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Abstract

In this work we examine various conditions under which the usual asymptotic results
(i.e. the weak consistency, the asymptotic normality and the strong consistency) hold
for the regressor parameter 3 which arises in a linear model (Chapter 2), a generalized
linea model (GLM) with a fully specified likelihood (Chapter 3) or as a root of the
generalized estimating equation (GEE) associated with a sequence of longitudinal
observations (Chapter 4). Our main references for each of these chapters are [12], [9],
respectively [20].

We provide detailed proofs of the results found in the above-mentioned references,
and we extend the results of [9] to the case of stochastic regressors (Section 3.4).
Finally, in Chapter 5, we identify a fundamental mistake appearing in the recent
article [4], which examines the strong consistency of the regressor parameter 5 in a
GLM for which the likelihood of the density is not specified. In Section 5.2, we give
a correction to the main theorem of [4], as well as some new results concerning the

weak consistency and asymptotic normality of 3.

ii



Acknowledgements

I would like to thank my supervisor Dr. Raluca Balan for all her support, encourage-
ment and helpful explanations, as well as for guiding me through the difficult task of

writing my Master’s thesis.

il



Dedication

I dedicate this work to my parents and my husband.

iv



Contents

Abstract
Acknowledgements
Dedication

1 Introduction

2 Linear Regression
2.1 The Framework . . . . . . . . . . .. ...
2.2 The Strong Consistency . . . . . . . . . . ... ... ...
2.3 Necessity of Condition (D*) . . . .. ... ... .. ... ... ...
2.4 An Alternative Result of Kaufmann . . . . . . .. ... ... ... ..

3 The Generalized Linear Model
3.1 The Framework . . . . . . .. .. ...
3.2 The General Results . . . .. . ... . ... ... ... .. ...,
3.2.1 Asymptotic Existence and Weak Consistency . . . . . . .. ..
3.2.2 Asymptotic Normality . . . . ... .. ... ... ... ...,
3.2.3 Asymptotic Existence and Strong Consistency . . . . . . . ..
3.3 Particular Cases and Examples . . . . .. . ... ... ... .....
3.3.1 Bounded Regressors . . . . ... ... ... ... ... ... .
3.3.2 Linear Regression . . . . . . . ... ...

3.3.3 Poisson Log-linear Regression . . . . .. .. ... .. .. ...

ii

iii

v



3.3.4 Logistic Regression for Binary Data . . . . . . .. ... .. ..
3.4 Stochastic Regressors . . . . . . . . . ... Lo
3.4.1 Asymptotic Existence and Weak Consistency . . . . . . . . ..
3.4.2 Asymptotic Normality . . . . ... .. ... ... .. ...
3.4.3 Asymptotic Existence and Strong Consistency . . . . . . . ..

Longitudinal Data

4.1 The Framework . . . . . . . . . ..o

4.2 The General Results . . . . . .. ... . ... 0.
4.2.1 Asymptotic Existence and Weak Consistency . . . . . . . . ..
4.2.2 Asymptotic Normality . . . . . ... ... ... ... ... ..
4.2.3 Asymptotic Existence and Strong Consistency . . . . . . . ..

4.3 Verification of Condition (CC) . . . ... .. ... ... .. ... ...

4.4 Particular Cases and Examples . . . . ... .. .. ... ...
4.4.1 Bounded Regressors . . . .. ... . ... ... ........
4.4.2 Bounded responses . . . . . .. ... .
4.4.3 Logistic Regression for Binary Data . . . . . . . . . ... ...
4.4.4 Linear Regression . . . . . . . . .. . . ... ..

4.4.5 Poisson Log-linear Regression . . . . .. .. .. ... .. ...

The Quasi-likelihood Approach

5.1 The Argument of Chen, Hu and Ying . . . . . . . ... ... ... ..

5.2 The Asymptotic Results . . . . . . .. .. ... ... ...
5.2.1 The Weak Consistency . . . . ... ... .. .. ... .....
5.2.2 The Asymptotic Normality . . . . . . .. .. ... . ... ...
5.2.3 The Strong Consistency . . . . . . . . ... .. ... ... ..

Background Material

A.1 Matrix Analysis Results . . . . . ... ... ..o
A.2 Limit Theorems . . . . . . . . . . .. ...
A3 AnalysisResults. . . . . . . . . . ... .

vi

43
44
50
50
56
61
64
65
65
69
71
72
74

76
77
80
80
80
82



B Analysis of Longitudinal Data Sets Using the SAS System 92
B.1 An Example Using Logistic Regression for Binary Data . ... 93
B.2 An Example Using Log-linear Poisson Regression For Count Data . . 101

vil



Chapter 1
Introduction

Longitudinal data analysis plays an important role in biostatistics. The observations
are measured repeatedly through time. For example, we are interested in 10 pa-
tients’ blood pressure on 8 successive days. The repeated measurement of a response
variable y;; is related to a set of covariates z;;. The correlation within each subject
should be taken into account. As in [14], Liang and Zeger proposed that longitudinal
data analysis be an extension of a generalized linear model (GLM). In this paper, they
proposed to use the generalized estimating equation method to get the estimator B
of . GLM is an extension of classical linear models [15]. In GLM, the relationship
between the response y; and the linear combination of covariates z; is specified (in
the classical linear model, the mean of the response is a combination of covariates).
In the GLM case, we suppose each variable y; belongs to an exponential family driven
by a parameter 6; and 6; = z7 3. In the case of longitudinal data, we assume that
response y;; satisfies the following assumptions (see [7]):
(1) the marginal expectation of the response p;; depends on the covariates (i.e. p;; is
a function of the explanatory variable);
(2) the marginal variance of the response depends on the marginal mean;
(3) the correlation between y;; and v is a function of the marginal means and perhaps
of additional parameter .

In this work, we focus on the question of existence of a consistent estimator for

the regression parameter § and its asymptotic properties in a classical linear model
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(Chapter 2), a generalized linear model (Chapter 3 and 5) and in the case of a set of
longitudinal data (Chapter 4).

In Chapter 2, we study the classical linear model. We use the least squares method
to get the estimator Ba by minimizing the sum of the squared distance from the points
(zs,1), i = 1,...,n to the hyperplane y = 27 3. We get B, = (i a:im;fp)“l(f:lxiyi).
We examine the question of strong consistency of Bn and presenlt i:he theor;f of Lai,
Robbins and Wei mainly (our reference [12]) by examining the condition H,' =
(3 zal)t — 0.

Z:1111 Chapter 3, we investigate the main properties of a generalized linear model. For
this, we assume that each response y; has a density which belongs to an exponential
family with parameter §; = 1 3. The maximum likelihood method is used to get the
estimator (,. The estimator 3, is the point where the log-likelihood function I,(6)
attains its maximum. We present then asymptotic properties of f,, under various

T

sets of conditions involving F,,(3) = Y z;02(8)zf. (The main reference we use is
=1

in [9]). The main tools used are the central limit theorem for asymptotic normality
and the strong law large numbers for the strong consistency. For weak consistency,
no independence is required. If the density function of y; is not specified, we use
the quasi-likelihood method to get the estimator ﬁAn The question of the strong
consistency of 3, is discussed in [4], but we believe that the main result of [4] is not
true. Therefore, in Chapter 5, we give a correction to the theory presented in [4], by
applying a method similar to the one developed in Chapter 4.

In Chapter 4, we give a complete treatment of the GLM approach, in the case
of longitudinal data. The generalized estimating equation method is used to get the
estimator 3,. The “working” correlation matrix R;(a), whose form may depend on
an unknown parameter c, is used to replace the unknown true correlation matrix R;.
We present the asymptotic properties of £, under various set of conditions which do
not depend on the unknown correlation matrix.

This work contains two appendices. Appendix A contains some background ma-
terial regarding to matrix analysis (Section A.1), limit theorems (Section A.2) and

real analysis (Section A.3). In appendix B, there are two examples: the first one
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illustrates the use of the logistic regression for binary data (Section B.1), whereas
the second one is an application of the log-linear Poisson regression for count data
(Section B.2).

We give highly elaborated proofs of asymptotic consistency and normality for es-
timators arising from the above mentioned references. Two new results are presented
in our work. One is that in a GLM we demonstrate the asymptotic properties of the
estimator for the regressor parameters when considering the stochastic regressors.
The other one is that we correct the strong consistency theorem of Chen, Hu and
Ying (their proof is not valid) when the density function of the response variable is

not specified.



Chapter 2
Linear Regression

In this chapter, we examine the question of strong consistency of the least square
estimator (LSE) in a classical linear regression model (with p-dimensional regressors,
p>1): i = v7 8 + ;. The major reference that we are using is the fundamental
work of Lai, Robbins and Wei, which was published back in 1979 (our reference [12]).
Their result is of tremendous importance since it represents the first instance in the
literature when the exact rate of convergence of the LSE to the true parameter [y is
specified in terms of the design matrix H, = f: z;x), under very weak dependence
conditions on the regressors. The main condil’c:icl)n for the strong consistency of the
LSE is the “divergence” of H,, in the sense that the diagonal elements of H_! have
to converge to 0.

This chapter is organized as follows. In Section 2.1 we introduce the main notation
and conditions, and we develop the formula for the LSE. In Section 2.2 we provide
the details of the proof of the main theorem in [12], as well as some corollaries. The
proof uses heavily the algebraic form of the LSE. We omit many of the algebraic
manipulations, as well as the proof of a deeper result (stated here as Theorem 2.2.2).
In Section 2.3 we discuss the necessity of the divergence condition for the strong

consistency of the LSE. Finally, an alternative result of Kaufmann is presented in
Section 2.4.
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2.1 The Framework

Let (y;)i>1 be a sequence of response variables, which are recorded together with some
explanatory variables (z;);>1. We assume that each y; is a random variable defined
on a probability space (2, F, P3) and each z; is a (non-random) p-dimensional vector
such that

Ep(y:) = 2, ¥i > 1,

where Ejg denotes the expectation with respect to Ps. Here 8 denotes an unknown
p-dimensional parameter which has to be estimated, and J, is the true parameter.

We introduce the errors
&) =vyi—a] B, Vi> 1.

We will employ the usual convention of omitting Gy in writing, i.e. we will denote

i = €;(0o), P = Pg,, etc. Hence under P, our model becomes
y; = x1 By + €;, where E(g;) =0, Vi > 1. (1)

In matrix notation, this can be written as follows: for every n > 1

Y,=X,0+E,,
Y1 ﬂUlT i1 .. ZTip €1 B
where Y, = | : CXn=| ¢ =|: L Ea= 0 |, B=
yn Iz; Tnl mnp En ﬁp

We denote
Hy=XIX0 =) wa],
i=1

and we suppose that H,, is nonsingular for large n.
We will assume that (under P) the sequence {¢;};>1 satisfies the following condi-
tion:

(C1) Y Cie; converges almost surely for any sequence of real numbers {C;};>1 such
i=1

>
that > C? < oco.
i=1
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We can also consider the following stronger condition:
(C2) {&:}i>1 is martingale difference sequence ( i.e. E(giley,...,g-1) = 0, Vi > 1)
and sup Ee} < oo.
Remz;rk: In particular (Cg) holds if {&;};>1 is a sequence of independent random
variables with E(e;) = 0 and sup Ee? < oo.

The next result shows that 1condition (C1) imposes a weaker dependence assump-

tion on the errors (g;);>1 than condition (Ca)
Lemma 2.1.1 (Cs) implies (Cy).

Proof: Let S, = >  Cie;; n > 1. Note that under (Cz), {S,}n>1 is a zero-mean
i=1
square-integrable martingale and

n n n i-1
=B} Ce)? =B ClI+2) Y CieiCie;) =
i=1 i==1

=2 j=1
= ZC’?Ee + QZZC’C E[E(eigjler, €9y -y €i1)] =
i=2 j=1
n i—1 n
= ZCQEs + ZZZC’C Ele;(E(eiler, €2, ..., €i-1))] = ZCEEs? <
i=2 j=1 i=1

(sup Ec?) Z C? < C for every n.

i=1
From the martingale convergence theorem (Theorem A.2.9, Appendix A.2), we obtain
that (S,), converges almost surely, as n — oo.
O
The least square estimator of 3 is obtained by minimizing the sum of the squared

distances from the points (z;, %), i = 1,...,n to the hyperplane y = 273. More
precisely, L,(5,) = gn%}) L.(B), where L,(8) = > (y; — =7 8)?. From
€ i=1
OLn(B)
0B;

= O’ j: 17"'7p7
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~ n
we obtain that 3, is the solution of the equation Y z;(y; — 27 8) = 0, i.e.
i=1

B = (Zn: Tzt szyl (XIX)tXxTy,.
im1

Note that

A

B —Bo = (XTX,) " (XTY, — XTX,0) = H7* (XTE,) -1 Zx E;.

2.2 The Strong Consistency

We begin with the fundamental result of Lai, Robbins and Wei, whaose proof we will
explain in detail in this section. We should point out that we fill in most of the

technical details which are not specifically stated in their paper.

Theorem 2.2.1 (Theorem 1, p. 345, [12]) Suppose that (&;); satisfies (C1) and
H,, is nonsingular for some m. Let V,, = H7! = ( l(;L))ivj—l ,,,,, b

If (vjj ) — 0, for each j =1, ...,p, then for every § > 0,
Brs — Boj = o({v\?|log vl 1+9}172) g5, (2)

To prove the theorem,we will use the following two auxiliary results whose proofs
are omitted. (The interested reader can find the proofs in [12]).
To fix ideas, we will give the proof only in the case j = 1. The case of an arbitrary

J €{2,...,p} is treated similarly.

Theorem 2.2.2 (Theorem 2, p. 345, [12]) Let{e;}; be a sequence of random vari-
ables satisfying (Cy). Let k be a positive integer. For each n > 1, let T, be a

k-dimensional vector of constants and let H, = Y T, T . Assume that H,, is positive
i=1
definite for some m.
If {C,}n is a sequence of constants, such that Y. C}(1+TTH\T;) < oo, then
i=m-+1
i—1

Z CTTHZL( ZTaj converges a.s.

1=m+1 7=1
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Lemma 2.2.3 (Lemma 3, p. 349, [12]) Letp > 2. Assume that XI X, is positive
definite for any n > m, where m > p. Let T,, = (Tn2,Tn3, ..., Tnp)’ . Partition the

matriz XTI X, as

XTX — Z?:l 3:1'21 Kn
"L KT H,

(a) Then for any n > m, we have

B L= Bor + Z? (i1 — Kanlﬂ)Ei
1

S @~ Ko TP )

n
1=

(b) Define for n > m,

n

Un = Z(wil - KnH;1E)5i7 Wp = Up — Un-1, (4-)

i=1
dp = Tp1 — K, H'T,,. (5)

Then for n > m, we have

n n—1
> (wa = K H'T) =) (2 — Knd HA T + (1 + TV HATS),  (6)

n—1

W = dulen — T H (Y Tie)). (7)

i=1
Proof of Theorem 2.2.1: (pages 355-356 of [12]) We treat first the case p > 2.

Note that H, = Hp,+ > :czsz Hence the fact that H,, is nonsingular implies that
i=m-1
H, is nonsingular for all n > m. From (3) and (4), we get

n
Unp Um + Zj:m—l—l wj

Boi — Bor = = = , (8)

n S’I’L

n
where s, = > (z:1 — K, H,;'T;)%. An elementary matrix calculation shows that: (see

i=1
(2.24) on page 351 of [12])

1
= ©)
U1
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and therefore s, — 0o and |logs,| = |log vgrf)|. It follows that
Bnl — B _ Uy, " Z?:m—{—l Wi
i} Hog of 171172 sufol [logviY[40]/2.  safu}log uf}+9]1/2
Um, Zj:m—i—l ’lUj

[5,] log s, |1+9]172 + [55] log s, | +3]1/2°
For the first term, since s,, — oo and m is fixed, we have immediately

Um
[Snl IOg sniH—é]l/Q

— 0 a.s.

For the second term, we will use Kronecker’s lemma. Hence if we want to show that

Z?:m+1 w]
[sn| log Snll+5]1/2

— 0, a.s.

it is sufficient to show that

. 8. 10
i:%;l oiTlog 5[ 7172 converges a.s (10)
From (7), for i > m,
i—1
wi = dig; — TV HZY () They).
i=1
Hence
e 00 o0 — i—1
Z w; _ Z d;&; _ Z diTiTHi——ll(ijl Tje;) (11)
Ra? [5:] log s;|1+9]1/2 et [5:]log 5;|1+3]1/2 R [s:log s;| ' Fo]1/2

We treat separately the two terms.
For the first term in (11), we will use condition (C;) with C; = d;/[s;| log s;|1+%]*/2.

Therefore, in order to prove that

oo 00 diEi
Z Cig; = Z ool Toz 51 [FF0T172 converges a.s. (12)
i=m+1 i=m41 " '
it suffices to show that
o0 o0 d2
2 _ i
5o 3 e o

i=m-1 i=m+1
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Note that (see (6) and the definition of s,):
Sp — Sp_1 = di(l + TTLTH;_llTn) = ay, Vn>m.

Hence (8,)n>m is the partial sum sequence of (a;)i>m, i.e.
Sn = Sm + Z d;(1+ T H\T)).
i=m+1
Clearly
2 <1+ TFH\T), Yi>m
by the nonnegative-definiteness of H; Y. It follows that

— < 1 13 71— < d < 14
Z si|log si|1+0 — Z sillogs;|!+o — /sm+1 z|log z|}+9 z<oo,  (14)

i=m+1 i=m-+1

where we assume that s; > 1. Relation (13) is proved and (12) follows.
For the second term in (11), we will apply Theorem 2.2.2 (with the same C; as

above). Therefore, in order to prove that

-1
o0 diﬂTHiil1(Z:17}€j)

oo i—1
Z C’iﬂTH[_ll(Z Tie;) = Z J1_+5 77 converges a.s. (15)
i=m+1 j=1 i=m+1 [si] log s:117]

it suffices to show that

= 21+ TIHT)
Z < 0.

C?(1+TFHIT) =
Z z( + 7 i—1 ) Si|10g5i‘1+6

i=m-+1 i=m-1

But this is exactly (14). From (11), (12) and (15), we obtain (10). This concludes
the proof in the case p > 2.

In the case p = 1, we have

XX = (21, s z0) (21, oy 7)) T = fo =5, Va=H =0 ==

X;I;Yn - (ZL‘l, ---7xn)(y17 "'>yn)T = Z%‘?Ji, /671 = (Z x?)—lzxilyi;
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and hence

~

Bn — Bo o Z?:l TiEs 2;1 &y

{Ullllogvﬁﬂlw}l/? - Sn{vnllogvﬁl)\lw}lm ~ {sallogsal}72

(16)

We will use the integral test for convergence of sums with f(z) = 1/(z|logz|'*?).

Since s, = Y., 2, we obtain

et 2 00
ot < | sda <o
25 logs 170 = ), allogal ™™ |

where we assume that s; > 1. By condition (C;) with C; = z;/[s;| log s;]'™°]"/2, this

implies

o0 o0
063

&1 = converges a.s.
i=1 i=1 {s:]log 5[+ }1/2

()

By Kronecker’s Lemma , we get

Z?-——l L€

{sn|log s, |1 *0}1/2

— 0 a.s. (17)

The desired conclusion follows from (16) and (17).
|

Corollary 2.2.4 Suppose that (g;);>1 satisfies (C1) and the following condition holds

(D*) Amin(H,) — o0.

. 1467 1/2
Bn—Bo=o0 <l%] ) a.s.

Then

Remark: Note that (D*) is equivalent to ||H | = Apax(H; ) — 0.
Proof: We have

1 1
Amin(vn) < 'U(n) < )\max(vn) ==

||Hn“ N AmaX(Hn) B - )\min(Hn>.
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Note that Apin(H,) — oo implies that vj(?) — 0 for all j = 1,...,p, and hence

Theorem 2.2.1 can be applied. For n large enough, we have
—log || Hn|| < log v](-?) < —log Amin (Hy) < 0.

It follows that
| 10g Amin(H,)| < |logv'?| < |log ||H |||
and

146 |10gHHn|H1+5

™) log o™
v” l Ogvﬂ I )‘min(Hn)

2.3 Necessity of Condition (D*)

The following results show that the divergence condition (D*) is also necessary for the
strong consistency of the least squares estimator in the case p = 1. This is obtained

under condition (Ca).

Theorem 2.3.1 (Lemma 4.1, p. 125, [8]) Let p = 1. Suppose that (&;)i>1 satis-
fies (Ca) and in addition inf;>) Fe? > 0. Then

~

Bpn—0Bo—0 as. (18)

if and only if (D*) holds, i.e.

> a?=oo (19)

Proof: For (19) = (18) see the proof of Theorem 2.2.1, case p = 1.

(18) == (19) : Suppose that z = i z? € (0, 00).

Because (Cs) implies (C;), we knzo:vzr that there exists a random variable V' such that
o xie; — V oas.

Hence

a.s.
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~ n
Since 3, — o — 0 a.s., we must have V = 0 a.s., that is S,, := >_ z;6; — 0 a.s.
i=1
On the other hand, since (S,)n>1 is a zero-mean martingale with

E(S2) = Z%QE(E;?) < CZSEE <czr,Vn>1
i—1

i=1
by the martingale convergence theorem (Theorem A.2.9, Appendix A.2), we obtain
that S, — 0 a.s. and in L?. Hence E(S?) — 0. But

n

2 - 2 2
E(S;) 2 (g{ E¢;) in-

i=]

Taking n — oo, we get 0 > (inf;>; Ee?)z > 0, which is a contradiction.
O

2.4 An Alternative Result of Kaufmann

When errors (e;); satisfy (Cz), the strong consistency of the LSE 3, can be treated
by martingale methods, since B — fBo = H71S,, where S, = e, n > 1lis a

i=1
zero-mean martingale with

F, :=Covu(S,) = ZE(E?).TZ%;’F < cH,, ¥Yn > 1. (20)
i=1

This approach is considered in [16] and we present in this section.
Our first result (which is weaker than Corollary 2.2.4) is obtained as a direct
application of strong law of large numbers for multivariate martingales normalized by

the covariance matrix.

Proposition 2.4.1 Suppose that in the linear model (1), the errors (e;); satisfy con-
dition (Cs) and inf E(2) > 0. If

(log || H,[|)**°
/\min(Hn)

then B, — By a.s. (and in L?).

