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Abstract

Besides the genuine interest in investigation of natural phenomena, the possibility of
exploiting properties of quantum theory for technical improvements, by achieving a
more efficient manipulation, readout and transmission of the information, resulted one
of the main drivers that attracted the interest of public opinion and led to incessant
research in this field both from public and private organizations.

In principle, quantum superposition and entanglement, once handled the in-
trinsic limits of quantum theory, such as no-cloning theorem and uncertainty princi-
ple, would guarantee a scaling advantage of quantum computation over its classical
counterpart. While the quantum advantage becomes more important with the dimen-
sionality of the algorithm that is used, the computation itself becomes proportionally
more sensitive to the undesired interactions with the environment and thus prone to
errors. The research conducted to prove the working principles of quantum schemes,
being sources, algorithm or measurements is thus conveniently realized on mesoscopic
scale system where the dimension cardinality of the setup is big enough to show a
significative advantage over classical schemes but constrained as well to be described
either analytically or through numerical simulations, or experimentally realized in a
research laboratory. Specific criteria for efficient quantum computation have been
introduced in 1996 by David DiVincenzo, they include conditions on the physical
system to encode the information, the ability to prepare the system in a given quan-
tum states, long coherence times, a universal set of quantum gates, and the ability
of measuring the qubits the state preparation. This thesis deals with the second of
the DiVincenzo’s criteria, by investigating the state preparation of quantum states
using linear optics and Rydberg atoms. Disposing of universal and efficient sources of

quantum states is indeed crucial to perform versatile fault tolerant quantum compu-
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tation. In fact, producing quantum states with high fidelity allows to perform more
accurate computation. Similarly, the source must be reliable to guarantee that the
least amount of decoherence, occurs while waiting for the next quantum state. Uni-
versal quantum computation in photonic implementation can be realized only with
non-gaussian resources. In this thesis, we propose to alternative schemes to produce
non-Gaussian quantum states to produce any general non-Gaussian quantum state
with higher levels of fidelity and success probability compared to those achievable by
the current conditional sources. It is given also an exact description of the Gottesman-
Kitaev-Preskill states produced by the breeding protocol, comparing the results with
numerical simulations and the Gaussian Random Noise description that is used to
parametrize the non-ideal GKP states produced by this protocol. Finally, a universal
protocol to prepare a quantum states or circuit with arbitrary fidelity using Rydberg

atoms is introduced.
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Chapter 1

Introduction

1.1 Overview

In this chapter, we present some introductory concepts that are used in the works
discussed throughout the remainder of the thesis. First, in Section 1.2, we introduce
quantum states and the Dirac notation. In the subsequent Section 1.3, we describe
the time evolution of quantum states, which is implicitly used throughout all chapters
and applied more extensively in Chapter 5, which focuses on the control of Rydberg
atoms. Then, in Section 1.4, we give a presentation of measurement theory in order
to provide the minimal theoretical background to the measures used in the sources
of chapters 2, 3, and 4. Similarly, in Section 1.5 discrete variables and continuous
variables encodings are briefly introduced; these encodings are employed in chapter 5
and chapters 2, 3, and 4 respectively. Two more extended sections on Quantum optics
(Sec. 1.6) and linear optics (Sec. 1.7) are used to describe properties and limitations
of the implementation used in chapters 2, 3, and 4. In Section 1.8, we introduce the
description of quantum states in phase space through quasi-probability distributions,

while in Section 1.9, we outline how the Gaussian operations introduced in Section 1.7



act on the phase space representations of quantum states. The section 1.10 that
follows outlines how quasi-probability distributions are affected by the measurements,
which is relevant to explain how the sources of chapters rely on the measurement
of some modes of a multi-mode states. Then non-Gaussian states are defined in
section 1.11, we give two classical examples of non-Gaussian states that are then
targeted to benchmark the sources proposed in Chapters 2, 3, and 4. Section 1.12
presents the source, which is later modified according to the alternatives proposed
in Chapters 2 and 3, as well as the state generation scheme explored in the work
of Chapter 4. Finally, section 1.13 is dedicated to the introduction of the Rydberg

Physics used to develop the theory proposed in Chapter 5.

1.2 Quantum States

Every quantum state is fully described by a complex function ¢(z,t) [1].¢(x,t) is
known as the wavefunction associated to the state of the system and its intensity
|i(x, t)|* provides the probability of finding the system at position x at time ¢. It is
custom to think of the quantum states as vectors in the Hilbert space H of functions.
The Hilbert space is equipped with a complete inner product (, ) between its elements
¢ and ¥ [2]

00) = [ (@)l (11)

Two states ¢, and 1) are orthogonal between each other if their inner product (¢, 1)) =
0.

By introducing an orthonormal basis of the Hilbert space H, {¢1 ..., ¢n}, such



that (¢, ¢;) = 0;;, then any state in H can be defined as

Y(x) = agi(z), VreR, (1.2)
i=1
such that (¢, 1) = ¢, and SN e[ = 1.

The state ¥ (x,t) can be conveniently defined using the Bra-ket notation intro-
duced by Dirac ¢ = |¢) [3]. With Dirac notation the inner product between the states
[¥), and |¢) is written as (¢|¢)) while Eq. (1.2) can be rewritten as [¢)) = > " ¢; |¢;).
However, in general, not all system can be described with the state vector shown
above, as some quantum systems may be in a statistical mixture of two or more
quantum states. Given p; the probability of the system of being in the state |v),

t=1,..., N, the density operator of the state p is defined as

p= Zpi s )abi| (1.3)

Thus, p is defined as the linear combination of the outer products of the possible
states weighted by the the probability of the system being in that state. Given that
the density operator in Eq. (1.3) is Hermitian, the spectral theorem allows one to

write the state via its spectral decomposition

p= Z Ai|9i)eil (1.4)

where |¢;) is the orthonormal basis of eigenstates of p. The description in terms of
the density operator is general, and can be used with either a partial or complete
knowledge of the system [4]. In the case the state of the system is known with p = 1

to be |1), then the density operator reduced to p = [¢))(v)|. In general, expanding |))



in a basis like done in Eq. (1.2), the expansion of p becomes
) =D acs [oides)- (1.5)
ij

Just by comparing Eq. (1.3) and Eq. (1.5), it is not trivial to distinguish the density
matrix corresponding to a state |¢)) which is assigned with certainty, and the density
matrix defined by a statistical ensemble of states. In quantum mechanics, the purity
of a state is a quantity introduced precisely to determine this distinction and quatify
the degree of ignorance on the state of the system. The purity P of a density operator
p is defined as P(p) = Tr{p?} < 1. When P(p) = 1, then the state is known with
certainty and the state is called pure. Otherwise, when P(p) < 1 system is said to
have a mixed state. The minimum value of P is 1/d where d is the dimension of
the Hilbert space upon which the state is defined. A state p with P(p) = 1/d is
maximally mixed.

The scalar product in Eq. (1.1) can be used also as a measure of similarity
between two quantum states, which is known as fidelity. The fidelity F between two
pure states 1)) and |¢) is given by F = |()|¢)|*. In general, for any mixed states p, o
we have that F = (Tr [ \/Ep\/EDZ

The description given so far and introduced with Eq. (1.2) has been given using
discrete variables ¢, and a discrete, either finite or infinite set of vectors {¢1,..., o, }
forming the basis of H. We can extend the description made so far to continuous
variable description. For example, we can introduce a continuous variable a € R and
define a new orthogonal basis of H, {|a) | a € C} such that (bla) = 6(a — b). Any

state in H can be defined in this basis as

) = / (a)|a) (1.6)
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The position z in the quadrature space is one example for the continuous variable
a one can choose. We should observe that Discrete Variable (DV) and Continuous
Variable (CV) description are not mutually exclusive, since in general any state |))
can be described in either way. However, the convenience of either of the two ap-
proaches depend on the particular states considered and the manipulations foreseen
on these states.

Quantum states are used in all the chapters of this thesis. Chapters 2 and 3
introduce sources of quantum states. Chapter 4 gives an exact description of physical
states generated via a specific generation protocol known as Schrodinger cat breeding.
Similarly, quantum states are the target of the control of Rydberg atoms described

in Chapter 5.

1.3 Quantum Evolution

1.3.1 Schrodinger equation

Describing the evolution of a state serves to determine the state of a system at a
time ¢ given knowledge of the state at a previous time ¢y with tq < ¢ [5]. To do this,
one must determine the time-evolution operator U (t,tp) which transforms the state

|9(to)) into the state [1(t)) such that

(1)) = Ut to) [1(to)) - (1.7)

For probability conservation we expect that for any |¢(tg))

WD) = ()T (¢, 1)U (1 to)[(t0)) = ((to) | (to)) , (1.8)



and the last equation is fulfilled only if U T(t,to)ﬁ (t,to) = I, which means that the
time-evolution operator must be unitary. Moreover, another condition expected from
a properly defined time-evolution operator is that it satisfies the composition property.

This means that given the times ty < t; < t5 one has that

Ulty, 1)U (11, to) = U (ta, to). (1.9)
The infinitesimal transformation after a time dt will be given by

Uty + dt, to) = I — iQ(to)dt, (1.10)

where Q(to) is Hermitian to guarantee that U is unitary. By analogy with classical
mechanics, we can postulate that the generator of the time evolution Q(to) is given by
the Hamiltonian of the system such that Q(to) = H(t)/h [6], such that, if ﬁ(to) =H

is time independent, Eq. (1.7) is equivalent to

[(8)) = e HE0/M |y ) (1.11)

which is the solution of the Schrodinger equation that describes the evolution of the
state

GOlY) =

1.3.2 Heisenberg Picture

So far, we have considered the quantum state of the system as changing under the
action of the time evolution operator. This interpretation of the system’s dynam-

ics is known as the Schrodinger picture. From the perspective of the observer, the



measurable properties of the system may change over time. If, for example, @ is the
observable under investigation, then one can describe the system’s dynamics by keep-
ing the quantum state |¢) fixed and treating the observable Q as a time-dependent
operator, whose evolution is governed by the Hamiltonian . Anticipating the theory
of measurement discussed in Sec. 1.4, we now consider what it means to measure an

observable @ on a quantum state evolving under the influence of a Hamiltonian.

1.3.2.1 Observables and operators

Following a probabilistic interpretation of the wave function 1, one has that the
expectation value of any observable physical quantity () whose value depends on the

coordinate z can be determined by [7]

@ = [Q@@Pas = [ e = (ulav) 3

-~

where the last equality comes from the definition of Eq. (1.1), and the operator @ is
introduced to satisfy the equation. Because of the linearity in quantum mechanics [8],
every operator @ can be expressed as a matrix in the Hilbert space of the quantum
states such that ’@w> = @ |1)). Since the value of a physical observable is real,
we have that [1] <w’@¢> = <@¢‘1/)> = (1|Q'|) thus proving that the operator
@ associated to any physical observable is Hermitian @T = Q\ So in general, the
operational definition of the expecation value of the operator @\ on the state [¢) is
given by

(@), = widl. (1.14)



Using the Schrodinger picture, the expectation value evolves accordingly to the evo-

lution of the state such that

(Q), = Wl = (@), = MO (1) = ()T (t.10)QU(t. o) (t0)).
(1.15)
Instead, if in Eq. (1.15), we take the state time independent such that | (to)) = [vo),

we observe that the time evolution affects the observable itself that trasforms as

Q(t) = UT(t,10)Q(to)U(t, to). (1.16)
which is the solution to the Heisenberg equation of motion

0Q 11~ ~
e _ = ,H] . 1.17
o = |9 (L17)
The interpreation of the dynamics, in which the states are time constant and the

operators are time dependent is known as Heisenberg picture.

1.3.3 Interaction Picture

Up to this point, we supposed to deal with a time constant Hamiltonian. In the
more general case of a time dependent Hamiltonian, it can be useful to use not the
Shrodinger nor the Heisenberg picture but introduce the so called Interaction picture.
First of all, it is convenient to separate the Hamiltonian H(t) into a constant term

Hy and a time-dependent term 17(25) such that

H(t)=Hy+ V(t). (1.18)



In the interaction picture both the states and the observables are time-dependent. In

particular, supposing ty = 0 the states are defined as

[b(8)), = e VO™ o), = o™ () (1.19)

where the subscripts S and I are the labels for the states defined in the Schrodinger,

and interaction picture respectively. The operators instead evolve as
Q](t) — eiﬁot/ﬁéjse—if]ot/ﬁ‘ (120)

Thus, it follows that the time-evolution of the state is described by the solution of

the following equation

.0 N
Zha |¢>1 =Vi(t) |¢>1a (1.21)

while the observable Q;(t) solves

% _ 115, 5 (1.22)

1.3.4 Quantum gates

Quantum information processing represents one of the most promising applications
of quantum theory. Superposition and entanglement can, in fact, be used effectively
to achieve a speed-up over classical simulation, as proven with Shor’s algorithm [9].
In continuity with classical computation based on semiconductors, where binary in-
formation bits are processed, quantum computation has similarly been historically
proposed in terms of the generation, control, and measurement of quantum bits,
known as qubits [10]. In this framework, information is encoded in the states of a

two-level quantum system, which, by analogy with the classical case, we can label



as |0) and |1). In general, the state of the system will be in a superposition of the
two states |1)) = «|0) + 81) such that |a|> + |3]° = 1. Usually the state |¢) is
given in terms of its vector representation («, 3)". As for state manipulation, this
is performed via unitary operations, among the most famous of which are the Pauli

A~ > = = T . . . .
gates o0 = (X Y. 7 ) , whose matrix representation is given by

X = , Y= . 7= . (1.23)

It is possible to prove that a general operation on a single qubit state is given by
U(c, 0) = exp(ior) Rn () (1.24)

where m is a three-dimensional unit vector of coordinates (n,,n,,n.), and Rn(0) is
given by
R, (6) = cos(8/2)I — isin(6/2)n - &. (1.25)

Other relevant single qubit gates are the Hadamard gate H , the phase gate S and

the 7/8 gate T with matrix representation

-1 [1 1 - [10 . e~im/8
H=— , S= , T =exp(in/8) . (1.26)
V2l 0 i 0 e
For multi-qubit operations, the unitary matrices can be expressed as tensor products

of multiple single-qubit operations. However, some multi-qubit operations cannot be

written in this form, and the concept of controlled or entangling gates must instead
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be introduced. A well-known example of a two-qubit gate is the controlled-NOT gate

CNOT = . (1.27)

The Hadamard, Phase, and CNOT gates defined in Eqs. (1.26) and (1.27) form a
generating set for the Clifford group C. By definition, Clifford gates map tensor
products of Pauli matrices to tensor products of Pauli matrices P, via conjuga-
tion, which means that for any n-qubit gate V' in the Clifford group C,,, we have
VP VT = P; for some P;, P; € P,,. According to the Gottesman-Knill theorem [11],
however, quantum computation with Clifford gates alone cannot guarantee any quan-
tum advantage. Specifically, a computation realized using only initial states in the
computational basis, Clifford gates and measurements of observables in the Pauli
group, can be simulated efficiently in a classical computer. The stabilizer formalism
is taken into account to prove the theorem. In the stabilizer formalism, a group of
operators, the stabilizers, is associated to the quantum state. In fact, considering this
biunivocal correspondence between states and stabilizers, the evolution of the state
can be studied looking into the evolution of the stabilizers that can be efficiently
simulated. Clifford and T gates form, instead, a universal set of operations, meaning
that any unitary operation can be approximated to arbitrary precisions using only
these gates. In particular, according to the Solovay-Kitaev theorem any single qubit

gate can be approximated to an accuracy € using O(log®(1/¢)) with ¢ ~ 2 [12].
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1.3.4.1 Quantum Approximate Optimization Algorithm

Although Pauli gates, T" gates, phase gates, and one-controlled gates can be used
to realize any unitary operation on multimode states, the composition of operations
required to obtain a specific unitary matrix or to generate a particular quantum state
is not always trivial to determine. A possible solution to generate a given target
quantum states relies on the evolution of an accessible quantum state under a time
dependent Hamiltonian.

A classic example of algorithm that realizes this task is Quantum Annealing
(QA) [13]. The goal of QA is to find the ground state of a cost Hamiltonian H,
which is diagonal in the computational basis, such that, for any state |y) in the
computational basis, H, |y} = f(y)|y). In QA, the initial quantum state [¢,) is
prepared in a superposition of all the possible solutions of the ground state problem
for the Hamiltonian H,. The initial state |thin) is the ground state of the mixing
Hamiltonian Hy [14,15]. The initial state |¢,) is then evolved under the time-

dependent Hamiltonian
H#)=(1-—-)Hx+—H 1.2
(t) ( 7_> x+ —Hz, (1.28)

such that for a sufficiently long time 7, the resulting state is indeed an eigenstate of
H z. Now, to evolve the system under the two non-commuting Hamiltonians inde-
pendently, the Suzuki-Trotter decomposition must be used, which corresponds to an
infinite number of alternating steps of applications of each of the two Hamiltonians
exp (ﬁ+ §> = limpﬁoo(eg/peg/p)p. However, the solution is exact only as p — oo.

The Quantum Approximate Optimization Algorithm (QAOA) [16,17], on the other

12



hand, aims to reach the state with a finite number of steps p,

[Yy) = exp(—mpﬁx> exp(—iﬁpﬁz> . .exp(—iﬁlflz> |5 (1.29)

where the coefficients «;, §; are classically optimized to maximize the fidelity between
the generated state |¢0y) and the target state. In fact, if the mixing and cost Hamil-

tonians are defined as follows
Hy = Z X,
Hy = Z 5(0)221‘ + 5(1)22i+1 + 7(0)22i22i+1 + 7(1)221+122z‘ (1.30)
- ﬁl@ﬁé‘” +BOHYD +1OHS) + VAT,

it can be shown that the algorithm is universal, meaning it can be used to reach any
state, even when the target is not the eigenstate of any Hamiltonian. In Eq. (1.30),
)?i and Z represent the application of the X and Z gates as they are introduced
in Eq. (1.23) to the i-th qubit of the multiqubit state [¢;). Coefficient J is used for
the single-qubit operations, while coefficient ~+ is used for the two-qubit operations.
The superscripts (0), and (1) are used to distinguish the real coefficients 3, and ~
depending on wether the corresponding gates are applied to qubits or pairs of qubits
labeled by even or odd indices. For pairs of qubit, the superscript (0) is used if the
first gate is applied to an even qubit, while the index (1) is used when the first gate
of the pair is applied to an odd qubit.

Quantum evolution is implicitly used in all the chapter of the thesis. The
evolution of quantum states in the Schrodinger picture is used in Chapter 5 to describe

the control of Rydberg atoms via QAOA, aimed at generating multi-qubit states with
high fidelity.
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1.4 Measurements

1.4.1 Classical measurements

Given a classical physical system, certain variables correspond to measurable features
that characterize the system. These features distinguish it from other systems for
which the same variables can also be defined and measured. The set of variables
that describe the system is referred to as its configuration. To each physical system,
one can then associate a state, defined as the collection of probability distributions
assigned to the system’s measurable variables. For example, the state of the system
associated with the variable X in the configuration space S is given by the proba-
bility distribution P(zx), which is the probability that the system has X = z. If X
is a continuous variable, then P(z) would be a probability density. The state of the
system thus defines the degree of knowledge of the system by the observer and is not
independent of the observer, to the point that different states may be attributed to
the same physical system by different observers. The maximum level of knowledge
is acquired when the observer can assign a single value to each variable in the con-
figuration space of the state. Such knowledge about the system is obtained through
measurements of it. For a classical system, it is reasonable to assume that each of
the variables in the configuration space can be measured independently. The process
of measuring a variable of the state can be modeled as follows: A copy of the system
under investigation is subjected to a measurement apparatus. This measurement ap-
paratus will be able to provide a result that is a function G of the unknown variable
X and of a noise-related variable =, so that the observer is provided with the variable
Y = G(X,Z) by the measurement apparatus. As an example, if z is the value of

the variable X and = = £, then the value observed by the measurement apparatus is
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= G(z,€). Here we assume that neither the measurement nor the noise affects the
system under investigation. Nevertheless, we expect that the measurement changes
the state of the system. Bayesian inference can in fact be used to understand how
the measurement affects the state of the system. Given two events A and B, the
probability of A given B, P(A | B), is related to the probability of the intersection
between A and B, P(AN B), via the following equation [18§]

P(AN B)

PUAIB) = =5

(1.31)

From Eq. (1.31), it is straightforward to show that the conditional probability p(z|y)
is given by

plaly) = % (1.32)

Where p(y) is the normalization factor

= p(ylr)p(z) (1.33)

If z and y of Eq. (1.32) are the possible outcomes of variables X and Y of the
system configuration space and of the measurement apparatus, then the conditional
probability p(z|y) corresponds to the state of the system as it has been modified by
the measure of y. Observing that y depends on x and ¢ through the function G such

that y = G(z,§), we can write

plylz) = plylz, p Z% clzeP(§ (1.34)

3
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If it is possible to define the inverse function G~! such that G™!(z,y) = &, then
plyle) = dea1wyp(é) = p(€ = G (z,1)), (1.35)
13

and the updated state of Eq. (1.32) becomes

Pl = G\ (,y)ple)

0 (1-3)

p(zly) =

In the description given so far, the probability distribution has evolved ex-
clusively because of the knowledge acquired on the system via the measurements
procedure. We consider now the more general case in which the probability distri-
butions is affected also by the modification of the system due to its interaction with
the measurement apparatus. Given a variable X that lives in a discrete variable n-
dimensional configuration space, we can suppose that the measurement with results
y leads to a change of variable described by the n x n matrix with elements B, (x|z’).
This means that, with probability B,(z|z’) the measurement transform the variable

2’ into variable z. The posterior system state will then be given by

2w By(xl2)p(yla)p(z')
p(zly) = o) . (1.37)

We can now introduce a new matrix O,(z|z’) that combines that transformation of

the state due to the Bayesian theorem and the back action of the measurement:

Oy(xl2’) = By(x]2")p(ylz"). (1.38)

In terms of the operator O, the state updated by the measurement y can be written
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as

_ 2w Oy(z]2)p(a’)
plzly) = o(0) : (1.39)

We can further simplify Eq. (1.37) by introducing the n-dimensional vector £, with
elements E,(x) where

E,(z) = Wu'm(m). (1.40)

So we can conclude that, in general, the state is transformed by the measurement y

of the variable z as
Ey(x>p<x>

o) (1.41)

p(zly) =

1.4.2 Quantum measurement

Analogously to the classical case, the quantum state of a system also expresses the
observer’s knowledge about the probability distributions associated with the system’s
measurable variables. However, in the classical context, it is, in principle, possible
to gain complete knowledge of a system by performing repeated measurements on
identically prepared copies. This allows each measurable feature to be assigned a def-
inite value, rather than being described by a probability distribution. In the quantum
case, by contrast, the uncertainty principle and the no-cloning theorem prevent such
complete knowledge for all measurable variables of a quantum state.

Here, we describe projective measurement, a canonical form of measurement
in quantum mechanics, and then present a more general measurement framework by
introducing a system state that, in analogy with the classical case, plays the role of

the measurement apparatus.
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1.4.2.1 Projective measurement

Given a quantum variable A, the spectral theorem guarantees that it is always possible

to diagonalize the associated observable operator A as
A=A, (1.42)
A

where ﬁ)\ is the projector operator that projects states onto the subspace of the
eigenstates of A corresponding to the eigenvalue \. If the spectrum of A is non-
degenerate, then we can define |7,) as the unique eigenstate with eigenvalue A, and
Eq. (1.42) simplifies to

A= Am)ml (1.43)

which is known as the von Neumann measurement of the observable A. From Eq. (1.14),

the expectation value of A on the state p =, pi i) is given by

(B) =2 p ilRl) = - pi (Rl = 3wl I8, )1 44
i n o ) (1.44)
= sz (Dl[i)ehil Aldy) = Z (¢;|pA]@j) = Tr [ﬁA] .

J

where we used the decomposition of the identity I = 3° i1oiNé;]. From Eq. (1.44),
and defining the probability distribution p(A) such that (A) = >, Ap()A), we find that

the probability of measuring the result outcomes A is

P =T [POTL] = Tr[3(8) Imadmal) = (mala(t)Im) (1.45)
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If T is the duration of the measurement process, the post-measurement state resulting

from a von Neumann measurement on p(t) is

pA(t+T) = (1.46)
Thus the state is said to be reduced or collapsed to the eigenstate |my) depending on

the measurement outcome A [18].

1.4.2.2 Measurement operator

To define quantum measurements more generally, one needs to introduce an auxiliary
state |@), referred to as the apparatus state by analogy with the measurement device
in the classical case, which is coupled to the system state [1)). The total state at time

t is then given by the tensor product of these two states

(W(2) = 16(0)) [ (1)) - (1.47)

The measurement consists of two steps: first, a unitary evolution U (T') is applied
to the composite state; second, a projective measurement is performed on the first
subsystem, projecting onto the eigenstates |r) of an observable R. The evolved state

is then given by

r)r| T(T) [0(t)) [ (t))
p(r) p(r)

U.(t+T)) = (1.48)

where M, = <7“|(7 (T) ‘0(t)> is the measurement operator associated with the outcome

r, and p(r) = <¢’]/W\T]/W\|¢> The operator MM is the so-called effect operator E,
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associated to the measurement ]\/4: For mixed states, the post-measurement state is

—~

JIM,]p(t)

D=0

(1.49)

where the superoperator J acts on any operators A and B as J [E]E — ABAt. The
set of all effects {E, : r} is known as the probability-operator-valued measure (POVM)
on the space of results r. In this way, Eq.(1.49) mirrors the classical evolution of the
state described in Eq.(1.41).

The concepts introduced in this section are primarily applied in Chapters 2, 3,
and 4 where measurements are employed to implement conditional quantum state

generation.

1.5 Encoding of quantum states

1.5.1 Discrete Variables

Historically, the development of quantum theory has been framed in terms of discrete
variables, as many properties of physical systems at quantum scales appear to be dis-
crete. The quantized energy levels in Bohr’s model of the atom [19] represent one of
the earliest examples of this discretization of nature. Other prominent instances in-
clude energy levels in trapped ions, electron occupancy or vacancies in quantum dots,
current rotation directions in superconducting loops, and the polarization states of
light. All of these systems are naturally suited to be described using a DV framework.

The states of such systems can be represented by wavefunctions (1.2) that are
superpositions of orthogonal basis states. Furthermore, in the context of quantum
computation, the DV formalism arises as a natural extension of classical information

theory based on bits. Classical bits can be encoded in the quantum domain using two-
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level systems, but the DV framework can also be generalized to higher-dimensional

computational bases, depending on the number of available orthogonal states.

1.5.2 Continuous Variables

An alternative to the discrete-variable formalism is the continuous-variable frame-
work. The CV approach is employed when the variables used to encode quantum
information are continuous rather than discrete, as in the cases discussed in the pre-
vious paragraph. As a result, quantum states are parameterized over continuous
values. This description becomes relevant when the set of accessible quantum states
is not finite, allowing for the definition of an infinite, potentially orthogonal, set of
states. These states can be expressed as superpositions in Hilbert space, analogous
to Eq.(1.2), in the limit N — oo. Any other quantum state can thus be described
starting from these continuous basis states, following the formalism introduced in
Eq.(1.6). This framework is applicable to trapped ions [20], and is widely used in
quantum optics [21]. In fact, entanglement between individual photons is challenging
to achieve deterministically, as it often relies on postselected measurement outcomes.
Consequently, performing computations using discrete-variable encodings of photons,
such as polarization or path degrees of freedom, is generally less practical, particu-
larly when targeting large-scale quantum computation. In contrast, nonlinear crystals
enable the efficient generation of squeezed states, which are naturally described by
the CV formalism and can be entangled deterministically. The discrete-variable en-
coding is used in Chapter 5, whereas the continuous-variable encoding is employed in

Chapters 2,3, and4.
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1.6 Quantum optics

1.6.1 Classical fields

The interdependence between the electric field E and magnetic field B in vacuum is

determined by Maxwell’s equations [22]:

0B

E=— 1.

V x 5 (1.50)
OF

B = — 1.51
V x Moo 815 y ( b )
V.B=0, (1.52)
V.E=0, (1.53)

where g9 and o are the vacuum permittivity and permeability, respectively. If the
fields are constrained in a one-dimensional cavity along the z-axis, such that they
vanish at z = 0 and z = L, and assuming that the electric field is aligned along the

x-axis, i.e., E(r t) = e, E,(z,t), then a solution to Maxwell’s equations is

E.(2,t) =4/ i—ii q(t) sin(kz). (1.54)

which is the single-mode solution for the mode of frequency w. Here, k = w/c is the
wavenumber, ¢ is the speed of light, and ¢(¢) is the only time-dependent parameter
of Eq. (1.54). The boundary condition E,(0,t) = E.(L,t) = 0 fixes the allowed
frequency to w = ¢(mn/L) with m € N. From Maxwell’s equations and Eq. (1.54), it
follows that the magnetic field is aligned along the y-axis, i.e., B(r,t) = e,By(z,1),
with magnitude

20 () sin(kz). (1.55)



Using Eqs. (1.54) and (1.55), the Hamiltonian of the electromagnetic field can be

written as

M= %/OL d <gOE§(z,t) + iBj(z,t)) | (1.56)

Ho
By introducing p(t) = ¢(t), which, analogous to a mechanical harmonic oscillator,
corresponds to the canonical momentum of a particle of unit mass at position ¢(t),

we can write Eq. (1.56) as

H=-(p"(t) + (1)), (1.57)

N | —

which is the Hamiltonian of a harmonic oscillator of unit mass.

1.6.2 Quantization

Highlighting the analogy with the harmonic oscillator Hamiltonian allows to identify
the canonical variables ¢ and p and proceed with the Bohr’s correspondence rule to
substitute them with the corresponding quantum operators ¢ and p that have to fulfill

the canonical commutation relations

3.5 = ih (1.58)
[3.q] =0 (1.59)
5,7 = 0. (1.60)

The electric and magnetic amplitudes of Eq. (1.54) and Eq. (1.55) then corresponds

to the quantum operators

2(2,1) = i—uﬂa(t) sin(kz). (1.61)

)
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and
= Moco  [2w?

By(z,t) = 5 L_eop(t) sin(kz), (1.62)

while the energy operator derived from the Hamiltonian in Eq. (1.56) is

H=— (P*(t) + W*P1)) . (1.63)

N[ —

Along with the Hermitian operators ¢ and p, corresponding to the physical observables
position and momentum, two other non-hermitian operators are introduced to express
the Hamiltonian of Eq. (1.63), which are the annihilation and creation operators a
and @' respectively. The annihilation and creation operator are defined in terms of §

and p as

wq +1p and aT:wq—zp

V2hw V2hw

From the commutation relations of ¢ and pin Egs. (1.58), (1.59), and (1.60), it follows

a=

(1.64)

that the creation and annihilation operators fulfill the commutation relation
[a,a'] = 1. (1.65)

The Hamiltonian of Eq. (1.63) can be expressed in terms of annihilation and creation

operator as

~

H = hw (aTaJr %) . (1.66)

The time-evolution of @ and @' in the Heisenberg picture is given by

i—f - [ﬁa} ) (1.67)
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which is solved by setting
a(t) =a(0)e ™" (1.68)

For @' one would get

a'(t) =a'(0)e™". (1.69)

The energy operator can be further simplified by introducing another operator that
depends on the creation and annihilation operator 7 = @'a such that Eq. (1.66)

becomes

H = hw (ﬁ + %) . (1.70)

Whose eigenstates are the states |n) such that
1
huw (n + 5) In) = E, |n) (1.71)

1.6.2.1 Fock states

The state a' |n) is also an eigenstate of H with eigenvalue E, + hw, since
PP S (7a 3 S
Fuw ntg a'|n) =a'hw ntg In) = (E, + hw)a' |n) . (1.72)

Thus, the state @' |n) can be interpreted as having a quantum of energy Aw more than
the state |n). Conversely, the state @ |n) has eigenvalue F,, — hw, which is a quantum
of energy less than FE,. Creation and annihilation operator are named after the fact
they create eigenstates with one more or one less quantum of energy, or photon, in the
state. At the lowest rung of the ladder, there corresponds a state with the minimal

energy, such that no state exists with smaller energy. This is the so-called vacuum
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state |0), which fulfills
al0)y=0 (1.73)

We observe that the energy of the vacuum state is not zero, as might be anticipated,

but

-~ US| hw

H|0) = hw (aTa + 5) |0) = - |0) . (1.74)
Hence, % is the zero-point energy of the mode. More generally, the energy of a state

with n photons, known as Fock number state |n), is w (n+ 3). The operator 7 is
the so-called number operator as it counts the number of photons in the mode.
The expectation value of the electric field in Eq. (1.61) respect to the energy

eigenstates |n) is
(n|Ey(z,t)|n) = (n|&(@+a')sin(kz)|n) = 0 (1.75)

where & = \/hw/eoL. Therefore, the mean electric field of the state |n) is zero,
suggesting the Fock states are not suitable to describe classical field, even for large

n. In fact, the number operator does not commute with the electric field operator
[ﬁ, E} = & sin(kz)(@ - a). (1.76)
The fluctuations of the field are estimated by the variance

(n[(AEL(2,0))’In) = (n|(Eu(2,1))|n) — ((n|(Ex(2,1)n))* = Esin® (k=) (2n + 1)
(1.77)
We observe that the fluctuations are more intense for large number of photons, how-

ever there is a non-null fluctuation of the electric field observed for the vacuum state as
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well. This conclusion is consistent with the Heisenberg uncertainty principle implied

by the commutation relation of Eq. (1.76) such that
1
AnAE, > 5f:o\sm(k;z) (@ —a))|, (1.78)

which correlates a high accuracy on the electric field with the uncertainty on the

number of photons.

