4 t1)"P 0" (52 ®412)%P = ((51 ®aty) 0 (52 @4 t2))™P.

We now define the previously mentioned ‘reduced word’ strict monoidal category C*.

Definition 3.9.28 (Reduced Word Strict Monoidal Category). For any C €
StrMonCat, we define a partial Y -structure (i.e. strict monoidal category structure)
C* as follows:

o We set

Co =W5

and

Cy = Wj.

e We define id* : C;, — C* (using Lemma 3.9.22) as follows:

id* = (=) W5 — W

e We define dom®, cod™ : C¥, — C, as follows. For any w € W}, we set

dom*(w) := (w®™)" € W,

and
cod*(w) 1= (w™)" € W,
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e We define the partial composition function o* : C% x C% — C* as follows. First,
we set

dom(o*) := {(s,1) € W} x W} : (192 = (som)ep}

Now let (s,t) € dom(o*), so that (t<°¢)®P = (s9%™)P_ Then by Lemma 3.9.27.2,
we have
(texp)cod = (tcod)exp = (Sdom)exp = (Sexp)dom

9

SO we set
so*t = (s¥P o t¥P) € W)

(in the sense of Definition 3.9.24).
e We define e* € Cp, as e* := cp c € Wp.

e For C € {0, A}, we define ®, : C;, xC;, — CF as follows. For any wy, we € W,
we set
w1 Q% wy := (w; ®c we)" € W

Let us try to give some intuition for why we have defined composition in C* the
way we have. Given how we have defined dom™ and cod” (which seems quite natural),
then in order for C* to be a category, the composition operation o* will need to have
the property that if s,¢ € C* = W satisfy dom*(s) = cod*(t), i.e. (s%°m)" = (¢<°9),
then (s,t) € dom(o*). However, if s, € W7 satisfy (s%°™)" = (¢<°¢)", it may not be
obvious how to compose them (using the operation o’ of Definition 3.9.24) to obtain
a reduced word s o* t € W7. For example, let f : a — ¢© and g : ¢© — b be arrows
of C with f,g # id(e®), and consider the reduced words s := id(xp) ®a ca, and
t:=caf®aid(xo). Then

(Sdom)r = (Xo Xo Coﬂc)?ﬂ =xp0 = (CO,eC R0 XO)T — (tcod)r,

so s and t should be composable in C*. However, we have

s%°™ = xp ®0 Coec E Coec Qo X0 = 17,

so we cannot directly apply Definition 3.9.24 to ‘syntactically’ compose s and t.
However, we do have

(Sdom)exp = ((Sdom>r)e

X0 = Coe R0 X0 Do Coc = XH = ((tmd)")e = (t°°d)eXp,

and hence (by Lemma 3.9.27.2) we have (s®P)dom = (¢t&P)ed 5o that we can ‘syntac-
tically’ compose s¥P and t*P using Definition 3.9.24. As a result, we stipulate that
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(s,t) should be in dom(o*) if (s9°m)eP = (tc0d)eP which implies (sP)dom = (¢&P)cod
by Lemma 3.9.27.2, and then we define s o* ¢ := (5P o’ t&P)".

Roughly speaking, two reduced words s,¢ € W) may look very different and yet
have the property that dom*(s) = cod*(t), i.e. (s%°m)" = (t°°9)", because s%°™ and ¢
may be ‘equal’ up to (many) occurrences of cp.c in potentially different positions.
But once we ‘expand’ (s%°™)" and (t°°?)" using —. to insert co . wherever possible,
the resulting words will be identical, and then the resulting expanded versions of s
and ¢ will indeed be ‘syntactically’ composable.

Using primarily Lemma 3.9.27, we now have:

Proposition 3.9.29. For any C € StrMonCat, the partial Y -structure C* is a
model of Tsy,, i.e. C* is a strict monoidal category.

Proof:  See Appendix B. |

We now define an ‘inclusion’ strict monoidal functor ic : C — C*.
Definition 3.9.30. Let C € StrMonCat. We define a strict monoidal functor
ic:C—>C
as follows:
e For any object a € Cp,

i@(&) = C0,a € CB = Wg

e For any arrow f € Cy,
Zc(f) =Caf - Cz = W;l

Justification. For the verification that ic is a well-defined strict monoidal functor,
see Appendix B. |

Incidentally, although this will not be used in what follows, we have the following
universal property of the reduced word strict monoidal category C*, whose proof may
be found in Appendix B:

Proposition 3.9.31. Let C € StrMonCat. If D € StrMonCat and F' : C — D is a
strict monoidal functor and a,a’ € Do are objects and f, f' € Dy are arrows, then
there is a unique strict monoidal functor F* : C* — D with F* oic = I and

Fr(x0) = a, F"(xp) = a', F*(xa) = [, F*(x) = [".
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Thus,
C* = C(xo,Xp; Xa,X4) € StrMonCat.

For any C € StrMonCat, consider the strict monoidal category C(xo,Xp,Xa,X4)
obtained from C by freely adjoining ‘indeterminate’ objects xo, X, and ‘indeterminate’
arrows x4,x,. We have just constructed a strict monoidal functor ic : C — C*, and
we also have xp,x, € C;, = W( and x4, %), € C} = WJ. So by the universal property
of C(xo0, Xy, xa,X4) (cf. Proposition 2.2.10), there is a unique strict monoidal functor

. / /
it : C{xo, X0, X4, X4) = C*

such that
iéong,o,A,A =ic:C—>Cr

(where 75 5 4.4 : € = C(x0,Xp, x4, X)) is the canonical strict monoidal functor) and
ic(xol) = x0, ic(xol) = X0, ic((xa]) = xa, and ig([X4]) = X,
We now have:

Lemma 3.9.32. Let C € StrMonCat and C € {O,A}. Then for any w € We (so
that [w]c € C{xo,xp,Xa,X4)c) we have

ic([wle) =w" € Ci = W

Proof:  See Appendix B. i

At last, we can show:

Proposition 3.9.33. If C € StrMonCat and wy, ws € W5 U W} are reduced words of
the same sort such that Tsy (C, X0, Xp, X4, X)) F wy = wa, then wy = ws.

Proof:  Let wy,wy € W for some C' € {O, A}, and suppose that
Tstr(C, X0, Xp, X4, X)) w1 = ws.

We must show that w; = ws. The assumption implies that [w;]c = [ws]c holds
in C(xp,Xp,%a,X4)c. Also, since wy, wy are reduced, we have by Lemma 3.9.7 that
wy = w] and wy = wj. Then by Lemma 3.9.32, we obtain

wy = wy = ig([wi]o) = ig([wa]e) = wy = we,
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as desired. |

Proposition 3.9.33 implies that any term ¢ € Term®(Xs, (C, x0, Xy, X4, X)) with
Tsi(C, %0, xp, Xa,X4) F t | is provably equal to at most one reduced word in WoUW 4.
The following lemma (whose proof is deferred to Appendix B) says that any such term
is provably equal to at least one word in Wo U Wy, and hence (by Lemma 3.9.8) to
exactly one reduced word.

Lemma 3.9.34. Let C € StrMonCat. If t € Term®(Xsw(C,x0,%p,Xa,X}y)) with
Tsir(C,x0, X5, xa,X4) Ft 4, then:

o [ft: O, then [t| = [w] for some w € W§.

o Ift: A, then [t] = [w] for some w € W. i

Combining Lemmas 3.9.8 and 3.9.34 with Proposition 3.9.33, we conclude that any
term t € Term®(Xs, (C, x0,Xp, X4, X)) with Tsy (C, x0, X, xa,%4) F t | is provably
equal to a unique reduced word of the same sort.

Now we finally return to the task of giving an explicit description of the isotropy
group of a strict monoidal category C. Our aim is to show that

([Co,a ®0 X0 ®0 €o.a-1) [CA,id(a) XA X4 X4 CA,id(afl)D € C{xo)o x C(xa)a

. a € Cp is invertible in the monoid (Cp, ®5, %) with inverse a™* € Cop.

GTStr (C) = {

Toward this goal, we first state the more straightforward right-to-left inclusion, whose
proof may be found in Appendix B.

Proposition 3.9.35. Let C € StrMonCat. If a € Cp is invertible in the monoid
(Co, ®S, %) with inverse b € Cp, then

([coa ®o %0 ®0 cop) s [Cajdia) ®a%Xa ®a Cajaw)]) € Gre, (C).

Lemma 3.9.36. Let C € StrMonCat.
1. For any distinct variables y1,ys : O, we have T, (C) KY1¥2 4 = y5.

2. For any distinct variables y1,ys : A, we have T, (C) FY1¥2 4y = y5.

} |
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Proof: By Lemma 3.1.2, it suffices to show that there is a small strict monoidal

category D with at least two objects (and hence at least two arrows) and a strict
monoidal functor F': C — D. We take D := C* and F' := i¢c : C — C*. Note that C*
has at least two objects, because (e.g.) xo,Xp € ChH = W§ and xo # xp,. |

Now we prove the converse inclusion:

Proposition 3.9.37. Let C € StrMonCat, and let ([so],[sa]) € C(xo)o X C(xa)a.
If ([so), [sa]) € Grg,(C), then there is some object a € Co that is invertible in the
monoid (Co, ®, €®) with inverse b € Co and

([so0]; [s4]) = ([ca ®0 X0 ®0 cb], [Cid(a) DA X4 @4 Ciaw)])-

Proof: Let ([so],[sa]) € C{xo)o x C(xa)a with ([so],[s4]) € Grg,(C). Since
[so] € C{xp)o and [sa] € C(xa)a, we have that so € Term(Xsy(C,x0))o is a term
of sort O with Ts(C,x0) F so J, and similarly s4 € Term®(Xs: (C,x4))4 is a term
of sort A with T, (C,x4) F s4 |. So s0,s4 € Term®(3sy(C, x0, X, X4, X)) are terms
with Tsy (C, X0, X0, X4, X4) F so L Asa . By Lemmas 3.9.34 and 3.9.8, it follows that
there are reduced words wo € W/, and ws € W} with

[so] = [wo] € Cxo0,Xp,Xa,X4)0

and
[sa] = [wa] € C{xo,xp,Xa,X4)a-

Since ([so], [sa]) = (Jwo], [wal]) € G, (C), it follows that this pair commutes generi-
cally with the ®o operation symbol. This means that

Tsu:(C, x0,Xp) F wolxo ®o Xp/Xo] = wo ®o wolxp/Xo)-

So this equation is provable in Ts (C, xo, X, x4, X,) as well. Since we is reduced,
it is easy to see that wolxo ®o X, /Xo] and welx}, /o] are reduced as well, so that
(by Lemma 3.9.7) we have wo[xo ®0 Xp,/%o]" = woxo ®o xp/*o] and we|xp, /xo]" =
wo[Xp/*o]. So by Lemma 3.9.8, we obtain

Tsi:(C, X0, Xp, X4, X4) F wolxo ®o xp /%0 = (wo ®o wolxp/xo0])"-
Then by Proposition 3.9.33, it follows that
woxo ®o Xp/%o] = (wo ®o wolxp/xo])" (%)

Now, suppose towards a contradiction that wo has at least two occurrences of xg.
Then in (wo ®o wo[xp/xo])", all occurrences of xo will occur to the left of all occur-
rences of xi,. But in wo[xp ®0 X, /X0], there will be an occurrence of xg, to the left of
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an occurrence of xo. But this contradicts the fact (x) that these words are identical.
So it follows that wo has at most one occurrence of xp.

By Lemmas 2.2.56 and 3.9.36, it also follows that wo must have at least one
occurrence of xp, since ([wo], [wa]) € Gr, (C) (and Cp is non-empty, because ¢ €
Co). So wp has exactly one occurrence of xp.

So (since wp is reduced), either wo = xg, or there are a,b # e € Cp such that
wWo € {¢q ®0o X0, %0 R0 Ca, Ca o X0 R0 b} If wo = %0, then we have

[so] = [wo] = [xo] = [e ®o x0 ®o €] = [cec ®o X0 ®o cecl,

which is of the desired form (since obviously e® ®5 € = €C). Otherwise, we reason
as follows. If wp = ¢, ®o xo for some a # e € Cp, then by (%), we would obtain

!/ I \1" —— /
Ca @0 X0 0 Xp = (Ca @0 X0 ®0 Ca R0 Xp)| = o R0 X0 R0 Ca R0 Xp,

which is false. Similarly, we cannot have wp = xp ®o ¢, for some a # €& € Co.
Hence, if wp # xo, then we must have wp = ¢, ®o xo ®o ¢, for some a,b # e* € Co.
Now we show that a ®5 b = e = b ®S a. By (x), we have

/ — /
Ca R0 X0 ®0 Xp @0 € = (€4 ®0 X0 R0 b R0 Cq @0 X Do )"
/
(Ca ®0 X0 ®0 Chzgq ®o Xo Vo )"

This implies that we must have Chgla = CeC and hence b ®5 a = €©, as desired.
Since ([so], [sa]) = ([wo], [w4]) € G, (C), it follows that ([we], [wa]) commutes
generically with the constant e : O, which means that

Tt (C) F wole/xo] = e,
ie.
Tse(C) F ¢ ®0 € ®o ¢ = €.

Then we have
Tsu(C) e = ca ®o € R0 b = 4 R0 Ch = Cagty-

Since the canonical g (C)-structure C is a model of T (C), it follows (by soundness
of partial Horn logic) that C = Caggp = €, Which implies that a ®5b = €C, as desired.
In summary, we have shown that

[s0] = [ca ®0 X0 ®0 cb]

for some a € Co that is invertible in the monoid (Cop, ®5, e®) with inverse b € Cop.
Now we consider [s4] = [wal, with wa € W}]. As for [sp] = [wo] (now using the
assumption that ([so], [s4]) = ([wo], [wa]) € Gre, (C) commutes generically with the
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®4 operation symbol), we can show that [ss] = [wa] = [cf ®4 x4 ®4 ¢,] for some
f,g € C4. To complete the proof, we must show that

[sa4] = [cf ®a X4 ®a g = [Cid(a) DA X4 @4 Cidp)]-

Since ([wo], [wa]) € Grg, (C) commutes with the function symbol id : O — A, this
means that the sequent

T F walid(xo)/xa] = id(wo)
is provable in Ts, (C,x0) (since Ts,(C,x0) F id(x0) J), which implies that
Tste(C,x0, X0, Xa,X) F ¢f @4id(X0) ®4 ¢4 = Cid(a) ®a id(X0) @4 Ciaw),
and hence
Tse(C, x0, X0, Xa,X4) F (¢f @4 id(x0) @4 ¢g)" = (Cid(a) ®a id(X0) @2 Ciaw))"
by Lemma 3.9.8. Then by Proposition 3.9.33, we obtain
(cf ®aid(x0) ®a ¢g)" = (Cid(a) ®a 1d(X0) @4 Ciaw))"

which easily implies that ¢; = cia@) and ¢; = ciap). Hence, we have f = id(a) and
g =id(b), so that
[sa] = [wa] = [Cid(a) ®a xa ®a Ciaw)],

as desired. This completes the proof of Proposition 3.9.37. |

From Propositions 3.9.35 and 3.9.37 we conclude:
Proposition 3.9.38. If C € StrMonCat, then

GTstr (C) = {

([Co,a ®0 X0 ®0 Co.a-1] ; [CA,id(a) QXA X4 B4 CA,id(afl)D € C(xo)o X C(xa)a
:a € Cgp is invertible in the monoid (Co, ®g, ec) with inversea™ € Co. |

We now give a categorical description of Zr, (C) derived from the logical description

Of GTstr(C)'

Definition 3.9.39 (Strict Monoidal Inner Automorphisms). If D € StrMonCat
and d € Dy is invertible in the monoid (Do, ®Y, €P) with inverse d~' € D, then the
strict monoidal automorphism

conj,: D = D

(with inverse conj,-1 : D = D) is defined as follows:
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e For any object z € Dy,

conjy(z) == d ®p v @5 d~".

e For any morphism f € Dy,
conjy(f) := id”(d) @7 f @1 id”(d™").

We say that a strict monoidal automorphism F' : D = D is an inner automor-
phism if there is some d € Inv(Dp, ®Y, ) with F' = conj,. 1

Corollary 3.9.40. If C € StrMonCat and
7w = (mp : cod(F) — cod(F))FeDom(C)

is a Dom(C)-indexed family of endomorphisms in StrMonCat, then © € Zp. (C) iff
there is a (uniquely determined) element a € Inv(Co, ®5, %) with

Tp = CONjp(y) : COd(F) = cod(F)
for every F' € Dom(C).

Proof: Aside from the uniqueness part, the result easily follows from Corollary
2.2.42 and Proposition 3.9.38. For the uniqueness assertion, let a,b € Inv(Cp, ®5, ©)
with
[ca ®0 X0 ®0 Ca-1] = [ch @0 X0 ®o Cp-1];
we must show that a = b. By Lemma 3.9.8, we have
Tsu (C, x0, X0, X4, X4) F (ca ®0 X0 @0 ca-1)" = (¢ R0 X0 o cp-1)" .
Then by Proposition 3.9.33, we obtain

(Ca ®0 X0 R0 Ca-1)" = (cp R0 X0 Q0 ¢p-1)",

which easily implies that we must have ¢, = ¢, and hence a = b, as desired. i

Corollary 3.9.41. Let ' : C = C be a strict monoidal automorphism of C €
StrMonCat. Then F' is an inner automorphism of C iff there is some m € Zp (C)
with g, = F.
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Proof: Suppose first that F' is an inner automorphism of C, so that there is some
a € Inv(Cp, ®§, €%) with F = conj, : C = C. For any strict monoidal category D
and strict monoidal functor G : C — D, define the strict monoidal automorphism
g : D = D by

TG = CONjg(g) - D = D.

Then by Corollary 3.9.40, it follows that the family

= <7TG : cod(G) = COd(G))GeDom((C) € Zr,,(C)

and
Tide *= CONjig.(y = conj, = F : C = C,

as desired.

Now suppose that there is some 7 = <7TG : cod(@) = cod(G))GeD © € 2, (C)

with T4, = F : C = C. Then by Corollary 3.9.40, there is a (uniquely determined)
object a € Inv(Cp, ®5, e®) with mg = conjggy : D = D for every strict monoidal
functor G : C — D. Then we have

F = Tig. = conjig. (s = conj, : C = C,
so that F' is an inner automorphism of C, as desired. |
For our last corollary, we need the following definition:
Definition 3.9.42. We define the functor U : StrMonCat — Mon as follows:

e For C € StrMonCat, we set

U(C) := (Cp, ®5, e%) € Mon.

o If = (Fp,Fy4):C — D isamorphism in StrMonCat, then we set

U(F) := Fp : (Cp,®5,e%) = (Do, @9, €").

Corollary 3.9.43. The isotropy group
Zr,,, = Grg, : StrMonCat — Group

is naturally isomorphic to the functor Inv o U : StrtMonCat — Group.
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Proof: ~ We must define a natural isomorphism ¢ : Gr,, = Invo U. So let C be
a (small) strict monoidal category; we define a group isomorphism

oc : G, (C) — Inv(U(C)) = Inv(Co, ®5, €©).
Appealing to Proposition 3.9.38, if a € Inv(Cp, ®S, €¥), then we define ¢¢ by
([Ca ®0 X0 ®0 Ca-1]; [Cid, @4 XA ®a Cida_l]) = a.

The argument given in the proof of Corollary 3.9.40 shows that ¢¢ is well-defined.
To show that ¢ is a group homomorphism, it suffices to show for a, b € Inv(Cp, ®5, €©)
that

2 (|:Ca®%b ®O X0 ®O C(a@%b)*l} 3 |:Cid(a®%b> ®A XA ®A Cid((a@%b)l)}) =a ®g b7

which is true by definition. Lastly, it is obvious that o¢ is injective, and it is surjective
by Proposition 3.9.35. This completes the proof that ¢ : Gt (C) = Inv(Cop, ®S, €©)
is a group isomorphism.

To show naturality, let F' = (Fp, Fia) : C — D be a morphism in StrMonCat, and
let us show

Inv(Fo) o pc = ¢p o G, (F) : Grg, (C) — Inv(Dp, ®]g, eD).
For any a € Inv(Cp, ®5, €*), we have

Inv(Fo) (¢c ([ca ®0 X0 ®0 Ca-1], [Cid(a) 4 X4 @4 Ciaa1)]))

CEo(a) ®0 X0 ®0 Cro(a)-1] + [Cid(Fo(a)) @4 Xa @4 Cid(Fo(a)-1)] )
To (F) ([ca ®0 X0 ®0 Ca—1], [Cid(a) ®a X4 @4 Ciaa—1)]))

D)

|
©
S
/N /N

as required. This completes the proof that ¢ : Gp,, = Invo U is a natural isomor-
phism. |

Let Disc : Mon — StrMonCat be the functor that sends any monoid M to the discrete
strict monoidal category Disc(M) with Disc(M)o = M. From Corollary 3.9.43 we
then easily obtain:

Corollary 3.9.44. The isotropy group

Zr,,, = Gr, : StrMonCat — Group
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1s naturally isomorphic to the functor

Zr,,, o Disco U : StrMonCat — Mon — StrMonCat — Group.

To summarize, we have shown that if C is any strict monoidal category whose object
monoid (Cp, ®5, e®) contains non-trivial invertible elements, then C has non-trivial
isotropy group isomorphic to Inv(Cp, ®S, €©).

3.10 Other Examples

As the reader can probably tell, many of the examples in this chapter suggest that
the isotropy group of a quasi-equational theory encodes a notion of ‘conjugation’ or
‘inner automorphism’ for (models of) the theory. In fact, it makes sense to now state
the following definition:

Definition 3.10.1 (Inner Automorphisms). Let T be a quasi-equational theory
over a relation-free signature >, and let M € PTmod. We say that an automorphism
f: M = M is an inner automorphism if one of the following equivalent conditions
holds:

e There is an element 7 € Z7(M) with
f:’/TidM:M%M.

e There is an element ([s¢|)c € Gr(M) with

~

f:(SEZMc—)Mc)CiM—)M.

We now also sketch another quasi-equational theory whose isotropy groups we have
(partly) computed, but whose treatment we have chosen not to include in this thesis,
mainly for reasons of space:

e Racks and Quandles: Racks and quandles are algebraic structures that axioma-
tize the notion of conjugation (without reference to multiplication or inverses).
Both theories may be expressed as algebraic theories over a single-sorted signa-
ture with two binary function symbols <t and <1!. The axioms for the theory
of racks are as follows:
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— THFW rd(y<z)=(z<y) < (z<2).
T e gl (gl ) = (o4l y) <) (0 a1 ),
- THEY (zy) <ty =u

- THEY (a7 ly) <y ==

The axioms for the theory of quandles are the axioms for the theory of racks
together with the following additional axiom:

— THFedr=x=ax< 'z

For example, a quandle structure can be specified on (the underlying set of)
any group G by setting g <h := h~'gh and g <! h := hgh~! for any ¢, h € G.
Using the translation of the word problems for free racks and quandles into
the word problem for free groups given in [7], we have then shown that the
isotropy group of any free quandle on n generators is isomorphic to the free
group on n generators, while the isotropy group of any free rack on n generators
is isomorphic to the product of the additive group Z with the free group on n
generators. See also [13, 4.9].



Chapter 4

Closure Properties

In this chapter, we will investigate how modifying the signature and/or axioms of a
quasi-equational theory can change the isotropy group of the theory. Specifically, we
will examine what happens to the isotropy group of a quasi-equational theory if we
add a new function symbol to its signature, and we will compute the isotropy group
of a disjoint union of quasi-equational theories in terms of the isotropy groups of the
component theories.

4.1 Adding a Constant

For this section, fix a quasi-equational theory T over a relation-free signature 3.
Definition 4.1.1. Let d ¢ 3 be a new constant symbol of some sort A € 3.

o We define ¥; to be the following relation-free signature:

- (Ed)Sort = ZSort-
- (Ed)Fun = EFun U {d : A}

e We define T, to be the quasi-equational theory over Y; whose axioms are those
of T together with the additional axiom

Thdl.

An object of PTymod is therefore just a pair (M, d) with M € PTmod and d™ € My,
while a Xg-morphism & : (M,d™) — (N,d") between Tg4-models is a Z-morphism
h: M — N such that hy(d™) = d". The following result is now not too surprising:
the elements of isotropy of a model (M, d™) of Ty can be identified with the elements
of isotropy of M that preserve d™:

125
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Proposition 4.1.2. Let M € PTmod. For any d™ € My,
Zp, (M, d") = {r € Zx(M) : my (@) =d"}.

Proof: Let M € PTmod and d™ € M. Note first that the righthand side of the
above isomorphism is a subgroup of Zr(M ), and hence is a group. We define a group
isomorphism

e Zp (ML dM) S {r€ Zo(M) s 7y (dM) = dM} .

Let
T= (Tf cod(f) = cod(f)) € Zp,(M,d").

feDom(M,dM)

We want to define
M
o () € Zp(M).

To do this, let F' : M — N be any morphism in PTmod with domain M; we must
define a Y-automorphism y

o (1)p: N = N.
We have d™ € My, and hence F4(d™) € Ny, so that (N, Fa(d™)) € PTymod and
F:(M,dM) — (N, Fa(d™)) is a £g-morphism. Then

e (N, Fa(d™)) = (N, Fa(d™))
is a Yg-automorphism, and hence in particular a X-automorphism of N. So we set
o™ (T)pi=1r: N 5N,

which completes the definition of ¢ (7). Since 7 € Zr,(M,dM), it easily follows
that @' () satisfies the naturality condition to be an element of Zr(M). Finally, we
have

o (Vi () = 7, (@) = d,

idps idps
because Tg,, : (M,d™) = (M,dM) is a ¥g-morphism. So

(1) e {m e Zp(M) : 7wk (dM) = dM}.
It is then trivial to verify that gde is an injective group homomorphism.

For surjectivity, let 7 € Zp(M) with g (d") = d™. We must define 7 €

Zp, (M, d™) with ¢*" (1) = 7. So let F : (M,d™) — (N,d") be any morphism in
PTymod with domain (M, d™); we must define a ¥4-automorphism

(N, dY) = (N, dY).
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Since F' is in particular a »-morphism M — N, we have a X-automorphism
mr: N5 N.
We also have
dN = Fu(d™)
= Fa(mi,, (d"))

idps
= (F o migy,)a(d™)
= (mp 0 F) o(d™)
= mp(Fa(d™))
= mp(d"),

so that mp : (N, dY) = (N,d") is also a Y4-automorphism (the fourth equality holds
because m € Zr(M)). So we define

mp=np: (N,d™) = (N, dY).

Since ™ € Zp(M), it easily follows that 7 € Zr,(M,d™). And we clearly have

d M

" (1) =m,

which proves that godM is surjective and thus a group isomorphism. |

Corollary 4.1.3. Let M € PTmod. For any d™ € My,

G'Ed(M7 dM) = {([Sc])c € GT(M) : Sz (dM) = dM}

Thus, the isotropy group of a model of Ty is just (isomorphic to) the subgroup of the
isotropy group of the underlying model of T consisting of all elements of isotropy that
preserve the interpretation of the constant d. Recalling the examples of the preceding
chapter, we then easily obtain the following corollary:

Corollary 4.1.4.

o Let T be the totally defined theory of monoids and let d be a new constant of
the unique sort of Ymoen. Then for any monoid M and d™ € M,

Zp, (M, d™) = {m € Inv(M) : md™ = d™m}.
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o Let T be the totally defined theory of groups and let d be a new constant of the
unique sort of Ygroup- Then for any group G and d° € G,

Z:,(G,d%) = {g € G : gd° = d°}.

o Let T be the theory of strict monoidal categories.
— Ifd is a new constant of sort O, then for any C € StrMonCat and d® € Cop,
Z1,(C,d%) 2 {a € Inv(Cp, ®5, %) : a ®g d° = d° @5 a}.
— Ifd is a new constant of sort A, then for any C € StrMonCat and d* € C4,

Zr,(C,d%) = {a € Inv(Cp, @5, %) : id%(a) ®@F d* = d° @5 id"(a)}.

The following corollary is immediate from Proposition 4.1.2.

Corollary 4.1.5. If T has trivial isotropy, then so does Ty. i

Recall that a fized point of a total function f : X — X is an element x € X with
f(z) = x. The following corollary is now immediate from Corollary 4.1.3.

Corollary 4.1.6. Ty has trivial isotropy
uf
For any M € PTmod and ([s¢])c € Gr(M), if ([sc])c # ([xc])e, then the total
function s% : My — Ma has no fized points.

Remark 4.1.7.

e For a simple example where T and T; both have non-trivial isotropy, consider
the totally defined theory of groups Tgroup. Then Tgroup has non-trivial isotropy;
in particular, every non-trivial group has non-trivial isotropy group (isomorphic
to itself). So if G is any non-trivial group, then by Corollary 4.1.4 it follows
that (G,e“) has non-trivial isotropy as well, so that (Tgroup), has non-trivial
isotropy. Thus, it is not generally the case that if T has non-trivial isotropy,
then Ty has trivial isotropy.
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e [t is also not generally the case that if T has non-trivial isotropy, then Ty will
have non-trivial isotropy as well. For a counter-example (due to Simon Henry),
let T be the quasi-equational theory over the signature X3,,, whose axioms are
those of T),, together with the new axiom

flz)=x F"Y* y==2

for pairwise distinct variables z,y, z of the unique sort of ¥,,. A model of T is
thus either a set with at most one element equipped with the unique endofunc-
tion, or else a set with at least two elements equipped with an involution that
has no fixed points. If M is any model of T, then by computations extremely
similar to those in Section 3.4, we have Zp(M) = Z,, so that in particular T
has non-trivial isotropy.

Now let d be a constant symbol of the unique sort of ¥,,, and let us show that Ty
has trivial isotropy. By Corollary 4.1.6, it suffices to show for any M € PTmod
that if [f(x)] # [x] € Gp(M), then fM : M — M has no fixed points. We
will prove the contrapositive: so suppose that f* has a fixed point, and let us
show that [f(x)] = [x], i.e. that T(M,x) F f(x) = x, i.e. (by Lemma 3.1.2) that
if N is any model of T for which there is a ¥,,-morphism A : M — N, then
fN N — N is the identity involution. Let m € M be a fixed point of fM.
Since M is a model of T, it follows that (the underlying set of) M is just the
singleton {m}. If N € PTmod and h : M — N is a ¥,,-morphism, then we
have f¥(h(m)) = h(f™(m)) = h(m), so that fV has a fixed point h(m). But
since N is a model of T, it then follows that N = {h(m)} is a singleton, so that
f is the identity involution. This proves that T(M,x) F f(x) = x if f¥ has a
fixed point, which shows that Zr, (M) is trivial and hence that Ty has trivial
isotropy, even though T does not.

o If instead of defining Ty to be the theory over ¥, that extends T by adding
the axiom T F d |, we simply define T, to be the theory T itself, now regarded
as a theory over the signature Yy, then a model of T, is a pair (M, dM), with
M € PTmod and d™ : {x} — My a partial function. It is then trivial to see
that the proof of Proposition 4.1.2 carries over to this definition of Ty essentially
unchanged, leading to the following modification of Proposition 4.1.2, and an
analogous modification of Corollary 4.1.3:

If M € PTmod and d™ : {x} — My, then
Zr,(M,d"™) =2 {r € Zx(M) : 7y od" =d™}.
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As shown in the remark, there are examples of quasi-equational theories T with
non-trivial isotropy such that T, also has non-trivial isotropy. However, as we will
show in the next section, the situation is not necessarily the same if we add a totally
defined non-constant function symbol to a quasi-equational theory; except in some
relatively trivial cases, regardless of whether the initial theory has trivial or non-trivial
isotropy, part of the isotropy of the resulting theory over the expanded signature will
always trivialize.

4.2 Adding a Non-Constant Function Symbol

Again, fix a quasi-equational theory T over a relation-free signature X.

Definition 4.2.1. Let f: A; x ... x A, — A be a function symbol not in ¥, with
n>1and Ay,..., A, A € Ysorn.

e We define ¢ to be the following signature:

- (Ef)Sort = ZSort-
- (Ef)Fun : ZFun U {f}

e We define T to be the quasi-equational theory over ¥ whose axioms are those
of T together with the additional axiom

T E@1mnsTn f(xb .. ,l‘n) \Lv

where 1 : Aq,...,x, : A, are pairwise distinct variables. |

An object of PTymod is then just a pair (M, fM), where M € PTmod and f :
My, x ... x My, — My, is a total function.

We will prove (cf. Proposition 4.2.4) that if (M, f™) € PT;mod, then ‘part’ of
the isotropy of (M, f™) is guaranteed to be trivial (provided that T and/or the sorts
{A;,..., A,, A} involved in f satisfy certain conditions). To motivate this result, let
us assume that T is a quasi-equational theory over a single-sorted signature. Then
we will prove (cf. Corollary 4.2.5) that if (M, fM) € PTymod and [t] € G, (M, f*),
then [f] = [x] (and hence Gr, (M, fM) will be trivial). The idea behind this is as
follows: if [t] € G, (M, f™), then we know that [t] must commute generically with
the new function symbol f, which means that T;((M, fM),xy,...,x,) must prove the
equation

1

tf (X1, x0) /X = f(E[x1/X], - t[xn/X])

(since f is totally defined in T;). But if the only axiom governing the behaviour of
the new function symbol f in T is an axiom stating that f is totally defined, then
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it stands to reason that f will not ‘interact’ with itself or the other function symbols
of ¥ in any ‘non-trivial’ way in T, and hence the only way for the above equation to
be provable in T((M, fM),x1,...,x,) is if [t] = [x].

To prove our main result of this section (Proposition 4.2.4), we first require the
following definition and lemmas. Recall that if (N, f~) € PTymod and xi, ..., x, ¢
34 (N, fN) are pairwise distinct constants of respective sorts Aj, ..., A,, then
(N, fN¥)(x1,...,%,) is the coproduct in PTmod with (N, f¥) and the initial T ;-model
(X1,...,%,) on n generators of sorts Ay, ..., A,, and the Y-reduct (N, fV){xq,...x,)|s
is a model of T.

Definition 4.2.2. Let M € PTmod and let f™ : My, x ... x My, — My be a
total function. Let h : (M, fM) — (N, f¥) be any X -morphism in PT;mod, and let
a € Ny. We define the partial X -structure N := ((N, f¥){(x1, ..., xn)|s, f") with
the total function

YNNG XX NG = (N Y)Y ) Xaday X X (N Y (%) 4
- Nz - (NafN)<X17"'7Xn>A
defined as follows:

o If ([ur], .., [un)) € (N, ) X1y sXn)ay X oo X (N, fY) (X, ..., %), and for
each 1 < i <n there is some a; € N4, with [u;] = [cg’fN)}, then

N (ual, - Jun]) o= [c;f,vvvg;’? an)] e (N, ) xt, o %)

.....

e Otherwise (i.e. if there is some 1 < i < n such that [u;] is not in the image of
the canonical ¥ -morphism 7 : (N, V) = (N, fV){x1,...,%,)), we set

Y, Jun)) = [cgN’f”] e (N, V) xt, o %)

Justification. We must verify that fV° is well-defined. Specifically, let a;, b; € Na,
with [cgjf’fN)} = [céfv’fN)} for each 1 < i < n; we must show that

(NN _ v
[CfN(a1 ..... an):| = [CfN(bl ..... bn)} :

Since the canonical morphism 7 : (N, fV) — (N, f¥) (x4, ..., x,) is (sortwise) injective
by Lemma 2.2.9 (because Ny, ..., N, are non-empty by hypothesis), the assumption
implies that a; = b; for each 1 < i < n. Then we have f~(a1,...,a,) = f¥(b1,...,by),
which yields the desired result.
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Lemma 4.2.3. Let M € PTmod and let f™ : My, x ... x My, — My be a total
function. Let h : (M, fM) — (N, fN) be any Xp-morphism in PT mod, and let
a € Ng. Then N* =T, and n: (N, f¥) — N = (N, fN)(x1, ..., xn) |5, [V7) is a
2 p-morphism.

Proof:  The first claim follows because (N, fN){xy,...,x,)|s = T and f¥" is total.
Since n : N — (N, f¥){(x1,...,%,)|x is a S-morphism, it remains to show that it
respects the interpretations of f. Since f¥ and f¥° are total, we must show that if
(@1,...,a,) € Nay X ... X Ny, then

nA(fN(alﬂ s 70’”)) - fNa (77A1(a1>7 cee 7T]An(an>> S Nj = (N7 fN)<X17 s 7Xn>A;

but this follows trivially from the definitions of  and f¥". Son : (N, f¥) — N =
(N, Y)Y (xay oo xn) sy fN7) is & X p-morphism. ]

Proposition 4.2.4. Let T be a quasi-equational theory over a relation-free signature
Y, andlet f: Ay x...x A, — A be a function symbol withn > 1 and A,,..., A,, A €
Ysort and f & X. Suppose that at least one of the following conditions holds:

o Ac{A,... AL

e For any (N, fN) € PT;mod, there is some 1 < i < n such that T;(N, fV) is
non-trivial for the sort A; (i.e. T;(N, fN) ¥¥¥ y =y for distinct variables
v,y A).
Then for any M € PTmod with Ma, x ... x My, # 0, any total function f™ :
My, X ... x My, = My, and any ([sc])c € Gr,(M, f*), we have

[sa] = [xa] € (M, ) {xa) 4.
We also have
[SAi] = [XAi] € <M> fM)<XA¢>Az‘

for all 1 < i < n, if we assume in addition that Ms # 0 and that T;(N, fV) is
non-trivial for the sort A for each (N, fN') € PT;mod.

Proof: Suppose that at least one of the first two stated conditions holds. Let
M € PTmod with My, x ... x My, #0,let f: My, x...x My, — Mx be a total
function, and let ([s¢])c € G, (M, f*). We show that [s4] = [xa], i.e. that

Tf ((M,fM) 7XA) H SA = XA.
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By Lemma 3.1.2, it is equivalent to show for any N € PTmod, any total function
Y i Na, X ... x Na, — Nga, any Xp-morphism h : (M, fM¥) — (N, V), and any
a € N4 that
P (54)"(a) = a € Ny.

If Na = {a}, then this is trivial, so assume that N4 has at least two elements. Note
also that because My, X ... x My, # () and there is a 3-morphism h : M — N, it
follows that Na, X ... X Na, # 0, so that N4, # () for each 1 < i < n.

Given a € N, consider the Ty-model N = ((N, fV){(x1, ..., %) s, V) and the
> s-morphism 7 : (N, fN) — N®. Then we have a X ¢-morphism

noh: (M,fM) — N°.
Now for each 1 <7 < n, consider the total function
prn(sa)™ Na = (N, M), oxa)a, = (N, V), oxa)a, = NS

Since ([sc])c € Gr, (M, f), this is a bijection. Since [x;] € (N, fV)(x1, ..., %n) .,
there is a unique element [t;] € (N, fN)(xq,...,x,)4, With

Pron(54.) " ([ti]) = [

Since N4 contains at least two elements and one of the stated conditions holds, it
follows that there is some 1 < i < n such that T;(N, ) is non-trivial for the
sort A;. For this i, we now we show that [x;] is not in the image of n : N —

(N, fN){x1, ..., %n)|s. If [x;] were in the image of 1, then there would be some b €
Na, with [x;] = na,(b) = [céN’fN)]. So we would have T¢((N, fV),x1,...,%,) F
X; = cl()N’f ") Then by the theorem on constants (Remark 1.3.17), we would obtain

Tp(N, fN) Foreim g, = cl()N’fN), with y; : Ay,...,y, : A, pairwise distinct variables.
Since Na,,...,Na, # 0, it follows by an argument used before (cf. e.g. the proof

of Lemma 2.2.9) that T;(N, fV) v y; = cl()N’f N), from which it readily follows that
T (N, f¥) would be trivial for the sort A;, contrary to assumption. So [x;] is not in
the image of 7.

If [t;] were in the image of 1, then there would again be some b € N4, with

[t;] = na,(b) = [céN’fN)]. Then in (N, fV){xq,...,%,)4, we would have
il = pyen(s4,) " ([t)
= )" ([™])
= oot sa)) ([6¥7])

= |pil"(sa) [ 1]
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€ Im(n),

contradicting what was just proven. The third equality holds by Lemma 2.2.37, the
fourth by Lemma 2.2.31, and the last by Lemma 2.2.54 and the fact that Na,,... Ny,
are all non-empty. So [t;] is not in the image of 7 either.

Since ([s¢])c € G, (M, f*), it follows that ([sc])c commutes generically with
the function symbol f: A; x ... x A, = A, which means that

Ty((M, ) oxa, ooy xn) b osalf(x, . xa) /xa] = Fsa, x1/X], ., 54, [Xn/X])

(since f is totally defined in T;). By soundness of partial Horn logic and Lemma
2.2.18, this easily entails that

pﬁ:h(sx‘l)* © fNa = fNa © <p;7401h(5141>*7 s 7p;74:h(814n)*> : Nzl XX len - NZ'

We then obtain in (N, f¥)(x1,..., %)

Ny v
[Cpf:(sA)*(a)] - [C

= ppon(54)" (SN ([t - -, [ta]))
= Y (g (54 ([1]), - o (54,)7 ([En))
= Y (xal- xal)

C(NJN)]

The first equality holds by Lemma 2.2.30, the second essentially by Lemma 2.4.11,
the third by Lemma 2.2.31, the fourth by Lemma 2.2.37, the fifth by definition of
Y% and the fact that some [t;] is not in the image of 7, the sixth because ([s¢])c
commutes generically with f, the seventh by definition of the [t;], and the last by
definition of f¥* and the fact that some [x;] is not in the image of . So we have

ma (o (sa) (@) = | ] =[] = mata) € (VM) i, oxada

Since 74 is injective by Lemma 2.2.9 (because N4, ..., Na, # 0), this entails that

pi(s4)*(a) = a € Ny,
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as desired. This completes the proof that [s4] = [xa] € M (x4) 4.

Next, we show that [s4,] = [xa,] for each 1 < ¢ < n, under the additional
assumptions that M, # 0 and T;(N, fV) is non-trivial for the sort A for each
(N, f) € PTymod. Since ([sc])c € Gr, (M, f), we know that ([sc])c commutes
generically with f, which means that the sequent

TEsalf(x1,. o, xn)/xa]l = f(sa,[x1/%a,], -+, 54, [Xn/Xa,])

is provable in T ((M, fM) XYy ,xn) (since f is totally defined in Ty). Since we
have now shown that T;((M, fM),x4) b s4 = x4, it follows by an application of the
theorem on constants (together with a by now familiar argument using the assumption
that My # () that

TEf(xa,eeoxn) = f(sa,X1/Xay]s -+ o584, [Xn/Xa,])

is provable in Ty ((M, f™) ,x1,...,%,).

Fix 1 <i < n: we show that [sa,] = [xa,], i.e. that T;((M, fM),xa,) F 4, = Xa,.
Suppose towards a contradiction that this is false. Then by Lemma 3.1.2, there is some
N € PTmod, some total function f% : Ny, X ... X Ny, — Ny, some X g-morphism
h: (M, fM™) — (N, fV), and some a; € Ny, such that

p}?i<SAi>*(&i) 7é a; € NAz"

In particular, it follows that N4, has at least two elements and that N4 # () (since

My # Qand hy : My — Nyis atotal function). Consider the T-model (N, V) (x1, ..., Xn, x4, X4)|5,
where x4,x, & S((N, fV),x1,...,x,) are distinct constants of sort A. We define a

total function

P (N I, X X XAy X (N Xy e X X, X )
- (N7 fN)<X17-'-7Xn7XA7XiA>A
as follows:
o If ([w1],...,[un]) € dom(f*) and for each 1 < j < n there is some b; € Ny,

with [u;] = [ l(év’fN)], then

[ ([wl, .. [ug)) = [c;]]\fvglv)bn)} € (N, f)x1, oy Xy XA, Xy ) A
o If ([u],...,[uy)) € dom (f*) and [u;] = [x;], then

F([wa],- - [un]) = [xa] € (N, FY00, 5 Xy X, X ) A
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o If ([ui],...,[u,)) € dom (f*) and neither of the first two cases holds, then
F([wa], - - [un]) = X4] € (N, Y00, Xy X, X ) A

Then f* is well-defined: the first case in the definition of f* is well-defined by an
argument similar to that used to show that fV" is well-defined. The first and second

cases in the definition of f* are mutually exclusive, because if [x;] = [CISNf } for

Some bz = NAia then we would have
T((N, ) %1, 3, 5X) b s = VT,

which would easily imply that T;(N, fV) =*¥ z = y for distinct variables x,y : A; by
the theorem on constants (Remark 1.3.17) and the fact that Na,,...,Na,, Ng #

() (using a now familiar argument). But this is impossible, because (N, V) |=
T;(N, f¥) and Ny, has at least two elements.
o (N, fN)(x1, -y Xny Xa, Xy )|, £*) is & model of T. If

s (N FY) = (N )0, X, xa, X))

is the canonical Y s-morphism, then an argument like that given for N shows that

n: (N, YY) = (N, Y)Y, X, X, X s )

is also a X g-morphism. So then

noh: (M, fM)y — (N, fN)X, X, x4, X)) s, £7)

is a M -morphism. By soundness of partial Horn logic and Lemma 2.2.18, the fact
that

Tk f(Xh v 7Xn) = f (SAI [Xl/XA1]7 SRR SAn[Xn/XAn])
is provable in Ty ((M, f™) ,xi,...,x,) entails that

fr= 1o {opin(sa)” s pda(sa,)) (+)
SN, I X X, XAy X X (N Y X XA, X ) A,
- (N7 fN)<X17 R 7XTL7XA7XC4>A-
So in (N, fN)(xq, .., Xn,Xa,%X,4) 4 We obtain

al = F (bl xa])
P (open(s.4) (<)), -, P (5.4,) (%))
f

(e (o (sa) () 5y (pn” (54,)" (Ixa])))
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= f* ([pll-?l (SAI)[Xl/XAIH P [p?n(ssz)[Xn/xAn]})

= [Xal;
the first equality holds by definition of f*, the second by (%), the third by Lemma
2.2.37, and the fourth by Lemma 2.2.31. To justify the last equality, it suffices (by def-
inition of f*) to show that [p,?"(sAi)[xi/xAi]] # [x;] and that [p;(sa,)[x:/xa,]] & Im(n).
Since Nya,,...,Na,, Ns # (), the first inequality easily follows from the assumption
that

pﬁi(sAi)* : NAi - NAz‘

is not the identity function, and the second easily follows from the assumption that
pfi(SAi)* : NAi - NAi

is not a constant function. This justifies the above sequence of equalities.
So we have

xa] = [X4] € (N, £ (X0, - oo Xy Xa, X4) 4
l.e.

Tr((N, £V),x1, X, X, X)) x4 = Xy
From this and the theorem on constants (Remark 1.3.17) and the fact that Na,,..., Ny, #
() we obtain

Ty((N V), xa,X0) b xa = X,

and then since x4, X/, are distinct, we again obtain by the theorem on constants that
Ti(N, fY)FVz =y

for distinct variables x,y : A. But this contradicts the assumption that T;(N, fV) is
non-trivial for the sort A. This contradiction completes the proof that [s4,] = [x4,]
for each 1 <i < n, as desired.

Corollary 4.2.5. Let T be a quasi-equational theory over a single-sorted relation-free
signature, and let f be a new n-ary function symbol for some n > 1. Then T; has
trivial isotropy.