— 0 for some 6 > 0, (21)
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Proof: Note that (21) implies ||H,| — oo, which in turn implies ||F,|| — oo by
(20). By applying Theorem A.2.2 (Appendix A.2) and using (20), (21), we get

1

3, — Boll = |H2S,|| € s
1B = Boll = I Snll < =7

| HY28,| < || F 28,

L
Amin (H)]2

1+6

o, Qog IF. ) 2
— Pen(HIY2 (log | Fll) T

where ¢y, co > 0 are constants.

O

[ Sl _ {(logHHnH)”‘T” | £ S]
Auin (FIn) (log [Pl

In order to improve this result, we need to employ a different martingale strong

law of large numbers.

Theorem 2.4.2 (Theorem 4, p. 82, [16]) Suppose that in the linear model (1),

the errors (g;) form a martingale difference sequence and sup El|g;|P < oo for some

pell,2. If ~ o =
] < &

mm
i=1

then B, — B a.s. (and in LP).

Proof: We will apply Theorem A.2.3 (Appendix A.2) with A, = [Amin(Hn)]Y/2Ha/?
and S, = > z;&;. Note that

i=]

AnAZ = [)‘mln(Hn)]Hn .<_ [Amin(Hn-H)]Hn-H = A'fH-lAZ—i—b vn 2 1,

X;=85; — S;_1 = z;8;, and

ZEHA 1X||p<2||A P Ble, |p<cZ (er A p”—cz[x o 2

111
==1 m

/2
< 00.

We obtain that A;!S, — 0 a.s. (and in LP) and hence

18 = Boll = 12" Sall < |H U HL Y280 = 1A Sall — 0 aus. and (in LP).
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Concluding Remarks: (a) The main problem of Kaufmann’s approach is the
fact that the norming matrices (A, ), should satisfy the rather stringent monotonicity
condition AnAz: < App1 AT +1» Vn > 1, which is not a consequence of the “natural”
monotonicity condition 4, < A,,1, n > 1. In particular, in the linear model (1),

the normalizing matrices H, = a:ixiT, n > 1 do not satisfy condition AnATTL <

i=1

An+1A;‘f+1, Vn > 1, and had to be replaced by A, = [Amin(Hn)]l/QH}l/z, which lead to
condition (22).

(b) Using Theorem A.2.2 (Appendix A.2) we obtain a very quick proof of Theorem
2.2.1, in the case when (Cs) holds. More precisely, recall that by (3)
By — o1 = L Zn:(fﬂﬂ — K, H,'T})e; = iun
e

n

Note that under (C3), (un)n>1 18 & zero-mean martingale with

n

02 = E(u?) = Z(md — KanlTi)gE(s?) < cZ(zil — K, H'T})? = cs,.

i=1 i==]1

By Theorem A.2.2 (Appendix A.2) (case p = 1), we have

B = Bor Un Un in L2
= <¢ — O a.s. (and in L°).
Mrlt) Ilog UY;) [1+6]1/2 [sn|log 8| 1H0]1/2 [02] log o2 |1+8]1/2

|



Chapter 3

The Generalized Linear Model

In this chapter we consider a generalized regression model, in which there is a non-
linear dependence between the responses y; and the covariates z;. Moreover, we will
assume that each variable y; has a density which belongs to an exponential fam-
ily driven by a parameter 6;, where §; = zI'3, and 8 is a p-dimensional unknown
parameter.

This chapter is organized as follows. In Section 3.1, we introduce the framework
and the main notation. In Section 3.2, we examine the question of existence of the
maximum likelihood estimator (MLE) Bn, as well as its asymptotic properties, under
various sets of conditions involving the information matrix F,(5). In Section 3.3, we
examine some particular cases of interest (e.g. the case of bounded regressors), as
well as some examples. In Section 3.4, we extend the results of Section 3.2 to the case
of the stochastic regressors. Our main reference for Sections 3.1-3.3 is [9], whereas

the results we present in Section 3.4 are slightly more general than those of [9].

3.1 The Framework

As in linear regression, let (v;);>1 be a sequence of response variables, which are

recorded together with some explanatory variable (z;);>;. We assume that each y; is

16
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a random variable defined on a probability space (2, F, Ps) and each z; is a (non-

random) p-dimensional vector such that
wi(B) = Ep(y:) = u(zi B) and of(0) := Varp(y:) = op' (&7 0), Vi =1, (23)

where Eg denotes the expectation with respect to Pg, p(-) is a differentiable function,
¢ is a nuisance scale parameter (which we will normally take as ¢ = 1) and [ is an
unknown p-dimensional parameter which has to be estimated.

We define the errors
ei(B) = yi — p(zi{ B), Vi > 1
and hence under P, our model becomes
y; = w(zl By) + &, where E(g;) =0, Vi > 1.

Unlike the linear model, in this chapter we focus only on the case of independent
errors (i.e. independent measurements (y;);).

A generalized linear model which satisfy (23) arises in the following situation:
assume that each y; has a density function which belongs to the following exponential

family:

Fulen) = cuexp { 220, (24

where c(-) is a positive function, a(-) is an arbitrary function and 6, is a 1-dimensional
parameter.

By denoting u = a’ we obtain

E(y;) = p(6:) and Var(y;) = ¢p'(6;). (25)

Moreover, we suppose that there exists an injection function (called the link func-
tion) which relates the mean u(6;) of y; with the linear combination 2738 by the
following relation:

zi 8= g (b)), vi> 1,

or equivalently

0, = u(zl B), where u= (gopu)™".
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In the present work, we consider only the case of the natural link function, i.e.

i = g~!, which leads to the relation

0, =z! B3, Vi>1. (26)

From (25) and (26), we see immediately that (23) holds. For the remaining part of
this chapter, we will work under the assumption that (24) and (26) hold, and hence

(T 0y = alaIB)\
U

Therefore, we can write down the likelihood function of g as:

= {H c<yi>} exp {% D @ By — ala! ﬂ)]} -

The log-likelihood function is

f(wilB) = clys) exp

n T

1(8) = log Ln(8) = >_[log (u)] + 5 > (T By = aleT B

i=1 =1

The score function is

8ﬁ d)z TiYi — TG TB gble i ))

The MLE of 8 is denoted by 8, and it is the point where the function I,(-) attains

its maximum. Note that the function [, is strictly concave, since

leu (zT B! = %Zwmf‘(ﬁ)x? <0, VB.
i=1

Therefore 3, is unique, if it exists, and it is the solution of the equation s, (8) = 0.

Let .
=Y wiol(B)a]
i=1

be the information matrix, where we assume that ® = 1. Note that

8 n
Fo(8) = —%

$n(8) =

9%, 8sn
o) =

(8)-
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Lemma 3.1.1 We have F,(8) = Covg (s.(0)).

Proof: Note that

E(sa(B)) =E (Z iCﬂi(ﬁ)) = Zl‘iE (e:(B)) = 0.

and
Cov (5n(8)) = E (sn(B)sn(B)") = B (Z wia(m) (Z z w))] )
= B2 2w (8) 7] } =Y mE((0)(8)]] =
oy B (e3(8)) z] = Zl‘iaf(ﬁ)af = F,(5).
O

Let © = {# € R|0 < [c(y)exp(fy)dy < oo} be the natural parameter space
and ©° be the interior of ©. Let M denote the image 1(©°) of ©°. We impose the
following regularity assumptions:

(1) B lies in an open set B C RP.

(2) zI'B € g(M) for all 8 € B and for all 4 > 1.

(3) u is twice continuously differentiable and u'(6) > 0 for all § € ©°.
(4)

4) F,, is positive definite for all n > ny.

3.2 The General Results

In this section we present the general asymptotic results which can be obtained for
a generalized linear model, under the assumption that the likelihood function of the

response variables y; is fully specified (and it belongs to an exponential family).

3.2.1 Asymptotic Existence and Weak Consistency

We define the normed information matrix as
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Va(B) = F P E (B R

The existence of a sequence of weakly consistent estimators of 5 is obtained under
the following conditions:

(D) Amin(Frn) — o0.

(C) There exists ¢ > 0 such that for any r > 0, there exists n; = ni(r) with

Fn(ﬂ) Z CFTH Vﬁ € Nn(r)) vn Z ni,
where N,(r) = {8 € B ||Fi’*(8 — Bo)|| <}

Theorem 3.2.1 (Theorem 1, p. 349, [9]) Under (D) and (C), there exists a se-

quence {Bn}nZl of random variables such that
(a) P(sn(8,) =0) — 1.
(b) B, — Bo in probability.

Proof: (p. 351, [9]) (a) Let ¢ > 0 be the constant given by condition (C). For every

r >0, n > 1, we consider the event

E.(r) = {l.(8) — 1.(Bo) < 0 for all B € IN,(r)}.

By Theorem A.3.1 (Appendix A.3), on the event E,(r), the local maximum of I,(-)

exists and we denote it by Bn Hence
E,(r) C {there exists (3, € N,(r) such that s,(8,) = 0}.

To prove part (a) of the theorem, we will show that for any € > 0 there exists
r = r(&) such that
P(E,(r) >1—¢, Vn>ny, (27)
where n; = ny(r) is given by condition (C).
To prove (27), let € > 0 be arbitrary and r = r(¢) be a constant to be specified
later. Let § € ON,(r) be arbitrary. Using the Taylor’s expansion of 1,,(-) around S,

we get

12(B) = 1a(Bo) = (B — Bo) L' (Bo) + (1/2)(B — Bo)"1(Ba) (B — Bo),
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where (3, is a random vector which lies between 3 and 8. Denote A = (1/7)Fi (8-
Bo) and note that ||\|| = 1, since 3 € IN,(r). Hence
1n(8) = 1(Bo) = (8= Fo) sn — (1/2)(8 = Bo) " Fal Ba) (8 — Bo) =

(BB F" iy (g BB opinp gy poreFr = B)
T mo T wo T

rATFTY2s, — (1/2)r2ATV,(8,)), VB € AN, (r). (28)

For the first term,
ATV, < r||FE7Y2s,|. (29)

For the second term, with ny = n,(r) given by (C) we have:
PAVa(Ba)A = 72 Amin (Va(Ba))ATA > 72¢, Wn > g, (30)

since V,(B,) = Fa 2 Fo(B) Fa 1% > cF Y2 F,F; "7 = ¢l by condition (C).
Using (28), (29) and (30), we get

1(B) = 1.(Bo) < rl|F7Y2s,|| — (1/2)r%¢, Y3 € ON,L(r), ¥n > ny.

Hence
P (E,(r)) > P{||F;%s,|| < (1/2)re}, Vn > ny. (31)

By the Chebyshev’s inequality, we have:

) ~ 1 -
P{HFn 1/23n|| < (1/2)rc} = 1-P{||F; I/QSnH > (1/2)rc} > I—WE”EL 1/23nH2
4 _ _ 4 - Ty T
=1 = 55 B [ (F Psns FT)] = 1= ——tr [F72 B (sns, ) 7]
4 4
=1-—str(l)=1-—=p>1-¢ Vn21, (32)

by choosing r = 1/(4p)/(c2e). Relation (27) follows from (31) and (32).
(b) Let 1, € > 0 be arbitrary. We need to prove that there exists an N = N, .
such that
P(IB - Bl <n) 21-c ¥n>N. (33)



CHAPTER 3. THE GENERALIZED LINEAR MODEL 22

In part (a) we proved the existence of 3, on the event E,(r), where r = /(4p)/(c%).
Moreover, 3, € N,(r).

By (D), there exists N = N, > ny such that ||F,|| > (r/n)% V¥n > N. Since
B € N,(r), on the event E,(r) we have:

A A T
1B = Boll < NETTIE*(Bn = B0} < iz <y Y2 N

and therefore, by (27)
1= < P(Ba(r) < P (1B = Boll <), ¥n > N,

This concludes the proof of (33).
O

3.2.2 Asymptotic Normality

We consider the condition:

(N) Forall 7 >0, as n — o0

max ||V,(8)—I|| — 0,
max (Va(8) 1]

where N, (r) = {0 € B; HFg/Q(ﬁ — Bo)ll < r}.

Lemma 3.2.2 (p. 349, [9]) (IN) implies (C).

Proof: (IN) is equivalent to the following assertion: for any r > 0 and 1 > 0, there

exists ny = ny(r,n) such that
IVa(B) = Il <, VB € Nu(r), Vn 2y,

i.e.

|Fy Y2 (B (B) — Fp) E;T2) <, ¥B € Ny(r), Yn > ny.

By Corollary A.1.17 (Appendix A.1), this becomes

(N') (NTES Y2 (Fu(B) — Fu) Fa 720 < n(ATA) VA € RP, VB € N, (r), Vn > ny.
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By choosing x = F,, e 2)\, the previous relation can be written as
(N'Y |zTF.(B)x — 2T Fox] < n(zT Fox), Vo € RP, Y8 € N,(r), Vn > ny.
In particular, this implies:
2T Fo(B)z > (1 —n)z" Fox, Vo € RP, VB € No(r), Vn > m

ie.
F.(8) > (1 —=n)F,, VB € N,(r), Yn > ny.

By fixing € (0,1) and letting ¢ = 1 — 7, we obtain exactly (C).
O

Lemma 3.2.3 (Lemma 1, p. 349, [9]) Under (D) and (N)
F71%s, — N(0,I) in distribution.

Proof: (p. 352, [9]) By the Cramer-Wold theorem (Theorem A.2.4, Appendix A.2 )

it suffices to show that for any p-dimensional vector A with ||A|| = 1, we have
N EZY2s, — N(0,1) in distribution. (34)

Let A € RP with ||A|| = 1 be arbitrary. By the continuity theorem of the moment
generating function (Theorem A.2.6, Appendix A.2), (34) is equivalent to:

Elexp(rATF;Y2s,)] — exp(r?/2), Vr € R, (35)

since ¢(r) = " /2 is the moment generating function of the N (0, 1) distribution.
Suppose first that » > 0 is arbitrary. Let 8, = g+ 17Fn T/2)\ and note that using
(28), there exists 3, between 8, and B such that :

L(Bn) = La(Bo) + rATETY 25, — (1/2)r2 NI Vi (Ba) A

i.e.

(1/2)T2/\Tvn(ﬁn))‘ + () = 7")‘TFn_l/QSn + 1 (5o). (36)
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Taking the exponential in both sides of (36), we get:

exp ((7«2 /2))\TVn(Bn)>\> Ln(By) = exp(rATE-Y25 ) Lo (o). (37)

Recall that
L,(B) is the density function of (yi,...,¥,) under Ps. (38)

Integrating both sides of (37) with respect to dy;...dy,, and using (38) we get
1 -
Ba. [oxp (30BN | = B [exp (7 F5,)].
Therefore, in order to prove (35), it suffices to show that

Eg, [exp (%TQATVH(BH)AH — exp(r?/2). (39)

Using (N) (in its equivalent form (N’)) and the fact 8, € Nn(r), we know that there
exists ny(n) such that

|)‘TVn(Bn))‘ - 11 <mn, Vn > n1(77)~

Multiplying by 72/2, we get

2 2

1 N
ErQATVn(ﬁn))\ _ 52- < %n, Y > ni(n). (40)

Let € > 0 be arbitrary. By the continuity of the function f(z) = exp(z) at r?/2, there
exists d. > 0 such that for all z with |z — (r?/2)| < 8. we have

|exp(z) — exp(r?/2)| < e. (41)
Choose 7. such that 7.(r%/2) < 4.. From (40) and (41), we obtain

exp (%T‘QATV”(BTL))\) — exp (%rg)

Multiplying by L,(5,) and integrating with respect to dy;...dy,, we obtain:

<e, Vn>ni(ne).

/exp (%TQ)\TVn(Bn))\> L. (Gn)dyy...dy, — /exp(r2/2)Ln(ﬁn)dy1...dyn <

[ R
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§/ exp (%TZATVH(Bn))\> — exp(r?/2)| L,(Bn)dy:...dy, < /6Ln(ﬂn)dy1...dyn =g,

Rr R

for any n > ny(n.). Using (38), this becomes:

5, e (3PTVA BN | - exptr?/2)| < 0 v 2 maln)

which concludes the proof of (39).
O

Theorem 3.2.4 (Theorem 3, p. 349, [9]) Under (D) and (N), we have
FE/Q(B,L — [o) — N(0, 1) in distribution.

Proof: We focus on the event {s,(3,) = 0} whose probability converges to 1, by

Theorem 3.2.1. Using Taylor’s expansion for the function F, Y 23n([3) around Fy, we

get
FT:I/QSn - 1/2 ( (ﬁn) - Sn) - F;1/2Fn(3n)<én - 50) - %(Bn)Fg/Q(Bn - ﬁO)a
(42)
where Bn is a random vector which lies between Bn and .
Note that
E (B 2s]|") = tr (B2 B(ssD) B 7%) = e(l) =p, Va2 1 (43)
We claim that
IV,(B,) — I|| — 0 in probability. (44)

Using Lemma A.2.7 (Appendix A.2), (42), (43) and (44) yields
FIP2(B, — Bo) = F2s0 + 0p(1).

The conclusion follows using Lemma 3.2.3 and Slutsky’s theorem.
To prove (44), let € > 0 and > 0 be arbitrary. In the proof of part (a) of

Theorem 3.2.1, we showed that there exists r = r(g) and ng = no(e) such that

P (Bn € Nn(r)> >1—¢, Vn > no.
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We have
WVa(B8) — Il <n, VB € Nu(r), Yn > ny. (45)

Therefore, the event {3, € N,(r)} is contained in the event {||V,(8,) — I|| < n}, for

every n > n; and hence
P (8o € Na(r)) < P (IValB) =TI < 1) , ¥n = my, (46)
From (45) and (46) we get
P (lan(Bn) —1I]| < 77) >1—¢, Vn>ny,

which concludes the proof of (44).
|

3.2.3 Asymptotic Existence and Strong Consistency
Before we present the strong consistency result, we look at the following lemma.

Lemma 3.2.5 Under (D), for any p-dimensional vector A with |\|| = 1, we have
Mg,

[)\maX(Fn)]l/Q—i-é — 0 a.s.

Proof: This follows immediately from Theorem A.2.1 (Appendix A.2), since (ATs, )n>1

is a sum of independent zero-mean random variables with

E[(A\T5,)2 = ATE N < Amax(F).

The existence of a sequence of strongly consistent estimators is obtained under
(D) and the following condition:
(Ss) There exist some constants ¢ > 0, 6 > 0, n; > 1 and a neighborhood N C B of
Bo such that

Arnln[}?n(/g)] Z C[)\max(Fn)](l/2)+6a Vﬁ € Na \7/77' Z n.
Remark: Note that (S;/2) implies (C): for any p-dimensional vector A, we have

ATE(B)A > Amin[Fn(B)ATA > max (F)ATA > eATELN.
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Theorem 3.2.6 (Theorem 2, p. 349, [9]) Under (D) and (Ss), there exists a se-
quence {Bn}nZl of random variables and a random number no with

(a) P{sn(B,) =0 for alln > ny} = 1.

(b) B, — By a.s.

Proof: (p. 351, [9]) Choose g5 > 0 such that the neighborhood B, (G) = {8 :
18 — Boll < €0} € N. We will show that with probability 1, for any & € (0, &q) there

exists a random number ny = ny(e) such that

This will imply the conclusion of our theorem, in the following format: with prob-
ability 1, for any € € (0,¢p), there exists ng = ng(e) (random) such that for any
n Z na,

there exists 3, € B.(fo) with sn(ﬁn) = 0.
(The fact that Bn does not depend on ¢, follows from the uniqueness of the zeros’ of
the function s,(-). It is also clear that 3, — By a.s.)
To prove (47), we use Taylor’s expansion for [,(-) around fo: for 5 € 9B:(0o),
e €(0,e0) and A = (6 — [o)/e, we have
1 (8) = 1n(Bo) = (B = Bo) " 11,(Bo) + (1/2)(8 — Bo)" 1(8:)(8 — Bo) =

(B = B0)"sn = (1/2)(B = Bo) Fu(B) (8 = Bo) = eATsn — (1/2)*AT Fo(Ba) A,

where (3, is a random vector which lies between G and (y. It follows that
1

In(B) = In(0o) < eXTsn = Se’ePmax(Fa)]/*70, VB € 0B:(Bo), ¥n >y, (48)

since by condition (Sy)
ATFn(Bn)/\ Z )\mm[Fn(Bn)] Z C[/\ma.x(Fn)]l/2+6> V’I’L Z ny.

From Lemma 3.2.5, it follows that with probability 1, for any ¢ € (0,&p), there exists

a random number ny = ny(e) > n; such that

As, €
P (FL e < 56 Vi 2 ns. (49)
From (48) and (49), we obtain (47).

a
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3.3 Particular Cases and Examples

In this section, we will introduce some particular cases and examples.

3.3.1 Bounded Regressors

In this subsection we suppose that the regressors (z;);>; satisfy

K :=sup||z;|| < o0. (50)
i>1

n
Let H, = 5" z;zl. We consider the following condition:
i=1

(D*) Amin(H,) — 0.
(S5) There exist ¢ > 0 and ny > 1 such that

)\min(Hn) Z C[)\max(Hn)]%_Hsa vn Z ni.

In addition, we introduce the following assumption:

' (] B)
(I B)

(AH) sup max
BENR(r) isn

l S Co, Vn 2 1.
We have the following results:

Corollary 3.3.1 (Corollary 1, p. 355, [9]) Suppose that (z;);>1 satisfy (50). Then
(D*) is equivalent to (D), and (S}) is equivalent to (S5). Moreover, if (D) and (AH)
hold, then (IN) holds.

Proof: (p. 358-359, [9]) We have

|z} Bol < [|zi]ll|Boll < K||Bol| Vi > 1.

Since ' is continuous and a continuous function maps a compact set into a compact,

there exist ¢1, cg > 0 such that
0<c <p(zffo) <eco Vi1

Hence

clHn S Fn S CQHm cl)\min(Hn) S Amin(Fn) S 02>\min<Hn)-
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and we see that (D*) is equivalent to (D).
To prove that (S}) is equivalent to (Ss), let N be an arbitrary neighborhood of
Bo, say N = {3 : ||8 — Boll < €0}. For any 5 € N, we have

|} 6] = | (8~ o + Bo)| < K (I8 — Boll + 15oll) < K (g0 + I Boll), Wi = 1
and hence ¢; < i/ (z78) < ¢y, Vi > 1, VB € N.
From here, we conclude that ¢} H, < F,(8) < ¢, H,. This forces
i () < MialFo ()] < A F()] < i (FL).
and hence (S}) implies (S;):

Amin[Fn(ﬁ)] > Cll)\min(Hn) > Cl
[)\max(Fn)]l/Q—i-é - (0/2)1/2+5[)\max(Hn)]1/2+5 - ( )1/2+(5

c>0.

