PREFACE

Tre “orce interpretation of chemical binding
has received relatively little attention from chemists,
in spite of the advantages inherent in such an approach.
One asset is the simplification in calculation and
another is the ease of interpretation, both conseouences
of the fac that the electronic force is determined by
the real, three dimensional electron density. According
to the Hellmann-Feynman theorem, the force on a nucleus
in a molecule is the sum of this electronic force (which
recuires no integrals involvine the co-ordinates of more
than one electron) and the classical forces ol repulsion
due to the other nucleil.

Irfornation about the nature of the binding
forces in molecnles is obtained in two ways. In one
approach, the density in the molecule 1is represented by
stanaard combinations of atomic orbitals and the result-
inc forces are examined. This elucidates the nature of
the molecular orbitals commonly used to describe the
density and hence t.e nature of the density itselr.
These results have been published in the Canadian Journal
of Chemistry, 39,1253 (1961). In the second approach the
forces are assumed known and the density is remirea to

balance these forces. The successive steps leading to
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this equilibrium distribution or density contribute to

an understanding of the principles of bond formation.

The application of this method to the water molecule has
been nublished in the Carnadian Journal or Chemistry, ll,
586 (1963), to which journal the work on hydrogen fluoride
has been submitted. A treatment of the ammcnia molecule
has bsen accepted for pudblication by the Journal of
Chemical Physics.
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GLOSSARY OF SYMBOLS EMPLOYED

Greek symbols.

a alpha B beta Y gamma § delta
€ epsilon S zeta @ theta A lambda
B m T »pi p rho O signma
™ tau v upsilon @ phi X chi
¥ psi © omega
v - the single determinantal electronic wave function.
¢a - an atomic orbital on nucleus a.
v - a molecular orbital expressed as a combination of
_ atomic orbitals,
Z(1 - the charge on nucleus a.
o - the single particle density arising from the
electronic wave function.
1< - the orbital exponent in the analytical expression
for an atomic orbital.
1s - a ls atomic orbital
= [g3/m™ exp.[- §rl.
h - a ls atomic orbital for the hydrogen atom.
Sl - the overlap between two h orbitals.
s! - & 28 atomic orbital
= ['55/311‘ ]'h r exp.[-Sr].
s - an s!' orbital orthogonal to 1s

= [1/t1 - 521" [s' - § 1s].
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S - the overlap between s and h.
Sa' - the overlap between s'! and h,

- a 2p atomic orbital
= ['55/« 1 ¢ coso exp.[-%rl.

Pg - a 2p atomic orbital

. @
= ['55/17 1% sino exp.[-3 r] fcg: }
sin¢

S3 - the overlap between Ps and h.
a 3d atomic orbital

= (37187 1% »2 [3 cos20-1] exp.[-Srl.

d.,-‘- - a 3d atomic orbital

. ¢
= [267/37w 1" 12 s1n0 coso exp. [~ §r] zgzs- i
in¢g

Sh - the overlap between dO‘ and h,

1 - refers to the letter £ and the number one. Where
ambiguity may arise, a script £ is employed.

Notation.

The terminology conforms to that proposed by Mulliken
as far as possible. The abbreviation L.C.A.0. is used to
designate a linear combination of atomic orbitals, and an
S.C.F. calculation refers to an energy variational cal-
culation based on the self consistent field method.

: In the presentation of certain results the floating
point notation is used, i.e. 1.0 =1 ,,.. 51,
0.1 =1.... 50 and 0,01 =1 .... 49.
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ABSTRACT.

The Hellmann-Feynman theorem permits an
evaluation of the forces oﬁerating on each nucleus in
a quantum mechanical system once the electron density
distribution is known. In the first part of this work
the forces arising from different distributions of
electron density in molecules are examined in a
qualitative manner.

The relative strength of the molecular
orbitals describing the density in the homonuclear
diatomic molecules of the first row of the periodic
table is discussed in terms of the clearly defined
'binding' and 'antibinding! concepts. A good correla-
tion with the classification of bonding and antibonding
orbitals is obtained when the definition is extended
to ir-lude the nuclear contributions. The molecular
orbitals are then termed ‘'net binding' and 'net anti-
binding!. Variations in bond strength of the homonuclear
diatomic molecules are discussed within the molecular
orbital and equivalent orbital notations on the basis
of the force characteristics of the orbitals. The
importance of using an orthogonal set of molecular

orbitals is demonstrated.
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The second type of molecule investigated
is a hydride molecule HX, where two electrons occupy
a bond orbital and two are localized on the X nucleus
in ac'lone pair' orbital. The forces exerted on the
proton and on the X nucleus are examined for different
atomic orbital descriptions of the lone pair and bond
orbital densities., It is found that large amounts of
2s - 2p atomic orbital mixing in either orbital generate
unbalanced forces in the molecule. To attain the maxi-
mum binding force the bond orbital contribution from the .
X atom must be 2p in character and ihe lone pair orbital
must be primarily 2s., It is proposed that this is always
the case in hydride molecules with two electrons in a
lone pair orbital., Applications of this hypothesis to
polyatomic hydride molecules leads to an explanation
of some variations in geometrical structure of XH2 and
XH3 molecules,

The electronic structure of the molecules of
hydrogen fluoride, water and ammonia is investigated in
detail in the second application of the Hellmann-Feynman
theorem. Use 1s made of the fact that a stable molecule
must be in electrostatic equilibrium. The true electron
density is one which exerts a force on each nucleus in a

molecule just equal and opposite to the forces exerted
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by the other nuclei. The best approximation to such a
density is found in terms of a limited number of basis
atomic orbitals. Satisfactory agreement is obtained
when the resulting densities are tested by evaluation
of molecular properties which can be compared to experi-
mental values.

The characteristics of the electron densities
satisfying the conditions of electrostatic equilibrium
are those arrived at from qualitative considerations of
binding force - 1ittle lone pair hybridization and
bonds with the maximum possible amount of 2p character.
In the two polyatomic moleculeg the final hybridization
bears no relation to the geometry of the nuclear frame-
work, due to the density concentration between the bonds.
It 1s shown that the best S.C.F, wa;e functions predict
& similar charge build-up in the region between all of
the nuclei., A comparison of the predicted density
distributions with the Berlin binding and .antibinding
regions leads to the conclusion that to achieve electro-
static equilibrium, the density in the three hydride
molecules considered here concentrates in that region
of the molecule where it can most efficiently bind all
of the nuclei simultaneously.



GENERAL INTRODUCTION,

In recent years there has been a stocktaking among
workers in the field of guantum theoretical chemistry. The
question has arisen - exactly what is the aim of quantum
theoretical chemistry? Some workers, whom Coulson would
classify as 'group I' (1) feel that it is to find the true
wave function for each molecular system, or as close an
approximation to it as 1s feasible with recent advances _
in mathematical and computing techniques. The results of
such calculations, while capable of yielding precise esti-
mates of molecular properties after extensive machine
computation, are usually expressed as numerical coefficients
which bear no relation to chemical concepts about molecules
or bonds. An extreme example of this is the elaborate wave
function calculated for the hydrogen molecule (2). As
Coulson (1) has pointed out, the maximum number of electrons
that can be treated in an accurate energy calculation is
not more than ten at present, and this may be extended to
twenty with the breakdown of mathematical 'bottlenecks'.(3)
This leaves a vast field of chemistry untouched.

The second group of chemists is more interested
in understandiﬂg the properties of molecular systems and
is therefore in closer contact with the chemist in the
laboratory. Accuracy is sacrificed for insight. Into



this broad category would fall the work on the valence bond
and molecular orbital theories of molecular structure which
has contributed to the present understanding of electronic
structure. One feature common to most of these calculations
is the description of the electronic wave function as a
combination of a limited number of atomic orbitals describing
the wave functions of the separated atoms. Another
characteristic is that they are concerned primarily with
the energy of molecular systems. The comprehensive work

of Ransil () on the simple diatomic molecules could be
regarded as the logical extension of this approach. He
auoted his goals as (i) a more quantitative upderstanding
of diatomic systems which may provide a basis for the
understanding of larger molecules, thereby (ii) clarifying
the relationship of structure to chemical processes. He
performed the most general S.C.F. calculations possible
with limited sets of basis orbitals, by varying both their
coefficients and their exponents. It is clear from his
results that reliable estimates of those energies important
in chemistry, such as the dissociation energy, cannot be
obtained with limited basis sets of Slater-type atomic
orbitals. In all of the diatomic and hydride molecules
examined by Ransil the dissociation energies were in very

poor agreement with experiment, usually no more than 50Z2.
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The predicted dipole moments were also often in considerable
error, -

The various methods presently being attempted to
improve energy calculations all tend towards category I.

As soon as several orbitals or exponents replace the doubly
occupied atomic orbital many chemical definitions or concepts
lose thelr significance. One such example, which will be
discussed in the present work, is the concept of a lone pair
of electrons. If the density on the proton in a hydride
molecule with lone pair electrons is described by more than
one analytical function the conventional ‘'lone pair orbital!
no longer exists: An alternative definition can be proposed,
but the correlation with the ordinary lone pair is then
ill-defined.

An important building block in any‘oomprehensive
theory of valence 18 a clear description of the electron
density in terms of the component atomic arbitals. One
might ask whether the electron density in molecules can be
adequately described by a basis set of functions which does
not yleld a good energy. First it is necessary to decide
whether the one-electron density found from a wave function
determined by the variation principle provides the best
possible description of the true density, within ype frame-
work of the chosen basis set of atomic orbitals,
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It is well known that the energy is determined by
the six dimensional density depending on the co-ordinates
of two electrons simultaneously and not by the simple three
dimensional density. A variation calculation does not
therefore automatically yield the best one-electron density.
Karplus and Mukherji (S) have shown this to be true for the
hydrogen fluoride molecule, By including additional
restraints on the values of certain one-electron operators
in a variation calculation for this molecule, they obtained
a higher energy than that from the simple variation calcu-
lation, but a more accurate description of specific regions
of the electron dénsity. The criterion of accuracy lies in
the agreement of the calculated molecular properties ob-
tained from one-electron operators with the experimental
values. Excluding angular factors, <r2> measures the
diamagnetic contribution to the susceptibility, <r> the
dipole moment, <1/r> the diamagnetic shielding constant,
<ﬁ/b2> the electric field at the nuclei and <1/53> the
field gradient at the nuclei as embodied ir the measured
quadrupole coupling constants,

One of the great advantages of the variation method
is that, starting with a wave function correct to order n,
the calculated energy is correct to order n2. As Salenm

and Wilson (6) point out, the expectation value of any
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operator which does not commute with the Hamiltonian (and
therefore the electric field operator) is correct only to
order n. But this means in turn that the forces arising

from the one-electron density are more sensitive criteria
of the density than is the energy.

This is the basis of the present approach. Rather
than using the energy to investigate the gualitative and
quantitative aspects of chemical binding, these phenomena
are examined.in terms of the electric fields at the nuclei
and hence the forces exerted on the nuclei. The calculation
of forces in a molecule is considerably simplified by the
theorem derived independently by Feynman (7) and by
Hellmann (8). The electrostatic or Hellmann-Feynman
theorem was stated by Feynman as follows:

"The force on any nucleus (considered fixed) in

a system of nuclei and of electrons is just the
classical electrostatic attraction exerted on
the nucleus in guestion by the other nuclei and
by the electron density distribution for all
the electrons.
The requirement that the nucleus be held stationary assumes
that the Born-Oppenheimer separation of nuclear and electronic

motions is valid for the system under consideration. In

addition, the theorem applies only to'the electron density
distribution obtainéd from the true wave function of the

system. This can be seen from Feynman's derivation of



the theorem, which is based on the Schrodinger wave equation:
The energy of a molecular system is E = S’Q’H Yde
vwhere the Hamlltonian H includes only the electrostatic
interactions between the particles and lD is the normalized
electronic wave function satisfying the Schrodinger wave
equation HP = E® . This gives a force on nucleus a in

the x direction of

1
"
'
Qo
=3

- \tren_p ot
S 5 dc - 'm'n o dr - Hib dc
Since H 1s a real Hermitian operator,

jﬂp‘n gx j Ht‘b" av

and D™ satisfies the Schrédinger equation H®P™ = EP",

Fax == J’!["%‘qﬁ dc - E‘[J%‘}dt + Stb'g‘{ac]

= - jﬁ'.g.%@ & - Eﬁ;{j\}‘.ﬁ ar ]

it

Under certain conditions an approximate wave function

can satisfyy this general Hellman-Feynman theorem, by a



sultable optimization of parameters such that the terms
involving the derivative of the wave function become zero.
Hurley (9) first investigated these conditions in an
important series of papers dealing with the electrostatic
method of calculating erergies. He proved that these terms
become zero when all of the variable parameters are
determined by the variation method. The wave functions
obtained were termed 'floating functions' since the optimum
position of the atomic orbital centroids was no longer
necessarily situated at the nuclei. Hurley's calculations
using floating functions have since been repeated (10) with
more accurate integrals. For the hydrogen molecule and
hydrogen molecule ion the results were disappointing, to
the extent that the authors (10) were led to conclude that
the introduction of floating orbitals seemed to produce an
energy improvement so small as not to be worth the extra
labour involved.

Hurley (9) also investigated the correlation between
the energies obtained from an approximate wave function by
the electrostatic method, by a method employing the virial
theorem and by use of the Schrodinger wave equation; Ir
the orbital exponents as well as the other parameters are
optimized at each value of the internuclear distance, the

three methods all agree. Floating functions ensure agreement



between the electrostatic and corventional methods,
irrespective of whether a variable scale factor is
included. Hirschfelder and Coulson (1l) have examined
the relationship of the Hellmann-Feynman theorem to the
hypervirial theorem. This latter theorem states that
Iib‘[n,w]!bdc = 0 where W is an arbitrary Hermitian
time-independent operator involving the co-ordinates and
momenta and E and P have the same significance as
previously. [(H,W] is the commutator of H and W, defined
by (H,W] = HW-WH. If the derivative 31 1is expressed
as a function of W, the preéise relatizgship being
defermined by the requirement that the hypervirial theorem
be satisfied, then the approximate wave function simul-
taneously satisfies the Hellmann-Feymman theorem. The
authors (11) discussed the possibility of building up an
accurate potential energy curve by calculating oE for a
series of internuclear distances, from a wave fﬁgction
chosen at each separation to satisfy the Hellmann-Feynman
theorem by the application of the hypervirial criterion.
Bader (12) has demonstrated that, for simple systems,
estimates of molecular energies can be obtained by the
electrostatic method without floating functions which are

comparable to those found from the more elaborate and

time-consuming variation method. As Salem and Wilson (6)
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point out, care must be exercised in the choice of a wave
function used to estimate small interactions by the electro-
static method, since the energy is only correct to the same
order as the initial wave function. They examined the cases
of the interaction of an atom with an external field or
another atom far away, where the perturbation is small.

The general problem of the stability of a wave
function under a perturbation has been treated by Hall (13).
If the energy 1is El = J"F'[H + AP]P dr  where P is the per-
turbation and A is a parameter, then the general criterion
of stability is 3JE = qu'pijdr = <P>, In order for a
wave function to 2gtisfy the Hellmann-Feynman theorem it
has to be stable to the perturbation represented by a
displacement of the nucleus. Hall has proved that self
consistent wave functions are stable to this nuclear

perturbationl

» or indeed to any one-electron perturbation,
Stanton (16) has shown that Hartree-Fock wave functions do
satisfy the Hellmann-Feynman theorem, in agreement with

Hall's general conclusions. 1In the case where the wave

1'Hurley (14) has since pointed out that self consistent wave
functions also fall under the general definition of floating
functions. With Coulson (1ly) he has shown that some
apparent inconsistencies between the work of Berlin (1?),
Hirschfelder and Coulson (11), Hurley (9) and Hall (13
arise from different definitions of the partial derivative
dH/3R in different co-ordinate systems,



function is approximated by a linear combination with
arbitrary coefficients of some fixed functions, Hall showed
that épproximate stability can be attained by the intro-
duction into the wave function of parameters which enable it
to adjust to the presence of the perturbation. For the
Hellmann-Feynman theorem, these terms would correspond to
an infinitesimal change of nuclear position. Hall would
assess the degreg of stablility achieved by the success
with which the parameters introduced can be used to
represent the change in the wave function under the
perturbation. |

This brings out a point that Hurley emphasized - the
fact that a wave function satisfies the Hellmann-Feynman
theorem is insufficient to ensure accurate estimates of the
properties, He noted that if one chose a wave function
which did not vary at all with change in the nuclear con-
figuration it would satisfy the theorem but would give
absurd results for the force and energy of the system. The
more flexible the form of the wave function, particularly
with respect to the perturbation of interest, the more 'stable’
it becomes on variation of the parameters. Hall illustrated
this by showing how the calculated dipole moment for 1ithium
hydriée improves on increasing the number of basis orbitals
capable of representing the distortion in an electric field.



Since the dipole moment is calculated as <z>, a wave function
which is stable to the perturbation of an electric field
should be used to estimate this property. Thus the criterion
of stability provides a useful indication of the changes
necessary in the form of an spproximate wave function which
is to be determined by the variation method.

In the present work the small correction terms for the
forces which would compensate for the non-ideality of the
density distribution are not considered. The relationship

Fox = - Sip‘%g-fm dc 1s used to calculate the force

a
acting on nucleus a. Only the potential energy V contri-
butes to the force since the kinetic energy is independent

of the nuclear displacement co-ordinate. This permits one

to write Foy = - S"I‘g—:’c—-m dc . Furthermore, in a system
a
of nuclei (a,B) and of electrons (i,j) where the potential
energy is given by '
Z.Vap + Z Vag Z‘vij
B,1 1#3

B#a

the last interaction is independent of the nuclear co-

ordinate X,e The expression for the force on nucleus a

therefore becomes

Fax Z——L * ZJ'U_Z"P[Ze (—n de
: B#a Tap % Tay

Foe(n) + Fa:!e).



The nuclear contribution is simply the sum of the classical
repulsive forces exerted by the nuclei in the system. In

F cl’g_e) the term [z e (——-)] is the electric field in the

ax
Tai
X direction produced by nucleus a at the position of the ith

electron, or alternatively it 1g§%he field at nucleus a due
to the ith electron. In order to evaluate the force one
requires the single-electron density, obtained by integra-
ting the product of the electronic wave function with its
complex conjugate over the co-ordinates of all the electrons
save one. Thus p1=eS'§'? dT A%y ceee. dT,. The
total one-electron charge density for n electrons is p = np,.
This simplifies the electronic contribution to

YA a® cosO

F {e) = - jp —T——]df
Tai

where the volume element now refers to the co-ordinates of
a single electron.

The Hellmann-Feynman theorem in this form, coupled
with the fact that the density determining the electronic
forces is a three-dimensional one amenable to physical
interpretation, lends itself readily to a qualitative
investigation of the nature of binding in molecules. As
far back as 1939 Feynman (7) stressed the importance of

forces in problems of molecular structure. He quoted the

stiffness of valence bonds, the distortions in geometry
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due to repulsions and attractions between atoms and the
tendency of valence bonds to occur at certain definite
angles to each other as examples of the type of problem

in which the idea of force is paramount. Distortions in
molecules arising from the presence of orbitally degenerate
ground states were originally examined by Jahn and Teller
(17). The energy approach to the Jahn-Teller effect has
dominated most of the work in this field, perhaps because
the distortions give rise to small splittings in the energy
spectra which can be measured. However, by considering the
forces operative in a molecule rather than the energles,
Clinton and Rice (18) have demonstrated the gain in
conceptual understanding of this effect. Coulson and
Strauss (19) have extended their approach to some specific
hydride molecules.

Present day interest and applications of the Hellmann-
Feynman theorem can be traced to the novel and imaginative
application of the theorem by Berlin (15). _Starting with a
static nuclear framework, he demonstrated how the surrounding

space could be divided into 'binding' and 'antibinding' '
regions depending on whether a negative charge situated
within the region exerted a net force binding the nucleil
together or pulling them apart. His results also served to
demonstrate that bond formation can be ﬁnderstood and

discussed within a classical framework, once the electron
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density distribution has been determined by cuantum
mechanics. The work of Hurley (9) has contributed to the
force interpretation of bond formation.

In order to reach an understanding of chemical
binding through an orbital description of the electron
density it is natural to examine the orbital contridbutions
to the binding or antibinding force exerted on a nucleus,
This constitutes one aspect of the present work. If the
density is described by a set of orthonormal, doubly
occupied molecular orbitals the total force exerted on
the nuclei is simply the sum of the individual orbital
contributions. The binding characteristics of the
different molecular orbitals can in turn be interpreted
in terms of the force contributions from the component
atomic orbitals. This leads to a classification of the
forces into three distinct kinds, each of which reflects
a different aspect of the changes that take place in the
density on bond formation. Charge polarization introduces
atomic forces, charge build-up leads to overlap forces and
charge removal from around each nucleus gives rise to
penetration forces., The relative magnitude of the forces
arising from different atomic orbitals is shown to be
determined primarily by the distribution in space of the
density represented by the atomic orbital, relative to the
inter-nuclear axis. Relating the binding power of a
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molecular orbital to the magnitude of the overlap between
the component atomic orbitals is found to be misleading
because it does not take into account the different spatial
distributions of the overlap densities. Due to their
diffuse concentration about the inter-nuclear axis rather
than along it, electrons in Worbitals are much less
efficient than electrons in spherical s orbitals at shield-
ing thq nuclear charge. It is demonstrated that this fact
has important implications in molecular structure problems
involving polyatomic hydride .molecules.

A further classification of binding strength is
possible by taking the nuclear forces of repulsion into
account. Instead of asking merely whether an electron‘dcnsigx
exerts a binding or antibinding force, one can ask whether
the torce it exerts is larger or smaller than the nuclear
repulsion associated with its presence. In a diatomic
molecule it is a straightforward matter to assign a
nuclear repulsion to each molecular orbital and examine
the net resulting force. The characteristics of orbitals
defined in this manner are found to correspond in general
to the conventional bonding description of these molecular
orbitals. Where ambiguities occur, they can be understood
by an exemination of the force curves, which show the forces

exerted on a nucleus by the different molecular orbitals as
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the component atomic orbitals approach from infinite separa-
tion to form the united atom. An explanation of the variation
in bond strength across the first row homonuclear diatomic
molecules is presented on the basis of these net binding and
antibinding concepts.

This qualitative application of the Hellmann-Feynman
theorem is performed under the assumption that simple linear
combinations of atomic orbitals do proyide an adequate
description of the density in molecules. Starting with a
chosen density one examines the binding properties resulting
from the distribution. Even in this qualitative approach
certain combinations of atomic orbitals have to be discarded
(for example, those predicting large amounts of lone pair
hybridization in hydride molecules) and other combinations
Lave to be modified, perhaps by the inclusion of orthogo-
nalities, in order to predict reasonable forces in the
systems., An alternative application of the Hellmann-
Feynman theorem is investigated as the second aspect of
the present work. Instead of starting with a known density
and calculating the forces, one starts with th; known forces
in a molecule and calculates the density. The net force on
each nucleus in the stable configuration of a molecule must
be zero. This fact combined with the Hellmann-Feynman
theorem yields the 'known' forces which the density has to
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predict, forces which must be equal and opposite to the
repulsive forces operating within the nuclear framework.
The basis set of atomic orbitals employed is that necessary
to describe the density in the separated atoms. If certain
combinations of this limited set of basis atomic orbitals
can satisty the rigorous requirements of electrostatic
equilibrium it follows that they do provide an adequate
description of the one-electron density distribution.

This can be tested by calculating the expectation values

of the other one-electron operators which can be compared
to an experimentally determined property.

The method is applied to the hydride molecules,
ammonia, water and hydrogen fluoride. This iso-electronic
series is of considerable interest to chemists since each
molecule possesses at least one lone pair of electrons.

The work of Lennard-Jores, Hurley and Pople (20), Coulson
(21) and several other workers has stressed the important
role that such electrons can play in the determination of
molecular structure and properties. These effects are
most pronounced when the lone pair orbitals are strongly
hybridized, i.e. have mixed 28 and 2p atomic orbital
character. The forces, being sensitive to any asymmetry
in the charge cloud such as that produced by hybridization,

provide a good basis for answering the ocuestion of the
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importance of lone pair hybridization in these molecules.
Hurley (9) took a brief lcok at the problem of hybridization
in molecules using the Hellmann-Feynman theorem and con-
cluded that anomalous results are obtained unless excellent
wave functions are used. It is felt, in view of the present
results, that this conclusion was unduly pessimistic. Tne
limited basis set of orbitals ggg_ﬁalance all of the nuclear
forces of repulsion in these hydride molecules provided tha§
there is no significant amount of lone pair hybridization.
Another characteristic of the densities predicting electro-
static equilibrium is the presence of inner shell polarization,
This 1s-2p mixing is essential to balance the force on the
heavy nucleus.

The numerical valuss of the molecular properties
obtained from the electrostatic density distributions are
in very satisfactory agreement with experiment. Since the
density has been concentrated in such a manner that it gives
rise to the correct field at each nucleus, the resulting
field gradient and potential at tﬁe nuclel as measured by
the qﬁadrupole coupling constant and diamagnetic shielding
constant are evidently close to the correct values. In
addition, all of the densities have either the correct
dipole moment by constraint or, in one case, a slightly
high dipole moment by prediction., This fact, coupled

with the force criterion, ensures a good description of
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the density in the region of the proton which is important
in determining the susceptibility. Another important
parameter affecting these molecular properties is the
orbital exponent describing the density around the proton.
An empirical rule is used to estimate this quantity and the
results in general lend support to this method of estimating -
the orbital exponent.

Hence the conclusion is reached that a good deserip-
tion of the electron density in simple hydride molecules
is attainable in terms of a limited set of atomic orbitals;
and that within this framework, there can te no lone pair
hybridization if the molecules are to attain electrostatic
equilibrium., The maximum concentration of density in each
molecule occurs in that region which would be classified
binding with respect to all the nuclei in a Berlin diagram.
It is demonstrated that the forces do provide a sensitive
criterion of the density distribution., Just as important,
the forces also provide a meaningful criterion. An
examination of the force components in the molecular orbitals
of hyﬁride and homonuclesr diatomic molecules leads to an
understanding of some important factors determining bond
strengths and molecular geometry; where these factors were
previously known, a force interpretation based on clearly
defined concepts is helpful in clarifying the underlying

ideas.
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A_QUALITATIVE INVESTIGATION INTO THE NATURE

OF BINDING IN SIMPLE HOMONUCLEAR DIATOMIC
MOLECULES AND HYDRIDE MOLECULES.
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I. INTRODUCTION

The Hellmann-Feynman theorem relates the forces
acting on a nucleus in a molecule to the classical electro-
static forces exerted on the nucleus by the other nuclei
and by the particular distribution of electrons found in
the molecule. This relationshipl may be expressed as

2
Z 2.0 Z ecos®
F_= 29 ap + a a
ax ——[Z ] S[—?—-——]pdc (1)
oXg . Bfa Tap .

where p is the electron density, 2, and ZB are the nuclear
charges of atoms a and § and [-Z e cosOa/riil is the
electric field produced by the nucleus a in the x direction
at the position of the ith electron.