1.6.2.2 Coherent states

The coherent states |a) are the eigenstates with eigenvalue « of the annihilation
operator, i.e., a|a) = a|a). Coherent states indeed provide a quantum description
of classical fields [22,23]. The mean field of the electric field for coherent states |a)

with o = |ale?, is
(a| Ey(z,1)|0) = —V/2|a|Esin(kz — wt + 0) (1.79)

while the variance is

(a|(AE,(z,1))%]a) = V2&,. (1.80)

which corresponds to the uncertainty of the vacuum state. We observe that the
space-time dependence of the mean electric field in Eq. (1.79) is consistent with that
expected by the classical counterpart, while the fluctuations correspond to the quan-
tum noise that disappear in the classical limit A — 0, confirming coherent states as
the most classical-like quantum states. The basis of coherent states is commonly used
in quantum optics, exactly because they naturally describe the classical electromag-

netic field and and exhibits minimal, unbiased uncertainty in the phase space [24].
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The relation between coherent basis and Fock basis is given by

ja) = exp{~laf*/2} 3° % In) (181)

However, unlike the CV basis introduced in Eq. (1.6), coherent states do not fulfill
the orthogonality relation (f|a) = §(a — ). Instead, for any amplitudes «, § € C,
(Bla) = e=3(lal’+IB"=28"a) A hasis with this property is called overcomplete, meaning
it contains more vectors than are minimally required to span the space, and any state
in the basis can be written as a linear combination of the others [25].

Chapters 2, 3, and 4 focus on the generation and characterization of non-
classical states of light and rely upon the basic quantum optics concepts discussed

above.

1.7 Linear optics

In optical implementations, a preliminary distinction is often made between linear and
nonlinear optics, based on the type of manipulation performed on the quantum state
of the system. Linear optics encompasses those manipulations of quantum states that
correspond to classical superpositions of electromagnetic fields [26]. Linear regime is
generally easier to describe from a mathematical point of view and is relatively simple
to implement compared to nonlinear optics. In fact, its physical implementation
relies on widely available tools that offer good efficiency. Linear optical operations

correspond to unitary transformations of the ladder operators, such that [27]

J

28



These transformations are realized through the unitary evolution generated by Hamil-

tonians that are bilinear in the creation and annihilation operators
H=>" Ajyalay (1.83)
ik

where A is a Hermitian matrix [28,29]. We observe that the Hamiltonian com-
mutes with the total photon number operator 7, implying that the field intensity is
conserved under linear optical transformations. More generally, in addition to oper-
ations obtained through the evolution of a quadratic Hamiltonian, linear Bogoliubov

transformations of the annihilation operator [28-30)]
k

are also included among linear operations. However, unlike passive linear transfor-
mations, Bogoliubov transformations do not conserve the number of photons of the
field [31]. The matrices A and B can be expressed in terms of diagonal matrices Ap

and Bp via the decompositions
A=UApV', B=UBpVT, (1.85)

where U and V' are unitary matrices. The standard linear operations introduced in
the next section are indeed generated by the Bogoliubov transformation introduced
in Eq. (1.84).

In 1994 Reck et al. [32] proved that the most general linear optical unitary
operation U that transforms the annihilation operator as in Eq. (1.82) can be realized

using beam splitter and phase shifter operations only. Specifically, any N-dimensional
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unitary transformation can be realized with N(N — 1)/2 beam splitters and N(N +

1)/2 phase shifters.

1.7.1 Linear optical operations

The best known quantum gate realizable in photonic implementation through a linear

Hamiltonian are the rotation, displacement, and beam splitter gate [30,33].

1.7.1.1 Rotation gate

The rotation or phase shift operator is defined as
R(¢) = exp(i¢n). (1.86)
This operator introduces a phase ¢ to the annihilation operator

R'(¢)aR(¢) = ea. (1.87)

1.7.1.2 Displacement gate

The displacement operator

D(a) = exp (o — a*a) (1.88)

D'(a)aD(a) =a + a, (1.89)

This means that a coherent state |/3) goes into the coherent state D(a)|8) = €% |+ B)

with ¢ = Im{a5*}, and a coherent state is nothing else but a displaced vacuum state
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la) = D(a) |0).

1.7.1.3 Beamsplitting gate

Then the two-mode beam splitting gate B(6) is defined as [34]

B(6) = exp [e(a@ . aET)] (1.90)
such that
B(6)TaB(#) = G cos(8) + bsin(h), (1.91)

where b is the annihilation operator of the second mode.

However, performing rotations and beam splitter operations on displaced vac-
uum states only, does not lead to any significative advantage compared to classical
optics. In fact, coherent states can be treated as classical coherent light modes [23].
Moreover they are the only pure states that do not get entangled by beam splitter op-
eration and N input coherent states are just converted into other N output coherent

states by beam splitters and phase shifters [35].

1.7.1.4 Squeezing gate

Besides proper linear transformations, some nonlinear transformations, which do not
fulfill the superposition principle but are obtained via Bogoliubov transformations,
are sometimes included among the linear optical operations and referred to as active
linear operations [36]. This is the case for the squeezing operator, governed by the
Hamiltonian H = ir(a? — @2), which is quadratic in the ladder operators. The

corresponding squeezing operator S (r) is given by

S(r) = exp [r(@"? - @], (1.92)
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and transforms the annihilation operator a as
St(r), @, 5(r) = @cosh(r) — @' sinh(r). (1.93)

Squeezing results in a reduction of uncertainty in one quadrature at the expense
of increased uncertainty in the conjugate quadrature. The Heisenberg uncertainty

principle is not violated in this transformation:

qg—qe ", p—pe. (1.94)
In comparison with the displacement, which is the other active operation defined in
this section, squeezing generates non-classical states that can get entangled by the
action of passive interferometers and can guarantee some advantages with respect to

classical light [37,38].

1.7.1.5 Physical realizations

Displacement gate Any general quantum optical state |¢) can be displaced by
letting it interfere with a coherent state |/3) in a almost transparent beamsplitter of
transmittance angle 6 ~ 0 [39]. If a is the label for the mode in which it is encoded
the state |¢)), and b labels the mode with the coherent state |3), then the operator
describing the evolution of the state [1)), can be obtained by tracing out the action

of the beam splitter at the other mode such that it reads

Try (T |8X81 B(9)) = (81B()18) (1.95)

where the trace is made over the mode b and B (0) is the unitary operator describing

the action of the beam splitter as defined in Eq. (1.90). Given that |3) is an eigenstate
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of the annihilation operator B, the operator describing the evolution of the state in

mode a in Eq. (1.95) becomes

(BIBO)IB) = (Blexp |6(@D —ab')]|8) (1.96)
00 on R \n
— Z (ot ot
<5\Z ~ (a b ab) 18) (1.97)
9” 7 7
= <B|< b—ab ) 16) (1.98)
n=0
We introduce now the displaced operators ¢ = b— B, ¢ = bt — £* such that
¢|B8) = 0. The operators ¢, and ¢ satisfy the commutation relation [E,ET] = 1.

Moreover, the operators A= 18] (ei“(’aT — e*wa), and B = a'¢ — a¢ commute with

each other [ﬁ, E] = 0 and allow one to write Eq. (1.96) as

o

(81B(6)|8) =Zg<ﬁy(ﬁ+ é) Z - i( )A” m(31B™B)  (1.99)

n=0

) on n ' . . R
=SB s (Zb) (%G1 — e %3)" ™ (31B™B)  (L100)
n=0 m=0

_ Z (08 " {(eiwa\f _ 6—isoa)” + n<7’1ﬁ‘_2 1) (GWaT _ e—iwa) (1/|5| ) f(a, AT)
n=0
(1.101)
So, in the limit | 5] — oo, Eq. (1.96) becomes
(BB(0)|8) = exp [0(8a" — °0)] (1.102)

which is equivalent to the operational definition of the displacement gate given in

Eq. (1.88) when 05 = —a*
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Squeezing gate The squeezing operation can be physically realized via degenerate
parametric-down conversion [22,24]. In this process, some photons of a pump field
of frequency w, hits are transformed by a nonlinear medium to pairs of photons of

frequency w = w,/2. The Hamiltonian for this process is given by
H = hwa'd + huyb'd + il (a?@* - a*?@) , (1.103)

where a is the annihilation operator of the signal field with frequency w, while b is
the annihilation operator of the pump field of frequency w,. The Hamiltonian in
Eq. (1.103) is made of three terms. The first term gives the contribution to the
energy coming from the signal field, the second term gives the energy contribution
of the pump field, while the last term describes the non-linear interaction introduced
by the medium that leads to the generation of the signal photon pairs out of single
pump photons. Now, if we suppose to have a strong pump field in which the fraction
of photon lost is negligible, and that this field is coherent |Se~*r!) we can use the
so-called parametric approximation and substitute b with Be~»! and bt with B*etwrt

such that the Hamiltonian in Eq. (1.103) becomes
H = hwa'a + ihy @ (@28 et — G ge) | (1.104)
that in the interaction picture becomes
H = ihr (@2t —ql2emiont) | (1.105)

where we set r = x?3. The Hamiltonian in Eq. (1.105) is in fact the Hamiltonian

that generate the squeezing operation introduced in Eq. (1.92).
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Inline squeezing The squeezing of quantum states with non-zero average photon
number is conceptually identical to the squeezing of vacuum states. However, from
a practical point of view, it is significantly more challenging to implement. While
the application of the squeezing operator deterministically produces a squeezed state
when acting on the vacuum in a given mode of the field, applying the same operator to
a non-vacuum state requires mode matching between the excited modes in which the
quantum state is defined and the modes affected by the squeezing operation. Nonethe-
less, recent progress has been made toward increasingly efficient implementations of

deterministic squeezing on arbitrary quantum states [40,41].

1.7.2 Measurements

1.7.2.1 Homodyne detection

Homodyne detection allows one to measure the quadrature components of a quantum
state, denoted by ¢ and p. In the limit of large coherent amplitude, it is equivalent to
a projective measurement onto the position (momentum) eigenstates |¢) (|p)) [34,42].
The canonical method for performing homodyne detection on a general state |1)
involves the use of an auxiliary coherent state |3), with 8 = |3|e?, and a balanced
beam splitter [24]. The input-output relations between the annihilation operators of

the input modes ?i,/b\ and those of the output modes ¢, d are

S a4l
L R L (1.106)
v v
The difference in photon number between the two output ports is given by
e —fig=Ce—did = —i (aTZ—BTa). (1.107)
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The actual measured quantity is the difference in photocurrents from the two detec-

tors:

iea = ic = a o (] (8] (e — ) [0} 18)
= —i (| (] (a'b—81a) |v) |8) = —i (] (@'6 — a6") [v)
— —ilB] (] (@'e — ae™) |v) = 2/ (X(6+7/2)), (1.108)

where we introduced the quadrature operator X (¢) = de " + afe’,, which cor-
responds to the canonical quadrature operators ¢ and p for ¢ = 0 and ¢ = 7/2,

respectively. The variance of the quadrature is then given by
[AX (¢ +7/2)]" = (Aiea) /18], (1.109)

and can thus be reduced by increasing the intensity of the local oscillator, |3].

1.7.2.2 Photon Number Resolving Detections

A second class of measurements in quantum optics used in the thesis is photon-
number-resolving detection. Its measurement operator is given by M, = |0)r|, where
|7) is the photon number state introduced in Eq. (1.71). PNR detectors are thus used
to count the number of photons in a given quantum state. This kind of detector can
be implemented by multiplexing a series of single-photon detectors in either time or
space [43,44]. Indeed, single-photon detectors, such as avalanche photodiodes, are
less technically demanding to implement; however, they can only determine whether
one or more photons are present, without resolving the exact number.

The notions of this sections are used for the manuscripts of chapters 2, 3, and

4 of this thesis.
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1.8 Quasi Probability Distributions

It is convenient to describe CV quantum systems using a characteristic function de-
fined over phase space, which is the space spanned by the quadrature coordinates g
and p [45,46] . Quasiprobability distributions associated with quantum states are
experimentally accessible through homodyne tomography. Moreover, the effect of
all the operations listed in 1.7.1 can be easily visualized in this representation. In
this section, we define the characteristic function over phase space and introduce the

associated quasiprobability distributions.

1.8.1 Characteristic function

The displacement operator defined in Eq. (1.88) can be used to introduce a function,
the Weil characteristic function x, of the quadrature coordinates o that unambigu-

ously describes a given quantum state p
Xs,p(a) = Tr[D(a)p] exp (5]a|2/2) (1.110)
Inversely, the state p is determined by the characteristic function through the Fourier-

Weyl relation as [47]

p= %/anXO,p(a)ﬁ(—a) (1.111)

The characteristic function allows to introduce the Wigner function of order s

W, ,(a) = / d?Be @ =By (B). (1.112)
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1.8.1.1 Wigner quasiprobability

The Wigner function W, , of the state p serves as a quasiprobability distribution of
the state in analogy with the classical state, in the sense that the expectation value

of an observable O onto the state p is given by

(0) =1 [0@ahs] - /dQQWO,p(Q)O(a,a*) (1.113)

This formula holds if the expectation value is evaluated on the symmetrically ordered
operator 6(6, a'). Analogous quasiprobability functions are defined for normal or-
dered (s = 1) and antinormal ordered (s = —1) operators [24]. Moreover, for any
operators O and O,, we have [48]
~ 1
Tr [0102} == / d*aW, 5 (0)W_, 5,(a) (1.114)

™

1.8.1.2 Glauber-Sudarshan quasiprobability

For normal ordered operators, in which all the creation operators are on the left-hand
side and all the annihilation operators are all on the right-hand side, the quasiprobail-
ity distribution that satisfies Eq. 1.113 is the Glauber-Sudarshan P-representation

that gives the coherent representation of the state [49]

:/P(oz)|a>(oz]d2a. (1.115)
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1.8.1.3 Husimi quasiprobability

For anti-normal ordered operators, we define instead the Husimi Q-representation [50],

which satisfies

Q(a) = = (alpln) (1.116)

Since all the representations introduced above are equivalent, without loss of gener-
ality, we restrict our attention to the Wigner representation. Similar to a classical
probability distribution, the value of the Wigner function at «, denoted W («), cor-
responds to the probability density of measuring the system in the state «, provided
the state is classical. Even for non-classical states, the Wigner function behaves like
a probability distribution when marginal distributions are considered. However, we
should note that the real and imaginary parts of « correspond to conjugate quadra-
tures, which cannot be simultaneously measured due to the non-commutativity of
the creation and annihilation operators [51]. Moreover, unlike true probability dis-
tributions, the Wigner function can assume negative values, a property that reflects

non-classical features and cannot be interpreted within classical probability theory.

1.9 Gaussian operations

The linear operations described in Sec. 1.7 transform the quadrature operator r =
(@1, p1,- -, Qn, PN)T as [33]
r— Fr+d, (1.117)

where F'is a symplectic matrix that fulfills FQFT = Q with

X0
Q= @ (1.118)
k=1 \—1 0
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such that the canonical commutation relation for quadrature operators [, 7] = i€y
does not get violated in the transformation. For any quantum state, it is then possible
to define the its displacement vector o & = () and its covariance matrix o with

elements

ons = 5 (P ) — () (7). (1.119)

where {A, B} = AB + BA is the anticommutator. It can be proven that a state
p with a Gaussian Wigner function depends on the displacement vector and on the

covariance matrix only, such that its Wigner function can be expressed as

W,(r) = P [s(r—groir - )] (1.120)

(2m)Ny/det (o)

As a consequence, from Eq. (1.117) it follows that the symplectic operations obtain-
able in linear optics transform a Gaussian state into another Gaussian state and are
therefore called gaussian operations. All symplectic operations, which corresponds to
Hamiltonians that are at most quadratic in the creation and annihilation operator,
can be realized using only beam splitters, phase shifters, displacements and squeezing.
Specifically according to the Bloch Messiah decomposition [52], any symplectic oper-
ation is equivalent to the action of a sequence of one universal passive interferometer,
a layer of single mode inline squeezing, and a final passive interferometer acting on
the displaced states. To generalize further it can be shown that any transformation
can be realized with a combination with Hamiltonians this set of at most quadratic
Hamiltonians and one cubic Hamiltonian [53]. To illustrate the proof, we observe
that, given two canonically commuting operators o, and 0, such that [0,,05] = 1,
o3, amoy] ~ o,

we have that [0),00'0p] ~ 0, "0, where we neglect the lower order terms. As a

consequence, opportune commutation of at least cubic terms can lead to operators of
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any order [54]. However in photonic implementation obtaining this class of gates is
extremely challenging [53].

Gaussian operations are used in Chapters 2, 3, and 4 for CV state generation.

1.10 Projective measurement on Wigner function

Since the measurement-heralded generation of specific quantum states in CV is a
central theme for Chapters 2, 3, and 4, in this section we describe how the Wigner
Function of multimode states, introduced in Sec. 1.8, is modified by projective mea-
surements on some of the modes. Concepts from Sec. 1.4 are applied here to analyze
the impact of these measurements on the Wigner functions. In this context, the ex-
pression measurement-heralded generation signifies that the generation is signaled by
some given measurement outcomes. The object being generated with the heralding
measurement is the heralded object. Two classes of measurements are considered:
projections onto Gaussian and non-Gaussian states. Projections onto non-Gaussian
states are employed in Chapters 2 and 3, using PNRDs. In contrast, the Schrodinger
cat breeding protocol discussed in Chapter 4 is realized via homodyne measurements,

which are equivalent to projections onto infinitely squeezed Gaussian states.

1.10.1 Projection on Gaussian states

The most general Gaussian projective measurement is the so-called generaldyne mea-
surement. The resolution of the identity corresponding to a projection onto a multi-

mode Gaussian state pys, centered at the origin, is given by [47]:

~ ~

~ 1
I= R /R Arp D(=1) par D7), (1.121)
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where ﬁ(rm) is the multimode displacement operator. Suppose we want to measure
an (n + m)-mode Gaussian state p, partitioned into an n-mode subsystem A and an
m-mode subsystem B, with covariance matrix and first moments given by

OA OAB £A

o= , &€= : (1.122)
T
s 9B 3]
The measurement transforms the input Gaussian state into an n-mode Gaussian state,
where the covariance matrix and displacement vector of subsystem A are updated as

follows

1
— — E—a 1.123
TA I OA T OAB T, ( )
1
b —Ooup——(Ex— 1) 1.124
€A €A UABO_B+0_M(€B r ) ( )

Here, o,/ is the covariance matrix of the measured Gaussian state pj; used in the
projection. Notably, only the updated displacement vector in Eq. (1.124) depends
on the specific measurement outcome r,,. We now consider how general POVMs can
be used to herald the generation of non-Gaussian states. The discussion is general,
although the non-Gaussian measurements considered in the remainder of the thesis

are limited to projections onto Fock number states. [55-57].

1.10.2 POVM measurement

We now consider the more general case of a measurement A performed on some of
the modes of a pure multimode Gaussian state with Wigner function W(r) [53].
Here, r denotes the vector of quadrature coordinates, so for an m-mode state, we

have » € R?™. Suppose that only the last I’ modes are measured. Then, the phase
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space R?™ can be conveniently decomposed as R?™ = R#* @ R? | and the quadrature
vector as r = 7y @ 1y, where f and g play roles analogous to subsystems A and B
in Eq. (1.122). As described in Sec. 1.9, the Wigner function of a Gaussian state
is fully characterized by its covariance matrix o and displacement vector &, whose
block decomposition is given in Eq. (1.122). This partition of the m-mode phase space
allows us to define reduced Wigner functions Wy(ry) and W,(r,) by tracing out the
complementary subsystem from the global Wigner function W (ry @ r,). Specifically,

we have:

Witrs) = [ dn, Wiy o), (1.125)

W,(r,) = /R dry W, & r,). (1.126)

The conditional state resulting from applying the measurement operator ﬁ, as defined

in Eq. (1.48), is given by
Tr, [ﬁﬁ}

Pria = m, (1.127)

~

p

which, using Eq. (1.114), leads to:

o drg Wa(ry)W(ry @y
) -

According to Bayesian theory, and as shown in Eq. (1.31), the conditional probability
distribution W (r,|ry) is given by

W(ryory)

W(rg|ry) = Wir;)

. (1.129)
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As a result, the Wigner function in Eq. (1.128) can be rewritten as

A,

Wiia(ry) = Wwf(rf), (1.130)

where
(4) = /RI dry Wa(r,)W,(r,), (1.131)
<2>g|rf _ /R W) Wy(ryry). (1.132)

Although W, (ry|rs) is a well-defined probability distribution, it is not itself the
Wigner function of a quantum state. Consequently, the conditional expectation value
<A\>g|r can, in general, take negative values, even though both <E> and the reduced
Gaussi;n Wigner function Wy(ry) are always non-negative. It follows that the her-
alded state described by Eq. (1.130) can exhibit negativity, which is a necessary and
sufficient condition for the non-Gaussianity of pure states [58,59].

Projective measurements are used for non-Gaussian states generations in the

manuscript of chapters 2, 3, and 4.

1.11 Non-Gaussian states

Quantum states whose Wigner functions are non-Gaussian in phase space are referred
to as non-Gaussian quantum states. These states play a crucial role in quantum
information science, as they are necessary for many applications, ranging from fault-
tolerant quantum computation to quantum communication [53,60-62]. The most
prominent examples of non-Gaussian quantum states in photonic implementations

are the Fock number states, with the only exception being the vacuum state, which
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is also a coherent state. The Wigner function of a Fock state |n) is given by [63]
2 n 2 2
W(a) = ;(—1) exp(—2|a|?) L,(4]al?), (1.133)

where L,, denotes the n-th Laguerre polynomial. Other common examples of single-
mode quantum states include statistical mixtures. For instance, the Wigner function
of the mixed state p o< |a)a| + |B)X3|, where ) and |3) are pure coherent states, is

given by the sum of two Gaussian functions in phase space.

1.11.1 Schrodinger cat state

A Schrodinger cat state is defined as the coherent superposition of two coherent

states [45]:

0
lcaty) = |O‘>+€_ | 2O‘> . (1.134)
V2 (1 + e=2e cos 6)

The state |catg) is named after the quantum state hypothesized by Erwin Schrodinger
in his famous Gedankenexperiment, in which a quantum superposition of two macro-
scopically distinct states leads to the paradoxical scenario of a cat being simulta-
neously dead and alive [64]. Beyond its historical and philosophical significance,
particularly in debates surrounding the interpretation of quantum mechanics, the
cat state in Eq. (1.134) has been extensively studied both in foundational theoret-
ical contexts [65—67] and for practical applications in quantum information science.
These include quantum computation [68-70], quantum metrology [71,72], and quan-
tum communication [73]. The Wigner function of a Schrdodinger cat state in phase

space is illustrated in Fig. 1.1.
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Figure 1.1: Wigner function of a Schrodinger cat state.

1.11.2 Gottesman-Kitaev-Preskill state

While the substantial advantages of encoding information in quantum states, aris-
ing from uniquely quantum features such as superposition and entanglement, have
already been discussed, it is equally important to recognize that quantum states are
inherently more vulnerable to decoherence than their classical counterparts. This is
because interactions with the environment are harder to isolate, often resulting in
undesired and unpredictable changes to the state. For example, in the Wigner repre-
sentation introduced in Sec. 1.8, such interactions may cause unwanted displacements
in the quadrature space along either direction. When these types of errors cannot be
completely prevented, it becomes crucial to detect and correct them. One method
for doing so is quantum error correction, which can be implemented by encoding
logical information into states whose Wigner functions form a grid of delta peaks in

phase space, as proposed in the Gottesman-Kitaev-Preskill scheme [60]. Any shift in
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the quadrature coordinates smaller than the grid spacing can then be detected using
ancillary qubits and corrected by applying the appropriate displacement to restore
the state to its original position. In particular, a logical qudit in the GKP encoding
is represented by such a grid state, where any general Pauli operation XaZzb (with
a,b=1,2,...,d—1) corresponds to a displacement operator. These logical operations

act as follows:
X|j)=1j+1 (mod d)), and Z|j)= e/, (1.135)

If we associate displacements along ¢ with X operations and displacements along p

with Z operations, then we can express them as:
X =D(a), and Z = D(if3), (1.136)

for some real o and . From Eq. (1.135), it follows that ZX = e2"/XZ, which,

using Eq. (1.136), implies the commutation relation:
D(iB)D(a) = ¢™/?D(a) D(if). (1.137)

We observe that the displacement parameters o and  determine the lattice spacing
that defines the logical states in the GKP encoding. Since shift errors smaller than
a/2 and [3/2 can be corrected, it is desirable to make these parameters as large as
possible. However, they are mutually constrained by Eq. (1.137), which imposes the
condition a5 = 27/d. A standard choice is to set a = § = \/m, yielding a square

lattice in phase space [74]. As an example, the logical GKP qubit states |0) and |1)
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can be written as [75]:

0y oc Y [2nv/m),, [T)oc Y |@n+ 1)), (1.138)

n=—0oo n=—oo

where |z) . denotes the eigenstate of the position operator g with eigenvalue x. These
ideal GKP states are unphysical, as their Wigner representation consists of an infinite
series of delta peaks that would require infinite energy to generate. Moreover, they
are defined over the entire real line and are therefore non-normalizable. In practice,
physical realizations of GKP states are necessarily approximations of the ideal ones.
A canonical approach to approximate the GKP states in Eq. (1.138) is to replace
each delta function in the Wigner distribution with a Gaussian peak centered at the
corresponding grid point and with standard deviation o. The entire state is then
modulated by a Gaussian envelope centered at the origin with standard deviation
1/k to ensure normalizability. The ideal GKP state is recovered in the limit o, x — 0.
The Wigner function of an approximate GKP state is shown in Fig. 1.2.

The discussion above focuses on cat states and GKP states, as they are ex-
tremely relevant for several applications, but more generally, access to non-Gaussian
states is crucial for universal quantum computation in CV encodings [54]. In con-
trast, Gaussian measurements on Gaussian states can be efficiently simulated classi-
cally. [76]. However, as mentioned in Sec.1.9, generating non-Gaussian states starting
from the vacuum requires at least one cubic Hamiltonian, which is extremely chal-
lenging to implement deterministically in photonic platforms [53, 77-79].

Both the Schrodinger cat states and the GKP states are used in the chapters 2, 3,

and 4.
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Figure 1.2: Wigner function of an approximate GKP state.

1.12 Non-Gaussian state generation

Since the deterministic generation of non-Gaussian states is, in general, very chal-
lenging in photonic implementations, conditional sources are usually preferred. Two
possible strategies for generating non-Gaussianity involve photon subtraction and
photon addition applied to a Gaussian state. Given a Gaussian state p, the photon-

subtracted state is defined as
apa

- T (1.139)

o
The state p~ can be realized by using a beam splitter that interferes one mode of
the Gaussian state p with an auxiliary mode prepared in the vacuum state. A single-
photon Fock state is then post-selected on the auxiliary mode. The action of the beam

splitter on the two-mode system is described by the transformation in Eq. (1.90).

Neglecting normalization, the resulting state produced by this protocol, for a general
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value of @, is denoted by py and is given by

(1.140)

o — —B(O) (02 [0X0]) BO)' (L 1)1
)

Tr | B(0) (p® [0X0]) B(O)! (T @ [1)1])

For small values of #, the beam splitter operator can be approximated as é(@) ~
T+96 [ﬁ@ — 63*]. In this approximation, the resulting state becomes

Goat

. . apa
p- = lim py =

— 1.141
6—0 Tr [atap] ( )

as desired. Analogously, photon addition can be realized using a similar proto-
col, where the beam splitter is replaced by a two-mode squeezed operator, U 0) =
exp [9 (5@* — a@)] The desired state p™ is obtained in the limit of small #, such

that
a'pa

+__apa
Tr [afap]

p (1.142)

Photon-subtracted and photon-added states are specific cases of conditional non-
Gaussian state generation. More generally, non-Gaussian states can be probabilis-
tically obtained by projective measurement onto a non-Gaussian state [80-83], as
outlined in Sec. 1.10. A general scheme for non-Gaussian state generation condi-
tioned on the measurement outcome has, for instance, been proposed by Su et al. [57]

using Gaussian Boson Sampling-like sources.

1.12.1 State generation with GBS-like devices

1.12.1.1 Boson Sampling

Although non-Gaussian states are essential for achieving universal quantum compu-

tation [84], it is, in principle, possible to achieve a quantum advantage by performing
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non-Gaussian measurements on Gaussian states. In fact, Gaussian Boson Sampling
relies on non-Gaussian measurements of photonic states to perform computations,
offering advantages over classical protocols [85]. GBS is a non-universal comput-
ing scheme based on the Boson Sampling model. In Boson Sampling, m single-
photon states are injected as inputs into an n-mode passive interferometer, where
n > m. PNR detectors are used at the output to count the number of photons in
each of the n output ports of the interferometer. A general input state is given by
|in) = |11 -+ 1, - - 0,,), which evolves under the unitary operation defined by the in-
terferometer Uy to the state [ouw) = Ur [thin) = Y g7Vs |51 .. 5,) where the sum runs
over all possible combinations S of m photons in n output ports [86]. The sampling
allows us to evaluate the probabilities p(S) = \75]2, which can, in turn, be related to

the permanent of U; as follows [87]:

_ Jper (Us)[?

p(S) s (1.143)

where Ug is an m X m sub-matrix of Uy in which row ¢ is repeated s; times, and only

the first m columns are used. The permanent of an n x n matrix A is defined as

per(A) = Y [[ Ao (1.144)

oeSy =1

where S,, is the set of all permutations of n elements.

1.12.1.2 Gaussian Boson Sampling

Gaussian Boson Sampling is analogous to standard Boson Sampling, but it uses
squeezed vacuum states in the input ports of the interferometer instead of vacuum

and single-photon Fock states. In GBS, the probability of detecting a given photon
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output pattern is related to the Hafnian of a matrix that encodes the interferometer’s

transformation, as expressed in the following equation [88]:

_ |Haf[(U; diag(tanhry, ..., tanhr,) Uns])?
n [T, s;! coshr; ’

p(S) (1.145)

where, similarly to Eq. (1.143), the subscript S of a matrix M denotes the matrix
obtained by repeating the i-th row and column of M exactly s; times. The Hafnian

of a 2n x 2n matrix A is defined as [89]:

1 n
Haf(A) = o] zs: HAU(%*U:U(%)' (1146)
g€Ed2n 1=1

Equivalently, the probability in Eq. (1.145) can be written as [85,90]:

Haf(As)2

~ /et (Q) [T, s

p(S) (1.147)

where we define Q = 0 + 1/2, with o the covariance matrix of the state prepared by
the passive interferometer. The matrix A = A @ A* is given by A = X(I — Q1),
X = (98). The most general case for GBS with pure states is reached by applying
displacements to the squeezed vacuum input states. The probability of detecting a
given combination of photons S at the output, when the input states are displaced

squeezed vacuum states @, ﬁ(dz)g (r;)|0), is given by [90]:

_ o (—3d'Q7d) | b o
p(S) = O o > by byHaf(As_giy i) |

1=0 {iy,....i}CTn

where d = (di,...,d,,d,...,d*)T is the displacement vector, b = d'Q~!, and

Z, = {1,...,n} is the index set. Approximating the Hafnian of a given matrix is
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computationally hard for classical algorithms, with current runtimes scaling expo-
nentially [91-93]. As a consequence, Gaussian Boson Sampling has been proposed
as a promising platform to demonstrate quantum advantage, motivating both the
development of classical simulation techniques [85,92,94-96] and experimental imple-

mentations [97-101].

