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Abstract

To every small category or Grothendieck topos one may associate its isotropy group,
which is an algebraic invariant capturing information about the behaviour of auto-
morphisms. In this thesis, we investigate this invariant in the particular context of
quasi-equational theories, which are multi-sorted equational theories in which opera-
tions may be partially defined. It is known that every such theory T has a classifying
topos, which is a topos that classifies all topos-theoretic models of the theory, and
that this classifying topos is in fact equivalent to the covariant presheaf category
SetsfpTmod, with fpTmod being the category of all finitely presented, set-based models
of T. We then investigate the isotropy group of this classifying topos of T, which
will therefore be a presheaf of groups on fpTmod, and show that it encodes a notion
of inner automorphism for the theory. The main technical result of this thesis is a
syntactic characterization of the isotropy group of a quasi-equational theory, and we
illustrate the usefulness of this characterization by applying it to various concrete
examples of quasi-equational theories.
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Chapter 1

Introduction and Background

1.1 Categorical Background

In this section, we will introduce the necessary categorical background and motivation
for what follows. We will assume that the reader has familiarity with the basic notions
of category theory and topos theory. We will define the isotropy group of a small
category, and relate this to the notion of the isotropy group of a (Grothendieck)
topos.

Given a category C, the assignment

C 7→ Aut(C),

where Aut(C) is the group of automorphisms of the object C in C, is not generally
functorial. More specifically, if f : D → C happens to be an isomorphism in C, then
we can define a canonical group homomorphism

Aut(C)→ Aut(D),

given by the rule (conjugation by f)

π 7→ f−1 ◦ π ◦ f

for any π ∈ Aut(C). However, if f : D → C is not an isomorphism, then it is not
possible to define such a canonical group homomorphism in general.

To solve this ‘problem’, we introduce the isotropy group (functor)

ZC : Cop → Group

of C. Given C ∈ C, we set

ZC(C) := Aut(C/C → C),

1



1. INTRODUCTION AND BACKGROUND 2

the group of natural automorphisms of the forgetful functor C/C → C. More con-
cretely, if we let Cod(C) := {f ∈ C : cod(f) = C}, then an element α ∈ ZC(C) is a
Cod(C)-indexed family of automorphisms

α =
(
αf : dom(f)

∼−→ dom(f)
)
f∈Cod(C)

with the following naturality property: for any f ′ : C ′′ → C ′ and f : C ′ → C in C we
have

f ′ ◦ αf◦f ′ = αf ◦ f ′,

as shown in the following commutative diagram:

C ′′ C ′′

C ′ C ′

αf◦f ′

f ′ f ′

αf

The explicit group structure on ZC(C) is given as follows: for any α, β ∈ ZC(C), we
have

α · β =
(
αf ◦ βf : dom(f)

∼−→ dom(f)
)
f∈Cod(C)

and
α−1 =

(
α−1
f : dom(f)

∼−→ dom(f)
)
f∈Cod(C)

,

while the unit element of ZC(C) is(
iddom(f) : dom(f)

∼−→ dom(f)
)
f∈Cod(C)

.

Now, the assignment C 7→ ZC(C) is functorial in C. Explicitly, let h : D → C be
any arrow in C; then

ZC(h) : ZC(C)→ ZC(D)

is defined by the rule

α =
(
αf : dom(f)

∼−→ dom(f)
)
f∈Cod(C)

7−→
(
αh◦g : dom(g)

∼−→ dom(g)
)
g∈Cod(D)

for any α ∈ ZC(C). Then ZC(h)(α) ∈ ZC(D), because if we have arrows g′ : D′′ → D′

and g : D′ → D, then

g′ ◦ αh◦(g◦g′) = g′ ◦ α(h◦g)◦g′ = αh◦g ◦ g′,
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because α ∈ ZC(C). It is then easy to see that ZC(h) is a group homomorphism, and
that

ZC : Cop → Group

is functorial.
The functor ZC : Cop → Group is referred to as the contravariant isotropy group

(functor) of C. One can also consider the covariant isotropy group of C, which is the
functor

ZCop : C = (Cop)op → Group,

i.e. the contravariant isotropy group of Cop. In fact, in this thesis we will only be
studying covariant isotropy groups; for further details, see Section 2.1.

We have just shown that every category C has an isotropy group (functor) ZC :
Cop → Group, which ‘functorializes’ the assignment C 7→ Aut(C). Since ZC is a
presheaf of groups on C, it follows that ZC is an internal group object in the presheaf
category SetsC

op

. Thus, every presheaf category SetsC
op

has a canonical internal group
object ZC.

Now, recalling that presheaf categories are particular examples of Grothendieck
toposes, the preceding result for presheaf categories has in fact been shown to hold for
all Grothendieck toposes ([10, 4.3]). Namely, every Grothendieck topos E has a canon-
ical internal group object ZE ∈ E called the isotropy group of E , which represents the
isotropy group functor ZE : Eop → Group of E , in the sense that ZE(C) ∼= HomE(C,ZE)
for every object C ∈ E . This internal group object has the universal property that it
acts canonically on every object of the topos (and on itself by conjugation), and every
morphism of the topos is equivariant with respect to these actions. In particular, if
E = SetsC

op

for a category C, then the internal isotropy group object ZSetsC
op ∈ SetsC

op

is exactly the isotropy group functor

ZSetsC
op = ZC : Cop → Group ↪→ Sets.

The isotropy group of a Grothendieck topos E has been shown to admit several
different descriptions:

• Freyd ([9]) introduced the notion of the core of a category which (informally
speaking), if it exists, is a monoid in the category that represents the polymor-
phic unary operations present in the category. Freyd showed that the core of
a Grothendieck topos E does exist, and it can then be shown that the isotropy
group of E is the group of invertible elements of the core. Thus, elements of the
isotropy group can be interpreted as polymorphic automorphisms in the topos.

Proof sketch of the claim that the isotropy group of a Grothendieck topos E is the
group of invertible elements of the core: the isotropy group of E is a representing
object for the isotropy group functor ZE : Eop → Group, while the core of E is
a representing object for the ‘isotropy monoid’ functor ME : Eop → Mon that
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sends any X ∈ E to the monoid of natural endomorphisms of the forgetful
functor E/X → E . So for any X ∈ E , we have that ZE(X) is the group of
invertible elements of the monoid ME(X), which then essentially yields the
result.

• (For more background on this description, see Section 1.2): For any Grothendieck
topos E , there is a geometric theory T such that E is the classifying topos B(T)
of T. It can then be shown that the isotropy group of E = B(T) is the automor-
phism group of the universal T-model UT ∈ B(T) (for a proof sketch, see [13,
2.2]).

Spencer Breiner ([5, 4.3.7, 4.3.9]) has also shown that if we represent E = B(T)
as the topos of sheaves on the (topological) groupoid of T-models, then the
isotropy group of E is the sheaf of groups whose stalk at a T-model M is the
group of definable automorphisms of M .

As a final introductory remark, let us connect the (contravariant) isotropy group
functor ZC : Cop → Group of a category C with the centre of C, which is (by definition)
the monoid End(IdC) of natural endomorphisms of the identity functor IdC : C →
C. Note that if Aut(IdC) denotes the group of natural automorphisms of IdC, then
Aut(IdC) = Inv(End(IdC)), the group of invertible elements of the monoid End(IdC). In
Chapter 5, we will refer to Aut(IdC) as the global isotropy group of the category C.
We now remark that if the category C happens to have a terminal object 1C, then it
is easy to see that

ZC
(
1C) = Aut(IdC),

i.e. the (contravariant) isotropy group of the terminal object of C is equal to the
global isotropy group of C. Dually, if C has an initial object 0C, then the covariant
isotropy group of 0C is equal to the global isotropy group of C.

1.2 Logical Background

We will now review some background from categorical logic that we will need in what
follows; in particular, the notions of first-order geometric and cartesian theories, and
models of such theories. First, we define the notion of a first-order signature:

Definition 1.2.1 (Signatures). A first-order signature Σ is a triple of sets Σ =
(ΣSort,ΣFun,ΣRel) such that:

• ΣSort is the set of sorts of Σ.

• ΣFun is the set of function symbols of Σ. Each element f ∈ ΣFun comes equipped
with a tuple of sorts (A1, . . . , An, A), and we write

f : A1 × . . .× An → A.
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In case n = 0, we write f : A.

• ΣRel is the set of relation symbols of Σ. Each element R ∈ ΣRel comes equipped
with a tuple of sorts (A1, . . . , An), and we write

R : A1 × . . .× An.

Next, we define the class of terms over a given first-order signature:

Definition 1.2.2 (Terms). Let Σ be a first-order signature. For every sort A ∈ ΣSort,
we assume that we have a countably infinite set VA of variables of sort A. We now
define the class Term(Σ) of terms of Σ recursively as follows, while simultaneously
defining the sort and the set FV(t) of free variables of a term t ∈ Term(Σ):

• If A ∈ ΣSort and x ∈ VA, then x ∈ Term(Σ) is of sort A, with FV(x) := {x}.

• If f : A1 × . . . × An → A is a function symbol of Σ and t1, . . . , tn ∈ Term(Σ)
with ti : Ai for each 1 ≤ i ≤ n, then f(t1, . . . , tn) ∈ Term(Σ) is of sort A, and

FV(f(t1, . . . , tn)) := FV(t1) ∪ . . . ∪ FV(tn).

In particular, if c is a constant symbol of sort A, then c is a term of sort A, and
FV(c) = ∅.

If t ∈ Term(Σ) and FV(t) = ∅, then we will refer to t as a closed term. If t ∈ Term(Σ),
then we write t(x1, . . . , xn) to mean that FV(t) ⊆ {x1, . . . , xn}.

Now we define the class of geometric formulas over a given first-order signature:

Definition 1.2.3 (Geometric Formulas). Let Σ be a first-order signature. We de-
fine the class GeomForm(Σ) of geometric formulas over Σ recursively as follows, while
simultaneously defining the set FV(ϕ) of free variables of a formula ϕ ∈ GeomForm(Σ):

• If t1, t2 ∈ Term(Σ) are terms of the same sort, then t1 = t2 ∈ GeomForm(Σ),
and FV(t1 = t2) := FV(t1) ∪ FV(t2).

• If R ∈ ΣRel is a relation symbol with R : A1× . . .×An and t1, . . . , tn ∈ Term(Σ)
with ti : Ai for each 1 ≤ i ≤ n, then R(t1, . . . , tn) ∈ GeomForm(Σ), and
FV(R(t1, . . . , tn)) := FV(t1) ∪ . . . ∪ FV(tn).
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• >,⊥ ∈ GeomForm(Σ) (the ‘true’ and ‘false’ formulas, respectively), and FV(>) =
FV(⊥) := ∅.

• If ϕ, ψ ∈ GeomForm(Σ), then

ϕ ∧ ψ ∈ GeomForm(Σ),

and FV(ϕ ∧ ψ) := FV(ϕ) ∪ FV(ψ).

• If I is a set and ϕi ∈ GeomForm(Σ) is a formula for each i ∈ I such that⋃
i∈I FV(ϕi) is finite, then ∨

i∈I

ϕi ∈ GeomForm(Σ),

and FV(
∨
i∈I ϕi) :=

⋃
i∈I FV(ϕi).

• If ψ ∈ GeomForm(Σ) and x ∈ VA for some A ∈ ΣSort, then

∃xψ ∈ GeomForm(Σ),

and FV(∃xψ) := FV(ψ) \ {x}.

If ϕ ∈ GeomForm(Σ) and FV(ϕ) = ∅, then we will usually refer to ϕ as a (geomet-
ric) sentence. If ϕ ∈ GeomForm(Σ), then we will write ϕ(x1, . . . , xn) to mean that
FV(ϕ) ⊆ {x1, . . . , xn}.

Now we define the notions of an interpretation of a first-order signature in a category
with finite products, and a homomorphism between such interpretations:

Definition 1.2.4 (Interpretations). Let Σ be any first-order signature and C any
category with finite products. An interpretation M of Σ in C is given by the following
data:

• For any sort A ∈ ΣSort, an object MA ∈ C.

• For any function symbol f ∈ ΣFun with f : A1 × . . .× An → A, an arrow

fM : MA1 × . . .×MAn →MA

in C. In particular, if c : A is a constant, then

cM : 1C →MA

is a point of MA (i.e. 1C is the terminal object of C).
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• For any relation symbol R ∈ ΣRel with R : A1 × . . .× An, a subobject

RM �MA1 × . . .×MAn .

Definition 1.2.5 (Homomorphisms). Let M,M ′ be interpretations of a first-order
signature Σ in a category C with finite products. A homomorphism H : M → M ′ is
a ΣSort-indexed collection of morphisms in C

H = (HA : MA →M ′
A)A∈ΣSort

that commutes with the interpretations of the function and relation symbols of Σ, in
the following sense:

• If f : A1 × . . . × An → A is a function symbol of Σ with n ≥ 1 and c : A is a
constant symbol of Σ, then the following diagrams must commute:

MA1 × . . .×MAn MA

M ′
A1
× . . .×M ′

An
M ′

A

fM

HA1
×...×HAn HA

fM
′

1C MA

M ′
A

cM

cM
′ HA

• If R : A1 × . . .× An is a relation symbol of Σ, then there must be a morphism
RM → RM ′ making the following diagram commute:

RM MA1 × . . .×MAn

RM ′ M ′
A1
× . . .×M ′

An

HA1
×...×HAn

If C is a category with finite products, then interpretations of Σ in C and homomor-
phisms between them form a category, which we denote by ΣStr(C) . Compositions
of homomorphisms are defined componentwise, as are the identity homomorphisms.

We can interpret the elements of Term(Σ) in any interpretation of Σ, as follows:
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Definition 1.2.6 (Interpretation of Terms). Let Σ be a first-order signature, let
C be a category with finite products, and let M be an interpretation of Σ in C. For
any term t(x1, . . . , xn) ∈ Term(Σ) with t : A and xi : Ai for each 1 ≤ i ≤ n, we define
an arrow

t(x1, . . . , xn)M : MA1 × . . .×MAn →MA

in C as follows:

• If t(x1, . . . , xn) ≡ xi : Ai for some 1 ≤ i ≤ n, then

t(x1, . . . , xn)M := πi : MA1 × . . .×MAn →MAi
,

the projection onto the ith factor.

• If t(x1, . . . , xn) ≡ c : A for some constant symbol c, then

t(x1, . . . , xn)M := cM◦ ! : MA1 × . . .×MAn → 1C →MA,

where ! : MA1 × . . .×MAn → 1C is the unique arrow from MA1 × . . .×MAn to
the terminal object 1C.

• If t(x1, . . . , xn) ≡ f(t1, . . . , tm) : B for some function symbol f : B1×. . .×Bm →
B of Σ with m ≥ 1 and terms t1(x1, . . . , xn), . . . , tm(x1, . . . , xn) ∈ Term(Σ) with
ti : Bi for each 1 ≤ i ≤ m, then

t(x1, . . . , xn)M := fM ◦
〈
tM1 , . . . , t

M
m

〉
: MA1 × . . .×MAn →MB1 × . . .×MBm →MB.

Before we can define how to interpret geometric formulas in interpretations of signa-
tures, we must recall the following types of categories:

Definition 1.2.7. Let C be a category.

• C is a cartesian category if C has finite limits.

• C is a regular category if C is cartesian and every morphism in C has a unique (up
to isomorphism) pullback-stable image factorization (recall that if f : X → Y is
a morphism in C, then an image factorization of f is a factorization f = m ◦ e,
where e : X � Im(f) is a regular epimorphism, and m : Im(f) � Y is a
monomorphism).
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• C is a geometric category if C is regular and for every object X ∈ C, the
subobject poset Sub(X) has all small, pullback-stable unions.

We can now interpret the elements of GeomForm(Σ) in any interpretation of Σ in any
geometric category:

Definition 1.2.8 (Interpretation of Geometric Formulas). Let Σ be a first-
order signature, let C be a geometric category, and let M be an interpretation of Σ
in C. For any formula ϕ(x1, . . . , xn) ∈ GeomForm(Σ) with xi : Ai for each 1 ≤ i ≤ n,
we define a subobject

ϕ(x1, . . . , xn)M �MA1 × . . .×MAn

as follows:

• If ϕ(x1, . . . , xn) ≡ t1(x1, . . . , xn) = t2(x1, . . . , xn) for terms t1, t2 ∈ Term(Σ) of
the same sort A, then ϕ(x1, . . . , xn)M = (t1 = t2)M is defined to be the equalizer
of the following pair of arrows:

(t1 = t2)M MA1 × . . .×MAn MA
tM2

tM1

• If ϕ(x1, . . . , xn) ≡ R(t1, . . . , tm) for some relation symbol R ∈ ΣRel with R :
B1 × . . . × Bm and terms t1, . . . tm ∈ Term(Σ) with ti : Bi for each 1 ≤ i ≤ m,
then ϕ(x1, . . . , xn)M = R(t1, . . . , tm)M is defined to be the lefthand subobject
of the following pullback:

R(t1, . . . , tm)M RM

MA1 × . . .×MAn MB1 × . . .×MBm〈tM1 ,...,tMm 〉

• If ϕ(x1, . . . , xn) ≡ >, then ϕ(x1, . . . , xn)M = >M is defined to be the maximum
element of Sub(MA1 × . . .×MAn).

• If ϕ(x1, . . . , xn) ≡ ⊥, then ϕ(x1, . . . , xn)M = ⊥M is defined to be the minimum
element of Sub(MA1 × . . .×MAn).
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• If ϕ(x1, . . . , xn) ≡ ψ1 ∧ ψ2 for some ψ1, ψ2 ∈ GeomForm(Σ), then

ϕ(x1, . . . , xn)M = (ψ1 ∧ ψ2)M

is defined to be the intersection of the subobjects

ψM1 , ψ
M
2 �MA1 × . . .×MAn .

• If ϕ(x1, . . . , xn) ≡
∨
i∈I ϕi(x1, . . . , xn) for some set I and I-indexed set {ϕi(x1, . . . , xn) :

i ∈ I} ⊆ GeomForm(Σ), then since the subobject poset Sub(MA1 × . . .×MAn)

has all small unions, we define ϕM =
(∨

i∈I ϕi
)M

to be(∨
i∈I

ϕi

)M

:=
⋃
i∈I

ϕMi �MA1 × . . .×MAn .

• Finally, let ϕ(x1, . . . , xn) ≡ ∃xψ(x1, . . . , xn, x) for some ψ ∈ GeomForm(Σ), and
let x : A. Since C is a geometric and hence regular category, we then define
ϕM = (∃xψ(x1, . . . , xn, x))M to be the image of the following arrow:

ψM �MA1 × . . .×MAn ×MA →MA1 × . . .×MAn ,

with the latter arrow being the projection.

Definition 1.2.9 (Geometric Sequents). Let Σ be a first-order signature. By a
geometric sequent over Σ, we mean an expression of the form ϕ `x1,...,xn ψ, where
ϕ, ψ ∈ GeomForm(Σ) and FV(ϕ),FV(ψ) ⊆ {x1, . . . , xn}.

If M is an interpretation of Σ in some geometric category C, then we say that
M is a model of the geometric sequent ϕ `x1,...,xn ψ over Σ if

ϕ(x1, . . . , xn)M ⊆ ψ(x1, . . . , xn)M

in the subobject poset Sub(MA1 × . . . × MAn) (assuming that xi : Ai for each
1 ≤ i ≤ n).

Finally, we can define the notion of a first-order geometric theory :
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Definition 1.2.10 (Geometric Theories and Models). Let Σ be a first-order
signature. A (first-order) geometric theory over Σ is a set T of geometric sequents
over Σ, called the (non-logical) axioms of T.

If M is an interpretation of Σ in some geometric category C, then we say that
M is a model of the geometric theory T if M is a model of every axiom of T.

If C is a geometric category, we let Mod(T,C) be the full subcategory of ΣStr(C)
consisting of the models of T.

One can set up a deduction system for geometric sequents, wherein certain geo-
metric sequents are designated as logical axioms, and there are logical inference rules
for deriving geometric sequents from other geometric sequents. The actual logical ax-
ioms and inference rules for geometric sequents will not concern us in this thesis, so
we will not exhibit them. If T is a geometric theory over Σ and ϕ `~x ψ is a geometric
sequent over Σ (with ~x being an abbreviation for the list of free variables occurring
in ϕ or ψ), then we say that T proves the sequent ϕ `~x ψ, or that this sequent is
provable in T, if this sequent can be deduced from the (non-logical) axioms of T by
means of the logical axioms and inference rules just mentioned. This deduction sys-
tem for geometric sequents is then sound and complete for categorical semantics in
geometric categories, in the sense that if T is any geometric theory over Σ and ϕ `~x ψ
is any geometric sequent, then T proves the sequent ϕ `~x ψ iff every T-model M in
every geometric category models this sequent (cf. e.g. [6, 1.4.15, 1.4.16]).

Having defined geometric theories and models of geometric theories in geometric
categories, we now review the notion of a classifying topos for a geometric theory.
So let Σ be a first-order signature and T a geometric theory over Σ. If E is any
cocomplete topos (e.g. any Grothendieck topos), then E is in particular a geometric
category (cf. e.g. [4, 3.4.3, 3.4.14]), so it is possible to interpret all geometric formulas
over Σ in E . Then it is well-known (cf. e.g. [15, 10.6.1]) that T has a classifying topos,
which is a cocomplete topos B(T) with the following (universal) property: for any
cocomplete topos E , there is an equivalence of categories

Hom(E ,B(T)) ' Mod(T, E)

between Mod(T, E) and the category of geometric morphisms from E to B(T) (natural
in E). Specifically, it is known (cf. e.g. [15, 10.6.1]) that B(T) can be constructed as
the category of sheaves on the syntactic category CT of T, with respect to a certain
Grothendieck topology JT on CT.

The geometric theory T also has a universal model, which is a model UT ∈
Mod(T,B(T)) with the following universal property: for any cocomplete topos E
and any M ∈ Mod(T, E), there is a unique (up to natural isomorphism) geometric
morphism

cM : E → B(T)
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with the property that
M ∼= c∗M(UT),

where
c∗M : B(T)→ E

is the left exact inverse image functor of the geometric morphism cM . Briefly: if M
is a model of T in a cocomplete topos E , then M is the inverse image of UT under
a unique geometric morphism E → B(T). The universal T-model UT then has the
following ‘minimality’ property ([15, 10.7.1]): if ϕ `~x ψ is any geometric sequent over
Σ, then UT is a model of this sequent iff every T-model M in every cocomplete topos
E is a model of this sequent.

Having given a general overview of first-order geometric theories and classifying
toposes of such theories, we now wish to focus more specifically on the subclass of
geometric theories that we will be studying for the majority of this thesis: the class
of first-order cartesian theories (which will turn out to be equivalent to the class of
quasi-equational theories, to be defined in the next section). To introduce this class
of geometric theories, we first need the following definition:

Definition 1.2.11 (Regular Formulas). Let Σ be a first-order signature.

• The class AtomForm(Σ) of atomic formulas is the subclass of GeomForm(Σ)
consisting of the formulas of the form t1 = t2 and R(t1, . . . , tn), where t1, t2 ∈
Term(Σ) are terms of the same sort, R ∈ ΣRel, and t1, . . . , tn ∈ Term(Σ) are
terms of the appropriate sorts.

• If S ⊆ GeomForm(Σ) is a subclass of GeomForm(Σ), then we say that S is closed
under binary conjunction if ϕ, ψ ∈ S implies ϕ ∧ ψ ∈ S, and we say that S is
closed under existential quantification if ψ ∈ S implies ∃xψ ∈ S for any variable
x of any sort.

• The class RegForm(Σ) of regular formulas over Σ is the smallest subclass of
GeomForm(Σ) that contains AtomForm(Σ) and > and is closed under binary
conjunction and existential quantification.

• A geometric sequent ϕ `~x ψ over Σ is called a regular sequent if ϕ, ψ ∈
RegForm(Σ).

• A geometric theory T over Σ is called a regular theory if all of its axioms are
regular sequents.

• Let T be a regular theory over Σ, and let ϕ `~x ψ be a regular sequent. Then we
say that this regular sequent is cartesian relative to T if the following property
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holds: for any existential subformula ∃xχ(~x, x) of ϕ or ψ, the following sequent
is provable in T:

χ(~x, x) ∧ χ(~x, x′) `~x,x,x′ x = x′,

where x′ is a variable distinct from x of the same sort.

Briefly: the regular sequent ϕ `~x ψ is cartesian relative to T if every existential
quantification occurring in ϕ `~x ψ is provably unique in T.

We can now define the class of first-order cartesian theories :

Definition 1.2.12 (Cartesian Theories). Let Σ be a first-order signature. A geo-
metric theory T over Σ is a cartesian theory if it is a regular theory with the following
property: the axioms of T can be well-ordered in such a way that if ϕ `~x ψ is any
axiom of T and T′ is the regular theory consisting of all the axioms of T that precede
ϕ `~x ψ in this well-ordering, then the regular sequent ϕ `~x ψ is cartesian relative to
the regular theory T′.

More briefly: a regular theory T is cartesian if there is a well-ordering on the
axioms of T such that any existential quantification occurring in an axiom of T is prov-
ably unique in the subtheory of T consisting of all prior axioms in the well-ordering.

Example 1.2.13 (Examples of Cartesian Theories). Let Σ be a first-order sig-
nature.

• A regular theory T over Σ is called a (multi-sorted) algebraic theory over Σ if
its axioms are all of the form > `~x t1(~x) = t2(~x), with t1, t2 ∈ Term(Σ) of the
same sort. Thus, every algebraic theory over Σ is certainly a cartesian theory
over Σ.

• The class HornForm(Σ) of Horn formulas over Σ is the smallest subclass of
GeomForm(Σ) that contains AtomForm(Σ) and > and is closed under binary
conjunction. We say that a geometric sequent ϕ `~x ψ over Σ is a Horn sequent
if ϕ, ψ ∈ HornForm(Σ). Then, we say that a regular theory T over Σ is a Horn
theory if every axiom of T is a Horn sequent. Thus, every Horn theory over Σ
is in particular a cartesian theory over Σ.

• It is well-known (cf. e.g. [6, 1.2.7]) that the theory of (small) categories can
be presented as a first-order cartesian theory over the signature Σ that has two
sorts O,A, three function symbols id : O → A and dom, cod : A → O, and one
relation symbol Comp : A × A × A. In particular, provably unique existential
quantification is needed to axiomatize the fact that Comp must be a functional
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relation (i.e. any two composable arrows have exactly one composite).

We will now review the description of the classifying topos of a cartesian theory T,
which can be presented as a full presheaf topos, rather than as a sheaf topos (as is
the case for an arbitrary geometric theory). First, we require the following definition
(1.2.14). If T is a first-order cartesian theory over a first-order signature Σ, then by a
T-cartesian formula ϕ over Σ we mean a regular formula ϕ over Σ with the property
that if ∃xχ(~x, x) is any existential subformula of ϕ, the following sequent is provable
in T:

χ(~x, x) ∧ χ(~x, x′) `~x,x,x′ x = x′,

where x′ is a variable distinct from x of the same sort.

Definition 1.2.14 (Finitely Presented Models). Let T be a first-order cartesian
theory over a first-order signature Σ, and let M be a model of T in the geometric
category Sets. We say that M is a finitely presented model of T if it has the following
(universal) property: there is a T-cartesian formula ϕ(x1, . . . , xn) over Σ, with xi : Ai
for each 1 ≤ i ≤ n, and an n-tuple

(a1, . . . , an) ∈ ϕ(x1, . . . , xn)M ⊆MA1 × . . .×MAn

(the generators ofM) such that for any T-modelN in Sets and any n-tuple (b1, . . . , bn) ∈
ϕ(x1, . . . , xn)N ⊆ NA1 × . . . × NAn , there is a unique Σ-homomorphism f : M → N
such that

fAi
(ai) = bi

for each 1 ≤ i ≤ n.

For a cartesian theory T, let fpTmod be the full subcategory of Mod(T, Sets) on the
finitely presented T-models. It is then well-known (cf. e.g. [6, 2.1.21]) that the
classifying topos of T is (equivalent to) the covariant presheaf category SetsfpTmod.
We sketch the proof of this now. Let E be any cocomplete topos; we must show that
there is an equivalence of categories

Hom
(
E , SetsfpTmod

)
' Mod(T, E).

Let CT be the syntactic category of T, which is a cartesian category with the property
that Lex(CT,D) ' Mod(T,D) for any cartesian category D (where Lex(CT,D) is the
category of finite-limit-preserving functors from CT to D). In particular, since Sets is
a cartesian category, we have Lex(CT, Sets) ' Mod(T, Sets). Then by Gabriel-Ulmer
duality ([11], [1]), it follows that the cartesian category CT is equivalent to the dual
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of the full subcategory of finitely presentable objects of Lex(CT, Sets) ' Mod(T, Sets),
which is fpTmodop. So Cop

T ' fpTmod. Next, since E is a cocomplete topos and hence
a cartesian category, we have Lex(CT, E) ' Mod(T, E) by the defining property of CT.
By Diaconescu’s Theorem ([8]), we also know that

Lex(CT, E) ' Hom
(
E , SetsC

op
T

)
.

Altogether, we obtain

Hom
(
E , SetsfpTmod

)
' Hom

(
E , SetsC

op
T

)
' Lex(CT, E) ' Mod(T, E),

as required. So SetsfpTmod is indeed the classifying topos of T.

Definition 1.2.15 (Isotropy Group of Cartesian Theory). Let T be a first-order
cartesian theory, with classifying topos SetsfpTmod. The isotropy group of T is defined
to be the covariant isotropy group of fpTmod (i.e. the contravariant isotropy group
of fpTmodop), or equivalently the (internal) isotropy group object of the covariant
presheaf topos SetsfpTmod. We denote the isotropy group of T as

ZT : fpTmod→ Group.

The main purpose of this thesis will then be to investigate the isotropy group
ZT : fpTmod → Group of an arbitrary first-order cartesian theory T. In fact, in
the next chapter we will investigate the covariant isotropy group of the full category
Mod (T, Sets), i.e. the (internal) isotropy group object of the covariant presheaf topos
SetsMod(T,Sets), and we will show that the characterization that we give of this isotropy
group also applies to the covariant isotropy group of the subcategory fpTmod, i.e. to
the isotropy group of T.

To facilitate our investigation of the isotropy group of a first-order cartesian
theory T, we will actually study a class of logical theories that is ‘equivalent’ to the
class of first-order cartesian theories, namely the class of quasi-equational theories.
This class of theories is easier to work with than the class of cartesian theories, because
the quasi-equational theories do not involve the awkward notion of provably unique
existential quantification, and they (unlike cartesian theories) also have explicit free
model constructions, which we will need. It is to the definition of quasi-equational
theories and the exposition of their needed properties that we now turn.
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1.3 Quasi-Equational Theories

The background material in this section follows [19]. We begin with a definition:

Definition 1.3.1 (Quasi-Equational Theory). If Σ is a first-order signature in
which ΣRel = ∅, then we say that Σ is a relation-free signature. A quasi-equational
theory T is then a set of Horn sequents over a relation-free signature Σ.

In other words, a quasi-equational theory T is a set of sequents ϕ `~x ψ over a
relation-free signature Σ such that ϕ, ψ are both finite (possibly empty) conjunctions
of equations between Σ-terms. Although quasi-equational theories have thus been
defined as certain kinds of geometric theories (over relation-free signatures), the se-
mantics and deduction system of quasi-equational theories will differ from those given
for geometric theories in Section 1.2. Namely, function symbols will only need to be
partially defined in interpretations, and the logical axioms and inference rules of the
deduction system for quasi-equational theories (referred to as partial Horn logic) will
reflect this.

Specifically, one can set up a deduction system of partial Horn logic for quasi-
equational theories, wherein certain Horn sequents are designated as logical axioms,
and there are logical inference rules allowing one to deduce certain Horn sequents
from other Horn sequents. We refer the reader to [19] for a list of all the specific
logical axioms and inference rules of partial Horn logic. The main novel feature of
this deduction system is that equality of terms is not assumed to be reflexive, i.e.
if t(~x) is a term over a given relation-free signature, then > `~x t(~x) = t(~x) is not
a logical axiom of partial Horn logic, unless t is a variable. In other words, if we
abbreviate the equation t = t by t ↓ (read: t is defined), then unless t is a variable,
the sequent > `~x t ↓ is not a logical axiom of partial Horn logic. Two specific logical
axioms that we will make frequent (implicit) use of are the following:

• (Strictness of equality axiom) If t1(~x), t2(~x) are terms of the same sort over a
given relation-free signature, then

t1 = t2 `~x ti ↓

is a logical axiom for i = 1, 2.

• (Strictness of functions axiom) If f : A1 × . . . × An → A is a function symbol
of a given relation-free signature, and ti(~x) : Ai is a term over this signature for
each 1 ≤ i ≤ n, then

f(t1, . . . , tn) ↓ `~x ti ↓
is a logical axiom for each 1 ≤ i ≤ n.



1. INTRODUCTION AND BACKGROUND 17

If T is a quasi-equational theory over a relation-free signature Σ, and ϕ `~x ψ is
a Horn sequent over Σ, then we say that the sequent ϕ `~x ψ is (PHL-)provable in T
(‘PHL’ being an acronym for ‘partial Horn logic’) if there is a finite sequence of Horn
sequents whose last member is ϕ `~x ψ, and each member of the sequence is either
a logical axiom of partial Horn logic, an axiom of T, or is obtained from previous
members of the sequence by an inference rule of partial Horn logic. We also say that
T proves the sequent ϕ `~x ψ (in PHL), or that this sequent is a (PHL-)theorem of T.
If T proves a Horn sequent of the form > `~x ϕ in PHL, then we usually write this as
T `~x ϕ.

We now review the set-theoretic semantics of partial Horn logic. We recall that
if A and B are any sets, then a partial function f : A ⇁ B is a total function
f : dom(f)→ B, where dom(f) ⊆ A.

Definition 1.3.2 (Partial Σ-Structure). Let Σ be a relation-free signature. A
(set-based) partial Σ-structure M is given by the following data:

1. For every sort A ∈ Σ, a set MA.

2. For every function symbol f : A1 × . . .× An → A of Σ, a partial function

fM : MA1 × . . .×MAn ⇁MA.

In case n = 0 and f : A is a constant symbol, then fM : {∗}⇁MA is a partial
function.

For a partial Σ-structure M , a function symbol f : A1 × . . . × An → A in Σ,
and (a1, . . . , an) ∈ MA1 × . . . ×MAn , we will sometimes say that fM is defined on
(a1, . . . , an) if (a1, . . . , an) ∈ dom(fM). Similarly, if c : A is a constant symbol of Σ,
we will sometimes say that cM is defined if ∗ ∈ dom(cM).

Definition 1.3.3 (Σ-Morphism). Let Σ be a relation-free signature, and let M and
N be (set-based) partial Σ-structures. A Σ-morphism h : M → N is a ΣSort-indexed
sequence of total functions h = (hA : MA → NA)A satisfying the following condition:

• For any function symbol f : A1 × . . .× An → A in Σ and any

(a1, . . . , an) ∈MA1 × . . .×MAn ,

if (a1, . . . , an) ∈ dom(fM), then (hA1(a1), . . . , hAn(an)) ∈ dom(fN) and

hA(fM(a1, . . . , an)) = fN(hA1(a1), . . . , hAn(an)) ∈ NA.
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To improve readability, we will sometimes write the sort indices on Σ-morphisms as
superscripts rather than subscripts.

It is easy to verify that the (componentwise) composition of Σ-morphisms is a
Σ-morphism, and that the sequence of identity functions (idA : MA → MA)A is a
Σ-morphism id : M → M that is an identity for composition. So we can form the
category PΣStr of partial Σ-structures and Σ-morphisms.

Before we can define the notion of a (set-based) model of a quasi-equational
theory, we must first define the interpretations of terms and Horn formulas in partial
(set-based) structures.

Definition 1.3.4 (Interpretation of Terms in Σ-Structures). Let Σ be a relation-
free signature. Let t(x1, . . . , xk) : A be an element of Term(Σ) with free variables
among x1 : A1, . . . , xk : Ak. Let M be a (set-based) partial Σ-structure. We define
the partial function

t(x1, . . . , xk)
M : MA1 × . . .×MAk

⇁MA

by induction on t:

• If t ≡ xj : Aj for some 1 ≤ j ≤ k, then we set

t(x1, . . . , xk)
M := πj : MA1 × . . .×MAk

→MAj
,

the (total) projection onto the jth factor.

• If t ≡ c for some constant c : A, then if cM is defined, we define

t(x1, . . . , xk)
M : MA1 × . . .×MAk

→MA

to be the total, constant function with value cM(∗) ∈MA, and otherwise we let
t(x1, . . . , xk)

M be everywhere undefined (i.e. dom
(
t(x1, . . . , xk)

M
)

:= ∅).

• If t ≡ f(t1, . . . , tn) : B for some function symbol f : B1 × . . . × Bn → B of Σ
with n ≥ 1 and t1, . . . , tn ∈ Term(Σ) with ti(x1, . . . , xk) : Bi for each 1 ≤ i ≤ n,
we first set

dom
(
tM
)

:=

{
~a ∈

⋂
1≤i≤n

dom
(
tMi
)

:
(
tM1 (~a), . . . , tMn (~a)

)
∈ dom

(
fM
)}

⊆MA1 × . . .×MAk
,
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and for any ~a ∈ dom
(
tM
)
, we set

tM(~a) := fM
(
tM1 (~a), . . . , tMn (~a)

)
∈MB,

which defines

tM = f(t1, . . . , tn)M : MA1 × . . .×MAk
⇁MB.

Definition 1.3.5 (Interpretation of Horn Formulas in Σ-Structures). Let Σ
be a relation-free signature, and let ϕ(x1, . . . , xn) be a Horn formula over Σ whose free
variables are among x1 : A1, . . . , xn : An. Let M be a (set-based) partial Σ-structure.
We define

ϕ(x1, . . . , xn)M ⊆MA1 × . . .×MAn

by induction on ϕ:

• If ϕ is atomic, i.e. if ϕ ≡ t1 = t2 for some Σ-terms t1(x1, . . . , xn), t2(x1, . . . , xn) :
A (for some sort A), then

ϕ(x1, . . . , xn)M = (t1 = t2)M :=
{
~a ∈ dom

(
tM1
)
∩ dom

(
tM2
)

: tM1 (~a) = tM2 (~a)
}
.

• If ϕ ≡ >, then
>(x1, . . . , xn)M := MA1 × . . .×MAn .

• If ϕ ≡ ϕ1 ∧ ϕ2 for Horn formulas ϕ1(x1, . . . , xn), ϕ2(x1, . . . , xn) over Σ, then

(ϕ1 ∧ ϕ2)M := ϕM1 ∩ ϕM2 ⊆MA1 × . . .×MAn .

In particular, if ϕ ≡ t ↓ for some Σ-term t(x1, . . . , xn) : A, then

[t(x1, . . . , xn) ↓]M = (t = t)M

=
{
~a ∈ dom

(
tM
)
∩ dom

(
tM
)

: tM(~a) = tM(~a)
}

= dom
(
tM
)
.
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Definition 1.3.6 (Model of Horn Sequent). Let Σ be a relation-free signature,
let M be a partial Σ-structure, and let ϕ(~x), ψ(~x) be Horn formulas over Σ. Then
we say that M models or satisfies the Horn sequent ϕ `~x ψ if ϕ(x1, . . . , xn)M ⊆
ψ(x1, . . . , xn)M .

Definition 1.3.7 (Model of Quasi-Equational Theory). Let T be a quasi-equational
theory over a relation-free signature Σ, and let M be a (set-based) partial Σ-structure.
Then M is a (set-based) model of T if M satisfies every axiom of T.

For a quasi-equational theory T over a relation-free signature Σ, we now let PTmod
be the full subcategory of PΣStr on the models of T.

In order to sketch the details of the Initial Model Theorem for quasi-equational
theories ([19]), we first require the following definitions.

Definition 1.3.8 (Partial Congruence). Let Σ be a relation-free signature and
M a partial Σ-structure. For every sort A, let ∼A be a relation on MA. Then the
ΣSort-indexed family of relations (∼A)A is a partial congruence on M if the following
conditions are satisfied:

• For every sort A, the relation ∼A is an equivalence relation on MA.

• For every function symbol f : A1 × . . . × An → A in Σ with n ≥ 1 and all
(a1, . . . , an), (b1, . . . , bn) ∈MA1 × . . .×MAn , if

ai ∼Ai
bi for all 1 ≤ i ≤ n,

then

(a1, . . . , an) ∈ dom(fM) iff (b1, . . . , bn) ∈ dom(fM)

and

(a1, . . . , an), (b1, . . . , bn) ∈ dom(fM) =⇒ fM(a1, . . . , an) ∼A fM(b1, . . . , bn).

Definition 1.3.9 (Partial Quotient Structure). Let Σ be a relation-free signature
and M a partial Σ-structure. Let ∼ = (∼A)A be a partial congruence on M . We
define the partial quotient Σ-structure M/∼ as follows:
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• For every sort A ∈ Σ, we set

(M/∼)A := MA/∼A,

the set of equivalence classes of MA modulo the equivalence relation ∼A.

• For any constant c : A, we define

cM/∼ : {∗}⇁MA/∼A.

If cM is defined, then we set dom
(
cM/∼) := {∗} and

cM/∼(∗) :=
[
cM(∗)

]
∼A
∈MA/∼A,

the equivalence class of cM(∗) ∈MA modulo∼A. Otherwise, we set dom
(
cM/∼) :=

∅.

• For any function symbol f : A1 × . . .× An → A with n ≥ 1, we set

dom
(
fM/∼)

:=
{

([a1], . . . , [an]) ∈MA1/∼A1 × . . .×MAn/∼An : (a1, . . . , an) ∈ dom
(
fM
)}
.

Then for any ([a1], . . . , [an]) ∈ dom
(
fM/∼), we set

fM/∼ ([a1], . . . , [an]) :=
[
fM(a1, . . . , an)

]
.

Because ∼ is a partial congruence on M , it easily follows that M/∼ is a well-defined
partial Σ-structure.

Now we sketch the details of the Initial Model Theorem from [19] that we will need for
our purposes. First, given a quasi-equational theory T over a relation-free signature
Σ, we define a specific partial Σ-structure MT.

Definition 1.3.10. Let Σ be a relation-free signature. First, let

Termc(Σ) := {t ∈ Term(Σ) : FV(t) = ∅}

be the set of closed terms of Term(Σ). For any A ∈ ΣSort, let

Termc(Σ)A := {t ∈ Termc(Σ) : t is of sort A}

be the set of closed Σ-terms of sort A.
Now let T be a quasi-equational theory over Σ. We define a partial Σ-structure

MT as follows:
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• For any sort A ∈ Σ, we set

MT
A := {t ∈ Termc(Σ)A : T ` t ↓}.

• For any constant symbol c : A of Σ, we let dom
(
cM

T
)

:= {∗} and cM
T
(∗) :=

c ∈MT
A if T ` c ↓, and otherwise dom

(
cM

T
)

:= ∅.

• For any function symbol f : A1 × . . .× An → A of Σ with n ≥ 1, we set

dom
(
fM

T
)

:= {(t1, . . . , tn) ∈MT
A1
× . . .×MT

An
: T ` f(t1, . . . , tn) ↓},

and if (t1, . . . , tn) ∈ dom
(
fM

T
)

, we set

fM
T
(t1, . . . , tn) := f(t1, . . . , tn) ∈MT

A.

Now we define a partial congruence ∼T on MT. For any sort A ∈ Σ, we set

∼T
A := {(t1, t2) ∈MT

A ×MT
A : T ` t1 = t2}.

Using the rules of partial Horn logic, it is then straightforward to verify that ∼T is in
fact a partial congruence on MT. We now make the following definition:

Definition 1.3.11. Let T be a quasi-equational theory over a relation-free signature
Σ, and let MT be the partial Σ-structure and ∼T the partial congruence on MT just
defined. Then, applying Definition 1.3.9, we define the following partial Σ-structure:

Free(T) := MT/∼T.

The following theorem is then proven in [19, Theorem 22]:

Theorem 1.3.12 (Initial Model Theorem). Let T be a quasi-equational theory
over a relation-free signature Σ. Then the partial Σ-structure Free(T) is an initial
model of T, i.e. is an initial object of the category PTmod.

Explicitly, this means that Free(T) is a model of T, and that if N ∈ PTmod, then
there is a unique Σ-morphism h : Free(T)→ N .



1. INTRODUCTION AND BACKGROUND 23

Remark 1.3.13 (Explicit Description of Initial Model). For concreteness and
future purposes, we now give the explicit description of Free(T), for a quasi-equational
theory T over a relation-free signature Σ.

• For any sort A ∈ Σ, we have

Free(T)A := MT
A/∼T

A = {[t] : t ∈ Termc(Σ)A ∧ T ` t ↓} ,

where [t] is the ∼T
A-congruence class of t ∈ MT

A (so for any s, t ∈ MT
A, we have

[s] = [t] iff T ` s = t).

• For any constant c : A of Σ, if T ` c ↓, then dom
(
cFree(T)

)
= {∗} and cFree(T)(∗) =

[c]A, and otherwise dom
(
cFree(T)

)
= ∅.

• If f : A1 × . . .× An → A is a function symbol of Σ with n ≥ 1, then

dom
(
fFree(T)

)
=

{
([t1], . . . , [tn]) ∈

∏
1≤i≤n

Free(T)Ai
: T ` f(t1, . . . , tn) ↓

}
,

and for any ([t1], . . . , [tn]) ∈ dom
(
fFree(T)

)
, we have

fFree(T) ([t1], . . . , [tn]) = [f(t1, . . . , tn)] .

The following notion will be used heavily in what follows:

Definition 1.3.14 (Defined in M). Let Σ be a relation-free signature, let t ∈
Termc(Σ) be a closed Σ-term, and let M be a partial Σ-structure. Since FV(t) = ∅,
we have

tM : {∗}⇁MA.

Then we say that t is defined in M if dom(tM) = {∗}, and in this case we write
tM ∈MA instead of tM(∗) ∈MA.

It is then easily seen that if f(t1, . . . , tn) ∈ Termc(Σ)A for some function symbol
f : A1 × . . . × An → A of Σ and closed terms ti ∈ Termc(Σ)Ai

, then f(t1, . . . , tn)
defined in M implies that (each ti is defined in M and)

f(t1, . . . , tn)M = fM(tM1 , . . . , t
M
n ) ∈MA.
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We conclude this background section with the following two theorems from [19].
First, if s, t are closed Σ-terms of sort A and M is a partial Σ-structure, we say that
M |= s = t if M satisfies the sequent > ` s = t. Then we have:

Lemma 1.3.15. Let Σ be a relation-free signature. If M is a partial Σ-structure and
s, t ∈ Termc(Σ)A, then M |= s = t iff s and t are defined in M and sM = tM ∈ MA.
In particular, M |= s ↓ iff s is defined in M .

Proof: First suppose that M |= s = t, i.e. that M satisfies the sequent > ` s = t.
Then >M ⊆ (s = t)M ⊆ {∗}. Since >M = {∗}, this implies that (s = t)M = {∗},
which means that ∗ ∈ dom(sM), dom(tM) and sM(∗) = tM(∗). So then s and t are
defined in M and sM = tM , as desired. To prove the converse implication, one just
reverses this reasoning. The last statement in the lemma follows because s ↓ is an
abbreviation for s = s.

In what follows, we will use the preceding lemma without explicitly referring to it.
Now we have ([19, Theorems 23, 24]):

Theorem 1.3.16 (Soundness and Completeness). Let T be a quasi-equational
theory over a relation-free signature Σ.

• For any closed terms s, t ∈ Termc(Σ) of the same sort, we have

Free(T) |= s = t iff T ` s = t.

• For any Horn formulas φ(~x), ψ(~x) over Σ, we have:

the sequent φ `~x ψ holds in all (set-based) models of T
iff

φ `~x ψ is a PHL-theorem of T.

In what follows, we will frequently refer to (the second part of) Theorem 1.3.16 as
the soundness/completeness of partial Horn logic.

Remark 1.3.17 (Deduction Theorem and Theorem on Constants). Two re-
sults about partial Horn logic from [19] that we will frequently use are the deduction
theorem and the theorem on constants :
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• Deduction Theorem [19, Theorem 11]: Let T be a quasi-equational theory over
a relation-free signature Σ, and let θ be a Horn sentence over Σ. For any Horn
formulas ϕ, ψ over Σ,

ϕ `~x ψ is a PHL-theorem of T ∪ {> ` θ}

iff

θ ∧ ϕ `~x ψ is a PHL-theorem of T.

• Theorem on Constants [19, Theorem 10]: Let T be a quasi-equational theory
over a relation-free signature Σ, and let c /∈ Σ be a constant symbol. For any
Horn formulas ϕ, ψ over Σ,

ϕ `~x ψ is a PHL-theorem of T ∪ {> ` c ↓}

iff

ϕ[y/c] `~x,y ψ[y/c] is a PHL-theorem of T, for any variable y /∈ ~x of the same
sort as c.

We close this introductory chapter by relating this section to the preceding one.
In the previous section, we defined a first-order cartesian theory to be (roughly) a
regular theory (over an arbitrary signature) in which every existential quantification is
provably unique, and for which the appropriate deduction system is that of geometric
logic. In this section, we defined a quasi-equational theory to be a Horn theory over a
relation-free signature, for which the appropriate deduction system is that of partial
Horn logic. Now, it is a result of [19, Theorem 62] that if T is any first-order cartesian
theory over a signature Σ, then there is an ‘equivalent’ quasi-equational theory T′ over
a relation-free signature Σ′ with the property that

Mod(T, Sets) ' PT′mod

(and in fact, T and T′ have equivalent categories of models in any cartesian category
whatsoever). Conversely (cf. [19, Section 9]), if T is a quasi-equational theory over
a relation-free signature Σ, then there is an ‘equivalent’ cartesian theory T′ over a
signature Σ′ with the property that

Mod(T′, Sets) ' PTmod
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(with a similar generalization to arbitrary cartesian categories). Therefore, the no-
tions of first-order cartesian theory and quasi-equational theory are essentially equiv-
alent.

Thus, instead of studying the isotropy groups of first-order cartesian theories, we
will instead study the isotropy groups of quasi-equational theories. More specifically,
in the next chapter we will characterize the (internal) isotropy group object of the
covariant presheaf topos SetsPTmod, i.e. the covariant isotropy group (functor)

ZT : PTmod→ Group,

for a given quasi-equational theory T, and we will show that this characterization also
applies to the (internal) isotropy group object of SetsfpTmod, with fpTmod being the
full subcategory of PTmod on the finitely presentable models (for a suitable notion of
finitely presented model of a quasi-equational theory, cf. Definition 2.4.1).



Chapter 2

Isotropy Groups of
Quasi-Equational Theories

2.1 Motivation

In this chapter, we will give a syntactic (or proof-theoretic) characterization of the
covariant isotropy group (functor)

ZT : PTmod→ Group

of an arbitrary quasi-equational theory T. This is the contravariant isotropy group
of the dual category PTmodop, so for any M ∈ PTmod, we have that ZT(M) is the
group of all natural automorphisms of the projection functor

PTmodop/M → PTmodop,

i.e. of the projection functor

M/PTmod→ PTmod.

So for any M ∈ PTmod, if Dom(M) := {f ∈ PTmod : dom(f) = M}, then the
elements α ∈ ZT(M) are Dom(M)-indexed families of automorphisms

α =
(
αf : cod(f)

∼−→ cod(f)
)
f∈Dom(M)

in PTmod with the following naturality property: for any Σ-morphisms f : M →M ′

and f ′ : M ′ →M ′′ in PTmod, we have

αf ′◦f ◦ f ′ = f ′ ◦ αf : M ′ →M ′′,

as in the following commutative diagram:

27
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M ′ M ′

M ′′ M ′′

αf

f ′ f ′

αf ′◦f

Moreover, if h : M → N is a Σ-morphism in PTmod, then ZT(h) : ZT(M)→ ZT(N)
is the group homomorphism given as follows: for any α ∈ ZT(M) as above,

ZT(h)(α) =
(
αg◦h : cod(g)

∼−→ cod(g)
)
g∈Dom(N)

∈ ZT(N).

In order to motivate our characterization of the isotropy group ZT : PTmod →
Group, we first review a result proven by George Bergman in [3, Theorems 1, 2].
Bergman considered the covariant isotropy group ZGroup : Group → Group of the
category Group, and proved that if G is any group, then ZGroup(G) ∼= G. (Technically,
Bergman did not use the terminology of covariant isotropy, and instead just referred
to ZGroup(G) as the automorphism group of the forgetful functor G/Group→ Group).
To do this, Bergman showed that if

α = (αf : cod(f)→ cod(f))f∈Dom(G)

is a Dom(G)-indexed family of group endomorphisms (not necessarily satisfying the
above naturality property), then α ∈ ZGroup(G) iff there is a (uniquely determined)
element g ∈ G such that

αf = conjf(g) : cod(f)
∼−→ cod(f)

for each f ∈ Dom(G), where conjf(g) is the automorphism of cod(f) given by conju-
gation by f(g) (i.e. conjf(g)(a) = f(g)af(g)−1 for a ∈ cod(f)).

If g ∈ G has this latter property, then it is easy to verify that α ∈ ZGroup(G)
(because then each αf is a group automorphism, and it is easily seen that

conjf ′(f(g)) ◦ f ′ = f ′ ◦ conjf(g)

for all f : G→ G′, f ′ : G′ → G′′). To prove the other implication, Bergman reasoned
as follows. Suppose that α ∈ ZGroup(G). We will then consider the free product group
G〈x〉, i.e. the free product (or coproduct) of G with the free group on one generator x.
Elements of G〈x〉 are reduced words over the alphabet G ∪ {x}. There is an obvious
inclusion homomorphism η : G→ G〈x〉, sending each g ∈ G to the one letter reduced
word g. Because α ∈ ZGroup(G), we then have a group automorphism

αη : G〈x〉 ∼−→ G〈x〉
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with the property that if f : G〈x〉 → H is any group homomorphism, then

αf◦η ◦ f = f ◦ αη : G〈x〉 → H.

In particular, if f : G → H is a group homomorphism and h ∈ H, then by the
universal property of G〈x〉, there is a unique group homomorphism fh : G〈x〉 → H
such that fh ◦ η = f and fh(x) = h, and hence we have

αf ◦ fh = αfh◦ η ◦ fh = fh ◦ αη : G〈x〉 → H,

so that
αf (h) = αf (fh(x)) = fh(αη(x)) ∈ H

holds for each h ∈ H.
Now, consider the element

αη(x) ∈ G〈x〉.

Bergman showed ([3, Theorem 1]) that αη(x) ≡ gxg−1 for some element g ∈ G (if
g = e (the identity element of G), then αη(x) ≡ x, because exe−1 is not reduced).
Now, we show that this element g ∈ G has the desired property. So let f : G → H
be any group homomorphism with domain G; we must show that

αf = conjf(g) : H
∼−→ H.

So let h ∈ H. Then it is easy to see that the induced group homomorphism fh :
G〈x〉 → H acts as follows: if w is a reduced word over G ∪ {x}, let wf be the
(not necessarily reduced) word over H obtained from w by replacing each occurrence
of x by h, and by replacing each occurrence of an element g′ ∈ G by f(g′) ∈ H.
Then fh(w) ∈ H is the element of H obtained by ‘evaluating’ the word wf in H. In
particular, we have

fh(αη(x)) = fh(gxg
−1) = f(g)hf(g)−1 ∈ H.

Thus, we have

αf (h) = fh(αη(x)) = f(g)hf(g)−1 = conjf(g)(h) ∈ H

for every h ∈ H, so that αf = conjf(g), as desired. Finally, such an element g ∈ G
is uniquely determined, for suppose that we also had g1 ∈ G with the property that
αf = conjf(g1) for every f ∈ Dom(G). Then, considering the inclusion morphism
η : G→ G〈x〉, we have

gxg−1 = αη(x) = conjη(g1)(x) = conjg1
(x) = g1xg

−1
1 ,
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so that the reduced words gxg−1 and g1xg
−1
1 are identical, which forces g = g1, as

desired.
It is easy to verify that the bijective function

g 7→
(

conjf(g) : cod(f)
∼−→ cod(f)

)
f∈Dom(G)

: G→ ZGroup(G)

is a group homomorphism, so that we indeed have a group isomorphism

G ∼= ZGroup(G)

for every group G, as claimed. Moreover, these isomorphisms are natural in G ∈
Group, so that the isotropy group ZGroup : Group → Group is naturally isomorphic to
the identity functor on Group.

Now we will indicate the aspects of the above reasoning that we will generalize
in this chapter, in order to give our syntactic characterization of the isotropy group
of an arbitrary quasi-equational theory (of which the theory of groups, being a quasi-
equational theory T with PTmod = Group, is an example). First, we observe that the
preceding arguments of Bergman also show that for any group G,

ZGroup(G) ∼=
{
gxg−1 ∈ G〈x〉 : g ∈ G

}
,

with the righthand set having the following group structure: for any g1, g2 ∈ G, we
have (g1xg

−1
1 )(g2xg

−1
2 ) = g1g2x(g1g2)−1, the unit element is x (the reduction of the

non-reduced word exe−1), and for any g ∈ G, we have (gxg−1)−1 = g−1xg.
Next, we claim that the set {gxg−1 ∈ G〈x〉 : g ∈ G} is the set of all and only

those reduced words w ∈ G〈x〉 that satisfy the following properties:

• w is invertible, in the sense that there is some reduced word w∗ ∈ G〈x〉 such
that the reduced word obtained from w[w∗/x] is x, and similarly for w∗[w/x].

• w commutes generically with every function symbol of the theory of groups, in
the following sense:

– The reduced word overG∪{x0, x1} obtained from w[x0/x]w[x1/x] is w[x0x1/x].

– The reduced word over G ∪ {x} obtained from w−1 is w[x−1/x].

– The element of G obtained by ‘evaluating’ the word w[e/x] in G is eG.

Indeed, if g ∈ G, then every reduced word of the form gxg−1 easily satisfies the
above properties: for the first property, it is easily seen that we can take (gxg−1)∗ :=
g−1xg. For the second property, the reduced word obtained from gx0g

−1gx1g
−1 is

clearly gx0x1g
−1, the reduced word obtained from (gxg−1)−1 = (g−1)−1x−1g−1 is
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clearly gx−1g−1, and the element of G obtained by evaluating the word geg−1 in G is
clearly eG.

Now let w ∈ G〈x〉 be any reduced word satisfying both of the above properties;
we must show that w ≡ gxg−1 for some g ∈ G. First, w must contain at least one
occurrence of x, for otherwise w would not satisfy the invertibility property. Also,
w contains at most one, and hence exactly one, occurrence of x, by the following
argument of Bergman: if w had at least two occurrences of x, then the second prop-
erty would fail, because w[x0x1/x] would then have an occurrence of x1 preceding
an occurrence of x0, while it is easy to see that the reduced word obtained from
w[x0/x]w[x1/x] would have all occurrences of x1 following all occurrences of x0, and
hence these reduced words could not be equal. So w has exactly one occurrence of x,
and hence (being reduced) must have one of the following forms:

x, gx, xg, g1xg2,

for some g, g1, g2 6= eG ∈ G. If w ≡ x, then we are done, because x is the reduced
word obtained from exe−1. If w ≡ gx for some g 6= eG ∈ G, then the second property
would fail, because the reduced word gx0gx1 is not equal to gx0x1. Similar reasoning
shows that w 6≡ xg, and hence we must have w ≡ g1xg2 for some g1, g2 6= eG ∈ G.
By the second property, we know that the element of G obtained by evaluating the
word w[e/x] ≡ g1eg2 is eG, i.e. eG = g1e

Gg2 = g1g2, so that g2 = g−1
1 , and hence

w ≡ g1xg2 ≡ g1xg
−1
1 , as desired.

Thus, Bergman essentially proved that for any group G, the isotropy group
ZGroup(G) is isomorphic to the group of all reduced words w ∈ G〈x〉 that are invertible
and commute generically with all function symbols of the theory of groups, in the
above senses. It is this (syntactic) description of the isotropy group of the theory of
groups that we will generalize to the isotropy group of any arbitrary quasi-equational
theory. More specifically, given any model M ∈ PTmod of a single-sorted quasi-
equational theory T over a relation-free signature Σ, we will show that ZT(M) is
isomorphic to the group of all elements of M〈x〉 (the coproduct of M with the free
T-model on one generator x) that are invertible and commute generically with all
function symbols of Σ (and satisfy one further condition), in a manner similar to the
above. This characterization will also be suitably extended to theories over multi-
sorted signatures.

2.2 The Isotropy Group of a Quasi-Equational The-

ory

For the remainder of this section, we fix a quasi-equational theory T over a relation-
free signature Σ. Our ultimate goal in this section is to give a syntactic characteriza-
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tion of the covariant isotropy group

ZT : PTmod→ Group.

Our first step towards this goal is to give an explicit description of the process of
‘adjoining an indeterminate element’ (of a given sort) to a T-model M . More precisely,
given M ∈ PTmod and A ∈ ΣSort, we will give an explicit description/construction
of the T-model M〈xA〉, which will be the coproduct in PTmod of M and the free
T-model on one generator xA of sort A. (cf. the universal property in Proposition
2.2.10).

First, given M ∈ PTmod, we need to define new signatures Σ(M),Σ(M, xA)
extending Σ and taking into account the elements of M , and new quasi-equational
theories T(M),T(M, xA) extending T and axiomatizing the specific properties of the
model M .

Definition 2.2.1 (Diagram Signature). Let M ∈ PTmod. For any B ∈ ΣSort

and s ∈ MB, we introduce a new constant symbol cMB,s /∈ ΣFun of sort B, so that
s 6= s′ ∈MB =⇒ cMB,s 6≡ cMB,s′ . (i.e. these new constants are pairwise distinct).

1. Let Σ(M), the diagram signature of M , be the relation-free signature defined
as follows:

• Σ(M)Sort := ΣSort.

• Σ(M)Fun := ΣFun ∪
{
cMB,s : B ∈ ΣSort, s ∈MB

}
.

2. If A ∈ ΣSort, let xA /∈ Σ(M) be a new constant of sort A, and let Σ(M, xA) be
the signature defined as follows:

• Σ(M, xA)Sort := ΣSort.

• Σ(M, xA)Fun := Σ(M)Fun ∪ {xA}.

To increase readability, we will try to omit the sort subscripts and model superscripts
from new constants of the diagram signature when no ambiguity can arise (i.e. we
will write cs or cMs instead of cMB,s).

If Σ1 and Σ2 are relation-free signatures, then we say that Σ1 ⊆ Σ2 if Σ1
Sort ⊆ Σ2

Sort

and Σ1
Fun ⊆ Σ2

Fun. If Σ1 ⊆ Σ2 and N is a partial Σ2-structure, then by N |Σ1 , or the
Σ1-reduct of N , we mean the partial Σ1-structure obtained from N in the expected
way.

If M ∈ PTmod and A ∈ ΣSort, then we clearly have Σ ⊆ Σ(M) ⊆ Σ(M, xA).
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Remark 2.2.2 (Canonical Diagram Structure). If M ∈ PTmod, then M can

be expanded to a canonical partial Σ(M)-structure M̂ such that M̂ |Σ = M in the
following way:

• For any sort B ∈ Σ, we set M̂B := MB.

• For any function symbol f ∈ Σ, we set f M̂ := fM .

• For any sort B ∈ Σ and s ∈MB, we set
(
cMB,s
)M̂

:= s.

Definition 2.2.3 (Diagram Theory). Let M ∈ PTmod.

1. We define T(M), the diagram theory of M , to be the quasi-equational theory
over the diagram signature Σ(M) whose axioms are the following Horn sequents
over Σ(M):

• All axioms of T.

• For any sort B ∈ Σ and s ∈MB, the axiom > ` cMB,s ↓.
• For any function symbol f : B1 × . . . × Bn → B in Σ and any s1 ∈
MB1 , . . . , sn ∈MBn with (s1, . . . , sn) ∈ dom(fM), the axiom

> ` f
(
cMs1 , . . . , c

M
sn

)
= cMfM (s1,...,sn).

In particular, if n = 0 and f : B is a constant symbol that is defined in
M , then T(M) has the axiom

> ` f = cMfM .

2. For any sort A ∈ Σ, we define T(M, xA) to be the quasi-equational theory over
the signature Σ(M, xA) whose axioms are those of T(M), together with the ax-
iom > ` xA ↓.

Now we have the following result connecting models of T(M) to Σ-morphisms with
domain M : essentially, every morphism with domain M gives rise to a model of T(M)
on its codomain, and every model of T(M) induces a morphism from M .

Lemma 2.2.4. Let M ∈ PTmod.

1. If h : M → N is any morphism in PTmod, then there is a partial Σ(M)-
structure Nh such that Nh|Σ = N and Nh |= T(M), with the following descrip-
tion:
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• For any sort B ∈ Σ(M)Sort = ΣSort,

Nh
B := NB.

• For any function symbol f ∈ Σ,

fN
h

:= fN .

• For any A ∈ ΣSort and a ∈MA,(
cMA,a
)Nh

:= hA(a) ∈ NA = Nh
A.

2. If N ′ is a partial Σ(M)-structure with N ′ |= T(M), then there is a unique
Σ-morphism h : M → N ′|Σ such that (N ′|Σ)h = N ′.

Proof: See Appendix A.

Remark 2.2.5. It is easy to see that the canonical Σ(M)-structure M̂ is a model of
T(M).

Definition 2.2.6. For any M ∈ PTmod and A ∈ ΣSort, we define the partial Σ-
structure

M〈xA〉 := Free(T(M, xA))|Σ,
the Σ-reduct of the Σ(M, xA)-structure Free(T(M, xA)) (which itself is the initial
model of T(M, xA)).

Since Free(T(M, xA)) is a model of T(M, xA) ⊇ T, it follows that M〈xA〉 is a
model of T.

We will show in Proposition 2.2.10 below that M〈xA〉 has the universal property
previously alluded to, i.e. M〈xA〉 will be the coproduct in PTmod of M with the
initial T-model on one generator xA of sort A.

Remark 2.2.7. Recall from Remark 1.3.13 that the partial Σ-structure M〈xA〉 has
the following explicit description:

• For any sort B ∈ Σ,

M〈xA〉B = {[t] : t ∈ Termc(Σ(M, xA))B ∧ T(M, xA) ` t ↓} ,

where Termc(Σ(M, xA))B is the set of closed Σ(M, xA)-terms of sort B, and
[s] = [t] iff T(M, xA) ` s = t.
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• For any constant c : B of Σ, if T(M, xA) ` c ↓, then dom
(
cM〈xA〉

)
= {∗} and

cM〈xA〉(∗) := [c] ∈M〈xA〉B,

and otherwise dom
(
cM〈xA〉

)
= ∅.

• If f : B1 × . . .×Bn → B is a function symbol in Σ with n ≥ 1, then

dom
(
fM〈xA〉

)
=

{
([t1], . . . , [tn]) ∈

∏
1≤i≤n

M〈xA〉Bi
: T(M, xA) ` f(t1, . . . , tn) ↓

}
,

and for any ([t1], . . . , [tn]) ∈ dom
(
fM〈xA〉

)
, we have

fM〈xA〉 ([t1], . . . , [tn]) = [f(t1, . . . , tn)] ∈M〈xA〉B.

Before we can state the universal property of M〈xA〉, we need to define a canonical
Σ-morphism ηM,A : M →M〈xA〉 as follows.

Definition 2.2.8. For any M ∈ PTmod and B ∈ ΣSort, let

ηM,A
B : MB →M〈xA〉B

be the (total) function given by the following rule: for any s ∈MB,

s 7→
[
cMs
]
∈M〈xA〉B.

Since T(M, xA) ` cMs ↓ for any s ∈MB, this function is well-defined.

If M,N ∈ PTmod and h = (hA : MA → NA)A∈Σ is a Σ-morphism, then we say that
h is (sortwise) injective if each (total) function hA : MA → NA is injective.

Lemma 2.2.9. If M ∈ PTmod, then the family of total functions

ηM,A :=
(
ηM,A
C : MC →M〈xA〉C

)
C∈Σ

is a Σ-morphism from M to M〈xA〉. If MA 6= ∅, then ηM,A is moreover sortwise
injective.
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Proof: See Appendix A.

We can now state the universal property of the T-model M〈xA〉. Note that [xA] ∈
M〈xA〉A because T(M, xA) ` xA ↓.

Proposition 2.2.10. Let M ∈ PTmod and A ∈ ΣSort. For any N ∈ PTmod, any
Σ-morphism h : M → N , and any a ∈ NA, there is a unique Σ-morphism

ha : M〈xA〉 → N

such that ha ◦ ηM,A = h and haA([xA]) = a ∈ NA.

Proof: See Appendix A.

We will now show how to interpret (provably defined) closed terms t ∈ Termc(Σ(M, xA))
as total functions given by substitution into the indeterminate xA.

Definition 2.2.11 (Term-Induced Function). Let M ∈ PTmod and A ∈ ΣSort.
Let t ∈ Termc(Σ(M, xA)) be a closed term of some sort B ∈ Σ such that T(M, xA) `
t ↓. We define a total function

t∗ : MA →MB

as follows.
Let a ∈ MA. Then (M̂, a) is a partial Σ(M, xA)-structure that is a model of

T(M, xA), because M̂ is a model of T(M) and (M̂, a) |= xA ↓. Since T(M, xA) ` t ↓,
it follows by soundness of partial Horn logic that (M̂, a) |= t ↓. So t is defined in

(M̂, a), and we set

t∗(a) := t(M̂,a) ∈MB.

Remark 2.2.12. One can also define the total function t∗ by induction on the form
of t ∈ Termc(Σ(M, xA)) with T(M, xA) ` t ↓ as follows:

• If t ≡ xA : A, then T(M, xA) ` t ↓ and

t∗ = x∗A : MA →MA

is just the identity function.
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• If t ≡ cs : B for some s ∈MB and B ∈ ΣSort, then T(M, xA) ` t ↓ and

t∗ = c∗s : MA →MB

is the constant function on s ∈MB.

• If t ≡ f(t1, . . . , tn) : B for some function symbol f : B1 × . . . × Bn → B of Σ
and terms ti ∈ Termc(Σ(M, xA))Bi

for each 1 ≤ i ≤ n and T(M, xA) ` t ↓, then
T(M, xA) ` ti ↓ for each 1 ≤ i ≤ n by the rules of partial Horn logic, and hence
we have a well-defined total function

t∗i : MA →MBi

for each 1 ≤ i ≤ n. We then have

t∗ = f(t1, . . . , tn)∗ : MA →MB

given by the rule
a 7→ fM(t∗1(a), . . . , t∗n(a)) ∈MB

for a ∈MA.

The following lemma now says that provably equal terms induce the same function:

Lemma 2.2.13. Let M ∈ PTmod and A ∈ ΣSort. Let s, t ∈ Termc(Σ(M, xA)) be of
the same sort B ∈ Σ with T(M, xA) ` s = t (and hence T(M, xA) ` s ↓ ∧ t ↓, by the
rules of partial Horn logic). Then

s∗ = t∗ : MA →MB.

Proof: Assume the hypotheses, and let a ∈ MA. We must show s∗(a) = t∗(a) ∈
MB, i.e. s(M̂,a) = t(M̂,a). We know that (M̂, a) is a Σ(M, xA)-structure that is a
model of T(M, xA). By soundness of partial Horn logic and the assumption that

T(M, xA) ` s = t, it follows that (M̂, a) |= s = t. Hence, we obtain s(M̂,a) = t(M̂,a), as
desired.

We will now show how these term-induced functions can be ‘transferred’ along Σ-
morphisms with domain M . First, we require some additional background definitions
on signature morphisms from Section 5 of [19].

Definition 2.2.14 (Signature Morphism). Let Σ1 and Σ2 be relation-free signa-
tures. A signature morphism ρ : Σ1 → Σ2 is given by the following data:

• For any sort B of Σ1, a sort ρ(B) of Σ2.
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• For any function symbol f : B1 × . . . × Bn → B of Σ1, a function symbol
ρ(f) : ρ(B1)× . . .× ρ(Bn)→ ρ(B) of Σ2.

If ρ : Σ1 → Σ2 is a signature morphism, then any Horn formula ϕ over Σ1 has
a translation ρ(ϕ) over Σ2, obtained by applying ρ to the sorts and function sym-
bols occurring in ϕ. If ~x is a sequence of variables of sorts in Σ1, then ρ(~x) is the
corresponding sequence of variables of sorts in Σ2.

Definition 2.2.15 (Theory Morphism). Let T1,T2 be quasi-equational theories
over respective relation-free signatures Σ1,Σ2. Then a signature morphism ρ : Σ1 →
Σ2 is a theory morphism from T1 to T2 if for every axiom ϕ `~x ψ of T1, the ρ-
translation ρ(ϕ) `ρ(~x) ρ(ψ) is a theorem of T2.

One can then prove the following lemma by induction on the length of PHL-deductions.

Lemma 2.2.16. Let T1,T2 be quasi-equational theories over respective relation-free
signatures Σ1,Σ2. If ρ : T1 → T2 is a theory morphism and ϕ `~x ψ is any Horn
sequent over Σ1, then

ϕ `~x ψ is a theorem of T1 implies ρ(ϕ) `ρ(~x) ρ(ψ) is a theorem of T2.

We now show that any Σ-morphism h : M → N in PTmod induces a corresponding
signature morphism on the diagram signatures:

Definition 2.2.17. Let h : M → N be a Σ-morphism in PTmod, and let A ∈ ΣSort.
We define a signature morphism ρAh : Σ(M, xA)→ Σ(N, xA) as follows:

• ρAh is the identity on Σ ⊆ Σ(M, xA).

• For any sort B ∈ Σ and s ∈MB, we set ρAh
(
cMs
)

:= cNhB(s).

• We set ρAh (xA) := xA.

Lemma 2.2.18. Let h : M → N be a Σ-morphism in PTmod, and let A ∈ ΣSort. The
signature morphism ρAh : Σ(M, xA) → Σ(N, xA) is a theory morphism from T(M, xA)
to T(N, xA).
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Proof: See Appendix A.

From Lemmas 2.2.16 and 2.2.18, we then obtain:

Lemma 2.2.19. Let h : M → N be a Σ-morphism in PTmod, and let A,B ∈ ΣSort.

• If t ∈ Termc(Σ(M, xA))B and T(M, xA) ` t ↓, then T(N, xA) ` ρAh (t) ↓.

• If s, t ∈ Termc(Σ(M, xA))B with T(M, xA) ` s = t, then T(N, xA) ` ρAh (s) =
ρAh (t).

As our next step, we define for any M ∈ PTmod and any B ∈ ΣSort a partial, one-
sided monoid structure on the set Termc(Σ(M, xB)), which will capture the behaviour
of (syntactic) substitution into the indeterminate xB. If S is any set, then a partial,
one-sided monoid structure on S is a triple (S, ·, e) with the following properties:

• · is a partial binary operation on S, i.e. · : S × S ⇁ S.

• · is associative, in the sense that for any u, v, w ∈ S, u · (v · w) is defined iff
(u · v) · w is defined, and if both are defined, then they are equal.

• e ∈ S is a one-sided unit element for ·, in the sense that u · e is defined for every
u ∈ S, and u · e = u.

Definition 2.2.20. Let M ∈ PTmod and B ∈ ΣSort. We define a partial, one-sided
monoid structure on the set Termc(Σ(M, xB)) as follows:

• We set
dom(·) := {(u, v) ∈ Termc(Σ(M, xB))2 | v : B}.

For any (u, v) ∈ dom(·), we then set

u · v := u[v/xB] ∈ Termc(Σ(M, xB)).

• For the unit, we choose xB ∈ Termc(Σ(M, xB)).

Remark 2.2.21 (Substitution). In the previous definition we invoked a notion
of substitution, which we now explicitly define. If M ∈ PTmod and B ∈ ΣSort and
v ∈ Termc(Σ(M, xB)) is of sort B, then we define the term u[v/xB] ∈ Termc(Σ(M, xB))
for any u ∈ Termc(Σ(M, xB)) in the expected way, as follows:

• If u ≡ xB, then u[v/xB] := v.
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• If u 6≡ xB is a constant symbol of Σ(M, xB), then u[v/xB] := u.

• If u ≡ f(u1, . . . , un) for some function symbol f : A1× . . .×An → A and terms
ui ∈ Termc(Σ(M, xB))Ai

for each 1 ≤ i ≤ n, then

u[v/xB] := f (u1[v/xB], . . . , un[v/xB]) .

We then clearly have:

Lemma 2.2.22. Let M ∈ PTmod and B ∈ ΣSort. Then (Termc(Σ(M, xB)), ·, xB) is a
partial, one-sided monoid structure on Termc(Σ(M, xB)).

Remark 2.2.23. If we restrict · to Termc(Σ(M, xB))B, i.e. to the set of closed
Σ(M, xB)-terms of sort B, then

· : Termc(Σ(M, xB))B × Termc(Σ(M, xB))B → Termc(Σ(M, xB))B

is total, and we obtain a total, two-sided (i.e. ordinary) monoid

(Termc(Σ(M, xB))B, ·, xB).

We will shortly show that the (ordinary) monoid structure on Termc(Σ(M, xB))B can
be extended to

M〈xB〉B = {[t] : t ∈ Termc(Σ(M, xB))B ∧ T(M, xB) ` t ↓} .

Before we can do this, we need the following technical lemma, which essentially says
(cf. the third statement) that we can substitute a provably defined term into a
provably defined term and still obtain a provably defined term:

Lemma 2.2.24. Let M ∈ PTmod and B ∈ ΣSort.

1. Let s, t ∈ Termc(Σ(M, xB)) with T(M, xB) ` s = t, and let u ∈ Termc(Σ(M, xB))B
with T(M, xB) ` u ↓. Then

T(M, xB) ` s[u/xB] = t[u/xB].
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2. Conversely, if u ∈ Termc(Σ(M, xB)) with T(M, xB) ` u ↓ and s, t ∈ Termc(Σ(M, xB))B
with T(M, xB) ` s = t, then

T(M, xB) ` u[s/xB] = u[t/xB].

3. In particular, if t ∈ Termc(Σ(M, xB)) and u ∈ Termc(Σ(M, xB))B and T(M, xB) `
t ↓ ∧ u ↓, then T(M, xB) ` t[u/xB] ↓.

Proof: See Appendix A.

Lemma 2.2.25. Let M ∈ PTmod and B ∈ ΣSort. The following data give a well-
defined (ordinary) monoid structure on M〈xB〉B:

• For any [s], [t] ∈M〈xB〉B, we set

[s] · [t] := [s · t] = [s[t/xB]] ∈M〈xB〉B.

• The unit is [xB] ∈M〈xB〉B.

Proof: See Appendix A.

Remark 2.2.26. Let M ∈ PTmod and B ∈ ΣSort. We show how the monoid struc-
ture on M〈xB〉B is related to the term-induced functions of Definition 2.2.11. Let
Sets(MB,MB) be the monoid of (total) endofunctions on the set MB. Then we have
a function

∗ : M〈xB〉B → Sets(MB,MB)

given by the rule
[t]∗ := t∗ : MB →MB,

which is well-defined by Lemma 2.2.13 and the fact that [t] ∈ M〈xB〉B implies
T(M, xB) ` t ↓, so that t∗ is a well-defined (total) function by Definition 2.2.11.
This function is also a monoid homomorphism, because [s], [t] ∈M〈xB〉B implies

s[t/xB]∗ = s∗ ◦ t∗ : MB →MB,

as we will show below in Lemma 2.2.29.

We now come to our first central definition of this section:
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Definition 2.2.27. For any M ∈ PTmod, we define GT(M) to be the set of all
ΣSort-indexed sequences

([sC ])C∈ΣSort

with the following properties:

• For any sort C ∈ Σ,

[sC ] ∈M〈xC〉C = {[t] : t ∈ Termc(Σ(M, xC))C ∧ T(M, xC) ` t ↓} .

• For any Σ-morphism h : M → N in PTmod, the induced family of total func-
tions (

ρCh (sC)∗ : NC → NC

)
C∈Σ

is a Σ-automorphism of N .

Note that if [sC ] ∈ M〈xC〉C , then T(N, xC) ` ρCh (sC) ↓ by Lemma 2.2.19, so that
ρCh (sC)∗ : NC → NC is indeed a well-defined total function by Definition 2.2.11.

Our first main goal of this section will be to show that GT(M) carries a group struc-
ture, and is in fact isomorphic to the isotropy group ZT(M) of M . Before we can
accomplish the former goal, we require the following lemmas. The first lemma says
that the signature morphism induced by a Σ-morphism interacts properly with sub-
stitution.

Lemma 2.2.28. Let h : M → N be any Σ-morphism in PTmod. Then for any
C ∈ ΣSort, any s ∈ Termc(Σ(M, xC)) and t ∈ Termc(Σ(M, xC))C,

ρCh (s[t/xC ]) ≡ ρCh (s)[ρCh (t)/xC ] ∈ Termc(Σ(N, xC)).

Proof: Straightforward induction on the structure of s ∈ Termc(Σ(M, xC)).

The next lemma was mentioned in Remark 2.2.26 and essentially says that substitu-
tion interacts properly with term-induced functions:

Lemma 2.2.29. Let M ∈ PTmod, let B,C ∈ ΣSort, and let s ∈ Termc(Σ(M, xC))B
and t ∈ Termc(Σ(M, xC))C with T(M, xC) ` s ↓ ∧ t ↓. Then (cf. Definition 2.2.11)
we have total functions

s∗ : MC →MB and t∗ : MC →MC,
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as well as the total function

(s · t)∗ = (s[t/xC ])∗ : MC →MB

(since T(M, xC) ` s[t/xC ] ↓, by Lemma 2.2.24). Then

(s · t)∗ = s∗ ◦ t∗ : MC →MB.

Proof: See Appendix A.

The following technical lemma shows that a term-induced function can also be defined
by substituting constants of the diagram signature into the indeterminate of the term,
and then evaluating the resulting term in the canonical diagram structure:

Lemma 2.2.30. Let M ∈ PTmod, let A,B ∈ ΣSort, and let t ∈ Termc(Σ(M, xA))B
with T(M, xA) ` t ↓. Then (cf. Definition 2.2.11) we have a total function

t∗ : MA →MB.

Then for any s ∈MA, we have

t∗(s) = t [cs/xA]M̂ ∈MB,

where the righthand side is the interpretation of the closed Σ(M)B-term t [cs/xA] in

the Σ(M)-structure M̂ .

Proof: Straightforward induction on the structure of terms t ∈ Termc(Σ(M, xA))
with T(M, xA) ` t ↓.

We will also require the following technical lemma that analyzes the behaviour of
the term-induced function obtained by transporting along the canonical morphism
η : M →M〈xA〉.

Lemma 2.2.31. Let M ∈ PTmod, let A,B ∈ ΣSort, and let t ∈ Termc(Σ(M, xA))B
with T(M, xA) ` t ↓. Let η = ηM,A : M → M〈xA〉 be the canonical morphism from
Definition 2.2.8. Then

ρAη (t) ∈ Termc(Σ(M〈xA〉, xA))B.

1. Let M̂〈xA〉 be the Σ(M〈xA〉)-structure expanding the Σ-structure M〈xA〉 (cf.
Remark 2.2.2). Let [u] = [u]A ∈ M〈xA〉A be arbitrary. Then c[u] : A is a
constant symbol of Σ(M〈xA〉), and ρAη (t)

[
c[u]/xA

]
is a closed Σ(M〈xA〉)-term of

sort B. Then
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ρAη (t)
[
c[u]/xA

]M̂〈xA〉 ∈ M̂〈xA〉B = M〈xA〉B is defined

and

ρAη (t)
[
c[u]/xA

]M̂〈xA〉 = [t[u/xA]]B ∈M〈xA〉B.

2. By Lemma 2.2.19, we have T(M〈xA〉, xA) ` ρAη (t) ↓. Then by Definition 2.2.11,
we have a total function

ρAη (t)∗ : M〈xA〉A →M〈xA〉B.

Then for any [u] ∈M〈xA〉A, we have

ρAη (t)∗([u]) = [t[u/xA]] ∈M〈xA〉B.

Proof: See Appendix A.

The following concept will be required to characterize the isomorphisms between
partial Σ-structures, as in Lemma 2.2.33 below.

Definition 2.2.32 (Reflects Definedness). Let h : M → N be any morphism of
partial Σ-structures. We say that h reflects definedness if h satisfies the following
condition:

• For any function symbol f : A1 × . . . × An → A in Σ and ai ∈ MAi
for each

1 ≤ i ≤ n,

(hA1(a1), . . . , hAn(an)) ∈ dom
(
fN
)

=⇒ (a1, . . . , an) ∈ dom
(
fM
)
.

Lemma 2.2.33. The isomorphisms of PΣStr are exactly the (sortwise) bijective Σ-
morphisms that reflect definedness.

Proof: See Appendix A.

Finally, we will also require the following lemma, which provides a sufficient condition
for a family of total functions to be an isomorphism in PTmod:
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Lemma 2.2.34. Let h : M
∼−→ N be an isomorphism in PTmod, and let

(kA : NA →MA)A∈ΣSort

be a ΣSort-indexed family of total functions that is sortwise inverse to h = (hA : MA →
NA)A (i.e. hA and kA are mutually inverse for every sort A ∈ Σ). Then

k := (kA : NA →MA)A : N →M

is an isomorphism in PTmod (with inverse h).

Proof: See Appendix A.

We can now prove that the set GT(M) of Definition 2.2.27 has a group structure,
given by substitution:

Proposition 2.2.35. For any M ∈ PTmod, the set GT(M) has a group structure.

Proof: To define the group multiplication ∗ on GT(M), let ([sC ])C , ([tC ])C ∈
GT(M). We set

([sC ])C ∗ ([tC ])C := ([sC · tC ])C = ([sC [tC/xC ]])C .

By Lemma 2.2.25, given [sC ], [tC ] ∈M〈xC〉C , we know that [sC · tC ] ∈M〈xC〉C . Now
let h : M → N be a Σ-morphism in PTmod with domain M . We must show that the
family of total functions

(ρCh (sC · tC)∗ : NC → NC)C∈Σ

is a Σ-automorphism of N . By Lemmas 2.2.28 and 2.2.29, we have for any sort C ∈ Σ
that

ρCh (sC · tC)∗ =
(
ρCh (sC)[ρCh (tC)/xC ]

)∗
= ρCh (sC)∗ ◦ ρCh (tC)∗ : NC → NC .

