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Abstract

In this thesis we describe the universal central extension of two important classes
of so-called root-graded Lie algebras defined over a commutative associative unital ring
k. Root-graded Lie algebras are Lie algebras which are graded by the root lattice of a
locally finite root system and contain enough sl,-triples to separate the homogeneous
spaces of the grading. Examples include the infinite rank analogs of the simple
finite-dimensional complex Lie algebras.

In the thesis we show that in general the universal central extension of a root-graded
Lie algebra L is not root-graded anymore, but that we can measure quite easily how far
it is away from being so, using the notion of degenerate sums, introduced by van der
Kallen. We then concentrate on root-graded Lie algebras which are graded by the root
systems of type A with rank at least 2 and of type C. For them one can use the theory
of Jordan algebras.

Given a Jordan algebra J, we establish a functorial construction which produces a Lie
algebra from J, called the universal Tits-Kantor-Koecher algebra of J. We are led to
study the derivation algebras of Jordan algebras and alternative algebras. Under mild
assumptions on the base ring k, it is proven that the Albert algebra (a Jordan algebra)
and the octonion algebra (an alternative algebra) have derivation algebras which are
isomorphic to exceptional Lie algebras of type Fy and G5 respectively. We also show
that certain root-graded Lie algebras which are defined by the Albert algebra resp. the
octonion algebra are simply connected, i.e., coincide with their central extensions.
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Chapter 1

Introduction

1.1 Motivation

Let us start by looking at two classical results from the theory of semisimple Lie algebras
over the field of complex numbers.

Root systems. A finite (reduced) root system can be defined as a pair consisting of a
Q-vector space E and a finite subset R of E such that

(i) 0 € R and spangp R = E,

(ii) for every o € R* := R\ {0} there exists an " in £* such that (@, a") = 2 and
sa(R) = R where the reflection s, is defined by s4(z) =z — (z,a")a for z € F,

(iii) (8,a¥) € Z where (§,a") = a¥(8), a, 5 € R.

If for @ € R, the only multiples of « in R are —«,0,a, then (R, E) is called reduced.
Usually ([Bou81}), 0 is not assumed to be a root, but for our purposes the requirement
0 € R is more convenient. Also, sometimes (iv) is omitted.

If R can be written as union R = R, U R, of two root systems such that Ry N R, = {0}
and (R;, Ry) = 0, then R is called reducible. Otherwise R is called irreducible. A root
system is finite, if R is finite as set.

Finite reduced root systems are classified in [Hum72] and in [Bou81]. There are four
infinite series of reduced irreducible root systems, usually denoted by A,, B,,C, and
D, and five exceptional irreducible root systems, Es, E7, Fg,Fy and G,. If (iv) in
the definition of a root system is left out, there is another infinite series, denoted
by BC,. The structure theory of simple finite dimensional Lie algebras over C is
essentially the theory of these root systems. The root system allows us to construct
the Lie bracket on a so-called Chevalley basis of the Lie algebra L and the structure
coefficients with respect to this basis are integers, which are (up to a sign) given by
the root system. Furthermore, every root system corresponds to a unique Dynkin
diagram and a unique Cartan matrix, with irreducible Dynkin diagrams belonging to
irreducible root systems. From the Dynkin diagram we can then obtain a presenta-
tion of L by generators and relations. Root systems (combinatorial discrete objects)

1



2 CHAPTER 1. INTRODUCTION

therefore hold the key to the structure of all simple finite dimensional Lie algebras over C.

Whitehead’s Lemma and central extensions. Let L be a Lie algebra. A central
extension f: L' — L of L is an exact sequences of Lie algebras

0 — ker(f) e —>0

with the property that ker(f) C Z(L'). If L' is a perfect Lie algebra, i.e. L' = [L',L'],
then f: L' — L is called a covering.

Central extensions form a category and if L is perfect, then L admits a unique universal
central extension u : uce(L) — L. This means that u : uce — L is a central extension
such that there is a unique morphism of central extensions from the central extension
u : uce(L) — L to any other central extension f : L' — L of L. For more details on how
to construct a universal central extension see Definition 3.1.7 in this thesis. The map
that takes a perfect Lie algebra L to the Lie algebra uce(L) is a functor. A Lie algebra
L is called simply connected if L is perfect and u : uce(L) — L is an isomorphism of Lie
algebras. We can formulate Whitehead’s Lemma (see for example [Wei94, Cor 7.9.5]) as
follows:

Lemma 1.1.1. Every simple finite dimensional complex Lie algebra L is simply con-
nected.

Mathematicians were interested in generalizing simple finite dimensional Lie algebras.
One direction which is of lesser importance for the thesis, is the path chosen by Kac and
Moody. In 1968, almost at the same time, they modified the presentations that had given
the simple finite dimensional Lie algebras. The resulting Lie algebras are nowadays known
as Kac-Moody algebras. Unfortunately, the connection with root systems as defined above
is lost in the transition to Kac-Moody algebras.

1.2 Background material

Root-graded Lie algebras. From now on we will define all algebraic structures over a
commutative associative unital ring k, the base ring. Also, Q(R) will denote the abelian
group generated by R inside the vector space E. We call Q(R) the root lattice.

Definition 1.2.1 ([Neh09]). Let R be a reduced root system. An R-graded Lie algebra
is a k-Lie algebra together with a Q(R)-grading such that

(i) L = @,cg La, where L, is a submodule of L, called the homogeneous space of
degree a, i.e., the support of the Q(R)-grading is contained in R.

(ii) for every non-zero o € R there exists an element e, € L, and an element f, € L_,
such that ad h, h := [fa, 4], acts diagonally on L:

adh|Lg = (B,a")id;, forall 3 € R.
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(iii) Zo;éaeR[La’L—a] = Lo.

The following questions come up quite naturally for a root-graded Lie algebra.

e How can we recognize the root system R when we are given a root-graded Lie
algebra?

e What happens to Whitehead’s Lemma?

— How far away is L from being simply connected or centreless?

— Can we describe all central coverings of L?

Those questions have been addressed by many authors before, among them Allison,
Benkart, Faulkner, Gao, Kassel, Loday, Moody, Neher, Seligman and Smirnov. We will
shortly summarize the publications which have inspired or helped us the most.

Gradings and central extensions. Let L be a Lie algebra and I' a group. It was
proven in [Neh03], that if L is I-graded then w : uce(L) — L is I'-graded as well and
is a I'-graded Lie algebra morphism.

As a consequence, if L is R-graded, then uce(L) is Q(R)-graded, where Q(R) is the root
lattice.

The first definition of a root-graded Lie algebra can be found in the paper [BM92] by
Berman and Moody. However, already in Seligman’s book [Sel76] the concept appears
more or less hidden. The case of an A;-graded Lie algebra even goes back to Tits
[Tit62], Kantor [Kan64] and Koecher [Koe68]. Seligman also provides a good part of the
machinery which was later used to classify root-graded Lie algebras. In particular, he
uses Jordan algebras, alternative algebras and associative algebras to describe what he
calls Lie algebras of type R (where R is a root system).

Therefore, once root-graded Lie algebras were defined, the project was to classify these
Lie algebras and describe them in terms of other algebraic structures, called coordinate
algebras, in a way much similar to Seligman’s approach.

Root graded Lie algebras in characteristic zero. This project was carried out over
fields of characteristic zero. We commonly call classification theorems for root-graded
Lie algebras recognition theorems. Berman and Moody were able to prove recognition
theorems for root graded Lie algebras of type A,,n > 2, D,,n > 4 and Fg, E7 and Ejy
in the same paper where the definition appears. In 1994, Benkart and Zelmanov proved
recognition results for the remaining reduced root systems in [BZ96]. At about the same
time, Neher provided results over rings instead of fields in [Neh96).

It became clear that even if one knew the coordinate algebra and the root system, it
was only possible to retrieve the Lie algebra up to a central quotient, i.e., a quotient
by a central ideal. Since all root-graded Lie algebras (over fields of characteristic 0) are
perfect, it was clear that one had to find the central coverings. For reduced root systems,
the answer was given by Allison, Benkart and Gao in [ABG00]. For the non-reduced
types not equal to BC}, the project was accomplished in [ABG02] by the same authors.
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The recognition theorems for type BC) finally can be found in [All76] and the central
extensions are described in [BS03].

This finalized the project for Lie algebras over a field of characteristic 0. However, the
question was still open for finite fields and arbitrary base rings.

Known results for more general base rings. Neher’s work in [Neh96] makes it
clear that we can switch from a field of characteristic 0 to some more general base ring
and the theory will still be very rich. In this paper, Jordan algebras are an important
instrument and their theory is well developed over arbitrary base rings. There is also an
article by Berman, Gao, Krylyuk and Neher ([BGKN95]) which gave us some inspiration
in the case of Aj-graded Lie algebras.

When dealing with central extensions, it is for many reasons advantageous to start with
a centreless Lie algebra. Neher provided in [Neh96] a construction of centreless root-
graded Lie algebras as Tits-Kantor-Koecher algebras of certain Jordan pairs. Working
over an arbitrary ring k, he finds realizations over k for all types except Fy, G5 and Fj.
His work already includes various examples for central extensions of those root-graded
Lie algebras, but it is in general not clear if they are universal or not. We would like
to point out that also Benkart and Smirnov in [BS03] replace the Jordan pairs by more
general Jordan-Kantor pairs while working over a field of characteristic # 2, 3. Also, they
construct some central extensions of the aforementioned Tits-Kantor Koecher algebras.
It is remarkable that, while the Tits-Kantor Koecher construction is not functorial, they
introduce a generalized Tits-Kantor-Koecher construction which is functorial as a map
from Jordan-Kantor pairs to Lie algebras.

If we go back to the finite dimensional simple Lie algebras over C, then all of them
have adequate analogs over any ring (“forms”). In [vdK73] van der Kallen was able
to describe the universal central extensions of those forms over any ring. In particular
he proves that Whitehead’s Lemma is false over the integers. Certain Z-forms (for the
expert, the simply connected Chevalley forms) of simple finite dimensional Lie algebras
over C are in general not simply connected. In particular, van der Kallen is able to prove
that additional homogeneous spaces of non-zero degree show up in the universal central
extension which lie in the centre. This is in sharp contrast to the result for root-graded
Lie algebras in characteristic 0, where the kernel of the universal central extension always
has degree 0 with respect to the grading by the root lattice. Van der Kallen named the
additional weights in the support of the central extension degenerate sums. Degenerate
sums can be described as follows

A degenerate sum is an element ~y of the root lattice Q(R) which is a sum of two
linearly independent roots and has the property that (v, o) # £1 for all & € R.

In fact, for v a degenerate sum, we either have (v, R¥) C 2Z or (v, R") C 3Z.

In [GS07], Gao and Shang proved, without using degenerate sums explicitly, that the
degenerate sums of the root systems A; and Az will show up in the support of the
universal central extension, if we compute the universal central extensions of sl3(D) and
sl4(D) for an associative algebra D over a field of characteristic 2 or 3. The structure
of the universal central extension was obtained for sl,(D), n > 5 in [KL82]. Hence
with Gao and Shang’s work, we have a complete understanding of the universal central
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extension of sl,(D),n > 3 over a field of arbitrary characteristic.

1.3 A short guide to this thesis

In our thesis, we work towards describing the central coverings of root-graded Lie algebras
over base rings. We will now give an overview of our main results.

Tits-Kantor-Koecher algebras. Chapter 4 and part of Chapter 5 concern Jordan
pairs or more generally Jordan-Kantor pairs. For the purpose of this introduction we
will only talk about Jordan pairs. A Jordan pair is a pair J = (JT,J7) together with
quadratic maps Q7 : J7 — End(Q7),a — @, such that the following identities hold in
all scalar extensions of k: for a,c€ J7, be J7°

Da,an = Qan,aa
DQab,b = Da,Qbaa
Q@b = QuQpla-

Here Q7 .b = Dg ,c denotes the linearization of the quadratic map Q7. The sign o is
omitted to avoid repetitions. Sometimes we also write Q(a) := Qq, Q(a,c) := Qg Or
D(a,b) := Dgyp.

We define in Chapter 4 two Lie algebras, namely the derivation algebra ider(J) and the
universal derivation algebra uiver(J). With these definitions, the k-modules TKK(J) =
Jt @iver(J) @ J~ and ULE(J) = J* @ uider(J) & J~ can be endowed with Lie algebra
structures such that TKK(J) is a centreless Lie algebra and ULE(J) is a central extension
of TKK(J). Both Lie algebras are Z-graded with support {—1,0,1}. This provides
us with a useful generalization of the (classical) Tits-Kantor-Koecher construction. In
particular, ULE(—) is functorial and we prove (see Corollary 4.2.13 ) that the following
holds:

Let J be a Jordan pair, L. = TKK(J) and endow uce(L) with the canonical
Z-grading obtained from the Z-grading on L. Then there is a Lie algebra
isomorphism uce(L)? — uider(J).