1.12.1.3 Conditional generation with PNRDs.

The Gaussian Boson Sampling devices can be appropriately modified to become con-
ditional sources of non-Gaussian states. The interference performed by the passive
interferometer on the input squeezed state generates a multimode Gaussian state,
and the PNRDs at the end perform a projective measurement on it. If only a portion
of the modes is measured, the state resulting in the output mode is a non-Gaussian
state, as outlined in Sec. 1.10.2. The states generated will depend on the actual mea-
surement outcome of the source, as well as on the parameters of the source. These
parameters include the squeezing intensities, displacement of the input state, and the
transmittance and phase angles of the beam splitters and phase shifters that comprise
the interferometer. Crucially, the conditional source requires optimization to improve
both the success probability and the quality of the output state. Optimization can be
achieved by fixing a measurement outcome that heralds the production of the non-
Gaussian state and tuning the parameters of the source, squeezing, displacement, and
interferometer angles accordingly for the given target. The target state |¢)) can be
expressed in terms of a superposition of Fock states followed by Gaussian operations

at the end, as follows [75]:

Mmax

) = S(€)D() Y caln) . (1.149)

n=0
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which is the so-called stellar representation of the state [¢)) [102]. The minimal nyay
necessary to define the state exactly is known as the stellar rank of the state and is
determined by the zeros of its Husimi @) function. To give a few examples: Gaussian
states have stellar rank r* = 0, Fock number states |n) have * = n, and Schrédinger
cat states and GKP states have r* — oco. Consequently, Eq. (1.149) is exact only if
Nmax > 7% Otherwise, the target state |¢) is approximated up to the given Fock order
Nmax- 10 the context of state generation with GBS-like devices, the stellar representa-
tion of Eq. (1.149) is particularly useful. The value of ny.y is constrained by N, the
number of photons detected by the PNRDs of the source. It has also been conjec-
tured that the number of independent coefficients ¢, scales as (N + 2)(N —1)/2 [57].
The Gaussian operations applied at the end to the state expressed in stellar represen-
tation can always be mapped onto Gaussian operations on the input states. These
operations are not constrained by the architecture of the sources, but only by the
maximum squeezing or displacement intensity achievable on the single-mode inputs,
if any. As a result, if no bound is set on the Gaussian operations, the optimization can
focus on the core state of the stellar representation, the linear combination of Fock
number states, without needing to consider the Gaussian operations. Since both the
probability of success and the fidelity must be maximized during optimization, the
reward function should increase with respect to both figures of merit. A straight-
forward choice is to use a linear combination with equal weights for both. However,
the selection of the reward function is crucial for the optimization, and this choice
remains largely arbitrary. It is evaluated on a case-by-case basis based on the results
of the optimization. It’s also worth noting that the two figures of merit are mutually
limiting: Fidelity can be improved at the expense of probability, and vice versa. This

limitation also applies to the size of the source. Larger sources allow for the genera-
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tion of higher fidelity states, particularly for high stellar rank states, but with lower

success rates.

1.12.2 GKP qubit state engineering with cat state breeding

If one has access to non-Gaussian states that might be easier to generate, these
can be manipulated with Gaussian operations and measurements to generate other
non-Gaussian states. The cat-breeding protocol is one such method that uses ho-
modyne measurements on Schrodinger cat states to herald the generation of GKP
grid states [103-107]. Specifically, two copies of a squeezed cat state are interfered
on a 50:50 beam splitter. One of the modes of the output state is then measured by
homodyne detection of the ¢g-quadrature. The state heralded by the measurement, re-
sulting from post-selection on ¢ = 0, is then interfered with another possibly squeezed
cat state to proceed with another iteration of the protocol. The state heralded at the
end of the protocol will have a GKP-stabilizer value greater than that of the input
squeezed cat state used to produce it, which depends on the amplitude, squeezing of
the cat states, and the number of iterations. In fact, the state can be realized deter-
ministically, without post-selection, by applying a final displacement to the resulting
state [108].

Alternative schemes to non-Gaussian states generation are proposed in chap-

ters 2, 3, and 4.

1.13 Rydberg Physics

Rydberg physics describes systems whose Hamiltonian behaves like the Hamiltonian
of a hydrogen atom [109]
E,=— (1.150)
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where Ry is the Rydberg’s constant, and n represents the principal quantum number.
Rydberg physics is used, for example, to describe the physics of atoms of elements
whose atoms have a highly-excited electron that experiences a force field similar to
the one generated by a point-like source with an opposite charge. In fact, although
Rydberg atoms are generally used to describe any system with a similar Hamilto-
nian, Rydberg physics also applies to other physical systems, such as molecules and
electron-hole pairs in semiconductors.

The interest in Rydberg atoms arises from the peculiar characteristics of these
systems, which offer the possibility of being employed in a variety of applications.
First of all, the highly excited electron is weakly bound to the atom’s nucleus and
is therefore very sensitive to any external electromagnetic field. For this reason,
Rydberg atoms are particularly suited for quantum sensing applications [110].

Secondly, the dipole matrix element that determines the strength of the cou-
pling between two consecutive states, e.g. the n-th and the (n + 1)-th, scales as n?,
which means that the interaction between two consecutive Rydberg states increases
quadratically with the energy level n. Moreover, the lifetime at high energy levels
actually increases with the n? [111,112]. In fact, on the one hand, spontaneous emis-
sion to the ground state is extremely small, due to the minimal overlap between the
wave function of the state at a high energy level and the ground state, and on the
other hand the spontaneous decay to the lower energetic level, via coupling with the

vacuum mode, is unlikely due to the scarcity of vacuum modes at small frequencies

1 1
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Figure 1.3: Dipole-dipole interaction.

1.13.1 Interactions

Let us now consider how the interaction mediated by virtual photons can be described
for Rydberg atoms. First, we study the case of two Rydberg atoms in two consecutive
energy states, interacting in a so-called dipole-dipole interaction, which is described
in Fig. 1.3.

This interaction can be interpreted as the emission of a virtual photon from
the excited state to the ground state of the first atom, followed by the absorption of
the same photon by the atom in the ground state, which is consequently excited to
the next level n. The intensity of this dipole-dipole interaction scales as R~3. Addi-
tionally, the optical dipole coupling between consecutive principal quantum numbers
increases with the square of the energy level. Therefore, the intensity of this interac-
tion scales as n*/RS.

A second kind of interaction, known as van der Waals interaction, can be es-
tablished between atoms that are at the same energy level. A depiction of the van
der Walls’ interaction is given in Fig. 1.4.

One can imagine that a photon spontaneously emitted from the first atom in the
state |nS) is absorbed by the nearby atom, which is then excited from the level |n.S)
to the level |n” P). This process, however, presents an energy detuning, so the virtual

photon is re-emitted by the second atom, which returns to its ground state, and then
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Figure 1.4: van der Walls interaction.

it is absorbed by the first atom, which is excited from the state |n'P) and returns
to its initial state. Given the two dipole-dipole interactions, this kind of interaction
scales as B¢ with respect to the distance, while it increases as n'! with respect to the
energy level because there are two emissions and two absorptions, each of which has an
intensity scaling as n?, but there is also the detuning, which introduces an additional
scaling factor of n3. Both dipole-dipole interactions, therefore, become particularly
intense for high n, but they can be suppressed by increasing the distance between
the atoms. The van der Walls’ interaction is especially interesting as the energy
potential that it introduces V(r) oc n'!/r% is responsible for the Rydberg blockade
phenomenon, which is used in quantum information to implement controlled gates.
When atoms are within a certain threshold distance, known as the blockade distance,
the energy level of the Rydberg state |r) is detuned from the level it would be for an
isolated atom. This detuning ensures that the driving laser, which is used on isolated
atoms to excite states to the Rydberg level, has no effect if the addressed atom is near
another atom in the Rydberg state. A pictorial illustration of the Rydberg Blockade
is given in Fig. 1.5, where |g) and |e) label the two computational quantum states:
ground and excited.

The notions of this section are used to develop the model described in chapter 5.
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Chapter 2

Seeding (BS-like sources with

single photons

2.1 Introduction

The advantages promised by quantum information theory have led to an extensive
effort aimed at identifying the problems that are best suited to be solved by en-
coding the information into quantum states and by algorithms capable of doing so
with the fewest possible resources. Depending on the specific task, researchers have
also sought to determine which physical platforms are better suited to provide an
actual advantage deriving from uniquely quantum properties. For many applications
and features, quantum optics has often been proposed as an excellent candidate for
observing such a quantum advantage. If compared with superconducting qubits or
trapped ions, photonic implementation requires much less cooling and therefore could
potentially be more resource-efficient in terms of space, cost, and energy. Moreover,
photons suffer very little decoherence, and fundamental quantum gates can be real-

ized with relative ease using linear optical elements such as beam splitters, mirrors,
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and phase shifters. On the other hand, quantum optical computation also has its
limits, which mainly stem from the fact that nonlinear operations between modes
are much more complicated to implement, and cubic evolutions are essentially un-
feasible in a deterministic way. Yet, as described in Sec. 1.12, the generation of
non-Gaussian bosonic states is essential for fault-tolerant quantum computation, and
more generally, non-Gaussianity is necessary to achieve universal computation that
cannot be classically simulated. An example of non-universal quantum computation
is that of Gaussian Boson Sampling. With GBS, M squeezed vacuum states are in-
jected into an N-dimensional passive interferometer, and the number of photons at
the output of each port is eventually measured using PNRDs (Photon-Number Re-
solving Detectors). Sampling over many trials of this process leads to a distribution
of combinations that can be linked to the Hafnian of a matrix that depends on the
circuit parameters and is classically hard to compute. A slight modification of the
GBS device can then be employed to probabilistically produce non-Gaussian states.
If only some of the modes are measured, the state heralded at the other ports can
potentially be a non-Gaussian state. In fact, the measurement performed by PNRDs
is a projective measurement on Fock states, which are non-Gaussian states. The non-
Gaussian state generation obtained with a GBS-like source is probabilistic, since the
projective measurement itself is probabilistic. In general, the state obtained changes
depending on the measurement result on the other modes. Once a target state is
defined, we say that the source has successfully produced the state only if a given
measurement pattern appears. The parameters of the source are then optimized
to maximize the probability of obtaining this measurement pattern, as well as the
quality of the produced state—for example, using fidelity with the target state as a

measure of quality.Now, one of the main limitations of this source is that optimizing
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fidelity limits the achievable probability with the same source. In fact, for high-energy
states, obtaining a state with satisfactory fidelity is only possible with extremely low
probabilities. Since the states we aim to produce are often used to encode a single
qubit—and more and more are needed for fault-tolerant quantum computation—it
becomes necessary for these sources to be highly efficient. A slow source risks mak-
ing the computation more susceptible to noise, and performing multiplexing requires
adding resources such as PNRDs, which we would actually prefer to avoid. In this
article, we therefore aim to investigate whether it is possible to improve the quality
of GBS sources by introducing a source of non-Gaussianity already at the level of
the input states. Indeed, one of the best-known examples of non-Gaussian states is
the single-photon Fock state. These states can be efficiently generated using vari-
ous protocols. Adding non-Gaussianity with single photons has in fact also proven
useful in other quantum protocols. By adding one or more squeezed single-photon
states and re-optimizing the sources, we observed a significant increase in the success
probability compared to the case of sources seeded with squeezed vacuum states only.
Preliminary results also suggest that using photons across multiple modes can give
better results than having a single mode where a single Fock state is squeezed with
the same input photons in one mode while leaving squeezed vacuum states in the
other modes. This result would, on the other hand, be consistent with results found

regarding simulability by coherent state decomposition [113].
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Non-Gaussian quantum states are crucial to fault-tolerant quantum computation with continuous-variable
systems. Usually, generation of such states involves trade-offs between success probability and quality of the
resultant state. For example, injecting squeezed light into a multimode interferometer and postselecting on
certain patterns of photon-number outputs in all but one mode, a fundamentally probabilistic task, can herald
the creation of cat states, Gottesman-Kitaev-Preskill (GKP) states, and more. We consider the addition of a
non-Gaussian resource state, particularly single photons, to this configuration and show how it improves the
qualities and generation probabilities of desired states. With only two modes, adding a single-photon source
improves GKP-state fidelity from 0.68 to 0.95 and adding a second then increases the success probability
eightfold; for cat states with a fixed target fidelity, the probability of success can be improved by factors
of up to four by adding single-photon sources. These demonstrate the usefulness of additional commonplace
non-Gaussian resources for generating desirable states of light.

DOI: 10.1103/PhysRevA.109.023717

I. INTRODUCTION

The magic of quantum states is a mixed blessing: one rarely
finds useful quantum states in nature. This makes clever state
generation protocols essential to proposed quantum advan-
tages from sensing to computation. In the particular context
of light-based quantum systems, most of the known methods
for generating non-Gaussian states, a prerequisite for photonic
fault-tolerant quantum computation, have limited or trade-offs
in success probabilities and state fidelities [1-16]. We here
explore how the combination of single-photon sources and
Gaussian-boson-sampling (GBS) devices can improve creat-
ing these building blocks for photonic quantum information
processing.

Light is a superior medium for encoding quantum infor-
mation because of its speed and resistance to decoherence at
room temperature, but the information is naturally encoded in
the continuous variable (CV) degrees of freedom of harmonic-
oscillator modes as opposed to the discrete variable (DV)
systems made from qubits, where most quantum computing
algorithms and error-correcting codes have been developed
for the latter paradigm. At the start of the century, Gottesman,
Kitaev, and Preskill introduced a method for robustly en-
coding a qubit in a harmonic-oscillator mode [17] (requiring
only one physical mode for one logical qubit [12]) and their
eponymous “GKP states” are now highly sought [18,19] for
fast, decoherence-free, fault-tolerant quantum computation.

Another desirable set of CV states are “cat states” that are
superpositions of two states that each on their own have highly
classical properties [20]. Cat states are useful for quantum in-
formation processing in their own right [21-25], for breeding
GKP states [6,18,26], for quantum sensing protocols [27-29],
and for exemplifying the differences between quantum and

GKP and cat states, while our method can be broadly applied
to generate any desired CV state.

Two checkpoints along the road to fault-tolerant quan-
tum computation are boson sampling and its Gaussian (GBS)
counterpart. Both inject nonclassical light into a linear optical
network followed by photon counting, with output distribu-
tions that are challenging to recreate or sample from on a
classical computer. The light injected for GBS is squeezed
vacuum, a Gaussian state that is nonclassical in its ability
to generate entanglement through a linear optical network
[34], and this setup has been proposed for heralded generation
of useful non-Gaussian states by choosing particular photon-
number distributions among a subset of the output modes
[15,16]. A boson sampler, in contrast, directly injects what
are arguably the most basic non-Gaussian resources, single-
photon states. The classical hardness of predicting outcomes
of quantum experiments was recently shown to depend on the
amount of squeezing and number of single photons added to
a network [35]. Since the abilities to generate both squeezed
vacuum and single photons are always improving, especially
with promise of them both being feasible on similar physical
platforms, we ask and answer the logical question: do single
photons help GBS-like devices for generating interesting and
useful states of light?

II. BACKGROUND

A. Non-Gaussian quantum states
For a state defined on N modes with bosonic anni-
hilation operators @;, we define position and momentum
operators as §; = (&; + 4| and p; = —i(a; — &'
perat Gi = (a; +a])/~/2h and p a; — af)/~/2h
and combine them into a single vector of operators X =

classical theory [30-33]. We focus our attention on creating (41, P1» - - - 4n, Pn). Gaussian states are uniquely character-
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ized by the 2N first-order moments encoding the “displace-
ments” of the state & = (%) and the 2N x 2N second-order
moments encoded in the symmetric “covariance matrix”
V with elements V;; = (@) — (%) (%;); whereas, non-
Gaussian states need higher-order moments of % to be
uniquely specified. Indeed, a convenient description of a
state is through its Wigner function, which is responsible for
the name “Gaussian state” because the latter have Gaussian

Wigner functions [36]:

exp[x -V '(x - )]
Q)N /det (V)
Due to the symmetrization in the covariance matrix, V

does not have to be necessarily positive; instead, the standard
uncertainty relations [§;, p;] = ihd;; dictate that [37]

We(x) = (¢Y)

V+i >0, (@3]

where €;; = §; j—1 — &; j+1 are the elements of the N-mode
symplectic form 2. We henceforth set 7 = 1.

Despite the fact that a wide range of tasks in quantum in-
formation can be accomplished using Gaussian states [38—40],
non-Gaussianity has been recognized as an essential resource
for quantum computation [41-45]. Non-Gaussian states can
be particularly advantageous in achieving fault-tolerant uni-
versal quantum computing [46]. Additionally, non-Gaussian
states exhibit greater entanglement, as measured by superad-
ditive measures, compared with Gaussian states with the same
correlation matrix [36].

The space of non-Gaussian states is indeed broad, with
Schrodinger cat states and Gottesman-Kitaev-Preskill states
being among the most well-known members of this group,
alongside Fock states. Cat and GKP states have indeed sev-
eral relevant applications [47,48] that motivate the research
conducted toward their more efficient generation [13,49-51].

1. GKP states

GKP states are an encoding of qubits as two logical basis
states |0) and |1) in a single harmonic-oscillator mode that are
simultaneous eigenstates of commuting displacements ¢2v741
and ¢~2VTP1 of momentum and position, respectively, where
the displacement operators are termed stabilizers [17]. These
states natively support error correction of amplitude- and
phase-quadrature shifts because measurements of the stabiliz-
ers can detect such shifts without changing the state, making
them ideal for fault-tolerant quantum information processing.

The encoded qubits can be set to be the following superpo-
sition of infinitely squeezed states

0)= Y 2nvm),: 1) =e¥™0),  (3)

n=-—0o0

where the I subscripts denote the ideal states and the ¢ sub-
script denotes a position eigenstate. After verifying that these
states indeed have the correct eigenvalue properties, one can
observe the following two displacement operators to be the
encoded Pauli operators acting on the encoded qubit states:

Z =exp(ivng), X =exp(=iv/mp). @

|0;) |6A,n> /
L —
-6V -4V -2Vim a Vm &V v -6V -4V 2V a 2V & eV

FIG. 1. Distribution of the position g for the ideal GKP state |0;)
and the normalized GKP state [0, ) with A =« = 1/4.

These satisfy the commutation relation
X7 =-ZX, )

which allows them to detect shifts along p; and ¢; up to
/7 /2. That the stabilizers are the squares of the logical oper-
ators X and Z accords with the squares of Pauli matrices being
identity.

The Wigner function of the state |0;) is

[o¢]

Wakro, (g, P) = Z (—1)‘v5<17 - g)ﬁ(q —t/m).
Q)
Since the ideal state defined here is non-normalizable
and made of infinitely squeezed states, we can work with
normalizable states that approximate the ideal ones. There
exist several possible approximations for GKP states, and the
canonical approximation [52] is one of the most common
ones. In the canonical approximation, the Dirac deltas in the
Wigner functions are approximated by Gaussian functions
with finite standard deviation A, and the overall Wigner func-
tion is enveloped in another Gaussian function with width P

§,1=—00

o0

0r) = 0ax) ¢ Y e CVIRYA), ()
where
L\ 2
(glA) = TAz) € (8

The ideal GKP state is then restored when A, x — 0. The
Wigner functions, integrated over p, of the ideal basis states
|0)gkp and its approximation |0)ggp = |0a.) are shown in
Fig. 1. An extremely useful property of GKP states is that
Gaussian noise from effects such as finite squeezing can be
converted into errors on the encoded qubit, which can in turn
be corrected by error-correcting codes known for DV quantum
computation [53].

2. Cat states

Cat states are symmetric (even) or antisymmetric (odd)
pure superpositions of two coherent states with opposite am-
plitudes +o:

1
|cate/o(a)) = m(ld) * [—a)). ®
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where Ni(a) = [2(1 :l:e*2|°“2)]1/2. The cat state is a non-
Gaussian state with Wigner function given by [54]

-2
(14 e 287)

x (e"2a=Bl | p=2la+pl’

Wcate/o(ﬂ) (O[ ) =

+ 2¢729" cos [4Im(a f)]). (10)

By expanding the coherent states in terms of Fock states,
we observe that the even (odd) cat states can also be expressed
as a linear superposition of solely even (odd) photon-number
states:

o° o2 o
f A f ’

o3
— — .. 12
f )+ f )+ f (12)

Cat states are extremely versatile, with applications in
quantum communication and quantum metrology [55,56]. En-
coding qubits in cat states can help fault-tolerant quantum
computation [21,57,58]. They can be employed also as a
resource to prepare GKP grid states [6,18], or can be used
themselves to perform quantum error correction [59,60] and
have been generated using nonlinear media [61].

|cate (o)) o (11)

|caty (o)) o

B. Non-Gaussian optical state preparation

Any N-mode Gaussian state can be generated by applying
Gaussian operators to a given initial Gaussian state, e.g., the
N-mode vacuum state |0)®Y. Gaussian operations are those
operations defined by unitary evolutions under Hamiltonians
that are at most quadratic in creation and annihilation opera-
tors &', &. Under these evolutions, the displacement vector &
and covariance matrix V that univocally determine a Gaussian
state are transformed according to the so-called symplectic
transformations [62]

V > FVF  and & — FE+d, (13)
where d is the 2N real vector of displacements, and F satisfies
FQF' = Q. (14)

In this way, the transformed & and V respectively remain a
2N-dimensional real vector and a 2N x 2N real symmetric
matrix that satisfies Eq. (2). These transformed parameters
unambiguously define a new Gaussian state.

From a practical perspective, in optical implementations,
all Gaussian transformations can be realized using squeezing
and displacement operators, as well as an N-mode interfer-
ometer composed of beam splitters and phase shifters. These
operations are commonly implemented in current experi-
mental setups, with the squeezing amplitude being the main
constraining parameter.

The actions of a squeezer S, and beam splitter B are respec-
tively defined in terms of creation &j and annihilation operator
a; on the ith mode as

S(r) = exp [f(az - a“)], (15)

B,;(0, ) = expl[0(e*“a; &' —e""’&'&j)]. (16)

Squeezing  Unitary Linear Interferometer PNRDs

FIG. 2. GBS schematic with four modes. The N(N — 1)/2 beam
splitters and phase shifters (BS) are arranged in the so-called rectan-
gular scheme [70]. BS label the beam splitters whose action in terms
of the creation (annihilation) operators a:f (a;) of the ith mode depend
on the angles 6 and ¢ as defined in Eq. (16).

Non-Gaussian unitary evolutions are generated by Hamil-
tonians containing terms that are at least cubic in the creation
and annihilation operators [63]. However, these operators are
difficult to realize on optical tables [64,65]. An alternative and
often preferred approach to generating non-Gaussian states
involves performing a measurement on a Gaussian state p
[66,67] such that

0 — 27’0)( 17)

Tr{p ) j x] j X}

where X; represents a linear operator in the Fock space.
For instance, in the case of photon-number-resolving detec-
tors (PNRDs), we have X; ;.. = |ijk---Xijk---|. Performing
a measurement on m modes of an n-mode Gaussian state
using PNRDs provides a practical method for conditionally
generating a (n — m)-mode non-Gaussian state. The scheme
originally developed for Gaussian boson sampling can indeed
be modified for this purpose.

C. Gaussian boson sampling and state generation

Gaussian boson sampling is a quantum computational
method that provides a significant advantage over classical
computers for some specific problems [68]. The method con-
sists of two steps. First a n-mode Gaussian state is generated
by injecting n squeezed vacuum states into a linear interferom-
eter. Then, each mode of the output Gaussian state is measured
with a PNRD. The measurement pattern is the output of
the computation. Finding the probability of any measurement
pattern is in fact a problem with several relevant applications
but classically hard to solve [69]. Since it is only possible to
sample from such an output distribution, the applications are
tempered, but even the sampling problem is computationally
challenging for classical machines.

The GBS device described thus far, and displayed in Fig. 2
for four modes, can be slightly modified to serve as a condi-
tional source of non-Gaussian states. In fact, if some modes
are left unmeasured, the corresponding heralded mode is
proven to be non-Gaussian, provided that at least one photon
is detected in the other modes. In general, in an n-mode
GBS-like device, (n — m) modes are measured to produce
an m-mode non-Gaussian state. However, from now on, we
consider the case where only one mode is left unmeasured be-
cause our goal is to produce single-mode non-Gaussian states.
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— )

FIG. 3. GBS device with n squeezed displaced input vacuum
states and n — 1 PNRDs.

An example of GBS device used for state preparation [52,71],
with n input modes, and n — 1 PNRDs is shown in Fig. 3. Any
unitary operation U (@) on the n modes can be realized using a
linear interferometer with as few as n(n — 1)/2 beam splitters
and phase shifters [70,72].

When no photons are detected by the PNRDs the Wigner
function of the heralded state is Gaussian and is unambigu-
ously determined by squeezing and displacement coefficients.
In general, if ny photons are detected in the measurement,
then the output state can be expressed as a squeezed and
displaced linear superposition of Fock states

Nmax

[Wou) = D)S(2) Y caln). (18)

n=0

Equation (18) is known as the stellar representation of the
state ) with a stellar rank r* = nyx < nr [73]. The value
of ny.x depends on the connections established between the
modes by U (). Gaussian states indeed have a stellar rank of
r* = 0, while np,y is equal to ny only when the heralded mode
is fully connected with all the detected modes. Furthermore,
the number of independent coefficients ¢, is constrained by
the angles @ that unambiguously determine the N-mode linear
interferometer. In fact, the maximum number of independent
parameters is given by D = (N + 2)(N — 1)/2.

III. GBS-LIKE DEVICE WITH SINGLE-PHOTON
SOURCES

Conditional state generation via a GBS-like device uses
measurements with PNRDs as a source of non-Gaussianity,
which is required to generate non-Gaussian states. The non-
linearity of the measurement is, in fact, a technique frequently
employed to produce quantum optical non-Gaussian states
[74-79]. 1t has even been used to develop a systematic tech-
nique that generates GKP qubits by exploiting the symmetries
of the target states [71]. Conditional state generation provides
an alternative to the use of challenging-to-realize determinis-
tic non-Gaussian operators and offers easier implementation.
However, it has a drawback due to the probabilistic nature of
the outcome. The desired state is actually generated only when
certain conditions are met. If the conditions are not satisfied,
one has two options: either choose to encode the qubit into
a Gaussian state, thereby losing protection against noise, or
run the non-Gaussian source again until the conditions are

fulfilled. Each iteration of the source, however, delays the
encoding and actual processing of the information, exposing
the system to decoherence and photon loss. For this reason,
enhancing the probability of non-Gaussian state generation
is crucial for scalable quantum computation. Multiplexing
can be used to get around this problem but at the cost of
added loss in the system. As an alternative, to increase the
probability of success, we can introduce an additional source
of non-Gaussianity alongside the measurements with PNRDs.
Specifically, instead of using vacuum states, non-Gaussian
states can be employed in some of the modes of the in-
terferometer. The generation of single-mode non-Gaussian
states has indeed been theorized [1,13,80-86] and success-
fully realized [2,87,88] in less general setups by incorporating
non-Gaussian resources at the input and utilizing PNRDs.

Naturally, this approach is helpful as long as the elected
input non-Gaussian states can be produced with a highly effi-
cient alternative approach. Single-photon states, for example,
can be generated with several efficient protocols [89,90] that
are compatible [91,92] with the integrated photonics plat-
forms on which GBS experiments have been demonstrated. In
fact, squeezed single-photon states proved to be advantageous
compared with squeezed vacuum states in other applications
[93,94] and practical routes to squeezing single photons have
been demonstrated [95-97], following the general trend of
developing the ability to add light to nonvacuum light fields
[4,98,99]. In this work, we evaluate the impact of using
single-photon Fock states instead of vacuum states on the
performance of non-Gaussian state generation. We compare
the results achieved with a standard GBS-like device depicted
in Fig. 3 and thoroughly described in Ref. [15] where the
only non-Gaussian resource is the type of measurement being
conducted. The two schemes are essentially the same when
no single-photon sources are integrated into the protocol.
Furthermore, an equivalence can be established between the
two schemes even when single-photon Fock states are used
as inputs in our approach. This equivalence arises when, in
the full Gaussian scheme, one considers a portion of the in-
terferometer as serving as a conditional single-photon source,
achieved through generalized photon subtraction at the cost
of one additional ancillary mode per input Fock state. We
observe that the theory developed for GBS enables the an-
alytical determination of the generated heralded state when
(n — m) modes are measured out of an n-mode linear interfer-
ometer receiving squeezed vacuum states as input. However,
for a desired target state, finding the parameters that ensure
high levels of fidelity and probability in the measurement
pattern becomes impractical to solve analytically. In such
cases, numerical optimizations are often preferred to address
this problem effectively. The libraries provided by Xanadu
are optimal tools for simulating GBS devices and optimizing
their tunable parameters. Specifically, the library Mr Mustard
is employed here both for GKP and cat states.

The approximate GKP state used as a target is the truncated
core state of

4
1042) = S(r) Y culn), (19)

n=0
~——
Core state
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FIG. 4. GBS-like device with one single-photon source in the
purple box.

where |044) maximizes (044|0A|044), where [0o) corresponds
to the canonical normalization of the ideal GKP state |0;) —
|0a ) defined in Eq. (7) with k = A. In fact, the same state is
used as a target by Tzitrin et al. in Ref. [52].

The target cat state is instead, in turn, defined as

1
V2

which is the even cat state defined in Eq. (9) with amplitude
oa=2.

Since both the probability p and the fidelity F to the target
state are relevant features of a desirable source, the reward
function maximized by the optimized parameters is set as a
linear combination of these figures of merit. While the choice
of the reward function is essentially arbitrary, it requires care-
ful consideration because of the nature of the optimizer used
in simulations, especially when dealing with larger circuits.
Prioritizing probability over fidelity runs the risk of generating
a state far from the target. Conversely, assigning excessive
weight to fidelity can slow down optimization and lead to the
generation of nearly unattainable states.

For our specific objective, we opt for a reward function
F + p that evenly balances both probability and fidelity in
all the optimizations, regardless of the number of modes and
the target. This is simply a means to an end: we then report
the results of all of these optimizations in terms of both F
and p to see how single-photon sources can simultaneously
improve both quantities. The actual relationship between the
number of single-photon sources and a combined figure-of-
merit parameter is more complicated; quod vide Fig. 9.

The squeezing amplitude r is a tunable parameter opti-
mized in the simulations, but a maximum energy threshold
is set for it at 12 dB. As a final remark, ancillary GBS has
been introduced as a single-photon source instead of directly
using the single-photon Fock state |1) in the input modes of
the interferometer. The example of a scheme of a GBS-like
device with one single-photon source into the Nth mode is
shown in Fig. 4. This choice is made because non-Gaussian
input states could potentially make the simulation with the
libraries less reliable (see Appendix A for a discussion of
how we numerically introduce single-photon sources based on
physical architectures).

The photon subtraction technique is also used to prepare
squeezed single-photon states [100]. Here, instead, the simu-

|cate(2)) = —=(12) +1-2)), (20)

lations of the inline squeezing of single photons are performed
independently of the state-generation process since optimal
single-photon sources are intended to replace the GBS-like
devices employed in the simulation. In fact, we assume to have
a deterministic single-photon source.

The measurement patterns are chosen with a small total
number of subtracted photons to prioritize the probability of
generating the state over the fidelity with the target state,
which is already satisfactory for many applications. We in-
deed expect to increase the fidelity at the cost of smaller
probability when more photons are detected [14]. This choice
also helps reduce the runtime of the optimizations. We inves-
tigate multiple measurement patterns to evaluate the expected
trend of the results with the number of detected photons. In
all measurements, however, all the PNRDs detect at least one
photon.

Furthermore, we observe that both the target GKP and even
cat states can be expressed as linear combinations of even
number states in the Fock representation. The same argument
holds for the squeezed vacuum states in each input mode:

S0y =" tanh”r VO, @1

/coshr 2"n!

Since beam splitters and phase shifters conserve the num-
ber of photons in the state, the N-mode output state can be
expressed as

0
hﬁout) = Z Z Cmy, ..., lem], ...

n=0 mj+---+my=2n

n=0

ymy). (22)

As a consequence, in order to herald a state with an even
number of photons, the PNRDs have to detect an even number
of photons in total. If, instead, single-photon sources are used,
then the necessary parity of the measured photons depends
on how many squeezed single-photon states are present in the
input.

IV. RESULTS AND DISCUSSION

First, we consider the case of a 2-mode GBS-like device
and target state given by the approximate GKP states |O4)
defined in Eq. (19). The probabilities p and fidelities F ob-
tained with n = 0, 1 and two single-photon sources are plotted
in Fig. 5. The best results are also reported in Table I.

The results obtained with the target state given by the even
cat state of amplitude o = 2 are displayed in Figs. 6 and 7
for two-mode and three-mode GBS-like devices, respectively.
The best results are listed in Tables II and III.

As expected, the results reported in Table II for the case
without any single-photon sources align with those presented
in Table II of Ref. [15], where slightly improved fidelity
and probability are achieved only with squeezing amplitudes
exceeding the threshold considered in our work.

Each data point depicted in the two-dimensional plots cor-
responds to an optimization run utilizing the Python libraries
“Mr Mustard” developed by Xanadu. Mr Mustard [101] is
a Python library particularly suited for simulating Gaussian
boson sampling devices. It efficiently handles the phase-space
representation of Gaussian states and Gaussian channels, and
it possesses several built-in functions simulating the action
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GKP state with 2 modes
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FIG. 5. Plot of the results obtained with a 2-mode GBS-like
device when the target state is the approximate GKP state [044).
The blue dots represent the optima found without single-photon
sources. The star refers to the best result reported in Ref. [52] without
any single-photon sources (n = 0). The orange triangles depict the
results obtained with one single-photon source. The green squares
correspond to the results obtained with two single-photon sources.
Diagonal lines limit regions in the fidelity-probability space where
results of the corresponding color can be found.

of various optical devices used in GBS protocols, such as
beam splitters, phase shifters, squeezers, Mach-Zender in-
terferometers, and PNRDs. The description in the number
representation, especially useful at the last measurement stage
of the protocol, can be realized with this library with arbitrary
precision and cutoff for any Gaussian state. Finally, the library
is equipped with optimization routines expressly dedicated to
the specific gate. Unitary optimization is used in our opti-
mizations for the linear interferometer, while optimization in
Euclidean space is adopted for the squeezing amplitudes at the
input modes. On the vertical axis, the plots report the fidelity
between the state generated by simulating a photonic circuit
with the given optimized parameters and the predefined target
state. On the horizontal axis, it is reported the probability
that the PNRDs measure the detection pattern that guaran-
tees the generation of the desired state. Irrespective of the
number of Fock states in the input modes of the interferom-

TABLE 1. Table showing the fidelities / and probabilities p
obtained by a 2-mode GBS-like device when the target state is
the approximate GKP state |044). The parameter n represents the
number of input modes receiving the single-photon state [1), while
nr denotes the number of photons observed in the detected mode.

n 1-F 14 nr
0 0.35 11% 4
0.32 5.4% 4

1 0.35 27% 3
0.31 8.6% 3

4.9 x 1072 3.1% 5

2 0.40 37% 2
6.6 x 1072 24% 2

Even Cat state(2) with 2 modes
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FIG. 6. Plot of the results obtained with a 2-mode GBS-like
device when the target state is the cat state |cat,(2)). The blue dots
refer to the optima found without single-photon sources. The orange
triangles correspond to the results obtained with one single-photon
source. The green squares indicate the results obtained with two
single-photon sources.

eter, the optimization of the circuit’s tunable parameters can
yield varying outcomes. These outcomes depend on the initial
parameters and the specific measurement pattern considered.
As a consequence, the optimizations over a GBS-like device
with a fixed number of modes and of input Fock states can
lead to possibly very different results in terms of fidelity and
probability. Nevertheless, a general trend can be identified,
and it is highlighted by straight lines in the fidelity-probability
space that demarcate the regions where given classes of results
are present and where they are absent.