So the family of functions

(ρCh (sC · tC)∗ : NC → NC)C∈Σ

is equal to the composition

(ρCh (sC)∗ : NC → NC)C∈Σ ◦ (ρCh (tC)∗ : NC → NC)C∈Σ.

But since ([sC ])C , ([tC ])C ∈ GT(M), we know that the two families in the above
composition are Σ-automorphisms, and hence their composite is a Σ-automorphism.
This proves that ([sC ])C ∗ ([tC ])C := ([sC · tC ])C ∈ GT(M). And ∗ is well-defined
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and associative, because the monoid multiplication on M〈xC〉C is well-defined and
associative for every sort C ∈ Σ (by Lemma 2.2.25).

We define the unit element of the group structure on GT(M) to be ([xC ])C . To
see that this is in fact in GT(M), let h : M → N be a Σ-morphism in PTmod with
domain M . We must show that the family of functions

(ρCh (xC)∗ : NC → NC)C∈Σ

is a Σ-automorphism of N . For any sort C ∈ Σ we have ρCh (xC) ≡ xC , so we must
show that the family

(x∗C : NC → NC)C∈Σ

is a Σ-automorphism of N . But for any sort C ∈ Σ we have x∗C = id : NC → NC ,

because for any c ∈ NC we have x∗C(c) = x
(N̂,c)
C = c. So the above family of functions is

just the identity Σ-morphism on N , which is a Σ-automorphism. So ([xC ])C ∈ GT(M)
and ([xC ])C is the unit element for ∗, because for every sort C ∈ Σ we have by Lemma
2.2.25 that [xC ] is the unit element of the monoid structure on M〈xC〉C .

Lastly, we show that this monoid structure on GT(M) admits an inverse opera-
tion. So let ([sC ])C ∈ GT(M). We define

([sC ])−1
C ∈ GT(M)

as follows. Fix A ∈ ΣSort. We have the canonical Σ-morphism η = ηM,A : M →
M〈xA〉. Because ([sC ])C ∈ GT(M), it follows that the family of functions

(ρCη (sC)∗ : M〈xA〉C →M〈xA〉C)C∈Σ

is a Σ-automorphism of M〈xA〉. In particular, the function

ρAη (sA)∗ : M〈xA〉A →M〈xA〉A

is bijective. Since [xA] ∈M〈xA〉A, it follows that there is a unique element in M〈xA〉A,
suggestively written

[
s−1
A

]
, such that

ρAη (sA)∗
([
s−1
A

])
= [xA].

By Lemma 2.2.31, we then have

[xA] = ρAη (sA)∗
([
s−1
A

])
=
[
sA
[
s−1
A /xA

]]
= [sA] ·

[
s−1
A

]
,

with the latter multiplication in the monoid structure on M〈xA〉A. So
[
s−1
A

]
is a right

inverse for [sA] in the monoid M〈xA〉A. To show that
[
s−1
A

]
is also a left inverse for

[sA] in this monoid, we argue as follows. We have

ρAη (sA)∗
([
s−1
A

]
· [sA]

)
= ρAη (sA)∗

([
s−1
A [sA/xA]

])
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=
[
sA
[
s−1
A [sA/xA]/xA

]]
=
[(
sA[s−1

A /xA]
)

[sA/xA]
]

= [xA[sA/xA]]

= [sA]

= [sA[xA/xA]]

= ρAη (sA)∗([xA]).

The second equality holds by Lemma 2.2.31; the fourth equality holds because[
sA
[
s−1
A /xA

]]
= [xA]

and the monoid multiplication in M〈xA〉A is well-defined; the last equality holds by
Lemma 2.2.31 once again. Since ρAη (sA)∗ is injective, it follows that[

s−1
A

]
· [sA] = [xA],

as desired.
Now we set

([sC ])−1
C :=

([
s−1
C

])
C
.

To show that this inverse operation is well-defined, let ([tC ])C ∈ GT(M) as well, and
suppose that ([sC ])C = ([tC ])C . If A ∈ ΣSort, we must show that[

s−1
A

]
=
[
t−1
A

]
.

But this follows because
[
s−1
A

]
and

[
t−1
A

]
are both left and right inverses of [sA] = [tA]

in the monoid M〈xA〉A (as shown above), and hence must be equal.
It follows that

([
s−1
C

])
C

is an inverse of ([sC ])C , because we have

([sC ])C ∗
([
s−1
C

])
C

=
([
sC · s−1

C

])
C

= ([xC ])C

and similarly
([
s−1
C

])
C
∗ ([sC ])C = ([xC ])C . So it remains to show that

([
s−1
C

])
C
∈

GT(M). Let h : M → N be an arbitrary Σ-morphism in PTmod with domain M . We
must show that the family of functions

(ρCh
(
s−1
C

)∗
: NC → NC)C∈Σ

is a Σ-automorphism of N . Since ([sC ])C ∈ GT(M), we know that the family of
functions

(ρCh (sC)∗ : NC → NC)C
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is a Σ-automorphism of N . By Lemma 2.2.34, it suffices to show for every sort A ∈ Σ
that the functions ρAh (sA)∗, ρAh

(
s−1
A

)∗
: NA → NA are mutually inverse. We have

ρAh (sA)∗ ◦ ρAh
(
s−1
A

)∗
= ρAh

(
sA · s−1

A

)∗
= ρAh (xA)∗

= x∗A
= id.

The first equality follows by Lemmas 2.2.28 and 2.2.29, and the second equality
follows by Lemmas 2.2.19 and 2.2.13, using the fact that

[
sA · s−1

A

]
= [xA]. That

ρAh
(
s−1
A

)∗ ◦ ρAh (sA)∗ = id can be shown similarly. This completes the proof that

(ρCh
(
s−1
C

)∗
: NC → NC)C is a Σ-automorphism of N , and hence that

([
s−1
C

])
C
∈

GT(M). This completes the proof that GT(M) has a group structure.

We now extend the assignment M 7→ GT(M) to a functor

GT : PTmod→ Group,

which we will show (in Theorem 2.2.41 below) is naturally isomorphic to the isotropy
group ZT : PTmod→ Group.

Definition 2.2.36. We define a functor GT : PTmod→ Group as follows:

• On objects, GT acts by
M 7→ GT(M).

• For morphisms, let h : M → M ′ be an arbitrary Σ-morphism in PTmod. We
define

GT(h) : GT(M)→ GT(M ′)

by
([sC ])C ∈ GT(M) 7−→

([
ρCh (sC)

])
C
∈ GT(M ′).

Before we can verify that GT is a well-defined functor, we require the following lemma,
which is easily proved by induction on terms.

Lemma 2.2.37. Let C ∈ ΣSort.
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• If h1 : M → M ′ and h2 : M ′ → M ′′ are morphisms in PTmod, then for any
u ∈ Termc(Σ(M, xC)) we have

ρCh2
(ρCh1

(u)) ≡ ρCh2◦h1
(u) ∈ Termc(Σ(M ′′, xC)).

• If M ∈ PTmod, then for any u ∈ Termc(Σ(M, xC)) we have

ρCidM (u) ≡ u.

We can now prove:

Proposition 2.2.38. GT : PTmod→ Group is a well-defined functor.

Proof: See Appendix A.

Before we can prove that GT is naturally isomorphic to the isotropy group ZT :
PTmod → Group, we also require the following two technical lemmas, whose proofs
may be found in Appendix A.

Lemma 2.2.39. Let h : M → N be any Σ-morphism in PTmod, and let B,C ∈ ΣSort.
Let u ∈ Termc(Σ(M, xC))B with T(M, xC) ` u ↓. Let z ∈ MC, so that (M̂, z) is a

Σ(M, xC)-structure and (N̂ , hC(z)) is a Σ(N, xC)-structure. Then u is defined in

(M̂, z) and ρCh (u) is defined in (N̂ , hC(z)) and

hB

(
u(M̂,z)

)
= ρCh (u)(N̂,hC(z)) ∈ NB.

Lemma 2.2.40. Let h : M → N be any morphism in PTmod, let A,B ∈ ΣSort, and
let t ∈ Termc(Σ(M, xA))B with T(M, xA) ` t ↓. Then [t] ∈M〈xA〉B and ρAh (t)∗ : NA →
NB is a well-defined, total function by Lemma 2.2.19 and Definition 2.2.11.

If a ∈ NA, then by Proposition 2.2.10 there is a unique Σ-morphism ha :
M〈xA〉 → N such that ha ◦ ηM,A = h and haA([xA]) = a ∈ NA. Then we have

haB([t]) = ρAh (t)∗(a) ∈ NB.
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We can now prove:

Theorem 2.2.41. The functor GT : PTmod→ Group of Definition 2.2.36 is naturally
isomorphic to the isotropy group ZT : PTmod→ Group.

Proof: We construct a natural isomorphism

αT : GT
∼

==⇒ ZT.

So let M ∈ PTmod; we will define a group isomorphism

αMT : GT(M)
∼−→ ZT(M).

Let ([sC ])C ∈ GT(M). We define

αMT [([sC ])C ] ∈ ZT(M).

So let h : M → N be an arbitrary morphism in PTmod with domain M . We must
define a Σ-automorphism αMT [([sC ])C ]h : N

∼−→ N of N . Since ([sC ])C ∈ GT(M), we
know that the family of total functions

(ρCh (sC)∗ : NC → NC)C∈Σ

is a Σ-automorphism of N . So we set

αMT [([sC ])C ]h := (ρCh (sC)∗ : NC → NC)C∈Σ.

To verify the naturality condition that elements of ZT(M) must satisfy, let h : M → N
and h′ : N → N ′ be arbitrary morphisms in PTmod. We must show that

αMT [([sC ])C ]h
′◦h ◦ h′ = h′ ◦ αMT [([sC ])C ]h : N → N ′.

So let C ∈ ΣSort; we must show that

ρCh′◦h(sC)∗ ◦ h′C = h′C ◦ ρCh (sC)∗ : NC → N ′C .

If z ∈ NC , then we have

ρCh′◦h(sC)∗(h′C(z)) = ρCh′◦h(sC)(N̂ ′,h′C(z))

= ρCh′(ρ
C
h (sC))(N̂ ′,h′C(z))

= h′C

(
ρCh (sC)(N̂,z)

)
= h′C(ρCh (sC)∗(z)),

as desired. The second equality holds by Lemma 2.2.37, and the third by Lemma
2.2.39. This proves that αMT [([sC ])C ] ∈ ZT(M).
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Now we show that the function αMT : GT(M)→ ZT(M) is a group isomorphism.
To show that αMT preserves the group multiplication, let ([sC ])C , ([tC ])C ∈ GT(M).
We must show that

αMT [([sC ])C ∗ ([tC ])C ] = αMT [([sC ])C ] ∗ αMT [([tC ])C ] ∈ ZT(M).

So let h : M → N be an arbitrary morphism in PTmod with domain M . Then we
have

αMT [([sC ])C ∗ ([tC ])C ]h = αMT [([sC · tC ])C ]h

= (ρCh (sC · tC)∗ : NC → NC)C∈Σ

= ((ρCh (sC) · ρCh (tC))∗ : NC → NC)C∈Σ

= (ρCh (sC)∗ ◦ ρCh (tC)∗ : NC → NC)C∈Σ

= (ρCh (sC)∗ : NC → NC)C∈Σ ◦ (ρCh (tC)∗ : NC → NC)C∈Σ

= αMT [([sC ])C ]h ◦ αMT [([tC ])C ]h

= αMT [([sC ])C ] ∗ αMT [([tC ])C ]h,

as required. The third equality follows by Lemma 2.2.28, and the fourth by Lemma
2.2.29.

To show that αMT is injective, let ([sC ])C , ([tC ])C ∈ GT(M) and assume that

αMT [([sC ])C ] = αMT [([tC ])C ];

we must show that ([sC ])C = ([tC ])C . So let B ∈ Σ be an arbitrary sort; we must show
that [sB] = [tB]. We have the canonical morphism η : M →M〈xB〉 in PTmod. Then
because αMT [([sC ])C ] = αMT [([tC ])C ] ∈ ZT(M), we obtain equal Σ-automorphisms of
M〈xB〉:

αMT [([sC ])C ]η = αMT [([tC ])C ]η : M〈xB〉
∼−→M〈xB〉.

So by definition of αMT , we have

(ρCη (sC)∗ : M〈xB〉C →M〈xB〉C)C∈Σ = (ρCη (tC)∗ : M〈xB〉C →M〈xB〉C)C∈Σ

: M〈xB〉
∼−→M〈xB〉.

In particular, we have

ρBη (sB)∗ = ρBη (tB)∗ : M〈xB〉B →M〈xB〉B.

Applying Lemma 2.2.31, we then obtain

[sB] = [sB[xB/xB]]

= ρBη (sB)∗([xB])



2. ISOTROPY GROUPS OF QUASI-EQUATIONAL THEORIES 52

= ρBη (tB)∗([xB])

= [tB[xB/xB]]

= [tB],

as desired. This proves that αMT is injective.
To show that αMT : GT(M)→ ZT(M) is surjective, let

β =
(
βh : cod(h)

∼−→ cod(h)
)
h∈Dom(M)

∈ ZT(M).

We must show that there is some ([sC ])C ∈ GT(M) with

αMT [([sC ])C ] = β.

So let B ∈ ΣSort; we define [sB] ∈ M〈xB〉B. Consider the canonical morphism ηB :
M →M〈xB〉. Then we have the Σ-automorphism

βηB : M〈xB〉
∼−→M〈xB〉,

and hence we have the bijective function

βηBB : M〈xB〉B
∼−→M〈xB〉B.

Now we set
[sB] := βηBB ([xB]) ∈M〈xB〉B.

We must now show that ([sC ])C ∈ GT(M) and αMT [([sC ])C ] = β. We accomplish both
goals at once by showing for any morphism h : M → N in PTmod with domain M
that

βh = (ρCh (sC)∗ : NC → NC)C =: αMT [([sC ])C ]h.

So let B ∈ Σ be any sort. We must show that

βhB = ρBh (sB)∗ : NB → NB.

For any b ∈ NB, we show that

βhB(b) = ρBh (sB)∗(b) ∈ NB.

By Proposition 2.2.10 there is a unique Σ-morphism hb : M〈xB〉 → N with hb◦ηB = h
and hbB([xB]) = b ∈ NB. Since β ∈ ZT(M), it follows that

βh ◦ hb = βh
b◦ηB ◦ hb = hb ◦ βηB : M〈xB〉 → N.

In particular, we have

hbB ◦ β
ηB
B = βhB ◦ hbB : M〈xB〉B → NB.
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So we obtain

βhB(b) = βhB(hbB([xB]))

= hbB(βηBB ([xB]))

= hbB([sB])

= ρBh (sB)∗(b),

as desired. The third equality follows by definition of [sB], while the last equality
follows by Lemma 2.2.40. This completes the proof that αMT is surjective, and hence
a group isomorphism.

To complete the proof of the theorem, we must verify that the collection of
group isomorphisms (αMT : GT(M)

∼−→ ZT(M))M is natural in M ∈ PTmod. So let
h : M → N be a morphism in PTmod. We must show that

ZT(h) ◦ αMT = αNT ◦GT(h) : GT(M)→ ZT(N).

So let ([sC ])C ∈ GT(M) and k : N → N ′ in PTmod. We must show that

ZT(h)(αMT [([sC ])C ])k = αNT (GT(h)[([sC ])C ])k : N ′ → N ′.

We have

ZT(h)(αMT [([sC ])C ])k = αMT [([sC ])C ]k◦h

= (ρCk◦h(sC)∗ : N ′C → N ′C)C∈Σ

= (ρCk (ρCh (sC))∗ : N ′C → N ′C)C∈Σ

= αNT [([ρCh (sC)])C ]k

= αNT (GT(h)[([sC ])C ])k,

as required. The first equality follows by definition of ZT(h), the second by definition
of αMT , the third by Lemma 2.2.37, the fourth by definition of αNT , and the last by
definition of GT(h). This completes the proof that

αT : GT
∼

==⇒ ZT

is a natural isomorphism.

The following corollary will prove useful in subsequent chapters:

Corollary 2.2.42. Let M ∈ PTmod and let

π = (πf : cod(f)→ cod(f))f∈Dom(M)
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be a Dom(M)-indexed family of Σ-endomorphisms in PTmod. Then π ∈ ZT(M) iff
there is a unique element ([sC ])C ∈ GT(M) such that

πf =
(
ρCf (sC)∗ : cod(f)C → cod(f)C

)
C∈Σ

for each f ∈ Dom(M).

Proof: This follows immediately from the definition of the group isomorphism
αMT : GT(M)

∼−→ ZT(M) in the proof of Theorem 2.2.41.

Let us pause to take stock of what we have shown so far, and what we will
show next. We have shown for any M ∈ PTmod that ZT(M) is isomorphic to the
group GT(M) consisting of all sequences ([sC ])C of (congruence classes of) provably
defined terms (in the diagram theory of M) whose extensions along any Σ-morphism
with domain M induce an automorphism of the codomain. This is essentially an
intermediate result, which we will use to characterize ZT(M) in the way that was
described at the end of Section 1.

First, we extend the definitions of Σ(M, xA) and T(M, xA) to allow for the addi-
tion of finitely many indeterminates, rather than just one.

Definition 2.2.43 (Extended Diagram Signature). Let M ∈ PTmod. Given
a non-empty, finite sequence of (not necessarily distinct) sorts A1, . . . , An ∈ Σ, let
x1, . . . , xn /∈ Σ(M) be pairwise distinct constants with xi : Ai for each 1 ≤ i ≤ n.

We then define Σ(M, x1, . . . , xn) to be the following relation-free signature:

• Σ(M, x1, . . . , xn)Sort := ΣSort.

• Σ(M, x1, . . . , xn)Fun := Σ(M)Fun ∪ {x1 : A1, . . . , xn : An}.

Thus, we have Σ(M) ⊆ Σ(M, x1, . . . , xn).

Definition 2.2.44 (Extended Diagram Theory). For any non-empty, finite se-
quence of sorts A1, . . . , An ∈ Σ, we define T(M, x1, . . . , xn) to be the quasi-equational
theory over the relation-free signature Σ(M, x1, . . . , xn) whose axioms are those of
T(M), together with the Horn sequents > ` xi ↓ for each 1 ≤ i ≤ n.

Definition 2.2.45. Let M ∈ PTmod, and let A1, . . . , An ∈ Σ be a non-empty, finite
sequence of sorts. We then define

M〈x1, . . . , xn〉 := Free(T(M, x1, . . . , xn))|Σ,
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the Σ-reduct of the initial model Free(T(M, x1, . . . , xn)) of T(M, x1, . . . , xn).
We may also define a canonical Σ-morphism ηM,A1,...,An : M → M〈x1, . . . , xn〉 as

in Definition 2.2.8.

We can then straightforwardly generalize Proposition 2.2.10 as follows:

Proposition 2.2.46. Let M ∈ PTmod and let A1, . . . , An ∈ Σ be a non-empty, finite
sequence of sorts. For any Σ-morphism h : M → N in PTmod and any (a1, . . . , an) ∈
NA1 × . . .×NAn, there is a unique Σ-morphism

ha1,...,an : M〈x1, . . . , xn〉 → N

such that ha1,...,an ◦ ηM,A1,...,An = h and ha1,...,an
Ai

([xi]) = ai ∈ NAi
for all 1 ≤ i ≤ n

(note that [xi] ∈M〈x1, . . . , xn〉Ai
because T(M, x1, . . . , xn) ` xi ↓).

We now arrive at the central definition of this section, which formalizes and gener-
alizes the syntactic concepts of ‘invertibility’ and ‘commuting generically’ that were
discussed in Section 1 in the context of group theory. We also need to add the
additional (syntactic) concept of ‘reflecting definedness’, to capture the fact that iso-
morphisms of Σ-structures are sortwise bijective Σ-morphisms that reflect definedness
(cf. Lemma 2.2.33).

Definition 2.2.47. Let M ∈ PTmod and ([sC ])C ∈
∏

C∈Σ M〈xC〉C .

• Let f : A1 × . . . × An → A be a function symbol of Σ. We say that ([sC ])C
commutes generically with f if the Horn sequent

f(x1, . . . , xn) ↓ ` sA[f(x1, . . . , xn)/xA] = f(sA1 [x1/xA1 ], . . . , sAn [xn/xAn ])

is provable in T(M, x1, . . . , xn).

In particular, if c : A is a constant symbol, then ([sC ])C commutes generically
with c if the Horn sequent

c ↓ ` sA[c/xA] = c

is provable in T(M).

• We say that ([sC ])C is invertible if for every sort B ∈ Σ, there is some
[
s−1
B

]
∈

M〈xB〉B such that[
sB
[
s−1
B /xB

]]
= [xB] =

[
s−1
B [sB/xB]

]
∈M〈xB〉B,

i.e. such that

T(M, xB) ` sB
[
s−1
B /xB

]
= xB = s−1

B [sB/xB].
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• We say that ([sC ])C reflects definedness if for every function symbol f : A1 ×
. . .× An → A in Σ with n ≥ 1, the sequent

f(sA1 [x1/xA1 ], . . . , sAn [xn/xAn ]) ↓ ` f(x1, . . . , xn) ↓

is provable in T(M, x1, . . . , xn).

Remark 2.2.48. Let us see how the above definitions specialize to the theory of
groups, which can be expressed as a quasi-equational theory TGroup over a single-sorted
signature ΣGroup containing a binary function symbol ·, a unary function symbol −1

(written in infix notation), and a constant symbol e (see Example 2.3.2 below).
So let G be a group, i.e. a model of TGroup, and let [t] ∈ G〈x〉, so that t ∈

Termc(ΣGroup(G, x)) is a closed term of the theory of groups that may contain the
indeterminate x and constants from G, and moreover TGroup(G, x) ` t ↓ (although this
latter condition is redundant, because TGroup(G, x) actually proves that all terms are
defined; see Section 1.3 below). It is then a fact of group theory that t is congruent
to a reduced multiplicative word over x and constants from G (and their inverses), as
mentioned in Section 1.

By the preceding definition, we say that [t] commutes generically with the mul-
tiplication symbol · of ΣGroup if the sequent

x1 · x2 ↓ ` t[x1 · x2/x] = t[x1/x] · t[x2/x]

is provable in the extended diagram theory TGroup(G, x1, x2). This essentially for-
malizes the definition of ‘commuting generically with ·’ that we gave in Section 1.
Similarly, we say that [t] commutes generically with the inverse symbol −1 if the
sequent

x−1 ↓ ` t[x−1/x] = t−1

is provable in the diagram theory TGroup(G, x), and we say that [t] commutes generi-
cally with the constant symbol e if the sequent

e ↓ ` t[e/x] = e

is provable in the diagram theory TGroup, which means that t∗(eG) = eG ∈ G. The
definition of invertibility given in Definition 2.2.47 also formalizes the notion of in-
vertibility from Section 1.

As we foreshadowed in Section 1, our next goal (cf. Theorem 2.2.53 below) is to prove
that ZT(M) ∼= GT(M) consists of exactly those sequences ([sC ])C ∈

∏
CM〈xC〉C

that are invertible, commute generically with all function symbols of Σ, and reflect
definedness, in the sense of Definition 2.2.47. To achieve this, we will require the
following technical definition:
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Definition 2.2.49. Let M ∈ PTmod, let f : A1 × . . . × An → A be any function
symbol in Σ, and let x1 : A1, . . . , xn : An /∈ Σ(M) be pairwise distinct constants.

• We define T(M, x1, . . . , xn, f) to be the quasi-equational theory

T(M, x1, . . . , xn) ∪ {> ` f(x1, . . . , xn) ↓}

over the signature Σ(M, x1, . . . , xn).

• We define the T-model

M〈x1, . . . , xn, f〉 := Free(T(M, x1, . . . , xn, f))|Σ.

• We define the canonical Σ-morphism

ηM,f : M →M〈x1, . . . , xn, f〉

as in Definition 2.2.8.

We then have the following universal property, with a proof analogous to that of
Proposition 2.2.10, which essentially expresses that M〈x1, . . . , xn, f〉 is the coproduct
in PTmod of M with the initial T-model in which f is defined:

Proposition 2.2.50. Let M ∈ PTmod, let f : A1 × . . . × An → A be any function
symbol in Σ, and let x1 : A1, . . . , xn : An be pairwise distinct constants not in Σ(M).
For any Σ-morphism h : M → N in PTmod and any (a1, . . . , an) ∈ NA1 × . . .×NAn

such that (a1, . . . , an) ∈ dom
(
fN
)
, there is a unique Σ-morphism

ha1,...,an : M〈x1, . . . , xn, f〉 → N

such that ha1,...,an ◦ ηM,f = h and ha1,...,an
Ai

([xi]) = ai ∈ NAi
for all 1 ≤ i ≤ n (note that

[xi] ∈M〈x1, . . . , xn, f〉Ai
because T(M, x1, . . . , xn, f) ` xi ↓).

Now we prove, in the next two lemmas, that every element of GT(M) is invertible,
commutes generically with all function symbols of Σ, and reflects definedness.

Lemma 2.2.51. For any M ∈ PTmod, if ([sC ])C ∈ GT(M), then ([sC ])C is invertible
(in the sense of Definition 2.2.47).

Proof: This is immediate from the definition of the inverse operation in the group
GT(M).
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Lemma 2.2.52. For any M ∈ PTmod, if ([sC ])C ∈ GT(M), then ([sC ])C commutes
generically with every function symbol of Σ and reflects definedness.

Proof: Assume the hypothesis, and let f : A1×. . .×An → A be a function symbol
of Σ. We show that ([sC ])C commutes generically with f and reflects definedness of
f . So we must show that the sequents

f(x1, . . . , xn) ↓ ` sA[f(x1, . . . , xn)/xA] = f(sA1 [x1/xA1 ], . . . , sAn [xn/xAn ])

and
f(sA1 [x1/xA1 ], . . . , sAn [xn/xAn ]) ↓ ` f(x1, . . . , xn) ↓

are provable in T(M, x1, . . . , xn). Consider the first sequent. By the deduction theorem
of partial Horn logic (cf. Remark 1.3.17), it suffices to show that the sequent

> ` sA[f(x1, . . . , xn)/xA] = f(sA1 [x1/xA1 ], . . . , sAn [xn/xAn ])

is provable in the expanded theory T(M, x1, . . . , xn, f). Consider the canonical Σ-
morphism

η = ηM,f : M →M〈x1, . . . , xn, f〉.

Since ([sC ])C ∈ GT(M), it follows that the induced family of total functions(
ρCη (sC)∗ : M〈x1, . . . , xn, f〉C →M〈x1, . . . , xn, f〉C

)
C∈Σ

is a Σ-automorphism of M〈x1, . . . , xn, f〉. We have

([x1], . . . , [xn]) ∈ dom
(
fM〈x1,...,xn,f〉

)
,

because T(M, x1, . . . , xn, f) ` f(x1, . . . , xn) ↓. Then it follows that(
ρA1
η (sA1)∗([x1]), . . . , ρAn

η (sAn)∗([xn])
)
∈ dom

(
fM〈x1,...,xn,f〉

)
and

ρAη (sA)∗
(
fM〈x1,...,xn,f〉 ([x1], . . . , [xn])

)
= fM〈x1,...,xn,f〉

(
ρA1
η (sA1)∗([x1]), . . . , ρAn

η (sAn)∗([xn])
)

∈M〈x1, . . . , xn, f〉A.

By a result analogous to Lemma 2.2.31, the following equalities now hold inM〈x1, . . . , xn, f〉A:

sA[f(x1, . . . , xn)/xA]

= ρAη (sA)∗ ([f(x1, . . . , xn)])

= ρAη (sA)∗
(
fM〈x1,...,xn,f〉 ([x1], . . . , [xn])

)
= fM〈x1,...,xn,f〉

(
ρA1
η (sA1)∗([x1]), . . . , ρAn

η (sAn)∗([xn])
)
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= fM〈x1,...,xn,f〉 ([sA1 [x1/xA1 ]] , . . . , [sAn [xn/xAn ]])

= [f (sA1 [x1/xA1 ], . . . , sAn [xn/xAn ])] .

But this means that

> ` sA[f(x1, . . . , xn)/xA] = f(sA1 [x1/xA1 ], . . . , sAn [xn/xAn ])

is provable in T(M, x1, . . . , xn, f), as desired.
To show that T(M, x1, . . . , xn) proves the second sequent involving f , it suffices

by the deduction theorem (Remark 1.3.17) to show that the sequent

> ` f(x1, . . . , xn) ↓

is provable in the expanded theory

T(M, x1, . . . , xn) ∪ {> ` f(sA1 [x1/xA1 ], . . . , sAn [xn/xAn ]) ↓} .

One then considers the Σ-reduct of the initial model of this theory, and uses a similar
argument to the one used for the first sequent involving f (with this initial model
playing the role of the T-model M〈x1, . . . , xn, f〉).

We now show that an element of
∏

CM〈xC〉C belongs to GT(M) if and only if it is
invertible, commutes generically with all function symbols, and reflects definedness:

Theorem 2.2.53. Let M ∈ PTmod. If ([sC ])C ∈
∏

C∈Σ M〈xC〉C, then ([sC ])C ∈
GT(M) iff ([sC ])C is invertible, commutes generically with all function symbols of Σ,
and reflects definedness (in the sense of Definition 2.2.47).

Proof: Assume the hypotheses. The ‘only if’ direction is provided by Lemmas
2.2.51 and 2.2.52. For the ‘if’ direction, suppose that ([sC ])C ∈

∏
C∈ΣM〈xC〉C is in-

vertible, commutes generically with all function symbols of Σ, and reflects definedness.
We must show that ([sC ])C ∈ GT(M). So let h : M → N be an arbitrary morphism
in PTmod with domain M . We must show that the family of total functions

(ρCh (sC)∗ : NC → NC)C∈Σ

is a Σ-automorphism of N . By Lemma 2.2.33, it is equivalent to show that this family
is a sortwise bijective Σ-endomorphism that reflects definedness.

First, since ([sC ])C is invertible, it follows from the proof that GT(M) is a group
that each function ρCh (sC)∗ : NC → NC is bijective.

To show that (ρCh (sC)∗ : NC → NC)C∈Σ is a Σ-morphism, let f : A1×. . .×An → A
be a function symbol of Σ, let ai ∈ NAi

for all 1 ≤ i ≤ n, and suppose that

(a1, . . . , an) ∈ dom
(
fN
)
.
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We must show that(
ρA1
h (sA1)∗(a1), . . . , ρAn

h (sAn)∗(an)
)
∈ dom

(
fN
)

and

ρAh (sA)∗(fN(a1, . . . , an)) = fN
(
ρA1
h (sA1)∗(a1), . . . , ρAn

h (sAn)∗(an)
)
∈ NA.

By Proposition 2.2.50, there is a unique Σ-morphism

h′ : M〈x1, . . . , xn, f〉 → N

with h′ ◦ ηM,f = h and h′Ai
([xi]) = ai ∈ NAi

for each 1 ≤ i ≤ n. Since ([sC ])C
commutes generically with f , it follows that the sequent

f(x1, . . . , xn) ↓ ` sA[f(x1, . . . , xn)/xA] = f(sA1 [x1/xA1 ], . . . , sAn [xn/xAn ])

is provable in T(M, x1, . . . , xn), and hence (by the cut rule of partial Horn logic, cf.
[19]) that the sequent

> ` sA[f(x1, . . . , xn)/xA] = f(sA1 [x1/xA1 ], . . . , sAn [xn/xAn ])

is provable in the expanded theory T(M, x1, . . . , xn, f). This implies in particular that
T(M, x1, . . . , xn, f) proves the sequent

> ` f(sA1 [x1/xA1 ], . . . , sAn [xn/xAn ]) ↓,

so that
([sA1 [x1/xA1 ]] , . . . , [sAn [xn/xAn ]]) ∈ dom

(
fM〈x1,...,xn,f〉

)
.

Since h′ : M〈x1, . . . , xn, f〉 → N is a Σ-morphism, we then obtain

dom
(
fN
)

3
(
h′A1

([sA1 [x1/xA1 ]]) , . . . , h′An
([sAn [xn/xAn ]])

)
=
(
ρA1
h (sA1)∗ (a1), . . . , ρAn

h (sAn)∗ (an)
)
,

as desired (the equality follows by a lemma analogous to Lemma 2.2.40).
In M〈x1, . . . , xn, f〉A we have the equality

[sA [f(x1, . . . , xn)/xA]] = [f (sA1 [x1/xA1 ], . . . , sAn [xn/xAn ])] .

Since h′ : M〈x1, . . . , xn, f〉 → N is a Σ-morphism, we then obtain

ρAh (sA)∗(fN(a1, . . . , an))

= h′A ([sA [f(x1, . . . , xn)/xA]])
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= h′A ([f (sA1 [x1/xA1 ] , . . . , sAn [xn/xAn ])])

= h′A
(
fM〈x1,...,xn,f〉 ([sA1 [x1/xA1 ]] , . . . , [sAn [xn/xAn ]])

)
= fN

(
h′A1

([sA1 [x1/xA1 ]]) , . . . , h′An
([sAn [xn/xAn ]])

)
= fN

(
ρA1
h (sA1)∗ (a1), . . . , ρAn

h (sAn)∗ (an)
)
,

with the first and last equalities again holding by a lemma analogous to Lemma 2.2.40.
This completes the argument that (ρCh (sC)∗ : NC → NC)C∈Σ is a Σ-morphism.

To prove that (ρCh (sC)∗ : NC → NC)C∈Σ reflects definedness, one modifies the
above argument in the same way as at the end of the proof of Lemma 2.2.52.

We have now shown for each h : M → N in PTmod that (ρCh (sC)∗ : NC →
NC)C∈Σ is a sortwise bijective Σ-endomorphism that reflects definedness, and hence
it is a Σ-automorphism of N by Lemma 2.2.33. This finishes the proof that ([sC ])C ∈
GT(M), and completes the proof of the theorem.

To summarize the results of this section, we have now shown by Theorems 2.2.41
and 2.2.53 that if T is any quasi-equational theory over a relation-free signature Σ,
then the covariant isotropy group

ZT : PTmod→ Group

is naturally isomorphic to the functor

GT : PTmod→ Group

that sends any M ∈ PTmod to the group of all elements ([sC ])C ∈
∏

C∈ΣM〈xC〉C
that are invertible, commute generically with every function symbol of Σ, and reflect
definedness (in the sense of Definition 2.2.47). Thus, for any M ∈ PTmod, we have
characterized the elements of the isotropy group of M solely in terms of syntactic
conditions on the diagram theory T(M) of M .

We finish this section with a few technical lemmas that will be useful in what
follows; their proofs may be found in Appendix A.

Lemma 2.2.54. Let M ∈ PTmod and A ∈ ΣSort, and suppose that MA 6= ∅. For any
term t ∈ Termc(Σ(M, xA)) with T(M, xA) ` t ↓ and t : B, if xA does not occur in t,
then

T(M, xA) ` t = cb

for some b ∈MB.
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Lemma 2.2.55. Let M ∈ PTmod and let A ∈ ΣSort have the property that T(M) 0y1,y2

y1 = y2 for distinct variables y1, y2 : A. Then for every a ∈MA,

T(M, xA) 0 xA = ca.

Lemma 2.2.56. Let M ∈ PTmod, let ([sC ])C ∈ GT(M), and let A ∈ ΣSort have the
property that MA 6= ∅ and T(M) 0y1,y2 y1 = y2 for distinct variables y1, y2 : A. If
t ∈ Termc(Σ(M, xA))A and T(M, xA) ` sA = t, then xA occurs in t.

2.3 Totally Defined Theories

We now give a brief discussion and application of the results of the preceding section
to the class of totally defined quasi-equational theories.

Definition 2.3.1 (Totally Defined Theories). Let Σ be a relation-free signa-
ture. Let Tot(Σ) be the quasi-equational theory over Σ whose axioms are > `y1,...,yn

f(y1, . . . , yn) ↓ for every function symbol f : A1 × . . . × An → A of Σ, where
y1 : A1, . . . , yn : An are pairwise distinct variables. In particular, if c : A is a constant
symbol of Σ, then > ` c ↓ is an axiom of Tot(Σ).

If T is a quasi-equational theory over Σ, then we say that T is totally defined if
all axioms of Tot(Σ) are axioms of T.

If T is a totally defined quasi-equational theory over a single-sorted relation-free
signature Σ whose axioms all have the form > `~x t1 = t2 for t1, t2 ∈ Term(Σ), we say
that T is a totally defined algebraic theory (note that every axiom in Tot(Σ) has this
form, because t ↓ is short for t = t).

Example 2.3.2. The totally defined (algebraic) theory of groups, over the single-
sorted relation-free signature Σ := {·,−1 , e}, has the axioms

> `x,y,z x · (y · z) = (x · y) · z,

> `x x · x−1 = e = x−1 · x,

> ` x · e = x = e · x,

> `x,y x · y ↓,
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> `x x−1 ↓,

> ` e ↓ .

Similarly, we have the totally defined (algebraic) theories of monoids, abelian groups,
(commutative) rings with unit, etc.

One can easily prove ([19, Section 2]) that if Σ is a relation-free signature and
t(~x) ∈ Term(Σ) is arbitrary, then Tot(Σ) `~x t ↓. In particular, if T is any totally
defined quasi-equational theory over Σ, then T `~x t ↓ for any t(~x) ∈ Term(Σ).

Let us now simplify some of the definitions and results of the previous sec-
tion for totally defined algebraic theories, which will comprise many of our exam-
ples in the next chapter. So let Σ be any single-sorted relation-free signature, and
let T be any totally defined algebraic theory over Σ. First, if M ∈ PTmod and
n ≥ 1 and x1, . . . , xn /∈ Σ(M) are pairwise distinct constants of the unique sort
of Σ, then it is trivial to see that T(M, x1, . . . , xn) is a totally defined algebraic
theory over Σ(M, x1, . . . , xn), and hence T(M, x1, . . . , xn) ` t ↓ for any closed term
t ∈ Termc(Σ(M, x1, . . . , xn)). In particular, if x /∈ Σ(M) is a constant of the unique
sort of Σ, then we have the following simplified description of the T-model M〈x〉:

• M〈x〉 = {[t] : t ∈ Termc(Σ(M, x))}, with [s] = [t] iff T(M, x) ` s = t.

• For any constant c of Σ, dom
(
cM〈x〉

)
= {∗} and

cM〈x〉(∗) := [c] ∈M〈x〉.

• If f is an n-ary function symbol of Σ with n ≥ 1, then dom
(
fM〈x〉

)
= M〈x〉n

and
fM〈x〉 ([t1], . . . , [tn]) = [f(t1, . . . , tn)] ∈M〈x〉

for any [t1], . . . , [tn] ∈M〈x〉.

We can also simplify part of Definition 2.2.47 as follows: if M ∈ PTmod and [s] ∈
M〈x〉 and f is an n-ary function symbol of Σ, then [s] commutes generically with f if

T(M, x1, . . . , xn) ` s[f(x1, . . . , xn)/x] = f(s[x1/x], . . . , s[xn/x]).

Also, since T(M, x1, . . . , xn) is totally defined, it follows that [s] ∈M〈x〉 automatically
reflects definedness of f . Hence, we have the following simplification of Theorem
2.2.53 for totally defined algebraic theories:
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Corollary 2.3.3. Let T be a totally defined algebraic theory over a single-sorted
relation-free signature Σ. Then the isotropy group

ZT : PTmod→ Group

is naturally isomorphic to the functor

GT : PTmod→ Group

that sends any M ∈ PTmod to the group of all elements [s] ∈ M〈x〉 that are invert-
ible and commute generically with all function symbols of Σ (in the above simplified
sense).

2.4 Finitely Presented Models

In the final section of this chapter, we discuss the results of Section 2.2 in the context
of finitely presented models of a quasi-equational theory.

Definition 2.4.1 (Finitely Presented Models). Let T be a quasi-equational the-
ory over a relation-free signature Σ.

• For any n ≥ 0 and pairwise distinct constant symbols c1, . . . , cn /∈ Σ of re-
spective sorts A1, . . . , An ∈ ΣSort, let Σ(c1, . . . , cn) be the signature defined as
follows:

– Σ(c1, . . . , cn)Sort := ΣSort.

– Σ(c1, . . . , cn)Fun := ΣFun ∪ {c1, . . . , cn}.

• For any n ≥ 0 and pairwise distinct constant symbols c1, . . . , cn /∈ Σ of sorts
belonging to Σ, and any Horn sentence ϕ over the signature Σ(c1, . . . , cn), we
define

T(c1, . . . , cn, ϕ)

to be the quasi-equational theory over Σ(c1, . . . , cn) whose axioms are as follows:

– All axioms of T.

– For each 1 ≤ i ≤ n, the axiom > ` ci ↓.
– The axiom > ` ϕ.

If ϕ is just the sentence c1 ↓ ∧ . . . ∧ cn ↓, then we write T(c1, . . . , cn) instead of
T(c1, . . . , cn, ϕ).
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• If M ∈ PTmod, then we say that M is finitely presented if there are some n ≥ 0,
some pairwise distinct constant symbols c1, . . . , cn /∈ Σ of sorts belonging to Σ,
and some Horn sentence ϕ over Σ(c1, . . . , cn) such that

M ∼= Free(T(c1, . . . , cn, ϕ))|Σ,

i.e. such thatM is isomorphic to the Σ-reduct of the initial model of T(c1, . . . , cn, ϕ).

If c1 : A1, . . . , cn : An and ϕ ≡ c1 ↓ ∧ . . . ∧ cn ↓, then we say that M is free on
n generators of sorts A1, . . . , An.

We can then convert Definition 1.2.14 into a proposition, whose proof may be found
in Appendix A:

Proposition 2.4.2. If M ∈ PTmod, then M is finitely presented iff there is a Horn
formula ϕ(x1, . . . , xn) over Σ with xi : Ai for each 1 ≤ i ≤ n, and an n-tuple

(a1, . . . , an) ∈ ϕ(x1, . . . , xn)M ⊆MA1 × . . .×MAn

such that if N ∈ PTmod and

(b1, . . . , bn) ∈ ϕ(x1, . . . , xn)N ⊆ NA1 × . . .×NAn ,

then there is a unique Σ-morphism h : M → N with hAi
(ai) = bi for all 1 ≤ i ≤ n.

Corollary 2.4.3. If M ∈ PTmod, then M is free on n generators of sorts A1, . . . , An
iff there is an n-tuple (a1, . . . , an) ∈ MA1 × . . . ×MAn such that if N ∈ PTmod and
(b1, . . . , bn) ∈ NA1 × . . .×NAn, then there is a unique Σ-morphism h : M → N with
hAi

(ai) = bi for all 1 ≤ i ≤ n.

We now define fpTmod to be the full subcategory of PTmod on the finitely presented
T-models. Before we can show that the main results of Section 2.2 restrict to fpTmod,
we require the following easy observation, which follows from Proposition 2.4.2 and
Propositions 2.2.10 and 2.2.50.

Lemma 2.4.4. If M ∈ fpTmod and f : B1 × . . . × Bn → B is a function sym-
bol of Σ and x1 : B1, . . . , xm : Bm /∈ Σ(M) are pairwise distinct constants, then
M〈x1, . . . , xm〉 ∈ fpTmod and M〈x1, . . . , xm, f〉 ∈ fpTmod.
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We now relativize the functors ZT and GT to the subcategory fpTmod.

Definition 2.4.5.

• Let Z fp
T : fpTmod→ Group be the covariant isotropy group of fpTmod.

• Let Gfp
T : fpTmod → Group be the ‘restriction’ of GT : PTmod → Group to the

full subcategory fpTmod. In other words, for any M ∈ fpTmod, define

Gfp
T (M) ∈ Group

to be the group consisting of all elements ([sC ])C ∈
∏

C∈Σ M〈xC〉C with the
property that if h : M → N is any morphism in fpTmod, then the induced
family of total functions (

ρCh (sC)∗ : NC → NC

)
C∈Σ

is a Σ-automorphism of N . Define Gfp
T on morphisms in fpTmod in the same

way as for GT (cf. Definition 2.2.36).

Justification. We must verify that Gfp
T (M) is in fact a group (for M ∈ fpTmod),

and that Gfp
T is a well-defined functor. The group structure of Gfp

T (M) is the same
as that of GT(M) (cf. the proof of Proposition 2.2.35): the definition of the in-
verse operation in GT(M) still makes sense for Gfp

T (M), because M ∈ fpTmod implies
M〈xA〉 ∈ fpTmod for any sort A ∈ Σ by Lemma 2.4.4. The proof of Proposition
2.2.38 carries over exactly as it is to show that Gfp

T is functorial.

Theorem 2.4.6. The functor Gfp
T : fpTmod → Group is naturally isomorphic to

Z fp
T : fpTmod→ Group.

Proof: For any M ∈ fpTmod, we define the same isomorphism (relativized to
fpTmod) as we did in the proof of Theorem 2.2.41. The proof that it is bijective still
works in this context because of Lemma 2.4.4.

We also have an analogous version of Corollary 2.2.42 for fpTmod, as well as:

Theorem 2.4.7. Let M ∈ fpTmod and ([sC ])C ∈
∏

CM〈xC〉C. Then ([sC ])C ∈
Gfp

T (M) iff ([sC ])C is invertible, commutes generically with all function symbols of Σ,
and reflects definedness.
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Proof: The ‘only if’ direction is still true because Lemmas 2.2.51 and 2.2.52 hold
for M ∈ fpTmod, since M〈x1, . . . , xn, f〉 ∈ fpTmod by Lemma 2.4.4. The proof of the
‘if’ direction is the same as the proof of the ‘if’ direction in Theorem 2.2.53.

We now wish to show that if M is a finitely presented model of T, then one may
somewhat simplify the calculation of the isotropy group ZT(M) ∼= GT(M). The ele-
ments of GT(M) are sequences ([sC ])C ∈

∏
CM〈xC〉C . In particular, if C ∈ ΣSort, then

sC ∈ Termc(Σ(M, xC)) is a closed term of sort C with T(M, xC) ` sC ↓. Hence, sC
may contain the indeterminate xC , as well as constants from the diagram signature of
M . However, if M is finitely presented, then we know that M is isomorphic to the (Σ-
reduct of the) initial model of T(c1, . . . , cn, ϕ), for some new constants c1, . . . , cn /∈ Σ
and Horn sentence ϕ over Σ(c1, . . . , cn). Consequently, sC ∈ Termc(Σ(M, xC)) may
contain constants from M ∼= Free(T(c1, . . . , cn, ϕ)), whose objects are congruence
classes of closed terms over Σ(c1, . . . , cn). We now want to show that we can re-
gard sC as being a closed term over Σ(c1, . . . , cn, xC), rather than over the diagram
signature Σ(M, xC), and we also want to show that we can express the notions of
invertibility, commuting generically, and reflecting definedness in terms of the theory
T(c1, . . . , cn, ϕ), rather than in terms of the diagram theory T(M).

Definition 2.4.8. Let c1 : A1, . . . , cn : An /∈ Σ be pairwise distinct constants and let
ϕ be a Horn sentence over Σ(c1, . . . , cn). Write T(ϕ) for T(c1, . . . , cn, ϕ) and Mϕ for
Free(T(ϕ))|Σ. We define

G′T (Mϕ)

to be the set of all ΣSort-indexed sequences ([sC ])C with the following properties:

• For any C ∈ ΣSort,

[sC ] ∈ {[t] : t ∈ Termc(Σ(c1, . . . , cn, xC))C ∧ T(ϕ, xC) ` t ↓} .

• For any C ∈ ΣSort, there is some[
s−1
C

]
∈ {[t] : t ∈ Termc(Σ(c1, . . . , cn, xC))C ∧ T(ϕ, xC) ` t ↓}

with
T(ϕ, xC) ` sC

[
s−1
C /xC

]
= xC = s−1

C [sC/xC ].

• For any function symbol f : B1 × . . . × Bm → B in Σ, T(ϕ, x1, . . . , xm) proves
the sequents

f(x1, . . . , xm) ↓ ` sB[f(x1, . . . , xm)/xB] = f(sB1 [x1/xB1 ], . . . , sBm [xm/xBm ])

and
f(sB1 [x1/xB1 ], . . . , sBm [xm/xBm ]) ↓ ` f(x1, . . . , xm) ↓ .
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Our goal is now to show that the underlying set of GT(Mϕ) is in bijection with the set
G′T(Mϕ) (and we will then use this bijection to induce a group structure on G′T(Mϕ),
which will then make GT(Mϕ) and G′T(Mϕ) isomorphic as groups). To do this,
we require following the definition, which gives translations between the signatures
Σ(c1, . . . , cn) and Σ(Mϕ).

Definition 2.4.9. Let c1 : A1, . . . , cn : An /∈ Σ be pairwise distinct constants and let
ϕ be a Horn sentence over Σ(c1, . . . , cn).

• For any C ∈ ΣSort, we define a signature morphism

ρCϕ : Σ(c1, . . . , cn, xC)→ Σ(Mϕ, xC)

as follows:

– ρCϕ is the identity on Σ.

– For any 1 ≤ i ≤ n, we have [ci] ∈Mϕ
Ai

since T(ϕ) ` ci ↓, so we set

ρCϕ (ci) := c
Mϕ

[ci]
∈ Σ(Mϕ, xC)Ai

.

– We set ρCϕ (xC) := xC .

• For any C ∈ ΣSort, we define a sort-preserving function

σCϕ : Termc(Mϕ, xC))→ Termc(Σ(c1, . . . , cn, xC))

as follows. First, for any B ∈ ΣSort and

[t] ∈Mϕ
B = {[s] : s ∈ Termc(Σ(c1, . . . , cn))B ∧ T(ϕ) ` s ↓},

choose a representative [̂t] ∈ Termc(Σ(c1, . . . , cn))B.

– We set σCϕ (xC) := xC .

– Let B ∈ ΣSort and [t] ∈Mϕ
B. Then we set

σCϕ
(
cM

ϕ

[t]

)
:= [̂t],

and this assignment is well-defined.
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– If f : B1 × . . .×Bm → B is a function symbol of Σ and

ti ∈ Termc(Σ(Mϕ, xC))Bi

for each 1 ≤ i ≤ m, we set

σCϕ (f(t1, . . . , tm)) := f(σCϕ (t1), . . . , σCϕ (tm)).

The following lemma may be proved by straightforward induction on terms.

Lemma 2.4.10. Let c1 : A1, . . . , cn : An /∈ Σ be pairwise distinct constants and let ϕ
be a Horn sentence over Σ(c1, . . . , cn).

1. For any sort C ∈ Σ, the signature morphism ρCϕ respects substitution into xC,
i.e. if s, t ∈ Termc(Σ(c1, . . . , cn, xC)) and t : C, then

ρCϕ (s[t/xC ]) ≡ ρCϕ (s)[ρCϕ (t)/xC ].

2. For any sort C ∈ Σ, the signature morphism σCϕ respects substitution into xC,
i.e. if s, t ∈ Termc(Σ(Mϕ, xC)) and t : C, then

σCϕ (s[t/xC ]) ≡ σCϕ (s)[σCϕ (t)/xC ].

The proofs of the following technical lemmas may all be found in Appendix A.

Lemma 2.4.11. Let c1 : A1, . . . , cn : An /∈ Σ be pairwise distinct constants.

1. If M ∈ PTmod and t ∈ Termc(Σ(c1, . . . , cn))B with

(M,a1, . . . , an) |= t ↓

for some (a1, . . . , an) ∈MA1 × . . .×MAn, then

> ` t [ca1/c1, . . . , can/cn] = ct(M,a1,...,an)

is provable in T(M).
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2. If M ∈ PTmod and ψ is a Horn sentence over Σ(c1, . . . , cn) with

(M,a1, . . . , an) |= ψ

for some (a1, . . . , an) ∈MA1 × . . .×MAn, then

> ` ψ [ca1/c1, . . . , can/cn]

is provable in T(M).

Lemma 2.4.12. Let c1 : A1, . . . , cn : An /∈ Σ be pairwise distinct constants and let ϕ
be a Horn sentence over Σ(c1, . . . , cn).

1. For any sort C ∈ Σ, the signature morphism ρCϕ is a theory morphism

ρCϕ : T(ϕ, xC)→ T(Mϕ, xC).

2. For any sort C ∈ Σ, any terms u, v ∈ Termc(Mϕ, xC)) of the same sort and
terms s, t ∈ Termc(Mϕ, xC)) of the same sort, if

u = v ` s = t is provable in T(Mϕ, xC),

then

σCϕ (u) = σCϕ (v) ` σCϕ (s) = σCϕ (t) is provable in T(ϕ, xC).

Lemma 2.4.13. Let c1 : A1, . . . , cn : An /∈ Σ be pairwise distinct constants and let ϕ
be a Horn sentence over Σ(c1, . . . , cn).

1. If t ∈ Termc(Σ(c1, . . . , cn)) is of some sort B ∈ Σ and T(ϕ) ` t ↓ and C ∈ ΣSort,
then

T(Mϕ) ` ρCϕ (t) = cM
ϕ

[t] .

2. If t ∈ Termc(Σ(Mϕ, xC)) and T(Mϕ, xC) ` t ↓, then

T(Mϕ, xC) ` ρCϕ (σCϕ (t)) = t.

3. If t ∈ Termc(Σ(c1, . . . , cn, xC)) and T(ϕ, xC) ` t ↓, then

T(ϕ, xC) ` σCϕ (ρCϕ (t)) = t.
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We can now prove that the sets GT(Mϕ) and G′T(Mϕ) are in bijective correspondence:

Proposition 2.4.14. Let c1 : A1, . . . , cn : An /∈ Σ be pairwise distinct constants and
let ϕ be a Horn sentence over Σ(c1, . . . , cn). Then GT(Mϕ) is in bijective correspon-
dence with G′T(Mϕ).

Proof: We define a bijection

GT(Mϕ)
∼−→ G′T(Mϕ).

So let ([sC ])C ∈ GT(Mϕ). For each C ∈ ΣSort, we thus have sC ∈ Termc(Σ(Mϕ, xC))C
with T(Mϕ, xC) ` sC ↓. Then by Lemma 2.4.12, it follows that

σCϕ (sC) ∈ Termc(Σ(c1, . . . , cn, xC))C

and
T(ϕ, xC) ` σCϕ (sC) ↓ .

Now we show that ([σCϕ (sC)])C ∈ G′T(Mϕ). Since ([sC ])C is invertible, for each C ∈
ΣSort there is some

[
s−1
C

]
∈Mϕ〈xC〉C such that

T(Mϕ, xC) ` sC [s−1
C /xC ] = xC = s−1

C [sC/xC ].

Then we have [σCϕ (s−1
C )] ∈ Mϕ

C by Lemma 2.4.12 and, using Lemma 2.4.10, the fol-
lowing equations are provable in T(ϕ, xC), as desired:

σCϕ (sC)
[
σCϕ
(
s−1
C

)
/xC
]

= σCϕ
(
sC
[
s−1
C /xC

])
= σCϕ (xC) = xC = σCϕ

(
s−1
C

) [
σCϕ (sC)/xC

]
.

Now let f : B1 × . . .× Bm → B be a function symbol of Σ. We must show that
T(ϕ, x1, . . . , xm) proves the sequents

f(x1, . . . , xm) ↓

` σBϕ (sB)[f(x1, . . . , xm)/xB] = f
(
σB1
ϕ (sB1)[x1/xB1 ], . . . , σBm

ϕ (sBm)[xm/xBm ]
)

and
f
(
σB1
ϕ (sB1)[x1/xB1 ], . . . , σBm

ϕ (sBm)[xm/xBm ]
)
↓ ` f(x1, . . . , xm) ↓ .

Since ([sC ])C ∈ GT(Mϕ), we know that the following sequents are provable in T(Mϕ, x1, . . . , xm):

f(x1, . . . , xm) ↓ ` sB[f(x1, . . . , xm)/xB] = f(sB1 [x1/xB1 ], . . . , sBm [xm/xBm ])

f(sB1 [x1/xB1 ], . . . , sBm [xm/xBm ]) ↓ ` f(x1, . . . , xm) ↓ .
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By applying (obvious extensions of) Lemmas 2.4.12 and 2.4.10, we then obtain our
desired result. This proves that ([σCϕ (sC)])C ∈ G′T(Mϕ). So we define a function

GT(Mϕ)
∼−→ G′T(Mϕ)

by the assignment
([sC ])C 7−→ ([σCϕ (sC)])C ,

which is well-defined by Lemma 2.4.12.
To show that this function is injective, let ([sC ])C , ([tC ])C ∈ GT(Mϕ) with

([σCϕ (sC)])C = ([σCϕ (tC)])C ;

we must show ([sC ])C = ([tC ])C . So let C ∈ ΣSort. We are given that

T(ϕ, xC) ` σCϕ (sC) = σCϕ (tC),

and we want to show that
T(Mϕ, xC) ` sC = tC .

Since ρCϕ is a theory morphism by Lemma 2.4.12, we obtain that

T(Mϕ, xC) ` ρCϕ
(
σCϕ (sC)

)
= ρCϕ

(
σCϕ (tC)

)
.

Then our desired result follows by Lemma 2.4.13.
To show that this function is surjective, let ([tC ])C ∈ G′T(Mϕ). We must show

that there is some ([sC ])C ∈ GT(Mϕ) with

([σCϕ (sC)])C = ([tC ])C .

For any C ∈ ΣSort, we have tC ∈ Term(Σ(c1, . . . , cn, xC))C with T(ϕ, xC) ` tC ↓. Then
by Lemma 2.4.12, we have ρCϕ (tC) ∈ Term(Σ(Mϕ, xC)) with T(Mϕ, xC) ` ρCϕ (tC) ↓.
We can now argue as in the first part of the proof that ([tC ])C ∈ G′T(Mϕ) implies
([ρCϕ (tC)])C ∈ GT(Mϕ). And for any C ∈ ΣSort, we have

T(ϕ, xC) ` σCϕ (ρCϕ (tC)) = tC

by Lemma 2.4.13, which completes the proof of surjectivity. So we have indeed defined
a bijection

GT(Mϕ)
∼−→ G′T(Mϕ).
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Corollary 2.4.15. Let c1 : A1, . . . , cn : An /∈ Σ be pairwise distinct constants and
let ϕ be a Horn sentence over Σ(c1, . . . , cn). If we give G′T(Mϕ) the group structure
induced by the bijection

GT(Mϕ)→ G′T(Mϕ)

of Proposition 2.4.14, then we have a group isomorphism

GT(Mϕ) ∼= G′T(Mϕ).

Remark 2.4.16. It is easy to verify (using Lemmas 2.4.10 and 2.4.13) that the group
structure on G′T(Mϕ) is essentially the same as the group structure on GT(Mϕ): the
unit element is ([xC ])C , and if ([sC ])C , ([tC ])C ∈ G′T(Mϕ), then

([sC ])C · ([tC ])C = ([sC [tC/xC ])C

and
([sC ])−1

C =
([
s−1
C

])
C
.

To conclude this section, we connect the notion of finitely presented model of a
quasi-equational theory (Definition 2.4.1) with the notion of finitely presented model
of a cartesian theory (Definition 1.2.14). We have seen at the end of Chapter 1 that
the notions of quasi-equational theory and cartesian theory are equivalent. Hence, if
T is any quasi-equational theory with equivalent cartesian theory T′, then PTmod '
Mod(T′, Sets), and thus fpTmod ' fpT′mod, with fpTmod being the full subcategory
of PTmod on the finitely presented models of T in the sense of Definition 2.4.1, and
fpT′mod being the full subcategory of Mod(T′, Sets) on the finitely presented models
of T′ in the sense of Definition 1.2.14. Thus, the covariant isotropy group of fpTmod
is essentially equivalent to the covariant isotropy group of fpT′mod, which is the same
thing as the internal isotropy group object of the classifying topos SetsfpT

′mod of T′.
Thus, when we compute the covariant isotropy group of fpTmod, i.e. the internal
isotropy group object of the presheaf topos SetsfpTmod, we are indeed (indirectly)
computing the isotropy group of the classifying topos of the cartesian theory T′ (as
defined in Chapter 1).



Chapter 3

Examples

In this chapter we will apply the results of the preceding chapter to characterize the
isotropy groups of many examples of quasi-equational theories. In the first few sec-
tions, we will begin by characterizing the isotropy groups of specific (totally defined)
algebraic theories, and then we will study some theories with more logical complexity
towards the end of the chapter. We will say that a quasi-equational theory T has
trivial isotropy (group) if GT ∼= ZT : PTmod→ Group is the constant functor on the
trivial group, and has non-trivial isotropy (group) otherwise.

In many of the examples, the reader will notice that the ability to compute the
isotropy group of a theory T (using the methods developed in Chapter 2) depends
heavily on whether there is a solution to the word problem for T; more specifically,
on whether there is a decidable method for determining whether two closed terms
s, t ∈ Termc(Σ(M, xC))C are equal (for M ∈ PTmod and C ∈ ΣSort).

3.1 Empty Theories

As our first (easy) example, we will show that any ‘empty’ quasi-equational theory
has trivial isotropy.

Definition 3.1.1 (Empty Theories). Let Σ be any relation-free signature.

• Recall from Definition 2.3.1 that Tot(Σ) is the quasi-equational theory over Σ
with axioms > `~x f(~x) ↓ for each function symbol f ∈ Σ. We will refer to
Tot(Σ) as the totally defined empty theory over Σ.

• If T is a quasi-equational theory over Σ, then we say that T is an empty theory
over Σ if every axiom of T is an axiom of Tot(Σ). In other words, T is an empty
theory over Σ if every axiom of T has the form > `~x f(~x) ↓ for some function
symbol f ∈ Σ.

74
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The following lemma will be useful in what follows:

Lemma 3.1.2. Let T be an arbitrary quasi-equational theory over a relation-free
signature Σ.

• Let M ∈ PTmod, let A ∈ ΣSort, and let s, t ∈ Termc(Σ(M, xA))B for some
B ∈ ΣSort with T(M, xA) ` s ↓ ∧ t ↓. Then

T(M, xA) ` s = t

iff
ρAh (s)∗ = ρAh (t)∗ : NA → NB

for every Σ-morphism h : M → N in PTmod.

• If M ∈ PTmod and A ∈ ΣSort and y1, y2 : A are distinct variables, then

T(M) 0y1,y2 y1 = y2

iff

there are a T-model N , a Σ-morphism h : M → N , and distinct elements
a1 6= a2 ∈ NA.

Proof: See Appendix B.

We now require the following technical lemma.

Lemma 3.1.3. Let Σ be any relation-free signature, let T be an empty theory over
Σ, and let M ∈ PTmod. For any C ∈ ΣSort and t ∈ Termc(Σ(M, xC))C,

T(M, xC) ` t = xC =⇒ t ≡ xC .

Proof: See Appendix B.

Proposition 3.1.4. Let Σ be any relation-free signature, and let T be an empty theory
over Σ. Then T has trivial isotropy. More precisely, if M ∈ PTmod, then

GT(M) = {([xC ])C} ⊆
∏
C∈Σ

M〈xC〉C .
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Proof: The result is almost immediate from Lemma 3.1.3. Let M ∈ PTmod and
([sC ])C ∈ GT(M); we must show that ([sC ])C = ([xC ])C , i.e. we must show for each
B ∈ ΣSort that

T(M, xB) ` sB = xB.

Since ([sC ])C is invertible, there is some
[
s−1
B

]
∈M〈xB〉B such that

T(M, xB) ` sB[s−1
B /xB] = xB.

By Lemma 3.1.3, it follows that sB[s−1
B /xB] ≡ xB, which forces sB ≡ s−1

B ≡ xB. Since
T(M, xB) ` sB ↓, we then obtain our desired result.

Corollary 3.1.5. Let Σ be any relation-free signature and T any empty theory over
Σ. If M ∈ PTmod, then ZT(M) is the trivial group consisting of only the identity

element
(

idcod(f) : cod(f)
∼−→ cod(f)

)
f∈Dom(M)

∈ ZT(M).

Corollary 3.1.6. Let Σ be any relation-free signature and T an empty theory over
Σ. Then ZT : PTmod → Group is (naturally isomorphic to) the constant functor on
the trivial group.

An obvious consequence of Proposition 3.1.4 is that if Σ is the single-sorted
signature with ΣFun := ∅, so that Tot(Σ) is the theory of sets and PTmod is just the
usual category Sets of sets and (total) functions, then this theory has trivial isotropy.

3.2 Monoids and Groups

In this section, we will compute the (non-trivial) isotropy groups of the totally defined
algebraic theories of monoids and groups. First, we will consider the totally defined
theory TMon of monoids. We recall that TMon is the totally defined algebraic theory
over the single-sorted signature ΣMon := {·, e} whose axioms are:

> `x,y,z x · (y · z) = (x · y) · z,

> `x x · e = x = e · x,

> `x,y x · y ↓,

> ` e ↓ .
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Since · is associative in any monoid, we will generally not use parentheses when
writing iterated products. Also, we have PTMonmod = Mon, the usual category of
monoids and monoid homomorphisms. If M is any monoid, then for any n ≥ 1, there
is a well-known description of the monoid M〈x1, . . . , xn〉, whose needed properties we
now record.

Definition 3.2.1 (Multiplicative Words). Let M be any monoid, let n ≥ 1, and
let x1, . . . , xn /∈ ΣMon(M) be pairwise distinct constants of the unique sort of ΣMon.

• A multiplicative word over M ∪ {x1, . . . , xn} is a non-empty finite string over
the alphabet

{
cMm : m ∈M

}
∪ {x1, . . . , xn}. If w ≡ w1 . . . wr is a multiplicative

word over M ∪ {x1, . . . , xn}, we write `(w) := r.

• A multiplicative word over M ∪ {x1, . . . , xn} is said to be reduced if either
`(w) = 1, or `(w) ≥ 2 and w does not contain cMeM and contains no substring
consisting of two consecutive elements of {cMm : m ∈M}.

Lemma 3.2.2. Let M be any monoid, let n ≥ 1, and let x1, . . . , xn /∈ Σ(M) be
pairwise distinct constants of the unique sort of ΣMon. Note that (because TMon(M) `
cMeM = e)

M〈x1, . . . , xn〉 = {[w] : w is a multiplicative word over M ∪ {x1, . . . , xn}} ,

with [w] = [w′] iff TMon(M, x1, . . . , xn) ` w = w′.

• If w is a multiplicative word over M ∪ {x1, . . . , xn}, then there is a (unique)
reduced multiplicative word wr over M ∪ {x1, . . . , xn} such that [w] = [wr].

• If w,w′ are reduced multiplicative words over M ∪ {x1, . . . , xn} with [w] = [w′],
then w ≡ w′.

Lemma 3.2.3. If M is any monoid and y1, y2 are distinct variables of the unique
sort of ΣMon, then TMon(M) 0y1,y2 y1 = y2.

Proof: By Lemma 3.1.2, it suffices to show that there is a monoid N with at
least two elements and a monoid homomorphism h : M → N . If M itself already
contains at least two elements, then we set N := M and h := idM . Otherwise, we
have M = {eM}, and then M can be embedded into any of the many monoids with
at least two elements.
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If M is any monoid, we say that an element m ∈ M is invertible if there is a (nec-
essarily unique) element m−1 ∈ M with mm−1 = eM = m−1m. We write Inv(M)
for the group of all invertible elements of M . We can now characterize the isotropy
group of TMon.

Proposition 3.2.4. If M is any monoid, then

GTMon
(M) = {[cmxcm−1 ] ∈M〈x〉 : m ∈ Inv(M)}

(where we have omitted the superscripts from the object constants of M).

Proof: First, we prove the easier right-to-left inclusion. So let m ∈ Inv(M) with
inverse m−1 ∈ M . We must show that [cmxcm−1 ] ∈ GTMon

(M), i.e. (by Corollary
2.3.3) we must show that [cmxcm−1 ] is invertible and commutes generically with the
function symbols · and e of ΣMon. It is immediate that [cmxcm−1 ] is invertible, because
we have [cm−1xcm] ∈M〈x〉 with

[cmxcm−1 [cm−1xcm/x]] = [cmcm−1xcm−1cm] = [exe] = [x],

and similarly [cm−1xcm [cmxcm−1/x]] = [x]. To show that [cmxcm−1 ] commutes generi-
cally with ·, we must show that [cmx1x2cm−1 ] = [cmx1cm−1cmx2cm−1 ] holds in M〈x1, x2〉,
which is clear. Finally, it is obvious that [cmxcm−1 ] commutes generically with e, be-
cause in M we have

meMm−1 = mm−1 = eM .

This proves that m ∈ Inv(M) =⇒ [cmxcm−1 ] ∈ GTMon
(M).

For the converse inclusion, let w be a multiplicative word over M ∪ {x} with
[w] ∈ GTMon

(M) ⊆ M〈x〉. By Lemma 3.2.2, we may suppose that w is reduced. The
argument now echoes the argument of Bergman ([3, Theorem 1]) given in Section
2.1. First, we show that w contains at most one occurrence of x. Suppose towards
a contradiction that w contained at least two occurrences of x. Since [w] commutes
generically with ·, we obtain

[w[x1x2/x]] = [w[x1/x]w[x2/x]]

in M〈x1, x2〉. Since w is reduced, it is clear that w[x1x2/x] is reduced. By Lemma
3.2.2, we have

[w[x1x2/x]] = [w[x1/x]w[x2/x]] = [(w[x1/x]w[x2/x])r]

and hence
w[x1x2/x] ≡ (w[x1/x]w[x2/x])r .

But since w contains at least two occurrences of x, it is clear that w[x1x2/x] will contain
an occurrence of x2 to the left of an occurrence of x1, while all occurrences of x2 will
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occur to the right of all occurrences of x1 in (w[x1/x]w[x2/x])r. This is impossible if
these words are syntactically identical, so we conclude that w must have at most one
occurrence of x.

To show that w must have at least one occurrence of x, it suffices by Lemma
2.2.56 (since M 6= ∅) to show that TMon(M) 0y1,y2 y1 = y2 for distinct variables y1, y2

of the unique sort of ΣMon, but this follows by Lemma 3.2.3.
So w contains exactly one occurrence of x and hence, being reduced, must have

one of the following forms:
x, cmx, xcm, cm1xcm2

(with m,m1,m2 6= eM). If w ≡ x, then since eM ∈ Inv(M) with (eM)−1 = eM , we
have

[w] = [x] = [exe] = [ceM xceM ] =
[
ceM xc(eM )−1

]
,

as desired. Suppose we had w ≡ cmx for some m 6= eM ∈M : then since [w] commutes
generically with ·, we would have

[cmx1x2] = [cmx1cmx2]

in M〈x1, x2〉. But since both words are reduced, we would obtain cmx1x2 ≡ cmx1cmx2

by Lemma 3.2.2, which is clearly false. Similarly, we cannot have w ≡ xcm for
m 6= eM ∈ M . The last possibility is that w ≡ cm1xcm2 for some m1,m2 6= eM ∈ M .
So [w] = [cm1xcm2 ], and it just remains to show that m1 is invertible with m−1

1 = m2.
Since [w] commutes generically with ·, we have

[cm1x1x2cm2 ] = [cm1x1cm2cm1x2cm2 ] = [cm1x1cm2m1x2cm2 ]

in M〈x1, x2〉. The leftmost word is clearly reduced, and if the rightmost word were
reduced, then these two clearly syntactically distinct words would be syntactically
identical by Lemma 3.2.2. Hence, the rightmost word must be not reduced, which
implies that m2m1 = eM . Also, since [w] commutes generically with e, it follows that
in M we have

m1m2 = m1e
Mm2 = eM .

So we have m1m2 = eM = m2m1, and hence m−1
1 = m2, as claimed. This proves

that [w] ∈ GTMon
(M) =⇒ [w] = [cmxcm−1 ] for some m ∈ Inv(M), which completes the

proof of the proposition.

Corollary 3.2.5. If M is any monoid and

π = (πf : cod(f)→ cod(f))f∈Dom(M)
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is any Dom(M)-indexed family of monoid endomorphisms, then π ∈ ZTMon
(M) iff

there is a (uniquely determined) element m ∈ Inv(M) such that

πf = conjf(m) : cod(f)
∼−→ cod(f)

for every f ∈ Dom(M), where conjf(m) is the monoid automorphism given by conju-
gation by f(m) ∈ Inv(cod(f)).

Proof: By Proposition 3.2.4 and Corollary 2.2.42, it suffices to show for m ∈
Inv(M) and f : M → N a monoid homomorphism that

ρf (cmxcm−1)∗ = conjf(m) : N
∼−→ N,

and that m1,m2 ∈ Inv(M) and
[
cm1xcm−1

1

]
=
[
cm2xcm−1

2

]
imply m1 = m2. First, for

any n ∈ N we have

ρf (cmxcm−1)∗ (n) =
(
cf(m)xcf(m)−1

)∗
(n)

=
(
cf(m)xcf(m)−1

)(N̂,n)

= f(m)nf(m)−1

= conjf(m)(n),

as desired.
Now suppose m1,m2 ∈ Inv(M) and

[
cm1xcm−1

1

]
=
[
cm2xcm−1

2

]
. If m1 = eM , then

we have [x] =
[
cm1xcm−1

1

]
=
[
cm2xcm−1

2

]
, which forces m2 = eM by Lemma 3.2.2.

Otherwise, if m1 6= eM , then for similar reasons we must have m2 6= eM , so that the
two words are reduced and hence

cm1xcm−1
1
≡ cm2xcm−1

2

by Lemma 3.2.2, which forces cm1 ≡ cm2 and hence m1 = m2.

Let Inv : Mon→ Group be the functor that sends any monoid to its group Inv(M) of
invertible elements, and sends any monoid homomorphism f : M → N to the group
homomorphism Inv(f) := f � Inv(M) : Inv(M)→ Inv(N). Then we also have:

Corollary 3.2.6. ZTMon
∼= Inv : Mon→ Group.

Proof: By Theorem 2.2.41, it suffices to show that there is a natural isomorphism
GTMon

∼= Inv : Mon→ Group. For any monoid M , we define a group isomorphism

βM : GTMon
(M)

∼−→ Inv(M)
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by appealing to Proposition 3.2.4 and setting

βM ([cmxcm−1 ]) := m ∈ Inv(M)

for each m ∈ Inv(M). This is well-defined, by the argument given in the proof
of Corollary 3.2.5. It is clearly injective, and it is surjective by Proposition 3.2.4.
Finally, it is a group homomorphism, because m1,m2 ∈ Inv(M) implies[

cm1xcm−1
1

]
∗
[
cm2xcm−1

2

]
=
[
cm1m2xc(m1m2)−1

]
.

If we set β := (βM)M∈Mon, then β is natural, because for f : M → N ∈ Mon and
m ∈ Inv(M) we have

Inv(f) (βM ([cmxcm−1 ])) = Inv(f)(m)

= f(m)

= βN
(
[cf(m)xcf(m)−1 ]

)
= βN ([ρf (cmxcm−1)])

= βN (GTMon
(f) ([cmxcm−1 ])) .

So β : GTMon

∼
==⇒ Inv.

This completes our investigation of the isotropy group of the totally defined
algebraic theory of monoids. By making some minor adjustments, the above results
carry over almost verbatim to the totally defined theory TGroup of groups, whose
axioms were given in Example 2.3.2 (cf. also Bergman’s argument from [3, Theorem
1] in Section 2.1):

Proposition 3.2.7. If G is any group, then

GTGroup
(G) = {[cgxcg−1 ] ∈ G〈x〉 : g ∈ G} .

Corollary 3.2.8. If G is any group and

π = (πf : cod(f)→ cod(f))f∈Dom(G)

is any Dom(G)-indexed family of group endomorphisms, then π ∈ ZTGroup
(G) iff there

is a (uniquely determined) element g ∈ G such that

πf = conjf(g) : cod(f)
∼−→ cod(f)

for every f ∈ Dom(G), where conjf(g) is the group automorphism given by conjugation
by f(g) ∈ cod(f).

Corollary 3.2.9. ZTGroup
∼= 1Group : Group→ Group.
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3.3 Commutative Monoids and Abelian Groups

In this section, we show that the theory TCMon of totally defined commutative monoids
has trivial isotropy, and that the isotropy group of the theory TAb of totally defined
abelian groups is (naturally isomorphic to) the constant functor on the two-element
group Z2.

First, we consider the theory TAb over the single-sorted signature ΣAb := {+,−, 0},
with binary +, unary −, and constant symbol 0. The axioms of TAb are those of TGroup

(replacing ·,−1 , e respectively by +,−, 0) together with the axiom

> `x,y x+ y = y + x.

Note that PTAbmod = Ab, the category of abelian groups and homomorphisms. We
now have analogues of Definition 3.2.1 and Lemma 3.2.2:

Definition 3.3.1 (Reduced Additive Words). Let G be any abelian group, and
let x /∈ ΣAb(G) be a constant of the unique sort of ΣAb. A reduced additive word over
G ∪ {x} is an expression of one of the following forms:

• nx, for n ∈ Z \ {0}.

• cg, for g ∈ G.

• nx + cg, for n ∈ Z \ {0} and g 6= 0G ∈ G.

Lemma 3.3.2. Let G be any abelian group, and let x /∈ ΣAb(G) be a constant of the
unique sort of ΣAb.

• If t ∈ Termc(ΣAb(G, x)), then there is a (unique) reduced additive word tr over
G ∪ {x} such that [t] = [tr] in G〈x〉.

• If w,w′ are reduced additive words over G∪{x} with [w] = [w′], then w ≡ w′.

Lemma 3.3.3. If G is any abelian group and y1, y2 are distinct variables of the unique
sort of ΣAb, then TAb(G) 0y1,y2 y1 = y2.

Proposition 3.3.4. If G is any abelian group, then

GTAb
(G) = {[x], [−x]} ⊆ G〈x〉.
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Proof: First we show the easy right-to-left inclusion. Of course [x] ∈ GTAb
(G). To

show that [−x] ∈ GTAb
(G), we must show (by Corollary 2.3.3) that [−x] is invertible

and commutes generically with the function symbols +,−, 0 of ΣAb. The inverse of
[−x] is itself, because we clearly have

[−x[−x/x]] = [−(−x)] = [x].

That [−x] commutes generically with − is trivial. That [−x] commutes generically
with + follows because we have

[−(x1 + x2)] = [(−x1) + (−x2)] ∈ G〈x1, x2〉.

And that [−x] commutes generically with 0 follows because in G we have −0G = 0G.
So [−x] ∈ GTAb

(G).
For the converse inclusion, let t ∈ Termc(ΣAb(G, x)) with [t] ∈ GTAb

(G), and
suppose without loss of generality by Lemma 3.3.2 that t is a reduced additive word
over G ∪ {x}. First, we show that we must have t ≡ nx for some n ∈ Z \ {0}.
For suppose otherwise: then (by Definition 3.3.1) either t ≡ cg for some g ∈ G, or
t ≡ nx + cg for some n ∈ Z \ {0} and g 6= 0G ∈ G. Since [t] ∈ GTAb

(G), the first case
is impossible by Lemmas 2.2.56 and 3.3.3 (since G 6= ∅). So suppose we are in the
second case. Since [t] commutes generically with 0, we easily obtain (in G)

0G = n0G + g = 0G + g = g,

which contradicts the assumption on g. So we must have [t] = [nx] for some n ∈
Z \ {0}. To complete the proof, it thus remains to show that n ∈ {1,−1}. Since
[t] ∈ GTAb

(G), there is some [s] ∈ GTAb
(G) with [t[s/x]] = [x]. By the argument just

used for [t] ∈ GTAb
(G), we know that [s] = [mx] for some m ∈ Z \ {0}. So we have

[x] = [t[s/x]] = [nx[mx/x]] = [(nm)x]. Since n,m 6= 0, we have nm 6= 0, and hence
(nm)x is a reduced additive word over G ∪ {x}. So by Lemma 3.3.2, it follows that
x ≡ (nm)x, so that we must have nm = 1, and hence n ∈ {1,−1}, as desired.

Corollary 3.3.5. If G is any abelian group and

π = (πf : cod(f)→ cod(f))f∈Dom(G)

is any Dom(G)-indexed family of abelian group endomorphisms, then π ∈ ZTAb
(G) iff

either

πf = idcod(f) for each f ∈ Dom(G)

or
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πf = −cod(f) for each f ∈ Dom(G),

where −cod(f) : cod(f)
∼−→ cod(f) is the abelian group automorphism given by a 7→ −a.

Corollary 3.3.6. ZTAb
: Ab→ Group is (naturally isomorphic to) the constant func-

tor on the two-element group Z2.

This completes our investigation of the isotropy group of the totally defined
theory of abelian groups. Let us now consider the theory TCMon of totally defined
commutative monoids over the single-sorted signature ΣCMon := {+, 0}, with binary
+ and constant 0. The axioms of TCMon are those of TMon (replacing ·, e respectively
by +, 0) together with the axiom > `x,y x+y = y+x. We modify Definition 3.3.1 by
stipulating that in the first and third forms, n must be a positive integer. Lemmas
3.3.2 and 3.3.3 then hold for TCMon. By making the appropriate adjustments to the
proof of Proposition 3.3.4, we then have:

Proposition 3.3.7. If M is any commutative monoid, then

GTCMon
(M) = {[x]} ⊆M〈x〉.

Corollary 3.3.8. If M is any commutative monoid, then ZTCMon
(M) is the trivial

group consisting of only the identity element(
idcod(f) : cod(f)

∼−→ cod(f)
)
f∈Dom(M)

∈ ZTCMon
(M).

Since PTCMonmod = CMon, the category of commutative monoids and homomor-
phisms, we have:

Corollary 3.3.9. ZTCMon
: CMon → Group is (naturally isomorphic to) the constant

functor on the trivial group.
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3.4 Commutative Unital Rings

In this section, we will show that the isotropy group of the totally defined algebraic
theory of commutative rings with unit. The theory TCRing is the totally defined
algebraic theory over the single-sorted signature ΣRing := {+,−, 0, ·, 1} (with + binary,
− unary, and 0, 1 constants) whose axioms are those of TAb, together with the axioms
of TCMon (replacing +, 0 by ·, 1), and the distributive axiom

> `x,y,z x · (y + z) = (x · y) + (x · z).

Then PTCRingmod = CRing, the usual category of commutative unital rings and ring
homomorphisms.

Definition 3.4.1 (Monomials). Let x1, . . . , xn /∈ ΣRing be pairwise distinct constants
of the unique sort of ΣRing. A monomial over {x1, . . . , xn} is an expression of the form
xa1

1 . . . xann for integers a1, . . . , an ≥ 0. If there is some 1 ≤ i ≤ n with ai > 0, then we
say that xa1

1 . . . xann is a non-trivial monomial over {x1, . . . , xn}.

We have the following well-known description of the elements of R〈x1, . . . , xn〉:

Lemma 3.4.2. Let R be any commutative unital ring, let n ≥ 1, and let x1, . . . , xn /∈
ΣRing(R) be pairwise distinct constants of the unique sort of ΣRing.

• If t ∈ Termc(ΣRing(R, x1, . . . , xn)), then there are m ≥ 1 and pairwise distinct
monomials t1, . . . , tm over {x1, . . . , xn} and elements r1, . . . , rm ∈ R with

[t] = [cr1t1 + . . .+ crmtm] ∈ R〈x1, . . . , xn〉.

• If j, k ≥ 1 and s1, . . . , sj, t1, . . . , tk are monomials over {x1, . . . , xn} (with s1, . . . , sj
pairwise distinct and t1, . . . , tk pairwise distinct) and a1, . . . , aj, b1, . . . , bk ∈ R
have the property that

[ca1s1 + . . .+ cajsj] = [cb1t1 + . . .+ cbktk] ∈ R〈x1, . . . , xn〉,

then for any 1 ≤ i ≤ j such that ai 6= 0R and si is a non-trivial monomial, there
must be some 1 ≤ i′ ≤ k with bi′ 6= 0R and si ≡ ti′, and conversely.

Proposition 3.4.3. If R is any commutative unital ring, then

GTCRing
(R) = {[x]} ⊆ R〈x〉.
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Proof: Let [t] ∈ GTCRing
(R) ⊆ R〈x〉, and let us show that we must have [t] = [x].

By Lemma 3.4.2, we have

[t] = [canxn + . . .+ ca1x + ca0 ] ∈ R〈x〉
for some n ≥ 0 and a0, . . . , an ∈ R. Since [t] ∈ GTCRing

(R), we know that [t] commutes
generically with the function symbol + of ΣRing, which means that

TCRing(R, x1, x2) ` t[x1 + x2/x] = t[x1/x] + t[x2/x],

so that
[can(x1 + x2)n + . . .+ ca1(x1 + x2) + ca0 ]

= [canxn1 + canxn2 + . . .+ ca1x1 + ca1x2 + ca0+a0 ]

in R〈x1, x2〉. Now we show for any 1 < i ≤ n that we must have ai = 0R. If i > 1
and ai 6= 0R, then (by the binomial theorem for commutative rings) the upper term
is congruent to a term of the canonical form described in Lemma 3.4.2 in which the
monomial xi−1

1 x2 occurs with non-zero coefficient from R. By Lemma 3.4.2, it then
follows that the lower term must also contain xi−1

1 x2 with non-zero coefficient from
R, which is not the case. So if 1 < i ≤ n, then we must have ai = 0R. We must also
have a0 = 0R, because otherwise (by Lemma 3.4.2) we would obtain a0 = a0 + a0 and
hence a0 = 0R, contrary to assumption.

Thus, we have
[t] = [cax] ∈ R〈x〉

for some a ∈ R. Since [t] ∈ GTCRing
(R), we also know that [t] commutes generically

with the function symbol 1 of ΣRing, which entails that

TCRing(R) ` ca = 1,

and hence that
[t] = [cax] = [1x] = [x] ∈ R〈x〉,

as desired. This completes the proof.

Corollary 3.4.4. If R is any commutative unital ring, then ZTCRing
(R) is the trivial

group consisting of only the identity element(
idcod(f) : cod(f)

∼−→ cod(f)
)
f∈Dom(R)

∈ ZTCRing
(R).

Corollary 3.4.5. ZTCRing
: CRing → Group is (naturally isomorphic to) the constant

functor on the trivial group.



