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SUMMARY

At‘pfes;nt, most of the techniques available to find the
location of thé critical slip surface rely on search
tgphniqhés that< are random, or arbitrary to some degree.
Since a large number of slip su;faéeélhas- to be generated,
the search techniques are génerally lincorporated in less .
sophisticated but faster 'methods of .slope stability
anélysis. These methods, i.a.  Simplified Bishop method for
“circular . slip ‘'surfaces and Janbu Simplified me thod for
noncircular, concaye slip surfaces, do not satisfy all the
equétions of static equiiibrium.

This study deals with the development of a search
procedure to locate the critical slip surface which is
mathematically rigofous, systematic, and overqoming the
shortcomings of the existing methods.

The formulation of the problem is based on the
Generalised Limit Egquilibrium Method (GLEM), which assumes
the existence of.an unstable area composed of a humber of
elements. The three equations of equilibrium for each
element and the failure criteria along the interfaces are
satisfied. It has been shown that the general mathematical .
formulation  of this problem leads 'directly to an

optimisation problem and specifically, to a linear program.
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This is a fortunate result, since powerful, reliable ang

fast procedures exist to solve this problem. An additiopal

¢

important feature of the formulation is that one can use the.
sensitivity analysis technigue in orderﬂﬂko locate the
critical slip surface in a systematic way. The proposed
search procedure is based on this »feature,. and’a number of
assumptions, concepfs, and techniques derived from the
theories of limit _equ%librium, liﬁear programming, and
- sensitivity analysis are-incofpdraéed.

From the case studies analysed, it was observed that Ehe
most critical slip surface (in fact the‘ most cEitical‘
geometric configuration) could be, obtained after five to ten
iterations. It was-also noticed that the convergence to the
final,  most critical slip surface by starting from two
different initial slip surfaces was remérkably good for all
the cases studied. The number of elements and the topology
(different configurations for the same number :of elements)
of which thg slobe is composed of were found. to affect the
critical slip surface.

A natural slope failure at Rosemere, Quebec, was analysed
by the proposed method. The analysis indicated that the
failure could be progressive and a critical surface which
closely approximéted the one actually measured in the fie1§
was obtained.

The main advahtages of the proposed method*are that no
restrictions have to be imposed on the shape of « the slip

‘ -
surface and that any failure mechanism can be simulated.

- iii-



ACKNOWLEDGEMENTS

’
. t

The author wishes to express his sincere gratitude to his
supervisor Dr. C. P;pan;onopoulos for stimulating
discussions and helpful advise throughout the éuration of
this research. _ ' ‘

The author also thanks Mr. A. Fusco and K. Ramakrishan
for the advise and help given to him.

Finally financial support provided by EMR

(grant sgn-1PG-LcD ) and by the University of Ottawa is
gratefully acknowledged.

_iV-



CONTENTS

SUMMARY . o v & v v v v v e e e e e e e e e e i

ACKNOWLEDGEMENTS . . . &+ 4 v 4.0 o o o o o o .

Chagter . page

I . iN_TRODUCTIdN - . . . - . . . . . - - . - . - - - .

General discussion . . . . . . . . . v v W . ..
Objective of the study . . . . . . . . . . . ..
Outline of the thesis . S

I I . L I TERATURE REVI EW * L] L] . L] L L L] - . [ ] - - » » L] -

of

Basic assumptions of the limit equilibrium
. methods . . . . . . . . . . ..
Conventional limit eguilibrium methods
Introduction . . . . .. . .. . ."°
Search for reqular shapes . . . . .
Types of search techniques . . .
Search for irregular shapes . . . .
Types of search techniques . . .
Criticism of the search technique
Variational approach . . . ., . . . . .
Criticism of the variational approach
The Mathematical optimisation approach .
Comments on the optimisation approach .

1
1
4
4
7
Introduction . . . . s e e e e e e . Y
7
9
9
9
g

. - - * » L] L 1 - . - -
|
[

IITI. GENERALISED LIMIT EQUILIBRIUM METHOD . . . . . . . 23

Inttoduction . . . . . . . . . . . . . . . . . . 23
Basic assumptions and procedure . .'. . . . . 24
Formulation of the quasi-static approach . . . 26
Force field and element type . . . . . . . . 27
Equations of equilibrium for the element . . 27
. Equilibrium constraints at the interfaces . . 29
Failure criteria . . . . . . . . . . . . . . 30
Additional constraints , . . . , . . . . . . 31
i Constraints and their nature . . . . . . . . 32
Objective functian . . . . ., . . . . . . . 33
The linear program formulation . . . o+ o+ 367



IV, PROCEDURE TO DETERMINE THE CRITICAL SLIP °
SURFACE L3 - - - - - - L - - L] i L] L] - .. - »

{ Description of the search algorithm . ‘. . .
Sensitivity analysis . . ._. . . . . . . . .
Purpose and types.of sensitivity analysis
Primal and dual problem . . . . . . . . .
Application of Saaty's analysis to
. determine the critical slip surface
Evaluation of the optimum angle 8 " . . . . .
Direct {assembly of the dijffferentiated
matrix to evaluate the optimum
angle 8 . . . . . . . . . .. ...
Derivative of [A] matrix and the {B}
vector with respect to 68 ., . . .
Evaluation of the sensitivity coefficients .

V. NUMERICAL EXPERIMENTS AND DISCUSSIONS . . . . .

Introduction . . . . . ., . . . . . . .. ..
Establishing the convergence and termination
criteria . . . . . . . . . .. .. Lt
Case Study 1 . . . . . ... .. ...
Variation of the nodal incremental distances
- Case Study 2 . . .. e e e e e e
Effect of the number of elements on the

critical slip surface . . ., . . . . .

< Case Study 3 . . . . . . . v v . v v ..
Effect of the topology on the critical slip
surfaces .. . . . .., .. . .. .

Case Study ¢ . . . ., . . . . . .. ..

Case Study 5 . . . . . . . . . . ..

The effect the degrees of freedom of the
nodes have on the critical slip

surface ., . . . . . . . . . .. .. .

Case Study 6 . . . . . . v v . o . . ..

Effect of the discontinuous normal stresses

along the slip surface on the critical

slip surface . . . . . . . .. .. ..

Case Study 7 . . . . . . ¢ . o . . ..

Convergence of the critical slip surfaces. by

starting from two different piece-wise

linear slip surfaces . . . . . . . .

Case Study 8

Case Study 9

Case Study 10 .
Case Study 11 .

Case Study™1l2 . e s

Discussions ., . . ., ..., .
-

- - . - -
. -
- »

« = & &
s = & @
s r & »
¢ = = & s @
» 2 ¢ 2 = @
-
[ - L - [ [ ]
« 2 2 = s =

VI.  ANALYSIS'OF AN ACTUAL SLOPE FAILURE . . . . . . .

Case investigated . . . . . . . e v e .

- vi -

40,

43

44
50

63
63

64
65



< ' = .

. ) . Ny
Analysis of the slope considering post!

ak soil strength Values . . ., e, +» 15

Analysis of the Slope considering '

- Progressive Failure . . . . +.75

Comparison with Bishop and Janbu Métﬁods . . 78
VII. CONCLUSIONS - AND RECOMMENDATIONS . . . . . . . . .-. 81

REFERENCES . . . . _=» - « ' -. . " e ) . . /o. - .. . . . . - - 84
Appendix | ' page

A. - CONVENTIONAL LIMIT EQUILIBRIUM METHODS « « + « o 158

B. EQUILIBRIUM EQUATIONS FOR THE GENERALISED LIMIT
» EQUILIBRIUM METHOD (GLEM) . . . . . . . . . 166

C. MATRIX ASSEMBLY FOR GENERALISED LIMIT -
) EQUILIBRIUM METHOD . . . . . . . . . .. . . 175.

D. DIFFERENTIATION OF THE;[AI] MATRIX AND THE 1B1}
' VECTOR WITH RESPECT TO@ AND T . . . .. . . 180

E. DIFFERENTIATED [Al] MATRIX AND {B1} VECTOR
’ AS SEMBLY L] ] . . - - » L] - [] [ ] - L ] [ ) [ ] . L ] 1 8 7

F. PROCEDURE FOR EFFECTIVE STRESS ANALYSIS . . . eo. 192

~ vii -



\
ok -
L 4
LIST OF FIGURES .
- Figure Page
2.1 Grid search parameters for circular surface
analysis (Carter 1971) . . . . . . . ... ... ... . 88
2.2 Selecting the initial line segment (Siegel 1975) . . . . 88
2.3 Family of circles having initial line segment
as a chord (Siegel 1975) . . . . . . . ., . .. ... .. 88
2.4 Irregular search parameters for irregular
surface analysis (Carter 1971) . . . . . . . . . . . . . B89
2.5 Direction limits for successive line segments 8
of irregular surface (Siegel 1975). . . . . . . . . . . . 9
2.6 Shifcring points on the slip surface
(Celestino and Duncan 1981) . . . . . . . . . . e ... 8
- « .
3.1 Stress distribution on the side a . . . ... . . . . . . . 90
3.2 Equivalent force at the interface . . . . . . . . . . . . 90
3.3 Stresses and their sign conventioen . . . . . . s e e . .90
3.4 Equilibrium condition at the interface . . . . . . . . . 90
3.5 Additiocnal relation at the node . . . . . . . . . . .9
- L
3.6 Decomposition of the unstable region . . . . .., . ... 91
3.7 Constraints in the linear programme . I )
4.1  Flow chart of the search procedure . . . . . . . . . . . 9%!93
5.1 Configurations of the slope studied . . . . . . . ., .. . 9
5.2 MS vs number of iterations for non concave .
Slip surface . . o L oL oL oL .. 93
r
5.3 Comparison of the shape of the MCR slip surface
with and without the concavity condition . P -
5.4 M5 vs number of iterations for concave slip surface (MCR} 97
5.5 M5 vs number of iterations for concave slip surface (LCR) gp

u

-viii-



trial slip surfaces,case study 8(b)

-ix%-

Figure :
5.6 MS vs number of iterations for different values
- of NDMAX .(MCR) « o e e e
5.7 Comparison of the location of the MCR slip surface
for different values 6f NDMAX ... . . .
5.8 . MS vs number of iterations for different values
of NDMAX (LCR)
5.9 Comparison of the location of the LCR 51ip surface
for different values of NDMAX . . .
5.10 Effect of the number of elements on the location
of the MCR slip surface '
5-11 Effect of the number of elements on the location
of the LCR slip surface
5.12 Effect of the topology on the location of the
MCR slip surface,case study 4(a)
5.13 Effect of the topology on the location _of the
LCR slip surface,case study 4(b) .
/
5.14 Effect of the topology on the location of the
MCR slip surface,case study 5(a)
5.15 Effect of the topology on the location of the
LCR slip surface,case study 5(b)
5.16 Effect thé degrees of freedom have on the MCR slip
surface’ o e e e
5.17 Effect of discontinuous normal stress on the location
of the MCR slip surface
5.18 Effect of discontinuous normal stress on the location
of the LCR slip surface
5.19 Location of MCR slip lines starting‘ffom different
trial slip surfaces,case study 8(a);
20 Location of LCR slip lines starting from different

Page
99
100
101
102
lj;//
104
105
106
107
108

109

110
111
112

113



Figure *

5.

21

.22

.23

.24

.26

.27

.28

Locaticn of MCR slip lines starting from
trial slip surfaces,case study 9(a¥ .

Location of LCR slip lines starting from
trial slip surfaces,case_study 9(b)

Location of MCR slip lines starting from
trial slip surfaces,case study 10(a)

Location of LCR slip 1

es starting from

trial slip surfaces,cige study 10(b)

Location of MCR slip lines starting from
trial slip surfaces,case study 11(a)-

Location of LCR slip lines starting from
trial slip surfaces,case study 1l1(b)

Location of MCR slip lines starting from
trial slip surfaces,case study 12(a)

Location of LCR slip lines starting from
trial slip surfaceg,case study 12(b)

different

different

different
different
different
different
different

different

Rosemere slope geometry (Lefebvre et al. 1678)

Discretisation of the Rosemere slope

Location of the MCR sli
peak soil strength .

p surface considering

Distribution of stresses for the Rosemere slope .

Propagation of local failure

failure .

Location of the MCR slip surface considering progressive

Comparison of the cricical slip surfaces obtained bv

various methods .

+

Derivation of the resultant normal .effective force

”»

Examples of interslice forte functions

-

Page

. 114
. 115
. 116
117

118

. 119
. 120

. 121

. 122

. 123

. 124
. 125

. 126
127

o128

. 158

. ;>160

L}

’



//‘

Unknowns and equations for n slices .
Forces acting upon a slice.
Triangular element . . . . .
i

Coordinates Z and ST ok

- m m
Coordinates of the point along side a, b, ¢ .
Moments and forces applied to the triangular element
Forces and moments due to concentrated force . .

Forces and moments due to stresses acting on side a of
the triangylar element -

Forces and moments due to water pressure acting on the
side a of the triangular element

Assembly of the matrix [A]

Indicial and interface numbering of the element for
a given slope f e e e e e e

\-.

Node i given a perturbation .

Node j given a perturbation .

Geometry of the triangular elements for a given slope .

Assembly of the differentiatéd matrix [Al] and vector
{81}, '

Procedure for effec{ive stress analysis .

-xi-

i M DR N B P, ———a—

?aée
. 161
. 162
. 166
. 167

168

. 169

. 170
171

172

+176

-178
-180
182

.188

189

193




i {’ hS

Table

3.1

4.1

LIST OF TABLES

Equilibrium equations for the triangular

element (Papantonopoulos) . . . . .

Differentiation of matrlx [A1] with
to © by moving node i . , . . . .

Differentiation of matrix [Ai] with
to © by moving node j . . . . e .

Differentiation of matrix™[A1) with
to © by moving node k . . .

Differentiation of vector {B1}
to & by moving nodes i, j, k .

Differentiation of matrix [A1]} with
to t by moving node 1 . . . . . . .

Differentiation of matrix [A1] with
to t by moving node j . . .

Differentiation of matrix {A1] with
to-t by moving node k . . . . . .

Differentiation of vector {B1} with
to t by moving nodes i, j, k . . .

Comparison of the MS and FS of thé MCR slip line

with

respect

respect

respect

+ -

respect

- .

respect

respect

. . - -

respect

respect

-

with and without ‘the concavity condition

Effect of the number of e2lements on
M5 and FS of the MCR slip surface

Effect of the number of elements on
MS and FS of the LCR slip surface .

Effect of
of the MCR slip surface .

Effect of the topclogy on
of the LCR slip surface

Effect of the topology on
of the MCR slip surface . . . .

- xii -

the

-

the

the topology on the MS and FS
the MS and FS

the MS and FS

Page

129

130

131

+133

134

+ 135

- 136

.137

13

139

140

141

142



5.12
5.13

5.14

Effect of the topology on the MS and FS
of the LCR slip surface . . . . . . . . . .

Effect the degrees of freedom have on the
MS and FS of the MCR slip surface . . .

Effect of discontinuous normal stress on
the MS and FS of the MCR slip surface . .

Effect of the discontinuous normal stress on

the MS and FS og the LCR slip surface ., .

Comparison of MS and FS of the MCR slip
line starting from different trial surfaces
Case Study - 8{(a) . . . . . . . . . . . ..

Comparison of MS and FS of the LCR slip
line starting from different trial surfaces
Case Study - 8(b) . . . . . . . . . ..

Comparison of the MS and FS of the MCR slip
line starting from different trial surfaces
Case Study - 9(a) . . . . . . . ..

Comparison of the MS and FS of the LCR slip
line starting from different trial surfaces
Case Study - 9(b) . . . . . . . . c e e e

Comparison of the MS and FS of the MCR slip
line starting from different trial surfaces
Case Study - 10(a) . . . . . . . . . .

Comﬁarison of the M5 and FS of the LCR slip
line starting from different slip surfaces
Case Study - 10(b) . . . . . . . . . .

Comparison of the MS and FS of the MCR slip

line starting from different trial slip surfaces
. 154

Case Study - 11(a) . . . . . . . . . .

Comparison of the MS and FS of the LCR slip
line starting from different trial surfaces
Case Study - 11(b} ., . . . . . . . . . .

Comparison of the MS and FS of the MCR slip
line starting from different trial surfaces
Case Study - 1l2(a)

Comparison of the MS and FS of the LCR slip

line starting from different trial surfaces
Case Study - 12(b} . . . .

.

)

xiii

144

145

L4

147

. 148

149

]
150

151

« 152

153

+155

. .156

.157



NOTATIONS

a : Symbol for the side of the trianqular element.
aij : Coeffilient of the unknown variables cor responding to

the equallty restrictions in the LP.

Coefficient of the unknown variables corresponding to

i
: the inequality restrictions in the LP.
b, ¢ : Symbol for the sides of the triangular element.
Ci Constant terms in the equality equations of the LP.
Ci : Constant terms in the inequalitv equations of the LP.
d, : Coefficient of the unknown objective functions in
: the LP. -
e : Non dimensional parameter defining the position of a
: point on the sides of the element (general symbol).

eé : Parameter defining thé point of application of the
concentrated force P.
e : Parameter defining the point of application of
the forces Ua, Ub and Uc (k=1,2,3 respectively)
i,j,k: Indices of the nodes of the trianqular element.
x,iz: Hydraulic gradient 'in the,direction of the axes X
and Z.
m . : a) Symbol for the element. b) total number of
restrictions in the LP.

n + ! a) Symbol for the element. b) total number of

oy T

unknowns in the LP.
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Xv
p : a) Point of application of the force P. b) number of

restrictions in the equations of the LP.
‘ |

o : Number of positive variables in the LP.
r : General symbol for the indices of the element.
s : General symbol for the sides of the element.

t{i) : Displacement of the node 1,3 or k.

ft} : Vector of the constraints 7 e and T applied to the

sides of the triangle.

Uy :. Dual variables in the-LP.

W : Dual variables in the 'LP.