As expected [14], at a fixed number of single-photon
sources, the fidelity increases at the expense of lower prob-

Even Cat state(2) with 3 modes

1071 e - —190%
4
o . S 195%
.// L= Se
2 >
@ 1072 e 9% =
2 e
T ’ [
- 7
° M '/
° / =
s /
1073 99.9%
o /

2% 3% 5% 10% 20% 40%
Probability

FIG. 7. Plot of the results obtained with a 3-mode GBS-like
device when the target state is the cat state [cat,(2)). The blue dots
refer to the optima found without single-photon sources. The orange
triangles correspond to the results obtained with one single-photon
source. The green squares indicate the results obtained with two
single-photon sources. The purple hexagons indicate the results ob-
tained with three single-photon sources. Diagonal lines limit regions
in the fidelity-probability space where results of the corresponding
color can be found.

68

023717-6



SEEDING GAUSSIAN BOSON SAMPLERS WITH SINGLE ...

PHYSICAL REVIEW A 109, 023717 (2024)

TABLE II. Same as Table I but with the target state being the

even cat state of amplitude o = 2.

n 1—-F p nr
0 3.1 x 1072 10% 2
2.7 x 1073 4.7% 4
7.5x 1074 2.7% 6
1 5.0 x 1072 38% 1
5.5x%x 1073 14% 3
2 3.6 x 1072 39% 2

(a) (b) (c)
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q
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FIG. 8. Color maps of the Wigner functions of (a) the target cat

ability when more photons are measured. Overall, we observe
that the efficiency of the non-Gaussian state source, realized
with a boson sampling-like device, experiences improvement
when single-photon states are injected into the input modes of
the interferometer. For example, when considering the three-
mode GBS-like device, the probability of generating a cat
state with fidelity around 97% steadily increases, potentially
doubling its value, every time a squeezed single-photon state
is used instead of a squeezed vacuum state. The improvement
in the state generation is qualitatively displayed in Fig. 8
through a comparison of the Wigner functions of the target
cat state and the states generated using a three-mode GBS-like
device with and without SPSs.

From a comparison between the outcomes related to
cat-state generation with 2- and 3-mode networks, no im-
provements emerge from using more modes. Indeed, it
appears that the additional resources do not play a significant
role in increasing fidelity with the target state, as one might
expect. In fact, in the context of state generation with purely
Gaussian states, the number D of independent parameters c;
in (18) grows quadratically with the number of modes, as
conjectured in Ref. [15]. However, if the total number of
measured photons, ny < D, the problem of finding the best
parameters is underdetermined, and the optimal result can be
found with smaller Gaussian states. A similar argument holds
even when the number of measured photons n, > D, but the
target state can be well approximated by a quantum state with
a small rank, as is the case for the cat state with amplitude
o = 2. In this scenario, the state that can be generated by
the smaller circuit exhibits satisfactory fidelity, and the search
for a better state attainable with additional modes becomes
unfeasible for the optimizer.

Finally, in Fig. 9, we plot the results presented in Table I11
by showing how the relationship between the quality of the

TABLE III. Same as Table II but with a 3-mode GBS-like device.

state, (b) the state generated using a GBS-like device without any
single-photon sources, and (c) the state generated using a GBS-like
device with one single-photon source. The probability of generating
the state P is higher when a single Fock state is injected into an input
mode, P = 10.5%. In comparison, the probability achieved solely
with Gaussian inputs is P = 8.5%. Moreover, an improvement in
fidelity is observed, with an increase from 96.9% to 99.6%. This
enhancement is visually apparent in the Wigner function plotted.
The differences in color shading between the generated states and
the target state correspond to reduced values of the Wigner function,
where the norm of this function corresponds to the probability of
generating the displayed states.

results changes with the number of single-photon sources used
to generate the state. The figure of merit for quantifying the
quality of these results is determined as the difference between
the probability p of generating the state and the quantum angle
QA = cos™! VF [102], which serves as the measure of the
distance between the generated and target state. Our analysis
reveals that the quality of the results consistently improves
as the number of single-photon sources employed increases.
Indeed, these two quantities are positively correlated, with
a Pearson correlation coefficient of approximately 92% the
sample Pearson correlation coefficient between the variable x
andy, r,, =~ 92%, where the coefficient r, , is defined as

Y =06 — )

Fry = > > (23)
\/Zi(xf —X) \/Z,- i =)
0.20 o
0.15 e
3 o0 L
z e
Z 005 T .
© -
T
3
& 0.00{ ,
° /,/
.”/
—0.05
-0.101_°
0 1 2 3

n 1-F P nr
0 3.1 x 1072 8.5% 2
2.1 %1073 2.7% 4
3.1 x 1073 2.8% 4
6.1 x 107* 1.5% 6
1 42 x1073 10% 3
6.4 x 1074 6.1% 5
2 3.2 x 1072 25% 2
23 x 1073 10% 4
3 3.6 x 1072 39% 3

No. of Single photon sources

FIG. 9. Plot depicting the difference between the probability of
state generation and the quantum angle with the target state as a
function of the number of single-photon sources, using the data from
the Table III. The dashed line represents the linear regression of the
data, with a slope of approximately 6.7 x 1072 and an intercept of
approximately —4.0 x 1072; note that this difference can indeed be
negative
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X is the sample mean of x, while x; and y; are respectively the
number of single-photon sources, and the difference between
probability and QA of the ith optimization.

We close with a brief discussion of single-photon sources
on or compatible with integrated photonic devices. Currently,
these have efficiencies above 84% that are constantly improv-
ing via advances such as better mode coupling [90]. They have
high purities (99.3%) and indistinguishabilities (98%) [90].
Together, purities and indistinguishabilities may each multi-
ply our fidelities and the efficiencies may drop our success
probabilities by a factor of 0.84™ for m single-photon sources.
Even so, the states generated using these noisy single-photon
sources will be better than what is possible with ideal GBS
devices alone, with 1 — F and p on the last lines of Tables II,
III, and I being updated to 0.12 < 0.32 and 17% > 11%,
8.7 x 1072 and 27% > 10%, and 1.1 x 107! and 23% >
8.5%, respectively. Moreover, adding realistic noise only on
the single-photon sources elicits a new trade-off, with even
cat states of amplitude o = 2 having higher overall success
probabilities with one single-photon source than with two. As
single-photon-source qualities improve including via quantum
memories and as realistic noise sources such as loss on ideal
GBS devices are considered, we expect the optimal results to
converge to following the trends in Fig. 9.

V. CONCLUSIONS

We have introduced and evaluated an alternative scheme
to non-Gaussian state generation with GBS-like devices pre-
sented in Ref. [15]. Specifically, we have compared the
performance of the source when single photons and inline
squeezing are employed in place of squeezed vacuum states in
the input modes, serving as additional non-Gaussian resources
for the PNRDs. Fidelity with the target state and probability of
success of the conditional source have been used as figures of
merit of the performance. We tested the efficiency of the
model on 2- and 3-mode devices by targeting the Schrodinger
cat state and the GKP code state, as two prominent examples
of non-Gaussian states that complement Gaussian resources
to realize universal quantum computation in the continuous-
variable domain. Despite a variability in the results, ascribable
to the dependence of the classical optimization on the initial
conditions of the quantum circuit, overall, we observe that
the introduction of single photons successfully increases the
probability of generating the states as well as their fidelity
with the target. The 4-photon GKP core state |04), can be
generated with fidelities greater than 90% only when at least
one squeezed photon interferes with the other mode. More-
over, the probability of generating a state with a fidelity above
this threshold appears to be eight times larger when two
single-photon sources are employed instead of one. Similarly,
looking at the optimal probability of generating states whose
fidelity with cat states of amplitude o = 2 is approximately
equal to 95%, we see that it increases monotonically with
the number of single photons introduced. Analogous evalu-
ations with higher fidelities or more complex targets could
be conducted with additional simulation resources, enabling
the study of schemes with modes and measuring patterns
that account for a greater number of photons. The advantage
of the presented scheme over a traditional one can also be

_____________

FEH. R A
A

FIG. 10. GBS device with single-photon source. The SPS is
necessary because single-photon Fock states are not handled by the
optimizer.

experimentally assessed using high efficiency single-photon
sources and inline squeezing. Since state generation is used
numerous times at the heart of quantum computation proto-
cols, the advantages presented here should compound to make
a marked difference in reducing the overhead for fault-tolerant
quantum computation.
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APPENDIX: SINGLE-PHOTON SOURCE

The Python libraries Strawberry Fields [103,104] and Mr
Mustard [101], developed by Xanadu and used in this work,
are indeed effective to simulate GBS devices. Non-Gaussian
input states are, however, often mishandled by the logic of
those libraries due to the inevitable need to truncate Fock
spaces. As such, it is convenient using always squeezed
vacuum states in the input modes of the interferometer. To
overcome this problem, whenever a single-photon Fock state
|1) is chosen as input state, another 2-mode GBS is introduced
as source of the Fock state |1). The two input states for this
source are indeed Gaussian as well and the PNRD on the an-
cillary mode can be simulated when all the other modes of the
main GBS are detected. In this way the ancillary GBS single-
photon source can be integrated with the actual GBS device
under investigation. The simulator then effectively treats an
n-mode GBS-device with m single-photon input states |1) as
an (n + m)-mode linear interferometer where only one mode
is left unmeasured, and the optimization is restricted to the
tunable parameters of the main GBS device leaving the an-
cillary mode parameters fixed. An example with an N-mode
GBS and a single-photon source is given in Fig. 10.
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FIG. 11. Interferometer made of two symmetric 50 : 50 beam
splitters and four phase shifters that realizes the evolution described
in (AS).

The single-photon source (SPS) shown in the violet box
of Fig. 10 is created itself with another GBS device. A Gaus-
sian state can be prepared by squeezing single-mode vacuum
states and letting them interfere in a linear interferometer. The
single-mode squeeze operator S(r) with r € R is expressed in
terms of creation operator &' and annihilation operator & as

S(r) = exp [%(&2 - ATZ)]. (A1)
The squeezed vacuum state |r) is then given by
oo
r) =S(r) =) an(r)2n), (A2)
n=0

where

~/(2n)! tanh" r
2'n! Jcoshr

As it has been shown above any linear N-mode linear interfer-
ometer can be decomposed into N(N — 1)/2 beam splitters 6,
@ and phase-shift gate R(¢). The beam splitter operation in
terms of creation and annihilation operator on the modes i and
Jjis

(A3)

O{n(}’) =

Bij(0. ¢) = expl0(ea;a — e aja,)]. (A4)
The unitary operator describing the evolution of the opera-

tors a;, &; under the action of the beam splitter in (44) is

cosf e sin 9)

—e ¥sing (A5)

cosf

U(9,¢)=(

where ¢ = m — ¢. This evolution can be realized with an
interferometer made of two 50 : 50 beam splitters and four
phase shifters arranged as displayed in Fig. 11.

Given a two-mode pure input Fock state |n)|m), the output
state produced by the beam splitter B(0, ¢) is [105]

(g+g)n+m—q—q)!

B©. $)nim) =Y (Z) (m>

9.9 q

x cos (0)" =7 sin (9)' 4T 4= (1) g+ ¢/, n+m—q — ).

n!m!

(A6)

We can now see how the two mode Gaussian state |) produced by interfering two single-mode squeezed vacuum states in
the interferometer displayed in Fig. 11 can be expanded in the Fock basis. The 1 (2) label marks the first (second) mode:

[¥) = B(0, $)82(r2)81(r1)10),10), = Zan(n)B(@, $)S2(r2)12n)110),

n=0

oo

= > au(r)am(r)BO, ¢)2n)[2m)

n,m=0

o0

q/

n,m=0

x cos (6)2"+474 sin (9)2" 94 4= (_ 1) |g + ¢/, 2n + 2m — g — ¢').

G+g)2n+2m—q—qg')!

= Z a,(ry )am(VZ) Z (n) <m>
9.9 4

n'm!

(A7)

We know that a single-photon state can be generated by measuring an odd number of photons in the output mode. In particular,
a single-photon Fock state whose stellar rank is equal to one can be produced even when only one photon is measured in the
ancillary mode. In this case the unnormalized heralded state is

(1121r) = (112B(8, $)S2(r2)81(r1)|0),10),
_, i tanh” (r1) tanh™ (r2) /21 + 2m — 1)!

[cos (0)17 ' [e~™ sin (6)1*" ' [ntan® (0) — m]|2(n +m) — 1)

0 cosh (r;) cosh (r7) Dntmp Im)
2% cot O 0 2N—1)! . N/ tanh " (i cot 0 o
- — ) \/(Ni)tanhN (r)(e™ sin9)2N2< an r1> ( ) ( ;1 —N)IZN— 0.
cosh (r1) cosh (r2) £= 2 = tanhry ) n!(N—n!) \cos®(9)
(A3)
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The single-mode unnormalized state (1|2|y) can thus be written as

o0
(1121¥) :NZCN|2N —1), (A9)
N=1
where
2¢' cot @
- +/cosh(ry) cosh(r;)
and cy is the coefficient relative to the Fock state |2N — 1). To determine which values of r, r», 8, and ¢ lead to a single-photon
Fock state generation, we have to ensure that c; #Oandcy =0 VN > 2.
In general, we have that

N /tanhr \" (e cot 6)2" n
v “nX_(E(tanhr;) (n!(N—n)!) <c052 @) _N)' (A10)
By introducing the function f(r|, r») = (tanh r; /tanh r,) we find that
c1 o< =1+ f(ri, r)e*®, (A11)
while
¢y & —1 4+ f(ry, 1)e¥[1 — cot? (B)] + f2(r1, r2)e*™® cot* (). (A12)

We proceed by setting ¢; = 0. We can prove by contradiction that ¢ € {r /2, 37 /2} is a necessary condition.
Proof. Let us assume that there exists ¢ ¢ {7 /2, 37 /2} that satisfies c; = 0. If ¢, = 0, then both Re{c,} = 0, and Im{c,} = 0:

Im{c;} = 0= sin 2¢)f(r1, )1 — cot? @)+ 2f(r, rz)cot2 (B)cos (2¢)] =0, (A13)
= 1 —cot? (0) + 2f(r1, r2) cot® (8) cos (2¢) = 0, (Al4)
_ cot? (9) — 1 )
= rnn) = 5 @) cos 29 (ALS)
o cot? (9) — 1 ) [cot? (8) — 117 ) ) B
Re{c,} = 0= T oo (3) cos (30} @) cos 29) cos (2¢)[1 — cot” (0)] + —4cot4 ©) cos? 29 cot” (0)[2cos” 2¢) — 1] =1, (Al6)
_ 2 2 _ 2 2 _ 2 2
O—co@F [1—co? @F  [1—cot?@F _ . AL
2cot? (9) 2cot? (9) 4 cot* () cos® (2¢)
[1 — cot® ()]
5l=—-""~__ 0. (A18)

4cot* (0) cos? (2¢)

This proves that there does not exist any ¢ ¢ {7 /2, 37 /2} that satisfies the condition ¢, = 0. While (A13) is verified only when
sin(2¢) =0, and ¢ € {w /2,37 /2}. |
From (A10) we can observe that the sign ¢ = (—1)" can be compensated by a change of sign of | since tanh(ry) is an odd
function. As a consequence, we can set ¢ = 7 /2 without loss of generality.
In this case we find that

=0= f(r, )l = cot® () + 2f(r1, ) cot> (9)] = 0, (A19)
= 14 f(r1, r2) = f(r1, r2) cot® D[1 + f(r1, 2)]. (A20)
Equation (A20) is verified when f(r;, r») = —1. However, this condition also set ¢; in (A11) to zero. The alternative solution is
f(ri, 1) = tan® (9). (A21)
This condition satisfies cy = 0 for any N > 2.
Proof.
1" n N (=) (D"
CNO(Zn'(N—n‘)(cos ©) ) ;n'(N—n‘)cos 20) Nﬂ; 2N —n)
M+1 n N N—n n M+1 n—1
_ (=1) o =Dt (=1)(=1) n_ W
N Zn’(M—i—l—n')cos 2 ) N; n!(N —n!) _Zn(n—l)![M—(n—l)!] cos? (9) N =D
M m M M—m m
(-1 1 @ "= 1 M S
cos (G)Zom'(M ml) cosz(e)g mM—-m) 0052(9)(1 ¥ =0vM>1. (A22)
[ ]
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The squeezing intensities 7, and r, are related with the beam splitter angle 6 via the relation in (A21). They can be optimized
to maximize the probability P(r|, r,) of generating the single-photon Fock state. From (A8) we have

P(ry, )

So P(ry, r;) is a multiplicatively separable function with
respect to the variables rj, and r,. Because of the symme-
try of the function, a maximum is found for r; = r, = r¥,

x 2 i'sin (20) :
(11 (112B(0. 7 )S202)81 ()10}, 10}, = ' e oo (@ )+ tanh 72)) (A23)
2
2tan (f) tanh (1) + tanh () 2 Y % tanh (7) + tanh () (A24)
1 4 tan2 (6) 24/cosh (r1)cosh ()| |1+ i Jeosh (r) cosh (r2)
sinh (7 ) sinh (r;) 2 _ sinh () sinh (1) (A25)
cosh (r1)cosh (r2) | ~ |cosh? (r;) cosh? (1)

6 = /4, and r* = arctanh(1/+/2) ~ 0.8814 that maximizes
the function sinh(r) /coshz(r). In this case the probability of
generating a single-photon Fock state is P(r*, r*) = 1/4.
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Chapter 3

Adaptive Non-Gaussian Quantum

State Engineering

3.1 Introduction

Looking again at the production of non-Gaussian states obtainable with GBS sources,
we observe that higher-energy states can only be obtained with GBS setups that in-
clude many modes. However, although increasing the number of modes in the source
guarantees better fidelity, this increase also leads to a lower success probability, since
the number of PNRDs that must return a specific value to declare the source suc-
cessful grows with the size of the source (here we can consider sources of single-mode
states). In fact, the source described in Sec. 1.12.1 is constructed in such a way that
if even one of the measurements does not return the expected value, the production
is declared failed. However, we also observe that, a priori, a source optimized for
a given measurement combination is not so different from a source that produces
the same state with a measurement combination that is a permutation of the origi-

nal one. The labels for the measurements are, after all, chosen conventionally, and

7



for every source that produces a state obtained by postselecting on [nq, ..., ny], it is
possible to find sibling sources, each producing the same state with the same suc-
cess probability as the first source, but with a different permutation of the original
measurement combination—provided that the source parameters, such as the trans-
mittance and phase angles of the passive interferometer and the input states, are
adjusted accordingly. However, once the measurement on one mode has been per-
formed, it is no longer possible to retroactively modify the source to still ensure a
successful outcome. Instead, an alternative approach is to define another type of
source composed of multiple layers of passive interferometers acting on a subset of
the modes. The measurement of a subset of modes can then be used to modify the
following layers in order to increase the number of possible result outcomes that lead
to declaring the source successful. Such a general definition of adaptive sources gives
rise to multiple possible architectures.First of all, the number of layers can be made
as large as the number of modes. In our work, we considered only sources with two
layers. Each layer consists of input squeezed vacuum states and a passive interferom-
eter. All modes except one are measured, and the resulting state is used as the input
for the second interferometer, whose parameters are chosen adaptively depending on
the measurement results. Also, the squeezing intensities of the other states input to
the second layer are determined based on the results of the previous measurements.
Finally, the desired state is generated by postselecting on the modes that have not
yet been measured. Alternatively, we also consider the case involving active instead
of passive interferometers. An adaptive interferometer is one that implements the
most general symplectic transformation in quadrature space. By the Bloch-Messiah
decomposition, all active interferometers can be implemented through a sequence of

a passive interferometer, followed by inline squeezing operations, and then another
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passive interferometer. Simulation of these sources shows that indeed the success
probability of the sources can benefit from the introduction of adaptivity. We also
considered the effect of loss, and although fidelity is strongly affected by it, the adap-
tive source still manages to yield better results, especially when the source parameters
are optimized for the presence of known a priori loss intensity. Due to computational
constraints, we simulate circuits with up to only three modes, but we anticipate that,
given the nature of the scheme, improving source probability by considering alterna-
tive measurement patterns, adaptive schemes would perform even better with more

modes.
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Non-Gaussian quantum states of bosons are a key resource in quantum information science with applications
ranging from quantum metrology to fault-tolerant quantum computation. Generation of photonic non-Gaussian
resource states, such as Schrodinger’s cat and Gottesman-Kitaev-Preskill states, is challenging. In this work,
we go beyond existing passive architectures and explore a broad set of adaptive schemes. Our numerical results
demonstrate a consistent improvement in the probability of success and fidelity of generating these non-Gaussian
quantum states with equivalent resources. We also explore the effect of loss as the primary limiting factor and
observe that adaptive schemes lead to more desirable outcomes in terms of overall probability of success and loss
tolerance. Our work offers a versatile framework for non-Gaussian resource state generation with the potential

to guide future experimental implementations.

DOI: 10.1103/jhkz-84dz

I. INTRODUCTION

In quantum information science, the ability to engineer
and manipulate quantum states is paramount for developing
advanced quantum technologies. Non-Gaussian quantum state
engineering, in particular, stands out as an essential task for
many technologies, providing capabilities that extend beyond
the limitations of Gaussian operations [1,2]. Gaussian states
and operations, characterized by their ease of implementa-
tion and mathematical simplicity, form the backbone of many
quantum information protocols [3—6]. However, the intrinsic
properties of Gaussian states are insufficient for achieving
universal quantum computation and certain types of quantum
error correction [7-10].

Non-Gaussian quantum states, which deviate from the
Gaussian distribution in their Wigner function representation,
offer unique and powerful resources necessary for the re-
alization of more sophisticated quantum information tasks.
These states enable the implementation of quantum gates and
operations that are essential for universal quantum compu-
tation, facilitating complex quantum algorithms that cannot
be accomplished with Gaussian states alone [11,12]. In quan-
tum communication, non-Gaussian quantum states are strong
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candidates for overcoming the limitations imposed by re-
peaters relying solely on Gaussian operations [13,14]. Fur-
thermore, non-Gaussian operations are pivotal in enhancing
the robustness and efficacy of quantum error correction
schemes, thereby improving the fidelity and scalability of
quantum information systems [15].

The engineering of non-Gaussian states is also crucial for
quantum metrology and sensing [16-20], where enhanced
precision measurements are sought. By leveraging the dis-
tinct properties of non-Gaussian states, quantum sensors can
achieve sensitivities that surpass those of Gaussian squeezed
states.

Continuous-variable (CV) encoding of optical quantum
information has been studied for many years. To achieve an
advantage over classical computing, it is well known that
some element of non-Gaussianity is required [21,22]. This
may be introduced either in the resource states used in the
protocol, in circuit operations, or at the measurement stage.

For quantum computing, discretizing and embedding quan-
tum information in the infinite-dimensional space of an
oscillator offers a route to implementing bosonic error-
correcting codes (BECCs) [23-26] for fault-tolerant quantum
computing using far fewer physical resources compared with
discrete-variable encoding alone.

Nevertheless, fault-tolerant quantum computation can be
achieved by encoding information into specific non-Gaussian
quantum states capable of detecting and correcting shifts
in the quadrature space due to noise in the system [27].
Efficient engineering of non-Gaussian states is therefore
highly desirable to scale up fault-tolerant quantum com-
putation (FTQC). However, while sources of non-Gaussian
states can be deterministically produced with high fidelity in
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FIG. 1. GBS device with N squeezed displaced input vacuum
states and N — 1 photon-number-resolving detectors.

1)

superconducting circuits, their generation presents greater
challenges in photonic implementations where generation ne-
cessitates nonlinear gates or probabilistic preparation of the
initial input states [28-34].

Here, we explore alternative conditional sources of optical
non-Gaussian states. Specifically, we introduce an adaptive
scheme comprising two or more layers of preparation, where
the configuration of the subsequent circuit is set depending
on the number of photons detected in the early stages. We
compare their efficiency in terms of the quality of the gener-
ated state and the probability of success, for different input
states and circuit configurations. Finally, we offer an outlook
for potential experimental implementations.

II. APPROACHES TO NON-GAUSSIAN QUANTUM STATE
ENGINEERING WITH GAUSSIAN
BOSON SAMPLING DEVICES

A. Nonadaptive state engineering

In the continuous-variable domain, an n-mode quantum
state p is Gaussian if its Wigner function W (p) is Gaussian
in shape, that is if it can be expressed as [29]

exp[3x =&V (x - §)]
Q)N /det (V)

where V is the covariance matrix and £ is the displacement
vector of the state. Any quantum state whose Wigner function
cannot be expressed in terms of (1) is non-Gaussian. Simi-
larly, quantum operators O are Gaussian if they transform one
Gaussian state into another, and are non-Gaussian otherwise.
Considering photonic implementation, the operators that
can be deterministically realized on the optical table—namely,
single-mode squeezing, displacement, phase shifts, and two-
mode beam splitting—are all Gaussian operations belonging
to the Clifford group. Therefore, with these operations alone,
it is impossible to transform the Gaussian vacuum state or any
other Gaussian state into a single-mode non-Gaussian state.
A conditional scheme for non-Gaussian state generation
with linear optics, in a Gaussian-boson-sampling—like (GBS-
like) device, was originally proposed by Su et al. [35]. In this
protocol, illustrated in Fig. 1, non-Gaussianity is introduced
by projection measurements on non-Gaussian Fock states
in the ancillary modes. Starting with an n-mode Gaussian
state, measuring predefined combinations of photons inn — 1
modes can herald the desired non-Gaussian state if the param-
eters of the source are set properly. However, in general, even

Wx) =

(¢Y)

the optimal squeezing intensities and angles of the passive
interferometer do not guarantee measuring the expected pat-
tern. Consequently, the probability of detecting the expected
pattern, i.e., success probability, is also taken into account
alongside the distance of the generated state from the target
when optimizing parameters and measurement patterns.

Numerical optimizations of the parameters in GBS-like
sources have been performed to realize Schrodinger cat states
[35] and Gottesman—Kitaev—Preskill (GKP) states [36]. The
results of these optimizations depend on the number of modes
considered, the measurement patterns, and the optimization
weight given to the quality of the output over the success prob-
ability. Overall, the results are promising but show significant
room for improvement, especially in terms of probability,
which is essential for enhancing computational efficiency.

Alternative schemes have indeed been proposed to improve
the quality of the sources, for example, by incorporating ad-
ditional non-Gaussian resources as input [37]. Moreover, one
can envisage adapting the source so that a portion of the circuit
can be reconfigured if some measurements do not yield the
expected outcome.

B. Adaptive state engineering

The main limitation of a conditional source made with a
GBS-like device lies in the probability of generating the state.
Efficient state generation is crucial for most applications. Run-
ning the source several times would increase the operation
time and, as a consequence, the probability of experiencing
loss. On the other hand, multiplexing several sources requires
a proportional use of costly resources. Moreover, large-scale
computations rely heavily on non-Gaussian resources; there-
fore, even marginal improvements in the success rate of the
source can yield substantial benefits for the overall computa-
tional process.

The success probability depends on the parameters of the
sources, namely, the number of modes, the beam splitter ratios
and phase shifting angles, and the squeezing intensities. Al-
though the parameters can be tuned to increase the probability
of success, this is done at the expense of the quality of the
state that is generated in the heralded mode. Such an argument
becomes particularly evident when considering the number of
modes the source uses. Some states can be reached only with
a minimum number of modes, but the combined probability of
measuring a given number of photons in each mode decreases
as a consequence [38].

Indeed, the system in II A does not yield the desired state
unless all measurement outcomes are as expected. Still, the
measurement pattern that enables the generation of the target
state is, in general, not unique: a high-quality state can be
generated using different circuits, each employing different
combination of measurements, provided that each circuit is
tuned according to its corresponding array of detections. For
instance, adding a swap gate between two modes in the unitary
passive interferometer forms a new interferometer that adapts
to a permutation of the original measurement pattern.

However, once a measurement pattern is committed to, the
source can only achieve success with that specific permuta-
tion. This restriction stems from the fact that the measurement
layer represents the final step, preventing any retroactive
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(a)

()

FIG. 2. (a) Adaptive non-Gaussian state generation with GBS-like devices. Here, S represents the squeezing operator, U represents the
unitary linear interferometers, and n; denotes the measurement outcome of the photon-number-resolving detector at the ith mode. Single lines
represent quantum channels, while double lines represent classical channels. (b) Adaptive scheme where the interferometer U, is the sole
element in the adaptive stage. (c) Adaptive scheme analogous to that shown in panel (a) with general Gaussian operations instead of passive
unitary interferometers. (d) General adaptive scheme with Gaussian operations.

modifications to the interferometer or input states. This prob-
lem might be partially addressed by considering an alternative
scheme, the adaptive GBS-like source. In this alternative
source, depicted in Fig. 2, only some of the modes are manip-
ulated in the first stage, and a subset of them gets measured.
The measurement results obtained are then used to inform the
second part of the circuit. The squeezing intensities of the
remaining states, as well as the parameters of a second in-
terferometer that acts on the unmeasured modes, are adjusted
according to the outcomes of the first measurement.

A specific instance of this scheme is illustrated in Fig. 2,
where all modes initially pass through a universal interferom-
eter in the first layer, while the second interferometer is the
only element that adapts based on the measurement outcomes
from the first subset of modes.

The adaptive source can be generalized by allowing inline
squeezing of states besides vacuum. In this case, we consider
using generic Gaussian operations G, defined in terms of
symplectic matrices, instead of the unitary interferometers
as depicted in Fig. 2. According to the Bloch-Messiah de-
composition [39], symplectic operations can be expressed as
a series of two interferometers interspersed with a layer of
inline squeezing single-mode operators. A schematic of the
Bloch-Messiah decomposition is shown in Fig. 3.

In this scenario, the most general scheme consists of a
series of symplectic operations acting on all available modes
at each step, illustrated in Fig. 2.

A further generalization of the scheme can occur by con-
sidering a sequence of adaptable layers, with the information
fed forward through each successive layer. In this regard, it
is important to note that the number of modes and measured
photons necessary to generate a state depends on the state
itself and can be linked to its Stellar rank. Consequently,
for states that are easier to generate, the initial layers of the
adaptive scheme could be sufficient, and the additional layers

Q
[

FIG. 3. Scheme of the Bloch-Messiah decomposition.

may come into play only when the measurement pattern in the
first layer is not desired, to increase the overall probability of
success.

It is worth stressing that also in the adaptive case the
optimization of the parameters used to find the ideal source
is conventional. It can be biased toward either the success
probability or the fidelity of the output state. Moreover, in the
adaptive scheme, the optimization can be defined in such a
way to favor the generation of the state already at the early
stages or to maximize the overall probability by fixing the
total number of steps. Finally, if we anticipate a high cost for
the adaptivity of the circuit, the optimization could be built to
favor the success for a given measurement.

The feed-forward scheme described so far can be enriched
by introducing single Fock states into the input modes instead
of vacuum states. Indeed, it has been shown in the nonadaptive
scheme in Fig. 1 that introducing these non-Gaussian input
states as an additional source of non-Gaussianity improves
the efficiency of the GBS-like device in generating GKP and
Schrodinger cat states. Here, we evaluate whether the Fock
states actually enhances the efficiency of the adaptive source
and compare its performance to a nonadaptive scheme with
the same number of single Fock states as input. Schemes with
different distributions of input Fock states are not considered
here, but for them, we would anticipate that increasing the
number of single-photon states would improve the overall
efficiency of the source, similarly to what happens in nonadap-
tive sources [37]. In contrast, injecting an equivalent number
of photons into a single mode would not be as effective, as
suggested by the calculations on simulability via coherent-
state decomposition [40]. Finally, we observe that adaptivity,
consisting of the information from the measurement outcomes
of some mode being fed forward to modify the rest of the
circuit, has been shown to be beneficial for other quantum
resource state sources that rely on homodyne detection and
passive interferometers seeded with non-Gaussian states [41].
However, these architectures cannot be as easily generalized
to produce arbitrary target states as GBS-like sources.