3. EXAMPLES 87

3.5 Modules over a Ring

In this section, we will compute the isotropy group of the totally defined algebraic
theory of (left) R-modules over a fixed commutative unital ring R. So fix a com-
mutative unital ring R. We define a single-sorted signature ΣRmod to have function
symbols + (binary), − (unary), and 0 (constant), together with a unary function
symbol fr for each r ∈ R (these latter symbols being pairwise distinct). The totally
defined algebraic theory TRmod over the signature ΣRmod then has the axioms of TAb

together with the following axioms for all r, s ∈ R:

• > `x fr(fs(x)) = frs(x).

• > `x,y fr(x+ y) = fr(x) + fr(y).

• > `x fr+s(x) = fr(x) + fs(x).

• > `x f1R(x) = x.

From the well-known construction of the free R-module on finitely many generators
and the coproduct of R-modules as their direct sum, we then have:

Lemma 3.5.1. Let M be a left R-module, and let x1, . . . , xn /∈ ΣRmod(M) be new
constants. For any t ∈ Termc(ΣRmod(M, x1, . . . , xn)), there are uniquely determined
elements m ∈M and r1, . . . , rn ∈ R with

[t] = [cm + fr1(x1) + . . .+ frn(xn)] ∈M〈x1, . . . , xn〉.

Let Unit(R) be the group of units of R (i.e. elements of R that have multiplicative
inverses). We now have:

Proposition 3.5.2. If M ∈ Rmod, then

GTRmod
(M) = {[fr(x)] ∈M〈x〉 : r ∈ Unit(R)} .

Proof: To prove the right-to-left inclusion, it suffices by Corollary 2.3.3 to show
that if r ∈ Unit(R), then [fr(x)] ∈ M〈x〉 is invertible and commutes generically with
the function symbols of TRmod. Since r is a unit of R, there is some s ∈ R with
r ·R s = 1R = s ·R r. Then [fs(x)] ∈M〈x〉 is the inverse of [fr(x)], because in M〈x〉 we
have

[fr(x) [fs(x)/x]] = [fr(fs(x))] = [frs(x)] = [f1R(x)] = [x],
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and conversely. That [fr(x)] commutes generically with the function symbols of ΣRmod

is trivial to verify, using the axioms (and theorems) of TRmod (for the function symbols
+,−, 0) and the commutativity of R (for the function symbols of the form fs for
s ∈ R).

For the less obvious inclusion, let [t] ∈ GTRmod
(M) ⊆M〈x〉, and let us show that

there is some r ∈ Unit(R) with [t] = [fr(x)]. By Lemma 3.5.1, there are uniquely
determined elements m ∈ M and r ∈ R with [t] = [cm + fr(x)] ∈ M〈x〉. Since [t] is
an element of the isotropy group, it follows that [t] commutes generically with the
function symbol +, which means that in M〈x1, x2〉 we will have

[cm + fr(x1) + fr(x2)] = [cm+m + fr(x1) + fr(x2)].

By Lemma 3.5.1, it then follows that m = m+m, so that m = 0M , and hence

[t] = [c0M + fr(x)] = [0 + fr(x)] = [fr(x)] ∈M〈x〉,

so it remains to show that r is a unit of R. Since [t] is an element of the isotropy
group, we know that [t] is invertible, and so there is some [s] ∈ GTRmod

(M) ⊆ M〈x〉
with

[s[t/x]] = [x] = [t[s/x]] ∈M〈x〉.

Since [s] is an element of the isotropy group, it follows by the reasoning used thus far
for [t] that

[s] = [fr′(x)] ∈M〈x〉

for some r′ ∈ R. Since [s] is the inverse of [t], we then have

[f1R(x)] = [x] = [t[s/x]] = [fr(fr′(x))] = [frr′(x)],

which implies by Lemma 3.5.1 that r ·R r′ = 1R. Similarly, we obtain r′ ·R r = 1R, so
that r ∈ Unit(R), as desired. This completes the proof.

Corollary 3.5.3. If M is any left R-module and

π = (πf : cod(f)→ cod(f))f∈Dom(M)

is any Dom(M)-indexed family of R-module endomorphisms, then π ∈ ZTRmod
(M) iff

there is a (uniquely determined) element r ∈ Unit(R) such that

πf = f cod(f)
r : cod(f)

∼−→ cod(f)

for every f ∈ Dom(M).
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Proof: By Proposition 3.5.2 and Corollary 2.2.42, it remains to show that if
r, s ∈ Unit(R) and [fr(x)] = [fs(x)] ∈ M〈x〉, then r = s, which follows by Lemma
3.5.1.

Corollary 3.5.4. ZTRmod
: Rmod → Group is naturally isomorphic to the constant

functor on Unit(R).

3.6 Sets with a Bijection

We will now compute the isotropy group of a totally defined algebraic theory whose
models are sets equipped with a (total) bijection. Specifically, we define the single-
sorted signature ΣBij := {f, f−1} with f, f−1 unary function symbols, and we define
TBij to be the totally defined algebraic theory over ΣBij with the following axioms:

> `x f(x) ↓ ∧ f−1(x) ↓,

> `x f(f−1(x)) = x = f−1(f(x)).

We will show that the isotropy group of this theory is (naturally isomorphic to) the
constant functor on the additive group Z. If M ∈ PTBijmod and t ∈ Termc(ΣBij(M, x)),
then for any n ∈ Z, we define the term fn(t) ∈ Termc(ΣBij(M, x)) in the obvious way.

First, we require the following preparatory lemmas, whose proofs may be found
in Appendix B.

Lemma 3.6.1. Let M ∈ PTBijmod, and let x /∈ ΣBij(M) be a constant of the unique
sort of ΣBij. Then for any t ∈ Termc(ΣBij(M, x)), either there is some m ∈ M such
that [t] = [cm] ∈M〈x〉, or there is some n ∈ Z such that [t] = [fn(x)] ∈M〈x〉.

Lemma 3.6.2. If M ∈ PTBijmod and x /∈ ΣBij(M) is a constant symbol and for
n,m ∈ Z we have [fn(x)] = [fm(x)] ∈M〈x〉, then n = m.

Lemma 3.6.3. If M ∈ PTBijmod and y1, y2 are distinct variables of the unique sort
of ΣBij, then T(M) 0y1,y2 y1 = y2.
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Proposition 3.6.4. If M ∈ PTBijmod, then

GTBij
(M) = {[fn(x)] ∈M〈x〉 : n ∈ Z} .

Proof: To show the right-to-left inclusion, let n ∈ Z; we must show that [fn(x)] ∈
GTBij

(M), i.e. (by Corollary 2.3.3) that [fn(x)] is invertible and commutes generically
with the function symbols f, f−1. For invertibility, we have [f−n(x)] ∈M〈x〉 and[

fn(x)[f−n(x)/x]
]

= [fn−n(x)] = [f 0(x)] = [x],

and similarly [f−n(x)[fn(x)/x]] = [x]. We have that [fn(x)] commutes generically with
f , because in M〈x〉 we have

[fn(x)[f(x)/x]] = [fn(f(x))] = [fn+1(x)] = [f(fn(x))],

and [fn(x)] commutes generically with f−1 by similar reasoning. Thus, [fn(x)] ∈
GTBij

(M).
Conversely, suppose that [t] ∈ GTBij

(M). By Lemma 3.6.1, either there is some
m ∈ M with [t] = [cm], or there is some n ∈ Z with [t] = [fn(x)]. The first case is
ruled out by Lemmas 2.2.56 and 3.6.3 (since in this case M 6= ∅), so we are left with
the second case, as desired.

Corollary 3.6.5. If M ∈ PTBijmod and

π = (πh : cod(h)→ cod(h))h∈Dom(M)

is any Dom(M)-indexed family of endomorphisms in PTBijmod, then π ∈ ZTBij
(M) iff

there is a (unique) integer n ∈ Z such that

πh =
(
f cod(h)

)n
: cod(h)

∼−→ cod(h)

for every h ∈ Dom(M).

Proof: By Corollary 2.2.42, Proposition 3.6.4, and Lemma 3.6.2.

Corollary 3.6.6. ZTBij
∼= GTBij

: PTBijmod → Group is naturally isomorphic to the
constant functor on the additive group Z.

Proof: If M ∈ PTBijmod, then (using Proposition 3.6.4) we define a group isomor-
phism GTBij

(M)
∼−→ Z by [fn(x)] 7→ n for each n ∈ Z. This is well-defined by Lemma

3.6.2, it is clearly injective, it is surjective by Proposition 3.6.4, and it is easily seen
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to be a group homomorphism, and hence isomorphism. Naturality of these group
isomorphisms is trivial.

If we define the single-sorted signature ΣInv := {f} with f unary and define TInv

to be the totally defined algebraic theory over ΣInv with the axioms

> `x f(x) ↓

and
> `x f(f(x)) = x,

then models of TInv are sets with an involution. Then by easy modifications of the
arguments given in this section, we obtain:

Proposition 3.6.7.

• If M ∈ PTInvmod, then

GTInv
(M) = {[x], [f(x)]} ∈M〈x〉.

• If M ∈ PTInvmod and π = (πh : cod(h)→ cod(h))h∈Dom(M) is any Dom(M)-
indexed family of endomorphisms in PTInvmod, then π ∈ ZTInv

(M) iff either π
is the identity element or

πh = f cod(h) : cod(h)
∼−→ cod(h)

for every h ∈ Dom(M).

• ZTInv
∼= GTInv

: PTInvmod→ Group is naturally isomorphic to the constant func-
tor on the group Z2.

3.7 Free Lattices

In this section, we will show that the isotropy group of any free lattice on finitely
many generators is trivial. We define ΣLatt to be the single-sorted signature with
two binary function symbols ∧ and ∨. We then define TLatt to be the totally defined
algebraic theory over ΣLatt with the following axioms:

• > `x,y x ∧ y ↓.

• > `x,y x ∨ y ↓.
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• > `x,y x ∧ y = y ∧ x.

• > `x,y x ∨ y = y ∨ x.

• > `x,y,z (x ∧ y) ∧ z = x ∧ (y ∧ z).

• > `x,y,z (x ∨ y) ∨ z = x ∨ (y ∨ z).

• > `x,y x ∧ (x ∨ y) = x.

• > `x,y x ∨ (x ∧ y) = x.

A well-known consequence of these axioms is that TLatt proves

> `x x ∧ x = x = x ∨ x.

The category PTLattmod is then just the usual category Latt of lattices and lattice
homomorphisms. If L is any lattice and a, b ∈ L, then we will write a ≤L b for
a∧L b = a, or equivalently a∨L b = b, which is known to be a partial order on L (i.e.
reflexive, anti-symmetric, transitive).

Let us denote the free lattice on n generators c1, . . . , cn by Ln, i.e.

Ln = Free(TLatt(c1, . . . , cn))|ΣLatt
.

By Corollary 2.4.15, computing GTLatt
(Ln) is the same as computing G′TLatt

(Ln), so we
will do the latter. Recall thatG′TLatt

(Ln) is the group of elements [t] ∈ Free(TLatt(c1, . . . , cn, x))
that are invertible and commute generically with the lattice function symbols.
Now, we will require the following fact about free lattices on finitely many generators,
which is due to Whitman ([20], [21]):

Lemma 3.7.1. Let n ≥ 0. If s, t ∈ Termc(ΣLatt(c1, . . . , cn, x)) and [x] ≤ [s] ∨ [t], then
[x] ≤ [s] or [x] ≤ [t].

Towards proving that the isotropy group of Ln is trivial, we require:

Lemma 3.7.2. Let n ≥ 0. If t ∈ Termc(ΣLatt(c1, . . . , cn, x)) and [t] has a right inverse,
i.e. there is some s ∈ Termc(ΣLatt(c1, . . . , cn, x)) with

[t[s/x]] = [x] ∈ Free(TLatt(c1, . . . , cn, x)),

then
[t] = [x].

Proof: We prove this by induction on t ∈ Termc(ΣLatt(c1, . . . , cn, x)).
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• If t ≡ x, then we trivially obtain the result.

• Suppose t ≡ ci for some 1 ≤ i ≤ n. We claim that [ci] cannot have a right
inverse, which yields the result. If [ci] did have a right inverse, then we would
easily obtain [ci] = [x], i.e. TLatt(c1, . . . , cn, x) ` ci = x, and hence TLatt `y1,...,yn,z

yi = z for pairwise distinct variables y1, . . . , yn, z by the theorem on constants
(Remark 1.3.17). This easily implies that every lattice would have at most one
element, which is clearly not the case. This proves our claim.

• Suppose t ≡ t1∨t2 for some t1, t2 ∈ Termc(Σ(c1, . . . , cn, x)) for which the desired
result holds, and suppose that [t] has a right inverse. So there is some s ∈
Termc(ΣLatt(c1, . . . , cn, x)) with

[t1[s/x]] ∨ [t2[s/x]] = [t1[s/x] ∨ t2[s/x]] = [x] ∈ Free(TLatt(c1, . . . , cn, x)).

From this, we infer

[t1[s/x]] ≤ [x] and [t2[s/x]] ≤ [x]

and
[x] ≤ [t1[s/x]] ∨ [t2[s/x]].

From the latter inequality and Lemma 3.7.1 we obtain

[x] ≤ [t1[s/x]] or [x] ≤ [t2[s/x]].

Since ≤ is anti-symmetric, we thus have either [x] = [t1[s/x]] or [x] = [t2[s/x]].
Since ∨ is commutative, suppose without loss of generality that [t1[s/x]] = [x].
Then [t1] has a right inverse, so by the induction hypothesis it follows that
[t1] = [x], which entails that [t1[s/x]] = [s]. Then we have

[x] = [t1[s/x]] ∨ [t2[s/x]] = [s] ∨ [t2[s/x]].

So [s] ≤ [x] and [t2[s/x]] ≤ [x], and [x] ≤ [s] ∨ [t2[s/x]]. So by Lemma 3.7.1,
either [x] ≤ [s] or [x] ≤ [t2[s/x]]. So either [x] = [s] or [x] = [t2[s/x]]. In the first
case, we obtain

[x] = [t1[s/x]] ∨ [t2[s/x]] = [t1[x/x]] ∨ [t2[x/x]] = [t1] ∨ [t2] = [t1 ∨ t2] = [t],

as desired. And in the second case, it follows that [t2] has a right inverse, so by
the induction hypothesis, we have [t2] = [x]. Then we have

[t] = [t1 ∨ t2] = [t1] ∨ [t2] = [x] ∨ [x] = [x],

as desired (since ∨ is idempotent).
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• The induction step for t ≡ t1 ∧ t2 is handled analogously to the previous induc-
tion step.

We now easily obtain:

Proposition 3.7.3. Let n ≥ 0. Then

GTLatt
(Ln) = {[x]} ⊆ Ln〈x〉.

Proof: By Corollary 2.4.15, it suffices to show that G′TLatt
(Ln) = {[x]}. So

let [t] ∈ G′TLatt
(Ln). Then [t] is in particular invertible, so that there is some s ∈

Termc(ΣLatt(c1, . . . , cn, x)) with [t[s/x]] = [x]. Then by Lemma 3.7.2, it follows that
[t] = [x], as desired.

Corollary 3.7.4. Let n ≥ 0. Then ZTLatt
(Ln) is the trivial group.

One can also use arguments similar to the above, together with the solution of
the word problem for finitely presented lattices, to show that the isotropy group of
any finitely presented lattice is trivial. We omit the details.

3.8 Categories and Groupoids

In this section, we now consider quasi-equational theories with slightly more logi-
cal complexity than totally defined algebraic theories. Namely, we will compute the
isotropy groups of the quasi-equational theories of categories, groupoids, and cat-
egories with a terminal object, which are all two-sorted theories in which not all
operations are totally defined. We will in fact show that all of these theories have
trivial isotropy. First, we consider the theory of categories.

To define the theory TCat of categories, we first define its signature ΣCat. We
stipulate that ΣCat has two sorts, the object sort O and the arrow sort A, and four
function symbols: id : O → A, dom, cod : A → O, and ◦ : A × A → A (the latter
written in infix notation). We then define TCat to be the quasi-equational theory over
ΣCat whose axioms are the following sequents (throughout, x is a variable of sort O
and f, g, h are variables of sort A):

• > `x id(x) ↓, > `f dom(f) ↓, and > `f cod(f) ↓.
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• g ◦ f ↓ `f,g cod(f) = dom(g) and cod(f) = dom(g) `f,g g ◦ f ↓ .

• g ◦ f ↓ `f,g dom(g ◦ f) = dom(f) ∧ cod(g ◦ f) = cod(g).

• h ◦ (g ◦ f) ↓ `f,g,h h ◦ (g ◦ f) = (h ◦ g) ◦ f .

• > `x dom(id(x)) = x ∧ cod(id(x)) = x.

• > `f f ◦ id(dom(f)) = f ∧ id(cod(f)) ◦ f = f .

Then PTCatmod is just the category Cat of all small categories and functors. To show
that GTCat

(C) is trivial for any small category C, we require the following preparatory
lemmas (the proofs of the first three may be found in Appendix B). If C is a small
category, then xO, xA /∈ ΣCat(C) will always be distinct constant symbols of sorts O
and A respectively.

Lemma 3.8.1. Let C be any small category.

1. For any b ∈ CO, we have TCat(C, xO) 0 xO = cO,b. For any f ∈ CA, we have
TCat(C, xA) 0 xA = cA,f .

2. For any b ∈ CO, we have TCat(C, xA) 0 dom(xA) = cO,b and TCat(C, xA) 0
cod(xA) = cO,b.

3. TCat(C, xA) 0 dom(xA) = cod(xA).

Lemma 3.8.2. If C is any small category and t ∈ Termc(ΣCat(C, xO)) with TCat(C, xO) `
t ↓, then:

• If t : O, then either [t] = [xO] ∈ C〈xO〉O or [t] = [cO,b] ∈ C〈xO〉O for some
b ∈ CO.

• If t : A, then either [t] = [id(xO)] ∈ C〈xO〉A or [t] = [cA,f ] ∈ C〈xO〉A for some
f ∈ CA.

Lemma 3.8.3. If C is any small category and t ∈ Termc(ΣCat(C, xA)) with TCat(C, xA) `
t ↓, then:

• If t : O, then [t] = [dom(xA)] or [t] = [cod(xA)] or [t] = [cO,b] for some b ∈ CO.

• If t : A, then [t] = [xA] or [t] = [id(dom(xA))] or [t] = [id(cod(xA))] or [t] = [cA,f ]
for some f ∈ CA.
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Lemma 3.8.4. Let C be any small category.

1. For any distinct variables y1, y2 : O, we have TCat(C) 0y1,y2 y1 = y2.

2. For any distinct variables y1, y2 : A, we have TCat(C) 0y1,y2 y1 = y2.

Proof: To prove both claims, it suffices by Lemma 3.1.2 to show that there is
a small category D with at least two objects (and hence at least two arrows) and a
functor F : C→ D. So just let D be the disjoint union of C with the discrete category
on two objects, and let F be the inclusion functor.

Proposition 3.8.5. For any small category C,

GTCat
(C) = {([xO], [xA])} ⊆ C〈xO〉O × C〈xA〉A.

Proof: Let ([sO], [sA]) ∈ GTCat
(C); we must show that

([sO], [sA]) = ([xO], [xA]).

By Lemma 3.8.2, either [sO] = [xO] or [sO] = [cO,b] for some b ∈ CO. But since
([sO], [sA]) ∈ GTCat

(C), it follows by Lemmas 2.2.56 and 3.8.4 that we must have
[sO] = [xO], as desired.

Now we show [sA] = [xA]. By Lemma 3.8.3, we know [sA] = [xA] or [sA] =
[id(dom(xA))] or [sA] = [id(cod(xA))] or [sA] = [cA,f ] for some f ∈ CA. As with [sO],
the last case is impossible. Suppose towards a contradiction that [sA] = [id(dom(xA))].
Since ([sO], [sA]) = ([xO], [sA]) ∈ GTCat

(C), it commutes generically with the function
symbol cod : A→ O, so that

TCat(C, xA) ` sO[cod(xA)/xO] = cod(sA)

(since TCat(C, xA) ` cod(xA) ↓). Since TCat(C, xO) ` sO = xO, we obtain

TCat(C, xO, xA) ` sO = xO

and
TCat(C, xO, xA) ` sO[cod(xA)/xO] = cod(sA),

which together imply

TCat(C, xO, xA) ` cod(xA) = cod(sA),

and hence (by the theorem on constants in Remark 1.3.17)

TCat(C, xA) ` cod(xA) = cod(sA),
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i.e. [cod(xA)] = [cod(sA)] ∈ C〈xA〉O. So, supposing that [sA] = [id(dom(xA))], we
would obtain

[cod(xA)] = [cod(sA)] = [cod(id(dom(xA)))] = [dom(xA)],

which contradicts Lemma 3.8.1. We reach a similar contradiction if we suppose that
[sA] = [id(cod(xA))] (instead using the assumption that ([sO], [sA]) commutes generi-
cally with dom). So the only remaining possibility is that [sA] = [xA], as desired.

Corollary 3.8.6. If C is any small category, then ZTCat
(C) only consists of the iden-

tity element.

Corollary 3.8.7. ZTCat
∼= GTCat

: Cat → Group is (naturally isomorphic to) the con-
stant functor on the trivial group.

Richard Garner [12, Proposition 3] has also independently shown that TCat has
trivial isotropy by a relatively short categorical argument. In general, if one suspects
that a theory has trivial isotropy, it is usually not too difficult (and sometimes, may
even be easier) to pursue a purely categorical proof of this, rather than one using the
logical methods that we have developed so far. However, we should add the caveat
that such a proof will likely only be easier if there is an efficient/effective description
of the process of freely adjoining an indeterminate element to a model of such a theory
(e.g. in the case of the theory of categories, the category obtained from a category
C by freely adjoining an indeterminate object is merely the disjoint union of C with
the terminal category).

Next, we show that the isotropy group of TTer, the quasi-equational theory of
(small) categories with a chosen terminal object, is also trivial. The signature ΣTer

of this theory extends the signature ΣCat by adding a new constant 1 : O and a new
function symbol ! : O → A. The quasi-equational theory TTer over the signature ΣTer

then contains all the axioms of TCat together with the following additional axioms
(where x is a variable of sort O and f a variable of sort A):

• > ` 1 ↓.

• > `x !(x) ↓.

• > `x dom(!(x)) = x ∧ cod(!(x)) = 1.

• dom(f) = x ∧ cod(f) = 1 `x,f f = !(x).
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Then PTTermod is the category Ter of small categories with chosen terminal objects,
and functors that preserve the terminal objects on the nose.

We now have the following analogues of certain lemmas for TCat.

Lemma 3.8.8. Let C be a small category with terminal object 1C.

1. For any b ∈ CO, we have TTer(C, xO) 0 xO = cO,b. For any f ∈ CA, we have
TTer(C, xA) 0 xA = cA,f .

2. For any b ∈ CO, we have TTer(C, xA) 0 dom(xA) = cO,b and TTer(C, xA) 0
cod(xA) = cO,b.

3. We have TTer(C, xA) 0 dom(xA) = cod(xA).

Proof: See Appendix B.

Lemma 3.8.9. If C is any small category with terminal object 1C and t ∈ Termc(ΣTer(C, xO))
with TTer(C, xO) ` t ↓, then:

• If t : O, then either [t] = [xO] or [t] = [cO,b] for some b ∈ CO.

• If t : A, then either [t] = [id(xO)], or [t] = [cA,f ◦ !(xO)] for some f ∈ CA with
domC(f) = 1C, or [t] = [cA,f ] for some f ∈ CA.

Proof: Analogous to the proof of Lemma 3.8.2.

Lemma 3.8.10. If C is any small category with terminal object 1C and t ∈ Termc(ΣTer(C, xA))
with TTer(C, xA) ` t ↓, then:

• If t : O, then [t] = [dom(xA)] or [t] = [cod(xA)] or [t] = [cO,b] for some b ∈ CO.

• If t : A, then [t] = [xA] or [t] = [id(dom(xA))] or [t] = [id(cod(xA))] or [t] =
[cA,f ◦ !(dom(xA))] for some f ∈ CA with domC(f) = 1C, or [t] = [cA,f ◦ !(cod(xA))]
for some f ∈ CA with domC(f) = 1C, or [t] = [cA,f ] for some f ∈ CA.

Proof: Analogous to the proof of Lemma 3.8.3.

Lemma 3.8.11. Let C be any small category with terminal object.

1. For any distinct variables y1, y2 : O, we have TTer(C) 0y1,y2 y1 = y2.
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2. For any distinct variables y1, y2 : A, we have TTer(C) 0y1,y2 y1 = y2.

Proof: Analogous to the proof of Lemma 3.8.4.

Proposition 3.8.12. If C is a small category with terminal object 1C, then

GTTer
(C) = {([xO], [xA])} ⊆ C〈xO〉O × C〈xA〉A.

Proof: Let ([sO], [sA]) ∈ GTTer
(C); we must show that

([sO], [sA]) = ([xO], [xA]).

By Lemma 3.8.9, either [sO] = [xO] or [sO] = [cO,b] for some b ∈ CO. Since ([sO], [sA])
is an element of isotropy, it follows by Lemmas 2.2.56 and 3.8.11 that we must have
[sO] = [xO], as desired.

Now we show [sA] = [xA] ∈ C〈xA〉A. By Lemma 3.8.10, we have one of the
following possibilities:

• [sA] = [xA].

• [sA] ∈ {[id(dom(xA))], [id(cod(xA))]}.

• [sA] ∈ {[cA,f ◦ !(dom(xA))] , [cA,f ◦ !(cod(xA))]} for some f ∈ CA with domC(f) =
1C.

• [sA] = [cA,f ] for some f ∈ CA.

The last case is impossible by Lemmas 2.2.56 and 3.8.11, since ([sO], [sA]) is an element
of isotropy. Exactly as in the proof of Proposition 3.8.5, we can also show that the
second case is impossible.

Now suppose towards a contradiction that [sA] = [cA,f ◦ !(dom(xA))] for some
f : 1C → a ∈ C. As in the proof of Proposition 3.8.5, we have TTer(C, xA) ` cod(sA) =
cod(xA), i.e. [cod(sA)] = [cod(xA)] ∈ C〈xA〉O. Now in C〈xA〉O we have

[cod(xA)] = [cod(sA)] = [cod (cA,f ◦ !(dom(xA)))] = [cod (cA,f )] = [cO,a] ,

which contradicts Lemma 3.8.8. In the same way, we cannot have [sA] = [cA,f ◦ !(cod(xA))].
So the only remaining possibility is that [sA] = [xA], as desired.

Corollary 3.8.13. If C is any small category with terminal object 1C, then ZTTer
(C)

is the trivial group.



3. EXAMPLES 100

Corollary 3.8.14. ZTTer
∼= GTTer

: Ter→ Group is (naturally isomorphic to) the con-
stant functor on the trivial group.

As the last example of this section, we remark that the isotropy group of TGrpd,
the quasi-equational theory of small groupoids, is also trivial. The signature ΣGrpd

extends the signature ΣCat by adding a new unary function symbol −1 : A → A
(written in infix notation). We then define the quasi-equational theory TGrpd over
the signature ΣGrpd to have all axioms of TCat together with the following additional
axioms (where f is a variable of sort A):

• > `f f−1 ↓.

• > `f dom(f−1) = cod(f) ∧ cod(f−1) = dom(f).

• > `f f ◦ f−1 = id(cod(f)) ∧ f−1 ◦ f = id(dom(f)).

Then PTGrpdmod is just the category Grpd of all small groupoids and functors between
them.

To show that the isotropy group of TGrpd is trivial, we could argue using the
logical methods of Chapter 2, as we did in the last two examples. However, Richard
Garner [12, Proposition 3] has independently shown (as for TCat) that the isotropy
group of TGrpd is trivial by using a relatively short categorical argument.

3.9 Strict Monoidal Categories

For our last (and most involved) example of this chapter, we will compute the isotropy
group of the quasi-equational theory TStr of (small) strict monoidal categories, and
will show that it is non-trivial. We define ΣStr to be the signature that extends the
signature ΣCat by adding three new function symbols: e : O (the (object) unit of
the strict monoidal structure), ⊗O : O × O → O (the object tensor operation), and
⊗A : A × A → A (the arrow tensor operation). We will write the tensor operations
in infix notation. We then define the quasi-equational theory TStr of (small) strict
monoidal categories to be the quasi-equational theory over the signature ΣStr that
extends TCat by adding the following axioms (where x, y, z are variables of sort O,
and f, g, f ′, g′, h are variables of sort A):

1. > `x,y x⊗O y ↓.

2. > `f,g f ⊗A g ↓.
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3. > ` e ↓.

4. > `f,g dom(f ⊗A g) = dom(f)⊗O dom(g) ∧ cod(f ⊗A g) = cod(f)⊗O cod(g).

5. > `x,y id(x⊗O y) = id(x)⊗A id(y).

6. f ′ ◦ f ↓ ∧ g′ ◦ g ↓ `f,f ′,g,g′ (f ′ ◦ f)⊗A (g′ ◦ g) = (f ′ ⊗A g′) ◦ (f ⊗A g).

7. > `x,y,z x⊗O (y ⊗O z) = (x⊗O y)⊗O z.

8. > `f,g,h f ⊗A (g ⊗A h) = (f ⊗A g)⊗A h.

9. > `x x⊗O e = x ∧ e⊗O x = x.

10. > `f f ⊗A id(e) = f ∧ id(e)⊗A f = f .

Because the object and arrow tensor operations are associative, we will omit parenthe-
ses around multiple tensor operations when possible. We have PTStrmod = StrMonCat,
the category of (small) strict monoidal categories and strict monoidal functors.

If C is a small strict monoidal category, then xO, x
′
O, xA, x

′
A /∈ ΣStr(C) will be

pairwise distinct constants, the first two of sort O and the last two of sort A. In the
next few definitions, we will define the concepts of reduced and semi-reduced words
over these indeterminates xO, x

′
O, xA, x

′
A and the constants of the diagram signature of

C.

Definition 3.9.1 (Alphabets). Let C be a small strict monoidal category. We define
the sets of terms, or alphabets

SC
O := {xO, x′O, dom(xA), cod(xA), dom(x′A), cod(x′A)} ∪ {cO,a : a ∈ CO}

and

SC
A := {xA, x′A, id(xO), id(x′O), id(dom(xA)), id(cod(xA)), id(dom(x′A)), id(cod(x′A))}

∪ {cA,f : f ∈ CA} .
Note that

SC
O ⊆ Termc(ΣStr(C, xO, x′O, xA, x′A))O

and
SA ⊆ Termc(ΣStr(C, xO, x′O, xA, x′A))A.

Definition 3.9.2 (Words). Let C be a small strict monoidal category. If C ∈ {O,A},
we define WC

C to be the smallest set of strings over the alphabet SC
C ∪{⊗C} such that:
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• SC
C ⊆ WC

C .

• If w1, w2 ∈ WC
C , then w1 ⊗C w2 ∈ WC

C .

Informally, WC
C is the set of all ⊗C-words over the alphabet SC

C . If C is clear from
the context, then we will generally write WC instead of WC

C .
If C ∈ {O,A} and w ∈ WC , we define the length `(w) of w and the first and last

‘letters’ first(w) and last(w) as follows:

• If w ∈ SC , then `(w) := 1 and first(w) ≡ last(w) := w.

• If w1, w2 ∈ WC , then

`(w1 ⊗C w2) := `(w1) + `(w2),

first(w1 ⊗C w2) := first(w1),

last(w1 ⊗C w2) := last(w2).

Definition 3.9.3 (Reduced and Semi-Reduced Words). Let C be a small strict
monoidal category. We say that a word w ∈ WO is reduced if one of the following
holds:

• `(w) = 1, i.e. w ∈ SC
O.

• `(w) ≥ 2 and w does not contain cO,eC and does not contain any substring of
the form cO,a ⊗O cO,b for a, b ∈ CO.

We then set
WC,r
O := {w ∈ WC

O : w is reduced}.

Again, we will usually write W r
O if C is clear from the context.

We say that a word w ∈ WO is semi-reduced if either `(w) = 1, or `(w) ≥ 2 and
w does not contain any substring of the form cO,a ⊗O cO,b for a, b ∈ CO. Then we set

WC,sr
O := {w ∈ WC

O : w is semi-reduced}.

Thus, a semi-reduced word w ∈ WO may contain cO,eC (even if `(w) > 1).
Similarly, we say that a word w ∈ WA is reduced if one of the following holds:

• `(w) = 1, i.e. w ∈ SC
A.
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• `(w) ≥ 2 and w does not contain cA,id(eC) and does not contain any substring of
the form cA,f ⊗A cA,g for f, g ∈ CA.

We then set
WC,r
A := {w ∈ WC

A : w is reduced}.

We say that a word w ∈ WA is semi-reduced if either `(w) = 1, or `(w) ≥ 2 and
w does not contain any substring of the form cA,f ⊗A cA,g for f, g ∈ CA. We then set

WC,sr
A := {w ∈ WC

A : w is semi-reduced}.

Thus, a semi-reduced word w ∈ WA may contain cA,id(eC) (even if `(w) > 1).

We now define certain reduction or rewrite systems on WO and WA. Recall that a
reduction system on a set S is simply a pair (S,→), with → a binary relation on S.

Definition 3.9.4. Let C be a small strict monoidal category. We define a reduction
system (WC

O ,→r) as follows. For any w1, w2 ∈ WC
O , we stipulate that w1 →r w2 if

either:

there are a, b ∈ CO with cO,a⊗O cO,b a subword of w1, and w2 is obtained from w1 by
replacing one occurrence of this subword by the constant cO,a⊗C

Ob
;

or

`(w1) ≥ 2 and w2 is obtained from w1 by deleting one occurrence of cO,eC in w1.

We define a reduction system (WC
A ,→r) analogously.

Recall that a reduction system (S,→) is said to be terminating if there is no infinite
reduction sequence s1 → s2 → . . . in S, and that (S,→) is said to be confluent if
for any s, s1, s2 ∈ S, s →∗ s1, s2 implies that there is some s3 ∈ S with s1, s2 →∗ s3,
where →∗ is the reflexive transitive closure of →.

Lemma 3.9.5. For any small strict monoidal category C, the reduction systems
(WC

O ,→r) and (WC
A ,→r) are confluent and terminating.

Proof: We only consider (WC
O ,→r). To show that this reduction system is ter-

minating, we must show that there is no infinite sequence w1 →r w2 →r . . . (with
w1, w2, . . . ∈ WC

O ). But if w →r w
′, then we clearly have `(w′) < `(w), so termination

follows.
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To show that (WC
O ,→r) is confluent, it suffices by Newman’s Lemma ([2], [17])

to show that (WC
O ,→r) is locally confluent, since it is terminating. That is, we must

show for any w,w1, w2 ∈ WC
O that if w →r w1 and w →r w2, then there is some

w3 ∈ WC
O with w1, w2 →∗r w3. We may suppose that w1 and w2 are distinct, because

otherwise we can clearly take w3 := w1 ≡ w2. Then the result follows by an easy case
analysis based on the two rules in the definition of (WC

O ,→r).

If (S,→) is a reduction system, recall that a normal form (with respect to →) is an
element s ∈ S with the property that there is no t ∈ S such that s → t. A normal
form (with respect to →) of an element x ∈ S is then a normal form s ∈ S such
that x →∗ s. The subsequent corollary now follows from Lemma 3.9.5 by standard
arguments from the theory of reduction systems, cf. e.g. [2].

Corollary 3.9.6. Let C ∈ StrMonCat.

• If w ∈ WC
O , then w has a unique normal form wr with respect to →r.

• If w1, w2 ∈ WC
O , then wr1 ≡ wr2 iff w1 ↔∗r w2 (with ↔∗r being the reflexive,

symmetric, transitive closure of →r).

Analogous results hold for (WC
A ,→r).

Lemma 3.9.7. If C is a small strict monoidal category and w ∈ WO ∪WA, then wr

is reduced, and wr ≡ w if w is reduced.

Proof: Let w ∈ WO ∪ WA. Then wr is reduced, because if not, then by the
definition of ‘reduced’, there would clearly be some w′ with wr → w′, contradicting
the fact that wr is a normal form.

Next, we need to show that the normal form of w with respect to →r is itself, if
w is reduced, i.e. we need to show that if w is reduced, then there is no w′ ∈ WC

O with
w →r w

′. But this immediately follows from the definition of→r and the assumption
that w is reduced.

Recall that if C is a small strict monoidal category, then TStr(C, xO, x′O, xA, x′A) extends
TStr(C) by adding the axioms {> ` xC ↓ ∧ x′C ↓ : C ∈ {O,A}}. Then for any
w ∈ WO ∪WA, it follows that

TStr(C, xO, x′O, xA, x′A) ` w ↓,

because it is trivial to check that TStr(C, xO, x′O, xA, x′A) ` s ↓ for every s ∈ SC
O∪SC

A, and
the tensor operations are totally defined in TStr and hence in TStr(C, xO, x′O, xA, x′A).
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So in the following lemma (and in any subsequent result where we prove that words in
WO∪WA have certain properties in TStr(C, xO, x′O, xA, x′A)), we do not need to assume
that TStr(C, xO, x′O, xA, x′A) ` w ↓ for w ∈ WO ∪WA.

Lemma 3.9.8. Let C be any small strict monoidal category. If w ∈ WO ∪WA, then

TStr(C, xO, x′O, xA, x′A) ` w = wr.

Proof: If w1, w2 ∈ WO and w1 →r w2, then it is trivial to check that

TStr(C, xO, x′O, xA, x′A) ` w1 = w2,

which easily yields the result. The proof for WA is analogous.

In Lemma 3.9.34 below, we will prove (for any C ∈ StrMonCat) that any term t ∈
Termc(ΣStr(C, xO, x′O, xA, x′A)) with TStr(C, xO, x′O, xA, x′A) ` t ↓ is provably equal to a
word in WO ∪WA, and hence (by Lemma 3.9.8) to a reduced word in WO ∪WA.

Our next aim is to show that if w,w′ ∈ WO ∪WA are reduced words of the same
sort with TStr(C, xO, x′O, xA, x′A) ` w = w′, then w ≡ w′. To do this, we will construct
a small strict monoidal category C∗ whose set of objects is WC,r

O and whose set of
arrows is WC,r

A , which will have the property that if w,w′ ∈ WC
O ∪WC

A are reduced
words of the same sort with C∗ |= w = w′, then in fact w ≡ w′. We will also show
that C∗ |= TStr(C, xO, x′O, xA, x′A), which will then (by soundness of partial Horn logic)
entail our claim.

Towards this goal, we require the following additional definitions. First, given a
word w ∈ WO ∪WA, we will need (for certain technical reasons, cf. the discussion
following Definition 3.9.29) the concept of inserting cO,eC (if w : O) or cA,id(eC) (if
w : A) into w ‘wherever possible’ (so as to still obtain a semi-reduced word).

Definition 3.9.9. Let C be a small strict monoidal category. We define a reduction
system (W sr

O ,→e) as follows. For any w1, w2 ∈ W sr
O , we stipulate that w1 →e w2 if:

• first(w1) /∈ {cO,a : a ∈ CO} and w2 ≡ cO,eC ⊗O w1.

• last(w1) /∈ {cO,a : a ∈ CO} and w2 ≡ w1 ⊗O cO,eC .

• There are s1, s2 ∈ SC
O \{cO,a : a ∈ CO} with s1⊗O s2 a subword of w1, and w2 is

obtained from w1 by replacing one occurrence of this subword by s1⊗O cO,eC⊗O
s2.

We define a reduction system (W sr
A ,→e) analogously.
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So if w1 →e w2, then w2 is obtained from w1 by inserting cO,eC into w1 in such a way
that the result will still be a semi-reduced word.

Lemma 3.9.10. For any small strict monoidal category C, the reduction systems
(W sr

O ,→e) and (W sr
A ,→e) are confluent and terminating.

Proof: We only consider (W sr
O ,→e). To show that this reduction system is ter-

minating, we must show that there is no infinite sequence w1 →e w2 →e . . . (with
w1, w2, . . . ∈ W sr

O ). To do this, we first define for any w ∈ W sr
O the concept of a ‘hole’

in w: a hole in w is (an occurrence of) a subword of w of one of the following forms:

• first(w), if first(w) /∈ {cO,a : a ∈ CO}.

• last(w), if last(w) /∈ {cO,a : a ∈ CO}.

• s1 ⊗O s2, with s1, s2 /∈ {cO,a : a ∈ CO}.

It is then clear that if w ∈ W sr
O and w →e w

′, then w′ has strictly fewer holes than w.
Since a word can only have finitely many holes, this proves that →e is terminating.

To show that (W sr
O ,→e) is confluent, it suffices by Newman’s Lemma ([2], [17])

to show that (W sr
O ,→e) is locally confluent, since it is terminating. That is, we must

show for any w,w1, w2 ∈ W sr
O that if w →e w1 and w →e w2, then there is some

w3 ∈ W sr
O with w1, w2 →∗e w3. We may suppose that w1 and w2 are distinct, because

otherwise we can clearly take w3 := w1 ≡ w2. Then the result follows by an easy case
analysis based on the three rules in the definition of (W sr

O ,→e).

Corollary 3.9.11. Let C ∈ StrMonCat.

• If w ∈ W sr
O , then w has a unique normal form we with respect to →e.

• If w1, w2 ∈ W sr
O , then we1 ≡ we2 iff w1 ↔∗e w2 (with ↔∗e being the reflexive,

symmetric, transitive closure of →e).

Analogous results apply to (W sr
A ,→e).

The following lemma is proved in the same way as Lemma 3.9.8.

Lemma 3.9.12. If C ∈ StrMonCat and w ∈ W sr
O ∪W sr

A , then

TStr(C, xO, x′O, xA, x′A) ` w = we.
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We now define the expansion wexp of a word as the word obtained by first reducing
w and then inserting unit constants wherever possible:

Definition 3.9.13. If C ∈ StrMonCat and w ∈ WO ∪WA, then wexp := (wr)e.

Combining Lemmas 3.9.8 and 3.9.12, we then have

TStr(C, xO, x′O, xA, x′A) ` w = (wr)e =: wexp

for any w ∈ WO ∪WA. Also, we have:

Lemma 3.9.14. If C ∈ StrMonCat and w ∈ W sr
O ∪W sr

A , then

wr →∗e w,

and hence (wr)e ≡ we.

Proof: If w ∈ WO is semi-reduced, then wr is obtained from w by deleting all
occurrences of cO,eC in w. Using →e, we can then insert these occurrences of cO,eC
back into wr to obtain w. Then (wr)e ≡ we follows by Lemma 3.9.11.

Lemma 3.9.15. If C ∈ StrMonCat and w ∈ WO ∪WA, then

(wexp)exp ≡ wexp.

Proof: See Appendix B.

Definition 3.9.16. Let C ∈ StrMonCat. We define the following functions

(−)dom, (−)cod : WC
A → WC

O ,

by induction on the structure of w ∈ WC
A :

• If w ∈ SC
A, then:

– If w ≡ xA, then wdom := dom(xA) and wcod := cod(xA), and similarly if
w ≡ x′A.

– If w ≡ id(xO), then wdom ≡ wcod := xO, and similarly if w ≡ id(x′O).

– If w ≡ id(dom(xA)), then wdom ≡ wcod := dom(xA), and similarly if w ∈
{id(cod(xA)), id(dom(x′A)), id(cod(x′A))}.
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– If w ≡ cA,f for some f : a→ b ∈ CA, then wdom := cO,a and wcod := cO,b.

• If w ≡ w1 ⊗A w2 for some w1, w2 ∈ WC
A , then we set

wdom := wdom
1 ⊗O wdom

2

and
wcod := wcod

1 ⊗O wcod
2 .

The following lemma is then easy to prove by induction on the structure of words:

Lemma 3.9.17. If C ∈ StrMonCat and w ∈ WC
A , then

TStr(C, xO, x′O, xA, x′A) ` cod(w) = wcod ∧ dom(w) = wdom.

Lemma 3.9.18. If C ∈ StrMonCat and w1, w2 ∈ WC
A , then

w1 →∗r w2 implies wdom
1 →∗r wdom

2 ,

and similarly for cod.

Proof: It suffices to show that w1 →r w2 implies wdom
1 →∗r wdom

2 , but this is obvi-
ous from the definition of →r.

Lemma 3.9.19. If C ∈ StrMonCat and w1, w2 ∈ W sr
A , then

w1 →∗e w2 implies wdom
1 →∗e wdom

2 ,

and similarly for cod.

Proof: Note first that if w1, w2 are semi-reduced, then wdom
1 , wdom

2 are also semi-
reduced. It suffices to show that if w1, w2 are semi-reduced and w1 →e w2, then
wdom

1 →∗e wdom
2 , but this is obvious from the definition of →e.



3. EXAMPLES 109

Definition 3.9.20. Let C ∈ StrMonCat. We define the following function

(−)id : WC
O → WC

A

by induction on the structure of w ∈ WC
O :

• If w ∈ SC
O, then:

– If w ≡ xO, then wid := id(xO), and similarly if w ≡ x′O.

– If w ≡ dom(xA), then wid := id(dom(xA)), and similarly if

w ∈ {cod(xA), dom(x′A), cod(x′A)}.

– If w ≡ cO,a for some a ∈ CO, then wid := cA,idC(a).

• If w ≡ w1 ⊗O w2, then
wid := wid

1 ⊗A wid
2 .

The following lemmas are then straightforward (if not trivial) to prove:

Lemma 3.9.21. For any C ∈ StrMonCat and w ∈ WC
O ,

TStr(C, xO, x′O, xA, x′A) ` id(w) = wid.

Lemma 3.9.22. If C ∈ StrMonCat and w ∈ WC,r
O , then wid ∈ WC,r

A .

Lemma 3.9.23. Let C ∈ StrMonCat.

• If w1, w2 ∈ WO, then

w1 →∗r w2 implies wid
1 →∗r wid

2 .

• If w1, w2 ∈ W sr
O , then

w1 →∗e w2 implies wid
1 →∗e wid

2 .

We now describe how to ‘compose’ two words u, v ∈ WA with udom ≡ vcod.
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Definition 3.9.24. Let C ∈ StrMonCat and let u, v ∈ SC
A with udom ≡ vcod. We

define a ‘letter’ u◦′ v ∈ SC
A as follows. By assumption, one of the following cases must

hold:

• If v ≡ xA, then vcod ≡ cod(xA) ≡ udom, so that u ≡ id(cod(xA)). Then we set
u ◦′ v := xA. Similarly, if v ≡ x′A, then we must have u ≡ id(cod(x′A)), and we
set u ◦′ v := x′A.

• If v ≡ id(xO), then vcod ≡ xO ≡ udom, so we must have u ≡ id(xO) as well. Then
we set u ◦′ v := id(xO). Similarly, if v ≡ id(x′O) then we must have u ≡ id(x′O) as
well, and we set u ◦′ v := id(x′O).

• If v ≡ id(dom(xA)), then vcod ≡ dom(xA) ≡ udom, so we must have u ≡ xA
or u ≡ id(dom(xA)). In the first case, we set u ◦′ v := xA, and in the sec-
ond case we set u ◦′ v := id(dom(xA)). The definition is analogous if v ∈
{id(cod(xA)), id(dom(x′A)), id(cod(x′A))}.

• If v ≡ cA,f for some f : a → a′ ∈ CA, then vcod ≡ cO,a′ ≡ udom. So then we
must have u ≡ cA,g for some g : a′ → a′′ ∈ CA. Then we set u ◦′ v := cA,g◦f .

Now let u, v ∈ WC
A with vcod ≡ udom. We define a word u ◦′ v ∈ WC

A as follows.
Since vcod ≡ udom, it follows that `(u) = `(v) = n for some n ≥ 1. So let u ≡
u1 ⊗A . . . ⊗A un and v ≡ v1 ⊗A . . . ⊗A vn with ui, vi ∈ SC

A. By assumption, we have
vcodi ≡ udomi for all 1 ≤ i ≤ n. So we set

u ◦′ v := (u1 ◦′ v1)⊗A . . .⊗A (un ◦′ vn) ∈ WC
A .

The following lemma is then immediate from the definitions:

Lemma 3.9.25. If C ∈ StrMonCat and u, v ∈ WC
A with vcod ≡ udom, then

(u ◦′ v)dom ≡ vdom

and
(u ◦′ v)cod ≡ ucod.

We also have:
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Lemma 3.9.26. Let C ∈ StrMonCat and u, v ∈ WC
A with vcod ≡ udom. Then

TStr(C, xO, x′O, xA, x′A) ` u ◦ v ↓

and
TStr(C, xO, x′O, xA, x′A) ` u ◦ v = u ◦′ v.

Proof: See Appendix B.

Now we have the following lemma collecting together several useful facts about the
previous definitions. Its proof may be found in Appendix B.

Lemma 3.9.27. Let C ∈ StrMonCat.

1. For any w ∈ WA, we have ((wr)dom)r ≡ (wdom)r and ((wr)cod)r ≡ (wcod)r.

2. For any w ∈ WA, we have (wexp)cod ≡ (wcod)exp and (wexp)dom ≡ (wdom)exp.

3. For any w ∈ WO ∪WA, we have (wexp)r ≡ wr and (wr)exp ≡ wexp.

4. For any u, v ∈ W sr
A with udom ≡ vcod, we have (((u ◦′ v)r)dom)r ≡ (vdom)r and

(((u ◦′ v)r)cod)r ≡ (ucod)r.

5. For any u, v ∈ W sr
A with vcod ≡ udom,

u ◦′ v →∗e ue ◦′ ve.

6. For any u, v ∈ W r
A with udom ≡ vcod, we have (u ◦′ v)exp ≡ ue ◦′ ve.

7. For any u, v ∈ W r
A with udom ≡ vcod, we have

(uexp ◦′ vexp)exp ≡ uexp ◦′ vexp ≡ (u ◦′ v)exp.

8. For any s, t, u ∈ W sr
A with sdom ≡ tcod and tdom ≡ ucod, we have s ◦′ (t ◦′ u) ≡

(s ◦′ t) ◦′ u.

9. For any w ∈ WO, we have (wid)dom ≡ w ≡ (wid)cod.

10. For any w ∈ WO, we have (wr)id ≡ (wid)r and (wexp)id ≡ (wid)exp.

11. For any w ∈ WA, we have w ◦′ (wdom)id ≡ w and (wcod)id ◦′ w ≡ w.
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12. For any C ∈ {O,A} and any u, v ∈ WC, we have

(ur ⊗C vr)r ≡ (u⊗C v)r ≡ (uexp ⊗C vexp)r.

13. For any s1, s2, t1, t2 ∈ W r
A with sdom1 ≡ scod2 and tdom1 ≡ tcod2 , we have (s1 ◦′ s2)⊗A

(t1 ◦′ t2) ≡ (s1 ⊗A t1) ◦′ (s2 ⊗A t2).

14. For any w ∈ WO, we have
(
w ⊗O cO,eC

)r ≡ wr ≡
(
cO,eC ⊗O w

)r
, and for any

w ∈ WA, we have
(
w ⊗A cA,id(eC)

)r ≡ wr ≡
(
cA,id(eC) ⊗A w

)r
.

15. For any C ∈ {O,A}, any s ∈ SC, and any w ∈ WC, we have (s ⊗C w)r ≡
(s⊗C wr)r and (w ⊗C s)r ≡ (wr ⊗C s)r.

16. For any s1, s2, t1, t2 ∈ W r
A with sdom1 ≡ scod2 and tdom1 ≡ tcod2 , we have

(s1 ⊗A t1)exp ◦′ (s2 ⊗A t2)exp ≡ ((s1 ⊗A t1) ◦′ (s2 ⊗A t2))exp.

We now define the previously mentioned ‘reduced word’ strict monoidal category C∗.

Definition 3.9.28 (Reduced Word Strict Monoidal Category). For any C ∈
StrMonCat, we define a partial ΣStr-structure (i.e. strict monoidal category structure)
C∗ as follows:

• We set
C∗O := W r

O

and
C∗A := W r

A.

• We define id∗ : C∗O → C∗A (using Lemma 3.9.22) as follows:

id∗ := (−)id : W r
O → W r

A.

• We define dom∗, cod∗ : C∗A → C∗O as follows. For any w ∈ W r
A, we set

dom∗(w) := (wdom)r ∈ W r
O

and
cod∗(w) := (wcod)r ∈ W r

O.
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• We define the partial composition function ◦∗ : C∗A×C∗A ⇁ C∗A as follows. First,
we set

dom(◦∗) :=
{

(s, t) ∈ W r
A ×W r

A : (tcod)exp ≡ (sdom)exp
}
.

Now let (s, t) ∈ dom(◦∗), so that (tcod)exp ≡ (sdom)exp. Then by Lemma 3.9.27.2,
we have

(texp)cod ≡ (tcod)exp ≡ (sdom)exp ≡ (sexp)dom,

so we set
s ◦∗ t := (sexp ◦′ texp)r ∈ W r

A

(in the sense of Definition 3.9.24).

• We define e∗ ∈ C∗O as e∗ := cO,eC ∈ W r
O.

• For C ∈ {O,A}, we define⊗∗C : C∗C×C∗C → C∗C as follows. For any w1, w2 ∈ W r
C ,

we set
w1 ⊗∗C w2 := (w1 ⊗C w2)r ∈ W r

C .

Let us try to give some intuition for why we have defined composition in C∗ the
way we have. Given how we have defined dom∗ and cod∗ (which seems quite natural),
then in order for C∗ to be a category, the composition operation ◦∗ will need to have
the property that if s, t ∈ C∗A = W r

A satisfy dom∗(s) = cod∗(t), i.e. (sdom)r ≡ (tcod)r,
then (s, t) ∈ dom(◦∗). However, if s, t ∈ W r

A satisfy (sdom)r ≡ (tcod)r, it may not be
obvious how to compose them (using the operation ◦′ of Definition 3.9.24) to obtain
a reduced word s ◦∗ t ∈ W r

A. For example, let f : a → eC and g : eC → b be arrows
of C with f, g 6= id(eC), and consider the reduced words s := id(xO) ⊗A cA,g and
t := cA,f ⊗A id(xO). Then

(sdom)r ≡
(
xO ⊗O cO,eC

)r ≡ xO ≡
(
cO,eC ⊗O xO

)r ≡ (tcod)r,

so s and t should be composable in C∗. However, we have

sdom ≡ xO ⊗O cO,eC 6≡ cO,eC ⊗O xO ≡ tcod,

so we cannot directly apply Definition 3.9.24 to ‘syntactically’ compose s and t.
However, we do have

(sdom)exp ≡ ((sdom)r)e ≡ xeO ≡ cO,eC ⊗O xO ⊗O cO,eC ≡ xeO ≡ ((tcod)r)e ≡ (tcod)exp,

and hence (by Lemma 3.9.27.2) we have (sexp)dom ≡ (texp)cod, so that we can ‘syntac-
tically’ compose sexp and texp using Definition 3.9.24. As a result, we stipulate that
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(s, t) should be in dom(◦∗) if (sdom)exp ≡ (tcod)exp, which implies (sexp)dom ≡ (texp)cod

by Lemma 3.9.27.2, and then we define s ◦∗ t := (sexp ◦′ texp)r.
Roughly speaking, two reduced words s, t ∈ W r

A may look very different and yet
have the property that dom∗(s) = cod∗(t), i.e. (sdom)r ≡ (tcod)r, because sdom and tcod

may be ‘equal’ up to (many) occurrences of cO,eC in potentially different positions.
But once we ‘expand’ (sdom)r and (tcod)r using →e to insert cO,eC wherever possible,
the resulting words will be identical, and then the resulting expanded versions of s
and t will indeed be ‘syntactically’ composable.

Using primarily Lemma 3.9.27, we now have:

Proposition 3.9.29. For any C ∈ StrMonCat, the partial ΣStr-structure C∗ is a
model of TStr, i.e. C∗ is a strict monoidal category.

Proof: See Appendix B.

We now define an ‘inclusion’ strict monoidal functor iC : C→ C∗.

Definition 3.9.30. Let C ∈ StrMonCat. We define a strict monoidal functor

iC : C→ C∗

as follows:

• For any object a ∈ CO,

iC(a) := cO,a ∈ C∗O = W r
O.

• For any arrow f ∈ CA,

iC(f) := cA,f ∈ C∗A = W r
A.

Justification. For the verification that iC is a well-defined strict monoidal functor,
see Appendix B.

Incidentally, although this will not be used in what follows, we have the following
universal property of the reduced word strict monoidal category C∗, whose proof may
be found in Appendix B:

Proposition 3.9.31. Let C ∈ StrMonCat. If D ∈ StrMonCat and F : C → D is a
strict monoidal functor and a, a′ ∈ DO are objects and f, f ′ ∈ DA are arrows, then
there is a unique strict monoidal functor F ∗ : C∗ → D with F ∗ ◦ iC = F and

F ∗(xO) = a, F ∗(x′O) = a′, F ∗(xA) = f, F ∗(x′A) = f ′.
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Thus,
C∗ ∼= C〈xO, x′O, xA, x′A〉 ∈ StrMonCat.

For any C ∈ StrMonCat, consider the strict monoidal category C〈xO, x′O, xA, x′A〉
obtained from C by freely adjoining ‘indeterminate’ objects xO, x

′
O and ‘indeterminate’

arrows xA, x
′
A. We have just constructed a strict monoidal functor iC : C → C∗, and

we also have xO, x
′
O ∈ C∗O = W r

O and xA, x
′
A ∈ C∗A = W r

A. So by the universal property
of C〈xO, x′O, xA, x′A〉 (cf. Proposition 2.2.10), there is a unique strict monoidal functor

i∗C : C〈xO, x′O, xA, x′A〉 → C∗

such that
i∗C ◦ ηCO,O,A,A = iC : C→ C∗

(where ηCO,O,A,A : C→ C〈xO, x′O, xA, x′A〉 is the canonical strict monoidal functor) and

i∗C([xO]) = xO, i
∗
C([x′O]) = x′O, i

∗
C([xA]) = xA, and i∗C([x′A]) = x′A.

We now have:

Lemma 3.9.32. Let C ∈ StrMonCat and C ∈ {O,A}. Then for any w ∈ WC (so
that [w]C ∈ C〈xO, x′O, xA, x′A〉C) we have

i∗C([w]C) = wr ∈ C∗C = W r
C .

Proof: See Appendix B.

At last, we can show:

Proposition 3.9.33. If C ∈ StrMonCat and w1, w2 ∈ W r
O ∪W r

A are reduced words of
the same sort such that TStr(C, xO, x′O, xA, x′A) ` w1 = w2, then w1 ≡ w2.

Proof: Let w1, w2 ∈ W r
C for some C ∈ {O,A}, and suppose that

TStr(C, xO, x′O, xA, x′A) ` w1 = w2.

We must show that w1 ≡ w2. The assumption implies that [w1]C = [w2]C holds
in C〈xO, x′O, xA, x′A〉C . Also, since w1, w2 are reduced, we have by Lemma 3.9.7 that
w1 ≡ wr1 and w2 ≡ wr2. Then by Lemma 3.9.32, we obtain

w1 ≡ wr1 ≡ i∗C([w1]C) = i∗C([w2]C) ≡ wr2 ≡ w2,



3. EXAMPLES 116

as desired.

Proposition 3.9.33 implies that any term t ∈ Termc(ΣStr(C, xO, x′O, xA, x′A)) with
TStr(C, xO, x′O, xA, x′A) ` t ↓ is provably equal to at most one reduced word in WO∪WA.
The following lemma (whose proof is deferred to Appendix B) says that any such term
is provably equal to at least one word in WO ∪ WA, and hence (by Lemma 3.9.8) to
exactly one reduced word.

Lemma 3.9.34. Let C ∈ StrMonCat. If t ∈ Termc(ΣStr(C, xO, x′O, xA, x′A)) with
TStr(C, xO, x′O, xA, x′A) ` t ↓, then:

• If t : O, then [t] = [w] for some w ∈ WC
O .

• If t : A, then [t] = [w] for some w ∈ WC
A .

Combining Lemmas 3.9.8 and 3.9.34 with Proposition 3.9.33, we conclude that any
term t ∈ Termc(ΣStr(C, xO, x′O, xA, x′A)) with TStr(C, xO, x′O, xA, x′A) ` t ↓ is provably
equal to a unique reduced word of the same sort.

Now we finally return to the task of giving an explicit description of the isotropy
group of a strict monoidal category C. Our aim is to show that

GTStr
(C) =

{ (
[cO,a ⊗O xO ⊗O cO,a−1 ] ,

[
cA,id(a) ⊗A xA ⊗A cA,id(a−1)

])
∈ C〈xO〉O × C〈xA〉A

: a ∈ CO is invertible in the monoid (CO,⊗C
O, e

C) with inverse a−1 ∈ CO.

}
.

Toward this goal, we first state the more straightforward right-to-left inclusion, whose
proof may be found in Appendix B.

Proposition 3.9.35. Let C ∈ StrMonCat. If a ∈ CO is invertible in the monoid
(CO,⊗C

O, e
C) with inverse b ∈ CO, then(

[cO,a ⊗O xO ⊗O cO,b] ,
[
cA,id(a) ⊗A xA ⊗A cA,id(b)

])
∈ GTStr

(C).

Lemma 3.9.36. Let C ∈ StrMonCat.

1. For any distinct variables y1, y2 : O, we have TStr(C) 0y1,y2 y1 = y2.

2. For any distinct variables y1, y2 : A, we have TStr(C) 0y1,y2 y1 = y2.
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Proof: By Lemma 3.1.2, it suffices to show that there is a small strict monoidal
category D with at least two objects (and hence at least two arrows) and a strict
monoidal functor F : C→ D. We take D := C∗ and F := iC : C→ C∗. Note that C∗
has at least two objects, because (e.g.) xO, x

′
O ∈ C∗O = W r

O and xO 6= x′O.

Now we prove the converse inclusion:

Proposition 3.9.37. Let C ∈ StrMonCat, and let ([sO], [sA]) ∈ C〈xO〉O × C〈xA〉A.
If ([sO], [sA]) ∈ GTStr

(C), then there is some object a ∈ CO that is invertible in the
monoid (CO,⊗C

O, e
C) with inverse b ∈ CO and

([sO], [sA]) = ([ca ⊗O xO ⊗O cb], [cid(a) ⊗A xA ⊗A cid(b)]).

Proof: Let ([sO], [sA]) ∈ C〈xO〉O × C〈xA〉A with ([sO], [sA]) ∈ GTStr
(C). Since

[sO] ∈ C〈xO〉O and [sA] ∈ C〈xA〉A, we have that sO ∈ Termc(ΣStr(C, xO))O is a term
of sort O with TStr(C, xO) ` sO ↓, and similarly sA ∈ Termc(ΣStr(C, xA))A is a term
of sort A with TStr(C, xA) ` sA ↓. So sO, sA ∈ Termc(ΣStr(C, xO, x′O, xA, x′A)) are terms
with TStr(C, xO, x′O, xA, x′A) ` sO ↓ ∧sA ↓. By Lemmas 3.9.34 and 3.9.8, it follows that
there are reduced words wO ∈ W r

O and wA ∈ W r
A with

[sO] = [wO] ∈ C〈xO, x′O, xA, x′A〉O

and
[sA] = [wA] ∈ C〈xO, x′O, xA, x′A〉A.

Since ([sO], [sA]) = ([wO], [wA]) ∈ GTStr
(C), it follows that this pair commutes generi-

cally with the ⊗O operation symbol. This means that

TStr(C, xO, x′O) ` wO[xO ⊗O x′O/xO] = wO ⊗O wO[x′O/xO].

So this equation is provable in TStr(C, xO, x′O, xA, x′A) as well. Since wO is reduced,
it is easy to see that wO[xO ⊗O x′O/xO] and wO[x′O/xO] are reduced as well, so that
(by Lemma 3.9.7) we have wO[xO ⊗O x′O/xO]r ≡ wO[xO ⊗O x′O/xO] and wO[x′O/xO]r ≡
wO[x′O/xO]. So by Lemma 3.9.8, we obtain

TStr(C, xO, x′O, xA, x′A) ` wO[xO ⊗O x′O/xO] = (wO ⊗O wO[x′O/xO])r.

Then by Proposition 3.9.33, it follows that

wO[xO ⊗O x′O/xO] ≡ (wO ⊗O wO[x′O/xO])r. (?)

Now, suppose towards a contradiction that wO has at least two occurrences of xO.
Then in (wO ⊗O wO[x′O/xO])r, all occurrences of xO will occur to the left of all occur-
rences of x′O. But in wO[xO ⊗O x′O/xO], there will be an occurrence of x′O to the left of



3. EXAMPLES 118

an occurrence of xO. But this contradicts the fact (?) that these words are identical.
So it follows that wO has at most one occurrence of xO.

By Lemmas 2.2.56 and 3.9.36, it also follows that wO must have at least one
occurrence of xO, since ([wO], [wA]) ∈ GTStr

(C) (and CO is non-empty, because eC ∈
CO). So wO has exactly one occurrence of xO.

So (since wO is reduced), either wO ≡ xO, or there are a, b 6= eC ∈ CO such that
wO ∈ {ca ⊗O xO, xO ⊗O ca, ca ⊗O xO ⊗O cb}. If wO ≡ xO, then we have

[sO] = [wO] = [xO] = [e⊗O xO ⊗O e] = [ceC ⊗O xO ⊗O ceC ],

which is of the desired form (since obviously eC ⊗C
O e

C = eC). Otherwise, we reason
as follows. If wO ≡ ca ⊗O xO for some a 6= eC ∈ CO, then by (?), we would obtain

ca ⊗O xO ⊗O x′O ≡ (ca ⊗O xO ⊗O ca ⊗O x′O)r ≡ ca ⊗O xO ⊗O ca ⊗O x′O,

which is false. Similarly, we cannot have wO ≡ xO ⊗O ca for some a 6= eC ∈ CO.
Hence, if wO 6≡ xO, then we must have wO ≡ ca ⊗O xO ⊗O cb for some a, b 6= eC ∈ CO.

Now we show that a⊗C
O b = eC = b⊗C

O a. By (?), we have

ca ⊗O xO ⊗O x′O ⊗O cb ≡ (ca ⊗O xO ⊗O cb ⊗O ca ⊗O x′O ⊗O cb)r

≡ (ca ⊗O xO ⊗O cb⊗C
Oa
⊗O x′O ⊗O cb)r.

This implies that we must have cb⊗C
Oa
≡ ceC and hence b⊗C

O a = eC, as desired.

Since ([sO], [sA]) = ([wO], [wA]) ∈ GTStr
(C), it follows that ([wO], [wA]) commutes

generically with the constant e : O, which means that

TStr(C) ` wO[e/xO] = e,

i.e.
TStr(C) ` ca ⊗O e⊗O cb = e.

Then we have
TStr(C) ` e = ca ⊗O e⊗O cb = ca ⊗O cb = ca⊗C

Ob
.

Since the canonical ΣStr(C)-structure Ĉ is a model of TStr(C), it follows (by soundness

of partial Horn logic) that Ĉ |= ca⊗C
Ob

= e, which implies that a⊗C
O b = eC, as desired.

In summary, we have shown that

[sO] = [ca ⊗O xO ⊗O cb]

for some a ∈ CO that is invertible in the monoid (CO,⊗C
O, e

C) with inverse b ∈ CO.
Now we consider [sA] = [wA], with wA ∈ W r

A. As for [sO] = [wO] (now using the
assumption that ([sO], [sA]) = ([wO], [wA]) ∈ GTStr

(C) commutes generically with the



3. EXAMPLES 119

⊗A operation symbol), we can show that [sA] = [wA] = [cf ⊗A xA ⊗A cg] for some
f, g ∈ CA. To complete the proof, we must show that

[sA] = [cf ⊗A xA ⊗A cg] = [cid(a) ⊗A xA ⊗A cid(b)].

Since ([wO], [wA]) ∈ GTStr
(C) commutes with the function symbol id : O → A, this

means that the sequent
> ` wA[id(xO)/xA] = id(wO)

is provable in TStr(C, xO) (since TStr(C, xO) ` id(xO) ↓), which implies that

TStr(C, xO, x′O, xA, x′A) ` cf ⊗A id(xO)⊗A cg = cid(a) ⊗A id(xO)⊗A cid(b),

and hence

TStr(C, xO, x′O, xA, x′A) ` (cf ⊗A id(xO)⊗A cg)r = (cid(a) ⊗A id(xO)⊗A cid(b))
r

by Lemma 3.9.8. Then by Proposition 3.9.33, we obtain

(cf ⊗A id(xO)⊗A cg)r ≡ (cid(a) ⊗A id(xO)⊗A cid(b))
r,

which easily implies that cf ≡ cid(a) and cg ≡ cid(b). Hence, we have f = id(a) and
g = id(b), so that

[sA] = [wA] = [cid(a) ⊗A xA ⊗A cid(b)],

as desired. This completes the proof of Proposition 3.9.37.

From Propositions 3.9.35 and 3.9.37 we conclude:

Proposition 3.9.38. If C ∈ StrMonCat, then

GTStr
(C) =

{ (
[cO,a ⊗O xO ⊗O cO,a−1 ] ,

[
cA,id(a) ⊗A xA ⊗A cA,id(a−1)

])
∈ C〈xO〉O × C〈xA〉A

: a ∈ CO is invertible in the monoid (CO,⊗C
O, e

C) with inverse a−1 ∈ CO.

}
.

We now give a categorical description of ZTStr
(C) derived from the logical description

of GTStr
(C).

Definition 3.9.39 (Strict Monoidal Inner Automorphisms). If D ∈ StrMonCat
and d ∈ DO is invertible in the monoid (DO,⊗D

O, e
D) with inverse d−1 ∈ DO, then the

strict monoidal automorphism
conjd : D ∼−→ D

(with inverse conjd−1 : D ∼−→ D) is defined as follows:
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• For any object x ∈ DO,

conjd(x) := d⊗D
O x⊗D

O d
−1.

• For any morphism f ∈ DA,

conjd(f) := idD(d)⊗D
A f ⊗D

A idD(d−1).

We say that a strict monoidal automorphism F : D ∼−→ D is an inner automor-
phism if there is some d ∈ Inv(DO,⊗D

O, e
D) with F = conjd.

Corollary 3.9.40. If C ∈ StrMonCat and

π = (πF : cod(F )→ cod(F ))F∈Dom(C)

is a Dom(C)-indexed family of endomorphisms in StrMonCat, then π ∈ ZTStr
(C) iff

there is a (uniquely determined) element a ∈ Inv(CO,⊗C
O, e

C) with

πF = conjF (a) : cod(F )
∼−→ cod(F )

for every F ∈ Dom(C).

Proof: Aside from the uniqueness part, the result easily follows from Corollary
2.2.42 and Proposition 3.9.38. For the uniqueness assertion, let a, b ∈ Inv(CO,⊗C

O, e
C)

with
[ca ⊗O xO ⊗O ca−1 ] = [cb ⊗O xO ⊗O cb−1 ];

we must show that a = b. By Lemma 3.9.8, we have

TStr(C, xO, x′O, xA, x′A) ` (ca ⊗O xO ⊗O ca−1)r = (cb ⊗O xO ⊗O cb−1)r .

Then by Proposition 3.9.33, we obtain

(ca ⊗O xO ⊗O ca−1)r ≡ (cb ⊗O xO ⊗O cb−1)r ,

which easily implies that we must have ca ≡ cb and hence a = b, as desired.

Corollary 3.9.41. Let F : C ∼−→ C be a strict monoidal automorphism of C ∈
StrMonCat. Then F is an inner automorphism of C iff there is some π ∈ ZTStr

(C)
with πidC = F .
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Proof: Suppose first that F is an inner automorphism of C, so that there is some
a ∈ Inv(CO,⊗C

O, e
C) with F = conja : C ∼−→ C. For any strict monoidal category D

and strict monoidal functor G : C → D, define the strict monoidal automorphism
πG : D ∼−→ D by

πG := conjG(a) : D ∼−→ D.

Then by Corollary 3.9.40, it follows that the family

π :=
(
πG : cod(G)

∼−→ cod(G)
)
G∈Dom(C)

∈ ZTStr
(C)

and
πidC := conjidC(a) = conja = F : C ∼−→ C,

as desired.
Now suppose that there is some π =

(
πG : cod(G)

∼−→ cod(G)
)
G∈Dom(C)

∈ ZTStr
(C)

with πidC = F : C ∼−→ C. Then by Corollary 3.9.40, there is a (uniquely determined)
object a ∈ Inv(CO,⊗C

O, e
C) with πG = conjG(a) : D ∼−→ D for every strict monoidal

functor G : C→ D. Then we have

F = πidC = conjidC(a) = conja : C ∼−→ C,

so that F is an inner automorphism of C, as desired.

For our last corollary, we need the following definition:

Definition 3.9.42. We define the functor U : StrMonCat→ Mon as follows:

• For C ∈ StrMonCat, we set

U(C) := (CO,⊗C
O, e

C) ∈ Mon.

• If F = (FO, FA) : C→ D is a morphism in StrMonCat, then we set

U(F ) := FO : (CO,⊗C
O, e

C)→ (DO,⊗D
O, e

D).

Corollary 3.9.43. The isotropy group

ZTStr
∼= GTStr

: StrMonCat→ Group

is naturally isomorphic to the functor Inv ◦ U : StrMonCat→ Group.
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Proof: We must define a natural isomorphism ϕ : GTStr

∼
==⇒ Inv ◦ U . So let C be

a (small) strict monoidal category; we define a group isomorphism

ϕC : GTStr
(C)→ Inv(U(C)) = Inv(CO,⊗C

O, e
C).

Appealing to Proposition 3.9.38, if a ∈ Inv(CO,⊗C
O, e

C), then we define ϕC by(
[ca ⊗O xO ⊗O ca−1 ], [cida ⊗A xA ⊗A cida−1 ]

)
7→ a.

The argument given in the proof of Corollary 3.9.40 shows that ϕC is well-defined.
To show that ϕC is a group homomorphism, it suffices to show for a, b ∈ Inv(CO,⊗C

O, e
C)

that

ϕC

([
ca⊗C

Ob
⊗O xO ⊗O c(a⊗C

Ob)
−1

]
,

[
cid(a⊗C

Ob)
⊗A xA ⊗A cid

(
(a⊗C

Ob)
−1
)]) = a⊗C

O b,

which is true by definition. Lastly, it is obvious that ϕC is injective, and it is surjective
by Proposition 3.9.35. This completes the proof that ϕC : GTStr

(C)
∼−→ Inv(CO,⊗C

O, e
C)

is a group isomorphism.
To show naturality, let F = (FO, FA) : C→ D be a morphism in StrMonCat, and

let us show

Inv(FO) ◦ ϕC = ϕD ◦GTStr
(F ) : GTStr

(C)→ Inv(DO,⊗D
O, e

D).

For any a ∈ Inv(CO,⊗C
O, e

C), we have

Inv(FO)
(
ϕC
(
[ca ⊗O xO ⊗O ca−1 ] ,

[
cid(a) ⊗A xA ⊗A cid(a−1)

]))
= Inv(FO)(a)

= FO(a)

= ϕD
([
cFO(a) ⊗O xO ⊗O cFO(a)−1

]
,
[
cid(FO(a)) ⊗A xA ⊗A cid(FO(a)−1)

])
= ϕD

(
GTStr

(F )
(
[ca ⊗O xO ⊗O ca−1 ] ,

[
cid(a) ⊗A xA ⊗A cid(a−1)

]))
,

as required. This completes the proof that ϕ : GTStr

∼
==⇒ Inv ◦ U is a natural isomor-

phism.

Let Disc : Mon→ StrMonCat be the functor that sends any monoid M to the discrete
strict monoidal category Disc(M) with Disc(M)O = M . From Corollary 3.9.43 we
then easily obtain:

Corollary 3.9.44. The isotropy group

ZTStr
∼= GTStr

: StrMonCat→ Group
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is naturally isomorphic to the functor

ZTStr
◦ Disc ◦ U : StrMonCat→ Mon→ StrMonCat→ Group.

To summarize, we have shown that if C is any strict monoidal category whose object
monoid (CO,⊗C

O, e
C) contains non-trivial invertible elements, then C has non-trivial

isotropy group isomorphic to Inv(CO,⊗C
O, e

C).

3.10 Other Examples

As the reader can probably tell, many of the examples in this chapter suggest that
the isotropy group of a quasi-equational theory encodes a notion of ‘conjugation’ or
‘inner automorphism’ for (models of) the theory. In fact, it makes sense to now state
the following definition:

Definition 3.10.1 (Inner Automorphisms). Let T be a quasi-equational theory
over a relation-free signature Σ, and let M ∈ PTmod. We say that an automorphism
f : M

∼−→ M is an inner automorphism if one of the following equivalent conditions
holds:

• There is an element π ∈ ZT(M) with

f = πidM : M
∼−→M.

• There is an element ([sC ])C ∈ GT(M) with

f = (s∗C : MC →MC)C : M
∼−→M.

We now also sketch another quasi-equational theory whose isotropy groups we have
(partly) computed, but whose treatment we have chosen not to include in this thesis,
mainly for reasons of space:

• Racks and Quandles: Racks and quandles are algebraic structures that axioma-
tize the notion of conjugation (without reference to multiplication or inverses).
Both theories may be expressed as algebraic theories over a single-sorted signa-
ture with two binary function symbols � and �−1. The axioms for the theory
of racks are as follows:
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– > `x,y,z x� (y � z) = (x� y) � (x� z).

– > `x,y,z x�−1 (y �−1 z) = (x�−1 y) �−1 (x�−1 z).

– > `x,y (x� y) �−1 y = x.

– > `x,y (x�−1 y) � y = x.

The axioms for the theory of quandles are the axioms for the theory of racks
together with the following additional axiom:

– > `x x� x = x = x�−1 x.

For example, a quandle structure can be specified on (the underlying set of)
any group G by setting g � h := h−1gh and g �−1 h := hgh−1 for any g, h ∈ G.
Using the translation of the word problems for free racks and quandles into
the word problem for free groups given in [7], we have then shown that the
isotropy group of any free quandle on n generators is isomorphic to the free
group on n generators, while the isotropy group of any free rack on n generators
is isomorphic to the product of the additive group Z with the free group on n
generators. See also [13, 4.9].



Chapter 4

Closure Properties

In this chapter, we will investigate how modifying the signature and/or axioms of a
quasi-equational theory can change the isotropy group of the theory. Specifically, we
will examine what happens to the isotropy group of a quasi-equational theory if we
add a new function symbol to its signature, and we will compute the isotropy group
of a disjoint union of quasi-equational theories in terms of the isotropy groups of the
component theories.

4.1 Adding a Constant

For this section, fix a quasi-equational theory T over a relation-free signature Σ.

Definition 4.1.1. Let d /∈ Σ be a new constant symbol of some sort A ∈ Σ.

• We define Σd to be the following relation-free signature:

– (Σd)Sort := ΣSort.

– (Σd)Fun := ΣFun ∪ {d : A}.

• We define Td to be the quasi-equational theory over Σd whose axioms are those
of T together with the additional axiom

> ` d ↓ .

An object of PTdmod is therefore just a pair (M,dM) with M ∈ PTmod and dM ∈MA,
while a Σd-morphism h : (M,dM) → (N, dN) between Td-models is a Σ-morphism
h : M → N such that hA(dM) = dN . The following result is now not too surprising:
the elements of isotropy of a model (M,dM) of Td can be identified with the elements
of isotropy of M that preserve dM :

125
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Proposition 4.1.2. Let M ∈ PTmod. For any dM ∈MA,

ZTd
(M,dM) ∼=

{
π ∈ ZT(M) : πAidM (dM) = dM

}
.

Proof: Let M ∈ PTmod and dM ∈ MA. Note first that the righthand side of the
above isomorphism is a subgroup of ZT(M), and hence is a group. We define a group
isomorphism

ϕd
M

: ZTd
(M,dM)

∼−→
{
π ∈ ZT(M) : πAidM (dM) = dM

}
.

Let
τ =

(
τf : cod(f)

∼−→ cod(f)
)
f∈Dom(M,dM )

∈ ZTd
(M,dM).

We want to define
ϕd

M

(τ) ∈ ZT(M).

To do this, let F : M → N be any morphism in PTmod with domain M ; we must
define a Σ-automorphism

ϕd
M

(τ)F : N
∼−→ N.

We have dM ∈ MA, and hence FA(dM) ∈ NA, so that
(
N,FA(dM)

)
∈ PTdmod and

F : (M,dM)→
(
N,FA(dM)

)
is a Σd-morphism. Then

τF :
(
N,FA(dM)

) ∼−→ (
N,FA(dM)

)
is a Σd-automorphism, and hence in particular a Σ-automorphism of N . So we set

ϕd
M

(τ)F := τF : N
∼−→ N,

which completes the definition of ϕd
M

(τ). Since τ ∈ ZTd
(M,dM), it easily follows

that ϕd
M

(τ) satisfies the naturality condition to be an element of ZT(M). Finally, we
have

ϕd
M

(τ)AidM (dM) = τAidM (dM) = dM ,

because τidM : (M,dM)
∼−→ (M,dM) is a Σd-morphism. So

ϕd
M

(τ) ∈
{
π ∈ ZT(M) : πAidM (dM) = dM

}
.

It is then trivial to verify that ϕd
M

is an injective group homomorphism.
For surjectivity, let π ∈ ZT(M) with πAidM (dM) = dM . We must define τ ∈

ZTd
(M,dM) with ϕd

M
(τ) = π. So let F : (M,dM) → (N, dN) be any morphism in

PTdmod with domain (M,dM); we must define a Σd-automorphism

τF : (N, dN)
∼−→ (N, dN).
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Since F is in particular a Σ-morphism M → N , we have a Σ-automorphism

πF : N
∼−→ N.

We also have

dN = FA(dM)

= FA(πAidM (dM))

= (F ◦ πidM )A(dM)

= (πF ◦ F )A(dM)

= πAF (FA(dM))

= πAF (dN),

so that πF : (N, dN)
∼−→ (N, dN) is also a Σd-automorphism (the fourth equality holds

because π ∈ ZT(M)). So we define

τF := πF : (N, dN)
∼−→ (N, dN).

Since π ∈ ZT(M), it easily follows that τ ∈ ZTd
(M,dM). And we clearly have

ϕd
M

(τ) = π,

which proves that ϕd
M

is surjective and thus a group isomorphism.

Corollary 4.1.3. Let M ∈ PTmod. For any dM ∈MA,

GTd
(M,dM) ∼=

{
([sC ])C ∈ GT(M) : s∗A

(
dM
)

= dM
}
.

Thus, the isotropy group of a model of Td is just (isomorphic to) the subgroup of the
isotropy group of the underlying model of T consisting of all elements of isotropy that
preserve the interpretation of the constant d. Recalling the examples of the preceding
chapter, we then easily obtain the following corollary:

Corollary 4.1.4.

• Let T be the totally defined theory of monoids and let d be a new constant of
the unique sort of ΣMon. Then for any monoid M and dM ∈M ,

ZTd
(M,dM) ∼= {m ∈ Inv(M) : mdM = dMm}.
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• Let T be the totally defined theory of groups and let d be a new constant of the
unique sort of ΣGroup. Then for any group G and dG ∈ G,

ZTd
(G, dG) ∼= {g ∈ G : gdG = dGg}.

• Let T be the theory of strict monoidal categories.

– If d is a new constant of sort O, then for any C ∈ StrMonCat and dC ∈ CO,

ZTd
(C, dC) ∼= {a ∈ Inv(CO,⊗C

O, e
C) : a⊗C

O d
C = dC ⊗C

O a}.

– If d is a new constant of sort A, then for any C ∈ StrMonCat and dC ∈ CA,

ZTd
(C, dC) ∼= {a ∈ Inv(CO,⊗C

O, e
C) : idC(a)⊗C

A d
C = dC ⊗C

A idC(a)}.

The following corollary is immediate from Proposition 4.1.2.

Corollary 4.1.5. If T has trivial isotropy, then so does Td.

Recall that a fixed point of a total function f : X → X is an element x ∈ X with
f(x) = x. The following corollary is now immediate from Corollary 4.1.3.

Corollary 4.1.6. Td has trivial isotropy

iff

For any M ∈ PTmod and ([sC ])C ∈ GT(M), if ([sC ])C 6= ([xC ])C, then the total
function s∗A : MA →MA has no fixed points.

Remark 4.1.7.

• For a simple example where T and Td both have non-trivial isotropy, consider
the totally defined theory of groups TGroup. Then TGroup has non-trivial isotropy;
in particular, every non-trivial group has non-trivial isotropy group (isomorphic
to itself). So if G is any non-trivial group, then by Corollary 4.1.4 it follows
that (G, eG) has non-trivial isotropy as well, so that (TGroup)d has non-trivial
isotropy. Thus, it is not generally the case that if T has non-trivial isotropy,
then Td has trivial isotropy.
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• It is also not generally the case that if T has non-trivial isotropy, then Td will
have non-trivial isotropy as well. For a counter-example (due to Simon Henry),
let T be the quasi-equational theory over the signature ΣInv whose axioms are
those of TInv together with the new axiom

f(x) = x `x,y,z y = z

for pairwise distinct variables x, y, z of the unique sort of ΣInv. A model of T is
thus either a set with at most one element equipped with the unique endofunc-
tion, or else a set with at least two elements equipped with an involution that
has no fixed points. If M is any model of T, then by computations extremely
similar to those in Section 3.4, we have ZT(M) ∼= Z2, so that in particular T
has non-trivial isotropy.

Now let d be a constant symbol of the unique sort of ΣInv, and let us show that Td
has trivial isotropy. By Corollary 4.1.6, it suffices to show for any M ∈ PTmod
that if [f(x)] 6= [x] ∈ GT(M), then fM : M → M has no fixed points. We
will prove the contrapositive: so suppose that fM has a fixed point, and let us
show that [f(x)] = [x], i.e. that T(M, x) ` f(x) = x, i.e. (by Lemma 3.1.2) that
if N is any model of T for which there is a ΣInv-morphism h : M → N , then
fN : N → N is the identity involution. Let m ∈ M be a fixed point of fM .
Since M is a model of T, it follows that (the underlying set of) M is just the
singleton {m}. If N ∈ PTmod and h : M → N is a ΣInv-morphism, then we
have fN(h(m)) = h(fM(m)) = h(m), so that fN has a fixed point h(m). But
since N is a model of T, it then follows that N = {h(m)} is a singleton, so that
fN is the identity involution. This proves that T(M, x) ` f(x) = x if fM has a
fixed point, which shows that ZTd

(M) is trivial and hence that Td has trivial
isotropy, even though T does not.

