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! ‘. . The purpose of this thesis is to study. the Fourier- o=
¢ Holmgren norm for pseudo dlfferen ial operators.tﬁWe
. . f .
~shall first study the algebraic properties of the ' ‘
o - \ Foun}er -Maximum class of pseudo dlfferential operators

qs developed by Friedrichs [1]. . - = T - o - o . '

. ) .
? . o ﬁp e;éo differential operato7s, show that this class o - L R

e

RV ' 'satlsfles certaln algebraip inequalities that are analogous RE
' - . . "‘.
. ‘to thosa of the Fourier-Maximum class and also,prdVe that,
: ¥ } N .\\ . - N ) ¥ .. / ] N . _! . 1
P L this,class form% an algebra. ‘ - . {‘_“ 7 \
- - . VoL , N n
. . -- v . ' \I\ . . B - Ry ) : .. . -~ ‘ ’ 3
’ .t K . . . s _Q - - o . {
. 'Next We shqﬂi prove thatnthe sharp form of Gardinq's . .
- . .'0 . - .
: o inequality [4] still holds for’ a alightly restricteq R
' ;: ‘ class~of Fourier-Holmqren pseudo dlfferential operaigrs. Yoo
L .- .‘:.'.. . : R . AR e e R 3
! ; B L E N - N . ;
— v { AR 'Einalfy,‘we shdll-examihe the class of co-kernéls. K
—j[ that %bey the F tondition. TN N ST ’ o
S g S . S i
N P ;,A ' . B v a e * ' ) -
- e, # - . ' - S ) . .
o I . Y O -7
’ i . - i o
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- 'Throughout this. thesxs iffwe refer to- an equation

.

_ih the same section we glve only the number of the ° .
L ," (] - . .
equationJ whereas, if we nefefat?/an equation in another

- d -

section we give the section, number and then the equatlon .

-number..‘ ‘ o T - o
'{e.§:‘1.2(24f refers- to equatién_ (24) in EEEEizjyl.zl .
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:'of differential operators. The study of pSeudofdifferenf

Friedrichs, Lax, Nirenberg, Konn,

functions and Friedrichs I1] used % 'mollifier “in the'

:-préof he gave for pseudo differential operators of the

e : PRI B . A .
R L s e et "AI&<ﬁdﬁmrm”ﬂ“‘ﬁﬁmﬂﬂmﬁﬁuhﬁﬁAﬂﬁmmM.‘

. : o _ : . 1
o . INTRODUCTION - . M ST
! 7 : T ' '
. - . [ ,
. Pseudo differential operators are a generalization

~

-

Lalderd®t, Zygmunad,

tial operetdrs was developede

, H8rmander

agd many others.' Friedrichs' lecture notes [LT on the

Fourier- Maximum class of pseudo differential operators‘

“

were used extenszvely jp the development of this thesis

and-Will be referred to, often. These authors developed “\\\

an algébra for a variety of sanﬁlar integral Operators

~ . .

.or pseudo differential operators. . :
-//'_Hi - ' 5 R “ N
HUrmander [12] proved a sharp form of Gardinq S.

inegwality for pseudo differential operator? acting on

scalar valued functions. Lax and Nirenberg [4]; by a

somewhat different technique, extended this inequality to

Kohn and Nirenberg s [3] opérators acting on_ vector—va‘ued

’

1

. . * ]

Fourier Maximum type.' Also‘Vaillancourt [M0) gave a = i;

Lot - -

szmple" proof for'the sharp fﬂrm of Garding ] inequality

“for’ the Fourier Maximuﬁ class ‘of pseudo- differential “ ' .

.operators. We shall.summarize the‘notations adoPted in

sections, 0.1 and 0.2. _

§0.1 We shall write xg(xl,...,xn)ﬂfor a point ' in -

‘Rn and €=(;i"”"£n) for‘its‘duai: 1If p=(pl,...,pn)'is

»
.\

-l i



an n- glple of non~negative lntegers, then we shall write
. el | , 1

n .

) p e .

p 1 n e _ 1 - n
x xl ""*n y EV = E %, En :

- ‘w “' . .

L I N B SN B N ST
X axl 3 n E l Tg | agn o

o= P L (4P B p '
Dx —.(Dx .....,Dx ),7 Dx = i) ) .

.1 n , . i
We shalludénqte thé,real.acalar‘pfodﬁét_x& = x+£ =-§ xj E?
and for breviﬁy we shall write
9y = ~i9,9. 9 = 359, Iixer = §Tiak?gw? S
) 173 ] N~

ixX*

- I -x ='§Lia gy ... "gg_oy,z qu'yj , etc.

T

i . | S .

. . . . ' .
. . «

The opérators used in thié.thesls_will be defihed'witp the
aid of Fourier transformation; namely u(x) .is the Fourier

: L3
transform of w(§),

Coax) = 000 = (2 P fet*y(eyag, (1)
~ ! " - ) ’ .
and w{f) is thgﬁﬁnveise Fourier transform of ulx),
. N ‘ - .
w(E) je u(x)dx . et : q2) .
. - o : A . .
Using the operator Dz on formula (1), we get ) )
_— pPutx) = (2m TMEP X8y (g aE | : 3y
; n A _ L R
" Hence the diffezential operator” ¢ .
- Q - . : v
G = p(x)Dx P Lo (4)
bofsx . ) -t
where X is the operator of multipllcatlon by X, may be
.o ’
represented by . : ! '
. ‘.“’. - - .
.G (x)"_= (2m) “Ie“‘ggcx @ &, (5)
In equatlbn (5) %he matrix functlon
g(x;E) = gp(x)Ep"..
b . - |p £r ‘

F I ;;_
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.. . * . L e e
. ‘ : R o, . . , :
» . ) - L3
- ..' - LI . - ‘ ' " .‘-‘. . r. . . . T B / T X 4 . .
TR is..called the symbol of G. . : . oo . |
P T - . . . - -, . k °
a . E - : - - _ ' ' R ' 4
.o : . oo ) S ol
) . o 'Tﬁe operator G acts on 9ector ‘functionsg’ u(x), where %
. ' ' ' . ~ R
. . -xer" ‘These functibns form a Hilbert space under the . - !
o - . - i .
oL R Lz-ﬁor'mé‘ oo - . -
- . | Ll ‘ _ T _ . g
. o .o . . . 2 i . * . . ' i
- o ul]? = flato[fax .. 0 Vo (6) {
For any Teal number: s, the norm Llulls is defined by . L
- . - B i . ; ) ' s b
. means of the -inverse Fourier transform W of u: S ;
» o 2 2 -n 25 2. I
o el = el = eem T e |u ) [TaE ). /
LV where- i ' ;" . v
< <E>“ = 1+|E|% - ' e \ ,
By Parseval's relation, ||u|| ||u|| , The class -of func~ ' A
' o ] R
tions with finlte's—norm forms a.Hibert space, denoted %
. . ‘ . , r )
. by % and H0=L2, : ‘ . S - . e ' 3
- . . . . * . . [N ’ ~ g
o ) - 0.2 A, basic starting point in. the developmeﬁt of -
Friedrzch s class of pseudc differentialaoperators lS,. ; L -
¢he deflnition of a space of cbmkernels' denoted by G v -
. g iy . -~
: . Any measurable function Y(X EJ “is sald to be a co—kernel . :
e . . : { e . R .
° e B My s g e = gy ammms e e bt me e .. . I -~ . .
(L) suple(x g)| <, Eor all X : L (8% R
an e suegly G ) lax < s . L N N
4 ' . ’ . ‘
In view of (9} above, the r-norm-of Y, |[Yl| , is defined !
‘__ : - . R . ’ .
by " e . . ;
o oy n . r co ;
oo vl = em T supg [y xiE) ]| <E>Tax - ; (109 . l
¢ , ' This norm is referred to as the {Fourier-Maximum” r-norm 4
v L ) T ¢ f




7. often . abhreviated asz"FM" r-morm.’

te . . . a
. - -, . .

e ‘ 'Gb 13 then used to*generate a space of symbols Qe
. - .

e . denoted by G

P
f L - . L -
~

where each symhpl g(x £): in G- is the'"’

: . - . . ' .
' e TE «

ol

Fourier transform of some ¥(X:E) in G i e.

. . :-‘ ._'. ' ‘n o N R . . o : . . '. y
. T ‘-g(xm(?ﬂ') nfeixx'y(x E)dx S 5 S LI .
’ : .'The'soaces Go and-G0 actually,arise in«xhe definition : j

e . Se T
of the psehdo&differential operator G=g (X;D,) associated

.

‘“with the eymbol gix; E) 'iﬂ.defining.the,actioﬁjof'the

’ r
‘oparator on a. function u(x), we set

;?J \

Gu(x)

| (2m nfele[I'w(E)]dg SN an
’ t. ;w,hle‘re | . . -. s, ) . ] . . ) X “ % . ‘ . | .

am Ty E-EEneEnag . S

- T . I - -

-3
£
~
g ]
~
n

'Throughout this, thesis we will be dealing pnimarily o
T, .

o o with,pseudo dlfferentlal operators of ‘the Fourler ~Holmgrén - °

'(we abbreviate this by FH) type, where the FH r-norm is- .
' res K . , - .
. ' deflned as. follows; e : - . L L E ‘&q
e " LT ‘
R SIS py=sup .tzw) Ilwﬁ s“«s )1<z-> R ¢ =

. r, FH E dE' ) ' - -l" -

s . N 3 e — .___...A. PR, U P SUOI
. L B ‘2 \ . . s

i e smagt weste ]l :or ||v||0 pn

e

-t o

PR

¢ Frledrlchs [l] ass;gns to the pseudo differentlal opéra—

' . : tor the Fo&rler—Maximum normsl'

. et = Tl & e, Hm T PP

Slmilarly, we assxgn to the FH psﬁudo dlfferential the - o

R w ' ' . :
.FH norms o - . .- ‘ ‘

. . 'S ) . B .

. ’ € - l . S e . .

' L.




i h‘ﬁ S R a 5 5 .

'. F _h’The co—kernel Y{x;E) is of FM or FH order x, Yeo( "-, #
o iy Y - |
S B i; bbéﬁdﬁﬁ in the;FM‘prrFH mormf i.e. Y(ﬁ:ﬂ) is houndedi

.. ! ", < : 3

,$ ‘.. :f | in'the FM 6rIFHar~aorh. Since HG|[FH ||G|]FM we see

— . ;; that Fﬁ operators are FH operators. o ) ‘ . o

‘

h )
" o  _ . In Chapfer 1, we Shall,define pseudo-differential
. * . ¢ ' . . - - - . N~ l
operatofs of.the.FourrerJMafimum»classq summarize the

Lo . ~ ’

"N

notations.and outline the afgebraic properties of pseudo-

d1fferent1al operatorsrthat have been used by Friedrichs

- {1].. We shall‘fuﬁthir show that the class of scalar FM

-symbols;form»a commutative Banach algebra under,the-produet_

. " »
. -~

. of synbols, i.e. the convolution product, of co-kernels,

The FM operators form a non-commutative Banach algebra
2 . - . 5 ’ ' . L . ‘ - : . : N "

under the operator product.

‘ Chapter 2 will be devoted to pseudo-differential
- -" " ' » ) .
operators of the FH class and we shallldevelop an opera-

.

fo - “tor algebra for this- class.' pecifically‘ﬁe shall‘ehoﬁ

. - that this class forms a non- commutatlve Banach algebra

~ . -

under the operator product. Note that in‘extending the

FM class to the FH class, we loose the convolution product.
, ne ! - s

- ) . 9 -

Chapter.B will be concerned'with showing that the

‘ordinaxz.form of Gard\rg s lnequality for pseudo differF.

entlal operators prov b ax and Nir erqg (4] for
: by ¢ 9

-

. = ' . ot ) i

P = B g TIHu TE It e N TR TR A N
3 - i : -
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0 . " .