Similarly (Ss) implies (S}).
To prove (IN), let 7 > 0 and € > 0 be arbitrary. We want to prove that there

exists ng = no(r, £) such that
N EL(B)A = ATEM < eXTF, VA € RP, VB € N,(r), Vn > no. (51)
Since (D) holds, there exists n; = ny(e,7), such that N,(r) C {8 : |8 — Bol| < €},

vn Z ni.

For each ¢ < n, using the Taylor’s expansion for the function o;(-) around o, we
get: for B € N,(r) and n > my

do?
df

where £; lies between 8 and 8. Using (AH), we get

ot (B) = 02 (Bo) = == (8)(8 — Bo)" = " (] Bi)z:(B8 — Bo)”,

07(8) — af (Bo)| < " (i Bi)lll2illll 8 — Boll < con' (7 Bo)ee = cocea? (Bo).

Multiplying with ATz;z7 X and taking the sum over 5 = 1,...,n, we get

n

XS wio? () — o2 (Bo)x <ZIATma ) — 02(Bo)z A\<cocsZATxl (Bo)ziA

i=1 i=1
which is exactly (51).
O



CHAPTER 3. THE GENERALIZED LINEAR MODEL 30

3.3.2 Linear Regression

In this subsection, we suppose that y; is normally distributed with mean 6; = z 3

i

and variance 1. Hence

62

F(yil0:) = c(y:) exp {@yi _ 3}

In this case pu(r) = z and F,(8) = . x.2] = H, for any 3. The score function is
i=1

sn(B) =Y mi(y: — = B),
i=1

and the MLE 3, coincides with the LSE. Since Vo(B) = I, condition (N) holds
automatically. Hence (C) holds. Condition (Ss) becomes: there exists ¢ > 0, § > 0
and n; > 1 such that

)\min(Hn) Z C[Amax(Hn)]lﬂ-l—é)vn Z ny.

From Chapter 2, we know that the strong consistency of £ is obtained under (D)

alone. Therefore, condition (Ss) is not needed.

3.3.3 Poisson Log-linear Regression

In this subsection, we suppose that y; is a count measurement with the following
Poisson density:
AN
flyilh) =e” y—l, = (1/y!) exp(y: In A — Ay)

1.

From here we see that the natural link function for this model is
lIl )\1‘ = 01' = m?ﬁ

Since p(6;) = E(y;) = \; = €%, it follows that u(8) = €. We have

n

ps(8) = o2(8) = " and F,(f) = Z(er?ﬁ)mix?.

i=1

We have the following results:
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Proposition 3.3.2 (p. 353, [9]) We suppose that (D) holds and
eIF e, — 0. (52)
Then (IN) holds.

Proof: (p. 357, [9]) By the Cauchy-Schwarz inequality, we have: for any § € N,(r)

2l (8 = Po)* = |wh F7TPEI(B = Bo)|* < =k B TP EL (8 — Bo)lf?
< T E7TREY 20,0 = v (ol E 7 r,), Ve > 0.
From (52), we get that for any r > 0,
maxgen, (] explal (8 — fo)] — 1| — 0.

Hence for any € > 0, there exists /N, such that

a2 (6)
o (o)

— 1. <e,VB € Nu(r),Vn > N,
that is
02(8) — 02(Bo)| < €02(Bo), VB € Np(r),vn > N..

From the continuity of o2(/3), the divergence and monotony of F,, we get
|07(8) — o2 (o)l < €0} (Bo), Vi < n, VB € Nu(r), ¥n > Ne.

Multiplying by ATz;z7 )\, and taking the sum over i = 1, ..., n, we obtain

n

INEL(B)AN = NF X =) N zio?(B)z7 A = Y N w07 (Bo)l Al

i=1 i=1

o2(B) — oF (Bo)| INTzll> < &> a2 (Bo)|\ | = eATFu,

i=1

n
<2
i=1

which is equivalent to (IN).
O

Proposition 3.3.3 (p. 354, [9]) (Forp=1)
(a) If x, > ¢ >0 for all n and x, = o(Inn), then (D) and (52) hold.
(b) If z,, > clnn for all n > ny, then condition (D) does not hold for By < —1/c.
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Proof: (p. 357, [9]) (a) z,/Inn — 0 is equivalent to (z,8)/Inn — 0, B € R.
This means that V§ > 0, there exists Ns such that |z,8| < d1nn,Vn > Ns.
In particular, z,8 > —d1Inn,¥n > Ns. Hence exp(z,8) > n=% Vn > N;.

To prove (D), we note that

Ns—1 n

Fn= ;eXp(ZEiﬁQ)IIJ? = Zl: eXP(fciﬁo)I? + Z exp(aziﬁg)x?

1=Nj

> Z exp(z;50)z2 > Z i“‘sx? > (2 Z i70 > en ! — o0, (53)
i=Nj i=Nj i=N;
by choosing § € (0,1). Since n™°t! — oo, if § € (0, 1), it follows that F, — oo i.e.
(D) holds.
To prove (52), by z, = o(Inn) and (53), we get

z; _ (e Inn)? ¢} (Inn)?
F,

cyn—o+1 - C_1 n—o+1
This concludes the proof of (a).
(b) Note that if 3 < 0, then the function f(x) = exp(z8)z? is decreasing, if z is

large enough. Since z; > clni, Vi > n; we get
exp(z:0)z? = f(z;) < flelni) = exp[(clni)f](cni)? = % (Ini)? < *iPeyif.

Hence by choosing ¢ > 0, such that —cf — ¢ > 1, we get

ny—1 1

F, = Z exp(;80) w2 + Z exp(2; o)zt < co + c*cy Z PP = ¢y + Py Z g mrd

i=1 t=ny i=n1 i=nq
which converges to a finite limit. Note that the choice of € € (0, —¢f — 1) is possible
if —cf-1>0,ie. B<—1/c
O

3.3.4 Logistic Regression for Binary Data

In this subsection we assume that the responses y; assume only the values 0 and 1,
say
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Then the density function of y; is

Fyilps) = p¥*(1 — )% = exp{yilnp; + [(1 — %) In(1 — p;)]} =

Di

= exply; In ! +In(1 — p;)] = expluy:logit(pi) + In(1 — p;)].

i

From here we see that the natural link function is:

logit(p;) = 0; = z] 5.

Hence
B(y,) (0, Var(y) = pi(1—p) = o = (6 and () = —
i) =D = = i)s i) = Pi\1—Di) = 7 T i) all T)= .
4 p 1+ ef H arty P P (14 e%)2 H # 1+4e*
We have
T €z1Tﬁ

Fu(B) = Yol = 3 o —ggmal
i=1

i=1

Proposition 3.3.4 If (D) holds and X F; 'z, — 0, then (IN) holds.

Proof: Note that

2 z¥ B3 2 xlBo _ zlp 2
ou(0) _ 1‘ _ | 2T (8—80) (lj_e__o> _ 1| = [e=E6-50) <1 n L) _1

o2(B) 1+e%8 1+ e*nh
T emZﬁ T i
_ | 2Z(8-80) _€T (et (-8) _ _ql
e 1+ [ 17 (e 1)] 1 0,

since |2T (8 — Bo)| — 0 and |e*#/ (1 + emZﬁ) ‘ < 1. The remaining part of the proof
is the same as the proof of Proposition 3.3.2.
O

3.4 Stochastic Regressors

In this section we extend the results of Section 3.2, to the case of stochastic regressors

(z:)i>1. More precisely, we suppose that (y;, zl)i>1 is a sequence of random vectors
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defined on the probability space (£2, F, Pg), which satisfies the following assumptions:

(A) The conditional density of y; given (27,22, ..., 27, y1,v9, ..., 1) is

T T
Uix; B — a(xi ﬂ)
fﬁ(yilx’{,xg,~--,mf,y1,y2,---,yi—l) = c(yi)exp{ (z) 5

where ¢ is a scale parameter.
(B) The conditional density of z! given (z¥,y1,...,27 ;,%:_1) does not depend on f;
we denote this density by g;(zf 2T, y1, ...,z 1, yi1).

Let F;_; be the o-field generated by (z7,z3,...,27 ,y1,%, ..., vi_1). Note that y; is

F;-measurable and z; is JF;_;-measurable for any i. Moreover
Eﬁ(yil}.i—l) == u(xiTﬁ), V@Tﬁ(yiu:i—l) = ¢M’($?ﬁ),

where © = a'.

We define the errors

ei(B) = ys — e B), Vi > 1.

In what follows, we denote y, = (Y1, .-, Yn), Xn = (27,22, ..., xL) and f5(z7, vl xi-1, ¥i-1)

the conditional density of (z7,y;) given (x;_1,y:_1). The likelihood function of
(Xn,yn) under Pp is:

n

La(B%n,¥n) = fo(xn,yn) = Flal,v0) [ [ folal s yilxior, i)

1=2
= gi(e7) fnla?) H gi(a] |xi-1,yi-1) H fo(yilxi-1, yi-1, z})
=2 1=2
n n T T
yix; B —a(z; B
= el [Late sy [ e oxp { BELE
1=2 =1

The log-likelihood function is

1n(8) = log Ln(8) = log g1 (] )+ _ log gi(x] [xi1,yi1)+ Y logc(y:)+ > _[viz! B—a(z] B)]
=1 1=1

1=2

The score function is

n

50(8) = 52(0) = Dl = wleT Bl = - a0}
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The derivative of the score function is
8sn
Z W (el B)zial = —F,(B)

Note that F,,(8) is now a p x p random matrix.
For sake of completeness we include the following lemma providing the necessary

calculations.
Lemma 3.4.1 Under Ps {s,(8)}n>1 is a zero-mean p-dimensional martingale with
Covglsa(B)] == Eslsn(B)s, (8)] = EslFn(B)].
Proof: Note that {e;(8)}:>1 is martingale difference under Pg:
Ep(ei(B)|Fim1) = Eg lyi — Ep(uil Fir) | Fica] = Ep(uil Fi1) — Eg(yil Fic1) = 0
We have
Eglsn(8)|Fn-1] = Ep [sn1(8)|Fn-1] + znEp [en(B)| Faai] = $01(B),

i.e. (8n(0))n>1 is a martingale.

To prove that Egls,(5)] = 0, we proceed as follows: Eg[s,(8)] = E[;[zn: gi(B)zi]

= Z Eg{ Eglei(B)i| Fioal} = Z Eg{x:Eslei(0)|Fi-1]} = 0.
To prove that Coug [sn(ﬁ)] Eg[F (B)], we write

Zl"zfi(ﬁ) {Z%‘Ei(ﬂ)} }=Eﬂ
> xigi(ﬁ)*fj(ﬁ)fﬁf}

i=1 j=i+1

> ffﬁi(ﬁ)@(ﬁ)iﬂ?]

,5=1

Eg [54(8)s,(8)] = E {

n

inS?(ﬁ)xT
= ZEﬁ {z:Bs [€7(B)|Fima] 2 } + 22 Z Eg {::i(0)Ep [¢5(0)|F51) 2] }

i=1 j=i+1

= I = Ez[F,(B)]. O

> (2] B)ef
i=1
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3.4.1 Asymptotic Existence and Weak Consistency

We define
V.(B) = (EF,)"/*F,(B)(EF,)” ™.

n

We consider the following conditions:
(Dg) Amin( EF,) — 00.
(Cs) There exists ¢ > 0 such that for any » > 0 and for any € > 0, there exists

ny = ny(r,e) with
P (Fn(ﬁ) > c(EF,), VB € N,(f)(r)) >1-—¢, Vn>ny,
where NS (r) = {8 : |(EF,)T/2(8 — Bo)|| < r}.

Theorem 3.4.2 Under (D) and (Cy), there ezists a sequence {Bn}nZl of random

variables such that
(a) P(sa(B) =0) — 1
(b) B — By in probability.

Proof: The proof is similar to the proof of Theorem 3.2.1. The details are quite
different though, because now F;, is a random matrix and we work with E(F},) instead
of F,.

(a) Let ¢ > 0 be the constant given by condition (Cs). For every » > 0, n > 1, we

consider the following events:
Q(r) = {Fa(8) > «(EF,)}, V8 € N (r),

ES(r) = {In(8) — (o) < 0, Y8 € AN (r)}.

Note that on the event Qf), the function [, (+) is strictly concave. Hence on the event

E¥(r) N Y, the local maximum of I,(-) exists and we denote it by 3,, that is
E®(r) n Q¥ (r) C {there exist 3 € N (r), such that s,(8,) = 0}.

To prove part (a) of the theorem, we will show that for any € > 0, there exists
r = r. such that

p (E(S) (7«) N ng)(r)) >1—¢, VYn>n, (54)

n
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where ny = ny(r) is given by condition (Cs).

To prove (54), let € > 0 be arbitrary and r = r. be a constant to be specified
later. Let 8 € ON® (r) be arbitrary. Using Taylor’s expansion of [, (-) around [, (as
in the proof of Theorem 3.2.1), we get

1n(68) = 1a(o) = (8 = 60)" 50 = 5(6 = Bo) Fa(5a) (9 — o)

(5 - ﬂO)i(EFn>l/2T(EFn)_1/23n

LB B EE) o o, v ) () EEL O = )
2 T T

where 3, lies between 3 and 3; and 3 € (9N7(f)(r). Denote A = (1/7)(EFE,)T/?(5 - Bo)
and note that |A|| = 1, because § € AN (r). Hence

1 -
L(B) — 1.(Bo) = TAT(EFE,) Y2, — §T2ATV,§S> (BN, VB € ONS (). (55)
For the first term,
A (EF,) Vs, < r|(EF,) Y%s,]. (56)

For the second term, on the event €2 (r),
VI (B) = (EF) T PF(Bu)(EF) ™2 > o(EF,) VX EF,)EF,)™ ™ =cI.

Hence: .
. . 1
§r2)\TVn(S)(ﬁn))\ > %rQ)\min(V,fs)(ﬂn))ATA > —rle. (57)

Using (55), (56) and (57), we get that on the event Q) (),

\)

1(8) = L(Bo) < |(EF,) 25| — (1/2)r%c.

Hence

P(EP(r)nQY(r)) 2 P ({II(BF.) ™ sall < (1/2)rc} N Q5 ()

\Y

> P(|(EE) sl < (1/2)re) + P (29 (7)) — 1, (58)

where we used Bonferroni’s inequality. By Chebyshev’s inequality, we have

1 .
S EN(BE) sl

P((EF)™?s,|| < (1/2)rc) > 1 - T/
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4 _ _ 4 4 £
= 1—@tr{(EFn) YV2E(s,sIWEF,)™T?} = 1-—tr(I) = l-—sp=1-3

r202

by choosing r = /8p/(c%¢).

From condition (Cs), there exists ny = ny(re,€), such that
P(QE(r) > 1~ %, Yn > ni.
From (58), (59) and (60), we get
P(ES(r)nQ¥(r) > (1 - %) +(1— g—) —1=1-¢, Yn>n.
This concludes the proof of (54).

38

, (59)

(60)

(b) Let n, € > 0 be arbitrary. We need to prove that there exists N, . = N such

that
P16 =l <n)>1-¢ Vn2N

(61)

In part (a), we proved the existence of B3, on the event ES”(r) N Q4 (r), where
r = +/8p/(c%). Moreover, 3, € N\ (r). By (Dy), there exists N = N,, > n; such
that Amin(EF,) > (r/n)?, ¥n > N. Since 8 € N5 (r), on the event ES (r) N Q5 (r),

we have

1

18n = Boll < IEED 2N BE) (B = ol < g

and therefore, by (54)
1-e < P(EX()NQ0) < P (15— Gl <), ¥n2 N,

This concludes the proof of (61).
a

3.4.2 Asymptotic Normality

We consider the condition:
(Ng) For all » > 0, we have

sup ||[V®(B8) — I|| — 0, in probability.
peN ()

r<n, Yvn> N
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Lemma 3.4.3 (Ny) implies (Cs).

Proof: (Nj) is equivalent to the following assertion: for any r > 0, € > 0 and > 0,

there exists ny = ny(r, £,7n) such that
P ((EF,)Y?F.(B)(EF,) ™ — I <n, VA€ RP, VB € NO(r)) 2 1—¢, ¥n > ny.

By taking = (EF,)~7/2), the previous relation can be written as:
(NJ) P (lfvTFn(ﬁ)x — 2" (EF,)z| < nzT(EF,)z, Yz € RP, Vf € Nr(f)(r)) >1—g¢,
Vn > ny.

In particular, this implies
P («TF(B)x > (1 — n)a"(EF,)z, Vz € RP, VB € N(r)) > 1—¢, Vn > ny,

i.e.
P (F.(B) > (1—n)(EF,), V8 € N¥(r)) >1—¢, Vn >n.

By fixing n € (0,1) and letting ¢ = 1 — 77, we obtain exactly (Cs).
O

Lemma 3.4.4 Under (Ds) and (Ng),
(EF,)™Y%s, — N(0,1) in distribution.

Proof: The proof is similar to the proof of Lemma 3.2.2. By the Cramer-Wold
theorem (Theorem A.2.4, Appendix A.2) it suffices to show that for any p-dimensional

vector A with ||A|| = 1, we have
M(EF,)""%s, — N(0,1) in distribution. (62)

Let A € RP with ||A]| = 1 be arbitrary. By the continuity theorem of the moment
generating function (Theorem A.2.6, Appendix A.2), (62) is equivalent to:

Elexp(rAT(EF,)™Y%s,)] — exp(r%/2), Vr € R. (63)

Let 7 > 0 be arbitrary. Let 8, = 8o + 7(EF,)"7/2X and note that using (55), there
exists Bn between 3, and By such that

1n(Ba) = La(Bo) + rAT(EF,) Y2, — %ﬁﬂvﬁ(@n)x,
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i.e.
%rQ/\TV,fs)(Bn)A F1(Ba) = PAT(EE) Y25, + 1,(By). (64)

Taking the exponential for both sides of (64), we get:
exp[(r2 /2N V. (BN L (8,) = exp(rAT(EF,)"Y2s,) L,(6o). (65)
Recall that
L,(B) is the density function of (1,41, ..., Zn, yn) under Pgs. (66)
Integrating both sides of (65) with respect to dx1dy;...dz,dy,, and using (66) we get
Bz, [expl(r® /2T, (B)N)| = Elexp(rAT (EF,)™s,)] (67)

Therefore, in order to prove (63), it suffices to show that

Eg, {exp (%r?ﬂvn‘s) (Bm)} — exp(r?/2). (68)

The proof of (68) relies on condition (IN7), and is similar to the proof of relation (39).
Details are omitted.
a

Theorem 3.4.5 Under (Ds) and (Ns),
(EF,)Y2(8, — Bo) — N(0,1) in distribution.

Proof: The proof is similar to the Theorem 3.2.4 . We focus on the event {sn(ﬁn) =
0} whose probability converges to 1, by Theorem 3.4.1. Using the Taylor’s expansion
for the function (EF,)~/2s,(-) around S, we get

(EF")_I/QSn = —(EFn)_1/2 (Sn(Bn) - Sn) =

(EF) 2 Fa(Ba) (B — Bo) = Vu(Bu) (EF)(B, — Bo), (69)

where 3, is a random vector which lies between ﬁn and fy. Note that

E(|(EF)™2s,)%) = tr [(EF,)"V2E(s,sL)(EF,)™ "% = tr(I) = p, Yn > 1. (70)
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We claim that
Ve (B,) — Il — 0 in probabilty. (71)

Using Lemma A.2.7 (Appendix A.2), (69), (70) and (71) yield
(BF)(B — fo) = (EF,) s + 05(1).

The conclusion follows using Lemma 3.4.4 and Slutsky’s theorem. The proof of (71)

is similar to the proof of (44), and therefore is omitted.
a

3.4.3 Asymptotic Existence and Strong Consistency

We consider the following condition:

(S((;s)) There exist constants ¢ > 0, § > 0 and a neighborhood N of Gy such that with

probability 1, there exists a random number n; such that
Auial Fa(B)] Z ¢ Domax (BFR)| Y77, VB € N, ¥n 2 ma.

Lemma 3.4.6 Under (Ds), for any p-dimensional vector A with ||| = 1, we have

A,
Pmax(EF,)]H2+0

— 0 a.s.

Proof: By Lemma 3.4.1, {)\Ts,},>1 is a zero-mean 1-dimensional martingale with
E[(\T5,)%] = MEF)N < Anax(EF)A A = Apax (EF,).

The conclusion follows by Theorem A.2.2 (ii) (Appendix A.2).
a

Theorem 3.4.7 Under (Ds) and (S((Ss)), there ezists a sequence {fn}n>1 of random
variables and a random number ny with

(a) P (sn(Bn) =0, for all n > nz) =1

(b) B, — Bo a.s.
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Proof: The proof is similar to Theorem 3.2.6. Choose g9 > 0 such that the neigh-
borhood B, (3) = {8 : |8 — Bol| < eo} € N. We will show that with probability 1,

for any € € (0, &), there exists a random number ny = ny(e) such that

ln(ﬁ) — ln(ﬁo) <0, VB e 835(,60), Vn > no. (72)

By Theorem A.3.1 (Appendix A.3), this will imply the conclusion of our theorem in
the following format: with probability 1, for any e € (0, g9), there exists ny = ny(e)
(random) such that for all n > ny, there exists 3, € B.(8o) with s,(3,) = 0.

To prove (72), we use the Taylor’s expansion of I,,(-) around Gy: for 8 € dB:(5o),

€ € (0,&9), we have

() = n(80) = (8= Bo)"'50 = 5(8 = Bo)T Fu(Ba) (8 = o)
(B=060)"  1(8—5)"

= —E8y

€ 2 €

Fn(én)&@ =eXs, — %52)\TFH(BH))\, (73)

where 3, lies between 3 and Gy and A = (B — Bo)/e. Note that ATXA = 1 since
B € 0B:(6y). By condition (S((;S)),we get that with probability 1, there exists a

random number n; such that for any € € (0,¢y), 5 € B:(5o), we have
ATFL (BN > Pmax(EE) Y27 vn > ny. (74)

From Lemma 3.4.6, it follows that with probability 1, for any € € (0, &) there exists

a random number ny = ng(e) > ny such that
A, < (e/2)c](Amax E(F)] Y24 Wi > ny. (75)

From (73), (74) and (75), we obtain (72) holds.
O



Chapter 4
Longitudinal Data

In biostatistics and life-time testing problems, longitudinal data sets comprise a series
of repeated measurements of a response variable, together with a set of covariates,
on each subject observed chronologically over time. Assuming that the mean of the
response variables can be specified in term of some regression parameter §, Liang
and Zeger proposed an approach based on a generalized linear model (GLM) for each
marginal response. This approach has been fruitfully exploited recently by Xie and
Yang, who proved that most of the asymptotic results which are valid in the GLM
case continue to hold in the longitudinal case. The estimator Bn of B is defined as
a root of the so-called generalized estimating equation (GEE), which reduces
to a maximum likelihood equation if there is only one observation performed on
each individual, and this observation has a density function which belongs to an
exponential family.

