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Abstract

This study investigates the behaviour of fully developed fluid flows in concentric annuli
with rough surfaces and moving cores, by analytically predicting the effects of surface
roughness, core velocity and turbulent motion on the momentum and heat transter characteristics

of the flow, such as friction forces, velocity profiles, temperature profiles and heat transfler.

The analytical predictions are produced by a mathematical model based on an adaptation
of Prandt!’s mixing length theories and on the data of previous studies of turbulent flow in annuli
and rectangular channels which were artificially roughened. The computer program developed
for this study employs an iterative process to match velocity and temperature profiles with force

and energy balances and calculates the desired momentum and thermal characteristics,

The results indicate excellent correlation with previous experimental data on rough annuli
with static cores and smooth annuli with moving cores. From these results, the combined elfects
of surface roughness and moving cores are inferred. New equations are proposed for predicting
the radius of maximum fluid velocity and the effects of core velocity on roughness, in terms of

annulus radius ratio, roughness geometry, flow’s Reynolds number and core velocity.

The study demonstrates the advantages, under certain conditions, of using roughness
elements to increase heat transfer and enhance the overall efficiency in the cnergy transfer

processes involved.
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Nomenclature

A  cross sectional area of the channel; constant
cp:  specific heat

C,: constant

C,:  constant

Dy:  hydraulic diameter. For annulus, D,, = 2 (Ry, - Ry)

e height of roughness elements
fo: friction factor for annulus with rough surface(s)
f: friction factor for annulus with smooth surfaces

F f/f,

h convective heat transfer coefficient

H: Nu,/Nu,

k thermal conductivity

K: Von Kérman’s constant

l: Prandtl’s mixing length

m:  z/e, proportionality constant

Nu:  Nusselt number

Nu,: Nusselt number for annulus with rough surface(s)
Nu,;: Nusselt number for annulus with smooth surfaces
P: Pressure; pitch between roughness elements

Pr:  Prandtl number

Pr;  Turbulent Prandtl number; ey/e,

q: heat flux

r: radial coordinate

R: Surface radius

Re:  Reynolds number

R,;: radial location of maximum velocity

R, Non-dimensionalized Ry = (Ry - Rg;) / (Rg, - Ry
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Rme:

YIllf:

Yos:
Z:

Ratio of Rm calculated by computer iteration over Rm predicted by Eq [3.30]
annulus width; (Ry, - Rg;)

time

temperature

bulk temperature (see Appendix A6, Eq [A6.10] and [A6.11])

axial velocity vector; also written in short form: u

radial velocity vector; also written in short form: v

Core velocity

Non-dimensional core velocity (see Eq [3.24])

Radial velocity

relative radial position, | Ry - Ry |

relative location of maximum velocity in rectangular channel (see Eq [2.1], [3.29]
and [3.30])

relative location of zero shear stress in rectangular channel (see Eq [5.3] and [5.4])

olfset position for zero fluid velocity above root of rough surface (see Eq [3.28])

Greek symbols

o
B:
8"
Ap
&
By
T:
A;
e
[
%
p:

P

radius ratio, Ry/Ry, ; thermal diffusivity
constant

| Ry - Ry |

6 /R"

¥, 18;*

shear velocity

shear stress

Van Driest’s damping constant

turbulent eddy diffusivity for momentum
turbulent eddy diffusivity for heat
dynamic viscosity

density

kinematic viscosity



B e R

angular coordinate
constant
constant

constant

Superscript

time averaged quantity

non-dimensionalized parameter using shear velocity
time rate of change

fluctuation

per surface area

Subscripts

b:

Bi:
Bj:
Bo:
Core:
H:

i

ii:

io:

bulk

radial boundary of roughened core , Ry; + z,

Bi or Bo

radial boundary of roughened outer surface, Ry, - Z,
associated with the moving surface of the annulus

heat, hydraulic (for Diameter Dy))

inner surface; inner surface heated (see Appendix A, Eq [A.7])
condition at core surface when core is heated

condition at core when outer surface is heated

ioro

ii or oo

oori

momentum; location of maximum velocity

condition of mean flow when core is heated

condition mean flow when outer surface is heated

outer surface; outer surface heated (see Appendix A, Eq [A.7])

condition at outer surface when core is heated
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0i: condition at outer surface when outer surface is heated
pP: pressure

r: radius; rough surface

Ri:  Core radius

Ro:  outer surface radius

5 sublayer region; smooth surface
L turbulent
7! wall coordinate non-dimensionalized with wall shear stress
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Chapter 1

Introduction

Fluid flows in internal passages have a long tradition of theoretical interest, in particular
flows in circular passages and annuli. The theorctical aspect is indeed insightful: nevertheless,
the problem has ramifications into the realm of practical applications that warrants serious
investigation beyond mere intellectual curiosity. The class of problems concerning annulus flow
with moving cores arises out of real engineering applications such as high speed trains in long
tunnels, heavy traffic in tunnels, cooling of radioactive rods in nuclear reactors, etc. The
generation of heat from inside a long passage makes its evacuation a dominant design problem.
Analytical models for predicting the rate of heat transfer from the heat source to the surrounding
fluid (such as air) are unfortunately scarce, as noted by Barrow and Pope [1]. Because turbulent
boundary layers are well known for being more effective in convecting heat away from a
surface, as explained by Dunn and Reay [2], there is heightened interest in modelling surface
roughness. But rough surfaces increase friction losses, thereby placing an added burden on the
pumping power required to evacuate heated fluids. Under certain combinations of artificial
roughness and Re numbers, it is possible to improve overall energy efficiency of the energetic

process. There lies the ultimate goal of the present study.

The problem investigated in this study can be ascribed this general description: a fluid
flowing in a concentric annulus, with rough internal surfaces and a moving core. The boundary
layer is fully developed (i.€., the velocity and temperature profiles are invariant along the axial
and angular directions and time independent). The heat source generates a constant heat flux
at the heated surface. Finally, the surfaces are artificially roughened by regular, square
roughness elements, evenly spaced along the surface. The basic differential cquation to be

solved in this case is:



ouy _ _1oP v o ou)
u(r) dx p ox ror ( r ar ] [1.1a]
() a“’) - : 2 ( ag’)] [L15])

The mathematical analysis of the problem has only been partially solved. In the case of
faminar fluid flow, a complete solution to Eq [1.1] can be obtained analytically, as demonstrated
in Appendix B. Turbulent fluid flows, on the other hand, exhibit added complications that make
a closed analytical solution of Eq [1.1] impossible to achieve. Indeed, when the variables u(r)
and T(r) are decomposed into a time averaged value and a fluctuating component, turbulent

terms appear in the basic differential equations:

utny au(r) = - 18P + 38 [r (GE(T) - u"v’] [1.2a]
pax raor or
7 . a2 [[al_ﬂ | 124
r o or

u(r) + u'(n) and

where u(r)

) = )+ '

These new terms, called apparent shear stresses and apparent heat fluxes respectively, cannot
be solved analytically (derivation of Eq [1.2] can be found in basic heat transfer text books such
as [3], [4] and [5]).

The body of work on turbulent heat transfer in annulus passages is considerable for the
case of an annulus with the core at rest and both annulus surfaces smooth (see Rothfus er al [6],
Sleicher and Tribus [7], Shigechi et al [8] through [11], Nikuradse {12], Schlichting [13],
Launder [14], Tanaka and Yabuki [15], Jones and Launder [16], Clauser [17] and Hama [18]).
Surprisingly, the literature regarding annuli with rough surfaces is significantly more scant,
owing perhaps to the inherent difficulty in modelling the roughness elements and their effects
(see Lee [19], Lee and et al [20] through [23], Perry and Joubert [24], Wu [25] and Ahn [26]).
The added complication of moving cores has not, to the author’s knowledge, been the subject
of scientific publication except for the case of laminar flow in a smooth annulus with moving
cores (Lee [27]).



The modelling confronts numerous difficulties: the ineffective characterization of surface

roughness by a single parameter; the establishment of the position of maximum fluid velocity;

the impact of artificial roughness on the location of zero {luid velocity near a roughened wall;

the determination of accurate profiles for the velocity and temperature in the fluid; and the

combined effect(s) of a core velocity and surface roughness on the behaviour of the boundary

layer. Thus, to solve the closure problem of Eq (1.2}, it is necessary to model the turbulent

terms and roughness variables.

In this context, the research objectives of this study are set as follows:

4

To determine the velocily and temperature profiles across a
concentric annulus, and their variations caused by varying «, core
velocity, Re, Pr and roughness geometry;

To predict the fluid characteristics such as mean velocity, mean
temperature and friction factor, and the local Nusselt number;
To compare the predictions with experimental data and verily the

adequacy of the models;

To derive empirical formulations for predicting the location of

maximum velocity Ry, and the position of zero velocity z,, in
terms of «, core velocity and roughness elements; and

To determine the overall efficiency of the heat transfer process by
comparing the heat transfer with viscous forces. The efficiency is

measured in terms of the following expression:

H/F = (Nu/Nu) / (,/f)

[1.3]



Chapter 2

Literature Survey

2.0 General

The study of turbulent fluid flow in smooth surface conduits has been the subject of
intense research over the years, due to the numerous engineering applications in which turbulent
fluid flow occurs. The research has been successful in establishing with high degrees of
correlation the characteristics of flows in circular pipes, annuli and long ducts with large aspect
ratios, Such flows grow quickly into a fully developed state, usually within a few diameters of
the tube entrance. The thermal boundary layer also reaches an invariant state within
approximately the same distance (see Chapman [4], p. 280 and Schlichting [13], p. 560).
However, the majority of the work done on channels has dealt with conduits whose internal
surfaces were smooth. Early attempts to investigate the effects of artificial roughness on the flow
encountered at least one severe constraint: one variable could not adequately describe the
geometry of the roughness elements, which led to wide variations in results in the literature'.
Better modelling has only recently been introduced with the advent of Computational Fluid
Dynamics and higher order turbulence models, such as discussed by Kays and Leung [3] and
presented by Launder [14], Tanaka and Yabuki [15] and Jones et al [16).

Bhuivan [22] investipated a number of values for the parameter "m", which represenis a
proportionality constant for predicting the hypothetical position of the location of zero fluid
velocity in the immediate neighbourhood of a rough surface. The variation in the “measured”
value of m by numerous authors, led Bhuiyan to devise a new way to describe the effect of
roughness clements.

It should be noted that these higher order turbulence models still contain shortfalls, one of which
is the often-required need to tailor the turbuience models to the application. Hence, one needs a
priori knowledge of the flow characieristics before applying the model. Also, these higher order
models do not propose stand-alone expressions for calculating the quantities but rather they
propose sets of differential equations, necessitating powerful computer resources.

4-



2.1 Fully developed turbulent flow in smooth annuli
2.1.1 Turbulence terms

A complete analytical solution of Eq [1.2] cannot be obtained, even for the simplified
problem involving a fully developed velocity and temperature profile, time independent, and with
constant fluid parameters. Consequently, the development of a mathematical model for the
problem in question necessarily requires artificial modelling of the turbulent parameters such as
w’'v’, u'u’ and u’p’, etc. An early and highly successful attempt to model the twrbulent terms
was proposed by Prandtl (See Chapman [4] for a briei’ overview of the origins and basis for the
theory). The mixing length theory® provided excellent insight into the mechanisms involved
in the transport of momentum in locally fluctuating regions of a flow. However, the mixing

length theory had serious shortfalls®, as can be seen in Figure 2.1.

Qs 0%
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Figure 2.1: Calculated Prandil's mixing length and eddy viscosity, o = 0.125

{from Brighton et al |32], pagc 840)

Essentially, Prandtl assumed that a turbulent term was proportional to the mean velocity gradient
of the fluid, in the direction normal to the velocity’s dircction, with the proportionality constant
varying according to its distance from the wall.

Brighton et al [32], for example, indicated that the measurcd turbulence parameter ¢'v' in an
annulus flow exhibited a pseudo parabolic distribution across the channel, but that the mixing
length theory predicted an asymptotic progression of the proportionality constant, with a value of
infinity at the point of maximum velocity, a fact that is physically impossible.

-5-



Von Kdrman [28] expanded on Prandtl’s hypothesis by adding the second derivative of the mean
velocity into the equation. Von Karman’s mixing length theory does not, however, improve

significantiy upon the predictions of Prandtl.

Despite these shortcomings, Prandtl’s mixing length theory has been successfully used
in numerous calculation schemes to predict momentum and heat transfer characteristics. It has
also been the subject of numerous improvements, particularly by Van Driest [29] and Reichardt
[30]. ‘The works of Lee et al [11], [19], [20], [21] and [27], as well as those of Kays and Leung
[31], Brighton & Jones [32], Barrow et al [33], Anderson et al [34] and Allan and Sharma [35]
have demonstrated that the modified model is able to predict with high confidence flow

parameters across most of an annulus’ cross-section.

2.1.2 Higher-order turbulence models
In recent years, the advent of powerful computers encouraged scientists to develop more

complicated turbulence models, such as the x-¢ model, first published by Harlow and Nakayama
|36]°. The x-¢ model offers significant improvements in the predictions of flow behaviour (see
Jones et al |38] [39] and Lam and Bremhorst [40]% but has the drawback of being more difficult
to apply because of the requirement to simultaneously solve two third-order non-linear
differential equations. In addition, the model does not escape the necessity of modelling
turbulence terms. In fact, the modelling’s difficulty has increased by one order of magnitude,
dealing with tensors instead of vectors or scalars. But perhaps the biggest disadvantage of the

model is the need to have a priori knowledge of the solution before applying the model.

2.1.3 Theoretical Statistical Turbulence

Another approach to the investigation of analytical means of quantifying turbulent terms

% Hinze [37] discusses the driving motivation in developing the x-¢ model. See also [17].

®  Impressive results have been published on the investigation of the model by contemporary
workers. The model has been undergoing constant improvements and is still under study.

-6-



is to study the problem statistically. Theoretical Statistical Turbulence’. as it is called, was
developed to mathematically describe the interaction of turbulent eddies that swirl around in
isotropic turbulence. The model does provide a straightforward means of characterizing
turbulent parameters, such as the eddy viscosity, based on the Dynamic Equation for isotropic
Turbulence. This powerful equation equates the net rate of change of Total Kinetic Energy
(TKE) to the sum of the net rate of energy transter between eddies of larger sizes to eddies of
smaller sizes, and the rate of TKE dissipation by viscous forces®. Unfortunately, there exists
no accurate mathematical expression for the TKE dissipation term; the model is therefore
restricted to an extremely limited class of problems and has not bridged the gap to extend to
channel flows.

2.1.4 Turbulent velocity and temperature profiles

Concurrent to the search for modelling the turbulent parameters has been the effort to
derive expressions for predicting the velocity and temperature profiles across the annulus, One
simple yet effective expression can be obtained from the Prandtl’s mixing length theory: the
logarithmic law of the wall. Workers previously noted have had equal success in matching
experimental data to computer predictions. Data have shown that the law of wall works very
well for circular cylinders (see Kays and Crawford [3], p. 197), and for the flow region in an
annulus bounded by the outer radius and the position of maximum velocity, Ry, For the inner
region, the law of the wall is deficient and requires some modifications to better reflect the
experimental evidence (Lee [19], Kays and Leung [31], Brighton and Jones {32], Barrow and
Lee [33], Anderson et al [34], Allan and Sharma [35], Launder 143]). The temperature profile
can also be derived from Prandtl’s mixing length theory (Kays and Crawford [3], p. 241) bhut
workers have traditionally reverted to ~=rforming numerical integration to obtain these profiles.

The techuique, used notably by Lee et al, [19] and [20], has correlated well experimental data.

Hinze [37], pp. 200 10 260, presents a thorough development of the Dymamic Equation for
isotropic turbulence. The subject is also discussed at length by Monin and Yaglom |41], pp.337-
346 and Stinisik [42] pp. 40-60.

TKE expresses the energy contained in the motion of lumps of fluids moving spatially as swirling
eddi- ;.

-7-



2.1.5 Position of maximum velocity

Research efforts have placed a high emphasis on finding empirical expressions for
calculating the position of maximum velocity, Ry. That emphasis was justified by the
importance of Ry; indeed, regardless of the models used, one must know where Ry lies in
order 1o satisfy the forces and energy balances of the flow. For the laminar case, Ry can be
analytically derived (see Appendix B). For the turbulent case, it cannot. Empirical expressions
have been proposed, notably those of Kays and Leung [31] and Barrow et al {33]. An obvious
limitation of any of these expressions is their inability to account for surface roughness; they
were derived for smooth annuli only (the topic is discussed in greater detail in Chapter 35,
Section 5.2.2). The expressions are not applicable when a moving core is involved. Other
workers have elected to estimate R,, by computer iterations and have had good success in

duplicating experimental data (see for example Lee [20} and Ahn [206]).

2.2 Fully developed turbulent flow in rough annuli

2.2.1 Annulus with rough surfaces and static core

Nikuradse [12] was the first to experiment with pipes artificially roughened with grains
of sand uniformly spread over the inside wall. Using the average size of the sand grains, he
provided the first means of asserting the roughness of a surface. He defined a roughness
Reynolds number Re,. For Re, < 5, the surface was perfectly smooth. Above 70, the surface

was [(ully rough. Middle values indicated a transition towards a fully rough surface.