X, : a) Unknown variable in the LP, i1.e. g P T
j rs s

b} primal value.

x} ".: Unknown positive variables.

x; : Unknown positﬁve va}iables.

z : general symbol for the objective function.

{a] ! Restriction matrix composing of the matrices [Al]
‘; ) and [az].

(A;] : Equilibrium matrix (contains coefficients aj, )

[A2] : Iaequalirty matrix (contains coefficients aij).

{B} : Constant vector composed of véqtor {Bl1} and {B2}.

{B1} : Vector of external forces (contains coefficlents
’
of Ci)

{B2} : Cohesion vector (contains coefficients cy)

CS : Cohesion at the interface of the side 5.
{D} : Vector of the coefficients dj.
E : Double area of the triangular element.

FS : Global factor of safety.' |
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Chapter I
INTRODUCTION

1.1 GENERAL DISCUSSION

_ Ensuring the stability of- both man-made and natural
slopes affected by the works of man has,prdben to be one of
the least successful endeabours. of‘\civil ‘engineers.
Failures o} natural slopes, man-made fills and cuts in earth
probably occur more frequently than all other failures of
civil enginegring structures combined. X

The methods commonly used for the analysis of slope
stability can be divided‘in two groups :

1. Those that take into account the deformability of the

soil mediﬁm, and

2;_ The limit equilibrium methods.
The former arelbased essentially on some continuum mechanics
theory and, in principle, they can provide a unique ahs;er
assuming the constitutive equation of the media are known..
Tﬁése are coqplex boundary(problems, and théy have to be
treated numerically. The most popular aqd the most versatile
numerical technique is that of the Finite element method.

However, in spite of more than a decade of active
research, this method has not fet become a convenient tool
for eyeryday problems. Some basic :problems that limit the

usgfulness of the method are as follows :

_l_
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1. Reliable and widely acceptable constitutive equations
have not yet been established even for fev "simple"
materials,
2. Advanced numerical models of this kind are’ highly
iterative and even today are expgnsive to run.
3. They fail to answer directly the stability problem,
‘and instability is detected indirectly Sy failureMof
the procedure to convérge, by excessive deformations
and unconfined "plastified” areas, or by coming back
to an almost conventional analysis‘where the state of
stress along a more or less arbitrary sijp line is
estimated on the basis of the calculated stress
field.
Thé conventional limit equilibriumrmethods on the other hand
have \beqﬁ developed as semi-empirical or "engineering”
methods; These methods neglect the stress~strain and the
compatiﬁility equations. They are inspired by the kinematics
of failure, but formulate and solve the problégm strictly in
terms of statics and they strive to isfy all the
equat{ons of force and moment equilibrium and the strength
criteria (Mohr-Coulémb) along certain lines.

b

Since the methods neglect the stress-strain
relationships, they caﬁnot “answer the problem of
deformability. Howevef, since deformations are of little-
c;ntern for most slopé sfability problems, the 1limit
eqpilibriﬁm methods have been considered appropriate " and

they are extensively used for slope stability problems.
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The conventional 1limit equilibrium methods suffer from

. two inherent uncertainities. The first is that the problem

formulated in terms of statics is indeterminate, 1i.e., an

infinite number  of force (stress) fields satisfy the

. equations of equilibrium. Few conventional methods try to

solve this problem, i.e. Frohlich (1955) and Biarez (1961).
The majority fender the problem determinate by additional
"reasonable™ assumptions. This means that the factor of
safety -as determined in the methods of Bishop, Janbu,
Morgenstern-Price, etc. is not unique for a given sliding
surface. This gact is deliberately overlooked. 4

The second uncertainty is that the actual siip surface is
not known. One has to assume that this will be the one which
gives to an associated stability criterion its minimum
value. Thig is wusually the factor of safety as definéa Ly
the method of slices,

Neither the ﬁirst nor the second uncertainty is answered
satisfactorily by the conventional limit equilibrium methods
which” assume an arbitrary stress distribution and
concentrate to find the most critical surface by various
trial procedures. These procedures have severe limitations
that will be discussed in Chapter 2. .

The generalfsed limit equilibrium method, as proposed by
Papantonopoulos and Ladanyi (1973), has removed moét of the
uncertainties of the first kind by providing rigorous upper

*

and lower bounds that bracket the true solution for a given

-
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slip surface. The method has been extended subsequently by
Papantonopoulos (1984),\ who proposed a procedure to treat
the uncertainities of the second kind, i.e. the slip surface
is not known.  According to this procedure a piece-wise
linear slip surface is moved vertiéally untill a critical
position is obtained. The procedure is iterative'and subject

to geometrical limitations.

1.2 OBJECTIVE QOF THE STUDY

The objective of this study is to develop a search procedure
which improves the one proposed by Papantonopoulos (1984) :
l. By removing the geometrical restrictions, and
2. By minimising the number of iterations.
By removing the geometrical restrictions, one can eliminate
a) any a priori assumptions about the shape of the slip
surface, and b) the possibility to miss the critical one,
By minimising the number of iterations, one can obtain an

efficient and economical search procedure.

'$.3  OUTLINE OF THE THESIS

Chapter two presents the review of literature concernipg
the existing limit equilibrium methods, and the various
search techniques available to determine the critical slip
surface. The assumptions made in each of the methods to

make the system determinate are discussed in Appendix A.
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In Chapter three, the formulation-of tﬁe slope stability
as an optimisation problem is . presented. A Dbrief
introduction is made of the "quasi-static", method and its
incorporation'in the optimisation procedures is discussed.

Chapter four presents the procedure for determining the
critical slip surfaces using sensitivity analysis. A brief
survey of the theory relevant to the problem is presented
and a flow-chart is included to explain the step-by-step
procedures of the search algorithm, '

In Chapter_fivé, numerical experiments are conducted in
order to: a) establish the convergence and termination
criteria for the critical slip surfaces, and b) to examine
the effect of a number of factors on these surfaces. These
factors are : |

l. The variation of the nodal displacement increment.

2. The number of elements of which. the unstable so0il

> mMass is composed of.

3. The topology of the elements (triangles).

4. The degrees of freedom of the system of nodes.

5. Discontinuous normal stresses along the slip surface.

6. The convergence to the same final slip surface when

one starts from two different initial slip surfaces.

A discussion of the results obtained is presented.

In Chapter six, a case study of a failed slope at
Rosemere, Quebec is presented. The proposed method is used

to predict the failure and locate the critical slip surface.
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Comparison is made between the proposed, the Simplified

Bishop, and the Janbu methods.

/[



- Chapter II

LITERATURE REVIEW

2.1 INTRODUCTION

Since the EEoposed search procedure 1is an outgrowth of
the limit equilibrium methods, the literature review is
limited to the methods of this type.

For a more comprehensive presentation, it is considered
appropriate to present a general classification of the limit
equilibrium methogg, as well as their common theoretical
basis and other iﬁ%errelationships.

*

2.2 BASIC ASSUMPTIONS OF THE LIMIT EQUILIBRIUM METHODS

The following assumptions are common to all limit
equilibrium methods of analysis :

1. A potentially unstable area is separated from the
stable part by a fictitious slip line.

2. The area is decomposed to one or more elements
(slices, wedges etc.)

3. The equations of force and/or moment equilibrium are
formulated as functions of the unknown forces

{stresses).

4., The failure criteria on the interfaces of the.

elements have to be satisfied (as equalities or

\
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inequalities); Usually, one assumes a .“linear Mohr-
Coulomb criterion,

The above are the basic assumptions of these methods.

However, because the number of eguations is }ess than the
number of unknowné, the problem is indeterminate.
| Two approaches to the solution are possible. The first is
to introduce additional assumptions such as a constant
factor of safety along the slip surface (an almost universal
assumption) and various others concerning the interslice
forces. This is the approach followed by all the widely used
limit equilibrium methods, and this is what confers to them
most of'fheir semi-empirical character. Here, these methods
are referred to as the conventional 1limit equilibrium
methods,

The second approach is to remove the indeterminady by
seeking to optimise (maximise or minimise) a particular
function (factor of safety) subject to the constraints
derived from assumptions 3 and 4. These methods can be
classified as the Variational methods proposed by Kopacsy
(1961), Baker and Garber (1978), Castillo and Revilla {
1977}, Goldstein (1969) and Narayan et al. (1976 and 1977)
and the mathematical programming method proposed by
Papantonopoulos and Ladanyi {(1973) and Papantonopoulos (1879
and 1984). _ L |

In the following sections, these three classes of limit
equilibrium methods are discussed with emphasis on the

existing search procedure.



2.3 CONVENTIONAL LIMIT EQUILIBRIUM METHODS

2.3.1 Introduction

The conventional ~ limit equilibrium methods provide a
means for calculating‘tbe-factor of safety for a given slip
su;face. They cannot locate the critical slip surface with
the minimum factor of safety directly. This .important
aspect of the analysis is accomplished by repeated trials.
Following this approach, the factor of safety (FS) of a
number of possible slip surfaces is calculated, and the one
with the least FS is consadered as the most critical. The
repeated trials can be done for slip surfaces having regqular
or irregular shapes. By reqular shape is meant surfaces
whose shape is mathematically defined (circles, logarithmic
spirals, cycloids, etc). The particular assumptions for a
number of commonly used conventional methods can be seen in

Apgehdix A,

2.3.2 Search for reqular shapes

2.3.2.1 Types of search techniques
‘In the case of homdgenous soil, the shape of the critical
failure surface is often assumed to be circular or that of a
logarithmic spiral. For both of these_shapes, a sea;ch for
the most critical location of the failure surface may be
performed by using either of the two following techniques.
l. Grid search

2. Random search



10
l. Grid search : -
The principle of this technique (widely used in practice)
is shown in Fig.2.1 for a failure surface of circular shape.
In order to locate the most critical surface, the centre of
‘the circle or the polékgf the logarithmic spiral -is-varied
according to a chosen grid pattern_and the radius R {initial
radius for a log. spiral) 1is varied between Rmax and Rmin.
The 'use of the.gfid search 1is based on the observation that
the centres or poles of different surfaces will form contout
lines of equal factors of safety with the centre or pole of
the most critical surface (the one having the least factor

¢f safety) located at the lowest contour.

2. Random search

This was deveioped at Purdue University by Siegel (1975).
Trial failure surfaces of circular shapes are generated from
a number of initiation poinﬁs with equal horizontal spacing
along the ground surface at the base of the siope.'

The directione , of the first line segment defining a
slip surface is chosen randomly between two direction

limits, as shown in Fig. 2,2. ® is defined as shown below :

- . 2
8 a2+(ul c:z)R 2.1

where a, and a, are counterclockwise and clockwise direction
limits, and R represents the random function Ranf (x).

Ranf{x) 1is a pseudorandom number function which generates

-~
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-

real numbers in the range from 0 to 1. Using R squared

introduces a bias in the random selection of o so that

- T

angles closer to the clockwise direction limit are more
2 s

—

likely. _?hegpffﬁarj reason for introdﬁcing the bias is to

—--obtain a.good distribution of completed surfaces.
/ -

For a circular shaped surface, each succeeding line
segment 1is generated by changing the direction by some
constant angle a@ chosen randomly between limits defined by'

the termination 1limits for the surfaces at the top of the

slope, as illustrated in Fig.2.3. The constant change in
the angle is given by : . :
ag = ( 48 - A8 ) R
max min, 2.2

The new angle of .inclination is given by :

g ™
141 T 8y + 20 2.3

where 8; is the inclination of the ith line segment of the
circulr failure surface.This search technique can be used

only for regular shapes.

2.3.3 Search for irregqular shapes *

2.3.3.1 Types of search techniques
To enable a search technique for irregular shapes, the

foliowing techniques have been proposed:
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1. Carters search.
2. Random search

3. Simplified search

1. Carter's search

Carter (1971) developed a first approach to a“search for
critical slip surfaces of irregular shapes. Slip surfaces
vary between limits defined by Xo, Ymin, Xmin, ZXmax and
Ymax, see Fig.2.4. The ir;egular surface is composed of
straight line segments connecting coordinate points (Xk,
Yk), where Yk is defined by a cosine function, and Xk is
determined in such a way that the slope of each succeeding

line segment is in Fibonacci multiples of the slope of the

/initial line segment. The Fibonacci series is defined as
follows:
Tl-TO-l

The surface terminates at.the top éf the slope between
Xmin and Xmax.

If the (Xo, Y¥Ymin) point is defined below the ground
surface, the surface is completed by an additional line
segment directed back to the ground surface at angles of
30°, 45°, and 60° to the horizontal. The surfaces so

generated have a smooth shape.
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2. Random search

The random search for.irregular shapes was developed by
Siegel ?1975).

For an irregqular surface, the directizn of each
succeeding 1line segment is chosen randomly within limits
determined by the direction of the preceding line segment,
as shown in Fig.2.5. g

The counterclockwise limit for the direction of a line
segment, ag, is normally deflected 45°. counterclockwise
from the projection of ‘the preceding line segment. If for a
partic%*ar line segment the orientation of the
counterclockvise direction limit, e, , is greater than 90°
(me;sured with respect to the horizontal), the inclination
of 8, is adjusted to 90°. A

The clockwise deflegtion limit for the direction of a
line segment, 40, ., 1is randomly selected for each shear

surface generated, and is given as follows :

2 .,
ABZ = R".45 CZ-S)
In the above equation, R is as defined before. If for a
particular line segment the inclination of the. clockwise
direction limit, @, , 1is less than -45°, it is set at this

value, The inclination of a line segmenf is then

Ay
-

established by :

a3

L 8, - 2,) g (1+R)
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where the angular extent of permissible directions, @; ~ay .,
is multiplied by a random number raised to a random power
between 1 and 2 and édded to the inclination of the
clockwise direction limiz, 0, .

The above procedure, althpugh somewhat arbitrary, does
produce reasonable irregqular sﬁrfaces of random shape and

- ~
position.

3. Simplified search

This method waé proposed by Celestino and Duncan (1

_This approach has a theoretical basi$l§or the search of
circular slip surfaces. \ -

Each trial begins by shifting each-of the points de?ining \
the slip surface to two new positions, ‘and calculating the
factor of safety. As this is done, all of the other points
are kebt igrtheir original positions as shown in Fig.2.6.
The first and second shifts are always equal and in the same
directiop. | | . |

After each point has been shifted, its optimum position

is estimated using the following equations:

* . '
X = xg + 4x/2 + 8x(FO - F1)/(FO - 2Fl+ F2) (2.7¢a)) .
: : - iy
n ' L

*
Yy =y * ¥/2+ y(FO - F1)/(F0 - 2F1+ F2) (2.7(b))
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where - P y;" ~are the estimated optimum coordinates of the
point i ;-xE + yj are the original co-ordinates of the point
hbox oy are the shift increments; Fo is the factor of
safety (F) before shifting; F = F after the first shift of
pointi ; F2 = F after the second shift of peint i . The
equations:are derived according to the minimizing scheme.
The assumptions for each iteration are: (1) the optimum
position for a point can be estimated based on the change in
F caused by the movement of< this point .only. ' (2) The
partial minimum of F with respect to a single variable x; or
Y can be estimated using a local approximation of the
function F versus x; or y; by a second degree curve.

The values of x; and y; are estimated using equations
2.7(a) and 2.7(b), the factor of safety of the  slope is
calculated with point moved to ﬁ and ﬂ' , all other
peints being in their original pogition. If this value of F
(called F*) is smaller than Fo, the coordinates of value
ﬁ ., ¥, - are retained for use in the next sfep of the
iterative process. If not, then the point is returned to
the position which corresponds to the lowest value among Fo,
Fl, and F2.

This process 1is repeated %or each point in turn for a
number of iterations. To check whether or not a minimum was
reached after an iteration has been completed, the partial
derivatives of F with respect to all x; and y; are

calculated. If all are smaller than a specified value, the

search is terminated. If not, it is continued.
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2.3.3.2 Criticism of the search technique
The search ppbtedures proposed by Carter (1971), Siegel
(1975) ,and Celestino and Duncan (1981), suffer the
following limitations when incorporated' in the conventional
‘limit equilibrium methods:
1. the factor of safety is not unique and

2. a uniform factor of safety is diigggd along the slip

surface.
The a priori assumption that the slip surface is regular
in shape will result in an error of unknown magnitude : the
smallest value of the factor of safety found by studying
circular arcs can be higher than the . Dinimum vaiue'
corresponding to other surfaces. Consequently the results
might overestimate the actual stability of the slope. |
The search procedures for irreqular shépes of tha slip_
sutface are randoﬁbbf nature. Hence, judgement and repeated
trials‘have to be carried out adding ?onsiderably to the
time and cost of analysis. Such a search often fails to
locate the most critical surface.
Although the search technique proposed by Celestino and
Duncan (1981), utilises the optimisation concépts, it is
rather simplistic in nature anq. minimises any factor of

safety which is not unique.
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2.3.4 Variational approach '

This approach uses an "apparently” rigorous mathematical
technique to analyse the slope stability problems._ The
stability problem is treated as a minimization problem of
ﬁhe calculus of vgriations, wherein the shape of the slip-
surface and the distribution of interslice forces are
unknown functions of X and 2 coordinatés that are to be
determined. Simultaneously, the critical slip surface and
the associated interslice force distribution functions
(whenever they aré taken into account) are obtained by
satisfyihg the necessary and sufficient conditions for the
minimality of a given functional i.e. total weight of the
unstable mass or the factor of safety. The procedure has
been introduced by Kopacscy (1961}, and later by Goldstein
(1969 1t gained a new interest lately with the work ‘done
by Narayan et al.(1976, 1977), Baker and Garber (1978)° and
Castillo and Revilla (1977). No a priori assumptions
regarding a definite shape of the sli;’surface or the line
of thrust, i.e. direction of the resultant interslice
forces, have to be made. 1Instead some minimality conditions
of the calculus of variations have to be satisfied. The
analysis is solely based on limiting equilibrium and

respects all equilibrium conditions..
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2.3.4.1 Criticism of the variational approach

It has been shown by De Jos;elin De Jong (1981) that at
least some variational methods for determining the critical
slip surface suffer from a serious mathematical fallacy; a
functional describing the stability of the slope is
considered which has a degenerate character and possesses no
minimum. Thus, e c;itical slip surface obtained by these
methods can have no™mathematical or physical meaning. -

In addition to and irrespective of the possible hidden
mathematiéal defects, these methods stay always with the
basic limitation of the conventional’-methods, i.e,
assumption'of_ a constant factor of safety along the slip
surface. The; also neglect the effect of th interslice
forces and the internal equilibrium considezltions. In
practice, they appear difficult - if possfble - to apply to
actual problems with complex material and water pressure

distribution.