(We use superscripts for the Z-grading in order to avoid confusion with gradings by
9(R)). Our work generalizes [BS03, Sec. 5] to arbitrary base rings.

Degenerate sums. Our next result (Proposition 5.2.18) describes the support of the
universal central extensions of a root-graded Lie algebra in the root lattice. In complete
analogy with [vdK73] we prove the following for a perfect root-graded Lie algebra L and
u: uce(L) — L a Q(R)-graded central extension: If v € Q(R), then:

o uce(L), # {0} implies that ~ is either a root or a degenerate sum.

e If there is @ € R such that (y,a") € kX, then the restriction map u : uce(L)y — L
is an isomorphism. In particular, this holds if v € R*.
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o If v is a degenerate sum, then either 2uce(L)., = {0} or 3uce(L), = {0}.

This extends van der Kallen’s result to root-graded Lie algebras. We study how our
results unfold when they are applied to the most common models for Lie algebras graded
by root systems of type A and C' and of rank at least 2. So this excludes type A;.

Type A. Fix a finite index set K, card(K) > 3, a partition {1} U J of K, and a unital
alternative k-algebra D, which is associative, if card(K) > 4. The rectangular matrix
Jordan pair M({1}, J, D) of size 1 x J is the pair of modules

(V+,V7) = (Mat(1, J, D), Mat(J, 1, D))
with quadratic operator given by

Q.(y) = zyz  for (z,y) € V.

It is well-known that L = TKK(V) is an Acard(k)+1-graded Lie algebra (see for instance
[Neh96]). Hence we can use our results about the universal central extensions of Tits-
Kantor-Koecher algebras to understand the universal central extension of L.

The structure of the universal derivation algebra of TKK(V) is given in Proposition
6.2.10. As far as the module structure of the universal central extension is concerned,
we have the following description

e The k-module uce(L)o is isomorphic to
(D& D) ®Djes(D);

U
where Dj, j € J, are copies of D and U is the submodule generated by:

a®b-b®a,
ab@c+bc®a+ca®b— (a,b,c)j, — (a,b,c);,

for distinct j,jo in J and any a,b,c € D. Here (a,b,¢) = (ab)c — a(bc) is the
associator of three elements a,b and ¢ in D.

e If card(K) > 5, then no degenerate sums occur.

e If card(K) = 4, then a total of 6 degenerate sums occur and
UCC(L)W = D/(<2Da [Dv D]>ideal)
for v a degenerate sum. See Theorem 6.3.12 for details.

e If card(K) = 3, then again 6 degenerate sums occur and
uce(L), 2 D/((3D, DD, D}, (D, D, D), {(ad.ct+a.dc+a.cd)b : a,b,c,d € D})k_mod)
for v a degenerate sum. See Theorem 6.4.8 for details.

The Lie product on the universal central extension is described by Lemma 6.3.10 and
Lemma 6.4.6. Since uce(L)q can be viewed as a subalgebra of uider(V'), the Lie structure
on ULE(V) also gives the structure of uce(L)o.

If we assume that D is associative and that k is a field, then our result implies the main
results of the paper [GS07]. Progress has been made in so far that we are not restricted
to fields anymore and that we have also treated the case of an alternative algebra.



1.3. A SHORT GUIDE TO THIS THESIS 7

Octonion algebras. If we specialize the coordinate algebra to an octonion algebra
O over the ring k and assume that 1/3 lies in the ring k, then we can prove that L =
TKK(Mat(1,2,0), Mat(2, 1,0)) is simply connected, see Theorem 6.3.43. Here we do not
assume that @ is split or reduced and in this generality the result has been unknown. As
a beautiful by-product we prove that Der(Q) is a Lie algebra of type G5. The definition of
a Lie algebra of type (G5 is given in Definition 6.3.35. It had just recently been shown by
Loos, Petersson and Racine ([LPRO8, p.966]) that the derivation algebra of O is finitely
generated projective of rank 14 and this was of course a strong indicator that it should
be of type Ga.

Type C. When working with Lie algebras graded by root systems of type C, we assume
1/2 € k. The presence of 1/2 guarantees that L is perfect and that we do not have to take
degenerate sums into consideration (Corollary 5.3.22). It is possible to go back and forth
between unital Jordan algebras and Jordan pairs. and the following holds for V = (J, J)
the Jordan pair associated to a Jordan algebra J:

TKK(V) = TKK(J), and

uidet(VY=JpJ*J
where J x J is the quotient of J ® J modulo the submodule M generated by

a® (be) + b ® (ca) + ¢ ® (ab),
a®b+b®a.

We view this as the universal version of the well-known decomposition ivet(V) = L; @
[Ls, L;] where V is the Jordan pair given by the Jordan algebra J. Proposition 6.5.8 states
that then ULE(V) is a universal covering of TKK(V'). The kernel of the universal central
extension u : uce(TKK(J)) — TKK(J) is given by {> a;*b; : > [Lq,, Ly, =0} C J % J.
The Jordan algebra of hermitian matrices with entries in a unital algebra D with nuclear
involution (H,(D,—),n > 3) is of particular significance. The algebra D is alternative
if n = 3 and associative if n > 4. The hermitian matrix Jordan algebra admits a Peirce
decomposition with respect to a set of n orthogonal idempotents. This defines a C),-
grading on its Tits-Kantor-Koecher algebra TKK(J).

We can further decompose J x J with respect to the idempotents. This is carried out
in Section 6.5.1. The results enable us to compute the centre of uce(TKK(J)), see
Proposition 6.5.50.

Albert algebras. Finally, we consider another important example, namely the
Albert algebra A = H3(0, —) where O is an octonion algebra over k. Assuming that 1/2
and 1/3 lie in in the ring k, we prove that IDer(A) is simply connected and of type Fj.
See Definition 6.5.43 for a explanation of type Fj.

An even shorter guide to this thesis. Chapter 2 introduces some of the non-
associative structures that frequently show up in the thesis, for example alternative
algebras and Jordan algebras.
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People who are interested in graded central extensions, should read Chapter 3. We
define universal central extensions and introduce some interesting ways to construct cen-
tral extensions. For graded central extensions the functor gee, introduced in Section 3.2
is quite useful. The results in this chapter hold for a larger class of Lie algebras than
root-graded Lie algebras.

A reader who is familiar with Jordan algebras might find Chapter 4 a good starting
point. The universal Tits-Kantor-Koecher algebras are defined in Section 4.2.
Somebody who looks for information on root systems and root graded algebras,
could begin with Chapter 5. This chapter contains the definitions of root systems and
root-graded Lie algebras. The first part uses very little Jordan theoretic methods. There
we work towards understanding the support of the universal central extension in the root
lattice. In the second part of Chapter 5 we look at grids which are roughly to Jordan
pairs what root systems are to Lie algebras. In order to understand all the proofs, you
might have to go back and read up on some of the material in earlier chapters.

The thesis contains a good deal of statements about trialities, alternative algebras
and derivations of alternative algebras. These can be found in Chapter 2, Sec-
tion 6.1, Lemma 6.5.22, Subsection 6.5.3 and Subsection 6.3.2. Some of the statements
are our own, some are “folklore”, some are lesser known results of other authors, but all
are referenced to the best of our knowledge.

Those who have seen the Freudenthal Magic Square, might appreciate Sections 6.3.2
and 6.5.3. We prove that two entries, namely the first two ones in the last row, of the
Magic Square work over very general base rings. The proofs of this rely on Chapter 4,
Section 5.3 and Section 6.1, and the article [LPROS].

Chapter 6 combines all of the previous chapters in an effort to understand two impor-
tant examples where the root system are of type A or C. Section 6.1 establishes the
facts about alternative algebras which are needed throughout. The next three sections
describe central coverings of A-graded Lie algebras, and the last section deals with
the same questions for C-graded Lie algebras.



Chapter 2

Algebraic structures

We recall some definitions and facts about algebraic objects which will play a central
role in this thesis.

2.1 Categories of algebras

Algebras

Let k be a unital commutative associative ring with unit 1, called the base ring. All
modules are assumed to be over k unless indicated otherwise. We will be mostly interested
in categories where all the sets of morphisms M(X,Y’) are actually k-modules and all the
objects are k-modules. Besides categories where the objects are algebras, we will need
certain categories of pairs which will however be defined while we go along.

Graded linear algebras

Definition 2.1.1. A (linear) k-algebra is a k-module A together with a bilinear operation
-t Ax A — A called the product. We sometimes will write also p(a,b) := a - b and
Lo(b) = Rp(a) = a-b. We write (A,-) for the k-module A with product - or A if the
product is understood. The collection of k-algebras forms a category and the morphisms
are the k-linear maps f : A — B such that f(a-b) = f(a)f(b). These morphisms are
called k-algebra morphisms. The category of k-algebras will be denoted by Alg,.

Definition 2.1.2. A unital k-algebra is a k-algebra A together with an element 14 € A
such that
L,, =Ry, =ida.

Unital k-algebras form a category with morphisms all those algebra morphisms f: A —
B such that f(14) = 1. An element a € A, A a unital k-algebra, is called invertible, if
there is a! € A such that aa ! =a la = 14.

For (4,-), an object of Alg, with product -, the k-algebra (A, -op) where a-op b =b-a
is called the opposite algebra of A or A°P. The morphisms M(A, A°P) are called anti-
morphisms. An involution on A is an element of M( A4, A°P) which has order 2 as module
morphism.
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Definition 2.1.3. Let A be a k-algebra. The commutator of a and b in A is
[a,b] =a-b—1b-a.
The associator of a, b and cin A is
(a,b,c) = (ab)c — a(bc).
Definition 2.1.4. Let A be a k-algebra. Then the nucleus of A is the k-module
Nuc(A) ={a € A: (a,z,y) = (z,y,a) = (y,a,z) =0, for all z,y € A}
and the centre of A is
Cent(A) = {a € Nuc(A) : [z,a] =0 for all z € A}.

A map f: A — Aiscalled central resp. nuclear, if f(a) = a implies that a € Cent(A)
resp. a € Nuc(A).

Definition 2.1.5. A k-algebra is an alternative algebra if for all a,b € A:
(a-a)-b=a-(a-b), b-(a-a)=(b-a)-a.

Alternative algebras form a full subcategory of the category of algebras, i.e., every algebra
morphism between alternative algebra f : A — B is a morphism of alternative algebras.

In every alternative algebra, the following identities hold true (see [LPROS8, p. 936]):

[La,Lo) = Liag) — 2[La, R (2.1)
[Ra, Rb] = _R[a,b] — Q[La, Rb] (2.2)
[[La, Re), Le) = Lape) — [Liap)s Re] (2.3)
[[La, Re], Re] = Rape)+ [Rap) Lel (2.4)

Definition 2.1.6. A k-algebra is an associative algebra if for all a,b,c € A:
(a-b)-c=a-(b-c).
Associative algebras form a full subcategory of the category of algebras.
Definition 2.1.7. A k-algebra is a commutative algebra if for all a,b € A:
a-b=>5b-a.
Commutative algebras form a full subcategory of the category of algebras.
Definition 2.1.8. A k-algebra L is a Lie algebra if for all a, b and c in L
aa =0, a(bc) + b(ca) + c(ab) = 0.

In the case of a Lie algebra, we denote the product usually by [a,b]. This conflicts with
previous notation, but it will not cause any problems in our work.
The (Lie) centre of a Lie algebra is the set

Z(Ly={a€ L:ax=0forall z € L}
Remark 2.1.9. If L does not have 2-torsion, then Z(L) = Cent(L).
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Base ring extension

A unital ring homomorphism k — K is called a base 1ing extension. If M is a k-module,
then there is a canonical map from Endy (M) into Endg (M & K) mapping T to Tk such
that Tx(m ®¢ a) :=T(m) @ a for all m € M and a € K.

If the extension k — K is flat, then T +— Tk is injective. If in addition M is finitely
generated as a k-module, then Endg (M) ®k K — Endg (M ® K) is injective. If & — K
is flat and M is finitely presented as a k-module, then Endg (M) ®; K — Endg (M &% K)
is bijective. If M is finitely generated and projective over k, then Endy(M) ®; K —
Endx (M ® K) is bijective for all base changes k — K.

Quadratic structures

Definition 2.1.10. Let M be a k-module. A guadratic operator on M is a map @ :
M — Endg(M).z — @, with the property that

Qre = NQz, Yz €M, VXCE L.

