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ABSTRACT

The subject of this thesis is the analysis of binary
switching networks.

Many schemes for improving the performance of an unreliable
binary switching element (gate) have Been advanced. Only those
relying on the combination of many unreliable gates into a more
reliable network ~ performing the original function - are here
considered. Some of the well~known schemes are analysed and reduced
to a common format.

This particular format was selected because it facilitated the
application of information theoretic concepts to reliability improvement.,
Information theoretic concepts, applied under certain

restrictions, resulted in the development of a lower bound, LB, on the

unreliability (probability of error) of binary switching networks.
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INFORMATION THEORETIC ASPECTS OF THE RELIABILITY OF
BINARY SWITCHING NETWORKS

l. Introduction

A theoretically perfect switcﬁing element is, in
practice, invariably imperfect or "noisy". A standard method cof
reducing the rrobability of error, at this switching element's
output, is to replace this single faulty element by a network of
faulty elements. Moore and Shannon <12 » von Neumann 15 y et
al, 1 14 » have advanced different schemes using different
mathematical approaches to achieve this reduction in error, By
utilizing a common language to describe these schemes, using this
language to compare a single element with an equivalent net, and
then employing the concepts of entropy and information originating
in information theory, it is hoped to gain further insight into the
reliability of switching functions.

Although attention will be concentrated on the two-

iaput, single-output, bivary switching element, hereafter called a

gate, much of the following will be ‘equally applicable to the many-
input, many-output, binary case, The extension to this more

general case will be indicated as it occurs,

2. Probabilistic Properties of Perfect Gates

A perfect gate may be characterized by a functicn £,

such that

£f: AxB ¢, | (2.2)

where A=B=C= 0,1 .
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and A, B are input spaces,
C is the output space.

It may be noted that this definition of f is also the
definition of a Boolean function., A common tabular representation
of such a function is the "Canonical Sum of Fundamental Products! E']]
table. This table is constructed by listing the elements of the
domain A x B, by considering each element as a binary number, and
then arranging these numbers in ascending order. To each element
of A x B, the function f then assigns a single element of the

range C. An equivalent "transition diagram'" lEE]is obtained by

. 8raphically displaying the elements of both domain and range and

indicating relations by connecting lines (See Fig. 1, b) and o),

for an illustration).

a) b) c)

3 Equivalent Representations of the Boolean "AND'" Function:
a) Gate Symbol, b) Tabular Form, ¢) Transition Diagram.

Fig. 1
Although, to this point, all definitions have been
"deterministic" rather than "probabilistic", a more general case
is attained; if the "transition diagram", Fig. le), is reconsidered

in probabilistic terms as follows:

C
(o)

A x B C é\oxn )
L ETE]
$e ) (100 (1)
B | (1,0) (0)
(L1) | (@ <1,1)°//o
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1) A conditional probability may be defined as the
probability of occurrence of a specific output event, given a
specific input event. A line between a specific input and output,
therefore, indicates a conditional probabiiity of 1. The absence
of a line, accordingly, indicates a conditional probability of O.

In other words, given the occurrence of an input
event (i, J), the presence of a line to an output (k) indicates that
P {(k) / (i, ji} = 1. The absence of a line to k, consequently
indicates p~{(k) / (4, j}} = 0.

2) To each input event (i, j) assign a probability
p {(1, )} , which, for convenience, will be called T4
These conventions lead logically to the representation

of the transition diagram by the following matrix formula:

Q = RP, (2.2)
where R = [:?00, Tor? T10* Ty3| 1s the input
' probability distribution vector,
P is a matrix whose elements are of the

form p {(k) / (i, J)} , where (k)
designates the column and (i, j) the
row., For convenient tabulationm,

both the row and column designators

may be ¢onsidered ﬁéVberinarygnumbers,
starting at zero. It can be seen that -

P characterizes the gate.




- i -

QR = [EO' é;] is the output probability
distribution vector, with qk the
probability of occurrence of the
output event (k).
Teke, as an example of P, the P of an "AND" gate.
It can be written as )

P=[5{ /0 »{w/ 00
p {(0) / (0,1} {@) / (o,1)
p (0 / @0} »{ /)
p{@ /@) »{w/au)lo 1.

b et

0
0
0

oo |

Note that the elements of P, for the sake of concise-
ness, will henceforth be called P(13) (k) with (k) and (1j) as above.

Note also, that for any row of P, Pi)0) T Pap@) =1

It should be noted that (2.2) is, by definition,
applicable to the m-input, n~output switching network. In this case,
R would be a row vector of 2% elements, Q a row vector of 2 elements,
and P a 2 x 2® matrix.

To conclude this section, the 16 possible gates will
be listed for later use. The reason for the particular classification
of Fig, 2) Bﬂ, will also emerge later. For the moment, it is suf-
ficient t§ note that the gates are arranged in rows with each gate in
a row having the same number of lines terminating in an output of 1.

For example, all gates in row 3 have 2 lines terminating in a 1.



o]
Row O E;E;E;g
4 5

- B B B
o=

Classification of Gates.

Figu 2.

3. Probabilistic Properties of Imperfect Gates

A perfect gate may be said to give the “correct".
output when any input (1,3) is applied. An imperfect or noisy
gate, given input (i,j) will be said to give rise to the "incorrect"
output with a probability pij'

(2.2), therefore, still applies, but the 1's and
O's of P are replaced respectively, by the appropriate 1- P J
and pij's (see fig. 3 for an illustration). In other words,

p(ij)(k) is now either pij or l—pij° For example, in Fig, 3),

P(o1)(0) 18 1-Pyye




o» 6 L]
Q = RP
where P = lﬁpbo Poo
Pou Py
P10 Pyo
P11 Py
a) b)

) Transition Diagram and, b) Matrix Formula for a "Noisy"AND Gate.
Fig. 3.
It should be noted that the probability of errar, P(e), of an

imperfect element is given by

1 1
P(e) = o 2 Ty 4Piy

i=0 J=0
= r§®,
where ﬁ = Pans Pav s P ,ﬁn_'
L700%701°~10° 11 |

and superscript "£" indicates the transpose,

k, Networks of Perfect Gates -

In g1l gate reliability improvement schemes that will
be studied, a single faulty gate will be replaced by a network. For
purposes of camparison with the original gate, this networlmust be
reduced to an equivalent gate. In order to develop a standard method
of reduction, attention will be concentrated on a simple type of net-

work, the cascade, The cascade may be defined as a configuration of
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gates where the last or output gate is designated the nth rank, the
gate or gates directly feeding the nth rank are designated the n~1th
rank, and this process is continued till the source, which feeds the
first rank, is reached. Since, by construction, there iz no feed-
back, and any rank may only be Fed by elements of the previous rank,
time may be neglected and combinatorial methods may be applied. The
reduction method, however, must take cognizance of the fact that the

th

output of a gate in the k" rank depends, in general, om the outputs

off gates in gll kal previous rankss.