2.3.5 The Mathematical optimis?tion approach
The conventional 1limit equilibrium method nhas been

generalised by Papantonopoulos and Ladanyi (1973) . and

Papantonopoulos (1979) who developed the Generalised limit

equilibrium method (GLEM). -

It has been proven that a slope stability problem can be

formulated as a problem of mathematical optimisation in

general, and, with an appropriate choice of an objective

function, as a linear program.

“~
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Initiélly, the method was intended to determine the most
critical stress (force) field that minimises or maximises
the margin of safety (MS) for a given failure surface.

The method has been extended latef by Papantonopoulos
(1984) who.tdeveloped a simplified procedure in order to
determine the most critical slip surface.

A brief description of this approach 1is given below,
. while more detailed information is given In Chapter 3 and
Appendix B.

The problem can be formulated in the follawing “form
_(Papaﬁtonopoulos and Ladanyi 1973, and Papantonopoulos

1979).
(maximise or minimise) .2 = {4} (X}
spbject to the constraints
[A]l {X} < {b}
{x}zol

[A] is the coefficient matrix of the three equilibrium
/

eguations of each .element and the failure criteria

constraints along each interface.

{X} is the vector of the unknown stresses, i.e. (g ).

rs ''s
{2} is the margin of safety to be optimised.

{d} is the coefficient vector of the margin of safety.
{b} is the vector of external forces and the cohesive force

-f
along each interface of the elements.
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For further details of the [A] matrix and the {B} vector
refer to Chapter 3 and Appendix B.

For determining the minimum MS, a reasonable trial piece-
wise lineas¢ slip surface is chosen and the unstable soil
mass is discretiied into a number of triangular elements.
The problem is solved for this position of the failure
surface. By solution is meant the determination of the
system of forces that §atisfy all three equations of
equilibrium of each element and the corresponding failure
criteria (as 1inequalities) along the interfaces such thaf
the objective function 1is either maximised or minimised.
Each trial begins by shifting each of the nodes defining the
slip surface to new positions in the vertical direction so
as to obtain decreasing values of the MS. For thiS*puréose

the equation proposed by Saaty (1966) is used.

m,n a n dd, M db
of = (upxrge e r (xod)e p (ueliye (2.8
jo5=1 17d dt j=1 J dt j=1 1 dt

where {u} and {x} are the vector of the dual and -primal
variables. af is the change in the objective function, 3]
are the coefficients of the [A] matrix and b; are the
coefficients of the {b} vector.

The formula provides the sensifivity of the - objective
function with regard to an implicit parameter t in the
neighbourhood of the optimal solution. For a small increment

At, the effect on the objective function can be evaluated,

l.e., an increase or decrease.

-
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To use the Saaty equation, the coefficienps 3;; and b; must
be expressed in terms of the implicit parameter ¢t. To
achieve this, each node on the slip surface is given a
displacement of t units in the‘ver;ical direction, all the
othgr nodes remaining fixed. The new co;rdinates of this

ncde are
X' = X and ' =72 + ¢t (2.9)

where X and Z are the original coordinates.

From this new position, a small perturbation at is given in
the vertical direction to evaluate the change 1in the
objective function using Saaty's equatiqn. The derivative of
ajj and b{ are easily evaluated and suitable values given to
t and at. If the change in the objective function is
negative, i.e. decrease in the MS, the node is moved in the
vertical direction by an amount equal to t units. If it is
positive, it is moved in the opposite direction following
the same procedure. By moving the nodes a new slip surface
is obtained having a reduced value for the MS. The procedure
is repeated until no further decrease is possible. This

identifies the critical slip surface.

2.3.5.1 Comments on the optimisation -approach
" The optimisati6ﬁfﬁgﬁproach as applied to slope stability
problems does not suffer from the problems of the

variational approach. The extreme values exist, The



22

L . . . . . .
restriction of displacements in the vertical direction is
rather rigid but the approach has a great potential
especially for complex problems encountered in practice. In
the present study it 1is this approach that has been been

generalised to remove the restrictions on the displacements.

H]



- Chapter 1I1I :

GENERALISED LIMIT EQUILIBRIUM METHOlj

N\
3.1  INTRODUCTION

Since the proposed algorithm is based on the Generalised -
limit equilibrium method (GLEM), proposed by Papantonopoulos
(1979) and since this work is mostly unpublished -and not
available in English, it becomes ‘necessary to present in
this Chapter and in the Aﬁpendix B, an extensive summary of
the general methodology and of the mathematical formulations
relevant to this work. ' v

The GLEM theory can be divided into two different
approaches

1. The quasi-static approach and

2. The energy abproach.'

The former is similar to the conventional limit equilibrium

methods and to the /static approach (lower bound) of the

limit analysis th€ory of plasticity. The latter is similar
~ to the kinematic approach (upper bound) '6f the theory of
limit analysis. Both seek to determine a stress (force)
field that minimiges (or maximises) a given  stability
criterion, For the quasi-sfatic,approach, this criterion-isg
the margin of safefy along a'giveﬂ failure surface. For the

3 ) .
energy approach, this criterion is.the difference between
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the energy providgd to the system and the energy dissipated
within the system for a given kinematically admissible
mechanism of failure,

The first aéproacﬁ‘is called "quasi-static" because,
although ft is formulated in terms of statics only, 1t does
have implicit kinematic constrgints such as the sign of the
shearing forces along the interfaces of sliding elements.

The search method developed in this thesis follows ;he
quasi-static approach. The basic assumptions of fhis

approach are outlined in the following section.

3.2 BASIC ASSUMPTIONS AND PROCEDURE

To formulate the guasi-static approach. the following

procedure has to be followed : ‘ |

l. Separate the unstable region from the stable by
assuming a slip line.

2. Divide the unstable area into elements, triangles or

. quadrilaterals. ' ' '

3. Choose the fa{lure criterion along the slip line and
along the interfaces of each element. For soils a
lingar Mohr-Coulomb criterion is usually assumed.

4. Form the equilibrium equation of each element as_ a

| function of the internal and external forces acting
on it (equality constraints),

5. Form the relations corresponding to the failure
criteria along each interface and along the assumed

slip line (inequality constraints).
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6. Form the supplementary equations which restriFt the
sign and/or- magnitude of certain unknown variables
(equality constraints). | )
It has been mentioned'already in Chapter two, and it will be
further illustrated in Section 3.3.6, that the relation
obtained in steps 4, 5 and 6 provide more wunknowns than
equaﬁjons. In principle, therefore, the problem has no
unigue answer. But, if for some reasons one wants at the
same time to find the maximum or -minimum (extremum) of a
linear or non-linear funct?on of the unknowns, -the problem
becomes one of mathematical’pfogrammipg and it, possibly,-
admitsfa ynique answer. Such a function can be the margin of
safety.or the factor of safety along‘the‘ failure surface. _
The seven%? step wili,tﬁen be : ‘ k\
7. Choose a function in terms of the unknown variables
that must be minimised (or maximised) according to the
specific design requirements. This function is called the -~
objective function. T
Thus the problem can be formulated as follows :
Given a potentially unstable area divided in elements find
the stress (force) field. that :
1. Keeps each element of the system in equilibrium.
2. Satisfies the failure criteria on the interfaces of

the elements and on the slip surface.

3. Gives to the objective function its minimum (maximum)

v.aluQ‘._’L
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It is important to note that, in the quasi-static approach,
the stability criterion is simply the existence of a stress
(force) field that satisfies the equations of equilibrium |
and the faiIU{e criteria. The objective function if it is
the margin of safety or the factor;saféty is merely a side
information giving a "distance from failure”.

This constitutes ' at the same time a significant
conceptual departure from the conventional limit equilibrium
methods and a link between their intuitive "engineering”
approach and the lower bound approach of limit analysis
theory of plasticity.

In addition, .by minimising and maximising the objective
function for the same slip surface, one obtains the limits

(4
between which the actual values will lie.

3.3 FORMULATION OF THE QUASI-STATIC APPROACH

It is appropriate to mention now that the quasi—statié
approach can have a number of .variants depending on the
choice of the stress distribution along the elements and the
choice of the objective function. Several variants have been
suggested by Papantonopoulo; ( 1979). In the present thesis,
the "force field - margin of safety" variant is considered,
which reduces the problem to a linear programming'one. In
the following sections, the governing equations are

formulated.
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3.3.1 Force field and element type

Type of elements: Triangular elements are choseh-for
simplicity but other geometric forms are possible.
The assumed stress field is as follows: the nodes of the
triangle are denoted by i,j,k, and the length of the sides
ij, jk and ki by a, b and ¢, ;espéctively. Thus, 7 . means
the stress acting at nodes r = 1,3,k and normal to the sides_
s =a,b,c. Shear stresses are denoted by v ,which are
parallel to the sides s = a,b,c. Thus, the;; are three
unknown stresses on each side of the element (see Fig., 3.1).
This stress distribution corresponds to a force whose normal
and tangential components are defined by the two normal
stresses and by the shear stress 1 . The requirement that
each of the normal stresses has tosbe positive ensures that
the resultant of the total force acts within the middle

third of each side for each triangular element (see Fig.

3.2).

3.3.2 Equations of equilibrium for the element

Fig. 3.1 shows the element type. Letters a,b,c symbolise

the length of the sides ij, jk and ki of the element. i,j,k

denote the nodes of the element. The sign conventions for

the stresses are shown in Fig. 3.3. .
| The forces acting on the element fre shown in Fig., 3.3

and are explained as follows:
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W: 1is the weight of the element. It is assumed that
it acts at the centroid of each element.

KW: 1s the seismic force applied at the centroid of

each element. K is the ratio of the horizontal .

acceleration due to the seismic forces to the
acceleration due to gravity,

P: is the concentrated external force acting on the
side b at a distance e*b from node j.w is the angle
as shown in Fig,3.3.

Mo: is the external moment acting on thé triangle.
This could be caused by the non-homogeneity of the
mass as then the centroid of the triangular element
does not coincide with the centre of mass, or because
of the seismic force in a heterogeneous triangle.

Us:, Up, - U, are the rssultant forces due to the water
pressure acting on sides a,b,c of the element, e,
e2 , €3 are the points of appliéation.

crs,rs : normal and tangential stresses acting on

the side s and the node r. s takes the values a,b,c

and r the values i,j,k, respectively,

For each element, the force equilibrium in the X and 2

direction and the moment equilibrium around the centroigd are

to be satisfied.

The equilibrium equations can be expressed in the matrix

form as shown:

[S'] {t} = {w} + P1{Q1} ¥ P2{Q2} + {R} + (M} (3.1)
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The matrix [S'] and the vectors {t}, {W}, {Q1}, {Q2}, (R}
;nd {M} are shown in Table 3.1 and the détailed calculations
are shown in the'appendix B. The coefficients i o Bij oo o.
., E, M,, My, e, ez, e3, eqg and R,,.Rz, R3,U;, U,, U are
also shown in the Appendix B. Y 1is the average unit weight
of the element (dry, saturated or partly saturated). The
vector ft} is the stress vector, i.e.the vector that
contains o and * . The stresses are considered. to be
Zero on th: surfacesof the slope boundary.
The equilibrium equations in matrix form are shown in
Table 3.1, and the detéiled calculations are shown in

Appendix B.

3.3.3 Equilibrium constraints at the interfaces

For the two adjacent elements as shown in Fig., 3.4, side

a' is the common side. Then for equilibrium to be

satisfied at this interface the additional constraints are:
m n

g = g
ra ra

r=1,j (3.2)

3

N

This is done automatically in the matrix assembly.
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3.3.4 Failure criteria

]
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For the element type considered here, the failure
criteria are satisfied along each ~of the interfaces and
along the slip surface, but not at every point within the

elemen%.

Linear Mohr-Coulomb criterion is considered and are given

by:
Ts < Ss By + Cs Ls (3.3)
Ts T T Ls » Hg T tan¢s (3.4)
SS -.% { Tys + cjs ) Ls (3.5)

The normal.stress d.s Should be greater than or equal to
zero, but this condition is automatically satisfied by the
Simplex method used to solve thewlinear program, where the
implicit condition is that all the unknown variables have to
be greater than or equal to zero.

The condition in equation (3.3) corresponds to the

o

- following inequalities :

T < §
s s us + Cs Ls

(3.6)
~-T
s < 5 g + Cy L
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-3.3.5 Additional constraints

In addition to the restrictions already mentioned, other

restrictions have also to be imposed. These can be divided’

into three categories:
l. Restrictions on the signs of the variables;

2. Restrictions on the magnitudes of the variables;

" 3. Linear relations of the unknown variables.

To take into accou‘t the mechanism of failure, i.e.
kinematics of failure, certain restrictions have to be
impoéed on the sign of the tangential stresses. Such
restrictions have the form :

T, < 0 and T, 2 0.

These are precisely the constraints that confer to the
method its quasi-stqtic character. The restriction on the
magnitude could be that the stresses on the slope boundary
should be zero:

g and g, =0 (example: tension crack)

At the node i, the condition couid be imposed that . the
magnitude Tin = Oy, (see Fig.3.5). _ This gives a quasi-
continuous distribution of normal stresses and also
simplifies the calculation by reducing the number of

unknowns.
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3.3.6 Constraints and their nature

The relationships developed in the previous sections
(equations and inequalities) ;fqrm‘a set of constraints that
an admissible solution (force system or force field) should
sétisfy. It is known that all these equations and
inequalities are linear functions of the unknown (effective)
normalﬁand tangential stresses. So,' the problem has lineaf
constraints. It is also apparent that the number of unknoéwns
is greater than the number of equations.

This is best illustrated Sy a simple example shown in
Fig.3.6. The unstable region is divided into four triangles
and the slip line consists of three lines. For each
eiement, there are three unknowns on the interface and along
the slip lines, i.e. two.unknown normal stresses and oﬁé
unknown. tangential stress. The number . of ‘interfaces
including the slip line is six, thus the total number of
unknowns is 18,

b
No of elements unknowns eguations

4 ' 6x3 = 18 4x3 = 12
Thus, it can be seen that the number of unknowns exceeds
the number of eéuations, and if'tﬁe_number of elements is
increased, this further increases the ratio of the ‘unknowns
to the number of equations. Thus, it can be éoncluded that
an infinite number of solutions (force field) exist which

satisfy the static equations of equilibrium and the failuré
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criterion along the interfaces. Each force field gives a
diffefent value to the objective function (factor of safety

or maréin of safgty).

3.3.7 Objective function

The indeterminacy is removed if an appropriate objectivé
fﬁnction is chosen. While any function of the unknown
variable is admissible, a linear * function reduces the
problem to that of a linear program which can be solJed
reliabl& and 'efficiéntly with the well esgablished Simplex

.o R
method. The following functions are good candidates for aﬁ}\“aa\\\

objective function. ) -

a) The global margin of safety (Ms)

This is defined in the following way:

MS = ET -~ IT 3.7
r a

tTa is the sum of all the tangential forces applied along
the slip surface. . ’
tTr 1is the -sum of the resistance force along the slip
surface,

IT =
" § (5w +C.L)

T -
4a 5 I Ts’ 3.8

v = Number of interfacer along the slip surface.
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1 3
T T = 3-
l s’ - tsLs ’ SE 2 (ao + ¢ j )Is ( 9,

Notice that the margin of safety is a linear function of
the unknown variables, and also that the globalemargin of
safety has to be greater or equal to zero, since the failure

criteria (section 3.3.4) have to be satisfied.
b} Local margin of safety

This is the margin of safety along any interfézé or algpg a
number of interfaces that form a- segment of the entire slip
surface. Minimising local margins of -safg;y helps to
simuléte progressive failure processes. Note that the local
margins of safety are calculéted as byproducts even when the

global margin of safety is optimised.
c) The factor of safety oo

The conventional definition of the factor of safety for

slope stability problems is given by :
LT

F§ =—2_ | (3.10)

T
r

As it can be seen, the factor oflgafety is a non-linear
function’of‘the unknowns, and, in principle, cannot be used
as the objective function unless one resorts to non-linear
programming,

d} Relationships between' margins of safety and factors of

S\

safety
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The relationship between margins of safety and factor’ of

safety are the following :

FS s

=1 +-= 3.1
- A )
‘a
\‘-_.___,,
_ MS
FS =1 +Z_T—a— (3.]2)

To-each global or 1local MS, a FsS corresponds that is
related non-linearly to MS. It is important to note that, in
the GLEM, nefther the local MS nor the corresponding local
FS are equal for each segment. Thus, the requirement of
constant FS of the coﬁventional methods 1is completely
relaxed. If the margin of safety tends to zero the factor
of safety tends to one.

If one optimises the margin of safety for two or more
different slip line configurations (1, .2, 3 . . N}, one
obtains :

Ms(1) < MS(2) s MS(3) . . . . . < MS(N)
| This does not imply that,
FS(1) s FS(2) < Fs{3) . ., . . . < FS(N), because the

relationship between the FS and MS is not linear.
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3.3.8 The linear program formulation

The . slope stability problem <can be posed as an

~ optimisation problem as shown(below :

) n
maximise/minimise _% = 1d; X (3.13)

l-
s

Subject to the constraints

n
T au XJ = CI i=1,........ ol (3.14)
i=1
a .
Loaj X S C deptl,..... m (3.15)
j=1 v
£ ¥ 2 0 J=l,........ q {(3.16)
I X <0 (unknown) (3.17)

3

where n is the number of unknowns, m is the number of

equations and p is the number of equality equations.
Equation (3.13) is the objective function to be maximised

or minimised which represents the margih of safety along the

slip surface.

