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SUMNMARY

An anzlytical solution has been obtained for the
problem of heat transfer in a concentric annulus when toth
velocity and temperature are simulianeously developing. The
solution is given both for the developing region and for the
fully developed situation with inner wall heated and outer
wall insulated and vice versa. The heat is being supplied

to ( or extracted from ) the heated wall in- such 2 way thet

ct

temperature on the heated wall remains constant. The reason

for choosing these boundary conditions is that with the

solution for thecs

e two hasic nproblems ¢ one can of

D

ta

D

n
solution for any prodiem with mixed boundary conditions by
superposition. For the present protlem s Tortunately , the
method of superposition is applicable. The preseni work also
includes an investigation of the effect of past history of
the fluid flow on the entrance lengtn. iecessary eigen-values
have been estimated from the energy equation by the Runge-
Kutta method. Eigen-constants are then evaluated from the
turm-Liouville equation aftier applying the suitable

boundary condition.,

Results are presented to show the effect of
Prandtl number , Reynolds numder znd rzdius ratio on the

heat transfer in a concentiric annulus, C2lculziions have

been ma€e for Prazndil numbers of 0.031 ,0.01,0.7, 50 and

M



1000 with Reynolds numbers ranging from 10,000 to 1,030,000

and radius ratios of 1.01,2.321 ané 5.625., It appsars that

no result 1s availatle to date which dezls with the simuit-
aneous Gevelozment of turbulent velocity znd temperature

profiles in a concentiric annulus with consiant wall

temperature touncary condition. Therefors it has not Lzen
possible to vrovide z direct test of the present worx at

each stage. However , comparisons have been made whenever

possible and the resulis fow

©,
ct
(o]

De reasonably in

agreement with those appearing in the existing liierature.
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1,

b= I o B P

ay

=Yl

cross sectional arsa of the annulus
specific heat

a consiant defineé by Zguation 4.2
eigen-constant defined by Equation 3.20
eQJValent dizmeter of the annulus
convective heat transfer coefficient
thermal conductiviiy

mixing length consiant

fluid pressure in the flow direction
neat flux

radial distance from the center line of the annulus
radius of maximum velocity

2 radizl distance parameter defined by Equations 3.2 & 3.3

temperature of fluid

‘velocity in the axial direction

shear velocity
distance from entrance in the axizl direction

adial distance from one of the annular walls
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2. GRZEX SYM30LS

< radius ratio ( rz/ r, )

"1
$ nycérodynamic vouncdary layer thickness
€ eddy céiffusivity
e thermal diffusivity ( k /ec_ )

kinematic viscosity ( M#/¢ )
time averaged shear stress
a function of R given by Zguation 3,13

a function of x given by Equation 3.17
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3¢ NONDIMENSIONAL PARAMETZERS

Nu Nusselt number ( nZ/k )
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inner wall or inner region of the annulus

outer wall or outer region of the annulus
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D buik value

d fully developed value
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J refers to region 1 or 2
m momentum , unless otherwise specified

max maxinum value
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censtant pressure
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Heat transfer o fluids flowing through z duct
has Pbeen the subject of many investigations because of its
wide engineering applications, and the annulus is of

considerable importance zamong duct geometries,

Starting from the energy equaiion , a theoretical
analysis may be made for turbulent heat iransfer in a

concentric annulus. Such anzlyses have teen presenied for s

)
iy

a concentric annulus , dbut most of these are confined to :

either hydrcdynamically or both hydrodynamically and

thermally fuily developed Iflow has also been observed

ot

L]

that , because of the variation of bulk temperature gradient

% . .
(a 2 ) with the axial distance along the flow direction,

analysis with constant wall femperzture boundary condition
is more difficult than that with constant heat flux boundary
condition. In a on to this difficulty , when the flow is
developing toth hydrodynamically znd thermally , it makes the
problem extremely complicated. The classiczal method of Seban

* . . .
and Shimazaki (1) bvased on the integral equation of

momentum and energy is complicaied enough even for z circular
g

Vyeom’ Sy =3 : : > - P :
¥  Xumbers in the Darentnesis refer 10 The number in




A simultaneously developing flow means boih
the generalised velocity and the temperature profiles
change shape with respect to the axizl disance even when
the flowing fluid is assumed 10 have constant properties.
The shapes of the generzlised velociiy and temperature
profiles are dictated mainly by tre boundary conditions

-

ané past history o

4y

the flowing fluid. AT the entrance ,
the fluld has to attain the free stream temperature within
a very short height and therefore the temperature gradient
in the fluid is infinite and correspon dingly the loczl

heat transfer coefficient is zlso infinit

D

« ks the fluid
flows away from the entrance seciicn , the heat transfer
coefficient graduzlly decreases and ultimately converges to\
a constant fully developed value at an axial location far !§§!
downstream from the entrance. It 1s however assumed that

the fluid propertiies are constant with respect to time

and geometric positions.

The term 'fully developed entrance length' has
been de¢1nea in many ways by different authors., Kost
commonly 4 the thermal enirance length is defined as the

distance required for the loczl Jusselt numter o approzch

<t
(o]
b4y
ot
o5
1+

to within a few percent fully developed value when
an ‘exact method' is used. For an approximzie solutio:
such as integral method , nowever 4 the thermal entrance

s e ars - . - . ‘
length s the distance from the entrance where the loczl

A et e e v e e o e ey e e i

4 g = oy mate ettty gt s e e a4 e



Nusselt number is very near
with practical meaning, The
metnod one can calculate the

thicknes

to the fully developed value
rezson is that in an integral

razl poundary layer

¢ at any cross section of the annulus,

The entrance lengih for simultanecusly developing

flow is not necessarily the
purely thermzlly developing
length is due to the effect
turbulent Prandil number as

and the toundary conditions

and thermal boundary layers
However , for an assymnetric

is not so simple.,

szme as the entrance length for
flow. This differencs in entrance
the

of Prandil nuaber. Vhen

well as Prandtl number are unity

N .
hydro :ynamc%

the same thiciness.

are symmetric , both

will have

houndary conditions the situation

The thermal entirance lenzth in a simultaneously

developing flow is defined ir

the length of the duct needed

section pe

-

generalised velocity and temperature profiles are

in the axial directio

bv an ‘*exact method® , 1t is

entrance len
actuzl computation,za ¢
entrance is chosen znd the

S

(WY

that pariicular seciion

T e e ey e -

rpendicular to the flow direction where

« Since the entrance length

gth based on (Nux/ﬁu

the present study in terms of
from the entrance to a cross
both the
invarient
is solved
not possitle to obtain the

d)~l.00. Therefore 4 in

riain a’stance very far from the
lusselt number corresponding to

increassd by 5% to obtain tne



fully developed criterion of Nusseli number with practical
meaninge. The axizl distance from the enirance secticn
where the local Nusselt number is egual to or jusi below
this value is accepted azs the entrance length. It is
apparent that the enirance length obtained from an 'exact

solution' is largely deuenoe‘t on the definition used., For

the Dpresent work , however 4 the d2finition of thermal

entrance length is based on Nuy/z‘-:ud )< 1.05., The numver

1,05 has besn chosen 10 corzlzte the present resulis with

[l

those avzilable in the existin

o
[
’.l.
ct
[¢V]
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m
ct
<
]
D
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Because of the wide engineering applicaticn, a

considerable amount of work has been carried ou:t on
turbulent flow and heat transfer in a conceniric annulus

in recent years. %ost of these are either fully develorped

or purely thermally developing cases, Very litile work has

-

been done on the simultaneously developding flow condition ,

though there is mors likely to De a simultaneous

development oI voth hydrocdynamic znd thermal boundary \

layers rather than thermal poundary layer 2lone.

R ——

The case of purely thermal entrance length

problem in a concentric annulus has been studied

analytically and/or experimentally by Reymolds et al(2) ,

Kays and Leung(3) , Quarmoy(&) 4 Lee(5) 4 Quarmby ané 4nand(6)
and Chen and Yu(7). Kays and Leung(3) utilized an

empirical approach to ottain the temperature profiles

for some specific values of radius ratio and Reynolds

number. Quarmby and snand (6) investigaied the thermal
‘entrance length provlem with constant heat flux boundary
conditions. They compared their results with the experimentzl
results of reference 4. Lee(5) solved the protlem wnere the

heat flux on the annulus wall is cons*ant . His resulis

%



which are obtained by an approximate solution show that
the thermal entrance lengtn depends on radius ratio,
Reynolds number and Prandtl number. The work by Chen and
Yu(7) is mainly concerned with very low Prandtl numbder.
They have studled the case of uniform heat flux and
axizlly varying heat flux bounéary conditions. The
entrance reglon sslution for purely thermally develcsing
flow with consiant wall temperature toundary condition
can ve found in reference(d) by Quarmby and Anand. They

used
have[Deissler's velocity profile for the sudblayer region

and Von Karman's hypothesis for the core region velocity

profile. The eddy diffusivity ratio was ithe same as that

nxins, They have assumed that the mizing

q
[33)

propossd by
lengtn constant is the same for both the inner and the
outer wall regions. Howsver , 3arrow et 2al(9) have shown
that the latter assunmption is basically wrong because the
ennulus flow characteristics for the inner wall region

are not the szme as those in the pipe flow. Later on, it
has been found by Lee and Park(10) that the mixing length
constant for the inner wall region oif an annulus is a
function of Reynolds number-, radius rziio and axial

istance along the cuct. The present author does not

agree with Quarmby and Anand®'s(8) expression for the eigen-
constant ané the final form of the energy cifferential

equation ( ecuations and respectively ) from which

.
3
< -

.

they have evzluated the eigen-values, The reason is tnat




they have defined the nondimensional velocities u{ and u;

oen the basis of the inner wz2ll and the outer wzll chear

Vo

stresses respectively , whereas , it seems that neither in

computing the eigen-constants nor in solving the energy
differential ecuation they have considered the velocities
for the inner wall and the outer wall regions separately.

-

So far the problem of purely thermal entrance

i

fgﬁ% length has been discusseds In designing actuzsl hezt

7?§§ transfer systems it is often necessary fo know the heat
z '

fzgg is developing both hydrodynamiczlly and thermally.

s

gg% However , when the length of the flow pasgase is very long .

this may not make a significant coniribution.

transfer results for the entrance region where the flow ‘

-
The simultaneously developing entrance length

problem has been siudied analytically by Xays(1l) ,

Sparrow(12) , Heaton et al(1l3). Xays(1ll) obtain the

solution for laminar flow in z circular tube. Sparrow(l2)

extended the available results by taking a rectangular

duct. He considered the cduct as two parzllel planes with

heat being transfered through each plane, Heaton et al(1l3)

solved the problem of laminar hezt trarsfer in circular fute

and in 2 con iric anrulus with conztant heat flux on

the bouncary wzll.




Very recently the simultaneously developing
entrance length protlem in z concentric énhulus with
turbulent flow has been studied by Roberts and Barrow(ik) ,
Wilson and iedwell(1l35) and Park and Lee(15). Roberis and
Barrow(1l%4) made a iheoreticzl anzlysis for the case where
the core wall of the annulus is heated and the other wall
is adiabatic. They have compzred their results with the

experimental findi i

L)

o3

g5 for

o
"

and with annuli having

and 4,0 . Wilson and Medwell(l5) mzde

T 2.

l..l

ragdius ratio

Q

a purely theoretical investigation for the uniform heat
flux boundary condition where the core wall was heated,

They found that the flow becomes hydrodynamically fully

developed within 10 equivalent diameters of the annulus,

:tﬂ'ﬂﬁ?Gafwxadu“< .

while a further 30 equivaient diameters are reculired for
the thermal boundary layer to reach the outer wall of the
annulus. They considered a radius ratio range of 1.25 to
5.0 over a Reynolds number ranging from 10,000 to 300,020
for a Prandtl number of 0.7 . However , they made an

assumption that the mixing length constants for both the

walls are the same and equal to 0.4 . But this assumption

'4-

..lt

ngir

[ 2

is wrong according to the f ngs of Barrow et al(9). The
most recent results which are available to the present
author are due 10 Park znd Lee(1l6). They have dealt with

the czse in which the znnulus wzils zre 2t uniform heat




3.1 FLUID rLC%

The present worx is a continuation of the research
being conducted in the iiechaniczl Zngineering Departiment at
the University of Ottawa. The following details on the fluid

I3

flow are mainly due to investigation dy Lee and Parz(10).