By choosing suitable expressions for the molecular
orbitals v; one may calculate the force exerted on a nucleus.
When the molecular orbitals used in the description of the
electronic structure are all orthonormsal, the electron

density may be expressed in atomic units as

- -3
p = éni Yy ¥y

1‘The sign convention adopted here will be adhered to through-

out the ensuing work for the sake of convenience. A
repulsive force on nucleus a due to another nucleus is
thus negative and an attractive force 1s positive.
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where the summation is over all of the occupied molecular
orbitals and n, (=1 or 2) 4is the occupation number.

If Fi is taken to represent the force on nucleus a due

to a pair of electrons in the ith molecular orbital, the
total force in atomic units® may be written

= 3 Z a%p jir I U
a.x = [ ] + - "1 t2)
axa B#a aB '%; 2

Thus the contribution from each molecular orbital can be
examined separately in order to classify the binding or
antibinding character of the electrons occupying the
orbital.

If the molecular orbitals are approximated by -
linear combinations of atomic orbitals (which shall be
designated the L.C.A.O. approach) the electron density
appears as a sum of atomic populations, centred on the
two nuclei, and an overlap population due to the finite
overlap of the atomic orbitals on the two centres. The
force on nucleus a may be interpreted in terms of the
interaction of an ideal dipole centred on the nucleus
with the various atomic and overlap charge distributions.
The nature of such an interaction obviously depends strongly

on the position of the charge density. Three distinct

One atomic unit of force is defined as
e /a = 8.2377 x 10” -3 dynes. The electronic charge is e
and ao is the Bohr radius,
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force contributions appear:

Atomic forces, due to density on nucleus a which

is not centrosymmetric. Even small amounts of hybridization
and polarization of the electron density give rise to large
atomic forces on the nucleus because of the resulting
asymmatry in the charge cloud around the nucleus. This

same density contributes an atomic dipole to the molecular
dipole moment.

Penetration forces, due to density on nucleus .

The magnitude of the force depends on the depth of pene-
tration by nucleus a into the atomic orbital charge clouds
surrounding nucleus f. This penetration effect results in
imperfect scfeening of nucleus B and, if no other effects
were operative, it would give rise to a resultant repulsive
force between the two nuclel. It will be shown that the
relative efficiency of different atomic orbitals in
screening the nucleus, as evidenced by their penetration
forces at the same internuclear distance, is an important
factor determining the geometry of polyatomic molecules.

Overlap forces, due to the overlap charge

distribution. This force depends on both the magnitude
of the overlap and the position of this charge density
relative to the nuclei. Neglect of elther of these two

factors can lead to erroneous conclusions about the



-2 -

binding power of the overlap density. This can be seen
clearly from the ideas of Berlin (15), which are outlined
below.

Consider an element of charge which is placed at
any point within the two full curves in the field of two
nuclei of eqgual charge in Figure 1(a). It is evident that
the net force in the x direction which this element of
charge exerts on the nuclei is one which draws them together.
A similar element of charge placed at a point outside the
two curves (at either end of the molecule) produces an
unbalanced resultant force in the x direction, one that
tends to increase the internuclear distance. There will
also be positions from which the forces exerted on the
nuclei will be equal. These positions lie upon two
boundary curves which divide the 'binding'! region from
the 'antibinding' regions. Diagram 1(b) shows how the
antibinding region contracts near the proton and expands
around the heavy nucleus in a hydride molecule. In
general, it can be seen that the position at which charge
is concentrated in the formation of a molecular orbital is
of the utmost importance.

An investigation of the relative magnitude of
orbital forces shows which molecular orbitals are the most
effective (or ineffective) at binding the nuclei. An
insight into why they have distinct binding properties is
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then obtained from an examination of the three components -

the penetration, overlap and atomic forces.
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(a)

o<»415

(b)

" FIGURE 1. The binding and antibinding regions in (a) a homonuclear
diatomic molecule and (b) a hydride molecule HX,
according to Berlin.
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II. HOMONUCLEAR DIATOMIC MOLECULES

General force curves.

The molecular orbitals for a homonuclear diatomic
molecule are approximated by linear combinations of the
atomic orbitals situated on the two nuclei a and . They

can therefore be expressed as
vy =N(F ¢B).

The plus sign represents a bonding combination and the
minus sign an antibonding one. N1 is the normalizing
factor. The electron density for the ith molecular
orbital is

Vv = 1‘12(1?5(?‘1 + ¢§ 26 8,) €33

which exerts g force on nucleus a (for double occupation

of a molecular orbitai) of

_z
Fy T%g ( Eﬂuﬁ;d'c + 2 jﬁuﬂaﬁgd* ] th)

The force due to ¢§ is zero in this case because of its

symuetry about nucleus a. 19 the 'ideal dipole!', is

ax’
2

equal to °°s°a/raj and S is the overlap Sﬁaﬁpdf . Both

of the integrals in eguation tl) can be expressed as a

product of (1/R%) with a function of &R. R is the bond

length and & refers to the orbital exponent of the atomic
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orbitals. The product SR is labelled Q for convenience.
(In the case of heteronuclear molecules the integrals becoms
the product of ( 1/32) with a function of Q_ and QB.)

Since the nuclear repulsion is Zazp X (l/Ra) for
a diatomic molecule, all the forces can be examined to
advantage without the common factor of (l/RZ). This

requires the definition of a new 'force!,

ri-Zai -_i%.[ Sguﬁpdtianjﬂuﬂﬁdt] (53

which, in view of the previous discussion on the nature of

the two force contributions, can be abbreviatedlto
3= 2P (8,,8,) +20 (8 ,8.).] €63
1+S a7 p7p’ ~ a‘"a’”p’"

It is instructive to consider the components of a typical
fi curve separately. The variation of the two forces and
the overlap with internuclear distance is shown in Figure 2,
for the bonding molecular orbital composed of Slater 2s
atomic orbitals. For the purposes of discussion G can be
assigned the arbitrary value of unity so that Q=R.

As R decreases the penetration force falls
steadily from unity in the separated atoms to zero in the

united atom. In these units the nuclear repulsion is

1'For convenience the penetration and overlap force compo-
n;n 8 defined here are dimensionless, i.e. in units of
1/Re, »
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FIGURE 2. The overlap integral and the penetration a.nd overlap

force components in the 6,2s molecular orbital in.
units of 1/R2 as a functiSn of the internuclear

distance. The ouantity Q equals § R, so for § eoual -

to unity ¢ is equal to R, the internuclear distance.

10
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simply -1 for a pair of electrons. Thus for large values

of R the screening is complete1

and the net force is zero;
but as R is decreased, penetration of the charge clouds by
the nuclei occurs, leading to a net repulsive force. This
is counteracted by a force arising from a charge build-up
between the nuclei. It is well known that the total
charge transferred, 25/(1+S), in a bonding molecular
orbital is concentrated between the nuclei (22) and
therefore primarily in the binding region. As the orbitals
begin to overlap the force due to the overlap density
initially increases at the same rate as the overlap S. But
as the nuclei move still closer, much of the overlap charge
occurs in the antibinding region and the force decreases.2
In the limit of the united atom, where overlap is complete,
the force becomes zero by symmetry., This illustrates one
danger inherent in a correlation of binding force with the
overlap S, The atomic orbitals constituting a particular
molecular orbital may have a larger overlap in molecule A
than in molecule B, but part of this overlap may be in the
antibinding region resulting in a smaller force for

molecule A.

1. This is only true for s functions; p orbitals give rise to
small quadrupolar forces at large .internuclear distances.

2+ This effect has been discussed by Slater (23) who

1llustrated it by plotting the wave functions for 0éls and
W.1s molecular orbitals at various internuclear
separations.
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There appears to be even less of a basis for
correlating the binding strength of different molecular
orbitals with the overlaps of their component atomic
orbitals. Consider, for example, the fi curves of the
bonding molecular orbitals 6&23 and %, 2p shown in
Figure 3. Obviously the 1 orbital is much less binding
than is the ¢ orbital, although its overlap S is only
slightly less for any value of Q. A consideration of
the forces involved illustrates why this occurs. First,

a comparison of the penetration integrals P _(py ,py ) and
Pa(2s,2s) shows that a 70 orbital is much less effective
at screening the nucleus than is the spherical 2s orbital.
In addition the 1ru2p orbital, while possessing appreciable
overlap and transferring a considerable amount of charge
to the binding region, places most of the charge above and
below the internuclear axis. The maximum force from the
overlap density is obtained when the charge is concentrated
along the axis, for then the interaction with the nuclear
'dipole! will be a maximum. For this reason the GéZs orbital
is more binding than the 1Tu2p molecular orbital, but much
less binding than the 682p, shown in Figure 5 before
orthogonalities are taken into account. A Ps atomic
orbital has a penetration force greater than unity due to
its favourable Aictribution of density along the bond axis.

The combination of a large penetration.and overlap force
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makes the simple GéZp molecular orbital almost twice as
effective as the Gézs at binding, in spite of its having a
smaller overlap.

Exactly the same factors which operate to make
a bonding combination effective at binding the nuclei
together, make the antibording combination more antibinding.
Thus the §2p (not shown) exerts by far the largest anti-
binding force, followed by the GhZS and then the 1T82p.
?he g and u combinations of the 1s atomic orbitals behave
in a manner analagous to the corresponding 2s combinations
but reach their maxima and minima at smaller Q values.
However, in the present discussions Q for these inner shell
electrons is of such a magnitude that both 1ls combinations

exert a force of unity.

Effect of orthogonality on the forces.

It is easler to investigate the effect of
orthogonalization on the forces than on the energies., If
the molecular orbital Gé is made orthogonal to another
molecﬁlar orbital Oi of the same symmetry, the resulting
electron density 1is

0= .2 2 2 2
P ;aé +5,°6,° - 28,60, / (1-8,,°)

where S12 is the overlap between 61 and dé. The amount of

— A
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density subtracted, 2 812615%' from the origiral density

2 is greater than the amount added, Slzzﬁiz, since 812

0,
js less than one. The orthogonalization diminishes p in
a bonding orbital and hence reduces the force. If Gi and
ob form an antibonding combination the correction SIZOiGé
is itself negative in sign and both corrections to dé are
positive. In an antibonding orbital the electron density,
and therefore the force, increases.

The effect on the forces of such orthogonalizations
is shown in the f, curves. In Figure 3 the f632p curve is
that for a Oh2p molecular orbital which has been made
orthogonal to the 0%23 molecular orbital. The non-
orthogonal OEZp, shown as f'cgap in Figure 5, is seen to
exert a force of such a magnitude as to make every other
force operative in the molecule unimportant. On inclusion
of the ok2s orthogorality this force decreases to a
comparable value. Alternatively one car reverse the roles
of the two molecular orbitals in the orthogonalization
procedure. In Figure 5 it can be seen that f'cgas is now
much less binding than is f'ogap' Thus it is rather
arbitrary to speak of the relative binding properties of
the 0&23 and e%2p molecular orbitals in a molecule. When
both of these orbitals are occupied there will be some’
resultant force from those orbitals of principal quantum

number two with 0& symmetry. This total force is plotted
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in Figure 5 for the bonding and antibonding combinations.
The average of the fogZS and the orthogonal f632p (or
equally well, the average of the f'UBZS and f'ugap curves)
is denoted by fGE(EETQE) and the average of the values
obtained from the orthogonal QﬁZs and thp orbitals is
called fdh(????ﬁ)‘ It can be seen that at large values
of Q the average contribution from the bonding orbitals

is actually less binding than that from the antibonding
orbitals. Whether or not this is a real effect could only
be decided on inclusion of the appropriate ls orthogonal
molecular orbitals, a contribution neglected hsre for the
sake of sinmplicity, but necessary in a detailed application
of the electrostatic method to a particular molecule.

By consideration of the forces one brings into
sharp focus the fact that the concept of a molecular
electronic configuration in terms of molecular orbitals
does have definite limitations. The order of the orbital
forces is at the complete mercy of the orthogonalization
procedure and has no real significance. All that does
possess ultimate significance is the total force for a
molecule, not how this force is divided into contributions
for the different orbitals.

In general, the f; curves illustrate that for

any value of Q, the process of orthogonalization reduces
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both the binding properties of bonding orbitals and the
antibinding properties of antibonding orbitals.

Mulliken (2)), from qualitative considerations of overlap
integrals, has stated that the effect of this 'forced
hybridization' is  to weaken very considerably the
bonding power of bonding molecular orbitals but to
strengthen markedly the antibonding power of antibonding
molecular orbitals?’ The present results therefore
disagree with Mulliken's predictions concerning the
effects of forced hybridization on the antibonding
orbitals,

Binding character of molecular orbitals.

Much of what has been written about the bonding
character of molecular orbitals is based on spectroscopic
observation., As Coulson (25) pointed out, such an
observation serves as a definition of an antibonding
electron. Nevertheless much more is inferred from the
results of such an observation, namely that the electron
when present in the molecule actuélly did exert an anti-
binding force. It can be demonstrated that this is rarely

the case.
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The electrostatic calculations allow for a clear
definition of an antibinding and binding molecular orbital.
The force curves fi give immediately the net force due to
any particular density distribution. The obvious definition
of a binding orbital is one for which fi is positive at the
particular Q which is of interest; and of an antibinding
orbital, is one for which the pertinent valué of f1 is
negative. A negative value of fi implies that the
electrons are distributed in such a fashion as to draw
the nuclei apart, which is the simplest interpretation of
an antibinding electron. Reference to Figure l illustrates
that the antibonding orbitals possess negative fi values only
for very small values of Q, corresponding to a very close
approach of the atoms to distances usually less than Re'
This indicates that at the equilibrium distances in
molecules the charge transferred, 25/(1-S), in antibonding
orbitals is still placed primarily in the binding region.
Only when the nuclei approach more closely does the amount
of charge in the antibinding region outweigh that in the
binding region. Reference to equation (6) shows that the

analytical reguirement for antibinding is for
2 “\
20,(8,.85) > By (Fg,85).

A further classification of binding power 1is
possible which is useful in the interpretation of bond
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strengths. At large values of Q all of the fi curves tend
towards unity as the total force approaches zero. As Q
decreases, the bonding orbitals show an increase above
unity while the antibonding orbitals possess f1 values which
drop steadily below unity, eventually reaching negative
values at small Q. Beceause of this it is of interest to

express the total force as
n
F =27axz\(f1-1)wheren=z. t7

ax = 1 a
When written in this form it can be seen immediately how
effective the molecular orbitals are at shielding the
nuclear charge. If (fi-l) is negative it implies that the
two electrons in the ith molecular orbital are distributed
in such a way that the resulting density concentration is
inadequate to screen their share of the nuclear chargg.
Their presence contributes a resultant repulsive force to
the molecular system so this orbital is termed net anti-
binding. When (fi-l) is positive the electrons not only
provide the shielding amount of force, but exceed this by
a favourable transfer of charge into the binding region.

Such a molecular orbital is termed net binding.

Reference to Figures 3 and L illustrates that
these definitions coincide with the usual assignment of
antibonding and bonding properties of the molecular
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orbitals. For instance, the né .0lecular orbital is net
antibinding and is classified as antibonding from its

form, N(1TQ-TYB). A consideration of its force curve

in Figure | throws light on the apparent anomaly that

when an electron is removed from the'ﬂg orbital in carbon
dioxide the bund length increases, but in oxygen the
resulting ion has a shorter bond length (26). The same
orbital, antibonding in form, must be classified as bonding
in one situation and antibonding in the other according to
the spectroscopic definition.

The major difference in the molecular orbital
for the two cases lies in the Q values. The oxygen 2p
orbital exponents (as given by an empirical rule which
will be discussed in Part II) are 2.28 in carbon dioxide
and 2,12 in oxygen, but the 0-0 distance is much greater
in carbon dioxide than it is in oxygen. This leads to a
Q of 10 in carbon dioxide compared to L.8 in oxygen.
Figure li illustrates that the‘ﬂé electrons are barely net
antibinding at Q=10 but quite strongly so at Q@=5. On
removal of such an electron the effective nuclear charge
for the remaining electrons increases at the same value of
R, resulting in a larger Q and therefore force/electron,
Whether this increase can compensate for the loss of
binding force depends on the region of the force curve.

Around Q=10 the force 1s changing very slowly so that the
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net increase in force/electron in carbon dioxide is small.
The nuclei are therefore pulled apart until equilibrium is
restored. Around Q=5 the forces are changing very rapidly
and, in addition, the binding force lost by the removal of
the electron is only one-half of the force lost at Q=10.
It can readily be understood that the single'ﬂé electron,
with an increased Q value, exerts a larger force on the
nuclei at the same value of R than did both electrons.
The nuclei therefore move together until a new equilibrium
position is attained. Associated with this change in
nuclear position will be a rearrangement of the other
molecular orbitals leading to stronger bonding at the
smaller bond distance in the OZ ion. This interpretation
1s analagous to that proposed by Moffit (27) for the
change in bond length of carbon dioxide. He suggested
that the residual electron distribution rearranges in
such a way that the bond order decreases. This explanation
was put forward as an alternative to that of Mulliken (28),
who considered that the apparent bonding character of this
1?8 orbital must be due to participation of a 3d atomic
orbital on carbon.

The b‘gls and O'uls molecular orbitals for the
homonuclear diatomic molecules from Li2 across, all

possess a value of Q10 at Re‘ The quantity (fi-l) =0,
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which implies that electrons in these molecular orbitals
exactly shield the corresponding nuclear charge. They may

therefore be classified as non-binding. The force curves

illustrate that one is justified in labelling them as
localized KK orbitals in the molecular orbital description

of these molecules.

Variation in bond strencth.

The well-known variation in bond strength across
the first row diatomic homonuclear molecules can be explained
in terms of the binding characteristics of the molecular
orbitals., The nitrogen molecule possesses the strongest
bond, as evidenced by the largest dissociation energy and
shortest bond length. The six electrons of highest energy
occupy the net binding orbitals, (01'82p)2 (actually con-
taining some contribution from the other orbitals of
dh symmetry) and (‘nh?p)h. In the oxygen molecule the
extra pair of electrons occupy the ﬂ%Zp orbital which.is
net antibinding in this case. At the same Q valus as
nitrogen the presence of the electrons does not counteract
the additional nuclear repulsion. This results in a
lengthening of the bond distance. The subsecuent addition
of two more net antibinding electrons in the fluorine

molecule results in a still longer and wesker bond for
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this molecule. Proceeding in the opposite direction from
nitrogen, the bonds become weaker as net binding electrons
are progressively removed from the system. Thus 02 has
one electron less than nitrogen in the 1Tu2p and in the
OEZp molecular orbitals and obtains only 3/L and 1/2
respectively of the net binding forces from tﬁese two
orbitals at any velue of Q. This explanation of the
variation in the bond strengths of the diatomic molecules
i1s essentially the same as that obtaineé from the usual
interpretation (29) if one replaces the terms bonding and
antibonding with the terms net binding and net antibinding.
However, the present discussion is recessarily less specu-

lative than is one based on bonding abilities deduced solely

from the forms of the molecular orbitals.

An alternative but entirely eguivalent description
of the electron density is possible in those molecules
which have doubly occupied molecular orbitals. Pople (30)
has discussed the equivalent orbital approach to the first
row diatomic molecules. He shows that the bonding and
antibonding combinations of doubly occupied atomic orbitals
can rigorously be transformed into two localized eaguivalent
orbitals. Thus the Oéls and Ghls are equivalent to two
inner shell electrons on each nucleus, the 0%23 and Qth

to localized 2s electrons and the tESZp and 'NuZp to
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localized 2p electrons. In order to explain the decrease
in bond strength from nitrogen to fluorine in terms of
energies, it is necessary to postulate that any antibonding
combination is more antibondirg than is the bonding com-
bination bonding (25); the net effect must be one of
repulsion. The nature of this repulsion is immediately
obvious in view of the localized or 'lone pair' deseription
of four such electrons. The penetration force exerted on
nucleus a by 2 electrons in a lone pair orbital on nucleus
decreases in the order 2p°.>ls>2s>2pIr . For a value of Q
such as that found in first row molecules, the 2p, electrons
shield more than 2 units of nuclear charge, the 1ls electrons
exactly 2 units, the 2s electrons slightly less (~1.9) and
the 2pn electrons considerably less (~1.5). This means
that the L electrons in 0%28 and 6 2s will be net anti-
binding to a small extent, but the result of placing
electrons in the antibonding combinations of the T¥
orbitals is to generate a strong repulsive force in the
molecule,

The equivalent orbital description of the bonds
in the nitrogen molecule is one of three 'bent' bonds,
obtained by combining the & and two ™ bonding molecular
orbitals, The only localized electrons are in s orbitals
and therefore efficiently shield the respective nuclear
charges. All the factors contribute to make this a strong
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bond. Since the extra electrors in the oxygen molecule

are in two different degenerate TC molecular orbitals the
eouivalent orbital transformat!i~r canrot be performed.

In the fluorine molecule all of the molecular orbitals are
doubly occupied and so can be considered as one 6 bond

and four lone pair electrons of the Tr type on each nucleus.
The four electrons that were in net binding 'ﬁ82p molecular
orbitals in nitrogen have been replaced by eight electrons
in net antibinding lone pair orbitals. The resultant anti-
binding force can only be overcome by an increase in the
inter-nuclear distance, so that the penetration force of
the T orbitals anproaches closer to their nuclear re-
pulsive force. Again it can be seen that all the factors
operate to give fluorine the very weak bond it is found

to possess. It is unnecessary to invoke repulsions
between the lone pair electrons - by their very nature
they constitute a net repulsive force within any

molecule.
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III. SOME HYDRIDE MOLECULES WITH LONE PAIR ELECTRONS.

In HX hydride molecules the effect of hybrid-
ization on the forces can readily be investigated. The
general expression for a normalized bond orbital due to
the overlap of some hybrid of s and p orbitals (orthogonal
to the inner shell 1s electrons) on X with the 1s orbital
on hydrogen (denoted by h) is

% = Alcose, s + sine, p) + ph .
The lone pair orbital directed out behind the X atom along
the bond axis is
¥ = cose; s - sinel p.
The ratio A/p measures the relative importance of the X
and hydrogen contributions to the bond orbital and is
termed the polarity. It is of primary importance in
determining the dipole moment of the distribution. The
remaining parameters & and €, moasure the bond and lone
pair hybridization respectively. They are not independent:
for example, as the lone pair loses p character the bond
orbital must increase in p character. This is shown in a
more detalled approach from the requirement of ortho-
gonality between the two orbitals.

The forces exerted by the electrons in these

orbitals will be considered separately for both nuclei.

Forece on nucleus X.

In the expressions for the forces it is most

convenlent to denote the penetration forces by P, the
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overiap forces by 0 and the atomic forces, which arise )
when hybridization occurs, by A. (A factor of tl/RZJ is not
removed from these forces.) Then the forces exerted on

the X atom along the bond axis by the electron density
distribution are, for the bond orbital

F

bX = lzlh cosey sineb A(s,p)] + ua[z P(h,h))

+ lpplcose, 0(s,h) + sine, 0 (p,h)]
and for the lone pair orbital,
Fiy = -l cose; sine, A(s,p).

In Figure 6 are plotted Fbx and le as a function of their
hybridization parameters, for orbitals corresponding to an
0-H bond. The general form of the curves is the same for
any X-H molecule., The polarity A/p has the value 1.00 in
Fyyi for a slightly increased A/p, about 1.k, the two end
points of Fbx drop slightly and the maximum in the curve is
slightly increased. In the limit of A/p= o, F . will
equal -le.

It is assumed that any other electron pairs on the
X nucleus are in s or Pr orbitals and therefore exert no
force on the X nucleus. Figure 6 can be applied to the
series of ten electron hydrides consisting of ammonia,

water and hydrogen fluoride. For each of these molecules
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one is interested in the resultant force on the N, O and F
nuclei as indicated in Figure 6. They each have one pair
of electrons which can exert a force on the heavy atom.
The ammonia molecule has one lone pair orbital directed
back along the symmetry axis. Its hybridization can vary
from s to approximately sp3. The two eguivalent lone pair
orbitals in the water molecule vary from sp to approxi-
mately sp3. They may be considered equally well as a
single py orbital perpendicular to the plane of the
molecule and a second orbital, in the plane of the
molecule and directed back along the force axis, which

can vary from s to approximately spa. Appropriate linear
combination of these two orbitals gives back the equivalent
lone pair orbitals. The three lone pairs of electrons in
hydrogen fluoride occupy two prt orbitals which exert no
force on the fluorine nucleus and a hybrid orbital back
along the bond axis which may vary from s to p. le
therefore applies directly to all three of these molecules.
Fbx holds strictly only for hydrogen fluoride and not the
polyatomic molecules, since components of Fbx for each
bond must be taken along the indicated force axes. New
force components also appear in water and ammonia.
However, it is found that the components are such that

the two 0-H bonds in water and the three N-H bonds in
smmonia add up very close to that of a single O-H and N-H
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bond respectively along the direction of the force. The
general results found here therefare apply to these two
molecules as well as to hydrogen fluoride.

Reference to Figure 6 shows that the lone pair
electrons cannot occupy strongly hybridized orbitals if
the molecules are to attain electrostatic equilibrium.
The force exerted on nucleus X by the lone pair electrbns
is zero when they occupy either an s (el=0) orbital or a
P (e1=90°) orbital. But hybridization results in density
being removed from the binding region between the nuclel
to the antibinding region behind the heavy nucleus. Since
this charge transfer takes place quite close to the
nucleus the magnitude of the resulting atomic force is
very large. This led Hurley (9) to conclude that the
contribution from this atomic force term "completely
swamps the effect of all other contributions to the
force acting on the fluorine nucleus in the molecules HF
and F,". If the lone pair electrons were strongly
hybridized this would indeed be true. When the hybrid-
ization parameters are 45° the lone pair electrons exert
a larger antibinding force than the bond electrons exert
a binding force and the net force acting on nucleus X is

greater than the nuclear repulsion. While Hurley concluded

that the solution lay in abandoning the orbitals in favour
of ones which represented the hybridization more accurately,

the present conclusion is that the hybridization has to be
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abandoned in order for the orbitals to give reasonable
estimates of the forces.

Whether the lone pair orbital becomes s or p
depends on the relative binding strergth of the p ard s
atomic orbitals in yp,. Figure 6 demonstrates that the
order of forces for different bond hybridizations is

Spam sp\-»:’.p3 >p > s,

The strongly hybridized orbitals exert the largest force
on X, but as discussed above they cannot be utilized in
bond formation since the lone pair electrons then give
large atomic forces in the opposite direction. A p
orbital (eb=90°) is therefore the best compromise. This
orbital concentrates charge density along the bond axis
where it exerts more force than if it were spherically
disposed in an s orbital. Thus Oy(p,h) is almost three
times larger than Ox(s,h). A hybrid orbital is more
effective than the p orbital alone due to the intro-
duction of atomic force terms which provide additional
binding force in the bond orbital.