Equation (3.14) represents fhe forces and moment equilibrium

equations of the elements. -

)
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Eguation (3.15) represents the failure criteria along the
interfaces of the elements, i.e. shear strength of the soil
.must be greater than or egual to the existing shear stress.
These consist of (m-p) essential restrictions. |
The inequalities of equations (3.16) and (3.17) impose the
sign on the unknown variables. ~
In the above set of equations
{% } is the coefficient vector of the objective function
{aujl is the coeﬁficieﬁt matrix of tWe equilibrium equations
of each element, i.e. [S'] matrix of Table 3.1.
{aij} is the coefficient matrix of the failure crigeria
along each interface of the elements they correspond to the
. 1/2 y relations, i
{Ci} issthq vector‘of the external forces acting along each
interface of the element, i.e. {B} vector of Table 3.1.
{Ci} is the vector containing the wvalues of the cohesive
force along each interface of the element.
{x } 'is‘ the vector of the wunknown stressSes along each
inierfacé of.the elements, i.e. O grTg)

The equations can be seen as representing a mix of
equality and inequality constraints, The inequality
constraints can be converted to equality constraints by
adding artificial slack variablestof m-p numbers. Then the

problem reduces to:
. | .
(maximise or minimise) Z = [D]) {x}

subject to the constraints



[a] {x} = {B}

Th;Pmagrix‘ [A] is called the constraint matrix and is
presented in Fig.3.7. The matrix is of dﬁmension m x (m+n)
and 1s composed of six sub-matrices. The matfix [Al]
contains the terms of a;j of equation (3.14). The matrix
[A2] contains the terms of 3y, of the inequality (3.15). The
matrix [I] is the unit matrix of dimension pxp and (m-p) «x
(m-p) and [0] is the null matrix. The vector {X} contains
(m+n) unknown variables, i.e. 9. + T, and the artificial
variables, Thg.'vector {B}] contains two subsets {Bl1l} and
{B2}. The vector {Bl} contains tﬁe'externél forces and the
vector {B2} contains the cohesion terms for the
inequalities. [D]T symbolises the transpose of the vector of
coefficients dj of the objective function. The detailed
éssembly of the matrix for a pafticular slope configuration
.is shown in Appendix C. i

The linear program utilises the simplex method. In this
method, all the unknowh variables have to be positive. Since
the  sign of the tangential stresses can be positive or
negative, the substitution X = X' - X" wher% X' and X" arf/
2 0 allows to have positive or negative values of X
depending upon the magnitude of X' and X" where both are
positive numbers, |

The Simplex algorithm then finds the unknown variables

such that the objective function, i.e. MS, 1is maximised or



minimised by putting all the artificial variables t§ be’

equal to zero. 1If a solution exists, then, the magnitude of

the objective function is calculated. There are four

possible reéponses to the linear program:

1. The solution does not exist;

2. The solution exists and is optimal;

3. An infinite number of optimal solutions exist that give to the
objective function the same optimum value.

-

4. The value of the optimal (min or max) objective function
tends towards :e . )

The response number 1 implies that the system is unstable
globally or 1locally. The responses 2 and 3 have both a
physical meaning and correspond to stable conditions, while
the response 4 if ever arises should indicate in this

context input and/or numerical errors.

4



Chapter 1V
PROCEDURE TO DETERMINE THE CRITICAL SLIP SURFACE

Ll

4.1 DESCRIPTION OF THE SEARCH ALGORITHM

The limitationslof the available search techniques based
6n the éonVentional limit equilibrium methods have been
discussed in Chapter 2. In the same chapter, the potential
of the generalized 1limit equilibrium to locate the most
- critical surface with the help of sensitivity analysis has
been pointed out.

In this chapter, the previous work done in this direction
by Papantonopoulos, {1984) is exteﬁéed in order to find a
search algorithm which leads to the detérmination of the
most critical slip surface in a converging procedure
reliably and economically. o

) The main steps of the proposed method are similar to
those proposed by Papantonopoulos (1984).

First, a reasonable piece-wise linear slip surface is
chofen as a starting point. The problem is solved for this
position of the failure surface. ) By solution is meant the
determination of the system of forces that satisfy all three
equations of equilibrium of each element and the
corresponding falure critefia (as inequalities) along the
interfaces of the elements. Next, 'the nodes defining the

[

¢ ‘-40"
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slip surface are moved to new positions such thag the margin
of safety decreases. In contrast to the method of
Papantonopoulos (1984), in the present pgocedure

1. the displacement increment ¢t is not in the vertical
direction but can be inclined in any direction o,

2. Dboth the magnitude t and the direction © of the
movement are determined by a sensitivity analysis of
the linear program.

The procedure is repeated successively wuntil no further
decrease is possible, or until an infeasible solution is
declared in which case the slope is unstable. This clearly
indicates if and when the critical failure surface has been
obtained. The sensitivity analysis is done adapting Saaty's
procedure to the particular limit .equilibrium problem.
Following Saaty's procedure, it is possible to determine the
angle © that gives the maximum decrease to the objective
function (margin of safety) for a given small displacement
. This can be obtained as a function of the values of the
primal and dual solution of the linear program. Saaty's
sensitivity analysis as well as a brief review of concepts
of sensitivity analysis and the related primal and dual

solutions are presented in the next section.
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4.2 SENSITIVITY ANALYSIS

4.2.1 Purpose and types of sensit@vity analysis .

Sensitivity analysis 1is a post optimal problem. This
means that one is interested to estimate the behaviour of
the solution vector and the corresponding objective function
when some or all of the parameters of the ini;ial problem
are subject to small variations. Tﬁis can be done
efficiently by exploiting the information already obtained
by the solution of the linear program.

There are several different' types of post optimality
problems, but they can be grouped rather atbitrarjly into
three general categories: ‘

1. Problems involving discrete parameter changes: These’
arise when the numerical values of ajq . by, or dj are
altered and one wants to know their effect on the
objective function while the solution vector remains
optimal.

2. Problems involving continuous paréheter changes: This
category includes problems in which one or more of
the parameters are perturbed or varied in some given
direction and one wants to see their effect on the
objective function while the solution.vector remains
optimal.

3. Problems involving structural changes. These arise
when the linear progrém is reformulated by adding or

deleting constraints or variables presumably in order
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to reflect an alternate operating mode, or a
fundamental change in the mathematical model.
The proposed search procedure is based on the sensitivity

analysis of the second type owing to the nature of the

problem.

-

4.2.2 Primal and dual problem

To understand the theory of sensitivity analysis one must
understand the primal and dual problem concepts. .

To every linear program formulated as:
_ T '
(maximise or minimise) 2z = {D} {x}
subject to the constraints,
(a) {x} s {B}
corresponds another linear program:
T
(maximise or minimise) 2z = {B} {u}
subject to the constraints
T
(A] fu} 2 {pD}

which is called the Dual of the original program.

{X} is the vector of primal variables G z in our case).

14 S

rs S
{u} is the vector of dual variables.

In some problems, the dual variables have a physical meaning

but not in our case.
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Many inte relations connect the Dual and Primal
programs.. Thoge more relevapt to our problem are the
followi E .

l. A feasible solution {X} to the primal problem is
\ optimal if and only if there exists a feasible
solution {u} to the dual problem such that,

. . T T
Z(optimal) = {D} {Xx} = {B} {u}

-

2. The Simplex Algorithm. gives as by-product of the
analysis the dual solution {u}.

In practice, 1 and 2 are combined to give an easy check

of the convergence of the numerical procedure, thus

enhancing its reliability,

4.2.3 Application of Saaty's analysis to determine the
“critical slip surface

The analysis proposed by Saaty falls into the second

category of the post optimal problems, Saaty develops an
equation which can be soived explicitly to obtain the
sensitivity of the oBjective function with regard to an
implicit parameter in the neighbourhood " of the optimal
solution. Expressing the Primal and Dual problem in a

different form as follows:
(maximise or minimise) ¢ = rd x
33 i »

subject to the constraints

2 i = 2 L) - - - L]
§ aij xj b i 1,2,3 ,
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x 20 j=1,2,3 . ..

. e n
i ¢
and (maximise or minimise) f = g h oy . b
‘ R i
subject to the constraints
u < j = 2,3 . . . . : n
zaij i dj ] 1,2,3 ’
h| ‘
. . A ‘ .
Iui 2 0 . 1=1,2,3. ... ..,m

When the function f is éonsidered as a function of a4 by

—~

and dj and these elements are 'considered as ﬁunctions of an

implicit parameter t, the total derivative of ¢ . with
respect to t is giveﬁ by ¢
m,n A L m
! da,, . dd. db,
df of ij of %%\, _ ,af 9
SR - - S L R (L e P L S (4.1)

This is stéfgtly valid only if the new and the old
solution have the, same variabies in the optimal-vectoé. If
_ the new basis is different, it is then possible to find an
increased quective' function in the next step. At this
peint, it ha; been.reckoned that even if this thpens after
a local pertlrbation, thé continuaﬁion of the procedure will
lead again to lower values and eventually td the
determination of the most critical slip surface. |

This requires an oﬁfimization praoblem that “behaves well

and has a stable convergence by its nature. Fortunately,
™
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the subsequent, results of this study validated this point.
In this ;ase' the total gérivétiVE can then be written in a
cﬁmputable form as : - R

m,n n m
o= I A *x o i )4 § (x *::J) Fr (o :: ) (a2)
»
where uy énd xj are the dual and primal variables obtained
by wutilising the Simplex method for the optimization
problem. In equation (4,2), all the partials and
derivatives can be solved explicitly. The formula provides
the senéitivity of the objective function with regard to an
implicit parameter in the neighbourhood of the optimal
solution.
" For a small inérémedt of t, the change in the objective
function is given by :
m.n da,, " dd.~ ™ db,
af =(-r (1*"‘*55{3)*5. (xyrge* T luprgg het (4.3)
i,j=1 j=1 =1
This change in the objective function can be _evaluated by
giving a smalf perturbation at to the implicit parameter,
.The parameter may be given any suitable value._ The values
of ot must be small so as to ensure that the new and the
old solution have the same optimal basis. The optimal basis‘
is the vector which containé all the unknowns (drs andrS )

which are different than zero and optimizes the objéctive

function.
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In this study, it is assumed that in the Saaty's equation
the coefficients of -the objective function {gj} are

constant. Consequently, the second term of equation (4.2)

is neglected. This assumption has been done for simplicity

and ‘is absolutely ;rﬁe when the 1length of the segments on
® AR 3

the failure surface are edual. . -The more these 1lengths:

become inequal, the more one should expect a deviation from
the exact solution. The imbact of this assumption is
thought to be small, but this should be the subjedt . of

.

future investigations.

/

In order to use the Saaty's equation to find the change

in the objective function, the coefficients aij' and %. must
be expressed in terms of an implicit parameter. To achieve
this, each node on the slip surface is given a displacement
of t units in the direction ©; all the other noéiifgge kept

fixed. The new co-ordinates of the node are given by

X' = X + t*sin®
(4.4)
Z' = 2 + t*cos®

where X' and 2' are the co-ordinates of the new positions.

and X .and Z are those of the original position. This

expresses the coefficients a;; and b, in terms of the

. . . s . -
implicit parameter t ‘and ©, From this new position, a small

perturbationa t is given in the same/direction © to evaluate

the change in the objective function, ~J.e. 'increase or
1

decrease. This can be done by using equation (4.3). The

-
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values u and x, are those of the dual and primal values
obtained from the Simplex methed prior to giving the

displacement to the nodes. The derivatives with respect to
 t of the a34 and by elements are easily evalu#tgd if the
direction © is assumed for each node. .If the change in the
objectivleunction}Af is positive, then the movement of the
node in the direction © by a distance t increq;as the margin
of safety of the slip surface. The direction of movemént
should then be © +_;80° . This is obvious as equation (4.3)
is a function of Sin 8 and Cés 6. when expressed in terms of
the implicit parameter and takes the form af -fﬁ?51n 6 + b
Cos 0. Thus, the two values of © which maximise or minimise
the change in the objective funct1on are © and 9 + 180° ,
The above procgdure is followed for all the nodes on.the
slip surface and the corresponding sf are evaluated,. i.e.
af(l), a£(2), Af(3), . w. . 4£(n), where n is the number of
. T -
nodes on ghe slip surface. The- new position of the slip
surfacé ié located such that there is a decrease in the
gl&bal margin of safety. The node whose movement induces the
maximum decreése in the margin of safety is moved by an
amount t and the others in a suitable fraction of ¢t
corresponding to their respective sensitivity values. For
examélq let.Af(3) -‘be the maximum among  Af(i). Then the
distance moved by the no@gghf(i) in the direction é(i)' will

A

be as shown below.

t(4) = g—g{%’y* t ) (4.5)

»
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7
-
-

where i varies from i = 1, n -

The new coordinates of the slip sﬁrface will be given by

X' = X+ t(i)*sin0(i)
‘ (4.6)
2" = Z+ t(i)*coso(i)
where i varies from { = 1, n
After obtaining the new slip surface, the‘whole'pfoblem is
solved again and the procedure is repeated until the value
of the global or local.margin of séfety either stabilizes or
increases. This determines the critical slip surface..

. The_parameter t can be normaliéed with respect to tﬁe
height_of the siobe: To obtain fastér convergence, large
values may be given to t but care mustube exercized because
for large values instability " occurs. Tentative normalised

values for optimuﬁ performance have been established in

Chapter 5,
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4.3 EVALUATION OF THE OPTIMUM ANGLE g

‘The direction of the movement © for each of the nodes is
unknown. It is possible to assume the direction of movement
of each node on the slip surface, ghd this is useful when
one wants the node to move along a givén line (slope
surface, material interfaces). This direction need not be
the diréctiop in which Ehe margin of safety attains its

fastest decrease. If this 1is not the case,- it is more

L

efficient to calculate the direction © corresponding to the

- fastest MS decrease. To evaluate this direction, equation
(4.2) can be differentiated with respect to @ instead of t

and will be as shown below:

m,n n m
, da. . dd. db.
df _ i 3 1
ds = ;‘:j=](“i*"j*de A §=1(xj*de A §=](ui*de ) (4.7)

The coefficients a and %_ are differentiated with respect

ij
to O, By putting %g ejual . to zero, one can evaluate the
- optimal direction e_uniquely in such a way that the movement
of the nodes along this direction decreases the margin of
safety by an optimal amount. Since perturbation is given to
one node at a time, thé right hand side of equation 4.7 will

be in terms of only one unknown, i.e.. © which can be

obtained uniquely.

. ™
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4.3.1 Direct assembly of the differentiated matrix to
evaluate the optimum angle 6

The direct assembly of the matrix has been'developed in
Chapter 3 and is shown in Figq. 3.7. "In the. Saaty'sl
equation, the aij'elements correspond to those of [A] matrix
and bi to those of the {B} vector,

Once the derivatives of the [A] matrix and {B} vector
with respect to © are known, the optimum angle of movement
of the nodes can be obtained uhiquely by utilisi% equation

(4.7).

4.3.1.1 Derivative of [A] matrix and thé {B} vector with

respect to ©

The [A] matrix consists of six sub-ma rices,i.e. [Al],
(A2}, [1] and [0O]. The derivatives of the wunit and null
matrix with respect to © are zero. The ineguality matrix\\/‘
[A2] represents the Mohr-Coulomb failure criterion and is
independent of the co-ordinates. Hence its derivative with
respect to © will also be zero. Thus the only matrix whose
derivative exfsts with respéct_to © is the [Al] matrix, i.e.-
the equality matrix whose elements are shown in Table 3;1.

The vector {B} consists of two sub-vectors {Bl} and {B2}.
The vector {B2} consists of the cohesive terms hence its
derivatives witﬁ.r spect to © will be zero. Thus the only

vector whose derivative exists is {Bl}.

For the triangular element having nodes i, j and k, three

.

possible movements exist:
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1. node i is moved, nodes j and k are fixed.

2. node j is moved, nodes k and i are fixed.

3. node k is moved, nodes i and j ;re fixed.

For each different nodal movement, the differentiqfed
(Al] matrix and the {Bl} vector take different forms. The
detailed analysis. is shown in the appendix D and, Tables
4.1, 4.2 and 4.3 show the differentiated matrix by moving
nodes 1, 3j and k, respectively. Table 4.4 shows the
differentiated {Bl} vector by moving the nodes i, J aﬁd k
respectively. The assemblf of the differentiated [Al)
matrix and the {Bl}. vector for ‘a_ particular slope
configuration by giving a nodal displacement to any one of

the nodes is shown in Apperndix E. )

4.4 EVKLUA'.I'ION OF THE SENSITIVITY COEFFICIENTS

Oncé the optimum angle is found for each node, the next
étep is to find the change. in the objective function by
moving the particular node a suitable distance t in the
direction ©.: A suifable perturbation at is given from this
new position, The pufpose of this procedure is to move the
nodes in proportion to their sensitivities. It is only
logibal to do this to ascertain the shape of the critical
slip surfaces,

Using Saaty's equation (4.3) one can find the sensitivity
coefficient  for'~each node.  The assembly of the

LI

differentiated matrix with respect to t will be similar to
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the procedure as iexplained befdre but tﬁe assembly “will be -
done utilising Tables 4.5, 4.6 and 4.7, :hich corréspond té
the differentiation of the [Al] matrix with respect to t by
.moving nodes i, j and k, respectively. Since ©-for each node
is now known one can find the sensitivity coefficiénts.

For the #sSeﬁbly of the {Bl} vector, the procedure is the
same as before, but Table 4.8 is used, ‘which corresponds to
the diffrentiation of the {Bl} vector with respect to t by
moving nodes i, j and k, respectively. For further details
on the differentiated [Al] matrix and {Bl} vector with
respect to t see Appendix D. - )
- The flow chart fof the search procedure can be seen in

Fig.%.1,



Chapter Vv

-

NUMERICAL EXPERIMENTS AND DISCUSSIONS .