• If, instead of defining Td to be the theory over Σd that extends T by adding
the axiom > ` d ↓, we simply define Td to be the theory T itself, now regarded
as a theory over the signature Σd, then a model of Td is a pair (M,dM), with
M ∈ PTmod and dM : {∗} ⇁ MA a partial function. It is then trivial to see
that the proof of Proposition 4.1.2 carries over to this definition of Td essentially
unchanged, leading to the following modification of Proposition 4.1.2, and an
analogous modification of Corollary 4.1.3:

If M ∈ PTmod and dM : {∗}⇁MA, then

ZTd
(M,dM) ∼=

{
π ∈ ZT(M) : πAidM ◦ d

M = dM
}
.
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As shown in the remark, there are examples of quasi-equational theories T with
non-trivial isotropy such that Td also has non-trivial isotropy. However, as we will
show in the next section, the situation is not necessarily the same if we add a totally
defined non-constant function symbol to a quasi-equational theory; except in some
relatively trivial cases, regardless of whether the initial theory has trivial or non-trivial
isotropy, part of the isotropy of the resulting theory over the expanded signature will
always trivialize.

4.2 Adding a Non-Constant Function Symbol

Again, fix a quasi-equational theory T over a relation-free signature Σ.

Definition 4.2.1. Let f : A1 × . . . × An → A be a function symbol not in Σ, with
n ≥ 1 and A1, . . . , An, A ∈ ΣSort.

• We define Σf to be the following signature:

– (Σf )Sort := ΣSort.

– (Σf )Fun : ΣFun ∪ {f}.

• We define Tf to be the quasi-equational theory over Σf whose axioms are those
of T together with the additional axiom

> `x1,...,xn f(x1, . . . , xn) ↓,

where x1 : A1, . . . , xn : An are pairwise distinct variables.

An object of PTfmod is then just a pair (M, fM), where M ∈ PTmod and fM :
MA1 × . . .×MAn →MA is a total function.

We will prove (cf. Proposition 4.2.4) that if (M, fM) ∈ PTfmod, then ‘part’ of
the isotropy of (M, fM) is guaranteed to be trivial (provided that T and/or the sorts
{A1, . . . , An, A} involved in f satisfy certain conditions). To motivate this result, let
us assume that T is a quasi-equational theory over a single-sorted signature. Then
we will prove (cf. Corollary 4.2.5) that if (M, fM) ∈ PTfmod and [t] ∈ GTf

(M, fM),
then [t] = [x] (and hence GTf

(M, fM) will be trivial). The idea behind this is as
follows: if [t] ∈ GTf

(M, fM), then we know that [t] must commute generically with
the new function symbol f , which means that Tf ((M, fM), x1, . . . , xn) must prove the
equation

t[f(x1, . . . , xn)/x] = f(t[x1/x], . . . , t[xn/x])

(since f is totally defined in Tf ). But if the only axiom governing the behaviour of
the new function symbol f in Tf is an axiom stating that f is totally defined, then
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it stands to reason that f will not ‘interact’ with itself or the other function symbols
of Σ in any ‘non-trivial’ way in Tf , and hence the only way for the above equation to
be provable in Tf ((M, fM), x1, . . . , xn) is if [t] = [x].

To prove our main result of this section (Proposition 4.2.4), we first require the
following definition and lemmas. Recall that if (N, fN) ∈ PTfmod and x1, . . . , xn /∈
Σf (N, f

N) are pairwise distinct constants of respective sorts A1, . . . , An, then
(N, fN)〈x1, . . . , xn〉 is the coproduct in PTfmod with (N, fN) and the initial Tf -model
〈x1, . . . , xn〉 on n generators of sorts A1, . . . , An, and the Σ-reduct (N, fN)〈x1, . . . xn〉|Σ
is a model of T.

Definition 4.2.2. Let M ∈ PTmod and let fM : MA1 × . . . × MAn → MA be a
total function. Let h : (M, fM)→ (N, fN) be any Σf -morphism in PTfmod, and let
a ∈ NA. We define the partial Σf -structure Na := ((N, fN)〈x1, . . . , xn〉|Σ, fN

a
) with

the total function

fN
a

: Na
A1
× . . .×Na

A1
= (N, fN)〈x1, . . . , xn〉A1 × . . .× (N, fN)〈x1, . . . , xn〉An

→ Na
A = (N, fN)〈x1, . . . , xn〉A

defined as follows:

• If ([u1], . . . , [un]) ∈ (N, fN)〈x1, . . . , xn〉A1 × . . . × (N, fN)〈x1, . . . , xn〉An and for

each 1 ≤ i ≤ n there is some ai ∈ NAi
with [ui] =

[
c

(N,fN )
ai

]
, then

fN
a

([u1], . . . , [un]) :=
[
c

(N,fN )

fN (a1,...,an)

]
∈ (N, fN)〈x1, . . . , xn〉A.

• Otherwise (i.e. if there is some 1 ≤ i ≤ n such that [ui] is not in the image of
the canonical Σf -morphism η : (N, fN)→ (N, fN)〈x1, . . . , xn〉), we set

fN
a

([u1], . . . , [un]) :=
[
c(N,fN )
a

]
∈ (N, fN)〈x1, . . . , xn〉A.

Justification. We must verify that fN
a

is well-defined. Specifically, let ai, bi ∈ NAi

with
[
c

(N,fN )
ai

]
=
[
c

(N,fN )
bi

]
for each 1 ≤ i ≤ n; we must show that[
c

(N,fN )

fN (a1,...,an)

]
=
[
c

(N,fN )

fN (b1,...,bn)

]
.

Since the canonical morphism η : (N, fN)→ (N, fN)〈x1, . . . , xn〉 is (sortwise) injective
by Lemma 2.2.9 (because NA1 , . . . , NAn are non-empty by hypothesis), the assumption
implies that ai = bi for each 1 ≤ i ≤ n. Then we have fN(a1, . . . , an) = fN(b1, . . . , bn),
which yields the desired result.
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Lemma 4.2.3. Let M ∈ PTmod and let fM : MA1 × . . . ×MAn → MA be a total
function. Let h : (M, fM) → (N, fN) be any Σf -morphism in PTfmod, and let
a ∈ NA. Then Na |= Tf and η : (N, fN) → Na = ((N, fN)〈x1, . . . , xn〉|Σ, fN

a
) is a

Σf -morphism.

Proof: The first claim follows because (N, fN)〈x1, . . . , xn〉|Σ |= T and fN
a

is total.
Since η : N → (N, fN)〈x1, . . . , xn〉|Σ is a Σ-morphism, it remains to show that it
respects the interpretations of f . Since fN and fN

a
are total, we must show that if

(a1, . . . , an) ∈ NA1 × . . .×NAn , then

ηA(fN(a1, . . . , an)) = fN
a

(ηA1(a1), . . . , ηAn(an)) ∈ Na
A = (N, fN)〈x1, . . . , xn〉A;

but this follows trivially from the definitions of η and fN
a
. So η : (N, fN) → Na =

((N, fN)〈x1, . . . , xn〉|Σ, fN
a
) is a Σf -morphism.

Proposition 4.2.4. Let T be a quasi-equational theory over a relation-free signature
Σ, and let f : A1× . . .×An → A be a function symbol with n ≥ 1 and A1, . . . , An, A ∈
ΣSort and f /∈ Σ. Suppose that at least one of the following conditions holds:

• A ∈ {A1, . . . , An}.

• For any (N, fN) ∈ PTfmod, there is some 1 ≤ i ≤ n such that Tf (N, fN) is
non-trivial for the sort Ai (i.e. Tf (N, fN) 0y,y′ y = y′ for distinct variables
y, y′ : Ai).

Then for any M ∈ PTmod with MA1 × . . . × MAn 6= ∅, any total function fM :
MA1 × . . .×MAn →MA, and any ([sC ])C ∈ GTf

(M, fM), we have

[sA] = [xA] ∈ (M, fM)〈xA〉A.

We also have
[sAi

] = [xAi
] ∈ (M, fM)〈xAi

〉Ai

for all 1 ≤ i ≤ n, if we assume in addition that MA 6= ∅ and that Tf (N, fN) is
non-trivial for the sort A for each (N, fN) ∈ PTfmod.

Proof: Suppose that at least one of the first two stated conditions holds. Let
M ∈ PTmod with MA1 × . . .×MAn 6= ∅, let fM : MA1 × . . .×MAn →MA be a total
function, and let ([sC ])C ∈ GTf

(M, fM). We show that [sA] = [xA], i.e. that

Tf
((
M, fM

)
, xA
)
` sA = xA.
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By Lemma 3.1.2, it is equivalent to show for any N ∈ PTmod, any total function
fN : NA1 × . . . × NAn → NA, any Σf -morphism h : (M, fM) → (N, fN), and any
a ∈ NA that

ρAh (sA)∗(a) = a ∈ NA.

If NA = {a}, then this is trivial, so assume that NA has at least two elements. Note
also that because MA1 × . . . ×MAn 6= ∅ and there is a Σ-morphism h : M → N , it
follows that NA1 × . . .×NAn 6= ∅, so that NAi

6= ∅ for each 1 ≤ i ≤ n.
Given a ∈ NA, consider the Tf -model Na =

(
(N, fN)〈x1, . . . , xn〉|Σ, fN

a)
and the

Σf -morphism η :
(
N, fN

)
→ Na. Then we have a Σf -morphism

η ◦ h :
(
M, fM

)
→ Na.

Now for each 1 ≤ i ≤ n, consider the total function

ρAi
η◦h(sAi

)∗ : Na
Ai

= (N, fN)〈x1, . . . , xn〉Ai
→ (N, fN)〈x1, . . . , xn〉Ai

= Na
Ai
.

Since ([sC ])C ∈ GTf
(M, fM), this is a bijection. Since [xi] ∈ (N, fN)〈x1, . . . , xn〉Ai

,
there is a unique element [ti] ∈ (N, fN)〈x1, . . . , xn〉Ai

with

ρAη◦h(sAi
)∗([ti]) = [xi].

Since NA contains at least two elements and one of the stated conditions holds, it
follows that there is some 1 ≤ i ≤ n such that Tf (N, fN) is non-trivial for the
sort Ai. For this i, we now we show that [xi] is not in the image of η : N →
(N, fN)〈x1, . . . , xn〉|Σ. If [xi] were in the image of η, then there would be some b ∈
NAi

with [xi] = ηAi
(b) =

[
c

(N,fN )
b

]
. So we would have Tf ((N, fN), x1, . . . , xn) `

xi = c
(N,fN )
b . Then by the theorem on constants (Remark 1.3.17), we would obtain

Tf (N, fN) `y1,...,yn yi = c
(N,fN )
b , with y1 : A1, . . . , yn : An pairwise distinct variables.

Since NA1 , . . . , NAn 6= ∅, it follows by an argument used before (cf. e.g. the proof

of Lemma 2.2.9) that Tf (N, fN) `yi yi = c
(N,fN )
b , from which it readily follows that

Tf (N, fN) would be trivial for the sort Ai, contrary to assumption. So [xi] is not in
the image of η.

If [ti] were in the image of η, then there would again be some b ∈ NAi
with

[ti] = ηAi
(b) =

[
c

(N,fN )
b

]
. Then in (N, fN)〈x1, . . . , xn〉Ai

we would have

[xi] = ρAi
η◦h(sAi

)∗([ti])

= ρAi
η◦h(sAi

)∗
([
c

(N,fN )
b

])
= ρAi

η (ρAi
h (sAi

))∗
([
c

(N,fN )
b

])
=
[
ρAi
h (sAi

)
[
c

(N,fN )
b /xi

]]
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∈ Im(η),

contradicting what was just proven. The third equality holds by Lemma 2.2.37, the
fourth by Lemma 2.2.31, and the last by Lemma 2.2.54 and the fact that NA1 , . . . NAn

are all non-empty. So [ti] is not in the image of η either.
Since ([sC ])C ∈ GTf

(M, fM), it follows that ([sC ])C commutes generically with
the function symbol f : A1 × . . .× An → A, which means that

Tf (
(
M, fM

)
, x1, . . . , xn) ` sA[f(x1, . . . , xn)/xA] = f(sA1 [x1/x], . . . , sAn [xn/x])

(since f is totally defined in Tf ). By soundness of partial Horn logic and Lemma
2.2.18, this easily entails that

ρAη◦h(sA)∗ ◦ fNa

= fN
a ◦
〈
ρA1
η◦h(sA1)∗, . . . , ρAn

η◦h(sAn)∗
〉

: Na
A1
× . . .×Na

An
→ Na

A.

We then obtain in (N, fN)〈x1, . . . , xn〉A[
c

(N,fN )

ρAh (sA)∗(a)

]
=

[
c

(N,fN )

(ρAh (sA)[ca/xA])
̂

(N,fN )

]
=
[
ρAh (sA)

[
c(N,fN )
a /xA

]]
= ρAη (ρAh (sA))∗

([
c(N,fN )
a

])
= ρAη◦h(sA)∗

([
c(N,fN )
a

])
= ρAη◦h(sA)∗

(
fN

a

([t1], . . . , [tn])
)

= fN
a (
ρA1
η◦h(sA1)∗([t1]), . . . , ρAn

η◦h(sAn)∗([tn])
)

= fN
a

([x1], . . . , [xn])

=
[
c(N,fN )
a

]
.

The first equality holds by Lemma 2.2.30, the second essentially by Lemma 2.4.11,
the third by Lemma 2.2.31, the fourth by Lemma 2.2.37, the fifth by definition of
fN

a
and the fact that some [ti] is not in the image of η, the sixth because ([sC ])C

commutes generically with f , the seventh by definition of the [ti], and the last by
definition of fN

a
and the fact that some [xi] is not in the image of η. So we have

ηA
(
ρAh (sA)∗(a)

)
=
[
c

(N,fN )

ρAh (sA)∗(a)

]
=
[
c(N,fN )
a

]
= ηA(a) ∈ (N, fN)〈x1, . . . , xn〉A.

Since ηA is injective by Lemma 2.2.9 (because NA1 , . . . , NAn 6= ∅), this entails that

ρAh (sA)∗(a) = a ∈ NA,
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as desired. This completes the proof that [sA] = [xA] ∈M〈xA〉A.

Next, we show that [sAi
] = [xAi

] for each 1 ≤ i ≤ n, under the additional
assumptions that MA 6= ∅ and Tf (N, fN) is non-trivial for the sort A for each
(N, fN) ∈ PTfmod. Since ([sC ])C ∈ GTf

(M, fM), we know that ([sC ])C commutes
generically with f , which means that the sequent

> ` sA[f(x1, . . . , xn)/xA] = f (sA1 [x1/xA1 ], . . . , sAn [xn/xAn ])

is provable in Tf
((
M, fM

)
, x1, . . . , xn

)
(since f is totally defined in Tf ). Since we

have now shown that Tf ((M, fM), xA) ` sA = xA, it follows by an application of the
theorem on constants (together with a by now familiar argument using the assumption
that MA 6= ∅) that

> ` f(x1, . . . , xn) = f (sA1 [x1/xA1 ], . . . , sAn [xn/xAn ])

is provable in Tf
((
M, fM

)
, x1, . . . , xn

)
.

Fix 1 ≤ i ≤ n: we show that [sAi
] = [xAi

], i.e. that Tf ((M, fM), xAi
) ` sAi

= xAi
.

Suppose towards a contradiction that this is false. Then by Lemma 3.1.2, there is some
N ∈ PTmod, some total function fN : NA1 × . . . × NAn → NA, some Σf -morphism
h : (M, fM)→ (N, fN), and some ai ∈ NAi

such that

ρAi
h (sAi

)∗(ai) 6= ai ∈ NAi
.

In particular, it follows that NAi
has at least two elements and that NA 6= ∅ (since

MA 6= ∅ and hA : MA → NA is a total function). Consider the T-model (N, fN)〈x1, . . . , xn, xA, x
′
A〉|Σ,

where xA, x
′
A /∈ Σf ((N, f

N), x1, . . . , xn) are distinct constants of sort A. We define a
total function

f ∗ : (N, fN)〈x1, . . . , xn, xA, x
′
A〉A1 × . . .× (N, fN)〈x1, . . . , xn, xA, x

′
A〉An

→ (N, fN)〈x1, . . . , xn, xA, x
′
A〉A

as follows:

• If ([u1], . . . , [un]) ∈ dom (f ∗) and for each 1 ≤ j ≤ n there is some bj ∈ NAj

with [uj] =
[
c

(N,fN )
bj

]
, then

f ∗([u1], . . . , [un]) :=
[
c

(N,fN )

fN (b1,...,bn)

]
∈ (N, fN)〈x1, . . . , xn, xA, x

′
A〉A.

• If ([u1], . . . , [un]) ∈ dom (f ∗) and [ui] = [xi], then

f ∗([u1], . . . , [un]) := [xA] ∈ (N, fN)〈x1, . . . , xn, xA, x
′
A〉A.
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• If ([u1], . . . , [un]) ∈ dom (f ∗) and neither of the first two cases holds, then

f ∗([u1], . . . , [un]) := [x′A] ∈ (N, fN)〈x1, . . . , xn, xA, x
′
A〉A.

Then f ∗ is well-defined: the first case in the definition of f ∗ is well-defined by an
argument similar to that used to show that fN

a
is well-defined. The first and second

cases in the definition of f ∗ are mutually exclusive, because if [xi] =
[
c

(N,fN )
bi

]
for

some bi ∈ NAi
, then we would have

Tf ((N, fN), x1, . . . , xn, xA, x
′
A) ` xi = c

(N,fN )
bi

,

which would easily imply that Tf (N, fN) `x,y x = y for distinct variables x, y : Ai by
the theorem on constants (Remark 1.3.17) and the fact that NA1 , . . . , NAn , NA 6=
∅ (using a now familiar argument). But this is impossible, because ̂(N, fN) |=
Tf (N, fN) and NAi

has at least two elements.
So ((N, fN)〈x1, . . . , xn, xA, x

′
A〉|Σ, f ∗) is a model of Tf . If

η : (N, fN)→ (N, fN)〈x1, . . . , xn, xA, x
′
A〉

is the canonical Σf -morphism, then an argument like that given for Na shows that

η : (N, fN)→ ((N, fN)〈x1, . . . , xn, xA, x
′
A〉|Σ, f ∗)

is also a Σf -morphism. So then

η ◦ h : (M, fM)→ ((N, fN)〈x1, . . . , xn, xA, x
′
A〉|Σ, f ∗)

is a Σf -morphism. By soundness of partial Horn logic and Lemma 2.2.18, the fact
that

> ` f(x1, . . . , xn) = f (sA1 [x1/xA1 ], . . . , sAn [xn/xAn ])

is provable in Tf
((
M, fM

)
, x1, . . . , xn

)
entails that

f ∗ = f ∗ ◦
〈
ρA1
η◦h(sA1)∗, . . . , ρAn

η◦h(sAn)∗
〉

(∗)

: (N, fN)〈x1, . . . , xn, xA, x
′
A〉A1 × . . .× (N, fN)〈x1, . . . , xn, xA, x

′
A〉An

→ (N, fN)〈x1, . . . , xn, xA, x
′
A〉A.

So in (N, fN)〈x1, . . . , xn, xA, x
′
A〉A we obtain

[xA] = f ∗([x1], . . . , [xn])

= f ∗
(
ρA1
η◦h(sA1)∗([x1]), . . . , ρAn

η◦h(sAn)∗([xn])
)

= f ∗
(
ρA1
η

(
ρA1
h (sA1)∗([x1])

)
, . . . , ρAn

η

(
ρAn
h (sAn)∗([xn])

))
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= f ∗
([
ρA1
h (sA1)[x1/xA1 ]

]
, . . . ,

[
ρAn
h (sAn)[xn/xAn ]

])
= [x′A];

the first equality holds by definition of f ∗, the second by (∗), the third by Lemma
2.2.37, and the fourth by Lemma 2.2.31. To justify the last equality, it suffices (by def-
inition of f ∗) to show that

[
ρAi
h (sAi

)[xi/xAi
]
]
6= [xi] and that

[
ρAi
h (sAi

)[xi/xAi
]
]
/∈ Im(η).

Since NA1 , . . . , NAn , NA 6= ∅, the first inequality easily follows from the assumption
that

ρAi
h (sAi

)∗ : NAi
→ NAi

is not the identity function, and the second easily follows from the assumption that

ρAi
h (sAi

)∗ : NAi
→ NAi

is not a constant function. This justifies the above sequence of equalities.
So we have

[xA] = [x′A] ∈ (N, fN)〈x1, . . . , xn, xA, x
′
A〉A,

i.e.
Tf ((N, fN), x1, . . . xn, xA, x

′
A) ` xA = x′A.

From this and the theorem on constants (Remark 1.3.17) and the fact thatNA1 , . . . , NAn 6=
∅ we obtain

Tf ((N, fN), xA, x
′
A) ` xA = x′A,

and then since xA, x
′
A are distinct, we again obtain by the theorem on constants that

Tf (N, fN) `x,y x = y

for distinct variables x, y : A. But this contradicts the assumption that Tf (N, fN) is
non-trivial for the sort A. This contradiction completes the proof that [sAi

] = [xAi
]

for each 1 ≤ i ≤ n, as desired.

Corollary 4.2.5. Let T be a quasi-equational theory over a single-sorted relation-free
signature, and let f be a new n-ary function symbol for some n ≥ 1. Then Tf has
trivial isotropy.

Proof: The first condition of Proposition 4.2.4 is automatically satisfied, be-
cause the signature only has one sort. So if (M, fM) ∈ PTfmod with M 6= ∅ and
[s] ∈ GTf

(M, fM), then Proposition 4.2.4 implies that [s] = [x] ∈ (M, fM)〈x〉, so that
GTf

(M, fM) is the trivial group. However, it is straightforward to see that since T is
single-sorted, the assumption that M 6= ∅ is now inessential in the proof of Proposi-
tion 4.2.4, which shows that Tf has trivial isotropy.
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Remark 4.2.6.

• If T and f satisfy neither of the first two conditions in the statement of Proposi-
tion 4.2.4, then the (first) conclusion of Proposition 4.2.4 can fail. For example,
consider the disjoint union theory TTriv + TGroup (cf. the next section for more
discussion of disjoint unions of theories), where TTriv is the quasi-equational the-
ory on the signature with one sort and no function symbols whose only axiom
is > `y1,y2 y1 = y2 for distinct variables y1, y2 of the unique sort (i.e. the only
models of TTriv are sets with at most one element). Let f : X → Y be a new
function symbol, with X being the unique sort of TTriv and Y the unique sort of
TGroup. Then it is easy to see that the first two conditions in Proposition 4.2.4
fail for TTriv + TGroup.

Now let G be any (non-trivial) group containing an element g 6= eG that fails
to commute with at least one element of G, and consider the model M :=
({∗}, G, fM) of (TTriv +TGroup)f , where fM(∗) = eG. If N = ({∗′}, H, fN) is any
model of (TTriv +TGroup)f for which there is a Σf -morphism h = (h1, h2) : M →
N , then h1(∗) = ∗′ and h2 : G→ H is a group homomorphism and hence

fN(∗′) = fN(h1(∗)) = h2(fM(∗)) = h2(eG) = eH .

We now show that the (TTriv + TGroup)f -model M has an element of isotropy
whose second component is non-trivial, thus falsifying the (first) conclusion of
Proposition 4.2.4. Indeed, let g 6= eG ∈ G fail to commute with at least one
element of G, and consider

([x], [cgycg−1 ]) ∈M〈x〉X ×M〈y〉Y .

We wish to show that

([x], [cgycg−1 ]) ∈ Z(TTriv+TGroup)f (M)

and that
[cgycg−1 ] 6= [y] ∈M〈y〉Y .

The second claim easily follows from the assumption that g fails to commute
with at least one element of G. For the first claim, it is easily seen that the pair
([x], [cgycg−1 ]) is invertible and commutes generically with all function symbols
of TTriv + TGroup, so it remains to show that it commutes generically with f :
X → Y , i.e. we must show that

(TTriv + TGroup)f (M, x) ` cgf(x)cg−1 = f(x).

By Lemma 3.1.2, it suffices to show that if N = ({∗′}, H, fN) is any model of
(TTriv + TGroup)f for which there is a Σf -morphism h = (h1, h2) : M → N , then

h2(g)fN(∗′)h2(g)−1 = fN(∗′) ∈ H.
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But this follows because fN(∗′) = eH , as noted above. This proves that
([x], [cgycg−1 ]) is an element of isotropy of the (TTriv + TGroup)f -model M whose
second component is non-trivial, which shows that the (first) conclusion of
Proposition 4.2.4 can fail for a theory T and a new function symbol f that
satisfy neither of the first two stated conditions.

• If T, f , satisfy one of the first two conditions in Proposition 4.2.4 but do not
satisfy the last (additional) assumption, then the second conclusion of Propo-
sition 4.2.4 can fail. Let T := TTriv + TGroup as in the last point, but now let
f : Y → X (with Y being the unique sort of TGroup and X the unique sort
of TTriv). Then it is easy to see that the second of the first two conditions in
Proposition 4.2.4 is now satisfied, while the last (additional) assumption is not
satisfied.

Now let G be a non-abelian group, and consider the model M := ({∗}, G, fM)
of (TTriv + TGroup)f , where fM : G → {∗} is (obviously) the constant function.
Again, let g ∈ G be an element that fails to commute with at least one element
of G, and consider

([x], [cgycg−1 ]) ∈M〈x〉X ×M〈y〉Y .

We wish to show that

([x], [cgycg−1 ]) ∈ Z(TTriv+TGroup)f (M)

and that
[cgycg−1 ] 6= [y] ∈M〈y〉Y .

The only point at which the argument differs from the argument in the previous
point is in showing that ([x], [cgycg−1 ]) commutes generically with f : Y → X,
i.e. that

(TTriv + TGroup)f (M, y) ` f(y) = f(cgycg−1).

By Lemma 3.1.2, it suffices to show that if N = ({∗′}, H, fN) is any model of
(TTriv + TGroup)f for which there is a Σf -morphism h = (h1, h2) : M → N , then
for any z ∈ G we have

fN(z) = fN
(
h2(g)zh2(g)−1

)
∈ {∗′},

which is clearly true. So M has an element of isotropy whose X-component is
trivial and whose Y -component is non-trivial, contrary to the second conclusion
of Proposition 4.2.4.

• If, instead of defining Tf to be the theory over Σf that extends T by adding
the axiom > `x1,...,xn f(x1, . . . , xn) ↓, we simply define Tf to be the theory T
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itself, now regarded as a theory over the signature Σf , then a model of Tf is a
pair (M, fM), with M ∈ PTmod and fM : MA1 × . . . ×MAn ⇁ MA a partial
function. It is then not difficult to see that the proof of Proposition 4.2.4 carries
over to this definition of Tf essentially unchanged. We just have to modify the
first case in the definition of fN

a
to take into account that fN may not be total,

and we make a similar adjustment to the definition of f ∗. We then have an
exact analogue of Proposition 4.2.4 for this alternative definition of the theory
Tf .

4.3 Disjoint Union of Theories

In this section, we will compute the isotropy group of a disjoint union of quasi-
equational theories in terms of the isotropy groups of the component theories. So let
Σ1 and Σ2 be disjoint relation-free signatures, and let T1 and T2 be quasi-equational
theories over the signatures Σ1 and Σ2 respectively. We define Σ1 + Σ2 to be the
(disjoint) union of the signatures Σ1 and Σ2, i.e.

(Σ1 + Σ2)Sort := Σ1Sort ∪ Σ2Sort

and
(Σ1 + Σ2)Fun := Σ1Fun ∪ Σ2Fun .

We then define T1 +T2 to be the quasi-equational theory over the signature Σ1 + Σ2

whose axioms are all those of T1 and T2 combined. A model of T1 + T2 is then
just a pair (M1,M2), where M1 is a model of T1 and M2 is a model of T2, and a
Σ1 + Σ2-morphism is just a pair consisting of a Σ1-morphism and a Σ2-morphism.

We first require the following technical lemma, relating provability in T1 +T2 to
provability in the component theories:

Lemma 4.3.1. Let M1 ∈ PT1mod and M2 ∈ PT2mod. If i ∈ {1, 2} and C ∈ ΣiSort

and s, t ∈ Termc(Σi(Mi, xC)) are of the same sort, then

(T1 + T2)((M1,M2), xC) ` s = t ⇐⇒ Ti(Mi, xC) ` s = t.

Proof: For the ‘only if’ direction, assume that (T1 + T2)((M1,M2), xC) ` s = t,
and suppose that i = 1 for concreteness. To prove that T1(M1, xC) ` s = t, it is
equivalent by Lemma 3.1.2 to show that if N1 is any model of T1 for which there is
a Σ1-morphism h : M1 → N1 and an element c ∈ NC

1 , then

ρCh (s)∗(c) = ρCh (t)∗(c) ∈ NA
1 ,

with A ∈ Σ1Sort being the sort of s and t.
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So let N1 be any model of T1 for which there is a Σ1-morphism h : M1 → N1

and an element c ∈ NC
1 . Then we have a (Σ1 + Σ2)-morphism (h, idM2) : (M1,M2)→

(N1,M2), with (N1,M2) being a model of T1 + T2 and c ∈ NC
1 = (N1,M2)C . From

our assumption and Lemma 3.1.2, it then follows that

ρC(h,idM2)(s)∗(c) = ρC(h,idM2)(t)∗(c) ∈ (N1,M2)A = NA
1 .

But since s, t ∈ Termc(Σ1(M1, xC)), it is easy to see that

ρC
(h,idM2)

(s) = ρCh (s) and ρC
(h,idM2)

(t) = ρCh (t),

which yields the desired result.
Conversely, if T1(M1, xC) ` s = t, then since (it is easy to see that) T1(M1, xC)

is a sub-theory of (T1 + T2)((M1,M2), xC), the desired result follows.

Proposition 4.3.2. For any M1 ∈ PT1mod and M2 ∈ PT2mod,

GT1+T2(M1,M2) ∼= GT1(M1)×GT2(M2).

Proof: We define a group isomorphism

ϕM1,M2 : GT1+T2(M1,M2)
∼−→ GT1(M1)×GT2(M2).

So let
([sC ])C∈Σ1+Σ2 ∈ GT1+T2(M1,M2) ⊆

∏
C∈Σ1+Σ2

(M1,M2)〈xC〉C .

So for any C ∈ (Σ1 + Σ2)Sort, we have sC ∈ Termc((Σ1 + Σ2)((M1,M2), xC))C with
(T1 + T2)((M1,M2), xC) ` sC ↓. It is easily seen that if C ∈ ΣiSort for i ∈ {1, 2}, then
sC ∈ Termc(Σi(Mi, xC))C because Σ1 and Σ2 are disjoint, and thus Ti(Mi, xC) ` sC ↓
by Lemma 4.3.1. So we have

([sC ])C∈Σi
∈
∏
C∈Σi

Mi〈xC〉C .

It then follows straightforwardly from (a simple generalization of) Lemma 4.3.1 and
the assumption that ([sC ])C∈Σ1+Σ2 ∈ GT1+T2(M1,M2) that

([sC ])C∈Σi
∈ GTi

(Mi)

for each i ∈ {1, 2}. So we define ϕM1,M2 by the assignment

([sC ])C∈Σ1+Σ2 ∈ GT1+T2(M1,M2)
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7−→ 〈([sC ])C∈Σ1 , ([sC ])C∈Σ2〉 ∈ GT1(M1)×GT2(M2),

which is well-defined and injective by Lemma 4.3.1. It is easy to see that ϕM1,M2 is a
group homomorphism, and that it is surjective easily follows from Lemma 4.3.1. So

ϕM1,M2 : GT1+T2(M1,M2)
∼−→ GT1(M1)×GT2(M2)

is a group isomorphism.

Corollary 4.3.3. Let M1 ∈ PT1mod and M2 ∈ PT2mod, and let

π =
(
π(f1,f2) : (cod(f1), cod(f2))→ (cod(f1), cod(f2))

)
(f1,f2)∈Dom(M1,M2)

be a Dom(M1,M2)-indexed family of endomorphisms in P(T1 + T2)mod. Then π ∈
ZT1+T2(M1,M2) iff there are (uniquely determined) elements π1 ∈ ZT1(M1) and π2 ∈
ZT2(M2) such that

π(f1,f2) =
(
π1f1

, π2f2

)
for every (f1, f2) ∈ Dom(M1,M2).

Corollary 4.3.4. If we identify P(T1 + T2)mod with the isomorphic category

PT1mod× PT2mod,

then
ZT1+T2

∼= ZT1 ×ZT2 : P(T1 + T2)mod→ Group.

Remark 4.3.5. If T1 and T2 are (single-sorted) algebraic theories over respective
disjoint signatures Σ1 and Σ2, one can also define T1 + T2 to be the algebraic theory
over the single-sorted signature Σ obtained by combining Σ1 and Σ2 and identifying
the unique sort of Σ1 with the unique sort of Σ2. We have then shown, using methods
from rewriting theory developed in [18], [2] that the isotropy group of any free model
of T1 +T2 (defined in this way) is trivial. For reasons of space and relevance, we have
chosen not to include the details.



4. CLOSURE PROPERTIES 143

4.4 Miscellaneous Observations

In the final section of this chapter, we collect together some miscellaneous observations
about the isotropy groups of quasi-equational theories, particularly regarding the
effects of adding new axioms to a theory (without changing its signature). If T is a
quasi-equational theory over a relation-free signature Σ, then we say that an extension
of T is a quasi-equational theory T′ over the same signature Σ such that every axiom
of T is an axiom of T′.

• Adding new axioms to a theory (without changing its signature) can trivialize
the isotropy group. More precisely, it is not in general the case that if T is a
quasi-equational theory with non-trivial isotropy, then every extension of T will
also have non-trivial isotropy. For an easy example, let T be any theory with
non-trivial isotropy, say the totally defined theory of groups (cf. Proposition
3.2.7). If we extend T by adding the axiom > `x,y x = y for distinct variables
x, y of the unique sort of ΣGroup, then the resulting extension T′ clearly has
trivial isotropy.

For a less frivolous example, let T be the totally defined theory of monoids,
which has non-trivial isotropy (cf. Proposition 3.2.4). If we add the axiom
> `x,y x · y = y · x to T to obtain the theory T′ of commutative monoids, then
T′ has trivial isotropy (cf. Proposition 3.3.7), even though not every model of
T′ is a singleton, unlike in the first example.

• Adding new axioms to a theory (without changing its signature) can also create
new isotropy. More precisely, it is not in general the case that if T is a quasi-
equational theory with trivial isotropy, then every extension of T will also have
trivial isotropy.

For an easy example, consider the completely empty theory over the signature
ΣMon, which has trivial isotropy (cf. Proposition 3.1.4). Then the totally defined
theory of monoids TMon is an extension of this theory which has non-trivial
isotropy (cf. Proposition 3.2.4).

For a less trivial example (starting from a non-empty theory with trivial isotropy),
consider the theory T of totally defined semigroups (with a specified element)
over the signature ΣMon, whose axioms are those of TMon minus the axiom
> `x x · e = x = e · x. Then by simplifying the arguments given to show that
TMon has non-trivial isotropy (cf. Proposition 3.2.4), it is not difficult to see
that T has trivial isotropy. But if we extend T to TMon by adding the axiom
> `x x · e = x = e · x, then TMon has non-trivial isotropy.

• If T is a quasi-equational theory whose free models on finitely many generators
all have trivial isotropy, it does not necessarily follow that all finitely presented
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models of T will have trivial isotropy. For example, let T be the theory TMon of
totally defined monoids. Since the only invertible element of a free monoid (on
finitely many generators) is the identity element, it follows that the isotropy
group of any such monoid is trivial, by Proposition 3.2.4. However, since there
are clearly finitely presented monoids with non-trivial invertible elements, it is
not the case that all finitely presented monoids have trivial isotropy.



Chapter 5

Isotropy Groups of Functor
Theories

In this chapter, given a quasi-equational theory T over a relation-free signature Σ and
a small indexing category J , we will define a quasi-equational theory TJ with the
property that

PTJmod ∼= PTmodJ .

We will characterize the isotropy group of TJ in terms of the isotropy group of T
and the global isotropy group of J (i.e. the group of natural automorphisms of the
identity functor on J ).

In particular, when T is the theory of sets, so that PTmodJ = SetsJ , the results
of this chapter will allow us to characterize the covariant isotropy groups of presheaf
toposes (cf. Corollary 5.3.6), about which nothing was previously known.

In fact, it will follow from the results in this chapter (cf. Corollary 5.3.6 and
the remarks immediately thereafter) that if J is a small category, then the covariant
isotropy group (functor)

Z : SetsJ → Group

of the presheaf topos SetsJ is constant on the so-called global isotropy group of J ,
which is just the group Aut(IdJ ) of all natural automorphisms of the identity functor
IdJ : J → J . This is in dramatic contrast to the contravariant isotropy group
(functor)

Z ′ :
(
SetsJ

)op → Group

of SetsJ , which (as shown in [10, 4.12]) is the representable presheaf of groups

SetsJ (−,ZJ ) :
(
SetsJ

)op → Group

with representing object
ZJ : J → Group ↪→ Sets,

the covariant isotropy group (functor) of J . We will attempt to provide a conceptual
motivation for this difference in a future paper based on this chapter.

145



5. ISOTROPY GROUPS OF FUNCTOR THEORIES 146

5.1 Logical Characterization

For the remainder of this section, fix a quasi-equational theory T over a relation-free
signature Σ, and fix a small indexing category J . At a certain point (cf. Proposition
5.1.47) we will need to make an assumption about T, but for now, we can assume
that T is arbitrary.

First, we define a relation-free signature ΣJ . Since J is small, we know that its
class of objects JO is a set, and that for any i, j ∈ JO, the class of arrows JA(i, j) is
a set.

Definition 5.1.1 (Functor Signature). We define a relation-free signature ΣJ as
follows.

• If i ∈ JO and A ∈ ΣSort, let Ai /∈ Σ be a new sort, and assume that all of the
sorts defined in this way are pairwise distinct. Then we set

ΣJSort := {Ai : i ∈ JO, A ∈ ΣSort}.

• For any f : i→ j in J and A ∈ ΣSort, let

αAf : Ai → Aj

be a new unary function symbol /∈ Σ, and assume that all of the symbols defined
in this way are pairwise distinct.

For any i ∈ JO and function symbol g : A1 × . . .× An → A in Σ, let

gi : Ai1 × . . .× Ain → Ai

be a new function symbol /∈ Σ, and assume that all of the symbols defined in
this way are pairwise distinct. Then we set

ΣJFun := {αAf : f ∈ JA, A ∈ ΣSort}
⋃
{gi : g ∈ ΣFun, i ∈ JO}.

Given a partial ΣJ -structure, we now show how to derive component Σ-structures
from it, indexed by the objects of J .

Definition 5.1.2 (Component Structures). Let M be a partial ΣJ -structure and
let i ∈ JO. We define a partial Σ-structure M i as follows:

• For any A ∈ ΣSort, we set
M i

A := MAi .
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• If g : A1× . . .×An → A is a function symbol of Σ, then gi : Ai1× . . .×Ain → Ai

is a function symbol of ΣJ , and we set

gM
i

:=
(
gi
)M

: MAi
1
× . . .×MAi

n
= M i

A1
× . . .×M i

An
⇁M i

A = MAi .

From a morphism of ΣJ -structures we can also extract morphisms of the component
Σ-structures:

Definition 5.1.3 (Component Morphisms). Let M,N be partial ΣJ -structures,
let i ∈ JO, and let h : M → N be a ΣJ -morphism. Then there is a Σ-morphism

hi : M i → N i

given by
hiA := hAi : M i

A = MAi → NAi = N i
A

for every A ∈ ΣSort.

For any object i ∈ JO, we now define a signature morphism ρi : Σ→ ΣJ .

Definition 5.1.4. For any object i ∈ JO, we define a signature morphism ρi : Σ →
ΣJ as follows:

• For any A ∈ ΣSort, we set

ρi(A) := Ai ∈ ΣJSort.

• For any function symbol g : A1 × . . .× An → A in ΣFun, we set

ρi(g) := gi : Ai1 × . . .× Ain → Ai.

We now define the quasi-equational theory TJ that will axiomatize PTmodJ .

Definition 5.1.5 (Functor Quasi-Equational Theory). We define TJ to be the
quasi-equational theory over the signature ΣJ whose axioms are the following se-
quents:
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1. For any f : i→ j in JA and A ∈ ΣSort, the axiom

> `x:Ai

αAf (x) ↓ .

2. For any i ∈ JO and A ∈ ΣSort, the axiom

> `x:Ai

αAidi(x) = x.

3. For any f : i→ j and g : j → k in JA and A ∈ ΣSort, the axiom

> `x:Ai

αAg (αAf (x)) = αAg◦f (x).

4. For any f : i→ j in JA and g : A1 × . . .× An → A in ΣFun, the axiom

gi(x1, . . . , xn) ↓ `x1:Ai
1,...,xn:Ai

n αAf (gi(x1, . . . , xn)) = gj(αA1
f (x1), . . . , αAn

f (xn)).

5. For any i ∈ JO and any axiom ϕ `~x ψ of T, the axiom

ρi(ϕ) `ρi(~x) ρi(ψ).

Remark 5.1.6. A first easy property of TJ is that for any object i ∈ JO, the signa-
ture morphism ρi : Σ→ ΣJ is also a theory morphism T→ TJ , because TJ includes
the axioms in Definition 5.1.5.5.

To begin studying the models of TJ , we first make the following easy observation:

Lemma 5.1.7. If M is a partial ΣJ -structure with M |= TJ , then for any object
i ∈ JO, the partial Σ-structure M i (cf. Definition 5.1.2) is a model of T.

Proof: Assume the hypothesis, and let i ∈ JO. Since ρi : T → TJ is a theory
morphism by Remark 5.1.6, it follows by [19, Proposition 28] that U i(M) is a model
of T, where U i : PTJmod → PTmod is the forgetful functor induced by the signature
morphism ρi. However, it is trivial to observe that U i(M) = M i, so that M i is a
model of T, as desired.

We now have:
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Proposition 5.1.8. There is an isomorphism of categories

PTJmod ∼= PTmodJ .

Before we can start to characterize the isotropy group of TJ , we first require the
following purely group-theoretic fact, whose proof is a routine verification.

Lemma 5.1.9. Let F : J → Group be an arbitrary functor, and consider the product
group

∏
i∈JO F (i). Then(∏

i∈JO

F (i)

)F

:=

{
(gi)i∈JO ∈

∏
i∈JO

F (i) : F (f)(gj) = gk ∀f : j → k ∈ JA

}

is a subgroup of
∏

i∈JO F (i).
Furthermore, this assignment is the object part of a functor(∏

i∈JO

(−)(i)

)(−)

= lim : GroupJ → Group.

We can now begin to characterize the isotropy groups of models of TJ . Let M ∈
PTJmod. Then by (the proof of) Proposition 5.1.8, there is a corresponding functor
FM : J → PTmod. If GT : PTmod → Group is the functor from Definition 2.2.36
that is naturally isomorphic to the isotropy group of T (by Theorem 2.2.41), then we
obtain the composite functor

GT ◦ FM : J → Group,

with
(GT ◦ FM)(i) = GT(FM(i)) = GT(M i)

for every i ∈ JO. Then by Lemma 5.1.9, it follows that (
∏

iGT(M i))
GT◦FM

is a
subgroup of

∏
iGT(M i), and hence in particular is a group. Let us denote this

subgroup with the cleaner notation (
∏

iGT(M i))
J

.
Next, we will need to define a certain group Aut(IdJ )M . Its definition is somewhat

subtle/unintuitive, so we ask the reader to bear with us until after we have defined
it, at which point we will try to give some intuition/motivation for its definition.
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For any i ∈ JO and B ∈ ΣSort, we say that T(M i) is trivial for the sort B if
T(M i) `y,y′ y = y′ for distinct variables y, y′ : B. Otherwise, we say that T(M i) is
non-trivial for the sort B.

For any B ∈ ΣSort, we let JM
B be the full subcategory of J on those objects

i ∈ JO for which T(M i) is non-trivial for the sort B. Let Aut
(

IdJM
B

)
be the group

of natural automorphisms of the identity functor IdJM
B

: JM
B → JM

B .

We will need to consider a certain subgroup of
∏

B∈ΣSort
Aut

(
IdJM

B

)
, which we

will call Aut(IdJ )M . To define this subgroup, we require the following definition:

Definition 5.1.10 (Degenerate Function Symbols). Let M ∈ PTJmod, let g :
A1 × . . .× An → A be a function symbol of Σ with n ≥ 1, and let i ∈ JO. Then for
any 1 ≤ m ≤ n, we say that gM

i
is degenerate in position m if

T(M i) `y1,...,yn,zm g(y1, . . . , yn) = g(y1, . . . , yn)[zm/ym],

where y1, . . . , yn, zm are pairwise distinct variables of the appropriate sorts.
Otherwise, if T(M i) does not prove the above equation, we say that gM

i
is non-

degenerate in position m.

Definition 5.1.11. Let M ∈ PTJmod. We denote an element of
∏

B∈ΣSort
Aut

(
IdJM

B

)
by ψ = (ψB)B∈Σ, so that each ψB is a natural automorphism of IdJM

B
, with components

ψB(i) : i
∼−→ i for i ∈ JM

B .
We define

Aut(IdJ )M ⊆
∏

B∈ΣSort

Aut
(

IdJM
B

)
to consist of exactly those elements ψ ∈

∏
B∈ΣSort

Aut
(

IdJM
B

)
with the following prop-

erty:

• If g : A1 × . . .× An → A is any function symbol of Σ with n ≥ 1, then for any
i ∈ JO and 1 ≤ m ≤ n for which gM

i
is non-degenerate in position m,

ψAm(i) = ψA(i) : i
∼−→ i.

This property is well-defined, in the sense that if gM
i

is non-degenerate in position
m, then it easily follows that T(M i) must be non-trivial for the sorts A and Am (and
hence i must be an object of both JM

A and JM
Am

, so that ψA(i) and ψAm(i) are both
well-defined arrows of J ).

It is then trivial to verify that Aut(IdJ )M is indeed a subgroup of
∏

B∈ΣSort
Aut

(
IdJM

B

)
,

and hence is a group.



5. ISOTROPY GROUPS OF FUNCTOR THEORIES 151

Our ultimate goal in this section will now be to show for any quasi-equational theory
T (satisfying two conditions, cf. Proposition 5.1.47), any small index category J , and
any M ∈ PTJmod that

GTJ (M) ∼=

(∏
i∈J

GT(M i)

)J
× Aut(IdJ )M ,

naturally in M . Specifically, we will construct a group isomorphism

βM :

(∏
i∈J

GT(M i)

)J
× Aut(IdJ )M

∼−→ GTJ (M)

for each M ∈ PTJmod.
As promised, let us now attempt to give some intuition/motivation for the defi-

nition of Aut(IdJ )M .
First, let us discuss why for each sort B ∈ Σ we needed to consider the full

subcategory JM
B of J on those objects i ∈ JO for which T(M i) is non-trivial for the

sort B, rather than just the whole category J . Let T be the single-sorted algebraic
theory of commutative unital rings. It is well-known that the trivial (or zero) ring
with underlying set {0} has no outgoing ring homomorphism to a ring with more
than one element. So (using the same notation for the zero ring as for its underlying
set) it follows that T({0}) is trivial for the unique sort of T.

Now let J any one-object category such that Aut(IdJ ) is not the trivial group
(e.g. J could be the one-object category corresponding to a non-trivial abelian group
G, in which case Aut(IdJ ) is easily seen to be (isomorphic to) G itself), let F :
J → PTmod = Ring be the constant functor on the trivial ring {0}, and let M ∈
PTJmod be the corresponding model of TJ . Since T is single-sorted, we clearly have
Aut(IdJ )M = Aut(IdJ ), if we ignore the fact that we must consider the full subcategory
of J on those objects i ∈ JO for which T(M i) is non-trivial, which in this case would
be the empty subcategory. And since J has one object and F is a constant functor,
we have (∏

i∈J

GT(M i)

)J
= GT({0}) = {[x]},

since the isotropy group of T is trivial, as indicated at the end of Chapter 3. So the
group isomorphism to be defined

βM :

(∏
i∈J

GT(M i)

)J
× Aut(IdJ )M

∼−→ GTJ (M)

now simplifies to
βM : {[x]} × Aut(IdJ )

∼−→ GTJ (M).
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In fact, this isomorphism will be given by the following rule (cf. the proof of Propo-
sition 5.1.20):

([x], ψ) 7−→ [αψ(x)] ∈ GTJ (M),

where ψ : IdJ
∼−→ IdJ is a natural automorphism of the identity functor on the one-

object category J , and hence can be identified with an automorphism of the single
object of J that commutes with every endomorphism of that object. Now, we show
that this (desired) group homomorphism βM will not be injective, given that we have
defined Aut(IdJ )M in terms of the full category J rather than the full subcategory of
J on those objects i ∈ JO for which T(M i) is non-trivial for the unique sort of T.

By assumption, we know that Aut(IdJ ) is not the trivial group, so it contains
distinct elements ψ1, ψ2 ∈ Aut(IdJ ). To prove that βM will not be injective, we show
that

βM([x], ψ1) = βM([x], ψ2) ∈ GTJ (M),

i.e. that
[αψ1(x)] = [αψ2(x)] ∈ GTJ (M) ⊆M〈x〉,

i.e. that
TJ (M, x) ` αψ1(x) = αψ2(x).

To do this, it will clearly suffice to show that TJ (M, x) is trivial for the unique
sort of TJ (note that TJ is single-sorted, because T is single-sorted and J has only
one object). And to do this, it will suffice by Lemma 3.1.2 and the isomorphism
PTJmod ∼= PTmodJ (cf. Proposition 5.1.8) to show that if µ : F → G : J →
PTmod = Ring is a natural transformation, then G(∗) ∼= {0}, where ∗ is the unique
object of J . But if µ : F → G is a natural transformation, then µ∗ : F (∗) → G(∗)
is a ring homomorphism, and then since F (∗) = {0}, it follows that G(∗) ∼= {0}, as
desired. This shows that if we do not restrict to the full subcategory of J on those
objects i ∈ JO for which T(M i) is non-trivial for the unique sort of T, then the group
homomorphism βM may fail to be injective, which we obviously do not want.

This will hopefully help to convince the reader that we need to define Aut(IdJ )M

to be a subgroup of
∏
B∈ΣSort

Aut
(

IdJM
B

)
rather than

∏
B∈ΣSort

Aut (IdJ ) (in the general

case where T may be multi-sorted). Now let us try to motivate why we cannot just

define Aut(IdJ )M to be the full group
∏
B∈ΣSort

Aut
(

IdJM
B

)
in the case where T is

multi -sorted. A first vague intuition is that if ψ = (ψB)B∈Σ ∈
∏
B∈ΣSort

Aut
(

IdJM
B

)
,

then we need the distinct ψB’s to ‘interact’ properly, if there are (non-degenerate)
function symbols in Σ that ‘connect’ different sorts.

For a more precise intuition, let J be the one-object category corresponding to
the two-element group Z2, so that J has just two endomorphisms of its unique object
∗, namely the identity and an involution ψ. Consider the theory T whose signature
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has two sorts X and Y and one function symbol f : X → Y , and whose only axiom
is

> `x:X f(x) ↓ .
Let us define N ∈ PTmod with N := ({a, b}, {c, d}, fN) for pairwise distinct a, b, c, d
with fN(a) = c and fN(b) = d, and let us define a functor F : J → PTmod
with F (∗) := N and F (ψ) : N

∼−→ N the obvious involution homomorphism. Let
M ∈ PTJmod be the corresponding model of TJ . Since J has one object and T
is two-sorted, it follows that TJ is two-sorted, and we also refer to the two sorts of
TJ as X and Y . By Lemma 5.3.2 below, we know that T(N) is non-trivial for both
sorts X and Y and that fN is non-degenerate in its unique position. So we have
J X
M = J Y

M = J . Since J has one object and T (being an empty theory) has trivial
isotropy by Proposition 3.1.4, we also have(∏

i∈J

GT(M i)

)J
= {([x], [y])},

the trivial group. So the (to be defined) group homomorphism

βM :

(∏
i∈J

GT(M i)

)J
× Aut(IdJ )M

∼−→ GTJ (M)

simplifies to
βM : {([x], [y])} × Aut(IdJ )M

∼−→ GTJ (M).

Suppose now that we ignored the fact that fN is non-degenerate (in its unique posi-
tion) in the definition of Aut(IdJ )M , so that

Aut(IdJ )M = Aut(IdJ )× Aut(IdJ )

and
βM : {([x], [y])} × (Aut(IdJ )× Aut(IdJ ))

∼−→ GTJ (M).

For any χ, χ′ ∈ Aut(IdJ ), we will define βM by

(([x], [y]), (χ, χ′)) 7−→
([
αXχ (x)

]
,
[
αYχ′(y)

])
∈M〈x〉X ×M〈y〉Y .

However, let us now show that if χ 6= χ′ ∈ Aut(IdJ ), then([
αXχ (x)

]
,
[
αYχ′(y)

])
/∈ GTJ (M).

In fact, let us show that
([
αXχ (x)

]
,
[
αYχ′(y)

])
fails to commute generically with the

function symbol f : X → Y , i.e. let us show that

TJ (M, x) 0 αYχ′(f(x)) = f
(
αXχ (x)

)
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(note that f is totally defined in T). Let us take χ to be the identity element of
Aut(IdJ ) and χ′ to be the other element ψ (the non-identity involution on the unique
object ∗), so that we only have to show

TJ (M, x) 0 αYψ (f(x)) = f(x)

(since TJ (M, x) ` αXid∗(x) = x). By Lemma 3.1.2 and the isomorphism PTJmod ∼=
PTmodJ , it suffices to show that there is a functor G : J → PTmod and a natural
transformation µ : F → G with the property that there is some a ∈ G(∗)X with

G(ψ)Y
(
fG(∗)(a)

)
6= fG(∗)(a) ∈ G(∗)Y .

We take G := F and µ to be the identity natural transformation. Then we have
a ∈ F (∗)X = NX = {a, b} and

F (ψ)Y
(
fF (∗)(a)

)
= F (ψ)Y

(
fN(a)

)
= F (ψ)Y (c) = d 6= c = fN(a) ∈ F (∗)Y = {c, d},

as desired. So if we do not take into account non-degenerate function symbols in
the definition of Aut(IdJ )M , then the desired group homomorphism βM will not have
GTJ (M) as its codomain.

Hopefully we have now given the reader more intuition and motivation for why
we needed to define Aut(IdJ )M the way we did; briefly, we needed to do so in order
to ensure that our desired group isomorphism βM is injective and has the correct
codomain.

Now, towards constructing this group homomorphism (cf. Proposition 5.1.20),
we require the following technical definitions and lemmas.

Definition 5.1.12. Let M ∈ PTJmod, i ∈ JO, and C ∈ ΣSort, so that M i is a partial
Σ-structure (cf. Definition 5.1.2). We define a signature morphism

ρCM i : Σ(M i, xC)→ ΣJ (M, xCi)

as follows (where xC /∈ Σ(M i) and xCi /∈ ΣJ (M) are new constants of sorts C and
Ci, respectively):

• On Σ ⊆ Σ(M i, xC), we stipulate that ρCM i agrees with ρi : Σ→ ΣJ (cf. Defini-
tion 5.1.4).

• If s ∈M i
A = MAi for some A ∈ ΣSort, then we set

ρCM i

(
cM

i

A,s

)
:= cMAi,s ∈ ΣJ (M, xCi).

• We set
ρCM i(xC) := xCi ∈ ΣJ (M, xCi).
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Lemma 5.1.13. For any M ∈ PTJmod, i ∈ JO, and C ∈ ΣSort, the signature
morphism ρCM i is a theory morphism

ρCM i : T(M i, xC)→ TJ (M, xCi).

Proof: See Appendix C.

The proofs of the next two lemmas are basically trivial from the definitions.

Lemma 5.1.14. Let M ∈ PTJmod, i ∈ JO, and C ∈ ΣSort. For any u, v ∈
Termc(Σ(M i, xC)) with v : C, we have

ρCM i(u[v/xC ]) ≡ ρCM i(u)[ρCM i(v)/xCi ].

Lemma 5.1.15. Let h : M → N be a ΣJ -morphism in PTJmod. Then for any
B ∈ ΣSort and k ∈ JO, we have an induced signature morphism

ρB
k

h : ΣJ (M, xBk)→ ΣJ (N, xBk)

by Definition 2.2.17. From Definition 5.1.3, we obtain from h a Σ-morphism hk :
Mk → Nk, and we also have an induced signature morphism

ρBhk : Σ(Mk, xB)→ Σ(Nk, xB)

by Definition 2.2.17. Then we have

ρBNk ◦ ρBhk = ρB
k

h ◦ ρBMk : Σ(Mk, xB)→ ΣJ (N, xBk).

Definition 5.1.16. Let M ∈ PTJmod, f : i → j ∈ JA, and C ∈ ΣSort. We define a
signature morphism

σCf : ΣJ (M, xCj)→ ΣJ (M, xCi)

as follows:

• On ΣJ (M), we define σCf to be the inclusion into ΣJ (M, xCi).
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• We set
σCf (xCj) := αCf (xCi) : Cj.

Since TJ (M, xCj) ` αCf (xCi) ↓, we then easily obtain:

Lemma 5.1.17. For any M ∈ PTJmod, f : i→ j ∈ JA, and C ∈ ΣSort, the signature
morphism σCf is a theory morphism

σCf : TJ (M, xCj)→ TJ (M, xCi).

If f : i→ j is an arrow in J , let us write fM := FM(f) : M i →M j (cf. the proof of
Proposition 5.1.8). Then we have

fM = FM(f) =
((
αAf
)M

: M i
A →M j

A

)
A∈Σ

.

Recall that for any C ∈ ΣSort, the Σ-morphism fM : M i → M j induces a signature
morphism ρCfM : Σ(M i, xC) → Σ(M j, xC) by Definition 2.2.17 which is also a theory

morphism ρCfM : T(M i, xC)→ T(M j, xC) by Lemma 2.2.18.

Definition 5.1.18. For any M ∈ PTJmod, any arrow f : i → j in J , and any
C ∈ ΣSort, we define a signature morphism τCf : Σ(M i, xC)→ ΣJ (M, xCi) as

τCf := σCf ◦ ρCMj ◦ ρCfM

: Σ(M i, xC)→ Σ(M j, xC)→ ΣJ (M, xCj)→ ΣJ (M, xCi).

Explicitly, τCf is given by the following data:

• When restricted to Σ ⊆ Σ(M i, xC), τCf agrees with ρj : Σ→ ΣJ .

• For any s ∈M i
A = MAi (for any A ∈ ΣSort), we have

τCf

(
cM

i

A,s

)
:= σCf

(
ρCMj

(
ρCfM

(
cM

i

A,s

)))
≡ σCf

(
ρCMj

(
cM

j

A,fM (s)

))
≡ σCf

(
cMAj ,fM (s)

)
≡ cMAj ,fM (s)

≡ cM
Aj ,(αA

f )
M

(s)
.
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• We have

τCf (xC) := σCf
(
ρCMj

(
ρCfM (xC)

))
≡ σCf

(
ρCMj (xC)

)
≡ σCf (xCj) ≡ αCf (xCi).

We will then need the following technical lemma about the signature morphism τCf :

Lemma 5.1.19. Let M ∈ PTJmod, let f : i → j be any arrow in J , and let
C ∈ ΣSort. Then for any term u ∈ Termc(Σ(M i, xC)) with T(M i, xC) ` u ↓ and u : A,
we have

TJ (M, xCi) ` τCf (u) = αAf
(
ρCM i(u)

)
.

Proof: See Appendix C.

We can now prove:

Proposition 5.1.20. For any M ∈ PTJmod, there is a group homomorphism

βM :

(∏
i∈J

GT(M i)

)J
× Aut(IdJ )M → GTJ (M).

Proof: Let γ = (γi)i ∈ (
∏

iGT(M i))
J

and ψ = (ψB)B∈Σ ∈ Aut(IdJ )M . We must
define

βM(γ, ψ) ∈ GTJ (M),

with GTJ (M) being the group of all ΣJSort-indexed sequences

([tCi ])i∈J ,C∈Σ ∈
∏

i∈J ,C∈Σ

M〈xCi〉Ci

that are invertible, commute generically with all function symbols of ΣJ , and re-
flect definedness. Each tCi ∈ Termc(ΣJ (M, xCi)) is a closed term of sort Ci with
TJ (M, xCi) ` tCi ↓.

So let i ∈ JO and C ∈ ΣSort; we define

βM(γ, ψ)Ci ∈M〈xCi〉Ci .

Since γi ∈ GT(M i), we know that γCi = [siC ] ∈M i〈xC〉C . So siC ∈ Termc(Σ(M i, xC))C
is a closed term of sort C with T(M i, xC) ` siC ↓. Then

ρCM i(siC) ∈ Termc(ΣJ (M, xCi))Ci
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and TJ (M, xCi) ` ρCM i(siC) ↓, since ρCM i : Σ(M i, xC) → ΣJ (M, xCi) is a theory mor-
phism from T(M i, xC) to TJ (M, xCi) by Lemma 5.1.13.

Suppose first that T(M i) is non-trivial for the sort C. So then i ∈ JM
C , and

ψC(i) : i
∼−→ i is an isomorphism in J . So then αCψC(i) : Ci → Ci is a function symbol

of ΣJ , and moreover TJ (M, xCi) ` αCψC(i)(xCi) ↓ because TJ (M, xCi) ` xCi ↓ and

αCψC(i) is provably total in TJ . Then it follows that

TJ (M, xCi) ` ρCM i(siC)
[
αCψC(i)(xCi)/xCi

]
↓

by Lemma 2.2.24.

So then
[
ρCM i(siC)

[
αCψC(i)(xCi)/xCi

]]
∈M〈xCi〉Ci , and we therefore set

βM(γ, ψ)Ci :=
[
ρCM i(siC)

[
αCψC(i)(xCi)/xCi

]]
∈M〈xCi〉Ci .

If T(M i) is trivial for the sort C, then we simply set

βM(γ, ψ)Ci := [xCi ] ∈M〈xCi〉Ci .

Before we show that βM(γ, ψ) ∈ ZTJ (M), we first verify that βM is well-defined.

So let γ = δ ∈ (
∏

iGT(M i))
J

. To show that βM(γ, ψ) = βM(δ, ψ), let i ∈ JO and
C ∈ ΣSort be arbitrary; we must show

βM(γ, ψ)Ci = βM(δ, ψ)Ci .

If T(M i) is trivial for the sort C, then we have

βM(γ, ψ)Ci = [xCi ] = βM(δ, ψ)Ci ,

as desired.
So suppose that T(M i) is non-trivial for the sort C. Then we must show[

ρCM i(uiC)
[
αCψC(i)(xCi)/xCi

]]
=
[
ρCM i(viC)

[
αCψC(i)(xCi)/xCi

]]
∈M〈xCi〉Ci ,

if γCi = [uiC ] and δCi = [viC ]. In other words, we must show

TJ (M, xCi) ` ρCM i(uiC)
[
αCψC(i)(xCi)/xCi

]
= ρCM i(viC)

[
αCψC(i)(xCi)/xCi

]
.

Since γ = δ, we obtain γi = δi and hence [uiC ] = [viC ] ∈ M i〈xC〉, which means
that T(M i, xC) ` uiC = viC . Then since ρCM i : T(M i, xC) → TJ (M, xCi) is a theory
morphism by Lemma 5.1.13, the desired result follows by Lemma 2.2.24. So βM is
indeed well-defined.

Now we prove that βM(γ, ψ) ∈ GTJ (M), which we do in a series of claims.

Claim 5.1.21. βM(γ, ψ) is invertible.
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Proof: Let i ∈ JO and C ∈ ΣSort. If T(M i) is trivial for the sort C, then the
result is trivial to verify. So assume that T(M i) is non-trivial for the sort C. Since
γi ∈ GT(M i), there is some [(siC)−1] ∈M i〈xC〉C with[

siC
[
(siC)−1/xC

]]
= [xC ] =

[
(siC)−1

[
siC/xC

]]
∈M i〈xC〉C ,

i.e.
T(M i, xC) ` siC

[
(siC)−1/xC

]
= xC = (siC)−1

[
siC/xC

]
.

Now consider ρCM i

(
(siC)

−1
)
∈ Termc(ΣJ (M, xCi))Ci : since T(M i, xC) ` (siC)−1 ↓, it

follows from Lemma 5.1.13 that

TJ (M, xCi) ` ρCM i

((
siC
)−1
)
↓ .

Then because αCψC(i)−1 : Ci → Ci is provably total in TJ , we obtain

TJ (M, xCi) ` αCψC(i)−1

(
ρCM i

((
siC
)−1
))
↓,

so that [
αCψC(i)−1

(
ρCM i

((
siC
)−1
))]
∈M〈xCi〉Ci .

So we set
βM(γ, ψ)−1

Ci :=
[
αCψC(i)−1

(
ρCM i

((
siC
)−1
))]

.

Then because ρCM i is a theory morphism, the following sequence of equations is prov-
able in TJ (M, xCi), as desired:

ρCM i(siC)
[
αCψC(i)(xCi)/xCi

] [
αCψC(i)−1

(
ρCM i

((
siC
)−1
))

/xCi

]
≡ ρCM i(siC)

[
αCψC(i)

(
αCψC(i)−1

(
ρCM i

((
siC
)−1
)))

/xCi

]
= ρCM i(siC)

[
αCψC(i)◦ψC(i)−1

(
ρCM i

((
siC
)−1
))

/xCi

]
= ρCM i(siC)

[
αCidi

(
ρCM i

((
siC
)−1
))

/xCi

]
= ρCM i(siC)

[
ρCM i

((
siC
)−1
)
/xCi

]
≡ ρCM i

(
siC

[(
siC
)−1

/xC
])

= ρCM i(xC)

= xCi ,

as desired (the fifth equality follows by Lemma 5.1.14). The other equality is shown
similarly. This proves that βM(γ, ψ) is invertible.



5. ISOTROPY GROUPS OF FUNCTOR THEORIES 160

Claim 5.1.22. βM(γ, ψ) commutes generically with all function symbols of ΣJ .

Proof: First let i ∈ JO and let g : A1 × . . .×An → A be a function symbol of Σ.
We must show that βM(γ, ψ) commutes generically with the function symbol

gi : Ai1 × . . .× Ain → Ai

of ΣJ . Assume without loss of generality that T(M i) is non-trivial for each of the
sorts A1, . . . , An, A; if this is not the case, then the argument required is a simpler
version of the one we are about to give.

We must show that the sequent

gi
(

xAi
1
, . . . , xAi

n

)
↓ `

{
ρAM i(siA)

[
αAψA(i)(xAi)/xAi

]} [
gi
(

xAi
1
, . . . , xAi

n

)
/xAi

]
= gi

(
ρA1

M i

(
siA1

) [
αA1

ψA1
(i)

(
xAi

1

)
/xAi

1

]
, . . . , ρAn

M i

(
siAn

) [
αAn

ψAn (i)

(
xAi

n

)
/xAi

n

])
is provable in the theory TJ

(
M, xAi

1
, . . . , xAi

n

)
(technically, we need to ensure that

the indeterminates on the right side of the equation are pairwise distinct (cf. Defini-
tion 2.2.47), but we will ignore this subtlety here and elsewhere in the proof of the
proposition to increase readability). Since γi ∈ GT(M i), we know that the sequent

g(xA1 , . . . , xAn) ↓ ` siA[g(xA1 , . . . , xAn)/xA] = g
(
siA1

, . . . , siAn

)
(∗)

is provable in the theory T(M i, xA1 , . . . , xAn). As in Definition 5.1.12 and Lemma
5.1.13, we can define a signature morphism

ρ
~A
M i : Σ(M i, xA1 , . . . , xAn)→ ΣJ

(
M, xAi

1
, . . . , xAi

n

)
that will be a theory morphism

ρ
~A
M i : T(M i, xA1 , . . . , xAn)→ TJ

(
M, xAi

1
, . . . , xAi

n

)
;

on Σ(M i), we define ρ
~A
M i as in Definition 5.1.12, and for any 1 ≤ j ≤ n we set

ρ
~A
M i(xAj

) := xAi
j
.

(Here ~A = A1, . . . , An.) Then it is obvious that for any 1 ≤ j ≤ n, the signature

morphism ρ
~A
M i agrees with the signature morphism ρ

Aj

M i : Σ(M i, xAj
)→ ΣJ

(
M, xAi

j

)
when restricted to Σ(M i, xAj

), which implies that ρ
~A
M i

(
siAj

)
≡ ρ

Aj

M i

(
siAj

)
for all

1 ≤ j ≤ n. Also (by Lemma 5.1.14), we have

ρAM i

(
siA
) [
gi
(

xAi
1
, . . . , xAi

n

)
/xAi

]
≡ ρ

~A
M i

(
siA[g(xA1 , . . . , xAn)/xA]

)
.
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Now, since ρ
~A
M i : T(M i, xA1 , . . . , xAn) → TJ

(
M, xAi

1
, . . . , xAi

n

)
is a theory morphism,

it follows that the ρ
~A
M i-translation of the aforementioned sequent (∗) provable in

T(M i, xA1 , . . . , xAn) will be provable in TJ
(
M, xAi

1
, . . . , xAi

n

)
. In other words, the

following sequent is provable in TJ
(
M, xAi

1
, . . . , xAi

n

)
:

gi
(

xAi
1
, . . . , xAi

n

)
↓ `

ρAM i(siA)
[
gi
(

xAi
1
, . . . , xAi

n

)
/xAi

]
= gi

(
ρA1

M i

(
siA1

)
, . . . , ρAn

M i

(
siAn

))
.

Now, let us reason in the theory

TJ
(
M, xAi

1
, . . . , xAi

n

)
∪
{
> ` gi

(
xAi

1
, . . . , xAi

n

)
↓
}

(referred to as the ‘expanded theory’ for the rest of this argument), one of whose

theorems is therefore the preceding equation. By substituting αA1

ψA(i)

(
xAi

1

)
for xAi

1
,

. . ., αAn

ψA(i)

(
xAi

n

)
for xAi

n
, the following equation is then provable in the expanded

theory:

ρAM i

(
siA
) [
gi
(
αA1

ψA(i)

(
xAi

1

)
, . . . , αAn

ψA(i)

(
xAi

n

))
/xAi

]
= gi

(
ρA1

M i

(
siA1

) [
αA1

ψA(i)

(
xAi

1

)
/xAi

1

]
, . . . , ρAn

M i

(
siAn

) [
αAn

ψA(i)

(
xAi

n

)
/xAi

n

])
.

Since the expanded theory (because of Axiom 5.1.5.4) proves the equation

gi
(
αA1

ψA(i)

(
xAi

1

)
, . . . , αAn

ψA(i)

(
xAi

n

))
= αAψA(i)

(
gi
(

xAi
1
, . . . , xAi

n

))
,

it follows that the expanded theory proves the equation

ρAM i

(
siA
) [
αAψA(i)

(
gi
(

xAi
1
, . . . , xAi

n

))
/xAi

]
= gi

(
ρA1

M i

(
siA1

) [
αA1

ψA(i)

(
xAi

1

)
/xAi

1

]
, . . . , ρAn

M i

(
siAn

) [
αAn

ψA(i)

(
xAi

n

)
/xAi

n

])
,

i.e. the expanded theory proves the equation

ρAM i(siA)
[
αAψA(i)(xAi)/xAi

] [
gi
(

xAi
1
, . . . , xAi

n

)
/xAi

]
= gi

(
ρA1

M i

(
siA1

) [
αA1

ψA(i)

(
xAi

1

)
/xAi

1

]
, . . . , ρAn

M i

(
siAn

) [
αAn

ψA(i)

(
xAi

n

)
/xAi

n

])
.

So to complete the argument, it remains to show (by the deduction theorem in Remark
1.3.17) that the expanded theory proves the equation

gi
(
ρA1

M i

(
siA1

) [
αA1

ψA1
(i)

(
xAi

1

)
/xAi

1

]
, . . . , ρAn

M i

(
siAn

) [
αAn

ψAn (i)

(
xAi

n

)
/xAi

n

])
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= gi
(
ρA1

M i

(
siA1

) [
αA1

ψA(i)

(
xAi

1

)
/xAi

1

]
, . . . , ρAn

M i

(
siAn

) [
αAn

ψA(i)

(
xAi

n

)
/xAi

n

])
(the difference in the two terms being the ψ-subscripts). It suffices to show that for any

position 1 ≤ m ≤ n, we can ‘swap’ ρAm

M i

(
siAm

) [
αAm

ψAm (i)

(
xAi

m

)]
for ρAm

M i

(
siAm

) [
αAm

ψA(i)

(
xAi

m

)]
within position m in gi (modulo the expanded theory). If gM

i
is degenerate in posi-

tion m, then this easily follows by the definition of ‘degenerate’ (cf. Definition 5.1.10):
specifically, if T(M i) proves the equation in Definition 5.1.10 for g, then it follows
from Lemma 5.1.13 that TJ (M) will prove the corresponding equation for gi.

Otherwise, if gM
i

is non-degenerate in position m, then since ψ ∈ Aut(IdJ )M , it
follows that ψAm(i) = ψA(i) : i

∼−→ i, which again easily yields the desired result. This
completes the proof that βM(γ, ψ) commutes generically with the function symbol gi

of ΣJ .

Now let B ∈ ΣSort and let f : i→ j be an arbitrary arrow in J . We must show
that βM(γ, ψ) commutes generically with the function symbol αBf : Bi → Bj of ΣJ .
Suppose first that T(M i) and T(M j) are non-trivial for the sort B. Then we must
show that the equation{

ρBMj(s
j
B)
[
αBψB(j)(xBj)/xBj

]} [
αBf (xBi)/xBj

]
= αBf

(
ρBM i(siB)

[
αBψB(i)(xBi)/xBi

])
is provable in TJ (M, xBi) (since αBf is provably total in TJ ). Since γ ∈ (

∏
iGT(M i))

J
,

we know that
GT
(
FM(f)

)
(γi) = γj,

i.e.
GT
(
FM(f)

) (([
siC
])
C∈Σ

)
=
([
sjC
])
C∈Σ

.

Recalling our earlier convention that fM := FM(f) : M i → M j, this equality means
that ([

ρCfM (siC)
])
C∈Σ

=
([
sjC
])
C∈Σ
∈ GT(M j)

(cf. Definition 2.2.36). In particular, for our fixed sort B, we have[
ρBfM (siB)

]
=
[
sjB
]
∈M j〈xB〉B,

which means that
T(M j, xB) ` ρBfM (siB) = sjB.

Since ρBMj : T(M j, xB) → TJ (M, xBj) is a theory morphism by Lemma 5.1.13, we
then have

TJ (M, xBj) ` ρBMj

(
ρBfM (siB)

)
= ρBMj(s

j
B).

And since σBf : TJ (M, xBj) → TJ (M, xBi) is a theory morphism by Lemma 5.1.17,
we obtain

TJ (M, xBi) ` σBf
(
ρBMj

(
ρBfM (siB)

))
= σBf

(
ρBMj(s

j
B)
)
,
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i.e. (cf. Definition 5.1.18)

TJ (M, xBi) ` τBf (siB) = σBf
(
ρBMj(s

j
B)
)
.

Also, since σBf : ΣJ (M, xBj) → ΣJ (M, xBi) is the identity except for the fact that
σBf (xBj) := αBf (xBi), it easily follows that

σBf
(
ρBMj(s

j
B)
)
≡ ρBMj(s

j
B)
[
αBf (xBi)/xBj

]
.

So we have
TJ (M, xBi) ` τBf (siB) = ρBMj(s

j
B)
[
αBf (xBi)/xBj

]
.

Finally, since T(M i, xB) ` siB ↓, it follows from Lemma 5.1.19 that

TJ (M, xBi) ` τBf (siB) = αBf
(
ρBM i(siB)

)
.

Combining this equation with the previous one, we then have

TJ (M, xBi) ` ρBMj(s
j
B)
[
αBf (xBi)/xBj

]
= αBf

(
ρBM i(siB)

)
.

Substituting αBψB(i)(xBi) for xBi and applying Lemma 2.2.24, TJ (M, xBi) then proves
the equation

ρBMj(s
j
B)
[
αBf
(
αBψB(i)(xBi)

)
/xBj

]
= αBf

(
ρBM i(siB)

[
αBψB(i)(xBi)/xBi

])
.

So to complete the argument, it remains to prove that TJ (M, xBi) proves the equation

ρBMj(s
j
B)
[
αBf
(
αBψB(i)(xBi)

)
/xBj

]
=
{
ρBMj

(
sjB
) [
αBψB(j)(xBj)/xBj

]}
[αBf (xBi)/xBj ].

But the following sequence of equations is provable in TJ (M, xBi), as desired:{
ρBMj

(
sjB
) [
αBψB(j)(xBj)/xBj

]}
[αBf (xBi)/xBj ]

≡ ρBMj(s
j
B)
[
αBψB(j)(α

B
f (xBi))/xBj

]
= ρBMj(s

j
B)
[
αBψB(j)◦f (xBi)/xBj

]
= ρBMj(s

j
B)
[
αBf◦ψB(i)(xBi)/xBj

]
= ρBMj(s

j
B)
[
αBf (αBψB(i)(xBi))/xBj

]
.

The second equality follows by Axiom 5.1.5.3, the third by naturality of ψB ∈
Aut

(
IdJM

B

)
, and the last by Axiom 5.1.5.3 again.

Now suppose that T(M i) is trivial for the sort B, which implies that T(M i, xB)
is also trivial for the sort B. Given the arrow f : i → j, we have the induced
Σ-morphism fM : M i →M j, which in turn induces the theory morphism

ρBfM : T(M i, xB)→ T(M j, xB),
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the existence of which implies that T(M j, xB) is also trivial for the sort B. But by
Lemma 5.1.13, it then easily follows that TJ (M, xBj) is trivial for the sort Bj, and
hence will prove all equations between terms of this sort, which clearly yields the
desired result. And if T(M j) is trivial for the sort B, then T(M j, xB) is trivial for the
sort B, which then also yields the desired result, as just explained.

This completes the proof that βM(γ, ψ) commutes generically with αBf , and com-
pletes the proof that βM(γ, ψ) commutes generically with all function symbols of ΣJ .

Claim 5.1.23. βM(γ, ψ) reflects definedness.

Proof: Since the function symbols αBf are all provably total in TJ , it suffices to
just consider the function symbols gi of ΣJ , for i ∈ JO and g : A1× . . .×An → A in
Σ. We will assume without loss of generality that T(M i) is non-trivial for the sorts
A1, . . . , An, A (if not, the required argument is simpler).

To show that βM(γ, ψ) reflects definedness of gi (assuming that n ≥ 1), we must
show that the sequent

gi
(
ρA1

M i

(
siA1

) [
αA1

ψA1
(i)

(
xAi

1

)
/xAi

1

]
, . . . , ρAn

M i

(
siAn

) [
αAn

ψAn (i)

(
xAi

n

)
/xAi

n

])
↓

` gi
(

xAi
1
, . . . , xAi

n

)
↓

is provable in the theory TJ
(
M, xAi

1
, . . . , xAi

n

)
. Since γi ∈ GT(M i), we know that γi

reflects definedness of the function symbol g ∈ ΣFun, so that the sequent

g
(
siA1

, . . . , siAn

)
↓ ` g(xA1 , . . . , xAn) ↓

is provable in the theory T(M i, xA1 , . . . , xAn). Then since the aforementioned signature

morphism ρ
~A
M i : Σ(M i, xA1 , . . . , xAn) → ΣJ

(
M, xAi

1
, . . . , xAi

n

)
is a theory morphism

T(M i, xA1 , . . . , xAn)→ TJ
(
M, xAi

1
, . . . , xAi

n

)
, it easily follows that TJ

(
M, xAi

1
, . . . , xAi

n

)
proves the sequent

gi
(
ρA1

M i

(
siA1

)
, . . . , ρAn

M i

(
siAn

))
↓ ` gi

(
xAi

1
, . . . , xAi

n

)
↓ .

By making the appropriate substitutions (and applying Lemma 2.2.24), it then follows

that TJ
(
M, xAi

1
, . . . , xAi

n

)
proves the sequent

gi
(
ρA1

M i

(
siA1

) [
αA1

ψA1
(i)

(
xAi

1

)
/xAi

1

]
, . . . , ρAn

M i

(
siAn

) [
αAn

ψAn (i)

(
xAi

n

)
/xAi

n

])
↓
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` gi
(
αA1

ψA1
(i)

(
xAi

1

)
, . . . , αAn

ψAn (i)

(
xAi

n

))
↓ .

To complete the argument, it now suffices to show that TJ
(
M, xAi

1
, . . . , xAi

n

)
proves

the sequent

gi
(
αA1

ψA1
(i)

(
xAi

1

)
, . . . , αAn

ψAn (i)

(
xAi

n

))
↓ ` gi

(
xAi

1
, . . . , xAi

n

)
↓ .

By reasoning similar to that used in the argument that βM(γ, ψ) commutes generically

with gi, it is sufficient to prove that TJ
(
M, xAi

1
, . . . , xAi

n

)
proves the sequent

gi
(
αA1

ψA(i)

(
xAi

1

)
, . . . , αAn

ψA(i)

(
xAi

n

))
↓ ` gi

(
xAi

1
, . . . , xAi

n

)
↓ .

Now let us work in the theory

TJ
(
M, xAi

1
, . . . , xAi

n

)
∪
{
> ` gi

(
αA1

ψA(i)(xAi
1
), . . . , αAn

ψA(i)(xAi
n
)
)
↓
}
,

which we will refer to as the ‘expanded theory’ for the remainder of the argument.
Then (by the deduction theorem in Remark 1.3.17) we need to show that the expanded
theory proves the sequent

> ` gi
(

xAi
1
, . . . , xAi

n

)
↓ .

Since αAψA(i)−1 is provably total in TJ , it follows that the expanded theory proves the
sequent

> ` αAψA(i)−1

(
gi
(
αA1

ψA(i)

(
xAi

1

)
, . . . , αAn

ψA(i)

(
xAi

n

)))
↓ .

Then by Axiom 5.1.5.4, it follows that the expanded theory proves the sequent

> ` gi
(
αA1

ψA(i)−1

(
αA1

ψA(i)

(
xAi

1

))
, . . . , αAn

ψA(i)−1

(
αAn

ψA(i)

(
xAi

n

)))
↓ .

Then by Axioms 5.1.5.3 and 5.1.5.2 we finally obtain that the expanded theory proves
the sequent

> ` gi
(

xAi
1
, . . . , xAi

n

)
↓,

as required. This proves that βM(γ, ψ) reflects definedness.

With the preceding three claims, we have now proved that

βM :

(∏
i

GT(M i)

)J
× Aut(IdJ )M → GTJ (M)
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is a well-defined function. To complete the proof of Proposition 5.1.20, we must
show that βM preserves the group multiplication. So let γ = (γi)i, δ = (δi)i ∈
(
∏

iGT(M i))J and ψ, χ ∈ Aut(IdJ )M . We must show that

βM(γ · δ, ψ · χ) = βM(γ, ψ) · βM(δ, χ).

So fix j ∈ JO and B ∈ ΣSort. Then we must show

βM(γ · δ, ψ · χ)Bj = ((βM(γ, ψ) · βM(δ, χ))Bj .

If T(M j) is trivial for the sort B, then the desired result follows immediately from
the definition of βM . So assume otherwise, and let γj =

([
sjC
])
C

and δj =
([
tjC
])
C

.

Also, note that (γ · δ)j = γj · δj =
([
sjC
[
tjC/xC

]])
C

and (ψ · χ)B(j) = ψB(j) ◦ χB(j).
Then we must show that[

ρBMj

(
sjB
[
tjB/xB

]) [
αBψB(j)◦χB(j)(xBj)/xBj

]]
=
[
ρBMj(s

j
B)
[
αBψB(j)(xBj)/xBj

]]
·
[
ρBMj(t

j
B)
[
αBχB(j)(xBj)/xBj

]]
holds in M〈xBj〉Bj , i.e. we must show that TJ (M, xBj) proves the equation

ρBMj

(
sjB
[
tjB/xB

]) [
αBψB(j)◦χB(j)(xBj)/xBj

]
= ρBMj(s

j
B)
[
αBψB(j)(xBj)/xBj

]
· ρBMj(t

j
B)
[
αBχB(j)(xBj)/xBj

]
.

First, let 1 ∈ Aut(IdJ )M be the identity element. Then we know that

βM(γ,1), βM(δ,1), βM(γ · δ,1) ∈ GTJ (M).

We have

βM(γ,1)Bj =
[
ρBMj

(
sjB
) [
αB1B(j)(xBj)/xBj

]]
=
[
ρBMj(s

j
B)
[
αBidj(xBj)/xBj

]]
=
[
ρBMj(s

j
B)[xBj/xBj ]

]
=
[
ρBMj(s

j
B)
]
,

with the third equality justified by Axiom 5.1.5.2. Similarly, we have

βM(δ,1)Bj =
[
ρBMj

(
tjB
)]

and
βM(γ · δ,1)Bj =

[
ρBMj

(
sjB
[
tjB/xBj

])]
.

Since
βM(γ,1), βM(δ,1), βM(γ · δ,1) ∈ GTJ (M),
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it follows that
[
ρBMj(s

j
B)
]

commutes generically with αBψB(j) : Bj → Bj, that
[
ρBMj(t

j
B)
]

commutes generically with αBχB(j) : Bj → Bj, and that
[
ρBMj

(
sjB
[
tjB/xB

])]
commutes

generically with αBψB(j)◦χB(j) : Bj → Bj. This means that

TJ (M, xBj) ` ρBMj(s
j
B)
[
αBψB(j)(xBj)/xBj

]
= αBψB(j)

(
ρBMj(s

j
B)
)
,

as well as

TJ (M, xBj) ` ρBMj(t
j
B)
[
αBχB(j)(xBj)/xBj

]
= αBχB(j)

(
ρBMj(t

j
B)
)

and
TJ (M, xBj) ` ρBMj

(
sjB
[
tjB/xB

]) [
αBψB(j)◦χB(j)(xBj)/xBj

]
= αBψB(j)◦χB(j)

(
ρBMj

(
sjB
[
tjB/xB

]))
.

So to complete the argument that βM preserves group multiplication, it suffices to
show that TJ (M, xBj) proves the equation

αBψB(j)◦χB(j)

(
ρBMj

(
sjB
[
tjB/xB

]))
= αBψB(j)(ρ

B
Mj(s

j
B))
[
αBχB(j)(ρ

B
Mj(t

j
B))/xBj

]
.