This chapter is organized as follows. In Section 4.1, we introduce the framework ,
the (rather complicated) matrix notation and the construction of the GEE. In Section
4.2, we develop the asymptotic theory (in parallel with the theory that was presented
in Section 3.2). The major difference between the two theories is the use of an injection
lemma for the existence of solution of the GEE, in the longitudinal case, instead of
the typical argument based on the concavity of the likelihood function, in the GLM

case.

43
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4.1 The Framework

For each i > 1, let ; = (Y1, ..., Yim)® be a vector of m response variables recorded on
the same individual at m different moments of time. Suppose that each y,; variable
is recorded together with an explanatory variable z;;. We assume that each y;; is
a random variable defined on probability space (2, F, P3) and each z;; is a (non-

random) p-dimensional vector such that: for any ¢ > 1 and for any j=1,...,m
pi;(B) = Eglyi;) = p(zB) and o75(8) = Vars(yy) = op'(z]6). (76)

where Eg denotes the expectation with respect to Pg, u(-) is a differentiable function,
¢ is a nuisance scale parameter (which we will normally take as ¢ = 1) and 3 is an

unknown p-dimensional parameter which has to be estimated. We define the errors

eij(8) = yiy — w(iyB) and :(8) = (a(B), -, em(6)), Vi > 1,

and we assume that the random vectors (g;);>; are independent (under P).
As in the GLM case, condition (76) is satisfied if we suppose that each y;; has a
density function which belongs to the following exponential family

) = ol exp { 222220011, (7

where ¢(-) is a positive function and 6;; is a 1-dimensional parameter. Letting y = o/,

we conclude that
E(yi;) = u(0y) and Var(yi;) = o' (65)-
Moreover, we suppose that there exists an injective function g (called the link func-
tion) such that
zi8=gp@y), Vi>1, Vi=1..,m
or equivalently 6;; = u(z];3), where u = (g o u)™".
In the present work, we consider only the case of naturallink functionsi.e. p = g~1.
Hence 60;; = a:g;ﬂ and (76) holds. Moreover, in what follows, we will suppose that

¢ = 1. We denote

1:(8) = Eg(y:) = (:1(8), -, tim(8))", Ei(B) = Covg(ys),
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Ai(B) = diag(07)(B), -, 7in(8))-

We work under the assumption that the true correlation matrix R;(3) does not depend
on 3, ie. Ry(8) = R, for all B. Let 7;, be the (4,k) element of the matrix R;. If
Tijke = 0 then y;; and y;, are independent. If |7; ;x| = 1 then y;; and yy, are linearly
dependent.

For sake of completeness we include the following lemmas providing the necessary

calculations.
Lemma 4.1.1 We have %;(3) = A(B)V?R;A;(8)V/2.

Proof: The (j, k)-element of the matrix ¥;(5) is

Covs(ysj, yix) = \f/ Vars(yi;)Corr (i, yir)\/ Vars(yix) = 04 (B)Ti jwow(B),

which is exactly the (j, k)-element of matrix A;(8)Y2R;A;(8)"/2.
O

Construction of the generalized estimating equation (GEE)
The main idea behind the development of the GEE comes from examining the case

m = 1. Then, as we have seen in Chapter 3 the likelihood equation is
sn(B) = zilys — u(z] B)) = 0. (78)
i=1

Denote u;(8) = Eg(y;) = p(zf8) and 0(8) = Varg(y;) = u' (27 B), since we supposed
that ¢ = 1. Let us denote

and note that
Di(B) = i W' (z7 B) = o} (B)z (79)
Hence z; = D;(8)T (¢2(8))”" and the likelihood equation (78) can be written as

i3

D> DAY (o2(B) ™ (s — () =0 (80)
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This equation is called the quasi-likelihood equation and its generalization to the

case m > 1, leads us to the GEE.
More precisely in the case of an arbitrary m > 1, let D;(() = é%ui(ﬂ). In this
case, D;(0) is an m X p matrix whose exact formula is similar to (79), and is given

by the lemma below.
Lemma 4.1.2 We have D;(3) = A;(3)X;, where X; =

Proof: Note that the j-th row of D;(0) is
0 _ 0 T T o Tay_ 2 T
%Mz‘j(ﬁ) = %M(xij )= Lk ("Eij )= Uij(ﬂ)xija

which exactly the j-th row of A;(3)X.
O

The main difficulty in dealing with a longitudinal data set comes from the fact that
the time correlation matrix R; is generally unknown. The normal approach which
was suggested by Liang and Zeger, is to replace R; by another correlation matrix
R;(a) called the “working” correlation matrix, whose form may depend on an known
parameter «. Typical examples of working correlation matrices are (p. 59-73, [10]):

(1) Exchangeable correlation

g2 b=k
Tijk) = )
’ «, otherwise
(2) Autoregressive correlation (r; ;%) = a#=*
(3) Stationary correlation
Qlj—ki, if _7—]{7 Sl
(Ti,jk) — |7~k | ' l
0, otherwise
(4) Non-stationary correlation
1, ifj=k
(rajk) = o, HO0<[i—Fkl <L,

0, otherwise
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where R;(a) = (i), = (corr(yij, Yix)) ;- By analogy with Lemma 4.1.1, we denote

Vi(B,a) == Ai(B)/*Ri(c) As(8)'/2. (81)

The m-dimensional analogue of equation (80), in which ¥;(3) is replaced by V;(5, )
is:

ZD B)Vi(B, @) (i — uilB)) = 0. (82)

Equation (82) is called the generahzed estimating equation (GEE). Its solution
B, (if it exists) is called the GEE estimator. Note that g,(/) is not a score function,

and therefore the existence of Bn can not be examined using likelihood methods.

Lemma 4.1.3 We have g,(8) = zn: XTA(B)V2Ri(a)F Ai(B)~2e,(3).

i=1
Proof: Using Lemma 4.1.2 and (81) we have g,(8) = i D;(8)TVi(B, ) tei(B) =
i=1

> XTA(B)A(B) 2 Ri(0) " A(B)22,(8) = 3o X AB)V2Ru(c) ™ 43(8) " ?e4(5).

i=1 i=1
O

Lemma 4.1.4 Let M, := Cov(g,). Then
Mn = ZXZTAZI/2R1(Oé)_lj_lez(a)—lAll/2Xl
i=1
Proof: By Lemma 4.1.3 and Lemma 4.1.1 and using the independence of (£;);>1, we

have

Cov(gn) = E(gngr)

(ifoi/zR( 1A ) (ZETA Vip 1A1/2X)}

i=1

= FE

n

= S XTAPR(a)'ATY? B(eiel) - AT PR ) AP X,

7 !
=1

_ ZXTAI/Q 1A-1/2A1/2R AI/QA”I/QR( )_IA-I/QXi

~ fo Al Ri(0) " RiRi(0) LAY X,

i=1
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The following quantities will play an important role in our theory:

Du(B) = 5B, 1(5) = 32 DABITV(B, ) D)

F,=H,M;'H,, 7,= max {Anax(Ri(a)"'R;)}.

1<i<n

Note that by Corollary A.1.19 (Appendix A.1)

Tn = Hlax {)‘max R( )_1/2§iRi(a)_1/2)}'

1<i<n

Let © = {§ € R0 < [c(y)exp(fy)dy < oo} be the natural parameter space
and ©° be the interior of ©. Let M denote the image u(©°) of ©°. We impose the
following regularity assumptions:

(1) B lies in an open set B C RP.

(2) s e g(M)foral € Bandforalli >1,j=1,.

(3) 1 is three times continuously differentiable and u (9) > 0 for all § € ©°.
(4) H, and M,, are positive definite for all n > ny.

Lemma 4.1.5 We have H,(§) = i XTA(B)Y?Ri(a) A(B)2X;.
i=1

Proof: Using Lemma 4.1.2 and (81), we get
Hn(ﬁ)ZgDi(ﬁ)TW(ﬁaa)_l i(8) = ZXTA( B)A:(B8) 712 Ri(r) " Au(B) P Ai(B) X,
= 3= XTA(B) 2 Ri(a) 492X,

i=1

In order to give a simplified expression for D, (), we need to introduce the fol-

lowing matrices.

BY(8) = 3 XTdiag[Ri() " A(B) (s — 1 (B))GI(B) X,

BI(6) = 3 XTA(5) 2 Ru(e) gl — m(DIGIDX,

B.(B) = BY(8) + B2(8),
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g(B) = 3 XTdiag [Ri(a) " A:() 2] GM(8) X,
=1

£01(8) = 3 XTA(8)/* Ri()~\diag [2] GP(8)X,,
=1
£.8) = N8 + £2(p),
(A3 — 4 #' (=T 8) 2143 — A3 —u"(z] B)
GY(B) = diag Lm} GY(B) = diag LW] .

Here the notation diag[v] represents the diagonal matrix with elements vy, vo, ..., Um

on the diagonal.

Note that H, (), B,.(8) are non-random matrix, but &,(3) is a random matrix.

Lemma 4.1.6 (Remark 1, p. 314, [20]) We have

Dn(ﬂ) = Hn(ﬂ) - Bn(ﬁ) - gn(ﬁ)

Proof: To simplify the notation, we let R; = R;(a). By writing

ei(B) = e+ (6:(B) — &) = & + (s — pa(B))

we get

n

g(B) = Y XTA(B)' PRI A(B) T (e + (i — il B)))

1==1
= D XTAB) PR A(B) e + Y XT A(B) PR A(B) M (i — mi(B)).-
i=1 1=]
Differentiation with respect to 3 yields
Dn(ﬂ) = _aa_ggn(ﬁ)
= = 3 XTGU(B) X R A(B) 2, — 3o XT A(B) PRI G () X,
=1 =1
- S XTGI) X R A2 (s — ()
— z XTA(B)R7G(8) X (s — mi(B)) + z XTA(B)2 R A(B)/22(B)
= i XTdiag [R; ' As(8)~ 2] G ()X, i XT A;(8)2R; Mdiag [e;] GP(B)X;
i=1 =

i=1

- z XTdiag [R7A(8)Y2 (1 — ()] GH(B) X,
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- éX?Ai(ﬁ)l/ngldiag (s — (B G (B)X: + éX?Ai(ﬁ)l/QRglAi(ﬁ)l/QXi
= —&li(8) - £(8) — BY(8) — BE(8) + Ha(8) = Hy(B) = Ba(B) — En(B).

]

4.2 The General Results

4.2.1 Asymptotic Existence and Weak Consistency

We begin now to investigate the existence of a sequence of weakly consistent GEE
estimators. The main tool used for proving the asymptotic existence of a solution
B, of the equation g,(8) = 0 is an analytic result (Corollary A.3.3, Appendix A.3).
We consider the following conditions, similar to conditions (D) and (C) in the GLM
case (Subsection 3.2.1).

(Iw) Amin(Fn) — o0.

(Lw) There exists ¢ > 0 such that for any r > 0 and for any ¢ > 0, there exists

n1 = n(r, ) with
P (D,u(B)" M, 'D,(B) > cF,, Do) is nonsingular V3 € N,(r)) > 1—¢,Vn > ny,
where N,(r) = {3 : ||M;1/2Hn(ﬂ — Bo)ll <}

Theorem 4.2.1 (Theorem 1, p. 315, [20]) Under (Iy,) and (L), there exists a

sequence {Bn}nzl of random variables, such that
(8) P (4a(B) =0) — 1.
(b) B, — Bo in probability.

Proof: (p. 315, [20]) (a) Let ¢ > 0 be constant given by condition (Ly ). For any

r > 0, n > 1, we consider the following events:
Qn(r) = {D(B) ' M D,(B) > cF,,, Dn(B) is nonsingular, V3 € N,(r)},

En(r) = {ITn(B0)ll < infgean, () |1 Tn(8) — Tn(Bo)lI}-
Note that on the event §,(r), the function T,(3) = Mn_l/an(ﬁ), B € N,(r) is a one

to one function, because T},(8) = — M "/*D,(8) is nonsingular.
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By Corollary A.3.3 (Appendix A.3), we know that on the event E,(r) N Q,(r),
there exists 3, € N,(r) such that T,,(3,) = 0 (i.c. go(Bs) = 0), that is

En(r) N (r) C {there exists B, € No(r), such that g,(8,) = 0}.

To prove part (a) of the theorem, we will show that for any € > 0, there exists
r = r(g) such that
P(E,(r)NQ,(r)) >1~—¢, ¥n >ny, (83)

where ny; = ny(r, ¢) is given by condition (Ly).
To prove (83), let € > 0 be arbitrary and r = r(¢) be a constant to be specified
later. Let 8 € ON,(r) be arbitrary. Using the Taylor’s expansion of T,,(-) around f,

we get
Tn(/B)_Tn(ﬁO) = —'Mn_l/QIDn(Bn)(ﬂ—ﬁO) = _Mn_l/2Dn(Bn)HglMé/Q'Mn_l/an(ﬁ_BO)a

where 3, is a random vector which lies between 8 and fo.

Using Lemma A.1.22 (Appendix A.1) with A = Mn_l/QDn(B)Hn'lMi/Q, v =
MY 2Hn(ﬁ — B) and z an eigenvector of norm 1 of the matrix ATA correspond-
ing to Amin(ATA), we get that on the event ,(r) for any 3 € ON,(r)

ITu(0) ~ Tulo) I > (= M DB MY ) | M H(3 — o) =

~ 2 ~ ~
= (xTMn_l/QDn(ﬁn)HglMi/Ql') T2 = xTM;/QHgl (Dn(ﬂn)TMn—lpn(ﬁn)) Hrlerlz/Qx'Tz
> T MM2H (eF) Hy ' MY ar? = 2" MY2H, Y (cH, M H,) Hy ' MY 22r? = or®,
Hence

0u(r) € {, nf  IT(8) = Tul @) = ). (54)

Using Bonferroni’s inequality
P (En(r) NQ(r)) > P ({ITn(Bo)ll < ¢*r < infpeon, | Ta(B) — TulBo) |1} N Qu(r))

> P (ITu(Bo)ll < %r) + P ({c"*r < infpeon, (I Ta(B) = Tu(Bo)lI} N Qu(r)) = 1

= P(||Tn(Bo)|| < 7)) + P(Qu(r)) — 1, ¥n > 1, (85)
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where we used (84) for the last equality above. For the first term, by the Chebyshev’s

inequality we have:

P (T8l < %) = 1= P (ITa(Bo)]l > %) 2 1~ — BT (Go)IP =

1 _ _ 1 _ -
=1- _c_;Q—E [tr (Mn 1/2.ngnMn 1/2)] =1— Wtr [Mn 1/2E (gz:gn) Mn 1/2}

1 P €
=1l-—tr(/)=1—-—=1—=,Vn>1 86
—tr()=1- L =1-7, vn21, (86)

by choosing r = 1/(2p)/(ce).
For the second term, we know that by (L) that there exists n; = nq (r(€),€) such
that

P(Q(r)) >1- % Vn > n. (87)
From (85), (86) and (87) we get

P(En(r)ﬂQn(r))2(1—%)+(1—§)—1=1—5, Y > ny.

This concludes the proof of (83).

(b) Let 17, € > 0 be arbitrary. We need to prove that there exists a N = N, . such
that

P (I8~ Boll <m) >1-e, ¥n > N. (88)

In part (a) we proved the existence of 3, on the event E,(r) N ,(r), where r =

v/ (2p)/(ce). Moreover 3, € N, (r).
By (I), there exists N = N,, > n; such that ||| > (r/n)? ¥n > N.
Since 3, € N,(r), on the event E,(r) N Qy(r) we have:

18, = Boll < (M2 H) M| My V2 Ho (B, — o) <
T T r
< = = <n, ¥n>N
= PH,)| THMHE? TR TS
and therefore, by (83)

1= < P(B(r)N00(r) < P (180 = Goll <n), Wn = N.
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This concludes the proof of (88).
O

Our next goal is to eliminate from the set of conditions the covariance matrix
M,,, which depends on the unknown true correlation matrices R;. This goal will be

achieved in two steps. First we need the following lemma.
Lemma 4.2.2 We have 17,,H,(5) > M,(3).

Proof: From Lemma 4.1.4 and Lemma 4.1.5 we have

Ta(B)Hu(B8) — Mn(B) =

= Y XTA(B)?Ri() ™2 (1] = Ri(@) P RiRi(0) ™) Ry(a) "2 Ai() /2 X:.
Since R, ()RR () < Amax(R7 ()RR *())I < 71, for all i < n the
conclusion follows.

O

Here is the new set of conditions, which are still dependent on R;, since they rely
on T,.
(L) 77 A min (H,) — o0.
(L%) There exists a constant ¢ > 0 such that for any r > 0 and for any € > 0, there

exists ny = ny(r, €) with
P(D,(B) > cH,,VYB € Ni(r)) > 1—¢, Vn > ny,
where Ni(r) = {8 : [|H:/*(8 = fo)|| < (7)"/?r}.

Theorem 4.2.3 (Theorem 2, p. 317, [20]) Under (I%,) and (L), there exists a

sequence {Bn}nzl of random variables such that
(b) Bn — (g in probability.

Proof: (p. 317, [20}) The proof is similar to that of Theorem 4.2.1.
(a) Let ¢ > 0 be the constant given by condition (L%). For any r > 0, n > 1, we

consider the following events:

0.(r) = {Du(B) = cHn, VB € Ny(r)},
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E5(r) = {IT;(Bo)ll < infpeany | T (8) — T7 (Go)ll}-
Note that on the event Q(r), the function T*(5) = H{lﬂgn(ﬁ), B € N*(r) is a one

to one function :
TH(8) = —HY?*D, () < —cHY?H, = —cHY? <0, V8 € NX(r).

By Corollary A.3.3 (Appendix A.3), we know that on the event EX(r) N (r) there
exists £, € N*(r) such that T*(3,) = 0 (i.e. go(B3,) = 0), that is

EX(r) N (r) C {there exists §, € N;(r) such that g,(3,) = 0}.

To prove part (a) of the theorem, we will show that for any € > 0 there exists
r = r(e) such that
P(E(r)NQ(r) > 1—¢&, Vn > ny, (89)
where ny = ny(r,¢) is given by condition (L,).
To prove (89), let £ > 0 be arbitrary and r = r(g) be a constant to be specified
later. Let 8 € ON*(r) be arbitrary. Using the Taylor’s expansion of T;;(-) around Sy,

we get

TH(B) — T2 (Bo) = —H7Y*Du(Ba) (8 — o) = —H7Y*Do(B,) H 2 HY*(6 — Bo),s

where (3, lies between 8 and fy. Hence, using Lemma A.1.22 (Appendix A.1) with
A= H*1/2Dn(ﬁ~)H;1/2, v = H%/Q(ﬁ — Bo) and z an eigenvector of norm 1 of the
matrix ATA corresponding to Apnin(ATA), we get that on the event Q7 (r), for any
B € ON}(r) we have:

IT28) = TP 2 (2" By PDu(B H; V) | (5~ o) 2
(ca:TH 12 H 1/2 z)?r?r, = crir,.

Hence

2a(r) €4, inf NT2(8) = TaBo)l| 2 erry/?}. (90)

Using Bonferroni’s inequality

P(BAND0) 2 P (1 at | IT200) - To()l 2 et 2 TG ne(r)) >
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> P (T < errd) 4 P ({,_iaf | IT206) - T80 2 errd®) N0 ) 1 =

= P (IIT (B0l < erma®) + P(Q5(r) =1, Vn > 1, (91)
where we used (90) for the last equality. For the first term, by the Chebyshev’s

inequality we have

P(ITz(Bo)| < errt?) = 1= P (T (Bo)|| > errt/?) > 1 — BT (Bo)II?

c2rrt,

Elts(H P gugi Ho )] _ ) il Blgng) Ho )

c’rir, c2rir,
. tr(Hn 2 M, Hy %) . e (Hy P HH YY) p
B c2rir, - THC2r? N c?r?
:1—%,\77121 (92)

by choosing r = /(2p)/(c%¢). (Note that we used Lemma 4.2.2 for the last inequality.)
For the second term, we know that by (L%) that there exists ny = ny (r(¢),€) such
that

P(x(r)>1- ; Vn > nq, (93)

From (91), (92) and (93) we get
PENNQI) 2 (1-2)+(1-35)—1=1-¢cVn2m,
This concludes the proof of (93).
(b) Let 7, € > 0 be arbitrary. We need to prove that there exists N = N, , such
that (88) holds. In part (a) we proved the existence of 8, on the event Q% (r) N EZ(r),

where r = \/(2p)/(c2e). Moreover, 3, € N*(r).
By (I%,), there exists N = N, > ny such that 7, ' Amin(H,) > (r/1)%, Vn > N.
Since 3, € N(r), on the event E*(r) N Q% (r) we have

160 = Boll < IH AN H(Ba = Bo)ll < =775
and therefore, by (89),

1-2 < P(B() N 0() < P (I3~ Aoll <n), vn 2 N.
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This concludes the proof of (88).
O

In order to eliminate 7,, from the set of conditions, we consider

)\n = maxlSiSn)\max(Ri_l(a)).
Note that by Lemma A.1.21 (Appendix A.1), we have
Tn < mj\n,

and hence m\, H,(8) > M,(3) by Lemma 4.2.2.
The final set of conditions (which do not depend on R;) is obtained by replacing
T, With m;\n:
(I%) (mxn}_l)‘min(HM - 0.
(L3,) There exists ¢ > 0 such that for any r > 0 and for any ¢ > 0, there exists

ny = ny(r,e) with
P (D,(8) > cH,, VB € N (r)) >1—¢, Vn>ny,
where N (r) = {8 | Ha*(8— Bo)|l < (mAn)/?r}.