To develop this reduction method, first consider a
.cascade of perfect gates., All gates will be designated by the
superscrdipt rs, where r indicates the rank and s the row, starting
from the top. The object, now, is to find a matrix characterization
for the cascade. For this cascade to replace a single gate, the"
cascade’s characteristic matrix must be identical with the single
gate's matrix. In other words, if the cascade may be reduced to

an equivalent gate characterized by PEQUIVT then (2.2) may be written

as

Q = RPpony, (4.1)

Since, in the two cases, R is unchanged, and Q@ must be
unchanged in order for the cascade to be equivalent to the single gate,
therefore, PEQUIV must equal P, -

The reduction method details will be developed in the

next section which treats the more general case of cascades composed

of noisy gates.
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It is possible, however, to point out an interesting
aspect of cascades of noiseless gates by consideration of Fig. &4,
The single "AND" gate of Fig. 4a) is replaced by the simple, 3-gate
cascade of Fig., 4b), which also performs the Boolean MAND" function.
Although the cascade leaves the input-output relation of the simple
gate unchanged, the input probability distribution to gate 2l, an
"AND" gate, is no longer R. In other words, if we assume that source

R has 2 statistically independent outputs, A and B, such that

Tog = P(A=0, B=0) = p(A=0) p(B=0)
Ty = P(A=0, B=1) = p(A=0) p(B:lS
o = P(A=l, B=0) = p(A=l) p(B=0)
rqq = p(A=l, Bal) = p(A=l) p(Bsl)

then both the single gate and the cascade have an output

= Too * Tor * Taor T1a|

has an input distribution of R, the "AND" gate (gate 21) of Fig. lb)

. s . 21 | '
has an input distributiom of R "‘rOO’ 0, r; * Tiov Y1 °

up, the cascade of perfect gates in Fig, hb), may be considered to

r Although the "AND" gate of Fig, La)

To sum

be a means of changing the input probability distribution to an "AND"
gate from statistical independence to a particular statistical depen-
dence Bﬂo

In passing, note that in the schematic of the cascade
in Fig. 4b), a box with a cross product sign is placed between the
first and second ranks. This symbolism is used since, from a set

theory standpoint, the set of inputs to gate 21 is the cross product
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of the 2 previous output sets (the output sets of gates 11 and 12).

5. Networks of Imperfect Gates

A network reduction method, the Zematrix method, will
be developed in this section., Each gate of the network is charace
terized by its own P which corresponds to its own conditional
probability of error structure. The Ze-matrix method will relate,
transform and reduce these P's to the PEQUIV of (4,1). The super-
script rs on PEQUIV will indicate that the network up to, and includ-
ing gate rs has been reduced to a PEQUIV°
In order that the PEQUIV may be obtained, a step=by-
" step reduction, starting at rank 1 and working to the right, mst he: carried

th

out. As the reduction proceeds to the k rank, a matrix character-

izing the effect of the previous k-1 ranks, is required. This matrix,

premultiplying the P matrix of a kth

rank gate, will result in a
PEQUIV° Wg will call this matrix the Z matrix.
To illustrate the method of obtaining this Z matrix

and hence PEQUIV' consider a noisy network of the type shown in Fig. 4b):

1) Gate 11 is represented by PI* and Q' = RPY: (5.2)
2) Gate 12 is represented by P2 and Q12 = Rp*2 (5.3)
3) Gate 21 is represented by P and Qal = R21P21n (5.4)
The problem is to rewrite this last relation in the form
21 2 21
Q< = rzFp% . RPpoury (5.5)
where Z-1p?t is, then the required P%éUIV
and 2% is the Z matrix sought.
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21

It can be seen that 27 is a 4x4 matrix, since, by

definition, any R is a 1lx4 matrix.

The elements of 221

s and their significance, are
derived as follows:
1l 11
1) Since the element P(11) () of P~ indicates
the probability of output (k) occurring, source
input (i,j) having occurred,
2) Since the element plz of P*2 indicates
(13)(1)
the probability of output (1) cccurring, source
input (i,j) having occurred,
3) Then the element zo— of Z°% indicates
i (13)(x1) s
the probability of (k,1) occurring at the input

to 21, source input (i, j) having occurred,

. 21 L 11 12 ' o .
i.e. z(ij)(kl) = I(p(ij)(k)’ p(ij)(l)) where the function

is determined by the statistical relations between the elements of P

and Pla. These elements; of course, characterize the conditional

probabilities of error of gates 11 and 12. As an example, consider the

"Noisy" case of Fig. 4b),

11 11 11 12 12 12
o= | 1=pgyg Poo P70 =1 1=ppg Poo
11 . 11 12 12
P 1l-p 1-p P
01 o1 o1 o1
1, 11 1ok2 12
P1o P10 P10 Pio
11, 11 12, 12
P11 "Pu | Pin P13

In terms of previous definitions, choose two elements, say,

11 I = X 12 o2
P(o1)(0) = Po1® and Plo) (1) = Porr to be the elements of our



sample calculation. Assume that thess errors occur with statistical

independence. z%%l)(Ol) is then a simple product of these elements, i.e.

421 _ Al 12 1 12
(01)C0o1) © P(o1)(0)°  P(o1)(1) = Poz ° Pors
21
and 2 =
11 12 11 12 11 12 S 11 12 |
(1-p00)°(1'p00) (l-poo). Poo Poo '(1°p00) Foo ° Pog
11 12 11 12 11 12 11 12
Poy * (1-Pp;) Poie  Pop  (=ppyle(leprD) Q-pyde poy
11 12 11 12 11 12 11 12
plo.(l-plo) Pio*  Pig (l'Plo)'(l°P10) (la-plo)o Pl
11 12 11 12 11 12 11 12
P1] « Pi pll.(l-pll) (l-pll). 1, (lnpll).(l=p11).

Z is8 a matrix representing the effect of all gates
prior to the last one. Each component of the source, R, is split
into 4 parts by the row of the Z métrix with the same row index.
Each column index designates the input of the last gate on which the

source component acts.

6. Moore and Shannon Scheme for Increased Reliability

Moore and Shannon outlined a method for reliability
improvement of networks in which certain general properties of relays
were specified by certain parameters. Iteration techniques based on
these parameters were developed and the resulting larger networks were
made, accordingly, more reliable [-5] E'Z:l.

The basic element, the relay, has the following
properties: . !

1) Gdven an input signal of"0" (i.e. relay coil un-

energized) the output will be "0" (i.e. contact open) with a probability



|
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l-c and the output will be "1" (i.e. contact closed), with a proba=
bility c.

2) Given an input "i" (i.e. coil energizsd), the
output will be "1" with probability a, and "O" with probability l-a,

It can be seen that this characterization of a relay
as a l-input, leoutput noisy switching function is consistent with
the definitions of section 3.

Consider now 2 perfect relays, the first with input
space A = {0,1} o and the second with input space B ={091} o Where
the events of A and B are statistically independent, i.e,

if p(A=1) = r, and therefore p(A=0) = 1-x,,

and if p(B=1)

rp and therefore p(B=0) = l-rp,
then the two relays together may be considered to have a source input

space AxB; where

il
i

p{0,0) (l-rA)(1=rB) r

00°

. p(ogl) = (lmrA) (rB) = rol!
p(1,0) = (rA)(1=rB) = Pyg9

p(l,l) = (PA)(I‘B) = Tqqe

Using this source AxB, the relays may now be considered
to be 2-input; l-output switching functions, If in the leinput charac-
terization, the first relay was represented by P =[g gl ¢ in the 2-input
characterization it is represented by P =[%.§] o Similarly 6 if the

O

second relay was represented by P =[g.§j b it is now represented by

P =

OO
HOH o




T W=y

In the manner of section 3, the appropriate p, j”s are
inserted to give the noisy relay representation,

If the two relays are "ANDEDW together, the MANDING"
function is a result of the geometry of the network, If, as in Moore
and Shannon errors are assumed to occur only in the relay contacts,

the "AND" gate is, accordingly, noiseless (see Fig, 5).

" a) Relay Representation b) Tran51t10n Diagram Representation Noisy

“"AND" Function with Relays.

Fig, 5,

It is apparent that no matter how ¢omplex the geometry
of the network if only one source (i.e, 2 inputs, or in functional
terms, two arguments) is used; then the equivalent transition diagram
will have noisy gates in the first rank only, This, in fact, is charac=
teristic §f the Moore and Shannon method.