But TJ (M, xBj) proves the following sequence of equations, as desired:

αBψB(j)(ρ
B
Mj(s

j
B))
[
αBχB(j)(ρ

B
Mj(t

j
B))/xBj

]
≡ αBψB(j)

(
ρBMj(s

j
B)
[
αBχB(j)(ρ

B
Mj(t

j
B))/xBj

])
= αBψB(j)

(
αBχB(j)

(
ρBMj(s

j
B)
[
ρBMj(t

j
B)/xBj

]))
≡ αBψB(j)

(
αBχB(j)

(
ρBMj

(
sjB
[
tjB/xB

])))
= αBψB(j)◦χB(j)

(
ρBMj

(
sjB
[
tjB/xB

]))
.

The second equality follows because
[
ρBMj(s

j
B)
]

commutes generically with αBχB(j) :

Bj → Bj, the third equality follows by Lemma 5.1.14, while the last equality fol-
lows by Axiom 5.1.5.3. This completes the argument that βM preserves the group
multiplication.

This finally completes the proof of Proposition 5.1.20.

Our next step is to show that the group homomorphism βM is bijective. For this
purpose, we first require the following definitions.

Definition 5.1.24. Let M ∈ PTJmod.

• For any k ∈ JO, let

Cod(k) := {f ∈ JA : cod(f) = k}.
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For any k ∈ JO and B ∈ ΣSort, let Σ
(
Mk, xBCod(k)

)
be the signature obtained

from Σ(Mk) by adding pairwise distinct new constant symbols xBf : B for every
f ∈ Cod(k).

• For any k ∈ JO and B ∈ ΣSort, let T
(
Mk, xBCod(k)

)
be the quasi-equational

theory over the signature Σ
(
Mk, xBCod(k)

)
obtained from T(Mk) by adding the

axioms > ` xBf ↓ for every f ∈ Cod(k).

Definition 5.1.25 (α-Restricted Terms). IfM ∈ PTJmod and u ∈ Termc(ΣJ (M, xAi))
for some A ∈ ΣSort and i ∈ JO, then we say that u is α-restricted if the only subterms
of u of the form αCf (v) are those with C = A and v ≡ xAi and dom(f) = i.

In other words, u ∈ Termc(ΣJ (M, xAi)) is α-restricted if all ‘α-subterms’ of u
have the form αAf (xAi) for some f ∈ Dom(i).

Essentially, an α-restricted term is a term in which all of the α-function symbols have
been pushed inside ‘as far as possible’. In order to prove that every (provably defined)
term has an α-restricted equivalent, we require the following lemma:

Lemma 5.1.26. Let M ∈ PTJmod and let u ∈ Termc(ΣJ (M, xAi)) be α-restricted,
where A ∈ ΣSort and i ∈ JO. If u : Cj for some j ∈ JO and C ∈ ΣSort, then for any
arrow f : j → cod(f) in J , there is an α-restricted term uf ∈ Termc(ΣJ (M, xAi))
with uf : Ccod(f) and TJ (M, xAi) proves the sequent

u ↓ ` αCf (u) = uf .

Proof: See Appendix C.

With the help of Lemma 5.1.26 we can now show:

Lemma 5.1.27. If M ∈ PTJmod and u ∈ Termc(ΣJ (M, xAi)) for some A ∈ ΣSort

and i ∈ JO, then there is an α-restricted term u′ ∈ Termc(ΣJ (M, xAi)) of the same
sort such that TJ (M, xAi) proves the sequent

u ↓ ` u = u′.

Proof: See Appendix C.

It is trivial to verify (from the proof of Lemma 5.1.27) that if u ∈ Termc(ΣJ (M, xAi))
is already α-restricted, then u ≡ u′.
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Definition 5.1.28. Let M ∈ PTJmod and A ∈ ΣSort and i ∈ JO, and let

Termc(ΣJ (M, xAi))∗

be the set of all α-restricted terms in Termc(ΣJ (M, xAi)). We define a map

θ : Termc(ΣJ (M, xAi))∗ →
⋃
k∈JO

Termc
(

Σ
(
Mk, xACod(k)

))
with the property that if u : Ck for k ∈ JO and C ∈ ΣSort, then θ(u) ∈ Termc

(
Σ
(
Mk, xACod(k)

))
with θ(u) : C.

We define θ by induction on the structure of u ∈ Termc(ΣJ (M, xAi))∗:

• For any f : i→ k in J , we set

θ(xAi) := xAidi : A

and
θ(αAf (xAi)) := xAf : A

(note that αAf (xAi) : Ak and xAf ∈ Termc
(

Σ
(
Mk, xACod(k)

))
).

• For any k ∈ JO, C ∈ ΣSort, and s ∈MCk = Mk
C , we set

θ
(
cMCk,s

)
:= cM

k

C,s .

• For any k ∈ JO, any function symbol g : C1 × . . . × Cn → C in Σ, and any
u1, . . . , un ∈ Termc(ΣJ (M, xAi))∗ with u` : Ck

` for all 1 ≤ ` ≤ n, we set

θ(gk(u1, . . . , un)) := g(θ(u1), . . . , θ(un)).

The idea behind the map θ is that it takes an α-restricted term t and replaces all of
the subterms in t of the form αAf (xAi) by constant symbols xAf , indexed by the arrows
of J . The next result now states that θ preserves provability of equations:

Proposition 5.1.29. Let M ∈ PTJmod and let s, t ∈ Termc(ΣJ (M, xAi))∗ for some
i ∈ JO and A ∈ ΣSort, with s, t : Cj for some C ∈ ΣSort and j ∈ JO. If

TJ (M, xAi
) ` s = t,

then
T
(
M j, xACod(j)

)
` θ(s) = θ(t).
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Proof: See Appendix C.

We will also need the following technical lemmas, whose proofs may be found in
Appendix C.

Lemma 5.1.30. Let T′ be any quasi-equational theory over a relation-free signature
Σ′, let B ∈ Σ′Sort, and let C be a (possibly infinite) set of constants of sort B with
C ∩ Σ′Fun = ∅. Let Σ′(C) be the signature with Σ′(C)Sort := Σ′Sort and Σ′(C)Fun :=
Σ′Fun ∪ C, and let T′(C) be the quasi-equational theory over the signature Σ′(C) whose
axioms are those of T′ together with the axioms > ` c ↓ for all c ∈ C.

Let s, t ∈ Termc(Σ′(C)) be closed terms over Σ′(C) of the same sort such that at
least one of s and t contains a constant from C, and let {c1, . . . , cn} be the (finite,
non-empty) set of all and only those constants of C that occur in either s or t. Let
Σ′(c1, . . . , cn) and T′(c1, . . . , cn) be the signature and theory defined analogously to
Σ′(C) and T′(C). Then

T′(C) ` s = t =⇒ T′(c1, . . . , cn) ` s = t.

Lemma 5.1.31. Let M ∈ PTJmod and k ∈ JO and B ∈ ΣSort, and suppose that

u ∈ Termc
(

Σ
(
Mk, xBCod(k)

))
is of sort B and

T
(
Mk, xBCod(k)

)
` u = xBidk .

If T(Mk) is non-trivial for the sort B, then u contains at least one occurrence of xBidk .

Proof: See Appendix C.

We will also need the following map θ∗, which essentially takes an α-restricted term
t, applies θ to it, and then erases all of the arrow subscripts from the indeterminates
of the form xAf in θ(t):

Definition 5.1.32. Let M ∈ PTJmod and A ∈ ΣSort and i ∈ JO. We define a map

θ∗ : Termc(ΣJ (M, xAi))∗ →
⋃
k∈JO

Termc(Σ(Mk, xA))

with the property that if u : Ck for k ∈ JO and C ∈ ΣSort, then θ∗(u) ∈ Termc(Σ(Mk, xA))
with θ∗(u) : C. To define θ∗, we first define for each k ∈ JO a signature morphism

λk : Σ
(
Mk, xACod(k)

)
→ Σ(Mk, xA)

as follows:
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• λk is the identity on Σ(Mk).

• If f ∈ Cod(k), then
λk
(
xAf
)

:= xA.

By a slight abuse of notation, we also denote the induced function on closed terms as

λk : Termc
(

Σ
(
Mk, xACod(k)

))
→ Termc(Σ(Mk, xA)).

Finally, we set

λ :=
⋃
k∈JO

λk :
⋃
k∈JO

Termc
(

Σ
(
Mk, xACod(k)

))
→

⋃
k∈JO

Termc(Σ(Mk, xA)),

and we then define

θ∗ := λ ◦ θ : Termc(ΣJ (M, xAi))∗ →
⋃
k∈JO

Termc(Σ(Mk, xA)),

and it is easy to see that θ∗ indeed has the stated property.

Before showing that θ∗ preserves the provability of a certain restricted kind of se-
quents, we require the following technical concepts.

Definition 5.1.33 (i-Local Terms). Let M ∈ PTJmod.

• If u ∈ Termc(ΣJ (M, xAi))∗ for some A ∈ ΣSort and i ∈ JO, then we say that u
is i-local if u has the following property:

For any subterm v of u, there is some sort C ∈ Σ such that v : Ci.

In particular, if u is i-local, then u : Bi for some sort B, and every α-subterm
of u has the form αAf (xAi) for some f : i→ i.

• Let f : j → i have codomain i. If u ∈ Termc(ΣJ (M, xAi))∗ is i-local, we define

u[f ] ∈ Termc(ΣJ (M, xAj))∗

(note the change from xAi to xAj) to be the term of the same sort defined as
follows:

– If u ≡ xAi : Ai, then we set

u[f ] := αAf (xAj) : Ai.
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– If u ≡ αAg (xAi) : Ai for some g : i→ i (since u is i-local), then we set

u[f ] := αAg◦f (xAj) : Ai.

– If u ≡ cMBi,s : Bi for some B ∈ ΣSort and s ∈MBi , then we set

u[f ] := u : Bi.

– If u ≡ gi(u1, . . . , un) : Bi for some function symbol g : B1 × . . .×Bn → B
in Σ and i-local terms u1, . . . , un ∈ Termc(ΣJ (M, xAi))∗ with u` : Bi

` for
each 1 ≤ ` ≤ n, then we set

u[f ] := gi(u1[f ], . . . , un[f ]) : Bi.

In general, u[f ] will not be the same term as uf from Lemma 5.1.26.

• If u ∈ Term(ΣJ (M, xAi))∗ is i-local and f : i→ i, then we say that u commutes
generically with f if

TJ (M, xAi) ` αBf (u) = u[f ]

(assuming that u : Bi for some sort B ∈ Σ).

For future reference, we note the following obvious result: if u ∈ Termc(ΣJ (M, xAi))
is α-restricted and i-local and f : i→ i, then

TJ (M, xAi) ` u ↓

=⇒ TJ (M, xAi) ` u[f ] = u
[
αAf (xAi)/xAi

]
.

We can now prove that θ∗ preserves provability of a certain restricted kind of sequents:

Lemma 5.1.34. Let M ∈ PTJmod. Let u, s, t ∈ Termc(ΣJ (M, xAi))∗ for some
A ∈ ΣSort and i ∈ JO, with u : Ci and s, t : Di for some C,D ∈ ΣSort. Suppose that
u ≡ hi(u1, . . . , um) for some function symbol h : C1 × . . .× Cm → C of Σ and i-local
terms u1, . . . , um ∈ Termc(ΣJ (M, xAi))∗ with u` : Ci

` and TJ (M, xAi) ` u` ↓ for each
1 ≤ ` ≤ m, and assume that u` commutes generically with each f : i→ i in J .

If TJ (M, xAi) proves the sequent

u ↓ ` s = t,

then T(M i, xA) proves the sequent

θ∗(u) ↓ ` θ∗(s) = θ∗(t).
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Proof: See Appendix C.

We also have that θ∗ preserves the provability of equations:

Lemma 5.1.35. Let M ∈ PTJmod and A ∈ ΣSort and i ∈ JO. For any s, t ∈
Termc(ΣJ (M, xAi))∗ with s, t : Ck for some k ∈ JO and C ∈ ΣSort, if TJ (M, xAi)
proves the sequent

> ` s = t,

then T(Mk, xA) proves the sequent

> ` θ∗(s) = θ∗(t).

Proof: See Appendix C.

The proofs of the following three lemmas may be found in Appendix C.

Lemma 5.1.36. Let M ∈ PTJmod, let u ∈ Termc(ΣJ (M, xAi))∗ be i-local for some
i ∈ JO and A ∈ ΣSort, and let f ∈ Cod(i). Then

θ∗(u) ≡ θ∗(u[f ]) ∈ Termc(Σ(M i, xA)).

The following lemma says that θ∗ interacts properly with substitution, provided that
the term being substituted commutes generically with certain arrows of J :

Lemma 5.1.37. Let M ∈ PTJmod, let u, v ∈ Termc(ΣJ (M, xAi))∗ for some A ∈ ΣSort

and i ∈ JO with v : Ai, and suppose that TJ (M, xAi) ` u, v ↓. Suppose also that u, v
are i-local, and that v commutes generically with every arrow f : i→ i in J . Then

T(M i, xA) ` θ∗ (u[v/xAi ]′) = θ∗(u)[θ∗(v)/xA],

where u[v/xAi ]′ is the α-restricted variant of u[v/xAi ] from Lemma 5.1.27.

We will need the following technical lemma to prove that the group homomorphism
βM is surjective:
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Lemma 5.1.38. Let M ∈ PTJmod and A ∈ ΣSort and i ∈ JO, and let u ∈
Termc(ΣJ (M, xAi))∗ be an α-restricted, i-local term of sort Bi for some B ∈ ΣSort

with TJ (M, xAi) ` u ↓. Let f : i → ` be an arbitrary arrow of J with dom(f) = i.
Then αBf (u) has an α-restricted variant αBf (u)′ by Lemma 5.1.27, and αBf (u)′ : B`,

so that θ∗
(
αBf (u)′

)
∈ Termc

(
Σ
(
M `, xA

))
. And θ∗(u) ∈ Termc (Σ (M i, xA)), so that

ρAfM (θ∗(u)) ∈ Termc(Σ(M `, xA)), where ρAfM : T(M i, xA) → T(M `, xA) is the theory

morphism induced by the Σ-morphism fM := FM(f) : M i →M `. Then

T(M `, xA) ` θ∗
(
αBf (u)′

)
= ρAfM (θ∗(u)).

We will also require the following technical results regarding the map θ, whose proofs
involve straightforward inductions on terms:

Lemma 5.1.39. Let M ∈ PTJmod and A ∈ ΣSort and i ∈ JO, and let v ∈
Termc(ΣJ (M, xAi))∗ be of sort Bk for some B ∈ ΣSort and k ∈ JO. Fix an arrow
f : k → k in J . By Lemma 5.1.26, there is a term vf ∈ Termc(ΣJ (M, xAi))∗ with
vf : Bk.

Then θ(v), θ(vf ) ∈ Termc
(

Σ
(
Mk, xACod(k)

))
, and for any g ∈ Cod(k),

xAg occurs in θ(v) iff xAf◦g occurs in θ(vf ).

Lemma 5.1.40. Let M ∈ PTJmod, let u ∈ Termc(ΣJ (M, xBk)) for some B ∈ ΣSort

and k ∈ JO, and suppose that u is α-restricted and k-local. Then it is easy to see

that every indeterminate in θ(u) ∈ Term
(

Σ
(
Mk, xBCod(k)

))
has the form xBf for some

arrow f : k → k (since u is k-local).
Suppose that the indeterminates occurring in θ(u) are xBf1

, . . . , xBfn, with f1, . . . , fn :
k → k. Then for any v ∈ Termc(ΣJ (M, xAi))∗ for some A ∈ ΣSort and i ∈ JO
with v : Bk, we know that u[v/xBk ] ∈ Termc(ΣJ (M, xAi)) has an α-restricted variant
u[v/xBk ]′ ∈ Termc(ΣJ (M, xAi))∗ (by Lemma 5.1.27). We then have

θ (u[v/xBk ]′) ≡ θ(u)
[
θ
(
vf1
)
/xBf1

, . . . , θ
(
vfn
)
/xBfn

]
∈ Termc

(
Σ
(
Mk, xACod(k)

))
(recall from Lemma 5.1.26 that, for each 1 ≤ i ≤ n, vfi ∈ Termc(ΣJ (M, xAi))∗ is a
term of sort Bcod(fi) = Bk).

Finally, we require the following notion of ‘α-free variant’:
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Definition 5.1.41 (α-Free Variants). Let M ∈ PTJmod. For any
u ∈ Termc(ΣJ (M, xAi))∗ that is i-local for some A ∈ ΣSort and i ∈ JO, we define a
term

u−α ∈ Termc(ΣJ (M, xAi))∗

of the same sort, which we will call the α-free variant of u:

• If u ≡ xAi : Ai, then
u−α := u : Ai.

• If u ≡ αAf (xAi) : Ai for some arrow f : i→ i (since u is i-local), then

u−α := xAi : Ai.

• If u ≡ cMBi,s : Bi for some B ∈ ΣSort and s ∈MBi , then

u−α := u : Bi.

• If u ≡ gi(u1, . . . , un) : Bi for some function symbol g : B1 × . . .×Bn → B of Σ
and i-local terms ui ∈ Termc(ΣJ (M, xAi))∗ of sort Bi

j for each 1 ≤ j ≤ n, then

u−α := gi(u−α1 , . . . , u−αn ) : Bi.

Essentially, the α-free variant u−α is obtained from u by ‘erasing’ all of the α function
symbols in u (and since u is i-local, it is possible to do this and obtain a well-defined
term of the same sort). We then have the following technical lemma, whose proof is
a straightforward induction on terms:

Lemma 5.1.42. Let M ∈ PTJmod, let i ∈ JO, and let A ∈ ΣSort. For any α-
restricted and i-local u ∈ Termc(ΣJ (M, xAi))∗, we have

ρAM i(θ∗(u)) ≡ u−α,

where ρAM i : Σ(M i, xA) → ΣJ (M, xAi) is the signature morphism from Definition
5.1.12.

We can now finally prove that the group homomorphism βM : (
∏

iGT(M i))J ×
Aut(IdJ )M → GTJ (M) is injective:



5. ISOTROPY GROUPS OF FUNCTOR THEORIES 176

Proposition 5.1.43. For any M ∈ PTJmod, the group homomorphism

βM :

(∏
i

GT(M i)

)J
× Aut(IdJ )M → GTJ (M)

is injective.

Proof: Let γ = (γi)i ∈ (
∏

iGT(M i))
J

, with γi = ([siC ])C∈Σ for each i ∈ JO. Also
let ψ ∈ Aut(IdJ )M . Suppose that

βM(γ, ψ) = ([xA])A∈ΣJ ,

the unit element of the group GTJ (M). We must show that each γi is the unit of the
group GT(M i), i.e. we must show that

γi = ([xC ])C

for all i ∈ JO, and we must show that ψ = 1 is the unit element of Aut(IdJ )M . So
fix i ∈ JO and B ∈ ΣSort, and suppose first that T(M i) is non-trivial for the sort B.
The hypothesis implies in particular that

βM(γ, ψ)Bi = [xBi ],

i.e. that [
ρBM i(siB)

[
αBψB(i)(xBi)/xBi

]]
= [xBi ] ∈M〈xBi〉Bi ,

which means that

TJ (M, xBi) ` ρBM i(siB)
[
αBψB(i)(xBi)/xBi

]
= xBi .

First, we will show that ψB(i) = idi. Note that

ρBM i(siB)
[
αBψB(i)(xBi)/xBi

]
∈ Term(ΣJ (M, xBi))∗

(because ρBM i(siB) does not contain any α function symbols). Then by Proposition
5.1.29, we obtain

T
(
M i, xBCod(i)

)
` θ
(
ρBM i(siB)

[
αBψB(i)(xBi)/xBi

])
= θ(xBi).

Now, it is trivial to see that the only indeterminate that occurs in θ(ρBM i(siB)) ∈
Term

(
Σ
(
M i, xBCod(i)

))
is xBidi . Then since ρBM i(siB) ∈ Term(ΣJ (M, xBi)) is also α-

restricted and i-local, and ρBM i(siB)
[
αBψB(i)(xBi)/xBi

]
is α-restricted, it follows by

Lemma 5.1.40 that

θ
(
ρBM i(siB)

[
αBψB(i)(xBi)/xBi

])
≡ θ

(
ρBM i(siB)

) [
θ
(
αBψB(i)(xBi)idi

)
/xBidi

]
,
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and hence

θ
(
ρBM i(siB)

[
αBψB(i)(xBi)/xBi

])
≡ θ

(
ρBM i(siB)

) [
xBψB(i)/xBidi

]
,

because

θ
(
αBψB(i)(xBi)idi

)
≡ θ

(
αBidi◦ψB(i)(xBi)

)
≡ θ

(
αBψB(i)(xBi)

)
≡ xBψB(i).

Also, it is easy to see that

θ
(
ρBM i(siB)

)
≡ siB

[
xBidi/xB

]
,

and so we obtain

θ
(
ρBM i(siB)

[
αBψB(i)(xBi)/xBi

])
≡ siB

[
xBψB(i)/xB

]
.

Since θ(xBi) ≡ xBidi , from the fact that

T
(
M i, xBCod(i)

)
` θ
(
ρBM i(siB)

[
αBψB(i)(xBi)/xBi

])
= θ(xBi)

we finally deduce that

T
(
M i, xBCod(i)

)
` siB

[
xBψB(i)/xB

]
= xBidi .

Since T(M i) is non-trivial for the sort B, it then follows from Lemma 5.1.31 that xBidi
occurs in siB

[
xBψB(i)/xBi

]
, which means that xBψB(i) ≡ xBidi (because xBψB(i) is the only

indeterminate occurring in siB

[
xBψB(i)/xBi

]
) and hence ψB(i) = idi, as desired. So we

may now infer that

T
(
M i, xBCod(i)

)
` siB[xBidi/xBi ] = xBidi .

Since
λi : T

(
M i, xBCod(i)

)
→ T(M i, xB)

is a theory morphism by the proof of Lemma 5.1.34, we then obtain

T(M i, xB) ` λi
(
siB
[
xBidi/xBi

])
= λi

(
xBidi
)
.

Since λi is the identity except on the indeterminates of Σ
(
M i, xBCod(i)

)
, it then follows

that
T(M i, xB) ` siB = xB.

This shows that if T(M i) is non-trivial for the sort B, then γBi = [siB] = [xB] and
ψB(i) = idi, which implies that ψB is the identity natural automorphism of IdJM

B
, so

that ψ is the unit element of Aut(IdJ )M .
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It remains to show that if T(M i) is trivial for the sort B, then γBi = [siB] = [xB]
in this case as well. But if T(M i) is trivial for the sort B, then T(M i, xB) is trivial
for the sort B as well, which implies that

T(M i, xB) ` siB = xB,

because siB, xB : B. This completes the proof that each γi is the unit element of
GT(M i), which completes the proof that βM is injective.

Since we will need to make two assumptions about T in order to prove that each βM
is surjective, let us now record what we have proven so far:

Proposition 5.1.44. Let T be an arbitrary quasi-equational theory and J a small
index category. Then for any M ∈ PTmod, there is an injective group homomorphism

βM :

(∏
i

GT(M i)

)J
× Aut(IdJ )M → GTJ (M).

To prove that each βM is surjective, we will need to assume that T satisfies the
conditions in the following definitions:

Definition 5.1.45 (Single-Indeterminate Isotropy). Let T be a quasi-equational
theory over a relation-free signature Σ. We say that T has single-indeterminate
isotropy if T has the following property:

For any model N ∈ PTmod and ([sC ])C∈Σ ∈ GT(N) and C ∈ ΣSort, there is some
tC ∈ Termc(Σ(N, xC))C such that tC contains exactly one occurrence of the

indeterminate xC and [sC ] = [tC ].

In other words, T has single-indeterminate isotropy if every component of every ele-
ment of isotropy of every model of T can be assumed to have exactly one occurrence
of the indeterminate. This is not an overly restrictive condition, because every theory
considered in Chapter 3 has single-indeterminate isotropy, as the reader can easily
check. Nonetheless, not every quasi-equational theory satisfies this condition, as we
will show later in the chapter (cf. Remark 5.1.58).
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Definition 5.1.46 (Single-Sorted Non-Total Operations). Let T be a quasi-
equational theory over a relation-free signature Σ. If g : A1 × . . . × An → A is
a function symbol of Σ, then we say that g is totally defined in T if T proves the
sequent

> `y1,...,yn g(y1, . . . , yn) ↓,

where y1, . . . , yn are pairwise distinct variables with yi : Ai for each 1 ≤ i ≤ n.
Otherwise, i.e. if T does not prove the above sequent, then we say that g is not
totally defined in T.

We then say that T has single-sorted non-total operations if T satisfies the fol-
lowing condition: for any function symbol g : A1 × . . . × An → A of Σ that is not
totally defined in T, we have Ai = A for each 1 ≤ i ≤ n.

Again, this is not an overly restrictive condition, because every theory considered in
Chapter 3 has single-sorted non-total operations, as the reader can easily check. In
fact, the only theories in Chapter 3 that have function symbols that are not totally
defined are the theories of categories, groupoids, categories with a terminal object,
and strict monoidal categories; but the only function symbol that is not totally defined
in these theories is the composition operation ◦ : A×A→ A, which does satisfy the
condition at the end of Definition 5.1.46.

Obviously, any quasi-equational theory that is single-sorted and/or totally de-
fined has single-sorted non-total operations (and every theory in Chapter 3 besides
the ones just mentioned is single-sorted).

Proposition 5.1.47. Let T be a quasi-equational theory with single-indeterminate
isotropy and single-sorted non-total operations, and let J be a small index category.
For any M ∈ PTJmod, the group homomorphism βM : (

∏
iGT(M i))J ×Aut(IdJ )M →

GTJ (M) is surjective.

Proof: Let ([sCi ])i∈JO,C∈Σ ∈ GTJ (M). So for any i ∈ JO and C ∈ ΣSort,
sCi ∈ Termc(ΣJ (M, xCi)) is a closed term of sort Ci with TJ (M, xCi) ` sCi ↓. More-
over, the ΣJSort-indexed sequence ([sCi ])i,C is invertible, commutes generically with
all function symbols of ΣJ , and reflects definedness. By Lemma 5.1.27, we may
assume without loss of generality that for each i ∈ JO and C ∈ ΣSort, the term
sCi ∈ Termc(ΣJ (M, xCi))Ci is α-restricted, i.e.

sCi ∈ Termc(ΣJ (M, xCi))∗.

Then for every C ∈ ΣSort and i ∈ JO, it follows by Lemma 5.1.35 that θ∗(sCi) ∈
Termc(Σ(M i, xC))C and T(M i, xC) ` θ∗(sCi) ↓. So

[θ∗(sCi)] ∈M i〈xC〉C .
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Now we define

γ ∈

(∏
i

GT(M i)

)J
.

For any i ∈ JO, we define

γi ∈ GT(M i) ⊆
∏
C

M i〈xC〉C

as follows: for any C ∈ ΣSort, we set

γCi := [θ∗(sCi)] ∈M i〈xC〉C .

Our goal is now to show that γ ∈ (
∏

iGT(M i))J . We do this via the following series
of claims.

Claim 5.1.48. For any i ∈ JO, γi is invertible.

Proof: Let B ∈ ΣSort. We must show that there is some

[tiB] ∈M i〈xB〉B

with
T(M i, xB) ` θ∗(sBi)[tiB/xB] = xB = tiB[θ∗(sBi)/xB].

Since ([sCj ])j,C ∈ GTJ (M), there is some[
s−1
Bi

]
∈M〈xBi〉Bi

with
TJ (M, xBi) ` sBi

[
s−1
Bi /xBi

]
= xBi = s−1

Bi [sBi/xBi ].

Since s−1
Bi ∈ Termc(ΣJ (M, xBi))Bi and TJ (M, xBi) ` s−1

Bi ↓, we may assume without
loss of generality that s−1

Bi is α-restricted by Lemma 5.1.27. So

θ∗
(
s−1
Bi

)
∈ Termc(Σ(M i, xB))

has the property that T(M i, xB) ` θ∗
(
s−1
Bi

)
↓ by Lemma 5.1.35. Hence, we have[

θ∗
(
s−1
Bi

)]
∈M i〈xB〉B,

so we set
[tiB] :=

[
θ∗
(
s−1
Bi

)]
.

Since ([sCj ])j,C ∈ GTJ (M), it follows that ([sCj ])j,C commutes generically with the
function symbol αBf : Bi → Bi, for any arrow f : i→ i in J . In other words, for any
arrow f : i→ i ∈ J , we have

TJ (M, xBi) ` αBf (sBi) = sBi [αBf (xBi)/xBi ] = sBi [f ],
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the latter equality being provable by the remark after Definition 5.1.33 (since sBi is
i-local, because it is α-restricted and of sort Bi and only contains the indeterminate
xBi). In the same way, we also have

TJ (M, xBi) ` αBf
(
s−1
Bi

)
= s−1

Bi

[
αBf (xBi)/xBi

]
= s−1

Bi [f ]

for any arrow f : i→ i in J . Since s−1
Bi is i-local, this means that s−1

Bi also commutes
generically with every f : i→ i. Then by Lemma 5.1.37, we obtain

T(M i, xB) ` θ∗
(
sBi

[
s−1
Bi /xBi

]′)
= θ∗(sBi)

[
θ∗
(
s−1
Bi

)
/xB
]
, (∗)

where sBi

[
s−1
Bi /xBi

]′
is the α-restricted variant of sBi

[
s−1
Bi /xBi

]
with

TJ (M, xBi) ` sBi

[
s−1
Bi /xBi

]
= sBi

[
s−1
Bi /xBi

]′
by Lemma 5.1.27. From this latter equation and the defining property of s−1

Bi , we
obtain

TJ (M, xBi) ` sBi

[
s−1
Bi /xBi

]′
= xBi .

By Lemma 5.1.35, we then obtain

T(M i, xB) ` θ∗
(
sBi

[
s−1
Bi /xBi

]′)
= θ∗(xBi) ≡ xB.

Combining this with (∗), we finally have

T(M i, xB) ` θ∗(sBi)
[
θ∗(s−1

Bi )/xB
]

= xB,

as desired. The converse equality is proven analogously. This completes the proof
that γi is invertible.

Claim 5.1.49. γi commutes generically with all function symbols of Σ.

Proof: Let g : B1× . . .×Bn → B be a function symbol of Σ. We must show that
the sequent

g(xB1 , . . . , xBn) ↓ ` θ∗(sBi) [g(xB1 , . . . , xBn)/xB] = g
(
θ∗
(
sBi

1

)
, . . . , θ∗

(
sBi

n

))
is provable in the theory T(M i, xB1 , . . . , xBn) (as in the proof of Proposition 5.1.20,
we technically need to ensure that the indeterminates on the right side of the above
equation are pairwise distinct (cf. Definition 2.2.47), but we will ignore this subtlety
here and elsewhere in the proof of the proposition to increase readability). Since
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([sCj ])j,C ∈ GTJ (M), we know that ([sCj ])j,C commutes generically with the function
symbol gi : Bi

1 × . . . Bi
n → Bi of ΣJ , which means that the sequent

gi
(

xBi
1
, . . . , xBi

n

)
↓ ` sBi

[
gi
(

xBi
1
, . . . , xBi

n

)
/xBi

]
= gi

(
sBi

1
, . . . , sBi

n

)
is provable in the theory TJ

(
M, xBi

1
, . . . , xBi

n

)
. Since the terms sBi

1
, . . . , sBi

n
are all α-

restricted, it easily follows that the terms gi
(

xBi
1
, . . . , xBi

n

)
and gi

(
sBi

1
, . . . , sBi

n

)
are

α-restricted. By a simple extension of Lemma 5.1.27, there is an α-restricted variant

sBi

[
gi
(

xBi
1
, . . . , xBi

n

)
/xBi

]′
of sBi

[
gi
(

xBi
1
, . . . , xBi

n

)
/xBi

]
such that the sequent

gi
(

xBi
1
, . . . , xBi

n

)
↓ ` sBi

[
gi
(

xBi
1
, . . . , xBi

n

)
/xBi

]
= sBi

[
gi
(

xBi
1
, . . . , xBi

n

)
/xBi

]′
is provable in TJ

(
M, xBi

1
, . . . , xBi

n

)
. For each 1 ≤ m ≤ n, the indeterminate xBi

m
is

clearly i-local, we have TJ
(
M, xBi

1
, . . . , xBi

n

)
` xBi

m
↓, and for each arrow f : i → i

in J we have

TJ
(
M, xBi

1
, . . . , xBi

n

)
` αBm

f

(
xBi

m

)
= xBi

m
[f ],

which means that xBi
m

commutes generically with f . Then by a simple extension of
Lemma 5.1.34 and the assumption that

gi
(

xBi
1
, . . . , xBi

n

)
↓ ` sBi

[
gi
(

xBi
1
, . . . , xBi

n

)
/xBi

]
= gi

(
sBi

1
, . . . , sBi

n

)
is provable in the theory TJ

(
M, xBi

1
, . . . , xBi

n

)
, we obtain that

g(xB1 , . . . , xBn) ↓ ` θ∗
(
sBi

[
gi
(

xBi
1
, . . . , xBi

n

)
/xBi

]′)
= g

(
θ∗
(
sBi

1

)
, . . . , θ∗

(
sBi

n

))
is provable in the theory T(M i, xB1 , . . . , xBn). Now, we will be done if we can show
that T(M i, xB1 , . . . , xBn) proves the sequent

g(xB1 , . . . , xBn) ↓ ` θ∗
(
sBi

[
gi
(

xBi
1
, . . . , xBi

n

)
/xBi

]′)
= θ∗(sBi) [g(xB1 , . . . , xBn)/xB] .

Since
θ∗
(
gi
(

xBi
1
, . . . , xBi

n

))
≡ g(xB1 , . . . , xBn),

it suffices by a simple extension of Lemma 5.1.37 to show that gi(xBi
1
, . . . , xBi

n
) com-

mutes generically with every f : i→ i in J , i.e. it suffices to show that the sequent

gi
(

xBi
1
, . . . , xBi

n

)
↓ ` αBf

(
gi
(

xBi
1
, . . . , xBi

n

))
= gi

(
xBi

1
, . . . , xBi

n

)
[f ],
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i.e. the sequent

gi
(

xBi
1
, . . . , xBi

n

)
↓ ` αBf

(
gi
(

xBi
1
, . . . , xBi

n

))
= gi

(
αB1
f

(
xBi

1

)
, . . . , αBf

(
xBi

n

))
is provable in the theory TJ

(
M, xBi

1
, . . . , xBi

n

)
for each f : i → i in J . But this is

true by Axiom 5.1.5.4. This completes the argument that γi commutes generically
with all function symbols of Σ.

Claim 5.1.50. γi reflects definedness.

Proof: Let the function symbol g ∈ Σ be as above (with n ≥ 1). We must show
that the sequent

g
(
θ∗
(
sBi

1

)
, . . . , θ∗

(
sBi

n

))
↓ ` g(xB1 , . . . , xBn) ↓

is provable in the theory T(M i, xB1 , . . . , xBn). Since ([sCj ])j,C ∈ GTJ (M), we know
that ([sCj ])j,C reflects definedness, which implies that the sequent

gi
(
sBi

1
, . . . , sBi

n

)
↓ ` gi

(
xBi

1
, . . . , xBi

n

)
↓

is provable in the theory TJ
(
M, xBi

1
, . . . , xBi

n

)
. As remarked above, the terms in the

latter sequent are both α-restricted. For each 1 ≤ m ≤ n, the term sBi
m

is i-local and

satisfies TJ
(
M, xBi

1
, . . . , xBi

n

)
` sBi

m
↓. The term sBi

m
also commutes generically with

every f : i → i in J , because ([sCj ])j,C ∈ GTJ (M) and thus commutes generically
with the function symbol αBm

f : Bi
m → Bi

m. So by a simple extension of Lemma

5.1.34, it follows that T(M i, xB1 , . . . , xBn) proves the sequent

θ∗
(
gi
(
sBi

1
, . . . , sBi

n

))
↓ ` θ∗

(
gi
(

xBi
1
, . . . , xBi

n

))
↓ .

But (recalling the definition of θ∗) this is the desired sequent.

So γ ∈
∏

iGT(M i) by the previous three claims, and now we must show that

γ ∈ (
∏

iGT(M i))
J

. To show this, let f : i → k be an arbitrary morphism of J . We
must show that

GT(fM)(γi) = γk

(recall that fM := FM(f) : M i → Mk). Unravelling the definitions, this means that
we must show for any B ∈ ΣSort that[

ρBfM (θ∗(sBi))
]

= [θ∗(sBk)]
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holds in Mk〈xB〉B, i.e. that

T(Mk, xB) ` ρBfM (θ∗(sBi)) = θ∗(sBk),

where ρBfM : T(M i, xB) → T(Mk, xB) is the theory morphism induced by the Σ-

morphism fM : M i →Mk by Definition 2.2.17.
Since ([sCj ])j,C ∈ GTJ (M), we know that ([sCj ])j,C commutes generically with

the function symbol αBf : Bi → Bk of ΣJ , which means that

TJ (M, xBi) ` sBk

[
αBf (xBi)/xBk

]
= αBf (sBi)

(since TJ (M, xBi) ` αBf (xBi) ↓). By Lemma 5.1.27, there are α-restricted variants

sBk

[
αBf (xBi)/xBk

]′
, αBf (sBi)′ ∈ Termc(ΣJ (M, xBi)) of these terms. So we have

TJ (M, xBi) ` sBk

[
αBf (xBi)/xBk

]′
= αBf (sBi)′.

Then by Lemma 5.1.35 we obtain

T(Mk, xB) ` θ∗
(
sBk

[
αBf (xBi)/xBk

]′)
= θ∗

(
αBf (sBi)′

)
,

since both of the arguments of θ∗ are of sort Bk. By Lemma 5.1.36, since sBk is
k-local and f ∈ Cod(k), we have

θ∗(sBk) ≡ θ∗(sBk [f ]).

We also have (by the observation following Definition 5.1.33)

TJ (M, xBi) ` sBk [f ] = sBk

[
αBf (xBi)/xBk

]
,

and hence
TJ (M, xBi) ` sBk [f ] = sBk

[
αBf (xBi)/xBk

]′
.

Then by Lemma 5.1.35 we deduce

T(Mk, xB) ` θ∗(sBk) ≡ θ∗(sBk [f ]) = θ∗
(
sBk

[
αBf (xBi)/xBk

]′)
= θ∗

(
αBf (sBi)′

)
.

So to obtain our desired result, it suffices to show that

T(Mk, xB) ` θ∗
(
αBf (sBi)′

)
= ρBfM (θ∗(sBi));

but this is true by Lemma 5.1.38, given that sBi is α-restricted and i-local and
TJ (M, xBi) ` sBi ↓. This completes the proof that γ ∈ (

∏
iGT(M i))J .

To complete the proof that βM is surjective, we must now construct an element
ψ ∈ Aut(IdJ )M and then show that βM(γ, ψ) = ([sCj ])j,C . So for every sort B ∈ Σ,



5. ISOTROPY GROUPS OF FUNCTOR THEORIES 185

we must construct a natural automorphism ψB : IdJM
B
→ IdJM

B
. Let i be any object of

JM
B . Then by definition of JM

B , it follows that the theory T(M i) is non-trivial for the
sort B. We now wish to define an arrow (which will turn out to be an isomorphism)
ψB(i) : i→ i.

We have shown that γi := ([θ∗(sCi)])C∈Σ ∈ GT(M i). Then because T has
single-indeterminate isotropy, we can assume without loss of generality that θ∗(sBi) ∈
Termc(Σ(M i, xB))B has exactly one occurrence of the indeterminate xB. From this,
it then follows that sBi ∈ Term(ΣJ (M, xBi))Bi has exactly one occurrence of the
indeterminate xBi (because distinct occurrences of xBi in sBi correspond to distinct
occurrences of xB in θ∗(sBi)). More precisely, because θ∗(sBi) has exactly one occur-
rence of xB, it follows that ρBM i(θ∗(sBi)) has exactly one occurrence of xBi . But by
Lemma 5.1.42 we know that ρBM i(θ∗(sBi)) ≡ s−α

Bi , and so the α-free variant s−α
Bi of sBi

has exactly one occurrence of xBi , which implies that sBi has exactly one occurrence
of xBi .

Now consider θ(sBi) ∈ Termc
(

Σ
(
M i, xBCod(i)

))
. Since sBi has exactly one occur-

rence of xBi , it follows that θ(sBi) has exactly one indeterminate from Σ
(
M i, xBCod(i)

)
,

and moreover, the subscript of this indeterminate will be an arrow from i to i. Then
we define ψB(i) : i → i to be this arrow. In other words, we define ψB(i) : i → i so
that xBψB(i) is the unique indeterminate occurring in θ(sBi).

Claim 5.1.51. ψB(i) : i→ i is an isomorphism.

Proof: From the proof that γi := ([θ∗(sCi)])C∈Σ ∈ GT(M i), it follows that γ−1
i =([

θ∗
(
s−1
Ci

)])
C∈Σ

∈ GT(M i). Then, as for sBi , it follows that s−1
Bi has exactly one

occurrence of the indeterminate xBi , and so we define ψB(i)−1 : i→ i from θ
(
s−1
Bi

)
in

the same way that we defined ψB(i) from θ(sBi). Now we need to verify that ψB(i)
and ψB(i)−1 are in fact mutually inverse. First, we know that

TJ (M, xBi) ` sBi

[
s−1
Bi /xBi

]
= xBi = s−1

Bi [sBi/xBi ].

By Lemma 5.1.27, there is an α-restricted variant sBi

[
s−1
Bi /xBi

]′
of sBi

[
s−1
Bi /xBi

]
, so

we obtain
TJ (M, xBi) ` sBi

[
s−1
Bi /xBi

]′
= xBi .

Then by Proposition 5.1.29, we have

T
(
M i, xBCod(i)

)
` θ
(
sBi

[
s−1
Bi /xBi

]′)
= θ(xBi) ≡ xBidi .

By Lemma 5.1.40, since the unique indeterminate that θ(sBi) ∈ Termc
(

Σ
(
M i, xBCod(i)

))
contains is xBψB(i), it follows that

θ
(
sBi

[
s−1
Bi /xBi

]′) ≡ θ(sBi)
[
θ
((
s−1
Bi

)ψB(i)
)
/xBψB(i)

]
.
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So then the unique indeterminate that occurs in θ
(
sBi

[
s−1
Bi /xBi

]′)
will be the unique

indeterminate that occurs in θ
((
s−1
Bi

)ψB(i)
)

. But since the unique indeterminate that

occurs in θ
(
s−1
Bi

)
is xBψB(i)−1 , it follows by Lemma 5.1.39 that the unique indeterminate

that occurs in θ
((
s−1
Bi

)ψB(i)
)

is xBψB(i)◦ψB(i)−1 . In summary, the unique indeterminate

that occurs in θ
(
sBi

[
s−1
Bi /xBi

]′)
is xBψB(i)◦ψB(i)−1 .

Now, since T(M i) is non-trivial for the sort B and

T
(
M i, xBCod(i)

)
` θ
(
sBi

[
s−1
Bi /xBi

]′)
= xBidi ,

it follows by Lemma 5.1.31 that xBidi occurs in θ
(
sBi

[
s−1
Bi /xBi

]′)
. But then we must

have xBψB(i)◦ψB(i)−1 ≡ xBidi , which forces ψB(i)◦ψB(i)−1 = idi, since distinct arrows with

codomain i correspond to distinct indeterminates in Σ
(
M i, xBCod(i)

)
. The proof that

ψB(i)−1 ◦ ψB(i) = idi is analogous. This completes the proof that ψB(i) : i→ i is an
isomorphism.

Claim 5.1.52. ψB is a natural automorphism of IdJM
B

.

Proof: Let i, k ∈ JM
B , which means that the theories T(M i) and T(Mk) are both

non-trivial for the sort B. And let h : i → k be an arbitrary arrow in J . We must
show that

h ◦ ψB(i) = ψB(k) ◦ h : i→ k.

We know that αBh : Bi → Bk is a function symbol of ΣJ , so because ([sCj ])j,C ∈
GTJ (M), it follows that ([sCj ])j,C commutes generically with this function symbol,
which means that

TJ (M, xBi) ` αBh (sBi) = sBk

[
αBh (xBi)/xBk

]
.

By Lemma 5.1.27, the righthand term in the above equation has an α-restricted
variant sBk

[
αBh (xBi)/xBk

]′
, and by Lemma 5.1.26, since sBi : Bi is α-restricted and

TJ (M, xBi) ` sBi ↓, we know that shBi : Bk is an α-restricted term with

TJ (M, xBi) ` αBh (sBi) = shBi .

Altogether, we then have

TJ (M, xBi) ` shBi = sBk

[
αBh (xBi)/xBk

]′
,
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with both terms α-restricted. By Proposition 5.1.29, we then obtain

T
(
Mk, xBCod(k)

)
` θ(shBi) = θ

(
sBk

[
αBh (xBi)/xBk

]′)
.

Since the unique indeterminate that occurs in θ(sBi) is xBψB(i), it follows by Lemma

5.1.39 that the unique indeterminate that occurs in θ(shBi) is xBh◦ψB(i). Also, we know
by Lemma 5.1.40 that

θ
(
sBk

[
αBh (xBi)/xBk

]′) ≡ θ(sBk)
[
θ
(
αBh (xBi)ψB(k)

)
/xBψB(k)

]
,

since xBψB(k) is the unique indeterminate that occurs in θ(sBk). But (by the proof of

Lemma 5.1.26) we have

θ
(
αBh (xBi)ψB(k)

)
≡ θ

(
αBψB(k)◦h(xBi)

)
≡ xBψB(k)◦h,

which means that the unique indeterminate that occurs in θ
(
sBk

[
αBh (xBi)/xBk

]′)
is

xBψB(k)◦h.
Now, suppose towards a contradiction that

h ◦ ψB(i) 6= ψB(k) ◦ h.

Then we would have
xBh◦ψB(i) 6≡ xBψB(k)◦h,

since distinct arrows with codomain k correspond to distinct indeterminates in Σ
(
Mk, xBCod(k)

)
.

By the preceding discussion, it would then follow that in the equation

T
(
Mk, xBCod(k)

)
` θ(shBi) = θ

(
sBk

[
αBh (xBi)/xBk

]′)
,

i.e.
T
(
Mk, xBCod(k)

)
` θ(shBi) = θ(sBk)

[
xBψB(k)◦h/xBψB(k)

]
,

the two terms have no indeterminates in common. From the previous line, we can
infer

T
(
Mk, xBh◦ψB(i), x

B
ψB(k)◦h

)
` θ(shBi) = θ(sBk)

[
xBψB(k)◦h/xBψB(k)

]
by Lemma 5.1.30. Now let y, y′ be distinct variables of sort B. Then by the theorem
on constants, we may conclude

T(Mk) `y,y′ θ(shBi)
[
y/xBh◦ψB(i)

]
= θ(sBk)

[
y′/xBψB(k)

]
, (∗)

since the indeterminates xBh◦ψB(i), x
B
ψB(k)◦h : B are distinct. Now, we showed during

the proof that ψB(k) is an isomorphism that

θ
(
sBk

[
s−1
Bk/xBk

]′) ≡ θ(sBk)
[
θ
((
s−1
Bk

)ψB(k)
)
/xBψB(k)

]
.
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Hence, by substituting θ
((
s−1
Bk

)ψB(k)
)

for y′ in (∗), we obtain

T
(
Mk, xBidk

)
`y θ(shBi)

[
y/xBh◦ψB(i)

]
= θ(sBk)

[
θ
((
s−1
Bk

)ψB(k)
)
/xBψB(k)

]
≡ θ

(
sBk

[
s−1
Bk/xBk

]′)
.

But we also know (from the same proof) that

T
(
Mk, xBidk

)
` θ
(
sBk

[
s−1
Bk/xBk

]′)
= xBidk ,

so we finally obtain

T
(
Mk, xBidk

)
`y θ(shBi)

[
y/xBh◦ψB(i)

]
= xBidk .

Since xBidk does not appear in θ(shBi)
[
y/xBh◦ψB(i)

]
, it then follows from the theorem on

constants (Remark 1.3.17) that if y′ : B is a variable distinct from y, then

T(Mk) `y,y′ θ(shBi)
[
y/xBh◦ψB(i)

]
= y′,

and y′ does not appear in θ(shBi)
[
y/xBh◦ψB(i)

]
. But then if y′′ : B is a variable distinct

from both y and y′, we also obtain

T(Mk) `y,y′′ θ(shBi)
[
y/xBh◦ψB(i)

]
= y′′.

Finally, we deduce that
T(Mk) `y′,y′′ y′ = y′′,

which contradicts the assumption that T(Mk) is non-trivial for the sort B. So our
assumption that

h ◦ ψB(i) 6= ψB(k) ◦ h

is incorrect, which implies that

h ◦ ψB(i) = ψB(k) ◦ h,

as desired. This completes the argument that ψB is a natural automorphism of IdJM
B

.

To complete the proof that ψ ∈ Aut(IdJ )M , we must also verify:

Claim 5.1.53. If g : B1 × . . . × Bn → B is any function symbol of Σ with n ≥ 1,
then for any i ∈ JO and 1 ≤ m ≤ n such that gM

i
is non-degenerate in position m,

ψBm(i) = ψB(i) : i→ i.
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Proof: For simplicity, we will let g : A× B → C be a binary function symbol of
Σ with A 6= B, and let i ∈ JO. Suppose that gM

i
is non-degenerate in position 1 (the

argument for position 2 being analogous), which means that

T(M i) 0y1,y′1,y2 g(y1, y2) = g(y′1, y2)

for pairwise distinct variables y1, y
′
1 : A, y2 : B. Then (as remarked in the definition

of Aut(IdJ )M) this implies that T(M i) is non-trivial for the sort C, so that i ∈ JM
C

and hence ψA(i), ψC(i) : i→ i are defined. We must now show that

ψA(i) = ψC(i) : i→ i.

If g is not totally defined in T, then the assumption that T has single-sorted non-
total operations implies that A = B = C, which obviously entails the desired result.
So suppose that g is totally defined in T. If the sorts A and C are identical, then
the desired result trivially follows, so suppose that A 6= C. Suppose towards a
contradiction that

ψA(i) 6= ψC(i) : i→ i.

Since ([sCj ])j,C ∈ GTJ (M), it follows that ([sCj ])j,C commutes generically with the
function symbol gi : Ai ×Bi → Ci of ΣJ . Since g is totally defined in T, this entails
that

TJ (M, xAi , xBi) ` gi(sAi , sBi) = sCi

[
gi(xAi , xBi)/xCi

]
.

Let sCi [gi(xAi , xBi)/xCi ]
′

be the α-restricted variant of sCi [gi(xAi , xBi)/xCi ] from (a
simple extension of) Lemma 5.1.27. Then by (simple extensions of) Lemma 5.1.27
and Proposition 5.1.29 and the definition of θ we have

T
(
M i, xACod(i), x

B
Cod(i)

)
` g (θ(sAi), θ(sBi)) = θ

(
sCi [gi(xAi , xBi)/xCi ]′

)
.

By a simple extension of Lemma 5.1.40, we have

θ
(
sCi

[
gi(xAi , xBi)/xCi

]′) ≡ θ(sCi)
[
θ
(
gi(xAi , xBi)ψC(i)

)
/xCψC(i)

]
.

We also have (cf. a simple extension of Lemma 5.1.26)

θ
(
gi(xAi , xBi)ψC(i)

)
≡ θ

(
gi
(

x
ψC(i)

Ai , x
ψC(i)

Bi

))
≡ θ

(
gi
(
αAψC(i)(xAi), αBψC(i)(xBi)

))
≡ g

(
θ
(
αAψC(i)(xAi), θ(αBψC(i)(xBi)

))
≡ g

(
xAψC(i), x

B
ψC(i)

)
.

From this, we obtain

θ
(
sCi

[
gi(xAi , xBi)/xCi

]′) ≡ θ(sCi)
[
g
(
xAψC(i), x

B
ψC(i)

)
/xCψC(i)

]
.
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Finally, we have

T
(
M i, xACod(i), x

B
Cod(i)

)
` g (θ(sAi), θ(sBi)) = θ(sCi)

[
g
(
xAψC(i), x

B
ψC(i)

)
/xCψC(i)

]
.

Now, we know that xAψA(i) is the unique indeterminate occurring in θ(sAi), and that

xCψC(i) is the unique indeterminate occurring in θ(sCi). Because of our assumption that

ψA(i) 6= ψC(i), it follows that xAψA(i) 6≡ xAψC(i) ∈ Σ
(
M i, xACod(i)

)
. For the remainder of

the argument, we will assume that T(M i) is non-trivial for the sort B as well, so that
i ∈ JM

B and ψB(i) : i→ i is defined, and we will also assume that ψB(i) = ψC(i) (so
that xBψB(i) ≡ xBψC(i)). Without these assumptions, the required argument is a simpler
version of the one we are about to give.

So, in the above equation, we can substitute θ
((
s−1
Ai

)ψA(i)
)

for xAψA(i) in the

lefthand term, and θ
((
s−1
Bi

)ψB(i)
)

for xBψB(i) ≡ xBψC(i) in both terms, and we obtain

T
(
M i, xACod(i), x

B
Cod(i)

)
` g
(
θ(sAi)

[
θ
((
s−1
Ai

)ψA(i)
)
/xAψA(i)

]
, θ(sBi)

[
θ
((
s−1
Bi

)ψB(i)
)
/xBψB(i)

])
= θ(sCi)

[
g
(

xAψC(i), θ
((
s−1
Bi

)ψB(i)
))

/xCψC(i)

]
(note that A 6= B implies xAψA(i) 6≡ xBψB(i)). Earlier in the proof of the proposition, we
saw that

T
(
M i, xACod(i)

)
` θ(sAi)

[
θ
((
s−1
Ai

)ψA(i)
)
/xAψA(i)

]
= xAidi

and
T
(
M i, xBCod(i)

)
` θ(sBi)

[
θ
((
s−1
Bi

)ψB(i)
)
/xBψB(i)

]
= xBidi ,

so we obtain

T
(
M i, xACod(i), x

B
Cod(i)

)
` g
(
xAidi , x

B
idi

)
= θ(sCi)

[
g
(

xAψC(i), θ
((
s−1
Bi

)ψB(i)
))

/xCψC(i)

]
.

We can also repeat the above argument to show that

T
(
M i, xACod(i), x

B
Cod(i), x

A
idi

′
)
` g
(

xAidi
′
, xBidi

)
= θ(sCi)

[
g
(

xAψC(i), θ
((
s−1
Bi

)ψB(i)
))

/xCψC(i)

]
,

where xAidi
′
/∈ Σ

(
M i, xACod(i), x

B
Cod(i)

)
is a new constant of sort A. So then we obtain

T
(
M i, xACod(i), x

B
Cod(i), x

A
idi

′
)
` g
(
xAidi , x

B
idi

)
= g

(
xAidi
′
, xBidi

)
.

By (a slight variation of) Lemma 5.1.30, it then follows that

T
(
M i, xAidi , x

B
idi
, xAidi

′
)
` g
(
xAidi , x

B
idi

)
= g

(
xAidi
′
, xBidi

)
.
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By the theorem on constants again, it follows that if y, y′ : A are distinct variables
and z : B is a variable, then

T(M i) `y,y′,z g(y, z) = g(y′, z),

which contradicts the assumption that gM
i

is non-degenerate in position 1. This
contradiction implies that we must have

ψA(i) = ψC(i) : i→ i

after all.

Hence, we may finally conclude that ψ ∈ Aut(IdJ )M , and therefore

(γ, ψ) ∈

(∏
i

GT(M i)

)J
× Aut(IdJ )M .

To complete the proof that βM is surjective, we must now show that

βM(γ, ψ) = ([sCj ])j,C ∈ GTJ (M).

So let B ∈ ΣSort and k ∈ JO be arbitrary: we must show

βM(γ, ψ)Bk = [sBk ] ∈M〈xBk〉Bk .

First suppose that T(Mk) is trivial for the sort B. Then βM(γ, ψ)Bk = [xBk ], so we
must show

TJ (M, xBk) ` xBk = sBk .

By hypothesis, we know that T(Mk) `y,y′ y = y′ for distinct variables y, y′ : B. Then
by Lemma 5.1.13, we have that

ρBMk : T(Mk, xB)→ TJ (M, xBk)

is a theory morphism, which implies that

TJ (M, xBk) `z,z′ z = z′

for distinct variables z, z′ : Bk. Since xBk , sBk : Bk, this yields the desired result.
Now suppose that T(Mk) is non-trivial for the sort B. Unravelling the definitions,

we must then show that

TJ (M, xBk) ` ρBMk (θ∗(sBk))
[
αBψB(k)(xBk)/xBk

]
= sBk .

Since sBk is k-local, it follows by Lemma 5.1.42 that

ρBMk(θ∗(sBk)) ≡ s−α
Bk ,
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so that we must show

TJ (M, xBk) ` s−α
Bk

[
αBψB(k)(xBk)/xBk

]
= sBk .

We have assumed that sBk has a unique occurrence of the indeterminate xBk . Either
this occurrence is just xBk (without being the argument of any α function symbol),
or (as easily follows from the definition of ψB(k)) it has the form αBψB(k)(xBk). In the

first case, we had set ψB(k) := idk, and it is then easy to see that s−α
Bk ≡ sBk , so we

must show
TJ (M, xBk) ` sBk

[
αBidk(xBk)/xBk

]
= sBk .

But this follows because

TJ (M, xBk) ` αBidk(xBk) = xBk .

Now suppose that the unique occurrence of xBk in sBk has the form αBψB(k)(xBk). Then
it is easy to see that

s−α
Bk

[
αBψB(k)(xBk)/xBk

]
≡ sBk ,

from which the desired result follows, because TJ (M, xBk) ` sBk ↓. This completes
the proof that

βM(γ, ψ) = ([sCj ])j,C ∈ GTJ (M),

which proves that βM is surjective.

Before we can conclude that the family of isomorphisms (βM)M∈PTJmod is natu-
ral (assuming that T has single-indeterminate isotropy and single-sorted non-trivial
operations), we must first make explicit the functoriality of the assignment

M 7→

(∏
i

GT(M i)

)J
× Aut(IdJ )M ∈ Group.

First, we show that the assignment

M 7→ Aut(IdJ )M

is functorial.

Definition 5.1.54. We define a functor

Aut(IdJ )(−) : PTJmod→ Group

as follows:
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• For any M ∈ PTJmod, we set

Aut(IdJ )(−)(M) := Aut(IdJ )M ∈ Group.

• For any ΣJ -morphism h : M → N ∈ PTJmod, we define a group homomor-
phism

Aut(IdJ )h : Aut(IdJ )M → Aut(IdJ )N

by
(ψB)B∈Σ 7→ (ψhB)B∈Σ,

with
ψhB(i) := ψB(i) : i

∼−→ i

for each i ∈ J N
B .

Justification. For the verification that this is a well-defined functor, see Appendix
C.

Definition 5.1.55. We define a functor

G∗TJ : PTJmod→ Group

as follows. From Lemma 5.1.9, we have a functor(∏
i

GT ◦ F (−)

)GT◦F (−)

: PTJmod→ GroupJ → Group.

From Definition 5.1.54, we also have a functor

Aut(IdJ )(−) : PTJmod→ Group.

If × : Group× Group→ Group is the product group functor, then we set

G∗TJ := × ◦

〈(∏
i

GT ◦ F (−)

)GT◦F (−)

,Aut(IdJ )(−)

〉

: PTJmod→ Group× Group→ Group.
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Theorem 5.1.56. Let T be a quasi-equational theory with single-indeterminate isotropy
and single-sorted non-total operations, and let J be a small index category. Then there
is a natural isomorphism

β : G∗TJ
∼−→ GTJ

: PTJmod→ Group.

Proof: For any M ∈ PTJmod, we have defined in Proposition 5.1.20 a group
homomorphism

βM : G∗TJ (M) =

(∏
i

GT ◦ FM

)GT◦FM

× Aut(IdJ )M =

(∏
i

GT(M i)

)J
× Aut(IdJ )M

→ GTJ (M),

which is injective by Proposition 5.1.43 and surjective by Proposition 5.1.47, provided
that T has single-indeterminate isotropy and single-sorted non-total operations. Thus,
βM is a group isomorphism. So it just remains to verify that the family (βM)M∈PTJmod

is natural in M .
For this purpose, let h : M → N be an arbitrary ΣJ -morphism in PTJmod. We

must show that

GTJ (h) ◦ βM = βN ◦

(∏
i

GT(hi))J × Aut(IdJ )h

)

:

(∏
i

GT(M i)

)J
× Aut(IdJ )M → GTJ (N).

Towards this end, let (γ, ψ) ∈ (
∏

iGT(M i))
J × Aut(IdJ )M be arbitrary, and let B ∈

ΣSort and k ∈ JO. We must show that

(GTJ (h) ◦ βM)(γ, ψ)Bk =

(
βN ◦

(∏
i

GT(hi))J × Aut(IdJ )h

))
(γ, ψ)Bk

∈ N〈xBk〉Bk .

We have γk ∈ GT(Mk), so let γBk =
[
skB
]
∈ Mk〈xB〉B, and let ψ = (ψC)C∈Σ. First

suppose that T(Nk) is non-trivial for the sort B. Then because there is a theory
morphism ρhk : T(Mk) → T(Nk), it easily follows that T(Mk) is also non-trivial for
the sort B. So then k ∈ JM

B and k ∈ J N
B .

Unravelling the definitions, the element on the left side of the above equation is
then [

ρB
k

h

(
ρBMk(skB)[αBψB(k)(xBk)/xBk ]

)]
∈ N〈xBk〉Bk ,
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where ρB
Mk : T(Mk, xB)→ TJ (M, xBk) is the theory morphism of Lemma 5.1.13, and

ρB
k

h : TJ (M, xBk)→ TJ (N, xBk) is the theory morphism induced by the ΣJ -morphism
h : M → N . Conversely (because T(Nk) is non-trivial for the sort B), the element
on the right side of the above equation is[

ρBNk(ρBhk(skB))
[
αBψh

B(k)(xBk)/xBk

]]
∈ N〈xBk〉Bk ,

where ρB
hk

: T(Mk, xB) → T(Nk, xB) is the theory morphism induced by the Σ-
morphism hk : Mk → Nk, and ρB

Nk : T(Nk, xB)→ TJ (N, xBk) is the theory morphism
of Lemma 5.1.13. So we have to prove that these two congruence classes are equal,
i.e. we have to prove that

TJ (N, xBk) ` ρBk

h

(
ρBMk(skB)[αBψB(k)(xBk)/xBk ]

)
= ρBNk(ρBhk(skB))

[
αBψh

B(k)(xBk)/xBk

]
.

For our first simplification, we know by definition of ψhB : IdJN
B

∼−→ IdJN
B

that ψhB(k) =

ψB(k), so we are reduced to showing that

TJ (N, xBk) ` ρBk

h

(
ρBMk(skB)[αBψB(k)(xBk)/xBk ]

)
= ρBNk(ρBhk(skB))[αBψB(k)(xBk)/xBk ].

Then by Lemma 2.2.28 we have

ρB
k

h

(
ρBMk(skB)[αBψB(k)(xBk)/xBk ]

)
≡ ρB

k

h (ρBMk(skB))[ρB
k

h (αBψB(k)(xBk))/xBk ]

≡ ρB
k

h (ρBMk(skB))[αBψB(k)(xBk)/xBk ],

since ρB
k

h (αBψB(k)(xBk)) ≡ αBψB(k)(xBk). So we must now show

TJ (N, xBk) ` ρBk

h (ρBMk(skB))[αBψB(k)(xBk)/xBk ] = ρBNk(ρBhk(skB))[αBψB(k)(xBk)/xBk ].

To show this, it clearly suffices to show

ρB
k

h (ρBMk(skB)) ≡ ρBNk(ρBhk(skB)) ∈ Termc(ΣJ (N, xBk)),

which follows by Lemma 5.1.15.
Now suppose that T(Nk) is trivial for the sort B. Then it trivially follows that

(GTJ (h) ◦ βM)(γ, ψ)Bk =

(
βN ◦

(∏
i

GT(hi))J × Aut(IdJ )h

))
(γ, ψ)Bk

∈ N〈xBk〉Bk ,

because we infer from the hypothesis and the existence of the theory morphism ρB
Nk :

T(Nk, xB) → TJ (N, xBk) that TJ (N, xBk) is trivial for the sort Bk, which implies
that

N〈xBk〉Bk =
{

[t] : t ∈ Termc(ΣJ (N, xBk))Bk ∧ TJ (N, xBk) ` t ↓
}
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is a singleton (since for any [s], [t] ∈ N〈xBk〉Bk , we have [s] = [t] iff TJ (N, xBk) ` s =
t).

This completes the proof that the family (βM)M∈PTJmod is natural in M , so that
we have indeed constructed a natural isomorphism

β : G∗TJ
∼−→ GTJ .

Finally, appealing to Lemma 5.1.9, we have the following corollary:

Corollary 5.1.57. Let T be a quasi-equational theory with single-indeterminate isotropy
and single-sorted non-total operations, and let J be a small index category. Then there
is a natural isomorphism

β : × ◦
〈

lim
(
GT ◦ F (−)

)
,Aut(IdJ )(−)

〉 ∼−→ GTJ

: PTJmod→ Group.

So for any M ∈ PTJmod with corresponding functor FM : J → PTmod, we have

GTJ (M) ∼= lim
(
GT ◦ FM

)
× Aut(IdJ )M .

Remark 5.1.58. We needed the assumption that T has single-indeterminate isotropy
in order to show in Proposition 5.1.47 that the injective group homomorphism

βM :

(∏
i

GT(M i)

)J
× Aut(IdJ )M → GTJ (M)

is also surjective for each small category J and M ∈ PTmod. We now show that
there do exist theories without single-indeterminate isotropy, which have models M
for which βM is not surjective.

Let Σ be a signature with one sort X and one binary function symbol ∗, and let
T be the totally defined algebraic theory over Σ with the following axioms:

• > `x,y x ∗ y ↓.

• > `x,y (y ∗ y) ∗ (y ∗ x) = x.

• > `x1,x2,x3,x4 (x1 ∗ x2) ∗ (x3 ∗ x4) = (x1 ∗ x3) ∗ (x2 ∗ x4).
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If we define M := ({0, 1}, ∗M) by

0 ∗ 0 = 1,

0 ∗ 1 = 0,

1 ∗ 0 = 1,

1 ∗ 1 = 0,

then one can easily verify that M ∈ PTmod.
We now show that T does not have single-indeterminate isotropy. Consider the

initial model Free(T) ∈ PTmod. We have

x ∗ x ∈ Termc(Σ(Free(T), x))

with
T(Free(T), x) ` x ∗ x ↓,

and hence
[x ∗ x] ∈ Free(T)〈x〉.

Now we show that [x ∗ x] ∈ GT(Free(T)). First, this element is invertible, because its
inverse is itself, since T(Free(T), x) proves the equations

(x ∗ x)[x ∗ x/x] = (x ∗ x) ∗ (x ∗ x) = x.

Next, this element commutes generically with the function symbol ∗, because T(Free(T), x1, x2)
proves the equations

(x ∗ x)[x1 ∗ x2/x] ≡ (x1 ∗ x2) ∗ (x1 ∗ x2)

= (x1 ∗ x1) ∗ (x2 ∗ x2)

≡ (x ∗ x)[x1/x] ∗ (x ∗ x)[x2/x].

That [x ∗ x] reflects definedness of ∗ is trivial, since ∗ is totally defined in T. This
proves that [x ∗ x] ∈ GT(Free(T)).

To complete the proof that T does not have single-indeterminate isotropy, it now
remains to show that there is no t ∈ Termc(Σ(Free(T), x)) such that t contains exactly
one occurrence of x and [x ∗ x] = [t]. It is easy to see that if t ∈ Termc(Σ(Free(T), x))
has exactly one occurrence of x, then t must be x itself, because (the underlying set
of) Free(T) is empty, because Term(Σ) has no closed terms. To show [x ∗ x] 6= [x], i.e.
T(Free(T), x) 0 x ∗ x = x, it is equivalent by Lemma 3.1.2 to show that there is some
N ∈ PTmod and some Σ-morphism h : Free(T) → N and some element a ∈ N with
a ∗N a 6= a. If we consider the T-model M = ({0, 1}, ∗M) defined above, then 0 ∈ M
with 0 ∗M 0 6= 0, and (by initiality of Free(T)), there is a Σ-morphism Free(T)→M .
So [x ∗ x] 6= [x], and thus T does not have single-indeterminate isotropy.
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Given that T does not have single-indeterminate isotropy, we now exhibit a small
category J and a model N ∈ PTJmod for which βN is not surjective.

Let M be any commutative monoid containing elements m1,m2,m3 with m2

invertible and m1 6= m2 and m1m3 = m1m
−1
2 = m2m3 (e.g. M could be the mul-

tiplicative commutative monoid ({0, 1}, ·, 1) with m1 = m3 = 0 and m2 = 1). Let
B(M) be the one-object category corresponding to M (whose arrows are labelled
by the objects of M , with composition given by monoid multiplication in M). Let
F : B(M) → PTmod be the constant functor on Free(T) ∈ PTmod. Since B(M) has
only one object and T is single-sorted, it follows that TB(M) is single-sorted, so we
identify the unique sort of TB(M) with the unique sort of T.

Let MF ∈ PTB(M)mod be the model of TB(M) corresponding to the functor F :
B(M)→ PTmod. Then

βMF : GT(Free(T))B(M) × Aut
(
IdB(M)

)MF

→ GTB(M)

(
MF

)
is an injective group homomorphism. Since (the underlying set of) Free(T) is empty, it
easily follows that GT(Free(T))B(M) = GT(Free(T)), and since T(Free(T)) is non-trivial
for its unique sort (using Lemma 3.1.2, because there is a model of T with at least

two elements, as shown above), it easily follows that Aut
(
IdB(M)

)MF

= Aut
(
IdB(M)

)
.

So we have
βMF : GT(Free(T))× Aut

(
IdB(M)

)
→ GTB(M)

(
MF

)
.

Also, it is easy to see that the group Aut
(
IdB(M)

)
is (isomorphic to) the group of

invertible elements of the centre of M (and hence of M , because M is commutative).
We will now exhibit an element of GTB(M)

(
MF

)
that is not in the image of

βMF . Consider the closed term αm1(x) ∗ αm2(x) ∈ Termc
(
ΣB(M)

(
MF , x

))
; we will

show that [αm1(x) ∗ αm2(x)] ∈ GTB(M)

(
MF

)
. First we show that [αm1(x) ∗ αm2(x)]

is invertible. We show that we can take [αm1(x) ∗ αm2(x)]−1 :=
[
αm3(x) ∗ αm−1

2
(x)
]
.

Using the axioms of TB(M) and the assumed equalities m1m3 = m1m
−1
2 = m2m3 and

m2m
−1
2 = eM , we have

[αm1(x) ∗ αm2(x)]
[
αm3(x) ∗ αm−1

2
(x)/x

]
=
[
αm1

(
αm3(x) ∗ αm−1

2
(x)
)
∗ αm2

(
αm3(x) ∗ αm−1

2
(x)
)]

=
[(
αm1 (αm3(x)) ∗ αm1

(
αm−1

2
(x)
))
∗
(
αm2 (αm3(x)) ∗ αm2

(
αm−1

2
(x)
))]

=
[(
αm1m3(x) ∗ αm1m

−1
2

(x)
)
∗
(
αm2m3(x) ∗ αm2m

−1
2

(x)
)]

= [(αm1m3(x) ∗ αm1m3(x)) ∗ (αm1m3(x) ∗ αeM (x))]

= [(αm1m3(x) ∗ αm1m3(x)) ∗ (αm1m3(x) ∗ x)]

= [x],
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and the other required equality can be shown similarly (using also the commutativity
of the monoid M).

Now we show that [αm1(x) ∗ αm2(x)] commutes generically with the function sym-
bol ∗ of T. Using the axioms of TB(M), we have

[αm1(x) ∗ αm2(x)] [x1 ∗ x2/x]

= [αm1(x1 ∗ x2) ∗ αm2(x1 ∗ x2)]

= [(αm1(x1) ∗ αm1(x2)) ∗ (αm2(x1) ∗ αm2(x2))]

= [(αm1(x1) ∗ αm2(x1)) ∗ (αm1(x2) ∗ αm2(x2))]

= [(αm1(x) ∗ αm2(x))[x1/x] ∗ (αm1(x) ∗ αm2(x))[x2/x]] ,

as required.
Since T and hence TB(M) is a totally defined theory, it remains to show that

[αm1(x) ∗ αm2(x)] commutes with each function symbol of TB(M) of the form αm for
m ∈M . Using the axioms of TB(M) and the commutativity of M , we have

[αm1(x) ∗ αm2(x)] [αm(x)/x]

= [αm1(αm(x)) ∗ αm2(αm(x))]

= [αm1m(x) ∗ αm2m(x)]

= [αmm1(x) ∗ αmm2(x)]

= [αm(αm1(x)) ∗ αm(αm2(x))]

= [αm (αm1(x) ∗ αm2(x))] ,

as required. This completes the proof that [αm1(x) ∗ αm2(x)] ∈ GTB(M)

(
MF

)
.

To show that [αm1(x) ∗ αm2(x)] ∈ GTB(M)

(
MF

)
is not in the image of βMF , sup-

pose towards a contradiction that we did have some [t] ∈ GT(Free(T)) and m ∈
Aut

(
IdB(M)

)
= Inv(M) with

[αm1(x) ∗ αm2(x)] = βMF ([t],m) = [t [αm(x)/x]] ∈ GTB(M)

(
MF

)
(since T(Free(T)) is non-trivial for its unique sort, cf. the definition of βMF in Propo-
sition 5.1.20), so that

TB(M)
(
MF , x

)
` αm1(x) ∗ αm2(x) = t [αm(x)/x] .

Since αm1(x) ∗αm2(x), t [αm(x)/x] ∈ Termc
(
ΣB(M)

(
MF , x

))
are clearly α-restricted, it

follows by Proposition 5.1.29 and Lemma 5.1.30 and the definition of θ that

T(Free(T), xm1 , xm2 , xm) ` xm1 ∗ xm2 = t[xm/x].

By Lemma 2.2.24 and Lemma 5.1.30, we may substitute x for all of xm1 , xm2 , xm and
obtain

T(Free(T), x) ` x ∗ x = t.
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So from
T(Free(T), xm1 , xm2 , xm) ` xm1 ∗ xm2 = t[xm/x],

we then (easily) obtain

T(Free(T), xm1 , xm2 , xm) ` xm1 ∗ xm2 = xm ∗ xm.

However, since m1 6= m2 (so that xm1 6≡ xm2), this is easily shown to be false by
appealing to Lemma 3.1.2. Specifically, if m 6= m1,m2, then the above equation is
not provable because in the aforementioned model M of T we have M 6|= x ∗ y = z ∗ z
for distinct variables x, y, z, and if m = m1, then the above equation is not provable
because M 6|= x ∗ y = x ∗ x. If m = m2, then to show that the above equation is not
provable, we must show that T 0x,y x ∗ y = y ∗ y for distinct variables x, y (notice
that this general equation does hold in the aforementioned model M of T). Consider
the following Σ-structure N := ({0, 1, 2}, ∗N) with

0 ∗N 0 = 1 ∗N 0 = 2 ∗N 0 = 0,

0 ∗N 1 = 1 ∗N 2 = 2 ∗N 2 = 1,

1 ∗N 1 = 2 ∗N 1 = 0 ∗N 2 = 2.

According to the Mace4 model searcher [16], this is a model of T (one could also
verify this by hand), and we have N 6|= x ∗ y = y ∗ y, since (e.g.) we have 0 ∗N 1 =
1 6= 2 = 1 ∗N 1.

This completes the proof that [αm1(x) ∗ αm2(x)] ∈ GTB(M)

(
MF

)
is not in the

image of βMF , which shows that Proposition 5.1.47 does not hold in general for
theories without single-indeterminate isotropy.

Remark 5.1.59. We also needed the assumption that T has single-sorted non-total
operations in order to show in Proposition 5.1.47 that the injective group homomor-
phism

βM :

(∏
i

GT(M i)

)J
× Aut(IdJ )M → GTJ (M)

is surjective for each small category J andM ∈ PTmod. Specifically, given ([sCj ])j,C ∈
GTJ (M) for M ∈ PTJmod, we constructed (γ, ψ) ∈ (

∏
iGT(M i))

J ×Aut(IdJ )M with
βM(γ, ψ) = ([sCj ])j,C , and we used the assumption that T has single-sorted non-total
operations to show that ψ ∈ Aut(IdJ )M ; more specifically, we used this assumption to
show that if g : A1 × . . .×An → A is a function symbol of Σ with n ≥ 1 and i ∈ JO
and gM

i
is non-degenerate in position 1 ≤ m ≤ n, then ψAm(i) = ψA(i) : i

∼−→ i.
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We now show that there is a theory T without single-sorted non-total operations
for which there is a small category J and a model M of TJ such that βM is not
surjective. Let T be the theory over the signature Σ with two sorts X and Y and one
unary function symbol f : X → Y whose only axiom is

f(x) ↓ `x,y,y′ y = y′

for pairwise distinct variables x : X and y, y′ : Y . A model of T therefore consists
of a pair of sets A,B and a partial function g : A → B with the property that if
dom(g) 6= ∅, then |B| ≤ 1. Then T does not have single-sorted non-total operations,
because X 6= Y and T does not prove the sequent > `x:X f(x) ↓ (by soundness of
partial Horn logic), since there is obviously a model M of T in which fM is not total.

Let J be the one-object category corresponding to a non-trivial abelian group, so
that Aut(IdJ ) is non-trivial. Let F : J → PTmod be the constant functor on Free(T),
which is the Σ-structure consisting of two empty sets and the empty function. Let
MF ∈ PTJmod be the corresponding model of TJ . It is not difficult to see that the
model Free(T) has trivial isotropy and that T(Free(T)) = T is non-trivial for the sorts
X and Y (identifying the two sorts of TJ with the two sorts of T), so that

βMF : {([x], [y])} × (Aut(IdJ )× Aut(IdJ ))M
F

→ GTJ
(
MF

)
.

Moreover, since fFree(T) : ∅ → ∅ is non-degenerate in its unique position (since
T(Free(T)) = T does not prove the sequent > `x,x′ f(x) = f(x′) for distinct variables
x, x′ : X by soundness of partial Horn logic, since there is obviously a model M of T
in which |MX | ≥ 2 and fM is completely undefined, hence not constant), it follows
that

(Aut(IdJ )× Aut(IdJ ))M
F

= ∆ (Aut(IdJ )) ,

the diagonal relation on Aut(IdJ ). So then

βMF : {([x], [y])} ×∆ (Aut(IdJ ))→ GTJ
(
MF

)
is given by the rule

(([x], [y]), (ψ, ψ)) 7→
([
αXψ (x)

]
,
[
αYψ (y)

])
∈ GTJ

(
MF

)
for each ψ ∈ Aut(IdJ ).

Since we assumed Aut(IdJ ) to be non-trivial, let ψ ∈ Aut(IdJ ) be non-trivial,
and let us show that (

[x],
[
αYψ (y)

])
∈ GTJ

(
MF

)
.

It is easy to verify that
(
[x],
[
αYψ (y)

])
is invertible, with inverse

(
[x],
[
αYψ−1(y)

])
. It

is also easy to verify that
(
[x],
[
αYψ (y)

])
commutes generically with every function
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symbol of TJ of the form αXh or αYh for h an endomorphism of the unique object
of J , because all endomorphisms of this object commute with each other (since J
corresponds to an abelian group). We must lastly show that

(
[x],
[
αYψ (y)

])
commutes

generically with and reflects definedness of the function symbol f : X → Y . For the
first claim, we must show that TJ (MF , x) proves the sequent

f(x) ↓ ` αYψ (f(x)) = f(x),

but this follows easily from the unique axiom of T. For the second claim, we must
show that TJ (MF , x) proves the sequent

f(x) ↓ ` f(x) ↓,

which is just a logical axiom of partial Horn logic. This proves that
(
[x],
[
αYψ (y)

])
∈

GTJ
(
MF

)
.

We now show that
(
[x],
[
αYψ (y)

])
is not in the image of βMF . If it were in the

image of βMF , then there would be some h ∈ Aut(IdJ ) with(
[x],
[
αYψ (y)

])
= βMF (([x], [y]), (h, h)) =

([
αXh (x)

]
,
[
αYh (y)

])
,

which entails that
TJ (MF , x) ` αXh (x) = x

and
TJ (MF , y) ` αYψ (y) = αYh (y).

From these two facts we will deduce that ψ must be the identity element of Aut(IdJ ),
contrary to assumption. Since αXh (x) and x are clearly α-restricted, it follows from
Proposition 5.1.29 and Lemma 5.1.30 and the definition of θ that

T
(
Free(T), xXh , x

X
id

)
` xXh = xXid ,

where id is the identity arrow on the unique object of J . Since T(Free(T)) = T is
non-trivial for the sort X (as previously indicated), it then follows by Lemma 5.1.31
that we must have xXh ≡ xXid , which implies h = id. So we then obtain

TJ (MF , y) ` αYψ (y) = αYh (y) = αYid(y) = y.

In an exactly similar way (now using the fact that T(Free(T)) = T is non-trivial for
the sort Y ), we then obtain ψ = id, contrary to assumption. This contradiction shows
that

(
[x],
[
αYψ (y)

])
is not in the image of βMF , so that βMF is not surjective, and hence

Proposition 5.1.47 does not hold in general for theories T that have multi-sorted op-
erations which are not totally defined.
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5.2 Categorical Characterization

In this section, we will deduce a categorical characterization of the isotropy group
ZTJ of TJ from the logical characterization of GTJ given in the first section. Unless
otherwise stated, T is an arbitrary quasi-equational theory and J is an arbitrary
small index category.

Definition 5.2.1. Let M ∈ PTJmod, with component models M i ∈ PTmod for all
i ∈ JO. Let

π = (πf : cod(f)→ cod(f))f∈Dom(M)

be a Dom(M)-indexed family of endomorphisms in PTJmod. For each i ∈ JO, let

φi =
(
φig : cod(g)

∼−→ cod(g)
)
g∈Dom(M i)

∈ ZT(M i).

Finally, let ψ = (ψB)B∈Σ ∈ Aut(IdJ )M .
We say that π is determined by ψ ∈ Aut(IdJ )M and the family (φi)i∈JO ∈∏

i∈JO ZT(M i) if the following holds for any morphism f : M → N in PTJmod
with domain M , any B ∈ ΣSort, and any k ∈ JO:

• If k /∈ JM
B , then

πB
k

f = id : NBk → NBk .

• If k ∈ JM
B , then

πB
k

f =
(
φkfk◦FM (ψB(k))

)
B
◦ FN(ψB(k))B :

(Nk
B =)NBk → NBk (= Nk

B),

where FN : J → PTmod is the functor corresponding to N ∈ PTJmod, and
fk : Mk → Nk is the Σ-morphism induced by the ΣJ -morphism f : M → N
(cf. Definition 5.1.3).

Definition 5.2.2. Let M ∈ PTJmod, with component models M i ∈ PTmod for all
i ∈ JO. For each i ∈ JO, let

φi =
(
φig : cod(g)

∼−→ cod(g)
)
g∈Dom(M i)

∈ ZT(M i).

Let FM : J → PTmod be the functor corresponding to M ∈ PTJmod.
We say that the family (φi)i∈JO ∈

∏
i∈JO ZT(M i) is compatible if for every arrow

f : i→ j in J and every g ∈ Dom(M j) we have

φjg = φig◦FM (f) : cod(g)
∼−→ cod(g).
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In other words, we say that (φi)i∈JO is compatible if

(φi)i∈JO ∈ lim(ZT ◦ FM) ∈ Group.

We will prove below (cf. Lemma 5.2.4) that if M ∈ PTJmod and ψ ∈ Aut(IdJ )M

and (φi)i∈J ∈
∏

i∈J ZT(M i) is compatible, then there is a unique π ∈ ZTJ (M) that is
determined by ψ and (φi)i∈J . For this purpose, we will require the following lemma,
which can be proved by a straightforward induction on terms.

Lemma 5.2.3. Let M ∈ PTJmod, k ∈ JO, and B ∈ ΣSort. If u ∈ Termc(Σ(Mk, xB))
with T(Mk, xB) ` u ↓ and u : C, then

ρBMk(u)∗ = u∗ : Mk
B = MBk →MCk = Mk

C .

Now we have the following lemma, whose proof may be found in Appendix C.

Lemma 5.2.4. Let M ∈ PTJmod, with component models M i ∈ PTmod for all
i ∈ JO, suppose that (φi)i∈J ∈

∏
i∈J ZT(M i) is compatible, and suppose that ψ ∈

Aut(IdJ )M . Then there is a unique π ∈ ZTJ (M) determined by ψ and (φi)i∈J .

For our first theorem of this section, we will also require the following lemma, whose
proof may again be found in Appendix C.

Lemma 5.2.5. Let f : M → N be a ΣJ -morphism in PTJmod, and let FM : J →
PTmod be the functor corresponding to M . Also let k ∈ JO and let g : k → k be
an arbitrary arrow in J , and let B ∈ ΣSort. Finally, let u ∈ Termc(Σ(Mk, xB)) with
T(Mk, xB) ` u ↓ and u : C. Then

αCg

(
ρB

k

f

(
ρBMk(u)

))∗
= ρBfk◦FM (g)(u)∗ ◦

(
αBg
)N

: NBk → NCk ,

where ρB
fk◦FM (g)

: Σ(Mk, xB) → Σ(Nk, xB) is the signature morphism induced by the

Σ-morphism fk ◦ FM(g) : Mk → Nk, and ρB
Mk : Σ(Mk, xB) → ΣJ (M, xBk) is the

signature morphism of Definition 5.1.12, and ρB
k

f : ΣJ (M, xBk)→ ΣJ (N, xBk) is the
signature morphism induced by f : M → N .
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We can now give a more explicit characterization of ZTJ , based on the characterization
of GTJ given in the last section.