Proof: The first condition of Proposition 4.2.4 is automatically satisfied, be-
cause the signature only has one sort. So if (M, fM) € PT;mod with M # () and
[s] € G, (M, f*), then Proposition 4.2.4 implies that [s] = [x] € (M, f*)(x), so that
Gr, (M, fM) is the trivial group. However, it is straightforward to see that since T is
single-sorted, the assumption that M # () is now inessential in the proof of Proposi-
tion 4.2.4, which shows that T, has trivial isotropy. i



4. CLOSURE PROPERTIES 138

Remark 4.2.6.

e If T and f satisfy neither of the first two conditions in the statement of Proposi-
tion 4.2.4, then the (first) conclusion of Proposition 4.2.4 can fail. For example,
consider the disjoint union theory Ty + Tgroup (cf. the next section for more
discussion of disjoint unions of theories), where Ty, is the quasi-equational the-
ory on the signature with one sort and no function symbols whose only axiom
is T F¥1¥2 gy = yy for distinct variables y, y2 of the unique sort (i.e. the only
models of Tt are sets with at most one element). Let f: X — Y be a new
function symbol, with X being the unique sort of T, and Y the unique sort of
Teroup- Then it is easy to see that the first two conditions in Proposition 4.2.4
fail for Trviv + TGroup-

Now let G be any (non-trivial) group containing an element g # e that fails
to commute with at least one element of G, and consider the model M :=
({*}, G, M) of (Tiv + Teroup) f, Where fM(x) = e%. If N = ({«'}, H, fV) is any
model of (Triy + Teroup) s for which there is a ¥ p-morphism h = (hy, hy) : M —
N, then hy(x) =« and hy : G — H is a group homomorphism and hence

FY) = V(%) = ha(FY (%)) = ha(e®) = €.

We now show that the (Ttiy + Taroup) f-model M has an element of isotropy
whose second component is non-trivial, thus falsifying the (first) conclusion of
Proposition 4.2.4. Indeed, let g # ¢ € G fail to commute with at least one
element of G, and consider

([x], [egyeg-1]) € M{x)x x M(y)y.
We wish to show that

([X], [ngcg*1]> S Z(TTriv+TGroup)f(M>

and that

[cgycg—] # ly] € M{y)y.
The second claim easily follows from the assumption that ¢ fails to commute
with at least one element of GG. For the first claim, it is easily seen that the pair
([x], [cgycg-1]) is invertible and commutes generically with all function symbols
of Trriv + TGroup, SO it remains to show that it commutes generically with f :
X — Y, ie. we must show that

(TTriv + P]I“Group)f(‘]\47 X) l_ Cgf<x)cg_1 = f(X)

By Lemma 3.1.2, it suffices to show that if N = ({¥'}, H, f") is any model of
(T1riv + Teroup) s for which there is a ¥ p-morphism h = (hy, hy) : M — N, then

ha(g) fY () ha(g) ™ = fY(+') € H.
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But this follows because fY(x') = e, as noted above. This proves that
([x], [egycy-1]) is an element of isotropy of the (Tviy + Tgroup) f-model M whose
second component is non-trivial, which shows that the (first) conclusion of
Proposition 4.2.4 can fail for a theory T and a new function symbol f that
satisfy neither of the first two stated conditions.

o If T, f, satisfy one of the first two conditions in Proposition 4.2.4 but do not
satisfy the last (additional) assumption, then the second conclusion of Propo-
sition 4.2.4 can fail. Let T := Tty + Tgroup as in the last point, but now let
f Y — X (with Y being the unique sort of Tgou and X the unique sort
of Trv). Then it is easy to see that the second of the first two conditions in
Proposition 4.2.4 is now satisfied, while the last (additional) assumption is not
satisfied.

Now let GG be a non-abelian group, and consider the model M := ({x}, G, fM)
of (Ttriv + Teroup) s, Where fM : G — {x} is (obviously) the constant function.
Again, let g € G be an element that fails to commute with at least one element
of GG, and consider

(4], legyeg—1]) € M(x)x x My)y.

We wish to show that

([X] ) [ng0971 ]) e Z(TTriv+TGroup)f (M>

and that
[cgycg—1] # [y] € M{y)y.

The only point at which the argument differs from the argument in the previous
point is in showing that ([x], [c;yc,~1]) commutes generically with f Y — X,
i.e. that

(TTriv + I’]I‘Group)f(jwa y) - f(Y) = f(ngCg—l).

By Lemma 3.1.2, it suffices to show that if N = ({¥'}, H, f") is any model of
(Triv + Teroup) s for which there is a X y-morphism h = (hy, he) : M — N, then
for any z € G we have

FU(z) = fY (ha(g)zha(9)™") € {¥'},

which is clearly true. So M has an element of isotropy whose X-component is
trivial and whose Y-component is non-trivial, contrary to the second conclusion
of Proposition 4.2.4.

o If, instead of defining T to be the theory over ¥; that extends T by adding
the axiom T F*® f(xy,...,x,) |, we simply define T to be the theory T
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itself, now regarded as a theory over the signature X ¢, then a model of T is a
pair (M, fM), with M € PTmod and fM : My, x ... x Ma, — My a partial
function. It is then not difficult to see that the proof of Proposition 4.2.4 carries
over to this definition of T essentially unchanged. We just have to modify the
first case in the definition of f¥* to take into account that f%¥ may not be total,
and we make a similar adjustment to the definition of f*. We then have an
exact analogue of Proposition 4.2.4 for this alternative definition of the theory

T,. i

4.3 Disjoint Union of Theories

In this section, we will compute the isotropy group of a disjoint union of quasi-
equational theories in terms of the isotropy groups of the component theories. So let
Y1 and X5 be disjoint relation-free signatures, and let T; and Ty be quasi-equational
theories over the signatures ; and Y, respectively. We define ¥; + ¥5 to be the
(disjoint) union of the signatures ¥; and 3, i.e.

(El + EQ)SOrt = ElSort U Z2$OI’1:

and
(Z1 + Z2)run = i, U Do,

We then define T; + Ty to be the quasi-equational theory over the signature »; + >
whose axioms are all those of T; and Ty, combined. A model of Ty + Ty is then
just a pair (My, M), where M; is a model of Ty and M, is a model of Ty, and a
Y1 + Yg-morphism is just a pair consisting of a >;-morphism and a Y-morphism.

We first require the following technical lemma, relating provability in T; + Ty to
provability in the component theories:

Lemma 4.3.1. Let M; € PTymod and My € PTymod. Ifi € {1,2} and C € X
and s,t € Term®(X;(M;,x¢c)) are of the same sort, then

2Sort

(Tl —+ Tg)((Ml, M2)7X0> Fs=t < Ti(Mi,Xc) Fs=t.

Proof:  For the ‘only if’ direction, assume that (Ty + Ts)((M1, M), xc) F s = t,
and suppose that ¢ = 1 for concreteness. To prove that T;(Mj,xc) F s = t, it is
equivalent by Lemma 3.1.2 to show that if N; is any model of Ty for which there is
a Y1-morphism A : My — N; and an element ¢ € Nlc, then

P (s)"(c) = Py (8)"(c) € N,

with A € ¥, being the sort of s and t.
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So let Ny be any model of T; for which there is a ¥;-morphism h : M; — N;
and an element ¢ € N, Then we have a (31 + Xy)-morphism (h,idyy,) : (M, My) —
(Ny, Ms), with (Ny, Ms) being a model of Ty + Ty and ¢ € NF = (Ny, My)c. From
our assumption and Lemma 3.1.2, it then follows that

B o) (8170 = Py (07(0) € (N1, M) = N

(hiidar, (hsidar,
But since s,t € Term®(X;(Mi,Xxc)), it is easy to see that

)(t) = Pg@),

Plhidns,)(8) = Ph (5) and oy

sidary

which yields the desired result.
Conversely, if Ty (M;,xc) F s = t, then since (it is easy to see that) T (M, xc)
is a sub-theory of (T + Ty)((M;, Ms),xc), the desired result follows. i

Proposition 4.3.2. For any M, € PTymod and Ms; € PTymod,
Gr,ym, (M, M) = Gp, (M) X G, (My).
Proof: We define a group isomorphism
MMz G (M, My) = G, (M) x G, (M),

So let

([sc)cesias € Groym (M, M) € [ (M, Ma)(xc)e
cexi+3o

So for any C' € (X1 + Xa)son, Wwe have so € Term®((3; + o) (M1, Mz),xc))c with
(Ty + To)((My, M), xc) F s¢ . It is easily seen that if C' € 3, for i € {1,2}, then
sc € Term®(X;(M;,xc))c because 3 and Yo are disjoint, and thus T;(M;,x¢) F s¢
by Lemma 4.3.1. So we have

([sc])ces; € H M;i{xc)c-

cex;

It then follows straightforwardly from (a simple generalization of) Lemma 4.3.1 and
the assumption that ([s¢|)ces,+5, € Gr,41, (M1, Ms) that

([SC])CEZi S GTi (MZ)

for each i € {1,2}. So we define 2 by the assignment

([sc])cesi4n, € Gryqm, (M1, Mo)
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— <([SC]>0621’ ([SC])CGZ‘2> € GT1(M1) X GT2(M2>’

which is well-defined and injective by Lemma 4.3.1. It is easy to see that oMMz ig a
group homomorphism, and that it is surjective easily follows from Lemma 4.3.1. So

Mo Gryyr, (My, My) = G, (My) x G, (Ma)

is a group isomorphism. |

Corollary 4.3.3. Let M, € PTymod and Ms € PTysmod, and let

™= (ﬂ-(fl,fz) : (COd(f1)7COd(f2)) — (COd(fl)’COd(f2)))(fth)eDom(Ml,MQ)

be a Dom(My, Ms)-indexed family of endomorphisms in P(Ty + Ty)mod. Then 7 €
Zr, 1, (M, M) iff there are (uniquely determined) elements m € Zr, (M) and w5 €
Zr,(Ms) such that

T(f1,f2) = (Wlh’ﬂ-zfz)
for every (fi, f2) € Dom(Mj, My). i

Corollary 4.3.4. If we identify P(T; 4+ Ty)mod with the isomorphic category
PTlmod X PTQmOd,

then
Zr 41, = 21, X 21, : P(T; + T2)mod — Group.

Remark 4.3.5. If T; and Ty are (single-sorted) algebraic theories over respective
disjoint signatures ¥; and X5, one can also define T; + Ts to be the algebraic theory
over the single-sorted signature ¥ obtained by combining »; and > and identifying
the unique sort of 3; with the unique sort of ¥5. We have then shown, using methods
from rewriting theory developed in [18], [2] that the isotropy group of any free model
of T; + Ty (defined in this way) is trivial. For reasons of space and relevance, we have
chosen not to include the details. i
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4.4 Miscellaneous Observations

In the final section of this chapter, we collect together some miscellaneous observations
about the isotropy groups of quasi-equational theories, particularly regarding the
effects of adding new axioms to a theory (without changing its signature). If T is a
quasi-equational theory over a relation-free signature ¥, then we say that an extension
of T is a quasi-equational theory T over the same signature ¥ such that every axiom
of T is an axiom of T".

e Adding new axioms to a theory (without changing its signature) can trivialize
the isotropy group. More precisely, it is not in general the case that if T is a
quasi-equational theory with non-trivial isotropy, then every extension of T will
also have non-trivial isotropy. For an easy example, let T be any theory with
non-trivial isotropy, say the totally defined theory of groups (cf. Proposition
3.2.7). If we extend T by adding the axiom T F*¥ z = y for distinct variables
x,y of the unique sort of Xgoup, then the resulting extension T’ clearly has
trivial isotropy.

For a less frivolous example, let T be the totally defined theory of monoids,
which has non-trivial isotropy (cf. Proposition 3.2.4). If we add the axiom
TH x-y=1vy-xtoT to obtain the theory T of commutative monoids, then
T’ has trivial isotropy (cf. Proposition 3.3.7), even though not every model of
T’ is a singleton, unlike in the first example.

e Adding new axioms to a theory (without changing its signature) can also create
new isotropy. More precisely, it is not in general the case that if T is a quasi-
equational theory with trivial isotropy, then every extension of T will also have
trivial isotropy.

For an easy example, consider the completely empty theory over the signature
YMon, Which has trivial isotropy (cf. Proposition 3.1.4). Then the totally defined
theory of monoids Tye, is an extension of this theory which has non-trivial
isotropy (cf. Proposition 3.2.4).

For a less trivial example (starting from a non-empty theory with trivial isotropy),
consider the theory T of totally defined semigroups (with a specified element)

over the signature »yo,, Whose axioms are those of Tyo, minus the axiom

THF2-e=ux=-e-x. Then by simplifying the arguments given to show that

Tmon has non-trivial isotropy (cf. Proposition 3.2.4), it is not difficult to see

that T has trivial isotropy. But if we extend T to Tmon by adding the axiom

TH z-e=x=e-z, then Ty, has non-trivial isotropy.

o [f T is a quasi-equational theory whose free models on finitely many generators
all have trivial isotropy, it does not necessarily follow that all finitely presented
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models of T will have trivial isotropy. For example, let T be the theory Tyen of
totally defined monoids. Since the only invertible element of a free monoid (on
finitely many generators) is the identity element, it follows that the isotropy
group of any such monoid is trivial, by Proposition 3.2.4. However, since there
are clearly finitely presented monoids with non-trivial invertible elements, it is
not the case that all finitely presented monoids have trivial isotropy.



Chapter 5

Isotropy Groups of Functor
Theories

In this chapter, given a quasi-equational theory T over a relation-free signature ¥ and
a small indexing category J, we will define a quasi-equational theory TV with the

property that
PTY mod 2 PTmod".

We will characterize the isotropy group of TY in terms of the isotropy group of T
and the global isotropy group of J (i.e. the group of natural automorphisms of the
identity functor on J).

In particular, when T is the theory of sets, so that PTmod” = Sets”, the results
of this chapter will allow us to characterize the covariant isotropy groups of presheaf
toposes (cf. Corollary 5.3.6), about which nothing was previously known.

In fact, it will follow from the results in this chapter (cf. Corollary 5.3.6 and
the remarks immediately thereafter) that if 7 is a small category, then the covariant
isotropy group (functor)

Z : Sets” — Group

of the presheaf topos Sets” is constant on the so-called global isotropy group of 7,
which is just the group Aut(ld ;) of all natural automorphisms of the identity functor
lds : J — J. This is in dramatic contrast to the contravariant isotropy group
(functor)
AR (Setsj)Op — Group
of Sets”, which (as shown in [10, 4.12]) is the representable presheaf of groups
Sets” (—, Z7) : (SetsJ)OP — Group

with representing object
Z7:J — Group < Sets,

the covariant isotropy group (functor) of 7. We will attempt to provide a conceptual
motivation for this difference in a future paper based on this chapter.

145
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5.1 Logical Characterization

For the remainder of this section, fix a quasi-equational theory T over a relation-free
signature X, and fix a small indexing category J. At a certain point (cf. Proposition
5.1.47) we will need to make an assumption about T, but for now, we can assume
that T is arbitrary.

First, we define a relation-free signature ¥7. Since J is small, we know that its
class of objects Jo is a set, and that for any 7,5 € Jo, the class of arrows J4(, ) is
a set.

Definition 5.1.1 (Functor Signature). We define a relation-free signature 7 as
follows.

o Ifi € Jp and A € Ysoy, let A° ¢ ¥ be a new sort, and assume that all of the
sorts defined in this way are pairwise distinct. Then we set

Egort ={A" i€ Jp,A € Vson}.

e Forany f:7— jin J and A € Ygopn, let
af 1 AN — A

be a new unary function symbol ¢ ¥, and assume that all of the symbols defined
in this way are pairwise distinct.

For any ¢ € Jp and function symbol g : A} X ... x A, = Ain X, let
g A x . x AL A

be a new function symbol ¢ ¥, and assume that all of the symbols defined in
this way are pairwise distinct. Then we set

Eirjun = {a? : f S jA,A € ZSort} U {gz S 2Funs t € \70}

Given a partial ¥7-structure, we now show how to derive component Y-structures
from it, indexed by the objects of 7.

Definition 5.1.2 (Component Structures). Let M be a partial X7 -structure and
let i € Jo. We define a partial Y-structure M as follows:

e For any A € Ygot, We set
MIZL‘ = MAz‘.
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o Ifg: Ay x...x A, — Ais a function symbol of ¥, then ¢g* : A} x ... x A? — A’
is a function symbol of 37, and we set

g = (gY) " Mg X X My = M, XX MY — My = M.

From a morphism of ¥7-structures we can also extract morphisms of the component
d-structures:

Definition 5.1.3 (Component Morphisms). Let M, N be partial ¥7-structures,
let i € Jp, and let h: M — N be a X7-morphism. Then there is a ¥-morphism

h':M'— N

given by A A ‘
h; = hAz' : MA:MAI —)NAi :Nfﬁl

for every A € Ygor. |

For any object i € Jp, we now define a signature morphism p’ : ¥ — %7,

Definition 5.1.4. For any object ¢ € Jp, we define a signature morphism p’ : ¥ —
7 as follows:

e For any A € Ysot, wWe set
pi(A) = A’ € Esjort.
e For any function symbol g: A; x ... X A, = A in Xg,,, we set

pi(g) =g AL x ... x AL — A"

We now define the quasi-equational theory TV that will axiomatize PTmod” .

Definition 5.1.5 (Functor Quasi-Equational Theory). We define TV to be the
quasi-equational theory over the signature Y7 whose axioms are the following se-
quents:
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1. Forany f:7— j7in J4 and A € Ysq, the axiom
THEA af(x) |

2. For any i € Jo and A € Yo, the axiom

N ai‘;‘i(x) =z.

3. Forany f:i—jand g:j — kin J4 and A € Yo, the axiom

T F A o (af (2)) = afb (@)

4. Forany f:i—jin Jyand g: Ay X ... X A, = A in Xg,,, the axiom

GX1, - %) | AL a?(gi(xl, e Xp)) = gj(oz}41 (X1), - - ,04}4” (Xn))-

5. For any i € Jp and any axiom ¢ F* 1) of T, the axiom
(@) H'P p ().

Remark 5.1.6. A first easy property of T is that for any object i € Jp, the signa-
ture morphism p’ : ¥ — X7 is also a theory morphism T — T, because TV includes
the axioms in Definition 5.1.5.5. |

To begin studying the models of TV, we first make the following easy observation:

Lemma 5.1.7. If M is a partial ¥ -structure with M |= T, then for any object
i € Jo, the partial X-structure M* (cf. Definition 5.1.2) is a model of T.

Proof: Assume the hypothesis, and let i € Jp. Since p' : T — TY is a theory
morphism by Remark 5.1.6, it follows by [19, Proposition 28| that U*(M) is a model
of T, where U? : PTYmod — PTmod is the forgetful functor induced by the signature
morphism p’. However, it is trivial to observe that U'(M) = M", so that M" is a
model of T, as desired. |

We now have:
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Proposition 5.1.8. There is an isomorphism of categories

PTY mod = PTmod” .

Before we can start to characterize the isotropy group of TY, we first require the
following purely group-theoretic fact, whose proof is a routine verification.

Lemma 5.1.9. Let F' : J — Group be an arbitrary functor, and consider the product
group [ ;e s, F(i). Then

(H F(i)) = {(gz‘)z‘ejo e [I FG): F()g) =g Vf:j— ke JA}

1€Jo 1€Jo

is a subgroup of [[;c, F(i).
Furthermore, this assignment is the object part of a functor

=)
(H (—)(z)) = lim : Group” — Group.

1€Jo

We can now begin to characterize the isotropy groups of models of TY. Let M €
PT7mod. Then by (the proof of) Proposition 5.1.8, there is a corresponding functor
FM 7 — PTmod. If Gt : PTmod — Group is the functor from Definition 2.2.36
that is naturally isomorphic to the isotropy group of T (by Theorem 2.2.41), then we
obtain the composite functor

GroFM .7 = Group,

with |
(Gr o FM)(i) = Go(FY (1)) = Gr(M")

for every i € Jo. Then by Lemma 5.1.9, it follows that (][], Gr(M")) is a
subgroup of [[, Gr(M"), and hence in particular is a group. Let us denote this
subgroup with the cleaner notation ([ [, Gr(M Z))j

Next, we will need to define a certain group Aut(ld7)™. Tts definition is somewhat
subtle/unintuitive, so we ask the reader to bear with us until after we have defined
it, at which point we will try to give some intuition/motivation for its definition.

GTOFA/[
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For any ¢ € Jp and B € Yoy, we say that T(M?) is trivial for the sort B if
T(M?) F¥¥ y = 4/ for distinct variables y,7' : B. Otherwise, we say that T(M?) is
non-trivial for the sort B.

For any B € Ygon, we let JA' be the full subcategory of J on those objects

i € Jo for which T(M?) is non-trivial for the sort B. Let Aut (Idjéu) be the group

of natural automorphisms of the identity functor Id zu : 7, M g

We will need to consider a certain subgroup of [] Bes,, Aut (Id jlzg\4>, which we
will call Aut(ld7)™. To define this subgroup, we require the following definition:

Definition 5.1.10 (Degenerate Function Symbols). Let M € PTYmod, let g :
Ay x ... x A, = A be a function symbol of ¥ with n > 1, and let i € Jp. Then for
any 1 < m < n, we say that g™ is degenerate in position m if

T(M?) FVovm2m gy yn) = 9+ Yn) [Zm/ Ym),

where 41, ..., Yn, 2 are pairwise distinct variables of the appropriate sorts.
Otherwise, if T(M?) does not prove the above equation, we say that ¢g™" is non-
degenerate in position m. i

Definition 5.1.11. Let M € PTYmod. We denote an element of [Izes,,, Aut (Idj§4>
by ¢ = (¥5) pes, so that each 15 is a natural automorphism of Idjéw, with components
Yp(i) 11 =i for i € JH.
We define
Aut(ldy) € T Aut (ldjgf)

BEESor‘t
to consist of exactly those elements ¢ € [] Bes,, Aut (Id Jéu> with the following prop-
erty:
o Ifg: A x... x A, = Ais any function symbol of ¥ with n > 1, then for any
i € Jo and 1 < m < n for which ¢™" is non-degenerate in position m,

This property is well-defined, in the sense that if g™ is non-degenerate in position
m, then it easily follows that T(M?) must be non-trivial for the sorts A and A,, (and
hence ¢ must be an object of both J4" and J4!, so that ©4(7) and 4, (¢) are both
well-defined arrows of 7).

It is then trivial to verify that Aut(ld ) is indeed a subgroup of [Ipes,,, Aut <|djév1> ,

and hence is a group. i
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Our ultimate goal in this section will now be to show for any quasi-equational theory
T (satisfying two conditions, cf. Proposition 5.1.47), any small index category J, and
any M € PTYmod that

J
G (M) 2 (H GT(MZ')> x Aut(ld)",

eJ

naturally in M. Specifically, we will construct a group isomorphism

J
BM : (H G']I‘(MZ)> X AUt(ldg)M = GTJ(M)

ieJ

for each M € PTmod.

As promised, let us now attempt to give some intuition/motivation for the defi-
nition of Aut(ld7)™.

First, let us discuss why for each sort B € ¥ we needed to consider the full
subcategory J, E]}V[ of J on those objects i € Jp for which T(M Z) is non-trivial for the
sort B, rather than just the whole category J. Let T be the single-sorted algebraic
theory of commutative unital rings. It is well-known that the trivial (or zero) ring
with underlying set {0} has no outgoing ring homomorphism to a ring with more
than one element. So (using the same notation for the zero ring as for its underlying
set) it follows that T({0}) is trivial for the unique sort of T.

Now let J any one-object category such that Aut(lds) is not the trivial group
(e.g. J could be the one-object category corresponding to a non-trivial abelian group
G, in which case Aut(ldy) is easily seen to be (isomorphic to) G itself), let F' :
J — PTmod = Ring be the constant functor on the trivial ring {0}, and let M €
PTYmod be the corresponding model of TY. Since T is single-sorted, we clearly have
Aut(ld 7)™ = Aut(ld;), if we ignore the fact that we must consider the full subcategory
of J on those objects i € Jp for which T(M ’) is non-trivial, which in this case would
be the empty subcategory. And since J has one object and F' is a constant functor,
we have

J
(H GT(Mi)> = Gr({0}) = {x]},
ieJ

since the isotropy group of T is trivial, as indicated at the end of Chapter 3. So the
group isomorphism to be defined

J
Bar : (H GT(MZ')> x Aut(ld)™ = Gro (M)

ieJ

now simplifies to

Bar : X} x Aut(ldy) = Gpo (M).
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In fact, this isomorphism will be given by the following rule (cf. the proof of Propo-
sition 5.1.20):

(4, 9) = few(x)] € G (M),

where ¢ : Id7 = Ids is a natural automorphism of the identity functor on the one-
object category J, and hence can be identified with an automorphism of the single
object of J that commutes with every endomorphism of that object. Now, we show
that this (desired) group homomorphism (3, will not be injective, given that we have
defined Aut(ld;)™ in terms of the full category J rather than the full subcategory of
J on those objects i € Jo for which T(M?) is non-trivial for the unique sort of T.

By assumption, we know that Aut(lds) is not the trivial group, so it contains
distinct elements 11,15 € Aut(ld7). To prove that 5y, will not be injective, we show
that

Bu([x]; 1) = Bu([x], 12) € Gpa (M),

i.e. that
[y, ()] = [y, (X)] € Gra (M) € M(x),

i.e. that
T (M, x) b aus, (x) = @y, (X).

To do this, it will clearly suffice to show that TY(M,x) is trivial for the unique
sort of TV (note that T is single-sorted, because T is single-sorted and J has only
one object). And to do this, it will suffice by Lemma 3.1.2 and the isomorphism
PTmod = PTmod” (cf. Proposition 5.1.8) to show that if u : F — G : J —
PTmod = Ring is a natural transformation, then G(x) = {0}, where * is the unique
object of J. But if u: FF — G is a natural transformation, then u, : F(x) — G(x)
is a ring homomorphism, and then since F'(x) = {0}, it follows that G(x) = {0}, as
desired. This shows that if we do not restrict to the full subcategory of J on those
objects i € Jp for which T(M") is non-trivial for the unique sort of T, then the group
homomorphism S;; may fail to be injective, which we obviously do not want.

This will hopefully help to convince the reader that we need to define Aut(Id ;)"

to be a subgroup of [ [ 5.5  Aut (ldjéw) rather than [[cy. Aut(ldy) (in the general
case where T may be multi-sorted). Now let us try to motivate why we cannot just
define Aut(lds)" to be the full group [[gey,  Aut (Idjé/l) in the case where T is

multi-sorted. A first vague intuition is that if 1 = (Yp)pes € [[pex,,, Aut (Idjéu),

then we need the distinct ¢p’s to ‘interact’ properly, if there are (non-degenerate)
function symbols in ¥ that ‘connect’ different sorts.

For a more precise intuition, let 7 be the one-object category corresponding to
the two-element group Zs, so that J has just two endomorphisms of its unique object
x, namely the identity and an involution . Consider the theory T whose signature
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has two sorts X and Y and one function symbol f : X — Y, and whose only axiom
is

TEX fx) .

Let us define N € PTmod with N := ({a, b}, {c,d}, fY) for pairwise distinct a,b, c,d
with f¥(a) = ¢ and f¥(b) = d, and let us define a functor F : J — PTmod
with F(¥) :== N and F(¢)) : N = N the obvious involution homomorphism. Let
M € PT7mod be the corresponding model of TY. Since J has one object and T
is two-sorted, it follows that T is two-sorted, and we also refer to the two sorts of
T as X and Y. By Lemma 5.3.2 below, we know that T(N) is non-trivial for both
sorts X and Y and that fV is non-degenerate in its unique position. So we have
Jis = Jy = J. Since J has one object and T (being an empty theory) has trivial
isotropy by Proposition 3.1.4, we also have

J
(HGT(Mi)> = {(: YD}

ieJ

the trivial group. So the (to be defined) group homomorphism

J
BM : (H G']I‘(MZ)> X AUt('dJ)M = GTJ(M)

ieJ

simplifies to
Bur (¥, YD} x Aut(ldg)™ = G (M).

Suppose now that we ignored the fact that f~ is non-degenerate (in its unique posi-
tion) in the definition of Aut(ld;), so that

Aut(ld 7)™ = Aut(ld) x Aut(ld)

and
B (X, [y} x (Aut(lds) x Aut(ldz)) = Gpo (M).
For any x, x" € Aut(ld7), we will define 3y, by
(], D) O X)) V= ([ag (0] 5 [age (¥)]) € M{x)x x M{y)y-.

However, let us now show that if x # x’ € Aut(ld7), then

([ 0 [ (¥)]) & G (M).

In fact, let us show that ([o (x)], [a;/, (y)]) fails to commute generically with the
function symbol f: X — Y i.e. let us show that

T (M, %) ¥ ay(f(x) = f (o5 (x))
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(note that f is totally defined in T). Let us take x to be the identity element of
Aut(ld7) and x’ to be the other element ¢ (the non-identity involution on the unique
object ), so that we only have to show

T (M, %) ¥ ay,(f(x) = f(x)

(since TY(M,x) F a3y (x) = x). By Lemma 3.1.2 and the isomorphism PTYmod =
PTmod”, it suffices to show that there is a functor G : J — PTmod and a natural
transformation p : F' — G with the property that there is some a € G(*)x with

Gy (f99(a)) # f%(a) € G(*)y.

We take G := F and p to be the identity natural transformation. Then we have
a € F(x)x = Nx = {a,b} and

F@)y (ff%(a)) = F)y (fN(a)) = F(¥)y(c) =d # c = fN(a) € F(x)y = {c,d},

as desired. So if we do not take into account non-degenerate function symbols in
the definition of Aut(ld 7)™, then the desired group homomorphism 3y, will not have
Grs (M) as its codomain.

Hopefully we have now given the reader more intuition and motivation for why
we needed to define Aut(ld7)™ the way we did; briefly, we needed to do so in order
to ensure that our desired group isomorphism [;; is injective and has the correct
codomain.

Now, towards constructing this group homomorphism (cf. Proposition 5.1.20),
we require the following technical definitions and lemmas.

Definition 5.1.12. Let M € PT7mod, i € Jo, and C € Ysor, so that M? is a partial
Y-structure (cf. Definition 5.1.2). We define a signature morphism

PS5 S(ME xe) — 2T (M, x¢i)

as follows (where x¢ ¢ X(M?) and x¢: ¢ X7 (M) are new constants of sorts C' and
C", respectively):

e On X C X(M' xc), we stipulate that p$,, agrees with p' : ¥ — X7 (cf. Defini-
tion 5.1.4).

o If s € My = M, for some A € Yo, then we set
o5 () =, € 57 (Mo xen),

o We set
pg\’}i (XC) = Xci € ZJ(M, XCi).
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Lemma 5.1.13. For any M € PT7mod, i € Jo, and C € Ysox, the signature
morphism pf/ﬁ 15 a theory morphism

pSi  T(MY xe) — T (M, x¢).

Proof:  See Appendix C. |

The proofs of the next two lemmas are basically trivial from the definitions.

Lemma 5.1.14. Let M € PT9mod, i € Jo, and C € Yson. For any u,v €
Term®(X(M*,x¢)) with v : C, we have

Pirs (ulv/xc]) = pir (W) pfys (v) /xci]-

Lemma 5.1.15. Let h : M — N be a ¥7-morphism in PTYmod. Then for any
B € Ysorx and k € Jo, we have an induced signature morphism

pfk : 2T (M, xge) — X7 (N, xpzr)

by Definition 2.2.17. From Definition 5.1.3, we obtain from h a X-morphism h* :
MF — N*, and we also have an induced signature morphism

pr. s D(MF xp) — S(NF xp)
by Definition 2.2.17. Then we have

PRy o pBo = pB o pB o S(MF xp) — BT (N, xps).

Definition 5.1.16. Let M € PTYmod, f :i — j € Ja, and C € Yso. We define a
signature morphism
o ST (M, xci) = 7 (M, xc1)

as follows:

e On X7 (M), we define 0§ to be the inclusion into X7 (M, xc:).
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e We set A
U?(ch) = O[?(Xci) :CY.

Since TV (M, x¢5) F Oé?(XCi) 1, we then easily obtain:

Lemma 5.1.17. For any M € PT9mod, f:i — j € Ja, and C € Yson, the signature
morphism Jj? 1 a theory morphism

0? T (M, xe5) — T (M, x¢i).

If f:i— jisan arrow in J, let us write fM := FM(f): M* — M’ (cf. the proof of
Proposition 5.1.8). Then we have

M= M (f) = ((a;‘)M MY Mj)

Recall that for any C' € Ysor, the Y-morphism f™ : M? — M/ induces a signature
morphism % : B(M*,x¢) — B(M7,x¢) by Definition 2.2.17 which is also a theory
morphism p?M : T(M*,x¢) — T(M?,xc) by Lemma 2.2.18.

Aes

Definition 5.1.18. For any M € PT7mod, any arrow f : i — j in J, and any
C' € Yson, we define a signature morphism TfC N (M xe) = BT (M, xci) as

TfC = a? o p%j o /)?M

cN(MP xe) = (M x¢) = 7 (M, x¢5) — 27 (M, x¢).
Explicitly, 7§ is given by the following data:
e When restricted to ¥ C S(M?, x¢), TfC agrees with p/ : ¥ — %7,

e For any s € M’ = My (for any A € Ysort), we have

CORACACICH)
A CACHS)

= oy (C%,fM@))

—_— M

= Cai pM(s)

_ M

= C .
Aj,(a’f“)M(s)
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e We have

Tf(xc) = U? (P51 (p?M (xc))) = U? (P51 (x0)) = U?(ch) = OZ?(XCZ’).

We will then need the following technical lemma about the signature morphism TfCZ

Lemma 5.1.19. Let M € PT9mod, let f : i — j be any arrow in J, and let
C € Ysoe. Then for any term u € Term®(X(M?, x¢)) with T(M',x¢) Fu | and u: A,
we have

T (M, xci) b 7 (w) = af (p5p(w)) .

Proof:  See Appendix C. i
We can now prove:

Proposition 5.1.20. For any M € PTYmod, there is a group homomorphism

J
B (H GT(MZ)> X AUt('dJ)M — G’H‘J(M)

ISV
Proof:  Let v = (v;); € (I, GT(Mi))j and ¥ = (Y¥p)pex € Aut(ld7)™. We must

define
Bu(v,9) € Gra (M),

with Gz (M) being the group of all ¥Z -indexed sequences

Sort

(tei)icq.cex € H M (xci)ci
ieJ.Cex

that are invertible, commute generically with all function symbols of ¥, and re-
flect definedness. Each toi € Term®(37 (M, x¢:)) is a closed term of sort C* with
TJ(M, XC’i) H tCi j/

So let 7 € Jp and C' € Ygot; we define

BM(’Y,’QD)CW‘ € M(Xm)cw‘.

Since ; € Gp(M?), we know that 7¢ = [st] € M (xc)c. So s& € Term®(S(M¥ xc))e
is a closed term of sort C' with T(M* ,x¢) & s& J. Then

Pf/f(slc) € TermC(ZJ(M, Xci)) e
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and TV (M, xci) F p$(st) 1, since p$ + B(M xc) = B7(M,x¢i) is a theory mor-
phism from T(M? x¢) to T (M, x¢:) by Lemma 5.1.13.

Suppose first that T(M?) is non-trivial for the sort C. So then i € J2!, and
®o(i) 1@ =i is an isomorphism in J. So then af . : C* — C" is a function symbol

of 7 and moreover T (M, x¢:) F agc(i) (xci) | because T (M, xci) F x¢i | and

agc (i) 18 provably total in TY. Then it follows that

T (M, x0i) = piypi (s6) [0 (Xei) /xes]
by Lemma 2.2.24.
So then [p]?/[(slc) [O‘ic(i) (xci) /sz'H € M (xci)ci, and we therefore set
Bu (v, V)i = [p§ri(st) [aicu)(xw)/x@-ﬂ € M(xci)ci-
If T(M?") is trivial for the sort C, then we simply set

5M(’Y, ¢)Cz = [XC'L] € M<Xci>ci.

Before we show that Sy (v,v¢) € Zps(M), we first verify that £, is well-defined.
So let v = 6 € ([, Gr(M%)”. To show that Ba(y,%) = Bu(8,), let i € Jo and

C € Ysort be arbitrary; we must show

BM(V? ¢)C’ = BM((S, ¢>Cz

If T(M?") is trivial for the sort C, then we have

5M<77 w)(ﬁ = [XCi] = BM((Sv w)Cia

as desired.
So suppose that T(M?) is non-trivial for the sort C. Then we must show

[Pz\cm' (Ulc) [agc(i) (xci)/ XCZ‘H = [/)z\c4 (Uio) [Oéic(i) (xci)/ Xci]] € M{xci)ci,

if v¢ = [ul] and §¢ = [v}]. In other words, we must show

TJ(M, XCi) ~ p%z (uzc) [aic(z) (XCz)/XCz] = p%'/[l ("Uév) [agc(l) (XCZ)/XCZ] .

Since v = 4§, we obtain v; = ¢; and hence [u] = [vh] € M*(xc), which means
that T(M*,xc) b ul = vi. Then since p§,, : T(M',xc) — TY(M,x¢i) is a theory
morphism by Lemma 5.1.13, the desired result follows by Lemma 2.2.24. So (), is
indeed well-defined.

Now we prove that Sy (v,v) € Grs (M), which we do in a series of claims.

Claim 5.1.21. [Sy(7,1) is invertible.
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Proof: Let i € Jo and C € Yson. If T(M?) is trivial for the sort C, then the
result is trivial to verify. So assume that T(M?) is non-trivial for the sort C. Since
v; € Gr(M?), there is some [(s5) '] € M*(xc)c with

(st [(s6) ' /xc]] = [xe] = [(s6) 7" [st/xc]] € M'{xc)e,

N T(M', x¢) F sy [(sio)*l/xc] =xc = (s5) 7" [sic/xc] )

Now consider p¢,; ((sic)_1> € Term®(X7 (M, x¢i))ei: since T(M? xg) F (sb)~t |, it
follows from Lemma 5.1.13 that
i \—1
T (M, xc:) F 05 ((30) ) 1.

Then because agc (-1 C*" — (" is provably total in TV, we obtain

T (M, xci) bl )1 <Pf4 <<5ZC)71>> 4
so that '
[aic(iyl (P%} ((520)71»} € M({xci)ci-
s el = (o (o ((66)7))]

Then because p?/[i is a theory morphism, the following sequence of equations is prov-
able in TV (M, x¢i), as desired:

So we set

() [0 e xor] [0 (o5 ((5) 7)) fxer
= 050 (56) [l (e (o5 ((50) 7)) fxer]

= 5 (5) [0S enci (650 ((58) 7)) /xer]

= () [0, (o5 ((56) 7)) fxer]

= (st |6 ((56) ™) fxer]

= i (s [ (50) ™" xe])

= me’ (xc)

= X¢i,

as desired (the fifth equality follows by Lemma 5.1.14). The other equality is shown
similarly. This proves that 5y/(, %) is invertible. i
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Claim 5.1.22. (7, %) commutes generically with all function symbols of %7

Proof:  Firstleti € Jp andlet g: A; x ... x A, — A be a function symbol of >.
We must show that Sy/(7, 1) commutes generically with the function symbol

g A x . x AL A

of 7. Assume without loss of generality that T(M?) is non-trivial for each of the
sorts Ay, ..., A, A; if this is not the case, then the argument required is a simpler
version of the one we are about to give.

We must show that the sequent

g (xAzi, . ’XA%) L EA{pin(sh) [aﬁA(i)(XAi)/XAi]} [gi <XA§, . ,XA;~L> /XA'L]

- gl (pfj’ (3%41) [a;z;l(i) <XA§> /XA§:| y e aplj?/[nz (82An) [CY,:EZ"(Z-) (XA%) /XA%]>

is provable in the theory TV <M DXy s XAl ) (technically, we need to ensure that

the indeterminates on the right side of the equation are pairwise distinct (cf. Defini-
tion 2.2.47), but we will ignore this subtlety here and elsewhere in the proof of the
proposition to increase readability). Since v; € Gp(M?"), we know that the sequent

g(Xxay, - oxa ) LE s g(xa,, .. xa,) /x4l = g (321, . ,si‘n) (%)
is provable in the theory T(M? x4,,...,x4,). As in Definition 5.1.12 and Lemma
5.1.13, we can define a signature morphism

A j
Pt S(ME XAy, xa,) = 27 (M,xAi,...,xA%>

that will be a theory morphism

—

A ) J .
pMi-T(MZ’XA17...,XAn)—>T (M7XA§7"'7XA’1II‘L>’

on L(M?"), we define pfﬂ as in Definition 5.1.12, and for any 1 < j < n we set

-

Par (xa;) = X

(Here A=A, .. ,An.) Then it is obvious that for any 1 < j < n, the signature
morphism p‘]?ﬂ agrees with the signature morphism pfji D (M i,xAj) -7 <M , X Ai_>

J
when restricted to X(M*,x,,), which implies that pfﬁ (s%j) = pﬁ; (sfélj) for all
1 <j <mn. Also (by Lemma 5.1.14), we have

Py (s%) [gi (XAi’ . ,XA%> /xAz} = pf;i (s'4[g(xays -, xa,)/%a)) -
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Now, since pj\‘;i c T(M x4, ...y xa,) — T (M, XAise - ,xA%) is a theory morphism,
it follows that the pf;i—translation of the aforementioned sequent (%) provable in
T(M? x4,,...,xa,) will be provable in TV (M,XAi,...,XA%). In other words, the

following sequent is provable in TV (M S XATs - XA ):
gi (XA@ s 7XA%> \l/ k-

o () [0 (xagsooxag ) fxae| = " (o (50,) oo (51,))
Now, let us reason in the theory
T (M’XA?'"’XA?) U {T F g (xAzi,...,xA%> L}

(referred to as the ‘expanded theory’ for the rest of this argument), one of whose

theorems is therefore the preceding equation. By substituting aﬁi(i) (x Ai > for x4,

e a;‘z(i) (x A ) for x4:, the following equation is then provable in the expanded

theory:
pfm (S?A) |:gZ <o¢1’2:1(1) (XAzi) g ’a;?Z(i) (XA%)) /XA{|
=g (pf}i (s4,) [oz;‘:(i) <xA§> /XAzi] ey P (sY ) [Q$Z(i) (xa:) /XA%D _

Since the expanded theory (because of Axiom 5.1.5.4) proves the equation

if,A An , _ A i , _
9 (O‘wi(i) <XA3> e Q) (XAz)> = Q) (9 (XAp e MA;)) ,
it follows that the expanded theory proves the equation
ot (50) oo (8 (oo ) ) f]

i A (i A An (i An,
=49 (lez (3A1) [%p;(i) <XA§> /XAZi] y e Py (SAn) [CWA(Z') (XA:'L) /XAQ]) )
i.e. the expanded theory proves the equation

Pﬁi(six) [aﬁA(i) (XAi)/XA’} [gi (XAga e aXA;;> /XAz}

i A (i A An (i An
=49 (PMlz (5,41) [O‘w;(i) <XA§) /XAQ] RERRY Vs <3An) [O%A(i) (XAi,,) /XA2]> .
So to complete the argument, it remains to show (by the deduction theorem in Remark
1.3.17) that the expanded theory proves the equation

g (o (i) o o () x| oo () ok ) () g ])
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i AL (i A Y A
=g <le (SAl) [O‘wi\(i) <XA§) /XAg] sy Py (SAn) [O‘m(i) (XA:;) /XA;])
(the difference in the two terms being the 1-subscripts). It suffices to show that for any
position 1 < m < n, we can ‘swap’ pfﬁ (s'.) [aﬁ:;m 0 (XA%)] er ,0’]?4’2‘ (s'.) [a;‘r(i) (XA%L)]
within position m in ¢* (modulo the expanded theory). If g™ is degenerate in posi-
tion m, then this easily follows by the definition of ‘degenerate’ (cf. Definition 5.1.10):
specifically, if T(M?) proves the equation in Definition 5.1.10 for g, then it follows
from Lemma 5.1.13 that T (M) will prove the corresponding equation for g*.
Otherwise, if gM" is non-degenerate in position m, then since ¢ € Aut(ld7)M, it
follows that 14, (i) = 1¥4(i) : i = 4, which again easily yields the desired result. This

completes the proof that By/(y, 1) commutes generically with the function symbol g*
of ¥7.

Now let B € Ysot and let f : 4 — j be an arbitrary arrow in J. We must show
that 8y(7y,v) commutes generically with the function symbol of : B* — B’ of ¥7.
Suppose first that T(M?) and T(M?) are non-trivial for the sort B. Then we must
show that the equation

{P (sb) [y (xeo) x| } [0F (ki) x| = o (0 (58) [y (xm0) /i ])

is provable in T (M, xp:) (since af is provably total in TY). Since v € (][, Gr(M),
we know that

Gr (FM(f)) () =,

Gr (F(1) (([s]) eex) = (5] s

Recalling our earlier convention that f := FM(f): M* — MY, this equality means
that

i.e.

([53 (50)]) gy = ([56]) e € Gr(M7)
(cf. Definition 2.2.36). In particular, for our fixed sort B, we have

[ (si)] = [sh] € M {x),

which means that . A ,
T(M],XB) F p?M(S%) = 539

Since pP,; : T(M?,xg) — TY(M,xp;) is a theory morphism by Lemma 5.1.13, we
then have

TJ(Ma xpi) Pﬁj (P?Ai(SiB)) = pr(f’%)‘

And since crf : T7(M,xp;) — T (M, xp:) is a theory morphism by Lemma 5.1.17,
we obtain 4 ‘
T (M, xp:) = o (g (pfu(sB))) = of (oips (s3)) -
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i.e. (cf. Definition 5.1.18)

’]I‘J(M, Xpi) Tf(Si )= o (pM](sB))

Also, since o® : 7 (M, xp;) — X7 (M, xg:) is the identity except for the fact that
07 (xpi) = af (xpi), it easily follows that

UJ]? (Pf}f(sjé)) = P (s3) [@?(XBZ')/XBJ'] -

So we have ' '

TJ(M, Xpi) Tf(s’B) = pﬁj(sg) [a?(XBi)/XBj} .
Finally, since T(M? xp) F s% |, it follows from Lemma 5.1.19 that

T9 (M xp0) b T (s3) = af (s (s3))
Combining this equation with the previous one, we then have
T7(M,xp:) b oy (s5) [af (xsi) /xmi] = of (p3pi(55)) -
Substituting o} () (xp:) for xp: and applying Lemma 2.2.24, TY (M, xp:) then proves
the equation
pins () [of (a0 (xp:)) /xm] = of (o3 (s) [af, ) (xp:) /xi:])

So to complete the argument, it remains to prove that T (M, xp:) proves the equation

Pﬁj(si;) [04? (0453( )(XBl)) /XBJ'] = {Pﬁj (3{9) [agB(j)(XBj)/XBJ]} [O‘Jl?<xBi>/XBj]'

But the following sequence of equations is provable in TY (M, xp:), as desired:
{Pis (55) [0a (k) s ] } [of (k) /¢ ]
= p]\B/[j( fg) [0453( )(af (XB1>>/XBJ}
= IOMJ<S§B) [ §)of (xp: /XBJ]
= pan (55) [O‘fowB(z xpi) /Xpi |
= aps () [0 (@ (XBe)) /x0]
The second equality follows by Axiom 5.1.5.3, the third by naturality of g €
Aut (Idjé%), and the last by Axiom 5.1.5.3 again.