Kohn ana Nirenberg's [3] class of pseudo- dlfferentlal
operators and by Frledrichs [i] for pseudo dlfferentlal

h [

operators of FPM type.also holds for pseudo differential
"operators of the PH type which are also bounded-in a °’

sliéhtly stronger norm.

&
In Chapter 4, we shall examine the signififahpe of

the ‘extra condition

-

. ‘ L] ”‘ - ‘
.T 1li - X - ) = B - . 6
(‘?‘H) _X:'LIOHY YI.!FH 0 ) | (16)
where | .
- ' ' V . . ) PR ‘ .
YR E-E1EYY = y(E-Eraxr ey, . (£7)
. - . . s ' . N "
Friedrichs [1]) used the extra condition _ _
PR M . . . T .. . . !
(I 1im [ |yX vl f’=f0 | - (18
. X0 L |
- to prove an inversion theorem for symbols ln G ~ Sorméni

[9] examlned ‘the szgnlflcance of the extra condltlon (lBT

~

in regard to how restrlctlve it was on elements in G
and how necessary it was as a conditlon in an lnver51on'
theorem. We shall then 1nvest1gate the properties of a

I r
EFH, qf:G that obey the" extra condltlon (16},

The followigg remark on the'ﬁon—commutativity of
. - "‘ - ‘ .
erential and pseudo-differential operators will be

. . L ;
in subsequent chapters.
f o ‘ :

Remark 0.1 Differential operators wieh variable

coefficients or pseudo-differential operators in general

do not commute.:

[ . DY SR S e
o, el -

B X
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s CHAPTER I-

?

. [N . .
. Foéurier-Maximum Pseudo-Djifferential Operator

r‘ . . \\

In‘this'éhaptér”we'shall defina-L?-continuous_pseudo—

differential operators of the Fourier-Maximum class,

summarize the notations and outline the algebraic pro- "

perties of pseudo—differéntLal'oEerators‘that have been

‘used by Friedrichs (11t .In the next chapter .we shall
define Lz—continuous psgudo-differehtial operators of

larger claés; the Fou;ier—Holmgren class, and develop

more resﬁrictive algebra for this class.

~

<
izdtion of differ%ntial operators: This will be seen

using Fourier transformation to define a differential

.

operator. Let # be the Fourier transform (FT) of w in l;\

'

© N ' .. S '
CO(R Yo . ’ : .

W) = B0 = et Pue)dE

v 4g = (2m)ThaE = (2m)’

w(g) = (&) = fe;;gxu(¥de, Lt

§ . . . . no. ‘ ’ ‘ .
both integrations being over R . N

Consider the differential operator

' - p
G = g (x)D .,
|p§5r P ‘x

§1.1 Pseudo-differential operators are a'general-

a

a

by . ' ' .

GBI T

h

(1 x

- - where the constant (ZF)zn‘has been absorbed in @f, namely

(2)



1 . 0

),j‘.. | AT

- .B,

Since Diu(x? = jelxgﬁpw(i) Af, then thé differential opera-

.tor G can be represented in'the fol;owfng waf,

oo Dot = fei*E g (0EP wE)ae
L . - .,[D sr P .
- ‘ . . _
‘ . op i ' :
! ¢ [ g 1w g, IS
where the function gi(x;f) = . g'b(x)Ep is called the'
. ‘ = ez P . .

-

"symbol of theldifferentialhoperatpr, Pseudo-differential

. “ >

operators may be.defined by (3) with symbols g(x;£) which

-

are not necessarilyzpolyn;}ials in £. -

" Any measurable function Y({x;&') is said to be the
. - . \

co-kernel of the pseudo-differential operator G if

i

i) supg,|Y(XiE')| < @, - '

(i1) fsups.[Y(X:E')]ﬁx < @

The latter integral.wiLl then be taken as the.norm of Y,

i.e.  o . o
Hyll = fsu?giJY(x:E')l¢x. | N (4)
This norm is reférred‘to as the “Fourier-Maximum"unorm

, or "FM" norm. ..

. * N

* The gpace of all functions f(x;ﬁ) for which this

norm is finite will beé denoted-by‘GO. This space is com-

életq with respect to the FM norm i{91. G, is then used

0
L 9 . . - . N ity
\Tﬁﬁgenefate a space of 'symbols, denoted by GO' where-

. each symbél is the Fourier transform of Y(XFE)&GO; thus

gix;E) = Iel“Ev(x¢£>ax. o (5)

It should be mentioned that convoldfions of co-kernfls

)

¢

U U,

e L e




L

N L | 9
B ¢ e . Lo
with respect to the X-variable in G0 go over to multipli-

: ! * ~ j -
cation of symbols in the Fourier ‘transform space GO' 5:]

. oA . .
‘"The spaces GO and GO arise, in the definition of the -

pseudo-differential operator G = g(x;Dx) associated:with

the symbol g(k;&). _In-'defining the action of G on a

functiog uf;[, we set. »
Gu = [ rru@gg , . (6)
where - . : | . o B '
© Tw(Er = [y;é-é";a->m<a');z£"
and ' _ N
w = fet®u(ey e,

Friedrichs [l1] extended the class GO .the class
‘of all functions Gf the form ~ re
g(x:8) = g (x;E)+y (£}, A7)

-where gOeGo'while Yo{€) is any bounded and fneasurable

.

function. This results from the fact that the symbol

goix;E)GGO belon¢s to a restricted class of functions

L
3

which tend .to zero as’JxI*m. The class of functions Y

LI .

will be &enpted by G_ and that of the functions Io* Yo :

by G.

At the same timé, Friedrighs [1l] introduced another

space of co-kernels, G

w! Whose elements are cf the form
e

8(x)Ym{E),‘whereI5(x) = (2w)n6(x)_is a modified delta func-

tion such that

JEoax =1 e

%,

~ ke T



. & C "'.f . : ‘. B )ld‘
t N ' ' ’ R A )

and where Y, (E) is a boﬁndedkmeasurable.fﬁncti&h. ‘The

two spaces, G0 and G , are then, combined to form'a single

iiggh of co- kernels denoted by G and c0nsist1ng of elements* .
) ‘

the form, ‘ -
. o

| COYOGE) = Y E) + BIYR(E) o q9)

The norm asszgned "to G isg the ‘extension of the EM norm
, .

for G 1 e.

h(x Y] = |y a€) ]+ 800 [vo18) | R
and, stle(X?E)t = supg,dyo(x;5)| + ﬁ(x)eepglym(i)]’
so that : o a . '

LIvED = Tlvglh + supelvger) oo \ - {10)
i We now show hhat FM operators are bounded in L%.

2

L2—continuity theorem for FM: The inequality
-

llrwni'sllru lel holds 1f|1r|| =11 5

e

Proof: To prove this theorem we use the estlmate‘
A

vata-a-;; JulEDgE| s fsuPE“lY(E g’ ey | |wig! )lae"

{

and the 1nequa11ty o

flpte-gnwEyger |29 < ffl&(xlldxl Ilwxa>lzé£-

Hence, . ) ,
Ihrel 12, = [1fyE-g sEnuEh e *agstfsuel, Iy ocgn fax’
L ’ ) ) ) :
| e |PaEr s [T, el 1,
: ) - L L
¢ . ) ' - ' i | ' .Yf’.

§1y2° In this section we shall discuss some of the

algebraic properties of the FM class of pseudoniffe}engial-
— ' .
operators.

g il

e st et 2 s b

v =
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i ‘ Definition 1.1 Let G, and G2 be two pseﬁdg—differential

! M ‘ )

i operators with co-kermels Yl(E-E';E') and Y (E E ;E )

r . T ‘

? respectively. The addition G1+G2 is deflqed as: : . “

i~ Jo . . L. ’ -

. (6,46, )ulx) = fe “‘Ecr +T )W) e | — .

" -,“_ i . '.‘1:

: . . = e “‘E[fwlce S EN Y, (E-E ) )uENaE aE. . ) !

! . i

: The cperator- product G2Gl is, deflned as: ;

f G2Gl =6y = 9,050 )gl(x D ), - {2) u ;

- and the symbol product 92 1 is defined as: ;

- _ L B 2 e e ’ | |

c . -9_291(?‘:5) = gztx,E)g'l,(x,E). T Q)

i _ %fom the definiﬁion'(z) we remark that
G2G1“(x)-fen.(€[sz(E-E";E")[lel(E"-E EWE AE! ma"ms : (-4)\' ,
with u=GeL2.' By Fubini's théorém (71, the order of inte- "\E/*é
gration can be 1nterchanged thus . . 9

| E ' "y

- G2G1u<x)~fe‘ 5[[IIY2(£ E;" £, (a-- T a )dE“]w(E YAE'1RE.  (5) ‘

. - We see that the operator G2G1 is ass ciated with the co-
" kernel, ' T T . ‘ a N

| Ypy (8-E'5EY) = fv (E-E":E"Yy) (E"-E*5E ) dE" . g (6)

’ ‘ Wwith x=£-£' and x'-E" E', we have - -

' Iv Yoy (X g s fsupg..lY xex E“)Isupg.lvl(x ;0 |dx L. "

\ - and - . ’ : E
ISUP€.|Y21(X £')|ax s fJ'SUPE..IY(x X' iE") Idxsupg Iy oxtagty laxe :

I

= fsupg..”()(" «E")ldx"fsupg.lwx P& Jlglx'

This implies that y is an FM-co- -kernel and its norm satls- E

21 77 T N

¢ fies the following inéquality, . s %

‘ .3

[vpy 1 s 1y,

B e e W £t A E L el



'-and-

since the IFT of the product-gi(xfﬁ)gl}#;E) is

(Y, *Y xtx;g‘f;=

we have

Sngrl(Y ATRAYEEN )|5fsupgulv (x-x"' E")Isupg.lY (x':8" )|ﬂx : B

£-3

or

1Al

‘by the convelution

which implies that.

to"
< !'i
of

is denoted by

*
G,*Gy =

Theorem 1.1

. . ~ N , A~
yﬂ{;ls in G is a symbol in G.

L . .

AT N .

-)ﬁia,th s prodiuct symbol-gzgl, i.e.

Ithx-x';E')vltx'ra()ﬂx'

-

Ll

fsupg,{(Yz*Yl)tx:ﬁf)Idxsffsuggule(x—X'=€“)ﬂx$upg1IYl(xl;ﬁe)lﬂx'

AL R

(Yz*Yl)(x;E')

defined by

(8) beiongs’

the conqelution producq:}‘

1 .
given
(8) .

-

L

e class, G, of_FM”qo—kernels and hence the preduct

The operator-associaéed

-
Yz g P B

(9)

Under the convolution product, the space pf
L)

FM scalar co-kernels forms a-commutative Banach algebra

"

(1)

Proof

broduct,

(¥, %Y,) (X5 8)

atisfiee the fourjaxiomé of a commutative algebraz

(i)

This folloWS'ffoh

-

G is a linear space.