As an illustration of the Moore and Shannon method, the
following example will be worked out in detail, This is done in detail
in order to fix the Zematrix method firmly in mind, to provide a basis
for comparlson with other reliability increasing methods, and to provide

a basis for later entropy applications,
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EXAMPLE

1) The network of Fig, 5a) is iterated by replacing each
relay by 4 relays as indicated in Fig. 6b). As before, it is assumed
that the error occurrences in the gates are statistically independent.

It is also assumed that the relay coils are in parallel.

2) The criginal network's Py = 22p% 44 S
5o (orgy)  (orgy) GFD (i a-pid (rge) ?;gg)— 1 0]
Q) (D) QoD epld) ol By e | |10
() ry) Gl @D Qp D) Gepid) @2 | f10
G @Y GhHaeld)  aulh (py2) (l—pﬁ)(lﬁ 01

where in the Z21 matrix, the following identifications are made

11 _ 11 11 _ 11 _ .
Poo = Ppp = © Pi1p = Pyp = 1-a
12 | 12 _ 12 _ 12 _ .
Pog = P1p = © Pop = Pyy = 1=a,
i.e. . i 'r_ -
_ 2 2
l-ca ca 1~p01 Poy
l=ca ca l—plo Pio
2
l=a a2 Py 1-p11.

and, therefore, the equivalent‘matrix has the following conditional

probabilities:




1
i
|
|

11
Poo =
11

Poy =

15 _
poo =

15

Pio ~©

nl?'n

3) In the equivalent cascaded "ANDY

12 _ 13 _
Pog = Ppo =
12 13 _
Poyp © Py =
16 _ 17
poo-poo"'
16 _ 17
P1op " P =

By construction

Z21P2l - z22P22

(1-¢)2
(1~c)?
(1-a)2

(1-8)2

b _ 11 _ 12 _ 13 _ 1k
Poo = ¢ P10 ¥ P10 = P1o T Py
14 11 12 13 1k
Pop = © P11 = P13 = P33 = Pqy
18 _ 15 _ .16 _ 17 _ 18
Pog = Por ¥ Poy = Pop = Py
18 _ 15 _ 16 _ 17 _ 18
Po™¢ P11 ¥ P11 T P13 = P

gelpll _ 522,22

523p23 _ g2lo2h
(1-c)c c(1l-c) c2 10
(1-c)e c(1l=c) = 10
(1=-a)a a{l-a) a 10
(1-a)a a(l=a) at 01l

= l=a

= lwg

l-a

= l=g
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¢ 1~Poo
¢ 1Py
a® = P10
o P11

il
i

21

Pio = Py = 1-a

22

In a similar fashion it can be shown that

23 _ p2h 2 2
Pequrv = Pequrv = | 1~ ¢
2 2
leg a
l--c2 c2
l-a a2
i.e.
23 23 2

Poo = P1g = ©

L

24 2

Pop = Pp = ¢

1--p00
= pOl
1-p19
P13
23 23

1-P1g

1-Py4

21

22
Pio ® Ppp = 1-a7,

2

Pyo = Pgp = 1-a

A
Pop = P13 =

2

21

= Ppoury

2

2

Repetition of this procedure for gates of rank 5, yields:

221t =

(1-¢®)?
(1-¢2)2
(l=a2)2

(l—a2)2

(_l—cz)2
(1-c2)e2
(1-a®)a?®

(l--az)a2

cz(l-ca)
cz(l—ca)
a(1-a2)

a2(1-a2)

Prqurve
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-19...

B

1—(2c2-c

1—(2c2~04)
(l-a2)2

(1~a2)2

R sse——

31

31
Poo

i.e. = Pg = 2¢7=c

and Z0°po2 _
h

(1-¢2)2
(l—a2)2
2)2

(1-c2)2
(l-aa)a2

2

(1-c (l-ca)c

2)2 (1-a)a®

(1~a
1=(2¢2-c™)
(1-22)2

2 4)

=C

(1-(2¢

(l-aa)2

i €. 32 = 32 2

y;
Finally 7l o

Y (16222026
(1-cA2(1-2)2  (1-62)2(202.0%)
(1-5%2(1-¢D2  (1-a2)2(202%)

a®)® (1-22)3(222-3™)

2 4

o~ B = 2¢ ~ch
Poo * Pig

2c2-cu
2(:2--(:4 P31
= EQUIV
l-(l—a2)2 -
l-(l-a2)2
31 31 2,2
P10 = P13 = (1~a%)
c2(1—02) clIL PZ 0
aa(l-aa) al'L 0 1
(10  F 0 1
aa(l-az) a4 0 1
—] — —d
. 2c2-c
2\2
1-(1=a<) _ 32
202_04 = EQUIVs
l—(l—az)2
pgf = pii = (1—a2)2.
(2c%c*) (10202 (262.012
(262" (1-aD2  (262-c) (20202
(2a2-a4)(l--cz)2 (Zaa-ah)(an-cu)
(22%-a%)(1-a2)2  (2a2_5")2

—————
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1—(2c2-cz*)2 (202-c4)2 1-p40 Poo
l~(2c2uc4)(2a2-a4) (202—04)(2a2-ah) 1-pyy Po1

= P .
1-(2c%c ") (2a2-a")  (202c™) (202 [ -y Ppo ROV
1-(2a%-a™")? (2222 Py 1-Pgq

Identifying the pij of the equivalent cascaded YAND" leads to

Poy = (26%-c™?

Poy = (2% (2a%-a™)
Pig = (2c2-c4)(2a2-ah)
Py = 1-(2a2-a")2

4) The calculations are completed by comparing the
pij's of the original with the equivalent cascade.

It can be seen that the ¢ of the original is replaced
by anuck.in the equivalent cascade, and that the a of the original is

replaced by 2a2—ah in the equivalent cascade. This means that the

. relay network replacing the original relay network has pij's less than

i the original relay's pij's if ¢<.618 and a>».618. Under these conditions,
b therefore, the original A and B relays have been improved. If, in addition,
ca of the original is more than the equivalent network's ca, then

: (e) P(e) R

i P() paury <P(eorramag, Tor a1l Re

While the approach presented here (in contrast with Moore

and Shamnnon's original approach) is cumbersome and only indicates whether
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probability of error has been improved, not how to improve this
reliability, it does provide a language. This language is easily
adaptable to an information theoretic approach developed in sube
sequent sections., In general, other methods of increasing reliability
can easily be represented in terms of this language. In the next
two sections, where they will be treated more fully, we will observe
that:

1) Von Neumann's scheme can be shown to have

pij's # 0 in all ranks except the last,
2) Recursive triangular networks - although the

errors are defined in terms of probabilities

of the gates carrying out not the design
function but scme other functions - can be

transformed into pij representation, with

;
i
L
7

some or all pij's # 0.

7. won Neumann Scheme for Increased Reliability Eﬁﬂ

Using the format developed in sections 5 and 6, the
von Neumann scheme for increasing reliability of a Sheffer stroke

organ (gate 15 of Fig. 2) is represented graphically in Fig., 7,

Era2 3 s

Statistical independence of error occurrence is again assumed,

The first rank of gates represents the N lines of
bundle A—g N of which are stimulated, and the N lines of bundle B'YIN

of which are stimulated,

SRR R R REER EA I 2 AT

From section 5, it follows that,

P21 = ZE:LP21 (5.5)
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Similar considerations apply to P;

i.e,

PRy = | @§)G-) =6 ()@ ENDIE 1-6
(1-§)-T7) @=§X(7) EHra-) EXP|le 1€
-£)0-7) -0 (Ha-p Ereplle 1-e
1-$)0-1 @) (a7 Exilie €

where 1 = 1,2,...,N,
It should be noted that in von Neumann's exposition, 0\\ QZfilo
The stipulation that P; J 0.5, would seem to be 1ncon51stent with the.

range of}i and WL This apparent inconsistency is resolved if we

1iA

associate p.J with either € , or l-_f s Whichever is less than 0.5.