In hydrogen fluoride the bond would be expected
to be primarily p in character, with the lone pairs in one
s and two pporbitals. The hybridization in water and
ammonia, if determined by the molecular geometry, would

2 3

fix the lone pairs at sp~ and sp” respectively. It

becomes necessary to postulate bent bonds in these
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molecules. If the argle tetween the bond orbitals is
approximetely 90° these will be rrimarily p orbitals and

the sigma lone rair electrons will be in s orbitals.1

Force on the proton.

A consideration of the forces exerted on the
hydrogen nucleus by the electron density in % and vy
leads to an identical conclusion, i.e., that the lone
pairs will be largely s and the bonds largely p.

The expressions for these forces are

Fog = 2 xz[cosaeb P(s,s) + sinzeb P(p,p) + 2 cose, sine, P(s,p)]
+ laplcose, O(h,s) + sine 0(h,p)]

Fig=2 [c03231 P(s,s) + sinae1 P(p,p) - 2 cose, sine, P(s,p)]
These forces are presented in Figure 7 as a

function of their hybridization parameters. In this case

the contributions to FlH are all of the penetration type.

It is clear from the limits of this force curve that a ps

orbital is more effective than is an s orbital at screening

the X nucleus from the proton. The force exerted by the

lone pair electrons undergoes a large decrease when

hybridization is extreme, for density is removed from

1. The full treatment of the molecules of water and ammonia
shows that this angle is actually less than 90° when
delocalization is taken into account.
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the hydrogen side of X and placed on the side remote from
the proton. This results in a repulsive force on the
hydrogen nucleus, since the lone pair electrons no longer
shield their part of the nuclear charge. They become net
antibinding. The forces on the proton and on nucleus X
due to the density in the bond orbital exhibit the same
features. The variation with hybridization of the force
on the hydrogen nucleus is less pronounced due to the
absence of atomic forces. The order of forces for bond
hybridizations is now

sp3- sp2- Sp > p > s.

This is the same as before aside from a slight reordering
of the forces for large hybridization. A p bond again
produces a much stronger force than that from a bond
formed by an s orbital. The largest force is achleved by
making the bond mainly p in character and the lone pair
largely s.

A consideration of the forces exerted on the
proton by all of the electrons is of use in understanding
why certain hydride molecules are bent rather than linear,
or pyramidal rather than planar. Consider the general
expression for the electronic force exerted on a hydrogen
nucleus along an O-H bond axis in the water molecule., For

a linear or bent molecule this can be written as

F, =F

I b1 * Fp2 ¥ Fpp * Fyo + Fyge
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The first term is the electronic force on H(l) due to
¥p1 and the second term is that due to the density in
Yp2° FBl’ Fea and Fls are the forces due to the two
lone pairs and the inner shell electrons. The nuclear
repulsion due to oxygen can be written as 4 (-2/32) where
R is the 0-H bond length. There is a small additional
repulsion from the second proton. Since the inner shell
electrons are tightly held around the oxygen nucleus
they screen exactly two units of this nuclear charge in
any nuclear configuration. One lone pair of electrons
can always be left in a p; orbital. These electrons
exert a net antibinding force; they are concentrated
above and below the bond axis and shield only 752' of
the appropriate nuclear charge. The second lone pair
of electrons occuples a pyp orbital in the linear
configuration of the water molecule and consequently
exerts the same antibinding force. As the bond angle
is bent this orbital takes on increasing s character,
reaching the limit of pure s vhen the orbital angle is
allowed to decrease to less than the equilibrium bond
angle., Electrons in the spherical s orbital shield
about 957 of the corresponding nuclear charge.

The force exerted by 94 and Vp2 Can be
considered in relation to the remaining -2/R2 units

of oxygen repulsion and the small proton repulsion,

A
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It is generally true that a bond orbital exerts a binding
force, which helps to counteract the net antibinding of

the Px electrons. As the bond angle in water decreases
the sp character of Yo1 changes to p, which results in a
small decrease in its net binding force. But simultaneously
the force exerted by the density 1£ Yb2 increases as this
density moves closer to H(l)' The overall contribution
from the bond orbitals hardly changes. Inclusion of the
slightly increased proton repulsion probably results in

a small decrease in the net binding force. Hence the
reason for a bond angle of less than 180° in the water
molecule can be summarised as follows: In decreasing

the bond angle, the attractive force of the bond electrons
for the protons remains almost constant, but the attractive
force of the lone pair electrons increases significantly

as the p, orbital assumes s character and consequently
shields the oxygen nucleus more efficiently.

For the same reasons the pyramidal form of
ammonia is more stable than the planar form. As the
hydrogen atoms move out of the plane the total force due
to the bond electrons again remains constant or decreases
slightly. The lone pair orbital, by changing from p, to
s, can better shield the nitrogen nucleus. A greater force
of attraction on the hydrogen nucleus, and hence a more

stable molecule, results. One can generalize this result
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to include all hydride molecules possessing lone pair -
electrons:

In hydride molecules which possess at least one lone pair
of electrons the bond orbitals will be primarily of p
character and the lone pair orbitals will contain close

to the maximum possible emount of s character.

Application of the gereral rule.

This rule implies that the important factor
determining whether XHZ and XHB molecules are bent is
the presence or absence of a‘lone pair of electrons in
a single orbital, If there are no lome pair electrons,
as for example in CH3+ and BHj, the maximum binding force
can be attained in planar configurations where the bond
orbitals are strongly hybridized. Similarly in the
methane molecule the large attractive forces associated
with sp3 hybridization can be realized without a resul-
tant imbalance of the forces exerted on either the carbon
or hydrogen nuclei.

The CHB‘ ion, which is isoelectronic with
ammonia, can reach its most stayle configuration by
assuming a pyramidal shape and thereby increase the
shielding of the carbon nucleus. The singlet state of
methylene with both unshared electrons in a single orbital
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should also be bent. The triplet state of methylene with
two unshared electrons in distirct oy oOrbitals is a
borderline case, as is the Bﬂé molecule which has one
unshared Ty electron. A.firm prediction could only be
made after more dete!led calculations; but a comparison
ol' the penetration forces PH(pw P ) and PH(s,s)
indicates that the difference between them for a single
electron will not be sufficient to cause such molecules
to bend. This is borne out by spectroscopic evidence
that all the excited states of ammonia which arise from
exclitation of one lone pair electron are planar (31).
The conclusions reached here concerning the
factors governing the shapes of XHZ and XH3 molecules
are the same as the empirically based rules advanced
by Walsh (32). The method and interpretation used in
arriving at these conclusions is necessarily very

different, since he was concerned entirely with the

energy of the systems,
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II. A DETFRIMINATION OF THe ELECTRON DENSITY

DISTRIBUTIONS IN THE MOLECULES OF HYDROGEN

FLUORIDE, WATER AND AMNMONIA BY APPLICATION

OF THE HELLMANN-FEVNMAN THEOREM.
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I. INTRODUCTION

The manner in which the electron density is
disposed in a molecule has not received the attention
that its importance would seem to merit. In the case of
the hydride molecules of ammonia, water and hydrogen
fluoride, the two descriptions of their electron distri-
butions currently in vogue are primarily aualitative in
nature. Although several S.C.F. calculations faor these
molecules have been published, the emphasis has been on
the predicted energies and dipole moments. Little attempt
has been made to correlate the characteristics of the
predicted densitics with the chemical concepts of hybridi-
zation, polarity or ionic character, bond 'bending' and
delocalization. The aim of the present work is to
determine the electron density distributions in the
three molecules by the recuiremsnt t@at the forces
exerted by the electron density on the nuclel be equal
and opposite to the nuclear forces ot repulsion. Proposed
distributions, either oualitative or guantitative in
origin, can readily be tested by a calculation of the
predicted forces. In order to relate the forces satis-
factorily to the above properties of the density, the
equivalent orbital representation of the wave function

is employed., The advantages of using a property of the



one-electron density (such as forces) rather than a
function of the two-electron density (such as energies)
to examine the three dimensional density will be illus-
trated by a brief review of the basis-and development of
the two opposing theories now held about the electronic
structure of hydride molecules with lone pairs of
electrons.

One of these theories, that which advocates
methane-like density distributions through the whole
series of molecules considered here, grew out of the
detalled investigation by Lennard-Jones and co-workers
" into the relationship between delocalized molecular
orbitals and localized ecuivalent orbitals (33, 3L, 35,
36). Their work elegantly demonstrated that the two
modes of description, the first so fruitful in spectros-
copy and the second in considerations of bond phenomena,
are in reality two sides of the same coin. In a molecule
with N electrons, each described by a spin orbital wi(Xi)
defining its spin and spatial co-ordinates, a single
determinantal wave function for the system can be set
up which satisfies the requirements of the Paull ex-
clusion principle:

(X)) wa(Xy) eeee (%)
b)) o (X5) eeee wylXp)
'@ =sz§77'/,_ y R R EEEEEEERE
vl(XN) Q2(XN) cece VN(XN)
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This total electronic wave functiorn is unchanged when the

nuclear framework is subfect to any of its symmetry opera-

tors since this is eouivalent to multiplying the elements

of the determinant by numerical factors or to taking lineer
combinations, Under 2 unitary transformation of the elements

this numerical factor is unity. The molecular orbital and

ecuivalent orbital approaches are two ways of setting up

the wave function ¥ . In the first case thne orbitais

belong to the various irreducible representations of the

nuclear symmetry group, while in ecuivalent orbitals any

member of the set may be transformed into any other by

the operation of a certain subgroup (such as rotation) of
the symretry group of the molecule (36). Any number of |
equivalent orbitals can be obtained from a set of molecular !
orbitals; to take the example of ammonia, three eouivalent
bond orbitals may be formed by the combination of the two
degenerate E type molecular orbitals with éither one of
the two occupied A type molecular orbitals, or with a
linear combination of them. However, in order to satisfy
the definition (36) of a lone pair of electrons as a pair
of electrons with opposite spins in an orbital localized
on one nucleus, the linear combination is chosen so as to
make only one orbital bonding with the hydrogens and the
other localized on the nitrogen atom. The coefficients

of the subsequent unitary transformation éan be determined

by group theoretic arguments (33,3L).




- 6 -

The spatial céistribution of electrons as given
by these eouivalent orbitals is usually discussed within
the framework of the two-electron or second order density.
Lowdin (37) has pointed out two important factors in-
fluencing this distribution. The one effect arises from
the operation of the Pauli exclusion principle by the
reqirement of antisymmetrization of the wave function.,
If xi is a function of the space and spin co-ordinates
of electron i, the one-electron density can be written as

the first order matrix
(X, |x)) = NS‘@'(X;_ XpeooXyg) BX) Xy uXy) dx, axg...dxy.
The second order matrix 1is
] ]
Lxy Xp0%, %)
=(§)X{§’(xi xé Xgeo o Xpg) BUX) Xy XgoouXy) dxy dx)o.edxy.

The diagonal elements of the denrsity matrices have a simple
physical interpretation. Y(Xllxl)dvl is the probability of
firding one electron with spin and space function X1 within
the volume dv1 when all the other electrons :.ive arbitrary
positions and spins.I:(xl lexl X,)dv,dv, is the probability
of finding one electron in dvlland anether in dva, irres-

pective of the other electrons. They are normalized so that
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8*(x11x1)d31 =N and
j[‘(xl X, | X, X,)ax,dx, =(§)

The effect of antisymmetrization is to make each
set of indices in the second order density antisymmetric,
although the first order density is not affected. As a
result it cen be shown (37) that [" (X; X,] X; X,) = 0 for
xl = X5
electrons with the same spin and space components vanishes.

In other words, the probability density for two

Lowdin terms this a 'Fermi' hole, keeping electrons with
the same spin apart. The other effect influencing the
spatial correlation in the two-electron density is the
mutual repulsion of the electrons, represented by the
term 62/1'ij in the Haemiltonian, When'rij = 0 this repul-
sive energy becomes infinitely large and the probability
IT(XI XZ\ xl x2) becomes very small when the two electrons
have the same spatial distribution, irrespective of their
spin orientations. Lowdin describes this as a !'Coulomb!
hole which surrounds each electron with respect to all
other electrons., This 'hole' disarrears in the one-
electron density, since the probability distribnticn is
considered for a single electron at 2 time, inderendent

of all the others. The two dersity mstrices are related,
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however, by the exrression

(X %)) = 2 S[‘(x{ X, | X, X,)dx,.
Thus while both types of electron correlstior are important
in determining the energy and the six diﬁensional density,
their effects on the three dimensional density are not
immediately apparent.

Lennard-Jones.(BB) has investigated the spatial
correlation of electrons by calculating the probability of
finding two electrons in a prescribedé configuration ir
ordinary space. His method applies to electrons of the
same soin orientation, since only the 'Fermi' holes arising
from the exclusion principle are considered. He finds that
the configuratfion of highest probability in a four electron
system is that where four electrons are situated at the
corrers of a tetrahedron when equivalent orbitals are used
to describe the ore-electron orbitals. Zimmermar and Van
Rysselberghe (39) came to the same conclusion from a cal-
culation of the relative positions of all of the valence
electrons in the configuration (13)2(23)2(2px)(2py) of the
carbon atom. According to Lennard-Jones (38), these cal-
culations show that in the multidimensional space used to
deseribe the co-ordinates of all the electrons there is a

point at which ¥ has its maximum value. The position of
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the maximum corresponds to that configuration of the
electrons for which the vectors joining the electrons
to the nucleus in ordinary space are inclined to each
other in a particular way. This is said to give rise
to a spatial correlation of electrons in an atom, due
to the operation of the Peuli exclusion principle.

These results have found a ratural spplication
in problems of molecular structure since they provide
support (39) for Pauling's theory of directed valence.
Gillespie and Nyholm (LO) and Pople (30) have discussed
' the structure of reon and isoelectronic molecules using
the results of Lennard-Jones. In the neon atom there
are four valence shell electrons of either spin direction,
which can be described as occupying two tetrahedra that
have mutually independent orientations within the customsry
orbital arproximation which ignores ‘'Coulomb' correlation.
Gillespie and Nyholm consider that when hydrogen nuclel
are present this causes the tetrahedra to coms into
alignment with each other so there are four pairs of
electrons arranged tetrahedrally in the methane, water
and ammonia molecules. Pople has explained the formation
of directed bonds in these molecules in terms of a with-
drawal of successive positive charges from the neon nuc leus.
In hydrogen fluoride the three remaining lone pair orbitals

are considered to be much the same as the tetrahedral
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orbitals of the neon configuration (he assumes the two
spin tetrehedra to coincide in the neon atom). In the
water molecule the secord proton will be drawr out along
a line of maximur density and therefore at roughly the
tetrahedral angle to the first proton. Tke two remainirg
lone pair orbitals will have strong directional character
above and below the plane of the water molecule. To form
ammonia, another proton is drawn out elong the line of
maximum lone pair concentration to yield three bonds and
one lone pair in a tetrahedral configuration. Finally

in methane a fourth proton is considered to move out along
the line of the lone pair direction to form the fourth
eguivalent bond orbital.

The fact that the observed bond angle in ammonia
1s 107.3° and in water is 10L.45° rather than the predicted
109028' is attributed to the fact that electrostatic repul-
sions between electron pairs in a valency shell decrease
in the order
lone pair- lone pair > lone palr- bond pair > bond pair-
bond pair (LO).

The basis'of this order is that the lone pairs are on the
average, closer to the nucleus than are the bond electrons
and therefore have a relatively large mutual repulsive
energy. By combining this theory with electronegativity

effects (for instance, replacing a proton by a more
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electronegative element is said to move density away from
the central atom, thereby decreasinz repulsive effects and
allowing the bonds to apwroach rore closely) Gillespie and
Nyholm (LO) succeed in correlating a considerable amount of
structural chemistry. Dickens and Linnett (Ll) have attrib-
uted spatial and other effects in the present series of
molecules and in verious inorganic and organic molecules

to electron correlation. Thus they consider that "both
spin and charge correlations would cause the angle sub-
tended by the bonding electrons to be less thar that
subtended by the lone pairs?,

A measure of aquantitative justification for this
description of the electron density in hydride molecules
with lone pairs was thought to be provided by the results
of calculations by Pople (l;2) and by Duncan and Pople (43).
They examined the molecules of water, ammonia and hydrogen
fluoride in terms of localized ecuivalent orbitals expressed
as parameters which related the coefficients to the hybridi-
zation and polarity of the electron distribution.l The
reguirements that the orbitals be mutually orthogonal and
predict the correct dipole moment sufficed to fix the
parameters in water and in ammonia, but one variable

remained in hydrogen fluoride. As Pople (42) noted, how-

ever, two limitations were made on the form of the eguivalent

1'The succinet characterization of the density by a few chemi-
cal parameters, in the manner first oroposed by these authors,
will be used extensively in the present work. Such a des-
cription immediately clarifies the nature of any predicted !!
distribution,
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orbitals for the polyatomic molecules in order to com-
pletely define the density. One was that delocalization
of the hydrogen atoms was unimportant (i.e. H(i) was
assumed to contribute to the bond ortital 2 out not to
vj) and the second was that the bond orbitals were directed
along the bond axes. With these assumptions, the con-
clusion was reached that the lone pair electrons were in
strongly hybridized orbitals. They made the over-riding
contribution to the dipole moment, so much so that a
predicted bond polarity of H(S-) - X(8+) was necessary in
order to provide a bond moment opposing the excessive lone
pair moment. This work reinforced the theory of prominent
lone pair electrons in tetrahedrally directed orbitals
which had been arrived at by considerations of correlation
effects.

The second explanation tendered of the electron
distribution in this series of hydride molecules is the
older one. Prior to the work of Lennard-Jones and co-
workers on equivalent orbitals, the bonds in simple hydride
molecules were described as p orbitals overlapping with
hydrogen orbitals. The energy difference of v~ 200 k.cals/mole
between the 2s and 2p electrons was thought to be too great
to permit much hybridization to occur on bond formation.

In the simple valence bond theory, the p orbitals of the

central atom in a polyatomic molecule are recuired to be
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orthogonal to each other. The predicted bond angle is
therefore 90°, While second row ard heavier polyatomic
hydrides do satisfy this requirement to within a few
degrees, there is a very large discrepancy in the first
row hydrides of water and ammonia.

Pauling attributes this to the repulsion between
the protons, which will have a large effective positive
charge when bonded to the strongly electronegative first
row elements, However, his calculations indicate that
this repulsion can only open the angles by 3° or 4° (4l).
Coulson (li5) mentions another factor that could tend to
open the bond angle; the full valence bond treatment
considers all possible pairing schemes which would intro-
duce further ionic interactions between the bonds. The
final discrepancy can only be removed, however, by the
introduction of hybridization in the bond orbital (L5).
Pauling points out that the tendency to form strong bonds
by hybridization is resisted when atoms have lone pair
electrons which are more stable in the s arbital. Fronm
a very simple variation calculetion in which the two |
opposing tendencies were considered, Pauling predicted
5] and 6] s character in the bond orbitals of water and

of ammonia(lly).
If the s electrons in the- hydride molecules are

not hybridized the description of a tetrahedral distribution
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of electrons in the reon atom can be replaced by an
(s)z(p)6 description. Unsdld has shown that completed
subshells such as (p)6 have spherically syrmetric dis-
tributions. The validity of regarding such distributions
as directed in space would seem to be cuestionabie.
Cutibert and Lirmet (LL7) have suggested that the stability
of the cubic close packed arrangement of atoms in crystals
of neon, argon, krypton and xenon (as opposed to the hexa-
gonel close packing in helium) is due to the presence of
four unshared pairs of electrons in the valence shell.

As Pauling (li) mentiorns, however, the inherent cubic
polarizability of the outer shell in the rare gases would
favour cubic close packing in the solid state.

The two theories of the electronic structure of
the hydride molecvles w!th lone neir electirons predict
very different density distributions. The tetrahedral
deseription aprears to possess fewer inconsistencies
for hydrides of the first row of the periodic table, and
is backed up by the work of Pople and Duncan; but the p
bond description is bettor able to explain the bond angles
of heavier hydrides. In the following sections both of
these possibilities will be investigated in terms of forces.
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Interpretation is simplified by the fact that no correla-
tion effects enter into the description. There is a real,
three dimensional density of electronic charge, made up

of independent contributions from orthonormal, equivalent
orbitals. The equilibrium configuration of any molecule

is that in which the attractive electronic force on each
nucleus just balances the nuclear repulsive forces. The
two parameters that Duncan and Pople discarded turn out

to be of crucial importanrce in the description of this
equilibrium configuration. In fact, it will be demonstrated
that the apparent stalemate reached by the two descriptions
of the density outlined above is due to a correlation of
hybridization with molecular geometry. From the energy
approach it is not at all obvious why bond bending and
delocalization should be important. The stress on correla-
tion energies has no doubt contributed to a feeling that
these changes, which concentrate electron density in one
region between all the nuclei, would be unfavourable
energetically. On the contrary, it will be demonstrated
that the most accurate S.C.F. descriptions of the density
emphasize this concentration of charge in the binding
region of a molecule. It is essential for a good estimate
of either a force or an energy. The conclusion can be
drawn that the effects of correlation interactions are

outweighed by the interactions of the electrons with the
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positively charged nuclei. The most probable position of
an electron is ore where it can be attracted most favourably
by the nuclei, rather than one where it is least repelled

by the other electrons.
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11, THE HYDROGEX FLUORIDE MOLECULE,

Determination of the density distribution.

In order to retain the concept of lone pair elec-
trons the eauivalent orbital representation of the hydrogen
fluoride wave functiorn is used. Duncan (4j8) has given the
relationship between these orbitals and the symmetry orbitals

for hydrogen fluoride. The notation used to describe the
orbital parameters is that of Duncan and Pople(}3). However,
for convenience in discussing and calculating the forces,

the three equivalent lone pair orbitals are replaced by one
along the bond axis and two Zp“.orbitals perpendicular to

the axis. As the sigma lone pair orbital varies from p to

s the corresponding equivalent orbitals change from p
orbitals directed at right angles to each other,to sp2
orbitals in a plane through the fluorine atom. In this
latter configuration they contribute neither to the force
on the fluorine nucleus, nor to the dipole moment. It must
be borne in mind that it is not a limiting configuration;
by mixing positive p into the sigma lone pair orbital, the

equivalent orbitals can be made to point towards the hydrogen

atom.

The basis set is composed of Slater atomic orbitals
with the orbital exponents obtained by Ransil (L) in a
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variation treatment of hydrogen fluoride in which the
exponents were optimized. By using these values (termed
the 3.L.M.0. set in Table III) a meaningful comparison of
the S.C.F. and the present results can be made. Two of the
fluorine electrons are initially assumed to be localized in
the 1s orbital on that atom. In order to retain orthogo-
nality with this inrer orbital, both the 2s fluorine orbital
and the hydrogen 1ls orbital are made orthogonal to the
fluorine 1s orbital. They are designated by s and hol‘
respectively. The symbol p refers to a 2p orbital directed
along the bond axis from fluorine to hydrogen. The

orbitals are

Vo = 1s

b, = X\lcosey s + singy pl + phy
P, = cosgy s - sing p

Vo = Px

The three parameters appearing in these expressions
are the same as those described in Part I. The bond polarity .
is A/p, the bond hybridization is €  and the lone pair hybri-
dization is e.. The absolute values of A and of L are

1
determined by normalization of the bond orbital. In the

1'This orbital does not contain the normalizing factor.
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treatment of Duncan and POple1 (43) the parameter &, was
fixed by the orthogonality reauirement between Yo and V1
and A/p was chosen to Tit the correct dipole moment. There
still remained ore degree of freedom, €ys which allowed the
equivalent lone pair orbitals to vary from p to sp2 in
character.2 In the present case this last parameter is
fixed by the recuirement that the force exerted on the
proton by the density distribution be eoual and opposite

to the nuclear force of repulsion. Figure 8 illustrates
how the force on the hydrogen nucleus changes with €y for
densitices satisfying the dipole moment criterion.3 It is
evident that the lone pair has to become pure s before the
electronic force balances the nuclear force of nine atomic
units. In order to meet the small residual force at

€,=0 (0.062.u.) it is necessary to let ¢, go negative and
hence have the eauivalent orbitals pointing towards the

hydrogen nucleus.

1'In their approach they assumed that the non-orthopgonality
between the 1ls and hydrogen orbitals (0.049) was small enough
to be ignored. Inclusion of this amount of 1ls in the bond
orbital really does have a negligible effect on the para-
meters, the dipole moment and the force on the proton, but
it is important for the force on fluorine because of the
magnitude of the 1s-p atomic force term.

2‘The inability of these orbitals to attain the sp2 form, as
noted by Duncan and Pople, was due to their restriction that
the coefficient of 2s in the bond orbital remain positive.
Orthogonality reguirements for this situation give rise to
a small amount of negative 2s in the bond orbital.

3‘In the figures and discussion referring to hydrogen fluoride
the forces are given in units of 1/R2, where R is the bond
length. Thus to obtain the absolute force in atomic units
the numbers m:st be divided by 3.00322.Exp11c1t expressions
for the forces are given in the Appendix.
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The reason for this surprising prediction of
negative €, can be found in the orbital contributions to
the force on hydrogen. The inner shell electrons on fluorine
always shield two units of positive charge and form a non-
binding orbital. The four electrons in Py orbitals shield
only three units of nuclear charge as opposed to fouwr in
the neutrel atom and are therefore net antibinding. The
shielding due to the third lone palr orbital increases as
€y decreases (the Py contribution is of course independent
of el), since density piled up behind the fluorine nucleus
is ineffective at shielding it.from the proton. In order to
achieve complete shielding, this orbital actually has to
concentrate density between the nuclei. The bond orbital
provides all of the binding force. The absolute magnitude
of this binding force decreases as g, tends to zero, on
account or the necessary increase in the amount of negative
s in the bond orbital. In spite of this adverse hybridi-
zation, the bond orbital provides sufficient electronic
Tforce to balance the nuclear repulsion when the sigma lone
pair orbital does its share in screening the nucleus.

On examining the force on the fluorine nucleus,
as shown in Figure 9, it is obvious that if this nucleus
is to be anywhere near electrostatic equilibrium there is

no possibility of lone pair hybridization in the conventional

direction. The electronic force is actually in the same
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direction as the nuclear force of repulsion wken e, is

1
positive and becomes zero around €,=0. (If the h orbital
is rot made orthogonal to the ls orbital the electronic
force increases to two-thirds of the nuclear repulsion at
this point.) It is obvious that the orbitals chosen are
not Ilexible enough to provide a good description of the
density around the fluorine nucleus. In order to balance
the force on fluorine with this set or orbitais it would
be necessary to invoke large negative values of €y,
inconsistent with the results for the force on the vroton.
One additional perameter can be introduced, to be fixed
by the requirement that the net force on the fluorine
nucleus be zero.