»
*

5.1 INTRODUCTION

In thé proposed method, the objective function (MS) could be
either maximised or minimised resulting in two kinds of slip
surfaces. One cbrresponding to a force field that minimises
the margin of safety, and one corresponding to a force field
that maximises the margin of safety. The critical slip
surfaces obtained in 'such a manner will be termed the least
critical (LCR) and Most critical (MCR) slip surfaces,
respectively.

The purpose of the numerical investigations is to

determine the following facts:

1. Establishing the convergence and termination
criteria, i.e. the criteria to determine if and when
a critical failure surface has been attained.

2. The effect of the variation of the nodal displacement
increment t 6n the "most critical™ (MCR) énd "least
critical” (LCR) slip surfaces. The displacement
increment controls the speed and the stability of the
iterative procedure. . -

3. The effect of the number of elements, of which the
unstable soil mass is composed of, on thé MCR and LCR
slip surfaces.

- 54 -
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4. The effect of the topology of the elements on the MCR

and LCR slip surfaces.

&

3. The effect the degrees of freedom of the nodes have
on the the MCR and LCR slip surfaces.

6. The effeg} of assuming discontinuous normal stresses
along tﬁe 'slip surface on the MCR and LCR slip
surfaces. ’ | _

7. The convergence of the MCR and Lcﬁ slip surﬁaceé‘hhen‘
one starts from two different initial piece-wise
‘linear slip surfaces, éll other factdrs being the
same. -

By the effect on the critical slip surface is meant the
effect on the location of the slip surface, in its global
margin of safety and factor of safety.

To examine the above facts, a 2:1 slope Baving a height
of 12 m is chosen. The soil is assumed to be dry and
homogenous, having the.properties c = 28.7 KN/m2, ¢ = 20° ,
Y= 1.89 KN/m . This slope has been analyzed by Fredlund
and Krahn (1976) wusing various conventibnal methods and ‘by
Papantonopoulos (1979) by the ‘generalized limit equilibrium
method. The various configurations examined are shown in

Fig. 5.1.
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5.2 ESTABLISHING THE: CONVERGENCE AND TERMINATION CRITERIA

The criteria should pinpoint the critical slip surface,
thus termi&gting the itergtiops in the computer program.
fhis implies that at a certain stage the global MS of the
generated slip surfaceé must either stab?lise at a certain
value or increase with successive number of iterations.

y

5.2.1 Case Study 1

The configuration shown in Fig. 5.1 (a) is chosen. The
objective function is minimised to obtain thes. MCR slip;’
surface. The global MS was found to decrease successiveiy
with the humber of iterations (see Fig.5.2), and' thus no
conclusive criteria could be established, especially since
the shape of the MCR slip surface is found to be saw-toothed
and thus not compatible with a suitable kinematic mode of
sliding (see Fig.5.3). The.same' trend is observed for the
LCR slip surface. To be 'compatible with an acceptable
kinematic mode of sliding, a restriction is imposed on the
noées of the  slip surface so as to maintain a concave slip
surface. The same procedure is repeated by imposing the
concavity condition and the global MS is minimised (MCR slip
surface). Fig. 5.4 indicates that, from the eighth

iteration onwards, the global MS is found to increase thus,

clearly pinpointing the MCR slip surface. The same t;ff;/EE?//
observed for the LCR slip surface as shown in Fig. 5.5 Thus

the criteria for locating the critical slip surface is
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cleaély established if one imposes the condition that the
slip surface be concave.

Table 5.1 shoys_the comparison between the two cases,
i.e.» with and without the concévity condition. The initial
values of the MS and FS were the same but when the concavity
condition is imposed, a 20% increase in the global MS and a
9% increase in the global FS for the MCR slip surface were
obtained. This implies that by analysing slopes by the
generalised limit equilibrium methods, there exist non
concave slip surfaces having lower values of the MS and FS)

than those which correspond to the concave slip surfaces.

5.3 VARIATION OF THE NODAL INCREMENTAL DISTANCES

"In the proposed method, the most sensitive node is moved
a distance of one unit, the others in proportion to their
sensitivities. This requires a large number of iterations
to arrive at the final critical slip surface, especially if
one has chosen the starting slip surface substantially‘far
from the actual one. A study has been carried out by
varying the distance moved by the most sensitive node
(NDMAX) from one to five units. The optimum valﬁe for NDMAX
" will be the one which gives the least number of iterations
for convergence without affecting the global MS and the

location of the critical slip surface .
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5.3.1 Case Stuéy 2

To find the optimum nodal increment, the confiquration
shown in Fig, 5.1(b) is studied, and the objective function
minimised (MCR slip surface). The nodal increment NDMAX is
varied from one to five its. For NDMAX equal to five
units, numerical problems WEEE, encountered as 1infeasible
solutions were obtained which lead to the abortion of the
computer run, This happened, because the eleﬁént geometry
of the slope was destroyed as large displacements were given
to the node}t:THe variation of the global MS with the number
of iteratiohs, for NDMAX varying froﬁ one to foufwunits, can
be seen in Fig.5.6. It appears that the global MS converged
to the same values regardless of the NDMAX values. The same
can be said about the location of- the critical slip
surfaces, as shown 1in Fig.5.7, which were found to be
identical. From these results, it can be coﬁcluded that the
optimum nodal increment is . four units as the number of
iterations required for convergence is the least, about half
of that required for NDMAX equal to one unit.

The same trend is noticed when the objective function is
" maximised (LCR slip surface). The variation of the global
MS with the number of iterations for NDMAX equal to ohe and
four units are shown in Fig.5.8. With NDMAX equal to five,

infeasible solutions were again obtained. The location of

S

LCR slip "surfaces were found to be the same as shown in

Fig.5.9., The .optimum nodal increment is again found to be

four units,



_ 59 -
‘ Itfseems reasonable tb assume as a first approximation
that NDMAX is a function of .the height ofy the slope. Based
on a limited number of case studies examined, wheré the
height of the -slone'H' is 12 m, i.e. . 40 ft it can be
tentativelf concluded thet NDMAX should be of the order of‘
one~tenth the height of the slope for faster convergence and
numerical stability.

S

5.4 EFFECT OF THE NUMBER OF ELEMENTS ON THE CRITICAL SLIP .
SURFACE

To investigate the'ebove 'effect, all other perameters
were kept the same. The configuration shown in Fig. 5.1 (c)
and (d) diffep. only in their number of elements. The
initial 'slip surface for the two configurations.iS'the same.
Hence the difference in the global MS and the location of

the critical slip surface between the two configurations

bwill be an indication of the effect the number of eIements

has”on the critical slip surface. : ' -

5.4.1 Case Study 3
Twol cepfigurations were .analyzed to investigate the
effect on{the'MCR and LCR slip surfaces. «
) . . . . -

a) MCR Slip Surface (minimisation of the objective function}

L]
]

The initial values of ~§\ ahd. Fs for the two |
configurations were found to he ‘the same. The critiéal slip

surfaces obtained were found to have a difference of 5% and

-
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7.3% between their global MS and FS, respectively, (see

Table 5.2, where cases 3A and 3B represent the

configurations of Fig.5.1 (c) and (d), respectively). The

<
critical slip surfaces obtained, were found to be different

as can be seen from Fig.5.10. ‘The number of iterations

required for convergence for cases 3A and 3B were twenty-two

and nine respectively.

[}

b) LCR Slip Surface (maximisation of the objective

function)

The initial slip surfaces were found to have the same values
for the safety index. The 1least critical slip surfaces for

the two configurations were attained after six and nine

iterations respectively.. The percentage difference in their

global MS and FS were found to be 2.5% and 0% respectively,

(Table 5.3). Fig. 5.11 shows the location of the critical
slip surfaces which were found to'coincide, '

- .
5.5 EFFECT OF THE TOPOLOGY ON THE CRITICAL SLIP SURFACES

~ The configurations shown in Fig. 5.1 (b) and (c) are

‘

« similar in’ all respects except that they differ in their

topology, i.e. the number of elements is the same 2;5 their
structure is different. The same is the ';asé for the
configurations in Fig. 5.1 (e) and (£).  All the cases have

the same initial slip surface. Hence, the difference in the

values of the margin of safety and'the location of the

b

LT



L | A 61
critical slip surface for the two pairs of configurations is -

an indication of the effect the topology has on the critical

slip surface.

'5.5.1 Case Study 4

This-correeponds to ‘the configuration of Fig. 5.1 (b) and
(C). ' *

a) MCR Slip Surface (minimisation of the objective function)

The initial slip surfaces for* the two configurations were

fquﬁd to have the same values of the global MS and FS and‘

the percentage difference in the global MS and FS of their
critical slip surfaces were found to be 16% .and 14%

respectively. (Table 5.4.), where cases 4A and 4B correspond

to the configuration of Fig.5.1 {(b) and (c) respectively..

Fig. 5.12 shows the final location of the slip surfaces
which @id not coincide. The nqu:: of iterations required to
converge for Case 4A and 4B were twelve and nine

respectively.

b) LCR Slip Surface (maximisation of the objective
function)

o . .
The percentage differences in the MS and FS of their

¥

crit}cal slip surfaces were 1.8% for the global MS and 0.5%

for the global FS. (Table 5.5). Fig. 5.13 shows that the .

final - -slip surfaces are coinciéent. . The  number of

f



62
iterations required to converge for the two cases were five

and six respectivaly. .

5.5.2 Case Study 5

This corresponds to the confiquration of Fig. 5.1 (e) and
(f)'

a) MCR Slip Surface . {minimisation of the objective

- function) . h

T
The percentage diffefgice in the global MS of the two .
critical slip surfaces were found to be less than 1%, (Table

5.6), where case SA and 5B correspond to the confiqurations
. : ‘ Fr
of Fig.5.1 (e) and (f), respectively.. The location of the

critical slip surfaces which did ‘not coincide is shown in
Fig.5.24. The number of iterations required to converge for

the two cases were found to be ten.

*

b) LCR Slip Surface fmaximisation of the ob’hctive
. .“-v-‘“"

function)

The percentage difference in the global MS of the two

[

critical slip surface is found to be zero. (Table 5.7).

Fig. 5.15 shows that the .two final slip surfaces are

i

. _ -
coincident. \ The number of iterations required for
convergence were' eight .and nine for cases S5A and §B,

»

respectively.

N
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5.6 THE EFFECT THE DEGREES OF FREEDOM OF THE NODES HAVE ON

T . | eli— ——————i—  —a——

The following convention is' followed in defining the
degrees of freedom. ° If there is no restriction on the
movement of the nodes, itlhas two degrees of freedom. If it
is moved in a fixed direction, it has one, and if it is kept
statiodary, it ﬁas Zero. The configuration of Fié.s.l(a) is
ﬁelécted and the sslutiqn obtained for two cases having
different degrees of fréédoi, but having the same initial
slip surface, thus, the difference in thé globai MS and the
location wof the slib surface between the two cases is an
indication of the effect the degrees of freedom have on the
critical slip surface. | .

r K .Q

-~

5.6.1 Case Study 6

The configuration of Fig. '5.1 (a) is selected. The two
cases considered are 6A and €B. - In Case 6A, the nodes on
the slope boundary are kept fixed, i.e. 7,8,9 and 10. Nodes

1 and 6 are restricted in théir movement to.conform with the

slope géometry\-\r The nodes along the slip surface, i.e.,

2,3,4 and 5, - are moved perpendicular to the .inclined slope
& N

bound;}y. Thus, thé total dégrees of freedom for the system
of nodes is 6. - In Case 6B, the nodes along the slip

surface, i.e.,, 2,3,4 and 5, have the freedom tg,ﬁetermine

-~

their optimal direction of movement. All other restrictions
¥

are the same as in Case 6A. Thus, the total degrees of

freedom for this system of nodes is ten and the two cases

' ﬁ'ﬁ?ll. . ) "
g |

P ‘ | | “;.'z ',
7
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differ only_in'itheir degrees of freedom.  This case is
analyzed for the MCR failure surface. The initial MS and FS
were found to be the éame. The percentage decrease between
the initial and final values 65 the global MS for Case 6B
(more degrees of freedom) was found to be approximately oﬁe
and a half' times greater than those of Case 6A (fewer
degrees of freedom). (Table 5.8). Thus, with more degrees
éf freedom oﬁe obtains lower vé}ues for the global margin of

safety. Both cases required thirteen iterations to converge.

. Fig. 5.16 shows that the final slip surfaces do not deviate

much from one another. However if cne moves the nodes in

vertical or horizontal directions the difference may be

substantial in both the values of the margin of safety and

" the location of the critical slip surfaces.

- In the search procedure proposed by Celestino ané Duncan
(1981), the movement of the nodes is in the same direction,
i.e. either vertical or horizﬁntal. Thus, the critical slip
surface found will have highe; values of the margin of
safety than the true one. ' ‘

5.7 EFFECT OF THE DISCONTINUOUS NORMAL STRESSES ALONG THE
SLIP SURFACE ON THE CRITICAL SLIP SURFACE

In all the numerical investigations carried out so far,

continuous normal stresses were assumed along the slip
surface. By continuous stresses, one means that the
stresses corresponding at the node of the two intersectidn

lines along the slip Surface are .equal to one another, If
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this re#triction is not imposed, the system will have
freedom to assume'any values for these normal stresses and a
discontinuous stress field will be obtained. The
configuration shown in Fig, 5.1 (¢) is analyzed by assuming
continuous normal distribution in one case and discontinuous
normal distribution in the other. Since one starts from the
same initial slip surféce,h;the difference in the global MS
and the ".location of the_'critical slip surface between the

two cases will serve as a comparison,

5.7.1 Case Study 7

2

a) MCR Slip sSurface (minimisation of the objective

function)

Casé 7A  corresponds to the confiquration in Fié. 5.1(c)
assuming discontinuous stress, Case 7B corresponds to the
same configﬁration assuming continuous stresses. Table 5.9
shows that Case 7A gives much lower values of the MS and FS
as compared to Case 7B. The location of the criticaljslib
surfaces is shown in Fig. 5.17 and was found to be radically
different, The‘gymber of.itérations required for convergence

for Cases 7A and 7B were fifty and twventy-two respectively.

b) LCR §1ip Surface (maximisation of the objective

function)

B

s
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Case:}A (discontinuous normal stresses)‘ gives higher values
of the safety index i.e. MS and FS, for both the initial and
criticai-slip surface as compared to Case 7B.° (Table 5.10).
The number of iterations required for convergence for the
two cases were nine and eight'respectively. Fig. 5.18 shows
the critical slip urféce. -

The reason for ébtaining higher values of MS in the
maximization of the objective function and 1owe£ values for
the minimization of the objective - function for both the
initial and the critical slip surface for the discontinuous
case is due to the following. In the foapulation of the
linear program, less restrictions are imposed on the system

s the normal stresses along the slip surface have the
freedom to take any values for the discontinuous case. Thus
when the obﬁectiﬁe function is maximised higher values are
obtained for the global MS and FS and lower values for the
" minimisation of thefosjective function.
<N

5.8 ' CONVERGENCE OF THE CRITICAL SLIP SURFACES BY STARTING
FROM TWO DIFFERENT PIECE-WISE LINEAR SLIP SORFACES —

For each of the configqurations shown in Fig.5.1, two
differen£ initial slip surfaces are 'assumed .ana‘ their
critical slip surface ob;ained. The difference between the
global MS and the location of the critical slip surface will
be an indication of ghe effectiveness of the algorithmito

converge to the same slip surface.

-
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5.8.1 Case Study 8

a) MCR Slip Surface (minimisation of the objective

function) -

This cdhforms to the configuration shown in Fig. 5.1 (b).

. The values of the global MS and FS for the two initial slip
" surfaces were found to differ . by 24.4% and 2.9%

respectively. For the critical slip éurfaces, the
percentage differences in the global_MS and FS were found to
be 3.2% and 6.9% respectively. (Table 5.11), where cases 8A
and 8B correspond to the two different initial slip surfaces

as shown in 'Fig.s.lg. As can be  seen, the percentage

difference in the MS of the two slip surfaces was found to

- respectively.

be decreasing. Thus, showing a definite trend for the slip
surfaces to _convefge to the same one. The values of the
\global.FS seem to be diverging, but as mentioned earlier in
Chapter 3, decreasing values of MS do not imply decreasing
values of FS: Their convergence can be seen in Fig. 5.19
and the two slip surfaces are almost coincident. The number

of iterations required for convergence \'e ‘twelve and nine

“
"b) LCR Slip Surface (maximisation of the objective

function) P

*

The percentage difference between the global MS of the

initial and final slip surface for the two cases were found
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to be 30% and 6.6% respectively. (Table 5.125. From this,
it can‘ be seen that the two slip surfaces are ggnverging.
Fig. 5.20 shows that the two .surfaces are almost identical.
The number of iterations required for convergence for the

two cases were found to be five,

5.8.2 . Case Study 9

Al

a) MCR Slip Surface (minimisation of the objective
function) ’ l |
™

This corresponds to the configuration of Fig. 5.1 (c). The
percentage difference between the global‘MS of the iﬁitial
andrfinal slip surface for the two cases was found to be 24%
and 2.9% respectively, confirming that the two initialislip
surfaces are converging. (Table 5.13). The Fig. 5.21 shows
the critical slip sqrfaées to be almost identical, The
number of iteratioqs required for convergence for the two

cases is seventeen and nine, respectively.

b) LCR Slip Surface (maximisation of the objective

function) -

The perceétage difference between the global MS of the
initial and the final slip surface for the two cases were-
‘found to be 30% and 6% respectively. (Table 5.14)}. The
Fig.5.22 shows tha: the. convergence of the two Elip surfaces

is satisfactory. The number of iterations required for
/ .

. 5 . .
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convergence for the two cases was found to be six and five, -

respectively.