(YY) %75 = Y (Yy*Yy)e

[(Yl*vz)*v31$x:53'=

(2)

-
’

= Y X=X ENY, (X E) A

-

fin*Yz)ik=x‘;E)v3(x';E)ﬂx'

JIv Xt =X 617 (X B %5 (X

[I g =X )Y, (X=X " ED ¥ 5 £

EYEXAX " o

the convolutlon

PE) AX "X

Y
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= IY (Y *y ) 1 (X 6D

Note that the‘order of integration can Be inpe;changed ‘\
by'Fﬁbinils tﬁeofém.' y
w(;i) pommqtativity
| yliyg = Yg*Yl’ﬂif:Yl and vy, aré'gcala?fugctipns.'f
This foilowsffroh ' " . _’ .
(Yl*Yz)(x}F3 = [Y (X=X Y, (XS EY X BETOR N

v le(X"FE)Y-‘z(X'X"FE).?X_“
& ‘ ' -

ﬁ (Y, %y ) (XiEY .
(i11) “B‘Yy?Yﬁlz= taYl)f(sz);‘ .

(iv):

1
.t

Y (Y t¥g) = Y ¥pdY *Yy. '
. ST , ..
(3) *G is a. Banach "algebra because it is complete with

_respect to the FM norm [9] and because

ey T s Ty, [y FE.

Thig completes the,prpof.

N
Since the matrix product is non—commutative, matrix

symbols form a non-commutative algebra. However, for °

) , .
applications, it suffiqes that the determinant of the

-~

symbbi be in GO; hence the above thebrem'apgliesf'

In assigningsthe operator G = g(X;Dx) to a polynomial

symbol g(x;E),= % 'gp(x)Ep, Friedrichs [1] chose to
L plsr . .

apply pg first and then multi}liéption by gp(x}. B}

reyersing the order of applying™p and x,]Friedrichs (1]

v

='Tvl&x—x"%§)ffvztx?hX':E)N3(x'=5)ﬂX'lﬁx”

v
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,denoted By‘GR the 'reversed' operator &
= 7 “pPg ()
- X D
Jplsr .
R,.. . ;
=gt D). (10}

‘The superscript R stands for "reversor". Since the IFT

! o -
of a(x)u(x) is given by the convolution

Ja (E=EN w(ENAE",

the IFT of B(Dx)a(x)u(x) is

- B falEsE e (EN AL ( - au.
'Tﬁeico—kernel of this operator, B{(E)a(E-E'), can be written -
in the fgrm

YRE=E1 1Y) = a(E-E)B(E-E +E"Y . (12)

In terms of the co-kernel” .

vix:E") = a?;TBlE') .
of the opéngtor G, tﬁe *reversed" co-kernel YR(E-E';EZ)
&an be written as ‘

YROGE'Y = Y (XiX*+E") . ‘ - (13)
In'geﬁeral we‘asgécigte the reversed'operatér‘GR wiﬁh the

éo—kerpel YR(X;E')_= Y(x;x+E') if ka}ﬁ') is the co-kernel

’
.

of the ‘operator G. ' . *
Since ’ | |
SUPE.JYR{X:E')|’= supg.lY(x:X+E“{| = éupévlv(x;ﬁ"ﬁl
we have ' o
YR = LIl L (14)

which implies Ehat_YR is of FM type;

.

-

We shall now give the Reversor inequalities and-the’

Geid e oty A LTIt VTN S PN

L. .
Bt L NEORYE ot
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[ ]
product - dlfference 1nequa11ty whlch hold for the algebra

of pseudo dlfferentlal operators of FM type, and which we

shall axtend td FH pseudo dlfferentlal operators 1n.}

: .Chapter IT.

—

"

. 1. 1
Reversor ineguality Il: If G is of order 1 and G

lx;E.
of order 0, - - 7 _ _ o ' . ' "
R ..‘ . (8] . C o o N
[Je"-c|] < ey el : (15)
Note that the superscript 1 stands for order 1 and the

_subscrlpt 1l stands for one term in the expans;on
‘.Proof. Since the. operator R has its go kernel

i -+

R(X;E) = Y(X X+£), the dlfference of the co- kernels Y
and Y can be wrltten as . ; " 4 ;b" ,
: ' , ' g o -
(X;E)-Y(X;E),=.! ae Y(X:E+ax)de . (1¢)

= g Z X, YE XaErax) da
o o
= Yix_g(x;£+ax)da.

y N

-

Noticing . that

SUPEIY (X:E)-YAXs E)I s supg.lle,E(x £'>|

BN

and 1ntegrat1ng w1th respect teo ¥,

we have K\7§ ' : o - .
| Yol s vl o

'Hence we obtain 1nequa11ty {15) .

L w

-~
’

: . 0 . B .
Reversor inequality 11: If G and.c_;x are of ‘order 0

and G, ©of order -1,
Cixeg T

e T

. TeieTinamn N W st PR .
B A IR T ML b Rl R s

-

»
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R o ‘ i o
; c?llg sl s‘ll lx.gli +2|]a || . oan s e
! Proof. In‘orde: to derive lnequality {17)., we use an i R
- . : ' - - N, K . o

/3 : T idea due to Kumano—go [ll]-to write ' : "__ s '

fr
[Y (x E)—Y(x E)l<€>—[Y(x E+x)-Y(x £)1<E>

,"6 da[Y(X €+ax)<€+ax>lda-yu E+X)I<E+X> <g>] . (18) - f
. 1 ' :
—{-Ix:YE X +ax)<E+ax>+Y(x E+ax)x-(£*ax)<£+ax> tao- ‘
: < S+<E> ‘
B0 (< <£>1[;§}§;§;§;1 o ‘ (19) SN
1 :
g Yixe£ (Xi0X) <Evax>da+ [y < (x; E+aX)-(£+ax)<E+ux> da ;
| | =Y (X3 E+X) X* (E+X#E) [<Eax>4<E>] L o ‘ 20y .
j N u We then have v e
|Y (x:6) =y (X £)[<€> < g .E(x+5+ux)|<6+ux>da . . ;
) A { Iy O E+ax) | aas |y (x5 €+x)l ©od21) ) |
SPsup,, |y x.a‘x A% ’J<5'>+2supg.lY x: &' Nl {22) o
< " ‘We now integrate 1nequa11ty (22) w1th respect to X to A : 1
i : o
| ) ‘ obtain ; f
R . o , .
R T N L A e A . (23)
A .; from which inequality (17)‘follows§. |
The notlon of reversal can be extended to a functlon
o} more than one variable. . Consider a function
& = gk, lx e : L 2ay
- * . : -+ - - -+ B
of two pairs of variables (xl;El) and (x2;€2) each of _ -:
o . SN ey N
which is an n- vector, x,= XpeooniX ,7..,52- El""'gn . - .
By taklng the IFT of (24)vwith respect to each x variable., - !
we cqn mntroduce the function -Y(x2 %lel,a ) assuming ;
lIY[I = [Jourg ¢ 19 (x5:8 le Epaxax, o o
A |

RN Lt St e ORI T e T A .- LR TR
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is finite. . The functions a and % w1ll be called the
“double" FM co- kernel ahd "double" FM symbol respectlvely

The double co- kernel Y generates the operator F by the

[

. 'rellation . . . ) .
Fue) = fIRE-E,i5, 18,20 8w (B AEAE, T (28)

The opeérator a‘correspoqding to tﬁis'pﬁe;ator £, by

¢

taking FT, will be assigned tﬁ_&ﬁgﬂsymﬁbl‘é«and denTtéd .

by - : : ’ S L s
. . L -
& = d(x;p |xip_y - 7 ' (263 -
. M Ty ; ’ :
.“'. Y * - N '- _ ' . \¥h
i In order to estimate the difference ﬁ
A . ! . . . =
. R ‘ H e}
L Gz*Gl 6,6y .. S 4(27)

we~ﬁote thdt - the product G,G; and the comvolution product
. . ' . .. s . .
GZ*Gl are generated by the symbols e

. . .
921(x ,52IX_.E ). = gz(x .3 )gl(xl.E (28)

gzgl(x :E |x IE ) = g2(x2’£ )gl(x Jg } '(29)

<

“dlfference operator is :
; g - ‘ ‘ ‘ .

g,(x :El)gl(xliii)-gz(xzfié)gl(xl;El)~  (30)
. L ) .- .
Going to the co-kernels Y2*Yl and YZl,-we obtain

. (Y, %1, €81 =Y 5y (X £

L

=[ Iy, (x- X'.E')Y (X' 181 =Y 5 (X= X' £ XY OC5ED 1A (31D
=[ v, (&= RARNE =g E“)]Y E-E F-A

=f(- 1){ EE[Yz(E -E": g ;g(ﬁf E'))da]Y (E"-E" E )ﬂE"

'——f{ Z Va5, fEET Erea (E"-F N U(Ew-a';s')da¢55(32)
=-I{ Yz ge (E-E"1E" +acg" 23 ))da-Yl x A AR

. ( -

respectlvely, so that the’ multlple 5ymbol of the pr?duct

\

LR T
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. . > . ) " N . ) - ' ) ‘ . - .
- \Assuming that gl‘apd 9, are of order zero and that B
' ; ' 40, ' - ' S S .
o r/. the dex@&atives O JE and gl?. .are of orders*nl and 0 - ‘ o

: respectively,.we observe that the ‘difference GZ*Gl 2Gl
; : - v

fis of order (b,-l) and. hence of order -1 when redj;ded

‘as an operator assoc1atei thh a slmple symbol Since

. ' Y, ) R R
R the dlfference G2*G17GéG1 possesses a’ "leadlng difference ‘ .
» ' r 3 N ’ '

- :
bt : -g 9, then by virtue. of ;nequallty (17}, we have ] ‘ .
. 2,671, 19 ‘

that

+

A Fayeey-aye,l 1y s The, (11 lley Ile2lle, [111sy d1.(33)

o T e

e

P ’ . o , D P
] - R Symbo%s of'orde; % will play a special role,fg:T;:j

L]

¥ J
' P

. I »
"therefore we shall now derive the* in qualltles 1nvolv1ng o .

; T such.eymbols. We shall first PYXO e the follow1ng ineguality

o=

.
is of order -3,

[

. - T % If ¢ and gx are of order 3 and g, e E
" ‘

A ' f f N

S raa—" —-

R . ’ '
1sR-sl1y < |is lx.gm g lly. G

3 ‘ o . proof. By writing __" ‘ ’ “7 ‘ - .

B (s E+X) =¥ (X7 £}1<E>‘i S "‘ )

I\
Ly er<es by G 1<g e b (3)

3 . !

h, - ' e ;-;

-[Y<x E+X) <E+x>
1/
“and expre551ng the dlfference [<g+x>5 <E>

as
1

- . R N L . ' .
<geyoioces? _-ﬁﬁixzziiéii <EfX>2—<E>%‘ v ey o
- . <E+x>P4<E>? o - - - g

i‘]- [<E+x>~<E>] o o

- ot 1__‘,7 - . ) o
C = [<E+}>%+<E?§] lT<§+X>+<E>1-l(E+X+E)ﬂX : S

. N 1
S Y= [<E+y>24<E>

. i
. i . ;
we have : . : . i

I

JOE P, , 3 p.2.-1 -3 g _
| <E+y>%-<E>2| = [<E+x> +<F>.] [x] s <g+x> |X|- (37

D et L B I R AR R RN SERE
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”’f——_ﬁﬁf\\\\ We now wrzte the flrst term, of the right hand side of

.