36l.1 ZDDY DIFFYSLVITY VARIATION

The basic eguation governing the momentum
transfer within the turbulent bcundary layer of a steady,

incompressible fluid fow is given by Kays(l?) as,

- o .1
e..(v+ed S (3.1)

. On the vasis of experimentzl observation,
Relichardt proposed the following expression for the eddy
diffusivity of momentum in the turdbulent core region of a

smooth pipe :

% — %E ” “']{Z—Z(I‘/ j ’ :L'—'Oob (3'2)
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Equation (3.2) can be modified for regions remote

from the walls as follows :

6—”—) Ei. lp*-r'{-
v/ j
R,

L}
where Rj

'IJ
O
a1
]
Q
[¢54
boe
O
3
(%]
Q

lose to tThe walls 4 however,

Deissler's expression for the eddy diffusivity is most

v

2 )
(-i’;). = gt lenn(nfl ) |y 00,015k (3.4)
%.h.

The eddy diffusivity of heat is obtained by !

multiplying the eddy diffusivity of momentum with a factor

T , called the eddy diffusivity factor.

Now , in an annulus , the radlus of maximum
velocity is analogous to the center line of a circular pipe.
Since this radius of maximum velocity is not exactly half
way between ine two boundary walls of the annulus, it is
important to have an accurately determined edcdy diffusivity
throughout the entire section ¢f the annulus. However, in
+the case of a pipe flow, because 0f symmeirical heating

(or cooling) the effect of

(a9
’—ll
n
O
(o]
'3
(33
’-00
(1
| &4
..ll
(3]
. [
1]
(]
'—l'

n the eddy

diffusiviiy varizticn has been found to have very little
influence on the heat itransfer{l7).
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Wost of the previous investigaztors have assumed

that the turbulent intensity at the radius of maximum
velocity is zero., 2ut recently it has been found to Te 2
most unrealistic assumption. Zguation (3.3) , which is
originally due to Reichardi , is , however , in good

agreement wit th the exzerimenizl evicence,

So far tne eddy diffusivity of momentum has

been discussed. AS mentioned earlier , the eddy ciffusivity

of heat is obtained Ey rultiplying it by a facicr. Direct
measurement of the eddy diffusivity orf heat and that of
momentum shows that the former is somewhat greaver than
the latt é. for air, Jenrin's result , however 4 gives an
opposite effect. Some investigztors ; such as 5leicher et
al (18) , prefer io use Jenkin's eddy diffusiviiy ratio

multiplied by a constant factor.
In the present anzlysis the eddy diffusivivy
has been taken on the basis of some recent experimental

observations(19). This ratio is given by,

¢ 10,0721
g = =2 = 0.968 -4 yl (3'5)

53]
jo]
H
ct
o
[14]
o}
(D
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o
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O
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5
[e
t\)
3
g

1 (3.6)
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Therefore , the whole cross section of the

annulus can be taken as a combination of the following:

1) Sublayer region: vwhere Deissler®s eguation (3.4)
together with Equation (3.5) for the inner
wall region and Zguation (3.6) for the
outer wall region is fo be used for heat
transfer calculations.

2) Core region: wnere modified Reichzrdi’s
equation (3.3) together with Equation (3.3)

or Equation (3.6) is used.

0
S
gv)
o
ct
(43
w3
ot
'—l'
0]
]

flow region: where Equation (3.3)
with y.= §. is to de used in conjunciion

J J
with Equation (3.6). Q

30l.2 VELOCITY DISTRIBUTION

For the regions near the walls of the annulus,

velocity is given by,

+

Y-

J

=
[
]
(5]
4
o}
N
ﬁ
+
+
]
(1)
~
o
)
=
N
<o
¢_:|
4
L~
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For the regions remote from the walls, the

following velocity profile is used

5; “K 5 Q*Z- As

+
j = "3 é+ A L *2 ’:'cj (308)
: qT A
3 R
3 . 2 o '}‘ - <+ A
where 4 = (9X7&% + 8%.§%.)%, and n*= foyt) /et
j (9K ok é ). Qj ( SJ VJ)/SJ
% The constani cj in Equation (3.8) is obtained

!

by forcing the velocity profile to go through a fixed

point as mentioned in reference (10), The above eguation

for velocity distrivution is based on the'assumption of
" linear shear stress distributicn within the hydrodynamic

boundary layers.

Since the mechanism of flow outside the radius

of meximum velocity is very similar to thati cccuring in

0 ol i

pipe flow, 2 value cf 0.4 for X, has teen prescrided for

2
evaluzating the outer region velocity , while the value of

K, has 1o be determined depending on radius ratio,

1
Reynolds number and a particular cross secticn ol the

annulus. lhow, in the potential flow region the eddy

diffusivity 1

s constant. Therefore equaiing the two eddy

(3.9)




)

N LT T
E.’ ‘;! :: ‘

we

@j‘ :ﬁ.a ey

il

i

= ' (3.10)

* -_— (3.11)
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With the usual zssumpiions® of constant fluid

properties and negligivle axial conduction , the general

energy equation (ref,17) reduces to
1 2 (.0t} _ , ot .
5 5?( : ’ar) = Qe (3.12)

On the basis of the model of ine furbulent neat
transfer as above ; it can te assumed That the thermal

conductivity in the zbove equation , which is a steady flow

eguation based on molecular conductlon aicne s is now 2
turbulent conductivity as defined Dy Xays(1l7). Although
turbulent conductivity arises from velociiy fluctuations
and the {low in reality is not steady 4 211 the effecis of
fluctuations are lumped together in this term and then the

flow is treated as a steady flow.

Therefore , for the turtulent flow, the above

differential ecuation can be modified 1o

=% Qcpr(r+eé == eucD 5% (3.13)
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Under the assumption ¢f constant properties,

51

pc_ cancel out from both sides and the EZquat
P
becomss

i 2 Lj(tuye)éi = yot
T Mar X

—

on (3.13)

(3.132)

To express this eguation in the nondimensional form, the

following parzmeters are defined :

» . +_
Re= r/(rz--l) ; x* = 2/D
+_ T =(%-%
uj— uj/u;rj H - ( 7 W

) '_ -1
e R e B = v S
S 52‘.-1 Pes .:_J T. J Ps -2 l

rs

inner wall region: r;< r<r

o/
'3

s . 2 Pl e e T ER RPN

Equation (3.1%) can be split in two paris as follow

(3.14)

(3.1%2)

(3+1%0)



3¢242 TEWFERATURE PROFILE

-

Prandil number , Reynolds number and radius ratio are fixed
temperature is a function 0f ¥° and R. Zecause of the

homogerneous characier of ihe linear diifferentizl energy

"X,

= 0 satisfy initizl and boundary concditions it may ZTe
= ssumed that
T B
T = &R).Y(x) (3.15)
3 Substituting this ession for T in Zquation(3.1l4a) ,
= 1 d .6 g8t Xl 44 o d¥
, S == =W (= — 0, P ==

R ox s P’ Q o 1717 ax%

b po—
ory, 1. d ipfe,ty dP) 2 =1 ¢V (3.16)
R ar| v Pe’ dR|(x~-l r1u1¢ Y oxT -

pe

Now, since it i1s known that the convectlve
heat transfer depends on Raynolds number of flow, both
sides of Zquation (3.16) are multiplied by { Re /€ ) and

then eguated to the separation constant -N\ . Thus,

1 2 dv, - _ 8
L L% (re/8) = A or, SEE-gNy

The solution of the zbove eguatiion is

-~

Z .
Yr(xT) = C* exp(- %\- ) (3.17)



. =18-

Since A\ can have an infinite number of values

Vize )1 A. l. etce Equation (3.17) is written as,
V.(x*) = G exs(-EN] x/Re) (3.172)

and the left side of Equation (3.16) gives

l d_ _6."_ L\d_;”'.:. ﬁ + 2 - !
z @ p.(v +5- )= b (e -1}z ul,?\ncﬁn =0 {3.18a)

-

for the inner wall region, and similarly for the outer wall
region

ld & éb, - r} ot 2 _ .
Ea..JE(?J = Q:l l—;(oc 1)32 27\n¢n =0 (3.18b)

Onc (R} and ‘;(x+) are estatlished , temperaiure Is
determined fronm
o
T = /C, &(R) ) (3.19)
n=1

where the eigen-constants (Cn) are evaluated from

Rl
Wi F 5
_L‘- 2.'uj;z sbn(a) dR

n Rartytr b (R)%6R
L dd
1

(@]
|

(3.20)
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3¢2¢3 NUSSELT NUN3ER

Once the tempesraturs prolile is established 4 the

calculation of Nusselt number is relatively simgle. 3y

definition,
h D = n
M= — = -SE| = (3.21)
X v 'w ‘D
where the bulk itemperature (tb) is defined as,
RZ
_{Qut da {utee ar
t = = — (3.21a)
0 Seu dA Szu'*,'R d?
A R, !

is derived from Zquation (3.19) and is given oy

and 2t

ot |,
- = :
ti _ e w o exn(-8 NoyT /R 21b)
| - iun exp(-8 I\ x"/Re) (3.215
r -r

Vi 271 =1

From Eguations (3.21) , (3.212) and (3.21b)

O,
2
2/ C,. exc(-8 1\ ¥ /re)
Nu = L (3.22)
J utaT dr / TR G

4
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3.2.4 BOUNDARY CCNDITIONS OF THE PROZ

Before vroceeding any further it is necessary
to specify the boundary conditions of the protlem. The
solution of Zquations (3.1¢2) and (3.18D) requiras iwo
boundary conditions'and the Sturm-Liouville sysiem needs

one more boundary condition. These are given under two

separate headings as follows :

3e244.2 INNER L IS AT CONSTANT TENPZRATURE

AND OUTZR WALL IS INSULATED
In this case, since heat is being supplied to

{ or extracted frcm ) the inner wall of the annulus, the

definition of the nondimenkionzl temperature will be

The boundary valuss are as follows :

) B(R) =0 i1) PR =0

3e2.4.b OUTER WALL IS AT CONSTANT TZHPZRATURE

AND INNZR WALL IS INSULATZE

Since the outer wzll is at a2 constant tempera-

T = (5,)/(5,))
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METHOD OF COMPUTATICN

4,1  FLUID FLOW

=

i ( Details taken from ref.(3l) )

4,1,1 COMPUTATION OF REYNOLDS KUNBER

1S

Before starting any numerica® work on the heat
transfer part of the prodvlem, it is necessary to odtain a
. : +
corelation between rg ( or Ty ) and Reynclés number for

o8 .

some specific values of radius ratio considered in this

dpmtemsm mem mes = oam T 2 b
vantlhi a5 an ‘.Auuwc“..cuw

T = mee
ltad vSClis

parameier and Reynolds number is then evaluated for thail

particular 20 The Reynolds numcer is defined as,
T
2
u. D D Su a4 L S ur dr
Re = 2 = A = L3
v ?} ] r Lr
icA U (ry+r)
i i, Zi slrw AR
or Re= {( u, (7] +Jl) dy; ju (r fyl) dy, r—
I‘+(l+l/°<) < 26 u,.
2 ° 2
26 szmcx
+4 \ofietyhy 6yt 4 Tty dy {&.1)
27272 2 ” 2 2 :
o 26
in calculating élmax and 52m it is necessary to odtain
the radius of meximum velocity (r,) and this is given by
, 1-c']
rm = +x_c, (1492)

|




where ¢' 1s 2 consiant and to be determined by matching
the two velocities u and u, at the edges of the
hydrodynamic boundary layers for a particular cross section

along the annulus.

BIINEpEY

el

4 simplified flow dizgzram for the calculation

of Reynolds numbder is given pelow

il

B select r,
7 L_
EPR Tt o b 9
:-‘E yom t 3 ~ T
= L assune €' in ecu ~-_2‘ §
= > ] !
: l
_ S ’& -—
calculaze rm’°lmar,a2ﬁax f
! +
change ¢ — — chenge r,
calculzie ul!é ) Uy :
lmax [02max
|
) L 4
T v, Um
. + - + -
1slu — - Uyl > 0,057
U.arz
F

.. : n
¢alculate Re from egu 4,1

Print

L

—_—— e e

|
[
[
i
|
i
|
I
|
|
‘
|
|
i I
I
f
i
l
|
|
|
J




-

L,1,2 COMPUTATION OF MIXING LIKGIE C NSTANT(Kl) AN

BOUNDARY LAYER TEICKNESSES AS 4 FUNCTION OF xt

The calculation of the mixing length consiant
at the inner wall region reguires the estimation of the

hydrodynamic boundary layer thickness for the pariicular

cross section under consideration. Assuming tha: the ratio

of the nydérodynamic boundary layer thicknesses in the
deveioping region is the same as that in the hydrodymani-
cally developed region and utilising Equation (3.11) ,
this constant (Kl) at a particular cross section can be

easily evaluated.

tarting from the momentum equation , Lee and
Park(10) have developed an expression corelating the
+

hydrodynamic boundary layer thiclnesses and x . This is

iven by,

+
2 55.
+ + T et | ant
X, = Ul - ——— \uir dy. | ¢
b Q: +y< ) Jd J
J rj(DJ) 5
+ aptt
+ ol (4.3)
rt(07)?
0 J
+
¥
+ + %
where 2% e u} DY and DY =‘)(u; byt gyt
jJ 5 3 J° 4 J

-

+ . . . . .
( u means noncéimencsional velocity at the edge of the
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Equation (4.3) hac been derived on the basis of

the following assumptions :

i)  the flow outside the hydrcdymamic boundary
layers is potential flow.