Theorem 4.2.4 (Remark 5, p.318 [20]) Under (I{;) and (L},), there exists a se-

quence {,@n}nzl of random variables such that
() P (gu(n) =0) — 1.
(b) B, — Bo in probability.

The proof is very similar to that of Theorem 4.2.3 and therefore it is omitted.

4.2.2 Asymptotic Normality

We consider the condition :

(CC) For any r > 0, we have as n — 00
SupﬁeN;(r)”Hn_l/QDn(ﬁ)Hn_T/Q — I|| — 0 in probability.

Lemma 4.2.5 (p. 319, [20]) (CC) implies (L3,).
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Proof: (CC) is equivalent to the following assertion for any » > 0, ¢ > 0 and n > 0,

there exists n; = ny(r, &,n), such that
P (I H;VA(Do(8) — H)H7T2| < W5 € Ni(r) > 1— =, ¥n > Ny,

By Corollary A.1.17 (Appendix A.1), this becomes

(CC) P (\ATH;W(D”(ﬁ) - Hn)H;T/Q)\‘ <n(ATX), VA € RP, VG € N;;(r)) >1-
g, Yn > nq.

By taking z = H,, T/ 2)\, the previous relation can be written as:

(CC”y P (|z"Du(B) — 2T Hoz| < n(z"Hyz), Yz € R, VB € Ni(r)) > 1 —¢, Vn >
ny.

In particular, this implies:
P (asTDn(ﬁ)x > (1 —n)2THyz, Vo € RP, VB € N;:(r)) >1—¢g, Vn>n,

l.e.

P(D,(6)>(1—-n)H,, VB N}(r)) >1—¢, Yn>n,.

By fixing n € (0,1) and letting ¢ = 1 — 7, we obtain exactly (L%,).
O
We consider the following condition:

(Ns) There exist § > 0 and K > 0 such that
-1/2

(i) sup max E(y;)*™° < K, where yf = A; "¢,
i>1 j<m

(if) (cadn) o9 — 0, where 7”) = maxicicnMmax(Hn /2D Vi(@) ™' D;Hy ') and
Cn = Amax (M 71H,).

In order to prove the asymptotic normality of g,, we need the following elementary

result.

Lemma 4.2.6 Let ¢(-) be a nondecreasing function. For any positive random vari-

able Y and ¢ > 0, we have

1
p(c/m)

E(YIysq) < E[Y(Y/m)].
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Proof: Since ¢(-) is nondecreasing, on the event {Y > ¢}, we have 1 < [p(Y/m)]/[¢(c/m)].

Hence
E(YIysq) <

e B er/m).

|

Lemma 4.2.7 (Lemma 2, p. 321, [20]) Under (Ns) we have
M;Y2g, — N(0,I), in distribution.

Proof: By the Cramer-Wold theorem (Theorem A.2.4, Appendix A.2), it suffices to
prove that

AT MY2g, — N(0,1) in distribution, (94)
for any p-dimensional vector X with ||\|| = 1. Recall that g, = > DT V;(a)"'¢;. Hence
i=1

AT M2, Z)\TM Y2DIV(a ZZm

i=1

Note that {Z,;}i=1...» are zero-mean independent random variables with

E [(XTM;2g.)"] = BT M 20,9t MTPN) = AT M VP E(gngl) My 7PN = 1,

Relation (94) will follow by the Central Limit Theorem (Theorem A.2.8, Appendix
A.2) providing that the Lindeberg condition holds, i.e.

> E(Zhilyz,ze) — 0. (95)
In order to prove (95), note that
Zns = W M2DVi(@) ™2V (0) ™ %) < INTMH2 DT Vi) TP Vi) e =

= WM PP H V2D Vi) V2P Vi) e <
< PN M2 H 2P H 2 DE Vi () 72 P IVi(@) ™ 2P <

< Amax (M1 H,) (eTHY2DIVi(0) ™ D, H Y ?2) (el Vi) les) <
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(yz )TR( ) y1 < cnfyn z))\ (yz) y7,7

< Amax (M, Hy, )77(5
where 7)) = T Hy; 1“DTV( )ID;Hy Y2z and ||z = 1
(96)

Note that ’ym) < 'yn ) for all i < n. Hence
Tyrze?/(envly An)}
Ty¥ and ¢ =

i

I{|an|>5} = I{Z’?L’iZEZ} S I{(y1
(t) = tY/%. By applying Lemma 4.2.6 with the choice Y = (y)7y

Let ¢(t
(D)), we obtain

D

£/ (eadnVng
T £
FE [(yz) Y {(y*)Ty;ZQ/(cn:\n,yv(g))}iI > @ mcn)\n’y(D)
(97)
By (96) and (97), we get
Y . D * *
> B (Zhdyzauiza) < cadn vt {(yi)Tyi () Tvrse/en Mw))}} <
i=1 =1
5 [ () v
< Cn)\n Pl = f)/nz y;k T : (——J—I <
{ (mcnmm ﬂ Z ) m
~1/5 ]
e’ oy [Ty ()T
. E 1 (2 1 1 98
)" S efe, (s25)] o
(D) <

< mepAy
MCp AnYn
where for the last inequality, we use the fact that ¢(-) is nondecreasing and 7, ;

tp(t) = t1*1/8 Since ¢(-) is a convex function, we

WP for all i < n.
In what follows, we let ¢(#)
have
R 1 ¢ *
(az ) ) <L sy,
7j=1 j=1
that is .
Z(y:})Q 1™ 1 &
=1
('n;z yz] > Sazyw y”
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Taking expectation on both sides

From (98) and (99) we obtain

2

n -1, o
N £

E E (Zsi]{\zmze}) < mep, [90 <~—(D)>} E % ~ E(y 2+2/5

=t i=1 =1

MCpAnTn

~ 82
<mephn |9 | —=—5¢ ’Ym
{ (manwﬁlD)ﬂ Z
2

~ 6 B n D)
=mKeahn ¢ | —— EZ%(“., (100)
|: (mcﬂ)\ (D)>] i=1 ’

n'Yn
where we used (Nj) (i) in the second inequality above.
Note that .
Z WD =3 H DT Vi) D o =

i=1

n

=2"H; 'Y DIVi(@)™' D) H; P = 2T H VP H, H P = 1. (101)
i=1
and
- -1/8 1/6
. g2 < g2 1 <
Cndn |0 | — == =c A\, | ———— — [_m(cn)\n)ura%sm} .
[ (mcn)\n’Yv(mD)>] (mannfyﬁLD)> g2
(102)
From (100), (101) and (102) we conclude that
n 1 5 1/6
ZE (2212, .5:) <mK {gm(cnkn)us%gm] ‘

Relation (95) follows by (Nj) (ii).
O
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Theorem 4.2.8 (Theorem 4, p. 322, [20]) Suppose that conditions (Iw), (Lw)
and (CC) hold, or conditions (I%,) and (CC) hold. If in addition (N;s) holds, then

MV2H, (B, — ) — N(0,I) in distiribution.

Proof: We focus on the event {g,(3,) = 0} whose probability converges to 1, by
Theorem 4.2.1, respectively Theorem 4.2.2. Using the Taylor’s expansion for the

function H, Y/ 2gn(-) around Jy, we get
H', = —HY* (9a(B) = 9n) = H*Da(B) (Bu — )
= [Hgl/zpn(én)H;T/2:l Hg/2</én - 60),

where Bn is a random vector which lies between Bn and Op.
Multiplying by M, /2 HY?, we get

Mg = M B [, 7] HEPG, )

Exactly as for the proof of Theorem 3.2.4, one can show that under (CC),
HH;UQD”(B”)H;T/Q — IH — 0 in probability.

The conclusion follows by Lemma 4.2.7.

O

4.2.3 Asymptotic Existence and Strong Consistency

We begin now to investigate the existence of a sequence of strongly consistent esti-
mators. Consider the following conditions:

(Is)*P Apnin(M,) — oo, when n — oo.

(Ls)®P There exist some constants ¢ > 0, § > 0 and a neighborhood N of 3 such that

with probability 1, there exists a random number n; such that

27D (B)z| = c[Amax(Ma)]Y?H?, V2 € RP, VB € N, Vn > ny.
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Remarks: (a) In general, the matrix D,,(8) is not symmetric. Hence the eigenvalues
of D,(3) are not necessarily real numbers, and we can not define A\yin(Dn(5)).

(b) Under conditions (Is)*P and (Lg)®P, with probability 1, we have
la:TDn(ﬁ)m\ >0, Vr e R, VBGE N, ¥Yn >n,
and hence, with probability 1
D,(0) is nonsingular V3 € N, Vn > ny.

Lemma 4.2.9 Under (1), for any p-dimensional vector X\ with ||A|| = 1, we have

AT In
[Amax (M, )]1/2+9

— 0 a.s.

Proof: Note that N .
Mo =M =Y Mu,,
i=1 i=1

1/2 1412 : :
where u; = XTI Ai/ R;(a)7 A /%¢;, i > 1 are zero-mean independent random vari-

ables, and
E[()‘Tgn)Q] = )\TE(gngg;))\ =AM\ < Amax(M-).

The conclusion follows by Theorem A.2.1 (Appendix A.2).
0

Theorem 4.2.10 (Theorem 7, p. 327 [20]) Under (Is)*® and (Ls)P, there exist

a sequence {Bn}nZl C N of random variables and there exists a random number no
such that

(a) P (g(ﬁn) =0,Yn > ng) =1.
(b) B, — Bo a.s.

Proof: Choose gy > 0 such that the neighborhood B.(fy) = {8 : |15 — Boll <
g0} € N. By (Ls)®® we conclude that with probability 1, the function T,(8) =

[Amax(M,)] "%, (B) is a one to one function on N, because

T0(8) = —Dmax (M) Y2 D,.(8)
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is nonsingular for all 5 € N and n > n;.
We will show that with probability 1, for any € € (0,¢) there exists a random
number ny = n2(e) such that

T, <, _jnt  ITa(8) = Tu(@o)l, Vi 2 o (103)

By Corollary A.3.3 (Appendix A.3), this will imply the conclusion of our theorem in
the following format: with probability 1, for any £ € (0,¢p), there exists ny = na(e)

(random) such that for all n > ny
there exists B, € B.(80) with g,(3,) = 0.

(The fact that B, does not depend on ¢ follows from the uniqueness of the zeros’ of
the function g,(-). It is also that 3, — G a.s.)
To prove (103), we use the Taylor’s expansion of T,,(-) around fy: for 8 € 9B (o),

e € (0,e0) we have

T (8) — Tu(Bo) = Panax (M) 9D, (3,) (8 — Bo),

where f3, lies between B and (By. Hence using Lemma A.1.22 (Appendix A.1) with

A="D,(3),v=p0— Do, x is an eigenvector corresponding to Ayin (Dn(BH)TDn(Bn»
(llz]] = 1) and (Ls)®P we get that with probability 1, there exists a random number
n1 such that for any € € (0,£q), 8 € 9B:(0), we have:

I1T(8) = Ta(Bo)* = Pmax(Ma)] 22D (B,)(8 — Bo)|* 2
> [)\max(Mn)]—2(1/2+6)(ITDn(Bn):E)QgQ >

> [)\max(Mn)]——2(l/2+5) [CAmaX(Mn)]2(1/2+6)€2 _ 0282, vn > ni,

Hence with probability 1, Ve € (0,&0)

i - > > . 104
sedf o NI (B) = Tu(Bo)l| = ce, n = my (104)

From Lemma 4.2.9, it follows that with probability 1, for any € € (0, 9), there exists

a random number ny = ny(e) > ng such that

1T (Bo)ll = lgnll/PAmax(Mu)]?+ < ceg, Yn > na. (105)
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From (104) and (105) we obtain (103).
O

Conclusion The following table summarizes the sets of conditions needed for the

asymptotic results presented in this section.

Results Conditions
Weak Consistency I,) and (L)
I,) and (L)
)

)

)
Asymptotic Normality | (I ), (CC) and (Nj)
), (CC) and (Nj)

Strong Consistency (I)%P and (Lg)P

In Section 4.4 the conditions in the table will be examined for some particular

cases and examples.

4.3 Verification of Condition (CC)

In order to check the above mentioned conditions in practice, we need to impose the

following assumption: for any r > 0

//( Z;ﬁ)
W (z £ﬁ)

where ¢ is a constant. We define new sequences of constants:

<n{ Amax (7 (0))}
© = maxmax (L H 'z o= A0 = max<n{ Amax (F; —
Tn z<7‘3( j<m ( l] n J) s ,Yn T minisn{)\min(Ri_l(a))}

v} = min{y/mn m7rn

We introduce the following condltlons.

k[2] = sup maxmax

(AH) kY = sup maxmax
BENZ(r) i<n j<m

BENE(r) i<n j<m

M’”(%T]ﬂ)

>/||z
3 |3

—"}, where b, = minmin o,
i<n j<m

(CCy) w2y — 0, (CCs) vimyyi — 0, (CCs) v — 0.

Note that (CC;) implies (CCs), since m, > 1. The proof of the following lemma is
quite technical and is omitted (see Appendix C, p. 338 of [20] )
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Lemma 4.3.1 (Lemma A.1-Lemma A.3, p. 338, [20]) Suppose that (AH) holds.
(a) If (CCs) holds, then sup |$TH;1/2Bn(B)H;T/2x — 1] — 0, for any = with

BEN;(r)
]| =1.
(b) If (CCy) holds, then sup (xTH;”?Hn(ﬁ)H;T/%) — 0, for any = with ||z||=1.
BENZ(r)
(c) If (CCy) holds, then sup (xTHrflﬂE(ﬁ)Hn—Tﬂx) — 0 in probability, for any x
BeENZ(r)
with ||z]|=1.

Theorem 4.3.2 (Theorem A.2, p. 339 [20]) Assume that (AH), (CCy) and (CCy)
hold. Then (CC) holds, and in particular (LZ,) holds.

Proof: This follows from Lemma 4.1.6. and Lemma 4.3.1.
O

4.4 Particular Cases and Examples

In this section, we present some particular cases and examples.

4.4.1 Bounded Regressors
In this subsection, we suppose that the covariates {;;};; satisfy

sup sup ||z < ¢ < 0. (106)
i>1 j<m
In this case, we can show that assumption (AH) holds and condition (CCg) follows

from (CCy), whereas condition (Ny) is implied by
(Bs) e, ALY — 0.

More precisely, as a consequence of Theorem 4.2.8 and Theorem 4.3.2 we have the

following result.

Corollary 4.4.1 (Corollary 1, p. 331, [20]) Suppose that the covariates {xi;}i;
satisfy (106), and (I%,), (CCy) hold. Then there ezist a sequence {f,}as1 of random
variables such that B, — fo in probability. If in addition, we suppose (Bs) holds,
then M{l/an(Bn — Bo) — N(0,I) in distribution.
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Proof: (p. 332, [20]) Note that |z7 o] < ||z;|[|Goll < cllBoll, for all i > 1, j < m,

Since a continuous function maps a compact set into a compact set, we get
0<c <p(a)B)<cy, 0<d <p'(alB) <dy, 0<cf < p”(z;f8) <c5.  (107)
Hence assumption (AH) is satisfied.

Note that in this case (CCy) implies (CCa) :

" 1
il (7Tn7:) < (_mwn)ﬂn'}’; > 0,
bn C1

* *
Vnﬂ-TL’Yn S

since b, > ¢; > 0.
From Theorem 4.3.2, condition (CC) holds. From Theorem 4.2.3, we get B — Bo

in probability. In order to prove the asymptotic normality of 3,, we will use Theorem
4.2.8.

To see that (Ns) (i) holds, note that since £ ((y;‘j)Q(Hl/ %) is continuous function
of z;; and z;; lies in a compact set, there exists a constant 0 < K; < oo such that
E((yy;)?"19) < K.

We claim that

(Bjs) implies (Nj) (ii). (108)

To see this, recall that

VP = max Amax (Hy, *DI V() " D;H,?) =

" 1<i<n

= max Amux(H; 2 XT A (B) Ri() 7 A () X H ).

1<i<n

Note that if z is a p-dimensional vector of norm 1, then for each i < n,
gTHV2XTAVPRIVAP X H Y0 < Aoy (R DaTHI V2 XTAX H Ve <

< Amax (B Amax (A2 H7 Y2 XT X H7 V22 = A (R Amax (A | XGH Y222 <

1

< /\maX(Ri—l))‘maX(Ai)HXiH;1/2H2E = )‘maX(R—l))‘maX(Ai)tr(XngleT) <

)

3 T r7—1
< Apcom %%(IUH" Tij),
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where Apax(4i) = max 74 (:ciTjﬁo) < ¢y. Taking maximum over ¢ < n, we get %(LD) <
jsm
ca(mA) 7. Hence

(an‘nm)1+5'77(zD) < (C}L+6>(5‘nm)2+677(10)'

This concludes the proof of (108).
|

Our next goal is to show that the conditions of the previous corollary can be
checked directly using only the working correlated matrices R;(«) and the design ma-

trices X;. For this purpose, we consider the following two conditions:

3 ~
(B) e — 0,  (Bj) A =
/\min(z X;TXz) /\min(z XlTXl)
i=1 i=1

i
i — 0.

Proposition 4.4.2 (Remark 13, p. 332, [20]) Suppose that the covariates (z;;); ;
satisfy (106). Then (B) implies (I%,) and (CCy), and (B}) implies (Bs).

Proof: From (107), we get that A; > Apin(A:) = min ' (zB0) > c1l. Hence
jsm

Ri(@) < Amax (Ri(a)) I < cilxmax (Ri(a)) A,

and
Ri_l(a) Z Cl)\min (Rfl(&)) A

7

1> ATV <.

7

It follows that

Ho—(eiha) D XTX: =S XTAP (BT a) — AT A X > 0

i=1 i=1
and .
Amin(}[n) Z Clxn)\min(z X;TXz) (109)
i=1
By condition (106), there exists a constant K > 0 such that || X;||* < K for all i. We
have

max (5 Hy ' 24;) < Amax(XGH ' XT) = A XGHPHVPXT) =

j<m
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= || H; XD < | H72PXG)2 < KN HDY) = —
X < PP < K = 5

Taking maximum over ¢ < n and using (109), we obtain
O S S . .
)\min(Hn) “ X'nAmin(i XTXz)
i=1

(110)

To prove that (B) implies (I},), recall that 7, = m<ax)\max(Ri(a)’lRl) < mA,

Using (109), we obtain

Tn < mS\n _ 1 My
Amin(Ha) = 3 AL XTX) (S0 XT X))
=1

i=1

To prove that (B) implies (CCy), we use (110) and the fact that 7, < m\,

) -
riy = i@ < £ T e T
U hmin (3 XTX;) An A
i=1
K w2 Tn K mm?
= n My Y S - n
“hnn(LXTX) M (3 XTX)
i=1 i=1
To prove (B}) implies (Bj), we use (110):
I+6(Y Y146 ) 1+6(Y 1+
CIH(R,)2H40) < K ¢ T(LAn) T A K o EL)\n) N o
“ Amin(Z XzTX1> )\n “ Amin(z X;I‘X’L)
i=1

i=1

O
By combining Proposition 4.4.2 and Corollary 4.4.1, we obtain the following result.

Corollary 4.4.3 Suppose that the covariates (z;;);; satisfy (106), and conditions
(B) and (B%) hold. Then the same conclusion as in Corollary 4.4.1 holds.
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4.4.2 Bounded responses

We suppose that the responses (y;;); satisfy

sup sup |yi;| < ¢ < 0. (111)
i>1 j<m

Recall that we have assumed that y;; has a density function given by formula (77)
(with ¢ = 1). This implies that for any 8 € B, and for any i > 1, j = 1,...,m, we

have:
i (B)] = | Ea(yis)| < Eslyisl < ¢, w(zB) = Bglys; — mi)” < (20)°,
W (@8] = |E(yy — 1y)°) < (2¢)?,
" (€58)] = |E(yi; — paig)* =3[ (258)17] < (20)* + 3(2¢)".
Therefore under (111), (AH’) implies (AH), where

(AH') inf inf inf 4/(z],8) > 0.

BENx(r)i<n j<m

Consider conditions

2, 32 T(LO)
(CCY) = =0, (No) = 0.

Corollary 4.4.4 (Corollary 3, p. 334, [20]) Suppose that the responses y;;s sat-
isfy (111), (AH), (I%) and (CCY}) hold. Then there exist a sequence {Bn}n>1 of
random variables such that B, — By in probability. If in addition, we suppose (No)
holds, then M{l/QHn(Bn — Bo) — N(0,1) in distribution, when n — oo.

Proof: (p. 334, [20]) Note that b, = minminx/(z53) < (2¢)®. Therefore (CC})

i<n j<m
implies (CCy), since
2 % 2 . %
2 % T n 27 Yn
m = -"b, < (2 .
Also (CCy) implies (CCg), since
2 %
* * My * Wn’)/n
VnTnYn < b TnYp = M b
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From Theorem 4.3.2, condition (CC) holds. From Theorem 4.2.3, we get 3, — (o
in probability. As in the proof of Theorem 4.2.8, in order to show that M, Y ZHn(Bn —
Bo) — N(0,I) it suffices to prove that

M7Y%g, — N(0,1) in distribution.

By the Cramer-Wold theorem (Theorem A.2.4, Appendix A.2), this is equivalent to
saying that
2T M7V%g, — N(0,1) in distribution,

n

for any p-dimensional vector z with ||z|| = 1. Recall that g, = 5. DTV, *(a)e;. Hence

i=1

T MV, = Z cTM7Y2DTV Y a)e; = Z Zini.
i=1

i=1

We need to verify the Lindeberg condition

Y E (221 5e) — 0, Ve > 0.

i=1

We know that Z2, < c, v (y7) Ty, where yf = Ai_l/z(yi — ). (See the proof of

Lemma 4.2.7)
We claim that there exists a constant K > 0 such that ”y(D)

i < KmS\n%(LO). To see
this, note that

3 = 2T H2XT AP Ry (0) T AP X HT 2 = || RV AP X G H PP <
< | RPIAYZIPIXH 2P ] < (20)2(mA)An,
since || X:Hn ?|12 < my?, |lz|| = 1 and ||A;|] = Amax(4i) = max i/ (z];80) < (20
]_’I’TL
Hence
Z% < Ken Nemy O () Ty;, Vi< (112)
and
Hzulzey = Izzze2) S Lyryes e pieniamat®)y
We claim that there exists ng = no(e) such that for any n > ng and i = 1,...,n,

2
* * 6
{(w) Ty > 5} =10, ¥n > no. (113)

Ke 2moys
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To see this, note that Apin(A4;) = mln,u "(x%60)I > byl and under (111) there exists a
constant K; such that |y — | < K2. By (Np), there exists ng such that

cn5\2'y£0) g2
b, = mKK2 =
Hence
1 g2
T  x T A~1 2
vyl = (v — ) A, — i) < Yi — SK—<————
(¥) ) (yi — ) P |l i | b < Keem®

which concludes the proof of (113). From (112) and (113), we conclude that

D E[aidaiza] < Keadimy ZE[?/ y;zea/(mvmvﬁ‘”)}]
i=1

. 392 ) *\2
= Kec,\,my, ZE [(yi) I{(y;)Ty;252/(Kcn5\%m7£0))}] '
i=1

The conclusion follows since (Ng) and the fact that b, < (2¢)? imply that cnS\%’yr(LO) —
0.
O

4.4.3 Logistic Regression for Binary Data

In this subsection we assume that the responses y;; assume only the values 0 and 1,

say
Ply; = 1) = pij and P(y;; = 0) = 1 — py;.