Now suppose that T(M?) is trivial for the sort B, which implies that T(M? xp)
is also trivial for the sort B. Given the arrow f : ¢ — 7, we have the induced
Y-morphism fM : M* — M/, which in turn induces the theory morphism

ph : T(M',xpg) = T(M7,xp),
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the existence of which implies that T(M?,xp) is also trivial for the sort B. But by
Lemma 5.1.13, it then easily follows that TY (M, xp;) is trivial for the sort B7, and
hence will prove all equations between terms of this sort, which clearly yields the
desired result. And if T(M7) is trivial for the sort B, then T(M/, xp) is trivial for the
sort B, which then also yields the desired result, as just explained.

This completes the proof that Sys(7, 1) commutes generically with af, and com-

pletes the proof that (y(7, %) commutes generically with all function symbols of X7
i

Claim 5.1.23. Sy(7,¥) reflects definedness.

Proof: Since the function symbols a? are all provably total in T, it suffices to
just consider the function symbols ¢¢ of X7, fori € Jopand g: A; x ... x A, — A in
Y. We will assume without loss of generality that T(M") is non-trivial for the sorts
Ay, ..., An, A (if not, the required argument is simpler).

To show that Sy(7, 1) reflects definedness of g* (assuming that n > 1), we must
show that the sequent

g (o (sia) oy () Pxag] oo () e ) () g ]) 4
g <XA37---,XA;;> I

is provable in the theory TV <M, XAis - - - ’XAi;)' Since v; € Gp(M?), we know that
reflects definedness of the function symbol g € ¥g,,, so that the sequent

g(sh, sy ) LE g(xays .o xa,) 4

is provable in the theory T(M?,x4,,...,x4, ). Then since the aforementioned signature

morphism pfﬂ CN(ME XAy, xa,) — BT (M, XAis- - ,XA%> is a theory morphism

T(M?® xa,,...,xa,) = T <M,XA§, .. ,XA%), it easily follows that T (M,XA?L, . ,XA%>

proves the sequent
g (o () o (50,)) L o (g ) L

By making the appropriate substitutions (and applying Lemma 2.2.24), it then follows
that TV (M, Xgis- - ,XA%) proves the sequent

g (o (si) et o (xa) ] oo (i) ok ) () g ]) 4
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if A An .
Fg (04%1‘1(1.) (XA§> e ) (XA%)> .

To complete the argument, it now suffices to show that TV <M (XA s XAl ) proves

the sequent

q' <O‘$;1(z') <XA3> ,...,04:2;”(1.) (XA%)> lFg (XAZi""’XA%> 4.

By reasoning similar to that used in the argument that 5,(7y, 1)) commutes generically

with ¢, it is sufficient to prove that TV (M s XAy s XAl ) proves the sequent

q' <a$;(i) <XA§> 7"'7()‘:2;(@') (XA%)) IFd (XA§>---,XA;L> .
Now let us work in the theory
7 A Ap
T (M,XAzi, e ,XA%> U {T Fg (O‘dzi(i)(xf‘i)""’O‘m(i)(xf‘%)) \L},

which we will refer to as the ‘expanded theory’ for the remainder of the argument.
Then (by the deduction theorem in Remark 1.3.17) we need to show that the expanded
theory proves the sequent

TkHg (XA%,...,XA%) J.
Since an‘A (i)-1 is provably total in TV, it follows that the expanded theory proves the
sequent
A i A Ap .

T ay,m- (9 <%Z<i) (Xf“i) RRRATNG! (XA%)» v
Then by Axiom 5.1.5.4, it follows that the expanded theory proves the sequent

i A A _ An An _

Thyg (%Z(n—l (%i(i) <XA1)> e Ol (%Mi) (XA%)» -

Then by Axioms 5.1.5.3 and 5.1.5.2 we finally obtain that the expanded theory proves
the sequent

T |_gl (XAlia"wXA%) i/a

as required. This proves that Sy/(7, 1) reflects definedness. |

With the preceding three claims, we have now proved that

J
BM : (H GT(MZ)> X Aut(IdJ)M — G'H‘J (M)



5. ISOTROPY GROUPS OF FUNCTOR THEORIES 166

is a well-defined function. To complete the proof of Proposition 5.1.20, we must
show that () preserves the group multiplication. So let v = (v;);,0 = (&;); €
(IT; Gr(M%))7 and 1, x € Aut(ld7)*. We must show that

Bu(y-6,¢-x) = Bu(v,v¥) - Bu (6, x)-

So fix 7 € Jp and B € Ygo¢. Then we must show

If T(M7) is trivial for the sort B, then the desired result follows immediately from
the definition of By. So assume otherwise, and let v; = ([s%]) o and §; = ([t2]) o

Also, note that (- d); = ;- 6; = ([s& [th/xc]]) and (¥ - x)B(j) = ¥B()) © Xx5())-
Then we must show that

(o3 (55 [E/x8]) [0 rorn(y (x) /x5 ]
= [PJ\BQJ'(S%) [agg(j)(XBf)/XBjH : [Pﬁa‘ (t‘g) [@fB(j)(XBJ)/XBjH

holds in M {(xp;)pi, i.e. we must show that T (M, xp;) proves the equation

P (5 [ths/x8]) [0y yonis () (Xe9) /1]

= i (%) [,y (%Ba) /xBs] - Pl (t) [0 ) (s ) /%i ]

First, let 1 € Aut(ld7)* be the identity element. Then we know that

Bu(7,1), B (6,1), B (v - 6,1) € Gpo (M).
We have

Bu (v, 1)ps = [Pﬁj (s%) [QIBB(j)(XBj>/XBjH
= B () o, () /x|

)

with the third equality justified by Axiom 5.1.5.2. Similarly, we have

Bu (5, 1) s = [phs ()]
and o
By -6, )5 = [y (s [th/xs3])] -

Since

B (7, 1), Bu (6, 1), Brr(y - 9, 1) € Gpa (M),
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it follows that [pﬁj(s%)] commutes ge'nerica'lly with osz(j) : Bj'—> Bj, that [pﬁj(tfg)}
commutes generically with o () B? — B, and that (8, (s% [t /xB])] commutes

generically with afB( i) BJ — BJ. This means that

oxs(J)

T (M, xps) b s (55) [0, ) (x3) /xmi ] = oty (03 (s5))

as well as

T7 (M, xp5) F pMJ <tj ) [ XB(])(XBJ)/XBJ} - CYfB(j) (pﬁﬁ (tZB))
and o
T (M, xp:) = pigs (55 [Es/%B]) [0, roxs () (XB2) /%85
= ot (P (55 [ta/%5])) -
So to complete the argument that 5y, preserves group multiplication, it suffices to
show that TY (M, xp;) proves the equation
agB(j)OXB(j) (pﬁj (SJB [t]B/XB])) - 0453(3‘)(/)1?41(5]3)) [OéfB(j) (wa (t]B))/XBJ} .

But TY (M, xp;) proves the following sequence of equations, as desired:

O‘wB(J (phrs (s5)) [04 pMJ (t] ))/XBJ}

= ) (P (s5) [ m(pM] () /x5:])
O%B(J)< RE)) (pM 333 [PMJ(tB)/XB7D)

= ) (0%,0) (03 (55 [ta/xs])))

= Qs (oxs() (PMJ (s [th/xs])) -

The second equality follows because [p%,;(s%)] commutes generically with ayl i)

B’ — B, the third equality follows by Lemma 5.1.14, while the last equality fol-
lows by Axiom 5.1.5.3. This completes the argument that (5, preserves the group
multiplication.

This finally completes the proof of Proposition 5.1.20. |

Our next step is to show that the group homomorphism ), is bijective. For this
purpose, we first require the following definitions.

Definition 5.1.24. Let M € PTY mod.

e For any k € Jp, let

Cod(k) :={f € Ja :cod(f) = k}.
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For any k € Jo and B € Yo, let X (Mk,xgod(k)) be the signature obtained

from X (M*) by adding pairwise distinct new constant symbols xJ]? : B for every

f € Cod(k).

e For any £ € Jp and B € Ygopn, let T (Mk,xgod(k)> be the quasi-equational

theory over the signature X (M k,xgo d(k)> obtained from T(M*) by adding the
axioms T x]]i? | for every f € Cod(k). |

Definition 5.1.25 (a-Restricted Terms). If M € PTYmod and u € Term®(37 (M, x4:))
for some A € Ysor and 1 € Jp, then we say that u is a-restricted if the only subterms
of u of the form a (v) are those with C'= A and v = x4 and dom(f) = i.

In other words, u € Term®(X7 (M, x4:)) is a-restricted if all ‘a-subterms’ of u
have the form o (x4:) for some f € Dom(i). i

Essentially, an a-restricted term is a term in which all of the a-function symbols have
been pushed inside ‘as far as possible’. In order to prove that every (provably defined)
term has an a-restricted equivalent, we require the following lemma:

Lemma 5.1.26. Let M € PTYmod and let u € Term®(37 (M, x4:)) be a-restricted,
where A € Yo and i € Jo. If u : C7 for some j € Jo and C € Yson, then for any
arrow f : j — cod(f) in J, there is an a-restricted term u/ € Term®(X7 (M, x4:))
with u! : C°) and TI (M, x4:) proves the sequent

ulhk a?(u):uf.

Proof:  See Appendix C. |

With the help of Lemma 5.1.26 we can now show:

Lemma 5.1.27. If M € PTYmod and u € Term®(37 (M, x4:)) for some A € Yson
and i € Jo, then there is an a-restricted term u' € Term®(X7 (M, x4:)) of the same
sort such that T (M, x4:) proves the sequent

ulbFu=1.
Proof:  See Appendix C. |

It is trivial to verify (from the proof of Lemma 5.1.27) that if u € Term®(X7 (M, x4:))
is already a-restricted, then u = u'.
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Definition 5.1.28. Let M € PTYmod and A € Ys,: and i € Jp, and let
Term“ (37 (M, x4:))*

be the set of all a-restricted terms in Term®(X7 (M, x4:)). We define a map

0 : Term®(S7 (M, x4:)) U Term® ( ( Xéod(k)))
keJo

with the property that if u : C* for k € Jp and C' € Ysor, then O(u) € Term® (Z <Mk,xéod(k)>>
with 0(u) : C.
We define 6 by induction on the structure of u € Term®(X7 (M, x4:))*:

e For any f:i — kin J, we set
O(xai) ==Xy : A

and
0(af (xai)) ==x7 : A

(note that af(x4i) : A¥ and x{ € Term* (E (Mk XCod(k;))))
e For any k € Jo, C € Sson, and s € Mex = ME, we set
0 (cgh) = el

e For any k € Jp, any function symbol g : C; x ... x C};, = (' in ¥, and any
Up, ..Uy € Term®(B7 (M, x4:))* with ug @ CF for all 1 < ¢ < n, we set

0(g"(ur, ..., un)) = g(0(w),...,0(u)).

The idea behind the map 6 is that it takes an a-restricted term ¢ and replaces all of
the subterms in ¢ of the form ajc‘(x 4¢) by constant symbols x’]?, indexed by the arrows
of J. The next result now states that € preserves provability of equations:

Proposition 5.1.29. Let M € PTYmod and let s,t € Term®(S7 (M, x4:))* for some
i€ Jo and A € Yson, with s,t: C7 for some C € Ysore and j € Jo. If

T (M,x4,) F s =t,

then
T (MJ xCod(J)) - 6(s) = 6(1).
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Proof:  See Appendix C. |

We will also need the following technical lemmas, whose proofs may be found in
Appendix C.

Lemma 5.1.30. Let T be any quasi-equational theory over a relation-free signature
¥, let B € ¥g,,, and let C be a (possibly infinite) set of constants of sort B with

C ﬂ Yt = 0. Let X(C) be the signature with ¥'(C)sort := Bgo and X' (C)pun =
Yt UC, and let T'(C) be the quasi-equational theory over the signature ¥'(C) whose

axioms are those of T' together with the axioms T ¢ | for all c € C.

Let s,t € Term®(X/(C)) be closed terms over 3'(C) of the same sort such that at
least one of s and t contains a constant from C, and let {c1,...,¢c,} be the (finite,
non-empty) set of all and only those constants of C that occur in either s ort. Let

Y(ci, ... cn) and T'(cq,. .., c,) be the signature and theory defined analogously to
¥(C) and T'(C). Then

TC) Fs=t=T(c1,...,cn) Fs=t.

Lemma 5.1.31. Let M € PT9mod and k € Jo and B € Yson, and suppose that
u € Term® (E (Mk,chod(k)>> s of sort B and

3 B B
If T(M*) is non-trivial for the sort B, then u contains at least one occurrence of xﬁk.
Proof:  See Appendix C. |

We will also need the following map 6*, which essentially takes an a-restricted term
t, applies 6 to it, and then erases all of the arrow subscripts from the indeterminates
of the form x}? in 6(t):

Definition 5.1.32. Let M € PTYmod and A € Ys,: and i € Jo. We define a map

0* : Term(27 (M, x 4:)) U Term®(X(M*, x4))
keJo

with the property that if u : C* for k € Jp and C' € Ysor, then 6 (u) € Term®(3(M* x4))
with 60*(u) : C. To define 6*, we first define for each k € Jy a signature morphism

Nt 3 (M 5y ) = S(MF xa)

as follows:
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o )\ is the identity on X (MF).

o If f € Cod(k), then
)\k (X?) = XA.

By a slight abuse of notation, we also denote the induced function on closed terms as
N Term® (2 (M¥,xE 0 ) ) = Term™(S(M*, x4).
Finally, we set

Vi U e U Terme (3 (M xd ) ) = U Terme(S(M*,x4)),
keJo k€Jo kedo

and we then define

0" :=Nol: TermC(EJ(M, X4i))" — U Termc(E(Mk>XA>>7

and it is easy to see that 6* indeed has the stated property. i

Before showing that 6* preserves the provability of a certain restricted kind of se-
quents, we require the following technical concepts.

Definition 5.1.33 (i-Local Terms). Let M € PTmod.

o If u € Term®(X7 (M, x4:))* for some A € Ysor and i € Jo, then we say that u
is i-local if u has the following property:

For any subterm v of u, there is some sort C' € ¥ such that v : C".

In particular, if u is i-local, then u : B? for some sort B, and every a-subterm
of u has the form a4 (x4:) for some f :i — 4.

e Let f:j — i have codomain i. If u € Term®(27 (M, x4:))* is i-local, we define
ulf] € Term* (27 (M, x45))"

(note the change from x4 to x45) to be the term of the same sort defined as
follows:

— If u=xyi : A%, then we set

ulf] == af (xas) : A"
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— If u= o (xa:) : A’ for some g : i — i (since u is i-local), then we set
A N .7l
ulf] == agep (xas) + A"

— Ifu=c} ,: B for some B € Yot and s € Mp:, then we set

ulf] == u: B".
— If u=g¢*(uy,...,u,) : B® for some function symbol g : By x ... x B, — B
in ¥ and i-local terms uy,...,u, € Term®(X7 (M, x4:))* with u, : B for

each 1 < /¢ < n, then we set
ulf] = g'(wlfl,- .. ualf]) : B'.
In general, u[f] will not be the same term as u/ from Lemma 5.1.26.

o If u € Term(X7 (M, x4:))* is i-local and f : i — 4, then we say that u commutes
generically with f if
T (M, xai) F of (u) = ulf]

(assuming that u : B’ for some sort B € 3). i

For future reference, we note the following obvious result: if u € Term®(X7 (M, x4:))
is a-restricted and i-local and f : ¢ — i, then

T (M, x ) Fu |
= T (M,x4) Fulf] =u [CY?(XAi)/XAi] .
We can now prove that 8* preserves provability of a certain restricted kind of sequents:

Lemma 5.1.34. Let M € PT7mod. Let u,s,t € Term®(X7 (M, x4:))* for some
A€ Yoo and i € Jo, with u : C* and s,t : D' for some C, D € Yson. Suppose that
u = h'(uy, ..., uy,) for some function symbol h : Cy X ... x C,,, — C of ¥ and i-local
terms uy, ..., Uy € Term®(XT (M, x4:))* with ue : Cf and T (M, x4:) & ug | for each
1 < V¢ <m, and assume that u, commutes generically with each f :1 — i in J.

If T9 (M, x4:) proves the sequent

ulbks=t,
then T(M?",x) proves the sequent

0% (u) LF 0°(s) = 0°(t).
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Proof:  See Appendix C. |

We also have that 6* preserves the provability of equations:

Lemma 5.1.35. Let M € PT9mod and A € Yson and i € Jo. For any s,t €
Term®(X7 (M, x4:))* with s,t : C* for some k € Jo and C € Ysor, if T (M, x4:)
proves the sequent

TkFs=t,

then T(M*,x4) proves the sequent
TEO(s) =06%(t).

Proof:  See Appendix C. |

The proofs of the following three lemmas may be found in Appendix C.

Lemma 5.1.36. Let M € PTVmod, let u € Term®(37 (M, x4:))* be i-local for some
i€ Jo and A € Yisor, and let f € Cod(i). Then

0*(u) = 0*(u[f]) € Term“(S(M*,x4)).

The following lemma says that 6* interacts properly with substitution, provided that
the term being substituted commutes generically with certain arrows of J:

Lemma 5.1.37. Let M € PT mod, let u,v € Term®(X7 (M, x4:))* for some A € Yson
and i € Jo with v : A*, and suppose that TV (M,x4:) & u,v |. Suppose also that u,v
are i-local, and that v commutes generically with every arrow f :i — i in J. Then

T(M',x4) = 0" (ulv/x4:]') = 07 (u)[0" (v) /xa],

where ulv/x i) is the a-restricted variant of u[v/x4:| from Lemma 5.1.27. i

We will need the following technical lemma to prove that the group homomorphism
B is surjective:
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Lemma 5.1.38. Let M € PT9mod and A € Yson and i € Jo, and let u €
Term®(X7 (M, x4:))* be an a-restricted, i-local term of sort B! for some B € Yson
with T (M, x4:) b u . Let f i — £ be an arbitrary arrow of J with dom(f) = i.
Then o (u) has an a-restricted variant of (u)’ by Lemma 5.1.27, and of (u)' : B,
so that 0% (o (u)’) € Term® (2 (M* x4)). And 0*(u) € Term® (X (M’ ,x4)), so that
p?M(H*(u)) € Term®(X(M* x4)), where p?M : T(M? xa) — T(M¥* x4) is the theory
morphism induced by the Y -morphism fM .= FM(f): M* — M*. Then

T(M*, x4) - 6 (a?(u)') = p}“M(Q*(u)).

We will also require the following technical results regarding the map 6, whose proofs
involve straightforward inductions on terms:

Lemma 5.1.39. Let M € PT9mod and A € Yoo and i € Jo, and let v €
Term®(X7 (M, x4:))* be of sort B* for some B € Yson and k € Jo. Fix an arrow
f:k—kinJ. By Lemma 5.1.26, there is a term v/ € Term®(X7 (M, x4:))* with
v/ Bk,
Then 0(v),0(v') € Term* (E (M’“,xé‘od(k))>, and for any g € Cod(k),
A

x2 occurs in O(v) iff x},, occurs in 6(v').

Lemma 5.1.40. Let M € PTmod, let u € Term®(37 (M, xgk)) for some B € Ysor
and k € Jo, and suppose that u is a-restricted and k-local. Then it is easy to see
that every indeterminate in 0(u) € Term (E (Mk, X?od(k:))) has the form X}B for some

arrow f : k — k (since u is k-local).

Suppose that the indeterminates occurring in 0(u) are xﬁ, e ,xﬁ, with fi,..., fn:
k — k. Then for any v € Term®(37 (M, x4:))* for some A € Yson and i € Jo
with v : B*, we know that u[v/xgr] € Term®(X7 (M, x4:)) has an a-restricted variant
ufv/xpr] € Term®(X7 (M, x4:))* (by Lemma 5.1.27). We then have

0 (ulv/x]') = 0(u) [0 (v7) /xf, .., 0 (v9) /xE] € Term* (2 (M*,xE0) )

(recall from Lemma 5.1.26 that, for each 1 < i < n, v/i € Term®(S7(M,x4:))* is a
term of sort B« = Bk), i

Finally, we require the following notion of ‘a-free variant’:
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Definition 5.1.41 (a-Free Variants). Let M € PT?mod. For any
u € Term®(X7 (M, x4:))* that is i-local for some A € Yo and i € Jo, we define a
term

u™® € Term“(S7 (M, x4:))*

of the same sort, which we will call the a-free variant of u:

o If u=xy : A", then .
u ¢ =u: A%

o If u= af(xui) : A’ for some arrow f :i — i (since u is i-local), then

uw =%y 0 AN

o If u=c),  : B for some B € Xgot and s € Mp, then
uw®:=u: B

o If u=g'(uy,...,u,): B® for some function symbol g : By X ... x B, — B of &
and i-local terms u; € Term®(27 (M, x4:))* of sort B} for each 1 < j < n, then

u =g (uy®, ... u,®) B

Essentially, the a-free variant ©= is obtained from wu by ‘erasing’ all of the « function
symbols in u (and since w is i-local, it is possible to do this and obtain a well-defined
term of the same sort). We then have the following technical lemma, whose proof is
a straightforward induction on terms:

Lemma 5.1.42. Let M € PT9mod, let i € Jo, and let A € Yson. For any a-
restricted and i-local u € Term®(X7 (M, x4:))*, we have

par (07 () = u™?,

where ph, @ D(M%xa) = BT(M,xq:) is the signature morphism from Definition
5.1.12. 1

We can now finally prove that the group homomorphism 8y : (I], Gr(M?))7 x
Aut(ld /)M — Grs (M) is injective:



5. ISOTROPY GROUPS OF FUNCTOR THEORIES 176

Proposition 5.1.43. For any M € PTYmod, the group homomorphism

J
BM : (H GT<MZ)> X AUt(ldj)M — GTJ (M)

18 1njective.
Proof:  Let v = (v,); € (I, Gr(M"))”, with ~; = ([st]) ey for each i € Jop. Also
let ¢ € Aut(ld7). Suppose that

Pu (7, ¢) = (Xal) aen,

the unit element of the group Gps(M). We must show that each ; is the unit of the
group Gp(M?), i.e. we must show that

%i = ([xcl)e

for all i € Jo, and we must show that ¢ = 1 is the unit element of Aut(ld;)™. So
fix i € Jo and B € Ysen, and suppose first that T(M?) is non-trivial for the sort B.
The hypothesis implies in particular that

ﬁM(77 Z/})Bi = [XBi],
i.e. that '
[pﬁl(S%) [QgB(i)(XBz)/XBin = [XBi] - M(XBi>Bi,
which means that
TJ<M7 XBi) F pﬁz(SlB) [Oé,fB(i)(XBi)/XBi] = Xpgi.
First, we will show that ¥ (i) = id;. Note that
prpi(s) [, o (xp1) /x| € Term(27 (M, xp:))*

(because p¥.,(s%;) does not contain any « function symbols). Then by Proposition
5.1.29, we obtain

T <Miv%) =0 (o (s) [ ) (xpi) /xpi]) = O0(xp:).

Now, it is trivial to see that the only indeterminate that occurs in 0(p¥.(s)) €
Term (E (Mi,x]god(i))> is x3 . Then since pY.(si) € Term(X7 (M, xp:i)) is also a-

restricted and d-local, and pf(s) (] (X5:) /XBi] is a-restricted, it follows by
Lemma 5.1.40 that

0 (p]\B/ﬂ(SiB) [0453(1') (XBi)/XBiD =0 (Pﬁi(SiB)) [9 (0453(@') (XBi)idi) /Xﬁi] )
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and hence

0 (pxr: (sB) (g, (xBi) /xBi]) = 0 (P31 (sB)) [X0 a0 /Xid,] -

because

0 (0453(2-) (XB,L-)idi) =0 (aﬁimpB(i)(xBi)) =0 (afB(i)(xBi)) = xﬁB(i).
Also, it is easy to see that
0 (papi(sp)) = s x4, /x8]
and so we obtain
0 (Pari(ss) [0y (xpe) 3] ) = 535 x50 /%8]

Since 0(xpi) = xi]i, from the fact that
T ( M xgod(i)> 60 (05 (slp) [08 o (xp:) xs:] ) = O(xz)
we finally deduce that
T (M xE gy ) F b X /%] =B

Since T(M?) is non-trivial for the sort B, it then follows from Lemma 5.1.31 that xili,
occurs in sk [ng (i)/sz}, which means that x7_, = x{, (because x7_ ) is the only
indeterminate occurring in sk [xﬁB(i)/xBi}) and hence 1p(i) = id;, as desired. So we
may now infer that
T (M’,xgod(i)> = s X /xpi] = X3
Since ‘ ‘
Nt T (MEXE ) = TOMY xp)

is a theory morphism by the proof of Lemma 5.1.34, we then obtain
T(M',xp) F \; (s% [xﬁi/xBiD =\ (xﬁi) .

Since \; is the identity except on the indeterminates of ¥ <M ¢ %), it then follows
that

T(M', xp) F s = xp.
This shows that if T(M?) is non-trivial for the sort B, then v? = [s§] = [x] and
¥p(i) = id;, which implies that ¢ 5 is the identity natural automorphism of Id g, S0
that 1 is the unit element of Aut(lds)™.
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It remains to show that if T(M?) is trivial for the sort B, then 42 = [s] = [xp]
in this case as well. But if T(M?) is trivial for the sort B, then T(M’ xg) is trivial
for the sort B as well, which implies that

T(Mi,xB) = sfg = Xg,

because si,xp : B. This completes the proof that each «; is the unit element of
Gr(M?), which completes the proof that 8, is injective. |

Since we will need to make two assumptions about T in order to prove that each S,
is surjective, let us now record what we have proven so far:

Proposition 5.1.44. Let T be an arbitrary quasi-equational theory and J a small
index category. Then for any M € PTmod, there is an injective group homomorphism

J
BM : (H GT(MZ)> X Aut(ldj)M — G’H‘J(M)

To prove that each [, is surjective, we will need to assume that T satisfies the
conditions in the following definitions:

Definition 5.1.45 (Single-Indeterminate Isotropy). Let T be a quasi-equational
theory over a relation-free signature . We say that T has single-indeterminate
isotropy if T has the following property:

For any model N € PTmod and ([s¢])ces € Gr(V) and C' € Ygon, there is some
tc € Term®(X(N,x¢))c such that t¢ contains exactly one occurrence of the
indeterminate xc and [s¢] = [t¢].

In other words, T has single-indeterminate isotropy if every component of every ele-
ment of isotropy of every model of T can be assumed to have exactly one occurrence
of the indeterminate. This is not an overly restrictive condition, because every theory
considered in Chapter 3 has single-indeterminate isotropy, as the reader can easily
check. Nonetheless, not every quasi-equational theory satisfies this condition, as we
will show later in the chapter (cf. Remark 5.1.58).
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Definition 5.1.46 (Single-Sorted Non-Total Operations). Let T be a quasi-
equational theory over a relation-free signature . If g : A} x ... x A, — A is
a function symbol of ¥, then we say that ¢ is totally defined in T if T proves the
sequent

T2 g(yr, - Un) 4

where y1,...,y, are pairwise distinct variables with y; : A; for each 1 < ¢ < n.
Otherwise, i.e. if T does not prove the above sequent, then we say that ¢ is not
totally defined in T.

We then say that T has single-sorted non-total operations if T satisfies the fol-
lowing condition: for any function symbol g : A; x ... x A, — A of ¥ that is not
totally defined in T, we have A; = A for each 1 < i < n. |

Again, this is not an overly restrictive condition, because every theory considered in
Chapter 3 has single-sorted non-total operations, as the reader can easily check. In
fact, the only theories in Chapter 3 that have function symbols that are not totally
defined are the theories of categories, groupoids, categories with a terminal object,
and strict monoidal categories; but the only function symbol that is not totally defined
in these theories is the composition operation o : A x A — A, which does satisfy the
condition at the end of Definition 5.1.46.

Obviously, any quasi-equational theory that is single-sorted and/or totally de-
fined has single-sorted non-total operations (and every theory in Chapter 3 besides
the ones just mentioned is single-sorted).

Proposition 5.1.47. Let T be a quasi-equational theory with single-indeterminate
1sotropy and single-sorted non-total operations, and let J be a small index category.
For any M € PTmod, the group homomorphism B : (I]; Gr(M*))7 x Aut(ld 7)™ —
Gra (M) is surjective.

Proof: Let ([s¢i])icgo.ces € Gra(M). So for any i € Jo and C' € Xson,
sci € Term®(S7 (M, x¢i)) is a closed term of sort C* with T (M, x¢:) F sci J.. More-
over, the % -indexed sequence ([sci]);c is invertible, commutes generically with
all function symbols of X7, and reflects definedness. By Lemma 5.1.27, we may
assume without loss of generality that for each ¢ € Jp and C' € Ygu, the term
sci € Term®(S7 (M, x¢:))ei is a-restricted, i.e.

sci € Term®(S9 (M, x¢i))*.

Then for every C' € Yso and ¢ € Jp, it follows by Lemma 5.1.35 that 0*(sci) €
Term®(3X(M*, x¢))c and T(M', xc) F 6*(sci) L. So

[9*(801)] € MZ <Xc>c.
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Now we define 5
v e (H GT(Mi)> .
For any ¢ € Jp, we define

v € Gp(M") C HMi(Xc>c
c

as follows: for any C' € Yg, we set
%C = [9*(56’1)] S Mi<Xc>C.

Our goal is now to show that v € (], Gr(M?"))”. We do this via the following series
of claims.

Claim 5.1.48. For any @ € Jp, ; is invertible.
Proof: Let B € Ysor. We must show that there is some
[ts] € M'(x) 5
with ‘ ‘ '
T(M',xg) b 0% (spi)[ty/xs] = x = t5[0%(spi)/xB].
Since ([s¢i])jc € Gra (M), there is some
[Sgﬂ € M<XBi>Bi
with
T (M, xpi) b spi [s;/xBi] = Xpi = Sgg[SBi/XBi].

Since s, € Term®(S7 (M, xp:))pi and T (M, xp:) b sgi |, we may assume without
loss of generality that 5;} is a-restricted by Lemma 5.1.27. So

0* (s5) € Term®(S(M',xp))
has the property that T(M? xz) F 6* (s;il) | by Lemma 5.1.35. Hence, we have
(07 (s5i)] € M'{(x),

so we set

[ts] = [0 (s5:)] -
Since ([sci])jc € Gra (M), it follows that ([s¢s])jc commutes generically with the
function symbol o : B — B, for any arrow f :i — i in J. In other words, for any
arrow f :1 — 1 € J, we have

T (M, xp:) - a?(sBi) = sBi[af(xBi)/xBi] = spilfl,
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the latter equality being provable by the remark after Definition 5.1.33 (since sp: is
i-local, because it is a-restricted and of sort B® and only contains the indeterminate
xpi). In the same way, we also have

T (M, xpi) - Oz]]f” (s5) = Spi [Oz?(XBi)/XBz} = 55 Lf]

for any arrow f :i — ¢ in J. Since 51_33 is 2-local, this means that s Bil also commutes

generically with every f : 7 — 4. Then by Lemma 5.1.37, we obtain
T(M' xp) + 6* <SBi [s,;%/XBi}’> =0"(sp:) [0 (spi) /x5] (*)
where spi [s;,il /XBi]/ is the a-restricted variant of spi [s;,-l /XBi] with

T (M, xgi) - sp: [SE}/XBZ-} = Spi [S;}/XBi}/

by Lemma 5.1.27. From this latter equation and the defining property of sl;,.l, we
obtain
T (M, xp:) - spi [sg}/xBi]/ = Xpgi.

By Lemma 5.1.35, we then obtain
T(M', xp) F 0* (SBi [s;}/xgi]/> = 0" (xpi) = xp.
Combining this with (%), we finally have
T(M', xp) 0 (spi) [0*(s5i)/xB] = x5,

as desired. The converse equality is proven analogously. This completes the proof
that ~; is invertible. i

Claim 5.1.49. ~; commutes generically with all function symbols of >.

Proof: Let g: By X ...x B, — B be a function symbol of ¥. We must show that
the sequent

9(XBys .- yxp,) 4 F 0 (spi) [9(xB,,---,XB,)/XB] = g (9* (.931-) RN (833'1))

is provable in the theory T(M? xg,,...,xg,) (as in the proof of Proposition 5.1.20,
we technically need to ensure that the indeterminates on the right side of the above
equation are pairwise distinct (cf. Definition 2.2.47), but we will ignore this subtlety
here and elsewhere in the proof of the proposition to increase readability). Since
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([sci])jc € Gra (M), we know that ([scs])jc commutes generically with the function
symbol ¢' : B x ... B! — B® of ¥7 which means that the sequent

gi <XBi7"'7XB%> \L|_ Spi |:g2 (XBi"'WxB%) /XB"‘:| :gZ (SBi',...,SB;JL>

is provable in the theory TV (M, XBi, - - - ,XB%) . Since the terms Spi;---,Spi are all a-

restricted, it easily follows that the terms ¢' (XB;', e ,XB%> and ¢* (331" e ,SB%> are
a-restricted. By a simple extension of Lemma 5.1.27, there is an a-restricted variant
Spi [g’ (XB;', . ,xB;L> /XBi:| of spi [gl (xBi, . ,XB;;) /XBi] such that the sequent

/

q' (XBi""’XB%> LFspi [gi (XBi',...,XB%) /XBi] = spi [gi (XBi""’XB%> /sz}

is provable in TV (M, XBi, .- s XB ) For each 1 < m < n, the indeterminate xp: is

clearly i-local, we have TV <M, Xpi, .- ,XB;-L> = xgi |, and for each arrow f :i — i
in J we have
TJ <M7XB§7 s 7XB;'L> - Oé?m (XBfn) = XBfn[f]a

which means that xp: commutes generically with f. Then by a simple extension of
Lemma 5.1.34 and the assumption that

gi (XB@""X&;) \H— Spi [gi (XBi""7XBfL> /XBi] :gi (SB{"'WSB%)

is provable in the theory TV (M, Xpi; .-, XB ), we obtain that

i
n

g(XBy, -, xp,) L H O (SBi [gi (xBi, . ,XB%> /sz}/) =g <0* <SB§> o0 (SB;'L)>

is provable in the theory T(M® xp,,...,xp,). Now, we will be done if we can show
that T(M*,xp,,...,xp,) proves the sequent

s oxm) 40 (s [0 (xagoen ) o] ) = 0o o5 ) ]

Since

0" (gl (XB{7"'7XBL>> Eg(xBla"'axBn)a

it suffices by a simple extension of Lemma 5.1.37 to show that gi(xBi, ...,Xpi) com-
mutes generically with every f : i — ¢ in J, i.e. it suffices to show that the sequent

o (i) 1 (o (o)) = (oo ) 1
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i.e. the sequent
q' (XBi”“’XB%> I a? (gi (XBi'?"'va};)) =g <a}91 <XB§> ,...,a? (XB;'L)>

is provable in the theory TV (M, Xpi - - - ,xB;-L> for each f : i — ¢ in J. But this is
true by Axiom 5.1.5.4. This completes the argument that ; commutes generically
with all function symbols of . i

Claim 5.1.50. ~; reflects definedness.

Proof: Let the function symbol g € ¥ be as above (with n > 1). We must show
that the sequent

g (9* (sB%> s 07 (SB%)> IEg(xpy,..,xp,) |

is provable in the theory T(M* xp,,...,xp,). Since ([sci]);c € Gra (M), we know
that ([scs])jc reflects definedness, which implies that the sequent

g (83;{,---,83@) LEg <XBi7---aXB’;'L> 1

is provable in the theory TV (M, Xgi, - - - ,xB}-l). As remarked above, the terms in the
latter sequent are both a-restricted. For each 1 < m < n, the term sp: is i-local and
satisfies TV (M JXBis - XB, ) Fspi J. The term sp: also commutes generically with

every f 14 — i in J, because ([s¢i])jc € Grs (M) and thus commutes generically
with the function symbol aj™ : B} — B},. So by a simple extension of Lemma
5.1.34, it follows that T(M? xp,,...,xp,) proves the sequent

0 <gi <SB;'7--~733,2>> JEO (gi <XB{>---aXB¢;>> 1.

But (recalling the definition of 6*) this is the desired sequent. i

So v € [[; Gr(M?) by the previous three claims, and now we must show that

v e (I GT(Mi))j. To show this, let f : i — k be an arbitrary morphism of 7. We
must show that

Gr(f*) (%) = n
(recall that fM = FM(f): M* — MP*). Unravelling the definitions, this means that
we must show for any B € Ygo: that

[ (07 (s5:))] = 107 (1]
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holds in M*(xp)p, i.e. that
T(M*, xg) b pfu (0" (spi)) = 0 (spe),

where pr . T(M? xg) — T(M* xp) is the theory morphism induced by the Y-
morphism fM : M? — MP* by Definition 2.2.17.

Since ([s¢i])jc € Gra (M), we know that ([sci])jc commutes generically with
the function symbol of : B — B* of £, which means that

T (M, xpgi) - s [af(xBi)/ka} = Oé?(SBi)

(since TY(M,xpi) F af(xp:) |). By Lemma 5.1.27, there are a-restricted variants
Spk [af(xBi)/ka], ,af (spi) € Term®(XY (M, xp:)) of these terms. So we have

T (M, xgi) - sp [a?(xBi)/ka}/ = af (spi).
Then by Lemma 5.1.35 we obtain
T(M*, xz) I- 0* (sBk [0 (x5:) /ka]’) = 6" (P (sp)),

since both of the arguments of #* are of sort B*¥. By Lemma 5.1.36, since sgs is
k-local and f € Cod(k), we have

0" (spr) = 0% (spr[f])-
We also have (by the observation following Definition 5.1.33)
TJ(M, xpi) = spr[f] = spw [a?(xBi)/ka] )

and hence
/

TJ<M,XB¢) ~ SBk[f] = Spk [Oé?(XBi>/XBkj| .

Then by Lemma 5.1.35 we deduce
T(M*, xp) b 0% (sp1) = 0" (s [f]) = 6 (sBk [0 (xz:) /ka}/) = 0" (0P (sp:)) .

So to obtain our desired result, it suffices to show that

T(M*,xp) 0" (af (sp:)') = piu (07 (s:));
but this is true by Lemma 5.1.38, given that sg: is a-restricted and i-local and
T (M, xp:) - spi |. This completes the proof that v € (], Gr(M?))7.

To complete the proof that (5, is surjective, we must now construct an element
Y € Aut(ld7)™ and then show that Bas(7v,v) = ([scs])jc. So for every sort B € X,
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we must construct a natural automorphism ¢p : Id gy = Id gy Let ¢ be any object of

JA!. Then by definition of J2!, it follows that the theory T(M?) is non-trivial for the
sort B. We now wish to define an arrow (which will turn out to be an isomorphism)
V(i) i — i,

We have shown that v; := ([0*(sci)])cess € Gr(M'). Then because T has
single-indeterminate isotropy, we can assume without loss of generality that 6*(sg:) €
Term®(X(M',xp))p has exactly one occurrence of the indeterminate xz. From this,
it then follows that sz € Term(X7(M,xz:))p: has exactly one occurrence of the
indeterminate xpi (because distinct occurrences of xg: in sp: correspond to distinct
occurrences of xg in 6*(sgi)). More precisely, because 6*(spi) has exactly one occur-
rence of xp, it follows that p%¥.(6*(sp:)) has exactly one occurrence of xp:. But by
Lemma 5.1.42 we know that p%.(6*(sp:)) = s57, and so the a-free variant s of sp
has exactly one occurrence of xgi, which implies that sg: has exactly one occurrence
of xpi.

Now consider 6(spi) € Term® (E (Mi, XCBod(i)>>' Since spgi has exactly one occur-

rence of xgi, it follows that 6(sgi) has exactly one indeterminate from % (M X8 (Z.)) )

and moreover, the subscript of this indeterminate will be an arrow from ¢ to i. Then
we define 1¥p(i) : ¢ — i to be this arrow. In other words, we define ¥5(i) : i — i so
that x7 (@ is the unique indeterminate occurring in (sp:).

Claim 5.1.51. 9g(i) : ¢ — i is an isomorphism.

Proof:  From the proof that v; := ([0*(sci)])ces € Gr(M?), it follows that »; " =
([6’* (35})])062 € Gr(M?"). Then, as for sgi, it follows that s];l has exactly one
occurrence of the indeterminate xp:, and so we define ¥5(i)~! : i — 4 from 6 (s;) in
the same way that we defined ¥(i) from 6(sp:). Now we need to verify that ¢ p(7)
and ¢p(7)~" are in fact mutually inverse. First, we know that

TJ(M, XBz') F Spi [S;,}/XBi] = Xpi = Sgi[SBi/XBi].

By Lemma 5.1.27, there is an a-restricted variant sg: [s;/xBi}/ of spi [s];}/xBi}, SO
we obtain
T (M,xp:) b spi [s;}/xBi}/ = Xpi.

Then by Proposition 5.1.29, we have
T (Mi,xgod(i)> ol <sBi [SE}/XBJ/) =0(xpi) = x5 .

By Lemma 5.1.40, since the unique indeterminate that 6(sg:) € Term® <Z (Mi, X?m@)))

contains is x? .. it follows that
V(i)

0 <SBi [s];}/xBi]/) = 0(spi) [9 <(3§})w3(i)> /ng(i)} .
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So then the unique indeterminate that occurs in 6 (s Bi [s;} / sz} ,> will be the unique

-1

indeterminate that occurs in 6 ((s Bi )wB(i)>. But since the unique indeterminate that

occurs in 6 (s;) is ng (1)1 it follows by Lemma 5.1.39 that the unique indeterminate
that occurs in 6 <(s;,-1)wB(i)> is xfB(i)o V()1 In summary, the unique indeterminate

that occurs in 0 (SBi [8§3/X3i:|/> is le;B(i)owB(i)*l'

Now, since T(M?) is non-trivial for the sort B and
T (Mi,xg)d(i)> o <SBi [sB}/xBi}/) = Xii-’

it follows by Lemma 5.1.31 that xﬁi occurs in 6 (SBi [s;/xBi}/) But then we must

have x[} )1 = x{g,, which forces 15(i) 09pp(i) ™" = id;, since distinct arrows with

i)OI[}B(i
codomain ¢ correspond to distinct indeterminates in X (]\/[ ' xB d(i)). The proof that
¥p(i)~' o (i) = id; is analogous. This completes the proof that ¢ 5 (i) : i — i is an
isomorphism. |

Claim 5.1.52. v is a natural automorphism of Idjé‘/['

Proof:  Let i,k € J4', which means that the theories T(M?) and T(M*) are both
non-trivial for the sort B. And let h : i — k be an arbitrary arrow in J. We must
show that

hOwB(Z):wB(k)OhZ—)k

We know that o : B" — B¥ is a function symbol of £7, so because ([scs])jc €
Gra (M), it follows that ([s¢s])jc commutes generically with this function symbol,
which means that

T (M, xpi) b af (spi) = sge oy (xpi) /xpr] -
By Lemma 5.1.27, the righthand term in the above equation has an a-restricted
variant s gk [af(xBi)/ka]/, and by Lemma 5.1.26, since sg: : B® is a-restricted and
TV (M, xgi) b spi |, we know that s%, : B¥ is an a-restricted term with
T (M, xp:) F ap (sp:) = s,
Altogether, we then have

T (M, xg:) & % = spx [af(xBi)/ka],,
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with both terms a-restricted. By Proposition 5.1.29, we then obtain
T (Mk’,xgod(k)) Fo(sh) =0 (SBk [af(xBi)/ka}/> :

Since the unique indeterminate that occurs in (spi) is xij(Z.), it follows by Lemma

5.1.39 that the unique indeterminate that occurs in 6(s%,) is x2, vp(i)- Also, we know
by Lemma 5.1.40 that

¢ (SBk [af(xBi)/xB’“],> = 0(spr) [9 (O‘E(XBi)wB(k)) /XgB(k)] ’

since ng () is the unique indeterminate that occurs in O(spr). But (by the proof of
Lemma 5.1.26) we have

0 (a, (x:)"2 ™) = 0 (0, o (X3:)) = X yon
which means that the unique indeterminate that occurs in 6 <5 B [of (xpi) /x Bk]/) is

xB .
Yp(k)oh o
Now, suppose towards a contradiction that

hop(i) # ¢¥p(k) o h.

Then we would have
B B
Xhows (i) 7 Xarp (k)ohs

since distinct arrows with codomain k& correspond to distinct indeterminates in X (M k. xgo d(k)> .