- . . L +
ii) +the boundary layer thicknesses are zero at x'=0,

[N
[N
[ add
~

the flow within the hydrodynamic boundary layers

is entirely turbulent.

From Equation (L.3) it is zpparent that the
computation of the boundary layer thicknesses for a certain
cross section of the annulus is a lengthy operation.
Instead , one of the boundary layer thicrnesses is assumed

and the other one is then evaluated frcm the known bouncary

layer thickness ratio which is given balow

Jm r.-rl
% _ Smax o (4a4)
62 62max Ty

)

Once the hydrodynamic boundary layer thicknesses are
determined , the correspondéing cistance from the entrance
section (x+) is evaluated from Eguztion(4.3). Zefore
starting any numerical work , it is also necessary ©o
obtain azn expression for the ratio of wall shear stresses.
From a force balznce on z certzin elemenial cross section

at a distance of z ( wherethe hydrodynezmic Soundary layer

z
thicknesses are 5: ang 5-, axizl pressure is P and wzall

g
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shear siresses are ’t"l and ., ) ,0ne can obtain the

following :

bo

for the inner wall region, ané for ths outer wall region

this is given by

= et - (r-5)°

= T, | = —. 22 4 50)
= 2|y ax 4:'2

siom

:@ In vriting Zguations (L.5a) and (4.59) , it has been assumed

o
1

that there is no variation of oressure in the radial

e

= direciion. From Zguations (4.3z) and {L.5b) it follows that 5
. ) o= 2, = > (4.5)

2 T r. 2r,$,-6

£ 21x 1 292 ©2

o

For the hydrodynamically developed region , Equation pecomes

2 .2
-_]—W = —20 __,-2 ; (b'.7)
’r\lflz rl I‘2 -rm
L simplified flow éiagram for the calculation

of the mixing length constant (Z{l) nd the hydrocynanmic

)

boundary lzyer thicknesses corresponding to a parilcular
o

o]

cross section of the znnulus is given on the next page.
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L,2 HZAT TRANSFZR
L,2,1 COMPUTATION OF EICEN-VALUES

The computation for the temperaiture preille and
hence Nusselt number reguires a fzir estimation of I
eigen-vaiues. It has been observed during compuiziion wor

-t

that one has to evaluate about ive eigen-values Irom ihe
begining %o obtzin a reasonably Zood hesat itransier result.
However , to be on ihe conservative side , the first seven
eigen-values have been estimated. It is alsc ocvious from
Egquation (3. 17a2) that when N\ is very large , even for hign
nd emall ¥T W becomes very cmall therety

Retmnldec numhor
NLCT 130334

ey v

practiczlly negligible. Thus , any eigen-value which is more

study of the effect of megnitude of the higher order elgen-
values on +he Nusselt number ) is considered zs
insignificant so far as the heat transfer result iz concer-
ned. The anove two limitations are imporizni from the
economic point of view of the computer time. It is 2iso
necessary because the calculation of eigen-values involves
a lengthy triai and error procedurs. However 5 excepiion

has veen made in certain casss where the sprezd of ihe

eigen-values is large.

P



»

The actual method involves integrating of

Equations (3.18a) and {(3.180). First the eigen-value is
assumed and the two differential eguations are integrated.
The integration is conducted using the classical method of
Runge-Kutta and the siep size is varied until the result 1s
convergent. Since both the eigen-function and its slope
are known on the wall whic ?Aié at a constant temperature,
all integrations are started from the heated wall. Then
the siope of the eigen-function on the insulated wall is

calculated. If it does not satisfiy the reguired douncary

iy
(]

condition on the insulated wall the magnitude of ¢
assumed eigen-value is modified until it fits the specific
boundary condition. This procedure is repeated until the

-vzlue is obtained. The

desired zccuracy of the eigen
original metnod by which the elgen-values are tracad , was

developed by Larson (23) to find the ‘zero of a function'

it is important fo mention at this stage that
before starting the numerical work, it is necessary to
simplify Equations (3. 182) 2nd (3.18b). It is also
important to evaluate the local velocity and the eddy
diffusivity of heat properly depending on the radizl
jocation. The whole radial cross sectlon has been divided

n some regicns and subregions as given on the nexty page.

[ D
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-

sublayer region 0¢ <Y, 7426

jouter wezll region

turbulent core 2% <3"§<8’2'

3 = Q N - - o+
{inner wall region turdbulient core 26<y1' <§.

i

]
\su‘ola rer region 0<yT €26

Depending on the boundary conditions two cases may ar arise
and these are presented below.

IL,2,1,2 THNER WALL TS AT COUCTANT TENPEZRATURE

iVt M ddmsded Sk Yl im bt e metiiim estsrom ot

.

Under this boundary condition both the eigen-
funciion and its slope (these iwo are the starting
solutions for the Runge-Kutta integration ) are known on
the inner well of the annulus. Hence the integration is
started from the inner wall. Therefore , with an assumed
eigen-value 4 when the slope of the eigen-function on the
outer wall will be equal to or very near {0 2ero, inat
eigen-value will pe the one corresponding to which the
eigen-function satisfies 2ll the boundery concitions and
+he zprlicadle energy equation. The classical Runge-Xutia
method has been used for <this forwerd integrztion znd the
boundary conditicns on the inner wzll zre ta%en zs the

starting solution of the protlem.




A

Fs S aa ]
i

In general , it has been observed that the

L)
(=]
a1

effect of step size of integration is more pronounced
high Prandtl number cases. With increase of step size the
error becomes larger whereas the truncation error tecomes
smaller. Therasfore, in all the cazses the step size has
been varied in a wide range and the mes<t relizble result
( which is less fluctuating with respect to step size of
ntegration ) is accepted fdr furiher computational work.
Special care has zlso been taken to refine the first two

eigen-values since it has been found that these have a

large effect on the final heat {ransfer result, ;

Le2,1.b OUTZR WALL IS AT CONSTANT T=&

L’zl
34
Ly
*J
e
b
et}
tu
o
il

AND INKER WALL IS IaSULALED

In this case the numerical method is basically
the same as the previous case except that one has 1o apply
the backward integration method. The reason is quite obvious
from the nature of the boundary condifions. The integration
ijs started from tne outer wall and as a result the Runge-
Kutta formulations havzs o be modified for the bdackward
integration. It has Deen seen, in general, that in this
case the eigen-values are higher than those in the former

casee.
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4,2,2 CO¥PUTATION OF EIGEN-CONSTANT

Once the eigen-values are accurately defermined,
calculation of the corresponding eigen-constants is simple.
For a pariicular eigen-value ; eigen-functicnsare generated
at some discrete points by a subprogram designed according
to the Runge-futta formulations and finally the eigen-
constant is caleculated from Equation (3.20). The integra-
tion is performed using Simpson‘s rule and the accuracy is
ensured by gradually reducing step size. 1t may be important
to mention that Equation (3.20) has been derived afier

applying the suitable doundary condition. A detailed
o

7

discussion on the Sturm-Liouville systiem appears in Aopeiil

As in the case of computation of the eigen-values, the
effect of step size has deen given due consideration in

computing the eigen-consianis.

4,2,3 CONPUTATION OF TEMPERATURE DISTRIBUTION

ND KUSSELT NUM3ZR

In previous sections the computational methods

for the calcuiztion of eigen-values and elgen-constantis
the eigen-values and the

have been outlined. Once

corresconding eligen-consianis are cdetermined , the

calculation of temperature is relztively st gnt forward,
y aiga

For az certain cross section of the annulus, the function V¥




is constant. So depending on the radiel distance,

temperature can be obiained from EZguation (3.19). These
temperatures corresponding to different radial distances

are stored in computer. Next, the dbulk temperaiure can be
obtained from Zguation (3.21lz): Knowing the bulk tempera-

ture Nusselt number is calculated by solving Equation(3.22).

The wnole procedure for evaluating Husseli numder

bl

as a function of the distence from the entrance section

can be summarised as follows :

g 1) 4 relationship is obtzined between hydrodynamic %
~J boundary laver thicknesses , mixing length ‘%

) and distence zlong the annulus
from the Eguations (&.%4) ,(3.11) and (&e3)
respvectively.
2) & rougnh estimation of the eigen-values is made
by solving Eguations (3.182) and (3.185)
3) The eigen-values oblzined adbove are refined to
the desired accuracy.
L) Eigen-consiants are calculated Irom Zguation(3.20).
5) Eigen-values and eigen-consiants s ootzined above

are used tc find the temperature distribution for

[¢)
’JQ
4]
(1
<
[«
N
ct
[\
[¢8
(2]

6) 3ulk temperatur orrespondéing to
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the temperature distribufion in step (5) by
solving Equation (3.21z).

7) Kusselt numder for the particular cross saciion
is celculated from Eguation (3.21).

8) Until the flow is hydrodynamically developed,
another cross section is chosan and steps (2)
to (7) are repeateé.

'G) Once the flow is hydrodynamically developed s xT
is increased by a suitatle amcunt. Temperazure
distribution , bulk temperature and iusselt
number are evaluated corresponding to the
particular cross section.

10) #t is incressed and skep (9) is repested unwil N

the thermally fully developed situation is

attained.




The resulis of ihe presant analysis are

presented in both tabular and graphical forms whenever it

3
9]
(4]
¥
'-JO
e
I_l
£
1]
£,

seems pertinent, The whole set of resulis cz

o
2]
[{]
n
[ 1
’..l
ct
n

into two groups: the first group includes h

obtained from the hydrodynamic part of the prodlem and

.

the second group of results consists of those computie

from the energy eguatlon.
5.1 FLUID FLOV

A similar technigue to that of reference (12)

k}

-
P&

has been used to obtain the resulis in this sectione
Reynolds numbers are calculated Iron Zouation (4.1)
corresponding to ¢ifferent values of radius ratio. The
results appear in Tadle 1 and 2 plot of these is given in

Figs2

Once a relationsnip between Reynolds numoder and
rt is established for a particular rzdius ratio , the
hydrodynamic doundary layer thickness at the outer wail
region is assumed. Then ihe nydrodynamic boundary layer
+thicimess 2% the inner wall region ic obtained from

Zcuation (&.4). Kext, the mixing length constant Kl) znd
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the distance 2long the annulus are evaluated from Equations
(3,11) and (4.3) respectively. Six sections have Seen taken
in the hydrodynemically develeoping region and the resulis
are given in Table 2 listing 21l the results ottained

from the hvdrodynamic part of the problem for ihree

different radius ratics and five different Reynolds numcers

The hydrodynamic entrance length is defined in
terms 0F the length of the duct needed for the local
velocity orofile %o approach 100% of its limiting condition.

Accordinz to the subdivisions made for the wnole radial

-3 Y - : 3 agers o3 3
cross seciion in Chapter L, it follows that with this
ALl wt el mm dhavma «fTT e A mmdanmtt AT LY A maml AW wihAn
UG d dtiare VaaWas Vbl & [PA- IR L WiCre Vet mae IS L Fes biseen

the flow is hydrodynamically fully developeds, For the
purpose of experimental wOrX SOme 2UuThors , hCwWever ,

prefer to use loczl pressure gradient or local shear
stress as the critericn for defermining the hydrodynamic
entrance length. A deiailed discussicn on the validity

of the hydrodynzmic relationships ,used in this presen

analysis, has been given in reference (19) ané (19).

18 1-%4

length constant (31) varies with radius ratio , Reynolds
number and the axizl distance zlong the annulus. I is
also seen that wnen racdius ratio is small Kl tends to a

value wnich is ciose to O.L4. Again, for a particular

Reynoids numser and axizl lecation ’Kl increaszes with



increase of radius ratio. This is probadly due fo the
effect of radial convexity of the boundary wall of the

annulus. It is observed thai as the flow approaches its

fully developed characteristics ,Kl tends tc a constant

value depending on radius ratio and Reynolds number. It

e ) has been observed by Lee and Park (10) that the fully
]

i)

developed values of X. obtained from their analysis

|

o

i

[N

agrees well with those obiained by Levy.