Inner shell nolarization.1

The major defect in the molecular orbitais lies
in the limitation of the irner shell orbital to 1s character,
All complete variastl~ calculations predict small amounts of
2s andp in thfs orbitat. Since the force on fluorine is vefy
sensitive to such p character this coefficlient is chosen
ns the final ﬁarameter to be varied. Introduction of p

into y, makes this orbitai non-orthogonal with y, and with
vy Rather than aiter the lone pair description, 2s is

l'As Mulliken (l;9) has pointed out, the dividing line between

mixing which should be termed hybridization as opposed to
polarization is ill-defined. Here hybridization will be
limited to the mixing of 2s and 2p in valence orbitals
which are occupied in the free atom.

.
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included ir the irner orbital to satisfy the orthogonality
recuirement with the lone pair orbitel. In the bond
orbital, the coefficient of 1s is fixed by the orthogonality
requirement with tke entire inner shell orbital rather than
by 2s-1s orthogorality. To meet this ernd the s orbitel in

¥
Here S is the overlap betweer the nodeless 2s orbital,

is replaced by sc=Nc (s' - aq 1s) where s=N (st - S 1s).

denoted by s!, and 1ls; g is the parameter to be determired
by the orthogonality regquirement, and Nq and NO are the

rormelizing factors.1 The new inner shell orbital is

written as
= !
Y% = S 1ls + c, S + c3 D.

m:s normelizations have to be performed. For Y

the condition is

and for v the condition can be used to calculate A and

i once A/u is known,
.

¥ =1/0 - 312 + (V)P 2(2/p) (cose,N (Sp! = € 8 )

+ sine, SB)] '

The overlaps between the h orbital and the 1ls,s,s' and p

Lemnis change means that the parameter A has been defined
slizhtly differently. However, a comparison of the values
of A/u found from this orbital and from that written as
cosg, s + ¢ 1ls shows that the difference is insignificant.



- 83 -

orbitals ere denoted by 81,52,82‘ and 83 respectively.
Three orthogonality conditions have to be satisfied;

(1) fopvae =0 (1) Ivovbdt =0 (111) jvopldc =0,

and these give rise to the following eaquations relating the

bond parameters.

-3

= =S, + tane, (S3 + A/i sirey)

My cosey

(1)

N
a

F‘
o

(11) Alcose, Nq (e S-aecy;S+ey-a c,) + singy c3]

(111) ¢y ¢y tanel

Tre-last two equations can be combined to yield an

expression for c3,

(iv) ey = | 2u cose, N (g - S)

S, + A/p sing, + tane, [S, + A/ cose NqNo(l - q8)]

3
The orthogonality reauirement between the equivalent lone pair
orbitals, which does not arise in the present description of
the orbitals, serves to relate the angle f between these

orbitals to the equivalent orbital hybridization parameter &',

Y
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(v) cosp = - coteel’ where cose, ' =(1/ J§5cosel.

These conditions also spply to the basis set
without inner shell polarization, in the special case vhen
q = S. Then both c, and ¢y are zero and equation (i) can
be used to evaluate ¢,. This limiting value of cosebis
found from the rearrenged equation (i), '

(vi) cosey, = c03281 (c + tanel,/l + tanzel -c

‘)
where ¢ = [53 tane, - ,1/(3/u)

Equation (vi) is used to evaluate €y for different ranges
of €, and of A/u in this limiting case.

In order to obtain a positive coefficient of p in
¥ it is necessary to decrease q. This reduces the 1s-p
atomic force contribution to the bond orbital (since cose,
is negative) and consequently, the binding power of this
orbital for the fluorine nucleus. However, the atomic force
generated by the inner shell polarization outveighs this
loss. The alternative polarization, where g is increased
and the coefficient of p is negative, is very unfavourable
in terms of forces and can be discarded. Machine computation
was employed to evaluate the parameters, forces and the
dipole moment. Basically €, was chosen to give a good force
on the hydrogen nucleus, then cq Was increased to balance the
force on the fluorine nucleus. The dipole moment was fixed

by an appropriate choice of the polarity, A/p. Further

details are presented in the Appendix. ‘
R
~
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T4BLE I,

Parameters for densities predicting electrostatic eouilibrium

in HF,

& V4N €y c3 o FHe (‘m'iks\ FFe ( ':i"‘-‘)
3° 1.5786 104° 8' 0.0893 0.0048 8.922 9.000
0° 1.6150 106° L48' 0.0829 ©0.0000 8.945 9.000
-6°  1.68h5 112° 46! 0.0696 -0.0075 8.989 9.000

The results are given in Table I. It is found
that with this extra flexibility it is possible to attain
electrostatic qquilibrium, at a negative value of €.
The force on hydrogen has barely changed at a particular
€y from the value it had when there was no inner shell
polarization, while the force on the fluorine nucleus has
inercased from sbout zero to nine atomic units. Small
shifts in charge density close to the heavy nucleus do
not alter the penetration force exerted on the proton.
Xach density listed has a dipole moment equal to the
experimental value of 1,82 Debyes. The predicted bond
polarity is high, of the same order as that calculated
by Coulson (50) for a very simple model of a p orbital on
fluorine overlapping with a hydrogen orbital. Tris
qualitative approach, in which the overlap contribution to

the dipole moment is ignored, ylelds a polarity of 1.80
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to account for a dipole moment of 1.82 Debyes. The amount
of negative s character in the bond orbital of the electro-
static density is157% at €y = -6°,

The coefficient of p introduced irto % to balance
the force on the fluorine nucleus is 0.07, which is much
larger than the coefficient of p that appears in a varia-
tional calculation. Much more effective polarization can
be obtained using a !shrunken' p orbital which is dense in
the same regions of space as the inner orbital. 3y far the
nost powerful polarizing orbital for the 1ls density is a
'1p! orbital, given by cos® exp.(-%r). This is the form
taken by a 1ls orbital when perturbed by a small nuclear
displacement. For the same exponent as the 1s orbital, a
coefficient of 0,008 is sufficient to meet a force of
nine a.u. on the fluorine nucleus. Since the overlap
between such an orbital and the valence orbitals is very
small, the valence contributions to the force remain the
same as in Figure 9, but an additional positive force is
added at each €4 to make the force on the fluorine nucleus
equal to nine a.u. This would imply that the valence
electrons contribute nothing to the field at this nucleus;
the inner shell orbital experiences the fiel. due to the
proton and polarizes to give a field equal in magnitude and
opposite in direction. Inner shell polarization has been

studied by Sternheimer (51). He pointed out that a
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sphericel distribution of charge, whern in the presence of
an external electric field, will polarize to the extent
recessery to overcome the force exerted by this field.
Unfortunately, no variation calculation has been performed
for hydrogen fluoride where special allowsnce is made for
inner shell polarization by the introduction of additional
orbitals of the type discussed above.l On the other hand,
valence shell polarization has been investigated very
thoroughly for hydrogen fluoride in the detailed treatments
of Nesbet (52) and of Clementi (53). It is necessary to
examine this mode of polarization as an alternative to

inner shell polarization.

3d valence shell polarization.

Introducing a 3d polarizing orbital of the same
effective radius as the 2p orbitals (the best free atom value
of 2.55 is chosen for the orbital exponent) concentrates
density between the nuclei. As shown schematically in
Figure 10, pcrda.polarization has more effect on the forces
along the bond than has the corresponding T* polarization.

In Tt overlaps the density is concentrated around the

internuclear axis, rather than along it, which reduces

the forces oxcrted by a factor of two-thirds. Compensating

1‘It will be shown that the predicted force on the fluorine

nucleus for variation calculations employing a limited
basis set is simply equal to the nuclear force of repulsion.

\!
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. 3dg - 2ps POLARIZATION

b. 3d, -2p, POLARIZATION

FIGURE 10. A schematic representation of the forces arising in
YF from the density shifts due to 2p,-3ds and to
20, -3dq polarization.
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for this in hydrogen fluoride is the fact that there are
twice as many electrons able to undergo d, as compared to
d

()
must be investigated.

polarization. Therefore both tyre- of volarization

The paranmeter cq tntroduced previously is re-
placed by °hd6 in the bond orbital or csd“, in the —~
orbitals. The g -9, orthogonality condition is not altered
bv the inclusion of 3d, but the presence of 3d6 necessi-
tates a renormalization of the bond orbital. This new

condition can be written
po= -cASh/a + [(l-ch?)/a + °h?sh?/a2 ]& where

1 - 5.2+ (/w2 + 200/p)[cose, S, + sing S,)

o
"

1l

and Sh is the overlap between the h and du.orbitals. Using
these orbitals it is possible to investigate how much 3d
participation is reguired to balance the force on the
fluorine nucleus. Typical results are listed in Table 11,
for densities satisfying the dipole moment criterion.

Invoking 3d participation cannot of itself enable
the system to attain electrostatic equilibrium. In order to
balance the force on the fluorine nucleus, denéity in the
outermost regions of ths atom has to concentrate between
the nuclei. This density exerts a force on the proton

which is larger than the nuclear force of repulsion.
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TAELE IT,

Parameters and forces for densities with 2p-3d polarization

in HF.

& 2 € °5(d“ ) °lg.(d6‘) F'He(u‘.'z‘-) Fre Gagaes)
0° 2.123 101° s1t  0.0772 - 9.303  9.000
10°  2.143 90° L' 0.0912 - 9.323  9.000

0° 1.660 105° 21*  0.0100 - 8.986  1.845

0° 2.215 101° 27 - 0.1360  9.509  9.000
10°  2.245 89° 37° - 0.1726  9.606  9.000

0° 1.640  105° 27 - 0.0100 8.985  1.368

To decrease the net force on the proton, while keeping the net
force on fluorine equal to zero, one would have to zo towards
large nerative €ye Alternatively a 2p orbital pointing away
from the fluorine nucleus could be introduced on the hydrogen
nucleus, to oppose the force exerted on the proton as a
result of 3d polarization. Neither of these solutions are
satisfactory. Since the valence hybridization can ouite
adequately describe the correct force on the proton, it

seems unlikely that any second-order polarization effects
should result in a large rearrangement of the Iorces

exerted on that nucleus.



The answer obviously does not lie soleiy in 3d
participation. An upper limit to the amount of such part-
icipation cer be estimated by considering those distributions,
with both inner and valence shell polarization, which predict

the correct force on the proton.

(1) No 3d participation. From Figure 9 it can be
seen that the force on fluorine is 2.5a.u. when the proton
reaches eouilibrium at €&, = -8°. The difference of 6.5a.u,

is provided by inner shell polarization.

(11) e 3d coefficient is about 0.0l. Two such

points are listed in Table II. That force on the proton
wnich was provided by regative lone pair hybridization in
case (i) is replaced by the contribution from 3d polarization.
The predicted force on fluorine is slightly decreased e.g.
for cg = 0.01 the force on the proton is correct at &, < O°,

but the force on fluorine has decreased to 1.85a.u.

(111) sore 3d participation. To balance the force on
the proton, the lone pair orbitals have to form hybrids
behind the fluorine nucleus, with a resultant overall

decrease in the force on fluorine.

The force on hydrogen can be balanced with the
largest concomitant electronic force on Iluorine and the

minimum conseguent inner shell polarization in case (1).
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The coeflicient oquoted in case (ii) is 1likely to be an
upper limit, because the binding force attributed there

to 34 may partly erise from other orbitals not considered.
In terms of atomic forces, the 3s and 3p orbitals are much
jess effective at polarizing the valence shell than are
the 3d 'shrunken! orbitals exsmined here.

It has to be concluded that inner shell polari-
zation is the most economical method of attaining electro-
static eouilibrium, varticularly if a suitable orbital is -
included inr the basis set. A ninimum emount of deformation
on bonding is reouired: the two 1s electrons on fluorine
shield their share of nuclear charge whether or not they
polarize to some extent, the 2s electrons remain in their
non-binéing orbital, and the binding force built up in the
bond orbital counteracts the antibinding of the 1 electrons.
Valence shell polarization would serve to help the binding
in the 6 orbital or to decrease the antibinding in the W
orbitals.

Sternheimer has calculated the electric field
at various nuclei of atoms and ions when they are subject
to an external perturbing field (51). In the alkali atoms
he found a large contribution to the field from the valence
s electron on perturbation (5l) and concluded that this

was balanced by the induced inner shell polarization.
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However, in his calculations on the fiuoride ion (55) he
found that the largest contribution to the electric field
came from a p-d type perturbation. For this calculation
the inner shell was approximated by a Slater ls orbital,
as opposed to analytical Hartree-Fock orbitals for the
valence electrons, Sternheimer estimated an error of

+ 20 Z in the inner shell contribution as a result, but
since it was small compared to the contributions from the
valence shell electrons, he noted that the final result
was hardly affected. It appears, therefore, that the
diffuse negative fluoride ion is rmuch more susceptible

to valence shell polarization than is the neutral fluorine

atom taxing part in bond formation.

Density contour map.

A density cortour map for the electrostatic
Gensity is plotted in Figure 11, Details of the method
used to compute the contour lines are given in the Appendix,
Only the valence orbitals are shown, the density at the
fluorine nucleus arising from the ls present in the lone
pair and bond orbitals by orthogonalivy. Therorbitals
contribute to the density mainly in a plane through

fluorine perpendicular to the bond axis. This appears

in the diagram as relatively dense lobes above and below
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tre fiuvorine nucleus. An apparent ‘cave' exists behind

the flvorine nucleus, since the electron in the pa.orbital
is corcentrated between the Lwo nuclei. The formation of

a zi~zan (HF‘)n polymer with en F..F..F angle of sbout

120° (56) can readily be pictured. The proton of an
aporoeching HF molecule carries a ret positive charge due

to the large bond polarity. It will be attracted to the
most negative region of the fluorine atom, but will simul-
taneously be repelled by the hyérogen nucleus. The presence
of externel centres of charge alters the conditions for
electrostatic ecuilibrium and hence the requirement that

the sigma lone pair electrons be in a 2s orbital. Therefore
the density in Fisure 11 and that observed in the associated
molecule are in no way incompatible.

The rrarh plotted below the density contour map
shows how the density varies along the internuclear axis.
The dotted lire represents the density distribution of an
i{solated hydrogen atom on the same scale. Two factors
determine the peak height at the proton in the molecule;
the bond polarity removes density from the region of the
oroton as it increases, and the increased orbital exponent
corcentrates the density remaining at the proton. The
combined effect keeps the density at the proton very close
to the value it had in the isolated atom. neghind the proton,

the two distributions fell off in much the same manner but,

-—- o nm wm -t - onme ® wr 5 88 8 B vhaks Nt
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as mizht be expected, the concentration alonc the axis
between the nucle! is inecreasec by bond formation. A
princirle of minimum daformation appears to govern the
cehaviour of the density sround tke proton. This distri-
buticn remains es close to that of the isolated atom as
15 feasinle with tond formetion. It can be understood
why poor results are obtaine” wren the orbital exponent
0f the “-dwcren h orbitel is taken as unity in hydride
molecules. A far closer arrroximation to tatoms in
_rolecules' is provided vhen the orbital exponents are

optimized than when they are kept at thz Ir~n cter values.

It is apparent that the charge shift from one nucleus to
another is over-emphasized when orly the polarity is con-
sidered without suitable optimization of the exponents.

“ais is perhaps the reason for the very larnme transfer of

charge found by Daudel and co-workers (57) in lithivm hrdride.

Sensities obtained from S.C.F. calculations.

Ransil () ) has performed variation calculatlons
for hydrogen fiuoride using the same limited basis set of
orbitals as those employed for the force calculations. He

investigated the effect on the energy and dipole moment
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of varyins the orhitel expone-ts from tre Slater free atom
values throush the 'best atom' values to the thest molecular
orbital! velues, In order to see whether the resultant rein
ip A%csociation erergy is associated with a lasrge density
rearrarcement, the 26 and 36 syrmmetry orbitals can be
combined to form a lore pair and a bond orbital by using
the criterion of localization. These orbitals are then
expressed in terms of the bond parameters defined earlier.
The results are presented in Table III.

The most noticesble change is in the polarity
A/i, as reflected in the increasing dipole moment. To
rmeet the observed dipole moment this ratio would have to
increase to « i.6. ‘The lore pair orbital is almést s in
each case (e1 is approximately 5%) and the bonding arises
from a p orbital on fluorine with negative s character. In
these S.C.F. densities the dipole moment arises almost solely
from the density in the bond orbital, due to the small €,.
This appears to contradict the findines of Nestet (52)
for his density, which is based on flexible Hartree-Fock
orbitals and yields a greatly improved dissociation energy
of 1.138 e.v. He transformed the 26 and 36 symmetry
orbitals into a 'lone pair' orbital and a tbond' orbital

1
using the criterion proposed by Foster and Boys™ for

l.fhe criterion is that of maximizing the product over all pairs

of orbitals of the souare of the distance between the centroids
of the probability distributions described by orbitals (58).
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TARLE ITT,

Orbital exponents and bond parameters for limited L.C.A.O.

S.C.F. densities for HF obtaired by Ransil (L ).

sao* BANOZ
Z,s(F) 8.70 8.6501
€ 2g(F) 2.60 2.5639
€ 20 o'(F) 2.60 2.5489
gzpn(F) 2.60 2.5489
$,(H) 1.00 1.0000-
Dissociation
energy e.v.(6.06e.v.) 1.21 1.3L
Dipole moment
in Deoyes (1.820 D) 0.878 1.12
i 1,19l 1.294
&, 10695 ! 105°17¢
& 5°35! L3
B 119%32" 119°40!
1. SAMO - Slater atom molecular orbitals
2. BaMO - Best atom molecular orbitals
3. BLMO - Best limited molecular orbitals.

BLMO>

8.6533
2.5551
2,665
2.4965
1.3163

2056

1Lk
1.377
100°23!
6°)1!
119°20!

localized exclusive orbitals,

and concluded that the ma jor

contribution to the dipole moment in hydrogen fluoride was

due to the lone pair electrons.
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The discrevancy here lies in the two definitions
of a lone pair orbitsl. By the very nature of the trans-
formation performed ir the construction of exclusive
orbitals, these would be expected to consist of four
prominent !lobes' of density. This would indeed result
in a large contribution to the dipole moment from the
three orbitals which are directed away from the hydrogen
nucleus, but which contain an aporeciable negative con-
tribution from the hydrogen orbital (ir Table X of Nesbet's
paper the three 'lone pair’ orbitals contain -0.0715L5 of
nydrozen 1s). The definition employed in the present
approach, which rekes the lone pair orbital that involving
no hydrogen contribution, becomes indeterminate when more
than one orbital or exponent is used to describe the density
on the hydrogen nucleus. This is the situation in the case
of Nesbet. A lone pair orbital can still be constructed
from his symmetry orbitals such that it does not contain
hydrogen 1s, but it then has a very small amount of
negative 2s contridbution from hydrogen. Nevertheless,
it is found that the general features shown by the orbitals
after this transformation are remarkably similar to those
exhibited by limited S.C.F. functions and by the electro-
static density. The lone palr orbital is s with a small
amount of positive p, and the bond orbital is anh - P

bond, containing less negative s than appears in the
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furctions listed in Tatle III. Numerical values cannot be
aserited to the various parameters since most of the orb:tals
are described by more than one orbital exponent. However,
esch contribution to a particular orbital appears with the
same sipgn and is the same order of magnitude, which permits
one to make the above generalizations. It can be seen that
under this transformation most of the dipole moment would
arise from the bond moment.

The general characteristics of the density in
hydrogen fluoride as predicted by energy calculations
therefore correspond much more closely to those expibited
by the electrostatic density than to the oualitative
picture of a tetrahedrally hybridized fluorine atom.
Appreciable lone pair hybridization is unfavoursble both
in terms of energles and in terms of forces. Both the
Hartree Fock density of Nesbet and the electrostatic
density predict a small corcentration of the lone pair
electrons between the two nuclei. The electrostatic
density predicts more bond hybridization than any of the
energy dénsities, corresponding to ISZ s character.

This egain is not bond hybridization in the accepted
sense, for the coefficient of s is negative in every

density.

Electron population analvses of the densities

obtained from variational calculations have been used to
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examine how the electron distribution alters as the basis
set of orbitals is changed (l,g,5c). <This type of aralysis,
first detailed by Mulliken (€0), uses the coefficients
obtained from a variational calculation as a measure of

the electron 'population'! in each atomic orbital or in

the overlap region. The significance of such numbers, which
often vary considerably with cholice of basis set, has been
cuestioned (61) but the method is widely appvlied. Recently
¥ulliken himself (lt9) pointed out that the numbers are most
useful in a comparison of wave functions for the same mole-
cule; they do not provide an absolute test of a wave function.
In the assignment of !gross' atomic populations the overlap
between two orbitals is divided eoually between them, so
that the sum of the gross atomic populations is egual to
the number of electrons in the system. Mulliken (49) found
from an investigation of the gross atomic populations for
hydrogen fluoride wave functions that the population of

the p orbital increases at the expense of that of the h
orbital as the energies improve and the dipole moments
increase. The 'nmet ionicity' of the bond therefore in-
creases, in agreement with the ircreasing polarity factor
A/ui observed in the ecuivalent orbitals in Table III. The
population of the s orbital stays constant for Ransil's

three cases, which would be indicated from the eouivalent
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ortitals where the amount of hybridization remains fairly
constant. Hence both approaches yield essentially the
same information, but in the ecuivelent orbital notation
the changes in population are expressed as changes in
pararteters commorly used to describe chemical bonés, e.g.
hybridization.

Tt has been customary to use the overlap popu-
lations obtefred frcm such an analysis to classify the
vonding character of symmetry orbitals. A positive
overlap population indicates a bonding orbital, negative
overlap an antibonding orbital and no overlap means the
orbitel is non-bonding. It is vroposed that a more
meaningful definition would be based on the forces exerted
vy the density in the orbitals on the nuclei. Since the
magnitude of the force depends on the magnitude of the
overlap in an orbital, as well as where this overlap is
vlaced, the correlation between bonding character of an
orbital as obtained by the two approaches might be good.
But forces have the tremendons advantage that they are
physicelly meeningfml - 1t is known what the total
electronic force must be for the true wave function of
the system. On the other hand, the total overlap popu-
1ation i® o nebulous guantity with no particular signifi-
cance. Another advantage of the use of forces is that the

clessification of molecular orbitals would be in no way
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dependent on the number or nature of basis orbitals used.
As Mulliken (19) mentioned, an electron population analysis
runs into difficulties when additional polarizing orbitals
are added to the basis set, and becomes meaningless when
the electron density is described by a one centre approxi-

mation.

Force analysis,

A breakdown of the total electronic force into
its components can provide insight into the nature of the
interactions leading to bond formation and electrostatic
stability. There are two ways of performing such a bdregk-
Gown: either the total contributions from the three types
of force can be examined, irrespective of the orbital from
which they arise, or the orbital contributions can be conm-
pared with the appropriate nuclear repulsions, as determined
by the shielding each orbital would provide in the separated
atoms. The first approach is most fruitful for the fluorine
atom, where the magnitude of the atomic forces detracts from
the sigrificance of orbital contributions. These orbital
forces can be radically altered, although the total remains
invariant, by changing the order of the orthogonalization
procedure. The question that can ve examined for such an

atom is whether the total charge polarization, as me asured
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by the atomic forces, can balence the net field arising
from the repulsive field of a partially shielded proton
ané the attractive field of the overlap charge.

The second method lends itself readily to an
investigation of the force on the hydrogen nucleus. This
atom shows the most marked chanzes on boné formation, as
evidenced by the increase in orbital exponent and the low
bond polerity. It is therefore most meaningful to discuss
the binding character of the molecular orbitals with res-
pect to the hydrogen nicleus. The detailed contributions
to the forces on the proton are given in Table IV, for
the S.C.F. density determined by Ransil and for the best
electrostatic density with &, = -6° and inner shell
rolarization. The orbital contributions will be considered
sevarately.

Inner sheil orbital:

Both distributions predict this orbital to be essentially
non-binding. The slight binding force arising in the
electrostatic distribution is due to inner shell polariza-
tion. This orbital is classified as non-bonding in the
system Bﬁsed on overlap populations, in agreement with

the present description.

Lore pair orbitals:
In both cases the four T electrons shield only three units



Force on the hyérogern nucleus in HF in units of 1/R2a.u.

(1) ZElectrostatic density.

Overlap Penetration Electronic  Nucleor FH

force force force force
% 0.000 2.018 2.018 -2,000 0.018
b,  0.696 1.098 1,79 -1.000 0.79k
Y 0.009 2.106 2.106 -2,000 0.106
2y  0.000 3.071 3.071 =l.000 0.929
Total 0.696 8.263 8.989 -9.000 0.011

(11) Best limited S.7.F. density.l

Overlap Penetration Electronic Nuclear FH
force force force force

16 -0.001 2.001 2.001 -2.000 0.000
260 0.376 1.765 2.1 -2.000 0.141]
30 0.570 0.965 1.535 -1.000 0,555
;,  0.000 1,632 1.632 -2.000 -0.368]
¥y 0.946 1.008 2.04k -1.000 1.0h) |
2ve  0.00C 3.071 3.072 -l.000 -0.929
Total 0.945 7.802 8. 747 -9.000 -0.253

1. 26 and 36 are the symmetry orbitals from which v, and v,

are obtained.
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of chargesare therefore net antibinding. However, the two
electrons in the O lone »alr orbital are slightly binding
15 the electrostatic density and ouite strongly antibinding
in the S.C.F. denstty. This is a result of the small con-
centration of charge between the ruclei in the first case
and behind the nucleus in the second case. These lone pair
electrons obviously play a very different role to the 1s
electrons, a difference brought out in the forces but not
in the overlap populations.

Pond orbiteal:

The S.C.F. density predicts a greater net binding force
from this orbital than does the electrostatic density.
Yevertheless, the latter has a net force on the proton
almost eocual to zero, cormared to -0.253a.u. for the S.C.F.
density. The reason for this discrepancy in the S.C.F.
force lies in the poor shielding provided by its sigma
lone pair orbital, for which &; = 6° h1'. A 1low polarity
also contributes to increase the net force for Ransil's
wave function.