By the preceding discussion, it would then follow that in the equation

T <Mk7xgod(k:)> = 0(sh) =0 <3Bk [af(xBi)/XBk}/> ’
ie. _
T (M*,XE iy ) F 0st) = 0] [} aon XEp ]

the two terms have no indeterminates in common. From the previous line, we can
infer

T (M* Ko (1) Ximryon) F O(sh) = 0(s 1) X350/ Xim ()]
by Lemma 5.1.30. Now let y, %’ be distinct variables of sort B. Then by the theorem
on constants, we may conclude

T(Mk) vy ‘9(5%0 [ZJ/XEWB@)] = 0(spr) [yl/xfB(k)] ) (*)

since the indeterminates xfwB(i),xfB(k)oh : B are distinct. Now, we showed during
the proof that ¢)p(k) is an isomorphism that

0 (SBk [sgi/ka}/> = 0O(spr) [9 ((séi)w(k)> /ng(k)] .
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for ¢/ in (%), we obtain

Hence, by substituting 6 (( 5; )wB(k))

T (M*, x5 ) H¥ 0(s}:) [y/xfwB(i)} = 0O(spr) [9 ((sgi)wB(k)> /xffB(k)} =0 <SBk [s;i/ka}/> .
But we also know (from the same proof) that

T (M*,x5,) 0 (s 558 /x0]") = X,
so we finally obtain
T (M*, %) F 0(sh) [U/Xop00)] = X
B

Since x{; does not appear in 6(s%,) [y / XfowB(i)]’ it then follows from the theorem on

constants (Remark 1.3.17) that if ¢/ : B is a variable distinct from y, then
T(M*) F 0(s:) [y/ X)) = /s

and ¢’ does not appear in 6(sh,) [y/xfowB(i)} . But then if " : B is a variable distinct

from both y and v, we also obtain

T(M*) F" 0(sh:) [y/ X)) = 4"

Finally, we deduce that
T(M*) "y =y,

which contradicts the assumption that T(M¥) is non-trivial for the sort B. So our
assumption that

hoyp(i) # ¢p(k)oh
is incorrect, which implies that

hop(i) =p(k)oh,

as desired. This completes the argument that ¢ 5 is a natural automorphism of Id M- |

To complete the proof that ¢ € Aut(ld;)™, we must also verify:

Claim 5.1.53. If g : By X ... x B, — B is any function symbol of ¥ with n > 1,
then for any i € Jo and 1 < m < n such that ¢™" is non-degenerate in position m,

Yp,, (1) =vp(i) i — 1.
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Proof: For simplicity, we will let g : A x B — C be a binary function symbol of
¥ with A # B, and let i € Jp. Suppose that g is non-degenerate in position 1 (the
argument for position 2 being analogous), which means that

T(M*) #4992 gy, y) = g(yy, yo)

for pairwise distinct variables y1, 4] : A,y2 : B. Then (as remarked in the definition
of Aut(ld7)M) this implies that T(M?) is non-trivial for the sort C, so that i € JM
and hence 14(i),v¢ (i) : ¢ — i are defined. We must now show that

If g is not totally defined in T, then the assumption that T has single-sorted non-
total operations implies that A = B = C', which obviously entails the desired result.
So suppose that g is totally defined in T. If the sorts A and C are identical, then
the desired result trivially follows, so suppose that A # C. Suppose towards a
contradiction that

Since ([sci])jc € Gra (M), it follows that ([s¢s])jc commutes generically with the

function symbol ¢° : A x Bt — O of 7. Since g is totally defined in T, this entails
that

T (M, xai,%p:) b g'(Sai,55:) = sci [g'(Xai, xpi ) [%ci] -

Let sci [g°(Xai,xgi)/%ci]” be the a-restricted variant of sci [g7(x4i,xpi)/Xci] from (a
simple extension of) Lemma 5.1.27. Then by (simple extensions of) Lemma 5.1.27
and Proposition 5.1.29 and the definition of 6§ we have

T (M XA xgod@) g (0(s4),0(5:)) = 0 (scilg (xae, x0) %)) -
By a simple extension of Lemma 5.1.40, we have
0 (SCi [gi(XAHXBi)/XCi}/) = 0(sci) [0 (9" (xai, xp:) D) /ch(z')] :
We also have (cf. a simple extension of Lemma 5.1.26)

i (o) vol(i)
(7 (. 5))

(gi (Oﬁc(i) (xa1), afc(i) (XBZ)))
(9 (Oé:zc(i) <XAi)’ e(agc(i) (XBZ)))
(e Xoe ) -

0 (g'(xa1,xp:) ) =

From this, we obtain

0 (sw [gi(XAiaXBi)/XCi]/) = 0(sci) [9 (Ko Xie) Xoem] -
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Finally, we have

T <M’7 XCod(i)» XCod(i )> =g (0(s4),0(s:)) = 0(sc2) [9 (X5 X)) X -

Now, we know that X;EA(i) is the unique indeterminate occurring in 6(s4i), and that
xio( 0 is the unique indeterminate occurring in 6(sci). Because of our assumption that

»a(i) # Ye(i), it follows that x y E xw ex <M xCOd( ) For the remainder of

the argument, we will assume that ']T(M %) is non-trivial for the sort B as well, so that
i € JA! and (i) : i — i is defined, and we will also assume that ¥5(i) = (i) (so
that x7 W= xﬁc(i)). Without these assumptions, the required argument is a simpler
version of the one we are about to give.

So, in the above equation, we can substitute 6 ((323)%‘( ) for xﬁA(i) in the

lefthand term, and 6 (( _1)1113 ) for xw i = ch(i) in both terms, and we obtain
(0 ) o () 0 () ] o) [ () )
= 0(sci) [!J (Xﬁc(i)ve ((553)% )) Kot ]

(note that A # B implies x 0 §é x 500) ). Earlier in the proof of the proposition, we

saw that a
T <M’ xCod(l)> F0(sai) [9 ((s;}) 4 )/xﬁA(i)} = xi‘;‘i
and

T (MZ @) F0(spi) [0 ((s;)m}(i)> /ng(i)] = xii_,

so we obtain

T (M Xy o) 9 (68 x8) = 0650 [o (oo 0 ((551) ) ) b

We can also repeat the above argument to show that

i A JB A ~1\¢5()
T<M XCod() Xgod(y id; ) "9< Xid; » |d> = 0(sci) [g <ch(z‘)79 ((331) i >>/ Xy z)}
where x:; gé by (M x4 d(i) XCo d(1)> is a new constant of sort A. So then we obtain

(1 /
T<M XCOd )7XCOd()’ id; )'_g(m 5)—9(ﬁ ; ﬁ)

By (a slight variation of) Lemma 5.1.30, it then follows that

T<Mla Xid; s .da |d)|_g( Xid; » X .d)_g( d/7 ﬁ)
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By the theorem on constants again, it follows that if y,vy’ : A are distinct variables
and z : B is a variable, then

T(M') F9 g(y, z) = g(y', 2),

which contradicts the assumption that gMi is non-degenerate in position 1. This
contradiction implies that we must have

¢A(i) = wg(l) L= 1
after all. I

Hence, we may finally conclude that ¢ € Aut(ld 7)™, and therefore

J
(7. ) € (HGT(MZ')> x Aut(ld 7).

To complete the proof that 5, is surjective, we must now show that

Bu (v, %) = ([scil)jc € Gra (M).

So let B € Ysor and k € Jo be arbitrary: we must show

B (v, ) ge = [spr] € M (xgr) .

First suppose that T(M?) is trivial for the sort B. Then By (7, ¥)gr = [Xgk], s0 we
must show
TJ(M,XBk) l_ XBk = SpBk.

By hypothesis, we know that T(M*) F¥¥" y = 4 for distinct variables 3,7 : B. Then
by Lemma 5.1.13, we have that

P s T(M* xg) — T (M, xp)
is a theory morphism, which implies that
T (M, xge) F% 2 = 2/

for distinct variables z, 2’ : B*. Since xg, sgr : B*, this yields the desired result.
Now suppose that T(M*) is non-trivial for the sort B. Unravelling the definitions,
we must then show that

T (M, xgr) = pu (0% (spr)) [agB(k)(ka)/ka] = Spk.

Since sgr is k-local, it follows by Lemma 5.1.42 that

P (07 (spr)) = 858,
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so that we must show

TJ(M, XBk) l_ S;g [Ong(k)(XBk)/ka] = SpBk.

We have assumed that sgr has a unique occurrence of the indeterminate xzx. Either
this occurrence is just xgr (without being the argument of any « function symbol),
or (as easily follows from the definition of ¥5(k)) it has the form afB(k) (xgr). In the

first case, we had set ¥p(k) := idy, and it is then easy to see that s, = sgk, so we
must show
TJ(M, XBk) F Spk [Oéiljk(XBk)/XBk} = Spk.

But this follows because
T (M, xpr) b ovg, (xpr) = Xp.

Now suppose that the unique occurrence of xgr in sgr has the form aﬁB(k) (xgr). Then
it is easy to see that

Sgg [aﬁB(k’)b(Bk)/XBk} = Spk,

from which the desired result follows, because TV (M, xgr) = sgr . This completes
the proof that

Bu (v, ) = ([scil)jo € Gra (M),

which proves that 3, is surjective. |

Before we can conclude that the family of isomorphisms (5/)17epromod 1S Natu-
ral (assuming that T has single-indeterminate isotropy and single-sorted non-trivial
operations), we must first make explicit the functoriality of the assignment

J
M — (H GT(Mi)> x Aut(ld ;)™ € Group.

First, we show that the assignment
M s Aut(ld )M

is functorial.

Definition 5.1.54. We define a functor
Aut(ld 7)) : PTYmod — Group

as follows:
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e For any M € PT7mod, we set

Aut(ld ) (M) := Aut(ld ;)™ € Group.

e For any ¥7-morphism h : M — N € PT7mod, we define a group homomor-

phism
Aut(ld )" : Aut(ld /)™ — Aut(ld ;)™
by
(VB)Bes — (V})pes,
with

Y (i) = (i) 1 i =i
for each 7 € jév.

Justification. For the verification that this is a well-defined functor, see Appendix

C. i

Definition 5.1.55. We define a functor
Gz PTYmod — Group

as follows. From Lemma 5.1.9, we have a functor

GTOF(i)
(H Gro F()> : PTY mod — Group” — Group.

From Definition 5.1.54, we also have a functor
Aut(ld ;) : PTYmod — Group.

If x : Group x Group — Group is the product group functor, then we set

GTOF(_)
Gry = xo0 < (H Gro F(‘)> ,Aut(ldj)(_)>

: PTY mod — Group x Group — Group.
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Theorem 5.1.56. Let T be a quasi-equational theory with single-indeterminate isotropy
and single-sorted non-total operations, and let J be a small index category. Then there
18 a natural isomorphism
ﬁ . G:E‘j l> GTJ
: PTY mod — Group.

Proof: For any M € PTYmod, we have defined in Proposition 5.1.20 a group
homomorphism

GroFM J
Byt Gro (M) = (H Gro FM> x Aut(ld )M = <H GﬂM’)) x Aut(ld 7)™

— G'ﬂ'J(M),

which is injective by Proposition 5.1.43 and surjective by Proposition 5.1.47, provided
that T has single-indeterminate isotropy and single-sorted non-total operations. Thus,
B is a group isomorphism. So it just remains to verify that the family (8ar) vrepT7mod
is natural in M.

For this purpose, let h : M — N be an arbitrary ¥7-morphism in PT mod. We
must show that

Gra(h)o By = By o (H Gr(h'))7 x Aut(|dj)h)

J
: (H GT(Mi)) x Aut(ld 7)™ — Grpo (N).

Towards this end, let (v,v) € (I, Gr(M?%))” x Aut(ld7)™ be arbitrary, and let B €
Yisort and k € Jp. We must show that

(Gra(h) o Bar) (7, ) pr = <5N o (H Gr(h')7 x Aut(ldj)h>> (7, 9)

€ N(XBk>Bk.

We have v, € Gp(M*), so let vf = [sh] € M*(xp)p, and let ¥ = (¢c)ces. First
suppose that T(N*) is non-trivial for the sort B. Then because there is a theory
morphism pyr : T(M*) — T(NF), it easily follows that T(M¥) is also non-trivial for
the sort B. So then k € jé‘{[ and k € jév.

Unravelling the definitions, the element on the left side of the above equation is
then

[Pf]?k (pfﬂ(3%)[@5}3(1@)()(3’“)/)(3’“])] € N(xpx)pr,
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where pP, : T(M*,x5) — T (M, xgr) is the theory morphism of Lemma 5.1.13, and
pB* T (M, xpgi) — T (N, xge) is the theory morphism induced by the £7-morphism
h: M — N. Conversely (because T(N*) is non-trivial for the sort B), the element
on the right side of the above equation is

08P (55)) [ 4y (xme) x| € N ) e

where pB, : T(M* xg) — T(N* xp) is the theory morphism induced by the -
morphism A* : M* — N*, and p%, : T(N*,xg) — TY(N,xg) is the theory morphism
of Lemma 5.1.13. So we have to prove that these two congruence classes are equal,
i.e. we have to prove that

k
T (N, ) b o (0l (5) By (st xn]) = e (0 (55) [0 oy ) x|

For our first simplification, we know by definition of ¥ : Id Ty = Id gy that (k) =
¥p(k), so we are reduced to showing that

T (N, xpx) - Pfk (Pﬁk(sg)[@i(k) (XBk)/XBk]) = Pﬁk (Pff@(sg))[a@(m (xpr) /xp].
Then by Lemma 2.2.28 we have

o (o5 (55 0l (k) xe]) = pF (P (i) oR (05 (x0)) /]

= Ph (Pﬁrk(3%))[@5B(k)(ka)/XBk]a

since pfk(afB(k) (xgr)) = osz(k) (xpr). So we must now show

TJ(Na xpr) b Pfk (Pﬁk(sg))[@ig};(m (xpr) /xpr] = Pﬁk (pfk(sléz))[afg(k) (xpr) /xpr].

To show this, it clearly suffices to show

k (&
P (Pape(s5)) = pve(phi (1)) € Term® (27 (N, xpe)),

which follows by Lemma 5.1.15.
Now suppose that T(N*) is trivial for the sort B. Then it trivially follows that

(Gra(h) o Bu)(v,¥) g = <5N o (H GT(hi))j X AUt(|dJ>h>> (7, %)

€ N(XBk>Blc,

because we infer from the hypothesis and the existence of the theory morphism p%, :
T(N* xp) — T (N,xgr) that TY(N,xgs) is trivial for the sort B¥ which implies
that

N{xge)ge = {[t] : t € Term“(S7 (N, xpx))pr AT (N, xpe) Ft L}
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is a singleton (since for any [s], [t] € N(xpr) gk, we have [s] = [t] iff TV (N,xgr) F s =

t).
This completes the proof that the family (8as)yrepromod is natural in M so that
we have indeed constructed a natural isomorphism

B:G%j%GTJ.

Finally, appealing to Lemma 5.1.9, we have the following corollary:

Corollary 5.1.57. Let T be a quasi-equational theory with single-indeterminate isotropy
and single-sorted non-total operations, and let J be a small index category. Then there
18 a natural isomorphism

B xo(lim(Gro F), Aut(ldy) 7)) = Goo

: PTYmod — Group.

So for any M € PTmod with corresponding functor FM : 7 — PTmod, we have

Gro (M) = lim (Gp o FM) x Aut(ld 7).

Remark 5.1.58. We needed the assumption that T has single-indeterminate isotropy
in order to show in Proposition 5.1.47 that the injective group homomorphism

J
BM : (H G']I‘<MZ)> X Aut(ldj)M — GTJ (M)

is also surjective for each small category J and M € PTmod. We now show that
there do exist theories without single-indeterminate isotropy, which have models M
for which 3, is not surjective.

Let X be a signature with one sort X and one binary function symbol *, and let
T be the totally defined algebraic theory over ¥ with the following axioms:

o TH"Waxxyl.
o TH™ (yxy)*(y*z)=uz.

o [ l_X17X27X3,X4 (X1 * XQ) * (X3 * X4) = (Xl ES X3) X (X2 * X4).



5. ISOTROPY GROUPS OF FUNCTOR THEORIES 197

If we define M := ({0, 1}, ™) by

0x0=1,
0x1=0,
1x0=1,
1x1 =0,

then one can easily verify that M € PTmod.
We now show that T does not have single-indeterminate isotropy. Consider the
initial model Free(T) € PTmod. We have

x % x € Term®(X(Free(T), x))
with
T(Free(T),x) = x*x |,

and hence
[x % x| € Free(T)(x).

Now we show that [x % x| € Gp(Free(T)). First, this element is invertible, because its
inverse is itself, since T(Free(T), x) proves the equations

(x * X)[x % x/x] = (x*X) * (x * X) = x.

Next, this element commutes generically with the function symbol %, because T(Free(T), x;, x2)
proves the equations

(x % X)[Xq * X2 /%] = (x1 % X2) * (X1 * X2)
= (x1 % X1) * (X * X2)

(x % X)[x1 /x| * (x * x)[x2/X].

That [x x x| reflects definedness of x is trivial, since * is totally defined in T. This
proves that [x * x] € Gp(Free(T)).

To complete the proof that T does not have single-indeterminate isotropy, it now
remains to show that there is no ¢t € Term“(3(Free(T), x)) such that ¢ contains exactly
one occurrence of x and [x * x| = [t]. Tt is easy to see that if ¢ € Term®(X(Free(T),x))
has exactly one occurrence of x, then ¢ must be x itself, because (the underlying set
of) Free(T) is empty, because Term(X) has no closed terms. To show [x * x] # [x], i.e.
T(Free(T),x) ¥ x * x = x, it is equivalent by Lemma 3.1.2 to show that there is some
N € PTmod and some Y-morphism h : Free(T) — N and some element a € N with
a ™ a # a. If we consider the T-model M = ({0, 1}, %) defined above, then 0 € M
with 0% 0 % 0, and (by initiality of Free(T)), there is a X-morphism Free(T) — M.
So [x x x| # [x], and thus T does not have single-indeterminate isotropy.
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Given that T does not have single-indeterminate isotropy, we now exhibit a small
category J and a model N € PTmod for which By is not surjective.

Let M be any commutative monoid containing elements mq, msy, mg with mso
invertible and m; # my and mymsz = m1m51 = mgmg (e.g. M could be the mul-
tiplicative commutative monoid ({0,1},-,1) with m; = m3 = 0 and ms = 1). Let
B(M) be the one-object category corresponding to M (whose arrows are labelled
by the objects of M, with composition given by monoid multiplication in M). Let
F : B(M) — PTmod be the constant functor on Free(T) € PTmod. Since B(M) has
only one object and T is single-sorted, it follows that TP is single-sorted, so we
identify the unique sort of TB™) with the unique sort of T.

Let M € PTB™)mod be the model of TBM) corresponding to the functor F :
B(M) — PTmod. Then

Barr : Gp(Free(T))P x Aut (Idsn) ™ = Gosan (MF)

is an injective group homomorphism. Since (the underlying set of) Free(T) is empty, it
easily follows that G (Free(T))?™) = Gr(Free(T)), and since T(Free(T)) is non-trivial
for its unique sort (using Lemma 3.1.2, because there is a model of T with at least

two elements, as shown above), it easily follows that Aut (IdB(M))MF = Aut (IdB(M)).
So we have

Bur GT(Free(']I‘)) x Aut (ldB(M)> — G'H‘B(M) (MF) .

Also, it is easy to see that the group Aut (IdB(M)) is (isomorphic to) the group of
invertible elements of the centre of M (and hence of M, because M is commutative).

We will now exhibit an element of Grs) (Z\/[ F ) that is not in the image of
Bur. Consider the closed term uy,, (x) * vy, (x) € Term® (S8 (M7 x)); we will
show that [, (X) * am, (x)] € Grsan (MF). First we show that [am, (X) * i, (X)]

is invertible. We show that we can take [y, (X) % i, (X)) == [amg (x) * ozm;(x)}.

Using the axioms of TBM) and the assumed equalities myms = mymy L' — myms and

mam,* = M we have

[ (%) Qo ()] [ () % 1,3 ()%
= [ (ma ) @1 () *am2< i () % 1 (x ))}
= _(aml (s (X)) * Qg ( )) Oy (g (X)) * QU (amgl(x)>>}

= _<am1m3( ) * ClemQ—I(X)> <am2m3 (x) * Oz 1(x)>]
= [(Qmyms (X) * Qg (X)) * (Qmymg (X) * Qear (x))]
( )

= [(Qmyms (%) * Qmymg (X)) * (Qmymg (X) * X)

=[x,
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and the other required equality can be shown similarly (using also the commutativity
of the monoid M).

Now we show that [a,, (X) * ay,, (x)] commutes generically with the function sym-
bol * of T. Using the axioms of T we have

[, (X) * Qum, (X)] [Xq % X2/X]
= [y (X1 % X2) * Qmy (X1 % Xg)]
[(Ctmy (x1) * Qg (%2)) % (i, (X1) * Qs (%2) )]
[(atm, (x1) 5 0y (x1)) (i, (X2) * 0ty (%2))]
[

(Qtmy (%) # s (%)) [x1 /] # (Qmy (%) o, (3)) [x2/x]]

as required.

Since T and hence TBM) is a totally defined theory, it remains to show that
[y (X) * Qmy (x)] commutes with each function symbol of TEM) of the form «, for
m € M. Using the axioms of TB™) and the commutativity of M, we have

[otmy (%) % Qtm, (X)] [am (%) /X]
= [t (i (X)) * iy (0 (X))
= [Qmym (X) * Ay (X))

= [, (X) * Qg (X)]

= [t (Qumy (%)) * (0, (X))
= [0 (i, (X) * amy (X))]

as required. This completes the proof that [cvy,, (x) * @, (x)] € Grsan (MF).
To show that [ovy, (X) * p, (X)] € Grsan (MT) is not in the image of Byr, sup-

pose towards a contradiction that we did have some [t] € Gr(Free(T)) and m €
Aut (Idp(rr)) = Inv(M) with

[ty (%)  atmy ()] = Bage ([t], m) = [t [ (x) /X]] € Gpsaan (MF)

(since T(Free(T)) is non-trivial for its unique sort, cf. the definition of §,;r in Propo-
sition 5.1.20), so that

TBM) (M7,%) b Qg (%) % tmy (X) = € [ (x)/X] -

Since Qup, (X) * Qny (%), ¢ [ (x) /x] € Term® (S8 (MF x)) are clearly a-restricted, it
follows by Proposition 5.1.29 and Lemma 5.1.30 and the definition of € that

T(Free(T), Xm, , Xmags Xm) = Xy * Xmy = t[Xm /X].

By Lemma 2.2.24 and Lemma 5.1.30, we may substitute x for all of x,,,, X, , X, and
obtain

T(Free(T),x) F x*x = t.
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So from
T(Free(T), Xmy » Ximgs Xm) = Ximy * Xmy = t[Xm /X],

we then (easily) obtain
T(Free(T), Xm, , Xmags Xm) F Ximy * Xy = X * Xy

However, since m; # mgy (so that x,,, Z Xp,), this is easily shown to be false by
appealing to Lemma 3.1.2. Specifically, if m # mq, ms, then the above equation is
not provable because in the aforementioned model M of T we have M [~ zxy = z*z
for distinct variables x,y, z, and if m = m;, then the above equation is not provable
because M - x xy = x * x. If m = my, then to show that the above equation is not
provable, we must show that T ¥%¥ z xy = y x y for distinct variables z,y (notice
that this general equation does hold in the aforementioned model M of T). Consider
the following X-structure N := ({0,1,2}, %) with

0sM0=1+"0=2+«N0=0,

0«1 =1+V2=2xN2=1,
1+V1=2+sN1=0+N2=2.

According to the Mace4 model searcher [16], this is a model of T (one could also
verify this by hand), and we have N £ x *y = y * y, since (e.g.) we have 0 %" 1 =
1#£2=1+V1

This completes the proof that [, (x) * um, (x)] € Grsan (MF) is not in the
image of (7, which shows that Proposition 5.1.47 does not hold in general for
theories without single-indeterminate isotropy.

Remark 5.1.59. We also needed the assumption that T has single-sorted non-total
operations in order to show in Proposition 5.1.47 that the injective group homomor-
phism

J
BM : (H G']I‘<MZ)> X Aut(ldj)M — GTJ (M)

is surjective for each small category J and M € PTmod. Specifically, given ([s¢i])j.c €
Gro (M) for M € PTVmod, we constructed (v, ) € (I[, Gr(M?*))” x Aut(ld ;)™ with
Bu (v, ) = ([sci])jc, and we used the assumption that T has single-sorted non-total
operations to show that ¢ € Aut(ld7)™; more specifically, we used this assumption to
show that if g : Ay x ... x A, — A is a function symbol of ¥ with n > 1 and i € Jo
and gM" is non-degenerate in position 1 < m < n, then 4, (i) = ¥a(i) : 1 — i.
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We now show that there is a theory T without single-sorted non-total operations
for which there is a small category J and a model M of TV such that [, is not
surjective. Let T be the theory over the signature > with two sorts X and Y and one
unary function symbol f : X — Y whose only axiom is

fla) LYy =yf

for pairwise distinct variables x : X and y,7’ : Y. A model of T therefore consists
of a pair of sets A, B and a partial function g : A — B with the property that if
dom(g) # 0, then |B| < 1. Then T does not have single-sorted non-total operations,
because X # Y and T does not prove the sequent T F*¥ f(x) | (by soundness of
partial Horn logic), since there is obviously a model M of T in which f* is not total.

Let J be the one-object category corresponding to a non-trivial abelian group, so
that Aut(ld7) is non-trivial. Let F': 7 — PTmod be the constant functor on Free(T),
which is the Y-structure consisting of two empty sets and the empty function. Let
M¥ € PTYmod be the corresponding model of TY. It is not difficult to see that the
model Free(T) has trivial isotropy and that T(Free(T)) = T is non-trivial for the sorts
X and Y (identifying the two sorts of TY with the two sorts of T), so that

Bare = {(. b)Y x (Aut(ldy) x Aut(ld )™ = G (MF).

Moreover, since £ . ) — () is non-degenerate in its unique position (since
T(Free(T)) = T does not prove the sequent T F>* f(x) = f(a') for distinct variables
x,x' : X by soundness of partial Horn logic, since there is obviously a model M of T
in which |[Mx| > 2 and fM is completely undefined, hence not constant), it follows
that

(Aut(lds) x Aut(ld,)™" = A (Aut(ld)),

the diagonal relation on Aut(ld7). So then

Barr + {(X, YD)} < A (Aut(lds)) — Gro (M")

is given by the rule

(. D). (0. 0)) = ([ (9] [0 ()]) € Gror (MF)

for each ¢ € Aut(ld 7).
Since we assumed Aut(ld7) to be non-trivial, let ¢» € Aut(ld7) be non-trivial,
and let us show that

It is easy to verify that ([x]

is also easy to verify that ([x], [al’;(y)}) commutes generically with every function
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symbol of TV of the form ;X or o) for h an endomorphism of the unique object

of J, because all endomorphisms of this object commute with each other (since J
corresponds to an abelian group). We must lastly show that ([x}, [ai (y)]) commutes
generically with and reflects definedness of the function symbol f : X — Y. For the
first claim, we must show that T (M x) proves the sequent

FO) L ag (f(x) = fx),

but this follows easily from the unique axiom of T. For the second claim, we must
show that TV (M* x) proves the sequent

J)LE x4

which is just a logical axiom of partial Horn logic. This proves that ([x], [aw (v)]) €
G (MF).

We now show that ([x], [ai(y)}) is not in the image of Sy r. If it were in the
image of 5, then there would be some h € Aut(ld7) with

(I [o, (0)]) = Bare (K], [yD), (B 2)) = ([oy ()], [ (9)])

which entails that
T (M*,x) F a;¥ (x) = x

and
T (M",y) b al(y) = ay (y).

From these two facts we will deduce that 1) must be the identity element of Aut(ld ),
contrary to assumption. Since a;f (x) and x are clearly a-restricted, it follows from

Proposition 5.1.29 and Lemma 5.1.30 and the definition of 6 that
T (Free(']l‘),x,)f,xi)j) FxX = xY,

where id is the identity arrow on the unique object of J. Since T(Free(T)) = T is
non-trivial for the sort X (as previously indicated), it then follows by Lemma 5.1.31
that we must have x;* = xX, which implies h = id. So we then obtain

T7(M",y) b ay(y) = ay (y) = ag(y) = .

In an exactly similar way (now using the fact that T(Free(T)) = T is non-trivial for
the sort Y'), we then obtain ¢ = id, contrary to assumption. This contradiction shows
that ([x], [o@;(y)}) is not in the image of 8y,r, so that §,,r is not surjective, and hence
Proposition 5.1.47 does not hold in general for theories T that have multi-sorted op-
erations which are not totally defined. |
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5.2 Categorical Characterization

In this section, we will deduce a categorical characterization of the isotropy group
Zrs of TY from the logical characterization of Gz given in the first section. Unless
otherwise stated, T is an arbitrary quasi-equational theory and [J is an arbitrary
small index category.

Definition 5.2.1. Let M € PTYmod, with component models M? € PTmod for all
1 € Jo. Let
m = (7 : cod(f) = cod(f)) fepom(ar)
be a Dom(M)-indexed family of endomorphisms in PTmod. For each i € Jo, let
@' = (gbg : cod(g) — cod(g))gEDom(Mi) € Zp(M").

Finally, let @D = (QpB)BeE < Aut(ldj)M.

We say that 7 is determined by ¢ € Aut(ld7)™ and the family (¢%)ics, €
[Lics, Zr(M?) if the following holds for any morphism f : M — N in PTYmod
with domain M, any B € Ysot, and any k € Jo:

o If k¢ 73 then
78" =id: Ngr — N

o If ke jjy, then
k
T = <¢I;‘koFM(z/)B(k))>B o FN(¢p(k))s :

(N§ =) Ngr — Nk (= Np),
where FY : 7 — PTmod is the functor corresponding to N € PTYmod, and
f*: M* — NF* is the ¥-morphism induced by the ¥7-morphism f : M — N
(cf. Definition 5.1.3). i

Definition 5.2.2. Let M € PTYmod, with component models M? € PTmod for all
i € Jo. For each i € Jp, let

' = ((b; : cod(g) = cod(g)) € Zr(MY).

g€Dom(M?)

Let FM : 7 — PTmod be the functor corresponding to M € PTY mod.
We say that the family (¢")icz, € [icy, Zr(M’) is compatible if for every arrow
f:i—jin J and every g € Dom(M?) we have

¢ = (b;oFM(f) : cod(g) — cod(g).
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In other words, we say that (¢');c7, is compatible if

(¢")ieqo € lim(Zr o FM) € Group.

We will prove below (cf. Lemma 5.2.4) that if M € PTYmod and ¢ € Aut(ld ;)M
and (¢")ics € [,c; Z2r(M") is compatible, then there is a unique m € Zps (M) that is
determined by 1 and (¢");c7. For this purpose, we will require the following lemma,
which can be proved by a straightforward induction on terms.

Lemma 5.2.3. Let M € PTYmod, k € Jo, and B € Sso. If u € Term®(S(M*, xp))
with T(M* xp) Fu | and u : C, then

P () = v Ml = Mg — Mew = M.

Now we have the following lemma, whose proof may be found in Appendix C.

Lemma 5.2.4. Let M € PT7mod, with component models M? € PTmod for all
i € Jo, suppose that (¢")icy € [l,c; Zr(M") is compatible, and suppose that ¢ €
Aut(ld/)M. Then there is a unique © € Zpa (M) determined by v and (¢');c7. i

For our first theorem of this section, we will also require the following lemma, whose
proof may again be found in Appendix C.

Lemma 5.2.5. Let f : M — N be a ¥7-morphism in PTYmod, and let FM : J —
PTmod be the functor corresponding to M. Also let k € Jo and let g - k — k be
an arbitrary arrow in J, and let B € Yson. Finally, let u € Term®(S(M* xp)) with
T(M* xg)Ful and u: C. Then

k * " N
af (07" (5 () = Pfiorms(yy (@) @ (af)
: NBk — ch,
where p?koFJ‘/I(g) : E(Mk,xB) — Z(Nk,xB) 18 the signature morphism induced by the
S-morphism f* o FM(g) « M* — N*, and p%, : S(M* xg) — X7 (M, xpr) is the
signature morphism of Definition 5.1.12, and p?k : BT (M,xgr) — BT (N,xgk) is the
signature morphism induced by f : M — N. |
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We can now give a more explicit characterization of Zy.7, based on the characterization
of Gz given in the last section.

Theorem 5.2.6. Let T be a quasi-equational theory with single-indeterminate isotropy
and single-sorted non-total operations, and let J be a small index category. Let
M € PTmod, and let

7 = (my :cod(f) — COd(f))feDom(M)

be a Dom(M)-indexed family of endomorphisms in PTYmod. Then nm € Zps(M)
iff there is a (uniquely determined) compatible family (¢")icy € [l;c; Z2r(M*) and a
(uniquely determined) element ¢ = (V) pex € Aut(ld 7)™ such that 7 is determined
by 1 and (¢')ies-

Proof:  Let m = (7 : cod(f) = cod(f)) tepom(rr) Pe @ Dom(M)-indexed family of

endomorphisms in PTYmod. Suppose first that m € Zp7(M). By the isomorphism
Gros (M) = Zr7(M) given in (the proof of) Theorem 2.2.41, this element of Zps (M)
corresponds to the following element of Gy (M ):

(7[_7701' ([Xci]))ciezj € H M<XC”'>C">

ciexnd

where n¢i : M — M (i) is the canonical X7 -morphism. By Theorem 5.1.56, we then

know that there is a unique element (v");es € ([[; Gr(M )7 and a unique element
¥ € Aut(ld;)™ such that

/BM(77¢) = (ﬂ-nci ([Xci]))oiezj :

Specifically, if v& = [sh] € M*(xg)p for each k € Jo and B € Yson, then for all such
kB, if k¢ JM, then

gk ([xsr]) = Bar (v, ¥) gr = [xpr] € M(xpx)pr,

and otherwise

Tn gk ([xgr]) = Bar (v, ¥)gr = [PAB}k(Slfa) [a53<k)(XBk)/kaH € M(xpr) k.

Now, for each i € Jp, we define ¢ € Zp(M?) to be the element that corresponds to
7" € Gr(M?") via the isomorphism Z¢(M") = Gr(M?).

We now show that the family (¢');c7 is compatible. So let f : i — j be an
arbitrary arrow in J, and let g : M7 — N be an arbitrary Y-morphism in PTmod
with domain M7. We must show

3 ~

by = Opormi(sy : N = N.
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By definition of ¢’ and ¢’ (cf. the proof of Theorem 2.2.41), we must show
(p? (36)* : Neg — NC>C = (pg”;FM(f) (SZC)* : Ng — NC>C :N 5 N,

where pS 1 X(M7,x¢) — X(N,x¢) and pgoFM(f) : (M xc) — X(N,xc) are the

signature morphisms induced by the Y-morphisms g : M? — N and g o FM(f) :
M? — N. So let B € ¥ be any sort; we must show that

Pf(sfé)* = Pﬁ;FM(f)(SiB)* : Np — Np.
By Lemma 2.2.13, it suffices to show that
T(N,xg) b pf(s{g) = pﬁ;FM(f)(SiB)'
Since (v)ies € (IT, Gr(M?®)7, it follows that
Gr(FY(f)(') =",
which implies in particular that
[0fas ) (55)] = [5h] € MY (xw),

where piy @ B(M',xp) — E(M?,xp) is the signature morphism induced by the
Y-morphism FM(f): M* — M. In other words, we have

T(M?,xp) - ng(f)(siB) = S{B'

Since p. : $(M7,xg) — L(N,xp) is a theory morphism T(M7,x5) — T(N,xp), we
then obtain ' '
T(N,x5) b p2 (Farcr)(55) ) = P (sh):
But by Lemma 2.2.37, we have
Pf (p?M(f)(S%)> = PiFM(f)(SiB)a

which yields the desired result. This proves that (¢?);c7 is compatible.
Next, we show that 7 is determined by ¢ and (¢%)ic7. Solet f : M — N in
PTYmod, let k € Jo, and let B € Ygop. First, let

Wan([XBk]) = [tBk] c M<XBk>Bk.
Then by the proof of Theorem 2.2.41, we have
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where p?k : BT (M,xgr) — X7 (N,xpr) is the signature morphism induced by the
¥/ -morphism f: M — N.
Suppose first that k ¢ J2. Then T(M¥) is trivial for the sort B, and we must
show
W?k = p?k(tBk)* =id: Ngt = Npk.

Since T(M*) is trivial for the sort B, it easily follows (by remarks made earlier in the

chapter) that T (M) is trivial for the sort B*, and then because of the ¥7-morphism

f: M — N, it follows that TV (N) is trivial for the sort B*. Since N (more precisely,

the expansion of N to its canonical ¥7(N)-structure) is a model of T (N), it then

follows that Npx contains at most one element, which yields the desired conclusion.
Now suppose that k& € J2!. Then we must show that

k
T = <¢’;koFM(wB(k))>B o FN(¢p(k))p : Ngk — Npx,
ie.
k *
p? (tBk) = (¢I;ICOFJW(¢BU€)))B o FN(¢B(k))B : NBk - NBk'

By definition of ¢* (and the proof of Theorem 2.2.41) we have

k B ke . ATk k
(¢fkoFM(wB<k>>)B = Pprorm(yp(0)(S8)" 1 N = Np,
and so we must show

P}Bk (tpr)" = p?koFM(wB(k))(SI;?)* o FN(¢p(k))p : Npr — Npr.
Also, since
tpr] = my, ([xpe]) = (o (%) [afB(k)(ka)/kaH ;
we have
T (M, xpx) b tpe = i (si) [OégB(k)(XBk)/XBk] :
Now, we know that

Bu(v, 1) € Gpa (M),

where 1 is the unit element of the group Aut(ld 7). In particular, we have

Bu (v, 1) gr = [pﬁk(slé) [@nBB(k)(XBk)/XBkH
= [Pﬁk(slfg) [O‘gk (xpr) /xpe]]
[Pﬁk(sg) [XBk/XBk]]
= [phne(sB)]
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and since fy/(7, 1) commutes generically with the function symbol osz(k) : B¥ — BF,
it follows that

T7 (M, x+) = pape (s3) [OéfB(k) (xpr)/xpr] = afB(k) (Pﬁk(slfg’)) -

Then because p?k : T (M, xgr) — T (N, xpr) is a theory morphism, we obtain

TJ(Na Xpr) = P?k (Pﬁk(slfe) [&gg(k) (XBk)/XBkD = P?k (0453(@ (pﬁk(sg))) .

Finally, we obtain

k k
TJ(N7 xpr) I P? (tpe) = P? (afB(k) (Pﬁk(S%))) .

By Lemma 2.2.13, we then deduce that

k * k *
P? (tpr)" = P? (0453(1@) (pﬁk(sl%))) : Ngr — Npk,

so we must show

k * «
P? (0453(@ (Pﬁk(sﬁ))) = p?koFM(¢B(k))<3%) o FN(¢p(k))p : Np» — Npx.

Finally, we have
N
FY¥(p(k)p = (1)
so we are ultimately reduced to showing that

p?k (O‘ﬁs(k) (pf}k(s'f;)))* = p?koFMwB(k))(S%)* °© (awa))N

:NBk —)NBk,

but this is true by Lemma 5.2.5 above (given that T(M* xz) I s% | and that p?k
commutes with o} ).

This completes the argument that 7 is determined by 1 and (¢');cs, which
completes the proof of the ‘only if” direction of Theorem 5.2.6.

To prove the ‘if’ direction of Theorem 5.2.6, now only assuming that © =
(my : cod(f) — cod(f))repom(nr) is & Dom(M)-indexed family of endomorphisms in
PTYmod, suppose that there is some compatible family (¢*)ics € [[;c.; Zr(M") and
an element 1 = (¢¥)pex € Aut(ld;)™ such that 7 is determined by ¢ and (¢%);c.
We must show that 7 € Zrs(M).

By Lemma 5.2.4, there does exist an element 7' € Zps (M) that is determined
by v and (¢%);c7. Since 7 is also determined by v and (¢');c7, it easily follows that
7 =7, s0 that 7 € Zps (M), as desired. This completes the proof of Theorem 5.2.6. i1

We will now rephrase Theorem 5.2.6 in terms of the isomorphism PTY mod 22 PTmod" .
First, we rephrase all of the preceding definitions in terms of PTmod” .



5. ISOTROPY GROUPS OF FUNCTOR THEORIES 209

Definition 5.2.7. Let F' : 7 — PTmod, and let
™ = (m, : cod(u) = cod (1)) ,cpom(r)

be a Dom(F)-indexed family of endomorphisms in PTmod”. For each i € Jo, let

Pt = (qﬁg : cod(g) = cod(g)) € Zr(F(i)).

geDom(F(i))

Finally, let ¢ = (¢5)ges € Aut(ld;)™" (where MF € PTYmod is the model of TV
corresponding to the functor F').

We say that 7 is determined by ¢ € Aut(ld;)™" and the family (¢')ic; €
[L,cs Zr(F(i)) if the following holds for any morphism p : F' — G in PTmod”,
any B € Yso, and any k € Jo:

o If kb ¢ JA", then
Wu(k>B =id: G(]{Z)B — G(k‘)B

o If ke JM", then
Tu(k) B = (Dpyorconiy) 5 © G(UB(K)) B

: G(k)B — G(k)B
(where p(k) : F(k) — G(k) is a ¥-morphism). i

Definition 5.2.8. Let ': J — PTmod. For each i € Jp, let

¢ — ((pg  cod(g) cod(g)) e Zo(F(3)).

geDom(F (7))

We say that the family (¢)icy € [l;cs Zr(F (7)) is compatible if for every arrow
f:i—jin J and every g € Dom(F(j)) we have

Cbé = QS;oF(f) : cod(g) = cod(g).
In other words, we say that (¢');cs is compatible if

(¢")ieq € lim(Zr o F) € Group.

We now have the following version of Theorem 5.2.6 in terms of PTmod”:
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Corollary 5.2.9. Let T be a quasi-equational theory with single-indeterminate isotropy

and single-sorted non-total operations, and let J be a small index category. Let
F:J — PTmod, and let

m = (my : cod(p) = cod(i)) ,cpom(r)
be a Dom(F)-indexed family of endomorphisms in PTmod”. Then 7 € Zpp, g7 (F)
iff there is a (uniquely determined) compatible family (¢")icy € [L;c; Z2r(F (7)) and a

(uniquely determined) element 1 = (Y)pex € Aut(ld2)M" such that 7 is determined
by 1 and (')ic. I

Before we give some specific applications of the general results proven so far
in this chapter, we will extract an important consequence of Theorem 5.1.56 that
does not rely on the assumptions that T has single-indeterminate isotropy and single-
sorted non-total operations, but which only applies to index categories J satisfying
a certain strict condition. Namely, we have the following consequence of (the proof
of) Theorem 5.1.56:

Corollary 5.2.10. Let T be an arbitrary quasi-equational theory, and let J be a
small index category. If M € PTYmod and JA! has only trivial endomorphisms for
each B € Ygort, then

J
B (H GT(Mi)> x Aut(ld /)" — Gps (M)

s a group isomorphism, and

J
Gro (M) = (H GT(MZ')> :

Proof: = We know from Propositions 5.1.20 and 5.1.43 that if T is an arbitrary quasi-
equational theory and J an arbitrary small index category, then [, is an injective
group homomorphism for each M € PTYmod. We only needed the assumptions that
T has single-indeterminate isotropy and single-sorted non-total operations in order
to prove that [y is surjective. In the proof of Proposition 5.1.47, given ([scil)ic €
Gra (M), we constructed a pair

J
(7,9) € (H GT(Mi>> x Aut(ldz)"
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with Sy (7,¢) = ([sc¢i])ic € Gra (M), and we only used the assumption that T
has single-indeterminate isotropy to show that ) € Aut(ld;)™ can be defined from
([sci))ic € Gra(M). More specifically, given any sort B € X, in order to define
Yp € Aut (Id gy ), we used the assumption that T has single-indeterminate isotropy

to conclude (for each i € JA!) that sp: contains exactly one occurrence of the inde-
terminate xp:, and then we defined (i) : i = i to be the subscript arrow of the

unique indeterminate occurring in 0(sgi) € Term® (Z (Mi,xgod( )>> Then we used

the assumption that T has single-sorted non-total operations in order to prove that
¥ € Aut(ld7)M.

However, if we know for each sort B € ¥ that J3' has only trivial endomor-
phisms, then even if T does not have single-indeterminate isotropy, so that sg: may
have multiple occurrences of xg: for certain i € JA!, we know that the only indeter-
minate occurring in 0(sg:) will be x4, even if it has multiple occurrences in 6(sg:)
(since id; : i — 4 is the only endomorphism of i € JA'). Hence, if we set 5 to be the
unit element of Aut (IdJ}JBM) for each sort B € 3, then ¢ = (¢¥p)pex will be the unit

element of Aut(ld7)™, and we will still have By (v, %) = ([s¢i])ic € Gros (M), so that
Bar will still be surjective and hence a group isomorphism.
The last claim of the corollary now easily follows, because if J3! has only trivial

endomorphisms for every sort B, then certainly Aut (Id jéu> is the trivial group for

every sort B, which easily implies that Aut(ld7)* is the trivial group, so that

J
<H GT(MZ')> x Aut(ld ;)M = (H GT(Mi)>

In fact, if we define

J

J
B - <H GT(Mi)) — Gz (M)

by
Bu(y) = Bu(y,1) € Gra (M)
for every v € (I[, Gr(M"))” (where 1 € Aut(ld;)™ is the unit element), then

J
B (H qu(Mi)) % Gro (M)

is a group isomorphism. |

From Corollary 5.2.10 and (the proof of) Theorem 5.1.56, we easily deduce the fol-
lowing corollary:
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Corollary 5.2.11. Let T be an arbitrary quasi-equational theory and J a small index
category with only trivial endomorphisms. Then for any M € PTYmod, there is a
group isomorphism

J

given by
Bu(y) = Bu(y, 1) € Grs (M),
and these group isomorphisms form a natural automorphism

GTOF<7)
B = (By)y : lim (Gro FO) = (H Gr oF<—>> = Grs

: PTYmod — Group.

We may now deduce the following categorical versions of the previous corollary:

Corollary 5.2.12. Let T be an arbitrary quasi-equational theory and J a small index
category with only trivial endomorphisms.

o Let M € PTmod and let
m = (7 : cod(f) = cod(f)) fepom(ar)
be a Dom(M)-indexed family of endomorphisms in PTYmod. Thenm € Zps (M)
iff there is a (uniquely determined) compatible family (¢')icy € [l;cs Zr(M?)
such that 7 is determined by (¢")scs, in the sense that
7P = (¢h) , t Npe = N

for every morphism f: M — N in PTYmod and every B¥ € = ..

e Let F': J — PTmod, and let
™ = (m, : cod(1) = cod(11)) ,cpom(r)

be a Dom(F)-indexed family of endomorphisms in PTmod” . Thenm € Zpr, 47 (F)
iff there is a (uniquely determined) compatible family (¢")icy € [lics Zr(F (7))
such that 7 is determined by (¢");cr, in the sense that

(k) = (Opy) 5 - Gk)p = G(k)p
for every morphism p: F — G in PTmod” and every B* € Zgort. |
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5.3 Applications

First, for an arbitrary quasi-equational theory T, we deduce characterizations of the
isotropy group of T for certain specific, commonly occurring index categories J with
only trivial endomorphisms.

Corollary 5.3.1. Let T be an arbitrary quasi-equational theory. Note that in each
of the following examples, the index category J has only trivial endomorphisms.

Let J be any small discrete category (i.e. J has no arrows other than identi-
ties). Then for any M € PTmod, i.e. any collection (M?%);cs of T-models, we
have
Zyo (M) =[] 2e(01).
€T
In particular, if J is a discrete category on two objects i and j, then for any
M € PT9mod, i.e. any pair (M?, M7) of T-models, we have

Zpg (M) = Zp(M") x Zp(M?).

Let J be the category with two objects i, j and two parallel morphisms f,qg : i —
j. Then for any M € PTYmod, i.e. any quadruple (M*, M7, f™ g™) consisting
of T-models M?, M7 and ¥-morphisms f™, ¢M : M — M7, we have

Zrg (M) = Eq (Z0(f™), Z2(g"))

= {7 € Ze(M') : Ze(f")(v") = Z2(g™) (V) },
where Eq (ZT(fM),ZT(gM)) is the equalizer in Group of the group homomor-
phisms Zr(fM), Zr(g™) : Zp(M?) — Zp(M7).

Let J be the category with three objects i, j, k and two morphisms f : 1 — k and
g:j— k. Then for any M € PT mod, i.e. any quintuple (M?, M7, M* M gM)
consisting of T-models M*, M7, M* and Y-morphisms fM : M' — MF and
g™« M7 — MF*, we have

ZTJ(M) = ZT(M1> XZT(Mk) Zq[*(M])

= {(7.7) € Ze(M') x Z2(M) : Z2(£M)(7') = Z2(6™) ()}
where Zp(M") X z (amy Zr(M7) is the pullback in Group of the pair Zr(fM)
Mt — Mk, Zp(gM) : M7 — M of group homomorphisms. ]
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Now, we provide applications of the results of the preceding sections for quasi-
equational theories T with single-indeterminate isotropy and single-sorted non-total
operations, for which we can consider index categories with non-trivial endomor-
phisms. Let us note that the following quasi-equational theories do have single-
indeterminate isotropy and single-sorted non-total operations, as one can easily verify
by an inspection of Chapter 3:

e Any quasi-equational theory with single-sorted non-total operations that has
trivial isotropy, which includes the following theories: any empty theory with
single-sorted non-total operations (e.g. the theory of sets), the theory of com-
mutative monoids, the theories of categories and groupoids, and the theory of
categories with a terminal object.

e The theories of monoids and groups, and the theory of abelian groups.
e The theory of sets with a bijection or involution.

e The theory of strict monoidal categories.