Every quadratic map can be linearized to obtain a bilinear symmetric map

Qz,y = Qa:+y - Qr - Qy-

One can show that quadratic maps extend to M ®; K for every extension £k — K.
Therefore, if Q : M — Endg(M) is a quadratic operator, then

QR K: M® K — Endg(M ® K)

is also a quadratic operator. If 1/2 € k, bilinear symmetric operators and quadratic
operators are in one to one correspondence.

Definition 2.1.11. The category of (quadratic) Jordan algebras has as objects pairs
(J,U) where J is a k-module and U : J — Endg(J),a — U, is a quadratic operator. We
require the following identities to hold in all scalar extensions of k:

For a,b,c € J,

‘/a,bUa = Va‘/b,aa (25)
Voap = Vaueas
Uy = UUU,.

Here we define U, . := U(a+b) — U(a) — U(c) and Vypc := Uy cb for any a,b,c € J.

If there is an element 1; in J such that U, = id;, then J is called a unital quadratic
Jordan algebra. Since the identities defining a quadratic Jordan algebra are required to
hold in all scalar extensions, the pair (J ®; K,U ®; K) is a quadratic Jordan algebra for
every base ring extension k — K.

Remark 2.1.12. If 1/2 € k, then every unital quadratic Jordan algebra gives a unital
Jordan algebra by setting
2ab = Ua,b]-'
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Derivations

If M is a k-module, then Endy(M) is an associative unital algebra. It is easy to check
that [S,T]=S-T — T - S defines on Endgx(M) a Lie bracket. The resulting Lie algebra
is denoted by Endg(M) . For any algebra A we define inside the Lie algebra Endg(A)~
the Lie multiplication algebra £(A) as the subalgebra generated by the left and right
multiplications.

Even if A is unital (see Definition 2.1.1), it is always possible to form the unital hull
of A, that is the k-module A = 1k & A together with the map fla ®a,fBb) =
a8 ® (ab + b + p(a, b)) which will result in a unital algebra A with unit 1 & 0.

Definition 2.1.13. A derivation of A is an element A € Endg(A) such that A(ab) =
Aa)b + aA(b). Every derivation A of A extends uniquely to a derivation of A denoted
by A by setting A(160) = 0. The k-module of all derivations of A is denoted by Der(A).
With this convention multiplication derivations are the following:

MulDer(A) := {A € Der(A4) : A € £(A)} C Der(A)

~

where £(A) is the Lie algebra generated by all left and right multiplications.

It is not difficult to show that Der(A) is a Lie subalgebra of Endg(A): Let A; and A,
be derivations. Then A;(Ax(ab)) = Aj(As(a)b+ alq(b)) = A1Az(a)b + Ax(a)Ay(b) +
Al(a)Ag(b) + aAlAz(b), hence [Al, Ag](ab) = [Al, Ag](a)b + a[Al, Az](b)

Graded structures

Definition 2.1.14. Let M be a k-module and I' a group. If there is a family of sub-
modules (M, ),er of M such that M = €D, M,, then M is a I'-graded module. The
I'-graded modules form a subcategory of the category of k-modules.

Let M and N be two I'-graded modules. Define grHom, (M, N) = D, grtHom, (M, N),
where grHom, (M, N)., consists of all f € Homy(M, N) such that f(M;) C Njy for all
§ € I'. A I'-graded morphism is an element f € grHom, (M, N).

Definition 2.1.15. A I'—graded algebra A is an algebra such that A is a I'-graded module
and such that for a, € A,, the operators L,, and R, are elements of grHom,(A, A),.
The morphisms Mgaig(A, B) are the elements of grHom, (A, B) N Mayg, (4, B).

Notation

Although this might be out of place here, we would like to introduce the following
notation which we frequently use: Let S be a set and sy, 39, ..., Sk a family of elements
of S. Then s1, 82, ..., Sk # means that s, ss,...,Sk are pairwise distinct. This notation
is common in Jordan theory.



Chapter 3

Central extensions and gradings

Unless stated otherwise, & will be an arbitrary commutative associative ring, the base
ring. This assumption holds for the whole thesis.

3.1 The category of graded central extensions

Central extensions

Let L be a Lie algebra over k. By definition, a central extension f: L' — L of L is an
exact sequence of Lie algebras

0—>ker(f) —= [/ —1>L—>0

with the property that ker(f) C Z(L'). If L’ is a perfect Lie algebra, i.e., L' = [L/, L],
then f: L' — L is called a covering and we refer to the homomorphism f as the covering
map of the central extension.
A homomorphism of central extensions from the central extension f : L' — L to the
central extension g : K — L is a Lie algebra homomorphism & : L' — K such that the
following diagram commutes:

0 — ker(g) L L 0

0 —ker(f) K

A central extension f : L' — L is called universal, if for every central extension g : K —
L, there is a unique homomorphism of central extensions h: L' — K.

Central extensions from 2-cocycles

Definition 3.1.1. Let L be a Lie algebra and M a k-module. A k-bilinear map ¥ :
L x L — M is called a 2-cocycle, if

(i) ® is alternating,

13
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(i) oz, ly, 2]) + ¥(y, [z 7)) + (2, [2,y]) = 0 for all z,y,z € L.

Definition 3.1.2. Let L be a Lie algebra and v : Lx L — M a 2-cocycle on L with values
in a k-module M. Then L&y M with bracket defined by [(z,m), (y,m")] = ([z,y], ¥(z,y))
is a central extension of L. We have an exact sequence

0-M-—>LoyM— L

where the homomorphism L&, M — L is simply projection on the first coordinate. This
central extension will be referred to as the central extension of L by (M,v) or the central
extension of L by M wvia 9.

Ezxample 3.1.3. Every Lie algebra L admits the trivial 2-cocycle, {0 = 0 for any module
M. More concretely, for M a k-module, the direct sum L ¢ M carries a Lie algebra
product

[(‘Ta U)a (y7 w)]LEBJW = ([‘T) y]L’ 0)
where the bracket on the right hand side is the Lie bracket on L. Then

f:LeM — L

(z,v) — x

is a central extension. The corresponding exact sequence is

0—M—MaeLl > —0.

Ezxample 3.1.4. Every Lie algebra K which has a non-trivial centre is obviously a central
extension in the following sense: If J C Z(K) is a central ideal of K, then we have a
central extension f : K — K/J, where the homomorphism f is given by the quotient
map.

Lemma 3.1.5 (The central trick). Let f : K — L be a central extension. If f(z) = f(z')
and f(y) = f(¥), then [z,y] = [2',y].

Proof. We have ' € x + ker f, y' € y + ker f. But since ker f C Z(K), it follows that
adz = ad 2’ and also ad y = ad ¥’ which proves the claim. O

Central extensions from actions

The next lemma is slight generalization of [BS03, Lemma 5.6], not assuming 1/2 € k and
it is also a consequence of the more general [LPR08, Lemma 3.6]. We include a proof for
the convenience of the reader.

Lemma 3.1.6. Let L be a Lie algebra and () an L-module. If there is a k-linear map
A Q — L such that for all z,y € Q

(i) Mz).z=0,

(i) (A=), )] = AA(2).)-
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Then

(i) Q 1is a Lie algebra under the product [z,y] = M(x).y and X : Q — L is a Lie algebra
homomorphism.

(i1) If X is surjective, then A : QQ — L is a central extension.

Proof. The bracket |-, -] is well-defined and bilinear because A and the action of L on Q)
are well-defined linear maps. Also (i) is equivalent to the condition [-, -] is alternating. Let
7,9,z € Q. Then [[z,y],z] = [Mz).y, 2] = M A(z).y).2 = [AMz),A\y)]-2 = Mz).\(y).2 —
AMy)MNz).2 = [z,]y, 2] — [, [z, 2]]. This shows that the Jacobi identity holds for this
bracket product.

If A(z) =0, then A(z).y = 0 which shows (ii). (]

There is an explicit way to construct a central extension for the derived algebra [L, L]
which we describe now.

Definition 3.1.7. Let L be a Lie algebra. We will denote by uce(L) the object con-
structed in the following way:
Let B be the submodule of L A L generated by:

Ay, 2] +y Az, z]+ 2z A [z,y]; z,y,2 € L. (3.1)
Put
uce(L) = (L AL)/B.
and
(z,y) =z ANy + B € uce(L).
Note that we have a well-defined linear map u : uce(L) — L given by u({z,y)) = [z,y]
Lemma 3.1.8. The k-module uce(L) is a Lie algebra with bracket given by
[X,Y] = (u(X),uY)), forX,Y €uce(L)
The linear map u : uce(L) — L is a central extension of [L, L.

Proof. The Lie algebra L acts canonically on L AL by a.(x Ay) = [a,z] Ay + z A [a,y]
for a € L Moreover, this factors to an action on (L, L), since
a.(z Ay, 2| +y Az, 2] + 2 A [z, y])
= [a, 2] Ay, 2]+ z Al [y, 2]
oyl A [22] +y Ao, [2,2]
+la, 2] Az, y] + 2 A a, [, 9]
= [a, 2] Ay, 2] —z Ay, [z,d] —z A [z a,y]]
Hagl Alera] -y A Lz, [2,0]] — Y A [z, [a, 2]
o, Alz9] - 2 A 5, [, 0]l — 2 A [y, o, ]
= [a,x] Ay, 2] —y Az [z,0]] = 2 A [y, [a, z]]
Hosgl ALz, 3] — 2 A [2, [o,91] = 2 A [ [,
a2 A lo,5] — 2 A [y, = al] = y Al a, 2]
€ B
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The map u : uce(L) — [L, L] defined by (z,y) + [z,y] is well-defined (these are just the
axioms for a Lie algebra product). Moreover,

u((z, y)-({z,y)) = (lz, ), 2l ) + (& [z, 9], 9]) = (=, 9], [z, 9]) = 0

It is also clear that

u(u((z,y))-((a,0))) = u((l[z,y,]a],v) + (a,[[z,y],2]))
= [llz 9, al,v] + [a [z, 4], v]]
[z, 9], [a, ]

[u((z, ), u(({a,v)))]
Thus by Lemma 3.1.6, u : uce(L) — [L, L] is a central extension. O

For the proof of the following statements see [Neh03]. We only included the proof of
3.1.8 because it is a neat application of Lemma 3.1.6.

Proposition 3.1.9. The central extension u : uce(L) — L is universal if L is perfect,
and in this case uce(L) is also perfect.

Theorem 3.1.10. A Lie algebra L has a universal central extension g : K — L if and
only if L is perfect. In this case, the central extensions g : K — L and u : uce(L) — L
are isomorphic.

Definition 3.1.11. Two perfect Lie algebras L and L' are centrally isogeneous, if
uce(L) = uce(L').

Lemma 3.1.12. Let f : L' — L be a universal central extension and g : K — L' a
covering. Then g s an isomorphism.

Our goal is to find generators and relations for the universal central extensions of
certain Lie algebras. In view of this, the next lemma explains how to obtain a generating
set for uce(L), if generators of L are given:

Lemma 3.1.13. Let L be a perfect Lie algebra which is generated by X C L and let
f: L — L be a covering. Then any pre-image X of X under f generates L.

Proof. For X with f()~() = X let K be the subalgebra of L generated by X. Since
X C f(K), the image of K under f contains a set of generators for L. Therefore f is
surjective. It follows that

f(K)=Land L =K + ker f.
We can use that L is a covering to conclude
L=|[L,L)]=[K+kerf, K +kerf] = [K,K] C K.

Obviously K C L and we have equality: K = L.
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Graded Central Extensions
Throughout let I be an abelian group.
Proposition 3.1.14 ([Neh03]). Suppose that L is I'-graded. Then the central extension
uce(L) of L is also I'-graded and
uce(L) = @uce(L)v, where uce(L)y = Z (Ls, Ly_s) -
~€er der

The canonical map u : uce(L) — L is a homomorphism of graded Lie algebras. If in
addition L is perfect and Lo = ) oLy, L], then

uce(L)o = Z[uce(L)v,uce(L)_v].
7#0

The above result asserts in particular that
supp L C suppuce(L) C supp L + supp L.
The following lemma will be useful later on:

Lemma 3.1.15. Let L and K be I'-graded Lie algebras and assume that L is generated
by {L,: v #0}. If f: L — K 4s a graded homomorphism such that ker f C Lo, then
ker f € Z(L). and f is a central extension.

Proof. Clearly, such an f is always an epimorphism. In general, ker f is a graded ideal
of L, for all z € ker f and z € K, [z,2] € ker f. The Lie algebra L is graded, so
[2,2] € Lo N Ly. Thus [z, Ly] = {0} for a # 0. By assumption {L, : v # 0} generates L,
hence this implies [z, L] = {0}. O

3.2 A construction for a graded central extension

Definition 3.2.1. Let I' be an abelian group. The category LA has as objects all
I'-graded k-Lie algebras which satisfy

Lo=) [Ly, L] (3.2)
7#0

and as morphisms the I'-graded Lie algebra homomorphisms.