Then density function of y;; is

J(Wislpis) = 07 (1= pig)' =¥ = exp {yi; Inpij + [(1 — vi;) In(1 — pyy)]} =

+ In(1 — p;;)] = exply;logit(py) + In(1 — py)]-

p
= exply;; In : .
ij

From here we see that the natural link function is:

logit(pi;) = 6;; = xz;ﬁ
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Therefore, we obtain that f(vi;10:;;) = c(yi5) exp[bijyi; — a

c(yij) =1, a(fi;) = In(1 + e?i), w(bi;) = E(yi;) = pij =

72

(6;;)]. Note that

e

14 e’

In what follows, we will check the assumption (AH). Note that

] ] ]
e e’(1—e")
/ ) = —— " P) = ——\ —/
and hence
p'@)]  J1—€| 2¢9 149
w0 [14ef| 1+ef|—
p"(0) ¥ —4e’ +1| ) 6ef 1
w@) | | (1+e)?2 | 1+ef 1+ef|
From here we conclude that
" IT
kM = sup maxmax ,( ITJﬁ)
peNz(ry isn ism | p'(z;:0)
and
" I'T
k@ = sup maxmax %
BeNx(5) t<n j<m :U’(xijﬁ)

W(0) = -

e — 4e20 1 ¢f

(1+ef)t
0
e <3,
1+ef
6e? 1
© 7.
146 |1+¢f
<3
<.

Since y;; € {0,1}, this situation belongs to the Bounded Responses Case. From
Corollary 4.4.4, we obtain that if (I,) and (CC}) hold, then there exist a sequence

{Bn}nZl of random variables such that Bn — [ in probability. If in addition, we
suppose (Ng) holds, then M{l/QHn(BAn — Bo) — N(0,I) in distribution.

In practice, for a given longitudinal data set, we can find the GEE estimator and

build a logistic regression model for binary data using the SAS system. (see Appendix

B.1)

4.4.4 Linear Regression

In this subsection, we suppose that for all¢ > 1, j =1, ..

Ep(yi;) = ;8 and Varg(y;) =

‘7m7

1. (114)
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This situation may be encountered for instance if y;; has a normal distribution with

mean 0;; = x; ﬁ and variance 1, i.e. the density of y,; is

o
f(i310:5) = c(ys;) exp <yij‘9ij - ‘j’) :

In this case, the theory simplifies considerably, since

Ai(B) =1, Di(B) = Ai(B)Xi = Xi, Vi(B,a) = Ai(B)/*Ri() Ai(8)'/? = Ri(a),

Xn:X ZXTR - X.0),

i=1

D.(p) - 22 ZXTR )X, = Ha(8),

M, = Z XIRi(a) ' RiRi(a)™
i=1
Since D,,(8) = Hn(B), conditions (Ly ), (L%) and (CC) hold, whereas condition (Nj)
is implied by

(Ls) (Cn)1+55\721+5 max Amax(XH7EXT) — 0.

More precisely, we have the following result as a consequence of Theorem 4.2.8 and
Theorem 4.2.3.

Corollary 4.4.5 (Example 5.1, p. 329, [20]) Suppose that the responses y;; sat-
isfy (114) and (I%,) holds. Then there exist a sequence {Bn}tn>1 of random vari-
ables such that B, — [ in probability. If in addition, we suppose (Ls) holds, then

MVPH (Bn Bo) — N(0,1) in distribution, when n — oo.

Proof: From Theorem 4.2.3, we get Bn — o in probability.

In order to prove the asymptotic normality of 8., we will use Theorem 4.2.8. We

claim that
(Ls) implies (Ny). (115)
To see this, recall that
VP = max Anax(Hy, > DI (B)Vi(8, )" Di(8)H, 1)

1<i<n

= max Apay(H, ’X] Ri(a) ' X, H,T/?).

1<i<n
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Note that for each i < n,
T HPXTR7 ) X Hy TP < A Ry (@)l H, VP X X H TP <
< Amax By (@)]e” Hy VP XT X H, 0 = A BT ()| X H PP =
= Ao [ By (@) Ama X H ' XT) < A Ama (X H X,

Taking the maximum over i < n, we get v, < A, - max Amax(X;H1XT). Hence
(e ) 9P < (€)' PN max Apax (XGH, ' X),

1<i<n

which concludes the proof of (115).
|

4.4.5 Poisson Log-linear Regression

In this subsection, we suppose that ¥;; is a count measurement with the following
Poisson density:
Yij

S (il Aig) = 6_/\”% = (1/yi;!) exp(yi; In Ayj — Ayj)

7"

From here we see that the natural link function for this model is
In >\ij = 01']‘ = l'z;ﬁ

Hence
zT,
/Jz‘j(ﬁ) = U?j(ﬁ) = e"i”,
In this case u(f) = e’ and assumption (AH) is clearly satisfied.

We introduce the following assumption:

(P) There exist constants ¢; > 0 and ¢z > 0 such that

. . T T
min min e*5® > ¢y, Vn, maxmaxe®i™ < ¢y, Vn
i<n j<m i<n j<m

Corollary 4.4.6 (Corollary 2, p. 332, [20]) Suppose that (P), (I%,) and (CCy)
hold. Then there exist a sequence {BnYn>1 of random variables such that B — Bo in
probability. If in addition, we suppose that (Bs) holds, then M{l/ZHn(,é’n - Bo) —

N(0,I) in distribution, when n — oc.
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Proof: (p. 333, [20]) Under (P), we have b, > ¢, and hence

M m m

* n * * 2 %

n < Ty, VT, < —T0 %,
br, c1 c1

It follows that (CCj) implies (CCgz). From Theorem 4.3.2, condition (CC) holds.
From Theorem 4.2.3, we get ﬁAn — [y in probability.

In order to prove the asymptotic normality of 3,, we will use Theorem 4.2.8. We
claim that (Bj) implies (Nj). First, using a property of the Poisson distribution
and condition (P), we conclude that there exist some constants ¢j > 0 and ¢ > 0

(depending on §) such that

24+5/2

Va1 < g (B0) < e

Ely5[**** = B
’ i (50)

Note that under (P), we have APV < comAny . (To see this, we use the same
argument as in the proof of Corollary 4.4.1, since A\pax(A;) < ¢, for all 4, due to
condition (P). Therefore

)1+5,Yr(lD) _<_ (cl+6)()\nm)2+6'y,(l0),

n

and (Nj) follows form (Bs).
O
In practice, for a given longitudinal data set, we can find the GEE estimator and

build a Poisson log-linear model for binary data using the SAS system. (see Appendix
B.2)



Chapter 5

The Quasi-likelihood Approach

In this chapter, we present the asymptotic theory for a GLM in which the density
function of the response variables y; is not specified. As in Chapter 3, we suppose
that (v;)i>1 are random variables defined on probability space (2, F, Ps), which are

recorded together with the p-dimensional regressors (z;);>; such that
Eg(y) = p(a78) and Varg(ys) = ¢/ (275), Vi = 1. (116)

The solution Bn of the equation
sn(B) == in (yi - ,u(a:;fﬁ)) =0, (117)
i=1

is called the maximum quasi-likelihood estimator (MQLE) of 5. The question
of its existence and strong consistency has been examined by Chen, Hu and Ying in
[4]. However, we discovered that the proof of the main result in the above-mentioned
article relies on some incorrect arguments, and therefore we believe that this result
does not hold true.

This chapter is organized as follows. In Section 5.1, we present the general argu-
ment of Chen, Hu, and Ying (used for the proof of Theorem 1 of [4]), and the reasons
we believe it is incorrect. In Section 5.2, we apply the theory developed in Chapter
4, to provide the asymptotic results for a GLM specified by (116). In particular, our

Theorem 5.2, yields a correction to Theorem 1 of [4].

76
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5.1 The Argument of Chen, Hu and Ying

The main result of [4] states that if the regressors are bounded, the existence and
strong consistency of the MQLE 3, can be obtained under virtually the same condi-
tions as in the linear case, and moreover, the rate of convergence of B, to By is exactly
the same as the rate of convergence of the LSE ﬁn ) to Bo.

We begin to investigate this result.

Using the notation of Chapter 2 and Chapter 3, we let H, = > z;27 be the design
i=1

matrix, V, = H:' = (o), -1, and F,(8) = Zu( T8)z;2T. We suppose that

]

.....

the matrix H, satisfies the divergence condition (D*) and sup ||z;]] < 0.
i>1

We define the errors

&(8) =y, — u(zIB), i > 1

and we suppose that the residuals (g;);>1 satisfy condition (Cq) given in Chapter 2.

Let us also consider the linear-errors
e5N(B) =y, — T8, i > 1.

The first error of the authors of [4] is the fact that they do not make a distinction

between ¢; and 6ELS)

1159.
It is clearly true that

(LS -1 (LS) “ LS) _ _ 1+6711/2
Zazs Bo 0(1?2}3({1) ]logv [ } )

where ﬁ( 5 = 12 z;y; is the LSE of § (see our Theorem 2.2.1 and Corollary

, as it can be seen from their relations (2.7) and (2.9) on page

2.2.4). However, it is not true that one would have

= H; 123: £, =0 (max{v |logv |1+5}1/2>

=1
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as it is claimed by relation (2.9) of [4].

Using the same notation as in [4], let us define

Gn(B) = Z s (u(xXB) — w(aFBo)) = 5n(Bo) — sa(B)

and

Gn(B) = H, ' Gn(B).
Suppose that there exists 8, = G;l(an), that is

Using the definitions of G,(-) and a,,, this is equivalent to saying that

H (50(80) = nl(Bn) ) = Hi (o),

which in turn forces s, (G,) = 0.

In order to prove the existence of 3, the authors of [4] use Lemma A.3.2 (Appendix
A.3). For this purpose, they wish to prove that for any n > 0, there exists r = r,
such that

inf  ||G,(8) — 0] > 118
seaidipy 1GR(8) =0l = 7 (118)

(their relation (2.12)). By the above mentioned lemma, this implies that G~ (B,(0)) C
B_,,(ﬁo). Hence, if a,, — 0, then there exists ny = ng(n) such that

an € B-(0), Yn > ng.

Therefore 3, = ég (a,,) would exist and lie in E;(ﬁo) for all n > nq.
The second error of [4] is when proving (118). Using Taylor’s expansion for the

function s,(-) around Gy, we have: for § € 0B, ()
GO = 1H" (sn(Bo) = sa(D) I” = 1 Hy Ful B2)(8 — Bo)?
= (ﬁ - 6O)TFn(Bn)Hn_2Fn(Bn)(ﬂ - ﬂO))

where 3, lies between § and fy. Relation (2.12) of [4] claims that

(8 = B0)" Fu(Bn) Hy 2 Fo(82)(8 — o) = m*(8 — Bo)” Fu(Ba) Fu(Bn) "> Fu(Bn) (8 — o),
(119)
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where m = inf W (xf B).
In what follows we will prove that (119) is false by providing a counter-example.

(119) is equivalent to

- oy BB oG

(8= Bo) > (B—Bo)" (B — Bo)- (120)

We choose 3, such that 1/(z73,) = m, Vi > 2 and p/(z75,) > m, i=1. We denote
o; = p'(z7B,)/m — 1. Tt follows that oy = 0, Vi > 2 and a; > 0. Recall that

Fn(gn) = Zﬂl(xzfﬁn)xlm;f
i=1

Hence

Fo(Bn) . Nl(x;fgn) T - T - /JI(%TBn) T
- = Z Tl'ixi = ;miwi + ; T -1 €;Z;

=H,+ i aixiwiT =H, + alxlmf. (121)
i=1
By (121), (120) is equivalent to
(8= Bo)T(Hy + cumia] ) Hy > (Hy + onmiay )(B8 — Bo) > (8 — 6o)" (8 — fo)
which is equivalent to
2(8 — Bo)" Hy'way (B — fo) + on(B — fo) wrat Hy 2wz { (6 — o) > 0. (122)
If we take «; sufficiently small, then (122) is equivalent to
(8~ o) Hy 'y z] (B — Bo) > 0. (123)

Iflet p=3, 2y = (1,0,0), 22 = (0,1,0)", 23 = (1,0, 1), i —fo =1, Bs — o = 3
and [y be arbitrary, then relation (123) is not true. Hence (120) is not valid.
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5.2 The Asymptotic Results

5.2.1 The Weak Consistency

In this subsection, we will show that Theorem 3.2.1 (whose proof relies heavily on
the fact that y; has an exponential density), continues to hold in the case of a GLM
specified just by (116). Note that in this subsection we do not need to impose any
dependence structure on the residuals (£;)i>1.

To see this, we use an argument similar to that given in the proof of Theorem
4.2.3, by taking T,(8) = F{l/an(ﬁ). Using Taylor’s expansion for the function
T.(-) around Sy, Lemma A.1.22 (Appendix A.1) and condition (C), we get: for any
B € ON,(r)

ITw(8) = Tu(Bo)ll? = I| = E; V2 Fu(B)F, T2 E(8 — o)l =
> (" B PR BT IFE( = BolIP 2 2, ¥z m,

where ¢ and n; = ny(r) are the constant given by condition (C). By Chebyshev’s

inequality

-1/2 ™ —T/2
S O G e

P(ITu(B)l| < er) 21— =50

b
:1—%2“:1—5, VTLZl,

by choosing 7 = /p/(c?¢). Hence

P (1m0l <, jaf IT(0) = TBol) 2 1= oz .

The argument is complete by invoking Corollary A.3.3 (Appendix A.3).
0

5.2.2 The Asymptotic Normality

Note that the proof of Lemma 3.2.2 (i.e. (IN) implies (C)) does not rely on the density

assumption on y;. However, the proof of Lemma 3.2.3 (which gives the asymptotic
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normality of F,, v 25n) uses this density assumption. To overcome this difficulty, we

introduce the following condition:

(Ns)(i) There exist § > 0, K > 0 such that sup E|y}|***® < K, where y = ¢;/0;.
i>1
(D)

(i) P — 0, where v'?) = max o2z Fla;.

1<i<n

Lemma 5.2.1 Suppose that the residuals (£;);>1 are independent. Under (Ns), we

have

FY2s, — N(0, 1) in distribution.
Proof: By the Cramer-Wold Theorem, it suffices to prove that
AT F-1/25. — N(0,1) in distribution, (124)
for any p-dimensional vector A with ||A]| = 1. Recall that s, = an z;e;. Hence

i=1

n

NE s, = N F7 Ve = i T

1==1

Note that (Z,)i=1, . are zero-mean independent random variables and
E[(NTF;Y25,)%] = EQTE; Vs, s F7T12N) = NTE; V2 E(s,s)Fy 720 = 1

Relation (124) will follow by the Center Limit Theorem (Theorem A.2.8, Appendix
A.2) providing we show that the Lindeberg condition holds, i.e.

Y B(Zy dyz,.02e) — 0, Ve > 0. (125)

For this, we note that
Zni= (\TETPr)’e =70 (0)?,
where fym = 0} ()\TF_‘U2 :)2. Note that

VB = o2 gl TN F TPy < 022l By < o), Vi<,
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since Amax(AAT) = ||A||2 = 1. Hence

Iiz2 >e2y = I{(y;>22e2m;?>} < Lgmeser Py

k3

and
Z E (ZTQL,iI{\Zn,i|2€}> = Z%(L,i)E ((Z/z‘ )21{(9?)2252/%(1]3)}) < Z’Yr(l,i)E
i=1 i=1 ' i=1

n (D) 28 n
D * '771 — D
- Z VT(L,i)sz‘ |2(1+6) (?2") < Ke 46’)’7(1D> Z fyr(z,i)v

i=1 i=1
where we used (Nj) (i) for the last inequality above. Note that

SR = 3 R ) = NEAY ofwal VETTN =
=1

1=1 i=1
= \NE2E P72 = 1.

From (126) and (127) we conclude that
Z E (stil{|zn,i|25}) < K€—4577(1D),
i—1

Relation (125) follows by (Nj) (ii).
a

(y})?

82

(v;)*

(€2/15P)28

(126)

(127)

We conclude that under the additional assumption (Ns), Theorem 3.2.4 contin-

ues to hold for a GLM model specified just by (116), whose residuals (g;);>1 are

independent.

5.2.3 The Strong Consistency

This subsection contains the correction to Theorem 1 of [4].

Lemma 5.2.2 Suppose that the residuals (g;);>1 form a martingale difference se-

quence. If (D) holds, then for any p-dimensional vector \ with ||A|| = 1 we have

As,

[)\max(Fn)]l/2+6 — 0 a.s.

|
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Proof: The proof follows from Theorem A.2.2 (i) (Appendix A.2) since (A\T's,,)n>1 is
a zero-mean martingale with E [(ATs,)?2] = ATE,A < Apax(F).
O

We claim that Theorem 3.2.6 continues to hold in the case of a GLM specified by
(116), if (;)i>1 form a martingale difference sequence.

To see this, we use an argument similar to that given in the proof of Theorem
4.2.10, by taking

Ta(B) = Panax (F)] 77" 50(8).

Using the Taylor’s expansion for the function 7,,(-) around 5, Lemma A.1.22 (Ap-
pendix A.1) and condition (Ss), we get: for any 8 € 9B.(0o)

IT0(8) = Tn(Bo)I? = Pmax(F)] ™2 | Fn(Bo) (B — Bo)|I* >

Z [)\max(Fn)]‘.l_% (mTFn(Bn)Q:)? ||ﬂ - 60”2 Z C252, \V/’I’L Z ny, (128)

where ¢ and n; are the constant given by condition (Ss). By Lemma 5.2.2, with

probability 1, for any € € (0, o) there exists a random variable ny(> n;) such that

I < ce, ¥n > ny. (129)

T (o) = _ <
I8} = o 7

From (128) and (129), we conclude that

ITu(Bol < ,_jnt  [Tu(8) = Tu(Bo)ll, Vi 2 ma

The argument is completed by invoking Corollary A.3.3 (Appendix A.3).

Remark: As it easily seen from the above argument, by using part (ii) of Theorem
A.2.2, we can modify condition (S;) as follows:
(S3) There exist some constant ¢ > 0, § > 0 and n; > 1 and a neighborhood N C B
of By such that

Amin (Fn(8)) > ¢ Pmax(F)]Y? | log Amax(F)|?, VB € N, ¥n > ny.

The correction to Theorem 1 of [4] is the following:
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Theorem 5.2.3 In a GLM specified by (116), if the residuals (€;);>1 form a martin-
gale of difference sequence, (D) and (S}) hold, then there exists a sequence {BaYn of

random vartable and a random number ny such that
(a) P (sn(Bn) =0, Vn > n2> =1
(®) B — Bo a.s.



Appendix A

Background Material

A.1 DMatrix Analysis Results

The following results can be found in [17].

Definition A.1.1 Let A be a p x p matriz. (a) Suppose that A is symmetric (i.e.
A = AT ). We say that A is nonnegative definite (and we write A > 0) if
zT Az >0 for all x € RP. We say that A is positive definite (and we write A > 0
) ifsTAz > 0 for allz € RP, x # 0.

(b) We say that A is nonsingular, if det(A) # 0.

Note A.1.2 A > 0 if and only if A > 0 and A is nonsingular.

Definition A.1.3 We say that X\ € R is an eigenvalue of A if there exists v € RP
such that Az = Az (or equivalently det(A — A\I) =0) .

Theorem A.1.4 If A is a symmetric matriz then all the eigenvalues of A are real

numbers. (We usually denote with Amin(A) and Amax(A) the smallest, respectively and
the largest eigenvalue of A.)

Theorem A.1.5 (a) A is nonnegative definite if and only if all the eigenvalues of A

are nonnegative.

(b) A is positive definite if and only if all the eigenvalues of A are positive.

85
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Theorem A.1.6 Let A\ be an eitgenvalue of A and x be a corresponding eigenvector.
(a) Then \™ is an eigenvalue of A™ corresponding to the eigenvector x, for anyn > 0.

(b) If A is nonsingular, then A\™! is an eigenvalue of A~ corresponding to the eigen-

vector x.

Theorem A.1.7 If denote with A\1(A),..., A\,(A) the eigenvalues of A, then
P
(a) tr(A) = ;)\i(A).

(b) det(A) = [T M(A).

i=1

Theorem A.1.8 If A is a symmetric matriz, then
)\min(A)a:T:C < 2T Az < Apax(A)z" 2, Vz € RP.
Corollary A.1.9 If A is a symmetric matriz, then
Amin(A) < i < Amax(4), Yi=1,...,p.

Definition A.1.10 Let A be apx g matriz. We define the Euclidean norm of A by
P4
NAlle ={>_> a?j}%. We define the spectral norm of A by || A|| = {/\maX(ATA)}%.

i=1i=1

Note A.1.11 ||A|l = ”31”1p |Az|| = Sl;%)“Ax”/H.’E“
z||=1 T

Note A.1.12 The Fuclidean norm and the spectral norm are equivalent. i.e. Jc; >
0, co > 0, such that

callAlle < 1Al < el Alle-
1 1 p 1
Note A.1.13 If z € RP is a vector, then ||z||g = (z72)2 = {tr(zTx)}z = (3 2?)z.