The difficulty with Nikuradse’s formulation lies in determining the roughness size k.
Schiichting {13] later proposed the concept of equivalent sand grain roughness but did not

completely remove the difficulty in assessing the roughness size and geometry.

To circumvent the problem, workers introduced the notion of a shift, from the surface,
of the position of zero fluid velocity. Bhuiyan [22], working on rectangular channels with one
surface roughened, looked into the many schemes of calculating this shift, usually found in the

literature as the letter m, Workers such as Hanjalic (44] found that the velocity of a fluid near
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a surface roughened with geometric elements could be modelled to reach zero at an imaginary
radial position above the root of the roughness gap and named that distance "z". "z is dircetly
proportional to the depth of the roughness. ¢, the proportionality constant being given by m.
Bhuiyan [22] observed a wide spread in the predicted values of m, which indicated a deficiency
in the methodology for defining m. Bhuiyan departed from the use of m and derived an
analytical expression for predicting the imaginary position z,,, based on an empirical cquation
for predicting the location of maximum velocity, The formula was applied successfully in
subsequent work by Lee er af [19], [20], [21], [27], Hama [L8] and others |24], [25}:

0.140 0.201
I 0299 x ReOMS [§ < (f) [2.1]
S e s

where y,, is the relative location of maximum velocity, S is the channel’s height, e is the

roughness element’s height and P, the roughness element’s pitch.

The findings of subsequent investigations clearly demonstrated that surface roughness
influences all flow parameters. In the smooth case, Ry, is closer (o the inner surface than in the
laminar case, with a tendency to get closer as the radius ratio decreases, as the data from
Brighton and Jones [32] and Barrow et al [33] demonstrated. In the case of an annulus with
inner surface roughened, R,; is pushed radially outward, as the roughness increases in severity
(see Lee and co-workers [19], [20], [21], [22], Ahn [26] and Randhave [45]). Whereas in the
smooth case the position of zero shear stress is aimost coincident with that of Ry’, Bhuiyan
found the two positions separated. Nusselt numbers were higher than for the smooth case, as
was the friction factor and heat transfer near (although not necessarily by the same increase).
The result is an increased overall efficiency in the heat transfer process (sce Lee et al [20]
21p".

®  As observed experimentally by several workers, including [7], 120], [31], [32] and [33].

®  The efficiency of the energy exchange process is represented by the ratio H/F, Equ [1.3], and is
also dependent also on the Prandil number Pr.
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2.2.2 Annulus with moving core

The latest development in annulus research has been the extension of the analysis to that
of annuli with moving cores. Motivated by considerations of long tunnels used in train
transportation and cooling of nuclear rods in a nuclear power reactor, numerous workers have
laid down the mathematical models for calculating the heat and momentum transfer parameters
of such cases, in particular Shigechi et al [8], [9], {10], [11] and Lee er al [23], [27]. Their
work has been primarily in modelling the problem for computer calculations and not focused on
experimental research. Nevertheless, the results obtained were, by extension from the static core
case, favourable and realistic. A moving core will increase in general the values of Nu and H/F
but decrease the friction factor, f. The computer models developed by these workers all used
the principles of Prandtl’s mixing length theory, along with the improvements made by Van
Driest [29] and Reichardt [30].

The additional effect of surface roughness on a fluid moving relative to a moving core
has not been the subject of investigation, at least not in the published literature. Therefore, a
new modelling of the conjugated effects of moving core and core roughened was investigated

in this study.
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Chapter 3

Mathematical model

3.1 Problem definition and assumptions

The modelling of the equations for the problem at hand is based on a series of necessary

assumptions to adequately control the computer simulation. The fluid flow to be analyzed is

subjected to the following conditions:

10.

11.

The annulus is concentric;

The fluid’s properties (density, viscosity, specific heat) are constant. The
turbulent Prandtl number Pr, is assumed to be unity;

The velocity and temperature profiles are {ully developed and turbulent;

The roughness elements are square, equally spaced along a surface, and radially
aligned on opposing surfaces;

The location of maximum velocity coincides with the position of zero shear
stress;

For the smooth surface, the boundary layer can be divided into two regions: the
viscous sublayer and the fully turbulent layer;

For the rough surface, the roughness Reynolds number is taken as being greater
than 70; therefore, the boundary layer is assumed to be fully wrbulent down to
the surface;

The effects of roughness elements observed for flat plate channels are applicable
to the annuius geometry;

There exists a non-zero axial pressure gradient in the fluid sufficient to maintain
a radially variable velocity profile; and

The eddy viscosity expression derived by Van Dricst is valid in the viscous
sublayer region. The expression derived by Reichardt is applicable in a modified

form in the fully turbulent region of the boundary layer, near a smooth surface.
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12, The Prandt’s mixing length assumption is valid for the flow region near a

roughened surface.

3.2 Modelling of eddy viscosity ratio ¢,,/»
3.2.1 The closure quandary that evolves from the fluctuation terms u’v’ and u't’ "' in Eq [1.2)

must be resolved first if a closed solution to the equation set is to be devised.

For the momentum equation, Prandtl hypothesized that the behaviour of the apparent

shear stress was similar to the laminar stress, and proposed the identity:

7 ot
uvl = -¢g, — 3.1
Ty [3.1]
where €, = proportionality constant = l% [3.2]
r

and | =Prandtl’s mixing length = xy

The proportionality constant is known as the Eddy viscosity. Eq [3.1] can be inserted back into

Eq [1.1] to yield an expression for the total shear stress term:

&

LA + g H
5 (vea) g [33]

3.2.2 Pddy viscosity near a smooth surface

The boundary layer near a smooth surface will grow from a viscous sublayer to a fully
turbulent layer. Using the basic definition given in Eq [3.1] and [3.2], two expressions for the
eddy viscosity can be established to provide a continuous description of the boundary layer
throughout the transition, based on a modified form of the original models proposed by Van
Driest [29] and Reichardt |30] (also Shigechi [8]):

" Por clarity, the time averaged symbol —, and the variable dependency (r) will be omitted in the

remainder of the text.
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v e 5 b

These two expressions can be made dimensionless. as shown in Appendix AS at Eq [AS5.6] and

[AS5.8]. The resulting expressions are:

2
[3.4]

<
b | -

-1+ |1+ 4(1<f6;(’j)2‘ 1 - cxp[—%?]
/)

. T
(2
Riy

and

x 8 ¢ 2

The limiting domain for both equations is determined by the thickness ol the viscous sublayer
G where & = y*/§* and y,* = A", the Van Driest damping function.  Again in

dimensionless form, the domains are given by the ranges:

For the viscous sublayer: 0< &<,
For the fully turbulent layer: G< <1

3.2.3 Eddy viscosity near a rough surface

Near a rough surface, Eq [3.4] and [3.5] cannot be applied because the boundary layer
does not make a transition from a viscous regime to a turbulent regime. The viscous sublayer
is annihilated by the effects of the roughness elements and the boundary layer is wrbulent from
the onset. Instead, Eq [3.2] and [3.3] are applied directly to the flow, starting {rom the surface
and ending at Ry ({5 < § < 1, where §; is equal to z;'/A;").

1 See [3] pp. 182-183 for a discussion of the concept of the damping function, utilized 1o make the eddy

viscosity continuous over the viscous sublayer, down to the surface.
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‘The mixing length / appearing in Eq [3.2] has been modeled by workers such as Lee er al [19],
[20] and Ahn [26] by the equation'*:
I = k(y + 2}
However, that equation implies that the variable y be set at zero at the position of z (thus, y =
0 will vary according to the geometry and dynamics of the fluid under study). The difficulty
in using a "variable lower boundary" motivated the author to revert to the basic definition of /,
from Eq [3.2] and adjust the domain according to z, in the following manner:
l=xy
where 2 < ¥y < Yum

3.3 Modelling of velocity profile

3.3.1 Velocity profile

The velocity profile of the flow, for any surface condition, is derived from Eq [3.3].

The equation is derived in Appendix [A.5] as Eq [AS5.3], in the following non-dimensional form:

+ [ T
au; 5’[7]
i/ I /]

k3
%, [3.6]

a + S
v

The term e/» is calculated using either Eq [3.4], [3.5] or [3.2], depending on the surface
condition nearest to the flow area considered. Eq [3.6] is also a function of the shear stress ratio

7/7y;, which is obtained from a force balance on the annulus’ cross-section.

3.3.2 Force balance on the fluid
A force balance invariant of flow position can be established for a given geometry, owing
to the fully developed nature of the flow. The relationship that arises between the shear stress

at a radial position 7 and its adjacent surface shear stress is given by the expressions (see next

page):

1} See for example [27), [28] and [48].
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T, r R::"R%
and
2 2
R [3.8]
T R 2 2 '
Ro R RRO_RM

Details of the derivation for both inner and outer regions of the flow are found in Appendix Al.
Eq [3.7] can also be expressed in non-dimensional form for the particular flow region, as shown
by Eq [A3.1] and [A3.2] in Appendix A3, for a smooth surface. The more general expressions,
which include the effects of surface roughness, are given by Eq [A4.1], [A4.2} and {A4.3], in
Appendix A4. They are:

InnerRegion:
1+ 2B
l - R” (1 + A‘)z - (l + A‘Ci)z {3 9]
Tq 1+ Af, 2
» (1+A,)=-(1+f-‘!‘-]
Ry
OuterRegion:
1 - 2R
1-A7¥-(1-AY
tr = RRO ( oco) ( 0) [3.10]

—_— = 2
tRla 1 Aocﬂ l _ E@. _ (1 _ Ao)z
RRn
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R
Th g .2 . B [3.11]
Tao 3{ Z
Ca |l e
'Ro

Eq [3.9], [3.10] and {3.11] can be applied to any surface, rough or smooth. The domain limits
for [3.9] and [3.10] are:

For the inner region : m<h<l1

For the outer region: o < & <1
where {y; is equal to z,*/A,* and {y, is equal to z,*/8,*. In the case of a smooth surface, the
term z goes to zero. The above shear stress equations are physically correct, in the sense that

no assumption is made regarding the nature of the flow (whether it is laminar or turbulent).

3.4 Modelling of temperature profile

3.4.1 Eddy diffusivity ratio e,/ey

The apparent heat flux appearing in Eq [1.2] can be modelled following the classical

analogy method™. The analogy equates the two eddy terms, such that their ratio ey/ey = 1.0.

Similar to the Eq [3.1], a total heat flux equation can be re-written to combine the effect

of the apparent heat flux:

LI
AN-)
L/ u[“i)__z [3.12]
P cp «] or

See 3] pp. 205-207. Reynolds hypothesized that the eddy diffusivity ¢y was equal to the eddy
viscosity ey, which finds strong support in the scientific community for Pr >0.5. Jenkins [27]
and Sleichter ef al |28] proposed a more compiex expression for the ratio /e, based on a series
solution of cigenvalues of the energy differential equation. The model predicts a ratio of unity
when Pr = 1. Sece Appendix A5, Figure AS.1 for a graphical representation of the function,
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3.4,2 Temperature profile
Eq [3.12] can be transformed into a non-dimensional equation and re-arranged to yield
a corresponding expression for the temperature gradient. Details of the development are given

in Appendix AS, Eq [A5.11]. The resulting equation is :

= [3.13]

Again, in order to solve Eq [3.13], the expression for the heat flux ratio must be found via an
energy balance of the fluid. The combination of heat sources at both annulus surfaces is
calculated using influence coefficients (first proposed by Kays and Leung [31]), which are

expressed by the equations (see Lee et al [22]):
b (T, - T o < P - T
B, "

8, = ¥
o Tml HT Tn:o

{3.14]

3.4.3 Energy balance on the fluid

A complete solution to Eq [3.13] can be obtained if the heal ratio term is known. That
term can be obtained by performing an energy balance on the fluid, as demonstrated in Appendix
A2, Eq [A2.3] and [A2.4]. The general expression for the heat flux, at a radial position » in

the annulus, (in the case of one surface heated) is:

# Ry |7 - R
‘j_r” ) M [3.15]
dn, r RRo - RRJ

where k = owhenj =i;k =iwhenj=o0
Non-dimensional forms of this equation can be derived in a manner similar to that of the shear

stress ratios. There cannot be one single expression to account for the three different cases of
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heat generation (core heating, outer surface heating, combined core/outer surfaces heating)

the first two cases, the four heat fux ratios are given by the expressions:

Inner core heating - inner region

Z H4
R Rl LT S (. ¥ 6
q _ Ry Rnn
L= [3.16]
1+ AL, z z
Ui (1 - 22 - &1 + 27
R.Ra 'Ri
Inner core heating - outer region
z H
P T I (N W&
LI & Rro [3.17]
(i,g 1~ A,,C,, ZRa 2 2 2R 2
(1 -—=) - ol +-7)
'RRo R
Quter surface heating -inner region
z z
" - B s ALY -+ BY
L/ . Ru [3.18]
W] ’
dr 1+ AL a- z;mu)z - +z_m)z
'RRa RR:I'
Quier surface heating - outer region
Z
wo 1= 22 1A= AL - o - R
qr — 'Ro Rna
= [3.19]
dne - A8

(- ey o g7 LBy
R.Ru 'Ri
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3.5 Boundary conditions and matching conditions

The division of the flow into two regions, inner and outer, and the subdivision of ciich
region, for the smooth case, into & viscous sublayer and a fully turbulent layer, automaticalty
gives rise to the issue of continuity at the intersection of those divisions. The veloity,
temperature and eddy viscosity must be equal on each side of a boundary, Furthermore, at the

surfaces, those parameters must take on specific values, in order to be physically meaningful,

3.5.1 Velocity Profile

At the surface, the fluid is at rest, by virtue of viscosity. Also, because of that
constraint, e, must also be zero at the surface. Therefore, the boundary conditions for u(r) and
€y at the wall are:

ey =0 and u(r) =0 aty, =zy (§ = 2/8")
In the case of a smooth surface, the term z,; = 0.

At the location of maximum velocity, the velocity gradient is zero. Therefore, because of the
continuity consideration, the velocity u(r) at Ry, calculated by integrating Eq [3.6] between the
surface and {; = 1.0, must be equal on either side of Ry, i.e:

u(Ry); = u(Ry),

By substituting the non-dimensional equivalences from Appendix A3, onc obtains:

B,

(HJ )mu

- [3.20]
p'h (u( )m“.

3.5.2 Temperature profile

At the wall, the non-dimensional temperature T;* = 0.0, at r = R, from the definition
given in Appendix A3.

At the location of maximum velocity, where ¢ = ¢, = 1.0, the non-dimensional

temperatures T, and T; are equal, which, by straight substitution, gives:
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— = [3.21]
) L
BT,' ar; 5;
and —_— = - [3.22]
acl aco 6;
both at r = R,

g [3.22] is obtained by setting & = 0 in Eq [3.13] and equating the two expressions for the

inner and ouler region.

3.5.3 Proportionality constants «; and «, - Smooth surface
Al the junction of the inner and outer regions, Eq [3.5] must yield the same value of e,/»

as & approaches §, — 1.0. Equating both expressions yields the condition:

K8 = x, 8 [3.23]

L]

3.5.4 Proportionality constants «; and «, - Rough Core

In the case of a core that is artificially roughened, Eq [3.2] is applied throughout the
inner region. Mama {18], Lee and co-workers [19], [20], [21], Bhuiyan [22], Ahn [26], Kays
and Leung |31], Brighton and Jones [32], Barrow et al {33] have noted that the logarithmic law
of the wall works well for the outer region of the flow but not the inner region, making it
necessary to express x; in terms of «, for continuity considerations at the location Ry, Convex
curvature cffects are known to disrupt the validity of the logarithmic law of the wall, as Kays
and Leung [31] and Barrow ef af [33] remarked. On the other hand, Lee and others [19], {20]
and |2 1] noted that these curvature effects are somewhat eliminated by the presence of roughness
clements on the inner surface. These workers have therefore assumed that, in the case of an

annulus with a rough core, both «; and x, are equal.
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3.5.5 Core velocity
The relative velocity U” and the dimensionless velocity U (refer to Appendix A3 for
definitions) are related to one another by the relationship:

2(1-e) U’ Ry
a Re

Uc

[3.24]

Eq [3.24] is derived from the definition of the Re number, discussed in the next seetion 3.0.
Starting with Re = 2u,(Ry, - Rgi)/r, and the definition of U, Ry' and U' (refer 1o Appendix
A3), the formula is derived as follows:

2n, (Ry, - Ry

v

Re =

2 U R, [ 1. 1)]
= 2 by substituting for w,,
Ut v

22U U R, (1l - @)
= w R by substituting for U
Uva

U RL(1 -a U R .
= ¢ ) by substituting - M. Ry
Ut a v

Re-arranging the last expression directly yields Eq [3.24].