Symmetry orbitals:

wulliken's correlation of bonding power with overlap
population relates the numerical value of the coefficients
of the overlap forces to the bénding power. If the

overlap forces were similar in magnitude this would
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establish a proportionality of the type assumed by
dualliken, As previously pointed out, however, a pg
orbital overlappins ¥i*h 2 hvdrogen orbitel results in
a much.greater force then an s - h overlap, although the
latter is numsricellv larzer. Since the fluorine con-
tpibution to the 26 orbital is primarily s, the overlap
population is 0.265 for this orbitel comoared to 0.117
for the 30 orbital, which contains more p. Conse-
cuently the overlap population eriterion rates the 20 as
the most strongly bonding orbital (49). In-order to examine
the binding power of these orbitals, the 26 is assigned
two units of nuclear repulsion because it becomss the
douhly oceunieé s orbital on fluorine in the separated
atoms. This makes the 26 orbital net binding by 0.1h1
wnlte, The fluorine cnntribution to the 36 orbital becomes
a sinzly occupied p orbitsl and is assigned a nuclear
repulsion of -1. Reference to Table IV shows that the
nrenetration force due to the p character of the 36
orbital comes close to balancing this repulsion. In
addition, there is a large overlap force which makes the
orbital net binding by 0.555 units. Thus the force
analysis, which relates the strength of the binding not
to the density itself but to the force exerted by the
density, leads to the conclusion that the 30 orbital is
the one principally responsible for binding the proton



in hydrogen fluoride.

The density in the overlap region exerts llz of the
total electronic force or the proton in the S.C.F. function,
but the resulting penetration force is insufficient to
provide a net zero force on the hydromen nucleus. In the
electrostatic function the overlap density exerts 7.8/ of
the total electronic force, while the remainder is made up
from density on the fluorine nucleus. It should be recglled
that at infinite separation PH = 9,00 and OH = 0.58:&‘££3S3
in forming the molecule the proton venetrates the fluorine
aton density to the extent that effectively only 8.3 of the
nuclear charges are screened, but there is an accompanying
transfer of density to the binding region which gives rise
to the overlap force and hence to the formation of a stable
molecule,

The field at the fiuorire nucleus is given for the two
densities in Table V. In the equivalent orbital notation v,
is the only orbital which contributes a penetration or an
overlap force, and even in the symmetry orbital represen-
tation these binding forces are primarily located in the
36~ orbital. The magnitude of the overlap field is of some
interest. It is twice as large as the field due to same
overlap density at the proton,1 and more than enough to

balance the repulsive field due to the proton. In addition,

lenis casts doubt on the validity of assigning half of the

overlap population to each participating centre in
obtaining gross atomic populations.
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TABLE V.

Porce on the fluorine nucleus in HF in units of 9/R2a.u.

(1) Electrostatic_density.

Orbital Atomic Overlan Penetration Electronic
force force force force

Yo 2.565 0.000 0.000 2.565

% -h.105 1.393 0.386 -2.326

12 0.761 0.000 0.000 0.761

Total: -0.779 1.393 0.386 1.000

(1) Best limited S.C.F. density.

Orbital Atomic Overlap Penetration Electronic
force force force force
16 0.078 -0.00L 0.000 0.074
20 0.5LS 0.307 0.0L0 0.892]
36 -2.70 1.349 0.3 -0.948
vy -0.800 0.000 0.000 -0.800]
L?b -10395 10 656 0.’.{.83 0. 7“4-.
Total: =2.117 1.652 0.483 0.018

there is a positive contribution from the density located at
the hydrogen nucleus which alone would balance almost

half of the repulsive field. The net result of bond
formation is a positive field at the fluorine nucleus of
about one unit, to be counterbalanced by charge polariza-
tion. In the S.C.F. density too much deformation occurs;

the total atomic contribution is -2, which leads to a
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total field just about ecual to the repulsive field of
-1 ffom the protor. This is overcome in the electrostatic
density by the introcuction of polarization in the inner
shell orbital, which substantially preduces the total atomic
contribution.l
The large negative atomic force in the S.C.F.
density is at least partly due to the lone pair hybridi-
zation present. This results in a field of -0.8 in vy,
as opposed to +0.8 in the electrostatic density where the
lone pair hybrids are pointing towards the proton. One
method of reducing the unfavourable force on fluorine in
the S.C.F. wave function would be to introduce configura-
tion interaction with the L6 state. The force on the
fluorine nucleus can be calculated for an electron in
this unoccupied molecular orbital and it turns out to
ve large and positive. In view of the earlier discussion
of inner shell polarization, it is expected that configura-
tion interaction involving the 16 orbital will also help
the system to attain electrostatic equilibrium. Finally,
if an expanded basis set is employed, it would seem
important to include a tshpunken' 2p orbital on the

fluorine atom,

1‘If a polarizing orbital of the same effective radius as the
1s orbital was used, the relative magnitude of the atomic
contributions from vy, and from y_ would decrease considerably.
It will be recelled that orthoggnality reguirements result
in a decreasing atomic force in the bond orbital as p

character is introduced into Yo
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Other molecular vroverties.

Many of the moments of hydrogen fluoride which
can be compared to observed properties of the molecule
have been calculated by Karplus and Lipscomb and co~-workers
(62, 63, 6l ). They found that wave functions which gave
reasonable estimates of energies did not necessarily yield
good estimates of these properties. A method of 'constrained’
variation calculations was suggested by Karplus (5). In
this approach it was prequired that the expectation values
of certain operetors agreed with the known values for the
corresponding properties. It was hoped that the resultant
jnerease in energy would be more than compensated for by
an increase in the accuracy with which other one-electron
operator runcﬁions could be calculated. The method was
applied to hydrogen fluoride, by modifying the 'best .
limited! wave function obtained by Ransil. Karplus chose -
as cornstraining functions the dipole moment and the electric
field gradient at the deuteron in DF. He fourd that the
diamagnetic and paramagnetic contributions to the suscep-
tibility were in better agreement with experiment; the
calculated diamagnetic proton shielding decreased, but no
gccurate measurement is available for comparison; the
force on the hydrogen nucleus approached closer to zero,

but the force on fluorine increased. The significance of



nis results is clear - for the first time it has been
demonstrated that, starting with a given set of basis
orbitals, that wave function which gives the best energy
does not predict the best values of all other properties.

It was concluded from the anomalous Value predicted
for the force on the fluorine nucleus that 'considerably
greater distortion of the fluorine atom wave function
than that permitted by limitations in the basis set ap-
pears to be reouired'. However, the inner shell orbitali.
was left unchanged in the constrained treatment on the
grounds that a variation of its coefficients ﬁould result
in a large increase 1n energy and only a small change in
the dipole moment and field gradient. The present cal-
culations indicate that the force on fluorine would
greatly improve if such a variation was included.

It is possible to compare three wave functions
using the seme basis set of orbitals but derivedlunder the
following criteria:

(1) The minimum energy criterion of the variation
method (Ransil);

(ii) The same, with the additional requirements that
<P2/rD3> and <P1r> give the correct values
(Karplus and Mukherji);

(i1ii) The criterion of electrostatic equilibrium, which
reguires <Pl/rH2> and <Pl/rF2> to be correct, with

the dipole moment criterion of <Plr>.

P1 and P 1s of the first and second

degree.

5 are Legendre polynomia

4
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The properties calculated from these functions
are listed in Table VI. Two densities (which are listed in
detail in Table I) are given for the electrostatic method
to illustrate how the proverties change with lone pair
hybridization. On transforming the constrained function
it is found that ¢ =A8.5° compared to 0° and -6° for the
best electrostatic densities. These latter three functions
all have the correct dipole moment and therefore the same
polarity of ~~ 1.6, compered to a A/p of 1.38 for the Ransil

function.

(RN iug

The forces for the electrostatic case are equal
to or close to zero since they were used to fix the den-
sities. The difference between the forces predicted by
the other two functions can be explained in terms of the
paraveters describing them. Since more lone pair hybridi-
zation is predicted by the constrained function than by
Ransi1's, the force on fluorine increases. However, the
force on hydrogen is more sensitive to the higher
polarity than to this small increase in €y and it conse-
quently improves. The reason for this unfavourable change

in the lone pair hybridizatfon in the constreinred function
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canr be found in the criterion of meeting the deuteron
oguadrupole coupling constant.

Kolker and Karrlus (63) have discussed the
contribution to this corstant from different atomic
orbitals on fluorine in relation to the corresponding
nuclear contributions. They found that the 1ls electrons
exactly shield their share of charge while the 2pn elec-
trons only shield about two-thirds of the corresponding
nuclear cherge. Thus both the field and the field gradient
at the nuclei, as mensured by the forces and the quadrupole
coupling constarts »espectively, are gsensitive to tne same
parameters. Thec same facturs tend to increase or decrease
tpe elect-onic contrirrtion to both the field and the field
~-redient at the proton. As the lone pair hybridization
decreases (other factors being ecual) both these quantities
decrease. At &, = 8.5° the calculated coupling constant
reproduces the experimental value, but the force on hydrogen
is too large; at & = -6° tke force on hydrogen.is correct,
but the crleulated coupling constant is lower thexn the
experimental velue. The chosen walve of the deteron
quadrupole coupling constant {s snriect to exrerimental
error and the calculated value is sutject to an nrcertainty
in QD (63). Thus the deuteron auadrurcle couplinn constant
would seem to bYe a less reliable criterion of the density

distribution than that of electrostatic equilibrium.
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Diemarnetic susceptidility.

The diesmagnetic contridution to the susceptibility

2> and there-

of hydrogen rluoride (#4) is determined by <rp
fore bv the density in the region of the proton, where Ty
is larrce. Chenges in hvbridization of the fluorine atom
would have little effect on this prorerty. The factors

which determine the density at the hydrogen nucleus are

the polarity and the orbital exponent of the h orbital.

A low polarity and a smnl) orbital exvonent both increase

this density and, as a result Xd. The first effect is
{1lustrated by the results in Pable VI. Both the constrained
function and the electrostatic functions have the correct
dipole moment and give very good estimates of X d. .The

S.C.F. density has a low polarity, as shown hy the dipole
moment, and predicts too larme a value for ¥ d. A considerably
larger value is predicted by the 'best atom! orbitals (62)
which have ar exponent of 1.00 for the hydrogen Norbital.

It can be concluded from these susceptibility calculations
that the electrostatic function with g, = 0 gives the best
rerresentation of the density at hydrogen. However, the

lack of an error estimate for the experimental determination

detracts from the significance of the agreement with this

particular point.
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Proton shieldins constant.

No accurate measurement of the proton chemical
snhift of gaseous hydrogen fluoride is available, due to
experimental difficulties (65). The shielding constant
of geseous methane is 3.01 x 10'5 and that of unassociated
hydrogen fluoride is withir 2p.p.m of this value. The
results given in Table VI indicate that the chemical shift
is very small relative to methane. Perhaps this is the
reason for the failure of Schneider and coworker; (65) to
observe a signal due to gaseous HFP relative to methane.
Again the constrained density and electrostatic densities
give very similar presults while the S.C.F. density predicts
a larger value. The latter can be attributed to the low
polarity predicted by the energy calculation. Since
the shielding constant is sensitive to the amount of
density right at the nucleus (while the susceptibility
1s determined by that density in the general region of
the proton) it is less sersitive to polarity than it is

to choice of orbital exponent.

Divole moment.

The importance of the polarity in determining
molecular properties is apparent from these results; parti-
cularly if they are comparcd to those calculated from the
simple 'Slater atom' and tbest atom! orbitals (62,63) which
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predict very low dipole moments as shown in Table III.

A wave function predicting the correct divole moment for
which the hydrogen orbital exporent has been optimized
might be expected to always yield good estimates of the
diemaegnetic susceptibility anc proton shielding constant.
The field and field gradient are more sensitive than these
rroperties to the details of the electron distribution on
each nucleus, but still need an accurate estimate of the
polarity to yield the correct results. The calculations
of the molecular properties supvort the thesis that the
forces and dipole moment provide a good test of the overall
dersity distribution. A density satisfyirg these criteria
shoulé also yield good estimates of the other one-electron

properties discussed above.

Calculation of molecvlar nroverties.

As Kolker and Karplus (63) pointed out, the

deteron ouadrupole couolins constant differs from all

other cbserved ouadrupole coupling constants because the
density around the deuteron is symmgtrical and does not
contribute to the field gradient at that nucleus. The
observed coupling between heavy nuclei and molecular
charge distributions can be estimated with a fair degree

of accuracy by simple models (66), since it is determined



mainly by the ratio of p orbital character along the
syrmetry axis to that perpendicular to this axis. Ko
similar scheme cen be arplied to the deuteron coupling,
wvhich (1ike the force on the proton) is a ‘'delicate
balance' tetween the electronic and nuclear contributions.

In a diatomic molecule the expectation value of
ag the field gradient at nucleus B, is given in atomic units
oy

=2z /R - <’§'I§[3cosaom - 11/r§p\‘§ D

or more briefly by

=22z /8 -2 <'@’12[P2/rip]"g?>
1

Where P2 is the normalized Legendre polynomial of order two.
Ymen the ground state wave func tion ib is expressed as a

single determinant molecular ortital wave function this sum

can be written as
QB =2 ZG/RB - Zj“.h<‘?;‘P2/r‘33‘91>

vhere the y, are doubly filled orthonormal molecular orbitals.
The integrals arising when the molecular orbitals
are expressed as a sum of atomic orbitals are troublesome

due to the l/r% dependence. The penetration type integrals,
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involving two orbitals on the fluorine nucleus, can be
obtained from the genersl forrulae of Pitzer, Kern and
Lipscomb (67). The overlap tyre integrels can not be
evalusted by the method of Barnett and Coulson (%) which
is limited to r" where n > -1, Ore alternative is to
expand 1/:-3D about the flucrine nucleus using Gegenbauer
polynomials (69) and then to expend the exponential term
describing the density at the deuteron. This is followed
by a one centre integration. Another method is an ihte-
gration in corfocal elliptic co-ordinates (63) with due
allowance for singularities arising at the nucleus.
Kolker and Karplus (63) have demonstrated how this
approach can readily be extended to machine computation.
The field gradient obtained in this way can be
related to the measured coupling constant eaQ/h kc. per
sec. If the deuteron guadrupole moment is-taken to be
2.82 x 10~27em® the relationship is quQD/h in kc./sec. =

663 x ap in atomic units. (5}

The dipole moment calculation for a di atomic

molecule is straightforward. For a single determinant

molecular orbital wave function it can be written as

D= ZgR - Z‘.’Z(y;!ra cos 0a|v>

in atomic units. It is most convenient to use the fluorine
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nuecleus as origin for the celculation since many of the
tepms are zero in this case. However, the overlap tyce
integrals are best evaluated from the proton as origin
since the resulting integrals can be checked to three
figures in the tables of overlap integrals listed by
¥ulliken, Rieke and Orloffe, (70). This is possible
because of the relationship racosoa + chosOB = R which
relates the overlap dipole calevlated from the two centres.
Analytical expressions are availasble for the overlap dipoles
in the 1ists of Coulson (71) and (72) end the one centrs
integrals are listed in the anpencix,

The proton marnetic shielding constant can be

split into a paramagnetic and diamagnetic contribution in
the perturbation theory developed by Ramsey (73). The
diamagnetic vart, 6&, measures what the shielding would be
if the whole electronic structure was free to rotate about
the rucleus without interference from the other nuclei.
Since it is a measure of the potential energy of the nucleus
in the electric field of all the electronms, <1/rg>, it can
ve evaluated from the ground state wave function of the
molecule. Opposing G, is a large paramagnetic coﬁtribution,
a measure of the maénetic field at the nucleus arising from
the non-spherical potential about the proton. To calculate
1t recuires a knowledge of the excited state wave functions

of the molecule, but Ramsey (73) has shown how it can be
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evaeiuated once the spin-rotational constants are known,
either from molecular beom studies or from microwave
spectroscopy. This calculation is possible because the
elentronic contribution to the spin-rotational interaction
is also determined by the magnetic field at the nucleus
due o the electronic rotation. Chan and Das (7l) have
calculated Gb for all the molecules for which the spin-
rotationral constant has beer measured.

The diamagnetic contribution to the rroton

shielding constant is given by

Q
"

62/62c2< W 1/ry[B> or if ry is in atonic units,

/6 < Tl/rglP2

17.750x10" KB /r | 2>

The sigrn is taken as positive here, since the paramagnetic
contridution is smaller than the diamagnetic part and by
convention in nuclear magnetic.resonance spectroscopy the
shielding constant is positive, The two centre integrals
recuired for the calculation are 1isted in the appendix and
are taken from the tables of Coulson (71). The only one
centre intogral arising is simply eoual to the effective

nuclear charge of the hydrogen orbital.
The total magnetic susceptibility for a molecule
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is also composed of two terms when calculated by pertur-
ation theory; the diam agretic term )(' and an induced
peramagnetic or thigh freouency' term 71 vwhich arises
from the non~central nature of the potential field in
which the electrons move. (73,75). It is X 4 Which con-
tains the measure of <r2> that is of interest here and
some independent determination of >Cn must be available
in order to obtain )( from the meas;red susceptibility.
This can be done through a determination of tre rotational
megnetic moment of a molecule, as a consequence of the
fact that the megnetic moment arising from the rotational
motion of a molecule 1is determined entirely by an induced
varamagretism which can be related directly to X " The
rotationally induced diamagnetic contribution is cancelled
by the moment generated by the rotation of the rigid charge
density. While the total susceptibility is invariant to
the choice of origin employed in 1its calculation, the
relative values of Xd and 'X P are not independent of this
choice. In general the value 61‘ )( p calculated from the
Zeeman splittings of the rotational spectra of molecules
is referred to the centre of mass as origin since it
involves moments of inertia. (76) The diamagnetic con=
tpibution must therafore be referred to this origin as

well. This transformation may be accomplished as follows:

/A
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The rotational average of the diamagnetic

susceptibility is given by
n
<Xd> av. = -(02/6me®) 52 < pflralvi>

or if the integrals are evaluated in atomic units as in

the present case,

2.3 &
<xd> av, = -% & ZZ<9;|r2'91> .

6 =1

The sign convention used is that of Ramsey (73). a here
refers to the fine structure constant and a, to the Bohr
raedius of the hydrogen atom. This expression can be

rewritten in terms of the ground state wave function as

2.3

where AR is the distance in atomic units between nucleus X
and the mass centroid of the molecule and n is the number of
electrons in the system. The last term in the brackets is
just the electronic contribution to the dipole moment, as
calculated from the X atom,

Alternatively, the diamagnetic contribution can be
calculated from the heavy nucleus and the paramagnetic part

can be transformed to the same origin. This was done by

Y
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Kolker and Karplus (63) in their calculation of the sus-
ceptibility of hydrogen fluoride. The results given in
mable VI are therefore referred to the fluorine nucleus
as origin. The formula given above measures the molecular
susceptibility. On multiplying by Avogadro's number to
obtain the molar susceptibility the conversion factor

becomes

¥, = 7.9209 10‘7(‘@:'?2!1!)

The integrals arising are 1listed in the Appendix.
The calculation of the forces is described in
detail in the Appendix, where the explicit expressions

for the forces exerted on both nuclel are given,




IITI. THn WATER MOLECULE.

It was shown in the case of hydrogen fluoride
thet the four parsmeters €., €, A/u end ¢ provided
sufficiont Flexibility in the form of the wave furction
to cii2in electrostatic enuilibrium, while simultaneously
satiz yins the dinole moment criterion. Calculations of
she vemaining one-electron density properties indicated
thes the predicted distributiorn was indeed a good repre-
santstion of the electron density in hydrogen fluoride.
In trc water molecule the limited basis set of atomic
ovbisals has o meet even more stringent reguirements,
sirce Shne=2 is en additional force component which is
not z3»o by symwetry. This is the force on a proton
serzcndionler to the bond axis, denoted by ?l. in

:.\-.-N--v

fmunc 12, The other components sre the force or a
smoten clong the dond axis, Fy , and the force on the
aXyzen nucleus along the synmetry axis, FO. There is
21so ¢ new ortnosonality condition; a bond orbital must
now bo orthogonel to the lone pair orbitals and to the
socond hond orbital. As 1v ivranspires, the two extra
conditions, one from the forces and the other from
orthoronality, have to be used to fix two new parameters
"which were not required to describe the density in

hydrozen fluoride. On including the delocalization
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narameser S ané 2llowing the bonds to tbend! eway from

—ne bond axes, & totel of six parereters is availedble to
dascride the cdensity in the water molecule. Therefore the
orisenia of zero resuliant forces in conjunction with the.
dipole moment, mAy be used to fit a relatively sophisticated

density function to the known nuclear fremework.

ohoice oY basis orbitels.

The electron density distribution is determined
wplecular orbital theory. A4s in hydrogen flucride, the
coviveiens orwital represocrtation is used to enable one
=0 éiscuss lors pair ené bond orbitsls. Ellison ard Shmll
wave snown how the ecuivelent orbitals can be transformed
Srom the symmetry orbitals (77). All the calculacions were
sarnied out for a bond length of 1.810 2.u. end a bond

gie of 10l..45° (78). Slater atomic orbitals were em-
2loyed with the free atom orbital exponents, since no
optimized exponent calculations have been performed. For
She oxygen 2s and 2p orbitals the exponent was 2,275 and
for the 1ls orbital on oxygen, 7.700.

All available evidence points strongly against
taking the free atom exponent of 1.00 for the hydrogen
orbital (79,80,81). A much vetter approximation to the
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<pue exponent is proviceé by the empiricél rule discussed
sy Bader (12) wnich relates the screening in the separated
atom to that in the united atom. 35 this rule S = Zs.-AZe'R
vhere 4Z = 2, - A " The Z, and Z, refer to the effective
auclear charges calculated by Slater's rules (ircluding the
ssctor 1/a where n is the principal ouantum number) for the
electron in the separated and united atom respectively.
This yields a value of 1.3k for the proton in hydrogen

s uonride compared to 1.32 obtained by Ransil (i) when the
axporents were optimized. For the protbn in water the
exporent 1is calculated to be 1.32.and for ammonia, 1.29.
mne wesults of Ransil indicats tnat these values, which

ere used in the force calculations, may ve too larre by

«~ 0.2 vrits. This is orly 1ikely to affect a comparison
vetwaen the three types of bonds which is based on &
property very sensitive to the exponent, such as the
shielcing constant. Soth the formula and the results of
variation calculations (L) indicate much smaller cranges

in the-exponents of the heavy atonm orbitals on bond for-
—ation compared to that of tne hyérogen orbital. Some

of tre calculations werse repeated using these slightly

éifferent heavy atom exponents with no significant change

in the results.

Tt is assumed that the inner shell electrons are

in a pure 1ls orbital initially, i.e. the parame ter cq = 0,

!!!




ané that the 1s character in the vealence orbitals is v
determined by 2s-1ls orihosonaiivy. ‘Tnerefore the
oxyres s orbitel vhich will be useé is the orthogonal
2s ordlial = (1 - SZ) "(s: - S 1s) where s' is th
nwodaicss Siater orbital and S is the overlapy integral !
hetueen s! end 1s. Due to precticcl &if ficulties it
is necessary to ignore the non- -ortho~cnality between
the 1ls of the innor shell and tre hyéroger orbitals in

swa valense shell. As shown In ydrogen fluoride, this

w11 lead S0 2 relatively good value of the force on

-

sotan

oxy~en zut will herdly affcet other parameters. IHence
wobt rmuech sisnificance cen te attached to the absolute
valuc of the force on OXyged, although its dependence
on moiccular perameters will not be vitiated. The most

senersl orditels that cen be written for the water

r.0lccule are now

o1 Kfcosab s + singy p1] + y.[hl - 3h2]

v.p = Alcosey s + sing, vyl * ulhy - Sh, ]

t !
Py = cOSE, S + sing, P3

] H
cosg, S + sinel ph

-
o
n

H

-]

ne h. and h2 denote 1ls orbitals on H(l) and H(2) res-

ahn
1

vectively and the p; are 2p atomlc orbitals centred on

the oxymen nucleus. The directions of py and p, are




<pawn *= Prauwe 12 (they co not necessarily coincide with
-ne tord axes) and D3 and 1), de-ermine the directions of
sne echivalent lone pailr orbitels. As in the case of
z7énoren fluoride, 1t is convenient to replace the two
ecuivalent lone peir orbitals by one 2p, orbital and

cne nybrid orbital along the syrmetry axis. This hybrid

can be written

vy = coseg, s + sinel D_te

2ne two lone pair hybridization perameters nave easily
relased:

3

cose, = (1/V2) cosg,y and

(1//2) sine,/cos (8/2)

sina1

waers 5 is the anrle hctween the ecuivalent orbitals,

~iven by cosf = - cotzelg.
Tnese orbitals embody five parameters:

1) ey Getermines the lone pair hybridization of an

oroitel aslong the symmetry axis with limiting character

s and spa. The corresponding equivalent orbitals go from

(2) &y, is the bond hybridization, exactly analagous to the
corresponding parameter in hydrogen fluoride.

(3) »/p again measures the bond polarity.

(L) @, the angle between the p functions of the bond



- 133 -

orbizais. It is sprmed the orbitel angle as ooposed to
—ne bond cnnie €. ¥hen G # ¢ the bonds are termed ‘bent'.
r3) &, the varamecer which determines the extent of de-

socslization ol the eouivealent orhitels., ‘The reauirement

Yy

—utual orthogonality veiween the orbitals can be used

(e)
>

o Tix two of these five parsmeters. The condition that
the eguivalent lone pair orbitals be orthogonal was used
to obtsin tne expression relating the angle between these
orbitgls to the hybridization.

e =% 3 LI

Trom the conditions that (1) Ivbl L e 0

and (11) }pbl P = 0 one obtains the ecuations

(i) (l/p)2 [coszeb + sinaeb cosal + /e [S; coseb(l-S)

\

5, sine, (cos t = 8 coso)] + [5) (1+ 8% - 28]

=0

S,(1- §) + A/p cosgy

S, cos(e/2)(1-8) + Ve singy cos(a/2)

(11) tane,

tanei cos(g/2)

The reouirement of normelization of the bond orbitals allows

one to determine the absolute values of A and of p once

their ratio is known. This condition is

A
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(:11) w2i1+ 82 - 235, % 2r/p { Spc0sey (1-8)

+ S sineb(casm - & cos -':.)} + (7\/;:.12]

3

= 1

mhe rexsining three perameters can be fixed by
she precuirexent or zero resultant forces or by fixing two
forces and the cipole moment. The parameiers, forces and
d¢ipole momenv were progremred for machine computation &as
sollows. TFor a particular choice of 3/p, @ and o the
paremeter &y $s obtained from ecuation (i)l. Souation (ii)
was then useé to ootaln &y and eouation (iii) to calculate

% anc u. Further details of the calculations are given in

sotermivation of density éistrioution.

Since the orbitals are mutually orthogonal and

coubly occupied, the electron density 1is

2 2 2 2
5 = 2(9b12 o TP + 95 *t ¥ )

where v, is the innermost orbital of the oxygen atom.

t stands can be solved by a trial and error

ts (00C+m) where m 1s less than 159, cosE
ard sine, can Be expanded in terms ol m. Retaining terms uB
the orde® of m converts eouation (1) into a quadratic ex-
pression in m. This method and equation (1) give jdentical
results well within the accuracy reaquired. As an.example,
for §=0.3, Ap = 1. end ¢ = %0.00°, both methods give

eb = 95.87°.