1iB
j o
the function of the lst rank gates dependent on the values o{ﬁ’ and.qL

This has the effect of making

The form of PEQUIV’ however, is always

Pééuxv =\ -5 F
.7 7
1.7 7
1.7 T

whereJ = (1-€)(1-67)) + €.
Each of the N lines. emanating from the executive organs is split into
two and the resulting 2N lines are randomly connected to the restoring
organs 1. With a sufficiently large N, this has the effect of normal-

izing the error input to each executive organ around the mean:fawith

e

(7.1)

(7.2)

a very small dispersion from the mean. A large N, by the central limit

theorem, also makes the elements of the Pt statistically independent.,

We can now, accordingly, write
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P%QUIV = l=w W
1-w w
(7.4)
l-w w
1=t W
_— —
where
0= (1-€)A-23) + (€)(FD). (7.5)

Repeating the process for the next rank of gates results in

L3
Peouiv = |- ¢

1-
-y
-y

| SO

K2
v
" (7.6)
g

where

W= 1-€6)1® + (€)DD),

The final stage consists of setting a fiduciary level A,
such that; if AN or less of the N outputs of rank 4 fire (i.e. are 1 in
our terminoclogy) the system is said not to fire (i.e. to be 0); if (1-A)N
or more of the lines fire, the system is said to fires if neither of
these conditions hold the system is said to be in error.

The final stage may be represented by a perfect
N-line=-input, 1-line-output, binary input, ternary output switching
function, which in terms of the graphical model of section 5 would have

the equation

[
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a4, ae™e,.., e, @Y (10 o]

N N-1 N-1 N
Pooury = a7, a-p Pyevey, @PHW™, @) 100 (7.8)

AP, a-pPre),..., G- @ |, .

APY, A, anett, @F] o1 o

001
001
—

"O“F"l"

In explanation of (7.8): 1) The inputs to the last switching function
may be considered to be binary numbers N digits long (i.e. there are

ZN such inputs). 2) If there are AN or less 1's in the input the output
is a "0". 3) If there are (1-A)N or more 1's in this number the output
is a 1, 4) If the number of 1's in the input number lies in between
the output is in error (F).

It can be seen that

P = . (1=4)N- N . I
EQUIV g@)f‘w"'(l-w)N'J 3 ](J)(‘F)J(l JN-j r . g)(qJ)J(l-(f)N-J

J:O _AN+1 j:

" " n

It can be seen that the system does behave as a Sheffer

etroke,

(7.9)
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(=32) in 4 ranks (=2
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i.e. 1) If system operates perfectly (€= 0) then:

8) If§ ="M= 1 4.e. input to system is always 11, then output is O

b) Igﬁ .o'qba 1 n " " " " o.on o1, " ) woq
¢) Ifj al, ’YL. o " " " ooon " " 10, " " n o3
d) If5=0;m= o " n " ] " 1] 00, 1 ] noq

2) 1If system operates with small Sheffer stroke organ
error (€¥0) and argument error is kept within fiduciary levels, then:

a) If S ,"L>,(1—A) then, " ¢ = 0 and the output is most likely O

b) IfgSAﬂl?/(l-A> n q-) 1 n n It " oon 1 1
c) If g a(l—A)]LQ n Xy om " n " n " 1
d) Ifg, p'L <A " LP."_." 1 © n n " oon " 1.

8. "Priangular Switching Network! Scheme [g]for Increased Reliability.

In order to improve the reliability of a single gate,
a method of iteration (or recursion) is developed and the resultiﬁg
cascade is called a "Triangular Switching Network". The original gate
is replaced'by a homogeneous triangular network. A homogeneous network
is one constructed of identical gates. Triangular means that the
network is a cascade with 2 gates in the first rank and one in the
second.

Each new gate is, in turn, replaced by a homogeneous
triangular network. This process is repeated a requisite N times till
the desired triangular switching network is achieved. It should be
noted that the original single gate (=3°) is replaced by 3 gateS'(=31)

1.

in 2 ranks (2 The next, or second, iteration results in 9 gateé

2). After N iterations there are a total of 3N
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gates in ZN ranks,

The noise, or error, in a gate is viewed from a
different standpoint than the one characterized by conditional
probabilities of error., It is assumed that a gate may perform
switching functions other than its design function with stated
probabilities. Certain physical considerations lead this analysis
to the restriction of possible switching functions to the 6 positive
functions (a positive function is a Boolean function which, in the
sum of products form, contains no negated variable). These 6
functions are called,F, C, A, B, D, and T. In terms of our class-
ification of gates in Fig. 2, they are respectively gates 1, 5, 6, 7,
iZ, and 16. Any gate is assumed to perform these functions with the
respective probabilities of Fo’ Co, Ao’ Bo’ Do' and To. These
probabilities are assumed statistically independent.

Although this error formulation is different, it has,
obviously, an equivalent conditional probability of error represent-
ation. The relations between the two forms can be developed as
follows:

1) F +C +A +B +D +T =1

2) Assume an input distribution R, where

as usual g?% rij =1

3) Given an input ij, the gate, depending

on which of the 6 functions it is per-
forming, will give an output of either

O or 1. Group the terms giving a zero
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output in one category, those giving a ?
one output in another,
i.e.

P(Output=0) = *oof ot orFott1of 0T Fo | PCoutput=1)= ;

* TooCo*01C0t 1% +r1:%, ?
* Tooto*Torto b ol A B g
* Too%o *T10% To1%o *r118, ' ;
* TooPo 012671026 711P

*Tooto 01T0t 10%0" 11 0 |

= (- =
ool To)+r01(Fo+Co+Ao) rOO(To)+r01(TO+DO+BO)
+ rlO(FO+Co+BO)+rll(FO) +rlo(TofDO+Ao)+rll(1-Fo)

4) Putting the above in the matrix form of the

conditional probability of error representation leads to

P = 1-TO TO |
FO+CO+Ao TO+DO+BO
FO+CO+BO TO+D0+A0
Fd 1-F,

5) The pij's may, now, be identified when the design
‘unction is specified. If, for example, the gate is designed to be

in AND gate (C), then,
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F =l 1-pgg Poo

1-Poy Po3
1-p10 Piol» and

Pyp 1-Pqy

Poo~Tor PorToPo™Bys Pyo=TgtPy*hy, and PyyFpe

Having established the relations between the 2 approaches, let us
revert to the analysis [glunder discussion. The iteration is devel-
oped in terms of the 6 functions, i.e. if the single gate probabilities
are FO’CO’AO’BO’DO’ and TO’ then the first iteration yields, F1’°1’A1*

10"
as F,C,A,B,D and T. The network probabilities are, of course, in terms

B Dl’ and T1 the respective probabilities of the network functioning

of the gate probabilities.
It is possible, by the methods of section 5, to arrive
at the same recursion formulas obtained in this analysis. First

assuming that because of physical symmetry, AO= 01 it can be seen that

Prourv =

2 : 2
(l-TO) (1-TO) TO (To(l-TO) TO 1-T0 TO

il

2
(FO+C”+AO) (FO+CO+AO)(TO+DO+AO) (TO+DO+AO)(FO+CO+AO) (TO+DO+AO) FO+CO+AO TO+DO+Ao

n n n " " it

2 2
FO F0(14F0) (l-Fo)FO (1-FO) FO 14FO
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= 1-T, T,
F1+Cl+Al '.1?1+D1+A1 .
”
F) Tl (8.2)
where ‘
T = Ty {2 + 20 (2D a ) + T (1F )
1 0l 0 o0 "o o 0 G

= TO {1+2DO+2DO+2AO+TO(~T0+1-F0-2DO-2AO)}

= T, {1+2DO+2AO+TO(GO-DO-)} ’

F, = F, {1+200+2A0+F0(DO-CO)}
by = 4 {2“0‘“"‘0((10’“1)0)”'l*coDo‘“a("o"Eo‘“‘21)0F g}

| D, = D, {2A0+2A02+200T0+D0(2+GO-=2TO) - DOZ}
¢, = ¢, {2A0+2A02+2DOFO+CO(2+DO~2FO) - COZ}, .