3.6 Reynolds number, friction factor, z and Nusselt number

3.6.1 Reynolds number
The Reynolds number has already been defined as:

2u, D, 2, (Ry, - Ry)

v v

Re =

2u, Ry, (1 - a)

v

Re
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The butk velocity u,, is derived in Appendix A6, Eq [A6.1]. Its form is:

2va

PR « Lo
CRdce & [1 w1+ ALMC + 8, ;fu u (1 -8,0) di,

[3.25]

Inserting this expression into the Reynolds expression above yields the equation:

. .
R .,)[ 5* ": (+ gyl + 8, fo uy (1 -3.()dC,

[3.26]

See Appendix A6, Eq [A6.2] for details.

3.6.2 Friction factor

The friction factor is defined in the usual way:

f:.M(_Q)
2 o
p by

Appendix AG demonstrates how this equation can be reduced to a non-dimensional form, by

expressing the pressure gradient in terms of the surface shear stresses. The result is:

z(l-—-) .:
f-s[ ]—-——‘?—uﬁl [3.27]
(l+l) TRy ©
[+ 3

3.6.3 Positionof z
Bhuiyan {22] derived a mathematically correct expression for calculating the position z
as a functior of Re, S/e and P/e. The equation is based on a priori knowledge of the position

of maximum velocity:
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i = exp —b {Ln { ..pi (S - y"’)J + 5.52 K] lq "8]
ymr u‘, v . ’ B
0.140 0.2
where Tmr . 0299 ReO%S (E) (%) [3.29]
s e R

Here, the subscripts s and r stand for smooth and rough surface, respectively. Eq [3.29] fory,,
is empirical and predicts the location of maximum velocity, relative to the rough surface. The
ratio u./ i, is always calculated from the geometry of a rough core surface and a smooth outer
surface.

A better formula for predicting y,, was derived in the course of this study. “That

formula, shown here, was utilized in lieu of Bhuiyan’s formula'®:

R, - R
Y MR o 44 B Log, (Re) [3.20]
3 Ry, - Ry

04715 + 0.01521 (ﬁ] - 0.09876 (ﬁp]

e

n

where A

0.016155 - 0.001665 [-'S-) + 0.01337 (EP)
e

n

and B

and 2 < Ple <16 , 15 < Sfe < 30

A new empirical formula was also developed in the course of this study to express z

directly from Re, S/e and P/e (refer to Chapter 5). The equation is:

% = 10% + Re® (3.31]
where C, = 09534 - 17.68 (%) - 0.3859 (%]
and C, = - 02789 + 1847 [%) + 0.03921 (%]

15 That formula was utilized ONLY for the purpose of calculating z, using Equ [3.28). The formula was not
used for predicting the location of Ry, in the computer simulation. The value of Ry; was calculated through
an iterative process (see Chapter 4), However, as will be seen in Chapter 5, Eq [3.30] proved highly
reliable and could therefore have been used.
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3.6.4 FEffects of U onz

Eq [3.31] was developed from data applicable to an annulus with static core. When
applied directly to the case of 4 moving core, the typical results, shown in Figure 3.1, were
erratic and unrealistic. Therefore, a relationship between U” and z was sought to improve on

the predictions of Ry". To do so, the data obtained by Bhuiyan [22] was studied in more details.

uom

[P l.

nen|-

q g -

oo}

u o b

b
1

Figure 3.1: Variations of Ry with U” (Re = 50000, o = 0.2, S/e = 15.0, P/e
= 2.0}

The experimental evidence from Bhuiyan [22] indicates that z does not seem to follow a
predictable pattern, as shown in Figure 3.2 on the next page. In some cases, z will decrease and
move towards Ry, as Re increases. In other cases, the opposite occurs. However, z appears to
be directly influenced by the momentum carried by the flow. The data from Bhuiyan may be
explained in part by the difficulty in measuring z. Dynamically, a higher flow momentum (i.e.
Re number) should have the effect of “lifting" z away from the roughness elements. As the fluid
passes over the leading edge of a square element, it is accelerated and locally depressurized.

Lumps of fluid inside a roughness cavity would then be "sucked" up.

The key element in understanding the mechanisms involved lays in the magnitude of the

momentum carried by the flow relative to the core surface. One would expect that an increase
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in U’ would have similar effects as a decrease in Re. since both cases lower the {luid momentum
as seen relative to the moving core. This relative magnitude can be expressed in mathematical
form by relating the variation of z with the corresponding bur opposite variation in Re.  An
empirical expression was therefore sought to express the refarive influence ol the momentum on

z in mathematical terms. The expression found is Eq [3.32]:

z-z
B - ¢, +C, {ﬁ] (3.32]
Z Re
Ref Ref
where C, = 01194 + 1.256 (g] + 003933 (%]
and C, = -0.1782 - 0.002299(§] - 0.02594(%)
c

The variable Reg, is the largest value of Re, recorded by Bhuiyan [22], for a given set of S/e
and P/e values. This expression predicts the relative decrease in z with the corresponding

increase in Re. The limits of the equation are 0.1 < Re/Rey,; < 1.0.

Eq [3.32] helps to understand how the momentum of the flow, relative to the position
z, affects the latter and, by extension, can explain the relationship with U', A new hypothesis
is proposed, whereby the effect of U’ can be modelled by subsituting the Re ratio bu U in

Eq [3.32]:

zZ-2
== ¢+ G (U) [3.324]
Zny
where C; = 0.1194 + 1256 (g] + 0,03933 (%)
and C, = -0.1782 - 0.002299[51 - 0.02594[%]
€

With (z)g, calculated at U = 0,
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Figure 3.2: Experimental measurements of z vs Re (according to Bhuiyan [22])

-26-



e Ce 10

D. Sfe =29.5 Ple = 16.0

Tor Cz.—mj

i) ma

e € 000D

C. Sfe =295 Ple = 4.0

27-




3.6.5 Nusselt number

The Nusselt number is given by the basic formulation:

DH
4 k

2pcp (R, - Ry
T, k

where the last expression is obtained by substituting the definition of T,* (see Appendix A6).
For core heating, the inner Nu number, Nu; is given by:

1 - a)
Nuy= 2 Pr Ry A [3.33)
T

R
where @ = radius ratio —2
RRn

For outer surface heating, the outer Nu number, Nu,, is given by:

Nu = 2 Pr R‘ g_ll - [3.34]
00 'Ro
jl:

L4

In both cases, the non-dimensional bulk temperature is given by:

e ’ +
Tb, = Q x [a 8 [p‘l] f: u Ry (1 + ALY T, d,

Ml

[ . I'I'\'l L *
+ Qx|8, [-Il_] fol u, Rp, 1 - 8,8) T, dC,l

Ts

where Q= — 4
Re (1 + o)

[3.35]

where, tor core heating, j = i and k = i, for outer surface heating, j = oand k = o.
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Chapter 4

Computer Program

4.1 General approach

The computer program developed for this study was partitioned into three sections:

Section I: Calculate the position of maximum velocity Ry and the non-dimensional
parameter Ry,*, for a given set of input parameters (e, U, Re, Pr, S/e
and P/e). The process utilized an iterative approach for finding both
parameters'® based on an iterative approach for calculating the flow’s
principal parameters Ry and Rg,*.

Section 2:  Calculate the velocity and temperature distributions and the bulk
parameters .

Section 3: Calculate the friction factor, Nusselt numbers, influence coefficients and

output the results.

Section 1 is critical in determining the validity of the results. Indeed, of all parameters
involved, Ry will have the greatest influence (an error of 0.1 in its calculated value was found

to produce variations of up to 15-20 % in the expected values of [ and Nu).

4.2 Methodology for Section 1

Input parameters
The flow characteristics were calculated for the following conditions:

o = 0.2 through 0.8 in increments of 0.1

U* = 0.0to0 1.0 in increments of 0.1

Other workers, notably Ahn [26], utilized a more complex process called a two-dimensional
iteration method coupled with a Five point Gaussian quadrature integration method. Although
that approach was not utilized for this work, the comparison of the resuits obtained equally support
either method.
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Re

10 000 to 150 000 in increments of 15 000

Pr = 0.01, 0.72, 1.0, 30.0
S/e = 15.0, 30.0
Ple = 2.0, 16.0
Fixed parameters
Pr, = 1.0

Viscous sublayer thickness y,," = 26.0

Van Driest’s damping constant A,* = 26.0

Searching for R,,” and Rg*

For a given set of input parameters, the procedure for finding Ry, is as tollows:

>

[ J

»

A\

[ = .=

e o

= @m oo

i.

. Assume an initial value for Ry,", equal to Re/5.0

Divide flow cross section area into 450 steps

Set initial value of Ry at 1/« - one step

Calculate the velocity gradient using Eq [3.6] for one flow region
Integrate Eq [3.6] to yield the velocity u({)

Repeat steps a) through e) for the other flow region,

Compare u,, and u,, using Eq [3.20].

Reduce R,," by one step and repeat steps a} through g)

Ry, is found with the value closest to the ratio predicted by Eq [3.20]

Once R,," is established, the next step is to find Rg,":

» j. Calculate Re (called Re,,) using Eq [3.26] and comparc with initial Re set

» k. if Re,, > Re, reduce Ry," and repeat steps a) through j)

»

L.

Rg," is found when the subsequent trial yields a Re); < Re

The correct value of Rp,* converged quickly once it is within 100 of the true value. The value

of Ry," converges toward a stable and constant value when R,," is within 1000 of its true value.

The number of steps for Ry, was chosen after a series of computer trials were made for

the case of a static annulus with smooth surfaces (allowing a comparison with the accepled data
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of Kays and Leung [24] ). The fidelity of the computed values for Ry improved as the number
of steps was increased from 50 to 400, After 500, the accuracy levelled off to a plateau. The

number 450 was therefore chosen at the mid-point between 400 and 500 hundred.

The threshold for Ry,* was set at 0.5 after another set of computer trials, from a high
of +5. A threshold of +1 was found to produce variations of the order of 5 to 10 in the

calculated values of Re,;. At £0.5, that variation was reduced to a fraction of one.

4.3 Methodology for Sections 2 and 3

The velocity profile
The velocity profile for each region is calculated by performing a numerical integration

of the velocity gradient, Eq [3.6], using Simpson’s rule. The region of interest (inner or outer)
is divided into 6000 steps (for the smooth surface, the viscous sublayer and the fully turbulent

layer are each divided into 3000 steps), or 12 000 for the entire cross-section.

The number of steps were varied to investigate the ultimate size of the subdivisions.
Again, the fidelity of the results was improved as the number of steps was increased from 600

to 6000, at which point any increase in the number of steps produce insignificant improvements.

The temperature profile
This profile was calculated using Eq [3.13] and by performing a numerical integration

using Simpson’s rule for each region. Calculations are started for the region adjacent to the
heated surface. Calculations for the other region are started from the location of maximum
velocity, using Eq [3.21] and [3.22], and carried in reverse order up to the opposing surface.

Each region is divided into 6000 steps, the same as the velocity.

For a given set of initial parameters, the program requires approximately 4 minutes to

run. The program was written in FORTRAN 77 and was carried out on the Department of
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National Defence (DND) navigation simulation computer Sun SPARCstation 1 (32 bit SPARC
CPU, 12.5 MIPS)", equipped with SunOS 4.1.2 operating system.

The figures in Appendix D and E, and those found throughout the text, were produced

by Lotus 1-2-3, Release 3.1 and edited using Harvard Graphics, Release 3.0.

17 T.M. of Sun microcomputer systems, CA,
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Chapter 5

Results and analysis

5.1 Validation of program algorithms

The computer program described in Chapter 4 was originally tested against experimental
data from previous workers Lee et af [20], [21], Kays and Leung [31], Shigechi and co-workers
[8] 111}, and Park [46] in order to establish the validity of the algorithms. Trial runs were first
carried out for the case of a static and smooth annulus, with varying values of «, Re and Pr,
Graphical results for the smooth annulus and the rough core annulus are found in Annex D.

Results for the rough core and outer surface annulus are found in Annex E.

Annex D, Figures 1 and 2 depict the normalized velocity profile for a smooth annulus
with moving core. The profiles are virtually identical to those obtained experimentally by Kays
and Leung [31] (for static core) and to those predicted by Shigechi er al [8] for the moving core
case (see Figure 2). Figure 3 illustrates the variation of Nuj; for the same geometry and is seen
to be is excellent agreement with the data from Kays and Leung [31] (for zero core velocity) and
the predictions of Shigechi ef al [8] [11]. Table 5.1 also illustrates how the results compare to
those of the latter workers. The friction factor £, shown in Figure 4, was found to be in equally
good agreement with the smooth case data of Park [46] for static core, and with the predictions
of Shigechi er al [8] [11] for the moving core case. The location of maximum velocity Ry, was
found to be independent of Re, as predicted by Kays and Leung [31], Brighton and Jones [32]
and Barrow er af [33], and can be seen in Figure 5. The influence of U’ on Ry, for the smooth
annulus, is presented in Figure 6 and was observed to mirror precisely the predictions of
Shigechi er af [8].

The addition of surface roughness to the static core annulus was also used to test the
algorithms. Figures 7, 8 and 9 compare the computer predictions of the velocity profiles with
the experimental data from Ahn [26]. Again, the results are in excellent agreement with the

data. Figure 10 shows the results obtained by Ahn [26] for the friction factor f. One can
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observe that the predictions tend to be less accurate as the roughness factor P/e is increased.
This deficiency is attributed to the inability of Eq [3.29] to accuritely predict the position of Ry,
discussed further in Section 5.2.1. In Figure 11, the friction rativ F predicted by Ahn and by
the present algorithm is charted against Re. It can be scen that the predictions based on the new
Eq [3.30] are greater than those made with Eq |3.29]. The cffect of Eq 13.30] on the heat
transfer ratio H is also seen, in Figure 12, to be different than the effect of Eq 13.29]. Figure
13 depicts the effect of Eq [3.30] on the efficiency ratio H/F, compared to those of Eq [3.29].
There are some significant differences in the predictions, which is again attributed to the use of

the new equation. These differences will be seen later to permeate the entire set of resulls,

5.2 New empirical formulations

5.2.1 Location of maximum velocity R - Rough surfaces

Eq [3.28] for calculating z was analytically derived by Bhuiyan [22] and required a priori
knowledge of the position of the maximum velocity in the channel. Bhuiyan solved the quandary
by devising an empirical equation for calculating Ry,". Bhuiyai himself noted that Eq [3.29] was

only accurate to within +15%.

A closer look at the experimental data from Bhuiyan [22] revealed further limitations of
Eq [3.29]. It will not predict a y,,/S value lower than 0.5, although the experimental data did
show this case to happen when S/e = 24.2, P/fe = 2.0, Re < 87 000; or S/e = 29.5, P/lec =
2.0 when Re = 50 000. In fact, Eq [3.29] will only yield good predictions when the true value
of y,,/S lies in the range 0.50 - 0.80. In the limiting smooth case for the rectangular channcl
(S/e = oo or P/S = 0.0), the y,,/S equation does not predict the ratio ol 4. Thus, the author
undertook to investigate new expressions 1o better correlate the data by Bhuiyan. By using a
modified least square fitting algorithm [see Appendix C], a better expression was found, for S/e¢
= 13.8 (ali P/e except P/e = 2.0 when S/e = 13.8), with Re < 120 000:
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a = 0.2, U = 0.0, Re = 100 000

Pr

Nu calculated

Nu from [31]

Nu from [11]

Nuii Nuoo Nuii Nuoo Nuii Nuoo
0.72 224 163 196 165 224 163
1.00 276 200 247 206 Not
30.0 1405 1021 1210 1030 Available

e = 0.2, U = 0.0, Re = 100 000

Pr Nu calculated Nu from [31] Nu from [11]
Nuii Nuoo Nuii Nuoo Nuii Nuoo

0.72 159 154 157 156 159 153

1.00 197 191 202 197 Not

30.0 1075 1032 1050 1040 Avatlable

Pr = 0.72, U’ = 1.0, Re = 100 600

o Nu calculated Nu from [11]
Nuii Nuoo Nuii Nuoo

0.2 317 170 323 171

0.8 250 161 254 161

Table 5.1: Comparison of Nu predicted with published data
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Sle = 24,2 Sle = 29.5
Ple = 2.0 Ple = 2.0
Re Y S Re Vel S
11211 0.294 10493 0.418
21468 0.367 20922 0.428
32148 0.403 31393 0.443
51241 0.457 50003 0.472
64079 0.466
86843 0.480

Table 5.2: Low experimental values of y, /S according to Bhuiyan [22]
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y?""=A+BxRe where

0.7150 + 0.00875 (ﬁ) - 0.0427 (%)

e

-
1

e
ki

-2.685x10”7 + 8.082x10°8 (g) + 9.504x10°8 (%)

The two expressions were compared in term of the standard statistical correlation factor. The

higher correlation of Eq [3.30] over [3.29] is obvious:

YurlS (New Equation): 0.9045

However, neither expression predicted physically meaningful values for y,/S when Re exceeded
500 000, under certain combinations of S/c and P/e. To address this deficiency, a new
expression for y,,, was sought, using the data from Bhuiyan, but this time assuming a logarithmic

form. The result was Eq [3.30]:

% = A + B x Log,(Re) where

A = 04715 + 001521 [‘—9) - 0.09876 (%)

e

B = 0.06155 - 0.001665 (E] + 001337 (ip]
-4
with a correlation factor of 0.9092, applicable to the entire range of Re (up to 10°). A
comparison of the expressions of Bhuiyan and the logarithmic expression, for extreme cases of
Re, S/e and P/e is shown in Table 5.3. The highlighted numbers indicate physically meaningless

predictions of y,,/S (a ratio of 1.0 being the limiting case).