Property (a) If A >0, then ||A]| = Anax(A4).
(b) If A> 0, then ||[A7Y| = Amax (A1) = 1/ Amin(A4).
Definition A.1.14 Let A be a positive definite matriz. The matriz A2 is called the
left square root of A, if
A(AD)T = A,

The matriz (AT is denoted with A™/% and is called the right square root of A.
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Note A.1.15 The left square oot of a positive definite matrix always exists and s
positive definite. We denote with A=Y? the matriz (AY?)™1, and with AT the

matriz (AT/2)71,

Theorem A.1.16 If A is a symmetric p X p matriz and Ay, ..., A, are the eigenvalues
of A, then ||A]| > p(A) = max | Al
i=1,...p

.....

Corollary A.1.17 If A is a symmetric matriz, then |NTAX| < || A||||Al1?, for all A.
Proof: For all A\, we have

Amin (AN < ATAN < AT

max

(AT

Amin(A) A2 < ATAN < AT

max

(A

Hence [ATAX| < max{|Amin (A)|AI?], [Amax(A)]|AII?]}, by Theorem A.1.16.
O

Lemma A.1.18 Let A be an p x p matriz. Then the eigenvalues of BAB™! are the

same as the eigenvalues of A, if B is a nonsingular m X m matriz.
Corollary A.1.19 The matrices A~'B and A~Y?BA~T/? have the same eigenvalues.

Lemma A.1.20 (Lemma 1, p. 317, [20]) Suppose that A is a p x g matriz. For
any vector A with ||\|| = 1, we have \TATAN > (AT AN)2.

Proof: For any given p x 1 vector A with ||A|| = 1, construct an orthogonal matrix
A such that its first column is A\. Denote b = ATAX. The first element of b is then
by = ATAX and A\ = A. So ATATAN = bTb > b2 = (A\TCN)2

|

Lemma A.1.21 Let A and B be p x p matrices. Suppose that A = (aij) i j=1,.p and
laij| < e, Vi,j. Then |Anax(AB)| < pe||B|.



APPENDIX A. BACKGROUND MATERIAL 88

Proof: We suppose that z is the eigenvector corresponding to A = Ap.x(AB) with
|zl = 1. Then (BA)x = \z. Hence we get

Al = liAzll = | BAz|| < | Bl Allll=]l < pel B,

since

p P 1/2
IAl < [|Alle = (ZZG%) < (p°e")M? = pe.

i=1 j=1
O

Lemma A.1.22 For any p X p matriz A and for any p-dimensional vector v, there

exists a p-dimensional vector z, ||z|| = 1 such that
1Av]* > (2" Az)?||v]]*.
Proof: Let z be an eigenvector of norm 1 of AT A corresponding to Apin(ATA). Then
[Av||? = vT AT Av > Auin(AT A)J0]|? = (2T AT Az)|Jo]® > (27 Az)?|l0]]?,

by Lemma A.1.20.
O

A.2 Limit Theorems

Theorem A.2.1 (Lemma 2, p. 504, [19]) Let {X.}i>1 be a sequence of indepen-
dent mndom variables such that E(X;) = 0 and E(X?) < oo for all i > 1. Let

Sy = Z Xi. Let {A,}n>1 be a sequence of positive numbers such that A, — oo and
there ea:zst 0>0,¢>0, N>1, such that

[Var(S,)]"** < cA,, Vn > N.

Then

—S5, — 0 a.s.



APPENDIX A. BACKGROUND MATERIAL 89

Theorem A.2.2 (Theorem 3, p. 81, [16]) Let (S,).>1 be a p-dimensional zero-
mean martingale and F,, = Cov(S,,).
(i) If || .|| — oo then for any § > 0,

1 ~1/2 o,
(log ||Fn||)1/2+5Fn S, — 0 a.s. (and in L?).

(ii) If (log || Fnl))"/ Amin(Fr) — O for some r > (2a — 1), oo > 1/2, then
F;*S, — 0 a.s. (and in L?).

Theorem A.2.3 (Theorem 2, p. 78, [16]) Let (S,.)a>1 be a p-dimensional zero-

mean martingale and (A,)n>1 be a sequence of p X p matrices such that Amin(An) —

oo and

A AT < App AL, V> 1

Let Xi = Si — Si—h 1 Z 1. [f

ZEHA[lXin < oo, for some p € [1, 2],

i=1

then A1S, — 0 a.s. (and in LP).

Theorem A.2.4 (Theorem 29.4, p. 383, [1]) Let (X,).>1 and X be p-dimensional

vectors. Then
X, — X in distribution
if and only if
AT X, — AT X in distribution

for any A € RP.

Theorem A.2.5 (Theorem 5.5.17, p. 239, [2]) If X,, — X in distribution and
Y, — a in probability, where a is a constant then

(a) Y. X,, — aX in distribution.

(b) X, +Y, — X + a in distribution.
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Theorem A.2.6 (Theorem 2.3.12, p. 66, [2]) Let (X;)i>1 be a sequence of ran-
dom variables and Mx, = Elexp(tX;)] by the m.g.f. of Mx,(t). Suppose that Mx,(t) —
M(t) asi — oo, for all t in a neighborhood of 0, and M(t) is an m.g.f. Then there

is o unique c.d.f. F whose moments are determined by M(t) such that
Fx,(z) — Fx(z), as i — o0
for all z, where Fx(z) is continuous.
Lemma A.2.7 Let X,, and Y, be p-dimensional random vectors and A, be ap X p
matriz such that X, = A,Y,, for every n. Ifslill) E(||X.||?) < oo and ||A, = I|| — 0.

Then
Y, =X, + 0,(1),

i.e. Y, — X, — 0 in probability.

Theorem A.2.8 (Theorem 7.21, p. 214, [5]) Let {Z,;i}i=1

indezed sequence such that Zni, Zns, ..., Znk, are independent ¥n > 1 and S, =

kn
>~ Zn;. Suppose that E(Z,;) =0,Yj =1,....k, and E(S2) = 1. Then
j=1

knin>1 e a doubly

.....

kn
Y E(ZLyz,5) — 0, Ye >0,
j=1
iof and only if
Sn, — N(0,1), in distribution
and

max P (|Z, ;| > ¢) — 0, Ve > 0.
J<kn

Theorem A.2.9 (Theorem 15-6E, p. 408, [3]) Let (S,)n>1 be a martingale. The
following three conditions are equivalent. {Xy, Xa,...}:

(a) {S1, S, ...} 1s uniformly integrable.

(b) lim,, X,, erists in L'.

(c) There exists an integrable random variable Z such that {X;, Xs,...Z} is a mar-

tingale.
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If conditions (a) through (c) are satisfied, then lim,, S,, = So exists a.s. and {S1, Sa, ..., Soo }
s a martingale.
If sup E[|S,|P] < 0o for some p > 1, then condition (a) through (c) are satisfied and

lim:Sn = S in LP.

A.3 Analysis Results

Theorem A.3.1 Ifg: B.(z9) C R? — RP is a strictly concave function such that
g(x) — g(zo) <0, Yz € 0B(x0),

then there exists a local mazimum of g in Be(x).

Lemma A.3.2 (Lemma A, p. 1162, [20]) Let T be a smooth injection from RP
to RP, with T(zo) = yo. Define Bs(wo) = {z € RP, ||z — 0| < 6}, and S5(zo) =
0Bs(zo) = {x € RP, ||z — mo|| = 6}. Then gn(f ) |T(x) — yoll > r implies

zeSs5(To

(1) B (T(y0)) == {y € R?, lly — T(x0)|| <7} C T(Bs(x0))
(ii) 71 (E(yo)) C Bs(o).

Corollary A.3.3 Let T be a smooth injection from RP to RP. If ||T(z0)|| < inf (s z—zoy=sy || T ()~
T(z0)]|, then there exists € Bs(zo) such that T(Zo) = 0.

Proof: In Lemma A.3.2, take r = ||T(xo)||. Then B.(T(z0)) C T(Bs(x0)).

Note that 0 € B,(T'(yo)), because ||0 — T'(zo)|| = ||T(x0)|| = r. Hence 0 € T (Bs(z0))
i.e. there exists & € Bs(wo) such that T(z) = 0.

]



Appendix B

Analysis of Longitudinal Data Sets
Using the SAS System

In this chapter, we present the procedure implemented by SAS for finding the GEE

estimator.

The steps to find the GEE solution are (p. 547, [6]):
(1) Relate the marginal response to a linear combination of the covariates
(2) Describe the variance of y;; as a function of the mean.
(3) Choose the form of a working correlation matrix.
(4)

4) Estimate the parameter vector § and its covariance matrix. The GEE estimator

of 3 is the solution of the estimating equation

06 =Y (%) W@ - =0

The estimating equation is solved by iterating between quasi-likelihood methods for

estimating 3 and method of moments estimation of « as a function of 3, as follows:
(a) Compute an initial estimate of § by using a GLM model or some other method.
(b) Compute the standardized Pearson residuals 7i; = yi; — tdi;/+/v(f;;) and obtain
the estimates for the nuisance parameters ¢ and « by using moment estimation.

(c) Update 3 with

K
O 1 Opts O
- E( 194 E V (Y — )| -
|:i:1 3ﬁ Z aﬁ] { M)]
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(d) Iterate until convergence.

B.1 An Example Using Logistic Regression for
Binary Data

Passive Smoking Example (p. 480, [6])

Objective We are given data form a hypothetical study of the effects of air pollu-
tion on children. Researchers followed 25 children and recorded whether they were
exhibiting wheezing symptoms during the periods of evaluation at age 8, 9, 10 and 11.
We need to investigate the data and model the dichotomous outcome with a logistic
regression analysis.

Data Description The response is recorded as 1 for symptoms and 0 for no symp-
toms. Explanatory variables included age, city and a passive smoking index with
values 0, 1 and 2 that reflected the degree of smoking in the home. Since there are
4 observations with explanatory variable age, we have 100 lines’ records. Note that
age and the passive smoking index are time-dependent explanatory variables.

Modelling We use GENMOD procedure to fit the GEE model and build the logistic
regression model.

Conclusion We find that city is not a factor in wheezing, so we do the reduced
model. That is the regressors are only age and smoking exposure. Smoking exposure
has a nearly significant association. Age is marginally influential.

In what follows, we present the details using SAS system (outputs attached). 1-2
shows the information about the parameters, including which parameter belongs to
which level of the Class variables.

1-3 contains the initial parameter estimates. To generate a starting solution of
GEE, the procedure first treats all of the measurements as independent. Note that
statement GENMOD automatically creates a dummy variable for each of CLASS
variable. Because variable City has 2 possible values, GENMOD has created 1 dummy
variable and has taken the highest value as the omitted category.

There are 25 subjects and each subject has 4 measures showed in 1-4. The data
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are complete.

In 1-5, we find with Type 3 analysis results, the city is not significant. Because
the p-value is 0.0583, smoking exposure has significant association. Age is marginally
influential with p-value 0.0981.

1-6 displays the parameter estimates produced by GEE analysis. Since the effect
reported in Type 3 analysis are single degree of freedom effects, the score statistics
displayed in 1-5 are assessing the same hypotheses as the Z statistics in 1-6.

1-7 shows the empirical and model-based covariance matrix of the parameter esti-
mates. Note that their values are often similar, so we may have some confidence that
we have specified the correlation structure correctly and the estimates are relatively
efficient.

We use the exchangeable working correlation matrix (output 1-8).

We do the reduced model and present the estimates in 1-9.
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1-1 Basic Model Information

Distribution Binomial

Link Function Logit

Dependent Variable Symptom
Number of Observations Read 100
Number of Observations Used 100
Number of Events 42
Number of Trials 100

Class Level Information

Class Levels Values

Id 25 12345678910 1t 12 13 14 15 16 17 18 19 20
21 22 23 24 25

City 2 greenhil steelcit

Response Profile

Ordered Total
Value Symptom Freguency

1 1 42
2 0 58

PROC GENMOD is modeling the probability that Symptom='1'.

1-2 Information About Parameters

Parameter Information

Parameter Effect City
Prm1 Intercept

Prm2 City greenhil
Prm3 City steelcit
Prm4 Age

Prms Smoke

1-3 Initial Parameter Estimates

Analysis Of Initial Parameter Estimates

Standard Wald 95% Confidence Chi-
Parameter DF Estimate Error Limits Square Pr > ChiSq
Intercept 1 2.4161 1.8673 -1.2438 6.0760 1.67 0.1957
City greenhil 1 0.0017 0.4350 -0.8508 0.8543 0.00 0.9968
City steelcit o} 0.0000 0.0000 0.0000 0.0000 .
Age 1 -0.3283 0.1914 -0.7035 0.0468 2.94 0.0863
Smoke 1 0.5598 0.2952 -0.0188 1.1385 3.60 0.0579
Scale 0 1.0000 0.0000 1.0000 1.0000

NOTE: The scale parameter was held fixed.
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1-4 General GEE Model information

GEE Model Information

Correlation Structure Exchangeable
Subject Effect Id (25 levels)
Number of Clusters 25
Correlation Matrix Dimension 4
Maximum Cluster Size 4
Minimum Cluster Size 4

1-5 Type 3 Analysis

Score Statistics For Type 3 GEE Analysis

Chi-
Source DF Square Pr > ChiSq
City 1 0.01 0.9388
Age 1 2.74 0.0981
Smoke 1 3.59 0.0583

1-6 GEE Parameter Estimates

Analysis Of GEE Parameter Estimates
Empirical Standard Error Estimates

Standard  95% Confidence

Parameter Estimate Error Limits Z Pr> |Z|
Intercept 2.2615 2.0243 -1.7060 6.2280 1.12 0.2639
City greenhil 0.0418 0.5435 -1.0234 1.1070 0.08 0.9387
City steelcit 0.0000 0.0000 0.0000 0.0000 .

Age -0.3201 0.1884 -0.6894  0.0482 -1.70 0.0893
Smoke 0.6506 0.2821 0.0978 1.2035 2.3 0.0211

-7 Covariance Matrix Estimates

Covariance Matrix (Model-Based)

Prmi Prm2 Prm4 Prm5
Prm1 3.26069 -0.16313 -0.32274 -0.12257
Prm2 -0.16313 0.24015 0.002520 0.03422
Prm4 -0.32274 0.002520 0.03379 0.004471
Prms -0.12257 0.03422 0.004471 0.09533

The GENMOD Procedure

Covariance Matrix (Empirical)

Prm1 Prm2 Prm4 PrmS
Prm1 4.09770 -0.55261 -0.37280 -0.29397
Prm2 -0.55261 0.29538 0.03719 0.09143
Prm4 -0.37280 0.03719 0.03550 0.02064

Prm5 -0.29397 0.09143 0.02064 0.07957
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1-8 Working Correlation Matirx

Working Correlation Matrix

Col1 Col2 Col3 Col4
Row1 1.0000 0.0883 0.0883 0.0883
Row2 0.0883 1.0000 0.0883 0.0883
Row3 0.0883 0.0883 1.0000 0.0883
Row4 0.0883 0.0883 0.0883 1.0000

Exchangeable Working
Correlation

Correlation 0.0882765279

1-9 The Estimate For The Reduced Model

Score Statistics For Type 3 GEE Analysis

Chi-
Source DF Square Pr > ChiSq
Age 1 2.79 0.0947

Smoke 1 4.27 0.0387
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Dataset For Passive Smoking Example.

Pollution Study Data
Obs Id City i Age Smoke Symptom

1 1 steelcit 1 8 0 1
2 1 steelcit 2 9 0 1
3 1 steelcit 3 10 0 1
4 1 steelcit 4 11 0 0
5 2 steelcit 1 8 2 1
6 2 steelcit 2 9 2 1
7 2 steelcit 3 10 2 1
8 2 steelcit 4 11 1 [
9 3 steelcit 1 8 2 1
10 3 steelcit 2 e 2 0
11 3 steelcit 3 10 1 0
12 3 steelcit 4 1 0 0
13 4 greenhil 1 8 0 0
14 4 greenhil 2 9 1 1
15 4 greenhil 3 10 1 1
16 4 greenhil 4 11 0 0
17 5 steelcit 1 8 0 0
18 5 steelcit 2 g 1 0
19 5 steelcit 3 10 1 0
20 5 steelcit 4 1 1 0
21 6 greenhil 1 8 0 1
22 6 greenhil 2 9 0 0
23 6 greenhil 3 10 0 0
24 6 greenhil 4 12! v} 1
25 7 steelcit 1 8 1 1
26 7 steelcit 2 S 1 1
27 7 steelcit 3 10 0 1
28 7 steelcit 4 11 0 0
29 8 greenhil 1 8 1 0
30 8 greenhil 2 9 1 0
31 8 greenhil 3 10 1 0
32 8 greenhil 4 11 2 0
33 9 greenhil 1 8 2 1
34 9 greenhil 2 9 2 0
35 9 greenhil 3 10 1 1
36 9 greenhil 4 1 1 0
37 10 steelcit 1 8 (o} 0
38 10 steelcit 2 9 0 0
39 10 steelcit 3 10 0 0
40 10 steelcit 4 1 1 0
41 11 steelcit 1 8 1 1
42 11 steelcit 2 9 0 0
43 11 steelcit 3 10 0 0
44 11 steelcit 4 11 0 1
45 12 greenhil 1 8 0 0
46 12 greenhil 2 9 0 0
47 12 greenhil 3 10 0 0
48 12 greenhil 4 11 0 0
49 13 steelcit 1 8 2 1
50 13 steelcit 2 9 2 1
51 13 steelcit 3 10 1 0
52 13 steelcit 4 1 0 1
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Dataset For Passive Smoking Example.

Obs Id City i Age Smoke Symptom
53 14 greenhil 1 8 0 1
54 14 greenhil 2 9 0 1
55 14 greenhil 3 10 0 0
56 14 greenhil 4 ih 0 0
57 15 steelcit 1 8 2 0
58 15 steelcit 2 9 0 0 ;
59 15  steelcit 3 10 0 0 ;
60 15 steelcit 4 1 2 1
61 16 greenhil 1 8 1 0
62 16 greenhil 2 9 1 0
83 16 greenhil 3 10 0 0
64 16 greenhil 4 11 1 (v}
65 17 greenhil 1 8 0 v}
66 17 greenhil 2 9 0 1
67 17 greenhil 3 10 0 1
68 17 greenhil 4 11 1 1
69 18 steelcit 1 8 1 1
70 18 steelcit 2 9 2 1
71 18 steelcit 3 10 [¢] 0
72 18 steelcit 4 11 1 0
73 19 steelcit 1 8 2 1
74 19 steelcit 2 9 1 0
75 19 steelcit 3 10 0 1
76 19 steelcit 4 11 0 [0}
77 20 greenhil 1 8 0 0
78 20 greenhil 2 9 0 1
79 20 greenhil 3 10 o} 1
80 20 greenhil 4 11 0 0
81 21 steelcit 1 8 1 0
82 21 steelcit 2 9 1 0
83 21 steelcit 3 10 1 o}
84 21 steelcit 4 11 2 1
85 22 greenhil 1 8 0 1
86 22 greenhil 2 9 0 1
87 22 greenhil 3 10 0 0
88 22 greenhil 4’ 11 0 0
89 23 steelcit 1 8 1 1
90 23 steelcit 2 9 1 0
91 23 steelcit 3 10 0 1
g2 23 steelcit 4 11 0 0
93 24 greenhil 1 8 1 0
94 24 greenhil 2 9 1 1
95 24 greenhil 3 10 1 1
96 24 greenhil 4 11 2 1
97 25 greenhil 1 8 0 1
988 25 greenhil 2 9 [¢] 0
99 25 greenhil 3 10 [¢] 0

100 25 greenhil 4 13! 0 o}
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SAS Code
LIBNAME my 'd:\MyRawData';
DATA my.children;
INFILE 'd:\MyRawData\polution.dat';
INPUT Id City$ @@Q;
DO i=1 to 4;
INPUT Age Smoke Symptom@@;
ouUTPUT;
END;
DATALINES;
PROC PRINT DATA=my.children;
TITLE 'Pollution Study Data';
RUN;
PROC GENMOD DATA=my.children descending;
CLASS Id City;
MODEL Symptom = City Age Smoke /
link=logit dist=bin type3;
REPEATED subject=Id / type= exch covb
corrw;
RUN;
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B.2 An Example Using Log-linear Poisson Regres-

sion For Count Data

Incidence of Lower Respiratory Illness Example (p. 542, [6])

Objective In order to study the incidence of lower respiratory illness, researchers
take repeated observations of infants over one year. They study 284 children and
examine them every two weeks. We need to investigate the data and model outcome
with a Poisson regression analysis.

Data Description One outcome of interest is the total number of times of lower
respiratory infection recorded for the year. Explanatory variables include Risk (the
number of weeks during that year for which the child is considered at risk, when a
lower respiratory infection is ongoing, the child is not considered to be at risk for a
new one), CROWDING (an indicator variable for whether crowded conditions occur
in the household), SES (an indicator variable for whether the family’s socioeconomic
status is considered low(0), medium(1), or high(2) ), RACE (an indicator variable for
whether the child is white(1) or not(0) ), PASSIVE (an indicator variable for whether
the child is exposed to cigarette smoking), and AGEGROUP (taking the values 1,2
and 3 for under four, four to six , or more that six months).

Modelling We model the total number of infections with Poisson regression. Since
the children that have an infection are more likely to have other infections, it will
cause overdispersion. The variance is not “acting” as it should; it does not take the
form for data from a Poisson distribution. With GEE estimation, we are using a
subject-to-subject measure for variance estimation instead of a model-based one, so
we use GENMOD with GEE to fix the overdispersion.

Conclusion We conclude that Crowding and Smoking exposure are significant.

In what follows, we present the details using SAS system (outputs attached).

2-2 shows the information about the parameters, including which parameter be-
longs to which level of the Class variables.

In 2-3, comparing values of 1.4806 with 1.7877, there is evidence of overdispersion.
The model-based estimates of standard errors may not be appropriate. We account

for this overdispersion with the GEE-generated robust covariances.
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2-4 presents the initial parameter estimates. To generate a starting solution of
GEE, the procedure treats all of the measurements as independent. Note that SES
and AGEGROUP are CLASS variables.

There are 284 subjects and each subject has 1 measure showed in 2-5. The data
are complete.

In 2-6, parameter estimates are the same as displayed in 2-4, but the standard
errors are different. They are larger than the corresponding standard errors in 2-4,
because overdispersion means that the data are exhibiting additional variance.

Form 2-7, we conclude that Crowding and Smoking exposure are significant.