III. PHOTON LOSS IN ADAPTIVE STATE ENGINEERING

The discussion developed so far does not impose any spe-
cific constraints on the physical implementation on which
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FIG. 4. Adaptive scheme with loss occurring before and after U,
and U,.

the source should be built, and experimentalists can choose
their preferred one according to costs, availability, space, effi-
ciency, and applications of the source itself. In any case, in the
physical realization of the GBS-like device, certain physical
limitations emerge that significantly impact the efficiency of
the source. The primary issue encountered in photonic imple-
mentations in the real world is loss. For both the nonadaptive
and adaptive sources introduced in Sec. II, loss affects the
circuit mainly at the input and output.

A scheme including loss is illustrated in Fig. 4. Uniform
losses are introduced in every mode twice: right after the
squeezing operation acting on the vacuum state, before detec-
tion in the herald modes, and at the output of the unmeasured
mode. The quality of the output state and, to a lesser extent
the probability of detecting the expected measurement pat-
tern, decrease depending on the intensity of the loss. The
efficiency of the source’s dependence on loss can thus serve
as an additional figure of merit for comparing adaptive and
nonadaptive schemes. Similarly, the performance of schemes
using non-Gaussian input states can be evaluated.

If the loss is known a priori, the circuits can be optimized
accordingly. Simulations on nonadaptive schemes have al-
ready been performed [36]. Similarly, we evaluate how loss
affects the results of an adaptive scheme when the parameters
are optimized for it, and assess whether the robustness of this
scheme, which relies on feedforward information, is compa-
rable to that of the nonadaptive approach.

IV. METHOD

To have a fair evaluation of the adaptive scheme introduced
in Sec. II B, we compare its performance with that achiev-
able using an analogous nonadaptive scheme as described in
Sec. IT A. In particular, we consider the amount of resources
used in both schemes. We use the total number of modes
in each source as the main criterion for a fair comparison.
Whenever a squeezing bound is set in each mode, it is the
same for both schemes. Similarly, the same number of single
Fock states is used in each model, if any.

The sources are optimized using classical simulations of
the circuit implemented with the Python library “Mr. Mus-
tard” developed by Xanadu. Due to simulation constraints and
for a clearer proof of principle, we consider small sources
consisting of three and four modes, but we anticipate that
the adaptive protocol would perform equally well or better as

more modes can be modified based on the information fed
forward.

The source parameters are optimized to maximize a
reward function that is a linear combination of the probability
of success P and fidelity with the target state . In particular,
we set the reward function to F 4 P, thus giving the same
weight to both the figures of merit, as prioritizing one over the
other may lead to sources that either have poor success rate or
that generates low-quality states. To ensure a fair comparison
between the protocols, the parameters of the adaptive source
are optimized to match the fidelity achieved by the classical
counterpart. The chosen target states are the Schrodinger cat
states and the GKP grid states, both prominent examples of
non-Gaussian quantum states with numerous applications
such as communication, cryptography, and computation
[36,42-46]. Specifically, we selected the amplitude and
squeezing parameters of the cat states to be sufficiently
challenging to produce using a two-mode circuit, representing
the minimal nonadaptive approach, yet achievable with high
fidelity using a three-mode source, which is the minimal
configuration for a nontrivial adaptive scheme. Regarding
GKP states, we approximated the ideal unphysical state |0;)
with [0, ) such that

[o0]
0) = 0s) 0 Y ANCVIDRIA), (@)
n=—0oQ
where
1 \* 2
(@) A= (E) e 27, 3
Specifically, we target the truncated core state in
4
04s) = S() Y culn), )
n=0
Core state

where ¢, are tuned to maximize (04|0a=1048]|044) [36].

V. RESULTS

A. Adaptive state engineering with squeezed states
and photon-number-resolving detector

1. Odd cat states

First, we compare two schemes made of three modes
as shown in Fig. 5. We set the maximum threshold of the
squeezing intensity of the input states to r = 0.5. The target
state chosen for this comparison is a squeezed odd cat state
with o = +/6, and r = 0.5, that, as desired, is a state that
should present a sufficient challenge when produced with only
two modes, yet it should still be attainable with satisfactory
fidelity.

Initially, the optimization of the adaptive scheme is made
such that it favors the generation of the state after the first
measurement. Indeed, a two-mode circuit can be interpreted
as a three mode circuit in which the third mode is not inter-
fered. In this case, the fidelity between the generated and the
target state is the same for both the adaptive and nonadaptive
scheme when n, = 3 photons are measured: F >~ 97.6%.
The probability, on the other hand, is P ~ 0.43% for the

83

053705-4



ADAPTIVE NON-GAUSSIAN QUANTUM STATE ...

PHYSICAL REVIEW A 112, 053705 (2025)

Nonadaptive
(a) P=050%

Adaptive
P=0.86%

FIG. 5. Comparison between the (a) nonadaptive and (b) pseudo-
adaptive schemes for generating the odd cat state. The squeezing is
bounded by ry.x = 0.5. The darker shades in the squeezing boxes
correspond to higher squeezing intensities, with the darkest blue
representing r = 0.5. The pseudo-adaptive scheme is equivalent to
running the nonadaptive scheme a second time. The target state is
the odd cat state with @ = +/6. The plus sign indicates that the prob-
abilities corresponding to the two possible outcomes of the adaptive
sources can be summed.

two-mode circuit and P =~ 0.50% for the three-mode circuit.
Therefore, there is a relative gain in probability by adding a
mode of approximately 16%. However, we observe that when
the initial measurements n; of the adaptive circuit differ from
the expected measurements, no combination of squeezing and
interferometer U, can be found that produces a state close
enough to the target. The scheme is effective only if we con-
sider running it again, resulting in a doubling of the probabil-
ity of producing the state, i.e., P =~ 0.86% > 0.50%. This last
result is indeed achievable with two beam splitters and two
photon-number-resolving detectors (PNRDs), which are the
same resources used in the nonadaptive scheme. Alternatively,
one can view it as a scheme in which the state heralded by a
measurement outcome different from the expected one is dis-
carded, and a squeezed vacuum state is used instead to inter-
fere with the state in the third mode at the second beam split-
ter. The schemes with their probabilities are shown in Fig. 5.
Then, we consider an alternative optimization of the adap-
tive scheme, which is shown with the nonadaptive counterpart
in Fig. 6. In this second case, we neglect the circuit with only
two modes and explore the squeezing and interferometers
U; and U, that lead to the generation of states with good

Nonadaptive
P=0.50%

(a)

FIG. 6. Comparison between the (a) nonadaptive and (b) adap-
tive schemes for generating the odd cat state. The squeezing is
bounded by ry. = 0.5. The darker shades in the squeezing boxes
correspond to higher squeezing intensities, with the darkest blue rep-
resenting r = 0.5. The target state is the odd cat state with @ = /6.
The plus sign indicates that the probabilities corresponding to the
two possible outcomes of the adaptive sources can be summed.

probability. We find that the states are generated with the same
fidelity and a probability of 0.50% when one photon is mea-
sured in the first mode and two photons in the second mode.
Interestingly, this probability is the same as that obtained with
a general interferometer acting on three modes. However, us-
ing this second scheme allows for the adaptation of the second
interferometer when the measurement on the first mode does
not yield the expected outcome. Specifically, if we measure
two photons in the first mode, and one in the second mode,
a cat state can still be generated with the same fidelity and
a probability of 0.07%. By summing the probabilities of the
adaptive schemes, we conclude that it provides an advantage
over the nonadaptive one.

We observe also that if the squeezing is not bounded then
choosing squeezed cat states as alternative states does not help
because the complexity depends only on the core of the stellar
representation of the states, and not on the total squeezing that
can be factorized out. The results for probability and fidelity
obtained in this scenario are summarized in Table I. Similarly,
the results achieved by unbinding the squeezing intensity and
targeting the squeezed odd cat state of amplitude o = 2 and
r = 0.5 are given in Table II.
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TABLE 1. Results with and without 10% loss for the scheme
shown in Fig. 6. The target is the odd cat state with amplitude o« =
V6 squeezing r = 0.5. We limit the maximum squeezing intensity to
Fmax = 0.5.

MP P Pr_i0% F FL=10%
Nonadaptive 1,2 0.51% 0.44% 97.6% 66.1%
Adaptive 1,2 0.50% 0.42% 97.6% 41.7%
2,1 0.07% 0.30% 97.6% 10.4%

2. GKP states

We consider now the core state |04) with n,,x = 4 but
with a high A = 10 dB, as described in Sec. IV. We consider
three-mode circuits since the fidelity achievable with only two
modes falls significantly short of 90%. The schemes with their
probabilities are shown in Fig. 7.

In this scenario, by relaxing the constraint on maximum
squeezing, we observe that we can achieve fidelities greater
than 99% with a probability of approximately 2.2% using
the nonadaptive scheme (by measuring two photons in each
PNRD). With the adaptive scheme, the probability increases
to over 3.7% [specifically, 1.8% for measurement pattern (3,1)
and 1.9% for measurement pattern (2,2), while no parameters
have been found to herald the state using other measurement
patterns]. In this specific case, a state with fidelity larger
than 90% is obtained with the same circuit optimized for the
measurement pattern (3,1) even when we measure (1,3) which
happens in 1.6% of the cases.

For even more energetic states or complex setups, we can
consider schemes in which inline squeezing can be imple-
mented in the heralded modes during intermediate steps of
the scheme. Hence, the comparison involves active circuits
in this context. When considering this approach, we find that
the probability of generating |04) with the adaptive method
is approximately 5.7%, as opposed to the previously reported
2.2% probability for the nonadaptive method. The results for
Figs. 7(a) and 7(c) are reported in Table III.

3. Feed-forward concatenated with inline squeezing

As a final consideration, let us explore what happens when
we extend this approach to more modes in a concatenated ap-
proach as shown in Fig. 8. First, if no photons are measured in
the initial detectors, we can replicate the setup as it is. The re-
sults obtained for three-mode sources also hold for four-mode
architectures, as smaller circuits can always be interpreted as
special cases of larger circuits. We begin by considering the
case in which no photons are measured in the initial detector.
In this scenario, the conditional probability for the source to

TABLE II. Results with and without 10% loss for the scheme
shown in Fig. 6. The target is the odd cat state with amplitude o = 2
squeezing r = 0.5.

MP P Pr—10% F Fr=10%
Nonadaptive 1,2 5.8% 5.54% 99.4% 69.0%
Adaptive 1,2 5.8% 5.50% 99.4% 69.1%
2,1 0.54% 1.00% 99.4% 40.7%

Nonadaptive
(a) P=22%

Adaptive
P=3.7%

(b) P (n1=3,n2=1) = 1.82%
P (n1=2,n2=2) = 1.87%

(c) P (nl=2,n2=2) = 2.20%
P (n1=3,n2=1) = 173%
P (ni=1n2=3) = 1.73%

FIG. 7. Comparison between (a) nonadaptive and (b), (c) adap-
tive schemes for generating |0,). Two adaptive schemes are shown
in the figure: in panel (b) the scheme relies on squeezed vacuum
states and passive interferometers only; in panel (c), the adaptive
scheme contains a symplectic operation labeled by G, which here
corresponds to a sequence of a beam splitter, two inline squeezers,
and another beam splitter arranged as shown in Fig. 3.

generate the state with these measurements is given by the
product of the probability of measuring no photons in the first
mode (31%) and the probability of producing the state with
three modes (5.29%), which supplements the probability we
calculated when measuring only three modes.

Similarly, looking at the other combinations when mea-
suring up to four photons in three output modes we increase
the probability of producing the state by an additional 2.77%.
The overall probability for this setup is then 5.29% + (31% x
5.29%) +2.77% = 9.7%.

B. Adaptive state engineering with squeezed and Fock states
and photon-number-resolving detector

In this section, we evaluate whether the adaptive scheme
proves advantageous even when a single-photon Fock state
is used in one input mode of the circuit. The comparison
between adaptive and nonadaptive schemes in this case is
displayed in Fig. 9. To do so, we take the even cat state with
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TABLE III. Results with and without a 5% and 10% loss for adaptive and nonadaptive schemes as shown on the schemes as shown in

panels (a) and (c) of Fig. 7. The target state is the GKP state.

MP P Pr—sq Pr—10% F Fr=ss Fr=10%
Nonadaptive 22 2.2% 0.11% 0.055% 99.97% 85% 76%
Adaptive 22 2.2% 0.048% 0.031% 99.97% 86% 76%

1,3 1.7% 0.120% 0.074% >99.99% 82% 69%

3,1 1.7% 0.019% 0.013% >99.99% 83% 73%

o = +/8 as the target of the source. The fidelity achieved with
only two modes and measuring three photons in the output is
less than 93%.

Conversely, in a three-mode circuit with two two-mode
interferometers U; and U, a fidelity of 95% can be reached
with a probability of 2.4% for the measurement of one and
two photons in the output ports and a probability of 1.3% for
a circuit where the last squeezing and U, are optimized for the
measurement of two and one photons.

The overall probability for this adaptive scheme turns out
to be better than the probability achievable with a nonadap-
tive scheme with three modes, which is equal to 2.6%, once
again proving the advantage of an adaptive scheme in certain
scenarios while maintaining the same fidelity.

C. Loss and adaptivity

Here, we examine the impact of loss on the efficacy of the
various protocols. Specifically, we evaluate how the adaptive
schemes behave in the presence of loss compared with the
schemes where no information is fed forward. In this context,
the photon loss channel can be read a beam splitter with
tunable transmission, where 100% transmission represents no
loss and 0% corresponds to total loss. Unlike the setup used in
Ref. [36], we introduce the loss channel only after the squeez-
ing gates at each mode, and just before detection. Here, we
consider all the loss channels to have the same transmissivity.
In general, when considering different losses in the output, we
observe that the loss introduced in the herald modes is mainly

P=9.7%
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FIG. 8. Concatenated scheme to generate |04). The squares la-
beled by G represent symplectic operations in the input mode.
Here, they correspond to a sequence of a beam splitter, two inline
squeezers, and another beam splitter.

responsible for the drop in probability, while the loss in the
undetected mode affects the fidelity of the generated state.
If the loss is homogeneous among the modes, then the loss
channels applied immediately after the squeezing operation in
each mode can be replaced by loss channels with the same
transmittivity applied after the passive interferometer. This
allows us to shift all the loss introduced in our simulation
to just before the measurement layer of the circuits. We also
extend this approach to circuits relying on symplectic oper-
ations, for which the introduction of loss into all the input
squeezed vacuum states cannot be done in the same way as
in the case of passive interferometers alone, given that some
vacuum states in the input modes interfere with other modes
before being subjected to inline squeezing.

(a) Nonadaptive
P=2.59%

FIG. 9. Comparison between the (a) nonadaptive and (b) adap-
tive schemes for generating the odd cat state with one single-photon
Fock state in input. The squeezing is bounded by ry. = 0.5. The
darker shades in the squeezing boxes correspond to higher squeezing
intensities, with the darkest blue representing r = 0.5. The target
state is the even cat state with & = +/8. The plus sign indicates that
the probabilities corresponding to the two possible outcomes of the
adaptive sources can be summed.
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TABLE IV. Results with and without a 1% loss for adaptive and nonadaptive schemes as shown in panels (a) and (c) of Fig. 7. P’ and F’
refer to the probabilities and fidelities obtained with the circuits optimized for the presence of loss.

MP P P[‘:|% Pi:]% f ]:L:]% fi:]%
Nonadaptive 2,2 2.2% 2.1% 1.9% 99.97% 91.87% 92.42%
Adaptive 2,2 2.2% 2.1% 1.8% 99.97% 91.86% 92.46%
1,3 1.7% 1.7% 0.33% >99.99% 88.51% 90.85%
3,1 1.7% 1.7% 1.17% >99.99% 89.41% 90.46%

To assess the robustness of the protocols, we initially con-
sider an ideal scheme optimized for a specific target state, then
we evaluate the probability of measuring the expected pattern
and fidelity with the target under varying loss conditions.

First, we consider the effect of loss on the sources shown in
Fig. 6 and in Fig. 7. In Table I, we report the results obtained
with and without loss for the two schemes depicted in Fig. 6.
The target is the odd cat state with amplitude o = +/6 and
squeezing r = 0.5. We limit the maximum squeezing intensity
tO Fmax = 0.5.

Analogously, in Table II, we report the results obtained
without any maximum threshold on the squeezing and target-
ing the odd cat state with amplitude o = 2 squeezing r = 0.5.

Both the results in Table I and Table II show that there
is no advantage in using the adaptive scheme, particularly
because the fidelity achieved by the state heralded in a lossy
circuit with a measurement pattern that is not used to optimize
the first part of the circuit is significantly smaller than the
other fidelities. A possible interpretation of this result may be
connected to the fact that the optimization of the second part
of the circuit is somehow deceived by a measurement that no
longer corresponds to the expected heralded state.

Now, we want to evaluate how the two schemes compare
when optimized with a priori knowledge of the loss in each
mode. In this case, we consider a scheme with symplectic
operations, as depicted in Fig. 7. In Table IV, we report the
results obtained by optimizing the circuits with a loss channel
defined at the end of each mode. The reported results corre-
spond to circuits with loss levels of L = 0%, L = 5%, and
L = 10%. Our target is the GKP state |04) witha A = 10 dB
as introduced in Sec. VA 2.

As seen in Tables I-III we observe smaller fidelities for
the states generated with measurement pattern different from
(2,2) that is the measurement pattern used to optimize the first
part of the circuit.

However, in the favorable case that even states with the
smallest probability can be used in FTQC applications, the
overall probability achievable with the adaptive scheme is
greater than that of the nonadaptive scheme.

Finally, in Table IV, we compare the results in the presence
of 1% when the circuit is optimized with and without the
knowledge of the loss.

VI. PRACTICAL CONSIDERATIONS

The adaptive schemes we have outlined here necessitate
photonic hardware with several key characteristics. Among
these are high-gain squeezing, low-loss and phase-stable cir-
cuitry, optical delay lines, PNRDs and homodyne-detection.

In free-space implementations, high-gain squeezed light
generation can be achieved with second-order nonlinearities
in waveguide optical parametric amplifiers (OPAs) defined in
periodically poled lithium niobate (ppLN) or potassium titanyl
phosphate (ppKTP). Up to 220 dB of squeezing is attainable
provided the losses between the squeezer and the circuit are
mitigated. Recently, ~8 dB of squeezing was measured from
PPLN [47]. Further improvements in the fabrication of these
devices, and improvements in collection efficiency, should
push these values toward the threshold required for GKP
error correction [48]. Electro-optic modulators (EOM) have
found utility in time-bin encoded programmable interferome-
ters [49], including those used for implementing GBS [50,51].
Optical fiber delay lines can store the quantum states of light
in a subset of modes while the remaining modes are measured
and their outcomes fed forward to additional stages of linear
optical networks. In bulk optics, the length of the delay lines
is predicated on the switching speeds of the tuneable elements
found in the adapted unitary operations in later stages. For
time-bin implementations, this switching speed is typically
around 1 MHz, which requires optical fiber delays of ~200 m.

Integrated photonics provides several attractive features,
making it particularly well suited to adaptive non-Gaussian
state generation. In thin-film lithium niobate (TFLN) in-
tegrated photonics, the OPA and circuit can be integrated
together, thus minimizing the loss in-between. TFLN benefits
from a strong electro-optic effect, enabling the integration of
fast EOMs with up to 100 GHz bandwidth to facilitate fast re-
configuration of the adapted circuits. Such EOM performance
should also facilitate multiplexing of multiple sources to im-
prove further the probability of generating the state of choice.
Long delay lines have recently been reported in time-bin
entanglement experiments on TFLN [52]. Without integrated
detectors on-chip, the out-coupling efficiency becomes a lim-
iting factor in the end-to-end system efficiency. In TFLN,
grating couplers with greater than 80% coupling efficiency
have been demonstrated by incorporating metal mirrors [53]
to reduce absorption in the substrate.

Finally, PNRDs are required to herald the desired
non-Gaussian state. Superconducting transition-edge sen-
sors (TESs), with operating temperatures of ~100 mK, are
currently the leading technology in this area. Detection effi-
ciencies >95% can be achieved in the telecom C-band with
photon-number resolution of up to 20 photons. TES typically
suffer from long-reset times, limiting the rate at which states
can be heralded to ~100 kHz. However, ~1 MHz rates have
recently been reported [54] by improving the heat dissipation
from the TES to the substrate, which together with advances in
TES signal processing [55] could allow state generation rates
approaching 5 MHz. For highly efficient detectors capable
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of distinguishing small photon numbers, the fidelity of the
generated states is not significantly affected by imperfections.
This is because the expected number of detected photons
is generally low, and at least two erroneous detections, one
overestimating and one underestimating the result, must occur
within the same iteration to herald a state different from the
target.

VII. CONCLUSION

We introduced an alternative scheme for non-Gaussian
quantum state generation based on the GBS-like source in-
troduced in Ref. [35]. In our approach, rather than employing
an input layer with squeezed vacuum states, a universal lin-
ear network layer, and a measurement layer, we considered
a scheme consisting of several layers. Each layer has its
own input states, unitary operations, and PNRDs, forming a
concatenation of GBS-like non-Gaussian sources, where the
output state of one layer is part of the input state for the
next. The information on the number of photons detected
is fed forward through the circuit, allowing the interferom-
eter’s parameters to be adapted accordingly. We used the
number of modes as the key resource to ensure a fair com-
parison between our proposed scheme and the original. We
optimized all parameters to maximize both the fidelity of
the output state and the probability of success. Our results
demonstrate an improvement in the quality of non-Gaussian
state generation with the adaptive scheme, in terms of either
success probability or fidelity. Even when a vacuum state is
replaced by a single-photon state at the input, we observe
a relative increase in probability of over 40%, attributable
to the adaptive approach. Finally, simulations conducted on

lossy circuits reveal that, although losses negatively impact
both adaptive and nonadaptive schemes, the adaptive scheme
remains preferable. More specifically, as seen in Table 1V,
the adaptive scheme is more resilient to doubling the loss
compared with the nonadaptive approach. Our work provides
a more versatile framework to optimize the generation of non-
Gaussian resource states for applications in photonic quantum
sensing and computation.
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Chapter 4

Exact simulation of realistic GKP

cluster states

4.1 Introduction

Gottesman-Kitaev-Preskill states are the most promising bosonic quantum states
for achieving fault-tolerant quantum computation with quantum optics. Their grid
structure in phase space, in fact, enables state error detection and correction against
random displacements in phase space. GKP states can then be used to perform
measurement-based quantum computation. However, ideal GKP states are not phys-
ically realizable. In fact, GKP states have infinite energy (i.e., infinite mean photon
number) and are not normalizable, with a Wigner function that extends periodically
over the entire complex space. Therefore, the states that are actually implemented
correspond to approximations of the ideal states. A defining characteristic of GKP
states is the presence of stabilizers, which are operators for which the state is an eigen-
state with eigenvalue one. Since Pauli operations on GKP qubits are described by

displacements in the phase space of these states, any physical state with finite support
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will only be an eigenstate of the identity displacement. However, the stabilizer oper-
ator will have an eigenvalue closer to one the more the physical state approaches the
ideal one. For this reason, the absolute value of the stabilizer expectation is frequently
used as a figure of merit for the quality of the physical state. Up to now, whenever
one wanted to analytically evaluate the quality of an algorithm involving non-ideal
GKP states generated through a specific protocol, it was common to use GKP-like
states that mimic the behavior of the ideal states. Specifically, states were introduced
that, by definition, yield the same stabilizer expectation values as the physically re-
alizable state. The states defined for this purpose are called Gaussian Random Noise
displaced states. GRN states correspond to a mixture of ideal GKP states displaced
according to a two-dimensional Gaussian distribution. By definition, GRN states
have the same stabilizer expectation value as the states they are meant to imitate.
Even the two-mode stabilizer expectation values on the GKP states entangled via a
50:50 beam splitter is correctly determined by the GRN moded. However, these GRN
states have limitations. First of all, they are ideal states that, by definition, cannot
actually be implemented. Secondly, their ability to yield identical expectation values
is limited to the states themselves and their entangled versions, but this breaks down
as soon as any manipulation is applied, for example, when considering states obtained
via postselection from homodyne detection of two entangled modes. This case is par-
ticularly interesting since cluster state computation can be performed in this way.
One method used to generate GKP states involves entangling Schrodinger cat states
via a beam splitter, performing homodyne measurement on one of the modes, and
proceeding iteratively with additional beam splitters until a GKP state is obtained.
The quality of this state, in terms of stabilizer expectation value, depends on the

squeezing applied to the input squeezed cat states and the number of cycles, which
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is limited by the maximum amplitude of the squeezed cat states. In the article, the
performance of Gaussian Random Noise states in describing the behavior of non-ideal
GKP states was evaluated by determining stabilizer expectation values. The results
were compared with simulations, and it was concluded that the discrepancy between
the expected values using GRN states and the actual values returned by the quan-
tum states obtained through cat breeding increases the further the considered state
is from the ideal GKP state (i.e., with unit expectation value). Considering that for
any quantum state it is always possible to define a phase space representation as a
possibly complex linear combination of Gaussian states, the expectation values of the
states obtained via the breeding protocol on squeezed Schrodinger cat states were
exactly determined analytically, for any amplitude and squeezing. Similarly, an exact
formula is given for the expected stabilizer value of multimode entangled GKP states,
and for the states heralded by homodyne measurement on arbitrary values of some
modes within these cluster states. These expressions can therefore be used instead
of GRN state expansions to obtain more accurate simulations of quantum algorithms

using GKP cluster states.
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We describe a method for simulating and characterizing realistic Gottesman-Kitaev-Preskill (GKP) cluster
states, rooted in the representation of resource states in terms of sums of Gaussian distributions in phase space.
‘We apply our method to study the generation of single-mode GKP states via cat state breeding, and the formation
of multimode GKP cluster states via linear optical circuits and homodyne measurements. We characterize
resource states by referring to expectation values of their stabilizers and witness operators constructed from
them. Our method reproduces the results of standard Fock-basis simulations, while being more efficient and
being applicable in a broader parameter space. We also comment on the validity of the heuristic Gaussian
random noise model, through comparisons with our exact simulations: We find discrepancies in the stabilizer
expectation values when homodyne measurement is involved in cluster state preparation, yet we find close

agreement between the two approaches on average.

DOI: 10.1103/h6dj-cxsy

I. INTRODUCTION

Photonic implementations of quantum information pro-
cessing (QIP) are motivated by the potential for room-
temperature operation, scalability of hardware, low decoher-
ence, and ability to physically transmit quantum information
over long distances via optical fibers. A number of tasks in
photonic QIP, including measurement-based quantum com-
putation and all-optical quantum repeaters, require bosonic
cluster states as resources [1-3]. One approach to constructing
photonic cluster states is to encode information in the quadra-
tures of the electromagnetic field. Particularly interesting
is the case where the modes are Gottesman-Kitaev-Preskill
(GKP) states [4-7], which are characterized by a periodic
grid of peaks in phase space, with the logical information
encoded in the positions of the peaks. This approach is fur-
ther motivated by the relative ease with which GKP cluster
states can be stitched together and processed, where Clifford
gates, including entangling operations, can be implemented
deterministically using Gaussian operations [8] and Pauli pro-
jections are implemented as homodyne measurements. Given
the significance of these states and their applications, devel-
oping the ability to simulate and characterize such systems
is essential and will have far-reaching implications for efforts
towards implementing photonic QIP.

It is essential when studying such architectures to account
for nonidealities in the resource states. These nonidealities
are inevitable because ideal GKP states are not physical; in

“Contact author: EN TN TOTOTOTOTTRIN

2469-9926/2025/112(5)/052425(25)

052425-1

reality, one can only generate approximate GKP states having
a finite extent in phase space, with the peaks having finite
widths. Because this limits the distinguishability of the differ-
ent logical states and the state’s capacity for error correction
[9-11], it is important to account for these features when de-
vising and assessing the performance of continuous-variable
(CV) quantum information protocols. However, accurately
describing realistic GKP states can be challenging and numer-
ically expensive; even dealing with energetic (high-quality)
single-mode GKP states can be problematic, and the scaling
becomes prohibitive when one treats cluster states of even a
few modes. For this reason, the community typically relies on
heuristic models such as the Gaussian random noise (GRN)
model [12,13], in which a noisy channel is applied to ideal
GKP states, resulting in a uniform broadening of the peaks
to some finite width. Although this provides a more realistic
picture, the GRN model does not capture all the features of
approximate GKP states that can be generated in practice
[14-19].

An accurate description of experimentally accessible GKP
states is key to properly assessing and optimizing the per-
formance of CV photonic architectures [20]. Progress in this
direction will enable more realistic performance estimates for
CV quantum protocols. It may also enable improvements in
performance by allowing for more sophisticated encoding and
decoding schemes and optimizing the architecture, with the
aim of mitigating logical errors due to the nonidealness of
realistic GKP states. More detailed simulations will also be
useful in developing methods of characterizing realistic GKP
states and assessing their usefulness. Motivated by these ques-
tions, we have developed an approach for exact simulations of
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realistic GKP cluster state generation. We apply an approach
in which CV states and operations are represented by sums
of Gaussian distributions in phase space [21,22]. We extend
earlier work, in which this method was used to characterize
realistic single-mode GKP states to simulate GKP cluster
state generation by entangling these single-mode inputs states
through linear unitary circuits and homodyne measurement
[23-25].

In Sec. II we review the details of this formalism, with
a particular emphasis on the phase-space methods required
to make these calculations tractable [21]. In Sec. III we turn
our focus to the computation of stabilizer expectation values
(EVs), as a useful figure of merit for realistic GKP cluster
states. In Sec. IV we implement our expression for the stabi-
lizer EV numerically. We address single-mode GKP states up
to a linear three-photon cluster state. We compare our results
to those obtained with Fock-basis simulations and with the
GRN model. In Sec. V we summarize and discuss prospects
for future work.

II. BACKGROUND
A. Phase-space formalism

The method presented in this paper makes use of the
phase-space formalism for quantum optics [26]. We represent
operators in terms of their Wigner functions; the Wigner func-
tion for an N-mode operator O is given by

(27[)2N/der/e_irTQVXO(r/), 1

xo(r') = Tri{D() O], ()

Wo(r) =

where

s p)t 3

denotes a vector of 2N quadrature variables corresponding to
the N modes, and likewise for 7. By £ we denote the 2N x
2N symplectic matrix

r=(xi,pi,..

N
0 1
-0 (° o) @
and
D(r/) — e*i(l”)” QF (5)

is the usual displacement operator, with 7 the vector of 2N
quadrature operators (X, pi, ..., Xy, T

The Wigner function as defined in Eq. (1) is normalized
such that

f d*rWo@r) = Tr(O), 6)

resulting in the expected normalization condition when O
refers to the density operator of a normalized state. The ex-
pectation value of an operator @ with respect to the state p
can written as

(0) = Tr(pO) @)
=@V [ drW,(rWo(r), (8)

where W, (r) and W (r) are the Wigner representations of the
operators p and 0, respectively.

B. Sum of Gaussians formalism

We adopt the approach described in Ref. [21], in which
one writes the (in general, non-Gaussian) Wigner function of
a state p as a sum of Gaussian functions

W) = cnGn(r), ©)

where the ¢, are complex coefficients and

eXp[ - %(r - ’Lm)Tyrzl(r - ’Lm)]
JdetQ2my,,)

denotes a normalized Gaussian with the mean vector u,, and
covariance matrix y,,.

In principle, this expansion can be applied to any Wigner
function, as long as arbitrarily many terms are allowed. More-
over, certain states of practical interest can be represented
compactly in this way, despite their non-Gaussianity. For
example, the Wigner function for a cat state can be written ex-
actly in the form of Eq. (9) with four terms [21]. An especially
attractive feature of the Gaussian expansion is that, unlike a
naive Fock representation, the number of terms needed to de-
scribe a state does not necessarily increase for higher-energy
states: For example, the expansion for a (squeezed) cat state
is represented by four terms, regardless of its amplitude (and
squeezing). For a GKP state, the number of peaks does tend
to increase with energy and quality; thus, the number of terms
needed to represent it increases as well.

The Wigner function for a tensor product of two states can
be written as

Gu(r) =

10)

Wogo (r) = W, (r)Ws (r2), an

where r; and r, denote the sets of phase-space variables asso-
ciated the individual p and &, respectively. If both W, (r;) and
W, (r2) are expanded as in Eq. (9), one has

Wogo () = Y cnaGn(r1)Ga(r2) (12)

m,n

= cncnGun(r). (13)

m,n

where the mean and covariance matrix of G,,,(r) are the direct
products of the means and covariance matrices of G, (r;) and
Gn (r 2):

}’mn = }’171 @ yn’ (14)

M’mn:”’m@”’n' (15)

For GKP states, the specific forms of c,, y,, and i,
depend on the details of the protocol used to generate the state;
these expansions are known for GKP states generated through
cat state breeding and for the Fock damped description of
finite-energy GKP states [21]. In this paper we focus on GKP
states generated by breeding cat states [14,27,28], as indicated
in Fig. I; in this case, it can be shown (see Appendix B,
and Refs. [14,29]) that the state generated after M rounds of
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(D(-a/2+Dla/n) §© ) | £ |

(D(-a/2)+ Dla/2) $© k) | £ |

[50:501

FIG. 1. Sketch of M = 3 rounds of a cat breeding protocol. The
scheme involves interfering squeezed cat states at a balanced beam
splitter, with one of the outputs subjected to homodyne detection
(here we have taken the outcome p = 0). The unmeasured mode
becomes a closer approximation to a GKP state with each round of
breeding. Details can be found in Refs. [14,27].

breeding is represented as

M+1
M+ (M+1
W, = NP Y ( N )( o )Ak,kfck,kf(r),
k,k'=0
(16)
with Gy (r) defined as in Eq. (10) and
A = exp[ — 36 (B — Be)’], (17)
1Te 26 0
Yiw = 5[60 ezg] =y, (18)
_ l Br + Br
Pk = ﬁ [iez*E Be — ﬂ@]’ (19
2%k — (M +1
g = 12— M+ Dl 20

24/2M '

where o and £ are the amplitude and squeezing of the initial
cat states, respectively, and N is a normalization constant.
Similar expansions for other approximate GKP states can
be derived [21], and in situations where the exact sum-of-
Gaussians expansion is more difficult to derive, one can
construct approximate expansions.