‘

e

&

5.2 HEAT TRANSrZ:

4 complete list of eigen-values and correspondéing

bt

o

o

L A
pe—%
—mh o
AR
st~

o

At
P

>,

eigen-constants for different combinations of Prandil

number , Reynolds number and radius ratio is given in

i

Tables 3 and 4. It is observed +hat at very low Prandil

nn
spersed,

e

number ( e.ge 0.001 ) the eigen-values are widely &

-

The effect of step size on the typiczl eigen=-constants
is shown in Fig.3. It is seen that when siep size is

large or in other words , number of sieps is small (€509)

Fag4 4 3

the values o* C are fluctuating. The reason is that with

large step size the accuracy of calculation is not high.

On ihe other hand , with very small siep size the computz-

-

+ion time becomss longer and also it is likely that the

truncation error is large.
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The variation of fully developed temperature
profile with Prandtl number and Reynolds number is shown
in Fig. 4. Dimensionless temperaturs profile has been
plotted zgainst a normalised wall distance parameter. it
is seen that the efiect of Prandil number is very

significant in predicting the shape of the temperature

proiile.

The entrance region Nusselt numbers for
different values of Prandtl number s Reynolds number and
radius ratio appear in Tables 5 and 6. Plots of these
resulis are presented in Figs. 5 s 6 2and 7. In 2ll the

een that very near the enirance , Nusselt

n
1]

cases it i

number has a very high value and it gradually decreases

pe

with increase of the distance along the arnulus. This 1is
quite evident as near the enirance the fluid has to attain
the free siream temperature within a very short height

from the heated wall of the annulus vhich means that tne

temperature gradient will be very Steep,

The effect of Prandtl number on the enirance
region heat transfer 1s shovn in Pigs. 52 and 5b. It is
seen that Prandil numter is very éignificant in predicting
the heat transfer rate. This seenms %o be logical beczuse
of the prounced effect of Prandil number on ine temperature

distribution observed. Ccmparison with the nearest




i

4
&

bt

-

existing results has been made for Pr = 0.7 and 1000 and

N

the results of the present anzlysis are found to be in

+

reasonable agreement,

b show the a2ifect of Reymolds
number on the heat transfer rate for a radius ratio ¢f
54625 and Prandtl number of 0;7. 4s 1t is expectied 4 it
is seen thzt with increase of EKeynolds numober the heat

transfer raie increases. It is apparent that with increase
of flow velocity , the conveciive heat transfer coeflicient
;111 increase resuliing in a larger heat transler rate.

The effect of radius raiic on the heat iranzfer ‘

igs.7a znd 7b. It ma2y te concluced

on the hez® transfer raite. Alihough , it increases slighily

with increase of radius ratio.

jeast one common characterisiics; for =z particular choice
of Prandtl numbder , Reynolés nunmber zndé radius ratio the

lusseli nusber at a particul
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greater than 0.4. Thus for heating on the outer wall the
mixing length consiant in the proximity of the heated wall
is always 0.4, whereas , for heating on the inner wall

the mixing lengih consiant in the proximity of {the heated
wall is always greater tnan O.4. This causes greaver
thermal diffusion on the inner wall region and nence

greater heat transfer rate.

The fully developed Nusselt numter as a func-
tion of Reynolds number is shovn in Figs. 82 ané 8%, The
same trend nas been observed as found by previous

investigators (8).

The effect of Revnolds number on the entrance
length for a Prandtl number of 0.7 and a radius rztio of
5,625 is shown in Fig.9 . Also shown is the effect of
past history of the flowing fluid on the entrance lengtih.
It appears that the entrance lengih obtained by an exact
method' is rather arbitrary. The reason is that it
depends largely on the Gefinition of fully developed IlOWe
Neverireless 5 2 graph has Deen drawn 10 show the variztion

of entrance length with Reynolds nunmber of flow. It

e

S

observeé inat for high Reynolds number the fluicé will

»

X

+the present entrance lengih soluion is based on Nu_ /Hu . =1.05



41—

of Lee(5) , Wilson and Medwell(1l5) and Park{1%}. Another

very interesting conclusion czn be drawn from Fig.9 . The

effect of past history of the flowing fluid is very

important in predicting the entrance length. Fo

o1
I
4]
8]
5
£,
ct
’_.l

number of 0.7 and 2 razdius ratio of 5.625,1it is seen fren

(@

Ead

Pig.0 that the entrance lengin for a simulianeously
developing flow is greater than that for a purely thermally

developing flow by abouti ten eguivalent diameters. tzain ,
- o -

Joto

a change of 2% in the definition of fully geveloped flow
may cause a change in the entrance length to even ten

equivalent diameters.,
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The following conclusions can be drawn Irom

this analytical investigation :

randtl number of
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fluid is to increase ihe heat transier rate.
For a particular combination of Prandtil nunber
and radius ratio , heat transfer ratle increases

with increase of Reynolds number of flow.

The effect of radius ratio is less imporian

on the heat iransfer rate, although it
increases with increases of radius ratio.

The entrance length derends on Reynolds numder
of flow, Prandtl number of fluig, radius ratio,
past history of the fiowing fluid and <the
definition of fully developec flow. The results
show that the entrance lengih increases vith
increase 0f Reynclds number znd decrease of
Prandtl number and radius ratio. This is in
agreement with Lee(5). He concluded that
Reynolds number effect is relatively minor
for Prandil number grezier than unity.

rzndtl number
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of 0.7 2nd a radius ratic of 5.625, the entrance
length for simultaneous growth oI boundary
layers is greater than that for purely thermally
developing flow by about ten eguivalent
diameters.

Depending on the definiticn of entrance lengih
used in a particular solution it variese.

Past history of ithe flowing fluid is very

important in predicting the entrance lengtn.

' 4



APPZENDIX 1

ON THE ASSULPTIONS MADE IN DERIVI THE ENERGY EQUATION
Equation (3.9) in Chapter 3 has been erived

on the basis of the following assumpiions

1) Steady flow- Velocity , temperature and ¢iftrerent
fluid properties are independent of time.

2) Mo internal heat generation- There is no genera-
tion of heat inside the flow field cdue 10
chemical reactions or any other reason. ¥

this assumption there will be no 'source

runction? in the energy equation.

3) No work is done by the external field.

4) Dufour effect on the heat transfer is negligitle-
This means that the effect of mass concen-
tration gradient is neglected as it is
assumed to be much smaller compared t
temperzture gradient.

) Flow is axisymmetric- Velocity and temperature

| of the fluig particles at the same radius
are indepencent of the angular orientation
about the center line of ihe amnulus.

6) Dissipation furction is negligivle- This function
consisis of the viscous rart of the normal

ard o
stresses and shezr siressesSs
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function depends on velocity , velocity
gradient and Prandtl number. Viscous energy
dissipation may be important for a high
Prandtl number fluid (e.g. 0oil ), even for
rather moderate velocity and velocity gradi-
ent. For gases,on the cther nand 4 where
Prandtl number is near unify , velocity must
approach the épeed of sound bvefore this Zerm
is significant (17)-

7) Axial conduciion is negligible compared 1o radial

conduction- The condition under which this

assumption is velid depends on the magnitude
of Peclet number; lzrge values of this numder
make this assumption a logical one. As &
general rule , accerding to the findings of
Singh(20) 4 axial concuction can be neglected
for Peclet number greater than approgzimately
100,

8) Boundary layer is thin relztive to the dimensions

{£ the annulus- fundamental assumption of the

boundary layer approgximation is that the
£luid immecdiately adjacent to <the body
surface is at rest relative to the pody. This
seems to be valid except for very low
pressure £23£s. NOW 5 1T the souncarj layer
thickness is very small relztive to th
Gimensions of the zrmulus velocity in the

axizl direction is much greater ihran tret in




the radial direciion and the pressure gradient
term is negligible., It is also assumec that

both hydrodynamic and thermel boundary layers
+ +ne enirance section of the annulus.

9) Constant properties- The DProperty values of the

fluid 2nd the materizl of the annulus are
taken as CcoONsStanssS.
: is entirely turduleni- In actual Ilow

s laminar

=

situations , perhans , the Ilow

pefore being fully turbulent.
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Zquetions (3.18a) and (3.18%) in Chapter 3 have

t0 be expressed in suitable forms dbefore starting any

0

numerical work., Thase two eguations can be represented by

one eguation as follows:

% . - 1 :
1d E{iq_}_) C‘_‘f—:L. L;,ﬁ'(__;.._’-.r

+ o2
—— ‘s I\ =
RaE | "e R & T %s 7585 N P

S'= (1, for the inner region

« 5 for the outer region

- 2 o
Ore 1 d r::l;\(l¢:[_,_ s AN PR = 3 (I.LO.L[
: —— )= i+ aing I
Rd?.l_‘_ aP._l nin
€n, 1 - St S S
where ©D(R) = (‘2-:-" 57 )R and g(R) = 4357 "Re rjuj
or d do(R) ¢o 2
’ p(R) ——; - -—" + q(“)R‘T\nCPn =0
dRr dr 2
. éo(R) |
u2¢n+ ¢x .iTq(R)L 2, _,
a2 p(R) dr p(R) non
or,

ﬁ’n = -72(R) ggn - s(a)?&fq&p (3I.2)
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Functions 2 and S in Equation (II.2) are given by

%§[€€y09+-1/Pr gﬂ

Z(R)
( &/¥ + 1/7r )R

and

+ +
. Ii 1
S(R) = 4(x -1) Re (&./p =+ 1/7r )

for the inner wall region and for the outer wall region

function S is given by

SOR] _A'_(«-’H_'r'_?’. ut
SIR) = = TRe (&/v + 1/°r)

Further details on functions 2 and S appear in

Appendix V.




ON THE EVALULTICOKR O ZSIGEN-CONSTANT

The derivation of the expression for the
eigen-constant ( sometimes called series-constant )
requires the application of the ort‘nogdnality of the
eigen-functions. 4 detailed descripticn of the Sturm-

Liouville system can be found in reference(20). The

norm of the eigen-function is given Dy

7 .+ - \
o L;q T3 ¢2 dR (111.1)
= a— ¢ i ® 1i.
B3 WA e i :
]

Now 4 if ¢l ’ ¢2 etc., are the eigen-functions which are
orthogonal on the interval Rlé RéRz with respect to the
weight function ( the term within the bracket in Zguation

(III.1) ) and if a given function £(R) can be representec

k=]

by a series, £(R) = Z? CPn 7) then the eigen-constanis
are given Dy n=4
R + +
6 =t Rt B A PYE PR
e s e n
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or, Rz+ N
jr. ut RE(R) P R
Cn - ;\1 J - n
Szr“,' ut RpZ dRr
gd 3 T

-

The function f£(R) is obtained by applying the

Y
,R) = 1 . From Equation (3.1%) in

<O

boundary condition T

33
(9
,—l
ot
' Jo
O
3
-4
ct
L)
o
Pt}
[
Q
%]
ot
1)
[
ct

Chapter 3 and this boundary con

f(R) = 1. Therefore,

Cp=2dd 5 (III.3)
S’rf ut R i R
i3
R,

or,

3 [
+ + D '
LT, U R4>n dR + r, U, R¢ dR
A
2

C = ; L Rm ' n N (III.I#)
n mt uF b2 GR o+ (ertul B¢ dR
5 11 'n 5 2" "n

(3 Ren

where Rm = rm/(rz--r1

Once the eigen-consiants are estimated 4 2
suitzble step size is chosen and the computation is

continued to find the temperature distribution.
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APPERBIX IV

BOUNDARY CONDITICHS OF THEZ PROSLEN

L. INKER WALL IS AT CONSTANT TEZMPERATURE

In this case the core wall of the annulus is

mainizinaé at a constant temuera ure 5 different from the
entrance Tluid temperature , and the outer wall is insula-
ted. The reason why the inner wall temperature should Dde
different from tne entrance fluld temp sraiurs is that tne
denominator in the definition of T becomes ze7r0. Since

heat is being supplied to ( or extracted from ) the inner

wall , T is defined as T = (t-t.)/(te-tl). The boundary
P

ct
n

tl on the inner wall

and %% 0 on the outer wall

when expressed in nondimensional form, thes are as follows

: +
? =0 at R=R, 1l.es TI{x ,R1)=O
]
-1 m
and 2T . g ot ReR, iees =0
2R 2 9% |zen,
These za: te modified furtiher ané written as,

b= at 2=R. i.e. G(R) =0

and ¢'= 0 at R=..2

HC
-

M
©

3 e

-~
1
o
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The solution of Eguations (3.18a) and (3.18d)
requires three known COHdluTOﬂS - two for the second order
differential eguations and one for the unknown eigen-value.
To be more specific, to estimate the eigen-value from the

second order differential equations , one has t0 xnow the

following :