We will give some examples.

Ezample 3.2.2. Let L be a I'-graded Lie algebra. Its core is
L= Z[L’Y’L_’Y] ® Z [Ly, L]
¥#0 Y+0#£0

It follows that L. is an ideal of L which is I'-graded and clearly (L.)o =
> vzol(Le)ys (Le)—4]. So L is an object of LAp.
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Ezample 3.2.3. Assume that L is perfect and an object of LA . According to Proposi-
tion 3.1.14, if u : uce(L) — L is a universal central extension of I, then uce(L) is also an
object of LA and u is a morphism in LA.

Ezample 3.2.4. Let A be a unital commutative associative k-algebra. If L is an object
of LA, then A ®; L is again an object in this category. It is I'-graded in the obvious
way with (A® L), = A® L,, for all v € I'. Note that

A®k Lo =) [1® Ly, A% L_,].
770
If L is perfect then A ®; L is easily seen to be perfect as well.

Ezample 3.2.5. Let A be a finite irreducible root system and I' = Q(A) the root lattice.
Examples for objects in LA are the finite dimensional simple Lie algebras, and the A-
graded algebras in the sense of [BM92]. The more general (R; S, A)-graded Lie algebras
introduced in [Neh09] also fall under this concept. The cores of extended affine Lie
algebras provide also examples of objects in LA .

An object of LA need not be perfect as the next examples illustrates:

Example 3.2.6. Let a be a Lie algebra such that a = ¢ & f for a non-trivial ideal ¢
satisfying:

[b’b] = C’
[a,¢] = {0}.

For I' = C,, the cyclic group of order 2 we have a ['-grading on a:
ap="h, and ag=c.
The Lie algebra a is in general not perfect and ag = [a;, a;].

Definition 3.2.7. Let L be an object in LA. We denote by gce(L) the Lie algebra
given by the following presentation:

Generators: {z(z),z € L, : v # 0}.

Relations: For 4., € Ly, yy € L, zc € L. and x5 € Ls with 7y,¢,0 # 0 :

(TO) 2(sz, + ty,) = s2(z,) + t2(y,) for s,t € k.

(T1) If 0 # v + 6 then
[2(2,), 2(8)] = 2([2, 5]) if ¥ + & € supp L. (3.3a)
[[2(z,), 2(x5)], ()] = 0 if ¥ + & & supp L. (3.3b)

(T2) [[z(xy),z(z_A,)],z(yA,)} = 2([[z4, 4], ¥4])-

Remark 3.2.8. By (T0), 2(0.,) = 2(0k - 0z,) = 0x2(01,) = Ogee(zy- By (T1) the element
[2(z.), 2(zs)] is central if 0 # v + & ¢ supp L.
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Let X =1J., Ly C L. Note that the set map

1#0

z: X — gee(L)
r — z(z)

is well-defined. We denote the image of X in gce(L) by X. It is clear that X generates
gee(L). In the following we will abbreviate an element [z(x), z(y)] wherez € L,y € L_,,
v # 0, by g(z,y). Whenever we write z(z) or g(z,y) it is understood that z € L, and
y € L_, for some 0 # v € supp,. Likewise when we use the symbol z(z,) or g(z,,z_)
it is implicit that 4, € L, and that v # 0.
Lemma 3.2.9. Let 0 # 2?21 v; € supp L and all v; # 0. Then for any z; € L.,

[2(z1), [2(22), 2(z3)]] = 2([z1, [22, z3]]). (3.4)

Proof. Case 1. 7o+ v3 # 0.
If v + 43 € suppp(L), then [2(z2), z(x3)] = 2([z2, z3]) by (T1). Thus by (T1) again:

[[2(21), [2(22), 2(z3)]] = [2(1), 2([w2, T3])] = 2([z1, [2, z]).
If 75 + v3 ¢ supp L then [z3, z3) = 0 and [2(x3), 2(x3)] is central, hence
([2(z1), [2(22), 2(x3)]] = 0 = 2([z1, [x2, z5]]) = 2(0) = 0.

Case 2. 19 +73=0,711+ 7 #0and 71 + 3 # 0.
The Jacobi identity yields

[2(z1), [2(x2), 2(23)]] = [2(x2), [2(21), 2(23)]] + [2(z3), [2(22), z(21)]]-
Now we may use the result of the previous case on both summands:
[2(21), [2(22), 2(23)]] = 2([z2, [z1, x3]]) + 2([z3, [22, 71])),
and (T0) allows to write this expression as
[2(21), [2(22), 2(z3)]] = 2([z2, [21, 75]]) + [w3, [22, 2:1]]),
which, by the Jacobi identity, is equal to z([z1, [z2, z3]]).
Case 3. 75+ 73 =0 and wlog. v+ =0.

Then v, + v +v3 = 71 = 73 =: v and v, = —v and by (T2) we obtain

[2(1), [2(x2), 2(23)]] = 2([z1, [z2, z3]])-
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The grading of gce(L).

Proposition 3.2.10. Let L be an object in LA. Define S = suppp(L) U {0}, S* =
S\ {0}. Then the Lie algebra gee(L) is an object of LA with homogeneous components
gen by

gee(L)y = 2(Ly) :=={2(zy) : zy € Ly} if0# vy EsupplL,
gee(L)o = H :=span{g(z,y) 1 z € Ly,y € L_y,ve S*},
sce(D)y= S (), 2(Lys)] F0#7E(S+S)\S

8,y—6€8x
gee(L)y =0 ifyel\(S+9).
We have a LA-epimorphism uniquely defined by

n:gee(l) — L
Z($7) — Iy, Ly € L’Y?’y 7é 0.

Proof. The ideal generated by the relations (T0)-(T2) is I'-graded since its generators are
homogeneous elements of the free Lie algebra on X, Lie(X); therefore the quotient gee(L)
has a canonical grading which is induced from the grading on Lie(X) such that z(x.,) lies
in gee(L),. Relation (T0) implies that z(L,) is a k-module on generators {z(z) : € L,}.

Define .
N = @Z(L’Y)
¥#0
Zy= Y L) #(Lys), v E(S+S)\S.
8,y—-8€5%
VE(S+S\S

By relation (T1)(b), the module Z lies in the centre of gce(L). Consider the subspace of
gee(L) given by S
L=H+N+Z C gce(L).
Let z(z,) be a generator of gce(L), z, € L, where v € S¥, and let n € N. We may
assume that n = z(ys), ys € Ls where 6 € S*. Thus

H vy+46=0
[2(z,),n] € { N v+0€S*

Zyws Y+0€(S+5\S
Thus [2(z), N] C L. For g(y,w) € H, Lemma 3.2.9 shows that

l9(y,w), 2(z,)] € 2(L,) € N
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since [[2(y), 2(w)], 2(z)] = 2([ly, w], z]) € z(L,).
The submodule Z is central by (T1)(b) since it is spanned by homogeneous elements
whose degrees lie in (S + 5) \ S, thus

[2(z), Z] = {0}.

The k-module N C L contains the generators of gee(L) and since we have just shown
that ad z(z) maps L into itself for any generator z(z), € Ls, it follows that L = gce(L).
The sum N + H + Z is direct by construction of the I'-grading on gee(L). We have
therefore proven that

gee(L)=NeH® Z.

At this point we know the map 7 : 2(L,) — L., given by z(z) — w, is surjective and
maps gee(L), onto L,. Since L is generated by n(X), the map n extends to a map
L(n) : Lie(X) — L. Moreover, L(n) factors through the relations in (T1) and (T2), thus
we obtain by factorization a uniquely defined Lie algebra epimorphism 7 : gee(L) — L
with the property that n(z(z)) =z forallz € L., v # 0. O

Corollary 3.2.11. With the same notation as in the proof of Proposition 3.2.10,
Z C Z(gee(L))
In particular, if 0 £ v € (S + S)\ S, then gee(L), C Z(gee(L)).

Proof. By definition, the submodule Z is spanned by [2(z), 2(y)] where 2 € Lo, y € Lg
and where a € S;3 € Sand a+ 4 € (S+ S5)\ S. According to relation (T1)(b) the
element [2(x), z(y)] is central in gce(L). O

We can now obtain an improved version of Lemma 3.2.9.
Notation: For elements x;,...,z, in a Lie algebra we define

[Tn,...,z1] =adz,adz,_;...ad ze(z1).

Lemma 3.2.12. For elements zy € L,, 1 <k <nand0# > ;_, v €suppL

[z(a:n), 2(Tpn_1)y. -, z(ml)] = z([mn,xn_l . ,xl]).

Proof. The proof is by induction on n. The formula is true for n < 3 by Lemma 3.2.9.
Assume that it is proved for all n < N. Consider

[z(a:N), [2(zn_1), ... ,z(ml)]]
If Z;V:_ll v; # 0 we either have Z;V:_ll 7v; € supp L and in this case by (T1)

[2(zn), [z(zn1), - -5 2(@)]] = 2 ([zw, - - - , 1)),

or Z;V:_ll v; € supp L and then [z(zn_1),...,2(z1)] is central by Corollary 3.2.11 and
[zn-1,...,21] = 0 so that

[z(a:N), [2(zn_1)s - -, z(a:l)]] =0=2z([zy,... ,xl]).
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This finishes the case Z;V:'ll v # 0. So assume that Z;V:_ll 7 = 0. Then

[2(zn_1),...,2(x1)] € gee(L)o, and hence can be written as linear combination
[Z(fol)a cee 7Z(x1)] = Zg(uj’vj)
J
for u; € L, v; € L_,,, some 7; # 0. By Lemma 3.2.9

[z(xN),g(ui,vi)] = z([mN, [ui,vi]])

and summation over ¢ yields
Z [Z(xN)7g(ui7Ui):| = Z([-TI\H s ,$1]).
O

Proposition 3.2.13. Let L and L’ be objects in LA such that suppp L = suppp L. If
f: L — L' is an epimorphism in LAy, then the set map z(x) — 2(f(x)), z € L,
v # 0 extends uniquely to an LAr-epimorphism gee(f) : gee(L) — gee(L') such that the
following diagram commutes:

oee(f)

gee(L) gee(L')
|
L L

Proof. By assumption, gee(L') is generated by

X' 1= {2((L));) : v # O}.

Denote by J (resp. J') the ideal in Lie(X) (resp. Lie(X’)) generated by (T0)-(T2). Since
f is graded we have a set map

f1X, = (X)),
w(e) — w(f(z)).

where w(z) for z € X resp. X’ denotes the image of z in Lie(X) resp. Lie(X’). By the
universal property of Lie(X), f extends to a homomorphism L(f) : Lie(X) — Lie(X’).
We prove that J is mapped into J'. For (T0) there is nothing to check since Lie algebra
homomorphisms are always linear maps. For (T1) there are two cases. Throughout
x € Ly, y € Ls,v,0,7y+ 0 #0.

- Let v+ € suppp(L) = suppr(L’). Then

L(f) ([w(=z), w(y)] — w(lz,y])) = lw(f (=), w(f (y)] — w(f([z,y])
which is relation (T1)(a) for elements in X’ with f(z) € (L"), and f(y) € (L')s.
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- Assume 7 + 4 ¢ suppp(L) and thus v + ¢ ¢ suppp(L').

L(f)[w(z), w(y)] = [w(f (), w(f ()] = w([f(z), f(y))]
which is central in gce(L’) by (3.3b).

Next,

L(f)[[w(zy), w(z—)], wlys)] — w(llzy, -], 1))
= [w(f(@)), w(f (@) w(f ()] = wlf ([, 2-4], 32)))

since f is a Lie algebra homomorphism. This proves that L(f) factors through (T2).
Since the ideals J and I’ are I'-graded it follows that gce(f) is also graded, hence a
morphism in LAr. Since z(X’) generates gee(L') if follows that gee(f) is surjective. [

Lemma 3.2.14. If f : L — L’ is an LA-eptmorphism such that ker f C Lqy then f is
a central extension.

Proof. This is immediate from Lemma 3.1.15. (]
Proposition 3.2.15. Let L € LA;.

(a) n:gee(L) — L is a graded central extension of L.

(b) If L is perfect, then gce(L) is perfect and n: gee(L) — L is a covering.

Proof. By Proposition 3.2.10, n is an epimorphism in LAr. Thus kern is graded. We
have ker ) C gee(L)o ® Z with Z defined by (3.5). Note that Z is a central ideal in gee(L)
which is contained in ker . Therefore gee(L) is a central extension, if the quotient map
n' : gee(L)/Z — L is a central extension. But kern’ C gee(L)q and Lemma 3.1.15 gives
that 7 is central extension. This proves (a).