: equation (35) as-

Y(X 5+X)<E+X>§-Y(X E)<E>
S ' 3. . <
T { EE[Y(X €+ux)<5+ax> ]da e L
P . | .
' : { =Y. g X 5+ax)<€+ax> rix: Y(X E+aX)'(E+&X)<£+ax>- -
- o gErax> T ‘1aa . | R S t .
. '- B . . .
. Hence, .
'ﬁ '
- Iy (xs £+x)—Y(x E)|<£> s supg.1le E(X 3 )|<E >
W Y \
A +isupg.|Y T E )1<E'> E+supg.|Y (x:E" )|<€'>
' .and integratlng w1th re§pect to x, we have
R \ 3
Ty ly s e !ty + 5y,
from which inequality (34) follows. ' - -
) - o
L o ) Anpther inequality.involv;ng the ordex 3 refers to‘/; .
| : :
' the 'double' norm of G. which we define as -
- . B 'a . -
- Alsllg g - Iemfen Il (38)
'for an operator G of order (a+B). It may:aiso.be asso-
i ciated with thenmultlple symbol g B .,T_
o Sk >0 (x ;E;l,)__<£1?f*.'_- s :
U51ng the fact that .
X B ' I<E+x>z—<52§| s <E+x> x| :
we obtaln, with B=z. . _ ) ‘ T
. ; ] .
lieg,> By (5,8, 157 <8201k -6 8 <6 R (39)

=1y (g, EI.E )<E >% 158, >§—<£ > =
<gl> . f/ ' ’ -

S|¥(E -£§ GE; D= l€, - ; | —
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and hénéé thé ineéuality , :  w . ; ™
‘l-'
I(3ra): _If\q'and G, qré of order -(a+}), .
I|[§||%’d'|]Gl.a+%|.5 |[Gx||a_%: . B ‘(40)
For a=%, ‘we have . " . -
IE%,%): JH_GH%’%-HGHlI s |6 4] . (41)

for an operator of order -1.

Note that inequality (41) is true for the reversed operator

R

G of G. : ¢
. . .
- 1+
i o
o
E
'
-
e . i
I
-
h-J
. L4
N
. i
. ; \
.
. f
. v
- B
.
« L ,
. ; i
-~
— - A
;
- 3
a
* -
L did frales i oS At NPT -
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" Fourier-Helmgren Pseudo—Differéntial-Operatofsé/

A natural gyestion arises as to whether or not one

v

'could enlarge the class of FM pseudo-differential opera-
tors in F ‘a way that they remain Lz-continuous and

that at least the operators, if not their symbols, form

an algebra. - -~ . &\\V o

We fiﬁst consider the Fourier-Holmgren (FH) norm
||Y|.!FH=max{5uP5.f|Y(E.-E';E')|dErSUPEf.|YE(E-E':E')lﬁE'} (7)“
max{ | [v]], [I¥}]_}<e : ‘

-

",defined'by Friedrichs [1) for the co-kernel Y(X;E).

(

" . . o . .

A basic startidg point in the devélopment of
Friedrichs' [1] class of pseudo-differential operators

was the définition of the space of co-kernels denbted

by G. To this end, we denote the space of co-kernels.
. LT FH L AFH
with finite FH norm by G and that of the symbols G .

/

-

-

We shall derive for the clas; of FH pse;do—différentiql
opératoxs, i;eqﬁalities'analogoﬁsrgqﬂthose we derived
for the FM 'pseudo-differential operators. |
We show that an operator with'finité FH norm is
. Lz;continuous, i.e. thé inequal%fy
lrel12, s HELL TV lel 12, soras e |ITl],=]1v]] <
L . L '
ana 11T]]_=]1¥]|_<=. -

Proof.

‘|ll"w|1722I=f|.fY(E-€':’E')w(i')ﬁi'lzdﬁ '
L . ’ . ' .

L

o T [N M
et 3 by 0 et LT D B0 e L g i

b il Tl et =
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csfuflve-g N3 >|ﬁly(a ~ETEY )1§lm(£ )|¢5 ] da
sfUlyE-grsg lae v (e-er e )| lwte ) |2aE 148
stupgfiY(E AAIAT REVACARTIS AR AP N AT S )lsz 14E
S[supEIIY(i £ )lﬂE'lfﬁE'ISUPE.IlY(E £'5E" )IdE]lw(E 1k
~S[sungIY(E E'.E')IdE'llsupE.f|Y(E a'.s ) 1ag1 [ lue "y 2ae e
SRR |
The boundedness of - y{(x;E) in the FH norm
does not imply the boundedness of the reversed co-kernel
R(y:E) nor of th;}intermediéry co—kefnelle(X;E+akf,
0sa<l, which occur lﬁ'ghe,revero; inégualities. To -
e;:end the 1%-continuity theorenm to the reverséé co-
kernels, we remark that |
| 1% | [=max{] | il”l!YRII'
"max{supg.le(E £1:8) @€, sup [y (E- -E'; a)iaa )

_max{llY||~ |1Y|l
Hence, et is Lz-contlnuous if |1Y\1 “and 1|Y1l+ are

"bounded.

For the reversor inequalitiés,“we shall require

sthat Y, Y(X E'+ax) 0sasl, be in, G Hence, b is
2 .
L°-bounded if I}Ya|l+-and.||Y|| are bounded Note
. v .m R g , o
that Y0=Y and Ylfy . . | ,
In Rlle, Yu is in GFH, osagl, if . .

max f]y|ds<W,
Lo

where L is any line with slope I\Wzl in the (E E )—plane.

T T S AT SR L T R AL s
TR A Lt e el Al SR S 7P B P A 5 AL S ' o et
" ” .

R T T
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In partiéukar, for Y.,

)

. Lyll,= . max  [ly]as,
‘ vertical line; T _ . ‘ .
s vl = max flylas

lines with slope=-1

and

R max  f|ylas.
) lines with slope=1

We ‘give a simple example of an FH co-kernel which
: .

. is not an FM co-kernel. ‘Consider the simple function

of a real valuable
' [

?E fcr -1<0<1l

rw(Q)= 0'othe;wise
and let - _
Y}x;s')=wkx¥%£'>.
. Clearly, ' -
bl 2,
Hy H gy =

Definition 2.1. Let G and G be two pseudo-differ-

1 2

ential operators, acting on L2 functions, with co-kernels
.Yl(E-E':E') and-Yz(E-E';Ef) respectively. The sum

G +G, is defided as follows: .

[e*¥Ear 4T, 30 () a6

.(G1+G2)u(x) '
’feixglf{Yl(E—E':E’)+Y2(£—§';E')}w(E')¢5'1¢5

v

and the,operatérfproduct G.G
~ 2 1

G,6,ulx) = feixgrfwz(a-av;sﬁ)[lets"-s';E')w(s')da'lds"lﬂa.qs)

is'défined/as: \
2

Remark 2.1 Clearly, the operator Gz'Gl is non-commutative.

»

[Rs— e i bt
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Algebra Theorem 2.1. The class oflpseﬁdo-differential opera~

tors with finite FH norm forms a non-commutative algebra
under the operator product.v : : e

Proof. It is clear that'Gl+G2 belongs to ‘FH. Tc prove
-_— - <

'that‘GzGleFH, we interchahge the order of integration

in £' and E" in the definition (3) of G,G;. to be justi-

fied below. : We thus-obééin'
271

Wg see that‘the.pfoduct 9peraton.corre5ponds.to the co-

kérnel ] _ - el

Yoy = Ivéc&JE":Er)#l(é"fs';5‘)¢£}-,'
and we have o . _
||Yzi]|+=supg,f|fY2(E'€":E")Yl(5"-5':E')ﬂs"lﬁg

ssupg, [ 1Y, (X:£") [dx |y  (E"-g 58 ag

| ssupp, [ 1Y, OGEM [axS |y (€0 lax

~ ssupp, 17, (X7€") [@xsupg, [y, (x*1E8") |@x"

SIRIRIENIY |
gy ] _=sup, f1[v, (E=E@E) Y, (E7267 571 AE" g

SSupEfsupgmf|Y2(é-E":E")IdE"lYl(E”-E'FS')Iﬁi'
slby g T -

- This justifiéé the change in the order of'integratioﬁ by -
Fubini's.theorem [7]1 and shows th%t'Yzi’is an FH co-
kernel. By remark 2.1y the’algebfa is/pen~commu;ative.
Thus the theorem is proved.
| In .order to. prove that the space GFH }s-complete
with respect to the FH nornm, we ghall'use,the followiﬁg

theorems ([5].

. i e Ao S ot Sl

o - ‘ 24 .

GG u(x)= feixg[I[{ths-s":ﬁ")ylté"-s';é')¢£“1w(£-)d€:1a5.(4)

s

-

.
e el Y

{(5) . g

(6)

nn

bezy




k=1

Thecorem II. If % sequence of measurable'non-negative g
AR - : "
functions {wk(x)Lk=1 converges to the function P (x) \

. ! : ) ¢
almost everywhere then _ ﬂh

. -
fY(x)dx < 1im inffwk(x)dx . .
: .
) . ’ . ‘ . . . LU
‘Theorem 2.2. The space G?H is complete with respect to
the FH norm. -
Proef. Let {Yn(x;gl)}:=l be a Cauchy sequence of elements
yneGFH_. Given €>0, there exists N=N(¢) such that
: . : \

- = ~FV.FE vy _ Tt . ' g
Y=y [ =sup fly g-g7 5 ) =Y (E-E15E0) |ae (8)
. <€ 3
qur m,n>N, For each mumber'k, we can choose an nkrsuch
that

i .l- . '
- <
[y -yl <% . (9)
if‘m,n>_nk and nl<n2<n3<....
Hence we have
o . hY
| [y v, | <= _ (10}
P+l Tk ,2k Yy )
which implies that ‘
o - . ‘ © 1 Lo - C
) ll*r‘n -y, o< * - (11)
Hence the serles )
ZSUPEHY (é;E E')Ymi'-eud&;'
k=1 Tk+1 i
= ZIJ'Y S A B 5 (12)
k=1 Ny, .0 .

4

. : 4 ‘
Theorem I. If a sequence of measurable non- negative
A

functlons {¢ (x)}k 1 is ,such ‘that z f¢k(x)dx<m . then
' k=

1
Z ¢k(t) converges toc a finite limit almost everywhere.

k V . *

which impliés that the series

- vt

[



» / - ) ' | .‘ . o '. ’ }'
- : » - . o ‘ }‘ t 25:‘ |
I Jlv,  (g=EviEmy-y: (E-Ev;&n)fagr -~ Q3
k=1 - Tk+l ' k - : o

converges for almost all values of §. By Theorem I, we

see that L . . i , ' : T
Dly, . (E=EriE-y_ (E-EviEry] o
k=1 "k+1 x . » ,

converges for almost all values of § and £'."

-

\,

It follows that the series

Y, (E-E'iEm+ ] Ly (E=E':E0)-y__ (E-E';EN)] (15)"
1 k=1 k+1 o Tk - .

converges almpst evefywhere to a finite limit Y as a

fynction of £ ana'E'.L Hence, there exigts a func-

tion Y{§-E';£') defined almost‘eve£ywhere such that
lim v (E-£*3E7) = Y(E-E':E") o . (16)
ko "k S L - '
for almost all values of éjand £, ‘?
Next, we show that}Y(E—E'{é‘)eGFH. For fixed j we have M
. . . . 2 1‘
almost everywhere ' : . i
. i . . L 2
Lim|y_ (E-E":E0)-y, (E-£r 80|
k+o "k i . - . -
= lvg-grgn -y (E-ggn |- : | .ooan
‘ 3 ' - ' :
Hence by Theorem II, we have’
Slvtg=Erig iy -y (E-E';EY) |aE!
o3 _ ‘ ™
< lim inff|y_ (E-E';E')-y_ (E-E';Ev)|gE. (18)
n n. ' B
ke . k 3-
. Now .
Hyp =va sy, =va o sty vy ey, =y Howas
S S TS T L A P51 Pye2 - k-1 Tk T
1. 1 1 ' A
S'_.+ — + . e = ~ 7 . ',..
‘ ' 23 23+l . 23-1

which implies that

vim inffly_ (E-E'iE') -y (E-E':E%) |dEr<e .
kv k - ]

-




.