Theorem 5.2.6. Let T be a quasi-equational theory with single-indeterminate isotropy
and single-sorted non-total operations, and let J be a small index category. Let
M ∈ PTJmod, and let

π = (πf : cod(f)→ cod(f))f∈Dom(M)

be a Dom(M)-indexed family of endomorphisms in PTJmod. Then π ∈ ZTJ (M)
iff there is a (uniquely determined) compatible family (φi)i∈J ∈

∏
i∈J ZT(M i) and a

(uniquely determined) element ψ = (ψB)B∈Σ ∈ Aut(IdJ )M such that π is determined
by ψ and (φi)i∈J .

Proof: Let π = (πf : cod(f)→ cod(f))f∈Dom(M) be a Dom(M)-indexed family of

endomorphisms in PTJmod. Suppose first that π ∈ ZTJ (M). By the isomorphism
GTJ (M) ∼= ZTJ (M) given in (the proof of) Theorem 2.2.41, this element of ZTJ (M)
corresponds to the following element of GTJ (M):(

πηCi
([xCi ])

)
Ci∈ΣJ

∈
∏

Ci∈ΣJ

M〈xCi〉Ci ,

where ηCi : M →M〈xCi〉 is the canonical ΣJ -morphism. By Theorem 5.1.56, we then

know that there is a unique element (γi)i∈J ∈ (
∏

iGT(M i))
J

and a unique element
ψ ∈ Aut(IdJ )M such that

βM(γ, ψ) =
(
πηCi

([xCi ])
)
Ci∈ΣJ

.

Specifically, if γkB = [skB] ∈Mk〈xB〉B for each k ∈ JO and B ∈ ΣSort, then for all such
k,B, if k /∈ JM

B , then

πη
Bk

([xBk ]) = βM(γ, ψ)Bk = [xBk ] ∈M〈xBk〉Bk ,

and otherwise

πη
Bk

([xBk ]) = βM(γ, ψ)Bk =
[
ρBMk(skB)

[
αBψB(k)(xBk)/xBk

]]
∈M〈xBk〉Bk .

Now, for each i ∈ JO, we define φi ∈ ZT(M i) to be the element that corresponds to
γi ∈ GT(M i) via the isomorphism ZT(M i) ∼= GT(M i).

We now show that the family (φi)i∈J is compatible. So let f : i → j be an
arbitrary arrow in J , and let g : M j → N be an arbitrary Σ-morphism in PTmod
with domain M j. We must show

φjg = φig◦FM (f) : N
∼−→ N.
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By definition of φi and φj (cf. the proof of Theorem 2.2.41), we must show(
ρCg
(
sjC
)∗

: NC → NC

)
C

=
(
ρCg◦FM (f)

(
siC
)∗

: NC → NC

)
C

: N
∼−→ N,

where ρCg : Σ(M j, xC) → Σ(N, xC) and ρCg◦FM (f) : Σ(M i, xC) → Σ(N, xC) are the

signature morphisms induced by the Σ-morphisms g : M j → N and g ◦ FM(f) :
M i → N . So let B ∈ Σ be any sort; we must show that

ρBg (sjB)∗ = ρBg◦FM (f)(s
i
B)∗ : NB → NB.

By Lemma 2.2.13, it suffices to show that

T(N, xB) ` ρBg (sjB) = ρBg◦FM (f)(s
i
B).

Since (γi)i∈J ∈ (
∏

iGT(M i))
J

, it follows that

GT(FM(f))(γi) = γj,

which implies in particular that[
ρBFM (f)(s

i
B)
]

=
[
sjB
]
∈M j〈xB〉B,

where ρBFM (f) : Σ(M i, xB) → Σ(M j, xB) is the signature morphism induced by the

Σ-morphism FM(f) : M i →M j. In other words, we have

T(M j, xB) ` ρBFM (f)(s
i
B) = sjB.

Since ρBg : Σ(M j, xB) → Σ(N, xB) is a theory morphism T(M j, xB) → T(N, xB), we
then obtain

T(N, xB) ` ρBg
(
ρBFM (f)(s

i
B)
)

= ρBg (sjB).

But by Lemma 2.2.37, we have

ρBg

(
ρBFM (f)(s

i
B)
)
≡ ρBg◦FM (f)(s

i
B),

which yields the desired result. This proves that (φi)i∈J is compatible.
Next, we show that π is determined by ψ and (φi)i∈J . So let f : M → N in

PTJmod, let k ∈ JO, and let B ∈ ΣSort. First, let

πη
Bk

([xBk ]) =: [tBk ] ∈M〈xBk〉Bk .

Then by the proof of Theorem 2.2.41, we have

πB
k

f = ρB
k

f (tBk)∗ : NBk → NBk ,
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where ρB
k

f : ΣJ (M, xBk) → ΣJ (N, xBk) is the signature morphism induced by the
ΣJ -morphism f : M → N .

Suppose first that k /∈ JM
B . Then T(Mk) is trivial for the sort B, and we must

show
πB

k

f = ρB
k

f (tBk)∗ = id : NBk → NBk .

Since T(Mk) is trivial for the sort B, it easily follows (by remarks made earlier in the
chapter) that TJ (M) is trivial for the sort Bk, and then because of the ΣJ -morphism
f : M → N , it follows that TJ (N) is trivial for the sort Bk. Since N (more precisely,
the expansion of N to its canonical ΣJ (N)-structure) is a model of TJ (N), it then
follows that NBk contains at most one element, which yields the desired conclusion.

Now suppose that k ∈ JM
B . Then we must show that

πB
k

f =
(
φkfk◦FM (ψB(k))

)
B
◦ FN(ψB(k))B : NBk → NBk ,

i.e.
ρB

k

f (tBk)∗ =
(
φkfk◦FM (ψB(k))

)
B
◦ FN(ψB(k))B : NBk → NBk .

By definition of φk (and the proof of Theorem 2.2.41) we have(
φkfk◦FM (ψB(k))

)
B

= ρBfk◦FM (ψB(k))(s
k
B)∗ : Nk

B → Nk
B,

and so we must show

ρB
k

f (tBk)∗ = ρBfk◦FM (ψB(k))(s
k
B)∗ ◦ FN(ψB(k))B : NBk → NBk .

Also, since
[tBk ] = πη

Bk
([xBk ]) =

[
ρBMk(skB)

[
αBψB(k)(xBk)/xBk

]]
,

we have
TJ (M, xBk) ` tBk = ρBMk(skB)

[
αBψB(k)(xBk)/xBk

]
.

Now, we know that
βM(γ,1) ∈ GTJ (M),

where 1 is the unit element of the group Aut(IdJ )M . In particular, we have

βM(γ,1)Bk =
[
ρBMk(skB)

[
αB1B(k)(xBk)/xBk

]]
=
[
ρBMk(skB)

[
αBidk(xBk)/xBk

]]
=
[
ρBMk(skB) [xBk/xBk ]

]
=
[
ρBMk(skB)

]
∈M〈xBk〉Bk ,
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and since βM(γ,1) commutes generically with the function symbol αBψB(k) : Bk → Bk,
it follows that

TJ (M, xBk) ` ρBMk(skB)
[
αBψB(k)(xBk)/xBk

]
= αBψB(k)

(
ρBMk(skB)

)
.

Then because ρB
k

f : TJ (M, xBk)→ TJ (N, xBk) is a theory morphism, we obtain

TJ (N, xBk) ` ρBk

f

(
ρBMk(skB)

[
αBψB(k)(xBk)/xBk

])
= ρB

k

f

(
αBψB(k)

(
ρBMk(skB)

))
.

Finally, we obtain

TJ (N, xBk) ` ρBk

f (tBk) = ρB
k

f

(
αBψB(k)

(
ρBMk(skB)

))
.

By Lemma 2.2.13, we then deduce that

ρB
k

f (tBk)∗ = ρB
k

f

(
αBψB(k)

(
ρBMk(skB)

))∗
: NBk → NBk ,

so we must show

ρB
k

f

(
αBψB(k)

(
ρBMk(skB)

))∗
= ρBfk◦FM (ψB(k))(s

k
B)∗ ◦ FN(ψB(k))B : NBk → NBk .

Finally, we have

FN(ψB(k))B :=
(
αBψB(k)

)N
,

so we are ultimately reduced to showing that

ρB
k

f

(
αBψB(k)

(
ρBMk(skB)

))∗
= ρBfk◦FM (ψB(k))(s

k
B)∗ ◦

(
αBψB(k)

)N
: NBk → NBk ,

but this is true by Lemma 5.2.5 above (given that T(Mk, xB) ` skB ↓ and that ρB
k

f

commutes with αBψB(k)).

This completes the argument that π is determined by ψ and (φi)i∈J , which
completes the proof of the ‘only if’ direction of Theorem 5.2.6.

To prove the ‘if’ direction of Theorem 5.2.6, now only assuming that π =
(πf : cod(f) → cod(f))f∈Dom(M) is a Dom(M)-indexed family of endomorphisms in
PTJmod, suppose that there is some compatible family (φi)i∈J ∈

∏
i∈J ZT(M i) and

an element ψ = (ψB)B∈Σ ∈ Aut(IdJ )M such that π is determined by ψ and (φi)i∈J .
We must show that π ∈ ZTJ (M).

By Lemma 5.2.4, there does exist an element π′ ∈ ZTJ (M) that is determined
by ψ and (φi)i∈J . Since π is also determined by ψ and (φi)i∈J , it easily follows that
π = π′, so that π ∈ ZTJ (M), as desired. This completes the proof of Theorem 5.2.6.

We will now rephrase Theorem 5.2.6 in terms of the isomorphism PTJmod ∼= PTmodJ .
First, we rephrase all of the preceding definitions in terms of PTmodJ .
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Definition 5.2.7. Let F : J → PTmod, and let

π = (πµ : cod(µ)→ cod(µ))µ∈Dom(F )

be a Dom(F )-indexed family of endomorphisms in PTmodJ . For each i ∈ JO, let

φi =
(
φig : cod(g)

∼−→ cod(g)
)
g∈Dom(F (i))

∈ ZT(F (i)).

Finally, let ψ = (ψB)B∈Σ ∈ Aut(IdJ )M
F

(where MF ∈ PTJmod is the model of TJ
corresponding to the functor F ).

We say that π is determined by ψ ∈ Aut(IdJ )M
F

and the family (φi)i∈J ∈∏
i∈J ZT(F (i)) if the following holds for any morphism µ : F → G in PTmodJ ,

any B ∈ ΣSort, and any k ∈ JO:

• If k /∈ JMF

B , then
πµ(k)B = id : G(k)B → G(k)B.

• If k ∈ JMF

B , then

πµ(k)B =
(
φkµ(k)◦F (ψB(k))

)
B
◦G(ψB(k))B

: G(k)B → G(k)B

(where µ(k) : F (k)→ G(k) is a Σ-morphism).

Definition 5.2.8. Let F : J → PTmod. For each i ∈ JO, let

φi =
(
φig : cod(g)

∼−→ cod(g)
)
g∈Dom(F (i))

∈ ZT(F (i)).

We say that the family (φi)i∈J ∈
∏

i∈J ZT(F (i)) is compatible if for every arrow
f : i→ j in J and every g ∈ Dom(F (j)) we have

φjg = φig◦F (f) : cod(g)
∼−→ cod(g).

In other words, we say that (φi)i∈J is compatible if

(φi)i∈J ∈ lim(ZT ◦ F ) ∈ Group.

We now have the following version of Theorem 5.2.6 in terms of PTmodJ :



5. ISOTROPY GROUPS OF FUNCTOR THEORIES 210

Corollary 5.2.9. Let T be a quasi-equational theory with single-indeterminate isotropy
and single-sorted non-total operations, and let J be a small index category. Let
F : J → PTmod, and let

π = (πµ : cod(µ)→ cod(µ))µ∈Dom(F )

be a Dom(F )-indexed family of endomorphisms in PTmodJ . Then π ∈ ZPTmodJ (F )
iff there is a (uniquely determined) compatible family (φi)i∈J ∈

∏
i∈J ZT(F (i)) and a

(uniquely determined) element ψ = (ψB)B∈Σ ∈ Aut(IdJ )M
F

such that π is determined
by ψ and (φi)i∈J .

Before we give some specific applications of the general results proven so far
in this chapter, we will extract an important consequence of Theorem 5.1.56 that
does not rely on the assumptions that T has single-indeterminate isotropy and single-
sorted non-total operations, but which only applies to index categories J satisfying
a certain strict condition. Namely, we have the following consequence of (the proof
of) Theorem 5.1.56:

Corollary 5.2.10. Let T be an arbitrary quasi-equational theory, and let J be a
small index category. If M ∈ PTJmod and JM

B has only trivial endomorphisms for
each B ∈ ΣSort, then

βM :

(∏
i

GT(M i)

)J
× Aut(IdJ )M → GTJ (M)

is a group isomorphism, and

GTJ (M) ∼=

(∏
i

GT(M i)

)J
.

Proof: We know from Propositions 5.1.20 and 5.1.43 that if T is an arbitrary quasi-
equational theory and J an arbitrary small index category, then βM is an injective
group homomorphism for each M ∈ PTJmod. We only needed the assumptions that
T has single-indeterminate isotropy and single-sorted non-total operations in order
to prove that βM is surjective. In the proof of Proposition 5.1.47, given ([sCi ])i,C ∈
GTJ (M), we constructed a pair

(γ, ψ) ∈

(∏
i

GT(M i)

)J
× Aut(IdJ )M
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with βM(γ, ψ) = ([sCi ])i,C ∈ GTJ (M), and we only used the assumption that T
has single-indeterminate isotropy to show that ψ ∈ Aut(IdJ )M can be defined from
([sCi ])i,C ∈ GTJ (M). More specifically, given any sort B ∈ Σ, in order to define

ψB ∈ Aut
(

IdJM
B

)
, we used the assumption that T has single-indeterminate isotropy

to conclude (for each i ∈ JM
B ) that sBi contains exactly one occurrence of the inde-

terminate xBi , and then we defined ψB(i) : i
∼−→ i to be the subscript arrow of the

unique indeterminate occurring in θ(sBi) ∈ Termc
(

Σ
(
M i, xBCod(i)

))
. Then we used

the assumption that T has single-sorted non-total operations in order to prove that
ψ ∈ Aut(IdJ )M .

However, if we know for each sort B ∈ Σ that JM
B has only trivial endomor-

phisms, then even if T does not have single-indeterminate isotropy, so that sBi may
have multiple occurrences of xBi for certain i ∈ JM

B , we know that the only indeter-
minate occurring in θ(sBi) will be xidi , even if it has multiple occurrences in θ(sBi)
(since idi : i→ i is the only endomorphism of i ∈ JM

B ). Hence, if we set ψB to be the

unit element of Aut
(

IdJM
B

)
for each sort B ∈ Σ, then ψ = (ψB)B∈Σ will be the unit

element of Aut(IdJ )M , and we will still have βM(γ, ψ) = ([sCi ])i,C ∈ GTJ (M), so that
βM will still be surjective and hence a group isomorphism.

The last claim of the corollary now easily follows, because if JM
B has only trivial

endomorphisms for every sort B, then certainly Aut
(

IdJM
B

)
is the trivial group for

every sort B, which easily implies that Aut(IdJ )M is the trivial group, so that(∏
i

GT(M i)

)J
× Aut(IdJ )M ∼=

(∏
i

GT(M i)

)J
.

In fact, if we define

β′M :

(∏
i

GT(M i)

)J
→ GTJ (M)

by
β′M(γ) := βM(γ,1) ∈ GTJ (M)

for every γ ∈ (
∏

iGT(M i))
J

(where 1 ∈ Aut(IdJ )M is the unit element), then

β′M :

(∏
i

GT(M i)

)J
∼−→ GTJ (M)

is a group isomorphism.

From Corollary 5.2.10 and (the proof of) Theorem 5.1.56, we easily deduce the fol-
lowing corollary:
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Corollary 5.2.11. Let T be an arbitrary quasi-equational theory and J a small index
category with only trivial endomorphisms. Then for any M ∈ PTJmod, there is a
group isomorphism

β′M : lim
(
GT ◦ FM

)
=

(∏
i

GT(M i)

)J
∼−→ GTJ (M)

given by
β′M(γ) := βM(γ,1) ∈ GTJ (M),

and these group isomorphisms form a natural automorphism

β′ := (β′M)M : lim
(
GT ◦ F (−)

)
=

(∏
i

GT ◦ F (−)

)GT◦F (−)

∼−→ GTJ

: PTJmod→ Group.

We may now deduce the following categorical versions of the previous corollary:

Corollary 5.2.12. Let T be an arbitrary quasi-equational theory and J a small index
category with only trivial endomorphisms.

• Let M ∈ PTJmod and let

π = (πf : cod(f)→ cod(f))f∈Dom(M)

be a Dom(M)-indexed family of endomorphisms in PTJmod. Then π ∈ ZTJ (M)
iff there is a (uniquely determined) compatible family (φi)i∈J ∈

∏
i∈J ZT(M i)

such that π is determined by (φi)i∈J , in the sense that

πB
k

f =
(
φkfk
)
B

: NBk → NBk

for every morphism f : M → N in PTJmod and every Bk ∈ ΣJSort.

• Let F : J → PTmod, and let

π = (πµ : cod(µ)→ cod(µ))µ∈Dom(F )

be a Dom(F )-indexed family of endomorphisms in PTmodJ . Then π ∈ ZPTmodJ (F )
iff there is a (uniquely determined) compatible family (φi)i∈J ∈

∏
i∈J ZT(F (i))

such that π is determined by (φi)i∈J , in the sense that

πµ(k)B =
(
φkµ(k)

)
B

: G(k)B → G(k)B

for every morphism µ : F → G in PTmodJ and every Bk ∈ ΣJSort.
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5.3 Applications

First, for an arbitrary quasi-equational theory T, we deduce characterizations of the
isotropy group of TJ for certain specific, commonly occurring index categories J with
only trivial endomorphisms.

Corollary 5.3.1. Let T be an arbitrary quasi-equational theory. Note that in each
of the following examples, the index category J has only trivial endomorphisms.

• Let J be any small discrete category (i.e. J has no arrows other than identi-
ties). Then for any M ∈ PTJmod, i.e. any collection (M i)i∈J of T-models, we
have

ZTJ (M) ∼=
∏
i∈J

ZT(M i).

In particular, if J is a discrete category on two objects i and j, then for any
M ∈ PTJmod, i.e. any pair (M i,M j) of T-models, we have

ZTJ (M) ∼= ZT(M i)×ZT(M j).

• Let J be the category with two objects i, j and two parallel morphisms f, g : i→
j. Then for any M ∈ PTJmod, i.e. any quadruple (M i,M j, fM , gM) consisting
of T-models M i,M j and Σ-morphisms fM , gM : M i →M j, we have

ZTJ (M) ∼= Eq
(
ZT(fM),ZT(gM)

)
=
{
γi ∈ ZT(M i) : ZT(fM)(γi) = ZT(gM)(γi)

}
,

where Eq
(
ZT(fM),ZT(gM)

)
is the equalizer in Group of the group homomor-

phisms ZT(fM),ZT(gM) : ZT(M i)→ ZT(M j).

• Let J be the category with three objects i, j, k and two morphisms f : i→ k and
g : j → k. Then for any M ∈ PTJmod, i.e. any quintuple (M i,M j,Mk, fM , gM)
consisting of T-models M i,M j,Mk and Σ-morphisms fM : M i → Mk and
gM : M j →Mk, we have

ZTJ (M) ∼= ZT(M i)×ZT(Mk) ZT(M j)

=
{

(γi, γj) ∈ ZT(M i)×ZT(M j) : ZT(fM)(γi) = ZT(gM)(γj)
}
,

where ZT(M i) ×ZT(Mk) ZT(M j) is the pullback in Group of the pair ZT(fM) :
M i →Mk,ZT(gM) : M j →Mk of group homomorphisms.
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Now, we provide applications of the results of the preceding sections for quasi-
equational theories T with single-indeterminate isotropy and single-sorted non-total
operations, for which we can consider index categories with non-trivial endomor-
phisms. Let us note that the following quasi-equational theories do have single-
indeterminate isotropy and single-sorted non-total operations, as one can easily verify
by an inspection of Chapter 3:

• Any quasi-equational theory with single-sorted non-total operations that has
trivial isotropy, which includes the following theories: any empty theory with
single-sorted non-total operations (e.g. the theory of sets), the theory of com-
mutative monoids, the theories of categories and groupoids, and the theory of
categories with a terminal object.

• The theories of monoids and groups, and the theory of abelian groups.

• The theory of sets with a bijection or involution.

• The theory of strict monoidal categories.

First, let us consider the class of empty theories with single-sorted non-total oper-
ations. We first require the following technical lemma (which does not rely on the
assumption of T having single-sorted non-total operations).

Lemma 5.3.2. Let Σ be an arbitrary relation-free signature, and let T be an empty
theory over Σ. If M ∈ PTmod, then for any B ∈ ΣSort, T(M) is non-trivial for the
sort B. If g : B1×. . .×Bn → B is any function symbol of Σ, then for any 1 ≤ m ≤ n,
gM is non-degenerate in position m.

Proof: See Appendix C.

Now let J be an arbitrary small index category, and let T be an empty theory over
Σ with single-sorted non-total operations. We conclude from Lemma 5.3.2 that if
M ∈ PTJmod, then JM

B = J for each B ∈ ΣSort, because if i ∈ JO, then T(M i) is
non-trivial for the sort B, since M i ∈ PTmod. So then∏

B∈ΣSort

Aut
(

IdJM
B

)
=

∏
B∈ΣSort

Aut(IdJ ).

Next, if i ∈ JO and g : A1 × . . . × An → A is any function symbol of Σ, then since
M i ∈ PTmod, it follows by Lemma 5.3.2 that gM

i
is non-degenerate in every position

1 ≤ m ≤ n. So for any ψ = (ψB)B∈Σ ∈
∏

B∈ΣSort
Aut(IdJ ), we have ψ ∈ Aut(IdJ )M

iff for every function symbol g : A1 × . . . × An → A in Σ and every 1 ≤ m ≤ n we
have ψA = ψAm : IdJ

∼−→ IdJ . In fact, let G(Σ) be the (undirected) graph defined as
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follows: the nodes are the sorts of Σ, and for any distinct sorts A 6= B ∈ Σ, there is
an edge between A and B iff there is some function symbol g : C1 × . . . × Cn → C
with A,B ∈ {C1, . . . , Cn, C}. Then it easily follows from the observation just made
that

Aut(IdJ )M ∼=
∏

Comp(G(Σ))

Aut(IdJ ),

where Comp(G(Σ)) is the set of connected components of the graph G(Σ).
Finally, we know by Proposition 3.1.4 that M i ∈ PTmod has trivial isotropy for

every i ∈ JO, so that ZT(M i) is the trivial group. Hence, we obtain:

Corollary 5.3.3. Let Σ be any relation-free signature and T any empty theory over Σ
with single-sorted non-total operations, and let J be any small index category. Then
for any M ∈ PTJmod we have

ZTJ (M) ∼=
∏

Comp(G(Σ))

Aut(IdJ )

(naturally in M).
In particular, if Σ is the signature with only one sort and no function symbols,

then Tot(Σ) is the theory of sets (and G(Σ) is the trivial graph), and for any M ∈
PTJmod we have

ZTJ (M) ∼= Aut(IdJ )

(naturally in M).

We can also give the following more categorical version of Corollary 5.3.3:

Corollary 5.3.4. Let Σ be any relation-free signature, let T be any empty theory
with single-sorted non-total operations, and let J be any small index category. Let
F : J → PTmod, and let

π = (πµ : cod(µ)→ cod(µ))µ∈Dom(F )

be any Dom(F )-indexed family of endomorphisms in PTmodJ . Then π ∈ ZPTmodJ (F )
iff there is a (uniquely determined) element ψ ∈

∏
Comp(G(Σ)) Aut(IdJ ) such that π is

determined by ψ, in the sense that

πµ(k)B = G(ψU(k))B : G(k)B
∼−→ G(k)B

for every morphism µ : F → G in PTmodJ and every sort Bk ∈ ΣJ , where U ∈
Comp(G(Σ)) is the connected component of G(Σ) containing B.
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In particular, if Σ has only one sort and no function symbols, then π ∈ ZPTmodJ (F )
iff there is a (uniquely determined) element ψ ∈ Aut(IdJ ) such that π is determined
by ψ, in the sense that

πµ(k) = G(ψ(k)) : G(k)
∼−→ G(k)

for every morphism µ : F → G in PTmodJ = SetsJ and every object k ∈ JO.

Now we consider non-empty single-sorted quasi-equational theories with single-
indeterminate isotropy (note that any such theory automatically has single-sorted
non-total operations). For any such theory T, let us refer to its sort as ‘X’. If M
is any model of such a theory, then we will just say that T(M) is non-trivial if it is
non-trivial for this unique sort X. Then (by Lemma 3.1.2) T(M) is trivial iff there is
no Σ-morphism from M to a T-model N with |N | ≥ 2. Such a situation is quite rare
(although examples exist: for example, the zero ring (as a model of the theory of rings
with unit) has trivial diagram theory, because there is no ring homomorphism from
the zero ring to any non-zero ring with unit). Hence, to simplify the presentation
of the upcoming results, we will generally assume that if F : J → PTmod, then
F (i) ∈ PTmod is non-trivial for each i ∈ JO.

Now let J be any small index category with M ∈ PTJmod (where T is a
single-sorted quasi-equational theory). Assume also that M i ∈ PTmod is non-trivial
for each i ∈ JO. If we set JM := JM

X , then we therefore have JM = J . So∏
B∈ΣSort

Aut
(

IdJM
B

)
then becomes just Aut(IdJ ). Also, since Σ has only one sort, it

follows that Aut(IdJ ) = Aut(IdJ )M . Hence, we obtain the following simplification of
earlier results:

Corollary 5.3.5. Let Σ be any single-sorted relation-free signature and T any quasi-
equational theory over Σ with single-indeterminate isotropy, and let J be any small
index category.

• For any M ∈ PTJmod such that M i ∈ PTmod is non-trivial for all i ∈ JO, we
have

ZTJ (M) ∼=

(∏
i

ZT(M i)

)J
× Aut(IdJ )

(naturally in M).

• Let F : J → PTmod with F (i) ∈ PTmod non-trivial for all i ∈ JO, and let

π = (πµ : cod(µ)→ cod(µ))µ∈Dom(F )
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be any Dom(F )-indexed family of endomorphisms in PTmodJ . Then π ∈
ZPTJmodJ (F ) iff there is a (uniquely determined) compatible family (φi)i∈J ∈∏

i∈J ZT(F (i)) and a (uniquely determined) element ψ ∈ Aut(IdJ ) such that π
is determined by (φi)i∈J and ψ, in the sense that

πµ(k) = φkµ(k)◦F (ψ(k)) ◦G(ψ(k)) : G(k)
∼−→ G(k)

for every morphism µ : F → G in PTmodJ and every k ∈ JO.

We now have the following specialization of Corollary 5.3.5 to single-sorted quasi-
equational theories with trivial isotropy.

Corollary 5.3.6. Let Σ be any single-sorted relation-free signature and T any quasi-
equational theory over Σ with trivial isotropy, and let J be any small index category.

• For any M ∈ PTJmod such that M i ∈ PTmod is non-trivial for all i ∈ JO, we
have

ZTJ (M) ∼= Aut(IdJ )

(naturally in M).

• Let F : J → PTmod with F (i) ∈ PTmod non-trivial for all i ∈ JO, and let

π = (πµ : cod(µ)→ cod(µ))µ∈Dom(F )

be any Dom(F )-indexed family of endomorphisms in PTmodJ . Then π ∈
ZPTJmodJ (F ) iff there is a (uniquely determined) element ψ ∈ Aut(IdJ ) such
that π is determined by ψ, in the sense that

πµ(k) = G(ψ(k)) : G(k)
∼−→ G(k)

for every morphism µ : F → G in PTmodJ and every k ∈ JO.

Since the theory of sets (i.e. the completely empty theory over the single-sorted
signature with no function symbols) has trivial isotropy by Proposition 3.1.4, and
every model of this theory (i.e. every set) has non-trivial diagram theory (by Lemma
5.3.2), Corollary 5.3.6 provides a characterization of the covariant isotropy group of
a presheaf topos, as was promised at the beginning of the chapter.

Given a group G, we can also compute the covariant isotropy group of the cate-
gory of G-sets. Let B(G) be the one-object category corresponding to the group G.
Then the category of G-sets is just the functor category SetsB(G). Also, it is easy to
see that the global isotropy group Aut

(
IdB(G)

)
of B(G) is (isomorphic to) the centre

Z(G) of G. So from Corollary 5.3.6 we obtain:



5. ISOTROPY GROUPS OF FUNCTOR THEORIES 218

Corollary 5.3.7. Let G be a group with corresponding one-object category B(G), so
that SetsB(G) is the category of G-sets. For any G-set M ∈ SetsB(G), we have

ZSetsB(G)(M) ∼= Z(G).

More concretely, let

π = (πf : cod(f)→ cod(f))f∈Dom(M)

be any Dom(M)-indexed family of endomorphisms in SetsB(G). Then π ∈ ZSetsB(G)(M)
iff there is a (uniquely determined) element g ∈ Z(G) such that π is determined by
g, in the sense that

πf : N
∼−→ N

is given by
πf (n) = gn ∈ N (n ∈ N)

for every morphism f : M → N in SetsB(G).

More generally, if M is any monoid with corresponding one-object category B(M),
then the category of M -sets is just the functor category SetsB(M), and the global
isotropy group Aut

(
IdB(M)

)
of B(M) is (isomorphic to) the subgroup Inv(Z(M)) of

the invertible elements of the centre Z(M) of M . So we have a corresponding analogue
of Corollary 5.3.7 for M -sets.

As our final application of the preceding results of this chapter, we will calculate
the global isotropy group Aut(IdJ×K) of a product of small categories J ×K in terms
of the global isotropy groups Aut(IdJ ),Aut(IdK) of the factor categories J ,K. First,
we require a preparatory lemma:

Lemma 5.3.8. Let J ,K be any small categories. Let Σ be the signature containing
just one sort X and no function symbols, and let EΣ be the empty theory over this
signature (i.e. the theory of sets). Let M ∈ P(EJΣ )Kmod be arbitrary. Then for any
object k ∈ KO, the theory EJΣ (Mk) is non-trivial for every sort in ΣJ . Moreover, if

g ∈ ΣJ is any function symbol, then gM
k

is non-degenerate in every position.
Finally, we have

Z(EJΣ )K(M) ∼=
∏

Comp(K)

Aut(IdJ )×
∏

Comp(J )

Aut(IdK),

where Comp(J ),Comp(K) are respectively the sets of connected components of the
categories J ,K.
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Proof: First, note that we have (by Proposition 5.1.8 and general category theory)

P(EJΣ )Kmod ∼= (PEJΣ mod)K

∼= (PEΣmodJ )K

= (SetsJ )K

∼= SetsJ×K.

Then the first two claims easily follow from the fact that if F : J ×K → Sets is any
functor, then there is a natural transformation from F to a functor F ′ : J ×K → Sets
such that F ′(j, k) ∈ Sets has at least two elements for each (j, k) ∈ J ×K, and such
that for each arrow (f, g) : (j1, k1) → (j2, k2) in J × K, F ′(f, g) : F ′(j1, k1) →
F ′(j2, k2) is not a constant function.

For the last claim, fix an arbitrary M ∈ P(EJΣ )Kmod and an arbitrary k ∈ KO;
then Mk ∈ PEJΣ mod. We first calculate ZEJΣ (Mk). Since EΣ (the theory of sets) has

trivial isotropy (cf. Proposition 3.1.4) and (Mk)i ∈ PEΣmod = Sets has non-trivial
diagram theory for all i ∈ JO (by Lemma 5.3.2), it follows by Corollary 5.3.6 that

ZEJΣ (Mk) ∼= Aut(IdJ ).

Now, by the first claim, we know for each k ∈ KO that the theory EJΣ (Mk) is non-
trivial for every sort of ΣJ . So for each j ∈ JO, we have that EJΣ (Mk) is non-trivial for

the sort Xj for every k ∈ KO, and hence KMXj = K, so that Aut
(

IdKM
Xj

)
= Aut(IdK).

Hence, we have ∏
B∈ΣJSort

Aut
(

IdKM
B

)
=
∏
j∈JO

Aut(IdK)

(since ΣJSort = {Xj : j ∈ JO}). Next, if ψ = (ψj)j∈J ∈
∏

j∈J Aut(IdK), then since for
every arrow f : i → ` in J and every k ∈ KO we know (by the second claim) that
the function symbol αM

k

f of ΣJ is non-degenerate in its only position, it follows that
ψ = (ψj)j∈J ∈ Aut(IdK)M iff ψi = ψ` for every pair of objects i, ` ∈ JO for which
there is an arrow from i to `. So we deduce that

Aut(IdK)M ∼=
∏

Comp(J )

Aut(IdK),

where Comp(J ) is the set of connected components of J .
Now, we know by Theorem 5.1.56 that

Z(EJΣ )K(M) ∼=

(∏
k∈K

ZEJΣ (Mk)

)K
× Aut(IdK)M .
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By the foregoing, we then obtain

Z(EJΣ )K(M) ∼=

(∏
k∈K

Aut(IdJ )

)K
×

∏
Comp(J )

Aut(IdK).

However, because
ZEJΣ : PEJΣ mod→ Group

is the constant functor on Aut(IdJ ) (by Proposition 3.1.4 and Corollary 5.3.6), it then

follows that if ψ = (ψk)k∈K ∈
∏

k∈K Aut(IdJ ), then ψ ∈
(∏

k∈K Aut(IdJ )
)K

iff ψk = ψk′
for any objects k, k′ in the same connected component of K. So then we obtain(∏

k∈K

Aut(IdJ )

)K
∼=

∏
Comp(K)

Aut(IdJ ),

where Comp(K) is the set of connected components of K. Altogether, we then have

Z(EJΣ )K(M) ∼=
∏

Comp(K)

Aut(IdJ )×
∏

Comp(J )

Aut(IdK),

as desired.

If J is any small category, we now define Z(J ) := Aut(IdJ ), the global isotropy group
of J . Then we have the following result:

Corollary 5.3.9. For any small categories J and K, we have

Z(J ×K) ∼=
∏

Comp(K)

Z(J )×
∏

Comp(J )

Z(K),

where Comp(J ),Comp(K) are respectively the sets of connected components of J ,K.
In particular, if J and K are both connected, then

Z(J ×K) ∼= Z(J )×Z(K).

Concretely: if π = (πj,k : (j, k)→ (j, k))(j,k)∈J×K is a family of endomorphisms in

J × K, then π ∈ Aut(IdJ×K) iff there are (uniquely determined) elements ψ ∈∏
Comp(K) Aut(IdJ ) and χ ∈

∏
Comp(J ) Aut(IdK) such that π is determined by ψ and

χ, in the sense that if U ∈ Comp(J ) is the connected component of j ∈ J and
V ∈ Comp(K) is the connected component of k ∈ K, then

πj,k = (ψV (j), χU(k)) : (j, k)
∼−→ (j, k).
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In particular, if J and K are connected, then π ∈ Aut(IdJ×K) iff there are (uniquely
determined) elements ψ ∈ Aut(IdJ ) and χ ∈ Aut(IdK) such that π is determined by
ψ and χ, in the sense that

πj,k = (ψ(j), χ(k)) : (j, k)
∼−→ (j, k)

for all j ∈ J , k ∈ K.

Proof: Applying the definitions, we must show that

Aut(IdJ×K) ∼=
∏

Comp(K)

Aut(IdJ )×
∏

Comp(J )

Aut(IdK).

Let Σ be the signature consisting of just one sort and no function symbols. Fix an
arbitrary M ∈ P(EJΣ )Kmod. Then by Lemma 5.3.8, it suffices to show

Z(EJΣ )K(M) ∼= Aut(IdJ×K).

First, note that we have (by Proposition 5.1.8 and general category theory)

PEJ×KΣ mod ∼= PEΣmodJ×K

= SetsJ×K

∼= (SetsJ )K

= (PEΣmodJ )K

∼= (PEJΣ mod)K

∼= P(EJΣ )Kmod.

Let M∗ ∈ PEJ×KΣ mod correspond to M via the above sequence of isomorphisms. Then
we have

ZEJ×KΣ
(M∗) ∼= Z(EJΣ )K(M) ∈ Group.

Since EΣ has trivial isotropy (by Proposition 3.1.4) and every set clearly has non-
trivial diagram theory, it follows by Corollary 5.3.6 that

ZEJ×KΣ
(M∗) ∼= Aut(IdJ×K).

So we obtain
Z(EJΣ )K(M) ∼= ZEJ×KΣ

(M∗) ∼= Aut(IdJ×K),

as desired.



Chapter 6

Further Directions

In this closing chapter, we will discuss some open questions relating to this thesis that
could be pursued in further research. For other open questions not discussed here,
see [13, Section 5].

• One very general open question concerns whether it is possible to devise con-
ditions on the axioms of a quasi-equational theory to guarantee that a theory
will have either trivial or non-trivial isotropy. In other words, one might won-
der whether there is a certain condition P on the axioms of a quasi-equational
theory with the property that a quasi-equational theory T satisfies condition P
iff T has trivial isotropy, and similarly for non-trivial isotropy. To illustrate the
potential difficulties involved in devising such a condition, consider the algebraic
theory T of (totally defined) monoids. As we mentioned in the last section of
Chapter 4, the finitely generated free monoids all have trivial isotropy, since
no free monoid has any non-trivial invertible elements. However, since there
are (non-free) finitely presented monoids with non-trivial invertible elements, it
follows that there are finitely presented monoids with non-trivial isotropy. This
suggests that the problem of determining whether a theory has trivial isotropy
from just its signature and axioms may be algorithmically undecidable in gen-
eral, because the equations that hold in a free monoid are just those that can
be deduced from the monoid axioms.

Furthermore, while the theory of monoids has non-trivial isotropy, the theory
of commutative monoids has trivial isotropy. However, it is not obvious why
simply adding the axiom > `x,y x · y = y · x to the theory of monoids would
cause the isotropy of the resulting theory to become trivial. This again suggests
that it is very difficult to determine from the axioms of a theory alone whether
that theory will have trivial or non-trivial isotropy.

In general, one might suspect that in order for a theory to have non-trivial
isotropy, the theory must encode some notion of ‘invertibility’; however, this

222
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vaguely stated condition is certainly not sufficient for a theory to have non-
trivial isotropy. For example, the theories of groupoids and commutative monoids
encode notions of ‘invertibility’ but have trivial isotropy. It is still an open ques-
tion whether a theory must encode some notion of ‘invertibility’ in order to have
non-trivial isotropy, because all of the example theories with non-trivial isotropy
that we have considered do encode some notion of ‘invertibility’ (e.g. monoids,
(abelian) groups, sets with a bijection/involution, strict monoidal categories,
(certain) functor categories etc.).

• Given quasi-equational theories T1 and T2 over disjoint signatures Σ1 and Σ2,
one can form a quasi-equational theory T that axiomatizes models of T1 in
the cartesian category PT2mod. For example, in Chapter 3 we considered the
theory TStr of strict monoidal categories, which axiomatizes models of TMon in
PTCatmod = Cat (since a strict monoidal category can be regarded as a monoid
object in Cat). There was certainly some overlap between the arguments used to
characterize the isotropy group of TStr, and the arguments used to characterize
the isotropy groups of TMon and TCat. So it would be interesting to try to
characterize the isotropy group of the theory T (axiomatizing models of T1 in
PT2mod) in terms of the isotropy groups of T1 and T2.

• In Chapter 5, we introduced the notion of a quasi-equational theory T having
single-indeterminate isotropy and single-sorted non-total operations, in order to
completely characterize the isotropy group of TJ (for any small index category
J ). First, it would be interesting to try to determine what categorical signifi-
cance or interpretation the notion of single-indeterminate isotropy has (if any),
because its definition is expressed completely in terms of logic.

Second, it would obviously be interesting to try to extend/modify the results
of Chapter 5 in order to completely characterize the isotropy group of TJ for
a given arbitrary quasi-equational theory T and arbitrary small index category
J .

• Of course, one could also extend the work in this thesis by computing the
isotropy groups of specific quasi-equational theories that we did not consider
here.

• Finally, one could step beyond the work in this thesis by trying to character-
ize and compute the isotropy groups of theories with more logical complexity
considered in Chapter 1, e.g. regular theories, coherent theories (which extend
regular theories by allowing for finite disjunction), and full geometric theories.
However, these theories generally do not have initial model constructions, which
we relied on heavily to characterize the isotropy groups of quasi-equational (i.e.
cartesian) theories, so the methods developed in the present thesis do not (ob-
viously) apply to such classes of theories.



Appendix A

Chapter 2 Proofs

Lemma (2.2.4). Let M ∈ PTmod.

1. If h : M → N is any morphism in PTmod, then there is a partial Σ(M)-
structure Nh such that Nh|Σ = N and Nh |= T(M), with the following descrip-
tion:

• For any sort B ∈ Σ(M)Sort = ΣSort,

Nh
B := NB.

• For any function symbol f ∈ Σ,

fN
h

:= fN .

• For any A ∈ ΣSort and a ∈MA,(
cMA,a
)Nh

:= hA(a) ∈ NA = Nh
A.

2. If N ′ is a partial Σ(M)-structure with N ′ |= T(M), then there is a unique
Σ-morphism h : M → N ′|Σ such that (N ′|Σ)h = N ′.

Proof: To prove (1), let h : M → N be any Σ-morphism in PTmod. If Nh is
the partial Σ(M)-structure described in the statement of (1), then it is obvious that
Nh|Σ = N , so it remains to show that Nh |= T(M). Since Nh|Σ = N and N |= T, it
follows that Nh |= T. So it remains to show that Nh satisfies the axioms of T(M)\T.

• Let A ∈ ΣSort and a ∈MA. We must show that Nh satisfies the axiom > ` cMA,a ↓
of T(M), i.e. we must show that cMA,a is defined in Nh; but this is true by
definition of Nh.

224
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• Let f : A1 × . . . × An → A be any function symbol of Σ, and let a1 ∈
MA1 , . . . , an ∈MAn , a ∈MA with (a1, . . . , an) ∈ dom(fM) and fM(a1, . . . , an) =
a. We must show thatNh satisfies the axiom> ` f

(
cMa1
, . . . , cMan

)
= cMa of T(M),

i.e. we must show that((
cMa1

)Nh

, . . . ,
(
cMan
)Nh
)
∈ dom

(
fN

h
)

and
fN

h
((
cMa1

)Nh

, . . . ,
(
cMan
)Nh
)

=
(
cMa
)Nh

.

The first claim easily follows by definition of Nh and the fact that h is a Σ-
morphism. For the second claim, we have

fN
h
((
cMa1

)Nh

, . . . ,
(
cMan
)Nh
)

= fN (hA1(a1), . . . , hAn(an))

= hA(fM(a1, . . . , an))

= hA(a)

=
(
cMa
)Nh

,

as desired.

This completes the proof that Nh |= T(M), which proves (1).

To prove (2), let N ′ be a Σ(M)-structure with N ′ |= T(M). We must show that
there is a unique Σ-morphism h : M → N ′|Σ with (N ′|Σ)h = N ′. Let A ∈ Σ be any
sort; we must define a total function hA : MA → (N ′|Σ)A = N ′A. So let a ∈MA. Then
cMA,a is a constant symbol of Σ(M), and since N ′ |= T(M), it follows that N ′ |= cMA,a ↓.
So we set

hA(a) :=
(
cMA,a
)N ′ ∈ N ′A.

Now we show that h : M → N ′|Σ is a Σ-morphism. So let f : A1 × . . . × An → A
be a function symbol of Σ, and let (a1, . . . , an) ∈ MA1 × . . .×MAn be an element of
dom(fM). We must show that

(hA1(a1), . . . , hAn(an)) ∈ dom
(
fN

′
)

and
hA(fM(a1, . . . , an)) = fN

′
(hA1(a1), . . . , hAn(an)) ∈ N ′A.

Since N ′ |= T(M), we have N ′ |= f
(
cMa1
, . . . , cMan

)
= cMfM (a1,...,an), i.e.

fN
′
((
cMa1

)N ′
, . . . ,

(
cMan
)N ′)

=
(
cMfM (a1,...,an)

)N ′
.
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This implies that

(hA1(a1), . . . , hAn(an)) =
((
cMa1

)N ′
, . . . ,

(
cMan
)N ′) ∈ dom

(
fN

′
)

and

fN
′
(hA1(a1), . . . , hAn(an)) = fN

′
((
cMa1

)N ′
, . . . ,

(
cMan
)N ′)

=
(
cMfM (a1,...,an)

)N ′
= hA(fM(a1, . . . , an)),

as desired. This proves that h : M → N ′|Σ is a Σ-morphism. Also, it is obvious from
the definition of h that (N ′|Σ)h = N ′, as desired.

Lastly, we must prove that h : M → N ′|Σ is the unique Σ-morphism with
(N ′|Σ)h = N ′. So let k : M → N ′|Σ be any Σ-morphism with (N ′|Σ)k = N ′; we must
show that h = k. So let A ∈ ΣSort and a ∈MA; then

hA(a) =
(
cMa
)N ′

=
(
cMa
)(N ′|Σ)k

= kA(a),

as desired (the last equality follows by definition of (N ′|Σ)k). This completes the
proof of (2).

Lemma (2.2.9). If M ∈ PTmod, then the family of total functions

ηM,A :=
(
ηM,A
C : MC →M〈xA〉C

)
C∈Σ

is a Σ-morphism from M to M〈xA〉. If MA 6= ∅, then ηM,A is moreover sortwise
injective.

Proof: Let f : B1 × . . .×Bn → B be a function symbol of Σ, let bi ∈MBi
for all

1 ≤ i ≤ n, and suppose that (b1, . . . , bn) ∈ dom(fM). We must show that(
ηM,A
B1

(b1), . . . , ηM,A
Bn

(bn)
)

= ([cb1 ] , . . . , [cbn ]) ∈ dom
(
fM〈xA〉

)
,

and that
ηM,A
B (fM(b1, . . . , bn)) = fM〈xA〉 ([cb1 ] , . . . , [cbn ]) ∈M〈xA〉B.

To prove the first claim, we must show that

T(M, xA) ` f (cb1 , . . . , cbn) ↓ .
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But this follows by the rules of partial Horn logic and the fact that

T(M, xA) ` f (cb1 , . . . , cbn) = cfM (b1,...,bn).

For the second claim, we have

ηM,A
B (fM(b1, . . . , bn)) :=

[
cfM (b1,...,bn)

]
B

= [f (cb1 , . . . , cbn)]B

= fM〈xA〉 ([cb1 ] , . . . , [cbn ]) ,

as desired. The second equality holds because T(M, xA) proves the above equation.
This completes the proof that ηM,A : M →M〈xA〉 is a Σ-morphism.

To show that ηM,A is sortwise injective under the assumption that MA 6= ∅, let
C ∈ ΣSort, and let us show that ηM,A

C = ηC is injective. So let a, b ∈MC , and suppose
that

[ca] = ηC(a) = ηC(b) = [cb] ∈M〈xA〉C .

Then T(M, xA) ` ca = cb, and hence T(M) proves the sequent > `y:A ca = cb by the
theorem on constants (Remark 1.3.17), where y : A is a variable. Since MA 6= ∅, there
is some s ∈ MA, and hence T(M, xA) proves the sequent > ` cs ↓. By the partial
term substitution rule of partial Horn logic (see [19]), it follows from > `y:A ca = cb
being provable in T(M, xA) that the sequent cs ↓ ` ca = cb is provable in T(M, xA).
By the cut rule for partial Horn logic, it then follows that the sequent > ` ca = cb is
provable in T(M, xA). Since M̂ |= T(M), we then obtain M̂ |= ca = cb (by soundness

of partial Horn logic) and hence a = cM̂a = cM̂b = b, as desired.

Proposition (2.2.10). Let M ∈ PTmod and A ∈ ΣSort. For any N ∈ PTmod, any
Σ-morphism h : M → N , and any a ∈ NA, there is a unique Σ-morphism

ha : M〈xA〉 → N

such that ha ◦ ηM,A = h and haA([xA]) = a ∈ NA.

Proof: Let N ∈ PTmod, let h : M → N be any Σ-morphism, and let a ∈ NA.
By definition, we have M〈xA〉 := Free(T(M, xA))|Σ, the Σ-reduct of the Σ(M, xA)-
structure Free(T(M, xA)). From Chapter 1, we also know that Free(T(M, xA)) is
the initial model of T(M, xA) in the category of all partial Σ(M, xA)-structures. By
Lemma 2.2.4, we associate to N and h a Σ(M)-structure Nh such that Nh|Σ = N and
Nh |= T(M). So a ∈ NA = Nh

A, and hence (Nh, a) is a Σ(M, xA)-structure. Moreover,
we have (Nh, a) |= T(M, xA) because Nh |= T(M) and (Nh, a) |= xA ↓. So there is a
unique Σ(M, xA)-morphism k : Free(T(M, xA))→ (Nh, a).
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Now we define ha := k. This makes sense, because Σ(M, xA)Sort = ΣSort. So for
any sort B ∈ Σ, we have

haB := kB : M〈xA〉B = Free(T(M, xA))B → (Nh, a)B = NB.

Since k is a Σ(M, xA)-morphism and Σ ⊆ Σ(M, xA), it follows that ha is a Σ-morphism.
Also, because k preserves the interpretation of the constant xA (which is defined in
both Free(T(M, xA)) and (Nh, a)), it follows that

haA([xA]) = kA([xA]) = kA

(
x
Free(T(M,xA))
A

)
= x

(Nh,a)
A = a,

as desired. To show that ha ◦ ηM,A = h, let B be any sort, and let b ∈MB. We must
show that

haB

(
ηM,A
B (b)

)
= hB(b) ∈ NB.

We have

haB

(
ηM,A
B (b)

)
= haB ([cb])

= kB ([cb])

= kB

((
cMb
)Free(T(M,xA))

)
=
(
cMb
)(Nh,a)

=
(
cMb
)Nh

= hB(b),

as desired. The fourth equality follows because k : Free(T(M, xA)) → (Nh, a) is a
Σ(M)-morphism, and the last equality follows by definition of the Σ(M)-structure
Nh.

Lastly, we must show that ha := k is the unique Σ-morphism M〈xA〉 → N
with the desired properties. So let j : M〈xA〉 → N be any Σ-morphism with j ◦
ηM,A = h and jA([xA]A) = a ∈ NA. We must show that j = ha, i.e. that j = k.
By the uniqueness of k, it suffices to show that j is also a Σ(M, xA)-morphism j :
Free(T(M, xA))→ (Nh, a). We already know that j is a Σ-morphism. Also, we have
that j preserves the interpretation of the constant xA, since

jA

(
x
Free(T(M,xA))
A

)
= jA([xA]) = a = x

(Nh,a)
A .

So it remains to show for any B ∈ ΣSort and s ∈MB that

jB

((
cMs
)Free(T(M,xA))

)
=
(
cMs
)(Nh,a)

.
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We have

jB

((
cMs
)Free(T(M,xA))

)
= jB ([cs])

= jB

(
ηM,A
B (s)

)
= hB(s)

=
(
cMs
)Nh

=
(
cMs
)(Nh,a)

,

as desired. The penultimate equality holds by definition of the Σ(M)-structure Nh.
This finishes the proof that j : Free(T(M, xA)) → (Nh, a) is a Σ(M, xA)-morphism,
and proves that j = k = ha.

Lemma (2.2.18). Let h : M → N be a Σ-morphism in PTmod, and let A ∈ ΣSort.
The signature morphism ρAh : Σ(M, xA) → Σ(N, xA) is a theory morphism from
T(M, xA) to T(N, xA).

Proof: If ϕ `~x ψ is an axiom of T, then its ρAh -translation is just itself, because
ρAh is the identity on Σ. So then ρAh (ϕ) `ρAh (~x) ρAh (ψ) ≡ ϕ `~x ψ is an axiom, and hence
a theorem, of T ⊆ T(N, xA).

If B ∈ ΣSort and s ∈MB, then the ρAh -translation of the T(M, xA)-axiom> ` cMs ↓
is> ` cNhB(s) ↓. But this is an axiom and hence theorem of T(N, xA), since hB(s) ∈ NB.

Now let f : B1 × . . .× Bn → B be a function symbol of Σ with si ∈ MBi
for all

1 ≤ i ≤ n, and suppose that (s1, . . . , sn) ∈ dom(fM). Then

> ` f
(
cMs1 , . . . , c

M
sn

)
= cMfM (s1,...,sn)

is an axiom of T(M, xA), whose ρAh -translation is

> ` f
(
cNhB1

(s1), . . . , c
N
hBn (sn)

)
= cNhB(fM (s1,...,sn)).

Since h : M → N is a Σ-morphism, it follows that

hB(fM(s1, . . . , sn)) = fN(hB1(s1), . . . , hBn(sn)).

But
> ` f

(
cNhB1

(s1), . . . , c
N
hBn (sn)

)
= cNfN (hB1

(s1),...,hBn (sn))

is an axiom and hence theorem of T(N, xA), as required. Finally, the ρAh -translation
of the T(M, xA)-axiom > ` xA ↓ is just itself, which is also an axiom and hence the-
orem of T(N, xA). This shows that the ρAh -translation of every T(M, xA)-axiom is a
T(N, xA)-theorem, which completes the proof.
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Lemma (2.2.24). Let M ∈ PTmod and B ∈ ΣSort.

1. Let s, t ∈ Termc(Σ(M, xB)) with T(M, xB) ` s = t, and let u ∈ Termc(Σ(M, xB))B
with T(M, xB) ` u ↓. Then

T(M, xB) ` s[u/xB] = t[u/xB].

2. Conversely, if u ∈ Termc(Σ(M, xB)) with T(M, xB) ` u ↓ and s, t ∈ Termc(Σ(M, xB))B
with T(M, xB) ` s = t, then

T(M, xB) ` u[s/xB] = u[t/xB].

3. In particular, if t ∈ Termc(Σ(M, xB)) and u ∈ Termc(Σ(M, xB))B and T(M, xB) `
t ↓ ∧ u ↓, then T(M, xB) ` t[u/xB] ↓.

Proof: To prove (1), let s, t ∈ Termc(Σ(M, xB)) with T(M, xB) ` s = t, and let
u ∈ Termc(Σ(M, xB))B with T(M, xB) ` u ↓. Since

T(M, xB) := T(M) ∪ {> ` xB ↓},

it follows by the theorem on constants (Remark 1.3.17) that

T(M) `y:B s[y/xB] = t[y/xB],

where y : B is a variable. For the same reason, the assumption that T(M, xB) ` u ↓,
i.e. that T(M, xB) ` u = u, implies that

T(M) `y:B u[y/xB] ↓ .

Then by the partial term substitution rule of partial Horn logic, we obtain

T(M) `y:B s [u[y/xB]/xB] = t [u[y/xB]/xB] .

Then by the theorem on constants again, we obtain

T(M, xB) ` s[u/xB] = t[u/xB],

as desired. The proof of (2) is analogous.

Lemma (2.2.25). Let M ∈ PTmod and B ∈ ΣSort. The following data give a well-
defined (ordinary) monoid structure on M〈xB〉B:

• For any [s], [t] ∈M〈xB〉B, we set

[s] · [t] := [s · t] = [s[t/xB]] ∈M〈xB〉B.
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• The unit is [xB] ∈M〈xB〉B.

Proof: First, we must show that the definition of the monoid multiplication on
M〈xB〉B is well-defined. If [s], [t] ∈M〈xB〉B, then we know that T(M, xB) ` s ↓ ∧ t ↓.
Then by Lemma 2.2.24, it follows that T(M, xB) ` s[t/xB] ↓, so that

[s] · [t] := [s · t] = [s[t/xB]] ∈M〈xB〉B,

as required.
Also, if [s], [s′], [t], [t′] ∈ M〈xB〉B with [s] = [s′] and [t] = [t′], then we have

T(M, xB) ` s = s′ and T(M, xB) ` t = t′. Since T(M, xB) ` t ↓, it follows by
Lemma 2.2.24 that T(M, xB) ` s[t/xB] = s′[t/xB]. And then since T(M, xB) ` t =
t′, we obtain that T(M, xB) ` s′[t/xB] = s′[t′/xB] by Lemma 2.2.24 again, so that
T(M, xB) ` s[t/xB] = s′[t′/xB], i.e. T(M, xB) ` s · t = s′ · t′. So then

[s] · [t] = [s · t] = [s′ · t′] = [s′] · [t′],

as required.
So the monoid structure onM〈xB〉B is well-defined, and the fact that (M〈xB〉, ·, [xB])

is a monoid follows easily from the fact (cf. Remark 2.2.23) that (Termc(Σ(M, xB))B, ·, xB)
is a monoid.

Lemma (2.2.29). Let M ∈ PTmod, let B,C ∈ ΣSort, and let s ∈ Termc(Σ(M, xC))B
and t ∈ Termc(Σ(M, xC))C with T(M, xC) ` s ↓ ∧ t ↓. Then (cf. Definition 2.2.11)
we have total functions

s∗ : MC →MB and t∗ : MC →MC,

as well as the total function

(s · t)∗ = (s[t/xC ])∗ : MC →MB

(since T(M, xC) ` s[t/xC ] ↓, by Lemma 2.2.24). Then

(s · t)∗ = s∗ ◦ t∗ : MC →MB.

Proof: Let M ∈ PTmod and C ∈ ΣSort. Fix an arbitrary t ∈ Termc(Σ(M, xC))C
with T(M, xC) ` t ↓. We prove the desired claim by induction on terms s ∈
Termc(Σ(M, xC)) with T(M, xC) ` s ↓.

• If s ≡ xC : C, then T(M, xC) ` xC ↓, and for any c ∈MC we have

(s · t)∗(c) = (xC · t)∗(c) = t∗(c) = x
(M̂,t∗(c))
C = x∗C(t∗(c)) = s∗(t∗(c)).
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• If s : B is any other constant symbol of Σ(M, xC) with T(M, xC) ` s ↓, then for
any c ∈MC we have

(s · t)∗(c) = s∗(c) = s(M̂,c) = sM̂ = s(M̂,t∗(c)) = s∗(t∗(c));

the third and fourth equalities hold because s 6≡ xC .

• Suppose that s ≡ f(s1, . . . , sn) for some function symbol f : B1× . . .×Bn → B
of Σ with n ≥ 1 and terms si ∈ Termc(Σ(M, xC))Bi

for all 1 ≤ i ≤ n, and
suppose that T(M, xC) ` f(s1, . . . , sn) ↓. Then by the rules of partial Horn
logic, it follows that T(M, xC) ` si ↓ for all 1 ≤ i ≤ n. So for each 1 ≤ i ≤ n
we have a total function

s∗i : MC →MBi

with the property that

(si · t)∗ = s∗i ◦ t∗ : MC →MBi

by the induction hypothesis. Then for any c ∈MC we have

(s · t)∗(c) = (f(s1, . . . , sn) · t)∗(c)
= f(s1 · t, . . . , sn · t)∗(c)

= f(s1 · t, . . . , sn · t)(M̂,c)

= f (M̂,c)
(

(s1 · t)(M̂,c), . . . , (sn · t)(M̂,c)
)

= fM((s1 · t)∗(c), . . . , (sn · t)∗(c))
= fM(s∗1(t∗(c)), . . . , s∗n(t∗(c)))

= f (M̂,t∗(c))
(
s

(M̂,t∗(c))
1 , . . . , s(M̂,t∗(c))

n

)
= f(s1, . . . , sn)(M̂,t∗(c))

= f(s1, . . . , sn)∗(t∗(c))

= s∗(t∗(c)).

Lemma (2.2.31). Let M ∈ PTmod, let A,B ∈ ΣSort, and let t ∈ Termc(Σ(M, xA))B
with T(M, xA) ` t ↓. Let η = ηM,A : M → M〈xA〉 be the canonical morphism from
Definition 2.2.8. Then

ρAη (t) ∈ Termc(Σ(M〈xA〉, xA))B.
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1. Let M̂〈xA〉 be the Σ(M〈xA〉)-structure expanding the Σ-structure M〈xA〉 (cf.
Remark 2.2.2). Let [u] = [u] ∈M〈xA〉A be arbitrary. Then c[u] : A is a constant
symbol of Σ(M〈xA〉), and ρAη (t)

[
c[u]/xA

]
is a closed Σ(M〈xA〉)-term of sort B.

Then

ρAη (t)
[
c[u]/xA

]M̂〈xA〉 ∈ M̂〈xA〉B = M〈xA〉B is defined

and

ρAη (t)
[
c[u]/xA

]M̂〈xA〉 = [t[u/xA]] ∈M〈xA〉B.

2. By Lemma 2.2.19, we have T(M〈xA〉, xA) ` ρAη (t) ↓. Then by Definition 2.2.11,
we have a total function

ρAη (t)∗ : M〈xA〉A →M〈xA〉B.

Then for any [u]A ∈M〈xA〉A, we have

ρAη (t)∗([u]) = [t[u/xA]] ∈M〈xA〉B.

Proof: To prove (1), we first show that (under the given hypotheses)

ρAη (t)
[
c[u]/xA

]M̂〈xA〉 ∈ M̂〈xA〉B = M〈xA〉B

is defined. By the hypotheses and Lemma 2.2.19, we have

T(M〈xA〉, xA) ` ρAη (t) ↓ .

By definition of T(M〈xA〉), we also know that T(M〈xA〉) ` c[u] ↓, and thus

T(M〈xA〉, xA) ` c[u] ↓ .

Then by Lemma 2.2.24, it follows that

T(M〈xA〉, xA) ` ρAη (t)
[
c[u]/xA

]
↓,

and hence (by the theorem on constants in Remark 1.3.17) T(M〈xA〉) proves the
sequent

> `y:A ρAη (t)
[
c[u]/xA

]
↓,

with y : A a variable. By the partial term substitution rule for partial Horn logic, we
then have that T(M〈xA〉) proves the sequent c[u] ↓ ` ρAη (t)

[
c[u]/xA

]
↓, and hence by

the cut rule for partial Horn logic, we obtain that T(M〈xA〉) proves the sequent

> ` ρAη (t)
[
c[u]/xA

]
↓ .
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Now M̂〈xA〉 is a model of T(M〈xA〉), and hence by soundness of partial Horn logic it
follows that

M̂〈xA〉 |= ρAη (t)
[
c[u]/xA

]
↓,

so that

ρAη (t)
[
c[u]/xA

]M̂〈xA〉 ∈ M̂〈xA〉B = M〈xA〉B
is defined, as desired.

Now, fixing [u] ∈M〈xA〉A, we prove by induction on terms t ∈ Termc(Σ(M, xA))
with T(M, xA) ` t ↓ that

ρAη (t)
[
c[u]/xA

]M̂〈xA〉 = [t[u/xA]].

• If t ≡ xA, then T(M, xA) ` xA ↓ and

ρAη (t)
[
c[u]/xA

]M̂〈xA〉 = ρAη (xA)
[
c[u]/xA

]M̂〈xA〉
= xA

[
c[u]/xA

]M̂〈xA〉
=
(
c
M〈xA〉
[u]

)M̂〈xA〉
= [u]

= [xA[u/xA]]

= [t[u/xA]].

• If t ≡ cMs for some B ∈ ΣSort and s ∈MB, then T(M, xA) ` cMs ↓ and

ρAη (t)
[
c[u]/xA

]M̂〈xA〉 = ρAη
(
cMs
) [
c[u]/xA

]M̂〈xA〉
= c

M〈xA〉
ηB(s)

[
c[u]/xA

]M̂〈xA〉
=
(
c
M〈xA〉
B,ηB(s)

)M̂〈xA〉
= ηB(s)

=
[
cMs
]

=
[
cMs [u/xA]

]
= [t[u/xA]].

• Suppose t ≡ f(t1, . . . , tn) for some function symbol f : B1 × . . . × Bn → B of
Σ and some terms ti ∈ Termc(Σ(M, xA))Bi

for all 1 ≤ i ≤ n, and suppose that
T(M, xA) ` f(t1, . . . , tn) ↓. Then by the rules of partial Horn logic, we have
that T(M, xA) ` ti ↓ for all 1 ≤ i ≤ n, and hence

ρAη (ti)
[
c[u]/xA

]M̂〈xA〉 = [ti[u/xA]] ∈ M̂〈xA〉Bi
= M〈xA〉Bi
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for each 1 ≤ i ≤ n by the induction hypothesis. Then we have

ρAη (t)
[
c[u]/xA

]M̂〈xA〉
= ρAη (f(t1, . . . , tn))

[
c[u]/xA

]M̂〈xA〉
= f

(
ρAη (t1)

[
c[u]/xA

]
, . . . , ρAη (tn)

[
c[u]/xA

])M̂〈xA〉
= f M̂〈xA〉

(
ρAη (t1)

[
c[u]/xA

]M̂〈xA〉 , . . . , ρAη (tn)
[
c[u]/xA

]M̂〈xA〉)
= fM〈xA〉 ([t1[u/xA]], . . . , [tn[u/xA]])

= [f (t1[u/xA], . . . , tn[u/xA])]

= [f(t1, . . . , tn)[u/xA]]

= [t[u/xA]],

as desired (the fifth equality follows by definition of fM〈xA〉, cf. Remark 2.2.7).

To prove (2), we combine part (1) and Lemma 2.2.30. For any [u] ∈M〈xA〉A, we
have

ρAη (t)∗([u]) = ρAη (t)
[
c[u]/xA

]M̂〈xA〉 = [t[u/xA]],

as desired.

Lemma (2.2.33). The isomorphisms of PΣStr are exactly the (sortwise) bijective Σ-
morphisms that reflect definedness.

Proof: First let h = (hA : MA → NA)A∈Σ : M
∼−→ N be any isomorphism in PΣStr.

We must show that h is a sortwise bijective Σ-morphism that reflects definedness. Let
h−1 = (h−1

A : NA → MA)A∈Σ : N
∼−→ M be the inverse of h. Since h ◦ h−1 = idN and

h−1 ◦ h = idM , it clearly follows that h is a sortwise bijective Σ-morphism. To show
that h reflects definedness, let f : A1× . . .×An → A be any function symbol of Σ, let
(a1, . . . , an) ∈MA1 × . . .×MAn , and assume that (hA1(a1), . . . , hAn(an)) ∈ dom

(
fN
)
.

We must show that (a1, . . . , an) ∈ dom
(
fM
)
. But we know that h−1 : N → M is a

Σ-morphism, so the assumption implies that(
h−1
A1

(hA1(a1)), . . . , h−1
An

(hAn(an))
)

= (a1, . . . , an) ∈ dom
(
fM
)
,

as desired.
Now let h = (hA : MA → NA)A∈Σ : M → N be a sortwise bijective Σ-morphism

that reflects definedness; we must show that h is an isomorphism of P-Σ-Str, i.e. we
must show that there is a Σ-morphism h−1 : N → M such that h ◦ h−1 = idN and
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h−1 ◦ h = idM . To define h−1, let A ∈ Σ be any sort. Since hA : MA → NA is a
bijection, we define h−1

A : NA →MA to be the inverse function of hA. Then we clearly
have h◦h−1 = idN and h−1 ◦h = idM , so it remains to show that h−1 is a Σ-morphism
N →M .

To prove this, let f : A1 × . . . × An → A be any function symbol of Σ, let
(a1, . . . , an) ∈ NA1 × . . .×NAn , and suppose that (a1, . . . , an) ∈ dom

(
fN
)
. We must

show that (
h−1
A1

(a1), . . . , h−1
An

(an)
)
∈ dom

(
fM
)

and
h−1
A

(
fN(a1, . . . , an)

)
= fM

(
h−1
A1

(a1), . . . , h−1
An

(an)
)
∈MA.

Since
(a1, . . . , an) =

(
hA1

(
h−1
A1

(a1)
)
, . . . , hAn

(
h−1
An

(an)
))
∈ dom

(
fN
)

and h reflects definedness, it follows that
(
h−1
A1

(a1), . . . , h−1
An

(an)
)
∈ dom

(
fM
)
, as

desired. Then because h is a Σ-morphism, we have

h−1
A

(
fN(a1, . . . , an)

)
= h−1

A

(
fN
(
hA1

(
h−1
A1

(a1)
)
, . . . , hAn

(
h−1
An

(an)
)))

= h−1
A

(
hA
(
fM
(
h−1
A1

(a1), . . . , h−1
An

(an)
)))

= fM
(
h−1
A1

(a1), . . . , h−1
An

(an)
)
,

as desired.

Lemma (2.2.34). Let h : M
∼−→ N be an isomorphism in PTmod, and let

(kA : NA →MA)A∈ΣSort

be a ΣSort-indexed family of total functions that is sortwise inverse to h = (hA : MA →
NA)A (i.e. hA and kA are mutually inverse for every sort A ∈ Σ). Then

k := (kA : NA →MA)A : N →M

is an isomorphism in PTmod (with inverse h).

Proof: It suffices to show that the family of total functions k := (kA : NA →
MA)A : N → M is a Σ-morphism, because then it will be an isomorphism by virtue
of having h as its inverse. So let f : A1× . . .×An → A be any function symbol of Σ,
let ai ∈ NAi

for each 1 ≤ i ≤ n, and suppose that (a1, . . . , an) ∈ dom(fN). We must
show that (kA1(a1), . . . , kAn(an)) ∈ dom(fM) and

kA(fN(a1, . . . , an)) = fM(kA1(a1), . . . , kAn(an)) ∈MA.
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Since h : M
∼−→ N is an isomorphism, we know by Lemma 2.2.33 that h reflects

definedness. So the assumption that

(a1, . . . , an) = (hA1(kA1(a1)), . . . , hAn(kAn(an))) ∈ dom
(
fN
)

implies that
(kA1(a1), . . . , kAn(an)) ∈ dom

(
fM
)
,

as desired. We then have

fM(kA1(a1), . . . , kAn(an)) = kA(hA(fM(kA1(a1), . . . , kAn(an))))

= kA(fN(hA1(kA1(a1)), . . . , hAn(kAn(an))))

= kA(fN(a1, . . . , an)),

as desired.

Proposition (2.2.38). GT : PTmod→ Group is a well-defined functor.

Proof: Let h : M → M ′ be an arbitrary morphism in PTmod. We must show
that

GT(h) : GT(M)→ GT(M ′)

is a well-defined group homomorphism. If ([sC ])C ∈ GT(M), then T(M, xC) ` sC ↓ for
every sort C ∈ Σ, and hence T(M ′, xC) ` ρCh (sC) ↓ for every sort C ∈ Σ by Lemma
2.2.19. So ([

ρCh (sC)
])
C∈Σ
∈
∏
C∈Σ

M ′〈xC〉C ,

as required. Also, it easily follows by Lemma 2.2.19 that GT(h) is well-defined.
To see that

([
ρCh (sC)

])
C∈Σ
∈ GT(M ′), let h′ : M ′ → M ′′ be an arbitrary mor-

phism in PTmod with domain M ′. We must show that the family of total functions(
ρCh′(ρ

C
h (sC))∗ : M ′′

C →M ′′
C

)
C∈Σ

is a Σ-automorphism of M ′′. Since ([sC ])C ∈ GT(M) and h′ ◦ h : M → M ′′ is a
Σ-morphism, we know that the family of total functions(

ρCh′◦h(sC)∗ : M ′′
C →M ′′

C

)
C∈Σ

is a Σ-automorphism of M ′′. But by Lemma 2.2.37, we know that ρCh′(ρ
C
h (sC)) ≡

ρCh′◦h(sC) for every sort C ∈ Σ. So we then obtain(
ρCh′(ρ

C
h (sC))∗ : M ′′

C →M ′′
C

)
C∈Σ

=
(
ρCh′◦h(sC)∗ : M ′′

C →M ′′
C

)
C∈Σ

,
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so that the lefthand family is indeed a Σ-automorphism of M ′′, as required.
To show that GT(h) preserves group multiplication, let ([sC ])C , ([tC ])C ∈ GT(M).

Then we have

GT(h) [([sC ])C ∗ ([tC ])C ] = GT(h) [([sC · tC ])C ]

= GT(h) [([sC [tC/xC ]])C ]

=
([
ρCh (sC [tC/xC ])

])
C

=
([
ρCh (sC)

[
ρCh (tC)/xC

]])
C

=
([
ρCh (sC) · ρCh (tC)

])
C

=
([
ρCh (sC)

])
C
∗
([
ρCh (tC)

])
C

= GT(h) [([sC ])C ] ∗GT(h) [([tC ])C ] ,

as desired; the fourth equality follows by Lemma 2.2.28. This completes the proof
that GT(h) is a well-defined group homomorphism.

Now we show that GT is functorial. So let h : M → M ′, h′ : M ′ → M ′′ be
arbitrary morphisms in PTmod; we show that

GT(h′ ◦ h) = GT(h′) ◦GT(h) : GT(M)→ GT(M ′′).

If ([sC ])C ∈ GT(M), then we have

GT(h′) (GT(h) [([sC ])C ]) = GT(h′)
[([

ρCh (sC)
])
C

]
=
([
ρCh′(ρ

C
h (sC))

])
C

=
([
ρCh′◦h(sC)

])
C

= GT(h′ ◦ h) [([sC ])C ] ,

with the third equality being justified by Lemma 2.2.37.
Now let M ∈ PTmod; we must show that

GT(idM) = id : GT(M)→ GT(M).

For any ([sC ])C ∈ GT(M), we have

GT(idM) [([sC ])C ] =
([
ρCidM (sC)

])
C

= ([sC ])C ,

as desired (the second equality being justified by Lemma 2.2.37).
This completes the proof that GT : PTmod→ Group is a well-defined functor.
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Lemma (2.2.39). Let h : M → N be any Σ-morphism in PTmod, and let B,C ∈
ΣSort. Let u ∈ Termc(Σ(M, xC))B with T(M, xC) ` u ↓. Let z ∈ MC, so that (M̂, z)

is a Σ(M, xC)-structure and (N̂ , hC(z)) is a Σ(N, xC)-structure. Then u is defined in

(M̂, z) and ρCh (u) is defined in (N̂ , hC(z)) and

hB

(
u(M̂,z)

)
= ρCh (u)(N̂,hC(z)) ∈ NB.

Proof: First, note that (M̂, z) |= T(M, xC) and hence (M̂, z) |= u ↓ by soundness
of partial Horn logic and the assumption that T(M, xC) ` u ↓. So it follows that u

is defined in (M̂, z). We also have (N̂ , hC(z)) |= T(N, xC) and T(N, xC) ` ρCh (u) ↓
by Lemma 2.2.19 and the assumption that T(M, xC) ` u ↓. So by soundness of

partial Horn logic, we obtain that (N̂ , hC(z)) |= ρCh (u) ↓, so that ρCh (u) is defined in

(N̂ , hC(z)).
Fixing z ∈ MC , we now prove by induction on u ∈ Termc(Σ(M, xC)) with

T(M, xC) ` u ↓ that

hB

(
u(M̂,z)

)
= ρCh (u)(N̂,hC(z)) ∈ NB,

if u : B.

• If u ≡ xC : C, then T(M, xC) ` u ↓ and ρCh (xC) ≡ xC , so

hC

(
x

(M̂,z)
C

)
= hC(z) = x

(N̂,hC(z))
C = ρCh (xC)(N̂,hC(z)).

• If u ≡ cMs : B for some B ∈ ΣSort and s ∈ MB, then T(M, xC) ` u ↓ and
ρCh
(
cMs
)
≡ cNhB(s) and

hB

((
cMs
)(M̂,z)

)
= hB(s) =

(
cNhB(s)

)(N̂,hC(z))
= ρCh

(
cMs
)(N̂,hC(z))

.

• Suppose that u ≡ f(u1, . . . , un) for some function symbol f : A1× . . .×An → A
of Σ and terms ui ∈ Termc(Σ(M, xC))Ai

for all 1 ≤ i ≤ n, and suppose that
T(M, xC) ` f(u1, . . . , un) ↓. Then by the rules of partial Horn logic, it follows
that T(M, xC) ` ui ↓ for all 1 ≤ i ≤ n. So by the induction hypothesis, we have

hAi

(
u

(M̂,z)
i

)
= ρCh (ui)

(N̂,hC(z))

for each 1 ≤ i ≤ n. Then we have

hA

(
f(u1, . . . , un)(M̂,z)

)
= hA

(
f (M̂,z)

(
u

(M̂,z)
1 , . . . , u(M̂,z)

n

))
= hA

(
fM
(
u

(M̂,z)
1 , . . . , u(M̂,z)

n

))
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= fN
(
hA1

(
u

(M̂,z)
1

)
, . . . , hAn

(
u(M̂,z)
n

))
= fN

(
ρCh (u1)(N̂,hC(z)), . . . , ρCh (un)(N̂,hC(z))

)
= f (N̂,hC(z))

(
ρCh (u1)(N̂,hC(z)), . . . , ρCh (un)(N̂,hC(z))

)
= f(ρCh (u1), . . . , ρCh (un))(N̂,hC(z))

= ρCh (f(u1, . . . , un))(N̂,hC(z)),

as desired.

Lemma (2.2.40). Let h : M → N be any morphism in PTmod, let A,B ∈ ΣSort,
and let t ∈ Termc(Σ(M, xA))B with T(M, xA) ` t ↓. Then [t] ∈ M〈xA〉B and ρAh (t)∗ :
NA → NB is a well-defined, total function by Lemma 2.2.19 and Definition 2.2.11.

If a ∈ NA, then by Proposition 2.2.10 there is a unique Σ-morphism ha :
M〈xA〉 → N such that ha ◦ ηM,A = h and haA([xA]) = a ∈ NA. Then we have

haB([t]) = ρAh (t)∗(a) ∈ NB.

Proof: Fix a ∈ NA. We prove the desired equation by induction on terms
t ∈ Termc(Σ(M, xA)) with T(M, xA) ` t ↓.

• If t ≡ xA : A, then T(M, xA) ` t ↓ and ρAh (t) ≡ xA. We then have

haA([xA]) = a = x
(N̂,a)
A = ρAh (xA)(N̂,a) = ρAh (xA)∗(a).

• If t ≡ cMb for some B ∈ ΣSort and s ∈ MB, then T(M, xA) ` t ↓ and ρAh
(
cMs
)
≡

cNhB(s). Then we have

haB
([
cMs
])

= haB(ηM,A
B (s))

= hB(s)

=
(
cNhB(s)

)(N̂,a)

= ρAh
(
cMs
)(N̂,a)

= ρAh
(
cMs
)∗

(a).

• Let t ≡ f(t1, . . . , tn) for some function symbol f : B1 × . . . × Bn → B of
Σ and terms ti ∈ Termc(Σ(M, xA))Bi

for each 1 ≤ i ≤ n, and suppose that
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T(M, xA) ` f(t1, . . . , tn) ↓. Then by the rules of partial Horn logic, it follows
that T(M, xA) ` ti ↓ for each 1 ≤ i ≤ n. So by the induction hypothesis, we
have

haBi
([ti]) = ρAh (ti)

∗(a) ∈ NBi

for each 1 ≤ i ≤ n. Also, we have ρAh (f(t1, . . . , tn)) ≡ f(ρAh (t1), . . . , ρAh (tn)). So
we obtain

haB([f(t1, . . . , tn)]) = haB
(
fM〈xA〉([t1], . . . , [tn])

)
= fN(haB1

([t1]), . . . , haBn
([tn]))

= fN
(
ρAh (t1)∗(a), . . . , ρAh (tn)∗(a)

)
= f (N̂,a)

(
ρAh (t1)(N̂,a), . . . , ρAh (tn)(N̂,a)

)
= f(ρAh (t1), . . . , ρAh (tn))(N̂,a)

= f(ρAh (t1), . . . , ρAh (tn))∗(a)

= ρAh (f(t1, . . . , tn))∗(a),

as desired (the second equality holds because ha : M〈xA〉 → N is a Σ-morphism,
and the third equality holds by the induction hypothesis).

Lemma (2.2.54). Let M ∈ PTmod and A ∈ ΣSort, and suppose that MA 6= ∅. For
any term t ∈ Termc(Σ(M, xA)) with T(M, xA) ` t ↓ and t : B, if xA does not occur in
t, then

T(M, xA) ` t = cb

for some b ∈MB.

Proof: We prove this by induction on terms t ∈ Termc(Σ(M, xA)) with T(M, xA) `
t ↓ and xA not occurring in t. If t ≡ cb for some B ∈ ΣSort and b ∈ MB, then
T(M, xA) ` t ↓ and the result clearly holds. Since t 6≡ xA, this completes the base
case.

For the induction step, suppose that t ≡ f(t1, . . . , tn) for some function symbol
f : B1 × . . . × Bn → B of Σ and terms ti ∈ Termc(Σ(M, xA))Bi

for all 1 ≤ i ≤ n,
and suppose that T(M, xA) ` f(t1, . . . , tn) ↓ and that xA does not occur in t. By the
rules of partial Horn logic, it follows for each 1 ≤ i ≤ n that T(M, xA) ` ti ↓ and that
xA does not occur in ti. So by the induction hypothesis, for each 1 ≤ i ≤ n there
is some bi ∈ MBi

such that T(M, xA) ` ti = cbi . Since T(M, xA) ` f(t1, . . . , tn) ↓, it
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follows by the rules of partial Horn logic that T(M, xA) ` f (cb1 , . . . , cbn) ↓. Then by
the theorem on constants (Remark 1.3.17), it follows that T(M) proves the sequent

> `y:A f (cb1 , . . . , cbn) ↓,

with y : A a variable. Since MA 6= ∅, it follows by an argument used before (cf. e.g.
the proof of Lemma 2.2.9) that T(M) also proves the sequent > ` f (cb1 , . . . , cbn) ↓.
Since M̂ |= T(M), we obtain M̂ |= f (cb1 , . . . , cbn) ↓, which entails that (b1, . . . , bn) ∈
dom

(
fM
)
. Suppose that fM(b1, . . . , bn) = b ∈ MB. Then T(M) ` f (cb1 , . . . , cbn) =

cb, and hence T(M, xA) proves this sequent as well. In conclusion, we obtain

T(M, xA) ` t ≡ f(t1, . . . , tn) = f (cb1 , . . . , cbn) = cb

for some b ∈MB, as desired.

Lemma (2.2.55). Let M ∈ PTmod and let A ∈ ΣSort have the property that T(M) 0y1,y2

y1 = y2 for distinct variables y1, y2 : A. Then for every a ∈MA,

T(M, xA) 0 xA = ca.

Proof: Let M and A satisfy the hypotheses, and let a ∈MA. Suppose towards a
contradiction that T(M, xA) ` xA = ca. Then, letting y1, y2 : A be distinct variables of
sort A, we have by the theorem on constants (Remark 1.3.17) that T(M) `y1 y1 = ca
and T(M) `y2 y2 = ca, from which we obtain T(M) `y1,y2 y1 = y2, contrary to hy-
pothesis.

Lemma (2.2.56). Let M ∈ PTmod, let ([sC ])C ∈ GT(M), and let A ∈ ΣSort have the
property that MA 6= ∅ and T(M) 0y1,y2 y1 = y2 for distinct variables y1, y2 : A. If
t ∈ Termc(Σ(M, xA))A and T(M, xA) ` sA = t, then xA occurs in t.

Proof: Assume the hypotheses, and let t ∈ Termc(Σ(M, xA))A with T(M, xA) `
sA = t. If xA did not occur in t, then by Lemma 2.2.54 (and the fact that T(M, xA) `
t ↓, since T(M, xA) ` sA = t) it would follow that there is some a ∈ MA such
that T(M, xA) ` t = ca, and hence T(M, xA) ` sA = ca. Since ([sC ])C ∈ GT(M),
we know that ([sC ])C is invertible, and so there is some

[
s−1
A

]
∈ M〈xA〉A such that

T(M, xA) ` sA[s−1
A /xA] = xA. Since T(M, xA) ` sA = ca and ca[s

−1
A /xA] ≡ ca, we then

obtain T(M, xA) ` ca = xA. But this contradicts Lemma 2.2.55, given the assumption
on A. So xA must occur in t, as desired.
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Proposition (2.4.2). If M ∈ PTmod, then M is finitely presented iff there is a Horn
formula ϕ(x1, . . . , xn) over Σ with xi : Ai for each 1 ≤ i ≤ n, and an n-tuple

(a1, . . . , an) ∈ ϕ(x1, . . . , xn)M ⊆MA1 × . . .×MAn

such that if N ∈ PTmod and

(b1, . . . , bn) ∈ ϕ(x1, . . . , xn)N ⊆ NA1 × . . .×NAn ,

then there is a unique Σ-morphism h : M → N with hAi
(ai) = bi for all 1 ≤ i ≤ n.

Proof: If M is finitely presented, then there are some n ≥ 0, some pairwise
distinct constant symbols c1, . . . , cn /∈ Σ of respective sorts A1, . . . , An ∈ Σ, and some
Horn sentence ψ over Σ(c1, . . . , cn) such that

M ∼= Free(T(c1, . . . , cn, ψ))|Σ.

Then we take ϕ(x1, . . . , xn) := ψ[x1/c1, . . . , xn/cn], and we take

(a1, . . . , an) := ([c1], . . . , [cn])

∈ Free(T(c1, . . . , cn, ψ))A1 × . . .× Free(T(c1, . . . , cn, ψ))An

(recall that T(c1, . . . , cn, ψ) ` ci ↓ for each 1 ≤ i ≤ n).
Now let N ∈ PTmod with (b1, . . . , bn) ∈ ϕ(x1, . . . , xn)N . Then (N, b1, . . . , bn) is a

Σ(c1, . . . , cn)-structure with (N, b1, . . . , bn) |= T(c1, . . . , cn, ψ). Since Free(T(c1, . . . , cn, ψ))
is the initial model of T(c1, . . . , cn, ψ), there is a unique Σ(c1, . . . , cn)-morphism

h : Free(T(c1, . . . , cn, ψ))→ (N, b1, . . . , bn),

which will clearly be a Σ-morphism

h : Free(T(c1, . . . , cn, ψ))|Σ → N

with the property that hAi
([ci]) = bi for each 1 ≤ i ≤ n. If we precompose h with

the isomorphism M
∼−→ Free(T(c1, . . . , cn, ψ))|Σ, then we obtain our desired (unique)

Σ-morphism M → N .
Conversely, suppose that there is a Horn formula ϕ(x1, . . . , xn) over Σ with xi : Ai

for each 1 ≤ i ≤ n, and an n-tuple (a1, . . . , an) ∈ ϕ(x1, . . . , xn)M with the stated uni-
versal property, and set ψ := ϕ[c1/x1, . . . , cn/xn], a Horn sentence over Σ(c1, . . . , cn).
Then (M,a1, . . . , an) is a Σ(c1, . . . , cn)-structure with the same universal property
as Free(T(c1, . . . , cn, ψ)), which implies that (M,a1, . . . , an) ∼= Free(T(c1, . . . , cn, ψ)),
and hence M ∼= Free(T(c1, . . . , cn, ψ))|Σ, so that M is indeed finitely presented.