1) the magnitude of the eigen-functicn on

the wall which is at a censtant temberature:

2) the magnitude of the eigen-function or its

derivative on the insulated wall

11 temperature is maintained
constant and the heat transfer raie is also constant at a
particular distance a2long tne annulus. The reason is like
this : under steady state condition 4 at a particular x*,
the fluid film adjacent to the heated wall is at a constant
temperature and thereiore ,gf . R1-ccms‘.an‘c. ths means that
on the heated wall d§1= cons»ant. This constant will be
different for different axial ilocations along the annulus.
But it may de taken as unity and the m ltipf["vg factor ,

or different cross sections along the

s

vhich is different

L aal)

annulus , is absorved in the eigen-constants for that

particular cross section.
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Therefore , the boundary conditions can ce

written as,

©-
1

0 , on the inner wall i.e. ¢n(31)=o

and 4%

0 , on the outer wall i.e, d%(R2)=Oe

And +he third relationship which has Dbeen derived, for

carrying out the numerical work conveniently is

qb': 1, on the inner wall i.e. ¢' (R )=1.
n n 1

B. OUTER WALL IS AT CONSTANT TENPERATURZ

Proceeding in the similar way as pefore , the

HHIE

xnown boundery values for this case can be writien as,

i

¢%(RZ) =0

I

"
o
-

¢:(R))

and the third relationsnip which is needed for the numerical

integration is,

¢é(32) = 1,
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S AND 2

Before going into the details of the Ifunctions
S and 7,1t is necessary to establish a relationship

between y*.' and R. This is done as follows.

INNER WALL R=EGION

From the diagram,

or, v = R{r.-r ) = r = Rr.
1 Z 1 +
T
=) (Ve1)

]
H
-
N
]
=
=%}
]
L=
5
2

+
0T, yl

OUTER WALL REGION

In this case,

=T, T
or, R(rz-rl) =T, v,
oTy ¥, = Tp " R(rz-rl) =7, roR( 1 - 1/x)
%5 = (1) (V.2)

or, y; = r;Ll - R(l-l/«] and




L., FUNCTION S

The function S as appeared in Appendix II is

given by,
b (¢ -1) 1t u
S = L. d (V.3)
Re S° (€/3+ 1/Pr )
INNER WALL REGION
1. SUSLAYER REGION 0<y. <26
In this region velocity and eddy ¢iffusivity
relationships are given by
‘Al .
+ a3
u, = ~ . . — A . L — (V"‘;a)
* %l +n u{yl Ll - exp(-n ulyl)_J
€n) _ 2 .+ ,* _ a2t F V.l
(-—v—)i- n“ uj ¥ E exp(-n ul ylz] (V.40)
: 0.0k5 0.031
T = 0.968 y‘{ (V.he)
And finally S is evaluated from,
+
’4‘(“ -l)-‘: U4 (V°5)

S = 7e YN ERTER

X



2. TUZBULENT CORE REGION 26<y1< ¢t

In the turbulent core region velocity and

eddy diffusivity are given by,

+ . + %2 =
38 Ky 51 - 5 -4
uI =-L.m 161" lrzl o+ 12,8
- Ly + A
Al lé él i i
357 [x g7 -ix 67 Z T
A 57 - MK 81N A v.62)
A v T - b¥ §Tnc + A
"1 191 10111 1
3
; e = Ll’8; °
where | Al ( 91’151 + 48K 51)
0,045
(i) _ 00968 l’-l 61 ...0 OJ-( 1+ YZ*Z 2 *Lf) (V|6b)
vy 6 1 (1

vihere Q: and Ql in Equations (V.62) and (VebD) zre

defined as

* + + _ +_ +
qf = (8- ¥ P/ 8 @ Uy = (5725

Once velocity and eddy 4 jiffusivity are evaluated

S is calculated from Zguation y (V.5). It has been found that

i+ is convenient to calculatie +naze iwo values 0¥
separate czlling progranms sné then sudbstitute these in the

expression fcr S.
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3. POTENTIAL FLOW REGION §

For a particular combination of radius ratio,

Reynolds numver and Prandil number , the function S has a

constant value in the poiential flow region as far as a

certain cross section is concerned. This is given Dy,

L(x -l)rz 1
Te0%5
)

S =

- 26 (0,963 K« 1.03Ly/6 + 1/Pr

+
i

+ 4 + + é

% g Taby -4

30 ln(lél 10,1,74
4 + iy + 2y

! &161 #16, 1,

OUTER WALL REGION

Depending on the radial distance of a

< czn pe established

~

particular pointy an expression for

in the same way as in the case of irner wall region except

with the folling changes:
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| Sl
’_h
—

eddy @iffusivity ratio for the outer wall region
is constant throughout the radial cross section
and is given by,

0,085
T = 0.968 % 520'031

.

1ii) subscript 1 in all the expressions for velocity
and eddy diffusivity of momentunm is to be

replaced by 2 for the outer wall region.

B. FUNCTION 2

The function Z has been defined in Appendix II

as follows:

. =%E( €/v + 1/Pr ﬂ
R( &/0 + 1/Pr )

or, 1, %Eﬁh/b‘* + l/Pr]
(€/¥+ 1/Pr )

oTs d_,(€/v) L
1, 9 Yy

. (V.8)
(&8 + 1/Pr ) 4R
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INNER WALL REGION
1,SUBLAYER REGION 0€y <26

In this case velocity and eddy diffusiviiy
relationships are the same as those given by Zguations
(V.ka) , (V.b3) and (V.ke). In actual nunerical work ,
velocity in the sublayer region has been obiained Dy
a separate sudprogram which solves a irancedental

equation. The accuracy in the velocity ottained by the

trial and error method is specifiec as 0.01% « For a
.+ v dleTusivit

certaln yl , once velccity and eday diffusiviiy are

determined , these values are substituted in the = uation

(V.8) to obtain the value of Z.
». TURSULENT CORE REGION 26 <y< si

in this region eddy a diffusivity relationship

is given by,

em - Klé.{ - *2 " %2
(75')1— (1-mpm) (1e2n)

6

.0
g = 0.568 o107 y;°'°31

04085 3
éh) 0568 K; x b #0403

Ui 4 1

(l+'qi -2 Ql )

(V.92)
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By differentiating Equation (V.9a) with respect to yI,

20,031

d(v) ~04969 2y |
- D‘ . L , l
=4 =3 0,031;.#1’ (1+ q§2-2 rfi‘ )+——\1é+ b Q*{B- rz;)

1

|

0,045

where, B = 0,968 K o 31 /6 . (V.59)

Therefore 4 Z is given by

ol (e =1) 0,962 Io{lo(o"cm5 5: {2+ 7 )H
7 = —k ) + L (v.190)
y“j:+r'{ 6 ( G+ 1/Pr )

t33

- -0.969 .
where, - 0.03L vt 04967 . [ ¥2_p ¥k
3 ¥ { Tll Tll )

+xj
|

_ +0.031 4 ¥ * +
2yl ( &0y ql)/él

(]
\

_ g 4+0.031 #2_o ol
BJrl (1+9i™20,y )

o
]

r‘; (x-1)

3, POTENTIAL FLOW REGICN *1’4 y';:s(r;-r'{)

Since eddy diffusivity of heat in the potential
flow region is invariant with the radial distance , the
second term in Equaticn 1y,8) vanishes and hence Zis
given 0y,

7= r‘{ (o< =1)/( y; +17) (V.11)

N
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CUTER WALL RZGION

N .
4, POTENTIAL FLOW REGIOK §.<& ¥ <&
27 72 “Zmax
As in the case of tne inner wall region , eddy
diffusivity within this potential flow region is consiant
and hence the second term in %th2 expression for Z Crovs

out. Thus Z is given Doy,
T g = Jlaen)e Y fxtet-yD) (V.12)
= ‘_\_ -2 [I‘z-yzj .
—— T AN + +
5, TURBULENT CORE REGION 26 <y2< 52

Eddy diffusivity within the turbulent core

region is given Dby,

. 404031 & 040%5
v 6 2
2
(V.13)
From Equation (V.13),
€ 40.031 + O'OLPS
if o 0.968 %, &7 ;
i(_?.)z = 98 401 52% —£8 Q*3-2 N/ 5; (V.14)
ay*t 6 2 2
2
Th (o -1) on 20l b 1M/
rhus, 7 = -2 + '12 *2 ‘7L (V.lS)
oy +(1+ n¥2-2 ¥+ + 1/°r
(-2 yz) ‘ 52( P qz) /

&00031 . (X4
vhere, M= 0.968 X, & o0 76
S




-68-

6. SUBLAYER REGION Oéygg 26

Velocity and eddy diffusivity relationships

within this sublayer region is given Dy,

fﬂ‘ _ 2 + + . 2 +. + 2 .
(29) = n Uy, 1 - éxp(-n u, y2) , n =0,015%
2
- (Voléa)
. 204031
T = 0.968 570 0% 0:0%5 | (V.160)

1

+
~¥.

Z ay>,
2 - 2 + [ . —Z F T
1+n uzyZE exp(-n uzyzﬂ
o

(V.1l6c)

The same procedure as in the case of the inner
wall sublayer region has to be used in this case to

obtain the value of the function Z.




ON THE NUMERICAL METHOD FOR THE ZICEN=-VALUZ PROZLEN

The choice of a particular numerical method for
solving a differential equation is rather difficult as
eacn method both advantages as well as disadvantages.
Basically o the three important factors to be ccnsidered

before making any final decision are

the accuracy required ,

[
N S

the ease with which the metnod can be expressed

| ek
(d]

in computer language and then executed,

the flexibility as to its usability as 2

[ aad
[
[ T
——

forward as well as dackward integration method.

When 21l these three factors are considered
together , Runge-Kutita metnod seems to be a wise choice.
The accuracy of a step by step solution of a differential
equation is often difficult to determine. The Euler's
method of solving differential equation is simple and
self starting, however , 1t was abandoned because the
accuracy oobtained is poor and the truncation error is
much larger than that in any other method. The preéictor-
corrector method (2.8 milne's metnod) was discarded

as it is generally unsteble and not self starting.
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The Runge-Kutta method , on the other hand 4 is
simple and self starting. This means thati once the
boundary values are known , the solution for the succeeding
points is straigntforwerds It does not require evaluation
of derivatives beyond the first derivative and is also
stavle, The accuracy in the “uﬁge-Kutta method can be
increased by increasing the numder of sueps and this can
be done at any stage of integration, However , 2 decrease
of siep size adds to the computatiion time and also increa-
ses the possible round-ofi error. The latter can D2
minimised by using double precision. The Runge-xutia
method has fewer formulas and it is not complicated.

In addition to all these, the meihod can te used Ior
hackward integration just by cnang ging the sign of the
jncrement in the independent variable.

tny gifferential equation of higher degree
can be reduced to a system of firsi order eguation
Therefore , to solve a second order differential eguation
one can solve for the first derivative and then it can be
solved as a first order differential ecuation. Instead
of doing this , Collaz(21) has suggested z Runge-Kutia
scheme for solving Giff ereniizl equztion of second
order. He has a2lso mentioned 2 rule of thumb for finding
a reasonably good step size. ACCOT ding to him, step size

E
(24

+ne the secondé and the third

P
o
ct

should be such
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coefficients in the Runge-futta scheme are approximately
equal. In the present work , however , the effect of step
has been investigated for every possible case. It is
obvious that the zccuracy of computation can be increased
by decreasing step size. But this can noi be done

indefinitely for the following reasons

with a decrease of step size, The siorage

(=0
—

requirement Ior the computer increases,
) 1i) the computation time also increases with
decreasing step sizes
iii) with an increase numder of éteps , the

computation suffers from truncation error
These errors are propagated and accumulated

in the step by siep computation.

Unlike predictor-correcior formula 4 Runge-
Kutta method has a disadventage. It is not possibdle in
+his method to estimate the error-at each stage of
calculation. However 4 this can be overcome by varying
the number of sieps in a wide range until the megnitude

of the required result converges s WNere ever pOsSS itle,

to a satisfactory value.