Tﬁls means that SQPEI|Y(E-E';§')—Yn'(E—E'}EJ)|¢g'<w,;

. _ ] p
so that Y(E—E;;E‘)-Yn.(545';5')EGFH—._ Since

Y (BB EN) =Y (E=E s E ) =Y (E=E'EN) 4y (E-E'GE)

J ]

27

(21)

. ' o . ‘ | o
and each of these is in G .7 their sum, Y(E-E':;E') must

be in GFH-. Hence

vim |ly-v, []_ = o,
g o0 i

(22)

i.e. Yn(E‘E';E') converges with respect to the FH- norm

FH>

" to a functién Y(g-E';E')GG .

Similarly, ‘we can show‘that GFH&*is complete. This

prové§ theorem 2.2.
;

) . FH
Corollary 2.3. The spa G is a non-commutative Banach

algebra.-

e

‘Proof. (i) feht S is a linear space. {2) For each pair _of

. 2 FH . . LT
.elements.Yl and Y?!G e there 'is a unique product,

[y, 1 (B=E"E")

, \.YZYI = .I‘YZ'(E_E"3g")‘Y1(E-"‘E'3€')#‘§"-
such-that \\, S ' . » .
(Y3¥0¥) = Y00 vy) .

This follows from

By Fubini's theorem [7], the order of integration can

interchanged so that -
!'[I_Y3(€—E"I;£N)Y2‘(E“I'gu;E")dE"']‘Yl(E["-E' ;g|.)d€u

=Y (E=E ™ LY, (E™=E"iE") Y (E"-E" ;€ ") AE 1 4E™

=Y 5 (YY), o ' : (

(ii) aB(YéYi)

‘be

‘I[Ya(E—E"':‘E"')YzEE"'—E";gu)ggl"]Yl(Eu—E';g')vd-g" ..

]

(aYé)(BYl). where o and R are complex numbers .

L

11
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 where H™ = {feLz,Vﬁehz}.

S - 28

(113) Y5 (0,#Y]) = Y Y ,+Y,Y; . S N

. FH . 5 o -
Hence, G 1s a non-commutative algebra. It is also a,

non-commutative  Banach algebra because it is complete

.

with ‘respect to the FH norm and because ‘

voyy gy s Tyl pgl vy gy

We shall now prove three reversor inequalities -which
hold for the algebra of pseudo~différential operators of

~the FH type. - .
N i . : o ’
Reversor inequality Il: If G is of order 1 and Gix'EiOf
order 0,
H®oll 55" sup llo, e ol 58 Hee ol - G0
L® ososl ! L o ‘ '
Proof. Since the operator G?-has its co-kernel

YR(X;E);YkXFX+£)' the difference of the co-kernels YR and .

o
Y. can be written as, .
. 1 : L .,
. L a , .o o
YR(X:E)-Y(X:E).= { dol ¥ (Xié+ay)da - - (39)
1 . _ ] ‘ .
= [ Yig-g (XiE+o0 da. . (40} -

By the Lz_éontiﬁu;ty theorem for FH witﬁ

Yo (XiE") = Y(x:EL+ay), we haq; | |
||raw||i2's flfw;-a';g-m(s-a-"nwu;-ms'l?gu;_ ECEY
S s eru|[+|iya||_||m||i24: % |

hhence ineguality (38) follows. )

: Reversor inequaii;y Igz If G and Gx are of order 0 and

IixeE ?florder -1,

+é max IWGA

| | (42)
osasy X% FH

R ’ ‘
|iG ‘Gllﬂl s max'lIGix'E,uill,FH

O0sasl

.

1

Proof. Using inequﬁlity 1.2(21) and substituting //

r

el I ra

=5

RN ¥
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h, .=‘ ‘Yix'_g(x;£+btx)<£v+;ux‘> P ' (43)
Ry = Y lxibrax), T . . (ad)
N ) N . ‘
ky = Y, X E+%), . o - (45)
we have _ \I .
A - ' s
R : ' v .
_III(I‘ -F)<£~>MI|L2 S,II‘( (haw+kaw+klw)da-|‘|L2 | (46)
- . 1 oo
s ingel Ly x| el gl pan -
LY L :
max (llh [ I]wll St x| Tall S+t 1T 1wl ] L)
* gsas1 L2 ST 2 L2 12 L2
s max ([ bhg gl lell ool 11 Tlall Jelle o [ Tell ) °
. ‘ 0fasl o' 'FH L2 a''rH! 12 | ‘1 FH 1.2
s max (|n {12l Tk [l (ol ]
| 0sas1 a''FH o lr L2 , -
s max ([|v, _.; 113" +2|[Y ol Legd [ ul]
0sa<l - ix E a''l,PH FH'.
Hence we obtain. the desired result,. . _ ' : ‘ _ 4

Reversor inegquality I(},a): If G is of order -{(a+%)

el g e llell gl s el o (a7)

- ,FH

Proof., By using lnequalmty 1.2 (37)}“we“write

<ty (8,-6, 08 <8 >0y 51;51><51>“+%1| (a8)
mlyee,-g g <Ey [<€zP§j<€1? I R i
<g >% |.
=Y (£ ,-E 58— |£,-8
| 1 1”<E 3 €578,
. — Lo-3 ' ' °
‘=Ivix(£2—€l;€l) <€,> . | : -
Then N . -
3 <E 3% o+ ) A8y
JTteg, >Ry (8y=8, 18 <E > 7Y (8 -8 58y )<'c: >
. - : ﬁgl
Smax{supg leix(Ez'El:El)]<E'>a‘i 23 ‘ (49)
. 1 ‘ g,
. ‘52 ' -
=||yik]lq-% , FH

£ MR g s

aak
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-

and hence ﬁhe desired ineduality follows:

RN %}u_JlGll‘a+%L $ 1|Gx|1a—%,FH' . {50)
. H H :
WE‘Qhail use ineguality (45) for the case =% in f
. . ) . N N il - ‘
~which it'}eads
s el g ellellyd < Hoglly 0 eu

for an operator of order -1.
. Now we shall prove inequality (51) for the reversed oséra-

tor GR of G. Since

~ | P
. , o+ 2
JeE 20y (8,8 18 <B Py (68 <€ 2 T
: : 1
. £ :
. a % i_ ﬁ 2 . N
ssupp J1¥(E,-E118,) [<E> [ <5 >F-<ky : .
‘ 1 : | a8, : g
P _ o . : /
: . - o -1 34 o '
=max{supEvf[yix(£2-51;£2)|<gé>a 1 | 2}
1 AE
E .
2.
'5|[Yix|]u-%,o;Fﬂ;
Hence
R R R ,
1S 4 3= g ol 5 1165 lay 0 mm - (52
1 . .
raking ®=3, we have )
R o N S
1Ry 3 1Ry ol s TRl oy (53)

-

Chapters '3 and 4 will be concerned solely with
pseudo-differential operators of the FH type. For this
-

reason, we mention the following facts. Since

i

G(x;E')=feixxY(X£E')dx H_, - (54)
then B ‘ : ' . E : ’
ol lgy=foupg Iy 0aE Tax 3 Hlallgg- (59
B | - - | |
SO .

\
i
¢
1
t
i
\

R

B T
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This'inequality implies'that an FPM %ymbol is'aﬁ FH symbol.
4 e :
Moreover, the product gz(x,E )g (x E") of an FM symbol

i'gz and an FH symbol gl s .an PH symbol. In,fpct since

S

gz(x:ﬁ )gl(x.-s')=:ei Xy 2*Y )(x;E Yax o (56’.; .f
. C K
-l bx (XX ’Y et sE D Ay s E e | :
we have '
Tlaya gy = Hypry oy
- =max{supy J{[y(E-E"iE5) Y (E"-E 58" AE" [ 4E, _ .
sup,f | [YJE-E s E) Y, (BT -E s E @B  [dE "} | - (57 ;
« ... gl 1Y 1 s |
v ﬂ‘ : . =max'{h+,h_}}¥— K 3 ( :
' where - ‘ ‘ . R ‘ ‘ ¢ ” g
i
A, .3 fsupg,,,[‘{ (E-E¥; E'")Iaﬁsupgwfly <£" AT )|sﬂ€" ;
RERIMITATIG I %
L ; - and ) . o - @
S - ‘ ' . . 1Y ‘ . ' ‘1:
O S“PgISuPE;-.'.IY <e:—a--:£-"'>-|sur>g~flvi(a=.—‘E:'s£')vlda"aa- | !
s vy gt lvgl o o | .
i Henca.“t: . ‘ﬁ |
oy My s Ty byl Mgy )

"The operator associated with g;(i;g')gl(x;ﬁ“% is the

convolution pfoduct operaEBr GZ*Gl’ and from . eguality

(586) we have ¥ é
. . _ . : 4
S : : 3

ller*cli{gﬂ ey Houl oy gy s se) ;

- ‘ : g

. . . *

Consider the simple fuhction of ‘a real variable ' : , %

l. - ‘ ‘rj

(given earlier in this chapter): - " %
/5 for 1s0s1 . J

. b(o) = { . f . - . . CoLi

L - 0 otherwise K : N : 3
and let . L ' ?
!

i

- i

A TG B3 T T M s M A - - -~ - T 1
N ]



woxrken L
. YOLE=E 143E"),

; » . ‘ o 7._, . : . - : ° . . R :
- © " Then : . L . e
- . " . .

- .y*m(s-a';5-5=,Iw(g-éféishawca"—£'¥%£'rds",f o R

<

b
M

n

it

and 3 _ ; ' el
’ s . . : . ¢ . -
[fyxvl]_ = SUPE$JI¢(E'E"+%E'[w(ETF%ET)ﬂi“ﬂi' S _1‘
- ‘ = .:H:' o . ' -
. - This shows thiat the’convolution of two FH co-kernels is not
b ‘ - : .' N ’ ' . . ‘ - * ' * .
/ _ in -general an FH co-kernel.' - ‘ S
The pfgduct-ezclwof_éthM operator G, and mn FH operator
'L. oo VL . o : ' . /,/
' G, is-an FH operator, since from.
’ 3 . ixg T L C T :
6,6 ulx)=]e Uy, E=Em ey [y (EM=E' ;£ )0 (E )AL 1AE1AE, (59)
' : ) . .'. - . * . p
) we have , .

SR XN TR ERER ERTPS -

_We even have from theihlgebna_Theorem 2.1, the sharper

inequality ! o
) \"/

'I'IGz\GyI,IFH'S HGZII’,I’I nhleyl ey - o N L2

w ‘14 ‘ . . L

) A'j" R 'T.

’Jl
- 7
/ .
i »
. , ; .
" i
/ : -
:f
. ” ¢ .'h”
.'./”
| / |
'i
;
, - .
/' LN * R i
l,/ - .', ;
’ '1' R B |
{ .

- © .
L £ T T T LI T

—
i
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-
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" * negative FH symbol g, wlth g and 9,

§

- ¢ CHAPTER III - S 33
H . N . Lo N a . o

G;rding'e Ineqnality and'thg.sherb Form of'G;rding's Inequalitg

In thlS chapter we shall show that a sharp form of

! Gardlng s- inequality for pseudo different1a1 0perators

as proved by Lax and Nlrenberg [4] also holds for: pseudo-.

dlfferential operators of the Fﬂ type. We begin by

proving the following theorem relating to double symbols,

from_wh;ch foLlows;Gardlng s inequality. in-its ordinary

>

form.