A. CHAPTER 2 PROOFS 244

Lemma (2.4.11). Let c1 : A1, . . . , cn : An /∈ Σ be pairwise distinct constants.

1. If M ∈ PTmod and t ∈ Termc(Σ(c1, . . . , cn))B with

(M,a1, . . . , an) |= t ↓

for some (a1, . . . , an) ∈MA1 × . . .×MAn, then

> ` t [ca1/c1, . . . , can/cn] = ct(M,a1,...,an)

is provable in T(M).

2. If M ∈ PTmod and ψ is a Horn sentence over Σ(c1, . . . , cn) with

(M,a1, . . . , an) |= ψ

for some (a1, . . . , an) ∈MA1 × . . .×MAn, then

> ` ψ [ca1/c1, . . . , can/cn]

is provable in T(M).

Proof: We prove (1) by induction on t ∈ Termc(Σ(c1, . . . , cn)).

• If t ≡ ci for some 1 ≤ i ≤ n, then for (a1, . . . , an) ∈ MA1 × . . . ×MAn we have
t(M,a1,...,an) = ai and the desired result easily follows, since T(M) ` cMAi,ai

↓.

• Suppose t ≡ f(t1, . . . , tm) for some function symbol f : B1 × . . . × Bm → B
of Σ and ti ∈ Termc(Σ(c1, . . . , cn))Bi

for each 1 ≤ i ≤ m. Let (a1, . . . , an) ∈
MA1 × . . .×MAn with

(M,a1, . . . , an) |= f(t1, . . . , tm) ↓ .

Then
(M,a1, . . . , an) |= ti ↓

for each 1 ≤ i ≤ m and(
t
(M,a1,...,an)
1 , . . . , t(M,a1,...,an)

m

)
∈ dom

(
fM
)
.

The induction hypothesis and the definition of T(M) then easily yield the de-
sired result.

We prove (2) by induction on the structure of the Horn sentence ψ.
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• Suppose ψ has the form s = t for some closed s, t ∈ Termc(Σ(c1, . . . , cn)) of the
same sort B, and let (a1, . . . , an) ∈MA1 × . . .×MAn with

(M,a1, . . . , an) |= s = t.

Then
(M,a1, . . . , an) |= s ↓ ∧ t ↓

and
s(M,a1,...,an) = t(M,a1,...,an) ∈MB.

By part (1), the following equations are then provable in T(M), as desired:

s [ca1/c1, . . . , can/cn] = cs(M,a1,...,an) = ct(M,a1,...,an) = t [ca1/c1, . . . , can/cn] .

• If ψ ≡ >, then we trivially obtain the result.

• If ψ ≡ ψ1 ∧ ψ2 for Horn sentences ψ1, ψ2 over Σ(c1, . . . , cn), then the result
follows easily from the induction hypothesis.

Lemma (2.4.12). Let c1 : A1, . . . , cn : An /∈ Σ be pairwise distinct constants and let
ϕ be a Horn sentence over Σ(c1, . . . , cn).

1. For any sort C ∈ Σ, the signature morphism ρCϕ is a theory morphism

ρCϕ : T(ϕ, xC)→ T(Mϕ, xC).

2. For any sort C ∈ Σ, any terms u, v ∈ Termc(Mϕ, xC)) of the same sort and
terms s, t ∈ Termc(Mϕ, xC)) of the same sort, if

u = v ` s = t is provable in T(Mϕ, xC),

then

σCϕ (u) = σCϕ (v) ` σCϕ (s) = σCϕ (t) is provable in T(ϕ, xC).

Proof: To prove (1), we must show that the ρCϕ -translation of any axiom of
T(ϕ, xC) is a theorem of T(Mϕ, xC). By definition of ρCϕ , the ρCϕ -translation of any
axiom of T is itself, and hence is an axiom of T(Mϕ, xC). Similarly, the ρCϕ -translation
of the axiom > ` xC ↓ is just itself, which is also an axiom of T(Mϕ, xC). For any
1 ≤ i ≤ n, the ρCϕ -translation of the axiom > ` ci ↓ of T(ϕ, xC) is > ` cMϕ

[ci]
↓, which is
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an axiom of T(Mϕ, xC). Finally, we must show that the ρCϕ -translation of the axiom
> ` ϕ of T(ϕ) is a theorem of T(Mϕ, xC). The ρCϕ -translation of this axiom is

> ` ϕ
[
cM

ϕ

[c1] /c1, . . . , c
Mϕ

[cn]/cn
]
.

So the result follows from Lemma 2.4.11 because

(Mϕ, [c1], . . . , [cn]) |= ϕ,

i.e. because
Free(T(ϕ)) |= ϕ.

This proves that ρCϕ is a theory morphism, which proves (1).

To prove (2), we show that the σCϕ -translation of any axiom of T(Mϕ, xC) is
provable in T(ϕ, xC). It is clear that the σCϕ -translation of any axiom of T is just
itself, and similarly for the axiom > ` xC ↓, and these are axioms of T(ϕ, xC). Now
let B ∈ ΣSort and [t] ∈ Mϕ

B; we must show that the σCϕ -translation of the axiom
> ` cMϕ

[t] ↓ is provable in T(ϕ, xC), i.e. we must show that the sequent

> ` [̂t] ↓

is provable in T(ϕ, xC). But if [t] ∈ Mϕ
B, then this means that T(ϕ) ` t ↓, and since

T(ϕ) ` t = [̂t], this yields the desired result.
Lastly, let f : B1 × . . . × Bm → B be a function symbol of Σ, let [ti] ∈ Mϕ

Bi
for

each 1 ≤ i ≤ m, and suppose that ([t1], . . . , [tm]) ∈ dom
(
fM

ϕ)
. We must show that

T(ϕ, xC) proves the σCϕ -translation of the axiom

> ` f
(
cM

ϕ

[t1] , . . . , c
Mϕ

[tm]

)
= cM

ϕ

[f(t1,...,tm)],

which is
> ` f

(
[̂t1], . . . , [̂tm]

)
= ̂[f(t1, . . . , tm)].

But this follows because T(ϕ) ` f(t1, . . . , tm) ↓ (since ([t1], . . . , [tm]) ∈ dom
(
fM

ϕ)
)

and T(ϕ) ` ti = [̂ti] for each 1 ≤ i ≤ m and

T(ϕ) ` f(t1, . . . , tm) = ̂[f(t1, . . . , tm)].

This completes the proof of (2).

Lemma (2.4.13). Let c1 : A1, . . . , cn : An /∈ Σ be pairwise distinct constants and let
ϕ be a Horn sentence over Σ(c1, . . . , cn).
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1. If t ∈ Termc(Σ(c1, . . . , cn)) is of some sort B ∈ Σ and T(ϕ) ` t ↓ and C ∈ ΣSort,
then

T(Mϕ) ` ρCϕ (t) = cM
ϕ

[t] .

2. If t ∈ Termc(Σ(Mϕ, xC)) and T(Mϕ, xC) ` t ↓, then

T(Mϕ, xC) ` ρCϕ (σCϕ (t)) = t.

3. If t ∈ Termc(Σ(c1, . . . , cn, xC)) and T(ϕ, xC) ` t ↓, then

T(ϕ, xC) ` σCϕ (ρCϕ (t)) = t.

Proof: We prove (1) by induction on terms t ∈ Termc(Σ(c1, . . . , cn)) with T(ϕ) `
t ↓. Let C ∈ ΣSort.

• Suppose t ≡ ci for some 1 ≤ i ≤ n. Then T(ϕ) ` ci ↓ and

ρCϕ (ci) ≡ cM
ϕ

[ci]
,

which yields the result.

• Suppose t ≡ f(t1, . . . , tm) for some function symbol f : B1 × . . . × Bm → B of
Σ and ti ∈ Termc(Σ(c1, . . . , cn))Bi

for each 1 ≤ i ≤ m. If T(ϕ) ` f(t1, . . . , tm) ↓,
then T(ϕ) ` ti ↓ for each 1 ≤ i ≤ m, so by the induction hypothesis we have

T(Mϕ) ` ρCϕ (ti) = cM
ϕ

[ti]

for each 1 ≤ i ≤ m. Then T(Mϕ) proves the following sequence of equations,
as desired:

ρCϕ (f(t1, . . . , tm)) = f
(
ρCϕ (t1), . . . , ρCϕ (tm)

)
= f

(
cM

ϕ

[t1] , . . . , c
Mϕ

[tm]

)
= cM

ϕ

[f(t1,...,tm)].

The last equality holds because ([t1], . . . , [tm]) ∈ dom
(
fM

ϕ)
and fM

ϕ
([t1], . . . , [tm]) =

[f(t1, . . . , tm)], since T(ϕ) ` f(t1, . . . , tm) ↓.

The proof of (2) is by induction on terms t ∈ Termc(Σ(Mϕ, xC)) with T(Mϕ, xC) ` t ↓.
The only ‘non-trivial’ case is when t ≡ cM

ϕ

[s] for some B ∈ ΣSort and [s] ∈Mϕ
B. Then

ρCϕ
(
σCϕ
(
cM

ϕ

[s]

))
≡ ρCϕ

(
[̂s]
)
.

Since T(ϕ) ` s = [̂s], we obtain

T(Mϕ, xC) ` ρCϕ
(

[̂s]
)

= ρCϕ (s)
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by Lemma 2.4.12. Since [s] ∈ Mϕ
B implies s ∈ Termc(Σ(c1, . . . , cn))B and T(ϕ) ` s ↓,

we then obtain
T(Mϕ, xC) ` ρCϕ (s) = cM

ϕ

[s]

by (1), as desired.
The proof of (3) is also by induction on terms t ∈ Termc(Σ(c1, . . . , cn, xC)) with

T(ϕ, xC) ` t ↓, the only ‘non-trivial’ case being t ≡ ci for some 1 ≤ i ≤ n, in which
case

σCϕ
(
ρCϕ (ci)

)
≡ σCϕ

(
cM

ϕ

[ci]

)
≡ [̂ci],

and we have
T(ϕ) ` [̂ci] = ci,

as desired.



Appendix B

Chapter 3 Proofs

Lemma (3.1.2). Let T be an arbitrary quasi-equational theory over a relation-free
signature Σ.

• Let M ∈ PTmod, let A ∈ ΣSort, and let s, t ∈ Termc(Σ(M, xA))B for some
B ∈ ΣSort with T(M, xA) ` s ↓ ∧ t ↓. Then

T(M, xA) ` s = t

iff
ρAh (s)∗ = ρAh (t)∗ : NA → NB

for every Σ-morphism h : M → N in PTmod.

• If M ∈ PTmod and A ∈ ΣSort and y1, y2 : A are distinct variables, then

T(M) 0y1,y2 y1 = y2

iff

there are a T-model N , a Σ-morphism h : M → N , and distinct elements
a1 6= a2 ∈ NA.

Proof: Assume the hypotheses of the first claim. First, we note by Lemma 2.2.19
and Definition 2.2.11 that if T(M, xA) ` s ↓ ∧ t ↓ and h : M → N is a Σ-morphism
in PTmod, then ρAh (s)∗, ρAh (t)∗ : NA → NB are indeed well-defined total functions.

Now, if T(M, xA) ` s = t, then for any Σ-morphism h : M → N in PTmod
we obtain T(N, xA) ` ρAh (s) = ρAh (t) by Lemma 2.2.19, so that ρAh (s)∗ = ρAh (t)∗ by
Lemma 2.2.13.

Conversely, suppose that T(M, xA) 0 s = t, which means that [s] 6= [t] ∈M〈xA〉B.
Consider the canonical Σ-morphism η : M → M〈xA〉. By Lemma 2.2.31, we then
have

ρAη (s)∗([xA]) = [s[xA/xA]] = [s] 6= [t] = [t[xA/xA]] = ρAη (t)∗([xA]),

249
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so that ρAη (s)∗ 6= ρAη (t)∗ : M〈xA〉A →M〈xA〉B, as desired.
To prove the second claim, suppose first that T(M) 0y1,y2 y1 = y2. Then by the

completeness of partial Horn logic, it follows that there is a model N of T(M) with
N 6|=y1,y2 y1 = y2, which means that there must be distinct elements a1 6= a2 ∈ NA.
By Lemma 2.2.4, there is also a Σ-morphism h : M → N |Σ, and N |Σ is a model of T.
Conversely, if T(M) `y1,y2 y1 = y2, then by soundness of partial Horn logic it follows
that every model N of T(M) satisfies y1 = y2. Now if h : M → N is any morphism
in PTmod, then by Lemma 2.2.4 there is a Σ(M)-structure Nh with Nh|Σ = N and
Nh |= T(M). So we have Nh |=y1,y2 y1 = y2, which implies that a1 = a2 for all
a1, a2 ∈ Nh

A = NA, as desired.

Lemma (3.1.3). Let Σ be any relation-free signature, let T be an empty theory over
Σ, and let M ∈ PTmod. For any C ∈ ΣSort and t ∈ Termc(Σ(M, xC))C,

T(M, xC) ` t = xC =⇒ t ≡ xC .

Proof: If T(M, xC) 0 t ↓, then we trivially obtain the result, because T(M, xC) `
t = xC implies T(M, xC) ` t ↓ by the rules of partial Horn logic. So it remains to
prove the result for terms t ∈ Termc(Σ(M, xC))C with T(M, xC) ` t ↓.

We will prove the contrapositive. So let t ∈ Termc(Σ(M, xC))C with T(M, xC) `
t ↓ and t 6≡ xC , and we will show that T(M, xC) 0 t = xC . By Lemma 3.1.2 (since
T(M, xC) ` t ↓ ∧ xC ↓), it will suffice to construct a T-model N and a Σ-morphism
h : M → N with a ∈ NC and

ρCh (t)∗(a) 6= ρCh (xC)∗(a) = x∗C(a) = a ∈ NC .

Since t 6≡ xC , there are two possible cases:

• Suppose t ≡ cs for some s ∈MC . We define a partial Σ-structure N as follows.
Let a0, b0 /∈

⋃
B∈Σ MB. Then for every B ∈ ΣSort, we set

NB := MB ∪ {a0, b0},

and for every function symbol f : B1× . . .×Bn → B of Σ, we set dom
(
fN
)

:=
NB1 × . . .×NBn and

fN � dom
(
fM
)

:= fM

and
fN(b1, . . . , bn) := b0 ∈ NB

for any (b1, . . . , bn) ∈ NB1 × . . .×NBn \ dom
(
fM
)
. It is clear that N is a model

of T, and that if hB : MB → NB is the inclusion map for each B ∈ ΣSort, then
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h := (hB : MB → NB)B∈Σ is a Σ-morphism M → N . With a0 ∈ NC , we then
have

ρCh (t)∗(a0) =
(
chC(s)

)∗
(a0) =

(
chC(s)

)(N̂,a0)
= hC(s) = s 6= a0,

since s ∈MC but a0 /∈MC .

• Suppose t ≡ f(t1, . . . , tn) for some function symbol f : C1 × . . . × Cn → C of
Σ and ti ∈ Termc(Σ(M, xC))Ci

for each 1 ≤ i ≤ n, and consider the T-model N
and Σ-morphism h : M → N from the previous case. With a0 ∈ NC , we have

ρCh (f(t1, . . . , tn))∗(a0) = fN(ρCh (t1)∗(a0), . . . , ρCh (tn)∗(a0)) 6= a0,

since Im
(
fN
)
⊆MC ∪ {b0}, but a0 /∈MC ∪ {b0}.

Lemma (3.6.1). Let M ∈ PTBijmod, and let x /∈ ΣBij(M) be a constant of the unique
sort of ΣBij. Then for any t ∈ Termc(ΣBij(M, x)), either there is some m ∈ M such
that [t] = [cm] ∈M〈x〉, or there is some n ∈ Z such that [t] = [fn(x)] ∈M〈x〉.

Proof: We prove this by induction on t ∈ Termc(ΣBij(M, x)).

• If t ≡ x, then we have [t] = [x] = [f 0(x)].

• If t ≡ cm for some m ∈M , then we clearly have [t] = [cm].

• Suppose t ≡ f(s) for some s ∈ Termc(ΣBij(M, x)). By the induction hypothesis,
either there is some m ∈ M such that [s] = [cm], or there is some n ∈ Z such
that [s] = [fn(x)]. In the first case, we have

[t] = [f(s)] = [f (cm)] =
[
cfM (m)

]
with fM(m) ∈M , as desired. In the other case, we have

[t] = [f(s)] = [f(fn(x))] = [fn+1(x)]

(regardless of whether n ≥ 0 or n < 0).

• If t ≡ f−1(s) for some s ∈ Termc(ΣBij(M, x)), then the reasoning is similar to
that in the previous case.
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Lemma (3.6.2). If M ∈ PTBijmod and x /∈ ΣBij(M) is a constant symbol and for
n,m ∈ Z we have [fn(x)] = [fm(x)] ∈M〈x〉, then n = m.

Proof: We will prove the contrapositive. So let n,m ∈ Z with n 6= m. We
must show that [fn(x)] 6= [fm(x)] ∈ M〈x〉, i.e. we must show that TBij(M, x) 0
fn(x) = fm(x). By Lemma 3.1.2, it clearly suffices to construct N ∈ PTBijmod with
a ΣBij-morphism h : M → N and some a ∈ N with

(
fN
)n

(a) 6=
(
fN
)m

(a). Assume
without loss of generality that M ∩Z = ∅, and set N := M ∪Z, with fN �M := fM

and (f−1)N � M := (f−1)M and fN(n) := n + 1 and (f−1)N(n) := n − 1 for each
n ∈ Z. Then clearly N is a model of TBij and the inclusion map gives a ΣBij-morphism
M → N . Then 0 ∈ N and we clearly have

(
fN
)n

(0) = n 6= m =
(
fN
)m

(0), as de-
sired.

Lemma (3.6.3). If M ∈ PTBijmod and y1, y2 are distinct variables of the unique sort
of ΣBij, then T(M) 0y1,y2 y1 = y2.

Proof: By Lemma 3.1.2, it is equivalent to show that there is a TBij-model N with
at least two elements and a ΣBij-morphism h : M → N . If M already has at least
two elements, then we take N := M and h := idM . Otherwise, M has at most one
element. If we take a 6= b /∈ M and define N := {a, b} with fN = (f−1)N the iden-
tity function, then N is a model of TBij and there is clearly a ΣBij-morphism M → N .

Lemma (3.8.1). Let C be any small category.

1. For any b ∈ CO, we have TCat(C, xO) 0 xO = cO,b. For any f ∈ CA, we have
TCat(C, xA) 0 xA = cA,f .

2. For any b ∈ CO, we have TCat(C, xA) 0 dom(xA) = cO,b and TCat(C, xA) 0
cod(xA) = cO,b.

3. TCat(C, xA) 0 dom(xA) = cod(xA).

Proof: For the first claim in (1), let b ∈ CO be arbitrary. We must show
TCat(C, xO) 0 xO = cb. By Lemma 3.1.2, it suffices to show that there is a small
category D, a functor F : C → D, and an object d ∈ DO with F (b) 6= d. Let C∗ be
the disjoint union of C with the terminal category on the object ∗. Let F : C → C∗
be the inclusion functor. Then we have ∗ ∈ C∗ with F (b) = b 6= ∗, as desired.

The proof of the second claim in (1) is similar, except that instead of the dis-
joint union of C with the terminal category, we use the disjoint union of C with the
category that has just two distinct objects and one arrow between them. This latter
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construction can also be used to prove claims (2) and (3).

Lemma (3.8.2). If C is any small category and t ∈ Termc(ΣCat(C, xO)) with TCat(C, xO) `
t ↓, then:

• If t : O, then either [t] = [xO] ∈ C〈xO〉O or [t] = [cO,b] ∈ C〈xO〉O for some
b ∈ CO.

• If t : A, then either [t] = [id(xO)] ∈ C〈xO〉A or [t] = [cA,f ] ∈ C〈xO〉A for some
f ∈ CA.

Proof: We prove the claims by induction on t ∈ Termc(ΣCat(C, xO)) with TCat(C, xO) `
t ↓.

• If t ≡ xO : O or t ≡ cO,b : O for some b ∈ CO (in which cases TCat(C, xO) ` t ↓),
then the desired result obviously holds. Similarly if t ≡ cA,f : A for some
f ∈ CA.

• Suppose t ≡ dom(t′) : O for some t′ ∈ Termc(ΣCat(C, xO))A with T(C, xO) `
dom(t′) ↓ (which implies T(C, xO) ` t′ ↓ by partial Horn logic). By the induction
hypothesis, we have [t′] = [id(xO)] or [t′] = [cA,f ] for some f : a→ b ∈ C. In the
first case, we obtain [t] = [dom(t′)] = [dom(id(xO))] = [xO], as desired. In the
second case, we obtain [t] = [dom(t′)] = [dom (cA,f )] = [cO,a], as desired. The
reasoning for cod is similar.

• Suppose t ≡ id(t′) : A for some t′ ∈ Termc(ΣCat(C, xO))O with T(C, xO) ` id(t′) ↓
(so that T(C, xO) ` t′ ↓). By the induction hypothesis, we have [t′] = [xO] or
[t′] = [cO,b] for some b ∈ CO. In the first case, we have [t] = [id(t′)] = [id(xO)],

and in the second case we have [t] = [id(t′)] = [id (cO,b)] =
[
cA,idC(b)

]
, as desired.

• Suppose t ≡ t1 ◦ t2 : A for some t1, t2 ∈ Termc(ΣCat(C, xO))A with T(C, xO) `
t1 ◦ t2 ↓ (so that T(C, xO) ` ti ↓ for i = 1, 2). For i = 1, 2, we have by the
induction hypothesis that [ti] = [id(xO)] or [ti] = [cA,fi ] for some fi ∈ CA.
If [t1] = [t2] = [id(xO)], then we have [t] = [t1 ◦ t2] = [id(xO) ◦ id(xO)] =
[id(xO)], as desired. Conversely, if we have [t1] = [cA,f1 ] and [t2] = [cA,f2 ], then
domC(f2) = codC(f1) (since TCat(C, xO) ` t1 ◦ t2 ↓), and we have [t] = [t1 ◦ t2] =
[cA,f2 ◦ cA,f1 ] =

[
cA,f2◦Cf1

]
, as desired.

To conclude, we show that it is not possible that [t1] = [id(xO)] and [t2] = [cA,f2 ],
and conversely. By assumption, we have TCat(C, xO) ` t1 ◦ t2 ↓, which implies
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that TCat(C, xO) ` dom(t1) = cod(t2), i.e. [dom(t1)] = [cod(t2)] holds in C〈xO〉O.
So if we had [t1] = [id(xO)] and [t2] = [cA,f2 ], then in C〈xO〉O we would have

[xO] = [dom(id(xO))] = [dom(t1)] = [cod(t2)] = [cod (cA,f2)] =
[
cO,codC(f2)

]
,

which contradicts (1) of Lemma 3.8.1. Similarly, we cannot have [t2] = [id(xO)]
and [t1] = [cA,f1 ].

Lemma (3.8.3). If C is any small category and t ∈ Termc(ΣCat(C, xA)) with TCat(C, xA) `
t ↓, then:

• If t : O, then [t] = [dom(xA)] or [t] = [cod(xA)] or [t] = [cO,b] for some b ∈ CO.

• If t : A, then [t] = [xA] or [t] = [id(dom(xA))] or [t] = [id(cod(xA))] or [t] = [cA,f ]
for some f ∈ CA.

Proof: We prove this by induction on terms t ∈ Termc(ΣCat(C, xA)) with TCat(C, xA) `
t ↓.

• If t ≡ cO,b : O for some b ∈ CO or t ≡ cA,f : A for some f ∈ CA, then the desired
result clearly holds. Similarly if t ≡ xA : A.

• Suppose that t ≡ dom(t′) : O for some t′ ∈ Termc(ΣCat(C, xA))A with TCat(C, xA) `
dom(t′) ↓ (so that TCat(C, xA) ` t′ ↓). By the induction hypothesis, we then
have one of the following cases:

– If [t′] = [xA], then we have [t] = [dom(t′)] = [dom(xA)], as desired.

– If [t′] = [id(dom(xA))], then we have [t] = [dom(t′)] = [dom(id(dom(xA)))] =
[dom(xA)], as desired.

– If [t′] = [id(cod(xA))], then we have [t] = [dom(t′)] = [dom(id(cod(xA)))] =
[cod(xA)], as desired.

– If [t′] = [cA,f ] for some f : a → b ∈ C, then we have [t] = [dom(t′)] =
[dom (cA,f )] = [cO,a], as desired.

The reasoning for t ≡ cod(t′) is analogous.

• Suppose that t ≡ id(t′) : A for some t′ ∈ Termc(ΣCat(C, xA))O with TCat(C, xA) `
id(t′) ↓ (so that TCat(C, xA) ` t′ ↓). By the induction hypothesis, we then have
one of the following cases:
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– If [t′] = [dom(xA)], then we have [t] = [id(t′)] = [id(dom(xA))], as desired.

– If [t′] = [cod(xA)], then we have [t] = [id(t′)] = [id(cod(xA))], as desired.

– If [t′] = [cO,b] for some b ∈ CO, then we have [t] = [id(t′)] = [id (cO,b)] =[
cA,idC(b)

]
, as desired.

• Suppose that t ≡ t1◦t2 : A for some t1, t2 ∈ Termc(ΣCat(C, xA))A with TCat(C, xA) `
t1 ◦ t2 ↓ (so that TCat(C, xA) ` ti ↓ for i = 1, 2). Then TCat(C, xA) ` dom(t1) =
cod(t2), so [dom(t1)] = [cod(t2)] ∈ C〈xA〉O. By the induction hypothesis, we
then have one of the following cases:

– Suppose [t2] = [xA], so that [cod(t2)] = [cod(xA)]. Since [dom(t1)] =
[cod(t2)], it follows by Lemma 3.8.1 and the induction hypothesis for t1
that we must have [t1] = [id(cod(xA))]. Then we have

[t] = [t1 ◦ t2] = [id(cod(xA)) ◦ xA] = [xA],

as desired.

– Suppose [t2] = [id(dom(xA))], so that [cod(t2)] = [cod(id(dom(xA)))] =
[dom(xA)]. Since [dom(t1)] = [cod(t2)], it follows by Lemma 3.8.1 and
the induction hypothesis for t1 that we must have [t1] = [xA] or [t1] =
[id(dom(xA))]. In the first case we obtain [t] = [t1◦t2] = [xA◦id(dom(xA))] =
[xA], and in the second case we obtain [t] = [t1 ◦ t2] = [id(dom(xA)) ◦
id(dom(xA))] = [id(dom(xA))], as desired.

– Suppose [t2] = [id(cod(xA))], so that [cod(t2)] = [cod(id(cod(xA)))] =
[cod(xA)]. As in the first case, we must then have [t1] = [id(cod(xA))]
as well, so that

[t] = [t1 ◦ t2] = [id(cod(xA)) ◦ id(cod(xA))] = [id(cod(xA))],

as desired.

– Suppose [t2] = [cA,f2 ] for some f2 ∈ CA. Then [cod(t2)] = [cod (cA,f2)] =[
cO,codC(f2)

]
. Since [dom(t1)] = [cod(t2)], it follows by Lemma 3.8.1 and the

induction hypothesis for t1 that we must have [t1] = [cA,f1 ] for some f1 ∈
CA. Since TCat(C, xA) ` t1 ◦ t2 ↓, it follows that TCat(C, xA) ` cA,f2 ◦cA,f1 ↓,
and hence (by the theorem on constants) that TCat(C) ` cA,f2 ◦ cA,f1 ↓.
Since Ĉ |= TCat(C), it then follows (by soundness of partial Horn logic)

that Ĉ |= cA,f2 ◦ cA,f1 ↓, which implies that f2 ◦C f1 is defined in C. So
then TCat(C) ` cA,f2 ◦ cA,f1 = cf2◦Cf1

, from which we infer that

[t] = [t1 ◦ t2] = [cA,f2 ◦ cA,f1 ] =
[
cf2◦Cf1

]
,

as desired.
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Lemma (3.8.8). Let C be a small category with terminal object 1C.

1. For any b ∈ CO, we have TTer(C, xO) 0 xO = cO,b. For any f ∈ CA, we have
TTer(C, xA) 0 xA = cA,f .

2. For any b ∈ CO, we have TTer(C, xA) 0 dom(xA) = cO,b and TTer(C, xA) 0
cod(xA) = cO,b.

3. We have TTer(C, xA) 0 dom(xA) = cod(xA).

Proof: Fix b ∈ CO and f ∈ CA. We prove (1) and (2) for b and (1) for f all
at once. By Lemma 3.1.2, it suffices to find a small category D with terminal object
1D, a functor F : C → D with F (1C) = 1D, an object d ∈ DO with F (b) 6= d, an
arrow g ∈ DA with F (f) 6= g, and an arrow h : d1 → d2 ∈ DA with F (b) 6= d1 and
F (b) 6= d2.

Suppose first that C has another object b′ besides b. Then C also has at least
two distinct arrows, namely idC(b) 6= idC(b′). So we set D := C and F := idC : C→ C,
we set d := b′, we set g to be an arrow in C distinct from f , and we set h := idC(b′).
Also, since C has a terminal object and at least two distinct objects, it follows that C
must contain distinct objects b1, b2 and an arrow f : b1 → b2. Then by Lemma 3.1.2,
we obtain (3).

Now suppose that C has only one object. Since C has a terminal object, it fol-
lows that C is the terminal category. By embedding C into the category with just
two distinct objects and one arrow between them, it then easily follows by Lemma
3.1.2 that (1), (2), and (3) hold for C.

Lemma (3.9.15). If C ∈ StrMonCat and w ∈ WO ∪WA, then

(wexp)exp ≡ wexp.

Proof: We show the claim for w ∈ WO. First, we claim that if v ∈ WO is reduced,
then (ve)r ≡ v. But we clearly have ve →∗r v, so we obtain (ve) ↔∗r v. Then by
Corollary 3.9.6 we obtain (ve)r ≡ vr ≡ v (by Lemma 3.9.7, since v is reduced).

Now if w ∈ WO is arbitrary, we have

(wexp)exp ≡ (((wr)e)r)e ≡ (wr)e ≡ wexp,

since wr is reduced (by Lemma 3.9.7).
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Lemma (3.9.26). Let C ∈ StrMonCat and u, v ∈ WC
A with vcod ≡ udom. Then

TStr(C, xO, x′O, xA, x′A) ` u ◦ v ↓

and
TStr(C, xO, x′O, xA, x′A) ` u ◦ v = u ◦′ v.

Proof: First let u, v ∈ SC
A with vcod ≡ udom. Then by Lemma 3.9.17, we have

TStr(C, xO, x′O, xA, x′A) ` cod(v) = vcod ≡ udom = dom(u),

so that
TStr(C, xO, x′O, xA, x′A) ` u ◦ v ↓ .

By checking the four base cases in Definition 3.9.24, it is also easy to see that

TStr(C, xO, x′O, xA, x′A) ` u ◦ v = u ◦′ v.

Now suppose that u, v ∈ WC
A with vcod ≡ udom. Then as in Definition 3.9.24, we

infer that u ≡ u1⊗A . . .⊗A un and v ≡ v1⊗A . . .⊗A vn for some n ≥ 1 and ui, vi ∈ SA
with vcodi ≡ udomi for all 1 ≤ i ≤ n. By Lemma 3.9.17, we again obtain

TStr(C, xO, x′O, xA, x′A) ` cod(v) = vcod ≡ udom = dom(u),

so that
TStr(C, xO, x′O, xA, x′A) ` u ◦ v ↓ .

By the first part of the proof, we also know that

TStr(C, xO, x′O, xA, x′A) ` ui ◦ vi ↓

and
TStr(C, xO, x′O, xA, x′A) ` ui ◦ vi = ui ◦′ vi

for all 1 ≤ i ≤ n. So then TStr(C, xO, x′O, xA, x′A) proves the following sequence of
equalities, as desired:

u ◦ v ≡ (u1 ⊗A . . .⊗A un) ◦ (v1 ⊗A . . .⊗A vn)

= (u1 ◦ v1)⊗A . . .⊗A (un ◦ vn)

= (u1 ◦′ v1)⊗A . . .⊗A (un ◦′ vn)

=: (u1 ⊗A . . .⊗A un) ◦′ (v1 ⊗A . . .⊗A vn)

≡ u ◦′ v.
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Lemma (3.9.27). Let C ∈ StrMonCat.

1. For any w ∈ WA, we have ((wr)dom)r ≡ (wdom)r and ((wr)cod)r ≡ (wcod)r.

2. For any w ∈ WA, we have (wexp)cod ≡ (wcod)exp and (wexp)dom ≡ (wdom)exp.

3. For any w ∈ WO ∪WA, we have (wexp)r ≡ wr and (wr)exp ≡ wexp.

4. For any u, v ∈ W sr
A with udom ≡ vcod, we have (((u ◦′ v)r)dom)r ≡ (vdom)r and

(((u ◦′ v)r)cod)r ≡ (ucod)r.

5. For any u, v ∈ W sr
A with vcod ≡ udom,

u ◦′ v →∗e ue ◦′ ve.

6. For any u, v ∈ W r
A with udom ≡ vcod, we have (u ◦′ v)exp ≡ ue ◦′ ve.

7. For any u, v ∈ W r
A with udom ≡ vcod, we have

(uexp ◦′ vexp)exp ≡ uexp ◦′ vexp ≡ (u ◦′ v)exp.

8. For any s, t, u ∈ W sr
A with sdom ≡ tcod and tdom ≡ ucod, we have s ◦′ (t ◦′ u) ≡

(s ◦′ t) ◦′ u.

9. For any w ∈ WO, we have (wid)dom ≡ w ≡ (wid)cod.

10. For any w ∈ WO, we have (wr)id ≡ (wid)r and (wexp)id ≡ (wid)exp.

11. For any w ∈ WA, we have w ◦′ (wdom)id ≡ w and (wcod)id ◦′ w ≡ w.

12. For any C ∈ {O,A} and any u, v ∈ WC, we have

(ur ⊗C vr)r ≡ (u⊗C v)r ≡ (uexp ⊗C vexp)r.

13. For any s1, s2, t1, t2 ∈ W r
A with sdom1 ≡ scod2 and tdom1 ≡ tcod2 , we have (s1 ◦′ s2)⊗A

(t1 ◦′ t2) ≡ (s1 ⊗A t1) ◦′ (s2 ⊗A t2).

14. For any w ∈ WO, we have
(
w ⊗O cO,eC

)r ≡ wr ≡
(
cO,eC ⊗O w

)r
, and for any

w ∈ WA, we have
(
w ⊗A cA,id(eC)

)r ≡ wr ≡
(
cA,id(eC) ⊗A w

)r
.

15. For any C ∈ {O,A}, any s ∈ SC, and any w ∈ WC, we have (s ⊗C w)r ≡
(s⊗C wr)r and (w ⊗C s)r ≡ (wr ⊗C s)r.
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16. For any s1, s2, t1, t2 ∈ W r
A with sdom1 ≡ scod2 and tdom1 ≡ tcod2 , we have

(s1 ⊗A t1)exp ◦′ (s2 ⊗A t2)exp ≡ ((s1 ⊗A t1) ◦′ (s2 ⊗A t2))exp.

Proof:

• For (1), we only prove the claim for dom. So we must prove for any w ∈ WA

that ((wr)dom)r ≡ (wdom)r. By Corollary 3.9.6, it is equivalent to show that

(wr)dom ↔∗r wdom.

But we have w →∗r wr, and hence wdom →∗r (wr)dom by Lemma 3.9.18, as desired.

• For (2), we only prove the claim for dom. So we must show for any w ∈ WA

that (wexp)dom ≡ (wdom)exp, i.e. that

((wr)e)dom ≡ ((wdom)r)e.

By part (1), it suffices to show

((wr)e)dom ≡ (((wr)dom)r)e.

And to show this, it suffices to show for any reduced v ∈ W r
A that

(ve)dom ≡ (vdom)exp,

since wr is reduced. So let v ∈ W r
A be reduced, and let us show

(ve)dom ≡ (vdom)exp ≡ ((vdom)r)e.

So we must show that the normal form of (vdom)r with respect to→e is (ve)dom.
Since v →∗e ve, it then follows by Lemma 3.9.19 that vdom →∗e (ve)dom. Since
(vdom)r →∗e vdom by Lemma 3.9.14 (because vdom is semi-reduced if v is reduced),
we finally obtain (vdom)r →∗e (ve)dom, which yields the result.

• To prove (3), we first note that the second claim is trivial: we have

(wr)exp ≡ ((wr)r)e ≡ (wr)e ≡ wexp,

since wr is reduced and hence (wr)r ≡ wr by Lemma 3.9.7.

For the first claim in (3), let w ∈ WO; we show that (wexp)r ≡ wr (the proof
for w ∈ WA is analogous). So we must show ((wr)e)r ≡ wr. To show this, it
suffices to show that if v ∈ WO is reduced, then (ve)r ≡ v. Because then for
arbitrary w ∈ WO we would obtain the desired claim, since wr is reduced. But
we proved this during the proof of Lemma 3.9.15.
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• Claim (4) follows from Lemma 3.9.25 and (1).

• To prove (5), we must show for any u, v ∈ W sr
A with vcod ≡ udom that

u ◦′ v →∗e ue ◦′ ve.

First, we show that the right-hand composition is well-defined, i.e. we show
that (ue)dom ≡ (ve)cod. We have

(ue)dom ≡ ((ur)e)dom (by Lemma 3.9.14)

≡ (uexp)dom

≡ (udom)exp (by part (2))

≡ (vcod)exp (by assumption)

≡ (vexp)cod (by part (2))

≡ ((vr)e)cod

≡ (ve)cod (by Lemma 3.9.14),

as required. It is now intuitively clear that the desired result holds, since ue◦′ ve
can be obtained from u ◦′ v by inserting occurrences of cA,id(eC).

• To prove (6), we first note that if u, v ∈ W r
A have the property that udom ≡ vcod,

then ue ◦′ ve is actually defined, as shown in the proof of (5). Now, we must
show for all u, v ∈ W r

A with udom ≡ vcod that

(u ◦′ v)exp ≡ ue ◦′ ve,

i.e.
((u ◦′ v)r)e ≡ ue ◦′ ve.

So we want to show that the normal form of (u ◦′ v)r with respect to →e is
ue ◦′ ve. Since u, v are reduced, it easily follows that u ◦′ v is semi-reduced. So
by Lemma 3.9.14 we obtain (u ◦′ v)r →∗e u ◦′ v. We also have u ◦′ v →∗e ue ◦′ ve
by part (5). So we finally have (u ◦′ v)r →∗e ue ◦′ ve, which yields the result.

• To prove (7), let u, v ∈ W r
A with udom ≡ vcod. First, we note that uexp◦′vexp ∈ WA

is defined, because (uexp)dom ≡ (vexp)cod by the assumption and part (2). Now,
we must show

(uexp ◦′ vexp)exp ≡ uexp ◦′ vexp ≡ (u ◦′ v)exp.

Since u, v are reduced, it follows by Lemma 3.9.7 that ur ≡ u and vr ≡ v. So
then we have uexp ≡ (ur)e ≡ ue and similarly vexp ≡ ve. So the right-hand ≡ is
just part (6). For the left-hand ≡, we have

(uexp ◦′ vexp)exp ≡ (ue ◦′ ve)exp
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≡ ((u ◦′ v)exp)exp (by part (6))

≡ (u ◦′ v)exp (by Lemma 3.9.15)

≡ uexp ◦′ vexp (by the right-hand ≡),

as desired.

• The proof of (8) is almost trivial. The proof of (9) is by an easy induction on
`(w).

• For (10), we first prove that if w ∈ WO, then (wr)id ≡ (wid)r. So we want to
prove that the normal form of wid with respect to →r is (wr)id. It suffices by
Corollary 3.9.6 to prove that wid →∗r (wr)id. But we have w →∗r wr and hence
wid →∗r (wr)id by Lemma 3.9.23, as desired.

Now we show for any w ∈ WO that (wexp)id ≡ (wid)exp, i.e. that ((wr)e)id ≡
((wid)r)e. By what we just proved, it will suffice to show for any w ∈ WO that

((wr)e)id ≡ ((wr)id)e.

Since wr is reduced, it will then suffice to show for any reduced v ∈ W r
O that

(ve)id ≡ (vid)e.

So we want to show that the normal form of vid with respect to →e is (ve)id.
But we have v →∗e ve and hence vid →∗e (ve)id by Lemma 3.9.23, which yields
the result.

• The proof of (11) is by an easy induction on `(w).

• For (12), we only show the claim for WO. So we must show for all u, v ∈ WO

that
(ur ⊗O vr)r ≡ (u⊗O v)r ≡ (uexp ⊗O vexp)r,

i.e.
(ur ⊗O vr)r ≡ (u⊗O v)r ≡ ((ur)e ⊗O (vr)e)r.

It will suffice to show that the first ≡ holds for all u, v ∈ WO. Because then we
obtain the second ≡ as follows:

((ur)e ⊗O (vr)e)r ≡ (((ur)e)r ⊗O ((vr)e)r)r (by the first ≡ applied to (ur)e, (vr)e)

≡ ((uexp)r ⊗O (vexp)r)r

≡ (ur ⊗O vr)r (by part (3))

≡ (u⊗O v)r (by the first ≡ applied to u, v).

So we must show
(u⊗O v)r ≡ (ur ⊗O vr)r
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for all u, v ∈ WO. By Corollary 3.9.6, it suffices to show that

u⊗O v ↔∗r ur ⊗O vr.

But we have u→∗r ur and v →∗r vr, so it easily follows that u⊗O v →∗r ur⊗O vr,
as desired.

• The proof of (13) is by an easy application of the definitions, while the proofs
of (14) and (15) are straightforward applications of Corollary 3.9.6.

• To prove (16), let s1, s2, t1, t2 ∈ W r
A satisfy the hypotheses. First, we show that

both sides of the equality are defined. For the left side, we have

((s1 ⊗A t1)exp)dom ≡ ((s1 ⊗A t1)dom)exp (by part (2))

≡ (sdom1 ⊗O tdom1 )exp

≡ (scod2 ⊗O tcod2 )exp (by hypothesis)

≡ ((s2 ⊗A t2)cod)exp

≡ ((s2 ⊗A t2)exp)cod (by part (2)),

as required. And for the right side, we have

(s1 ⊗A t1)dom ≡ sdom1 ⊗O tdom1 ≡ scod2 ⊗O tcod2 ≡ (s2 ⊗A t2)cod.

Now we must show

(s1 ⊗A t1)exp ◦′ (s2 ⊗A t2)exp ≡ ((s1 ⊗A t1) ◦′ (s2 ⊗A t2))
exp
,

i.e.
((s1 ⊗A t1)r)e ◦′ ((s2 ⊗A t2)r)e ≡

(
((s1 ⊗A t1) ◦′ (s2 ⊗A t2))

r)e
.

So we must show that the normal form of ((s1⊗A t1) ◦′ (s2⊗A t2))r with respect
to →e is ((s1 ⊗A t1)r)e ◦′ ((s2 ⊗A t2)r)e. There are two cases to consider:

– Suppose that s1 ⊗A t1 is reduced. Then at least one of last(s1), first(t1) is
not an element of {cA,f : f ∈ CA}. Since sdom1 ≡ scod2 and tdom1 ≡ tcod2 , it
then easily follows that the same is true for last(s2), first(t2). Then since
s2, t2 are reduced, it follows that s2 ⊗A t2 is reduced as well. So then
(s1 ⊗A t1)r ≡ s1 ⊗A t1 and (s2 ⊗A t2)r ≡ s2 ⊗A t2 by Lemma 3.9.7, and
it also follows that (s1 ⊗A t1) ◦′ (s2 ⊗A t2) is semi-reduced. So by Lemma
3.9.14, we have

((s1 ⊗A t1) ◦′ (s2 ⊗A t2))r →∗e (s1 ⊗A t1) ◦′ (s2 ⊗A t2).
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Since s1 ⊗A t1 →∗e (s1 ⊗A t1)e and s2 ⊗A t2 →∗e (s2 ⊗A t2)e, we then obtain
by part (5)

(s1 ⊗A t1) ◦′ (s2 ⊗A t2)→∗e (s1 ⊗A t1)e ◦′ (s2 ⊗A t2)e.

Altogether, we have

((s1 ⊗A t1) ◦′ (s2 ⊗A t2))r →∗e (s1 ⊗A t1)e ◦′ (s2 ⊗A t2)e,

which yields the result.

– Suppose that s1 ⊗A t1 is not reduced. Since s1, t1 are reduced, this must
be because

last(s1), first(t1) ∈ {cA,f : f ∈ CA}.

By reasoning used in the previous case, it then follows that last(s2), first(t2) ∈
{cA,f : f ∈ CA}, so that s2 ⊗A t2 also fails to be reduced. Let

s1 ≡ ŝ1 ⊗A cA,f1 ,

t1 ≡ cA,g1 ⊗A t̂1,

s2 ≡ ŝ2 ⊗A cA,f2 ,

t2 ≡ cA,g2 ⊗A t̂2,

with ŝ1, t̂1, ŝ2, t̂2 (possibly empty) reduced words in WA such that ŝ1
dom ≡

ŝ2
cod and t̂1

dom ≡ t̂2
cod

, and domC(f1) = codC(f2) and domC(g1) = codC(g2).
Then

((s1 ⊗A t1) ◦′ (s2 ⊗A t2))r

≡
((
ŝ1 ⊗A cA,f1 ⊗A cA,g1 ⊗A t̂1

)
◦′
(
ŝ2 ⊗A cA,f2 ⊗A cA,g2 ⊗A t̂2

))r
.

We also have
(s1 ⊗A t1)r ≡

(
ŝ1 ⊗A cA,f1⊗C

Ag1
⊗A t̂1

)r
and

(s2 ⊗A t2)r ≡
(
ŝ2 ⊗A cA,f2⊗C

Ag2
⊗A t̂2

)r
.

Since
ŝ1 ⊗A cA,f1⊗C

Ag1
⊗A t̂1

and
ŝ2 ⊗A cA,f2⊗C

Ag2
⊗A t̂2

are semi-reduced, it follows from Lemma 3.9.14 that

((s1 ⊗A t1)r)e ≡
((
ŝ1 ⊗A cA,f1⊗C

Ag1
⊗A t̂1

)r)e
≡
(
ŝ1 ⊗A cA,f1⊗C

Ag1
⊗A t̂1

)e
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and

((s2 ⊗A t2)r)e ≡
((
ŝ2 ⊗A cA,f2⊗C

Ag2
⊗A t̂2

)r)e
≡
(
ŝ2 ⊗A cA,f2⊗C

Ag2
⊗A t̂2

)e
.

In the proof of (6), we showed that if u, v are semi-reduced and udom ≡ vcod,
then the normal form of (u ◦′ v)r with respect to →e is ue ◦′ ve. So it now
remains to show that((

ŝ1 ⊗A cA,f1⊗C
Ag1
⊗A t̂1

)
◦′
(
ŝ2 ⊗A cA,f2⊗C

Ag2
⊗A t̂2

))r
≡
((
ŝ1 ⊗A cA,f1 ⊗A cA,g1 ⊗A t̂1

)
◦′
(
ŝ2 ⊗A cA,f2 ⊗A cA,g2 ⊗A t̂2

))r
.

By Lemma 3.9.6, it suffices to show that(
ŝ1 ⊗A cA,f1 ⊗A cA,g1 ⊗A t̂1

)
◦′
(
ŝ2 ⊗A cA,f2 ⊗A cA,g2 ⊗A t̂2

)
→∗r

(
ŝ1 ⊗A cA,f1⊗C

Ag1
⊗A t̂1

)
◦′
(
ŝ2 ⊗A cA,f2⊗C

Ag2
⊗A t̂2

)
.

Well, we have(
ŝ1 ⊗A cA,f1 ⊗A cA,g1 ⊗A t̂1

)
◦′
(
ŝ2 ⊗A cA,f2 ⊗A cA,g2 ⊗A t̂2

)
≡ (ŝ1 ◦′ ŝ2)⊗A (cA,f1 ◦′ cA,f2)⊗A (cA,g1 ◦′ cA,g2)⊗A

(
t̂1 ◦′ t̂2

)
≡ (ŝ1 ◦′ ŝ2)⊗A cA,f1◦f2 ⊗A cA,g1◦g2 ⊗A

(
t̂1 ◦′ t̂2

)
→r (ŝ1 ◦′ ŝ2)⊗A cA,(f1◦f2)⊗C

A(g1◦g2) ⊗A
(
t̂1 ◦′ t̂2

)
≡ (ŝ1 ◦′ ŝ2)⊗A cA,(f1⊗C

Ag1)◦(f2⊗C
Ag2) ⊗A

(
t̂1 ◦′ t̂2

)
≡ (ŝ1 ◦′ ŝ2)⊗A

(
cA,f1⊗C

Ag1
◦′ cA,f2⊗C

A◦g2

)
⊗A
(
t̂1 ◦′ t̂2

)
≡
(
ŝ1 ⊗A cA,f1⊗C

Ag1
⊗A t̂1

)
◦′
(
ŝ2 ⊗A cA,f2⊗C

Ag2
⊗A t̂2

)
,

as desired.

This completes the proof of (16).

Proposition (3.9.29). For any C ∈ StrMonCat, the partial ΣStr-structure C∗ is a
model of TStr, i.e. C∗ is a strict monoidal category.

Proof: We begin by showing that C∗ is a category. First, the functions id∗ : C∗O →
C∗A and dom∗, cod∗ : C∗A → C∗O are all total, as required.
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Now let s, t ∈ C∗A = W r
A: we must show that

(s, t) ∈ dom(◦∗) iff dom∗(s) = cod∗(t).

If (s, t) ∈ dom(◦∗), then this means that (tcod)exp ≡ (sdom)exp. Then we have

dom∗(s) = (sdom)r (by definition)

≡ ((sdom)exp)r (by Lemma 3.9.27.3)

≡ ((tcod)exp)r (by assumption)

≡ (tcod)r (by Lemma 3.9.27.3 again)

= cod∗(t), (by definition)

as desired. And if dom∗(s) = cod∗(t), then this means (sdom)r ≡ (tcod)r, which implies

(sdom)exp ≡ ((sdom)r)exp (by Lemma 3.9.27.3)

≡ ((tcod)r)exp (by assumption)

≡ (tcod)exp, (by Lemma 3.9.27.3 again)

which means that (s, t) ∈ dom(◦∗), as desired.
Next, let s, t ∈ W r

A with (s, t) ∈ dom(◦∗). We must show that

dom∗(s ◦∗ t) = dom∗(t) and cod∗(s ◦∗ t) = cod∗(s).

Since both claims are proven analogously, we only consider the case for dom. Unrav-
elling the definitions, we must show that

(((sexp ◦′ texp)r)dom)r ≡ (tdom)r.

We have

(((sexp ◦′ texp)r)dom)r ≡ ((texp)dom)r (by Lemma 3.9.27.4)

≡ ((tdom)exp)r (by Lemma 3.9.27.2)

≡ (tdom)r, (by Lemma 3.9.27.3)

as required.
Now we must show that composition is associative. So let s, t, u ∈ W r

A and
suppose that (t, u) ∈ dom(◦∗) and (s, t ◦∗ u) ∈ dom(◦∗). We must then show that
(s, t) ∈ dom(◦∗) and (s ◦∗ t, u) ∈ dom(◦∗) and that

s ◦∗ (t ◦∗ u) = (s ◦∗ t) ◦∗ u.

That (t, u) ∈ dom(◦∗) means that

(tdom)exp ≡ (ucod)exp,
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and that (s, t ◦∗ u) ∈ dom(◦∗) means that

(sdom)exp ≡ ((t ◦∗ u)cod)exp ≡ (((texp ◦′ uexp)r)cod)exp.

To show (s, t) ∈ dom(◦∗) means to show (sdom)exp ≡ (tcod)exp. First, we have

(sdom)r ≡ ((sdom)exp)r (by Lemma 3.9.27.3)

≡ ((((texp ◦′ uexp)r)cod)exp)r (by assumption)

≡ (((texp ◦′ uexp)r)cod)r (by Lemma 3.9.27.3)

≡ ((texp)cod)r (by Lemma 3.9.27.4)

≡ ((tcod)exp)r (by Lemma 3.9.27.2)

≡ (tcod)r. (by Lemma 3.9.27.3)

So then (using Lemma 3.9.27.3) we obtain

(sdom)exp ≡ ((sdom)r)exp ≡ ((tcod)r)exp ≡ (tcod)exp,

as desired.
To show that (s ◦∗ t, u) ∈ dom(◦∗), we must show that

(ucod)exp ≡ ((s ◦∗ t)dom)exp ≡ (((sexp ◦′ texp)r)dom)exp.

Since (ucod)exp ≡ (tdom)exp by assumption, it suffices to show

(tdom)exp ≡ (((sexp ◦′ texp)r)dom)exp.

First, we have

(((sexp ◦′ texp)r)dom)r ≡ ((texp)dom)r (by Lemma 3.9.27.4)

≡ ((tdom)exp)r (by Lemma 3.9.27.2)

≡ (tdom)r, (by Lemma 3.9.27.3)

so that we obtain (using Lemma 3.9.27.3)

(tdom)exp ≡ ((tdom)r)exp ≡ ((((sexp ◦′ texp)r)dom)r)exp ≡ (((sexp ◦′ texp)r)dom)exp,

as desired.
To complete the proof that ◦∗ is associative, we must now show that

s ◦∗ (t ◦∗ u) = (s ◦∗ t) ◦∗ u.

Unravelling the definitions, we must show that
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(sexp ◦′ ((texp ◦′ uexp)r)exp)r ≡ (((sexp ◦′ texp)r)exp ◦′ uexp)r,
i.e. (by Lemma 3.9.27.3)

(sexp ◦′ (texp ◦′ uexp)exp)r ≡ ((sexp ◦′ texp)exp ◦′ uexp)r,

i.e. (by Lemma 3.9.27.7)

(sexp ◦′ (texp ◦′ uexp))r ≡ ((sexp ◦′ texp) ◦′ uexp)r.

To show this, it of course suffices to show

sexp ◦′ (texp ◦′ uexp) ≡ (sexp ◦′ texp) ◦′ uexp.

But this follows from Lemma 3.9.27.8.
Next, we must show for any w ∈ C∗O = W r

O that

dom∗(id∗(w)) = w and cod∗(id∗(w)) = w.

As usual, we only show the claim for dom. By the definitions, we must show

((wid)dom)r ≡ w.

But since w ∈ W r
O, we have by Lemma 3.9.27.9 and Lemma 3.9.7 that

((wid)dom)r ≡ wr ≡ w,

as desired.
To complete the proof that C∗ is a category, we must show for any s ∈ C∗A = W r

A

that
s ◦∗ id∗(dom∗(s)) = s and id∗(cod∗(s)) ◦∗ s = s.

As usual, we only show the claim for dom. Unravelling the definitions, we must show
that

(sexp ◦′ (((sdom)r)id)exp)r ≡ s.

By Lemma 3.9.27.10, this simplifies to showing

(sexp ◦′ (((sdom)id)r)exp)r ≡ s,

and then by Lemma 3.9.27.3, this simplifies to showing

(sexp ◦′ ((sdom)id)exp)r ≡ s.

By Lemma 3.9.27.10 again, it suffices to show

(sexp ◦′ ((sdom)exp)id)r ≡ s,
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and then by Lemma 3.9.27.2, it suffices to show

(sexp ◦′ ((sexp)dom)id)r ≡ s.

But since s ∈ W r
A, we apply Lemma 3.9.27.11 and Lemma 3.9.27.3 and Lemma 3.9.7

to obtain
(sexp ◦′ ((sexp)dom)id)r ≡ (sexp)r ≡ sr ≡ s,

as desired. This completes the proof that C∗ is a category.
Now we show that C∗ is a strict monoidal category. First, we have that e∗ :=

ceC ∈ C∗O = W r
O is defined, and that ⊗∗O : C∗O × C∗O → C∗O and ⊗∗A : C∗A × C∗A → C∗A

are totally defined operations, as required.
Now we must show that ⊗∗A commutes with dom∗ and cod∗. So let s, t ∈ C∗A =

W r
A: we must show that

dom∗(s⊗∗A t) = dom∗(s)⊗∗O dom∗(t) and cod∗(s⊗∗A t) = cod∗(s)⊗∗O cod∗(t).

As usual, we only treat the case for dom. Unravelling the definitions, we must show
that

(((s⊗A t)r)dom)r ≡ ((sdom)r ⊗O (tdom)r)r.

By Lemma 3.9.27.12, it then suffices to show

(((s⊗A t)r)dom)r ≡ (sdom ⊗O tdom)r.

But by Lemma 3.9.27.1 and the definition of the function (−)dom, we obtain

(((s⊗A t)r)dom)r ≡ ((s⊗A t)dom)r ≡ (sdom ⊗O tdom)r,

as desired.
Next, we must show that id∗ commutes with ⊗∗O. So let s, t ∈ C∗O = W r

O: we
must show

id∗(s⊗∗O t) = id∗(s)⊗∗A id∗(t).

Unravelling the definitions, we must show

((s⊗O t)r)id ≡ (sid ⊗A tid)r.

By Lemma 3.9.27.10, it suffices to show

((s⊗O t)id)r ≡ (sid ⊗A tid)r.

And to show this, it suffices to show

(s⊗O t)id ≡ sid ⊗A tid.
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But this is true by definition of the function (−)id : WO → WA.
Now we must show that ◦∗ and ⊗∗A commute with each other. So let s1, s2, t1, t2 ∈

C∗A = W r
A with (s1, s2) ∈ dom(◦∗) and (t1, t2) ∈ dom(◦∗). We must show that

(s1 ◦∗ s2)⊗∗A (t1 ◦∗ t2) = (s1 ⊗∗A t1) ◦∗ (s2 ⊗∗A t2).

Unravelling the definitions, we must show that

((sexp1 ◦′ s
exp
2 )r ⊗A (texp1 ◦′ t

exp
2 )r)r ≡ (((s1 ⊗A t1)r)exp ◦′ ((s2 ⊗A t2)r)exp)r.

By Lemma 3.9.27.12 applied to the left-hand side and Lemma 3.9.27.3 applied to the
right-hand side, it then suffices to show

((sexp1 ◦′ s
exp
2 )⊗A (texp1 ◦′ t

exp
2 ))r ≡ ((s1 ⊗A t1)exp ◦′ (s2 ⊗A t2)exp)r.

By Lemma 3.9.27.16 and Lemma 3.9.27.3 applied to the right-hand side, it then
suffices to show

((sexp1 ◦′ s
exp
2 )⊗A (texp1 ◦′ t

exp
2 ))r ≡ ((s1 ⊗A t1) ◦′ (s2 ⊗A t2))r.

By Lemma 3.9.27.7 applied to the left-hand side, it then suffices to show

((s1 ◦′ s2)exp ⊗A (t1 ◦′ t2)exp)r ≡ ((s1 ⊗A t1) ◦′ (s2 ⊗A t2))r.

By Lemma 3.9.27.12 applied to the left-hand side, it then suffices to show

((s1 ◦′ s2)⊗A (t1 ◦′ t2))r ≡ ((s1 ⊗A t1) ◦′ (s2 ⊗A t2))r.

Finally, it suffices to show

(s1 ◦′ s2)⊗A (t1 ◦′ t2) ≡ (s1 ⊗A t1) ◦′ (s2 ⊗A t2).

But this is true by Lemma 3.9.27.13.
Now we must show that ⊗∗O and ⊗∗A are associative operations on C∗O and C∗A

respectively. Let C ∈ {O,A}, and let s, t, u ∈ C∗C = W r
C . We must show that

s⊗∗C (t⊗∗C u) = (s⊗∗C t)⊗∗C u.

Unravelling the definitions, we must show that

(s⊗C (t⊗C u)r)r ≡ ((s⊗C t)r ⊗C u)r.

Since s and u are reduced, we have sr ≡ s and ur ≡ u by Lemma 3.9.7, so it is
equivalent to show

(sr ⊗C (t⊗C u)r)r ≡ ((s⊗C t)r ⊗C ur)r.
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Then by Lemma 3.9.27.12, it is equivalent to show

(s⊗C (t⊗C u))r ≡ ((s⊗C t)⊗C u)r.

But this is true, because we have

s⊗C (t⊗C u) ≡ (s⊗C t)⊗C u.

To complete the proof, we must show that e∗ := ceC ∈ C∗O = W r
O is a unit for

⊗∗O, and that id∗(e∗) = id∗(ceC) = cid
eC
∈ C∗A = W r

A is a unit for ⊗∗A. For the object
tensor, we must show for any w ∈ C∗O = W r

O that

w ⊗∗O e∗ = w = e∗ ⊗∗O w,

i.e.
(w ⊗O ceC)r ≡ w ≡ (ceC ⊗O w)r.

But this follows by Lemma 3.9.27.14, since w ≡ wr (by Lemma 3.9.7, since w is
reduced). The proof for the arrow tensor is analogous.

This finally completes the proof that C∗ is a strict monoidal category.

Definition (3.9.30). Let C ∈ StrMonCat. We define a strict monoidal functor

iC : C→ C∗

as follows:

• For any object a ∈ CO,

iC(a) := cO,a ∈ C∗O = W r
O.

• For any arrow f ∈ CA,

iC(f) := cA,f ∈ C∗A = W r
A.

Justification. First we show that i is functorial. So let f ∈ CA be arbitrary: we
must show that

dom∗(iC(f)) = iC(domC(f)) and cod∗(iC(f)) = iC(codC(f)).

For the first claim, we have

dom∗(iC(f)) = dom∗ (cA,f ) =
(

(cA,f )
dom
)r
≡
(
cO,domC(f)

)r
≡ cO,domC(f) = iC(domC(f)),
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as desired. The proof of the second claim is analogous.
Now let f : a→ a′, g : a′ → a′′ ∈ CA. We must show

iC(g ◦C f) = iC(g) ◦∗ iC(f).

We have

iC(g ◦C f) = cA,g◦Cf

≡
(
cA,g◦Cf

)r
≡ (cA,g ◦′ cA,f )r

≡ ((cA,g)
exp ◦′ (cA,f )exp)r

≡ (iC(g)exp ◦′ iC(f)exp)
r

= iC(g) ◦∗ iC(f),

as desired.
Finally, let a ∈ CO: we must show

iC(idC(a)) = id∗(iC(a)).

We have
iC(idC(a)) = cA,idC(a) ≡ (cO,a)

id = id∗ (cO,a) = id∗(iC(a)),

as desired. This completes the proof that i is functorial.
To prove that iC : C → C∗ is a strict monoidal functor, we first show that iC

preserves the tensor operations. So let C ∈ {O,A} and x, y ∈ CC . Then we have

iC(x⊗C
C y) = cx⊗C

Cy
≡ (cx ⊗C cy)r = cx ⊗∗C cy = iC(x)⊗∗C iC(y),

as required. Finally, we have that iC preserves the object tensor unit, since

iC(eC) = cO,eC = e∗.

This completes the proof that iC : C→ C∗ is a strict monoidal functor.

Proposition (3.9.31). Let C ∈ StrMonCat. If D ∈ StrMonCat and F : C → D is a
strict monoidal functor and a, a′ ∈ DO are objects and f, f ′ ∈ DA are arrows, then
there is a unique strict monoidal functor F ∗ : C∗ → D with F ∗ ◦ iC = F and

F ∗(xO) = a, F ∗(x′O) = a′, F ∗(xA) = f, F ∗(x′A) = f ′.

Thus,
C∗ ∼= C〈xO, x′O, xA, x′A〉 ∈ StrMonCat.



B. CHAPTER 3 PROOFS 272

Proof: We define a strict monoidal functor F ∗ : C∗ → D as follows. First, we
define F ∗ on SC

O and SC
A. On SC

O, we set:

F ∗(xO) := a, F ∗(x′O) := a′, F ∗(dom(xA)) := domD(f), F ∗(cod(xA)) := codD(f),

F ∗(dom(x′A)) := domD(f ′), F ∗(cod(x′A)) := codD(f ′),

and
F ∗(cO,b) := F (b)

for any b ∈ CO. We define F ∗ on SC
A in an analogous fashion.

For any s1 ⊗O . . .⊗O sn ∈ WO and t1 ⊗A . . .⊗A tm ∈ WA, we then set

F ∗(s1 ⊗O . . .⊗O sn) := F ∗(s1)⊗D
O . . .⊗D

O F
∗(sn) ∈ DO

and
F ∗(t1 ⊗A . . .⊗A tm) := F ∗(t1)⊗D

A . . .⊗D
A F

∗(tm) ∈ DA.

These definitions obviously restrict to W r
O = C∗O and W r

A = C∗A, which gives the
definition of F ∗ on objects and arrows of C∗.

Before we show that F ∗ is a strict monoidal functor, we first show that if w1, w2 ∈
WO, then w1 →r w2 implies F ∗(w1) = F ∗(w2), and if w1, w2 ∈ W sr

O , then w1 →e w2

implies F ∗(w1) = F ∗(w2), and similarly for WA and W sr
A . But this is obvious from

the definitions of F ∗,→r, and →e, and the fact that D is a strict monoidal category
and F : C → D is a strict monoidal functor. Thus, for any w ∈ WO ∪WA we have
F ∗(w) = F ∗(wr), for any w ∈ W sr

O ∪W sr
A we have F ∗(w) = F ∗(we), and hence for

any w ∈ WO ∪WA we have F ∗(wexp) = F ∗((wr)e) = F ∗(w).
Now we show that F ∗ is a strict monoidal functor from C∗ to D. To show that

F ∗ is functorial, we must first show for any w ∈ C∗A = W r
A that

domD(F ∗(w)) = F ∗(dom∗(w)) and codD(F ∗(w)) = F ∗(cod∗(w)).

We only consider dom. So we must show that domD(F ∗(w)) = F ∗(dom∗(w)) =
F ∗
(
(wdom)r

)
. Since F ∗((wdom)r) = F ∗(wdom), it suffices to show domD(F ∗(w)) =

F ∗(wdom), which easily follows from the fact that domD(F ∗(s)) = F ∗(sdom) for any
s ∈ SC

A, which itself follows from the definition of F ∗.
Before we show that F ∗ preserves composition, we first show that if u, v ∈ WA

and udom ≡ vcod, then
F ∗(u ◦′ v) = F ∗(u) ◦D F ∗(v).

It is clear that this is true for u, v ∈ SC
A with udom ≡ vcod (by definition of F ∗

and functoriality of F ). For the general case, let u, v ∈ WA with udom ≡ vcod, so that
u ≡ s1⊗A. . .⊗Asn and v ≡ t1⊗A. . .⊗Atn for some n ≥ 1 and s1, . . . , sn, t1, . . . , tn ∈ SC

A

with sdomi ≡ tcodi for each 1 ≤ i ≤ n. Then we have

F ∗(u ◦′ v) = F ∗((s1 ⊗A . . .⊗A sn) ◦′ (t1 ⊗A . . .⊗A tn))
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= F ∗((s1 ◦′ t1)⊗A . . .⊗A (sn ◦′ tn))

= F ∗(s1 ◦′ t1)⊗D
A . . .⊗D

A F
∗(sn ◦′ tn)

= (F ∗(s1) ◦D F ∗(t1))⊗D
A . . .⊗D

A (F ∗(sn) ◦D F ∗(tn))

= (F ∗(s1)⊗D
A . . .⊗D

A F
∗(sn)) ◦D (F ∗(t1)⊗D

A . . .⊗D
A F

∗(tn))

= F ∗(s1 ⊗A . . .⊗A sn) ◦D F ∗(t1 ⊗A . . .⊗A tn)

= F ∗(u) ◦D F ∗(v),

as desired; the second equality follows by definition of ◦′, the third by definition of
F ∗, the fourth by the case n = 1, the fifth because D is a strict monoidal category,
and the sixth by definition of F ∗.

To show that F ∗ preserves composition, let s, t ∈ W r
A = C∗A with dom∗(s) =

cod∗(t), i.e. (sdom)exp ≡ (scod)exp, i.e. ((sdom)r)e ≡ ((tcod)r)e. We must show

F ∗(s ◦∗ t) = F ∗(s) ◦D F ∗(t),

i.e.
F ∗((sexp ◦′ texp)r) = F ∗(s) ◦D F ∗(t).

First, we have F ∗((sexp ◦′ texp)r) = F ∗(sexp ◦′ texp). By what we just showed, it now
suffices to prove

F ∗(sexp) ◦D F ∗(texp) = F ∗(s) ◦D F ∗(t);

but this follows because (as remarked earlier in the proof) we have F ∗(sexp) = F ∗(s)
and F ∗(texp) = F ∗(t), as desired.

To show that F ∗ preserves identity arrows, we must show for any w ∈ W r
O that

F ∗(id∗(w)) = idD(F ∗(w)),

i.e.
F ∗(wid) = idD(F ∗(w)).

That this is true for any w ∈ SC
O is obvious by definition of F ∗ and the assumption

that F is functorial. If w = s1 ⊗O . . .⊗O sn for s1, . . . , sn ∈ SC
O, then we have

F ∗(wid) = F ∗((s1 ⊗O . . .⊗O sn)id)

= F ∗(sid1 ⊗A . . .⊗A sidn )

= F ∗(sid1 )⊗D
A . . .⊗D

A F
∗(sidn )

= idD(F ∗(s1))⊗D
A . . .⊗D

A idD(F ∗(sn))

= idD(F ∗(s1)⊗D
O . . .⊗D

O F
∗(sn))

= idD(F ∗(s1 ⊗O . . .⊗O sn))

= idD(F ∗(w)),
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as desired; the second equality follows by definition of (−)id, the third by definition
of F ∗, the fourth by the base case, the fifth because D is a strict monoidal category,
and the sixth by definition of F ∗. This completes the proof that F ∗ : C∗ → D is
functorial.

Now we show that F ∗ is a strict monoidal functor. To show that F ∗ preserves the
object tensor (the argument for the arrow tensor being identical), let w1, w2 ∈ W r

O,
and let us show

F ∗(w1 ⊗∗O w2) = F ∗(w1)⊗D
O F

∗(w2).

We have

F ∗(w1 ⊗∗O w2) = F ∗((w1 ⊗O w2)r) = F ∗(w1 ⊗O w2) = F ∗(w1)⊗D
O F

∗(w2),

as desired. Lastly, by definition of F ∗ and the fact that F is a strict monoidal functor,
we have

F ∗
(
eC
∗)

= F ∗(cO,eC) = F (eC) = eD,

so that F ∗ preserves the unit of the object tensor. This completes the proof that
F ∗ : C∗ → D is a strict monoidal functor.

It is true by definition that F ∗ maps xO, x
′
O, xA, x

′
A to the required objects and

arrows of D. We also have F ∗ ◦ iC = F , because for any object a ∈ CO we have

F ∗(iC(a)) = F ∗(cO,a) = F (a),

and similarly for arrows of C.
Finally, we show that F ∗ is the unique strict monoidal functor C∗ → D with

the stated properties. So let G : C∗ → D be a strict monoidal functor that maps
xO, x

′
O, xA, x

′
A to the stated objects and arrows and also satisfies G ◦ iC = F : C→ D.

We must show that F ∗ = G : C∗ → D. So we must show for any w ∈ W r
O that

F ∗(w) = G(w) (the argument for W r
A being analogous). If w ∈ SC

O and w ≡ xO or
w ≡ x′O, then this is true. If w ≡ dom(xA), then we have

G(dom(xA)) = G(dom(xA)r)

= G((xdomA )r)

= G(dom∗(xA))

= domD(G(xA))

= domD(f)

= F ∗(dom(xA)),

as desired; similar calculations work for cod and x′A. If a ∈ CO, then we have

G(cO,a) = G(iC(a)) = F (a) = F ∗(cO,a),



B. CHAPTER 3 PROOFS 275

as desired. So F ∗(w) = G(w) for all w ∈ SC
O. In the general case, if w ≡ s1⊗O . . .⊗Osn

for s1, . . . , sn ∈ SC
O, then we have

G(w) = G(wr)

= G((s1 ⊗O . . .⊗O sn)r)

= G(s1 ⊗∗O . . .⊗∗O sn)

= G(s1)⊗D
O . . .⊗D

O G(sn)

= F ∗(s1)⊗D
O . . .⊗D

O F
∗(sn)

= F ∗(s1 ⊗O . . .⊗O sn)

= F ∗(w),

as desired; the first equality follows by Lemma 3.9.7 (since w is reduced), the third
by definition of ⊗∗O in C∗, the fourth because G is a strict monoidal functor, the fifth
by the base case, and the sixth by definition of F ∗. This completes the proof that
G = F ∗, which proves that F ∗ is the unique strict monoidal functor C∗ → D with
the stated properties.

The last statement of the Proposition follows because C∗ now has the universal
property of C〈xO, x′O, xA, x′A〉 (cf. Proposition 2.2.10).

Lemma (3.9.32). Let C ∈ StrMonCat and C ∈ {O,A}. Then for any w ∈ WC (so
that [w]C ∈ C〈xO, x′O, xA, x′A〉C) we have

i∗C([w]C) = wr ∈ C∗C = W r
C .

Proof: We show the claim for C = O (the proof for C = A is analogous). It
suffices to show for reduced w ∈ WO that

i∗C([w]) = w ∈ W r
O.

Because then for arbitrary w ∈ WO, since wr is reduced and [w] = [wr] by Lemma
3.9.8, we obtain

i∗C([w]) = i∗C([wr]) = wr,

as desired.
We prove this by induction on the length of w ∈ W r

O.

• If w ≡ xO, then we have

i∗C([w]) = i∗C([xO]) ≡ xO ≡ w,

as desired, and similarly if w ≡ x′O.
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• If w ≡ dom(xA), then we have

i∗C([w]) = i∗C ([dom(xA)])

= i∗C

(
domC〈xO,x′O,xA,x

′
A〉([xA])

)
= dom∗(i∗C([xA]))

= dom∗(xA)

=
(
xdomA

)r
≡ dom(xA)r

≡ dom(xA)

≡ w,

as desired. The reasoning for cod and x′A is analogous.

• If w ≡ cO,a for some a ∈ CO, then we have

i∗C([w]) = i∗C ([cO,a]) = i∗C
(
ηCO,O,A,A(a)

)
= iC(a) = cO,a ≡ w,

as desired.

• Suppose that w ≡ s1⊗O . . .⊗O sn+1 ∈ W r
O for some n ≥ 1. Then s1⊗O . . .⊗O sn

is reduced, so by the induction hypothesis we have

i∗C([s1 ⊗O . . .⊗O sn]) ≡ s1 ⊗O . . .⊗O sn.

Then we have

i∗C([w]) = i∗C([s1 ⊗O . . .⊗O sn ⊗O sn+1])

= i∗C

(
[s1 ⊗O . . .⊗O sn]⊗C〈xO,x′O,xA,x

′
A〉

O [sn+1]
)

= i∗C([s1 ⊗O . . .⊗O sn])⊗∗O i∗C([sn+1])

= (s1 ⊗O . . .⊗O sn)⊗∗O sn+1

= (s1 ⊗O . . .⊗O sn ⊗O sn+1)r

≡ s1 ⊗O . . .⊗O sn+1

≡ w,

as desired, where the penultimate equality holds by Lemma 3.9.7 because s1⊗O
. . .⊗O sn+1 is assumed to be reduced.
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Lemma (3.9.34). Let C ∈ StrMonCat. If t ∈ Termc(ΣStr(C, xO, x′O, xA, x′A)) with
TStr(C, xO, x′O, xA, x′A) ` t ↓, then:

• If t : O, then [t] = [w] for some w ∈ WC
O .

• If t : A, then [t] = [w] for some w ∈ WC
A .

Proof: We prove the lemma by induction on terms t ∈ Termc(Σ(C, xO, x′O, xA, x′A))
with T(C, xO, x′O, xA, x′A) ` t ↓.

• If
t ∈ {xO, x′O, xA, xA} ∪ {cO,a : a ∈ CO} ∪ {cA,f : f ∈ CA},

then t ∈ WO ∪WA and T(C, xO, x′O, xA, x′A) ` t ↓, so that we have [t] = [t].

• If t ≡ e : O, then T(C, xO, x′O, xA, x′A) ` t ↓ and

[t] = [e] = [cO,eC ],

with cO,eC ∈ SO ⊆ WO.

• Suppose t ≡ dom(s) : O for some s ∈ Termc(Σ(C, xO, x′O, xA, x′A))A with T(C, xO, x′O, xA, x′A) `
t ↓ (so that T(C, xO, x′O, xA, x′A) ` s ↓ as well). Then by the induction hypothesis,
there is some word s1 ⊗A . . .⊗A sn ∈ WA with

[s] = [s1 ⊗A . . .⊗A sn].

Then we have

[t] = [dom(s)]

= [dom(s1 ⊗A . . .⊗A sn)]

= [dom(s1)⊗O . . .⊗O dom(sn)]

= [sdom1 ⊗O . . .⊗O sdomn ], (by Lemma 3.9.17)

with sdomi ∈ SO for all 1 ≤ i ≤ n. The reasoning for cod is analogous.

• Suppose t ≡ id(s) : A for some s ∈ Termc(Σ(C, xO, x′O, xA, x′A))O with T(C, xO, x′O, xA, x′A) `
t ↓ (so that T(C, xO, x′O, xA, x′A) ` s ↓ as well). Then by the induction hypothesis,
there is some word s1 ⊗O . . .⊗O sn ∈ WO with

[s] = [s1 ⊗O . . .⊗O sn].

Then we have

[t] = [id(s)]
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= [id(s1 ⊗O . . .⊗O sn)]

= [id(s1)⊗A . . .⊗A id(sn)]

= [sid1 ⊗A . . .⊗A sidn ], (by Lemma 3.9.21)

with sidi ∈ SA for all 1 ≤ i ≤ n.

• Suppose t ≡ s1 ◦ s2 : A for some s1, s2 ∈ Termc(Σ(C, xO, x′O, xA, x′A))A with
T(C, xO, x′O, xA, x′A) ` t ↓ (so that T(C, xO, x′O, xA, x′A) ` si ↓ for i = 1, 2 as well).
Then by the induction hypothesis, there are n,m ≥ 1 and u1, . . . , un, v1, . . . , vm ∈
SA with

[s1] = [u1 ⊗A . . .⊗A un]

and
[s2] = [v1 ⊗A . . .⊗A vm].

By Lemma 3.9.8, we may assume without loss of generality that u1⊗A . . .⊗A un
and v1⊗A. . .⊗Avm are reduced. Then the assumption that T(C, xO, x′O, xA, x′A) `
s1 ◦ s2 ↓ implies that

T(C, xO, x′O, xA, x′A) ` cod(s2) = dom(s1),

i.e.
[cod(s2)] = [dom(s1)].

So then we obtain

[vcod1 ⊗O . . .⊗O vcodm ] = [cod(v1)⊗O . . .⊗O cod(vm)] (by Lemma 3.9.17)

= [cod(v1 ⊗A . . .⊗A vm)]

= [cod(s2)]

= [dom(s1)]

= [dom(u1 ⊗A . . .⊗A un)]

= [dom(u1)⊗O . . .⊗O dom(un)]

= [udom1 ⊗O . . .⊗O udomn ]. (by Lemma 3.9.17)

Then by Lemma 3.9.8, we obtain

[(vcod1 ⊗O . . .⊗O vcodm )r] = [vcod1 ⊗O . . .⊗O vcodm ]

= [udom1 ⊗O . . .⊗O udomn ]

= [(udom1 ⊗O . . .⊗O udomn )r],

i.e. we have

T(C, xO, x′O, xA, x′A) ` (vcod1 ⊗O . . .⊗O vcodm )r = (udom1 ⊗O . . .⊗O udomn )r.
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Then by Proposition 3.9.33, we obtain

(vcod1 ⊗O . . .⊗O vcodm )r ≡ (udom1 ⊗O . . .⊗O udomn )r.

Then we have

((vcod1 ⊗O . . .⊗O vcodm )r)exp ≡ ((udom1 ⊗O . . .⊗O udomn )r)exp,

and thus
(vcod1 ⊗O . . .⊗O vcodm )exp ≡ (udom1 ⊗O . . .⊗O udomn )exp

by Lemma 3.9.27.3. Then by Lemma 3.9.27.2, we obtain

((v1 ⊗A . . .⊗A vm)exp)cod ≡ ((u1 ⊗A . . .⊗A un)exp)dom.

So we have

(u1 ⊗A . . .⊗A un)exp ◦′ (v1 ⊗A . . .⊗A vm)exp ∈ WA.

Finally, we show that

[t] = [s1 ◦ s2] = [(u1 ⊗A . . .⊗A un)exp ◦′ (v1 ⊗A . . .⊗A vm)exp].

We have

[t] = [s1 ◦ s2]

= [(u1 ⊗A . . .⊗A un) ◦ (v1 ⊗A . . .⊗A vm)]

= [(u1 ⊗A . . .⊗A un)exp ◦ (v1 ⊗A . . .⊗A vm)exp] (by the remark after Lemma 3.9.12)

= [(u1 ⊗A . . .⊗A un)exp ◦′ (v1 ⊗A . . .⊗A vm)exp], (by Lemma 3.9.26)

as desired.

• Suppose t ≡ t1 ⊗O t2 : O for some t1, t2 ∈ Termc(Σ(C, xO, x′O, xA, x′A))O with
T(C, xO, x′O, xA, x′A) ` t ↓ (so that T(C, xO, x′O, xA, x′A) ` ti ↓ for i = 1, 2 as well).
By the induction hypothesis, we have that

[ti] = [wi]

for some wi ∈ WO for i = 1, 2. Then we have

[t] = [t1 ⊗O t2] = [w1 ⊗O w2],

with w1 ⊗O w2 ∈ WO, as desired. The reasoning for ⊗A is analogous.
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Proposition (3.9.35). Let C ∈ StrMonCat. If a ∈ CO is invertible in the monoid
(CO,⊗C

O, e
C) with inverse b ∈ CO, then(

[cO,a ⊗O xO ⊗O cO,b] ,
[
cA,id(a) ⊗A xA ⊗A cA,id(b)

])
∈ GTStr

(C).

Proof: We must show that this pair is invertible, commutes generically with all
function symbols of ΣStr, and reflects definedness of all function symbols of ΣStr. First,
we show that this pair is invertible, with inverse

([cb ⊗O xO ⊗O ca], [cid(b) ⊗A xA ⊗A cid(a)]) ∈ C〈xO〉O × C〈xA〉A.

We have

[(ca ⊗O xO ⊗O cb)[cb ⊗O xO ⊗O ca/xO]] = [ca ⊗O cb ⊗O xO ⊗O ca ⊗O cb]
= [ca⊗C

Ob
⊗O xO ⊗O ca⊗C

Ob
]

= [ceC ⊗O xO ⊗O ceC ]

= [e⊗O xO ⊗O e]
= [xO],

as desired. The converse equality is shown in the exact same way. The other two
equalities have similar proofs, using the facts id(a) ⊗C

A id(b) = id(a ⊗C
O b) = id(eC) =

id(b)⊗C
A id(a). So the pair ([ca ⊗O xO ⊗O cb], [cid(a) ⊗A xA ⊗A cid(b)]) is invertible.

Now we must show that ([ca⊗O xO⊗O cb], [cid(a)⊗A xA⊗A cid(b)]) commutes gener-
ically with all function symbols of ΣStr. First, we show that this pair commutes
generically with id : O → A. Then we must show that the sequent

> ` id(ca ⊗O xO ⊗O cb) = cid(a) ⊗A id(xO)⊗A cid(b)

is provable in TStr(C, xO) (since TStr(C, xO) ` id(xO) ↓), i.e. it suffices to show that
the equality

[id(ca ⊗O xO ⊗O cb)] = [cid(a) ⊗A id(xO)⊗A cid(b)]

holds in C〈xO〉A. But we have

[id(ca ⊗O xO ⊗O cb)] = [id(ca)⊗A id(xO)⊗A id(cb)] = [cid(a) ⊗A id(xO)⊗A cid(b)],

as desired.
Now we show that the pair in question commutes generically with dom : A→ O

(the proof for cod is similar). Since TStr(C, xA) ` dom(xA) ↓, it suffices to show that

TStr(C, xA) ` dom(cid(a) ⊗A xA ⊗A cid(b)) = ca ⊗O dom(xA)⊗O cb,

i.e. we must show that the equality

[dom(cid(a) ⊗A xA ⊗A cid(b))] = [ca ⊗O dom(xA)⊗O cb]
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holds in C〈xA〉O. But we have

[dom(cid(a)⊗AxA⊗Acid(b))] = [dom(cid(a))⊗Odom(xA)⊗Odom(cid(b))] = [ca⊗Odom(xA)⊗Ocb],

as desired.
Now we show that the pair in question commutes generically with ◦ : A×A→ A.