First, let us consider the class of empty theories with single-sorted non-total oper-
ations. We first require the following technical lemma (which does not rely on the
assumption of T having single-sorted non-total operations).

Lemma 5.3.2. Let ¥ be an arbitrary relation-free signature, and let T be an empty
theory over ¥. If M € PTmod, then for any B € Yson, T(M) is non-trivial for the
sort B. If g : By x...x B, = B is any function symbol of 3, then for any 1 < m <mn,

gM is non-degenerate in position m.

Proof:  See Appendix C. |

Now let J be an arbitrary small index category, and let T be an empty theory over
Y with single-sorted non-total operations. We conclude from Lemma 5.3.2 that if
M € PTYmod, then J)! = J for each B € Ysor, because if i € Jp, then T(M?) is
non-trivial for the sort B, since M* € PTmod. So then

I Aut (ldjg) — I Auttidy).

B€Xsornt B€Xsort

Next, if i € Jo and g : A; x ... x A, — A is any function symbol of X, then since
M? € PTmod, it follows by Lemma 5.3.2 that ¢™" is non-degenerate in every position
1 <m < n. Soforany ¢ = (¢p)pes € [[pex,,, Aut(lds), we have ¢ € Aut(lds)™
iff for every function symbol g : Ay x ... x A, =& A in ¥ and every 1 < m < n we
have 14 = 14, : lds = Ids. In fact, let G(X) be the (undirected) graph defined as
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follows: the nodes are the sorts of ¥, and for any distinct sorts A # B € X, there is
an edge between A and B iff there is some function symbol g : C; x ... x C,, — C
with A, B € {C},...,C,,C}. Then it easily follows from the observation just made
that
Aut(lds)™ = ] Aut(lds),
Comp(G(%))

where Comp(G (X)) is the set of connected components of the graph G(3).
Finally, we know by Proposition 3.1.4 that M*® € PTmod has trivial isotropy for
every i € Jp, so that Zp(M?) is the trivial group. Hence, we obtain:

Corollary 5.3.3. Let X be any relation-free signature and T any empty theory over X
with single-sorted non-total operations, and let J be any small index category. Then
for any M € PTYmod we have

Zro(M)= ] Aut(ldy)
Comp(9())

(naturally in M ).

In particular, if ¥ is the signature with only one sort and no function symbols,
then Tot(X) is the theory of sets (and G(X) is the trivial graph), and for any M €
PTY mod we have

Zrs (M) = Aut(ld 7)

(naturally in M ). i

We can also give the following more categorical version of Corollary 5.3.3:

Corollary 5.3.4. Let ¥ be any relation-free signature, let T be any empty theory
with single-sorted mon-total operations, and let J be any small index category. Let
F:J — PTmod, and let

7 = (m, : cod(p) — cod(p))

neDom(F)

be any Dom(F)-indeved family of endomorphisms in PTmod”. Then 7 € Zpr, oy (F)
iff there is a (uniquely determined) element ¢ € []compig(sy) Aut(lds) such that  is
determined by 1, in the sense that

mu(k)p = G(Yy(k))p : G(k)g = G(k)p

for every morphism pu : F — G in PTmod” and every sort B¥ € ©7, where U €
Comp(G (X)) is the connected component of G(X) containing B.
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In particular, if ¥ has only one sort and no function symbols, then m € Zppoq7 (F)
iff there is a (uniquely determined) element ¢ € Aut(ld;) such that 7 is determined
by v, in the sense that

mu(k) = G(¥ (k) : G(k) = G(k)

for every morphism p: F — G in PTmod” = Sets” and every object k € Jp. |

Now we consider non-empty single-sorted quasi-equational theories with single-
indeterminate isotropy (note that any such theory automatically has single-sorted
non-total operations). For any such theory T, let us refer to its sort as ‘X’. If M
is any model of such a theory, then we will just say that T(M) is non-trivial if it is
non-trivial for this unique sort X. Then (by Lemma 3.1.2) T(M) is trivial iff there is
no Y-morphism from M to a T-model N with |N| > 2. Such a situation is quite rare
(although examples exist: for example, the zero ring (as a model of the theory of rings
with unit) has trivial diagram theory, because there is no ring homomorphism from
the zero ring to any non-zero ring with unit). Hence, to simplify the presentation
of the upcoming results, we will generally assume that if F : J — PTmod, then
F(i) € PTmod is non-trivial for each i € Jo.

Now let J be any small index category with M € PT7mod (where T is a
single-sorted quasi-equational theory). Assume also that M* € PTmod is non-trivial
for each i € Jo. If we set JM = J¥ then we therefore have 7Y = 7. So

[I5es,,, Aut (Idjéu) then becomes just Aut(ld7). Also, since ¥ has only one sort, it

follows that Aut(ld;) = Aut(ld7)*. Hence, we obtain the following simplification of
earlier results:

Corollary 5.3.5. Let X be any single-sorted relation-free signature and T any quasi-
equational theory over X with single-indeterminate isotropy, and let J be any small
index category.

e For any M € PT9mod such that M* € PTmod is non-trivial for all i € Jo, we
have

J
ZTJ(M) = (H Z’H‘(MZ)> X AUt('dJ)
(naturally in M ).
o Let F': J — PTmod with F (i) € PTmod non-trivial for all i € Jo, and let

T = (m : COd(M) — COd(M))MEDom(F)
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be any Dom(F)-indexed family of endomorphisms in PTmod”. Then © €
Zorsmeqs (F) iff there is a (uniquely determined) compatible family (¢%)ics €
[Lics 2r(F(i)) and a (uniquely determined) element ¢ € Aut(ldy) such that 7
is determined by (¢')ics and v, in the sense that

Tu(k) = Ohyorway © G(k)) : G(k) = G(k)

for every morphism p: F — G in PTmod” and every k € Jo. i

We now have the following specialization of Corollary 5.3.5 to single-sorted quasi-
equational theories with trivial isotropy.

Corollary 5.3.6. Let ¥ be any single-sorted relation-free signature and T any quasi-
equational theory over X with trivial isotropy, and let J be any small index category.

e For any M € PT9mod such that M* € PTmod is non-trivial for all i € Jo, we
have

Zro (M) = Aut(ld;)
(naturally in M ).

o Let F: J — PTmod with F(i) € PTmod non-trivial for all i € Jo, and let
™ = (my : cod(p) = cod(i)) ,cpom(r)

be any Dom(F)-indexed family of endomorphisms in PTmod”. Then m €
Zo17mods (F) iff there is a (uniquely determined) element ¢ € Aut(ldy) such
that w is determined by 1, in the sense that

mu(k) = G(¥ (k) : G(k) = G(k)

for every morphism p: F — G in PTmod” and every k € Jo. i

Since the theory of sets (i.e. the completely empty theory over the single-sorted
signature with no function symbols) has trivial isotropy by Proposition 3.1.4, and
every model of this theory (i.e. every set) has non-trivial diagram theory (by Lemma
5.3.2), Corollary 5.3.6 provides a characterization of the covariant isotropy group of
a presheaf topos, as was promised at the beginning of the chapter.

Given a group GG, we can also compute the covariant isotropy group of the cate-
gory of G-sets. Let B(G) be the one-object category corresponding to the group G.
Then the category of G-sets is just the functor category Sets®@. Also, it is easy to
see that the global isotropy group Aut (ldg(s)) of B(G) is (isomorphic to) the centre
Z(G) of G. So from Corollary 5.3.6 we obtain:
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Corollary 5.3.7. Let G be a group with corresponding one-object category B(G), so
that Sets®'@) s the category of G-sets. For any G-set M € Sets®'?) | we have

Zsass) (M) = Z(G).
More concretely, let
= (7 :cod(f) — cod(f))feDom(M)
be any Dom(M)-indexed family of endomorphisms in Sets® @ . Then w € Zg,, s (M)

iff there is a (uniquely determined) element g € Z(G) such that 7 is determined by
g, in the sense that

Uy N 1} N
15 given by
my(n) = gn € N (neN)
for every morphism f: M — N in Sets?). i

More generally, if M is any monoid with corresponding one-object category B(M),
then the category of M-sets is just the functor category Sets®™) and the global
isotropy group Aut (ldgr)) of B(M) is (isomorphic to) the subgroup Inv(Z(M)) of
the invertible elements of the centre Z (M) of M. So we have a corresponding analogue
of Corollary 5.3.7 for M-sets.

As our final application of the preceding results of this chapter, we will calculate
the global isotropy group Aut(ld7«x) of a product of small categories J X K in terms
of the global isotropy groups Aut(ld7), Aut(ldx) of the factor categories J, K. First,
we require a preparatory lemma:

Lemma 5.3.8. Let J,K be any small categories. Let 3 be the signature containing

just one sort X and no function symbols, and let Es. be the empty theory over this

signature (i.e. the theory of sets). Let M € P(£J)*mod be arbitrary. Then for any

object k € Ko, the theory EJ(M¥) is non-trivial for every sort in ©7. Moreover, if

g € X7 is any function symbol, then ng 1s non-degenerate in every position.
Finally, we have

Zeg =~ [ Aut(ds) x [ Aut(ldy),

Comp(K) Comp(J)

where Comp(J), Comp(KC) are respectively the sets of connected components of the
categories J, KC.
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Proof:  First, note that we have (by Proposition 5.1.8 and general category theory)

(P& mod)*
= (Pngodj)

Then the first two claims easily follow from the fact that if F': J x K — Sets is any
functor, then there is a natural transformation from F to a functor £’ : 7 x KL — Sets
such that F'(j, k) € Sets has at least two elements for each (j, k) € J x K, and such
that for each arrow (f,g) : (j1,k1) — (o, ko) in T x K, F'(f,g9) : F'(j1,k1) —
F'(ja, ko) is not a constant function.

For the last claim, fix an arbitrary M € P(E)*mod and an arbitrary k € Ko;
then M* € PEJmod. We first calculate Zgg(Mk). Since &y (the theory of sets) has
trivial isotropy (cf. Proposition 3.1.4) and (M*)? € PEsmod = Sets has non-trivial
diagram theory for all i € Jp (by Lemma 5.3.2), it follows by Corollary 5.3.6 that

Zeg (M*) = Aut(ldy).

Now, by the first claim, we know for each k € Ko that the theory &7 (M*) is non-
trivial for every sort of ©7. So for each j € Jp, we have that £ (M*) is non-trivial for

the sort X7 for every k € Ko, and hence K, = K, so that Aut (ld,ch) = Aut(ld).
X7

Hence, we have
] Aut (Id,cg> — T Aut(idy)

Bexd j€Jo

(since X . = {X7:j € Jo}). Next, if ¢ = (¥;)es € [1;c7 Aut(ldx), then since for
every arrow f : ¢ — £ in J and every k € Ko we know (by the second claim) that
the function symbol ozy Fof 27 s non-degenerate in its only position, it follows that
Y = (¢)jer € Aut(ld)™ iff ¢; = 1), for every pair of objects i,{ € Jo for which
there is an arrow from ¢ to . So we deduce that

Aut(ldc)M = H Aut(ld),
Comp(7)

where Comp(J) is the set of connected components of 7.
Now, we know by Theorem 5.1.56 that

K
Z(SEJ)’C(M) = (H ZSEJ (Mk)> X AUt('dlc)M

kek
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By the foregoing, we then obtain

Z(gg)K(M)%“<HAut(IdJ)) x ] Aut(ide).

kel Comp(J)

However, because
Zeg : PEImod — Group

is the constant functor on Aut(lds) (by Proposition 3.1.4 and Corollary 5.3.6), it then

follows that if ¥ = (Vr)kex € [Tex Aut(ldy), then v € (TTcx Aut(ldj))lC iff oy, = Y
for any objects k, kK’ in the same connected component of K. So then we obtain

(H Aut(ldj)> [] Aut(ds),

kel Comp(K)

where Comp(K) is the set of connected components of K. Altogether, we then have

ZegeM) = [ Aut(ldy) x [ Aut(ldy),
Comp(K) Comp(J)

as desired. ]

If J is any small category, we now define Z(J) := Aut(ld7), the global isotropy group
of J. Then we have the following result:

Corollary 5.3.9. For any small categories J and K, we have

zgxK)= [ 2= ] 2K

Comp(K) Comp(J)

where Comp(J), Comp(K) are respectively the sets of connected components of J, K.
In particular, if J and IC are both connected, then

Z(T x K) = 2(T) x Z(K).

Concretely: if 1 = (m,: (4,k) — (4, kz))(m)ejx,C is a family of endomorphisms in
J x K, then m € Aut(ldy«x) iff there are (uniquely determined) elements ¢ €
[Tcomp(icy Aut(lds) and x € Tlcomp(s) Aut(ldic) such that m is determined by ¢ and
X, in the sense that if U € Comp(J) is the connected component of j € J and
V € Comp(K) is the connected component of k € IC, then

Tjk = (¢V(])aXU(k)) : (]7 k) = (]a k)
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In particular, if J and KC are connected, then m € Aut(ld 7xx) iff there are (uniquely
determined) elements 1 € Aut(ldy) and x € Aut(ldc) such that 7 is determined by
¥ and x, in the sense that

T = (0), x(k) : (4. k) = (5, k)
forallj € J,k € K.

Proof: Applying the definitions, we must show that

Aut(ldguc) = [ Aut(ldy) x ] Aut(idg).
Comp(K) Comp(J)

Let 3 be the signature consisting of just one sort and no function symbols. Fix an
arbitrary M € P(£J)*mod. Then by Lemma 5.3.8, it suffices to show

Z(Eg)K<M) = Aut(lde;C).
First, note that we have (by Proposition 5.1.8 and general category theory)

PEJ**mod = PEgmod” ¥

= Sets” <k

>~ (Sets”)*

= (PEgmod )
(PEI mod)*
P(£J) mod.

12

2

Let M* € Pé’g *Fmod correspond to M via the above sequence of isomorphisms. Then
we have

Since & has trivial isotropy (by Proposition 3.1.4) and every set clearly has non-
trivial diagram theory, it follows by Corollary 5.3.6 that

Zogor (M) 2 Aut(ld ).

So we obtain

as desired. |



Chapter 6

Further Directions

In this closing chapter, we will discuss some open questions relating to this thesis that
could be pursued in further research. For other open questions not discussed here,
see [13, Section 5.

e One very general open question concerns whether it is possible to devise con-
ditions on the axioms of a quasi-equational theory to guarantee that a theory
will have either trivial or non-trivial isotropy. In other words, one might won-
der whether there is a certain condition P on the axioms of a quasi-equational
theory with the property that a quasi-equational theory T satisfies condition P
iff T has trivial isotropy, and similarly for non-trivial isotropy. To illustrate the
potential difficulties involved in devising such a condition, consider the algebraic
theory T of (totally defined) monoids. As we mentioned in the last section of
Chapter 4, the finitely generated free monoids all have trivial isotropy, since
no free monoid has any non-trivial invertible elements. However, since there
are (non-free) finitely presented monoids with non-trivial invertible elements, it
follows that there are finitely presented monoids with non-trivial isotropy. This
suggests that the problem of determining whether a theory has trivial isotropy
from just its signature and axioms may be algorithmically undecidable in gen-
eral, because the equations that hold in a free monoid are just those that can
be deduced from the monoid axioms.

Furthermore, while the theory of monoids has non-trivial isotropy, the theory
of commutative monoids has trivial isotropy. However, it is not obvious why
simply adding the axiom T F*¥ x -y = y - x to the theory of monoids would
cause the isotropy of the resulting theory to become trivial. This again suggests
that it is very difficult to determine from the axioms of a theory alone whether
that theory will have trivial or non-trivial isotropy.

In general, one might suspect that in order for a theory to have non-trivial
isotropy, the theory must encode some notion of ‘invertibility’; however, this

222



6. FURTHER DIRECTIONS 223

vaguely stated condition is certainly not sufficient for a theory to have non-
trivial isotropy. For example, the theories of groupoids and commutative monoids
encode notions of ‘invertibility’ but have trivial isotropy. It is still an open ques-
tion whether a theory must encode some notion of ‘invertibility” in order to have
non-trivial isotropy, because all of the example theories with non-trivial isotropy
that we have considered do encode some notion of ‘invertibility’ (e.g. monoids,
(abelian) groups, sets with a bijection/involution, strict monoidal categories,
(certain) functor categories etc.).

e Given quasi-equational theories T; and Ty over disjoint signatures >; and ¥,
one can form a quasi-equational theory T that axiomatizes models of T; in
the cartesian category PTymod. For example, in Chapter 3 we considered the
theory Ts, of strict monoidal categories, which axiomatizes models of Ty, in
PTca:mod = Cat (since a strict monoidal category can be regarded as a monoid
object in Cat). There was certainly some overlap between the arguments used to
characterize the isotropy group of Ts,, and the arguments used to characterize
the isotropy groups of Tmen and Tca. So it would be interesting to try to
characterize the isotropy group of the theory T (axiomatizing models of T; in
PTymod) in terms of the isotropy groups of T; and Ts.

e In Chapter 5, we introduced the notion of a quasi-equational theory T having
single-indeterminate isotropy and single-sorted non-total operations, in order to
completely characterize the isotropy group of TV (for any small index category
J). First, it would be interesting to try to determine what categorical signifi-
cance or interpretation the notion of single-indeterminate isotropy has (if any),
because its definition is expressed completely in terms of logic.

Second, it would obviously be interesting to try to extend/modify the results
of Chapter 5 in order to completely characterize the isotropy group of TY for
a given arbitrary quasi-equational theory T and arbitrary small index category

J.

e Of course, one could also extend the work in this thesis by computing the
isotropy groups of specific quasi-equational theories that we did not consider
here.

e Finally, one could step beyond the work in this thesis by trying to character-
ize and compute the isotropy groups of theories with more logical complexity
considered in Chapter 1, e.g. regular theories, coherent theories (which extend
regular theories by allowing for finite disjunction), and full geometric theories.
However, these theories generally do not have initial model constructions, which
we relied on heavily to characterize the isotropy groups of quasi-equational (i.e.
cartesian) theories, so the methods developed in the present thesis do not (ob-
viously) apply to such classes of theories.



Appendix A

Chapter 2 Proofs

Lemma (2.2.4). Let M € PTmod.

1. If h : M — N is any morphism in PTmod, then there is a partial X(M)-
structure N such that N"|s = N and N = T(M), with the following descrip-
tion:

o For any sort B € 3(M)sort = Lsort,
NE .= Np.
e For any function symbol f € X3,
=
o Forany A € Yo and a € My,
(A )™ = ha(a) € Ny = N&.

2. If N' is a partial S(M)-structure with N' = T(M), then there is a unique
S-morphism h : M — N'|x. such that (N'|s)" = N'.

Proof: To prove (1), let h : M — N be any Y-morphism in PTmod. If N” is
the partial (M )-structure described in the statement of (1), then it is obvious that
Nh|y = N, so it remains to show that N* |= T(M). Since N'"|s = N and N |= T, it
follows that N" = T. So it remains to show that N" satisfies the axioms of T(M)\ T.

o Let A € g and a € M 4. We must show that N* satisfies the axiom T F c%a i
of T(M), i.e. we must show that ¢}/, is defined in N”; but this is true by
definition of N™.
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e Let f : Ay x ... x A, — A be any function symbol of ¥, and let a; €
My,,...,an € My,,a € My with (ay,...,a,) € dom(fM) and fM(ay,..., a,) =
a. We must show that N" satisfies the axiom T F f (¢, ..., M) = M of T(M),
i.e. we must show that

()™ (@)™ € dom ()

and N Nh Nh Nh
P @) = @™

The first claim easily follows by definition of N* and the fact that h is a -
morphism. For the second claim, we have

(™ (@) = 1Y @) B, ()
= hA(fM(al, Ce ,an))
= hA(CL)

h
= ()"

as desired.

This completes the proof that N* = T(M), which proves (1).

To prove (2), let N’ be a 3(M)-structure with N’ |= T(M). We must show that
there is a unique YX-morphism h : M — N’|x with (N'|g)" = N’. Let A € ¥ be any
sort; we must define a total function hy : Mg — (N'|x)a = N);. Solet a € My. Then
¢, 1s a constant symbol of (M), and since N’ = T(M), it follows that N’ |= ¢}, |
So we set )

ha(a) := (c%a)N e N,.

Now we show that h : M — N'|yg is a Y-morphism. Solet f: A; x ... x A4, — A
be a function symbol of 3, and let (ai,...,a,) € Ma, X ... x My, be an element of
dom(fM). We must show that

(ha,(ay),..., ha,(a,)) € dom (fN’>

and
ha(fM(ars .o an)) = [ (hay (@), b, (an)) € N,
Since N’ = T(M), we have N’ ): f(e, ... ) = P (0 -

’ ! ! N/
P @) = (Faran)
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This implies that

(ha,(ar), ..., ha,(an)) = ((C%)Nl AR (CQ{L)N) € dom <fN/>
and

P ) () = P (@)Y o (@))

= ha(fM(ay,. .., an)),

as desired. This proves that h : M — N'|x is a X-morphism. Also, it is obvious from
the definition of h that (N'|x)" = N, as desired.

Lastly, we must prove that h : M — N’|g is the unique Y-morphism with
(N'|g)" = N'. So let k: M — N’|s be any Y-morphism with (N'|x)* = N’; we must
show that h = k. So let A € Ysor and a € My; then

ha(a) = ()Y = ()N = ky(a),

as desired (the last equality follows by definition of (N’|g)*). This completes the
proof of (2). [

Lemma (2.2.9). If M € PTmod, then the family of total functions

nM’A = (ng’A : Mo — M(XA)C>
ces

is a Y-morphism from M to M(xs). If My # 0, then n™4 is moreover sortwise
mjective.

Proof: Let f: By x ... x B, = B be a function symbol of ¥, let b; € Mp, for all
1 <4 < n, and suppose that (by,...,b,) € dom(fM). We must show that

(ng’A(bIL s anJJ\B{:A(bn)> = ([ep,], -, [cp,]) € dom (fM(XA>) 7

and that
(M (b b)) = S (e, ] b)) € M{xa) s,

To prove the first claim, we must show that

T(M7XA) - f(cbn"'acbn) \lf
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But this follows by the rules of partial Horn logic and the fact that

T(M, XA) |_ f (Cb17 e ,Cbn) = CfJW(bl 7777 bn)‘

For the second claim, we have

ng’A(fM(bl, . ,bn)) = [CfM(bl ..... bn)] B
= [f (Cbu s 7cbn)]B
= fM<XA> ([Cbl} Yt [Cbn]) )

as desired. The second equality holds because T(M,x,) proves the above equation.
This completes the proof that 4 : M — M(x,) is a ¥-morphism.
To show that n™+4 is sortwise injective under the assumption that M, # 0, let
C' € Ysort, and let us show that ng’A = nc is injective. So let a,b € Me, and suppose
that
[ca] = nc(a) = nc(b) = [c] € M{xa)c.

Then T(M,x4) & ¢, = ¢, and hence T(M) proves the sequent T F¥4 ¢, = ¢, by the
theorem on constants (Remark 1.3.17), where y : A is a variable. Since M4 # (), there
is some s € M4, and hence T(M,x4) proves the sequent T F ¢4 |. By the partial
term substitution rule of partial Horn logic (see [19]), it follows from T F¥4 ¢, = ¢,
being provable in T(M,x4) that the sequent ¢; | F ¢, = ¢, is provable in T(M,x4).
By the cut rule for partial Horn logic, it then follows that the sequent T F ¢, = ¢ is
provable in T(M,x4). Since M |= T(M), we then obtain M |= ¢, = ¢, (by soundness

M =M =1, as desired. ]

of partial Horn logic) and hence a = ¢}

Proposition (2.2.10). Let M € PTmod and A € Ysor. For any N € PTmod, any
Y-morphism h : M — N, and any a € N4, there is a unique X-morphism

he s M{xa) — N
such that h® o ™A = h and h%([x4]) = a € Ny4.

Proof: Let N € PTmod, let h : M — N be any Y-morphism, and let a € Ny4.
By definition, we have M(x4) := Free(T(M,x4))|s, the ¥-reduct of the ¥(M,x4)-
structure Free(T(M,x4)). From Chapter 1, we also know that Free(T(M,x4)) is
the initial model of T(M,x4) in the category of all partial ¥(M,x4)-structures. By
Lemma 2.2.4, we associate to N and h a X(M)-structure N* such that N*|y, = N and
N" = T(M). Soa € Ny = N, and hence (N", a) is a (M, x4)-structure. Moreover,
we have (N",a) = T(M,x4) because N* |= T(M) and (N",a) = x4 |. So there is a
unique ¥(M, x4)-morphism & : Free(T(M,x4)) — (N", a).



A. CHAPTER 2 PROOFS 228

Now we define h* := k. This makes sense, because X (M, X4)sort = Xsort. S0 for
any sort B € ¥, we have

h% = k’B : M<XA>B = Free(']I'(M,xA))B — (Nh,a)B = Np.

Since k is a (M, x4 )-morphism and > C ¥(M, x4), it follows that h* is a X-morphism.
Also, because k preserves the interpretation of the constant x4 (which is defined in
both Free(T(M,x4)) and (N", a)), it follows that

h?ﬁl([XA]) = kA([XA]) k‘ ( Free( T(MXA))) _ X;Nh’a) —a

as desired. To show that h® o n™4 = h, let B be any sort, and let b € Mp. We must
show that

We have

ij ((Cl])W) Free(T(M XA))>
(

M (N )
»')
()"

= hB(b)v

as desired. The fourth equality follows because k : Free(T(M,x4)) — (N", a) is a
Y(M)-morphism, and the last equality follows by definition of the ¥(M)-structure
N".

Lastly, we must show that h* := k is the unique X-morphism M (x4) — N
with the desired properties. So let j : M(x4) — N be any Y-morphism with j o
n™A = h and ja([xa]a) = @ € Ny We must show that j = h% ie. that j = k.
By the uniqueness of k, it suffices to show that j is also a ¥(M,x4)-morphism j :
Free(T(M,x4)) — (N" a). We already know that j is a Y-morphism. Also, we have
that j preserves the interpretation of the constant x4, since

(tha)'

jA (eree(T(M,XA))> — jA([XA]) =a=x

So it remains to show for any B € Yso: and s € Mp that

jB ((Ci\/[)Free(T(M,xA))) _ (Cé\/[)(Nhﬂ) .
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We have
. Free(T(M,x .
js ()™ = i (fe)

as desired. The penultimate equality holds by definition of the X(M)-structure N".
This finishes the proof that j : Free(T(M,x4)) — (N", a) is a 3(M,x4)-morphism,
and proves that j = k = h®. i

Lemma (2.2.18). Let h : M — N be a Y-morphism in PTmod, and let A € Ysor.
The signature morphism pi : S(M,x4) — X(N,x4) is a theory morphism from
T(M,x4) to T(N,xa).
Proof: If ¢ F¥ ¢ is an axiom of T, then its p;-translation is just itself, because
pit is the identity on . So then pi(p) 2@ pA(4)) = ¢ F¥ 4 is an axiom, and hence
a theorem, of T C T(N,x4).
If B € Yo and s € Mp, then the pii-translation of the T(M, x4)-axiom T F cM |
isTF chNB(s) 1. But this is an axiom and hence theorem of T(N,x4), since hp(s) € Np.
Now let f: By x ... x B, = B be a function symbol of ¥ with s; € Mp, for all

1 < i < n, and suppose that (sy,...,s,) € dom(f™). Then
T I—f(cM CM) :C%W(Sl

S17? 7 7Sn

is an axiom of T(M,x,), whose pii-translation is

N N N
T <Ch31 (s1)7 " ’cth(Sn)> = Chp (M (s1,mm50))"
Since h : M — N is a X-morphism, it follows that

h(fM (st s0) = fN(h, (s1),- .-, hp, (s0)).
But
TS (Civsl<s1>v E aChNan)) = N (i (51)r s 5)
is an axiom and hence theorem of T(N,x4), as required. Finally, the pi-translation
of the T(M,x4)-axiom T F x4 | is just itself, which is also an axiom and hence the-

orem of T(N,x4). This shows that the pi-translation of every T(M,x4)-axiom is a
T(N,x4)-theorem, which completes the proof. |
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Lemma (2.2.24). Let M € PTmod and B € Yigoy.

1. Lets,t € Term®(X(M,xg)) with T(M,xg) s =t, and let u € Term“(X(M,xg))s
with T(M,xg) b u . Then

T(M,xg) F sfu/xg] = t{u/xg].

2. Conversely, if u € Term®(X(M,xp)) with T(M,xg) - u | and s,t € Term“(3X(M,xp))p
with T(M,xp) b s =t, then

T(M,xp) F u[s/xg] = u[t/xg].

3. In particular, ift € Term®(X(M,xg)) andu € Term“(3X(M,xg))p and T(M,xp) F
tl Aul, then T(M,xg) F t{u/xg] .

Proof: To prove (1), let s,t € Term®(X(M,xp)) with T(M,xg) F s = ¢, and let
u € Term“(X(M,xg))p with T(M,xp) - u . Since

T(M,xg) :==T(M)U{T Fxpl},
it follows by the theorem on constants (Remark 1.3.17) that
T(M) ¥ sly/xp] = tly/xz],

where y : B is a variable. For the same reason, the assumption that T(M,xp) F u |,
i.e. that T(M,xp) - u = u, implies that

T(M) Fv2 uly/xp] | .
Then by the partial term substitution rule of partial Horn logic, we obtain
T(M) = s [uly/xs] /xs] = t [uly/xs] /x8] .
Then by the theorem on constants again, we obtain
T(M,xg) F s[u/xg] = tlu/xg],

as desired. The proof of (2) is analogous. i

Lemma (2.2.25). Let M € PTmod and B € Ysor. The following data give a well-
defined (ordinary) monoid structure on M {xg)p:

o For any [s], [t| € M(xp)p, we set

[s] - [t] = [s - 1] = [s[t/xp]] € M(x5) 5.
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e The unit is [xg] € M(xp)p.

Proof: First, we must show that the definition of the monoid multiplication on
M (xg)p is well-defined. If [s], [t] € M (xp)p, then we know that T(M,xg) s, At .
Then by Lemma 2.2.24, it follows that T(M,xg) - s[t/xg] |, so that

[s] - [t] := [s - 1] = [s[t/xs]] € M(xp)s,

as required.

Also, if [s],[¢],[t],[t'] € M{(xp)p with [s] = [¢'] and [t] = ['], then we have
T(M,xg) - s = s and T(M,xg) = t = t'. Since T(M,xg) F t |, it follows by
Lemma 2.2.24 that T(M,xg) F s[t/xg] = §'[t/xg]. And then since T(M,xp) -t =
t', we obtain that T(M,xp) F §'[t/xg] = §'[t'/xp] by Lemma 2.2.24 again, so that
T(M,xp) b s[t/xp] = §'[t' /xp], i.e. T(M,xg)Fs-t=s"-t. So then

[s] - [t] = [s-t] = [s"- ¢'] = [s'] - [],

as required.

So the monoid structure on M (xp) p is well-defined, and the fact that (M (xg), -, [x5])
is a monoid follows easily from the fact (cf. Remark 2.2.23) that (Term“(X(M, x5))s, -, X5)
is a monoid. i

Lemma (2.2.29). Let M € PTmod, let B,C € Yson, and let s € Term®(3X(M,xc))p
and t € Term®(X(M,x¢c))c with T(M,xc) = s | At |. Then (cf. Definition 2.2.11)

we have total functions
s*: Mo — Mg and t* : Mc — Mg,
as well as the total function
(s-t)" = (s[t/xc])" : Mc — Mp
(since T(M,xc) = s[t/xc] L, by Lemma 2.2.24). Then
(s-t)"=s"ot*: Mg — Mp.

Proof: Let M € PTmod and C' € Yso. Fix an arbitrary ¢t € Term®(3(M,x¢))c
with T(M,xc) = t . We prove the desired claim by induction on terms s €
Term®(3X(M, x¢)) with T(M,xc) = s |.

o If s=x¢:C, then T(M,xc) F xc |, and for any ¢ € Mo we have

(s-1)"(c) = (xe - )" () = () = XA — . (#(0)) = 5" (#*(c))-
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e If s: B is any other constant symbol of (M, x¢) with T(M,xc) F s |, then for
any ¢ € M¢ we have

(8 . t)*(C) _ S*(C) _ S(M’C) — 81\7 — S(J\//[\,t*(c)) _ S*(t*(C)),
the third and fourth equalities hold because s # x¢.

e Suppose that s = f(sy,...,s,) for some function symbol f: By x...x B, — B
of ¥ with n > 1 and terms s; € Term®(X(M,x¢))p, for all 1 < i < n, and
suppose that T(M,xc) b f(s1,...,8,) 4. Then by the rules of partial Horn
logic, it follows that T(M,xc) F s; | for all 1 < ¢ < mn. So foreach 1 <i <mn
we have a total function

8;{ : MC — MBi

with the property that
(s;t)"=s;ot": Mg — Mp,

by the induction hypothesis. Then for any ¢ € M¢ we have

(s-1)"(c) = (fs1,- -, 80) - 1)7(c)

S1 by, 8y t) (c)

= f(s1,.. ., 8,) 3@
= f(s1,...,8.)"(t"(c))
= S*(t*(C))-

Lemma (2.2.31). Let M € PTmod, let A, B € Yson, and let t € Term®(3(M,x4))p
with T(M,xa) =t . Let n = M4 1 M — M(x,) be the canonical morphism from
Definition 2.2.8. Then

p?(t) € Term®(X(M(x4),x4))5-
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—

1. Let M(xa) be the (M (xa))-structure expanding the X-structure M(xs) (cf.
Remark 2.2.2). Let [u] = [u] € M(xa)a be arbitrary. Then cp, : A is a constant
symbol of S(M(x4)), and pi(t) [cu)/xa] is a closed (M (xa))-term of sort B.
Then

—

—

pi(t) [c[u]/xA]M<XA> € M(xa)g = M(xa)p is defined

and

—

P (8) Ter/xa) ™Y = [tlu/xal] € M (xa) .

2. By Lemma 2.2.19, we have T(M(xa),xa) b p;}(t) |. Then by Definition 2.2.11,
we have a total function

p;‘(t)* : M<XA>A — M<XA>B.
Then for any [u]a € M(xa)a, we have

Py ()" ([u]) = [t[u/xa]] € M (x4) .

Proof:  To prove (1), we first show that (under the given hypotheses)

o —

o) [en/xa] " € M i)y = M{xa)s
is defined. By the hypotheses and Lemma 2.2.19, we have
T(M(xa),xa) F p;‘(t) 1.
By definition of T(M (x4)), we also know that T(M (xa)) F cpy J, and thus
T(M(xa),xa) F e 4
Then by Lemma 2.2.24, it follows that
T(M (xa),xa) F p (t) [cr)/xa] 4,

and hence (by the theorem on constants in Remark 1.3.17) T(M(x4)) proves the
sequent

T EVA p(t) [ /xa) 4

with y : A a variable. By the partial term substitution rule for partial Horn logic, we
then have that T(M (x4)) proves the sequent cpj . pg(t) [cuy/xa] 1, and hence by
the cut rule for partial Horn logic, we obtain that T(M (x4)) proves the sequent

T F oy (t) [epu/xa] L
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Now m> is a model of T(M (x4)), and hence by soundness of partial Horn logic it
follows that

M{xa) E o (#) [ea/xa] L,
so that

—

M (x ———

P2 (0) [ /xa] MY € M(xa), = M(xa)s

is defined, as desired.
Now, fixing [u] € M (x4)a, we prove by induction on terms t € Term®(3X(M,x4))
with T(M,x4) F t | that

M (x
o (1) e /xa] ™" = [tlu/xal].
o Ift =x4, then T(M,x4) F x4 | and

— —

PA(0) [ep/xa] ™ = p(xa) [ep/xa] oY

= xa [e/xa] "

—

= (cf\;[]@(A)) Mxa)

= [u]
= [xalu/xal]

= [tfu/xall.

o If t = cM for some B € Ygon and s € Mp, then T(M,x4) ¢ | and

P (t) [ep/xa) Y = p () [epafxa)
_ M(xa)

e Suppose t = f(t1,...,t,) for some function symbol f : By X ... x B,, — B of
Y. and some terms t; € Term®(X(M,x4))p, for all 1 < i < n, and suppose that
T(M,x4) F f(t1,...,t,) . Then by the rules of partial Horn logic, we have
that T(M,x4) F t; | for all 1 < i < n, and hence

—
o —

() e /xa] Y = [t[u/xal] € Mxa)y = M(xa)5,
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for each 1 <7 < n by the induction hypothesis. Then we have

—

op(0) [enfxa] "
= P (f(tr, - tn)) [cpu /%]
= (p0) [era/xal o) e fxa]) ™
= fM/@> (pf}(tl) SN M) o P (t) [C[u]/XA]m>>

= MO ([ta[ufxall, - -, [tlu/xall)
= [f (ti[u/xal, ..., talu/x4])]

= [, tn) [u/x4]]

= [t[u/xa]],

as desired (the fifth equality follows by definition of fM&4) cf. Remark 2.2.7).

—

M(xa)

To prove (2), we combine part (1) and Lemma 2.2.30. For any [u] € M (x4) 4, we
have

Py (O ([ul) = 9 (1) [eru /x4] O fefu/x,])

as desired. ]

Lemma (2.2.33). The isomorphisms of PXStr are exactly the (sortwise) bijective -
morphisms that reflect definedness.

Proof:  Firstlet h = (ha: Mg — Nj)aes : M = N be any isomorphism in PXStr.
We must show that h is a sortwise bijective X-morphism that reflects definedness. Let
h~t = (k' : No — Ma)acs : N = M be the inverse of h. Since h o h™! = idy and
h=' o h = idyy, it clearly follows that h is a sortwise bijective X-morphism. To show
that h reflects definedness, let f : Ay x...x A, — A be any function symbol of X, let
(a1,...,a,) € Ma, X ...x My,, and assume that (ha,(a1),...,ha,(a,)) € dom (fV).
We must show that (ai,...,a,) € dom (f*). But we know that h™' : N — M is a
Y-morphism, so the assumption implies that

(Rt (ha,(a1)), ... kst (ha,(an))) = (a1, ..., a,) € dom (fM),

as desired.

Now let h = (hy : Ma — Na)aes : M — N be a sortwise bijective Y-morphism
that reflects definedness; we must show that h is an isomorphism of P-X-Str, i.e. we
must show that there is a Y-morphism A=! : N — M such that ho h™! = idy and
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h™t o h = idy;. To define A%, let A € ¥ be any sort. Since hy : My — Ny is a
bijection, we define h;l : Ny — M4 to be the inverse function of h4. Then we clearly
have hoh™! = idy and h='oh = idj;, so it remains to show that h~! is a ¥-morphism
N — M.

To prove this, let f : Ay x ... x A, — A be any function symbol of >, let
(a1,...,a,) € Ng, X ... X N4, , and suppose that (aq,...,a,) € dom (fN). We must
show that

(h:hl(al), . ,hzi(an)) € dom (fM)
and
Rt (fYar,. . an) = 7 (Rl (@), ki (an)) € Ma.

Since
(a1,...,a,) = (ha, (h3 (a1)) ... ha, (k3 (an))) € dom (V)

and h reflects definedness, it follows that (hy,!(a1),...,h,' (a,)) € dom (fM), as
desired. Then because h is a Y-morphism, we have

hat (fN(ars. . an)) = hit (FY (hay (hal(@1)) .. ha, (R (an))))
=hy' (ha (f™ (RyH(ar), ..., ki (an))))
= M (haHar), ... hy (an))

as desired. |

Lemma (2.2.34). Let h: M = N be an isomorphism in PTmod, and let
(ka: Na = Ma) aess,,

be a Ysor-indezed family of total functions that is sortwise inverse to h = (ha : Ma —
Na)a (i-e. ha and ky are mutually inverse for every sort A € X3). Then

k:z(kAiNA%MA)ASN%M
is an isomorphism in PTmod (with inverse h).

Proof: It suffices to show that the family of total functions k := (ka : Na —
Ma)a : N — M is a Y-morphism, because then it will be an isomorphism by virtue
of having h as its inverse. So let f: A; X ... x A,, = A be any function symbol of X,
let a; € Ny, for each 1 < i < n, and suppose that (ai,...,a,) € dom(f"). We must
show that (ka, (a1),...,ka, (a,)) € dom(fM) and

k’A(fN(al, ... ,(ln)) = fM(kAl(al), .. .,k:An(an)) € Mjy.
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Since h : M = N is an isomorphism, we know by Lemma 2.2.33 that h reflects
definedness. So the assumption that

(Cll, R ,an) = (hAl (kAl (al)), Cee hAn(k:An(an))) € dom (fN)
implies that
(ka,(a1),...,ka,(a,)) € dom (fM) ,

as desired. We then have

P (kay (@), kg (an) = ka(ha(f (kag (), ka, (2)))
= ka(fN (ha,(kay(a1)), ..., ha, (ka, (a2))))
= kA(fN(al, cey ),

as desired. ]

Proposition (2.2.38). Gt : PTmod — Group is a well-defined functor.

Proof: Let h : M — M’ be an arbitrary morphism in PTmod. We must show
that
G']r(h) : GT(M) — GT(M/)

is a well-defined group homomorphism. If ([s¢])c € Gr(M), then T(M, x¢) F s¢ | for
every sort C' € 3, and hence T(M’,xc) F pf(sc) | for every sort C' € ¥ by Lemma

2.2.19. So
([pg(sc)])c’ez = H M (x¢)e,
Ccex

as required. Also, it easily follows by Lemma 2.2.19 that Gr(h) is well-defined.
To see that ([,Og(sc)})c,ez € Gp(M'), let ' : M’ — M" be an arbitrary mor-
phism in PTmod with domain M’. We must show that the family of total functions

(Pir(pf (5))™ = ME:— ME) (o,

is a Y-automorphism of M"”. Since ([s¢|)c € Gr(M) and W' oh : M — M" is a
Y-morphism, we know that the family of total functions

(ngoh(SO)* P M¢ — Mg‘)Cez

is a Y-automorphism of M”. But by Lemma 2.2.37, we know that p$(p$ (sc)) =
05 (sc) for every sort C' € . So we then obtain

(Pg(Pg(SC))* Mg — Mg')CeZ = (pg’oh(SC)* Mg — Mg)()ez’
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so that the lefthand family is indeed a Y-automorphism of M”, as required.
To show that Gr(h) preserves group multiplication, let ([s¢])e, ([te])e € Gr(M).
Then we have

as desired; the fourth equality follows by Lemma 2.2.28. This completes the proof
that Gr(h) is a well-defined group homomorphism.

Now we show that Gr is functorial. So let h : M — M’ W' : M’ — M" be
arbitrary morphisms in PTmod; we show that

G’E(hl o h) = GT(h,) o GT(h) : GT(M) — G’H‘(M”).
If ([sc])c € Gr(M), then we have

Gr(1') (Gz(h) [([sc])e]) = Go(R') [([pF (sc)]) ]
= ([pg/(pg(sc))})c
= ([pg’oh(SC)]>C
= Gr(h o h)[([sc])c],

with the third equality being justified by Lemma 2.2.37.
Now let M € PTmod; we must show that

For any ([sc])c € Gr(M), we have

Gr(idar) [([sc])cl = ([Pl (50)]) o = (sc)e

as desired (the second equality being justified by Lemma 2.2.37).
This completes the proof that Gt : PTmod — Group is a well-defined functor. H



A. CHAPTER 2 PROOFS 239

Lemma (2.2.39). Let h : M — N be any X-morphism in PTmod, and let B,C €
Ysort- Let u € Term®(X(M,xc))p with T(M,xc) F u |. Let z € Mg, so that (M, z)

~

is a (M, xc)-structure and (N, hc(z)) is a (N, x¢)-structure. Then u is defined in
(M, 2) and p$ (u) is defined in (N,hc(2)) and

hp (u(m)> — o€ () Fhel@) e N,

Proof:  First, note that (]\7, z) = T(M,x¢c) and hence (]\/4\, z) = u | by soundness
of partial Horn logic and the assumption that T(M,xc) b u |. So it follows that u
is defined in (M, z). We also have (N, he(2)) = T(N,xc) and T(N,x¢) F pS(u) |
by Lemma 2.2.19 and the assumption that T(M,xc) F u . So by soundness of
partial Horn logic, we obtain that (N, he(z)) E p$ (u) |, so that p¢(u) is defined in

(N, ho(2)).
Fixing z € Mg, we now prove by induction on u € Term®(X(M,xc)) with
T(M,xc) Ful that

hi (um?,z)) — () Fhe@) e N,
if u: B.
o If u=xc:C, then T(M,x¢) F u | and pf (xc) = x¢, so

he (x07) = hel2) = @MW = pf () T,

o Ifu=cM: B for some B € Ygo and s € Mp, then T(M,xc) F u | and
p5 (M) = chNB(S) and

hi <(Cé\/1)(1‘//l\7Z)) _ hB(s) _ (C}JZ/B(S))(JV,hc(Z)) _ pg (ny)(ﬁvhc(Z)) '

e Suppose that u = f(uq,...,u,) for some function symbol f: A; x...x A, — A
of ¥ and terms u; € Term®(3X(M,x¢))4, for all 1 < ¢ < n, and suppose that
T(M,xc) &b f(ug,...,u,) J. Then by the rules of partial Horn logic, it follows
that T(M,x¢c) F u; | for all 1 <i < n. So by the induction hypothesis, we have

ha, (uﬁﬂ’z)> — o€ (1) Fhe )
for each 1 < ¢ <n. Then we have
i (Fun ) ) = (7002 (77979
= hy (fM <u§]\7’z), o ,u;]v[’z)>>
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as desired.

Lemma (2.2.40). Let h : M — N be any morphism in PTmod, let A, B € Yo,
and let t € Term®(S(M,x4))p with T(M,x4) =t |. Then [t] € M{x4)p and p;(t)*
Na — Np is a well-defined, total function by Lemma 2.2.19 and Definition 2.2.11.

If a € Ny, then by Proposition 2.2.10 there is a unique X-morphism h® :
M(xa) — N such that h* o ™4 = h and h%([xa]) = a € Na. Then we have

hy([t]) = pi(8)"(a) € Np.

Proof: Fix a € Ny. We prove the desired equation by induction on terms
t € Term®(X(M,x4)) with T(M,x4) Ft .

o If t =x4: A, then T(M,x4) -t ] and pi(t) = x4. We then have

)(1\7 ,a)

ha(xal) = a =x3" = pi (xa) ™ = pj(xa)" (a).

o If t = ¢}! for some B € Ysor and s € Mp, then T(M,x4) F ¢ | and p;! (M) =

ch(s)- Then we have

zpf?(c
=i (e )*

e Let t = f(ty,...,t,) for some function symbol f : By X ... x B, — B of
¥ and terms t; € Term®(X(M,x4))p, for each 1 < i < n, and suppose that
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T(M,x4) b f(t1,...,t,) 4. Then by the rules of partial Horn logic, it follows
that T(M,x4) F t; | for each 1 < i < n. So by the induction hypothesis, we
have

h, ([t]) = piy (t:)*(a) € N,

for each 1 <4 < n. Also, we have pi(f(t1,...,tn)) = f(pi(t1),- ., pi(ts)). So
we obtain

Wg([f(tr, - ta)]) = R (FY9 (], ()

as desired (the second equality holds because h* : M (x4) — N is a ¥-morphism,
and the third equality holds by the induction hypothesis).