"It can be seen that for N iterations the recursion
formulas above remain of the same form but the subscripts are all

enlarged by N. As an example

Frueg = ¥y {1+ZCN+2AN+FN(DN=GN)} .
This analysis yielded several interesting results, among

which are the following:
1) If F T, # 0, if (C+D.) # O, then lim (C 4D ) = 1
070 070 ' N>00 NN

2) Given F.=T =0, if (C . +D_) # O, then lim (C.+D.) = 1.
00 00 ’ Nsop NN
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In particular, if Cd>D0’ then the network comverges to C,

" DJ CO’ " 1" 1" n 1 D

9

" C.,=D. then 1lim Cy=lim D, = 1/2,
0o’ N> 00 WN%wN

3) If C.+A +B (sCy+2hy) = 1, then if the desired net-

0070
work function is C, an iteration improves the network.

k) If CofFoal, then if the desirsd network function is
C, an iteration degrades the network.

Having shown that various reliability improvement schemes

can, without great difficulty, be represented by the Z matrix format, we

now consider the application of entropy to this format.

9. ZEntropy and Information

The mathematical concept of entropy is a useful way of
showing the relation of an input set X = {¥l,x2,...,xn} , Where each
event x,_ has a stationary probability of occurrence p(xk), to an output
set Y =-{?i,yé;ym},, each of whose events y; has a stationary probabil-
ity of occurrence p(yi). The two sets are related by a sst of probabil-
ities of joint occurrences p(xk,yi). In all cases to be considered,
the statistical relations p(xk,yi) = p(;k/yi)p(yi) = p(yi/'xk)p(xk)9 will,
of course, hold.

The entropy function is a convex function (see: appendix I)

of the type -3 Zy Log Z; (where log Zy will be understood to desdignate
J

LogpZ; throughqut).'
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There are many excellent texts s Which may be
consulted for a detailed analysis of entropy. To relate entropy to gates,
however, it is sufficient, for our purposes, to state only the basic

equation, i.e.

I{X5Y) = H(X) = H(X/Y) = H(Y) - H(¥/X) (9.1)
where I(X;Y), the transinformation, or mutual inform?tion,)is
P J.
defined as I(X;Y) = &2 P(x),¥5) Log i/ i s
XY

p
H(X), the entropy, or average self information o;ka,

is defined as H(X) =~J p(x,) Log p(x.),
X

H(Y), the entropy of Y, is defined as

- H(Y) =-§ p(y;) Log p(y;),

H(X/Y), is, therefore, defined as

H(X/Y) =-§.§ p(xy, ¥3) Log p(x/y;), and

H(Y/X), is, accordingly, defined as

H(Y/X) = -g% p(x; ¥;) Log p(yi/xc)e

10. Information Theoretic Properties of Perfect Gates
" To apply the foregoing entropy definitions to the gate

characterizations of section 2 requires the terminology of section 2 be given

~its equivalent name. A x B becomes X; C becomes Y, and (2.1) becomes

s X—Y (10.1).
For a perfect gate, the function performed is a m&pping

(i.e. for every X, there is one and only one yi). The conditional proba=—

WSEY



G

- - 33 -

bilities p(yi/kk) are, therefore, equal to either 0 or 1. This means, by
definition, that H(Y/X) = O, This leads to equation (9,1) having the form

I(X;Y) = H(X) = H(X/Y) = H(Y) - O. (10,2)

(10.2) may be interpretsd as follows: The average
amount of information at the input H(X) is not all available at the out-
put since the average amount of information there is H(Y), i.e. an average
smount of information H(X/Y) called the equivocation (measuring the aver-
age confusion about X, knowing Y) is lost in the process.

The terms of (10.2) are computed as follows:

H(X)

-R Log Rt’ (1003)
- Log QF, (10.4)

Where superscript ™" indicates the matrix transpose,

H(Y)

end R and Q are defined before in section 2.

11. Information Theoretic Properties of Noisy Gates

The introduction of mnoise into the gate leads to
H(Y/X) # 0, by definition. This average amount of information H(Y/X)

is called the noise or error entropy and measures the average confusion

about Y, knowing X. i.e, knowing X, Y can no longer be determined with
certainty,

(9.1) may be rewritten as:

H(X) + H(Y/X) = H(Y) +H(X/Y) H(X,Y), (11.1)
vhere the terms are computed as follows:
1) H(X) is unchanged from the perfect case of (10.3),
2) (/) = BKY, _ (11.2
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where i
K= EPOO) N H(P01) ’ H(plo) ' H(plg-zl (11.3) ;
and H(Pij) = -{?ijLog Py + (l-pij) Log(lmpiji}_ (11.1) ;

Ncote that a probability, such as Pij’ appearing in
brackets after H will indicate an entropy of the form of (11.3).

3) H(Y) retains the form of (10.4), but, of course, the value of Q

will be changed. :

12, Information Theoretic Properties of Gate Networks

TR e

When a noisy gate is replaced by an equivalent gate

B

cascade, then the input source, R, is unchanged, hence H(X) is unchanged,

but the reliability is improved if
(12.1)

' *
P(e)opramaL™ i%% j% rijpij(ORIGINAL)>P(e)EQUIV= 1%6 oy T3 5P15(EQUIV).

It could be profitable to relate P(e) to an entropy term.
H(Y/X), under certain restrictions, is such an entropy. A justification,
for the previous statement, is developed on the following 6 steps:

1) Attention will be restricted to sources whose 2

outputs, A and B, are statistically independent,

i.e. R = [EE;rA)(l-rB), (Qerydrg, 7, (A-rp), pAgg] .

This restriction is much less a constraint on the general
case than it would appear to be on first sight. Many cases of sources with %

statistically dependent outputs may, as in section k, be represented by a
statistically independent source followed by a rank,or ranks,of perfect
gates. These ranks of perfect gates may be considered as additions to ;

the front end of the existing cascade. Analytic methods, §
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developed in subsequent sections, will be equally applicable to the new

cascade.
2) Ple) = :i: :é: r, .p, ., and therefore, from above,
i=0 j=0 4 *J |
P(e) = (1—rA)(1—rB)poo+(1-rA)er01+rA(1—rB)plo+gAerll. (12.2)

3) Conmsider r, and ry to be the x and y axes of a 3-
dimensional cartesian coordinate system. Along any fixed rA,Z = P(e) is
a linear function of ry (i.e. a lime). Along any fixed rg,Z = P(e) is
a linear function of r, (i.e. a line), Z = P(e) is a surface which at the
four corners under consideration -(0,0), (0,1), (1,0), (1,1) = is P,y Poys
Py and p,, Tespectively (see Fig. 8).