A comparison of the predictions of Bhuiyan and the two other formulae, based on the

experimental data of Bhuiyan, is shown in Table 5.4. The comparison is expressed in terms of
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the ratio of the predicted value over the experimental data. Table 5.4 clearly shows the better
fit obtained by Eq [3.30] vis-a-vis Eq [3.29].

Eq [3.30] proved highly reliable when compared to the calculated values of Ry, by the
computer simulations. In Table 5.5, the effectiveness of Eq [3.30] was measured by a variable
Rme. The ratio is very close to unity throughout the range of «, U and Re tested, which
indicates the validity of Eq [3.30] when the annulus has one surface roughened. The equation
is not as reliable when applied to an annulus with both surfaces roughened, as can be seen in

Table 5.6. These results also revealed the surprising absence of dependence of Ry on «v.

5.2.2 Location of maximum velocity R, - smooth surfaces

Numerous expressions have been proposed in the literature for determining Ry, Kays

and Leung [31] proposed the equation:

Ry - Ry
Ry, - Ry

m0.343

while Barrow, Lee and Roberts [33] proposed the formula:

1 0.027
RM = Rlam (E]

where R, is the value of R, for a laminar flow*".

Figure 14 gives a overview of the computer predictions for Ry, for various combinations
of o and U" in a smooth annulus. Based on these data, the curve fitting algorithm defined at

Annex C was used to derive a better expression for Ry

8 See Equ [B1.5], Appendix B for the expression for R,
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Table 5.4: Comparison of predictions by Bhuivan with new eguations

(for various values of S/e and Pfe)
Legend

(1) = Ratio (y,,/S over ¥,,/8 predicted by Bhuivan's Equation [3.29/)
(2) = Ratio (y,,/S over y,,/S predicted by Eq [3.30])

(3) = Ratio (Yos/S over Yos/S predicted by Bhuivan's Equation [5.3])
(4) = Ratio (Yos/S over Yos/S predicted by Eq [5.4])

(5) = Ratio (Zor/s over Zor/S predicted by Eq {3.31])

S/e = 8.6 Ple = 2.0

Re Youe! S (1) (2) Yos/S 3) 4 Zor/S (5

12865. 0.6220 1.6265 0.9775 0.6400 0.9937 1.0381 0.0024 0.2613
24410. 0.6280 1.6805 1.0145 0.6470 1.0039 1.0643 0.0019 0.3523
29618. 0.6400 1.6702 1.0092 0.6490 1.0072 1.0723 0.0019 0.3649
36389. 0.6470 1.6747 1.0128 0.6530 1.0079 1.0776 0.0018 0.3963
47620. 0.6530 1.6891 1.0222 0.6590 1.0076 1.0833 0.0016 0.4684
56079. 0.6590 1.6919 1.0242 0.6610 1.0100 1.0893 0.0014 0.5600
65348. 0.6650 1.6936 1.0254 0.6660 1.0075 1.0899 0.0014 0.5730
72778. 0.6710 1.6904 1.0235 0.6750 0.9976 1.0814 0.0015 0.5353
81368. 0.6710 1.7029 1.03i1 0.6820 0.9910 1.0765 0.0017 0.4787
95932, 0.6710 1.7215 1.0423 0.6840 0.9935 1.0824 0.0016 0.5363

S/e =13.8 Ple = 2.0

10901. 0.5710 2.0592 0.9250 0.6290 1.0050 1.0544 0.0023 0.2663
22865. 0.5760 2.1436 0.9900 0.6380 1.0154 1.0796 0.0016 0.4205
33891. 0.5800 2.1848 1.0217 0.6470 1.0143 1.0856 0.0014 0.5107
54576. 0.5980 2.1868 1.0362 0.6560 1.0163 1.0958 0.0012 0.6221
67549. 0.6070 2.1849 1.0408 0.6640 1.0111 1.0937 0.0012 0.6543
91114, 0.6110 2.2139 1.0619 0.6730 1.0075 1.0945 0.0012 0.7200
113702, 0.6250 2.1962 1.0582 0.6870 0.9942 1.0833 0.0013 0.6545
125870. 0.6470 2.1358 1.0312 0.6910 0.9918 1.0821 0.0014 0.6150
138799. 0.6600 2.1073 1.0193 0.6990 0.9836 1.0746 0.0015 0.5837
156099. 0.6640 2.1109 1.0232 0.7010 0.9846 1.0773 0.0017 0.5169
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Table 5.4: Comparison_of predictions by Bhuivan with new equations
(Continued)

S/e =13.8 P/e =16.0
Re Yol S 1) (2) Yos/S 3) 4 ZorlS (5

10721, 0.7780 0.9939 1.0259 0.8730 1.0052 0.9862 0.0688 1.1414
22489, 0.7810 1.0397 1.0426 0.8780 1.0243 0.9920 0.0550 1.3490
33904. 0.7820 1.0669 1.0527 0.8800 1.0359 0.9961 0.0499 1.4436
42885. 0.7840 1.0808 1.0565 0.8830 1.0404 0.9964 0.0474 1.4901
52523, 0.7870 1.0912 1.0581 0.8850 1.0450 0.9972 0.0462 1.5074
63125. 0.7910 1.0990 1.0578 0.8870 1.0490 0.9978 0.0453 1.5162
78297. 0.7940 1.1105 1.0597 0.8900 1.0529 0.9977 0.0446 1.5144
02643. 0.7960 1.1201 1.0617 0.8920 1.0564 0.9981 0.0435 1.5333
102087. 0.7980 1.1244 1.0616 0.8940 1.0574 0.9973 0.0437 1.5147
116792. 0.8000 1.1316 1.0626 0.8980 1.0574 0.9949 0.0455 1.4397

Sle =24.2 Ple = 4.0

10194. 0.5520 2.2343 1,1803 0.7000 1.0048 1.0768 0.0041 2.3574
21323. 0.6170 2.0987 1.1090 0.7090 1.0165 1.0869 0.0038 2.5793
31213. 0.6630 2.002% 1.0576 0.7140 1.0222 1.0915 0.0039 2.5597
49022. 0.6950 1.9684 1.0377 0.7190 1.0303 1.0983 0.0036 2.8243
62426. 0.7000 1.9858 1.0456 0.7240 1.0314 1.0984 0.0034 2.9676
82183. 0.7160 1.9770 1.0363 0.7280 1.0351 1.1010 0.0031 3.3247
101941, 0.7200 1.9941 1.0468 0.7330 1.0354 1.1002 0.0031 3.3163
111671. 0.7290 19814 1.0394 0.7380 1.0314 1.0956 0.0033 3.0977
128947. 0.7330 1.9894 1.0424 0.7430 1.0294 1.0926 0.0032 3.1731
142353. 0.7410 1.9808 1.0371 0.7470 1.0272 1.0898 0.0033 3.0933

S/e =29.5 Ple =16.0

10311. 0.8770 1.1395 1.0113 0.9000 0.9731 1.0091 0.1384 0.5689
21567. 0.8800 1.1923 1.0214 0.9030 0.9938 1.0108 0.1108 0.6721
31570. 0.8820 1.2199 1.0260 0.9060 1.0030 1.0100 0.1043 0.6939
49583, 0.8850 1.2526 1.0308 0.9080 1.0158 1.0109 0.0944 0.7408
63140. 0.8880 1.2684 1.0317 0.9110 1.0206 1.0092 0.0924 0.7432
93128. 0.8920 1.2955 1.0341 0.9130 1.0315 1.0096 0.0885 0.7536
103108. 0.8940 1.3013 1.0336 0.9180 1.0293 1.0048 0.0916 0.7219
116653. 0.8960 1,3091 1.0335 0.9220 1.0290 1.0013 0.0952 0.6887
130422. 0.9000 1.3129 1.0309 0.9250 1.0295 0.9988 0.0994 0.6538
144902, 0.9030 1.3176 1.0293 0.9260 1.0320 0.9984 0.0995 0.6477
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Table §.5: Compurison of Rme for_ annuhs with rough core

a =101
U =0.0 U= L0
Re
(x 1000} A B C D A B C jH
50 0.9829 1.0155 0.9432 1.0110 0.9829 1.0155 0.9432 Lo
100 0.9820 1.0031 0.9524 1.0065 0.9820 1.0031 0.9524 10065
150 0.9777 1.0015 0.9553 1.0026 0.9777 1.0MS 0.9552 1.0026
200 0.9812 0.9999 0.9597 £.0021 0.9812 0.9999 0.9597 1.0021
250 0.9826 0.9967 0.9619 1.0006 0.9826 0.9967 0.9619 1.0006
300 0.9806 0.9983 0.9657 0.9984 0.9806 0.9983 0.9657 0.9984
350 0.9831 0.9964 0.9690 0.5983 0.9831 0.9964 0.96490 0,998}
400 0.9839 0.9968 0.9693 0.9979 0.9839 (0.9968 0.9693 0.9979
450 0.9833 0.9968 0.971 0.9973 0.9833 0.9968 0,971 0.9973
500 0.9851 0.9966 0.9746 0.9964 0.9851 0.9966 0.9746 0.9964
a=048
U =10.0 U=10
Re
(x 1000) A B C D A ] C )
50 1.0247 1.0249 1.0133 1.0194 1.0247 1.0249 1.0133 1.0194
100 1.0090 1.0090 0.9993 1.0065 1.0090 1.0090 0.9993 1.0065
150 1.0035 1.0044 0.9946 1.0026 1.0035 1.0044 (1L.9946 1.0026
200 0.9991 0.994! 0.9931 1.0021 0.9991 0.994] 0.9931 16021
250 0.9967 0.9996 0.9943 1.0006 0.9967 0.9996 0.9943 1.0006
300 0.9979 0.9983 0.9933 0.9984 0.9979 0.9983 0.9933 0.9984
350 0.9968 0.9992 0.9922 0.9983 0.9968 0.9992 (19922 0.9983
400 0.9940 0.9968 0.9920 0.9953 0.9940 0.9968 0.9920 1.9953
450 0.9967 0.9968 0.9934 0.9947 0.9967 0.9968 0.9934 0.9947
500__&?_95] 0.9966 _0.993 ] 0.9964 0.9951 0.9966 0.993] 0.9964
A: Sfe = 150 Ple =20 C: S/e = 300, Ple = 2.0
B: S/e = 150 Ple = 16.0 D: Sfe =30.0 Ple =150
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Tuble 5.6: Comparison of Rme for_annulus with_both surfaces rough

a=101l
U =00 U =10
Re
{x 1000) A B C D A B C D
50 1.5842 1.7701 1.2546 1.6602 1.5842 1.7701 1.2546 1.6602
100 1.6540 1.7763 1.4001 1.6535 1.6540 1.7763 1.4001 1.6535
150 1.6965 1.7778 1.4850 1.6455 1.6965 1.7778 1.4850 1.6455
200 1.7302 1.7823 1.5387 1.6407 1.7302 1.7823 1.5387 1.6407
250 1.7442 1.7759 1.5846 1.6342 1.7442 1.77159 1.5846 1.6342
300 1.7615 1.7838 1.6199 1.6082 1.7615 1.7838 1.6199 1.6082
350 1.7744 1.7824 1.6480 1.6124 1.7744 1.7824 1.648 1.6124
400 1.7843 1.7802 1.6707 1.6038 1.7843 1.7802 1.6707 1.6038
450 1.7917 1.7853 1.6894 1.6010 1.7917 1.7853 1.6894 1.6010
500 1.8070 1.7818 1.7049 1.5978 1.8070 1.7818 1.7049 1.5978
a =08
U'=0.0 U=10
Re
(x 1000) A B C D A B C D
50000 1.2202 1.5343 0.9150 1.5714 1.2202 1.5643 0.9150 1.5714
100000 1.2920 1.5788 1.0420 1.5664 1,2920 1.5788 1.0420 1.5664
150000 1.3345 1.5883 1.1137 1.5597 1.3345 1.5883 1.1137 1.5597
200000 1.3626 1.5866 1.1626 1.5616 [.3626 1.5866 1.1626 1.5616
250000 1.3890 1.5953 1.19%0 1.5560 1.3850 1.5953 1.1990 1.5560
300000 1.4044 1.5959 1.2331 1.54%4 1.4044 1.595% 1.2331 1.5494
350000 1.4226 1.601% 1.2562 1.5478 1.4226 1.6019 1.25562 1.5478
400000 1.4320 1.6071 1.2810 1.5401 1.4320 1.6071 1.2810 1.5401
450000 1.4458 1.6052 1.3029 1.5376 1.4458 1.6052 1.3029 1.5376
500000 1.4582 1.6093 1.3166 1.5348 1.4582 1.6093 ___l 3166 1.5348
A Sfe =150 Pl =20 C: Sfe = 30.0, Ple = 2.0
B: S/e = 15.0 Ple = 160 D: Sfe = 30.0 Ple =150
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For U' =00, Rm" =05017 + 0.062 Lu() [5.1]

For U" = 0.0,

Rm "),

¢ ?U = 1.0 + 00015 U* - 0.5795 (U} 15.21
(Rm ),

Table 5.7 shows how the two expressions from Kays and Leung [31] and Barrow ef af

(33] compare to Eq [5.1] and [5.2],and the computer iterated values of Ry

Ry
o From From Eq [5.1] From Kays and From Barrow
computer (at U* =% Leung [31] et al [33]
iteration
0.2 0.4022 0.4019 0.5758 0.5704
0.8 0.4867 0.4879 0.9263 0.9036

Table 5.7: Comparison of predictions of R,

Table 5.7 demonstrates that neither formula from Kays or Barrow proved reliable when
compared to the computer predictions for Ry, in the smooth annulus. The computer predictions

for Ry, closely matched the experimental data from Kays and Leung [31].

5.2.3 Position of z

The discussion on the difficulty in applying Eq [3.28] directly has already been
established in Chapter 3. In addition to the problems identified, Eq [3.28] was derived by
Bhuiyan [22] based on an annulus with only the core surface roughened. Bhuiyan's work, or
subsequent studies by Lee and co-workers [19] [20] [21] did not investigate modified forms of
Eq [3.28] to account for the case of an outer surface roughened (alone or in pair with a rough

core). Based on the data of Bhuiyan [22], the author investigated possible empirical forms of
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an equation for z, to remove the interdependency with the stress ratio. The equation obtained
was Eq [3.31] (refer to Section 3.6.3). However, Bhuiyan’s data for z was observed to be non-
predictable (see Figure 3.2); for that reason, Eq [3.31] was not deemed reliable (see the

predictions of Eq [3.31] with the actual data from Bhuiyan in Table 5.4).

Computer predictions for z showed that z will increase consistently with increasing Re,
as Figures 15 and 16 demonstrate. Figure 17 also demonstrates that the effect of U" is indeed
similar and opposite to Re, as predicted by Eq [3.32). New empirical equations were
investigated for expressing z in terms of Re, S/e, P/e, U" and « but none proved successful.
There seems be no other alternative but to rely on the iterative process explained in Chapter 4
to determine z, using Eq [3.28] and Eq. [3.30]. This gave rise to the question: are the
computed values of z physically representative? The excellent correlation between the velocity
profiles obtained from experiment and from theory, shown in Figures 7, 8 and 9, indicates that
the values of z found by computer iterations must be close to their "true" values, otherwise the
predicted profiles would have been incorrect. Therefore, it is safe to consider the iterative
process reliable when calculating z. Given that a smail variation in z will cause a noticeable

change in the velocity profiles, the use of an empirical equation to predict z is not recommended.

5.2.4 Location of zero shear stress v,

Bhuiyan's data [22] and Ahn’s data [26] indicated that the location of zero shear stress,
Y. Was in fact not coincident with y,,, although the differences were relatively small. Bhuiyan

derived an empirical expression for the ratio y,,/S, based on his experimental data:

0.157 0,138
Yo - 0418 x Re% (E) y (E] 15.3]
S e S

Eq [5.3] closely matched another empirical formula proposed by Hanjalic [44]. As part
of the present study, a better formula was derived using the same technique behind Eq [3.30]

and data from Bhuiyan [22]. The equation, applicable to a range of Re number up to 10f is:
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5 - A + B x Log,, (Re) [(5.4]
where A = 1.129 - 4.660 (ﬁ) - 0.06505 (5)
s P
and B =

)

-0.02233 + 0.6457 [%) « 0.007991 (-f;)

Eq [5.4] performs slightly better than Eq [5.3], with their respective correlation factors at

0.8993 and 0.8566. Refer to Table 5.4 for a comparison of the data from Bhuiyan [22].