Lemma (2.2.54). Let M € PTmod and A € Yson, and suppose that My # (). For
any term t € Term®(3X(M,x4)) with T(M,x4) Ft ] andt: B, if x4 does not occur in
t, then

T(M,xa) Ft=cp

for some b € Mp.

Proof: =~ We prove this by induction on terms ¢t € Term®(X(M,x4)) with T(M,x4) F
t | and x4 not occurring in t. If ¢ = ¢, for some B € Ygor and b € Mp, then
T(M,x4) F t | and the result clearly holds. Since t # x4, this completes the base
case.

For the induction step, suppose that t = f(t1,...,t,) for some function symbol
f:By x...x B, - Bof ¥ and terms t; € Term®(3X(M,x4))p, for all 1 < i < n,
and suppose that T(M,x4) = f(t1,...,t,) | and that x4 does not occur in ¢. By the
rules of partial Horn logic, it follows for each 1 < ¢ < n that T(M,x4) F ¢; | and that
x4 does not occur in t;. So by the induction hypothesis, for each 1 < i < n there
is some b; € Mp, such that T(M,x4) b t; = ¢p,. Since T(M,xa) & f(t1,...,tn) }, it
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follows by the rules of partial Horn logic that T(M,x4) = f (¢py, ..., ¢,) . Then by
the theorem on constants (Remark 1.3.17), it follows that T (M) proves the sequent

TH f(epys. .. 0,) 4

with y : A a variable. Since M4 # (), it follows by an argument used before (cf. e.g.
the proof of Lemma 2.2.9) that T(M) also proves the sequent T = f (cp,,...,¢,) -
Since M = T(M), we obtain M E f(chy,---,0p,) L, which entails that (by,...,b,) €
dom (f™). Suppose that f(bs,...,b,) = b€ Mp. Then T(M) F f(cb,,...,c,) =
b, and hence T(M, x4) proves this sequent as well. In conclusion, we obtain

T(M,xa) Ft= f(t1,.. . t0) = f(Coys--vyC,) = Cp

for some b € Mp, as desired. |

Lemma (2.2.55). Let M € PTmod and let A € Yson have the property that T(M) ¥¥1¥2
Y1 = Yo for distinct variables y1,ys : A. Then for every a € My,

T(M,xa) ¥ x4 = c,.

Proof: Let M and A satisfy the hypotheses, and let a € M 4. Suppose towards a
contradiction that T(M,x4) F x4 = ¢,. Then, letting y;, y2 : A be distinct variables of
sort A, we have by the theorem on constants (Remark 1.3.17) that T(M) F¥* y; = ¢,
and T(M) F¥2 yo = ¢,, from which we obtain T(M) F¥*¥2 y; = y,, contrary to hy-
pothesis. |

Lemma (2.2.56). Let M € PTmod, let ([sc])c € Gr(M), and let A € Ygon have the
property that Ma # O and T(M) ¥¥¥%2 y, = yy for distinct variables yy,ys : A. If
t € Term®(X(M,xa))a and T(M,xa) F sa =t, then x4 occurs in t.

Proof: Assume the hypotheses, and let t € Term®(3X(M,x4))a with T(M,x4) F
sa =t. If x4 did not occur in ¢, then by Lemma 2.2.54 (and the fact that T(M,x4)
t |, since T(M,x4) F sa = t) it would follow that there is some a € My such
that T(M,x4) F t = ¢,, and hence T(M,x4) F s4 = ¢,. Since ([s¢])c € Gr(M),
we know that ([sc])c is invertible, and so there is some [s;'] € M(xa)4 such that
T(M,x4) & sal[sy'/xa] = xa. Since T(M,x4) - 54 = ¢, and ¢,[s" /xa] = ca, We then
obtain T(M,x4) F ¢, = x4. But this contradicts Lemma 2.2.55, given the assumption
on A. So x4 must occur in ¢, as desired. |
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Proposition (2.4.2). If M € PTmod, then M is finitely presented iff there is a Horn
formula o(x1,...,x,) over X with x; : A; for each 1 <1 <mn, and an n-tuple

(a1,...,ap) ego(q:l,...,xn)MgMAl X ... X My,
such that if N € PTmod and
(bl,...,bn) Ego(xl,...,xn)N QNAI X ... XNAn,

then there is a unique X-morphism h : M — N with ha,(a;) = b; for all 1 <i <n.

Proof: If M is finitely presented, then there are some n > 0, some pairwise
distinct constant symbols ¢y, . .., ¢, ¢ 3 of respective sorts Ay, ..., A, € ¥, and some
Horn sentence 1) over X(cy, ..., ¢,) such that

M = Free(T(cy, ..., cn, )]s
Then we take p(z1,...,x,) == V[x1/c1,. .., T,/cp], and we take
(a1,...,an) = ([c1], .-+, [en))

€ Free(T(cy,...,¢n,1))a, X ... X Free(T(cy,...,cn0))a,

(recall that T(cq,...,c,,0) F ¢ | for each 1 < i < mn).

Now let N € PTmod with (by,...,b,) € ¢(z1,...,2,)N. Then (N,by,...,b,) isa
Y(eqy ...y ep)-structure with (N, by, ..., b,) = T(e, ..., cn, 1), Since Free(T(cyq, ..., ¢y, ¥))
is the initial model of T(cq, ..., ¢,, 1), there is a unique X(e¢q, . . ., ¢, )-morphism

h : Free(T(c1,...,cn,00)) = (N, by, ..., by),
which will clearly be a >-morphism
h: Free(T(c1,...,cn, )|l = N

with the property that ha,([¢;]) = b; for each 1 < i < n. If we precompose h with

the isomorphism M = Free(T(cy, ..., cn,%))|s, then we obtain our desired (unique)
Y-morphism M — N.

Conversely, suppose that there is a Horn formula ¢(z1, . .., z,) over ¥ with x; : A;
for each 1 <4 < n, and an n-tuple (ai,...,a,) € p(x1,...,2,)" with the stated uni-
versal property, and set ¢ := @[c;/x1,. .., c,/x,], a Horn sentence over X(cy, ..., ¢,).
Then (M, aq,...,a,) is a X(cy,. .., ¢,)-structure with the same universal property

as Free(T(cy,...,cn, 1)), which implies that (M, aq,...,a,) = Free(T(cy,...,cn,¥)),
and hence M = Free(T(cy, ..., ¢n,¥))|s, so that M is indeed finitely presented. i
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Lemma (2.4.11). Let ¢y : Aq,... ¢, Ay & 3 be pairwise distinct constants.
1. If M € PTmod and t € Term“(X(cy, ..., ¢,))p with
(M,ay,...,a,) Et]
for some (aq,...,a,) € Ma, X ... X My, , then
ThEtca/c1y -y Ca,/Cn] = Cirrar..an)
is provable in T(M).
2. If M € PTmod and v is a Horn sentence over ¥(cq, ..., ¢,) with
(M,ay,...,a,) 1
for some (ay,...,a,) € Ma, X ... X My, , then
TEYle/c1y. -, Ca,/Cn)
is provable in T(M).
Proof: = We prove (1) by induction on ¢t € Term®(X(cy, ..., ¢,)).
o If t = ¢; for some 1 < i < n, then for (aj,...,a,) € Ma, X ... X Ma, we have
tMa1an) — g, and the desired result easily follows, since T(M) b X, |.

e Suppose t = f(ty,...,ty,) for some function symbol f : By X ... x B,, — B
of ¥ and t; € Term“(X(cy,...,¢,))p, for each 1 < i < m. Let (a1,...,a,) €
MAl X ... X MAn with

(M,al,...,an) ):f(tl,,tm)i

Then
(Mvala"'7an> Iztll/

for each 1 <7 <m and

m

(th,al ..... an)’ o 7t(M,al ..... an)> € dom (fM) .

The induction hypothesis and the definition of T(M) then easily yield the de-
sired result.

We prove (2) by induction on the structure of the Horn sentence .
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e Suppose 1 has the form s = ¢ for some closed s,t € Term“(3(cy,...,c,)) of the
same sort B, and let (ay,...,a,) € My, X ... X Ma, with

(M,ay,...,a,) Fs=t.

Then
(M,ay,...,a,) FEsd At

and
S(M,al ..... an) _ t(M,al ..... an) c MB~

By part (1), the following equations are then provable in T(M), as desired:
S [Cay/Cly- vy Cay [Cn] = Cyirar,.an) = Cytay.an) = t[Cay/C1y -, Cay/Cnl -

e [f ¢y = T, then we trivially obtain the result.

e If ¢y = 1y A 1hy for Horn sentences 11,19 over X(cy,...,¢,), then the result
follows easily from the induction hypothesis.

Lemma (2.4.12). Let c¢; : Ay, ... ¢, 0 Ay & 3 be pairwise distinct constants and let
@ be a Horn sentence over 3(cy, ..., ¢p).

1. For any sort C' € X, the signature morphism pg s a theory morphism
pg : T, x¢) = T(M?,xc).

2. For any sort C € X, any terms u,v € Term“(M¥,x¢)) of the same sort and
terms s,t € Term®(M%,xc)) of the same sort, if

u=wvks=tis provable in T(M?,xc),

then
0§ (u) = oS (v) oS (s) = a§(t) is provable in T(¢,xc).
Proof: To prove (1), we must show that the pg—translation of any axiom of

T(¢,%¢) is a theorem of T(M?,xc). By definition of pG, the p¢-translation of any
axiom of T is itself, and hence is an axiom of T(M¥,x¢). Similarly, the pg—translation
of the axiom T F x¢ | is just itself, which is also an axiom of T(M¥,xs). For any
1 < i < n, the pS-translation of the axiom T t ¢; | of T(p,x¢) is T F cf‘c/[f 1, which is
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an axiom of T(M%, x¢). Finally, we must show that the pg—translation of the axiom
T F ¢ of T(p) is a theorem of T(M?,xc). The pg—translation of this axiom is

Tkhe [C%T/Cl,...,c%ﬁ/cn} .

So the result follows from Lemma 2.4.11 because

(Mg: [01]7 T [Cn]) }: s

i.e. because
Free(T(¢)) = ¢.

This proves that pg is a theory morphism, which proves (1).

To prove (2), we show that the o§-translation of any axiom of T(M?,x¢) is
provable in T(p,xc). It is clear that the ag—translation of any axiom of T is just
itself, and similarly for the axiom T F x¢ [, and these are axioms of T(¢,xc). Now
let B € Yoo and [t] € MJ; we must show that the ag—translation of the axiom
TF cﬁ | is provable in T(p, x¢), i.e. we must show that the sequent

~

THEI

is provable in T(p,xc). But if [t] € M}, then this means that T(y¢) F ¢ |, and since
T(p) F t = [t], this yields the desired result.
Lastly, let f : By x ... x By, — B be a function symbol of X, let [t;] € Mp for

each 1 <4 < m, and suppose that ([t1],..., [tm]) € dom (f*7). We must show that
T(g, %) proves the o-translation of the axiom

TFf(C[]gT,,Cfgj]) :Cf‘]{(il 77777 tm)}’
which is e - .
TE (1] Tol) = ()]

But this follows because T(p) F f(t1,...,tn) 4 (since ([t1], ..., [tn]) € dom (7))
and T(p) b t; = [t;] for each 1 <7 <m and

—_—

T(0) F f(trs. . tn) = [F(tr o tm)]-

This completes the proof of (2). i

Lemma (2.4.13). Let ¢1 : Ay,...,cn 0 Ay & X be pairwise distinct constants and let
¢ be a Horn sentence over 3(cy,...,cCp).
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1. Ift € Term®(X(cq, ..., cn)) is of some sort B € ¥ and T(¢) Ft | and C € Yson,
then
T(M?) b pS(t) = clf "
2. Ift € Term“(X(M¥,xc)) and T(M¥,xc) =t |, then

T(M?,xc) b pS (ol () =t.
3. Ift € Term“(X(cyy ..., cnyxe)) and T(p,xc) Ft ], then
T(p,xc) F g (5 (1) = t.

Proof: ~ We prove (1) by induction on terms ¢t € Term(X(cq, ..., ¢,)) with T(¢) F
t i, Let C E ZSort-

e Suppose t = ¢; for some 1 < i < n. Then T(p) F ¢; | and
pg(ci) = cf‘fir,
which yields the result.

e Suppose t = f(ty,...,t,) for some function symbol f: By x ... x B,, — B of
Y and t; € Term®(X(cy,...,¢,))p, foreach 1 <i <m. U T(p) - f(t1,...,tm) {,
then T(p) = t; | for each 1 <7 < m, so by the induction hypothesis we have

T(M¥) F pg (t:) = c[ﬂt{f

for each 1 < i < m. Then T(M¥) proves the following sequence of equations,

as desired:
P (f(tsotm)) = [ (PG (1), 0 () = f (T Clio) = et
The last equality holds because ([t1], ..., [tx]) € dom (f7) and fM7([t:],.. ., [tm]) =

[F(t1, ... tm)], since T(¢) F F(tr,. .. tm) L.

The proof of (2) is by induction on terms ¢ € Term“(X(M%,x¢)) with T(M¢, x¢) F ¢ .
The only ‘non-trivial’ case is when ¢t = cﬂff for some B € Yso and [s] € MJ. Then

Since T(¢) F s = [s], we obtain

(M, x0) F o€ ([s]) = E(5)
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by Lemma 2.4.12. Since [s] € M}, implies s € Term“(3(cy,...,¢,))p and T(p) F s |,
we then obtain
T(M?,xc) F pg(s) = cf‘ff
by (1), as desired.
The proof of (3) is also by induction on terms t € Term®(X(cy, ..., ¢y, X)) with
T(p,xc) F t ], the only ‘non-trivial’ case being t = ¢; for some 1 < ¢ < n, in which
case

JS (pg(c,-)) = ag (Cf\c{ip) = [Z;],

and we have

as desired. |



Appendix B

Chapter 3 Proofs

Lemma (3.1.2). Let T be an arbitrary quasi-equational theory over a relation-free
signature ..

o Let M € PTmod, let A € Yson, and let s,t € Term®(X(M,x4))p for some
B € Ysor with T(M,x4) F s At . Then

T(M,xq)Fs=t
iff
Pn(s)' = pp(t)" : Na— Np
for every X-morphism A : M — N in PTmod.
o If M € PTmod and A € s, and yy, s : A are distinct variables, then
T(M) K% 1 =y
iff
there are a T-model N, a YX-morphism h : M — N, and distinct elements
ai 7é as € Ny.

Proof:  Assume the hypotheses of the first claim. First, we note by Lemma 2.2.19
and Definition 2.2.11 that if T(M,xa) F s, At and h: M — N is a ¥-morphism
in PTmod, then p7'(s)*, pi(t)* : Nao — Np are indeed well-defined total functions.

Now, if T(M,x4) F s = t, then for any Y-morphism A : M — N in PTmod
we obtain T(N,x4) F pii(s) = pi(t) by Lemma 2.2.19, so that pii(s)* = pi(t)* by
Lemma 2.2.13.

Conversely, suppose that T(M,x4) ¥ s = t, which means that [s] # [t] € M (xa) 5.
Consider the canonical ¥-morphism 7 : M — M (x4). By Lemma 2.2.31, we then

have
Py (s)*([xa]) = [slxa/xal] = [s] # [t] = [tlxa/xa]] = p; (£)*([xa)),

249
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so that p(s)* # po(t)* : M(xa)a = M(xa)p, as desired.

To prove the second claim, suppose first that T(M) ¥¥*¥2 y; = yo. Then by the
completeness of partial Horn logic, it follows that there is a model N of T(M) with
N Evv2 4y = o, which means that there must be distinct elements a; # ay € Na.
By Lemma 2.2.4, there is also a ¥-morphism h : M — N|yx, and N|yx is a model of T.
Conversely, if T(M) F¥1¥2 y; = ys, then by soundness of partial Horn logic it follows
that every model N of T(M) satisfies y; = y. Now if h : M — N is any morphism
in PTmod, then by Lemma 2.2.4 there is a X(M)-structure N with N*|y, = N and
N = T(M). So we have N" %142 y = yo, which implies that a; = ay for all
ay,a; € Nt = Ny, as desired. |

Lemma (3.1.3). Let X be any relation-free signature, let T be an empty theory over
¥, and let M € PTmod. For any C € Yso and t € Term“(X(M,x¢))c,

T(M,XC) Ft=xc = t=x¢.

Proof:  If T(M,xc) ¥ t |, then we trivially obtain the result, because T(M,x¢) F
t = x¢ implies T(M,xc) b t | by the rules of partial Horn logic. So it remains to
prove the result for terms ¢ € Term®(X(M, x¢))e with T(M,xc) ¢ .

We will prove the contrapositive. So let t € Term®(X(M,x¢))c with T(M,x¢) F
t | and t # x¢, and we will show that T(M,xc) ¥ t = x¢. By Lemma 3.1.2 (since
T(M,xc) Ft ] Axe 1), it will suffice to construct a T-model N and a ¥-morphism
h: M — N with a € N and

P () (a) # py, (xc)*(a) = x¢(a) = a € Ne.
Since t Z x¢, there are two possible cases:

e Suppose t = ¢, for some s € Mo. We define a partial X-structure N as follows.
Let ag,bp ¢ Uges; Mp. Then for every B € Msor, we set

NB = MB U {ao,bo},

and for every function symbol f: B; X ... x B, — B of ¥, we set dom (fN) =
]VB1 X ... XNBn and

fN | dom (fM) = fM
and
fN(bl,...,bn) = b(_) & NB

for any (by,...,b,) € Np, X ...x Np,_\ dom (fM). It is clear that NV is a model
of T, and that if hg : Mp — Np is the inclusion map for each B € Ysq, then
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h := (hg : Mg — Npg)pes, is a L-morphism M — N. With ay € N¢, we then

have

P8 () (00) = (new)” (a0) = (enei) ™™ = hols) = 5 # ap,

since s € Mg but ag ¢ Mc.

e Suppose t = f(tq,...,t,) for some function symbol f : C; x ... x C,, — C of

Y and t; € Term“(X(M, x¢))¢, for each 1 <4 < n, and consider the T-model N
and X-morphism h : M — N from the previous case. With ay € N¢, we have

P (f(tr, ) (a0) = Y (7 (1) (@), ., pf; (ta) " (a0)) # ao,
since Im (fN) Q MC U {bo}, but Qo ¢ MC U {b()}

Lemma (3.6.1). Let M € PTgmod, and let x ¢ Ygij(M) be a constant of the unique
sort of ¥gjj. Then for any t € Term®(Xg;(M,x)), either there is some m € M such
that [t] = [cm] € M(x), or there is some n € Z such that [t] = [f™(x)] € M(x).

Proof: =~ We prove this by induction on ¢t € Term®(Xg;;(M,x)).

If t = x, then we have [t] = [x] = [f°(x)].
If t = ¢, for some m € M, then we clearly have [t] = [¢;,).

Suppose t = f(s) for some s € Term(Eg;;(M, x)). By the induction hypothesis,
either there is some m € M such that [s] = [c,,], or there is some n € Z such
that [s] = [f™(x)]. In the first case, we have

[t] = [f ()] = [f (em)] = [cpaa(m)]
with fM(m) € M, as desired. In the other case, we have
[t] =11 ()] = [F(f" ()] = [/ (x)]
(regardless of whether n > 0 or n < 0).

If t = f~!(s) for some s € Term’(Xg;;(M,x)), then the reasoning is similar to
that in the previous case.
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Lemma (3.6.2). If M € PTg;mod and x ¢ Xg;(M) is a constant symbol and for
n,m € Z we have [f"(x)] = [f™(x)] € M(x), then n =m.

Proof: We will prove the contrapositive. So let n,m € Z with n # m. We
must show that [f"(x)] # [f™(x)] € M(x), i.e. we must show that Tg;(M,x) ¥
f(x) = f™(x). By Lemma 3.1.2, it clearly suffices to construct N € PTg;mod with
a Ygj-morphism h : M — N and some a € N with (f)" (a) # (fV)" (a). Assume
without loss of generality that M NZ = @, and set N := M UZ, with f¥ | M .= fM
and (f)N | M = (fHM and fN¥(n) :==n+1 and (f~)¥(n) := n — 1 for each
n € Z. Then clearly N is a model of Tgj; and the inclusion map gives a Xgj-morphism
M — N. Then 0 € N and we clearly have (V)" (0) =n #m = (V)" (0), as de-
sired. i

Lemma (3.6.3). If M € PTg;mod and y1,y2 are distinct variables of the unique sort
of Xgij, then T(M) F¥v2 y = y,.

Proof: By Lemma 3.1.2, it is equivalent to show that there is a Tgj-model N with
at least two elements and a Xgjj-morphism h : M — N. If M already has at least
two elements, then we take N := M and h := idy;. Otherwise, M has at most one
element. If we take a # b ¢ M and define N := {a,b} with f¥ = (f~1)¥ the iden-
tity function, then NV is a model of Tgj; and there is clearly a ¥gjj-morphism M — N. |

Lemma (3.8.1). Let C be any small category.

1. For any b € Cp, we have Tcat(C,x0) ¥ xo = cop. For any f € Cas, we have
TCat(CaXA) ¥ XA — CAJ.

2. For any b € Cop, we have Tca(C,xa) ¥ dom(xa) = cop and Tcar(C,xa) ¥
COd(XA) =COpb-

3. Tear(Cyx4) ¥ dom(x4) = cod(x4).

Proof: For the first claim in (1), let b € Co be arbitrary. We must show
Tcat(C,x0) ¥ xo = ¢. By Lemma 3.1.2, it suffices to show that there is a small
category D, a functor F' : C — D, and an object d € Dy with F(b) # d. Let C* be
the disjoint union of C with the terminal category on the object *. Let F': C — C*
be the inclusion functor. Then we have * € C* with F'(b) = b # *, as desired.

The proof of the second claim in (1) is similar, except that instead of the dis-
joint union of C with the terminal category, we use the disjoint union of C with the
category that has just two distinct objects and one arrow between them. This latter
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construction can also be used to prove claims (2) and (3). i

Lemma (3.8.2). IfC is any small category andt € Term®(Xcat(C, x0)) with Teat(C,x0) F
tl, then:

o Ift: O, then either [t] = [xo] € C{xo)o or [t] = [cos] € Clxo)o for some
be Co.

o Ift: A, then either [t] = [id(xo)] € C(xo)a or [t] = [cas] € C{xp)a for some
feCyu.

Proof:  We prove the claims by induction on ¢ € Term®(Xc.:(C, xo)) with T, (C, x0)
£

o lft=x0:0o0rt=coy: O for some b € Cp (in which cases Tcat(C,x0) F 1)),
then the desired result obviously holds. Similarly if ¢ = c4 ¢ : A for some
feCyu.

e Suppose t = dom(t’) : O for some ¥’ € Term®(Xca(C,x0))a with T(C,xp) F
dom(t') | (which implies T(C, xo) F ¢’ | by partial Horn logic). By the induction
hypothesis, we have [t'] = [id(xp)] or [t'] = [ca,s] for some f:a — b e C. In the
first case, we obtain [t] = [dom(t')] = [dom(id(x0))] = [xo], as desired. In the
second case, we obtain [t] = [dom(t')] = [dom (ca )] = [co.a], as desired. The
reasoning for cod is similar.

e Suppose t =id(t') : A for some t' € Term®(Xcat(C, x0))o with T(C,xp) Fid(t') 4
(so that T(C,xp) - t' |). By the induction hypothesis, we have [t'] = [xo] or
[t'] = [cop) for some b € Cp. In the first case, we have [t] = [id(t')] = [id(x0)],

and in the second case we have [t] = [id(¥')] = [id (cos)] = [CA,idC(b)] , as desired.

e Suppose t =t oty 1 A for some t1,ts € Term®(Xcat(C,x0))a with T(C,xp) F
t1 oty | (so that T(C,xp) F t; | for ¢ = 1,2). For i = 1,2, we have by the

induction hypothesis that [t;] = [id(xo)] or [t;] = [cay] for some f; € Ca.
If [t1] = [ta] = [id(x0)], then we have [t] = [t; o t3] = [id(xp) o id(xp)] =
id(x0)], as desired. Conversely, if we have [t1] = [ca,f] and [t2] = [ca,p,], then

dom®(f2) = cod®(f1) (since Tcat(C,xo) I t1 0ty |), and we have [t] = [t; o to] =
[cap 0can] = [CA,fzonJ, as desired.

To conclude, we show that it is not possible that [¢1] = [id(xo)]| and [t2] = [ca, ],
and conversely. By assumption, we have Tc.(C,x0) F ¢ o t5 |, which implies
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that Tcat(C, xo) F dom(t;) = cod(tz), i.e. [dom(t;)] = [cod(t2)] holds in C{xp)o.
So if we had [t1] = [id(xp)] and [t2] = [ca,p,], then in C(xp)o we would have

o] = [dom(id(x0))] = [dom(t1)] = [cod(2)] = [cod (c1.1)] = [cocoat(s]

which contradicts (1) of Lemma 3.8.1. Similarly, we cannot have [ts] = [id(x0)]
and [tl] = [CA,f1]~

Lemma (3.8.3). IfC is any small category andt € Term®(Xcat(C,x4)) with Tcar(C,x4) F
tl, then:

o [ft: O, then [t] = [dom(x4)] or [t] = [cod(x4)] or [t] = [cos] for some b € Co.

o Ift: A, then [t] = [xa] or[t] = [id(dom(x4))] or [t] = [id(cod(x4))] or [t] = [ca]
for some f € Cyu.

Proof: =~ We prove this by induction on terms ¢ € Term®(Xcat(C, x4)) with Teae(C, x4) F
£

o Ift=cop:0forsomebec Coport=cyy: Aforsome f € Cy, then the desired
result clearly holds. Similarly if ¢ = x4 : A.

e Suppose that t = dom(t') : O for some t’ € Term®(Xcat(C, x4))a with Tt (Cyx4) F
dom(t’) | (so that Tca(C,x4) F ¢’ |). By the induction hypothesis, we then
have one of the following cases:

— If [t'] = [xa], then we have [t] = [dom(t")] = [dom(x4)], as desired.

— If [t'] = [id(dom(x4))], then we have [t] = [dom(t')] = [dom(id(dom(x4)))] =
[dom(x4)], as desired.

— If [¢'] = [id(cod(x4))], then we have [t] = [dom(t')] = [dom(id(cod(x4)))] =
[cod(x4)], as desired.

— If [t'] = [cay] for some f : a — b € C, then we have [t] = [dom(t')] =
[dom (ca )] = [co.al, as desired.

The reasoning for ¢ = cod(#’) is analogous.

e Suppose that ¢t = id(t') : A for some t' € Term®(Xcat(C,x4))o with Teat(C,x4) F
id(t') 4 (so that Tca(C,x4) F ¢’ {). By the induction hypothesis, we then have
one of the following cases:
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— If [t'] = [dom(x4)], then we have [t] = [id(t')] = [id(dom(x4))], as desired.
— If [t'] = [cod(x4)], then we have [t] = [id(¢')] = [id(cod(x4))], as desired.
— If [t'] = [cop) for some b € Cp, then we have [t] = [id(t')] = [id (cop)] =

[CA,idC(b)]7 as desired.

e Suppose that t = tjoty : Afor some tq,ty € Term®(Xcat(C,x4)) 4 with Teae(Cyxa) F
t1 0ty | (so that Tca(Coxa) F ¢; | for i = 1,2). Then Teae(C,x4) F dom(ty) =
cod(tz), so [dom(t1)] = [cod(ta)] € C(xa)o. By the induction hypothesis, we
then have one of the following cases:

— Suppose [ts] = [xa], so that [cod(t2)] = [cod(x4)]. Since [dom(t;)] =
[cod(t2)], it follows by Lemma 3.8.1 and the induction hypothesis for ¢,
that we must have [t;] = [id(cod(x4))]. Then we have

[t] = [tl Otz] = [Id(COd(XA)) OXA] = [XAL
as desired.

— Suppose [ty] = [id(dom(x4))], so that [cod(ty)] = [cod(id(dom(x4)))] =
[dom(x4)]. Since [dom(t;)] = [cod(t2)], it follows by Lemma 3.8.1 and
the induction hypothesis for ¢; that we must have [t;] = [xa] or [t;] =
[id(dom(x4))]. In the first case we obtain [t] = [t;0ts] = [x40id(dom(x4))] =
[xa], and in the second case we obtain [t] = [t; o t3] = [id(dom(x,)) o
id(dom(x4))] = [id(dom(x4))], as desired.

— Suppose [to] = [id(cod(x4))], so that [cod(ts)] = [cod(id(cod(x4)))] =
[cod(x4)]. As in the first case, we must then have [t;] = [id(cod(x4))]

as well, so that
[t] = [t1 o ta] = [id(cod(x4)) o id(cod(x4))] = [id(cod(x4))],
as desired.
— Suppose [ts] = [ca,p,] for some fo € C4. Then [cod(t2)] = [cod (caz,)] =
[CO’Codc(b)]. Since [dom(t1)] = [cod(t2)], it follows by Lemma 3.8.1 and the

induction hypothesis for ¢; that we must have [t1] = [ca ]| for some f; €
CA. Since Tcat((c, XA) F tl Otg \l,, it follows that Tcat((c, XA) H CA,f, ©CA R \L,
and hence (by the theorem on constants) that Tc,(C) F cap, 0cayp |-
Since C = Tcat(C), it then follows (by soundness of partial Horn logic)
that C = ca, ©cay 4, which implies that fy o fi is defined in C. So
then Tcat(C) - cap, 0 capy = Cpyoryy, from which we infer that

[t] = [tiota] = [cap, © ca) = [Cppocs] s

as desired.
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Lemma (3.8.8). Let C be a small category with terminal object 1.

1. For any b € Co, we have T1e(C,x0) ¥ xo0 = cop. For any f € Cy, we have
Trer(C,xa) ¥ x4 = cayy.

2. For any b € Co, we have Tter(C,xa) ¥ dom(xa) = cop and Tre(C,x4) ¥
cod(x4) = cop-

3. We have Trer(C,x4) ¥ dom(x4) = cod(x4).

Proof: Fix b € Cp and f € C4. We prove (1) and (2) for b and (1) for f all
at once. By Lemma 3.1.2, it suffices to find a small category D with terminal object
1% a functor F : C — D with F(1%) = 1P, an object d € Do with F(b) # d, an
arrow g € Dy with F(f) # ¢, and an arrow h : d; — dy € D4 with F(b) # d; and
F(b) # ds.

Suppose first that C has another object ¥ besides b. Then C also has at least
two distinct arrows, namely id®(b) # id®(¥). So we set D := C and F :=id¢ : C — C,
we set d := b, we set g to be an arrow in C distinct from f, and we set h := id(c(b’).
Also, since C has a terminal object and at least two distinct objects, it follows that C
must contain distinct objects by, b, and an arrow f : by — by. Then by Lemma 3.1.2,
we obtain (3).

Now suppose that C has only one object. Since C has a terminal object, it fol-
lows that C is the terminal category. By embedding C into the category with just
two distinct objects and one arrow between them, it then easily follows by Lemma
3.1.2 that (1), (2), and (3) hold for C. i

Lemma (3.9.15). If C € StrMonCat and w € Wo U Wy, then
(wexp>exp = WP,

Proof: We show the claim for w € Wy. First, we claim that if v € Wy, is reduced,
then (v)" = v. But we clearly have v® —F v, so we obtain (v°) <>* v. Then by
Corollary 3.9.6 we obtain (v¢)" = v" = v (by Lemma 3.9.7, since v is reduced).

Now if w € Wy is arbitrary, we have

(wexp)exp = (((wr)e)r)e = (wr)e = wexp’

since w” is reduced (by Lemma 3.9.7). i
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Lemma (3.9.26). Let C € StrMonCat and u,v € W§ with v®°¢ = u%™. Then
Tsu (C, x0, X0, Xa,X4) Fuov |

and
Tsu (C, x0, X0, Xa,X4) Fuov=wuo v.

Proof: First let u,v € S§ with v*°¢ = 4™, Then by Lemma 3.9.17, we have

Tsi(C, %0, X5, x4,X4) F cod(v) = v°°¢ = ™ = dom(u),

so that
Tsu(C,x0, X0, Xa,X4) Fuov | .

By checking the four base cases in Definition 3.9.24, it is also easy to see that
Tsur (C, %0, X0, Xa,X4) Fuov=wuo v.

Now suppose that u,v € W§ with v°d = 4™, Then as in Definition 3.9.24, we
infer that u = U1 ®4... Rau, and v = V1 ®4... R4 v, for some n > 1 and u;, v; € Sy
with ved = uf°m for all 1 <7 <n. By Lemma 3.9.17, we again obtain

i =

cod = udom

Tsw(C,x0,Xp, Xa,X4) F cod(v) = v = dom(u),

so that
Tsu(C, %0, X0, Xa,X4) Fuov | .

By the first part of the proof, we also know that
Ts(C, x0, X0s Xa5X4) F i 0 vi |

and
! ! !
TStr(Cvx()vXOaXA?XA) Fu; ov; = u,; o vy

for all 1 < i < n. So then Ts(C,x0,Xp,Xa,%)) proves the following sequence of
equalities, as desired:

U0V = (U Qa4 ... R4 U) 0 (V] R4 ... R40Uy,)
=(up0ov1) @4 ...R4 (U 0 vy)
= (u1 0" v1) ®a ... R4 (u, " v,)
=: (U] ®A ... R4 U,) 0 (V] R4 ...R4V,)

!/
=UuUo .
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Lemma (3.9.27). Let C € StrMonCat.

1.

10.
11.
12.

15.

1.

15.

For any w € Wy, we have ((w")®™)" = (w®™)" and ((w")®d)" = (w?)".
For any w € WA; we have (wexp>cod = (wcod)exp and (wexp)dom = (wdom>exp’
For any w € Wo U Wy, we have (wP)" = w" and (w")®P = wP.

For any u,v € W5 with u®®™ = v we have (((u o v)")P™)" = (v°™)" and
(((u of U)r)cod)r = (ucod>r'

cod — ,,dom

For any u,v € W7 with v°¢ = um,

uwo v —ku o Ve
For any u,v € W} with u®™ = v°°, we have (u o' v)¥P = u® o’ v°,
For any u,v € W} with u®™ = v*°?, we have

(uexp O/ ,Uexp)exp — uexp o/ Uexp — (U O, U)exp.

For any s, t,u € W with s%°™ = t<¢ and t%°™ = y©4 we have s o' (t o' u) =
(so't)o'u

For any w € Wo, we have (wd>d°m =w= ( id)cod’

For any w € WO; we have (wr)id = (wid)r and (wexp)id = (wid)exp_

For any w € Wy, we have w o' (w?*°™)9 = w and (w®?) o’ w = w.

For any C € {O, A} and any u,v € We, we have

(ur ®C ,Ur)r = (U ®C’ U)T = (uexp ®C ,Uexp)r‘

For any S1, So,t1, 1y € WA with sd°m = s§°d and t‘f°m = t§°d, we have (10" $3) @4

(t10"t2) = (51 ®aty) o (52 ®a 752)-
For any w € Wy, we have (w ®o co ec)r =w = (CO . Qo w)r, and for any
w € Wy, we have (w ®A CAjd(eC ) =w" = (CA,d(ec Ra w) )

For any C € {O,A}, any s € S¢, and any w € We, we have (s @c w)" =
(s ®cw")" and (w Q¢ s)" = (W ®c s)".
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16. For any s, sa,t1,ty € W4 with s9°™ = 524 and t9°™ = t5°¢, we have

(51 @4 t1)P 0 (52 @4 12)%P = ((51 ®at1) 0 (52 R4 t2))P.

Proof:

e For (1), we only prove the claim for dom. So we must prove for any w € Wy
that ((w")%™)" = (w™m)". By Corollary 3.9.6, it is equivalent to show that

(,wr)dom <_>: wdom )

But we have w —} w", and hence w®™ —* (w")%™ by Lemma 3.9.18, as desired.

e For (2), we only prove the claim for dom. So we must show for any w € Wy
that (w®P)dom = (yw9om)>P e that

((wr)e)dom = ((wdom)r)e‘
By part (1), it suffices to show
((wr)e)dom = (((wr)dom)r)e.
And to show this, it suffices to show for any reduced v € W) that
(Ue)dom = (Udom)exp7
since w" is reduced. So let v € W} be reduced, and let us show
(,Ue)dom = (,Udom)exp = ((Udom)r)e‘

So we must show that the normal form of (v9°™)" with respect to —. is (v¢)dm.
Since v —* v°, it then follows by Lemma 3.9.19 that v™ —* (v€)%™. Since
(vdem)” —* p9m by Lemma 3.9.14 (because v9°™ is semi-reduced if v is reduced),
we finally obtain (v9°™)" —* (v¢)9™ which yields the result.

e

e To prove (3), we first note that the second claim is trivial: we have
(wr)exp = ((wr)r)e = (wr)e = wexp’
since w” is reduced and hence (w")" = w” by Lemma 3.9.7.

For the first claim in (3), let w € Wp; we show that (w®®)" = w" (the proof
for w € Wy is analogous). So we must show ((w")¢)" = w". To show this, it
suffices to show that if v € Wy is reduced, then (v¢)" = v. Because then for
arbitrary w € Wy we would obtain the desired claim, since w" is reduced. But
we proved this during the proof of Lemma 3.9.15.
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e Claim (4) follows from Lemma 3.9.25 and (1).
e To prove (5), we must show for any u,v € W§ with v®°¢ = 4™ that
wo v —ku o Ve

First, we show that the right-hand composition is well-defined, i.e. we show
that (u€)m = (v¢)°d. We have

(u®)%m = ((u")®)dom (by Lemma 3.9.14)
= (uexp)dom
= (um)=® (by part (2))
= (pd)eP (by assumption)
= (vP) (by part (2))
= ((,Ur)e>c0d
= (v®)<d (by Lemma 3.9.14),

as required. It is now intuitively clear that the desired result holds, since u€ o’ v°
can be obtained from u o' v by inserting occurrences of ¢4 ;g(cc).-

dom — ,,cod

e To prove (6), we first note that if u,v € W have the property that u®™ = v°°,
then u® o’ v¢ is actually defined, as shown in the proof of (5). Now, we must
show for all u,v € W7 with u®™ = v that

exp — e ./ e

(uo' v) u® o' v°,

ie.

((u o' v)")® = u o v°.
So we want to show that the normal form of (u o’ v)" with respect to — is
u® o’ vé. Since u, v are reduced, it easily follows that u o’ v is semi-reduced. So
by Lemma 3.9.14 we obtain (u o' v)" —* u o’ v. We also have u o’ v —7 u® o’ v°
by part (5). So we finally have (u o’ v)" —¥ u® o’ v°, which yields the result.

e To prove (7), let u,v € W with u®™ = v°°9. First, we note that u®Po'v®® € W,
is defined, because (u®P)%°m = (vP)°d by the assumption and part (2). Now,
we must show

(uexp o ,Uexp)exp = &P o VP = (U o v)exp.
Since u, v are reduced, it follows by Lemma 3.9.7 that v" = u and v" = v. So
then we have u®? = (u")¢ = u° and similarly v = v°. So the right-hand = is
just part (6). For the left-hand =, we have

(uexp o Uexp)exp = (ue o Ue)exp
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= ((uo'v)"®)=® (by part (6))
= (u o v)*® (by Lemma 3.9.15)
= u®P o' &P (by the right-hand =),

as desired.

e The proof of (8) is almost trivial. The proof of (9) is by an easy induction on
l(w).

e For (10), we first prove that if w € Wy, then (w") = (w')". So we want to
prove that the normal form of w® with respect to —, is (w"). It suffices by
Corollary 3.9.6 to prove that w'® —* (w"). But we have w —* w" and hence
w —7* (w")'4 by Lemma 3.9.23, as desired.

Now we show for any w € Wy that (w®P)d = (w'4)®®, ie. that ((w")®)d =
((w'¥)")e. By what we just proved, it will suffice to show for any w € Wy that

(")) = ((w")e)e.

Since w" is reduced, it will then suffice to show for any reduced v € W}, that
(v6) = (vd)e.

So we want to show that the normal form of v with respect to —, is (v¢)".

But we have v —7 v and hence v —7 (v°) by Lemma 3.9.23, which yields
the result.

e The proof of (11) is by an easy induction on ¢(w).

e For (12), we only show the claim for Wy. So we must show for all u,v € Wy
that
(ur ®O ,Ur)r = (u ®O ,U)r = (uexp ®O Uexp)r’
ie.
(u" ®ov")" = (u®o v)" = ((u")" ®o (v))".
It will suffice to show that the first = holds for all u,v € Wy. Because then we
obtain the second = as follows:

(
(

= (u" ®ov")" (by part (3))
( (by the first = applied to u,v).

So we must show
(u®ov)" = (u" ®pv")"
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for all u,v € Wy. By Corollary 3.9.6, it suffices to show that
URo v > u” Qo v".

But we have u —> u" and v =) v", so it easily follows that © ®o v =7 u" ®p V",
as desired.

e The proof of (13) is by an easy application of the definitions, while the proofs
of (14) and (15) are straightforward applications of Corollary 3.9.6.

e To prove (16), let sq, s2, 1, € WY satisfy the hypotheses. First, we show that
both sides of the equality are defined. For the left side, we have

(51 ®a 01)%P) %™ = ((s1 @a ta)*™)*® (by part (2))
— (s9m g, fdom)exp
= (529 @ t°9)P (by hypothesis)
= (52 @4 )"
= (52 ®a t2) ™) (by part (2)),

as required. And for the right side, we have

(51 ®A tl)dom = Scliom ®O tilom =3 cod ® tcod _ <32 ®A t2>cod.
Now we must show

(51 @4 t1)%P 0 (59 @ate)™ = ((51 ®at1) 0 (52 @4 t2))7",

C (51@at)) S (5204 1)) = (51 @) o (52 @ 12)))".

So we must show that the normal form of ((s; ®4t1) 0" (s2®4t2))” with respect
to = is ((51 ®at1)")¢ o' ((s2 ®a t2)")¢. There are two cases to consider:

— Suppose that s; ®4 t; is reduced. Then at least one of last(sy), first(t;) is
not an element of {ca; : f € Ca}. Since s{°™ = s°¢ and o™ = 15, it
then easily follows that the same is true for last(ss), first(tz). Then since
S9,t9 are reduced, it follows that s, ®4 t9 is reduced as well. So then
(1 ®at)” = 51 ®at; and (3 @4 t2)" = Sy ®4 ty by Lemma 3.9.7, and
it also follows that (s; ®4 t1) o’ (s2 ®4 t2) is semi-reduced. So by Lemma
3.9.14, we have

((51®at1) 0 (52 @at2))" =i (51@at1) 0 (52 a4 t2).
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Since s1 ®4 t; =% (51 ®a t1)° and sy ®4 ty =7 (S92 ®4 t2)¢, we then obtain
by part (5)

(51 @4 t1)0 (82 ®ata) =5 (51 ®at1)° 0 (9@ ta)°.
Altogether, we have
((s1®@at1) o (s2@at2))" =7 (51 @at1) 0 (52 @ata),

which yields the result.

— Suppose that s; ®4 t1 is not reduced. Since s1,t; are reduced, this must
be because

last(s1), first(t1) € {ca: f € Ca}.

By reasoning used in the previous case, it then follows that last(s,), first(ty) €
{cas: f € Ca}, so that sy ®4 ty also fails to be reduced. Let

1 =381 ®acap,

t1 = cag ®at,
So = S9 QA CA Ly,

tg = CAg, Xa 7?;7
with &1, %1, 5,1 (possibly empty) reduced words in W, such that § %™ =
~ ~d ~cod
S°%andfy =ty and dom®(f,) = cod(f,) and dom®(g;) = cod®(gs).
Then

(51 @at1) 0 (s9®4t2))"
= ((51 ®a cap ®acag ®atr) o (5 @acap ®acay, @ats)) .

We also have .
(s1®@ath)" = <§1 ®ACh f0Cq Oa tl)

A
and ,
(52 ®@aty)" = (5\2 QA4 Ca fr05 g, B4 t;) :
Since R
51 ®4 CA, 185 g1 ®aly
and

52 @4 Ca f,08 g, DA 2

are semi-reduced, it follows from Lemma 3.9.14 that

((s1®at1)") = ((5\1 QA Ca 526G DA ﬂ) ) = <§\1 QA Ca f2Cq Ba H)
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and

e

((s2®@at)")" = <<=§\2 Q4 Ca 1,5C g, DA t;) ) = (5\2 QA €A, 1,5G g, DA t/;> .

In the proof of (6), we showed that if u, v are semi-reduced and u%™ = v,
then the normal form of (u o’ v)" with respect to —. is u® o’ v®. So it now
remains to show that

~ ~ T
((5‘\1 XA CA, 1105 g1 X4 tl) o' (Sz X4 CA,£,85 g5 Xa 752))

= ((5i ®acag, ®acag @at1) o (2 ®acay @acag, @als)) .
By Lemma 3.9.6, it suffices to show that

(51 ®acap, ®acag @aty) o (53@acayp, ®acag, @als)

—): <§\1 Xa CA,f1®Sg1 Xa tl) o (5\2 Xa CA,fz@ng Xa tz) .
Well, we have

(§1 XA Caf QA CAg QA ﬂ) o' (SAQ QA CAfy DA CAgy DA tAz)

= (510'5) ®a (cay, o cap) ®a (cag o cag,) ®a (f10' 1)

= (810752) @4 CA,(f10f2)®5 (g1092) DA (a o t/;)

= (519" 52) @4 Caniaonetaage 4 (110'1)

= (519 5) ®a (CA,fl®ggl o' CA,f2®SogQ) &Xa (ﬂ o' lg)
= |51 ®aCy 505, ®a t?) of (5\2 ®A CA fr05 g, DA 75A2> ;

as desired.

This completes the proof of (16).

Proposition (3.9.29). For any C € StrMonCat, the partial Ysy,-structure C* is a
model of Tsy,, i.e. C* is a strict monoidal category.

Proof: = We begin by showing that C* is a category. First, the functions id* : C§, —
% and dom™, cod” : C¥% — C§, are all total, as required.



B. CHAPTER 3 PROOFS 265

Now let s,t € C% = W): we must show that
(s,t) € dom(o™) iff dom™(s) = cod™(¢).
If (s,t) € dom(c*), then this means that (£°9)®® = (s9°™)*P_ Then we have

dom*(s) = (s%°m)" by definition)

gdom)expyr by Lemma 3.9.27.3)

s (
(

geod)exp)r (by assumption)
(
(

(
(

cod T

by Lemma 3.9.27.3 again)

(
(
(
(t

od*(t), by definition)

as desired. And if dom*(s) = cod*(t), then this means (s%°™)" = (¢t<°¢)", which implies

(
( dom)ex (
(
(

(sdom)ryep (by Lemma 3.9.27.3)
(teod)ryexe (by assumption)
teod)ep, (by Lemma 3.9.27.3 again)

which means that (s,t) € dom(o*), as desired.
Next, let s,t € W} with (s,t) € dom(o*). We must show that

dom™(s 0" t) = dom*(¢) and cod*(s o* t) = cod™(s).