. A pseudo dlfferentlal operator G with non—’.
”~

Theorem 3.1.
of order 0 and gE of

order —i, dlffers from a nonfnegatlve FH operator G by

. the.suﬁ of'twq‘operatoreq ohe of arbltrar;ly small o m
;angrone;which rs of order —l as well as order -%;-%. -
That‘is to say, for every-e>0 there is an’ H_ and Té with .+ .
Va1 L pgee and 17 10y pyeo as wert as 12113 3 e
such that L T '_ o
‘ (G+H +T, )u; 2 0. ’ (15
Proof:' To prove this theorem, we-flrst anse coﬁvolutlon

actlng on §$x,£), whlch are deflned by
fg(x B3, (E- cnac
9, (x:€)-

operators Jp

,J'pg(r;‘ﬁ) (2)

The kernel (G) should belonq to C

, be supported in

[UlSp, and_have lntegralvl,

:

ENGECSE (3)

To‘cqnstruét-such J we choose a smooth even function

p'

qi(U)_with suéport in the unit ball, |o|<l and having

P

L

Frreasly s g
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T ‘S‘ ‘ - I . 7 v
1ntegral l, i.e. -~ A ) ' o
: _ fql(U)ﬂG=l : R S T4y -
! LR ] / -1 ‘ 1..: '
We set q (G) p qiTp O) and take ‘ .
o . ipte=gte):
i . . By wrltlng
ILY E) -Y £)e ftv(x 1 91 =Y (x5 5)13 (c)ﬁo, sy
we haVe .
r o ) Y(X E) =Y. (X5 E)]<E> f[{ "'_[Y(X .L; ag)<g uo>]da Y(X E-a) f‘g —-o>
¥ o -<£>1j (o) do f I BNTY
g _ ~f{{ -gey, E()( €~ ac)<£—ac>-y(x £- ac)d-(E ao)<£ ~ao>"tao
L <E- o>+<g> . '
1 -Y(x = C!U)[<E o>~ <E>][mljjp(0)ﬂd.
g‘ Hence we obtain -
g [3Y (X1 EY~Y (x:€) 1<E>= -I[{ gy E(x ;E-00) <E-aobda -
+IY(X iE~uo)oe (£~ ~a0) <€ - ag> lda+y(j(,g ~a0) 0+ (=E+0-E) -
[<E-o>+<E>17 )5 (0)do . | B 3
Noting that '
loetE-agy | IUHE ac] _
ZE-uo> <E-a0> |0| S_p . (8)
-and . . .
lo-(-g+0-£) IclrJ£l+lo-s|1 : .
<E- 0>+<€> l : <E-g>+<E> s lol so, , . ,-;('9)

-

the FH norm of the.first-tefm in the right hand side:bf.

.‘(7)
| ’ aE

.-J’[supE fr{ Yg.(a -£ E'-a0)<£'-ac>°cdalj (U)dcf] {10)

s & |

2 CgEc .
SQ{ aasup, IIYE(E -gr a--aa)|<£--ac> [3,t0)d0
a8
(2 ‘ .

SpIIYElll FH °

A
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Using inequality {8), the FH norm of the second term in

.the right hand side of (7)°

g

sur, rflfr{ Y(E-£"5E'-00) G (E'—ac)<E'-aof da]jpfd)ﬁcl
sp{ aasupg IIY(E - E'-ao)l f: (0)do

. E ' ,

sollvlloy

-

Also, using ineéuality (9}, the FH norm of the third term

in the.right hand 'side of (7) is,

gl

: 13 :

- Spsup, le(E £'; s'-ac)l [, (0140

- g ‘

g -«

sollvllgy

ﬂence . . e ", -
'llcpiéllﬂl s p{llgglll FH+2llgll

Uszng 1nequa11ty 2.1 (51) and notlng that

Hopllpy s 1sllpy ana Ils, 11, < [le. ]
-

we have

eamell 3,5 2 ol 1, FH+z|ng| bazllg ll,, -

FH
Now“the simple symbol gp can be reaxranged as the double

FH '’

symbql

(szfxl:a ) = Ja pAE2 D) e t) g (E-E ) gt

.whlch can be shown to possess the follow1ng propertles

(1) the symbol gp is a hermitian: self-ad301nt kernel for

each value of the x-variable: .
G0 (B, |x0iE) = & €€ [x ;£ ) | .

p 270" p 7170720y . .
(ii}), for all values of Xy the symbol g is a non-negative

kernel; i.e. +the inequality

Rater T L P

g

supg f[f[Y(E E:E'~a0)ge(- g +o- -E )[<g'-o>+<g->] p(c)ﬁg]

(11)

AE

(13)

(14)

"(15).

(16)
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[JEEE € lxgiE e IAE g, 2 00 ~oan

" holds for all values of x,. and all functions w in L2.

0
Property (i) 'is' obtained from the .fact that gH=grimp1;es

§§R=§p; _E;operty {ii) results from. the foflowing

. + ‘ .
[laeyg e, lngibpwEpae ae, 3\
= [Jutgy tfa (B0 et Dhq (L-E, ) ALTw(E) ) AE, AL,
= f[f[qp(Eé-c)m(Ez)ﬂizlngd:C)I[qp(C-El)w(El)ﬂml]]ﬂt
2 0. ' o ‘ ‘

Hence, §p=§pfbx|x;0x) is a non~negative operator hy

L o ."(“ "'-nL
Lemma 3.1 .

, N
L]

By the Mean Value Theorem, we have.

|qp(52—C)—qp(El-C)1"S Supc|q${0)[|X|> , . - (18)

_ -nz2-1 -1
=p supglaj o or [xl .

We may then derive the estimate . . T

& -G s co™ 2 e ||

| | | (19)
p TP 2

FH = . . i

in which the constant C depends only on the choice of the

function q,(9) with support |g|sl. We now chdose . i
o ; .

—+

2 1.

-1 N .. :
0 > ¢ IIleléH and set § -G =H_ so that []gell €.

<
FH
=G - tisfids : <o - . <o,
Also, T =G -G satisfids |lTe[l—1,FH > and ||TeI|%,%;FH
Consequently, G+H _+T =8 satisfies inequality (1),
’ ’ . A
(u;(G+HE+TE)u) 2 0+ .
and we,bbtaiq the deSired“result.
Since (u,T wsliT || Hall?,, inéquality‘(l)
) : €' '2,3;FH =3

implies the inegquality-




.,' . o . . o ' . - 3%
v ‘ 2 2 ' S
g : (u,6w+ellul[%+c IHallZy 2 0 - “(20)

. ) . o ;-1
» _ with CEZIITEF!%,%;FH. ‘Spgciflqally we may take Cefq c.
Inequa@ity (20) iS'ngdians'inequality'in its ordinary

-form.
Under slightly more restrictive circumstances the.
above statement holds with H€=0, so that the inequality

' . {20) holds without the term elluil?. This inequé}ity is’

referred to as Garding'd j.)\'lequa}ity in‘a sharp form.

Theorem 3.2, Suéﬁﬁse;}g; symbol g(x;E) is a hermitian

and;non—negative-sqdare matrix; then it admits a hermiti

gt e

~

éelffrewersed non-negative rearrangement a(Ezlxl;El)
which'generatés a self-adjoint non-negative operator

L: ' The difference é-SyG of the symmetric part,_SyG=%G+%G

! from & is of the orde? (-%,-3), that is ;o‘say{ e .
inequality ' . | . ) - o )

_ HE-sysll 4,3 < < | (1)
holds~withlan»apprqgriate constant Cg. This inequality '
implies the'ineéuality -

, . . : ”.
| (u, (B-syerur| < C'[|a[|f; s | - (22)

~an
K

2
and, consequently, by v1rtue of (u,Gu) z 0, the lnequallty

Re(u,Gu)+C01|ql|_% 2 0. ' i' S &

The differentiability conditions impdsed on the symbol g

are that 9,9,9 €0 (0) and g eO( 2) in the norm L|
. £E - lpa+

XX
which is_slightly strongexr than the FH norm i.e, - " o
[y ] =max{max sup,. [|y(E- 5'-5 +Q(E~E" )— .
| FHE 0<as<1 5 . )
Ic‘}sl '<g +u(EE)>U)] }‘.<24)
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Proof. We choose a smooth. even function_qz(c) with support
" . i’ in £hg unit ball, |0[$1 and having integrai 1,

. 2 :

[q®(a)do=1. - (25)

’ . 1 . )
In order to construct an approximation to the symbol g
‘ 2 . ) ‘ . n

we shall use g (0) to mollify g in 'such a way as to-obtain
the mollified symbol S - ‘)
1 I S U g - |
g(x;8) = [g(x;E-<6>70)a” (o) do . (26)
It is convenient tec rewrite the right hand side of'ehuation

(26)" by using the change of variable
\ ,

¢ = E-<Ex?0 o T,
‘ and the notation W
- - -1 . .
b(E;L) = <E> “/4q(<5>_ﬁ5—cl)f . \ (28)

so that the éymbol-%(x;é) bgcames

Yixie) = Jatne? Einyaz . S (29
“

1f we denote by & the pseudo-differential operatér with

symbol é; the adioint é? has the symbol

R (x:E) = fg”(xi;t)¢2(52;c)¢;, | : (30

" By the assumption that the symbol 9[4;5) is hermitian,

-

gH(x{‘C)--—- gi{x;0), . ' L o . (31)

; . it follows that

| c 3R (x;6) = [otx 007 (€ T)dr : S G2y

p—
Il

1
.-g(xl;Ez)-

; 2 Finally, we define .the double symbol by

' i
2 = . . .
. §iE,Ix 580 = [OE, g i) (8, s 00T, . (33)
" One can easily see thét'é is symmetric,.i.e. é*:é, since .
é is hermitian and self-reversed: o : '
2 - 2 -0 ' :
GUE, % 1B ) = §UE [x 50 . | (34).

o AL LI LA R T S AL N B, L b e A TRy el G ey




" into four lemmas. L

g L e e eyt

“39

. R . iRm °. ) S ; .
Denote by g and § the symbols of the .adjoints G* ang é*.
In order to facilitate a systematic proof of the sharp

form of Ggrdiﬁg's‘inequalify; we shall divide the proof

v

»

Lemma 3.1, (Friedrichs [(11) -
G20, ‘ o ' . (35)
] 2 ‘ . . )

Proof. The symbol 9(5é|30551) is a non-negative kérnel

fbr each value x, of x,

0.
i& x LiE o x ‘ ,
fjw(g 2o 5(521x0;51>e 1 Ow(E RLG dE . (36)
. w ‘ :
: _ . -igx , ' i x
=ffEE e '2'0¢(E?;C)g(xo:§)¢(€l:c)e 0 0@‘51’¢5ﬂ51¢522°',

To conclude the proof we integrate with respect to Xq

and I; hence inequality (35) results. in the form

;m,ea; ffw(E )%(& IE 1 5 )w(E )ﬁE ﬂE 20 . ) (37f

Lemma 3 2.