C. Description of entangling operations

Single-mode GKP states can be entangled by apply-
ing Gaussian unitaries and homodyne measurement [4,23—
25]. For example, a GKP Bell state can be generated
by applying the passive circuit shown in Fig. 2 to two
single-mode GKP sensor states, which are defined as |@) =
8(v/2)|+), where S(+/2) denotes a squeezing operation and

I+) |8y =R (w/2) R(n/2)p—
> |
I+) )

FIG. 2. Implementation of a GKP cz operation through static
linear components. Here R(6) denotes a 0 phase shift and the arrow
represents a beam splitter, following the notation used in [30].

) GKP

l'—‘ N-mode
cluster state
GKP
N+M modes —
GKP
-— Homodyne
GKP { (M modes)

FIG. 3. Sketch of the cluster state generation circuits we consider
in this paper: M 4+ N single-mode GKP states are sent through a
linear unitary circuit (box labeled U) and M of the output modes
are then subjected to homodyne measurement to yield an N-mode
cluster state.

+) = %(|O)GKP + |1)ckp) denotes the superposition state in
a GKP encoding scheme [30].

More general cluster states can be formed by combining
linear unitary circuits with homodyne measurement [25]; the
general form of these so-called stitching circuits is sketched
in Fig. 3, and a specific example is shown in Fig. 10.

If a state p evolves under a Gaussian unitary U, the Wigner

function for the evolved state o = 0 pU" is
W5(r) = W,(A7'r), 1)

where W, (r) is the Wigner function of the initial density oper-
ator (see Appendix A 1). The symplectic matrix A is defined
by the action of the unitary; because U is Gaussian, one can
write the simple input-output relation [26]

¥ = Af, (22)

where 7 is the vector of position and momentum operators
corresponding to the input modes and

P =00, 0p0,..., 00,0 pp0)". (23)

If the initial p is represented by a Wigner function of the
sum-of-Gaussian form in Eq. (9), the evolved Wigner function
is

Wa(r) =Y cnGn(A™'r) (24)
= cnGn(r), (25)

where G,,(r) is a normalized Gaussian with the mean and
covariance matrix

L=Ap, (26)

7 =AyAT. 27)

D. Measurement

We describe the homodyne detection and postselection as
follows. Assume that an arbitrary quadrature operator

flo = pcos(§) — 2 sin(8) (28)
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is being measured, with 7 denoting the measurement outcome.
We write the state p’ after the measurement as

KipK;
pr= T, (29)
Tr(K; pK5)
]
where ﬁ is the state prior to measurement and [31]
Ky = / dn ©;(m)n) (n. (30)

The function ©j(n) defines a window of homodyne outcomes
centered at 7. Here we will take the limit |®;(n)]> — §(n —
7)) corresponding to an ideal postselection; nonideal postse-
lection can be considered by adjusting the shape of |©;(n)|?,
for example, to be a Gaussian function. The Wigner represen-
tation of F; = KK is (see Appendix A2)

1
W, (r) = §|®7;(?79)|27 @3

where 17y = pcos(f) — xsin(@) is a phase-space variable cor-
responding to 7jy. Similarly, homodyne detection in M modes
can be represented as

1 M
Wi (1) = i 1195, Gom)P%. (32)
m=1

where # denotes a vector of homodyne outcomes.

The formalism we have summarized enables a compact
representation of multimode non-Gaussian states, like GKP
cluster states, given compact Gaussian representations for the
single-mode input states. With this, one can obtain the density
operator of the multimode state, from which one can compute
particular figures of merit.

E. Loss

Photon loss is considered to be the dominant source of
noise in photonic approaches to quantum information. Its
inclusion is essential in a realistic description of photonic
devices. A conventional approach to modeling loss is to intro-
duce a fictitious beam splitter that couples the physical mode
to a loss mode, with the beam-splitter angle 6; chosen to pro-
duce the correct transmittance of the physical mode [32-35].
Here we take the input to the loss mode to be vacuum, but the
generalization to thermal states is easily made [21].

Applying loss to ﬁ [as defined in Eqs. (24)—(27)] amounts
to making the substitutions

n—Tn, (33)
y — TyT" + IRR", (34)
with
N
T = @COSG;L 35)
i=1
lN
R =Psinoil, (36)
i=1
6; = cos™'(17). 37

By 6; we denote the effective beam-splitter angle for each
lossy mode and 7; is the transmittance of the channel. This
result is quoted in Ref. [21], and its derivation is reviewed
in Appendix A 4. The inclusion of loss does not significantly
alter the numerical cost of simulations, because it does not
increase the number of terms required for the Gaussian ex-
pansion of the Wigner function; one just needs to update
the means and covariance matrices according to Eqgs. (33)
and (34).

III. STABILIZER EXPECTATION VALUES

A relevant set of parameters in quantum information pro-
cessing applications is the expectation values of the cluster
state’s stabilizers. The stabilizer EVs can be used directly
as a metric for the quality of a state, or they can be used
to infer other relevant metrics such as effective squeezing or
entanglement witnesses [36,37]. The operator S is a stabilizer
for a state |y) if it satisfies

Sly) = ). (38)

An ideal N-mode cluster state is stabilized (and uniquely char-
acterized) by products of single-mode Pauli operators [37]

Sk = X® l_[ Z(l)’ (39)

neighbors [ of k

where k labels each of the N vertices of the cluster state such
that the cluster state is specified by N distinct stabilizers with
the form given in Eq. (39).

In a square lattice GKP encoding scheme, the generators
of the Pauli group are /7 displacements in position and
momentum. The logical Pauli X and Z operations correspond
to position and momentum displacements, respectively, by
odd integer multiples of /7 [4,30]. An ideal GKP qubit is
stabilized by discrete displacements in phase space (by 2/7
in position and momentum, corresponding to X2 and Z2), so
the EV of these operators is unity, that is,

Tr[ pigea D(F)] = 1 (40)

for7 = 2ny/7, 2m/m)", withn, m € Z.

For finite-energy approximations to GKP states, the EVs
of the same operators are necessarily less than unity, due to
the state’s finite extent in phase space and due to the nonzero
width of its peaks in phase space. Generally, the higher the
state’s quality, the closer to unity its stabilizer EVs. Hence
stabilizer EVs can be used to gain insight into the quality
of approximate GKP states and its dependence on various
parameters involved in the state generation protocol. Although
the elements of the Pauli group can be defined in terms of
displacements by any integer multiple of /7, we will refer to
stabilizer sets composed of displacements of minimal length,
namely, displacements by /7. Implementations of stabilizers
using larger displacements will result in a lower EV, again due
to the realistic states’ finite extent in phase space.
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Using Eqgs. (29) and (8), the stabilizer EV for a cluster state
generated as described above can be written as

S . Tr(pSK;K;)
S)=Tr(d'S) = % Al
(8) =Tr(p'S) TR Ry @l
_ (- LA W OWr (W (1) (42)
JdrWsrmWe )

where o’ is an N-mode density operator, If’; (or ﬁ;, = I?; I?;,)
is an M-mode operator describing the homodyne measure-
ment, and & is a stabilizer defined over the unmeasured
N — M modes. The factor of 2r™~") appears due to the
implicit identity operator in the denominator of Eq. (41) (see

(8) =

> C&m (i Nexp(iJ" PcAp,, )exp(—LJ" PcAy, ATPLY)

Appendix C). In a GKP encoding scheme, Ws(r) is the Wigner
representation of a displacement operator, which has the form

1 e
efzr Slr’ (43)

with the displacement 7 set to the relevant value for the sta-
bilizer in question; for example, for a single-mode Pauli X
operator, which is implemented by a position displacement by
m+/7 (m € Z), one would set 7 = (m/m, 0)".

Using a Gaussian expansion for W5(r) in Eq. (42) results
in Gaussian integrals that, due to the simple form of the
stabilizer’s Wigner representation, can easily be evaluated
analytically. We neglect losses here for simplicity; the expres-
sions including loss (and details of the derivation) are given in
Appendix C. We obtain

By m we denote a vector of indices m = (my, my, ..., my)T,
where the index m; refers to the Gaussian expansion [recall
Eq. (9)] for one of the N inputs to the stitching circuit; in this
work, all the inputs are identical single-mode states, but this
can easily be generalized. The Wigner function of the N-mode
input (separable) state is specified by

N
i=1
lN

ton = ED Honi (46)
i=1
N

Cm = l_[ Cpis 47
i=1

where the y,,;, i,,;» and c,,; refer to the Gaussian expansion
parameters for the ith input mode [recall the discussion around
Eq. (11)]. The matrix A is defined by the Gaussian unitary
[recall Eq. (22)], and the vector J = —S2F defines the stabi-
lizer operator [recall Eq. (43)]. We also introduce projection
matrices Py and P¢: These project an object defined for
the entire N-mode phase space into the subspace associated
with the M measured quadratures and the N — M unmeasured
modes, respectively. Finally, g,,(%;J) is a Gaussian function
in the postselected homodyne outcomes 3, with the mean and
covariance matrix

P, = PuAp, + iPyAy,A"PLJ, (48)

Y = PuAy,ATP,. (49)

Stabilizer EVs for realistic GKP cluster states can be
numerically computed with Eq. (44): Gaussian expansions
for the single-mode input GKP states are obtained and used
to construct Y, Mm, and ¢, according to Egs. (45)—(47);
the symplectic matrix A is derived for the Gaussian unitary
circuit; the projectors Py and Pc are defined according to
the labeling of the modes to identify those modes that are
measured and unmeasured, respectively (see Appendix C);

2 Cm8m(71; 0)

(44)

the vector 7 specifies the homodyne measurement outcomes;
and the vector J is defined according to the stabilizer of
interest. Equation (44) can be used to explore the effect of
various state preparation settings on the quality of the gener-
ated cluster states; for example, changes in the unitary circuit
or homodyne outcomes are reflected by modifying A and #,
respectively, whereas changes in the protocol used to gen-
erate the single-mode GKP inputs are reflected in y,,, .
and ¢,,.

Gaussian random noise model

Exact simulations are not tractable for cluster states of an
arbitrary size. A standard, scalable approach for modeling
nonideal GKP states is to apply a Gaussian random noise
channel to ideal GKP states, resulting in a mixed state p
[6,25,30,38]. The effect of the GRN channel can be expressed
as [39]

h= L d*a Ga(a)D(@) 1Y) (y1D¥ (), (50)
where
exp (— Bel) exp (- el)
Gale) = WG : 61V
and
D(a) = exp(ad’ — a*a) (52)

= exp[v/2i Im(a)f — v/2i Re(a)p]. (53)

The GRN state is characterized by a Wigner function with
Gaussian (rather than §-function) peaks. The p and x quadra-
ture variance of the peaks is set by the effective squeezing
parameters A, and A, which are in turn often related to the
performance of the GKP qubit [6,13,40,41]. The stabilizer
EVs for a GRN state are related to the effective squeezing
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FIG. 4. Single-qubit stabilizer EVs for a single-mode GKP state,
as a function of the parameters of the cat breeding protocol used to
generate it. The stabilizer EVs increase as the squeezing of the input
cat states and/or the number of iterations of cat state breeding are
increased, reflecting the increasing quality of the GKP state.

parameters as follows [42]:

ITe(S:p)| = exp(— wA2/2), (54)
ITr(8,p)| = exp( — A2 /2). (55)

Here &, = exp(isX) and 5‘,, = exp(—is’p) denote the GKP
stabilizers; the displacements s and s” depend on the lattice
spacing of the GKP state.

The GRN model can be used for scalable simulations of
cluster state formation by taking GRN states as the single-
mode input states, with the effective squeezing parameters
chosen to reproduce the stabilizer EVs of the approximate
GKP states one could actually generate. The performance
of a cluster state generated by stitching the input GRN
states can be estimated following the methods described in
Ref. [25], for example. However, this does not necessarily
result in an accurate description of the inputs nor of the cluster
state—approximate GKP states generated through realistic
protocols cannot be fully characterized by effective squeezing
parameters—and it is unclear how accurate GRN results are
in different scenarios.

IV. NUMERICAL RESULTS

In this section we compute stabilizer expectation values
for single-mode and multimode GKP states. We first consider
single-mode approximate GKP states generated by breeding
cat states (recall Fig. 1). In Fig. 4 we plot the stabilizer EVs
for the bred GKP state as a function of the squeezing of the
cat states and the number of rounds in the breeding protocol.
The increasing stabilizer EVs reflect the increasing quality of
the state as the key parameters of the breeding protocol are
improved.

In particular, we see that (X2) depends mainly on the num-
ber of breeding iterations, while (Z2) is mainly determined

-0.12 -0.17

0.32

0.32

0.07

018 -0.26

Vam

X

FIG. 5. Wigner functions of approximate GKP states generated
by the breeding protocol described in Sec. II B, for various M and &
(number of breeding iterations and cat squeezing, respectively).

by the initial cat squeezing. This is because each iteration of
breeding increases the number of peaks in the x quadrature of
the output state (see Fig. 5), which increases the periodicity
of the state along the x quadrature, leaving the p quadrature
unaffected [14,27,29]. On the other hand, the squeezing of the
initial cat state sets the state’s periodicity in the p quadrature
and the sharpness of its peaks in the x quadrature; these fea-
tures are reflected in (22), which by its definition relates to the
periodicity of the state in the p quadrature and the sharpness
of its peaks in the x quadrature.

Next we address GKP Bell pairs: These can be generated
by the circuit sketched in Fig. 2, starting with approximate
single-mode sensor states that can be generated, for example,
through cat state breeding. Because the stitching circuit is
unitary and because the stabilizers are displacement operators,
the Bell state stabilizers can be obtained directly from the
stabilizers of the input sensor states. It is easily shown that

Te[oD(r)] = Te[pDE)], (56)
with
F=A"r, (57)

where r and r refer to quadrature variables [unlike in
Eq. (22)], © =UpU" is the state after the Gaussian unitary,
and A is the symplectic matrix defined in Eq. (22). Because the
input p is separable, the expectation value on the right-hand
side of Eq. (56) can be written as a product of single-mode
expectation values: In this way, the stabilizer EVs of the
output state can be inferred from EVs of displacements on
the input states. This is true regardless of the input state. The
stabilizer EVs obtained using the GRN model are therefore
guaranteed to match the results of exact simulations, provided
the effective squeezing for the input GRN states is chosen to
reproduce the stabilizer EVs of the realistic input states used
in the full simulation (recall Sec. III).
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|9y —R" (%/2)

R(n’/2)—D-Lp

FIG. 6. Sketch of the scenario we consider in Figs. 7 and 9. We
envision creating a GKP Bell state through the unitary circuit in
Fig. 2, postselecting on a homodyne measurement outcome p in one
of the modes, and characterizing the unmeasured mode.

|?)

The situation becomes more interesting when homodyne
measurements are introduced: Because the evolution is no
longer unitary, direct simulation is required to determine the
stabilizers of the output state following measurement. We con-
sider the scenario sketched in Fig. 6, in which one generates
a GKP Bell state and measures the p quadrature of one mode,
leaving one unmeasured mode that we characterize in terms of
stabilizer EVs; if the GKP states were ideal, the unmeasured
mode would be stabilized by X? and Z%. In Fig. 7 we plot
the stabilizer EVs for the unmeasured mode, focusing on the
homodyne outcome p = 0 for odd breeding iterations and
p = /7 /2 for even breeding iterations; the different homo-
dyne outcome for even M is chosen to compensate for the
fact that the cat breeding protocol produces displaced sensor
states for even M (recall Fig. 5 and see Appendix A 3). These
results (and those summarized in Fig. 4) were verified by
comparisons to Fock-basis simulations. The two approaches
agree closely, provided a sufficiently high Fock-basis cutoff is
used. In Fig. 8 we directly compare the results of Fock-basis
simulations [43] and our exact sum-of-Gaussian description.
The discrepancies between the two grow more significant as
the breeding parameters are increased to produce energetic
states, with the Fock-basis results tending to underestimate
the stabilizer EVs. Increasing the photon-number cutoff for
the Fock-basis simulations results in a closer approximation

|<X?>|

Breeding iterations

0.4 0.6 0.8 1.0 12
Initial cat squeezing
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02 \"\‘v_v vav yu| — M=L, (Exact)
T— | —— M=3, (Exact)
—— M=5, (Exact)
M=1 cutoff=50
0_10 M=3 cutoff=50
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()

FIG. 7. EVs of single-qubit stabilizers evaluated for the unmea-
sured mode in the scheme sketched in Fig. 6. The results shown take
the homodyne measurement outcome to be p = 0 for odd breeding
iterations and p = /7 /2 for even breeding iterations.

M=1 cutoff=150
M=3 cutoff=150
M=5 cutoff=150

CE R R
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Cat squeezing
()
) -
'é 103 T
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Cat squeezing
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FIG. 8. (a) Stabilizer EVs computed through simulations in the
Fock basis (dotted lines), compared to the exact Gaussian expan-
sion (solid lines). Single-qubit stabilizer EVs are evaluated for the
unmeasured mode in Fig. 6. (b) Average photon number for each
input cat state for the GKP state preparation protocols considered in
(a). The Fock-basis simulations deviate from the exact result when
the average photon number for the input states exceeds the photon-
number cutoff used in the simulation.

to the exact results, but even the cutoffs shown in Fig. 8,
which are still not sufficient for certain breeding parameters,
result in a costly computation that cannot be scaled to describe
few-mode cluster states.

In Fig. 9 we fix a set of breeding parameters and we plot the
simulated stabilizer EVs for the unmeasured mode of the Bell
state as a function of the p measurement outcome. We com-
pare this to the stabilizer EVs predicted by a GRN treatment,
with the effective squeezing for the single-mode GKP states
chosen to reproduce the stabilizer EVs of the bred states (see

100

052425-7



MILICA BANIC et al.

PHYSICAL REVIEW A 112, 052425 (2025)

(X%}l apg = 0.430
[(X?)|qvg = 0.430

0.5 0.5
0.4 0.4
— z
A 03 =
:;< 0.3 '_{65

Q
v 02 | 0.2 E
0.1{ —— Simulation o1
—— GRN
———————————— 0.0
-6
p
(@)
[Z2)]ang = 0.502
0.5
0.4
— z
A =
NN 0.3 '_{65
v 8
— 0.2 I
0.1
0.0
p
()

FIG. 9. Single-qubit stabilizer EVs evaluated for the unmeasured
mode of a GKP Bell pair (see Fig. 6). We take the single-mode
GKP states to be generated by M = 3 rounds of breeding, with an
initial cat squeezing of & = 0.5. We vary the measured p and plot the
stabilizer EV for the unmeasured mode as calculated through direct
simulation (blue line) and using the GRN model (orange line). The
green dashed line represents the probability of measuring the various
homodyne outcomes. The average EVs are indicated in the top right
corner.

Sec. III and Appendix D). The predictions of the GRN model
differ from the simulation results for most p measurement
outcomes. There is also a clear qualitative difference, with the
simulated results lacking the GRN results’ periodicity over
the p measurement outcomes. This reflects the fact that the
peaks in the bred state are not all identical, unlike in the GRN
state. In Fig. 9 we also indicate the average stabilizer EVs,
weighted by the probabilities of the p measurement outcomes.
We find good agreement between the average EVs: The values
for |(X2)| obtained using the two models deviate at the seventh
significant digit, and for |(Z?)| the two approaches deviate at
the third significant digit.

We can apply our implementation of Eq. (44) to address the
generation of more complex cluster states, requiring the use
of unitary linear components and homodyne measurement.
We first address the generation of a linear three-mode cluster
state, through the circuit sketched in Fig. 10. The stabilizer
EVs for the linear cluster state are plotted in Fig. 11(a). The
stabilizer EVs [see Fig. 11(a)] indicate the increasing quality
of the state as the number of breeding iterations is increased.
Interestingly, the squeezing of the cat states has relatively little

=R (z/2)fA] R (7/2)

—R?(n/2) R(m/2)

FIG. 10. Circuit used to create a three-mode linear cluster state,
beginning with four single-mode approximate GKP states. Inline
squeezing in the second mode is included for clarity, but in practice it
can be eliminated, as long as the squeezing in this mode is accounted
for in the postprocessing of measurement results (see Ref. [25]).
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FIG. 11. (a) Stabilizer EVs for the three-mode linear cluster state
(omitting (£ 2:25)] = |(X12,5)]) and (b) expectation value of an
entanglement witness derived from these stabilizers [37].
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FIG. 12. EVs of the witness W (designed to witness the tripartite
graph state sketched in the top right), evaluated the linear GKP clus-
ter state generated through the circuit in Fig. 10. The positive EVs
indicate that, asAexpected, the distinct type of tripartite entanglement
witnessed by W is exhibited by the linear cluster state, even for
parameters with which linear tripartite entanglement is witnessed in
Fig. 11(b).

(and sometimes negative) impact on the stabilizer EVs. In
Fig. 11(b) we plot the EVs of a witness operator constructed
from the cluster state’s stabilizers, as suggested by T6th and
Giihne [37]: We use

W =201) — [ 2285 — Xi2ok5 — 21 %:25. (58)

A negative EV of the witness operator certifies genuine mul-
tipartite entanglement; interestingly, this threshold is crossed
even with few rounds of breeding and low cat state squeezing.
To confirm the significance of this witness EV’s negativity, we
compute the EV for the witness for a different tripartite cluster
state

W =2(1) — 21285 — X12025 — 21 %075, (59)

which is constructed to “witness” the cluster state sketched in
Fig. 12. If the negative EVs of the witness in Fig. 11(b) carry
any significance, the EVs of a different witness should remain
positive to indicate that the linear GKP cluster state does not
exhibit the “wrong” type of tripartite entanglement. This is
confirmed by the results plotted in Fig. 12. An interesting
direction for follow-up work will be to explore whether these
witness operators are a relevant figure of merit for these types
of resources and what can be inferred about the usefulness of
the approximate GKP cluster state based on the witness EV.

V. CONCLUSION

We have addressed the problem of studying realistic GKP
cluster states, demonstrating an approach for simulating these
states by using Gaussian expansions in phase space [21] and
referring to stabilizer EVs as figures of merit. We applied
our approach to the generation of single-mode GKP states
through “breeding” of Schrodinger cat states and to the gen-
eration of GKP cluster states by entangling these single-mode
inputs through linear unitary components and homodyne mea-
surement. We demonstrated that our method is suitable for
studying a broader parameter space (and higher number of
modes) compared to a typical Fock-basis representation. We

explored the effect of state preparation parameters on the
quality of the final cluster state and we compared our exact
computations to predictions made using the GRN model.

Our comparisons to the GRN model open up a few ques-
tions for future work. We found deviations between the two
models when homodyne measurement was introduced. These
discrepancies may indicate an opportunity to improve the
decoding of information encoded in GKP cluster states, for
example, by adjusting the binning of the homodyne mea-
surement outcome, using the more detailed picture of the
states given by exact simulation. At the same time, the dis-
crepancies between the GRN model and exact calculations
are much smaller when one averages over measurement out-
comes. More work is needed to understand what these small
discrepancies mean on an operational level and how they scale
with the complexity of the cluster state.

It will also be interesting to assess in more detail the
usefulness of stabilizers, as well as witness operators con-
structed from them, in characterizing GKP cluster states, for
example, by comparing stabilizer EVs to logical error rates
for realistic states using exact simulations. Due to its effi-
ciency, this method is also a possible tool for numerically
optimizing state generation protocols, perhaps with reference
to figures of merit based on stabilizers, rather than fidelity to
a particular state [44]. Finally, we envision a number of gen-
eralizations to the formalism described here so that it can be
applied to a more general class of state preparation protocols
[15,17] and to other physical platforms [45—48]. For example,
this will include describing photon-number-resolving mea-
surement [17,20,49] and addressing different input states like
imperfect cat states [50,51] or other relevant approximations
to GKP states.
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APPENDIX A: REVIEW OF SOME USEFUL RESULTS
IN THE PHASE-SPACE FORMALISM

1. Wigner function of an operator under (Gaussian) unitary
evolution

We first review the derivation of Eq. (21), which relates the
Wigner functions of a state before (p) and after (o = U pU )
evolution by a Gaussian unitary. The characteristic function of
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ﬁ is
xp(r') = Te[D@)p] (A1)
= Tr(D@UpUT (A2)
= Tr[O"DE)H0 p1. (A3)

We have

D) = e i (Ad)

and
U'DE)O = exp[—i(r)T @#¥], (A5)

with # as defined in Eq. (23). Using Eq. (22) (which holds for
any Gaussian unitary), we have

0TD)U = exp[—i(r)T QAF] (A6)
= exp[—i(r) QAL Q] (A7)
= exp[—i(r")T @ = D), (A8)
where

)" =@)'eae, (A9)
= 'ATQr. (A10)

This gives
Xp(r') = Tr[D()p) (A1)
= Te[D(")p] (A12)
= %o (). (A13)

The Wigner function of 7 is
Wolt) = G / dr'e ™"y (A14)
1

_ i —ir) T RIATR) %

= W/dr e x,(r").(A15)
In (A15) we have changed variables using Eq. (A10) and
recognizing that the Jacobian is unity. We insert a factor of
1 = ©7'Q in the argument of the exponential and we define

RT =@ 'AT@)'@! (A16)
=rfee'uhH'eq! (A17)
=rf@AahHr. (A18)

Then we have
1 R
Wy(r) = W/dr/e R ) (A19)
= W,(R). (A20)
2. Wigner representation of our homodyne
measurement operator
We define
Ky = /dn O (mIn)nl, (A21)
£ = KK, (A22)

= /dn/dn’(*)’ﬁ‘(n)(")ﬁ(n’)lm(nln’)(n’l (A23)

= /dnl(@;,(n)lzlm(nl. (A24)
Due to the linearity of the Wigner transform, we have
Wr, (r) = / | O ()1 Wigy i (r), (A25)

where W,y (r) is the Wigner function of the generalized

quadrature eigenstate associated with
flg = pcos(f) — X sin(), (A26)

which can be written in terms of the usual momentum eigen-
state as

In) = R©®)|P), (A27)
R(©) = exp(—iba'a). (A28)
With Eqgs. (A28) and (21) we have
Wiy () = Wipypy(A~'r), (A29)
where
__|cos(@) —sin(0)
A= [sin(@) cos(6) ] (A30)
It is easy to show that
1
Wipyp|(r) = ES(P—PL (A31)

where p is a quadrature variable and P is the corresponding
eigenvalue. Inverting Eq. (A30), we get
1 .
Wini(r) = 5—8(=xsin(0) + peos(®) —m).  (A32)
where we have used the fact that the eigenvalues n and P

are equal. One can also work in terms of rotated phase-space
coordinates {7y, né} to write

1
4 = —38(ng —n). A33
I (r) = 7—8(19 — 1) (A33)
Using this notation, we have
1
Wi, (r) = E/dm@a(n)lzﬁ(ne -, (A34)

as written in Sec. IID.

3. Accounting for displacements in input states

The breeding protocol described in Sec. I A produces the
sensor state defined in Sec. IIC for even breeding iterations
and a displaced sensor state for odd breeding rounds. The
relative displacement needs to be taken into account when
comparing the results of a stitching protocol for a particular
homodyne outcome.

Consider a state p characterized by quadrature operators
7. Evolution through a Gaussian unitary can be understood as
taking

7 — AF, (A35)
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FIG. 13. Sketch of (a) the treatment of loss in physical modes as (b) a beam splitter coupling physical modes to loss modes.

with A a symplectic matrix defined in Eq. (22). Now we
consider the displaced state evolving through the same unitary
circuit. The displacement takes the form

F>F4T

(A36)
and the unitary circuit

F+r— AP+ Ar. (A37)
The output in this case is displaced by Ar relative to the
scenario with undisplaced initial states, which can be ac-
counted for by adjusting homodyne measurement outcomes
accordingly. For example, the GKP state generated by odd
M iterations of breeding is an approximate sensor state; even
M produces an approximation of a sensor state displaced by
F = (/7 /2,0)7 (see Fig. 5). The dumbbell stitching circuit
sketched in Fig. 2 is characterized by

1 0 0 -1
Ijo 1 1 0
1 0 0 1
We have
1 0 0 —1]|[/a/2 1
Ar— L]0 1 10 0 | _m|1
"= A0 -1t o1 o || Va2|T 2 |1
1 0 0 1 0 1
(A39)

hence our choice of p =0 and p = /7 /2 as the homodyne
measurement outcomes in Fig. 7 (for odd and even M, re-
spectively).

4. Modeling loss

We consider a scenario in which all the modes have the
same transmissivity such that the loss in each mode can be ag-
gregated and treated at one single point in the circuit, as shown
in Fig. 13(a) [35]; more general scenarios could be treated
by applying loss at multiple points in the circuit. We model
each instance of loss as a coupling of the physical channel to
a fictitious loss channel, through a beam splitter for which the

angle 6; is chosen to produce the correct transmission through
the physical channel [see Fig. 13(b)].

Here we show that applying loss to the state o character-
ized by

Ws(r) =Y cnGn(r) (A40)
m
can be described by making the substitution
w— TrTT, (A41)
y —> TyT" + JRR", (A42)
with
N
T = Pcosol, (A43)
i=1
N
R =Psinol. (Ad4)
i=1

Details

Using the notation of Sec. IIC, the state following evolu-
tion via U is represented by

Wr =" cuGnu(r), (A45)

with G,,(r) a 2(N + M)-variable Gaussian with
w=An, (A46)
y=AyA". (A47)

We define 7 to be the composite density operator describ-
ing the physical modes and the loss modes. Then we have [cf.
Egs. (11)-(15) and (21)—(27)]

We(r) = Wﬁ(rl Weac(r2)
=Y cuG,m),

(A48)
(A49)
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where Wy, is the (Gaussian) Wigner function for vacuum in
the N + M loss modes, with

N
Myae = @02><17
i=1
N
_ 1
Ve = P 31
i=1

(A50)

(AS1)

its mean and covariance matrices. Then G, (r) is a 4(M + N)
-variable Gaussian with

(A52)

Vyac (A53)

We point out that the number of terms in the Gaussian ex-
pansion does not grow with the inclusion of the loss modes,
because the inputs to these are Gaussian states, namely, vac-
uum or thermal states.

Applying the beam splitters that are used to implement loss
on the physical channels yields

We(r) =) " cnG,, (1), (A54)
B =BHE® o), (AS5)
7, = B(7€B )'vac)BT' (A56)

Here B denotes the 4(N + M) x 4(N + M) symplectic ma-
trix corresponding to the beam splitters in Fig. 13(b). A single
beam splitter coupling modes i and j has the symplectic ma-
trix [21]

B, = |:c039]1 (AST)

—sinf1
sin 61 ’

cos 61
with our usual ordering for the quadrature variables r =
(xi, pi» Xj, p j)T. Then the symplectic matrix for our scenario

with N + M beam splitters, in which each beam splitter cou-
ples a physical mode i to a loss mode i + N + M, is

T -R
vl 7

with T and R defined in Egs. (A43) and (A44).

(A58)

Tracing over the loss modes in T yields the state p of the
lossy physical modes; we have

W) = [ draecr (A59)

where r| (2) denotes the set of 2(N + M) quadrature variables

associated with the physical (loss) modes. Integrating over r
just amounts to a Gaussian marginalization [52]

/ drG,,(r) = G,(r), (A60)
i =PH, (A61)
y=PyPT, (A62)
where
P = [ﬂ2(N+M)x2(N+M> 02(N+M)><2(N+M)] (A63)

is a projection matrix that selects the components of i’ and ¥’
associated with r;.

Using Eq. (A58), where the blocks T and R are 2(N +
M) x 2(N + M) matrices, we have

PB=[T —R] (A64)

Then using Eqs. (A55), (A56), and (A64) in Egs. (A61) and
(A62), we have

’7’ = Tﬁ - R”’vacﬁ (A65)
y=TyT" +Ry,.R". (A66)
Using the definitions of u,. and p,,., we have
L=Tn, (A67)
y=TyT" + IRR". (A68)

This now specifies the Wigner function of 5 including the
effects of loss, and one can describe the effects of homo-
dyne measurement and compute its stabilizers as described
in Secs. II D and III. Coupling to thermal loss modes can be
dealt with in the same way, by substituting

N
Miherm = @Oles
i=1
(1
Yitherm = @ <§ +ﬁi)]1,

i=1

(A69)

(A70)

where p,,. and y,,. appear above.