Since both claims are proven analogously, we only consider the case for dom. Unrav-
elling the definitions, we must show that

(((Sexp O/ texp)r)dom)r = (tdom)r_

We have
(((s%P o ¢&P)r)dom)r = ((gexp)domyr (by Lemma 3.9.27.4)
= ((tdom)=P)r (by Lemma 3.9.27.2)
= (t9omy, (by Lemma 3.9.27.3)

as required.

Now we must show that composition is associative. So let s,t,u € W} and
suppose that (¢,u) € dom(o*) and (s,t o* u) € dom(o*). We must then show that
(s,t) € dom(o*) and (s o* t,u) € dom(o*) and that

so* (to*u) = (so*t)o"u
That (t,u) € dom(o*) means that

domyexp cod exp
(™M)= = (u™)

Y
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and that (s,to* u) € dom(o*) means that
(Sdom)exp = ((t o* U)cod)exp = (((texp o uexp)r)cod)exp‘

To show (s,t) € dom(o*) means to show (s9%°M)®P = (¢«°d)eP_ First, we have
(Sdom)r (Sd )exp) (

(= o' u=P)r)eod)=e)r (by assumption)
(1P of y&P)r)ced)” (by Lemma 3.9.27.3)
(toP)codyr (by Lemma 3.9.27.4)
( ( )
( )

by Lemma 3.9.27.3)

geod)exp)r by Lemma 3.9.27.2

(
(
(
(
(
(tohy. by Lemma 3.9.27.3

So then (using Lemma 3.9.27.3) we obtain
(Sdom)exp = ((Sdom)r)exp — ((tcod) )exp = (tcod)exp’

as desired.
To show that (s o* t,u) € dom(o*), we must show that

(ucod>exp = ((S o* t)dom)exp = (((Sexp /texp> )dom)exp.
Since (ud)P = (¢d°m)exP by assumption, it suffices to show
(tdom)exp = (((Sexp Itexp> )dom)exp.

First, we have

(((s%P o ¢&P)r)dom)r = ((yoxp)domyr (by Lemma 3.9.27.4)
= ((t9om)=P)r (by Lemma 3.9.27.2)
= (tdm)", (by Lemma 3.9.27.3)

so that we obtain (using Lemma 3.9.27.3)

(tdom>exp = ((tdom)r>exp = ((((Sexp /texp) )dom)r)exp = (((Sexp /texp) )dom)exp’

as desired.
To complete the proof that o* is associative, we must now show that

so* (to"u) = (so"t)o"u

Unravelling the definitions, we must show that
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(SeXp o ((texp o uexp)r)exp)r

i.e. (by Lemma 3.9.27.3)

(((Sexp o texp)r)exp o uexp)r)

<8exp o (texp o uexp)exp)r

((s5P of $P)&® of 4 &P)T
i.e. (by Lemma 3.9.27.7)
(559 o (1% o u®P))" = ((s%P of 19P) of uSP)"
To show this, it of course suffices to show
s¥P O (t9P o' uSP) = (8P o' t9P) o' uSP.

But this follows from Lemma 3.9.27.8.
Next, we must show for any w € C;, = W[, that

dom*(id*(w)) = w and cod™(id"(w)) = w.
As usual, we only show the claim for dom. By the definitions, we must show
((wid>dom>r = w.

But since w € W}, we have by Lemma 3.9.27.9 and Lemma 3.9.7 that

((wid)dom)r w' = w,

as desired.
To complete the proof that C* is a category, we must show for any s € C% = W)
that
so*id*(dom*(s)) = s and id*(cod™(s)) o™ s = s.

As usual, we only show the claim for dom. Unravelling the definitions, we must show

that _

(Sexp O/ (((Sdom)r)|d)exp)r =g,
By Lemma 3.9.27.10, this simplifies to showing

(Sexp o (((Sdom)id)r)exp)r =5,

and then by Lemma 3.9.27.3, this simplifies to showing

<8eXp O/ ((Sdom)id)exp>r =

»

By Lemma 3.9.27.10 again, it suffices to show

(Sexp o ((sdom)exp)id)r =3,
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and then by Lemma 3.9.27.2, it suffices to show
(Sexp o ((Sexp)dom)id>r =g

But since s € W}, we apply Lemma 3.9.27.11 and Lemma 3.9.27.3 and Lemma 3.9.7

to obtain .
(Sexp o ((Sexp)dom)ld)r = (SGXP)T =3s" = s,

as desired. This completes the proof that C* is a category.

Now we show that C* is a strict monoidal category. First, we have that e* :=
cee € Cp = W, is defined, and that ®p, : Cf, x Cf, — Cp, and ®% : C x C — C3
are totally defined operations, as required.

Now we must show that ®% commutes with dom™ and cod”. So let s,t € C% =
W’ we must show that

dom*(s ®% t) = dom™(s) ®;, dom*(t) and cod*(s ®% t) = cod™(s) ®¢, cod”(t).

As usual, we only treat the case for dom. Unravelling the definitions, we must show
that

(((S R4 t)r)dom)'r = ((Sdom)r R0 (tdom)r)r'
By Lemma 3.9.27.12, it then suffices to show
(((S R4 t)r)dom)r = (Sdom R0 tdom)r'
But by Lemma 3.9.27.1 and the definition of the function (—)%™ we obtain

(s @at))*™)" = ((s @at)™™)" = (s @o t%°m)",

as desired.
Next, we must show that id* commutes with ®,. So let s,t € C; = W/,: we
must show

id*(s @5 t) = id*(s) ®% id* ().

Unravelling the definitions, we must show

((S R0 t)r)id = (Sid ®a tid)r‘
By Lemma 3.9.27.10, it suffices to show
((S ®O t)id)r = (Sid ®A tid)T.

And to show this, it suffices to show

(s®01)4 = ¢ @, £,
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But this is true by definition of the function (=) : Wy — Wj.
Now we must show that o* and ®% commute with each other. Solet sy, s9,%1,%2 €
C* = W3 with (s1,s9) € dom(o*) and (¢,t2) € dom(o*). We must show that

(51 o* 82) ®:k4 (tl o* t2) = (81 ®:k4 tl) o* (52 ®:k4 t2)
Unravelling the definitions, we must show that
(557 557" @ (157 57 ) = (((s1 @4 1)) o (52 9 82)°)"

By Lemma 3.9.27.12 applied to the left-hand side and Lemma 3.9.27.3 applied to the
right-hand side, it then suffices to show

(557 0 55%) @4 (157 o' 15°))" = (51 @4 1) o (5 @4 1))

By Lemma 3.9.27.16 and Lemma 3.9.27.3 applied to the right-hand side, it then
suffices to show

((s77 0" s57) @a (177 0" 157))" = ((51 ®a t1) O (52 ®a 1))
By Lemma 3.9.27.7 applied to the left-hand side, it then suffices to show

(510" 52)%P @4 (t1 0" t2)P)" = ((51 ®at1) O (52 @ata))".
By Lemma 3.9.27.12 applied to the left-hand side, it then suffices to show

((s10" 82) ®a (t1 0" t2))" = ((s1 @at1) 0 (52 ®a ta))".

Finally, it suffices to show

(510" 89) ®a (t1 0" tg) = (51 @4 t1) 0 (82 ®a ta).

But this is true by Lemma 3.9.27.13.
Now we must show that ®¢ and ®?, are associative operations on Cf, and C%
respectively. Let C' € {O, A}, and let s,t,u € C;, = W/. We must show that

S @2 (@) = (s 95 1) O .
Unravelling the definitions, we must show that
(sRc (t@cu)) =((s®ct) @cu).

Since s and u are reduced, we have s = s and " = u by Lemma 3.9.7, so it is
equivalent to show

(8" @c (t@cu)) = ((s@ct) @cu").
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Then by Lemma 3.9.27.12, it is equivalent to show
(s ®c (t@cu)" = ((s ®@ct) ®c u)".
But this is true, because we have
3®C (t@cu) = (S®Ct) ®CU-

To complete the proof, we must show that e* := c.c € Cf = W is a unit for
®5, and that id"(e*) = id*(c.c) = ciq . € C) = W} is a unit for ®%. For the object
tensor, we must show for any w € C;, = W[, that

wR e =w=e¢e" ) w,

le.
(W R0 ce) =w = (cie ®o w)".

But this follows by Lemma 3.9.27.14, since w = w" (by Lemma 3.9.7, since w is
reduced). The proof for the arrow tensor is analogous.
This finally completes the proof that C* is a strict monoidal category. i

Definition (3.9.30). Let C € StrMonCat. We define a strict monoidal functor
ic:C—>C
as follows:
e For any object a € Cp,
ic(a) :=coq € CH = Wp.
e For any arrow f € Cy,

'Z(C(f) =cCaf € Cz = W};

Justification. First we show that ¢ is functorial. So let f € C4 be arbitrary: we
must show that

dom*(ic(f)) = ic(dom®(f)) and cod*(ic(f)) = ic(cod®(f)).

For the first claim, we have

dom™(ic(f)) = dom™ (ca ) = ((CA,f)dom>r = (cadomc(f))T = Co domC(f) = i@(domc(f))’
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as desired. The proof of the second claim is analogous.
Now let f:a —d',g:d — a” € C4,. We must show

ic(g o® f) =ic(g) o ic(f).
We have

iC(Q o€ f) = CA,goCf

(cAngCf)T

(cag o CA,f)r
((cag)® o (eay)™®)
(ic(g)®® o ic(f)*®)"
ic(g) o™ ic(f),

as desired.
Finally, let a € Cp: we must show

ic(id%(a)) = id* (ic(a)).

We have
ic(id%(a)) = caiq0a) = (co0) = id" (co,0) = id"(ic(a)),
as desired. This completes the proof that 7 is functorial.

To prove that ic : C — C* is a strict monoidal functor, we first show that ic
preserves the tensor operations. So let C' € {O, A} and z,y € C¢. Then we have

i@(ﬂf ®({C:’ y) = C:c®gy = (Cx dc Cy)r = Cg ®2’ Cy = Z(C(:B) ®*C' iC(y)a
as required. Finally, we have that ic preserves the object tensor unit, since
ic(e%) = coc = €.

This completes the proof that ic : C — C* is a strict monoidal functor. |

Proposition (3.9.31). Let C € StrMonCat. If D € StrMonCat and F' : C — D is a
strict monoidal functor and a,a’ € Do are objects and f, f’ € D4 are arrows, then
there is a unique strict monoidal functor F* : C* — D with F* oic = F and

F*(x0) = a, F"(xp) = a', F*(xa) = f, F*(xy) = f".

Thus,
C* = C(xp,xp, X4,X4) € StrMonCat.
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Proof: We define a strict monoidal functor F* : C* — D as follows. First, we
define F* on S5 and S§. On S5, we set:

F*(xo0) = a, F*(X) := d, F*(dom(x,)) := dom”(f), F*(cod(x4)) := cod”(f),
F*(dom(x,)) := dom®(f"), F*(cod(X,)) := cod®(f"),

and

F*(C(),b) = F(b)

for any b € Cp. We define F* on S§ in an analogous fashion.
For any s1 ®p ... ®0o s, € Wo and t; ®4 ... R4 t,, € W4, we then set

F*(Sl Xo ... Qo Sn) = F*(Sl) ®H8 ®H3 F*(Sn) € Do

and
F*(tl Xa...R24 tm) = F*(tl) ®g ®E F*(tm) € Dy.

These definitions obviously restrict to W5 = C; and W) = C%, which gives the
definition of F™* on objects and arrows of C*.

Before we show that F™* is a strict monoidal functor, we first show that if wq, wy €
Wo, then wy —, wq implies F*(wy) = F*(ws), and if wy, wy € W', then w; —, wy
implies F*(w;) = F*(ws), and similarly for W, and W§'. But this is obvious from
the definitions of F™*, —,, and —., and the fact that ID is a strict monoidal category
and ' : C — D is a strict monoidal functor. Thus, for any w € Wy U W4 we have
F*(w) = F*(w"), for any w € W U WY we have F*(w) = F*(w®), and hence for
any w € Wo UW,4 we have F*(w®P) = F*((w")¢) = F*(w).

Now we show that F™* is a strict monoidal functor from C* to . To show that
F* is functorial, we must first show for any w € C% = W), that

dom®(F*(w)) = F*(dom*(w)) and cod”(F*(w)) = F*(cod*(w)).

We only consider dom. So we must show that dom”(F*(w)) = F*(dom*(w)) =
F* ((w®™)r). Since F*((w®™)") = F*(w®™), it suffices to show dom”(F*(w)) =
F*(w®™), which easily follows from the fact that dom”(F*(s)) = F*(s%™) for any
s € S§, which itself follows from the definition of F*.

Before we show that F™* preserves composition, we first show that if u,v € Wy
and ud°™ = v°°d then

F*(uo v) = F*(u) o F*(v).

It is clear that this is true for u,v € S§ with u®™ = v (by definition of F*
and functoriality of F'). For the general case, let u,v € W, with u@°™ = v, so that
U=S1®4...Qa8, and v = 1 ®4...Rat, forsomen > land sq,...,8,,t1,...,t, € SS
with sdom = ¢¢°d for each 1 < i < n. Then we have

Fruo'v) = F((51®4...®48,) 0 (t1 @4 ...R4t,))
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=F"((510"t1) @4 ... R4 (8,9 t,))

= F*(s,0't)) @Y ... @4 F*(s, o' t,)

= (F*(s51) 2 F*(t1)) @Y ... @Y (F*(s,) o F*(t,))

= (F*(s1) @5 ... @Y F*(s,)) % (F*(t;) @% ... @8 F*(t))

=F*(51®4...®45,) O F*(t, @4 ... @4 ty)

= [*(u) o” F*(v),
as desired; the second equality follows by definition of o', the third by definition of
F*, the fourth by the case n = 1, the fifth because DD is a strict monoidal category,
and the sixth by definition of F™.

To show that F* preserves composition, let s, € W) = C% with dom™(s) =
cod*(t), i.e. (s9m)eP = (se)P j e ((sdom)r)e = ((t<°¢)")¢. We must show

F*(so*t) = F*(s) o® F*(t),
ie.
F*<<8exp o 7fexp)r) _ F*(S) OID) F*(t)
First, we have F*((s¥P o’ t&P)") = F*(s®P o/ t*P). By what we just showed, it now
suffices to prove
F*(Sexp) oP F*(texp) — F*(S) oP F*(t);

but this follows because (as remarked earlier in the proof) we have F*(s¥P) = F*(s)
and F*(t¥P) = F*(t), as desired.

To show that F™* preserves identity arrows, we must show for any w € W} that

F*(id" (w)) = id®(F* (w)),

le.

F*(w'?) = id”(F* (w)).
That this is true for any w € S§ is obvious by definition of F* and the assumption
that F'is functorial. If w = s1 ®o ... ®o s, for s1,....,s, € SS, then we have

(
= (59 ®4... @459
= F* (s e ... @ F*(s9)
= id”(F*(s1)) @5 ... @% id®(F*(s,))
id”(F*(s1) ® ... ® F*(s,))
id”(F*(s1 ®0 ... ®0 53))
(F(
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as desired; the second equality follows by definition of (=), the third by definition
of F*, the fourth by the base case, the fifth because D is a strict monoidal category,
and the sixth by definition of F*. This completes the proof that F* : C* — D is
functorial.

Now we show that F™* is a strict monoidal functor. To show that F™* preserves the
object tensor (the argument for the arrow tensor being identical), let wy, ws € W,
and let us show

F*(wy ®% we) = F*(wy) @% F*(ws).
We have

F* (w1 @5 ws) = F*((w1 @0 ws)") = F* (w1 @0 w2) = F*(w1) @5 F*(ws),

as desired. Lastly, by definition of F* and the fact that I is a strict monoidal functor,

we have
* (e(c*) = F*(coec) = F(e(c) =P,

so that F* preserves the unit of the object tensor. This completes the proof that
F* . C* — D is a strict monoidal functor.

It is true by definition that F* maps xo,Xp,X4,X, to the required objects and
arrows of D. We also have F* oic = F, because for any object a € Co we have

F(ic(a)) = F*(co.a) = F(a),

and similarly for arrows of C.

Finally, we show that F* is the unique strict monoidal functor C* — D with
the stated properties. So let G : C* — D be a strict monoidal functor that maps
X0, Xps X4, X4 to the stated objects and arrows and also satisfies Goic = F : C — D.
We must show that F* = G : C* — D. So we must show for any w € W} that
F*(w) = G(w) (the argument for W7 being analogous). If w € S§ and w = xo or
w = Xy, then this is true. If w = dom(xy4), then we have

as desired; similar calculations work for cod and X/,. If a € Cp, then we have

G(coa) = Glic(a)) = F(a) = F*(co.),
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as desired. So F*(w) = G(w) for all w € S§. In the general case, if w = 5,®0...®0 5,
for s1,...,8, € S5, then we have

G(w) = G(w")
= G((51®0 - ®0 sn)")
= G(s1 ®O ®*O Sn)
= G(s1) ®9 ... 25 G(sy,)
=F*(s1) ® ...®% F*(sp)
=F"($1®0 ... ®0 Sn)
= F*(w),

as desired; the first equality follows by Lemma 3.9.7 (since w is reduced), the third
by definition of ®¢, in C*, the fourth because G is a strict monoidal functor, the fifth
by the base case, and the sixth by definition of F™*. This completes the proof that
G = F*, which proves that F* is the unique strict monoidal functor C* — I with
the stated properties.

The last statement of the Proposition follows because C* now has the universal
property of C(xp,Xp,%a,%)) (cf. Proposition 2.2.10). i

Lemma (3.9.32). Let C € StrMonCat and C € {O, A}. Then for any w € We (so
that [w]e € C{xo,Xp,%a,X4)c) we have

ic([wle) =w" € C = Wi

Proof: We show the claim for C' = O (the proof for C' = A is analogous). It
suffices to show for reduced w € Wy that

ic([w]) = w e Wo.

Because then for arbitrary w € W, since w” is reduced and [w] = [w"] by Lemma
3.9.8, we obtain

as desired.
We prove this by induction on the length of w € W/,

e If w = xp, then we have

as desired, and similarly if w = xp,.
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o If w =dom(xy), then we have

ic([w]) = i¢ ([dom(xa)])

= it (dom oo ()

Il
&

as desired. The reasoning for cod and X/, is analogous.

o If w=cp, for some a € Cp, then we have

-k

ic([w]) = it ([cod)) = ic (USO,A,A(@)) =ic(a) = coa = w,
as desired.

e Suppose that w = 51 Q0 ... Q0 sp+1 € W( for some n > 1. Then 51 Q0o ... R0 s,
is reduced, so by the induction hypothesis we have

i?c([sl ®0 ... R0 Sn]) =51 ®0 ... R0 Sn.

Then we have

-k

ie([w]) = it([s1 ®0 - .. ®0 Sn ®0 Sny1])
% C(x0 X/ ,xa,X
=1Ic <[51 ®0 - .- ®o sn] ®o< oo Al [3n+1])
= ig([51 ®0 ... @0 $al) ®p ig([sn+1])
(Sl ®O cee ®O 5n> ®*O Sn+1
(51 ®0 ... ®0 Sn ®0 Sp+1)"
Esl®o...®08n+1

=w,

as desired, where the penultimate equality holds by Lemma 3.9.7 because s1 ®o
... ®0 Spa1 is assumed to be reduced.
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Lemma (3.9.34). Let C € StrMonCat. If t € Term®(Xs (C,x0,Xp,X%a,X4)) with
Tsir(C,x0, X0, Xa,X4) F t 1, then:

o Ift: O, then [t] = [w] for some w € W§.
o [ft: A, then [t] = [w] for some w € W§.

Proof: ~ We prove the lemma by induction on terms ¢ € Term“(3(C, xo, Xp, X4,%}4))
with T(C, xo, Xy, X4, X)) F T .

o If
t € {x0,Xp,%a,xat U{coq:a € CotU{cas: f€Cyu},

then t € Wo U W, and T(C,x0, Xy, xa,X4) F t ], so that we have [t] = [t].
o Ift=e¢:0, then T(C,xp,xp,%a,X4) 1t and
[t] = [e] = [co.ec],
with cp .c € So € Wo.

e Supposet = dom(s) : O for some s € Term“(X(C, xo, Xp, X4, %)) 4 with T(C, xo, xp, x4, %) I
t J (so that T(C, xp,xp, x4, %) F s L as well). Then by the induction hypothesis,
there is some word s; @4 ... ®4 s, € W4 with

[s] =[s1®4... @4 s4].

Then we have

59" R0 ... ®p s9°M], (by Lemma 3.9.17)
with sf"m € Sp for all 1 < i < n. The reasoning for cod is analogous.

e Supposet =id(s) : Aforsome s € Term®(3(C, xo, Xy, X4, X4 ))o with T(C, x0, X5, X4, X)) F
t | (sothat T(C, x0, X, x4, %) F s | as well). Then by the induction hypothesis,
there is some word s; ®o ... Qo s, € Wp with

[8] = [81 Ro ... Qo Sn]-

Then we have

[1] = lid(s)]
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= [Id(Sl ®O e ®O Sn)]
= [id(51) @4 ... @4 id(sy)]
=[50 ®4...®4 59, (by Lemma 3.9.21)

with Si-d €eSpforalll <i<n.

e Suppose t = 530 s9 : A for some s1,52 € Term®(X(C, x0, Xy, Xa,%4))a with
T(C, x0,Xp,%a,X4) F t ] (so that T(C,xp, Xy, xa,X4) F s; | for i = 1,2 as well).

Then by the induction hypothesis, there are n,m > 1 and uq, ..., un,,v1,...,Uy €
S 4 with

[s1] = [u1 @4 ... @4 uy)
and

[S9] = [v1 @4 ... ®a V.

By Lemma 3.9.8, we may assume without loss of generality that u; ®4...®4u,
and v;®4. . .® vy, are reduced. Then the assumption that T(C, xp, X}, X4, X)) F
$1 0 S9 | implies that

T(C, x0, Xy, X4, X4) b cod(sy) = dom(sy),

i.e.

[cod(sg)] = [dom(sy)].

So then we obtain

[05°? @0 ... ®o v = [cod(v1) ®o ... ®p cod(vy,)]  (by Lemma 3.9.17)

m

= [u{" ®0 ... ®o ut°m]. (by Lemma 3.9.17)
Then by Lemma 3.9.8, we obtain

[(UTOd ®O . ®O Ufgd)r] = [UTOd ®O e ®O Ufgd]
= [U(ljom ®O e ®O uiom]

= [(uf"" ®0 ... @0 ug®™)"],
i.e. we have

T(C>XO>X/O>XA,X£4) F (UTOd Xo ... R0 'U;:T?d)r = (uilom ®o ... R0 usllom)r‘
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Then by Proposition 3.9.33, we obtain

(’U‘de ®O Ce ®O U;f:d)r (ucljom ®O N ®O uiom)r‘

Then we have

((Ucl:od R0 ... Q0 UfrcL)d)T)exp ((u(ljom R0 ... R0 ugom)r)exp,

and thus
cod cod\exp — dom dom) ex|
(15 ®0 ... ®o V)P = (U™ Qg . .. ®o us™ )P

by Lemma 3.9.27.3. Then by Lemma 3.9.27.2, we obtain
(V1 @A ... @4 0m)%P)® = (U1 @4 ... DA Uy)P)%™,
So we have
(U @A ... @4 up)¥P0 (1] ®a ... ®40,)P € Wa.
Finally, we show that

[t] = [81 OSQ] = [(Ul XRa...04 un)exp o (1)1 XRa...R024 vm)exp]'

(Ul ®A...®Aun)o(v1 ®A...®A’Um)]
(U1 @4 ... R up)"P 0 (V1 R4 ... R4 V,)"P]  (by the remark after Lemma 3.9.12)
(U @A ... @4 Up)P O (1] A ... ®40,)%P], (by Lemma 3.9.26)

as desired.

e Suppose t = t; ®o to : O for some ty,ty € Term®(X(C,x0, Xy, Xa,%4))o with
T(C,x0,Xp,%a,X4) F t ] (so that T(C,xp,xp,x4,%,) F t; | for i = 1,2 as well).
By the induction hypothesis, we have that

[t:] = [w]
for some w; € Wy for i = 1,2. Then we have
[t] = [t1 ®o ta] = [w1 ®o Wy,

with w; ®o wy € Wy, as desired. The reasoning for ® 4 is analogous.
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Proposition (3.9.35). Let C € StrMonCat. If a € Co is invertible in the monoid
(Co, ®S, ) with inverse b € Co, then

([co.a ®o %0 ®0 cop) s [Cajdia) ®a%Xa ®a Cajam)]) € Gre, (C).

Proof: We must show that this pair is invertible, commutes generically with all
function symbols of Ys;,, and reflects definedness of all function symbols of Ys;,. First,
we show that this pair is invertible, with inverse

([eb ®0 %0 ®0 cal, [Ciar) ®a X4 @4 Cid(a)]) € Clxo)o X C(xa) 4.
We have

[(ca ®0 X0 ®0 ¢b)[chr @0 X0 R0 CafX0]] = [ca @0 b R0 X0 @0 Ca R0 Cb)

Cawh ®0 X0 Q0 Cagt )

e ®o xo ®o €

[a

=l

[ CeC ®OXO®OCC]
= le

= [xol,

as desired. The converse equality is shown in the exact same way. The other two
equalities have similar proofs, using the facts id(a) ®5 id(b) = id(a ®5 b) = id(e®) =
id(b) ®5 id(a). So the pair ([c, ®o %0 ®o ¢, [Cid(a) @4 X4 ® 4 Cigr)]) is invertible.

Now we must show that ([c, ®0 X0 ®0 ), [Cid(a) ®a X4 ® 4 Cidp)]) commutes gener-
ically with all function symbols of Ys;. First, we show that this pair commutes
generically with id : O — A. Then we must show that the sequent

T Fid(ca ®0 X0 ®0 ¢) = Cid(a) @4 1d(X0) @4 Cig(p)

is provable in Tsi (C,x0) (since T, (C,x0) F id(xo) 1), i.e. it suffices to show that
the equality
lid(ca ®o X0 ®o ¢)] = [Cid(a) ®a 1d(X0) @4 Ciaw))
holds in C(xp)4. But we have
lid(ca ®0 %0 ®o )] = [id(ca) ®a id(x0) ®4 id(ch)] = [ciaa) @4 1d(x0) ®a cidv)];

as desired.
Now we show that the pair in question commutes generically with dom : A — O
(the proof for cod is similar). Since Ts, (C,x4) F dom(x4) |, it suffices to show that

Tstr(C, x4) = dom(cida) ®4 X4 ®4 Cidp)) = Ca Do dom(x4) ®o ¢,
i.e. we must show that the equality

[dom(Cig(a) ®4 X4 ®4 Cidp))] = [ca ®o dom(x4) ®o )
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holds in C(x4)p. But we have
[dom(cid(a)®AxA®Ac;d(b))] = [dom(cid(a))®odom(xA)®odom(cid(b))] = [Ca®0d0m(XA)®ch],

as desired.
Now we show that the pair in question commutes generically with o : Ax A — A.
This means that we must show that the sequent

X4 0Xy LF (Cid(a) ®a X4 @4 Cid)) © (Cid(a) DA Xy @4 Cidv)) = Cid(a) @4 (Xa 0X4) @ Cid(p)

is provable in Ts (C,x4,%,). By the deduction theorem for partial Horn logic (Re-
mark 1.3.17), it suffices to show that

T+ (Cid(a) ®4 X4 @4 Cid(p)) © (Cid(a) @A X4 4 Ciap)) = Cid(a) @a (Xa 0 Xy) @4 Cid(p)

is provable in the theory Tsy (C, x4, %, )U{T F x40x/, }}. In this theory, the following
sequence of equalities is provable:

(Cid(a) @A X4 @4 Cidv)) © (Cid(a) @a X4 @4 Cia)) = (Cid(a) © Cid(a)) ®a (Xa ©X3) @4 (Cid(p) © Cid(v))
= Cid(a)oid(a) @4 (X4 0X4) @4 Cid(v)oid(b)
= Cid(a) @4 (X4 0X}y) @4 Cid(p),

as desired.

Next, we show that the pair in question commutes generically with ®o : O xO —
Oand ®4: Ax A— A. For ®p, we must show that the sequent

T F (ca ®0 X0 ®0 &) ®o (¢a ®0 X ®o ) = o @0 (X0 ®o Xp) ®o ¢

is provable in Ts (C, xo, xp,) (since Tsi (C, x0,%p) F X0 ®0 X, ), i.e. we must show
that
[(ca ®0 X0 ®0 ¢) ®o (Ca ®0 Xp R0 ¢)] = [ca ®o (X0 ®0 Xp) Do ]

holds in C(xp, x)0. We have

®0 X0 @0 b R0 Ca Qo Xp Qo Cp)
Cq ®0 X0 ®0o Cb2Sa ®o Xo ®o Cb]

[(ca ®0 X0 ®0 ) ®o (ca ®0 Xp R0 )] =

Ca ®0 X0 ®0 Cet R0 Xp Q0 €y
Ca ®0 X0 R0 € Qo X Qo )
Ca ®0 X0 Q0 X D0 €]

Ca Qo (X0 ®0 Xp) Do ),

[¢a
= |
= |
= |
= |
= |

as required. The proof for ® 4 is analogous.
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Lastly, we must show that the pair in question commutes generically with e : O.
So we must show that the sequent

Thre, ®e®Roc,=e¢

is provable in Ts (C) (since Ts,(C) F e |). But Ts, (C) proves the following equa-
tions, as required:

Ca ®0 € Q0 Ch = Ca K0 Cp = Caglp = Ce = €.

This completes the proof that the pair ([ca®oX0®0ch], [Cida) @ aXa @ ACiap)]) commutes
generically with all function symbols of Y.

Lastly, we must show that the pair ([c, ®0 X0 ®0 €|, [Cid(a) @ aXa @4 Ciaw)]) Teflects
definedness of all (non-constant) function symbols of Y. Since o : A x A — A is
the only function symbol of Ys;, that is not totally defined in Tsy,, it suffices to show
that the pair in question reflects definedness of o. So we must show that the sequent

(Cid(a) ®A X4 ®4 Cidv)) © (Cid(a) ®a X4 DA Cig)) +Fxa0%, |

is provable in Ts (C,x4,%)). By the deduction theorem for partial Horn logic (Re-
mark 1.3.17), it suffices to show that the sequent

Thxgox, |

is provable in the theory

Tser (C, x4, X)) U{T F (Cid(a) ®a X4 @24 Cidp)) © (Cid(a) ®a X4 @4 Cia)) +}-
Denote this theory by Ts(C,x4,%4)". Then it suffices to show that

Tser(C, x4, %X4) " F cod(Xy) = dom(x4).

Well, we have

Tser(C,xa,X4) " F cod(Cigray ®a X4 ®a Ciap)) = dom(Cid(a) ®4 X4 @4 Ciaw)),
and hence

Tser(C,x4,X4) " F ca @0 cod(Xy) ®o b = cq @0 dom(xa) o .

Then the following equalities are provable in Tsy (C,x4,x,)", which completes the
argument:

cod(x;) = e ®p cod(xX,) ®o e
Cec ®o cod(Xy) ®o cec
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= Chgga ®0 c0d(Xy) ®o Chpgq

= ¢ ®o Cq Vo cod(Xy) ®o & Ro ¢4
= ¢y ®o €qa ®p dom(x4) ®o ¢ ®o cq
= C,c ®o dom(x4) ®o Cee

= e ®p dom(x4) ®p €

= dom(x4).

This completes the proof that the pair ([c, ®0 X0 ®0 ), [Cid(a) @4 %4 @ Ciap)]) Teflects
definedness of all (non-constant) function symbols of s, which in turn completes
the proof that ([c, ®o X0 ®o c3], [Cida) ®a X4 @4 Cia)]) € Grs,, (C). i



Appendix C

Chapter 5 Proofs

Proposition (5.1.8). There is an isomorphism of categories
PTmod =2 PTmod"”.
Proof: We define mutually inverse functors
F&) : PTYmod — PTmod”

and
M) . PTmod? — PT mod.

First, we define F) : PTYmod — PTmod”. So let M € PTYmod; we define a
corresponding functor
FM: J — PTmod.

For any object i € Jp, we set A

FM () .= M,
which is a partial Y-structure that is a model of T by Lemma 5.1.7. Now let f : 7 — j
in J; we must define a X-morphism

FM(f): M* — M7,
For any A € Ysot, we have a partial function
(Oé?)M . MAi —7 MAJ‘,

ie.

()™« My — M.
Since M is a model of TV, it follows by the axioms in Definition 5.1.5.1 that each
such partial function is in fact total. So we set

FM(f) = ((a;‘)M>A€E LM M

284
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It then follows from the axioms in Definition 5.1.5.4 and the assumption that M &
PTYmod that FM(f) is indeed a ¥-morphism, which completes the definition of the
functor FM . 7 — PTmod.

To show that F' preserves identities, let i € Jo; we must show that FM(id;)
is the identity Y-morphism on M?. To show this, we must show that F(id;)s :=
(ozi’gi)M : M — MY is the identity function on MY = M,:. But this follows from
Definition 5.1.5.2 and the assumption that M € PTY mod. The fact that ' preserves
composition follows similarly, using the axioms in Definition 5.1.5.3. This completes
the proof that FM : 7 — T-mod is functorial.

To complete the definition of the functor F) : PTYmod — PTmod”, let h :
M — N be a ¥Y-morphism in PTY mod; we must define a natural transformation

o pM = FN.
So let i € Jp; we must define a Y-morphism
Fl FM(i) = M" = N = FN(i).
Appealing to Definition 5.1.3, we set

Fl:=h':M"— N'.

2

To verify naturality of F”, let f :i — j be an arrow in J; we must show
FN(f)o Fl = Fl o FM(f): M" — N7,

ie.
(af)N ohyi = hyjo (a?)M

for each A € Ygop, which follows because h is a ¥7-morphism. So F" : FM — FN
is indeed a natural transformation.

This completes the definition of the functor F() : PTYmod — PTmod”; it is
trivial to see that F() is functorial.

Now we define the functor M) : PTmod” — PT9mod. So let F : J — T-
mod be an arbitrary functor; we construct a corresponding partial ¥7-structure M*
that will be a model of TY. For any object i € Jo, we know that F(i) is a partial
Y-structure that is a model of T, and for any arrow f : ¢ — j in J, we know that
F(f) : F(i) — F(j) is a S-morphism. To define the ¥7-structure M¥, let i € Jo
and A € Ysore. We set

MY = F(i)a.

For any arrow f:i— jin J and A € s, We set

(o)™ = F(f)a: ME = F(i)a — F(j)a = M.
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And for any i € Jp and function symbol g : A; X ... x A, — A in X, we set
(6" =" MY X x MY, = F(i)a, X ... X F(i)a, — F(i)a = M},

This completes the definition of the partial ¥7-structure M*".
Now we show that M | TY. Axiom 1 in Definition 5.1.5 is satisfied, because

each (af)MF := F(f)a is a total function, since F(f) is a X-morphism. Since F' is
functorial, it also easily follows that MT satisfies Axioms 2 and 3. Axiom 4 is also
satisfied, because F(f): F (i) — F(j) is a X-morphism for any arrow f: i — j in J.

Finally, we show that MT satisfies Axiom 5. So fix i € Jp and let ¢ ¥ 1
be an axiom of T. We must show that M F satisfies the corresponding TY-axiom
pH(@) FP'@ pi(ah). In other words, we must show that

F

M )M
Since F(i) = T, we know that
SO C P

Also, it is trivial to observe that F/(i) = (M* )Z (cf. Definition 5.1.2), and moreover

that (ZMF)Z = U (MF), where U’ is the obvious forgetful functor from PX7Str to
PXYStr induced by the signature morphism p? : ¥ — %7, Then by [19, Lemma 27],
we obtain

PM" = "D C P = pi(y)M",
as desired. This completes the proof that M¥ | T ie. MT € PTYmod.

To define M) on morphisms, let n : F — G be a morphism in PTmod”; we

must define a ¥7-morphism
M": MF — MC.

For any i € Jo and A € Y, We set
M7 =ni: My = F(i)a — G(i)a = M.

To verify that M" is a ¥7-morphism, first let A € Yo and let f : i — j be an arrow
in J. We must show that

F G
M}, 0 (O‘?)M = (OC?)M o M},
(since o is total in the TY-models M*, M), i.e.
nto F(f)a=G(f)aoni,

which is true by naturality of n: ' — G.
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Now let i € Jp, let g : Ay x ... x A, — A be a function symbol of X, and let
. F .
(ay,...,a,) € dom ((gZ)M ) = dom (¢7V)). We must show that

<MZ§(Q1)> o Mf‘%(an)> € dom ((gi)MG> = dom (g“")

and
M7, ((gi)MF (ay,... ,an)) = (gi)MG <M23(a1>7 ey MZ%(%)) .

Both claims follow from the definition of M" and the fact that n; : F'(i) — G(i) is a
Y-morphism. This completes the proof that M7 : M¥ — M is a ¥7-morphism.
This completes the definition of the functor M) : PTmod” — PTYmod; it is
trivial to see that M () is functorial.
Finally, it is straightforward to see that the functors F(-) and M) are mutually
inverse, which completes the proof of Proposition 5.1.8. |

Lemma (5.1.13). For any M € PT9mod, i € Jo, and C € Yson, the signature
morphism pJ\Cm 1 a theory morphism

PS5 T(MY xo) — T (M, x¢).

Proof: We must show that the p%i—translation of any axiom of T(M?® x¢) is
provable in TY (M, x¢:):

e First, we know that the p%i—translation of any axiom of T (considered as an
axiom of T(M?,x¢)) is an axiom of TV and hence of TV (M, xc:), because p$
restricted to ¥ C X(M? x¢) is equal to p* : ¥ — X7 and p* : T — TV is a
theory morphism by Remark 5.1.6.

o If s € My = My for some A € Yson, then T(M’ x¢) has the axiom T F
c%; 4. The p%i—translation of this axiom is T F 0%78 J, which is an axiom of
TJ(M, XCz').

o Ifg: A;x...xA, — Aisafunction symbol of ¥ and s1,...,s, € M}y ,..., M}
with (s1,...,$,) € dom (gMi>, then T(M*, x¢) has the axiom

n

M Mo\ M
T"9<CA1,517-~~76 )-c’g

An,Sn

The pj\c/ﬂ—translation of this axiom is
i M M _ M
T|_g (CAi,S1""7CA£L,Sn> _CAi,gA/Ii(Sl

But this is an axiom of T (M, x¢:), because g™ = (g))M.
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e Lastly, T(M* x¢) has the axiom T F x¢ J, whose pf/[i—translation is T Fxci d,
which is an axiom of T (M, x¢:).

Lemma (5.1.19). Let M € PT7mod, let f : i — j be any arrow in J, and let
C € Ysore. Then for any term u € Term®(X(M*, x¢)) with T(M',xc) Fu | and u : A,
we have
T (M, xc:) - 7'fc(u) = 04}4 (PS5 (w)) -

Proof:  First note that the above equation ‘type-checks’, because u € Term®(X(M* x¢))a
implies 7§ (u) : 77 (A) = p/(A) = A7, and we also have p,(u) € Term®(37 (M, xc:))
and () : p§i(A) = p'(A) = A%, and hence Oz?(pfﬂ (u)) : A7, since a? DAY — AT

Now we prove the claim by induction on terms u € Term®(3X(M* xc)) with
T(M? xc) Fu l:

o If u=xc: C, then T(M', xc) - u | and

7f (u) = 7f (x¢) = af (xer) = of (P (xe)) = af (pip(w))

which entails the desired conclusion.

o Ifu=cl: Aforsome A€ oy and s € MYy = M (so that T(M?,xc) Fu ),
then we have

C —.Cc({ M\ _ M
7y (u) = 7 (CA78> = i) s)

(cf. Definition 5.1.18), as well as
of (o) = of (s (X)) = ot (X)),
and (by definition of TV (M)) we indeed have

7 ) baf () =M
T (M, xc:) b orf (chi ) = Cas, () (s)

as desired.

e For the induction step, suppose u = g(uy, ..., u,) : A for some function symbol
g: A x...x A, - Ain Y and terms uy,...,u, € Term®(X(M* xc)) of the
appropriate sorts, and suppose that T(M? xc) = u |. Then (by the rules of
partial Horn logic) it follows that T(M* x¢) b ug | for all 1 < ¢ < n. So by the
induction hypothesis, we obtain

Tj(Ma Xci) ch(uz) = 04?4 (P% (W))
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for each 1 < ¢ <n. Now we must show
T (M, x0) F 78 (g(u -y un)) = o (059, - 0a))
le.
T (M, ) b g7 (7 (), 78 ) = @t (6" (55s(un)s - 6K ()

Since T(M',xc) Fu = g(us, ..., uy) 4 and p§ : T(M', xc) — T (M, xc:) is a
theory morphism by Lemma 5.1.13, it follows that

TJ(M7 XCi) H p%l(g(ulv SR aun)> = gl (p%Z(U'l% C. 7p%1(un)) \l/ .
Then by Axiom 5.1.5.4 we obtain
TJ(M7 XCi) + a? (gz (pJ\C/[Z (ul)a S 7pf/[1(un>)) = gj (afl (p]\C/[”b (ul)) ) aa?n (pg/ll(un))> )

which yields the desired result by the induction hypothesis.

Lemma (5.1.26). Let M € PTYmod and let u € Term®(37 (M, x4:)) be a-restricted,
where A € Yo and i € Jo. If u : C7 for some j € Jp and C € Yson, then for any
arrow f : j — cod(f) in J, there is an a-restricted term u/ € Term®(X7 (M, x4:))
with uf : C4) and T (M, x4:) proves the sequent

ulk a?(u) =,
Proof: ~ We prove this by induction on a-restricted terms u € Term®(X7 (M, x4:)).

o If u=xu : A% then u is clearly a-restricted. Let f : ¢ — k be any morphism
in J with domain 7. Then we set

u = xgi = O{?(XAi) . AR,

Then v/ = oz}“(x 41) is a-restricted and TV (M, x4:) proves the sequent
xa, L F oz]‘?(:pAi) = a?(XAi) = xii,

since TY (M, x4:) F x4 | and 04}4 is provably total in TY .
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o Let u = cgjs : C7 for some j € Jo, C € Yson, and s € M. Then u is
a-restricted. Now let f : j — k be any morphism in J with domain j. Then
o\ M
we have (a§)™ (s) € Mcx, so we set

ul = (c

fo_ M .k
chvs) = CC’“,(&?)NI(s) . C .

Then u/ is a-restricted and T (M, x4:) does prove the sequent

f
CAC/[J"S I a? (cé/[j’s) = cg’c,(a}?)M(s) (C]\C/[J"S) )

as desired.

o Let j € Jpand let g : C7 x ... x C,, — C be a function symbol of ¥ and
suppose that v = ¢’(uy,...,u,) : C? for terms u, € Term®(X7 (M, XAi))CZ for
all 1 < ¢ < n. Suppose that v = ¢/(uq, ..., u,) is a-restricted. Then for each
1 < ¢ < n it easily follows that u, is a-restricted. Now let f : j — k be any
morphism in J with domain j. By the induction hypothesis, for every 1 < /¢ < n
there is an a-restricted term u] € Term®(SY (M, x4:)) with u) : C¥ such that
TY (M, x4:) proves the sequent

ug L F a?"(ug) = u.

Then we set ‘
uf Egj(ul,...,un)f = g" (u{,,uji) - Ok,

Since uf,... u/ are a-restricted, it follows that v/ = ¢ (u{, . ,u{i) is a-
restricted.

Now we wish to show that T (M, x4:) proves the sequent

G, ) LF 0§ (g, un) = o (uf, . uf).

By the deduction theorem of partial Horn logic (cf. Remark 1.3.17), it suffices
to show that the expanded theory

TJ(M’XAi) U {T - gj(ulv ce aun) \L}

proves the sequent

Tl—a?(gj(ul,...,un)) = g" (u{,,u,{i)

By the rules of partial Horn logic, the expanded theory proves T F wu, | for
each 1 < ¢ <n. So by the induction hypothesis and the cut rule, the expanded
theory proves

Tk a?‘f (ug) = u{
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for each 1 < ¢ < n. It also follows by Axiom 5.1.5.4 that the expanded theory
proves '
TEaf (¢ (u,. o yu)) = g* (o (w), ., af™ (un)) -

So we obtain that the expanded theory proves

T af (g, ow) = 6" (af (), 0§ () = o (ul,. ).
as required.

e Suppose that u € Term®(37 (M, x4:)) is an a-restricted a-term. Then it must
be the case that u = o} (xa:) : A* for some g : 7 — £ in J. Now let h: £ — ¢
be any morphism in J with domain ¢. We set

u = a;‘(xm)h = afog(xAi) : AY

Then u” is a-restricted, and T (M, x4:) proves the sequent

oz;;‘(xAi) e af(a;(xm)) = ozfog(xAi) = a;(xm)h,

with the middle equality justified by Axiom 5.1.5.3.

Lemma (5.1.27). If M € PT9mod and u € Term®(X7 (M, x4:)) for some A € Yson
and i € Jo, then there is an a-restricted term u' € Term®(X7 (M, x4:)) of the same
sort such that T (M,x4:) proves the sequent

ulbFu=n1
Proof: ~ We prove the Lemma by induction on terms u € Term®(3X7 (M, x4:)).

o If u = xui or u=cY; forsome j € Jp,C € Eson, and s € My, then we set
u' := u, and the desired properties are clearly satisfied.

e Suppose that 7 € Jp and that g : C} x ... x (), — C'is a function symbol of 33,
and let u = ¢’(uy, ..., u,) : C7 for some terms uy, ..., u, € Term“(X7 (M, x4))
with uy : C’g for each 1 < ¢/ < n. By the induction hypothesis, foreach 1 < ¢ <n
there is an a-restricted term u), € Term®(X7 (M, x4i)) of sort CJ such that
TY (M, x4:) proves the sequent

Ugil_lw:uz.
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Then we set
u=g (uy, .. up) =g (Ul ) G

which is a-restricted. It then easily follows from the induction hypothesis and
the rules of partial Horn logic (including the deduction theorem from Remark
1.3.17) that TY (M, x4:) proves the sequent

G (ur, .. un) b g (ur, .. u,) = ¢ (U, ..., ul).

e Suppose that C € s, and that f : j — £ is a morphism of 7, and that
u = af(v) : C* for some term v € Term®(X7 (M, x4:)) of sort C7. Then by the
induction hypothesis, there is an a-restricted term v’ € Term®(3X7 (M, x4:)) of
sort C7 such that TV (M, x4:) proves the sequent

vikFov="1"

By Lemma 5.1.26, there is also an a-restricted term (v')/ € Term®(X7 (M, x4:))
such that (v')Y : C* and TV (M, x4:) proves the sequent
v L af (V) = (V).
We then set
v =af (v) = (V).
Then (as mentioned) (v')7 is a-restricted.

Now we want to show that T (M, x4:) proves the sequent
o§(0) L+ af(v) = (1),

By the deduction theorem for partial Horn logic (cf. Remark 1.3.17), it suffices
to prove that the expanded theory

T7 (M, x4:) U{T I af (v) |}

proves the sequent
TF a?(v) = (V).