It suffices to show that each generator is contained in [gee(L), gee(L)]. The Lie algebra
L is perfect. Thus for any z, € L.,y # 0 there are x; € Ls,, y; € L,_s, such that

n

Ty = Z[xhyi]-

=1

By (T0) it suffices to prove that z([z,y]) € [gee(L), gce(L)] where z € Ls and y € L,_s.
Assume first that § # 0 and v — d # 0. Then it is an immediate consequence of (T1)
that

[2(2), 2(y)] = 2([z,4]) € [gee(L), gee(L)].
For the case § = 0 observe that Lo = ) o[Ly, L—,]. Thus each z € Lo can be written
as = [z, y;] with z; € L, y; € L_,, and v # 0. By Lemma 3.2.9 we obtain

2([z,y)) Z[[wz,yz] ul) = D _llz(), (), 2())

Therefore z([z,y]) € [gee(L), gee(L)].
Combining this with (a) it follows that 7 is a perfect central extension, i.e., a covering. [
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At this point we know by Proposition 3.2.15 that 1 : gce(L) — L is a central extension
of L. Naturally the question arises under which conditions 7 is a universal central
extension.

Corollary 3.2.16. If L € LA, is perfect, then the Lie algebras gee(uce(L)) and uce(L)
are isomorphic.

Proof. The epimorphism 7 : gce(uce(L)) — uce(L) is a covering. Hence we can apply
Lemma 3.1.12 and conclude that 7 is an isomorphism. Ol

Theorem 3.2.17. Let L be an object in LA which is perfect. Assume that the restric-
tion Uluce(r), : uce(L)y — L. is bijective for all 0 # v € supp L. Then

uce(L) = gee(L).

Proof. By the universal property of uce the central extension f : uce(L) — gee(L) is also
universal (Corollary 3.8 in [Neh09]). We define a map

o |J ALy — | we(l)y, o(z(zy) = ul(zy).

YEsupp L y€Esupp L

Then o is well-defined and bijective since the restriction of u (resp. 1) to uce(L), (resp.
gee(L),,) is bijective for v € supp L. The image of o generates uce(L):

uce(L Z [uce(L)x_s,uce(L)s]

d€supp L

and

uce(L)o = Z [uce(L)x, uce(L)_].

0#A&supp L

We claim that the elements {o(z(z,)) : 0 # v € supp L} constitute a subset of uce(L)
fulfilling relations (T0)-(T2).

(T0) is clear because the restriction of f to uce(L),, 0 # v € supp L is in particular a
k-module isomorphism.

Let x € L, y € Ls.

Case 1): v+ d € supp L.

z([z,y])) — [o(2(z)), 0(2(y))] € ker f Nuce(L),4s = {0}.
Hence
z([z,y])) = [o(2(2)), o (2(y))].
Case 2): v+ 6 ¢ supp L. Then
[f 71 (2(2)), f ' (2(y))] € ker f C Z(uce(L)).

For (T2) we use the central trick, let z,u € L., y € L_,, then

[0(2(2)), 0(2(y))] — o([2(2), 2(y)]) € ker f C Z(L).
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Thus we may choose any pre-image of [2(x), z(y)] and the following will hold:

Moreover,
[o([2(2), 2(y)]), o (2(w))] — o([[2(2), 2(y)], z(w)]) € ker f Nuce(L), = {0}
Thus we have Lie algebra homomorphism
o :gee(L) — uce(L).

Since the restriction of o o f (resp. f oo) is the identity on a generating set of uce(L)
(resp. gee(L)) it follows that f is invertible as a Lie algebra homomorphism with inverse
o. Thus f is an isomorphism. O



Chapter 4

Tits-Kantor-Koecher constructions

4.1 The universal inner derivation algebra

Definition 4.1.1. A Jordan-Kantor Pasir is a quadruple

P=(J,M) = ((J7,J%),(M", M"))

of k-modules together with quadratic maps Q? : J° — Hom(J™?,J%), linear maps
o:J% — End(M~%, M~7), bilinear operators V7 : M x M? — End(M?) and bilinear
maps k : M7 x M? — J? such that

1.

4.

J is a Jordan pair with quadratic maps @7, i.e., the following identities hold in all
scalar extensions of k: for a,c€ J?, be J™°

Da,an = Qan,aa (41)
Dgwp = Dagpars (4.2)
Qo = Qu@pQa (4.3)

where Q4 b =: D, pc is the linearization of the quadratic map ). We also abbreviate
D, pc by {a,b,c}.

M is a special J-module with respect to o. In terms of identities this means:
{abc}oy=ao(bo(coy) +co(bo(aoy)
forall a,ce J°, be J 7, ye M.
For all (z,y) € M, (z,w) € M :
Vs Vel = Vo piw — Vv 0w (4.4)
We also abbreviate V. ,z by {z,y, z}.
k(z,z) = 0 for x € M".

26
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5. The maps and operators are compatible in the following sense:
forall a,ce J°, be J7%, z,u,z€ M°, ywe M

Kz, 2)oy = {z,y,2} - {297} (4.5)
k(z,z)o(bou) = {z,boz,u}—{zx,bozu} (4.6)
k(boz,y)oz = bo{x,y,z} —{y,z,boz} (4.7)
{k(z,u),b,a} = k(ao(boz),z)+ k(x,a0(boz)) (4.8)
{a,k(y,w),c} = k(aow,coy)+k(cow,aoy) - (4.9)
w(s(z ) 0p7) = K({23>2},w) + w(z, {3 3,u}) (4.10)

Given two Jordan-Kantor pairs P = (J, M) and P’ = (J', M'), a Jordan-Kantor homo-
morphism from P to P’ is a quadruple of k-linear maps f = (f7, f;, fir, fr) such that
forallae Jo, z,z€ M, ye M7

f5Q°() =Q(f5@NF°,  fiVey = Vg @ 550w I (4.11)
K (fu(@), fiy(2)) = f5(s(z,2)),  fulaoy) = fi(a)o fif (y).

Jordan-Kantor pairs form a catergory with morphisms the Jordan-Kantor homomor-
phisms.

Remark 4.1.2. Jordan-Kantor pairs were introduced by Benkart and Smirnov in [BS03,
3.1], but there it is only required that  is anti-commutative. This is clearly equivalent
to k(z,z) = 0 for all z if 1/2 € k. Since the authors work over a base ring containing
1/2 our definition is an appropriate extension of theirs. Likewise Benkart and Smirnov
use different identities to define a Jordan pair which can be shown to be equivalent to
41,42 and 4.3 if 1/2 € k and P does not have 3-torsion.

Example 4.1.3. Clearly, Jordan pairs are a subcategory of the category of Jordan-Kantor
pairs. All the constructions which follow can therefore also be carried out for a Jordan
pair.
Ezxample 4.1.4. 1f 1/2, 1/3 € k, then every Kantor pair embeds into a Jordan-Kantor
pair, see [BS03, 7.4].

The k-module P = J~ @ J* @& M*™ @& M~ can be endowed with a 5-grading in the
following manner: P*? = J*1 P*l = Mf*1 and P*0 = {0}. We denote by € the subring

& := Endy(P)o = {T € Endy(P) : T.P* C P",-2 < i < 2},

the ring of all k-endomorphisms of P that preserve the 5-grading. Every element T of €
can be thought of as a block diagonal matrix

T,
, where T, € End P".
T

T,

For the sake of brevity we will write T = (T_,T5) if T)py = 0 and T = (T, Th) if
Tiy=0.Ifpe P and T € & then T.p :=T;.p.



28 CHAPTER 4. TITS-KANTOR-KOECHER CONSTRUCTIONS

Definition 4.1.5. Let (a,b) € J and (z,y) € M. We define 6(a,b) € Endi(P) and
v(z,y) € Endg(P) by

8(a,b)|s = (Daps —Ds,a)
6(a,b)(z,y) = (ao(box),—bo (aoy))
v(@,y)lm = (Vay, —Vyz)
u(z,y)(a,b) = (s(a oy, z), —k(boz,y))

Remark 4.1.6. For all (a,b) € J and (z,y) € M the linear operators d(a,b) and v(zx,y)
are elements of €.

Definition 4.1.7. The derivation algebra of P denoted by det(P) consists of all T' in €
which have the following properties:

[T, Dap) = Drap+ Dare [T, Vayl = Vrgy + Vary (4.12)
T(aoy)=Taoy+aoTy Tkiz,z)=r(Tx,z2)+k(z,T.2) (4.13)

where a € J7, b€ J77, x,z € M? and y € M~?. It follows from (4.2), (4.4), (4.8) and
(4.9) that for all T' € ver(T")

[T,6(a,b)] =6(T.a,b) +6(a,T-b), [T,v(z,y)]=v(T.z,y)+v(z,Ty). (4.14)

It is easily checked that 0(a,b) and v(z,y) are derivations (see [BS03]). Hence detr(P)
is a Lie subalgebra of £~ which contains all é(a,b) and v(z,y). By 4.14, the submodule
spanned by all (a, b) and v(z, y) is an ideal in der(P), called the inner derivation algebra,
iver(P).

Definition 4.1.8. Let I(P) be the submodule of the direct sum (J*®J~)®(MT Q@ M™)
which is generated by the following elements

z ® {yzy} — {zyz} ®y, (4.15)

{zyu} ® w + {uwz} ®y — u ® {yzw} — z ® {wuy}, (4.16)
a ® {bab} — {aba} ® b, (4.17)

{abc} ® d — c ® {bad} + {cda} ® b — a ® {bed} (4.18)
kKu,z)®b—z® (bou)+u® (box) (4.19)

0 ® Ky, w) — (a0y) Bw+ (a0w) By (420)

for (a,b),(¢c,d) € J, (z,y), (u,w) € M.
The quotient

(JtT®J )& (MT® M™)/I(P) is denoted by uider;xp(P) or also by P o P

and the cosets z ® y+ I(P) and a® b+ I(P) by z oy (resp. aob).
In the notation uider;xp the subscript will often be omitted; it is our intention not to
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cause any confusion by doing so. This also holds for notation that is “derived” from this
one.
We define the cyclic homology of the Jordan-Kantor pair as

= {ZaiObi+Z$j0yj : 25(01',50"‘2“(%:%‘) :0}-

Remark 4.1.9. Our definition of HC(P) is equivalent to [BS03, 5.3] if 1/2 € k: The
relation (4.17) is omitted in their paper. It is easily seen that (4.17) and (4.18) are
equivalent whenever we have 1/2 € k. The same holds for (4.15) and(4.16).

Remark 4.1.10. The module I(P) is generated by elements which lie either in (J*® J7)
or in (M* ® M ™). Therefore the module uiver(P) has a decomposition (M oM)®(JoJ)
where JoJ := J*®J~ /(I(P)N(J*®J7)) and MoM := M*@ M~ /(I(P)n(M*@M™)).

Lemma 4.1.11. The k-module uider(P) is a module for the Lie algebra ver(P) with
action defined as follows (for T € ver(P),aobe JoJzoye Mo M):

T(aob)y=Taob+aoTbandT.(zoy)=Taxoy+zoTy

Proof. The k-module (J*®J~)@® (M*® M~) has a canonical €&-module structure, given
by T(a®b)=Ta®b+a®Tband T(z®y) =T.x®y+ x. ® T.y, and this defines an
&~ -action on (J* ® J7) @ (M* ® M™). It suffices therefore to show that every element
T € ver(P) leaves the submodule I(P) invariant, or, equivalently that every spanning
element of I(P) is mapped by T into I(P). Note that {aba}®b—a®{bab} = §(a,b)(a®b)
and {zyz} ® ¢ — 2 ® {yzy} = v(z,y)(z ® y). The relations (4.16) resp. (4.18) can be
rewritten as 6(a,b)(c ® d) + d(c,d)(a ® b) resp. v(z,y)(w & z) + v(z,w).(z ® y). This
observation greatly simplifies the calculation:

T.(8(a,b)(a® b)) = [T,46(a,b)].(a®b)+ d(a,b)T.(a ®b)
= §(T.a,b)(a®b) +(a,T.b)(a ® D)
+6(a,b)(T.a®@b) + 6(a,b).(a @ T.b)
= §(T.a,b)(a®b)+ d(a,b)(T.a®b)
+6(a,b).(a ® T.b) + 6(a,T.b).(a ®b) € I(P)

The computation for v(z,y).(z ® y) € M is the same.
For elements of the form (4.16):

T.(6(a,b)(c®d) +d(c,d)(a® b)) = [T,6(a,b)].(c®d)+d(a,b)T.(c®d)
+[T,5(c,d)](a®b) + 6(c,d)T(a ®b)
= §(T.a,b)(c®d)+ d(c,d)(T.a,b)
+6(a,T-b)(c®d) + (c,d)(a @ T'b)
+6(a,b)(T.c®d) + 6(T.c,d)(a ®b)
+6(a,b)(c®T.d) + 6(c, T.d)(a®b) € I(P)
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It follows in an analogous fashion that T(v(z,y).(w ® z) + v(z,w).(z ® y)) € I(P). For
an element of the form (4.19):

T.(k(z,z) @b—2z® (boz)+2® (box))

= Tk(z,2) b+ k(2,2) ®Tb—T.z® (bo 2)
—2®T.(bo2)+T.2® (boz)+2®T.(box)

= k(Tz,2)@b—Tz® (boz)+2R(boT.x)
+r(z, T.2) ®b—2z® (boT.2)+ T.2® (box)
+6(2,2) @Tb— 2@ (Tboz) +2® (T.bozx) € I(P)

Therefore the algebra detP acts on /(P) and thus there is a well-defined det(P) action
on uiver(P). O

The following Lemma is identical to [BS03, Prop. 5.18] in case 1/2,1/3 € k.
Lemma 4.1.12. Let P be a Jordan-Kantor pair. Then

(1) The ivet(P)-module uiver(P) is a Lie algebra with bracket defined by

[acbcod] = d(a,b).cod+cod(a,b).d

[zoy,uov] = v(z,y)uov+uov(z,y)v
[aobzoy] = d(a,b).xzoy+z0d(a,b)y
[zoy,a0b] = v(z,y)aocb+aouv(z,y)b

(ii) The k-linear map ud jip : uider(P) — ider(P) given by linear extension of ud xp :
aob d(a,b), zoy— v(z,y) is a central extension of Lie algebras.