;
lepquation (i) as i
“method. Since °.,
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“ng Eeclimenn-Feynman theorem enables one to write down the
=552l force acting on ary rucleus in the molecule as the
<ua o the repulsions cue vo ine otner nuclei and the

slectronic forces exerted by the adbove distribution. 1If

O;J
|

’ F“ and Fo refer to the electronic forces only, the

taree concditions for electrostatic equiliorium are

2, 2, . mre.2
opy?) * Ewp) * OFnD)

(s
"

"

(1/332) cos(e/2)

] ‘J
n

2 2
R$vb12) + Evaaz) + ﬁ§v12) + Elyg) +Flvg)

(8/33) + (1/R;°) sin (¢/2)

.;J

=) 2
2 Poley) + Foloy

(16/R2) cos (&/2)

nepe no céistinction is made between the forces exerted by

v, ond V2 the two forces are qoual, and any terms that

o1
c»e zero cre not shown. Explicit exoressions for all of

zne Torces are given in the Appendix. Three sets of density
~unctions will be considered, from the simplest exbodying
only €y, & and A/p to one including all five parameters.
Zach distribution will De regarded in the light of whether

or not it can simultaneously satisfy all three of the zero
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force conditions ané predict the correct dipole moment,

of magnitude 0.72h a.u.

Cese I. ZXouivelent localized orbitals directed along the

0-3 boné axes.

The set of orbitels with a = ¢ (bonds pointing at
the hyérogen atoms) and $ = 0 (completely localized eouiva-
ient orbitals) is the simplest +hat one can construct for
the water molecule. I eg and g, are determined by the
orthogonality conditions only one rarameter, 2/u, remairs
<0 be fixed by any of the force conditions or by the dipole
moment. Pople and Duncan (43) used the latter criterion
to obtain a density function, which can be examired in
tepms of the forces exerted by it on the nuclei.

Since the bond orbitals are directed at the
rydrosen atoms. the order of hybridization is automatically
fixed. A& variation of 3/u brings about on
in ¢, and e; e.g. as A/u increases from 1.0 to 1.5, €, de-
apenses from 79° to 73° and ei changes from 56.0° to 56.5°.
Taus the lone pairs are always dominant in this case as
e, is fixed close to 60°, the value for sp3 orbitals. The

1
corrcct dipole moment is obtaired ab A/p = 1.07 with

= 77.8° and ei = 56.O°.1 Since all the factors very

1y small variations

1. ife t
Thes 1ves for A e. end e are slightly diff erent o
o ob AT 87 % ena

tnose obtained by Duncen and °lple (1.0
respectively) since they used & hydrogen > orbital exporent

of 1.00.

A
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so 1iisic with 1/u in this case, 15 will be sufficient
to sonsider the forcce o==ained for thils one voint.

Tnoy are jiven in Padnle VIT.

TsBLE VII.

e —————-

Oroitasl ¢ contritutions to the forces in Cese T for HZO.

LY X

] L i o
cIC 0.0000 0.6812 3.8760
Rly, o) 0.1206 0.3058 3.8760
g, © -0.:0Lb 0.336l,  -7.5568
Plyg 2) 0.0000 0.4556 0.0000
#(3.°) 0.0000 0.6105 0.0000
Elecircnic force 6.0160 2.1095 0.1952
Yucleer repdulsion -0.07L:6 -2.538L -2.9920

I+ 1s cleeor vhel this simple density distribution
docs nob cowme clese to satisfying the conditions of zerd
resultant forces. Sirce the electron distribution in vy,
05328308 cxiol cymmetry alorng tne O'H(l) bond axis it

exerts no force perpendicular to the bond. The density in

Y2 attracts Hiy) bus the lone pairs exert a force in the

opposite direction, tending to open Up +re bond angle,

which almost carcels the attractive force of ¥Yyoe The

'
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vesuliant electronic attractive force &Y is thus very much
1ess tnan the ruclear force of repulsion. The case of tne
Sorees acting on the oxyscn nucleus is very similar to that
Tor Fl! Tne lone pairs exert a force waich is almost ecusal
ané opposite to +tne attractive forces of the bond electrons.
~ne vesult is & large negadive force acting on the oxygen
wucleus aimost ecuel to the total nuclesr force of repul-
sion. The electronic force o H(l) along the bond Fy
is glso jpsufficient to overcome +he repulsive force.
“nis sgain is mainly due to the decrease in F(vlz) from
0.5k for a pure 2s orbital to 0.36 for the nybridized
orbital.

Projection of the lone pair electron density
out to the back of the molecule in these nethane-like
onbitsls results 1n unreascnably lerge forces terding Qe
to pull the oxygen atom pack and to open up the bond
angle. Sueh & distribution is also unsatisfactory in

serme of bond moments. Ir order to meet the dipole

—orent with such 2 large contribution from the lone pair

electron (1.2t a.u. compared tc 2 total dipole roment of

0.72 a.u.), the bond noment is 0( ®+) - H($-), in contra-
diction to chemical intuition and experience, ©.B:

hydrogen pording. It is clear that in order to attain
an eguilibrium distribution the prominepce of the lone

pair electrons has to be greatly reduced.

]
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case TI. Localized eouivalent orbitals with bent bonds.

As the angle between the two hybrid bond orbitals
cecreases, their p character increases and the ecuivalent
lone peir orbitals approach S hybrids. If no hydrogen
stoms werc present the bond orbitals would be pure p
orbitals (g, = 90°) when the lore pairs reached this
Timit (e; = },5°). Overlsp with the hydrogen orbitals
ineregses the p cnaracter of the bond orbitals and de-
creases the s character of the lone pair orbitals, for
2 particular value of the orbital angle. Conseonently
the lone pair orbitals gotually attain their limiting
Sorm Tor en orbitel angle smaller than 90°. The corres-
nonding bond orbitals are no longer pure p bonds due to
apprecisble overlap of the hycrogen with the s in the
icne peirs., To retain orthogonality the bond orbitals
wust contain negative s.

The limitingz value of the orbital angle is de-
sermined by the reaiirement that the two orthogonality
conditions (i) and (ii) possess real solutions for €, and

€ The 1imiting value of &, SO obtained is always very

1
close to 0°, unlike the case of hydrogen fluoride where
€, can vecome increasingly negative. Results for this
case are plotted in Figure 13. It shows the veriation
with o of the orbital contributions to the perpendicular

force on the hydrogen nucleus, for »/p = 1.45. This

A
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nolarity

f

-
e

o .. .
= §7° where the predicted forces are best.

is cnosen since it reproduces the dipole moment

(The

jmcreased boné polerity is necessary to compensate for

tae loss

contributions to

of the lone pair atomic dipole). All the orbital

she force very irn a regular manner. The

ione pair orbitals exert a steacily decreasirg force as

she bornds are bent; in the limit of sp

oro ject out apove and below the

»isht angles to the bonds and exert no force. F(vbz

hybridization they

plane of the molecule at
2)

cecresses 2s the bonds are pent due to the decreasing

emount of

juss

™is

sanccls that cue to

s in Py For every velue of a this contribution

+re lone pairs, &s in Case I.

~cens that the whole ~uclear repulsion has to be

countenoelanced by the force oz the nucleus due to the

density placed alonzsicde the bond in Yy

wapuision of -0.07h82 e.u.

-0.992.

she bond

increased shielding by the lone

Torce is

The mazximum

sweazive force, of magnitude 0.0kl a.u., 1is atteined

o = &67°, but it is insufficient to balance the nuclear

Exactly the same considerations

the force on the oxygen nucleus. Here the best

2.0l1; while this represents a great improvement
value obtained with a = € the net force 1s still
The electronic force exerted on hydrogen along

exis is increased to 2.518 a.u, duse to the

pair electrons. This nret

decreased to only -0.020 a.v.
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Tntroducinc ben tonds has therefcre brought
che weier molecule much closer to elecirostatic eouilibrium.
Tn order to balance the remaining forces it is necessary to
weré the bords even rmore belore the lore peir orbitals reach
their limiting form. It will slso be a help if the amount
of nermative s jntroduceé into the bornding orbitals is re- .

p the limiting case). Both of

(2]

duced (here &, is 107.8°

snese aims can be achieved bY dslocalizing the bond orbitals.

Case III. Delocalizsd eouivalentc orbitals with bvent bonds.

7t is well known (77) chat tke exact transforretion
of a set of moleculer orbitals into the corresponding eoui-
valens orbitals will not in general »~esult in completely
Jocalizad bonding orbditals. Although it was at one time
aoped That the smount ol delocalization or mixing of the
cornonents of different »apé@ orbitals would be regligibly

mell this has not proved true in known cases. 1t will be

tn

nat it is of erucial importance in the description

(&)

ct

h owr.

of tre water molecule. The -delocalization in this case
»eauires the jntroduction of the h orbital of H(z) into

ard of.the h orbitel of H(l) into $,o- The smount of

.‘J'
1 ol -
gs shown in the general’

delocalization is designated Y 3

expressions for %,q ard Yyo°

Introduction of delocalization into the bonéing

orbitals has a very pronounced effect upon the electron

A



donsizy distrivution. 7ue overlap between the two hydrogen
P ed © Do Ny . < 2 Y

oms is reduced from S, %o [S; (1+ §€) - 28] which permits
-mpm TS androzch more closely and therefcre gllows the sangle

“atweon the orditals to écerease. The Pauli exclusion

riaces 2 cefinise iimit on the possible proximity of two
orbitels made up of components with {inite overlar. Another
important effect of delocalizetion is to reduce the overlap
natween the oxysen s ard D orbitals and the hydrogen atoms.
15 & result less nesative S must de introduceé into the

“woné orditels o meintaln orthomonality with tre lore pair

< onbital in the iimiting case. 2.8 with 8 = 0, the lore
sairs reach thelir 1init at o = 87° with an €y, of 108°,

wnile s 8 = 0.5 this situation ocecurs at a = S9° with an

iivn the extra flexioility provided by this

.

raremeser a density distnibvution can be found which gives

=ne correct éinole wmoment ané comes very close to predic-

oo

tinp zero forces o tre proton. It will be recallec¢ that
taree concéitions are recuired to fix all the parameters in
tnis case, the other two being used up in determining the

Table VIII shows the effect which the
All

orthogonalities.
introduction of S has on the forces and parameters.

of the forces listed are caiculated from density distri-

wutions which have the correct dipole moment.

A



- 1k -

TABLE_VIIL,

Tonces and parameters for Case III densities in HZO'

0 ¢ Me o & &)

L0 0.0676 2.516 2.528 63.75° 1479  100.59° 15.00°
LS 0.0690 2,512 2.576 6L 30°  1.h95  99.58° 15.00°
50 0.070k 2.510 2.40F ¢n.00° 1.51  98.55° 15.00° |
60 0.0720 2.506 2.65¢ ).55°  1.563 96.14°  15.00°

# -0.07h46 -2.538 -2.992 - - -

.‘J

) BN F“

Tne Tinsl line lists the valnes of the nuclear remlsions

-ad

e

oevnosing each of the electronic forces.

Tne forces F; and ¥ inerease with increasing values of S.

gion 0.35< $<0.40, but

"J

ngsses through a pexizum in the re

This inapility to achieve

i
snenges slowly with increasing S .

~inel eiectrostatic equiliovrium mekes it difficult tTo decide

on a valuve for S (one close to 0.5 is indicated), vut the

values of the remainin cersneters can ve specificd within
E ¥

=all bounds. The bond nyoridization &, will be within &

few demrrees of 98° which incicates that the bond orbitals

are essentially p bonds, with only 2'/.negat'ive s character.

The best forces are always obteined when the ecuivalent lone

pairs are in sp hybrid orbitals directed sbove and below the

A



~oleculer plane. This orbital picture is close to thet
obtained from a cualitative use of valence bond theory,
cxcept of course that this distribution is for a bord
anrie of 101 k5% ané not tre 60° molecule predicted by
velence doad theory. The orbitel angle of about 59°
corresponds To an angle ® vetween the bond direction
snd the orbitel direction of 22°. The bond polarity is
1.5, smsller then that in hydrogen fluoride es would be
expected on the besis of electronegativity of the heavy
stom. 3y concentrating density along the syrmmetry exis
tre polarity reauired to rmeet the dipole moment is de-
creaseé relative to that predicted by the simple valence
bond anpproach.

~re remaining discrepancy in the force on the oxygen
atom can be removed, as in the case of the hydrogen fluoride,
sv irswoducing p character into sne inner shell orbital. A
cceficient ¢4 of 0,00l is sufficient to meet this force
=novided the ls - h overiss is ignored; inclusion of this

non-orthozonality is estimated to increase the emount of D

rcouired by a factor of ten. .Since even this order of inzer

shell polarization affected ;nly the atomic force terms in
hydrozen fluoride, the complete six parameter treatment was
not attempted in the present case. The remaining forces

on hydrogen correspond to those encountered in an 0-H bond

compression of 0.02A% end to a change in the bond angle of
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1.5°%. Additional polarizing orbitais representing the
density on the fluorine ané hydérogen atoms are no doubt

recessary to account for +these differences.

pemparison of cdensitcw dist-ibutions.

Tre most radical difference between the electrostatic
electron density cdistribution ard that proposed by Duncen

onle is the decrecase in proninence of the lone pair

-

"

end
electrons. Trhe ione p2ir oroftals according to the above
authors gore sp3 in charaster, as opposed TO tne sp hybrids
found in the present wori. These electrons do not make any
sont»ibution to the dipole roxent in the latter case &s
compared to their over-riding importance in determining
the dinole moment when in sp3 orbitals. As a result the
eiectrosietic density precicts 2 much larzer bond polarity
tnpr dozs the density of Porle. The vresent rosults agree
srifer views which gttributed the dipole moment of
«ne water molecule to the nolaxrity of the bonds.

Some of the salient features of these two distribu-
-ions are illustrated by the density contour meds in Figure
i, Phese represent 1ines of cornstant density due to the

vslence clectrons in the plane of the water molecule. The

upper diagrem is for the best electrostatic density with

= 0.5 (the orbital coefficients and details of the method

of celculation are given in the Appendix) and the lower



Case II density

(b) . _ _ . .
| Case 1 density ‘ o q‘!

of the valence electrons in

SIGURE 1. Density contour maps in a.u.
plane of the water molecule b¥ (a) the electrostatic method,
(b) the method of Dunean and fople. '
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ske tyse predicted by Pople and Duncan. The low polerity
iw Case I is reflected in the increassd corcentration of
density at the protons. Iowaver the most striking differ-
ene2 lies in the concencrasicn of cherge above the oxygen
nucleus when the lone peirs sre prominent and below the
oxygen nucleus when the bonds are permitted to dbend.

The izrge asynmetry in The oxXyze3 density exhibited in
(o) gives rise to very unsalanced forces on all three
nuclei which would tené to pull the molecule apart.
Distribution (a) sccumulates Tthis charge between all

shrce ruclei where it can exert the maximum bindirg force.
1L sisc serves to maintain a spherical symzetry in the
dis=»ivution surrounding the oxygen necleus. As in the
case of nyérogen fluorice, there is 1likely to be a large
roawnan~oment of density when int er-molecular interactions
ocecur. n ice, the maximum binding force will be obtained
if the protons lie alonj tetranedral directions from the
oxysen nueleus. The force on tais nucleus due to the two
srotons velonging to the molecule is opposed by the force
cue to the other two protons, SO now the oxygen nucleus may
w#ell attain electrosteatic eouilibrium with a me thane-1like
distpibution. Thus structure (b) in Figure 1ly is probably a

pood description of the electronic structure of a water
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rzolecuie in ice or in the liocuicd vhase.

No

variation calculations comparegble in accuracy to

those performed for hydrogen fluoride have been reported

er molecule, due to the incressed complexity of

®1lison andé Shull (77) perforzmed an S.C.7.

caleulstion using Slater orbitals with the free atom expo-

nents. <hey

investigated the eflect of inrer shell - outer

snell mixing, concluding thal it had o large effect on the

weve function, and performed a 1imited configuration inter-

~ction calculation. Melieeny and Okno (82) repeated these

and showed that the effect of inrer shell

mixing was greatly reduceé when the n-1s orthoronality was

=aken into account. Trey nerformed a valence bond calcula-

-

tion, using the ss=we insegrals, and obtained an energy as

zood cs thatl

from the S.C.F. approach with limited con-

Sigurasion interaction. Zowever, Slater (83) hes reported

shat hoth of

approach are

these results can only have oualitative

due to approximatcions employed ©O obtain the
integrals. The results of the valence boné

not as good as they appe ared to be.

Bearing in mind these ovalifications regarding the

dsnsity obtained by Ellison and Shull, one can examine the

overall density characteristics predi

calculation.

cted by their S.C.F.

Their results predict an ecuilibrium bond

5
1.1+ i1s worth noting that the rorce caleulation for water is
orly complicated by the anpearance of a few three centre

integrals,

more amenable to calculstion than the energy

integrals because they involve one-electron operators.
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- rg O - LY IR
engie of 120°, =2 dipole = want waich is too low by 0.5
Debyes and a tinding enersy 779 of the observed value ab
sme correct bord anmle. They tnansformed the single

tion found for a bond anpgle of 105°

£
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ct
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into ecuivelent orbitais. The calculated bord orbitals

(3
.

¢id not lie slong the bond aoxes and were not completely
1ocalized. =Silison and Shull were possibly the first
wonkers to prove that nridization may not be directly
walzzed to bond geometry in a polystonic molecule. Their
orbisel angle was 69° compared to the 59° found in the

present celculatiors. The bond orbital wes meinly D,

with a very small amount o negative s, and the ecuiva-
jent lore rair orbitals were closer to sp than to 393.
was in fact L7° compared to 4S° in the electro-
csatis Tuncsion, Thus tre ~esults of the energy celcula-
~ap pemoved from the cualitasive idea of tetrahedral
‘onés n tne water molecule: extensive delocalization and
~ond bending is predicted in tne bond orbitals, and little
~voridization in the lone pair orbitals.

Even with this small amount of lone pair hybridization,

1lison and Shull were unadle to achieve an energy minimum

st the correct bond angle. The total energy was found to

change extremely slowly with change in the bond angle, with

The min mum occurring around 120°. At this angle the

nuclear repulsion on a proton, perpendicular to the bond

/A
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axis, is 0.0508 2.u. anc the predicted electronic force 1is

0.0548 2.u., walch indicsetes that the true minimum occurs

sntg fomae is ver— sersitive to tne boné angle and could

Ves

we of relp in locating the eneryy winimum in a variation

L

recicted equilibrium position the

ct
ct.
23
[Tad
(7]
‘g

celeulation. &
cieatronic force on She oxyged ruelang is the difference

watween a positive force of 5,60 a,u. fron the hond

cwritals and & negative rorce of k.3ir a.u. from the lome
pair ordbitels. The resulting force of 1.35 a.u. has to
valance & nucleer repulsion of -2.Ll e.,u. As in the case

o2 hycérogen fiuvoride, tnis S.C.F. wave function taerefore

zredicts & poor pesult for the force on tne neavy nucleus.

Diamesnevic uscepsibility.

?as paramagnetic contribution to the susceptibility

a? wetar in the vapour pnase has been determined from

spectrsi data (76) to be 1.6 x 10‘6e.m.u./mole. ¥o

crnevrimentel me asurement of the total susceptibility of

water vapour appears to reve been made, although the

values for ice and liquid water are well known. Since

she susceptibility is known to be fairly {ndependent of

vaase (8l) % is taken to ve -13.0 x 10'6e.m.u./mole which

s the value for the liouid. This yields an 1experimental’

Xd = -lh..h6 X 10-66.111.\1./31016.
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mhe electrostatic function with d= 0.5 predicts
2 - - - Ld
<> 15.867. On transforming tals to the centre of mass
2s orixin, the susceptibility becomes

6

}Sd = -16.650 x 7.9209 x 10'7 = -13.19 x 10~ e.n.u./mole.

3zayard (85) has calculated X g for a central field wave
sunction and for that obtained oy Ellison and Shull.

T»om his work,

6

;{d (central field wave furction) = -12.5 x 10”°e.m.u./mole
¥ (Ellison ané Shull) = -15.2 x 10"6e.m.u./mole

is in tne case of hycrogen fluoride, these results
can be understocd irom a consicderation of the factors affect-

ing <he cistridbution arounc tne proton. The low polerity in

the Censity of Ellison gnd Shull will tend to incresse <r2>,
as will the smell velue of the orbital exponent ( 6 = 1.00)
used fo» the h ordvital. The susceptibility predicted by
=nis ‘onsity is larger tnen the experimental velue. The
s-eccrostatic density has tne correct dipole moment and
--~epcfore polarity, but as mentioned earlier the orbital
cxponert of 1.32 almost certainly overestimates the con-
=raction of density at the proton. The slightly low value
predicted for Xd can be accounted for on this basis.

Firally, the central field function is known to be too

contraected in the region of tne proton since it is based
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on & one-centre expansion Irom sre fluvorire nuclcus (65).

Znis leads to a )‘d one unit lower than the electrostatic
value. Das end Ghose (86) obtaired the same value as the
central field wave function, using a simple localized
céescription of the bonés in water based on consicerations
of percentage ionic cheracter. The predicted dipole
womont wes 3.1D, much larger than the experimental velue
o2 1.8LD, which could orly be obseined by a very polar
bond. The susceptibility is snevefore low, in spite of
an ordital exponent of unity waich would ternd to increase
che total. This illustrates the danger of judgirz a
density solely on one jsolated criterion. In the case

> the susceptidilivy, ¢ combination of a low orbitel

cxporent and nigh polerity factor may give very reasonable

estimates of this property.

“roton gg,ggig'shielqgng constans.

Das and Ghose have calculated the proton shielding
constent from their wave furction and from that ol Ellison
ang w1l (86). The very low results found for the shielding
constant in both cases contributed to the belief that simple
$.C.*. wave functions do not give a good estimate of this
oroperty. This is contrary to the conclusion arrived at

in the present work, that this property is determined almost

exclusively by the orbital exporent. When & detailed

/A



comparison of the orbital contributions for & proton in
v, - 1S mede, as in Table IX, it transpires that they
cmitted the inner shell coniribution to the shielding.l
T tais is acdded on, the caleulated velues of Gy oecome
G.652 x 10'5 fo
-5

for ihe S.C.F. density. These are both

-

the density of Das and Ghose, and

5.15h x 10
baseé on an orbital exponent of unity and are consequently
smaller than the electrostatic value of 10.606 x 10'5.
it cen be seen fron Pahle IX that the orbital contributions
are consissentiy larger sor the electrostatic density as a
resuls of the inereased h orbitel exponent. The fact that
211i{son end Shull's wave furction yields a lower 0& than
coes the nighly polar density of Das ené Ghose is sur-
orising 2 1in general it is found thet, for the samé -
the predicted snielaing constant
Goerccscs as the polarity 1ncreases since charge is
~cpoved from the proton. fnis is the only example wnere
~aig peasoning does not seedn to apply.

Urfortunately there is no experimental deter-
~-nasion of the spin rotational constant of water vapour

Ry

.ad consecuently no available measure of 0. However,

Cnen and Das (7h) have snown how, by suiteble choice of

- am—

l.mne autnors have agreed thet this is the cause for the low

values predicted (private communication).

2epnis puzzled the suthors 3s well; they feel that perhaps
other factors such as nyoridization areé important here ‘
(private communication).
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gupisat coravilutions to tne proton magnetic shielding

~ eond

e - f &g
constant in H,0.
2

Sonsity o1 Yy2 Y1 LTy Yo - Teotel 5dx105

2as and
Chose(8d) 1.62l 0.663 0.8:8 0.977 ? l.332 7.69

tie 1,775 0.996 1.089 1.008 1.105 5.97h 10.61

oripin, O, cen ne estimeted for & wolecule of known dipole
"ne metnod is dased on the fact thet O is composed
cf iwo wmarts, one of which o;(s) can only be obtaired from
2 perIurdetion caleulation., This iatter 'high frecuency
contrizution can de wade to disgppcar DY an appropriate
choice of origin, and Das and Chose demons trated that for
tne proton it is a very good gprroximetion to taite this
origin as the electronic centroid. The remaining contri-
bugion, OB(G) can be obtained from the ground state wave
function enc 1s proportional to the electric field at the
sroton, along the line joining the proton to the electronic
centr~id. They then meke use of the fact that this field
from the electrons must be equal and opposite to that
vroviced by the puclei. This enables one to determine

Ob(G) without & knowledge of the ground state wave function.
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Since the net field at the proton has beer set ecuvel to
zero in e eiecirostetic density, the valuve of n(G)

cetermined in this way is both the excerirentel and the
nredicted cuantity. The only approximation is that of

raglecting 6‘(3 . For water the formula becomes

F 1 cos@, + _8 cos@ ]
fo) H — o
3 R 2 RZ

=t}

3 heve relers to the distance in a.u. between the proton
and the electrornic centroid, which can ve determined from
tne known Gipole moment. The engles are reasured relative
to R, spom the vroton. For water this contribution is
calculated to be -7.76 x 10'5. This can be compared to

tne colculated values (7h) of -8.66 (experimentsal,

Q&) x ‘O" sor hydrogen fluoride and -6.66 (experimental,

Y

'

4

-5.76) = 1072 for ammonia. Therefore this estimate for
coteor is undoubtedly an upLer 1imit, waich implies that
~e Sotal shieldirg cons ant obtaired by combining it

..ith the calculated di amagne tic part is a lower linmit.

These values are

G‘(electrostatic) > 2.85 x 10"5
¢ (Das ard Ghose) > 1.89 x 107
5

& (Ellison and Shull) 2 1.39 % 10”



e experimental valne is 2.97T x 10"5 accoréing to Das end
ohose, {ron measurerents of Gutowsky and Hoffman (87) on
she cnerical shift of hycrice molecules relative to methene.

Lora recent valucs obtained by Schneider and coworkers (65)

-’
sisce this shieiding constant av 3.02 x 10"°. Both of these

essimates &re based on a velue of 2.66 x '.LO"S for the shield-

ing constant of a proton in tne hydrogen molecule.
The electrostatic density predicts the best value

of this yropexrvy and the egreemenc may well be improved with

& good caterminetion of . Both ol tre otner censities

1ow éue to the or>ital exporent

)

nredict values whicnh arc too
of 1.00 for the 2 orbital, but ar improverent over those
estimszed by Das and Ghose by comdining their 05 with a O

cetermined from & variation calculation.
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IV. TE LXNCHIL HOLICULE

me caiculation of the forces exerted on the
aucled in the wabtsr moliecule demonstrated that e me thane-
Tike cistribution of density is cxtremely unsteble
clectrostatically in that molecule as in hydrogen fluo-
wide.- Several festures of the predicted electrostatic
density for water were refl lecsed in the S.C.F. cdensity -
very little lone pair nycridizstion, and bonds primarily
¢ in c¢h.aracter dut concensrated petween tne bond axes
mafkon Siiar along them. Ihe use of an erpirically
determi~el ordiial cxponont for hydrosen was justified
¥ tiie o0& estimaics ootained of the proton shicldin
somctsws and the diamesnetic susceptid ility. In axxonia

gonstent
sherc ane anein six parameters, since the intrsduction of
.- extra bondé oroisal coes not result In any new ortho-
~3ngllcy asonditiors, 'Yhe dircetions of the three force
nempercnts cve shown in Fizure 15 enc are labellcd Fy,
Fyoenc ¥y - wae goulvelent orditels are set up under

g some limitations assumed for the water molecule and
e exporcnts cre chosern in tire sare manner. It is found

. at the fopces vary in a precisely snalagous fashion,

«.ielh lcads to a distribution e¢xnibiting the same

“+nis econfirmetion of ttic validlty of the general rule pro-
~oced in Fardt I regarding myb¢1diza»10n in hydrice
snoiceulcs with lone peirs of ciectrons is furtaer substan=-
siated by 4he followirg cslculations ror the emmonia.
wolecule.
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»

raue SY'S tem uaec 1n tre calclilation
The arrous indicate the
¥, and

The co-ordi
of thc dersity in Hiige
cirecﬁio“° of the n0°itive forces Ty,
Foe i has & pos‘tive Y co-ordinate.