5.3 Analytical results for the rough core annulus

Tables 5.1 through 5.7 present only a fraction of the results obtained by computer
simulations. The bulk of the results are presented in graphical form in Appendices D and E.

A discussion of the data obtained will now be presented.

The introduction of roughness elements on the core surface disturbs the symmetrical
characteristics of the flow and render the latter essentially asymmetrical, The asymmetry c¢ffect
will be reflected in a shift in Ry and a change in the surface shear stress ratio, Ty/Ty,, which
will inevitably be reflected in the momentum and heat transfer behaviour of the fluid. These

changes were noted in the results obtained during this study.

5.3.1 Velocity profiles
The velocity profiles obtained for the rough core annulus are shown in Figures 18

through 23. All profiles exhibit notable differences with the smooth case (Figures 1 and 2).
The rough profiles are indeed asymmetrical and demonstrate the shift in the position of the
maximum velocity. Whereas in the smooth annulus, o had little effect on the velocity profile,
it has a significant impact for the rough annulus, Figures 18 through 23 show the approximate
position of the shift in the location of zero velocity z, observed from the origins of the profiles.

The shift increases as the roughness condition increases (S/e and P/e grow), as Figurc 18 shows.
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5.3.1.1 Effects of U’

The effects of U’, seen in Figures 19, 20, 21 and 23, are similar to those observed for
the smooth annulus. The difference lies in the velocity gradients near the rough surface. The
gradients are less pronounced in the rough annulus than the smooth annulus. Also, the location
of Ry will be affected more for the rough annuius. In the outer region, the velocity gradients
mirror the smooth annulus, as Figure 2 indicates. Finally, the effect of U’ on the rough annulus
flow will diminish as o grows toward unity. This is observed by comparing the profiles of

Figures 19, 20 and 21 with Figure 23. In Figure 23, z is smaller and the shift in Ry, reduced.

5.3.1.2 Effects of Roughness

The geometry of the roughness elements is determinant of the shape of the velocity
profiles. Figures 18 and 22 illustrate this observation. The magnitude of the effect, to speak
figuratively, can be qualitatively measured by assessing how much departure from the smooth
annulus profile is undergone. In both figures, a small P/e ratio gives rise to a profile akin to
the smooth annulus case, a similarity that is accentuated as S/e grows. This would be an
expected result since the smooth annulus can be viewed as the limiting condition of a rough
surface; Sfe - oo as P/e = 0. At the opposite end of the spectrum, a decrease in S/e combined
with an increase in P/fe (S/fe = 1.0 P/e > > () will increase the magnitude of the roughness
effect, thereby producing a strong departure in the velocity profiles, from the smooth annulus
profiles. Figures 18 and 22 illustrate this condition clearly. It is interesting to note that as the
roughness geometry increases (henceforth referred to as roughness geometry), the velocity
gradient near the rough surface decreases, while Ry, is pushed radially outward from the core
surface'”. The influence of the roughness geometry on the velocity gradient near the rough
surface is lessened as U increase towards unity, as seen in Figure 23. The reduction would be

anticipated, given the discussion presented in Section 3.6.4.

¥ The motion of Ry away from the rough surface had already been observed by Bhuiyan [22] and Lee & co-

workers [19], 120], [21].
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5.3.2 Location of maximum velocity Ry*
The motion of Ry away from the rough surface has already been observed in Figures
18 and 22. That motion is the resulting effect of adding roughness to the core surface. How

o, U™ and roughness geometry influence the motion is illustrated in Fig 5, 6 and 24 through 30.

5.3.2.1 Effects of U’

In the smooth annulus, U® causes R,," to decrease towards a convergent, limiting value
(see Figures 6 and 24). Figure 25 and 26 indicate a similar trend but not towards a single value
of Ry,". The elimination of the convergence observed for the smooth annulus case is caused by
the presence of roughness. o also has an effect on the influence of U, as Figures 27 & 28 and
29 & 30 demonstrate. Hence, U" is working opposite the surface roughness, in that it tends to
pull Ry, nearer the rough surface. The discussion in Section 3.6.4 finds more support in that
observation. Indeed, for the case of static core, Figures 27 and 29, a reduction in the fluid’s

momentum, indicated by lower Re numbers, also pulls Ry, nearer the rough surface.

5.3.2.2 Effects of Re

In the smooth annulus, R,;” has been known to be independent of Re (see Kays and Leung
[31]). Ina rough annulus, Ry becomes dependent on Re. At low U’, Re will push Ry, away
from the rough surface (see Figures 27 and 29). At high U, the opposite effect will be felt,
i.e., Ry," will move towards the rough core (see Figures 28 and 30). One can infer from these

observations that the influence of U’ is more severe than Re, for a given roughness condition.

5.3.2.3 Effects of Roughness

The roughness geometry is the predominant factor among U’, & and Re. Low roughness
geometry?® will produce the least motion of Ry’ from its smooth annulus position, while the
most severe roughness geometry?! will generate the largest motion in Ry'. At low a, the

motion of Ry,” is always radially outward from its smooth annulus location, iegardless of U* (sce

R

Previously defined by S/e = o and P/e —+ 0.

2 Previously defined as S/e = 1 as Ple > > 0.
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Figures 27 and 28). As o and U’ increase towards unity, the motion is maintained for high
roughness geometry but is reversed for low roughness geometry (see Figure 29 and 30). The
combination of high « and U, for low roughness geometry conditions, results in a flow that
is dominated by dynamic pressures which squash the fluid layer immediately adjacent to the
rough surface. The flow is thus forced to grow from zero to large velocity in a radially short
distance, thereby reaching its maximum velocity very rapidly. Asroughness geometry increases,
the turbulent exchange of momentum near the rough surface also increases and counteracts the
dynamic pressures of the flow. This results in a fluid that is allowed more "space” to grow to

full velocity, hence the larger Ry,

Bhuiyan [22] and Lee [19] hypothesized that the effects of roughness were felt only
locally on the fluid; that is, away from the rough surface the fluid would not have “knowledge’,
s0 lo speak, of the presence of roughness elements. Such an effect could be observed by
comparing the velocity prefiles in the outer region of the flow and the effects of S/e and P/e on
R,’. The velocity profiles for the rough core have already been seen to reflect a smooth annulus
in the outer region (see section 5.3.1.1). The influence of S/e and P/e is separately identified
in Figures 25 through 30. The changes caused by a variation in P/e, for a given S/e, are always
farger than a variation in S/e for a given P/e. That observation had already been made by Lee
et al [20], [21). Pf/e is a local parameter while S/e is a global parameter’?. Because P/e has
by far the largest impact, and because it is a local parameter, it lends credence to the hypothesis

submittcd by Bhuiyan and Lee.

5.3.3 Friction factor

The effects of Re, a and U’ on the smooth annulus flow are shown in Figures 4 and 31.
While the effects of o are generally the same for the rough core annulus, Re and U" have
opposite effects. In the smooth annulus, f will decrease with increasing U and Re. Roughness

geomelry also plays a significant role by increasing the friction factor, sometimes by one order

A local parameter contains variables related to a local spatial region. A global parameter contiains variables
that encumpass the entire spatial region under consideration. S/e, S, Re are all global parameters for that
reason. Ple, », y, 4, are local parameters,
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of magnitude. Furthermore, the predictions of the present study. for the rough static core

annulus, have already been seen to be higher than previous workers, as Figure 11 will show.

5.3.3.1 Effects of U"

The effects of U’ can be observed clearly in Figures 32 and 33. There is a universal
tendency for the friction ratio F to diminish with increasing U’, no matter what &, S/e or Ple
are set at. The strength of the influence of U is however a function of the roughness gecometry
and will decrease as the roughness geometry increases. That F should diminish as U” increases

is expected, since greater U” values translate into lower reiative momentum as seen by the rough

surface and consequently less severe fluid mixing.

5.3.3.2 Effects of Re

Although F can be seen in Figures 32 and 33 to be constantly greater than unity, the influence
of Re will work against the influence of U", Figures 34 through 37 show how F increases with
Re. However, when U’ is increased, the result is a reduction in the magnitude ol F (as a
comparison of Figure 34 with 35, and 36 with 37, will show). Again, the concept of relative
fluid momentum comes to play, the determining element being how turbulent (i.c. the Re

number) is the flow relative to the rough core.

5.3.3.3 Effects of Roughness

Roughness geometry is the predominant element on the friction factor. Figures 32 and
33 indicate how a severe roughness condition (large values of S/e and P/c) will increase the
friction factor beyond unity. As the roughness geometry approaches a pseudo-smooth condition,
the ratio F for a static core annulus will move closer to unity, as Figure 34 and 36 show, The
axial motion of the core creates a somewhat surprising result: the friction ratio F decreases 5
to 6 times from its static core value, even below unity (see Figures 35 and 37). The drop below

the unity line is accentuated when « increases toward 1.0, as figure 37 shows.

A possible explanation for that result can be found in Figure 16, where it is seen that the

shift in the zero velocity position near a rough surface is virtually null. When U” equals unity,
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the momentum flow relative to the rough surface is very small. The intensity of the eddies at
the leading edge of a roughness element is therefore relatively small. Thus, the dynamic
pressures produced by the fluid immediately adjacent to the roughness elements are small and
allow more lumps of fluid to reach the root of the roughness cavity. Because the roughness
clements are small in low roughness geometry, the velocity profile starts to grow almost
immediately at the root of the roughness cavity , which in turn reduces the pressure losses due
to fricticn. Although the process is more complicated than in the smooth case, the end result
is very similar to the effects of Re on the friction factor in a smooth annulus, seen in Figures
4 and 10,

5.3.4 Nusselt number Nu and Heat transfer ratio H

In the smooth annulus geometry, the behaviour of Nu shown in Figures 38, 39 and 40
is opposite that of the friction factor f. U” and Re will increase the heat transfer at the heated
surface as they increase individually. A decrease in o will also generate an increase in Nu.
Perhaps most significant is the effect of the Prandtl number Pr on Nu. Figure 39 indicates how
increasing Pr will dramatically increase Nu, When surface roughness is added to the geometry,

there is also a general gain in heat transfer (expressed by the ratio Hii).

The effects of U’, Re, o and roughness geometry, as well as the new variable Pr, are
shown in Figures 41 through 48. The figures reveal that these independent parameters have the
same effects on Hii as they have on F (see Section 5.3.3 above) except for . In the case of
Hii, increasing o will reduce Hii, as demonstrated by Figures 41 and 42. For any roughness
condition, higher values of Pr will lead to higher heat transfer ratios (see Figure 43). The
impact of the roughness geometry on Hii also follows the pattern observed for the friction ratio

F (see Figures 44 through 48).

The thermal advantage of rough surfaces is revealed in Figures 44 through 48. As was
the case for F, low roughness geometry geometries are actually detrimental to the heat exchange

process. High roughness geometries, on the other hand, enhance the heat transfer process. In

-52-



Figure 45 for example, Hii for P/e values of 2 is consistently inferior to unity. High values of
P/e push Hii beyond unity, reflecting a higher heat transfer ratio. The explanation for this
observation borrows from the explanation given for a similar observation on F, at paragraph
5.3.3.3. In cases of low roughness geometry, mcre lumps of fluid are allowed to sink in the
cavities of the roughness geometry. This confinement restricts the turbulent motion of the fluid
lumps, which in turn reduces significantly the transport of heat energy by fluid motion, Slower

rates of heat energy transport by convection necessarily produce lower heat transfer rates at the

rough surface.

5.3.5 Efficiency factor H/F
The combination of the previous results for F and Hii is presented in Figures 49 through
56. Whereas both F and Hii are influenced in the same fashion by U’ , Re, S/e and P/e, the

opposite effect of « does not allow one to extend the preceding observations to the cfficiency
ratio H/F.

5.3.5.1 Effects of U"

Figures 49, 50 and 51 illustrate how U” and « influence the efficiency ratio H/F. It is
apparent that U” cannot be dissociated from the effects of roughness geometry. For example,
in Figure 49, high roughness geometry combined with high U’ values produce a net gain in
overall efficiency of the process. Lower roughness geometry geometries result in a loss in

efficiency, with the loss actually increasing with increasing values of U,

The radius ratio « also plays an important role. Comparison of Figures 49 and 50 shows
that high o values will always produce a loss in efficiency in the energy transfer process. Low

o values have the opposite effect.

The impact of Pr is seen in Figure 51. High Pr values (Pr > > 1) will always produce
net gains in efficiency. This observation was found to apply across the spectrum of S/e and P/e

values investigated.
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5.3.5.2 Effects of Re

The momentum of the flow has a strong influence on Hii/F and is shown in Figures 52
o 56. In general, increasing Re will lead to an increase in Hii/F. There is one notable
exception, in the case of very low roughness geometry (S/fe = 30 and P/e = 2). In that case,
increasing Re will have the opposite effect and reduce the magnitude of Hii/F (see Figures 52

and 54). Increasing U’, for any roughness geometry, will reduce Hii/F.

5.3.5.3 Effects of roughness geometry

The influence of the roughness geometry is coupled with . Figures 52 and 53 show
how high roughness geometry will generate higher Hii/F values. Figure 55 and 56 indicate the
same behaviour. However, when « is changed from a low value to a high value, the effects of
low roughness geometry are greatly enhanced, as seen in Figures 55 & 56. When U® is zero,
having low roughness geometry is even beneficial to the overall efficiency of the process (see

Figure 54). However, the best values of Hii/F are obtained at low a.

5.3.6 Comparison with other workers

The most recent results on hand are those of Ahn [26], for the case of a static core
annulus. For that case only, the preceding observations are in line with the findings of Ahn, and
other workers such as Lee ef al [19], [20], [21]. Ahn recommended that, in order to achieve
the most efficient system design for heat transfer, one should

a) decrease S/e
b) decrease «

c) increase P/e, Re and Pr
These recommendations are all verified by this study, except the first one. The results indicate

that increasing S/¢ would produce better efficiency figures, with or without the added axial

motion of the core.
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5.4 Analytical results for the rough annulus

The presence of roughness elements on both surfaces of the annulus, core and casing,
re-establishes some symmetry in the flow (provided that the roughness elements are of the same
S/e and P/e). Therefore, one would expect that the focation of Ry, and the velocity profiles

would approach those found for the smooth annulus. All results for the rough annulus are found

in Annex E.

5.4.1 Velocity profiles

Figures 1 through 8 depict how the velocity profiles appear in a rough annulus. For a
static core, the profiles exhibit a location of maximum velocity that is in line with the location
found for the smooth annulus case (see Annex D, Figure 1). There is also good agreement with
the predictions of Lee et al [21]. Again, the influence of z on the starting point of the proliles

can be appreciated in all Figures, and especially Figures 1 and 5.

5.4.1.1 Effects of U’

Figures 2, 3, 4, 6, and 8 illustrate how U’ shapes the profiles. The location ol maximum
velocity is shifted towards the core, as was the case for the rough core annulus. High values
of « accelerate the growth of the profiles, making them flatter than at low e, scen here in

comparing Figures 2 with 6.

5.4.1.2 Effects of roughness geometry

The effects identified for the rough core annulus appear once again in the rough annulus,
Figure 1 demonstrates how low roughness geometry confers upon the velocity profiles
characteristics associated with smooth annulus (compare the S/e = 30, P/e = 2 curve of Figure
1 with Figure I of Annex D). At high roughness geometry, the profile is completely different
form a smooth flow, with lower velocity gradients near the surfaces and a motion by Ry, away
from the smooth flow position. High o values tend to slow down that outward motion but not

the velocity’s radial development.
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5.4.2 Location of maximum velocity R,

The similarity of the smooth annulus fiow with the rough annulus flow is best revealed
in Figures 9 through 14, which show how R,," is influenced by o, U, Re and roughness
geometry. In practically all combinations of these parameters, Ry is almost invariant, even

when the core is moving.

5.4.2.1 Effects of U’

For the static core annulus, the behaviour of R,," is almost identical to that for the smooth
annulus (refer to Figures 11 and 13), with the exception that a rough annulus will have an Ry’
value larger than the smooth annulus. The addition of core velocity hardly affects Ry, which
is a rather surprising result. That constitutes a strong departure form the smooth annulus (Annex
D, Figure 14). The location of Ry, seems to hover around the annulus’ geometric centre (Ry
= 0.5), which is indicative of equal surface shear stresses and symmetry in the flow. High «
values tend to push Ry, radially outward, when compared to low « values, which is explained

by relatively stronger curvature effects at low o.