This means that we must show that the sequent

xA ◦ x′A ↓ ` (cid(a) ⊗A xA ⊗A cid(b)) ◦ (cid(a) ⊗A x′A ⊗A cid(b)) = cid(a) ⊗A (xA ◦ x′A)⊗A cid(b)

is provable in TStr(C, xA, x′A). By the deduction theorem for partial Horn logic (Re-
mark 1.3.17), it suffices to show that

> ` (cid(a) ⊗A xA ⊗A cid(b)) ◦ (cid(a) ⊗A x′A ⊗A cid(b)) = cid(a) ⊗A (xA ◦ x′A)⊗A cid(b)

is provable in the theory TStr(C, xA, x′A)∪{> ` xA◦x′A ↓}. In this theory, the following
sequence of equalities is provable:

(cid(a) ⊗A xA ⊗A cid(b)) ◦ (cid(a) ⊗A x′A ⊗A cid(b)) = (cid(a) ◦ cid(a))⊗A (xA ◦ x′A)⊗A (cid(b) ◦ cid(b))

= cid(a)◦id(a) ⊗A (xA ◦ x′A)⊗A cid(b)◦id(b)

= cid(a) ⊗A (xA ◦ x′A)⊗A cid(b),

as desired.
Next, we show that the pair in question commutes generically with ⊗O : O×O →

O and ⊗A : A× A→ A. For ⊗O, we must show that the sequent

> ` (ca ⊗O xO ⊗O cb)⊗O (ca ⊗O x′O ⊗O cb) = ca ⊗O (xO ⊗O x′O)⊗O cb

is provable in TStr(C, xO, x′O) (since TStr(C, xO, x′O) ` xO ⊗O x′O ↓), i.e. we must show
that

[(ca ⊗O xO ⊗O cb)⊗O (ca ⊗O x′O ⊗O cb)] = [ca ⊗O (xO ⊗O x′O)⊗O cb]

holds in C〈xO, x′O〉O. We have

[(ca ⊗O xO ⊗O cb)⊗O (ca ⊗O x′O ⊗O cb)] = [ca ⊗O xO ⊗O cb ⊗O ca ⊗O x′O ⊗O cb]
= [ca ⊗O xO ⊗O cb⊗C

Oa
⊗O x′O ⊗O cb]

= [ca ⊗O xO ⊗O ceC ⊗O x′O ⊗O cb]
= [ca ⊗O xO ⊗O e⊗O x′O ⊗O cb]
= [ca ⊗O xO ⊗O x′O ⊗O cb]
= [ca ⊗O (xO ⊗O x′O)⊗O cb],

as required. The proof for ⊗A is analogous.
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Lastly, we must show that the pair in question commutes generically with e : O.
So we must show that the sequent

> ` ca ⊗O e⊗O cb = e

is provable in TStr(C) (since TStr(C) ` e ↓). But TStr(C) proves the following equa-
tions, as required:

ca ⊗O e⊗O cb = ca ⊗O cb = ca⊗C
Ob

= ceC = e.

This completes the proof that the pair ([ca⊗OxO⊗Ocb], [cid(a)⊗AxA⊗Acid(b)]) commutes
generically with all function symbols of ΣStr.

Lastly, we must show that the pair ([ca⊗O xO⊗O cb], [cid(a)⊗A xA⊗A cid(b)]) reflects
definedness of all (non-constant) function symbols of ΣStr. Since ◦ : A × A → A is
the only function symbol of ΣStr that is not totally defined in TStr, it suffices to show
that the pair in question reflects definedness of ◦. So we must show that the sequent

(cid(a) ⊗A xA ⊗A cid(b)) ◦ (cid(a) ⊗A x′A ⊗A cid(b)) ↓ ` xA ◦ x′A ↓

is provable in TStr(C, xA, x′A). By the deduction theorem for partial Horn logic (Re-
mark 1.3.17), it suffices to show that the sequent

> ` xA ◦ x′A ↓

is provable in the theory

TStr(C, xA, x′A) ∪ {> ` (cid(a) ⊗A xA ⊗A cid(b)) ◦ (cid(a) ⊗A x′A ⊗A cid(b)) ↓}.

Denote this theory by TStr(C, xA, x′A)+. Then it suffices to show that

TStr(C, xA, x′A)+ ` cod(x′A) = dom(xA).

Well, we have

TStr(C, xA, x′A)+ ` cod(cid(a) ⊗A x′A ⊗A cid(b)) = dom(cid(a) ⊗A xA ⊗A cid(b)),

and hence

TStr(C, xA, x′A)+ ` ca ⊗O cod(x′A)⊗O cb = ca ⊗O dom(xA)⊗O cb.

Then the following equalities are provable in TStr(C, xA, x′A)+, which completes the
argument:

cod(x′A) = e⊗O cod(x′A)⊗O e
= ceC ⊗O cod(x′A)⊗O ceC
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= cb⊗C
Oa
⊗O cod(x′A)⊗O cb⊗C

Oa

= cb ⊗O ca ⊗O cod(x′A)⊗O cb ⊗O ca
= cb ⊗O ca ⊗O dom(xA)⊗O cb ⊗O ca
= ceC ⊗O dom(xA)⊗O ceC
= e⊗O dom(xA)⊗O e
= dom(xA).

This completes the proof that the pair ([ca⊗O xO⊗O cb], [cid(a)⊗A xA⊗A cid(b)]) reflects
definedness of all (non-constant) function symbols of ΣStr, which in turn completes
the proof that ([ca ⊗O xO ⊗O cb], [cid(a) ⊗A xA ⊗A cid(b)]) ∈ GTStr

(C).



Appendix C

Chapter 5 Proofs

Proposition (5.1.8). There is an isomorphism of categories

PTJmod ∼= PTmodJ .

Proof: We define mutually inverse functors

F (−) : PTJmod→ PTmodJ

and
M (−) : PTmodJ → PTJmod.

First, we define F (−) : PTJmod → PTmodJ . So let M ∈ PTJmod; we define a
corresponding functor

FM : J → PTmod.

For any object i ∈ JO, we set
FM(i) := M i,

which is a partial Σ-structure that is a model of T by Lemma 5.1.7. Now let f : i→ j
in J ; we must define a Σ-morphism

FM(f) : M i →M j.

For any A ∈ ΣSort, we have a partial function

(αAf )M : MAi ⇁MAj ,

i.e.
(αAf )M : M i

A ⇁M j
A.

Since M is a model of TJ , it follows by the axioms in Definition 5.1.5.1 that each
such partial function is in fact total. So we set

FM(f) :=
((
αAf
)M)

A∈Σ
: M i →M j.

284
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It then follows from the axioms in Definition 5.1.5.4 and the assumption that M ∈
PTJmod that FM(f) is indeed a Σ-morphism, which completes the definition of the
functor FM : J → PTmod.

To show that FM preserves identities, let i ∈ JO; we must show that FM(idi)
is the identity Σ-morphism on M i. To show this, we must show that FM(idi)A :=
(αAidi)

M : M i
A → M i

A is the identity function on M i
A = MAi . But this follows from

Definition 5.1.5.2 and the assumption that M ∈ PTJmod. The fact that FM preserves
composition follows similarly, using the axioms in Definition 5.1.5.3. This completes
the proof that FM : J → T-mod is functorial.

To complete the definition of the functor F (−) : PTJmod → PTmodJ , let h :
M → N be a ΣJ -morphism in PTJmod; we must define a natural transformation

F h : FM =⇒ FN .

So let i ∈ JO; we must define a Σ-morphism

F h
i : FM(i) = M i → N i = FN(i).

Appealing to Definition 5.1.3, we set

F h
i := hi : M i → N i.

To verify naturality of F h, let f : i→ j be an arrow in J ; we must show

FN(f) ◦ F h
i = F h

j ◦ FM(f) : M i → N j,

i.e. (
αAf
)N ◦ hAi = hAj ◦

(
αAf
)M

for each A ∈ ΣSort, which follows because h is a ΣJ -morphism. So F h : FM =⇒ FN

is indeed a natural transformation.
This completes the definition of the functor F (−) : PTJmod → PTmodJ ; it is

trivial to see that F (−) is functorial.
Now we define the functor M (−) : PTmodJ → PTJmod. So let F : J → T-

mod be an arbitrary functor; we construct a corresponding partial ΣJ -structure MF

that will be a model of TJ . For any object i ∈ JO, we know that F (i) is a partial
Σ-structure that is a model of T, and for any arrow f : i → j in J , we know that
F (f) : F (i) → F (j) is a Σ-morphism. To define the ΣJ -structure MF , let i ∈ JO
and A ∈ ΣSort. We set

MF
Ai := F (i)A.

For any arrow f : i→ j in J and A ∈ ΣSort, we set(
αAf
)MF

:= F (f)A : MF
Ai = F (i)A ⇁ F (j)A = MF

Aj
.
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And for any i ∈ JO and function symbol g : A1 × . . .× An → A in Σ, we set

(gi)M
F

:= gF (i) : MF
Ai

1
× . . .×MF

Ai
n

= F (i)A1 × . . .× F (i)An ⇁ F (i)A = MF
A .

This completes the definition of the partial ΣJ -structure MF .
Now we show that MF |= TJ . Axiom 1 in Definition 5.1.5 is satisfied, because

each
(
αAf
)MF

:= F (f)A is a total function, since F (f) is a Σ-morphism. Since F is
functorial, it also easily follows that MF satisfies Axioms 2 and 3. Axiom 4 is also
satisfied, because F (f) : F (i)→ F (j) is a Σ-morphism for any arrow f : i→ j in J .

Finally, we show that MF satisfies Axiom 5. So fix i ∈ JO and let ϕ `~x ψ
be an axiom of T. We must show that MF satisfies the corresponding TJ -axiom
ρi(ϕ) `ρi(~x) ρi(ψ). In other words, we must show that

ρi(ϕ)M
F ⊆ ρi(ψ)M

F

.

Since F (i) |= T, we know that
ϕF (i) ⊆ ψF (i).

Also, it is trivial to observe that F (i) =
(
MF

)i
(cf. Definition 5.1.2), and moreover

that
(
MF

)i
= U i

(
MF

)
, where U i is the obvious forgetful functor from PΣJ Str to

PΣStr induced by the signature morphism ρi : Σ → ΣJ . Then by [19, Lemma 27],
we obtain

ρi(ϕ)M
F

= ϕF (i) ⊆ ψF (i) = ρi(ψ)M
F

,

as desired. This completes the proof that MF |= TJ , i.e. MF ∈ PTJmod.
To define M (−) on morphisms, let η : F → G be a morphism in PTmodJ ; we

must define a ΣJ -morphism
Mη : MF →MG.

For any i ∈ JO and A ∈ ΣSort, we set

Mη
Ai := ηAi : MF

Ai
= F (i)A → G(i)A = MG

Ai .

To verify that Mη is a ΣJ -morphism, first let A ∈ ΣSort and let f : i→ j be an arrow
in J . We must show that

Mη
Aj ◦ (αAf )M

F

= (αAf )M
G ◦Mη

Ai

(since αAf is total in the TJ -models MF ,MG), i.e.

ηAj ◦ F (f)A = G(f)A ◦ ηAi ,

which is true by naturality of η : F → G.
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Now let i ∈ JO, let g : A1 × . . . × An → A be a function symbol of Σ, and let

(a1, . . . , an) ∈ dom
(

(gi)
MF
)

= dom
(
gF (i)

)
. We must show that(

Mη

Ai
1
(a1), . . . ,Mη

Ai
n
(an)

)
∈ dom

((
gi
)MG

)
= dom

(
gG(i)

)
and

Mη
Ai

((
gi
)MF

(a1, . . . , an)
)

=
(
gi
)MG

(
Mη

Ai
1
(a1), . . . ,Mη

Ai
n
(an)

)
.

Both claims follow from the definition of Mη and the fact that ηi : F (i) → G(i) is a
Σ-morphism. This completes the proof that Mη : MF →MG is a ΣJ -morphism.

This completes the definition of the functor M (−) : PTmodJ → PTJmod; it is
trivial to see that M (−) is functorial.

Finally, it is straightforward to see that the functors F (−) and M (−) are mutually
inverse, which completes the proof of Proposition 5.1.8.

Lemma (5.1.13). For any M ∈ PTJmod, i ∈ JO, and C ∈ ΣSort, the signature
morphism ρCM i is a theory morphism

ρCM i : T(M i, xC)→ TJ (M, xCi).

Proof: We must show that the ρCM i-translation of any axiom of T(M i, xC) is
provable in TJ (M, xCi):

• First, we know that the ρCM i-translation of any axiom of T (considered as an
axiom of T(M i, xC)) is an axiom of TJ and hence of TJ (M, xCi), because ρCM i

restricted to Σ ⊆ Σ(M i, xC) is equal to ρi : Σ → ΣJ , and ρi : T → TJ is a
theory morphism by Remark 5.1.6.

• If s ∈ M i
A = MAi for some A ∈ ΣSort, then T(M i, xC) has the axiom > `

cM
i

A,s ↓. The ρCM i-translation of this axiom is > ` cMAi,s ↓, which is an axiom of

TJ (M, xCi).

• If g : A1×. . .×An → A is a function symbol of Σ and s1, . . . , sn ∈M i
A1
, . . . ,M i

An

with (s1, . . . , sn) ∈ dom
(
gM

i
)

, then T(M i, xC) has the axiom

> ` g
(
cM

i

A1,s1
, . . . , cM

i

An,sn

)
= cM

i

A,gMi (s1,...,sn)
.

The ρCM i-translation of this axiom is

> ` gi
(
cMAi

1,s1
, . . . , cMAi

n,sn

)
= cM

Ai,gMi (s1,...,sn)
.

But this is an axiom of TJ (M, xCi), because gM
i

= (gi)M .



C. CHAPTER 5 PROOFS 288

• Lastly, T(M i, xC) has the axiom > ` xC ↓, whose ρCM i-translation is > ` xCi ↓,
which is an axiom of TJ (M, xCi).

Lemma (5.1.19). Let M ∈ PTJmod, let f : i → j be any arrow in J , and let
C ∈ ΣSort. Then for any term u ∈ Termc(Σ(M i, xC)) with T(M i, xC) ` u ↓ and u : A,
we have

TJ (M, xCi) ` τCf (u) = αAf
(
ρCM i(u)

)
.

Proof: First note that the above equation ‘type-checks’, because u ∈ Termc(Σ(M i, xC))A
implies τCf (u) : τCf (A) ≡ ρj(A) ≡ Aj, and we also have ρCM i(u) ∈ Termc(ΣJ (M, xCi))
and ρCM i(u) : ρCM i(A) ≡ ρi(A) ≡ Ai, and hence αAf (ρCM i(u)) : Aj, since αAf : Ai → Aj.

Now we prove the claim by induction on terms u ∈ Termc(Σ(M i, xC)) with
T(M i, xC) ` u ↓:

• If u ≡ xC : C, then T(M i, xC) ` u ↓ and

τCf (u) ≡ τCf (xC) ≡ αCf (xCi) ≡ αCf
(
ρCM i(xC)

)
≡ αCf

(
ρCM i(u)

)
,

which entails the desired conclusion.

• If u ≡ cM
i

A,s : A for some A ∈ ΣSort and s ∈M i
A = MAi (so that T(M i, xC) ` u ↓),

then we have
τCf (u) ≡ τCf

(
cM

i

A,s

)
≡ cM

Aj ,(αA
f )

M
(s)

(cf. Definition 5.1.18), as well as

αAf
(
ρCM i(u)

)
≡ αAf

(
ρCM i

(
cM

i

A,s

))
≡ αAf

(
cMAi,s

)
,

and (by definition of TJ (M)) we indeed have

TJ (M, xCi) ` αAf
(
cMAi,s

)
= cM

Aj ,(αA
f )

M
(s)
,

as desired.

• For the induction step, suppose u ≡ g(u1, . . . , un) : A for some function symbol
g : A1 × . . . × An → A in Σ and terms u1, . . . , un ∈ Termc(Σ(M i, xC)) of the
appropriate sorts, and suppose that T(M i, xC) ` u ↓. Then (by the rules of
partial Horn logic) it follows that T(M i, xC) ` u` ↓ for all 1 ≤ ` ≤ n. So by the
induction hypothesis, we obtain

TJ (M, xCi) ` τCf (u`) = αA`
f

(
ρCM i(u`)

)
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for each 1 ≤ ` ≤ n. Now we must show

TJ (M, xCi) ` τCf (g(u1, . . . , un)) = αAf
(
ρCM i(g(u1, . . . , un))

)
,

i.e.

TJ (M, xCi) ` gj
(
τCf (u1), . . . , τCf (un)

)
= αAf

(
gi
(
ρCM i(u1), . . . , ρCM i(un)

))
.

Since T(M i, xC) ` u ≡ g(u1, . . . , un) ↓ and ρCM i : T(M i, xC) → TJ (M, xCi) is a
theory morphism by Lemma 5.1.13, it follows that

TJ (M, xCi) ` ρCM i(g(u1, . . . , un)) ≡ gi
(
ρCM i(u1), . . . , ρCM i(un)

)
↓ .

Then by Axiom 5.1.5.4 we obtain

TJ (M, xCi) ` αAf
(
gi
(
ρCM i(u1), . . . , ρCM i(un)

))
= gj

(
αA1
f

(
ρCM i(u1)

)
, . . . , αAn

f

(
ρCM i(un)

))
,

which yields the desired result by the induction hypothesis.

Lemma (5.1.26). Let M ∈ PTJmod and let u ∈ Termc(ΣJ (M, xAi)) be α-restricted,
where A ∈ ΣSort and i ∈ JO. If u : Cj for some j ∈ JO and C ∈ ΣSort, then for any
arrow f : j → cod(f) in J , there is an α-restricted term uf ∈ Termc(ΣJ (M, xAi))
with uf : Ccod(f) and TJ (M, xAi) proves the sequent

u ↓ ` αCf (u) = uf .

Proof: We prove this by induction on α-restricted terms u ∈ Termc(ΣJ (M, xAi)).

• If u ≡ xAi : Ai, then u is clearly α-restricted. Let f : i → k be any morphism
in J with domain i. Then we set

uf ≡ xf
Ai := αAf (xAi) : Ak.

Then uf ≡ αAf (xAi) is α-restricted and TJ (M, xAi) proves the sequent

xAi
↓ ` αAf (xAi) = αAf (xAi) ≡ xf

Ai ,

since TJ (M, xAi) ` xAi ↓ and αAf is provably total in TJ .



C. CHAPTER 5 PROOFS 290

• Let u ≡ cMCj ,s : Cj for some j ∈ JO, C ∈ ΣSort, and s ∈ MCj . Then u is
α-restricted. Now let f : j → k be any morphism in J with domain j. Then

we have
(
αCf
)M

(s) ∈MCk , so we set

uf ≡
(
cMCj ,s

)f
:= cM

Ck,(αC
f )

M
(s)

: Ck.

Then uf is α-restricted and TJ (M, xAi) does prove the sequent

cMCj ,s ↓ ` αCf
(
cMCj ,s

)
= cM

Ck,(αC
f )

M
(s)
≡
(
cMCj ,s

)f
,

as desired.

• Let j ∈ JO and let g : C1 × . . . × Cn → C be a function symbol of Σ and
suppose that u ≡ gj(u1, . . . , un) : Cj for terms u` ∈ Termc(ΣJ (M, xAi))Cj

`
for

all 1 ≤ ` ≤ n. Suppose that u ≡ gj(u1, . . . , un) is α-restricted. Then for each
1 ≤ ` ≤ n it easily follows that u` is α-restricted. Now let f : j → k be any
morphism in J with domain j. By the induction hypothesis, for every 1 ≤ ` ≤ n
there is an α-restricted term uf` ∈ Termc(ΣJ (M, xAi)) with uf` : Ck

` such that
TJ (M, xAi) proves the sequent

u` ↓ ` αC`
f (u`) = uf` .

Then we set
uf ≡ gj(u1, . . . , un)f := gk

(
uf1 , . . . , u

f
n

)
: Ck.

Since uf1 , . . . , u
f
n are α-restricted, it follows that uf ≡ gk

(
uf1 , . . . , u

f
n

)
is α-

restricted.

Now we wish to show that TJ (M, xAi) proves the sequent

gj(u1, . . . , un) ↓ ` αCf (gj(u1, . . . , un)) = gk
(
uf1 , . . . , u

f
n

)
.

By the deduction theorem of partial Horn logic (cf. Remark 1.3.17), it suffices
to show that the expanded theory

TJ (M, xAi) ∪ {> ` gj(u1, . . . , un) ↓}

proves the sequent

> ` αCf (gj(u1, . . . , un)) = gk
(
uf1 , . . . , u

f
n

)
.

By the rules of partial Horn logic, the expanded theory proves > ` u` ↓ for
each 1 ≤ ` ≤ n. So by the induction hypothesis and the cut rule, the expanded
theory proves

> ` αC`
f (u`) = uf`
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for each 1 ≤ ` ≤ n. It also follows by Axiom 5.1.5.4 that the expanded theory
proves

> ` αCf (gj(u1, . . . , un)) = gk
(
αC1
f (u1), . . . , αCn

f (un)
)
.

So we obtain that the expanded theory proves

> ` αCf (gj(u1, . . . , un)) = gk
(
αC1
f (u1), . . . , αCn

f (un)
)

= gk
(
uf1 , . . . , u

f
n

)
,

as required.

• Suppose that u ∈ Termc(ΣJ (M, xAi)) is an α-restricted α-term. Then it must
be the case that u ≡ αAg (xAi) : A` for some g : i → ` in J . Now let h : ` → `′

be any morphism in J with domain `. We set

uh ≡ αAg (xAi)h := αAh◦g(xAi) : A`
′
.

Then uh is α-restricted, and TJ (M, xAi) proves the sequent

αAg (xAi) ↓ ` αAh (αAg (xAi)) = αAh◦g(xAi) ≡ αAg (xAi)h,

with the middle equality justified by Axiom 5.1.5.3.

Lemma (5.1.27). If M ∈ PTJmod and u ∈ Termc(ΣJ (M, xAi)) for some A ∈ ΣSort

and i ∈ JO, then there is an α-restricted term u′ ∈ Termc(ΣJ (M, xAi)) of the same
sort such that TJ (M, xAi) proves the sequent

u ↓ ` u = u′.

Proof: We prove the Lemma by induction on terms u ∈ Termc(ΣJ (M, xAi)).

• If u ≡ xAi or u ≡ cMCj ,s for some j ∈ JO, C ∈ ΣSort, and s ∈ MCj , then we set
u′ := u, and the desired properties are clearly satisfied.

• Suppose that j ∈ JO and that g : C1× . . .×Cn → C is a function symbol of Σ,
and let u ≡ gj(u1, . . . , un) : Cj for some terms u1, . . . , un ∈ Termc(ΣJ (M, xAi))
with u` : Cj

` for each 1 ≤ ` ≤ n. By the induction hypothesis, for each 1 ≤ ` ≤ n
there is an α-restricted term u′` ∈ Termc(ΣJ (M, xAi)) of sort Cj

` such that
TJ (M, xAi) proves the sequent

u` ↓ ` u` = u′`.
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Then we set
u′ ≡ gj(u1, . . . , un)′ := gj(u′1, . . . , u

′
n) : Cj,

which is α-restricted. It then easily follows from the induction hypothesis and
the rules of partial Horn logic (including the deduction theorem from Remark
1.3.17) that TJ (M, xAi) proves the sequent

gj(u1, . . . , un) ↓ ` gj(u1, . . . , un) = gj(u′1, . . . , u
′
n).

• Suppose that C ∈ ΣSort and that f : j → ` is a morphism of J , and that
u ≡ αCf (v) : C` for some term v ∈ Termc(ΣJ (M, xAi)) of sort Cj. Then by the
induction hypothesis, there is an α-restricted term v′ ∈ Termc(ΣJ (M, xAi)) of
sort Cj such that TJ (M, xAi) proves the sequent

v ↓ ` v = v′.

By Lemma 5.1.26, there is also an α-restricted term (v′)f ∈ Termc(ΣJ (M, xAi))
such that (v′)f : C` and TJ (M, xAi) proves the sequent

v′ ↓ ` αCf (v′) = (v′)f .

We then set
u′ ≡ αCf (v)′ := (v′)f .

Then (as mentioned) (v′)f is α-restricted.

Now we want to show that TJ (M, xAi) proves the sequent

αCf (v) ↓ ` αCf (v) = (v′)f .

By the deduction theorem for partial Horn logic (cf. Remark 1.3.17), it suffices
to prove that the expanded theory

TJ (M, xAi) ∪ {> ` αCf (v) ↓}

proves the sequent
> ` αCf (v) = (v′)f .

By the rules of partial Horn logic, the expanded theory proves the sequent
> ` v ↓. Then by the cut rule and the definition of v′, the expanded theory
proves the sequent > ` v = v′ and thus the sequent > ` v′ ↓. By the cut
rule and the definition of (v′)f , the expanded theory then proves the sequent
> ` αCf (v′) = (v′)f . From this and the fact that the expanded theory proves
the sequent > ` v = v′, we obtain our result.
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Proposition (5.1.29). Let M ∈ PTJmod and let s, t ∈ Termc(ΣJ (M, xAi))∗ for some
i ∈ JO and A ∈ ΣSort, with s, t : Cj for some C ∈ ΣSort and j ∈ JO. If

TJ (M, xAi
) ` s = t,

then
T
(
M j, xACod(j)

)
` θ(s) = θ(t).

Proof: First, recall for k ∈ JO that
(
Mk

〈
xACod(k)

〉
,
([
xAf
])
f∈Cod(k)

)
is the initial

model of T
(
Mk, xACod(k)

)
in the category of all partial Σ

(
Mk, xACod(k)

)
-structures (the

reader will be reminded of its explicit description during the course of the proof). It
has the following universal property (cf. Proposition 2.2.10): if N ∈ PTmod, then for
any tuple of elements (nf )f∈Cod(k) ∈

∏
f∈Cod(k) NA and any Σ-morphism h : Mk → N ,

there is a unique Σ-morphism ĥ : Mk
〈

xACod(k)

〉
→ N with the property that

ĥ ◦ ηMk

= h : Mk → N

and
ĥA
([

xAf
])

= nf ∈ NA

for each f ∈ Cod(k) (where ηM
k

: Mk →Mk
〈

xACod(k)

〉
is the canonical Σ-morphism).

We now begin the proof of the proposition by first constructing a special partial
ΣJ (M, xAi)-structure M that will be a model of TJ (M, xAi).

For any k ∈ JO and B ∈ ΣSort, we set

MBk := Mk
〈

xACod(k)

〉
B

=
{

[u] : u ∈ Termc
(

Σ
(
Mk, xACod(k)

))
B
∧ T

(
Mk, xACod(k)

)
` u ↓

}
.

Now let f : k → ` be any morphism of J , and let B ∈ ΣSort: we must define(
αBf
)M

: MBk = Mk
〈

xACod(k)

〉
B
⇁M `

〈
xACod(`)

〉
B

= MB` .

We know that fM := FM(f) : Mk → M ` is a Σ-morphism. Then by the universal

property of Mk
〈

xACod(k)

〉
, there is a unique Σ-morphism

f̂M : Mk
〈

xACod(k)

〉
→M `

〈
xACod(`)

〉
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such that
f̂M ◦ ηMk

= ηM
` ◦ fM : Mk →M `

〈
xACod(`)

〉
and

f̂MA
([

xAg
])

=
[
xAf◦g

]
∈M `

〈
xACod(`)

〉
A

for every g ∈ Cod(k), where ηM
k

: Mk →Mk
〈

xACod(k)

〉
and ηM

`
: M ` →M `

〈
xACod(`)

〉
are the canonical Σ-morphisms. So we set(

αBf
)M

:= f̂MB : MBk = Mk
〈

xACod(k)

〉
B
⇁M `

〈
xACod(`)

〉
B

= MB` .

Now let k ∈ JO and let g : B1 × . . . × Bn → B be a function symbol of Σ: we must
define (

gk
)M

: MBk
1
× . . .×MBk

n
⇁MBk ,

i.e. (
gk
)M

: Mk
〈

xACod(k)

〉
B1

× . . .×Mk
〈

xACod(k)

〉
Bn

⇁Mk
〈

xACod(k)

〉
B
.

We know that Mk
〈

xACod(k)

〉
is a Σ-structure, so we simply set

(
gk
)M

:= g
Mk

〈
xA
Cod(k)

〉
.

Now let k ∈ JO, B ∈ ΣSort, and b ∈MBk = Mk
B; we define(

cMBk,b

)M ∈MBk = Mk
〈

xACod(k)

〉
B
.

We set (
cMBk,b

)M
:=
[
cM

k

B,b

]
= ηM

k

B (b) ∈Mk
〈

xACod(k)

〉
B
.

Lastly, we set

xMAi :=
[
xAidi
]
∈MAi = M i

〈
xACod(i)

〉
A
.

This completes the definition of the partial ΣJ (M, xAi)-structure M.
Observe (cf. Definition 5.1.2) that for any k ∈ JO we have

Mk = Mk
〈

xACod(k)

〉
.

Now we show that M |= TJ (M, xAi). First, we show that M |= TJ . To show that M
satisfies Axiom 5.1.5.1, let f : k → ` be any morphism in J , and let B ∈ ΣSort. We

must show that
(
αBf
)M

: MBk → MB` is a total function. But this follows because(
αBf
)M

:= f̂MB and f̂M is a Σ-morphism.
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To show that M satisfies Axiom 5.1.5.2, let k ∈ JO and B ∈ ΣSort. We must show

that
(
αBidk
)M

:=
(

îdMk

)
B

: MBk →MBk is the identity function. Since FM : J → T-

mod is functorial, we know that FM(idk) = idMk : Mk → Mk is the identity Σ-

morphism, which then implies that îdMk : Mk
〈

xACod(k)

〉
→Mk

〈
xACod(k)

〉
is the identity

Σ-morphism, which yields the desired result. The fact that
(
αBg
)M◦(αBf )M =

(
αBg◦f

)M
for any composable f, g ∈ JA is shown similarly, so that M satisfies Axiom 5.1.5.3.

To show that M satisfies Axiom 5.1.5.4, it suffices to show that for any arrow
f : k → ` in J , the collection of total functions((

αBf
)M

: MBk = Mk
B →MB` = M`

B

)
B∈Σ

is a Σ-morphism Mk → M`, i.e. Mk
〈

xACod(k)

〉
→ M `

〈
xACod(`)

〉
. But by definition of

M, we know that this collection of total functions is equal to the collection(
f̂MB

)
B∈Σ

= f̂M : Mk
〈

xACod(k)

〉
→M `

〈
xACod(`)

〉
,

which is a Σ-morphism.
Finally, we must show that M satisfies Axiom 5.1.5.5. To do this, it suffices to

show for any k ∈ JO that Mk is a model of T. But we have Mk = Mk
〈

xACod(k)

〉
,

and Mk
〈

xACod(k)

〉
is a model of T, since Mk is a model of T (by Lemma 5.1.7, since

M |= TJ ). This completes the proof that M |= TJ .
Now we must show that M |= TJ (M). First, for any k ∈ JO, any B ∈ ΣSort, and

any b ∈MBk = Mk
B, we must show that M satisfies the TJ (M)-axiom

> ` cMBk,b ↓ .

But this is true, because
(
cM
Bk,b

)M
∈MBk is defined, by construction of M.

Now let k ∈ JO, let g : B1 × . . . × Bn → B be a function symbol of Σ, and let
b1 ∈ MBk

1
, . . . , bn ∈ MBk

n
with (b1, . . . , bn) ∈ dom

(
(gk)M

)
and (gk)M(b1, . . . , bn) = b ∈

MBk . We must show that M satisfies the TJ (M)-axiom

> ` gk
(
cMBk

1 ,b1
, . . . , cMBk

n,bn

)
= cMBk,b.

We have

(gk)M
((

cMBk
1 ,b1

)M
, . . . ,

(
cMBk

n,bn

)M)
= g

Mk
〈
xA
Cod(k)

〉 ([
cM

k

B1,b1

]
, . . . ,

[
cM

k

Bn,bn

])
=
[
g
(
cM

k

B1,b1
, . . . , cM

k

Bn,bn

)]
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=
[
cM

k

B,gMk (b1,...,bn)

]
=
[
cM

k

B,(gk)M (b1,...,bn)

]
=
[
cM

k

B,b

]
=
(
cMBk,b

)M
,

as desired.
Next, let f : k → ` be any morphism of J and let B ∈ ΣSort, so that αBf : Bk →

B`. Suppose that s1 ∈ MBk = Mk
B and

(
αBf
)M

(s1) = s2 ∈ MB` = M `
B. We must

show that M satisfies the TJ (M)-axiom

> ` αBf
(
cMBk,s1

)
= cMB`,s2

.

We have (
αBf
)M ((

cMBk,s1

)M)
= f̂MB

([
cM

k

B,s1

])
= f̂MB

(
ηM

k

B (s1)
)

= ηM
`

B

(
fMB (s1)

)
= ηM

`

B

((
αBf
)M

(s1)
)

= ηM
`

B (s2)

=
[
cM

`

B,s2

]
=
(
cMB`,s2

)M
,

as desired. This completes the proof that M |= TJ (M).
Finally, we have that M satisfies the sequent > ` xAi ↓, since xMAi =

[
xAidi
]
∈

MAi = M i
〈

xACod(i)

〉
A

is defined. This completes the proof that M |= TJ (M, xAi).

Now we prove the following claim, where we write Mk
+ :=

(
Mk,

([
xAf
])
f∈Cod(k)

)
for k ∈ JO, so that

Mk
+ =

(
Mk,

([
xAf
])
f∈Cod(k)

)
=
(
Mk

〈
xACod(k)

〉
,
([

xAf
])
f∈Cod(k)

)
is a Σ

(
Mk, xACod(k)

)
-structure that is the initial model of T

(
Mk, xACod(k)

)
. Recall

that if v ∈ Termc(ΣJ (M, xAi))∗ is of sort Bk for some B ∈ ΣSort and k ∈ JO, then

θ(v) ∈ Termc
(

Σ
(
Mk, xACod(k)

))
is a term of sort B.
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Claim. If v ∈ Termc(ΣJ (M, xAi))∗ is of sort Bk for some B ∈ ΣSort and k ∈ JO, then

vM ∈ MBk is defined iff θ(v)M
k
+ ∈

(
Mk

+

)
B

= Mk
B = Mk

〈
xACod(k)

〉
B

is defined, and if

both are defined, then

vM = [θ(v)] = θ(v)M
k
+ ∈MBk = Mk

〈
xACod(k)

〉
B
.

Proof: This is proved by induction on terms v ∈ Termc(ΣJ (M, xAi))∗:

• If v ≡ xAi , then both
vM = xMAi =

[
xAidi
]

and
θ(v)M

i
+ = θ(xAi)M

i
+ =

(
xAidi
)Mi

+ =
[
xAidi
]

are defined, and (as indicated) we have

vM = [θ(v)] = θ(v)M
i
+ .

• If v ≡ cM
Bk,b

: Bk for some k ∈ JO, B ∈ ΣSort, and b ∈MBk = Mk
B, then both

vM =
(
cMBk,b

)M
=
[
cM

k

B,b

]
and

θ(v)M
k
+ = θ

(
cMBk,b

)Mk
+ =

(
cM

k

B,b

)Mk
+

=
(
cM

k

B,b

)Mk
〈
xA
Cod(k)

〉
=
[
cM

k

B,b

]
are defined, and (as indicated) we have

vM = [θ(v)] = θ(v)M
k
+ .

• If v ≡ αAf (xAi) : Ak for some f : i→ k ∈ J , then both

vM = αAf (xAi)M =
(
αAf
)M (

xMAi

)
= f̂MA

([
xAidi
])

=
[
xAf◦idi

]
=
[
xAf
]

and
θ(v)M

k
+ = θ

(
αAf (xAi)

)Mk
+ =

(
xAf
)Mk

+ =
[
xAf
]

are defined, and (as indicated) we have

vM = [θ(v)] = θ(v)M
k
+ .
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• Suppose that v ≡ gk(v1, . . . , vn) for some k ∈ JO and function symbol g :
B1 × . . . × Bn → B in Σ and terms v1, . . . , vn ∈ Termc(ΣJ (M, xAi))∗ with
v` : Bk

` for each 1 ≤ ` ≤ n. If vM = gk(v1, . . . , vn)M ∈ MBk is defined, then
vM1 ∈ MBk

1
, . . . , vMn ∈ MBk

n
are all defined, so by the induction hypothesis it

follows that θ(v1)M
k
+ ∈ Mk

〈
xACod(k)

〉
B1

, . . . , θ(vn)M
k
+ ∈ Mk

〈
xACod(k)

〉
Bn

are all

defined and moreover

vM` = [θ(v`)] = θ(v`)
Mk

+ ∈Mk
〈

xACod(k)

〉
B`

for each 1 ≤ ` ≤ n. Since gk(v1, . . . , vn)M ∈MBk is defined, it follows that

(vM1 , . . . , v
M
n ) ∈ dom

((
gk
)M)

= dom

(
g
Mk

〈
xA
Cod(k)

〉)
,

i.e.

([θ(v1)], . . . , [θ(vn)]) ∈ dom

(
g
Mk

〈
xA
Cod(k)

〉)
,

which means by definition of Mk
〈

xACod(k)

〉
that

T
(
Mk, xACod(k)

)
` g(θ(v1), . . . , θ(vn)) ↓,

i.e.
T
(
Mk, xACod(k)

)
` θ(v) ↓ .

Since Mk
+ is a model (in fact, the initial model) of T

(
Mk, xACod(k)

)
, it follows

by soundness of partial Horn logic that

Mk
+ |= θ(v) ↓,

so that θ(v)M
k
+ is defined, as desired. To show that θ(v)M

k
+ being defined im-

plies that vM is defined, one essentially reverses the above reasoning (using [19,

Theorem 23] - the fact that provability of a closed equation in T
(
Mk, xACod(k)

)
coincides with its satisfaction in the initial model Mk

+).

Finally, if both vM and θ(v)M
k
+ are defined, then by the induction hypothesis

we obtain that

vM` = [θ(v`)] = θ(v`)
Mk

+ ∈Mk
〈

xACod(k)

〉
B`

for each 1 ≤ ` ≤ n, which yields

vM = gk(v1, . . . , vn)M
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=
(
gk
)M (

vM1 , . . . , v
M
n

)
= g

Mk
〈
xA
Cod(k)

〉
([θ(v1)], . . . , [θ(vn)])

= [g(θ(v1), . . . , θ(vn))]

= [θ(gk(v1, . . . , vn))]

= [θ(v)],

as well as

θ(v)M
k
+ = θ(gk(v1, . . . , vn))M

k
+

= g(θ(v1), . . . , θ(vn))M
k
+

= gM
k
+

(
θ(v1)M

k
+ , . . . , θ(vn)M

k
+

)
= (gk)M

(
vM1 , . . . , v

M
n

)
= gk(v1, . . . , vn)M

= vM,

as desired.

We at last prove the actual statement of the proposition. So let s, t ∈ Termc(ΣJ (M, xAi))∗

with s, t : Cj for some C ∈ ΣSort and j ∈ JO, and suppose that TJ (M, xAi) ` s = t.

Since Mj
+ is the initial model of T

(
M j, xACod(j)

)
, then to show that T

(
M j, xACod(j)

)
`

θ(s) = θ(t), it suffices by [19, Theorem 23] to show that Mj
+ satisfies the sequent

> ` θ(s) = θ(t). Since M |= TJ (M, xAi), it follows by hypothesis and the soundness
of partial Horn logic that M |= s = t. Then sM, tM are defined and equal, which

implies by the Claim that θ(s)M
j
+ , θ(t)M

j
+ are defined and equal. So Mj

+ satisfies the
desired equation, which completes the proof of Proposition 5.1.29.

Lemma (5.1.30). Let T′ be any quasi-equational theory over a relation-free signature
Σ′, let B ∈ Σ′Sort, and let C be a (possibly infinite) set of constants of sort B with
C ∩ Σ′Fun = ∅. Let Σ′(C) be the signature with Σ′(C)Sort := Σ′Sort and Σ′(C)Fun :=
Σ′Fun ∪ C, and let T′(C) be the quasi-equational theory over the signature Σ′(C) whose
axioms are those of T′ together with the axioms > ` c ↓ for all c ∈ C.

Let s, t ∈ Termc(Σ′(C)) be closed terms over Σ′(C) of the same sort such that at
least one of s and t contains a constant from C, and let {c1, . . . , cn} be the (finite,
non-empty) set of all and only those constants of C that occur in either s or t. Let
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Σ′(c1, . . . , cn) and T′(c1, . . . , cn) be the signature and theory defined analogously to
Σ′(C) and T′(C). Then

T′(C) ` s = t =⇒ T′(c1, . . . , cn) ` s = t.

Proof: Suppose that T′(C) ` s = t. To prove that T′(c1, . . . , cn) ` s = t, it suffices
by completeness of partial Horn logic to show that any Σ′(c1, . . . , cn)-structure M with
M |= T′(c1, . . . , cn) satisfies M |= s = t. And to show this, it suffices by the hypoth-
esis and soundness of partial Horn logic to show that any Σ′(c1, . . . , cn)-structure M
with M |= T′(c1, . . . , cn) can be expanded to a Σ′(C)-structure M ′ with M ′ |= T′(C).
So we must set M ′|Σ′(c1,...,cn) := M , and for any constant c ∈ C \ {c1, . . . , cn}, we
set cM

′
:= cM1 ∈ MB = M ′

B (which we can do, because {c1, . . . , cn} is non-empty by
assumption). Then we clearly have M ′ |= T′(C), which completes the proof.

Lemma (5.1.31). Let M ∈ PTJmod and k ∈ JO and B ∈ ΣSort, and suppose that

u ∈ Termc
(

Σ
(
Mk, xBCod(k)

))
is of sort B and

T
(
Mk, xBCod(k)

)
` u = xBidk .

If T(Mk) is non-trivial for the sort B, then u contains at least one occurrence of xBidk .

Proof: Assume all of the hypotheses, but suppose towards a contradiction that u
does not contain any occurrence of xBidk . Let

Σ
(
Mk, xBCod(k)

)−
:= Σ

(
Mk, xBCod(k)

)
\
{

xBidk
}
,

and let

T
(
Mk, xBCod(k)

)−
:= T

(
Mk, xBCod(k)

)
\
{
> ` xBidk ↓

}
,

a quasi-equational theory over the signature Σ
(
Mk, xBCod(k)

)−
. Since u does not

contain xBidk , it follows by the theorem on constants (Remark 1.3.17) that if y, y′ : B
are distinct variables, then

T
(
Mk, xBCod(k)

)−
`y:B u = y

and

T
(
Mk, xBCod(k)

)−
`y′:B u = y′,

so that

T
(
Mk, xBCod(k)

)−
`y,y′:B y = y′.
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Now let x, x′ : B be distinct constant symbols with x, x′ /∈ Σ
(
Mk, xBCod(k)

)−
. By the

theorem on constants again, we then obtain

T
(
Mk, xBCod(k)

)−
∪ {> ` x ↓ ∧ x′ ↓} ` x = x′.

By Lemma 5.1.30, it then follows that

T(Mk) ∪ {> ` x ↓ ∧ x′ ↓} ` x = x′.

By yet another application of the theorem on constants, it finally follows that

T(Mk) `y,y′ y = y′,

with y, y′ : B distinct variables, contrary to the supposition that T(Mk) is non-trivial
for the sort B. So u must contain at least one occurrence of xBidk , as desired.

Lemma (5.1.34). Let M ∈ PTJmod. Let u, s, t ∈ Termc(ΣJ (M, xAi))∗ for some
A ∈ ΣSort and i ∈ JO, with u : Ci and s, t : Di for some C,D ∈ ΣSort. Suppose that
u ≡ hi(u1, . . . , um) for some function symbol h : C1 × . . .× Cm → C of Σ and i-local
terms u1, . . . , um ∈ Termc(ΣJ (M, xAi))∗ with u` : Ci

` and TJ (M, xAi) ` u` ↓ for each
1 ≤ ` ≤ m, and assume that u` commutes generically with each f : i→ i in J .

If TJ (M, xAi) proves the sequent

u ↓ ` s = t,

then T(M i, xA) proves the sequent

θ∗(u) ↓ ` θ∗(s) = θ∗(t).

Proof: First, it is trivial to see that the signature morphism

λi : Σ
(
M i, xACod(i)

)
→ Σ(M i, xA)

from Definition 5.1.32 is in fact a theory morphism

λi : T
(
M i, xACod(i)

)
→ T(M i, xA).

Now let u, s, t ∈ Termc(ΣJ (M, xAi))∗ with u : Ci and s, t : Di for some C,D ∈ ΣSort.
We will not need to assume anything about u until near the end of the proof.

Let ` ∈ JO, and let JA(i, `) be the set of arrows in J from i to `. For
any such arrow f : i → `, we have by Lemma 5.1.26 an α-restricted term uf ∈
Termc(ΣJ (M, xAi))∗ with uf : C` such that TJ (M, xAi) proves the sequent

u ↓ ` αCf (u) = uf
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and θ∗
(
uf
)
∈ Termc(Σ(M `, xA)).

For any ` ∈ JO, consider the quasi-equational theory

T(M `, xA) ∪
{
> ` θ∗

(
uf
)
↓ : f ∈ JA(i, `)

}
over the signature Σ(M `, xA), and let us denote the Σ-reduct of the initial model of
this theory by

M `
〈

xA, θ
∗ (uf)

f :i→`

〉
.

For any B ∈ ΣSort,

M `
〈

xA, θ
∗ (uf)

f :i→`

〉
B

=

{
[v] : v ∈ Termc(Σ(M `, xA))B and

T(M `, xA) ∪
{
> ` θ∗

(
uf
)
↓ : f ∈ JA(i, `)

}
` v ↓

}
.

These models have the following universal property, which can be easily derived from

the initiality in the definition of M `
〈

xA, θ
∗ (uf)

f :i→`

〉
. Recall that if N ∈ PTmod

and h : M ` → N is a Σ-morphism, then Nh is the Σ(M `)-structure from Lemma
2.2.4 with Nh|Σ = N and Nh |= T(M `).

Claim. Let ` ∈ JO. If N ∈ PTmod, then for any Σ-morphism h : M ` → N and any
element nA ∈ NA such that (

Nh, nA
)
|= θ∗(ug) ↓

for each g ∈ JA(i, `), there is a unique Σ-morphism

ĥ : M `
〈

xA, θ
∗ (uf)

f :i→`

〉
→ N

with the property that
ĥ ◦ ηM`

= h : M ` → N

and
ĥA ([xA]) = nA ∈ NA

(where ηM
`

: M ` →M `
〈

xA, θ
∗ (uf)

f :i→`

〉
is the canonical Σ-morphism).

As in the proof of Proposition 5.1.29, we now define a ΣJ (M, xAi)-structure M that
will be a model of TJ (M, xAi) ∪ {> ` u ↓}. For any B ∈ ΣSort and ` ∈ JO we set

MB` := M `
〈

xA, θ
∗ (uf)

f :i→`

〉
B
.

Now let g : `→ `′ be any morphism of J and let B ∈ ΣSort: we must define(
αBg
)M

: MB` ⇁MB`′ .
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We know that gM := FM(g) : M ` →M `′ is a Σ-morphism, so we have a Σ-morphism

ηM
`′ ◦ gM : M ` →M `′

〈
xA, θ

∗ (uf)
f :i→`′

〉
.

We also have
[xA] ∈M `′

〈
xA, θ

∗ (uf)
f :i→`′

〉
A
.

It is then tedious but not difficult to show that(
M `′

〈
xA, θ

∗ (uf)
f :i→`′

〉ηM`′ ◦gM
, [xA]

)
|= θ∗(uh) ↓

for each h ∈ JA(i, `), since the interpretation of θ∗(uh) in this Σ(M `, xA)-structure
will be [

θ∗
(
ug◦h

)]
∈M `′

〈
xA, θ

∗ (uf)
f :i→`′

〉
C
,

because
T
(
M `′ , xA

)
∪
{
> ` θ∗

(
uf
)
↓ : f ∈ JA(i, `′)

}
` θ∗

(
ug◦h

)
↓,

as g ◦ h ∈ JA(i, `′). Then by the universal property of M `
〈

xA, θ
∗ (uf)

f :i→`

〉
in the

above Claim, there is a unique Σ-morphism

ĝM : M `
〈

xA, θ
∗ (uf)

f :i→`

〉
→M `′

〈
xA, θ

∗ (uf)
f :i→`′

〉
such that

ĝM ◦ ηM`

= ηM
`′ ◦ gM : M ` →M `′

〈
xA, θ

∗ (uf)
f :i→`′

〉
and

ĝMA ([xA]) = [xA] ∈M `′
〈

xA, θ
∗ (uf)

f :i→`′

〉
A
.

So we set(
αBg
)M

:= ĝMB : MB` = M `
〈

xA, θ
∗ (uf)

f :i→`

〉
B
⇁M `′

〈
xA, θ

∗ (uf)
f :i→`′

〉
B

= MB`′ .

Now let ` ∈ JO and let g : B1 × . . . × Bn → B be a function symbol of Σ: we must
define (

g`
)M

: MB`
1
× . . .×MB`

n
⇁MB` ,

i.e. (
g`
)M

: M `
〈

xA, θ
∗ (uf)

f :i→`

〉
B1

× . . .×M `
〈

xA, θ
∗ (uf)

f :i→`

〉
Bn

⇁M `
〈

xA, θ
∗ (uf)

f :i→`

〉
B
.
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We know that M `
〈

xA, θ
∗ (uf)

f :i→`

〉
is a Σ-structure, so we simply set

(
g`
)M

:= g
M`
〈
xA,θ

∗(uf)
f :i→`

〉
.

Now let ` ∈ JO, B ∈ ΣSort, and b ∈MB` = M `
B; we define(

cMB`,b

)M ∈MB` = M `
〈

xA, θ
∗ (uf)

f :i→`

〉
B
.

We set (
cMB`,b

)M
:=
[
cM

`

B,b

]
= ηM

`

B (b) ∈M `
〈

xA, θ
∗ (uf)

f :i→`

〉
B
.

Lastly, we set

xMAi := [xA] ∈MAi = M i
〈

xA, θ
∗ (uf)

f :i→i

〉
A
.

This completes the definition of the partial ΣJ (M, xAi
)-structure M.

Observe (cf. Definition 5.1.2) that for any ` ∈ JO we have

M` = M `
〈

xA, θ
∗ (uf)

f :i→`

〉
.

The verification that M |= TJ (M, xAi
) is now essentially identical to the analogous

verification in the proof of Proposition 5.1.29.
We now have the following claim, whose proof is almost identical to the proof of

the analogous claim in the proof of Proposition 5.1.29. Recall that if v ∈ Termc(ΣJ (M, xAi
))∗

is of sort B` for some B ∈ ΣSort and ` ∈ JO, then θ∗(v) ∈ Termc(Σ(M `, xA))B and
hence can be interpreted in the Σ(M `, xA)-structure

M`
+ :=

(
M`, [xA]

)
=
(
M `
〈

xA, θ
∗ (uf)

f :i→`

〉
, [xA]

)
.

Claim. If v ∈ Termc(ΣJ (M, xAi
))∗ is of sort B` for some B ∈ ΣSort and ` ∈ JO, then

vM ∈ MB` is defined iff θ∗(v)M
`
+ ∈ M`

B = M `
〈

xA, θ
∗ (uf)

f :i→`

〉
B

is defined, and if

both are defined, then

vM = [θ∗(v)] = θ∗(v)M
`
+ ∈MB` = M `

〈
xA, θ

∗ (uf)
f :i→`

〉
B
.

Finally, we show that M |= u ↓, i.e. that uM is defined in MCi (recall that u :
Ci). By the preceding Claim, it is equivalent to show that θ∗(u)M

i
+ ∈ Mi

C =

M i
〈

xA, θ
∗ (uf)

f :i→i

〉
C

is defined. Since Mi
+ is a model (in fact, the initial model)
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of T(M i, xA)∪
{
> ` θ∗

(
uf
)
↓ : f ∈ JA(i, i)

}
, it suffices by soundness of partial Horn

logic to show that this theory proves the sequent > ` θ∗(u) ↓. But this is true because

θ∗(u) ≡ θ∗
(
uid

i
)

(since u ≡ uid
i
) and this theory (by definition) does indeed prove

the sequent > ` θ∗
(
uid

i
)
↓. Thus, we have proven that M is a ΣJ (M, xAi)-structure

that is a model of TJ (M, xAi) ∪ {> ` u ↓}.
Now let us finally prove the actual statement of the lemma. We initially assumed

that u, s, t ∈ Termc(ΣJ (M, xAi
))∗ with u : Ci and s, t : Di for some C,D ∈ ΣSort.

Suppose in addition that TJ (M, xAi
) proves the sequent u ↓ ` s = t. Before showing

that T(M i, xA) proves the sequent θ∗(u) ↓ ` θ∗(s) = θ∗(t), we first show that the
sequent > ` θ∗(s) = θ∗(t) is a theorem of

T(M i, xA) ∪
{
> ` θ∗

(
uf
)
↓ : f ∈ JA(i, i)

}
.

Since Mi
+ is the initial model of this theory, it suffices by [19, Theorem 23] to show

that Mi
+ satisfies the sequent > ` θ∗(s) = θ∗(t). Since M |= TJ (M, xAi

), it follows
by hypothesis and the soundness of partial Horn logic that M satisfies the sequent
u ↓ ` s = t. Since also M |= u ↓, it then follows that M |= s = t. So sM, tM are
defined and equal, which (by the preceding Claim) implies that θ∗(s)M

i
+ , θ∗(t)M

i
+ are

defined and equal, so that Mi
+ models the sequent > ` θ∗(s) = θ∗(t), as desired.

Thus, the sequent > ` θ∗(s) = θ∗(t) is indeed a theorem of

T(M i, xA) ∪
{
> ` θ∗

(
uf
)
↓ : f ∈ JA(i, i)

}
.

Next, we wish to show that the sequent > ` θ∗(s) = θ∗(t) is a theorem of

T(M i, xA) ∪ {> ` θ∗(u) ↓}.

By what we just showed, it suffices to prove that if f ∈ JA(i, i), then > ` θ∗
(
uf
)
↓

is a theorem of
T(M i, xA) ∪ {> ` θ∗(u) ↓}.

We now invoke the additional assumptions on u made in the statement of the lemma:
namely, we assume that u ≡ hi(u1, . . . , um) for some function symbol h : C1 × . . . ×
Cm → C of Σ and i-local terms u1, . . . , um ∈ Termc(ΣJ (M, xAi

))∗ with u` : Ci
` and

TJ (M, xAi
) ` u` ↓ for each 1 ≤ ` ≤ m, and we also assume that u` commutes

generically with each f : i → i in J . The latter assumption (cf. Definition 5.1.33)
means that if f : i→ i, then

TJ (M, xAi
) ` αCf (u`) = u`[f ]

for each 1 ≤ ` ≤ m. Since TJ (M, xAi
) ` αCf (u`) = uf` (by Lemma 5.1.26), we then

obtain that
TJ (M, xAi

) ` uf` = u`[f ]
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for each 1 ≤ ` ≤ m, with both uf` , u`[f ] ∈ Termc(ΣJ (M, xAi
))∗. By Proposition 5.1.29,

we then obtain
T
(
M i, xACod(i)

)
` θ
(
uf`

)
= θ(u`[f ]).

Since
λi : T

(
M i, xACod(i)

)
→ T(M i, xA)

is a theory morphism, we then obtain

T(M i, xA) ` λi
(
θ
(
uf`

))
= λi (θ (u`[f ])) ,

i.e.
T(M i, xA) ` θ∗

(
uf`

)
= θ∗(u`[f ]).

By Lemma 5.1.36 (since u` is i-local) we have θ∗(u`[f ]) ≡ θ∗(u`), and thus

T(M i, xA) ` θ∗
(
uf`

)
= θ∗(u`).

Altogether, we want to show for f : i → i that the sequent > ` θ∗
(
uf
)
↓, i.e. the

sequent > ` h
(
θ∗
(
uf1

)
, . . . , θ∗

(
ufm
))
↓, is provable in the theory

T(M i, xA) ∪ {> ` θ∗(u) ↓},

i.e. the theory
T(M i, xA) ∪ {> ` h(θ∗(u1), . . . , θ∗(um)) ↓}.

But this follows from the just mentioned fact that

T(M i, xA) ` θ∗
(
uf`

)
= θ∗(u`)

for each 1 ≤ ` ≤ m.
This proves that the sequent > ` θ∗(s) = θ∗(t) is a theorem of

T(M i, xA) ∪ {> ` θ∗(u) ↓}.

By the deduction theorem for partial Horn logic (cf. Remark 1.3.17), it then follows
that T(M i, xA) proves the sequent

θ∗(u) ↓ ` θ∗(s) = θ∗(t),

which completes the proof of Lemma 5.1.34.
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Lemma (5.1.35). Let M ∈ PTJmod and A ∈ ΣSort and i ∈ JO. For any s, t ∈
Termc(ΣJ (M, xAi))∗ with s, t : Ck for some k ∈ JO and C ∈ ΣSort, if TJ (M, xAi)
proves the sequent

> ` s = t,

then T(Mk, xA) proves the sequent

> ` θ∗(s) = θ∗(t).

Proof: Suppose that TJ (M, xAi) ` s = t. By Proposition 5.1.29, it then follows
that

T
(
Mk, xACod(k)

)
` θ(s) = θ(t),

since s, t : Ck. Since

λk : T
(
Mk, xACod(k)

)
→ T(Mk, xA)

is a theory morphism by the proof of Lemma 5.1.34, it then follows that

T(M, xA) ` θ∗(s) ≡ λk(θ(s)) = λk(θ(t)) ≡ θ∗(t),

as desired.

Lemma (5.1.36). Let M ∈ PTJmod, let u ∈ Termc(ΣJ (M, xAi))∗ be i-local for some
i ∈ JO and A ∈ ΣSort, and let f ∈ Cod(i). Then

θ∗(u) ≡ θ∗(u[f ]) ∈ Termc(Σ(M i, xA)).

Proof: Let f : j → i. We prove the lemma by induction on i-local terms
u ∈ Termc(ΣJ (M, xAi))∗:

• If u ≡ xAi : Ai, then u[f ] ≡ αAf (xAj). Then we have

θ∗(xAi) ≡ λi(θ(xAi)) ≡ λi
(
xAidi
)
≡ xA ≡ λi

(
xAf
)
≡ λi(θ(α

A
f (xAj))) ≡ θ∗(u[f ]).

• Suppose u ≡ αAg (xAi) : Ai for some arrow g : i→ i in J . Then u[f ] ≡ αAg◦f (xAj).
We then have

θ∗(u) ≡ θ∗(αAg (xAi))

≡ λi(θ(α
A
g (xAi)))

≡ λi
(
xAg
)

≡ xA

≡ λi
(
xAg◦f

)
≡ λi(θ(α

A
g◦f (xAj)))

≡ θ∗(u[f ]).
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• If u ≡ cMBi,s : Bi for some sort B ∈ Σ and s ∈ MBi , then u[f ] ≡ u ≡ cMBi,s. So
then the desired result obviously holds.

• The induction step for function symbols in Σ is straightforward.

Lemma (5.1.37). Let M ∈ PTJmod, let u, v ∈ Termc(ΣJ (M, xAi))∗ for some A ∈
ΣSort and i ∈ JO with v : Ai, and suppose that TJ (M, xAi) ` u, v ↓. Suppose also that
u, v are i-local, and that v commutes generically with every arrow f : i → i in J .
Then

T(M i, xA) ` θ∗ (u[v/xAi ]′) = θ∗(u)[θ∗(v)/xA],

where u[v/xAi ]′ is the α-restricted variant of u[v/xAi ] from Lemma 5.1.27.

Proof: Fix v ∈ Termc(ΣJ (M, xAi))∗ with the properties that v : Ai and TJ (M, xAi) `
v ↓ and v is i-local, and assume that v commutes generically with every f : i → i,
which means (cf. Definition 5.1.33) that

TJ (M, xAi) ` αAf (v) = v[f ].

We will prove the desired claim by induction on α-restricted, i-local terms u ∈
Termc(ΣJ (M, xAi))∗ with TJ (M, xAi) ` u ↓:

• If u ≡ xAi : Ai, then TJ (M, xAi) ` u ↓ and u[v/xAi ] ≡ v. Since θ∗(u) ≡
θ∗(xAi) ≡ xA, we must show

T(M i, xA) ` θ∗(v′) = θ∗(v).

By Lemma 5.1.27 and the assumption that TJ (M, xAi) ` v ↓, we know that
TJ (M, xAi) ` v = v′. Then the desired result follows by Lemma 5.1.35.

• Suppose u ≡ αAg (xAi) for some g : i → i ∈ JA (since u is i-local). Then
TJ (M, xAi) ` u ↓, and we have u[v/xAi ] ≡ αAg (v). By Lemma 5.1.27 and the
assumption that v commutes generically with g, we have

TJ (M, xAi) ` αAg (v)′ = αAg (v) = v[g].

Since
θ∗(u) ≡ θ∗(αAg (xAi)) ≡ λi(θ(α

A
g (xAi))) ≡ λi(xAg ) ≡ xA,

it now suffices (by Lemma 5.1.35) to show

T(M i, xA) ` θ∗(v[g]) = θ∗(v).

But this follows by Lemma 5.1.36 (since v is i-local) and the fact that T(M i, xA) `
θ∗(v) ↓ (which itself follows from Lemma 5.1.35 and the assumption that TJ (M, xAi) `
v ↓).
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• Suppose u ≡ cMDi,s for some D ∈ ΣSort and s ∈ MDi . Then TJ (M, xAi) ` u ↓,

and we have u[v/xAi ] ≡ u ≡ cMDi,s, as well as u[v/xAi ]′ ≡
(
cMDi,s

)′
≡ cMDi,s by the

proof of Lemma 5.1.27. Also, we have θ∗(u) ≡ θ∗
(
cMDi,s

)
≡ cM

i

D,s. So our goal is

now to show
T(M i, xA) ` θ∗

(
cMDi,s

)
= θ∗

(
cMDi,s

)
,

i.e.
T(M i, xA) ` cM i

D,s = cM
i

D,s,

which is true, because T(M i, xA) ` cM i

D,s ↓.

• The induction step for function symbols in Σ is straightforward.

Lemma (5.1.38). Let M ∈ PTJmod and A ∈ ΣSort and i ∈ JO, and let u ∈
Termc(ΣJ (M, xAi))∗ be an α-restricted, i-local term of sort Bi for some B ∈ ΣSort

with TJ (M, xAi) ` u ↓. Let f : i → ` be an arbitrary arrow of J with dom(f) = i.
Then αBf (u) has an α-restricted variant αBf (u)′ by Lemma 5.1.27, and αBf (u)′ : B`,

so that θ∗
(
αBf (u)′

)
∈ Termc

(
Σ
(
M `, xA

))
. And θ∗(u) ∈ Termc (Σ (M i, xA)), so that

ρAfM (θ∗(u)) ∈ Termc(Σ(M `, xA)), where ρAfM : T(M i, xA) → T(M `, xA) is the theory

morphism induced by the Σ-morphism fM := FM(f) : M i →M `. Then

T(M `, xA) ` θ∗
(
αBf (u)′

)
= ρAfM (θ∗(u)).

Proof: We prove the lemma by induction on i-local terms u ∈ Termc(ΣJ (M, xAi))∗

with TJ (M, xAi) ` u ↓.

• If u ≡ xAi : Ai, then TJ (M, xAi) ` u ↓ and

ρAfM (θ∗(u)) ≡ ρAfM (θ∗(xAi)) ≡ ρAfM (xA) ≡ xA.

By the proof of Lemma 5.1.27, we also have

θ∗(αAf (u)′) ≡ θ∗(αAf (xAi)′) ≡ θ∗(αAf (xAi)) ≡ xA.

So we must prove
T(M `, xA) ` xA = xA,

which is true because T(M `, xA) ` xA ↓.
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• Suppose u ≡ cMBi,s : Bi for some sort B ∈ Σ and s ∈ MBi = M i
B. Then

TJ (M, xAi) ` u ↓, and we have

ρAfM (θ∗(u)) ≡ ρAfM
(
θ∗
(
cMBi,s

))
≡ ρAfM

(
cM

i

B,s

)
≡ cM

`

B,fM (s) ≡ cM
`

B,(αB
f )

M
(s)
.

By the proofs of Lemmas 5.1.26 and 5.1.27, we also have

θ∗
(
αBf (u)′

)
≡ θ∗

(
αBf
(
cMBi,s

)′)
≡ θ∗

(((
cMBi,s

)′)f)
≡ θ∗

((
cMBi,s

)f)
≡ θ∗

(
cM
B`,(αB

f )
M

(s)

)
≡ cM

`

B,(αB
f )

M
(s)
.

So we must show that

T(M `, xA) ` cM`

B,(αB
f )M (s) = cM

`

B,(αB
f )M (s),

but this is true because T(M `, xA) ` cM`

B,(αB
f )M (s)

↓.

• Suppose u ≡ αAg (xAi) : Ai for some g : i → i in J (because u is i-local). Then
TJ (M, xAi) ` u ↓, and we have

ρAfM (θ∗(u)) ≡ ρAfM (θ∗(αAg (xAi))) ≡ ρAfM (xA) ≡ xA,

as well as

θ∗
(
αAf (u)′

)
≡ θ∗

(
αAf
(
αAg (xAi)

)′)
≡ θ∗

((
αAg (xAi)′

)f)
≡ θ∗

(
αAg (xAi)f

)
≡ θ∗

(
αAf◦g(xAi)

)
≡ xA.

So we must prove T(M `, xA) ` xA = xA, which is true because T(M `, xA) ` xA ↓.

• Suppose u ≡ gi(u1, . . . , un) : Bi for some g : B1 × . . . × Bn → B in Σ and
i-local terms u1, . . . , un ∈ Termc(ΣJ (M, xAi))∗ with uj : Bi

j for each 1 ≤ j ≤ n,
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and suppose that TJ (M, xAi) ` u ↓. Then by the rules of partial Horn logic,
it follows that TJ (M, xAi) ` uj ↓ for each 1 ≤ j ≤ n. So by the induction
hypothesis, we obtain for each 1 ≤ j ≤ n that

T(M `, xA) ` θ∗
(
α
Bj

f (uj)
′
)

= ρAfM (θ∗(uj)).

Since TJ (M, xAi) ` u ≡ gi(u1, . . . , un) ↓, it follows by Axiom 5.1.5.4 that

TJ (M, xAi) ` αBf (u) ≡ αBf (gi(u1, . . . , un)) = g`
(
αB1
f (u1), . . . , αBn

f (un)
)
.

Then since
TJ (M, xAi) ` αBf (u) = αBf (u)′

and TJ (M, xAi) proves the following sequence of equations

g`
(
αB1
f (u1), . . . , αBn

f (un)
)

= g`
(
αB1
f (u1), . . . , αBn

f (un)
)′

≡ g`
(
αB1
f (u1)′, . . . , αBn

f (un)′
)

by Lemma 5.1.27, it follows by Lemma 5.1.35 that

T(M `, xA) ` θ∗
(
αBf (u)′

)
= θ∗

(
g`
(
αB1
f (u1)′, . . . , αBn

f (un)′
))
,

i.e.
T(M `, xA) ` θ∗

(
αBf (u)′

)
= g

(
θ∗
(
αB1
f (u1)′

)
, . . . , θ∗

(
αBn
f (un)′

))
.

So to obtain the desired result, it suffices to show that

T(M `, xA) ` g
(
θ∗
(
αB1
f (u1)′

)
, . . . , θ∗

(
αBn
f (un)′

))
= ρAfM

(
θ∗(gi(u1, . . . , un))

)
.

But the following sequence of equations is provable in T(M `, xA), as desired:

g
(
θ∗
(
αB1
f (u1)′

)
, . . . , θ∗

(
αBn
f (un)′

))
= g

(
ρAfM (θ∗(u1)), . . . , ρAfM (θ∗(un))

)
≡ ρAfM (g (θ∗(u1), . . . , θ∗(un)))

≡ ρAfM
(
θ∗(gi(u1, . . . , un))

)
(where the first equality follows by the induction hypothesis).

Definition (5.1.54). We define a functor

Aut(IdJ )(−) : PTJmod→ Group

as follows:



C. CHAPTER 5 PROOFS 312

• For any M ∈ PTJmod, we set

Aut(IdJ )(−)(M) := Aut(IdJ )M ∈ Group.

• For any ΣJ -morphism h : M → N ∈ PTJmod, we define a group homomor-
phism

Aut(IdJ )h : Aut(IdJ )M → Aut(IdJ )N

by
(ψB)B∈Σ 7→ (ψhB)B∈Σ,

with
ψhB(i) := ψB(i) : i

∼−→ i

for each i ∈ J N
B .

Justification. We must show that Aut(IdJ )(−) is a well-defined functor. Let h :
M → N be a morphism in PTJmod, and let ψ ∈ Aut(IdJ )M . Then ψ = (ψB)B∈Σ,
with ψB : IdJM

B
→ IdJM

B
a natural automorphism of the identity functor on JM

B ,

which is the full subcategory of J consisting of all objects i ∈ JO for which T(M i) is
non-trivial for the sort B.

Now let B ∈ Σ be an arbitrary sort; we show that the natural automorphism
ψhB : IdJN

B
→ IdJN

B
of the identity functor on J N

B is well-defined, where J N
B is the

full subcategory of J consisting of all objects i ∈ JO for which T(N i) is non-trivial
for the sort B. So let i ∈ J N

B , so that T(N i) is non-trivial for the sort B. Since
hi : M i → N i is a Σ-morphism, it follows that we have a theory morphism

ρhi : T(M i)→ T(N i)

by Definition 2.2.17. If T(M i) were trivial for the sort B, then we would have

T(M i) `y,y′ y = y′

for distinct variables y, y′ : B. Then the existence of this theory morphism would
imply that

T(N i) `y,y′ y = y′,

so that T(N i) would be trivial for the sort B, contrary to assumption. Thus, it must
be that T(M i) is non-trivial for the sort B, so that i ∈ JM

B , and hence ψB(i) : i
∼−→ i

is defined. So our definition

ψhB(i) := ψB(i) : i
∼−→ i

makes sense.
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We now show that

Aut(IdJ )h(ψ) := (ψhB)B∈Σ ∈ Aut(IdJ )N .

If B ∈ ΣSort, then since ψB is a natural automorphism of IdJM
B

, it easily follows that

ψhB is a natural automorphism of IdJN
B

. Now let g : B1× . . .×Bn → B be any function

symbol of Σ with n ≥ 1, and let i ∈ JO and 1 ≤ m ≤ n with gN
i

non-degenerate in
position m. We must show that

ψhBm
(i) = ψhB(i) : i→ i.

As before, we can easily show that gN
i

being non-degenerate in position m implies
that gM

i
is also non-degenerate in position m, and hence because ψ ∈ Aut(IdJ )M , we

obtain
ψhBm

(i) = ψBm(i) = ψB(i) = ψhB(i) : i→ i,

as required. This completes the argument that

Aut(IdJ )h(ψ) := (ψhB)B∈Σ ∈ Aut(IdJ )N .

Also, it easily follows from the definitions that

Aut(IdJ )h : Aut(IdJ )M → Aut(IdJ )N

is a group homomorphism, and that Aut(IdJ )(−) : PTJmod→ Group is functorial.

Lemma (5.2.4). Let M ∈ PTJmod, with component models M i ∈ PTmod for all
i ∈ JO, suppose that (φi)i∈J ∈

∏
i∈J ZT(M i) is compatible, and suppose that ψ ∈

Aut(IdJ )M . Then there is a unique π ∈ ZTJ (M) determined by ψ and (φi)i∈J .

Proof: Assume the hypotheses. Then we have φi ∈ ZT(M i) for each i ∈ JO.
Let γi = ([siC ])C∈Σ be the element of GT(M i) that corresponds to φi under the
isomorphism ZT(M i) ∼= GT(M i) (cf. Theorem 2.2.41). Then we have (γi)i∈J ∈∏

i∈J GT(M i). Now we show that (γi)i∈J ∈
(∏

i∈J GT(M i)
)J
. So let f : j → k be

any arrow in J ; we must show that

GT(fM)(γj) = γk,

where fM = FM(f) : M j → Mk. Unravelling the definitions, we must show for any
sort B ∈ Σ that [

ρBfM (sjB)
]

=
[
skB
]
∈Mk〈xB〉B,
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where ρBfM : Σ(M j, xB) → Σ(Mk, xB) is the signature morphism induced by the Σ-

morphism fM . By the explicit description of the isomorphisms ZT(M j) ∼= GT(M j)
and ZT(Mk) ∼= GT(Mk) (cf. the proof of Theorem 2.2.41), we have[

sjB
]

:=
(
φj
ηjB

)
B

([xB]) ∈M j〈xB〉B

and [
skB
]

:=
(
φkηkB

)
B

([xB]) ∈Mk〈xB〉B,

where ηjB : M j → M j〈xB〉 and ηkB : Mk → Mk〈xB〉 are the canonical Σ-morphisms.
Let

fM〈xB〉 : M j〈xB〉 →Mk〈xB〉

be the unique Σ-morphism with the properties

fM〈xB〉 ◦ ηjB = ηkB ◦ fM : M j →Mk〈xB〉

and
fM〈xB〉B([xB]) = [xB] ∈Mk〈xB〉B

(cf. Proposition 2.2.10). Then for any u ∈ Termc(Σ(M j, xB)) of sortB with T(M j, xB) `
u ↓, it is easy to see that

fM〈xB〉B([u]) =
[
ρBfM (u)

]
∈Mk〈xB〉B.

Since our goal is to show [
ρBfM (sjB)

]
=
[
skB
]
∈Mk〈xB〉B,

it is now equivalent to show

fM〈xB〉B
((
φj
ηjB

)
B

([xB])
)

=
(
φkηkB

)
B

([xB]) ∈Mk〈xB〉B,

i.e. (
fM〈xB〉 ◦ φjηjB

)
B

([xB]) =
(
φkηkB

)
B

([xB]).

We have

fM〈xB〉 ◦ φjηjB
= φj

fM 〈xB〉◦ηjB
◦ fM〈xB〉

= φj
ηkB◦fM

◦ fM〈xB〉

= φj
ηkB◦FM (f)

◦ fM〈xB〉

= φkηkB
◦ fM〈xB〉;
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the first equality holds because φj ∈ ZT(M j), the second equality holds by definition
of fM〈xB〉, the third equality holds by definition of fM , and the last equality holds
because the family (φi)i∈J is compatible. Then we obtain(

fM〈xB〉 ◦ φjηjB

)
B

([xB]) =
(
φkηkB
◦ fM〈xB〉

)
B

([xB])

=
(
φkηkB

)
B

(
fM〈xB〉B ([xB])

)
=
(
φkηkB

)
B

([xB]),

as desired. This completes the argument that (γi)i∈J ∈
(∏

i∈J GT(M i)
)J
.

Consequently, since ψ ∈ Aut(IdJ )M , we obtain

βM
(
(γi)i∈J , ψ

)
∈ GTJ (M).

Now, let π ∈ ZTJ (M) correspond to βM ((γi)i∈J , ψ) under the isomorphism ZTJ (M) ∼=
GTJ (M). We will show that π is determined by ψ and (φi)i∈J . So let f : M → N be
an arbitrary morphism in PTJmod with domain M , and let Bk ∈ ΣJ be any sort. If
k /∈ JM

B , then the desired result is trivial to verify. So assume that k ∈ JM
B . Then

we must show

πB
k

f =
(
φkfk◦FM (ψB(k))

)
B
◦ FN(ψB(k))B : NBk → NBk .

Since (φi)i∈J is compatible, it is equivalent to show

πB
k

f =
(
φkfk
)
B
◦ FN(ψB(k))B : NBk → NBk .

By the proof of Theorem 2.2.41 and the definition of βM , we have

πB
k

f = ρB
k

f

(
ρBMk(skB)

[
αBψB(k)(xBk)/xBk

])∗
= ρB

k

f

(
ρBMk(skB)

) [
αBψB(k)(xBk)/xBk

]∗
: NBk → NBk

(the second equality holds by Lemma 2.2.28 and since ρB
k

f fixes αBψB(k)(xBk)). Since

TJ (N, xBk) ` αBψB(k)(xBk) ↓, it follows that

αBψB(k)(xBk)∗ =
(
αBψB(k)

)N
: NBk → NBk

is a well-defined total function. Then by Lemma 2.2.29, we obtain

πB
k

f = ρB
k

f

(
ρBMk(skB)

) [
αBψB(k)(xBk)/xBk

]∗
= ρB

k

f

(
ρBMk(skB)

)∗ ◦ (αBψB(k)

)N
= ρBNk

(
ρBfk(skB)

)∗ ◦ (αBψB(k)

)N
,
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with the last equality justified by Lemma 5.1.15. So now, we are reduced to showing
that

ρBNk

(
ρBfk(skB)

)∗ ◦ (αBψB(k)

)N
=
(
φkfk
)
B
◦ FN(ψB(k))B.

However, since

FN(ψB(k))B :=
(
αBψB(k)

)N
is a bijection (since ψB(k) : k

∼−→ k is an isomorphism in J ), it is equivalent to prove
that

ρBNk

(
ρBfk(skB)

)∗
=
(
φkfk
)
B

: NBk → NBk .

Then by Lemma 5.2.3, it is equivalent to prove

ρBfk(skB)∗ =
(
φkfk
)
B

: NBk → NBk .

However, if δ : GT(Mk)
∼−→ ZT(Mk) is the isomorphism from (the proof of) Theorem

2.2.41, then (given that γk =
([
skC
])
C∈Σ

) we have

ρBfk(skB)∗ =
(
δ
(
γk
)
fk

)
B

=
(
δ
(
δ−1

(
φk
))
fk

)
B

=
(
φkfk
)
B
,

as desired. This completes the proof that π is determined by ψ and (φi)i∈J . Finally,
it is trivial to observe (cf. Definition 5.2.1) that π is the only element of ZTJ (M)
determined by ψ and (φi)i∈J , which completes the proof.

Lemma (5.2.5). Let f : M → N be a ΣJ -morphism in PTJmod, and let FM : J →
PTmod be the functor corresponding to M . Also let k ∈ JO and let g : k → k be
an arbitrary arrow in J , and let B ∈ ΣSort. Finally, let u ∈ Termc(Σ(Mk, xB)) with
T(Mk, xB) ` u ↓ and u : C. Then

αCg

(
ρB

k

f

(
ρBMk(u)

))∗
= ρBfk◦FM (g)(u)∗ ◦

(
αBg
)N

: NBk → NCk ,

where ρB
fk◦FM (g)

: Σ(Mk, xB) → Σ(Nk, xB) is the signature morphism induced by the

Σ-morphism fk ◦ FM(g) : Mk → Nk, and ρB
Mk : Σ(Mk, xB) → ΣJ (M, xBk) is the

signature morphism of Definition 5.1.12, and ρB
k

f : ΣJ (M, xBk)→ ΣJ (N, xBk) is the
signature morphism induced by f : M → N .

Proof: First, we verify that the above equation makes sense under the given hy-
potheses. Since αBg : Bk → Bk, we have (αBg )N : NBk → NBk (which is a total function
because N |= TJ ). Since T(Mk, xB) ` u ↓ and ρB

fk◦FM (g)
: T(Mk, xB) → T(Nk, xB)

is a theory morphism by Lemma 2.2.18, it follows that T(Nk, xB) ` ρB
fk◦FM (g)

(u) ↓,
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so that ρB
fk◦FM (g)

(u)∗ : NBk = Nk
B → Nk

C = NCk is a well-defined total function.
Similar remarks show that the left side of the above equation is also a well-defined
total function.

Now, we prove the above equation by induction on terms u ∈ Termc(Σ(Mk, xB))
with T(Mk, xB) ` u ↓:

• Suppose u ≡ xB : B. Then T(Mk, xB) ` u ↓. We have

αBg

(
ρB

k

f

(
ρBMk(u)

))
≡ αBg

(
ρB

k

f (xBk)
)
≡ αBg (xBk) : Bk,

along with
ρBfk◦FM (g)(u) ≡ xB : B.

Since
x∗B = id : Nk

B → Nk
B,

we must show
αBg (xBk)∗ =

(
αBg
)N

: NBk → NBk .

But for any d ∈ NBk , we have

αBg (xBk)∗(d) := αBg (xBk)(N̂,d) = (αBg )(N̂,d)
(

x
(N̂,d)

Bk

)
=
(
αBg
)N

(d),

as desired (here N̂ is the canonical expansion of N to a ΣJ (N)-structure, and

(N̂ , d) is a ΣJ (N, xBk)-structure).

• Suppose u ≡ cM
k

D,s : D for some sort D ∈ Σ and s ∈ Mk
D = MDk . Then

T(Mk, xB) ` u ↓, and we have

αDg

(
ρB

k

f

(
ρBMk(u)

))
≡ αDg

(
ρB

k

f

(
cMDk,s

))
≡ αDg

(
cNDk,f(s)

)
: Dk,

while

ρBfk◦FM (g)(u) ≡ cN
k

D,fk(FM (g)(s)) : D.

So we must show

αDg

(
cNDk,f(s)

)∗
=
(
cN

k

D,fk(FM (g)(s))

)∗
◦
(
αBg
)N

: NBk → NDk ,

i.e.
αDg

(
cNDk,f(s)

)∗
=
(
cN

k

D,fk(FM (g)(s))

)∗
: NBk → NDk

(since
(
cN

k

D,fk(FM (g)(s))

)∗
: Nk

B → Nk
D is a constant function). To show this, it is

equivalent to prove that(
αDg
)N

(fDk(s)) = fkD
(
FM(g)D(s)

)
∈ NDk .
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But
FM(g)D :=

(
αDg
)M

: Mk
D = MDk →MDk = Mk

D,

so the result follows because fkD = fDk and f : M → N is a ΣJ -morphism.

• Suppose that h : C1 × . . . × Cn → C is a function symbol of Σ, suppose that
ui ∈ Termc(Σ(Mk, xB)) is a term of sort Ci for each 1 ≤ i ≤ n, and suppose that
u ≡ h(u1, . . . , un) : C. Finally, assume that T(Mk, xB) ` u ↓, which implies (by
the rules of partial Horn logic) that T(Mk, xB) ` ui ↓ for all 1 ≤ i ≤ n. So by
the induction hypothesis, for each 1 ≤ i ≤ n we have

αCi
g

(
ρB

k

f

(
ρBMk(ui)

))∗
= ρBfk◦FM (g)(ui)

∗ ◦
(
αBg
)N

: NBk → NCk
i
.

Now, we have

αCg

(
ρB

k

f

(
ρBMk(u)

))
≡ αCg

(
ρB

k

f

(
ρBMk (h (u1, . . . , un))

))
≡ αCg

(
ρB

k

f

(
hk
(
ρBMk(u1), . . . , ρBMk(un)

)))
≡ αCg

(
hk
(
ρB

k

f

(
ρBMk(u1)

)
, . . . , ρB

k

f

(
ρBMk(un)

)))
.

Since T(Mk, xB) ` h(u1, . . . , un) ↓, the existence of the theory morphisms ρB
Mk :

T(Mk, xB)→ TJ (M, xBk) and ρB
k

f : TJ (M, xBk)→ TJ (N, xBk) implies that

TJ (N, xBk) ` hk
(
ρB

k

f

(
ρBMk(u1)

)
, . . . , ρB

k

f

(
ρBMk(un)

))
↓ .

Then by Axiom 5.1.5.4, we obtain

TJ (N, xBk) ` αCg
(
hk
(
ρB

k

f

(
ρBMk(u1)

)
, . . . , ρB

k

f

(
ρBMk(un)

)))
= hk

(
αC1
g

(
ρB

k

f

(
ρBMk(u1)

))
, . . . , αCn

g

(
ρB

k

f

(
ρBMk(un)

)))
.

So by Lemma 2.2.13, we obtain

αCg

(
ρB

k

f

(
ρBMk(u)

))∗
= αCg

(
hk
(
ρB

k

f

(
ρBMk(u1)

)
, . . . , ρB

k

f

(
ρBMk(un)

)))∗
= hk

(
αC1
g

(
ρB

k

f

(
ρBMk(u1)

))
, . . . , αCn

g

(
ρB

k

f

(
ρBMk(un)

)))∗
: NBk → NCk .
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Also, we have

ρBfk◦FM (g)(u) ≡ ρBfk◦FM (g) (h(u1, . . . , un)) ≡ h
(
ρBfk◦FM (g)(u1), . . . , ρBfk◦FM (g)(un)

)
,

and hence

ρBfk◦FM (g)(u)∗ = h
(
ρBfk◦FM (g)(u1), . . . , ρBfk◦FM (g)(un)

)∗
: Nk

B → Nk
C .

Altogether, we must show

hk
(
αC1
g

(
ρB

k

f

(
ρBMk(u1)

))
, . . . , αCn

g

(
ρB

k

f

(
ρBMk(un)

)))∗
= h

(
ρBfk◦FM (g)(u1), . . . , ρBfk◦FM (g)(un)

)∗
◦
(
αBg
)N

: NBk → NCk ,

which now easily follows by the induction hypothesis (and the fact that hN
k

=
(hk)N).

Lemma (5.3.2). Let Σ be an arbitrary relation-free signature, and let T be an empty
theory over Σ. If M ∈ PTmod, then for any B ∈ ΣSort, T(M) is non-trivial for the
sort B. If g : B1×. . .×Bn → B is any function symbol of Σ, then for any 1 ≤ m ≤ n,
gM is non-degenerate in position m.

Proof: Let T be an empty theory over Σ, let M ∈ PTmod, let B ∈ Σ be any sort,
let g : A1× . . .×An → A be any function symbol of Σ, and let 1 ≤ m ≤ n. We show
that T(M) is non-trivial for the sort B and that gM is non-degenerate in position m,
i.e. we show that

T(M) 0y,y′:B y = y′

for distinct variables y, y′ : B and that

T(M) 0y1,...,yn,zm g(y1, . . . , yn) = g(y1, . . . , yn)[zm/ym]

for pairwise distinct variables y1, . . . , yn, zm of the correct sorts. We accomplish both
goals simultaneously by appealing to Lemma 3.1.2 and showing that there is someN ∈
PTmod such that NB contains at least two elements, and there are a1 ∈ NA1 , . . . , am 6=
bm ∈ NAm , . . . , an ∈ NAn such that

(a1, . . . , am, . . . , an), (a1, . . . , bm, . . . , an) ∈ dom(gN)

and
gN(a1, . . . , am, . . . , an) 6= gN(a1, . . . , bm, . . . , an) ∈ NA,
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and there is a Σ-morphism h : M → N .
We define a partial Σ-structure N as follows. For any sort A ∈ Σ, let NA := MA∪

{0, 1}, where 0, 1 /∈
⋃
CMC are distinct. For any function symbol f : C1×. . .×Cr → C

of Σ other than g, we set fN to be the total function defined by

fN � dom(fM) := fM

and
fN(x1, . . . , xr) := 0 ∈ NC

for any (x1, . . . , xr) ∈ NC1 × . . . × NCr \ dom(fM). We then set gN to be the total
function defined by

gN � dom(gM) := gM

and
gN(0, . . . , 0) := 0 ∈ NA

and
gN(x1, . . . , xn) := 1 ∈ NA

otherwise. It is clear that N ∈ PTmod, that NB contains at least two elements,
and that the desired condition on gN is satisfied. If we then set h : M → N to the
inclusion morphism, then h is clearly a Σ-morphism and the proof is complete.
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