:::. ;;‘2)
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cmarscsericiics as above ob clcctrostatic ecuilibrium.

Tn $ne progent cose tners ore twe good $.C.F. calculations

(48 &G} available which predict hybrid 13zations interrmediace
vetwcer those of the elcstrostatic density and thet obtaired
3y chc methcd of Duncer ané Pople (43). Thié vermits a
sorveission of the megnituce o of the calculated properties
-witnir, Teatures of Tie disspiputions, wnich ircdicates .
the rejion of tne density which Zis tested by each propercy.

¥, csglculstions used [4 () = 1.00,
a comparison ol Inc caiculisteé propervies cort Tirms oh

larver velue of this exponent.
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~aspecsively. The hydromern 1S oroitels eare assigrec an

. ~Peesive rucleer chargze of 1. 29 on thc vasis of the rule

Siseusscd irn the case of waoter which rclectes the effective

wuclcar charpe to the separeted and united atom limivs.

“ae calculstions are performed for a bond length of 1.905a.u.

ané o bord engle of 107. 3% (18).
The single deterninar nt wave function is expressed

in terws ol equivalent orbitals exbodying the same five
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e comcliions for eleccirostaiic eouilibriuwa arc, when

anG Xy refer to the electronic Iorces exerted on H(l)’

3‘.'-1- b
. . - 2 2
B o=TF (qblz) + 27 (gbza) + Fy (9 ) = (l/RH ).rg‘cosc
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she o.. in any of the forcc expressions, the ferces sre

eousl. Explicit exsressions Jor the forces &re given in

)

glectrostavic eriteria.

Pople and Duncar (43) neve determined 2 density
distrizusion for the amuonis molccule using the same
ceniveient orvifals with S =0 anéd ¢ = &. Thls lcaves
only ore parcmeser, A/e, to e determineé cnce the
criiomenallidy seouivencris are teolen inco sccount. The
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G_pc-u‘ wonEne Wa&s usec v 1iX oS narame v, S‘JCh a

o sipplcst thal orc con consiruct for
75 is of irterest to see now
1s=pidution comes to predicting 2ero rcsul-
sant Jorces.

Sirce a is sct ccual to € in this case, tvhe
hybridization of the bond ené lore pair orbitals is
largely det rmined oy the moleculer geometry. “he bond
engle is close to the tetrahedrel argzle and this fact
% the orthogonality conditions results in
sp2 hybridization rfor tne lone pair orbital.
pair is very Gominsnt in this distribution as it

ne lone

s projected out from the nitrogen nucleus alor: the

.
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T projection of the lone peir eleciron density
v the nitrogen nucicus resuiis in z large imbalarce

‘n 21t o the Torces exertcd on the nuclei. Figure 16

shows the relptive mamnitudes of the ordital contributions
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20 F; and F... I Is scen thol the density in the lone

A) '

iw orbical exer:is o rerrcnéiculer force on the hydrogen

csoms wraleh Is aciualliv greater then and opposite in sign
S0 =hc elceironic forces due to ihe density in the bond
ovbitals. D¢ nct result is en electronic force ¥y =

-0.C0l a.u. which, rathor than opposing the nuclear re-

.0, walch, 3
sulsicn of -0.066 a.u., 28ds o it Lo zive a lorze
rosuluans Sorce tending to open up the vond angle: In

e sove manrer, oS indicetcd in Figure 16, the projection
lone psir electron density cbove the nitrogen
suclcus results in a larce force on this nucleus which

is ectually grcater than the forces exerted in the
opnosite direction by the eleciron Gensity in the bond
orbitsls. The result is agein a ret force of repulsion

on the nitrogen nucleus actually greater tnan the force

of the nuelcar repulsions.alorc. Due to the ineffective
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17 orne relaxes e restraint that the DOnG
wnitcls point at the nyvérozen nuciel then it is possible
the p atomic orbisal characcer of the lone
waiwn agiecirons BY nending the nonds (c 7 €). Discounting

Aam o moment She effects of the overiap with the

Moy e ® el

hrdrozers, she lome palr orbitel will e a Ture s oroitel
{no 3 chevacten) when the sond orcitals are pure
avpizals.,  When the lone pair elecirons occupy an s
orpisal shey do nol cxer:t & force on she nitrogen nucleus

vov contridube Lo tre gerpsrncéicular forces on the

w this same 1imit the lonme pair elec~-

¢ nydrogen nuclei &long

.. " - - ~ P
TOONS SXerv & ilorger force ON Ui
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~=e Honcs as more donsity is nlaced between the X enc

Tne nen they arc in 2 hybrid orbital. Taking

:ato account the overlap with the hydrogen r oroitals,

js found that the orthogonality conditions force

nezative s character into the bond orbitals when this

limiting form of an S orbitel is approached for the lone

air. A calculetion of the forces for a density distri-

w pent bonds but no Gelocalization (8§=0)

- de 2 S ds
subion witnh ce
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sm irerassing amount of s chara ser. However, as tne

s charscter into the bending orbitals, it is still rot
wossitlc to odlain 2 density furction.which meets the
recuirement ol zero resuliant forces.

2ivel elecctrostatic ecuilidrium can ve cttained
oniy Ty intreducing the deloeaiization paramcter & . The
~easons Tor this are ToT cifficult So uncerstanc. 3y
deloarnlizing the hydroaon orbiiels the overlsp teiween
she hwépogen orvitels 1e substantially dqcrcased. This
ceersoscd overlap allows for a greater degrec of vending
=e songs (smaller z) cs the bond orbitals may now

apProaen WOXS closcly then beiore. in eddition, the

¥»

overlsp of the hydrozen orbitals in each bond orbitel
«ith the s orbital is decrcased Ty @ factor of (1-28).
“ence it is necessary to introduce only small amounts of

-

negstive s cheracter into the pornd orditals to maintain

b3 -~

the opthogonality as the orbitel angle is decreased.

Craracierisiics of electrostatic density.

Wit the introduction of delocalization it is .
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conailoy is sat:or inso sccount. The lore pair elecirons

axers wvery 1ittie Icrce of thic nitrogen nucleus or on the

sroion perncrnélisuiar £o the boné axis. The penciraiion
Serce they e on the proton along the bord, 0.17 a.u.,

:s much lorger than the corresponding force of 0.33 a.u.

D oy » N <o - o an ) - -
2oy two elegirons in al 8@ orbisei. It can be seen

in the sond.orblital for that atom. uhen the bonds ar
-0t zont (o = £) this ‘sawe contrizution is zero as the

dersiiw fn csel pond ordi te3 is syammetricelly placed

-

~e bord s Sen din the corcs moves
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densivy ofl the bond axes anc leacds to large attrective

[¥240

5 2 hydrosen nuclel anc on the nitrogen nucleus.
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forecs ¢ uaL

“he ¢ifect of bending the pondés can be seen in a density

contour Giggram.
Lires of constant density in the erimoniea

molecule are shown in Figure 17, for the Case 2 density

predicting the correct dipole moment. The upper disgram

renresents a plane rassing through the molecular syrmetry.
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waich predicis large S-: nybridization for ine lonc
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-glow Ihe niirc-on nucleus. Inis lcads to sr unbalsnced
fomec on she nitrogen rnuclieus, as 2s illustrated in
vet as imporiant, s removal of this density

Smos. 3zlow Lhe nitrozen nucleus Froatly reduces the

~ipdir~ o Lhe ppotoms. In the clectrostatic éistribution
lorge densiuy concentration between all the
ruclei, os shown in the lower ciagram of Figure 17. It

15 so plgsced trot it can attract all four nuclel simul-
sanecously. & great peduction in this density such as

that pesuliing from lone palr hyoridization, 1s seer to
terms of forces. "It will be shown

s also unfavowredle energetically.
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cicctrostasic distributions are seexn to predict even
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will te recalled that in the setranedral gescription of the

Gensity the bond ordbital actually has & »/u of lecss than

unity) end thorefore €O nCo arovice & wmoment larse enough

are -

to counteract the lone vair atomic dipole. This reasoning

nas been widely cuoted as cvidence for the tmportance of
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*Tn the iiguid phasc the sirmels are shifted to much lower
fields, indicative od the inmpertance of nycérogen honding
in these mclecules (&3, 857).
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e v

wetween She clectronesabivity ard the shielding corgtant.
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79 ore toves a series such as the substitutcd echernes,
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fairly distent substitution of electronasgstive groups and

nence e orvitel exponent (&s determined by the empirical
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1§ by nO menns CHVIous sh.ns s Leads to a stroncer
sond, €inee SO mieh &TTEITY nas tgen moved off the
Lond axis in somonis and In waber. oW tae foreces
cperasinn In these monde denend uron I cversil censity
gisiribustion, ~nd should provise = sensitive incdiceiion
af =ne sond strenzih. & forec cnaiysis of tne slsciro-
stesic density distridublons simiisy» to that used o
exguine the densisy in hydrogen ~iuvoride can e nerlormed.
“mg fovec coumponent which is moss indigasive of ke strexgth
¢
of tre bond ic thes on The proton slong & dord sl which
1§ therciore exumined In detelili. In the sssifgnairns of
nuelear repuisicns o0 individual orditals in The poOiy-
storie molecules, the lonme palr cicchtrons and Irner shell

ciecurens arc considered relgtive to the sand

~uclcar chartes., fhe remalining nuslcer force Then nas o
"o nelsnaed by thes of all of tne electrons in the dond
ambiuals., ‘Those demsinier ar choscn for the ttroe
siolecuics which have Tthe corpect dipole moment. Conse-

cuer

vly the net force ©

¢s not ocuiis zerc in

In water and
T is net antibinding ©
o tneir nuclesr cravrge

£
ot

lone peir hyor

Fos

‘_.
zzolon

~

this end aciuslily pred

ic

the provon in awmonia and water

Table XII.

force snalyses givern in
sumonig the sigma lonc pair orbital

scause 2s electrons shieclda only«95]
. The favouradle direction of the

in hydrozen fluoride overcores

£5 a siightly binding force for
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g7 Jorce ferce ore force h(1)

)51 .G00
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v 0000 oi:—?l - .2:..?1 - -551 -0051

Total: 211 1.847 2.058 -2.3:8 -.CL5

£ 2h? 326 513
Yol g } -.707 .103
Y52 -.02k .333 329

Total: .223 2.268 2.511 -2.537 -.026

te one Case 2 density with the correct dipole romert.

€+ Gne density at § = 0.5 with tke correct céipole morent.
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Vs .0GC Lo72 872 -.665 .006
%y .0C0 L0 .701 -.5665 .035
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Yy .232 .366 .59€ -.333 .255

shis orbital, leading TC &

tme asontmidbuiions of pcriicular Interesst nerec arc thosc
2aor cho bondé orbitsls. he net force per poné ordital
inercascs marikedly from 0.01 in evmonia to 0.10 in water

39 G.26 in nydrogen fluo

20 tie oond energles.

a satisfactory paorailel

Ca. s
ricds, in

wer of the bond eclectirons

“he increasing bIncing Do

~as ¢ cvercome the net ancibi force contributed to

<ne moleculcs on successive replacement of bond orbitels

oy T lone pair orbitals. Tach 2y of clectrons
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sne heavy nucleus, as moasured by
% 4= S - : e -
vre werciretion type forcas, rather Than Ireom an 20T

in the overlep force. %he amount of the total clectironic

forac wi:ich arises from the overlep density remains fairlj

° Ay - » g -
sonstant atw9/ throughous the series (ihe éiffererces of
‘ 2 > > : - > N3 N -
ijcr 2"° arc not significane in view o the cGiscrepency
sne *otal net forces). It appesrs that the insreasing

cctronegstivity of the neavy rusleus from ammonia to

L~
ca

nyérosen Tluoride congenuraves snarge sround tThe nucleus

boné strongth irercases in spile of tne adverce Iorce

cxertod By the 7 electrons. i

she rnomoruclear molecules, where no clectronesativivy

bee Ll [62¢

flucnece the binding. Consecuently, the

(32 2

)
(@)
!
©
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£
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de

~mescrnee of the 7w lonme rairs in the fluorine molecule

~osuics in ern exceedingly week bord, as discussed in

Sons
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v R =hg Sorlin diggroxs Salwe Le
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in hydarozen ~Muporide {see Figure il) tne

ne

= shove and delow +ue fluorin

ruclcus towerds the proton lcods o ¢ aceurulation of

.ion neor the fiuvorine nucleous.

timiloely She 'hole! e
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L P P i

mmepe is a bindirg zonc for every pair of nuclei

In the water molecule there are snree such

zorcs, waich ail contein the reglon shown in Figure 19. Tnis re-

cative charge Will simulteneously
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finst vow nyGrides of water ond aumonia src cnonzlous
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ir. ©-is vespeet (as in many others) on sccount cf e
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Trus the quantitative applicabion ol tlhe

j>4 ) - . du e ande ~ 4 . S- e
Zelimann-soynman cheoren attomnted in e nresenc Word

has cermitied gn eluclidation of the electronic siructure
of She molecules of amwonia, wsier and hydrosen I[luoride

freets thelr propercics. an
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ané of how this structure

- - ] - - - % -— he ]
attenst S0 undersienc vac reason sehind the colsulsted

ale s O
-
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»

- . " ) - - . > - T - . * D .
disiminutions icads ore »right back o Beriin's iueas of

ard bindins regions. Sirce these regions

-

-

nave o -—aysical significance (as well as an obvious
sic.crial apreal) in the wolceules investijated here,

it ccems likely that this will prove true in otner

]

molocules os well. Such an gpproach ©O molecular

ceometry raises intriguirg possibilities.






— X anis

.
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7. CALCULATION OF THE BTFDING AND AXTIBINDING REGIOHS.l

The boundary which seperates the binding and
antibinding regions in 2 distomic molecule is such that
a negative charge situeted on it exerts eogual force com-

pornents along tne bond axis on both nuclei. The equation

Zaposoa = F (1)

—T—R a
a

defines a curve along wvhich the force conrponents on &

point charge assumes the constent value & ard the boundary

between the binding end entibinding regions is thus given by

Z cos9 Z.cos0 '
a a = 8 = F. : (i1)
o2 "“E"E

Ra ‘ R‘3

Figure 20 shows sections of the families of
force lines on the puclei of a hydride molecule for three
values of F, with za/zﬁ = 8. 1In the region between the
nuclei the force components are always towards each other,
leading to a binding effect (as previously pointed out by
Berlin (15)). Behind the proton there is a small region,
on the boundary of which corresponding curves of the two
families intersect. Three points on this boundary are
shown, A negatiée charge placed in this antibinding

e interpretation and calculation of

1. mis approach to e
was the idea of Mr. . Sefton, whom

the boundary curves
I wish to thank.
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region causes the nuciei to draw apert. There is also
an entibinding region behind the X nucleus, on the
boundary of which P tekes relatively smell values.

This region is large compared with that behind the
proton (for this valvue of Z /Z ), and & considereble
part of its boundary is- almost nernerdicular to the
X-H bond. Figure 19 shows such a boundary for hydrogen
fluoride.

The equation of the boundary for a diatomic
molecule is given in a standerd Cartesian form in (97).
It is very difficult to calculate the boundary using
this representation. However, the parametric form (ii)
leads to an extremely simple grapnical procedure for
determining the poundary which requires only a minimum

amount of calculation. This procedure mey ve described

briefly as follows:

b=
[}
+
o‘
o
7]
Lo

(a) Plot the curve +

=]
il
4
3
N
~
N
o)
Sug®
Q
(o]
t
N> %

C....‘.O......‘

on polar paper. prace these onto separate sheets of

squared paper (curves 1 and 2).
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(b) Overlay cur : 1 on curve 2 with the x axes coincident
and tlie origins & distance d apart (curve 3). Read
‘the distances 4, Xy, X ¥y and Yo+ Cslculate
D(:cl/d), D(x,/4d), D(y,/¢) and D(y,/d), where D is

the internuclear distance.

(¢) Plot the points X, ¥ as shown in b, with the tw

ruclei a distance D apart.

Y
S
. % !‘
,IL' {2
'\\\i e g
2 L
<3 }
¥ )
-l - - S . A

” A4 .
D) —de—Dx.~>

Repeat from step (b) with differing values of d. The

sets of X and Y points thus generated trace out the two

required boundaries.
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II. CALCULATION OF Thg FORCES.

411 of the force irtegrels are of the form

S"Du ﬁi ¢j g~ wherc D ) 1S the X comporent of the

electric field due to nucleus « and is given by .

cosoc/ri in atomic units. ¢i and ¢j are atomic orbitels

situsted on one or both nuclei. The three tyves of

force integrals needed to descrive the force on nucleus a

are designated as follows:

(a) Wren both orbitals are located on nucleus a, the
integrels are designated Alf;, ¢j)’ since they
describe atomic forces.

(b) ‘en both.orbitals are situated on mwcleus B, the
integrals ere termed P(ﬁi, ¢j)’ since they are qf
the penetration tyre.

(¢) ¥hen one orbital is on nucleus & and the second on
nucleus B, overlap type integrals appear, 0(¢i, ¢jf.
The first orbital in the bracket ﬁi, always refers

to the atomic orbital on nucleus a.

HYDROGEX FLUORIDE

(a) With inner shell polarization.

Force on the Tluorine nucleus (omitting a factor of nine, .

the nuclear charge of fluorine).
F(vbz) L [eqcq Atls,p) + qéc3 Ats!pi]
)

]

F(9, -y cose,sine, A(s,p)



F(vba) =

+

rforce on
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hlz cossbsineb Na(Ais}pl -q Afls,pl)
laplcosey Nq(Ots;hl - g 0tis,h3)
sine, (Otp,R) - Sy Atls,p))]

2,2[Pth,h - 2 §; Orls,h1]

the hydrogen nucleus.

v

F(vlz) =

F(y,

2P(yE )=

2[c12 Prls,1ls]) + c22 Pts) s'1 + 032 Ptp,p)

2cq ©p Pils,s') + 2 ¢4 c3 Prls,pl + 2 ¢y c3,Pts;pll‘

2 008281 Pts,sl + 2 sinzsl Ptp,p?

I cose, singy P(s,p]

Zla[cosaequz(Pts;s*l + q2 ?tis,lsl - 2q Ptls,s'3)
sinzeb Plp,p) + 2 cOSEy, SiNg, Nq(Pts,p] -aq Prls,pl)]
lpwlcose, N (0th,s') - @ Oth,1s1 - Sy Pris,s's

s1q Pt1s,1s3) + sing (Oth,pd - Sy Pr1s,pl)]

2
20 (5,2 Prls,1s) = 2 8 Oth,1s1)

,-l- 'P(P'n- 1 Oy )
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(4

(b) With valence shell polerization.
When 3dq is includeg, the only force eltered

is thet cdue to the 7 orbvitsls. If

vy = Spy * cgdm )

2?;(\912: )= v cg Alpg »0x )
op_(v2 ) = 2H°[P y + 0.2 Plae ,dg 3 + 2c¢ PPy ,8y 1)
vz ) = & Pr +Pq cg dg 4w cg PPy 50w

When 3d0. is included, the bond orbital force is altered.

If the coefficient of 3d°. in ¥ is cl!-’

) = lasingy [rcose, Als,pl * ¢ Alp,d1]
+ lplhcose, Ots,nd) + Asine, (Otp,h] - S, Atp,1s)
+ ¢ otd,hj] + 2p.2 [Pth,h) - 25 0t1s,h1]

Palvy

I

2)\2 [coszeb P(s,s) + singe:b Pip,p]
+ 2co0sg singy Pts,pl) + l;.?\p[coseb(Oth,sJ-Sl Ptls,s))
+ sineb(Oth,pl - 85 P[ls,upl')]
+ 2,2 5.2 Pr1s,131 - 25, Oth,1s1]
B t51 ’ 1 ’

+ échz Pc4,d1 + l!.ch_p. Oth,d3



A1l the Torccs calculated for hydrogen réfer
0 the hydrogen atom lsbelled H(l)' The component of
the electric field,iqlﬂ which sppears in the integrals
for the perpendicular forces on hydrogen is in the
divection indicated for Fj in Figure 12, except for
the integrals Ptlyz,}vzl and Otlvl,lval. In these
two latter integrals the field component was taken
along the line joining the two hydrogens and the proper
component of the resulting force (coste/21) was then
taken siong the direction of #; . These two integrals
are primed for this reason. The three-centre integrals
the reoguired components in the direction of the

are
Their evaluation is discussed later

‘

calculated forces.

in the Appendix.

Fi.(vﬁl) 2>\2[2coseb sine, sinw Pts,pyl

2
+ 2sin%c, cosw sino PIp Pl + 2 [ $2pthy,,h,)

- 2 So':hl,h2ﬂ+ lpp(sine, sino Othy, Py

- S(coseb Pts,h,! + sing, cosw Ptpx,hzl

+ sinw singy Ptpy,hzl)]
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- 2 s &
= LA “[cossb sine, sin t P[s’py]

2
* sinze.o cos & sin & PlD,, o 1] + 2 [I"[l:v.z,h2
!
- 280 thy,hy3) + lnulcose, Pyls,hy)

+ singy (cos © Pﬁtpx,h?_] +sint PH[py’hzl

- Ssin t OHt‘nl,pyl)]

Fy (Qi) = h.[s:i.n2 €y sinte/21 coste/2) PID,, Dy

- sing, cosgy sinte/2) Pts,py?)]

The component of the electric field 9!( H for
the forces on hydrogen along the bond has the direction
indicated oy Fy . This Ql!h was employed in-2ll the
irntegrals bub P(hz,hal and Othl,hal vhich were calculated
as in Fy put multiplied by sint e/21 to obtain the proper

component for Fy .

(vbl) 2x2[cosaeb Pts s) + sin eb(coszm PD,,Py)

+ sin%® ?tpy,p 1) + 2c0s€, sing, cos® Pts,pxl]
2
, 2 [S Ptha,hzl -2 S oml,haal

+ jpaplcose, Oth,,s) * sing, cosw® Othl,px

- §(cose, Pts h21 + st neb cosw PLp.,hy?

+ sineb sinw Pt'oy hzl)]

|
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2 2 .2 2
2A '[cos e, Ps,s) * sin eb(cos t Pp,,P,]
+ sin2 % Pto_,p.1) + 2 cos sine, cos t PIs,p. 1]
vy ¥y % b
I
+ 2u2[Plh2,h21 -238 Othl,h 1]
+ e [cosgy Pis,hyl + sing, cos © Pp_,h,?

+ sing, sin t Ptpy,h?_l -8 COSEy Othl,sl

- $ sing cos t Othy,D, 1]

2 2 .2 2
Fy (v3) = 2[cos gy Pts,sl + sin“e,(cos te/21 PIp,,;D,!

+ sin te/2l P['oy,p 1) -2 cosel sing, coste/alPts,pxﬂ

®y (\p§ ) = 2Ptp,,Pp,]
F, 2) = 2 Ptls,ls}
u ‘Yo 4

Forces on the oxygen nucleus.

I+ is most convenient in the calculation of the
orbital contributions to Fy to employ a number of different
£ie1d components for 93 in the calculation of the integrals.
For those integrals which contain a 2p orbital 3
airected along the 2p orbital in question and the proper

-2



component along FO then taken; Tor those involving

che 1s and 2s orbitals O g ¥ directed along the bond
axis snd the proper component czein tsken along Fo. As
stated in the introduction a common factor of eight, the
suclear charge on oxygen, has vecn omitted from the
expressions for FO and the nuclear repulsion. Thus

fDO 1s the electric Tield per vnit cherge ir these

formulae.
Pnl 2) = 27\2{2cose sine. costa/21 Ats 1]
o'’ T b b AtS, Py

+ 292 coste/23 {1 + 32 - 2381] Pth,,ky )

+ ' lo.picost e/21 cosebtl- §H Ots,hl

+

sing, (coste/21 Otp,,hy1 Leos® = gcos t1

-

+ sinte/2) Otpy,hll {sinw -gsin £1)]

"

FO(,‘?%) +l cosey siney ALS,D.1)

e (2 =-
Ry(v2) =~ oy Atle,By’

where P, is directed along the x! axis. The expression

for Fo(xpoz) applies when 9, contains p,, character with

coefficient &

/A
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ATMONIA.

®orces on the hvdrorsen nuclel.

411 the forces czlculsted for hydrogen refer
to the atom lobelled H(l ) The component of the electric
fielc 55_‘_ which appears in the integrals for the perpen-
dicular forces on hydrogen is in the ‘@girection indicated
for 7} in Figure 15, except for the integrals Pplh,,h,]
ard OHrhl,hzl. In these two latter integrels the field
comporent was teken along the lire joining the two
hydrogens end a compcnent of the resulting force
( 3 cosB) was then taken along the direction of Fy.
These two integrals are primed for this reason. ine
Zp:{, 20 y and 2p 2 atomic orbitesls are designated X,

y and z respectively.

Fy (vgl) = Z;J\ZIcosw sinw sfln‘?‘ab Pix,z)
+ sinw cosgy siney Pts,z1]
+ 2p°0 82t1+sl] P'thl,hza -29§ 0:hl,h2ﬂ
+ haplsine siney Othl,zl - chos&:b Pth,,s1

- sineb(Z § cosw Pthy,x) *+ 2 Ssinw Ptha,zl)]
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F;(v ) = lm ["lu &, M Z Ptx,2?

+ cosgy sinebZ Prs,z1] |

+ 2;;2 [(1-2 S S +32) P‘[hz,hzl-Zgll-gl thl,hzll

+ lpg [cosey (1- §3 Pthy,s1 + sine, O 11- $1 prhy,x1
+ singy (Z11- $1 Pth,,2) - gZOIhl,zl)

+ sinsb}’:1+ga Pth,,z1/t3c0s01]

Fy (\7._,2_) = !g.[sinael cosO sin® P(x,2] - coselsinelsino Pts,z1]

LI

t f3/21 sint0 - oI

cost0 - @) sind + t1/23 sint@ - ©1 cos

DC = cosStO - ©l cos@ - t1/2) sinto - ®w) sind

The component for the electric field 5)‘, for the
forces on hydrogen along the bond has the direction
indicated by ¥, » except for the integrals Plhz,hal and
Othl,h21 which were calculated as ‘in Fy put multiplied
vy t§3/23 sin0 to obtain the proper component for Fy .