5.4.2.2 Effects of Re

The pseudo-symmetry of the flow, established by the presence of roughness on both
inside surfaces, is also found in the relative absence of effects by Re (Figure 11 through 14).
R, is almost invariant with Re, as was the case for the smooth annulus. Variations in Ry’

appear lo be caused mainly by roughness geometry and U,

5.4.2.3 Effects of roughness seometry

For the static core annulus, the presence of roughness translates into a motion of Ry

3 Bhuiyan's work [22] and Lee’s predictions [19] had shown that, for the rectangular channel (limiting case
of an annulus where @ = 1.0), Ry always tends to move away from the rough surface of an asymmetric
channel. By extension, when the two inside surfaces of an annulus are roughened, the strength of the
turbulence, induced locally on the flow by the roughness elements, is enhanced by the effects of the convex
curvature of the core.  Small «, un therefore small core radii, will have stronger curvature effects, which
wilt force the flow to accelerate faster than in the outer region, attracting R,,~ closer to the core surface,
At high e, the curvature cffects diminish and consequently, the tendency of Ry to move towards the core
also diminishes.
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away from the core, as the roughness geometry increases (Figures 11 and 13). High roughness
geometry will always push R,," above the passage's centreline. while low intensity roughness
causes the opposite effect. When the core is moving, Figures [2 and 14 indicate that there is
a reversal in the effects of low roughness geometry. Whereas in the static core, any roughness
geometry combined with increasing Re to yield increasing R,," values, a moving core will see
the combined effect of low roughness geometry and increasing Re as lowering R,,'. High
roughness geometry will not be affected by the presence of a moving core. The explanation for
that observation was already discussed in Section 5.3.3. Low roughness gecometry tends to
accentuate the smooth flow characteristics of the flow at hand, which implies that Ry,” will lower

as U increase (Annex D, Figure 14),

5.4,3 Friction Factor F

Intuitively, one would expect that the friction factor for a fully rough annulus be greater
than the smooth case or the rough core case. A comparison of Figure 15 through 20 with the

results of Annex D (Figures 32 to 37) supports this intuitive result.

5.4.3.1 Effects of U’

Figures 15 and 16 reveal a new effect that is opposite the one observed for the rough
core annulus (Annex D, Figures 32 and 33). In the rough annulus, an increase in U" actually
increases the friction factor F, whereas in the rough core annulus, it had the cffect of reducing
it. The increase is more pronounced as the roughness geometry increases. How to account for
this result? Prior discussions indicated that increasing U’ could be seen as a reduction in the
momentum carried by the flow relative to the core surface. Thus, the friction losses at the core
surface are reduced with increasing U®, At the outer surface however, there is no such relative
reduction in the flow’s relative momentum. The results obtained during the study indicated that
the surface shear stress ratio 7y;/7s, decreased as U’ increased. Such a reduction indicated that
the friction losses at the outer surface increased with increasing U'. The magnitude of the
increase for the outer surface exceeded the magnitude of the decrease of f at the core surface,

The net result is a gain in the total friction factor F.
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5.4.3.2 Effects of Re and roughness geometry
The effects of Re and roughness geometry on F are seen in Figures 17 to 20. They are

similar to those observed for the rough core annulus (Annex D, Figures 34 through 37) but of
greater magnitude. The pressure losses are as expected greater than in the rough core annulus,
by a factor of almost two. The only difference is the effect of U’, which is seen to be minimal
(for reasons explained in the above section 5.4.3.1), while its effects on the rough core annulus

were found to be significant, as Section 5.3.3.2 and 5.3.3.3 explained.

5.4.4 Nussclt number Nu and Heat transfer _ratio H

The annulus can be heated either from the core or the outer surface, or from both. In
this study, both cases were investigated (i.e. Nuif, Nuoo, Hii and Hoo). The smooth annulus
results for Nuii have already been presented in Annex D, Figures 38, 39 and 40. Nuoo results
are found in Annex E, Figures 21 through 24. They are well within the published data of
previous workers such as Kays and Leung [31] and Shigechi and Lee {11]. For the rough

annulus, the results indicate higher values of Hii/F, compared with Hoo/F.

5.4.4.1 Effects of U

U is investigated in Figures 25 through 30. The effects are similar to those observed
for the rough core annulus (Annex D, Figures 41, 42 and 43), except that their magnitude is less
pronounced than for the rough core case. The new data for Hoo (Figures 26, 28 and 30) also
indicate a similar response of Hoo to increasing U". The values of Hii are consistently larger
than for the rough core case, an expected result since the entire flow is turbulent and more
conducing to greater momentum and heat exchanges. That fact also explains why the reduction
in Hii and Hoo, with increased U’, is less severc than in the rough core annulus: the outer
surface maintains a higher rate of mixing within the flow than in the smooth outer surface

annulus. All other observations made at Section 5.3.4.1 are applicable to this Section.

5.4.4.2 Effects of Re and roughness geometry
Figures 31 through 40 illustrate that Hii and Hoo in the rough annulus respond to Re,

roughness geometry and Pr in a fashion simnilar to that explained for the rough core annulus, at
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Section 5.3.4.2 and 5.3.4.3. The only difference is in the magnitude of the effects: the rough

annulus produces greater heat transfer gains than the rough core annulus.

5.4.5 Efficiency ratio H/F

The dramatic increase in F, discussed in Section 5.4.3, conveys with it some unexpected
results in the overall efficiency ratios Hii/F and Hoo/F., An outcome of the rough core analysis
was a recommendation to utilize the most severe roughness geometry to achieve the best H/F
ratio (S/e = 30, P/e = 16). In Figures 41 through 56, that recommendation no fonger holds;
least severe roughness geometry produces the best H/F ratios, both for Hii and Hoo, which is
in agreement with the predictions of Lee er af [21]. However, the rates of change in Hii/F and
Hoo/F are seen to be dramatically different for those of Lee [21], owing principally to the new
method of modelling z with Eq [3.30].

5.4.5.1 Effects of U’

U’ imparts on the energy transfer process changes that are different [rom the rough core
annulus flow. Figures 41 through 46 illustrate how. Both Hii/F and Hoo/F tend to decrease
with increasing U’, which is indicative of the effects of increasing F with U" while Hii and Hoo
decrease with U*, Values of Hii/F or Hoo/F superior to unity can only be achicved by a
combination of low roughness geometry and jow U°, Figures 43 and 44 reveal that high values
of @ will enhance the efficiency of the process. Finally, the impact of Pr on Hii/FF and Hoo/F

is significant and positive with large Pr (illustrated in Figures 45 and 40).

5.4.5.2. Effects of Re

Figures 47 through 56 demonstrate how Re impacts on Hii/F and Hoo/F. At low Re
numbers (Re < 50 000), the ratio Hii/F is greatly influenced by Re, dropping rapidly to a stable
plateau. Hoo/F is also subjected to the same drop, but in a smoother transition. Beyond Re >

60 000, the effects of Re vanish, as was the case for the rough core annulus.
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5.4.5.3 Effects of rouphness geometry

The bhenefits of using low roughness geometry geometry (S/fe > > 1, P/e < 2) is seen
to apply to the entire spectrum of combinations of «, U’, Re and Pr. As the roughness
geomeltry increases, the friction loss component, F, increases faster than the heat transfer
components, Hii or Hoo, such that there is a loss of efficiency in the energy transfer process.
Higher values of « will improve the efficiency ratio. In fact, at high «, the ratio Hii/F will
always be superior to unity for any given combination of S/e, P/e, Re and U™ (for Pr > 0.72).
The ratio Hoo/F is consistently lower than Hii/F, and remains superior to unity for U" values
nearing zero. Finally, Figures 55 and 56 show how the combined effects of Pr and U’ work as

antagonists in the outcome of the Hii/F and Hoo/F ratios.

5.4.6 Comparison with_other workers
The only data published in the literature for the case of a fully rough annuius with static

core were published by Lee ef al [21]. The results obtained during this study compared
favourably for the velocity profiles and R,,". Different results were obtained however for F and
H/F. For F, the differences lay in the magnitude of the ratio, wheieas H/F saw differences both
in the magnitude and the trends of the results. These differences are explained in part by the
use of the new Eq [3.30], for calculating Ry and z, and by the possible variations in the
predictions caused by the use of different computer algorithms. These variations can amount
to major differences. Unfortunately, the results of Lee and co-workers [19], [20], [21], Bhuiyan
[22] and Ahn [26] did not present actual values of z predicted, such that a comparison of the

results of this study for z could not be performed.

From the foregoing discussion are drawn these recommendations, for achieving the best

H/F results as design constraints of a heat exchanger systems, for any value of U™

a) increase S/e and decrease P/e
b) increase « and Pr

¢) decrease Re
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Chapter 6

Conclusion

The preceding discussion, on the effects of o, U", Re, Pr. S/¢ and P/e on the momentum and

heat transfer mechanisms involved in the flow of a fluid inside an annulus, leads to the following

conclusions:

1. The computer model produced very good predictions of velocity profiles, [, F,
Nu, H and H/F for the variety of geometric, dynamic and thermal conditions
given. The predictions were particularly accurate for the known case of a smooth
annulus with a static core.

2. The effects of U, o, Re, S/e and Ple have been identificd with rcasonable
accuracy.

3. New empirical formulations were found in excellent agreement with published

data, for predicting R," for the smooth annulus with moving core, Lig [5.1] and
[5.2]), Ry for the rough core annulus with static core, Eq [3.30], the location of

zero shear stress, Eq [5.4], and the effect of U’ on z , Eq [3.32].

For the rough core annulus
4, The friction ratio F decreases with increasing U’, o and Re. High roughness
geometry (S/e > 1, P/e > 1) produce the largest F values. Low roughness
geometry (S/e > 1, P/e < 2) produce the lowest F. F can be inlerior 1o unity

for high U, low Re and low roughness geometry.,

5. The heat transfer ratio Hii is generally superior to unity and increases with high

roughness geometry, low U and high Re and Pr. Hii will decrease to near unity
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as U" increases toward 1.0, and will be lower than unity for low roughness

geometry geometries.

The efficiency ratio Hii/F will react to U", Re, «, Pr, S/e and P/e in similar
fashion to Hii. High o and U, in combination with low S/e and P/e will produce
Hii/F values below unity. Increasing Re and Pr will increase Hii/F, with

enhanced results with high roughness geometry.

For the rough annulus

7.

10.

1.

The new empirical equations for R,,", Eq [3.30] and y,,, Eq [5.4] do not give
good predictions. Eq [3.32] remains applicable with believed high accuracy.

The friction factor F will increase with U and Re, and decreasing «. High
roughness geometry geometries produce the highest values of F. In most

combinations of &, U, Re, S/e and P/e, F will be superior to unity.

The heat transfer ratios Hii and Hoo are influenced in the same manner by o,
U*, Re S/e and P/e, with Hii experiencing the largest influence, Hii is always
superior to Hoo. Increasing o will reduce Hii and Hoo. Increasing Pr or Re will

enhance Hii and Hoo.

The efficiency ratios Hii/FF and Hoo/F react to increased U" the same way Hii and
Hoo do. The best values of Hii/F and Hoo/f are achieved with low roughness
geometry geometries. The worst values are achieved with high roughness
geometry geometries. Low U" values will increase the ratios, as well as high a.
Beyond Re > 60 000, Re has no noticeable effect of the ratios. Hii/F and
Hoo/F can be inferior to unity when o, Re and Pr are low and roughness

geometry is high.

The effects of S/e and P/e are demonstrated to be local, near the roughness
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surface. The effects of P/e are greater than those of S/c.

12, The effects of U" are explained through the relative momentum analogy and

corroborated by the compuier predictions.
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Appendix A

Development of model equations

Appendix A.1

Force Balance Analysis of Annulus Geometry

The basic geometry of a smooth surface annulus is shown in Figure Al-1 below. The
distribution of the fluid velocity across the channel section is influenced by the necessary
condition of zero velocity at both wall, such that the velocity profile evolves from zero velocity
at the wall to a maximum velocity at a location R,,, where Ry < Ry < Ry, to zero velocity
again at the opposite wall. This characteristic profile allows the analysis to be divided into two

regions, inner and outer, separated at the location of maximum velocity.

T I—".—LI'_——_«E'I;L%'I I_'lt'““-ll—'"u‘*ﬂ‘l.r'_l.l_\.r“—‘l.’—_u' =
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Figure Al-I: Annulus gcometry and nomenclature

To perform an analysis of the force balance in each region, a control volume (C.V.) is taken on

an clement of the fluid:

Al-1



C.V.

: Tﬂm P TR
p— «—P + dP/dx dx P— — P + dP/dx dx
Am
dx | r dx
N, ST
R r Am l R,"
+
& t
R <r<R, R, <r<R,
Figure Al-2: Control Volume for Inner Region Figure A1-3; Control volume for Outer Region

Y F. for Inner Region

The forces applied to the control volume shown at Figure A1-2 yield the Force balance equation:
-t (27nrdx) - t, (2nR _dx) + ©P (JR2 -r? - (P + de) n (Ivl2 -rhH =0
r Ry, 'm " ax m

The pressure term is readily eliminated, with the pressure gradient term only remaining. The

equation can be further simplified by dividing both sides by 2xdx. The result is:

ap

1
-t r - T, R, = Ea(R,f, - ry [AL1]

The boundary conditions applicable to the inner region are 7, = 0.0 at r = Ry. Inserting these

conditions in Eq [Al.1] yields the expression for 7p; and 7;:
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R: - R}
vy = -1 0 " T [41.2]
29 R,

R: -2
[ MR ] [A1.3]
R

2 2
T, Ryl Ry - 1 .
W TR aldl
LS 'm .

Y F__for the Outer Region

The force analysis for the outer region is done in the same manner, using the control volume

shown at Figure Al-3. The force balance equation is in this case:

-ty @uRdx) - T, @rrdx) + nP(? - R:) - [P + %dx) % (r? - R:) = 0

[A1.5]

By applying the boundary conditions to Eq [Al.5], 7y, = 0.0 at r = R, , the following

equations can be obtained:
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2 2
19P[7° - R,
= - AlL6
" 2 ox r [A16]
Ry, - R
tg, = 1P| TR ~ P [42.7]
2ax| R,
T, Ryl r-R:
= Rl . [A1.8]
Tro r RRo - Rm
Finally, the combination of Eq [A1.2] and [A1.7] gives:
Tu _ R R'} - Ry [A19]
e Ru|Rp, - R



Appendix A.2

Heat Balance Analysis of Inner/Outer Surfaces Heated

In an annulus, three heating conditions may be encountered: 1) the core surface is heated
with the outer surface insulated; 2) the outer surface is heated with the core surface insulated;
and 3) both surfaces are heated. The heat analysis can be performed by calculating the heat
balance for the first and the second conditions independently. The solution to the third condition
can bc obtained by applying the principle of superimposition whereby the solution to a
homogeneous linear differential equation can be expressed as the sum of two particular solutions.
Since the differential equation governing the heat transfer of the annulus satisfies the condition
of linearity and homogeneity, the principle can be applied. In this study, however, only the first

two conditions were investigated.

First Condition: Core Heating
The control volume shown in Figure A1-2 can be utilized again in this analysis. The heat

exchange process is illustrated in Figure A2-1.
Neglecting viscous dissipation (an acceptable .
R
assumption for flows with a Mach number < < 0.3, see : "/ /’ e
[71), the law of conservation of energy requires that: Vi Vi,
! , T T L - didxda
dx
. ". -
Thermal Energy in = Thermal Energy out e A
2
R <r<Rh,
That law may be expressed for the control volume by the
equation:
PCprVbﬂ(fz - RY) + d,g?Zandx = Figure A2-1; lCm:Trol Volume for core
teating

ar,
q,.”Zrcrdr + wpc Wy r? - R;)[Tb + a—:dx]
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The first term on the left side of the equation appears on both sides of the equation, and can be

eliminated. Dividing the equation by 27dx and re-arranging, one obtains:

v,) (4,
3‘1] [—"] =gp Ry -4 r [42.1]

pt.':,,(r2 - Rg) =

The boundary condition is zero heat transfer at r = Ry, (the outer wall is assumed to be

insulated). When applied to Eq [A2.1], the expression for the core heat flux thus becomes:

R, V, dT,
qg = cp_R"_g_h.

[42.2]
Rp 2 ox

Re - R
Ry,

Eq [A2.1] and [A2.2] can be combined to eliminate the terms V,,, Ty, p and ¢,. The resulting

expression is:

. 2 2
dr _ Ryl Rg, - r
- = T = [A2.3]
qr Ry, - Ry

Second Condition: Outer Surface Heating
The development of the expressions for this condition is akin to that of the core condition and

is not detailed here. The equation of interest that can be derived is:

A 2
G _ Ry ﬂ] [424]
r

o i
o

Rk, - Ry
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Appendix A.3
Non-dimens:onalized Forms of the Momentum and

Heat Balance Equations - Smooth Surfaces

I. Defined Parameters

The following Table A3.1 provides the list of parameters used to transform the momentum and

heat equations into non-dimensionalized forms.