(18641 s cpllcgell; b, (38)
and | : ) S

HERG ) o s callogel ]y, en - ST
Proof. We use the fact that fngc)¢o=1 to write the
difference é-g.in the.form l | -
§(x:1E)-g(x;E) = f[g(x'E-<E>%0);g(xL£s]qz(c)ﬁa‘ O (40)

2

and ‘expand g 1n the 1ntegral in a Taylor series in <E>“g

ith remainder of second order in Integral form .
1 .

g-g = -fgg (x:E) - Uq;(c)d0<5>§

+f£ (1 )gg E(x E u<E>% )rar oq«(o)duﬁo<5>. h (41)

The first term involv1ng the factor <€>E is zero since

s gy -1—2'_,\_‘4.“-&&“-‘1-—_<- FEN
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ey -

L s e 0
‘qz(h) is evén. Now multipifinq équaﬁion (41i by <E> and
Qbing to co;kérnels) we can rewrite the diﬁferencé |
(§-v)<E> as follows ~ . . | : o .
i
.[%(x E) Y(x:5)1<€> fg (1- UFYE E,(X:E u<€> g)<E~ u<£>%0>2
<E- u<g>.a> <5> «ge oc (0) dudo . , - (42)
Since q(0) has support in the unit ball Julsl,.wé may use
the ineqnality | '
ja-cq (c)¢051 ‘ S A ) (43)

and the constant

.. ) 1 s )
‘¢, = suf <E-p<E>ig>T2eEs? | (44)
. £,|uo]s1 :
to obtain'the estimate o ' .

| (E=E ;€ 0) oy (E—E"E) [<Er>sc g (1 mlvgguz Ev E -u<E 1> ml

<grol<g r>2g>2ay, o (45)
Hence
! - gt Ny i
H¥=y[1 ;se, sup supe [ (=) |y (€-€7 38 -u<g >2q) |
H Osust’ g. : - .
aE | R
<gr-ucg>ios Zay . - (46) .
| a o .
scAIIYE£|12'FH+-. L Y

This inequality is the required reésult. Similarly,
inequality {39) follows.
-Lemma 3. 3

(48)

| HE-sydll 4y s o ||G el s
Proof. We note that the operators & ana &% are.associated
w1th the contracted multiple symbols g(E |x1,E } "anad

g(E |x E ) and hence with the co- kernels Y(E lez—al;gi)

and %(E |£ E ). This can be seen from equationé (29)

i sara —



T Ne

CFxE) = Igtx;c>q2<<£$5(£fc))¢c<£zF“

“feg, -8 08 = $<£1|a ~g, 8

SR lxsEex) beg>E

B Eay Ixs E4) 14>
'.~ {<E+x>%%(5+xlx £+x)<£+x>
<> Y(E|X 5+x)<€+x>

and (33) which we rewrite as : )
/2,

and

2 ) : “n/4; . ok . o
. s ="<E > . <t S - ,
GUE, %18 - 52‘ [at<E 32 (€ -t g (xy:0)

qeg >t (z~ E ))¢¢<£ AN o
Recalllng that %(E [E :E is self-re;ersed,

2)’

3 (lx: )+ g xs E4x0=28 (Eaxlxi )

= § B -FaErx %60 +§ Ex [ x: E+x) §(£Ix £+x),

_ where E= E and- X=E El

and.group terms to obtaln flnlte;Taylor expan51ons

invdlvinglenly %’and derivatives of %:

<£+x>%{$(5Ix:£>+$(€+x¢x:£+x)42$(a+xlx;£)}s£>%

& <g+x>%{$(slx;a)—$(£+xlx:5)+§i5+x|x:£¥xl -

2N : '
{[%(slx £)<g>? -9 E+x |x t—;)<£+x>%1<5>2

+$(E|x E)[<£+x>% <E>’1<£>%}

.+{[Y(€+X|X €+x)<£+x>% %(EIX E+X)<5>%1<E+X>%'

%-<g+x> ]<g+x>5}

1

5

TTORS L JTIT P E)<£>2
+<E>%§(E[x E)<E>%]
-<E+x>%%(£+x[x g+x){<5+x>%_<g>5}

+<£>’$(&Ix £ (<gex>t-<e>?)

3

IS | £+Ux>5$(£+£x[x E+v )<§+u >%dudv
{ av du ) X X
a. < .
-[ 5 m <EHux> $(£+ux|x £+vX)du{ L wgrvpiay
v e y
o

‘ M .
sk sl AR TR ey S OO SV PRSIV L POV R SO
Lo, " B L.

41

'(49)

(50) °

{(51)

’ , R
we see that &+& —2& s associated with the co- kernel

{52)

. We multiply equation (52) by <§+x>%<g>§, then add, subtract

in X

{53)

{54).

{55)

AR T T
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In order, that an estimate for the FH norm of this exprés—
sion be obtained in terms of the' norxrm of 3 and the derl-
.vatives of Y: we note that .
e & <eru? - M bG8 <Enne " 2 (g (s6)
where the last factor is bounded by 1, i.e. ‘
. ‘

f<‘¢;+|_1>(>"3/12

(E+ux) | = 1. : ) ‘ © 57y
' Hence performlng the dlfferentlations Wlth respect to

v_u and v, we' have

/ f‘pz(%)figiﬁxgjg' T i B s v ) H{E+vY)
0

0 <E+ux> ; - <£+vx>3/2

. (E+uy.)- -k
LI Sy S S (E+u £+v ) <E+uy>?

<§+UX>3/2 4g(}x E ) x!Ix; X) <E+vy B

<E+ b {E+vY) .
+ 3 Efyx y(ix,g )lx,<£+uxlx £+vX):E:;;§37E

-, ’

+ <E+ux>?

. . : . 17 .
Y(ix-az>(ix-sl)‘5+uxfx;€+vx)<£+vx>zqauav

. L] X ‘ ' !
- %—15iﬁx%73 Vi XX Ervnan 19 <grvyx>Zav
o <Eruy> - R

. 1 . ‘ ) :' - = . ' :
t [ LB 4piy>2 %ﬁ $(£+ux|x;£+vx)f’ gg'<£+vx}%dv. " (s8).
. _0 ‘ 0 - .
We find-that'
. E » . . -
<E+X>§|%+%R-2$|<E> < fl 1Iﬁxx(gﬂixlx £+Ux)ldudv

0

+ f f <5*”X>%I$(lx-£ )(1x-E )(£+ux X; £+vx)l<£+vx> dudv
‘00
+ [ <grugs? I@ (1xe€ ) ix EX D E+vx) | auav

° 0 )

+ fl{‘l$ix{ix_gz){E+ux1x;€+vxx|<g+ux>%duduj‘ (59)

.0

Before we bound the Lz norm of the fo terms in the ;

right hand side of inequality (59) by the FH Jnorm of the

. | . : i

‘_-‘__1_-.,&.‘\.“:‘.}.__‘_,\” J
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‘sihple co-kefnél Y(X}E) and dériv&tivés of Y, we obtain

. 3 . ‘ . - . .
such a bound for‘Fm,‘ }

"F“’”Lz < |JY||+H“’||‘LI&,2 :

(60)
This estimate is obtained by a repeated use of;Scthrz's o
inéquaiify: | _ ‘
llfqlli2-= flfr¢<az;civ(az-al;c>¢< l:c)gélwral}aéllzdaz (61)
< frf[f¢2(£;;cyl*}£2fa' )Iﬂ;]%[!¢2(£l;C)'
‘]Y(Eé-El:CJldQI%Iw(El)IdilléﬂEé‘ o ' (62)
s f[ff¢2c£2£C)lv(£2-£1;ca[dcd£11[[ﬁ¢2(5lic)' |
|Y€§2-Eifﬁ5Iﬂtlw(ﬁi)]zﬂgllﬂﬁzw . (63)

< [sup£3fj¢zr£3:c)|Y(£3—§l;cylacd£ll |
‘.'[supgqffﬁflg4;ﬁ)|ﬁ(£2-54=C)]ﬂ;@gzlflm(gl)Izdgi (64)

= tsupg [fa® )17 (E,-8508 <6 >0 [anae

. 1
(supg fla® (MY (E,-€,:€,-<E,>7n) [dgngE 1 - \
4 . . i
w12, - o _ (65)
LZ» ) , - . .
‘ 2 2 12 . : '
< HvHSTell %, s Tvl2 el 12, . ® - (66)

-

We now bound the first term of (59). Writing ¥ for

. .
we have: . -
zYxx € have . o .

111 2, - ' , 2
ST FE U, B 6,8 18 4y (E,-8 ) anay wEag | PeE,
(11 2 ' oy lar}
s I{{ { JU6% (B +u(B,-E 05 0) Y (E,-E 50) | de]

tf¢2(El+v(Ez—al:t)ﬂvtez—al;c)Ia;]%

lw(€)) |aE, auavi?ag, . - - - Gem

------ [ A TP ) B e N i kb s IR e e Wl L el s L s b e s
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. . ' - 4 4 ‘ . . ' !
s.f{f‘J‘[II¢2(&l+ut£2@£1)}goIvtaz-gl;c)f¢c¢£l1%‘
o 0 : o : =

107 (5, +v18,m8 ) 50 ¥ (6,6 g0 lazlwe)) | 2ag, 1%auav}2¢g2 (68)

5 I{f f [Io% (E +utEy-E,) s O [y (5,-E :C)[dtdﬁ 1dudv} L

e 0

< {flsupE ffq (ﬂ)[Y(g 176 +u(€3—51)

{f ! II¢ (E +v(E - ).C)|Y(€ El,C)|¢§|w(E )l a dudv}dE (69}

- U E-E)> n)ldnﬁ& du} ; - R - §
‘{IlsupE [fa® ) ¥ (5 -8 8 dVELEY o (f R N \'g
) ‘_<£ +u(é; -, n)ldmﬂE dv}. J’lm(& )| ;ag N . \\ (70) i
||Y11FH+[1N||2~* o S o '
Hence Ye have the.?H.bounq. |
1Y e e -
for the first term on the right hand side of (59). ’

. _ : i ’
We now estimate the second term on the right hand

side of. (59} in a similar wéy ’ ) ' v ‘ f-  ~ ‘

. 1 _ 3 .
flf{ { <E PHE,mE )20 (B Fu(E -k ),C)Y,lx1x.(§2—51:C)

‘qgcgl+v(azf£1,;;>ac<£1+v(£é-sl)> anav w(E))#E, |2
5‘{£fsup€3ff<51+u(53-El)>¢5(£1+u(53-£;):C)._

‘ leﬁ

(E4-E; ;c)lazﬁa du}e
{flsupg ff<€ +v-(€, E )>¢5(E +V(€ =, i8)
1Y, (B .c)lﬁc¢€ av- th(s )[2d£ | _ L (72),

We compute ¢£,

it e e a4 ek stk ceub fud i RE D1 e TLisd e e et AR o anA g f e BT TRl I oL PR |



BE@'(E,n)- = '.<£>""/4f'-143<£'>"2£c'1(n)'+'<E>-%qn(n)

Qheretﬁ = <E>-%[E-C] . . g ?

0-support in the unit ball, /

45

- 3<637%8q () n

. . ;
~We notice that the worst term in this exXpression is the

-~

second one, <&>“%qn, involving é£>r%'while the‘firét

“o -

. -2 : . : .
term. involves only'<E> : phe same 1s/true for the third

rln
support. Hence, <£>%3£¢(E ﬁ) 15 ?ounded in E and has

'ong since q. (n)*n is a smooth fun;}zon wﬂth hounded

/ o
Agcordingly, there exists a cowstant C¢ sucHthat

supgf[<£>%3€¢(5.n)] gn = C; 7 ‘
Using equa%ion (74), we fing“tHat inequality.(72l becomes

. /
4 12 /
G e g 18112, .

. i ‘./'
.Hencg, we have the FH bound
“ . 4

: |
ST

Similarly, ) .