A
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Fy (9py)
2

®u (9b2)
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sz[coszeb Prs,s) + sinze.o (sinaco Prz,z]
cos2w P(x,x1) + 2 cosg, sing, cosw Prs,x1]
Lap [cose, Oth,,s) + sing cose Oth, ,x)
Zg(cose‘o Pts,h,] + sing, cosw Ptx,h,]
sine, sino Prz,h,1)]

2 @2 : el
be? (321 + ) Ping,hy) - 2 S 0thy,hy1]

Fy M(’v§3) = 2?\2[00828.0 Pts,s)

sinzsb (X2 Prx,x) + Y2 .;.'22; Prz,z1)

2 cosg, siney % Prs,x1]

).p\p.‘[ t1- S (cose, P[s,hzlh + sineb‘DC Ptx,hzl.
sine, L Ptz,hy)) - § (cose, Othy,s?

sinebx Othl,kl) + 1+ $ sineb’bp Ptz,hzl/[ﬁcosoll
242 [P'thz,hzl(l +82 - 28s))

, .
2 § otny,hyit1-8 11

-
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2 - : :
Fi (191) 1:= 2'Lcos €4 Pls,s? + 81n231(81n2© Plz,2]

. 2
+ cos“0 Pix,x3) - 2 cosgq sineq cos@ Pis, xl]

i

2
F, (\go) 2 Ptls,1ls]

Torce on the nitrogen nucleus.

The £ield component for the atomic force- '
integrals is directed along the & axis and in the re-

maining integrals is directed along FN"

(\Jbl) =" Lg& cosa ‘sine, cosiO-0] ALZ,s]
+ lap [cosey cos@ (1-281 O[hl.,s],
+ sing, cos® (cosw - 25%) O[hl,x]:
+ sine, sin@ (s:mw - 28%) O[hl,
+ 2[,1,2 [cosO(1 + 232 + 2 S-S 8 21) Pthy, h ]]
FN(Q:ZL) =~ coseq sinel‘A[E,s]
Fo(92) = b o AUE,187
n\ Yo’ - "3 ?
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PROGRAM 1.

Forces in hydrogen Tluoride including inner shell polarization.

(1) elo,.ﬁsl, €
READ ' (11) /ug, BA/k, Mg
' (ii1) & = ldcosg, qn

!

(iv) Integrals
1 .

Y

CALCULATE ana I —1.
PUNCH functions Of~°l
]
SET IVOERYER
o \
*  [CALGULATE — (C0SE.)71mit
[} -
‘ 'y
CALCULATE ',sineb, %
q¢ﬁS+ Z
q;=S- Z

‘ — ~
CALCULATE and .- (i) orbital coefficients
PUNCH (1i) dipole moment
(i1i) forces
A | |
q_ =~ q, >Ogcosab=coseb T8}
N <0 ' o
[sET A = At AN
, I
/!:F
- >0 o= MK
SET £, = &y © Aeg
i
>0 _
< " By &1
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(o) 4a

ﬁo\mo
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2
% 3& 739:
Mg wgem
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&q Cq
Ho\mo b
tp %p
A,mwﬂvo
(:8 nmvm
Y| L UIZ s
(afu)d (u‘i8)o
(18°8T)8
s %p + ST 'p = T4
2

i B

q+ ST 'q = 14

8 %o &+ mﬁ To = %4
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Forces in hydrogen fluoride including 3d, and 3dp polarization,

PROGRAM 2.

READ:

(1) ey ,0eq, ¢
(i1) a_, Aq¢, da (
(111) b_, Ab, b, (3dm
(iv) 2y, AM/p, D

(v) Integrals

CALCULATE and

Hy

unctions of el

PUNCH
wﬁ?T d = d|
{. o Pl
[SET b= 5] N
] [SET e =wu)
R | .
CALCULATE (L) orbital coefficientcs
and (ii1) dipole moment D
(iii) forces

PUNCH

A u=n/pan/p

| S

8

%
]
=2
~
Q
-
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PHOGRANS 3 AND h

Flow chart for the Tforces in water and in ammonia.

(77 5., 05, &,

|rEAD (11) ag, Lo, ap

(111) Mg, AMw, Mg
(iv) Integrals.
[CALCULATE ___ functions of bond angle|
_ ISET o ,= aoj‘
 [CALCULATE __ functions of 8|
[SET S D,\'. =_o<OJ :
[CALCULATE Iuncblons of o;|
| [SET A/u =SV
r...'m
|CALCUIATE (1) parameters eb,c..l, N
{end (ii) dipole moment
PUNCH (1ii) forces
[SET K/u = h/u + A\/pj
. IF
<0 )
AT -_l/l*"f ’
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III. CALCULATION OF FORCE INTEGRALS.

. (A).. Three-centre integrals.

A number of three-centre integrals occur in .
the force calculations. For the forces om hi they are

P 23,hj), P (2px,hj) and PH(zpy’hj) for both the parallel

H( H

and oerpehdicular cases., Bader (69) has published a

method for evaluaulng these 1ntegrals° Tﬁe method employs

a series expansion centred on the central atom fargJ and

vi)“g in terms of Gegenbauer polynomlals coupled with the

method of Coulson and Barnett (68) for the expansion of the

1s orbital hj.on.the same‘central atom.‘ Since‘six such

inteﬁrais ‘had to.be‘evuluated for a'number of bond parameters

a numerical method employwng an IBM 650 computer was also

'developedl for their evaluation. The two methods‘cave good -

amreement. For example, PH(2py,hj) for the perpendlcular

case when evaluated by the expansion method was found to

be equal to 0. 050331 a. U, and by the machlne method to

equal 0.049962 a.u. )
There is one 3-centre 1nuegra1 involved in the

celculation of Fy. It is PX(hi’hj)’ therforce on the

heavy nucleus due to the overlap. charge density between

osko . for her assistante and
The program she wrote for the

uently modified for the PH
egrals occurrina

leThanks are due to Miss O. B
analysis of this problem.
P,y 1ntegrals was subseq
iftegrals and for the three centre int
1n the shleldlng constant calculations.

A
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two hydrogen atoms. This integral occurs with a small
coefficient and is small in magnitude. For these reasons

the charge density p(hi’hj) was approximated by p(hi’hj) =
2 2 '
S, (hy )

correct charge density and the apprc:imate expression

. When integrated over 2ll space the

P\

+ h.
J

both yield S, . Thus the assumed deﬁsity expression:
represents the same totgl amount of chérge and placés
it in appréximately the proper position. With this
assumﬁtion | | |

P = > fl e ’
‘X(hi’hj) Sl Px(hi’hj) x appropriate component along

the X axis. An error bf 0,01 in the value used for this
ihtegral in the besﬁ electrostatic density for'ammonia,
{0.0L65) yields an error of O.3jé'in the total electronic
force. In water the value is 0,0570 which yields an

srror of 0.972 if it is out by 0.01 units.
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PROGRAN 5.

Evaluation of three-centre force integrals.

The integrals were transformed to a polar
co-ordinate system centred on the heavy nucleus. For

example, for the force on Hl perpendicular to the bond,

2 .2 U
& = Plngiay, 2p [81) = f 2% 51n°0 cosaP e POWET
Epa +‘P2 - 2pr cos@fm
r2 sin® @ ~-power
B = P(hgfal, 2s181) = in0 cos® e
. . [ 2 + l°2 - 2pr COS'Q]BIQ‘
C = P(h tal 2p [B]) — j’ l"2 sin® coso cos (p e—pOWGI’
of @15 Pyt . ¢
| ' [92 + e - 2pr cos@l

Power = fr +«Tp2,+ o2 - 2or(sin® sine cos @+ cosb cose)l

Here p is the bond lerngth and ©is measured relative to
X~H1 Lhe angle @ is measured from the HlXH2 plane. For
the force along the X—Hl bond, the numerators are sllghtly
sltered. The three centre potential energy integrals

arising in the proton shielding constant calculations

can be expressed in a similar notation,

In the machine program written by Miss O. BOCE% g

surmetion is first performed over increménts cﬁ'¢, followed

A



by a summation over increments of @. For each 'shell!
of constant r the numerical values of the integrals are
punched out. Finally the calculation ceases automati-
cally when the increments in one shell become less than
a certain tolerance (1 x 10—6)‘ Convenient angular
increments were found to be 20°. The small gain in
accuracy achieved by using smaller incremonts‘was not
justified by the great‘increase in comﬁuting time.
With these increments the integration over one shell
reguired 1% minutes. Optimum radial increments were
found to be 0.1 units, yielding a total computing time
of 60-90 minutes for each set of input data. Typical

fesults ape shown in the following table for the force

on a proton in ammonia.

l
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(B) For homonuclear diatomic molecules.

In these expressions Q = ¢ R, ¢ is Buler's
constant and Ei“(x) is the exponential integral, defined
’ S . <9 -1 )

by By (2} = -Bg(-x) = 5’ (6™ %/t)at.
X ' .
The formulae are taken from the 1lists of Coulson

(71) where they are expressed in a different notation.

a2s,2pg) = 1 _Q
RS 3 J3
P(1ls,1s) = ;% [1 - (1 + 2Q + 2Q2)e—2Q]
R™ -
P(2s,2s) = L. (1+2Q+ 002 + L3+ 2ot &%)
. 2 3 3
P(2py,2y) = _1.2.'[1 + —% (9 = 19 + 18Q + 190° + 1Ll-Q,3 + BQL'L
R . Q : |
+ MQ5 + 20%1 729
P(2r;,2p;) = L [1- =5 (9-19+ 18q +.16Q° + 8Q°
R 2Q '
+ ZQAJ e ZQ)]
P(25,2p@) = _;Lé 1 [5 - ¥+ 10Q + 1OQ2 + 7Q3 + l}Qu
R .J30Q - : | :
+ ZQS) RS



P(34;, 34;)

0(1s,1s)

0(2s,2s)

O(2p6q2p5)

1
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1 L 12 LS50 ASO L. 900 , 912 . 62k
= [1+ =5+ = - ( 73 2 B
R® . Q Q- Q Q7 - Q Q

+ 328 + 1380 + 5002 + 1607 + 15 o

L o5 4 L o6y e2Q
t3Q *tg Q) e ~Fl

L oqq 4 b o300, (399, 600 59k _ 19L
e L N

+ 187 - 700 * 62 g2 4 L gd 4

3 3 5 Q4 e "

2 21e® B, Freai(e® - 30+ 3)
RS .

12 .5 % 3 o2 )
—§ 3 [e® B, "12Q11Q7 - 5Q< + 12Q 12;

o=Q ¢ + 1n 2q1Q° + 502 + 12Q + 121

L o[e® B ¥t2qi2(@> - 907 + bsa - 150* 25?

~e~@ 10 + 1n 2Q7 2(q3 + 907 + i5q + 150 +2=

re" U3 o+ 8¢ + 55Q° + 250Q + 630 *

315 4
Q

1260 ) 1

4 e~%c + 1n 2Q)(Q2 + 3Q + 3) —e»‘Q(SQ2 + 6Q)1

(3]
gkl a vl
o



0(28,2pﬁ)

'O(ZPS’ES)
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105 105 )

L 21e® 5, %1203 3(-0° + 100 - 45 + 22

R : = . Q Q

- o~%c + 1n2g) 3(Q° + 10Q + L5 + 205 4 -:-L—Q% )
Q Q

4+ -Q l 3 L gi 4 _;_

12 Qg 3 . - 30

= == [e :zqz 50° - 15Q + 30- )

rR® J3 . . | 9

-e"Q [c + 1n2Q] (Q3 + SQ‘2 +.15Q + 3Q + «3% )

'Q( ot - 19Q3 Z%QZEBOQ—i—éo)]

J3 [eQ B, ¥1201 L(~ Q3 + 302 - 13Q + 30 -30 )
R

' ' 0
.e"Q (¢ + 1n2Q] LL(% Q3 + 3Q2 + 13Q + 30 + 3-@ )

+e~ ¢ (-g- Ql'f + —L% QS + -3—(3;1 Q° + 120q + 2L0) ]

Overlap integrals.

S(1s,1s)
S(2s,2s)

S(2pgs 20g)

S(ZpF,ZPE)

S(2s,2p6)

(L+Q+

(L+Q+

U Ui Ol Lo

(-1 -Q

(1 + Q +
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(C) For heteronuclear molecules.

In addition to Coulson's tables (71) some of
these penetration integrals were evaluated by the method
of Bader (69).. For the sake of simplicity the Q values
of the two perticipating atomic orbitals will be designated
by a and B. Thus P(2stal,2piB1) has a« = 1528 R and |

B = (:2p R. Furthermore, X =a + B.

i ) 3lq 5/9,
A(ls[al,2p5[51) = 1 Lha"8

A(2stal,2pglB7) = 1 8a "B
‘ . 2

e, sla,
a(3d5fal,2pglpI) = 1 16J2 a8
. . ' R2 is X_Ll-

e sla
A(Bdﬁ,[a],.?p“.[ﬁ]) = ;_L__S/é‘a [35
A . R2 5\/—3‘ XL!-

als. Sl :
B(1stal, 2pglpd) = %LL——;@——@ (16 - (16 + 16X + BX°
S <

3o, S5la

(6 = (6 + 6% + 3%° + ¥)e™]

i
=
T
a
™

P(1sfal,2s(B3)



2$2s£a1,2pg[6])

3;3dézaa,2p6rsa)

ﬁ(3dﬁ[a],2pﬁ[53)

(3¢, tal,2stpl)

B(3d5lal,1stB1)

i

{
AV]

22 ™, 12 12+ 12
2 1 - T 2"
R® X! X< X X

woqax o Ix2 L 3T %3 4 Tk
.37.13A.2X +E8'X +L;.BX

768 a"“"“p“’"*[ b8 . L8 . L8

1- =5+ (=1
R Jo x/ 2 x° X
23+ TX + 2 X%+ &% %3+ ok xhe™X ]
Mz, Sfa.

8024,“ _1-(rx= L x?

rR- J& X <

1.3 . 1 S, 13 +5 ., 5 6
+ z X + EE X+ + 7510 X + 302 X

1 .7, =X
¥ 3gop X ]
Y2, Bl

1%52a2$ [1_(1+X+%X2+éx3
R /2 X

+ 1 L1l g5 1 xby X



P, (2s,2p,) = 1 1 5 5
_L 9 oMy e ¢ [.,_. - (___ [N 5 -~ 2 3 2Q
2 ¢, SQ -+ 3Q
RS 3q ¢ % :
Py (2pm2py) = 1.1 (9 _ (9 2 :
L (2pg2ee) = L (9 (G 90 ¢ 907 ¢ 600 + 34 + Q)6
R™ Q™ . j
. sl
Oéls[a],ls[ﬁl) = j;,aa %
. R2 B:’ilﬁ»_
[ (3 -3p+ %) eP BEMta + 87
L 2y = +
+ (3 +38+p7)e 5(1og%’—t—g—E Ta-p1 ) 1]
o (0362 - 282) (14p) + 82(a2-p)1e7F
s el
o(a2-62) r0(3c® - 2p% + ap®)e™®] J
Note: If a<f in ény overlap force expressions the
transformation
Q. — a =+ R
[log ¢ B - B, [a~@]] = [log B—:—% + Byip-all
can be employed, where E; g (ét/t)dt°
- :
The remaining overlap force expres51ons are listed in
In

terms of Coulson's analytical expr6551ons (71) J.

some cases all or parts of the integrals have to be

+ Q%) e
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evaluated by the method of Barnett and Coulson (68) in .
which case they are definedib* J in thei

J I “(x%,1,m) eir
notetion. All normalizing factors are omltted in

these formulae.

’O“ (2stal,1stB1) = g,

0y (zpﬁcan,lézsd) = 9

0, (1sta1,2s0p?) | = '.J39

0y (1sta],2p6153) =  Rdz3 - Jug

Oy, (1stal,2pylB1) = J3 - o

q&3d6[a],ist53)_. = 3J31,1 ~ Jl,l,; )
q51s£a1,3d61@1) | . g2 J33 * 393 1,1 6R Ty - Jhd

Overlap integralé;

One-centre:

(e
g ,

8 E 0‘,3!2
Coxt

S(lsta:,Zstpd) =




T e

Two-centre: i
S(1lstal,1sip?) = =35 [a(ta™p" - lig) e :
. [a=-p%1° T | :

+ B(Ea ~8%1 + La) e~ %

‘ 3la. S{a
S(lstal,2s0p3) - 8. B [- (t@z- 2 2 - rs -a ]EaTB 1
2 2.L
_ o Bigc-a17 - _ ,

+ 2hap®) &% + '(atsz-agaz

+ uat@2-a23t2@-1: + zuaﬁe) efﬁ ]

S.(lS[Cﬁ]ggp‘@.[B]) ) = _[_;23__0"__%21—— [ B(é + bg - [ﬁ - ]) e ’z
, ; i -G | |

+ (68 + 652 + Zptsz-azl + X E[B -a 32)e 8

S(1sta’,3,081) = 375 = Jig

6la. =sf2 ‘
S(2ptal,2prpl) .= 250 P [a(96privpl + 18g> ~1118%+a®10a%-%1
ta =B~ c , . i

+ B[d -8 ]2) eP - B(96arl+al + h8a3

+ [lla2+321[a2-621 + ara2-g212 ) &% 1

8 ds{zﬁ ol 6 .L
S(2ptal,2si81) = s 2 2.5 [ua( [a 75 ][1+B1

- [a2+11ﬁ :raz-gez + Bla -pzlz) e™B

- (2&&fa2+7521{1+63 + 8@[d2+5ﬁ2]Fa2_§2]

+ fa2‘+3£32][a2_[32]2) e..a ]
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OF INTEGRALS FOR MOLECULAR PROPERTIES.

susceptibility.

One-centire:

<ls r2 1s>

<1s[d]r2 2s1 31>

Two-centre:

<ls r2 h>
<2s r2 nh>

<2p6_r2 h>

Three—centre;

<h. r2 h.>
1 J

it

"mg 'sl + 327 - 2 sint /21 1{7



Results,

static calculations unless otherWise specified. T

The exponents used are those for the electro-

integrals are <¢a rg ¢B> where
‘a Tx .

nucleus.

2p0,,h
- hy,hy
hi,hj

'NH3

600668300 y
1.972387
1.972387
1.972387
0.0326036

0.0157878

NHB(Duncan)

0.0179133

1.55425 .
1.6276L

5.1.73832
0.885096

1.81752

- 1.5843L

6.671056

©1.9L9896

H2O

0.0505988
1.449100
1.119100
1.449100°
0;0469238

0.0138335

1.18133
1.20331

lL.997863
0.912333

(B) Proton magnetic shielding constant.

as origin.

N

ne

x refers to the heavy

0.0L006L3 .
1,148803
1,052608
1.203367
0.0371288

0.00783306
0.9L.7107

| 0.8194L3

b.73L745 .

The'integrals are all referred to the proton |
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Two~-centre:
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+ 3Q4 + QS) 6~2Q ]
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Sle Sl
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<@pglal 1/r lsipi> =

<2py 1/r 2ps> =

Hesults:

wh-

+

oy

<2s 1/r 28> - %

<2p5.1/r Zpe?“

All orbital exponents are those used in the

electrostatic

<7 (1/r)h% Bo>

ﬁa’ﬁg NH3
h;,h, 1.290000
1s,1ls 0.52493l
2s,2s 0.513265
2D 2D+ 0.603253
2P » 2Py 0.468271
2p,1s 0,0178545
2s,1s 0.117692
2p,2s 0.182937
hy,hs 0.325290
h;,1s 0.0327656
h,,2s 0.1108965
h:,2pe 0.511u?o
h,,h. 0,122119

H2O

1.320000

0.5521.86
- 0.5L550
0.627982
0.50325
0.0164973
0.128976
0.182,31
- 0,348611

'0,0305349

0.393866

0.4,76807
0.1443L6

caléulations. The integrals are

HF

1.316300

0.57703L

0.572328
0.6LL7021
0.531290
0.0169663
0.134577

0,176672

0.029321L
0.,3823L9
0.418932
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B9 NH, M, ( § =1.00) H,0

ns,2pg - 0.1626L6 0.148830 0,159k 7k
h'j,Zpé_ 0.002L93 | 0.025368 0.01li922
hj,2s 0.20l918 0.23li69) 0.21030l.

C. Dipole moment.

The operator Z = r cos6 in the dipole moment
formulae <ﬂa Z ¢B> is along the axis defined by ¢a~
and ﬁB. It refers to the heavy nucleus as origin.
Numerical values of the integrals have been given with

the force integrals previously.

. fo slz
<2plal Z 2siB1> = R.léo a g' = R 5 when a = B
| TER 2J3a
. b Sl o
gotal Zls(g1> = R.3 Q B
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. 7 sle. Mz,
<2p tal.Z 3dgp1> = R. ol /g‘a B
1 ‘ ' X
sle. 2
3 128 J2 % a
<2p,fal 2 34.IB1> = R
Ds G’[ | | }’7
<h; Z hy> .= R

<h.tal Z 2pip31> = RS(h fal, 2pt{3]) gl— S(2ptal,2ptpi)
l : N - .
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<h;tal % 2scﬁ:e = RS(hita],2s[B]) ér (2ptal,2stp1)
<h.fa’ Z 1sIiRI> = RS(hiEaJ,ls[B]) - E% (2ptai,1lstp1)
<h.lal Z 3d1pI> = -

gla? 2 5at8 > 93,0,1 1,41

In the polyatomic molecules the perpendicular component of

the dipole moment is not zero., If Y =r sine_ cos®,
. J i .

1L .
<h.lal Y 2pW[B;>. = - 5.<h;la) Z 2pstpi>
+ IR & éﬂz -a
417?—757;— [128( 2a[Sﬁ ;a 1+ e+ B J[B -a%1) e
(g ~a 1 . .
a(2h@[552+3a2] + 12[a2+5521t@2-a23

2.2

+ 12ﬁt@2-a 17+ tﬁ - 13)

0P 1

D. Quadrupole coupllnp constant.

The operator q = [3c032@ - 1]/r is taken along

the symmetry -axis, but can be uransformed readily no point

along a2 -bond axis, when it 1s denoted by qg. The angle

between the symmetry axis and a bond axis is +
. The numerical values refer to ammonia, with

the electrostatic orbital exponents and bond parameters.

(The deuteron quadrupole coupllng constant for HF was

evaluated with the 1ntegrals klndly supplled by Pnofessov

M. Kegplus.)




One centre:
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R” 15
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~ Sl hi a hi> |
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[R-0(1stB1,1lstal)- J,- 1) = 0.098568
. ' 3:"19 L
8 Q> -2q , 2
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= 33, 1,17 J8,-1,1
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(coszy - % siny)<h; q 1s> . =-0,017833
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V. CALCULATION OF DENSITIES

In order to calculate the spatial distribution
of the densities In fhe three hydride molecules, the
orbitals were all expressed in terms of polar co-ordinates
about the central atom. Thﬁs in ammonia, if the bond
length is p and the angle between the symmetry axis and a
bond axis is ¥, the three proton co-ordinates rys Tp and
Ty become |

e

[p2 + 72 - 2or(cosd cosy + sin® siny cos Q)]

= [p2 + 2 - 2pr(cosd cosy - % sin@ siny-

e

[cos;"pi J3 sinf1 ) ]

v

where ¢ is measured from the plane passing through'H(l)
and the symmetry axis. The procedure 1s therefore to

read in She orbital coefficlents, bond parameters and

orbital exponents and some chosen range of r, © and @

values. The orbital contributions to the density and

the final density is computed at each point defined by

r, @ and @ . Lines .of constant desntiy are obtained

by interpolation between the computed values, and are

plotted on polar ghaph paper.
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Any desired plane can be examined by suitable

choice of r;, 0 and ® . To obtain a plane such as that

shown for

necessary

a range of Q@ values,

ammonia in the lower half of PFigure 17, it is

to calculate manually the r values req ired for

or vice versa. Because of the

symmetry of the systems considered, @ need never be

increased beyond 60°,

. o 0 A
Incrementcs of 10~ for © and

0.1 a.u. for r were adscuate for most ranges, although

smaller increments were reguired in the reglons where

the density changed rapldly.

The orbital coefficients for the best electro-

static densities are given here in terms of their respective -

co-ordinate systems.,

Hydrogen fluoride.

—

0.999304 1s
0.013866 1s
0.238521 1s

density used for

n

0°;

1s
-0.219485 s +

S

0,0075187 0.0695626 p
- 0.31588L 0.74785L p+ 0.481459 h
1,022725 s' + 0.10L528 p

&3]
+

i

[£)]
1-

>

the density contour map was one at

0.752239 p + 0.485551 h
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Water:
VYo = 1s
9, = =0.109490 s - 0.633912 Pt + 0.358651 p,
+:O.486474 hy - 0.243237 By
p; = 0.999997 s + 0.002566 p_,
Ammonia:
vy = 1s
'pbl = -0.107356 s + 0.531916 p, + 0.Lll341 oy
+ 0.510L48 hy - 0.1lL2925 (h2+h§)
Ppo = -0.107356 s + 90531916 Pr - 0.222171 Dy
+ 0.38481p, + 0.510L48 h, - 0.142925 (h1+h3)
Yp3 = -0.107356 s + 0.531916 py =~ 0.222171 py
- 0.384811 py, + o.slouus,hB - 0,142925 (hy+h,)
9y .=_ 0.99999L s - o.oo3u89'p2 |
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FUTURE APPLICATIONS,

The present work has shown that any change in
the electron distribution of isolated hydride molecules
which removes density from the strongly binding region
between all of the nuclei leads to a breakdown of electro-
static equilibrium in the molecules. For this reason no
lone pair hybridization can occur away from the protons
and. the bond orbitals in the polyatomic molecules cannot
be localized along the bond axes,

While only the hydride molecules have been
examined, the same -principle of maximum binding almost
certainly applies to other molecules as well. This
implies that lone pair‘hybridization is not important in
isolated molecules. Many theories of molecular structure
have stressed the. importance of lone pair interactions
because of a correlation of hybridization with the

nuclear framework. The present results indicate that

a fruitful approach to problems of molecular structure
will be one in which the lone pair electrons are con-
sidered to be undisturbed by bond formation. The bond
electron density-may then be conceptrated where it can
‘most.efficiently bind the nuclei. An investigation of
the Bérlin binding regions for different ratios of
nuclear charge will indicate where this binding region
lies. Such an approach to molecular geometry will have

the advantage of a firm theoretical foundation.
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