5.8.3 Case Study 10

a) MCR Slip .Surface (mikimisation of the objective

function)}

This corresponds to the configuration of'Fig.S.l (d). The
percentage differeﬁce between the values of the MS of the
initial and the final slip surfaces for the two cases was
found to be 22% and 1%, réspectively. (Table 5.15). The
convergence of the two glip'surfaces can be seen from Fig.,
5.23 and a good match is obtained. The number of iterations
required for convergenc§ for the two cases were found to be

twenty two and twenty respectively.

b) - LCR Slip 5urfacg (maximisation of the objéctive'
function) ' .

The peréen;ége difference between the values of MS of.the
initial aﬁgﬁéhe final slip surfaces were found to be 30% and
2.2% respectively. (Table 5.16). The Fig.5.24 shows that a
good‘»match is' obtéined_ between the th critical slip.

surfaces, The number of iterations required for convergence

were found to be nine and seven respectively. //
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5.8.4 Case Study 11

a) MCR Slip Surface (minimisation of the objective

function)

This corresponds to the configuration of Fig. 5.1(d), but a
discontinuous normal stress field along the sl%p surface is-
assumed. In this case the percentage difference between the
Ms” of the initial and final . slip surfaces remained the same
_ having a value of 3.2%, even though there is a considerable
decrease in the values of the MS from the initial to the
final slip surface for each of the individual cases. (Table
5.17).  This tr§pd is reflected on the 1location of the
critical sfip surfaces obtained which were found to be
radically different as caﬁ be seen from Fig.5.25. Both cases

required fifty iterations for convergence.

b) LCR Slip. Surface - (maximisation of the objective

function)

For this case a better convergence was found as compared to
the MCR case (see Fig.5.26). The percentage' difference
between the MS of the initial an@ the final slip surfaces
were found tdybe 32% and 15% respectively, see Table 5.18.
The covergence is not as gbod as for the other cases
exémined. Both , cases requireq eight iterations ' for

.convergence. v

i . _. . "



5.8.5 Case Study 12

a) MCR Slip Surface

{minimisation

furiction)

This corresponds to the configurgtion of
percentage difference between the MS of

final slip surfaces wgre found to

respectively as in Table 5.19. Their
seen from Fig.5.27..Both cases required

convergence.

b) LCR Slip Surface (maximisat{bn

"function)

The converging behaviour of  the

demonstrared by the Table 5.20. 1In this
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of the objective

Fig. 5.1 (f). The
the initial and the
be 32% and 2.6%

convergence can be

ten iterations for

of the objective

slip surfaces

case the percentage

difference betwéen the MS of the initial and the final slip.

surfaces were found to be . 34.6% and 6.9% respectively,

*
number of iterations

required to

initial slip surfaces were nine and five

converge

The

for the two

respectively. Fig.

5.28 indicates that the final critical surfaces have a good

_:,F"ﬁatch. , ' o,

is -
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-

5.9\ DISCUSSIONS Ce .
ﬁzhe'condergence-criteria were established on ‘the basis of
coacaiﬁty in order to be .n coqﬁormity with an aéceptable
-kinematic mode of sliding - It was found that by analyzing
slope stabllxty problems con51der1ng static equxl;br;um, it
is possible to have non—concave slip surfaces. Moreover, the
MS of the non-coacave ‘slip surface was found to -be lower
than that of the concave one as can be seen from case study
1A andulB
The number of iterations required for the 511p surface to
converge could be.substantxally -reduced gf cne finds the
optimum values for NDMAX for each slope analfsed. For the
' slope analyzed it was found to be four uhits, or 1/10 for
the NDMAX/H ratio.
" The numerical experiments indicate that the number of
elementSa and their topology do not have any appreciable
~effect on the MS and the location” of the least critical sl:p
surface. On the contrary the above factots did 1nf1uence the
location and the values of the global MS‘ for;the most
critical - slip surface. One can select a number of
mechanisms of .failure-which can be accounted for io'this
proposed "quasi-static” method. - Dependxng.on the fallure
mechanism assumed the number of-triangles,and topology are‘
automatically dec&ded.. Since the MCR slip surface 'is
dependent on the nomber'of the’%iemeats and thexr topology

_— 1t would be approprzate to analyze the slope for a number of
- ., » -' ? )
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different mechanism of failures and choose /Epg one that
gives the least MS. : ‘: [*H-/
| Any search, which imposes a restriction on the movement
of the nodes, would give higher vgiues of the global MS than
the one in which the movements of the node are not
restricted. |

When discoﬁtinuous normal stresses are assumed along the
slip surface, radicélly different slip erfacesfare obtained
as compared to the one in “hiSEHEEDﬁZ%UOUS normal stress
distribution are assumed. ‘ —

.For all the case studies, the convergence ‘obtained by
starting from two reasonablé but different piece-ﬁise linear
surfaces was found to be very satisfactory for‘the most and
the le;st critical slip surfaces. The only’ exception was
when discontinuous normal stresses were assumed along the
slip surface, but in homogenous soil.media the‘normal stress

.distribution along the slip surface has to be continuous.



Chaptef VI | Lt
ANALYSIS -OF AN ACTUAL SLOPE FAILURE

6.1 CASE INVESTIGATED -

The maip’objective of this analysis i§ to illustrate the
poséibilities of the proposed algorithm by conducting a
preiiminary investigatiop of a natural clay slope " that has
failed. For this purposé a natural slope at Rosemere (about
20 km northwest of Montreal) has been selected.
| ‘The slope shown in Fig. 6.1 has a height of 11.9 m and
;lope is a

makes an angle of 24° with the horizontal. T

result of a 5 m cut in a natural slope. e slide occurred

in Julyj1974, 28 months after the end t?e excavation. The
soil properties of the clay as repéftéd'-by Lefebvre and
Chahde (1978) are : "¢ = 8.8 kPa, ¢l = 34.1°, and Y = 16.5
kN/M{. Fig. 6.1 aiso shows‘the lines of equal pore pﬁessure
as reported by the same authors. “
Workin; in effective stresses ° while modifying
continuously‘ghe geometry is time consuming and cumbersome
for the actual computer code. This is due to the faét'that
this code does notihavé the Capability to automatically
update pore preésure variations after each iteration. For
thfﬁ reason, an altérnative eguivalent scheme combining‘the

submerged unit weight of the soil and the seepage forces haé

- 74 -
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been used (Cedergren, 1977, pp 117-118). This procedure is
explaiﬁéd in detail in thé‘Appendix F.

| -

6.1.1 Analysis of the slope consxder1ng post peak 5011
strength Values

The slope is discretized as shown in Fig. 6.2. At all
the interfaces, the effective post peak soil parameters as
defined by Lefebvre and Chahde (1978) are considered, i.e. ¢
= 8.8 kPa, ¢ = 34, 1° The global MS along the g}lp surface,.
i,e.lines 5,6,7 and 8, i's minimisea.‘ The initial margin a[ldj
factor of safety we?e, found to be 157 kN and i.29f
respecEively. The cbnvefgence of MCR sliﬁ surface was
realized after fiqe iterations, !and the MS ,and the 'ES
obtained were found fo be 85 kN and 1.24: respectively. Thé
final slip §urface is shown in Fig. 6.3, which ;?;o shows
points measured on the actual fallure surface. ~ The stréss

]

distribution along the critical slip surface is shown in
v

Fig.  6.4. As can be seen, the maximum stress concentrition
is along the lines 5 and 6, i.e. at the toe of the slope.

\ o

6.1.2 Analysis of the Slope con51der1ng Progresszve
Failure =~ . .

The above analysis indicates that the slape should, be
Stable, but we know that it failed. One plausible assumption
is that the residual strength values for this type of °
material and- for long term conditions {see Law and Lumb

1976) are c'= 0. and ¢'= 34.1°. Assuming this to,be'true
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one can simulate’ the progressive failure mechanism as

follows:

“ R

From the -previous analysis, 'dbnsidering bost peak soii
-vaiues, it Qas noticed that the overstreséed zone along the ‘
potential failure surfdce was located at the toe of the
Slope, i.e. lines 5 and 6, as shown in Fig.6.4. Hence, the
initiation of the local failure is assumed to start from the
toe and progress toward the’top of the slope. |

The‘procédure'to simulate the progressive failure w}ll be
as follows: _ )

The MS along line S, 1i.e. from the toe, will be minim;;Ea
first considering post'peak strength parameters. 1If fhe the
MS 6f phis line is found éo be zero, i.e. FS equal to one,-
this line could fail locally, and the initiation of local
failure could occur. Assuming that thi§ can happen, the MS
along the lines 5 and 6 1is subsequently‘ minimised
considering residual strength parameters for line 5. If the
MS along the 1ine§.5 and 6 1is found to be zero, both iinesr
cduld-attain the residual strength. The ﬁrocedpre-is carried
on until all the lines along the'élip surface afe exhausted,
6:, at any stage, the MS is not found to be zero, thereby
indicating that the propagation . of local failure- has

stoﬁbed.



_

Minimisation of the MS along Line 5 :

The first iteration gave the margin of safety equal to zero,
i.e.FS=1. Thus, this line was given residual soil values.
The MS of lines 6, 7 and B were foqnd to be 25, 31 and 18 kN

respectively.
Minimisation of the MS along Lines S and 6 :

Line 5 was given residual soil parameters. The MS on lines
5 and 6 was found to be zero in the first iteration. Lines
7 and B were found to have the local MS equal to 25 and 14

KN respectively. Thus, line 6 would also have attained

residual values. »

Minimisation of the MS along Lines 5, 6 and 7 :

-

Lines 5 and 6 were given reésidual values. The first
iteration was found to give the MS along . these lines equal
to zero. Thus line 7 would also have attained residual
values, The local MS of lines 5,6 and 7 were found to be

zero. For line 8, the MS was found to 'be 4.5 kN.

Minimisation of the MS along Lines 5, 6, 7, and 8 :

Lines-S,é,? vere given residual values. The initial global °
MS and FS were found to be 71 KN and 1.12, respectively.
The critic;l slip surface was obtaineq aftgr six iterations
having the glébal MS equal to zero, i.e. FS=1. The local MS
of all the_}ines along the slip surface-were found to be

Zero.
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The interesting point to be noted is the propaéation of
local failure in which the local MS along the sfip lines are
progressively being reduced to zero. As the .faifure
propagates, the local MS élong the subsegent lines ‘were
found to be decreasing until the local MS of all the lines
along the slip surface were reduced to zero, thereby
implying that the progression of local failure will cause
the entire slope to fail, refer to Fig.6.5. The ciiqical
slip surface obtained closely approximated the points on the
actual failure sufface.Tpis can be seen in Fig.6.6, ,
Considering the 'stability of the slope by assuming the
post peak soil stfength'parameters, the slope was found to
be safe. However, the soil strength values could approach
the residual strength due to the initiation of progressive
‘failure thereby causing the slope to fail with time. In fact
the failure occurred twenty-eight months after the . cut was‘

made in the natural slope.

6.1.3 Comparison with Bishop and Janbu Methods

Back-analysis was done on the failed slopé by Lefebyre
‘and Chahde (1978). %he modified ABishop method was used to
anaiyze the stability of the slope, considering a tension
crack of 3.7 m depth to be full of water. The Bishop
analysis with a circular failure surface close to the

measured one gave a factor of safety of 1.05.
L
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The danbu method was incorporated with a search for the
criticgl slip surface as proposed by Duncan and Celestino
(1981).  The program was developed by Trak and Glen (1982),.
‘A factor of safety of 1.64 was obtained for the critical
slip surface. In this analysis, a tension crack of 3.7m
depth to be " full of water was also considered. Fig. 6.7
shows the éritical slip surface obtained.

No a priori knowledge is known either about‘the location
and depth of the tensiomn crack or the water pressure
conditions in the crack when one analyzes the stability of
an ekistinglslope. " It stands to reason that if the tension
crack was not assumed to exist, much higher wvalues of the
factor‘qf safety would have been obtained. In the Bishop
ahalysis the failure slip surface was already known. Thus
tﬁe prediction of a factor of safety equal to 1.05 does not
reflect the ability of the searching routine to find the
cri}ical slip surface. The Duncan and Celestino search gave
a high factor of safety of 1.64 when incorporated in the
Janbu anal&sis. .

In the proposed method, an arbitrary slip surface was

chosen and progressive failure was simuI;Eed. This yielded
a FS of 1, 1i.,e. MS = 0, and the critical slip surface
obtained was found to be close to the actual one. No

tension crack had to be imposed to reduce the factor of
safety to be compatible with the knowledge known that the

slope had failed.



80
Tﬁe information on the prefailure deformations were not
available for the Rosemere case study. Hence the failure was
assumed to propagate from the toe to the top of the slope.
In -other cases of clay slope failures, such as that
reported by Eden and Mitchel (1970) and Eden (1972), whefe
cracks appeared at the top and bulging at the toe of the
slope, respectively, one can assume the propagation of local
failure from top to the toe of the slope - to be equally
compatible with this type of deformation. This sequence can
be easily simulated in the search procedure. Since the final
factor of safety was found to be unity, éhis does not make a
difference, as there exists a feasible failure mechanism

which might cause the slope to fail.



Chapter VI
CONCLUSIONS AND RECOMMENDATIONS

From the numerical investigations performed, one . can
conclude that to establish the criterion for pinpointing the
critical slip'surface, one has to restrict the shape of. the
slip surface to a concave one, thi% being compatible with
the kinematic mode of sliding failure. It was also seen‘
that, by ahalyzing the slope by general limit equilibrium
methods, one may obtaip irregularly shaped slip surfaces
having lower margin_éf‘séfety‘for the critical slip surfaces
than those being concave in shape.

To obtain a fast convergence without affecting the
stability of t?e numerical golutions, it was found that for
the analysed problems, the optimal .nodal increment for a
slope having a height of 12 mt should be equal to one-tenth
the height of the slope. Thus, as a tentative first
approximation, one may recommend using one-tenth the value
of the height of the slope to be analyzed for the optimal
nodal increment. |

It was observed that the number 6f triangles and their
topology have an effect on the mdst critical - slip suﬁface
and no appreciable effect was noticed on the least critical

slip surface, A number of failure mechanisms exist for the

_81._



- -
slope and each assumed failure mechanism fixes the number of
triangles and its topoiogy.- Thus, for a more refined
analysis, it" is recommended that a number of failure
mechanisms for the slope be assumed and that the mechanisnk
giving the smallest margin of safety for the most criticaiij
sl%p surface be taken info consideration.

It was found that, if 'restrictions are imposed on the
movements of the nodes, critical slip surfaces obtained will
have higher values of margin of safety as compared to the
"true slip surface". This implies that freedom should be
given _to the nodes to move in any of the possible
directions.

When discontinuous normal stresses are assumed along the
slip sUrface, the effect on the most critical slip surface
was substantial and awkward shapes of the slip surfaces wére
obtained. The effect on the least critical slip surface was
not appreciable. In homogenous -continuous soils, the
distribution of normal stresses afong the slip sufface are
continuous, and thus continuous normal stress distribution
should be assumed.

It was seen that by keeping all factors the-same,z and by
starting with two different trial slip surface§,' the
convergence of the slip surfaces for the MCR and LCR slip
.surfaces were found to be remarkébly good. The only
exception was in the . MCR slip surface when discontinuous

normal stresses along the slip surface were assumed.
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When the case of a natural slope failure at Rosemere was
analyzed by the proposeé method, it indicated that the slope
could fail progressively and the critical slip surface
obtained "by it closely approximated that of the actual
failure surface,

For a more refined analysis of the slope, it is
recomﬁended that a number of possible failure mechanisms for
the slope be chosen and analyzed for both sﬁort-te;m and
long-term stability. For the long-~term stabilit}, it should
also be analyzed by simulating progressive failure for}c—¢
soils.- -

In conclusion, it can be said that the proposed procedure
takes into account the following considerations :

1. No a priori assumption aboqt the shape of the initjal

slip surface has to be made.

2. A rigorous mathematical.approach is used to locate

ﬁhe critical slip surface. |

3. An easy check on the validity of the results can be

obtained after each iteration,

4. A concrete criterion is éEQablished to indicate if

and when the critical slip surface is obtained.

5. Any mechanism of failure can be easily simulated.

6. The search procedure gives quick convergence,
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K(S) = 0

HSS(6) = 25

Mss(s) = 0 Mssce) -0

HSS(S) =0 HSS(G) =0
\ H53(7) - 0

‘MSS(S) = MSS(G) -0

Units of HSS in kN.

Fig.6.5 Propagation of local failure.
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Effect the degrees of freedom have on the
¢+ MS and FS of the MCR slip surface

, Case Number Initfal MS 1Infitfal FS Fianal MS

6L 1180 1.95 1135

( .

. —
6B 1180 1.95 1102

2 difference. .
in S1ip 0.0 D.0 2.9
surface
Units MS Kn/m E B
/ ~

Final FS % decrease % decrease

in MS in FS

1.91 3.8 2.1

1.92 6.6 1.5

s . T
0.5 - -
//
)
a

Snl
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Appendix A
CONVENTIONAL LIMIT EQUILIBRIUM METHODS

1

: ' - . ;
1. FELLENIUS METHOD : This method is applicable only to

circular failure surfaces. Fig.A.l(a) shows the formulation

of the method.

LQ—A:—-;

F= Z(CivuzteNUna}

Xi€arsectoNunsl
T e Fo ===

EWune
NeU=tvcor e (S+Uicot0+Tungew

yaW-rdr-Taaunitsr
Neo T I "800/
condeisnomn ¢/ F

7 /{}réuml.v-ﬂ wn @)
413& \\
\J-UAHK' ' \U-n.um:d

fa} FELLENIUS METHOD (8) SIMPLIFIED BISHOP METHOO

&\
=)

Fig. aA.l Derivation of the resultant normal effective forze
(After Whitman and Bailey)

~
L} -

Fellinius (1936) defined safety factor in térms of moments

{

about the.centre of the failure arc. The denominator of the

“equation for F is an exact expression for the moment of the

welght of the soil im the failure mass. (The radius R has

i
5, )

- 158 -



159
been cancelled from _numeratbr: ‘and dedﬁminatorf. The.
numerator is ﬁhe_ moment of ‘the shear stresses élong- the
failure surface, and involves the unknown distribution of N
along that - surface. ‘Thus far there ié no error in the -
'formulation. The difficulty begins with the attempt to
evaluate N, Fig.A;l(aa. giveé the expression for N. The
implied assumption can be stated as:’ the resultant of all
forces on thg’_sides of aislice acts parallel to the bottom
of the slice. . If this cond;Zion were actually met on all ™3\
slices, each slice would be in equilibrium in the direction
normal to its reééective part of the failure surface. The
expression for N (and hence for F) wouid then be accuratéfr\
In actuality, this condition is ﬂot met for éll'slices, and
hence some of the slices are not in equilibrium and the .

computed F is approximate,

L]
.