Proof. We have seen in (4.12) that ider(P) is an ideal of Der(P) with Lie bracket defined
by [T, d(a,b)] = 6(T.a,b)+d(a, T.b) and [T, v(z,y)] = v(T.z,y)+(z, T.y) for T € iver(P).
By restriction, uidet(P) is a Lie algebra module for iver(P). Moreover, let (a,b), (¢,d) € J
and (z,y), (u,w) € M, then [§(a,b),d(a,b)] = 6(d(a,b)a,b) + é(a,d(a,b)b) = 0 similarly,
o(0(2,9)2.y) + vz, vl y)) = 0, 16(a,5),6(c, d)] + [3(c, d), 8(a, b)] = [z, y), v(u, w)] +
[v(u, w),v(z,y)] = 0. Further, (4.8) and (4.9) show that §(a, x(y, w)) = v(aoy,w) —v(ao
w,y) and 6(k(u,z),b) = v(z,bou) + v(u,bo x).

According to these observations, there is a well-defined linear map ud : uider(P) —
iver(P) obtained by extending: a ¢ b +— d(a,b), z oy — v(z,y). The bracket defined in
(1) can be expressed as [p, q] = ud(p).q for p,q € uiver(P). It suffices therefore to check
the two conditions of Lemma 3.1.6. By (4.15) ud(a ¢ b).(aob) = ud(zoy).(zoy) =0
and similarly (4.16) is equivalent to ud(aob).cod+ uwd(cod).aob=ud(zoy).(wo z) +
ud(w o z).(zoy) = 0.

Moreover, ud(z o y).aob = r(aoy,z)ob—aok(boz,y) and by (4.19) and (4.20) this is
equal to zo(bo(aoy)) —aoyobor+aoyoboxr—ao(box)oy. By definition of §(a, b) this
equals —z0d(a,b)y —d(a,b)zoy = —d6(a,b)(xoy). Hence, ud(zoy).aob = —ud(acb).xoy
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as required.
It suffices to check [ud(p), ud(g)] = ud(ud(p).q) for elements p,qin Jo J, M o M or P.
First case: pe Jo J, g€ Mo M.

uo(aobd),ud(zoy)] = [i(a,b),v(z,y)

3(6(a,b)z,y) + 0(x,d(a,b).y)

ud(d(a,b).xoy+ xod(a,b)y)

0(6(a,b).(x 0 y))

= uw(ud(aob).(zoy))
)-

[

|
e

Second case: p,g € (JoJ)orp,ge (Mo M

[ud(a o b),ud(cod)] = [0(a,b),d(c,d)

= (6(a,b)c,d) + d(c,0(a,b).d)

= ud(d(a,b).cob+cod(a,b).d)

= ud(d(a,b).(cod))

= ud(ud(aob).(cod))
It is also a straightforward verification that by (4.19), we have d(a,b)(zoy) + v(z,y)(a®
b) = 0. For the other cases replace § by v, (a,b) by (z,y) and (c¢,d) by (z,w). The
calculations are identical in both cases.

We can apply Lemma 3.1.6 and conclude that ud xp : uider(P) — ider(P) is a central
extension of Lie algebras. d

Definition 4.1.13. If P is a Jordan-Kantor pair, then udjxp : uider(P) — ider(P) will
from now on always denote the map defined in Lemma 4.1.12.

Proposition 4.1.14. Let f : P — Q be a homomorphism of Jordan-Kantor pairs. Then
uider(f) : uiver(P) — uider(Q)
aob +— f(a)o f(b)eJ
zoy — flz)ofly)eM
is a Lie algebra homomorphism and the assignment uiderjgp : P — uider(P), uider :

f — uidex(f) is a covariant functor from the category of Jordan-Kantor pairs to the
category of Lie algebras.

Proof. By Lemma 4.1.12, uider(P) is a Lie algebra. Let (f;,fm) : P — Q be
a morphism of Jordan-Kantor pairs where P = (Jp, Mp) and Q = (Jg, Mg). By
the universal property of the tensor product f extends uniquely to a map f ® f =
ST f7 fh®fu): JE®Jp+ M@ My — J5 ® J; + M ® M. 1t is sufficient
to prove that (f ® f)(I(P)) C 1(Q), see Definition 4.1.8. Throughout (a,b), (c,d) € Jp,
(z,y), (u,w) € Mp. The map f: P — @ is a homomorphism, therefore

f((a,b)e) @ f(d) = 6(f(a), f(0))f(c) ® f(d)
fle®d(a,b)d) = flc)®@(f(a), f(b))f(d)
flo(z,y)2) ® f(w) = v(f(z), f()f(2) © f(w)
feeu(z,yjw) = [f(z) ©v(f(2), f(y))f(w)
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These identities show that f maps the elements defined in (4.15) and (4.16) into I(Q)
and that f sends elements of the form (4.17) and (4.18) to elements of I(Q). By the
same argument, the following equalities hold true:

f@)o f(y) = flacy),  [f(b)o f(z)= f(box)
J((u,z)) = 6(f(u),  f(2)), [(s(y, w)) = &(f(y), f(w))

Hence it is easy to see that f respects also relations of the form (4.19). By factorization,
we obtain a well-defined module homomorphism uider(f) : uiver(P) — uider(Q).

It remains to show that uider(f) is a Lie algebra homomorphism. For the product
on uider(P) and uider(Q) defined by the equations in Lemma 4.1.12, we easily check
[f(a) o f(b), f(c) o f(d)] = [uider(f)(a<b),uider(f)(cod)] = uider(f) ([aob,cod]), and
likewise, [f(a)o f(b), f(z)o f(y)] = [uider(f)(aob), uider(f)(zoy)] = uider ([ao b,z 0y]),

[/ (u) o f(w), f(z) o f(y)] = [uider(f)(u o w), uider(f)(z o y)] = uider ([uow,z o y]).
The Lie bracket on uidet(P) is given by [X,Y] = ud(X).Y where the inner deriva-

tion algebra acts canonically on the tensor product and factors through I(P), see
Proposition 4.1.12. Thus uider(f)([X,Y]) = uidee(f)(ud(X).Y) = f(uo(X)).f(Y) =
w(f(X)).f(Y) = [uider(f)(X), uiver(f)(Y)] and this proves that uider(f) is a homo-
morphism of Lie algebras. Covariance of the functor is easily checked.

O

The results for the special case of a Jordan pair are as follows.

Definition 4.1.15. Let V be a Jordan pair. The universal derivation algebra of V is
the k-module uidet(V) := V* ® V= /I(V) where I(V) is the k-submodule generated by
the elements

§(z,y)(u®v) +o(u,v)(z®y), and iz, y)(z®y), (z,y), (v,v) EV.
The coset z ® y + I(V) is denoted by z o y.

Corollary 4.1.16. Let V be a Jordan pair. The k-module uider(V') is a Lie algebra
under the product [z o y,u o v] = d(z,y)(u o v).

Moreover, the map ud : uiver(V) — iver(V) defined by linear extension of xoy — d(z,y)
15 a central extension of Lie algebras with kernel

V)= {Z T Oy, 25(:1:1-,3/1-) = 0}.

The assignment uideryp : V — uider(V), uider : f — uider(f) is a covariant functor
from the category of Jordan pairs to the category of Lie algebras.

4.2 (Universal) Tits-Kantor-Koecher algebras

4.2.1 Tits-Kantor Koecher algebras

Definition 4.2.1. Let P = (J, M) be a Jordan-Kantor pair and let D° be a Lie algebra
with bracket [, ]° such that

uider(P) I o4 iver(P)
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is a sequence of central extensions with g o f = ud. Define on L(D°) := P ¢ D° =
JT&M*T@®D°® M~ & J aproduct by bilinear extension of

[F(X), (Y] = [F(X), (Y], (4.21)
[(a,2),(byy)] = aoy+ flaob)+ f(zoy)—boux, (4.22)
= —[(b,y) (a,z)], (4.23)
[f(X"),(a,z)] = (w(X').q,ud(X").z), (4.24)
= [(aa), S (4.25)
XD, (6,9)] = (wo(X').b,ud(X).y), (4.26)
= —[(by), X], (4.27)
[(a,z),(c,u)] = (0,k(z,z)), (4.28)
(b, ), (d,w)] = (0,k(y,w)), (4.29)

for (a,b), (c,d) € J, (z,y), (u,w) € M and X" Y’ € uider(P).

Remark 4.2.2. Since f is a Lie algebra epimorphism and the multiplication in P and
the induced action of uidert(P) on P are all well-defined it follows that the product is
indeed well-defined. Bilinearity of the product is also clear. This gives ﬁ(DO) an algebra
structure with 5-graded product [, ].

We are now ready to define the Tits-Kantor-Koecher algebra of a Jordan-Kantor pair
P:

Definition 4.2.3. For D° = ivet(P), f = uider(P), g = id, the algebra of Definition 4.2.1
is called the Tits-Kantor-Koecher algebra of P or TKK(P).
For D% = uider(P), f = id,g = uider(P) the algebra of Definition 4.2.1 is called the
unversal Tits-Kantor-Koecher algebra of P or ULE(P). Here ULE stands for universal
Lie envelope. Then

ULE(P) = P & uiver(P).

For h: P — ¢} a morphism of Jordan-Kantor pairs define

ULE(h) : P @ uider(P) — @ O uider(Q)
ULE(h) := (h, uidet(h))

Since uider is a functor, it is clear that ULE( ) is a functor with respect to the alge-
bra structure defined in Definition 4.2.1. In particular, ULE(h) as defined above is a
morphism.

4.2.2 The universal property and the functor ULE

We would like to establish central extensions of TKK(V') and their relationship to the
central extension ULE(V) — TKK(V). It will turn out that ULE(V) has a universal
property which is closely related to the universal property of uce(TKK(V)), if V is perfect
in the sense of Definition 4.2.10.

The following proposition extends [BS03, Thm. 5.16].
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Proposition 4.2.4. Let P be a Jordan-Kantor pair
(i) The algebra L(D°) is a 5-graded Lie algebra.

(i) There are unique graded central extensions f: ULE(P) — L(D°) and §: L(D°) —
TKK(P) such that f|p = §|p = idp.

(iii) The map ULE is a covariant functor from the category of Jordan-Kantor pairs to
the category of Lie algebras.
In particular, for every homomorphism f : P — @ of Jordan-Kantor pairs, the
homomorphism ULE(f) : ULE(P) — ULE(Q) is the unique map that renders the
diagram below commutative

p——=ULE(P)

if lULE(f)
Q — ULE(Q).

Proof. (i) We have to show that the product [, ] is alternating and fulfills the Jacobi
identity.