I+ has been observed that the effect of step

size is very imporiant in the evaluation of the eigen-

p-re

consiznis. The calculziion of the eigen-cor 1stants
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te
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n
Q

orrsct estimate of the eigen-values. Therefore,

specizl care has also 1o be taken 10 estimate the eigen-

2 trial and error procedurs. First, the eigen-vaius is

(2

assumed and the integration is started from the hezted
wall of the annulus. If ithe magnitude of the eigen~func-
tionvon the insulated wall satisfies the reguired boundary

condition , the assumed elgen-value is a correcti one. Lt

i

is apparent that depending on the number of sieps in the

integration these eigen-values will b2 different., Thus,

whole work. Once the elgen-values are estinatec Tty the

zbove way 5 these are fed into tne computer to calculate
the corresponding eigen-consianiss Tne step size in each
case is again varied widely until 2 satisfactorily steady

character of the reguired result is observede.
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The Runge-Xuita scheme of integratlion 1is
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Suppose it is necessary to evaiuz
function and its slope at a certain radial lccatlon given
by R=0,078 and suppose 1% is located 2t the 75th. siep of
calculation whers step size is 0.001 (=£). Zefore calling

the subprogram 'RUNGE' , the main prograa andé other sudprograms

must supply the followings:

1) the second order differential eguation to be

integrated and the value oI n,

ii) 4’ and ¢* at the 78th. step where R=0,077
iii) coefficients in the Runge-zutta scheme (kl& fi)

at the 78th. steD,
iv) the functional value of S and Z at R=0.077,
0.0775 and 0,078 { these are designated by Sl ’

S2 ’ Su and Zl , 22 ’ ZL;, respeciively ).

Once these are Xmown the Funge-futta progran

is called to evaluate the followinzs:

i) , & ,and &' for all the four coefiicients




ii)

iii)

coefficients kl ,kz .k and kb s

kl and ki at the 79th. ster.

Wnen kl and ki at the 7Gih. step are imown the

eigen-function and its slope at that step ( where R=0.078)

are given by,

$(79)

and 45(79)

$(78) + °‘°°l¢i(78) + % (79)

(78) + £3(79)/04001

4



"Main Program

start
y
. - < -
spechy<X,Pr,Pe,ri,r2,é1max,5?~af

<

specify bdy.conditlons on|
nezted wall N

croose tne step size .
of integration (¥ <=l

ves-

— ——————

start integration Irom
heated wall(r,or rp)

P =" ——— =

n =1
. —— PR
1 - i - 9

is p2rl ?
3 Cad
T F
[ 4

%




T

e >
u

I
call SSU32

call 2z3U32 ’+
| 4

is 26<y2<$; ?

call USU22
> T F
fcail 37wG [call S0=V2)

[faii 2249 Rﬁn‘z**‘ 72 *
W Lo [l (e UC

—

[call UT

C.

S.9Z, 39, ————>§tore

<3§ “Qb

1 a-————- n=2, R,=R,r n/2 n=l, Ry=R.EE

Thivd.

1 4
S1 ,.,2”43( 32) $S), 544

~ A

(=Zz)s 5

2.3254L
1902104




Notes:

1., A description of <the Calling Programs

] e s
has been given with 1

e chert. U standés for velocity.

2. Thne upper sign corresponds 0 the caze

s

Yy
Ezii P

where the inner wall is heated and the

5|

jower sign corresponcs to the case

v fie

vhere the outer wall is heated.
3, The flow diagram for Temperature disiri-
bution and Nusselt Kumber is a slight

extension of the above flos Giagram.
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TABLE 2

CORELATION AMONG HYDRODYNAMIC BOUNDARY LAYER THICKNESSES,

*)

NG LENGTH CONSTANT AND AXIAL DISTARC! FROM ZNT

t

RADIUS RATIO=5.625, REYIIOLDS NUMBER=29601.6

0.4157 0.4916 ©,6228 0,7813 14,8600
0.78561 0.71159 0.67782 0.66135 0.60156
30,3 §3.7 57.2 70.6 272.5
45.0 65.0 85.0 105.0 . L05.0

RIDIUS RATI0=5.625, RETILOLDS {UMBER=10144,0
1.1376  1.3403 1.5258  2.2419 5.8428
0.78561 0,700k2 0.68340 0,65061 0.61933
29.1 42,0 48,4 67.8 132.4

45,0 65.0 75.0 105.0 205.0

RADIUS RATIO=5.625, REYKOLDS NUMBER=1029565.4

0.1431 0.,2221 0.5364  1,7151 4 4435
0.7417¢ 0.67229 0.62953 0.59779 0.58487
38.0 65.7 1451,7 343,2 624.9

55.0 95,0 265.0 £05.0 1065.0

JE,
RAKCZE.

7.2589
0.59453
353.1
524.9

6.1453
0.61032
136.9
211.9

8,5729
0,57852
1081.9

1564,8




RADIUS RATI0=5,625, REYNOLIS NU¥BER=307488.2

S 6.0926 0.3171 0,5879 1,2208  6.0880  9.8220
K, 0.67229 0.6143% 0.60105 0,58807 0.57067 0.58602
§0 7h2 2155 36,9 6306 21236 29335

05.0 3005.0  L151.6

()}

§t  105.0  305.0  505.0

\0

RADIUS RATI0=5.625, REYNOLDS HUMBER=844065.0

&+ 0.1251 0.2283 0.4597  2,0018  7.K55S 10,530

Ky 0.61602 0,60106 0.58807 0.57223 0.56140 0.55%87
Yo7, 360.8 6i6.6 21469 5715.2  7T396.%
+ 305.0 505.0  905.0  3005.0 8003.0 10352.5

RADIUS RATIO=1.01 , REVNOLDS NU¥BER=26501.6

< 0.5455 1.0797 1.7163 §,2599 7.2548 11,0117
O.HOloh 0.&010h 0.&0102 O;MOIOH 0.461Gh G. L0104

n

61 L4, 75.8 108,7 204.5 364,2 k15,

h

=4
/

* 15,0 75.0 185.0  205,0  305.0 L%




-G~

REDIUS RATIO=2,31 , REYNOLDS HUMSER=26501,6

o 0.5458  1.027k  2.8292  4.87k0  7.2475  8.90%2
K. 0,51979 0.50030 0,48772 0,18278 0.48032 C.H7910
st k5.9 79,3 17i.2 2sh.E 3381 3907
t 55.0 95.0 205.0  305,0 05,0  L67.9

_f



LIST OF ZIGEN-VALUES AND RIGEN-CONSTANTS: INNER Wili IS

AT CONSTANT TEMPERATURE AND OUTER WALL IS INSULLTZD.

e
AT

% PRALDTL NUMBER=0,001, RE¥NOLDS HU¥2ER=29601.6 , RADIUS }ATI0=5.525
= x+=0,1157 x¥=0,4916
L
@
n 7\n C, n N, C,
1 31.376 3.93555 1 30,788 3,93151
2 115,45 2.38212 2 113.31 2,38165
3 200,07 1.28816 3 197.09 1.41016
+ +
¥ =0,6228 x =0,7818
n A, Cp n Mg Cn
1 30,220 3,92536 1 29,765 3,92042
2 111,26 2.38 556 2 109.656 2,38923
3 193, 58 1,39091 3 161,01 1.39376
+ o 8
xT=4,8600 _ x =7.255%
n 7\n Cn
n 7&1 Ch
1 26,610 3.97105 1 24,9827 3.99159

2 103.48 2,21541 2 102,92 1.,74251




-2

PRANDTL NUMBER=0,01 , BEYROLDS NUMBER=29601,6, RADIUS RATI0=3,625

% =0,4157 X =0,4016
n Ay Cp n N
1 10,086 4,14303 19,0741
2 37.170 2, U747l 2 36,716
3 64,623 1.58422° 3 $3.¢51 1.55322
5 91,11k 1.85073 L 90,067 1,85900
5 116,891 2.,49943 5 115,59 2, 45742
6 143,846 2,23024 6 142,36 2,24702
x 20,6228 xt=0,7818
n M Cph n Ny Cn
1 ©9.8552 1,11884 1 9.7701 5,12762
2 36,286 2,58880 2 35,997 2.50733
3 63.142 1.52863 3 62,701 1.51812
b 89,126 1.87L30 L 88,575 1.28325
5 114,48 2,42001 5 113.78 2.23335
€ 140U 2,2k301 £ 140,11 2.2327¢




N

E— S U\

n

xt=4,8600

A

n
9.4621
37.057
€3.326
89.992
114,73
141,72

Cn
4,69982
2,58415
1.39240
1.73639
2.14953

2.24901

-83-

(o2 n £+ (U8 ny (Sad

9,2802
37.98%
64,640
91,101

117.45

143,73

I,94421

2.053

L
Lo

1.297%3
1.52626
2.18093
2.

La)

9501




PRANDTL NUMBER=0.7 , REYNCL

xt=0,4157
~7\n Cn
2.0698 17.81473
8.1462 9.96249
14,173 10.,06092
19.935 5.59362
25.983 7.81812
31,713 2.55269
37.575 6.53503
x*=0,6228

M Cn

2.5501  17.13636
9,8402 9.95417
17,168 6.96053
24,194 6.74111
31.273 6.38394
38,1486 5.31577

-8l

DS NUMBER=20601.6 , RADIUS

(22

-3

15,754
22,236
28,752
4

W
(WA ]

3
L

N

o
(@]
L)

5

2.7320
10,533
18,817

g

no

\X¢)
W

S

£ A
W
- [ ]
W) U
(U1} [er]
N -1

I
(&3]

(@]
0O
)

RLTIC=5,825

<<

17.12283
9.74762
8.02318
6,14570
6.79555

4,302k

W

\n

L

£

o
O
0

5.

17.66935
10.35239

6.,L43423



=55

x¥=1,8600 x+=7,2589

n N C, n N .

1 3.9084  30,00272 1 3.5010  33.03728
2 17.1%6 11,74804 2 19.168 7.,45515
3 30,225 1,19883 3 33.081 -1,17679
4 42,539 8.10315 N 46,613 7.27355
5 54,554 1.73964 5 59.752 0,96103
6 67.074 9,845L8 6 T72.797 11.26537
7 T78.629 -5.05835 7. 85.776 -6,87223
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PRANDTL NUMBZR=50 , REYNKOLDS KUMBER=29601.6 , RADIUS RATI0=35.525

x*=0.4157 x+=0,4916
n ~7\n Cn n ’7\n ‘ - C
1 2.8501 329,58416 1  3.2411 326.65419
2 8.9622 ~-147,81287 2 10,291  -177,8:42%
3 14,581 95.,2668L 3 16,727  107.98287
4 19,965  =47,22767 4 22,956  -56.77501
5 25.128 29.01965 5 28,970 43,356272
6 30,406  -12.18549 6 35,011  -28,67032
7 35.573 20,5438% 7 141,007 23.69205
xt=0.6228 x*=0,7818
n N, C, n N Ch
1 3.6431  330.77239 14,0595 329.13800
2 11,470 -162,24418 2 12,587 -199.44537
3 18,577  112.37282 3 20,294  112,76760
4 25,527  -60.81300 y 27.893  -62.2k423
5 32,225 48,2334 5 35.185 49,81712
6 138.918  -37.5L582 6 L2431 -k2,69485
7 45,603 22.97528 7 19,653 21,5768




x*=4,8600 x¥=7,2580

n A, C,, n %H C,

1 5.2513  345.11325 1 5.5527 346,235L1

2 14,632 -187.35251 2 16,353 -217.62431

3 38,253 117.65234 3 35:2“3 125.21430

4 38,273  -67.35872 b 41,127 -75.24315

5 44,358 58.258A72 5 ko, 592 AR,357L2
s 6 58.369  -U49.15273 6 63,285  -5k.12584

rs

g

L

88.614 39,2538¢6

-

70,222 27.53981
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PRANDTL NUMBER=1000, REYNOLDS NUMBER=29601,6, RADIUS RATIC=5,625