4) From Fig. 9), the relation between Ps g and H(pij)’

it is apparent that

s s .
1=0 jgo vy ey ) = B 5§ mysPyy = B (12.3)
when pij < 773
Vs
- - — —c - -
Ej | ‘ | L.=L4GO-)
s NI
9’5 | l
0 | l >
N
0 g5 0173 1 Fid

Relation between H(Pij) and Py 5

Fig. 9
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5) Restricting p;; to the domain os]pi js 0.5, both
pij and H(pij) are monotonically increasing with pij’ and therefore,
the surface z = H(Y/X) has its minimum at the ssme cormer as the surface
& - Pce)e

6) With restrictionm oépméo.s, P(e) orra. 2 P g0ty
for all R, if and only if

H(Y/X) op1e > H(Y/X)EQUIVo (1o.4)

The stipulation that pij be less than, or equal to,
0.5 is not unreasonable. A gate is customarily designed to perform its
design function over 50% of the time, regardless of input. If the hard-
ware doesn't conform to this specification, the design function may be
repamed. As an éxample, consider an "OR" gate with pj4 = 0.8 and all
other pijSQO.B. This gate performs as an "EXCLUSIVE OR" gate within
specifications. -

Since P(e) has been related to H(Y/X), the following
final sections will be devoted to obtaining the H(Y/X)EQUIV of a network

by considering the entropies of the component gates, and to obtaining

a lower bound for H(Y/X)EQUIV.

13, Application of Information Theory to Switching Networks

To recapitulate, a format for the representation of gate
networks and some mathematical relations from information theory applicable

to gates have thus far been developed. How can these, most usefully, be

applied?

The most general approach is that of Cowan and Wihograd [é].
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Their argument, in simplified form, is as follows:

1) In developing information theory, Shannon consid-
ered the case of communication through a simple noisy channel. Given
a message input set X and a simple noisy channel, fully specified by

the p(yj/ki)'s, he defined a channel capacity C. This C = max I(X3Y),
: X

is obtained by varying the symbél transuission probabilities of the
input set. C is an upper bound oh the average amount of information
that can be provided by each received symbel about the corresponding
transmitted signal. Sharnon showed that if H(X)SC, then there exists
at least one code such that a suitably encoded message may be transmitted
over the channel and recovered with an arbitrarily small frequency of
identification error. Coding may be considered to be the replacement
of a set of symbols by another, usualiy larger, set according to a fixed
scheme. In other words, given a fixed chamnel with capacity C, and a
message ensemble X, such that H(X)KC, a coder may be found to match the
message sequences to the noisy channel so that a decoder at the other
end of the channel will decode the received messages with an arbitrarily

small probability of error.

Smallness of error is obtained at the expense of
complexity at the coder and decoder and time delay in decoding.

2) Cowan and Winograd, in an analogous manner, define
a computation capacity C”l for a module (a complex switching network)
and show that, under certain  restrictions, an arbitrarily reliable
network, composed of modules all having computation capacity C*, may be

designed. These results are obtained by considering the coder-channel.
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decoder trilogy to be incorporated in every module. Brery increase in
network reliability entails more modules and more complex modules.

While this approach ls of prime lmportance in formu=-
lating a general theory of relisble computation, it is possible that
information theory concepts may also be used in smaller and more specifiec
areas of reliable computation, such as obtaining H(Y/X)EQUIV, or a

lower bound on it.

Why a lower bound on H(Y/X)EQUIV? In section 12 it

was noted that H(Y/X) directly reflects P(e). By finding such a

EQUIV
lower bound, therefore, a lower limit is set om P(e).

In order to attempt a reductiorn in the arbitrariness
of the choice, the gate network must be re-examined. A network of gates
may be considered to be a computation cﬁannel. Unlike the simple com-
munication channel, the computation channel may be considered to bg
not fixed, but variable, depending on the exact configuration of the
constituent gates. Synthesis of a more reliable gate network, accord-

ingly, may be considered to be the synthesis of a tetter computatiom

channel.

Whereas in the simple communication case, the fixed

characteristics of a channel result is a single statistical figure of

Shingnds T

sistiidsh i

merit C, which is then used in obtaining an optimal code, in a computa-

tion channel we may reasonably consider that only the constituent gates

LiiEland

have fixed characteristics. The figure of meriit of the network synthe-

sized from these gates would depend on the configuration of the gates

and vary with the varying arrangement of these gates. By analogy with
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the communication case, then, a likely approach is to define some
figure(s) of merit for the individual gates; obtain an optimal figure
for the equivalent gate (the synthesized computation chanmel); finally,
it is to be hoped that in the process of obtaining this optimal figure 5
there will be indication of how to arrange (code) the gates in order ‘
to achieve this optimum.

In section 5, it was seen that a gate network may be
explicitly reduced to an equivalent gate by what was designated the
Z-matrix approach. It can, therefore, be seen that once a gate network
is designed, its theoretical performance can be directly verified by
use of Z-matrix techniques. No statistical (entropy) techniques need
be used. Statistical techniques, however, may be useful, given particu-
lar gates, in giving lower bounds on network error towards which coding
may aim. It may also conceivably be used to gain better insight inﬁo all
types of switching networks, sequential (with feedback) as well as
combinatorial.

Starting, then, with an individual gate, it can be scen
that the matrix K (its characterization in the entropy field) is not a
substantial economy over the probability matrix P. Any attempt to develop
an exact analogue of the Z-matrix method in the entropy field would lead
to a method nearly as laborious as the Z-matrix. BEven if the attempt
were successful, the result would be a mere duplication, giving no addi~
tional insights into networks.,

If the figure(s) of merit characterizing a gate.a:e to

be simpler (or at least different) than the K matrix, a re-examination of
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the Z-matrix method is called for. These new Figuve(s) must, after
all, be at least based on the Z-matrix,

The crucial fact to note is that the sum of the 4
elements of any row of the 2 matrix is 1. Taking as a point of depar~

ture the equation

SIS "
ZFSprs o PoQuIv (13.1)

which characterizes the Z-matrix method, this reduction method may be
reinterpreted in the following terms:

1. Each gate, rs, of a network takes 4 input distri-
butions (the Z*° matrix) and transforms them into 4 output distributions

rs .

(the PEQUIV matrix).

2. The output of gate rs and another gate, say rt,
then feed into a gate of the next rank, say (r+1)u. In other words,
rs rt
PEQUIV and PBQUIV are related to each other and together form the new 2

2DV ion feeds gate (r+1)u.

matrix,

" 3+« The process is repeated till the last gate is
reached. The last gate then transforms its % into the required PEQUIV
of the network..

To sum up, the Z-matrix method, instead of being
regarded as the repeated multiplication of conditional probability
matrices, may be regarded as the repeated transformation of input dis-
tributions into output distributions by a cascade of gates.

It must be noted that at every step of the Zematrix

procedure the output distribution may, in terms of entropy, be represented

by the appropriate K of (11.3). Since H(Y/X) = RK® (11.2), it can
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immediately be seen that in order to reduce H(Y/X) it is sufficient to
reduce all 4 elements of Kt. If, in turn, a lower bound is found on
each element of Kt; the least of these then chosen and transmitted
through the net, a lower bound will have been established on the small-
est element of K- hence on K- and hence on H(Y/X)

Kequrvs Kpquzv EQUIV*

Such a lower bound will be developed in the next

section,

14, A Lower Bound on H(I/X)EQUIV

There is no loss in generality if in developing the

required lower bound, the terminology of section 2 is used. i.e.,

Eoo To1 T10 r]El Poo)o)  P(00)(1)
P p-
(o1)(0) 01)(1) ¢
- E;o qﬂ ' (2.2)
P(10)(0) P10)(1)
P11)(0) P11)(1)

or RP = Q, where R now represents a row k1 of er, P represents the gate,

rs
and @ represents a row k1 of PEQUIV'

By Theorem 2 of Appendix I, it can be seen that

/
Z : T15P(13)(0) LO8 P(35)(0) 2% %% (14.1)

i=0 j=0

and that
!

i=0

1
2. :,:Zo T3P a3)(1) LB P gy (1) 2Utosy (14.2)
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Adding (14.1) and (14.2) leads to
;
Z _i r; i, ) S ) (14,3)
i=0 Jj=0 _

If the left-hand side of (14.3) is defined as «, it
can be seen that a is a lower bound on Hfg L)' It is, however, unsatis-
factory for at least two reasons:

l. It is composed of a mixture of entropy and
probability terms.