APPENDIX B: GAUSSIAN EXPANSION OF GKP STATES PREPARED BY CAT STATE BREEDING

In this work we focus on GKP states generated by breeding squeezed cat states; here we lay out the derivation of the Gaussian
expansion of the bred state. Our analysis is similar to those presented in Refs. [27,29], but we take a displaced initial state
compared to theirs (to obtain bred states centered at the origin). We include a derivation here for clarity. We begin with ideal

squeezed cat states of the form

[D(=a/2) + D(@/2)15(§)Ivac),

(BI)
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where
D(a) = exp(ad’ — a*a) (B2)
= exp[v/2i Im(ar)§ — v/2i Re()p], (B3)

and we take Im(cr) = O for simplicity.
The input state to the breeding protocol is

W) = [D1(—a/2) + Di (/D2 (—/2) + Dy (0t /2)181(6)8:(8)|vac), (B4)
and the state following the first 50:50 beam splitter is
Bly) = BIDi(—a/2) + Dy(a/)][Da2(—e/2) + Da(a/2)1B B3 (£)5:(€)B | vac), (B5)
where
B = exp( =i ip2 = p20)) (B6)
= oxp( T (@a) — aaa))) (B7)
and we have used the fact that B |[vac) = |vac). Recalling that
31(6)8:(6) = exp[L(6*a7 — £a]”) Jexp[ 4 (6723 — £217)] (B8)
= exp{5[£*(a7 +a3) — £ () +al*)]} (BY)
and
Bafi =112 B10
aj \/E ( )
Baft =278 Bl1
[2%) \/E ( )
we see that
B31(&)$:(6)B" = 81(6)8:(6). (B12)
Similarly, we have
A A [CANN A [07 A o
BD\((+x=)B =D(+—— |Dy[+—— ), B13
( 2) '( 2f2) 2( NE) B1)
A A o A N o A o
BD,(+=)B" =D/ ¥—= |D:(+——=). B14
o 2) '(qczﬁ) 2( 2ﬁ> B9

After the beam splitter, the protocol involves measuring the p quadrature in mode 2 (see Fig. 4 and recall Sec. II D). Recalling
that

F®)1p) = fPpp) (B15)
and taking the homodyne outcome to be p = 0, we have (see Ref. [27] for a similar analysis)
1) —N[ﬁ (i> +D ( )] $(8)|vac), (B16)
1= 1 Wi 1 22

where |1/); represents the postselected state after one iteration of breeding and N denotes a normalization factor. The second
round of breeding involves adding a second squeezed cat state input

. o
n=[5,(-% )40 ( )]s< Jlvac (B17)
1) [2<2ﬂ> W 2(8)|vac).
Interfering this with [/); at a 50:50 beam splitter and again doing homodyne postselection on one output mode, this second
iteration of breeding yields
3
W) =N| D[ 2= ) +D )| 8e)vac) (B18)
2= i\ —= 1 .
272 272
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After M iterations of breeding, one obtains

M+1
A o A o A
W)pt = N[D. <2ﬁM) + b (—ZﬁMﬂ 3(€)Ivac)
k M+1-k
°‘ ) D (—“) $1(&)lvac)
22 221

o
o

ak—(M+1))\,
AT T D)6 (8) vac).
22 ) 1

We write

M+1 M+1

M+ 1T\ [ M+ 1\ A
P = W)Wl = NP Y Z( :)( o )Ok.k/,

k=0 k'=0
O = D(B)S(&)Ivac) (vac|S' (&)DT(Bi).

with
_al2k— (M +1)]
=

)

B

and the Wigner function for Eq. (B23) is

M+1 M+1
M+1\(M+1
Wor) =N Y Z( k* )( kf )Wk,km,

k=0 k'=0
where W 1 is the Wigner representation of Oy . It can be shown that [27,29]
Wi (r) = Agw Grw (r),
with Gy y (r) defined as in Eq. (10) and

Aew = exp[ — 3¢ (B — Bu)*].
I[e7?® 0
Vi = 5| o | = Y,

i :\/I[ B + Br :|
k 20ie® (B — B

APPENDIX C: DETAILS OF THE DERIVATION OF THE STABILIZER EXPECTATION VALUE

1. Integrals
We first address the numerator in Eq. (42). We have

T = /erﬂ(r)Wp,(r)Wo(")

=> cm / dr G (W (r)Wo (r).

(B19)

(B20)

(B21)

(B22)

(B23)

(B24)

(B25)

(B26)

(B27)

(B28)

(B29)

(B30)

(CH

(C2)

Recognize that r refers to the quadrature variables for all the N modes. We denote by r¢ the 2(N — M) quadrature variables for
the unmeasured modes. The quadrature variables that are measured are denoted by ry (there are M of these), and the conjugate

variables to these are r,J; (again M of these). We now write
7= n [ dredradry Gutre. ru.rip We(ri Wor),
m
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We do the integral over r7; by using the fact that [52]
/drzG(fl,fz) =G(r). (&)
where G(r}) is a normalized Gaussian defined by the mean vector and covariance matrix
jL=Ppu, (©C5)

y = PyPT. (C6)
By P we denote a rectangular matrix that selects the components of y and u that are associated with a subset of quadrature
variables that we associate with r;; effectively, ft and p are obtained by dropping all the elements of u and y associated with r;.
We have

I=) cm / drcdryGu(rc, r)We (rn )Wo (rc), (e)
m
with ft,, and p,, defined as above. Next we use the 6 functions in Wr (ry) to get

1 _ ~
= ;cm / drcG(rc, Ri)Wo(re), €8

where Ry denotes the set of postselected homodyne outcomes.
We now use the Schur decomposition to write

- 1 . -
/ dreGre, Ry)Wo(re) = ~Ry — ) vy Ry — um] (C9)

1
Sty P [_2(

1 . T _
/drcexp[—i("c — tc — Yeu Vi Ry — ILH))] C'[rc — me — venVun Ry — mw)|Wore)

= 7\/(%@([)[—%(1?11 — i) vy Ry — ILH)] /drcexp[—%(rc —&'C e — g)] Wo (re), (C10)
where
C = Yec — YeuVunVucs (C1D)
where C is the Schur complement of the lower right block of p [52] and we have introduced
&= pc+venVun R — py). (C12)
When O is a displacement operator we have
Wolre) = mexp(ﬂrrc)- (C13)

Now

_ 1 1 1. .
/drcG(rc,RH)Wo(rc) = )W WeXp[_E(RH — ) Vi Ry — MH)]

X / drcexp[—%(rc —&T'C (e - g)]exp(iJTrc). (C14)
We definer’ =r¢c — &, so
N 1 1 1 o
/ dreGlre, RuWo(re) = 53 Wexp[—imﬂ — ) Vi Ry — m]
x exp(iJT &) / dr’exp[—%r/TC’lr’i|exp(iJTr’)A (C15)

Using

/drexp <—%rTy’1r>eXp(i]Tr) = ‘/det(Zny)exp(—%JTyJ) (C16)
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and
det(2nC 1
L) _ , c17)
det2ry) detCmyyy)
we have
/d Glre, Ri)Wo (rc) ! ! [ LRy — ) ¥ R ~)]
rcG(re, re) = exp| —= — -
cGlre, Ky)Wolre Q) a2 o) P 5 \Ru Ry) Yaa\RH — Ry
T 1 7
x exp(iJ” §)exp _EJ cJ, (C18)
where we have restored the tildes from Eq. (C8).
We now introduce the Py and P¢ such that
Ry =Pyj =PyPp, (C19)
Yun = PHi’PITqv (C20)
Yoy = PcypPh, (C21)

and likewise for fi- and .. Similar to P defined in Eq. (C6), Py picks out the matrix components associated with modes that
are measured; P¢ picks out matrix components associated with unmeasured modes comprising the cluster state. We have

1 1

= 2 NZC”’
CrN T Jdet@n Py, Ph)

x exp(iJ" &, )eXp<—%JTCmJ>. (C22)

1. . . s 3
exp[—E(RH —Pyit,) (PuynPl) Ry — PHum>]

The denominator can be obtained by setting J = 0 in Eq. (C22). This can be seen by recognizing that the identity operator is
equivalent to the displacement operator at zero displacement.

2. Cosmesis

We now have

Y Cmgm R )exp (i &, — 37" Cnd)

(S) = > , (C23)
Zm Cm8m (RH)
where
(Rir) : e [ L& ) Vamm) ™ (R )] (C24)
m = 07— A - m m - m ’
8m Ky TP L p 5 \H 12071 Yuu H — My
E=pc+veuVuy Ry — my). (C25)
C =yec— YeuVunVuc- (C26)
We use Egs. (C25) and (C26) to write

exp(iJ &, — 37 Cud) = exp(iJ e — 30" vecd)explid venvuu X — wy) + 30" YeuVauvucl]- (€27

Using [52]
—Ix"Mx + ("b) = S —M ') M(x —M'b)+ 16" M 'b, (C28)

withx = iyycJ, b = y;“'q(i?H —y), and M = y;“lq, we write
iJ" yeuVun R — mi) + 30" YeuVuu¥ucl
= —ivucd = vunvay R — m)) vau[ivacd — van¥ay Re — w)] + SR — w)” (Vi) vy R — my)
(C29)
= —3livucd — Ry — i)V vplivac] — Ry — m)) + 3 %@ — ) (V) R — 1), (C30)
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SO
exp(iJ " &, — 307 Cud) =exp — ;RH — iy — i) Vi Ry — iy — ivycd)]
x exp(iJ" e — 30" yeed )exp[5 Ry — ma)" (Vi) R — wp)]. (C31)

Putting this into Eq. (C23), it is clear that the final term in Eq. (C32) cancels the exponential term in gy, (Ry). Now adopting the
notation in the main text () = Ry), the result is

Yom Cmgm(ﬁ;J)eXP(iJTILC - %JT veed)

(S) = - (C32)
Zm Cm8&m (1, 0)
Y cmgn(i; )exp(i PcAp,, — 31" PcAy,A"PLJ) ©33)
Zm Cmgm(ﬁv 0) ’
where
- 1 1 . Tl - .
gm0 J) = WCXP —5(’7 — My = iYucd) Yy — by — iYycd) (C34)
HH
and
w=PAp,, (C35)
vy =PAy, ATPT 1,J={(H,C). (C36)
Using the results of Appendix A 4, the corresponding expressions including loss are
& = > Cm&m (s Dexp(iJ PcTAp,, — SJ"PcTAy,A"T"PL] — 1J"PcRR"PLJ) )
2 m Cm&m (i, 0) '
where g,,(ij;J) is defined as in Eq. (C35), now with
w; = PiTAp,, (C38)
Y =P TAy, A"T"P] + JP\RR"P], 1.J={H, C}. (C39)

APPENDIX D: STABILIZER EXPECTATION VALUES OF GAUSSIAN RANDOM NOISE STATES

A Gaussian random noise state f is a mixed state resulting from the Gaussian random displacement of a pure state p =

1) (¥l

p= [C & Gx(@D@)|y) (¥ 1D’ (@), (1)
where Gy (o) is a standard complex normal distribution [53] such that
exp (- %) exp (- Imte”)
Gy = TSl , (D2)
with
D(a) = exp(ad’ — a*a) (D3)
= exp[v/2i Im(ar)% — ~/2i Re(a)p]. (D4)
An ideal GKP state on a rectangular lattice is stabilized by (recall Sec. I1I)
Si(s) = explisk) = D(ii), (D5)
V2
N N
Sp(s") = exp(—is'p) = D<\—[2> (D6)

where s and s’ depend on the lattice spacing.
We envision modeling an approximate GKP sensor state p using a Gaussian random noise state  obtained by applying
Eq. (D1) to an ideal GKP sensor state |&), which is stabilized by S,(~/277) = D(i/7) and S,(v/27) = D(,/7). The GRN state
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should be chosen to satisfy

(Sc(V2m))p = (S:(V2m)) . (Sy(V2m))5 = (Sy(V2m)),. (D7)
The equalities in Eq. (D7) are satisfied by setting
S = L log (D8)
T TCENE
where O = $,(v2r) and O = S,(v/27).
Proof.
(0)); =Tr(®;p) = Tr(é,- [C d’a Gz(a)ﬁ(a)wx@m*(a)) (D9)
= / d?a Gx(a)Tr[0 ;D(a)|2)(2]D' ()] (D10)
C
= f d®a Gs(a)Tr[(D' (0)®;D()) 2] (D11)
C
= f d*a G (e)Tr[(D"()D(e™ '~/ )D()) 2] (D12)
C
= / d%a Gy ()P IVTRe@) =2 /FIMCO T (G ) 5] (D13)
C
— / Lo Gz(a)eZi(]—j)ﬁRe(u)e—ZijﬁIm(ot) (D14)
C
_ 2 1 <_Re(a)2) (_Im(“)z) 2i(1—j)/TRe(@) ,—2ij/TIm(e)
= /(Cd anm exp = exp T e e (D15)

_ ! = _Re@)? i jyyare
== s /_wdRe(a)exp( = )e
oo 2
x / d Im(ar) exp (—@)ﬂ”ﬁ‘mm (D16)
—00 1
o) 2
= n\/ﬁ [wdRe(a)exp [—(}i;%) —i(l — j)\/nE()) i|exp[—(l — j)zrrEo]
[e'e] 2
X /_oodlm(oz)exp {—(Im\/%) + ij\/nfq) :|exp(—j27r21) D17)
= expl—(1 — j)7 Zol exp(—j7 1) (D18)
=exp|—(1-—- ')ﬂilnL exp | — 'niln; (D19)
- Do MG, ) TP\ o T, P
= 1(©0), 1O, = [(8)),]. (D20)

|
Gaussian random noise states can be employed in place of the approximate GKP states to calculate the stabilizer expectation
values of the two-mode entangled state obtained via a controlled-Z (CZ) operation onto two GKP qubits. The operation is realized
with the optical circuit shown in Fig. 2. Here we verify that the stabilizer D, (/7 /2) ® D,(ir/7/2) has the same expectation
value for the output two-mode GKP state both when the input states of the circuit are two approximate GKP states p; and p,
and when they are the respective GRN states f; and p,, provided the GRN state parameters are chosen according to Eq. (D7).
Proof. The expectation value of the stabilizer is

R L A N N (TN A TN 2 A T\ pvn (T

(D17 /2) ® Daliy/7/2))5,, = Te| Di(/7/2) © Dativ/x /)| i (5 )BR (=5 )b @ ol (<3 ) B (5) [} D21)
where B refers to the operator describing the action of the symmetric beam splitter and R;(9) marks the rotation gate of angle 6
acting on the ith mode. The action of the beam-splitter operation onto the annihilation operators on the first and second modes
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(@1, @)7 is described by the unitary matrix

s 1 /1 -1
B:E(1 1). (D22)

We can then define the matrix for the operator B such that

p=r(3)n(3)= 50 N0 DG D=5 ) 2

Asa consequence,

(D1(v/7/2) ® Daliy/m/2))5,, = TrlB"Di(v/7/2) ® Da(iy/7/2)B 1 ® fr] (D24)
= Tr|:ﬁ1 (? - ?) ® D, (z? + i?)fn ® f)z] (D25)
= Tr[D1(iv/7)p1 ® 2] (D26)
= Tr[S:2(v27)f0] (D27)
= Tr[S,2(v/2m)p2] (D28)
= (D1 (/7 /2) ® Dai/7/2)) po.- (D29)

[ ]

We can now consider the stabilizer expectation values of the state heralded by the homodyne detection of the two-mode
entangled state po,. The scheme that prepares the heralded state is shown in Fig. 6. The heralded state has two stabilizers

$,(2y/m) = D(iv/27) and 8,(2/m) = D(v/2).

By postselecting on the measure of p; in the second mode, the stabilizer expectation value of S, (24/7) in the first mode is

Tr{(Ip2) (p21 B o1 ® p2B)S:1(24/7)]

(Sc2vm) = L (D30)
Tr[|p2)(p2|B" p1 ® p2B']
The denominator in Eq. (D30) can be rewritten as
Ny, = Te(Ip)(p2| B p1 @ 22B') (D31)
= Tr(B|p2) (2B 1 ® ) (D32)
—Tr| B / A1) c(11x ®1p2)p(pal B 1 ® 2 (D33)
o :
= / Al Te(B' |11 p2) p {11 (2] B 1 ® 22) (D34)
—00
*© l+p2> 1*P2><1+P2 < I—p>
= dl'Tr - - P11 ® b (D35)
/*00 < ﬁ X \/i p \/i X \/i P
* 1+ p < I=p| . _ . |l+p l—p>
= dl< - P1® M - (D36)
‘/;00 \/E X '\/z P \/E X \/E P
< L+ D2 l+pz>< l—ps l—ps
= dl< ] — Dal— . (D37)
/*00 \/E X \/E X \/2 P \/i P
Analogously, the numerator in Eq. (D30) is equal to
Trl(|p2) (p21B 1 ® £2B)8:1(2v/m)] = Tr[B'S, 1 2v/m)|p2) (p2] B 1 ® fo] (D38)
= Ti[B'8.12v7)B B |p2) (p2|B" b1 © 2] (D39)
= Tr[S:.1(V2m)S, 2 (v27)B | p2) (p2| B B1 @ o) (D40)
) < I—p2| s 2 @& A L+ p> l—p>
= dl< ———| 1 ® P25 1(V2m)S, 2 (V2m) -
‘/;00 \/i x ﬁ P ! \/E x \/5 P
(D41)
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< N4+ pa| s 4 [+ p I—pa| 5 & Il —ps
= dl S (V2 - S - D42
/,m<ﬁ;°1 1(r)‘f>< 72 |, ﬁ>p‘ )
© o+ Dpa| s 1+P2> i/ [+ )/ﬁ1< l=pa| & l_l’2> iV [(1-p2)/ V2]
= dl — P2 - - P2
/;OO < \/i xpl \/E xe \/j pp2 '\/Z pe
(D43)
o0 p L+p2| ~ |1+ p2 I—pa| & I —ps
[T aenn ) (- Loy
v/;OO ¢ \/i xpl \/i X \/E pp2 \/E P ( )
‘We observe that
(qlcplg)x = (qls /C d*a Gz (a)D(e)|2)(2]D' (@)|q). (D45)
= fc d*a Gz (a)(glxD(@)|2) (@D (0)|q) (D46)
= [C d*a Gs () [(@|D" (@)lg)+ I (D47)
/ e Gx ()|{D|g — v2Re(@)) (D48)
Re(a)? /Eu _ Im(a)?/%,
n\/ﬁ/ dRe(a)e™ [{(Dq fRe(a) Vxl / dIm(a)e™ (D49)
- Re(a)? /20
_m/ dRe(a)e™ l(@lq — vV2Re(a))|? (D50)
2
Re(2)?/%o _
m/ dRe(a)e™ Mn;w (v27n)g — V2Re(@)), (D51)
Re(x)?/%
ﬂo / dRe(a)e™ n;m| (v27nlg — V2Re(a))x (D52)
_ Mz = —Re(@)?/% 2
=== dee(a)e ”;ooa (g — V2Re(a) — 27rn) (D53)
= ” dRe(a)e Re@/Z052(g — /2Re(a) — ~/271) (D54)
m & (% — van)’
= ﬁn;wa(m exp (—20 (D55)
and
(glppla), = (qlp/Cd%f Gs 2(@)D()|2) (2D (@)lq), (D56)
= [C d*a Gz o (@){gl,D(@)|2) (@D (0)lg), (D57)
= [C d*a Gs2(@)[(21D7(@)|g) I (D58)
= / d’a Gz (@)(@lg — v2Im(a)),* (D59)
C
_ 1 e —Re(u)z/):g/oo —Im(@)?/Z; _ 2
= oA dRe(a)e 7oodlm(a)e [(Dlq «/Elm(oz)),,l (D60)
—Im(a)? 21
ﬁ/ dIm(a)e | ®|q11\3flm(oz) (D61)
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=ﬁ/ dTm(a)e @ /E1 ) Z (V27n|q — 2Im(a)), (D62)
4 1 m=—0oQ
= erT / d Tm(a)em@’/E1 Z |(v27m|q — v2Im(a)),* (D63)
1 m=—00
= JLT [ ” d Tm(a)e M@’ /Z1 > 8%(q — V2Im(a) — v27m) (D64)
T oy J—oo m=—o0
2 o0 00
= \/MiT Z / dIm(a)e ™ ™@/152(g — /2Im(ar) — /277 m) (D65)
T l im0 ¥ =00
o (& — vam)’
= mm;wé(O)exp ——=— (D66)

By inserting the results of Egs. (D57) and (D69) into Eqgs. (D37) and (D45) we can rewrite Eq. (D30) as

= (S

=m—n

[ B I+ pa [+ p2 l—p2| 5| 1=p2
— dl e’zﬁ’< - - D67
Np ) NG R VI A R K v bon

1 /OC i I+ p> [+ ps I=ps| 5| I=p2
L ﬁ1< _ _ (D68)
Ny | V2 . AN RS RV
f d el2\/7’< V2 xij > < l:/gz ’pf)Z - ]:/pfz >p

dite| 5 2 I—p2 (D69
f—oo (ﬁ|vp ‘ < 7[;'02’_ ﬁ)p

> 2Vl _M_ §noe _ Gyt _G=B—ymm?

(D70)
2 (L4+2— Jrn)? L,Q,ﬁ"l)z
Jo Al 3 (0 exp (— ) chm6<0>exp( Cr)
(b+22— /mny (=22 Jam)
S S5 dl eV exp (— ST Y exp T)
(D71)

%) ) 34»%27«/;;1)2 %7’72 —JmTm)?
Zn,m:—oo f—oc d €xp <_ ol exp 12
00 20,1212 _ WE(m=m)=p:? 0.1 %10 A Z120+Xo.m . Zip—Zo
Zn,m:—oo 2 Toa+zi, " CXP < Zo,1+Z12 exp (—4m Ton+zis ) SXP i Zi2+Zo exp 12\/>21 o, P2

00 To1Z12 _ Wmm—m)—p,]?
Zn,m:—oo 2\/ Stz OXP ( Zoa+Zi2

(D72)
20,1212

) 212 — Zo,1 )
exp| —4mr———— |exp | —i2J/T = :
p( z30,14—21.2) p( ffh,z-i-zo,lpz
9 00 [T (n—m)—py]? . Tion+X0m
« Zn:foo Zm:foo exp <_ 2o1+212 - ) €xXp <l4ﬂ )1:1Az+El:.‘l| ) (D73)
YRy ex (_[ﬁ(n—m)—pzlz)
n=—00 m=—00 p Z01+2Z12
exp (—47T20,121,2 —2i/mpa(ZE10 — E0,1))
o1+ 212
) 00 [/mTm' +p.]? . T2+, . Soqm’
« Z":*OO Zm/:*m cXp (_ ):O.]+El,22 ) cXp <l471 E:;+Zg.: n+ i 231.20+120.| ) (D74)
Lmm' +p,]?
S Yoo exp (L)

o0 [Jam' +p,1? . Som’
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ox —4m %0, 1212 — 2i /T p2(Z12 — To,1)
P 201-1—2312

v Eo1 + Zi2exp(—4r g |+>:| ;) exp(—4i Eoil:lz] =p2)03 (=T Py 4 2im g 1, e o1 TEIT) O76)
« I

V20,1 + Z1203(—/Tpy, e~ FortEiam)

03(J/Tpy — 2im B 1, e~ F01THT)

= exp(—4mZo1 — 2i/7Tp2) Or( o pr. e o) , (D77)
where Z; ; is the X; of the state in the jth mode, while the Jacobi theta function 63(z, g) = Zj‘i_oc q" ? g2inz,
The expectation value of the second operator 5’ will be given instead by
A T Bt B 2
&) = t[(1p2) (P2l B o1 ® p2B)S,1( «f) D78)
Tr(|p2) (P2 B 1 ® poB)
The numerator of Eq. (D81) is
Tr[(Ip2)(p2|B 1 ® p2B)8)1(2y/7)] = TH{B'S, 12v/7) | p2) (p2|B b1 © 2] (D79)
= Tr(B'S, 1 (2v/T)B" B |p2)(p2l B p1 © o] (D80)
= Tr[8).1 (V270)8 2(—v2)B | p2) (p2| B b1 © 2] (D81)
© Jl+p < I—p2| . _ . & 5 [+ pa l—pa
= di — R 028, 1(V21)S, 2(—V 21 ’ > — >
/_Oo <ﬁ ) 7 ppl 2281 ( )Sxa( ) N AR
(D82)
< Jl+p; A ‘1+P2>< Il —p> A —P2>
= dl Sp1(V2m)|———) (— S, — .
/_m<ﬁxm,,1( ﬂ)ﬁx ﬁpz. >/,
(D83)
The left term in the integral of Eq. (D87) is
(qlBSp(V21)lg)s = (gl /C d*a Gx()D(@)|2)(2|DT(@)8,(v27)lg). (D84)
[Cdza G (@) {gl:D(@)|2)(@|D" (@)S,(V2)]g). (D35)
= /C da Gx(@)(gl:D(@)|2)(218,(v21)D' (@)|g) e 2V (D86)
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C
1 R 2
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(D90)
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= R — — /2R
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_exp(mxy) [ _M> B )
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The right term in the integral of Eq. (D87) is
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By inserting the results of Eqs. (D101) and (D115) into Eq. (D87), we find that the stabilizer of S‘p introduced in (D81)

becomes
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Chapter 5

Quantum Control of Rydberg
Atoms for Quantum State and

Circuit Preparation

5.1 Introduction

Rydberg atoms can also serve as a physical platform for the efficient realization of
universal quantum computation. As mentioned in Section 1.13, “Rydberg atoms”
can potentially refer to various implementations, including trapped ions or semicon-
ductor platforms. However, if we focus specifically on neutral atoms, we observe
that they can be trapped with relative ease and positioned in space—with respect
to one another—with good precision. When encoding the qubit in the energy lev-
els of Rydberg atoms, these systems exhibit long coherence times. Manipulation of
the qubit state—corresponding to transitions between different electronic energy lev-
els—can be achieved using laser driving at the resonance frequency, which enables

high-fidelity single-qubit gates. Regarding two-qubit gates, the Rydberg blockade
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phenomenon can be exploited to implement controlled operations: an atom located
within the Rydberg radius of another can be either excited or not, depending on its
Rydberg state, to allow or block operations on the neighboring atom. To implement
controlled gates between atoms separated by more than the Rydberg radius, one can
resort to multi-qubit entangling gates using intermediary atoms. Yet, this approach
may be challenging, as each gate introduces noise, and the increased computation
time makes the system more susceptible to decoherence. An alternative method for
preparing arbitrary quantum states relies on the quantum approximate optimization
algorithm, introduced in Section 1.3.4.1. The idea behind QAOA developed from the
more well-known Quantum Annealing (QA), which allows a quantum system to evolve
toward the ground state of a Hamiltonian Hz, starting from an eigenstate of another
Hamiltonian Hy, under the time evolution of a total Hamiltonian as described in
Equation (1.28). In contrast, QAOA aims to approximate a target state after a fi-
nite evolution time ¢,, and it can target arbitrary quantum states, not necessarily
eigenstates of any Hamiltonian. Looking at the Hamiltonians in Equation (1.30), we
observe that this approach is particularly well-suited to implementation with Ryd-
berg atoms, as it requires only two-qubit gates. In our work, we considered a linear
array of five Rydberg atoms and applied QAOA to obtain different quantum states,
including a quantum error correction circuit, which is difficult to implement using a
conventional gate-based approach. The results show that, for a sufficient number of
iterations—each involving the application of the cost and mixing Hamiltonians—the
desired states and circuits can be produced with high fidelity. These results were
obtained by classically optimizing the application times «, 8 for each Hamiltonian,
corresponding to the duration of the laser pulses at the specific resonance frequen-

cies. Similarly, it was observed that even in the presence of laser amplitude noise, the
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states still achieve good fidelity, albeit slightly lower than those achieved in noiseless
circuits with the same number of iterations. Lastly, although in our work we did not
consider the case where Rydberg blockade affects non-nearest-neighbor qubits, the

method can be extended to account for this type of interaction as well.
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Individually trapped Rydberg atoms show significant promise as a platform for scalable quantum simu-
lation and for the development of programmable quantum computers. In particular, the Rydberg-blockade
effect can be used to facilitate both fast qubit-qubit interactions and long coherence times via low-lying
electronic states encoding the physical qubits. To bring existing Rydberg-atom-based platforms a step
closer to fault-tolerant quantum computation, we demonstrate high-fidelity state and circuit preparation
in a system of five atoms. We specifically show that quantum control can be used to reliably generate
fully connected cluster states and to simulate the error-correction encoding circuit based on the “Perfect
Quantum Error Correcting Code” by Laflamme ef al. [Phys. Rev. Lett. 77, 198 (1996)]. Our results make
these ideas and their implementation directly accessible to experiments and demonstrate a promising level
of noise tolerance with respect to experimental errors. With this approach, we motivate the application of
quantum control in small subsystems in combination with the standard gate-based quantum circuits for
direct and high-fidelity implementation of few-qubit modules.

DOI: 10.1103/PhysRevApplied.20.034019

I. INTRODUCTION

Quantum computing represents a paradigm shift in
information processing. A scalable and fault-tolerant quan-
tum computer will likely offer computational advantage
in particular areas. Arguably, gate-based quantum compu-
tation and, to some extent, measurement-based quantum
computation [1-3] are the current dominant paths forward
for the leading implementations of quantum computing
[4-10]. Unlocking the full potential of quantum compu-
tation will depend on our ability to resolve barriers to
scalability and fault tolerance. Quantum control is effective
in optimizing the performance of individual gates [11—
13]. In this work, we extend the application of quantum
control to high-fidelity generation of multiqubit quantum
states and circuits where sequential application of multiple
multiqubit gates is necessary.

Our approach to extending quantum control to multi-
ple qubits is based on unitary constructions inspired by
the quantum approximate optimization algorithm (QAOA)
[14]. The QAOA, by Farhi et al., proposes an approach to

TThese authors contributed equally to this work.
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find approximate solutions to combinatorial optimization
problems that are achieved by a Trotterized approxima-
tion of the quantum adiabatic dynamics [14]. This has
been shown to be universal for quantum computation with
Hamiltonians that are homogeneous sums of single-qubit
Pauli X and two-local ZZ operators [15]. One necessity of
quantum technologies is to prepare specific quantum states
or enact specific unitary operations. This should always be
possible but may require prohibitively complex multiqubit
quantum gates. Here, instead, we apply quantum control
to realize desired states and circuits through an algorithm
that requires interactions among qubits that are at most
two-local and are restricted to a linear geometry.

Rydberg atoms are a particularly attractive system for
implementing these ideas. With the remarkable progress
in development of arrays of individually trapped Ryd-
berg atoms and their application in quantum simulation
[16-21], it is desirable to enhance our abilities in quan-
tum computation with Rydberg atoms. In fact, Rydberg
atoms can today be aligned with optical tweezers to form
an array of tens of atoms, making this one of the largest
platforms for physically realizing quantum computers in
terms of number of qubits [19]. The local gates controlling
the single atoms can be realized through Rabi oscillations

© 2023 American Physical Society
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by properly setting the frequency, intensity, and exposure
times to laser pulses [22]. The strong long-range interac-
tion that leads to the so-called Rydberg blockade [23,24]
is activated by, instead, exciting atoms to their high-lying
Rydberg states. In such a way, all the operators required
by our algorithm can be experimentally realized with opti-
mization variables that are mapped accordingly to tunable
physical parameters of the lasers [25-27].

Thus far, Rydberg atoms have been used for generat-
ing and detecting nontrivial quantum states of many atoms
[28-30], based on engineering the energy spectrum of
a Rydberg-atom quantum simulator. As some quantum
states remain far from the energy eigenstates of any local
Hamiltonian [31], it is important to consider methods such
as ours for the generation of arbitrary quantum states or
simulation of quantum circuits beyond a single operation.

We begin with an introduction to the QAOA, a compari-
son with quantum annealing (QA), and a description of the
universal quantum control developed from the optimiza-
tion algorithm. We discuss the mapping of the parameters
used for the implementation with the Rydberg atoms in
Sec. IV. In Sec. V, we introduce state-preparation and
circuit-simulation examples to test our protocol. We then
evaluate the performance of the algorithm for different
implementation depths and noise levels in Sec. VI, pro-
viding an important perspective on resource trade-offs for
quantum control in realistic conditions.

II. THE QAOA

The QAOA is a hybrid classical-quantum variational
algorithm able to provide approximate solutions to opti-
mization problems. The QAOA was originally introduced
to address the MaxCut problem [14], an important com-
binatorial problem in graph theory. In turn, the MaxCut
problem can be encoded into the Sherrington-Kirkpatrick
model for spin glasses by tuning the interactions among a
series of spins. Due to this equivalence, finding the ground
state of a spin-glass Hamiltonian is equivalent to finding
the solution of the MaxCut problem encoded within. In a
similar way, whenever an analogous encoding into a physi-
cal system can be found for a combinatorial problem under
investigation, the solution corresponds to the ground state
of the Hamiltonian of the system. The QAOA then guaran-
tees that we can find the ground state of such a Hamiltonian
with a fidelity that increases with the number of steps
chosen for the algorithm.