2-1 Basic Model Information
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Model Information
Data Set MY.LRI
Distribution Poisson
Link Function Log
Dependent Variable Count
Offset variable Logrisk
Number of Observations Read 284
Number of Observations Used 284
Class Level Information
Class Levels Values
Id 284 1234567891011 12 13 14 15 16 17 18 19 20
21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37
38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54
55 56 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71
72 73 74 75 76 77 78 79 80 81 82 83 84 85 86 87
Ses 3 012
Race 2 01
Agegroup 3 123
2-2 Information About Parameter
Parameter Information
Parameter Effect Ses Race Agegroup
Prmt Intercept
Prm2 Passive
Prm3 Crowding
Prm4 Ses 0
Prms Ses 1
Prmé Ses 2
Prm7 Race 0
Prm8 Race 1
Prmg Agegroup 1
Prm10 Agegroup 2
Prmi1 Agegroup 3
2-3 Goodness-of ~Fit Statistics
Criteria For Assessing Goodness Of Fit
Ccriterion DF Value Value/DF
Deviance 276 408.6556 1.4806
Scaled Deviance 276 408.6556 1.4806
Pearson Chi-Square 276 493.4004 1.7877
Scaled Pearson X2 276 493.4004 1.7877
Log Likelihood -260.6621
Algorithm converged
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2-4 Initial Parameter Estimates

Analysis Of Initial Parameter Estimates
Standard Wald 95% Confidence  Chi-
Parameter DF Estimate Error Limits Square Pr >
Chisq
Intercept 1 0.6322 0.5434 -0.4330 1.6973 1.35 0.2447
Passive 1 0.4243 0.1649 0.1010 0.7476 6.62 0.0101
Crowding 1 0.4985 0.1613 0.1825 0.8146 9.56 0.0020
Ses 0 1 -0.4181 0.2157 -0.8408 0.0046 3.76 0.0525
Ses 1 1 -0.0584 0.1964 -0.4433 0.3264 0.09 0.7661 o
Ses 2 0 0.0000 0.0000 0.0000 0.0000 . . e
Race 0 1 0.2038 0.1754 -0.1400 0.5476 1.35 0.2453
Race 1 0 0.0000 0.0000 0.0000 0.0000 .
Agegroup 1 1 -0.5185 0.6753 -1.8420 0.8050 0.59 0.4426
Agegroup 2 1 -1.0500 0.5122 -2.0539 -0.0461 4.20 0.0404
Agegroup 3 0 0.0000 0.0000 0.0000 0.0000
Scale 0 1.0000 0.0000 1.0000 1.0000

2-5 General GEE Model information

GEE Model Information

Correlation Structure Independent
Subject Effect Id (284 levels)
Number of Clusters 284
Correlation Matrix Dimension 1
Maximum Cluster Size 1
Minimum Cluster Size 1

Algorithm converged.

2-6 GEE Parameter Estimates

The GENMOD Procedure
Analysis Of GEE Parameter Estimates
Empirical Standard Error Estimates
Standard 95% Confidence
Parameter Estimate Error Limits Z Pr > |Z|
Intercept 0.6322 0.5477 -0.4413 1.7056 1.15 0.2484
Passive 0.4243 0.2103 0.0120 0.8366 2.02 0.0437
Crowding 0.4985 0.2336 0.0406 0.9565 2.13 0.0329
Ses 0 -0.4181 0.2978 -1.0018 0.1657 -1.40 0.1604
Ses 1 -0.0584 0.2539 -0.5561 0.4393 -0.23 0.8180
Ses 2 0.0000 0.0000 0.0000 0.0000 . .
Race 0 0.2038 0.2181 -0.2237 0.6313 0.93 0.3501
Race 1 0.0000 0.0000 0.0000 0.0000 .
Agegroup 1 -0.5185 0.6038 -1.7019 0.6649 -0.86 0.3905
Agegroup 2 -1.0500 0.4646 -1.9605 -0.1394 -2.26 0.0238
Agegroup 3 0.0000 0.0000 0.0000 0.0000
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2-7 Type 3 Analysis

Score Statistics For Type 3 GEE Analysis
Chi-
Source DF Square Pr > ChiSq
Passive 1 3.79 0.0516
Crowding 1 4.49 0.0341
Ses 2 2.48 0.2888
Race 1 0.92 0.3364
Agegroup 2 2.96 0.2274
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Dataset for incidence of lower respiratory illness example

LRI Dataset
Obs Id Count Risk Passive Crowding Ses Agegroup Race Logrisk
1 1 0 42 1 0 2 2 0 -0.21357
2 2 0 43 1 0 0 2 0 -0.19004
3 3 0 41 1 0 1 2 o} -0.23767
4 4 1 36 0 1 0 2 0 -0.36772
5 5 1 31 4] 0 o} 2 0 -0.51726
6 6 o} 43 1 0 0 2 0 -0.19004
7 7 o] 45 0 0 0 2 0 -0.14458
8 8 0 42 0 ] 0 2 1 -0.21357
9 9 0 45 0 0 0 2 1 -0.14458
10 10 0 35 1 1 0 2 0 -0.39590
1 11 0 43 0 0 0 2 0 -0.19004
12 12 2 38 0 0 0 2 0 -0.31366
13 13 0 41 0 0 0 2 0 -0.23767
14 14 o} 12 1 1 0 1 0 -1.46634
15 15 0 6 0 0 0 3 0 -2.15848
16 16 o] 43 0 0 0 2 0 -0.19004
17 17 2 39 1 0 1 2 0 -0.28768
18 18 0 43 0 1 0 2 o] -0.19004
18 19 2 37 0 0 0 2 1 -0.34033
20 20 0 31 1 1 1 2 0 -0.51726
21 21 0 45 o} 1 0 2 0 -0.14458
22 22 1 29 1 1 1 2 1 -0.58305
23 23 1 35 1 1 1 2 0 -0.39590
24 24 3 20 1 1 2 2 [0} -0.95551
25 25 1 23 1 1 1 2 o} -0.81575
26 26 1 37 1 0 0 2 [0} -0.34033
27 27 0 49 1 0 0 2 ¢} -0.05942
28 28 0 35 0 0 0 2 0 -0.39590
29 29 3 44 1 1 1 2 0 -0.16705
30 30 0 37 1 1 0 2 0 -0.34033
31 31 2 39 0 1 1 2 0 -0.28768
32 32 0 41 0 0 0 2 0 -0.23767
33 33 1 46 1 1 2 2 0 -0.12260
34 34 0 5 1 1 2 3 1 -2.34181
35 35 1 29 0 0 0 2 0 -0.58395
36 36 0 31 0 1 0 2 0 -0.51726
37 37 0 22 1 1 2 2 0 -0.86020
38 38 1 22 1 1 2 2 1 -0.86020
39 39 [ 47 0 0 0 2 0 -0.10110
40 40 1 46 1 1 1 2 1 -0.12260
41 41 ] 37 0 0 o] 2 0 -0.34033
42 42 1 39 0 0 0 2 0 -0.28768
43 43 0 33 0 1 1 2 1 -0.45474
44 44 0 34 1 0 1 2 0 -0.42488
45 45 3 32 1 1 1 2 0 -0.48551
46 46 3 22 0 0 o} 2 0 -0.86020
47 47 1 6 1 0 2 3 0 -2.15948
48 48 ] 38 0 0 v 2 0 -0.31366
49 49 1 43 0 1 0 2 0 -0.19004
50 50 2 36 0 1 0 2 0 -0.36772
51 51 0 43 0 0 0 2 0 -0.19004
52 52 0 24 1 0 0 2 0 -0.77319
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Dataset for incidence of lower respiratory illness €xample

LRI Dataset
Obs Id Count Risk Passive Crowding Ses Agegroup Race Logrisk
53 53 o} 25 1 0 1 2 1 -0.73237
54 54 o} 141 0 0 o} 2 0 -0.23767
55 55 0 43 0 0 0 2 0 -0.138004
56 56 2 31 0 1 1 2 0 -0.51726
57 57 3 28 1 1 1 2 0 -0.61904
58 58 1 22 0 0 1 2 1 -0.86020
59 59 1 1 1 1 1 1 0 -1.55335
60 60 3 41 0 1 1 2 0 -0.23767
61 61 0 31 0 0 1 2 0 -0.51726
62 62 o] i1 0 0 1 1 1 -1.55335
63 63 0 44 0 1 0 2 0 -0.16705
64 64 0 9 1 0 o 3 1 -1.75402
65 65 ¢ 36 1 1 1 2 0 -0.36772
66 66 o} 29 1 0 o} 2 0 -0.58395
867 67 o} 27 0 1 0 2 1 -0.65541
68 68 0 36 0 1 0 2 o -0.36772
69 69 1 33 1 0 0 2 0 -0.45474
70 70 2 13 1 1 2 1 1 -1.38629
71 71 0 38 0 0 0 2 0] -0.31366
72 72 0 41 0 0 0 2 1 -0.23767
73 73 (o} 41 1 0 2 2 0 -0.23767
74 74 o} 35 0 o] 1 2 0 -0.39590
75 75 0 45 0 0 0 2 0 -0.14458
76 76 4 38 1 0 2 2 1 -0.31366
77 77 1 42 1 0 0 2 1 -0.21357
78 78 1 42 1 1 2 2 1 -0.21357
79 79 6 36 1 1 0 2 0 -0.36772
80 80 2 23 1 1 1 2 1 -0.81575
81 81 1 32 0 0 1 2 0 -0.48551
82 82 0 41 [ 1 [ 2 0 -0.23767
83 83 0 50 3} 0 0 2 0 -0.03922
84 84 0 42 1 1 1 2 1 -0.21357
85 85 1 30 0 0 0 2 0 -0.55005
86 86 2 47 0 1 0 2 0 -0.10110
87 87 1 35 1 1 2 2 0 -0.39590
88 88 1 38 1 0 1 2 1 -0.31366
89 89 1 38 1 1 1 2 1 -0.31366
20 90 1 38 1 1 1 2 1 -0.31366
91 91 0 32 1 1 1 2 0 -0.48551
92 92 1 3 1 0 1 3 1 -2.85263
93 93 0 26 1 0 o} 2 1 -0.69315
94 94 0 35 1 0 v} 2 0 -0.39590
85 95 3 37 1 0 0 2 0 -0.34033
96 96 1 41 1 0 1 2 0 -0.23767
97 97 1 26 1 1 2 2 0 -0.69315
98 98 0 36 0 0 o} 2 0 -0.36772
99 99 0 34 0 0 0 2 0 -0.42488
100 100 1 3 1 1 2 3 1 -2.85263
101 101 0 45 1 0 0 2 0 -0.14458
102 102 0 38 0 0 1 2 0 -0.31366
103 103 0 41 1 1 1 2 1 -0.23767
104 104 1 37 0 1 0 2 0 -0.34033
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Dataset for incidence of lower respiratory illness example

LRI Dataset
Obs Id Count Risk Passive Crowding Ses Agegroup Race Logrisk
105 105 0 40 0 o} 0 2 o} -0.26236
106 106 1 35 1 o} 0 2 o} -0.39590
107 107 0 28 0 1 2 2 0 -0.61904
108 108 3 33 o] 1 2 2 0 -0.45474
109 109 ¢} 38 0 0 0 2 0 -0.31366
110 110 0 42 1 1 2 2 1 -0.21357
111 111 0 40 1 1 2 2 0 -0.26236
112 112 ] 38 0 o} 0 2 0 -0.31366
113 113 2 37 0 1 1 2 0 -0.34033
114 114 1 42 0 1 0 2 0 -0.21357
115 115 5 37 1 1 1 2 1 -0.34033
116 116 0 38 0 0 0 2 0 -0.31366
117 117 0 4 0 0 0 3 0 -2.56495
118 118 2 37 1 1 1 2 0 -0.34033
119 119 o 39 1 0 1 2 0 -0.28768
120 120 o} 42 1 1 ] 2 ¢ -0.21357
121 121 0 40 1 0 ] 2 0 -0.26236
122 122 0 36 1 0 0 2 0 -0.36772
123 123 1 42 o] 1 1 2 ¢} -0.21357
124 124 1 39 0 0 0 2 o} -0.28768
125 125 2 29 0 0 0 2 0 -0.58395
126 126 3 37 1 1 2 2 1 -0.34033
127 127 0 40 1 0 0 2 ¢} -0.26236
128 128 0 40 0 0 0 2 0 -0.26236
129 129 0 39 0 0 0 2 0 -0.28768
130 130 0 40 1 0 1 2 0 -0.26236
131 131 1 32 0 0 0 2 0 -0.48551
132 132 0 46 1 0 1 2 0 -0.12260
133 133 4 39 1 1 0 2 0 -0.28768
134 134 0 37 0 0 0 2 0 -0.34033
135 138 0 51 0 0 1 2 0 -0.01942
136 136 1 39 1 1 0 2 0 -0.28768
137 137 1 34 1 1 0 2 0 -0.42488
138 138 1 14 0 1 0 1 o -1.31219
139 139 2 15 1 0 0 2 0 -1.24319
140 140 1 34 1 1 0 2 1 -0.42488
141 141 0 43 0 1 0 2 0 -0.19004
142 142 1 33 0 0 0 2 o] -0.45474
143 143 3 34 1 0 0 2 o} -0.42488
144 144 Q 48 0 0 0 2 0 -0.08004
145 145 4 26 1 1 0 2 0 -0.69315
146 146 0 30 0 1 2 2 1 -0.55005
147 147 0 M 1 1 1 2 0 -0.23767
148 148 0 34 0 1 1 2 0 -0.42488
149 149 0 43 0 1 ] 2 0 -0.19004
150 150 1 31 1 0 1 2 0 -0.51726
151 151 0 26 1 0 1 2 0 -0.69315
152 152 0 37 0 0 0 2 0 -0.34033
153 153 0 44 0 0 0 2 0 -0.16705
154 154 0 40 1 0 [y 2 0 -0.26236
155 155 0 8 1 1 1 3 1 -1.87180
156 156 0 40 1 1 1 2 1 -0.26236
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Dataset for incidence of lower respiratory illness example

Obs Id Count Risk Passive Crowding Ses Agegroup Race Logrisk
157 157 1 45 o] 0 0 2 0 -0.14458
158 158 0 4 0 o} 2 3 o] -2.56495
159 159 1 36 0 1 0 2 0 -0.36772
160 160 3 37 1 1 1 2 0 -0.34033
161 161 0 15 1 0 0 1 0 -1.24319
162 162 1 27 1 0 1 2 1 -0.65541
163 163 2 31 0 1 0 2 0 -0.51726
164 164 o] 42 0 0 0 2 0 -0.21357
165 165 0 42 1 0 0 2 0 -0.21357 -
166 166 1 38 0 0 0 2 0 -0.31366 *
167 167 0 44 1 0 0 2 0 -0.16705
168 168 0 45 0 0 0 2 0 -0.14458
169 169 0 34 0 1 0 2 0 -0.42488
170 170 2 41 0 0 0 2 0 -0.23767
171 171 2 30 1 1 1 2 0 -0.55005
172 172 0 44 0 [} 0 2 0 -0.16705
173 173 0 40 1 0 0 2 0 -0.26236
174 174 2 31 0 0 0 2 0 -0.51726
175 175 0 41 1 0 0 2 o] -0.23767
176 176 0 41 0 0 0 2 0 -0.23767
177 177 0 39 1 0 0 2 0 -0.28768
178 178 [} 40 1 o} 0 2 0 -0.26236
179 179 2 35 1 0 2 2 0 -0.39590
180 180 1 43 1 0 0 2 0 -0.19004
181 181 2 39 0 0 0 2 0 -0.28768
182 182 0 35 1 1 0 2 0 -0.39590
183 183 0 37 o] 0 0 2 0 -0.34033
184 184 3 37 0 0 0 2 0 -0.34033
185 185 0 43 0 0 0 2 0 -0.19004
186 186 ] 42 0 0 0 2 0 -0.21357
187 187 0 42 0 0 0 2 0 -0.21357
188 188 0 38 0 0 0 2 0 -0.31366
189 189 0 36 1 0 0 2 0 -0.36772
190 190 0 39 0 1 0 2 0 -0.28768
191 191 0 44 1 0 0 2 0 -0.16705
192 182 0 45 0 0 0 2 1 -0.14458
193 193 0 42 0 0 0 2 0 -0.21357
194 194 1 31 0 0 0 2 1 -0.51726
195 195 0 35 0 0 0 2 0 -0.39590
196 196 1 35 1 0 0 2 0 -0.39590
187 197 1 27 1 0 1 2 0 -0.65541
198 198 1 33 0 0 0 2 o] -0.45474
199 189 o] 39 1 0 1 2 o] -0.28768
200 200 3 40 0 1 2 2 0 -0.26236
201 201 4 26 1 0 1 2 0 -0.69315
202 202 0 14 1 1 1 1 1 -1.31219
203 203 0 39 0 1 1 2 0 -0.28768
204 204 0 4 1 1 1 3 0 -2.56495
205 205 1 27 1 1 1 2 1 -0.65541
206 206 0 36 1 0 0 2 1 -0.36772
207 207 0 30 1 0 2 2 1 -0.55005
208 208 0 34 0 1 0 2 0 -0.42488
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Dataset for incidence of lower respiratory illness example

Obs Id Count Risk Passive Crowding Ses Agegroup Race Logrisk
209 209 1 40 1 1 1 2 0 -0.26236
210 210 0 6 1 0 1 1 1 -2.15948
211 211 1 40 1 1 1 2 0 -0.26236
212 212 2 43 0 1 0 2 0 -0.19004
213 213 v 36 1 1 1 2 0 -0.36772
214 214 0 35 1 1 1 2 1 -0.39580
215 215 1 35 1 1 2 2 0 -0.39590
216 216 0 43 1 0 1 2 0 -0.19004
217 217 0 33 1 1 2 2 0 -0.45474
218 218 0 36 0 1 1 2 1 -0.36772
219 219 1 41 0 0 o} 2 0 -0.23767
220 220 0 41 1 1 0 2 1 -0.23767
221 221 1 42 0 0 0 2 1 -0.21357
222 222 0 33 0 1 2 2 1 -0.45474
223 223 0 40 1 1 2 2 0 -0.26236
224 224 0 40 1 1 1 2 1 -0.26236
225 225 0 40 0 0 2 2 0 -0.26236
226 226 0 28 1 0 1 2 0 -0.61904
227 227 [o} 47 0 0 0 2 1 -0.10110
228 228 0 18 1 1 2 2 1 -1.06087
229 229 0 45 0 0 0 2 0 -0.14458
230 230 0 35 0 0 0 2 0 -0.39590
231 231 1 17 1 0 1 1 1 -1.11803
232 232 0 40 0 0 0 2 0 -0.26236
233 233 0 29 1 1 2 2 0 -0.58395
234 234 1 35 1 1 1 2 0 -0.39590
235 235 o} 40 0 0 2 2 0 -0.26236
236 236 1 22 1 1 1 2 0 -0.86020
237 237 0 42 o} 0 0 2 0 -0.21357
238 238 o] 34 1 1 1 2 1 -0.42488
239 239 6 38 1 0 1 2 4] -0.31366
240 240 0 25 0 0 1 2 1 -0.73237
241 241 0 39 0 1 0 2 0 -0.28768
242 242 1 35 0 1 2 2 1 -0.39590
243 243 1 36 1 1 1 2 1 -0.36772
244 244 0 23 1 Y] [0} 2 0 -0.81575
245 245 4 30 1 1 1 2 0 -0.55005
246 246 1 41 1 1 1 2 1 -0.23767
247 247 0 37 0 1 1 2 0 -0.34033
248 248 0 46 1 1 [} 2 o] -0.12260
249 249 0 45 1 1 0 2 1 -0.14458
250 250 1 38 1 1 1 2 0 -0.31366
251 251 0 10 1 1 1 1 o] -1.64866
252 252 0 30 1 1 2 2 o -0.55005
253 253 0 32 0 1 2 2 o] -0.48551
254 254 0 46 1 0 o} 2 0 -0.12260
255 255 5 35 1 1 2 2 1 -0.39590
256 256 0 44 0 0 0 2 ] -0.16705
257 257 0 41 0 1 1 2 0 -0.23767
258 258 2 36 1 0 1 2 0 -0.36772
259 259 0 34 1 1 1 2 1 -0.42488
260 260 1 30 0 1 (o} 2 1 -0.55005
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Dataset for incidence of lower respiratory illness example

Obs Id Count Risk Passive Crowding Ses Agegroup Race Logrisk
261 261 1 27 1 0 0 2 0 -0.65541
262 262 0 48 1 0 0 2 0 -0.08004
263 263 1 6 0 1 2 3 1 -2.15948
264 264 v} 38 1 1 [0} 2 1 -0.31366
265 265 0 28 1 1 1 2 1 -0.58395
266 266 1 43 0 1 2 2 1 -0.19004
267 267 0 43 0 1 0 2 0 -0.19004
268 268 ¢ 37 1 0 2 2 0 -0.34033
269 269 1 23 1 1 0 2 1 -0.81575
270 270 0 44 [0} 0 1 2 0 -0.16705
271 271 0 5 0 0 1 3 1 -2.34181
272 272 0 25 1 1 2 2 4] -0.73237
273 273 0 25 1 0 1 2 0 -0.73237
274 274 1 28 1 1 1 2 1 -0.61904
275 275 0 7 o} 1 0 3 1 -2.00533
276 276 0 32 0 0 0 2 0 -0.48551
277 277 o} 41 0 0 0 2 0 -0.23767
278 278 1 33 1 1 2 2 1 -0.45474
279 279 2 36 1 1 2 2 0 -0.36772
280 280 0 31 0 0 0 2 0 -0.51726
281 281 0 18 0 0 0 2 0 -1.06087
282 282 1 32 17 o 2 2 0 -0.48551
283 283 0 22 1 1 2 2 1 -0.86020
284 284 0 35 0 0 0 2 1 -0.39590
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SAS Code
LIBNAME my ‘'d:\MyRawData';
DATA my.lri;

INFILE 'd:\MyRawDatallri.dat';

INPUT Id Count Risk Passive Crowding Ses
Agegroup Race @@;

Logrisk=log (Risk/52) ;

DATALINES;
PROC PRINT DATA=my.lri;

TITLE 'LRI Dataset';
RUN;
PROC GENMOD;

CLASS Id Ses Race Agegroup;

MODEL Count= Passive Crowding Ses Race
Agegroup /

dist=poisson link=log

offset=logrisk type3;

REPEATED subject=Id / type=ind;
RUN;
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