2.  SIMPLIFIED BISHOP METHOD :I'This method is applicagbj
only to circular failure surfaces. The 'Simplified Biéhop
method (1955) involves exactly the same definition of safety
factor és the Fellinius Method. However, a different scheme
is used to evaluaté N. As shown iﬁ Fig.A.1(b), this is done
by summing the be:tical components of the fbrges. Now the
implied assumption s the r?sultaqt of all forces on the
sides of the slice acts horizontally, i.e. this resyltant

has no vertical component.
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Again,.'_if'fthis condition were met 6n all sides, . the
‘.expressioﬁ for N (and hence for F) wéuld be aécurat;. This
condition generally is not met for all slices, and so the

computed F is in error.

3.  MORGENSTERN-PRICE METHOD : In this method Morgestern
‘and Price  (1965) - proposed the’ following " procedure for
-réducina the indeterminate problem’to a determinate one. A
function f(x) is assumed which relates to the side forces

E(x), and X(x) as

tana(x) -;é%;% = Af(x) - T ALl

The function f(x) ddscribes the pattern by which a{x) varies

from interface to interface. Fig.A.2 illustrates several

simple possible patterhs. . ' A

Ara,

fiz)=1 '

flx)=unx

{a)

- ' . . ’ .

Fié.A.Z Examples of interslice force functions

“y
"

.. ‘m . N . 4. D - | »
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L)

Howeqer, any type of pattern may be used.  The unknown
parameter‘l deﬁermines the magnitude of 5. Assuming the
ﬁattern f(x) amounts to makiné n=1 assumptions reéard}ng n-1
values of. One more‘unknown, A, has been introduced, so
that in effect n-2 assumptions have been made. This leaves
3n unknowns with 3n equations (see Fig;A.3). : :

»

{u) Unknowns associated with foree equilibrium .
n | resultant normal forces N on the base of each slice or wedgze N

safety [actor, which permits tho shcar forces 7" on the base of ezch slice’to be
cxpressed in terms of ¥

n-1l ; resultant novmal forces £ on cach interfoca between sllces or wedges

n=1 | angles o which express the relationships Lotween the shezr foree X and the
normal force £ on each {ntorface .

In-1 l wiinowns, versus 2n equations

{(b) Uaimowns associated with moment equilibrivm
n | co-ordinates 3 locating the resultant N on the base of each wedge or slice

n-1 co-ordmaies b locating the resultart I on each {nterface between wedges or
slices . :

2n-1 | unkrowns, versus n equations
(c) Total unlmowns
Sne=2 I uninowns varsus In equations,

Fig.A.3 Uoknowns and equations for n slices
(After Whitman and Bailey)

The user of this method must exercise histjudgement and
(Jintuition in the assumption of a function £(x). That is, he
‘must estimate how the angle a(x) will change throughout the
free body. However, the actual magnitude of these angles

are computed aé part of the solution. Other quantities also
icomputed as part of hhe.solution aré the forces E and X on

the sides of slices,” the distance b, ( b defines thg_gg)nt'

LY
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of application of the normal force on the side of a slice),

the forces N and T {or stresses and ) along the failure

surface, and the factor of safety,‘F (see Fig.A.4).

Some assumPtions regarding f(x) may lead‘to distribution
of étresses along the failure arc that seem totally
unreasonable in the light of intuition. Séme f£{x} will
result in large values of b whiéh " imply that the line of
action of side forces E falls outside the failure mass; or
that- the values of X éxceed the shear resistance available

along vertical planes.

Equdibrum 8isg 1Avcives
Pors pressures } Knawn
Forces E and X on nght
siae of sice, which ary
SBME 3 forces schng
wpon ieft face of vicy

T~ x starbng at g+ az
AN
_ T - ) 4
L 3
]
I T=3(CaleNung) ’
———d

Fig.A.4 TForces acting upon a slice
(After Whitman and Bailey)

All these results are unreasonable, but all other solutions
must be regarded as correct, Thus this method does not free
the engineer from making a'judgement, but it gives far more

-
information on which to base the judgement.

e | ‘ -~
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4. SPENCER METHOD : 'This method is % special case of the
Morgenstern-Price method. Spencer (1967) assumes a constant

relationship between the magnitude of the interslice shear

and normal forces. L
X L
—E— -- tane A.Z

where, & = angle of the resultant interslice force from the
horizontal.
The assumption corresponds to putting the interslice force ,

functiqn f(x) equal to 1, and A equal to tane -, °

1

5. JANBU SIMPLIFIED METHOD : In this method the interslice
shear forces are assumed to be zero by Janbu (1954). The

normal force eguation is the same as in Bishop's Simplified

method. The factor of safefy 1s computed from the

horizontal force equilibrium equation, fhen an empirical
correction'factbr is.multiplied by the computéd factor oa‘
safety in an attempt ‘to account for, the effect of the
interslice shear forces. The empirical correction factor is
related to the shear sfrength properties and.thé‘ shape of

the slip surface. In this method the moment equilibrium is

not satisfied. The empirical correction factor generally —

increases the factor of safety by up-«to approximatgly 10

percent..
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6.  JANBU GENERALIZED METHOD : In this method Janbu(1954,
1956;in;1ude5 the effect of interslice forces by maklng an
assuﬁbtion regarding the point at whichg'thg interslice
forces act, i.e. the line of thrust. THe factor of safetf
equation ;5‘aerived ffom horizontal force eguilibrium. The
}ntersiice shear forces are computed from the summation of
the moments about. the centre of the base of each slice.
Once Le safety factor has been obtained it is possiblez‘ to
plot the computed interslice shear and normal forces and

determine a corresponding side force function. This method

'indirectly satisfies the moment equilibrium.
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7. FORCE EQUILIBRIUM METHODS :

L4

a. Lowi'and Karafiath Method: In this method (1960) the
direction of the resultanﬁ' of eéch'interslice forEe‘-ﬁs
#ssumed to be equal to the average of the surface and slip .
surface slopes. The factor of safety is computed from force

equilibrium equations,

-

b. Corps of Engineers Method: In the Corps of Engineers
method (1970) the dirgcfion of the resultant: interslice
forée 15 assumed to be egual to the average surfase slope.
This apbears to be interpreted as eithe; equal to the
average slope between the extreme entrance and exit oflthe
failure surface or the changing slope. of the ground sﬁrface.
The .factor of safety is computed from force eqﬁilibrium

equations.




Append1x B

‘ EQUILIBRIUM EQUATIONS FOR THE GENERALISED LIMIT
EQUILIBRIUM METHOD (qPEM)

Appendix B is an abbreviated form of Appendix E taken from
Papantonopoulos '(1979). X

N

, Fig.B.1 Triangular element
a) Relationship between the coordinates of the nodes i, j and k,

the sides a, b and c,and the angles 8,, 8, and 6..

For simplicity of the notations we have

2y =2y =%y L, =2Z,-2 ., 2,2 -2

| . ik j k ki k ; (8 .1)
g TRCTH S E T Ky R Ky T o X
From Fig.B.l '
- X. . i X ' ' .o .
sin A= - 2L sie ¥ o~ oo dN . }\.:" (B.2)
. a a ’ Tt b y 5S4 \c = w - , .
g 2, »
cos g o= o~ i3 » CO5 g = - L= y CUS f - £ . (B.3)
ol a b c
: X,
tg Ba = z—i R tg gb o, - -—L . tg ac = ki , (B a)
vij Jk ki
2 .2 2 2 2 2 2 .2 2
- + X - + -
a zij 1y .]‘b zj ik ¢ %ki + ski (B.5)



b) Relations between the coordinates of “the nodes and the area of

the triangle.

BTl R Py g I Ky m 2 Xy -2 Ky |
.» zij xjk - ij xij , (B.6)
" 25k Rt T % Ky

Mo ™ 2 T " Ry By Ma = B R K L Mo m 2, gy * Ryq Xyy B
. 2 .2 . 2 - |
Hb+MC - -Xij —Zij =-a -
2 2 2 _
Mo + My = - e~ 25 == b (B.8)

Fig.B.2 | Coordinates zm and xm

b ' 2t

¢) Coordinates of aﬁy point m on the side of the triangle. Fig B.2

The centroid of the.triangle is given by
-l - =,
Zq 3-(31_"'-2.3-'*'21:)' X5 "3 (xi+xj+xk) (B.Q). N

- Let the point m be at a disfance eéa on the side a from the

'd
node i, where O <e <1. Then

- Zu’,,- Ei' ~ ea Sin( 8, - 90) - zG - zi + ea Cosfi, -z

G
L -m - y - - [} )
%o ’ 31 ea tos(_G_a‘ 90) Z, X, + ea Sinf, - _ZG -
Using the relation of equation B.2 and 8.3 we obtain )
‘21 | - - . " t .k ; .‘ . - ; - ]
sz 2, 2,y = Zg ami. Xg X, 'e.xjk‘ Xe (».10) o
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Considering the cyciic rotation of the indices 1, 3 and k ve obcain

Vthe coordinates of the point m om the side b and side ¢ as .

zm-- 2y - ezjk -z, and Xg = X - ey - X (side b) (B.11)
n =2 -2, - 2, and X3 = X - Xy = X (side o) (B.12)

‘Consider Fig.B.3, where the point l, 3 and 5 have e ;.;

‘ : _ ‘ 3
and 4, 6 and 2 have e =~ 2 . Then the equations B.10, B.1l,and B, 12 give

(B.13),

Fig.B.3 Coordinages of the point along side a, b, ¢

EQUATIONS OF EQUILIBRIdh

d) For each element as shoim in Fig B. 4 we consider it to be subjected
,;Eﬂ:xternal forces external moments and the internal stresses.
External force - W, KW and P (Fig.B.4.a)

External moment —.Ho (Fig.B.a.a)l

' L]

2
Internal stresses - g

‘(Fig.B.4.c).

>

Resultant due to pore water preasure Ua» Up and U, (Figta 4:d)

A ]

For.the external force P either its inclination is known or the

components P1 and P2 are known, (Fig.B.4.a,b). The paramrters ey €1s

-168- .-

rs “and Trg» Wwhere rs = ia, ja, jb, kb, ke and iec
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) ) '.' .. . . Yow p

-

A . . _ B c'
Fig. B.4 Moments and forces applied to the triangular ele::lgn

s .

*

. . ;o
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e, and e, define the distance at which the forced P, U

a’ Ub,and Uc act

where 0 <€ps e, €y ey < 1. Fig.B.4 shows the point of application.
The stresses O g are perpendicular to the sides and Trs act along the”

sides of the triangle.

[
b) Forces andvmoments due to concentrated force P

»

Let Pz and Px be the components of the force P and MP be the momené

about the centroid G. It is assumed that Pl is perpen&icular to the side

b and P2 1s parallel to the side b, where P, and P, are the componeats

1 3
of the concentrated force P. Consider Fig.B.5.
1, -w - x
ab.
k b
=ZT
P

z¥ L
Pz - Plsin(eb - i80) - PZCos(Bb - 18Q) = _Pl;;neb_+ PZCOSBb (g.14)
Px - -PlCos(Bb - 180) -~ PZSin(Bb - 180) = P1Coseb + PZSinﬁb (B.15)
Mp - -sz;) + sz; - Pl(-smebx; + Cos?bz;) + Pz(CostX; + smebzl'))
=Py + By, (B.16)
where nl - -Sinebx; + Cost2; . ' (B.17)
n, = CostXé + Sin?bzé ' (B.18)
From equation B.ll we obtain
vz, - eozj'k - 2o (201 - 3e) - 2,)/3 (8.19)
x; = xj - eoxjk - X = (xjk(l - 3e0) - xij)/3 '.(B.ZO)

If expressed in terms of the angle of inclination wwe obtain

-170~

Fig. B.5 Forces and moments due to concentracted force



Pl = PCosu ?2 = PSinw or Pz - -Pltgw (B.21)
= ~-Sinf® - 8 = 8 - 8
Pz P;F Sin b Cos btguD and Px_ Pl(Cos b Sin btgug (F.ZZ)
Hp - Pl(n1 - nztguD . B (8.23)
¢) Forces and moments due to stresses. . —

Let Sza and Sxa be the components of the force due to the stresses

acting on the side a as shown in Fig.p.S$. Ml is the moment at the ceatroid G.

s \
_xa — — x!

“ia 2=
2 a
3 .3
Fig. B.6 Forces and moments due to stresses acting on side a of

the triangular element-

. = 'B 8
sza %pSin a(cia‘+ oja) +‘%§Cos a(ria + Tja)

Using equationB .2 andB .3 we obtain

5., " %xij C Uja) - %zij(fia + rja) | {B.24)
Similarly we obtain
S'xa -lzij( + Gja). - %x j(r ia + Tja) ) | (3-25)
M= (lxijcia. - ij 1a)%) - (lx jcj ij a )x' +

(1zijc:i - 1_1 T )z' + ( :12211 4a " ijj )z' (B.26)
Intreoducing equation .13 we obtain
Mpm L0 Ky F 2yl - % Tya ¥y F 2lqd *

- v

T1a(Zeg¥py t Zg¥yy) + étj (Zg4%yk = Zyakyy) (B.27)

Using the results of equation B.6, B.7 and B.13.we obtain
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. - o _ =

¥y -%(Hb ia Hcaja PEa Erja) : _ (8.28)
g ,

To obtain szb’ be, Szc, ?xc’ Hz and H3 we just have to rotate the

indices a, b, ¢, 4, §, k aad 1, 2, 3 cyclically.

d) Forces and moments due to pore weter pressure. ,
Let Uza and Uxa be the components of the force Ua acting on the side E\\
and Hua be the moment at the centroid G. From the geometry of Fig.B.7

we obtain the following relationships.

x'

v, Fig.B.7

Fig. B.7 Forces and moments due to water pressure acting on the
side a of the triangular elementc
U = -UCos(8 ~ 90) = - Sin 9 (B.29)
za a a a a .
U = -USia(® - 90) = U Cos @ (8.30)
xa a a a a
- oI ~%! L. oy gzt .
Mua Uzaxm + Uxazm‘ Ua(Sin% + Cos aZm) (B.31)
Using equation A.10 for the side a we obtain
‘'z - -z =1( (1 - - .3
z =z, e]_zi:| Z. _;_(zij(l 3e,) 2,4 ' (B.32)
''= - - - -~ - ‘ .33
X=X elxi__1 X, %(xij(l e)) - X ) (B ')

Similarly for sides b and ¢ we have to rotate a, b, ¢, 1, j, k,

and 1, 2, 3 cyclically.

Rl' RZ and R3 are the resultant forces and moment acting on the element.

R, = ~(U.Sin8 + U ,Sineé. + U Siné ) ' { B 34
1 a a -c c

b b
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Rz'- UaCosBa + uchw.ab + UcCosBc (p.35)

b'b
n. = {(Sing (X j(l - Bei) - in) + Cosea(z

R3 =0 n + on -+ Ucnc _ (B.36)
14 (1- 3e1) - zk:l:)) (B.37)

n, = (smab(xjk(l - 3e2) - X _1) + Cos@ (Zj'k(l - 3e2) -2,,)) (B.38)

i}
n. = (51nec(xki(1 - 3e3) jk) + CosB (zki(l 3e3) - ij)) CB.SQ?

e) Equations of equilibrium.

Considéring the equilibrium of a%}hshe vertical forces acting on the

triangular element, i.e. in the direction Z.

—;-xij(oia )+l xjk(c )+_21_in(gkc +O'i) -
.% zij(Tia j ) - 1 ij( b ka) -.% zki(ch + Tic) + _(3.40)
W+P +R =

z 1

Equilibrium of the horizontal forces, i.e. in the direction X.
- - + - -
2233090 ¥ 9500 L2 Oy + o) L2 (0, +o )
FAN .2 2
(t 3+ (B.41)

%xij (o * Ty "% Xy + T '-%' Xt Te * Tge

KW+ P +R_. =20
X 2

Considering the moment about the centroid G.

g - g =] - a g - g
%(Mb 1a " Me%a T T M t My e T M)

®B.42)
T T T T T -
%(Tia+ 38 T T TThe FTae) FMp P M, H Ry 0 ‘
Expressing the equilibrium equations in the matrix form.
(S106) + [TI(x) = ¥IW] + By0Q,] + P,[Q,] + [R] + [¥] ®.43)
where . _-xij —xij _xjk l-xjk -xki _xki
1= 2y 2y Ty By Ry %y (8.44)
Mb -M M -M M M
c c a a b
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r —
2y 2y Z.Q: 20 Azki 2,4
ATt = 19 % Pk B Ry iy (8-43)
E E E E E. E
L i
. L]
r N
Cria r‘ia
“1a “a
| % Tib
[o] = < o ~ - [r] =4 < (B.46)
kb kb
ckc ch
®ie ) \Tic
Since we are considering
)
T, - %(Tia el Ty - %(ij P e e %{ch * Tie
We obtain
240 Yk Iy |
[TV' 2| Xy Ky Xy (B.47)
E E E
L .
¢ : )
Ta E 2Cos b
[t] = Ty [W] = KE [Qzl = zsmeb (B.4B)
LTC 0 -6”1
r \ b -
_251%9b 2Rl 0
[0,] =4 2Cos6)} [R] = ¢ 2, [M] =4 0 B .49)
-6n ~6R, -6M,,
- 2 y
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Appendix C . ‘

'

MATRIX ASSEMBLY FOR GENERALISED LIMIT
EQUILIBRIUM METHOD ' '

Appendix C 1is taken from Papantonopoulos_(i979fl _
‘Matrix [A] consists of six sub-matrices, i.¢. (arl, [az],
T1], [0]. The identity and the null matrix pose no problem.