Table A3.1 - Independent Parameters

Inner Region
Ry < r <Ry

o = RyifRpo
Pr, = ey/ey

Yi = r-Ry

& =R, -Ry
HBri = (0"
Vit = Yi bl
8t = & uslv
R* = Ry palv
wt o= Ul

U'= U i

U" = U/

A = 81IR

&=y 6"

T,* = (T - Tip €, i /dwi"

A3-1

Outer Region
(Rm< r < Rnu)

o = Ryi/Ry,
Pr, = eyl
Yo & Rllu -r

8, = Ry, - R,
Pro = (Tl )"
Yo! = Yo holp
0, = 6, u./p
R," = Ry, p../p

u," = u,/p,,
A(l = 6“ ! !Ru !
g-ﬂ = yll : 16“ i

Tn.‘- = (TRU - Tn)p Ch u'm/ilku"



II. Shear Stress Ratio

Eq |Al.4] was derived in Appendix Al as:

T Ry

Th r

2 2
Ru o1

[AL4]
Ry - Ry

which can be re-arranged as follows, by extracting the term Ry® and replacing r by y; + Rg;:

2
Byl (LY
R [\Re Ry,
Ri)| (Rl _ |
RR]‘

A

Tw i O, + Ry

That expression can be further reduced to:

[’Icrc, leRm = (6. + RRi)! RRi - Ai + l, and l‘/RRi = (yl + RR'I)/ RRi = Airi +1

Substitute these two equivalences into the expression above to obtain:

T, 1 [(A{ M ];)2 - (AL 1y
Ty AL+ 1[ (A, +1f - 1

" [A? + 28, - (ALY - 24¢,
AG + 1| A7 + 24,

1 'u—cmmq+2+Aﬂ

AL+ A +2
1-¢1 A

= J 1 + M [A3.1]
A,C, + 1_ A+ 2
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The form of Eq [A3.1] is obtained by extracting the roots of the polynomial of the right hand

side numerator.

The corresponding equation for the shear stress ratio in the outer region of the flow is

obtained in a similar fashion, starting with equ [A1.8]. Applying the equivalences

SR "l PR
RRo RRn : Cu
Ru _Bo-C _ .
RR,, RRD - l Aocn
to Eq [A1.8] yields the following expression:
2-A
e f-1]% " : A :
L= -2 ° {43.2]

w 1-48] 2-A

1]

III. Heat Ratios - Inner surface heating

For this condition, the applicable equation is [A2.3]:

N 2

q, - RR.I RJ&J - r2 (42.3]
L rip? _ g? )
du Ro Ri

which, by extracting Rp?, reduces to:

2
Re| (Y
g Rul\Ru) \Ru
dn " R,bzl
RIU

He['e, RROIRRi = l/e.



For the inner region, the ratio /Ry = Al + 1, such that the last equation can be re-written as:

1 2

. — - + AL

q_," : : " ( <D

PG IR L

m?.
and, finally,

o 1 [1-atneagy (4231
PATYARE Y

For the outer region, Eq [A2.3] can be re-arranged by extracting Ry,

RRI r 2
LA —||1 - |5
‘7_: RRo Ry,
da {_r_) Ry
R N -5
Ro Ron

e fr-a1- cA,c,)’}
PO Wl
and, finally
N _ 2
a o 280, - 00 4341

gl 1AL 1 -
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1V. Heat Ratio - Quter surface heating

The development of the expressions for the condition of cuter surface heating is similar 1o the
development for the first heating condition. Starting with Eq |A2.4], the heat ratios for the

regions are given below, without development details:

Rysrs Ry,

Y/ 2 2
4 1 (1-4A0) -«a
7-1'?-\(1 P |A3.5)
o ovo o
Ry srs Ry,
TR V3 R

A3-5



Appendix A.4
Non-dimensionalized Forms of the Momentum and

Heat Balance Equations - Rough Surfaces

The general cquations of the stress and heat ratios, derived in Appendices Al through A3, can
be modified to include the special case of rough surfaces. The modelling of surface roughness
horrows from the concept of surface roughness developed by Bhuiyan [22] and Lee [27]. The
effect of a rough surface is reflected by the variable z,,, which defines the location of zero fluid

velocity atove the root of the rough surface, shown here in Figure A4-1.

Root

_lfgn F_— ¥ -—1
1777/ 77 7/

Figure A4-1: Geometry of core roughness

I. Shear Stress Ratios
The effective domain of application for r in a roughened znnulus will necessarily shrink by z,,
near the rough surface. The new domain becomes:

Ry < r < Ry,

Al the inner surface, Ry, is the sum Ry; + (z,.); . At the outer surface, Ry, is the sum Ry, +
(z,),. For simplicity, the z terms will be written as zy; and zy,. The shear stress equations
[Al1.4], [A1.8] and [A1.9] can be modified by inserting the variables Rg; and Ry, in lieu of R
and Ry, After manipulating the equations , by isolating either Ry or Rg,, the following

equations are obtained for [Al.4] and [A1.8]:
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.
_T_R. _ Ry [(1 + AI)2 - (1 + Ai(‘;‘)'-'
T 1+ AL 2 44
R Z
{1 + A‘)z -1+ IR
RRI
R,srs R,
i - R
T Ry, [ -AL)-(-4)
o T-a v [44.2]
1] = <R} _1 - AN
( Rkn] -4

For Eq [A1.9], the expression is derived as follows:
2 2
2 5’-"— - 1 in
Ta | Re = % R | [\ Ru Ry
Tho R}H * Iy RR,

Substituting the Ry/Rg; and Ry/Rg, with the expressions (1 + A and (1 - 4,) respectively, the
above equation is transformed to:

And, after substituting Rp:/Rg, by @, the equation takes the final form:

2
Z
| 0

T R
2o Be L] [A4.3]
1'80 Zm 2
ool - 2| -a-ay
'Ri R.Rn a
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II. Heat Ratios

A. Inner Surface Heating - Inner Region

For the inner surface heated only, Eq [A2.3] is applicable, with the substitution of Ry,
by (R, + 7y) and Ry, by (R, - Z,,), as was done for the shear stress equations. With these

substitutions and re-arranging, Eq [A2.3] is transformed as follows:

.‘i_risz“*zm[ (Rm—zk‘,)z-r2
dn r [(Rko - 25 = Ry *+ 20)°

RE( - ;—"")2 - Ry

r ’i| o2 Zhav2 2 Zpi 2
RA(1 - Ry - R+ Ey
Rol RRo) Ri R
= B «+ z_”) (7] Ri
r b4
®la - z_“"')2 - a1 +-Ny
Ro R

Finally, the term Rg/r can be replaced by its non-dimensional equivalent:

o 4
g b |- 2B - at e ALY
kI ” 2o [44.4]
AR R R
R.Ru RRI'

B. Inner Surface Heating - Outer Region

The development of the heat ratio for the outer region is similar and will not be

reproduced here.  Only the resulting equation will be given:

Z 2
A i 22 - - ALy
r R 'Ro
LA [44.5])
flg 1 - A.,Co a - _Z_Ri)z - X1 +i]cl)z
RRu RH
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C. Outer Surface Heating - Inner Region

In this case, the applicable equation is again |A2.3]. which is modified in the same
manner as explained before:

_(i_:’ - Ry, - ZRD[ rt - Ry + ZRI)2
Qo r l(RRa - 5 - Ry * 2)°
RA-LF - RY + RY
= 53_0(1 - ﬂ@_) Ry Ry
r R a 2 - I
BRL(L - Pyt — Ra(1 + EY
Re Ri

The last equation can be further simplified by extracting the terms (Ry)* and (Ry, ), and by
replacing r/Rg; by 1 + {iA;. The result is:

z z
T N LR *)
— = a ad L. [A4.6]
q L+ AL, Zp, Ty
Ro (1 - ___)2 - a2(l +__)2
Ry, R

D. Outer Surface Heating - Outer Region

Using Eq [A2.4], the development for the inner region can be applied to the outer region.
The result is Eq [A2.6]:

F4
g 1-=2la- ALY - ol - &)2
W - .
qRa l Agco (1 _ _z'_E)z _ az(l +E£)2
RRB ”
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Appendix A.5
Non-dimensionalized Forms of the Velocity

and Temperature Equations

1. Velogity Profil

The definition of total shear stress can be used to derive an expression for the fluid’s axial

velocity u(r). In its most basic form, the total shear stress is related to the fluid velocity through
the equation:

B,
X. i A5.1
” (v + € ™ [45.1]

But the shear stress 7j/p is also related to the wall velocity u,; by the expression defined in

Appendix A.3. Based on these two equations, the following relationships can be derived:
Vi 2 -
;- = Wy by definition]

v -
y, = oy = L &,
"o, s
also,
yo = a' c - ay = l 5. a(
i (/] fi " 7
]

Eq [AS.1] can now be re-arranged by inserting the identities developed in Eq [A5.2]:
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2 = V(l + -E-ﬂ)-.—__u;"l_a.';?:-
P Vo ov 39
2.
- oSyt
v A

- STyt O
Vo oP 83

The last expression can be re-arranged in terms of the velocity derivative:

. o[z
y ,[,R]J
B T e [453]
/ 1+

v

II. Eddy viscosity modelling

The term ey/v appears in Eq [A5.1] when the components of the flow’s momentum
equation [1.2] are decomposed into time average and fluctuating components. ‘That term
requires mathematical modelling in order to utilize it for computational purposes, since it cannot
be determined analytically. The term will exhibit a very different behaviour, depending on the
state of the boundary layer. It is a widely accepted fact that a boundary layer can be regarded
as consisting of two layers. The first one, the viscous sublayer, is confined to a region of the
flow immediately adjacent to a solid boundary, such as the annulus’ internal surfaces. Beyond
the viscous sublayer lays the fully turbulent layer. Both regions require distinct mathematical

models (refer to Chapter 3 of this study for details).
Viscous Sublayer
In the viscous sublayer, the model proposed by Van Driest [29] is used. The equation

for that model is:
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a -
'l [45.4]

-

%,

v (Kﬁj)[l exD{ Af]]n

That equation can be made dimensionless by inserting the equalities derived in Eq [AS.2] and

[A5.3]. Doing so, and multiplying each side of the equation by (1 + ew/v), one obtains:
« [ T
¢ &) 3¢ K (?;]
3 [_u] = 07| 1 - expl L2 ; [45.5]
o s

That last equation is cumbersome but can simplified by taking advantage of the fact that the

equation is an incomplete square polynomial in ey/v. Thus, by finding the roots of the

polynomial using the familiar relationship

F
£ = -—btib 4ac

2a

€
where x=-2 a=1, b=1, ¢ = right side of [A5.5]
v

the positive root of the polynomial is found to be:

€x

3¢
Sl |1+ adreR | 1 - expl Lt
ot [ of 2

| -

b; (_.']J } Us6l

Fully Turbulent Layer
In the fully turbulent layer, the model originally proposed by Reichardt is used in a

maodified form:
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A2
x|1+2]1-2 [45.7)
5

Here, the term in y;* /A;* can be replaced by the variable {;. Eq [A5.7] can then be re-arranged
as follows:

v, fL;!-[l-(l-2c,+c})]x[1+(2—4c,+2C})]

o B3 [0, - g)(3 - 4+ 2]

6'
l‘1-6’—':£[2-c,][3 - 4t + 20| [45.8)

III. Temperature profile
The equation for the temperature profile throughout the flow cross-section is derived from
the basic heat transport equation:
.l
- qr
P e,

= (e~ e_,,)% where « is the thermal diffusivity

The presence of the negative sign is important. It signifies that heat will flow in a positive
direction along r if the temperature diminishes as r grows (q being positive into the fluid). The
distinction is essential when the equation is applied to the case of an annulus heated from the
outer surface only. In that case, the direction gradient ér is negative, which requires that the
negative sign be eliminated if the heat is to flow inward, into the fluid (the tempcrature gradient
being also negative).

The above equation can be made dimensioniess by introducing a non-dimensionalized
temperature T;*, defined at Appendix A3:
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I - (Ty - T) P by,

— [A5.9]
‘IR,

Using Eq [A5.9], the partial derivative for T can be transformed as follows:

v/
T, gR" g .
TI=T~———’—2—’— - T, = - B aT;
P cp Pg‘, P C, |"‘1J,

p=Rxy = 0=z = or; = +—3dy,

Y/ *
amd Mo _ 9w %
ar pecpd v o,

The + sign applies where j = i. The - sign applies where j = o,

The last expression can be inserted directly into the basic heat transport equation. The terms

p and c, cancel out, such that the equation can be re-arranged in terms of T;* as follows:
— = where Pr = i— [A5.10]
Eq [AS5.10] can be further simplified by re-arranging the denominator as follows:

The last expression is inserted in Eq [A5.10] to yield the final expression:
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i
p——
P
+
3
A |0
b

._12..1+3 =
Pr (3

€
and, from Pr, M

€y
S U
Pr v Pr,
= _1- 1 + .& .E_“
Pr Pr, v
i
8/ q—'
Ty dr,
L = ! [45.11]

The + sign is allocated according to the surface heated, as shown in the table below:

SIGN INNER OUTER
+ i=1i j=o0
- j=o j=i

The value of Pr, is typically set at 1.0. However, early works on ey, by Sleicher and Tribus [7]

and Jenkins [50], led to the formulation of an infinite series solution to Eq [1.1]:

€ F

i . Pr._ﬁ

€y Fy

2 12 S | 1
here F = | S =22 — -
where Hor M 15 nﬁA’g ﬂ6 1 ("1,‘1)

e A
/ !

and A=%E- Jor F,, A=K);" Jor Fy,
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The theoretical distribution of Pr, as a function of Pr, predicted by this series is shown in

Figure AS.1, 10
For Pr = 1, the formula predicts a Pr, equal to unity, the S 1
/s
same result obtained by the Reynolds analogy. {In the ‘o
figure, the subscript "v" stands for "M" and the subscript ‘{E / O/
W
" n iy LA A H A
c", for "H"). 01—
1O
LEviy
IV. Eddy viscosity for rough surface 0oz o 10
PRANDTL NUMBER
The presence of roughness elements on the

annular surfaces has the effect of eradicating the viscous Figure AS.1 Variation of Pr, with Pr From Jenkins
sublayer. The boundary layer immediately adjacent to P

the surface exhibits fully turbulent behaviour. In such an instance, the two expressions
developed earlier, namely Eq [A5.6] and [A5.8], can not be applied and a new expression must
be sought. The hypothesis established for that case is to assume that the eddy diffusivity concept

developed by Prandt! is valid:

%’

with II =%y

and z_.,J <y < Yhons

The last expression can be re-written using the identities developed previously for Uj and y;.

The result is:

-

—1

2 L2 gt
x {6
l!!acl

[A5.11]

——
<[
‘:-_....-,
n
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In the fully turbulent region, the eddy viscosity is usually much larger than the viscosity. Using

this simplification and Eq [AS5.11], Eq [A5.3] can be re-written as follows:

T 'Y
4L = & (_f‘ [A5.12]
Ty T ;)

The Prandtl hypothesis requires that the shear stress ratio be constant and close to unity.
Therefore, Eq [A5.12] reduces to : .

1 an'
AL & [45.13]
& 8
from which u = L Ln() + [45.14)
K

)

The integration constant C, can be found with the boundary condition that u;'= U" at §; =
ZRj+I6j+. The result is

z"
Cl = —l n ﬁ + U+
KJ 6;
PR W (7 R [45.15]
Kj ZR,
e
EM‘ .
and also —| =% 8 [A5.16]
v

V. Matching zp; and zg,
When the core surface and the outer surface are roughened, it is possible Lo express g,
in terms of zy;. At the location of maximum velocity, the equality of velocity requires that both

expressions for Eq [A5.14] be equal in the following proportions:
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et e ol

: * L4
sinc: W= W u, ., U, = U, U

and u =u, a {={(, = 10

The terms {,; and ¢§,, are equal to zy;*/8;* and zg,*/6,*, respectively.
Eq {A5.17] can be re-arranged as follows:

u = f‘-‘l‘.Ln l - hl)l i
Ty Core ko cm kl cu

c("“ t"':'"‘) = Cu%)

or - [45.18]
n
c,,,"')
Finaly, Eq [AS.18] is re-arranged to its final form:
I
L8 __‘ﬂ”)
e("" o)
2
* “v. M
=R B usig
L (_ Ui o
e\om
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Appendix A.6

Non-dimensionalized Forms of Other Fluid Parameters

I. Bulk Velocity

The average, or bulk velocity of the fluid across the annulus section can be defined as:

f;" 2n u(r) dr

fR"' 2n r dr
Rﬂ

The terms u;, u,, y; and y, can be replaced by their non-dimensional counterparts derived at Eq
[A5.2]. The radius r takes either the form Ry, + y; or Ry, -y, The wall velocities u;* and

u,* will cancel out. Therefore, the last expression can be re-arranged as:

“ = 73 2 2 [ f L Ry(l + ALHvdde, + f l u, Ryl “B,C,)vﬂ;dc,]
RL - Ry l°° 0
R = Ry

or
Uy = Rl"_RRm 8 fo u' (1 +ALYdC, + 8 % fo‘ u, (1 -8,0) dc,]
or
[46.1]
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II. Reynolds number

The Reynolds number for the annulus geometry is defined as:

u, Dy
Re =8 —— where D, = 2(Rp, - Ry
¥y

2u, Ry (1 -a)
v

Substituting Eq [A6.1] into the last expression yields:
2R, (1 -a)
¥

2ve
Ry (1 - &?)

and,

Re=Td?[6,‘f WAL, + 82 [

1
0 °¢o

u; a "aoco)dco]

and finally,

4

k=09

[ o [ s s+ 8 [ w @ o]

[46.2]