IIII I‘<€ LUE-E }>zf¢g(£ +u(€ £y c)le 1xEp7E10)
$(E. +v(£ ~£) 5 5)aT<E PV (E,-E ) >Panay (g )gIEleZd& S
X
$ 21yl e ol 1 2 -
Hf f Y“S(”' ,<€+uxlx E+vx)<£+\)x> dud\JH s ‘CfbHYxx”FH"i-"

Comblnlng these estlmates, we find

|19+48 -2Y|| 3 s [C¢+2C¢+’=‘]”Y HFH+

* sl Il Lo

a

(73) ‘

(74) i
B

o 'a
(75) : i
; ¢
: Il

4

(76)

177)7.,; Co
B
(78)
(79) £l
¥
{80y 3

.
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where / ’ oA g
- “"é
_’. - &
Cp = o +Cytd ~ o ‘5
from which inequality (48)  follows.’ ;.;
. o . RITAE Y }:
Lemma. 3.4 AT o If'
It ;eém re ||GG1| +||G_GR|| RETIPRI T 1
Y .5 : .y 2 x| pHs 1
‘Proof. We shall use the lnequallties 2(51) and 2(52), ' : f
u%.&»: sl 3 4-11sl] 1| PRIEHI (52}
Riix 14 R -
v g I (%’%): IHg % %—Hg 1 Ol s Hg H Hg IIFH+' (83)
We apply these 1nequa11t1es to the symbol g- % in place of V.
g,observxng that ) " . “ \’?-j S
e T e T
supg Jly g0l s supy,[J Ly (-6 iE"-0<E">") | i
: : ag' - ‘ e ' N
; e P E o a e . : ]
) a 2 . Y . . 4
' * ~ q“(o)do] S s (84) o
1 Bt . . R i . N
AR , . !
o Ly AT :
s e flvgeinestal e
. ‘.- . . - . dE . ,,f—l
lotsr -
HYl"l_F'H+ <o ot S LBG_-)
. . ) LY
Slmilarly | |% Ei ’ < | l'Y || . consequently we have : '
" ‘ FH‘ FH+" d b g
: \_f‘ . ) EATES .
_ -t g)ﬂlFHS 2|ig ||FH+- L o (87) *
o T N . Pe
- Hen_ce the lemma‘is proved. -
e 2N ' e R . : S
g ’ ’ | | w. s : 1
" Combining these lemmas we obtain . o : 3
Neve-a®l1 g3 5 epllegelly e ) e i
. el leme * zl'.Gx|1FH+ﬂ R ._ (88 i
from which the ?tat‘?.ment’ of' Thet;fé;rf 3.2 fol“lom'r's. .. P - .
. Ve L N
>
- - - -~ d -t
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7 ' - e FH e . '
¥ Properties of the space EO _ - . \\\‘,4\;/
) ‘ In 'this chapter we shall examine the-significance . ' '
. £ . . .
~ . ’- _—
. J‘of-the extra conditdion (T H):
' ag -
lim [supg,f|Y(€ =E! +X"E )=y (- E':E") | ] = 0°, . (1) N
,X!-'-o g ) ) ﬂE' C . . ©
J?‘ ' . " in regard to How reetructiverit is on elements of GFH
'|For 51mp11c1ty we con51der only the FH norm deflned ‘by ‘
' (1) or 2.1{1). s . ‘
) ' ." “ ) -I.
' “sormapni’ [9] has qiven‘examples-ofefuncﬁions‘in GO
: . that do ﬁot ebey the FM(T) eopditipﬁff:”
. L ;_ﬁv . T T B o .
L T 1In [[sup; (x+x E)—Y(x:E)~'“|<fa)('1-v".= 0/ : () .
E h ! .
) n-thus provin§ that (F) is a true restrlctlon on G The
’ ‘ subset'of co=kernels in G Ehat obeyed (T) formed a -
; ’ o Banach sub algebra(and was’ denoted by E -The space
"EO and hence the conditidn (T) was characterlzed by the -
; following‘approximation theorem:-a co—kernel Y(X;E ) is " :
; ‘ . .
y ’ -an élement of E 1f ahd only if ¥ can be approx1mated
; . _ arbltrarlly closely with respect ‘to the FM norm by func— R
{A tions‘in G of'the form .
‘: L ' !
¢ - Z a, (X)B; s (3)
E ll-rl . .. - -
{ T where each o AX) is absolutely integrable and each B (E)
v - :
: - is bounded‘apd‘measureble-_ )
? In ﬁhis section we ‘'shall examine tﬂe prépeftiesuof‘ .
S
)
H ~—”w—" ’ - - -
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the subset of co—kernels E, 1n,G that obey the,extra

taa *  condition (FFH). They w111 be seen to form a non- commu-

tative Banach sub algebra under the operator product.

Let EFH be the subset of GFE that con51sts of a11 func-"

tions Y(x E;)eGF that obey the extra conditlons (L

.FH)'

~FH
: Tnus, Eg consists of all bounded and measurable func-

“ltions Y(E-E':E'). which satisfies:

- (i) ,supg,leﬁﬁ—Eﬂ;Ef)I'_ = ]|Y||FH<m ,

L - E . ) dE! ‘ .
‘ | {ii)  lim l]YX'fY Il = Q,nwheée YX' = Y(E —Ery G EY.
. o ’ . x+0 ' '

"The first fact concerning E .that should be establlshed

GFH. This ¢an be n S

is” tha't EO "is a proper subset of

“wo.

accomplished with an example of _a function in GEH that

'do not obey the (PFH) cqhditiohm Consider the foi}owing

function of a real variable, , : ‘ : : e Al
g " D & fpr -150%1
' o "1,)(0') = ) T

0 otherwise

. and let ,
YUX:E') = <ET>(<E'>IX+3E ). "
— o Clearly,f is in‘Gg? since L ' ‘ .
— ana _ . . .
' . " N +
1 .

oL Since the X~ support aof. Y(X E ) is of width <> ~, it ‘ .

follows that for fixed ¥ '#0, the supports of Y (X+x':8")
& . o . .
and Y(x:E") are dis:oint for |E I sufficiently large;

. namely <E|> > 2 |'X‘|bl—l' ’ [ - ‘ . . (p

[ " SRR i R e T 4l 5 e A B
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‘. ., . 1Y ™~
Hence . : ! o
[y =yll, =2 . =~ | S
. ‘
p does not tend to zero as X'*¥0. ‘
Let'pé investigafe some of tﬁe'properties of the
' subspace EgH.
' : _gFH _. FH FH
‘Lemma 4.1 I?leeEO and Y2€E0" then XYl+PY2§EO for
any complex numbers A and M. ‘
T FH - ' FH
Lemma ‘4.2 If YleGo and yzeEo, ;pen yl*YZeED :
Proof. By inegquality 2(58)
. . . ‘FH . +
- Y1*Y25Gy
Now, _
(- X'— . = I 2 LIS VIN T o B _rn.F
C [1r, v % =y vyl hi=supp[If 0y, (B-E7-x580)-Y, (5 £"iE],
: _ _ . . .
Y.Z(E;u._gl;&;')dgnl‘dgu .
msupg [ | [y (E-E"=§1:67) (Y, (B -Xx "8 )=
-~ .

Y, (E"EIAE [AET T
.5fsuPEI1Yl(§-§“-€f:5')J¢E'sugEMJY2(€f£x';gm)f
_!" .Yz‘(gn;gnp) lﬁE“‘
=1y TG =yl
- tends to zérovas X'+0. - h
Similarly;

t

. ’ '-x' '
+ 3 |1Y1||+IlY2 _Y2I|FM

v xvd vy *v, 1

tends to zero as X'*0. .

Theorem 4.1 If Yl(X;E)eGgH‘and YZ!X;E)EfEH are two co-
kernels corresponding,to the operatqré Gl andlcz, then
. X . - -

-




the function

" = ' ) R < TR | n_FpFray r. "
Yop = [V, (E=E":E") Y (E"-E ) AE"
is a co-kérnel in ESH that corresponds to the opefator

« ._product G2G1. ' ‘ , ‘ | L | .“ .

Proof. This‘fpllows frdm'the Algebra Theorem 2.1 and {

. from the fact -that.-— ‘ -
X' oL X'y | | , o
. . Y21 - Yz Yl / . . L p .
namely, ' ‘

ti

X! . X ' .
||T21—Y21|IFH oy -vovgdley - L -

A

L1v% 7Y21IFHIIY.|[FH

FH ' .

L] " - 13

tends to zero as X'*0. Thus 721 E

- Since

X\ X = Xl‘. ’
!i i -.Yzl\"'/ Y2 Yl YzYl . I " s " N . .
i ) : :
the above theorem states that E is a two sided ideal
. aFH
in GO .
Lehma 4.3 The space E is closed under the _operator
nc"—J’ e i .
g roduct (in GF
Proof. Let YEG be the limit of a seguence {Yn}n—l of . N
elements in EO . Then;_‘ -
' 1 X' XI' ] K
Y =yl 1, s =X Ty e [ =y L, + vl ], - 20
/ B . - . -
' - The first and the third terms can be made arbitrarily
‘ _ -
A small by taking n large enough and then theé. second term

can be made arbitrarily small’by taking |x'| small encugh.
This proves the lemma.
Lemma 4.4 The space Egﬂ is a non-commutative Banach élgebra.

L

« .

e D T U A R
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Proof. Slnce E is a clpsed_subspace of.a ndén-commuta-

tlve Banach algebra G » it follows that EgH is a Baftach

space which, by Remark 2.1, is non-commutative.

It is an open questlon how to characterlze a subset

FH. .
-of symbols in G which admlts inverses in GFH Because

of the loss of the convolution product in 6% ana the non-.
commutativ1ty of the operator product, the Gelfaﬁd' theory
used by Sormani [9] or the methods used by Frledrlchs

[1] for FM symbols do not carry over to-.-the FH case.




L | . I | | o ‘ ;52

. BIBLIOGRAPHY ~

[1] FRIEDRICHS, K.O. Pseudo-Differential dperatbrs, aAn
iintroduCtion. Lecture Notes, Revised Edition;
with the assistance of Rémi vaillancourt.

Courant Inst. Math. Sci. New York University,

¢

1970, .,

FZE  H6RMANbEB, L. Linear Partial Differential Operators,
.Springer-Verlag Inc. New York 1969.

‘[3] KOHN, J;J. & NIﬁEqBERé,,L.‘ An algebra of pseudo-

‘differential operators. Comm. Pure Appl.;ﬁath.

-

Vol. 18 (1965), pp. 269-305,

[4] LAX, P.D. & NIRENBERG, L. On stability‘for_diffé:ence
, N }
] " .
" -schemes; a sharp form of Garding's inequality.

e . Comm. Pure Appl. Math. Vol. 19 (1966),

L ' . pp. 473-492.

[5] NATHANSON, I.P. Theory-of Functions of a Real .

-, ' i)

: : i
Variable. Vol. 1," (translated by .Leo F. Boron),
Ungar, New Ycrk; 1955. .? . ?
[6] NIRENBERG, L. Pseudo—Differéntigl Operators. Global

- Analysis,. (Proc. Sym. Pure Math. Vol. 16, A.M.S.,

Providence, R.I., 1970}, pp. 149-167.

7] ROYDEN, H.L. QReal Analysis. The MacMifiap-Company.

-
~ —

Collier-MacMillan Ltd. Lo@don, 1968,
(8] - RUBINSTEIN, Zalman. A Course in Ordinary and Partial
Differential Equations. Academic Press.

New York, 1969. .

=



ki

[al”

(101

f11]

[12]

53

- SORMANI, M.J. Inversion of Symbols Associated with

Fourier Maximum Pseudo-Differential Operators.
Thesis. New'YdrklUniversity, 1971.

VAILLASCOURT,‘Rémi. A Simple broof of LAX~-NIRENBERG

‘fheorém; Comm. Pure Appl. Math., Vql. 23 (1970),

pp. 151-163. : | 'f ’

KUMANO-GO, H. Psegdo—differential.Operétors and the-
ﬁq}queQeSS of the Cauchy Problem; Comm‘ Pure
APPl. Math, Vol. 22 (1969), pp. 73-129.

HbRMAﬁDER, L. Pseudo-differential Operators énd3

non¥elliptic boundary value‘préblems. Annals.

Math. Vol. 83 (1966), pp. 269-305.

L]