2. If P is noiseless, i.e. all P, , = O, then « = O,

ij

Stated another way, a is far from being a greatest
lower bound which would, of course, be most desirable. In the Moore
and éhannon case, for example, a would equal zero after the first rank.

It would accordingly be of little use.

In order to develop a lower bound based on an approach
such as the one embodied in (14.3) we will make the 3 following simplifiing
assumptions:

1. Let ql< 0.5. This is done purely for convenience
and consistency. Whether ql< 05 or q, <O.5 is irrelevant in the same
sense that this is a problem in coding and not of lower bounds on entropies
(cf. step 6 of section 12, for an analoguous case).

2. In any gate there is both a maximum and a minimum
Piy (though they may be equal). Call these respectively Prax 804 P 4 .

3. For a perfect gate (allp,. = 0), let 9y designate

ij
Q'l and let [q_L be the difference between the actual ql and the perfect ql

). In other words q 4 a, + Aql. (14.4)

(i.e. qlp L= %1p



=5

- 44 .

On the basis of assumrtion 2, we can define a lower

A
bound on £q, as Aq . _ (1q lp)pminyqlppmax' (14.5)
It now follows that if we define q Imin 25
Uimin =%1p Y imin
= qlp(l':prn:l.m"p :nax) TP hin (14.6)
then, by definition, U imin $91 (14.7)
and hence H(g 1min) < H@ .L) . (14,8

Hlg J.min) is, accordingly, another lower bound on H(g L)'

As a final step, a lower bound on H(ql), call it H(LB),
must be found. H(LB) should satisfy the following properties:

1. H(LB) should be less than Hﬁqlmin). This is still

a lower bound on H(ql) and is done so that the Pij's on which H(LB) will
be based will be reduced from & to 2 (p min 204 P ) for each gate.

2. H(LB) must be greater than pr ). This is evident

from (14.3). It follows that because E 2 T, jH(p ) H(P ) and
1 - i=0 j=0

= r
because g J—go rin(Pij) = a, therefore, Hpmin)ga. (14.9)

This is, in entropy terms, the well-known fact that the
error out of a gate is at least as great as the minimum error in the gate.
3. H(LB) should increase with increasing pmn.n
Lk, When the pij's all equal zero, H(LB) should equal H(qlp).

H(LB) = H( ) + Hig, ) Htpmin (14,10)
) pnin lp” EHp min+p ma;y T

satisfies the above 4 properties under the following qualifications.

1. H(LB) < H(q lmin> only under the empirically derived
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restriction that pmigso.OZ. This area of smzll error is, however, the

most commonly occurring and hence most interesting, as has been noted by

A justification may be attempted in the following steps:
a. With a given pg3,» it may be noted that
H(LB) ——————> Maximum, while H(qy:,) increases only slightly.
Pmax—> Pmin

be We are, therefore, interested in the limits on pps,»
such that H(Qlp) Hp s +pmme) X Maypin) = BlPmind,

H(Pmin)
or, by a. above H(qlp) eanem H(qlgi'ZPmi;}*pmin) - H(pmin) (14.11).

c. Since qlpgo.S by construction, therefore, zq]_ppmin<pmin’ and

hence H(qlp) <H( qlmin> : (14e12)a

d. This satisfies the prerequisites of Theorem 2, Appendix 2, and
we may accordingly impose a relaxed upper bound on H(pmin) of
thpminj
H\p, 4 1-2p..;

(Ppin) g( Pmin) Qlp
H(2ppin)
n qlp

This inequalitv is easily solved graphically (pmi&gvo.l)

(14.13)

and indicates an upper bound on Ppins Which is determined to be about 0,02

(See Table 1).

15 _Conclusion

Converting H(LB) inte LB by means of entropy tables results
in a lower bound on the probability of error out of any specific gate.‘

A problem remains in compounding twe H(LB)'s to obtain the H(qlp)
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of the next gate. In the case of Moore and Shannon, and von Neumann where
errors are made statistically independent; a solution in the entropy field
is to approximate H(LB, -LB,), the minimum H(qlp), by H(LB,JH(LB,),
(cf. Theorem 1, Appendix 2).

This problem of compounding qlp in the case of
statistically dependent errors and, ultimately, in multi-input, multi-
output sequential circuits is a matter for further irquiry. So, unfortun-
ately, is the answer to the overriding problem; i.c¢., are there coding
methods inherent in some form of H(LB)?

In the meantime, H(LB) may be used to indicate a lower
bound on error in a network. This may be done directly in some simple
caseé and with conversion from entropy to probability between gates in
the case of more complex cascades. |

To concludes

1. Some well-known gate~reliability-improvement methods have been
presented in a §ingle format (the Z matrix method) which facilitates
the application of entropy concepts.

2. A lower bound, H (IB), was synthesized. When converted back into
probability, i£ gave a lower bound on the conditional probabilities of
error of the gate equivaient to a network composed of specified gates,

3. This lower bound, while not a greatest lower bound, does, at

least, make the derivation of a greatest lower bound a possibility.
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4o In the meanwhile, it is to be hoped that even H(IB) may be of use
in further analysis of the more complex networks mentioned - i.e. sequential
circuits with feedback, having component gates with non-statistically

independent probabilities, and possibly many non-binary inputs and outputs.
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TABLE 1

Some Comparisons of H(LB) and H(qlmin)

Posn = +03 H(pmin) = 194 Uy, H(qlp) H(qlmin) H(LB)
Poax = 03 Pyt = 06 .01 | .081 + 2395 242
H(pmin+pmax) = ,327 .05 | .291 «395 « 357
H(p
= 594 L0 | 971 .9785 . 771
Tm:.n*pmax
Poin = *02 H(pmin) = ,1k1 9, H(qlp) H\qlm_in) H(LB)
Prax = .02 PrinPmax = Ob | .01 | .081 .192 .188
H(p mint max) = 242 .05 | .291 .358 2311
H(pmin) .
W = ,583 40 | L9971 961 .711
min ~ max
Puin = *02 H® = .14 qlp H(qlp) H(qlmin) H(LB)
Prox = .08 pmin+pmax = ,100| .01 | .081 .189 165
(pmin+pmax) = J469 .05 | .291 - 347 . 225
Ko = 301 Jo | wom .958 433
I-T(pmin*p ma.x)
Ppig = *O1 Hp . ) = .081 94, H(qlp) H(qlmin) H(LB)
Ppax = *02 PP .. = .02 | .01 [.081 .140 .128
H(pmin"pmax) = .1 .05 | .291 .323 .2ho
H(pmin)
e - y = <575 40 | 971 .972 640
prn:i.n prnax




- L9 -

TABLE 1 (Cont)

pmin+p max

= ,011 Uy H(qlp) H(qlmin) H(LB)
= o 002 » 001 'y oll © 021 . 016
.01 .081 .087 066
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Appendix I
Convex Functions: Some Properties [8] [9] [:LJJ
2
Definition: f£(x) is comvex in (a,b) if 2 fé"))o in (a,b).
ax

Theorem 1: If f(x) is convex in (a,b), then for every Xy, X, in (a,b)

such that x, <x,, af(x, ) + (Q=a)f(x,)> flax +[1-a] x.) for 0La1.
BN Xy Ahxy 2/ 2 tNEXy 2