Since ﬁ(Do) is a graded algebra with respect to [, ] it suffices to consider homogeneous
elements. The space D° is by definition a Lie algebra in its own right, so we may restrict
to pairs or triplets of elements where at least one of the elements is not of degree 0.
Then Definition 4.2.1 explicitly states that the bracket between elements in P and D° is
anti-commutative. For an element p = ((a,b), (z,y)) € P

[p.p] = [(a,b),(a,b)] +[(a,b), (z,y)]
+(z,y), (a,0)] + [(z,), (z,¥)]
= [0(a,b)a,b] + [a,d(a,b)b] + [0(a,b)z,y] + [z, d(a,b).y]
+[6(z,y)a,b] + [a,6(z,y).b] + [v(z,y).z, 9] + [z, v(z, y)]
= [f(6(a,b)(ao b)) + f(6(a,b)(zoy))
+/(é(z,y)(aob)) + flv(z,y)(zoy))

and this is zero, since f : uidet(P) — D° is well-defined. Thus [p,p] = 0.
For the Jacobi identity it suffices again to consider homogeneous elements. It suffices
to check the Jacobi identity on ULE(P), since [:(DO) is an algebra homomorphism.
Let X,Y € Dy and choose X' and Y’ in uider(P) such that ud(X’) = g(X) = T and
gY)=Y=2_5.

The module P is a Lie algebra module for g(D°) = ivet(P), thus if deg X' = deg Y’ =
0 and 7 € P then [X,Y],r] = g([X",Y']).r = g(X").9(Y").r—g(Y").g¢(X).r = [T, [S,r]] -
[S, [T.r]] which shows the Jacobi identity in this case.
We do not have to check the Jacobi identity for elements whose degree sum up to an
integer smaller than —2 or greater than 2, since, in this case, all the three terms are
already zero. The remaining cases are:

(i) (z,a) € P?,(z,c) € P?, X € Dy as above,
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(i) (z,a) € P?,(y,b) € P77, X € Dy as above,
(iii) (z,a) € P?,(z,¢c) € P?, (y,b) € P7°.
(i) (z,a) € P?,(2,c) € P, X € Dy as above.

(@), (5], X] = [5(w2), X

= —[X,k(z,2)] = —T.k(z,z2)
—(k(T.x, z) — K(2,T.x)
(. 0)](z,), X]] - [(z, )[(z,a), X]]

In the last equation it was possible to re-introduce a and ¢ because the last line
does not depend on the choice of the elements in J7.

(i) (z,a) € P?,(y,b) € P77,X € Dy as above.

X, [(5,0), 1B)l] = X, (=bo3,0)_ + flaob) + fzoy) + (a09,0)]
= —T.(boz)+[X, flaob)]+[X,f(zoy)+T.(aoy)
= —(Tbhozx)—(boTx)+ f(T.acb+aoT.b)

+f(Txzoy+zoTy)+T.aoy+aoTy
(7, a), (Tg,8) + (5, T0)] — [(3,8), (T2,0) + (a, T-2)]
[z, a), X, (5, )] — ({9, B), X, (z, )]

(iii) Let (z,a) € P*, (2,¢) € P*, t = (y,b) € P, the case where all three signs are
multiplied by —1 can be obtained in the same fashion.

[(z,a), [(,0),(2,0)l] = [(z,a),(boz0)—flcob)— flzoy)—(coy,0)]
= 4(c,b)a+v(z,y)a — k(z,coy)+ao(boz)
+u(z,y)z + 6(c,b)z + f(x o (bo 2))
(z,0)[(z,a),(y,b)]] = —d(a,b).c—v(z,y).c+k(z,a0y)—co(box)
— 4(a,b).z —v(z,y).z2 — f(zo (box))
[(,0),[(z,0), (z,0)]] = [(y,0),k(z,2)]
= —f(s(z,2) 0b) — k(z,2) 0y

Thus the homogeneous components of [(z, a), [(y,b), (z,0)]]+ (v, ), [(2, ¢), (z,a)]] +
[(z,0)[(z,a), (y,b)]] are as follows: In degree 2: é(c,b)a + v(z,y)a — 6(a,b).c —
v(z,y).c—K(z,coy)+k(z,a0y) = v(z,y)a —v(z,y).c— k(z,coy) + k(z,a0y) =0
by Definition 4.1.5 and (4.5). In degree 1, one obtains v(z,y)z + é(c,b)x + z ©
(boz)—z0(box)+ao(boz)—co(box)—d(ab)z—v(z,y)z— k(z,z)oy.
Again by (4.5) we have that 0 = v(z,y)x — v(z,y)z — (=, 2) o y, and further
6(c,b)x —co(box)+ao(boz)—d(a,b).z =0 by definition of é. Lastly, in degree
0, f(xo(boz)—zo(box)— k(z,z)0b) =0 by (4.19).
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(ii) Let f = id. Then by (i) ULE(P) = L(uivet(P)) is a Lie algebra. If g = id, then (i)
shows that TKK(P) is a Lie algebra.

Since P generates ﬁ(DO), it follows that f and ¢ are onto. It is also clear that f and g
are 5-graded, with ker f = ker f € ULE(P), and ker § = ker g € D°. Thus Lemma 3.1.15
implies that the homomorphisms are central extensions.

(iii) Remark 4.2.2 already states that ULE(h) is an algebra morphism. Combined with
(ii) this gives that ULE(h) is a Lie algebra homomorphism. Since uider is covariant
and preserves the identity morphism, it follows that ULE is also covariant and that
ULE(ldp) = (idp,uiaet(idp)) = idULE(p). d

Definition 4.2.5. Proposition 4.2.4 gives a uniquely determined central extension
ud : ULE(P) — TKK(P)
such that ker uo = HC(P).

Definition 4.2.6. Let L be a 5-graded Lie algebra. We say that L is of Jordan-Kantor-
type if the pair (Ls,L_5) can be endowed with the structure of a Jordan pair J such
that J° = L,, D?(a,b) = ad[a, b]|1,, and Lo = [L_1, L_1] + [L_2.La].

Proposition 4.2.7. If L s of Jordan-Kantor type, then ((La,L_s),(L1,L_1)) is a
Jordan-Kantor pair, with respect to v(z,y) = adlz,y] for ¢ € L,,y € L_, and
k(z,u) = [z,u] for z,u € L,.

Let L be a 5-graded Lie algebra such that Lo = [L_y,L_1] + [L_3.Lo). If1/2 € k and L
does not have 3-torsion, then L is of Jordan-Kantor type.

Proof. Let 0 = +£.If 1/2 € k, then QJ = —1/2(ad(a))?, a € L, is a quadratic map from
L, into Hom(L _,9, Lyo). For a,c € L,o and b € L_,4 the linearized operator acts as

2y) = —1/2(ad(a+ ¢))*(b) + —1/2(ad(a))*(b) — —1/2(ad(c))*(b)
= —1/2(Ja+ ¢, [a+ ¢, b)] = [a,[a, b]] — [c, [c, b]])
= —1/2([a, [C, b]] + [C? [a’ b”)

Since [a, ] = 0 this equals
_1/2([C7 [CL, b” - [[CL, b]’ C]) = ad[a7 b](C).

Thus Dgp(c) = Quc(b) = ad[a,b]. The Jacobi identity implies in particular that for
elements a,c € Lo, b,d € L_,9

[ad[a, b], ad[c, d]] = ad[c, ad[a, b]d] + ad[ad[a, b]c, d].

Since 1/2 € k and L does not have 3-torsion in particular L does not have 6-torsion
Thus by [Loo75], (Lq, L_3) is a Jordan pair with quadratic operators Q7. The remaining
identities for a Jordan-Kantor pair are quite straightforward computations which require
only the axioms for a Lie algebra. O
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Definition 4.2.8. If L is of Jordan-Kantor type, then we denote the Jordan-Kantor pair
((L27 L—?)) (L17 L—l)) by PL'

See [BS03, Thm. 5.18] for the following result, if 1/2, 1/3 are in k.
Corollary 4.2.9. Let L be a 5-graded Lie algebra of Jordan-Kantor type.

(i) There are uniquely defined graded central extensions

[ ULE(P) — L
g:L — TKK(Pp)

such that §o f = w0 and f|p, = idp,.

(1) The Lie algebra ULE(P) is universal in the following sense: For any homomor-
phism of Jordan-Kantor pairs h : P — Py, there exists a unique extension h of h
to a graded Lie algebra homomorphism h : ULE(P) — L.

Proof. 1f such a f exist, then it is uniquely determined by the condition: f |p, = idp,.
In this case, we also have §|p, = idp, .
(i) In view of Lemma 4.2.4 it suffices to show that there is a chain of central extensions
uider(Pr) ERy N ider(P) such that go f = ud. If L is of Jordan-Kantor type then
Lo = [La, L_5] + [L1, L_;] and thus L, is a quotient of Ly ® L 5 + L; ® L_;. Since
the Lie bracket is bilinear and alternating, there is a well-defined epimorphism of
the following form
FiLa®L_y+ Li®L_y — Ly,
a®bw— [a,b], (a,b)€ Jp,
$®y'_)[zay]7 (CE,?./)EML.
Let Jp, = (L2, L_3) and My, = (L, L_;) be the Jordan resp. the Kantor components
of L. Then, for (a,b) € Jp, and (z,y) € My, the Jordan-Kantor pair structure on
(Jr, My) gives ad[a, b] = §(a, b) and ady [z, y] = v(z,y) when restricted to J, & M.
For (a,b) and (c,d) in Jg, this gives us the following identities:
0 = [[CL, b]’ [a‘a b]]
= [8(a,b)a,b] + [a,5(a, b)b]
= [{a,b,a},b] — [a, {b,a,b}]
0 = {la,bl, e, d]] + [[c, d]. [a, b]]
= [0(a,b)c,d] + [c,d(a,b)d] + [6(c,d)a, b] + [a,d(c, d)b]
[{a‘v b, C}, d] - [C, {ba a, d}] + [{C, d, a‘}’ b] t+ [CL, {C, d, b}]
and likewise for (z,y) and (u,w) in My,
0 = [l y]lu,w]
[{3%.%33},91 - [(E, {yaway}]
([, ), [w, w]] + [[w, w], [z, y]]
= [{z,y,ulw] = [u, {y,z, w}] + {w,u,z},y] + [z, {u, w,y}].

o
|
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The calculations above show that f factors through the submodule generated by
(4.15) to (4.18). It follows similarly that

0 = fa,fy,wl] = [aoy,w] +[acw,y],
0 = [[u,z],b]+ [u,bow] — [z,bou.

Therefore, f also factors through (4.19) and we have a Lie algebra epimorphism

f:uiver((J, M) — Lo,
aobr—»[a,b], (a,b)EJL,
on*—)[fﬁ,y], (xiy)EML

For any finite number of elements ((a;,b;), (zi, %)) € P, >_,lai, b + [z, 5] = 0
implies that ad(3_,[a:, b:] + [, vi])|p, = 32 6(as, b)) + v(wi, y:) = 0. Hence there is
a well-defined Lie algebra homomorphism:

g : Lo — wer((Jr, M1)),
[a,b] — 8(a,b), (a,b) € Jp,
[x,y] = 6($)y)7 (:I;ay) € ML-

It is obvious that g o f = ud. Therefore ker f C Z(L). Assume z € kerg. Then
ad z|p = 0, since g is onto and ider(P) acts faithfully on P. However, P generates
L, hence z € Z(Lg). Hence f and g are central extensions.

Using the notation in Lemma 4.2.4 with P = P, and D° = Ly, it is easy to see that
L = L(D°). Thus there is a unique Lie algebra homomorphism f : ULE(Py,) — L
such that f |p, = id. Lemma 4.2.4(iii) gives for every Jordan-Kantor homomorphism
h: P — Py, the existence of a unique Lie algebra morphism ULE(k) : ULE(P) —
ULE(P.) which extends h : P — Pp. Thus h = f o ULE(h) has the properties
required in (ii). Let A’ be another Lie algebra homomorphism A’ : ULE(P) — L
such that h'|p = h. Since P generates ULE(P) as Lie algebra, this determines h’
on all of ULE(P). Therefore h = h.

a

Definition 4.2.10. A perfect Jordan-Kantor pair is a Jordan-Kantor pair P such that
for o = =+

J° = {JOJOJ} + k(M M°),
MU — {MUM—UMU} + JU o M—U.

Lemma 4.2.11. The following are equivalent:

(i) P is a perfect Jordan-Kantor pair.

(ii) TKK(P) is a perfect Lie algebra.
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(iii) ULE(P) s a perfect Lie algebra.

(iv) There is a perfect Lie algebra L of Jordan-Kantor type such that P, = P (as Jordan
-Kantor pair).