ITI. Friction factor
The friction factor f is defined as:

The pressure gradient can be expressed in terms of the surface shear stresses (refer to Appendix
Al, Figure Al-1):

1 oP 2
Tag R * ta B = “EE(R;'RM)

AG-2



The pressure gradient in the definition equation for f is substituted with the last expression,
yielding the following:

;- 4Ry, - R)(Ry, - ”)zfr,," Ry + Ty Ry s
R*vip | (RL - RD)

i S(Rg, “RY [ ey R * Ty Rpo
Re* vt p ((Ry, *+ Rp)(Ry, - Ry)

8 (Ry, - RP Ta, L
SRyl ==
Re* ViR, + R,) P Thy ©

Finally, the last expression can be re-arranged by expressing the radii in terms of «, and the
shear stress in terms of the wall velocity, as shown here:

8(Ry, - Ry’ Bey Ry 1+ TR, 1
Re? v? T,

1
2(1 - Ly
-8 (%) e ( AL l] [46.3])

2 2
Note that (—1- -1) = (1 - _1_)

IV. Nusselt number (Nuy)
The Nusselt number Nuy will take on two separate forms, depending on the annulus
surface being heated (Nu; for core surface heating; Nu,, for outer surface heating). However,

both Nu numbers are derived from the same root equation, which is defined here as:
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hy Dy
k

N, =

dxy (Ty = 7o)

and Dy = 2Ry, - Ry

where hﬁ

replacing the heat transfer coefficient hy in the equation for Nu; gives:

Uy = ———
Ty - T k
and, from the definition of Ty,
2 pcp (Ry, - Ry

Nu, = " 5
T, k

4

Therefore, for Nu;, the expression takes the form:

p. R .Ri’. -
‘ﬂ R
Nuy = 2 B where o = thermal diffusivity
[+ Tb"
IR
R” R _
= 2 y Rm
o Tb:
( 1-a
= 2 PrRy = [46.4]
T,
(]
. Ry,
where o = radius ratlo —
Re,

The development of the expression for Nu,, is similar and yields the equation:

Nu, = 2 PrRy (1-9 [46.5]
T,
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V. Buik Temperature Th*
A non-dimensionalized bulk temperature can be defined in a way similar to that for the

bulk fluid velocity. In this case, the definition is given as:

f;'- 2x u(r) T0) dr

/ P 2x u@) rdr
Ry

t

That equation can deconﬁposed into two parts by utilizing the definition of the dimensionless

temperature T;* (refer to Appendix A.3):

Tv s i
T, = Ty - 9w
/ p cP pl'”

Thus, the definition equation can be re-written as :

@y, - Ty f;“' u() r dr qg f;:” u(r) r Ty, dr
4T T [ ) e
f‘u ur) r dr P Cp By, fR” u(r) r dr

Which reduces to:

qg f;:" u(r) r TU); dr

This last equation can be further reduced by replacing the integral at the denominator by the

equivalence:

Fee - X
fh u(r) r dr 4thR¢(l+a)

which can be easily derived from the definition of the bulk velocity and the Reynolds number.
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The substitution changes the equation to:

aql f;“' u(r) r Ty dr

T), = T,
(b)l ¥ pc,p.vabRe(1+u)

[46.6]

The integral at the numerator can be expanded by making substitutions similar to those made for

the development of the expression for the bulk velocity
f B wdrmin); dr =
Ry !

Ryvd; [fo i Rl AL TG+ [T Re(1 88D T] dc,]

[A6.T}
Inserting Eq [A6.7] into [A6.6] yields the new expression:
5 1 . .
o = Ty - A x TLI U Ry (1 + 80 T &,
6; | .
+ Ax o o Ry (1 - 800 T, &, [46.8]
where A = 4‘3 4 Ry

P ¢p Ry, Re (1 +a)

Eq [A6.8] can still be reduced to a more compact form. Multiply both sides of Eq [A6.8] by
-1, add Ty and multiply by pc,p, /qs; . The left side of Eq [A6.8] now appears as the definition
of the non-dimensional bulk temperature, where the subsci'ipt k indicates the value of the
subscript j ( for core heating, j=k=i; for outer surface heating, j=k=o0). The generic form of

the new equation becomes:
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(P 1. .
T, =0 x| 8 [f]fo 4 Ry (1 + ALY T, &,

A}

[ . ut 1 . .
+ 0 x 60 [P—‘] fo U, RRa a- aoco) To dCD

Ty

where Q =___i...._
Re (1 + a)

[46.9]

Finally, Eq [A6.9] can be expressed specifically for the case of core heating and outer surface

heating, by replacing the subscript k with the appropriate subscript i or o:

T =0 x e 8] [l u Ry (L + 88) T d]

o | By, . .
+ Qx5 {,T] [l ug Ry (1 - 8,00 T, dt, (46.10]
and
. - u'? 1 - .
T, = Q x|ad [p—.]fb u Ry @1+ AL) T, d(,
+ 0 x [5; fol u Ry (L - 8,00 T dc,] (46.11)

A6-7



Appendix B

Laminar flow analysis

The momentum characteristic of a fluid flowing in an annulus in the laminar regime in
a fully developed state can be completely solved analytically. Starting from the fundamental
momentum equation, Eq [1.1], the simplifications due to symmetry, constant velocity profile and

constant fluid parameters causes Eq [1.1] to be reduced to the form:

1 0 aulr) aP

— —— r —t -

r dr (p. or ) ox

du 1 ap
Integrating once yields r — = — — +(
ntegrating once y ™ 2y \
; : _ 1 9P
Integrating again yields uw() = — = 12+ C, Ln(r) + C,
[

[B1.1]

The most general case is found when both annular surfaces are moving at different velocities V;
and V, . Therefore, the boundary conditions applicable to Eq [B1.1} are:

u= V,atr = Ry

n=V,atr = Ry,

Substitute these particular values for u and r into Eq [B1.1] to find C;:

V, = AxR, + C, Ln(Ry) + C, [B12)

LA

AxRY + C, Lu(Rg) + C, [B1.3)

R
V, -V, = Ax(Ri, - Rg) + C, Ln (—"’]
RRJ

(V, - V) - Ax(RE, - R})

thus C, =

=

with A
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By adding Eq [B1.2] and [B1.3], the expression for C, is directly obtained:

vV, + ¥, 2o
SRR . -C-lbr(R”~RM)

C, =
2 2 2 2

Eq [B1.1] can now be re-written by direct substitution of C, and C,:

u(r) = A[ - [R:" N Rg‘]
2

2

v, +V,
+CI{Ln(r) -—%Ln(RR,-R”)] +[ 0 ‘]
Note that the terms in the brackets following C, can be re-written as:
| I —

Ry, Ry

Now, substitute the expression for C, into the equation for u(r) and introduce a new parameter
Ry, such that:

Then, with some re-arranging, the expression for u(r) can be written in its final form:

2 2
rz-[R""R”]-zx,’,Ln[ r )

2 VRRn RRI

A7 Ln[ r ]+ v, +

uir) = A

2

The special case where V; = V, = 0 yields the familiar expression for the static annulus:

The meaning of Ry becomes apparent when the position of maximum velocity is sought
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Ry, - Ri
.u(r)=—!—ﬂ.i r’—[—-ﬂf—z—-—'ﬁl-2Rf,Lu[ 4 ]

p & JRe, Ry

[B1.4]

(6u/ér = 0). Taking the derivative of Eq [B1.4] and equating to zero gives:

R, R
2r-2Rf;x Lk RV
d Ry, Ry

du(r) 0 = 1 aP

or 4 ox

The terms inside the square brackets reduce to
2
r-2-2 =0
r

2
orrt = Ry

Hence, the term R,, represents the location of maximum fluid velocity within the annular

passage. When it is re-inserted into the derivative equation above, the expression obtained is

readily seen to be:

s RE - RY
R = R R, Rlim [B1.5]
R
2 Ln _.5‘2]
Ry

which is the expression set in the development of Eq [B1.4].
Another version of Eq [B1.4] can be derived by extracting Ry, from the right hand side of the

equation and replacing Ry’ by Eq [B1.5}:
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1 3P 2|({r}_1_ &f a -1 r 1
= — — R — e = - - | - = Ln
ap ox R [R,b] 2 2 [Ln(n'.) )[ (R,,, @
al ~1
Now, let B = In (&) and re-arrange the previous expression.
o
1 P .2 r¥Y 1« r 1 ~a?
= — —R —| - = =-— <-BlLn|—|-
dp & [R&,] 2 (R,,] ( 2
1 aP 2 r ¥ r
- = - =— = Rp {1=-]— B ln|— B1.6
“o a [RM] " (Rb] [ !

The bulk velocity can be easily found using the definition given at Appendix A.6. Substituting

the expression for u(r) from Eq {B1.6] then integrating directly, one obtains:

Bo g gop , BRb [_] o) - & )]
4 2 R, R,] 2

Note that the limits of integration are from Ry; to ry,, or equivalently, from Ry/Rp, 10 Ry/Ry,

(hence, from « to 1). The above expression reduces to:

24 RE,
4

Vv, = -

{(1 ~al) + —L (- B+ B «® - 2Ba? Ln(a)} ]
A -o?
Note that the logarithmic term can be replaced by:

2Be* Ln () = 2 (1 - a?) a?

by direct substitution of the term B defined in Eq [B1.6].
With that last substitution, the expression for the bulk velocity is readily obtained by simple

manipulations:



A R}

5 [1+a% -5 (B81.7)

V,= -

Finally, by dividing Eq [B1.4] by [B1.7], one obtains the immediate result:

() ()]

where M = 1 + o -B

w ., 2

= +

v, M




Appendix C

Numerical curve fitting - fundamentals

The process of developing an empirical formula based on a set of inter-related data is
called curve fitting'. If y is the output variable (dependent) and x,, x5, ...x, the n control

variables (independent), the process can be reduced to finding a formula of the form®:
y = ﬂxv Xas ooen x,,) =4 g(xl) ra 8(12) *ava, g(x,,)
where a; are coefficients and g(x) are single valued functions. The (raditional approach to

finding the values of g; and g(x)) is the least square fitting method, whereby an error e is defined

as:
€ = lyl “ﬂxp xgw-»x,,,) lz

n
and 3¢ = 0
i

This method requires, as a working hypothesis, that the coefficients ¢; be independent of cach
other. Furthermore, the function f must be linear. The error term e can be found by taking its
derivative:

a(}’f 'f)a

aE n
—t = L = 2 Y slr) b, -a, 8k) + a,8() +.t a4, 8()]
aa, da, i=]

The n derivative expressions produce a set of linear equations, which can be expressed in a

matrix form:

! The methodology was borrowed from concepts presented by Plaffenberger and Peterson j48].

2 See LaFara [49] pp.145-155
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(x;) Eg(x;) 8(11) 28(31) o B(xl) Eg(x.)
() Y 8x) 80 3 alx) v 8l%) 3 8(x)

&) Takx)  sx) Yatk) . gkx) Y a0m

This matrix equation can then easily solved for the a,.

The functions g(x,) must be established as control variables, with known form. The best

known form of the function g(x is the polynomial, where g(x) = x'.

If the function fis not linear, the procedure can still be applied by linearizing it, For

example, if

fo) = C x &

where « = control variable and C,, C, are constant

the expression can linearized by taking the logarithm on each side:

log [Re)] = log[C] + C,Log(a]

This latter expression lends itself readily to the matrix procedure described above.

The faithfulness of the empirical expression (how close the predicted value of the function
fis to the real value y) can be assessed by measuring its correlation factor. Let SSE be the sum
of the errors €, SST be the sum of the point deviations and CORR, the correlation coefficient.
Then CORR can be shown to be*:

3 Pfaffenberger and Patterson [48]



SST - SSE

CORR =
SST
a polnty ® pointy
with SSE = ¥ ¢ and  SST = Y O = Yued
k=] kel

A perfect fit to a set of datum points is given by CORR = 1.0. A complete absence of
relationship between the curve fit and the datum points is given by CORR = 0.0.
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Appendix D
Graphical results

Annulus with rough core
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Figure 20: Effects of roughness and core motion on velocity profile
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Figure 21: Effects of roughness and core motion on velocity profiles
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Figure 22; Effects of roughness on velocity profiles, static core
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Figure 23: Effects of roughness and core motion on velocity profiles
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Figure 28: Effects of roughness and core motion on Ry, (vs Re)
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Figure 32: Effects of roughness on F (vs U")
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Figure 33 Effects of roughness on F (vs U")
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Figure 34: F vs Re in rough core annulus - static core
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Figure 36: F vs Re in rough core annulus - static core
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Figure 38: Nu vs U” in smooth annulus
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Figure 41: Effects of roughness on Hii ( vs U)
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Figure 42: Effects of roughness on Hii (vs U)
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Figure 43: Effects of Pr on Hii ( vs U")
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Figure 46: Effects of roughness on Hii (vs Re) - static core
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Figure 48: Effects of Pr on Hii (vs Re)
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Figure 49: Effects of roughness on Hii/F ( vs U")
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Figure 50: Effects of roughness on Hii/F (vs U7
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Figure 51: Effects of Pr on Hii/F ( vs UT)
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Figure 52: Effects of roughness on Hii/F (vs Re) - static core
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Appendix E
Graphical results

Annulus with rough core and casing
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Figure 4: Effects of roughness on velocity profile - moving core
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Figure 8: Effects of roughness velocity profile - moving core
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Figure 18: Effects of roughness on F (vs Re) - moving core
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Figure 19 Effects of roughness on F (vs Re) - static core
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Figure 20: Effects of roughness on F {vs Re) - moving core
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Figure 21: Outer Surface Nusselt pumber vs U® - smooth annulus
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Figure 22; Effects of Pr and U” on Nuoo - smooth annulus
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Figure 23: Effects of Re, a and U" on Nuoo - smooth annulus
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Figure 24: Effects of Pr on Nuoo - smooth annulus with moving core
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Figure 25: Effects of roughness on Hii (vs U
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Figure 26: Effects of roughness on Hoo (vs U")
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Figure 27: Effects of roughness on Hii (vs U%)
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Figure 28: Effects of roughness on Hoo {(vs U7)
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Figure 29; Effects of Pr on Hii {(vs U?)
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Figure 30 Effects of Pr on Hoo (vs U")
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Figure 31: Effects of roughness on Hii vs Re - static core
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Figure 32: Effects of roughness on Hii vs Re - moving core
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Figure 33: Effects of roughness on Hoo vs Re - static core
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Figure 34: Effects of roughness on Hoo vs Re - moving core
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Figure 35: Effects of roughness on Hii vs Re - static core
10.0
alpha = 0.8
U* =1.0
Pr = 0,72
8.0~ Sio = 30 Ple = 16
6.0

Hii

0.0

4.0 /

2.0/—_
i
\—— Sfo =30 Ple =2

“~———5fo = 15 Ploa = 16

/——Sia=15 Pla = 2

1 1 L 1 ] L 1 L]

10 30 45 60 75 90 105 120 135 150
Re (x 1000)
Figure 36: Effects of roughness on Hii vs Re - moving core
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Figure 37: Effects of roughness on Hoo vs Re - static core
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Figure 38: Effects of roughness on Hoo vs Re - moving core
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Figure 41: Effects of roughness on Hii/F { vs U")
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Figure 42:

Effects of roughness on Hoo/F (vs U")
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Figure 43: Effects of roughness on Hii/F ( vs U)
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Figure 44: Effects of roughness on Hoo/F (vs U7)
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Figure 45: Effects of Pr on Hii/F vs U”
7.0
6.0 Pr = 20,0
501
T 4.0r alpha = 0.2
g Re = 45 000
T a0} Sfe = 15.0 Ple = 2.0
20t
Pre 1.0 —
10 oream <
N Pr=072 ———
0.0 I | 1 N | | 1 1 f
0 0.2 0.4 0.6 0.8 1
Ut

Figure 46: Effects of Pr on Hoo/F vs U
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Figure 47: Effects of roughness on Hii/F (vs Re) - static core
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Figure 48: Effects of on Hii/F (vs Re) - moving core
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Figure 49: Effects of roughness on Hoo/F ( vs U") - static core
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Figure 50: Effects of roughness on Hoo/F (vs U") - moving core
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Fipure 51: Effects of roughness on Hii/F ( vs U} - static core

6.0
alpha = 0.8
u* =10

5.0 Pr = 0,72

Sle=30 Pla=2

>
o
T

Sie=15 Pla=2

w
5 3.0
20
"_'-n._\_ —
1.0 —\‘Sfe =30 Ple=16 —
8/e = 15 Pfe = 18
0.0 : . . . ! ' . 4
10 30 45 60 75 90 105 120 135 150
) Re (x 1000)
Figure 52: Effects of roughness on Hii/F (vs Re) - moving core
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Figure 83:

Effects of roughness on Hoo/F ( vs Re) - static core
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Figure 54:

Effects of roughness on Hoo/F (vs Re) - moving core
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Figure 55: Effects of Pr and U" on Hii/F { vs Re)
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Fipure 56: Effects of Pr and U" on Hoo/F (vs Re)
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