The QAOA can be interpreted as an evolved version
of the well-known QA algorithm. With QA, the initial
state is set to be the ground state of an initial Hamilto-
nian, which is the so-called mixing Hamiltonian. Then, the
state is allowed to evolve under a time-dependent Hamil-
tonian that converges, after a sufficiently long time, to the
cost Hamiltonian the ground state of which is sought. This
scheme was originally proposed to solve the Ising problem

[32], where the Ising model is a well-known specializa-
tion of the Sherrington-Kirkpatrick model, which has been
conveniently used to encode the MaxCut problem and has
a broad range of additional applications [33].

A system of N spins can have couplings with any num-
ber of the other spins arbitrarily far away and will have
its energy affected by an external magnetic field h. If the
direction of this field is chosen to be the z axes of the spins,
the resulting generalized Sherrington-Kirkpatrick model
has the Hamiltonian [34]

N N N
H; = Zhilzil + ZJi]izZiIZiz + Z JivirizZiy ZinZis
i i1,ip i1,i2,03

+oee (1)

Here, J...; is the k-local interaction energy between the
qubits at sites i, . .., k and Z; represents the Pauli operator
o, acting on the ith qubit of the N-qubit state. The different
parameters J;...; correspond to different physical situations
and also to different combinatorial problems.

In order to identify the ground state of the cost Hamilto-
nian given in Eq. (1), QA proposes to initialize an N-qubit
state that is a linear superposition of all of the computa-
tional basis states. This is chosen to be an easy-to-prepare
eigenstate of the mixing Hamiltonian, where the latter is
so named because it combines all of the basis states. An
example of such a state is |+ + - - - +), which is an eigen-
state of the Hamiltonian Hy = ) ;X with eigenvalue +N.
Due to this initialization, any eigenstate of the cost Hamil-
tonian H; can be reached when the state evolves under
a time-dependent Hamiltonian that starts from Hy and
equals the cost Hamiltonian after a sufficiently long time
7. The Hamiltonian used to evolve the state in the QA is a
time-dependent linear combination of the cost Hamiltonian
Hy and the mixing Hamiltonian Hy:

H(@) = (1 - i) Hy + in. 2)
T T

Since the cost and the mixing Hamiltonian do not com-
mute with each other, realizing the evolution under each
of the two terms independently requires using the Suzuki-
Trotter decomposition into a formally infinite number of
alternating steps of applying Hy and Hz: exp(4 + B) =
lim,, oo (17757’

The probability of evolving to the actual ground state
of the cost Hamiltonian H; improves for larger values of
the coefficient 7 that defines the temporal dependence of
the Hamiltonian. However, letting the system evolve for
excessively long times tends to expose it to decoherence.
The QAOA partially intervenes to solve this kind of prob-
lem. In the QAOA, the Suzuki-Trotter formula is used
to separate the noncommuting terms that form the time-
dependent Hamiltonian of QA, the mixing Hamiltonian,
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and the cost Hamiltonian but with the caveat that each is
only applied a finite number of times. The QAOA thus
ends up being an algorithm with p steps, where the uni-
tary evolutions under the two Hamiltonians can be more
easily realized, since they are time independent and can be
encoded in quantum gates.

In fact, the Trotterization of QA with a finite number
of steps p directly approximates the evolution that one
would have with the time-dependent Hamiltonian required
by QA. However, each of the time parameters of the
QAOA can be classically optimized to provide a state the
fidelity of which is larger than what QA might provide after
annealing for the same amount of time. The optimal state is
then found by alternatively applying the unitary evolutions
that describe the evolution under Hy and Hy:

|y ) = exp(—iey, Hy) exp(—iB,Hz) - - -
x exp(—ip1Hz) Vi), (3)

where the parameters «; and B; are the so-called Rabi
angles at the ith step. To wit, the QAOA can be read as
a Trotterization of an adiabatic schedule with a finite num-
ber of iterations in which the time parameters are tuned
through a classical optimization.

Moreover, the QAOA is a universal algorithm [15]. In
fact, if the mixing Hamiltonian Hy and the cost Hamilto-
nian H are set to be

Hy =) X,

Hy =Y BOZi+ BV Zois1 + v " Z0iZois

+y V212
=pOHY + gOVHD 4y OHYD 4, OFD ()

the algorithm is capable of reaching any desired state. In
the above equations, the sum is made over all of the qubits
of the N-qubit state and X; is the o, Pauli operator applied
to the ith qubit. In this case, Eq. (3) reads

; 00 7 (0) (D) (D)0 (0) 2 (0) . (1) 77 (1)
!w—l‘> — e*w‘nHXeflﬂn HZ e*‘ﬂn HZ e*Wn HZZ e*Wn HZZ

: :0(0) 7 (0) oD (1) (0) 77(0)
X ..o 0y o=1B T HZ T =18y THy o~y T Hzy

_in(
x e "

1 1

L ) 5)
All of the terms in the Hamiltonian have the advantage of
being at most two-local, so they do not require physical
systems with long range interactions. Since all the terms
in the cost Hamiltonian commute, the Baker-Campbell-
Hausdorff formula has been used to write the exponen-
tial of the sum as a product of exponentials, given that
the individual exponentials can be more easily encoded

in a gate-based circuit. Despite the just-described simi-
larity between the QAOA and a Trotterization of QA,
there exists a deep difference between the two protocols.
With QA, the ground state of a given cost Hamiltonian
is obtained by evolving the initial state under the time-
dependent Hamiltonian H (¢) of Eq. (2). In fact, given a
cost Hamiltonian H; and an initial state |1;), the resulting
state, [) = [ e |y;) dt, should minimize (y/| Hz |y)
for sufficiently large values of 7. The optimization of the
parameters « and B in Eq. (5) can be performed in a
similar fashion to generate an evolution that minimizes
(wf|HZ Wff >, where |1/ff) is as defined in Eq. (5). How-
ever, the protocol is much more general than this and the
parameters («, 8) can be used to find the ground state of
any cost Hamiltonian H¢ by minimizing (wf | He |1//f ), or
even quantum states |y7) that are far from the ground
state of any local Hamiltonian if the cost function to min-
imize is set to be —|(yr|¥y)I>. Analogously, with the
QAOA, we can approximate with arbitrary precision an
target operator O. With regard to these last two appli-
cations, the terms Hy and H; of Eq. (4) lose the role
of mixing and cost Hamiltonian, respectively, which has
been given to them in the context of QA, but the evo-
Iution of the states under these Hamiltonians remains
functional for the QAOA. In summary, the QAOA can
be used to realize any state with arbitrary precision by
only employing Hamiltonians that are at most two-local.
The use of longer sequences allows the creation of more
complicated states, the entanglement of which can grow
in a known fashion [35]. The algorithm then provides
a recipe for the realization of any quantum state in the
chosen physical implementation. This has an advantage
over other generation protocols that rely on extra resources
such as ancillary qubits, perfect local operations, and
Bell-state measurements [36]; our algorithm has the ben-
efit of being able to incorporate realistic experimental
imperfections.

By using the QAOA protocol, we investigate the gener-
ation of a variety of states including absolutely maximally
entangled states with five and six qubits and Greenberger-
Horne-Zeilinger (GHZ) states, all of which can success-
fully be generated by the protocol. Some of those specific
states can be created with specific protocols but ours can
be applied to the preparation of arbitrary states and cir-
cuits. We focus our in-depth discussion on fully connected
cluster states and on the error-correction encoding cir-
cuit, which are challenging to produce with alternative
approaches. As an example, in a Rydberg platform, an
error-encoding circuit might be more conveniently gen-
erated if long range interactions beyond nearest neigh-
bors can be introduced; however, this would come at
the cost of larger errors proportional to the number of
sites involved in the interaction itself [37], which is why
we seek alternative strategies that rely only on simpler
interactions.
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III. RYDBERG SCHEME

Rydberg states are particular excited states of an elec-
tron of an atom that is subjected to a Coulomb potential
[38]. Those states are usually realized with atoms of alkali
elements such as potassium, cesium, and, most often,
rubidium. In the alkali elements, the electron farthest from
the nucleus is shielded from the attractive potential of the
latter by all the other electrons, which completely fill the
lower energetic levels of the same atom. The less intense
effective potential leads to easier control of the outer-
most electron and, as a result, Rydberg atoms behave in
many respects like hydrogen atoms and can be described
accordingly for several applications.

Rydberg atoms can be collected in arrays using dipole
traps such as the optical tweezers depicted in Fig. 1(a).
For each atom, we define three accessible energetic lev-
els [Fig. 1(b)]. The ground state |g) = |0) and the excited
state |e) = |1) are set to be the states defining the com-
putational basis. Furthermore, the electron may accede to
the Rydberg state, a third energetic level |r) with larger
energy.

The Rydberg state allows the realization of an entan-
gling gate between a pair of Rydberg atoms due to the
long-range interaction that arises when one atom is on
this last energetic level; this phenomenon is known as the
Rydberg blockade. In the Rydberg blockade, one atom in
the Rydberg state acts as the control by shifting the same
energetic level of the target atom through van der Waals
forces, due to a specific dipole interaction between the
atoms that increases with the distance of the electron from
the nucleus. The Hamiltonian that describes the interac-
tions of the Rydberg atoms with themselves and a shining
laser is

H Q;
E _ Z Z(t) (Uilr—w_'_ain—ﬂ) _ ZA(t)ni

i
+ Z Viining, (6)

i>j

m—=n

where i ranges over all of the atoms, o = |n);{m| sends
the ith atom in state |m) to state |n), and n; = |r); (r],
while Q2 is the Rabi frequency, A is the detuning, and V
labels the so-called van der Waals interaction that scales
with the sixth power of the distance between the atoms
[16]. The influence of this interaction extends up to the
so-called blockade radius, so it can be switched off for

b)

Q.

l9)

FIG. 1. (a) Dipole-trapped Rydberg atoms within a line sepa-
rated by a distance of 5.74 pm, used for the purpose of generating
nontrivial states, with an inlay of the Rydberg level structure.
(b) The red arrow represents the global driving pulse, driving
|g) — |e), the blue arrow represents the atom-specific resonant
driving pulse from |e) — |r), and the dipole trapping consists of
a third set of lasers perpendicular to the plane.

non-nearest-neighbor qubits with a suitable choice of the
spacing between atoms [24].

When the control atom is in the Rydberg state and the
target atom is in the excited state, a 27t pulse on the target
does not lead to any change of phase, whereas such a pulse
would flip the phase if the control atom was in the ground
state. This behavior allows us to implement the two-qubit
logical gate required by the QAOA.

IV. RYDBERG EQUIVALENCE

In order to experimentally realize the single-qubit oper-
ators on the dipole-trapped Rydberg atoms, the Rabi cycle
is used. In the rotating-wave approximation and when the
frequency of the laser is resonant with the energy split-
ting between the two logical states, the Hamiltonian for a
particular atom is given by

Hx = QO’x, (7)

where €2 is one half of the Rabi frequency of the system
and oy is the NOT or bit-flip quantum gate that acts on one
qubit. As a consequence, the mapping between the time
parameter « introduced in Eq. (5) and the pulse time of the
laser is fixed by a = Qt; the same pulse must act on all N
qubits to enact Hy.

The second operator that is used to realize universal
quantum control with the QAOA is the single-qubit oper-
ator o,. The unitary operator that describes the evolution
under the Hamiltonian for a two-level atom driven by
a coherent laser with detuning A and generalized Rabi

frequency Q' = ~/Q? + AZ is

®)

Q

_idt Q't A Q'

e 2 {cos|{— | +1—smn| — .
2 194 2
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Qubit 2

Qubit 1

FIG. 2. The formulation of the Hz; unitary operator in the
Rydberg system: it consists of two Rydberg atoms and three
pulses. We have updated the labels |g) and |e) to be |0) and |1)
to enforce their role as logical qubit states.

When the time is ¢ = 27r /Q’ and the detuning A is fixed

to A =— ﬂzg = the evolution of Eq. (8) corresponds to
2

evolution under the Hamiltonian Z for a particular qubit:
Uz() = exp(—iBZ). Acting with the same gate on the
even (odd) qubits with a detuning fixed by 8@ (81
enacts HZ(O) (HZ(I)).

Finally, we want to implement a two-qubit entangling
operator. The scheme to realize a controlled-Z (Cz) gate
consists of three steps as depicted in Fig. 2. First, a  pulse
is applied to the control atom; this pulse drives the excited
state to the Rydberg state, while it leaves the ground state
unaltered. Then, the 27 pulse is applied to the target state
as described above. This will lead to a change of phase of
the qubit if the control atom is in the ground state, while
nothing occurs when it is in the Rydberg state. Finally, a
7 pulse is again applied to the control atom to drive the
Rydberg state to the excited state and thus to repopulate the
computational levels. The Rydberg level is indeed only an
ancillary level, as the Rydberg states would lie outside the
Hilbert space spanned by the states of the computational
basis. In such a way, the operator implemented is a CZ gate
instead of the ZZ gate presented in Eq. (5). ZZ, however,
differs from the €z gate by just single-qubit operators and
a global phase. The mapping of all the parameters used in
the QAOA with Rydberg atoms is thus complete and can
be used to create the desired state with Rydberg atoms.

V. CLUSTER STATE AND ERROR-CORRECTION
ENCODING CIRCUIT

The algorithm described in this work is general and can
even be applied to any physical architecture for which the
control Hamiltonians Hy and H; are applicable but for
an analysis of the results we focus on the success of the
scheme for generating a five-qubit full cluster state and for
realizing the perfect error-correction encoding circuit using
the Rydberg-atom platform.

A. Cluster state

Cluster states were first introduced by Briegel and
Raussendorf [39]. A general cluster state |C) is defined
through the following eigenvalue equation:

K, 10 = (=D |0), &)

where the correlation operators are K, = X, ®pen) Zb»
N (a) identifies the neighborhood of the qubit a € C, and
ks € {0, 1}.

A cluster state is a highly entangled state in terms of the
Schmidt measure and, compared to other notorious quan-
tum states such as GHZ and W states of the same size, it
requires more projective measurements to be disentangled.
This property, the so-called persistency of entanglement, is
at the basis of one-way quantum computation with cluster
states. In one-way quantum computation, a sequence of m
projective measurements is realized on a given subset of m
qubits of a (n 4+ m)-qubit cluster state. The complementary
subset of n qubits that have not been measured will then
define the n-qubit target state. This scheme, also known
as measurement-based quantum computing, is realizable
when the initial states have an unbound entanglement
width. In fact, this measure of bipartite entanglement is
bound for most entangled states, including GHZ states,
but it is unbound for cluster states. As such, the cluster
state represents a precious resource for universal quan-
tum computation, so as to deserve the great attention that
it has attracted since being introduced. As an example,
the implementation of this scheme for universal quantum
computation has been proposed with Rydberg atoms.

In order to test our scheme, we consider generating a
fully entangled cluster state with k, = 0 and in which all
the qubits are nearest neighbors of each other and are as
depicted in Fig. 3.

B. Error-correction encoding circuit

The efficacy of our algorithm is also evaluated by
using it to directly implement the five-qubit circuit used
to robustly encode quantum information in the Perfect

) TR

FIG. 3. A diagram of an ideal five-atom cluster state. Starting
with all qubits (red circles) in the |+) state, the qubits are then
entangled using a CZ gate to each adjacent (i.e., connected with
a line) qubit within the diagram. Two separate geometries are
depicted that realize the same cluster state.
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FIG. 4. The perfect quantum error-correction gate [40], where
the ith row refers to the ith qubit. The circled “R” represents
the application of a Hadamard gate, the circled 7 represents a
7 phase change, and the x symbol represents a NOT gate. These
gates are conditional upon all of the circles connected to them
being satisfied, where a hollow circle implies the control state
needing to be |0) while a filled circle is conditional on |1). The
state being encoded is |«), while the rest are auxiliary qubits
initialized in state |0).

Quantum Error Correcting Code [40]. In this scheme, the
quantum circuit reduces the errors on a logical qubit by
distributing the information over five physical qubits: the
qubit in the state one wants to preserve and four auxiliary
qubits. Once the information of the qubit has been encoded
in the five-qubit state, it is possible to retrieve it through
a decoder circuit symmetric to the encoder. In fact, the
states of the four auxiliary qubits will provide a diagno-
sis of the error witnessed by the system. Specifically, the
code can detect both a sign and a spin flip of any of the
qubits. The initial state can finally be restored with a sim-
ple unitary transformation of the main qubit. A scheme of
the error-correction encoding circuit is shown in Fig. 4.

VI. RESULTS
A. Circuit depth

The number of parameters used to prepare the target
state or circuit is not fixed a priori and the experimen-
talist chooses the one that provides satisfactory results on
each occasion. We have investigated how the quality of the
algorithm depends on the depth of the circuit.

First, we examine the abstract formulation shown in
Eq. (5). Optimizing the time parameters for this general
formulation is in fact less time consuming than taking into
account the Rydberg equivalences described in Sec. V.
Moreover, we observe that the Rabi angles found for
the general case are good starting values for a subse-
quent optimization that incorporates details of the physical
implementation.

The algorithm is tested by optimizing over different
depths p. Once we have fixed the number of parame-
ters N = 5p, we have optimized them to find the state
[y ) generated by the algorithm that maximizes the fidelity

F = [{lyr10) |2 with the target state |C). We have sampled
40 states in this way. We have proceeded in an analogous
way for different values of A/, by sampling 40 states for
each A/. In particular, we have considered a number of
parameters ranging from 20 to 45 for the cluster state.
The optimization algorithm used in this analysis is the
annealing optimization algorithm. It does not guarantee
to provide the optimal set of parameters but the fidelity
of the state generated with the parameters provided by
this optimization approximates the fidelity of the optimal
state. In general, the optimization algorithm provides dif-
ferent results at each run, especially when the parameter
space has many dimensions. Therefore, averaging over 40
sampled states for each number of parameters improves
the reliability of the results. A monotonic increase for the
mean of the fidelities is observed by increasing the depth
of the circuit. In fact, the absolute value of the corre-
lation coeflicient between the logarithm of the deviation
from fidelity and the number of sequences is larger than
97%. A plot of the results for the fidelities obtained for
the cluster state and their dependence on the depth of the
circuit is shown in Fig. 5. Similarly, in Fig. 6, we report
the fidelities obtained for the error-correction encoding cir-
cuits generated by the QAOA with different depths. In the
case of the error-correction encoding circuit, the fidelity
between unitary operators V" and U has been defined as
F =|Tr (V'U)|/Tx (UTU).

Many time-consuming runs of the classical optimization
algorithm are required to produce the plots reported in this
work, with a significant number of parameter-dependent
fidelities that are calculated at each depth. As a conse-
quence, the plots show the results up to a given depth
and do not necessarily show the best ones for the tar-
get circuit. However, higher depths are investigated with
the even more time-consuming method that considers the

4 5 6 7 8 9
Depth

FIG. 5. One minus fidelities of the cluster states generated
with the QAOA after a dual annealing optimization of the param-
eters, plotted against the depth of the quantum algorithm. The
semilogarithmic scale emphasizes the success of this method and
how it grows with the circuit depth.
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FIG. 6. The fidelities of the error-correction encoding circuit
generated with the QAOA after a dual annealing optimization of
the parameters versus the depth of the quantum algorithm.

Rydberg-atom implementation as described in Sec. V.
The quality of the prepared state witnesses an improve-
ment with the depth of the algorithm in this case as
well. The best results of the fidelities obtained for the
error-correction encoding circuits increases linearly with a
Pearson coefficient larger than 99%, from a depth p = 18,
where F =~ 90.0%, up to a depth p = 25, where F = 1 is
reached up to machine precision.

Each point in the scatter plots of Figs. 5 and 6 refers to a
value of the fidelity that has been evaluated as a result of an
optimization of the Rabi angles for the cluster state and the
error-correction encoding circuit, respectively. Each opti-
mization provides a different result because of the intrinsic
randomness of the optimization algorithm that has been
used. Therefore, the optimization result is not necessar-
ily the best result possible at the given depth. In order
to provide the reader with a measure of the behavior of
the optimization algorithm and of the probability of get-
ting a given result with it, we have chosen to report all
of the evaluated fidelities with overlain scatter and box
plots. As an alternative to this representation, we pondered
about realizing the extreme-value analysis of the collected
results. The extreme-value statistics would have provided
the probability density of obtaining a given fidelity value
after a fixed number of optimizations. In order to do so,
we would need to identify the probability density that
fits the observed distribution of data around the expected
maximum. However, this identification has proved to be
prohibitive in our case. The maximum reachable fidelity
at each depth has not been identified here, with the results
providing just a minimum for it. Moreover, even fixing a
value for this maximum, the number of recorded fidelities
is not large enough to determine the fitting parameters with
satisfactory accuracy.

To gain more insight into the optimization procedure,
the plot in Fig. 7 displays three examples of the evolution
of the fidelity with the Perfect Quantum Error Correcting

0.7
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0.0

0 20 40 60 80 100
Hamiltonian evolutions

FIG. 7. A plot of the fidelities with the target error-correction
encoding circuit and the operation realized after a given Hamilto-
nian evolution for three instances of the QAOA of depth p = 20.
In general, the fidelity is far from its final value until the last step.

Code after each Hamiltonian evolution of the algorithm
with a depth of 20. By the expression “Hamiltonian evo-
lution,” we refer to each of the terms introduced in Eq. (5).
We observe that the fidelity does not increase steadily
toward the final value but, instead, experiences an abrupt
jump at the last step for each of the three examples. This
suggests that the fidelity might not be the best measure to
use to capture the path of the state toward the target. Anal-
ogously, the plots for instances with depths equal to 4, 8,
12, 16, and 20 are compared in Fig. 8. We observe that the
states have unique fidelity trajectories for different depths,
evolving along paths through Hilbert space that are non-
monotonic in any distance measure induced by the fidelity.
Importantly, the optimal results for greater-depth circuits
are not obtained by adding fine-tuning steps after the opti-
mal results of the shorter-depth circuits; each trajectory is

07{ — p=4
p=38

061 — p=12
— p=16

05] — p=20

0.4

0.3

0.2

0 20 40 60 80 100
Hamiltonian evolutions

FIG. 8. A plot of the fidelities with the target error-correction
encoding circuit and the operation realized after a given Hamil-
tonian evolution for five instances of the QAOA of depth p =
4,8,12,16 and 20. In general, the fidelity is far from its final
value until the last step.
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FIG. 9. The fidelities obtained by simulating control on four,
five, and six Rydberg atoms to create four-, five-, and six-qubit
fully connected cluster states using the QAOAs of different
depths. The dots represent the classical optimization run at each
depth for four-, five-, and six-qubit cluster state; the straight
lines are the exponential fit of the observed data. Fixing one
minus the fidelity of the initial n-qubit state to a,, the parame-
ters A, of the fitting function a,e™*” take the following values:
Ag >~ 1.06,15 ~ 0.46, and A¢ ~ 0.37. The line at F = 99.9%
highlights how systems with a smaller number of qubits reach
this fidelity value at a lower depth.

unique. These counterintuitive paths demonstrate the use-
fulness of relying on our algorithm to find optimal control
operations.

In order to evaluate how the fidelities at given depths
scale with the number of qubits of the target state, we
analyze the trend of the fidelities obtained by simulating
control on four, five, and six Rydberg atoms, as described
in Sec. 1V, to realize four-, five-, and six-qubit cluster
states, respectively. The results are plotted in Fig. 9. We
observe that at a given depth, target states with fewer
qubits can be realized with higher fidelity. We can conclude
that for a given threshold fidelity, larger depths are required
to realize larger qubit states. As an example, a fidelity of
99.9% is reached at depths of p =4, 10, and 16 for the
four-, five-, and six-qubit cluster states, respectively.

B. Robustness

In the analysis undertaken so far, no error has been intro-
duced in the calculations but errors cannot be neglected in
real-life experiments with Rydberg atoms. The lifetime of
the Rydberg atoms and the Rydberg shift in the blockade
are indeed the main features affecting the fidelity of the
results. Therefore, a careful choice of the intensities of the
pulses is crucial to increase the fidelity of the results [22].
On one hand, each intensity needs to be large enough to
allow short time pulses while, on the other, we want to
limit, as best as possible, the off-resonant transitions that
arise from excessively strong pulses. As such, we investi-
gate how the fidelity of the generated state and, therefore,

the optimal depth of the circuit are affected by the presence
of some noise in the system.

In our theoretical model, we incorporate all of the errors
from different sources into deviations from the optimal
parameters of the QAOA found for the noiseless system.
To this end, we have exploited the periodicity over 2w of
the arguments of the unitary operators in Eq. (5). Indeed,
a different value randomly picked from a uniform distribu-
tion in the interval [—m R, mR] is added to each parameter
of every optimal sequence. The coefficient R is referred to
as the magnitude of the error. When R is equal to zero,
no change is made to the sequences of parameters and
when R is equal to 1, the parameters turn out to be uni-
formly distributed in an interval of length 2, thus losing
any information about the target state. Finally, for each
sequence, we calculate the fidelity of the state produced by
the new set of parameters. This procedure is repeated many
times for each state, in order to average over the statistical
fluctuations of the simulated noise.

The differences between the results obtained with no
noise and after introducing a noise level R = 1% are
reported for the cluster state and the error-correction
encoding circuit in Figs. 10 and 11, respectively, as a func-
tion of the depth of the circuit. For both applications, we
observe a loss of fidelity that increases with the depth of the
circuit. This behavior suggests the existence of a threshold
depth for a given noise level that maximizes the qual-
ity of the generated state. The depths considered in this
work, however, do not allow us to identify such a thresh-
old value; one might be found by investigating the results
obtained with deeper circuits. The values of fidelities with
R =0, 1073, and 1072 reachable by the QAOA protocol
for absolutely maximally entangled (AME) states with five
(AMES) and six (AMEG6) qubits and for the GHZ state are
shown in Table 1.

0.25

Depth

FIG. 10. Decreases in the fidelities of the cluster states gen-
erated with the QAOA after a dual annealing optimization of
the parameter with noise level R = 1% relative to the same opti-
mization without noise, plotted against the depth of the quantum
algorithm.
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FIG. 11. The difference between the fidelities of the error-
correction encoding circuit generated with the QAOA after a dual
annealing optimization of the parameter without noise and with
noise level R = 1% against the depth of the quantum algorithm.

C. Physical implementation

The physical implementation considered in the simu-
lation is mostly based upon the experimental setup pro-
posed in Ref. [16]. The isotopes of ®’Rb that are used
as Rydberg atoms are arranged in a linear array of
trough optical tweezers. The spacing is set to 5.24 pm,
which results in a nearest-neighbor interaction strength
of V4 = 2w x 24 MHz. The equivalences between the
logical and the Rydberg states and the energetic lev-
els of the atoms are |0) = |58, F = 2,mp = =2}, |1) =
|6SP13/2,F = 3,mF = —3), and |}") = 70S1/2,J = 1/2,
my =—1 /2). The frequencies of the driving pulses from
the ground to the excited state 2, and from the excited to
the Rydberg state 2, are 2, =27 x 60 MHz and @, =
2w x 36 MHz.

With these numbers, one can use the algorithm to con-
struct a set of pulse sequences required to create any state
or enact any quantum circuit. As an example, the pulses
required to prepare a five-qubit error-correction encoding
circuit are reported in Fig. 12. The intensity of the laser
illuminating the target qubit, in the sequences of pulses
that realize the CZ operators, has been set to be smaller than
the intensity used for all the other pulses, so as to minimize
the possibility of off-resonant transitions when the Rydberg
blockade is induced by the control qubit.

The state |e) is not long lived compared to the duration
of the sequence or the ground (|g)) and the Rydberg (|r))

TABLE L. The fidelity of the generated states with and without
noise.

State Fidelity R=1% R=0.1%
GHZ 99.93% 97.7% 99.91%
AMES5S 99.9% 98.5% 99.86%
AME6 99.83% 98.3% 99.82%

(a) Rabi Pulse Sequence (MHz)

o

Qubits 1

Qubits 3 Qubits 2

Qubits 4

Qubits 5

10 15
Time (ps)

(b) Detuning Pulse Sequence (MHz)

250
ul o  —— — — i T ‘
0 5 10 15 20 25

Time (us)

FIG. 12. (a) The Rabi-frequency pulse sequence for the gener-
ation of the error-correction encoding circuit. The pulse sequence
consists of a series of square-shaped pulses acting upon the dif-
ferent qubits 1-5, where the red pulses refer to driving fields
from |0) — |1) and the blue pulses refer to driving fields from
[1) + |r). (b) The frequency detuning A of the blue pulses.

states. This necessitates using an ancillary pulse to coher-
ently shuffle population between the intermediate state
(le)) and an additional long-lived ground spin state of
the Rb atom. This is routinely done in quantum memory
experiments with atomic ensembles.

VII. DISCUSSION AND CONCLUSIONS

The quantum circuit model is the most common model
of quantum computation. It makes use of multiqubit states
on which the information is encoded, processed, and
extracted and quantum circuits that realize these opera-
tions. Therefore, the quantum state and the circuit gener-
ation are crucial prerequisites for efficient quantum com-
putation. As an example, entangled states are an especially
precious resource for quantum computation without any
classical counterpart. However, their preparation turns out
to be, in general, a complex task that might require sig-
nificant resources to be realized [41]. Our state-generation
scheme with the QAOA aims to overcome these challenges
by employing a classical optimization of the parameters
and a widely used physical implementation.
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The universality of the QAOA is the main cue for
the realization of universal quantum control with this
algorithm. The protocol proposed in this work guarantees
that any n-qubit state can be achieved with the desired
approximation just by using local and two-local interac-
tions among qubits. The depth of the circuit and the inter-
action times are determined according to the target state
and the fidelity that the experimenter wants to reach. The
theoretical description of the scheme and the efficiency
in its abstract formulation are independent of the possi-
ble implementation. Only once a physical setup is chosen
for the implementation of the scheme must a proper, even-
tually nontrivial, mapping of the parameters in terms of
the system Hamiltonian be taken into account. An array of
Rydberg atoms, where the two-atom interaction is realized
through the Rydberg-blockade phenomenon, is chosen for
its popularity.

The results achieved for the quantum states taken into
consideration show that quantum control with the QAOA
can be a valid scheme for many applications. The efficacy
of the scheme appears more clearly when one wants to
initialize more complex states, e.g., with a higher entan-
glement, and where other protocols require a significant
amount of resources. Indeed, it is less affected by the state
that must be initialized; it operates on a widely employed
implementation that requires just nearest-neighbor interac-
tions and a limited number of pulses to produce highly
entangled quantum states and even a five-qubit quantum
circuit with a significant number of gates. The fidelity of
the states and circuits might be further increased through
a more reliable optimization of the parameters realizable
with more computational power and advanced optimiza-
tion protocols.

The simulation that supports the findings of this study is
openly available on GitHub [42].
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Chapter 6

Conclusion

This thesis dealt with the preparation of quantum states in photonic and Rydberg
atom implementations. In chapters 2 and 3, two alternative sources of non-Gaussian
states that are necessary to realize universal quantum computation are proposed.
Specifically, GKP states and Schrodinger cat states have been chosen as targets of
the simulations for their role in fault-tolerant quantum computation, among other
applications. For both schemes, the simulations reveal that the alternative sources
guarantee a significant advantage over the conditional source on which they are based.
The results on the circuit with non-Gaussian inputs, as well as the source relying on
adaptive tuning of the parameters, also suggest that the efficiency and the advantage
over the original source can be further increased by using larger circuits. Chapter 4,
instead, focuses on the exact simulations of GKP states realized with the cat breed-
ing protocol. The breeding protocol is used, for example, by Xanadu together with
a conditional generation realized with PNRD to generate the GKP states that form
the cluster used in the computation. Yet, the description of the states is in gen-
eral approximate, since it is given in terms of Gaussian Random Noise states. The

manuscript instead shows the discrepancies revealed by numerical simulation and the
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expectation values of stabilizer operators calculated by manipulations of GRN states,
and provides the analytical description that allows one to find the stabilizers analyt-
ically. The manipulation of Rydberg atoms to prepare any state or qubit is finally
proposed in the last chapter. The results show the versatility of the QAOA, which
allows one to approximate any state with arbitrary precision. Moreover, the scheme
is not constrained to fulfill a possibly challenging-to-realize sequence of gates, and it
can be adapted to general experimental parameters and geometries of the Rydberg

atoms.

6.1 Outlook

While this thesis addresses the research carried out up to this point, additional work
is currently underway within the group. Specifically, further research is being con-
ducted to use the GBS and GBS-like devices introduced in the thesis as conditional
sources of non-Gaussian states to realize quantum reservoir computing in photonic
implementation by encoding the information into the parameters of the input states
or the passive interferometer.

Preliminary results suggest that the determination of the encoding of the infor-
mation into the parameters of the GBS setup is crucial to establish an advantage over
classical schemes. However, the early results reveal an advantage when comparing
the time series predicted with a GBS reservoir and the series achievable using only
linear regression.

Another project, in collaboration with Prof. Stephan de Bievre from the Uni-
versity of Lille, involves the characterization of Cubic Gaussian states. In particular,
numerical simulations are employed to determine the entanglement produced when

two cubic Gaussian states are interfered in a beam splitter. The results are then
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compared with other common CV states.

Finally, in September, a collaboration with Xanadu will start on quantum com-
putation with non-Gaussian resource states. The aim is to introduce new metrics and
figures of merit for the quality of the error-correcting states, which may lead to the

identification of novel state sources that are more efficient and robust.
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