S£=

-3 N N

x¥=0,4157
‘7\n Cn
0.3763 602,19363
5.6364 50.86339
10,614 1,60131
15,642 -8,46632
20.845 17.6559¢
25.801 -30,23979
31.053 38,88579
xt=0,6228
N, C.
0.5124  601,64088
7.1332 1.08759
13.624  -11,34612
20,031 .82613
26.877 -0,7908H
33.278 0.13299
39,84k -16,81225

x =0,4616

N c.
0,580  601,5329¢8
6.,4531 17.73356
12,272 17.37602
18,051 -0,32677
2L,002 7.50642
29.905 -8.94879
35.836 7.85481

x¥=0,7818

7\'1‘1 ¢ n
0.5476  £€02,21537
7.7852  =T.56602
14,852  -27.58262
21,826 13.37468
29,114 -8.12631
36.32% 5.03573
53,462 =35,47308
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x*=4,8600 | x*=7.2589

n “7\1'1 Cn n 7\'n Cy

10,6315 608,55354 1 0.6112 609.30042
2 14,059  -36.33760 2 16,232  =73.00855
3 27.098  -95.71186 3 29,832 =~137.24559
§ 38,452 48,34883 - 4 42,385 47,01091
5 50,113  =96.80440 5 54,L57  -140.20930
6 ©1.288 60.18626 & 66,583 $2.85699
7 72,407 -293.12502 7 76,231 -248.67241




PRANDTL NUMBER=0,7 , REYMOLDS NUMBER=10144,8, RADIUS RETI0=5.625

x"=1,1376 . xt=1,340C3
n ~7\n C, n 7\n C,
11,7581  15,06981 1 1.9713  14,54538
2 T.3592 5.87969 2 8.0921 6.,60154
3 13.027 6.58392 3 14,376 4,14772
4 18,564 1.13964 5 20,507 2.50500
5 24,285 5.28829 5 26,736 3.62152
6 29.981 -0,83713 6 32.970 0.94412
7 35.605 5.58531 7 38.976 2.62233

xt=1.5258 x+=2,2519
n 7\n Cp n 7\n Ch
12,0720  14,52143 12,2893  1%4,83689
2 8.4361 6.92618 2 9.3605 7.6750%
3 15,026 3,L8480 3 16.758 1.74959
4 21,387 2.94321 4 23.597 3.61130
5 27.79% 2,83439 5 30.467 1.00832
6 34,193 1,58404 6 37.697 2,5743%
7 40,557 1,41534 7 bk Sg3 -1,11622




xt=5,8428 xt=6,1453

no N C, n N, C,

12,5931  17.13022 12,5967 17.27477
2 12.007 5.85338 2 12,176 5,54629
3 20.626 -2,27173 3 20,866 -2,51875
I 29,120 454416 b 29,388 1,58063
5 37.409 -2,58421 5 37,850 -2.68521
6 L5.92C 3.90524 6 45,377 3.98941
7 54.551 -4,78637 7 55.086 -4,75k22
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x¥=0,1431 xt=0,2221
n 7\n Ch | n 7\n Cn
1 2.4293 1¢,05384 ] 2,92&7 15,03040
29,3968  13,2412% 2 11.17% 13,0292
3 16,313 9,561837 3 19.427 7.95801
y 22,913 11,31176 b 27.319 11,19641
5 29.592 7,52250 5 35,214 7.59661
6 36.273 10,35620 6 43,226 11,67087
7 42,884 6.60705 7 51.071 5.70134
x+=0,5364 x+=1,7151
n T\n ¢, n 7\n Ch
1 2.8049  25.85132 1 5.1k07  45.18590
2 14,674 17.50212 2 20,5423 28,50220
3 25,617 8.07708 3 36.390 6.24158
4 36,074 15,1153 5 51,597 20,86512
5 146,555 §.83382 5 66,977 10,10010
6 57.308 1£,1¢6282 6 082,314 15,58118
7 67.735 5.1755% 7 97.01% 1.13177
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x*=l, 4435 xT=8.5729

N C, n 7\n c,
1 5.9820  67.11977 16,1116  81,28749
2 26,664 32,25751 2 32,577

48,576 3.23750 3 57.226
L 67.960 16.13337 4 81,016
5 88.639 9.42160 5 104,34
6 108.60 15.47375 6 127,18
7 127.96 -1,95281 7 149.85
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PRANDTL NUNBER=0.7 , REYNOLDS NUMBER=307486.2, RADIUS RATI0=5,625

x*=0,0920 xt=0,3171
LA %y | no N ®n
1 3.2845 19,31329 14,9748 34,328043
2 12,600 11,37659 2 18,732 20,18371
3 21,841 11,27563 3 32,599 15,70918
L 30,705 7.81866 y 45,846 15.0757%
5 39,547 12,7717%1 5 58,998 20.93592
6 148,503 6.78512 6 72.504 15.55559
7 57.287 13.25442 7 85.538 17,22L32
%¥=0.5879 xT=1,2209
n N C, n T\n Cp,
1 5.9551 51,1451 1 7.3635  80.19110
2 22,790 30.23928 2 28,k02 48,36350
3 39.816 18. 40888 3 50,188 17.13179
4 56,010 2L,38650 L 70,017 38.73753
72,256 24,70358 5 62,226 26.33815
6 113,88 29,69757

5
6 88.951 26,0271
7

3




s W

x*=6.0880

7\1'1 Cn
9,9345 168,80308
83,445 7.35633

117.48 26.95573

n

1

2

xt=0,8220

7\1'1
9.9916 1

53,617

c
n

91,16220

16.63¢52

-



PRANDTI, NUMBER=0.7 , REYNOLDS HUMBZ

w N

=

x*=0,1251
‘7\1’1 Cn
15,1733 86.76370
19,546 52,70358
34,033 36.99347
47,671 38,47€90
61,828 52.,95235
75 680 L 8bU21
80,241 36,50007
xt=0.4507
N, Cy
7.8633  205,87642
30,230 110,26783
52.975  61.76612
74,688 76.,14521
95,308 85.15772
118,69 72.47097
145,083 152,£9058

£

x7=0,2283
A c
n n
6.3101 128,5778!
22,935 75.,02349
41:877 51.66757
58,125 68,54412
75.548 62,54€29
02,079 R7_N3izd
100.62 50.87307
x =2,0018
A c
n n
11,100  474.70679
k7,926 155,75393
86,987 44 ,55886
12L,53 §3.13304
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x¥=7,145556 x+=10.8300
n N C,, a n A C,
1 12,480  704,70225 1 12,230 T47.52795
2 T72.053 68.53913 2 85,560 -149,32374
3 137.67 60,88201

0 0 B R
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PRANDTL NUMBER=0,7 , REYNOLDS NUMBER=29601.6 , RADIUS RATIC=1.01

x*=0,5465 x*=1,0797
n A C. n N c,
12,6560 9.15766 1 3.0605 9.55516
2 T7.9973 8.15053 29,2148 8.7587¢
13.373 7.93675 3 15,811 7.75264
4 18,794 5,86090 L 21,663 6.39541
5 24,263 6.16005 5 27.972 5,52001
6 29.770 2,0222? 6 2,277 b, 28L03
7 35.312 4,86959 7 40,722 3.50278
x*=1,7163 x*=4,2599
n ]\n Cy n 7\n C
1 3.3889  10.69839 1 L,798  15.11852
2 10.215 9,70181 2 12,762 11.81392
3 17,118 7.90660 3 21,712 7.25715
y 24,110 6,60743 5 30.897 6,04525
5 31,183 4,931¢82 5 40.112 3.30504
6 38.31 §,32832 € 49,239 4,27513
7 U5.k82 3.12449 7 58,2L8 1.73633




£

b | () N

x*=7,2548
?\n Cn
4,6956 18,89755
14,780 11,85107
25.566  6.05371
36,396  5.82593
46,920 2.64028
57.326  4.79573
67.739  0,84240

x+=11,0117

N o
5,0947  22.10141
16.750 11.34517
29,249 5,17784
41,163 6.22821
52,881 2.19532

4,610 5.04692
76,161 -0.10296

w
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PRANDTL NUMBER=0.7 , REYNOLDS NUMBER=20601,6 , RADIUS RATIO=2,31

x"=0,5458 xt=1,0274
n .-?\n Cn . n j\n C,
12,4706  11.68695 1 2.9287  12,41499
28,5405 8.39349 2 10,053 9,05548
3 14,501 7.85391 3 17.116 7.26260
5 20,388 630467 4 21,061 7.29812
5 26,372 6.56835 5 31,170 5.75079
6 32.340 4,22323 6 38.230 4,90631
7 38.375 4,92705 7 45,386 3.13297

xt=2,8292 % =b,8740
n N Ch n 7\n c,
13,7142 14,19715 1 14,1561  21,13070
2 12,996 11,25874 2 14,999 11.65151
3 22,448 6.50406 3 26,257  17.59260
b 31,756 7.52215 4 36,970 7.20854
5 41,190 3.59235 5 47,968 2.6525¢
6 50.396 4,86524 6 58.590 5, 43399
7 56,778 0.26715 7 68.135  -1.39325




76,663

x¥=7,2475

R, c,

§,2315 24 ,255338
16,356 15,34510
29.332 11,74770
41,289 2,06210
53,289 1.24871
64.950 5.97671

-2.85397

-101-

1

=

-~ O WU

xT=8.9042

]\n

4,5541
17.780
31,018
43,680
56,053
£8,343

80.632

c
n
25.85117
10,36739
3.18835

7.87392




LIST OF EIGEN-VALUES AND EIGEN-CONSTANTS: CUTZR ¥WALL IS
AT CONSTANT TEMPERATURE AND INNER WALL IS INSULATZD,

PRANDTL MNUMBER=0,001, REYNCLDS NUMBER=25601,6, RADIUS RATI0=5.625

xt=0,4157 . x+=0, 14916
n ?\n c, n 7\n C,
1 52.995 -1,77397 1 52,041 -1.77809
2 129.25 -2,29572 2 127.03. -2.30864
3 208.81  -1.93883 3 205,18 -1.95980 a
x7=0.6228 x¥=0,7218
n A, C, n Y\n cn_
1 51,151 -1.78304 1 50,560 -1.78952
2 124,89 -2.32405 2 123,13 -2.345¢%5
3 201.62 -1,98202 3 198,71 -1.59979
xT=1,8600 x¥=7.2589
n N Cpy n N Cn
2 112,78 -2.16750 2 113,04 ~2,11795

3 185.97 -1.735¢¢ 3 182.29 -1,71482




xT=4,8600

n ]\n Ch

1 16.606  -2.1132%
2 140,094 -3.66995
3 66,571  =-3.04430
b 90,525 -3.03636
5 117.21 -0,14575
6 141.95 -2,30587

-103-

2
3
4

16,700
41,280
67.043

92,865

5 118,75
6 144,71

-2,15534
-1,35403
-1,58102
-2,13297
-0,8¢9652




PRANDTL NUMBER=0,7 , REYNOLDS NUMBER=29601,5 , RADIUS RATI0=5.625

| mad

I W

-~ o |

x =0,4157
Mo G
347575 -9.05665
g,0381 -8.35269
14,546 -8.15298
20,226 -6.74536
25,954 -5.87330
31.7u0 b, cou62
37,616 -4,65287
x¥=0.6228
N, Cn
4,51¢3 -9,5972¢
10,875  -10.42771
17.53 -8, 39117
24,281 -8.31928
31,166 -6.57827
38.180 -6,63941
45,224 -1,31123

~104-

-~ OV U

4,8299
11.592
18,€99
25.552

(U]
w
Lo

2
J

=
oD O

- [ ]

w 0

£~

() (W)

y—
(<]

-3.05357
-G.34463
-8,14658
-7.45849
-56,28431
-5.77857

-4,42618

Cn
-10,38085
-11.,55178

-£.71298
-g,24014
-6.89174
~7.30943
-4,10886




-105-

xt=14,8600 X' =7.2589

n j\n C,, n
1 6.9516 =-20.96836 1
2 17.616  =27.16050 2
3 30,517 -7.51787 3
y 42,517 =5.93909 b
5 54,761  10.30503 5
6 66.383  -4.58553 6
7 78.290  -k.41688 7 85,108  =0,55379




~106-

PRANDTL NUMBER=50 , REYNOLDS NUMBER=2601.6, RADIUS RATIO=5.£25

x'=0,4157 x*=0,4516
n A C, ' n N, Coy
1 1.7248 -189.13449 1 1.9518 -195,15k27
2 6.0431 -18.51212 2 6.8540 -20.60835
3 10,801  =17.37995 3 12,465  -11.39551
4 15,866 -7.41080 4y 18,287 -8.74595
5 20,985 -6.34039 5 24,144 -b,93477
6 26,028 -6,17757 6 30.055 ~5.763%7
7 31.220 -8.25153 7 35.938 -3.90587
x*=0,6228 xt=0,7818
n N C, n N Cp,
1 2.1473 -193.69526 1 2.2502 -157.53628
2 7.5543 -36.56992 28,1637 -40,T1547
3 13.825 -7.98837 3 15.081 -6,24523
y 20,250  -10,12643 y 22,048  -11,k27%1
5 26,799  -4.01486 5 29,222  =-3.25522
§ 33.h24  =5.835T1 6 35.476  =-5.23060