The problem - thus reduces down to the assgmbiy-of 'IAII and
[A2] matrix. - ’

The matrix [a1r] contains the coefficients a};
corresponding to the eqguilibrium of each element, ‘i.e.
matrix [S']. The rows of the matrix [A1] correspond to the
element numbers in an ascending order (see Fig. C.l). Each
element has three équilibrium equations; thus there are

three rows for each element.

The vector {X} is the vector of unknowns, i.e. o©

rs ' g
and is defined in the following way:
r -+
xl
{x} = [ xs Y . C.1l
X
L "n |
or {xs} ;s =1, w
where w is the number of interfaces at which ¢ . T are
rs s

unknown.
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INTERFACES

-

o717 T I 1
— - —_— - — l._l.sllluct — s — | -~ p— —_——
B I I o
. -
B N N 0 1 Y ENEENRENE
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< ey . N e

. ‘. Be P n\,.
S R S Y -
; 9 35 IS
- . N . B
— - s e 4l
. LIT SN B
- k- ] peve e $ade i
.
1

o "y 2N D

SLN:IW:TL

SHOV:RELINI

..

Aséembiy of the matrix [A]

Fig. C.1
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cis . cjs
'{xs}- %s R {xs}- st 1> c.2 ‘
15 Ts s

Where 1 and j are the numerical value of the node numbers.
The same vector of the unknown is also utilised for the
assembly of matrix [Al]l. To take into account the positive

and negative values of - the vector ({Xg} will take the
. s .

following form : .
r R
Uiq
¢
e | s 1 .
{xs} R . c.3
b s '
T
. 5 )

this will correspond to both the matrix [Al] and (az j..

The matrix [A1] <¢onsists of the inequality matrix, the
LOWS of.thf matrix correspond to‘the interface number. All
the interfaces ‘except Ehose corresponding to the slip line
will "have two rows to take into "account the signs of the

tangential stress. For 'each . slip line the direcrion of
. .

”
/\,
.
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sliding 1is known through kinemat%c conditions; thus the
signs of the tangential stresses are known.

The assembly is best explained by an example problem in

Fig. C.2.

- C.2 Indicial and interface numbering of rthe element for
a given slope
!

Where the number of elements is 4, the number of slip lines
is 3 and the number of interfaces 'is 6. The assembly is
shown in Fig. C.l1. The unshaded matrix elgments have null
values. The . total number of unknowns -{s evaluated as
follows. On each interface excluding the sl&p line there are
four unknowns, i.e. two normal stresses corresponding to the
nodes on the interface and two unknowns for the tangential
stress as 1its direction is not known. Since there are 3
inte;faces the number of unknowns is 12. On the slip line
there are three unknowns as the direction of tangential
stresses is known. Since there are three slip lines the
number of unknowns is 9. Thus the total number of unknowns

for the system 1is 21 and the assembled matrix will have 21

columns, These unknowns correspond to bo*h matrix (A1] and

(A2].
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Considering the equality matrix [Ai]. Each element has to
satisfy three equations of equilibriﬁm. The rows of the
matrix [Al] correspond to the gumhgr of eqdations,' since
there are four elements, the number of equations is egual to
twelve. Thus the number of rows of matrix [A1] is twelve. |
Considering the inequality matrix [A2], each interface
excluding the slip lines should have two rows to accommodate
the failure criteria in which the tangential stresses could
be positive or negative. Along the slip surface one row is
sufficient, as the direction of the tangential stress is
known, thud the number of rows for matrix [A2) is nine.
The entire assembled matrix has 21 columns and 21 rows.
The assembly of the {B} vector is self explanatory, see

Table 3.1.




Appendix D

DIFFERENTIATION OF THE [A1] MATRIX AND THE {B1I}
VECTOR WITH RESPECT TO © AND T

&

. Differentiation of the elements’ of [$'] matrix with respect to

® for evaluating the optimum angle of movement of the nodes by

Blving them a perturbation.

a) Let node 1 be given a perturbation in the direction 91 by

a distance equal to t. Fig. D.1 k

Fig. D.1 Node {i given a perturbacion

The other nodes are kept fixed. The new Coordinates of

node i are as given below:

(- S +
‘ xi Xi + tSinBi and Zi Z:L tCosBi (D.1)

where the prime denotes the new position and those without

the prime are the original positions.
This convention will be followed throughout this Appendix.

Owing to the movement of node 1 only those elements in the
(S'] matrix having the subseript 1 will be expressed as
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functions of 6 and t. Hence only their derivatives with
respect to 8 or t will exist. The others will be zero as

the movement of node i does not affect them. The elements

effected and their new values are aé‘given below:

Xy TR Xz Tz -2y, S "X XD By To- g (0.2)

H; -Z,.2' +X X’ - 2

‘e T A T 3y

K- .zi) + xjk(xk - xi) (D.3)

l‘tt" - zl'd.zij + KLiX;_j - (ZkA- Zi)(Z; - Zj) + (Kk - X;) (Xi - Xj) (D.4)

H; - z;szJk + xijxjk - zjk(z; - zj) + xjk(xi - xj) (D.5)
E' = zij " xijzjk -xjk(zi - zj)_ + ij(xi - Xj) (D.6)

Substituting equation D.1 in D.2, D.3, D.4, D.5 and D.6 and

-

differentiacing with respect to 8 we obtain:

_g_ 1 - . d_ 4 - .
dg (Xyy) —Cost ;o7 (X)) ,"g:’sei
: (D.7)
4 (Z!.) = -tSind .: d_ (2! ) = tSind
de ““1j i de ki’ 1
4 (M') = tCos8 X, , + tSind.2Z
de ‘'a 17k 1“1k
' , (D.8)
d ' -
— o +
m (Hb) + Sinei(zik + zij) + cCo_sei(xki in)
~ : :
4 'Y -
48 (Mc) t?ineizkj + t:Ct'.'aej_x-_ll'c ‘
. . (D.9)
d oy o
8 (E") =Sineixkj + tCosGiZkJ
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T
—

The differentiated {S'] matrix with respect Eo-a constitutes

these elements and is shown in Table 4.1.

b)'LeE node i be given a perturbation in the direction Sj by

a distance equal to t. All other nodes are kept fixed.

'See Fig. p.2

Fig. D.2 Node'j given a perturbation

The new coordinates of node j are as given below:

‘Xj -Xj + tSipBJ and Z-_I -I.’.:l + t:Cos‘E!:I

-

. The ‘elements effected will have the subscript j in Table 3.3.

Their new values are as given below:

xij - xi - xj;. xik - xj'- xki zij - zi - zj, zjk - 25 - zk
Mo T I M T Bt 507, 4 Xy = X%y

| f ' - - ' - '
My = Zpalyy ¥ ¥y T 2,20 Zy) * X, Ky = X9

ML= 23525 t X% = @y - 20 (2} - 2,) + (X, - XDEG - X
BT 200 T B T X () - 20 - 2y g = X
=~ ‘

Substituting équaciap D.10 in equation D.11, D.12, D.13

D.14, D.15 and differentiating wieh respect to 3 we obtain:

d 1 - . i_ ' -
Ty (xij) I:Cosej, 15 (Xjk) tCosBj

d ' - . d_ -
48 (zij) tSinej. 18 ( ) tSin?

ik ]
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(D.10)

(D.11)

(D.12)
(D.13)
(D.14)

(D.15)

(D.16)



-y . _ ‘
EE-(Ha) tSinejZik + tCosBjxki
4 . _ (D.17)
?‘? (H{J) - :s:'.pejzki * tCosBink
d oy o
m (Mc) ::smej(zji + zjk) + tCosﬁj(Xij + xkj)
(D.18)

:T(El = tSin6 X . + tCos® 'zi

371k %1k

The differentiated [S'] matrix with respect to 8 constitutes |
these elements and is shown in Table 4.2.
c) Let.node k be given a perturbation in the direction Gk by

a distance eq'ual to t. The new Coordinates are as given below:

Xe =X +tSin6, and Zp =z + tCosBk ‘ (D.19)

The elements effected in the [S'] matrix will have the subscript
'k in Table 3.3, and their differentiation with regpect to 8 is

as glven below:

d_ ! - . i-.. ! - X
5 (Kjk) tCosak, 18 (in) I'.Ct:.vsel‘t _
(D.20)
4. (2! ) = tS51ind d_ (Z!. ) = -tSing, - ”
8“4k £ 3 iy K
'
S_ M"Yy = pay
a5 (M) ..v:s:l.nek(zkj +2,) + t;osak(xjk + X))
4 o (D.21)
a8 H.b tSineiji + tCOSBkXij
4 (M') = tSin8. 2. . + ttosé X
ag ‘e k13 k™41
{D.22)

d "o
38 (E") t:Sinek}(:]:L + t:Cc:rsekzji .

The differentiated [S'] matrix with respect to 8 cons&%ﬁes

these elements and is shown in Table 4.3.

b
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2. Differentiation of the {B} vector with respect to 8.

The perturbation of the nodes are assumed to effect only the
weighé of the element. See Table 3.3. Thus the only element
in the {B} vector which is effected 1s E! whose differential
with respect to 8 by moving nodes i, j and k has already

been obtained. Table 4.4 shows the differentiated {B} vector

by moving nodes 1, j and k respectively.

3. Differentiation of the [S'] matrix with respect to t to

1)

evaluate the Sensitivity Coefficients of the nodes by giving

the nodes a perturbation.

a) The same perturbation as previous is given to node i and
the equations are the same except that they have to be
differentiated with respect to t. Differentiating with

respect to t we obtain:

4 vty - 8y e
TS (xij) Sin&i. It (xki) Siné

- —

1

(D.23)
(21 =cost,; L (20 ) = —coss
de 137 VO%V48 ap Yoy 1
E—-(M') = Cos8.2 +‘Sin6
dt a 1i7kj ixkj :

(D.24)

- d "o _ '

it (Mb) Cosei(zki +.Zji) + Sinei(xki + in) 2t
4 (M') = Cos8.,2,. + Sing X
dt "¢ 175k 17k
. (D.25)
T {(E') = Cossixjk + Sineizkj
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The assembled differentiated matrix s shown in Table 4.5.
b) Similarly, when node j is given a perturbation the
elements of the differentiated [S"] matrix with respect

to t is as given below:

d r - - d_ ] -
e (xij) Sinej, ac (xjk) smej
d d (D.26)
ac &) = “Costy;  gp (25 = Cost,
d ey oo
It (Ha) .Cosejzki + Sine:l)(k1
d (D.27)
I (Hb) - Cosejzik + Sinejxik
d N -
ac (M) Cosej(zij + zkj) + smej(xﬁ + xkj)
! (D.28)
d(E) _,
ac Co ejxki Sinejzik

of (5'] matrik when &i)ferentiated with respect to t are

as given below:

d 1 -_ . . i—. ¥ - :
I (xjk) s;nsk, it (xki) smek
) (D.29)

d_ (z! = _Cosh, : d4_ {Z'.) = CosH
at ‘“yx K dr “Cke k
d_" LAY . -

X dt (Ha) COsek(zjk + Zik) + Sinsk(xjk + Xik) 2t

- ] © (D.30)
S_ (M) =

- it (Hb) Cos_ekzij + smekxij
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————— T -
P (Hc) CosBkZji + sxnekxji

(D.31)
d

— 1 -
e (EY) Cosekftij + smekzji

The assembled differentiated [S'] matrix is shown in Table
4.7, |

: a
4. Differentiation of the {B} veector with respect to t.

.1

This is similar to obtaining the {B} vector 25 done previously.
The effected term is E'.whose differentiation with respect
to t 1s already obtained. Table 4.8 shows the differentiated

{B} vector by moving nodes 1, § and k respectively.
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Appendix E
- DIFFERENTIATED [A 1] MATRIX AND {Bi} VECTOR
ASSEMBLY

The procedure is best eiplained by an example. Consider the
slope shown in Figq. d.2. The individual split up of the
triangles with its nodal and interface numbering are shown
in Fig. E.1, The nodes i, j and k are numbered in
counterclockwise;ﬁirection.
a) Assembly of the differentiated [A1] matrix

Let node 2 be given a ﬁérturbation to find the angle ©.
E}ement numbers one, two and three will be affected. Thus
all the terms below the line A-A in Fig. E.2 (b) will g;»
zero. The terms corresponding to the interface numbers
seven, eight and nine will also be zero as these are the
external boundaries of the slope ana the stresses are known
to be zero. |
Element Number 1: The movement of node 2 corresponds to
the jth node ~of this element. See Fig.E.1 (a). Thus the
differentiated matrix in ‘Table 4.2 will be used. The
interface numbering of this element is as shown in Figqg.
E.1(a). In this element interface number nine, i.e. side ¢

is an external boundary, thus the terms corresponding to

side ¢ of Table 4.2 are not assembled as they are zero.
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i=1 a4 1.6 a3 J
j=2 be3 js=2 be2
k=6 ce9 k=5 ¢«8
a b
Element 1 Element 2
k

c

b i k
c

b a b

a

TN

i‘ 8'5 i=5 a-.l
13 bel 1e3 beb
ks 5 ce2 k=4 s’
c d
Element 3 _ Element 4

“u
Fig.E.1 Geometry of the triangular elements
for a given slope
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-Only the terms corresponding to side a and b, i.e. ¢ and 3
of Table 4.2 are put in the assembled differentiated matrix
as shown in Fig. E.2 (b). These will occuby the first three
rows corresponding to the element number one.
Element Number 2: The ﬁovement of node 2 corresponds o
the jth node of this element. The differentiated matrix in
fable 4.2 will be used. The terms corresponding to side a
and b, i.e. 3 and 2 of Table 4.2 will be put in the
assembled matrix as shown in Fig. E.2 (b). These will
occupy the fourth, fifth and sixth rows, i.e. corresponding
to element number two. Side c, 1i.e. 8 ig an external
boundary of the'slope for this element and the stresses are
_known to be zero.
Element Number 3: | The movement of node 2 corresponds to
the ith node of this élement. "The matrix in Table 4.1 will
be used. As there are no external surfaces all the terms of
Table 4.1 are used and are put in the appropriate location
as shown in Fig. E.2 (b),
b) Assembly of the Differentiated {Bj} Vector

The {B} vector is assembled as shown in Chapter 3. Iv

consists of two subvectors {Bl} and {B2}, i.e.

(B} = {E E.l
B2

The vector {B2} contains the cohesive terms and thus .its
derivative with respect to © is zero. The vector {Bl} is

the vectqf of external forces. The application of the
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external forces is not considered ip éhe, procedure for
finding the critical slip surface. Hence the only term in
the {Bl} vector which varies with © is the weight of each

element, see Table 3.l.these derivatives thus exisc:. The

derivative of the {Bl} vector with respect to © is shown in

Table 4.4, The detailed analysis can be seen in the
appendix D.  The assembly of the differentiated {B} vector
is shown in Fig. E.2 (a). This corresponds to the movement
of node 2 as in the problem considered in Fig. C.2. The
m&vement of node 2 corresponds to the jth node of element
number one. Thus the first three rows of the {Bl} vector
correspond to the terms of Table 4.4(b). For element number
two the corresponding nede is j. Thus the row number three
to six, i.e. element 2, are occupied by the terms
corresponding to Table 4.4(b). For elemen:t number three the
movement of node 2 corresponds to the ith node. Thus the

terms of Table 4.4(a) are placed corresponding to element

- numbér 3. Since the movement of node 2 in no way influences

element number four, the corresponding terms are all zero.
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Appendix F
PROCEDURE 'FOR EFFECTIVE STRESS ANALYSIS

The system of forces shown in Fig.F.1l(a) acting on any
one of -the elements s exactly egquivalent to those of
?ig.E.l(b) Plus Fig.F.1{(c). Utilising the boundary pressure
method, the forces acting on the element as shown in
Fig.F.1l(c) can be replaced by_an equivalent s;epage force as
shown in Fig.F.1(d). Thus,if one knows the pore water
distribution;one can obtain the seepage force in magnifude
and direction.

The systeh_of forces as shown in_Fig.F.l(a) can be replaced
by an equivalent system by considering the submerged unit
weight of fhe elemen:'ahd the seepage force acting at the

centroid of each _element as in Fig.F.l(e).

Simulation of Seepage Forces :

_Consider the element shown in Fig. F.l(e), The seepage

force has components in the X and z direction, i.e..

F =Y 1 A
x w X
F.l

F =Y { a
F4 w 2z
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u2

w3

Ul

(&)

Fig.F.1 Procedure for effective.stress ﬁalysis .
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ix = Hydraulic gradient in the X direction

1z = Hydraulic gradient tn the Z direction

A = Area of the triangular element

70

To simulate the Fz componen
’

t,0ne may increase the weight of
the macerial by a suitable amount as'shown below,

- Y - AY -’
F, w 1, A=a¥a, ay Yw i F.2

N,

) the weight of the element will be

N

Y-Y. * ‘
sub *‘Yw iz ) F.3

To simulate the Fx companent,one may take advantage of the
seismic force capability of the code and give a seismic

force EE\QEE elements the magnitude of which is determined

as Eollows.

Fx - Yw ix.A =Y A K ' : F.4

where K = seismic coefficient.
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K=Y { A /Y Y Y .Y
w Ly / A'wi:;/(sub+wiz)F's

The seepage forces can be easily simulated both vy andg
‘are functions of the hydraulic gradients 1 and i - In the
procedure the average séepaée force acting on each of the -
element is calculated by kﬁowing the pore water pressure
distribution on each elément. From the seépége forces the
average hydraulic gradients i, and i, are evaluated. These
‘gradients are assumed to remain the same ;or all subseguent
iterations performed in the computer program as one does not
expect a radical change in the locatidn rof these elements.

From the gradients evaluated the values of yand K for each

element are calculated and these are input in the program.