Proof. We prove (i) = (i) = (i) = (i), and (ii)) = (iv) = (ii).
Assume that P is a perfect Jordan-Kantor pair. As Lie algebra ULE(P) is generated by
D iz0 P Tt suffices therefore to show that P* C [ULE(P), ULE(P)] for —2 < i < 2. If
i =02, 0 =%, then {J°J7J°} + k(M?,M°) = [J°,[J~°,J°]] + [M?, M°] = P°% C
[ULE((P)), ULE(P)]. For ¢ = ol a similar argument works: {M°M"M°}+J 7oM?) =
[M[M~°M°]] + [J77,M°] = P°* ¢ [ULE(P),ULE(P)]. Thus (i) implies (iii). The
implication (iil) = (ii) is clear, since TKK(P) is an epimorphic image of ULE(P).

If TKK(P) is perfect then

Jo =77, J7°) L+ ([M2, M79), JP] o+ M2, MP] € {J7 7207} + (M7, M7)
and
MU — [[J—a’ JU]’MU] + [[M—U,MU]’MU] + [JU,M—U] — {MUM—UMU} + JU o M_U.

Thus P is perfect, i.e (i) = (i).
Now (iii) implies (iv) since ULE(P) is such a Lie algebra. Assume (iv). By 4.2.9, Lis a
central extension of TKK(P) whence TKK(P) is perfect which is (ii). O

Every Jordan-Kantor pair P comes with an involution, the “flip” that exchanges
the positive and the negative parts. The Jordan-pair obtained in this way is called the
opposite pair of P and it is denoted by P°P. It is very easy to check that the following
holds.

Proposition 4.2.12. Let P be a Jordan-Kantor pair and P°P the opposite pair of P.
Then

(i) TKK(P) = TKK(P®P),
(i) ULE(P) = ULE(P°P),

(iii) P is perfect if and only if P°P is perfect.

The central extension uce(L) vs. the central extension ULE(P)

Recall the construction of uce(L) where L is a I'-graded Lie algebra which we described
in Definition 3.1.7.

Corollary 4.2.13. Let P be a perfect Jordan-Kantor pair, L = TKK(P) and endow
uce(L) with the canonical Z-grading obtained from the Z-grading on L. Then there is a
Lie algebra isomorphism uce(L)o — uidet(P), given by (a,b) — aob, (z,y) — z oy for
(a,b) € J,(x,y) € M. In particular, for u : uce(L) — L, we have

(keru)g =2 HC(P).
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Proof. By the universal property of uce(L) there is a unique homomorphism f such that
the following diagram commutes

uce(L) — = ULE(P)

l lUDJKP

[L, L] —> TKK(P)

Now restrict to the zero component. For any Lie algebra K in this diagram we have
[K,K]o = Ko. This gives a surjective Lie algebra homomorphism fo : (uce(L))o —
ULE(P)p = uider(P) which is uniquely determined by (z,y) — z oy and (a,b) — aob.
Define g: 2@y — zAyand g: a®b — aAb for (z,y) € M, (a,b) € J. It suffices to prove
that g respects the relations in I(P) : For relations of the form z ® {yzy} — {zyz} ®y
or a ® {bab} — {aba} ® b this follows from

g(a® {bab} — {aba} ®b) = aA[[ba],b] —bA][a,b],al
= [a,b] Ala,b] =0

Similarly, a relation of the form (4.18) is mapped into
[a,b] A [e,d] + [c,d] A [a, b],

which is in the same coset as 0 in uce(L)o. If we consider a relation (4.19) then under g
it lies in the coset of
[z,2] Ab+ [b,2] Az + [x,b] A 2

which is the coset of 0 in uce(L). Thus there is a well-defined linear map gq : uider(P) —
JYANT- @M AM~. Since TKK(P) is of Jordan-Kantor type and perfect, Lemma 3.1.14
implies that go maps uider(P) indeed onto uce(L)o. Then fy and gg are well-defined, linear
and inverse to each other. O

Base change

Proposition 4.2.14. Let P = (J, M) be a Jordan-Kantor pair of k such that J° and
M? are finitely generated as k-modules. If k — K 1is a faithfully flat base change, then
ULE(P ®; K) = ULE(P) ®; K.

Proof. Since Jordan-Kantor pairs are given by identities of degree at most 2 in every
variable, the category of Jordan-Kantor pairs is stable under base changes. Thus Pk =
P ®y, K is also a Jordan-Kantor pair. For any base change the map w : idet(P) @ K —
iver(P ® ®K), given by §(a,b) ® a — §(a ® a,b ® 1), v(z,y) ® a — v(z @ o,y ® 1),
is surjective onto the inner derivations of P ®; K. Note that w is the restriction of the
canonical map © : Endg(P) ® K — Endg(P ® K). If k — K is a faithfully flat base
change, then Q and thus also w is injective and hence iver(P ®y K) = ider(P) ®; K which
proves the proposition. 0

Remark 4.2.15. The result also holds for Jordan pairs and Kantor pairs.
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4.2.3 Jordan pairs

If V is a Jordan pair, then we have already defined uidet;p(V'), see Definition 4.1.15. If
the Jordan-Kantor pair is a Jordan pair V', that is when M = 0, the +1 components of
ULE and TKK vanish. These Lie algebras are thus only 3-graded once we have defined
ULE(V)*! = ULE(V )4, and TKK(V)*! = TKK(V) 4,

Definition 4.2.16. Let L = L7'® L°® L! be a 3-graded Lie algebra, i.e., L is Z-graded
and suppy L C {—1,0, 1}. Then L is Jordan 3-graded or of Jordan type if the pair of

modules (L', L™!) can be endowed with the structure of a Jordan pair in such a way that
Vo =L° D°(z,y) = ad[z,y]|s and L° = [L', L7'].

Remark 4.2.17. This definition is consistent with Definition 4.2.6. If in Definition 4.2.6
Ly, = 0 then we obtain a Lie algebra of Jordan type by setting L° = Ly, (with the
notation used there).

Corollary 4.2.18. Let L = L' @ L° ® L' be a 3-graded Lie algebra of Jordan-Kantor
type and Vy, = (L1, L_1) a Jordan pair.

(i) There are uniquely defined graded central extensions

f:ULE(V;) — L
§:L — TKK(V.)
such that g o f = ud.

(ii) Let V be any Jordan pair. The Lie algebra ULE(V) is universal in the following
sense: For any homomorphism of Jordan pairs h : V. — VI, there exists a unique
extension h of h to a graded Lie algebra homomorphism h : ULE(V) — L.

Perfect Jordan pairs are those that are perfect as Jordan-Kantor pairs, i.e.
A Jordan pair V is perfect if and only if {V7,V=V?} = V7 for 0 = +.
We immediately obtain from Lemma 4.2.11 the following corollary:
Corollary 4.2.19. The following are equivalent:
(i) V is a perfect Jordan pair.
(ii) TKK(V) is a perfect Lie algebra.
(iii) ULE(V) is a perfect Lie algebra.
)

(vi) There is a perfect Lie algebra L of Jordan type such that (L', L™') =V (as Jordan
pairs).



Chapter 5

Root systems and root graded Lie
algebras

5.1 Locally finite root systems

Throughout this section, K is a field of characteristic 0.

Definition 5.1.1 ([LNO4]). A (locally finite) root system is a pair (R, E) consisting of a
K-vector space £ and a subset R C F satisfying the following properties:

(i) 0 € R and spang R =F,

(ii) R is locally finite, i.e., RN F is finite for every finite dimensional subspace F'
of F,

(iii) for every @ € R* := R\ {0} there exists an o in E* such that (o, ") = 2 and
sa(R) = R where the reflection s, is defined by s,(z) =z — (z,a")a for x € F,

(iv) (8,a") € Z for all o, 8 € R, where 0¥ = 0.

The rank of a root system (R, F) is the dimension of the underlying vector space
E. Every finite root system (i.e., R is finite in the category of sets) trivially has finite
rank and whenever a root system has finite rank, then the root system itself is finite.
Otherwise the intersection in (ii) with ' = E would be infinite, and R would not be
locally finite.
In most cases the underlying vector space ¥ is of little importance, so we will write
R instead of (R, F). Instead of saying “underlying vector space,” FE is also called the
ambient space of the root system.
One can show that the element o in (iii) of the definition is uniquely determined. It is
called the coroot of . The coroots form a root system in EY := spang{a” : @ € R}. This
root system is called the coroot system of R. A subset S C R is called a subsystem of
R if it contains 0 and if it is closed under all reflections s,, o € S. Indeed, a subsystem
S C R is again a root system with ambient space F' = spang(S) C FE. Therefore,
as any well-behaved category, root systems are closed under taking “subobjects”. Let
(R, FE) and (S, F') be root systems. It is somewhat tricky to find an adequate notion of

42



5.1. LOCALLY FINITE ROOT SYSTEMS 43

a morphism between (R, E) and (S, F') (see [LN04, p.23]), but for the purposes of our
work it is enough to define an isomorphism of root systems as a vector space isomorphism
f: E — F such that f(R) = S. We denote by Aut(R) the group of isomorphisms from
R to R. It is not difficult to verify that all reflections s, are automorphisms.

The weights of R are the set P(R) = {p € (EY)* : (RY, p) C Z}. The root lattice Q(R)
is the Z-span of R in E. The sets P(R) and Q(R) carry both the structure of an abelian
group where the group operation is the vector addition in F resp. (EY)* . Note that
P(R) is not a subset of E. However, there is an embedding of Q(R) into P(R) which
is indeed a homomorphism of abelian groups. This embedding is given by assigning to
w € Q(R) the linear form ¥ — (w, a¥).

Definition 5.1.2. Let (R, E) be a root system. The Weyl group of R, denoted W(R),
is the subgroup of Aut(E) generated by all sy, a € R.

Any finite root system (R, E) in the sense of [Bou81] is a root system as defined above
(after including 0) and the definition of the Weyl group made here is consistent with the
usual notion. A special feature of a finite root system R is that R has a root basis B,
i.e., a linearly independent subset B = {an,1 < n < r} of R such that any root o in R

can be written as .
& = E kiai
i=1

where k; € Z and either all k; < 0 or all k; > 0. This concept generalizes obviously to
the setting of arbitrary root systems, although it is not true that every (infinite) root
system admits a root basis.

Two non-zero roots a and 3 are called connected if there are roots i, ..., O such that
(a,BY) # 0, (8,6¢) # 0 and (5;,8;,) # 0for all 1 <i < (k—1). It is easy to show
that connectivity is an equivalence relation on I and therefore we obtain a partition of
R in equivalence classes, the connected components. A root system is called connected or
irreducible, if all its non-zero roots are connected to each other. In [LNO04] the authors
prove for an irreducible root system R that

R has a root basis <= R is either finite or countably infinite.

The elements of a root basis are also called simple roots.
If (R, F) is a oot system, then there exists an inner product (-|-) on E such that (z|s,y) =
(sax|y) for all z,y € E and o € R (see [LNO4, Thm 4.2]). With respect to this inner

product
(a]f)

(ala)’
The length of a root is defined as (aja). Of course, an inner product with the property

{a, B¥) =2 Eg B is only unique up to a non-zero constant. It is a non-trivial fact that the
set

(@, 8%) =2

{(ala) : @ € R}

is bounded from above and below and that in fact we can choose the constant in such a
way that
{(ala) : @ € R} C {1,2,3,4}.



44 CHAPTER 5. ROOT SYSTEMS AND ROOT GRADED LIE ALGEBRAS

The integer (a|a) is the length of the root a.
Definition 5.1.3. A root system is called reduced if ZaN R C {—a,0,a} for all o € R.

If the root system is reduced and irreducible, then only two root lengths occur and
we can distinguish between long and short roots. In this case, assuming that short roots
have length 1, there are no roots of length 4. If there is only one root length, then all
roots are called long and have according to convention length 2. If all the roots have
the same length, the root system is called simply laced and if two root lengths occur in
a root system, then it is called doubly laced.

Definition 5.1.4. Let R be a root system with root basis B = {a; : 4 € I}. For A\, u in
Q(R), A=Y, ki and p =), mey, we define

A<p <= A#p and k <m; foralliel.
Then < is a partial order on Q(R) which depends on the choice of B.
The subset R C Q(R) decomposes as
R=(-R;) U {0} U Ry

where R, ={A € R:0 < A}
For A\ as above

supp(A) := {a; : k; # 0} C B.

Lemma 5.1.5. Let (R, E) be a root system and F C E a subspace. Then (RN F,F) is
a subsystem.

Proof. Set S = RN F. Since 0 € F, we have 0 € S. Pick o, € S. Then s,(8) =
B— (o, € Za+ZB C Q(S)N R C S. Thus S is closed under reflections s,, @ € S.
According to the definition of a subsystem, S is a subsystem of R. O

Lemma 5.1.6. Let R be a root system and v € Q(R). There is a finite subsystem S of
R such that v € Q(S). If R has a root basis B, then one can choose a root basis B' of S
such that B' C B.

Proof. Since v € Q(R), there is a finite set S’ C R, such that v € span; S'