7 49,002 -0.25698 7 13,597 3,83575




s

E—

o

xT=4,8600

N, C,,
5,5378 =220.57233
14,473 -78.08402
27.150 35,15609
38,797 27.54323
50,270 83,45620
61.580 -7.3L020
72,741 -3.64753

-107-

=

-3 (@) N

2,5478
16,478
30,064
42,610
54,700
66,885
79.316

-223.28488

[4

«d



= x*=0,4157 x¥=0.491€
% " 7\" Cn n ]\n Cn
% 1 0.68897 -508.99504 1 0.79665 -510,56868
= 2 5.6883  1.55725 2 6.5004 -17,524L5
% 3 10,600  -23.70110 3 12:242  -B8,k979k
% 15.799 -8,74228 5 18,003  -10,98568
= 5 20,836  -9.92238 5 23,590  =6.20215
£ 25,880  -11,5002% ¢ 29,905 575812
7 31,066 -17.49061 7 35.847 -6,8550
xt=0,6228 xt=0.7818
n 7\n Cn n Y\n Cp
1 0.85432 -512.65934 1 0.88973 -514,56360
2 7.1773 -31.21008 > 7.7902 -k2.34300
3 13,601 -0,97285 3 14,820 2,43531
y 20,078  -13,92632 y 21,881  -16.8242%
5 26,546  -3.8851% 5 25,070  -1.91785
€ 33.277 -9,5751% 6 28,320 =7.77925
7 39.850 2.61353 7T 43,438 14,23701

PRANDTL. NUMBIR=1000, REYNOLDS NUMEER=29601,6, RADIUS R TI0=5.£25



(S

£

-~y O WU

xT=1,8600

N

n

Cn

0.66088 -526,53498

14,213
26.955
38,567
49,973
61.223
72,146

-~141,95634
93.43100
71,99080

181,8090%
-11,78445
-14,71155

20,76219
64.75201




<110~

PRINDTL NUMBER=0.7 , REYNOLDS NUMBER=10144.8, RADIUS RATI0=3.625

xT=1,1376 : «*=1.3403
n ?\n C n T\n. C,
1 3.2729  -B8.45861 1 3.6261  -8,46932
28,0501  -6.,1L4Th 2 8.8301  -7.50614
3 13.265 -4,80096 3 14,564 -14,66859
L 18,755 -3,15329 4 240.555 -3.69455
5 24,3235 -3.10680 5 26.806 -2,81L98
6 30.043 -2.18726 6 33.078 -2.00192
7 35.736 -2.89095 7 39.186 -1,34660
xt=1,5258 xt22,2819
n N Ch n N C,
1 3.7671  -8.64850 14,6971  -9.39135
5 g,1452  -8.11295 29,9321  -9.8947h
15,128 -4,64757 3 16,730 -4,59505
y 21,403 -3.84873 4 23,60k -3.46712
5 27.913 -2,12825 5. 30,692 -0.09832
6 34,374 -1,76245 6 37.793 -0.98533
7 140,658 -0,30554 7 Lk,809 2,08528

.Aﬁ



n

(AN

= O

~ o U

x*=5,8128

N, Cp,

5,601 -11,58540
12,297 =12,77765
20,854 1,54122
29,185 -1.05991
37,450 11,63235
15,100 -2.58363
54,721 1,14061

=

-~ O w,m

x*=6,1453

N C,,

4,7154 -11,6%89%
12,460 -12,71888
21,092 2,15387
29:260 -1,225¢%
37.865 1.0375%
56,513 -2.05134
55.329 1.56277




-112-

PRANDTI. NUMBER=0,7 , REYNOLDS NUMBER=102955,4, RADIUS RATI0=5,625

x"=0,1431 ' xT=0.2221
n A, Ch n Ah- Ch
14,4081 -8.85703 i 5.2133 -10.00%38
2 10,588 -9,17856 2 12,560  -11,28980
17.015 -9.36758 3 20,226  =10.4577%
5 23.551 -9.20105 y 27.912  -10.63976
5 30,116 -8,96571 5 35,761  =10.37779
£ 26,71k -8,70621 ¢ ha,gfE =10 20073
7 43.334 -8,18986 7 51,370 _8.88858
x+=0,5364 x¥=1,7151
n 7\n Ch n 7\n Ch
1  6,8167 =-15.60339 19,3162 =-30.89897
> 16,450  -18.,41116 2 22,3717  -35.98908
26,506  -15.02378 3 36,560  -23.91498
4y 36,476 -16,21031 L 51,253 -32,678856
‘s 46,820  -14,0336h 5 67,002  -23.09250
6 57.003  -16.48772 6 82.380  =-22,50639
7 67.829  -11.17802 7 7.279 -2.41115




xt=1,4435

n A, y

1 11.180 -18,34658
2 27.977  -63.25689
3 49,006  -33.T0499
L 68,570  =26.72429
5 89,136 1627675
6 108,87 -4,06957
7 127.56 - 9,41609

-113-

x*=8.,572¢

n %h_ Cp

1 11.950  =53.78257
2 33.713  =76.67212
3 58,363 3.66115
y 81,800  =4.35079
5 104,49 3,56794
6 126.99 -6.77089




. =114

PRANDTL NUMBER=0,7 , REYNOLDS NUMBER=307485,2, RADIUS RATIO0=5,625

= (WY

-~ (o) (8,

7 104,05

x*=0,0926
?\n Cn
5,7918 -10.55573
'13.950 -11.77438
22,551 -11,32465
31,006  -11.55111
30,714 -11.69226
48,373  -11.70948
57.060  -10,98217
% =0,5579
Ng C,
10,488 -32,66741
25,372 -39.26778
£0.910  -31.10112
56,268  =33.14745
72,286 -28.93385
88,079  -34.62074

-23.0153¢

1 13.068
2 31,510
3 51,007
5 70,543
5 91,634
6 112,765
7 133.92

Cn
-21,30033
-25,61004
-22,01782
-22,70995
-22,16162
-23,22870

-17.806056

-5“.32915
-53l9u877
-43,0L0354

-55,14178

~43,14128

-£6,43790

-37.54348

N




= W

18,069

47,437

84,381
118,11

-123,42943
-163,19616
-76.80510
-60,81118

=115~

x+=9.8220
n N C,
1 18,753  -140,18657
2 sbi,770  -187.78083
3 95.651 2,28267
L 134,52 -6.65900



x =0,1251
n N, C,
1 8.988%  -56,18737
2 21.727  -56.38129
3 35,022 -57.92350
i 48,263  -57.56785
5 61,974 -57.71183
6§ 75.437  -54.92471
7 89,003  ~44.86027
x*=0.4597
n 7\1'1 cn
1 13.646  -154,68160
5 33,004 =173.19671
3 53.584 -117.39307
 73.948 -112.7063%
5 35.568  -89.46959
6 117.0% -98.31118
7 139,81 -58.7932%

-116-

14065,0, RADIUS RATIO=S.
x'=0,2283
S
l lo.guu -88.98256
2 26,470 -105,004€2
k2,730  =84.74852
y 58,853  -81,51190
5 75,593  -76,182%
§ 092,235  -T2.78115
7 108,50 -55,750%9
¥ =2.0018
n 7\n Cn
1 19.388 -411,93292
o 4g,228 -272,72781
3 85,333 -168.85722
b 122,57  -237.94921

JUBE



+
xT=7.,4556 v =10,8300
n Y\n Ch n N, <,
1 2I.269 -616.82359 1 21.270 -653.55937
5 72,103 -609.56484 5 81,748 -635.72L467

-149,88458 147.L5 93,61113

(W8

(EV)
=
(S8
w
L]
ny
n




= w N

-~ O N

xt=0.5465

M

2.6644
7.9936

13,364
18,783
24,239

029,758

Cn
-9.25543
-8.32396
-7.57561
-5.,04683

-6.1L267

Jho18z922
B i

35,298 -4,88035
x+=1.7163

7\n Cn

3,3025 =10.69992
10,239 -2.99185
17.124 -7.64963
24,104 -8.52006
31,159 -5,42831
38,274 -7.8835C
45,425 -3.72676

(9

N

- O

n
-G.61383
-8,04126
-7.67210
-7.0830¢

4336

|m

-5
-5, 7hEen

-

=4,32220

-14,65060
-14,302¢94



-119-1

x*=7,2548 _ x'=11,0117

n A, c. n N Ch

14,7620 -18.42311 1 5,18795 -21.196%4
2 14,784  -20.66272 2 16,750  -31.3580%
3 25.525 -6.00523 3 29.169 9.43334
5 36,301  =21.55918 y 41,008  -11.64275
5 146,768 11.67751 5 52,658 2,2£501
6 57.136 '1,20197 6 64.276 -1.46656

7 67.518 2.56410 7 75.895 -1,16189




PRANDTL NUMBER=0,7 , REYNOLDS K 4MBER=29501.6 , R

(S

I W

~ O W

= w

A8

x*=0,5458
Ah o
3.3831 -8.63935
8.5049 -8,90166
17.648  -12.95152
20,483 -6.81791
26.395 -6.63812
32.331 -5.25298
38,34t -4,49565
xt=2,8292
7\n Cn
5,023 -14.165%3
13.309  -16.2579%
22,182 -§.95841
31,499 -14,00400
415014 -3.58355
50,206 -8,73877
59,504 6.21956

Ny

E— AV

(S

N

L

N N

-

% =1.027%
N, Ch
3,0551  =9.56642
10,460  -10.45267
17,187 -8.24331
24,039 -8,4595k
31.039 -5.83425
38,043 -7.548337
15,221 ~L, 25080
xt=1,87k0
7\n C.
5.6534  ~17.65464
15,194 -21,8¢393
26,071  -11.72833
37,043  =-13,86L44
57,795 8,83375
58.350 -4,255%7
68.952 5.85%14

EDIUS REDIUS=2.31




-121-

xt=7,2475 xt=8,9042

n Z\n Ch n A, Cp

16,0672 -20.32972 1 6.2600 ~21,52122

> 16,880  -27.23%10 5 17.929  -29.86652 q!%
3 29.385 -1,69406 3 31.091 1,09%38

5 41,232 -11.77765 L 43,528 -7.1582¢

5 53,100 11.80654 5 55.758 434821

6 64.496 0.76300 6 67.989 -2.50587

7 76.451 -5.83454 7 80,251 -3.02353
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TABLE 5

ENTRANCE REGION NUSSELT NUMBERS AND ENTRANCE

LENGTHS : INNKER WALL IS AT CONSTANT TEMPZRA-

TURE AND OUTER WALL IS INSULATED.

......

REYNOLDS HUWEER = 25601.5 , PRANDIL NUMBER = 0.7

= 1.01 x= 2,31
+ . + '

0.5465 88.6293 0.5558  94.2020

1.0797 83,0898 1.027h  88.2901
1.7163 784539 2.8262 82.776%
1,2599  66,k131 54,8750  75.2901
7.2548  60.5251 7.2475 71,7602
11,0117  57.5902 8.90k2  64.2853

19.00 52.9093 11.00 62,3528
28.00 50,1099 15400 59,7826
34,00 49,0340 19.00 58.0366
43,00 48.0667 23,00 56,5009
4800 47.7385 33.00 55.0209
55.76 57,4080 5,30 54,1152
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to

ARLE 6

ENTRANCE REGION NUSSELT RURBZRS AND ENTRANCE

3

LENGTHS : OUTER WALL IS AT C NSTANT TENPERA-

TUR“ AND INNER VaLL IS INSULATED.

REYNOLDS KUN2ER = 29401.6 , PRARDTL NUNZZR = 0.7

x = 1.01 x= 2,31

x* Nuy, x* Nuy
0.5465 87.9853 0.5458  91.%391
1.0797 82.1136 1.0274 86.1325
1.7163 78.402% 2.8292  81.2225
5.2555 6545732 5,850 73.502%
7.2548 59.7k56 7.2475 7045657
11.0117 57,3372 8.9042  63.7903
16.00 52,1571 11.00  61.4781
28.00  49.3891 15.00  58.2762
34,00 48,1658 19.00 57.1€93
53.00 47,1897 23.00 56,0321
48.00 4649762 33.00  5.8235

56,81 46.56E1 k6,12 53,9233
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5x10 10" 2 5 10 2 5

Reynolds Nucber

Fig.2 Reiationship between Reynolds Number

a2né .',’; for different values of &
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