By the rules of partial Horn logic, the expanded theory proves the sequent
T F v |. Then by the cut rule and the definition of v/, the expanded theory
proves the sequent T F v = ¢’ and thus the sequent T F ¢’ |. By the cut
rule and the definition of (v')/, the expanded theory then proves the sequent
T F af(v) = (v')!. From this and the fact that the expanded theory proves
the sequent T v = v/, we obtain our result.
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Proposition (5.1.29). Let M € PTYmod and let s,t € Term®(37 (M, x4:))* for some
i € Jo and A € Ysop, with s,t: C7 for some C € Ysore and j € Jo. If

T (M, xa,) b s =t,

then
'IF(M xCod(J>|—6’() a(t).

Proof: First, recall for k € Jo that (Mk <XCod(k)> ([xﬂ)fecw(k)> is the initial

model of T (Mk, Xéod(k)) in the category of all partial ¥ (M’“, xéod(k)>-structures (the

reader will be reminded of its explicit description during the course of the proof). It
has the following universal property (cf. Proposition 2.2.10): if N € PTmod, then for
any tuple of elements (ny) recodk) € I1 ecod(ry Va and any X-morphism h : Mk — N,

there is a unique Y-morphism h M* <xC0d(k)> — N with the property that
/f;oan:h:Mk—LN

and R
ha([x7]) = ny € Na

for each f € Cod(k) (where n™* : M¥* — MF <XC od(k )> is the canonical Y-morphism).

We now begin the proof of the proposition by first constructing a special partial
ST (M, x 4i)-structure 9 that will be a model of TV (M, x4:).
For any k € Jo and B € Ysort, We set

My = M* <Xéod(k)>B = {[u] s u € Term® (Z <Mk,x’c“od(k))>3 AT (Mk,xé‘od(k)> Fu ¢} :

Now let f : k — ¢ be any morphism of 7, and let B € Ygo:: we must define

o - -
(O‘}B) : Mpe = M* <Xéod(k)> — M <XCod(é)>B = Mp:.

We know that fM := FM(f): M* — M’ is a ¥-morphism. Then by the universal

property of M* <XCod(k)>7 there is a unique X-morphism

RSl <XCod(k)> — M <XCod(£)>
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such that - . ,

and _ .
AT\ _ [JA ¢/ A
far ([Xg]) = [Xfog} cM <XCod(Z)>A
for every g € Cod(k), where n™" : M* — M* <xé‘od(k)> and n™° : Mt — M <Xéod(l)>
are the canonical Y-morphisms. So we set

m —_ P — —_—
(@f)" =[5 Mg = M* <Xéod(k)>B — M <Xéod(£)>B = Mp:.

Now let k € Jp and let g : By X ... x B,, = B be a function symbol of ¥: we must
define o
(gk) :,‘J)TB{C X...XmBﬁﬁmtBk,

1.e.

Tk [ o k/TA
(") M <Xéod(k)>le“'XM <Xéod(k)>B — M <Xéod(k)>

We know that M* <x’c“o 4 (k)> is a X-structure, so we simply set

B .

L Mk<xéod(k>>
(9")" =y :

Now let k € Jo, B € Yson, and b € Mpr = ME; we define

M 7 k/ A
(CBk,b) € mBk = M <Xé0d(k’)>B .

We set
(c]gk,b)m = [cgﬂ = nlgk(b) e M* <%>B.
Lastly, we set
x% = [xﬁi] €My =M <%>A.

This completes the definition of the partial 37 (M, x 4:)-structure 9.
Observe (cf. Definition 5.1.2) that for any k& € Jo we have

ki k /A
M =M <xéod(k)>.

Now we show that 9 = TY (M, x4:). First, we show that 9 = T7. To show that 9
satisfies Axiom 5.1.5.1, let f : K — ¢ be any morphism in 7, and let B € Ygo. We
must show that (af)m : Mpe — Mpe is a total function. But this follows because

(a?)m = fM and ﬁJ is a Y-morphism.
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To show that 9 satisfies Axiom 5.1.5.2, let k € Jp and B € Ygor. We must show

that (af )™ := (id{f ) . Mpe — My is the identity function. Since FM : J — T-
B

mod is functorial, we know that FM(idy) = idM : M* — MP* is the identity -

/\

morphism, which then implies that id,c - M* <XCod( )> — M* <XCod( )> is the identity

Y-morphism, which yields the desired result. The fact that (a g )mo (oz}B )m = (ozﬁ) f)sm
for any composable f, g € J4 is shown similarly, so that 91 satisfies Axiom 5.1.5.3.

To show that 91 satisfies Axiom 5.1.5.4, it suffices to show that for any arrow
f ik —{in J, the collection of total functions

((aj?)im My = ME, 5 My = mg)

BeXx

is a Y-morphism 9MMF — M, ie. MF <Xc°d( )> — M* <Xcod(£)>. But by definition of

I, we know that this collection of total functions is equal to the collection

) e = 77 M () = M ()

which is a >-morphism.
Finally, we must show that 9 satisfies Axiom 5.1.5.5. To do this, it suffices to

show for any k& € Jo that 9M* is a model of T. But we have 9M* = M* <XCod(k)>

and M* <Xéod(k)> is a model of T, since M* is a model of T (by Lemma 5.1.7, since

M = T7). This completes the proof that 9 = TY.
Now we must show that 9 = TV (M). First, for any k € Jp, any B € Ysen, and
any b € Mg, = ME, we must show that 90 satisfies the T (M )-axiom

Tl—cghbi.

m
But this is true, because <cgk b) € Mpr is defined, by construction of 9.

Now let k € Jo, let g : By X ... x B, — B be a function symbol of ¥, and let
bi € Mpy,...,b, € Mpy with (bi,...,b,) € dom ((¢")™M) and (¢F)M(by,...,b,) =b €
Mpr. We must show that 9 satisfies the T (M )-axiom

M _ M

We have
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= (C%v,b)m

9

as desired.
Next, let f : kK — £ be any morphism of 7 and let B € Ygq¢, so that aJ]—? - BF —

B*. Suppose that s; € Mgr = M¥E and (af)M(sl) = sy € Mpe = M5. We must
show that 9 satisfies the T (M )-axiom

TF ozf (0]1\34'@,51) = 0%782.

We have

Il
SE)

~

Il
—_ 3 3 3

¢

(@) )

BE Wy Wy

S

Be,sg)m )

as desired. This completes the proof that M = T (M).
Finally, we have that 901 satisfies the sequent T F x4 |, since xiﬁ- = [X-AJ €

id
My = M <Xéod(i)>A is defined. This completes the proof that 9 = T (M, x4:).

Now we prove the following claim, where we write fmﬁ = (931’2 ([xﬂ) feCod (k)>

for k € Jo, so that

M = (90, (571) ecaaer) = (M (oar) - (1) pecoaty)

is a 2 (Mk,xéod(k)>—structure that is the initial model of T <M’“,xé‘od(k)>. Recall

that if v € Term®(X7 (M, x4:))* is of sort B for some B € Yso and k € Jo, then

0(v) € Term® <Z (Mk,xéod(k))) is a term of sort B.
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Claim. If v € Term®(X7 (M, x4:))* is of sort B for some B € Yso and k € Jo, then
o™ € M is defined if O(v)™ € (ML), = M = M* (xhpy) s defined, and if
both are defined, then

o™ = [0(v)] = 0(v)™ € My = M* <xéod(k,)>B.

Proof:  This is proved by induction on terms v € Term®(X7 (M, x4:))*:
e If v = x4i, then both
and ‘ ‘ o
O(0)™ = 0(xa)™ = (xig,) "~ = [xig]

are defined, and (as indicated) we have

o Ifv=cY, , : B* for some k € Jo, B € Yson, and b € Mpr = M}, then both

Um = (Cgk7b)m - [C%{Z]
and
k mk MkE{xA
plu™ =0 (e )™ = ()™ = (cts)"" )~ [

are defined, and (as indicated) we have
o™ = [0(v)] = O(v)™,

o Ifv= Oé?(XAi) : A* for some f :i — k € J, then both

o = o ()™ = ()™ () = 1A ([64]) = [xha] = [x]

and
O(0)™ =0 (o (x4))"" = (x})"" = [x}]

are defined, and (as indicated) we have

o™ = [0(v)] = 6(v)™
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e Suppose that v = ¢*(vy,...,v,) for some k € Jp and function symbol g :
By X ...x B, — B in ¥ and terms vy,...,v, € Term® (X7 (M,x4:))* with
ve : BY for each 1 < ¢ < n. If ™ = ¢%(vy,...,v,)™ € Mpr is defined, then

M e Mps, ... L, € Mpk are all defined, so by the induction hypothesis it

follows that 8(v,)™ € M* <Xé°d(k)>31 0™ e ME <XcOd(k)> 5, e all

defined and moreover
vy = [0(ve)] = O(ve)™ te Mt <XC0d(k:)>

for each 1 < ¢ < n. Since ¢g*(vy,...,v,)™ € My is defined, it follows that

(@, ..., 0™ € dom ((gk)im> — dom (ng<xé,d<k)>) ’

i.e.

(800 [80,)]) € dom (g Cn) )

which means by definition of M* <x’c40d(k)> that

T (M Xy ) F 9(0(01), . 6(0)) 4,

1.e.

T (M* X ) F0(0) L

Since M is a model (in fact, the initial model) of T (M Foxd d(k)>, it follows
by soundness of partial Horn logic that

M = 0(v) 4

so that 0(v)™ is defined, as desired. To show that 0(v)™ being defined im-
plies that v™ is defined, one essentially reverses the above reasoning (using [19,

Theorem 23] - the fact that provability of a closed equation in T (M Foxé d(k)>

coincides with its satisfaction in the initial model 9% ).

Finally, if both v™ and H(U)M are defined, then by the induction hypothesis
we obtain that

vém = [0(vp)] = 6(v D teMt <Fd()>

for each 1 < ¢ < n, which yields

By

m

V™ = gF (o, o)™
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= [0(v)],
as well as
O(v)"+ = 0(g"(vy, ..., 00)) "
= g(Q(Ul), .- 7‘9(1)%))9%)1
= g™ (0™, 0™ )
= ()" (. 0))
= gk(vla 7Un)£m
= /Um7
as desired.

We at last prove the actual statement of the proposition. Solet s,t € Term®(X7 (M, x4:))*
with s,t : CY for some C' € Ygon and j € Jo, and suppose that T (M, x4:) - s = t.

Since MY, is the initial model of T (Mj, xéod(j)>, then to show that T (Mj, xé‘od(j)) =
0(s) = 0(t), it suffices by [19, Theorem 23] to show that 90, satisfies the sequent

T FO(s) = 0(t). Since M |= T (M, x4:), it follows by hypothesis and the soundness
of partial Horn logic that 9 = s = ¢. Then s™ ™ are defined and equal, which

implies by the Claim that 6(s)™+,0(¢t)™* are defined and equal. So DV, satisfies the
desired equation, which completes the proof of Proposition 5.1.29. i

Lemma (5.1.30). Let T' be any quasi-equational theory over a relation-free signature
Y, let B € Xg,,, and let C be a (possibly infinite) set of constants of sort B with
CNXEg, = 0. Let ¥'(C) be the signature with ¥'(C)son 1= Lo and X'(C)eun =
Yt UC, and let T'(C) be the quasi-equational theory over the signature ¥'(C) whose
axioms are those of T' together with the axioms T F ¢ | for all ¢ € C.

Let s,t € Term®(X/(C)) be closed terms over 3'(C) of the same sort such that at
least one of s and t contains a constant from C, and let {ci1,...,c,} be the (finite,
non-empty) set of all and only those constants of C that occur in either s ort. Let
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Y (c1,. .. cn) and T'(¢cq, ..., c,) be the signature and theory defined analogously to
¥'(C) and T'(C). Then

T'C) Fs=t= T(c1,...,cn) Fs=t.

Proof:  Suppose that T'(C) F s = t. To prove that T'(cy, ..., ¢,) F s = t, it suffices
by completeness of partial Horn logic to show that any ¥'(cy, . . ., ¢, )-structure M with
M =T (¢, .., ¢,) satisfies M = s = t. And to show this, it suffices by the hypoth-
esis and soundness of partial Horn logic to show that any '(cq, .. ., ¢, )-structure M
with M = T'(cy, ..., ¢,) can be expanded to a ¥'(C)-structure M’ with M’ |= T'(C).
So we must set M'|sv(c, ... = M, and for any constant ¢ € C\ {c1,...,c,}, we
set M .= M € Mp = M}, (which we can do, because {ci,...,c,} is non-empty by
assumption). Then we clearly have M’ |= T’(C), which completes the proof. i

Lemma (5.1.31). Let M € PT/mod and k € Jo and B € Ysor, and suppose that
u € Term® (ZJ (Mk,chod(k)>> is of sort B and

T (Mk,xgod(k)> Fu= xﬁk.

If T(MP*) is non-trivial for the sort B, then u contains at least one occurrence of xﬁk.

Proof: Assume all of the hypotheses, but suppose towards a contradiction that u
does not contain any occurrence of xﬁk. Let

x (Mkachod(k)> =X (Mk7xgod(k)> \ {Xﬁk ’
and let B
T (Mk’xgod(k)> =T (Mijgod(k)) \{TkEx5 1},

a quasi-equational theory over the signature X (M k,xg) d(k)) . Since u does not

contain xj , it follows by the theorem on constants (Remark 1.3.17) that if y,y' : B
are distinct variables, then

T (Mk,%> FUB oy =y
and B
T (M xE ) H P u=vy,
so that -
T (M XE ) FFy =y,



C. CHAPTER 5 PROOFS 301

Now let x,x" : B be distinct constant symbols with x,x" ¢ X (Mk,xg)d(k))_. By the
theorem on constants again, we then obtain

T (M xE ) ULT FxLAX 4} Ex=X.
By Lemma 5.1.30, it then follows that
T(M*)YU{TFx}AX |} Fx=X.
By yet another application of the theorem on constants, it finally follows that
T(M*) ¥y =y,

with y, 4’ : B distinct variables, contrary to the supposition that T(M¥) is non-trivial
for the sort B. So u must contain at least one occurrence of xij , as desired. i

Lemma (5.1.34). Let M € PTYmod. Let u,s,t € Term®(S7(M,x4:))* for some
A € Bson and i € Jp, with v : O and s,t : D' for some C, D € Yson. Suppose that
u = h'(uy, ..., uy,) for some function symbol h : Cy X ... x C,,, — C of ¥ and i-local
terms uy, . .., Uy € Term®(XT (M, x4:))* with up : Ci and T (M, x4:) = ug | for each
1 < ¢ <m, and assume that u, commutes generically with each f :1 — i in J.

If T9 (M, x4:) proves the sequent

ulbs=t,
then T(M?,x4) proves the sequent
0% (u) L F 0%(s) = 0*(1).
Proof: First, it is trivial to see that the signature morphism
N3 (M sy ) = SO xa)
from Definition 5.1.32 is in fact a theory morphism
Nt T (M%) = T xa).

Now let u, s,t € Term®(X7 (M, x4:))* with u : C* and s,t : D for some C, D € Ysor.
We will not need to assume anything about u until near the end of the proof.

Let ¢ € Jo, and let Ja(i,¢) be the set of arrows in J from i to ¢. For
any such arrow f : i — ¢, we have by Lemma 5.1.26 an a-restricted term u/ €
Term®(S7 (M, x4:))* with u/ : C* such that TY (M, x4:) proves the sequent

ul b a?(u) =/
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and 0" (uf) € Term®(3(M*, x4)).
For any ¢ € Jp, consider the quasi-equational theory

T(M*xa) U{T 0" (u!) }: f € Tali,0)}

over the signature X(M?*, x,4), and let us denote the ¥-reduct of the initial model of

this theory by
A *
M <XA79 (uf)f;me>'

For any B € Ygort,
[v] : v € Term®(X(M* x4))p and
Y4 * f —
M <XA’0 (u )f:i_)Z>B {T(MK,XA) U{THO (uf) L fedali, O} o i} '

These models have the following universal property, which can be easily derived from
the initiality in the definition of M?* <XA,9* (uf)f:i_>£>. Recall that if N € PTmod

and h : M* — N is a Y-morphism, then N" is the X(M*)-structure from Lemma
2.2.4 with Ny, = N and N" |= T(M?).

Claim. Let £ € Jp. If N € PTmod, then for any ¥-morphism h : M* — N and any
element ny € N4 such that

(Nh,nA) 0% (uw?) |
for each g € J4(i,¢), there is a unique 3-morphism
7. 14 *
b M (x4, 0" (uf), ) = N
with the property that R ,
hon™ =h:M'— N

and R
hA ([XA]) =Ny € NA

(where nM* : M* — M? <xA, 0* (uf)fn._)g> is the canonical Y-morphism). i

As in the proof of Proposition 5.1.29, we now define a ¥7 (M, x 4:)-structure 90 that
will be a model of TV (M, x4:) U{T Fu }}. For any B € Yso and £ € Jo we set

Mpe == M* <XA> 0 (uf)f:i—>€>

5
Now let g : £ — ¢’ be any morphism of J and let B € Ygo: we must define

(OZQB)Sm . mez —7 mey.
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We know that g™ := FM(g) : M* — M is a ¥-morphism, so we have a X-morphism

/

an ogM: M — M” <XA,9* (uf)fn._w,> .

We also have
[xa] € M* <XA,8* (uf)fn._w,>A.

It is then tedious but not difficult to show that
” an, ogM
MY (x4, 0" (') ;) Jxal | =07 |

for each h € Ja(i,f), since the interpretation of 6*(u") in this L(M?* x,)-structure

will be
0" ()] & M (40" (o) 1)

because

B <M€/’XA> U{T 0" (uf) L1 f € Tali, )} 0" (u") L,

as goh € Ja(i,0'). Then by the universal property of M* <XA, 0* (uf)fn.%> in the
above Claim, there is a unique X-morphism

5;]\7 : M* <XA7 0 (uf)f;He> — M <XA’ 0" (uf)f:He'>

such that e , ”
gMon™ =nM o gM: M — M* <><A79* (Uf)f;H@>
and .
g (beal) = bea) € MY (xa,60° (7))
So we set

()™ = ghf e = M (300" () ) — M7 (a0 () ) = D

B

Now let ¢ € Jo and let g : By x ... X B,, = B be a function symbol of »: we must
define o
(gz) :f)ﬁB{ X...XQﬁBﬁﬁmBe,

1.e.

(gz)m - Mt <xA,9* (uf)fn.%>B1 X ...x M <xA,9* (uf)fzmz>3n

— M (x4, 0° (uf)fn._%>B .
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We know that M?* <XA, 0* (uf) > is a Y-structure, so we simply set

fii—el
m M {x4,0* uf)
(ge) = g < A ( )f:z—>z>'
Now let £ € Jo, B € Yson, and b € My = My; we define

(C]\Bé,b)gjt € Mpe = M* <XA’ o (uf)fzmz>3‘
We set o , )
(ng’b) = [cgb} = nfg\f (b) € Mt <xA,6’* (uf)f:i_)£>B.
Lastly, we set
g = [xa] € My = M? <xA,9* (uf)f:i_n.>

This completes the definition of the partial 37 (M, xy4,)-structure 9.
Observe (cf. Definition 5.1.2) that for any ¢ € Jp we have

" .

m- = M* <XA7 0" (uf)f:i—>€> '

The verification that 9 | TY (M, x,,) is now essentially identical to the analogous
verification in the proof of Proposition 5.1.29.

We now have the following claim, whose proof is almost identical to the proof of
the analogous claim in the proof of Proposition 5.1.29. Recall that if v € Term®(X7 (M, x4,))*
is of sort B’ for some B € Ysor and £ € Jo, then 0*(v) € Term®(3(M* x4))p and
hence can be interpreted in the ¥ (M?, x4)-structure

zmﬁ = (Dﬁé, [a:A]) = <M€ <XA,9* (uf)f:H€> , [acA]) )

Claim. If v € Term®(37 (M, x4,))* is of sort B for some B € Ysot and £ € Jp, then
v™ € Mpe is defined iff 6%(v)™ € My, = M! <XA,0* (uf)fn._%>B is defined, and if
both are defined, then
* * ¢ *
V™ = (0% ()] = 05 (0)™ € M = M* <xA, 0" (uf) f:He>

B .

Finally, we show that 9 = u |, i.e. that «™ is defined in Mei (recall that u :
C%). By the preceding Claim, it is equivalent to show that 0*(u)™+ € ML, =

M <XA,9* (uf)f:Hi>C is defined. Since 9, is a model (in fact, the initial model)
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of T(M",x4) U {T F o* (uf) L fedgai, z)}, it suffices by soundness of partial Horn
logic to show that this theory proves the sequent T F 6*(u) J. But this is true because
0*(u) = 6* <uidi> (since u = u'") and this theory (by definition) does indeed prove

i

the sequent T F 6* (uid ) 1. Thus, we have proven that 9 is a X7 (M, x 4: )-structure

that is a model of T (M, x4) U{T Fu |}.

Now let us finally prove the actual statement of the lemma. We initially assumed
that u, s, t € Term®(37 (M, x4,))* with u : C* and s,t : D for some C, D € Ygop.
Suppose in addition that T (M, x,4,) proves the sequent u | - s = t. Before showing
that T(M* x4) proves the sequent 0*(u) | F 0*(s) = 6*(t), we first show that the
sequent T F 0*(s) = 0*(t) is a theorem of

T(M', xa) U{T 6" (u) L: feTuli,i)}.

Since im’; is the initial model of this theory, it suffices by [19, Theorem 23] to show
that 9V, satisfies the sequent T F 6*(s) = 6*(¢). Since M = TV (M, xy,), it follows
by hypothesis and the soundness of partial Horn logic that 901 satisfies the sequent
u b s =t Since also M |= u |, it then follows that M = s = ¢. So s™ ™ are
defined and equal, which (by the preceding Claim) implies that 6*(s)™+, 6*(t)™+ are
defined and equal, so that 9, models the sequent T F 6*(s) = 6*(t), as desired.
Thus, the sequent T F 0*(s) = 0*(t) is indeed a theorem of

T(M', xa) U{T 6" (u) L: feTuli,i)}.
Next, we wish to show that the sequent T F 6*(s) = 6*(¢) is a theorem of
T(M',x4) U{T F 0*(u) |}

By what we just showed, it suffices to prove that if f € Ja(i,7), then T + 0* (uf) i
is a theorem of

T(M* xa) U{T F0*(u) |}.

We now invoke the additional assumptions on u made in the statement of the lemma:
namely, we assume that u = h'(uy, ..., u,,) for some function symbol h : C; X ... x
Cpn — C of ¥ and i-local terms uy, ..., u, € Term®(37 (M, x4,))* with u, : Cf and
TY(M,xa,) & ug | for each 1 < ¢ < m, and we also assume that u, commutes
generically with each f : i — i in J. The latter assumption (cf. Definition 5.1.33)
means that if f:7 — ¢, then

TY(M,xa,) b af (ue) = welf]

for each 1 < ¢ < m. Since TY(M,x4,) F of (u) = u) (by Lemma 5.1.26), we then
obtain that
T (M, x4,) - ul = uglf]
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for each 1 < ¢ < m, with both uJ, u,[f] € Term®(X7 (M, x4,))*. By Proposition 5.1.29,

we then obtain L
T (M%&) 0 (uf) = el 1)),

Since . .
Nt T (Mg ) = TOM xa)

is a theory morphism, we then obtain
(M xa) E s (8 (uf) ) = A (0 (el 1)),

i.e.

(M xa) b 0" (uf) = 0 (wlf]).
By Lemma 5.1.36 (since uy is i-local) we have 6*(u,[f]) = 0*(u,), and thus

T(Mi x4) F 6* (a{) = 0% (up).

Altogether, we want to show for f : ¢ — ¢ that the sequent T + 6* (uf) J, i.e. the
sequent T F h (9* (u{) s, 0" (u&)) J, is provable in the theory
T(M',x4) U{T = 6"(u) 1},

i.e. the theory .
T(M* xa) U{T F h(0"(u1),...,0"(um)) I}

But this follows from the just mentioned fact that
T(M,x4) - 6° (ug) — 0" (uy)

for each 1 </ < m.
This proves that the sequent T F 6*(s) = 0*(¢) is a theorem of

T(M?,x4) U {T F 6*(u) |}.

By the deduction theorem for partial Horn logic (cf. Remark 1.3.17), it then follows
that T(M*,x4) proves the sequent

0" (u) L+ 6 (s) = "),

which completes the proof of Lemma 5.1.34. |
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Lemma (5.1.35). Let M € PT7mod and A € Yson and i € Jo. For any s,t €
Term®(X7 (M, x4:))* with s,t : C* for some k € Jo and C € Bsor, if T (M, x4:)
proves the sequent

TFs=t,

then T(M*,x,) proves the sequent
T 0 (s) =06%(t).

Proof: Suppose that T (M,x4:) F s = t. By Proposition 5.1.29, it then follows
that

T (M* xE ) F 6(5) = 0(0),

since s,t : C*. Since

N T (ME XG0 ) = T(ME x)
is a theory morphism by the proof of Lemma 5.1.34, it then follows that
T(M,x4) F 0%(s) = M(0(s)) = Me(0(2)) = 07 (),

as desired. ]

Lemma (5.1.36). Let M € PTmod, let u € Term®(X7 (M, x4:))* be i-local for some
i€ Jo and A € Ysor, and let f € Cod(i). Then

0*(u) = 0" (u[f]) € Term*(X(M",x4)).

Proof: Let f : 7 — 4. We prove the lemma by induction on i-local terms
u € Term®(B7 (M, x4:))*:

o If u=xy : A’ then ulf] = Oé?(XAj). Then we have
0 (xa) = M(B0ca) = A (1) = xa = N (<) = (6o (x) = 0° (ul )

e Suppose u = a’(x4:) : A’ for some arrow g : i — i in J. Then u[f] = o (x45).
9 gof
We then have

0" (u) = «9*(04;4(XA¢))
= Xi(0(c) (xa1)))
= 7 0¢)
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o If u=c}  : B forsomesort B € X and s € Mpi, then u[f] = u=c} . So
then the desired result obviously holds.

e The induction step for function symbols in ¥ is straightforward.

Lemma (5.1.37). Let M € PTYmod, let u,v € Term®(X7 (M, x4:))* for some A €
Ysort and i € Jo with v : A*, and suppose that T (M,x4:) F u,v |. Suppose also that
u,v are i-local, and that v commutes generically with every arrow f : 1 — 1 in J.
Then

T(M*,xa) = 07 (u[v/xa:]") = 6" (u)[67(v) /%],

where ulv/x i) is the a-restricted variant of u[v/x4:| from Lemma 5.1.27.

Proof: Fixv € Term®(X7 (M, x4:))* with the properties that v : A and TV (M, x4:) F
v | and v is i-local, and assume that v commutes generically with every f : i — 1,
which means (cf. Definition 5.1.33) that

T (M, x4:) F oz?(v) = o[f].

We will prove the desired claim by induction on a-restricted, i-local terms u €
Term®(X7 (M, x4:))* with TV (M, x i) F u |:

o If u = x4 : A% then TY(M,xy) F u | and ufv/x4] = v. Since 0*(u)
0*(x4i) = x4, we must show
T(M*,x4) F 6% (V') = 0*(v).

By Lemma 5.1.27 and the assumption that TV (M,x4:) F v |, we know that
T (M, x4:) v ='". Then the desired result follows by Lemma 5.1.35.

e Suppose u = «af (x4:) for some g : i — i € Ju (since u is é-local). Then
T (M,x4:) - u |, and we have u[v/x4i] = o'(v). By Lemma 5.1.27 and the
assumption that v commutes generically with g, we have

T (M, x4:) b o} (v) = o)} (v) = v[g].

g

Since
0*(u) = 6’*(04?(xAi)) = A,»(Q(oz?(xm))) = \(x) = xyu,

g
it now suffices (by Lemma 5.1.35) to show

T(M*, x4) - 0*(v]g]) = 0*(v).

But this follows by Lemma 5.1.36 (since v is i-local) and the fact that T(M*,x4) -
60*(v) | (which itself follows from Lemma 5.1.35 and the assumption that T (M, x4:) -

v ).
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e Suppose u = ¥, _for some D € Yo and s € Mp:. Then T (M, x4:) F u |,

Dt s
’
M M M
.7S> = Cpi by the

and we have u[v/x4i] = u = ¢} , as well as u[v/x4| =

VRS
)
S

]/
proof of Lemma 5.1.27. Also, we have 6*(u) = 6* (cJ‘D/[i

now to show

) = cps- S0 our goal is

S

T(M',xa4) F 6" (i) = 0" (c2h),

1.e.
i M M?
T(M ,XA) l_ CD,S — CD7S7

which is true, because T(M?,x4) -}’ |.

e The induction step for function symbols in X is straightforward.

Lemma (5.1.38). Let M € PT9mod and A € Ysox and i € Jo, and let u €
Term®(X7 (M, x4:))* be an a-restricted, i-local term of sort B! for some B € Yson
with TY (M, x4:) &= u |. Let f :i — € be an arbitrary arrow of J with dom(f) = i.
Then o (u) has an a-restricted variant of (u)' by Lemma 5.1.27, and of (u)' : B,
so that 0% (o (u)’) € Term® (X (M x4)). And 0*(u) € Term® (X (M’ ,x4)), so that
P (07 (w)) € Term®(X(M* xa)), where phy « T(M',xa) — T(M* x4) is the theory
morphism induced by the X-morphism fM := FM(f): M* — M. Then

T(M* x,) - 6 (af(u)') = p?M(G*(u)).

Proof: ~ We prove the lemma by induction on i-local terms u € Term®(X7 (M, x4:))*
with T (M, x4:) F u |.

o If u=xy : A% then TY (M, x4:) - u | and
P (07 () = pp (0 (xai)) = par (Xa) = Xa.
By the proof of Lemma 5.1.27, we also have
0*(@}4@)') = 9*(a?<XAi)/) = 9*(@?(XAI-)) = X4.

So we must prove
T(ME,XA) = XA = X4,

which is true because T(M?* x4) F x4 |-
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e Suppose u = c]gis : B for some sort B € ¥ and s € Mg = M. Then

T (M,x4:) b u |, and we have
% " i ¢ )
p?M(Q (u)) = p’;‘M (6 (C%’s)) = p‘;}M (cJ\Bf{S> = cjng( )= Cg(a?)kf(s).
By the proofs of Lemmas 5.1.26 and 5.1.27, we also have

0" (af (w)) = ( ? <c% >’)

So we must show that
7 Mt _ Mt
T(M, xa) F Ch aypi(s) = B o) ey

but this is true because T(M?¥, x,) F Cgia?)M(s) R

e Suppose u = ag‘(xAi) : A® for some ¢ : i — i in J (because u is i-local). Then
T (M,x4:) F u |, and we have

e (07 (1)) = e (07 (024 (x0)) = i ) =

as well as

Il
<
S

So we must prove T(M*, x4) F x4 = x4, which is true because T(M¥, x4) F x4 |.

e Suppose u = g'(u1,...,u,) : B for some g : By X ... x B, — B in ¥ and
i-local terms uy, ..., u, € Term®(3 (M, x4:))* with wu; : B; for each 1 < j <mn,
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and suppose that TY (M, x4:) F u J. Then by the rules of partial Horn logic,
it follows that T (M,x4:) F u; | for each 1 < j < n. So by the induction
hypothesis, we obtain for each 1 < j < n that

* B; *
(M x4) b 0" (0 (1)) = pf (6" (uy)):
Since T (M, x4:) F u = g*(uq, ..., uy,) |, it follows by Axiom 5.1.5.4 that

T (M, x4:) F ozf(u) = ozf(gi(ul, o)) =g (a?l (uy),. a?”(un)) .

Then since
T (M, x4:) b of (u) = af (u)’

and T (M, x4:) proves the following sequence of equations

gf (O‘?I (ul)a s 7O‘?n (un)) = g€ ( & (ul) aa?n (un))/

=g ( (ul) 705}8“ (un>,)
by Lemma 5.1.27, it follows by Lemma 5.1.35 that
T(M,x4) F 0 (af (w)) = 0" (¢" (a }Bl(m)' CY?" (un)'))
ie.
T(M,x4) b= 0" (of (w)') = g (0" (e (wr)') ;.0 (" (wn)))
So to obtain the desired result, it suffices to show that
T xa) b g (0 (@2 (1)) .., 0 (0B (1)) = s (6°(5' ).

But the following sequence of equations is provable in T(M?*, x,), as desired:

g (0 (@ (w)) -, 0" (o (wn)')) = g (pr (0 (), -, s (6" ()
= pfu (9 (0" (wr), ..., 0% (un)))
= p?M (9*(gi(ulv e ’un»)

(where the first equality follows by the induction hypothesis).

Definition (5.1.54). We define a functor
Aut(ld 7)) : PTY mod — Group

as follows:
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e For any M € PT7mod, we set

Aut(ld ) (M) := Aut(ld ;)™ € Group.

e For any ¥7-morphism h : M — N € PT7mod, we define a group homomor-

phism
Aut(ld7)" : Aut(ld /)™ — Aut(ld 7)™
by
(VB)Bes — (V})pes,
with

Y (i) = (i) 1 i =i
for each 7 € jév.

Justification. We must show that Aut(ld;)(~) is a well-defined functor. Let h :
M — N be a morphism in PTYmod, and let ) € Aut(ld7)*. Then ¢ = (¥5)pes,
with ¢¥p : Id gy = Id gt natural automorphism of the identity functor on J27,

which is the full subcategory of J consisting of all objects i € Jo for which T(M?) is
non-trivial for the sort B.

Now let B € X be an arbitrary sort; we show that the natural automorphism
W ldgy — Idzy of the identity functor on J5 is well-defined, where Jj' is the

full subcategory of J consisting of all objects i € Jp for which T(N") is non-trivial
for the sort B. So let i € J5, so that T(N?) is non-trivial for the sort B. Since
ht: M* — N'is a X-morphism, it follows that we have a theory morphism

ppi : T(M') — T(N?)
by Definition 2.2.17. If T(M?") were trivial for the sort B, then we would have
T(MY) FY y =

for distinct variables y,vy’ : B. Then the existence of this theory morphism would
imply that ‘
TV F y =,

so that T(N?) would be trivial for the sort B, contrary to assumption. Thus, it must
be that T(M?) is non-trivial for the sort B, so that i € JA!, and hence ¥p(i) : i = i
is defined. So our definition

Y () = (i) 1 i =i

makes sense.
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We now show that

Aut(ld7)" () := (¥) Bes € Aut(lds)".

If B € Ysort, then since ¢ g is a natural automorphism of Id M it easily follows that
Y% is a natural automorphism of Idjév. Now let g : By x...x B, — B be any function

symbol of ¥ with n > 1, and let i € Jp and 1 < m < n with ¢V ' non-degenerate in
position m. We must show that

U, (1) = ¥5(i) 11— .

As before, we can easily show that gV ' being non-degenerate in position m implies
that ¢™" is also non-degenerate in position m, and hence because ¢ € Aut(ld 7)™, we
obtain

U, (1) = Y5, (1) = (i) = ¥p(i) i = 4,

as required. This completes the argument that

Aut(ld7)" () := (¥} Bes € Aut(lds)".

Also, it easily follows from the definitions that
Aut(ld7)" : Aut(ld /)™ — Aut(ld 7)Y

is a group homomorphism, and that Aut(ld;)~) : PTYmod — Group is functorial. §

Lemma (5.2.4). Let M € PTYmod, with component models M € PTmod for all
i € Jo, suppose that (¢")icy € [l;c; Zr(M") is compatible, and suppose that ¢ €
Aut(ld)M. Then there is a unique # € Zpa (M) determined by v and (¢);c7.

Proof: Assume the hypotheses. Then we have ¢' € Zp(M*) for each i € Jo.
Let 7" = ([st])ces; be the element of Gp(M*) that corresponds to ¢ under the
isomorphism Zp(M*) = Gp(M?") (cf. Theorem 2.2.41). Then we have (7');cs €
[Tics Gr(M?). Now we show that (v')ics € ([Tics GT(Mi))J. Solet f:j7 — k be

any arrow in J; we must show that
Gr(f*") (") =",

where fM = FM(f): M/ — MP*. Unravelling the definitions, we must show for any
sort B € X that

[P (s%)] = [sh] € M*(xp)s,
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where p]]?M : B(M7,xg) — S(MP*, xp) is the signature morphism induced by the -
morphism f*. By the explicit description of the isomorphisms Zp(M7) = Gr(M7)
and Zp(M") =2 Gp(M*) (cf. the proof of Theorem 2.2.41), we have

[sp) = (¢, ) (xal) € M (xa)
and

(s = (o) (bxs)) € M*(xs) s,

where 1773, : M7 — M7 (xg) and 7% : M* — M"(xp) are the canonical Y-morphisms.
Let .
M xp) : M7 (xg) — M*(xp)

be the unique Y-morphism with the properties
fM(xg) o =m0 fM M — M*(xp)

and
Mix)B([xs]) = [x5] € M*(xp)5

(cf. Proposition 2.2.10). Then for any u € Term®(3(M?,xg)) of sort B with T(M?,xz) b
u |, it is easy to see that

M xp)p([u]) = [pfu(u)] € M*(xp)5.
Since our goal is to show
[pF (s)] = [s5] € M¥(xp) 5,

it is now equivalent to show

PMcba ((¢7,) (xal)) = (6l ), (bxal) € M (x)

B

ie.
(£ xa) 0 0], ) (bxal) = (0l ) (el
We have
R R T )

- zlnkgofl\/[OfM<XB>
= Oagorsn(p © I (x0)

— ¢7’;g ofM<xB>;
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the first equality holds because ¢/ € Zp(M7), the second equality holds by definition
of fM(xg), the third equality holds by definition of ¥, and the last equality holds
because the family (¢');c7 is compatible. Then we obtain

(fM<XB> o ¢£%)B ([xg]) = (ﬁbf]g ° fM<XB>>B (xs])
S CARGEE)
= (o), (s,

as desired. This completes the argument that (v')ics € ([T;cs GT(Mi))j.
Consequently, since 1) € Aut(ld 7)™, we obtain

B ((Vi)iejaw) € Gpa (M),

Now, let m € Zps (M) correspond to By ((7%)ie7, 1) under the isomorphism Zqs (M) =
Grs(M). We will show that 7 is determined by ¢ and (¢");c7. So let f: M — N be
an arbitrary morphism in PTY mod with domain M, and let B*¥ € ¥ be any sort. If
k ¢ JA then the desired result is trivial to verify. So assume that k € J5!. Then
we must show

k
= (QS?koFM(ws(k)))B o FN(¢p(k))p : Npr — Npr.
Since (¢');cs is compatible, it is equivalent to show

Wfk = (gb’;k)B 0] FN(¢B(,I€>>B . NBk — NBk.
By the proof of Theorem 2.2.41 and the definition of 3,;, we have

nf = o (5 () [l (xse) /xi]) = " (05 (s5)) [eed o (xme) i)

:NBk —>NBk

(the second equality holds by Lemma 2.2.28 and since p?k fixes afB(k) (xgr)). Since
T (N, xgr) - agB(k) (xgr) 4, it follows that

% N
afig(k)(ka) = (afig(k)) . NBk — NBk

is a well-defined total function. Then by Lemma 2.2.29, we obtain

Bk o Bk *

TF = Pf (Pﬁk(slfs)) [afB(k)(XBk)/XBk}

= 07" (P ()" o (alym)”
= pive (Pfi(sh)) o (O‘gza(k))N’
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with the last equality justified by Lemma 5.1.15. So now, we are reduced to showing
that

P (P5(s5)) 0 (ol )" = (5e) 5 0 FY (s (k) 5.
However, since

FN(¢p(k))p = (OéfB(k))N

is a bijection (since ¢ p(k) : k = k is an isomorphism in ), it is equivalent to prove
that
PNk (pfk(SB)) (bek) : Ngt — Npk.

Then by Lemma 5.2.3, it is equivalent to prove

Pfk( B) = (¢fk) : Ngr — Npk.

However, if § : Gp(M*) = Zp(MP¥) is the isomorphism from (the proof of) Theorem

2.2.41, then (given that 4% = ([ DCeE we have

ey = (500),), = (167 09),0),, = 64,

as desired. This completes the proof that 7 is determined by v and (¢");c7. Finally,
it is trivial to observe (cf. Definition 5.2.1) that 7 is the only element of Zys (M)
determined by 1 and (¢');c7, which completes the proof. |

Lemma (5.2.5). Let f: M — N be a ¥ -morphism in PTYmod, and let F™ : J —
PTmod be the functor corresponding to M. Also let k € Jo and let g - k — k be
an arbitrary arrow in J, and let B € Ysor. Finally, let u € Term®(X(M*,xg)) with
T(M* xg)Ful and u: C. Then

k * % N
af (o7 (5 () = Pfiormsiyy(@)* @ (af)
. NBk — ch,

where p?koFM(g) : X(M* x5) — X(N* xpg) is the signature morphism induced by the
S-morphism f* o FM(g) : M* — N*, and p%, : S(M* ,xg) — S (M, xpx) is the
signature morphism of Definition 5.1.12, and p?k : 59 (M, xgr) — X7 (N, xgx) is the
signature morphism induced by f: M — N.

Proof: First, we verify that the above equation makes sense under the given hy-
potheses. Since af : B¥ — B*, we have (a2)" : Ngx = Npx (which is a total function
because N | T7). Since T(M*,xp) = u | and pf g, + T(M*,xp) — T(N*,xp)

is a theory morphism by Lemma 2.2.18, it follows that T(N* xp) F pfkoFM(g) (u) 4,
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so that pB,_ . (u)* : Ngr = NE — NE = Nk is a well-defined total function.
) LAY Prrori (g) 5 = No ll-de

Similar remarks show that the left side of the above equation is also a well-defined

total function.

Now, we prove the above equation by induction on terms u € Term®(X(M*, xp))
with T(M*,xg) - u |:

e Suppose u = xp : B. Then T(M* xg) F u |. We have

k k
of (pf" (P (w)) = aff (o (xm)) = B lx) : B,
along with
p?’coFM(g)(u) = XB : B
Since
xgp =id: NE — Nk,

we must show

OégB(XBIc>* = (OégB)N : NBk — NBk.

But for any d € Ng«, we have

o (xpr)*(d) == af(ka)(N,d) — (aB)(]V,d) <X(ﬁ,d)) _ (&B)N (),

g g Bk g

as desired (here N is the canonical expansion of N to a £ (N)-structure, and
(N,d) is a 7 (N, xgr)-structure).

e Suppose u = clj‘{z : D for some sort D € ¥ and s € MY = Mps. Then

T(M* xg) F u |, and we have

k k
af (pfg (pﬁ,&u))) = ozf (pf (C]gk,s)) = ozf (Cgk,f@) . DF,

while

k
pfkopwg) (u) = Cﬁfk(FM(ng)) tD.

So we must show

DN * Nk * B\N .
Ay <0Dk,f<s>) = (CD,fk<FM<g><s>>> o (a)" : Npr — Nps,
i.e.

DN ¥ Nk .
a, <0Dk,f<s>) = <CD,fk<FM<g><s>>> t Npr = Np:

(since (cgkfk(FM(g)(s))> : Nb — NE is a constant function). To show this, it is
equivalent to prove that

(@2)™ (for()) = £5 (F¥(9)n(s)) € Np.
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But
FM(g)p == (o)™ . My = Mpr — Mps = M},
so the result follows because f¥ = fpr and f: M — N is a X7-morphism.
e Suppose that h : C; x ... x ), — (' is a function symbol of ¥, suppose that
u; € Term®(X(M*,xp)) is a term of sort C; for each 1 < i < n, and suppose that
u = h(uy,...,u,) : C. Finally, assume that T(M* xg) F u J, which implies (by

the rules of partial Horn logic) that T(M* xg) b u; | for all 1 < i < n. So by
the induction hypothesis, for each 1 <7 < n we have

a? (p?k (P (Uz))> - p?’“oFM(g) (ui)" o (af)N

: NBk — Ncgc.
Now, we have
k k
al (p? (/ﬁ&(@)) =af (p? (oxp (R (un, . ,un))))
k
= af (" (1 (), . pBiu ()
k k
= af (W (pf" (pfw)) oo (o (a) )
Since T(M*,xg) b h(ui, ..., u,) |, the existence of the theory morphisms p%, :
T(M*, x5) — T (M, xp) and pF* : T7 (M, xpr) — T (N, xg+) implies that

T (N, xgpe) b 0 (" () oo (o (ua)) ) 4

Then by Axiom 5.1.5.4, we obtain

TN,k g (1 (8 () 108 (i)

=1 (0 (07" (o)) g™ (o (PRis())))
So by Lemma 2.2.13, we obtain

of (0" (ofu(w)))’

= o (W (o' (o) -0 () )

— Bk <a§’1 <p]]§k (pﬁk(ul))> ,...,045" <P?k (pj\%k(un)))>*
: Ngr — Ngr.
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Also, we have

p?koFM(g) (U) = p?koFM(g) (h(U1, s ,Un)) =h <p?’“oFM(g)(u1)7 s 7p?koFM(g)(un)> )
and hence
pfkoFM(g)<u>* = h (p?koFM(g)<u1)7 e 7p?koFM(g) (Un)> : NIIZ — Né:'

Altogether, we must show
k K *
Lk (agl <p}5 (pﬁk (Ul))> Y ,agC" <p? (pﬁk (Un))>)

* N

which now easily follows by the induction hypothesis (and the fact that h¥ =

(BF)Y).

Lemma (5.3.2). Let X be an arbitrary relation-free signature, and let T be an empty
theory over ¥.. If M € PTmod, then for any B € Yson, T(M) is non-trivial for the
sort B. Ifg: By X...x B, — B is any function symbol of 3, then for any 1 < m < n,

gM is non-degenerate in position m.

Proof: Let T be an empty theory over X, let M € PTmod, let B € X be any sort,
let g: Ay x ... x A, — A be any function symbol of 3, and let 1 < m < n. We show
that T(M) is non-trivial for the sort B and that ¢* is non-degenerate in position m,

i.e. we show that
T(M) F4"8 y = of

for distinct variables y, vy’ : B and that

T<M) YL naEm g(yh cee 7yn) = g(yb cee ayn)[zm/ym]

for pairwise distinct variables 1, ..., yn, 2, of the correct sorts. We accomplish both
goals simultaneously by appealing to Lemma 3.1.2 and showing that there is some N €
PTmod such that Nz contains at least two elements, and there are a; € Na,, ..., a, #
by € Na,,,...,a, € Ny, such that

a1y ..y n), (A, b, .., ay) € dom(g™)

and
ALy sy Gn) 7 g (a1, b, .. an) € Ny,
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and there is a X-morphism h : M — N.

We define a partial X-structure N as follows. For any sort A € X, let Ny := MU
{0,1}, where 0,1 ¢ |, M¢ are distinct. For any function symbol f : Cyx...xC, = C
of ¥ other than g, we set fV to be the total function defined by

N1 dom(fM) = M
and
fN(Xl, . ,XT) = O - NC

for any (xi,...,%,) € Ng, X ... x Ng, \ dom(f*). We then set ¢V to be the total
function defined by
g™ | dom(g™) == g"
and
gV (0,...,0):=0€ Ny
and
gV (x1,... %) i=1€ Ny

otherwise. It is clear that N € PTmod, that Np contains at least two elements,
and that the desired condition on ¢V is satisfied. If we then set h : M — N to the
inclusion morphism, then A is clearly a Y-morphism and the proof is complete. |
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