Proof: Define an x, such that {EXS Xy

It follows that O<x—a-_-;-;-<1, accordingly, define l-a, and
2
& as follows:
xa.'xl = l-a, and xa"“a = &,
*2™ 2
Now define q(xa) as the straight line joining f(x_l) to f(xz)
f(xz)-f(x_l) ( ) )
ices alx ) = £flx,) + - X =X ). I1
2 = ) a1
B s . ar(x) . .
y definition of convexity, ax lncreases monotonically

with increasing x, and hence f(x) may be represented by an upward opening
- curve such as that of Fig. A. It may, hence, be added that q(xa)Zf(xa).
(12)
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But, from (I1),

£(x )—f(xl)
alx ) = £(x,) + 2 (x_-x.), and rearranging
= et =Xy a1’ -
X=X x -
2 e et
the terms q(x ) = flx) + f(x.). (13)
a X%y b X5=%y 2
Substituting the definitions of & and 1-« leads to alx ) = af(xl) + (1—a>f(x2).
(T4
Note, that by decomposition,
Xy=X X -
X, = %t x“.ﬁ %5, (15)
2 2™
and, again, by definition of a and 1-c,
Xa = axl + E.-CX] x2, (IG)
and hence f(x ) = flax, + (19 x) . ' (17)
Substituting (I4) and (I7) in (I2), obtain ‘
af(x)) + (-a)f(x,) > flax) + 1-a x,)0 p o (18)
n
Theorem 2: If %;;1 q; =1 and qi;;Q’and if Q(x) is convex, then
RIS t= '
a,0(x,)>Q q.xg.
=t T O\TE R
: n-1
Proof: Assume that the theorem is true for 2 y and prove it true for
i=1
n
> by induction.
i=1
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x toeet q x
Q( x.) = Q(q U, +eeet q
2 e < Aoy + J[? e
X, *tesat X
< , 1% Y¥n
\qIQ(xl) + El Feoet qr_] Q E ry— qn] , (19)

by Theorem 1.

But, by the assumption above,

q2x2 teset qnxn) q2 qn
qn teee + qn )QE Foast q;] Q(xa) +...+E}_2 r—— qn] Q(xn)’ (110)

i.e., substituting (I10) in (I9) yields

Q (

n n
(> qixi)gz q;Q0x, ). (111)
i=1 i=1

But the assumption is true for n-1=2 ( a restatement of
Theorem 1), hence the theorem is true for all n.
Note: In xg<x-1, (112)
and, hence, Log x (= Ln x Loge) < (x~1) Loge. {I13)
This relation (I12) may be derived as follows:
1. Call Ln x, £(x).
2. Define a tangent to f(x) at x=x, as q(x).
3. Since -f(x) is convex, q(x)>f(x), for any x. (I14)
L, Let %51, then q(x)=x~1, and substituting for f£(x) and q(x) in (I14),
Ln x{x=1 . (See Fig. B)

xX-1
Ln %X

Fig. B

AN Y, AR
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Angendix 11

Some Properties of H(x)

Given, in this appendix, that 0 b<a0.5, it follows:
Lemma 1. (i) a<&~(1-a)Log(l-a)
(ii) ~(1-a)Log(1i-a) L ~aloga
(iii)-aLloga CH(a)
Proof:
(1) The function xLogx is convex; hence, by Theorem 1 of Appendix 1,
for any x between x = ,5 and x = 1, the function is less than the line
joining these two points. The equation of this line is x-1.
In other words, for 0.5 x K1, xLogx x~1. (I11)
Let x = l-a, and substitute in (II1),
ise. ag~(1~adLog(l-a).
(11) By reference to Figure C, note the following:
a. In the range O to 1, the convex function ~Logx has a slope of minimum

magnitude at x = 1, hence so has. the function Logx in this range.

In x

b. Logx = f=-= 1.44 In x, (112)
_ 2 s lelih @ In x _ )
hence, the slope at x = 1is i /x o = lebh (113)

Through Log 1 and Log(l-a) draw a straight line, and call it Y5 The
slope of ¥ is, by definition, greater than ¥qye

Observe that _
a -3 at x=l-a

_ . (I14)
l-a ~ -y, at x=a
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Now, by convexity of =LogX,

-y, at x = ag -Loga, (I15)
and, by construction,

=Y, at x = 1-a = -Log(l~a), (116)
hence, substituting (II5) and (II6) in (IIk) yields

a N =Log(l-a) , (117)

l-a”? ~Loga
or ~(1-a)Log(1-a) {~aloga.

(111) Since H(a) is by definition
(a) = - [ioga + (1-a)Log(1-2)]
and both right-hand terms are greater than zero, it follows that

-aLoga LH(a).

Theorem 1: (1) abbH(a)
(11)  bH(a)aH(Db)
(111) aH(b)S H(ab)
(Iv) BE(ab)§ H(2)H(b).

Proof: (1) By lemma 1, a<H(a), hence, ab{bH(a).

(11) An equivalent statement is b  H(b) . (118)
4 a YH(a)
X=
H(x)
¥
b 05 x=
D

Fig,
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It can be seen (by reference to Figure D) that if a line joining the

origin and H(x) at x = b, call it the function y,, is constructed, then,

i at b

® o

¥ at a
But, by construction,

y, at b= H{b)
and, by convexity,

¥, at a>/H(a).

N\

tesiies

d@
.

Substituting (I110) and (IT11) in (IT9) yields =

(111) By (11) above, %%%?lga 2 -,

hence, aH(b)SH(ab).
(1V) HMake the following definitions:
~(1-x)Log(l-x) = x + Ax',
and -xLogx = x + Ax.
By lemma 1, Ax>Ox'>0.

H(a)H(b) may now be rewritten as

EE%Aa) + (a+AéEE] EE}Ab) + (b+Ab££]
2a+Aa+§§j [%ngb+5E]

hab+2blat+2albt >,

H(a)H(b)

where> = 2aAb'+2bAa'+Aalo+Aab'+Aa'Ab+la'Mb!, and therefore S ) O.

Now, ~ablLogab = -ELoga + abLoEl
b(a+Aa) + a(b+lb)

2ab + alAb + bla.

Note that -abLogab_>~(1l-ab)Log(l-ab) by lemma 1.

(119)

(1110)

(I111)

(I112)

(II13)

(I114)

(I115)

(1116)

(II17)

(1118)
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It follows that H(ab) = -[ébLogab + (1mab)Log(1cabﬂ
5;—2abLogab
= bab + 2bfa + 2adb.

Comparing (II19) with (II16), it can be seen that even an upper bound

on H(ab) is less than H(a)H(b), i.e.,
H(ab) CE(a)H(b),

Theorem 2:
Given OLdLe{b{ag 0.5

H(a)-H(c)  a=c
Ho)-H(@) X b-d

Proof: Since -H(x) is convex, the slope of H(x) decreases with x.

(1119)

" By the Mean Value Theorem the slope of the line joining H(a) and H(b),

has a slope less that of the tangent at b. Similarly, the slope of the

line joining H(c) and H(d) is greater than that of the tangent at c.

But, by comvexity, H'(x) at ¢ >H'(x) at b, hence,

H(a)-H(b) €;H(ci:§(d) (See Fig. E)

a=b

HEY

X

(1120)




Consider now, H(x)~-H(4) ,
x=d

and H(a)~H(x) .
a=x

Observe that

- 57 w

where d\( x

2\

a,

(IIEl)E;ELéifggél, and

(Ixza>s;Ei2§§§$él .

-

Hence, substituting x = ¢ in (IX21) and x = b in (II22) leads to

H(a)-H(e) <:

B=C

H(p)=-E(d) N

b-d °

s
ey

i
——r

(I121)

(1122)
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